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Abstract

In this thesis, we investigate two important notions of category theory: monads

and multicategories.

First, we contribute to the formal theory of pseudomonads, 7.e. the analogue
for pseudomonads of the formal theory of monads. In particular, we solve a
problem posed by Lack by proving that, for every Gray-category %', there is
a Gray-category Psm(.#") of pseudomonads in #". We then establish a triequiv-
alence between Psm(.#") and the Gray-category of pseudomonads introduced by
Marmolejo and give a simpler version of his proof of the equivalence between
pseudodistributive laws and liftings of pseudomonads to 2-categories of pseudoal-

gebras.

Secondly, we introduce the notion of a distributive law between a relative monad
and a monad. We call this a relative distributive law and define it in any 2-
category K. In order to do that, we introduce the 2-category of relative monads
in a 2-category K. We relate our definition to the 2-category of monads in K
defined by Street. Thanks to this view we prove two theorems regarding relative
distributive laws and equivalent notions. We also describe what it means to have
Eilenberg-Moore and Kleisli objects in this context and give examples in the 2-

category of locally small categories.

Finally, we consider multicategories. It is known that monoidal categories have a
finite definition, whereas multicategories have an infinite (albeit finitary) defini-
tion. Since monoidal categories correspond to representable multicategories, it
goes without saying that representable multicategories should also admit a finite
description. With this in mind, we give a new finite definition of a structure called a
short multicategory, which has only multimaps of dimension at most four, and show
that under certain representability conditions short multicategories correspond to
various flavours of representable multicategories. This is done in both the classical

and skew settings.
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Introduction

Context and Motivation

Monads are one of the fundamental notions of category theory [Mac7l,
Chapter VI|. An example of the utility of monads is that they provide a homoge-
neous approach to the study of categories of sets equipped with algebraic structure,
such as groups and monoids [BW85]. Furthermore, Beck’s theorem on distributive
laws between monads [Bec69] describes concisely the structure that is necessary
and sufficient in order to combine two algebraic structures, so that the operations
of one distribute over those of the other. For example, the monads for groups
and for monoids can be combined via a distributive law to define the monad for
rings. In this context, the formal theory of monads, originally introduced by
Street [Str72] and later developed further by Lack and Street [LS02], has offered
an elegant and mathematically efficient account of the theory of monads, starting
from the observation that the notion of a monad can be defined within any 2-
category (so that the usual notion is recovered by considering the 2-category of
categories, functors and natural transformations). Among many other results,
Lack and Street’s work provides a characterisation of the existence of categories
of Eilenberg-Moore algebras as a completeness property and, importantly for our

purposes, a simple account of Beck’s theorem on distributive laws.

In recent years, motivation from pure mathematics, e.g. in the theory of
operads [FGHWO08, FGHW17, GJ17, Gar08], and theoretical computer science,
e.g. in the study of variable binding [FPT99, CW05, Curl2, TP06b], led to signif-
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icant interest in pseudomonads [Lac00, Mar97, Mar04, Wall9], which are the
counterparts of monads in 2-dimensional category theory, obtained by requiring
the axioms for a monad to hold only up to coherent isomorphism rather than
strictly [Bun74]. Here, one of the key issues has been the proof of a counterpart of
Beck’s theorem on distributive laws, which requires a satisfactory axiomatisation
of the notion of a pseudostributive law [CHP03, Mar99, MWO08, Tan04, TP06al,
building on early work of Kelly [Kel74] on semi-strict distributive laws. This is
a difficult question because such a notion necessarily involves complex coherence

conditions.

Monads can also be generalised in another way. It is known that they were
first introduced as endofunctors S: C — C with natural transformations
m:S? — S and s: 1c — S acting as multiplication and unit. Then, Manes
[Man76, Definition 3.2] introduced the equivalent notion of a Kleisli triple,
which relies on a mapping of objects S: Ob(C) — Ob(C), an extension operator
sending any map f: X — SY to one of the type ff: SX — SY and a family
of maps sx: X — SX. In recent years, monads with this description have
been called no-—iteration monads or (left) extension systems, and they have
been studied in [Her20, MMO07, MVM17, MW10]. This description of monads
leads to a generalisation of them, known as relative monads [ACU15, Defini-
tion 2.1]. These are monad-like structure on a base functor I: Cy, — C, ie.
for any X € Cy an object SX € C, for any X, Y € C;, an extension operator
(=)k: C(IX, SY) - C(SX, SY) and a unit sx: IX — SX satisfying unital and
associativity laws. In [MRWO02, Proposition 3.5] we find a characterization of
distributive laws d: ST — TS in terms of S-algebras a: ST'S — T'S with some
properties. This description is adapted in [MW10, Theorem 6.2] to extension
systems. Then [Her20] provides the definition of a distributive law of a right
extension system with respect to a left extension system (also called a no-iteration
distributive law or a distributive law in extensive form), where a right extension
system is the dual notion of an extension system. Finally, mixed distributive

laws (between a monad and a comonad) have been studied in terms of extension
systems in [MVM17].
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Taking a step back, we can see how in the zoo of categorical structures, there are

three closely related ones:

e monoidal categories [Mac63], which involve tensor products A ® B and a

unit 7;
e closed categories [EK66], which involve an internal hom [A, B] and unit I;

e multicategories [Lam69], which involve multimorphisms A, ..., A, — B for
all n € N.

It is well known that there are various correspondences between different flavours of
these notions [Her00, Man09, BL18]. However, each of these concepts has various

pros and cons.

e Monoidal categories are fairly straightforward to work in — for instance, it
is easy to write down the definition of a monoid in a monoidal category.
Another advantage is that while the definition is finite, they admit a
coherence theorem — all diagrams commute [Mac63]. A disadvantage is
that in practise, the tensor product is often constructed using colimits and

so sometimes could be hard to describe explicitly.

e Closed categories have several advantages. Again they have a finite defini-
tion and a coherence theorem, though this is of a more complex nature
[KM71, Sol97]. Another advantage is that the internal homs are often
constructed using limits, and so easy to describe explicitly — see, for
instance, the internal hom of vector spaces. The disadvantage is that the
axiomatics of closed categories involve iterated contravariance, and this

makes it quite hard to parse diagrams in a closed category.

e In a multicategory, the multimaps can often be described directly — see, for

instance, multilinear maps of vector spaces — and this avoids the potentially
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complicated constructions of tensor products and internal homs using colimit
and limits. A disadvantage is that the definition, is infinite (though finitary)
in nature, and this sometimes makes it difficult to describe examples in full
detail.

In this thesis, we contribute both to the formal theory of pseudomonads (Chapter 1
and Chapter 2) and the formal theory of relative monads (Chapter 3). In partic-
ular, we prove counterparts of Beck’s theorem for distributive laws in both settings.
Then, we study multicategories (Chapter 4) and try to address the disadvantage
noticed above. In particular, we will provide an answer to the question: when is
it possible to give a finite definition of multicategory? The plan of action will be
to use the known equivalences between different flavours of monoidal category and
multicategory. We believe our results will make it easier to construct examples of
multicategorical structures in practice. For instance, we expect to get a shorter

proof of Verity’s multicategory of bicategories [Ver92, Definition 1.3.3].

Main Results

The aim of Chapter 1 and Chapter 2 is take some further steps in the development
of the formal theory of pseudomonads. The main contribution of Chapter 1 is to
answer the question raised in [Lac00] by showing that for every Gray-category %,
there is a Gray-category Psm(J¢") of pseudomonads, pseudomonad morphisms,

pseudomonad transformations and pseudomonad modifications in J# .

Theorem 1.2.5. Let J# be a Gray-category. Then there is a Gray-category
Psm(.%), called the Gray-category of pseudomonads in # , having pseudomonads
in J as 0-cells, pseudomonad morphisms as 1-cells, pseudomonad transformations

as 2-cells, and pseudomonad modifications as 3-cells.

The main challenge in proving this Theorem was to show that the composition of

pseudomonad morphisms is strictly associative (Lemma 1.2.8). Another result we
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prove is an analogue of a fundamental result of the formal theory of monads:
in Proposition 2.2.4 we show that the objects of Psm(Psm(J¢")) are exactly
pseudodistributive laws in .#". Using this result, we give a new, simpler proof of
Marmolejo’s theorem regarding the equivalence between pseudodistributive laws
and liftings of pseudomonads to 2-categories of pseudoalgebras, given as the proof
of Theorem 2.2.5.

Theorem 2.2.5. Let & be a Gray-category, (X,S) and (X,T) be pseudomonads
in & . A pseudodistributive law d: ST — TS is equivalent to a lifting of T to
pseudo-S-algebras.

The main result of Chapter 3 is a counterpart of Beck’s equivalence for relative
distributive laws, which is described in the theorem below. Here, we denote with
(X, I, T) a relative monad in K where X,/: Xy — X are 1l-cells in £ and with
(S, Sp) two monads Sp: Xo — Xp and S: X — X which are compatible with [
(Definition 3.5.1).

Theorem 3.6.19. Let K be a 2-category, (X, I, T) a relative monad in K and

(S, So) a compatible monad with I. The following are equivalent:

(i) a relative distributive law of T' over (S, So);
(ii) a lifting T: So-Alg(—) — S-Alg(=) of T to the algebras of (S, Sp);

(iii) a lifting S Modr(—) — Mody(—) of S to the relative right modules of T

The central issue with this Theorem was to find the right definitions of lifting to

algebras and lifting to relative right modules.

Finally, the main contribution of Chapter 4 is to prove equivalences between
different flavours of (skew) multicategories and our new notion of short (skew)
multicategories, which involves multimaps of dimention at most four. We also
show that these equivalences are compatible with the ones given in [Her00, BL18§]

for different flavours of multicategory and monoidal category. We start considering
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left representable short multicategories and we prove the following theorem. Here,
we denote with ShMult;,. the category of left representable multicategories, with
Skew,, the category of left representable short multicategories and with Skewy,

the category of left normal monoidal categories.

Theorem 4.4.5. The functor K: ShMult,, — Skewy, is an equivalence of
categories, as is the forgetful functor Uy,.: Mult,, — ShMult,.. They also fit

in a commutative triangle

Mult Ir
Ulr

T ShMult,,

.

Skewy,.

Then, we also consider the following cases:

e Theorem 4.4.6 provides an equivalence between representable multicategories

and representable short multicategories.

e Theorem 4.4.7 and Theorem 4.4.8 show the equivalences in the closed left

representable and closed representable case.
e Theorem 4.5.12 proves the left representable skew case.

e Finally, Theorem 4.5.15 is about the left representable closed skew case.

The crucial part of these theorems was to carefully check which conditions were

enough to make the numerous diagrams in the proofs well-defined.

Outline

In Chapter 1 we start by recalling some useful background such as Gray-categories
and pseudomonads (Section 1.1). We will assume familiarity with basic defini-

tions of low dimensional category theory. For this notions, we refer the reader
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to [Lacl0, KS74, JY21]. Then, in Section 1.2, we construct the 3-dimensional
category Psm(2") of pseudomonads in a Gray-category .#. We conclude the
chapter proving that Psm(.%") is a Gray-category.

Then, in Chapter 2, we first introduce liftings to pseudoalgebras and then prove
the equivalence between Psm(.#") and Lift(.#") (Section 2.1). At the end of the

chapter, Section 2.2, we discuss pseudodistributive laws.

Next, we move to relative monads in Chapter 3. In Section 3.1 we introduce our
notation and the definition of operator, which generalises the notion of a family
of maps C(Fz,Gy) — C'(F'z,G'y) natural in x and y. Section 3.2 uses operators
to generalise some results for relative monads in Cat to any 2-category K. Then,
in Section 3.3, we define explicitly the 2-category Rel(K) of relative monads in .
We proceed in Section 3.4 giving the definition of algebras for a relative monad and
use them to describe when a relative monad is induced by a relative adjunction. In
Section 3.5 we define a relative distributive law and then prove the first Beck-type
theorem (about distributive laws). Section 3.6 is devoted to the 2-isomorphism
between LiftR(K) and Rel(K) and the second Beck-type theorem. We conclude

the chapter with some examples.

Finally, we study strongly finitary notions of multicategory in Chapter 4. More
precisely, in Section 4.1 we recall some important notions for multicategories. In
Section 4.2 we introduce our new definition of short multicategories and related
concepts such as representability and closedness. In Section 4.3 we give an overview
on skew monoidal categories and skew multicategories. Then, Section 4.4 provides
various equivalences between different flavour of short multicategories and skew
monoidal categories. We conclude the chapter in Section 4.5 introducing short skew
multicategories and describing analogues of the results in Section 4.4 appropriate

to the skew setting.
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1. On the Formal Theory of

Pseudomonads

Introduction

The aim of this chapter is to give the right basis to prove a counterpart for
pseudomonads of Beck’s theorem on distributive laws. Given how the formal
theory of monads offers a simple proof of this theorem, it seems natural to
attack this problem by developing a formal theory of pseudomonads. In order
to do this, however, one needs to face the challenge that, just as the formal
theory of monads is formulated within 2-dimensional category theory [KS74],
the formal theory of pseudomonads is formulated within 3-dimensional category
theory [GPS95, Gurl3], which is notoriously hard. In this setting, it is convenient
to work with Gray-categories, i.e. semistrict tricategories [GPS95, Section 4.8],
which are easier to handle than tricategories, but sufficiently general for many
purposes, since every tricategory is triequivalent to a Gray-category [GPS95,

Theorem 8.1].

In spite of significant advances in the creation of a formal theory of pseudomonads
in the works cited above, there are still fundamental questions to be addressed.
In particular, there is not yet a direct counterpart of the 2-category Mnd(J¢")
of monads, monad morphisms and monad transformations in a 2-category ¢,
which is the the starting point of the formal theory of monads [Str72].
Filling this gap would involve the definition, for a Gray-category 2, of
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a 3-dimensional category Psm(.#") having pseudomonads in % as 0-cells,
pseudomonad morphisms as 1-cells, and appropriately defined pseudomonad
transformations and pseudomonad modifications as 2-cells and 3-cells, respec-
tively. This issue was raised by Lack in [Lac00, Section 6], who suspected that
defining Psm(.¢") in this way would give rise only to a tricategory, not a Gray-
category, and hence require lengthy verifications of the coherence conditions. For
this reason, Lack preferred to define a Gray-category of pseudomonads in % using
the description of pseudomonads in J# as suitable lax functors and developing

parts of the theory using enriched category theory.

Main results

The aim of this chapter is to take some further steps in the development of
the formal theory of pseudomonads. In particular, our main contribution is the

following:

e Theorem 1.2.5, which answers the question raised in [Lac00] by showing
that for every Gray-category %, there is a Gray-category Psm(.2") of
pseudomonads, pseudomonad morphisms, pseudomonad transformations

and pseudomonad modifications in JZ .

This result will be particularly useful in Chapter 2 where we will use it in various
ways. For instance, since Psm(.%") is a Gray-category, then we will be able to
consider Psm(Psm(.%") ) and study what are the objects of this Gray-category.
Theorem 1.2.5 will also play a part in proving some results about pseudodistribu-

tive laws.

As the proof of our main result involves lengthy, subtle calculations with pasting
diagrams, we tried to strike a reasonable compromise between rigour and concise-
ness by giving what we hope are the key diagrams of the proofs, and describing
the additional steps in the text. When in doubt, we preferred to err on the side of

rigour, since one of our initial goals was to answer the question raised in [Lac00]
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about whether Psm(.#") is a Gray-category or not. For the convenience of the

readers, some of the diagrams are confined to the Appendices A.

Outline

Section 1.1 provides background on Gray-categories, pseudomonads and 2-

categories of pseudoalgebras.

Then, in Section 1.2 we define the Gray-category Psm(J¢).

1.1. Preliminaries

Gray-categories

We begin by reviewing the notion of a Gray-category and fixing some notation.
A Gray-category can be defined very succinctly in terms of enriched category
theory (see Remark 1.1.4). For our purposes, however, it is useful to give an
explicit definition, which we recall from [Mar99, Section 2] in Definition 1.1.1
below. The explicit definition makes it easier to see that Gray-categories are special
tricategories [GPS95, Proposition 3.1] in which the only non-strict operation is
horizontal composition of 2-cells [GPS95, Section 5.2]. Throughout this paper,
for a Gray-category %, we use X,Y,Z,... to denote its O-cells, F': X — Y,
G:Y — Z, ... forits l-cells, f: FF — F',g: G — G’ ... for 2-cells, and a: f —
fliB:rg—4¢ ... for 3-cells.

When stating the definition of a Gray-category below, we make use of the notion

of a cubical functor from [GPS95], which we unfold in Remark 1.1.2.

Definition 1.1.1. A Gray-category # consists of the the data in (G1)-(G4),
subject to axioms (G5) and (G6), as given below.

(G1) A class of objects #. We call the elements of £, the 0O-cells of JZ".
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(G2) For every XY € J, a 2-category # (X ,Y). We refer to the n-cells of
these 2-categories as the (n + 1)-cells of £

(G3) For every X, Y, Z € J, a cubical functor
HY, ) x H(X,Y)—>H (X, Z),

whose action on F': X — Y and G: Y — Z is written GF: X — Z, and

whose action on f: F' — F’" and ¢g: G — G’ gives rise to an invertible 3-cell

GF -1 aF

gFl s lgF’

/ Ianli
G'F =7 G'F
called the interchange maps of £ .

(G4) For any X € %, a 1-cell 1x: X — X. We call these the identity 1-cells of
H.

(G5) For every

TR TR T
F\i}a}{F’ G\@G, K\@K/
! g/ k/

in (X, Y), #(Y, Z) and # (Z, W), respectively,

(KG)F = K(GF),
(KG)f=K(Gf), (KgF=K(gF), (kG)F=kGF),
a=K(Ga), (KB)F=K(@BF), (G)F=~(GF),
Kg)p=K(g5), (kG)f=kay, (kg)F' =kr).

(G6) For every X, the 2-functors
Ix(=): Z(X,Y) = #(X,Y), (“)ly: Z(X,Y) = #(X,Y)

defined by composition with 1x: X — X, are identities.
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Remark 1.1.2. Asserting that composition in a Gray-category % is a
cubical functor means that the properties in (i)-(v) below hold, for every
F . F'F': X—=Y, GG, ,G"Y — Z and

f g
T " T "
F o Pt pr, Al Migca=iayel
~V XV x
f g’

(i) Composition with 1-cells on either side,
()P XY, Z2)—» (X, Z) G(-): X(XY)—=HX, 2),
is a strict 2-functor.
(ii) Composition with 2-cells,
(=) (H)F = (2)F, g(=):G(=) = G'(=),
is a pseudo-natural transformation.
(ili) Composition with 3-cells,
(=)o (D) f = () (=) 9(=) = g(=),
is a modification.

(iv) The following coherence equations hold (which are equivalent to the ones

making g; the component of the pseudo-natural transformation (—)f and

9(=)):

Gf
T i
GF lee  GF GF GF'
\_/I
Gf
IF| G |9F 7, oF = gF N ar| & |ar (1.1.1)
Gf
TN
G'F o7 G'F' G'F ﬂG’@ G'F'

G/ f/
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el el
ar - o or —L ap
gF H.Gf gt
g"F ug//f 'I]”Fl
G//F/ W G//F/ G//F/ W G//F/
Gt GFf" G(f"f
ar —L o S5 g GF V) GF"
gF ﬂ 95 ‘;;F’ ﬂ 9s ‘QF” = gF ﬂ 95 ‘!ﬂ’ " (1.1.3)
! ! / lA i ! ! 1A
G'F 7 G'F 57 G'F G'F gy G'F"

(v) The interchange map gy is the identity 3-cell when either f or g is the identity.

Remark 1.1.3. When working with a Gray-category, we sometimes write G o F’
instead of GF' for cubical composition of 1-cells. For 2-cells, we write ¢’ - g
(or ¢’ g) for the vertical composition and g o f for cubical composition. For 3-
cells, we write 8 o « for cubical composition, o’ * o for vertical composition in
H(X,Y) and @ - « for horizontal composition in (X, Y), where o': f' — f”
and a € ¥ (X, Y)[F', F"].

Remark 1.1.4. We write Gray for the category of 2-categories and 2-functors. For
2-categories X and Y, let [X,Y] be the 2-category of 2-functors from X to Y,
pseudonatural transformations, and modifications [KS74]. This definition equips
the category Gray with the structure of a closed category [EK66]. The closed
structure of Gray is part of symmetric monoidal structure, whose tensor product is
known as the Gray tensor product [GPS95, Section 4.8]. We will write X®Y for the
Gray tensor product of 2-categories X and Y. A Gray-category can then be defined
equivalently as a Gray-enriched category [GPS95, Section 5.1]. Since Gray is a

monoidal closed category, it is enriched over itself. Therefore, it can be viewed
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as a Gray-category, as we will do from now on. More explicitly, Gray is the
Gray-category having 2-categories as 0-cells, 2-functors as 1-cells, pseudonatural

transformations as 2-cells, and modifications as 3-cells.

The notions of a Gray-functor and of a Gray-natural transformation are instances
of the general notions of enriched functor and enriched natural transforma-
tion [Kel82, Section 1.2]. We will use the terminology of Gray-modification and
Gray-perturbation to denote the strict counterparts of the corresponding tricate-

gorical notions [GPS95, Section 3.3].

When working with the Yoneda embedding for Gray-categories, which is just an
instance of the Yoneda embedding for enriched categories [Kel82, Section 2.4],
we often identify an object X € % with the representable Gray-functor
H (=, X): # P — Gray associated to it. Analogous conventions will be used also
for the n-cells of J#°, where n = 1,2, 3. For further information on Gray-categories
and tricategories, we invite the reader to refer to [GG09, GPS95, Gurl3, Lac07].

Pseudomonads and their Pseudoalgebras

Let 2 be a Gray-category, to be considered fixed for the rest of this section. We

recall the definition of a pseudomonad.

Definition 1.1.5. Let X € Z. A pseudomonad on X in J# consists of:

e alcell S:X — Xin 7,
e two 2-cells m: S? =+ Sand s:1x — S in %

e three invertible 3-cells in % of the following form:

Sm S's

§3 ——— G2 S S? S
A 4
mS L m m
ﬂ; N & <= {
S?—>— S S

m
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satisfying the coherence axioms in (1.1.4) and (1.1.5) below:

84%83

SmsS \Su Sm
mS?2 \U/mm mS

53 U“S 83—>82 g
\ mS Hu m \ /N \ m
mS msS

52 T>S SQLS
S? 1g2
SsS
\ U’Sp
. g3 M g2 = g2—" 9 (1.1.5)
14 AS
Sm U;L m
S2——= S

For brevity, we will refer to an object X € # and a pseudomonad (.S, m, s, i, A, p)
on X simply as a pseudomonad in J#" and write simply (X, .S) to denote it.

Ezample 1.1.6. Many examples of pseudomonads can be found in [Tan04,
Section 8.1], [CHP03, Section 2] and [FGHWO0S, Section 4.2]. Two of them are
the pseudomonad of small categories with products and the pseudomonad of small

symmetric monoidal categories [Tan04, Examples 8.1 and 8.3].

Note that the notion of a pseudomonad is self-dual, in the sense that a
pseudomonad in .# is the same thing as a pseudomonad in £ °°, where ¢ °P
is the Gray-category obtained from % by reversing the direction of the 1-cells,
but not that of the 2-cells and 3-cells. As in the formal theory of monads, this is

important to obtain results by duality.

Let (X, S) be a pseudomonad in .#". For I € %, there is a 2-category Ps-S-Alg(7)
of I-indexed pseudo-S-algebras, pseudoalgebra morphisms, and pseudoalgebra 2-

cells, whose definitions we recall below. An [-indexed pseudoalgebra for S consists
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of a 1-cell A: I — X, called the underlying 1-cell of the pseudoalgebra, a 2-cell
a: SA — A, called the structure map of the pseudoalgebra, and invertible 3-cells

24— > 54 A—2s 64
m a a ai a
A‘ U \ 1a ‘
SA A, ,

called the associativity and unit of the pseudoalgebra, satisfying the coherence
axioms (1.1.6) and (1.1.7) stated below.

S3A S2A BA—0 o g2y
Sma Sa a ma Sa
\ AN \ e " \
Jos S2A ; SA (1.1.6)
S2A S2A T ~84 al
\ ma Ua a \a \ a
mA ma a
SA - A SA a A
SA lsa
Ssa
a
24— 54 = SA A (1.1.7)
1sa\ ¥Aa
mA Ua a
SA - A

As usual, we refer to a pseudoalgebra by the name of its underlying 1-cell, leaving
the rest of its data implicit. Similar conventions will be implicitly assumed for

other kinds of structures.
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Proposition 1.1.7. [Mar97, Lemma 9.1] Let (X,S) be a pseudomonad in K,
I € % and A an I-indexed pseudoalgebra for S. Then, the coherence condition

SA 2 A SA
s5A Ysa sA 554
lsa — lsa (1.1.8)
24— 54 al 524 Yea
\ N \ \
ma a ma
SA A SA——:

a

1s derivable.

Given pseudoalgebras A and B, a pseudoalgebra morphism f : A — B consists of
a 2-cell f: A — B and an invertible 3-cell

sA— .~ sp
| ]
A———B

satisfying the coherence conditions (1.1.9) and (1.1.10) stated below.

A L op 24— gp
ma st ma % mpg
o 54 SB = o 1 5B (1.1.9)
SA SA SB

(1.1.10)
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Given pseudoalgebra morphisms f: A — B and g : A — B, a pseudoalgebra 2-cell

consists of a 3-cell a: f — g satisfying the coherence condition (1.1.11).

Sf Sf
— —
SA USa SB SA SB
s _ |7 1.1.11
a b - a b ( e )
Ug /f\
A B A le B
— —

There is a forgetful 2-functor U; : Ps-S-Alg(l) — # (I, X), defined by mapping a
pseudo-S-algebra to its underlying 1-cell, which has a left pseudoadjoint, defined by
mapping a 1-cell A : I — X to the free pseudoalgebra on it, given by the composite
1-cell SA: I — X. Attentive readers will have observed that the directions of the
structural 3-cells 4 and A for a pseudomonad as in Definition 1.1.5 match those of

the 3-cells necessary to make S'A into a pseudoalgebra.

The function mapping an object I € % to the 2-category Ps-S-Alg(]) extends to
a Gray-functor Ps-S-Alg : # 7 — Gray. We also have a Gray-transformation

U:Ps-S-Alg =+ X, (1.1.12)

with components given by the forgetful 2-functors U; : Ps-S-Alg(I) — # (I, X),
for I € . Note the use of our convention on the Yoneda lemma in (1.1.12).
Note that the structure of pseudo-S-algebra on a 1-cell A: I — X can be viewed
as a left S-action on A, associative and unital up to coherent isomorphism. For
this reason, we sometimes refer to pseudoalgebras as left pseudomodules. This

terminology is convenient when we discuss dualities in Section 2.2.

