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Abstract

Property testers are randomised sublinear time algorithms which infer global structure from
a local view of an input. In the context of bounded degree graphs, testability of a property is
tightly linked to the question of whether an approximate distribution of r-neighbourhood types
of a graph is sufficient to capture whether the graph has the property or is “far” from having
the property. Our understanding of when this is the case is limited. The central open question
in the field of property testing is to characterise testable properties of bounded degree graphs.

Towards a characterisation of testable properties in the bounded degree model, we study
property testing of properties definable in first-order logic (FO) in the bounded degree model.
By Gaifman’s locality theorem it is known that FO can only express local properties. On the
other hand, testers can explore only local neighbourhoods and hence locality is necessary for
testability. We prove however, that the notion of locality imposed by being definable in FO is
not sufficient for property testing. More precisely, we show that there is a non-testable property
defined by an FO-sentence whose quantifier prefix contains only one quantifier alternation of the
form “V3”. We complement this by proving that every FO-sentence not containing a quantifier
alternation of the form “V3” can be tested with a constant number of queries. We further
identify some classes of FO-sentences which yield testable properties and contain quantifier
alternations of the form “v3”. These sentences express that the distribution of r-neighbourhood
types is of a particular, simple form.

We explore the connection between the notion of locality imposed by FO and the notion
of locality necessary for testability further. We establish links between FO definability and a
generalised notion of subgraph freeness. This notion was introduced in the context of character-
ising one-sided error proximity oblivious testers, a particularly simple type of testers. Using a
variation of our non-testable FO definable property we show that generalised subgraph freeness
does equally not capture the locality needed for testability, which answers an open question
regarding the characterisation of testable properties in the bounded degree model.

Going beyond FO definability, we explore hardness of property testing problems in connec-
tion with classical complexity theory. We obtain a deterministic construction of hard instances
for property testing Hamiltonicity, which is a known non-testable property. This construc-
tion is interesting from the perspective of exploring links between structural properties and
non-testability. We further utilise the lower bound technique developed in the context of our
non-testable FO definable property to prove non-testability of having treewidth logarithmic in

the number of vertices.
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Chapter 1

Introduction

Computational challenges arising in the context of big data are omnipresent in modern day
computer science. As technology advances, data sets get increasingly large. Due to the nature
of distributed systems we are faced with the challenge of big data sets for which classical
algorithmic approaches are impractical. In order to still do a qualitative analysis of the data,
we have to come up with new algorithmic approaches. In cases where the data set is so large
that storing the entire data set in working memory is infeasible, we can consider streaming
algorithms. These algorithms see a random stream of the data but can only store a certain
amount of it at any point in time (see e.g. [105[108]). Now assume that the data set is so
large it would even be unfeasible to process it even once. In this case we can consider using
a sampling based algorithm which explores only a small (randomly picked) part of the object.
Property testing is a framework for studying sampling based algorithms that solve a relaxation
of a decision problem. Given a property P, a property testing algorithm (short: tester) for P is
given query access to an input object A (i.e. some large data set) and has to decide whether .4
has property P or is far from having property P, where the notion of farness is model dependent.
Property testing was first proposed in 1996 by Rubinfeld and Sudan in the context of program
checking [117]. The idea of property testing was extended to graphs shortly after. In 1996
Goldreich, Goldwasser and Ron introduced the dense model |71]. Property testing on dense
graphs is well understood due to a characterisation of which properties are testable on dense
graphs by Alon, Fischer, Newman and Shapira [7] based on Szemerédi’s celebrated regularity
Lemma [121].

Shortly after the introduction of the dense model, Goldreich and Ron introduced the
bounded degree model [73]. In the bounded degree model we consider graphs of degree at
most d, where d € N is a constant. A tester accesses an input graph via neighbour queries,
i.e. for any vertex v a tester can obtain the i-th neighbour of v where i € {1,...,d}. A graph
G on n vertices is e-far from a property P if more than edn edge modifications are necessary

to make G have the property P. A tester has to distinguish whether an input graphs G has
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property P or is e-far from having property P with probability % correctly, where the number
of queries the tester makes might depend on € and d, but is independent of the size of G. Since
the introduction of the bounded degree model, extensive research has been done into studying
property testing in this model (see Chapter [4|for an overview). However, in the bounded degree
model no characterisation of which properties are testable is known. This is a long standing
open problem in the area of property testing. In this thesis we approach the question from the

direction of first-order logic.

Studying property testing of first-order logic (FO) definable properties of graphs, we are
aiming for algorithmic meta-theorems. Recall that FO for graphs is recursively defined from
the atomic formulas expressing equality and adjacency of vertices using boolean connectives
(negation, conjunction, disjunction, implication and biimplication) and existential and universal
quantification over vertices. FO can express a variety of properties such as subgraph freeness
and subgraph containment, which are constant query testable in the bounded degree model [73].
There are also properties which are constant query testable but can not be expressed in FO,
e. g. connectivity and cycle freeness [73|. Furthermore, the corresponding decision problem i.e.
deciding a property defined by an FO-sentence on the class of bounded degree graphs, takes

linear time by Seese’s theorem [119].

On bounded degree graphs Hanf’s theorem [83] implies a normal form for FO, so called
Hanf normal form (HNF). A sentence in HNF is a boolean combination of Hanf sentences,
which are sentences of the form 32™x¢, (r) expressing that there are at least m vertices whose
r-neighbourhoods have isomorphism type 7. Every sentence is equivalent to a sentence in HNF
on any class of bounded degree graphs. This implies that satisfying a given formula depends on
which neighbourhood types appear in a graph. On the other hand, property testers for bounded
degree graphs essentially sample a constant set of r-neighbourhoods and compute an answer
only depending on which neighbourhood types they observe (see [78] and [34]). It is known
that a constant query tester can estimate the relative frequencies of neighbourhood isomorphism
types appearing in a bounded degree graph well [112]. This hinges on the following modification
problem. Assume ¢ is a sentence in HNF. For any graph G for which the relative frequencies of
neighbourhood types appearing in G almost satisfy the requirements for satisfying ¢, is there
a set of at most edn edge modification to adjust the frequencies of neighbourhoods appearing
in G according to . Taking into account this close connection between testability and FO
definability, the question of whether all FO definable properties are testable seems reasonable

and was in fact asked in [2].

We study testability of FO definable properties by prefix classes motivated by a similar study
in the dense model by Alon, Fischer, Krivelevich, and Szegedy [6]. Here an FO-sentence is in
the prefix class X5 if it is equivalent to a sentence in prenex normal form with quantifier prefix of
the form Jz; ...z Vy; . .. Yy, where k, ¢ € N. Similarly, a sentence is in Il if it is equivalent to
a sentence in prenex normal form with quantifier prefix of the form Vz; ...Vxy3y; ...y, where
k,f € N. We obtain the following result for testing FO definable properties in the bounded



degree model (proved in Chapter @

Theorem. FEvery FO-sentence @ € ¥o defines a testable property in the bounded degree model.
On the other hand, there is a property in Il which is not testable in the bounded degree model.

For the testability of any sentences ¢ in 35 we show that ¢ has a certain structure which
allows us to reduce testability of satisfying ¢ to the case of testing subgraph freeness using
certain closure properties of property testing. On the other hand, for the non-testability result
we define an FO-sentence 20 of relational structures, which we use for modelling purposes.
The sentence o) essentially defines a property of structures whose underlying graphs are edge
expanders and is equivalent to a sentence in Ily on structures of bounded degree d. These
structures are constructed exploiting a recursively defined expander construction based on the
zig-zag product introduced by Reingold, Vadhan and Wigderson [115]. Replacing relations by
suitable graph gadgets we obtain an FO definable class of bounded degree expanders. Beyond
the negative algorithmic ramifications, this shows how surprisingly expressive FO is despite
its locality (see Gaifman’s locality theorem [63] and Hanf normal form [83]). Besides our
construction we are not aware of any other (infinite) class of expanders which is definable in
FO.

We explore testability of FO definable properties further in Chapter [7]] We call the prop-
erty of all graphs where neighbourhood isomorphism type 7 does not appear, 7-neighbourhood
freeness. We show that this generalisation of subgraph freeness, which can be expressed by a
negated Hanf sentence, is testable under some mild assumptions on the degree. We further con-
sider the property where the neighbourhood of every vertex has isomorphism type 7, which we
call T-neighbourhood regularity. We identify a special class of radius 1 neighbourhood isomor-
phism types 7, for which 7-neighbourhood freeness is testable. Furthermore, 7-neighbourhood
freeness and T-neighbourhood regularity are in general not expressible by a sentence in Yo and
hence testability does not follow from our previous testability result. This further implies that
prefix classes do not yield a characterisation of which FO definable properties are testable.

Modification problem similar to the one stated above form the core of the question of a
characterisation of which properties are testable in the bounded degree model. In their seminal
work on a special class of particularly simple property testers, i.e. proximity oblivious testers
(POTs) with one-sided error, Goldreich and Ron gave a characterisation of POTs with one-
sided error using the notion of generalised subgraph freeness |76]. Generalised subgraph freeness
intuitively expresses that some induced subgraphs can not appear with a specific interface to
the rest of the graph. In [76] the following question is asked, “Is every generalised subgraph
freeness property non-propagating?”, where intuitively a generalised subgraph freeness property
is non-propagating if the removal of a small set of appearances of such generalised subgraphs
can be removed without causing a chain reaction of necessary modification. A recent work of
Ito, Khoury and Newman, in which one-sided error testability of both monotone properties and
hereditary properties is characterised, picks up this open question [89]. Indeed, [89] provides

evidence that a positive answer to the question asked in [76] would lead to a classification
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of one-sided error testability in the bounded degree model. ‘We answer the question asked
in |76] negatively by showing that a minor variation of the non-testable FO-property defined
by P can be expressed as a forbidden subgraph freeness property (see Chapter . For this
we identify a condition of FO-sentences that implies being a generalised subgraph freeness
property and argue that a slight variation of the sentence Y@ satisfies this condition. Even
though this is essentially a negative result, it provides us with some insights into the problem
of a characterisation of which properties are testable in the bounded degree model.

We further explore connections between property testing and classical complexity theory.
Reducibility amongst property testing problems requires a notion of reduction that allows sim-
ulating a tester for a problem by another tester. Since query access is local this implies that
the reduction has to be local in the sense that presence of a certain edge in the reduced graph
can only depend on a constant size set of neighbourhoods in the original graph. These local
reductions do not have to be restricted in time, because they are only computed locally in the
simulation. In some cases (particularly but not necessarily when the polynomial time reduction
is linear) polynomial time reductions are essentially local reductions (see e. g. |[70,/129]). We give
an example of such a case in Section for dominating set. The existence of a polynomial time
reduction amongst decision problems restricted to bounded degree graphs does not in general
yield a local reduction, i. e. there are NP-hard problems that are testable in the bounded degree
model (for details see Chapter E[) A problem where the polynomial time reduction known is
not local is treewidth ( |14,[66,/68] or [14,/107] for bounded degree planar graphs). We obtain
non-testability for treewidth using a combination of a result from Grohe and Marx showing that
the treewidth of expanders is linear in their size and a lower-bound technique we developed for
proving non-testability of FO definable properties. This lower-bound technique combines a
result by Alon [102}, Proposition 19.10] and a theorem by Adler and Harwath [2, Theorem 19],
but only provides non-testability with O(1) queries.

With the aim of understanding structural reasons for hardness we provide a deterministic
construction of hard instances for testing whether a graph is Hamiltonian. Hamiltonicity can
not be tested with a sublinear amount of queries [70,{129], which is due to a local reduction
from 3-SAT. The graphs we construct are both far from being Hamilonian (we need at least
an e-fraction of edge modifications to make the graph Hamiltonian) while they locally look
Hamiltonian (the neighbourhood of any d-fraction of vertices appears in a Hamiltonian graph,
for some fixed ¢ € [0,1]). The construction uses a base expander and encodes a property into
certain graph gadgets, which can be satisfied at a d-fraction of the vertices but can not be
satisfied for any larger amount of vertices. We hope that this construction will give us further

insights into connections between non-testability and graph structure.

Outline of chapters In Chapter 2] we recall basic concepts of graph theory, relational struc-
tures and first-order logic and introduce the notation used throughout this thesis. In Chapter [3]

we introduce property testing in general, the models relevant for this thesis and local reduc-



tions. In Chapter [4 we survey the history and recent developments in related areas such as
model checking and property testing. In Chapter [5] we provide generalisations from bounded
degree graphs to bounded degree relational structure of two results (|102, Proposition 19.10]
and the canonical tester result [34]). In Chapter |§| we provide the proof of the characterisa-
tion by prefix classes of FO definable properties. In Chapter [7] we prove testability results for
neighbourhood regularity and neighbouhood freeness under certain restrictions. We prove that
there is a non-testable generalised subgraph freeness property in Chapter [§] Results related
to testing NP-hard problems are contained in Chapter [J} We provide concluding remarks in

Chapter
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Chapter 2

Preliminaries

In this section we give a short overview of the basic concepts and notation used. Note that a
detailed introduction to property testing is postponed to Section[3] Furthermore, some concepts
only needed in specific chapters of this thesis are given in the respective chapter. To keep this
chapter as concise as possible we also omit introducing notions of complexity theory like big-O
notation and refer e.g. to [28].

Besides introducing some general notation in Section [2.1, we introduce basic concepts of
graph theory in Section We further introduce relational structures in Section [2.3]including
some notions for bounded degree relational structures. We give an introduction to first-order
logic in Section [6.3] including an introduction to all normal forms for first-order logic required

in this thesis.

2.1 Set notation

In the following N = {0,1,2,3,...} denotes the set of all natural numbers. We denote the set
N\ {0} of positive integers by N5. For any natural number n € N we denote the set of the n
smallest natural numbers by [n] ;== {m € N:m < n}.

For a function f : A — B we denote by f(S) for some S C A the set {f(a) | a € S}. We
further denote the restriction of f to S C A by f|s.

More convention on the notation used in this thesis can be found in the list of notation

given in the preamble.

2.2 Graphs

In this section we give a short introduction to the graph theory concepts we need. A more
detailed introduction to graph theory can be found for example in the book [42]. We further

like to point out that some further notions for graphs are defined in Section [2.3

7



8 CHAPTER 2. PRELIMINARIES

A (simple, undirected) graph G is a tuple G = (V, E), where V is a finite set and F C {e C
V| le] = 2}. We call the elements of V' wvertices of G and the elements of E edges of G. For
a graph G = (V, E) we denote the set of vertices V by V(G) and the set of edges E by E(G).
We say that a vertex v € V(G) is incident to an edge e € E(G), if v € e. We call two vertices
v,w € V(G) adjacent, if v,w are incident to the same edge. If two vertices v,w € V(G) are
adjacent, we say that w is a neighbour of v (note that the neighbourhood of a vertex is defined
later in Section [2.3). The size of a graph G is defined to be |V (G)| + |E(G)|. The order of a
graph G is the number of vertices |V(G)|. A (graph) isomorphism from a graph G to a graph
H is a bijective map f : V(G) — V(H) which preserves adjacency, i.e. for any v,w € V(G)

{v,wp e BE(G) < {f(v),f(w)} € E(H).

We say that G and H are isomorphic, denoted G = H, if there is an isomorphism from G to
H. A graph H is a subgraph of a graph G if V(H) C V(G) and E(H) C E(G). For any set
S C V(H) we say that the graph (S, Eg), where Eg := {e € E(G) | e C S}, is the subgraph
induced by S. We say that H is an induced subgraph of G if H is the subgraph induced by
some set S C V(G).

Let G be a graph and v € V(G). The degree of v, denoted degg(v), is the number of edges

v is incident to, i.e.
dego(v) :=|{e € E(G) | v € e}|.

The degree of G, denoted deg(G), is the maximum degree of the vertices of G, i.e.

deg(G) = Uénva%){degc(v)}

We say that G is d-regular for some d € N if every vertex in G has degree d. We say that G is
degree-reqular if there is d € N such that G is d-regular.
Let G be a graph, v,w € V(G) and £ € N.

— A walk from v to w of length ¢ is a tuple (po, ...,p¢) € V(G)H! such that v = pg, w = p,
and {p;—1,pi} € E(G) for every i € {1,...,(}.

— A path from v to w of length ¢ is a walk (po, ..., p¢) from v to w such that {p;—1,p;} #
{pj—1,p;} for every i,j € {1,...,¢} with i # j.

— A path (sg,...,sk) is a subpath of a path (po,...,pe) if there is an index 0 < i < ¢ — k
such that s; = p;4; for every 1 < j < k.

— A simple path in G is a path in which no vertex appears twice.

— A cycle of length ¢ is a path (co,...,c¢¢) such that ¢ = ¢y and (co,...,ce—1) is a simple

path.
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Note that for every vertex v € V(G) the tuple (v) is a path of length 0 from v to v. We define

the graph theoretic distance distg (v, w) between v and w in G to be

there i th of
distg (v, w) := min ({6‘ ere 15 a path o } U {oo}>

length ¢ from v to w

We further define an equivalence relation ~. on V(G) as follows. For every two vertices v, w €
V(G)
Vo w o = distg (v, w) < oo.

We call a subgraph of G induced by an equivalence class of ~. a connected component of G.
We say that a graph G is connected if G has only one connected component, that is, if ~. has

only one equivalence class.

2.2.1 Graph representation

In property testing graph representation plays a fundamental role as it influences which infor-
mation about a graph is accessible in constant time.
Let G be a graph and V(G) = [n]. We call the symmetric matrix M € N"*" defined by

1 if {i,5} € B(G),

0 otherwise.

Mi,j =

an adjacency matriz of G. Note that the adjacency matrix depends on the choice of an order
on V(G).

We call a tuple (Li,...,L,) an adjacency list of G where L; € V(G)8c(®) is a tuple such
that

(L;)j ==k, where k is the j-th neighbour of ¢ with respect to <,

where <; is a total order on the set of neighbours {k € V(G) | {i,k} € E(G)} for every
1<1<n.
Note that L depends on the choice of an order on V(G) and the orders of neighbours for every

vertex.

2.2.2 Directed graphs and multigraphs

While we mostly are interested in simple undirected graphs in some chapters we use multigraphs
or directed graphs. Most concepts for simple undirected graphs can be extended to multigraphs
and directed graphs in a straight forward way. Hence we will (besides introducing both types

of graphs) just introduce the notions that are different from simple, undirected graphs.
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A multigraph (or an undirected graph with parallel edges and self-loops) G is a triple G =
(V(G), E(G), fa), where V(G) and E(QG) are finite sets and

fa: E(G) = {x CV(G) 1< |a] <2}

Here we call fg the adjacency map of G. Let G and H be two multigraphs. We call a pair of
bijective maps (hy, hg), where hy : V(G) — V(H) and hg : E(G) — E(H), an isomorphism
from G to H, if

hv(fa(e)) = fu(he(e))

for any e € E(G). We say that G and H are isomorphic, denoted G = H, if there is an
isomorphism from G to H. Let us remark here that every simple graph is a multigraph.

