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SUMMARY 

This thesis describes a theoretical and experimental 

investigation of a novel ultrasonic fuel injector valve constructed 

from a tapered metal horn whose wide end is bonded to a quartz 

crystal. fuel enters side~ays at the longitudinal antinode and 

passes along a central hole to a ball valve at the tip. When the 

crystal is driven by an oscillatory pulse, it excites longitudinal 

vibrations, bouncing the ball from its seat and releasing fuel. 

The ball motion without any liquid resistance has been studied 

theoretically through a computer program. Parameters such as the 

maximum gap between the ball and the seat, the frequency, amplitude 

and initial condition of the tip motion, and the time of impact have 

been studied, and compared with measurements of ball motion in a 

large vibrating model. 

The injector tip motion has been measured using a laser 

technique. The measurements have been made with and without fuel 

flow. The effects of the fuel supply pressure and pulse width on 

the tip motion have been studied. Using this data, the effect of 

the ~ctual (non-ideal) motion of the tip on the behaviour of the 

ball was studied theoretically. 

A model of the valve was designed so that flow forces on the 

ball and the flow rates through the varicus passages could be 

measured. Using this data, the ball motion ~ith fluid resistance 

was computed under various conditions. This in turn permitted the 

fluid flow from the injector valve to be predicted, 



Five scale models of new valve geometries were designed and 

installed on an improved test rig. By this means, the effect of 

valve geome try on flow force and the flow rates within the valve 

were studied. The behaviour of actual injector flow during flow 

pulses was s t udied using laser anemometry. 

The main findings of this investigation were as follows. 

The ball moves with a random frequency. An increase in the 

maxi:num gap between the ball and the seat caused, in general, a 

decrease in the frequency spectrum of the ball. Tip motion was 

found to build up in 5 ms to the steady state. Increasing the 

supply pressure caused a reduction in the amplitude of the tip 

motion. A decay of 1.5 ms in the tip motion was observed after 

switchi.ng off the injector. The effect of various geometrical 

changes in the design of the tip and its passageways on ball force 

and flow rates has been demonstrated. Ball motion bunt up in 

1.5 - 2 ms, and decayed in J ms. The liquid resistance was found 

• 

· to have a significant influence on the ball motion. The flow rate 

built up to the steady state in 2- J ms and decayed in 2 ms. The 

total flow was found to have linear characteristics after 1.5 - 2 ms 

from switching on the injector. 

Of particular significance, it was predicted theoretically 

and measured experimentally that the flow rate was independent of 

supply pressures over 40 psi. 
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NOTATIONS 

a Acceleration of the tip at any instance. 

A R:t.tio of the tip velocity at any instance to the maximum 

velocity of the tip. 

A Area of the measuring cross section. 
CS 

Arnt Area of the tip inlet of the model. 

Ar Projected area of the uppar half of the ball. 

Avt Area of the top inlet of the valve. 

A Ratio of the initial velocity of the ball to the maximum 
0 

velocity of the tip. 

A01 Rati.o of the velocity of the ball after the collision to 

the maximum velocity of the tip. 

A1, A2, A
3 

and A
4 

Cross sectional areas between the ball and 

the lower wall of the valve at sections 1, 2, J and 4 

respectively. 

Projected areas of the lower half of 

the ball between sections 1 and 2, 2 and J, J and 4 and 

4 and 5 respectively. 

B Constant. 

B
0 

Ratio of the initial position of the ball from a fixed datum 

to the maximum gap between the ball and the seat. 

B R:t.tio of the position of the ball from a fixed datum at the 
og 

instance of the reversal in the direction due to the gravity 

to the maximum gap between the ball and the seat. 

c
0 

Velocity of the sound. 

CDrn Coefficient of drag of the model. 

CDv Coefficient of drag of the valve. 



Diameter of the top inlet of the model. 

Diameter of the top inlet of the valve. 

Ratio of the maximum amplitude of the 

gap between the ball and the seat. 

D 
m 

D 
V 

Diameter 

Diameter 

of the 

of the 

E Young's modulus. 

ball of the 

ball of the 

E Euler's number of the valve. 
V 

f Frequency of the tip (c/s). 

f 0 Doppler shift frequency. 

model. 

valve. 

tip 

fDm Maximum instantaneous Doppler frequency. 

F Measured net force on the ball. 
e 

F Gravity force on the ball. g 

F1 Flo..,, force on the lower half of the ball. 

Fmb Buoyancy force on the ball of the model. 

Fmf Flow force on the ball of the model. 

Fu Flow force on the upper half of the ball. 

Fvb Buoyancy force on the ball of the valve. 

Fvf Flow force on the ball of the valve. 

to the maximum 

F Flow force on the ball of the valve when it is on the seat. 
VO 

g Gravitational acceleration. 

g1 Acceleration of the ball due to the fluid and gravity forces. 

G Ratio of the parameter of damped vibration to the tip m 

frequency. 

K Spring constant. 

L Fundamental variable of length. 

L Fundamental dimension of length. 
0 



m Mass of the ball. 

M Mass of the ball plus the added mass. 

n Natural frequency of the spring-mass system. 

N Number of the tip cycles at any instance. 

N Maximum number of the tip cycles . m 

Pa Atmospheric pressure. 

Pmo Static pressure at the outlet of the modeL 

p:
0 

Piezometric pressure at the outlet of the model. 

Pmt Static pressure at the top inlet of the model. 

pw Pulse width. 

Pvo Stati.c pressure at the outlet of the valve. 

* Pvo Piezometric pressure at the outlet of the valve. 

Pvt Static pressure at the top inlet of the valve. 

Piezornetric pres sures at sections 1, 2, 

3, 4 and 6 respectively. 

Supply pressure at the top inlet of the model. 

Supply pressure to the valve. 

Supply pressure at the top inlet of the valve. 

Flow rate at the top inlet of the model. 

Instantaneous flow rate of the valve. 

Q Total flow for each increment of time. vN 

a Side inlets flow rate of the valve. 
"vs 

Q Top inlet flow rate of the valve. vt · 

Q Total flow rate of the valve. vT 

r Radius of the ball. 

R Reynolds number. e 

R Reynolds number of the model. em 

R Reynolds number of the valve. ev 



Rev Reynolds number bf the valve based on the relative velocity . 

between the ball and the flow at the top inlet. 

R
1 

Resistance due to the area of the top inlet. 

~ Resistance due to the area above the ball. 

R
3 

Resistance due to the area of the side inlets. 

R
4 

Resistance due to the area under the ball. 

R5 Resistance due to the area of the outlet. 

s Initial phase angle of the tip. 

t Time at any instance aft2r switching on the injector. 

t Time in which the ball makes one cycle. 
C 

t Time between two successive collisions. co 

t Time in which the velocity of the ball becomes zero due to g 

the gravity. 

ti Time at which the impulse was applied. 

t 1 Time at any instance between two successive collisions. 

T Number of the tip cycles in which the ball makes one cycle. 

T Fundamental dimension of time. 
0 

v Velocity of the tip at any instance. 

vb Velocity of the ball at any instance between two successive 

collisions. 

vf Velocity of the tip after the collision. 

v Initial velocity of the ball. 
0 

v
01 

Velocity of the ball after the collision. 

v Relative velocity between the ball and the flow at the top r 

inlet. 

v. Tip velocity before the collision. 
l 

vib Ball velocity before the collision. 

V Flow velocity at the outlet of the model. mo 



Flow velocity at the top inlet of the model. 

Maximum velocity of the tip 

Flow velocity at the test section. 

Flow velocity at the outlet of the valve. 

Flow velocity at the top inlet of the valve. 

wd Damped natural frequency. 

w Frequency of the tip (rad/s). 
0 

W 11p cycles (in radian) at any instance. 

WG Tip cycles (in radian) in which the velocity of the ball 

becomes zero due to the gravity force. 

Wm Ratio of the tip frequency to the damped natural frequency. 

W Injector tip natural frequency. n 

W
8 

Nwnber of the tip cycles (in radian) in which the separation 

of the ball from the seat occurs. 

w1 Tip cycles (in radian) at any instance between two 

successive collisions. 

y Gap between the ball and the seat. 

Maxinrum value of y. 

Minimum value of y. 

Initial position of the ball from a fixed datum. 

Position of the ball from a fixed datum at the instance of 

the reversal in its direction due to the gravity force. 

Yw Maximum gap between the ball and the seat. 

Yx Maximum amplitude of the tip. 

Y1 Position of the tip from a fixed datum. 

Y2 Position of the ball from a fixed datum. 

Y Argument of the polynomial. 

Y1 Ratio of the position of the tip from a fixed datum to the 

maximum gap between the ball and the seat. 



Y Ratio of the gap between the ball and the seat to the 

maximum gap between the ball and the seat. 

z mo Height of the outlet of the model from the datum. 

Height of the top inlet of the model from the datum. 

z 
VO 

Height of the outlet of the valve from the datum. 

Height of the top inlet of the valve from the datum. 

z fuJ.tio of the gravitational 

acceleration of the tip. 

-C Time of i:npact. 

(Y Poisson 1s ratio. 

>-,. Beam wave length. 

0 Beam intersection angle. 

acceleration to the maximum 

~ Initial phase angle of the steady state motion of the tip. 

~ Parameter of damped vibratio.n. 

f Initial phase angle of the free vibration of the tip. 

· , o(. Parameter of damped vibration. 

/)..W Increment of W. 

· Ym Kinematic viscosity of the liquid in the model. 

~v Kinematic viscosity of the liquid in the valve. 

/2 Density of the liquid in the model. 

, f Density of the liquid in the valve. Jv 



Qb.~pter One 

INTRODUCTION 

1.1 GENERAL 

The ultrasonic fuel metering valve has been designed by 

Plessey Company - U.K. The metering valve consists of a ball 

valve in the tip of an ultrasonic oscillator (horn). When the 

horn is oscillating, the ball is caused to bounce off its seat 

releasi~g fluid. The valve has been designed to provide precisely 

metered quantities of fuel, suitable for distribution and combustion 

when signalled by a controlling source. The metering valve 

provides an uncomplicated, cost effective response to increasing 

demands for fuel economy and low pollution combustion. For this 

reason, the ultrasonic fuel metering valve has become an object of 

extensive studies. 

1.2 THE NEED FOR TH3 INVESTIGATION 

It was found by The Plessey Company that the· flow per pulse 

for small pulse widths (such as 1 ms) fluctuated (1). This 

indicated that the flow on each stroke of the engine would be 

different. This phenomenon is most undesirable. In order to 

determine the reason for this phenomenon, parameters which affect 

the behaviour of the valve should be studied. This would hopefully 

give an improved understanding of the injector and lead to better 

performance. A search through the literature revealed that very 

little is known about the parameters which affect the behaviour of 

the valve. 

-1-
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It is therefore considered that a theoretical and 

experimental s tudy is needed. 

1.3 SCOPE AND PURPOSE OF THE PRESEN T INV~STIGATION 

The general purpose of this investigation is to study: 

1. The motion of the ball in various injector valves. 

2. The consequent fuel flow, with a view to improving performance. 

The ball motion without any liquid re sistance has been 

studied theoretically through a computer program. Parameters such 

as the maximum amplitude of the inj ector tip, the maximum gap 

between the ball and the sea t, the frequency of the tip, the initial 

conditions of the tip motion, and the time of imP3-ct have been 
/ 

studied. 

The ball motion without_any liquid resistance was measured in 

a large model of the injector valve. The purpose of these 

measurements was to check the results of the theoretical analysis 

of the ball motion, and to get an understanding of the ball motion 

between two vibrating walls. 

The ultrasonic fuel injector was set up in the laboratory for 

measuring the amplitude of the vibration of the tip and the total 

flow rate from the injector. 

In an attempt to find the effect of the tip motion on the 

behaviour of the valve, the tip motion has been measured by using a 

laser technique. The measurements have been made with and without 

fuel flow. The effects of the supply pressure and the pulse width 

on the tip motion have been studied. 
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The effect of the non-ideal motion of the tip on the 

behaviour of the ball has been studied theoretically by using the 

laser data in the previous theoretical analysis of the ball motion. 

A large scale model of the injector valve has been designed, 

and a rig has been set up in an attempt to measure the force of the 

fluid on the ball and the flow rate in the model. The purpose of 

doing these measurements was to permit calculation of the forces of 

the fluid on the ball and the flow rate in the valve of the 

injector. 

In an attempt to flnd the effect of the liquid resistance on 

the ball motion, the ball motion with the fluid resistance has been 

studied theoretically through a computer program. Consequently the 

fluid flow from the injector valve was predicted theoretically 

through a computer program. 

Five scale models of different geometries of the valve were 

designed and a new test rig was set up for measuring the force of 

the fluid on the ball and the flow rate in these models. The fluid 

force on the ball and the flow rate were calculated in the 

corresponding injector valves. The aim of this study was an 

attempt to find the effect of the geometry of the valve on the 

fluid force on the ball and the flow rate in the valve. 

To study the behaviour of the actual injector flow during the 

pulse, the flow rate to the injector has been measured by using the 

laser technique. 



Chapter Two 

ULTRASONI C FUEL INJECTOR 

2.1 INTRODUCTION 

This chapter is devoted to getting an idea about the 

ultrasonic fuel injector. The need for the ultrasonic fuel 

injector, background development, description of the injector and 

the recent studies on the injector are given below. 

2.2 THE NEED FOR THE ULTRASONIC FU.SL INJECTOR 

The need for an improvement over the conventional carburettor 

has become apparent in recent years in the automotive industry. 

The emphasis on reduction of exhaust emissions of a harmful nature 

first showed up the deficiencies of this device. Recently the 

rising cost of petroleum products and the need to conserve 

resources has increased the momentum of the search for improved 

combustion in spark engines. In order to accomplish improvement 

· in combustion, it is necessary to meter the fuel accurately to the 

cylinder, to pr epare the fuel by fine atomisation and to achieve a 

high response ra te from the injectors. A new technological 

approach to the metering of fuel is now needed to meet the new 

requirements. Such an approach is offered by the Plessey system. 

The basis of the Plessey fuel system is the ultrasonic fuel 

inj actor (2). 

The ultrasonic fuel injector is a transducer designed to have 

a minimum of mechanical complexity, be producible at low cost and 

provi de that vital link between the control system and the fuel 

supply. It has only one moving part, which is non-sliding and low 

-4-
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ma ss, is simple to manufacture, uses low cost, wide tolerance 

components and ha s excellent respons e cha ract eristics. Durability 

has been proven on li f e t ests with injectors operating f or over 

4000 hour s and s till performing within manufacturing specification. 

In a ddition t o the obvious advantage s over the better known 

electro-magnetic valves, such as: inherent simplicity, good fuel 

preparation, long life and low cost, it also offers unique 

operational characteristics beneficial to the system designer. 

The non exi stence of sliding parts and the small surface ar ea of 

the ball also make the injector suitable for us e w:i.th the more 

viscous fuels such as diesel (3). In a single point system, 

the ultrasonic fuel injector is positioned to inject fuel into the 

manifold at a point so tha t all the cylinders are suppli ed with an 

aj_r/fuel mixture created at this point (fig. (2.1)) (2). 

2. 3 BACKGROUND DEV ELOPMEt'l"T 

Plessey commenced research into the use of ultrascnics as a 

means of fuel manag ement more than 12 years ago. Es.rly work was 

concerned mai nly with ultrasonic atomi.sation of fuels for improved 

combus tion, particularly liquid fuels heavier than gasolene. Some 

experience was gained in mixture preparation for operating low 

compression r a tio spark ignition engines on kerosine and diesel 

fuel. Improved light up of small gas turbines was successfully 

demonstrated, as was a device for re-igniting aero engines 

following high altitude flame out. The next stage of development 

introduced a means of flow control in addition to the capabilities. 

A solid state metering valve t er med an Electro Fluidic Divider was 
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developed and compri sed a small sharp edged metered orifice, 

situated in the tip of an ultrasoni c velocity transformer. In its 

quiescent state fuel passed through the oririce and emerged in a 

coherent stream where it was wholly collected by a small capillary 

collector tube facing t he orifice a short distance from it. This 

fuel was then r eturned to some convenient part of the fuel pumping 

system. When the fluidic divider was activated, cavita tion created 

on the back of the orifice caused a di sintegration of the fuel 

stream, the majority of which by-passed the collector tube in the 

form of a fine spray. Thus by controlling the excitation period 

and repetition frequency the fuel could be both metered and 

atomj_sed. Further multi-fue~ r esearch was carried out using this 

device and some considerable success was achieved operating two

stroke outboard engi nes on kerosene, and a small Wankel engine on 

kerosene and diesel fuel. At about this time several automotive 

companies expressed their interest in the fluidic divider for 

volume automotive fuel control systems. There were two main 

disadvantages with this design when used with gasolene. Firstly, 

a possibility of fuel vapourisation from the jet during the 

activated state, especially at high tempe rature and low ambient 

pressure. SecondJ.y, the problem of continuously cycling the fuel. 

Its main attractions, however, were that it was truly solid state · 

and inexpensive to produce. The prospect of a high volume market 

for the injector in the automotive industry led to an increase in 

development activity, which has culminated in the present ball valve 

injector design. This inj ector is now passing from its development 

stage to the produc tion engineering phase (.3). 
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2.4.1 Gener a l 
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The inj ector (which is shown in fig. (2.2)) comprises a 

steel body (s ee fig. (2.J)), shaped a s a velocity transformer with 

a length equal to one half wave length at approxi mately 6o KHz. 

A piezoelectric ceramic disc is bonded to the low amplitude end 

and a met ering ba ll valve located at the high amplitude end of the 

body. Fuel is introduced at or near the vibration nodal plane and 

the injector is al so mounted in this plane. The injector is 

vibrated at its r esonant frequency by an electronic drive os cillator. 

In its non ac t ivated state the ball is held against its sea t by the 

fuel pressure. When commanded by the control unit the drive 

oscillator output excites the injector body into resonance and the 

valve seat vibrations shake the ball from its closed position, 

allowing atomtsed fuel to pass from the valve. When the oscillator 

is switched off vibrations cease and the ball returns, under the 

action of fuel pressure, to its seat. 

2.4.2 Inj ector Ball Valve 

The metering valve itsQlf (fig. (2.4)) is an important 

component of the injector and consists of three main parts: 

(1) A valve seat. 

(2) A steel ball of 2 mm diameter. 

(3) A ball location housing. 

Current designs enable this valve to be manufactured and 

subjected to certain performance and quality control criteria which 

can be related to its metering accur~cy in the finally assembled 
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inj ector. Thi s enables the valve to be rejected at an early low 

cos t state before any significant value is added (J). 

The main met ering orifice i s not the exit orifice, but the 

va rying orifice between ball and seat. Thus, if the ball 

movement during a pulse is predictable wi thin certain f i nite limits, 

the metering accuracy is not affected by contaminati on as it is 

continua lly cl eaned by ball contact over a defined area of the 

seat (J). 

The ball location housing is designed to control the very 

complex ball movements and fluid dynamics within the valve (J). 

2.4.J Injector Body 

The piezo ceramic disc is bonded to the rear face at the low 

amplitude end of the injector body which is shaped to give sufficient 

amplification of the piezo disc vibrations for correct valve 

operation. The injector must be mounted close to its vibration 

node because of the dynamic nature_ of its operation and care must be 

exercised when mounting to avoid undue damping of the vibrations. 

By careful design, a simple, reliable mounting arrangement was 

developed which provides a reliable means of introducing fuel (fig. 

(2.5)), thereby eliminating the need for a conventional rubber hose 

with all its inherent problams of rubber deterioration, poor 

sealing, etc. (J). 

2.4.4 Drive Circuits 

Drive to the injector is supplied from a power oscillator, 

the injector forming one part of the resonant loop thereby controlling 

the drive fr equency at the resonant frequency of the injector. The 
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respons e of the os ci llator i::i excellent and resonant frequency and 

maximum dr i ve volt s are achieved within 3 cycles of oscillation 

after swi tch-on. Power r equi r ements for the inj ector when operating 

at maximum duty cycle can be from 8 to 15 watts, depending on the 

maximum flow rate of the inj ector (J). 

2. 5 RECl::N T STUDI ES ON TH~ IHJ ,!;CTOR 

The recent studies on the injector have been done only by 

the Plessey Company Limited. 

Grubb, Milsom and Abram (1) have examined the tip motion 

under a microscope. It was found that although the tip motion was 

detectable, the amplitude was too small to allow accurate measurement 

by this method. 

Grubb, Milsom and Abram. (1) have also measured the tip 

motion by a capacitive measuring technique. The injector was filled 

with fuel, but without atomization. It was deduced that the 

amplitude of vibration of the tip was 0.0026 mm. Also it was found 

that the motion of the tip was built up to the final amplitude over 

several milliseconds. 

The motion of the ball was studied theoretically through a 

computer program by (1). It was assumed that the ball was 

bouncing between the top wall and the seat of the injector valve 

without any fluid resistance. The coefficient of restitution for 

the ball-wall collisions was taken to be uni ty, and the tip motion 

was assumed to be sinusoidal. The maximum amplitude of the tip 

motion, the frequency of the tip and the maximum gap between the 

ball and the seat were 0.0025 mm, 60 KHz and 0.25 rnm respectively. 
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It was found that the ball was moving in a random motion. Hartin 

and Sumal (3) have found that the injector had linear 

characteristics for fuel flow versus pulse width, with only a 

slight change in the slope at about 0.8 ms pulse width (fig. (2.6)). 

It was also found in (3) that the flow versus the supply 

pressure characteristics of the injector were unique (fig. (2.7)). 

Their explanation of the results was that when the supply pressure 

increased, the flow rate increased as a function of the square root 

of the pressure drop across the exit orifice. But at the same 

time the force on the ball increased by the increase of the supply 

pressure, and hence the ball movement decreased, This meant that 

the area between the ball . and the seat was a function of the 

reciprocal of the square root of the pressure drop across this 

orifice. 
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Chanter Three 

THLmR :;nc.-\.L A:·JALY.SIS Oi TH:<: BALL MOTION 

WITHOUT FLUID RSSIST;tNCF. 

3.1 DJ'I'RODUCTI CN 

Since when t he ball collides at the exit orifice of the valve, 

it closes tha valve, tha flow rate from the injector will be affected 

by the motion of the ball. The motion of the ball can thus be 

considered of importance in the design of the ultrasonic fuel 

injector. 

The only research which has been done on this problem was by 

Grubb, Milsom and Abram (1 ). It wa s assumed by them that the ball 

was bouncing between the upper and lower walls of the valve without 

any fluid resi stance. The transient or stcchastic nature of the 

starting process and the time of impact were not considered. It 

was found that the ball was moving . in random frequency. 

In this chapter the ball motion has been studied theoretically 

using a computer program. Parameters such as the maximum amplitude 

of the injector tip, the frequency of the injector tip, the maximum 

gap between the ball and the seat, the time of impact and the 

starting condition of the injector tip were studied. 

3.2 THEOR'( 

3.2.1 Injector Tip ~lotion 

3.2.1.1 E:;iuaticn of Hoti.on of the Injector Tip 

The injector tip was assumed moving sinusoi..dly. The followi.ng 

equation repre sented the motion of tho tip from a fixed datwn which 

wa .s assumed as the 1i n.3 passing through the se.:i.t at t = o, 

-11-
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= y sin ( w t+ s ) 
X 0 

( J. 1 ) 

where re pr esents maxi.mum wnpl i. tude of the tip, w 
0 

frequency 

of the tip, t time at any in stance afte r switching on the inj ector, 

and s i nitiaJ phase angle of t he tip. 

J .~. 1..2. Startir1g ConrJ i tion'." of' the Tip J<otion 

'I\10 sh.rti.nc condit ions have been assumed : 

1 • 

2. 

The tip was moving down a t 

The t:lp was moving up at 

J. 2 .2 Motion of th e Ball 

t 

t 

= 

= 

J. 2 . 2 .1 'Y..: uuti on of Moti.on of the Ball 

o, 

o, 

i.e. s = ;r 

i..e. s =o. 

The ball wus a ssumed to move . in one di.mension, fig. (.3.1). 

The motion of.' the ball was assumed w:i.thout any fluid r esis tance . 

The forces whi.ch were as sumed act i ng on the ba l l were the collision 

and the gravi ty forces. 

The following euqation represented the motion of the ball from 

the same d~tur.1 as t he tip : 

= 
2 

-g t1/2 + V 
0 

+ y 
0 

(J.2) 

where represents the position of the ball from a fixed datum, 

g gravity a ccel eration, t
1 

time at any instance between two 

successive collisions , v
0 

initial ball velocity and y
0 

initial 

position of the ball from a fixe d datum. 

J.2. 2.2 StartinG Conditions of the Bal l Votion 

Two star ting conditions have be en assumed : 

1. At t = o, t
1 

= o , y
0 

= y
1

, and the ball was moving down 

with v equal to the maximu.r.1 velocity of the tip. 
0 



sin (w t + s ) 
0 

t 

?IG . J . 1 T:iEORi!..TICAL MODEL OF THZ INJECTOR VALVE 

Upper Wall 

Lower Wall 



2. At t = o, t = o, 
1 

with v equa l to zero. 
0 
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and the bal l was mov~ng up 

3.2 . 2 .J Eo11 0.tion or the Gan be tween t he Ball and the Seat 

The gap betwe en the ball and th e seat was found_ by subtracti. ng 

eqn . (J.1) from eqn . (3.2): 

+ VO t1 + y O - y X sin (w t + s) 
0 

(3.J) 

J.2.2.4 Colli sion between t he Ball and the !,:'alls of the Valve 

The colli sion between the ball and the seat occurred when 

y = o, and the collision between t~e ball and the upper wall occurred 

when y = Yw· When the collision occurred, 

changed and became as follows: 

= t co 

and •; 
0 

wher e t represents the time between t wo successive impacts and co 

v01 the velocity of the bal l after the collision. 

Si.nee the material of the ball and the walls of the valve were 

t he same (steel), the coefficient of re s titution was as sumed t o be 

unity. Si.nee the mass of the injector horn was large compar ed to 

the mass of the ball, the velocity of the tip was assumed unaffected 

by the colU sion with the ball . 

From ( 4 ) th e velocity (v 01 ) of the ball after the colHsion 
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was : = 

When the time of impact was not considered in the analysis: 

vf = vi = v at the instance of the impact, 

and 

vib = vb at the instance of the impact, 

(J. 5) 

where vf represents the velocity of the tip after the collision, 

vi the velocity of the tip before the collision, v the velocity of 

the tip at any instance between two successive collisions, 

velocity of the ball before the collision and vb the velocity of 

the ball at any instance between two successive collisions. 

Hence 

vo1 = 2 vf 

vf was found from the derivative 

vf = Yx w cos ( w t 
0 0. 

vb was foun d from the cleri. va ti ve 

vb = -g t1 + V 
0 

At the instance of the impact 

v
1
.b = -g t + v co 0 

of Y1 with respect 

+ s) 

of Y2 with r espe ct 

t and hence: co 

(J.6) 

to t: 

(J.7) 

to t1 : 

(J. 8) 

(J.9) 

the 

By substituting eqn . (J. 7) anc. eqn . (J. 9) in eqn . (J.6) we obtained: 

V = 2 y W COS ( W t + s) + g t 
o1 X O O CO 

V 
0 

J.2.2.5 Equati on of th e Gap After the Rever sal in the 

of the Ball Due to Gravity 

The time in which the velocity of the ball r eached 

(J.10) 

Direction 

ze ro was 
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found by equating eqn. (J .8) to zero: 

t 
g 

= (3.11) 

Equation of the gap after the reversal in the direction of 

the ball due to gravity was found in a :cirnilnr way to that in which 

eqn. (3.4) ha s been found: 

(J.12) 

where repre sents t 
g 

plus the time at any moment between the 

instance of the reversal in the direction and the instance of the 

followinc impact, and y
0

g the position of the ball from a fixed 

datum at the instance of the reversal i_n the di.rection. 

J.2.2.6 Steady State Motion of the Ball 

Si_nce the flow r ate from the injector should be constant 

during the pulse width, and since the main metering orifice was not 

th e exit orifice, but the varying gap between the ball and the scat, 

( 3 ) , the time of the ball cycle was consiciered of importance i.n 

controlling the flow rate from the injector. The cycle of the 

ball was considered as th~ .movement of the ball between two 

successive impacts ~ith the seat. The flow rate from the injector 

would be constant during the pulse width when the period of the 

ball cycle was constant during the pulse and this motion of the ball 

was considered as t he steady s t a te motio~. 

J.2.3 Dimensional Analysis 

Dimensional analysis has been used in thi s analysis because it 

does yield information about t he f orm of mathematical relations 
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connecting the relevant variables and suggosts th e most effective 

way of grouping the va riables toge ther. 

It could be seen from eqn . (3.4) that the gap between the 

ball and the seat was affected by the follo~~ng variables: 

w ' y , y , t ' s ' g , t1 , vo , Yo 0 X W 

i.e. y = 0 ( W , y , y 1 t , S 1 g 1 t
1 

, V , y ) . 
0 X W O 0 

(3.13) 

The group method was used in appl ying the dimensiona l ana lysis 

as follows: 

was: 

M 

L 

T 

Using the mass , l ength and time syst em , the dimensional matrix 

y 

0 

1 

0 

w 
0 

0 

0 

-1 

t 

0 0 0 

1 , 1 0 

0 0 

s g 

0 0 

0 1 

0 -1 

0 

0 

1 

V 
0 

0 

1 

-1 

0 

1 

0 

The variables i.ncluded dimensions of l ength and time . So 

that two f undamental vari ables were used to include these dime ns ions . 

Selecting yx and w , the fundamental dimensions of length and 
0 

time·were expressed in terms of these :-

[ Yx l = L Lo ] eiving [ Lo 1 = [ Yx] 

[ WO J = [ To-1] giving [ To 1 = lwo-1] . 

Group 7T1 ' [ y 1 = l Lo 1 = [ Yx J . 

Whence y = 7T1 Yx and 7t1 = y 

Yx 

Group 1T2 · [ Yw] = L = [ Yx ] 0 

Whence Yw = ff2 Yx and 1f Yw 
2 == -

Yx 
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Group 1/J [ t J [ To J -1 = = w 
0 

Whence t 7/J 
-1 m = t = w w 
0 0 

Group 7f4 [ s] = [ 0] 

Whence s = 774 and 7'4 = s 

Group [ g] [ Lo T;2] 2 715 . = = Yx w 
0 

2 g Whence g = Tf5 Yx w and 7T5 = 
0 w2 Yx 0 

Group m r t1 J = [To ] = [_w;1]. 

Whence t1 T/6 
-1 and 716 t1 ,..,0 = w = 0 

/ 

Group Tn [vo ] = [Lo To-1] = [yx.wo] . 

V 
Whence V = 117 Yx w and Jn = 0 . 

0 0 --
Yx w 

0 

Group 7fe [ Yo] = [Lo] = [ Yx] . 

Whence Yo = Tm Yx and 1"Ts = Yo . 
Yx 

L v(r'', t 
g 

' t1 
V 

Y0
) 

(J. 14) = w 
' s ' w 

' 
__ o_ 

' ' Yx 0 w2 0 
Yx Yx Yx w Yx 0 0 

or 

L ¥0' g 
' t, 

V Yo )· (3.15) = ' t w 
0 ' s ' w 

' 
__ o_' 

w2 0 

Yw Yw Yx Yx w Y,.,, 0 0 
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Putting y y Yx 
D t = w g z Yw = ' = w = Yw ' 0 ' y 2 

• X WO 

V 
A Yo t1 w = w1 0 = = B 

0 ' 0 0 
Yx w Yw 0 

therefore 

y = V ( D , W , s , Z , W 
1 

, A
0 

, B
O 

) (3.16) 

If the same dimensionless groups are used in eqn. (J.4) it becomes : 

(3.17) 

When Y = o, the collision was'with the lower walls and when Y = 1, 

the colU::don was with the upper we..11. 

of the ball after collision, becomes : 

Eqn . (3.10), for the velocity 

(3.18) 

From eqn. (J. 11), the ball velocity becomes zero in W G radians du.e 

to the gravity f 

A 
WG = ....Q 

z 

where 

(J.19) 

Eqn. (J.12), for the gap after the reversal in the direction of the 

ball due to gravity , becomes 

Y = D (- Z i~/2 + B ) - D si n ( W + s) og (J.20) 
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J.2.4 Tj me of I mpact 

Since t he shape of the upper and lower walls of the valve 

look like a cone, and the ball collided with the walls of the valve 

all round, the ti.me of impact wa s a complicated problem. To 

simplify the probl em, impact wa s assumed between the ball and a 

plane surfa ce (o f a massive body at one point). This time of 

impa ct wa s probably longer tha n tha t of the actual case. The time 

of impa ct of this a s sumption was calculated and compared with the 

time of the cycle of the ball to find if the time of impact was 

important or not. 

Many investigators have studied the problem of the time of 

impact with a plane surface of a massive body of the same material. 

S. C. Hunter ( 5) has calculated the absorption of vibrational 

enerr,y in the form of elastic waves generated by a transient localized 

force acting normally to a free surface of a simi-infini te solid in 

terms of Fourier components of the . force. He has applied this 

· result to the Hartzian collision of a small body with a plane 

surface of a massive specimen. He has concluded that for impact 

velocities which were small compared to the propagation velocity of 

elastic waves in the specimen, a negligible proportion of the 

original kinetic energy of the small body was transferred to the 

specimen during the collision. Hunter considered this result 

as conforming t he validity of the Hertz theory (see Love (6)). 

for the detail of this theory) for collisjons between a small and a 

massive body. It has been stated by Hunter that this analysis 

became applicable only when the thicknes s of the massive body was 

sufficient to prevent the fir s t reflected elastic wave returni ng to 
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the contact area before the i mpa ct t er minated, and also 

• 1/5 Cl\ Vi) <<1 

Goodi er, Jashmo.n and Ripperge r ( 7 ) hcve measured the time of 

impact between a steel ball with a steel block. It W3.s their 

observ.::i.tion tr:o.t the duration of contact eiven by Hertz agreed well 

with their mea surements provided that the height through which the 

ball was dropped was small. Lifshitz and Kol sky ( 8 ) have 

measured the time of impact between a steel ball with steel block. 

They have observed that the time of impact had the values predicted 

by the Hertzian treatment for elastic deformations even when the 

velocities of impact were as much as eight times the velocity first 

required to initiate plastic yield. 

One of the premises on which Hertz's mathemQtical theory of 

collision of elastic bodies was based was that the strains produced 

. in the immediate neighbourhood of the region of contact are determined 

by the pressure subsisting at any instant between the bodies, and 

were practically the same as under static conditions. Raman (9) 

has shown that this premise was valid even when the impinging bodies 

did not move as rigid bodies, and the impact caused to conversion of 

part of the translational kinetic energy into energy of elastic 

wave-motion in the solid. Based on a series of experiments on the 

transverse impact of a solid sphere on an infinitely extended 

elastic plate of fi.ni te thickness, he calculated the coefficient of 

restitution, asswning thu t this coefficient was a function of the 

elastic constants and densities of the materials, the diameter of 

the sphere, the thickness of the plate, and the velocity of impact. 
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Raman sts.ted that when the velocity of impact was not very large 

and the thickness of the plate was not much smaller than the diameter 

of t he i mpingion sphere, the time of impact predicted by Her.tz 1 s 

theory agreed well with the time of impact necessary in the 

cal culation of the coefficient of re stitution. 

From t he literature cited above t he Hertz theory could provide 

excellent evaluation of the time of impact between t he ball and the 

wall s of the valve. In this ana lysis Hertz theory was used and 

from Hunter ( 5 ) the equation of the ti.me of impact was: 

2 1'5 1/ 11 

[
15 (1-o-~ - 15 ( )-15 C = 2. 94 - m --- ) r v. b - v . 
8 E l l 

(J 21) 

where m represents the mass of the ball, (5 Poisson 1 s ratio, Z 

' Young's modulus , r radius of the ball, v .. velocity of the ball 
lD 

before the collisi on and v. velocity of the tip before the 
l 

collision. 

The two conditions which have been stated by Hunter, for the 

applica tion of Hertz theory to this problem were also applied in 

this analysis: 

1 ) 

2) The mass of the horn -of the injector was very large compared 

to the mass of the ball, and the horn was long . enough to prevent the 

first reflected elastic wave returning to the contact area before the 

impact terminated, i.e. the time of impact was smaller than the time 

which the first elastic reflected wave took to come back to the 

contact area again. 
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When the time of impa ct was included, eqn . (3.4) becomes: 

y 

eqn. (.3. 7 ) becomes : 

+ y 
0 

= y w 
X 0 

cos [ w 
O 

( t + c) + s J , 

and eqn. (3. 9) becomes: 

(3.23) 

= y X WO COS [WO ( t + L) + S] + y X WO COS ( W t + S) + g t - V 
0 co 0 

(3.24) 

3.3 CO~'PU'l' .~R P!-WGft..lMS 

3.3.1 Co mputer Program Wi t hout the Time of Impact 

Fig . (3.2) shows the · flow chart of the computer program. 

_ Fortran language was used on the ICL 1906 computer at Sheffield 

University. 

The value of Y was calculated for each increment b,.W and 

this process was continued until Y be came S::. 0 , i. e. , the 
-...;;: 

collision was with the lower wall, or Y became 1 , i. e., the 

collision was with the upper wall. The value of W for which Y 

was equal O, or Y equal 1 was found by using C05ACF subroutine 

whi eh was stored in the library of the oor.1puter. This subroutine 

was based on bisection method. The computer program is shown in 

appendix ( 2 ) . 



' 

Cocpute 

Ao1' 8
0 

Compute 

T 

Su brou t.i n e 
CO5ACF 

eor ut e 
co 

Subroutine 
C05ACF 

Compute 
T 

Yes 

Yes 

Yes 

Yes 

No 

s , 

S"r,art 

Read 
Ao, Bo, D, Z, 

w, , w, N 
m 

w = w .. w, 

w, = 0 

w, = w, .. [1,/ 

N = 
w 

21T 

Compute 

1 

Cocpute 

WG 

n c. J. 2 F'Ww CHART OF THE: CCNPU T.ffi PRCGIWI WITl!CUT TH :': r1:1.i; OF IMrACT 

\ 

D11 , 

Yes 

Cor.irute 

B 
oi; 

Stop 

11 

,I 



-23-

J.J.1.1 Input Data to the Comouter Program 

Table (3.1) shows t he i.nput data to the computer program. 

The ultrasonic fuel injector has been designed with the following 

paramet ers ( 1 ):-

= 0.0025mm Yw = 0.25mm and f = 60 KHz 

In this analysis the following ranges of the pa ramet ers were used: 

= 0.001 - 0.008mm , = 0.1 - 0.8mm and 

f = 40 KHz - 80 KHz . 