1.2. The Gray-category of Pseudomonads

The aim of this section is to introduce the 3-dimensional category Psm(.%") of

pseudomonads in a Gray-category # and prove that it is a Gray-category. In
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order to do so, we review the notion of a pseudomonad morphism from [MWO0§]
and introduce the notions of a pseudomonad transformation and modification.
Again, we fix a Gray-category #". When working with two pseudomonads (X, .S)
and (Y, T), we use m and s for the multiplication and unit of S, n and t for the
multiplication and unit of T', but we use the same letters u, A\, p for the structural
3-cells of both monads to simplify notation, as the context makes it always clear

to which we are referring.

Definition 1.2.1. Let (X, S) and (Y, T) be pseudomonads in .#". A pseudomonad
morphism (F,¢): (X, S) — (Y, T) consists of a 1-cell FF : X — Y, a 2-cell
¢ :TF — FS and two invertible 3-cells
T
T’F —— TFS
¢S
nF ﬂ(ﬁ FS?

Fm

TFTFS

These data are required to satisfy the coherence axioms in (1.2.1) and (1.2.2).
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T3F T%FS
\¢S
XU T TFSz
TFS =
Jos
2
nkF nt U& FS
Fm
TF o FS
2
T3F T?FS
Wj
nTF U ng nrs TFS?
145 ¢5° Y
T 53 Lo TFS (1.2.1)
WS FSm l
- Lo F82 VFu FS?
N
Fm
TF p FS
TF TFs TF TFs
TtLF >
LTS p
op— 0 L TRps = TFS 1.2.2
T2F o s (1.2.2)
UAH @S FSs S
lrp
nF o lé  [G2 U FA FS?
Fm lrs Fm
TF FS FS
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Proposition 1.2.2. [MW08, Theorem 2.3] Let (F,¢) : (X,S) — (Y,T) be a

pseudomonad morphism. The coherence condition

TF——F5 TF
tTF Ity tFS {1TF
JoS \FsS
9 o YorF e
T°F TFS s = T°F
nkF R
TF — S

1s derivable.

Definition 1.2.3. Let (F, ¢), (F', ¢') : (X, 5) — (Y,T) be pseudomonad
morphisms. A pseudomonad transformation (p, p) : (F, ¢) — (F’', ¢') consists
of a 2-cell p: ' — F’ and an invertible 3-cell

TF s

satisfying the coherence conditions in (1.2.3) and (1.2.4) below.

T2 T2
T2p —2> T2 T2 —= 2 p
T
UTp
\ \ 0 R
TFS 2 TF'S TF’S

- / (1.2.3)

Fs2 L. F/S2 /S2
Fm ¢
¢ l Yo' lFm

FS—=F'S S—>F’
p

TF
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r I r
tF tF
o\ P = (1.2.4)
Tr V¢ Y3t TF—2sTF
\ \\
¢ ol
FS——=~F'S
P

Definition 1.2.4. Let (p, p), (¢, p) : (F, ¢) — (F', ¢/) be pseudomonad transfor-
mations. A pseudomonad modification « : (p, p) — (P, ]7’) isa3cella:p—p
satisfying the coherence condition below.

Tp Tp

T\ TS\
TF  |Ta TF TF TF'
\_/ _
T = Ie 1.2.5
. v = ¥ (1.2.5)
“/ I;’ pS
— T\
FS F'S FS |« F'S
\_/ \_/
'S 'S

The following is our first main result, which solves the problem raised in [Lac00,
Section 6].

Theorem 1.2.5. Let J# be a Gray-category. Then there is a Gray-category
Psm(.%"), called the Gray-category of pseudomonads in &, having pseudomonads
in x as 0-cells, pseudomonad morphisms as 1-cells, pseudomonad transformations

as 2-cells, and pseudomonad modifications as 3-cells.

The rest of this section is devoted to the proof of Theorem 1.2.5, which will be
obtained by combining Lemmas 1.2.6, 1.2.8, 1.2.9 and 1.2.10 below. We begin
by giving the definition of the hom-2-categories of Psm(.%").

Lemma 1.2.6. Let (X, S) and (Y, T) be two pseudomonads in . Then
there is a 2-category Psm(2)((X, 5), (Y, T)) having pseudomonad morphisms
from (X,S) to (Y,T) as 0-cells, pseudomonad transformations as 1-cells and

pseudomonad modifications as 2-cells.
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Proof. First of all, for any pair of composable 1-cells (po, po): (Fo, ¢o) — (F1, ¢1)
and (p1, p1): (F1, 1) — (Fs, ¢2) we define their composition as (p1po, pipo)
where pipg is defined as the pasting of

T'py Tp

TF, TF; TF,
Oo‘ ﬂ Do ‘ ﬂ D1 h b2
S " FS o5 F,S.

We want to show that composition is strictly associative. So let us consider three

composable 1-cells

(Fo, ¢o) —— (oo 20), (F1, ¢1) —— o 2), (Fy, ¢2) —— ST (F3, ¢3)

By definition, the two possible composites are

—_—~—

(p2> Z3v2) ) ((Ph ]71) : (poa 270)) = (pz(pﬂ?o), p2(p1p0)) )

—~——

((p2, P2) - (p1, P1)) - (Po, Po) = ((p2p1)Po, (P2p1)po) -

We want to show that these are equal. Since £ is a Gray-category, pa(p1po) =

P e g

(p2p1)po- Moreover, pa(p1po) = (p2p1)po since they are both the pasting of

TE, . 7R 22 e, 2 TR,
001/ ﬂﬁ) ‘/(/)1 ﬂﬁl ‘/fﬁz ﬂp~2 ‘/@53
FoS — FiS —— S —= FyS.

It remains to define the identity 1-cells of Psm(2)((X, S), (Y, T)). For a
pseudomonad morphism (F,¢): (X,S) — (Y,T), we define the identity on it to
be

(1, 1y) : (F, ¢) — (F, ¢).
This is allowed since T1p = 17 and 1S = 1pg. These can be shown to be a strict

identities, using that £ is a Gray-category and in particular Axiom (G6). O
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We proceed by defining the composition of 1-cells in Psm(.#") and proving that
is strictly associative, as required to have a Gray-category. Since a pseudomonad
morphism is a tuple of the form (F, ¢, ¢, g%), where F'is a 1-cell, ¢ is a 2-cell while
¢ and ¢ are 3-cells, we will need to check equalities at three levels. The key level of
the verification is that of 2-cells. Indeed, strict associativity at the level of 1-cells
will follow easily from the strict associativity of composition of 1-cells in #". The
key issue are the equalities at the level of 2-cells, since 2-cells could be isomorphic
(by means of an invertible 3-cell), but not equal. Instead, equalities of 3-cells will
be quite straightforward. In fact, the required equations for 3-cells either hold
strictly or they fail completely, since there are no 4-cells that could make these

equations hold only up to isomorphism.

In the following, for a pseudomonad morphism F = (F, ¢, ¢, ¢), we define

Fr=¢, F=¢.
Let (F, ¢): (X, S) — (Y, T) and (G, ¢) : (Y, T) — (Z, Q) be two pseudomonad
morphisms. We define their composition as
(G, ¢, G G) o (F, ¢, F F7) = (GF, G¢ - ¢F ,GoF",Go F") (1.2.6)

where the invertible 3-cells are defined by the following pasting diagrams:

o:ar — 2 garr %% QGRS
YTF '¢¢ﬂ YFS
GT*F —gp— GTFS
GoF = mqGF @Fﬂ GoS
n B 2
g GES

GFm
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GF's

GFS
Go ﬂ %
Gol = GTF
Y F

QGF.

The proof that this definition gives a pseudomonad morphism is in Appendix A.2.

Remark 1.2.7. We did not consider any parenthesis in the diagrams above thanks
to axiom (Gb) for a Gray-category. Moreover since Q(—) is a strict 2-functor
we have Q(G¢ - YF) = QG¢ - QF (and similarly for other compositions in the

diagrams).
Lemma 1.2.8. The composition of pseudomonad morphisms defined in (1.2.6) is

strictly associative.

Proof. From now on, let us consider three pseudomonad morphisms in J¢":
(X, 8) E% (v, T) 5 (2, Q) 5 (VL R).

In order to prove this statement we have to prove that the equation for associativity
holds for the respective 1-; 2- and 3-cell components. For 1-cells, since £ is a
Gray-category, then H(GF) = (HG)F.

For 2-cells, the idea is to reduce both composites to HG¢ - HYF - EGF. On the

one hand,

H(G¢-yF)-(GF = [H(Go) - H(WEF)] - (GF (because H(—) is strict)
= [HG¢ - HYF] - €GF (by (G5))
= HG¢ - HYF - GF (since (X, V) is a 2-category).

On the other hand,

HG¢- (Hy-(G)F = HGo - [(HY)F - (£G)F] (because (—)F is strict)
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— HGo - [HYF - ¢GF) (by (G5))
= HG¢- HYF - {GF (since (X, V) is a 2-category).

For 3-cells, to prove that (ﬂ(@)) = ((H_G)E) “we just need to notice that,
using the fact that H(—) and (—)F are strict 2-functors, both of them are pasting
of:

HGF HGFs HGFS
\GtF\}H&Eﬂ %ng)
HqG - HGTF
EGFH HQGF
/@ !
RHGF.

We get the required equality by the pasting theorem for 2-categories [Pow90].
Finally, let us prove the equality on the other 3-cell component. By definition,

R2HGF —— RHQGF —— RHGFS
E(G(p.wr‘)ﬂ

H(GF)™ = ar|  HQ*GF —— HQGFS

H(GE)|

RHGF —— HQGF —— HGFS.
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Using the definition of GF~and (1.1.3), the right-hand side pasting becomes
R’HGF — RHQGF — RHGTF — RHGFS

Jéur Jées

HQ*GF — HGTFS — HQGFS

ﬂEGF JH ()

wiF|  HGT?F — HGTFS

lHGS

RHGF — HQGF —— HGTF — HGFS.

Let us notice that, by (G5), H(yy) = Hiy, Sur = (§)F and &gy = £Gy.
Moreover, using the definition of HG~and (1.1.2), the diagram above is equal to

R!HGF — RHGTF —— RHGFS
JHY - 6),
weHr|  HGT*FS — HGTFS

ﬂHGq’s

RHGF — HGTF — HGFS,

which is exactly the definition of H(GF)". O

For brevity, we sometimes write P, instead of Psm(J¢), so for any pair of
pseudomonads (X, S) and (Y, T') the 2-category of pseudomonads morphisms from
(X, S) to (Y, T) can be written as Py ((X, S), (Y, T)).
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Lemma 1.2.9. The definition of composition of pseudomonad morphisms extends

to a cubical functor
_O_:PX(O/’ T), (Zv Q)) XP)V((Xv S)7 (Y7 T))—>P){<(X7 S)7 (Za Q))

for (X,9),(Y,T),(Z,Q) € Psm(%).

Proof. This is a just a long verification, but we spell it out in some detail. By the
definition of a cubical functor, for (F, ¢) : (X, S) = (Y, T) and (G, ¥) : (Y, T) —
(Z, Q) in Psm(#"), we need to define strict 2-functors

F¢:P%((KT)7 (Z7 Q))_)PX((X7 S)? (Za Q))’ (1'2'7)
Gy: Pr((X,9), Y, T)) = Pr((X, S

~—
e
N
O
SN~—
SN—
—
—_
[\]
o
N~—

such that
Fy((G, 1)) = Gy((F, ¢)) = (G, ¥) o (F, ¢), (1.2.9)

plus, for 2-cells (p, p) : (F, ¢) — (F', ¢') and (q, q) : (G, ¥) — (G, ¢'), an
invertible 3-cell in Psm(J¢)

(G, ¢) o (F, ¢) — S0P (G, g)o (F, &)
(¢. 30 (F, ¢)l | Zop.0o lm, §)o(F, ¢) (1.2.10)

(G, @) o (F, ¢) (G, ¢) o (F', ¢')

—
(G, ") e (p, P)

satisfying axioms (1.1.1), (1.1.2) and (1.1.3).

We begin by defining F, in (1.2.7). Its action on objects is determined by (1.2.9).
For its action on 1-cells, we send (¢, q): (G,v) — (G',4) to the pseudomonad
modification (¢F,qF): (GF,G¢ - vF) — (G'F,G'¢ - ' F), where ¢F is defined as
the following pasting:
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QGF 2% oa'F

a ﬂ gF | Y'F
GTF 7p G'TF

Go ﬂ 4 G'¢

GFS ¢ G'FS.

The action of Fy, on 3-cells 8 : (¢, q) — (¢, qN’) is defined by letting So(F, ¢) := F
in . The proof that this is a pseudomonad modification, and therefore a 3-cells
in Psm(¢"), is in Appendix A.2.

We now show that Fj is a 2-functor. For this, we use extensively the notation
of Remark 1.1.3 to avoid writing some diagrams. To prove that composition is

preserved strictly, we show that

Fy((q. ) (0. @) = Fold, @) - Folq, D) (1.2.11)

for any
(G, 0) 2D (@, ) L (@ )

in Py ((Y,T), (Z Q)). The composition (¢, ¢') - (¢, q) is defined as (¢'q, q’A&)
where &721 is defined as the pasting of

QG — QG — Q¢

| v 1o

GT — G'T — G'T.

Using the equation (1.1.3) we can see that the 3-cells components of Fy((¢',¢) -
(g,q)) and Fy(q, c?) Fy(q, q) are two pasting of the diagram below:
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QG — QG — QG

| v v

GI' — G'T—GT

J HG«WJ ﬂﬂ

GF — G'F — G'F.

Moreover, (¢’ - q)F = ¢'F' - ¢F since (—)F is a strict 2-functor (since % is a Gray
category). Hence, the required equality in (1.2.11) holds. Let us also verify that
Fy preserves identities strictly. Recall from Lemma 1.2.6 that 1 ) = (1a, 1y)
in Pr((Y,T), (Z, Q)). Therefore,

Fy(lg, 1) = (16F, 16F)

and moreover

(1¢F, 16F) = (lar, (1) - 1yr) * (Lag - 1,F)) (by definition of F)
= (lar, (lgy - Lyr) * (1ge - 1yr)) (by Remark 1.1.2)
= (lgr, (lapwr) * (Lapwr)) (since - preserves identities)
= (lar, logyr) (by (G2))
= lGr,ceur)
=l

as required.

We now define the 2-functor G, of (1.2.8). Again, its action on objects is
determined by (1.2.9). On morphisms, it sends (p,p): (F,¢) — (F',¢') to

(Gp,Gp): (GF,Go - F) — (GF',G¢' - Y F'),

where @]/9 is defined as the following pasting:



32 PSEUDOMONADS AND THEIR PSEUDOALGEBRAS

QGF ® oG

OF ﬂ ¥, |wF
GTF &7+ GTF'

Go | ez |Go

GFS s GF'S.

On 3-cells « : (p,p) — (¥, 5’) we let (G, ¢) o a := Ga, which is a 3-cell in
Psm(.%#") by a similar argument to the one used for Fj. The proof that this is a

2-functor is completely analogous to the one for F and hence omitted.

To conclude the proof, we need to define the 3-cell 3, ) (4,9 in (1.2.10). We take
this to be g, which is shown to be a pseudomonad modification in Appendix A.2.
The required axioms for X, 5) (4,5, @ in (1.1.1), (1.1.2) and (1.1.3), hold as they

are instances of the ones for g, for JZ. m

Lemma 1.2.10. The cubical functor providing composition in Psm(.%") satisfies

the coherence conditions of Axiom (G5).

Proof. The first one is just Lemma 1.2.8. Since the definitions on 3-cells coincide
with the ones in %, all the equations regarding them hold directly. Therefore,
we only need to prove the ones for 2-cells. Let us consider the following diagram
in Psm(%):

(F, ¢) (G, ) (H,€)
x5 |en o) les z@  |en vR
(F', ¢) (G, ) (H', ¢)

We need to prove:

(i) (Heo Gy)(p, p) = He(Gy (p: P) ),
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(i) (Hel(q, @))Fy = He((q, O Fy),

(iti) ((r, 7) Gy)EFy = (r, ) (Gy o Fy).

At the 2-cells level we have (HG)p = H(Gp) because £ is a Gray-category. The
same happens in (ii) and (iii) so we will just prove that the associated 3-cells are
equal in each case. Let us start with part (i). On the one hand, by definition,

e~
P

(HG)p=HGp,
and therefore

RHGF — RHGF'

RHGF — RHGF' [lges

< HQGF — HQGF'
HQGF — HQGF' = Rz

[lucp HGTF — HGTF'
HGFS — HGF'S |[nem

HGFS — HGF'S.

On the other hand H¢(Gy (p, p)) = (HG, HY - £G) (p, p) so the associated 3-cell
is, using (1.1.2),

RHGF — RHGF'

RHGF — RHGF" Jlee
v €y, HQGF — HQGF'
HGTF — HGTF' = [z
ez HGTF — HGTF'
HGFS — HGF'S [|Hen

HGFS — HGF'S.
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But £G, = &gy, since X is a Gray-category, and so the required equality holds.

For part (ii), by definition, the 3-cell component of He (¢, ) ) Fy is:

RHGF — RHGF'

RHGF — RHG'F [Ila RHGF — RHGF'
Jdqr HQGF — HQG'F JJeur

HGTF — HG'TF = | Har = HQGF — HQG'F
JHq, HGTF — HG'TF )

HGFS — HG'FS J#a HGFS — HG'FS.

HGFS — HG'FS

Finally, part (iii) is completely analogous to the first one using the inverse of 1.1.3
instead of 1.1.2. O]

The combination of Lemmas 1.2.6, 1.2.8, 1.2.9 and 1.2.10 proves Theorem 1.2.5.



2. Pseudodistributive Laws

Introduction

In Chapter 1 we constructed the direct counterpart for pseudomonads of the 2-
category Mnd(#") of monads, monad morphisms and monad transformations
in a 2-category ., which is the the starting point of the formal theory of
monads [Str72]. In this chapter, instead, we will consider another approach that
was taken earlier by Marmolejo in [Mar99]. Marmolejo introduced, for a Gray-
category £, a Gray-category that we denote here Lift(.#") to avoid confusion,
that has pseudomonads in J# as 0-cells and liftings of 1-cells, 2-cells and 3-cells
of £ to 2-categories of pseudoalgebras as 1-cells, 2-cells and 3-cells, respectively.
He then used Lift(.#") to introduce the notion of a lifting of a pseudomonad to
pseudoalgebras and of a pseudodistributive law, proving the fundamental result
that pseudodistributive laws are equivalent liftings of pseudomonads are equivalent
to [Mar99, Theorems 6.2, 9.3 and 10.2], thus obtaining an analogue of Beck’s result
on distributive laws. Here, Marmolejo defined pseudodistributive laws explic-
itly, giving nine coherence conditions for them [Mar99]. Later, Marmolejo and
Wood [MWO08] showed not only that an additional tenth coherence condition,
introduced by Tanaka [Tan04], can be derived from Marmolejo’s conditions, but
also that one of the original nine conditions introduced by Marmolejo is derivable
from the others, thus reducing the number of coherence axioms for a pseudodis-

tributive law to eight. Subsequent work on simplifying the axioms even further
has been done by Walker [Wal21].
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Main Results

The aim of this chapter is to continue the work done in Chapter 1. In particular,

our main contributions are the following;:

e Theorem 2.1.4, the analogue of a fundamental result of the formal theory
of monads, asserting that Psm(.¢") is equivalent, in a suitable 3-categorical

sense, to the Gray-category Lift(.#¢);

e Proposition 2.2.4, recording that an object of Psm(Psm(.%)) is the same

thing as a pseudodistributive law in J¢;

e a new, simpler proof of Marmolejo’s theorem of the equivalence between
pseudodistributive laws and liftings of pseudomonads to 2-categories of

pseudoalgebras, given as the proof of Theorem 2.2.5.

Theorem 1.2.5 supports the definition of a pseudodistributive law of [Mar99,
MWO08], since it allows us to show that a pseudodistributive law is the same
thing as a pseudomonad in Psm(.#") (Proposition 2.2.4), as one would expect
by analogy with the situation in the formal theory of monads. Thanks to this
observation, we provide an interpretation of the complex coherence conditions for
a pseudodistributive law in terms of simpler ones, namely those for a pseudomonad
morphism, a pseudomonad transformation and a pseudomonad modification (see
Table 2.2 for details). This point of view allows us to give a principled presenta-
tion of the conditions for pseudodistributive laws of [Mar99, Tan04], included in
Appendix A.1, which hopefully provides a useful reference for future work in this
area. For the convenience of readers, we also describe how our formulation relates

to the ones of Marmolejo and of Tanaka (see Table 2.1).

Theorem 2.1.4, which establishes the equivalence between Psm(.¢") and Lift(¢),
does not seem to be part of the literature (in part because its very statement

requires the introduction of the 3-dimensional category Psm(.¢"), which is defined
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here for the first time), but extends existing results. In particular, the equiva-
lence between pseudomonad morphisms and liftings of morphisms to categories
of pseudoalgebras is proved in [MWO08]|. Related results appear also in [Tan04],
but with important differences. First, the work carried out therein is developed
for the particular tricategory 2-Cat,sq of 2-categories, pseudofunctors, pseudonat-
ural transformations and modifications, rather than for a general tricategory or
Gray-category. While that is an important example (cf. Remark 2.2.7), restricting
to a particular tricategory does not allow us to exploit the various dualities
that are essential to derive results in the formal theory. Secondly, the results
obtained therein focus on hom-2-categories of pseudomonad endomorphisms, i.e. of
the form Psm(.2)((X,95),(X,S)), rather than on general hom-2-categories of

pseudomonad morphisms.

Our proof of Theorem 2.2.5, which asserts the equivalence between pseudodis-
tributive laws and liftings of pseudomonads to 2-categories of pseudoalge-
bras established in [Mar99], follows naturally combining Theorem 1.2.5 and
Theorem 2.1.4. More specifically, combining our identification of pseudodistribu-
tive laws with pseudomonads in Psm(.#") of Proposition 2.2.4 with the fact that
a pseudomonad in Lift(.#") is a lifting of a pseudomonad 7' to the 2-categories
of pseudoalgebras of another pseudomonad S, we obtain the desired equivalence
between a pseudodistributive law of S over T and a lifting of T to pseudo-S-
algebras. This proof is simpler than that in [Mar99] since it takes a modular,
more abstract, approach to the verification of the coherence conditions and avoids

completely the notion of a composite of pseudomonads with compatible structure.

Outline

We introduce liftings to pseudoalgebras in Section 2.1 and then we prove the
equivalence of Psm(.#") and Lift(.¢).

We conclude in Section 2.2 by discussing pseudodistributive laws.



38 2. PSEUDODISTRIBUTIVE LAWS

2.1. Liftings to Pseudoalgebras

We now recall from [Mar99, Section 7] and [Lac00, Section 6] the definition of the
Gray-category Lift(.#") of pseudomonads in J#" and liftings to pseudoalgebras. In
[Mar99] this was written as Psm(.¢"), but we prefer to use that notation for the
Gray-category introduced in Section 1.2, since it seems the natural generalization
of the 2-category of monads defined by Street in [Str72]. We will then show
that Lift(#") is equivalent to Psm(.¢"), which will be used in Section 2.2 for our

results on pseudodistributive laws.

The O-cells of Lift(#") are pseudomonads (X, S) in #. For O-cells (X, S) and
(Y,T), a l-cell (F,F):(X,S)— (Y,T) consists of a 1-cell F: X — Y in % and
a Gray-transformation F - Ps-S-Alg — Ps-T-Alg making the following diagram

commute
Ps-S-Alg N Ps-T-Alg

vl v

X Y

where, using implicitly the Yoneda lemma for Gray-categories, we write X and Y
instead of J# (—, X) and ¢ (—, Y). We refer to F as a lifting of F to pseudoalge-

bras. Analogous terminology will be used for the 2- and 3-cells introduced below.

Lemma 2.1.1. Let (F,¢) : (X,S) = (Y,T) be a pseudomonad morphism. Then,
there exists a lifting F': Ps-S-Alg — Ps-T-Alg of F: X — Y.

Proof. Let us consider a fixed I € J#. First, let us observe that if A is an I-
indexed pseudo-S-algebra, then F'A is naturally an [-indexed pseudo-T-algebra,

with structure map given by the composite

A

TFA FSA-fe  pA
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and associativity and unit 3-cells provided by the pasting diagrams

TFA-LTESA " TP A FA—"7FA

l¢SA U ba j(bA g Lﬁ"A

nea| o g ——— FSA R Y
.

LFmA UFE jFa 1pa = LFG

TFATFSA Ta FA, FA.

The coherence condition (1.1.6) for F'A follows by an application of the coherence
condition (1.2.1) for F' and the coherence condition (1.1.6) for A. The coherence
condition (1.1.7) for F'A follows by applying the coherence condition (1.2.2) for F’
and the coherence condition (1.1.7) for A. Secondly, we observe that if f: A — B
is a pseudo-S-algebra morphism, then F'f : FA — FB is naturally a pseudo-T-

algebra morphism, as we have the following pasting diagram:

TFf
TFA TFB
mt | ¢s \dm
FSA——5— FSB
FA———FB.

The coherence conditions (1.1.9) and (1.1.10) follow immediately by the axioms
for a Gray-category. Finally, if a : f — ¢ is a pseudo-S-algebra 2-cell, the required
pseudo-T-algebra 2-cell is given by Fa : Ff — Fg. We have thus defined the
components of a Gray-natural transformation F' : Ps-S-Alg — Ps-T-Alg, which is
clearly a lifting of F: X — Y. O

Given 1-cells (F,F) : (X,S) — (Y,T) and (F',F") : (X,5) — (V,T), a 2-
cell (p,p) : (F, F) — (F’,F”) in Lift(#") consists of a 2-cell p: F — F’ in 2 and
a Gray-modification p : F' — F’ such that the following diagram commutes

UHF )
FU

UF

F'U.

pU
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The vertical arrows are the identities, which hold by the assumption that F and

E" are liftings of F' and F’, respectively.

Lemma 2.1.2. Let (p,p) : (F,¢) — (F',¢') be a pseudomonad transformation.
Then, there exists a lifting p : F — F of p: F — F', where F and F' are the
liftings of F' and F' associated to the pseudomonad morphisms (F,¢) and (F',¢'),

respectively, defined as in Lemma 2.1.1.

Proof. Let I € . We need to define a pseudonatural transformation p: Fy— Fry.
We define the component of p associated to an I-indexed pseudo-S-algebra A to
be the I-indexed pseudo-T-algebra morphism given by ps : FA — F’A and the
2-cell

TFA—"2 ~TF A
94 [ | 7a \de
FSA————F'SA
Fa l U pit \ Fla
FA———F'A.