A directed graph G is a tuple G = (V(G), E(G)), where V(G) is a finite set and E(G) C
V(G)2. While directed graphs are relational structures, which will be introduced in Section
in detail, the following concepts are particular for directed graphs. Let G be a directed graph
and v € V(G). We define the set of incoming edges of v to be the set E;(v) := {e € E(G) |
e = (w,v)} and the set of outgoing edges of v to be Ef;(v) :={e € E(G) | e = (v,w)}.

2.2.3 Expansion and hyperfiniteness

In this section we introduce the concept of expanders and hyperfinite classes of graphs. These
two concepts play a central role in property testing. We define expansion for the general case

of multigraphs. We need hyperfiniteness only for simple graphs.
Definition 2.2.1 (Class of expanders). Let G = (V, E, f) be a multigraph.
— For any subsets S, T CV, SNT =0let (S,T)g:={ec€ E| fle)ynNS#0D, fle)yNT # (O}
be the set of edges crossing S and T

— For any set S C V, we let h(S) := % be the expansion of S.

— We let h(G) be the expansion ratio of G defined by

h(G) = mi h(S).

= n
{scvis|<ivi/2}
For any constant ¢ > 0 we call a sequence (Gn)nen of graphs a family of e-expanders, if

[V(Gn41)| > [V(Gy)| and h(Gy) > € for all N € N.

We call a class C a class of expanders if C contains some sequence of expanders.

Definition 2.2.2 (Hyperfinite class). Let 6 € [0,1] and k € N5o. A graph G is called (9, k)-
hyper-finite if we can remove 0 - |V (G)| edges and obtain a graph whose connected components
have size at most k.

A class C of graphs is hyper-finite if for every ¢ € [0, 1] there is a k € N5 such that every graph
in C is (6, k)-hyper-finite.
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Examples of hyperfinite classes of graphs are the class of all planar graphs or the class of

graphs of bounded treewidth.

2.3 Relational structures

In this section we define all concepts we use for relational structures. Here we dedicate a

subsection to bounded degree relational structures.

A (relational) signature is a finite set 0 = {Ry,..., R} of relation symbols R;. Every
relation symbol R; has an arity ar(R;) € Nso. For a relational signature o we denote the
maximum arity of its relation symbols by ar(c). A (relational) o-structure is a tuple A =
(A, R{A, ..., R{"), where A is a finite set called the universe of A (typically we let A = [n]) and
RA C A*(R) is an ar(R;)-ary relation on A for every i € {1,...,¢}. For o-structures A, B,C, ...
we denote their universes by A, B, C'. .. and their respective relations by R4, RB, RC ... for every
R € 0. For a relational signature o and a o-structure A we call |A| the size of A. Note that we
define structures to be finite. Let 0 = {Ry,..., R/} be a signature, A = (4, R{, ... ,Rz“) and
B = (B,RB,...,RB) o-structures. An isomorphism from A to B is a bijective map f: A — B

which preserves relations, i.e.

(a1, any) € BE <= (fla1), - f(aanin) ) € RE

for every 1 <i < £ and elements ay, ..., aa(g,). We call A and B isomorphic, denoted A = B, if

there is an isomorphism from A to B. The union of A and B, denoted AU B, is the o-structure
AUB = (AuB,R{‘uRlB,...,R;‘URE).

If AN B = () we often denote the union of A and B by AU B. B is a substructure of Aif B C A
and R C RA for every i € {1,...,¢}. For a subset M C A, we let

.A[M] = (M7R-1A ﬂMar(Rl),...,RfﬁMar(R’f))

be the substructure of A that is induced by M. We call a substructure B an induced substruc-
ture of A, if B is induced by some subset M C A.

There is a natural way of assigning a graph to a relational structure. Let o be a relational
signature and A be a o-structure. The Gaifman graph of A is the graph G(A) = (A, E), where
{z,y} € E, if there is a tuple (by,...,ba(r,)) € R for some 1 < i < ¢, such that = = b; and
y = by for some 1 < k,j < ar(R;) and j # k (see for instance [101]). While G(A) does not
capture all the structural information contained in A, we use G(A) to apply graph theoretic

notions to relational structures. For two elements a,b € A we define the distance between a
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and b in A, denoted by dist 4(a, ), to be the graph theoretic distance of @ and b in G(A), i.e.
dist 4(a, b) := distg(a)(a,b).

This allows us to define neighbourhoods and neighbourhood types. Let r € N and a € A. The
r-neighbourhood of a, denoted N4(a), is the set of all elements in A with distance at most r to
a, i.e.

NA(a) :={be A|dist4(a,b) <7}

For a subset of elements S = {aj,...,ar} C A we define the r-neighbourhood of S to be
NA(S) = Ule NA(a;). We denote the structure induced by the r-neighbourhood of a by
N (a) := AN (a)]

and equivalently we let NA(S) := A[NA(9)] for any S C A. An r-ball is a tuple (B,b) where
B is a o-structure and b € B such that N5 (b) = B. For an r-ball (B,b) we call b the centre of
(B,b). Two r-balls (B,b), (B',V') are isomorphic if there is an isomorphism f from B to B’ such
that f(b) = 0’. We call the isomorphism classes of r-balls r-types. Note that by definition we
have that (M2(a), a) is an r-ball for any o-structure A and any a € A. For an r-type 7 we say
that a has (neighbourhood) type 7 if (NA(a),a) € 7.

Let o be a signature. A class of o-structures is a set C' of o-structures, which is closed under
isomorphism, i.e. if A € C' and B is isomorphic to A then B € C. For a class C of relational
structures we denote by Cln := {4 € C | |A|] = n} the subset of all structures on n elements
in C. A property on C is a class P C C of structures. We say that a structure A € C has
property P if A € P.

Remark 2.3.1. Let ograpn := {E}, where E is a relation symbol of arity 2. We can define
a directed graph G = (A, E9) (or di-graphs) to be a ogapn-structure, where the universe A is
the set of vertices and the tuples in FY define the edges.

We can regard undirected graphs as defined in Section [2.2] as a subclass of directed graphs,
where a directed graph is an undirected graph if the edge relation is symmetric and irreflexive.
Therefore we get that the notion of neighbourhoods, r-balls, r-types, properties and classes

directly translate to graphs.

2.3.1 Bounded-degree structures and neighbourhood distributions

In this section we introduce classes of bounded degree relational structures/graphs which are of
particular interest to us. We further point out some particularities for bounded degree which

are the basis for our work.
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Let o be a relational signature, A be a o-structure and C be a class of o-structures. The
degree of an element a € A denoted by deg 4(a) is defined to be the number of tuples of A in

which a occurs, i.e.

deg 4(a) == Z H(al,...,aar(R)) eRA | ac {al,...,aar(m}}‘.
Reo

We define the degree of A denoted by deg(A) to be the maximum degree of its elements. For an
r-type 7 we let the degree of 7 be deg(B) for (B,b) € 7. A structure A is called degree regular
if for every element a € A we have deg 4(a) = deg(A), i.e. if every element in A has the same
degree. Let d € N. We say that C has bounded degree d if deg(A) < d for all A€ C. Ford € N
we denote the class of all o-structures of bounded degree d by Cy. Note that for simplicity we

omit o from the notation. For d € N we denote the class of graphs of bounded degree d by Cy.

Remark 2.3.2. Note that the degree for undirected graphs defined in Section is by a
factor two smaller than the degree defined for the corresponding relational structures due to

the symmetry of the edge relation.

In the following we will argue that for bounded degree structures/graphs there is a finite
number of r-types which allows us to define vectors capturing precisely how often a certain
neighbourhood type appears in a structure/graph. These vectors play a central role both for

first-order logic and property testing and will reoccur throughout the following chapters.

Lemma 2.3.3. Let o be a relational signature, d € N and A be a o-structure of bounded degree
d. Forallre Nandae A
INA(a)] < (2-d - ar(0))".
Proof. We can write N/A(a) as a disjoint union
T
N (a) = | |{b e A dista(a,b) = i}.

T
=0

Since every element b € A can be in no more then d tuples, each of which contains fewer than

ar(o) elements besides b, we get that
[{be A|dista(a,b) =i}| <d-ar(o)-|[{b€ A|dista(a,b)=i—1}]
for 1 < i <r. Hence

INAa)| < 14d-ar(o) + (d-ar(a))’ + -+ (d-ar(o))"
<(r+1)- (d . ar(a))r
<(2-d- ar(a))r,

where we use r + 1 < 27 in the last inequality. O
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Lemma 2.3.4. Let o be a relational signature and d € N. Let r € N. The number of different
r-types of bounded degree d is finite and depends only on d, r and o.

Proof. For any number n € N, the number of non-isomorphic o-structures with at most n

elements is finite. This is the case as for every isomorphism class of o-structures there is a

representative A such that A = {1,...,k}, k¥ < n. For two non-isomorphic o-structure A, B
with A = {1,...,k} and B = {1,...,k} there must be R € o such that R* # R5. But for
every R € o there is a finite number of ways to pick a set of tuples from {1,...,¢}*?) and since

o is finite the total number of non-isomorphic o-structure with at most n elements is finite and
depends only on n and o.

For any r-type 7 and (B,b) € 7 Lemma implies that B has at most (2 -d - ar(o0))"
elements. Furthermore, for any o-structure B on at most (2 -d- ar(o))r elements and any b € B
there can be only one r-type 7 with (B,b) € 7. Since there are at most (2-d - ar(a))r choices

for b the number of r-types of bounded degree d is finite and depends only on d, » and ¢. [

We can now define the following notions each capturing the appearance of types in a struc-
ture. Note that each of the notions defined in the following depends on some fixed ordering of

the r-types.
Definition 2.3.5 (Histogram vector). Let o be a signature and d € N. For A € Cy and r € N
we define the histogram vector, denoted hist,.(A), of A by

(hist, (A)); == [{a € A | (N7(a),a) € T},

where 71, ..., 7 is a list of all r-types of bounded degree d.

Definition 2.3.6 (Frequency vector). Let o be a signature and d € N. For A € Cy and r € N
we define the frequency vector, denoted freq,.(A), of A by

_ Hae AW (a),a) € 73}

(freq, (A); : a ,

where 7q,...,7; is a list of all r-types of bounded degree d.

Definition 2.3.7 (Neighbourhood distribution). Let o be a signature and d € N. For A € Cy
and 7 € N we define the r-neighbourhood distribution of A to be the function p4, : {X C
{m1,...,7}} = [0,1], where 71, ..., 7 is a list of all r-types of bounded degree d, defined by

a Ala). a .
par(X) = 2rex I EA:/(lNT (a),a) € T}

for any X C {r,...,7}.

Note that we omit ¢ and d from the notation as they will be clear from the context.

Furthermore, if 0 = 0grapn then we assume that the list of r-types 7q,...,7; does not contain
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types 7 for which B does not have a symmetric and irreflexive edge relation for any (B,b) € 7.
We essentially omit all ograpn-types which do not represent graphs.

While the histogram vector, the frequency vector and the neighbourhood distribution all
contain essentially the same information, the respective notions are later used in different con-

text where they are the appropriate notion to look at.

2.4 First-order logic

In this section we will introduce first-order logic (FO). A more detailed introduction to relational
structures and FO can be found for example in the books [51}52}/101].

Let o be a signature. Let VAR be a infinite, countable set of variables. Typically we denote
variables by z,y, z,x1,Z2,...,Y1,Y2,... OF 21, 22,.... The alphabet of first-order logic A, over

o is the set
Ay :=VArRUo U{=} U{V,FtU{- A V,—, <} U{(,)}U{},

where 3 is the existential quantifier, V is the universal quantifier, — is the logical negation,
A is the conjunction, V is the disjunction, — is the logical implication and <+ is the logical

biimplication. The formulas of first-order logic FO|o] is the following recursively defined subset
of (4,)*

— x1 = xo is a formula in FO[o] for all 21,25 € VAR.

If R € 0 is a relation symbol and z1,. .., Z.(r) € VAR, then R(21,..., 2. (r)) € FO[o] is

a formula.

— If ¢ € FOJo] is a formula, then —¢ € FO[o] is a formula.

If ¢, 9 € FOJo] are formulas, then (¢ * 1) € FO[o] is a formula for any logical connective
x € {\,V,—, <}

— If ¢ € FOJo] is a formula, then Vzy € FO[o] and Jzp € FO[o] are formulas for any
variable z € VAR.

Formulas of the form x; = x, where x1,22 € VAR, or R(z1,...,%4,(r)), Where R € 0 is a
relation symbol and x1, ..., Z4.(r) € VAR, are called atomic formulas. The length of a formula
¢ € FO[o], denoted by ||¢||, is the length of ¢ as a string over the alphabet A,.

In a formula of the form Qzg, where Q € {3,V}, x € VAR is a variable and ¢ € FO[o] is a
formula, we say that every occurrence of  in ¢ is in the scope of Q). For any formula ¢ € FO[o]
we call the variables in ¢, that do not occur in the scope of any quantifier, free variables and
denote the set of free variables in a formula ¢ by free(y). We write ¢(x1,...,2x) to specify
that free(¢) C {x1,...,2}. We call a formula ¢ € FO[o] an FO-sentence if free(p) = 0.
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We define the semantics of FO recursively as follows. For an atomic formula of the form
R(z1,...,2.(r)), R €0 and ai,...,a,r) € A we say that A satisfies R(x1,..., 2. r)) under
the assignment of variables x; +— a; if (A1,..., a4 (R)) € RA. For an atomic formula of the
form z1 = x5 and a1, a9 € A we say that A satisfies x1 = x2 under the assignment of variables
x; — a; if a; = as. This allows us to define recursively when a o-structure A satisfies a formula
o(z1,...,2K) € FO[o] under variable assignment x; — a; for aq,...,ar € A where the logical
connectives as well as existential and universal quantification have the usual meaning. For a
FO-formula ¢(z1,...,z;) € FO[o], a1,...,ar € A we write A = ¢[aq,...,a] if ¢ is satisfied
for A under the variable assignment x; — a;. For an FO-sentence ¢ we say that A is a model
of p if Al ¢. We can now define equivalence of FO-formulas. Two formulas ¢(x1,...,xg)
and ¥ (xq,...,z) are called equivalent, denoted ¢ = 1, if for all o-structures and elements
ai,...,a € A the following holds

A= plar,...,ax) <= AEYa,...,a].
The following lemma can be proved by induction over the construction of FO (see e.g. [52]).

Lemma 2.4.1 (Isomorphism Lemma [52]). Let o be a relational signature and A and B iso-

morphic o-structures. Then for every FO[o|-sentence the following holds

AEp+= BEo.

The isomorphism lemma (lemma [2.4.1)) implies that being a model of an FO-sentence is

closed under isomorphism. This allows us to define properties by FO-sentences.

Definition 2.4.2 (Properties defined by FO-sentences). Let o be a relational structure and C
a class of o-structures. Then every FO-sentence ¢ € FO[o] defines a property P, C C given by

P, ={AcC| Ay}
We use the following abbreviations.

— We use = # y instead of -z = y.

— For any formula ¢(z) with free variable 2 we let 32™z ¢(z) be short for

Elxl...EIxm( /\ T #xj A /\ @(mi)).

1<i<j<m 1<i<m

— For any formula ¢(z) with free variable 2 we let 3™z ¢(x) be short for =32+ lzp(x).

— For any formula ¢(z) with free variable z we let 3=z ¢(z) be short for =™ xp(x) A
F=mxp(x).
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2.4.1 Normal forms of first-order logic

Normal forms for FO play a central role in the analysis of FO-formulas as well as our under-

standing of the expressive power of FO.

Disjunctive normal form

In this section we introduce disjunctive normal form for boolean combinations.
Let o be a signature and ¢1,. .., ¢, be any set of formulas in FO[o]. The boolean combi-

nations of @1, ..., o is the following recursively defined subset of FOlo].
— (; is a boolean combination of ¢1,...,,, for every 1 <1i < m.
— If ¢ is a boolean combination of @1, ..., @, then so is ).

— If ¢ and ¢’ are boolean combinations of @1, ..., ., then so is ¥ x ¢’ for x € {A, V}.

We say that a boolean combination ¢ of ¢1, ..., ¢, is in dijunctive normal form (DNF) if

for some n € N, £;,k; € N for every 1 <i <n and ¢ ; € {¢1,...,¢m} forevery i € {1,...,n},
je{l,...,6} and x;; € {¢1,...,pm} for every i € {1,...,n}, j € {1,...,k;}. We call the
formulas /\f=1 Wi N\ /\f=1 -, fori € {1,...,n} clauses of . We further refer to the formulas
¥ for every i € {1,...,n}, j € {1,...,4;} and -y, ; for every i € {1,...,n}, j € {1,...,k;}
as literals of .

The following lemma can be shown with a standard, straight forward argument.

Lemma 2.4.3 (Disjunctive normal form [52]). Let o be a signature and @1, ..., pmn € FO[o].
Then any boolean combination ¢ of p1,...,pm s equivalent to a boolean combination of

©1, .-y Pm n DNF.

Note that for any signature o and any two formulas ¢, 1’ € FO[o] we have that ¢ < ¢ =
(Y =Y )YAN @ — ) and Y — ¢’ = —p V). Therefore any quantifier-free formula ¢ € FO[o]
is equivalent to a boolean combination of atomic formulas. This allows us to define DNF for
quantifier-free formulas as follows. Let ¢ € FO[o] be a quantifier-free formula. We say that ¢

is in DNF if ¢ is a boolean combination of atomic formulas which is in DNF.

Prenex normal form and prefix classes

In this section we introduce prenex normal form which gives us a way to classify FO-formulas
and properties defined by FO-sentences.

Let o be a relational signature. An FOl[o]-formula ¢ is in prenez normal form if ¢ is of
the form Q121Q2z2 . .. Qrzr(z1, %2, ..., Tk, Y1, - - -, Ye), where Q; € {3,V}, z;,y; € VAR for all
ie{l,...,k}, je{1,...,£} and ¢ is an FO-formula not containing any quantifiers.
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Theorem 2.4.4 (Prenex normal form [52]). Let o be a relational signature. For every formula
o(x1,...,x) € FO[o] there is a formula ¢'(x1,...,x) € FO[o] in prenex normal form, which

s equivalent to .

First-order formulas can be classified by counting the number of alternations between exis-
tential and universal quantifiers in a prenex normal form of the formula.

We define ¥ = Il to be the set of all quantifier-free FO-formulas. We then define recursively
for all i € N5g.

there is k € N and ¢(z1,..., 2k, y1,.--,Y¢) € ;1
st. p=3xy .. (X1, Tk, Y1y - -, Ye) ’

-3 = {(p(yl,...,yg) € FO[o]

there is £ € N and ¢ (21,. .., %k, Y1,.-.,Ye) € Xi_1 }

- IL; :=< o(y1,---,ye) € FO[o]
{ st. p=Vay . Ve (X1, .o Tk, Y1y - - -5 Ye)

- Az = Ei ﬁHl

For a prefix class I' € {II;,3;, A;} we say that a property P is a I'-property if P = P, for a
formula ¢ € T.
Combining the above definition with Theorem we get

FO[o] = | J(%; UTL).

ieN

Additionally the following chain of inclusions holds.

o P Y2i-1 Yo
S OO s 2 S O QI
0 Ay As Agi Ag; Agit1
O & O & E o LO @ O & -
11, L Iy 1 II;

Gaifman normal form

In 1981 Gaifman established that an FO-formula can only define local properties by proving
that every FO-formula is equivalent to a formula in Gaifman normal form [63]. To introduce
Gaifman normal form we need the following concepts of locality of formulas.