According to thes e ranges , the ranges of the dimensionless 

groups were chosen: 

D = 0.1 - 0.005 and z ;:;; -6 -4 1 X 10 - 5 X 10 

s was set up to 0 when the tip was moving up at t = o, and it 

. was set up to 7r when the tip was moving down at t = o. It 

cou,ld be seen from the parameters that the acceleration of the tip 

was very high compa red to the gravity acceleration for very small 

increment of time, so that the separation of the ball from the tip 

was assumed to occur at t = o. 

According to the starting conditions which were mentioned in 

Section (J.2.1.2), the valves of A 
0 

and B 
0 

were as follows: 

A = 1 and B = o , when the ball was moving up at t = o. 
0 0 

A = 0 and B = 0 , when the ball was moving down at t = o. 
0 0 

Ll W was set up to 0.4 rad whi.ch was very small compa r ed t o the 

period of the tip motion , and could save a lot of computing ti me . 



,, 
B D z w w1 w N s .t\, m 

(rad) 0 0 (rad) (rad) (rad) ( cycle) 

Tl 0 0 0.1 - 0.005 1 X 10-6 - 5x 10-4 0.4 0 0 1000 

0 1 0 0.1 - 0.005 1 X 10.,..6 - 5x 10-4 0.4 0 0 1000 

TABLE (_3.1). INPUT DATA TO THE COMFUT:fil PROGRAM WITHOUT THE TIME OF IMPACT 
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J . J . 2 Computer Procram hTi.th the Time of Impact 

Fie. (J . J) shows the flow chart of this cimputor program . 

The computer program of Section (J . J . 1) was modified by feedi_ng 

E 
' m, r and t he t i_me of impact euqation to the comput er: 

program. The input data to the computer program is shown in 

Tabl e (J .2). The computer prog r am i s shown in appendix (3 ). 

J . 4 RESULTS Al-JD DISCUSSIONS 

J . 4.1 The Ball Motion Without the Time of I moact 

J . 4 .1 ~l _ The Tip HovinF.; Down at t = o. 

Figs . (J . 4 - J . 7) show pl ot s of t he period (T) of the bal l 

cycl e versus the t ip cycl es (N)' fo r D in the range 0. 005 - 0.1 

w ' 0 

and z = 5 X 10-4 . These figs . show t ha t the ball was not movi ng 

in a steady state . Some t imes the ball was moving with repea tabl e 

pe r iods, but this repeatability disappeared again , fig s . (_3 . 6, J . 7). 

The rec1son fo r uns teady stat e motion was because the i.mpact was wi t h 

improper phase . 

Al so it can be seen f r om t hese figs. tha t when D was 

incr eased , T decreased . This is because the incr ease in D can 

be vi ewed as a decree.se i n the maximum gap (y) between the ball w 

and the walls of the val ve , and hence T i s expected to decrease . 

Alternativel y an increase i n D might be due to t he incr ease in the 

maximum ampl itude (yx ) of the tip while keeping yw constant , but 

since Z was constant , this increase would decrea se the fr equency 

of the tip (w
0

) , but the maxim1.1r.1 velocity of the tip j_ncrea scs , 

The velocity (v01 ) of the ball after the collision was dependent 

on the instantaneous velocity (v) of the tip , i. e. , on the magnHude 
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.-.. -- ·-~--~·--· - _ _ .,. __ __ ....;..:.:. ____ __ · ~ ..f· 

~w w~ w N w er E 
·\ B D I m 0 

(N/r2 ) 
m r s 4 z (ro.d) (rad) (rad) (cycle ) (rad ) (kg ) (mm ) (rad) 0 0 

- 6 5 1 X 10 - 2 .5x 10 -
212x 109 3x 10-5 TT 0 0 0 .1-0.005 

5x 10-4 
0.4 0 0 1000 

5x 105 
0.3 1 

. 

TABLE (3 .2). IliFUT DATA TO T:l'E COMPU TER PROGRA.lvf WITH THE TIME OF IMPACT 
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of, the velocity and the phase angle with which the ball hi t the 

walls of the va lve, and on the velocity (vib) of the bal l before 

the collision. So the decrease i n t he period ( T) when D was 

increased might not be due to the increase in yx or due to the 

decrease in w. 
0 

These fig s . show also that there was a more orderly pattern 

with increasing D. 

Similar r esults were obtained for Zin the r ange 

1 X 1 0 -b - 5 X 1 0 - 4 , 

Figs. (J.8-J.12) show the relationship between the ratio 

(A01 ) of the ball velocity (v
01

) after the col l ision with the lower 

wall of the valve to the maximum velocity of the tip, versus the 

tip cycles (N), for D range 0.001 - 0.1 and Z = 5 x 10-4 . It 

can be seen from the se figs. that A
01 

was changing randomly with 

the increase of D. An increase of D can arise due to the decrease 

of the maximum gap (yw) between the ball and the walls which would 

change the phase angles in which the ball hit the walls of the valve. 

Also an increas e in D can arise from an increase in the maximum 

velocity of the tip with constant Z and this would change the 

phase angles with which the ball hit the walls of the valve. Similar 

results were obtai ned for Zin the range 1 x 10-6 - 5 x 10-4 . 

Figs. (3.13- J.18) show plots of the period (T) versus the 

tip cycles (N), for D = 0.01 and Z range -6 -4 1 X 10 - 5 X 10 . 

These figs s how that when Z was increased for constant D, 

the periods (T) were changed randomly. The explana tion of 

this is that an increase in Z can be due to a decrease 

of the tip frequency (w) whilst keeping the maximum 
0 
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amplitude (y) of t he tip and the maxi.mum. gap (y) betwee!1 th'3 ball 
X W 

and the walls of the valve constant. This would decrea se the 

maximum velocity of the tip. Also an increase in Z can be due 

to a decrease in whilst keeping w 
0 

constant and decreasing 

Yw• The decrea s e in the maxi:nwn velocity of the tip would change 

the phase angles wHh which the ball hit the walls of the valve. 

Similar results were obtained for D in the range 0.005 - 0.1. 

The r elationship between the ratio (Y) of the gap (y) between 

the ball and th~ lower wall of the valve to the maximum gap (yw) 

versus the tip cycles (N) for D = 0.005 and Z = 5 x 10-4 is 

shown in fig. (3.1 9). This fig. shows th:.1t the effect of gravity 

could not reverse the direction of the ball. Also this fig. shows 

that the ball could reach the top wall from the first cycle. 

Similar results were obtained for D in the range 0.005 - 0.1 

and Z in the range 1 x 10-6 - 5 x 10-4• 

- J.4.1.2 The Tip Moving Up at t = o.· 

}1.g. (J.20) shows plot of the period (T) of the ball cycle 

versus the tip cycles (N), for D = 0.05 and Z = 5 x 10-4. It 

can be seen from this plot that the ball was also moving i~ random 

motion, and the ball moved some times in repeatable pGriods, but 

this repeatability disappeared again. It can be deduced from the 

results that the change in the initial condition of the tip could 

change the motion of the ball, but the effects of D and Z 

rema:i.ned the same (see fig. (3.6)). Similar results were obtained 

for D in the range 0.005 - 0.1 and Z in the range 

1 -6 -4 
X 10 - 5 X 10 • 



30 

25 

20 

T 

15 

10 

5 

0 

D = 0.05 

z = 5 X 10-4 

s .- 0 

0 200 400 N 600 800 

FIG. J.20 PERIOD OF TH3 BALL CYCLE (IN TiRM OF TH~ TIP CYCLES) -

NUMBill OF THE TIP CYCLES RZLATIONSHIP 

1000 



-27-

3.4.2 The Time of fopact 

The rela tionsMp bet,rncn the time ( [.") of impact and the 

time ( t) io shown i n fi g . (3.21), for w = 5 x 105 rad, 
0 

D = 0.01 

and -6 Z = 5 X 10 , Thi. s fig. shows th.:.1 t the time ( C) of impact 

-6 wa s le r,s than 10 x 10 s • 

Similar results were obtain0d for w 
0 

range 

2.5 x 105 rad - 5 x 105 rad , D range 0.005 - 0.1 and Z range 

- 6 -4 1 x 10 - 5 x 10 . Since the length of the injector horn was 

-6 30 mm, the el.:1stic i,iave took 12 x 10 s to r eturn to the contact 

area , and hence the impact terminated before the fir s t elastic wave 

returned t o t he contact area . This is one of the limits of 

applyi.ng Eertz theory of impact. fig. (3. 22) shows plot of the 

- v. - v. 5 -. JI 
ratio ( lb c 1 of the relative velocity before the impact to 

0 

the sonic velocity in the steel raised to the power one-fifth versus 

the time (t), for 
- 5 -

w = 2.5 x 10 rad.J D = 0.01 
0 

and 

This fig. shows that the maxi□um value of ( vi\- vi )Y5 was 0.J6. 

0 

Similar results were obtained for w in the range 2.5 x 105 rad 
0 

5 - 5 x 10 rad, Din the range 0.005 - 0.1 and Zin the range 

1 -6 -4 
X 10 - 5 X 10 • Hunter ( 5 ) has found that when the ratio 

was equal 0.17 the experimental value of the coefficient of 

restitution was si_gnificantly lower than the theoretical esti_mate 

by Hertz theory. From this it caci be deduced that the values of 

. 
were not satisfying the limits of Hertz theory, and 

hence He~tz theory was not used in predicting the time of impact . 
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Since the velocity of impact W.'.lS very high and the ball collided 

uith the walls of the valve all round, the time of impact was 

expected to be v c-, ry small compared t o the peri_od of the ball cycle . 

1'her efore the time of Lnpact was not considered in this analysis . 



Chanter Four 

MEASURING THE MOTION OF' A BALL IN A LARGE MODEL 

OF THE I NJ ECTOR TIP WITEOUT FLUID RESISTANCE 

4. 1 INTRODUCTION 

This chapter is devoted to measuring the ball motion in a 

large model of the injector valve without any liquid resistance. 

The purpose of this measurement was to check the results of the 

theoretical analysis of the ball motion which was described in 

Chapter 3, and to get an understanding of the ball motion between 

two vibrating walls. Details concerning the test apparatus and 

procedure, and the test results and discussions are given below. 

4.2 TEST APPARA'IUS AND PROCEDURE 

Fig. (4.1) shows the layout of the test apparatus. Fig. (4.2) 

shows the photograph of the test apparatus. A ball is fixed inside 

an LVDT transducer which is itself vibrated. · 

Ball movement is measured by LVDT output. 

LVDT body movement is measured by a proximity transducer. 

The linear variable differential transformer (LVDT) ·(schaevitz 

Eng:ineering, type 100 M.S.L.) served as a model of the valve o.f the 

injector. A 3 mm. steel ball was put in the hole of the LVDT 

transducer, and the two ends of the hole were blocked by two 3 mm. 

steel bars. The gap in which the ball moved was controlled by the 

distance between the ends of these bars inside the transducer. The 

lower bar was f:ixed inside the transducer and the ball rested on the 

bar before the test was started. The upper bar was marked with 1 mm. 

marks and was a tight fit into the bore of the transduc er. Before 

starting the test the upper bar was fixed in one pos:ition ins:ide the 

-29-



PROXIMITY 
VIBRATIOH 

PICK- UP 

UPPI.!.'R 
BAR 

BALL 

tOWER ~ 
BAR 

VIBRATION 

GENER.ATOR 

INDUCTIVE 
TRANSDUCER 
OSCILLATOR 

OSCILLATOR/ 
DEMODULATOR 

F.M.UNIT 

OSCILLO-
SCOPE 

STORAGE 
OSCILLO

~--------i SCOPE 

OSCILLATOR POWER I lnIFFZ-2.S;."J TIAI 
A..1'1PLIFIER ... r AMPLIFIER 1-----, 

ELECTRONIC 
SWITCH 

FIG. 4.1 LAYOUT OF THE APPARATUS 
I 



' 

?r·:. ·. 

, .. ' 

{· .. 



. !I . 

I , 

.· -• \ 'l l) i• ' . 

. P t> !l©· -· . 
.;... :\• 1 ! • 

. : ~ i'.!1'. 

'.,: • . >\ .f)·: ·. 

'~~J~t--
' .. ,~ ,_· ~ 

..... ~- . . . . ' 

•I·'.' ~-~: 

;•":':, . 
·.:.',· ' 

~~ 1, 

;:., 



-30-

transducer, and hence the maximum gap in which the ball moved was 

fixed. The LVDT was connected to the oscillator/demodulator : 

(R.D.P. Electronics Ltd., type D7). The power was supplied to the 

transducer by the oscillator section. The output signal (which was 

an amplitude-modulated wave) was restored to the form of the original 

displac ement by the demodulator. The output of the 

oscillator/demodulator (which was fed to the storage oscilloscope), 

represented the motion of the ball. The period of the ball cycle 

was measured from this signal. The LVDT transducer was secured to 

the driving spindle of a vibration generator (Goodmans, type V.50 

Mk. 1). The vibration generator was connected to a power amplifier 

(Goodmans, type 50 VA) which amplified the driving current from an 

oscillator (Farnell Sine-Square, type LFM2). The oscillator was 

connected to the power amplifier through a special electronic switch 

and an oscilloscope. The amplified oscilloscope input signal was 

available as an output which was connected to the power amplifier. 

· This not only provided gain but permitted the output signal to be 

phase inverted relative to the input. The electronic switch 

received the continuous signal from the Farnell oscillator and gave 

no output until the input signal was rising through zero. Thus, 

in combination with the oscilloscope amplifier, this permitted the 

initial phase of the oscillation to be controlled to either 0 or 180° 

on a sine wave. The frequency and the amplitude of the oscillator 

signal were controlled by the manual controls of the oscillator. 

The amplitude and frequency of the oscillatory motion of the LVDT 

transducer was controlled by the oscillator signal. The motion was 

measured by a proximity vibration pick-up (Southern Instruments Ltd, 

type G211A.199) which was connected to the inductive transducer 



-31-

oscillator (Southern Instruments Ltd., type M.1822) . The output of 

this transducer was fed to F.M unit (type M. 1800) whose output was 

fed to the storage oscilloscope, r epresenting the motion of the LVDT 

transducer. The maximum amplitude of the LVDT body was measured 

from this signal . 

Before starting the test the output signal of the F.M. Unit on 

the oscilloscope was calibrated by turning the dial of the proximity 

vibrati on pick-up by the screw at th.e top of the transducer, and 

measuring the change in the voltage on the oscilloscope. Also before 

starting the test the initial phase of the oscillation, the frequency 

and the amplitude of the LVDT transducer were fixed. To start the 

test the electronic switch was turned on. 

Since it was difficult to compare the theoretical results of 

Chapter 3 with the experimental results of this Chapter when the ball 

was moving in random motion, the measurements were done when the ball 

was moving in steady state motion. Therefore if the ball was not 

· moving in steady state, the electronic switch was turned off, the 

frequency and the amplitude of the LVDT transducer were then changed. 

The electronic switch was turned on again. This process was 

repeated until the ball moved in a steady state motion. If the 

steady state motion of the ball was not obtained, the electronic 

switch was turned off and the gap in which the ball moved was 

changed . The electronic switch was turned on again. This process 

was repeated until the ball moved in steady state motion. When the 

steady state condition was obtained, the following readings were 

taken: 

1. The frequency of the LVDT transducer body. 

2. The maximum amplitude of the LVDT transducer body. 

J. The period of the ball cycle. 
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4.J R~SULTS AND DISCUSSIONS 

Figs. (4.J-/+-8) show photographs of the ball motion signal and 

LVDT transducer moti on signal on the oscilloscope for differ ent 

values of maximum amplitude of the LVDT transducer, frequency of 

LVDT transducer, initial phase and the gap in which the ball was 

moving . Figs. (4. J-4. 5) show trot the ball was moving in steady 

state motion. The reason for the steady state motion is because 

the ball was colliding with the upper and lower walls in proper 

phase. It can be seen from these figs. that the time of impact was 

very small compa red to the period of the cycle, because the relative 

velocity before the collision was very high. 

Figs. (4.6-4.7) show that the ball had double impacts with the 

lower wall. Multiple impact' phenomenon also have been found by 

M.A. Veluswarni ( 10) who studied the motion of a ball between two 

oscillated plates. This phenomenon is due to a rapid change in 

the phase at impact when the wall catches up with the ball after the 

first impact and strikes it again. It can be seen from these figs. 

that the time of impact was significant compared to figs. (4.J-4.5). 

M.A. Veluswami ( 10) has also found that when the multiple impacts 

occurred, the time of impact increased. He has explained this 

result as due to the low velocity of impact. This agrees with 

Hertzian impact theory and the observation that low ball velocity 

is a prerequisite for double impact. 

Fig. (4.8) shows that the time of impact was significant 

compared to the period of the ball cycle. It can be seen from 

Figs. (4.J-4.8) that the frequency of the ball was approximately 

the same as the excitation frequency. M.A. Veluswami ( 10) has 

found that the ball was moving at the excitation frequency in 
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Period Period Period 
D z (actual Impact Time (modified (theoretical) Initial Phase Initial Phase 

experimental) (sec) experimental) (sec) (experimental) (theoretical) 
(sec) (sec) 

0.18 O .1379 8 X 10-3 0 8 X 10-3 7.2 X 10-3 up up 

0.41 0. 1172 8.3 X 10-3 3.8 X 10-3 4.5 X 10-3 4 X 10-3 up up 

0.54 0.032 7.5 X 10-3 0 ;.5 X 10-3 6~8 X 10-3 down down 

0. 637 0.027 5 X 10-3 0 5 X 10-3 4.7 X 10-3 down down 

1.086 0.0237 5 X 10-3 2.7 2.3 X 10-3 1.7 X 10-3 up up 

1.225 0.0527 9.6 X 10-3 4.4 X 10-3 5.2 X 10-3 5 X 10-3 down down 

TABLE .4.1 - COMPARISON BETWEEN THE EXPERIMENTAL AND THE THEORETICAL RESULTS 

) 



-33-

steady state. The experimental values of the maximum amplitude of 

the LDVT transducer, the frequency of the LVDT transducer and the 

maximum gap in which the ball moved for each initial phase angle 

were fed into the computer program (which was described in 

Chapter 3) as D and Z pnrameters (also defined in Chapter 3). The 

results of the computer program were checked w:i. th the experimental 

results. 

Table (4.1) shows comparison between the values of the period 

of the ball cycle theoretically and experimentally for different 

values of D and z for each initial phase angle. Since the time of 

impact was not considered in the analysis of Chapter 3, it was 

subtracted from the experimental value of the period of the ball 

cycle. The ti.me of impact is also. shown on the table. 



Chapter Five 

MEASUREMl~T OF TH E AMPLITUDE OF THE ULTRASONIC 

FUEL INJI~CTOR TIP BY LASER ANt!.}10METRY 

5.1 INTRODUCTION 

In the theoretical analysis of the ball motion which has been 

described in Chapter J, the injector tip was asswned moving 

sj_nusoidalJ.y. To predict the equation of the injector tip motion 

and to find the effects of the fluid flow from the injector and the 

inertia of the injector body on the tip motion, the tip motion has 

been measured. 

Grubb, ~~lsom and Abram (1) have measured the amplitude of 

the tip by using a microscope,. Their results were not accurate 

because the amplitude of the tip was too small and the frequency 

was too high to allow accurate measurement by this method. Also, 

they could only measure steady-state amplitudes and not transients. 

A capacitive measuring technique was also used by (1 ). The 

- principle on which this method operated was the variation in 

capacitance of a parallel plate capacitor as the plate separation 

was changed. The injector was examined without atomisation but it 

was filled with the fuel. The amplitude of the tip was deduced to 

be 2.6 x 10-3 mm, and the motion could be seen to build up slowly 

to the final amplitude when the injector was energised, and this 

build up was seen to take place over several milliseconds. 

In this investigation a laser technique has been employed in 

measuring the tip motion to get accurate results. The measurement 

has been done with and without atomisat:i.on.,and the effects of the 

supply pressure and the pulse width on tip motion has been studied. 

-34-
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The det ails of t est appa ra tus , tes t program, t es t procedure , r esults 

and di s cussi ons ar e given below. 

5.2 T~ST APPARATUS 

The te s t appa ra tus consisted of injector equipment and laser 

equipments. 

Fig. (5.1) shows the photograph for the apparatus. 

5.2.1 Inj ector F.guipment 

!lg. (5.2) shows the layout of the injector equipments. The 

injector (type EX4) which is described in Chapter 2 was fixed 

rigidly above a small tank which was filled with kerosins. The 

kerosine was delivered from the tank to the injector by a pump 

(Luca s) of 120 psi. maximum pressure. The supply pressure of the 

kerosine to the injector was controlled by a r egulator (Norgren) and 

measured by pressure gauge (Hamworthy Engineering). A filter 

(Fram, type C1191) was used in filtering the kerosine before it was 

delivered to the injector. The pulse width during which the 

injector was switched on~was controlled by an oscillator (Farnell 

Sine-Square, type LFM2) and was of 50% duty cycle. The frequency 

of the oscillator, which was equal 1 was read on a 
2 pulse width 

Counter-Timer (Racal, type SA5J5). 

5.2.2 Laser Equipments 

Fig. (5.3) shows the layout of the laser equipment. The laser 

anemometer (DISA, type 551) i s a system for scientific measurements 

of local flow velocity • The DISA laser Doppler Anemometer pos sesses 

. advantages in flow measurement, and its performance da t a ensures a 
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high order of accuracy in velocity measurements ( 11 ). 

The detail of the laser equipment was described in (11). 

The instrument comprised 5 mW He-Ne laser, integrated optical unit, 

high voltage supply, photomultiplier mounted on optical bench, and 

electronic frequency tracker for continuous tracking of the Doppler 

frequency. The laser equipment was set up in such a way that the 

beam was directed on the tip of the injector. The optical unit 

(type 55101) was operated in differential Doppler mode on backward 

scattered light. In this mode two beams of equal intensity were 

intersected on the tip of the injector. The beam intersection 

angle ( 0) was set up to 4. 77 degrees. The optical unit comprised 

beam splitter, mirror, Bragg cells and lens. 

The optical bench constituted a rigid base for mounting of 

the laser head, optical unit, and photomultiplier. The photomultiplier 

(type 55L10) was used to detect the Doppler shifted light scattered 

from the point of the measurement. · The photomultiplier comprised 

· PM tube, shutter, pin-hole, view finder, tube and objective lens. 

High voltage supply (type 55115) was used to supply a continuously 

adjustable DC vol~age for the photomultiplier. Voltage indication 

was provided by a front-panel meter. Another front-panel meter read 

PM-tube anode current. 

The signal processor (type 55L20) improved the signal-to-noise 

ratio of the Doppler signal and converted the frequency (fD) into an 

analog voltage. 

and meter unit. 

It comprised preamplifier, frequency tracker unit, 

The preamplifier had level selectors and a front-

panel meter to indicate signal level. The anode current of the 

high voltage supply was connected to the input of the preamplifier. 
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The frequency tracker had controls for tuning (manual and 

automatic), IF level, set level, threshold level, IF bandwidth, 

Doppl6r frequency range, and the dropout detector which had OUT/IN 

switch and a front-panel-meter which read relative duration of 

signal dropouts (0 to 100%). 

The meter unit indicated Doppler frequency, corresponding to 

the injector tip velocity. The two output sockets are in parallel 

and carry the instantaneous analog output voltage. 

5.3 TEST PROGRAM 

In each test the maximum instantaneous Doppler frequency was 

measured for each pulse width and for each supply pressure. The 

tests with atomisati.on were done for pulse width range 1 - 6 ms, and 

for supply pressure range 5- 60 psi. One test was done for pulse 

width 0.5- 50 ms, and for 40 psi. pressure supply. The test 

without atomisation was done for 1~ 6 ms pulse width. 

5.4 TEST PROCEDURE 

The supply pressure to the injector was fixed to a specific 

value. The pulse width in which the injector was switched on was 

also fixed to specific value. 

The shift frequency was fixed to 7.5 MHz. The SET LEVEL knob 

of the preamplifier was adjusted until the PREAMP LEVEL meter was 

set at the red marker (90). 

The TUNING selector switch was set to MANUAL, and the TUNING 

knob was turned fully clockwise. The SET LEVEL knob of the 

frequency tracker was set to the middle position. The ADJUST 
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THRESHOLD knob was also set to the middle position. The IF BANDWIDTH 

selector was set at 2% of FREQUENCY RANGE. The FREQUENCY RANGE 

selector was se t to 15 MHz. 

The DROP-OUT DETECTOR was switched to IN. The TUNNEL knob 

was turned slowly counter-clockwise until the IF LEVEL meter 

indicated a peak showing tha t the filter was tuned in to the signal. 

The DOPPLER FREQUENCY meter showed the corresponding Doppler 

frequency of the signal. The SET LEVEL of the frequency tracker 

was adjusted until the IF LEVEL meter was set at the red marker (90) 

indicating that the signal was of good quality. The TUNING selector 

switch was set to AUTOMATIC. The frequency tracker then automatically 

was locked on to the Doppler •signal frequency. The IF BANDWIDTH 

selector was changed from 2% until the signal on the oscilloscope 

which represented the Doppler frequency remained constant. It was 

found that the difference between 4% and 8% was very small, so that 

the BANDWIDTH selector was set to 4%. 

The analog output voltage was set to 10 volts. The time knob 

of the oscilloscope was adjusted until the sinusoidal sj_gnal appeared 

on the oscilloscope. A typical signal is shown in fig. (5.5). 

This shows clearly the transient motion of the tip in response to a 

square-wave drive to the crystal drive circuit. Only for longer 

Pulse widths the tip velocity (and amplitude) will reach a steady 

state. Its peak above the zero line represented maximum 

instantaneous Doppler frequency which was proportional (for constant 

tip frequency) to the instantaneous maximum amplitude of the tip. 

This value of the maximum instantaneous Doppler frequency was 

recorded and then the pulse width was changed t o another value. 
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The same procedure was repeated again until the data for the 

required pulse width range was obtained. The supply pressure then 

was changed to another value, and the same procedure was repeated 

again until the data for the required supply pressure range was 

obtained. The maximum ins tantaneous Doppler frequency without 

atomisation was measured by switching off the pump which supplied 

the kerosine to the injector, and changing the pulse width for the 

required range. Photographs of the signal on the oscilloscope were 

taken during the test. 

5 • 5 M~SUREMEIJT ANALYSIS OF THE LASER OUTPUT 

The maximum velocity of the injector tip was calculated from 

the following formula (11 )"; 

= ( 5. 1) 

where VT represents maximum velocity of the injector tip, fDM 

maxinrum instantaneous Doppler frequency, ~ beam .wave length and 

8 beam intersection angle. 

The maximum amplitude of the injector tip (yx) was calculated 

from the following equation: 

VT = 27T f y 
X 

i.e. Yx = 
VT 

2 'ff f 

where f represents frequency of the injector, 

amplitude of the inj ector tip. 

Y maximum 
X 

(5.3) 
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5.6 TEST HSSULTS AND DISCUSSI CNS 

Fig. (5.4) shows the r elationship between the maximum amplitude 

of the inj ector tip (y) with the pulse width 
X 

for supply 

pres sure range 5- 60 psi. This fig. also shows the relationship 

without atomisation. It can be seen from this fig. tha t the 

maximum amplitude of the tip built up to the steady sta te value after 

5 ms. 

body. 

This is due to the inertia effect of the ultrasonic injector 

Also thi s fig. shows that for each pulse width the increase 

in the supply pres sure reduced the magnitude of the maximum amplitude. 

This is becaus e the increase in the supply pressure would increase 

the flow per pulse, i.e., the damping factor would increase and so 

that the maximum amplitude would decrease. For this reason it can 

' be seen from this fig. tha t the decreas e in the maximum amplitude due 

to the increase of the fluid pressure increased when the pulse width 

was increased. 

This fig. shows that there was a large difference between the 

maximum amplitude at 5 psi (which is near enough to zero) and the 

maximum amplitude without atomisation. This is because without 

atomisation the channels of the injector were empty of fluid, but 

in the case of 5 psi the channels were full of fluid and a small flow 

Was very influential on the value of the maximum amplitude. 

This fig. also shows that the maximum amplitude was not affected 

by the increase of the supply pressure above 40 psi. This is 

Probably because the flow per pulse was not affected by the increase 

of the supply pres sure above 40 psi. The damping effect of the fluid 

flow on the maximum amplitude of the injector tip wa s very clear when 

the maximum amplitude with a t orni sa tion was compared with the maximum 
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amplitude without atomisation. 
I 

fig. (5.5) shows a photograph of the signal of the tip motion 

without atomisa tion. This photograph shows the buUd up in the tip 

motion when the injector was on and the decay in the motion when the 

injector was off . The decay in the motion was 2 ms. 

figs. (5. 6 - 5.7) shows phot ographs of the signal of the tip 

motion with atomisa tion for 1 ms pulse width and 40 psi supply 

pressure and for 3 ms pulse width and 60 psi supply pressure 

r espectively. These photographs show that the decay in the motion 

of the tip was approxi.ma tely 1. 5 ms . The difference in the time of 

the decay between the case without atomi sation and the case with 

atomisation is due to the damping effect of the fluid. 

figs. (5.8- 5.9) show photographs of the expanded signals of 

the tip motion at maximum amplitude with atomisation, for 3 ms 

pulse width and for 5 psi and 60 psi supply pressure respectively. 

Fig. (5.10) shows a photograph of the expanded signal of the tip 

· motion without atomi. sation for 3 ms pulse width. The damping effect 

of the fluid on the maximum amplitude of the tip was shown clearly 

from comparing these photographs. It can be seen from these 

photographs that the injector was moving at 6o KHz frequency. 

Fig. (5.11) represents a plot between the maximum amplitude of the 

tip versus the pulse width for 40 psi supply pressure. It can be 

seen from this fig. that when the pulse width was less than 0.5 ms 

the maximum amplitude fluctuated. This is probably because the 

injector was switched on while the tip motion was decaying. When 

the electrical signal was in phase with this decaying motion of the 

injector tip, the maximum amplitude increased, and if it was not in 
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Phase (or even in anti~phase) with the motion of the injector tip, the 

maximum amplitude decreased. Also these fluctuations might arise 

because the pulse width was very small, so that the crystal drive 

circuit couJ.d not follow the electrical signal. When the pulse 

Width was increased more than 5 ms the maximum amplitude of the tip 

increased continuously to a constant maximum amplitude after 5 ms. 



Chapter Si x 

THEOR ~TI CP.L AIJALYSI S OF TIE BALL MOTION 

WITEOUT FLUID Il. CSIST,lNCii: BY USING LASi:R D.:l. TA 

6.1 INTRODU CTI ON 

Sinc e the motion of the injector tip has been measured in 

Chapter 5, the ball motion in the injector valve could be predicted 

by using this experiment al data in the theoretical analysis which 

was described in Chapt er J. 

This chapter descri bes such a theoretical analysis. The 

details of theory, computer program and results and discussions are 

give:1 below. 

6.2 THEORY 

6.2.1 Inj ector Ti p Motion 

6.2.1.1 · Egu:it i ons of the Inj ector Tip Motion 

From the results of the tip motion measurements by using laser 

technique, it was found that the tip was moving in a transient to 

steady state resonance. 

The following equation represented the motion of the tip from 

a fixed datum which was assumed to be the line passing through the 

seat of the ball at t = o (12) 

( 6. 1) 

Where 

(6.2) 

and 
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tan S = (6.J) 

where B represents a constant, ~ parameter of damped vibration, 

t time at any instance during the pulse, wd damped natural 

frequency, ft initial phase angle of the free motion, y x 

maximum amplitude of the tip, w frequency of the tip, S initial 
0 

phase angle of the steady-state motion, W tip natural frequency. 
n 

At resonance: 

w = 'W n o 

and hence 

By substituting the value of$ in eqn. (6.1), it becomes: 

7T cos(w t - - ) 
0 2 

(6.4) 

It was asswned that y
1 

= o at t = o. 

eqn. (6.4) becomes: 

For this conditions, 

0 = B cos ( .f1) , 

therefore 

.fi' = 7T 
2 

By substituting the value of /l in eqn. (6.4) it becomes: 

cos(w t + 1T) + Y 
d 2 X 

7T cos(w
0 

t - 2 ) (6.5) 
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The equation of velocity of the tip was obtained from the 

derivative of 
Y1 with respect to t : 

d Y1 
--=- = V = 
dt 

wd sin(wd t + 1r) - y w sin(w t - ..zr ). 
2 X O O 2 (6.6) 

d y 
Also it was assumed that --1 = 0 at t = O. For thi.s 

dt 

condition, eqn. (6.6) becomes: 

o = - B w + y w . 
d X 0 

Therefore: 

By substituting the value of · B in eqns. (6.5) and (6.6) we 

have respectively: 

= w - ~½ 1( 1Y) -2. Yx e cos(w_ d t + -) + y cos(w t - _, 
'Wd 2 . X O 2 

(6.7) 

V = - ~ w O y e- 11½ cos (w t ~ 1t ) - y w e - 'to/2 7T 
d sin(wd t + -

2
) 

2 wd x 2 x o 

- y w sin(w t - ff) 
X O O 2 

(6.8) 

The equation of the accelera tion of the injector tip was 

obtained from the derivative of v with respect to t 

dv __ a 
dt = cos(w t + 1T) + L y w e-~t/2 

d 2 2 X 0 
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cos(w t - 71) . 
0 2 (6.9) 

6.2 .1.2 Start ing Condition of the In.i ector Tip Moti on 

To control t he start ing condi tion of the injector tip motion, 

the initial phase angl e (s) was added to the equations of motion. 

Henc e eqns. (6 . 7), (6.8) and (6 .9) become respectively: 

= ~ y e - '6t/2 cos (w t + 7f + s) + y cos ( w t - !L + s) , 
wd x d 2 x o 2 

V == 

and 

a == 

~ WO 

2 wd 

sin(wd t 

~2 w 
0 

4 "'d 

- ~1/2 1( s) yx e cos(w t + - + 
d 2 

+ If_ + s) - y ,,., sin(w t -
2 X 0 0 

(6.10) 

- ~½ - y w e 
X 0 

77' + s), ( 6. 11 ) 
2 

sin(wd t + 7T + s) + -1. y w e- 1:St/2 sin(w t + 1T + s) 
2 2 X o d 2 

- y w e- 1!1/2 w cos ( w t + 1T + s) - y w
2 

cos (w 
XO d d 2 XO 0 

Two starting conditions were assumed: 

1 • The tip was moving down at t = o, i.e., · s = 1( 

2 • The tip was moving up at t = o, i.e., s = o 

1( 
t - - + 

2 

(6.12) 

s) • 
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6.2 .2 Mo t ion of the Bal l 

6.2. 2 .1 w ua t i.on s of tr.e Bal1 Motion 

The a sswnptions about the ball motion which were ma de in 

Chapter 3, we r e a l so assumed in this analysis except for the 

starti ne condi tion of the ball. 

Eqn. (J.2 ) was us ed t o compute t he posi tion of the ball from 

the same da tum as the tip. 

(6.13) 

Where g represents gravity of ac celerati ons, time at any 

instance between two successive impacts, v
0 

initial ball velocity 

and Y0 initial position of the ball. 

Eqn. (J.8) was used to comput,e the velocity of the ball at 

any instance between two successive collisions: 

== - g t 1 + V _o 

6.2.2.2 Start i ng CondHions of the Ball Motion 

(6.14) 

The assumed starting conditions of the ball motion wa s that 

the ball separated from the sea t with the same velocity a s the 

injector tip when the injector tip was moving up with negative 

accelera tion les s than the gravitational acceleration, or the ball 

separated with the same velocity as the injector tip when the 

injector ti p was moving down with positive accelera tion gr eat er 

than the gravi t a tional acceleration, i.e. separation occurred 

\./hen: 

a ) g (when the tip was moving down) (6.15) 
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or 

a <. _g (when the tip was moving up). 

6.2.2,J Eauation of the Gao Between the BalJ. and the Seat 

E:iuation (J.J) was us ed to compute the gap between the ball 

and the seat : 

y = (6.16) 

i.e., 

- y cos(w t ~ 7T + s). 
X O 2 

(6.17) 

6.2.2.4 Collisfon Betwe en the Ball and the Walls of the Valve 

The assumptions made in Chapter J concerning the colJ.ision 

between the ball and the walls of ~he valve (s ee section (J.2.2.4)) 

Were also assumed in this analysis. The time of impact was 

assumed to be negligible. F.qn. (J.6) was used to compute the 

Velocity of the ball after the collision (v
01

): 

V 01 = 2vf - vib (6.18) 

\/here 

vf = v. 
1 = V at the time of impact, 

and 

v. = vb at the time of impact. 
lV 

I 
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By substituting eqn . (6.11) for v and eqn. (6.14) for vb 

in eqn. (6 .1 8) we have : 

'6 w 
-- - __ o y 

W X 

w 
0 

d 

· ( t + 71' + s) - 2y w sin wd 2 . x 0 

sin(w t - .!L + s) + g t 1 - v 
0 2 0 

6.2.3 Dimensional Expresslons 

(6. 19) 

The dimensionless groups derived in Chapter 3 can be used 

to obtain dimensionless form of eqns . (6.10), (6.11), (6.15), 

(6.17) and (6.19), respectiveiy: 
/ 

= D W cos(W/w + rr + s) e-W Gm/2 
+ D cos(w - 71"2 + s) . 

m m 2 

\.lhere 

· y 
1 

\.lhere 

y = 

'W 

w = ..2. ' w = 
m wd 

A G2 cos(W/w + 1T + s) 
-W Gm/2 + 2 G 

= w e m 
m m m 2 

sin(W/wm + 
f( 

+ s) e-W Gm/2 - cos(W/w + 1' + s) 
2 rn 2 

8
-W Gm/2 w-1 11' + s). - cos(W - -rn 2 

V' 
A = 

Yx "'o 

D(-z ~/2 + Ao W1 + B - w cos(\1/w + 1( + s) 
0 m m 2 

e-W Gm/2 - cos(W - 1T + s)) 
2 

(6.20) 

= i 
'W' 

0 

(6.21) 

(6.22) 



where y = L 
Y...., 

and B 
0 

-- y 0 

y,,, 
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g 
z = y:--;;z-' 

X 0 

W 1r ) -W G /2 . ( Tr ) sin ( 1/w + - + s e m - 2. sin W - - + s + Z w
1 

- A
0 

• 
m 2. . . 2 

Where 

A 

A 

\.There A = 

= 

> 
< -Z 

~ 
y •w 

X O 

z 

-.::I_ 
y •W 

X 0 

· 6.2.4 Checking of Equation (6.20) 

(6.23) 

(6. 24) 
/ 

Eqn. (6.20) has been checked by substituting the values of 

Gm and Wm which was computed from the laser results, and 

Plotting Y1/ versus the pulse width, (see fig. (6.1)). It 
Yx 

can be seen from tr~s fig. that the injector tip built up to a 

steady state motion after approximately 5 ms. It can be deduced 

from this fig. that eqn. (6.20) represented well the motion of the 

injector tip. 



