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Abstract

Cavity coupled solid-state systems have shown great promise for the physical
realisation of scalable, on-chip optical quantum technologies. Using ultra-fast
optical pulses the states of such systems can be manipulated on extremely short
timescales. However, while these quantum systems have demonstrated atomic-
like properties, strong interactions with the solid-state environment introduce
additional processes not found in purely atomic systems. This thesis considers
the control of open quantum systems (namely Quantum Dots (QDs)) through
pulsed optical driving, and the impact of coupling to the environment.

While the effects of this environmental coupling on the emission proper-
ties (¢ (¢) and g®(¢)) of QDs are well-known under Continuous-Wave (CW)
driving, there has been relatively little work studying these properties in the
pulsed driving regime. Using the polaron formalism we show the asymmetry
in the emission spectra under CW driving is enhanced under pulsed optical
driving, in addition to the Mollow satellite peaks that appear in the spec-
trum in this limit. Furthermore, by extending the variational polaron model
to include pulsed optical driving, we present a formalism describing the QD-
phonon coupling that remains valid in the limits of long pulse duration and
strong driving, where the traditional weak-coupling and polaron formalisms
respectively break down.

Additionally, by performing full Cavity Quantum Electrodynamics (cQED)
calculations, we consider how the configuration of optical cavity structures may
be optimised to improve the fidelity of the initialisation and readout of single
charge-carrier spins confined to semiconductor QD in a single Voigt geometry
magnetic field. We show an optical cavity with a single, linearly polarised cav-
ity mode is able to support both high-fidelity spin initialisation and readout,
and always out-performs bi-modal cavities in realistic driving regimes. More-
over, we experimentally characterise a potential cavity candidate, demonstrat-
ing a flexible design with the ability to form single- or bi-modal cavities with

directional cavity emission.
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Chapter 1

Introduction

1.1 Quantum Information Processing

The field of Quantum Information Processing (QIP) encompasses three main
areas, namely Quantum Cryptography, Quantum Computing, and Quantum
Teleportation. Here we shall give a brief overview of the former two as part of

the motivation for the work presented in the later chapters of the thesis.

1.1.1 Quantum Computing

We are currently living through an exciting time in the development of quan-
tum technologies. In the realm of quantum computing, a number of publica-
tions have claimed to have reached a so-called quantum computational advan-
tage[], and there have also been claims of reaching quantum primacyﬂ using
few Quantum Bit (qubit) quantum computers [1-3].

The principles of quantum computing were first proposed by Richard Feyn-
man as a potential method for simulating complex quantum mechanical sys-
tems in an efficient manner [4], with the universal quantum computer first
being proposed by David Deutsch in 1985 [5]. Quantum computers are based
on the properties of so-called qubits. Qubits, the quantum analogue of the
classical bit, are quantum systems consisting of two quantised eigenstates that
may be used to encode information. Using the principles of quantum superpo-
sition, and quantum entanglement allows a quantum computer to perform a

number of classes of problems exponentially faster than a classical computer.

'Quantum computational advantage is the point at which quantum computers surpass
their classical counterparts in performing a given task.

2Quantum primacy is the point at which quantum computers perform tasks that would
be infeasible for a classical computer to perform.
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This makes quantum computing particularly attractive in sectors such as fi-

nance [6], research and medicine [4, 7-9], and cryptography [10].

To understand how quantum computers are able to perform given tasks
faster than their classical counterparts, let us consider the example of two
classical bits (that may take value 0 or 1) versus two quantum bits (with basis
states {|0),]1)}). Although the two classical bits can exist in four different
combinations (00, 01, 10, 11), a full description of the information held by
these classical bits only requires knowledge of two values, the value of the
first bit and the value of the second bit. However, a single qubit can exist
in a superposition of both eigenstates simultaneously. Hence, according to
the superposition principle, an arbitrary state of two entangled qubits is given
by [¢) = «|00) + ]01) 4+ §|10) + v |11). From this we see that a complete
description of two entangled qubits requires four values, «;, 3, 9, and v, known
as amplitudes [11]. This scales exponentially with the number of qubits. To
contain the same information as N qubits would require 2V classical bit{]
Therefore the performance advantage of a quantum computer is not derived
from the speed of each individual step in a given calculation, but from the
requirement for an exponentially reduced number of steps to perform such

calculations by using this increase in held information to run parallel processes.

While the amplitudes in the entangled qubit state may contain a large
amount of information, when a measurement of the system is performed the
state must collapse to one of the basis states (e.g. |01)), and thus most of
this information is lost upon measurement [11]. To take advantage of the
improvement in computing performance, numerous quantum algorithms have
been developed that use the parallelism provided by the superposition state,
while maximising the probability of returning the basis state representing the
desired outcome. For example, Shor’s algorithm for factorising large prime
numbers, and Grover’s algorithm for searching through unsorted databases,

are two quantum algorithms that have already been developed [12-14].

The implementation of a quantum computer may be achieved with only two
types of gate; a single-qubit gate, and a two-qubit gate e.g. CNOT gate [15-
17|, or controlled phase gate [18]. It is possible to realise a single-qubit phase
shift gate using only classical linear optics [19], while two-qubit gates require
non-linear behaviour at the single-phonon level |18]. Charged Quantum Dots

(QDs) (discussed further in Chapter [3)) are one potential system for realising

3In a physical quantum computer this ratio is not quite accurate as some qubits are
required solely for error correction, but it is not far off.
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Figure 1.1: A diagram of the BB84 protocol, including the effects of poten-
tial interception of the exchanged key. The sender encodes their key into the
polarisation of single photons using a random selection of polarisation bases.
The receiver then measures polarisation of the received photons using another
random selection of orthogonal polarisation bases. The values where the two
bases were aligned are kept, while wherever orthogonal bases were employed
by the sender and receiver the values are discarded. Here, in the absence of in-
terception, there are no errors in the exchanged values which can be confirmed
by publicly exchanging a small subset of the key’s digits. However, when the
exchanged key is intercepted, the error rate in the remaining values increases
which can be used to detect the presence of the eavesdropper.

such single- and two-qubit gates [20H22].

1.1.2 Quantum Communication: Quantum Key Distri-

bution

Quantum systems can also be used in the encryption and secure transmission of
confidential information, a task which has become essential in our society. The
field of quantum cryptography covers a range of different cryptographic tasks,
but in this short introduction we shall focus on Quantum Key Distribution
(QKD). The most secure method of communication known to date is the One-
Time Pad (OTP), providing, theoretically at least, a completely secure method
of transmitting data. This method relies on the ability to securely exchange
a randomly generated ‘secret key’ between the sender and receiver that has
the same length as the message, and as the name suggests is used only once.
Using classical methods, the main hurdle in ensuring this technique is indeed
100% secure is the exchange of the secret key. The rapid advancement of
classical technology is gradually eroding the security of existing protocols for
secure key exchange, and with the dawn of quantum computing even the most

secure existing classical methods of communication could be rendered entirely
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ineffective. However, by utilising the fundamental laws of quantum mechanics
QKD provides a solution to this.

The first QKD protocol was proposed in the early 1980s, and is known
as the BB84 protocol [10, |11} 23]. Utilising the polarisation state of single
photons, the BB84 protocol provides a method for detecting attempted inter-
ception of the secret key when transmitted via public communication channels.
The BB84 protocol is outlined in Figure[I.1] Firstly information is encoded in
the polarisation of the transmitted photons using a random selection of non-
commuting bases (e.g. rectilinear and diagonal). The receiver then measures
the photons in another random sequence of the bases, and the lists of bases
used are shared via a public communication channel. A process called key-
sifting is then applied whereby the sender and receiver only retain the results
of the measurements where the same basis was applied by both parties, cru-
cially without communicating the actual measurement result in these cases.
Using a subset of these results any attempted interception of the transmitted
key can be detected, as each attempted interception perturbs the quantum
state, owing to the no-cloning theorem, introducing detectable errors. When
an attempted interception of the key is detected through an increase in the
error rate, either a smaller subset of the data may be used as the key or re-
peated transmission attempts can be made (via different channels if required)
until there is certainty that the key has remained secure.

Since the development of the BB84 protocol, numerous other techniques
for encrypting data using quantum mechanical properties have been developed.
For example variations of BB84 protocol using two states [24] or six states [25]
have been developed, and cryptography using entangled states in the Ekert
protocol has been demonstrated [26]. These schemes can be realised using
optimised QD single-photon sources. In Chapters [4] and [5| we explore the
properties of QDs, a candidate single-photon source, when coupled to their
solid-state environment, and in Chapter [6] we discuss how one can optically

control the states of these quantum systems.

1.2 Quantum Metrology

In addition to information processing, quantum systems have potential appli-
cations in metrology, the science of measurement. That is, quantum systems
may be employed to perform measurements with a higher statistical preci-

sion than is achievable using classical techniques. Such improved precision has
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potential benefits in many applications including, but not limited to: grav-
itational wave detection, measurements on biological systems, spectroscopy,
microscopy, navigation, thermometry, and magnetometry [27-29]. For more
detailed discussions of quantum metrology than given here see (27, 30, 31].

In general, metrology can be broken down into three stages: probe prepa-
ration, interaction between the probe and the system of interest, and readout
of the probe state after the interaction [27] 30, 31]. The aim of metrology is to
maximise the amount of information determined about a system by optimis-
ing both the readout method and choice of probe to maximise the information
that can be encoded on, and determined from, the state of the probe. For
a given parameter, 6, of interest, when performing a measurement using N
non-entangled particles, it can be shown the best achievable precision is the
shot-noise limit [30]

Af~ N2, (1.1)

However, with the same number of entangled particles it can be shown that it

is theoretically possible to reach [30]
AO~ N7 (1.2)

known as Heisenberg scaling.

One example of a quantum metrology scheme is the use of NOON states
as an input in a Mach-Zender interferometer [27, 30, 32]. The NOON state
(|1) = (|N,0) +10, N))/+/2) describes the situation in which N single photons
enter one input port of the interferometer while the input at the second inter-
ferometer port is the vacuum state. Such states are optimised for phase (¢)
measurements, yielding output states (e *¢N/2 | N, 0) +¢*N/2 |0, N))/+/2 where
the phase is functionally multiplied by N [27, 30]. A number of experiments
have demonstrated precision beyond the shot-noise limit using NOON states in
optical systems [33-36], including the generation of a 2002 state using a QD
single-photon source [37]. While NOON states are sensitive to loss mechanisms,
they should be able to tolerate a certain level of loss and still return quantum
features [38] with small N.

1.3 Overview and Scope of the Thesis

The main focus of this thesis is to study the effect of pulsed optical driving on

open quantum systems, i.e. quantum systems that experience some coupling to
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their environment. This is considered in two contexts: the effects of coupling
to a phonon-bath on the properties of a QD driven in the ultra-fast pulsed
excitation regime, and the application of optical pulses in the preparation,

control, and readout of single cavity-coupled charge-carrier spin states.

The thesis is structured as follows. Chapter [2] introduces the background
theory required in later chapters. This includes an introduction to the den-
sity matrix formalism, and a derivation of the second-order Born-Markov and
Lindblad master equations. In Chapter [3|the properties of QDs are introduced,
including the effects of situating QDs in external fields. The Lindblad master
equation approach is then used to study the optical properties of a classically
driven Two-Level System (2LS), approximating a QD, under Continuous-Wave
(CW) and pulsed excitation. Chapter[3|also contains an introduction to Cavity
Quantum Electrodynamics (cQED) that is used in later chapters.

In Chapter {4 the effects of coupling to a phonon bath on the emission
properties of a QD when driven by an optical pulse are studied. Given the
solid-state nature of QDs, they naturally couple strongly to the quantised
lattice vibrations (phonons) of the host material which impacts both the QD
system dynamics and emission properties. Using a time-dependent Markovian
polaron master equation, we calculate the time-dependent and time-integrated
emission spectra of a QD coupled to a phonon bath. Using this master equation
approach, we demonstrate an asymmetry in these emission spectra that is not
accounted for by a simple pure dephasing model. Additionally, in Chapter [5| we
explore the limits of the (non-Markovian) polaron and weak-coupling models
under pulsed excitation. For given driving parameters, under pulsed excitation
it is possible for the states of the system to evolve on time-scales approximately
equal to, or faster than, the evolution of the bath. In this limit the polaron
model breaks down. Conversely, the weak-coupling model is inadequate for
capturing phonon effects when the coupling to the phonon bath is strong.
To describe the system dynamics accurately in these limits, we derive a non-
Markovian time-dependent variational polaron model that remains valid over

a wide range of driving parameters.

The focus of Chapter [0] is the optical preparation, control, and readout of
single charge-carrier spins confined to QDs coupled to an optical cavity in a
single applied magnetic field geometry. The ability to initialise, control, and
readout the state of a single charge-carrier spin confined to a QD using all-
optical methods is an attractive proposition as this would be compatible with

the development of scalable on-chip optical circuits for QIP and Quantum
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Communication (QC) applications. Such circuits could then use optical pulses
to control the stationary (spin) qubits, while simultaneously using single pho-
tons as flying qubits propagating through the same on-chip optical components.
In the chapter we consider the impact the cavity configuration (single-mode or
bi-modal) has on the spin initialisation and readout fidelities, along with the
ability to coherently control the spin state after the initialisation stage.

Chapter [7] introduces the theoretical and experimental methods used to de-
sign, and characterise the optical cavity structures studied in Chapter [§ This
begins with an overview of Maxwell’s equations, and their application in the
Finite-Difference Time-Domain (FDTD) simulations of electromagnetic waves
propagating through a medium. The chapter then concludes with an overview
of the principles behind diodes, and the fabrication of photonic structures as
well as diode structures. Chapter |8 then presents the measurements charac-
terising optical cavity structures. We show the potential suitability of these
cavity structures for testing the theory set out in Chapter [6] and also demon-
strate additional properties of the cavities that could make them suitable for
applications in on-chip quantum technologies.

Chapter [J] presents a summary of the work presented in the thesis, along
with potential further work that could be performed to build upon the results

presented.
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Chapter 2
Open Quantum Systems

In this chapter we shall explore the foundational theoretical concepts used in
later chapters. We will begin with an introduction to the density matrix for-
malism, before moving on to discuss the time evolution of composite systems.
We shall then use these concepts to derive a method for studying the dynamics
of open quantum systems coupled to an environment with a large number of
degrees of freedom. In Chapter 3| we shall apply these concepts to the simplest

example of a quantum system, and cavity coupled quantum systems.

2.1 The Density Matrix Formalism

2.1.1 Introduction to the Density Matrix Formalism

The mathematical framework of quantum mechanics is founded on a number
of postulates that allow one to map physical systems and their properties to
mathematical structures. One of these postulates states that any physical
system may be described by a state in a given Hilbert space, 77, where the
state of the system is a ra ), with norm ||[¢)|| = /{(¥[Y) = 1 in 2.
A further postulate states that the time evolution (dynamics) of quantum

systems is governed by unitary transformations such that

[0(8)) = U(t, o) [1b(to)) , (2.1)

where U(t, 1) is a unitary operator (UUT = UTU = 1) that evolves the state

of the quantum system, |¢), from time ¢, to time ¢. For a time-dependent

!The difference between a vector and a ray is that while the former has a direction and
magnitude, the latter extends indefinitely in a given direction from a given starting point.
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Hamiltonian, H(t), this unitary operator is given by

Ult,tg) = Texp{—i /t: dt'H(t’)}, (2.2)

where T is the time-ordering operator that orders the products of operators
with a time-dependence such that the earliest times appear at the right. This
unitary operator simplifies to U(t,ty) = exp{—iH (t — ty)} if the Hamiltonian
is time-independent. Taking the derivative of Eq. with respect to time

produces the Schrodinger equation

0 :
5 V() = —iH(t) [V (1)), (2.3)

where we have set h = 1 as will be standard practice throughout the thesis.
This description of quantum mechanics is known as the state-vector formalism.
The state vector formalism provides a complete description of the dynamics of
closed quantum systems, i.e. quantum systems isolated from their environment.
However, physical quantum systems will often have some form of coupling
to the environment around them. Such systems are known as open quantum
systems, and cannot be adequately described by the state vector formalism [39].
The system-environment interaction introduces classical uncertainties to the
reduced state of the system (tracing out the environment) which the state
vector formalism is not suited to accurately accounting for. Instead, to fully
describe open quantum systems we must move to the density matrix formalism.

The density matrix describing the state of a quantum system with a set of
N basis states {|i;)} is defined as

p= Zpi |[0iXthil (2.4)

where p; is the classical probability of the system being in state |¢;). The state
described by Eq. is known as a mized state. However, in the case where

pi=; = 1 and p;z; = 0 Eq. reduces to a pure state, p = |1;)(;|. From
Eq. we see a valid density matrix has a number of properties [40].

1. The density matrix is Hermitian, i.e. pf = p.
2. The density matrix is normalised, i.e. Tr{p} = SN p; = 1.

3. The density matrix is positive semi-definite, i.e. p > 0, as its eigenvalues

are probabilities and are thus either positive or zero.
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There are two other important properties of the density matrix that we shall

use in later chapters [40].

1. The expectation value of an operator A can be calculated using (A) =

Te{pA} = > pi (Vi A ).

2. The purity of a state described by a density matrix is given by P(p) =
Tr{p?} where P(p) = 1 for a pure state and P(p) < 1 for a mixed state.

In general the diagonal elements of the density matrix (p;;) are referred to as
populations as they give the probability of the system existing in that given
state. The off-diagonal elements (p; j«;) on the other hand are known as co-
herences as they quantify the relative phases between different components of

the superposition.

2.1.2 Time Evolution of the Density Matrix
The Schrodinger Picture

Just as in the state vector formalism, the temporal evolution of the density
matrix describing a quantum state is determined by unitary transformations.

The time-evolution of a density matrix describing a system starting in a state
|1 (to)) is given by

p(t) = Ul(t, to) [w(to) X (to)| UT(t, to). (2.5)

Differentiating Eq. with respect to time we obtain the density matrix for-
malism equivalent of the Schrodinger equation, known as the Liouwille-von

Neumann equation or simply the von Neumann equation [39] 40]

% (t) = —i[H(t), p(t)]. (2.6)

The more general form is given by

0

5:/(1) = Lo(t), (2.7)

where L is a Liouvillian super-operator, an epithet indicating that £ is an
operator that acts on another operator [39)].

This formulation of quantum mechanics, where the time-dependence of the
system is included in the density matrix while leaving the operators represent-

ing physical observables time-independent, is known as the Schrodinger pic-
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ture. However, this is not the only manner in which time-dependence may be
accounted for in quantum mechanics. There are two other formalisms known as
the Heisenberg, and Interaction pictures that also do this. In the Heisenberg
picture the time-dependence is moved from the density matrix to the oper-
ators (O) representing observables such that (O(t)) = Tr{O(t)p(to)} where
O(t) = U'(t, to)OU(t,to) [39-41]. This picture is not overly relevant to the
work done in this thesis, and thus will not be discussed in further detail here.

For a good discussion of the Heisenberg picture see [39-41].

The Interaction Picture

The interaction picture, also referred to as the Dirac picture, lies in-between
the Schrodinger and Heisenberg pictures, with time-dependence in both the
density matrix and operators [39]. In many cases using either the Schrodinger
picture or Heisenberg picture makes developing perturbative methods chal-
lenging. Moving to the interaction picture provides a solution to this. To
perform this transformation from the Schrédinger picture to the interaction

picture one must first spilt the Hamiltonian into two components
H(t) = Ho(t) + Hi(t), (2.8)

where Hy(t) is trivial to solve while H;(t) is non-trivial. Splitting the Hamil-
tonian in such a way allows the contribution from H, to be moved to the
time-evolution of the operators by performing the appropriate unitary trans-

formation

(O(t)) = Tr{Op(t)} = Tr{OU(t, to) p(to)U' (t, t0) }, (2.9)

where (O) is the expectation value of some observable O, which is assumed to
have no intrinsic time dependence. Using this transformation guarantees the
invariance of the expectation values between the different pictures as required

[41]. This unitary operator, U(t, ), can then be decomposed into two parts
Ul(t,to) = Up(t,t0)Us (2, to), (2.10)

where Uy(t, tg) = Texp{—z’ fti dt’Ho(t’)}. Making the substitution back into
Eq. [2.9] yields

(O(t)) = Tr{Op(t)} = Te{ OU(, to)Us (1, t0)plto)U} (1, 1)U 1, 10) }.~ (211)
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We can now make use of the cyclic nature of the trace (Tr(ABC) = Tr(CAB) =
Tr(BCA)) to rewrite Eq. as

(O(t)) = Tr{Ou(t)ps ()}, (2.12)

where the operator in the interaction picture, O;(t), is defined as

O, (t) =Ul(t, t)OUy(t, to)

(2.13)
=exp{iHy(t — to) }O exp{—iHy(t — o)},

and
pi(t) = Us(t, to)p(to) U} (t, to) = U] (t,t0) p(t)Us (¢, o). (2.14)

is the density matrix in the interaction picture. Accordingly we see the time
evolution of operators in the interaction picture is indeed determined by Hy,
while the density matrix evolves according to H;. Differentiating equation
[2.14] with respect to time, and making use of Eq. [2.6] reveals that the time
evolution of the density matrix in the interaction picture is still determined by

a von Neumann equation

9 prlt) = ~i[Hu(0) pu(0)) (2.15)

The only difference here is Hy(t) = Uy(t,to)HUy(t,to) appears in the commu-
tator on the right-hand side of the equation, rather than the total Hamiltonian
as in Eq. From Eq. it can also be seen that Uj(t,to) takes the same
form as the unitary operator in Eq. 2.2

2.1.3 Composite Systems

In addition to the properties of single quantum systems, we are often interested
in the effects resulting from interactions between multiple quantum systems.
For this reason, now that we have a description of an individual isolated quan-
tum system, it will be useful to consider how one mathematically describes
two distinguishable interacting quantum systems. If the first quantum system
is described by Hilbert space .77, and the second by a Hilbert space %, then
the total Hilbert space describing the full composite system, ¢, is given by

the tensor product of the two sub-spaces

H = IR 5, (2.16)
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The states of a composite system generally fall into two categories: separable,
and inseparable. Assuming the individual quantum systems have basis states
{l);} and {|#);} in their respective Hilbert sub-spaces, and assuming the
two systems do not interact, a state is defined as separable when it can be
written as the sum of the tensor product of the pure states of the individual

sub-systems, i.e.
v) :Zaij [¥); @ 1) (2.17)
]
which can naturally be extended to the density matrix formalism as

P = ZCU W w‘ ® ‘¢ ZCUPZ ® Pj- (218)

The classical correlations found in mixed states (described by Eq. fall
into the separable category. We can retrieve the state of a single sub-system
(known as the reduced state of the system) by tracing over all others. For
example, if we wish to know the reduced state of the first quantum system in
Eq. (|1)) we can take the partial trace over the second sub-system (|¢)).

If the sub-systems are in a separable state this will result in a pure state

pr = Tra(pr ® pa) = Tra (|0NY] @ |P)Xo))

(2.19)
= (V)| Tr(loXg]) = [)v].

However, if there is an interaction between the two sub-systems then the total
state is entangled and thus we can no longer write the total state as the tensor

product of two pure states. Instead the state may be decomposed as

|U) = Zaw |, ¢ ; Or p= chkl ¥, XV, gzs‘zﬂ@l (2.20)

i igkl

In this case taking the partial trace over the degrees of freedom of one of the
sub-systems will not lead to a pure state, but a mixed state instead. We can see
this by considering two qubits that are initially prepared in a pure entangled
state

W) = «0,1) + 51,0), (2.21)

where |a|” +|5]> = 1. From the superposition principle we know |¥) is a valid

quantum state since both |0, 1) and |1,0) are also valid quantum states. The
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density matrix describing this state is then given by
p=a?|0,10, 1] + 5 [1,0)(1,0] + aB (0, 1)(1,0] + [1,000,1]).  (2.22)

We can again take the partial trace over the second qubit to give the reduced
state of the first qubit

p1 = Trs(p) = a®[0X0] + 57 [1X1], (2.23)

as Tr{|1)0|} = Tr{|0) 1|} = 0. It turns out that even though the composite
system was in a pure state, the reduced states of the individual qubits are
mixed. If a = = \/Li we actually find the states of the sub-systems (qubits)
are maximally mixed with a purity P(p;) = 3. In taking the partial trace
we have lost some information from the composite state that is not found in
the states of the individual sub-systems. As discussed in Chapter [I} it is this
property of the entangled system to hold more information than the individual
sub-systems that makes quantum entanglement useful in quantum information

processing applications.

2.2 Second-Order Master Equations

Using the density matrix formalism it is possible to derive a microscopic de-
scription of the interaction between two distinct quantum systems. However,
an open quantum system will typically be coupled to an environment with a
large number of degrees of freedom. This makes a complete description of an
open quantum system too complex to perform exactly using the von Neumann
equation. We must therefore find a simpler method of calculating the dynamics
of the reduced state of the quantum system that we are interested in that does
not explicitly track the degrees of freedom of the environment. To do this we
will derive a second-order master equation that treats the interaction between
the quantum system, S, and the environment, F, as a perturbation. This will
allow us to evolve the state of the composite system, which we assume to be a
closed quantum system, and then take the partial trace over the environment
degrees of freedom to find the temporal evolution of the reduced density matrix
of the open system of interest. In addition to this, utilising a master equation
approach will then allow us to calculate experimentally important quantities
such as correlation functions and emission spectra as will be discussed later.

There are a number of different methods that have been used to derive such
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Figure 2.1: A schematic representation of an open quantum system described
by the Hamiltonian Hg coupled to its environment, Hg. The interaction be-
tween the open system and the environment is governed by the Hamiltonian
H;. The composite system formed by the open system and environment is
itself a closed system referred to as the total system.

an approximate master equation, including mathematically rigorous deriva-
tions based on the projection operator method, first introduced by Nakajima
and Zwanzwig . However, in this thesis we shall use a less mathe-
matically rigorous derivation that highlights the physical nature of the various
assumptions that must be made on the way to deriving a master equation
second-order in the interaction Hamiltonian [44].

A schematic of the system we wish to derive a master equation for is shown

in Figure 2.1, We shall again begin with a general Hamiltonian of the form
H = Hy+ Hj. (2.24)

While the Hamiltonian given here has no explicit time-dependence, this deriva-
tion does hold in the time-dependent case. We shall now go a step further
than we did studying the interaction picture by expanding the first term on
the right-hand-side of the equation to Hy = Hs + Hg to give the total Hamil-
tonian

H=Hg+ Hp+ Hj. (2.25)

Here Hg describes the open quantum system degrees of freedom S, Hp gener-
ates the environment degrees of freedom F, and H; characterises the interac-
tion between the two. We can also assume Hj is the only term involving both

S and E. Moving to the interaction picture with respect to Hy, H; becomes

H(t) = Ul (t)H Uy(t) = exp{i(Hs + Hg)t} Hyexp{—i(Hs + Hg)t}, (2.26)
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following the form of Eq. with {5 = 0 for simplicity. Here the tilde
represents an operator in the interaction picture. As we have assumed the total
system is itself a closed system, the density operator describing the composite
system will evolve according to the von Neumann equation in the interaction

picture 5
Soat) = =i [Hi(0) 5(0)]. (2.27)

Integrating Eq. produces the formal solution

t
) = p(0) i [ (). (0], (2.28)
0
and substituting this solution back into Eq. returns

£o0l0) =~ 0.50)] - [ a[m. [mEp0)) @9

2.2.1 The Born-Markov Master Equation

At first glance it would seem that we have not improved our situation much.
Eq. is still exact, and thus still as challenging to solve as the von Neumann
equation we started with. However, we are now in a position to make a number
of useful approximations. Before we do this, as we are only interested in the
evolution of S, we can take the partial trace over the environment degrees of

freedom to find the reduced density operator for S

%pg(t):—iTrE[ﬁl(t), (0)] - /0 dt’TrE[ﬁI(t), [H(#), p(t')}] (2.30)

From here we can introduce the first of our assumptions, starting by set-
ting —iTrg [ﬁl(t),ﬁ(O)] = 0. This condition can be ensured by moving a
term Trp[H/(t), 5(0)] from the interaction Hamiltonian to the system Hamil-
tonian [44]. Next we may assume there are no correlations between the sub-
systems S and E before a given starting time ty, which we set to ty = 0 for
simplicity. This allows the initial density matrix of the composite system to be
factorised as p(0) = ps(0) ® pg(0). From here we can make a further approx-
imation, known as the Born approximation, and assume the density matrix
factorises at all times such that j(t) ~ gs(t) @ psf} In other words we assume
the environment density matrix is time-independent. This approximation re-

lies on the interaction between the two sub-systems (S and E) being weak, and

2We assume the environment density matrix is in a Gibbs state.
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E being sufficiently large that the effect of the coupling to S on the state of the
environment is negligible. Assuming a weak interaction between F and S also
allows us to ignore higher order terms that could be found by repeating the
process used to derive Eq.[2.30] Applying all these approximations to Eq.

yields
0

t

s == [t T [0, (), s @ ] 23)
This form of the master equation can be shown to be a perturbative expansion
in the interaction Hamiltonian. We must now make a further approximation
known as the Markov approximation. Although we are now closer to the final
form of our master equation, the time evolution of the reduced density matrix is
still dependent on its history via the pg(t') term. We can make the substitution
ps(t') — ps(t) on the right-hand side of our equation if the memory time of £
is exceedingly short relative to the memory time of S. This is consistent with
the Born approximation we made earlier which assumed E was large enough
to remain unaffected by its interaction with S. The master equation in the
Born-Markov approximation then becomes

gpis(t) == [ e Tee B, [0, s 0] (232

To make this master equation truly Markovian EL we need to make one more
approximation. In its present form, this master equation still contains a refer-
ence to a starting time, to = 0, in the lower limit of the integral. Making the
substitution ' — ¢t —7 we can extend the limit of the integral to infinity, taking
the starting time to minus infinity, again using the justification of separation
of time scales between the system and environment. Making this substitution
yields

%ﬁg(t) . /0 i T []:Il(t), [1(t = 7), ps(t) @ pEH . (2.33)

This is the full form of the weak-coupling Born-Markov master equation that
approximately describes the evolution of an open system in the interaction
picture. It can be shown that this master equation is second-order in the

interaction Hamiltonian, H;.

3A Markovian process is one where the future state of the system is only dependent on
its present state and not it’s previous states.
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2.2.2 The Lindblad Master Equation and the Secular

Approximation

Unfortunately we cannot guarantee the density matrix produced by Eq.
will always be physical. That is, the density operator given by the Born-
Markov master equation can have negative eigenvalues and Tr(ps) # 1. We
shall now continue from the weak-coupling Born-Markov master equation in
Eq. to derive the Lindblad master equation. To do this we now decompose
the interaction Hamiltonian into system (5;) and environment (E;) operators
such that

Hy(t) = 5;(t) ® Ey(t), (2.34)

and substitute this into the Born-Markov master equation. Expanding the

commutators we find

where we have defined the environment two-time correlation functions as

(Ei(t)Ej(t — 7)) = Tep(Ei(t) B (t = 7)pr),

) _ (2.36)
(Ej(t — 7)Ei(t)) = Trg(E;(t — 7)Ei(t)pE),

and again made use of the cyclic nature of the trace. If we decompose the
system Hamiltonian as Hg = ). A; |\;)}(\;| where ); is an eigenvalue of Hg
given by the eigenvalue equation Hg |\;) = A;|\;), then the system operator

can also be written in this basis as

k() =D Al Sk(®) [A5) A} (2.37)

ij
In the interaction picture this is given by
Si(t) = est Gy e~ st (2.38)

in accordance with Eq. Making the substitution we find

Sk(t) = eI S A7) M)A =D € S(w), (2.39)

. w
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with

Sp=>_ Splw)=>_Sfw), (2.40)

where w = \; — \; and the operators S;(w) and S} (w) obey the commutation

relations
[Hg, Si(w)] = —wSj(w) and [HS,S,i(w)} = wST(w). (2.41)

Substituting this into Eq. yields
J . OO w't —iw(t—7)[J (, 1\ & ~ n n
G == S5 [ ar(e e IS 8 @ 0] B Byt - )

— e [ G (w), pal(t) S (w)] (B (t — T)Ei(t>>>
== 3 (T ) [, 550 1)

w,w!' 1j

— T ) [§(), ()5()] ).
(2.42)

with Ij;(w) = [5° dre™T(E;(t)E;(t — 7)) when [Hg, pg] = 0. Assuming the
total system evolves on much shorter time scales than the reduced state of the
open quantum system we can use the secular approrimation. This allows us to
only consider the resonant terms (w = w’) in Eq. as the non-resonant terms
lead to rapid oscillations which average out on the open system timescales.
From here we can divide the dynamics of the system into real and imaginary

components by defining I';;(w) = $7;j(w) + im;j(w) such that

L (T, (w) - T%w). (2.43)

Yij = Fij(W) + F;‘fi(w) and Tij = 2—2

Using these definitions we can re-write Eq. as [44]

0 .
aPs = [Hrs, ps(t)]

1
+ 30 S @) (5,(ns()] @) — S {S1@)S, (@) ps(0)}), (244)
w 1
where Hrg =32, > 755 (w) ST (w)S;(w) is the Lamb shift Hamiltonian, arising
from Im[I';;(w)], that results in a renormalisation of the system energy levels

due to the interaction with the environment [44]. Transforming back to the
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Schrodinger picture using

9 pst) = —ilHs, ps(0)] + = (2 pst)) ", (2.45)

yields [44]

0
—ps = —i[Hg+ Hys, ps(t)]

ot
+ 30 @) (S @s()S] @) — {5115, @). pu(0)}). (240

w1
Re-writing the master equation in the diagonal form gives 39, 44]

0

5;°s(t) = —i[Hs + Hys, ps(t)]

+ % > (2Lk@)p L) — {EL@)Le(w), ps(t)}) = Lps(t), (247)

which reduces to

0

ps(t) = —i[Hs + Hys, ps()]

5 3 (2Lp ()1, — {ELLu ps(0)}) = Zps(r), (2.48)

when there is only a single relevant frequency. This is the final form of the
Lindblad Master equation. The coherent lossless dynamics of the quantum
system are described by the commutator [Hs+H s, ps(t)], while the incoherent
dynamics are incorporated by the collapse operators, Ly = /7, Sk, with rates
v derived from the real component of I';;(w). To reach this point we have
assumed the system and environment have no interactions before the given
starting time, the interaction between the system and environment is weak
and the environment is large enough to remain unaffected by the quantum
system (Born approximation), the state of the open quantum system evolves
rapidly relative to the state of the S (Secular approximation), and the memory

time of the environment is very short (Markov approximation).
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Chapter 3

Quantum Dots and The
Classically Driven Two-Level

System

3.1 Introduction

There are numerous examples of different simple quantum systems whose evo-
lution may be described by the Lindblad master equation we derived in Chap-
ter 2l The simplest of these examples is the Two-Level System (2LS)] which
consists of a ground state |g) and an excited state |e) separated by an en-
ergy hw.. While the 2LS may be a simple example of a quantum system, it
can prove to be an extremely useful approximation when studying physical

quantum systems.