For any r € N let dist<,(z,y) € FO[o] denote the formula, such that A = dist<,[a,b] if
and only if dist 4(a,b) < r for any o-structure A and a,b € A. Note that we can express
dist 4(a,b) < r in FO, since we can express that there is a path in G(A) from a to b of length
exactly k for any k € N and hence dist<,(x,y) is a disjunction of formulas of that form. Let

dists,(z,y) = ~dist<,(z,y).
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Let T = (x1,...,x). We define relativised quantifiers 3y € N,.(T)¢(y) and Yy € N,.(T)Y(y)

which are abbreviations for the formulas

Ely( \k/ dist<,(y, z;) A w(y))and

i=1

Vy( \k/ dist<,(y, z:) — w(y))-

i=1

The formula ¢(T) is called r-local around Z, if all quantification is of the form Jy € N,.(T) or
Yy € N,.(T). ¢(T) is called local, if there is an € N such that ¢(Z) is r-local.
Let r, ¢ € N, £ > 1. A sentence ¢ € FOlo] is called basic local (with parameters r,¢) if ¢ is

of the form

‘
=3 . ..Elxg(< /\ dist>2r(xi,xj)) A ( /\ 7,[1(3@)),

1<i<j<t i=0
where ¢(x) € FO[o] is r-local around z.

— A FOl[o]-sentence ¢ is in Gaifman normal form (GNF) if ¢ is a boolean combination of

basic local sentences.

— A FOlo]-formula ¢(x1,...,zx) is in GNF if ¢ is a boolean combination of basic local

sentences and formulas that are local around z1, ..., zg.
This allows us to formulate Gaifman’s locality Theorem.

Theorem 2.4.5 (Gaifman’s Locality Theorem [63]). Let o be a relational signature. For every
formula ¢ € FOl[o] there is a formula ¢’ € FO[o] in Gaifman normal form, that is equivalent

to ¢ and free(p) = free(¢’).

Let us remark that there is an algorithm converting a given formula into GNF. However
computing a GNF for a given sentence is very complex in the sense that there is no k£ € N such
that there is an algorithm with k-fold exponential running time for computing a GNF [40].
However, there is an algorithm which computes for a given sentence ¢ a sentence in GNF which
is equivalent to ¢ on structures of bounded degree d in triple exponential time [85]. As we
consider the problem of testing a property defined by a fixed sentence, this has no immediate

consequences for our algorithms.

Hanf normal form

Hanf’s Theorem [83] was proved in 1965 and later improved by Fagin, Stockmeyer and Vardi [54].
It roughly states that two structures A, B € Cy are equivalent on all sentences of quantifier rank

at most k if there are r,m € N such that for every r-type 7 either 7 appears the same number
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of times in both A and B or 7 appears at least m times in both A and B. Here the quantifier
rank of a formula is the maximum number of nested quantifiers in the formula. This implies a
strong normal form on structures of bounded degree, called Hanf normal form (HNF). We will
define HNF in detail in the following.

Lemma 2.4.6. Let r € N and 7 be any r-type. There is an FO-formula ¢.(x) such that
A E ¢-(a) iff a has r-type T for every o-structure A and every element a € A.

Proof. Let (B,b) € T be an r-ball with centre b in 7. Let further B := {bg,b1,...,bp,...,bx}
be the set of elements of B where by := b and {by,...,bs} is the set of all elements in B of
distance less than r to b. ¢,(z) has to express that there are k + 1 pairwise different elements
x =: g, ..., T containing exactly the tuples in 7. Additionally ¢, (x) should express that there
are no additional elements of distance less or equal than r to x. We express this by saying that
all elements which are contained in a tuple with any elements from the set {zo,...,z,} have to

be amongst the elements zg,...,zr. We set

or(z0) := Hacl,...,xk{ /\ (331 #* xj)

0<i<j<k

A /\ ( /\ R(l‘il,...,xiar(m) A /\ _\R(xil""’xiar(R)))
RET (by,biyy ) ERE (biysosbiny iy ) €BP\RE

A /\ Vyla'~~vyar(R)<(R(y17"‘7yar(R))/\ \/ ml:y]) - /\ ( \/ ml:y]))}
Reo osize, 1<j<ar(R) 0<i<k

1<j<ar(R)

A simple argument shows that indeed A = ¢, (a) iff a has r-type 7 for any o-structure A and
any element a € A. O

This allows us to define Hanf normal form. A Hanf-sentence is a sentence of the form
3Zmx¢,(x), for some m € Nsg, where 7 is an r-type and ¢, (z) is the formula defined in
Lemma [2.4.6l Here r is the locality radius of the Hanf-sentence. An FO sentence is in Hanf
normal form, if it is a Boolean combination of Hanf sentences.

Two formulas ¢(Z) and ¥ (Z) of signature o are called d-equivalent, if they are equivalent on
Cy, i.e. for all A € Cy and @ € Al*l we have A |= ¢(a) iff A = ().

The following theorem follows directly form Hanf’s Theorem

Theorem 2.4.7 (Hanf normal form [83]). Let d € N. Every FO-sentence is d-equivalent to a

sentence in Hanf normal form.

We want to remark that there is an algorithm which computes for a given sentence ¢ a

d-equivalent sentence in HNF in triple exponential time [23].



Chapter 3

Background on property testing

In this section we introduce property testing. For a historical background and development of
property testing, as well as recent advances in the field we refer to Section @] We introduce
property testing in a general way, focusing on what is in our opinion needed to consider property
testing. This generality is needed to consider reductions between property testing problem.
While all property testing models considered in this thesis fit the general framework introduced
here, we do not claim that this is a full definition of property testing. There are various different
settings, which fit the basic description of a probabilistic algorithm of testing an object for a
property by looking at a set of samples and hence our definition of property testing might not
cover all instances of property testing problems.

We introduce the general setting for property testing in Section We introduce the two
most important models for this thesis, the bounded-degree model for graphs and the bounded-
degree model for relational structures, in Section 3.2 We provide a tester for testing subgraph
freeness [69,[73] as an example of a typical property tester and an analysis of correctness in
Section We introduce proximity oblivious testers, a special type of property testers in
Section [3.4] We further introduce some basic tools, i.e. property testing being closed under

unions and local reductions, which are used throughout this thesis in Section[3.5]and Section [3.6]

3.1 The general setting

In this thesis we are interested in graph property testing. As property testing was first intro-
duce for functions over finite fields, it is natural to consider graphs as functions representing
their adjacency matrix or adjacency list. In the literature, especially when property testing
is consider more generally then just for graphs, this is sometimes done. However, as we want
to consider structural properties of graphs, we typically want properties to be invariant under
graph isomorphisms. In this sense graph property testing deviates from property testing of

functions and hence we would like to take a slightly different route of introducing property test-

21



22 CHAPTER 3. BACKGROUND ON PROPERTY TESTING

ing in this section without using the generality needed when relating the complexity of different

property testing models via reductions.

Property testing is concerned with solving a relaxed version of the problem of deciding
whether a given input has a certain property. In the following we will explain what classes
of inputs, which relaxed decision problem and what model of computation we consider. As
property testing can be considered in different contexts, we will introduce property testing

models.

Input class: The class of inputs of a property tester can be any class of objects where each
object of the class has a finite encoding. Therefore, let C be a class of objects and = be an
equivalence relation on C, which we call isomorphism. We call two objects A, B € C isomorphic
if they are in the same equivalence class of =.

In the case of graphs we consider = to be the graph isomorphism relation and on the class
of functions or strings we let & be the equivalence relation in which each equivalence class

contains only one object.

We require objects to be finite in the sense that there should exist a finite encoding of the
objects in C. An encoding is an injective function code : C' — ¥*, where ¥ is a finite alpha-
bet and X* the Kleene closure of X, having the property that |code(A)| = |code(B)| for all
isomorphic objects A, B € C. We define the size of an object A € C, denoted |A|, to be the
length of its encoding as a string over the alphabet . We set C|n := {4 € C | |A4] = n} to
be the subset of C of objects of a certain size n € N. Note that the existence of an injective

encoding code : C — X*, where X is a finite alphabet, implies that the class C' is a countable set.

Relaxed decision problem: A property on C is a subset P of C' closed under isomorphism.
We say that an objects of C' has the property P if and only if it is contained in P. In classical

complexity theory we consider the following decision problem.

DECISION PROBLEM FOR P ON ('

Input: An object A of C.
Aim: Decide whether A has the property P.

In property testing we want to solve a relaxation of this classical decision problem. This requires
us to have a distance function dist : C x C — R U {oo} on the set of objects C, for which the
following properties hold for all objects A, B and C of C.
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(D1) dist(A,B) =0 if and only if A and B are isomorphic. (definiteness)
(D2) dist(A, B) = dist(B,.A). (symmetry)
(D3) dist(A,C) < dist(A, B) + dist(B,C). (triangle inequality)

Note that dist can be considered as being a metric, where in addition we allow objects having

distance infinity.

Remark 3.1.1. Note that there always exists such a distance function. Since isomorphism
is an equivalence relation, we can always pick the trivial distance function for every class of
objects C', which is defined by

) 0, if A and B are isomorphic
dist(A, B) :=

o0, otherwise.

The function dist allows us to define how far we consider an object from having a property

P. For a property P we define the function distp : C — R U {oc} by

00, itP=90

diStp(A) = .
mingep{dist(A, B)}, otherwise

Let € € (0,1). We want to consider an object A of C' as being e-close to the property P if

the distance of A to the property P in relation to its size is smaller than e, i.e. if

diStp(.A) .
Al T

We say that the object A is e-far from having the property P, if A is not e-close to having P.
For any property P let

e-farc(P) .= {A € C | Ais efar from P}

be the set of all structures, that are e-far from P.

Fixing two parameters € € (0,1), called the prozimity parameter, and § € (0, %), called

the error probability, we can formulate the following relaxation of the decision problem defined

above.
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RELAXATION OF THE DECISION PROBLEM FOR P
ON C WITH PARAMETERS ¢, §

Input: An object A of C.

Aim: Make a conjecture on whether A has the
property P, where the conjecture has to be cor-
rect with probability at least 1 — ¢ if A is in

P Ue-farc(P).

In property testing we are concerned with solving this relaxed decision problem.

Model of computation: In order to define what a property tester is, we have to consider
the model of computation used. A property tester is given oracle access to its input object. We
can think of oracle access to an object A as a function ans4 : Q4 — A4, where the domain Q 4
and codomain A4 are finite, dependent on A and are property testing model specific. We call
Q4 the set of permissible queries for A, A4 the set of possible answers, an element g € Q 4 a
query and ans_4(q) the answer to the query q. In order for the property tester to determine the
set of permissible queries @ 4 it is given some auziliary information aux4 € N* as input where
£ € N depends on the model. Here aux4 should not encode the object A and hence typically
the size of aux 4 should be in o(|.A]). Specific to the model there has to be a way to determine
the set of permissible queries @ 4 from the auxiliary information. Furthermore, the answer to
a query typically should be considered to take a constant amount of time. Additionally, we

would like the answers to all permissible queries to identify the input object A € C, that is
{(q.ansa(q)) | ¢ € Qa} # {(q,ansp(q)) | ¢ € Qp} for A, B C, A#B.

We define a query access model of C' to be a tuple

QA = (¢, (auxa) ace: Q) aces (Aa)ace, (ansa) acc )

where ¢ € N, aux4 € N® and ansy : Q4 — A4 for every A € C, where Q 4, A4 are finite sets

with the properties described above.

Property testing We will first introduce what we understand under a property testing model

before we introduce property testing.

Definition 3.1.2 (Property testing model). A property testing model is a tuple

(C, ~ %, code, dist, QA )



3.1. THE GENERAL SETTING 25

where C' is a class of objects, & is an equivalence relation on C, code : C' — ¥* is an encoding
of C, dist : C x C' — R U {oo} is a distance function with properties[(D1)] [[D2)] and [[D3)| and
QA is a query access model of C.

From now on, if the property testing model (C’, =3 code, dist, QA) is uniquely identified

by the class C' then we do not explicitly state which property testing model we consider.

Definition 3.1.3 (Property tester). Let P be a property on C. Let € € (0,1) and § € (0, 3).
We call a probabilistic algorithm 7', which is given auxiliary information aux 4 about the input
object A and has oracle access to A via queries, an e-tester for P on C' with error probability
0,if T

— accepts A with probability 1 —§ if 4 € P.
— rejects A with probability 1 — § if A € e-farc(P).

As is apparent from the definition, a property tester solves the relaxed decision problem
defined above. We are also interested in property testers, which always make the correct

decision for objects having the property.

Definition 3.1.4 (One-sided error property tester). Let P be a property on C. A property
tester T' is called a one-sided error tester if T' accepts every A of C which has property P
with probability 1. In contrast, we sometimes call property testers two-sided error testers to

explicitly express that they are not required to be one-sided error testers.
We consider the complexity of a property testers in terms of the amount of queries it makes.

Definition 3.1.5 (Query complexity). Let P be a property on C. Let € € (0,1) and § € (0, 3).
Let T be a property tester for P on C' with parameters €,d. The query complezity of T is a
function f : N — N, where f(n) gives the maximum number of queries T' makes when testing

any structure A € C of size n.

Remark 3.1.6. We consider a query to take constant time. Therefore the query complexity of
a property tester T' only provides a lower bound for the running time of the algorithm but it can
also be significantly worse. The query complexity of a tester should therefore be understood
as a measure of the portion of the input object we need to look at to be able to make a good
conjecture about the object having the property and is therefore an interesting invariant of a

property tester.

Next we would like to remark that every given error probability can be improved by repeating
the tester and deciding according to the majority of outcomes. We formalise this in the following

Lemma.

Lemma 3.1.7. Let P be a property on C, € € (0,1), 6,6’ € (0,3), 6 > ¢ and f : N — N. For
every e-tester T with error probability & and query complexity [ there is k := k(5,0') € N and

an e-tester T with error probability 8’ and query complexity k - f.
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Proof. Let T' be the tester which repeats T exactly k := 2- {ﬁ] +1 times and decides whether
to accept an input if T" accepts the input on more than half of the repetitions.

We say that T or T” is successful for input A € PUe-farc(P) if T or T” respectively accepts
A if A € P and rejects A otherwise. Let A € P U e-farc(P). We need to argue that 7" is
successful for input A with probability at least 1 — d’. Let X; be the indicator random variable
which is 1 in the event of the i-th repetition of T' being successful and —1 otherwise. Let
V=X, -EX;]=X;,—dand YV := Zle Y;. Using Chernoff bounds (see Theorem A.1.13
in [13]) we get that the probability of more than half of the repetitions of 7" being successful is

P[T” is not successful | = P[Y < —kd]

k262
< exp(——2 5k )
1
< exp(—)
<4
Hence 1" is an e-tester with error probability 0’ and query complexity kf. O

The dependency of the query complexity on 6 and ¢’ in Lemma[3.1.7 may be improved using
techniques from approximation algorithms.

The above lemma shows that the precise error probability is in fact not relevant to the
asymptotic growth of the query complexity and hence from now on, unless stated otherwise,
the error probability is always % An error probability of % is an arbitrary but widely used

choice.

Definition 3.1.8 (Uniform/non-uniform Testability). Let C be a class of objects, P C C be a
property on C' and f : N — N a function.

— P is uniformly testable on C with query complexity f, if for every € € (0,1) there exist
an e-tester for P on C with query complexity f.

— P is (non-uniformly) testable on C with query complexity f, if for every € € (0,1) and
n € N there exist an e-tester for P|n on C|n with query complexity f(n).

— We say that P is uniformly/(non-uniformly) testable on C if P is uniformly/(non-uniformly)

testable on C' with query complexity f and f is a constant function.
As indicated in the definition, by testable we mean non-uniformly testable.

Remark 3.1.9. From the definition it is clear that if a property P C C' is uniformly testable
on C' then P is also testable on C.

For further reading on property testing we refer the reader to the book [69] by Goldreich or
one of the surveys [57,[116].
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3.2 The bounded degree model

In this section we will introduce the bounded degree model for simple, undirected graphs and for
relational structures. In both models the key is to encode graphs/structures in an adjacency list,
which keeps the size of the encoding linear in the number of vertices as the degree is bounded

by a constant. We further assume that every vertex/element can be stored in constant space.

The bounded degree model for graphs: In this section we introduce the bounded degree

model for property testing of simple, undirected graphs from [73].

Let d € N and C4 be the class of graphs of bounded degree d with graph isomorphism as
equivalence relation. We consider d to be a constant which is known to any property tester

testing a property on Cy.

We will encode a graph into an adjacency list. Note that this encoding depends on the
choice of an order on V(G) and an order on the set of all neighbours of any vertex in V(G).
We will therefore assume that V(G) = [n] where n := |V(G)|. Since a graph is encoded by an
adjacency list and every vertex has at most d neighbours we set the size of the encoding of a
graph G to be d - n.

The following definition of the distance between graphs satisfies the properties (D2)
and [(D3)] which can be easily verified using the definition of isomorphisms of graphs.

Definition 3.2.1 (Distance between graphs). Let G and G’ be two graphs. We allow two
types of edge modifications; deleting an edge from E(G) or E(G’) and adding an edge to E(G)
or E(G’). We define the distance between G and G’, denoted dist(G,G’), to be the minimum
number of edge modifications needed to make G isomorphic to G’ or oo if we can not make G

and G’ isomorphic by edge modifications, i. e.

dist(G, G") = min{|E\ ‘ EC{eCV(G)]|le| =2}, (V(G), B(G) & E) = G’} U {oo).

Note that dist(G,G’) = oo if and only if |[V(G)| # |V(G')|. Furthermore, if a graph G is
e-far from a property P C C; then by definition it takes more than edn edge modifications
to make G have the property P. On the other hand, if G is e-close to P then there is a set
E C{x CV(G) | |z| =2} of size at most edn such that the graph (V(G), E(G)AE) € P.

A property tester in this model gets the number of vertices n := |V(G)| as auxiliary infor-

mation. This enables the tester to determine the set of permissible queries Qg := [n] x [d].
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Then Ag := [n] and ansg : Q¢ — Ag is defined by

o k  if k € [n] is the j-th neighbour of i,
ansg(i,j) =
1 if ¢ has less then j neighbours

for i € [n], j € [d].

The bounded degree model for relational structures: The following property testing
model for bounded degree relational structures was defined in [86] and extends the bounded
degree model for simple, undirected graphs from [73| and the bidirectional model for directed

graphs from [34].

For the rest of this section, let 0 = {Ry,...,R¢} be a relational signature. Let d € N
and Cy be a class of o-structures of bounded degree d with isomorphism of relational structures

as equivalence relation. We assume d and o to be known to any property tester operating on Cjy.

We will use an encoding of o-structures similar to adjacency lists.