0 

t(ms) 

nG, 6.1 RATIO OF THE MOTION OF THi TP TO THZ ViAXIMUM AHPLITUDE 

OF THi TIP - TH[2 RELATIONSHIP 

'll ,. 
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6 • 3 COMPUT L'R PROGRAM 

Fig, (6,2) shows the flow chart of the computer program. 

Fortran language wa s used in the 1906 Computer at Sheffield 

University. The flow chart was the same as the flow chart of 

Chapter 3 (fig. (J . 2)) except for the separation problem, 

The subroutine C05ACF was used to compute the value (Ws) 

of W at which separation occurred , 

on the bisection method. 

The subroutine was based 

The computer program is given in Appendix (4), 

-
s D z D w N G w 

w m m m 
~ 

: 

0 0 .C01 - 0.1 -6 0 .4 0 1000 0.00112 1 1 X 10 _
4 5x 10 

1( 0. 001 - o. 1 -o 0,4 0 1000 0.00112 1 1 X 10 _
4 5x 10 

~ 

TABLE (6, 1) INPUT DATA TO THE COMPUTER PROGRAH 

6 ,3,1 Input Data to the Computer Program 

w1 

0 

0 

The input data to the computer program is shown in Table (6,1). 

It can be seen from the laser results (which were described 

in Chapter 5) that the range of the maximum amplitude of the 

injector tip (y) was 4,2 x 10-J mm - 7,5 x 10-J mm, when the 
X 

tip was moving at a frequency of 60 KHz. In this analysis the 

maximwn gap (yw) between the .ball and the walls of the cavity was 

chosen in the range of 0.1 mm - 0.8 mm. According to these ranges, 

the ranges of the dimensionless groups D and Z were respectively: 

o. 001 - 0.1 and 

., ,, 
i' 
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6.4 RgsuLTS AND DISCUSSIONS 

6.4.1 The Tip Hoving Down at t = o 

Figs. (6.J- 6.7) show plots of the period (T) of the ball 

cycle versus the tip cycles (N), for Din the range 0.001- 0.1 

.and Z = 5 x 10-4• These figs. show that the ball was not in 

steady state motion. As mentioned in Chapter J (see section 

(J.4.1.1)), the r eason for the unsteady state motion was that the 

impact occurred with improper phase. 

These figs. also show tha t sometimes the ball was moving 

With repeatable periods, but this repeatability disappeared again, 

Figs. (6.6, 6.7). 

It can be seen from these figs. that when D was increased, 

T increased. Also, as mentioned in Chapter J, (see section 

(J.4.1.1)), the reason for this phenomenon wa s because the increase 

in D can be viewed as a decrease in the maximwn gap (y) between 

the ball and the walls of the valves and hence T is expected to 

decrease. 

These figs. also show that there was a more orderly pattern 

\lith increasing D. 

Similar results wore obtained for Zin the range 

1 x 10-6 - 5 x 10-4 • The effect.of increasing Z while keeping D 

constant is shown in figs. (6.8 - 6.12). These figs. show the 

T- N relationship for D = 0.01 
-6 I 

and Zin the range 1 x 10 - 1 x 10-~. 

These plots show that when Z was increased for constant D, the 

Periods (T) were changed randomly. 

Similar results were obtained for Din the range 0.001 - 0.1. 

Figs. (6.13 - 6.17) show the relationship between the ratio (A01 ) 
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of the ball velocity (v01 ) after the collision with the lower wall 

of the valve to the maximwn velocity of the tip, versus t he tip 

cycles (N), for a D ranee of 0.001 - 0.1 and Z = 5 x 10-4• As 

foun d in Chapter 3 (s ee section (J.4.1.1)), A01 was changing 

r andomly with the increase of D. It can be seen from fig . (6 .14) 

that A01 increased with increasing N. Comparing this fig. with 

fig. (6.4), it can be seen that the period of the ball cycle was 

inver sely proportional to the velocity of the ball after the 

collision with the lower wall, and then inversely proportional to 

the number of the tip cycles. The i ncrease of the velocity at the 

ball after the collision is an attractive phenomenon . This 

phenomenon is good for responµe (i.e., the ball comes back to the 

seat as soon as the injector is switched off) but might be bad for 

Year. 

Similar results were obtained for a Z range of 

1 -6 -4 X 10 - 5 X 10 , Fig. (6.18)°is a plot of the ratio (Y) of 

the gap (y) between the ball and the lower wall of the valve to the 

maximum gap (y,.,,) versus the tip cycles (N) for D = 0.005 and 

Z = 5 x 10-4• This plot showsthat the ball could not reach 

the top wall of the valve in the first cycle. This is because at 

the instance of separa tion of the ball from the tip, the velocity 

of the tip was very small (the tip motion built up in 5 ms). 

It can be s een from this fig . that the time of the first 

cycle was significant compared to that of the remaining cycles. 
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6.4.2 'fhe Tip 1,1oving Up at t = o 

fig. (6.19) b a plot of the period (T) of the ball cycle 

versus the tip cycles (N), for D = 0.05 and Z = 5 x 10-4 • This 

plot shows that the ball was again moving in unsteady state motion. 

It can be deduced from this plot that a change in the initial 

condition of the tip could change the motion of the ball, but the 

general features of the results remained the same, (see fig. (6.5)). 

Similar results wore ob tained for D range 0.001 - 0.1 and 

Z -6 -4 range 1 x 10 - 5 x 10 • 
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Chapter Seven 

MODEL TESTS OF FLOW RATES AND BALL FLOW FORCE 

7.1 I NTRODUCTI ON 

Measuring the flow force on the ball, the total flow rate 

and the inlet ports flow rat es of the injector valve for eaci 

pos ition of the ball is important in understandi.ng the behaviour of 

the inj ector. The theoretical analysis of the ball motion which 

was de scribed in Chapter 3 and in Chapter 6 was carried out 

without any fluid r esistance. Knowledge of the fluid resistance is 

important in studying the actual behaviour of the ball. 

Since the dimensions of the injector valve were too small to 

take these mea surements accurately on the valve itself, a scale 

model to the injector valve should be constructed and the results of 

the measurements should be scaled to the injector valve. 

This chapter describes the measurements of the flow force on 

the ball, the total flow rate and the inlet ports flow rates for 

each position of the ball, in a scale model of the injector valve. 

The details of te st apparatus, procedure and program, analysis 

of the results and discussions are given below. 

7.2 TEST APPARAWS 

Fig. (7.1) shows a photograph of the test apparatus used, 

While the layout is given in fig. (7.2). The test apparatus 

consisted of a model for the injector valve, instruments for 

measuring the static pressure at each inlet to the model, the flow 

rate at each inlet to the model and the liquid forces on the ball, 
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a supply t ank , pi pes and valves . 

Fig . (7. 3 ) shows a photogr aph of the model, and the layout is 

given in fig. (7.4), 

The model was made geometrically siw~lar to the injector valve 

nnd the scale factor wa s 20. 6 :1. The bounda ries of the model were 

made from Perspex and from two parts. The upper part contained the 

top inlet and the lower part contained the two side inlets. The 

two parts were connected by screws. The ball of the model was made 

from a hard wood. 

Since the for ces which acted on the flowof the injector valve 

Were viscous, pres sure and inertia forces, Reynoldsnumbers (Re) of 

the two flows were kept the same to satisfy the condition of the 

dynamic similarity. By using the equality of Re of the two flows, 

it was found that with the scale factor 20.6, the water was a suitable 

fluid for measuring the flow velocities in the model corresponding to 

the range of the flow velocities in the injector valve (when the 

· fluid of the injector valve was Gasoline of 0.718 specific gravity). 

Each inlet of the model wa s connected to the supply tank by a 

Brass pipe. 

Since the supply pressure at each side inlet of the injector 

Valve was equal, thi s condition was also applied to the model by 

making the size and the length of the pipes connecting the side 

inlets to t he supply tank equal, i.e., the loss in the total head due 

to the fr i ction was the same in each pipe. 

The flow rate for each inlet was measured by a rotameter 

(Rotameter Manufa.cturing Co.) placed between the inlet and the supply 

tank, and controlled by a valve (Gate Valve) placed between the 
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rotameter and the supply tank. The water was delivered to the 

supply tank by a pump from another large tank. The level of the 

water in the supply tank was kept constant during the measurements 

by an overflow pipe placed in the supply tank. 

A pressure tap was placed at each inlet of the model for 

measuring the static pressure by a vertical manometer. Another 

pressure tap was placed at the outlet of the model for measuring the 

static pressurecy-avertical manometer. A small piece of plastic 

Pipe was conne cted to the outlet of the model to avoid the entrance 

of the air to the model during the measurements. 

The ball was connected to the force transducer (Pye Ether, 

type VF1) by a strong string passing throueh fine tube. The other 

end of the ball was connected to a small piece of a brass bar passing 

through a guide to keep the centre of the ball always on the vertical 

centre line of the model. 

The force transducer was fixed rigidly on a plate which could 

be positioned anywhere along the length of a screw bar. 

achieved by means of two nuts and a spring. 

This was 

The electric power was supplied to the force transducer by 

Power supply (Farnell, type E30/2). The output of the force 

transducer w~s . read on ga~vanometer (W. G. Pye & Co. Ltd.). 

7.3 TEST PROGRAM 

In each test the flow force on the ball, the flow rates of the 

inlets and the static pressure at each inlet and at the outlet were 

measured. The range of the total flow rate from the model was 

These measurements were done for one position of the 
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bal l in t he model. When the measurements were done, the position 

of the ball wa s then changed and the t est was repeated. 

7.4 TEST PROCEDURE 

Before s tart i. ng the t est the Rotameters were calibrated by 

coll ecting the weighing water. Also the force transducer was 

calibrated by putting weights on the ball which was connected by a 

Wire to the force transducer and readi.ng the corresponding voltage 

on the galvanomet er. To start the test the ball was fixed at the 

upper wall of the model. The position of the force transducer was 

read by a ruler fixed on a screw bar. This position of the 

transducer was considered as the zero position of the ball. The 

ball wa s then moved 1 mm from the upper wall of the model. At this 

position the indicator of the Galvanomet er was fixed at the zero 

number on the scale. This position of the indicator represented 

zero fluid forces on the ball. 

The valves were then opened until all the air escaped from the 

model and from the pipes. 

Since the supply (total) pressure at each inlet of the injector 

Valve was equal, and the flow rate from each side inlet was equal, 

these conditions were also applied for the model. The flow rate 

from each side inlet of the model was kept identical for each flow 

rate from the top inlet of the model. The flow velocity of each 

inlet of the model was then calculated. By measuring the static 

Pressure at each inlet, the supply pressure at each inlet of the 

model was calculated. When the supply pressure at each inlet of 

the model was not the same, the flow rates were changed and the 
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procedure wus repeated again until the supply pressure at each inlet 

of the model became identical. Then the readings from the Rotameter 

of each inlet, from the manometer at each inlet, from the manometer 

at the outlet and from the Galvanometer were taken. The flow rates . 

of each inlet of the model were then changed and the same procedure 

was repea ted again. 

The ball was then positioned at 2 mm from the upper wall of 

the model. The same procedure was repeated until the measurements 

were taken for all the positions of the ball in the model. 

7 • 5 MEA.SURING ANALYSIS Or THJ EXPc:RIMENTAL DATA 

In the following analysis it is assumed that the ball of the 

injector valve was in a similar position of that of the model, but 

With zero velocity. 

The flow rate from the top inlet of the injector valve was 

calculated from the following equations: 

i.e., 

= 

D 
V 

R em 

= 
D 

m 

(7 .1) 

Where R represents the Reynoldsnumber of the injector valve, ev 

Rem the Reynoldsnumber of the model, Vvt flow velocity at the 

top inlet of the valve, D diameter of the ball of the valve, 
V 

kinematic viscosity of the liquid in the valve, Vmt flow velocity 

at the top inlet of the model, D diameter of the ball of the model 
m 



-60-

and , l kinematic viscosity of the liquid in the model. Vm 

Therefore 

~ (7.2) 
vrn 

But 

Qvt = Avt vvt (7.3) ' 

and 

Qmt = Arnt vmt (7.4) 

where Qvt represents flow rate at the top inlet of the valve, 

Avt area of the top inlet of the valve, ~t flow rate at the 

top inl et of the model and Arnt area of the top inlet of the model. 

Therefore ,, 

Avt D --Jv (7.5) ~t = ~t 
_J!.l.._ 

Arnt D ~m V 

But 

rr a2 
and Avt = _y_i 

4 

d2 

Arnt = 11 _& 

4 

Where dvt represents the diameter of the top inlet of the valve 

and dmt the diameter of the top inlet of the model. 
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And 

dvt D 
= m 

dmt D 
V 

Thero fore 

~t = ~t 
dvt ~v 

dmt ~.)m 
(7.6) 

By the same procedure the side inlets flow rate (o ) was ""vs . 

calculated. 

Since the Euler number for pressure loss must b~ identical 

for valve and model at the same Reynolds number, the supply pressure 

(Pvt) at the top inlet of th.e valve can be found as follows: 

pvt * p - * - p VO = mt Pmo 

½ /4 y2 l In v2 V VO 2 m mo 

where 

Pvt = Pvt+ ½ /v v2 + Iv g zvt vt (7.8) 

* fv g (p = p = 0) ' Pvo = Pvo + z 
' VO VO a (7.9) 

pmt = 1 
Pmt + 2 Im v2 

mt + Im g zmt (7.10) 

and 

* Im pmo = pmo + g z mo (7.11) 

Pvt represents supply pressure at the top inlet of the valve, 

P:
0 

piezometric pressure at the outlet of the valve, Pmt supply 

Pressure at the top inlet of the model, * P Piezometric pressure ma 

at the outlet of the model, V velocity at the outlet of the 
VO 
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valve, V velocity at the outlet of the model, mo static 

pressure at the top inlet of the valve, g gravitational 

acceleration, zvt height of the top inlet of the valve from the 

datwn, pvo static pres sure at the outlet of the valve, Pa 

atmospheri c pres sure , z height of the outlet of the valve from 
VO 

the datum, Pmt s t atic pressure at the top inlet of the model , zmt 

height of the top inlet of the model from the datum, Pmo stati c 

pressure at the outlet of the model and 

of the model from the datum. 

Therefore 

= p * 
mt - pmo 

Iv 
/m 

z mo height of the outlet 

(7.12) 

Since the energy of the flow at the outlet of the injector 

Valve was not used again for the valve and dissipated in the 

atmosphere , the pressure at the outlet of the valve was as sumed 

.static, and the same a ssumption was made for the model. 

Since the flow force coefficient must be identical for valve 

and model at the same Reynolds number, the flow force (Fvf) on 

the ball of the valve can be found as follows:-

Fvf F = mf (7.13) 
½ h n2 v2 .l. Im D2 v2 

V vt 2 m mt 

i.e. 

Iv ( ~v)' 2 
F = Fmf C:) (7 .14) vf 

J'm m 

1,there Fvf represents flow force on the ball of the valve and 

Fmf flow force on the ball of the model . 
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The force transducer measured the net forces (F ) on the 
e 

ball, i.e., the flow force (positive in downward direction) minus 

the buoyancy force (Fmb) (negative in upward direction) 

F = Fmf - Fmb (7.15) e 

i.e., 

Fmf = F t Fmb e 

7. 6 RESULTS AND DISCUSSIC·NS 

Figs. (7.5- 7.9) show the scaled relationship between the 

total flow rate from the injector valve (Q,,T)' the side inlets 

flow rate (Qvs) and the top inlet flow rate (Qvt) with the 

supply pressure (P ) of range 5 -~ 60 psi for various positions of 
V 

the ball in the injector valve. These figs. show that when p 
V 

. Was increased, Q,,T' Q,,s and Q,,t _ increased very nearly as the 

square root of pressure. 

Figs. (7.10- 7.12) represent plots of Q,,T' Q,,s and~ 

Versus the position (y) of the ball from the seat, for p 
V 

range 

20- 60 psi. These figs. show that when the ball was lifted from 

the seat for 0.14 mm, Q,,T' Q,,s and Qvt increased. This is 

because in this region the resistance (R
4

) due to the area under 

the ball (see fig. (7.13)) was the main variable resistance to the 

flow. When the ball was lifted from the seat, R4 increased and 

hence the flow rates increased. 
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These fi gs . al so show t ha t when the ball was lifted until 

Y = 0.32 mm, QvT' Qvs and ~t remained approximately constant. 

This is because when t he ball was lifted the resistance (R
4

) due 

to the area under t he ball and the resistance (R
2

) due to the 

area above the ball were approximately negligible. Hence 

was proportional to the side inlets areas and ~t was also 

proportional to the top inlet area. 

Also it can be seen from these figs. that when the ball was 

lifted until y = 0.47 mm, ~t decrea sed and became equal to zero 

at y = 0.47 mm. This is because when the ball was lifted R
2 

increased, and hence ~t decreased and became equal to zero when 

R2 became equal infinity at y = 0.47 mm. Also it can be seen in 

this region that when the ball was lifted Qvs increased. The 

reason for this is that si.nce the resistance (R
3

) due to the area 

of the side inlets was in parallel with R1 + R2 and hence the ratio 

of Qvs to Qvt was proportional · to the ratio of R2 + R1 to RJ. 

- Also these figs. show that in this region Q_,T decreased when the 

ball was lifted. This is because the increase in ~ when the ball 

Was lifted caused an increase in the total resistance of the parallel 

circuit which was slightly significant compared to the resistance 

(R
5
) due to the area of the outlet. 

It can be seen from these figs. that when y was in 

Qvt was greater than o (even 
~s 

was 0.14 - 0.32 mm range, 

greater than R
3

). This is probably because the stagnation of the 

Side inlets flow on the ball caused an increase in the exit pressure 

of these inlets, and hence the pressure drop across these inlets 

reduced and caused the decrease in ~s• The stagnation effect was 
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also expected on Qvt' but the flow from the top inlet escaped 

sideways where there were no side inlets. 

Fig. (7.14) shows plots of the flow force (Ff) versus p 
V V 

for various positions of the ball in the valve, and for pressure 

range 5-tfJ psi. 

was increased. 

This fig. shows tha t Fvf increased when 

This is because when Pv was increased, the 

p 
V 

stati.c pressure at the upper half of the ball increased which caused 

the increase of Fvf· 

Fig. (7.15) shows the relationship between Fvf with y, 

for P range 20- 60 psi. 
V 

This fig. shows that when the ball was 

lifted from the seat until y = 0.08 mm, the flow force on the ball 

This is because when the ball was on the seat, 

Fvf was totally due to p 
V 

force, but when the ball was lifted 

from the seat until y = 0.08 mm, Fvf was due to p 
V 

force on the 

Upper half of the ball and due to the static pressure force on the 

lower half of the ball which decreased in this region due to the 

increase of velocity there. 

When the ball was lifted more until Y = 0.32 mm, Fvf decreased. 

This is probably because in this region the static pressure force at 

the upper half of the ball decreased due to the increase in the flow 

Velocity at the upper half of the ball when ~t increased. Also 

the pressure above the ball will be less than p 
V 

due to losses in 

When the ball was lifted more until y = 0.47 mm, Fvf increased. 

This is probably because at this region ~t decreased due to the 

increase in R
2

, and hence the flow velocity at the upper half of 

the ball decreased and caused an increase in the static pressure. 
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(whi ch increased to Pv when Qvf became equal to zero) at the 

upper half of the ball. 

It was found from the calculations of the buoyancy and the 

gravity forces on the ball that the net force on the ball was 

always in downward direction. This would prevent the ball from 

staying stati onary at any position between the upper and lower walls 

of the valve. 

/ 



Qb..~te r Eight 

THe:ORiTICAL STUDY OF' THi<": BALL MOTI ON 1,HTH LI QUID RESISTANCE , 

AND OF FLUID FLrnI F'HOH Tifr.: rnJ ....:CTOR VALVE 

8.1 I NTRODUCTION 

In the t heoretical analysis of the ball motion which was 

described in Chapter 3, it w~s a s sumed that the ball was moving 

without any fluid resistance. In this chapter the ball motion 

with fluid r esistance was studied theoratically through a computer 

program . Cons equently the fluid flow from the injector valve was 

also studied theoretically through a computer program. 

Theory, computer programs and results and discussions are 

given below. 

8.2 TH~ORY 

8,2,1 Introduction 

To simplify the analysis it was assumed that the ball was 

moving so slowly that it could be considered to have zero velocity 

relative to the flow velocity of the top inlet. This assumption 

Would be examined from the results of the analysis. If the 

assumption was found to be wrong, the ball velocity would be 

modified in the analysis. 

8.2.2 Analysis with Assumption of Zero Velocity of the Ball 

Relative to the Flow Velocity of the Top Inlet 

8.2.2.1 :Motion of the Injector Tip 

8.2.2.1.1 F.guations of :Mo tion of the Injector Tip 

Eqn. (6.10) of the motion of the injector tip was used in this 

analysis: 

-67-
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cos(w t - 1L + s) 
0 2 

(8. 1) 

where repre sents the position of the injector tip from a fixed 

datum, yx maximum amplitude of the tip, w
0 

frequency of the tip 

in radian, wd damped natural frequency in radians, ~ parameter 

of damped vibration, t time at any instance during the tip motion and 

s initial phase angle. 

8.2.2.1.2 Assumptions on the Motion of the Injector Tip 

The assumptions which were made on the tip motion in Chapter 6, 

were also assumed in this analysis . 

It was found from the results of Chapter 6 that the effect of 

Varying the i.ni tial condition of the injector tip had not any 

influence on the feature of the results. Hence the effect of 

Varying the initial condition was not considered in this analysis. 

It was assumed in this analysis that the tip was moving up at 

t=o, i.e., s=o. 

8.2.2.2 Motion of the Ball 

8.2.2.2.1 Equation of Motion of the Ball 

The following forces were assumed acting on the ball: 

1 . Flow force. 

2. Buoyancy force. 

3. Gravity force. 

4. Inertia force. 

Hence the equation of the forces acting on the ball was: 

= F g 

i: 
I 

l 
l 
j 

.I 



or 

where 

and 

Y2 

Y2 

M 

Fb 

F 
g 

= 

= 

-· 

= 

= 

-6'J-

-F /M + Fvb/M - F /M (8.2) vf g ' 

2 
d Y2 

d t 2 
1 

ni + ..4... ( :v/ Iv 3 

!±_ c:v )3 Iv g 
3 

mg 

Where M represents mass (m) of the ball plus the added mass, 

Y2 acceleration of the ball, F flow force on the ball, vf 

_ buoyancy force on the ball of the valve, F gravity force on the g 

ball, t 1 time at any instance between two successive impacts, 

D 
V diameter of the ball and Iv density of the liquid. 

Fvf for various gaps (y) between the ball and the seat, 

for specific supply pressure was found from the measurements of 

Chapter 7. The equations of Fvf versus the gap (y) between 

the ball and the seat for specific supply pressures were repr_esented 

in polynomials of Chebyshev-series form. The coefficients of each 

Polynomial were computed by feeding the experimental data points of 

Fvf - y to a subroutine stored in the library of the computer. 

The degree of the polynomial which has given best curve fitting 

for the da t a points was found by plotting the polynomial of each 
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degree. The polynomial for each degree wa s evaJ.uated by fe eding 

the coeffi.ci.ents of the polynomial of each degree to another 

subroutine stored in the library of the computer. 

It was found that the polynomial at degree 4 has given best 

curve fitting to the F - j' data points . vf 

Fig. (8.1) shows plot of Fvf - y polynomial equation of 

degree 4 for 40 psi supply pressure. 

in the folJ.owing form: 

where 

-y 

where 

y 

= 

= 

2 Y - Ymax - Ymin 

Ymax - Ymin 

Fvf - Y equaticns was written 

(8.3) 

(8.5) 

Where y represents the argument of the polynomial, y gap between 

the ball and the seat, Y maximum value of y, 
max Y minimum min 

Value of y, y
2 

position of the ball from a fixed datum and y
1 

Position of the tip from a fixed datum. 

By substituting eqn. (8.1) in eqn. (8,5), we have 

y == cos(w t - 7T + s) 
0 2 

(8.6) 
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By substituting eqn. (8.6 ) in eqn . (8.4) we have: 

y :: 1 H/2 cos(wd t + f + s) 

- 2y cos(w t - 7T + s) y y ] x o 2 - max - min 

By substituting eqn. (8.7) into eqn. (8.J), and then 

substituting this r esult into eqn. (8.2), we have 

cos ( w d t + : + s) 

(8.7) 

. ]3 cos (wd t + T( + s) - 2y cos (w t - 1T + s) - y - y . J 2 x o 2 max min 

- ~t/ e , 2 cos(wd t + 'J!' + s) 

- 2y cos(w t - rr + s) - Y max - Y min] J ] + a4 [ X 0 2 

sf ~ fY2 
w - it12 

cos(wd _JJ_ + - 2y ....Q. e .t + s) X 
"'a 2 1max Ymin 

4 
- 2y cos(w t - 7T + s) - Y max - Y min ] ] - 8 X 0 2 
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w [ 1 r 2 Yz - 2yx 
- cS 1/2 77 0 e cos(wd t + + s) - 2y 

Ymax - ymin w d 2 X 

cos(w t - if + s) - y - Y min j ] 
2 

+ 1 ] + F b/M - F /M 0 2 max V g 

(B.e) 

The value of y2 and the velocity of the ball (vb) for each 

increment of time between two successive impacts were computed by 

Using Merson's form of the Runge-Kutta method through a subroutine 

stored in the library of the computer. 

8.2.2.2.2 Sta rting Conditi on of the Ball Motion 

The starttne condition of the ball motion was assumed that the 

ball separated from the seat ~ith the same velocity as the injector 

tip when the injector tip was moving upward with negative 

acceleration (a) less than the acceleration (g
1

) of the ball due 

to the fluid and gravity forces, or the ball separated when the 

injector tip was moving downward with positive acceleration greater 

than the acceleration (g
1

) of the ball due to the fluid and gravity 

forces, i.e., the separation occurred when: 

(when the tip was moving up) 

or 

a (when the tip was moving down) 

Where a was computed from eqn. (6.12): 

a = Y 
X 

cos (wd t + 7T + s) + }_ y w 
2 2 X 0 
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sin(wd t + ; + s) ~ 
- ~ t/2 

sin(wd t + T1 + s) + Yx w e 
2 0 2 

- '?51/2 
cos(wd t + 71 + s) - y 2 

cos (w - 7f - y \.! e w d w t - - + X 0 X 0 2 0 2 

(8.9) 

and 

Jt' 
g1 = ...YQ + g 

m 

where F represents flow force on the ball when it was on the seat. VO 

8.2.2.2.J Equation of the Gap Between the Ball and the Seat 

Eqn (8.5) was used for computing the gap (y) between the 

ball and the seat: 

y = (8.10) 

The value of y2 -was computed from eqn. (8.8) and the value of y
1 

Was computed from eqn. (8.1). 

8.2.2.2.4 Collision Bet ween the Ball and the Walls of the Valve 

The assumptions of the collision between the ball and the walls 

of the valve which were described in Chapter 3 (see section (J.2.2,4)) 

Were also assumed in this analysis. 

Eqn. (J.6) was used for computing the velocity of the ball 

after the collision (v
01

): 

= ( 8. 11 ) 

Where 

=: V. 
1 

= v at instance of the impact, 

s) 
' 
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and 

= vb at instance of the impact, 

where vf r epresents velocity of the tip after the impact, vi 

Velocity of the tip before the impact, v velocity of the tip at 

any instance , vib velocity of the ball before the impact and vb 

Velocity of the ball at any instance between two successive 

colli sions. 

V 

"1here 

Eqn. (6.11) was used for computing v : 

= -y 
X 

e - lS t/2 cos ( w t + Tf + s) - y w 
d 2 X 0 

sin(wd t + f + s)- Yx '-'
0 

sin(w t - 17' + s) 
. 0 2 

Eqn. (J.8) was used for computing vb: 

vb = - g t, + V 
0 

V represents initial ball velocity. 
0 

(8.12) 

(8.13) 

8.2.3 Analysis with Assumption of Finite Velocity of the Ball 

Relative t o the Flow Velocity of the Top Inlet 

8.2.J.1 Motion of the Injector Tip 

8.2.J.1.1 Equation of Motion of the Injector Tip 

Eqn. (6.10) of the motion of the injector tip was used in 

this analysis: 

cos(w t - .I!... + s) 
0 2 

(8.14a) 
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The same assumptions which were made on the tip motion in 

Chapter 6, were also made in this analysis. The effect of varying 

the initial condition of the injector tip motion was not considered 

in this analysis. It was assumed in this analysis that the tip was 

moving up at t = o, i.e., s = o. 

8.2.J.1.2 Equation of the Decay in the Moti on of the 

Inj ector Tip 

It was found from the laser measurements of the injector tip 

motion that the motion decayed for approximately 1.5 ms. 

in the motion was repre sented by the following equation: 

The decay 

= cos(w t) 
0 

(8.14b) 

where ol represents parameter of damped vibration. This equa tion 

was checked by plotting Y1, versus t (fig.(8.2)). The value of 
lyx 

<X was obtained from the laser measurements. It can be seen 

from this fig. that the injector tip motion decayed for approximately 

1. 5 ms. It can be deduced from this fig. that eqn. (8.14b) 

represented well the decay in the motion of the injector tip. 

8,2.J.2 The Relati onship Between the Ball Velocity, the Pressure 

Drop Across t he Valve of the Injector, and Flow Force on 

the Ball 

Because the area of t he three inlets (the two side inlets and 

the top inlet) of the injector valve were >> the area of the 

outlet or the area of the gap under the ball of the injector valve, 
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therefore t he pressure drop across the three inlets was very small 

compared t o the pres sure drop across the outlet or the gap under 

the ball. Therefore if the top i nlet was restricted due to the 

upward velocity of t he ball and consequently the flow reduced from 

this inlet, the extra flow would come through the other two inlets 

\nth a very slightly higher pressure drop (but still very small). 

Hence the flow through the outlet or the gap would be the same 

approxirr.ately, i.e. unaffected by the restriction of one inlet hole. 

Thus, due to the upward ball velocity it could be assumed that: 

where 

at the 

valve, 

E 
V 

E 
V 

top 

V 
VO 

= 
p * 
vt - Pvo 

½ /J v2 
/ V VO 

= (

V D 
yiR VO V 

ev 
~ 

) 

represents 1uler number of the valve, 

inlet, * Pvo piezometric pressure at 

velocity of the flow at the outlet 

(8.15) 

Pvt supply pressure 

the outlet of the 

of the valve, R ev 

Reynolds number based on the zero velocity of the ball of the valve 

· and "\Jv kinematic viscosity of the liquid in the valve. But the 

flow force on the ball of the injector valve was affected by the 

relative velocity between the ball and the flow of the top inlet. 

Thus, it could be assumed that: 

= = 

Where CDv represents coeffici ent of drag of the valve, 

(8.16) 

v relative r 
-

Velocity between the ball and the top inlet flow of the valve, R ev 

Reynolds number of the valve based on the relative velocity between 

the ball and the flow of the top inlet. 
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It was assumed that the flow force on the ball was due to the 

flow of the top inlet. 

Since the velocity of the ball of the model was zero, hence: 

= 
l 
2 

F mt 

f. D 2 V2 
v m mt 

= (8.17) 

where CDm represents coefficient of drag of the model, Fmt flow 

force on the ball of the model, 

model, D diameter of .. the ball 
m . 

/4 density of the liquid of the 

of the model, Vmt velocity of the 

flow at the top inlet of the model, R Reynolds number of the em 

model and 'Vm kinematic viscosity of the liquid in the modal. 

To apply the dynamic similarity between the model and the 

injector valve, the Reynolds number of the two systems should be 

identical: 

R 
, 

= R ev em 
(8.18) 

Hence 

CDv = CDm (8.19) 

8.2.J,J Motion of the Ball 

8.2.J.J.1 Eouation of the Ball Motion 

The followlng forces were also assumed acting on the ball: 

1. Flow force. 

2. Buoyancy force. 

3. Gravity force. 

4. Inertia force. 
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Eqn. (8.2 ) of the acceleration of the ball was also used here: 

= E - vffM + (8.20) 

It was assumed that Fvf was constant for small increment 

of time. 

By integrating eqn. (8.19), we ha,,e: 

1t2 Fvf, Fvb/M F 
Y2 = (- YM + g/M) + V t + y (8.21) 2 1 0 0 

whore y
0 

represents initial position of the ball from a fixed 

datum. 

The velocity of the ball was found from the derivative 

of eqn. (8. 20 ) with respect to t
1 

: 

(8.21) 

8.2.J.J.2 Starting Conditions of the Ball Motion 

The same assumption of the starting conditionsof the ball 

motion of the analysis of zero ball velocity relative to the flow 

Velocity of the top inlet, (see section (8,2.2.2.2)), was also 

a ssumed here, i.e., the separation of the ball from the seat occurred 

When: 

a <._ - g
1 

(when the tip was moving up), 

or 

a (when the tip was moving down) 

where 

a wa.s computed from eqn . (6 . 12): 
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a = e 

sin(wd t + -; + s) + .l Yx w - '61/2 
sin(wd t + rr + s) e 

2 0 2 

- '6½ 
cos(wd t + II.. + s) - y 

2 
- y w e wd w 

X 0 2 X 0 

cos( w t - ff + s) (8.23) 0 ' 2 

and 

8.2.J.J.J Eauation of the Gap Between the Bal l and the Seat 

Eqn. (8.5) was used for computing the gap between the ball 

and the seat (y) : 

y = (8.24) 

The value of y2 was computed from eqn. (8.21), and the value of 

Y1 was computed from eqn. (8.14a) or (8.14b). 

8.2.J.J.4 The Collision Between the Ball and the Walls 

of the Valve 

The assumptions of the collision between the ball and the 

walls of the valve which were described in Chapter 3, were also 

assumed in this analysis. Eqn. (J.6) was used for computing the 

Velocity of the ball after the collision (v
01

) : 

= . 2vf - vib (8.25) 



where 

and 

V = 

F.qn . 
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= v. 
l 

= v at the time of impact, 

= at the time of impact. 

(6.11) was used for computing V . . 
~ w _ ot12 cos (wd t + 1T + s) - y w - y ___£ e 

X 2 w d 2 X 0 

( TT ) sin w d t + 
2 

+ s - y x w 
0 

sin(w t - 1f + s) 
0 2 

Eqn. (J.8) was used for computing vb 

= 

e - '6 t;2 

(8.26) 

(8.27) 

8.2.J.J.5 Evaluating of y for Each Increment of Time 

The following procedure was used for evaluating y for each 

increment of time: 

a) From the results of Chapter 7, the equation of 

for different gaps 

between the ball and the seat in the model was evaluated. The 

method of evaluating CDm - Rem eqn. was the same as the method 

of evaluating Fvf - y eqn. (which was described in section (8.2.2.2.1)). 

CDv = CDm (eqn. (8.18)), and R = R (eqn. cg.19)), ev em Since 

hence eqn. CDv - R for different scaled gaps between the ball and ev 

seat in the model was obtained. 
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b) Also from the r esults of Chapter 7, the equation of Q - y vt 

for sped.fie supply pres sure was evaluated. The method of 

evaluating Qvt - y eqn. was the same as the method of evaluating 

Fvf' - y eqn. (see section (8.2.2.2.1)). 

of ~t - y for supply pressure 40 psi. 

Fig. (8.3) shows a plot 

c) For the first increment of time after the separation of the 

ball from the seat, the values y2 and vb were calculated from 

eqns. (8.21) and (8.27) respectively. The flow force on the ball 

was assumed equal to the supply pressure force 

ball was on the seat. It was assumed that 

( F ) when the 
VO 

v
0 

= v and y
0 

= Y1 

at the moment of the separation. The value of y was then computed. 

d) The value of Qvt was computed by substituting the value of y 

in 

e) 

~t - y eqn. The value of Vvt was then computed. 

The value of the relative velocity (v) between the ball and r 

the flow of the top inlet was then computed. 

f) 

g) 

-The value of R was then computed. ev 

By substituting the value of -R . ev in eqn. of the 

different gaps between the ball and the seat, CDv - y points were 

obtained. The value of CDv was then computed by interpolation 

for the value of y. The interpolation was done by using a 

subroutine stored in the library of the computer. 

h) The value of Fvf was then computed. 

i) The same procedure was repeated again for the next increment of 

time. The value of Fvf was assumed constant during the increment. 
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8.2.J.4 Computi nc the Flow f rom the Injector Valve 

8.2.J,4,1 Computing the Total Flow Rate for Each Increment 

of Time 

The following procedure was done for computing the total flow 

rate for each increment of time: 

a) From the results of Chapter 7, the equation of QvT - y for 

specific supply pressure was evaluated. The method of evaluating 

QvT - y eqn. was the same as the method of evaluating Fvf - y eqn. 

(which was described in section (8.2.2.2.1)). Fig. (8.4) shows a 

plot of ~T - y for supply pressure 40 psi. 

b) The value of QvT for each increment of time was computed by 

substituting the value of y (which was computed in the same 

procedure of section (8.2.J.J.5)) in eqn. ~T - y. 

8.2.J.4.2 Computing the Total Flow for Each Increment of Time 

The total flow (~N) for each increment of time was computed 

- by multiplying the value of ~T _(which was computed by the same 

Procedure as section (8.2.J.4.1)) by the value of the increment of 

time. 

8.J COMPUTER PROGRAMS 

Fortran language was used in 1906 Computer - Sheffield 

University. 

8,3.1 Computer Programs of the First Analysis 

8.J.1.1 Computer Program for Evaluating the Degree of the Polynomial 

Fig. (8.5) shows the flow chart of the computer program. 

Subroutine E02ADF was used for computing the coefficients of the 
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Fvf - y equation. This subroutine computed weighted least-squares 

polynomial approximations to the data points. Subroutine i 02AEF 

was used for evaluating the Fvf - y equation for each degree: 

This subroutine evaluated the polynomial from its Chebyshev-series 

r epresentation. The computer program is shown in Appendix 5. 

8.J.J.1.2 Computer Program of the Ball Motion 

Fig. (8.6) shows the flow chart of the computer program. 

The input data to the computer program is shown on Table (8.1). 

Subroutine E02ADF was used for computing the coefficients of the 

Fvf- Y equation. This subroutine computed weighted least-square .. 

polynomial approximations to the data points. Subroutine C05ACF 

Was used to find the value of time in which the ball separated from 

the seat. Bisection method was used. Subroutine D02ABF was used 

for evaluating the value of y2 at each increment of time (dt). 