To prove the condition (1.1.9) for the pseudoalgebra morphism pa, we apply
the axioms for a Gray-category and then condition (1.2.3) for the pseudomonad
transformation p. To establish condition (1.1.10), it is sufficient to apply the
coherence condition (1.2.4) for the pseudomonad transformation p, and then the

axioms for a Gray-category. By definition, p is a lifting of p as required. O]

Finally, for 2-cells (p,p) and (q,q), a 3-cell « : (p,p) — (g, ) consists of a 3-cell

and « : p — ¢ and a Gray-perturbation & : p — ¢ making the following diagram

Up Uq
pU qU

As before, the vertical arrows are the identities that are part of the assumption

commute
Ué

that p and ¢ are liftings of p and ¢, respectively. Composition and identities of
Lift(.#") are defined in the evident way, using those of #" and Gray.
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Lemma 2.1.3. Given a pseudomonad modification « : (p,p) — (q,4) we can
define a lifting & : p — q of a as the Gray-perturbation whose components are, for

a pseudo-S-algebra A, the 3-cells aq : pa — qa-

Proof. 1t suffices to check that, these 3-cells are a pseudo-T-algebra 2-cells. To
prove this, apply the axioms for a Gray-category and the coherence axiom (1.2.5).
O

We use these results to define a Gray-functor
¢ : Psm(%) — Lift(.%).

On objects, @ acts as the identity. For two pseudomonads (X,S) and (Y,7) in
X, the hom-2-functors

O(x.9), vy : Psm(A)((X, 5), (Y, T)) — Lift(A)((X,5), (YV,T))

are defined sending a pseudomonad morphism, pseudomonad transformation and
pseudomonad modification to the associated liftings, using Lemmas 2.1.1, 2.1.2
and 2.1.3, respectively. Here, the Gray-functoriality of & is standard verifica-
tion, which we omit for brevity, limiting ourselves to highlight that this includes
checking that ® preserves composition strictly, ¢.e. that the lifting associated to the
composite of two pseudomonad morphisms is equal (rather than just equivalent by
invertible 2-cells) to the composite of the liftings obtained from the pseudomonad
morphisms. Theorem 2.1.4 states that the construction of Psm(.#") given in

Section 1.2 is equivalent to the one by Marmolejo in [Mar99).

Theorem 2.1.4. The Gray-functor ®: Psm(%") — Lift(J¢") is a triequivalence.

Proof. Since ® is clearly bijective on objects, it suffices to prove that locally it is
a biequivalence. Let us begin by considering a lifting F' : Ps-S-Alg — Ps-T-Alg
of a 1-cell F: X — Y. By the definition of a lifting, the following diagram of
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2-categories and 2-functors commutes:

Ps-S-Alg(X) — % . Pe.T-Alg(X)

le LUX (2.1.1)
H (X, X) H(X,Y).

H (X, F)

Let us now observe that S : X — X can be regarded as an X-indexed pseudo-S-
algebra, with structure map given by the 2-cell m : S? — S. By the commutativity
of the diagram (2.1.1), this pseudo-S-algebra is mapped by the 2-functor F'y into
a pseudo-T-algebra with underlying 1-cell F'S : X — Y, with structure map a
2-cell of the form ¢g : TF'S — F'S, and invertible 3-cells fitting in the diagrams

RS —"~TFS FS—"—~TFg

nps‘ “,d;o J(bo = ‘h’
1rs

TPS——~FS FS.

The desired pseudomonad morphism (F,¢) : (X,S) — (Y,T') is then obtained by
letting ¢ : TF' — F'S be the composite

@0

TF I _TFRS FS.

The appropriate 3-cells are provided by the following pasting diagrams

r2p s pape T ppg TESS oo F—% _rp
W Ld’os Fs[ g lTFs
nkF UnFS nkFS U’(Z;O 5 FS2 FS trs TEFS
0 -
LFm g ltﬁo
TF TES FS 1ps

TFs %o 7

where 7 is the inverse to the 2-cell obtained from the following pasting of invertible
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2-cells:
TEFS
1rrs
TFsS ‘UTFp
TFS2 "~ TFS
®0S  Fa $o
FS? . FS.

Let us now consider a lifting (p,p) : (F, F) — (F’,ﬁ’) of a 2-cell p: F — F'. We
can define a pseudomonad transformation p : (F,¢) — (F”, ¢’) by considering the

following pasting diagram:

Tp

TF TF'
TFSL UTpgl ‘TF’S
TFS 755 TF'S
JoTe ¢
FS 5 F'S,

in which the bottom 3-cell is part of the structure making pS : F'S — F’S into
a pseudoalgebra morphism. Finally, if (o, &) : (p,p) — (g,q) is a lifting of a 3-
cell a:p — q, then a : p — ¢ is a pseudomonad modification. These definitions

determine a 2-functor
U x,9),v;r) : Lift () ((X, S), (Y, T)) — Psm(x)((X,S5),(V,T))

which provides the required quasi-inverse to ®(x,s) (v,r). We omit the construction
of the required invertible pseudonatural transformationsn: 1 — V® and e : d¥ —
1, since this is not difficult. n
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2.2. Pseudodistributive Laws

Definition 2.2.1. Let (X, S) and (X,7T') be pseudomonads in J#". A pseudodis-
tributive law of T over S consists of a 2-cell d : ST — TS and invertible 3-cells

527 —2%> TS 7L~ 57
B .

mT {m TS? - d
[Tm

ST ——=TS TS

ST2 —" > ST ST

de

rsT bn |a st/ |

\ b

1?8 —=—=>T8 S—3-TS

satisfying the coherence conditions (C1)-(C8) stated in Appendix A.1.

Remark 2.2.2. For the convenience of the reader, Table 2.1 describes the correspon-
dence between the presentation of the coherence conditions for pseudodistributive
laws here and in [Tan04, Mar99]. In the table, each row lists different formulations

of the same axiom.

Remark 2.2.3. Our development in Section 2.1 allows us to give a clear explanation

for the coherence conditions for pseudodistributive laws, summarised in Table 2.2.

The coherence axioms, (C9) and (C10) of Appendix A.1 have been shown to
be derivable from the others in [MWO08, Theorem 2.3 and Proposition 4.2].
Indeed, axiom (C9) is a particular case of a provable coherence condition for a
pseudomonad morphism and follows from (C1) and (C2) (¢f. Proposition 1.2.2).
By duality, one can see that axiom (C10) is a particular case of a provable coherence

condition for a pseudomonad op-morphism and follows from (C7) and (C8).
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Appendix A.1 | Marmolejo [Mar99] | Tanaka [Tan04]
(C1) (coh 4) (T6)
(C2) (coh 2) (T2)
(C3) (coh 5) (T9)
(C4) (coh 3) (T8)
(C5) (coh 1) (T1)
(C6) (coh 6) (T10)
(C7) (coh 9) (T7)
(C8) (coh 7) (T5)
(C9) - (T3)
(C10) (coh 8) (T4)

Table 2.1: Comparison of coherence conditions.

Axiom Coherence condition
(C1) and (C2) (T,d) : (X,S) — (X,9) is a pseudomonad morphism
(C3) and (C4) | (n,n): (T,d)* — (T,d) is a pseudomonad transformation
(C5) and (C6) | (t,¢) : (X,1x) — (T,d) is a pseudomonad transformation

(C7) a is pseudomonad modification
(C8) p is a pseudomonad modification
(C9) A is a pseudomonad modification

Table 2.2: Coherence axioms for pseudodistributive laws.

The explanation of the axioms for a pseudodistributive law in Remark 2.2.3 proves

the following straightforward, but important, proposition.

Proposition 2.2.4. The objects of Psm(Psm(.%")) are exactly pseudodistributive
laws in £ .

Proof. An object of Psm(Psm(.%")) consists of an object (X, 5) of Psm(J¢), i.e.
a pseudomonad in ", together with a pseudomonad (7', d): (X,S) — (X, S5) on
it in Psm(.#"), which is exactly a pseudodistributive law by Remark 2.2.3. O
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We can now give a new simple proof of Marmolejo’s fundamental result asserting
the equivalence between a pseudodistributive law of a pseudomonad T over a
pseudomonad S and a lifting of the pseudomonad 7' to the 2-categories of pseudoal-
gebras for S [Mar99].

Theorem 2.2.5. Let # be a Gray-category, (X,S) and (X,T') be pseudomonads
in . A pseudodistributive law d: ST — TS is equivalent to a lifting of T to
pseudo-S-algebras.

Proof. By Theorem 1.2.5, Psm(%") is a Gray-category and therefore we can
consider the Gray-category Psm(Psm(.%)).

Next, observe that that Psm(—) preserves triequivalences between Gray-
categories, i.e. given a triequivalence of Gray-categories ®: % — ' then it
is possible to define a triequivalence Psm(®): Psm(#) — Psm(#”). The
construction of Psm(®) is evident, and the verification that it is a triequiva-
lence is a long, but routine, calculation. For example, to prove essential surjec-
tivity, we need to show that for every pseudomonad (X’,7") in ", there is a
pseudomonad (X,7T") in £ that is mapped by Psm(®) to a pseudomonad that
is biequivalent to (X', 7") in Psm(.#”). For this, one defines (X,7) using the
essential surjectivity of ®, carefully inserting coherence isomorphisms that are

part of the given triequivalence where appropriate.

Applying this fact to the triequivalence of Theorem 2.1.4, we get a triequivalence:
Psm(Psm(.7)) ~ Psm(Lift(.%¢)) .

An object on the left hand side is exactly a pseudodistributive law by Proposi-
tion 2.2.4. Similarly, an object on the right hand side consists exactly of a
pseudomonad (X,S) in £ and a pseudomonad T: X — X with a lifting
T: Ps-S-Alg — Ps-S-Alg. O

We conclude the chapter by outlining how duality can be applied as in [Str72,

Section 4] to obtain an equivalence between pseudodistributive laws and extensions
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to Kleisli objects (whenever they exist). Fix a Gray-category % and let (X, T)
be a pseudomonad in it. By definition, a right pseudo-T-module in % is a left
T-module in £ °P. We then have a Gray-functor

Mody: Z 7 — Gray . (2.2.1)

Assuming the evident definition of a lifting to 2-categories of right pseudomodules,

we have the following corollary of Theorem 2.2.5.

Corollary 2.2.6. Let (X,S) and (X,T) be pseudomonads in & . A pseudodis-
tributive law d = ST — TS is equivalent to a lifting of S to right pseudo-T'-

modules. O]

The equivalence of Corollary 2.2.6 becomes more familiar under the assumption
that % has Kleisli objects. Recall that a Kleisli object for a pseudomonad (X, T)
in  is an 0-cell X7 € # and a right pseudo-T-module Jr: X — X, which is

universal in the sense that the 2-functor
,%/(XT, I) — MOdT(I) ,

induced by composition with Jr, is an equivalence of 2-categories, thus making the
Gray-functor in (2.2.1) representable. Now, a pseudodistributive law d : ST — T'S

is equivalent to a lifting of S to right pseudo-T-modules, as in

Mody ——————— Modr

vl v

%(—,X)T%(—,X).

o —

This, in turn, is equivalent to

which describes an extension of S to the Kleisli object of T'.
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Remark 2.2.7. We conclude the chapter by briefly discussing the question of
whether the Gray-category Gray has Kleisli objects. Given a 2-category X and
pseudomonad T": X — X, there are two reasonable options to be the Kleisli object
for T', mirroring the one-dimensional situation. In both cases, the objects are the
same objects as those of X, but they have different hom-categories of morphisms.
The first option is to define the hom-category between two objects x,y € X to be
X(x, Ty). With this definition we only get a bicategory, not a 2-category, and so we
step outside Gray. The second option (which we will call X7), is to take the hom-
category of morphisms between x and y to consist of pseudoalgebras morphisms
from T'z to Ty (considered as free algebras). This is a 2-category and so one could
try to show that it is a Kleisli object for Gray. In order to do this, one should
prove that, for any 2-category I, there is an equivalence as in (2.2.1). However, the
construction taking a [-indexed right pseudo-T-module to a 2-functor X — [ is
only a pseudofunctor and not a strict 2-functor, thus leading again outside Gray.
The reason for this is that we need to use the pseudonaturality of the module
action A and other coherence isomorphisms. Because of this, it seems that Gray
does not have Kleisli objects. We suspect that, once it is defined what it means
for a tricategory to have Kleisli objects, it should be possible to show that the
tricategory 2-Catpsq of 2-categories, pseudofunctors, pseudonatural transforma-
tions and modifications has Kleisli objects. The same should hold also for Bicat,
the tricategory of bicategories, pseudofunctors, pseudonatural transformation and

modifications. We leave the investigation of these problems to future research.



3. Distributive Laws for Relative
Monads

The main aim of this chapter is to develop further the theory of distributive laws by
presenting a possible definition of a distributive law between a relative monad T’
and a monad S, which we call a relative distributive law (Definition 3.5.2). In
particular we prove a counterpart of Beck’s equivalence for relative distributive
laws (Theorem 3.6.19).

We take a 2-categorical approach to the subject, inspired by the formal theory
of monads [LS02, Str72]. Let us briefly recall how distributive laws are treated
there. First, for a 2-category K, one introduces the 2-category Mnd(K) of
monads, monad morphisms and monad 2-cells. Then, one defines the notions
of an (indexed) left module and left module morphism, uses them to construct
a 2-category Lift(IC) of monads, liftings of maps to left modules and lifting of
2-cells to left modules, and proves that Mnd(K) and Lift(K) are 2-isomorphic.
Once this is done, everything follows formally. First, one gets an equivalence
between distributive laws (which are monads in Mnd(K)) and liftings of monads
to left modules (which are monads in Lift(K)). Secondly, by duality, one obtains
a 2-isomorphism Mnd (k)% with Lift(}C°?)°P, which leads to the corresponding
result on the equivalence between distributive laws and extensions of monads to
right modules. Since representability of left and right modules corresponds to
existence of Eilenberg-Moore and Kleisli objects, respectively, in that case one gets
a version of Beck’s theorem. Importantly, in the equivalence between distributive

laws d: ST — TS and liftings of T' to the category of Eilenberg-Moore algebras
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of S, one considers S as a part of an object of Mnd(K) and T as part of a monad
morphism, while in the equivalence between distributive laws d: ST — TS and
extensions of S to the Kleisli category of T, one considers T as part of an object
of Mnd(K) and S as part of a monad morphism. The equivalence between all these
notions is possible because of the aforementioned duality and because Mnd (XC%)%

has the same objects as Mnd(K), which are exactly distributive laws.

We will introduce a 2-category Rel(K) of relative monads, relative monad
morphisms and relative monad transformation in K. This 2-category generalises
the one of no-iteration monads introduced in [Her20]. Importantly, Rel(K)
is related more closely to Mnd(K)% than to Mnd(K). Indeed, it
contains Mnd(K)? as a full sub-2-category (Proposition 3.3.5). This is
motivated by the fact that relative monads are particularly suited to study Kleisli
categories. Then, we extend some results of [ACU15, FGHW17] to our setting,
proving them for any 2-category. Using this point of view, we introduce a notion
of distributive law of a relative monad 7" on a monad (Definition 3.5.1), which we
call relative distributive law (Section 3.5). We then show that it is equivalent to
an object of Mnd(Rel(K)).

The first difference we find between our work and the formal theory of monads
is that the objects of Rel(°) are not the same as those of Rel(K). The issue
is that the notion of operator (Definition 3.1.3), that is involved in the definition
of a relative monad, does not dualise, i.e. an operator in I is not an operator
in K. For this reason, the duality available for monads fails and we need to
consider separately left and right modules. In each case, we are able to prove
some, but not all, counterparts of results valid in the classical case. Importantly,
the combination of these results still allows us to obtain a version of Beck’s theorem
about distributive laws (Theorem 3.6.19).

Using left modules for a relative monad we are able to find a relative adjunction
(Theorem 3.4.5). In particular, thanks to this result we can prove that if a 2-
category has relative Eilenberg-Moore objects then any relative monad is induced

by a relative adjunction (Theorem 3.4.6). On the other hand, we do not have a
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correspondence between relative monad morphisms and liftings of morphisms to
left modules. Nevertheless, we get an equivalence between relative distributive

laws and liftings of relative monads to left modules (Theorem 3.5.9).

Considering right modules we do not get a relative adjunction (see Remark 3.6.7).
Instead, we use them to get an equivalence between relative monad morphisms
and liftings of morphisms to right modules (Proposition 3.6.10). In particular, we
can define a 2-category LiftR(K) of liftings to right modules and prove that it is
2-isomorphic to Rel(K). Thus, we get an equivalence between relative distributive
laws and liftings of monads to right modules of a relative monad (Theorem 3.6.18),

for which we use an argument similar to the one in [Str72].

A further motivation for this work is to provide a first step towards the defini-
tion of a notion of a pseudodistributive law between a relative pseudomonad
[FGHW17] and a 2-monad [BKP89]. Part of a Beck-like theorem has already been
translated in this setting [FGHW17, Theorem 6.3] without defining the notion of a
relative pseudodistributive law. With this definition, it will be possible to interpret
the results in [FGHW17, Section 7| with a relative pseudodistributive law of the
presheaf relative pseudomonad on the 2-monad for free monoidal categories, or

symmetric monoidal categories etc. Since this work, some steps in this direction

have been made by Walker [Wal21].

3.1. Preliminary Definitions

Throughout this chapter, for a 2-category K, we use letters X, Y, Z ... to denote
O-cells, F: X - Y,G:Y — Z ... for l-cellsand f: F - G, a: F — F' ... for
2-cells. Regarding compositions, we will write G o F' or GF' for composition of 1-
cells. For 2-cells we denote with foa: GF — G'F’ or juxtaposition for horizontal
composition and f'- f: FF — H for vertical composition. We will denote with
(A,B): O — X;Y spans in K and with (S, R): Y; X — Z cospans, i.e. diagrams

as below.



52 3. DISTRIBUTIVE LAWS FOR RELATIVE MONADS

AR i s
X Y f A >

When it will be clear from context, we will sometimes avoid saying explicitly
which spans/cospans we are considering and might refer to them as [S, R]. For

2-categorical background we redirect the reader to [Gra74, Lacl0].

Let us recall the definition of a relative monad [ACU15, Definition 2.1].

Definition 3.1.1. A relative monad on a functor I : Cy — C consists of:

e an object mapping S: Ob(Cy) — Ob(C);
e for any z, y € Cyp, a map (—)%§ : C(Ix, Sy) — C(Sz, Sy) (the extension);

e for any x € Cy, a map s, : [x — Sz (the unit);
satisfying the following axioms

e the left unital law, i.e. for any k: Iz — Sy, k = k* - s;
o the right unital law, i.e. for any x € Cy, s; = lg,;
e the associativity law, i.e. for any k : [z — Sy and [ : [y — Sz, (I*-k)* = [*-k*.

Ezample 3.1.2. Many examples of relative monads can be found in [ACUI15]. At
the end of this chapter we will consider one of them, the relative monad of vector
spaces [ACU15, Example 1.1].

A relative monad with I = 1¢ is a no-iteration monad (also called extension system
[MW10, Definition 2.3]). The notion of a no-iteration monad can be generalised
to any 2-category K thanks to the definition of pasting operators [MW10, Defini-

tion 2.1], which is a mapping of 2-cells as shown below
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93

o " oy
; h (-)*
A —— S N>
e

OB>Y
f:‘l

indexed on spans (A,B): O — Z;Y and satisfying two axioms. Similarly, the

extension of a relative monad can be expressed as a mapping of the form

1 ! >C0

Co——C

1 ! >(C()

K
x :sws

(C()T(C,

where 1 is the terminal category and z, y: 1 — C, are the constant functors to x

and y respectively, satisfying two axioms. With this in mind, we can see how the

next definition generalises pasting operators and gives us a way to define a relative

monad in any 2-category.

Definition 3.1.3. Let

X Y
F\Z/G

X Y
N @
Z/

be two cospans in a 2-category K. An operator (—=)#: [F, G] — [F’, G'] is a family

of functions, for any span of arrows (A4, B): O — X;Y

(—)% 5 K[O, Z)(FA, GB) — K[0, Z'|(F'A, G'B)

OB>
A

Y

; h (-)*

—— G N>
Z

X =7

O B Y
e l
A — (€4
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satisfying the following axioms:

O p
By
e indexring naturality, i.e. for any diagram BG
— 7
f7P;
By
f
o left naturality, i.e. for any diagram 4" = A = |G | (f-Fa)* = f*.Fa
— 7
B/
o w 0%
e right naturality, i.e. for any diagram A L (GB-f)y* =G'B- 7.
X—F7Z

The axioms of indexing, left and right naturality represent naturality in O, A and B
respectively. When we consider F' = 1x (so an operator [1y, G] — [F', G']) we
get back the definition of pasting operator given in [MW10]. The conditions of
whiskering and blistering of [MW10] correspond to indexing and left naturality,
while right naturality is deducible from [MW10, Lemma 2.2] and the interchange
law of IC. Pasting operators are also studied in [Her20], where both left and right
pasting operators are introduced. Following the reasoning above we can see that

right pasting operators are equivalent to operators in K% with F' = 1.

Example 3.1.4.

(i) Let us consider K = Cat. We will show that, in this particular 2-category,
an operator is equivalent to a family of maps indexed by pairs of objects. Let
X, Y, Z and Z' be categories and (F,G): X;Y — Z and (F',G"): X;Y — 7/
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be two cospans in Cat. Let (—)#: [F, G] — [F', G'] be an operator. Then,
if we consider the span given by (z, y): 1 — X; Y with € X and y € Y, the

operator (—)# gives us family of maps

(—)ﬁy: Z(Fz,Gy) = Z'(F'x,G'y)

1oy 1oy
f (7)# f#

T e G AN T — G’

%TZ %TZ/

Left and right naturality of (—)# tell us that these maps are natural in x
and y respectively. Conversely, if we have such a natural family of maps,
then we can construct a pasting operator in the following way. For any span
(A, B): O — X;Y and any natural transformation f: FA — GB, we define
the component of the natural transformation f#: F'A — G'B at o € Q as

( f)f;,Bo; F'Ao —s G'Bo

1 Bo ' Y 1 Bo Y
s (=)Ao (F oo
Ao —— G A Ao — G’
X T 7 X T 7/

Using naturality in @ and b and naturality for f we can prove that f# is also
a natural transformation. Moreover this definition satisfies all the axiom of
an operator: indexing naturality follows directly from the definition, left and

right naturality follow from naturality in a and b respectively.

(ii) Let us look at the notion of operator when we set £ = V-Cat, the 2-
category of V-categories with )V a symmetric closed monoidal category. For

background in enriched category theory we redirect the reader to [Kel82].

We have a description similar to the one in the previous example. Let X, Y, Z
and Z' be V-categories and (F,G): X;Y — Z and (F',G"): X;Y — Z' be two
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cospans in V-Cat. Also in this case an operator (—)#: [F, G] — [F', G'] is

equivalent to a family of functions, for any a € X and b € Y,
(—)#,: Z(Fa,Gb) — Z/(F'a,G'D)

natural in @ and b, where Z and Z are the underlying categories of Z and 7/,
respectively. We get this characterisation setting @ = I the unit V-category,

which has one object and the monoidal unit 7 € ¥V as hom-object.

(iii) Let us consider another important example in X = V-Cat (we will use the

same notation as above). If we have a natural family of maps in V), for any
acXand bey,

()7, Z(Fa,Gb) — Z'(F'a,G'D),

then we can construct a pasting operator in the following way. For any span
(A, B): O — X;Y and any V-natural transformation f: RA — SB, then we
define the o € @ component of f# as

o (7)#0 o
I L5 7(F Ao, GBo) —22%% 7/(F' Ao, G' Bo).
Using naturality in a and b and V-naturality for f we can prove that f#
is also a V-natural transformation. Moreover this definition satisties all the
axiom of an operator: indexing naturality follows directly from the definition,

left and right naturality follow from naturality in a and b respectively.

Remark 3.1.5. Let us state three properties that will be useful to prove that any

relative adjunction induces a relative monad (Lemma 3.2.5).

e We can easily see that given two operators [Fi, Gi| — [F3, Go] and
[Fy, Go] — [F3, G3] we can construct a composition operator [Fy, Gi| —

[F3, G3] composing component-wise.

e An example of an operator is, for any 1-cell T: Z — Z'in K, T'(—): [F, G] —
[TF, TG| defined as T'f: TFA — TGB for any f: FA — GB. Indexing,
left and right naturality in this case derive from the pasting theorem for

2-categories.
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e Let (—)*: [F,G] — [F',G'] be an operator between the cospans
(F,G): X;)Y — Z and (F',G"): X;Y — Z'. Then, given any 1-cells

Fy: Xo — X and Gy: Yy — Y, we can construct a new operator
(=) (Fo, Go): [FFy, GGo] — [F'Fy, G'Gyl.

For any span (A, B): O — Xj; Yy we define the action of (—)fpo,GO on a 2-cell
fZ FF()A — GGQB as

[(f)ﬁ - (Fo, Go)]A,B = (f)gfoA,GgB'

All three naturality axioms for (—)* - (Fy, Go) hold since they are particular

cases of the ones of (—)*.
We will use the following proposition in Section 3.2 to prove that any relative
adjunction induces a relative monad (Lemma 3.2.5).

Proposition 3.1.6. Let (—)#: [R, S| — [T, U] be an operator such that each
(—)jB 1s an tsomorphism.  Then the family of functions sending any g €
KlO,Z'|(TA, UB) to the unique f such that fiB = g forms an operator
(=) [T, U] = [R, S].

Proof. Let us check all the axioms for (—)’. For any P: O’ — O,
PP=(fPy <= (P =(fP))".

The second equation is true using the fact that (—)” is locally the inverse of (—)#
and indexing naturality for (—)#. With the same reasoning we can prove that

(—)° satisfies also the other axioms. O

3.2. Relative Monads in K

Using Definition 3.1.3 we can define a relative monad in any 2-category K as

follows.
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Definition 3.2.1. A relative monad (X, I, S) in K consists of a pair of objects
X, Xy € K together with:

e two l-cells I,S: Xo — X (we say that S is a relative monad on I);
e an operator (—)5: [I, S] — [S, S] (the extension operator);

o a 2-cell s: I — S (the unit);
satisfying the following axioms:

e the left unit law, i.e. for any A, B: O — X,

TA—2 5 54
k
SB;

e the right unit law, i.e. s = 1g;

e the associativity law, i.e. for any 2-cells k: A — SB and [: IB — SC

sA—" 5B
(It k) ‘ﬁ
sc.

Example 3.2.2.

(i) Let us consider relative monads in £ with Xy = X and I = 1x. Since
operators with I = 1x are pasting operators, we get back exactly no-iteration
monads in  [MW10, Theorem 2.4].

(ii) Thanks to part (i) of Example 3.1.4, setting L = Cat gives back exactly the
definition of relative monad given in [ACU15] and recalled in Definition 3.1.1

here.
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(ili) Using part (ii) of Example 3.1.4 we can write more explicitly what is a relative
monad (X, I, S) in V-Cat. Such an object consists of a pair of V-categories
X and X, together with:
e two V-functors I,S5: Xy — X;

e a family of functions for any a,b € X, (—)TS: X(Ia, Sb) — X(Sa, Sb)
natural in @ and b (with UX the underlying category of X);

e a V-natural transformation s: I — S;

satisfying left /right unital law and associativity.

We notice that this is not what we expect to be an enriched relative monad,

which would involve a natural family of maps in V, for any a € X and b € Y,
(—)#,: Z(Fa,Gb) — Z'(F'a,Gb).