The semiconductor QD is one example of a physical quantum system that
is often approximated as a 2LS. In Chapters [4] and [5| we shall consider the
effects of pulsed driving on a QD coupled to a large bath of quantum harmonic
oscillators, approximating the QD as a 2LS. Furthermore, in Chapter [6|we shall
extend the classically driven 2LS model to a Four-Level System (4LS) picture
with pulsed excitation. It will therefore be useful to explore the electronic
properties of QDs, and examine the properties of a classically driven 2LS under
Continuous-Wave (CW) and pulsed optical driving in the absence of coupling
to a thermal bath using the Lindblad master equation. Additionally we shall
explore the impact of pure dephasing mechanisms, and coupling to an optical

cavity on the properties of the 2LS.

!The two-level system may also be referred to as a two-level atom or two-level emitter.

23
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Conduction Band

Valence Band

Figure 3.1: A simple representation of the edges of the conduction and valence
bands of a semiconductor. The bands are separated by a band gap of energy
E¢ in which lies the Fermi level at energy Er. At T'= 0 K the valence band
is fully occupied while the conduction band is empty.

3.2 The Properties of Semiconductor Quan-

tum Dots

In this section we shall give a brief overview of the properties of QDs, and
the effects resulting from the application of external fields. For more in-depth

discussions see |11, 45, 46].

3.2.1 Band Structure of Bulk Semiconductors

Within the crystal lattice of a bulk solid the constituent atoms are situated
in close proximity to one another. Because of this, the outer valence orbitals
of the atoms forming the crystal have a significant overlap, and thus strongly
interact [45, 46]. To preserve the Pauli exclusion principle that states no
two Fermions may simultaneously possess the same quantum state within a
quantum system, the interacting orbitals must broaden into electronic bands E]
Each band maintains some characteristics of the atomic orbitals from which it
originated, and the energy width of each band is determined by the magnitude
of the overlap between these orbitals [46]. Depending on the material and band
configuration, this finite width can result in the emergence of gaps between
the bands in which there are no allowed electronic energy levels.

Of the bands that form the band structure of a crystal lattice, it is those
lying closest to the Fermi level that are of the most interest. The Fermi
level defines the highest energy an electron may possess in the material at a

temperature of zero Kelvin. That is, at zero Kelvin electronic states below

2Each band actually consists of a series of discrete energy levels. However, the large
number of these discrete levels (proportional to the number of atoms in the lattice) means
their energy separation is small enough for each band to be considered as continuous.
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the Fermi level will be occupied whereas the states above the Fermi level will
remain unoccupied [46]. In a semiconductor, the material type most relevant
to the work presented in this thesis, the Fermi level lies within a band gap.
The lowest energy unoccupied band above the Fermi level is referred to as the
conduction band, and the highest energy fully occupied band below the Fermi
level is known as the valence band [45] as shown in Figure Electrons may
be promoted across the band gap from the valence band to the conduction
band by absorbing a quanta with energy greater than the band gap energy,
E¢ [45]. This process of inter-band absorption leaves behind a hole, a spin-3/2
quasi-particld’| with an effective positive charge and mass resulting from the

absence of an electron, in the valence band [46].

3.2.2 Quantum Confinement

The band structure of a material may be engineered to confine charge carriers
(electrons and holes) to a desired spatial region. By surrounding one type
of semiconductor material (e.g. InAs) with another possessing a larger band
gap (e.g. GaAs), discontinuities appear in the valence and conduction bands
forming a potential well as shown in Figure[3.2] If along a given axis the spatial
dimension of the potential well is smaller than the de Broglie wavelength of a
charge carrier, the charge carrier will no longer be free to move along that given
confinement axis [11, 46]. Specifically, on these scales the confinement of the
charge carrier will begin to exhibit quantum properties, and the charge carriers
will occupy discrete energy levels defined along the confinement axes while
remaining free to move along any unconfined axes. We can therefore classify
quantum confined structures according to the number of spatial dimensions
along which any trapped charge carriers remain free to move. Quantum wells
are formed by confining the motion of electrons and holes along a single spatial
dimension, while allowing free motion along the other two dimensions, and are
thus referred to as two dimensional structures. On the other hand, quantum
wires confine charge carriers in all but one of the spatial dimensions. Because
of this they are referred to as 1D structures. In a QD charge carriers are
spatially confined along all three axes [ and thus have zero dimensions along
which any confined charge carriers may freely move. As QDs are the most

relevant quantum confined structure to this thesis we shall neglect the other

3Holes with spin-3/2 are known as heavy-holes. Holes can also have spin-1/2, known as
light-holes, but these are not extensively considered in the thesis as the quantum confinement
in the QD lifts the degeneracy of the light- and heavy-hole valence bands.

4The growth process of Self-Assembled Quantum Dots (SAQDs) is discussed in Chapter
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GaAs InAs GaAs

Ec
[T e,
Eg
EE——"YN
E,——

Figure 3.2: A simple band diagram of a quantum confined structure (e.g. a
Quantum Dot (QD)) formed from InAs surrounded by GaAs. The band gap
of InAs (E¢) is smaller than that of GaAs resulting in the confinement of the
charge carriers to the InAs region. This confinement shifts the discrete energy
levels of the charge carriers away from the band edges of the bulk material by

Oe(h)-

types of quantum confined structures in our discussions from here on. The
energy of charge carriers confined to a QD is fully quantised giving rise to
atom-like properties. Each further dimension of confinement has the additional
effect of shifting the band edge in the structure away from the band edge of
the material by the confinement energy [46] as can be seen in Fig[3.2]

3.2.3 Neutral States: Excitons and Biexcitons

When discussing the band structure of solid materials we briefly mentioned
that promoting an electron to the conduction band leaves a quasi-particle
referred to as a hole in the valence band. Under the right conditions these two
oppositely charged particles can be bound together by their mutual Coulomb
interaction to form a further quasi-particle known as an exciton |45, |46].

As the exciton is formed from a negatively charged electron and positively
charged hole it has no overall net charge. However, excitons do possess a net
spin derived from the spin of their component particles. Excitons can be split
into two categories based on the magnitude of their spin. Bright excitons have
a spin magnitude of one, i.e. the spins of the electron and hole are anti-parallel
(IT4) , |41)). These excitons are referred to as bright as they are able to be
created by the absorption of, and recombine via the emission of, a single photon
with angular momentum +1. In dark excitons the electron and hole spins are
parallel resulting in an exciton spin of £2. As a result the recombination of a

dark exciton is optically forbidden.
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|X_)

Figure 3.3: The energy level structure of the biexciton cascade written in the
linear basis. Here |X.) = \%(Mﬂ) + [N})), and | XX) = [t)41). The exciton
eigenstates |Xy) are split by the fine structure splitting, A, caused by an
asymmetry in the Quantum Dot (QD) coupling the bright excitonic states via
the electron-hole exchange interaction [47].

Excitons can be further categorised based on the strength of the interaction
between the electron and hole. Frenkel excitons are usually formed in materials
with small dielectric constants, and thus have a large binding energy and small
spatial extent on the order of the lattice constant of the bulk material [46].
Wannier-Mott excitons, on the other hand, are typically formed in materials
with a large dielectric constant such as semiconductors [46], and are therefore
the more relevant type of exciton to this thesis. The large dielectric constant
reduces the binding energy between the electron and hole resulting in a large
exciton radius extending over multiple lattice periods. When excited in a bulk
material the binding energy of Wannier-Mott excitons is so small that above
cryogenic temperatures the thermal vibrations of the crystal lattice provide
enough energy to overcome the binding energy and dissociate the electron and
hole. However, exciting an electron-hole pair within a QD increases the exciton
binding energy. This is due to the spatial confinement of the charge carriers
increasing the overlap of their wave functions resulting in a stronger Coulomb

interaction and smaller spatial extent.

Just as it is possible to excite a single exciton, the nature of the electronic
bands allows for two excitons with opposite spin configurations to be simulta-
neously excited. The Coulomb interaction between the components of the two
neutral states can then also bind them to form an exciton molecule known as

a biexciton. The biexciton energy is then given by

Exx =2Ex — Ey, (3.1)
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where Ex is the exciton energy, and Fj is the biexciton binding energy. It is
this difference in energy between the exciton and biexciton transitions (i.e. Ej)
that allows us to approximate neutral QDs as 2L.Ss assuming that any optical
driving is also far enough detuned from the biexciton energy. The formation of
a biexciton results in an energy structure referred to as the biexciton cascade
shown in the linear basis in Figure [3.3] This can be employed as a source
of entangled photon pairs, emitted when the biexciton relaxes to the ground

state via the intermediate exciton states [48-52].

3.2.4 Charged States: Trions

In addition to neutral exciton states, it is also possible to confine single charge
carriers (electrons or holes) inside QDs. This is considerably more challenging
to achieve than confining excitonic states, as it is not possible to photo-excite
a single charge carrier as it is with single excitons. There are a number of
methods for isolating single charge carriers in QDs including ionising an exci-
ton, deterministically charging the confined structure with an applied electric
field, or including a dopant whose concentration is controlled to give a unity
mean charge carrier occupancy } These methods often require the use of diode
structures, which will be discussed in the next section.

It is also possible to excite an exciton in a charged QD. Although the exciton
possesses no overall charge, the Coulomb interaction between the constituent
charge carriers of the exciton and the single charge carrier, combined with
the wave function overlap resulting from the quantum confinement, results in
the formation of a charged quasi-particle known as a trion, often labelled as
X* or X~ (or equivalently 7" or T7) depending on the charge. The overall
charge of the trion depends on the charge of the single charge carrier initially
occupying the QD, with a single hole producing a positively charged trion
(MUt or [4M))) and a single electron resulting in a negatively charged trion
(Itd) or [441)). These charged exciton states will form an important part of
the work presented in Chapter [6]

3.2.5 The Quantum Confined Stark Effect

Now we have discussed the electronic properties of QDs in the absence of any
external fields, we can extend our discussion to explore the effect of situating

a QD in an external field. We shall begin by considering the application of

5The epitaxial growth of semiconductor QDs is discussed in Chapter
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Figure 3.4: The conduction and valence bands of a quantum confined structure
with (a) no applied electric field, and (b) a non-zero applied electric field.
Applying an electric field tilts the bands altering the potential in which the
charge carriers are confined. This shifts the position of the electron and hole
wave functions to opposite sides of the confinement well reducing the wave
function overlap and thus also reducing the exciton binding energy (F’ < Ex).

an external electric field to a QD, the result of which is described by the
Quantum-Confined Stark Effect (QCSE) [45, 46].

One may apply an external direct-current electric field to a QD by situating
it within a diode structure (for more information on diodes see Chapter [7).
When an electric field is applied to a QD containing an exciton, the constituent
electron and hole are forced to move in opposite directions owing to their op-
posing charges. In the absence of any quantum confinement the exciton would
be torn apart by this field. However, in a QD the quantum confinement of
the charge carriers prevents the exciton from being dissociated. Instead the
applied field moves the two charge carriers to opposing sides of the potential
well as the band structure is modified (see Figure , reducing their wave
function overlap and the strength of their mutual Coulomb interaction. This
results in a red-shift of the photons emitted when the exciton eventually re-
combines (see spectra in Section . For a QD, the magnitude of this shift
is given by [53} |54]
AFEqgcsg = pF + BF?, (3.2)

where in this instance F' is the applied electric field strength, p is the electric
dipole moment of the QD, and f is the polarisability [53, 54]. From this we
can see that the largest shift occurs when the electric field is aligned with
the electric dipole of the QD. The principle application of the QCSE is the
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tuning of the exciton energy, and, by extension, the emission energy. This
can be done, for example, to bring two QDs situated in independent electric
fields into resonance, or (as shall be demonstrated in Chapter [§) to bring a
QD into resonance with an optical cavity mode. However, if the applied field
is large enough, and the band structure is suitable, the QD can be ionised or
completely depleted by the application of an electric field as one or both of the

charge carriers tunnel out of the structure.

3.2.6 The Zeeman Effect

One may also apply an external magnetic field to a QD, in addition to the
external electric fields we have discussed. The results of applying a weak
magnetic field to a QD, and any atomic system in general, are described by
the Zeeman effect [45]. This effect plays a central role in the work performed
in Chapter [6] Depending on the origin, the Zeeman effect may be split into
two categories. The normal Zeeman effect describes the results of applying
an external magnetic field to a system with no net spin [45]. On the other
hand, the anomalous Zeeman effect originates from systems with a non-zero
net spin and is thus a purely quantum effect [45]. As we are mainly interested
in charge-carriers confined to QDs it is the latter effect that is most relevant
since the charge carriers do possess a net spin as we have previously discussed.

When an external magnetic field is applied to a charge carrier spin system,
the spin will begin to precess about the magnetic field. The interaction between

the spin-system and the magnetic field is characterised by the energy [45]
E, = gupB, (3.3)

where ¢ is the g-factor quantifying the strength of the interaction, ug is the
Bohr magneton, and B is the applied magnetic field strength. The orientation
of the magnetic field also impacts the resulting behaviour of the system as
discussed further in Chapter [6l The application of a weak magnetic field to a
neutral exciton will also produce a quadratic diamagnetic shift [46, 55]. This
diamagnetic shift is characterised by the diamagnetic coefficient v, leading to
the total energy shift of an exciton in the presence of an applied magnetic field
to be [55]

AE = v B + B, (3.4)

where v, characterises the Zeeman energy shift.
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3.3 The Dipole Approximation

Before we move on to apply the Lindblad master equation to the example of an
optically driven 2LS, we first must discuss how one includes classical driving
in the system Hamiltonian. In this thesis we consider optically driven atomic-
like systems whose spatial extent is much smaller than the wavelengths of the
light with which they interact ﬁ In this case we may make an approximation,
known as the dipole approrimation, that allows us to simplify the semi-classical
Hamiltonian describing the optical driving of a quantum system by a classical
source. To make this approximation we can consider a charged particle situated
in an external electromagnetic field. The electric and magnetic components
of an electromagnetic field may be derived from both a scalar (®) and vector
(A) potential (E = —V® — 9;,A, B = V X A). Using this notation the
Hamiltonian of a charged particle in an electromagnetic field may be written
as [b0|

Hr.f) = 5 (p— gA(r.1)’ — g®(r.1), (3.5)
where ¢, m, p are the charge, mass, and momentum of the charged particle
respectively. As the size of the quantum systems we are interested in is much
smaller than the wavelengths with which they interact, we may approximate
the vector potential as being position independent, i.e. A(r,t) — A(t). From
here we can perform a gauge transformation. This will allow us to simplify
the potentials (®, A) without changing the fields derived from them. As B =
V X A we may add the gradient of a scalar field (VA) to the vector potential
without changing the magnetic field as V x (VA) = 0. However, to maintain
the invariance of the electric field under this gauge transformation we must
add the time-derivative of A to the scalar field ®. Our transformed potentials

are then given by [57, 58|

O(r,t) — d'(r,t) =0(r,t) — O A(r, 1), (36)
A(r,t) = Al(r,t) =A(r,t) + VA(r, t). ‘
Choosing the gauge A(r,t) = —A(t) - 7 our new scalar and vector fields may
be written as
' (r,t) =0(r,t) — O A{)r = 0(r,t) + 7 (E+ VO(r,t)), (37)

6Tn the case of QDs a few nanometres compared to wavelengths on the order of 103 nm.
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Figure 3.5: A depiction of a 2LS consisting of a ground state |¢g) and excited
state |e) separated by an energy fuw.. Here the system is driven on resonance
with a continuous wave source with Rabi frequency (2.

Taking the Coulomb gauge, where ® = 0 [57, 58|, and making the substitution

into the Hamiltonian yields

1 2 1 9
H(rt)=— —qr-E(t) = — —d-E(t :
(r) = 5—(p)° —ar B(t) = 5 —(p) OREENCE)
where d = —qgr is the dipole operator, and the final term of the Hamiltonian

describes the coupling between a classical electric field and an electric dipole.
While the dipole approximation is generally applicable to QDs under a vast

majority of circumstances, there are regimes where it breaks down [59] 60].

3.4 Driven Two-Level System Hamiltonian

Using the dipole approximation, and choosing the ground state to have zero
energy, the Hamiltonian describing a classically driven 2LS depicted in Fig-
ure [3.5 may be written as

H = w,|ele| —d- E(t), (3.9)

where d is the transition dipole operator, and E(t) is the time-dependent elec-
tric field vector. This field vector may be re-written as E(t) = Ey(t) coswit
where Ey = Ey(t)e is the vector electric field strength which incorporates the
polarisation vector €, and w; is the laser frequency. One can write the spec-
tral decomposition of the dipole operator in the basis states of the 2LS as
d = (g|d|e) (lg)e| + |e)<g|) The diagonal matrix elements are not present

as the parity transition selection rules tell us these elements are zero (see

"Ordinarily d = Dijmeq (] d|5) [i)Xj|. The parity transition rules show (i|d|j = i) = 0
and thus d =3, ., (i d|7) |9)]-
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Appendix . Making these substitutions, the Hamiltonian describing the co-

herent dynamics of a classically driven 2LS can be written as
Q(t) wit —iwyt
H = w, |e)e| + T(e + e ") (leXg] + |g)el). (3.10)

Here we have defined Q(t) = — (g|d - Ey(t)|e) as the Rabi frequency that
quantifies the strength of the coupling between the 2LS and coherent driving
field modulated by some time-dependent envelope function. The CW limit can
then be recovered by choosing (¢) = Q2 V ¢. In the time-dependent driving
limit the choice of pulse envelope is arbitraryﬂ, but here we shall assume the

2LS is driven by a Gaussian optical pulse of the form

S} (t —t9)?
Ot) = {——} 3.11
(1) = = exn{ -5 .11
where © = fooo Q(t) is the pulse area, w is the Gaussian width, and ¢y is the
time at which the peak of the pulse, i.e. the peak Rabi frequency, occurs.
The Gaussian width is related to the electric field Full-Width Half Maximum
(FWHM) of the pulse, A71g, by
ATE

w=—2_ 3.12
2v/21n2 (3.12)

which in turn is related to the intensity FWHM that is measured in experiment

by At = ATV2.

3.4.1 Unitary Transformations to a Rotating Frame of

Reference

While the Hamiltonian in Eq. does describe the dynamics of a 2LS driven
by a classical source, the time-dependence in the exponential terms makes the
theoretical treatment challenging and computationally expensive. It is possi-
ble to remove this time dependence by performing a transformation from the
so-called lab-frame to a reference frame rotating at an arbitrary frequency of
our choice, wr. We have already encountered a transformation changing the
frame of reference moving from the Schrodinger picture to the Interaction pic-
ture. However, we now need to derive a more general transformation that will

allow us to find the relationship between an arbitrary Hamiltonian describing

8In later chapters we shall make use of different envelope functions.
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a quantum system in the lab frame (H (t)) and the Hamiltonian describing the

same system in an arbitrary rotating frame (H(?)).

The state vector of the system in the rotating frame can be found by

applying a unitary operator to the lab-frame state vector such that

() = Ut) |¥). (3.13)

Here 1)) is the state vector describing the system in the lab-frame, [(t)) is
the state of the system in the rotating frame, and U(t) is a unitary operator
whose form is chosen for convenience. The Schrodinger equation must apply
in the rotating frame just as it does in the lab-frame, i.e. we may write the

Schrodinger equation in the rotating frame as

o - s
5 V() = —iH() [¥(t). (3.14)

Substituting Eq. into Eq. [3.14] and using the product rule, yields

0 ~ 0 0 o ~
S 1) = (FU®) [0)+ U@ (5 19) = —HO ). (3.15)
From this we see the second term in the centre is the left-hand side of the

Schrodinger equation in the lab-frame pre-multiplied by U(t). We can therefore
substitute in the Schrodinger equation to find

(Lu) ) - 0@ HE) ) =~ G- (3.16)

Using [¢) = UT(t) [4(t)) we can re-write this equation to find the final rela-
tionship between the Hamiltonians describing a given quantum system in two
different frames of reference

() = URHOU ) + i(%U(t))UW). (3.17)

One can show this agrees with the results found when transforming between
the Schrodinger and Interaction pictures by substituting in the Hamiltonian
H = Hy + H; from Eq. , and choosing U (t) = exp{iHyt}. This yields

H(t)=U(t)(Hy+ H)U' —i(—iHy) = U H U () = Hy(t), (3.18)

which agrees with our definition of H;(t) in Eq. m
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3.4.2 The Rotating Wave Approximation

Utilising Eq. the Hamiltonian describing a classically driven 2LS can be
transformed into a reference frame rotating at an arbitrary frequency wg using
the unitary operator

U(t) = exp{iwgt |le)e|}. (3.19)

Applying this unitary transformation to our lab-frame Hamiltonian we find
the Hamiltonian in the rotating frame is given by

Q(t)

H(t) = (we —wR) leXe| + —= (ei“’Rt leXg| + e~ nrt |g><e|) (ei”lt + e_i“”t). (3.20)

This form of the rotating frame Hamiltonian still contains time-dependent
exponential terms which are the computationally challenging terms we are
trying to remove by performing this unitary transformation. However, we can
now apply the Rotating Wave Approximation (RWA). In doing so we assume
lwr —w| < wg + w; which allows us to replace the counter-rotating terms
(wr + w;) with their zero time averages. This is a reasonable approximation
to make for optical frequencies as the counter-rotating terms would not be
experimentally resolvable on the relevant timescales. Transforming to a frame
rotating at the laser frequency, that is setting wr = w;, removes the remaining
time-dependent exponential terms from the rotating frame Hamiltonian

H(t) = (we — wy) le)e] + @(M(g! + |g)el). (3.21)

As a result of transforming to a reference frame rotating at the driving laser
frequency and applying the RWA, we now have a semi-classical Hamiltonian
describing the coherent dynamics of 2LS driven by a classical field whose only
time-dependence arises from the envelope function of the pulse, and therefore
vastly reduces the computational resources required to perform calculations. In

the CW limit (¢) — Q returns a completely time-independent Hamiltonian.

3.5 The Quantum Optical Master Equation

To model the emission properties of the 2LS we need to account for the interac-
tions with the quantised electromagnetic field. Hence we must derive a master
equation that, much like the Lindblad master equation, tracks the degrees of
freedom of the 2LS while tracing out the electromagnetic environment. To

do this we shall model the electromagnetic field as a continuum of quantum
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harmonic oscillators [39)
HE = Z wke;iek, (322)
k

with frequencies wy, and creation (annihilation) operators €}.(e;). The interac-

tion between the field and 2LS is then given by the Hamiltonian

H; = Z(gkekUT + 92620), (3.23)
k

where the coupling strength between the 2LS and k" electromagnetic mode is
quantified by gi, and we have introduced the notation o = |g)(e|. Transforming
the interaction Hamiltonian to the rotating frame into which we transformed

the system Hamiltonian yields

H(t) = Z(gkekaTeW” + g,’;ezae_i“lt). (3.24)

k
Assuming the electromagnetic spectral density does not vary significantly over
the energy scales relevant to the 2LS, we may take the electromagnetic spectral
density to be flat, i.e. J(w) = J ¥V w [61]. This allows us to transform into

the interaction picture using the simple unitary transform

U(t) ~ exp{z’(( —w)olo + Zwkekek> } (3.25)

where we have redefined Hy as Hy = (w, — wl)O'TO' +> wkezek. This choice
of unitary transformation cancels out the exp{+iw;t} terms in Eq. and

thus the interaction picture Hamiltonian is given by

H;(t) = Z(gkekaTei“Et —nt 1 grel e Thwetglonty, (3.26)
k

From here we may explicitly write the components of the decomposition of the

interaction Hamiltonian in Eq. as

Si(t) =cte™" and B (t Zg epe” Wkt

(3.27)
Sy(t) =oe ™' and Ey(t Zg Rene .

Deriving the full form of our master equation is then a question of substitut-

ing these system and environment operators into the master equation given



3.6. Coherent Dynamics: Rabi Oscillations 37

in Eq. 2.35l Performing the substitutions, and transforming back to the ro-
tating frame of reference in the Schrodinger picture, automatically yields a

master equation, known as the quantum optical master equation, in the Lind-
blad form [39]

%ps(t) — =il f1(t), ps ()| + 2 (2005000 — {0 ps(0)}).  (328)

2
Here H (t) is given by Eq. , and the spontaneous emission Lindblad opera-
tor is given by L = /70, where v = 7.J/2 is the decay rate of the exited state
of the 2LS given by the inverse of the state lifetime v = T} *.

As the quantum optical master equation is derived directly from Eq. [2.35]
and is in the Lindblad form, it makes the same approximations as the Lind-
blad master equation. That is, the quantum optical master equation is also a
second-order master equation, and uses the Born and Markov approximations
assuming the interaction between the system and optical environment is weak
such that the two evolve on disparate timescales. Finally, the secular approx-
imation is also used in the derivation of the quantum optical master equation

allowing us to only consider resonant terms.

3.6 Coherent Dynamics: Rabi Oscillations

With our simplified rotating frame Hamiltonian we may now use the quan-
tum optical master equation to calculate the temporal dynamics of the 2LS
state populations under both CW and pulsed excitation. For the systems
described in this chapter, the dynamics (and correlation functions) may be
calculated using the Python package QuTiP [62] to computationally solve the
master equation at discretised time intervals. Figure shows that under
CW excitation the population of the 2LS coherently oscillates between the
two system eigenstates at frequency {2 when €2 > ~. The oscillations in the
populations under optical excitation are the well-known Rabi oscillations, and
have been experimentally observed numerous times [63-67]. In the absence
of any decoherence mechanisms these oscillations would continue indefinitely
(see the grey-dotted line in Figure . However, the presence of decoherence
in Figure [3.64] in the form of spontaneous emission, ultimately dampens the
oscillations until they are completely suppressed in the long-time limit.
Under pulsed excitation a similar behaviour is observed. During the pulse

the state population of the 2LS coherently oscillates between the two system
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Figure 3.6: The calculated dynamics of the state populations of a Two-Level
System (2LS) under (a) Continuous-Wave (CW), and (b,c) pulsed excitation.
(c¢) Under pulsed resonant excitation Rabi rotations are also observed in the
state populations sweeping the area of the pulse. The oscillations in (¢) do not
reach zero due to the use of the time-integrated exciton population rather than
the steady-state without spontaneous emission. Parameters used: (blue-solid)
vt =23 ps, (grey-dot) v = 0 ps~!, (a) Q = 107, (b) © = 107, (b,c) AT =2
ps.

eigenstates, again damped by spontaneous emission. The number of oscilla-
tions in the state populations during the pulse is proportional to © /7 where
© = [;7diQ(t) is the pulse area. If we instead plot the time-integrated ex-
cited state population as a function of the area of the driving pulse, as shown
in Figure |3.6c| we observe Rabi rotations. It is important to note that the
Rabi rotations in the time-integrated exciton population with varying pulse
area are not equivalent to the time-resolved Rabi oscillations plotted in Fig-
ures [3.6a] and [3.6D] Rather these Rabi rotations are the result of a phase

accumulated during the driving pulse. However, from this we see that, by

changing the duration and or peak Rabi frequency to fine-tune the area of the

driving pulse, one can adjust the state of the system after the pulse.
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3.7 The First-Order Correlation Function and

Emission Spectra

Experimentally, information about a classically driven 2LS may be derived
from the properties of the light it emits. Thus to make predictions about the
properties of a 2LS that can be experimentally tested, we need to relate the
system degrees of freedom explicitly tracked by our master equation to the

properties of the electric fields measured by detectors in experiments.

One can define the electric field operator measured experimentally as
E(t) = E*(t) + E~(t). We may then define the positive component of the
clectric field operator as E*(t) = )", Eyeye;, where ¢ is again the annihilation
operator of the k£ photonic mode, E}, is the electric field strength, and e, is
the electric field unit vector. The negative field component is then given by
E~(t) = (E*(t))". The Wiener-Khinchin theorem tells us that the intensity
spectrum is related to the electric field operators by [6§]

I(w) = /oo dr (E-(t)E*(t+7))e ™. (3.29)

—00

To relate the intensity spectrum to the 2LS creation and annihilation operators
we shall consider the Heisenberg equation of motion for one of the quantised

field operators which is given by
Ouei(t) = i [ (), &(t)] = ~i (wha(t) + gu5 (1)) (3.30)

Here the tilde now indicates an operator is in the Heisenberg picture such
that O(t) = Ut(t)OU(t) where U(t) is an arbitrary unitary operator chosen
to transform. The terms on the right hand side of Eq. originate from
the commutators of the environment and interaction Hamiltonians with the

photonic annihilation operator respectively. Using
Oy (e"*' € (t)) = iwpe™ ' En(t) + e“FOye,(t) = —igyo (t)e™*' (3.31)
we can formally integrate Eq. giving
. t . ’
Eu(t) = e (0) — i / 4 g5 (¢ (3.32)
0

Substituting this into the positive frequency component of the electric field
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operator yields
. t . /
E*(t)=> E (ww’etgk(()) —i / dt’gkﬁ(t’)ewkt) . (3.33)
k O

The first term on the right hand side is the free fields contribution which we
take to be the vacuum state, and thus neglect. Taking the continuum limit we

can then write
o0 t o,
E*(t)= —i/ dw/ dt'g(w)E(w)a(t')e™". (3.34)
—00 0

Just as when we derived the quantum optical master equation, we shall assume
the 2LS-environment coupling strength ¢g(w) does not vary appreciably over the
frequencies of the 2LS. This then allows us to simplify Eq. to

00 t
E*(t)= —igE/ dw/ dt'a(t")e? . (3.35)
—00 0

which, using the relation fot drg(t) [72 dwe™™" = 27 fot drg(1)d(T), allows us

to write the final form of the positive electric field component as
E*(t) =Ca(t), (3.36)

where C' = —iF\/77y/2 is a constant. Taking the steady-state limit, the
intensity spectrum is given by I(w) o< S(w) where

o0

S(w) = / dTg(l)(T) exp{—i(w — w7}, (3.37)

oo

and where in terms of the 2LS raising and lowering operators

g (7) = lim (0" (t)o(t + 7)), (3.38)

—00
is the steady-state first-order correlation function quantifying the temporal
coherence of the electric fields of the emitted light’} o = |g)(e| is the atomic

lowering operator, and w; is again the laser frequency.

The emission spectrum has contributions from two distinct components,

known as the coherent and incoherent spectra. These arise from the steady-

9The first-order correlation function can be measured directly using an optical inter-
ferometer such as the Mach-Zehnder or Michelson interferometers. The absolute value of
g"W(r) is then given by the visibility of the interference fringes, v = [¢™M (7)].
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Figure 3.7: A depiction of coherent (elastic) (a) and incoherent (in-elastic) (b)
scattering of incident photons off a Two-Level System (2LS). The excited state
of the 2LS is not populated during coherent scattering preserving the first-order
coherence of the incident light. Conversely, during incoherent scattering events
incident photons are absorbed creating a non-zero excited state population that
decays via photon emission after a time period ¢ [69).

state of the correlation function and oscillations in the correlation function

respectively. The two spectral components can be written as

Seon(w) = / dTgS)ZZ exp{—i(w — w7},

Sine(w) = /OO dTgl(TlL)C(T) exp{—i(w — w7} (3.39)

—00

— [ ar o) - o) expi—iw — w7}
—0
Here S(w) = Seon(w) + Sine(w), Scon(w) is the coherent contribution to S(w),
Sine(w) is the incoherent contribution to S(w), and ggz = lim, oo (0T (t)o(t +
7)) = [{04s)|* where (0y,) is the steady-state expectation value of o. As gg% is
a (non-zero) constant, assuming the laser coherence time is much greater than
the QD coherence time, taking the Fourier transform into the frequency domain
yields a delta function at the laser frequency. This corresponds to elastic
scattering of the incident laser photons off the 2LS as shown in Figure |3.7a]
and as such the scattered light remains first order coherent with the incident
laser. Conversely, the incoherent spectrum arises from the inelastic scattering
of photons off the 2LS whereby a photon is absorbed and then re-emitted via
spontaneous or stimulated emission (see Figure . This process results in
a change of both the frequency and phase of the photons, and accordingly
the incoherent spectrum extends over a range of frequencies with the emitted
photons no longer being first-order coherent with the incident light. That is,

the incident and emitted light no longer share a constant relative phase.
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3.7.1 The Quantum Regression Theorem

As the coherent spectrum reflects the properties of the driving laser [70], we
shall consider only the incoherent part of the spectrum in trying to deduce
information about the 2LS. However, to do this we must still calculate the two-
time correlation function (o'(t)o(t + 7)). This can be achieved by employing
the Quantum Regression Theorem (QRT) which allows one to calculate such
correlation functions using the master equation approach.

In our derivation of the Lindblad master equation we saw that one may

write the two-time correlation function as
C(t,7) = (A(t)B(t + 1)) = Tr{A(t)B(t + 7)p}. (3.40)

From here the explicit time-dependence can be moved from our operators to

unitary operators such that
C(t,7) =Te{U'(t,0)AU(t,0)U"(t + 7,0)BU(t + 7,0)p}. (3.41)

Making use of the cyclic nature of the trace and the properties of the unitary
operator (U(ty,t2)U (ta, t3) = U(ty, t3) and UT(ty,t5) = Ulty, t1)) yields

C(t,7) = Te{AU'(t + 7,t) BU(t + 7,t)U(t,0)pU' (¢, 0) }

(3.42)
= Trg{BU(t + 7, t)p(t) AUT(t + 7,1)}.

Defining a new operator A(t +7,t) = Trg{U(t +7,t)p(t) AUT(t +7,t)}, we see
the two-time correlation function has a similar form to Eq. and accordingly
A follows a similar equation of motion to p(t)

0

a—A(t +7,t) =LAt +T,1). (3.43)
-

The long time limit yields C/(7) = limy_,.. C(t,7) = Trg{ BA(7)} and therefore

o - i

—A(1) = LA(7). 3.44
—A(r) = A7) (3.44)
Hence the two-time correlation function C(¢, 7) can be solved using the master
equation as A follows the same equations of motion as the density operator
used in deriving the master equation. However, the QRT is only valid when
the system of interest undergoes strictly Markovian evolution as it requires the

complete system-environment density matrix to factorise at all times [71].
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3.7.2 CW Driving: The Mollow Triplet

We can now solve Eq. using the QRT and our Markovian quantum optical
master equation to calculate the incoherent emission spectrum from a 2LS
resonantly driven in the CW limit. In the weak-excitation regime (2 < «y) one
would find this spectrum consists of a single peak centred at the 2LS transition
frequency. In the limit of {2 < v light is primarily coherently scattered from
the 2LS, and thus the total spectrum is dominated by the single delta function
of the coherent spectrum (not calculated here) at the resonance frequency,
with an additional smaller and broader incoherent component also centred
about this frequency. However, as the excitation strength is increased, Rabi
oscillations between the two states of the 2LS begin to occur (see Figure [3.8a)).
These oscillations are also observed in the first-order correlation function with
increasing excitation strength, as shown in Figure [3.8b with the frequency of

these oscillations increasing with the excitation strength.