Merson's form of Runge-Kutta method was used. The time (tco) 

between two successive collisions was computed by interpolation at 

Y == o, and at y = y (the conditions of the collision). 
w Also the 

Velocity of the ball before the collision was computed by the 

interpolation at y = o, or at y=y. 
W' 

The computer program is shown in appendix (6). 
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. 
Supply 

Yx Yw w s dt g1 t tm 0 wd F - y 
Pre ssure 0 vf 

(psi) (irun) (mm) (rad) (s) 
,., . 

(s) (s) (rad) (rad) rad mrn/s"-., · data 

20 4.65 X 10-3 0.47 3. 76 X 105 0 1 X 10-6 6. 6x 10 6 5x 10-3 3. 76x 105 
From 

0 414 Chapter 
7 

4.23 X 10-3 3. 76 X 10 5 1 X 10-6 . 7 
5 X 10-3 3. 76x 105 

From 
40 0.47 0 1. 3x 10 0 414 Chapter 

7 

60 4.23 X 10-3 0.47 3.76 X 105 0 1 X 10-6 1.9x 107 5x 10-3 3. 76x 105 
.From 

0 414 Chapter 
7 

TABLE 8. 1 INPUT DATA TO THE COMPUTER PROGRAM 
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8.J.2 Computer Programs of the Second Analysis 

8.J.2.1 Computer Program of the Ball Motion 

The flow chart of the computer program is shown in fig. (8.7). 

The input dat a to the computer program is shown in table (8.2). 

Subroutine E02ADF' was used fo r computing the coefficientsof the 

CDm - R eqn. for the different gaps between the ball and the seat em 

in the model. 

Subroutine E02ADF was used for computing the coefficients of 

the Q y vt - eqn. This subroutine computed weighted least-square 

polynomial approxima tion to the data points. · 

Subroutine C05ACF was used to compute the time (t) in which 

the ball separated from the seat. Bisection method was used. 

Subroutine E02AEF was used for evaluating CDv from 

This subroutine evaluated the polynomial from its 

Chebyshev-series representation. 

Subroutine E01ADF was us6d to interpolate at a given value of 

y from CDv - y points. 

interpolation was used. 

Aitken 1s technique of successive linear 

The time (tco) between two successive 

collisions was computed by the interpolation at y = o, or at y = y 
w 

(the condition of t he collision). Also the velocity of the ball 

before the collision was computed by the interpola tion at y = o, 

or at y = y . 
w 

The computer program is shown in appendix (7). 

.i 
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Supply 
Yx Yw 'W g1 tm o wd Q - y C -R Fvo 

0( 
Pressure 0 s dt t vm Drn em 2 ' (psi) (mm) (mm) (rad) (rad) (s) (mm/s ) (s) (s) (rad) (rad) data data (N) (rad) 

4.65x 103 3.76x 105 1 X 10-6 6 2 
3. 76x 105 

From From 
1.3x 103 20 0.47 0 6.6x 10 0 5x 10-3 4.14x 10 Chapter Chapter 0.221 

7 7 

4.2Jx 103 3.76x 105 1 X 10-6 7 5 X 10-3 2 
3. 76x 105 

From From 
1.3x 103 40 0.47 0 1. Jx 10 0 4.14x 10 Chnpter Chapter 0.442 

7 7 

4.2Jx 103 3. 76x 105 1 X 10-6 7 5x 10-J 2 
3.76x 105 

From From 
1.Jx 103 6o , 0.47 0 1. 9x 10 0 4-14x 10 Chapter Chapter 0.663 

7 7 

TABLE 8.2 INPUT DATA TO THE COMPUTER PROGRAM OF THE BALL MOTION 
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8.3.2.2 Computer Progr am of the Flow From the Inj ector Valve 

Fig. (8.8) shows the flow chart of the computer program. 

The flow chart was mainly the same of section (8.3.2,1). 

~T - y data points were obtained from Chapter 7. Subroutine 

E01ADF was used to interpolate at a given value of y from Q,,T - y 

points. Aitken 1s technique of successive linear interpolation was 

Used. The computer program is shown in Appendix 8. 

8.4 RESULTS AND DISCUSSI CNS 

8.1 ... 1 Analysls with the Assumption of Zero Velocity of the Ball 

Re]ative to the Flow Velocity of the Top Inlet 

}1gs. (8.9 - 8.11) shows the relationship between the velocity 

of the ball (vb) with the time (t) for injector tip frequency 

(f) 6o KHz, maximum amplitu~e (yx) of the injector tip . , 0.00465 mm, 

0.00423 mm and 0.00423 mm respectively, maximum gap (y ) between 
y 

the ball and the seat 0.47 mm and supply pressure pv 20 psi, 

40 psi and 60 psi respectively. These figs. show .that when the 

ball left the seat, its velocity decreased with the time between the 

two walls of the injector valve. The decrease in the velocity was 

due to the effect of the fluid forces on the motion of the ball. 

The shape of the decrease of the velocity with the time was similar 

to the shape of the Fvf - y curve. This similarity has given 

support to the accuracy of the computer program. Also when the 

ball left the upper wall of the injector valve, its velocity 

increased (in the negative direction) with the time between the two 

walls of the inj ector valve. The shape of the decrease of the 

velocity with the time was also similar to the shape of the 

Fvf - y curve. 
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It can be seen from these figs. thc1t the velocity of the ball 

was signi fica.nt comp3.red with the flow velocity at the top inlet 

(the flow velocity at the top inlet was of order 12m/sec). Hence 

the assumption of zero ve1ocity of the ball relative to the flow 

velocity of the top inlet was not accurate. 

8.4.2 Analysis with the As sumption of Finite Velocity of the Ball 

Relative to the Flow Velocity of 'the Top Inlet 

8.4.2.1 Motton of the Ball 

figs. (8.12 - 8.14) show the relationship between the ratio 

(Y) of the gap between the ball and the seat to the maximum gap 

between the ball and the seat with the time (t), for injector tip 

frequency (f) 60 KHz, maximum amplitude of the injector tip (yx) 

0.00465 mm, 0.00423 mm and 0.00423 mm respectively, maximum gap 

between the ball and the seat (yw) 0.47 mm and supply pressure (pv) 

20 psi, 40 pso and 60 psi respectively. 

Fig. (8.12) shows that the ball could reach the upper wall of 

the injector valve after 0.0008 s from switching on the injector. 

The ball could reach the upper wall often after 0.0015 s. The 

reason of the build up in the motion of the ball was due to the 

effect of the build up in the motion of the injector tip (from the 

laser results, the tip motion built up in 5 ms) and ths effect of 

the fluid forces on the ball. 

Also it can be seen from this fig. that the fluid forces on 

the ball forced the ball to come back to the seat many times after 

the build up of the motion of the ball. This is because in these 

cases the ball had low velocities after the collision with the seat. 
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Fig . (8.13) shows that the ball could reach the upper wall of 

the valve af t er 0.0011 s from switching on the injector. 

could r each the upper wall often a f t er 0.0015 s. 

The ball 

Fig. (8.14) shows that the ball could reach the upper wall of 

the inj ector valve aft er 0. 002 s from switching on the injector 

valve. 

It can be seen from thes e figs. that when the supply pressure 

was i ncreased from 20 psi to 40 psi, the time of the build up in the 

motion of the ball was identical. But when the supply pressure 

-was increased from 40 psi to 60 psi, the time of the build up was 

greater. This is because the increase in the supply pressure could 

decrease the amplitude of the ball, but in the same time the 

increase in the supply pressure might chance the phase in which the 

ball hit the seat. 

The relationship between the velocity (vb) of the ball with 

t, for f = 6o KHz, yx = 0.00423 mm, y = 0.47 mm and P = 40 psi 
W V 

is shown in fig. (8.15). This fig. shows how the velocity of the 

ball changes due to the effect of the fluid force on the ball. This 

fig. also shows that the shape of the change in the velocity of the 

ball due to the effect of the fluid force was similar to the Fvf - y 

curve. This similarity has given support to the accuracy of the 

computer program. Similar ball velocity-time relationship was 

obtained for supply pres sure 20 psi and 60 psi. Fig. (8.16) shows 

the relationship between the time of each ball cycle (tc) with t, 

for f = 6o KHz, y = 0.00423 mm, 
X . 

Yw = 0.47 mm and P = 40 psi. 
V 

This fig. shows tha t the ball was moving in random frequency. 

The effect of the decay in the motion of the inj ector tip after 
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switching off the injector on the ball motion is shown in fig. (8.17). 

This fig. shows the relationship betwocn the ratio (Y) of the gap 

between the ball and the seat to the maximum gap between the ball 

and the seat with t, for f = 60 KHz, yx = 0.00423 mm, Yw = O.L~7 mm 

and P = 40 psi. 
V 

It can be seen from this fig. that the ball 

could r each the upper wall of the injector valve often in the first 

millisecond aft er switching off the injector (the injector was 

switched off at t = 5 ms ). The motion of the ball then decayed 

to the zero in approximately 2 ms. This fig. shows that the time 

of de cay in the ball motion was 1.5 ms more than the time of decay 

in the tip motion, due to the continuity in the motion of the ball. 

8.l+.2.2 Flow from the InJector Valve 

8.4.2.2.1 F1.ow Rate 

Figs. (8.18- 8.20) show total flow rate (~T) from the 

injector valve - time (t) relationship, for f = KHz, 

Yx = 0.00465 mm, 0.00423 mm and 0.00423 rn.~ respectively; yw = 0.47 

and P = 20 psi, 40 psi, and 60 psi respectively. 
V 

These figs. 

show that the total flow rate has built up to 80% of the maximum 

Value after approximately 0.5 ms from switching on the injector. 

This is because the total flow rate built up to the maximum 

value after JO% of the maximum gap between the ball and the seat. 

The effect of the decay in the ball motion after switching 

off the injector on the total flow rate is shown in Fig. (8.21). 

This fig. r epresents the relationship between the total flow rate 
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from the injector valve with the time for f = 6o KHz, 

Y x = 0.00423 ir.rn and P v ::: 40 psi. Thi s fig. shows that the 

total flow rate could r each the maximum value after the first 

millisecond aft er switching off the injector (the injector was 

switched off at t = 5 ms). The total flow rate was then delayed 

to zero for approximately two milliseconds. 

8,4.2.2.2 Total Flow 

Fig. (8.22) shows the total flow (~N) - time (t) 

relationship for f = 60 KHz, yx = 0.00465 mm, 0.00423 mm and 

0.00423 mm respectively, yw = 0.47 mm and Pv = 20 psi, 40 psi 

and 60 psi respectively. This fig. shows that for supply 

pressure 20 psi the change of the total flow with time (total 

flow rate) became constant after approximately 1.5 ms from 

switching on the injector. This is because the total flow rate 

built up to the maximum value in 1.5 ms (see fig. (8.18)). Also 

· this is because the total flow rate built up to the maximum value 

in a very small gap between the ball and the seat. For the same 

reason this fig. shows that the total flow rate of supply pressure 

40 psi and 60 psi became constant after 1.5 ms and 2 ms respectively 

(see figs. (8.19) and (8.20)). Comparing these plots shows that 

the . total 1~ow was identical in the rime range 0- 0.5 ms. The 

reason for this is because when the supply pressure increased the 

total flow rate increased but in the mean time the amplitude of the 

ball was reduced due to the effect of the increase of the flow force. 

The effect of the increase of the supply pressure on the ball 

amplitude was important in this time range because the velocity of 
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the ball after the collision with the seat was very small. Also 

this fig . show that when the supply pressure increased from 20 psi 

to 40 psi, the total flow rate increased. The explanation of this 

is becaus e the increase in the flow rate due to the increase of the 

supply pressure was greater than the decrea se in the total flow rate 

due to the decrease in the amplitude of the ball due to the increase 

of the supply pres sure. It can be seen from the fig. that when the 

supply prassure increased from 40 psi to 60 psi, the total flow rate 

remained almost identical. This is because the increase of the 

flow rate due to the increase of the supply pressure was approximately 

identical with the decrease in the flow rate due to the decrease in 

the ball amplitude due to th~ increase of the supply pressure. 

Experimental evidence of this theoretically predicted phenomenon is 

included in Chap t er 11. Also this fig • show that the average 

flow rate (total flow/time) was approximately equal to 60% of the 

peak flow rate (which is shown in figs. (8.18 - 8.20 ) ) for pressures 

below the pressure at which the flow is the maximum. It can also 

be seen from this fig. that the total flow was fluctuating due to 

the randoCT frequency of the ball. 



Chapter Ninf3 

110Db'L TES TS OF FLOW RATES AND BALL FLOW FORCE FOR ------------------- -------
DIFF1'RENT GEOMETRI ES OF THE INJ~CTOR VALVE 

9.1 INTRODUCTION 

Studying the effect of the geometry of the injector valve on 

the flow force on the ball and on the flow rates should give better 

under standing of the behaviour of the injector and lead to its 

improvement. 

In this chapter the fl ow force on the ball, the total flow 

rate and the inlet flow rates for each position of the ball were 

mea sur ed in five scale models of different geometries of the 

injector valve. 

The final section is concerned with estimating theoretically 

the flow rate and the flow force on the ball at small lift in all 

the models using a simple theory. 

with the measurements. 

These estimates are compared 

The details of the te s t apparatus, test procedure, test program, 

analysis of the experimental data and results and discussions are 

given below. 

9.2 T~ST APPARATUS 

Fig. (9.1) shows a photograph of the test apparatus used, while 

the layout is given in fig. (9.2). 

The apparatus consisted of a model of the injector valve, a 

perspex tank, instruments for measuring the static pressure at the 

top i nl et and at the outle t of the model, the flow rate from the 

model and the flow f orce on the ball . 
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Five enlarged models (A,B, C,D, and E) of different geometries 

of the injector valve were designed. Fig. (9.J) shows a photograph 

of the models, while the main dimensions of each model are given in 

table (9.1). The main dimensions of the model which is described 

in Chapter 7 are also given in this table . The model was made 

geometrically simi.lar to the injector valve and the scale factor was 

20.6. The boundaries of the models were made from perspex and in 

two parts. The upper part contained the top inlet and the lower 

part contained the outlet and the side inlets , or were without any 

side inlets (open all round). The two parts were connected by 

screws. The model was screwed to the bottom of the tank. The tank 

was made from perspex and was of dimensions 65 cm x 61 cm x 58 cm. 

The height of the tank was designed to give a suitable pressure head. 

The water was supplied to the tank by a pump. The level of the 

water in the tank was kept constant during the test by fixing an 

overflow pipe in the tank. The static pressure at the top inlet of 

the model was measured by a multituba manometer. The static pressure 

at the outlet of the model was measured by a vertical manometer. The 

total flow rate from the model was measured by a rotameter (Rotameter 

Manufacturing Co.) and controlled by a gate valve. 

The ball was connected to the force transducer (Pye Ether, type 

UF1) by a strong wire. The other end of the ball was connected to a 

small piece of a brass bar passing through a guide to keep the centre 

of the ball always on the vertical centre line of the model. The 

force transducer was fixed rigidly on a plate which could be 

positioned anywhere along the length of a screw bar . This was 

achieved by means of two nuts . The electric power was supplied to 







.. _. .. . - . ··-· ··-·-· · •• ·-• ·_,_:, .. ·~·· , _____ :.;;~:.:;:::-._, ___ ·•·· 

a b C d e f A1 A2 A3 A4 A5 
Hodel n (cm) (cm) (cm) (cm) (cm) (cm) 2 2 2 2 2 

(cm) (cm ) (cm ) (cm) (cm ) 

A . 5 1.7 1. 1 1.5 1e7 4.4 3 2.24 1.27 9.43 1.27 2.24 

B 5 1.7 0.93 1.5 0.85 4.4 3 2.24 1. 1 9.43 1. 1 0.56 

C 2 1.7 0.93 1.5 1.7 4.4 3 2.24 1. 1 2.83 1 .1 2.2L~ 

D * 1.7 0.8 1.6 1.7 5 3 2.24 0.9 25.1 0.9 2.24 

E * 1.7 1.4 2.3 1.7 5 . 3 2.24 1 • 5 36.1 1.5 2.24 

Chapter 
7 2 1.7 0.97 1.5 1. 7 5 3 2.24 1.16 2.83 1.16 2.24 

model 

I- a 'i 
n No. of Side Inlets A1 Area of the Top Inlet 

a Top Inlet Diameter ~ Area Above the Ball );-~' 
b Ball Travel 

A3 Area of the Side Inlets 
..---~ 

! , 

C Side Inlet Diameter 
A4 Area Under the Ball 

d Outlet Diameter C I / A3 . \ 
Cavity Diamete r A5 Area of the Outlet 

e 

f Perimeter Diameter * Open all Round 
I I 

A5 
I I 

TABLE 9.1 MAIN DIMENSIONS OF THE MODELS I 
w 

e 
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the force transducer by a power supply (Farnell, type E 30/2). The 

output of the force transducer was read on a galvanometer (W. G. Pye 

& Co. Ltd.). 

9.J TEST PROGRAM 

In each test the flow forces on the ball, the total flow rate, 

the stati.c pressure at the top inlet and the static pressure at the 

outlet wore measured. These measurements were done for different 

Positions of the ball in the model, ~nd for a corresponding supply 

pres sure of the injector valve. The t est Reynolds numbers were those 

corresponding to 20 psi, 40 psi and 60 psi supply pressure to the 

i nj actor valve. 

9.4 TEST PROCEDURE 

Before starting the test, the rotameter was calibrated by a 

weighing method. 

· weighing method. 

Also top inlet flow * was calibrated by a 

The force transducer was also calibrated by putting 

Weights on the ball which was connected by a wire to the force 

transducer, and reading the corresponding voltage on the galvanometer . 

To start the test the ball was fixed at the upper wall of the 

model. The position of the force transducer was read by means of a 

rule fixed on a bar. The position of the transducer was considered 

as the zero position of the ball. The ball was then moved down 

1. mm from the upper wall of the model. At this position the 

indicator of the galvanometer was fixed at zero on the scale. This 

position of the indicator represented zero fluid forces on the ball. 

The water was then delivered to t he tank by switching on the pQmp. 

I~ against the multitude manometer 

,i 
;. 
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After getting the constant level of the water in the tank, the static 

Pres sure a t the outlet of the model was then fixed during the test by 

Usi.ng the valve. The value of the static pressure at this point was 

calcula ted by equating Euler number between the top inlet and the 

outlet of this inj ector valve and that of the model. 

p * 
vt - Pvo 

1 ~v2 
2 /v VO 

p * 
mt - Pmo 

= 

where represents supply pressure at the top inlet of the valve, 

P:
0 

piezometric pressure at the outlet of the valve, /v density 

of the liquid in the valve, V flow velocity at the outlet of the 
VO 

valve, Pmt supply pressure at the top inlet of the model, 

Piezometric pressure at the outlet of the model, 12 density of Jm 
the liquid in the model and 

model. 

V mo 
flow velocity at the outlet of the 

The static pressure at the top inlet was measured by the 

multitubs manometer. This measurement was done to calculate the 

flow rate at the top inlet from the calibration of the static pressure 

Versus the flow rate at the top inlet. 

The following readings were then taken: 

1. The galvanometer readi.ng. 

2. The rotameter reading. 

3. The multitube manomete r reading. 

The ball was then lowered in 1 mm steps and the procedure was 

repeated at 0.5 m,~ from the seat. 

The same procedure was repeated for each test. 

1. 

1 

i ., 

1' 

i' 
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9.5 l•1E:A.SURDrG ANALYSIS OF TIE EXP i:"P,IN~NTAL DAn 

The measuring analysis of the experimental data was the same 

as tha t of Chapter 7 (see section (7.5)). 

Eqn. (7.6) wa s used to calculate the flow rate (Qvt) at the 

top inlet of the valve. 

Qvt = ~t 
dvt _Vv 

(9. 1 ) 
dmt ~~ 

where ~t represents the flow rate at the top inle t of the model, 

dvt diame t er of the top inl et of the valve, dmt diameter of the 

top inlet of the model, Vv - kinematic viscosity of the liquid in 

the valve and \,fu kinematic viscosity of the liquid in the model. 

By the same procedure the total flow rate from the 

Valve was calculated. The side inlets flow rate was 

calculated by subtracting the top inlet flow rate from the total 

flow rate. 

Eqn. (7.14) was used to calculate the flow force on the ball 

of the valve: 

= (9.J) 

Where Fvf represents the flow force on the ball of the valve, 

Fmf flow force on the ball of the model, D diameter of the ball 
V 

of the valve, Dm diameter of the ball in the model, Vvt flow 

Velocity at the top inlet of the valve and Vmt flo'.-1 velocity at 

the top inl et of the model. 

Eqn. (7.15) was us ed to calculate the flow force on the ball 

of the model: 



F mf = F + F e mb (9.4) 

where F represents the measured flow force on the ball of the 
e 

model and F 
rnb the buoyancy force on the ball of the model. 

9.6 TSST 1-L~SULTS AND DISCUSSIONS 

9.6.1 Model A 

Fig. (9.4) shows the relationship between the flow force 

(Fvf) on the ball of the injector valve and the position of the 

ball from the seat (y), for supply pressure 20 psi, 40 psi, and 

60 psi. It can be seen from these figs. that the shape of the 

graphs is the same as the F y graphs which are discussed in 
v.f 

Chapter 7 (see fig. (7.15)). 

Figs. (9.5- 9.7) show plots of the total flow rate from the 

injector valve (Q_.T), the side inlets flow rates ( 0 ) and the 
"'vs 

top inlets flow rate (Qvt) versus y, for 20 psi, 40 psi, and 

· 60 psi respectively. These figs. show that the shape of the 

Qvs - Y and ~t - y plots.is respectively the same as the 

Qvs - Y and Q_.t - y plots which are discussed in Chapter 7 (see 

section (7.6)). These figs. also show that when Qvt decreased 

due to the decrease in the area above the ball, ~T remained 

constant. This is because the total resi.stance which was composed 

of the resistance (R
1

) (see fig. (7.13)) due to the area above the 

ball plus the resistance (R2 ) due to the area of the top inlet in 

parallel with the resistance (R
3

) due to the area of the side 

inlets was very small compared to the resistance (R
5

) due to the 

area of the outlet (the resistance (R) due to the ar :!a under the 

f 
j 

l 

t 
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ball was approximat ely negligible in this region). Hence thn 

increase in the total resistance due to the increase of R
2 

could 

not affect the total flow rate. These figs. show that when p 
V 

was increased , Q Q and Qt increased as nearly the square vT' vs v 

root of pressure. 

9.6,2 Model B 

Fig. (9. 8) shows the relationship between the flow force 

(Fvf) on the ball of the injector valve and the position (y) of the 

ball from the seat , for supply pressure 20 psi, 40 psi and 60 psL 

It can be seen from these figs. that the shape of the graphs is 

the same as the F - y graph of model A (se6 section (9, 6.1)). 
V 

These figs. show that the maximum value of F was smaller than the vf 

maximum value of Fvf of the model A, This is because in model B 

the resistance (R
5

) due to the area of the outlet of the injector 

valve was very large compared to the resistance (R
4

) due to 

the area under the ball, Hence the value of y in which R
4 

would become negligible was smaller than that of model A. 

Also it can be seen from this fig, that F p reduced to a 
V l. 

minimum at lower value of y, and its value here was smaller than 

Fvf of model A. This is because R
5 

was very large compared to 

the other resistances in the injector valve. 

Figs. (9.9- 9.11) show plots of the total flow rate (~T) 

from the injector valve and the top (~t) and side (Q ) inlet 
VS 

flows versus y, for 20 psi, 40 psi and 60 psi, The shape of the 

plots is the same as those of model A (see section (9, 6.1)) but t he 

flow rates were smaller because R
5 

was very large co;.1pared to the 

other r esistances in this injector valve. 
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These fi g•s . show tha t the ratio of Q 
vs 

to Q at vt 

y = 0.225 mm (appr oximate middle position) was almost the same as 

for model A at the same value of y. This is because at this 

position in both the models the resis tances (R
4

) due to the area 

under the ball and the resistance (R2) due to the area above the 

ball were almost negligible. Hence Q and Q were 
VS vt 

respectively proportional to the side and the top inlets areas 

which were the same in both the models. 

Also, it can be seen from this fig. that QvT built up to 

its maximum value at smaller value of y compared to QvT of 

model A. This occurs because in model B, R
5 

was very large and 

Hence it could be soon became larger than R
4 

at small lift. 

considered the main controller of the flow rates. 

9.6.J Model C 

Fig. (9.12) shows the relationship betwecm the flow force 

(Fvf) on the ball and the position (y) of the ball from the 

seat, for supply pressure 20 psi, 40 psi and 6o psL The general 

shape is the same as those of models A and B. It can be seen 

that the flow force (Fvf) on the ball did not stay constant when 

its value reached a minimwn (as in models A and B). This is 

because in model C the resistance (R
3

) due to the area of the 

side inlets was significant compared to the resistance (R2) due 

to the area above the ball, while it was very small compared to R
2 

in models in A and B. Hence the increase in R2 caused an 

increase in the static pressure on the upper half of the ball. 

Figs. (9.13- 9.15) show plots of the flow rates versus y for 
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20 psi, 40 psi and 60 psi. The shapes of the Q - y and the vs 

Qvt- y plots are respectively the same as those of models A and 

B. These figs. show that Q decreased when the ball was 
vT 

lifted from y = 0.25 mm to y = 0.45 mm. -This is because the 

increase in R2 when the ball was lifted caused an increase in 

the total resistance of t he parallel circuit which was slightly 

significunt compared to the resistance (R
5

) due to the area of 

the outlet. It can be seen from these figs. that the maxi;num 

value of QvT was slightly smaller than the maximum value of 

QT of model A. 
V 

This is because the increase in R
3 

slightly 

increased the resistance of the parallel circuit. 

9.6.4 Model D 

Fig. (9.16) shows the relationship between the flow force 

(Fvf) on the ball of the injector valve and the position (y) of 

the ball from the seat, for supply pressure 20 psi and 40 psi. 

It can be seen from these figs. that the value of y for maximum 

Fvf was greater than that of models A, Band C. This occurs 

because in model D the resistance (R
3

) due to the area of the 

side inlets was very small compared to the resistances (R2) due 

to the area above the ball and the resistance (R1) due to the 

area of the top inlet compared with models A, Band C. Hence 

when the ball was lifted in this region, the flow force on the 

upper half of the ball was due to the supply pressure and the flow 

force on the lower half of the ball was due to the static pressure 

which was decreased when the ball was lifted from the seat. 

Also these figs . show that Fvf did not increase again as 
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in mod0ls A, Band C. This is probably also because R
3 

was very 

small compared to R
1 

+ R
2

• Hence for any value of y, the flow 

force on the upper half of the ball was due to the supply pressure. 

For the same reason it can be seen from thi s fig. that the value of 

y for which Fvf fell to a minimum was greater than that of 

models A, Band C. 

Figs. (9.17- 9.18) show plots of the total flow rate (Q,,T) 

from the injector valve, the side inlets flow rates (Q ) and the 
vs 

top inlet flow rate (Qvt) versus y, for 20 psi and 40 psi. 

These figs. show there was little or no flow rate from the top 

inlet of the injector valve because RJ was so small compared to 

R1 + R2. 

It can also be seen from this fig. that the maximum value of 

~T was greater compared to models A and C because the total 

resistances of the parallel circuit was smaller due both to the low 

R3 and also because the diameter of the cavity of the valva was 

. larger. Thus the ball did not obstruct the side inlets. 

9.6.5 Model E 

Fig. (9.19) shows the relationship between the flow force 

(Fvf) on the ball of the injector valve and the gap (y) between 

the ball and the seat, for supply pressure 20 psi and 40 psi. These 

figs. show that the shape of the graphs is the same as the Fvf-y 

graphs of model D (see section (9.6.4)). It can be seen from this 

fig. that the maximum value of Fvf was approxi;rately the same as the 

maximum value of Fvf of model D because in both models the 

resistance (R
3

) due to the area of the side inlets was almost 

negligible, i.e., the flow rate wa s not affected by the further 
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decrease of R
3

. 

fig s . (9.20- 9 .21) show plots of the total flow rate (QvT) 

from the injector valve, the side inlets flow rates (Q ) and the 
VS 

top inlet flow r ates (Qvt) versus y, for 20 psi and 40 psi. 

The se figs . show that tho shape of these graphs is the same as the 

Q Y and vs- Q,,t- y graphs of model D (se e section (9.6.4)). 

It can be seen from these figs. tha t the maximum value of Q,,T was 

approxima tely the same as the maximum value of ~T of model D. 

This is again becaus e RJ was almost negligible, i.e., the flow 

rate was not affected by the decrease of R3. 
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9. 7 PREDICTI ON OF THE FLOW FORCii; OH THE BALL A.ND THE TOTAL 

FLOW RA TE AT SHALL OPZ'.ffNG 

9.7.1 Introduction 

This section is devoted to predicting the flow force on the 

ball of the injector valve and the total flow rate from the 

injector valve. These predictions were done where the position of 

the ball was 1 mm from the seat. 

The purpose of this investigation was to get a better 

understandi.ng of the r esults of the models of the injector valve 

(which were described in Chapters 7 and 9). 

The theory of the investigation and the results and the 

discussions are given below. 

9.7.2 Theory 

9.7.2.1 Prediction of the Total Flow Rate from the Injector Valve 

The total flow rate was calculated where the position of the 

ball was 1mm from the seat. It was assumed that the liquid was 

ideal (so that no energy was dissipated by friction) and of constant 

density. The flow was assumed steady. It was assumed that the 

conditions over the cross sectional area (A1) between the ball and 

the seat (see fig. (9.20) were uniform, and the streamlines were 

straight and parallel. To calculate the flow rate, Bernoulli's 

eq~ation was applied be tween sections 1 and 6 (see fig. (9.20)). 

At section 6, it was assumed that the flow velocity was zero and 

the pressure was the supply pressure. At section 1 it was assumed 

that the pressure was atmospheric, and the separation of the flow 
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from the ball occurred at this section. 

From Be rnoulli 1 s equation, the total flow rate: 

where A1 was calculated from the design drawing of the injector 

valve, h represents the density of the liquid of the valve, 

piezometric pressure at section 6 and 

at section 1. 

piezometric pressure 

9.7.2.2 Prediction of the Flow Force on the Ball of the 

Injector Valve 

The flow force on the ball was calculated where the position 

of the ball was 1 mm from the seat. 

The flow force on the upper half of the ball was assumed to 

be due to the supply pressure. 

The flow force on the lower half of the ball was calculated 

by calculating the static pres sure over several cross sectional 

areas between the ball and the lower wall of the injector valve. 

It was assumed that the static pressure acted on each small surface 

area of the lower half of the ball. It was assumed that the 

conditions over the cross sectional areas were uniform and that the 

streamlines there were straight and parallel. 

The static pressure was calculated over three sectional areas 

between the bal l and the lower wall of the injector valve (A2, A3 

and A
4

) (see fig (9.20)). By applying Bernoulli 1s equation between 

sections 6 and 2, the static pressure at A2 : 
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(9.6) 

Also eqn. (9.6) was used to calculate the atatic pressure over 

A
3 

and A
4

. 

It was assumed that the static pressure over A1 was 

atmospheric pressure. The separa tion of the flow from the ball 

was assumed to occur at section 1. Also it was assumed that at 

the surface area of the ball between sections 4 and 5, the static 

pressure was the supply pressure. 

The flow force on the lower half of the ball was calculated 

from the foJlowing equation : 

= + p* 
3 

(9.7) 

where A
1
_2 , ½_

3
, A3-

4 
and A

4
_
5 

were the projected areas 

between sections 1 and 2, 2 and 3, 3 and 4 and 4 and 5 respectively. 

The flow force on the upper half of the ball was calculated 

from the following equation: 

F p A (9.8) = u V r 

where A was the projected area of the upper half of the ball. 
r 

The net flow force on the ball was calculated from the 

following equation: 

Fvf = F - F (9.9) 
u 1 

' ------' 

: ' I I 

; i 

I: , 
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9.7.3 Results and Di scussions 

Table (9.2) shows the calculated values of the flow force 

(Fvf) on the ball of the inj ector valve for each of six models, 

and the flow rate (~T) from each valve, for supply pressure 

40 psi. Model F i s described in Chapter 7 and models A- E are 

described in Chapter 9. The table also shows the corresponding 

exper i mental values. It can be seen from this table tha t the 

calculated values of ~T' except for model B, were les s than the 

corresponding experimental values. This is probably because the 

separation of the flow did not occur until after section 1 (the 

rrdnimum area ). Hence the static pressure at this section was 

less than atmospheric pressur.e and the flow velocity was greater 

than the flow velocity obtai ned by the assumption of atmospheric 

pressure. The lower static pressure would also cause a higher 

flow force on the ball. This is probably the reason why the 

calculated values of the flow force on the ball were less than the 

corresponding experimental values. The reason why the calculated 

value of '¾-T of model B was greater than the corresponding 

experimental value was probably because the outlet area of this 

model was smaller than the minirrrum cross sectional area (A
1

). 

This would make the pressure over A1 greater than atmospheric 

pressure. 
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QvT QvT 
Model Experimental Theoretical 

(1/m) (1/m) 

A 0.29 0.28 

B 0.117 0.2 

C 0.2s 0.272 

D 0.33 0.29 

E 0.34 0.3 

F 0.32 0.28 

Fvf 
Experimental 

(1/m) 

0.179 

0.142 

0.163 

0.138 

0.142 

0.14 

Fvf 
Theoretical 

(1/m) 

0.145 

0.126 

0.132 

0.109 

0.12 

0.109 

!: :I 
f,; 
1. ,, 

!lj If '1 : 

j) : i 

TABLE 9.2 COMPARISON BZ'.IWEEN THE EXPERIMENTAL AND THEORETICAL RESULTS ,. , ,. 



Chapte r Ten 

MEASURING THi~ l?LOH RATE FHOM TH B INJECTOR VALV ~ 

BY USING LASER AN ENOMETHY 

10.1 I NTRODUCTI ON 

The flow r ate delivered from the injector valve is considered 

as the fundamental variable in the design of the inj ector. Hence 

the s tudy of factors which affect these flow rate characteristics 

is central to the i nj ector design. 

It is very difficult (if not impossible) to measure di rectly 

the motion of the ball of the injector valve. Studying the 

behaviour of the flow itself might give a better understanding to 

the motion of the ball. In any case, it is the flow, and not the 

ball motion, which is ultimately to be controlled. 

In this investigation a laser technique was employed to measure 

the flow rate - time relationship. This technique was used to 

obtain accurate information on this pulsatile flow probably 

-unobtainable by more conventional techniques. 

The details of test apparatus, test program, test procedure 

and r esul ts and discussions are given below. 

10.2 TEST APPARATUS 

The test apparatus comprised a special injector equipments 

set-up and lase r anemometry equipme nts. 

Fig. (10.1) shows a photograph for the apparatus. 

-106-
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10.2.1 Inj ect or l),g uipments 

Fig. (10.2) shows a layout of the injector equipments, while 

the layout of the injector valve is shown in fig. (10.3). The 

injector wa s fixed rigidly at the top of a tank. The tank was 

fill ed with kerosine . The kerosine was delivered from the tank to 

the injector by a pump (Lucas) of 120 psi maximum pressure. The 

supply pressure of the kerosine to the injector was controlled by 

a ne edle valve. The needle valve was set up on a tee junction. 

One outlet of the junction was connected to the tank, and the other 

was connected to the test section. 

pressure to the injector was fixed. 

By this arrangement the supply 

Also there was continuous flow 

(much greater than r equired by the injector) through the needle 

valve. Thus the change in pump flow when the injector was actuated 

was negligible. Also, the tee junction was placed close to the 

injector and test section, so that this length was the minimum 

possible. Thus only the fluid in this short line was accelerated 

· when the injector was actuated., and the acceleration time was small. 

A calibrated pressure transducer (SE, type 180/N/M:/1/BB-200 

PSI-D) was used for measuring the supply pressure. The signal from 

the pressure transducer was fed to the signal processing equipment 

(SE, type 429 P) which was connected to a digital voltmeter (Dalton, 

type 1051). To get an adequate amount of scattered light, the 

presence of particles in the flow was important. Hence the kerosine 

was not filtered, and Titanium Oxide particles were added. 

The pulse width of any duty cycle was controlled by a double 

pulse generator (Magard Ltd., Type 5002 C). The test section (see 

fig. (10.4)) was made from a Perspex. The dimensions of the cross 

l: 

' 
! ; 

1' 
; . : : 
J' 

''· 
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section perpendicular to the di rection of t he flow were 0. 6 x 0.9 mm . 

The te s t section wa s put near enough from the injector valve to 

allow the pressure waves to r each the test section in a negligible 

time . The plli~p was connected to the t es t section by a plastic tube. 

The t est section was connected to the inj ector by a brass pipe of 

wh1ch the rigidity was adequate to avoid significant change in its 

cross section due to the increase in the supply pressure when the 

injector valve was closed instantaneously. 

10.2.2 Laser Equipment 

Fig . (10. 5) shows a layout of the laser equipments. The laser 

equipment whi ch was used for measuring the tip motion wa1=. also 

used here (see section (5.2.2)). The optical unit was operated in 

differential Doppler mode on forwa rd scattered light. In this mode 

two beams of equal intensity were intersected at the flow in the test 

section. 

Cells. 

The beams were frequency shifted by ~3.75 MHz by the Bragg 

By this means zero velocity corresponds to a doppler 

frequency of 7.5 MHz and thus nega tive as well as positive velocities 

can be measured . The scattered light was picked up from the same 

direction of the two incident beams . The beam intersection angle 

was set up to 9.53 degrees . 

10.3 TEST PROGRAM 

In each test the maximum instantaneous Doppler frequency was 

measured for each pulse width of a specific pulse width range and for 

a specific supply pressure. The tests were conducted for a pulse 

width range 1 - 6 ms and supply pressure range 10 - 100 psi. The 

I. 
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' f I 
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time interval bet ween inj ec t i on puls es was 6 ms (1 66.6 Hz). Thus 

the mark-sp.'.:l.ce ratio v:iri ed from (5 to oo • 

10.4 TEST PROCEDURE 

Tho inj ection fr equency was set to 166.6 Hz, and the pulse 

width and supply pres sure were adjus ted. 

The procedure used for obtained the laser signal of tho tip 

motion was al so used here (see section (5.4)). When the laser 

signal (which r epresented the instantaneous velocity of the flow) 

was obtained on the oscilloscope, the injection frequency was reduced. 

This would obtain the signal of the zero value of the flow on the 

oscilloscope. The injectioQ frequency was then reset to 166.6 Hz. 