We get such a notion using the operators described in part (iii) of

Example 3.1.4.

When we set K = Cat we know that any relative monad is induced by a relative
adjunction [ACU15]. It is natural to wonder if the same holds in any 2-category K.

In order to show this we start defining a relative adjunction in .

Definition 3.2.3. Let I: Cy — C be a 1-cell in K. A relative adjunction in IC
over I, denoted as F' ;- G consists of an object D in IC together with:

o two l-cells F': Cy — D and G: D — C;

o a2cell t: I - GF,

such that the operator G(—)¢: [F, 1p] — [I, G] induces isomorphisms, for any span
(A,B): O — Cy; D,

K[O. D|(FA, B) = K[O, C|(IA, GB).
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Remark 3.2.4. By taking I = 1o we see that this definition generalises that of an
adjunction in I [Lac10, Section 2.1]. Additionally, considering the case K = Cat
we see that it also generalises the definition of relative adjunction defined in
[ACU15].

Lemma 3.2.5. A relative adjunction F; - G induces a relative monad

(X, I, GF).

Proof. By Proposition 3.1.6 the operator G(—)c: [F, 1] — [I, G] induces an
operator (—)*: [I, G] — [F, 1]. Then, by Remark 3.1.5 we get an operator
(=) == (=) (1,F): [I, GF] — [F, F]. We define the extension operator (—)
of S =g GF as (—)# composed after with G(—) (by Remark 3.1.5 we get an

operator of the required type). As unit we consider s := ¢.

The left unital law follows from the fact that (—)# is the inverse of G(—)¢, and
therefore for any f: IA — SB we have f = G(f#). = fl..

Moreover we can deduce also the right unital law, as

(s)" =G((s)*) (by definition of (—)")
= G((G(1p))*) (by definition of s and indentity law in )
=Glp=1gr =15 (since (—)# inverse of G(—)¢).

We have left to check the associativity law. Given f: [A — SB and g: IB — SC,

we have

(9" = GG NT) (by definition of (—)T)
= G((G(g"G(fF))*) (by left unital law)
= G((G(g* fF))*) (by strict functoriality of G)
=G f*) = G(g"G(f*) =g'f1 (by left unital law). O
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3.3. The 2-category of Relative Monads

In this section, fixed a 2-category K, we will give the definition of the 2-
category Rel(K) of relative monads in K.

Definition 3.3.1. Let (X, I, S) and (Y, J, T') be two relative monads in 1. A
relative monad morphism (F, Fy, ¢): (X, I, S) — (Y, J, T) consists of two 1-cells
Fy: Xo = Ypand F': X — Y and a 2-cell ¢: F'S — TF, satisfying the following

axioms:

o FI=JF,

e unit law, i.e. the following diagram commutes
FS

V&

tEy

FI

T Fo;

e cxtension law, i.e. for any 1-cells A, B: O — X and 2-cell k: A — SB the
following diagram commutes

FsA—"2 TRA

F(’fé)‘ l(oB - FR)}

FSB 5 TEB.

Remark 3.3.2. A relative monad morphism (F, Fy, ¢): (X, I, 5) — (Y, J,T)
between monads, i.e. when Xg = X, I = 1x, Yy =Y and J = 1y, is the same as
a monad morphism (F, ¢): (X, S) — (Y, T') in Mnd([C%)?.

Definition 3.3.3. Let (F, Fy, ¢), (F', F}, ¢'): (X, 1,S) — (Y, J, T) be two
relative monad morphisms. A relative monad transformation (p, po): (F, Fy, ¢) —
(F', F{, ¢') consists of two 2-cells p: F' — F" and py: Fy — F{ such that:

o Jpy = pI;
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e the following diagram commutes

Fs - prg

{ \

TFy —— TF;.

Remark 3.3.4. A relative monad transformation (p, po): (F, Fo, ¢) — (F', Fj, ¢)
with Xo =X, I =1x, Yy =Y and J = 1y is the same as a monad transformation
of the form p: (F, ¢) — (F’, ¢') in the sense of Street [Str72].

Proposition 3.3.5. Let K be a 2-category. There is a 2-category Rel(K) of
relative monads in IC with relative monads, relative monad morphisms and relative

monad transformations as 0-, 1- and 2-cells. O

Using part (i) of Example 3.2.2 and Remarks 3.3.2 and 3.3.4 we get the following
proposition, which shows how our definition of Rel(K) extends Street’s definition
of Mind(K) [Str72], the 2-category of monads in a 2-category K. Before stating

the proposition we recall the definition of full sub-2-category.

Let K and £ be two 2-categories. A 2-functor J: K — L exhibits K as a full
sub-2-category of L if for all pair of objects x, y € K the functor J,,: K(z, y) —

L(Jz, Jy) is an equivalence of categories.

Proposition 3.3.6. Mnd(K)? is a full locally full sub-2-category of Rel(K)
consisting of relative monads (X, I, S) with Xo =X and I = 1x.

In Section 3.6 we will describe an equivalent way to define morphisms of relative
monads using a generalised version of right modules. We will then build a 2-

category equivalent to Rel(K).

3.4. Relative Algebras

We now introduce the notion of an Eilenberg-Moore object for a relative monad,

which we will refer to as relative EM object. The approach used is the same as
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the one in [Str72]. The notion of relative algebra for a relative monad has been
already introduced in [ACU15, MW10], here we complete it using our definition
of operator (Definition 3.1.3). From now on we will consider a relative monad
(X, I, T) € Rel(K).

Definition 3.4.1. Let K € K. A K-indexed relative EM-algebra (or relative left
module) consists of a 1-cell M : K — X together with an operator (—)™: [I, M] —
[T, M] satisfying the following axioms:

e unit law, i.e. for any span (A, B) : O — Xo; K and any 2-cell h: A — MB

the diagram below commutes

IA—2 s 7A
‘hﬁn

h
MB;

e associativity law, i.e. for any pair of spans (A, B): O — Xo; K and C: O —
Xo, and any 2-cells h: TA — MB and k: IC' — TA, the diagram below

commutes
Lt
T7C — 1A
hhm
(hm . k)m

MB.

Definition 3.4.2. Let K € K and let (M, (—)™) and (N, (—)") be two
K-indexed relative EM-algebras. A K-indezed relative EM-algebra morphism
f: (M, (=)™) = (N, (—)") consists of a 2-cell f: M — N such that for any
2-cell h: TA — MB (given any span (A4, B): O — Xo; K):

TA " MB
(fB-h)" e

NB.
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Clearly there is a category Mod” (K) of K-indexed relative algebras. Therefore we

have an induced 2-functor

Mod”(—): K — Cat.

Definition 3.4.3. We say that a relative monad (X, I, T) € Rel(K) has a
relative EM object if Mod” (—): K°? — Cat is representable. We will denote
the representing object with X7,

Fxample 3.4.4. Let T-Alg be the category of EM-algebras for a relative monad
(X, I, T) in Cat defined in [ACU15]. We can see that this gives us a relative EM
object for T'. In order to prove it we just need to notice that, for any category K,
a K-indexed relative algebra M : K — X is the same as endowing, for any k € K,
each Mk € X with a relative EM-algebra structure. Therefore each relative algebra
M induces a functor M: K — T-Alg. On the other hand if we start with a
functor M then its composition with U: T-Alg — X has a relative EM-algebra
structure. These constructions are clearly inverses of each other and provide a

natural isomorphism
Mod” (K) = Cat (K, T-Alg).

For any (X, I, T) € Rel(K), we can define U: Mod” (=) — K(—, X) the forgetful
natural transformation, sending a relative right T-module to its underlying 1-cell,
and the free relative algebra transformation F: K(—, Xy) — Mod” (—) defined as,
for any indexing object K € K,

K Xo — (TM, (=) )
Therefore we get a diagram in K of the form

Mod® ()
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Lemma 3.4.5. The natural transformations defined above form a relative
adjunction F ;. 4 U 1n K. Moreover, the relative monad induced by it is
(K(—, X), L., T,).

Proof. In order to prove the first claim we need to find, for any M € IC(K, Xj)
and (N, (—)") € Mod” (K), a natural bijection

Mod” (K)(FM, (N, (=)") = K[K, X](IM, N).

For any relative algebra map f : FM = (TM, (=)") — (N, (—)") we define the
2-cell f#:IM — N as f-tM. On the other hand for any 2-cell f: IM — N we
can define f’ := f*: TM — N which is a relative algebras map because, for any
A B:O— Xgand h: A — TMB,

TA " TMB
/B = (fB)"
NB

which is true since (—)" is a relative algebra operator.

For any f we can see that (f°)# = f-tM which is exactly equal to f by the unit

law of (—)™. Moreover, for any f, we have

(f#) = (f -tM)" (by definitions)
= f-(tM)T (since f is in Mod” (K))
=f-lru=7f (by right unital law of (—)T).

We can see that UF = T, and more generally the relative monad induced by
F 1, 4 U is the same as the one induced by (X, I, T) in K. O
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Theorem 3.4.6. If KC has relative EM objects, then any relative monad is induced

by a relative adjunction.

Proof. The proof is just a matter of translating Lemma 3.4.5 using the Yoneda
lemma, since the covariant Yoneda embedding reflects adjunctions [Gra74,

Proposition 1,6.4] and also relative adjunctions. O

3.5. Relative Distributive Laws

In this section, we will define the counterpart of distributive laws for a relative
monad I,7T: Xy — X and a monad S: X — X which restricts to Xo. When [ is
an inclusion it is clear what we mean by this, but when [ is any 1-cell we need
to define a new notion. Therefore, with the following definition, we introduce the

notion of monad compatible with a 1-cell I : Xqg — X.

Definition 3.5.1. Let I: Xq — X be 1-cell in a 2-category K. A monad compatible
with I consists of a pair of monads (Xy, Sp) and (X, S) in K such that ST = IS,
ml = Img and sI = Isg. We will denote it with (S, Sp).

To have a monad compatible with [ is the same as lifting I to a morphism
in Mind(K) with corresponding 2-cell the identity, i.e. requiring (/, 1): (Xo, So) —
(X, S) to be a monad morphism.

Definition 3.5.2. Let (X, I, T') be a relative monad in IC and (S, Sp) a monad
compatible with 1. A relative distributive law of T over (S, Sp) consists of a 2-cell

d: ST — TSy in K satisfying the following axioms:
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g2 "L, g7
Sd
=
(D1)  STS, d (D2) T ‘d
TSO
dSo TSy

and for any object O € K, any pair of 1-cells A, B: O — X, and any 2-cell
f:IA—TB

STA - 75,4 sT—2 g7

(D3) s f}h ‘(dB -SSP (D4) ‘d

t5o

From now on, we will always consider a relative monad (X, I, 7') and a monad
(S, Sp) compatible with I.

Remark 3.5.3. We can see that, setting I = 1x, we get back the definition of a
distributive law between two monads 7" and S in IC [MMO7].

In the formal theory of monads [Str72] Street shows that a distributive law between
two monads is an object of Mnd(Mnd(K)), that is a monad in the 2-category
of monads. The next Proposition proves a similar result for relative distributive

laws.

Proposition 3.5.4. A relative distributive law is the same thing as an object of
Mnd(Rel(K)).
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Proof. The table below provides a correspondence between axioms:

Axiom In Mnd(Rel(K))

(D1) and mI = Imyg (m, mp) is a 2-cell in Rel(K)
(D2) and sI = Isg (s, o) is a 2-cell in Rel(K)

(D3), (D4) and ST =15, | (S, Sy, d) is a 1-cell in Rel(K) O

The aim of the last part of this section is to prove a Beck-like theorem for relative
distributive laws, using liftings to the algebras of a monad (S, Sy) compatible
with I. First of all, we will explicitly define a lifting of a relative monad T to the
algebras of (S5, Sp). Then we will show how we can go from relative distributive
laws to liftings (Lemma 3.5.7) and vice versa (Theorem 3.5.8). Finally, we show

that these constructions are inverses of each other.

Before proceeding with the definition of lifting to algebras, let us fix some notation.
Given a monad (S, Sy) compatible with I: Xy — X, we always get a natural
transformation induced on indexed algebras, I,: Sp-Alg(—) — S-Alg(—), defined,
for any indexing object K € K and any Sp-algebra (M, m), as

(SoM s M) — (SIM 12 101),

where Im: SIM — IM is well-defined because ST = 1.Sy. Let us denote with U,
and U the forgetful natural transformations from Sy-Alg(—) and S-Alg(—) into
K(—, Xp) and K£(—, X).

Definition 3.5.5. Let (X, I, T') be a relative monad in K. A lifting of T to the
algebras of (S, Sy) is a relative monad (I, T'): So-Alg(—) —» S-Alg(—), such
that:
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(i) the following diagram commutes

So-Alg(—) —L— S-Alg(~)

K(_aXO) o7 (_’X>;

To—

(ii) the extension operator (_)TT of T is induced by the one of T', i.e. for any pair
of K-indexed Syp-algebras (M, m) and (N, n) if the following diagram on the

left commutes, then the one on the right commutes as well

Sfr Syt

ISoM —— STN STM —— STN
1 mh hfﬂ = fmh hiﬂn
IM —— TN ™ —— TN;

(iii) the unit # is induced by ¢, i.e. for any Sy-algebra (M, m) the following diagram

commutes

ISoM 22 oy

IMTTM.

Proposition 3.5.6. Let T be a lifting of T to the algebras of (S, Sy) and let us
denote with W the S-algebra structure on T'SoM given by T applied to the free
So-algebra (SoM, moM). Then, for any other Sy-algebra (M, m) the S-algebra
structure on T'M given by T is

—

STM 2T, ops v M psom 7 T
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Proof. We begin noticing that, by one of the algebra axioms, m is itself a Sy-
algebra morphism between (SoM, moM) and (M, m). Therefore the diagram

below commutes, as it is the diagram making T'm a S-algebra morphism,

STS,M 1™ g1

TTL(}T[‘/ hfm

TSoM — 0 TM.

Moreover, using the unit algebra axiom for m, we get the desired equality

sTm 2 s M gy

S Tm‘ ‘Tm
Israr = Slry

TSoM — TM.
[l

Lemma 3.5.7. Let d: ST — TSy be a relative distributive law of T over (S, Sp).
Then there is a lifting T of T' to the algebras of (S, Sy) defined on K-indexed
So-algebras (M, m) as

STM X5 7SoM 2% TM

and on morphisms of K-indexed Sp-algebras f: (M, m) — (N, n) as
Tf: (TM, Tm-dM) — (TN, Tn - dN).

Proof. First of all, we need to verify that the definition above gives a K-indexed
S-algebra structure. One can check this using (D1) for the compatibility axiom
and (D2) for the unit. Now we have left to prove part (ii) and (iii) of the definition

of a lifting. For the first one what we need to check is the following implication
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1SoM —L sTN sTm —L sTN
Jd]\/ d]WJ JdN
m TSN = TSM ™ TN
Jm Tml Jm

IM —— TN TM —— TN,

Using (D3) is enough to prove that the bottom square on the right commutes

whenever the diagram on the left does.

Tn- (AN -Sf)' = (Tn-dN - Sf) (by naturality of (—)T)
= (f-Im)T (by diagram on the left)
= f1.Tm (by naturality of (—)")

Similarly part (iii) follows from (D4) and the naturality of ¢. Indeed, for any

K-indexed Sp-algebra (M, m) the following diagram is commutative

ISyM 2 srap

\ ld]\/[
tSoM

Im TSOM

le

]

Theorem 3.5.8. Let T be a lifting of T to the algebras of (S, So). Then d defined
as
ST'sg mo
ST —= STSO — TS()
where my 1s the Xo-indexed S-algebra structure ofT(So, my), is a relative distribu-

tie law of T over (S, Sp).

Proof. We need to prove that axioms (D1), (D2), (D3) and (D4) hold. In the

following table we explain what will be used to prove each axiom.
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Axiom Axioms used in the proof

D1 S-algebra axiom for mgy and Proposition 3.5.6

D2 unit algebra axiom for mgx

D4

(D1)
(D2)
(D3) | (D4), (D1), part (ii) of Definition 3.5.5 and more
(D4)

part (iii) Definition 3.5.5

For (D1), (D2) and (D4) it is enough to write down what we get explicitly using
the definition of d. The diagrams we get are the following

SQTS[] S?;L\()

S2T S2TS, — 21y STSy —219% , 9782

(D1) mT mTS, o TS?
Ty

ST —7— STS — TS,

T —— ST S1—>— ST
Tsoh ST'sq S1sg ST'sqy

(D2) T8, %, s78, (D2) | 152 2, S8,

o Img my

17s,

TSO ]SO T TSO
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Let us now look at (D3). For any 2-cell a: IA — T'B in K (for any pair of 1-cells
A,B: O — Xj), we need to prove that

STA L STB

STA—2  oTR STSOAJ (%) JSTS’OB
. S(dB - Sa)t
dAh th Le. ST SpA ) STS,B (3.5.1)
TS()A W TSO mgAJ (**) JmoB
TA T TB.

We will proceed proving that both squares (%) and (%) in diagram (3.5.1) are

commutative. Diagram (x) is the image through S of a diagram (x’)

TA—2" 7B

TsoA‘ (>|< ’) ‘TSDB

TSOA —_— TS(]B
(dB - Sa)t

so it suffices to prove the commutativity of (+’). By left naturality of (—)" and the
equality (tSpA)T = t1SpA = 15,4

TSOA = (tSOA : ISOA)T,

and therefore

(dB - Sa)l - TspA = ((dB - Sa)' - tSyA - s A)T (by associativity of (—)1)
= (dB - Sav- IsyA)T (by left unit of (—)T)
= (dB-sTB-a)' (by naturality of s and sy = sI)

= (TsoB - ) (by (D4))
=TsoB-al (by associativity of (—)T).

For (xx) we need to use axiom (ii) of Definition 3.5.5. We can rewrite this axiom

using Proposition 3.5.6 and the definition of d, in the following way:
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ISoM —L sTN stm L s
JdN d]\/fl JdN
Im TSN =  TSeM TS, N
JTn Tml JTn

IM ——— TN TM —— TN

for (M, m) and (N, n) two Sp-algebras and f a 2-cell in K. If we consider the case
with (M, m) := (SpA, moA), (N, n) := (SoB, myB) and f := dB - Sa we would
get (%) on the right (using again Proposition 3.5.6). So it is enough to prove that

with these choices the diagram on the left is commutative, i.e.

[S2A = g214 —32 s gppp —55 , STS,B

ldSOB

ImyA mIA mTB TS:B
JngB
[SyA == SIA ———— STB ——— T'SB.

The square on the left commutes because (S, Sp) is compatible with I, the one
in the center commutes by naturality of m and the diagram on the right is (D1)
applied to B. O

In summary, Theorem 3.5.8 and Lemma 3.5.7 give us two constructions:

(=)
/—\

Rel. Distr. Laws Lift. to Alg.

\_/

="

The following Theorem shows that these constructions are inverses of each other.
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Theorem 3.5.9. Let (X, I, T) be a relative monad in K and (S, So) a monad
compatible with I. Relative distributive laws d: ST — TSy of T over (S, Sp) are
equivalent to liftings of T to the algebras of (S, Sp).

Proof. Let start proving that (d”)# = d:

(d")* = & (my) - ST'sg (by definition of (—)%)
= Tmyg - dSy - STsg (by definition of (—)°)
=Tmg - TSpso - d (by naturality of d)
=d (by right unit of Sp).
On the other hand, using Proposition 3.5.6 we can see that (T#)" = T. O

This result gives us the first equivalence of the counterpart of Beck’s Theorem
for relative distributive laws. We will prove the second equivalence in Section 3.6

(Theorem 3.6.18), thus getting the entire counterpart (Theorem 3.6.19).

3.6. Relative Right Modules and Kleisli Objects

In the formal theory of monads [L.S02, Str72], if we consider left modules (algebras)
for a monad in K we get what are called right modules for a monad in K.
Using this duality, all the results for algebras can be translated easily to right
modules. Unfortunately, when we consider relative monads it is not possible to
take advantage of this duality. The issue is that the objects of Rel(°) are not
relative monads. Indeed, we get two 1-cells, a unit 2-cell together with an extension
operator in K, which is not the same as an operator in K. For this reason, we

will need to define relative right modules explicitly.

In this section we will study right modules for relative monads, which we will call
relative right modules. We will start giving the definition of the category Modp(K)
of K-indexed relative right T-modules for an indexing object K € K and a relative

monad (X, I, T') in K. This construction has to satisfy a couple of conditions.
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First of all, we want that, whenever T is an actual monad in K, then the notion of
relative right module and the usual one of right module should coincide. Moreover,
when we consider L = Cat, then the Kleisli category for a relative monad defined
in [ACU15] should represent the 2-functor Modr(—) of relative right modules.

Once provided the appropriate setting, we will use Mody(—) to construct a 2-
category LiftR(KC) with objects relative monads in K, 1-cells lifting to relative
right modules and 2-cells maps of liftings to relative right modules. These concepts
generalise the ones of lifting to right modules in the monad case. Then, we show
that LiftR(K) is 2-isomorphic to Rel(K). Finally, thanks to this equivalence, we
prove a Beck-like theorem stating that relative distributive laws are the same as

liftings to relative right modules, with the appropriate definition of the latter.

The Category of Relative Right Modules

From now on we will consider a fixed relative monad (X, I, T') € Rel(K) where
I: Xy — X.

Definition 3.6.1. Let K € K. A K-indexed relative right T-module consists of a
I-cell M: Xy — K together with an operator (—),,: [I, T| — [M, M] satisfying

the following axioms:

o unit law, i.e. t,, = 1

e associativity, i.e. for any 2-cells h: [A — TB and k: IB — TC (given any
three 1-cells A, B,C": O — X))
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Definition 3.6.2. Let (M, (—),) and (N, (—),) be two K-indexed relative
right T-modules. A K-indezed relative right module morphism f: (M, (=)n) —
(N, (—),) consists of a 2-cell f: M — N such that for any 2-cell h: A — TB
(given any pair of 1-cells A, B: O — Xj):

P

MA—— MB

Clearly the definitions above form a category Modr(K) of K-indexed relative right

modules. Therefore we have an induced 2-functor

Modr(—): K — Cat.

Remark 3.6.3. We briefly show that if I = 1x, then Mody(K) is equal to the
category of K-indexed right modules for a monad in the usual sense. Let us
consider a relative right module for a monad (i.e. a relative monad with [ = 1y),
we can prove that p := (17),, is a K-indexed right module structure. We need

to prove the following axioms

w2 25yt MM AT
MT T M M,

where n := (17)7. We can deduce them in the following way:

oM Mn = (17)m - M(1)T (by definition)
= (1p - (1)) = ((17)" - g2, (by left naturality of (—),,)

=(17)m - (I72)m (by associativity of (—),,)
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= (17)m - (1p)T (by left naturality of (—),,)
=M. pMT (by definitions)
pM Mt = (17), - Mt (by definitions)
=1y t)y, =ty (by left naturality of (—),,)
=1y (by unit law for (—),,).

On the other side, if we begin with a right module structure p™: MT — M, we

can define a relative right module structure as
f:A=TBvw+— f,:=pMB-Mf

Then by definition t,, = p™ - Mt which is equal to 1,; by the unit axiom for p™.
Therefore we have left to prove that, for any f: A — TB and g: B — TC,
Gm * fm = (g" - f)m where g* = nC - Tg. We can prove this by looking at the

diagram
MA—" s B —22 5 MB
MTyg Mg
Mf MT?2C e MTC
MnC /)MC

MTB —— MTC ————— MC.
Mgt o

The commutativity follows from the naturality and multiplication axiom for p*.
Using indexing and left naturality for (—),, we can see that these two constructions
provide a bijection between relative right modules for a monad and the usual notion

of right modules.

Definition 3.6.4. We say that a relative monad (X, I, T') € Rel(K) has a relative
Kleisli object if Modr(—) is representable. We will denote a representing object
with XI,T-
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Ezample 3.6.5. Let KI(T') the Kleisli category for a relative monad (X, I, T') in
Cat [ACUI15]. We can see that this gives us a relative Kleisli object for T.
Let (M, (—)m) a K-indexed relative right module. We can define a functor
M : KI(T) — K the same as M on objects, and for any map f: z » y € KI(T),
ie. f:Iv =Ty eX, Mf := fn: Moz — My. The unit law and associativity of
(—)m ensure that M respects identities and composition respectively. Moreover,
M defined in this way is such that M.J; = M. The equality on objects is trivially

true, whilst for the action on maps we have

MJof = (Tf - t)m (by definitions)
=Mf-(ty)m (by right naturality of (—),,)
=Mf-1y=Mf (by unit law for (—),,).

On the other hand, if we start with a functor M : KI(T) — K then we can define
a K-indexed relative right module in the following way. First of all we define
M: Xy — K as MJy. Then as operator structure we define, for any map f: Iz —
Ty, fm as M f: Mz — My. In an analogous way as before, the functoriality of M

proves the unit law and associativity for (—),, defined in this way.

In the formal theory of monads [Str72], the category of K-indexed right T-modules
is shown to be equivalent to Mnd(K?)?[ (X, T), (K, 1x)], and therefore the
Kleisli object construction gives a left adjoint of the inclusion  — Mnd (/)P
sending an object K € K to the unital monad (K, 1x). The following proposition

shows why this is not possible in our setting.

Proposition 3.6.6. Let (X, I, T') be a relative monad in K and K € K an object.
Then the category of relative monad morphisms Rel(IC)[ (X, I, T), (K, 1k, 1k)]
is a subcategory of Modr(K).

Proof. A relative monad map (M, My, p) : (X, I, T) — (K, 1k, 1x) consists of
a pair of maps M: X — K and My: Xy — K such that M1 = M, and a 2-cell
p: MT — M, satisfying the axioms (for any 2-cell f: A — T'B)
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MSA —"2 s My A

M1 pT My
(1) \K h” (i) s MSB
Mo pB

MSB 5 MyB .

We can endow M, with a relative right module structure defining its operator,
for any 2-cell f: A — TB, as f,, := pB - M f. The unit law is guaranteed by
diagram (i) above, while to prove associativity it is enough to precompose the two

composite in diagram (ii) with M f.

Moreover, let (o, ag): (M, My, p) — (M', M, p') be a relative monad transfor-

mation. Then the diagram

MoA — 1A s vrsp 225 MyB

(1014‘/ aIAh aSBh ‘/(,YUB

I — / / /
MOA—M]AWMSBWMOB
is commutative using ag = al, the naturality of a and the axiom for a relative

monad transformation. Therefore «ay is a relative right module morphism. O]

An object of Rel(K)[ (X, I, T), (K, 1k, 1x)] is similar to the usual notion of
a right module, having a straightforward right action p: MT — M, satisfying
axioms similar to the one of a right module. So, one could wonder if this would be
the appropriate definition for a relative right module over a relative monad. The
main problem with this definition is that, in a general 2-category K, is not possible
to find a morphism from (X, K) to Rel(K)[ (X, I, T), (K, 1k, 1x)]. We need a

map of this kind to form a diagram like (3.6.1), which will be crucial in the next
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section, where we will define a lifting to relative right modules. Instead, for any
(X, I, T) € Rel(K) we can consider the diagram

MOdT(

/ T \ (3.6.1)

K(X, —) ————— K (X, -)

where Jy, : Modr(—) — K(Xo, —) is a forgetful natural transformation, sending
a K-indexed relative right T-module to its underlying 1-cell M: Xy, — K, and
Uk: K(X, —) = Modr(—) is a natural transformation defined as, for any K € I,

(U3)k: K(X, K) — Mody(K)
(M: X = K) — (MT, M(—)").