Definition 3.2.2 (Encoding of bounded degree relational structures). Let A be a o-structure

and n := |A]. We assume that A = [n]. We encode the o-structure A into a tuple L4 =
d
(L1,...,Ly), where L; € ({L} u Ule{Ri} X [n]‘“(R*)) is defined by

(L) i if deg 4(i) < 7,
o (R,w) if 7w is the j-th tuple containing a; and @ € R4,

for every i € [n], j € [d]. Note that L4 depends on the choice of an order on A and an order
on the set of all tuples containing a specific element of A.

Note that for a o-structure A with a degree bounded by d € N the size of the encoding
is bound by nd - ar(o). For simplicity we let |A| = nd which is not a restriction as ar(c) is a

constant and can be “hidden” in e.

Definition 3.2.3 (Distance between relational structures). Let A and B be two o-structures.
We allow two types of tuple modifications; deleting a tuple from R;“ or Rf and adding a tuple to
RA or RB for any i € {1,...,¢}. We define the distance between A and B, denoted dist(A, B),
to be the minimum number of tuple modifications we need to transform A into a structure

isomorphic to B or oo if we can not make A and B isomorphic by tuple modifications.

It can be easily seen that this distance satisfies properties|(D1)} [((D2)[and |(D3)} In addition
for any two o-structures A and B we have that dist(A, B) = oo if and only if |A| # |B.
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A property tester in this model gets the number of elements n := |A| of the input structure
A as auxiliary information. This enables the tester to determine the set of permissible queries
Q4 = [n] x [d]. The set of query answers A4 is the set {L} U Ule{Ri} x [n]2* () and
ansg : Qa — Ay is defined by ansa(i,j) := (L;); for every ¢ € [n] and j € [d], where
L= (Lq,...,Ly,) is the encoding of A defined in Definition m

3.3 An example of a property tester: Testing subgraph

freeness

The aim of this section is to develop an intuition for the way property testers operate. For this
we consider the problem of testing subgraph freeness. This problem is testable and in fact a
tester was given in [73]. The tester explained here is similar to the tester for subgraph freeness
described in [69).

Let d € N be fixed. Consider some graph F' € C4. We say that a graph G is F-free if G does
not contain an induced subgraph isomorphic to F'. Let Pr C C4 be the subset of all graphs
that are F-free.

Theorem 3.3.1 (Theorem 5.2 from [73]). For every F' € Cq the property Pr is testable on Cq.

Proof. We assume that F' contains more than one vertex as testing whether a graph is K;-free
can be trivially done by rejecting every graph with at least one vertex. For simplified analysis
we also assume that F' is connected. Generalisation to graphs with more than one connected
component is straight forward.

Let r be the radius of F'. We call a vertex v € V(F') with distp(v,u) < r for every u € V(F)

a centre of F'. To obtain a property tester for Pp let us first consider the following algorithm.

Algorithm 1: FINDp
Query access: G € Cy4
Input :n = |V(G)]

Sample a vertex v € V(@) uniformly at random;

=

2 Do a breadth-first search to depth r from v to obtain some subgraph H of G;
3 if H contains F' as a subgraph then

4 ‘ Reject G}

5 else

6 ‘ Accept G;

7

end

Let € € (0,1). We now let T be the algorithm that, given query access to a graph G, repeats
FiNDp k := (%1 times, accept G if every repetition of FIND i accepts G and rejects G otherwise.
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Let us first observe that if G € Pr then the above algorithm will accept G (T is a one-sided

error tester). We use the following claim.

Claim 1. If GG is e-far from Pg then it contains at least en vertices which are the centre of a

copy of F.

Proof of Claim [l Assume G contains less than en vertices which are the centre of a copy of F'.
Isolating every centre of a copy of F' takes at most edn edge removals and results in a graph

which is F-free. Hence G is e-close to Pr which proves the claim by contraposition. |

Now assume G is e-far from Ppr. By Claim |I| we know that G contains at least en vertices
which are the centre of a copy of F. Hence FINDg rejects G with probability e. Let X; be the
indicator random variable which is 1 in the event of the i-th repetition of FINDg rejects G and
—1 otherwise. Let V; := X; —E[X;] = X; —cand YV := Zle Y;. Using Chernoff bounds (see
Theorem A.1.13 in [13]) we get that the probability of all repetition of FINDp accepting G is

k
P[> X;=—k| =P[Y < —k|
< exp(—i—k)
< exp(—2)

Hence T accepts G with probability at least %

Furthermore, the query complexity of T is clearly constant since the query complexity of
FINDr depends only on r and d. This proves that T is an e-tester for Prp. Hence Pp is
testable. O

We would like to remark that what is shown in Claim [0 is sometimes referred to as a
“removal lemma”. Proving the appropriate “removal lemma” is the key part in the analysis of

a property tester.

3.4 Proximity oblivious testing

In proximity oblivious testing we consider particularly simple property testers where some basic
test is repeated a number of times. Here the basic test does not depend on the proximity pa-
rameter € and the probability of rejecting an input behaves like a monotonically non-decreasing
function 7 of the distance of the input to the property. We call such a basic test a proximity
oblivious tester (POT). Repeating a POT some number in @(ﬁ) times yields an e-tester.

Proximity oblivious testing intuitively is one-sided considering that the rejection probability
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should be proportionate to the distance of an input to the property. Here we will only con-
sider one-sided error POTs and hence sometimes omit stating that a POT is one-sided error.

However, one can also consider two-sided error POTs (see e. g. [69]).

Definition 3.4.1 ((One-sided error) POT). Let C be a class of object and P = J,,c P|n be a
property on C. Let 1 : (0,1] — (0, 1] be a monotonically non-decreasing function. A prozimity-
oblivious tester (POT) with detection probability n for P|n is a probabilistic algorithm which,

given query access to a structure A4 € C|n
— accepts A with probability 1 if A € P|n.
— rejects A with probability at least n( distpp,(A)) if A ¢ Ph.

The query complezity of a POT is the maximum number of queries the POT makes as a function
in the size of the input. We say that a property P is proximity oblivious testable if for every
n € N, there exists a monotonically non-decreasing function n : (0,1] — (0,1] and a POT for

P|n of constant query complexity with detection probability 7.

Example 3.4.2. The algorithm TESTp from Section [3.3]is a POT with detection probability
n(e) = € as if G has distance € from Pp then G contains at least €|V (G)| centres of copies
of F and hence FINDp rejects G with probability e. We further demonstrate in the proof of
Theorem how to obtain a property tester from the proximity oblivious tester FINDp for
Pr by repeated application of FIND .

We refer to [69] for a proof of the statement that repeating a POT @(%) times yields a

property tester, which implies the following theorem.

Theorem 3.4.3 (Theorem 1.9 in [69]). Let C be a class of object and P be a property on C. If
P has a one-sided error POT with query complezity f(n) and with detection probability n then

P has a one-sided error e-tester with query complexity [’ € (’)({]((Z))) for every e € (0,1).

In particular, if the property P is proximity oblivious testable then P is testable.

3.5 Closure properties of testability

In this section we show that property testing is closed under union, but is not closed under inter-
section nor taking the complement. Union, intersection and complements are of particular inter-
est considering testing properties defined in logic. We obtain that if P, and P, are testable prop-
erties for two FO-sentences ¢ and 1 then P,y is also testable. Let (C, =~ 3, code, dist, QA)
be any property testing model.

Lemma 3.5.1. Let P,P’ C C be properties on C. Let € € [0,1] and f,f' : N — N. If there
is an e-tester for P on C with query complexity f and there is an e-tester for P’ on C with

query complexity [, then there is an e-tester for the property PUP’ on C with query complezity
(f+ 1)
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Proof. Let T be an e-tester for P with query complexity f and T” an e-tester for P’ with query
complexity f’. We first obtain an e-tester T which on input A € C operates as follows. T
repeats the tester T' seven times with input A and decides whether to accept A depending on

the majority of outcomes. If A € P U-farc(P) the tester T makes the correct decision with

DG E) OB @ Q)T (2) 20m

Hence T is an e-tester with error probability 0.82. In the same way we obtain an e-tester 1"

probability

from T’ with error probability 0.82. Now we let T\, be an algorithm that, given oracle access
to an object A € C, operates in the following way; T, runs T’ and 7" on A and accepts A if
either T or T' accept A.

First confirm that the query complexity of T, is indeed 7(f 4+ f’). To prove that T}, is an
e-tester let us first assume that A € P U P’. Since the decisions of T and T” are independent,
the probability of T, accepting A satisfies the following inequalities

T accepts A and } n IP’[ T rejects A and } n IP’[ T accepts A and

P[T, accepts A] >P| . - ~
T’ rejects A T’ accepts A T’ accepts A

> P[T accepts A] + P[T" accepts A] — P[T accepts A] - P[T" accepts A

v

2
3
where the third inequality holds because P[T" accepts .A] > P[T accepts A] - P[T” accepts AJ,
P[T" accepts A] > P[T accepts AJ - P[T" accepts A] and at least one of the two probabilities
P[T accepts A] and P[T" accepts A] is at least 2 depending on whether A € P\ P’ or A € P'\ P
or Ae PNP.

Now let A be e-far from having property P U P’. Since A has distance greater than €| .A|
from any structure in P and any structure in P’, A is e-far from P and e-far from P’ (see
Figure . Since the decision of T' and T’ are independent this means for the probability of
T, rejecting A

T rejects A and

P[T, rejects A] > P| .
17U rej 1= T’ rejects A
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This proves the existence of a tester with the required properties. O
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Figure 3.1: Union, intersection and complement of properties.

Corollary 3.5.2. Let C be a class of objects and P, P’ C C properties on C. If P and P’ are
testable on C, then P U P’ is a testable property on C.

Proof. Let € € [0,1] and n € N. Since P and P’ are testable, there exists an e-tester for P|n
on Cln and an e-tester for P'|n on C|n with constant query complexity. By Lemma m
this guarantees the existence of a constant time e-tester for (P U P’)|n and hence P U P’ is
testable. O

Corollary also holds in the case of uniform testability, but is not used in this thesis.

Remark 3.5.3. Figure [3.0] shows why for the boolean operations intersection and comple-
ment we can not show closure for property testing using a similar argument as in the proof of
Lemma In the case of the intersection of two properties P, P’ C C an object A can be
both e-close to P and P’ while being e-far from P N P’. The decision of both the tester for
P and P’ is therefore uncertain and hence a tester for P N P’ can not use the decisions made
by the testers for P and P’. In the case of the complement of a property P C C the property
C'\ P contains objects that are not in P but e-close to P and hence rejection of the tester for
P can not be used in deciding property C'\ P. In fact in general property testing is neither

closed under intersection nor complement as we will argue in the following.

Lemma 3.5.4. Property testing is not closed under taking complement.

Proof. We consider the bounded degree model for graphs. Let d € N and P C C4 be the
property of graphs of bounded degree d, that are not bipartite. Then for every e € (0,1) the
property P can be tested using the tester which accepts every input graph of large enough size
and calculating an exact answer for small graphs. This tester works because every graph (of
large enough size) is e-close to being not bipartite, as we only need to ensure one triangle by
removing at most 3 edges to ensure that the graph has 3 vertices of degree < d and then adding
3 edges to form a triangle on these 3 vertices. But the complement of P, i.e. the property of

being a bipartite graph, was shown not to be testable in [73]. O
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Lemma 3.5.5. Property testing is not closed under intersection.

Proof. We consider the bounded degree model for graphs. Let d € N, d > 2 and P C Cy4 be
the property of bipartite graphs. Let further Pa C C4 be the property of graphs that contain a
triangle and P_a C C4 be the property of all triangle-free graphs. Consider the two properties
PUPA and PUP_a. PUPA, is testable as every large graph is e-close to P and hence we can
accept all graphs larger than some constant and compute the answer precisely for small graphs.
Furthermore, P U P_p = P_a and we know from Section that P_ A is testable. But since
(PUPA)N(PUP-a) =P and P is not testable (see [73]) property testing is not closed under

intersection. O

3.6 Local reductions

In this section we will introduce local reductions. Assume we want to reduce testing a property
P C C in some property testing model to testing property P’ C C” in some other model and we
have a tester T’ for P’. This means that, given query access to some input object A, we need
to be able to decide whether to accept A using tester 7" as a black box. We can do this if for
any object A € C there is an object B € C’ such that the probability with which 7" accepts B
coincides with an appropriate acceptance probability for A and we can simulate query access
to B using query access to A. We will formalise this in the following.

Let (C, =~ 3, code, dist, QA) and (C’, =/ 5V code’, dist/, QA') be two property testing mod-
els with query access models QA = (Z, (auxa)acc, (Qa)acc, (Aa) acc, (ansA)A€C> and

QA/ — ([Q (aUXfA)AGCH (Q./A).AECH (A{A)AECH (anS{A)AGC’) .

Definition 3.6.1. Let P C C and P’ C C’ be two properties. A local reduction from P to
P’ is a function f : C' — C’, for which there exists constants k,t € N (independent of n), a
computable function g : {aux4 | A € C} — {aux/y | A € C'} and a function h : (0,1) — (0, 1)
such that for every A € C' the following properties hold, where B := f(A).

(LR1) If |A| = n then |B| = kn.
(LR2) g(aux4) = auxj.

(LR3) For every query q € Qz we can adaptivelyﬂ compute t queries qp,...,q € Q4 such
that the answer to the query ¢ can be computed from the answers to the ¢ queries
@1, --,q. Formally this means that there are computable functions S; : Q X (Q.4 X
Ap) = Qa,i€tland T : Qg x (Qa x Aa)t — Al such that for every query ¢ € Q)
the following holds.
ans(q) = T(q, (q1,a1); - - -, (a1, ar)),

1By adaptively computing queries we mean that the selection of the next query may depend on the answer
to the previous query.
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Figure 3.2: Simulating a tester using a local reduction.

where

a1 = So(q),
¢ = Si—1(q, (q1,a1),...,(gi—1,a,-1)) and

aj = ans (qj)

forie{2,...,t},j€{1,...,t}.
(LR4) If A € P then B € P,
(LR5) If A is e-far from P then B is h(e)-far from P’.

Lemma 3.6.2. Let P C C, P' C C' be two properties. If there is a local reduction from P
to P’ then there is a function h : (0,1) — (0,1) and constants k,t € N such that if for some
€ € (0,1) and n € N there is a h(e)-tester for P'|kn on C|kn with query complexity f, then
there is an e-tester for Pln on Cln with query complexity t - f(n).

Proof. Let f be alocal reduction from P to P’ with k, ¢, g, h as in Deﬁnitionm Let e € (0,1),
n € N and let 77 be a h(e)-tester for P’|kn on C’'|kn with query complexity f. We will
construct an e-tester T' for P|n on C|n as follows. Given aux4 as input and oracle access to
an object A € C|n we will first compute g(auxy). implies that g(auxy) = aux’;

(A
. s . / I . . ! .

Since f(A) € C|kn by property |(LR1), we can simulate 77 on f(A) with input aux ) in

the following way. Whenever T’ makes a query ¢ € Q/f( a4 Ve make t queries ¢ := Sp(q),

q2 ‘= Sl (q7 (q17 anSA((JI)))7 s Gt i = Stfl (Q7 (q1> anSA(QI))» B (qtfh anSA(qtfl))) and answer

q with T'(q, (ql,ansA(qlg), ..., (g, ans 4(q¢))) which is equal to ans/f(A)(q) by We then
accept A if T” accepts f(A).

Since T” is a property tester for P’|kn the properties [(LR4)| and [(LR5)| of local reductions

guarantee that T is an e-tester for P|n. Furthermore since every query of T” is simulated by ¢

queries T has query complexity ¢ - f. O
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Lemma 3.6.3. Let P C C and P’ C C’ be two properties. If there exist a local reduction from
P to P’ and P is not non-uniformly testable with o(f(n)) queries for some function f : N — N,

then P’ is not non-uniformly testable with o(f(n)) queries.

Proof. Let f be a local reduction from P to P’ with ¢, k, g, h as in Definition m Towards
a contradiction assume that for every € € (0,1) and every n € N there is an e-tester for P'|n
on C’'|n with query complexity f'(n) € o(f(n)) for some function f’: N — N. Hence for every
e € (0,1) and every n € N there is a h(e)-tester for P’|kn on C’|kn with query complexity
f(kn). Then for every € € (0,1) and every n € N there is an e-tester for P|n on C|n with query
complexity t - f'(kn) € o(f(n)) by Lemma m This yields a contradiction to P not being

non-uniformly testable with o(f(n)) queries. O

Example 3.6.4. Let 0 = {Ry,..., R¢} be a relational signature, d € N, d’ := d(ar(o) — 1) and
P C Cj be a property such that G(A) 2 G(B) implies that either A, B € P or A, B ¢ P for any
two structures A, B € Cy. We will show that for such properties “taking the Gaifman graph”

is a local reduction from P in the model of o-structure of bounded degree d to the property
P :={G € Cq | there is A € P such that G(A) = G}

in the model of bounded degree d’ graphs. For this let us define g(n) = n, h(e) = sdaey =1
and f(A) = G(A) for every n € N, € € (0,1), A € Cy. Then for constant ¢t = d - ar(c) and any
A € C4 on n elements properties [(LR1)|to |(LR5)| hold as explained in the following.

(LR1) Is true as the number of vertices of G(A) is equal to the number of elements of A.
(LR2) Is true as the number of vertices of G(A) is equal to the number of elements of A.

(LR3) For i € [t] let

S ((j7 k), ((111, ai), .-, (q, ai))) = (jai mod ar(a))

where

a1 = So(q),
¢ = Si—1(q, (q1,01), .-, (¢i—1,a,—1)) and

aj (= ans g4 (qj)

Then T((j7 k), ((ql, ay), -, (g, at))) gives the k-th unique element to appear in the

tuples ay....a. Obviously ansg(ay((7.K) = T((k). (a1 ). (ar.a))) for
some adjacency list representation of G(A).

(LR4) If A€ P then f(A) € P by definition of P.
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(LR5) If A is e-far from P then we can show that G(A) is Sam(eyyfar from P. Assume
towards a contradiction that this is not the case. Then there is a graph G € P with
dist(G(A),G) < 5z757 - @' - n = § - n. Then we can construct a structure B such that
G(B) = G by modifying tuples in A as follows. For every edge {u, v} which has to be
added to G(A) to get G we add tuple (u,v,...,v) € A*(?) to RA for some relation
R with ar(R) = ar(o). Note that if ar(c) < 2 then all graphs in P are edgeless and
hence we do not have to add edges to G(A). For every edge {u,v} which has to be
deleted from G(A) to get G we replace u by v in all tuples containing both « and v.
For this maximally d tuples have to be added to 4 and maximally d tuples have to
be deleted from A. Therefore B is (2d x § - n)-close to A. But since G € P there is
a structure B’ € Cy with G(B') = G. But then B € P since G(B') = G = G(B) which

contradicts the assumption that A was e-far from P.

Using the local reduction from our example we can show the following theorem which was
also shown by Adler and Harwath [2, Theorem 5.

Theorem 3.6.5. Let 0 = {Ry,..., Re} be a relational signature and d € N Let P C Cyq be a
property. Assume that for any two structures A, B € Cy the relation G(A) = G(B) implies that
either A,B € P or A,B ¢ P. Then if the property P := {G(A) | A € P} is non-uniformly
testable on the class of bounded degree d' := d(ar(o) — 1) graphs, then P is non-uniformly
testable.