Taking the Fourier transform of the first-order correlation function yields
the emission spectrum. The oscillations in the first-order correlation function
result in the emergence of two satellite peaks in the incoherent spectrum. These
satellite peaks are separated from the single central peak seen at low excitation
strengths by the Rabi frequency (see Figure and Figure , appearing
at wo £ €. This is the well-known Mollow triplet or Mollow spectrum [72]. At
first glance, the mechanism behind the Mollow triplet is not explicitly apparent.
Using a classical dipole model one would only ever expect a single Lorentzian
line in the emission spectrum regardless of the excitation strength. However,
under strong excitation the eigenstates of the 2LS are not the eigenstates of
the coupled emitter-drive system. As the semi-classical driving term in our
Hamiltonian (Eq. is periodic, we may use Floquet’s theorem to find
the eigenstates and eigenenergies of the coupled laser-2LS system from our
semi-classical Hamiltonian [39, (73, [74]. This approach allows us to define
a so-called Floquet Hamiltonian, recasting our time-dependent Hamiltonian
into an infinite time-independent matrix that can be used in an eigenvalue
problem [74]. In the case of zero or small detuning (w. ~ w;), it can be shown
that this approach returns a series of energy levels with eigenenergies A\. =
nwe + £2/2 where n in an integer (see Figure . The Floquet eigenvectors
are then |+) = \% (lg,mn + 1) & |e,n)) corresponding to the dressed states from
the eigenvalue problem for Eq. [75] combined with the Fourier index n.
This gives rise to transitions with three unique frequencies. An equivalent

picture can be derived by instead considering the drive as a quantised field.
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Figure 3.8: The dynamics of the (a) state populations and (b) first-order cor-
relation function of a Two-Level System (2LS) driven by a Continuous-Wave
(CW) laser with (a) Rabi frequency € = 10y and (b) three different Rabi
frequencies Q. (¢) The normalised incoherent resonance fluorescence spec-
trum resulting from CW driving of a 2LS for four different Rabi frequencies.
(d) A contour plot of the incoherent Mollow spectrum as a function of the
Rabi frequency. (e) A depiction of the dressed states picture of the Mollow
triplet. The solid black double arrows indicate the transitions at the original
frequency w.. The dashed orange and dash-dot blue double arrows indicate
the transitions with frequencies w, — €2 and w, + €2 respectively. Parameters
used: yv~! =971 ps.
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3.7.3 Pulsed Emission Spectrum

Under pulsed excitation the emission spectrum gains a time-dependence and

thus has a more complex form given by [76]

S(w,t,T) =27 Re{/t dts eXp{(—T(t _ t2))}
/Ot—t2 dr exp{ (g —i(w— wl)7> }(gT(t2 + T)U(tQ))}, (3.45)

where T is the detection bandwidth included to account for time-energy un-
certainty [77]. Taking the limit ¢ > to + A7 recovers the time-independent
integrated spectrum. Just as in the CW case one must still solve the first-order

correlation function using the QRT to calculate the pulsed emission spectrum.

Figure |3.9| shows the resulting TIS and TDS when driving a 2LS with a
Gaussian pulse. Driving the system with a single pulse area ©® = 77 reveals
the pulsed integrated emission spectrum contains additional Mollow peaks rel-
ative to the three peaks found in the Mollow spectrum in the CW limit (see
Figure . Furthermore, calculating the power dependence of the pulsed
TIS by varying © reveals the number of Mollow peaks in the pulse spectrum
is proportional to the area of the driving pulse as shown in Figure [3.9b] The
mechanism behind this is uncovered by the TDS. Figure[3.9¢shows the satellite
peaks in the TIS evolve from the central spectral peak, with the outer-most
Mollow peaks being the first satellite peaks to materialise in the incoherent
spectrum. This behaviour is the result of interference between the tempo-
ral components of the pulse with corresponding Rabi frequency, i.e. where
Q(ty) = Q(t; < ta) [78]. The components that constructively interfere produce
a Mollow peak in the emission spectrum, while components that destructively
interfere have a reduced, or zero, contribution to the spectrum. The effect of
coupling to a bath of quantum harmonic oscillators on the dynamics, and TDS
and TIS of a 2LS driven by a Gaussian pulse is discussed in Chapters [] and [3]

3.8 Photon Antibunching: Second-Order Cor-

relation Function

Another important property of the emitted light to consider is the statistical
nature of the photons being emitted by the 2LS. When driving the 2LS with
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Figure 3.9: (a,b) The Time-Integrated Spectra (TIS) produced when driving
a Two-Level System (2LS) with a Gaussian pulse (a) with a single pulse area
and width, and (b) sweeping the pulse area for a fixed pulse width. (c¢) The
Time-Dependent Spectra (TDS) produced when driving a 2LS with a Gaussian
pulse. Parameters used: (a, ¢c) © = 7m, (a,b,c) A7 =12 ps, 7~ = 23 ps.
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Figure 3.10: An illustration of the emission of photons for different sources.
(a) Coherent emission of photons at random time intervals e.g. laser. Coherent
light is quantified by ¢(® () = 1 for all values of 7 (b) Anti-bunched emission of
photons. Photons are emitted at regular time intervals quantified by ¢ (0) <
1. If the emitter is a single photon source g (0) = 0. (c) Bunched emission
of photons where photons are emitted in groups or bunches e.g. thermal light.
Bunched emission is identified by ¢ (0) > 1 and ¢®(0) > ¢@(r — o0).
Adapted from [11].

a CW source, the normalised second-order correlation function is given by

@ (1) = lim w, 3.46
9 = i T (3.46)

where
G2 (t,7) = (o' (t)oT(t + T)o(t + T)o(t)), (3.47)

is the un-normalised second-order correlation function that may also be cal-
culated using the QRT. This correlation function quantifies the temporal co-
herence of intensity fluctuations in a beam of light. Since the intensity of a
beam of light is proportional to the number of constituent photons, G®(t, 1)
indicates the probability of detecting photons at time ¢ + 7 after a detection
event at time .

Light can be broadly separated into three categories, depicted in Fig-
ure[3.10} based on the value of the integrated second-order correlation function
at 7 = 0, ¢ (0). When ¢ (0) = 1 the emitted light is said to be coherent,
indicating that single photons are being emitted at random time intervals as
shown in Figure . If ¢®(0) < 1 photons are being emitted from the
source at regular intervals (see Figure ) In this case the light is said to
be anti-bunched. When ¢®(0) < 0.5 the emitted photon number per given
time window is unlikely to be larger than n = 1 indicating the emitter is a

single-photon emitter. Finally, when ¢®(0) > 1 the emitted light is said to
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be bunched as in this case photons are more likely to be emitted as groups or

bunches than as single photons as shown in Figure [3.10k.

Experimentally, the second-order correlation function is determined by per-
forming a Hanbury-Brown Twiss measurement. A schematic of the experi-
mental set-up is shown in Figure 3.11al A perfect experiment measuring the
second-order correlation function of a perfect single-photon source would find
g (0) = 0 as shown in Figure[3.11H]["] A value of ¢»(0) = 0 is indicative of a
single-photon source as this shows that there is a zero probability of simultane-
ously detecting two photons from the same source. When driving a 2LLS with a
small Rabi frequency (and/or spontaneous emission rate) the resulting second-
order correlation function appears as a single, broad dip centred around 7 =0
whose width is determined by 7). The small Rabi frequency results in a slow
emission rate from the 2LS, and thus a long delay between successive photons,
broadening the g(2)(7') dip. Increasing the Rabi frequency (or spontaneous
emission rate) increases the rate of photon emission from the 2LS, reducing
this delay and resulting in a narrower dip around 7 = 0. Larger Rabi fre-
quencies also result in the appearance of Rabi oscillations in the second-order
correlation function as shown in Figure [3.110]

3.9 Pure Dephasing

So far in our examination of a classically driven 2LS, we have assumed the
stochastic decay of the excited state population via spontaneous emission is the
only dephasing mechanism experienced by the 2LS. However, it is also possible
for quantum systems to undergo elastic interactions that do not alter the state
populations, but still break the phase of the individual states. Such dephasing
mechanisms are referred to as pure dephasing mechanisms to distinguish them
from the inelastic dephasing caused by population decay. Pure dephasing can
be caused by a number of different physical mechanisms depending on the exact
details of the quantum system in question, for example charge fluctuations |79,
or phonon-induced dephasing of the Zero Phonon Line (ZPL) [80]. However,
all pure dephasing processes can be characterised by a pure dephasing rate

[' and pure dephasing time Ty = I'"!. From this we can define the total

10Tn reality the detectors used in experiments will have some finite time resolution and thus
the measured second-order correlation function will be ¢(® (7) convolved with the instrument
response function.



3.10. Pure Dephasing 49

Emitter SPC @@

D o

50:50 BS SPAD

\ D

9®()

410000 -5000 O 5000 10000
(a) T (ps)
(b)

Figure 3.11: (a) A schematic of a typical Hanbury-Brown Twiss (HBT) ex-
periment used to measure the second-order coherence of light. Light from
an emitter is directed onto a 50:50 Beam Splitter (BS). Two Single-Photon
Avalanche Diodes (SPADs) located at the outputs of the BS detect photons
from the emitter with a time delay between the two BS output paths. A Single
Photon Counting (SPC) module counts the photon detection events. (b) An
example of the second-order correlation function (calculated using the Lind-
blad master equation and quantum regression theorem) of light emitted by a
2LS resonantly driven by a Continuous-Wave (CW) laser at different powers.

dephasing rate experienced by the quantum system as |11]

1 1 1

=— 4+ = 3.48
T, on Ty (3.48)

where T is the total dephasing time, and 7} is the excited state lifetime. To
study the effects of pure dephasing on the light emitted by a 2LS we can include
an additional Lindblad operator, L = v/T'ofo, in the quantum optical master
equation in Eq. [3.28 Figure [3.12] shows the effects of pure dephasing on the
population dynamics, emission spectra, and second-order correlation function
for a number of different pure dephasing rates under CW driving. We shall
not consider the effects of pure dephasing under pulsed resonant excitation
here as this is addressed in Chapter [, Comparing Figures [3.12a] and [3.12D)]
it can be seen that the addition of pure dephasing further dampens the Rabi

oscillations between the states of the 2LS. In the coherent emission spectrum
the effects of pure dephasing can be seen as a broadening of the three Mollow
peaks (Figure . As pure dephasing does not affect the emission rate of
the system, the dip in the second-order correlation function is not broadened,
although a suppression of the Rabi oscillations can be seen with increasing

pure dephasing rates as shown in Figure
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Figure 3.12: Top: The effects of pure dephasing on the population dynamics
of a Two-Level System (2LS) driven with a Rabi frequency 2 = 10 for pure
dephasing rates (a) I' = 0 and, (b) I' = 7 calculated using the Lindbald
master equation. Bottom: The effects of pure dephasing on the emission
properties, namely (c) the incoherent emission spectrum and (d) the second-
order correlation function g (7), of a 2LS driven with a Rabi frequency Q =
2v. Parameters used: v~! = 971 ps.
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3.10 Cavity Quantum Electrodynamics

Now that we have studied the properties of a single 2LS we can add an addi-
tional layer of complexity. Thus far in applying our mathematical constructs
to physical systems we have discussed only the example of solitary 2LS in free-
space. However, it is both possible and frequently useful to modify the optical
environment around the 2LS by employing an optical cavity. Indeed the work
discussed in later chapters focuses on quantum systems coupled to optical
cavities. Therefore we shall now briefly discuss the topic of Cavity Quantum
Electrodynamics (cQED), taking the example of a 2LS coupled to an optical
cavity with a single quantised bosonic mode, and driven by a classical CW
field.

To include the full effects of an optical cavity, we need to make an addition
to our 2LS Hamiltonian. We shall now split the lab-frame Hamiltonian into
four components such that H = Hy + H; + H2% + H§%. Here Hy is given by

Hy = w.o'o +weala, (3.49)

where w, is the frequency of the optical transition of the 2LS as before, w, is the
frequency of the cavity mode, and a and a are the bosonic cavity creation and
annihilation operators respectively. The 2LS and cavity couple via a dipole

interaction, and therefore one can write the interaction term H; as
Hy=g(o+ o) (a’ +a). (3.50)

Here g quantifies the strength of the interaction between the 2LS and cav-
ity. With a cavity coupled 2LS it is possible to drive either the 2LS or cavity
separately or simultaneously. Therefore we can further split the driving Hamil-
tonian into two terms, one for driving the 2LS and one for driving the cavity
given by Eq. 3.51] and Eq. [3.52] respectively.

B = G o). 33
HS™ = g(eiwlt +e ) (a 4 a). (3.52)

Here €2 is the Rabi frequency as previously defined, and e quantifies the cou-
pling strength between the driving field and cavity mode.
To account for incoherent emission from the cavity mode through the cavity

mirrors we require an additional Lindblad operator. This brings the full list
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Figure 3.13: The decay of the excited state of a Two-Level System (2LS)
weakly coupled on resonance to a single-mode cavity for three different cavity

coupling strengths, g. Increasing g increases the rate at which the excited state
population decays. Parameters: /27 = 10 GHz, and v~! = 1 ns.

of Lindblad operators for this total system (not including pure dephasing) to

L € {70, Vral, (3.53)

where k is the loss rate from the cavity mode, and v is again given by the

inverse of the excited state lifetime.

3.10.1 Weak-Coupling

There are two coupling regimes relevant to the work done for this thesis. The
first is the weak coupling regime where the incoherent decay processes included
in the Lindblad collapse operators dominate. Hence this regime is characterised
by g < 7, k. In the weak coupling regime the spontaneous emission rate, v, is
enhanced by the Purcell factor [81-83]

_ 4 K’ |- E(ro)?

F
d Ky d(we — we)? + K2 |ll'|2|Emaaf’27

(3.54)

where on the right the central term accounts for detuning between the cavity
mode and emitter, and the final term accounts for the spatial overlap between
the cavity field E(r) and the emitter dipole p. With w, = w, and perfect
dipole positioning and orientation, the Purcell factor is related to the cavity
cooperativity C, i.e. the ratio of coupling to loss, by Fp = 2C [82]. The
effects of weak cavity-coupling can be clearly seen in Figure [3.13] Initialising
a cavity-coupled 2LS in its excited state, it can be seen that increasing the

coupling strength ¢, and thus also the Purcell factor Fp, increases the rate at
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Figure 3.14: (a) Vacuum Rabi oscillations in the excited state population of
a Two-Level System (2LS) strongly coupled to a resonant single-mode cavity.
(b)The spectrum of a 2LS coupled to a single-mode cavity as a function of
the cavity-2LS coupling strength, g, calculated using the quantum regression
theorem. As the 2LS-cavity system moves into the strong coupling regime the
spectrum splits into two polaritonic peaks separated by gz = 2¢g. Parameters
used: (a) y~' =1 ns, k/27 = 10 GHz. (b) x = 0.063 ps™, v~! =971 ps.

which the excited state population decays by Fp.

3.10.2 Strong-Coupling

The second relevant coupling regime is the strong-coupling regime. Here the

coherent cavity-2LS coupling dominates indicated by g > v, k.

Vacuum Rabi Splitting

The strong coupling regime is characterised by the appearance of vacuum
Rabi oscillations [84], damped by losses from the cavity, as can be seen in
Figure[3.14a When the 2LS is initialised in the excited state, it cyclically emits
photons into, and then re-absorbs photons from, the cavity mode. This results
in the formation of polaritons, quasi-particles formed by strongly interacting
light and matter. In the case of a 2LS strongly coupled to a single-mode
cavity, the ensuing emission spectrum consists of two peaks, corresponding to
the polariton states, separated by Qp = 2g [85] (see Figure [3.14b).

Similarly one may also calculate the emission spectrum of the cavity mode
from the cavity raising and lowering operators. Following the definition in

Eq. [3.38, we can define the first-order coherence of the cavity mode as

G(t, 1) = (a'(t)a(t + 7)), (3.55)
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from which the cavity spectrum may be calculated using Eq.[3.37} In this case
the cavity and 2LS spectra are (near) identical, and thus only the latter is
plotted.

3.11 Summary

In this chapter we have discussed the electronic and optical properties of QDs.
Approximating the QD as a 2LS, we have studied the effects of different optical
driving regimes on the emission properties of the 2L.S. Under strong CW driv-
ing we have seen the states of the 2LS become dressed by the interaction with
the electromagnetic environment resulting in coherent oscillations between the
undressed states, and the emergence satellite peaks in the emission spectrum
forming the Mollow triplet. We have also seen the impact of pure dephasing
mechanisms under CW driving. Furthermore, under pulsed excitation we have
shown additional Mollow satellite peaks are present in the emission spectrum
for large pulse areas. Lastly, we have seen how coupling a QD to an optical
cavity with a single bosonic mode impacts the system dynamics.

In Chapter |4 we shall extend the 2LS model presented here under pulsed
optical excitation to study the effects of coupling to a thermal bath on the
time-dependent and time-integrated emission spectra. Chapter |5|then extends
this work to present a formalism describing the dynamics of a QD that is valid
across wide range of parameter regimes. In Chapter [6| we shall utilise concepts
in cQED introduced here to optimise the control of quantum systems using

optical pulses.



Chapter 4

Pulsed Resonance Fluorescence
from Phonon-Coupled Quantum
Dots

4.1 Introduction

In Chapter [3|we briefly discussed some of the properties of semiconductor QDs.
The fully quantised, atomic-like, nature of their energy level structure, along
with the potential for integration in on-chip semiconductor structures [36]
makes QDs exciting candidates for the development of scalable quantum tech-
nologies. As such there has been a huge effort to study the optical properties
of these structures. To date a number of important phenomena have been
experimentally demonstrated using QDs including Mollow triplet spectra [87-
90], photon anti-bunching [91H93], and Rabi oscillations [63-67, |84, 94], all
of which were discussed in Chapter [3] The experimental observation of these
atomic-like properties has demonstrated the potential suitability of QDs for
use in quantum technologies. However, despite this, the solid-state nature of
QDs provides a fundamental distinction from purely atomic quantum systems.
Namely, the strong interaction between the solid-state QD and the quantised
lattice vibrations (phonons) of the host semiconductor material introduces
decoherence mechanisms that are not experienced in purely atomic systems.
While these interactions provide the potential to study system-environment
interactions in the solid-state, they must also be mitigated for applications
in quantum technologies, making a meaningful understanding of QD-phonon

interactions invaluable.

95
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A number of studies (both theoretical and experimental) have already in-
vestigated the consequences of this strong coupling between a QD and its en-
vironment. For example, an asymmetry in the absorption/emission spectrum
of QDs, referred to as the phonon sideband, has been predicted and demon-
strated to result from this phonon-coupling [95 96|, persisting regardless of
the excitation regime [97-99]. Additionally, the continuation of these phonon
effects across different driving conditions has also been experimentally demon-
strated to impact the fraction of coherent to incoherent emission from QDs,
deviating from the predictions of atomic physics [97-99]. Furthermore, while
phonon-coupling has been predicted and demonstrated to lead to a decay of
the coherent Rabi oscillations in the system populations when driven with a
coherent optical field [100-103], it has been predicted that in the strong driving
regime a revival of the coherent scattering processes should occur [104} [105].

Pulsed optical excitation is key to a number of processes useful for the
realisation of optical quantum technologies, such as the manipulation of QD
spin states as discussed in Chapter [6] A number of studies have moved beyond
the CW excitation regime to consider the impact of coupling to Longitudinal
Acoustic (LA) phonons on the pulsed excitation dynamics of a QD [106, 107].
Indeed in the limit of ultra-short pulses (i.e.£2(t) = d(¢)) exact analytical so-
lutions have been found [108-110]. However, as we are interested in studying
the effects of phonon coupling on the emission spectra of a QD coherently
driven by resonant excitation pulses of a finite duration, we shall instead use

a polaron model approach following the work presented in [106].

4.2 The Polaron Model

While it may be tempting to model the dephasing effects resulting from the
QD-phonon coupling using a simple pure dephasing model, such as that dis-
cussed in Chapter [3} it has been shown that this approach is inadequate for
capturing the full consequences of the QD-phonon coupling [97]. Hence we
shall now derive the so-called polaron model to describe these interactions,
following the work presented in |[106]. The result will be an approximate mas-
ter equation that treats the QD-phonon interaction as a perturbation, and
remains valid outside of the weak exciton-phonon coupling regime. We shall
then use this master equation to study the effect of the QD-phonon coupling on
the pulsed emission spectra, both time-dependent and time-integrated, later

in this chapter.
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4.2.1 The Polaron Transformed Exciton-Phonon Hamil-

tonian

To model the effects of exciton-phonon coupling on the optical properties of a
QD, we can consider the case of a 2LS linearly coupled to a bath of quantum
harmonic oscillators [80, [111H114] neglecting any virtual transitions occurring
between states within the phonon-dressed excited state manifold [80, 113} 114].
Here we again define the ground state (|0)) of the QD (i.e. the empty QD
state) as having zero energy, while the excited exciton state (|X)) of the QD
has energy hwx. We may then describe the modes of the phonon bath in
our model with an infinite series of bosonic creation (annihilation) operators
b;i, (b). Lastly we shall also assign an explicit time-dependence to the Rabi
frequency in the driving term of the Hamiltonian as we are primarily interested
in pulsed optical driving. In the laboratory frame of reference, the Hamiltonian

describing the coherent dynamics of this total system is given by [106]

H(t) = wx | XXX| + Q(t) cos(wﬁ)(]X)(O] + |O><X])
HXNXTY " gr(b] 4+ bk) + > wibfbr. (4.1)

Here Q(t) is the Rabi frequency characterising the laser-QD coupling strength
modulated by a time-dependent envelope function, w; is the central laser fre-
quency, and g characterises the coupling between the bath modes with fre-
quency wy and the QD. Following the procedure used in Section [3.4.1] we shall
now apply a unitary transformation to the laboratory frame Hamiltonian, and
also make use of the RWA, to remove the time-dependent exponential factors
originating from the coherent driving term. This transformation yields the

RWA Hamiltonian in a reference frame rotating at the laser frequency

Hplt) = (eox — ) |X)X] + 2 (1X0] + [0)(x])
FIXNXD e, +bk) + > wibfbr. (4.2)

To fully capture the impact of the phonon coupling on the QD we shall now
perform a second unitary transformation to move to the polaron frame [106].
This unitary polaron transformation displaces the phonon bath when the QD
is in the excited state | X) as depicted in Figure 4.1l Furthermore, performing

this transformation also moves us to a basis that will allow us to to derive a
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(a) (b)

Figure 4.1: The displacement of a crystal lattice when a Quantum Dot (QD) is
excited from the ground (a) to the excited state (b). Figure adapted from [115].

master equation that is non-perturbative in the system-environment coupling
strength, and thus is valid even when this coupling strength is large [106]. The

polaron-transformed Hamiltonian is given by Hp(t) = Uyy H R(t)U;rol, where

Upol = eXp{(IXXXI > (bl — bk))} = [0X0] + XXX [ [ D(ew).  (4.3)

Here [, D(ay) is the product of displacement operators D(ay) that act on the

phonon creation and annihilation operators of the k' bath mode such that
D' (a)bpD(ay) = (b + o) and D(oy)bp DT (ay) = (b — ). (4.4)

Applying this transformation to Eq. , and defining 0, = of + ¢ and oy =

i(o0 — oT) where o = |0XX|, yields the polaron Hamiltonian

Q,(t Q(t
Hp(t) = 6,.0'0 + 2( )Ux + é ) (%Bx + oyBy) + Zwkbzbk +o'oB,. (4.5)
k

From this polaron Hamiltonian we can already begin to understand some of
the effects resulting from the QD-phonon coupling. Eq. shows the coupling
to the bath modes gives rise to a time-independent renormalisation of both
the Rabi frequency (Q,.(t) = Q(t)B) and QD-laser detuning (6, = wx — w; —
>k k(298 — wrag)). In Eq. we have also defined three bath operators to

describe bath-induced fluctuations

(By + B- —2B),

N| —

ZB:

y = 5;(B- = By), (4.6)

B. = (gr — wran) (D] + by).
p

SRS
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Figure 4.2: The super-Ohmic spectral density function characterising the cou-

pling between the excitonic state of a Quantum Dot (QD) and Longitudinal
Acoustic (LA) phonons. Parameters: w, = 2.2 ps™!, and o = 0.027 ps®.

In this instance B = (By) = exp{—(1/2) Y, |ax|? coth (Bwy/2)} is the average
displacement of the phonon bath relative to a thermal state, By =[], D(ay),
and B_ =[], D'(ax) =[], D(—aw).

From here we may further simplify the polaron Hamiltonian by setting
ar = gr/wy [106], which encapsulates the physical displacement of the phonon
modes in this model. This also removes the linear coupling term leaving the
final form of the polaron transformed Hamiltonian as

) o
Ho(t) = 070 1+ 20,y ; )(0,B, + 5,B,) + S wblbe (A7)
k

2

In this case the phonon-shifted detuning reduces to 6, = (6 - > wkai) where
0 = wx — wy is the detuning in the absence of any phonon effects.

The coupling between a QD and bulk phonons is completely characterised
by a spectral density function. In the case of coupling to bulk LA-phonons,
which has been demonstrated to be the dominant phonon coupling component

in QDs [116], the spectral density has the phenomenological form [116, [117]
J(w) = aw’e™@/we), (4.8)

where « is the coupling constant defining the strength of the bath-system in-
teraction, and w,. is the phonon cut-off frequency that determines the peak
in the spectral density. An example of the spectral density function is plot-

ted in Figure . Using this spectral density we can redefine the average

!The spectral density plotted here is referred to as super-Ohmic as it has the form
J(w) o w* where k > 1. Ohmic and sub-Ohmic spectral densities have k = 1 and k < 1
respectively.
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displacement of the phonon bath in the continuum limit as

B = exp{—% /OOO dw% coth (Bw/Q)}, (4.9)

where 5 = (1/kgT) is the thermodynamic beta factor given by the inverse of
the product of the Boltzmann constant (kp) and temperature (7).

4.2.2 Non-Markovian Polaron Master Equation

From the polaron-transformed Hamiltonian we can now derive a master equa-
tion describing the complete dynamics of a driven QD coupled to a phonon
bath. The first step in this derivation is to separate the total polaron-

transformed Hamiltonian into three components

2 X
Q
= %az + 21-1— r2(t>ax,
Q(t) (4.10)
HpJ(t) = T(U$B$ + O-yBy)7
Hpp = Zwkbkbk,
k

describing the QD and driving, the QD-bath interaction (that shall be treated
as a perturbation), and the phonon bath respectively. From here we may
move into the interaction picture with respect to Hpy = Hpg + Hpp which
then allows us to write an interaction picture Hamiltonian in the polaron-

transformed interaction picture such that
Hpr(t) = ULy () Hp () Upo(t) = UL g(t)e PP Hp jUp s (t)e 75! (4.11)

where Upgs = 'Texp{—z' fot dvH p’S(V)}. In this polaron-transformed interac-

tion picture the interaction Hamiltonian can be written as
Hp(t) = —2(6.(t) B, (t) + 6, (t) B, (1)). (4.12)
Here 5‘$(y) (t) = U;S(t)(fx(y)Up,g(t) and Bx(y) (t) = €iHP’Bth(y)6_iHP’Bt. From

here we can substitute this interaction Hamiltonian into the Born-Markov mas-
ter equation that we derived in Chapter 2| (Eq. [2.32]). Making this substitution
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yields
giis(0) = =20 [ i) Y ([50.6,0)as0)Aule. 1)

1=x,y

— [0, psEE] AL 1)), (413)
where A;;(t,t") = (B(t)B(t')) = <BZ(T)B](O)> = TrB(Bi(T)Bj(O)pB) for 1 =
j and A;;z = 0 with 4,5 € {z,y}, AT(r) = A(—7), and we have defined
7 =t —t'. Using the LA-phonon spectral density, J(w), the polaron bath

correlation functions may be written in the continuum limit as

B
Asa(T) = =~ <e¢“> +e 0~ 2),

B2 T —o(T
Ayy(r) = 7(&’( ) _ o9 ))7

(4.14)

where the phonon propagator is given by

o(1) = /OOO J(w) <cos(w7) coth (%) - isin(WT)>dw' (4.15)

w?

A full derivation of the polaron bath correlation functions and average dis-
placement of the bath can be found in Appendix [B] Transforming back to the

Schrodinger picture, the polaron master equation is given by

0

Q.(t
aps(t) = —i[6olo+ 2( )Ox,Ps(t)]
Ot (4.16)
- 2 S (o xes ] - o ps(OXI)]).
1=x,y
where we have now defined the system rate operators as

t

Nicay(T) = / drQ(t — 7)o (t — 7, t) Ay (7), (4.17)
0

and where we have also defined o;(t — 7,t) = URs(t)U]Tg’S(t — 7)oUps(t —
U} s(t).

On timescales relevant to the QD, assuming the electromagnetic spectral
density does not vary appreciably over the energy scales of the QD, the sponta-
neous emission rate remains unaffected by the QD-phonon coupling [104]. Ac-
cordingly we may incorporate spontaneous emission from the QD with rate v in
the master equation with the usual Lindblad collapse term L;, € {,/yo} [104].
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The final form of the non-Markovian polaron master equation incorporating

spontaneous emission is then

%Ps(t) = —i[6,00 + QT2(t) ou, ps(t)] + %(20PSUT —{oto, ps(t)}>
- 25 (i xens0] - o ps(on]0) (4.18)
— L))

4.2.3 Markovian Polaron Master Equation

Just as in the derivation of the weak-coupling Born-Markov master equation,
we may once again make use of the Markov approximation to simplify the
polaron master equation. Assuming the decay of the bath correlation functions
is much faster than the dynamics of the 2LS, we can take the upper limits of
the integrals in the rate operators to infinity. Doing so removes the time-
dependence of the bath rate operators reducing the polaron master equation
to

0 .
aﬂs(t) = — Z[(STUTU +

O, (t)
2

- (Y 5 (1o ans(] o pston]) = £€000)

=,y

o ps(t)] + %(QUngT - {O’TO', ps(t)})
(4.19)

where we have made the further substitution Q(t — 7) — Q(¢) and moved
this factor of the Rabi frequency out of the rate operators. As we have as-
sumed the QD states and bath evolve on disparate timescales, to calculate
the rate operators we can make an adiabatic approximation U(t)U(t — 7) ~
exp{—iHg(t)T} [106], and thus o;(t — 7,t) — o;(7). This allows us to per-
form a simplified expansion of the system operator in the basis of the system
Hamiltonian where | (7)) are the eigenvectors of H,(t) = §,070 + QTT@)%,
and \;; = 1; —; are the difference in the system eigenvalues. Performing this

expansion yields
6(r) = Us(1)aUs(r) = Us (1) IoTUy(7 ZU* ) [0l & )| U(7)

=" (| o [tbn) Ud(7) |1/)z><1/1m’Uo(T):Z<1/JZ|U|¢ ) eV |y )ty | €= 7

lm

= 5" em® (] 0 [ha) [0)m
Im

(4.20)
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This expansion allows one to account for the full eigenstructure of the polaron

transformed system, resulting in rate operators given by

Xizay = »_ (W] 0 |¢k>/0 e~ T Ny ()dr by (4.21)

ik

that are computationally simpler to calculate than Eq.

4.3 Pulsed Emission Spectra

As we discussed in Chapter [3, one may experimentally determine the proper-
ties of quantum systems by measuring the properties of the light they emit.
Hence, we wish to understand the impact of the QD-phonon coupling on the
properties of the light emitted by the QD under pulsed excitation. As we need
to calculate correlation functions to obtain the desired emission spectra, and
the QRT is only valid for systems undergoing Markovian dynamics, we shall
use the Markovian polaron master equation in Eq. rather than the non-
Markovian polaron master equation given by Eq. [£.18 Due to the limitations
of the polaron formalism, discussed further in Chapter [5, we shall restrict our
discussion of the pulsed emission spectra to the long pulse limit to restrict the

Rabi frequency at the peak of the pulse.

The two-time first-order correlation function written in terms of the QD

operators is given by
GU(t, 1) = (o' (t+ 1)o(t)) = Tr(c'e“ops(t)), (4.22)

where pg(t) is the density matrix of the QD at time ¢, and £ is the system
Liouvillian. To calculate the two-time first-order correlation function, we must
first propagate the state of the system along the ¢ axis. To do this we use a
standard initial value problem approach with discretised time steps. Starting
from an initial state p(t = 0), this allows us to calculate the system density
matrix p(t') at a given time time ¢’ in this range of discretised time intervals
using a time-dependent Liouvillian £(t). Using the QRT we can then propagate
the density matrix along the 7 axis for each discrete time step in ¢ using
ops(t) as the initial states such that A(t,7) = e“"op(t) to find GV (¢, 7).
The propagation of the states along the 7 axis is performed with the same
Liouvillian used to initially propagate the state of the system along the ¢ axis,

only with a temporally displaced form of the time-dependent Rabi frequency
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given by

Qt,T) =

2mw? 2w?

exp{— (r— (0 -1) }, (4.23)

where © is the pulse area, t; is the time at the peak of the pulse, and w is the

Gaussian width of the pulse electric field which is related to the electric field
Full-Width Half Maximum (FWHM), A7g, by

AT E

w=———. 4.24

2v/21n2 ( )

The electric field FWHM is then related to the intensity FWHM, Ar;, by

Atp = A1v/2. As discussed in Chapter , we may calculate the TDS from

the first-order correlation function using [76]

S(w,t,T) = 2T Re{/ot dtzexp{ (=T(t — t2)) }

/Ot—” dr exp{ ((g —i(w - wl))T)) }(UT(tg + T)a(t2)>}, (4.25)

where T is the measurement bandwidth accounting for time-energy uncer-
tainty [77]. The TIS is then found in the limit ¢ > to + A7g.

4.3.1 Time-Dependent Pulsed Emission Spectra

To calculate the emission spectra we shall assume the QD possesses the same
excited state lifetime as presented in [82], but we shall take the bad cavity limit
such that v — Fpy where Fp is the Purcell factor (see Chapter . Addition-
ally, we choose a laser frequency such that ¢, = 0. Figure[4.3|shows the impact
of the QD-phonon coupling on the full time-dependent first-order correlation
function, G (¢, 7), as a function of temperature. We find increasing the tem-
perature of the system increases the damping of the Rabi oscillations along
the t-axis. Using Eq. to calculate the TDS at different temperatures (see
Figure we find the phonon-coupling results in a broadening of the satel-
lite Mollow peaks of the pulsed emission spectrum (see Section for more
details regarding the pulsed emission spectrum), while the central ZPL and
temporal evolution of the satellite peaks remains unaffected. Furthermore, we
find the broadening of the satellite peaks increases with increasing tempera-
ture until the individual Mollow peaks can no longer be distinguished. The

broadening of the satellite peaks results from the pure-dephasing component
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of the phonon-coupling [7§|, while the lack of broadening of the ZPL results
from the assumption of a purely linear QD-phonon coupling bath [80].