Remark 3.6.7. Whilst using relative algebras we were able to construct a relative
adjunction (Lemma 3.4.5), the diagram in (3.6.1) does not always represent one.
However, even if we would have such a relative adjuntion, then it would still
not seem possible to prove a similar result to Theorem 3.4.6. Indeed, to define
a relative adjunction in a 2-category we use operators, which are not self dual.
Thus the contravariant Yoneda embedding Y: K% — [KC, Cat] does not preserve
operators and so relative adjunctions, while the covariant Yoneda embedding
Y: K — [K, Cat| does. Nevertheless, there are some 2-categories where we
find a relative adjunction using Kleisli objects (for instance Cat, see [ACU15,
Section 2.3]).

The 2-category LiftR(K)

Given a 2-category C we want to use the notion of relative right modules to define
a 2-category LiftR(K) with the same objects as Rel(K) but 1- and 2-cells defined
as lifting to relative right modules. Let us start fixing some notation. From now on
we will consider two relative monads (X, 7, S) and (Y, J, T') in K. They induce

the following diagrams:
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Mods(—) Modr(-)
S TING / TINNG
K(X, )—>IC(X0, -), K(Y, 4>IC(YO, -).

Definition 3.6.8. Let (X, I, S) and (Y, J, T) be two relative monads in . A
lifting to relative right modules consists of two 1-cells F': X — Y and Fy: Xy — Yo,
a natural transformation F: Mody(—) — Modg(—) and a modification ¢ of the

form

satisfying the axioms:

(i) FI = JF, and the following diagram commutes

Modr(—) _E, Modg(—)

J;’n ‘ h '];(u

K (Yo, =) — K(Xo, ).

(ii) The following pasting diagrams are equal

MOdT 4) MOdS

Y

_—
) o R KXO?
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Mod(— %Mods()

//¢V

T IC )(07
(iii) Let us denote with (—)z,, and (—)z, the relative right module structure
operators of F(M, (—),,) and F(T, (=) respectively. Then, for any 2-cell
f: 1A — TB and any K-indexed relative right module (M, (—),,), the action
of F has to be

fom = ([er - tFoA)m

Since the last part of the definition above might seem a bit ad hoc, let us briefly
explain where it comes from. The idea is that we want to write the action of F
on relative right module in terms of the free relative right modules. In the case of
relative algebras, this property followed from the other axioms (Proposition 3.5.6).
This will make sure that, in the definition of a lifting of a monad to relative right
modules (Definition 3.6.15), all of the structure of the monad is lifted. When

dealing with right modules for a monad this property follows from other axioms.

The following Lemma gives us a nice way to describe the action of F in terms of
a particular 2-cell . Thanks to this we can prove that a lifting to relative right
modules is equivalent to a morphism of relative monads, as shown in Proposi-
tion 3.6.10.
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Lemma 3.6.9. Let (F, Fy, F', ¢) be a lifting to relative right modules. Let us
denote by ¢: F'S — TFy the component of J}}O& relative to 1y .

KY,Y) —5 KX, Y) ly — s F
U 3 Us

Ty iy FS

K(Yo,Y) —— K(Xo,Y) T+ TF,

— 0ol

Then, for any 2-cell f: [A — SB,
Jim = (0B - Ff)m.

Proof. We know that ¢: F'S — TF, is a map in Modg(X), where the structure
operators of F'S and TF, are respectively F(—)L and (—)z;. Therefore, the

following diagram is commutative

FIA —— JIHA

Indeed, the top square commutes by part (ii) of Definition 3.6.8 and the bottom
square because ¢ is a relative right module map. Thus, we can deduce
fom = (fpp - tFoA)m (by part (iii) of Definition 3.6.8)
= (pB - Ffl - FsA), (diagram above)
=(¢pB - Ff)m (by left unit law of .S). O
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Proposition 3.6.10. A lifting to relative right modules is equivalent to a relative

monad morphism between relative monads.

Proof. We will start proving that given a lifting to relative right modules we get
a relative monad morphism. Let (X, I, S) and (Y, J, T') be two relative monads
in IC, (F, F Fy, gzg) a lifting between them and denote with ¢: F'S — T'F the 2-cell
given in Lemma 3.6.9. Axiom (ii) of Definition 3.6.8 is equivalent to the unit law
for (F, Fy, ¢) seen as a relative monad morphism. Moreover, the extension law
for it follows from the fact that the components of ¢ are relative right modules
morphisms and axioms (ii) and (iii) of Definition 3.6.8. More precisely, we have to

prove that for any 2-cell f: IA — SB the following diagram is commutative

FSA -2 TR A

Fféh ‘(w S

FSB —;+ TRB.

We know that ¢: F'S — T'Fy is a map in Modg(X), therefore for any f: IA — SB

we have, using that the structure operators of F'S and TF| are respectively F f;

and pr,

Ff;‘ hfm

FSB —+ TFB.

Hence, we just need to prove that fz, = (¢B - Ff)l, which is just a particular
instance of Lemma 3.6.9. On the other hand if we start with a relative monad
morphism (F, Fy, ¢), we can define F': Modz(—) — Modg(—), for any K € K and
(M, (=)m) € Modr(K), as

F(M, (=)m) = (MFp, (¢B - F=)pn).
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First of all we need to prove that (¢pB - F—),, is a relative right module operator.

Unit Law:

(¢B - Fs)pm = (tFo)m (by part (ii) of Definition 3.6.8)
=1lyp (by unit law for (—),).
Associativity:

(kt-h)g,, = (¢C - FkL - Fh) ) (by definition)
= ((¢C - Fk).- ¢B - Fh) ), (by Kleisli ext law for ¢)
= (¢C - Fk)y - (¢pB - Fh), (by associativity of (—),,)
=kg,, hp, (by definition).

Moreover if g: (M, (=)m) — (N, (=),) is a map in Modr(K), then applying the
axiom for g to ¢ B-F f we get that gFy: F(M, (=),) — F(N, (=),) is in Modg(K).
Therefore F: Mody(—) — Modz(—) is well defined.

Then, we can define the component of ¢ at K € K and (M, (=),) € Modp(K)
as M¢. Looking at the definition of F on relative right actions, we can see that the
axiom for M ¢ to be a relative right module morphism is the same as the extension
axiom for (F, Fy, ¢).

Now we need to prove all the axioms of a lifting to relative right modules. The first
one follows from definition, and part (ii) is equivalent to the unit one for a relative

monad morphism. Finally, we can easily check that part (iii) of Definition 3.6.8 is

satisfied, as fz, = (B - Ff),, and fzp = (¢B - Sf)T by definition, and so

fﬁm:(¢BFf)m:((¢BFf)TtFOA)m:(fFTtFOA)m

Lemma 3.6.9 guarantees that these constructions are inverses of each other. O

Definition 3.6.11. Let (F, Fy, F, ) and (F', Fg, F, (]5’) be two liftings to
relative right modules from (X, I, S) to (Y, J, T'), two relative monads in K. A
map of liftings to relative right modules (p, po, p): (F, Fy, ', ¢) — (F", Fj, F', @)
consists of two 2-cells p: F' — F’ and py: Fy — Fjj and a modification p: F— F
such that:
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(i) Jpo = pI and the following pasting diagrams are equal

F F
/—\ /—\)
Modz(—) 5 Mods(—) Modr(—) Modg(—)
\/
F/
Iy, J% = T3 %,
—oFy
— T
K(Yo, —) K(Xo, —) K(Yy, —) I —or K(Xo, —);
~_ ~
Fv/ 7OF(;

(i) the following pasting diagrams are equal

—oF —oF
T T
]C(Ya_) U—op IC(Xv_) IC<Y7_) ]C(X7_)
\_/ ﬂ -
—o [ ¢
Uz Uy = Uz Uy
I :
— T
Modz(—) Modg(—) Modz(—) |5 Mods(—).
\T/ \T/r
F F’

Proposition 3.6.12. Let (F, F,, F, (;3) and (F', F{, F, 95’) be two liftings to
relative right modules and (F, Fy, ¢) and (F', F}, ¢) their corresponding relative
monad morphisms (using Proposition 3.6.10). A map of liftings to relative right
modules between them is equivalent to a relative monad transformation between the

corresponding relative monad maps.

Proof. Given (p, po, p) we can see that (p, pg) is a relative monad transforma-
tion. This follows from J% p = (— o po)Jy, and part (ii) of Definition 3.6.11
applied to 1y. On the other hand, given a relative monad transformation
p, to satisfy the first axiom of map of liftings to relative right modules, we
need to choose p as follows: for any K € K and (M, (—)y) € Modr(K),
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then prar: F(M, (<)) — F'(M, (=),) is defined as Mpy: (MFy, (=)z,,) —
(MF;, (=)gr,,)- Thanks to Proposition 3.6.10 we know that for any 2-cells
f:IA— SA, fp,, = (¢B-Ff)y, and fz,, = (¢'B-F'f),. Therefore, to prove that

DPr,m is a map of relative right modules, it suffices to prove the following equality:

MpoB - (¢B - Ff)ym = (TpoBoB - Ff)m (by right naturality of (—),,)
=(¢'B-pSB-Ff)n (because (p, py) € Rel(K))
= (¢'B-F'f-plA), (by naturality of p)
=(¢'B-F'f - JpoA)m (because (p, po) € Rel(K))
=(¢'B-F'f)ym - MpgA  (by left naturality of (—),,).

These constructions are clearly inverses of each other. O

Proposition 3.6.13. Let K be a 2-category. Then there exists a 2-category
LiftR(K) of lifting to relative right modules with objects relative monads in K,

1-cells liftings to relative right modules and 2-cells maps between them.

Proof. The composition is given by composition in K and pasting the appropriate
diagrams. The strictness of this operation follows from the strictness in K and the

pasting Theorem for 2-categories [Pow90)]. O

In the formal theory of monads [Str72] Street proved that the 2-category of monads
in a 2-category is equivalent to the 2-category of liftings to indexed algebras. The
following Theorem provides a similar result in the setting of relative monads, which

will be useful to prove Theorem 3.6.18.

Theorem 3.6.14. Let K be a 2-category. Then the 2-categories Rel(K) and
LiftR(KC) are 2-isomorphic.

Proof. Let us define a 2-functor I': Rel(K) — LiftR(K). On objects we take the
identity, on 1-cells we use the correspondence seen in Proposition 3.6.10 and on
2-cells the one seen in Proposition 3.6.12. These propositions prove also that I is

an isomorphism on hom-categories, and therefore a 2-isomorphism. O]



BECK’S THEOREM FOR RELATIVE DISTRIBUTIVE LAWS 89

Beck’s Theorem for Relative Distributive Laws

Throughout this section we will consider a relative monad (X, I, T) € Rel(K)
and monads (X, 5), (Xo, So) € Mnd(K) compatible with I. We will start by
introducing the generalised notion of extensions to Kleisli categories, which we call
lifting to relative right modules. Then we will prove that this concept is equivalent

to relative distributive laws, providing a Beck-type equivalence.

Definition 3.6.15. We define a lifting of S to the relative right modules of T as
a monad S: Mody(—) — Mody(—) satisfying the following properties.

(i) The pair (S, — 0 .Sp) is a monad compatible with .J.

(ii) The natural transformation U*: (Mody(—), S) = (K(X, =), — o S) can be
extended to a morphism in Mnd(K)%. We will refer to the 2-cell making

U* a monad morphism as d*.
(iii) The modification t: (—o T, 1) — (J&, 1) o (U*, d*) is a 2-cell in Mnd(K).

(iv) Let us denote with (—)g,, and (—)g, the relative right module structure
operators of S(M, (=),,) and S(T, (—)!) respectively. Then, for any 2-cell
f: IA — TB and any K-indexed relative right module (M, (—),,), the action
of S has to be

fom = (Fsr - 150 A)m-

FEzample 3.6.16. Let us consider the case K = Cat. In this case, part (iv) of
Definition 3.6.15 derives from the first three and properties of Cat. More precisely,
we recall that f,, is equal to M f, with M: KI(T) — K the functor associated to

the relative right module M, and so fg,, = MSf. On the other hand fg, = (Sf)f,
therefore we get the equality in (iv).

Let us denote with Cy and C the categories on which we take the monads Sy and S,
and relative monad 7. With this notation, we can rewrite the definition above in

the following equivalent way. Let (.S, Sp) be a monad compatible with I: Cy — C
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and (C, I, T') a relative monad in Cat. We denote with Jy: Cy — KI(7') and
U: KI(T) — C the functors forming the Kleisli relative adjunction (see [ACU15,
Section 2.3]). We define an extension of S to the Kleisli category of T as a monad
S: KI(T) — KI(T) such that:

(i) SJo = JoSy and (Jo, 1) becomes a monad morphism, i.e. mJy = Jymy and
sJo = JoSo;
(ii) the functor U: KI(T)) — C is a monad morphism (with 2-cell d);
(iii) the unit ¢: (1, 1) — (U, d) o (Jo, 1) is a monad transformation.

Remark 3.6.17. More generally, if IC has relative Kleisli objects X; 7, then we can
rewrite Definition 3.6.15 as a particular extension. First, let us notice that, if
Modr(—) is represented by X, then there is a universal relative right module
(Jo, (—=);,) with Jo: Xg — X;p. Therefore, diagram 3.6.1 becomes equivalent

(using Yoneda for 2-categories) to

Xrr
Xo 7 X,

with UJy = T. Therefore, a lifting of a monad S to relative right modules of T’
becomes equivalent to an eztension of S to X;r, i.e. a monad S: Xir — Xir
such that

(i) the pair (S, Sp) is a monad compatible with Jy;
(i) the 1-cell U: (X;p, S) — (X, S) is a monad morphism (with 2-cell d);
(iii) the 2-cell t: (I, 1) — (U, d) o (Jo, 1) is a monad transformation;

(iv) for any 2-cell f: IA — T B we have the following equality

‘gf]'o = (Ugfjo 'tSOA)jO'
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Theorem 3.6.18. Let (X, I, T') be a relative monad and (S, Sy) a monad compat-
ible with I, both in IC. Then, relative distributive laws d: ST — TSy are equivalent
to liftings of S to the relative right modules of T'.

Proof. We have already seen in Proposition 3.5.4 that relative distributive laws
are the objects of Mnd(Rel(K)). Now, using Theorem 3.6.14, we get that

Mnd(Rel(K)) = Mnd(LiftR(K)).

To get the conclusion, we just need to notice that an extension of S to the Kleisli
category of T is just an object of Mnd(LiftR(K)). O

Putting together Theorems 3.5.9 and 3.6.18 we get the following Theorem, which

gives us the counterpart of Beck’s Theorem for relative distributive laws.

Theorem 3.6.19. Let K be a 2-category, (X, I, T) a relative monad in K and

(S, So) a monad compatible with I. The following are equivalent:

(i) a relative distributive law of T over (S, Sp);
(ii) a lifting T: So-Alg(—) — S-Alg(=) of T to the algebras of (S, Sp);

(iii) a lifting S: Modp(—) — Mody(—) of S to the relative right modules of T.
Let us consider the particular case K = Cat. We know that Cat has both relative
EM objects and relative Kleisli objects (Examples 3.4.4 and 3.6.5). Using this

property of Cat and Example 3.6.16 we can show that Theorem 3.6.19 can be

rephrased in the following way.

Corollary 3.6.20. Let (C, I, T') be a relative monad in Cat and (S, Sy) a monad

compatible with 1. The following are equivalent:

(i) a relative distributive law of T over (S, Sp);
(ii) a lifting T: So-Alg — S-Alg of T to the algebras of (S, Sp);

(iii) an estension S: KI(T) — KI(T) of S to the Kleisli category of T .
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We conclude the chapter with a pair of examples of relative distributive laws in

the 2-category of locally small categories Cat.

Ezample 3.6.21 (Power set and free monoids). We will consider a variation of a
distributive law between two monads. Recall that there exists a distributive law

between the power set monad P and the free monoid one S™, given by

dy: SMPX — pSMx
L..I,—{ai...a, | a; € I;}.

A problem arises if we want to impose some restrictions on the cardinality of
sets. For example, given any infinite cardinal s, let Set<, be the category of
sets with cardinality less or equal to x. Then, the restriction of P to Set<,
it is not an endofunctor anymore. Nevertheless, we can recover its monad-like
structure considering it as a relative monad on the inclusion I: Set<, — Set.
More precisely, we can take as unit tx(z) := {z} (for any X € Set and z € X)
and as extension of f: X — PY the map

fi: PX — PY
I —— Uie[ f(z)

Let us consider now the restriction of S™ to Set<,. Let X be a set of cardinality

at most k, then SM X has cardinality

SYX| = TP < 1L+ 1= 1]]xl =+

neN neN neN

and therefore we get SM: Set<, — Set<,. In particular it means that (5™, SM) is
compatible with I: Set<, — Set. With this point of view, we see that d becomes

a relative distributive law of T := P, : Set<, — Set over (S, SM).

A similar situation arises when one works in set theories that do not have the
power-set axiom, like Kripke-Platek set theory [Barl7] or Constructive Zermelo-
Frankel set theory [Acz78]. There, the power set operation can be viewed as a

relative monad over the inclusion of the category of sets into the category of classes.
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Note also that the presheaf construction can then be viewed as a categorified
version of the power-set monad [FGHW17]. See also [Hyl10].

Ezample 3.6.22 (Pointed vector spaces). In [ACU15, Example 1.1] is presented the
relative monad V' of vector spaces. In order to define it, let us fix a semiring R. For
any set X, we will denote with ¢,: X — R the map sending = to 1 and everything
else to 0. Then, V is defined on the inclusion I: Fin — Set of finite cardinals into

sets as follows:

e for any finite cardinal n, Vn := Set(In, R);
e the unit v,: In — Vn is defined, for any i € In, as v,(i) := J;;

e given a: In — Vm we define its extension af: Vn — Vm as, for any
f:In— R,
ol (f) =Y f(i)-a(i)(=): Im — R.
ien
Let us consider the monad of pointed set, i.e. SX := X +1, the unit sx: X — X+1
is the canonical inclusion and the multiplication mx: X + 2 — X + 1 fixes any
element of X and sends the two elements of 2 to the only one of 1. One can easily

prove that the category of S-algebras is the category of pointed sets.

Clearly, defining Sy as the restriction of S to finite cardinals, we can see (S, Sf)
as a monad compatible with I. Moreover, there is a lifting of V' to the algebras
of (S, Sf) defined as follows: for any finite pointed set (n, i) we set V(n, i) :=
(Set(In, R), §;). Now we need to check that both the unit and the extension
operator lift. First of all, we can see straight away that v, is a map of pointed
sets, since by definition it sends each ¢ to the map ;. Then, if we consider a
map of pointed sets a: (In, i) — (Vm, J;) we need to check that the extension

a: Vn — Vm is still a map of pointed sets, i.e. the equality af(d;) = §; holds.
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For any s € m

[af(8)](s) = Z 0i(r) - [a(r)](s) (by definition of (—)T)
= a(i)(s) (by definition of 4;)
= 0,(s) (ov map of pointed sets).

Therefore, by Theorem 3.5.9, we have a relative distributive law of V over (S, Sy).
In particular, by Theorem 3.6.18, we have a monad S induced on the Kleisli of V/,
i.e. vector spaces. What we get as algebras over this monad are pointed vector

spaces.



4. Strongly Finitary Notions of
Multicategory

Introduction

It is well known that there are various correspondences between different flavours
of monoidal category and multicategory [Her00, Man09, BL.18]. For instance, in
his fundamental work [Her00] Hermida introduced representable multicategories
and proved that they are equivalent to monoidal categories. Then, if we want to
weaken the representable condition, for example considering only left representable
multicategories, we end up in the world of skew monoidal categories. In [BL1§]
we can find the details of various equivalences between (skew) multicategories and
skew monoidal categories. Since monoidal categories admit a definition involving
finite data and finite axioms, it is natural to wonder if the same is possible for
multicategories. Our goal in the present chapter is to describe a finite approach to
the kinds of multicategory that arise in practise — these include representable and
closed multicategories — with the goal of making examples of such notions easier
to construct. We do this by introducing a structure called a short multicategory,
which is not itself a multicategory, since it only has multimaps of dimension at most
four. One of our main results shows that representable short multicategories are
equivalent to representable multicategories, so providing a finite description of the
latter. Moreover, we adapt all of these results to the setting of skew multicategories

and skew monoidal categories described in [BL18§].
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Main Results

The main contribution of this work is to provide equivalences between different
flavours of short (skew) multicategories and (skew) multicategories. In particular,

we consider the following cases:

e Theorem 4.4.6 provides an equivalence between representable multicategories
and representable short multicategories. We prove this as a consequence of
the more general Theorem 4.4.5, which deals with left representable short

multicategories.

e Theorem 4.4.7 and Theorem 4.4.8 show the equivalences in the closed left

representable and closed representable case.
e Then, Theorem 4.5.12 proves the left representable skew case.

e Finally, Theorem 4.5.15 is about the left representable closed skew case.

We also show that these equivalences are compatible with the ones given in [Her00,

BL18] for different flavours of multicategory and monoidal category.

Outline

In Section 4.1 we review the definition of a multicategory, before giving a slight
reformulation of it better suited for our later use. We also recall some important

notions for multicategories, such as representability and closedness.

In Section 4.2 we use the reformulation given in Section 4.1 to define short multicat-
egories. We then define the notions of representability and closedness in the context

of short multicategories.

In Section 4.3 we give an overview on skew monoidal categories and skew multicat-

egories.
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Section 4.4 provides various equivalences between different flavour of short

multicategories and skew monoidal categories.

We conclude the chapter in Section 4.5 introducing short skew multicategories and

describing analogues of the results in Section 4.4 appropriate to the skew setting.

4.1. Classical Multicategories

In this section we will recall the definitions of multicategories and morphisms

between them. To begin with, a multicategory C consists of:

e a collection of objects;

e for each (possibly empty) list ai,...,a, of objects and object b, a set
Co(ay, ...,an; b);

e for cach object a an element 1, € Cy(a;a).

The elements of the set C,(ay, ..., a,;b) are called n-ary multimaps, with domain
the list aq,...,a, and codomain b, whilst 1, plays the role of the identity unary
morphism. We sometimes write @ for the list, and then C,(a;b) for the set of

multimaps.

Substitution in a multicategory can be encoded in two ways. The best known one
involves substitutions into all positions simultaneously. In this case, substitution

is encoded by functions of the form

n

Cn(bh ,bn,C) X Hckz(af_lu bl) — CK<a_17 7%7 C)

<g>f17~~->fn)'—>go(f17---7fn)

where K = )" | k;. For such substitutions, there is a straightforward associativity
axiom — see, for instance, Definition 2.1.1 of [Lei04] — and two identity axioms,

which at g € C,(aq, ..., a,;b) are captured by the two equations

Lo(g)=9g=g°(la,--, La,).
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The original definition of multicategory, due to Lambek [Lam69], instead involved
substitutions into a single position, and these are encoded by functions of the

following form

— O —: Cn(l_)v C) X Cm<ay bz) — Cn+m—1(5<i7aa E>Z’ C)
(9,f) = goi f

where b.; and bs; denote the sublists of b in indices less than and greater than 4,
respectively. To encode associativity of the o;-type substitutions, one requires the

following two collections of equations

hoi(goj f)=(hoig)ojpir f for 1<i<m,1<j<n
(hoig)on_,_j_lf:(hojf)oig fOI' 1§Z<]<m

Finally, there are the two identity axioms which at g € C, (a4, ..., a,) are captured

by the two equations 1,01 g =g = (...((g o1 14,) 02 14,) ... 0 01g,,.

Given a multicategory with o-type substitutions, the corresponding — o, — are
defined by

goif:go(lv"'717fa]-7'-'71)

where f is substituted in the i'th position. Given a multicategory with o;-type

substitutions, the corresponding — o — are defined by

go(fi,- s fu) = (.. ((go1 f1) Okr41 f2) - - - Oy toky_1 41 O fn-

Each multicategory C has an underlying category UC with the same objects,
and morphisms the unary ones, so that one can consider a multicategory C as
a category UC equipped with additional structure. Thinking of a multicategory C
as a category equipped with o;-type substitution, we obtain the following reformu-
lations, which will be our starting point in which follows. It is closely related to
[BL18, Proposition 3.4].
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Proposition 4.1.1. A multicategory C is equivalently specified by:

e a category C;

e forn € N a functor C,(—; —): (C")? x C — Set such that, when n =1, we
have C;(—; —) = C(—,—) : C? x C — Set;

e substitution functions
— O; —: Cn(l_)a C) X Cm(av bz) — Cn+m—l(l_7<i7 aa l_)>za C)

fori e {1,...,n} which are natural in each variable ay,...,ap, by, ... by, c

and satisfying the same associativity equations

hoj(go; f)=(hojg)ojrir f for 1<i<m,1<j<n (4.1.1)
(h 0O; g) On+j,1f: (hOJ f) 0; g for 1 §Z<j Sm (412)

as before. In this way, UC = C.

Proof. Given a structure as above, we can form a multicategory with objects those
of C, sets of multimaps C,(@; b), identities 1, € C(a,a) = Cy(a; a) and substitution
functions — o, — as above. The only additional thing to note is that the two
identity axioms for the multicategory are encoded by the fact that the functor
Cp(—;—): (C")? x C — Set preserves identities.

In the opposite direction, given a multicategory C with o,-type operations,
let C = UC be its underlying category of unary morphisms. We must define a
functor C,(—;—): (C")? x C — Set sending (@;b) to C,(a;b) on objects in such
a way that the — o, — substitutions are natural in the sense described above, and
such that C;(—; —) = C(—, —). In fact, the requirement that

—o0; —: C1(b; ) x Cy(a; b) — Cp(a;c)

be natural in b forces us to define C,(a; f) = f o; —. Naturality of the o; also

ensure natural of the associated o operations, and in particular naturality of

—o—:Cplay,...,an;b) X Ci(c1,a1) X ... X Ci(cp;an) = Cpler, ..., cn;b)
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in ai,...,a, forces us similarly to define C(f1,..., fn;0) = —o (f1,..., fn). With
this definition of C(—; —) on morphisms, associativity of substitution implies that
it is a functor and that the substitution maps are natural in each variable, and
satisfy Ci(—; —) = C(—, —).

These two constructions are inverse. O

Let us underline the fact that this proposition relies on the existence of identity
morphisms. Instead, if we consider structures without identities these two presen-
tations are not equivalent. For the specific case of operads (which are multicate-

gories with one element) see for instance [Mar(02, Part II, Section 1.3].