Proof. If P is non-uniformly testable on the class of graphs of bounded degree d’ then for
every € € (0,1) and every n € N there is an €'-tester for P|n on Cy4|n with constant query
complexity f. Using the reduction from Example and Lemma we get that for every
€ € (0,1) and every n € N there is an e-tester for P|n on Cy|n with constant query complexity

d-(-feO(). O
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Chapter 4

Related work

In this Section we will briefly survey related research area. As this thesis combines different
areas of research, there is a variety of related work. Here our main focus is on algorithmic
meta-theorems, property testing, the intersection of the two and lower-bound techniques for

showing non-testability.

4.1 Algorithmic meta-theorems

Algorithmic meta-theorems aim for an algorithm for a class of problems and thus solving a wide
range of problems simultaneously. The development of algorithmic meta-theorems requires to
generalise and unify certain algorithmic techniques, while their negation yields insights into the
limitations of certain approaches.

Logic provides us with a tool for the systematic study of algorithmic complexity. In the
following we consider algorithmic meta-theorems which are formulated for classes of problems
which are definable in some logic. The most well known such algorithmic meta-theorem is
Courcelle’s theorem which states that any property definable in MSO5 can be decided in linear
time on the class of graphs of bounded treewidth [29]. Note that classes of graphs of bounded
treewidth are sparse (for a definition of treewidth see Section [9.3). Further note that MSO is
the extension of FO allowing quantification over sets of vertices, i.e. MSO is recursively defined
in the same way as FO where we extend FO by a collection of set variables, atomic formulas
expressing containment of a vertex in a set and also allow quantification over set variables.
MSOs is a further extension of MSO allowing quantification over sets of edges. Deciding some
properties defined by an MSO-sentence or MSOs-sentence is computationally hard as many
NP-complete problems can be defined in MSO/MSO- (e.g. Hamiltonicity can be expressed in
MSOs but not in MSO and 3-colourability is expressible in MSO).

More precisely, Courcelle’s theorem considers a more general problem then deciding a prop-

erty defined by a MSOs-sentence, i. e. the sentence is considered to be part of the input. For a

39
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logic £ and a class C of graphs, the model checking problem of £ on C is defined as the following

problem.

MODEL CHECKING PROBLEM OF L ON C

Input: A sentence ¢ € £ and a graph G € C.
Aim: Decide whether G |= ¢.

While deciding a property defined in FO can be computed in polynomial time [3/88], FO model
checking is PSPACE-complete in general [125] (PSPACE-hardness follows from the PSPACE-
completeness of QBF satisfiability as QBF satisfiability is equivalent to FO model checking with
a suitable fixed input graph). Furthermore, the FO model checking problem is AW [x]-complete
and thus not likely to be fixed parameter tractable on general graph classes parametrised by
lloll [45], i.e. there is no algorithm for the model checking problem of FO with running time
FUleDIV(G)|PM for some function f : N — N. Nonetheless, FO model checking is tractable
on certain graph classes. Tractability of FO model checking was gradually extended to more
general sparse graph classes by utilising locality of FO. The starting point was Seese’s Theorem
which shows that FO model checking on classes of graphs of bounded degree is fixed-parameter
tractable in linear time [119]. The proof of Seese’s theorem uses Hanf’s theorem and the
boundedness of the number of r-types of bounded degree. This was extended by Frick and
Grohe to provide a linear time (fixed parameter) algorithm for FO model checking on planar
graph classes and classes that are apex-minor free as well as an O(n!*¢) algorithm for classes of
locally bounded treewidth [62]. Flum and Grohe proved that for classes excluding a minor [60]
FO is tractable, which was further extended by Dawar et al. to classes locally excluding a
minor [38]. Dvordk et al. extended this by proving that there is a linear algorithm for FO
model checking on classes of bounded expansion and a O(n!*¢) algorithms for classes of locally
bounded expansion [50]. The most general sparse graph classes known to be tractable for FO
model checking are nowhere dense graph classes due to a result by Grohe et al. [79]. The notion
of nowhere denseness is a notion of sparsity and was introduced by Nesettil and Ossona de
Mendez [110L/111]. Intuitively, proving tractable FO model checking uses Gaifman’s locality
theorem by checking satisfiability locally on r-neighbourhoods and solving an independent set
problem.

The result from [79] proving tractability of FO model checking on nowhere dense graph
classes is optimal in the sense that FO model checking on somewhere dense classes (classes
that are not nowhere dense), which are closed under taking subgraphs, is intractable [41].
However, the condition of being closed under taking subgraphs is necessary as there are classes
of graphs which are not sparse but allow tractable FO model checking e. g. classes of bounded

cliquewidth [30] and for certain subclasses classes of interval graphs [64].
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Meta-theorems have also been developed for optimisation problems. Dawar et al. proved
that FO definable optimisation problem admits polynomial time approximation scheme on
classes forbidding at least one minor [39]. More recently, Dvoidk has worked on approximation

problems definable in FO on restricted classes of graphs [48,/49).

Logic plays an important role in the context of database queries. We can model relational
databases by relational structures, where each table of the database corresponds to a relation
in the structure and each row of a table corresponds to a tuple in the corresponding relation.
In addition we can model queries to a relational database by formulas (with free variables) of
certain logics. Consider a relational structure A representing a relational database and any
formula ¢(Z), then any tuple of elements @ for which A |= ¢(a) is considered an answer to the
query represented by ¢. A large amount of research has been undertaken considering query
evaluation and enumeration in different settings. Here query evaluation relates to the problem
of computing the set of all tuples that are answers to a given query and query enumeration refers
to the problem of enumerating all answers to a query allowing some delay time between steps,
after a preprocessing phase. Evaluating FO queries is well known to be PSPACE-complete [120].
However, on relational structures of bounded treewidth MSO queries can be evaluated in poly-
nomial time [31], which was improved to linear time in the size of the structure and the size of
the output [59]. The enumeration problems for MSO can be done with delay proportional to the
size of the next output and linear preprocessing on structures of bounded treewidth [15(96]. FO
query enumeration has been shown to be possible with constant delay and linear preprocessing
time for bounded degree relational structures [46,95], for structures of low degree [47] and for
structures of bounded expansion [96]. For nowhere dense structures enumerating FO queries

can be done with pseudo linear preprocessing [118].

A recent study by Fomin et al. considers the parametrised complexity of edge/vertex edit dis-
tance to satisfying an FO-sentence [61]. It is shown that in general the problem is not tractable,
however, for some fragments of FO the problem is fixed parameter tractable parametrised by

the number of edits.

4.2 Property testing

In computer science we are often faced with the challenge that we need to solve a problem
efficiently which in general does not allow an efficient solution. Randomised algorithms have
provided some inroads towards providing a solution to this challenge. There are two different
varieties of randomised algorithms, exact randomised algorithms with good running time in
the average case (Las Vegas algorithm) or randomised approximation algorithm (Monte Carlo
algorithm). Property testers are algorithms which use randomness to approximate the solution

to a decision problem guaranteeing correctness with high probability. Property testers might
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be used in practice in cases where running an exact algorithm is infeasible due to the size of
the input considered, when an approximate decision with some accuracy guarantees is sufficient
or as a preprocessing heuristic preceding a computationally expensive exact algorithm. Even
though property testing research is of a theoretical nature, there are efforts being made towards
applicability, i.e. developing new testers with good running times as well as improving the
dependency of the query complexity on the proximity parameter e.

Property testing was first introduced by Rubinfeld and Sudan in 1996 [117]. They introduce
property testing for testing properties of functions over finite domains. Motivated by developing
program checkers Rubinfeld and Sudan formalized a notion of closeness, where a function f is
considered to be e-close to having a property P, i.e. a class of functions over a finite domain,
if there is a function in P that differs from f only on an e-fraction of all possible inputs. Note
that in this setting the distance between functions is therefore the number of inputs on which
they differ and a tester is allowed to query the function f by evaluating it for a specific input.
The emphasis of the paper is on finding local characterisations of low degree univariate and
multivariate polynomials that allow property testers.

Since its introduction 25 years ago property testing has received a lot of research interest.
We will survey work considering graph property testing in the following sections. However, there
are several other settings in which property testing is considered, including testing algebraic

properties of functions (see e.g. [16,26,113]) and distribution testing (see the survey [25]).

4.2.1 The dense model

The notion of property testing as introduced in [117] was extended to testing graph properties
by Goldreich et al. in 1996 in a preliminary version of [71]. In [71] graphs are considered to be
boolean functions on pairs of vertices. This corresponds naturally to graphs being encoded in
an adjacency matrix. Therefore the size of a graph on n € N vertices is considered to be n?.
A property tester is allowed to query this adjacency function, i.e. for a graph G permissible
query are tuples (u,v) € V(G) x V(G). The oracle answers the query (u,v) with 1 if there
is an edge between v and v and 0 otherwise. In order to determine the set of permissible
queries, the property tester gets the number n := |V (G)] of vertices as auxiliary information.
Distance between graphs is defined in the same way as in the bounded degree model, i. e. as the
minimum number of edge modifications necessary to make two graphs isomorphic. However
due to the different encoding size, a graph is e-close to a property P, if it can be made into
a graph in P with at most en? edges modifications. Note that this notion of closeness can
not distinguish “sparse” graphs from each other. This is because for a classes of graphs with
average degree bound by some function f € o(n) and for large enough n € N all graphs in this
class have less then en? edges, implying that all large sparse graphs are close to each other.
Therefore the model is unsuitable for sparse graph classes. Furthermore, “sparse” properties
like planarity are trivial to test in this model. The model of property testing on graphs as in-

troduced in [71] is therefore often referred to as the dense model or the adjacency matrix model.
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Property testing on dense graphs is well understood and closely connected to Szemerédi’s
Regularity Lemma [121]. This connection was finally established and formalised by Alon et
al. who characterised testable properties in the dense model [7] in 2006. This characterisation
result was proceeded by a characterisation of properties testable with a one-sided testers |12]
and a characterisation of for which graphs H, H induced subgraph freeness can be tested with
very small query complexity i.e. polynomial in % [11].

Among the testable properties in the dense model are for example bipartiteness, k-colourable
(for k > 1) [71], biclique min-bisection, max-clique [69], subgraph freeness (see [4] and citations
therein) and induced subgraph freeness (see [11] and citations therein). Whereas, on the other
hand there are properties that are not testable with ©(f(n)) queries for any function f € O(n?)
in the dense model [72]. A natural property that can not be tested with o(n) queries is graph
isomorphism [5§].

4.2.2 The bounded degree model

The bounded degree model or adjacency list model was introduced by Goldreich and Ron in
1997 [73]. Since their seminal work the bounded degree model received a great amount of
attention. There are several specific properties for which testers have been developed. Testable
properties in the bounded degree model include connectivity, k-edge-connectivity (for k& >
1), cycle-freeness, Eulerianity [73|, degree regularity [69], outerplanarity [131] and testing K-
subdivision freeness (for & > 1) [94]. Furthermore, there are properties which allow for sublinear
(but not constant) query testing, including bipartiteness |74] (lower bound [73]), expansion
[36,/75,/91L[109] (lower bound [73]) and testing cluster structure (extends expansion) [33].

While there are several different testability results for very specific graph problems, more
general result for property testing were obtained by either restricting the class of bounded
degree graphs further, or considering a particular class of properties or restricting testers (to
e.g. one-sided error testers or POT’s). All of these testing results utilise random walks.

In 2009 Czumaj et al. proved that hereditary properties are testable on certain restricted
classes of bounded degree graphs namely hereditary, non-expanding graph classes [35]. Here
a class of graphs is non-expanding if the class contains only weak expanders (i.e. h(G) €
O(1/log?(n)) for every graph G in the class) and a hereditary class of graphs is a class that is
closed under vertex deletion. Non-expanding hereditary graph classes include the class of planar
graphs, classes of bounded genus and graphs with forbidden minors. However, hereditary
properties are not testable with constant query complexity in general as bipartiteness is a
hereditary property and is shown in |73] to take at least i - \/n queries to test, where n is the
size of the input graph.

Partly using ideas from [35], Benjamini et al. showed that every minor-closed graph prop-
erty is testable on bounded degree graphs with constant query complexity [18]. A minor closed

property is a set of graphs, which is closed under edge and vertex deletion as well as edge
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contraction. The query complexity of testing minor-closed properties was, since the seminal
work [18], gradually improved from triple exponential in % to polynomial in % employing new
techniques [97,/99]. This work relies on minor closed properties being hyperfinite. The testers
operate using a partition oracle, which given a vertex v returns the part of the hyperfinite par-
tition of the graph which contains v. Such oracles use a constant number of (neighbour) queries
to access a part of the hyperfinite partition. Furthermore, all answers of such a partitioning
oracles are consistent with one hyperfinite partition of the graph. Since the seminal work of
Hassidim et al. [84], partition oracles have been a very useful tool in property testing and have
been used and improved gradually (see e.g. [97H99)]).

Finally, this work culminated in testability results for hyperfinite classes and properties.
Newman and Sohler proved that properties of hyperfinite graphs (which includes minor-closed
properties and planarity) are testable in the bounded degree model and that every property

is testable on any class of hyperfinite graphs using similar methods to the work preceding it [112].

Property testing has also been considered for directed graphs in the bounded degree setting.
There are two natural extensions to the bounded degree model for undirected graphs introduced
by Bender and Ron in [17]. In the unidirectional model only the outdegree of graphs is bounded
and testers can only query outgoing edges. In the bidirectional model both indegree and
outdegree are bounded and testers can query both incoming and outgoing edges. Besides the
introductory paper considering acyclicity and connectivity in both models further work includes
some specific results mainly in the bidirectional model [86,/130]. Furthermore, Czumaj et al.
considered the relationship between the two models and showed that every property testable
in the bidirectional model can be tested with sublinear query complexity in the unidirectional
model [34]. Furthermore, Connectivity yields an example of a property which is testable in the

bidirectional model but requires Q(y/n) queries in the unidirectional model [17].

4.2.3 Characterisation results in the bounded degree model

While there is no full characterisation of which properties are testable in the bounded degree
model, there are several partial results making progress towards a characterisation. We will
introduce such results in this subsection. The important technical tool used to prove character-
isation result is to show that testers operate in a canonical way. Such canonical tester results
for the bounded degree model were shown in [34,/78] and used (adapted to suit the individual

settings) in each of the following results.

In 2009 Goldreich and Ron classified properties admitting a one-sided error constant query
POT both in the dense and the bounded degree model [76]. We discuss the bounded degree
model characterisation in more detail in Section[8] Properties having a one-sided error POT are
precisely generalised subgraph freeness properties which are non-propagating (see Section
for definitions). While this gives a characterisation for testability of any property testable with
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a one sided-error POT, the characterisation depends on the non-propagation condition which
is similar to saying that a slightly restricted modification problem as mentioned in the Intro-
duction (Section [1)) is solvable. The authors leave the question when this modification problem
is solvable open. Hence the strength of this characterisation might lie mostly in the distinction
of which testable property admit a one-sided error POT. The notion of one-sided error POT’s
can be extended to two-sided error POT’s, which were studied by Goldreich and Shinkar [77].
While they exhibit several natural properties in different models that have a two-sided error

POT but no one-sided error POT, a characterisation for two-sided error POT’s is not known yet.

Ito et al. gave a characterisation of which monotone properties and which hereditary proper-
ties are testable by a one-sided error constant query property tester in bounded degree directed
graphs [89]. Here both the unidirectional model and the bidirectional model are considered.
Note that a property is called monotone if it is closed under vertex and edge deletion. Their
characterisation states that a monotone property is one-sided error testable if and only if it is
close to a property that is defined by a set of forbidden subgraphs of constant size. A hereditary
property is one-sided error testable if and only if it is close to a property that is defined by a
set of forbidden induced subgraphs of constant size. We would like to emphasise here that the

characterisation is entirely independent of any removal problem being solvable.

Adler and Harwath give combinatorial classifications of testable properties in the bounded
degree model. To obtain this result they introduce a notion of locality of a property P of
bounded degree relational structures roughly stating that if the relative frequency vector of a
structure A is “similar” to the relative frequency vector of a structure A’ € P then A has to
be e-close to P. In other words, locality means that the modification problem mentioned in the
Introduction (Section [1]) is solvable. According to their classification a property is testable if
and only if it is local (see Section [5| for more details). However, a classification for which prop-
erties the modification problem is solvable is unknown. Furthermore, to consider the question
of a characterisation of testable properties in the bounded degree model settled, we would like

a statement which does not require the modification problem to be solvable.

Fichtenberger et al. prove that every (infinite) property of bounded degree graphs contains
an (infinite) hyperfinite subproperty (were a subproperty is simply a subset which is closed
under isomorphism) [56]. The result is obtained by repeatedly making use of a result from
Alon [102, Proposition 19.10] which roughly states that for every graph G there exists a constant
size graph which realises approximately the same neighbourhood distribution as the original
large graph G (see Section for more details). However, it is not true that every property
which contains a hyperfinite subproperty is testable as e.g. bipartiteness is not testable [73].
While this result is highly non-trivial and gives us insights into which properties are testable,

a characterisation requires additional new ideas.
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4.2.4 Lower-bound techniques in the bounded degree model

There are three lower bound techniques known for property testing. To obtain lower bounds on
the query complexity of property testers, one can employ Yao’s principle [126]. It states that
the query complexity of a randomised algorithm can be lower bounded by the query complexity
of a deterministic algorithm solving the problem correctly on average for any distribution of
instances. This allows us, to prove a lower bound by showing that there is a distribution of
instances for which any deterministic algorithm fails. This lower bound technique has been
used for example by Goldreich and Ron to prove a Q(y/n) lower bound for bipartiteness and
expansion [73], by Yoshida to provide a £2(n) lower bound for testing CSP’s [127}/128] and by
Bogdanov et al. to prove a Q(n) lower bound for 3-SAT [22].

We can reduce testing a property with a known lower bound to testing an other property
yielding a lower bound for the other property. In Section we introduce the notion of local
reductions which reduce property testing problems to one another. Lower bounds proved using

local reduction can be found in [22}[70,[129] which we will discuss further in Section [9]

Another method to prove property testing lower bounds was developed using reductions
from known lower bound for communication complexity [21]. Roughly, communication com-
plexity refers to the number of bits exchanged in a two party protocol with shared randomness,
which aims to decide whether the two parties private inputs have a certain property. While
in [21] this method was used to prove lower bounds for property testing of functions, recently
the method was extended to graphs by Eden and Rosenbaum [53]. Eden and Rosenbaum
demonstrated the methods effectiveness by providing simpler proofs of known lower bounds in
graph property testing for problems including estimating the number of edges in a graph and

estimating the number of triangles in a graph.

Methods for proving non-testability, i.e. proving that a property can not be tested with
constant query complexity, also arise from the partial characterisation results from the previous
subsection. For example, an easy corollary of the result from Fichtenberg et al. [56] is that
every infinite property of expanders can not be tested in the bounded degree model as it can

not contain a hyperfinite subproperty.