In addition to the broadening of the satellite Mollow peaks, we find an
asymmetry is also induced in the emission spectra that was not observed when
using a simple pure dephasing model in either Section |3.9|or [78]. Furthermore,
from Figure we observe this phonon-induced asymmetry actually decreases
with increasing temperature in contrast to the other phonon effects we have
seen. This is the result of an imbalance in phonon-mediated photon emission
processes. In the limit of low temperature, the number of phonons present
in the bath is low. Hence, the probability of the QD emitting a photon with
energy fuw, > hwy via the absorption of a phonon carrying energy hA(w, —wx)
is small, suppressing this mechanism. However, the QD may also emit lower
energy photons (hw., < hwy) by simultaneously emitting a phonon with energy
h(wx — wy). Since this latter process does not rely on phonon absorption
and thus the existing phonon number, it can occur more readily at lower
temperatures. This results in the asymmetry that emerges in the multi-peak
QD pulsed emission spectrum when accounting for the full effects of the QD-
phonon coupling. When the temperature of the system is increased, the phonon
occupation of the bath also increases which in turn increases the rate of phonon
scattering balancing the rates of the two phonon-mediated emission processes,
and accordingly the asymmetry in the emission spectrum is diminished.

Additional phonon effects can also be observed by considering the power
dependence of the TDS and G™M (¢, 7) in addition to the temperature depen-
dences shown in Figures 1.3 and [4.4] Figure[d.5 shows that increasing the area
of the driving pulse simultaneously increases the number of Rabi oscillations
in the first-order correlation function GV (¢, 7), while also decreasing the mag-
nitude of these oscillations. Moreover, from Figure we find increasing the
area of the driving pulse, ©, also increases the number of Mollow side-peaks
in the emission spectrum as predicted in [78]. However, it can also be seen
that the magnitude of the asymmetry in the spectrum at low temperature also
increases with increasing pulse area. In the limit of large pulse area the phonon
spectral density, J(w), is sampled closer to its peak at w. as the peak Rabi fre-
quency €,.(to) approaches and exceeds w,.. This has the effect of increasing the
effective phonon coupling strength, and thus magnifies the phonon-coupling
effects. Additionally, at larger pulse areas a difference in the evolution of the

satellite peaks at w < w; and w > w; is observed.
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Figure 4.3: The two-time first-order correlation function, G (¢, 7), of the light
emitted by a QD coherently driven by a Gaussian optical pulse with (a) no
phonon coupling (i.e. a = 0 ps?), and with phonon coupling (o = 0.027 ps?,
we = 2.2 ps™!) at temperatures (b) T =5 K, (¢) T =10 K, and (d) T = 50 K.
GW(t, 1) was calculated using the master equation and Quantum Regression
Theorem (QRT). Parameters used: © = 7w, A1, = 12 ps, and ¢, = 4A7;.
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Figure 4.4: The Time-Dependent Spectra (TDS) of the light emitted by a
Quantum Dot (QD) coherently driven by a Gaussian optical pulse with (a)
no phonon coupling (o = 0 ps?), and with phonon coupling (o = 0.027 ps?,
we = 2.2 ps™!) at temperatures (b) T =5 K, (¢) T =10 K, and (d) T = 50 K.
Parameters used: © = 7w, A1y = 12 ps, to = 4A77.
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Figure 4.5: The two-time first-order correlation function, G (¢, 7), of the light
emitted from a Quantum Dot (QD) coupled to a phonon bath and coherently
driven by a Gaussian optical pulse with pulse area (a) © = 57, (b)© = 77, (¢)
© =97, and (d) © = 117. GW(t,7) was calculated using the master equation
and Quantum Regression Theorem (QRT). Parameters used: T'=5 K, Ar; =
12 ps, to = 4A77, o = 0.027 ps?, w, = 2.2 ps~ L.
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Figure 4.6: The Time-Dependent Spectra (TDS) of the light emitted by a
Quantum Dot (QD) coupled to a phonon bath and coherently driven by a
Gaussian optical pulse with pulse area (a) © = 57, (b) © = 7, (¢) © = 97,
and (d) © = 11lw. Parameters used: T = 5 K, Ar; = 12 ps, to = 4ATy,
a = 0.027 ps?, w. = 2.2 ps— L.



Chapter 4. Pulsed Resonance Fluorescence from Phonon-Coupled...

70
80 " -0.5 ; .
No Phonons No Phonons
----- T=5K -----T=5K
T=10K -1 T=10K
- - -T=50K
o~
= 3
= wn
/: N
= 2
@) o0
<

G 1)(»[)

log;,(S(w))

2 .15

105 0 05 1
Wy - 0 (ps™)
(d)

Figure 4.7: (Top) The temperature dependence of the (a) first-order correlation
function and (b) Time-Integrated Spectra (TIS) of the light emitted by a
Quantum Dot (QD) driven by a Gaussian optical pulse. Phonon effects are
included using the Markovian polaron model with parameters: © = 7w, A1y =

12 ps, to = 4A7, o = 0.027 ps~2, w, = 2.2 ps~L.

The expected values

in the absence of phonon coupling are also included. (Bottom) The power
dependence of the (c) first-order correlation function and (d) TIS from a QD
coupled to a phonon bath and driven by a Gaussian optical pulse for a number
of different pulse areas. Phonon coupling is included via the Markovian polaron
model with parameters: T' = 5 K, Ar; = 12 ps, ty = 4A77, a = 0.027 ps?,
we = 2.2 ps~!
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4.3.2 Time-Integrated Pulsed Emission Spectra

The effects on the emission properties of the QD resulting from the phonon
coupling can be more clearly seen in the time-integrated first-order correlation
function, G (t) = [drGW(t,7), and the TIS shown in Figure Fig-
ures and show the time-integrated forms of Figures [4.3]and [4.4] that
is they show the temperature dependence of GV (t) and the TIS. From Fig-
ure the damping of the oscillations in the first-order correlation function
can be clearly seen with increasing temperature. At T'= 50 K the Rabi oscilla-
tions are almost completely damped. In agreement with our findings from the
TDS, at low temperatures the QD-phonon coupling results in an asymmetry in
the TIS. Increasing the temperature decreases this asymmetry in the TIS, but
increases the broadening of the satellite peaks until at 7" = 50 K none of the
satellite peaks are individually resolvable. Taking the power dependence we
again find an increase in the number of Rabi oscillations and Mollow satellite
peaks of the time-integrated first-order correlation function (Figure and
TIS (Figure respectively with increasing pulse area. From the TIS shown
in Figure the increase in the asymmetry of the spectrum with increasing

pulse area is clearly visible further to the increased number of satellite peaks.

4.4 Pulsed Second-Order Correlation Func-
tion

From the Markovian standard polaron model we may also study the behaviour
of the second-order correlation function under pulsed optical driving and the
influence of phonon coupling. The second order-correlation function, G (¢, 7)
takes a similar form to the first-order correlation function used to calculate

the emission spectra
GO(t,7) = (o ()l (t + T)o(t + 7)o (t)) = Tr(cToeTops(t)ot),  (4.26)

where again L is the Liouvillian, and o is the QD lowering operator. Calculat-
ing G (¢, 7) follows the same procedure as calculating GV (¢, 7), only ops(t)o’
are used as the initial states to propagate along the 7 axis. Figure 4.8| shows
phonon coupling has a minimal impact on the central minimum of the pulsed
GO (1) = [dtGP(t, 7). As the lifetime of the excited state of the QD is not
influenced by the presence of the phonon bath, the widths of the peaks and

dips remain unaffected by the QD-phonon coupling. However, as we observed
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Figure 4.8: The central peak of the pulsed second-order correlation function
when driving a Quantum Dot (QD) with a single Gaussian pulse calculated
using the quantum regression theorem. G®)(7) is plotted without phonon cou-
pling, and at three different temperatures with phonon coupling. Parameters
used: © = 7w, A1y = 12 ps, o = 0.027 ps?, and w, = 2.2 ps~ .

with the system dynamics and G™(¢,7), the Rabi oscillations in G (7) are

increasingly damped as the temperature of the bath is increased.

4.5 Summary

Taking the Markovian limit of the standard polaron model, we have studied the
effects of phonon coupling on the emission properties of a QD when driven by a
Gaussian optical pulse. We have shown the effects of the QQD-phonon coupling
manifest themselves in two manners in the emission spectrum. When coupled
to a phonon bath the satellite Mollow peaks of the pulsed emission spectrum
become broadened, in agreement with a pure dephasing model [78]| previously
studied. However, an imbalance in phonon-mediated emission processes leads
to an asymmetry in the emission spectrum at low temperatures, decreasing
in magnitude with increasing temperature, that is not observed when using a
pure-dephasing approach alone. Furthermore, we have also shown the phonon-
coupling has a minimal impact on the second-order correlation function. This
further proves that such models are unable to fully account for the effects of

coupling to a phonon bath.



Chapter 5

Time-Dependent Variational

Polaron Theory

5.1 Introduction

In deriving the polaron master equation in Chapter [ we made a number
of approximations that naturally limit the regimes in which it is valid. The
derivation of the master equation in the polaron transformed frame of reference
instantaneously displaces the phonon bath when the QD is driven into its
excited state. Therefore we expect the polaron formalism to be valid only when
the bath is able to react on timescales shorter than the characteristic timescales
of the QD dynamics. In fact, it can be shown that the polaron master equation
treats the QD-phonon coupling as a perturbation in the ratio of Q/w. |106],
and thus we should only expect the polaron model to be valid in the weak-
driving regime where Q/w,. < 1 [106]. Additionally, the Markovian limit
further restricts the regimes of validity to timescales greater than the inverse
of the cutoff frequency [106]. Hence, when driving the system with a Gaussian
optical pulse, we expect the polaron model to breakdown in the limits of short
pulse duration and/or large pulse area (see Figure , where the peak Rabi
frequency of the pulse approaches and surpasses the phonon cut-off frequency.
Therefore, to make accurate predictions of phonon-induced effects in these
limits, we must derive a theory that minimises the interaction Hamiltonian
even when the ratio 2/w, is large, and is also able to account for the finite
reaction time of the bath. To this end we shall now extend the wvariational
polaron model [100,|118] to develop a time-dependent variational polaron model
including pulsed optical driving. While this model still displaces the bath

modes according to the charge state of the QD as in the standard polaron

73
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Figure 5.1: The peak Rabi frequency, Q(ty), of a Gaussian pulse (a) sweeping
the pulse area (0) for a given Full-Width Half Maximum (FWHM) (A7), and
(b) sweeping A7y for a given ©. The phonon cut-off frequency, w, = 2.2 ps~2,
is also plotted. The polaron model is only valid when Q(t) < w,. [106].

model, it leaves the magnitude of the displacement of each bath mode as a
variational parameter chosen to minimise the free-energy of the system [118§]
at each discretised time step considered. This approach shall allow us to
derive a master equation that returns reliable results inside and outside of the
optical driving regimes accessible by the weak-coupling and polaron models,
and remains valid with environmental interactions that are not governed by

super-ohmic spectral densities [118].

5.2 The Variational-Polaron-Transformed Ex-

citon Phonon Hamiltonian

To derive our time-dependent variational polaron master equation we begin
with the same rotating frame Hamiltonianﬂ that we used to derive the polaron

master equation in Chapter [4]

Hplt) = (ox — 00 1)+ 2 (10(0] + 0K

HIXNXD gl +bk) + > wiblbr. (5.1)

Here €)(t) is the Rabi frequency characterising the laser-QD coupling strength

modulated by a time-dependent envelope function, w; is the central laser fre-

!See Chapter [3| for more information on transforming to rotating frames of reference and
the Rotating Wave Approximation (RWA).
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quency, and g, characterises the coupling between the bath modes with fre-
quency wy, and the QD. However, unlike in our derivation of the polaron master
equation, we shall now allow the polaron displacement to have some explicit
time-dependence i.e. oy — i (t). Our unitary polaron operator is thus modi-

fied from the polaron formalism to
Unt) = exp{ X)X an(t) (6 —bs) } = [0K0]+ X)X T] Dlew(t)- (5.2

This modification results in an additional term in the transformed Hamil-
tonian from the non-zero time derivative of the unitary operator, Hy (t) =
Un () Hr (1)UL (t) + i(8,Up(t)) UL (t), modifying the B, bath operator from
the polaron limit such that the bath operators in the time-dependent varia-

tional polaron formalism are given by

= = (B4(t) + B_(t) — 2B(t)),
(B (t) — B+(t)), (5.3)
}:h ()bl +h.c.,

where hi(t) = >, (gk — wroy(t) + Z'atak(t)). Comparing these bath operators
with those derived in the standard polaron model (Eq. we see that the first
two maintain the same form as in the polaron limit only now with an additional
time dependence. It is also clear that in the variational polaron formalism
B,(t) is an extended version of the B, operator in the polaron limit, with
the first two terms of hy(t) originating from the polaron model, and the final
term arising from the non-zero time derivative of the unitary time-dependent
variational polaron operator. Rather than setting the polaron displacement,
a, to eliminate the linear coupling terms as done in Chapter [, we now allow
it to a be a variational parameter such that a(t) = fi(t)/wr where fi(t) is the
time-dependent variational function [119}120]. This leaves our time-dependent

variational polaron Hamiltonian as Hy (t) = Hy,s(t) + Hy,p + Hy(t) where

Hys(t) = 6,(t)olo + QTT@)%,
Q(t)
Hy(t) = —=(0,Bu(t) + 0,B,(t)) + o'oB.(2), (5.4)
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Here 6,(t) =6 — >, wi, ' fu(t) 20k — fx(t)), o = |0XX]|, and 0,, 0y, and o, =
2(cTo — 1) are the standard Pauli matrices. For each bath mode we choose
fr(t) to minimise the free energy, F', of the system. This ensures that the
state of the system relaxes to the true thermal state of the combined system
and environment. However, rather than taking the challenging route of explic-
itly calculating the free energy of the system, we shall instead minimise the
Feynman-Bogoliubov upper bound [119} 120] which satisfies Ag(t) > F, and
has the form [111]

1

Ap(t) = _7 In (Te{ (e P#O) }) + (H1 (1)) o) + OUHT) mo(1))- (5.5)

Minimising Ap(t) with respect to fi(t) yields

9Ap(t) 1 <3H0<t>) 0 (5.6)

Ofu(t) — Te{(e PHO)}\ 3, (t)

which gives fi(t) = F(wg,t)gr, where

1 (t) — 0,(t) tanh(@)
Flwg,t) = : (5.7)

(1) — tanh (2502 (5, (1) — %" corn (250 )

Here 7, (t) = 1/6,(t)2 + Q. (t)? is the time-dependent renormalised generalised
Rabi frequency. We perform this minimisation for each time-step by self-

consistently solving the equations

Q.(t) = Q(t) exp(—% /000 de coth(%)), (5.8)

w?

5 (t) =0+ /OO de(Q — F(w,1)), (5.9)

w

for the renormalised Rabi frequency and detuning respectively.

5.3 Non-Markovian Variational Polaron Mas-

ter Equation

From here we follow a similar procedure to the one we used to derive the
polaron master equation, once again transforming our Hamiltonian into the
interaction picture, now with respect to Hy,o(t) = Hys(t) + Hy g, using the

unitary operator
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Uyo(t) = T exp (—i /0 dsHm(s)) , (5.10)
to obtain the interaction Hamiltonian
vt = A0 (6,08, + ,(0B,0) + 'R, (511

where operators in the interaction picture are denoted by a tilde and given by
S(t) = Ul 4(t)SUy s(t) with Uy(t) = T exp (-i I dsHm(s)). Substituting
Eq. p.11]into Eq. yields

Dips(t) =
- / dt'{z ([ai<t>,@(t')ﬁs(t)mw(t t') = [6:(t), s (D)3 (#) AL 1. 1))
> (1150, 3:( s (O]Ai(t, 1) — (5150, s (D)F:()AL (2, 1)

+Z([am,a*a@')ﬁs(vs)mw(tt> 5:(1), ps(D)5 3 (AL (L))
+ (18%6(0), 675 (W)as ()AL (t:8) = [5'5(0), s (055 AL (1.1) |.
(5.12)

where A;;(t,t') = Trp (Bi(t)éj(t/)pg) and Agj(t, t') = Trp (Bi(t’)éj(t)pg) are
the correlation functions for i,j € {x,y, z} into which we have now absorbed
the time-dependent Rabi frequency terms. The additional bath operator in
the variational polaron limit results in a further two correlation functions in
addition to the two polaron type correlation functions, a weak-coupling type
correlation function A,.(¢,t') and a cross-correlation type function A,,(t,t').

The four unique non-zero variational polaron correlation functions are

Ao (t, ) = w(ew’) + et _9), (5.13)

Ayy(ty t/) . Qr(t)ézr(t/) (6¢(t,t’) . e—(;S(t,t’))7 (514>

Aya(t ) = QTQ(” /0 h de{(F(w,t’) ) @mh(%‘”) sin(w(t — #))
8t/F(w, t’

) (z sin(w(t — 1)) — coth(%) cos(w(t — t’))) },

(5.15)

+ i cos(w(t — t’))) +

W
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A (t ) = /000 dwJ (w)u(w, t)u*(w, t’){coth(%) cos(w(t —t))
—isin(w(t—t’))}. (5.16)

Here we define u(w, t) = 1—F(w, t)+iw 10, F(w, ), J(w) = aw? exp{—(w/w.)*},
and the phonon propagator in the non-Markovian limit of our time-dependent

variational polaron formalism is given by

ot 1) = [ D)

w2

(cos(w(t —t") coth(—)

To maintain the relationship A*(,2') = A(t', 1) to give A, (¢, ') = A; (¥, t) we
define Aj_(t,t') = iA,.(¢,¢'). A full derivation of the correlation functions can
be found in Appendix [C] From here we absorb the correlation functions and
integrals into the commutators of the master equation allowing us to define

the non-Markovian interaction picture variational bath rate operators as

Nj=ay(t) :/0 dscj(s)Aj;(t, s),

™

L(t) = tds&T6(s)Azz(t,s),
/0 (5.18)

20 = [ sy ()L (1.9),
2.(1) = /O ds o (s)\. (1, 5).

This yields an interaction picture master equation of the form

= — (16%5(0), 0.(1)5s (1)) — [7s(8)01(1),5'5(1)])

_ {i;yO&i(t), Xi(6)ps ()] + [6:(0), ps ()X (t)D} (5.19)

=1(1),6, (1))

Qu|
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The time-ordering operator included in Eq. makes analytical solutions
extremely difficult if not impossible. Equivalently, we may instead solve the

differential equation
oU(t) = —iHy(t)U(1), (5.20)
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to calculate the unitary operators while also accounting for time ordering.
Additionally, solving this differential equation allows us to perform a unitary
transformation back to the Schrodinger picture, naturally simplifying the ex-
pectation values we wish to calculate. Our time-dependent variational polaron

master equation in the Schrodinger picture is then given by

%ps(t) = —i[Hy(t), ps(t)]

{3 (fow e 0s(0)] + b psoncl)
{

=,y

~ (1070, 0.(1)ps(1)] = [ps (1L (1), oo (5.21)
_ @'([ay, E.(t)ps(t)] — [ps(t)EL(D), O—y])

+ ([0t 2, (Dps ()] — [ps(Z) (1), 001,

where, defining o(t',t) = U()U'(t')oU)U'(t) for ¢ € {o4,0,0'c}, the

Schrodinger picture rate operators are given by

t
Nimay(t) = / dsor,(t', t)A, (¢, ),

ez(t) :/t dSO-TO-(t/’t)AZZ(t7t/)>
0 (5.22)

t
@@:AdwmnMMmm

t
2.(t) = /0 dsolo(t' )N, (t,1').

5.3.1 Recovering the Weak-Coupling and Polaron Mod-

els

We can recover both the non-Markovian polaron and weak-coupling models
from our time-dependent variational polaron master equation. If we take the
limit of F(w,t) = 1V w,t (i.e. the limit where the bath is always fully dis-
placed) we find that both the weak-coupling type correlation function and
cross-correlation functions go to zero. Thus the only remaining non-zero cor-
relation functions are the polaron type correlation functions (A, (¢,t) and
Ayy(t,t')). The full time-dependent variational polaron master equation then
reduces to the non-Markovian polaron master equation, given by Eq. [4.16] in
this limit.

Taking the limit of F(w,t) = 0 V w,t such that the bath is not dis-



80 Chapter 5. Time-Dependent Variational Polaron Theory

placed by the variational polaron transformation, we can recover the non-
Markovian weak-coupling model, the non-Markovian form of the master equa-
tion in 117, |121]. In this limit only a single correlation function, A..(¢,t'),
remains non-zero, and thus the non-Markovian master equation reduces to the

weak-coupling master equation in the Schrodinger picture given by

9 pst) = — il Ho(1),ps(0)] ~ (o0, 0-00ps(0)] ~ los()01(0). 0'0]), (5:23)

where the weak-coupling rate operator is given by

0.(t) = /0 t dsoto(t' H)A,.(t,1). (5.24)

5.4 The Variational Function and Renormali-

sation of the Rabi Frequency

Before investigating the full dynamics of the system, we can gain an initial
understanding of the effects captured in the time-dependent variational polaron
model by considering the behaviour of both the variational function, F(w,t),
and the renormalisation of the Rabi frequency. To this end we plot both F'(w, t)
and the time-integrated ratio of the renormalised Rabi frequency to bare Rabi
frequency ([, dt Q,(t)/Qt)) for a range of driving pulse parameters.

To calculate the variational function, renormalisation, and dynamics, we
shall assume the system is driven by an optical pulse with a Gaussian envelope

such that the time-dependent Rabi frequency of the pulse is given by

Q(t) = \/%exp{—%}. (5.25)

Here O is the pulse area, ty is the arrival time of the pulse, and w is the
Gaussian width of the pulse electric field. The latter quantity is related to the
electric field Full-Width Half Maximum (FWHM) by
AT E
W= ——, 5.26

NCITE (5-26)
where Arg is the electric field FWHM. This is in turn related to the intensity
FWHM, A7;, measured in experiment, by Aty = A7rv/2. It is this latter
quantity that we shall refer to in this chapter when quoting pulse widths.
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Figure 5.2: The variational function, F(w,t), plotted as a function of time ¢
and the bath mode frequencies as a factor of the cut-off frequency w. when
driving a QD with a Gaussian. The area (0) and Full-Width Half Maximum
(FWHM) (A7) of the driving pulse is indicated under each figure. Parameters
used: w, = 2.2 ps™!, tg = 5AT;, and T =5 K.

Figure shows the time-dependent variational function, F'(w,t), plot-
ted as a function of both time and the frequencies of the bath modes, for
two different Gaussian pulse areas (© € {2m,67}) and three different pulse
widths (Ar; € {1 ps, 5 ps, 10 ps}). For all of the pulse parameters shown
in Figure we find F(w,t) = 1V w before and after the driving pulse.
Thus we expect the system to evolve purely according to the standard po-
laron model with vanishing Rabi frequency. However, during the pulse we find
F(w,t) — 0 for the lower frequency bath modes, indicating a weak-coupling
type interaction between the QD and these phonon modes. Figure shows
that the range of bath modes that experience this weak-coupling-type interac-
tion during the pulse increases with increasing pulse area, and decreasing pulse
duration. Hence, from the form of the variational function, we find that when
driving the system with pulses of short duration and large area the QD states
primarily evolve according to the weak-coupling model during the pulse. This
indicates that the bath modes that evolve on longer characteristic timescales

than the QD states are not displaced as in the polaron model.
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Figure 5.3: The renormalisation predicted by the polaron (blue squares) and
variational polaron models as a function of pulse area for temperatures (a)
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calculated using the variational polaron model is also plotted for a number
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(orange circles), Aty = 6 ps (green triangles), and Ar; = 12 ps (burgundy
diamonds). Parameters used: o = 0.027 ps?, and w, = 2.2 ps~L.
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While the variational function does have a temperature dependence
through the presence of 5 in the hyperbolic functions, the effect of increas-
ing temperature on F'(w,t) is subtle. The effects of varying temperature are
more clearly demonstrated through the renormalisation of the Rabi frequency.
Figure shows the renormalisation, calculated as the time-integrated ratio
of the renormalised and bare Rabi frequencies. As expected from Eq. [£.9]
the renormalisation of the Rabi frequency predicted by the polaron model is
independent of the parameters of the driving pulse, and only changes as a func-
tion of temperature. In contrast, the renormalisation of the Rabi frequency
returned by the time-dependent variational polaron model shows a strong
dependence on both the pulse area and FWHM, in addition to exhibiting a
temperature dependence. From Figure [5.3| we expect there to be a reasonable
agreement between the polaron and variational polaron models in the limit of
small pulse area and large FWHM. However, with increasing pulse area and/or
decreasing FWHM the renormalisation of the Rabi frequency predicted by the
time-dependent variational polaron model diverges away from the polaron
model and towards the weak-coupling regime, returning unity renormalisa-
tion. In other words, our time-dependent variational polaron model predicts
that the Rabi frequency is not renormalised by the phonon coupling in the
limit of large pulse area, i.e. Q,.(t) — €(t) as © — oo. This further indicates
the polaron model breaks down in the limit of large peak Rabi frequency in

agreement with the variational function.

5.5 Dynamics Under Resonant Pulsed Excita-
tion

Neglecting spontaneous emission (i.e. setting v = 0), we shall now compare the
system dynamics predicted by the standard polaron and weak-coupling models
under pulsed resonant excitation to those predicted by our time-dependent
variational polaron model. The relevant expectation values can be calculated

from the time-dependent density matrices produced by each model using

(0(1)) = Tr{Ops(1)}, (5.27)

where O is the Schrodinger picture operator for which we wish to calculate
the expectation value. Just as with the polaron model in Chapter 4} we cal-

culate p(t) using an initial value problem approach, only now using the time-
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dependent variational polaron Liouvillian in the master equation. This allows
us to evolve the state of the system over a number of discrete time steps start-

ing from an arbitrary initial state p(t = 0).

5.5.1 Time-Resolved Dynamics

To gain an initial understanding of the response of the system dynamics, we
first calculate the temporal evolution of the exciton population and coherences,
which we plot as the real component of o, = o' +0, for fixed pulse parameters.
Figure shows the resulting time-resolved dynamics assuming the bath is
held at T" = 5 K, and the system is driven by a Gaussian pulse with central
frequency w; = wyx — fooo dw%@ — F(w,t = 0)), area © = 107, and
FWHM A7, € {1.2, 6, 12} ps. Our predictions from the behaviours of the
variational function, and renormalisation of the Rabi frequency, are borne out
in these dynamics. In the limit of short pulse duration, the exciton dynamics
in Figure show a close agreement between our time-dependent variational
polaron model and the weak-coupling model. On the other hand, in this regime
the polaron model overestimates the magnitude of the effects resulting from
the QD-phonon coupling. From the coherences calculated with A7, = 1.2 ps
(Figure we see a closer agreement between our time-dependent variational
polaron model and the weak-coupling model than between the former and
standard polaron model during the pulse. However, the coherence also clearly
demonstrates that the time-dependent variational polaron model predicts the
system evolves according to the standard polaron model before and after the
pulse. At intermediate pulse widths all three models show a relatively close
agreement for the parameters used as can be seen in Figures and [5.4d]
However, it is again the weak-coupling model that returns the exciton dynamics
that most closely agree with those from our time-dependent variational polaron
model for the pulse parameters used. On the other hand, it is the two polaron
models that show the greater concurrence when considering the coherences.
When driving the system with the longest pulse duration studied the reverse is
true. In this regime it is now the polaron model that shows greater concurrence
with the time-dependent variational polaron model (see Figures and .

We can further our understanding of this behaviour by considering the bath
correlation functions shown in Figures [5.5] [5.6] and [5.7] As we predicted from
the variational function, for all pulse widths it is the polaron-type correlation
functions that dominate the evolution of the state of the system before the

pulse (t < ty), with the other correlation functions at or near zero. For pulses
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Figure 5.7: The real and imaginary components of the time-dependent vari-
ational polaron bath correlation functions calculated when driving a Quan-
tum Dot (QD) with a Gaussian pulse of Full-Width Half Maximum (FWHM)
A71; = 12 ps, and pulse area © = 107. Parameters used: w, = 2.2 ps~!,

a=0.027 ps?, and T = 5 K.



5.5. Dynamics Under Resonant Pulsed Excitation 89

of short duration, we find the weak-coupling correlation function governs the
evolution of the system during the pulse as can be seen in Figure [5.5] During
the pulse the polaron-type correlation functions tend to zero, and while there
is a non-zero contribution from the cross-correlation function this is an order
of magnitude smaller than the weak-coupling correlation function. Figure [5.6
shows that at intermediate pulse widths all of the correlation functions con-
tribute to the system evolution during the pulse. Moving towards the peak of
the pulse, the polaron-type correlation functions tend towards zero just as in
the short pulse limit, but even at the peak of the pulse a non-zero polaron-
type contribution remains. Conversely, the weak-coupling correlation function
no longer dominates in this regime as there is a near equal contribution to
the dynamics from the cross-correlation function. Finally, in the limit of long
pulse duration we find the polaron-type correlation functions overall provide
the dominant contribution to the system dynamics as can be seen in Fig-
ure 5.7 However, even in this long pulse regime, at the peak of the pulse we
find there is still a strong contribution from the weak-coupling correlation and
cross-correlation functions for the pulse parameters used. At the FWHM the

weak-coupling correlation functions return to (near) zero.

5.5.2 Rabi Rotations

After studying the time-resolved dynamics of the exciton population returned
by our time-dependent variational polaron model when driving with a Gaussian
pulse with fixed parameters at a fixed temperature, we can move on to study
the effects of varying the driving strength and system temperature. To do this
we calculate the steady-state exciton population (still assuming v = 0 ps™1)
sweeping the area of the driving pulse for a range of temperatures and pulse
FWHM. Figure [5.§] shows the resulting Rabi rotations for Or < © < 20m,
b K<T <50K, and A7y € {1.2,6,12} ps.

From the time-dependent variational function and renormalisation of the
Rabi frequency, we expect our time-dependent variational polaron model to
show a close agreement with the weak-coupling model in the limit of short
pulse duration across the range of pulse areas studied. Figures and
show that in the low temperature limit this is indeed true across the range
of pulse areas studied with both models returning (nearly) undamped Rabi
rotations. On the other hand, we find the polaron model increasingly over-
estimates the magnitude of the dissipative effects of the QD-phonon coupling

with increasing pulse area. When the states of the QD evolve on timescales
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Figure 5.8: The steady-state exciton populations calculated using the weak-
coupling (green dot), polaron (orange dash), and time-dependent variational
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shorter than the characteristic timescales of the phonon bath, polarons, quasi-
particles formed when a charge carrier displaces the charged atoms of a crystal
lattice [46], are unable to form. That is, under such conditions, the exciton
recombines before the bath is able to react. Hence the polaron model, which
over-estimates the coupling strength to the low-frequency bath modes in this
regime and thus assumes a polaron is always formed, increasingly overestimates
the phonon effects with increasing pulse area under excitation by short optical
pulses. As such, when combined with the fact that the polaron model only
remains valid for pulse areas © < 1.277 in this regime, the polaron model
clearly has extremely limited utility at such short pulse durations. At the
lower temperatures studied, our Rabi rotation results in the short pulse regime
agree with those presented in [122], where the accuracy of the weak-coupling
model under excitation with short Gaussian optical pulses (A7 ~ 1.7 ps) is

experimentally verified at 7' = 12.5 K.

Increasing the system temperature when driving with a short optical pulse
we find the standard polaron model increasingly over-estimates the impact
of the coupling to the phonon bath (see Figures and . This over-
estimation occurs despite the polaron model increasingly under-estimating the
frequency at which the spectral density is sampled compared to our time-
dependent variational polaron model as can be seen in Figure [5.3. This
under-estimation should return a subsequent under-estimation of the phonon-
coupling effects. However, at higher temperatures the number of phonon modes
our time-dependent variational polaron modes predicts to weakly-couple to the
QD during the pulse increases for this pulse duration. Hence the polaron model
actually increasingly over-estimates the phonon effects at higher temperatures.
Conversely, the weak-coupling model under-estimates the phonon-coupling ef-
fects at high temperatures as shown in Figure [5.9b, From our time-dependent
variational polaron model we expect the system to evolve increasingly accord-
ing to the polaron model as the pulse decays to vanishing Rabi frequency. It is
this shift in behaviour from the weak-coupling to polaron models at the end of
the pulse that results in the weak-coupling model under-estimating the results

of the phonon-coupling at high temperatures.

Under optical driving with Gaussian pulses of intermediate width, we find
neither the weak-coupling nor the standard polaron model shows consistent
concurrence with the dynamics returned by our time-dependent variational

polaron model at T = 5 K (see Figure and [5.9¢). In the limit of small

pulse area there is a closer agreement between the standard polaron and
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time-dependent polaron models than between the weak-coupling and time-
dependent variational polaron models. However, at © = 6.337 the peak Rabi
frequency, €(ty), reaches the phonon cut-off frequency and thus the standard
polaron model is not valid beyond this pulse area. At these larger pulse areas
the standard polaron model overestimates the dissipative effects resulting from
coupling to the phonon bath. Conversely, the weak-coupling model begins to
show a good agreement with our time-dependent variational polaron model in
this regime. While there is no consistent close agreement between the mod-
els, all three models studied show a clear revival of the amplitude of the Rabi
rotations (qualitatively in agreement with [105]) as the pulse area increases
beyond © a 107. This revival occurs when the period of the time-resolved

Rabi oscillations become comparable to, or shorter than, w_ ! [105].

The inconsistent agreement between the three models under resonant ex-
citation with optical pulses of intermediate width continues at higher tem-
peratures. We find the concurrence between the polaron and time-dependent
variational polaron models observed at lower temperatures and pulse areas
decreases with increasing temperature. At the highest temperatures studied,
neither the weak-coupling nor the polaron model adequately agrees with the
dynamics returned by our time-dependent variational polaron model across all
pulse areas studied. This can be more clearly seen in Figure where there
is a clear deviation between the weak-coupling (standard polaron) and time-
dependent variational polaron models in the limit of small (large) pulse areas.
At higher temperatures the average displacement of the bath, and thus also
the renormalisation of the Rabi frequency, is increased (i.e. B(t) is increasingly
smaller than unity with increasing temperature) at small pulse areas. Hence at
small pulse areas the weak-coupling model increasingly over-estimates the fre-
quency at which the spectral density is sampled with increasing temperatures
(i.e. Q(t) > Q,.(¢)) |106]. This has the effect of increasing the effective coupling
between the QD and phonon bath [106] resulting in this difference between the
weak-coupling and time-dependent variational polaron models at small pulse
areas. At larger pulse areas the Rabi frequency moves out of the regime in
which polaron model is valid, and thus the propensity of the polaron model
to over-estimate phonon-coupling effects at large pulse areas continues at high
temperatures. We also find that the magnitude of the revival of the Rabi ro-
tations predicted with A7; = 6 ps is reduced with increasing temperature for
all three models within the pulse area limits studied. While the weak-coupling

and time-dependent variational polaron models do both still predict some re-
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Figure 5.9: The steady-state exciton populations calculated using the weak-
coupling (green dot), polaron (orange dash), and time-dependent variational
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pulse. The final exciton population is plotted as a function of the pulse area
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vival at larger pulse areas for T = 50 K, the polaron model shows no such

behaviour in the same regimes.