The inst.:intaneous Doppler frequency representing velocity wa s 

displayed on the storage oscilloscope and photographed. The 

maximum value was recorded. The pulse width was then increased to 

the other value, and the supply pressure was readjusted to the 

original value when the flow rate increased due to the increase of 

the pulse width. The procedure was repeated until the data for the 

required pulse width range was covered. The supply pressure was 

then changed to the other value , and the test was repeated until 

the data for the required supply pressure range was obtained . 

10.5 MEASUR2A·-ljNT ANALYSI S OF TEi LAS.2:R. OU TPUT 

The instantaneous flow velocity at the test section was 

calculated from the following standard formula of doppler anemometry 

= 
fD;_ )... 

2 sin 0/2 
(10.1) 
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wher o f is t he doppler shift frequency, D, the wavelength of 

the l ase r light and {j the ang le of intersection of the beams. 

The ins t antaneous total flow rate from the injector valve was then 

calculated from 

= V A vL cs (10.2) 

where A is the area of the measurin_g cross-section. 
CS 

10. 6 T~ST RESULTS AND DISCUSSIONS 

Fig. (10.6) shows the relationship between the maximwn flow 

rate with the pulse width, for supply pressure range 10- 100 psi 

and injection frequency= 166.6 Hz. This fig. shows that when the 

pulse width was increased from 1 ms to J ms, the maximum flow rate 

increa sed due to the increas e in the amplitude of the tip motion. 

The maximum flow rate remained constant as the pulse width was 

increased further. The reason for this is because the velocity of 

the tip was high enough at this range, and hence the ball spent 

more of its time at the larg er gaps where it did not influence flow 

rate. 

This fig. also shows that the maximum flow rate increased with 

the supply pressure. Fig. (10.7) shows a plot of the flow rate 

versus the pulse width, for supply pressure range 10- 100 psi and 

injection fr equency= 166.6 Hz. These measurements have been 

carried out by a weighing method. The aim of these measurements 

was to find the relationship between the average flow rate with the 

pulse width, and also to compare this relationship with the maximum 

flow ra te - pulse width r el ati onship which is shown in Fig. (10. 6). 
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At 3 ms pulse wj_ dth, it can be seen that the flow rate 

increa sed with increasing the supply pressure in the range 10- 40 psi, 

and then remained approxi rna t ely constant in the range 40- 100 psi. 

This is probably bec:i.us e in the supply pressure range 10- 40 psi the 

supply pres sure was small and hence the effect of the increas e in the 

supply pressure on the gaps was less .than that on the flow rate 

itself. When the supply pressure was increased in the ranee 

40- loo psi, tha supply pressure was large, and the effect of the 

increase in the supply pres sure on the gaps was approidmately idenUc:al 

with that on the flow rate itself. The flow rate did not decrea se 

when the supply pressure increased in the range 40- 100 psi, as in 

1 ms and 2 ms pulse widths. 

larger gaps. 

This js because the ball was moving in 

Also this fig. shows that when the pulse width was increased 

from 3 ms to 6 ·ms, the flow rate remained the same. The reason for 

· this is also because the ball spent more of its time at the larger 

gaps where it did not influence flow rate. 

Fig. (10.8) shows a photograph of the laser signal for 4 ms 

pulse width, 166.6 Hz injection frequency and 40 psi supply pressure. 

The signal of the pulses is also shown on the photograph. This fig. 

shows that the flow rate built up to the steady state value in 

approximQtely 2.5 ms. This fig. also shows tha t after the injector 

was switched off, there was still flow because the ball continued 

bouncing, due to the decay in the motion of the tip. It can also 

be seen from this fig. that the injector was switched on when the 

flow was still decaying. Hence the tip might try to stop the motion 
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of t he ball. Also this fig. shows tha t there was slight reverse 

flow, probably due to the reflections of \.iaves after closing the 

valve. 

Tho effect of the pulse wicth on the flow rate is indica ted 

in fig. (1C.9). Thi s shows a photograph of the laser signal for 

1 ms pulse width, 166.6 Hz injection frequency and 40 psi supply 

pressure , The signal of the pulses is also shown on the photographs. 

This fig. shows that the flow discharged from the injector valve 

aft er the injection pulse, i.e., phase shifted by about 1 ms. The 

fluctua tJon j_n the signal about the zero line was probably due to the 

wave reflections after switching off the valve. The effect of the 

supply pressure on the flow rate is indicated in fig. (10.10), This 

fig~ shows a photograph of the laser signal for J ms pulse width, 

166.6 Hz injection frequency and 10 psi supply pressure. This fig, 

shows that when the injector was switched on flow build up was 

delayed. This is probably because when the injector was switched 

on there was reverse flow, 

Fig, (10.11) shows a photograph of the laser signal for 

100 psi supply pressure, 20 Hz injection frequency and 10 ms pulse 

width, The pressure transducer signal is also shown on the 

photograph. This fig. shows that after switching off the injector 

there was slight flow in the direction of the supply tank, The 

flow then increased and then decayed to the zero value. The 

negat_ive flow rate (flow in the direction of the supply tank) and 

the increase in the flow rate again, were probably due to the wave 

reflections after closing the valve. It can be seen from this fig. 

tha t the signal of the pressure transducer represented well the 
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change of tl1e flow rate with the time at the test section. 

fig. (1 0 .12.) shows a photograph of tbo laser signal for 

100 psi supply pressure, 166.6 injection frequency and 4 ms pulse 

width. This photograph was taken during the build up of the flow. 

This fig. shows that the frequency of flow rate was of order 10 KHz. 

Hence the frequency of the ball was of order 10 KHz. 
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Chapter El0ven 

GENERAL DISCUSSIOH 

This chapter contains a short discussion and comments on the 

r esul t s r eported in the different sections of this thesis. 

The ball motion without liquid r esistance and with the 

assumption of sinusoidal mo tion of the tip was investigated and the 

re sults are given in chapter 3, The period of the ball cycle plots 

(figs. (3,4 - 3. 7 ) ) indicated that the ball was moving with a 

random frequency. This means tha t the flow per cycle fluctuated. 

These r esults also showed that sometimes the ball spent more 

than 1 ms in one cycle (although the injector was moving at a 

fr oquency of 60 KHz). 

complete one cycle. 

. -2 
Sometimes the ball spent 1.6 x 10 ms to 

This indicates that the fluctuations in the 

flow per cycle were very large. Flow is also aff ected if randor.1 

part-cycles occur as these may produce any flow quantity depending 

on their amplitude and time, The fluctuations in the flow per 

cycle during the flow pulse might have no effect upon the 

employment of the injector, but it is undesirable from the design 

point of view. The injector can be designed by controlling the 

motion of the ball, i.e., making the ball move in a steady state 

frequency, and in full amplitude, i.e., the flow per cycle is in a 

steady state. This will provide a linear flow-time relationship. 

This design is needed only when the flow rate is changing with the 

gap between the ball and the seat, When the flow rate becomes in 

a steady state as soon as the ball leaves the seat, the flow-time 

relationship will be linear. 

Slow ball cycle is undesirable for fast response of the 
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inj ect or . Al so it is desirable to make the tota l number of the 

· ball cycl es in a pulse very l a rg e , so t ha t the flow during a single 

ball cycle i s negligible. 

The best inj ector valve can be defined as t he valve which 

possess es t he following 1Ideal Requirements 1 : 

1. The ball l eaves the seat as soon as t he injector is switched on. 

2. The time of impact between t he ball and the seat is very small. 

3. The ball closes t he valve as soon as the injector is switched 

off. 

4. • The flow rate becomes in a steady state as soon as t he ball 

leaves t he seat. 

5. The geometry of the valve provides a suitable flow rate. 

It can be deduced from this definition tha t the ball motion could 

not affect the total flow rate if the second and fourth Ideal 

Requirements could be fulfilled. 

It has been shown from the effect of t he parameter D (ratio of 

the maximum ampl itude of the injector tip to the maximum gap between 

the ball and the seat) on the ball motion (f ig s . (3.4 - 3.7)) t hat 

the period of t he ball decreased when D increased and the pa rameter 

Z (ratio of the gravitational.acceleration to the maximum acceleration 

of the injector tip) was kept constant. These results indicated 

that the frequency of the ball could be increased by reducing the 

maximum gap between the ball and the seat. To ~eet the third 

Ideal Requirement, the frequency of the ball should be high enough, 

i.e., the ball should r eturn to its seat within a very short time. 

But a very high frequency may not be desirable if it makes the ball 

continue in the motion after the injector is switched off or causes 
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wear on the walls of the valve. 

The results have also shown tha t the change in the maximum 

amplitude of the tip and also the frequency of the tip while keeping 

the maximum gap between the ball and the seat would change the 

period of t he ball randomly. It was found also that when the ball 

was moving at the same frequency as the injector tip, the 

possibility of a steady state moti on was higher. 

The effect of changing the initial condition of the tip was 

found to change the motion of the ball, but the effect of t he other 

parameters on the ball motion remaj_ned the same. It was concluded 

from the r esults of computing the time of impact that this was very 

small. This result . meets ~he second Ideal Requirement (very small 

time of impact). / 

The ball motion was studied experimentally in a large model 

of the injector valve without any liquid resistance and the results 

are given in Chapter 4. The results of the measurements have shown 

the multiple impacts phenomenon. If this phenomenon occurs with 

the ball motion of the injector valve, this will increase the time 

of impact. The multiple impacts phenomenon has also been found 

from the results of Chapter J. 

It was also found from the measurements that the frequency of 

the ball was approximately identical with the excitation frequency 

in steady state. This probably means that the approach in the 

design of the injector valve with steady state motion was to make 

the ball move in the same frequency of the injector tip. But side 

effects, such as the wear on the walls of the valve and the 

possibility of the continuity of the motion of the ball after 
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switching off the injector, should be taken into consideration. 

The results of measurements of the ball motion were in very 

good agreement with the corresponding r esults of the computer 

program of Chapter J. This indicates that the r esults of the 

theoretical analysis of the ball motion without any fluid resistance 

were accurate. The injector tip motion was measured using laser 

anemometry, and the results are shown in Chapter 5. The effect of 

the pulse width and the supply pressura on the tip motion is shown 

in fig, ( 5.4 ). It was found that the pulse width had a 

significant effect on the tip motion. The tip motion built up in 

5 ms to the steady state. This phenomenon must have a significant 

effect on the performance of the injector valve. It was found that 

tho effect of the supply pressure on the tip motion was to reduce 

its amplitude. It was also found from the photographs of the 

signal of the tip motion that the tip motion took 1.5 ms to decay 

·after switching off the injector. · If the injector drive was 

switched on again in less than 1.5 ms, the phase of the electrical 

signal r elative to the injector motion would be important. 

Therefore, variations in the ball motion due to this phase difference 

could be expected. This motion would affect the flow per pulse. 

Tho flow force on the ball, the total flow rate and the inlet 

flow rates for each position of the ball were increased in a scale 

model of a general design of the injector valve. The results of 

the measurements were scaled to the injector valve and are given in 

Chapter 7. The plots of the total flow rate, the siae inlets flow 

rates and the top inlet flow rate are shown in figs. (7.10 - 7.12). 

The total flow ra te plots have shown tha t the total flow rate 
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became steady when the gap was approximately JO% of the maximum gap. 

It can thus be deduced that the ball position influenced the total 

flow rate only when the gap was approximately less than JO% of the 

maximum cap between the bal l and the seat. The change in the total 

flow rate with the gap between the ball and the seat was caused by 

change in the r esistance due to the area under the ball. This 

indicat es that the fourth Ideal Requirement of the best injector 

valve could be met by controlling this resistance. The effect of 

this resistance on the flow rate can be reduced by increasing the 

resistance due to the area of the outlet, i.e., by reducing 

the area of the outlet (compare fig. ( 9.6) with fig. ( 9.10)). 

The resistance due to the area under the ball can be reduced by 

increasing the wall angle (the angle between the lower wall and 

horizontal line). 

The plots of the flow force on the ball of the injector valve 

are presented in fig. (7.15). These plots have shown that 

the flow force on the ball increased when the ball was lifted from 

the seat until the gap was 17% of the maximum gap. (This increase 

in the flow force occurs because, due to the wall angle, the surface 

of minirm.un flow area is below the horizontal diameter of the ball. 

Pressures below this diameter therefore fall below supply pressure 

for small ball lifts.) The increase in the flow force is 

contradictory to the first Ideal Requirement (fast ball lift). 

Hence increasing the seat angle could provide a reduction in the 

flow force as soon as the ball leaves the seat. But increasing the 

seat angle increases the projected area (cross-section through the 

contact perimeter) of the ball, and hence the pressure force on the 
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seated ball increases. 

These plots have also shown tha t the flow force then decreased 

until the gap was approxima tely f of the maximum gap where the flow 

forc e on the ball is desirable . This will permit the ball to move 

faster, especj_al ly in the gap where the total flow rate is not in 

steady state. Al so the increase in the flow force when the ball 

near s the top inlet is preferable. This could force the ball to 

come back to the seat in a suitable short time. This meets with 

the third Ideal Requirement (the ball closes the valve as soon as 

the injector is switched of f). The forces due to the gravity and 

buoyancy were found very small and hence the flow force plots 

represented the net force on the ball. 

The ball motion was studied theoretically with the fluid 

resistance and t he r esults are presented in Chapter 8. The ball 

motion results (figs. (8.12 - 8.14)) have shown that the ball 

motion built up in 1. 5- 2 ms. The flow resistance was found to 

· have a significant influence on the ball motion. This was concluded 

clearly by comparing these results with the results of the 

theoretical analysi s of the ball motion which were presented in 

Chapters 3 and 6. The decay in the ball motion (which is shown in 

fig. (8.17 )) indicated that the ball could not come back as soon as 

the injector was switched off. This behaviour contradicts the third 

Ideal Requirement. 

It can be concluded from the plots of the time of the ball 

cycle (fig. . ( 8.16 ) ) that t he frequency of the ball was also 

random and the flow force had significant effect on the spectrum of 

the fr equency. The total flow rate plots (figs . (8.18 - 8.20)) have 
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also shown build up in the total flow rate in 1.5-2 ms. It was 

found that the total flow rate built up to 80% of the steady state 

value of the total flow rate in 0.5 ms. This indicated that the 

effect of the build up in the flow rate on the performance of the 

inj ect or was very significant only when the pulse width was less 

than 0.5 ms . 

The decay in the flow rQte is shown in fig. (8.21 ). This 

fig. has shown tha t the decay in the flow rate was approximately 

in J ms. It can be deduced from this r esult that when the time 

in which the injector was switched off was less than J ms , the 

injector would be switched on whilst there was flow from the 

injector. This phenomenon is undesirable. 

The flow plots (fig. . ( 8. 22 ) ) indicated that the flow 

had linear characteristics after 1.5- 2 ms from switching on the 

injector. The linear characteristics of the total flow after 

0.8 ms was also found by Martin and Sumal (J). The method of 

- their investigati on was not mentioned in their paper. Hence the 

reason of the difference in the results could not be known. These 

plots have also indicated that the effect of the increase in the 

supply pressure had no significant effect on the flow when the 

supply pressure was higher than 40 psi. This is probably the 

reason why the maximum amplitude of the tip was not affected by the 

increase of the supply pressure above 40 psi, (fig. ( 5.4 )). It 

was found by (J) that the total flow rate from the injector valve 

was constant with changing the supply pressure. Also the method 

of the investigation of (J) was not mentioned in the paper. 

It was found from the measurements of the flow rate per pulse 
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width (fig . (10.7 )), t ha t the flow rate was in a steady state after 

2 - 3 ms from switching on the injector, i.e. , the flow had linear 

charactcri s ti cs after 2 - J ms. It was also found from these 

measurements tha t the flow rate was not affected by the increase of 

t he supply pres sure above 40 psi. Although these measurements have 

been done with inj ector valve of geometry different from that of 

Chapter 7 (the theoretical analysis was based on the data of 

Chapter 7), these theoretical and experimental results were in 

agreement. This is probably because the change in the geometry 

changed the flow rates but did not significantly change the flow 

force on the ball. Also the effect of the tip motion on the ball 

remained the same. Hence the ball motion was not significantly 

affected by the change in the geometry of the valve, i.e., the 

build up in the flow rate and the effect of the supply pressure 

remained the same. 

It was found from these plots that the mean flow rate during 

the pulse was approximately 60% of the peak value. It can be 

concluded from this that if the peak flow rate could be estirrated 

then the flow rate at any time during the pulse could be estimated. 

The effect of the geometry of the injector valve on the flow 

force on the ball and on the flow rates were studied by making five 

scale models of different geometries of the injector valve. The 

flow rates plots of model A (figs. ( 9.5 - 9.7 )) indicated that 

the increase of the number of the side inlets from 2 to 5 would 

cause an increase of 10% of the total flow rate. This was found 

by comparing model A with model C. It can be deduced from this 

that the increase in the area of the side inlets had no significant 
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j_nfluence on the maximum value of the total flow rate. Also the 

flow rates plots of model A indicated tha t the effect of the 

increase of the area of the side inlets would prevent the decrease 

in total flow rate when the ball was nea r the top inlet. This 

phenomenon meets with the fourth Ideal Requirement (the flow rate 

bocomes in a steady state as soon as the ball leaves the seat). 

The plots of the flow rates of model B (ngs. (9.9 - 9.11 )) indicated 

that the decrease in the area of the outlet caused a significant 

decrease in the flow rate from the valve. It can be concluded that 

the outlet area could be considered as a controller of the total flow 

rate. Also the plots have shown that the gap in which the total 

flow rate built up to the ste~dy state was smaller than that of 

model A. This indic~ted that the reduction in the outlet area 

caused the total flow rate to reach a steady state almost assoon as 

the ball left the seat. This satisfies the fourth Ideal Requirement. 

Hence to remove the effect of the ball motion on the flow rate from 

· the injector valve, the outlet area should be reduced to a suitable 

value. This would however cause the total flow rate for a given 

pressure to reduce and also might be undesirable due to the 

difficulty of accurately manufacturing this hole. 

The effect of the cavity diameter of the injector valve on 

the total flow rate was found by comparing the plots of the flow 

rates of model C (figs. (9.13 - 9.15)) with that of Chapter 7 

(figs. (7.10 - 7.12)). It was found that the decrease in the 

cavity diameter caused the total flow rate to decrease because the 

gap between the ball and the side inlets would be smaller. Also 

the flow area between the ball and the side walls of the valve would 
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be smaller. The increased resistance due to this area would be 

complicated and might cause a reduction i n the flow r a tes. The 

effect of this r esistance could be made negligible by increa sing 

the area of t he side inlets . 

The effect of the area of the side inlets on the flow r a t e 

of the top inl et wa s found from the plots of the flow rates of 

model D and E (fi gs . (9.17,1 8,20,21)). These results indicated 

tha t the increase in the area of the side inlets restricted the 

flow rate from the top inlet. 

The plots of the flow force of model A (fig. (9.4) ). 

indicated tha t the increase in the side inlets area would cause t he 

flow force to stay constant for 0.1 mm at a minimum and to increase 

not sharply as in the case of models C and that of Chapter 7. The 

sharp increase of the flow force might force the ball to come back 

to the seat before reaching the top inlet. Hence the time in which 

the flow rate was in a steady state was reduced. This is 

· contradictory to the fourth Ideal Requirement (the flow rate becomes 

in a steady state as soon as the ball leaves the seat). 

Another effect of the side inlets area on the flow force was 

found from the plots of the flow force of models D and E. These 

results indicated that the increase in the side inlets area could 

cause the flow force to stay constant at a minimum until the ball 

was lifted to the top inlet. This phenomenon is contradictory to 

the third Ideal Requirement. (The ball comes back to the seat as 

soon as the injector is switched off.) 

The decrease of the outlet area of the valve was found to 

cause a decrease in the values of the flow force. This was found 
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from the plots of the flow force of model B (figs . (9.8)). 

It was also f ound from the se plots that FvT decayed to a minimum 

at smaller value of the gap betwoen the ball and the seat. This 

micht prevent the ball coming back to the seat before reaching the 

top inlet. The flow forc e and the total flow rate were calculated 

where the ball was at 1 mm from the seat and the results are given 

in chapter 9 (table (9.2)). 

the experimental results. 

The results wore in agreement with 

The total flow rate- time relationship was studied 

experimentally by using laser techniques and the results are given 

in Chapter 10. The results indicated that there was approximately 

2- 3 ms build-up in the total flow rate and the flow continued for 

approximately 2 ms after switching off the injector. 

The photograph of the pressure transducer signal (fig. (10.11 ) ) 

has indicated that measuring the pressure using electronic pressure 

transducer might be considered as an alternative way of measuring 

the total flow rate- time characteristics. 



Chapter Twelve 

COUCLUSI CNS AND SUGG.S3TIONS FOH FURTHER '.,[ORK 

12 .1 CONCLUSIONS 

The main conclusions of this investigation are the following: 

1. The ball was moving with a random frequency when .the effect of 

the liquid r esistance was assumed negligible. 

2. The increase in the maximum gap between the ball and the seat 

caused, in general, a decrease in the frequency of the ball. 

J. The change in the maxi:rrwn amplitude of the tip and also the 

frequency of the tip changed the frequency of the ball randomly. 

I+• When the ball was moving with the frequency of the injector tip, 

the possibility of the steady state motion was found higher. 

5. The effect of the initial condition of the tip motion on the 

ball motion was found to change the ball motion, but the effect of 

the parameters such as the rr~ximurn amplitude of the tip, the 

frequency of the tip and the maximum gap between the ball and the 

seat remained the same. 

6. Measurements of the ball motion in a large model of the injector 

valve without any liquid resistance were in agreement with the 

theoretical results of the ball motion without any liquid resistance. 

Multiple impact phenomena have been observed. 

7. The time of impact was deduced to be very small compared to the 

time of the ball cycla. 

8. The tip motion was found to build up in 5 ms to the steady state. 

9. The increase of the supply pressure caused reduction of the 

amplitude of the tip motion. 

10. A decay of 1.5 ms in the tip motion was observed after switching 

off the injector. 
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11. The r esis tance due to the area under the ball was found, in 

general, to prevent the flow rate to be in a steady state as soon 

as the ball l eft tho seat. 

12. The re sis tances due to the area above the ball and the area of 

the top inl et was found to cause a reduction in the total flow rate 

when the baJ.l was near the top inlet. The existance of this 

reduction was found to depend on the ratio of the resistance due 

to the area of the side inlets to the resistances due to the area 

above the ball and the area of the top inlet. 

13. The increase from two to five side inlets had no significant 

influence on the total flow rate. But the increase in the area of 

the side inlets caused a decrease in the flow rate of the top inlet. 

The value of the flow rate of the top inlet was found to be zero 

when the valve was opened completely around the side. 

14. The area of the outlet of the injector valve was found to be an 

important controller of the total flow rate and the build-up of the 

· total flow rate to the steady state. The decrease in the area of 

the outlet caused the total flow rate to decrease and the gap in 

which the total flow rate built up to the steady state to decrease 

also. 

15. The diameter of the cavity of the valve was found to affect the 

total flow rate. The decrease in the cavity diameter caused the 

total flow rate to decrease. 

16. The seat angle had influence on the flow force on the ball. 

It was concluded that the increase in the seat angle could provide 

a reduction in the flow force as soon as the ball leaves the seat. 

17. In general the flow force incraased when the ball was lifted 
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from the secl.t of the valve and then decreased until the ball was 

near the top inlet where the flow force increased again. 

18. The area of the side inlets affected the flow force on the 

ball. The increase in the area of the side inlets caused the flow 

force to stay constant at a minimum, and prevented the flow force 

increasing sharply after it reached a minimum value. Also the 

increase in the side inlets area could prevent the flow force on 

the ball incret.ising again when the ball was lifted near the top 

inlet. 

19. The outl6t of the valve had influenced the flow force on the 

ball. The decrease in the area of the valve caused a decrease in 

tho values of the flow force •. 

20. The ball motion was building up in 1. 5- 2 ms dependent on the 

supply pressure. It can be concluded that this is the reason for 

tho fluctuation in tbe total flow rate per pulse at short pulse 

widths (1 ). The liquid resistance was found to have a significant 

influence on the ball motion. The ball motion has decayed for 

approximately 3 ms after switching off the injector. The ball was 

moving in a randc,m frequency even with the exist-ence of the liquid 

resistance. 

21 . The flow rate 1,.13.s found to build up to the steady state in 

2- 3 ms. The flow rate decayed for approximately 2 ms. It was 

estimated that t he average flow rate was approximately 60% of the 

maximum value during the pulse. 

22. The total flow was found to have linear characteristics after 

1. 5- 2 ms from switching on the injector. 

23. The supply pres sure was found theoretically and experimentally 
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to have no signi.ficant influence on the total flow when the supply 

pressure was higher than 40 psi. 

24, Computations of the flow force on the ball and the flow rate 

wore in agreement with the experimental r esults. It can be 

concluded t hat Ber-noulli's equation could be used in estimatb.g the 

pressure and the flow rate at some positions in the valve. 

25. It can be concluded from this investigation.that parameters 

such as t he gap between the ball and the seat, the frequency of the 

ball, the inertia of the horn of the injector, the area under the 

ball, the area above the ball, the area of the top inlet, the area 

of the side inlets, the area of the outlet, the diameter of the 

cavity, the supply pressure and the liquid resisk.nca on the ball 

should be taken into consideration ,in the design of the ultrasonic 

fuel injector. 

12.2 SUGGESTIONS FOR FURTHER STUDI3S 

Amongst the most important suggestions for consideration for 

further studies are the following: 

1. In the measurements of the flow force on the ball, the total 

flow rate, the side inlets flow rate and the top inlet flow rate; 

by using a scale model of the injector valve, it was assumed that 

the flow passing the ball was in steady state. In fact the flow 

might be affected by the vibration of the tip. Hence studying 

the effect of the vibration of the flow on the ball motion is 

considered necessary. 

2. Studying the wave action in the pipe between the valve which 

controls the supply pressure and the injector valve is considered 
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useful. By this study t he total flow rate coul d be computed, and 

t he effect of the wave ~ct ion due to t he inst~ntaneous closure of 

the valve on the total flow rate would be known. The method of 

characteri s tics might be useful for this purpose. 

J. Computing t he pressure distribution on the ball might be useful 

to get better understanding of the flow fo rce on the ball. The 

ideal fluid approach could be useful. 

4. Making the ultrasonic fu el injector of valves of the differ ent 

geonetries which were described in Chapter 9, and measuring the 

tota l flow rate by ustng laser technique. This would enable us to 

find the effect of cho.nging the geometry on the ball motion. 

5. Studying the motion of the ball by making a model of the 

ultrasonic injector with the valve made of perspex. A very high 

speed ca~era could be us ed for this study. 

6. Studying alte rnative design of the inj ector valve such as a 

valve with the ball fixed to a spring which is fixed to the wall 

· of the valve. This study has been done theoretically and a 

computer program has been established (see Appandix 1). A 

modification to the theory is needed. 

7. Measuring the flow force and the flow rates in a scale model 

of the valve of the ultrasonic fuel injector of type Ex 4 (flow 

rate- time and flow- pulse width relationships of this injector 

were measured and t he results are presented in Chapter 10). The 

results of these measurements could be used as an input data to the 

computer program of the fluid flow (which is described in Chapter 8). 

Co.np.:i rison between these theoretical results with the experimental 

r esults (which are presented in Chapter 10) could be made. 



APPENDIX 1 

THEORETICAL ANALYSIS ON ALT.lRNATIVE DESIGN 

OF THE INJ~CTOR VALVE 

Since one of the best characteristics of the injector valve is 

that the ball comes back to the seat 

as soon as the injector is switched 

off, thi s could be achieved by 

fixing the bal l to a spring (see 

fig. (A 1 • 1 ) ) . It is a s sumed that 

the forc es whi ch could affect the 

ball are the forces due to the 

collision with the walls of the 

cavity, the spring force and the 

inertia force . 

Hence the equation of motion 

will be : 

,.., 

J 
FIG.Al.l. 

(A 1 • 1 ) 

where m represents mass of the ball, y2 position of t he ball 

from a fixed datum , K. spring constant and y1 position of the 

tip from a fixed datum. 

Adding -m y
1 

to the two sides: 

(A1 .2) 

letting y2 - y
1 

= y and dividing by m: 

y + n2 y = (A 1 • 3) 

-130-
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where n represents na tural frequency of the ball- spring system. 

The tip is assumed movi ng sinusoidally: 

= y sin ( w t) 
X 0 

wher e y maximum amplitude of the tip and w frequency of the 
X 0 

tip. 

= si.n ( w t) 
0 

Eqn . (A1.3) becomes: 

y + sin ( w t) 
0 

Tu.king La.place transform: 

s2Y - S yi. - yi + n
2

Y = 
2 

+ w 
0 

(A1.5) 

(A 1 • 6) 

(A1.7) 

where y. represents ini tial gap between the ball and the seat 
l 

and y. initial relative velocity between the ball and the tip, 
l 

i . e ., 

= 

Assuming yi = o and yi = o 

y = 

Transforming eqn. (A 1 • 9) to t domain : 

y = 
y w3 

X 0 
2 ~ 

n - w 
0 

[ 
_1 sin (w t) - 1 sin (n t) 1 
w o n J 

0 

(A1.8) 

(A1.9) 

(A1.10) 
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Hence the position of the ball from a fixed datum is: 

= 
y W3 [ X O 1 
2 2 w 

sin (w t)-1 sin (n t) 1+ y sin (w t) 
0 n X O 

· n - w o 
0 

(A1.11) 

This equation is only valid before the first i mpact . 

From ( 13 ), equa tion of motion due to sudden impulse is: 

Where 

= impulse 
m n 

impulse = 

sin ( nt) (A1.12) 

(A1.1J) 

. 
where v

01 
represents velocity of the ball after the collisj_on 

and vib velocity of the ball before the collision. 

Eqn. (3. 6 ) is used to find v
01

: 

= (A1 .14) 

The velocity of the ball was found by taking the derivative 

of y2 with respect to t: 

[cos (w
0 

t) + cos (nt) 

v. = vb at the ins tance of the i mpact. 
lV 

+ y 
X 

(A1. 15) 

Substituting eqn. (A1.1J) in eqn. (A1.12), we have: · 

sin (nt) (A1 .16) 
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When one impulse ·of short duration follows another, it will 

initiate harmonic vibration produced by the first impulse. This 

independence steras from the fact that the equation of vibration for 

such a system i s linear, and that the principle of superposition 

will apply (13). 

Rewri ting eqn. (A1.1 6 ) for the time t, the position of the 

ball due to the impulse in a sequence will be: 

sin ( n ( t - t. ) ) 
1 

(A1.17) 

where t. is the time at which the impulse was applied. 
1 

Hence the equation of the position of the ball at any instance 

will be: 

Y2 = 

i. e., 

y = 

Yx w3 

[ ~o 
sin (w t) - 1 sin (nt) + y sin (w

0 
t) J 0 

0 n X 
2 2 

n - w 
0 

vo1 - vib 
(A1. 18) + sin ( n (t - t.)) · 

1 n 

Equation of the gap between the ball and the seat is: 

y = 

sin(w t)-1 sin(nt)] + v01 -vib 
o . n n 

sin (n. ( t - t.) ) 
1 

(A 1 .19) 
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Applying the di;ne.nsional analysis, eqn. (A1 .19) will be: 

(A1.20) 

The computer program is shown in Appendix (A1.1). 
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APP EN DIX A1 .1 

L l £l RA RV ( S UR r; 1-l O ll P N /\ C, F ) 

I. 1 R R A R. Y ( <; lJ '1 (; R () U P ~I ;\ (i G ) 
L I RR f\ P. Y ( S i .lf1 GROUP (i HOS) 

l J 8 RARY ( S lJ R r, RO LIP G HOS) 

PROGRA.M(H:Jc; s ti.JN) 

OllTPllT 3=LP0 
TIHCF. 2 
F '-ID 
~1 A S T F R M A J N 
FXTl:Rl-.1 1\L F .~ 

nIMFNSION H(1000) 

f.OM~nij n,A,H,J,VO,R 
r'l!,I:: 0. 0 00 

l-JM .~X=100'.). 
n::0.1 
Q = 1 0. 
\I {) :: I) • 0 0 {) 1) •') V i) Q 1 
FTA=O. 
F os:: 0. 
JFAt1c1 
W:0 
T:0 
~J = 1 
CALL PflPFD(1) 
CALL "'IAP(n.,1000.,0.,5,) 
C. A L L C T R ~ .'\ {; ( 1 0 ) 
r, A L L A X F S :, T < 0 . I) () 0 0 1 , 0 • 0 0 0 0 1 ) 
C.ALL POt"lr(o.,O,) 

. r. A L I. P Ii P I. E= '~ ( 1 () 0 0 • ) 
CflLL RORDE ··? 
•J:t,.' ·+- nw 
! F C tJ - 1,f M /1. x ) 7 , 2 7 , 2 ? . 
1/::(STN(W)-~+S[N(R*W))/(R•*2,-1)+VO*COS(R•W) 
IF(YJO.().)r,0 TO 3 

TF(T.F.0.0)(,0 TO 3 
no2J=1,I 
V::Y+r'l*A*ST~(W*R-R*4(J)) 
f.ONTTNUE 
TF(Y.F0.0.)GO TO 6 
IF(N.t.T.1)GO TO 9 
TF(Y.1.r.o.)r.O TO 4 

A 1 :t..1" l')W 
R1=W 
1.All C05,'ICF< ,'\ 1,R1 ,FPs,ETA,F3,X,IFAIU 
TFCJFAJL.FO.O)GO TO 35 

1-JcN+1 

tF(V.LT.0.)CI\LL FFPROR 

C.O TO 1 
A 1 ;: lJ - D ~H- () . n O O () 0 1 

[\ 1 :l,J 

H/\ll::1 

' 
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CAI I C05ACrCA1 ,R1 ,EPS,ETA,F3,X,IFAIL) 
tF(tFAJL.Ei'J.1)X=B1 
TFAll:1 
\J=)( 

t,IR[Tr-<3,15)X,A1 ,131 
F n f~ MA T < / 1 X , ' X ::: ' , E 1 5 • 7 , 1 A 1 = 1 , E 1 5 • 7 , ' B 1 = 1 

, E 1 5 • 7 I > 

X5:W-X1 
X1=P 
CALL JOJ>.JnJ,XS) 

V 1 : ( r. n S C 1J ) - C O S ( R * W ) ) / ( R * * 2 • "" 1 . ) .. R *VO* S J N ( R * \.J ) + C () S ( W ) 
TF(f.E0.0)GO TO 10 
no 11 J=1,I 

V1=V1+A•cns(R*W•R•H(J)) 
r.ONTTNUE 

t = l ·1-1 
H ( t ) :: I.I 

"1=1 
F n =O. 

r.O T(l 1 
CALI GRF.~JI') 
srop 

FND 
REAL FUNCTION f3CW) 
!HAI W 

nIMENSION H(1000) 

COMMON D,A,H,t,VO,R· 

V:(STNCW)-~*SINCW•R))/(R••2.•1.)+VO*COS(R*W) 
IF(I.FO.O)fiO TO 22 
Dn 21 J-::1,r 
Y::V+D*A*SIN(W•R•R*H(J)) 
F1::V 
RFTLIIHJ 

F N {) 
r::tNT<;H 
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APPENDIX 2 

L 1 FIR/\RV(C:,lJq(, p () IJP GHOS) 

LI r\ R /\RV ( S IJ ri r; R () l l PG H () S) 
L T r\ Q /\ rl V ( S lJ O (, t:' 0 l I P ~I /\ G F ) 
L l 1"1 R /\ R Y ( S lJ ;~G PO l' P N /\ G G) 

L J B R A R Y ( S :_1 P. G R () l J P N A (i ll ) 

Pl?OGRAM(HIJSS) 

I "1 PUT ;:>:::C Q 0 
OUTr>UT ~=LPO 

TRHF. 0 
F. ij ~ 

MASTFP MAIN 
FXTF.RNAL F.L F4, FS, F6, F7, F8 
COMMON 2,(),S,Y3,A1,R1,W1,P ,wx1 ,A,B,WX2 
2=0.0005 

S=4.0•ATA~(1.0) 
~.'Mi'.X:6'.500. 
D IJ: 0, /. 

0::0,1 
J = () 
~, (i = 0 • 
I) :: ri + \./ r, 
S1=0, 
Uil L P/\PER(1) 
Cid L Mi'.P(I'). ,1000, ,0, ,30,) 

r.ALI GPtNr:0( 1 INK PFN 7L-3 IN HOl.nF.R 1,BLACK INK,PLEASE',42) 

r.AL.L PSPA('t<0.1,0,6,0,1,0.5) 
f.liLL <:SP/\Cf<O. ,0.65,0, ,0,55) 
C I\ L L C T R '~ Hi ( 1 0 ) 

r.,Ht AXFSST(0.00001,0.00001) 
C.A.I L POTNT(n. ,0,) 

CALI PAPLF~C1000,Q) 
CALI. AORDF.R 

Tr.=SP.J(S) 
T G h :: s t ~I ( s +t')I.J ) 

WPTTEC3,610~TG,TGA 
FOP.MAT<l1X, 1 TG= 1 ,E15. 7, 1 TGA= 1 ,E15. 7/) 
l=O 

FO=O. 
w=O. 

W P = lJ 
Y1="'Z*O*W*-1-?,/2. 
Y?=D*STN(S+ W) 
V=v1-v?.+P 

JF(V.EQ.O)GO TO 5 
l= 1 = V 

B 3 :IJ 
IF<n.nr.0./\Nl)~FO.Lr.O) GO TO 4 
IF(F1.LT.O.ANO.F0.GT,0) GO TO 4 

F O :::y 

"3~ ,J 
GO TO /., 

ETh:.-:0. 
-1.37-

i 
I 
:j 
i 
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E'PS=O. 
JFAJLcl"I. 
CALL cn5ACF{A3,R3,FPS,ETA,F3,X,JFAIL) 

~JX1:X 
GO TO 100 

\..')(1=\J 
r~-z•wx1 
H=?.*f:nS(S•H/X1) 
A::H ... T 
AR= H / 2 ... T 
8 :: c:: T N ( ~ + ~/ X 1 ) 
IF(AR.I.T.O)AB=AB•( .. 1) 
FO=O. 

\.JP=WX1 
V:xO. 
X5=WX1 .. S1 

\./ P = \.J P I C 2 • S > 
X5:X5/{2*S) 

ncxs.LT.O.)C.All FFRROR 

C A L L J O I N C 1J P , X 5 ) 
\.I= 0. 