4.2.5 The general model

While most of the research in graph property testing focuses on the dense and the bounded
degree model, there have been some efforts made into developing testers, which work well for
all graphs. However this is not straight forward and results are very hard to obtain. The most
important question to ask in this context is how graphs should be represented and what types

of queries should be allowed.
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One could consider extending the bounded degree model to more general sparse classes.
Parnas and Ron introduced a model in which a graph is represented as an adjacency list and a
tester is allowed degree and neighbour queries, which allows the consideration of classes of graphs
of unbounded degree [114]. They show testability results for testing the diameter of a graph.
However, results in [114] are mainly aimed at sparse graph classes as query complexities grow
proportional to the relation of edges to vertices. Furthermore Czumaj and Sohler characterised
which properties of planar graphs can be tested in this model [37].

Kaufman et al. considered a model in which degree queries, neighbour queries and adjacency
queries are allowed and the size of graph is considered to be the number of edges [93]. This
model is suitable for input graphs of all edge densities and hence we call this model the general
model. Kaufman et al. develop a tester for bipartiteness in this model with an almost tight
lower bound. Furthermore, Alon et al. considered testing H-freeness in the general model
especially analysing the query complexity needed dependent on the edge density [8].

Furthermore, Iwama and Yoshida consider parametrised complexity in the general model
extended by random edge queries [90]. They show testability for some parametrised graph prob-
lems that are trivial on bounded degree graphs as well as dense graphs including k-vertex cover,
k-feedback vertex set, k-multicut, k-path-freeness and k-dominating set for k£ > 1. This work
applies standard parametrized complexity methods (such as branch and bound) for property

testing.

4.2.6 Testing properties defined by logical formulas

The study of testing properties defined by logic was first proposed by Alon et al. in 1999 in a
preliminary version of [9]. They show that regular languages are testable with constant query
complexity (i.e. deciding for a word whether it is in a given regular language) in a property
testing model for strings equipped with Hamming distance. Since regular languages can be
defined in MSO [24], their result shows testability for a certain class of MSO definable proper-
ties. Magniez and Rougemont prove testability of regular (ranked) tree languages in a model
considering edit distance with an additional operation called moves [103], extending the meth-
ods from [9]. Regular tree languages are also MSO definable [441[122]. Testability of regular
(ranked) tree languages considering edit distance is not known and stated as an open problem
in [103].

The study of logically defined properties was further developed by Alon et al. in 1999 [5].
They study testability of FO definable properties in the dense model. Their result states that
FO-sentences in Y5 define properties that are testable with a constant number of queries, while
there is a sentence in IT; which defines a non-testable property. The testability result is obtained
by showing that satisfying a sentence in ¥, is equivalent to some generalised colouring problem.
To prove testability of these generalised colouring problems the authors obtain a variation of

Szemerédi’s Regularity Lemma. The non-testable property defined by a sentence in Il is
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indistinguishable to some graph isomorphism problem, which is shown to be hard to test in the
dense model. The methods used in [5] are not applicable in the bounded degree model.

Recall that Newman and Sohler’s result states that on a hyperfinite class of graphs any
property is testable |[112]|. Considering the class Cfﬂ of graphs of bounded degree d and bounded
treewidth k£, Newman and Sohler’s result implies testability of any property on C(tivjc. This is due
to the class of graphs of treewidth at most £ being minor-closed, which implies hyperfiniteness of
Cfﬁc However, the testers obtained in [112] are non-uniform. Towards practical applications of
property testing, non-uniformity is problematic. Consider the property P containing precisely
all graphs on n vertices for which n is the Godel number of a Turing machine halting on the
empty word. As the halting problem is undecidable [123], property P is undecidable. However,
P is non-uniformly testable. Recall that non-uniform testability requires the existence of an
e-tester for the problem restricted to graphs with n vertices for every n € N. Hence non-
uniform testability of P follows as for every n a tester exists, i.e. either the tester accepting
every graph or the tester rejecting every graph depending on whether the Turing machine with
Godel number n halts on the empty string.

Taking a step towards practical application, Adler and Harwath generalise Newman and
Sohler’s result to relational structures [2] and show that for properties P definable in monadic
second order logic with counting (CMSO), there is a uniform tester for P on C;‘:}C with constant
query complexity and poly-logarithmic running time. Here CMSO extends MSO by first-order
modular counting quantifiers 3, where 3™ ¢ is true in a structure if the number of its elements
for which ¢ is satisfied is divisible by m.

The result from [2] was further extended by Adler and Fahey [1]. They introduce a new
model using an alternative distance function, which allows element modification in addition to
tuple modification. The main result obtained in [1] states that uniform testability of properties
definable in CMSO on C;‘f}c in this new model is possible with constant query complexity and

constant running time.

4.2.7 Connection to learning and streaming algorithms

Property testing is closely related to the areas of learning and streaming algorithms. In the
PAC-learning (Probably Approximately Correct) model, as introduced in [124], we are given a
concept class, i.e. a set of subsets of a universe, and our aim is to identify a target concept by
sampling elements of the universe and getting the information, if the elements are in the target
concept. We require a PAC-learning algorithm to be able to output with high probability a
concept that approximates the target concept well for every target concept in the concept class.
Goldreich et al. proved in [117] that PAC-learning with a certain sample complexity implies
that the concept class is a testable property with asymptotically similar query complexity.
However, the bounded degree model for example does not fit the setting in which we can
consider PAC-learning because query access is not a boolean function.

PAC-learning has been considered in connections with logic. In this setting, introduced by
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Grohe and Turdn [82], a background structure A and k € N are fixed. The universe is A*
and the concept class is the set of all sets of tuples, that can be defined by an FO-formula
with k free variables and possibly some other properties (like bounded quantifier rank). Here
a set of tuples X C AF is definable by a formula ¢(7) if A = (@) if and only if @ € X.
PAC-learning has been proved to be possible in this setting for different types of background

structures and different restrictions on formulas (see e. g. for recent work in this area [19,/20,81]).

Another related algorithmic framework are streaming algorithms (see e. g. the survey [105]).
We consider streaming algorithm which obtains a stream of the edges of a graph and have to
solve a problem for the graph represented by the stream using a sublinear (in the size of the
graph) amount of space. The algorithm might receive the edges in an arbitrary or a random
order and it might be allowed multiple passes over the stream of edges. The challenge for such
an algorithm is to decide which edges are important for the algorithmic task at hand. Recently,
Monemizadeh et al. proved that testable properties in the bounded degree model can be tested
by a streaming algorithm with a single pass of a random order stream of the edges in constant

space |106]. This was further extended by Czumaj et al. to the general graph model [32].
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Chapter 5

Extending results to relational

structures

In this chapter we generalise two existing results for bounded degree undirected graphs to
bounded degree relational structures. We would like to note that both generalisations are
straight forward but given for the sake of completeness as both results are later used for rela-

tional structures.

5.1 Canonical tester and a combinatorial characterisation

of testable properties in the bounded degree model

The aim of this section is to verify that a theorem, the so called “canonical tester”, can be
extended to the bounded degree model of relational structures. The canonical tester was proven
in [78] for dense graphs and in [34] for bounded degree graphs and states that every testable
property can be tested by a property tester of a canonical form. This is a very useful tool for
characterisation results in property testing. In [2] Adler and Harwath give a characterisation
of the testable properties in the bounded degree model of relational structures. We apply this
result in Chapter [6] to show non-testability of a certain property. To prove this characterisation
result Adler and Harwath use the canonical tester for relational structures and hence in this
section, for the sake of completeness, we fill the gap and generalise the canonical tester to
relational structures.

Let o be a signature, d € N and Cy be the class of o-structures of bounded degree d. The
following notion of repairability of a property was introduced in [2, Definition 7] and was called

locality in the original work.

51
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Definition 5.1.1 (Definition 7 in [2]). Let ¢ € (0,1]. A property P C Cy is e-repairable on
Cy if there are numbers r := r(e) € N, A := A(e) > 0 and ng := no(€) € N such that for any
o-structure A € P and B € Cy both on n > ng vertices, if ||freq,.(A) — freq,.(B)||; < A then B is
e-close to P. The property P is repairable on Cy if it is e-repairable on Cy for every € € (0, 1].

Note that freq, (A) denotes the frequency vector of a structure A defined in Deﬁnitionm
The following theorem |2, Theorem 19] characterises testability in the bounded degree model

using the notion of repairability.

Theorem 5.1.2 (Theorem 19 in |2]). For every property P € Cy4, P is non-uniformly testable
if and only if P is repairable on Cy.

The proof of Theorem [5.1.2| requires the generalisation of the canonical tester to relational
structures (Corollary , which we will prove in the following.

5.1.1 Proving the existence of canonical testers in the property testing

model for bounded degree relational structures

In this section our aim is to show that we can transform every property tester on bounded
degree relational structures into a property tester, that first samples elements, explores their
neighbourhood and then proceeds deterministically.

Similar results were shown by Goldreich and Trevisian |78], proving the existence of a canonical
tester for testable properties in the dense graph model, and by Czumaj, Peng and Sohler [34],
proving the existence of a canonical tester for properties on bounded degree graphs. The proof
we provide here for the existence of a canonical tester for testable properties on bounded degree
relational structures is very similar to the proofs given in 78] and [34], since most arguments

can be used in our model in a similar way.

Let 0 = {Ry,...,Re} be a relational signature. Without loss of generality, we will assume

in this section that the universe of all input structures is [n].

Lemma 5.1.3 (Canonical Tester). Let d € N and P C Cy be a property that is non-uniformly
testable with error probability § € [0, %) and constant query complezity ¢ = c(¢€,0). For every €

there exists a sequence of classes of structures F = (Fy,)nen such that for any n € N

- F, is a set of o-structures, each of them being the union of ar(o) - q (not necessarily

disjoint) q-balls.

— The property Pln := {A € P | |A| = n} can be tested with error probability at most 2 - ¢

by a tester that operates as follows.

o Uniformly sample ar(c) - ¢ elements,

o explore the c-neighbourhoods of the ar(c)-c sampled elements (deterministically) and
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o accept the input structure if and only if the substructure induced by all explored

elements is not isomorphic to any F € F,.

We call testers operating in the way the tester in Lemma does, i.e. first sampling ele-
ments, exploring their c-neighbourhoods and then deciding deterministically whether to accept

the input, canonical testers.

Corollary 5.1.4. Let d € N, P C Cy be a property and 6 € [0, %) If P is non-uniformly
testable with error probability ¢ then there exists a canonical tester for P with constant query

complexity and error probability ¢.

Proof. Since P is non-uniformly testable for every ¢ € (0,1) and n € N there exist an e-tester
T,, with error probability ¢ for P|n on Cy|n with constant query complexity. By Lemma
we can improve the error probability of T;, to g by repeating T,, some number of times, which
depends only on §, and deciding on the majority of outcomes. Now the claim clearly follows
from Lemma [5.1.3 O

We will prove the existence of a canonical tester (Lemma [5.1.3)) by the following Lemmas,
each containing one step of transforming an arbitrary tester into a canonical tester, where the

steps are the following.

— The first step (Lemma [5.1.6) contains the transformation into a tester, that samples

elements, explores their neighbourhood and then queries the structure no further.

— In the second step (Lemma we make the testers decision isomorphism oblivious.
This means that we need to make the decision independent of the identity of the samples,
i.e. of the exact location the explored substructure is embedded into the structure, since
any isomorphism of structures is basically a renaming of the elements of the structure.
Additionally the decision needs to be independent of the order we explore the neighbour-

hood of the samples in.

— The third step (Lemma|5.1.8)) generates a tester, which makes a deterministic decision on
the basis of the neighbourhoods of the samples.

We further need the following Lemma stating that classes of structures, that are e-far from

having a property, are closed under isomorphism.

Lemma 5.1.5. Let P C Cy be a property on Cyq and € € (0,1). Then e-farc,(P) is closed

under isomorphism.

Proof. Let A, B € Cy be isomorphic structures, such that A is e-far from P. Let n := |B|. ~
Assume that B is e-close to P. Therefore, there is a structure C € P, such that dist(B,C) < en.

Then |(D1)|and |(D3)| imply that

dist(A, C) < dist(A, B) + dist(B,C) < 0+ en.
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dist(A,C)
n

This implies that
P. Thus B is e-far from P and e-farc,(P) is closed under isomorphism. O

< €, which contradicts the initial assumption of A being e-far from

Lemma 5.1.6. Let d € N and P C Cy be a property that is non-uniformly testable with error
probability § € [0, %) and query complezity ¢ = c¢(¢,0). For every € there exists an e-tester for

P with error probability § that operates in the following way.
— Uniformly sample ar(c) - ¢ elements s1,. . ., Sar(o)-cs
— explore the c-neighbourhoods of the ar(c) - ¢ sampled elements (deterministically) and
— decide probabilistically without making any further oracle queries to A.

Proof. Let T be a tester for P with error probability at most § and query complexity c¢. We

transform 7" into an e-tester T that, given access to a structure A, operates as follows:

(1) Sample ar(o) - ¢ elements s1, ..., Sar(o).c € A and explore their c-neighbourhoods, i.e. for
i=1,...,ar(o) - ¢ we explore the neighbourhood of s; with breadth-first search. We get
the structure NA(s1, ..., Sar(o).c)-

(2) We will emulate the execution of 7' on the structure w(A) = (A, m(R{),...,7(R)) as
described below, where 7 : V' — V is a permutation we will select during the emulation
of T and m(R{) = {(7‘(‘(7‘1), T (Tar(r)) | (715 Tar(ry)) € R;“}
To emulate T on m(A), we run T normally, but answer the queries as follows:

Let (z,j) be the next query T is making.

(2a) If m(z) is not defined yet, we choose a € {s1, ..., Sar(c).c } uniformly out of all elements
in {s1,...,Sar(0).c}, that are not selected to be the m-image of any element yet, and
set m(z) := a.

(2b) We determine the answer to the query (m(x), 7). If it is L, we return L as the answer
to the query (z,7). Otherwise let the answer to (m(x),7) be (R,b1,...,ba(r)) €
o x [n)2*(B), For all of the b;, that are not in the image of 7 yet, we select uniformly
a random element y; € A, such that m(y;) is not defined yet and set 7(y;) := b;. We
return (R, 7 (b1),..., 7 (bar(r))) as the answer to the query (z, j).

After answering all queries, we uniformly allocate m-images for the remaining elements

out of the elements, that are not in the image of 7 yet.
(3) Accept A, if in (2)) T" accepts 7(A).

First note, that we can answer all queries in by using /\/'54(51, el sar(g)_c) from step 7
since we are either querying elements in {s1, ..., 8ar(s).c} Or neighbours of elements we queried
before and thus the radius of ¢ in step suffices. Additionally ar(o) - ¢ elements are sufficient,
because we are defining 7-image for no more than ar(o) elements of {s1,..., Sar(s).c} Per query

(note that the element x we assign a m-image for in step [(2a)|is always one of the b;). Therefore
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T operates in the way we claimed and we are left with the task to argue that T is indeed an

e-tester for P.

To ensure that 7" is an e-tester for P, the choice of the permutation 7 should be independent
of the execution of T'.
Therefore let 7’ € S,, be a arbitrary permutation of the elements of A. We want to prove that
]P[W = 7rl] = ‘Sl'”rl = %- ~
Let a; € A be the i-th element T is selecting a w-image for. We can write

Ph:f}ﬂhmg:wmﬂ- (5.1)
]P’[ﬂ'(ag) = 7'(az) ‘ m(ay) = W’(al)]

]P’[ﬂ'(an) =7'(an) ‘ m(a;) = 7'(a;) fa. j < n}

Let nq ;= [{j <i|7'(a;) € {s1,...,Sar(0)-c} }|. In case the image of a;;; is selected in

we get:

P[W(aiﬂ) = 7'(ait+1) ‘ m(a;) =n'(a;) fa. j < Z}

_P[mwne@u-sme‘ )ﬂ@ﬁ]

fa. j<i
[ ' (ai41) 1S a] =7'(a;) fa. j <i, ]
selected in "(aiv1) € {51, Sar(o)-c}
( n—i—1 )

_ ar(o)e—ngr ;—1 )

(ar(cr)rfzflnﬂ/,i) ar(o)c — N
1
Con—i

In the case the image of a;y; is selected in [(2b)| we get

P|:7T(a/7;+1) =7'(ai+1) | 7(aj) =n'(a;) fa. j < z}
_ IP’[ a;+1 is selected as preimage

) =1(a;) fa. j<i
Ofﬂ-/(ai+1) in (2()) 7T(a,j) W(aj) a. j<i

1

n—1

In the case that the image of a;y; is selected after all queries are answered the probability
Plm(ai+1) = 7' (ait1) ‘ m(a;) = 7'(a;) fa. j < z} = L is given. Combined with equation
(5.1) this gives us Plr = '] = 4.

n!
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Since A is isomorphic to 7(A) (7 : A — m(A) is an isomorphism) and properties are closed
under isomorphism, A € P if and ounly if n(A) € P. Assume that A € P and therefore
7m(A) € P. Since 7 is chosen independent of T', T" accepts 7(A) with probability 1 — ¢, since T
is an e-tester with error probability §. Hence T accepts A with probability 1 — §, because T
accepts A whenever T' accepts m(A).

Now assume that A is e-far from having property P. According to Lemma w(A) is
e-far from having property P and thus 7" rejects w(.A) with probability 1 — J, since 7 is chosen
independent of 7. This implies that T rejects A with probability 1 — § and therefore T is an

e-tester for P with error probability §, that operates in the way we claimed.
O

Lemma 5.1.7. Let d € N and P C Cy be a property and T an e-tester with error probability § €
[0, %), that first samples ar(c)-c elements, explores their c-balls and then decides probabilistically
(like the tester we get in Lemma . Then there exists a e-tester for P with error probability
& that operates in the following way:

~ Uniformly sample ar(c) - ¢ elements s1,. .., Sax(o)-cs
— explore the c-neighbourhoods of the ar(o) - ¢ sampled elements (deterministically) and
— decide probabilistically only depending on the substructure NCA(Sl, c s Sar(o)e)

Proof. We will transform T into a tester with the required properties in two steps. We first
construct a tester T, that is independent of the identities of the elements in the explored
substructure but depends on an order of the elements in the explored substructure. In the
second step, we will construct a tester i that is independent of any order of the elements in

the explored substructure in addition.

Construction of 7: We can encode the exploration of the c-neighbourhood of the sampled
elements si,...,Sa(s).c iNtO a query sequence, where we consider a query sequence to be a
sequence of queries, each of them of the form (a, j) = (R,b1,...,ba(r)), where R € 0, a € [n],
(b1,...,bar(r)) € [ U {1} and 1 < j < d. We consider query sequences to be oblivious
of the identities of the elements, which we can achieve by renaming the elements in the query
sequence by some canonical order, i.e. rename the i-th element that appears in the query
sequence with i. Let @ be the set of query sequences we can encounter, when setting 7' to
explore any union of ar(o) - ¢ c¢-balls. Note that a query sequence is a union of ¢-balls with a

total order on its elements.
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For a query sequence o € Q and 3 = (S1,...,Sar(0)-c), let pso be the probability of T'
accepting when sampling s1, ..., Sar(s).c and producing the query sequence a. Note that o is

independent of the actual identities of the samples. For a € @) we set

.f D50
Pa = Z nar(o)-c

s€ [n]ar(o')-c

to be the expected probability of accepting A, when obtaining the query sequence «.