Naturally, there is a notion of morphism between multicategories, which we call
here multifunctor. From now on, when talking about multicategories we will mean

in the sense of Proposition 4.1.1.

Notation. From now on, when we will have a functor F': C — D and a list @ of
objects aq, ...,a, in C, then we will write F'a for the list of objects Faq, ..., Fa,
in D.

Definition 4.1.2. Let C and D two multicategories. A multifunctor is a functor

F: C — D together with natural families
F.: C,(a;b) — D,(Fa; Fb)

for any n € N, such that when n = 1, then F} is the functor action. These families

must commute with all substitution operators o;.

Multicategories and multifunctors form a category Mult.
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Representability

An important notion for multicategories is the one of representability. First,

an n-ary map classifier for @ = a4,...,a, consists of a representation of
Cn(ai,...,an;—) : C — Set — in other words, a multimap

O7: a1,...,an — m(ay,..., ay)
for which the induced function — o6, : Ci;(m(aq,...,a,);b) = Cp(a1,...,ay;b) is a

bijection for all b. We sometimes refer to such a multimap as a universal multimap
and write ma for m(ay, ...,a,). A n-ary map classifier is said to be left universal

if, moreover, the induced function
— 0 062 Cl+r(mau yu d) — Cn+T(a17 HS) a’nuy; d)
is a bijection for any 7 of length r.

Definition 4.1.3 ([Her00, BL18]). Let C be a multicategory.

e C is said to be weakly representable when each of the functors

Cn(@;—): C — Set is representable, i.e. if it has all n-ary map classifiers
0.

e C is said to be left representable if it is weakly representable and all 65

are left universal.

e (C is said to be representable if it is weakly representable and substitution

with universal n-multimaps 6; induces bijections
Ck-‘rl(fv maa y’ b) — Ck+n (Ea aa y’ b)
for ¥ and ¥ tuples of appropriate length.
We will denote with Mult;, and Mult,., the full subcategories of Mult with

objects, respectively, left representable multicategories and representable multicat-

egories.
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Closedness

Another important notion for multicategories is the one of closedness.

Definition 4.1.4. A multicategory C is said to be closed if for all pair of objects
b and c there exists an object [b, ¢] and binary map e .: [b, c],b — ¢ for which the
induced function

6b,c 01 —: Cn(f7 [ba C]) - Cn—i-l(f? b7 C)

is a bijection, for any tuple T of length n.

We will denote with Multlcf, the full subcategory of Mult with objects left

representable closed multicategories.

4.2. Short Multicategories

In this section, we will present a finite definition of certain multicategory-like
structures, which we call short multicategories. Later on, under further assump-
tions, we will show that they are equivalent to known types of multicategory. We

will take Proposition 4.1.1 as the grounds for our definition.
A short multicategory consists, to begin with, of a category C together with:
e for n <4 a functor C,(—; —) : (C")? x C — Set such that, when n =1, we
have Cy(—; —) = C(—,—) : C? x C — Set.

Remark 4.2.1. This says that for n < 4 we have sets C,(z1,...,z,;y) of n-ary
multimaps (where the unary morphisms are those of C) and n-ary multimaps can
be precomposed and postcomposed by unary ones in a compatible manner. We

sometimes refer to these compatibilities as profunctoriality of n-ary multimaps.

Furthermore, we require substitution functions
— 0; —: Cn(l_)7 C) X Cm(a7 bz) — Cn+m71(b<i>aa b>17 C)

fori € {1,...,n} which are natural in each variable a, ..., am, b1, ..., b,, ¢, where:
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e n=2,3, m =2 (substitution of binary into binary and ternary);
e n =2, m = 3 (substitution of ternary into binary);

e n=2,3, m =0 (substitution of nullary into binary and ternary).

In the context of multimaps f,¢g and h of arity 2,n and p respectively, one can

consider associativity equations of the form:

foi(gojh)=(foig)ojsiih for 1<i<2,1<j<n (4.2.1)
(forg)onih= (foah)org (4.2.2)

These are particular casse of the associativity equations (4.1.1,4.1.2) in Section 4.1.

We require these equations in the following cases:

(a) n=p=2;
(b) n=2p=0;
(c) only for (4.2.2), n=0,p=2;

(d) only for (4.2.2), n =p=0.
Let us explain these equations in a more digestible form, using diagrams.

e (4.2.1.a) corresponds to the four equations

(foig) oi_jy1 h = fo; (g Oj h)

where 1 < 4,5 < 2 with f, g and A binary. These amount to the fact that
certain string diagrams are well-defined. For instance, if we set i = 1 and j =
2, we get that the two possible interpretations of the following string diagram

are the same.
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e (4.2.2.a) corresponds to the equation below.

e (4.2.1.b) correspond to the four equations

(foig)oijrih=foi(g05h)

with f, g binary, h nullary and 1 <1,5 < 2. For instance, if we set ¢ = 2 and
j = 1 it says that the following string diagram is well-defined.
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e (4.2.2.d) is the equation below.

b

by

Definition 4.2.2. Let C and D two short multicategories. A morphism of short

multicategories is a functor F': C — D together with natural families
for any 0 < ¢ < 4, with ¢ = 1 the functor action. These families must commute

with all substitution operators — o; —.

Short multicategories and their morphisms form a category ShMult. Naturally,
there is a forgetful functor U: Mult — ShMult which takes a multicategory C
and forgets all the structure involving n-ary multimaps with n > 4. In particular,
this functor forgets all substitutions which have as a result any n-ary multimaps
with n > 4. For instance, it will not consider the substitution of ternary maps

into ternary maps, since it gives out 5-ary multimaps.

Representability for Short Multicategories

We can define a n-ary map classifier for a also in ShMult as a representation

of C,(a;—): C — Set, i.e. a multimap
Oz: ay,...,a, — ma

for which the induced function — oy 65: Ci(ma; b) — C,(a;b) is a bijection for all b.

Then, a binary map classifier is said to be left universal if, moreover, the induced

function (where we write ab for m(a, b))

— 01 ea,b : Cn(aba T? d) — Cn+1(a7 b? f7 d)
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is a bijection for n = 2,3 and T a tuple of the appropriate length. Similarly a
nullary map classifier u € Cy(—;1) is said to be left universal if, moreover, the

function (where we write ¢ for m())
— oy u: Cryn(i,T;d) — Co(T; d)

is a bijection for n = 1,2 and T a tuple of the appropriate length. We remark
that here we consider only n = 1,2 and not n = 3 because in definition of short
multicategory we have only substitution of nullary into binary and ternary.

We will denote a binary multimap classifier as below

a

0.0 ab

)

and the nullary map classifier by the following.
[ Z‘

Proposition 4.2.3. Suppose that binary map classifiers and nullary map classi-

fiers exist and are left universal. Then the multimaps

(4.2.3)

and

O (ab)ed {abe)d (4.2.4)
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are 3-ary and 4-ary map classifiers and

(4.2.5)

is a unary map classifier.

Proof. Left universality implies that each component of the composite maps

_oaab,c _Olea,b

Ci((ab)c; d) —————Ca(ab, ¢;d) ————Cs(a, b, ¢; d)

7019ab,c 7019(1,11

709a c
(e Co((ab)e, d; ) —————Cs(ab, ¢, d; ) ——Cy(a, b, ¢, d; e)

Ci(((ab)e)d; e)

and

—0b;.q

Ci(ia; b) ————Ca(i, a; b)) ————=Ci(a, b)

is a bijection; it follows that the composites are bijections, which says exactly that

the three claimed multimaps are universal. ]

Now, following the style of Definition 4.1.3, we will define the notion of
representability for short multicategories. We will denote with | T | the length

of a list 7.

Definition 4.2.4. Let C be a short multicategory.

e C is said to be left representable if it admits left universal nullary and

binary map classifiers.

e (C is said to be representable if it admits nullary and binary map classifiers

such that the induced maps are bijections

—o;u: Co(T,4,7;2) = Ca (T,7; 2) for1<n<3

— 0,04 Co(T,ab,7; 2) = Cpi1 (T, 0,0, 7; 2) for1<n<3

where 0 <|Z |,|7|<n—1and j =T |+1.
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We will denote by ShMult;, and ShMult,., the full subcategories of ShMult
with objects left representable/representable short multicategories. Naturally, the

forgetful functor U: Mult — ShMult restricts to forgetful functors

Ulri Multlr — ShMultlT
Upep: Mult,., — ShMult,,.

Notation. Let C be a short multicategory with a left universal binary classi-
fier. Then we will use (—)": C,(@;b) — C,_1(a1as,as, ..., a,;b) for the inverse of
—o07 faq, ag: in other words, for any n-multimap f, f’is the unique (n—1)-multimap

such that f'o; 0 = f.

Lemma 4.2.5. Let C and D be left representable short multicategories. A
morphism F': C — D is uniquely specified by:

e A functor F: C — D.
e Natural families F;: C;(a;b) — D;(Fa; F'b) for i = 0,2 commuting with the

substitutions

(4.2.6)

and such that if we define, for any ternary map h € Cs(a;b), Fsh := Fyh/ o4

E50, then F3 also commutes with

(4.2.7)

Proof. Let us check F' commutes with goy f for g: x,¢c — d and f: a,b — x binary
maps. By left representability, we know that f = f/' o 6,,.

Fs(gor f) = Fa(go1 f') o1 F2(0ap) (definition of F3)
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= [F2(g) o1 Fa(f')] o1 Fa(0ap) (naturality of F3)
= Fy(g) o1 [Fi(f') o1 F2(6.)] (extranat. of sub. of bin. into bin. inD)
= Fy(g) o1 Fo(f 0 043) (naturality of Fy)
= Fy(g) o1 F5(f) (definition of f).

By definition ' commutes with substitutions of binary maps into the second
variable of other binary maps. Let us now consider the substitutions of nullary

maps into ternary. Let v € Cy(—;b) and h € C3(b, ¢, d; e).

b
c €

By left representability, we know that h = h' oy .

Fy(h oy v) = F5((h' 01 6.) 01 v) (by left representability)
= F5(h' o1 (Bpc01v)) (by (4.2.1.b) of C)
= Fy(h') o1 F1(Opc 01 0) (naturality of F)
= Fy(h') o1 ( Fy(By) 01 Fy(v)) (by first one in (4.2.6))
= (Fy(h) o1 Fo(O,c) ) 01 Fo(v) (by (4.2.1.b) of D)
= Fy(h' 01 0y.) 01 Fy(v) (by part above)
= Fy(h) o1 Fy(v) (by left representability).

The proof for substitution of a nullary map in the third variable of a ternary one
is analogous. For substitution of a nullary map in the second variable of a ternary

one instead, we use the second part of (4.2.6).

Now we should prove that F' also respects substitution of binary into ternary and
viceversa. In order to prove this we need to first define Fy. Let k € Cy(a, b, ¢, d;e).

By left representability we have k = k' o1 6,, therefore we are forced to define

F4(]€) = ng/ 01 Fgea’b = (ng” o1 FQH(L(LC) o1 FQGa’b.
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Let h: ¢,d,e — y be a ternary map and f: a,b — ¢ a binary map. Then

Fy(hoy f) = F3((hoi f)') o1 Fa(bas)
= I3(hoy f') o1 Fy(0up)
= [F3(h) o1 Fi(f)] o1 Fo(0up)
= F3(h) o1 [Fi(f) o1 F2(0a)]

(one checks that (hoy f) = hoy

(by definition of F}

(naturality of F3

)
/)
)
)

(properties of D

= F3(h) o1 F5(f) (naturality of I, and left representability).

Using this, it is straightforward to prove that F' preserves substitution of a ternary

map into the first component of a binary one.

Next let h: ¢, x,d — y be a ternary map and f: a,b — x a binary map. We want

to prove that F' respects substitution of a binary map into the second variable of

a ternary one. So, writing h = h’ 01 0. .,

F4(h O2 f)

= F3((hoa f)") o1 F2(0ca)

E5((hos f)) o1 Fo(Ocap) ] 01 F2(00ca)

(W o1 (cf o acap)) o1 Fa(Oeap) ] 01 Fo(bc.a)

(Fy(h') o1 Fi(cef o acap)) 01 Fo(Beap)] 01 F2(6.0)

Fy(h') o1 (Fi(cf' o aeap) 01 F2(beap) )] 01 Fo(Oea)
))

=

=

=

= 1 )

Fy(h) o1 [(Filef" o acap) 01 Fafcap) ) 01 Fa(0ca)]
(cf )

(
Fy(h') o1 F5(((cf' 0 aeap) 01 Ocap) 01 0cra)
FQ(h/>OlF( cxo2f)
Fy(h') oy (F 5(0cz) 02 F2(f))

(Fa(h) o1 Fo(es) ) 02 Fo(f)
F5(W 01 0c0) 02 F5(f) = F3(h) o2 F5(f)

(by definition of F}
(by definition of F}
(by (hoy f)" =N oy (cfoa)
(profunct. binary maps

(nat. sub. bin. into bin

(by axiom (4.2.1.b) in
(parts before and profunct.
(routine checks
(parts before
(by axiom (4.2.1.b) in D

)
)
)
)
)
D)
)
)
)
)

(parts before and left represent.).

Finally, substitution of a binary into the third variable of a ternary is similar to

the previous cases, and we can use that to prove ternary into second input of a

binary one.

]
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Closedness for Short Multicategories

We can adapt Definition 4.1.4 to short multicategories with the following.

Definition 4.2.6. A short multicategory is said to be closed if for all b, ¢ there
exists an object [b,¢] and binary map ep.: [b,¢],b — ¢ for which the induced
function

eb,c 01 —: Cn(f7 [ba C]) — Cn—l—l(jv b7 C)

is a bijection, for n = 0,1, 2, 3.

In a closed short multicategory the assignment (b, ¢) — [b, ¢|, using the profuncto-
riality of binary maps, can be extended to a functor C x C — C. We will denote
with ShMult{ the full subcategory of ShMult with objects left representable
closed short multicategories. Naturally, the forgetful functor U: Mult — ShMult
restricts to a forgetful functor

U : Mult’ — ShMult;’.

The next proposition gives a characterisation of closed short multicategories which

are also left representable.

Proposition 4.2.7. A closed short multicategory is left representable if and only
if it has nullary map classifier and each [b, —] has a left adjoint.

Proof. If it is left representable and closed then the natural bijections
Ci(ab;c) = Ca(a, byc) = Ci(a; b, c])

show that —b - [b,—]. Conversely, if [b, —] has left adjoint —b, then we have
natural bijections

C(ab,c) = Cy(a; b, c]) = Cy(a, b; c)

and, by Yoneda, the composite is of the form — oy 8, for a binary map classifier

ap: a,b — ab (which corresponds to 1,). It remains to show that this and the
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nullary map classifer are left universal. For the binary map classifier, we must
show that — o0 6,4 Chi1(ab,T;¢) = Chia(a, b, T; ¢) is a bijection for all T of length
1 or 2, the case 0 being known. For an inductive style argument, suppose it is true

for T of length + < 1. We should show that the bottom line below is a bijection

—01041 _
Cir1(ab, T; [y, c]) ———Cit2(a,b,7; [y, c])

ey’601l] ley’COI

Cir2(ab, T, y; c) o Cirs(a,b,7,y;cl)

but this follows from the fact that the square commutes, by associativity axiom
(4.2.1.a), and the other three morphisms are bijections, by assumption. The case

of the nullary map classifier is similar in form. O

4.3. Skew Notions

Now that we have introduced short multicategories, we shall review some
important skew notions. In particular, we will recall the definitions of skew
monoidal category [Sz112] and skew multicategory [BL18]. The first concept will
be useful in Section 4.4 when we will consider various correspondences between
different flavours of monoidal category and multicategory. Then, in Section 4.5 we

will generalise the results of Section 4.4 to skew multicategories.

Skew Monoidal Categories

We start reviewing the definition of skew monoidal categories and morphisms
between them. A (left) skew monoidal category (C,®,i,a, A\, p) [Sz112] is

a category C together with a functor

R:CxC—=C
(a,b) — ab,
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a unit object ¢ € C, and natural families agyp.: (ab)c — a(be) (the associator),
Aot ta — a (the left unit) and p,: a — ai (the right unit) satisfying five axioms
which are neatly labelled by the five words

abed
iab atb abi

X

of which the first refers to MacLane’s pentagon axiom. More precisely, the axioms

are the following

. (ab)(cd) .
((ab)e)d / \ a(bled)) (43.1)
aam(a(bc))d . a((bc)d)Agd
(ia)b 2 i(ab) ab 2 (ab)i

\l (4.3.2) \ l%,” (4.3.3)

ab 222 (ai)b —=% a(ib) i s i
x l‘”” (4.3.4) \ l (4.3.5)

ab
Example 4.3.1. Given a ring R, any R-bialgebroid defines a (right) skew monoidal

structure on the category of right R-modules [Sz112, Section 3].

Definition 4.3.2. Let (C,®,14,a, A, p) be a skew monoidal category.

e C is said to be left normal if ) is invertible.

e C is said to be (left) closed if the endofunctor — ® b has a right adjoint
[b, —] for any b € C. We will sometime refer to left closed skew monoidal

categories simply as closed skew monoidal.



114 SKEW MULTICATEGORIES

Let (C,®,i% a% X\ p%) and (D,®,i?,aP AP pP) be two skew monoidal
categories. A lax monoidal functor (F, fy, f2) [Sz112] consists of a functor
F:C— D, amap
fo: P — Fi¢
and a family of maps
fo: FaFb — F(ab)

natural in a¢ and b and satisfying the following axioms:

(FaFb)Fe —25 5 Flab)Fe ——— F((ab)e)

| [ rac (4.3.6)

Fa(FbFc) Er— FaF(bc) — (a(bc))

c
iFa —22 4 Fq Fa —"—— F(ai)
foFal TF)\C (4.3.7) PDl Th
FZFOJTF(ZCL) F(I@WFCLFZ

(4.3.8)
With an abuse of notation, we may write the associators, left/right unit maps as
a, A and p both in C and D, omitting the superscript. Skew monoidal categories
and lax monoidal functors form a category Skew. We will denote with Skew;,,
Skew® and Skew! the full subcategories with objects left normal/closed /left

normal and closed skew monoidal categories.

Skew Multicategories

In this section we will recall the definition of skew multicategory and some other

important notions, all of which can be found in [BL18].

Definition 4.3.3. [BL18, Definition 4.2] A skew multicategory consists of, a
category C together with:

e for each a € C a set C}(—;a) of nullary maps;
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e for each n > 0, each ay,...,a, € C and each b € C a set C!(a;b) of tight
n-ary maps natural in all components and such that, when n = 1, then
Ci(a;0) = C(a,b);

e for each n > 0, each ay,...,a, € C and each b € C a set C.(a@;b) of loose

n-ary maps natural in all components;

e for each n > 0, each ay, ...,a, € C and each b € C a function
Jas: CL(@;b) — CL(@; D).
On top of this there is further structure:

e substitution gives us multimaps ¢(fi,..., f»), which are tight just when g
and f; are; these substitutions, moreover, commute with the comparisons

viewing tight multimaps as loose.

Finally the usual associativity and unit axioms must be satisfied.

Ezample 4.3.4. In [BL18, Section 4.2] we can find some examples of skew multicat-
egories. One of them is the skew multicategory of categories equipped with a choice
of finite products. In this case loose multimaps are functors C; x ... x C,, —» D
preserving products in each variable in the usual up to isomorphism sense, whereas

tight multimaps preserve the given products strictly in the first variable.

Remark 4.3.5. We can identify multicategories as skew multicategories in which

all multimorphisms are tight and loose, i.e. j is the indentity.

Skew multicategories have a notion of morphism between them, which we call here
skew multifunctor. We recall that, given a functor F': C — I, with F'a we mean
the list Faq, ..., Fa,.
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Definition 4.3.6. [BL18] Let C and D be skew multicategories. A skew

multifunctor is a functor F': C — D together with natural families

F':Cl(a;b) — DL (Fa; Fb)  for 1>n
Fl:Cl(@:b) — D\ (Fa@; Fb) for 0

AV
N

such that F{ = F. These families must commute with all substitution operators

and j.

Skew multicategories and skew multifunctors form a category SkMult.

Left Representability and Closedness

A skew multicategory C is weakly representable [BL18, Section 4.4] if for each

pair x = t,] and @ € C" there exists an object m*a € C and multimap
0z € C(a;m"a)
with the property that the induced function
— oy 0%: Cl(m™a;b) — CZ(a;b)

is a bijection for all b € C. We call 6L a tight n-ary map classifier and 6. a

loose n-ary map classifier. Moreover, we say that 62 is left universal if the

a
induced function

— o0y 02: Ci, (m"a,T;b) — Cr,(a,T;b)
for each r > 0,7 € C" and b € C.

Definition 4.3.7. [BL18, Definition 4.4] A skew multicategory C is said to be left
representable if it is weakly representable and all universal multimaps 62 are left

universal.

We will denote with SkMult;, the full subcategory of SkMult with objects left

representable skew multicategories.
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Definition 4.3.8. [BL18, Definition 4.6] A skew multicategory C is said to
be closed if for all b,c € C there exists an object [b,¢| and tight multimap
ey € Ch([b, c], b; ¢) with the universal property that the induced function

eb,c 01 —: C$<a7 [ba C]) — C;:—Q—l (au b7 C)

is a bijection for all aq,...,a, € C and x = t, (.

We will denote with SkMultﬂ the full subcategory of SkMult with objects left

representable closed skew multicategories.

We conclude this section explaining briefly how to construct an equivalence
T¢': Mult’ — Skew{ between left representable closed multicategories and left
normal skew monoidal closed categories. Even though this equivalence is not
explicitly presented in [BL18], it follows directly from some of their results. In

particular let us recall three.

Theorem 4.3.9. [BL18, Theorem 6.1] There is a 2-equivalence between the 2-
category Skew of skew monoidal categories and the 2-category of left representable

skew multicategories.

From this theorem they then deduce the following result.

Theorem 4.3.10. [BL18, Theorem 6.3] There is a 2-equivalence between the
2-categories of left normal skew monoidal categories and of left representable

multicategories.

In the same way, one can prove that the existence of the equivalence T : Multlci —

Skew{" follows from the following result.

Theorem 4.3.11. [BL18, Theorem 6.4] The 2-equivalence of Theorem 4.3.10
restricts to a 2-equivalence between the 2-category Skewlc,l1 of closed skew monoidal
categories and the 2-category Multffn of left representable closed skew multicate-

gories.
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4.4. Short Multicategories vs Skew Monoidal

Categories

In this section we will show that certain kinds of short multicategories are
equivalent to certain kinds of multicategories. = We will mostly consider
kinds of representable multicategories because it will make proofs easier
and many examples in the literature are of this kind (see for instance
[Her00, Section 2.2]).  The strategy will be to use known equivalences
between different flavours of monoidal category and multicategory [Her00,

BL18|. For example, the left representable case gives us the following picture

Multlr
ﬂ
T ShMult,,
w /;;
Skewy,.

We will start showing how to construct the functor K and then prove it is an

equivalence. The proof of the other cases will have the same structure.

The Left Representable and Representable Cases

The first equivalence we will use is T': Mult;, — Skew, between left representable

multicategories and left normal skew monoidal categories [BL18, Theorem 6.3].

Notation. From now on, to increase readability of proofs, we will often mix
algebraic parts and diagrams. For clarity, we shall explain what we mean with this.
In a short multicategory any diagram has multiple interpretations, which are given
by the order of the substitutions we apply. We presented some examples of this
at the start of Section 4.2, when we explained how to interpret the associativity
equations. For this reason, the formal proofs are always given by the algebraic
expressions. However, the chain of equations can be quite long. We therefore add
diagrams whenever the maps involved in the equations change and not only the

bracketing.
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Lemma 4.4.1. Given a left representable short multicategory C we can construct

a left normal skew monoidal category KC in which:

o The tensor product ab of two objects a and b is the binary map classifier;
o The unit i is the nullary map classifier;

o Given f:a — b and g: ¢ — d the tensor product fg: ac — bd is the unique

morphism such that

(4.4.1)

e The associator a: (ab)c — a(be) is defined as the unique map such that

) %@b(;) eab,c (ab)e . a(be)
b be

(4.4.2)

e The left unit map \: ia — a is defined as the unique map such that

(which is invertible by left representability).

e The right unit map p: a — ai is defined as

(4.4.4)
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Proof. Functoriality of C?* — C : (a,b) — ab follows from the universal property
of the binary map classifier and profunctoriality of Co(—;—). It remains to
verify the five axioms for a skew monoidal category. We will start with the
pentagon axiom (4.3.1). Since we need to prove an equality between two maps
((ab)e)d — a(b(cd)), by left representability, it is enough to prove that these maps
become equal on precomposition with the left universal multimaps. Let us start

with the top part, when we precompose with the universal 4-ary multimap of

Proposition 4.2.3 we get

More precisely, we have

(aa,b,cd o Oéab,c,d) o [ (G(tzb)c,d 01 eab,c) 01 ea,b]
= [(®a,bed © Xabe,d) © (Plabyed ©1 Oabe)] 01 0ap  (nat. sub. bin. into tern.)
= [Qaped © [Qabe,d © (B(ab)e,d ©1 Babe)] ] 01 Oap (profunctoriality tern.)

= [ ped © (Qabcd ©2 Oca) | 01 Oap (definition of «)

= o ped O [ (Bab.cd 92 Oca) 01 0ap ] (nat. sub. bin. into tern.)

= o ped O [ (Oab.ca ©1 Oap) 03 0c.d ] (by axiom (4.2.2.a))
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= [aped © (Babea 01 0ap)] 03 bca (nat. sub. bin. into tern.)