W::it..J+ DW 
U?.r:l..r+WX1 

V1=0*(•Z*W**2./2.+A•W+B) 
V 7. = I'\ * S T ~! ( S + \.J 2 ) 

V=v1-v?+P 
IF(V.IT.0) GO TO 60 
W:: 0 
W:1.1+ DW 

w ? = 1,1 l( 1 + t,J 
V1=D*C•Z•W••2./2,+A•W+B) 

V?=ri*SP.J(S+ \.J2) 
v=v1-v?.+P 
l..1D::WX1+W 
I F < W 2 ... 1,J M A X > 5 1 , 3 7 , 3 7 
IFCV-1)9,27,27 

W ~J 2 =AI 'l 
l~(WN2.IT.0.}WN2~-WN2 

W.X 2 :: 1.J"1 ?.+ IJ)( 1 
I F ( W 2 - 1.1 x 2 ) 5 2 , 11 , 11 
IF(Y.F0.0) GO TO 46 
F1=V 
86::-:U 

/ 

IFCi:1.<iT.0.AND.FO.LT.0) GO TO 45 
IFCF1.I.T.0.AND.FO.GT.O) GO TO 45 

FO;:Y 
A6::W 

r,o TO 10 
86:::W 
A6~w-nw+o.ono6001 
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Y1cO*l-7*A6**2./2.+A*A6 +8) 
v?=n•SJN(~+WX1+A6) 

V:::v1-v? 
WRtTEC3,7) V 
FOQMATC/1X, IV::' ,E15. 7/) 
CALI. cn5ACF(A6,B6,EPS,ETA,F6,X,JFAIL) 

WRYTE(~.111) A6,86,X 
FORMAT(/1X, 1 A6-:. 1 ,E15.7,2X, 1 B6=•,E15.7,3X, 1 X='·E15.7/) 
IJN6=X 
GO TO 47 
\,JNf,c\.J 
WXl,::WN{1+1,JX1 
0 6 = ... Z ,., \./ N 6 + A 

H6=?.•COSC S+WX6) 
A6:1t6-06 
/.Rt: H6 /?.. ,.06 

TF(AR .LT.0)AB=AB•C•1) 
~6t:<;INCS+\..'X6) 
A=A6 

B::t\6 
WX1t:WX6 
GO TO 62 
\J = 0. 

F OcO .-

V3':1lV 1 
W:W+ l'HJ 
t.l:; i: ~J-+-- 1,1 X 2 
TF(W~-WMAX)300,37,37 . 
V1cY3-D*7*W••2,/2. 
V~=D•SIN(~+W3) 
V=V1 .. y2 
TFCY.LT.O.>GO TO 301 

W::0. 
IJ=t.J+ !'It.I 

w 3 :; ,.1 + \,/ )( 2 
I F C LI 3 - ,., 1.1 A X > 5 0 , 3 7 , 3 7 
V1=v3-0*Z*W**?../2. 

V?::D•<;TN(S+W3) 
V:V1-Y2+P 
IFCV-1)3,27,27 
IF(V.Fn.O>GO TO 16 

F1=V 
84:1.1 . 

TFCr-1.<iT.0.ANO.rO.t.r.0) 
fFCF1.I.T.0.ANO.F0.GT.0) 
FO=V 
A4-::W 

H P = W + 1,1 X ?. 
GO TO 1?. 

R4=1•J . 
A4=0.0000001 

(;0 TO 13 
GO TO 13 

c,, I cn5ACF(ft4,R4,EP~,ETA,F4,X,IFAIL) 
. ' 

I.I P J T F { 1 • 2 0 I, ) X 



206 FCIRMAT(/1 X, I X2::', E15. 7/) 
tnn=x 

GO TO 17 
\.! N):: X 

\.IX3::W'>(?+WIJ3 
YF(WX~-W~AX)R8,37,37 
\.I X 1 : 1,1)( :~ 

T=-2• 1JN3 
(,0 TO 20 

Jr:(V.FQ.1.)GO TO 210 
R7=W 
A?:W .. l)W 
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CAIL C05ACF(A7,H7,EPS,ETA,F7,X,IFAJL) 
W::X 
W~J 2 =W 

V= 1 . 
lJP::~JX1 +WN2 
\..' '< ? = W ~J 2 + \.I X 1 
C:-2•WN2+A 

H2=?.*COS(S+ WX2 ) 
fl1::H?-O 

/ll'l::H2/2.-0 
R1=s,~(S+WX2)+(1./n) 

IF CAB. 1.T. 0) AR::A~* ( ... 1) 
w=n. 

FO=O. 
I.J::W+l)t.r 

/ 

lJ3:\.J+WX2 
JF(W1-WMAX)302,37,37 
Y1=D*<•z•W*•2./2.+A1•W+01) 
V2=D•S t N ( S+\,-13) 
V:Y1•Y2 
l F ( V • I. T • 0 • ) G O TO 3 0 3 

W:0. 
W=I.I+ l)\J 

W3::W+WX2 
J F ( \.J 3 - ,.n, ft )( ) 5 3 , 3 7 , 3 7 
Y1=D•<-Z•W**?./2.+A1*W+B1) 
V2:::D•S I l•J ( S+ 1.J3) 

V::Y1-V2+P 
\JP::\J+WX2 
IF<Y-1) 80,81,81 

lFCV.Ft.1.>GO TO 211 
B R=\.J 
AR=w-nw+o.nooooo1 
CALL C05ACF(A8,B8,EPS,ETA,F8,X,IFAIL) 
W:X 
w~12=w 

I.I X ;:, = W X ;> ❖ \.1 N ?. 
0=-7.*Wl..12+A1 

H2::?.*COS(S+WX2) 
A1=H2 .. () 
A'l::H?/;>.-O 
B1=SlN(S+WX?)+(1 ./0) 

.i 
I 
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JF(AO.LT.O)AB:::AB*(-1) 
V:: 1 . 

WP:::WXil 
(j~ TO 93 
IF(V.F0.0) GO TO 72 
F 1 :::y 

R 5 =tJ 
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IF(F1.r.T.0.APJr,.F0.I.T.0) GO TO 73 
IF(r:1.LT.O.AND.FO.GT.O) GO TO 73 
FO=V 
ASi=W 

GO TO 29 
R5=W 
A5=0.0000001 

CAl.l C05ACF(A5,B5,EPS,ETA,F5,X,IFAIL) 
W1J~::X 
GO TO 74 
w,,n=w 
W X ' = ~/ X ? + IJ N 3 
tF(WX~-W~hX)36,37,37 

1.1 X 1 :: W X ~ 
T=-Z•WN3+A1 
GO TI) 20 
CALL FRAMF 

CAIL GQENn 
STOP 

F.f,Jr') 

REAL FIJNCTJON F3(W) 
RFAI. W 

; 

C O •~ MO N Z , I') , <; , Y 3 , A 1 , 8 1 , IJ 1 , P , IJ )( 1 , A , 8 , W X 2 
V 1 = - n * 7 * 1,1 * * ;> • / 2 • 
V~=n•stN(S+ W) 

F3=V1•Y2+P 
RE T ll RN 
f ~l n 

RF.AL FIJNCTJON F4(W) 
RFAL W . 
CO 11 Mn~ 7. , r, , <; , Y 3 , A 1 , B 1 , ~f 1 , P , W X 1 , A , 8 , W X 2 

V1=Y3-n*Z*W*•?./2, 
V2=D*STN(S+W+WX2) 
f4:::v1-v2+P 
RF.TURN 
FN n 
RF.AL FIINCTION FS(W) 
RFhL W 
C0•-1MON Z,D,S,V3,A1 ,81,\.11,P ,WX1 ,A,B,WX2 
Y1=D•<-Z*W*•2./2,+A1•W+B1) 
Y?=n•sTN(S+W+WX2) 

F5=v1-Y2-t-P 
RF T UIHJ 

E IJn 
RFAL J'.!fNCTTON F6(W) 

RFAL ~J 
c o ~.1 M o N z , n , s , v 3 , A 1 , n 1 , v 1 , P , w x 1 , ,, , 8 , \J x 2 
v,~n•C-Z•W••?./2,+A•W+B) 



V2=0*STNCS+W+WX1) 
F6=V1-Y2 
RFTlJRN 

F 1-J l'l 
R~AL FUNCTION F7(W) 
RF AL t..r 

-142-

COMMOIJ z,n.s,Y3,A1 ,B1,W1 ,P,WX1 ,A,B,WX2 
V1~~*(-7*W**2./2,+A•W+B) 

Y?=D•~IN(S+W+WX1) 
F7=Y1-Y2-1. 
RFTUIHJ 
F ~ ll 
R~AL FUNCTION F8(W) 
RFAL W 
r. 0 M M O ~J 7 , I'\ , S , Y 3 , A 1 , ~ 1 , W 1 , P , W X 1 , A , B , W X 2 
Y1=D•<•Z•W••2./2.+A1•W+B1) 
V2=D•~JN(S+W+WX2) 
F~=V1 -v2 .. 1 
IHTURN 
ENO 

FINISH 
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APPENDIX J 

I tRRA.RV(S :J'\r,Pn t l::'Gl,.f()~) 

1. ! rt r., f- P V ( <: I ! : \ r, :·, () I_ 1 n G lj () ~ ) 

I 1 11 r- /\ p v f <; 11 r: r; ::- r, , 1 :; I>.! ~ (j 1= ) ( ~ 

l ' n P ti R Y ( S 11 r: r, P O !J ') IJ /\ <i G ) 
, r r- P ~ o v c -~ ·, , i r, Ro, 1 P '-JA r, 11 ) 

P r> () f, R A M ( H 'I ::; ,:; ) 
J 1.J ::i l1 T ;>:: r. R r) 

n I , T o I I T ·.i; ;: 1_ n I') 
TRArF= () 

F. ~-· fl 
r't,c:;Trr r,.11p1 

F v r r q ~, 1, L r: -, . r 4 , F 5 , r:: f.. , F 7 , F 8 
c 0 "It-'. n "J z , I) , ~ , v 3 . A 1 , ~ 1 , ~J 1 , P , 1,J x 1 , A , B , w x 2 
7-d).001)0()<; 

S:: 4 • 0 * AT I\ tl ( 1 . 0 ) 

\,! f-1 A X = f, ' 0 0 . 
() \.' = (l • ,. 

vx=O . nooo ,)78/• 
,,, 1 :: 5 (I fl O O () . 
r,::n. 01 

J :: 0 

t .1 <; = 0. 
() -;: i) +- \,/(j 

s1 =<'. 
1.fil l P/\PFQ(1) 
ct...1, ,_,11P<I) •• f\ • .-)1,o. ,o.oono1, 

C :\ 1 t r, TI) f~ , r, c 1 0 ) 
C A L I G P T ~! t: 0 ( 1 t N K fl F= ~ 7 L - 3 J N H O L O E R 1 , R I. A C K P E N , P L F. A S E ' , /, ? ) 
r. A t. , P s r> ., r E c o . 1 , I) • 6 • 0 • 1 , O • 'i > 
cr,1.1 cso .~~F.<O. ,0.65,0, ,0.55l 

r, A I_ I_ P O T ~i T ( :) . , () • ) 

r: fl l L J\ X E ~ 
C ,\ll Pl1PLJ:'1'1000,0) 

C-/, 11 . P.(")D.r)FP 
rr,~".t.,,<s> 
1 r, h :,; S T ~J ( S -i- 0 1 ! ) 

~• ;J T l F ( ~ , (1 1 ·1 ) T G , T G A 
r n ;.i MA r c 11 x , , r G = • , E 1 s • 7 , • r GA= 1 , E 1 s . 7 / > 
I :: !) 

F 0::: 0. 
l,.!:: 0. 

l,I p:.: 1,1 

Y 1 :,: - Z * I') + 1.J Jt .._ / • / 2 . 
Y?::: I''- * S T ~I ( ,; .., ~J ) 

V::: \/ 1-v?.+P 
lF<v.~o_('))(jf) T() 5 
r1=v 

83::1,.' 

I F ( r- 1 . r, ,, . 0 . :. •J O • ~ () • I. T . 0 ) G 0 TO 4 
H <r 1. I T . r. . ,HJ () • != 0 . ii T • () ) r, 0 T C I. , 

rO=v 

-143-



4 

s 
100 
20 

, 0 

-144-

G() TO fi 
FT~::O. 

f'P<;::() 

nqL=0. 11-

cA, I C05Af.F<i'13,B3,EP$,f:TA,F3,X,IFAtl) 

~• X 1 :: X 
(;~ TI") 101) 

V X 1 = ~J 

T :: - Z * 1.J Y. 1 
H :: ? . * r, (') S ( ~ + IJ X 1 ) 
A=:~!-T 

AH::11/? ... T 
R :: <; I ~I ( c; + l-/ X 1 ) 
J r= ( /l" . l.T. 'l) A1'::/\R·1r (-1) 

FO::O. 
ur::0.0000069~w,••O.R•YX**<•0.2)•AB••<-0.2) 
f.. ::= f. n c; ( S + I / :~ 1 ) + C () S ( <; + ~, X 1 • W C ) .. T 
R::~lN(S+i . .J:<1+WC) 
1,/ y 1 :: IJY- 1 + 1,J C 
T f. :: W r. / ~J 1 

1./ I) = !-.' y 1 
V::0. 
)(i;ewx1--s1 

1,1 r, :: I.J p / ( 1,J 1 ) 
x'>:xc;1cu1> 

/ 

tr(X5.LT.0.)CALL FFARO~ 

S1 ::\,.IX1 

X5::TC/'15 
r. A I L J O J N ( IJ P , T C ) 

LI:: (I • 

V::~.'+ 01.1 
\. ' ? = ,,, ... ,,, y 1 

\' 1 :: r, + < - 7 * 1.1 + ,t -;, • I 2 • + A ·Jr \J + R ) 
'I ? :: f)"' :- T ~J ( ~ ... 'I;> ) 

lf::V1-V?-1-P 
tr=<V.IT.0) ~n TO 60 
l-.'::0 
',.'::: I.J ◄· D !J 

l.! ? = I) x 1 + IJ 

Y 1 :: r, * < .. 7 * ' I* * ?. • I 2 ... i\ x l,I + 8 ) 
\; '2 1? r1 ,. s T ~: ( s + 1.1 ~ ) 

V,s:v1 -V?-f•O 
!, ' P :: 1., X 1 + I·/ 
J r < ,.,. ? - , , ,,, ,\ ·< 1 s 1 . 3 7 , ~ ? 
u:,v-1>9,1-7,?7 

\,I ~i ;> :: /I / 'J 

I r ( lHI? . t r . (l . n.r M 2:: ~I .JN 2 
~.r ~ ;> :: tJ p 1 ? + \,/ v 1 

J t ( LI ;> .. I I Y ;> ' 5 ? , 1 1 , 1 1 
J I= C V • F 0 , (\ ) . f~ 11 T '1 {, () 

F 1 -:;y 
r.1--::~1 

' 



60 

? 
45 

, 1 

3 
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J r ( r 1 . r, T . 0 . A 1; [) . F O • L I . I) ) r, 0 T O ,. 5 
J F ' r 1 . I T • (I • ;\ 11 f1 • i.: f) • (i -~ _ 0) ·(j O TO '• 5 
r 0::Y 

f. ( = 1.J 
(.') T() 10 
p I-,:· 1,1 

1, Ii :: \.I - ri '· 1 + 0 • 0 'l O O O •i 1 
Y 1 !-: r, * ( - 7 * <\ I, -1· ; ~ • I ? . .._ t'I * I\ I, + R ) 

v?=~~s,~cs+~·,i+~~, 
y:: '.' 1 - y? 
VQTTF(~,7) V 
F ('l p ~-1 .'\ T ( I , Y. • ' \I ::: I , r: , 5 . 7 / ) 
C./111 C05f\Cf(1\ A, n 6,f:PS,F.TA,F6,X, I FAIL) 

1., · P , r F c ~ , 1 1 1 ) r 6 , n 6 , x 
F n D ~ t\ T < I 1 y , • /\ 6 = ' , r 1 'i • 7 , ?. '< , 1 R 6 =i ' , F. 1 5 • 7, ~ X , ' X:: 1 , F 1 5 . 7 I ) 
t 11U,=X 
f.f' TO 1,7 
I· 1 IJ (, :: 1,J 

\.I'< I,:: ~1 NI,+ W X 1 
r.-f,, :: .. 7 * 1.1 t-1 f. + A 

H (, =? . "' C. n S ( S + '.J X (i ) 

t,(,:~!6-0f. 

f- ll ::. I' f, I ;, • - 0 I, 
H(AR .LT.0)AH:fl8·.(-1) 

F1 { = S J ~J ( S + ~1 X (, ) 
/,:: Al, 

P=R~ 
~ 1 X 1 :: l,J )( '1 

l::C16 
c;n 10 (..2 
l,t:::O. 

F0::0. 

Y:hY1 
1.,1:: \.' + I) !J 
,,, ,; = 1,1 + 1, 1 X 2 
tr<w~-w~~Y>300,37,3t 
v 1 :: Y ~ - I) * 7 +- '-' ,;- * '2 , I ?. • 
Y ? :-: D * S I ~I ( S ·• \ I :1 ) 
V:Y1-Y2 
TF(Y.LT.~.lGO TO 301 

W::: 0. 
1·1 = !.' + l)tJ 

t<_~: I.'+ 11 Y 2 
J r: l :.• 3 - "'1-1 II Y , 5 n , 3 7 , 3 7 
v 1 = v ~ - I) * 7 * 1 I * ,,. ? . I ? , 

V?:: r, * ~ r 1-1 
( S •· l t -~ ) 

Y::V1-Y?~P 
JF(V-1)~,;>7,?7 
Jf'(Y.F().(\)GO TO 16 

F1=v 
0 /, :: 1,1 

/ 

l !'.' ( ~ 1 . r, T • 0 • /1 ~I f) . F O . I T • 0 ) 
Jr:(F1 . (T.0.!l'-.'D_.F0.GT,0) 
F 0:-:Y 
/- I, :: I, ! 

V p:: \.I+\./ X ;.> 

<ill TO 13 
GO Tfl 1:~ 
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GO T0 1?. 
R l:: \,I 
h I, :: 0 . () 0 0 () fl n 1 

Chi I C(l5t,ft:(fl4.,Bl,,Er:'S,ET/\,F4,X, JFIIIL) 
i., o T T r < 3 , 2 () f. ' X 

F O r; ~'. f. T ( 11 x , ' x ?. :: ' , E 1 5 • 7 I > 
1,1 ~, 1:: )( 

(i(' ,o 17 
\.' "l 7. :: X 

l..''<3=\./X?+W"J3 
IF(WX~-W~A X)RR,37,3? 
\.IX 1 :: \.I)( 3 
T::-7*W~!3 
Gf'I T0 20 

rnv.r?0.1.)GO TO 210 
f37::\..J 
A i' :: \,/ .. I) W 

CAI I. C05Af.F(fi.7,B7,EPS,ETA,F7,X, I FAIL) 
IJ:: X 
1JN? =W 

V=1. 
\.I P :: IJ X 1 + ~HJ 2 
~1 X 7 = 1.1 ~J ?. + '·' X 1 
0 :: - 2 * 1,1 1·J 2 + A 

H2=?.rCO~(S+ WX2 ) 
A1::H?-O 

flf~:H?l?.•O 
R 1 :; s T I.! ( ~ + '· I y ?. ) 1· ( 1 . / " ) 

J~(/l.R.I 1.0)HP~An•c-1) 
~•:O. 

1.1 c = o . o o o c-r: t-9 * 1,; 1 * * n • 8.,, v x * * < - n • 2 > * A B • • c .. o . 2 > 
1t 1 = c n c; c c; ... , · Y ? > ◄ · r ci s < s + 1,1 x 2 +\Jc > .. a 
R 1 = S T 1! ( S + •, ; :.: ? + ~.r C ) + ( 1 • / 0 ) 
I,' X 2 ::: W )( ? HI C 
T C : \.J r. Hi 1 

FO=O. 
\,} ::'\.J + I) \,I 
1 •. 1 -~:: \.J + ~• X? 
lF{W~-~MAY)302,37,~7 
V1 ::I)• (-2* !'*+ 2. I 2. +A1 •w+81) 
V ? :: f'\ * S ! ~J ( S + W 3 ) 
V::Y1-Y2 
IF(Y.1.T.0.)GO TO 303 

l,J=f). 

\,' = ~! + !) w 
l.!,;1,..1+1,/\(2 

J F ( \.J 3 - 1,j M A X ) 5 :z; I 3 7 , 3 7 
Y1=n•C-7*~*t?./?,+A1•W+C1) 
V '? :: n * ~ T N ( ~ ➔· t,• 3 ) 
Y=v1-v?+p 
j,! P :: \ .. , + \.I V ?. 
JHY-1) P0,.1-\1,81 

ncv.1=a.1 .H n TO ;,11 
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R P,=\.I 
f, p = 101 - !')~I+(} . (l ('I () (\ 001 
f.All C05ACF<A8,BK,FPS,ETA,F8,X,IFA1L) 
\,I= X 

I,)\: 2 = w 

1,/ X ;> :.: \.I X ;> ·H! ~J 2 
" = - 7 * IJ ~, 2 + A 1 

M?=?.*CO~C~+WX2 ) 
~1::JJ2-0 
A~:H?./?.-0 
B1=~T~t~+~Y?)+C1./n) 
J F< Al1. I.T. 0) AB=A8" (-1) 
. V: 1 __ . _ _ . _ _ _ _ _ 
1,) 0: I.IX;) 

GO TO 93 
tFtV.F0.0) C.0 TO 72 
f1:V 

8 5:: \.f 
lFCF1 . <iT.0.AND.F0.IT.0) (,0 T() 73 
J F ( F 1 . LT • 0 . AN D • F O. GT • O ). GO TO 7 3 
F n::V 
A5:W 

(jO TO ?.9 
B~=W 
Ac;:0 . 00000(11 

CAI I r.n5ACF<AS,S5,F.PS,JTA,F5,X, IFAIU 
~!N~=X 
f.0 TO 74 
~-I ~I~ C l~I 
1,,1 V ~ : W )( ? + ~I 1',I 7, 

TFtW~~-WMAX)36,37,37 
t_.J V 1 :: I.J X 3 
T :: - 7 * W ~I 3 + A 1 
GO TO 20 
CA I L F Q Ar,A F 

C ,._ 1_ L r, Q f N n 
C, TO p 

p, I) 
R E A l I= f J N C T I M! F 3 ( t,J) 

RF Al. 1,! 
r. 0 J,I M O N .Z , r, , c: , Y 3 , A 1 , R 1 , ~! 1 , P , W X 1 , A , £1 , W X 2 

y 1 :: - ti * 7 * 1,1 -~ * ;> • I 2 • 
V ? = D * ~ T N ( ~ + \,J ) 

F~::V1 -V?.+P 
PET 1_1 RN 
f~rn 

R E A L I= I f N C T I O ~J F '• C W ) 
RF Al IJ 
r. o ,._, r,1 n \1 2 , n , ~ , Y ?\ , /I 1 , fl 1 , ~! 1 , P , w x 1 , A , B , w x 2 

v 1 :: '.' ~ - l"l * 7 * 1, 1 * * ? . I 2 • 
Y?=O*~TN(~+W+WX2) 
Fl=V1-V2+r> 
RFTURN 
~~JI) 



' 
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QFt..l Fl!NCTT'H! FS(W} 
R r- ~ L W 
r. o ~, M n ~1 z , r, • c; , v 3 , A 1 , n 1 • v 1 , P , 1,J x 1 , A , B , 14 x 2 
y 1 ::: n * < - 7 * 'J ... ... ? . I 2 • + .~ 1 * ~J + 81 ) 
Y?=O*~fN(S + W+WX2) 

F~=Y1-Y?+P 
Rf.TURN 

f '~ n 
Q I: r. L F 11 N C T 1 0 IJ F 6 ( ~-J ) 

P. FA L l, l 

CO MMON Z,l"l,'-,Y3,A1,R1,W1,P ,WX1 ,A,B,WX'2 
v 1 = n * < - 1 * ,., * * ? . I ?. • + A * 1,1 + s > 

Y2=n•STM(S+W~WX1) 
F1'=v1 .. v2 
Rl=TURN 

F. "11) 

QF~L FUNr.TJON F7CW) 
QS::J\l W 
rOP,1MOr-.J 7,r>,S,Y3,~1.B1 ,w1 ,P,WX1 ,A,8,\.IX2 

V1=1"J•(-7*W**'·/2,+A•W+B) 
V?:D•~IN(S+W+WX1) 
i:7=Y1-Y2-1 . 
P. FT II IHJ 
F. 'l n 
QF~L FU~CTION F8(W) 
qr:: A l !J 
:~0 ·v1MO~ 7,l),S,Y3,A1 ,81 ,W1 ,P,WX1 ,A,B,WX2 
V1:r>•<-7•U•*2,/2.+A1*W+81) 
Y?~D•SINCS+W+ WX2) 
;:~~v1 ... y2 .. 1 
QFTllRt.J 
F ~I 0 
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I r !\ ~ ., P V ( SU r: r. i' n UP G HOS ) 

I. ! fl. ;: \ P V ( S IJ f '. C r. !"l '· ! P (, H () <: ) 

I. i P R ~ R V ( C:: I J ~ (, ;:: {') l; f' ~ f,, (, r- ) 
L r i, r( :\ R v ( s lJ R (; c;. 0 u ~· ~j A G G ) 

I T R ~ A Q Y ( S U P •~, ;;i (, l I P N !-, r. ll ) 

;-, t) ; ' G '< A ,1 ( H U <; <; ) 

tr-:o ur ?=CR() 
OUTPUT ~=I PO 

rr: .~u=, 
[t,' f'\ 

,.. t,, s r F. '< ~1 A r ~i 

APPF.NDl.L!t 

1: v ~ ,= 1 ~' ~ L F :,; , F ,. , r 5 . r: f-. , r: 7 , r .R , F o , F 1 n , i:: 11 , c 1 ? 
C O ·~ M () "J Z , l'l , c; , Y 3 , A 1 , 8 1 , ~, , , P , W X 1 . , A , B , W '< ~ , t.J M , G M , S i , \,I 7 , 1-1 X 
l = r, • 0 0 () 5 

S :'. = I.. • 1) * /I T /l ~, ( 1 • G ) 
S:S3 
HAll::0 

W~~,X=6~00. 
Dt.;:0.1. 

D: 0. 1 

IJ'~=1. 
S1:t:3/?. 

r, \\ = \) . O O 2 2 

., ,: " 
U<i ::0. 
!) :: 'H!,J(i 

C-'I.L PIIPl:R(1) 
Ci\il M,',PC0.,1000.,0.,30,) 

U1LI P'-Pt,CHJ.1,0,6,('1.1,0,5) 
r. .'i L f.SPAl':H(). ,0.65,0. ,0.55) 
C. ll L L C T P :'! A G ( 1 0 ) 
CHL i\XES 
C~LL GPINFG('JNK PEN 7L-3 IN HOLDER 1,RLACK JNK,PLFA~F',42) 

Cf.11. !'OTNT(J'J.,l).) 
~/\LL PAPLF~c,ooo.o, 

C:'\11 BOqDER 
T <i:: S T IJ ( S ) 
w7~01,, 

TGA=n•W~•cn~(W7/W~+S+~1)/EXP(W7•GM)+D~cos(W7+S-S1) 

WRTT~(~,~10) rG,TGA 
F0~M~TC/1X, 'TG=',E15.7, 1 TGA=',E15.7/) 

t,I o = I,! 7 / < 2 • * s 3 > 
X S = ,) . .. . ··---.- . 
r: ,, L 1_ ,1 o r ,4 < ,_.; P , x s > 
'.,' "I = :,, 7 + 0 . 0 1 7 
y I) :: ;) .., ,_, '-'i * r ,.-~ s ( 1.J 7 / \.! i~ + s + s 1 ) / E X p ( w 7 * r; '·1 ' + 1) * C n s ( ~! 7 + ~ - ~ , ) 
Y ., :: ,_j ,, * * ? ... I, · '.-' "' C O S ( 1 • 7 / <,/ i., + S + S 1 ) / F X ;:, C :_~ 7 * GM ) 
+ ? • + t, ,,. * <: T ~: c ~-· 7 I 1,J r--1 + S • S 1 ) / f X r ( \.r 7 * G n ) 
- r. n,; < 1! 7 I w i.·.+ s + s 1 ) / ( Li r.1 -1. 1· \ P ( \-i 7 :'· GM > ) - Co s ( 1.J "/ + s - s 1 ) 
~qT TF<3,50())YO,YA 
r- ') p ·•1 " ,- ( / 1 "{ I I y f') :: I ' F 1 5 . ? , /, \( I I y /1 ::: I,, f: 1 5 . 7 / ) 
I r: ( Y t,, • L T • n _ 1' ,., :• . \' t) • r, T . (, • ) G () T () 5 0 ?. 
T r. C '-I A . G T • () . t. \' :- . '.' r,, • I T . \1 . ) (', 0 T O 5 () 5 
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Sn2 

SO :S 

· 507 · . 

1 

c;n TO 51)1 
TF(Yh. . LT.(-7))(,() T(I 5(13 
r,n rn so1 
I f. AT I = 0 
RO :1,17 

i'I ,., :: i../ 7 - 0 • 0 1 7 
FoS=O. 
FTA=O. 
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C .\ L l r. 0 r; A f. F { A 9 , I< 9 , F P S , f. T /I , F 9 , )( , I F ,\ I L ) 
tJ ~ J T F ( 3 , 5 :' !, ) A 0 , 8 9 , X 
F1R""!AT(/1X,'A9= 1 ,E15,7,3X, 1 B9=',E15,7,3X, 1 X= 1 ,E15,7/) 

1./ '< 1 = ){ 
S11=X 
W?:'< 

,\ ::: - r, 'H 1.1 M * (' f' <:: ( l.! 7 / IJ M + c:; + S 1 ) / != X p ( 1,17 * G M ) - c:; t N ( W 7 / 1.,J !.1 + S + S 1 ) / 

FXP(W7*GM)-SINCW7+S-S1) 

R=W M•f0S(W7/WM+S+S1)/fXP(W7•GM)+COS(W7+S•S1) 
r,r, rn 6 2 
l~(YA.GT.l)GO TO 506 
(i() Hl 501 

IFATL:0 
A 10:: 1 •. 17 
/I 1 0 : IJ 7 - 0 • 0 1 7 
FPS=O. 
FT A::(). 

C /I ,_ L C :') S /IC r C A 1 0 , B 1 0 , E PS , f TA , F 1 0 , X , I FA I L) 
1,1 P I T F ( ~ , '.- () 7 ) 1\ 1 0 , 6 1 0 , X 

r 1; R 1., A r c 11 ,. , ' fl 1 o = • , E 1 s • 7 , 3 x , ' n 1 o = ' , E 1 5 • ? , 3 x , ' x = ' , E 1 5 • 7 .' > 
i,O TO 1000 

W7:X 
R=W~•f0S(W7/WM+S+S1)/EXP(W7•GM)+COS(W+S-S1) 
wx=x 
W:-:0. 

r,O T n /-

J :, (l 
F0:0. 
IJ: 0. 

\-' X 1 : 0. 

"= 1 . 
R::0. 

6 GO TO 6? 
lJ:: ,_I+ D w 

\J p?, w 
Y1~-z•n•W••?./2.+B•D 

l-' "/ :: !,l + ~J X 

Y::Y1-v?+P 
JFtv.~n.O)Gn TO 5 
F1::y ' 
~ -~=W 

t r: <i:1,r,T.0.AN().F0.I.T.0) GO TO 4 



4 

s 
100 
20 

, ,. 

1 
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I F ( F 1 . LT • 0 • A ~i D • F O • GT • 0) GO TO /~ 
FO::\' 
A -~::: .. , 

GP rn 1-, 

ETll. ::O. 
f:f)C:::0. 

ti: ,u1_:n. 
C,-\I L C05AC:F(A3,G3,FPS,FTA,F3,X, JFAIL.) 

\,.IX 1 = )( +l,/)( 

(';OTO 100 
U :: 1..1 X + 1.1 

T = •. 1. k ,r < 1 
,,1? =wx 1 

.. :: ~ . * ( - (i rJ. * ~: '.·1 * CPS ( l 17 I \.I '· + S + S 1 ) / F X P ( •.J 7 * G 1-1 ) - S I N ( W 7 / ~; M + S + S 1 ) / 

FXP(W7*GM)-SI~(W7+S•S1)) 

/1::'-{-T 
AR:;fi/').•T 
,, :: '·' M * r. n S ( 1.J 7 I \ .• , M + S + S 1 ) / r= '< P < IJ 7 *GM ) -+ CO<; ( l.) 7 + s - s 1 ) 

JF(A~. LT.0),,B::AB*(-1) 
F0::0 . 

. \.I Cl::•~)( 1 
V::0. 
X 5 :: 1,1)<1 - S 1 1 

l,J I'.':'..! D / ( ? * :, ~ ) 
XS=XS/C?•S3) 

C ;\ L L .J O I N ( 1,1 P , X 5 ) 
\,.':: 0. 

1.1 n t r r- < 3 , r; 0 P. ) 1,,1 r , x s 
i: n Ii t1 /IT ( / 1 X , 1 l! P =' , F 1 5. 7, 5 X, 1 X 5 =' , I: 1 5. 7 I) 

V ::: i .I + f) I_.J 

\,I? : ! I+ I _I)( 1 

Y1=D*i•2•W* * 2./2.+A•W+B) 
l-17::iJ;> 

Y?.:: 11 * \./ ,., * COS ( 1,/ 7 / l-1 ~• + S + S 1 ) / t X r ( ~! 7 * G '!, ) + D •· COS ( \.J 7 + S - S 1 ) 

Y:::v1-v?+o 
JJ'.(Y.IT.0) f.() TO 6() 



, 0 

s, 
9 

4s 

. 11 1 

/ 

1,1:: () 
l,1 :: 1,1 + [) 1,1 

\.i? :: •.! X 1 + 1.1 

V 1 :: r-, ~ ( ·• 7 * '-' -'· -i· 2 . / ~'. . + -~ ~-! 1 + ~ ) 
W7::IJ;) 
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Y 2 :: I) * WM * r O S ( \-1 7 I I IM+ S + S 1 ) / E X P ( iJ 7 * G M ) + I) * (' 0 S ( \J 7 + '; - S 1 ) 

v:::v1-v2+P 
IJ ~ = ~J X 1 -1- W 

I r ( \,/ ?. - :.J M /I X ) c; 1 , 3 7 , 3 7 
lFfV-1)9,27,27 

W fJ ?. :: /I / 7 
IF(~N2.LT.0.)WN2:-WN2 

\.J x J :: \ .. , " ? + I_.I x 1 
I r <ll 2 - '· ' X 2 ) S ?. , 11 , 11 
JF(V.F0.0) GO TO 46 
F1=V 
p (,-;:: \) 

T ~ ( r:: 1 • r; T • (I • !, ~I ri • F (l • ! T . (I ) r; 0 TO I~ 5 
1 F C i: 1 • I. T • ('I • t-, ~- 0 • F O , G T • 0 ) G O T O 4 5 

F O=V 
A6::1,.1 

Go re 10 
B 6:IJ 

l . 6 :: u - ri 1,1 + f) • 1) ('• 0 0 () 1 
Y1::f)k(-Z*A6•*2./2.+~•A~ +B) 

!-1 7 :: l! X 1 + A IS 
Y;, = [) * '-1 M * CO c; ( \.J? / I JI..\+ S + S 1 ) / EXP ( ~J 7 * G 11 ) + {H COS ( ~J 7 + <; • <; 1 ) 

v=v1-v? 
IJl?JTEC~,7) V 
F n R M ,\ T ( I 1 x , 1 Y = ' , E 1 5 • 7 / ) 

IF/111=1 
CAIL C.f'l5/ICH/16,R6,FPS,fTA,F6,X, tFAIU 

~I P. I T E ( ~ , 1 1 1 ) fl 6 , R 6 , X 

fOQMlT(/1X, 1 A6=',E15.7,ix,'B6=',E15,?-,3X, •x~ 1 ,F15.7/) 
J !'.= ( I F A I l. . E !1 • 1 ) G O T n . 5 1 0 

lJ el 1, :: X 
I';() TO t.7 
IJ cl 6:: ;_.J 

IJ 7 :: l,J l( 1 
\J o :: ._, 7 / ( ? . * <; °"!- ) 

xs=o. 
CH L . I O T i J ( !,.' P , X 5 ) 

1.17:: f.17+H K 
y fl ~ n .., \~ ,~ * r, n s < i,, 7 / \.J ri + s + <:: 1 > / E x P < 1,1 7 * G ;.1 > + o * r, 0 s c 1J 7 + c:: - s 1 ) 
v /\ = r, H * * 2 • ~ , J :1 ,1 c n :, c 1.1 l I •. , ' , + s + s ·1 ) / E Y D < P 7 * <i M ) 

. 1 .i. ;, • * r. rA * s t fi < 1.111 1., ~' + s + s 1 ) 1 r- x r < 1.; 7 * G ,., ) 
1 - C n ~ ( '.,! 7 /\.JM+ <; + S 1 } / ( \..J ~, * F ·,: f' ( \.! 7 *GM) ) - COS ( 1.J 7 + S - S 1 ) 

v v:: - r, •~ * "' ~1 * r Cl c.; c \ 1 7 / :,1 ~~ -~ '.'.; -~ s 1 > / F X p < t-.' 7 *GM ) - s I ~1 C tJ 7 /\J r., + s + s 1 ) / 
1 .:: '< •) < · , 7 * r, ··'. ) - s. I •I ( '.J 7 ~- S - S 1 ) 

r~<Yn.GT.0 . A~~.YV.~T.0.)GO TO 512 
T f'.: ( '{ !1 • L T • () • ,~ l j f) • Y V • I. T • (• • ) (i O T () 5 'l ·3 



11 

f,I) TO 511 
T r- ( Y h . L T . ( ~ 7 ) ) li O TO 5 1-4 
Ii I( :: ,) • ('l 1 7 
<';"' Tf1 511 
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TF ,,TL::0 

1 

R 11 :: t,17 

ft 1 1 :: \..I 7 - () . (\ 1 7 
r~LL rn~~rr-cA~1 ,R11 ,fPS,ETA,F11,X,lFATL) 
1,1 ,-, T T F ( 3 , 'i ~ ') ; A 1 1 , R 1 1 , X 

F '1 P · i -~ T < / 1 X , ' ·" 1 1 :: ' , r: 1 5 . '/ , 3 X , ' 8 1 1 = ' , F. 1 5 • 7 , 3 X , ' X = 1 
, F. 1 5 • 7 / ) 

t..1X1=W7 
q 1 :l-17 
A :: - G r.1 * ~J ~ * C: p S ( 1,i 7 / ~Jr-1+ S + S 1 ) / E X P OJ 7 * G t,t ) - S I N ( ta H j M + S + S I ) / 

►- X P ( I _! 7 * r, f'/ ) - S I N ( \~ 7 + S - S 1 ) 
~=WM*C:O~( W7/UM+S+S1)/EXP(W7*GM)+COS(W7+S-S1) 
Gi'1 TO 62 
H(YA.GT.7.)CiO TO 516 
Hl'.=0.017 

CiO TO 511 
11=/IIl.=0 
~ 1 2 ::1.17 

~ 1 ;, = 1J 7 - n . n 1 7 
FlA:0. 
r. A I. I C n C, fi r. F ( A 1 ?. , R 1 ?. , F. P S , E T A , F 1 2 , X , J F A I L ) 
WRJTEC~,S1/)A12,R12,X 

:: ·1 i< kl A r < 11 x , • ,, 1 2 = , , E 1 s . 7 , 3 x , ' n 1 2 = ' , E 1 s . 7 , 3 x , 1 x = ' , E 1 s . 7 ,1 · > 
,., = () . 
n = ',l 1 • * C o s C ~' 7 / WM + s + S 1 ) / f X P ( W 7 * G ~1 ) + C O S ( 1.-1 7 + S - S 1 ) 

WX:1.17 

TF~JL=O 
FO=O 

GO TO /, 

TF .~11.=CI 
~! ',/ 6 : 1.1 1-J I, + IJ X 1 
Ofi:•7*'·1N6 +A 

IJ 7:: 1.•J')( 6 

H 6:: 2 • * ( - (; M * 1.1 M * C 0 S ( l-17 I \JM+ S + S 1 ) / EXP ( ~J 7 * <; M) • S I N ( W 7 I ~J ~1 + S + S 1 ) / 

1 (~P(W7•Gr)-SIN(W7+S-S1)) 

An= ►IS-06 
/,R::H~/2.-r>A 

tr=<An .LT.n),\[PflfH· (-1) 
\.J7 ::wx 6 

RA=WM*COS(W7/~M+S+S1)/EXP(W7•GH)+COS(W7+s-s1i 

A=AA 
P.::f16 
\,' X 1 = \./ X 6 
Gn TO 62 

F0::0. 