Now let 7" be the tester, that, given access to a o-structure A, samples ar(c) - ¢ elements
51, .+ Sar(0)-c, €Xplores there c-neighbourhood with query sequence a and accepts A with

probability p,.

Claim 1. For any o-structure 4, the probability of T accepting A equals the probability of T'

accepting a random isomorphic copy of A.

Proof of Claim[1, We identify every isomorphic copy of a structure A with a permutation
7w € S,. The permutation 7 represents the isomorphic copy 7(A) as defined in the proof of
Lemma [5.1.6] For a query sequence a € @ that is acquired when exploring the neighbourhood
of elements s1,. .., Sar(s).c; T(a) shall denote the query sequence the tester 7" acquires, when

exploring the neighbourhood of 7(s1), ..., T(5ar(e).c) given access to m(A).

Let us fix 3 = (51, .., Sar(e).c) € [n]2(?)¢ of size ar(o) - ¢ and the query sequence a € Q,
which T acquires exploring the substructure N, CA(sl, -y 8ar(o).c)- Forany m € S, and any query
(a,7) = (R,b1,...,ba(r)) to the structure A, the answer to the m-image of the query (7 (a), j)
to the structure m(A) will be (R, 7(b1),...,7(bars))), which follows directly from the definition
of m(A). Since we rename the elements appearing in query sequences in a canonical way, this
implies, that the query sequence obtained by T" exploring the neighbourhood of s1,. .., Sar(s).cs
given access to A, equals the query sequence obtained by T exploring the neighbourhood of

7(81),- -, T(Sar(e)-c), given access to m(A). Hence
]P)[T accepts 71'(./4) | T samples 7T'(81)7 . 77T(Sar(o')-c)] = p(ﬂ'(51)7~~77T(Sar(a)-c)),a'

The probability of T' accepting a random isomorphic copy of A is the expected probability of

T accepting, when choosing a random 7 and giving T access to 7(A). Therefore we get the
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following:

E, ]P’[T accepts 7(A) | T samples 7(s1), ... ,W(Sar(o),cﬂ

B Z P[T accepts m(A) | T samples 7(s1), ..., 7(Sar(o)-c)]

|
TES, v
_ Z p(ﬂ—(sl) wwww 7T(sar(n') c)) o
o !
TES, G

s'e [n]ar(o')-c
= Cq

= ]P’[T accepts A ’ T samples s1, ..., sar(a).c].

Since the probability of sampling either s1,. .., sa:(0).c OF T(51), ..., T(Sar(s).c) for a fixed = is
equal to W, the claim follows.
|

Construction of T: For any a € @ let C, be the set of all structures that are isomorphic to
the structure underlying the query sequence «, that is the structure without the order on the

elements. For every union B of (up to) ar(c) - ¢ different c-balls we set

Pa

cp =

;, HaeQ|BeC,}
Ca 3B

to be the expected probability of accepting A, when the explored structure is B.

Now let T be the tester which, given access to a o-structure A, samples ar(o) - ¢ elements

515+ Sar(0).c, €xplores their c-neighbourhood and accepts A with probability CNA(51,0m Sax(oy-c) "

Claim 2. For any o-structure A, the probability of T accepting A equals the probability of T

accepting a random representation of a random isomorphic copy of A.

Proof of Claim[4 We identify every representation of an isomorphic copy of a structure A
with a tuple 7@ = (7,70, ..., m,—1) of n + 1 permutations, where 7 € S, and m; € Sqeg , (i) for
0 < i < n—1. Here the permutation 7 gives us the actual isomorphic copy, namely m(.A)
as defined in the proof of Lemma and the permutations 7; account for getting all the
equivalent representations of 7(.A) by reordering the tuples containing a certain element m(3).
We denote the copy of A identified with a tuple 7 by 7(.A). Note that when picking a tuple 7
uniformly every isomorphic copy m(.A) of A is equally likely to appear as the number of tuples
7 in which the first entry equals 7 is the same for every permutation 7. For a query sequence

a € @ that is acquired when exploring the neighbourhood of a elements s1,. .., Sar(0).c; ()
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shall denote the query sequence the tester T acquires, when exploring the neighbourhood of

(1), T(Sar(o).c) given access to 7(A).

Let us fix a query sequence a € @ and the underlying structure B, which is the union

of ar(o) - ¢ c-balls. Therefore B € C,. Letting 7 range over all tuples (m,m,...,m—1) €
n—1

S, X (SdegA(i)) , we get the following:
i=0

Z IP’[T accepts 7(A) | T obtains ()]

Ex []P’ [T accepts 7(A) | T' obtains W(a)]] =

n—1 .
T=(T,1,..sTn) nl- Hi:O deg.A(ﬂ—(Z))!
> o
2 [weqlBeluy
BECQ/

= CB
= P[T accepts A | T obtains a],

where in the second equality we use, that B € C,, implies that B € Cx(,), and, that the set
of tuples 7T fixing a certain query sequence o’ € @ is the same for every query sequence and

therefore we have to weigh all o’ equally.

Taking into account that the probability of TorT obtaining a certain query sequence is
equal (it depends on sampling the right sample set), the claim follows. [ ]
To show that T is a e-tester for P with error probability 4, let us first independently choose

n—1
7 € 8, and a tuples ™ = (7', 7),...,7,_1) € Sp X (SdegA(i)) uniformly at random. We
=0

observe that the structure 7 (A) is a random isomorphic copy of A and, due to the indepen-
dence of 7 and 7', the structure 7 o 7 (A) is a random isomorphic copy of 7' (.A).

Let us now assume that A € C,; has property P. Since properties are closed under isomor-
phism and isomorphisms are closed under composition, the structure m o7’ (A) has property P.
Therefore T accepts mo 7 (A) with probability at least 1 — 4. According to claim [1| this implies
that 7 accepts 7' (A) with probability at least 1 — 8. Applying claim [2{ we get that T' accepts
A with probability at least 1 — 4.

For any structure A € Cy that is e-far from having property P, Lemma implies, that
mo7 (A) € e — farc, (P). Therefore T rejects m o 7 (A) with probability at least 1 — §. Using
claim |1 and claim [2| we get that T rejects A with probability at least 1 — §. Therefore T is an

e-tester with error probability ¢, who’s decision depends only on the explored substructure. [

Now we are able to carry out the final step of the transformation of any tester into a canonical

tester. This step yields a tester, that queries ./\/'54(5 ) and then decides deterministically.

Lemma 5.1.8. Let Cy be a class of o-structures of bounded degree d : N — R>q. Let P C Cyq be

a property and T a e-tester with error probability 6 € |0, %), that first samples ar(o) - ¢ elements
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51+« Sar(o)-c; erplores their c-balls and then decides probabilistically depending only on the
substructure N(s1, ..., Sar(o).c) (like the tester we get in Lemma , Then there exists a
e-tester for P with error probability 26 that operates in the following way:

— Uniformly samples ar(o) - ¢ elements 51, ..., Sar(o).c;
— explore the c-neighbourhoods of the ar(o) - ¢ sampled elements (deterministically) and
~ makes a deterministic decision based on N (sq, ..., Sar(o)-c)-

Proof. For any union of ar(o) - ¢ ¢-balls B we define ¢z to be the probability of T' accepting,
when the explored substructure is isomorphic to B, as defined in Lemma [5.1.7]
Let T be the tester, that, given access to a structure A, samples ar(c)-celements sy, ..., Sar(o)-cs

explores the c-neighbourhood of s1, ..., 8.:(s).c and then accepts A if CNA(51,.. San(y.c) = %

To show that T is a e-tester we use the following claim.

Claim 1. Let p1,...,p; € [0, 1] for some k € N5 and Zle Bt > 1-9. Then at least [(1—-20)k]

of the p; are larger or equal than %

Proof of Claim [l Assume that the proposition is false, then at least [20k] 4+ 1 of the p; are
smaller than % Therefore, by using |20k] + 1 > [20k] > 20k and bounding the remaining p;

by 1 from above, we get:

k 1
i 20k- 5+ (1—20)k
> Bio 3 + )k _ 1-4,
— k
=1
which is a contradiction to the assumption. |

To show that 7T is an e-tester with error probability 26 for P, let us first assume that A € P.

1, for p >

Since T accepts with probability {p + %J = , if T accepts with probability

N= N=

0, for p <
p € [0, 1], the probability that T accepts A can be bounded from below as follows:

P [T accepts .A]

= Z P[T samples $1, . .., Sar(o)-c) ~P[T accepts A | T samples s1, . . ., Sar(o)-c)
15 8ar(a).cEA

_ 1 1
B Z nar(o)-c \‘CN("A(slv"?Sar(o)f) + iJ

S150-,8ar(0)-c €A

>1-— 25,
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where the last inequality uses claim |1} and that

1
PIT accepts Al =} o eNA st ) 2 170,

S15ee38ar(0)-c €A

since T is a tester and A € P.

Now assume that the structure A is e-far from having property P. Since T rejects with

e 1 1, forp < . ) . .
probability {5 — p—‘ = , if T accepts with probability p € [0, 1], the probability
0, for p >

that T rejects A can be bound from below as follows:

N[= N

IP[T rejects A]
= Z IP’[T samples sq, ..., sar(g)_c} IF’[T rejects A|T samples sq,..., sar(a).c]

S1558ar(0).c €A
1 1
- Z nar(o’)~c ’75 - CNCA(Slwwsar(a).c)—‘
S1se-,8ar(0) c €A

>1-26,
where the last inequality uses, that

1
P[T rejects A] = Z —(1— CNg‘(sh...,sM(g).c)) >1-9,

ar(o)-
81,--+58ar(0)-c €A e
and therefore, according to claim at least [(1—20) (ar(’;).c)] of the cxra(s, .. 50 0).0) ar€ larger
than or equal to %
Hence T is an e-tester with error probability 28 for P. O

We are now able to conclude the existence of a canonical tester as in Lemma B.1.3

Proof of Lemma[5.1.3 Let T be any non-uniform e-tester with error probability § and query
complexity ¢ = ¢(e, d) for the property P on Cy.

We first use Lemma Lemma and Lemma to transform 7' into a e-tester T with
error probability 20 for P on Cy, that, given access to a structure 4, uniformly samples ar(o) - ¢
elements s1,. .., Sar(o).c; explore the c-neighbourhoods of the ar(o) - ¢ sampled elements and
makes a deterministic decision based on N:A(sq,. .., Sar(a)-c)-

We now define F, to be the set of all structures B, such that B is the unions of ar(c) - ¢ c-balls
and T rejects when the explored substructure is B. Therefore T' is a tester, that has all the

requirements we requested. O
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5.2 Small structures approximating neighbourhood dis-

tributions

The aim of this Section is to introduce a result proved by Alon [102 Proposition 19.10] for simple
bounded degree graphs which states that for any given precision A there is a constant size ng
such that the neighbourhood distribution of any bounded degree graph G can be approximately
realised with precision A by a “small” bounded degree graph H with no more than ng vertices.
This result gives us insights into the structure of bounded degree properties. And as such it
was extensively used in [56] to prove that every testable property of bounded degree graphs has
a hyperfinite subproperty. This on the other hand implies that if a property of bounded degree
graphs is a class of expanders it can not be testable. To this end we will utilise the result by
Alon [102, Proposition 19.10] later when proving non-testability for certain properties. While
the existence of such small graphs approximating the neighbourhood distribution of large graphs
is unquestionably very useful for property testing, the question of (algorithmically) determining
such a small graph H for a given precision A and graph G is also of interest. An answer was
determined in the special case of high girth bounded degree graphs [55].

The result proved by Alon [102, Proposition 19.10] for simple graphs holds for relational
structures also and can be proven with a very similar argument as for simple graphs given
in |102, Proposition 19.10]. For completeness sake we will give a proof for relational structures

in the following.

Let o be a signature, d € N and Cy be the class of o-structures of bounded degree d. We
let T’ be the set of all r-types of bounded degree d and p4 , the r-neighbourhood distribution
defined in Definition 2.3.7

Definition 5.2.1 (Sampling distance). For two o-structures A, B € Cy we define the sampling

distance of depth r as
(a Pp— —
05 (A, B) = tax loar(X) — pBr(X)].

Then the sampling distance of A and B is defined as
oo 1 .
o (A, B) =Y o 06 (A,B).
r=0

Note that 67, (A, B) is just the total variance distance between the distributions p.a,., ps,r,
and it holds that 6% (A, B) = 1 |freq,(A) — freq,(B)||;, where |freq,(A) — freq,(B)|, is the
expression used in Definition [5.1.1

We can now state a relational structure version of |[102, Proposition 19.10].

Theorem 5.2.2. For every A > 0 there is a positive integer ng such that for every o-structure
A € Cy there is a o-structure H € Cy such that |H| < ng and 6o (A, H) <.
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Proof. Let r := [log(2)] and ¢ be the number of r-types of bounded degree d, i.e. t := |T}|.
Let dist : R* x RY — [0,00) be the metric defined by

dist(Z = ma ‘

i€l

Since [0, 1]* is a bounded and closed subset of R* we get by the Heine-Borel Theorem that [0, 1]*
is compact. Hence there is a finite subset U of the set of all open §-balls {Uy5(Z) | Z € R'}
such that [0,1]* € Uy ey U, where the open - ball around T € R? is defined as Uy ;5(T) := {y €
R | dist(Z,7) < 3}

Let P, C [0, 1] be the set of all frequency vectors freq,.(A) where A ranges through all finite
o-structures of bounded degree d. Note that we defined dist in such a way that 6,(A, B) =
dist(freq, (A), freq,.(B)) for any A, B € C4. Hence freq, (A) and freq,(B) cannot be contained
in the same open %—ball U € U for every two o-structures A, B € Cgq with 07, (A, B) > %. Hence
any maximal family of o-structures A;, Ay, ... of bounded degree d with 07, (A;, A;) > % for
i # 7 has to be finite. Let Ay, ..., A,, be such a maximal family. We need the following claim.

Claim 1. For any two o-structures A, B € C; and any r € N> the following equation holds.

1
0o (A,B) <2-6L(A,B) + o (5.2)
Proof of Claim[1 Note that 6% (A, B) < 55" (A, B) for any i € N. This is the case as pi(X) =
P A (X for any A€ Cy any X C T, and X := {7 € T,y | 7|, € X} the set of
extensions of types in 7, where 7|, is the restriction of type 7 to radius r, i.e. 7|, is the r-type
such that (NB(b),b) € 7|, for (B,b) € 7.

Furthermore note that

T

Z 1 1 1 1
— 2t ( 2) — 2t ; (2’ 2”1) 2r
i=0 1=0 =0

and hence we get, making use of that > - is a geometric series

102L

r

1, -
00 (A B) = 506 (AB) + 3

=0 i=r+1

. I K1 X1
SHABY 5 5ty

S
Il

=]

~

where we use that 65 (A, B) <1 in the first inequality. [ ]

By construction of the family A, ---A4,, we have that for any o-structure A of bounded
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degree d there is i € [m] such that 6% (A, A;) < 4. Then by Claim [1{and choice of r

6@(A,Ai)§2~6g<A,Ai>+%g + L

| >

1
27"

Hence by setting n := maxi<ij<m |A;| we have proven the theorem. O

5.3 Summary

In this section we verified that two results which we require for relational structures can be
generalised from simple graphs to relational structures. More specifically, we proved a relational
structure version of the canonical tester from [34] and a relational structure version of [102,
Theorem 19.10]. Both generalisations are straight forward using the same argumentation as in

the original proofs.



Chapter 6

Classifying testability of
first-order properties by prefix

classes

In this chapter we consider testability of FO definable properties in the bounded degree model
according to prefix classes, inspired by a similar study by Alon et al. [6] for the dense graph
model. It is easy to observe that properties defined by sentences without quantifier alterations
(sentences that are in X UII;) are testable. Every sentence ¢ in 3 is equivalent to a sentence
of the form 3z ...3xpp (2, ..., xx) where ¥(x1,...,2%) is a quantifier-free formula. Editing
the substructure required by 1 into a structure takes a constant amount of edge modifications
implying that every large enough structure is e-close to satisfying . This implies that we
can test satisfiability of such a formula by checking precisely for every small structure and by
accepting any large enough structure. Conversely, every sentence ¢ in Il is equivalent to a
sentence of the form =3z ... Jxxh(xy, ..., k) where ¢(zq, ..., 2x) is a quantifier-free formula.
Therefore testing ¢ amounts to testing absence of a finite set of forbidden induced substructure,
which can be done similarly to testing subgraph freeness [73|. For sentences with at least one
quantifier alternation testability is less clear. In this chapter we prove the following theorem

classifying which prefix classes of FO yield testable properties in the bounded degree model.

Theorem 6.0.1. Every FO-sentence ¢ € 3o defines a testable property in the bounded degree
model. On the other hand, there is a property in Ily which is not testable in the bounded degree

model.

To simplify the argument we obtain the non-testable property in the relational structure
model and argue in Section[6.3how to obtain the result in the bounded degree model for graphs.

Testability for sentences in X5 is obtained for both models.

65
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It is worth taking note that the dividing line in Theorem is the same as for FO
properties in the dense graph model [6]. This is surprising taking into account the very different
nature of the two models. Specifically, the dense model characterisation uses a variation of the
regularity lemma which cannot be applied in the bounded degree model. In order to prove
Theorem we develop new proof techniques combining graph theory, logic and property
testing. Furthermore, Theorem[6.0.1]answers the open question whether FO definable properties

are testable in the bounded degree model raised by Adler and Harwath in [2].

Proof outline To prove that there is a property defined by a sentence in IIs which is not
testable in the bounded degree model we define an FO-sentence Y@ which encodes an elaborate
construction of a class of relational structures. The construction uses the zig-zag product which
was introduced by Reingold, Vadhan and Wigderson in [115]. We give a detailed overview of
the construction at the beginning of Secti The sentence %) defines a class of edge
expanders which we will show in Section To prove expansion we first show what the
structural appearance of the models of 20) is (Lemma , for which the core part is prov-
ing connectivity (Lemma [6.1.14). We further use the structural appearance of the models of
20) to prove expansion using the preservation of edge expansion by the zig-zag product (Propo-
sition . We prove that the property P@ defined by Y@ is not testable in Section
(Theorem [6.2.1)). We use Theorem to show the existence of arbitrarily large structures
whose frequency vectors approximately look like the frequency vector of a model of Y@ but
which are far from P@. These structures being far from P@ is ensured by the edge expansion
of the models of Y@ Non-testability of P@ follows using Theorem We further show in
Section [6.2] that every sentence which only has d-regular models is d-equivalent to a sentence
in IT, (Lemma . Note that this can be applied to our property as d-regularity of models
of Y@ is ensured in the construction. Combining Theorem and Lemma %We obtain

that there is a sentence in ITs which defines a non-testable property (Theorem [6.2.4]). Finally,

in Section [6.3] we show that we can obtain a sentence in II; which defines a property of simple
undirected graphs and is not testable in the bounded degree model for graphs (Theorem.
This is shown by carefully replacing tuples by d-regular graph gadgets and arguing that edge
expansion is maintained (Proposition .