The long pulse duration limit returns the opposite results of the short pulse
limit at low temperatures. From Figures and We again find that (up to
the validity limit of © = 12.657) it is the polaron model, rather than the weak-
coupling model, that shows a closer concurrence with the time-dependent vari-
ational model in agreement with our predictions from the variational function
and renormalisation. In this driving regime the QD states evolve on timescales
longer than w_ !, and thus the phonon bath is able to react to the formation of
the exciton, and polarons are able to form. Naturally at the largest pulse areas
where the peak Rabi frequency exceeds the phonon cut-off frequency there is
a discrepancy between the standard polaron model and our time-dependent
variational polaron model, with the former again over-estimating the effects of
coupling to the phonon bath. However, as this driving regime lies beyond, but
close to, the limit of the regime of validity of the standard polaron model, the
magnitude of the discrepancy is not as large as under excitation by short optical
pulses. Meanwhile, Figure shows the weak-coupling model overestimates
the damping of the Rabi rotations in this limit for all pulse areas studied in
agreement with [106]. Just as we found in the high temperature and small
pulse area limits when driving with a Gaussian pulse of intermediate width,
as Q(t) > Q,(t) the weak-coupling model samples the phonon spectral density
closer to its peak than the two polaron models across the range of pulse areas
in this driving width regime [106]. This again results in an increase in the ef-
fective coupling strength between the phonon bath and QD states magnifying
the phonon-coupling effects returned by the weak-coupling model [106].

With a Gaussian pulse of width A7; = 12 ps, studying the dynamics re-
turned by our time-dependent variational polaron model we find the both
the standard polaron and weak-coupling models increasingly over-estimate the
phonon damping effects with increasing temperature. This can be seen in Fig-
ures [5.8d and 5.9 Just as we found in the intermediate pulse duration regime,
we find a significant discrepancy between the dynamics returned by the weak-
coupling and time-dependent variational polaron models for high temperatures
and small pulse areas as the weak-coupling model continues to under-estimate
the renormalisation of the Rabi frequency across all temperatures. Conversely,
for the larger pulse areas studied we do find a closer agreement between the
two polaron models at 7' = 50 K, although again the polaron model is invalid
beyond © = 12.657.
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Figure 5.10: The integrated excited state population of a Quantum Dot (QD)
coupled to a phonon bath as a function of the driving pulse area for a range of
temperatures between 5 K and 50 K calculated using the polaron model. The
dynamics are plotted for two different coupling strengths, a = 0.027 ps—2 (solid
blue), and o = 0.27 ps® (dashed orange). Parameters used: w, = 2.2 ps™,
A7y =10 ps, and v~ = 0.971 ns.

Through our derivation of the master equation we found the polaron model,
and by extension the variational polaron model in the appropriate limits, pre-
dicts a renormalisation of the Rabi frequency of the driving pulse that we
plotted in Figure . However, setting F'(w,t) = 0 to recover the weak-
coupling model returns €,.(t) = Q(¢) and as such there is no renormalisation
predicted in the weak-coupling limit. While the effects of the renormalisation
do manifest in Figure they are difficult to observe. Figure [5.10| shows a
clearer demonstration of these effects in the polaron limit when sweeping the
area of the driving pulse by increasing a. When increasing the temperature of
the bath it can be seen that the peaks in the Rabi oscillations shift to larger
pulse areas in addition to becoming more heavily damped due to increasing
dissipative phonon effects. Note for simplicity we have taken the Markovian
limit of the full polaron model, and having reintroduced spontaneous emission

calculate the time-integrated (rather than steady-state) exciton population.

5.6 Comparison with Numerically Exact Path-
Integral Methods

While our time-dependent variational polaron model shows a clear improve-

ment over the weak-coupling and standard polaron models, the results are
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Figure 5.11: The steady-state exciton populations calculated using the time-
dependent variational polaron model after driving a Quantum Dot (QD) with
a Gaussian pulse at temperatures (blue dot) 7" = 10 K, (orange dash) T =
50 K, and (solid green) T" = 100 K. The final exciton population is plotted
as a function of the pulse area for three pulse widths, Ar; € {1,5,10} ps.
Parameters used: w, = 0.725 ps™!, a = 0.036 ps.

still approximate due to the treatment of the QD-phonon interaction as a
perturbation to second-order. However, there are a number of numerically
exact techniques that may be used to calculate the dynamics of a quantum
system coupled to a bath of quantum harmonic oscillators. Thus, using the
same system parameters, we may compare the dynamics returned by our time-
dependent variational polaron model to the dynamics returned by numerically
exact methods to determine the accuracy of the behaviours predicted by our

model.

Using path-integral methods, numerically exact QD exciton dynamics un-
der pulsed resonant excitation have been calculated [105] 123]. The exciton
dynamics presented in [105] assume the system is driven by a square optical
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pulse. Owing to the derivative of F'(w, ) in the correlation functions, our time-
dependent variational polaron model is not suited to driving conditions that
include discontinuities such as those found in perfectly square pulses. Thus we
can only make a qualitative comparison of the dynamics returned by our time-
dependent variational polaron model with Gaussian pulses to those presented
in [105]. From the deformation potentials and material properties listed in the
literature [105] [109], and assuming a spherical QD of radius » = 5 nm [105],
we calculate the phonon parameters used in our time-dependent variational
polaron model to be o = 0.036 ps? and w. = 0.725 ps~!. Figure shows the
resulting Rabi rotations predicted by our time-dependent variational polaron
model for Ar; € {1,5,10} ps and T € {10,50, 100} K.

In agreement with [105], we find that when driving a QD with pulses of
short duration (Figure there is a minimal damping of the Rabi rota-
tions that, while increasing with increasing temperature, remains small even at
higher temperatures. Regardless of pulse duration, our time-dependent varia-
tional polaron model predicts a revival of the amplitude of the Rabi rotations
with increasing pulse area again agreeing with the results presented in [105].
However, the magnitudes of the damping and revival of these dynamics is not
of the same magnitude as the results in [105], which is likely a consequence of
using different pulse envelopes [123]. As observed in the literature, we find the
revival of the magnitude of the Rabi rotations returned by our time-dependent
variational polaron model occurs after a larger number of periods for longer

pulse durations.

5.7 Summary

In summary, we have extended the CW variational polaron model to derive a
non-Markovian time-dependent variational polaron master equation that ac-
counts for optical driving with (short) pulses. When optically driving a QD
in the short pulse regime, we have demonstrated a good agreement between
our time-dependent variational polaron model, and the non-Markovian weak-
coupling model at low temperatures. In this regime we have shown that the
standard polaron model over-estimates the coupling strength to the lower-
frequency bath modes resulting in an over-estimation of the phonon induced
damping of the Rabi oscillations. Conversely, in the long optical pulse regime
our results show it is the standard polaron model that shows a greater con-

currence with our time-dependent polaron model at low temperatures. As
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the weak-coupling model does not predict a renormalisation of the Rabi fre-
quency, it samples the phonon spectral density closer to its peak which in-
creases the effective coupling to the phonon bath. At high temperatures we
have seen that neither the weak-coupling model nor standard polaron model
consistently agrees with our time-dependent variational polaron model. Thus
we show that our time-dependent variational polaron model remains valid be-
yond the regimes of validity of both the weak-coupling, and standard polaron
models in the pulsed excitation regime. In the short and intermediate pulse
width regimes our results also predict a revival of the Rabi oscillations in the
exciton population with increasing pulse area. Finally, we have made qual-
itative comparisons between our time-dependent variational polaron model
and the numerically exact dynamics returned by path-integral methods which
demonstrate the two approaches return commensurable behaviours. All of
these predictions could be tested using experimental Rabi rotation techniques

similar to those presented in |121} [122].



Chapter 6

Optical Control and Readout of
Single Quantum Dot Spins

In Chapter |3| we discussed the properties of semiconductor QDs, in particular
some of the different possible charge states that can be confined to a QD.
In this chapter we shall discuss an approach to realising scalable quantum
devices by employing charged QDs in on-chip optical structures. Specifically,
we shall consider the impact of cavity configuration on the initialisation and
readout fidelity of a negatively charged QD by performing full Cavity Quantum
Electrodynamics (cQED) calculations. Furthermore, we shall find the optimal
cavity parameters to maximise the initialisation and readout fidelities, and
demonstrate that coherent optical control is possible with a QD coupled to an

optical cavity.

6.1 Introduction

In the absence of any external magnetic field, a single charge carrier confined
to a QD possesses a spin degree of freedom with two degenerate basis states
{I1). [4).} defined along the QD growth axis. As discussed in Chapter |3} opti-
cally exciting the QD introduces an exciton resulting in the formation of a trion
which also possesses two degenerate basis states {|T/, 1), , [41,{),}. When an
external magnetic field is applied, the degeneracy of the ground and excited
basis states is lifted by the Zeeman interaction. The geometry of the applied
field also has an effect on the optical transition selection rules between the
ground and excited states as shown in Figure 6.1} In the absence of an applied
field, or when a magnetic field is applied in the Faraday geometry along the

QD growth axis, only the transitions between the ground and excited states

99
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with the same spin configuration are optically allowed with opposite circular
polarisation selection rules [124] (see Figures and [6.1b). However, when a
magnetic field is applied perpendicularly to the QD growth axis in the Voigt ge-
ometry, all four possible transitions become optically allowed with equal decay
rates [124]. The optical polarisation transition rules also change from circu-
lar to linear with the two outer vertical transitions possessing the orthogonal
linear polarisation to the two diagonal transitions [124] (see Figure [6.1d).

Such a spin system has many potential applications in the physical reali-
sation of quantum technologies. Single charge carriers confined to QDs show
strong light-matter interactions making them a promising candidate for the
implementation of an interface between stationary qubits and flying (single
photon) qubits [125]. With experimentally demonstrated lifetimes on the or-
der of milliseconds to seconds 126} [127] and coherence times on the order of
microseconds [128, |129], the ability to control the spin state of a charged QD
on picosecond timescales [128] provides the potential to perform multiple gate
operations within the lifetime of the spin state. This leads to the possibility
of developing single-photon transistors [130-132] or generating entangled pho-
tonic cluster states [133-136]. Furthermore, situating these QDs in photonic
structure can further enhance the strength of the light-matter interactions, and
provides the potential for integration into scalable on-chip photonic circuits
[86]. This gives rise to the potential for an all optical approach to Quantum
Information Processing (QIP) using optical pulses to manipulate stationary
qubits, and single photons to act as flying qubits all guided on-chip by optical

nanostructures.

The successful implementation of a spin-based device requires the capabil-
ity to first prepare the system in a simple starting spin-state (a process known
as initialisation), and to read out the final state of each individual qubit after
any gate operations have been performed. In an all-optical scheme, this would
ordinarily require the use of both Voigt and Faraday geometry magnetic fields
for control and readout respectively. Spin control using optical pulses requires
the presence of optically allowed diagonal transitions between the two excited
eigenstates and ground spin eigenstates of opposite spin configuration present
when a Voigt geometry magnetic field is applied to the system [137]. The al-
lowed diagonal transitions result in the formation of A-systems that provide an
effective coupling between the qubit (ground spin) states. The spin state can
then be manipulated via a Raman transition using two equally detuned optical

pulses driving the two transitions that form the A-system [138]. Conversely,
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Figure 6.1: The energy levels and transition selection rules of a single nega-
tively charged Quantum Dot (QD) in: (a) the absence of an applied magnetic
field, (b) an applied Faraday geometry magnetic field, and (c) an applied Voigt
geometry magnetic field. The spin states are written in the basis parallel to
the applied field.

optical readout of the final spin state requires the presence of cycling transi-
tions [139], transitions through which the excited state of the system always
decays back to the initial ground state. These cycling transitions are required
to produce a detectable readout signal by allowing the system to be probed
multiple times without changing the spin state, and are only present when
the diagonal transitions are optically forbidden. Optical spin readout thus
typically necessitates the application of a Faraday geometry magnetic field as
in such a geometry only the outer vertical transitions are optically allowed E|
Furthermore, while optical spin initialisation has been demonstrated in either
field geometry [142-144], they both present significant drawbacks. Optical ini-
tialisation performed in the Faraday geometry results in a high initialisation
fidelity as the prepared state is completely protected from the driving field
by both the optical polarisation selection rules and laser detuning. However,
initialisation in this field geometry is slow as the process relies on the diagonal
transitions being weakly allowed by light-hole heavy-hole mixing [137, 140,
141]. In the orthogonal Voigt field geometry the spin initialisation process is
relatively fast owing to the optically allowed diagonal transitions [140]. The re-
sulting initialisation fidelity, in contrast, is reduced as the prepared state loses
the polarisation protection found in the Faraday geometry, and thus must rely

on only laser detuning to preserve the prepared state while there is a non-zero

'Light-hole heavy-hole mixing experienced in real systems means the diagonal transitions
are weakly allowed in a Faraday geometry magnetic field [140, [141].
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driving field [140].

However, recent proposals have paved the way for an all-optical implemen-
tation of quantum devices using single QD spins situated in a single magnetic
field geometry. One such proposal uses higher-order trion states to introduce
optically allowed cross-transitions in a Faraday geometry field [145]. Other
proposals use optical structures to selectively Purcell enhance the diagonal
transitions that are optically allowed in a Voigt geometry magnetic field [146-
148]. Selectively Purcell enhancing the diagonal transitions provides a quasi-
cycling transition enabling optical spin readout within a Voigt geometry mag-
netic field. Furthermore, this selective Purcell enhancement also improves the
initialisation rate by ensuring a unidirectional flow of the spin population dur-
ing the initialisation process.

The simplest method of achieving this relative enhancement of the diag-
onal transitions is through coupling to a photonic structure with a single,
linearly polarised mode such as: a slow-light PhC waveguide [149], line-defect
PhCCs [150], and single nanobeam cavities [151]. When the cavity mode
polarisation is the same as that of the diagonal transitions, the polarisation
selection rules ensure the orthogonally polarised vertical transitions are decou-
pled from the optical mode and therefore not enhanced. However, a number of
commonly used photonic cavities naturally possess more than one mode either
by design [152H155] or though imperfections in the fabrication process [156,
157]. This bi-modal quality can prove useful when, for example, attempting
to suppress any resonant laser background in QD single-photon sources [158,
159]. However, there are still open questions regarding the impact of the cavity
configuration on optical spin initialisation and readout of single spins confined
to QDs. In this chapter we perform cQED calculations to identify optimal
cavity configurations and parameter regimes for maximising spin initialisation

and readout fidelities when driving the system with optical pulses.

6.2 Four-Level System Hamiltonian

To answer these open questions, we wish to describe a negatively charged QD
coupled to a bi-modal cavity with two orthogonal, linearly polarised cavity
modes in the presence of a Voigt geometry magnetic field. First we shall
rewrite the spin eigenstates in the basis parallel to the magnetic field (z) axis
such that the ground states become {|1) = [1),,|2) = [}),} and the excited
trion basis states become {|3) = |1l,{),,[4) = |1}, M),}. To describe this
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Figure 6.2: A (a) single-mode and (b) bi-modal cavity coupled to a charged
Quantum Dot (QD) in a Voigt geometry magnetic field.

system we can extend the Hamiltonian used in Chapter |3| describing a 2LS
coupled to a single-mode cavity to include the additional atomic states and
extra cavity mode. In the laboratory frame of reference, the QD and cavity

degrees of freedom are generated by the system Hamiltonian

Ag A% A}é t
Hy = 5 (092—011)+ (WO - 7) 033+ (wo + 7) U44-|—)\_2X:Y vya\ay, (6.1)

where 0;; = |1)(j| are the spin operators, wy is the transition frequency in the
absence of an applied magnetic field, and a, is the operator of the A = X, Y po-
larised cavity mode with frequency v,. We choose to set the Y —polarised cavity
mode resonant with the |2) — |4) transition while leaving the X —polarised
cavity mode detuned from the vertical transitions such that vx = wq as this has
been shown to maximise the initialisation fidelity with the bi-modal cavity con-
figuration [160]. The Zeeman splitting of the ground (excited) states is given
by AeB(h) = Ge(nytBB where gy is the effective electron (hole) g-factor, up is
the Bohr magneton, and B is the applied magnetic field strength. Throughout
this chapter we shall assume gen) = 0.5(0.3) [140] and B = 5 T unless stated
otherwise. The interaction between the QD transitions and cavity mode of the

same polarisation is characterised by

Hy= Y giax+a))(or+0)), (6.2)
A=X,Y
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where g, quantifies the cavity-QD coupling strength, and we have defined the
collective transition operators ox = (014 + 023) and oy = (013 + 094).

Optical spin initialisation and control require direct coherent driving of the
QD transitions, while optical spin readout is achieved by coherently probing
the cavity modes. These two coherent driving processes are included under

the dipole approximation in the driving Hamiltonians

HEP(t) == ) u(t)cos (wit)oy + hoc., (6.3)
HE(t) == Y ex(t)cos (wit)(ar + al), (6.4)
A=X,Y

respectively. Here Q(t) and €(t) are the Rabi frequencies and cavity driving
rates of the linearly polarised (X or Y polarised) laser pulses modulated by a
time-dependent pulse envelope, and wj is the central frequency of each driving
laser. The total Hamiltonian describing the coherent dynamics of the cavity-
QD system is then given by Hy(t) = Hy + H; + HE(t) + HE ().

The incoherent dynamics of the system, namely spontaneous emission from
the QD and loss of photons from the cavity modes, are incorporated in the
model via the standard Lindblad master equation approach described in Chap-
ter . The collapse operators of the system are thus Ly, € {\/kxax, /7r0x} for
A = XY where k) are the decay rates of the orthogonally polarised cavity
modes and v, are the decay rates of the trion states via the linearly polarised
optical transitions. We assume both cavity modes have the same decay rate
(ka=x,y = k) and both transition polarisations have the same lifetime such
that 7,1y y =77 =1 ns.

To recover the single-mode cavity configuration from our model we can set
gx = kx = vx = 0 leaving only a single Y —polarised cavity mode. We shall
not consider the case of a single X-polarised cavity mode. The reason for this

will become evident when we move on to discuss the spin initialisation process.

6.2.1 Rotating Frame Transformation for a Cavity-

Coupled Four-Level System Hamiltonian

As was the case in Chapter [3] our Hamiltonian contains time-dependent ex-
ponential terms originating from the coherent driving of the system. These
terms make computations time and resource expensive, and so they need to be

removed. To do this we again apply a unitary transform to move to a rotating
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frame of reference such that the Hamiltonian in the rotating frame is given by

He(t) = U@ He(U (1) + i(%U(t))UT(t), (6.5)

where a tilde represents the Hamiltonian in the rotating frame, and U (t) is the
time-dependent unitary operator transforming to a reference frame rotating
at frequency wg as in Chapter [3| Here the unitary operator is also expanded
from that given in Chapter [3] to

U(t) = UX(t) ® UL (t) ® Ugp(t)
- o 4 (6.6)
— WR (aXaX) ® eszt(ayay) ® €Zth(033+044).
Moving to a frame of reference rotating at the laser frequency (i.e. wr = w;),
and applying the RWA, cancels the time-dependent exponential terms arising
from the coherent laser field. The total RWA Hamiltonian in the rotating
frame of reference can again be separated into four components, FIT(t) =
Hy + H; + HF(t) + HS(t), where

~ AS Al
Hy = QB (092 — o11) + <w0 —w = TB>U33
Al (6.7)
+ (wo —w + TB>U44 + Z (v — wi)alan,
A=XY
H; = Z gralox + giarol, (6.8)
A=XY
~ Oa(t
HEP(t)=— Y AQ( )a,\—l—h.c., (6.9)
A=XY
HE(t) == Y ex(t)ar +€;(t)al. (6.10)
A=XY

In this frame of reference the only remaining time-dependence is that of the
pulse envelope. For a full derivation of Eqs. [6.7] see Appendix

6.3 Optical Spin Initialisation

Now we have a suitable Hamiltonian to use in the Lindblad master equation, we
first wish to prepare the state of the system in one of the ground basis states
with the highest achievable fidelity. To do this we shall drive the vertical,

rather than diagonal, transitions with a coherent laser (i.e. Qx >0, Qy = 0)
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Figure 6.3: A diagram of the initialisation process. The |1} — |4) transition is
driven with a coherent laser. The decay of the |4) trion state by spontaneous
emission via the |2) — |4) transition populates the target |2) state. Off-
resonant re-pumping of the |2) state through the |2) — |3) transition and
subsequent decay via the |1) — |3) transition limits the initialisation fidelity.

following the protocol presented by [160, |161] and shown in Figure . We
choose to drive the vertical [1) — |4) transition with a resonant X —polarised
laser such that w; = wy + (A% + A%) /2. Resonantly driving one of the vertical
transitions rather than one of the diagonal transitions naturally provides a
greater frequency protection to the target state during the initialisation process
as the detuning between the vertical transitions is greater than that between
the diagonal transitions. In the initialisation process the state of the system
is then shelved in the |2) state by the decay of the |4) trion state via the
Y —polarised diagonal |4) — |2) transition.

Previous work studying spin initialisation with a bi-modal cavity assumed
the QD was addressed via the cavity mode during the initialisation pro-
cess [160]. However, to enable a direct, consistent comparison between the two
cavity configurations we assume the QD transitions are always directly driven
during initialisation. Furthermore, these two driving regimes qualitatively
produce the same behaviour, and are unitarily equivalent in the CW driving

limit.

Trace Distance

To evaluate the fidelity of the initialisation process we shall use the trace
distance [162]

T(p.0) = 5 T{ /o~ 0P }. (6.11)

between the prepared (p) and target (o) states. The trace distance between

the target and prepared states gives a measure of the indisinguishability of the
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two using the entirety of the density matrix. Using this metric, T'(p = p,0) =0
indicates the prepared and target states are completely indistinguishable from
one another (i.e. unity initialisation fidelity). However, T'(p, 0) = 1 indicates
the prepared and target states are orthogonal (i.e. Tr(pg) = 0), and thus
completely distinguishable. We can show that this is true by considering the
spectral decomposition of the two density matrices in a complete orthonormal
basis {|1;)} such that

p=Y a;l)i] and o= B 1)yl (6.12)
From this we may then write

Vi(p—0)?= Z o — Bil [ )il - (6.13)

The lower bound is therefore trivial to prove when the two density matrices are
identical. In this case a;; = (3; and thus \/m = 0. In this same basis only
different pure states may be described as orthogonal. That is, for two density
matrices to describe orthogonal states it must be true that a,—; = Bi—pz; = 1
and oz, = Bz = 0. This condition can also be seen from Tr(po) = 0
when p and o describe orthogonal states. As > . a; = >, 3; = 1, when these
conditions are met Tr{ (p— Q)Q} = 2 and thus T'(p,0) = 1. Hence a unity

trace distance does indeed indicate the two states are orthogonal.

A number of previous works have used the relative population between the
spin ground states as a measure of the initialisation fidelity |160} 163-165].
This approach suffers from the disadvantage of not being able to differentiate
between coherent spin superposition states and mixed spin states, something
that the trace distance is able to distinguish. Other studies have used the
Fidelity , defined as F(o,p) = Tr( \/5,0\/5>27 to provide a measure of the
closeness between the prepared state and target state [140, 148, 166]. While in
the case of a pure target state, such as we have defined, this definition of fidelity
is equivalent to using the trace distance, it may not always be the case that
a pure state is the desired outcome. Hence rather than using F(o, p), which
is not a true metri(ﬂ on the density matrix space and can be complicated to
calculate, we use a more generally applicable metric, namely the trace distance,

instead.

2A metric, M(a,b), is symmetric M(a,b) = M (b,a) and obeys the triangle inequality
M(a,c) < M(a,b) + M(b,c) |167).



108  Chapter 6. Optical Control and Readout of Single Quantum Dot Spins

6.3.1 Steady-State Limit

Using the Lindblad master equation and the trace distance from the |2) ground
state we shall begin by considering spin initialisation in the steady state limit
with a CW driving term, ie. Qx(t) = Qx V ¢t. While this set-up is not
representative of a practical experimental realisation of the spin initialisation

process, it will provide a useful insight into the overall behaviour of the system.

Figure shows the calculated trace distances as a function of g/k for a
range of cavity linewidths. Just as in Chapter [3] the system dynamics were
calculated by solving the master equation at discrete time intervals using the
Python package QuTiP [62]. In the limit of small x both cavity configura-
tions (i.e. single-mode and bi-modal) show the same behaviour. For either
cavity configuration, in the narrow cavity linewidth limit, only the |4) — |2)
transition remains within a cavity mode, and thus (independent of cavity con-
figuration) is the only transition that experiences any Purcell enhancement at
such narrow cavity linewidths. In the CW limit it appears that the inclusion
of cavity effects negatively impacts the spin initialisation process. In the limit
of small g this can be explained as a result of the cavity modifying the lifetime
of the trion states. This changes the ratio €2/, and thus as the cavity cou-
pling strength is increased, the fixed driving strength is no longer optimised
to achieve the smallest trace distance. As g increases and the system enters
the strong coupling regime the QD become hybridised by the cavity-coupling,

changing the fundamental eigenstructure of the cavity-QD system.

Figure shows that the system evolves to a maximally mixed state with
T(p,011) = T(p,092) = 0.5, when strongly coupled to a single-mode cavity.
However, as shown in Figure [6.4Db] when coupled to a bi-modal cavity we in-
stead find the system evolves to 0.1 < T'(p, 092) < 0.5 depending on the cavity
linewidth, with narrower cavity linewidths returning smaller trace distances,
thus outperforming the single-mode cavity. At first this behaviour may be
unexpected. A Purcell enhancement of the |[4) — |1) transition hinders the
spin initialisation process which relies on the flow of spin population via the
|1) — |4) — |2) A-system. However, the effect of enhancing the |4) — |1) tran-
sition only acts to reduce the speed of the initialisation process by increasing
the fraction of the |4) state that decays back to the unwanted |1) state. In the
CW limit this reduction in speed is less important due to the infinite driving
time. Under CW driving, the protection afforded to the prepared state against
re-pumping by the Purcell enhancement of the |3) — |2) transition outweighs

the hindrance caused by the [4) — |1) enhancement. This mechanism is ev-
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Figure 6.4: The steady-state spin initialisation fidelity driving a Four-Level
System (4LS) coupled to a (a) single-mode or (b) bi-modal cavity. Fidelity
is quoted as the trace distance, T'(p, o), between the prepared spin state, p,
and the steady-state spin-down ground state, oq9, as a function of ratio of the
cavity linewidth, k, and coupling strength, g. Parameters used: B = 5 T,
Gery = 0.5(0.3), v°1 = 1 ns, /27 = 0.001 GHz.

idenced by the decrease in the trace distance shown in Figure between
20 < k/2m < 100 GHz. In a bi-modal cavity with the widest linewidth both
the |3) — |1) transition and |3) — |2) transitions experience equal Purcell en-
hancement. As the cavity linewidth decreases, the greater detuning between
the |3) — |1) and Y —polarised cavity mode compared to the detuning of the
|3) — |2) transition and X —polarised cavity mode causes an imbalance in the

decay rates of the two transitions. This imbalance favours decay back to the

|2) state, decreasing the trace distance.

6.3.2 Driving with Finite Optical Pulses

Now that we have a good understanding of the response of the system in the
steady-state limit, we can move on to study a more physically realistic ap-
proach to spin initialisation, i.e. driving with a finite duration optical pulse.
Moving into a more experimentally realistic regime we also choose more ex-
perimentally measurable cavity parameters, namely switching to the Purcell
enhancement factor (Fp = 4¢*/rk~y [81}{83]) of the |4) — |2) transition rather
than the cavity-QD coupling strength. We opt to limit the Purcell factor and
cavity linewidths to 1 < Fp < 40 and 1 < k/27 < 100 GHz respectively.

These limits maintain the enhancement of the optical transitions within lim-
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Figure 6.5: The trace distance between the prepared state and target state
minimised with respect to the Rabi frequency after the initialisation process as
a function of the duration of the square optical driving pulse when coupled to a
(a) single-mode cavity, and (b) a bi-modal cavity. The cavity parameters used
are indicated in the legends above the plots. The trace distance was minimised
with respect to the Rabi frequency sweeping between 0 < < 10v. The
shaded region indicates trace distances larger than achievable in the absence
of any cavity effects.

its demonstrated experimentally while simultaneously avoiding Purcell
suppression (Fp < 1), and maintains experimentally accessible ,
cavity quality factorsﬂ Assuming the system begins in the maximally mixed
ground state (i.e. p;;(t = 0) = 0.5 for j € 1,2 with all other elements zero),
we again initialise the state of the system by resonantly driving the |1) — [4)

transition only now using a finite square or Gaussian pulse envelope.

Square Pulse

We begin by studying spin initialisation with a square pulse of finite duration.
This pulse takes the form Qx (t) = Qx(H(t—to+A7x/2)— H(t—to— A7x/2)),
where H(x) is the Heaviside function, #, is the centre of the pulse, A7y is the
pulse duration, and {2x is the peak Rabi frequency of the pulse. For a selection
of cavity parameters and a range of pulse durations, we calculate the minimum
trace distance sweeping the Rabi frequency between 0 < Qx < 107, leaving

an adequate period of time after the pulse for any remaining excited state

30n the order of 10 — 10° in the Near Infrared and telecommunications wavelengths.
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populations to decay. The results are shown in Figure [6.5]

Overall we see a general trend of decreasing trace distance with increas-
ing pulse duration regardless of cavity configuration. There are a number of
reasons for this. The longer pulse duration increases the probability that the
entire population of the undesirable ground state is eventually excited by the
driving laser. Furthermore, longer duration pulses are also able to re-excite any
excited state population that decays back to the undesirable ground state over
a number of excited state lifetimes, further increasing the target state popula-
tion. Increasing the pulse duration has the additional affect of decreasing the
bandwidth of the driving laser. This in turn reduces the overlap in frequency
between the drive and [2) — |3) transition that acts to move the system away
from the target state which has the effect of decreasing the distance to the

target state.

From Figure we see that when the QD is coupled to a single-mode
cavity and driven by a square optical pulse the Purcell enhancement of the
resonant diagonal transition is the dominant factor in determining the trace
distance. From the cavity parameter combinations studied, for all but the
narrowest cavity linewidth, the cavity linewidth only appears to have an ap-
preciable effect at longer pulse durations with the pulse duration at which the
cavity linewidth has an appreciable effect increasing with decreasing Purcell
factor. For Fp = 10, 40, outside of the strong coupling regime (i.e. neglecting
k/2m = 1 GHz) we find increasing the cavity linewidth increases the trace dis-
tance between the prepared and target states, decreasing the spin initialisation
fidelity. On the other hand, for the smaller Purcell factors studied (Fp = 2,5)
we find the trace distance is minimised with /27 = 40 GHz, increasing for
the smaller or larger cavity linewidths studied. Overall we find the smallest
trace distance coupled to a single-mode cavity is achieved with /2w = 20 GHz
and Fp = 10 for pulse durations shorter than 4 ns, and x/27r = 40 GHz and
Fp = 5 for pulse durations greater than 4 ns. Initially one may expect the
largest Purcell factor to produce the smallest trace distance as larger Purcell
factors maximise the cyclicity of the A—system. However, the finite duration
of the optical pulse increases the bandwidth of the driving field which in turn
also increases the strength with which the off-resonant X-polarised vertical
transition is driven. Thus, to reduce the probability of a spin-flip away from
the prepared state occurring, the Purcell enhancement of the |3) — |1) must
be reduced by reducing the overall coupling strength between the Y-polarised

cavity mode and diagonal transitions.
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A similar outcome is found when the QD is coupled to a bi-modal cavity.
Figure again shows that the Purcell enhancement of the diagonal tran-
sition resonantly coupled to the Y —polarised cavity mode is the predominant
factor in determining the minimum trace distance. However, in general the
calculated trace distances are slightly larger than those achieved with a single-
mode cavity. Depending on the cavity linewidth, the second cavity mode can
Purcell enhance the X-polarised transitions. This increases the probability of
the |4) population decaying back to the |1) state rather than to the target |2)
state relative to the single-mode case, increasing the trace distance from the
target state. Furthermore, when compared to the results from the single-mode
cavity configuration, we find the cavity linewidth has a more significant im-
pact at shorter pulse durations, and the calculated trace distances are larger for
each given pulse duration reversing the trend seen under CW driving. In the
bi-modal configuration we determined increasing the cavity linewidth (again
neglecting the narrowest cavity linewidths) increases the calculated trace dis-
tance for all Purcell factors studied. However, we find a large overlap of the
trace distances for F'p =5 and Fp = 10, as well as Fp = 2 and Fp = 40, with
Fp = 40 producing the largest trace distances overall. Just as in the single-
mode case, we find a combination of k/27 = 20 GHz and Fp = 10 produces
the smallest trace distance over the pulse durations studied, but now for all

but the smallest pulse durations where x/2m = 1 GHz achieves this.

For both cavity configurations we find the narrowest cavity linewidth stud-
ied (k/2m) tends to be detrimental to the spin initialisation fidelity. At such
narrow cavity linewidths the system quickly enters the strong-coupling regime
with increasing Purcell factor. In this regime Rabi oscillations occur as the
cavity mode re-excites the system back to the exciton states. In the exciton
states there is a finite probability that the system will decay away from the
target state thus reducing the initialisation fidelity.

Figure (6.5 shows plateaus in the calculated trace distance. These are the
result of small coherent oscillations in the trace distance induced by the co-
herent driving of the system. Setting an upper bound on the Rabi frequency
also limits the number of these coherent oscillations. The edges of the plateaus
occur when the pulse duration becomes long enough to encompass the next
oscillation in the trace distance that has a smaller local minimum than the
previous oscillation. The plateaus disappear at longer pulse durations as the

global minimum of these oscillations usually occurs after two or three periods.
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Figure 6.6: The calculated trace distance between the prepared state and
target state minimised with respect to the pulse area after the initialisation
process as a function of the duration of the Gaussian optical driving pulse
when coupled to a (a) single-mode cavity, and (b) a bi-modal cavity. The
cavity parameters used are indicated in the legends above the plots. The pulse
area was swept between 0.01 < © < 57. The shaded region indicates trace
distances larger than achievable in the absence of any cavity effects.