Y 3 :: V 1 
I.I,: l,I + I) !._I 
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W'~ :: IJ + 1, 1 X 2 
r r: < ,., ~ - 1.J 1..1 A ·< , ,; o o , 3 7 , :~ 7 
V 1 = y :~ - f) * 7 * \,; * * 2 . I 2 . 

',.,:: \,f ~ 

Y2=n•W~•cns(W7/W~+~+S1)/EXP(W7•G~)+D•COS(W7+s-~,, 

v::v ·1-v2 
rnY.IT.().)C,0 TO 3/'t1 

t.):: 0 • 
'.J:::iJ+ 01-) 

\./ 3 ::: ' .. J +',.I X 2 
J ~ ( .d-lJ'!i\X) Sn, 37, 37 
Y1=v3-n•z•W••2./2, 

W7 :IJ ~ 
\' 2 = n * W ~ * C n S ( \,J 7 / 1J ,, + S + S 1 ) / EXP C \,.17 * G :-'I ) + D *Co S ( W 7 + S • S 1 > 

V=v1-v;>+p 
lHV-1)3,27,27 
H(Y.FCLO)<in TO 16 

F 1 =v 
R '• = ,., 

I F ( F 1 . r, T • 0 . A i.: n . F () . l. T • 0 ) G O T O 1 3 
Jr:(F1.LT.0.A ND.F0.GT.0) GO TO 13 
FO:V 
I\ t. ~ II 

1,1 :') :: lJ + IJ )( ?. 
G •) TO 1 ;> 

p I, :l.J 

t\4=0 . 0000001 

C A I l C !'l 5 1\ C F C t, 4 , 8 t., , t f' S , E T A , F 4 , X. , l F /\ t L ) 
~I :1 1 T F ( 3 I 2 '1 (, ) X 

r ,1 -n1 Ar c I 1 x , • x 2 = ' , e 1 s . 7 / > 
W"-l~=)( 

GO TO 17 
1.,/f>J,:X 

l' ':( -~ : \,J X ? + W ~~ 3 
JC(WX~-W~AY)R8,37,37 
l:!', 1: !JX 3 
T;:: .. 2 * I.I ~J 3 
G 1) TO 2 0 

tF(V.F0.1.)GO TO 210 
R 7 = 1,1 

A?= ',!- nw 
CAIL CO':it, r.F(A7,f~7,F.J"lS,ETA,F7,X,IFAIL) 

\.!::: X 
i.1,: 2:w 

V-: 1 . 
I,; o :: V X 1 + P ~! 2 

. I.)/. ? = ;, ,~I ? + !,1 X 1 
Q :: - 7. i. ~ : I.! 2 + A 

'•! 7: ', I}: ;, 
,1 ,? = 2 .... c - r. 1·, f - \,. 1,1 ,\· c n s c 1J 7 1 ! ! r-,,; + s + s 1 ) 1 i= x D c 1.17 * G ~,, > - s I N c 1J 7 1 i,.; ~1 + s + s 1 ) / 

1FXn(W/•GM)- \TN (W7+<;-~1)) 
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R 1 = W rJ. • C (1 <: ( l.t 7 I I.J M + S + S 1 ) / E X P ( W 7 * G M ) + C O $ ( W 7 + S - S 1 ) + ( 1 . / r, ) 

JC(ftP.LT.O)~R=~ Ak(-1) 
~I:: I) . 

~0=0. 
I I= w + r, IJ 

' ·' ~::: 1,.1 + !,J X 2 
T ~ ( W ~ - \./MA Y. ) 3 1) 2 , 3 7 , 3 7 
Y1=D•C-Z*W**2.l2.+A1•~+81) 

1.17:1,1~ 

V:::V1-Y2 

lF(Y.IT.0.)GO TO 303 

~!= 0. 
l.f::: '; +['L' 

tn::• 1 ♦ wx2 
J r < 11 3 - , , MA x ) s 3 , 3 7 , 3 7 
V1=n•<-z•W • •?./2.•~1*W~B1) 

IJ/=t-d 
V2=D•WM•COS(W7/WM+S+S1)/EXP(W7•GM)+O•COS(W7+S•S1) 

V::Y1-V;>+p 
\,I n = \.f + t..' X 2 
JFCY-1) R0,.91,81 
·u(V . Ff'l.1.H;Q TO £'11 
R ~::: IJ 

A ~ ::: :,J - r) ~I+ 0. • I) 0 () 0 0 0 1 
C .\l L C O 5 A C: i: < .~ R , 8 8 , f p s , E T .\ , F R , x , l F A t l) 

,.J: X 
:J ~J 2 = l,J 

~I V ) ::: '.J X 2 HJ t,J 2 
Q = ·• 7 * \,.1 ' ·' 2 + A 1 

!,17::: IJX 2 
H '?::: ? _ * ( - r, M * i,' M * C i'l ~ ( t.J 7 / 1. 1 'I+ 5"" S 1 ) / F X P ( W 7 *GM ) - S I ~; ( I~ 7 / Wt~+ S + S 1 ) / 

1 EXr(W7•GM)-SIN(W7+S-S1)) 

,, 1 ::: H ?- () 
Aq::H2/?.-n 

r, 1 ::: l,J •;, * C i) S ( 1,, 7 I t M + s + S 1 ) / EXP ( \J 7 • GM) +COS ( IJ 7 + S - S 1 ) + ( 1 • / D) 
. tr(A~. I T.0) ~8~A n*{-1) 

V-:: 1 . 
1,J o:: 1, 1 X ? 

G'1 TO 93 
tr-cv.r-o.n) C,() TO 77. 
F 1 -, V 

p 5 ~ ~, 
l f: ( f: 1 . r, T . () _ l\ I I) • J: I) • I_ T • 0 ) (, 0 TO 7 3 
l i: C F 1 . I T • n . /i. i ! D • r: 0 • G T • 0 ) G O TO 7 ~ 



(- 1 TD 79 
n r.;: 1,f 

,Vi::O _ 0000f\n1 
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r; ,\ , L r. n 5 A C F < A 5 , n 5 , t= P ~ , c: r A , F 5 , X , l Pd L) 

1,1 .\J \: X 

(',l T0 71. 
1,.,/ 'J) :\,J 

\.J',( 3 : i.J X ;> + \,I '-J "3 
I~cwx,-WMAX)36,37.~7 
IJ X 1 ~ i.J X ·~ 
T ~ - 7 • 1,1 'J :~ + A 1 
G') TO 20 
C41L r:RA\',!E 

C.'\LL r,qENO 
STOP 

PJ n 
RF~L J:IINCTION F3(\J) 

::i :- AL I' 
cn~~ON 2,D,~,Y3,A1,R1,W1,P ,wx, ,A,B,WX2,W~,GH,S1,W7,WX 
Y1=-0•7*W*~~./2.+R•D 

V ~ = f) * 1 IM* CO S ( ( 'J + l.J X ) / \JM+ S + S 1 ) / EX P ( ( \.J + 1,_1 X ) • (; M) + 0 ,~ C () S ( ( kl+ ~i 'I ) + S- S 1 ) 

r:1=V1-Y2+P 
Rr:,. !IIHJ 
EN I) 

P r= 'I I F 11 IJ r. T I (l ~, F •'+ ( I.J) 

RF A l. lJ 
c n ·-1 M o N z , n , c: , v :~ , A 1 , R 1 , w 1 , P , w x 1 , A. , R , w Y ? , ~1 IA , G M , c; , • l✓ 7 , '.J '< 

Y 1 = V 3 ... I) * l + 1J ·~ * 2 • / 2 • 
V 2 = 0 * \.I f-H C O S ( ( \·J + V X 2 ) / 1 • .J M + S + S 1 ) / E X P ( ( t,I + ~J X ? ) * GM ) + 0 * C O S ( ( IJ-> ~J X 2 ) + S - S 1 ) 

f4:V1-V2+P 
RFTUfHJ 
Pin 
R F. !I L HI N C T I O N F 5 ( 1.J ) 

~ F. AL IJ 
CO~MON z.n.~,Y3,A1 ,P1 ,W1 ,P ,WX1 ,A,B,WX2,WM,GM,S1 ,W?,WX 
Y1:D•C-7•Ww+?./l.+A1*~+B1) 

V?=D•WM•~OS((W+hX2)/W~+S+S1)/EXP((W+WX2)•GM)+D•fOS((W+WX2)+S-S1) 

F5=v1-v?+P 
P.J:TUPN 

E ~ I') 
R r: I\ I F 11 N r, T I O IJ F 6 ( t,J) 

• Q F ,\ L 1,1 

r ~ -.-; r,: n ,-! 7 , I) , c: , Y :S , r. 1 , 9 1 , 1.-' 1 , P , 1-.1 X 1 , A , 8 , ~! X ? , I! '·1 , G ~ , ~-1 , :..' 7 , !.J X 

'y 1 = I) -1- <. - 2 * "J .,, * 2 • · I 2 • + :"I * \,I + r. ) 
Y? = [) *"' 1·1 * CO c; ( ( 1.J H ! X 1 ) / ~-' /H S + S 1 ) / i: X P ( ( l.J ... \.P' 1 ) *GM) + D *COS ( ( \./ -• ',-}:< 1 ) + S - S 1 ) 

r6:::.V1-'-'2 
IHTURf~ 

r: ,, " 
R r /\ l. I= U ~/ r, T J O N F 7 ( I.J ) 
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RF fl L t.1 
r. (1 ,~ "! (l ,, 7 I r, ' ' , \' 3 I " , , '3 1 , ~/ 1 , p , I_.J X 1 ' /1. , ~ , t_J X ? , \.J M , G ~, ' s 1 ' w 7 

v 1 = r, * c - 7 * 1 .. 1 * ->- ? . I ?. . + A 4 1-1 +- n ) 
y ;::i = ~ * I i M * r: () '.; ( ( \,' + l•,1 X , ) / 1-J [ ' + s + s 1 ) / !.: X p ( ( \J ~- w X 1 ) * G ~I ) + D * (' (i s ( ( I ·' • 

1, I y 1 ) + s - s 1 ) 

F7::Y1-Y2-1 . 
RF T LI R ~I 

F \I r, 
Q r: t, '- r. U ~Jr. T T 0 N r: 8 ( \,I) 

RF AL \ 1 

C n r,, µ n ,.; 7 , r, , :- , Y 3 , A 1 , B 1 , \J 1 , P , W X 1 , I\ , f:I , W X 2 , ~I M ; G M , S 1 , l~ 7 
Y1::D•C-7* W* * 2./2.+A1 * W+R1) 

J:8::Y1-Y2•1 
IHTlltHJ 

F N D 
R r: /I L F IHI C T T O IJ F 9 ( 1.J ) 

l?FAI I.J 
r. (',,.,I.JI n N 7 , " , <; , v -~ , "- 1 , ~ 1 , u 1 , D , I / y 1 , ,\ , ~ , 1,/ Y ? , V '-1 • (': i, , <: 1 , 1 , ? 

i:: 0 :: (, ,., k * ;:, .... Li '' * r, () s ( \..i I IJ 1,1 + s + s 1 ) / F. >'. p ( w * G M ) 
1 +?.•r,M•Sl~( W/ WM +S+S11/EXP(W•G M) 
1 - r. 0 S ( \.J/ W"' + S + S 1 ) / ( lJM . ._ !: X P ( W * G "I) ) 

1 -1.0S(l1+S-S1) 
1 +7 

AtTIIRN 
HJO 
P r r. L F lJ IJ r T l O ~! F 1 0 C IJ) 

Rf-Al \J 
r, C· '' 1.1 n ~ -, , ,... , s , v 3 , ~ 1 , R 1 , 1,11 , p , w >: 1 , A , R , w l<;, , 1.11.1 , r, ~-1 , s 1 , \.J 7 

F 1 o::: r. P-H * :, . * w n * r, o, < u / 1.1 M + s + s 1 > / F: x P c ~'*GM> 
1 + ? . * r, M * S i 11, ( W / WM+ S + S 1 ) / F X P ( '- ' * G M ) 
1 -rns(V/W ~+~+S1)/(WM • FXP(W•G~)) 
1 -cos<w+s-s1)-Z 

RF T II Rf~ 
Pll''l 

RFAI. J::UNCT!<'N F11(t,1) 

9 E />. L IJ 
C OM •~ 0 "J 7 , ('l , ~ , V 3 r /\ 1 , B 1 , l,J 1 , P t \.I X 1 , A , R , V '/. 2 , '..,} ~I • 11 ~ , S 1 , \./ 7 
i:: 1 1 := r, ',\ * * 2 • .., i JM * C () s ( I , I / 1,/ ,., + s + s 1 ) / f: X p ( w * r, ~-1 ) 

1 +? . * r, M -j,- s t ~: (\JI\,/~\+ s + s 1 ) / EXP< 11 *GM) 

1 - C Cl ~ ( t._, / 1-1 ~1 + :- + s 1 ) / ( ~r M * F X P ( l-l* G M ) ) 

1 - r: () S ( I.I+ S - S 1 ) + Z 
RFTLJQ~ 
F •.1 n 
l?FAL . FUNCTlON F12(W) 

r. 0 1' i ,., () ~! 7 , n , S , V =~ , ,\ 1 , R 1 , \.I 1 , P , 1_./ X 1 , !\ , R , \.J X ? , '..J ~ , (; IA , S 1 , \.' 7 
F 1 '? :: (j ,~ * " '? ... I I ~,+ C ['I ' ( :.I / w r-i + s + s 1 ) / F X ;, ( l,.J -Jr G ~4 ) 

1 + ;> • * r, ,, ·k S t ~: ( l,/ I W M + S + S 1 ) / f: X P ( ~I * G r 1 ) ' 



1 - r n c; c 1,, + r, - s 1 ) - z 
RfTIJRN 

F N r, 
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I_ T f'\ q l\ PY ( S 11 S G R (.UP f; /I (, F ) 

I. T R ~ h Q Y ( c: I I r~ GR() l• P N /t (, G) 
I_ T ~Pt-Ry(<:11rG?CliPl ' /IGH) 

I TB~ARY(SUrGR0LPG~0S) 
LfRQAQY(C J RG ROLP~HOS) 
P::0GRH~Cl-U SS ) 
Oi lTPlJT 3:eLPO 
T :; ACF 2 
H i l'l 
M~STFR MAT"J 

APPENDIX 5 

ri t M E N <; I O l·J '.,.,' 0 R ~ , ( 3 , 9 ) , ~: C R K 2 ( 2 , 9 ) , A < 9 , 9 > , S C 9 ) , X < 1 0 ) , Y ( 1 0 > 
1 , I.I ( 1 0 ) , /1 1 ( 1 (l ) 

IA:9 

K ::> I. IJ S 1 : 9 
NQ0 lJ~:9 
N;,LUS1 =9 

IJ(J):1. 

)((1):0,0 

Y(?):0,79? 
')('n>=?..8~ 
V(/~)::4.416 
X(5):';,/,7 

)((f,l:f..,53 

~{7):::?.SR 
XlA}=~.64 / 
X (9) ::/). 471<'20. 637 
V ( 1 ) : !) • 0 9 ·') 4 

· V(?.)::11,11.7 
V(3)::f"l,114 
V(4)::0.074 
V(';)::1).0/, 
Vl~)::'1.0?{, 
V(7)::(),rt276 
VCR)::!'\,0 "395 
V(Q)::i).0S1 
X ,., /I X :: X ( 9 ) / 2 0 • 6 3 7 

XMTM:X(1)/20.637 

I)() 9 J:1,M 

X(T)~XCT)/20.637 
JFAil=O 

__ ('. /1. L L F. 0 ? A r) F ( ~1 , K P l U S 1 , ~-R O W S , X , Y , \J , \..! 0 R K 1 , VO R I~ 2 , A , S ~ ~ F A l L ) 

no 2 TPIIIS1:::1,KPLUS1 

J:etPLU<:1-1 
I.J PTTF(~,!,)I 
l,1 P T T F ( ::ii , 5 ) ( J P L l! S 1 , A ( T P L U S 1 , J r L U ~ 1 ) , J P L IJ c:; 1 = 1 , I P l lJ S 1 ) 
\, I P t T F ( > , 6 ) S C I ~ L US 1 ) 
r. (lrH T ~ LI F 
r= 0 RM h T ( I 7 t-, I) 1-: <i P ~ r , J l I I ~ H J C C\F r- J: / ) 

FOQ~AT(1Y,13,F?0.5) 
i: (l '-'~,A i ( / 1 h f-i H • M • S R F ~ J I) U /\ L :: , Et. :l • J ) 
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on 7 TP1.US1=1,KPLIJS1 
DO 10 JPll ,S1=1,TPLUS1 

l 1 ( . I c L l I S 1 ) = /\ ( I F L t_: S 1 , J r L U S 1 ) 
~! f:' L IJ S 1 = ,I P I. U S 1 

r' 0 R T = 1 , '·1 

v C .HJ:: ( ? . • >: ( I ) - )il,1 .\ X - X ~' I t~ ) / ( X 11 AX - X M I 1~ ) 
r. A L t E 0 2 A F F ( P; P l. US 1 , !\ ~ , X C ,\ P , P , I F .~ I L ) 

V(t)::P 

WRlTFC3,11)(Y(T),l=1,M) 

i:- n R r,.1 A T < / 1 X , ' v = ' , E 1 5 • 7 / ) 

CALI_ PAPPU1) 
r. fi t. L r.i A o < n . 'l , 0 • 4 7 , - (I • n 1 5 , 0 . 1 '• 6 ) 

CALI GPIN~OC'JNK PEN ?L-3 IN HOLDf~ 1 ,BLACK PF~,PLEASE',4~) 
C': .~ I. L PS PAC F ( 0 , 1 , 0 , <', , 0 , 1 , 0 , '5 ) 
<:'ill CSPltCf<O. ,0,65,0, ,0.55) 
CALL AXFS 

CALI CllRVFO(X,Y,1,M) 
r. A L I F R ,\ ~I F 
ro~JT T NU E 

c; TOP 

F~D 
~ I IJ T <; H 



APPEtJDIX 6 

lTRRARY(SUqGRDUPGHnS) . 
LT~RAqY(~U~~ROU?~Hns> 

LI R '1 ~ r, V ( ~ 11 8 r, :i '.111 P "-! A (i F) 
! TRRARY(~U~~RO 0 PNAG~) 
l T R Q A ~- Y ( S U O "RO I) P N ~ G H ) 
P ,i O G R HI ( H d S S ) 
".) !JT;>IIT 3::1. PO 
T~ACE 0 
F ,, 0 

~ASTFR rJ.A P.I 
JH M F. N S I O N \JO R I( 1 ( 3 , 9 ) , ~JO R K i? C 2 , 9 ) , A ( 9 , 9 ) , X ( 1 0 ) , Y ( 1 0 ) 

1 , v 1 < 5) , c; < 5 > , v O < 5) , E < 5) , A 1 C 5 >, B 1 < 5), C 1 C 5 > ·, D1 C 5), SS ( 1 0), 
1 \,J(10) ,AY{~()f'.O) ,oY(8000) ,TY(8ooo> ,WXY(8000) ,AYY(~000) 
1 ,GG(c;),GGGC5) 

r.nMMOM N,TM,VW,RM,A,X~AX,XMTN,D,WM,~R~O,S,S1 ,GM,XX,G1 ,OFt 
fXTEPNAI F9,F10,DERJVE 

U~LL PAPF.Q{1) 
r, _r. L L ~· ~ P ( 0 • , 0 • 0 0 6 , 0 • , ,, 0 • ) 
CALL ~PJNFn<' INK PFN ?L-3 JN HOLDER 1 ,BLACK PEN,PLFASF 1 ,42) 
rALl rSPA(~(0.1 ,0.~25,0.1,0.5) 
r.Al.l (SPACF(O. ,0,625,0, ,0.5) 

CALI BORDFP 
C.6. l.L MAP(().,0.006,-20.,20.) 

C A L I P O I ~! T { 0 • , 0 . ) 
IJl::9 

KPLUS1=9 
~! ~ n IJ " :: 9 
NPLUS1=9 

WMAY:226?. 
Of\ 1 J=1,M 

W(t>:1, 
\((1):::0.0 
X(2):(l.7Q2 

)({3)::2.83 
\C < ,. > = l, ~ t. 1 6 
')((5)::t;.t.7 

)((6)=1,.5'3 
- -

XC7)=7.58 
X(8):P,.64 

'/(9)=0.4?,i-20.637 
V ( 1 ) : 0 . () <? 9 '• 
V(2):f'1,147 

Y{3):/'\.11l. 
y({i)::/'\,074 

V<5):l"l.0/, 
Y(6):0.()?.f, 

Y(7):ri.O;i'6 
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V(R)=0. 0 395 
V(9):0.052 
X •.i A X = () • 4 7 
'l( ·~ l N : v ( 1 ) / '? 0 . 6 3 7 

I')() 9 T:1,M 

X(T)=X(J)/2O.637 
Tr:AJL=O 
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r. A L I E n 2 A D F ( ~( , K P t. U S 1 , N R O \.! S , X , Y , \./ , W O R K 1 , W O R K 2 , A , S S , J F A I l. ) 
N:5 
TM=O . n000365 
PM:0.91 
Y\,J:0.47 

FPE():376991.11 
S3=4. O•ATAN (1. 0) 

<: = 0. 
JFAtt=O 
!)p:0.t. 
f'I :- 0 • 0 () 4 2 3 / V 1,1 

G1 =O. (12197(\8 
w1-1=1. 
<:1=<:,~/2. 
r, '·' = 0 . 0 0 ? 2 
T r.: S l ~• ( $ ) 

Rn =o. 000029501. 
1.r?:nw 
T~A=n*W~*f0S(W7/W H+S+S1)/EXP(W7•G~)+D•COS(W7+S•S1) 
WAITF(3,10)TG,TGA 

F~QMAT(/1X,'TG= 1 ,E15.7,4X, 1 TGA= 1 ,E15.7/) 

W7:0.() 
'•' 7 :; l,J 7 + Q • 0 1 7 
Y~=n•w~•( O~(W7/W~+S~S1)/EXP(W7*GM)+D•crs(W7+S-S1) 
V !>-.::GM** 2 . * P ~•*CC S ( P 7 I !J ~1 + S + S 1 ) / f X P C l 17 *GM) 

1 + '? • * r, M * S l N ( !,i 7 / \.,' M + S + S 1 ) / f X P ( 1,1 7 * G M ) 
1 - r. 0 S ( '·' 7 I t.' ~• + S + S 1 ) / ( u ~: * F X P ( W 7 *G M) ) .. COS ( LJ 7 + S • S 1 ) 

JqVA.LT.0 . AND.YO . GT.0.)GO TO 12 
lFCYA.GT.0.AND.YD.LT.0.)GO TO 28 

Cil'\ TO 11 

H(V~ . LT.-r.1)GO TO 13 
c;O T0 11 

119 =W7 
A 9 :: 1-1? - 0 . 0 1 7 
FDS=0 . 0 
FTA=0.0 

lFAJL=O 
r A L I C (' " t,r r: ( f. 9 , 13 Q , F P ~ , F. T A , F 9 , X (\ , 1 F A I L ) 

1.J ri J T F ( 3 , 1 /,. ) /, 9 , P. 9 , X f-
~ p r. M /\ T < / 1 >. , 1 ~. o :: ' , F 1 5 . 7 , 3 X , 1 R v ::: ,, , F. 1 5 , 7 , 3 X , 1 X 6:: 1 , F 1 5 . 7 I > 
1,/ X O ::x 6 



XX=-'1.(,/ F'<f:D 
wx1=x6 
vv=O. 
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KPllJS1=1:1 
1J q O \J <; :: 1 0 

Q F fl "' < 7 , Q '1 ) ti F ( ! ) , F ~ C I ) 
r n I:> i-1 ,.. T ( F ;..> ; ' . 1 1) • F 2 () . 1 0 ) 
r. ,'I I I. F. (l ? 1\ ) ~ ( i~ , '.( P 1. '-J ~ 1 , "! i\ 0 \.,i S , R F , F ti , 1 . ./ , 1, 1 0 '> ~ K 1 3 , 1·1 0 R < I< 1 11 , A A 7 , S ') , T F /\ J L ) 

:> (l Of--, T ::: 1 , '·! 

h ,\ r-.. 7 < r , = ,, .r1 ·, < N , r ) 



100 

M = 1 0 
~r,t \IS1 ::11) 

ll '.~ f l I,) <:; : 1 (') 
o O 9 R I :: 1 , 1,1 

pr.Al')(R,99)~r<I),FR(I) 
.: ,'I I~ ~I t,, T ( F ;, ) . 1 (I , f: 2 f) • 1 () ) 
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r. A l L r: 0 2 .\ "! r. ( f l , K P L l I S 1 , t i RO \JS , R E= , F R , 1.J , ',.} 0 R ~ K 1 5 , WO R K ~-1 6 , A A 8 , S S , T F A l L ) 

r,n 100 t::1,N 
A .~ t, R ( r ) = ,\ •i g ( N , r ) 
"1:.:6 
KL>LllS1=6 
•.Jr•(Jl-1S ~6 
I')/) 102 J::1,M 

102 RFAn(9,10J)RE(I) ,FR(t) 
1 0 3 F ··) fl MA T ( F?. ) . 1 0 , i: 2 0 • 1 0 ) 

r. 1' I L E O? ,\ "l ~ ( M , K PLUS 1 , 'J ROWS , RE , FR , W, WORK K 1 ? , ~JO R K I< 1 8 , A A 9 , SS , t r: A I L) 

I') 11 1 0 t, I :: 1 , P 
104 t,,~A9CT)::A A"(N,l) 

, , 

T!1=0. 0001):,(,5 
P '~ = 0. Q 1 
FIF=0.44J1~32~1000. 
Ar,;,:()_ 5281 
!) " :: ?. . 
\)\1::0. 5759rJH8 
R'lAX::7OO0O. 
n r I T ~J = () . 
H"1=0. 000)()()718 
V lJ:: 0 . 4 7 

FRF:0::376991 .11 
~3=l..0•Ar ,,M(1.0) 

-~ = () . 
r;:t-, J1=O 
f) '..! ::- 0 . I+ 

r, G '·1 =f) • 0 () 7 
ri :: 0 . O 0 /, 2 ~ I ,, l,J 

c,1::n_0219708 

S'i~S~/2. 
r,n=0.0021 
T G :: S I 1-! ( S ) 

r3 F t : I) . t) 1) () 0 2 9 5 () 4 
tJ7= rn, 
T r, t,, ~ n * \.JM -i. r; r, " ( I.I 7 I LH + S + $ 1 ) / F. X r> ( \.J 7 * G M ) + D * C () " ( '..J 7 " S ·• S 1 ) 
IJ7::0 _ ()· 

IJ 7 :; \.J 7 + 0 • 0 1 7 
V f) ~ [Hr L.11'1 * r, 0 '.; ( :,17 / 1..r M ~ S + ~ 1 ) / E X P ( W 7 -1r G ''1 ) + t' * f. 0 S ( W 7 + S - S 1 ) 
'I ,\ = r; M * * ? . ~ ' 11·1 1< r. C 5 ( 17 I J'-1 + S + S 1 ) / l: X P ( \4 7 * Ci '1 ) 

1 . -~ ? • * r, r-1 ·It S t ," j ( I.I 7 / \., M + s ❖ S 1 > / E X P C !J 7 1r G \1 } 
1 - ~ n s ( , , 7 / , 1 t , "· s + :.; 1 > 1 < 1., t 1 " r.: x P < 'A' 7 * G ,,,_, > > - c o s < '.·' 7 + c; - ~ 1 ) 

J r: ( Y A • L T • f) _ ,, H O • V r> • G T • (1 • ) G O T O 1 2 
tr.(YA.GT.0.AN'.).Y0.t.T.iJ.)G0 TO 28 

G0 TO 11 

J r: ( 't 1'. . L T . - r; 1 ) r; 0 T r'l 1 ~~ 
,;n T() 1i 
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13 R?:::\17 

II <1 :.: l-17 ~ 0 . t) 1 1 
F "> ~:: 0 . 0 
F·rA==0.0 
Hf\l l_:::0 

~All cn~A CF(AQ,89,E~~.ETA,F9,X6,IFAIL.) 
, , r1 , r F < 3 , 1 1,. ) A 'J , s 9 , < n 

1 4 ~ 1 P , ., A ·r < / 1 x , ' A 9 =: ' , :: 1 S . 7 , ~ x , ' n 9 = ' , E 1 S • 7, 3 x , ' x 6;:: ' , F 1 5 . 7 / ) 
1.J "I (l :: )( r, 

28 

29 

, s 

!.J?=Xfi 

lJ X 1 = X 6 
V 'I= 0. 

A?=-GH•WM ~COS(W?/WM+S+S1)/EXP{W7•GM)-SIN(W7/WM+S+S1)/EXP( W7•GM) 
1 -STH(W7•~-S1) 

Ir:(A?.I.T.0.)GO TO ?.7 

v o =I)* \,I 1-1 * C: O s ( W 7 /WM+ S + S 1 ) / EX p ( W 7 *GM)+ D *COS ( W 7 + S - S 1 ) 
'.IF=A'? 

r,r) TO 15 

!FCVA.GT.G1)GO TO 29 · 
r,11 TO 11 

~10:::tJ7 

1110::w?-0.017 
FP<'.';::0.0 
FrA=0.0 
T~ATI ::0 

/ 

/ 

r.AI L COSl\!'.r-c11 ·10,111n,EPS,ETA,F10,)(7,IFAIL) 
LI ~ J T F ( 3 , -~ () ) A 1 0 , 13 1 11 , :< 7 
F n r r-4 A T < / 1 x . 1 A 1 {) == 1 , r: 1 5 . 7 , 3 x , ' B 1 o : • , E 1 5 • 7 , 3 Y , ' 'I( 7 = ' , E 1 5 • 7 I > 
qy()= X7 
ll7::X7 
~IX 1 = Y. 7 
YV=0.!1 
A'?:::: - r, 11 * 1-H -i.~ 0 S ( :J 7 I• /fH ~ + 51 ) / F. X p ( W 7 *GM ) - S T ~J ( W 7 I W 1-1 + ~ + S 1 ) / F X P ( \,! 7 * (i M ) 

1 - S T !•l ( •.J 7 + " ·• " 1 ) 
v n :-: r> * :,, M * ,:,) ~ < 1J 11 14 ~~ + ~ + "' 1 > / I: x P c 1J 7 * G !~ > + D * c n s < ~l 7 + s - c:; 1 ) 
1/ F =A') 
JF(A;.>.GT.0.)GO ro ~7 
(i() TO 15 

F 0::0. 
'11 ( 1 ) = V ') * V •.1 

V 1 ( ? ) :: V c * r1 * Y W * F R f: 0 
V11=V1 (1) 

Y1?=V1(2) 

r-J::FlF 
f'IT ::('). (') )')r)()1 

J:0 
J F ,'\ J L = ,) 
r=n. 
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16 1.,1 X 1 = ( IJ X 1 ~ X B :< ) / F K r: () 
r. 'I L L ,J O T l ( • J :< 1 , ., '( ) 

'✓ 1 ( 1 ) :: () . 5 -1, T * * ? • * < ,. F T / r M - 9 ,q I) !1 • * R ~1 ~ 1 I'\ O I) • * B F I / T '-1 ) 

1 + V 1 ( ? ) * T ~. '/ 1 ( 1 ) 
V 1 ( 2 ) = T * ( - r: i / ·r !,j - (_) : , () 0 • k ~ M + 1 0 1) 0 . .. ~ F I / T ;~ ) ·► y 1 ( 2 ) 

1.rx 1 :dJX i)+; ..- FP EQ 

J ~ ( PX 1 •• I.J t1 /\ % ) 2 6 , 2 7 , 2 7 

26 tl-, :-: \,IY 1 
V 11 :: [) * 1.1 M * r, 'l <; ( I J I I W ;'i + S + S 1 ) / E X D ( W 7 * G fl ) + D " C O S ( ~J 7 + S ... S 1 ) 

IF(KNN.FQ . 1)GO TO 153 

'f f) f) :: V D / I) 

IF(Yf'D.r,t= . (l.09.0R.VDO -.LE.-0.99)GO TO 151 
r,q Tn 151► 

;:t 'fl=~MtJ+1 
YI\ X =1-J XO _ 
tJX O=O 
i::f)T 

153 ~J X 1 =WY O + r ...- FREQ 

~J 7:: ~/ X 1 
Y n:: D * r. 0 S ( '·! 7 I \.J :·\) / I: :, r> Cw 7 * G G n) 

v ,, :: Y n - v r> 
J::l+1 
A'l(J)::V1l1) 

P.'/(I)::'110) 
TV(T):::T 

I.I X Y ( T ) :: IJ '( 1 
AVY(J)::V'f 

IF ( yy .. Q.) 1,1, '► 5, 19 

J~(YV-1. )116,46,?.1 

(irl Tn :1~ 
V1<1)::V11 
V1(2):V1;> 
!) i :- 0 . 0 0 I) () 1)() () 0 ·1 
T::: 0 
T::l+IH 

v 1 ( 1 ) ::: (l • 1; ·H * * 2 . * { - F I / T 'I - 9 3 0 11 . * R •., + 1 I') f\ 0 • * B F I / T M ) 
1 +V1('?)*T-,,'/1(1) 

V 1 ( 2 ) :: T * ( ·· r T / ! 11 - <> ~ 1) 0 • * i~ M + 1 0 0 0 • * iJ r: I / T ~, ) + Y 1 ( 2 ) 
Vf\:::'( ·1(1)/ '(l/ ' 

:J X 1 = ll ~< 0 + r * r: r F () 
r i: < 1., )( 1 .• ,. , , , ., " , ~~ 1 , 2 7 , '? 7 
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JF( K N IJ .t=n .1 )(ifl TO 157 
\' n :.: D * ~: I 1 * r, O ·~ ( \J 7 I \J :~ ·• :, ·t- S 1 ) / E X P ( 1J 7 r. '.i I I ) + :'> * C O S ( '..J 7 + S - S 1 ) 

Vfifl:::yO/n 
T F { Y n n • r, E • t) • 9 9 . 0 ~ • '.f [) f) • I. F. • - l) • 9 9 ) G O T O 1 5 6 
r, I) T n 1 5 >1 

156 n m :: ,op,-~ 1 
~Esx =v XO 
lJ XO:() 

T::[')T 

1 5 7 1 1 x 1 :: \.I x O + T ,.,. F R E () 

158 

4o 

1-1?::1,J)( 1 

V'1:::VR-YO 

r~cvv-o.,1R,3R,40 
PY(T)::V1(?) 

TV(J)=T 
l,I x v < T ) :: ~, :.< 1 
A 'IV ( t ) :: Y V 
(,0 Tn 11(, 

!,J Y M:: ~J X 1 
RVll=V1(?) 

r.n TO 3Q 

WX M = ~IX 1 
AYM::V1 ( ?.) 

r,o rn 30 
W X M::: lJ X 'I ( T ) - ( ( A Y Y ( I ) - 0 • ) * ( \.J X Y ( 1 ) - 1J :< Y ( I -1 ) ) / ( A ·1 Y ( I ) - A Y Y ( I -1 ) ) ) 

TVM::CWXM•WYO)/FREQ 
n ' I I·! = n v < t ) - c < R Y ( I ) - n Y < J .. 1 ) ) * < ·r Y C t ) - T Y M ) / C T Y C I ) - T Y ( I - 1 ) ) ) 
tJ7:UX M 

Y n:: D * ~· fh C n" ( \,) 7 / \•J fH ~ + S 1 ) / EX P ( W 7 *GM ) + O * C ('IS ( W 7 + S - c; 1 ) 
J F ( K f:I fJ • f: n . 1 ) \' I) = t> * C J :; ( I.J 7 I '4 n ) / r: X P ( !,I 7 * Gr, M ) 

" i' :: - r, ·~ * \.. I '·1 · j, r: () s ( 117 I 1.,) H + c; + s 1 ) / E X p ( tJ 7 * G M ) - s I f,J ( w 7 / 1,,.1..,, t ~ ... s 1 ) / f X p ( \.I 7 * G,, ) 
1 - s r ri < ,.i 7 • " .• r; 1 , 

J F ( f'. ~J '-J • i: n . ~ ) A ?. :-= - r, r, ' H· r, 0 ~ ( IJ'/ / l-1 ~I ) / f: X P ( IJ 7 k (; r, '•1) --1 . / \.)F * S t N 

1 ( •. i'l/ 1,11,) / r: ·o, ( !J? ,.· G G 11) 

\I () : fl Y i.• / -'. r ~ E 11 .,. 0 * '{ I J ) 
11 E :: 2 • • A 2 - \J {) 

ux1::wxM 
VY:: 0. 