= (0ab(cay ©2 Ob.cd) 03 Oc.d (by definition of «)

a(b(cd))
(4.4.5)

Now let us consider the bottom part of the pentagon axiom. Let us recall that

Qg pc - d is defined as the unique map such that

and a - ap.q is defined similarly. Then, the bottom part of the pentagon pre-

composed with left universal maps is equal to

@ > ab
ea,b
b
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More precisely, we have

[(G * Qped © Oéa,bc,d) O lgbe d] o [(e(ab)c,d S eab,c) 01 9a,b]
[ [(a- ea© Qaped) © Aape - d] 0 (Oap)e,a 01 Oave) ] 01 0ap  (nat. sub. bin. into tern.)
=[(a- ed 0 dopea) O [Qape-d o (Oapyed 01 bave)]] 01 bap (profunctoriality tern.)
=[(a- Apea© Aapea) © [ (Qape - d ©0pyea) 01 Oape] ] 0104p (nat. sub. bin. into bin.)
[ ( )

Q- Opcd© Qg e d) [(ea(bc),d 01 aa7b,c) 01 Qab,c] ] 01 9a7b (by definition of o - d

=[(a- aped© daped) © [Oape)d ©1 (Qape © Oabe) ] ] 01 0ap (extranat. sub. bin. into bin.)
= (@ Wped © Aape,d) O [ [Oabe)d ©1 (Aape © Oabe) | 01 Oap | (nat. sub. bin. into tern.)
= (a - Qyed © Qaped) O [ Oagpe),d 01 [ (Qape © Oave) 01 Oap] ] (by axiom (4.2.1.a))
= (@ Wed © Aape,d) O | Batve),d 01 (Bape 02 O c) | (by definition of «)

a(be)

= (@ Wed © Aaped) O | (Dave),d ©1 Oape) 02 Obc | (by axiom (4.2.1.a))
= [(a- apea© agped) © (Dape),d 01 Oape) ] 02 0p  (by nat. sub. bin. into tern.)
[ @+ a0 [ aped © (Batve),d ©1 Oape) | ] 02 e (profunctoriality tern.)
[ )

a - ed © (O (beyd 02 Ope.d) ] 02 Obc (by definition of «
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b a
P
a,(bc)d b,C,d
c Opeg >—
7 (be)d
= [ ((Z *Qped © Ha,(bc)d) O9 Hbc,d ] O9 Qb,c (by nat. sub. bin. into bm)
= [ (Bap(ed) ©2 Qbed ) ©2 Ope,a | 02 O e (by definition of aay, . 4)

a

ea,b(cd)

d b(cd)
= [ bapeay 02 (ped © Ope,a) ] 02 Ope (extranat. sub. bin. into bin.)
= Oap(cd) 02 | (a0 e ) 01 Opc | (by axiom (4.2.1.a))
= Oab(ed) 02 (Op,ca 02 0c.a) (by definition of a)
= (bapeay ©2 Obca) 03 Oca (by axiom (4.2.1.a))

which is exactly (4.4.5). Similarly we use axioms (4.2.1.b) and (4.2.2.c) to prove

the left unit axiom (4.3.2), which we recall below,

(ia)b =222 i(ab)
\lab

Using left representability it is enough to prove the equality precomposing with

the universal nullary map « and binary maps 6. So,
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/\a “bo [(Qia,b 01 Qi,a)ol u]

=[Aa-bo(Oiupo10ia)]o1u (nat. sub. null. into bin.)
=[(Aa-b00biup)01bia]o1u (nat. sub. bin. into bin.)
=[(bapo01Aa)01biq]01u (definition of A, - b)

= [0ap o1 (Aao10ia)] 01w (extranat. sub. bin. into bin.)
=0up01[(Ag010i4) 01 1] (by axiom (4.2.1.0))
= 0up 01 1o = Oup (by definition of ).

On the other hand,

—

[()\ab o a’i,a,b) o em,b] 01 9¢,a ] o1 U

[ [Aab 0 (iap ©Biap)] 0160ia]01u (profunctoriality bin.)

=[Aap 0 [(Qiap©biap) o1 0ia]]oru (nat. sub. bin. into bin.)

[ Aab© (Biap 02 6ap) |01 u (by definition of )
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= Aap © [ (Biap 02 6ap) 01 U] (nat. sub. null. into bin.)

= Ao [ (biagoru)oby,y]| = (by axiom (4.2.2.c))

a
ea,b
b
=[ Ao (Oiaoru)]obyy (profunctoriality bin.)
= 1450040 = Oup (definition of ).

Similarly, we use axioms (4.2.1.b) and (4.2.2.b) to prove the right unit axiom
(4.3.3). Instead for the axiom (4.3.4)

ab 2% (ai)b =22 a(ib)

A
xlab

ab

we use axiom (4.2.1.b), more precisely:

(aXp © i © pab) © B

= (aXy 0 v ip) © (pabobayp) (profunctoriality of binary maps)
= (a0 aqp) © (Baip © Pa) (definition of pb)
= (a0 qip) © [Gaip 01 (0o 02 u) | (definition of p)
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aXp 0 gip) O [ (Baip 01 644) 02 u| (by axiom (4.2.1.b)

= ( )
= [(aXp 0 Qip) © (Baip 01 644)] 02 (nat. sub. nullary into ternary)
=[aXy 0 (i © (Paip ©164:))] 02 (profunctoriality ternary)
= )

aXp 0 (Oa,ip 02 6;5) ] 02 u (definition of o

= [(aXp 0 0qip) 02 0ip] 031 (nat. sub. bin. into bin.)
= [(0ap 02 Ap) 02 0] 02 u (definition of a))
a
) ) ‘ B ab
Qi,b ! >\b
| b
b
= [lap 02 (Ap0bip)]o2u (extranat sub bin-into-bin)
= 0ap 02 [(Ap 0 0ip) 02 u] (by axiom (4.2.1.0))
=0up 09 [Ny 0 (6ip02u)] (nat. sub. null. into bin.)
= Oap 02 1p = Oup (definition of ).

Finally, we use axiom (4.2.2.d) to prove the axiom (4.3.5)

Z—)Z’L

N

More precisely, we have to prove that (\; o p;) o u = u (by left representability).



THE LEFT REPRESENTABLE AND REPRESENTABLE CASES 127

(Miopi)ou= X o(pou) (profunctoriality of nullary maps)
=X o[(6;;02u)oul (definition of p)
=X o[(fi;01u)ou] (by axiom (4.2.2.d))

=[No(biioru)]ou (profunctoriality of nullary maps)
=ljou=u (definition of A). O

Before defining the functor K : ShMult;,. — Skew;,, on morphisms, we prove the

following easy lemma.

Lemma 4.4.2. Consider C,D € ShMult;,. and a functor F: C — . There is a

bijection between natural families
F@bi 01(57 b) — DZ(FE, Fb)
and natural families
fa: m(Fa) — F(ma)

where ma and m(Fa) are the n-ary map classifiers of the appropriate arity.

Proof. The bijection is governed by the following diagram

Fa’,

Ci(a;—) Di(Fa; F-) (4.4.6)

0193T T019Fa

Cl (ma, —) Fofs Dl (m(FE), F—)

in which the vertical arrows are natural bijections and the lower horizontal arrow

corresponds to the upper one using the Yoneda lemma. O

Remark 4.4.3. Given a morphism F': C — D € ShMult;. we obtain, applying the
above lemma, natural families fo: FaFb — F(ab) and fy: ¢ — Fi defining the
data for a lax monoidal functor KF': KC — KD. We will prove that is is a lax

monoidal functor in Proposition 4.4.4.

Explicitly, fo: FaFb — F(ab) is the unique morphism such that fy oy Opy pp =
F5(0,) whilst fy is the unique morphism such that fyou = Fu.
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Notation. Let C be a short multicategory with a left universal nullary map classifier.
Then we will use (—)*: C,(@;b) — C,41(7,a@;b) for the inverse of — o; u: in other
words, for any n-multimap f, then f* is the unique (n + 1)-multimap such that

froru=f.

Proposition 4.4.4. With the definition on objects given in Lemma 4.4.1 and on
morphisms in Remark 4.4.3, we obtain a fully faithful functor K : ShMult;, —

Skern.

Proof. By Lemma 4.2.5 a morphism of ShMult,,.(C, D) is uniquely specified by a
functor F': C' — D and natural families (Fy, F}y) satisfying three equations.

By Lemma 4.4.2, these natural families (Fy, Fy) bijectively correspond to natural
families (fs, fo)-

Therefore, if we can prove that (F, Fy) satisfy the equations of Lemma 4.2.5 if
and only if (fs, fo) satisfy the equations for a lax monoidal functor, then we will
have described a bijection K¢ p: ShMult,,.(C, D) — Skew,,,(KC, KD).

Let us start assuming that (Fy, Fy) satisfy the equations of Lemma 4.2.5 and then
prove that (fs, fo) satisfy the equations for a lax monoidal functor. The axiom
(4.3.6)

(FaFb)Fe — 25 s plab)Fe — s F((ab)e)

. [

Fa(FbFc) e FaF(bc) — F(a(be))

is checked by precomposing with the universal ternary multimap. From now on,
we will write only a diagramatic schema of these proofs, as the algebraic part is
analogous to the previous ones. We start considering Fa o fs o fy - F'e, which,
after precomposing with the universal ternary map, corresponds to the following

picture
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Fa
FaFb
F(albe
b b e ‘f2 o (a(be))

Fb |
Fe

by definition of fs - Fc

F(ab)

:FozoFQQOngG

= Fy(a0f) o) Fr0 (by naturality of F5)
= F3((obap) 01 Oape) (by Lemma 4.2.5)
= F3(0pc 02 00pc) (by definition of «)
= F30,pc 02 Foby. (by Lemma 4.2.5)
= [f200rarwe ]| o2 [ f200mFc] (by definition of f5)
B ‘ i F((ab)e)

by definition of Fa - f,

Fa
L b Fafs ‘f2
FbFe
Fe
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by definition of «

Fa
FaFb
= b F(a(be))
o b > {Faf >
Fec

The last diagram corresponds to fo o Fa - fy o «, therefore the diagram (4.3.6) is

commutative. Let us now prove the unit axioms, starting from (4.3.7)

iFa —2 5 Fa

foFal TF)\

FiFa — F(ia).

We will prove this axioms showing that F'A- f5 - foFa satisfy the defining property
(4.4.3) of A.

by definition of fy and f,

_ b H p Fia) Fa
Fa

= F)Xo Fy0 oy Fyu

= Fy(Ao6) oy Fou (by naturality of F3)
=F((Aobi4)o1u) (by Lemma 4.2.5)
=F(1,) = 1p, (by defining property (4.4.3) of A).
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Finally, we prove the right unit axiom (4.3.8)

Fa—>Faz)

| I

Fai —— FaFn.
Fa-fo

We recall that the definition of p is given in (4.4.4).

Then, by Lemma 4.2.5 Fy0 0y Fu = F( 6 osu) which is exactly the definition of Fp.

Finally, let us prove that if (f2, f) satisfy the equations for a lax monoidal functor
then (Fy, Fy) satisfy the equations of Lemma 4.2.5. Let us start with equations
(4.2.6). Let v € Co(—;a) and f € Cy(a,b; ), then Fyf oy Fyv is defined as

F@ Fab
FaFb [ > (ab)| T

where v* and f’ correspond to v and f through left representability. Then, by

definition of F'v* - F'b we can rewrite the map above as
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i Fa
; , F(ab
» b FZF&FU*-F() FaF (ab) Fe
Fb
F(ab
F(v* - b) LW

since one can check that f' o v*b = (f oy v) o Ay and functoriality of F

P(forv) >
F(fov) fe
which is equal to F(f oy v) by (4.3.7). Then, let us consider s € Cy(—;b) and
f € Ca(a, b;c). Similarly, using (4.3.8) we can prove that F(f oy s) = Fyof oy Fyuv.

We have left to prove the equation (4.2.7). Let f € Ca(b,c;z) and g € Cy(a, x;d),
then Fyg oy Fyg is defined as

by naturality of f,

Fa

Fb

FoFe > F(be] ¢
j 0 sz Ff T
Fe

FaFa [ F(az) Fy Fd
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by definition of Fa - fo and Fa - f’

Fa
o T i i
Fch
Fc

by naturality of f,

Fa
L
Fch
Fc

by definition of «

Fa
= Fb CLFb b b b F(a'f/)
Fe

by diagram (4.3.6)

Fa
B an
b b w b b Fla- f)
Fe

On the other hand, it is not hard to see that

F3(goy f)=F3(g oa-floao(fo;8)) o Fro (by equation above)
=Fg oF(a-f")oFaoF3(0010) (naturality of Fy).

Fd

Fd

Fd
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We conclude noticing that F3(6 o1 0) = foo foFco (601 6) by definition of Fj. In

the end, Table 4.1 describes the correspondence between axioms.

(Fo, F2) (fo, f2)

(4.2.7) | Associator axiom
(4.2.6.a) | Left unit axiom
(4.2.6.b) | Right unit axiom

Table 4.1

Functoriality of K follows routinely from the definition of f5 and fj. O]

Let us recall that there is a forgetful functor U;.: Mult;, — ShMult;. and the
authors of [BL18| construct an equivalence 7: Mult;,, — Skew,,. Moreover,
comparing the construction of K with that given in [BL18, Section 6.2], we see

that the triangle

Multlr
Ulr
T ShMult;,
e
Skewln

1S commutative.

Theorem 4.4.5. The functor K: ShMult,, — Skewy, is an equivalence of
categories, as is the forgetful functor U,.: Mult,, — ShMult,,.

Proof. Let us show that K is an equivalence first. Since K is fully faithful by
the preceding result, it remains to show that it is essentially surjective on objects.
Since T'= KU and the equivalence T is essentially surjective, so is K, as required.

Finally, since T'= KU and both T" and K are equivalences, so is Uj,.. O]

Then, if we consider the forgetful functor U,.,: Mult,., — ShMult,., and the

equivalence T,: Mult,., — Mon given in [Her00], we get the following result.
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Theorem 4.4.6. The equivalence K: ShMult,, — Skew;, of Theorem }.}.5
restricts to an equivalence K,.,: ShMult,., — Mon between representable short

multicategories and monoidal categories, which fits in the commutative triangle of

equivalences
Mult,.,
%
Trep ShMultrep

A

Proof. Let C € ShMult,,.. If C is representable then KC has invertible left unit A

since it is skew left normal. Therefore, we have left to prove that o and p are

Mon.

isomorphisms as well. First, we can define the inverse of o through the chain of

bijections

Cs(a, b, c; (ab)c) = Cy(a, be; (ab)e) = Cy(a(be); (ab)e)

-1
eab,c 01 ea,b ? «

Using the universal properties of (ab)c and a(bc) we can show that o and a~! are

inverses of each other. Then, p is defined as 6 o u, see (4.4.4). We define p~! as
the map corresponding to 1, through the following bijection

Ci(ai;a) = Ca(a,isa) = Ci(a; a),

i.e. p~1is the unique map such that

which means that p~'p = 1,. Using the universal property of ai we can also prove

that pp~! = 1.
On the other side, if KC is monoidal, then o and p are invertible. Then

63(1‘7 a’b7y; Z) = CQ(QZ(CLZ)), Y; Z) = CQ((LUG)b,Z/, Z) = Cg(l'a, b7 y) = C4<I', a, b7y7 ’Z)
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where the second isomorphism is given by pre-composition with o, ., and the
rest by left representability. We can see how this isomorphism sends a map

frx ab,y — 2z to

which can be proven to be equal to fos0,; using the definition of « and associativity

equations in C.

[(f/ 01 CK) 01 Qxa,b] 01 ex,a

= [f o1 (@004p)] 01 0sa (by extranat. sub. binary into binary)
= f o1 [(@0Brap) 01 0:4] (by axiom (4.2.1.a))
= f" 01 (Orap 02 bup) (by definition of «)
= (f' 01 0pa) 02 0ap (by axiom (4.2.1.a))
= f o9 0up (by definition of f’).

Then, the isomorphisms
Co(z,ab; z) = C3(x,a,b; 2) and  Cs(z,y,ab; z) = Cy(x,y,a,b; z)

are constructed and shown to be induced by pre-composition with 6, in a similar
way. Finally, we show how u induces the required isomorphisms for a representable

short multicategory. By left representability, the map
—ou: Cp(i,a;2) = Cpho1(a; 2)

is an isomorphism (for @ of length n —1). Then, since p is invertible, we can define

the following isomorphism

C3(CL, 7:7 ba Z) = CQ<ai7 ba Z) = C2(a’7 bu Z)
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where the last map is given by pre-composition with p in the first variable and

the first one by left representability. Thus, a ternary map k: a,i,b — z is sent to

k' oy p.
k' o1 po =k o1 (04 02 u) (by definition of p)
= (k' 010,,) o2 u (by axiom (4.2.1.b))
=koyu (by definition of £').

Similarly, we can construct the isomorphism Cy(a,; z) = Ci(a;2) and prove that

it is induced by pre-composition with wu.

Since ShMult,., and Mon are full subcategories of ShMult;, and Skew;,, the
fully faithfulness of K, follows from the one of K. Hence, U,., is an equivalence

as well. []

The Closed Left Representable Case

In this section we will consider the equivalence T¢: Mult{. — Skew{. between
left representable closed multicategories and left normal skew monoidal closed
categories. The existence of this equivalence follows from [BL18, Theorem 6.4] in
the same way as [BL18, Theorem 6.3] follows from [BL18, Theorem 6.1].

Theorem 4.4.7. The equivalence K : ShMult,. — Skew,, restricts to an equiva-
lence K{*: ShMult’ — Skew:. between left representable closed short multicate-
gories and left normal skew closed monoidal categories, which fits in the commuta-

tive triangle of equivalences

Mult

]
\Uﬁ

Tyl ShMult;’

%ff

cl
Skew;, .
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Proof. Let C be in ShMult,,. If C is closed then we have natural isomorphisms
C(ab7 C) = cl(ab; C) = C2<a7 b; C) = Cl (G, [ba C]) = (C<a7 [bv C])

so that KC is monoidal skew closed, as required. If KC is closed, then we
have natural isomorphisms Ci(a;[b, c]) = Cy(ab;c) for all a,b,c. By Yoneda, the

composite
Ci(a; [b, c]) = Ci(ab; ¢) = Cq(a, b; c)

is of the form e, o — for a binary map e,.: [b,¢],b — ¢, and to show that C is
closed we must prove that the function on the bottom row below is a bijection for

tuples @ of length 0 to 3.

€p,cO01—

C1(m(@); [b, ¢]) ————Ca(m(a), b; ¢)

—Oleﬁl l—olea

Cn (a; [bv C]) ————Cun1 <a7 b; C)

€p,cO01—

Since C underlies a left representable multicategory, there exists a left universal
multimap 05: @ — m(a) and we have a commutative diagram as above in which
the upper horizontal is invertible, as already established, and the two vertical

functions by left universality, so that the lower horizontal is a bijection too. O]

Putting together Theorem 4.4.6 and Theorem 4.4.7 we get the following result.

Theorem 4.4.8. The equivalence K: ShMult,, — Skew;, defined in
Theorem 4.4.5, restricts to an equivalence K., : ShMultflep — Mon between

short representable closed multicategories and closed monoidal categories, which

fits in the commutative triangle of equivalences

Mult(,,
\Uggp
T, ShMult?

rep

%ﬁép

Mon®.
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4.5. Short Skew Multicategories

In this section we will adapt the definitions in Section 4.2 and the results in
Section 4.4 to the skew setting. Once again, we will follow the style of Proposi-
tion 4.1.1.

A short skew multicategory consists, to begin with, of a category C together

with:

e For 1 <n <4 afunctor Ci(—; —) : (C")? x C — Set such that, when n = 1,
we have Cy(—; —) = C(—, —) : C? x C — Set.

e For n = 0,1,2 an additional functor C'(—;—) : (C")®? x C — Set and

dinatural transformation j, : C! (—; —) — CL(—; —).

Remark 4.5.1. The [-typed multimaps, i.e. the elements of C',(a@;b), are thought of
as loose, whereas the t-typed multimaps, i.e. the elements of C!(a;b), are thought
of as tight. The function j lets us view tights as loose. Nullary maps are thought of
as loose. The tight unary maps are precisely the morphisms of C. Both tight and
loose n-ary multimaps f admit compatible precomposition and postcomposition
by tight unary maps — that is, by the morphisms g of C — which we write as
fogand go f respectively.

For z,y € {t,1}, let us write

t, fer=y=tandi=1
rojy=4qt, ifr=tandi#1

o~

, otherwise

Then in certain cases we require functions
. 7. —. oy .
— 0 —! Cﬁ(b, C) X C;/n(a’ bi) - Cn+m—1(b<i7 a, bsi; C)

for i« € {1,...,n} which are natural in each variable ai,...,an,by,..., by, c.

Analogous to those from before, we require:
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em =2 n=23and x = y = t (substitution of tight binary into tight
binary/ternary);

e m=23,n=2andx =y =t (substitution of tight ternary into tight binary);

e m =0,n=2,3and z =t (substitution of nullary into tight binary/ternary).
but also:

e m=0,n=1and z =y =1 (substitution of nullary into loose unary);
e m=1y=1[0n=2and x =t (substitution of loose unary into tight binary);

e m=2,y=tn=1and x = (substitution of tight binary into loose unary).

In the context of a binary multimap f, and multimaps ¢ and A of arity n and p

respectively (all tight except nullary ones), one can consider associativity equations

of the form:
foi(gojh)=(foig)ohj for 1<i<m,1<j<n, (4.5.1)
(foig)ojh=(fojh)opr;g for 1<i<m,j<m-—i. (4.5.2)

We require these equations in the following cases:

(a) n=p=2

(b) n=2,p=0;

(c) only for (4.5.2), n =0, p=2;
(d) only for (4.5.2), n =p=0.

Remark 4.5.2. Let us unfold what naturality of j,, means. Let g be a tight binary
map, p and ¢ two tight unary maps and v a nullary map. Naturality of j,, means
that the following equations hold:

gosjp=gosp go1jp=j(go1p) qojp=jlgop) (45.3)

jpog=7jpog) jpov=pou.
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Moreover, if we consider the second and third naturality equation with p = 1. We

get the following description for jg and jg:

Jjg=j(go1l) =goyjl
Jq=j(go11) = qoy jl.

Notation. We will denote a tight n-ary multimaps as

a1
- : b
a.

n

a1
.>b
a.

n

and a loose n-ary multimaps as

Definition 4.5.3. Let C and D two short skew multicategories. A morphism of

short skew multicategories is a functor F': C — D together with natural families

Fi: Ci(a;
F: Cl(a;

b) — Di(Fa; Fb) for 1<i<A4
b) — DYFa; Fb) for 0<i<?2
such that F} = F (with Fa we mean the list Fay, ..., Fa,). These families must

commute with all substitution operators o; and j.

Short skew multicategories and their morphisms form a category ShSkMult.
Naturally, there is a forgetful functor U*: SkMult — ShSkMult.
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The Left Representable Case

A tight binary map classifier for ¢ and b consists of a representation of
Cy(a,b;—): C — Set — in other words, a tight binary map 6,;,: a,b — ab for

which the induced function
— 004y : Ci(ab;c) — Cy (a, b;c)
is a bijection for all c¢. It is left universal if, moreover, the induced function
— 01 04p: Cl (ab,T;d) — C;H(a, b, T;d)

is a bijection for n = 2,3 and T a tuple of the appropriate length. A nullary map
classifier is a representation of C,(—; —): C — Set — thus, a certain nullary map

u € CL(—;1). It is left universal if the induced function
—oyu:Cl,(i,7;d) — CL(F;d)
is a bijection for each d and tuple T of length 1 and 2.

Definition 4.5.4. A short skew multicategory C is said to be left representable

if it admits left universal nullary and tight binary map classifiers.

We will denote by ShSkMult;. the full subcategory of ShSkMult with
objects left representable short multicategories. Naturally, the forgetful functor
U?: SkMult — ShSkMult restricts to a forgetful functor U; : SkMult;, —
ShSkMult,,.

Notation. Let C be a short skew multicategory with a left universal tight binary
and nullary classifier. Then we will use (—): C.(a;b) — C._;(a1a9,as, ..., a,;b)
for the inverse of — oy fay, as and (—)*: C.(a;b) — C.,,(i,@;b) for the inverse of
— o7 u. More precisely, for any tight n-multimap f, f’ is the unique tight (n — 1)-
multimap such that f' o; 8 = f and, for any loose n-multimap ¢, ¢* the unique

tight (n + 1)-multimap such that ¢* o; u = q.
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We start proving Lemma 4.5.5 which will be useful in the proof of Lemma 4.5.6,
which gives a characterisation of morphisms between left representable short skew

multicategories.

Lemma 4.5.5. Let C and D be left representable short skew multicategories and
Fl: Ci(—=;a) — Di(—;Fa) and Fi: Ci(a,b;c) — Dy(Fa,Fb; Fe) two natural
families. If we define, for any loose unary map q, Flq :== Fiq* oy Fiu (where u is
the universal nullary map in C and q* is the unique binary map such ¢* oy u = q),

then for any v € Ci(—;a) and f € Ci(a,b;c), we have
Fi(f o1v) = Fy(f) o1 Fy(v).

Proof. Let us consider v € C4(—;a) and f € Ci(a,b;c). Then

Fi(f o1 v)

= F3((forv)") o1 Fy(u) (by definition of V)
= Fy(fo1v*) 01 Fy(u) (because (f o1 v)* = f o1 v*)
= (F{(f) or F(0*)) o1 Fl(u) (by naturality of F3)
= F3(f) o1 (F(v*) o1 Fi(u)) (by extranat. sub. nullary into tight binary)
= F3(f) o1 Fy(v* o1 u) = F5(f) o1 Fy(v) (by naturality of Fy).

]

Lemma 4.5.6. Let C and D be left representable short skew multicategories. A
morphism F: C — D is uniquely specified by:

o A functor F: C — D (where C and D have as maps the tight unary maps of
C and D respectively).

e Natural families F}: Ci(—;a) — D.i(—;Fa) and Fi: Ci(a,b;c) —
Di(Fa, Fb; Fc) such that F' commutes with

(4.5.4)
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and such that if we define, for any ternary tight map h € Ci(a;b), Fih :=

FIW oy Fi0, then F also commutes with

(4.5.5)

and such that if we define, for any loose unary map q, Fiq :== Flq* oy Flu,

then, for any tight unary map p,
F1j(p) = jFip. (4.5.6)

Proof. First of all, we need to define all of the natural families needed for a
morphism in ShSkMult;,. We start with F}, F! = F and F! given and we
already defined F} and F¥. So, we have left to define F} and Fl:

e for k € Ci(a,b,c,d;e) we define Fik := Fik' oy Fi0,
e for r € Ci(a, b;c) we define Fir := Fir* o; Flu.
Then, we need to prove that these natural families commute with all substitu-
tions, i.e.
(i) Tight binary into tight binary/ternary.
(ii) Tight ternary into tight binary.
(iii) Nullary into tight binary/ternary.
(iv) Nullary into loose unary.
(v) Loose unary into tight binary.