Gaussian Pulse

We shall now move on to investigate initialisation with a Gaussian pulse. We

define the Gaussian pulse with polarisation A = X, Y as

O (t — tg)?
(1) = ——=ex {——}, 6.14
where 0O, is the pulse area defined such that a pulse with ©, = 7 would invert

the populations of a 2LS, w), is the Gaussian width of the pulse related to the

intensity FWHM, A7y, by
AT)\

T oVIng

and once again ty defined the central position of the pulse in time.

(6.15)

To calculate the minimum trace distance we follow the same procedure used
when driving the system with a square pulse, only here we sweep the pulse area
in the range 0.017m < ©x < 57 for each A7yx. Just as we found when driving

with a square pulse, when driving with a Gaussian pulse we find it is the Purcell
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factor and not the cavity linewidth|that has the most significant impact on the
trace distance. Again, we find the narrowest cavity linewidth is detrimental to
the initialisation fidelity in the single-mode configuration, producing the largest
trace distances for each Purcell factor studied. We also find that increasing
the cavity linewidth above k/2m = 20 GHz also increases the trace distance
between the prepared and target states. However, unlike when driving with a
square pulse, with a Gaussian pulse we find the trace distance decreases with
increasing Purcell factor for all cavity linewidths. This is a result of the single-
shot nature of initialisation with a Gaussian pulse requiring the maximum A-
system cyclicity to maximise the initialisation fidelity. As the pulse duration
is much shorter than the excited state lifetime (i.e. A7x < v7'), there is no
significant decay of the trion population during the pulse. Consequently, any
notable increase in the unwanted ground state population is likely to occur after
the driving pulse. Thus a Gaussian pulse is unable to re-excite any non-zero |1)
population resulting from the decay of the trion states away from the target
state. Accordingly, when driving the system with a pulse of short duration
the final trace distance is predominantly determined by the ratio of the rates
of the decay paths away from the |4) state. This Purcell factor requirement
presents a significant drawback in the physical realisation of spin initialisation
as it has often proved challenging to realise large Purcell factors in on-chip,
in-plane photonic structures such as Photonic Crystal Cavities (PhCCs).
From the outset it is clear that the Gaussian pulse envelope provides a
significant time advantage over the square pulse. Figures and show
that the optimum trace distance for either cavity configuration is achieved
in tens of picoseconds rather than the few nanoseconds required when driving
with a square pulse. Furthermore, the trace distances achieved by the Gaussian
pulse are smaller than those that can be achieved with the shortest (A7x <1
ns) square pulses studied that are unlikely to be experimentally accessible.
However, comparing the smallest trace distances achieved by both pulses, it
is clear that the square pulse is able to produce trace distances orders of
magnitudes smaller than the smallest trace distance achieved when driving
with a Gaussian pulse. For Gaussian pulses with A7 g 15 ps this a result of the
finite bandwidth of the pulse. At these short pulse widths there is a significant
spectral overlap with the off-resonant vertical transition which in turn increases

the rate at which the system is driven away from the desired ground state.

4While the Purcell factor and cavity linewidth are related, the position of the emitter in
the cavity field, for example, also impacts the Purcell factor (see Eq.[3.54) and thus we can
independently vary the two parameters independently.
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However, at longer pulse durations this spectral overlap is minimised, and
thus it is the pulse duration limiting the re-excitation of the undesirable ground
state after the initial excitation that limits the trace distance in this limit.
Similarly to the square pulse case, we find coupling the QD to a bi-modal
cavity significantly increases the trace distances achieved by the initialisation
process. Again we find the two cavity configurations produce identical results
for the narrowest cavity linewidth studied. However, Figure shows that
when driving with a Gaussian pulse a number of the cavity parameter combi-
nations may actually provide little benefit when compared to driving the QD

in the absence of any cavity effects.

6.3.3 Spin Initialisation Including Pure Dephasing

As we discussed in Chapter [2] the stochastic decay of the populations of the
quantum states via spontaneous emission is not the only dephasing mech-
anism experienced by physical quantum systems. Therefore we now con-
sider the impact of pure dephasing on optical spin initialisation when driv-
ing with finite duration optical pulses to determine the resilience of the ini-
tialisation process against incoherent processes resulting from elastic interac-
tions with the environment. Assuming both excited trion states experience
the same pure dephasing rate, we introduce the additional Lindblad terms
L € {\/Tpposs, VT ppo} to account for these pure dephasing processes. Here
we shall follow the same procedures used in the absence of pure dephasing,
sweeping the duration of the optical pulse and minimising the trace distance
with respect the either the Rabi frequency or area of the driving pulse. How-
ever, we now perform these sweeps for a number of different pure dephasing
rates using the single set of cavity parameters that produced the smallest trace
distance between the prepared and target states for both pulse shapes when
neglecting pure dephasing.

Figure shows the resulting trace distances with pure dephasing rates
I'pp € {0, 0.1v, 0.57v, 7, 107}. We find pure dephasing has a minimal
impact on the initialisation process when the pure dephasing rate is less than
~v. When driving with a square pulse with either cavity configuration, we find
the influence of the pure dephasing processes increases with increasing pulse
duration, with the largest differences between the calculate trace distances with
and without pure dephasing effects occurring at the longest pulse duration (see
Figures and . Even in this limit we find only a minimal increase in

the trace distance. When coupled to a single-mode cavity the trace distance
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Figure 6.7: The calculated trace distance between the state prepared by the
spin initialisation process in the presence of pure dephasing when driving with
a QD coupled to a (left: a,c) single-mode or (right: b,d) bi-modal cavity with
(top: a,b) square pulse or (bottom: c,d) Gaussian pulse. Parameters used:
(a,b) k/2m = 20 GHz, Fp = 10, (c,d) /27 = GHz, Fp =, v~ = 1000 ps, and
Tpp € {0,0.1,0.5,1.0,10.0}7.
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increases from T'(p,093) = 1.03 x 107* in the absence of pure dephasing to
T(p,09) =1.36 x 1074 (8.25 x 107*) at T'pp = v (I'pp = 10~y). When coupled
to a bi-modal cavity the trace distance increases from T'(p, go3) = 1.08 x 1074
when Tpp = 0 to T'(p, 092) = 1.54 x 1074(8.09 x 10~*) with Tpp = (vpp =
107y). We observe a similar behaviour when driving the system with a Gaussian
optical pulse shown in Figures and [6.7dl Increasing the pure dephasing
rate when coupled to a single-mode cavity results in an increase in the trace
distance from T'(p,093) = 5.6 x 1072 at Tpp = 0 to T'(p,09) = 7.6 x 1073
(T(p,022) = 2.5 x107%) at Tpp = (U'pp = 107). However, we find coupling
the 4LS to a bi-modal cavity and driving with a Gaussian pulse results in the
greatest resilience to pure dephasing. In the absence of pure dephasing the
smallest trace distance achieved is T'(p, 092) = 4.8 x 1072 Increasing the pure
dephasing rate to 'pp = v (I'pp = 10) returns a trace distance of T'(p, 092) =
5.1x1072 (T(p, 022) = 7.7 x 1072). The robustness of the initialisation process
with this cavity configuration and pulse envelope has two origins. The reduced
lifetime of the trion states through the Purcell enhancement of all four optical
transitions reduces the relative importance of the pure dephasing mechanisms.
Additionally, the short duration of the driving pulse further reduces the impact

of pure dephasing on the initialisation process.

6.4 Optical Spin Readout

While we now have a selection of cavity parameters that result in high-fidelity
optical spin initialisation for either cavity configuration, it is crucial that these
cavity parameters are also conducive to high-fidelity optical spin readout for
such systems to be used in spin-based optical quantum devices. We shall
therefore now study the impact of cavity configuration on spin readout using
the method first proposed in [146]. This method, experimentally realised in
[147], relies on the spin-dependent cavity transmissivity or reflectivity of the
cavity mode resonantly coupled to the QD to determine the spin state of the
system. We shall again assume one cavity mode is always resonantly coupled
to the [4) — |2) transition, conversely to the set-up studied in [146]. To
readout the state of the system we weakly probe this transition via the cavity
mode using a square pulse turned on at time zero and with some duration 7.
If the system is in the |1) ground state the photons will be transmitted. On
the other hand, if the system in the |2) spin state it will interact with the
driving field and the photons will be reflected. Therefore, by comparing the
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number of photons reflected or transmitted with a calculated threshold photon
number (k) [146], the ground state occupied by the QD may be determined.
If the collected photon number is less than k£ then the state of the system is
|2), otherwise it is |1). This then allows one to write the maximum probability
of successfully determining the correct state as R = maxy(q1p1(k) + qapa(k))
where ¢; is the probability of finding the system in state |¢), and p; is the
probability of getting a correct result using the threshold photon number &
[146]. As described in [146], if the dead time of the detectors is shorter than
the interval between detection events, and the system is driven in the weak
driving limit, the probabilities p;(k) may be described by Poissonian statistics.
This then allows the readout fidelity R to be defined as [146]

ST

k=0

)" e — [Ny(7)]F e M), (6.16)

N)I»—t
l\DI»—t
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where M is the optimal threshold value given by [146]

M =

No(1) — Ni(T) J7

I N ()] = Tn [Ny (7)) (6.17)

with |z| denoting the largest integer smaller than x, and Nj; is the number
of photons emitted from the cavity mode when the initial state of the QD is
|i = 1,2). This number can be calculated by integrating the output flux of the

cavity mode collected over the duration of the driving pulse [146]

Nia(r) = [ TR, (6.15)

where 7 is the photon collection efficiency, and p, are the system density

matrices at time ¢ when the QD starts in the |i = 1,2) ground state.

This readout method has been demonstrated to work experimentally. A
readout fidelity of R = 0.61 was achieved in [147] a with a 75 ns long optical
pulse for a QD coupled to a cavity with a cavity linewidth /27 = 67 GHz,
and enhancement factor Fp = 62, and with an optical collection efficiency of

n=4.1x 1073,

We shall now consider a shorter pulse duration of 35 ns, but still set the
cavity driving strength as in [146] at ey (t) = \/(0.01 x 2¢2) for ¢ € [0, 35] ns
to maintain the weak driving regime. The results are shown in Figure [6.8]
Assuming n = 1, we calculate the spin readout fidelity for a range of cav-

ity parameters. When the QD is coupled to a single-mode cavity we find



6.4. Optical Spin Readout 119

40
36

L™ 32 0.9 & 0.9
5 2 5
g 24 0.8 5 0.8
~ 20 o
@ 16 0.7 § 0.7
= 12 =
& 8 06 & 0.6
4 80 |
L T T T T — 0.5 — T e 0.5
20 40 60 80 100 20 40 60 80 100
k/2n (GHz) x/2n (GHz)

(a) (b)

Figure 6.8: The calculated readout fidelity as a function of cavity linewidth
and Purcell enhancement of the 2 — 4 transition driving the Y —polarised
cavity mode of a (a) single-mode and (b) bi-modal cavity with a 35 ns square
pulse. A fully optimised readout process returns R = 1, while an un-optimised
readout protocol returns R = 0.5.

the most important factor for determining the readout fidelity is the Purcell
enhancement of the |4) — |2) transition, varying little with respect to Ky
(see Figure . This is the result of the Purcell enhancement increasing
the strength of the quasi-cycling transition introduced by the cavity that is
required to produce a detectable readout signal. Figure shows that an
enhancement factor of Fp =7 (Fp = 19) gives R > 90%(R > 99%).

On the other hand, when coupled to a bi-modal cavity both the Purcell
enhancement and cavity linewidth have an appreciable impact on the spin
readout fidelity. Using this cavity configuration the highest readout fidelities
are produced when the cavity modes have a narrow linewidth and the resonant
diagonal transition experiences a large Purcell enhancement. The narrow cav-
ity linewidths ensure the vertical transitions are far enough detuned from the
cavity mode of the same polarisation that they are not enhanced and thus do
not reduce the cyclicity of the A-system being probed. To achieve R > 99%
when coupled to a bi-modal cavity requires /27w < 9.4 GHz, and Fp > 19.

While we have so far assumed a 100% collection efficiency, it is important
to note that we find n > 48% returns R > 99% when the cavity parameters are
optimised for either cavity configuration. Collection efficiencies in this range
have already been demonstrated in a number of cavity systems including open-
access microcavities [159]. Additionally, for planar cavity systems even higher
collection efficiencies could be achieved by direct fibre coupling [170] [171].
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Figure 6.9: The calculated spin readout fidelity as a function of cavity linewidth
and the Purcell enhancement of the 2 — 4 transition for a Four-Level System
(4LS) coupled to a Y —polarised single-mode cavity for four different pure
dephasing rates. (a) I'pp = 0.17, (b) I'pp = 0.57, (¢) ['pp =7, and (d) I'pp =

10~y. Parameters: B =5 T, gen) = 0.5(0.3), v = 1 ns, e =

+/0.01 x 242.
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Figure 6.10: The calculated spin readout fidelity as a function of cavity
linewidth and the Purcell enhancement of the 2 — 4 transition for a Four-Level
System (4LS) coupled to a bi-modal cavity for four different pure dephasing
rates. (a) ['pp = 0.17, (b) I'pp = 0.57, (¢) ['pp = 7, and (d) I'pp = 107.
Parameters used: B =5T, ge;n) = 0.5(0.3), v~1 = 1 ns, e = 1/0.01 x 2¢2.
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6.4.1 Spin Readout Including Pure Dephasing

Just as when studying spin initialisation with a finite pulse, we can once again
introduce pure dephasing to the system to examine its effect on the spin read-
out fidelity. Given the long duration of the readout pulse, it is important that
the process is robust against pure dephasing as on these timescales spin de-
coherence mechanisms become relevant [172]. Figures and show the
results for a single-mode and bi-modal cavity respectively. When coupled to
a single-mode cavity we find the inclusion of pure dephasing has a minimal
impact on the readout fidelity for all but the largest pure dephasing rate. The
addition of pure dephasing increases the threshold Purcell factor for achieving
a given readout fidelity. However, with the cavity parameters studied it re-
mains possible to achieve R > 99% regardless of the pure dephasing rate. For
I'pp = 10y, R = 99% can be achieved with Fp = 26 compared to Fp = 16 with
I'pp = 0.17. A similar behaviour is found in the bi-modal configuration. The
readout process remains robust against pure dephasing for I'pp < . However,
at the largest pure dephasing, I'pp = 10, rate studied, R > 99% is no longer

achievable with the cavity parameter combinations studied.

6.5 Optical Spin Control

Now we have identified the optimal cavity configurations for enhancing op-
tical spin initialisation and readout, we now must confirm that we maintain
the ability to manipulate the spin-state of the system using optical pulses
when the QD is coupled to these cavities. Optical control of the spin-state
of singly charged QD is achieved by directly driving the two transitions of
one of the A—systems with two orthogonally polarised optical laser pulses (see
Figure [6.11). This creates a Raman transition between the two ground states
transferring the spin population [138]. We choose to again drive the |1) — [4)
transition with an X —polarised laser, and therefore we must also drive the
|2) — |4) transition with a Y —polarised laser to achieved the required Raman
transition. We also include a common detuning (§) between the laser pulses
and the frequencies of their respective transitions such that the frequencies of
the X — and Y —polarised laser pulses are given by wl(X) = wy— 0+ (AG+AR) /2
and wl(Y) =wp — § + (A% — A%) /2 respectively. As we shall see, this detuning
is critical to the control process as, in addition to allowing us to neglect cavity
driving, it ensures the transitions are virtual, preventing any real population

in the excited states which would introduce decoherence to the process.
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Figure 6.11: A depiction of the spin control process. The two transitions of
one of the A—systems are simultaneously driven by two orthogonal linearly
polarised Gaussian pulses with equal detuning (§) from their respective tran-
sitions.

The difference in frequency between the two driving fields will inevitably
result in the return of time-dependent exponential terms to the driving Hamil-
tonian. For simplicity, rather than transforming to a frame of reference rotating
at one of the laser frequencies, as we did for initialisation and readout, we shall
instead now move to a reference frame rotating at the QD transition frequency
in the absence of an applied magnetic field, wy. In this reference frame the

Hamiltonian is given by

- A Al
Hy = 23 (092 — o11) + 73(044 — o33) + Z (2 — wo)ahay,
A=XY
Hi= ) galor+ giana), (6.19)
A=XY
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where we have neglected the cavity driving Hamiltonian as we are only inter-
esting in direct QD driving.

Starting in the |1) ground state, we calculate the trace distance from
the |2) ground state, along with the purity of the ground state manifold
(P(p12) = Tr(p%,)), at a time much greater than the pulse widths (¢ > A7).
We choose these metrics as an optimised control process should provide ac-
cess to all possible combinations of the qubit (|1),]])) states (indicated by
0 <T(p,0) < 1), and should also be coherent returning a high ground-state
purity after the driving pulse. Figures and show the results for a QD

coupled to a single-mode, and bi-modal cavity respectively.
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Figure 6.12: The calculated trace distances (left) and state purities (right)
after the control pulses have directly driven the transitions of a Four-Level
System (4LS) (initialised in the |1) ground state) coupled to a single-mode
cavity as a function of pulse Full-Width Half Maximum (FWHM) and pulse
area for a number of different laser detunings (). Parameters used: F, = 10,
k/2m = 21 GHz.
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Figure 6.13: The calculated trace distances (left) and state purities (right)
after the control pulses have directly driven the transitions of a Four-Level
System (4LS) (initialised in the |1) ground state) coupled to a bi-modal cavity
as a function of pulse Full-Width Half Maximum (FWHM) and pulse area
for a number of different laser detunings (§). Parameters used: F, = 10,
k/2m = 21 GHz.
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When coupled to a single-mode cavity, we find the control process is opti-

mised for larger pulse detunings (9). Figures[6.12aland [6.12b| show the results

for 0 = 5k. We find that, when 6 = 5k, the control process only returns states
with P(pi2) &~ 1 when driving the system with pulses of long duration, or when
the areas of the control pulses are integer multiples of 7. Additionally, we find
the control process is unable to simultaneously access a wide range of possi-
ble ground states, and return a pure state, when the detuning is small. On
the other hand, Figures [6.12¢| and [6.12d| show that when 6 = 20k the control

process is able to access a wide range of qubit states, and also return a state

with approximately unity purity (i.e. P(p12) =~ 1). In fact, at the larger pulse
detuning, we find there is a wide driving parameter regime where states with
P(p12) =~ 1 are returned by the control process. The larger detuning of the
excitation pulses from the optical transitions of the 4L.S minimises the excited
state populations during the control process [173]. As a result, the trion states
are predominantly virtually excited by the control pulses, ensuring the coher-
ence of the control process by removing decoherence resulting from the fast
decay of the trion states [173]. Even at the largest detuning studied, we find
the P(p12) < 1 for the shortest pulse durations. When A7 < 2 ps, even for
0 = 20k, the spectral width of the pulses is large enough to excite a significant
population in the trion states, and thus decoherence from the decay of these
states becomes significant.

We find a near identical behaviour when the 4LS is coupled to a bi-modal
cavity. Figure [6.13| shows that, much like in the single-mode case, the larger
detuning studied returns states with a high purity for a greater range of driving
pulse parameters due to the protection offered against decoherence resulting
from the decay of the excited states. Similarly, we also find the large detuning
enables access to a large range of qubit states while ensuring the control process

remains coherent.

6.6 Summary

In this chapter we have studied the impact of cavity configuration on the op-
tical initialisation, control, and readout of single spins in semiconductor QDs.
We found that while the enhancement of undesired transitions resulting from
coupling to a bi-modal cavity may be mitigated against in the optical spin
initialisation and control stages, these enhanced transitions significantly limit

optical spin readout with a QD coupled to a bi-modal cavity. Likewise, we
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have shown that the range of cavity parameters that optimises spin initialisa-
tion with a bi-modal cavity does not overlap with the cavity parameters that
optimise optical spin readout in this cavity configuration meaning there is no
single set of bi-modal cavity parameters that can simultaneously optimise both
the spin initialisation and spin readout fidelities.

On the other hand, our results show that optical spin initialisation and
optical spin readout may be performed with near unity fidelity over a large
range of cavity parameters when driving a QD coupled to a single, linearly
polarised cavity mode with a square pulse. We find a spin readout fidelity of
R > 99% may be achieved across a broad range of cavity linewidths. Achiev-
ing R > 99%, assuming a pure dephasing rate I'pp < 7, requires a Purcell
enhancement of Fp > 19, while of the parameters studied a cavity width
k/2m = 20 GHz returned the best initialisation fidelity. Moreover, when cou-
pled to a single-mode cavity we find the spin initialisation, and readout stages
are robust against pure dephasing, maintaining the potential to achieve fideli-
ties > 99% at even the largest pure dephasing rates studied.

Furthermore, we have also shown that in the limit of short pulse duration
a Gaussian pulse produces a smaller trace distance in the initialisation stage
than a square pulse of comparable duration. However, while this does provide
a significant time advantage, the best trace distances achieved using Gaussian
pulses are orders of magnitude larger than those achieved with longer square
pulses.

By performing driving pulse parameter sweeps, we have also shown both
single-mode and bi-modal cavities allow optical spin control when directly
driving the QD with two orthogonally polarised detuned Gaussian pulses. For
either cavity configuration, we find this process is optimised when the control
pulses are far detuned from the optical transitions of the 4LS. This detuning
ensures decoherence resulting from the decay of excited state populations does

not degrade the coherence of the optical control process.
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Chapter 7

Crossed Nanobeam Photonic
Crystal Cavities: Part 1

In Chapter [6| we explored how an optical cavity may be employed to improve
the fidelity with which a QD spin state may be prepared and read out using
optical pulses. In this chapter we shall discuss the methods for designing,
and fabricating physical structures that can be used to test the ideas set out
in Chapter [0l This includes a discussion of the methods for simulating op-
tical structures, the growth of QDs, and the optical characterisation of the
resulting phononic samples. We shall begin with a brief overview of Maxwell’s
equations in matter, and how they are used in the Finite-Difference Time-
Domain (FDTD) method for simulating the propagation of electromagnetic
waves. The principles behind guiding and confining light, and the operation of
diode structures is then presented. Finally the chapter closes with an overview
of the growth of QDs and diodes, and the experimental methods used in the
characterisation of the samples studied in Chapter [§]

7.1 Maxwell’s Equations

Maxwell’s equations unified the previously separate fields of electricity, mag-
netism, and light; bringing together Gauss’ law, Gauss’ law of magnetism,
Faraday’s law, and the Maxwell-Ampere law to form a set of four coupled dif-
ferential equations. It is in this differential form that Maxwell’s equations are
useful for computationally simulating the propagation of light through optical
media. This section shall provide a brief overview of Maxwell’s equations in a
material in their differential form as applies to the FDTD method. For a more
in-depth discussion see [174} [175].

129
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The first of Maxwell’s equations, Gauss’ law, states the divergenceﬂ of the
displacement field, D, in a medium is directly proportional to the free electric
charge density, ps

V-D = py, (7.1)

where D is related to the electric field by D = €pe,. E. Here ¢y and ¢, are the
permittivity of free space, and the relative permittivity of the material respec-
tively. Physically we can interpret this law as stating that electric charges are
the source of electric fields. The electric fields diverge from positive charges,
and converge on negative charges. The next of Maxwell’s equations, known as
Gauss’ law of magnetism, states that the divergence of the magnetic induction,
B, is equal to zero

V-B=0, (7.2)

which indicates that, unlike electric monopoles, magnetic monopoles do not
exist. The third of Maxwell’s equations is the Faraday-Lenz law which is given
by 0B

VXE-= ~ 5 (7.3)
This states the cur]E| of the electric field is directly proportional to the time
derivative of the magnetic induction. The Faraday-Lenz law tells us that a
time varying magnetic induction will generate vortices in the electric field.
The final equation, known as the Maxwell-Ampere law, relates the curl of the
magnetic field, H, to the time derivative of the displacement field, and current

density, J, through
oD

VxH—E:J. (7.4)
The magnetic field vector, H, is related to the magnetic induction by H =
toptr-B, where pg and p, are the permeability of free space and relative per-
meability of the material respectively. The Maxwell-Ampere equation tells us
that magnetic field loops are generated by electric currents and time varying

electric fields.

IThe divergence of a vector field produces a scalar field indicating the rate at which the
density of the vector source enters or exits a region of space.

2The curl of a vector field produces another vector field indicating the magnitude and
axis of circulation of the initial vector field.
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(a) (b)

Figure 7.1: A 2D depiction of a segment of a 1D Photonic Crystal (PhC) (a)
approximated on a coarse mesh Yee lattice (b).

7.2 Finite-Difference Time-Domain

The work performed in Chapter |8 will require us to simulate the proper-
ties of optical nanostructures. One approach for computationally modelling
the evolution of electric and magnetic fields in such optical structures is the
Finite-Difference Time-Domain (FDTD) method?] This method uses the time-
dependent Maxwell’s equations in their differential form (Egs. to prop-
agate electromagnetic waves through a given structure. Since the FDTD
method works in the time-domain, it has the benefit of the ability to include
a wide range of frequencies in a single simulation, and animate the simulated
fields easily to show explicitly their temporal evolution. However, for large
regions of interest, or systems with small feature sizes, the FDTD approach
can be computationally expensive, requiring large amounts of memory and
long simulation times. Therefore, for systems that are sufficiently small along
one spatial dimension, it is usually more efficient to use either a 2.5D, 2D, or
eigenmode expansion approach rather than the full 3D FDTD approach used
in this thesis.

To calculate the dynamics of the electric and magnetic fields using the
FDTD method we must first define a region of interest which is then approx-
imated by a lattice, known as a Yee lattice, consisting of an array of uniform
Yee cells. Structures within the simulation region are approximated on the
Yee lattice as a position dependent dielectric map as shown in Figure[7.1] The
FDTD method then uses Faraday’s law (Eq. with a fictitious magnetic
charge current density term, Jpg, subtracted from the right hand side, and the
Maxwell-Ampere law (Eq. to propagate the time-dependent electric and
magnetic fields. The temporal and spatial derivatives of these equations are

approximated by finite differences in space (i.e. the dimensions of the Yee cell)

3For a more detailed discussion of the FDTD method see [176} 177].
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and time (using a time step At). The simulation proceeds from time zero,
when any sources we have included are switched on, using a so-called ‘leap
frog’ approach. The electric field components are calculated along the vertices
of the Yee cells at time t using the electric fields at time t — At, the magnetic
fields at time ¢ — (At/2), and any sources. On the other hand, the magnetic
fields are calculated at the faces of the Yee cell at time ¢ + (At/2) using the
magnetic fields at time ¢ — (At/2), the electric fields at time ¢, and any sources.
The simulation is then halted by either reaching a pre-determined time limit
or by a threshold for the total energy within the simulation region (either low
or high) [176].

7.2.1 Boundary Conditions

In the FDTD simulations our region of interest does not extend indefinitely, but
is instead enclosed by user-defined boundaries. Choosing the correct bound-
ary conditions is critical to ensuring the results of the simulation are accurate.
The different boundary conditions may be separated into three broad cate-
gories: absorbing, metallic, and periodic. Absorbing boundaries are the most
commonly implemented boundary condition, and typically use the Perfectly
Matched Layer (PML) approach. This method uses a number of absorbing
layers in the boundary region to absorb all incident electromagnetic waves
ensuring there are no back reflections at the boundary to simulate free-space
[178]. As the name suggests, periodic boundary conditions are used in the
simulation of periodic structures enabling one to consider only a single unit
cell of a potentially extremely large structure [179] and thus reducing the com-
putational resources required to simulate the structure. The periodicity of the
photonic structure of interest, and thus also the dimensions of a single unit
cell, is then determined by the dimensions of the applied boundaries [176]. It
is important to note that the electromagnetic field with which the periodic
structure interacts must also be periodic for the simulation to be valid [176].
The final boundary condition, metallic, is essentially the opposite of the ab-
sorbing boundary condition. When a boundary is set to metallic any incident
fields are perfectly reflected back into the simulation region, i.e. the boundary
behaves as a perfect electrical conductor. This boundary type requires the

least computational resources of the three boundary condition categories.
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7.2.2 Symmetry

One method for reducing the memory requirements of a simulation is to take
advantage of any symmetries in the structure of interest. Introducing symme-
try to the simulations reduces the overall volume that needs to be simulated.
It is important to note that the correct symmetry must be chosen to account
not only for the structure being simulated, but also the electromagnetic waves
that are also present in the simulation. The simulations of the structures we
shall consider in Chapter [§|make extensive use of different symmetry conditions

along all three spatial dimensions.

7.3 Guiding and Confining Light

The ability to guide light on-chip is one of the essential components for de-
veloping optical-based quantum technologies. There are two main approaches
typically used to confine and guide light on-chip that are relevant here, namely
Total Internal Reflection (TIR) and the engineering of photonic bands through
the modulation of dielectric constants. The cavities studied in Chapter [§| make

use of a combination of these approaches.

7.3.1 Total Internal Reflection

TIR refers to the phenomenon whereby light travelling in a medium may be
reflected back at the interface with another medium of lower optical density.
It is therefore one of the simplest methods for confining light in a dielectric
medium [180]. While possibly the most well known application of TIR is in
the optical fibres used extensively to carry information across the globe, TIR
can also be critical for confinement of light on much smaller scales. Micro-
scale structures such as those using 1D or 2D photonic crystals (discussed in
section , as well as suspended nanobeam waveguides, all rely on TIR to
confine light along one or two axes.

It is important to note that TIR will only occur when light is incident on
the interface between the two media at an angle, measured from the normal
of the interface, greater than the so-called critical angle 6.. This critical angle
defines the angle of incidence where the refracted light will propagate along
the boundary, and is determined by the ratio of the refractive indices of the
two media at the boundary such that 6. = sin_l(ng /nl) where n;(2) are the

optical densities of the two media [180]. The larger the difference in refractive
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indices between the two media, the smaller the critical angle and the greater
the confinement. At 4K, and in the wavelength range of typical InAs QD
emission, GaAs is transparent with a low dispersion and a refractive index
NGaas ~ 3.4. When clad with air (n4;, = 1), this gives a critical angle 6. ~ 17°.
In a physical system, even beyond the critical angle there will be a non-zero

evanescent component of the fields that couples into the second medium.

7.3.2 Photonic Crystals

In contrast to TIR, a PhC use a periodic modulation of the dielectric constant
of a medium to guide and confine light [181]. Analogous to the electronic
band structure of semiconductors discussed in Sec. [3.2.1] this periodic spatial
variation of the dielectric constant results in the formation of optical bands. If
the modulation of the dielectric constant is great enough, and any absorption
is low enough, complete band gaps will open up in the photonic band structure
where no photonic states exist as a result of destructive interference caused by
the periodic variation in the refractive index. Subsequently in the PhC region
light in a given wavelength range will couple evanescently, with the intensity
decaying rapidly within the PhC. Therefore, by engineering the periodicity and
refractive index contrast, we may prevent light from propagating in a given
direction using a PhC. Depending on the number of directions in which the
PhC extends we may classify them as 1D, 2D, or 3D, although the latter is
extremely difficult to realise experimentally. For further details about PhCs
see [181].

To guide or confine light using PhCs, we may introduce defects into their
periodic structure. As PhCs typically consist of an array of air holes etched into
a planar semiconductor material, defects may be introduced through the omis-
sion of one or a series of these holed]] Removing a singe period or small number
of periods from a 1D or 2D PhC confines light to a small spatial region through
the introduction of a defect state to the photonic band gap, creating a cav-
ityP}] Examples of such Photonic Crystal Cavities (PhCCs) include: H1 cavites,
where a single period is removed from a 2D hexagonal PhC lattice [152, 183~
187]; L3 cavities, where three periods in a line are remove from a 2D hexago-
nal PhC lattice [188H191]; Photonic Crystal Waveguide Cavities (PhCWGCs),

combining a waveguide and cavity mode [192} |193]; and nanobeam cavities,

4Defects may also be introduced through the displacement, rather than omission, of the
PhC holes as in, for example, the HO cavity [182].

5In 1D and 2D PhCs TIR is responsible for confinement along the axes into which the
PhC region does not extend.
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where a single period is removed from a linear 1D PhC [155] |194H196]. As the
period of a PhC is on the order of the wavelength of interest, PhCCs have the
potential to give rise to large Purcell enhancements with even modest cavity
quality factors [97] given the tight confinement of light to the defect region.
One may also introduce a linear defect into a PhC to form a PhC waveguide.
Omitting a single row of holes in a 2D PhC creates a defect mode within the
photonic band gap of the PhC. Assuming this mode remains confined out-
of-plane through TIR, light may propagate along this defect mode forming a
so-called W1 waveguide [197}-200].

7.4 Diodes: Principle of Operation

In Chapter |3| we discussed the effects resulting from applying an external DC
electric field across a QD, and how this is often achieved by situating the QD
in a diode structure. However, we did not discuss the details of these diodes,
the principle of their operation, or how one includes QD in such structures.
This section presents an overview of the structure of semiconductor diodes and
their principle of operation, while the next section outlines the growth of
diodes, and epitaxial QD.

As we discussed previously, a standard approach to applying an electric
field across a QD is to situate the QDs in the optically active intrinsic region
of a semiconductor P-I-N diode, although other diode configurations may also
be used [201, 202]. This approach not only allows an electric field to be applied
across the QDs, but also gives control over the injection of charge carriers into
the depletion region of the diode. A schematic of the band structure of a
P-I-N diode is shown in Figure [7.2l A P-I-N diode is formed when three
semiconductor layers with different dopants (or no dopants in the case of the
intrinsic I region) are grown successively. In the P-type region impurities are
added during the growth process with one fewer valence electrons than the
bulk intrinsic semiconductor material [46]. As the energy level of this type
of dopant lies just above the edge of the valence band owing to a different
binding energy, the dopant is able to easily accept electrons from the valence
band (or equivalently donate holes to the valance band) and thus this type
of dopant is commonly known as an acceptor. Including an acceptor in the
intrinsic semiconductor has the effect of increasing the density of holes in the
valence band, and also shifts the Fermi level to the acceptor energy level. In

the N-type region the intrinsic semiconductor is doped with electron donors,
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Figure 7.2: A diagram of the band structure in a P-I-N diode showing the
conduction and valence bands. The built-in voltage (V};) occurs as a result of
the build-up of space charge in the P-type and N-type regions, and has the
effect of ensuring a uniform Fermi-level across the structure.

impurities with one additional valence electron compared to the atoms of the
intrinsic semiconductor [46]. In this case the dopant level lies just below the
conduction band edge, and as a result is able to increase the density electron
density in the conduction band of the N-type semiconductor. Again this has

the effect of shifting the Fermi level, only now up to the donor level.