11-xO:IJ l( M 

. ,; n T n 1 c; 



46 1,1:n, :IJ',<1 

~ •1 !-1 :: V 1 ( ? l 
r,11 Tl1 '•7 

21 IF(t.E0 . 1l<i0 'fO 6() 

r.n Tf'l 61 
60 V1(1)::Y11 

V1(?)::V1). 

rn- = o . o o I') (} ,1 () o o 1 
T::0. 

"r ::-T + n T 
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Y 1 ( 1 ) :: 0 • 5 ·~ T * 1r ?. , * ( - F I / TM ~ 9 8 0 0 • * ~ M + 1 0 0 0 • * B F J / T M ) 
1 +\'10)*T+Y'1(1) 

Y 1 r ? ) ::: T * : - r £ / l 11 •• 9 ~ ll () • ~ i~ ~, + 1 0 ,) !) • * R F I / T M ) + Y 1 ( 2 ) 
VR=Y1(1)/YIJ 
\l ',( 1::l.1'<0+T ·Jr;,'.?f'.) 

r ~ < w x 1 -1,1 11,n > 6 2 , 2 7 , 2 7 
6 2 ll 7 ~~ ~IX 1 

Tr<KNM.E1.1)GO TO 161 
V I'\ : (') * 1,1 M * r. () ', ( ~J 7 / \J "1 + S + <; 1 ') / E X P ( IJ 7 * G M ) + D * C () S ( W 7 + S - S 1 ) 
vrin=vl'l/[) 
JFCVl)r>.G~.n.99.0R.VDfl.LT.•0.99)GO TO 160 
r.o T() 162 

K t.1 N :-: IC ".1 IJ-> 1 
y p y::: ~,'<(I 
LI x () = 0 
T::!'!T 
t.1 ',:' 1 = t.J '< o + r •-" ~ 1? r: a 
. 1.17=wx 1 
Y fl:: fl * C: 0" ( \J 7 I 1J t-1) / F. X P ( t! 7 * G GM) 

YV::YR-VD 

JF(VV•1 .)6h,63,63 
B ·: C J ) :: y 1 ( 2 ) 
T '! < J } :: T 
I.J ' '. Y ( T ) = \.J X 1 
h''V(J)::yy 
r, ., TO 116 
IJ )1 11:: W )( 1 
RVM::V1 ( ;?) 

r, q T n '• 7 

/ ' 

61 WXM:WXVCJ)-((~YY(t)~1 ,)*(WXY(t)-WXY(I-1))/(AVV(I)-AYVCT-1))) 
TV,.,::: ( U }'. M - 1 1 ., ! ) ) / i= l1 C: ,) 
AvM::~y(J)-((8YCI)-AY(I-1l)•(TY(I)-TYM)/{TY(I)-TY(l~1))) 

~!7 = IJ X "1 
v r, ~ (') * !,/ r-1 -A· r. n ~'. C \J 7 / \..! ~, + i:; + s 1 ) / E X P ( I,! 7 ,. G M ) + n * r, 0 S ( W 7 + S - S 1 ) 

Y F ( K I i N , F 1) _ 1 ) Y r, = () * f.() S ( '..J 7 I~-' r-1 ) / EXP ( 1.1 7 1r Gr, I-'. ) 

A;,:: - c;,.• * l :, 1 .. U1 S ( ~' 7 I i._, iH· S ... S 1 ) / I: X P ( \.J 7 4- lj M) - S I N ( 1.J 7 / 1..J 1-1 ► S + S 1 ) / F.,: P ( W 7 *G M) 
1 - ·~ r 1J < , . , 7 ~- ~ .. •: 1 > 

T :: f K ~J '~ • F 0 • 1 ) t, 2 :: - G G r.• * C 0 S ( ~/ 7 / ~! r~ ) / E X P ( W 7 * r, GM ) -1 • I 'J ,-, "' S T N 
1 < 1 1 7 / IJ '·' ) / ,:: :~ f' ( t.J 7 * G G ,., ) 

'l r1 ::Y:'l+1. 
11 ;) :: ~ v r.• / ( ~ n r n * I') -.~ y I J) 

\I ;: :: ?. • * " ? •• If f} 

1 I'< 1 :: \.J ',( ~ 
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V '1 :: 1 . 
I. I " () :: !./ X M 

(; () T t) 1 5 

X CAP:: < 2 . t ., X - X '.·11\X - X 11 I ~J ) / ( X MAX - X 11 I N ) 

J r-td I =0 
C/\ l L FO?\F.r:(8,f..A,Xf':/\D,::>R,IFAIL) 

f'~ ::PR ·.i-1 f·,1-,6(,. 666 
V :.· ;: P R / A R 

V r. T = - 1
.1 R - Y 1 t' 2 ) 

T~(VPt.LT.O.)VRI=•VRt 
Pl l ::VRJ-Jrf)f)/ \' V 

tr-(RP,GT.~nooo>Gn TO 27 
P er~ P: ( 2 • * R P - RM ,H - RM I N ) / ( RM A X - RM I N ) 
Clll E024~ ~(N,AAA1,RCA?,PF,IFAIL) 
1-> ► 1(1)=P~ . 
r: ,\ 1 L ~ 0 ? ,\ != r: < ~J , /I .A. A 2 • R C ., P , P F , T ~ ,, t L > 
IHT(;>):Pt: 

r. ,\ 1. L E o ? .. , r= c < N , ,, ,, A ~ , R c " '.) , P F , r i: 11 r 1. > 
PFI(~)-=PI= 
r. A 1. L E O 2 ., r: .= < N , ,'\ A A ,. , R C .,~ ,) , P F , I F A I L > 

rr-t(4)=o~ . 
r~t L E02~~c(N,AAA5,RCAP,PF,IFAIL) 
PFJ(5)::P~ 

CALL FO?\ ~r( N,AA/\6,RCA.J,?F,IFAIL) 
PFl(l,)::r,i:: 

CALI E02AFF(N,AAA7,RCAP,PF,tFAll) 
PFJ(7)::.:>r-

CALI EOJnFF(N,AA~R,RCAP,PF,tFAJL) 
Pf'J<~):r>F 
C /\ L I f O? ,\ r F < N , A A/\ 9 ,· R C ,\ P , P F , t FA I L) 
i->Ft<9)::pF 

)l .1\A::Ax~20.637 
c ., 1. L F. o 1 /If) r < N?. , x A A • :< H , r> F I , w w t-J , D n r, , I G , v A L) 

r-J::VAL•C~rI• *2.)*(nDw *2.)•HH 
(i0 rn 16 

2 7 11 P T T F ( 3 , 1 '1 () ) f~ R 
11 9 ~ n D r-1 A T < 1 '.( , ' r? n ~ ' , F. 1 'i • 7 ) · 

r. ,, L L G R E :4 n 

STOP 

.... .... 
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R F h L F : I ! l I~ T T O rJ F 0 ( l,J ) 

P i: /\ L t.J 

r. n ·, ~, o ~! iJ , r M • v 11 , ri r-, , r T , x t1 ,\ x , Y. '-l r ~ , r, , 1, 1 ~-1 , F R F o , s , s 1 , r, ,.,, , x x , G 1 , fi F I 

;-. 9 = r, :., + *? . ..,. 1 :t 1 ... CO~ ( 'J /(FI+ S + S 1 ) /EXP C IJ,:, p,) 
1 ··? . * r; '1 * ~ T 11 ( t,J I \ it:,+~+~ 1 ) / t X P CJ ¼GM) 
1 - C n ~ < \i..1 I u 1 ; + s + c: 1 ) / ( t-J M * :: X P C W .,.. 1.i M > ) 
1 - r. 11 S C 'J · ► •; - S 1 ) + G 1 

RFTU~M 
El,J() 

REAL F1HJr.TIO~J '1()( 1.J) 

I~,: t,. L !,I 

CO 11 MO "1 N , T 11 , Y 1~ , P M , F T , X ! 1 ,\ X , X M I ~ , D , WM , F R F. Q , S , S 1 , (i 14 , X X , G 1 , 8 F I 
r.~ o:::r. f1·1"*~. ~1,M*r:os c1J/\J ' "'·s+s1 > /EXPC\·J-1.GM> 

1 + ;, • * r, ,~ ·Jr S T • J < '.JI 1-J r I+ S -~ ~ 1 ) / I: X P ( !,/ * GM ) 
1 - r. \l S ( U I U 1 1 i. '> ,j. :, 1 ) / ( . J ~1 * E :< P ( lJ * G '-1) ) 

1 -r.oscw+s-~,)-~1 

R~TlJRIJ 
ftJO 

i:I NT SH 



APP PJ~DIX 8 

I. I fl P A r~ Y ( '.; I I II G R (l U P '-! A C, f'. ) 
L l P, R .~ !~ V ( ', I I fi G R O I I P 1 J ~. (j G ) 

I f ll Q \ ,1 V ( <:; IJ f; GR ,l I J D IJ \f, H) 

I. r f1Q,\l~Y ( '.) ! ln<;R GlJ PGIJOS) 
l T f- QhRY(<; 1Jf\1,RQUDG 1IOS) 

P iHl G R ,, ll ( •I U '; S ) 

O!ITPIIT ~::1LPO 

T II r lJ T 1 = r. 1m 
ltJ PIIT ? : r, I? 1 

JN P i_lT 10=C~2 
T ~J PI.IT l1:r.R1 
l \I I" UT 5:: r. 1 l, 
T~.IPUT 6:::r,R<; 

INPUT 7:r.nfi 
T 'l PUT R:r.r~? 
JNPUT 9:CRo 

TP/ICI: 0 
F r.J t> 
M A S T F Q f,! A J ~J 
I'> T r-1 F ~J S l O rJ 1 ! () R Y- 1 ( 3 , 1 (\ ) , . WO R K ? r ~ , 1 () ) , 4 ( 1 0 , 1 0 > , X ( 1 0 ) , y ( 1 () ) 

1 ,V1 <5) ,C.('i) ,Y0{5), E('i) ,A1 (5) ,81 (5) ,C1 ('1), D1 (5) ,SS(1O), 
1 ~, , 1 n > , t>. y , ?. o o o ) , t, v < 2 n on ) , r v < 2 o o 0 > , '.,J x v < ;> o o n > , r. v v c 2 o ,) o ) 
~ , (i (i ( 5 ) , r, <i G ( 5 ) , R E ( ? 0 ) , F R ( ?. 0 ) , W O R I( 1<' 1 ( 3 , 6 ) , l,/ 0 R K K 2 ( ? , ,', ) , .·\ A 1 ( 6 , f-, ) 

, , M 1 ,-. , < 1 r. > , 1, o H K K 3 n , 9 , • t~ n ~ K I( 4 c 2 , 9 > • f\ A 2 c o , Q ) , A " " 2 c 1 o > 
1 , 11 n n I( v 5 ( 3, ~ ,_1) , t 10 ~ " 1'. (, < :-- , 1 o > , ti. A; (, o, 1 ') > , ti ~A:~< 1 o > 
1 , 1,1 () t? I( y 7 ( 3 , 1 f\ ) , I.I O Q ~ !-: 8 ( ? , 1 0 ) , A A 4 < i O , 1 t"I ) , -' .t\ A 4 ( 1 0 ) 
1 ' \. I () ~ !( I( 9 ( :s . c:, ) ' I.J (\ R K i'. 1 0 ( ;:> • 9 ) , 1, A 5 ( 9 , 9 ) ' ,'\ A !\ 5 ( 1 0 ) 
1 , 11 0 ~ I(' k.' 1 1 ( j , C: ) , ~J () R I:" K 1 2 ( ;! , 9 ) , A ~ 6 ( 9 , 9 ) , A :\ A 6 ( 1 U ) , 1.J O R !( K 1 3 ( :~ , 1 0 ) 
1 , ll O R le' K 1 /, ( ?. , 1 () ) , ,\ A ? ( 1 0 , 1 0 ) , A ,\ /\ 7 ( 1 () ) 
-i , !,J O R I( \'. 1 '5 ( :~ . 1 0 ) , I J () Q I' K 1 6 ( ?. , 1 0 ) , :., ;'\ ;3 C 1 0 , 1 0 ) , A A ,, 8 ( 1 0 ) 
1 . , l,J O Q Y. K 1 7 ( :, . (, ) , ~1 0 R K K 1 8 ( 2 , 6 ) , " I\ 9 ( I, , () ) , A A f.() ( 1 0 ) 
1 , !\ A ( 1 O ) , P F T ( 1 0 ) , X H ( 1 0 ) , I.J \J i.J ( 1 5 ) , D !) D { 1 5 ) , R R R ( 1 5 ) , 7 Z 7. ( 1 S ) 
1 ,\'F(1~) 

r O r,1 l-1 () •J N ' T p,1 , y ~, , R M , i: T , '.( r~ AX I X M I N , D ' LJ ~) , F R f Q , s , s 1 , G t-' , X }I , G 1 ' R F J 
EX T f: R ~I 1H F 9 , F 1 0 · 

XRX::O. 
IOJN=O 

N:5 
f.Al.l rAPFR<1) 
CALL MAPCO. ,0.008,0. ,1,) 

r. A I L r; p r ~! :: n ( ' I t; I( p F t,I 7 I - 3 l N H () L D f: R 1 , 8 L A C K p E N , p L !: /\ t.; ~ ' , /1 2 ) 
CALL rso11.crcn.1 ,0.625,V.1 ,o.s> 
C/\tl <:SD!\Cf:(O. ,0.675,0, ,O.55) 
C .". l L r. T P.11 /\ r, ( 1 0) · 
C ., 1. L t\ )'. F s ~ f < 0 • 001 , n , () () 0 5 ) 
r.,'\LL. t!OROEP 
M:: 1 0 
KrLU<:1::10 
NP.0"<:;~10 
N ;, I. U S 1 :: 1 11 

1-."1/1X:.:~01 6. 
r> fl 1 T ~ ~ , 1-1 
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ll ( T ) : 1 , 

x<1>=n.o 
'I l 2 ) = 1"1 • 79? 
)((3)=1.77 
X({► )=?,83 

'I c 5 ) = ,. • ,. 1 6 
Y<6):5,47 

· '/(7):f-.51 
X<8):7.5R 
X<9): H.64 
YC10):0.47•20.637 

V(1)::().0 

Vl2):fl.147 
V(3)::0,26/♦ 

V ( 4 ) = () . 3 S 'j 
vcS)::0.37 
V(t, ):f'l.l.11 

v<7):0.405 
V < l, ) = 0 • 3 0 5 

V(()):0.2?3 
V<10)::::0.0 
Vl'.(1)::0. 

VI· (?):: 0, 1 
Vf(3):::0.54 
V r ( I, ) : 0 • 7 1 
vr, 5> ::n. ·1-;<1 
Vr-<6):0.75R 
Vf'.<7)::0. 77£-, 
vr Cf-i)=O. 77A 
Vr:(9):0.76 
YF<10)::0 . "/I, 

)(H(1):0.0 

Xl!(?):1.77 

·n1 < 3 > = ?. • 1n 
Y ~ C ,. ) = 4 • 4 1 (, 
Yiif5)::5.47 
}: H(l,):6,53 

'11-1(7)=7.58 
'I ~ C 1; ) = 8 . 6 A 
Xh(9):0.47*20.637 
X ~, A X = () • 4 ? 
'/ ~ J N:X(1)/20.637 

DO 9 T=1,M 

9 Y(r)=X(t)/20.637 
7F /IT I ::0 
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r. /1. L I r: () 2 /\ f\ F ( r-1 , K P LU S 1 , N ROWS , X , V , W , lJ OR K 1 , WO ~ K 2 , ~ , $ S , J != !' I L ) 
r, () 1 0 /, T :: 1 • 8 

106 t ~ (T)=A(H,l) 
P-1::f, 

KHIIC:1=6 
►! ~- (1 w ~ :: 6 
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n n 7 o I = 1 • ~1 

7 0 r, F f.. I) ( 1 , 7 1 ) 1 · F < 1 ' , F !? ( l ) 
71 ~ (, r. ~I A T ( F. ;:> () • 1 0 , I ? () . ~ (1 ) 

r r I I r (I ;:> !\ f) I ( M , t". P L 1. 1 ~ 1 , td R O ;J S , ~ f: , F Q , q , "' 0 r: K ~ 1 , 'J 0 Q K 11'. ? , I\ ~ 1 , ~ S , l F :'\ I L ) 
r-n 7'? J=i,,, 

72 /, /.f.1'J)=AA1(11,T) 

t-•=9 
lc'Pl US1 =9 
t '=' ('11C:::-9 

r, n 71. 1=1,M 
74 P~AOC?,7~)PF(J),FRC1) 
7 5 F ( I t' f-'I A T ( f: ?. i) • 1 0 , [ 2 0 . 1 0 ) 

C./\. l l F. l'l? Ar> F < 1-1, ~: P L lJ <; 1 , IJ ROWS, RF., F·~, W, WORK K 3, WORK Kl., A./\ 2, SS, IF A I L) 
ri n 7 6 I = 1 , ~J 

76 fA~?CJ):AA~(~,1) 

fJI:: 1 0 
YPIUS1=10 
~' Pr, 1..1 ~ = 1 o 
(l '1 7 R I :: 1 , ~, 
rFAnC10,79)PF(l),FR(J) 
r ri PM ,H c r 2 n. 1 o, r:= 2 o. 1 o > 

/ . 

(. ,'\ I. I. F O? Ai> ~ ( M , K P L ll S 1 , I I KO lJ S , f? E , FR , t,1 , WO R K K 5 , ,JC R K I( {- , A /I 3 , S S , I F A J L) 

80 
f) •) ~ 0 J : 1 , IJ 

f. tiA~ < n ::/\/\3 OJ, I) 

M:10 
KPL.US1=10 

"-' 0 0 IJ s = 1 0 
1,0 A::> 1=1,1-1 

82 r~AD(l,R~lD[(J),~~(t) 
8 3 r M< M A r c i= 2 n . 1 n , E 2 1L 1 o > 

r. ,\ I. L F O 2 ,\ f) r- ( M , K P L U S 1 , l.j R O W S , R F: , F R , 1,1 , W O R I( K 7 , tJ (I R K K f. , A A 4 , S S , ? F A l L ) 

f\() ~4 1=1,N 
84 AAA4(f):Aft~(N,J) 

t-1=9 
VPIIJS1=9 
t1.:-rll 1<;=9 

rlC Rf-, J::1.M 
86 µFfol'lC'i,8/)PF:(I),FH(l) 
8 7 F n r ri" r < i::;, i1. 1 o, r?. n. 1 n > 

C /\ I L F (l ? ,\ r i F < , 1 , , P L ll '.; 1 , ~• ~ 0 ~JS , R F , F R , W , 1-J O R K I( 9 , ~JO J~ K K 1 0 , ,\ /\ 5 , S S , I I= A t L ) 

!'I n 8 R l :: 1 , ~; 
8R A/\A5(J):J\A5CN,J) 

r.•,~9 
K nt.U<;1::9 
~; R (11..J S = 9 

nn 90 T:1,M 

9o P~f,l')((\,01 )~HI) ,FR(T) 

9 1 f: n r. ~ '1 T C r: :, ; l. 1 o. . r- 2 i"\ • 1 /l ) ' 
r. ~ 1. L r:: n 2 " 11 r ( ,., , ~: P 1_ u '., ~ , 11 H o •,J s , ~ F , F H , w , 1.; o R I( '< 1 1 , \._: o R K >' 1 ~ , ,\ A 1'.J , s s , r r- A I L ) 
0 ,1 9;:> l::1,l i 
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92 AAA6CT)=/\A((N,l) 
I,'. =1 0 
KPLtlS1=10 
~. ::, (i 1, / ~ = 1 () 

00 91, Y::1,~~ 

94 RrA~(7,9~)~~(I),FR(I) 
95 ~nn M~T<r?n . 10,F2o.~n, 

C t,, I L f O ? /\ !) r < t-1 , K P I. U,;: 1 , ~J c: <1 \JS , R I: , F R , \J , \,JO ~ Y- '< 1 3 , l·/ 0 q K !<' 1 I+ , A A 7 , S S , T F /\ I L ) 
!') ; 'I Qf-, J:-:1 ,' i 

96 AAA7(l)=AA7(N,J) 

M:10 
KPI US1=10 
tR('lJS:10 
r'l() 91\ 1=1,M 

9R RFA0<~,9Q)OE(l),FR(I) 
99 ~npMAT(F20 . 10,F20.10) 

C A I L E= t1 2 A () F ( M , K P I. U S 1 , tJ R OW S , R E , F R , W , WO R K K 1 5 , ~J O R K r 1 6 , A A 8 , S S , I F A I L ) 

r,n 100 1::1,N 
100 AAAB(T)=AAH(N,I) 

M::6 

l(DflJS1=6 

~· :) 0 ~, c: = 6 
l'l I") 1 0 ? Y = 1 , ~1 

102 PFl\f\(9,1(1:-s)RE(J),F~(J) 

1 O 3 r n r· !"' f. "'.' < f 2 0 • '1 o , [ 2 o . 1 O > 
r. A I L r: (l ? 11. o F < M , K P L U <: 1 , ~l 1{ 0 lJ S , H F. , F R , W , ',J O R I( K 1 7 , WO R K K 1 3 , :\ A 9 , S '.; , t F A I L ) 
t'l !') 1 () I. T ::: 1 , ~I 

A A f, 9 ( 1 ) :: ,\ /\ CJ ( N , l ) 
T ~i :: 0 . () 0 0 (H 6 5 
P ~·:: 0 , 91 
rtF=0.442~532•1000. 
I• r~ = 0 . 5 2 8 1 
1'!1'=2. 
\I \I = 0 . i; 7 5 o ~.1 A 8 
J: ~: /, Y. :: 7 0 0 0 0 . 
PrJN::0. 
~I !J :: 0 . 0 () 0 () () 0 71 8 
, . 1,1= 0. 4 7 

fPF0::376901.11 
~3::4.0*AiMd1 .0) 

~=u. 
Tr:f-. 11=0 
rit ::-0 . 4 

f,f,M::11. 007 
t,:,O. O<H♦ 2 :Hvt,J 

(;1:.:0 _()2197(i8 
v, , = 1 . 

~:1=~~/2. 
(;• · ::n no21 
r (,:: ') T ~; < S ' 

R f. T = () . n (' 0 0 2 C> 5 0 /, 

\ -
17:: IHI 

~' r..r. ~= IH ~1 P * (' ,. S (\ 1 7 / \.Jl 1 ~- S ~ ~ 1 ) / E X P ( \.J 7~ G t ~ ) + t) * <: 0 S ( 1•17 + S - ~ 1 ) 
Vi'::-0_0 

11 1•7::1,17+0.M7 



1 2 

13 

14 
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V n:: D * \.Jr.l * C (i ~- (\,_:''/I ~n,-r S + S ~ ) / EXP ( W 7" G ,.; ) + D *COS ( ~J 7 + c:; - c:; 1 ) 
V f. :: r, M -i. * ;, . * I , , * C () s ( \.' 7 / '· I I I ➔ • s + s 1 ) / E ':< p ( I I 7 * G M ) 

1 + ? . * r, 1~ * s T ,i , w 7 1 \i ~i + "+c.·, ) 1 r: :< P c i,1 7 * G :,, > 
1 - r I' c:; ( ~ 1 7 / l ,/1 • .I,' + s 1 ) / ( ! fr ) * r ' ,' :) { !..'? •qj V ' ) - ,: 0) ( 1 j 7 + s - s 1 ) 

J~(Yh.LT.0.AND.Y!).r.T.0.)GO TO 12 
T F < Y h • G T • (l . A N D • \' f) . I. T . 0 • ) G O T O 2 ~ 

r,n TI') 11 

J r ( V /\ • LT . - <.1 ) C, 0 TO 1 ~ 
Gf1 TO 11 

p, 9: ~i? 

/19=\..:7-0.017 
Fp<:::0.0 
FT/1.=0.0 

JFflJL=O 
CALI Cn5AfF(An,B9,EPS,ETA,F9,X~,IFAILl 

WR T T F ( 3 , 1 11 ) A 9 , [; 9 , Y 6 
F n 1< ~, " r < / 1 >: , ' 11 9 = ' , F. 1 5 • 7 , 3 X , ' B 9 = ' , E 1 5 , 7 , 3 x , ' X 6 = ' , E 1 5 • 7 I ) 
t.J ;~ O=X/, 
1,17 = X I, 

\,IX 1 :: X 6 
VY:0. 

11 2 = •. r, ~'. * 1,.1, 11 c o s rn 7 1 ~1 M + s + s 1 ) 1 r: x r c ~1 7 * G ~1 > - s I N < 1.17 1 tJ •H s + s 1 > / E x P c •.Jl * G 1-1 , 

1 -ST~(W7~~-S1) 
JrU?.LT.0.)CiO TO 7.7 

Y r, = fl * 1, 11-1* r. O , ( W 7 I \•J M -t- c:; + c:; 1 ) / EX P ( ~/ 7 * GM ) + D * CO c:; ( !.J 7 + S .. <; 1 ) 

\IF::A? 
r,o TO 15 

28 IF(VA,r.T.C.1)GU TO 29 
f.O TO 11 

29 P.10=~J7 
A ~ 0 = ~J 7 • 0 • 0 1 ? 
FPS=0.0 
FT/,:0.0 
Yr- I l I =0 
U : t L rO'i,H'Hti10,R10,EPS,ETA,F10,X7,IFAIU 
VPJTF(3,3r) .~1(l,G1n,x7 

3 o r: (J r- t'. ,._ 1 _< 1 1 > , , A 1 r, = , • r 1 s • 7 , 3 x , , R 1 <1:: , , E 1 s • 7 , 3 x , ' x 7 = 1 , E 1 s . 7, , 
r >: o = Y 7 
1,J7::-X7 
!,! )( 1 = Yo 7 
y•,•=0 _() 
A '/ : - r, ~: * !,J 1, * r C S ( ~..; l I 11 ~' + S ➔· S 1 ) _/ E X P ( W 7 * G f-1 ) - S 1 r-1 ( ~/ 7 / 1, / ~-, + ~ + S 1 ) / F X D ( l' 7 * G M ) 

1 •. <: J ~: < \J 7 + :. - ~ 1 ) 
y 11:: [) HI t' * r O " ( p ? I ~! ~i -4 · s + s 1 ) / EX p ( \,I 7 .... (, r-1) + (H C n s ( l.r? + r; - s 1 ) 
vr:::A? 
TF(A,.~T.0 .)GO TO ?7 
r.n rn 15 



1 5 F O ::0. 
V 1 ( 1 ) :: Y I) 'I.· V l ' 

V1(~)=vr~ r- v~•FRFO 
Y',1=V1(1) 
V12=V1(?.) 

FJ::FJI= 
OT ::0. flOfl(", ('1 

T :: () 

HAIL=O 
T =O. 
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16 WX1=(WX1 ~ Y8X)/FRFQ 
CALL .J0J~J(l .Y1 ,OT) 

T=T+DT 

V 1 ( 1 ' = /'\ . 5 • T * * 2 , * ( - F I i TM -9 8 {) 0 • * R "-1 + 1 0 0 0 • * A F t / TM ) 
1 +yi(?l*T+Y1(1) 

y 1 ( 2 ) = T * ( •. r f / n - 9 f; (• (1 • ,;dHI + , 0 I) 0 • To R F I / TM ) + y 1 ( 2 ) 

Y A= Y 1 ( 1 ) / Y L· 

W X 1 : \..-' )( (\ ~- T * F R f Q 

1 F < l,.I x 1 - I,: M /\ > ) 2 6 , 2 7 , ?. 7 

26 w?:1,1x1 
y f') = () H 1 tH (:('1 ~ ( w 7 / l,.J ~ + s + s 1 ) / EX p ( l.l 7 * G 11) + 0 * C 0 s (1,,J 7 + s - s 1 ) 

JF(KNN.EC.1)G0 TO 153 

'f()f)::V0/1) 

JF(VOO.GF.0.99,0R . YDO.LE.-0.99)GO TO 151 
fin TO 154 

151 K~N=KNN+1 
)Ip)( :t,!)( 0 
~ I Y. 0:; 0 

·l:()T 
153 wx1=wxO+T*FREQ 

\..'i'::W')(1 
Y ll :: r> * r. 0 S ( U 7 I W r-1) / t X f'l ( 1.J 7 * G G M ) 

154 VY::YR-YD 

1 8 . 

T :". T +1 
f\Y(I)::Y1<1) 

RV(J):V1<?.) 
TV(T):q 

1, , ~- Y ( T ) :: L' Y 1 
/iVY(J):yy 

TF(Vv-0. )1 8 ,45,19 

1F(J_c:Q.1)r. O TO 35 
r,n TO 36 
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35 V1(1)=V11 
V1(?)=V12 
DT::0. 000000(!()1 
T:: 0 
T::T+IH 

V1(1)::0.S•T**2.*<-rJ/T~-9800.•RM+1000.•AFI/TM) 
1 +v1 (2)*T+\'1 (1) 

V 1 ( ? ) = T * ( - r J / l H - 9 f O O • * E ~1 + 1 0 0 () • * R f T / T 1·1 ) _.. V 1 ( ?. ) 
VR ::Y1 (1) /Y',' 

1,1 x 1 ::: 1..J v. O + T .. r r F o 
JF(~X1-WMA~)37,27,?7 

37 ~1?=~•x1 

JF(KN~.r:o.1)GO TO 157 
V I"\~ I)* 1. 11-1 * r. (.! c; ( \-' 7 I \.J r,, + ~ + S 1 ) / I: X P ( W 7 *GM) + D * r, () S C lJ 7 + S • 5 1 ) 

Yl'd);;-Vl')/1') 
Trcvnn.GF.0.99.0R.VDD.LE.-0.99)GO TO 156 
f.O TO 158 

156 K~N=K~N+1 
)( F'. :,c :: ~I x 0 
\.'XO::O 
T=DT 

157 WX1=WX0+TtFREQ 

158 

4o 

45 

l,l f ::1..1X 1 

V D = I)* C O S ( l : 7 I WM ) / f 'I P ( \,1 7 * G GM ) 

vv=VP.-YD 
lr(Yv-0. )3P.,38,40 

PVC T) =Y1 C2) 
·TV ( T ) :: T 
1,' X Y ( T ) : W X 1 
II V Y ( T ) = Y Y_,_,---
G O TO J,,•n, 

WX 1<: \..1 X 1 z f',,v t,I, :: V 1 ( 2 ) 
GO TO 39 

~IX M ::\.;)' 1 
BV"1· ::V1 (2) 

f.O TO 39 
WXM=WXY(J)-<(AYV<J)-0.)*(WXY(t)-WXY(l-1))/(AVY(I)-AVV(l-1))) 

TV~'.:: ( '·1 X ,~ - I' X O ) / F RE 0 
F< v '-·. :: R Y ( T ) •· C ( £l Y ( I ) - f', Y ( T r 1 ) ) * ( TY ( T ) - T Y M ) / ( TY ( J ) - T Y ( T - 1 ) ) ) 

. Y [) ::: f) * ',J t-, * r. () c; ( ~17 / ~-' ~•. ~- S + ~ 1 ) / [ X P ( 11? 1r <i ·~ ) + D * C !l ~ ( t,1 7 + S - S 1 ) 
I f < !< N 1,.., • F r. . 1 ) ',' Li = f' -1-, C O :~ ( \ .' 7 I P '• ) / i: '< P ( t./ l * (, G ,., ) 
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, ? :: - P ' * 1J r-1* r c, s c 1 1 7 I ~: r-1 + s ,. s 1 > / E x P < tl? * G M > - s I '1 c ~, 7 / w ,H- s + s 1 > / i: x P C 1n * G i.q 
1 - s T ~• ( •.: 7 + S - r: 1 ) 

t F ( K ~11✓ • F (). 1 ) f,, ? = - G (; 1· 1. COS ( W 7 / \..' M) / F X D ( 1-J 7 * (, (, M) -1 . / l! ~ * S l IJ 

1 ( I,! 7 / ~-• •., ) / E >: r· t W 7 "- G GM) 
vn=~Y M/(~ RED* D* YW) 

V J:" ::: ? . * A 2 - 1/ (' 

1,1x 1 =wx M 
YY=O. 

WXO=WXM 
OT=O. 

GC' TO 15 

46 ~JX~=WX1 
rvv=v1(2) 
GO TO 1,7 

21 tF(l.F.0.1lGO TO (,0 
f.O TO 61 

60 V1(1)::Y11 
V1(2)::Y12 
rn=o. 000000001 
T=O. 

T:T+IH 
V1(1'="-~~T**7.*(-FT/TM-9ROO.•QM+1nnn.•RFT/TM, 

1 +V1 0) *T+Y1 (1) 
V1 (?.) ::T* <•FT /T"1-98()(\. *fH'+1000. *fH I /TM) +Y1 (2) 
VR:Y1 ( 1) /V1,1 
lJ 'x'. 1 :: \J X O + T + F R F. Q 

J F < ~i x 1 - w M 11 >: ) 6 2 , 2 7 , 2 7 
w7=1..1x 1 
IF(KN~.FQ.1)GO Tn 161 
V n:: f'* v ~ * r. o s nn / \..' M + s + s 1 ) / EXP < \,J 7 * G r,I) + D * r. OS ( W 7 + S - S 1 ) 
Yf)f)::yf)/0 

JF(Yn~.C,F.".99 . 0R . Y~O.LT.-0.99)GO TO 160 
GO TO 162 

160 K~~=K ~N+1 
XBY=1.ixO 
\.JXO=O 
T = I) T 

161 WX1::w x0+T*FREO 
1,.1?=1..rx 1 
v D = r, *COS C ~'7 / l,H1) / r l< P ( V 7 * G GM) 

. 162 VY=Y~-vn 
JF(VY-1.) 6 l,63,63 

64 BV(J)::V1C2) 
TV(I)::T 

!,! X Y ( T ) = \./ X 1 
f,YV(T):yy 

GO Tn 116 
1,,IV~:WY1 

RY~=Y1<2) 

f.0 TO 47 

------ /· 
I 

I 
( 
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61 ~• X ~•:: 1.,,1 XV ( J ) - ( C /, Y Y ( 1 ) - 1 , ) .;, ( ~.• l( Y ( I ) - W X Y ( I -1 ) ) / ( A Y Y ( T ) - AV Y ( I -1 ) ) ) 

T Y 1"" = ( I.I Y •·' - ~: Y ( , ) / r R E 0 
A v ~ = R V ( I ) - ( ( I! ·y C l ) •· P. Y { I - 1 ) ) 1-· ( T Y ( I ) - T Y '·I ) / ( T Y ( T ) - T V ( I - 1 ) ) ) 

4? V7::"Y~ 
Y ri : f') * 1,11>' .,_ C n <: ( ~J 7 i ~• 1.1 -+ c; + S 1 ) / t X P ( \,J?.., t; M ) + I) * C () S ( ~! 7 + ~ - S 1 ) 

T F ( K . , N • r o _ 1 ) Y r, = O * C n S C l: 7 I \.I r l ) / F. X i> ( 1 J 7 * G G H ) 
A ?. : - r, "-' * v ~ ,.. r, P S ( l" 7 / 1 1 I~ -i· S + S 1 ) / E X P ( l.J 7 * G I,'. ) •• S I t, ( W 7 / W ·•1 + S + S 1 ) / E X P ( (, I 7 * G ~ ) 

1 - , J N < 1.1 7 + S - s 1 ) 
Jr(~N ~ .r0.1)A?=-GG~•C0S(W7/WM}/EXP( W7•~t;M)-1 ./W~*SJN 

1 ( •.,r 7/vi,•)/F}'rC\.17~fiG''> 
Yri:Yf'l+1. 
vn:RVM/(FRFO*D*YW) 
\I F = 2 . * A 2 - V (, 
~! X 1 :1,J X M 
VY:1. 
W:<0::t./XM 

OT:VF(10) 
GO TO 15 

116 AY.=YV•YW 

xrAP:(?.•~X-X~AY-X~IN)/(XMAX•XMIN) 
Jr.Ail=O 
CALL ~02AFF<8,AA,XCAP;PP;IFA1l) 

!J .I = 1 0 M 1 
P.JK:15 

(' .~ L I_ E 0 1 ,ti. r. F < N J , A X , Y. , V F , R R R , Z 2 Z , I > J ~ , Q T ) 
PR: PR*1 (y6ff-.. 666 
vo=PP./f.R 
VPJ=-Vli-Y1(?) 
·Jr(VRT.LT.0.)VPJ:-VPT 
PR :\IQ T • f) !) /VV 

tF(RQ,C,T.70000)r,n TO 27 
RCAP:(2.•PP-R ~tX -µ~f~)/(R MAX-RMIN) 
C:AIL F.0?AEFCN,AAA1 ,RCfi.P,PF,IFAJL) 
J:'i:J(1)::PF 
C:\11. fO?AEF(N,1\AA?.,PCAP,PF,JFAJL) 
Pt=J(;>)::PF 

C~Ll FO?AEF(N,AAA3,PCAP,PF,JFAIL) 
Pr:J(,)::DI'. 

Ctil L F02AfF(N,AAAt..RCAP,PF,IFAIL) 

PFJ(t.)=PF 
t.l\l.L [02/\FF(N,AA .~'i.RCAP,rr, IFAIL) 
Pl=I('i)=PF 

r .°'I L r:O?AFF<N,f'.Ati.r-.,PCAP,PF,lf.AIL) 
Pl'.f(f,):PF 

f.f.11 E0?'1FI C!\,f.t. t-7,RCf.P,PF, IFAIL> 
PFI(?):pr-
C~ll f~?~FF(~,AAAR,RCAP,PF,JFAtL) · 
PF!C~)=P~ 
C:f.11 f()?ArF(M,AAllO,RC'.Ar,Pr,tr-ATL) 
r>FTCQ)::pi: 
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1U.A=AX*?O. (, "!:.7 
Ct ll EO1A GF( ~ 2,)AA,XH,PF1,WWW,DDD,IG,VAL) 

Fl=V~l*( VP J•i2.) * (f D**?.)•HH 
(,Q TO 16 

27 WPITF(3,110)RR 
11 9 F n p t,I A ·r ( 1 X , ' p R = I , E 1 5 • ? ) 

"!-I I_ r.PF"II) 

STOP 

FND 

REAL FU~CTION F9CW) 
QJ:AL W 

c 0 ;..., ~ o ~' N , r ~, , Y tJ , R M , F 1 , x r: A x , x M r N , . o , w M , r- R E o , s , s 1 , GM , x x , . c, , , B F 1 

F 9 = r. ·~ * *? . * \ 1 ~ , c n s c \..! / I • .J t , + S + s 1 ) / E x P C W *GM > 
1 4 ? . * r, ~ * c; J ,.j ( ~I / i' l,i + <: + ~ 1 ) / J: y P ( i .1 * (i M ) 

1 -CnS(W/ WM +S+ S1)/(~MwFXP(W•r.M)) 
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