(vi) Tight binary into loose unary.
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Almost all of the first three can be all proved in an analogous way as in
Lemma 4.2.5. For instance, to prove that F' preserves g o; f for f and g binary,
we use (4.5.5) and naturality of F} (in tight maps).The only exceptions are the
substitution of a nullary map into the first component of a binary/tight ternary.
Lemma 4.5.5 proves the nullary into tight binary case. To prove the nullary into
ternary case instead, we will assume substitution of loose unary in the first variable
of a tight binary, which we will refer to as (v.1). Similarly, we will refer to substi-

tution of loose unary in the second variable of a tight binary with (v.2).

b
T

B e
d d
We need to prove that Fi(h) oy Fj(v) = Fi(h oy v).
Fi(h) o1 Fi(v)
= (FLN) oy Fi(By.)) o1 F{(v) (by definition of FY)
= FL(W) oy (Fi(By.) o1 F{(v)) (by axiom (4.5.1.b) in D)
= Fi(h) o1 Fl(Op010) (by (4.5.4))
= FL( W o (Opc01v)) (by (v.1))
= Fi((W o1 0p.)01v)=Fi(hoyv) (by axiom (4.5.1.b) inC).
(iv) Let v € Ci(—;a) and p € Cl(a;a’), then
Fi(p) o Fy(v)
= (Fi(p*) oy FL(u)) o Fi(v) (by definition of F!
= (F3(p*) os Fy(v) ) o F§(u) (by axiom (4.5.2.d) inD

)
)
p* oy ) o Fl(u) (by (4.5.4.b))
)

(by naturality of F}
= Fl(pow) (by axiom (4.5.2.d) inC).
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(v.1) Let p € Ci(a;a’) and f € Ci(d',b;c), then

le(f o1 p)
= Fi((forp)*) o1 Fi(u) (by definition of F})
= F§(fo1p*) o1 Fy(u) (since (f o1 p)* = fo1p)
= (F3(f) o1 F3(p")) o1 Fy(u) (by (1))
= FU(f) o1 (Fi(p*) o1 Fi(u)) (by axiom (4.5.1.b) inC)
= F(f) o1 (F{(p* o1 u)) = Fy(f) o1 Fi(p) (by axiom (4.5.4.a)).
(v.2) Let ¢ € CL(b;b') and f € Ci(d,b;c), then
F3(f) o2 Fi(q)
= FU(f) og (Fi(q*) oy FL(u)) (by definition of F})
= (FUf) oy Fi(q")) 03 Fi(u) (by axiom (4.5.1.b))
= F3(f 02 q") 02 Fy(u) (by (i)
= Fy((fo2q") o2 u) (by (iii))
=Fi(foy (¢ o1u)) = Fi(fozq) (by axiom (4.5.2.b) inC).
(vi) Let f € Ci(da’,b;c) and p € Cl(c; ), then
Fy(po f)
=Fi((po f)*) o1 F(u) (by definition of FY)
= F3(p* oy [) o1 Fy(u) (since (po f)* =p” oz [)
= (Fy(p*) 02 F3(f)) o1 Fy(u) (by (i)

= (Fi(p*) o1 Fl(u)) o Fi(f) = Fi(p) o Fi(f) (by axiom (4.5.2.b) inC).
Finally, let us prove that F' commutes with j; and j;. The assumption (4.5.6) is
literally commutativity of F' with j;. So, let f € Ci(a,b;c),
Fyjf = F3(fo1jla) = F3f o1 Fi(jla) = F3f o1 jF{la = F3f o1 jlra = j(FS ).

Here we have used naturality of j (in the style of Remark 4.5.2, assumption (4.5.6)

and F{1, = 1p, (since FY is a functor). O
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Remark 4.5.7. Let us briefly see what happens to this characterisation when we
consider 5 = 1 both in C and D, i.e. when they are left representable short
multicategories. We can see that condition (4.5.6) implies that F} = F}, which,
together with Lemma 4.5.5, gives back equation (4.2.6.a) in Lemma 4.2.5. Further-
more, conditions (4.5.4) and (4.5.5) correspond directly to (4.2.6.b) and (4.2.7),

respectively. This shows how Lemma 4.5.6 corresponds to Lemma 4.2.5.

Now, let us recall that there is an equivalence T°: SkMult;,, — Skew between
left representable skew multicategories and skew monoidal categories [BLI1S,

Theorem 6.1].

Lemma 4.5.8. Given a left representable short skew multicategory C we can

construct a skew monoidal category K*°C in which:

e The tensor product ab of two objects a and b is the tight binary map classifier;
o The unit i is the nullary map classifier;

e Given tight unary maps f: a — b and g: ¢ — d, the tensor product fg: ac —

bd is the unique morphism such that

(4.5.7)
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o The left unit map \: ia — a is defined as the unique tight unary map such
that

(4.5.10)

Proof. Functoriality of C* — C : (a,b) — ab follows from the universal property
of the tight binary map classifier and profunctoriality of Ci(—; —). It remains to
verify the 5 axioms for a skew monoidal category. Some of them have the same
proof as short multicategories, we will give details only of the ones where we need
to use new axioms. For instance, in the pentagon axiom (4.3.1) all the maps are
tight, so the proof does not change (naturality and profunctoriality are defined
using tight unary maps). Also the right unit axiom (4.3.3) has the same proof.
We will prove the other three cases. Let us consider the axiom (4.3.2), which we
recall below,

(mb—>zab
\lab

The strategy will be again to prove the equality pre-composing with the universal

nullary map v and binary maps 6. So,
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Ao b0 [(Biapo1bia) o1 ul

=[Aa-bo(Biupo1bis)]oru (nat., in tight unary, sub. null into tight bin.)
=[(Ag-b0bigp)o1bia]o1u (nat. sub. tight bin. into tight bin.)
= [(Oapor1Aa)010ia]oru (definition of A, - b)

= [lapo1 (Ag010i0)] 011 (extranat. sub tight bin. into tight bin.)

=0up01[(Ag010i4) 01 1] (by axiom (4.5.1.))
= 0ap 01 jla (by definition of \)
= j(0ap 01 1a) = j0ap (by naturality of 7).

Let us emphasise the last line, which is different from the normal short multicat-

egories case. On the other hand, we start from

and we arrive to
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in the same way as the not-skew case. Then from here,

=[Awo(biaoru)]ob,, (nat. of sub. of tight bin. into loose unary)

=Jlapobap (definition of A)

=J(1ap00ap) = jOus (by naturality of 7).
Again, we point out how this part changed from the not-skew case. In this case,
in addition to naturality of j, we have to interpret the first line differently to the
not-skew case. Here we view it as naturality of substitution of tight binary into

loose unary, whereas with short multicategories we can see it as profunctoriality

of binary maps. Then, we need to prove the axiom (4.3.4), which we recall below,

ab K“ (ib)

Pre-composing with the universal (tight) binary map we get

(aXp o agip 0 apsb)ob,

= (aX\poagip) o (apab 004p) (profunctoriality of tight bin.)
= (aXp 0 aqgip) © (Baip 01 pa) (definition of p, - b)
= (aXy 0 agip ) © [Oaip 01 (Bgi 02 )] (definition of p,)

a(ib) ab
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aAp © g ip) O [(Baip 01 04i) 02 U] (by axiom (4.5.1.b)

( )
= [(aXo 0 g ip) © (Baip 01 644)] 02 u] (nat. sub. null. into tight tern.)
= [aXp 0 (i © (Baip 01 6a:) )] 02 u] (profunctoriality tight tern)
= [ )

aXy © (o 02 6;p) ] 02 1] (definition of a

= [(aXp 0 044p) 0204 ] 02 u (nat. sub. tight bin. into tight bin.)
= [(Oap 02 \p) 0205 ] 021 (definition of a))

= [lap 02 (Apobip)]oau (extranat. sub. tight bin. into tight bin.)
= 0ap 02 [(Ap0b;p) 03 u] (by axiom (4.5.1.b))
= G 03 [N 0 (6,5 02 )] (nat. sub. null. into tight bin.)
= 0o 09 j (1) (by definition of \)
=0up02 1y =04y (by naturality of 7)*.

Finally, we prove the axiom (4.3.5), which we recall below,

Z—>Z’l

N

More precisely, we have to prove that (\; o p;) o u = u (by left representability).



152 THE LEFT REPRESENTABLE CASE

(Aiopi)ou

=\ o (p;ou) (profunctoriality of nullary maps)
=X o[(6;;02u)ou] (definition of p)
=X o[(6;;01u)ou] (by axiom (4.5.2.d))
=[No(fiio1u)|ou (nat. of sub. of nullary into loose unary)*
=j(1;)ou (definition of \)
=l,ou=wu (by naturality of j)*.

The main differences with respect to the not-skew case are underlined with a *. [J

Before defining the functor K*: ShSkMult;,., — Skew, we prove the following

easy lemma, which is the counterpart of Lemma 4.4.2.

Lemma 4.5.9. Consider C,D € ShSkMult,. and a functor F': C — D. There

is a bijection between natural families, with x € {t <},
Fgy: Ci(a;b) — Dy (Fa; Fb)
and natural famailies
fz: m*(Fa) — F(m®a)

where m*a and m*(F'a) are the n-ary x-map classifiers of the appropriate arity.

Proof. The bijection is governed by the following diagram

T

Ci(a;—) —— =D (Fa; F-) (4.5.11)

—Oleg] T—Olefma

Ci(mx67 _) —Ofaz>Di(mZ(Fa)7 F_)

F—

in which the vertical arrows are natural bijections and the lower horizontal arrow

corresponds to the upper one using the Yoneda lemma. O
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Remark 4.5.10. Given a morphism F': C — D € ShSkMult;. we obtain, on
applying the above lemma, natural families of tight maps fo: FaFb — F(ab) and
fo: @ — Fi defining the data for a lax monoidal functor K*F': K°C — K*D. That

it is a lax monoidal functor follows directly from the following result.

Explicitly, fo: FaFb — F(ab) is the unique morphism such that fs oy Opg pp =
Fi(0,p) whilst fo is the unique morphism such that fyou = Flu.

Proposition 4.5.11. With the definition on objects given in Lemma 4.5.8
and on morphisms in Remark 4.5.10, we obtain a fully faithful functor
K*: ShSkMult;. — Skew.

Proof. The proof is quite similar to the proof of Proposition 4.4.4. Using
Lemma 4.5.6 and 4.5.9, it is enough to prove that (F}, F¥) satisfy the equations
(4.5.4, 4.5.5, 4.5.6) if and only if (fo, f2) satisfy the equations for a lax monoidal
functor (4.3.6, 4.3.7, 4.3.8). Equation (4.5.5) corresponds to the associator axiom
(4.3.6) for a lax monoidal functor. Since all maps involved are tight, this follows
by the same proof in Proposition 4.4.4. In a similar way, we can prove how (4.5.4)
corresponds to the right unit axiom (4.3.8) of a lax monoidal functor. The only
part that changes significantly is the one regarding the left unit axiom (4.3.7). We
need to change the proof because the substitution of a nullary map into the first
variable of a tight binary gives a loose unary map. Let us start proving that if
(FL, FY) satisfy (4.5.6), then (fo, f2) satisfy the left unit axiom (4.3.7). We will
prove this axioms showing that FA- f; - foFa satisfy the defining property (4.5.9)

of \.
l .
@ F FiFa| o\ F WW
Fa
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(FXo Fif) o, Flu

= Fi(Aof) oy Flu (by naturality of F3)
=Fl((Aob;a)o1u) (by Lemma 4.5.5)
= Fl(j1,) (by defining property (4.5.9) of \)
= jlp, (by assumption (4.5.6)).

On the other hand, let us assume (fo, f2) satisfy the left unit axiom (4.3.7). Then,
by universal property of A, j1pg, is equal to

Fa
= (FX,0Flb;4) 01 Flu (by definition of F\ and FY)
=Fi(Aob;,) o1 Flu (by naturality of Fy)
=Fl((AoBi,) o1 u) (by Lemma 4.5.5)
= Fl(j1,) (by defining property (4.5.9) of A).

Therefore, we get a correspondence analogous to the one in Table 4.1, which is
described in Table 4.2. O
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(£5, F3) (fo, f2)

(4.5.5) | Associator axiom (4.3.6)
(4.5.6) | Left unit axiom (4.3.7)
(4.5.4) | Right unit axiom (4.3.8)

Table 4.2

We recall that there is a forgetful functor U;.: SkMult;, — ShSkMult;, and an
equivalence T°: SkMult;,, — Skew between left representable skew multicate-
gories and skew monoidal categories. Moreover, comparing the construction of K*

with that given in [BL18, Section 6.2], we see that the triangle

SkMultlr

Ts ShSkMult,,

Skew.

1s commutative.

Theorem 4.5.12. The functor K°: ShSkMult;,. — Skew is an equivalence of
categories, as is the forgetful functor U®: SkMult;,, — ShSkMult,,..

Proof. Let us show that K*® is an equivalence first. Since K* is fully faithful by
Proposition 4.5.11, it remains to show that is essentially surjective on objects.
Since T® = K*U?® and the equivalence T is essentially surjective, so is K*, as
required. Finally, since 7° = K®U® and both T° and K°® are equivalences, so
is U°. O
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The Closed Left Representable Case

Definition 4.5.13. A short skew multicategory is said to be closed if all b,c € C
there exists an object [b, ¢] and a tight binary map e .: [b, ¢],b — ¢ for which the

induced functions

eb,c 01 —: C7t1<Tﬂ [b7 C]) — sz—l—l(fv ba C)7 fOI' n = 1a 27 37

epec o1 —: Ch(m; [b,c]) = CLyy(T,by¢),  forn=0,1,
are isomorphisms.

Once again, let us notice that the condition on n are determined by the definition
of a short skew multicategory. For instance, when dealing with loose maps we
only consider n = 0, 1 because we do not have ternary loose maps in a short skew

multicategory.

We will denote with ShSkMultﬁ the fullsubcategory of ShSkMult with objects
left representable closed short skew multicategories. Naturally, the forgetful

functor U;.: SkMult;, — ShSkMult,, restricts to a forgetful functor
U SkMult{’ — ShSkMult'.

Adapting Proposition 4.2.7, we get a characterisation of closed short skew multicat-

egories which are also left representable.

Proposition 4.5.14. A closed short skew multicategory is left representable if and

only if it has a nullary map classifier and each [b,—| has a left adjoint.

Proof. 1f C is closed and left representable, then the natural bijections
C(ab, ¢) = Cl(ab; ¢) = Ch(a, b;¢) = Cl(a; [b,]) = C(a, b, ])

show that —b - [b, —|. Conversely, if [b, —] has a left adjoint. then we have natural

isomorphisms

Ci(ab; c) = C(ab, ¢) = C(a, [b, ]) = Ci(a; [b, c]) = C3(a, b )
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and, by Yoneda, the composite is of the form — o; 6,; for a tight binary map
classifier 0,4 a,b — ab. It remains to show that this and the nullary map classi-
fier are left universal. For the tight binary map classifier, we must show that
—0 O4p: Cl 1 (ab,T;¢) = Cl . 4(a,b,T; c) is a bijection for all T of length 1 or 2, the
case 0 being known. For an inductive style argument, suppose it is true for T of
length + < 1. We should show that the bottom line below is a bijection

_Olea, —
Cf+1<abv z; [y> C]) —b> Cf—i-Q(a’ b> Z; [y’ C])

ey,colt ley,col

Cf+2(ab> z,Y; C) T@ab Cz't+3(a> b’ T,Y; C])

but this follows from the fact that the square commutes, by associativity axiom
(4.5.1.a), and the other three morphisms are bijections, by assumption. The case of
the nullary map classifier is similar in form but uses associativity axiom (4.5.1.b).

O

We recall that [BL18, Theorem 6.4] gives an equivalence 7 : SkMult;. — Skew*
between left representable closed skew multicategories and skew closed monoidal

categories.

Theorem 4.5.15. The equivalence K*®: ShSkMult;,, — Skew restricts to an
equivalence K;: ShSkMultlci — Skew® between left representable closed short
skew multicategories and skew closed monoidal categories, which fits in the

commutative triangle of equivalences

SkMult}'

s,cl
x

T ShSkMult

KS

c

Skew*.
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Proof. Let C be in ShSkMult,,. If C is closed then we have natural isomorphisms
Clab, ¢) = Cl(ab; ) = Ci(a,bi ) = Clla, b, ]) = Cla, [, ])

so that K*C is monoidal skew closed, as required. If K*®C is closed, then we
have natural isomorphisms Ci(a;[b,c]) = Ci(ab;c) for all a,b,c. By Yoneda, the
composite

Cila; [b, c]) = Ci(ab; ¢) = Cy(a, bic)

is of the form e . oy — for a tight binary map e, .: [b, ¢],b — ¢, and to show that C

is closed we must prove that

epe o1 —: Ch(a;[b,c]) = Cl (@ b;c),  forn=2,3,

epc 01 —: Ch(@;[b,c]) = CL (@, b;c), forn=0,1,

are bijections. For the tight maps case we can consider the diagram

€p,c01—

Ci(m'(@); [b, ¢]) ———C3(m'(a), b; c)

—019aL L—Olea

Co(@;[b, c]) ————=Ca(@ b )

€p,cO01—

where 0;: @ — m'(a) is the left universal tight n-multimap. More precisely,

for n =2, m'(as,as) := ajas, and Oz := 04, 4y,

_ ¢ o o
for n =3, m'(a1,as,a3) = (a1az2)as, and Oz := 04,0505 ©1 04, ay-

The commutativity of the diagram with n = 2 follows from extranaturality of
substitution of tight binary into tight ternary, whereas the one with n = 3 follows
from the associativity axiom (4.5.1.a). Thus, since the two vertical functions are
invertible by left representability and the upper horizontal by construction, the
lower horizontal is invertible as well. Similarly, for the loose case we consider the

diagram
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€p,c01—

Ci(m!(@); [b, c]) C5(m! (@), b c)

Olefll/ jolefl

C (@ [b, o) ————=Ch1 (@, i)

€p,cO1—

where 6L: @ — m(a) is the left universal loose n-multimap, i.e.

forn =0, m!(-=):=i, and 6" :=u,

forn=1, m'(a):=a, and 6 :=6;,0 u.

This time, when n = 0, the commutativity of the diagram follows from extranatu-
rality of substitution of nullary into tight binary, whereas when n = 1 follows from
the associativity axiom (4.5.1.b). Then, since the other three maps are invertible,

the lower horizontal map is an isomorphism. O
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Conclusions

We conclude by summarising what we have done in this thesis and outlining some

possible directions for future work.

In Chapter 1 we have answered a question raised in [Lac00] by showing
that for every Gray-category £, there is a Gray-category Psm(J") of
pseudomonads, pseudomonad morphisms, pseudomonad transformations and
pseudomonad modifications in # (Theorem 1.2.5). Then, in Chapter 2 we
contributed to the formal theory of pseudomonads with Theorem 2.1.4, Proposi-
tion 2.2.4 and Theorem 2.2.5. A natural question that arises is whether the
construction of Psm(—) extends easily to tricategories, i.e. if given a tricategory ¥
then Psm(%¥) is a tricategory as well. The coherence theorem for tricategories

could be helpful. We leave this to future work.

We also introduced a possible approach to the formal theory of relative monads in
Chapter 3 and proved a counterpart of Beck’s equivalence for relative distributive
laws in Theorem 3.6.19. We believe that our definition of the 2-category of relative
monads in any 2-category K will be useful in the future, as there have been already
some works presented in seminars and conferences using this notion (see The Nerve
of a Relative Monad by C. Walker at Masaryk University Algebra Seminar and
The formal theory of theories by N. Arkor at CT 2021). Nonetheless, there are a
lot of aspects that have not yet been investigated. For instance, one could study
more in detail relative adjunctions in a 2-category. Another interesting direction
to take is to put together Chapter 1, Chapter 2 and Chapter 3 to continue the
study of relative pseudomonads started in [FGHW17].


http://www.math.muni.cz/~bourkej/BAS.html
https://sites.google.com/view/ct2021/programme-speakers
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Finally, in Chapter 4 we showed how we can construct different kinds of
representable (skew) multicategories starting from a structure involving only
multimaps of dimension at most 4. We needed 4-ary multimaps to encode the
pentagon axiom in a skew monoidal category. For this reason, we believe that
it would be impossible to prove such a result for fewer dimensions, even though
we do not have a proof yet. It should be possible to prove similar results for the
closed and biclosed setting and we intend to investigate this work soon. Another
interesting case to consider is the one of braided and symmetric multicategories.
We believe that using the results in [BL20, Appendix A] we will be able to get a
finite description of braided and symmetric skew multicategories. More precisely,
this would mean that to give a braided skew multicategory it will be enough to

have four isomorphisms satisfying three equations.



A. Pseudomonads Diagrams

A.1. Coherence Conditions for Pseudodistribu-
tive Laws
We limit ourselves to drawing the boundaries of these diagrams and explain in

text which 3-cells should be inserted in them, except for the 3-cells coming from

the structure of a Gray-category of JZ .

$37 —1- 275
wg
mST < STS2
\yp\m
s2r—4—~ 978 =
2
T
S ds
mT TS2
mT
Tm
ST TS
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S2d

S3T S2TS
w\s
mST mTS SQT
\yp\m
ds?
sTS  (C1)
T 3
S2T Sd STS S\ji\m
TmS as
ds 9
\ e TS
. ‘TT Tm
ST TS

In (C1), the left-hand side pasting is obtained using Sm, m, and the associativity
3-cell of the pseudomonad S; the right-hand side pasting is obtained using the

associativity 3-cell of the pseudomonad S and m.

ST ST's ST ST's
SsT
\ )
s —24 978 = STS (C2)
TS
ds TSs ds
lst
mT TSQ TSQ
Id
Tm Tm
ST 7 TS TS

In (C2), the left-hand side pasting is obtained using S, m, and the left unit 3-cell
of the pseudomonad S; the right-hand side pasting is obtained using the left unit
3-cell of the pseudomonad S.
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g2— L gep g2 —Ft L gep
\Qi w\
StS STS = STS (C3)
m m mT
ds as
tS2
TS? o TS?
S ST
\) Tm X Tm
TS ts TS

For (C3), the left-hand side pasting is obtained using St, ¢.5; the right-hand side

is obtamed using m and m.

1x

Ts Ts
S—2 9T S
xx\ x
TS TS

For (C4), the left-hand side pasting is obtained using § and ¢; the right-hand side

is obtained from pseudonaturality of t.
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S%n

S27? S?T
N
STST 5d
\i:rd
dsT Gns
mT? ST25 —">—STS =
TS*T
\ drs
TSd
TSTS ds
TmT
ST? TdS
d& 728 " 72
TST
\ T2m Tm
Td

T8 ———<—T8

5272 S 27
Sd
mT? mT (C5)
on STS
ST? ST J s
d>\ d TS2
TST
Tm
N
%S TS

For (C5), the left-hand side pasting is obtained using S7, .S and mT’; the right-

hand side pasting is obtained using m and 7.
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T2 T 72— 7T
ST2 sT $T2
ST2 gn ST Ts — ST2 TsT \T?s Ts (C6>
d& d&
TST ) TST
Xd \
Td
T2 —"5 79 725 TS

nS
In (C6), the left-hand side pasting is obtained using § and n; the right-hand side

pasting is obtained using s7'.

ST? STn_> ST72 %

dr ST

A

ST3 ST ST

dT2 S27 dT? % ST
TST? TST?

TdT dr d = Tdr Td d (C7)
T2ST T2ST

%4 ey TST 24

38 Td TS 38
nTS™>T2g /n51 % 128

For (C7), the left-hand side pasting is obtained using the associativity 3-cell of the

%S

nsS
\
TS
<

/

pseudomonad T, n and nT’; the right-hand side pasting is obtained using Tn, n

and the associativity 3-cell of the pseudomonad T'.
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lsT
ST ST ST
StT Sn
ST? =g
aT
d| tST d = d (C8)
TST
1rs
Td /—\
TS TS TS TS

%TQS% %T%’%{

For (C8), the left-hand side pasting is obtained using the right unit 3-cell of the
pseudomonad T, 7, tS; the right-hand side pasting is the right unit 3-cell of the

pseudomonad T'.

ST ST
sST sST
lst
s2p —24 = s°T ’ (C9)
mT mT
ST TS

d

For (C9), the left-hand side pasting is obtained using the right unit 3-cell of the
pseudomonad S, 55 and m; the right-hand side pasting is obtained using the right

unit 3-cell of the pseudomonad S.
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ST? Sn STt > ST°? Sn
5%7 TN T

ST ST ST ST
lsT
TST
d =  d| 7y d (C10)
Td
T%S
TtS m

TS TS TS

~_ 7

1rs
For (C10), the left-hand side pasting uses the left unit 3-cell of the pseudomonad
T. The right-hand side pasting is obtained using n and the left unit 3-cell of the

pseudomonad 7.

A.2. Some Technical Proofs

Coherence diagrams for (GF, G¢ - Y F)

We show only equation in (1.2.2). Using the coherence diagram (1.2.2) for (G, )

and for (F, ¢), it suffices to prove that the following two diagrams are equal:
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QGF's
QGF
QGtF
ﬂ@G%
Y F 0Go
QGTF QGFS
OTF %ﬂ FS

GnF G%ﬂ (;ZWSQ

GFm

GTF ———— GFS

CQG¥7 QGFs
w‘ [or.  QGFS
GTF

GTFs YIS
G%\ HGTa

GT?F —z7— GTFS
GoS
ar oo GRs?

GFm

GTF G—i/)> GFS.

This equality holds using (1.1.1) and (1.1.2).
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Fy is well-defined

Given a pseudomonad transformation (¢, q): (G,v) — (G, ¢') in
Py((Y,T), (Z, Q)) we want to show that (¢F, ¢F) is a pseudomonad transfor-
mation as well. We will show just equation (1.2.3), since (1.2.4) can be proved
similarly. The required equality follows from equation (1.2.3) for ¢ and the

equation below, which can be proved using (1.1.1) twice.

QqTF

QGTF — ", oa'TF
\ Ny 2 w
YTF
QGFS —%° _, 0G'FS
[
GT2F )
WFS ﬂqu WFS
GTo¢ TFS
GTFS —"— )TFS
GnF 1 =
GoS o ¢'6S
.
GFS2 — " 'FS2

GTF

GFm HQanl G'Fm
Go

GFSTG/FS
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QqTF

QG'TF OG'TF
%
TF qTFﬂ W'TF
OG'FS
Py
= GT?F ———— G'T*F ﬂ
qT°F y
P'FS
G'TFS
GnF anﬂ G'nF
G'6S
G/qsﬂ
G'FS?
GTF —"— GTF
e’ G'Fm
Go \ (1¢71
GFS T G'FS

Let
(¢, 0), (¢, ¢) = (G, ) = (G, ¢)

be pseudomonads transformations in Py ((Y, T), (Z, Q) ). Given a pseudomonad
modification 8 : (¢, §) — (¢, ¢) we want to show that BF is a pseudomonad
modification from (¢F, ¢F) to (¢'F, ¢F). So we need to show the following

equation
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QqF QqF
— 3 —
QGF ~ |esF QG'F QGF QG'F
~_ 7
QJF H—
qF
OF W'F VF WF
Jo
qTF
—
GTF __dTF G'TF = GTF G'TF
ﬂ%a
Go G'¢ Go G'o
[
qF'S
— T %
GFS G'FS GFS  |srs G'FS.
\_/ ~
qFS qFS

This can be shown to hold using the coherence axiom for § and (1.1.3).

Coherence for g,

Given (p,p) : (F, ¢) — (F', ¢') and (q,q) : (G, ¥) — (G', ') two 2-cells in Py
we want to prove that g, : G'p - ¢F — qF" - Gp is a 3-cell in Py . First of all, it is

useful to note that

qTF G'TF G'Tp qTF G'TF G'Tp

GTF ﬂ e G'TF  GTF ﬂq @ GTF
1wt G "D
= % GTF' ﬁ/F
Go Gy Go ez
qF'S G'FS G'pS
/" \ ﬂ ap G ﬂqa/’l
GFS lgps™ G'F'S  GFS G'F'S.

% GF'S % Gp\s> GF'S %

This equality is true since both diagrams are equal to the following one, using
(1.1.3) for the one on the left-hand side and (1.1.1) for the one on the right-hand

side.
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The proof can be concluded using the invertibility of the 3-cells involved and
(1.1.1).
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