When a P-type and N-type semiconductor are brought together, with an
intrinsic region between them to form a P-I-N diode, there is initially a discon-
tinuity in the Fermi level. To ensure a uniform Fermi level across the entire
device, the charge carriers introduced by the doping begin to diffuse across the
intrinsic region of the diode. The donors in the N-type region lose electrons
to the P-type region, and the P-type region loses holes to the N-type region,
until the Fermi level is equalised. This leaves a fixed space charge in the two
doped regions creating a built-in electric potential across the intrinsic deple-
tion region. The energy related to this built-in electric field is approximately

equal to the band-gap energy of the intrinsic semiconductor (i.e. Eg ~ qVj;).

In addition to the built-in voltage, we can apply an external electric bias
to the diode to alter the strength of the electric field in the intrinsic region.
Applying a forward bias reduces the potential difference between the P-type
and N-type semiconductor regions (i.e. Vy, = Vi; — V). Alternatively, applying
a reverse bias increases the potential difference between the doped regions (i.e.
Vi = Vi + V). Hence by applying an external bias to the P-I-N diode one is
able to control the magnitude of the electric field across the intrinsic region
of the diode where QDs are typically situated. In Chapter |8 a reverse bias is

used to study QD emission.
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Figure 7.3: The Stranski-Krastanov (SK) growth process for Self-Assembled
Quantum Dots (SAQDs). A GaAs layer is deposited on a sacrificial AlGaAs
layer. An InAs Quantum Dot (QD) layer is then deposited on the GaAs layer.
The difference in lattice constants between these two layers, GaAs and InAs,
results in the spontaneous formation of inverted lens shaped islands on the
surface of the InAs. Capping with a further GaAs layer forms the optically
active QDs.

7.5 Wafer Growth

7.5.1 Stranski-Krastanov Growth

QDs embedded in bulk semiconductor layer structures are commonly grown
using the Stranski-Krastanov (SK) growth mode, also known as self-assembly.
The prevalence of SK growth is a result of the high optical quality of the formed
Self-Assembled Quantum Dots (SAQDs). The best SAQDs have transform
limited linewidths (T3 = 277, see Section on the order of 1 peV .
Self-assembly relies on the presence of strain in a semiconductor to form
SAQDs. This strain is introduced by the consecutive deposition of semiconduc-
tor layers with differing composition and lattice constants. Thus SK growth
requires the ability to control the composition of individual semiconductor
monolayers throughout the growth process. Such accuracy can be achieved
using now well-known crystal growth techniques such as Molecular Beam Epi-
taxy (MBE) or Metal-Organic Chemical Vapour Deposition (MOCVD )]
Figure[7.3|shows an illustration of the SK growth process for InAs SAQDs.
The process begins with the deposition of GaAs layer onto any previously
deposited semiconductor layers. The InAs QD layer, known as the wetting
layer, is then deposited onto the substrate. There are two main reasons InAs is

used as the wetting layer material on a GaAs substrate. Firstly, as mentioned

6Metal-Organic Chemical Vapour Deposition (MOCVD) is sometimes referred to as
Organo-Metallic Vapour Phase Epitaxy (OMVPE) or Metal-Organic Vapour Phase Epi-
taxy (MOVPE).
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previously self-assembly requires a mismatch in the lattice constant of two
adjacent semiconductor layers to introduce strain. InAs and GaAs have a
7% lattice constant mismatch [204} 205] which is sufficiently large to build up
the required strain in the InAs layer to form SAQDs. Secondly, InAs has a
smaller band gap[]] than GaAs ensuring confinement of charge carriers to the
InAs layer. Above the so-called critical thickness (one to two monolayers),
it becomes energetically favourable to relieve the strain in the wetting layer
through the formation of inverted lens shape islands on the surface of the 1-
2 nm thick wetting layer [204], 205]. This occurs at the expense of increased
surface energy [204, 205]. Self-assembly is an inherently stochastic process and
thus these islands form at random spatial positions with a distribution of sizes.
Deposition of a capping layer E], a process known as overgrowth, forms optically
active SAQDs by increasing the distance to any surface defects that may cause
non-radiative relaxation processes [206]. Overgrowth also alters the shape of
the SAQDs from inverted-lens to truncated pyramid, and diffusion of gallium
from the capping layer alters the SAQD composition [206]. After overgrowth
SAQDs typically extend 2-5 nm in the growth direction (out-of-plane) and
approximately 20 nm in-plane [205].

Quantum Dot Registration

While SAQDs may have excellent optical properties, their random distribu-
tion sizes and positions becomes problematic when considering the scalability
of on-chip quantum circuits, and yield of devices. The coupling of a QD to the
mode of an optical cavity, for example, is dependent on the spatial and spectral
position of the QD relative to the cavity mode (Eq. . Using a probabilis-
tic approach to fabrication is inefficient, often resulting in optical components
containing spectrally unsuitable QDs at sub-optimal spatial positions. Addi-
tionally, the size and shape of QDs affects their optical properties. Hence a
probabalistic approach to fabrication ultimately limits the potential to develop
complex quantum circuits as these structures require multiple identical QDs.

QD registration is a category of techniques that may be used to prede-
termine the spatial location of SAQDs on a sample before the fabrication of
on-chip optical components. Combined with spectroscopic techniques, reg-
istration allows on-chip structures to be accurately fabricated around pre-

selected SAQDs with pre-determined locations and suitable optical properties.

"The band structures of semiconductors is discussed in Section
8The capping layer and substrate are usually formed from the same constituent semicon-
ductor material.
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Such quantum dot registration techniques include Atomic Force Microscopy
(AFM) [207], Scanning Electron Microscopy (SEM) [208, 209] , Cathodo-
Luminescence (CL) [210], and Micro Photoluminescence (pu-PL) [211-213].
While all of these techniques are able to determine the position of a single QD
with an error below 50 nm, only CL and p-PL are able to determine both the
spectral properties and spatial locations of the SAQDs. AFM and SEM both
require an additional u-PL step to determine the spectral properties of any

registered SAQDs.

The most commonly used quantum dot registration technique is p-PL. Us-
ing a so-called two colour technique, p-PL can be used to quickly determine
the positions of SAQDs relative to a series of pre-patterned alignment markers
over a large area [211 [212] (see Figure [7.4). To achieve this two LEDs are
used simultaneously to illuminate the sample |211, 212]. The first LED off-
resonantly excites the SAQDs to produce an intensity map which can be used
to determine the spatial positions of the SAQDs by fitting 2D Gaussian point
spread function [211} [212]. The second LED is used to image the alignment
markers with their position being determined by a fitted Gaussian. The result
is simultaneous imaging of both the SAQDs and the alignment markers. Us-
ing this technique single SAQDs have been located with an average standard
deviation error of just 4.5 nm using a 1 second exposure [212]. The spectral
information of the SAQDs is obtained after registration by incorporating a
tunable laser into the system [211} 212] (see Section for more detail).

Before the two colour p-PL method, single-colour pu-PL spectroscopy was
used either in isolation with pre-patterned alignment markers on the sample
[213] or combined with photolithography to pattern alignment markers in a
photoresist when a suitable SAQD was located [214]. In single-colour p-PL a
laser is scanned across the surface of the sample to locate and determine the
optical properties of a SAQD [213, 214]. Photolithography can then be per-
formed with the same laser to pattern alignment markers by simply increasing
the laser power [214]. However, the drawback with the single-colour p-PL tech-
nique is that it requires more time to complete than the two-colour method.
This increase in the required time also increases the potential for misalignment
in the system. Post-registration, fabrication of on-chip structures must take
place in a separate step using conventional EBL techniques with the alignment

markers being used to determine the positions of the on-chip structures [213].

The same basic principles that apply to single-colour pu-PL also apply to

CL. However, rather than scanning a laser across the surface of the sample to
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Figure 7.4: A schematic diagram of a typical image of an area of Self-Assembled
Quantum Dots (SAQDs) and four alignment markers (crosses). The SAQDs
appear as bright spots on in the image that can can be fit with a Gaussian
function to determine their central positions. Using a filter before the camera
removes (QDs emitting at undesired wavelengths from the image.

excite the QDs as done in single-colour p-PL, an electron beam is used instead.
Therefore it is possible to combine CL with the lithographic fabrication of
on-chip components using EBL into a single technique referred to a Cathodo-
Luminescence Lithography (CLL) . This removes the need for alignment
markers and additional fabrication steps making CLL a potentially simpler
and more accurate technique than pu-PL .

7.5.2 Site-Controlled Growth

QD registration goes some way to mitigating the disadvantages of self-
assembly. However, developing truly scalable complex optical circuits on-chip
with a high yield requires deterministic growth of QDs to control their size
(and hence optical properties) and position . This deterministic growth
is known as Site-Controlled Quantum Dot (SCQD) growth and is currently a
very active area of research.

One method of SCQD growth uses a lithographically pre-patterned array
of nano-holes etched in either the bulk substrate or on the surface of
a lithographically defined mesaﬂ to act as nucleation sites when the
wetting layer is deposited as in SK growth. Adjusting the size of the mesa has

9A mesa is a flat elevated region terminated by steep edges.



7.5. Wafer Growth 141

been demonstrated to enable control of the QD density at the mesa’s centre,
preventing the growth of interstitial QD{Y] [220]. Furthermore, the occupation
of the nano-holes has been shown to be dependent on their depth [220], and
diameter [219].

Unfortunately the process of etching the nano-holes introduces surface ef-
fects that significantly broaden the Zero Phonon Line (ZPL) linewidth of single
SCQDs near the re-growth surface [215]. Crystal defects at the re-growth sur-
face created by the etching of the nano-holes trap charges near the SCQDs
causing spectral diffusion [215]. To overcome this the initial SCQDs may be
used as a spectrally distinct or optically inactive seed layer for further SCQD
growth in subsequent layers [215-217, 221, 222]. Using a seed layer to intro-
duce a separation between the re-growth layer and optically active QDs on the
order of 20 nm [219] has led to state-of-the-art observed ZPL linewidths of 43
ueV [222], 25 pueV [219] and 7 peV [215] at cryogenic temperatures (<12K)
under non-resonant excitation, although these are still much broader than the
transform limit. Narrow ZPL linewidths (18-30 pueV) [223] and single photon
emission [224] have also been achieved from SCQDs using inverted pyramidal
recesses, rather than nano-holes, without the need for a seed layer.

Despite the typically broad ZPLs of SCQDs, Purcell enhancement of the
emission from a single SCQD embedded in an L3 PhCC has been observed
[225]. Using this technique a QD has been positioned within an optical cavity
with an error of 50 nm [221} 225 matching the precision of QD registration
techniques. Furthermore, reduced absorption within the cavity due to the
presence of only a single SCQD (rather than multiple SAQDs) has been theo-
rised to lead to an increase in the measured quality factor of the cavity [221].
Coupled with this, measurements performed on SCQDs with ZPL linewidth
on the order of ~ 10 nueV have shown the properties of the SCQD to be on-par
with those of SAQDs [215]. Thus SCQDs with narrow ZPL linewidths show
promise as triggered sources of indistinguishable single photons [215].

An alternative approach to SCQD growth that does not involve the etch-
ing of pits has also been explored. It has been shown that a buried oxide
(Al,Gay_,As/AlO,) stressor layer can be used to alter the strain on the sur-
face of thick GaAs buffer layer [226, [227]. The larger lattice constant of InAs
compared to the GaAs buffer results in preferential formation of InAs QDs

at the points of maximum surface strain in the GaAs layer (i.e. points of

10The density of QDs can also be reduced by increasing the temperature of the substrate
thereby increasing the diffusion length of the In adatoms, but this also has the effect of
increasing the QD dimensions [219].
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Figure 7.5: A schematic of the designed layer structure of the semiconductor
wafer on which the cavity structures characterised for this thesis were fabri-
cated. The layer are differentiated as follows: blue indicates a GaAs layer,
grey a AlGaAs layer, and orange the InAs wetting layer. The layers form a
P-I-N diode with the Quantum Dots (QDs) in the intrinsic region.

minimum strain in the InAs layer) when the wetting layer is deposited .
The ability to include a thick buffer layer while maintaining the surface strain
field induced by the stressor layer allows the SCQDs to be formed far from the
stressor layer interface where surface effects could degrade the optical quality
of the QDs . As a result resolution-limited ZPL linewidths as low as 40
eV have been observed using p-PL [227].

7.5.3 Wafer Structure

The QDs studied in Chapter |8 were grown using the SK growth mode, and
embedded in a P-I-N diode structure. Figure shows the designed layer
composition and structure of the SF1520 wafer grown by the EPSRC National
Epitaxy Facility at the University of Sheffield. The InAs QD layer is embedded
between two 5 nm thick undoped GaAs spacer layers, with a further 30 (50)
nm of undoped AlGaAs grown above (below) these layers. The asymmetric
undoped AlGaAs layers act as barriers reducing the probability that a charge
carrier will tunnel out of the QD layer. This not only stabilises the charge
environment around the QDs, but also allows for large tuning of the QD emis-
sion wavelengths using the Quantum-Confined Stark Effect (QCSE). These
undoped layers form the intrinsic region of the P-I-N diode. The top contact
of the diode is formed from a 50 nm thick layer of P-doped GaAs, which in

addition to the intrinsic region of the diode and an additional 30 nm thick
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Figure 7.6: A schematic of a Continuous-Flow Cryostat with optical access.

layer of N-doped GaAs below the bottom tunnelling barrier forms the 170 nm
thick membrane into which any photonic crystal devices are etched. A sacri-
ficial layer is also included in the wafer design beneath the wafer membrane
consisting of 200 nm of N-doped AlGaAs and 800 nm of undoped AlGaAs.
This layer is selectively removed during the sample fabrication process to form
suspended free-standing photonic structures. The last layer of the wafer is the
300 nm of N-doped GaAs that forms the bottom negative contact of the diode.

7.6 Experimental Methods

7.6.1 Cryostat

The experiments presented in Chapter |8| were all performed at cryogenic tem-
peratures (approximately 4-5 K), and under vacuum. To achieve these condi-
tions the samples were mounted in a Continuous-Flow Cryostat, a schematic
of which is shown in Figure[7.6| The continuous-flow cryostat can be generally
separated into two areas, the vacuum chamber and the transfer line. The vac-
uum chamber houses the sample to be studied. The sample is mounted within
a chip carrier which is itself mounted to a copper cold-finger that extends into
the vacuum chamber. The chip carrier enables electrical control of the diodes
fabricated on the sample, and ensures the sample maintains thermal contact
with the cold finger throughout the experimental characterisation process. A
glass window in the top of the vacuum chamber allows optical access to the
sample for this characterisation. To cool the sample to cryogenic temperatures,
liquid helium is continuously pumped through the transfer line. Thermal con-
tact between the transfer line and cold finger reduces the temperature of the
cold finger, and thus also the sample mounted in the vacuum chamber. The
vacuum is necessary to prevent the build-up of condensation on the surface of,
and heat flow to, the sample when at the cryogenic temperatures used here.

The main advantage of the continuous-flow cryostat compared to a bath cryo-
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staﬂl;r] is the speed and ease with which samples may be mounted, measured
and characterised, and exchanged. However, this comes at the disadvantage of
reduced optical stability owing to vibrations originating from both the pump
required to maintain the flow of liquid helium, and the general environment.
As a result, the continuous-flow cryostat is not suited to measurements that

require long integration times or high stability.

7.6.2 Optical Characterisation

A schematic of the experimental set-up used to characterise the optical cavity
devices studied in Chapter [§is shown in Figure[7.7] Light from the excitation
laser and/or white light lamp (introduced into the optical path by a pellicle
beamsplitter) is focused onto the sample using an objective lens mounted above
the optical window of the cryostat. This set-up allows two positioning methods
to be used to adjust the alignment of the objective lens and the sample. Coarse
positioning of the sample is achieved by adjusting the x-y micrometer stages
to which the continuous-flow cryostat is mounted. On the other hand, fine
control of the positioning and focus of the excitation and collection spots is
achieved by mounting the objective lens to an x-y-z piezo stack and adjusting
the alignment of other optical components within the set-up. The light emitted
by, and reflected and scattered from, the sample is then collected by the same
objective lens and directed to a second beamsplitter. The component reflected
by this beamsplitter is used to image the surface of the sample using a standard
camera set-up, while the transmitted component is passed to a spectrometer
via an optical fibre. To ensure that only the emission from the sample is
passed to the spectrometer, a long-pass filter is included before the optical
fibre to remove the component originating from the white light lamp. The
spectrometer is then used to measure the spectral properties of the cavity
modes and QD emission using a liquid-nitrogen-cooled Charge-Coupled Device
(CCD).

Optical Cavities

Initial characterisation of the confined modes of the cavity structures fabricated
on the sample was achieved by performing low temperature pu-PL spectroscopy
focusing an above-band-gap laser on the cavity centres. The above-band-gap

laser excites charge carriers in the semiconductor material surrounding the

"n a bath cryostat the sample is cooled by immersion in liquid helium. The sample is
held within an evacuated tube containing an exchange gas (often helium) at low density.
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Figure 7.7: A schematic of the optical Micro Photoluminescence (p-PL) set-up
used to characterise the cavity samples. The objective lens is mounted above
the flow cryostat on x-y-z piezo stages for fine control of the focus and position
of the excitation spot. The spectrometer contains three gratings with: 600,
1200, and 1800 1/mm.

QD layer in the wafer. A bias across the sample, either applied or the built-in
potential, sweeps some of these free charge carriers into the QDs where they
decay to the energy levels closest to the InAs band edges before recombining
and emitting a photon. The QDs then act as internal light sources exciting
the cavity modes. Measuring the light scattered out-of-plane from the cavity
centres using the experimental set-up previously discussed then allows the
properties of the cavity to be determined. Fitting the observed peaks in the
cavity spectra with a Lorentzian function allows the cavity mode wavelength
to be determined as well as the cavity @Q-factor, a measure of the damping due
to photon loss from the cavity. This can be calculated from the spectral peaks

using
We  Ac

A T A
where w. (A.) is the central frequency (wavelength) of the cavity mode and
Aw (AN) is the FWHM of the spectral peak in frequency (wavelength) units.

(7.5)

Quantum Dots

The initial characterisation of individual QDs is achieved in much the same

way that the characterisation of optical cavity modes is achieved. The main
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difference is that the excitation power used is a fraction of that used when
characterising a cavity mode (a few pW compared to hundreds of uWs). The
lower power enables individual QD emission lines to be resolved without be-
ing obscured by, for example, cavity mode lines or general background noise.
Because of this reduced excitation power a longer integration time is required

when characterising QDs.

7.6.3 Spectroscopy

As mentioned previously, the main method used in the characterisation of
the fabricated optical cavity structures was spectroscopy. These spectroscopic
measurements were performed using a grating spectrometer. Specifically, the
spectrometer used in Chapter |8| was a Princeton Instruments Acton Spec-
traPro SP750i with a Princeton Instruments Pylon CCD. The spectrometer
allows one to perform a spectral analysis of the light emitted from the sample
by spatially separating the different frequencies of light before they are focused
on to the CCD. This spectral separation is achieved by directing the collected
light towards a diffraction grating. The turret in the spectrometer used con-
tains three gratings with: 600 Imm™!, 1200 Imm~?, and 1800 Imm~!. For the
characterisation of the cavity structures the 600 Imm ™! grating was used due
to the broad nature of cavity spectral lines, and the higher efficiency of the
grating. The 1200 Imm™! grating was used to characterise the QD emission
lines measured in Chapter [§| to improve the resolution of the measurement,
but also maintain a reasonable measurement time during which the drift of

the sample would be minimal.



Chapter 8

Crossed Nanobeam Photonic
Crystal Cavities: Part 11

In Chapter [7| we outlined the methods used in the design, and characterisation
of optical nanostructures, as well as the growth of QDs. In this chapter we
shall describe the cavity structures that were fabricated to provide an avenue

for experimentally testing the theoretical work presented in Chapter [0}

8.1 Introduction

Coupling QDs to optical cavities provides a number of significant potential ben-
efits for realising quantum technologies. Decreasing the timescales on which
optical processes occur, through a Purcell enhancement of the decay rate of
the excited states of a QD, reduces the relative importance of pure dephasing
mechanisms by ensuring a disparity between the timescales on which radia-
tive and non-radiative transitions occur [82]. Furthermore, coupling QDs to
optical cavities may be employed to both suppress the laser background re-
sulting from the resonant excitation of QDs [158, 159, and ensure preferential
coherent emission into the ZPL over incoherent scattering into the phonon
side-band [97], |115} [228]. This suppression of any resonant laser background,
and the preferential coherent emission into the ZPL, are both important for
increasing the indistinguishability of the photons emitted by single-photon
sources. In Chapter [6] we also studied how cavity structures may be employed
to improve the fidelity of optical spin initialisation and readout, two processes
required for the implementation of optical quantum technologies. However,
thus far we have not discussed what the physical implementation of such a

cavity structure might look like.

147
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Figure 8.1: A diagram of a bi-modal Crossed-Nanobeam Photonic Crystal
Cavity (XNBPhCC). The cavity is formed by four ‘arms’ each consisting of a
nanobeam waveguide and two Photonic Crystal (PhC) Bragg mirrors, an inner
modulated Bragg mirror and an outer uniform Bragg mirror.

To be used in on-chip optical quantum technologies it would be advanta-
geous for any optical cavity structures to have a number of properties. The
cavity structure must be able to support solid-state, single-photon emitters.
Any cavity design must also have the potential to be integrated into scalable,
on-chip optical circuits. Additionally, it would be preferable for the under-
lying architecture of the cavity structure to be able to support single-mode
and bi-modal cavities by altering the design to allow the benefits of either
configuration to be used in different scenarios as discussed in Chapter [l The
Crossed-Nanobeam Photonic Crystal Cavity (XNBPhCC) is a structure that
appears to have the potential to meet all of these criteria. Previous studies
of XNBPhCCs have already demonstrated that they can support two near-
independent cavity modes , and also demonstrated their suitability for
applications in non-linear frequency conversion . In this chapter we shall
study the properties of XNBPhCCs both theoretically using FDTD, and exper-
imentally using the methods outlined in Chapter [7], to demonstrate additional
properties of the XNBPhCC structure that make them suitable for applications

in quantum technologies.

8.2 Device Design

The XNBPhCCs studied in this chapter were designed using an intuitive ap-
proach, and simulated using the three-dimensional Finite-Difference Time-
Domain (FDTD) software from Lumerical Solutions, Inc. (see Section[7.2]
for more information on the FDTD method). The XNBPhCC structure con-
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sists of two 1D nanobeam PhCCs orientated orthogonally to one another,
overlapping at their cavity centres where a single PhC hole is absent. This re-
sults in a single structure composed of four ‘arms’ extending in the the £2 and
49 directions in a 4+ configuration with each ‘arm’ consisting of a nanobeam
waveguide containing Photonic Crystal (PhC) Bragg mirrors that may be sub-
divided into two distinct Bragg mirror classes (see Figure .

The first of these PhC mirror classes is the modulated Bragg mirror. These
modulated mirrors lie nearest to the cavity centre and consist of n; PhC holes
of increasing radius and period moving out from the cavity centre, linearly
increasing the Filling Fraction (FF) (the ratio of PhC hole area to total PhC
period area). Tapering the PhC holes reduces the mode profile mismatch
between the waveguide mode and PhC mirror Bloch mode by incrementally
adjusting the effective refractive index of the PhC mirror [231]. This reduces
scattering losses at the interface between the central cavity region and the PhC
mirror improving the quality factor (Q-factor) of the cavity [231]. The design
of the modulated Bragg mirrors is critical to obtaining a high Q-factor in the
XNBPOhCC structure. Without careful consideration, we find additional low-()
cavity modes may be introduced to the structure that are confined to the inner
modulated Bragg mirrors. As these modes are not localised to the centre of
the cavity they would not contribute to the Purcell enhancement of any QDs

located at the cavity centre, but may degrade the fundamental cavity mode.

The second distinct PhC mirror class is the uniform Bragg mirror. These
mirrors flank the inner modulated Bragg mirror with n, identical PhC holes
with a constant FF. It is these mirrors that provide a majority of the in-plane
confinement of the light within the cavity structure. An optional second modu-
lated Bragg mirror may be included after the uniform Bragg mirror identical to
the inner modulated mirror, but tapering in the opposite direction. This sec-
ond modulated mirror provides a smooth transition in the effective refractive

index for light emitted from the cavity into the optical mode of the waveguide.

From our FDTD simulations of the XNBPhCCs, we find this design sup-
ports two nearly independent, orthogonally linearly polarised cavity modes
with electric fields that decay evanescently into the modulated Bragg mirrors

with significant (minimal) penetration in the axis orthogonal (parallel) to the

dipole polarisation vector (see Figures [8.2a and [8.2b]), agreeing with [155].
This design of the XNBPhCCs allows one to optimise the wavelength and Q-
factor of the cavity modes by altering (see Figure |8.2¢): n;, n,, the length of

the central cavity region (L), the semi-minor radii of the initial hole of the
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Figure 8.2: (a) and (b) The simulated electric field profiles of the two modes
of a bi-modal Crossed-Nanobeam Photonic Crystal Cavity (XNBPhCC). E,
and F, indicate the polarisation of the dipole source used to excite the cavity
model in Lumerical’s Finite-Difference Time-Domain (FDTD) software. The
fields show anti-nodes localised to the material in between the mirror holes.
(c¢) A labelled schematic of a bi-modal XNBPhCC structure indicating the
parameters used in the device design.

modulated Bragg mirror (ry) and uniform Bragg mirror holes (r, ), the hole ec-
centricity (e) such that the semi-major hole radius is related to the semi-minor
radius by 7rpq; = €rmin, and lastly the initial period of the modulated Bragg
mirror (ag) and the period of the uniform Bragg mirror (a,). Maintaining the
uniform mirror parameters and hole radii, we find adjusting L. and ag allows
the wavelength of the cavity mode to be altered within a given wavelength
range without a large impact on the @Q)-factor. We also find the cross-sectional
dimensions of the nanobeam waveguides impact the properties of the cavity
modes. However, here these parameters are fixed by the requirement for sin-
gle TE-mode propagation along the waveguides while remaining suitable for

integration into diodes.
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Figure 8.3: The simulated (a) Q-factor and wavelength, and (b) relative cou-
pling efficiencies, of the two cavity modes of a bi-modal Crossed-Nanobeam

Photonic Crystal Cavity (XNBPhCC) as a function of the number of uni-

form Bragg mirror periods in the cavity arm along the —x direction (n(_z)).

All other cavity arms have n, = 10. For all cavity arms n, = 4. The sim-
ulations were performed using the Finite-Difference Time-Domain (FDTD)
method with software from Lumerical.

8.2.1 Asymmetric Cavity Emission

In addition to supporting symmetric cavities, our design of the XNBPhCCs
also allows for asymmetric emission from the cavity modes by independently
adjusting the number of uniform Bragg mirror periods in each of the four arms
of the cavity structure. Reducing the number of uniform Bragg mirror periods
(n,) in one of the cavity arms reduces the reflectivity of that mirror relative
to the second arm along the same axis. This results in a stronger coupling
between the cavity mode and the guided modes of the nanobeam waveguide
in the direction with the smallest n,. Figure [8.3| shows the effect of altering
the number of uniform mirror periods in the —z arm of the cavity leaving all
other cavity arms with n,, = 10. As one would expect, Figure [8.3al shows that
reducing the mirror strength in the —x cavity arm reduces the @Q-factor of
the co-polarised cavity mode without significantly changing the wavelength of
that cavity mode. Figure also demonstrates the near independence of the
two cavity modes as both the Q)-factor and wavelength of the cross-polarised
cavity mode are unaffected by the change in mirror strength in the co-polarised
cavity axis. The effect on the relative coupling strengths between the cavity

modes and waveguide modes is shown in Figure |8.3bl We define the coupling
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Figure 8.4: A schematic of a single-mode Crossed-Nanobeam Photonic Crys-
tal Cavity (XNBPhCC). The uniform Bragg mirrors along a single axis are
removed leaving only the modulated Bragg mirrors in that axis. The orthog-
onal axis maintains both the modulated and uniform Bragg mirror regions.

efficiency between the cavity and waveguide modes as [152, [190]

Q;)lc’r‘oss - Q(_fl
Neco(cross) = ( 11 ) (81)
Qtat

where )
Qtot - (Qc_ol + Q;ﬂ}ms - Ql}l) ) (82)

and Qu is the Q-factor of the cavity when un-coupled from the waveguide
modes, i.e. when n, — 0o. Again, Figure[8.3b] demonstrates the near indepen-
dence of the two cavity modes as the coupling efficiency of the cross-polarised
cavity (i.e. the unaltered cavity mode) mode remains unchanged as the cou-
pling efficiency of the co-polarised mode increases with decreasing n, in the
—x cavity arm. Such directionallity could prove useful in the construction of
on-chip optical circuits, enabling information to be reliably passed on to the

next node in the chain or allowing the structure to act as an optical switch.

8.2.2 Single-mode and Bi-modal Cavities

From Figure|8.3| we find that when the number of uniform Bragg mirror holes is
reduced to one, the Q-factor and coupling efficiency of the co-polarised cavity
mode go to zero and unity respectively, while the cross-polarised cavity mode
maintains its high @Q-factor, low coupling efficiency, and wavelength. Thus
by removing the uniform Bragg mirrors from a single axis, the XNBPhCC
structure can be made to support only a single linear cavity mode while main-

taining access to the orthogonal polarisation via a waveguide mode. However,
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our FDTD simulations show that to maintain the remaining cavity mode in
the orthogonal axis, the modulated Bragg mirrors need to remain in all four
cavity arms as can be seen in Figure [8.4] This ability to support either one or
two linearly polarised cavity modes while maintaining access to both orthog-
onal linear polarisations independent of the cavity configuration makes these
structures ideal for experimentally testing the theoretical work discussed in
Chapter [6]

8.3 Optical Characterisation

8.3.1 Cavity Q-factor and Polarisation

As discussed in Chapter [7] the properties of the cavity structures were deter-
mined by performing pu-PL measurements using the set-up shown in Figure(7.7]
The samples (see Figure 8.5 for SEM images of some example structures) were
mounted in a continuous-flow cryostat, and held under vacuum at a temper-
ature of approximately 4 K. An above-band CW diode laser at A = 808 nm,
with a measured power of 150 uW, was focused on the sample through the
optical window of the cryostat using an objective lens to a spot size on the
order of a few micrometres. To determine the mode structure and cavity Q-
factor, the excitation laser spot was aligned with the cavity centre, and the
light emitted vertically from the cavity centrd!] was collected using the same
objective lens as in the excitation path. The properties of the cavity modes,
such as @Q-factor, could then be determined by directing the collected cavity
emission to a spectrometer

Figure shows a selection of emission spectra for four different cavity
structures. These spectra confirm the potential for the XNBPhCC structure
to support either a single-mode (Figure or bi-modal (Figure cavity
by excluding or including the uniform Bragg mirrors along one of the cavity
axes as demonstrated in our FDTD simulations. Furthermore, by measuring
the FWHM of the spectral peaks, the Q-factor of the cavity modes could be
determined. Of the cavity structures studied that showed cavity modes, the
highest @-factors measured were 3600 > @ 2= 3000.

Inserting a linear polariser into either the collection or excitation path of
the set-up allowed the linear and orthogonal nature of the cavity modes to

be verified. Figure shows the polarisation dependence of the two cavity

'Excitation and collection of light from the cavity centre will be referred to as the C-C
alignment.
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Figure 8.5: Scanning Electron Microscopy (SEM) images of the Crossed-
Nanobeam Photonic Crystal Cavity (XNBPhCC) devices fabricated by Dr.
René Dost. Images courtesy of Dr. René Dost. (a) An overview of the array of
cavity devices fabricated on a single diode. (b) A narrowed down SEM image
of a singe cavity device including Bragg grating out-couplers at the ends of the
nanobeam waveguides. (c¢) A magnified SEM image of the Photonic Crystal
(PhC) holes in a cavity device designed to support a single cavity mode with
directional emission. Each nanobeam waveguide is approximately 14 um long.
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Figure 8.6: Spectra showing the modes of (a) two single-mode cavity devices
and (b) two bi-modal cavity devices. The spectra were taken at high power
(uW) with a 1 s exposure time. All cavity modes shown have @) 2 3000. Small
lines originating from higher order modes of the excitation laser can be seen
at A = 911 nm and A ~ 926 nm.

modes of a bi-modal cavity structure when the polariser was orientated to
maximise the spectral peak of each cavity mode. It can be seen that aligning
the polarisation of the linear polariser and one of the cavity modes to max-
imise its spectral peak completely extinguishes the observed emission from the
second cavity mode. Furthermore, the maximisation and minimisation of the
cavity spectra occurs at orthogonal polarisations confirming the linear and or-
thogonal nature of the polarisation of the two cavity modes in the bi-modal

configuration as expected from the FDTD simulations.

Comparing the experimentally measured Q)-factors with those predicted by
the FDTD simulations there is clearly a large discrepancy in the two values.
There are a number of potential reasons for this difference in the theoretical
and measured ()-factors. Absorption of light from the cavity by, for example,
excess non-resonant QDs [221] resulting from the SK growth process or dopant
impurities [232] may account for some of the losses. Additionally, imperfections
in the fabrication of the PhCs such as: deviations from the design, random
variations in the PhC hole sizes, side-wall roughness, or angled side-walls vary-
ing the hole radius or nanobeam width vertically through the structure, may
also account for the reduced measured (Q-factor. These imperfections in the
fabrication also lead to the mode splitting observed in the bi-modal cavity

spectra, as these structures were designed with degenerate cavity modes.
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Figure 8.7: The polarisation dependence of the modes of an asymmetric bi-
modal cavity structure taken with a linear polariser in the excitation/collection
path orientated at orthogonal polarisations. The measured Q)-factors of the two
modes, (Qr—932.8 nm = 3100 £ 20 and QQr—935.1 nm = 1600 + 30, differ due to the
asymmetric cavity design discussed in Sec. [3.3.2,

8.3.2 Directional Coupling

Having established the potential for the XNBPhCC structures to support ei-
ther a single-mode or bi-modal cavity, and the nature of the polarisation of
these cavity modes, we now wish to demonstrate directional emission from
the cavity mode as discussed in Sec. [8.2.1] Initial evidence of this directional
emission from a cavity mode can be seen in the emission spectrum of an asym-
metric bi-modal cavity shown Figure [8.7 Determining the spectral linewidths
of the cavity peaks using a Lorentzian fitting function, the Q-factors of the
two modes were determined to be Q = 3100 + 20 for the shorter wavelength
mode, and () = 1600 £ 30 for the longer wavelength mode. From the FDTD
simulations presented in Sec. [8.2.1], such a difference in the @Q-factors of the
two cavity modes would be an expected characteristic of a bi-modal cavity
with directional emission from a one of the cavity modes. This is a result of
reducing the strength of the mirror in one of the cavity arms naturally reducing
the Q-factor of that cavity mode.

However, to confirm the directional nature of the emission from the cavity
mode we perform pu-PL measurements now exciting and collecting at different
spatial positions over the cavity structure. By exciting at the grating out-
couplers located at the end of the cavity arms as can be seen in Figure [8.5b}
and collecting above the centre of the cavity, we can compare the direction-
dependent coupling efficiency between the cavity and waveguide modes. As

the excitation laser used is above-band (A = 808 nm), it is photoluminescence
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Figure 8.8: Cavity spectra showing directional emission from a single-mode
cavity device. The cavity modes were excited via the out-couplers at either
end of the z-axis nanobeam, and light was collected from above the centre of
the cavity. The measured )-factor of the device is ) = 1300 =+ 40.

emission resulting from absorption of the excitation light near the outcoupler
that propagates along the waveguide and excites the cavity mode. Figure |8.8
shows an example of such a spectrum exciting and collecting above the cavity
centre (C'—(C') of a single-mode cavity, and exciting either end of the nanobeam
with the cavity mode and collecting above the cavity centre (X; 2 — C'). Com-
paring the X, — C spectra it is clear than in the X; direction there is no
coupling between the waveguide mode and cavity mode as the absence of the
cavity peak in the spectrum indicates no light from the excitation laser was
able to reach the centre of the structure. On the other hand, a peak in the
spectrum at the cavity mode wavelength can be seen when exciting at the Xy
outcoupler, thus demonstrating the asymmetric coupling efficiency between

the cavity mode and waveguide mode.

8.3.3 Quantum Dot Coupling

To be used in on-chip optical circuits the XNBPhCCs must be able to both
support and couple to optically active QDs in addition to supporting high
quality factor cavity modes. To identify any QDs coupled to the cavity devices
we again used an above-band excitation laser exciting and collecting above
the cavity centre, only now reducing the power and extending the integration
time. Reducing the excitation power incident on the sample and increasing the
integration time allows any individual QD emissions lines to be identified in

the emission spectrum without being obscured by the cavity mode, other QD
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Figure 8.9: Spectra showing Quantum Dots (QDs) tuning across the cavity
mode (approximately indicated by the dashed line) of two single-mode cavity
devices. The spectra were taken at low power (2 uW) exciting and collecting
above the centre of the cavity.

emission, emission from higher order QD states, or general background noise
as discussed in Chapter [7]

As discussed in Chapter [3] the resonance of a QD can be tuned through the
application of an electric field as described by the Quantum-Confined Stark
Effect (QCSE). Figure [8.9|shows low power bias dependent u-PL spectra taken
by exciting and collecting above the centre of two different cavity devices. In
both bias dependent spectra two QD emission lines can be seen to tune across
the cavity mode of a single-mode structure as the potential difference applied
across the diode was varied. The QD lines were observed to tune roughly 1
nm, increasing in intensity as they moved towards the cavity mode resonance.
This increase in intensity could be due to a Purcell enhancement increasing
the rate of emission from the QD. The absence of the QD spectral lines outside
of the -1 V to 0 V bias range likely indicates a change in the charge state of
the QDs.

8.4 Discussion

Using the optimal cavity parameters found in Chapter [6] we can calculate the
Q-factor values these structures would require to be suitable for optical spin
initialisation, and readout. In Chapter [f] we observed using a single-mode
cavity the readout process was nearly independent of the cavity linewidth,
and thus it was the spin initialisation stage that placed the bounds on the

required cavity linewidths. To achieve both a spin initialisation and readout
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fidelity greater than 99% a Purcell enhancement of the |2) — |4) transition of
Fp =19 and a cavity linewidth in the limits 20 < /27 < 40 GHz depending on
driving conditions would be required. Converting cavity linewidth to Q)-factor
assuming A\, = 930 nm yields limits to the Q-factor of 16200 = @ = 8000.

Realising a high-fidelity spin-photon interface would therefore require a
minimum of approximately a three-fold increase in the cavity Q-factors demon-
strated in this chapter. This should be achievable as nanobeam PhCC struc-
tures in the literature have demonstrated Q-factors on the order of 10* —
10° [194) 195]. There are a number of paths that could produce such an in-
crease in the ()-factor utilising the designs outlined in this thesis. Firstly,
through multiple iterations the fabrication process could be further optimised
to produce cavity structures that more faithfully reflect the design parame-
ters. Secondly, changes to the design of the cavity structures could be made.
The cavity design could be further optimised to produce a higher theoreti-
cal @Q-factor value which, assuming a similar percentage decrease in the Q-
factor resulting from fabrication imperfections, could also improve the mea-
sured Q-factors. Likewise, it may be possible to increase the resilience of the
cavity modes against fabrication imperfections through changes in the cavity
design. Finally processes such as surface passivisation may be employed to
further improve the experimentally measured ()-factor, and reduce the spread
of cavity wavelengths, through the suppression of surface recombination cen-
tres [169]. Additionally, fabricating the cavity structures around registered or
site-controlled QD (see Chater 7] for more information) would improve the yield
of devices with spectrally suitable QDs at the cavity centre, and could also lead
to an improvement of the ()-factor by reducing the number of off-resonant QDs

in the structures [221].

In addition to applications as a spin-photon interface, the XNBPhCC struc-
tures show promise for implementing on-demand single-photon sources in on-
chip in-plane optical circuits. Previous studies have demonstrated that bi-
modal cavities with two orthogonal linearly polarised cavity modes may be
used to develop high-brightness high-purity single photon sources [159, 233].
This has been achieved by using the cross-polarised nature of the cavity modes
to suppress the excitation field in the output mode by exciting and collecting
from different cavity modes, and the Purcell enhancement of the diagonal tran-
sitions present in a charged QD in a Voigt geometry magnetic field to improve
the brightness [159} 233]. However, the cavity structures in which this has been

demonstrated are not suited to integration in a scalable on-chip in-plane opti-
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cal circuits. The XNBPhCCs present a potential solution to this, maintaining
the cavity properties demonstrated in previous studies, including directional
emission from the cavity mode, only in an in-plane photonic structure. Fur-
thermore, the potential to maintain access to the orthogonal polarisation in a
single-mode XNBPhCC structure gives rise to the possibility of increasing the
brightness by improving the cyclicity of the driven A-system.

8.5 Summary

We have demonstrated the XNBPhCC structure is capable of supporting lin-
ecarly polarised cavity modes with Q-factors on the order of 10% in either a
single-mode or bi-modal configuration. Furthermore, we have also demon-
strated emission from the cavity mode via the cavity mirrors can be made
to be directional in either cavity configuration by individually adjusting the
number of uniform Bragg mirror periods in each cavity arm. Lastly we have
shown that these structures are also not only able to support and couple to in-
dividual optically active QDs, but also still allow optical tuning via the QCSE

by applying an external bias despite the small area of the cavity centre.



Chapter 9
Conclusion and Outlook

The work presented in this thesis addresses a variety of important areas re-
garding the behaviours of open quantum systems under pulsed optical exci-
tation, and the influence of coupling to an optical cavity or a thermal bath
in such driving regimes. From this we have developed a theory that is valid
beyond the limits of widely used phonon-coupling models, and demonstrated
the importance of cavity configuration in optical spin initialisation and read-
out processes. Additionally, we have designed and characterised a photonic
nano-cavity structure with properties that make it potentially suitable for ap-
plications in quantum technologies, including as a spin-photon interface, based

on the theoretical calculations presented in the thesis.

9.1 Phonon Effects Under Pulsed Resonant

Excitation

In Chapters @] and [5| we studied the impact of phonon coupling on the prop-
erties of a QD under resonant pulsed excitation. Using the Markovian full
polaron model with a time-dependent drive, we demonstrated that under reso-
nant pulsed excitation coupling to a phonon-bath induces an asymmetry in the
pulsed emission spectra at low temperatures. This effect is not captured by a
simple pure dephasing model, further demonstrating that such an approach is
not adequate for capturing the full effects of phonon-coupling. Additionally, to
move beyond the limits of weak optical driving and weak system-phonon cou-
pling, we extended the variational polaron model to derive a time-dependent
variational polaron model. In doing so we provide a formalism for studying the

effects of pulsed optical driving of phonon-coupled systems that remains valid
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in parameter regimes where the weak-coupling and full polaron models break
down. When driving a QD with short optical pulses, we have demonstrated
that the QD eigenstates are only weakly coupled to the low frequency phonon
bath modes during the pulse. Thus in this limit the weak-coupling model re-
mains valid at low temperatures, while the full polaron model over-estimates
the phonon induced damping. Accordingly, when driving with short optical
pulses one can accurately predict the evolution of the states of a QD using
the weak-coupling model which, of the three models studied, is the least com-
putationally demanding model, and thus fastest to perform calculations with.
Conversely, in the limit of long pulse duration we have shown a good agree-
ment between the full polaron and time-dependent variational polaron models
at low temperatures. On the other hand, the dynamics returned by the weak-
coupling model now over-estimate the phonon-coupling effects as it samples
the phonon spectral density closer to its peak owing to predicting no renor-
malisation of the Rabi frequency. Hence, when driving in the regime where
) < w,, our results confirm the polaron model, the second least computation-
ally demanding of the models, is suited to accurately predicting the dynamics
of a QD under pulsed excitation at low temperatures. However, driving in
the intermediate pulse FWHM regime neither the weak-coupling nor polaron
models return consistently reliable results. We also find this is the case in the
high temperature regime regardless of the pulse duration. In these regimes
our time-dependent variational polaron model is required to provide accurate
results across the range of pulse areas studied. Due to the larger number of
correlation functions compared to the weak-coupling or polaron models, the
time-dependent variational polaron model is the most computationally expen-
sive of the phonon models used in the thesis. However, of the three models it

also has the largest range of validity.

There are a number of approaches that could be followed to extend the
work presented in Chapters[d and 5] Taking the Markovian limits of the weak-
coupling and time-dependent variational polaron models would allow spectra
to be calculated from these models, and compared with the spectra presented
in this thesis. Using cQED, full cavity effects could be included in the weak-
coupling, full polaron, and variational polaron models to study the interplay
between the impact of coupling to a phonon-bath and cavity mode. Further-
more, this work could be extended to systems beyond the epitaxial semicon-
ductor QD with phonon-coupling defined by sub-Ohmic and Ohmic spectral

densities, regimes where the full polaron model breaks down, in addition to
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the super-Ohmic spectral density used in Chapters [4] and 5] Additionally, the
predictions made by the time-dependent variational polaron model could be
tested experimentally by measuring Rabi rotations as a function of the driving
pulse area as detailed in [121] 122], only performing these sweeps for a range

of different pulse parameters and temperatures.

9.2 Optical Spin Control with Cavity-Coupled

Quantum Dots

In Chapter [0l we explored how an optical cavity may be employed to enhance
the spin initialisation, control, and readout processes when driving a nega-
tively charged QD with finite optical pulses, and how the inclusion of cavity
effects enables all three processes to take place under a single applied mag-
netic field geometry. Comparing the effects of a single-mode, and bi-modal
cavity configuration, we found that for the spin initialisation process both
cavity configurations may be conducive to fast, high-fidelity state preparation
when driving the system with either a square or Gaussian optical pulse. Fur-
thermore, we have also shown that when directly driving the QD with two
far detuned Gaussian pulses of orthogonal polarisation, both cavity configu-
rations are compatible with complete coherent control of the prepared spin
state. However, for optical spin readout, the Purcell enhancement of the lin-
early polarised vertical transitions resulting from coupling to a bi-modal cavity
significantly limits the range of cavity parameters for which the readout suc-
cess rate may be optimised. We therefore find that, unlike the single-mode
configuration, there is no single set of bi-modal cavity parameters that may

simultaneously optimise the spin initialisation and readout processes.

This work may naturally be extended by applying the phonon theory de-
veloped in Chapters [4] and |5 to move beyond the simple pure dephasing model
presented. Applying appropriate phonon-coupling models to the optical spin
initialisation, control, and readout processes would further increase the accu-
racy with which optimal cavity parameters could be identified by more accu-
rately modelling the dephasing processes experienced by QDs. Furthermore,
the theoretical predictions outlined in Chapter [6] could be tested using the

photonic nano-cavity structures detailed in Chapter
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9.3 Crossed-Nanobeam Photonic Crystal Cav-
ities

In Chapter [§ we both theoretically and experimentally studied the proper-
ties of a XNBPhCC, consisting of two orthogonal nanobeam PhCCs overlap-
ping at their centres. Our FDTD simulations showed that such cavities may
be designed support either a single linearly polarised cavity mode, or two
near-independent orthogonal linearly polarised cavity modes. Furthermore,
by altering the number of PhC mirror periods along a given axis or FDTD
simulations demonstrated that these cavity modes could be made to couple
directionally to the waveguide mode. These properties, along with the abil-
ity to support QDs at the cavity centre, were then demonstrated using low
temperature u-PL spectroscopy.

The clear extension of this work would be to improve the Q-factor of the
fabricated XNBPhCC devices. A number of methods for achieving this were
outlined in Chapter [§| including design optimisation, and surface passivation.
The calculations performed in Chapter [ obtaining a Q-factor on the order of
10* would enable a demonstration of spin control in these structure, potentially
using site-controlled or registered QDs discussed in Chapter [7} Additionally,
this work could be extended to demonstrating the suitability of these structures

in the implementation of single-photon sources.
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Appendix A

Parity Transition Selection
Rules

In this appendix we shall show how the parity operator excludes the diago-
nal matrix elements from the spectral decomposition of the transition dipole
operator.

The dipole operator is given by
d = —qr, (A1)

where q is the charge. The unitary parity operator, II, acts to change the sign

of the position operator, 7, such that
A = —7. (A.2)

Multiplying the both sides of this equation to the right by II, we see the

anticommutation relation of the parity and position operators is then
{IL,7#} =TIr + rIl = IIr — IIr = 0. (A3)
The matrix elements of the anti-commutator are then given by
W {TL7}16) = (0|17 +7T11g) = (g +7) (W1710) =0, (A)

where 7, and 7, are the non-zero expectation values of the parity operator.
For this relationship to hold the diagonal matrix elements must be zero and

there must be a change of parity i.e. m, = —m,.
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Appendix B

Correlation Functions for the

Polaron Theory

In this appendix we shall derive the environment correlation functions used in
the Polaron theory derived in Chapter [4]

When the linear coupling terms between the Quantum Dot (QD) and
phonon bath are removed by setting oy = gx/wk, the non-zero bath corre-

lation functions are

1
B, = 5 (B + B- —2B),

1
By = (B~ - By), (B.1)
B = <B:|:>7

where By =[], D(ax), and B_ =[], D'(cas), and the displacement operators
act such that

DT(Oék)bD(Oék> = (b + Ckk),

(B.2)
D(a)bD'(ag) = (b — ay).

We shall begin with the derivation of the average displacement of the environ-
ment, B = (By). In the coherent state representation, the thermal state of

the phonon bath may be written as
pr =) / d*ay, P o) o Yo - (B.3)
k

Using this thermal state, and the relationships: |5) = D(8)|0), D(a)D(b) =
e = D(b)D(a), and D'(a)D(a) = D(a)D'(a) =1 [234], we find the average
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displacement of the phonon bath is given by

p= =] [ #8:P(B) (30l D )
-1 [ #8:2(8) (0] D'(5) D) D) 10)
_ H/d BP(B)e 5= (0] D(y,) 0)
_ H / d2ﬂk—e T HonlF) (0] (BA)
_ H/dQB’“w_We T o (B 6k o
— exp{—5 ; i—% Coth(%)}
:exp{—%/ooo wjf;j) coth%“’}.

where [d*B = [da [ dvy for § = a+iv. To find expressions for the remaining

correlation functions it will be useful to find calculate the expectation values

of different combinations of B.

(Be()B=() = | [(D(£an) D(xay))
— H fzwkakaktD(:l:a ) zwkaiakte zwkakakt D(:l:Oé ) 1wkazakt/>

- H gitmlaPeton(tt >)<D(ioz(em + ert)))
_ H ei|ak|2 sin (wg (t—t")) <D(i&k(eiwt + eiwkt’)»

_ | | i|ag|? sin (wg (E—t')) 7§|:|:akei“’kt:|:akewkt/\2coth(ﬁ%)

_ Heuam sin (wp (1)) o —lok ? coth (255 ) _—Jaag |? (cos(ewr(t—')) coth (252 ) )

x?m‘?r N

. (cos(wk (t—t")) coth(ﬁ%))

_H zjsln(wkt t)) coth( ) -2

_ B2y E((“’S(“k(t*t’)) coth (255 ) ~isin(w(t-t')) )
— BQ€7¢(t,t/)’

(B.5)

where we have used D(a)D(b) = elI™@)D(q + b), e-alat D(g)eiwa’at —
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D(ae™"), Im(e*) = sin(z), and where in the continuum limit the phonon

propagator, ¢(t,t'), is given by

ot t) =3 i’)—% (cos(wk(t — ) coth(%) — isin(wi(t — t’)))
ko k (B.6)
= /0 dw Jj)c;}) (cos(w(t — 1)) coth(%) —isin(w(t — t’))).
Similarly
(Bi(t)Bz(t") = B ). (B.7)

From these definitions we find (B,(t)B,(t')) = (B,(t)B.(t')) = 0. Further-
more, as (B, (t)B.(t")) = (B-()B_(')) and (By(t)B_(t')) = (B-()B+(t'))

1
2
- (B.8)
2

In the continuum limit (and with the substitution 7 = ¢ — ') the polaron

correlation functions are thus given by

B?
B2
Ayy(7) = 7(ew) — o), (B.9)

Ayy(7) = Ayo(7) = 0,

where

6(7) = /0 ) (cos(or) coth (%“’) ~isin(wr) ) o, (B.10)

w?
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Appendix C

Correlation Functions for the

Variational Polaron Model

In this appendix we shall derive the correlation functions used in the time-
dependent variational polaron model. Rather than the three bath operators in
the polaron model, we now start with four non-zero bath operators as we no
longer choose the coupling strength to cancel the liner coupling terms between
the Quantum Dot (QD) and phonon bath. These four bath operators are given
by

1
20 (C.1)

C.1 Polaron-Type Correlation Functions

We shall start with the polaron-type correlation functions. Making a compar-
ison with the polaron model, we see three of the bath operators maintain a
polaron form only now with the inclusion of time-dependence arising from the
variational function, F'(w,t). From this we can assume some of the variational
polaron correlation functions take a polaron form. Following the same deriva-
tion as in the polaron model only now with ay(t) = fi(t)/w = gpF(w,t)/w we

can write the average displacement of the phonon bath in the in the continuum
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limit of the time-dependent variational polaron formalism as

B(t) = exp{—%/ooo dw%gww2 oth(ﬁzuj)}. (C.2)

To derive the remaining polaron-type correlation functions we can follow the
same procedure as set out in Appendix [B] only with a different form of the

coupling strength ay. Doing so yields
(C.3)

where in the variational polaron model the phonon propagator, ¢(t,t'), is now

given by

pltt)=>" g’“F(w’“Z)QF(wk’ ) (Cos(wk(t — ') coth(%) — i sin(wy(t — t’)))
. k
:/“de(w)F(w,t)F(w,t’)

(cos(w(t —t)) coth(%) —isin(w(t — t’))).

w2
(C4)
The polaron-type correlation functions in the variational polaron limit are thus
given by
wa(tt <¢(tt)+ —o(tt") _ 2)7
Ay, (t, 1) ( o(tt) —¢>(tt)) (C.5)

Ay (£, 1) :AW(t, ) = 0.

In Chapter 4| we move the factors of the time-dependent Rabi frequency, Q(¢),
into the correlation functions yielding €2,.(t) = Q(t)B(t).

C.2 Cross-Term Correlation Functions

Now we have our polaron-like correlation functions, we can move on to de-
rive the correlation functions involving both the polaronic bath operators, and
the additional weak-coupling-type bath operator (B,(t)) we now have in the
variational polaron formalism. To do this we shall first consider only a single
bath mode, and then move on to generalise for the multi-mode case. Consid-

ering the correlation between a single bath mode and the weak-coupling bath
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operator yields

(D)) = [ E5P(5) (Gu] D) (e + b))
— [ @6:P(5) 0] DYDY (L + hi®he ™) D(50) o)
— [ @3P(E) (01D (B DGIO D) [0

+ (0 DY (B DG (1)bre ™+ D(8) [0))
= [ 3P0 (e (0] D' (5 DGO )

+ Bt (0] D' () D(6)biD(B) [0))
= [ @3P(E) (e 0] D' (5)DEMLD () D(E) D) 10)
Bt (0] D'(B) D(6) D(B) D' (B)by D) [0) )
= [ @85 (ha()e™ (0] DY (B0 ~ 5D DA DGD(5) 10)
+ B (D)™ (0] DY (B D(6) D(Bi) (b + ) 10))
= [ @3P() (e (0] 0]+ B)D' (3D D(E) 0
— 37 (01 D' (B D(6) D(5i) [0)) + hi(B)e ™ (0] DI (8 D(8) D(B) (b + 5:) 10}
= [P (B~ 5" m(E) + Bul(¢)e ) (0] DY (5 D(E)D(5) o)
= / 3P (B) (B — 0k) B () + Bh (1 )e Tkt ) 0= Pudi o =Ioul?/2
_ () / i ((By — 00) ha(t)e s + Byhip(t)e ")
_ (%) (Gemicha (£ — (14 ng)ophi (t)e ")

(C.6)

In this derivation we have used the relationships: 5]0) = (0| b = 0, DD =
DD' = 1, and Df(a)aD(a) = (a + «) and D(a)aD(a) = (a — «) [234].

From here we can move to the multi-mode case by making the substitution
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Ox — ag(t)e™*t. This yields

<Bi( ) Z Oék nkhk Zwk(t*t/) _ (1 + nk)hZ(t/)efiwk(tft’))

(nkhk zwk (t—t") h*( ) —twg (t—t') nkhz (t/)e—iwk(t—t’)>

=4 B Z <nkhk lwk (t—t') h*( ) —twg (t—t") nkhz(t/)e_iwk(t_t/)
k

1 1

+ §hk<t/)eiwk(t7t') _ Ehk(t/)eiwk(pt') + §nkhz (t/)eiw’“(tftl)
1 , | . P | . ,
_ §nkh* (t/)ezwk(t—t ) + §nkhk(tl)e—zwk(t—t ) _ §nkhk(t/)e—zwk(t—t ))

=+ B( Z f]:uk {(anhk( ) (e g emirt=)

1 . / 1 . / . /
+ Enkh]: (t/) (ezwk (t—t") + e—zwk(t—t )) . Ehz (t/) (ezwk(t—t ) + o~ Wk (t—t )))
1 , / 4 , 1 . , 4 ,
+ <§nkhk(t/) (elwk(tft ) efzwk(tft )) + Enkhz(t/) (elwk(tft ) efzwk(tft ))

_ %hz (t') (eiwk(t—t’) _ e—iwk(t—t'))> }
=+ B(t) Z f]:f:) {COS (wi(t — 1) [nehw(t') — nhip (') — hi ()]

+isin(we(t — ) [eha(t) + nihii(#) + hi(t)] }

(C.7)

Remembering that hy(t) = >, (gx — wrar(t) + i,k (t)) = Yo (g1 — fult) +
iwk_latfk(t)) and ny, = (e #* — 1)~ this then becomes

(B+()B.(t)) = £B(1) Y fi®) {cos (wit — ) [wik coth(%)&tl Folt)

Wk

+All) — ] +isin (e 1) [coth(%) (gn — Fut)) — w%wm’ﬂ 3
(C.8)

as 2(ny + 1/2) = coth(fwg/2). Rearranging this yields

(BL(t)B.(t")) = £B(t Z fr(t) {%_—M [2 coth(%) Sin(wk(t — t’))

— cos (wy(t — t’))} + Zatﬁ%( ) [COth(ﬁT) cos(wy(t —t')) — i sin(wk(t — t’))] }
(C.9)
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From this form we see that (B, (t)B,(t')) = 0 and

1

(By(8) B=()) = (5 (B-(1) = By (1)) B=(t))

= - (BB = B, (1) B.))
— iB(t) Z fi(?) (gk - fk(t’)) [ZCOth(ﬁwk> sin(wk(t _ t/)) _ Cos(wk(t _ t'))]

W
L k

-I—ZB()ZM[ < )COS wi(t —t) —isin(wk(t—t'))],
!

Wk

(C.10)

using (B_(t)B.(t')) = —(B,(t)B,(t')). Moving to the continuum limit yields

A (t,t) = B(t) / h dw{
J(@)F(w,)(1 = F(w,1)

w

[C%h(%) sin(w(t — t)) + i cos(w(t — t’))]
N J(w)F(w,t)0p F(w,t)

5 ’ [z sin(w(t —t)) — coth(%u) cos(w(t — t’))} }

(C.11)

w

We redefine the cross-correlation function such that Aj_(¢,t') = iA,.(¢,7') to
ensure the useful relationship A*(#',t) = A(t,t') yielding

N (1) = B(t) / h dw{
J(@)FPw,t)(1 = F(w,)

[i coth(%) sin(w(t —t')) — cos(w(t — t’))]
[z’ coth(%) cos(w(t —t')) + sin(w(t — t’))} }

(C.12)

I (w)F(w, t)%t/F(w, t')

w2

C.3 Weak-Coupling Correlation Function

The final correlation function to calculate is the weak-coupling-type correla-
tion function arising purely from the additional bath operator, B,(t). To cal-
culate this correlation function we shall make use of the relationships (bzbk/) =
O (b)) = 0, (BLbLY = (bpby) = 0, [b, bp] = Oppr. Calculating the correlation
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between the weak-coupling-type bath operators then yields

(B:(1)B:(t)) =
Z( (£)bfe™*" + hy(£)bee ™) (hi ()bl + Ry (¢ )bre ™))

_Z<hk V(¢ )bEbLE ) - by (1) i ()bl bre™ 1)

+ B (£ B (# Ybblie ™) - B (£ B ()b~
_Z |:hk hk bTbT> iwg (t+t") + hk(t)h*( )(bTb > iw(t—t")

+ B (6 () (bl ) e =) - b (4) Hye () (b e ‘i“k(m/)}
=S ()R (BEb) ) 4 B () hi () (bb) e+~ t)}
=3 | ORi ) Bib) e + R ()i () (Db + 1)e—w<t—t’>]

= 3 OB e 4 B (R () s+ D) )] o)

_ :hk(t)hZ(t’)nk (cos(w(t — ') + isin(w(t — 1))

(et = B () = B (DRt ) isin(eo(t — 1)

=5 [{ (e oo ey + PBOXI gy
Oy fk (t/) (9tfk (t)

—i(gr — fr(t))

T ilon = Sult)) W o } cos(wy(t — 1))
+ {i ((gk — [i(t"))O:fi(t) — (g — fk(t))at/fk(t’)> (20 + 1)

Wi
— (g — fe(®))(gr — fu(t)) — atfk(tzuag/fk(t ) }ism(wk(t - t'))]’

where we have again defined hy(t) = >, (gk — wray(t) + i@tak(t)) => (gk —
fr(t) + iw;lﬁtfk(t)), and ny, = (e7#“* — 1)~ such that (2n, +1) = COth(%’J).
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Rearranging correlation function becomes

(B.(t)B.(t") = Z{(Qk — fx(t) (g — fk(t'))} (cos(wk(t —t)) coth(%)

— i sin(wg(t — t/))) + atfk(tﬁglfk(t/) (cos(wk(t —t") coth(%)
((gr — fu(®))0cfi(t) — (gr — fr(t))Ow fr(t))

— isin(ws(t — t’))) n o

X (z cos(wy(t —t")) — sin(we(t — ) coth(%)).

(C.14)

Taking the continuum limit, the weak-coupling correlation function is given by

A (t,t) =

[, et eon () costote ) st =]
(C.15)

where u(w,t) =1 — F(w,t) + iw 0, F (w, t).

C.4 Recovering the Polaron Model

We can recover the Polaron model from our full variational polaron model
by by setting F(w,t) = 1Vt and 0, fi(t) = 0. In this case the cross-terms
(A, = A,,) and weak-coupling (A.,) type correlation functions go to zero,

leaving only the polaron-type correlation functions non-zero.

C.5 Recovering the Weak-Coupling Model

By setting F(w,t) = 0Vt and ax(t) = 0Vt we can instead recover the weak-
coupling limit from the full variational polaron model. In this case it is the
polaron-type and cross-term-type correlation functions that go to zero as well
as leaving B(t) = 1Vt (i.e. Q.(t) = Q(t) and §,(t) = §). The only remaining
non-zero correlation function is the weak-coupling correlation function given

by

A(t ) = /0 N de(w)(coth(%") cos(w(t — ') — isin(w(t — t’))). (C.16)
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The non-Markovian weak-coupling master equation is then

%Ps(t) = —il,0l0 + @am ps(t)] — ([UTU, 0.(1)ps ()] + [ps (1)61(2), UTG]),
(C.17)

where .
0.(t) = / olo(t',t)A..(t, t)dt, (C.18)

is the non-Markovian rate operator. Under the Markov approximation we can
take the upper limit of the integral in the environment rate operator to infinity

to remove its time dependence.



Appendix D

Unitary Transformation of a
Four-Level System Coupled to a
Bi-modal Cavity

In this appendix we will transform the Hamiltonian describing a Four-Level
System (4LS) in a Voigt geometry magnetic field coupled to a bi-modal cavity,
and driven by a classical laser pulse from the laboratory frame to a reference

frame rotating at a frequency wg.

D.1 Lab-Frame Hamiltonian

The lab frame Hamiltonian describing such a cavity-coupled system is given
by H = Hy+ H; + HSP(t) + HS(t), where

A% Al Al t
7 (22 — 011) + (wo — 7)033 + (wo + 7)044 + Z UGy Qy,
A=X.Y

H():

H] = Z g,\(a'A+a'f\)(aA+a:r\),

A=XY
H2P(t) = — Z Qa(t) cos (wit)oy + h.c.,
A=XY
HE(t)=— Y ex(t)cos (wit)(ax + al).
A=X)Y

181
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D.2 Rotating Frame Hamiltonian

To move to a rotating frame of reference we need to perform a unitary trans-
formation such that the total Hamiltonian in the rotating reference frame is
given by

H(t)=U@®)HHU (t) + z’(%U(t))UT(t), (D.2)

as derived in Section [3.4.1] We perform this transformation using the unitary

operator
U(t) _ eint(a;(aX+a§/ay+U33+U44) (DB)

From here we can calculate the second term on the right hand side of Eq.
by taking the derivative of Eq. with respect to time. Doing so produces

., 0
z(aU(t))UT(t) = —wR(a}aX + a;ay + 033 + 044). (D.4)
To calculate the first term on the right hand side of Eq. we can make use
of the individual cavity modes and 4LS being described by different Hilbert
spaces. This allows the total unitary operator (Eq.|D.3|) to be separated into
the tensor product of three separate unitary operators, each acting on one of

the three Hilbert spaces, such that

U(t) = U (£) © UL (t) ® Ugp(t) = ert{akax) @ giunt(ahav) g guant(3y+iaxa),

(D.5)
Starting with the unitary operators acting on the cavity modes we define
ax(t) = UA(t)ax(UA(L))T where UA(t) = eiwrt(@lar)  Taking the derivative of
a(t) with respect to time yields

Dran(t) = (Q:UE(1))ax(UA(H))" + Uz (H)ax(0:(U(1))"). (D.6)
Substituting in UA(t) yields

day(t) = icuRa;a,\Ué(?ﬁ)aA(Ué(t))T + Uév(t)a)\(—ina:r\a)\)(Ué'(t))T

. (D.7)
= iwr(afaU2(t)ar (U2 (1))" — Ua(t)aralar (U (1))
The commutator between UA(t) and alay is
[UA(t) aTaA] _ i (iwgt)" [(CLT@)\>TZ aTaA}
clt), ay —~ "l A » Q) (D.8)
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hence we can re-write the derivative of a(t) with respect to time as
drax(t) = iwrUA(t)[akax, ax](UA))T. (D.9)

Using the commutation relation between the cavity raising and lowering oper-

ators ([a,a] = 1) it can be shown that [alay, ay] = —ay and therefore
dax(t) = —iwrUA(t)ax(UA(t)T = —iwgan(t), (D.10)
which has the formal solution
ax(t) = aye “r", (D.11)

and therefore al (t) = al e,

We must now also apply the unitary transformation to the 4LS degrees of
freedom. We can also calculate UQD(t)UU(BD(t) for each of the 4LS operators,
as we have already done for the individual cavity modes. Taking the Taylor

expansion of Ugp(t) yields

4 IR AL
Ua(t) = cotomroa) 52 B oo
n'

(int)Z

2 (0'33+0'44>2—|—...

=1 + (’int)(033 + 0'44) —+

4 .
~ iwgt)?
- <Z Ujj) + (iwrt) (033 + 0aa) + %(033 +ou) +

J=1

(D.12)

(int)Z
2!

= 011 + 092 + (1 + (iwgrt) + + ...)(033 + 044)

wrt
= 011 + 099 + €“F* (033 + 044),

where I = Z?:l oj; is the identity matrix. Applying the QD unitary operator

in this form to the QD transition operators we find

Ugp(t)oi;Ubp () = oje

, (D.13)
UQD(t)Uz‘TjU(gD(t) = U;iewta

for © € {1,2} and j € {3,4} where 0;; = |i)(ji|. The oy with k € {1,2,3,4}

operators remain unchanged by this unitary transformation. Applying all of
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these transformations to the components of the lab frame Hamiltonian yields

~ JAN: Al
Hy = 2B (022 — 011) + (wo — wr — 73)033
Ah
+ (wo — WR + TB)O'44 + Z (l/)\ - wR)aia)\,
A=X,Y
lf][ _ Z 9 (a;ei“Rt + a/\e—z‘th) (cr;eth + CTAG_int),
e (D.14)
= O\ (t) - . . 4
HgD(t> _ Z /\2( )(ezwlt + e—zwlt) (O';szRt + O')\G_Zth),
A=X,Y
r7C _ ) (t) dwyt —dwyt —iwpt T iwgt
Hy(t) = — Z T(e tp e ) (axe + a\e™rt).
A=XY

Using the Rotating Wave Approximation (RWA) we can replace the counter
rotating terms (i.e. terms with w; + wg in the exponent) with their zero time

averages to find

~ A€ Al
0= QB (092 — o11) + (Wo — wg — 73)033
Ah
-+ (u)(] — WR + 73)0'44 + Z (VA — WR)CL;CL)\,
A=X,Y
Hy = Z graro + gharo,
A=XY 0 (D.15)
HgD(t> _ Z >\2 (O_lefi(wlwa)t + O,)\ei(wlwa)t>
A=X,Y
. t . ‘
Hg(t) _ Z 6)\2( ) (a/;efl(wlwa)t + a)\el(wlwa)t>.
A=X,Y

Thus in the case where wr = w; the time dependence in the exponential terms
cancel leaving the only time-dependence originating from the pulse’s envelope
function. Setting wr = wy recovers the Hamiltonian used in studying optical

spin control.
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