In Sectionwe prove that every sentence in Yo defines a testable property (Theorem.
This applies to both the bounded degree model of relational structures and the bounded degree
model for graphs. We obtain Theorem by proving that every property defined by a
sentence in Yo is a union of properties each of which is indistinguishable from a property in II;.
The notion of indistinguishability of properties was introduced in [6] for the dense model and
entails that testability of two indistinguishable properties is equivalent. Since properties defined
by sentences in II; are testable and property testing is closed under unions (Corollary
this shows testability of every property defined by a sentence in ¥5. The main challenge

here is to deal with the interactions between existentially quantified variables and universally
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quantified variables. Intuitively, the degree bound limits the structure that can be imposed by
the universally quantified variables. Using this, we are able to deal with the existential variables
together with these interactions. We prove that editing in a required constant size substructure
for every structure of a property results in a property which is indistinguishable.

Combining Theorem [6.3.1) and Theorem [6.4.1| proves Theorem [6.0.1

6.1 A class of expanders definable in FO

In this section we construct a formula which defines an infinite property consisting of expanders.
The construction is based on the zig-zag product of graphs introduced in [115], which maintains
expansion as was shown in [115]. Since a detailed understanding of the zig-zag product is key
for the construction of our formula, we will introduce the zig-zag product and its properties in

detail in the following.

6.1.1 Expansion and the zig-zag product

In this section we recall a construction of a class of expanders introduced in [87]. This class is
defined by recursively applying some graph operations (taking the zig-zag product, squaring)
which are defined via so called rotation maps. Rotation maps represent graphs similar to
adjacency lists. They depend on an ordering on the neighbours of each vertex. Furthermore,
fixing an ordering of neighbours for every vertex corresponds to a rotation map and hence in
particular for every graph there exists a rotation map. Note that in this subsection all graphs
are multigraphs (graphs with parallel edges and self-loops) as in the original work [115].

Definition 6.1.1. Let D € N and G = (V, E, f) be a D-regular graph on N vertices and I be
a set of size D. Then a rotation map of G is a function ROTqg : V x I — V x I such that for

every two not necessary different vertices u,v € V
{(i,5) € I x I'|ROTq(u,i) = (v,j)} =2-[{e € E| f(e) = {u,v}}|

and ROT¢ is self inverse, i.e. ROT¢(ROT¢(v,4)) = (v,i) for allv e V, i € I.

There is a tight connection between certain properties of a graph and the eigenvalues of its
adjacency matrix, which we will recall in the following. For a D-regular graph G = (V, E, f)
we let the normalised adjacency matrix M of G be defined by

1
My i= 35 e | £() = {u, v}l
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Definition 6.1.2 (Spectrum of a graph). Let D € N, G = (V, E, f) be a D-regular graph and
M the normalised adjacency matrix of GG. The eigenvalues of M are called the spectrum of G.
We denote the eigenvalues of M by Ay > Ao > -+ > An. We define

AMG) = max{| Az, | AN}

We say that a graph is an (N, D, \)-graph, if G has N vertices, is D-regular and A(G) < .

Since M is real, symmetric, contains no negative entries and all columns sum up to 1, all
its eigenvalues are in the real interval [—1,1]. Furthermore 1 is always an eigenvalue of M
corresponding to the eigenvector 1y := (1,...,1)" as G is D-regular and M is normalised.

The spectrum encodes the following properties of a graph.

Lemma 6.1.3 ( [87]). The graph G is connected if and only if Ay < 1. Furthermore, if G is
connected, then G is bipartite if and only if \y = —1.

There is also the following connection between h(G) and A(G), where h(G) is the expansion
ratio defined in Definition 2271

Theorem 6.1.4 ( [10,43]). Let G be a D-regular graph on N vertices. Then

D—D-\G
h(G) > 7()
2
This implies that for a sequence {Gn}nen of graphs of increasing number of vertices, if
there is a constant € < 1 such that A(Gy) < e for all N € N, then the sequence {Gn}yen is a
family of @—expanders.
We now define the basic graph operations used to recursively define a class of expanders

and their properties.

Definition 6.1.5. Let G = (V, E, f) be a D-regular graph on N vertices with rotation map
ROTg : V x I — V x I where I is a set of size D. Then the square of G, denoted by G2, is a
D?-regular graph on V with rotation map ROTgz(u, (k1,k2)) := (w, (€2, ¢1)), where

ROT¢(u, k1) =(v, £1) and
ROTg(’U,kJQ) Z(w,fg),

and u,v,w €V, ki, ko, 01,05 € I.

Note that the edges of G? correspond to walks of length 2 in G and the adjacency matrix
of G? is the square of the adjacency matrix of G. Note here that if G is bipartite then G2 is

not connected, which can be easily explained by using Lemma [6.1.3
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Figure 6.1: Zig-zag product of a 3-regular grid with a triangle.

Lemma 6.1.6 ( [115]). If G is an (N, D, \)-graph then G? is an (N, D?, \?)-graph.

Definition 6.1.7. Let G; = (V4, E1, f1) be a Dy-regular graph on N; vertices, I; a set of size
Dy and ROTg, : Vi x I} = V; x I; arotation map of Gy. Let Gy = (I1, Es, f2) be a Da-regular
graph, let Is be a set of size Dy and ROTg, : I} x Is = I} X I3 be a rotation map of G2. Then
the zig-zag product of G1 and G, denoted by G @) Gs, is the D3-regular graph on vertex set
Vi x I with rotation map given by ROT @02((11, k), (i,7)) := (w, ), (§',4")), where

ROTg, (ki) = (K',i),
ROTg, (v, k') = (w,¢'), and
ROTq, (¢, 5) = (¢,57),

and v,w € Vi, k, k', 6,0 € I1,14,i,5,7 € Is.

The zig-zag product G (2) G2 can be seen as the result of the following construction. First
pick some numbering of the vertices of G5. Then replace every vertex in GGy by a copy of Go
where we colour edges from G, say, red, and edges from G5 blue. We do this in such a way that
the i-th edge in G of a vertex v will be incident to vertex i of the copy of G2 corresponding
to v. Then for every red edge (v, w) and for every tuple (i,5) € Is X Iy we add an edge to the
zig-zag product G1 (z) G connecting v’ and w’ where v’ is the vertex reached from v by taking
its i-th blue edge and w’ can be reached from w by taking its j-th blue edge. Figure [6.1] shows
an example, wherein the graph on the right hand side we show the 4 edges that are added to
the zig-zag product for the highlighted edge of the graph on the left hand side.

Theorem 6.1.8 ( [115]). If Gy is an (N1, Dy, A\1)-graph and Go is a (D1, Da, A2)-graph then
G1 @ Gs is an (Ny - D1, D3, g(A1, \2))-graph, where

1 1
g0 2) = 5 (1= M) + 5\/(1 ~A2)2A1 + 402,
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This function has the following properties.
1. If both A1 <1 and Ay < 1 then g(A1,A2) < 1.
2. g()\h)\g) < A1+ Ag.

We can now recursively define a class of expanders. We use the expander construction
from [87].

Definition 6.1.9 ( [87]). Let D be a sufficiently large prime power (e.g. D = 216). Let H be
a (D* D,1/4) expander (an explicit constructions for H exist, see [115].) We define {Gy}sen-,
by

G1 := H? and
Gy:=G? | @H for £ > 1.

Proposition 6.1.10 ( [87]). For every ¢ € N+, the graph Gy is a (D*, D? 1/2)-graph.
We further require the following lemma.

Lemma 6.1.11. Let G be a D-reqular graph and S be the set of vertices of a connected com-
ponent of G*. Then A\(G?[S]) < 1.

Proof of Lemma[6.1.11} Let 1 =X; > Ay > -+ > Ay be the eigenvalues of G*[S]. By definition
we have that G2[S] is connected and therefore Lemma implies that A; > A2. Now assume
that —1 is an eigenvalue of G2[S] with eigenvector ¥. Then the vector ¥’ defined by v, = v
for all s € S and ¥/, = 0 otherwise is the eigenvector for eigenvalue —1 of the graph G2. But
G? can not have a negative eigenvalue as every eigenvalue of G? is a square of a real number.
Therefore A\; # Ay and A(G?[S]) < 1 as claimed. O

6.1.2 Defining the formula @

In this section we construct a formula 20} that defines a class of relational structures with
binary relations only (edge-coloured graphs) whose underlying undirected graphs are expander
graphs, arising from the zig-zag product [115]. The motivation behind this is that a property
tester is not able to decide whether a graph is connected or contains a few large connected
components. But a property tester deciding whether a graph is a model of this formula has to
be able to distinguish them, as being an expander ensures that we have to delete more than
an e-fraction of the edges to disconnect the graph into large connected components for some

constant € > 0.

We start with a high-level description of the formula. Let {G,}men., be as in Defini-
tion Loosely speaking, each model of our formula is a structure which consists of the

disjoint union of Gy,..., G, for some n € N5y with some underlying tree structure connecting
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Figure 6.2: Schematic representation of a model of Y@ where the parts in red (grey) only
contain relations from E and relations in F are blue (black). Relation R and L are omitted.

Gm—1 to Gy, for all m € {2,...,n}. For illustration see Figure The tree structure
enables us to provide an FO-checkable certificate for the expander construction from Defini-
tion The tree structure is a D*-ary tree, that is used to connect a vertex v of G,,_1 to
every vertex of the copy of H which will replace v in G,,,. We use D* relations {Fk}re(pp2)> to
enforce an ordering on the D* children of each vertex. We use additional relations to encode
rotation maps as follows. For i,j € [D]? let E; ; be a binary relation. For every pair i, j € [D]?
we represent an edge e with f(e) = {v, w} for two not necessarily distinct vertices v, w in G,,
by the two tuples (v,w) € EZA} and (w,v) € Eﬁ This allows us to encode the relationship
ROTg,, (v,%) = (w, j) in FO using the formula ‘E; ;(v, w)’.

We use auxiliary relations R and Ly, for k € ([D]?)?, to force the models to be degree-regular.
The relation R contains the tuple (r,r) for the root r of the tree, and Ly will contain the tuple
(v,v) for every leaf v of the tree.

We now give the precise definition of the formula. Remember that [n] := {0,1,...,n — 1}
for n € N. Let

o= {{Ei,j}i,jE[D]Qa {Fk}ke([D]2)2,R, {Lk}ke([D]2)2 }, (61)

where E; ;, Fi,, R and Ly, are binary relation symbols for 4, j € [D]? and k € ([D]?)2. For conve-
nience we introduce auxiliary relations F and F’ with the property that for every o-structure we
have B4 = Ui jeip)2 E;t and FA := Usep2)2 F{A. In any formula we can reverse using these
auxiliary relations by replacing formulas of the form “E(xz,y)” by “\/iyje[D]g E; j(z,y)” and
formulas of the form “F(z,y)” by “Vj.c((pj2)2 Fr(@,y)” below. We use the following formula to
identify the root

Yroot () := Yy F (y, ). (6.2)

We now define a formula ¢g,ec, which expresses that any model restricted to the relation F
locally looks like a D*-ary tree. More precisely, the formula defines that the structure has

exactly one root, that every vertex apart from the root has exactly one parent and every vertex
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has either no children or exactly one child for each of the D* relations Fj. It also defines
the self-loops used to make the structure degree regular. That is the root has an R-self-loop
replacing the incoming f-edge and every leaf has D* L-self-loops to replace the D* outgoing
F-edges.

Oiree = T TProot () A Va:((gproot(x) AR(z,z)) vV (ElzlyF(y, ) A =JyR(z,y) A —-JyR(y, x)))/\

w([Brenn N eorwres N cbean A L)

ke([D]?)? ke([D)2)? ke([D]2)?
V[ﬂy \  (Lr(@y) V Ly, 2))A
ke([D]?)?
A Sn(emABGmnC N\ ~Felom) Aol £ - Filen)] ).
ke([D]?)? k'e€([D]2)2 k' #£k

(6.3)

The formula @rotationmap Will define the necessary properties the relations in £ need to have
in order to encode rotation maps of D?-regular graphs. For this we make sure that the edge
colours encode a map, i.e. for any pair of a vertex x and index i € [D]? there is only one pair
of vertex y and index j € [D]? such that E; j(z,y) holds and that the map is self inverse, i.e. if
E; j(z,y) then E;;(y, z).

‘protationMap =VxVy( /\ (Ei,j (1’7 y) — Ej,i(y7 ZL’)))/\

i,j€[D]?
VQZ( /\ ( \/ (ElzlyEiJ'(l‘,y)/\ /\ _‘EyEi,j’(l'7y))))_ (64)
i€[D)?  je[D)? Fe?

3'#j

We now define a formula ¢p.se which expresses that the root r of the tree has a self-loop
(r,r) in each relation E;; and that the D? children of the root form Gi. Let H be the
(D*, D,1/4)-graph from Definition We assume that H has vertex set ([D]?)%2. We then
identify vertex k € ([D]?)? with the element a € A for which (r,a) € F{* for the root . Let
ROTy : ([D]?)? x [D] — ([D]?)? x [D] be any rotation map of H. Fixing a rotation map for H
fixes the rotation map for H2. Recall that G| := H2. We can define G by a conjunction over
all edges of G.

Pbase 5:V$<90moc(3€) — { /\ (EU(%Z) /\Vy(fﬁ £y — (2B j(z,y) A _‘Ei,j(yax))))/\

i,j€[D]?
A W3y (Fi(z,y) A Fi(z,y') A B (y, y’))] )
ROT 2 (k,i)=(k',i")
k,k' €([D]?)?
i,i'€[D)?

(6.5)

We will now define a formula @yecursion Which will ensure that level £ of the tree contains Gy.
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Recall that Gy :== G7_, @ H. We therefore express that if there is a path of length two between
two vertices z, z then for every pair ¢,j € [D] there is an edge connecting the corresponding
children of x and z according to the definition of the zig-zag product. Here it is important
that  and z either both have no children in the underlying tree structure or they both have

children. This will also be encoded in the formula.

Precursion =VaVz [("HZJF(% y) A _‘ElyF(Zv y)) vV /\ <3y [Ek’l,f/l (SU, y) A Eké,% (y, Z)] —

K kye[D]?
£,05€[D)?
/\ 32/ 32" [Fio(@,2") A Fy(2,2") N Eg gy, i (@ z’)])] .
i,5,i',j' €[D],k,Le([D]?)
ROTw (k,i)=((ky,k3).i)
ROTw ((£5,¢1),5)=(£,5")
(6.6)
We finally let
90@ = Ptree N ProtationMap A Pbase A Precursion- (67)

This concludes defining the formula.

6.1.3 Proving expansion of the property defined by the formula Y@

We define the following degree bound
d:=2D?+4+ D*+1, (6.8)

where D is the degree of the base expander H used in the construction from Definition [6.1.9
The degree bound d is chosen in such a way to allow for any element of a o-structure in Cy
to be in 2D? E-relations (G, is D? regular and every edge of G,, is modelled by two directed
edges), to have either D* F-children or D* L-self-loops and to either have one F-parent or be
in one R-self-loop. Let I := {0} U([D]?)?U[D]? be an index set. We define the underlying graph
U(A) of a model A of Y@ to be the undirected graph with vertex set A given by rotation map
ROTy (4 : A X T — A X I defined by

v,0) ifi=0and (v,v) € R4,

w,j) ifi=0and (w,v) €FJA7
w,0) if i € ([D]?)? and (v,w) € FA,
v,4) ifi € ([D]?)? and (v,v) € LA,

<

(
(
ROTy (4 (v,1) := (
(
(

w,j) ifi € [D)? and (v,w) € E;t

We can understand this rotation map as labelling the tuples containing an element v as follows:
(v,v) € RA or (w,v) € F{ respectively will be labelled by 0, (v,w) € Fi* or (v,v) € L{
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respectively will be labelled by &k and (v,w) € E{% will be labelled by i. Note that U(A) is
(D? 4+ D*+1)-regular. We chose the notion of an underlying graph here instead of the Gaifman
graph as it is more convenient in particular for using results from [115]. However the Gaifman
graph can be obtained from the underlying graph by ignoring self-loops and multiple edges. In

this section we will show the following.

Proposition 6.1.12. The underlying undirected graphs of models of P@) are a family of

e-expander for some € > 0.

We will show Proposition in several steps analysing the structure of models of 20) in
detail. For this let A be a model of ¢g). Let Alp = (4, () ke((pj2)2) be the {(Fi)re(p)2)2 -
structure obtained from A by forgetting relations {E; ;}; jeipj2, R and {Lg }re(pj2)2- Recall
that we denote the Gaifman graph of A|r by G(A|r). Let A|g be the {(E; ;); je[p)2 }-structure
(4, (Efj)i7je[D]2) obtained from A by forgetting relations {F'}re((pj2)2, R and {Ly}re((pj2)2-
We further define the underlying graph U(A|g) of A|g as the undirected graph specified by
the rotation map ROTy (4|, defined by ROTy (4, (v, 1) := (w,j) if (v,w) € EZA} This is well
defined as A = @rotationMap-

We use the substructures G(A|r) and U(A|g) to express the structural properties of models
of Y@ More precisely we want to prove that G(A|r) is a rooted complete tree and U(A|g)
is the disjoint union of the expanders Gi,..., G, for some n € N (Lemma . To prove
this we use two technical lemmas (Lemma and Lemma . Lemma intuitively
shows that the children in G(A|r) of each connected part of U(A|g) form the zig-zag product
with H of the square of the connected part. Lemmal[6.1.14]shows that G(A|r) is connected. To
prove Proposition [6.1.12] we use that a tree with an expander on each level has good expansion.
Loosely speaking, this is true because cutting the tree ‘horizontally’ takes many edge deletions

and for cutting the tree ‘vertically’ we cut many expanders.

Lemma 6.1.13. Let A be a model of %) and assume S is the set of all vertices belonging to
a connected component of (U(A|g))? not containing the root and let S’ := {w € A | (v,w) €
FAve S}, If 8" # 0 then U(A|g)[S'] is a connected component of U(A|g) and U(A|g)[S'] =
(U(Alp)?’ISH @ H.

We use connected components of (U(A|g))?, as the square of a connected component of
U(A|g) may not be connected, in which case the zig-zag product with H of the square of the

connected component cannot be connected.
Proof of Lemma[6.1.13 Assume that S” # (. We first show that
U(Alg)[S"1 = (U(AlR))’[S]) @ H.

For this we use the following two claims.
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Claim 1. If ROT(U(AlE))Q[S]@H((u, k), (i,7)) = ((w,£),(5',i)) for some u,w € S, k,l €
([D]?)2, i,4,i',7" € [D] then there is v € S such that (u,v) € E’?}uf’l and (v,w) € EQ,Z’Z where
ROTw(k,i) = ((k1, k3),4') and ROTx ((¢5,£1),5) = (£,5).

Proof of Claim[1, By assumption we have ROT(U(A|E))2[S]@H((U” k), (i,7)) = ((w,£),(5,1)).
This implies that ROT (4] »))2151(w, (k1, k) = (w, (5, £7)) for ROT g (k,i) = ((k],k3),") and
ROT g ((¢5,41),7) = (¢, 4") by definition of the zig-zag product. Since ROT 74| ))2[s] is equal to
ROT (7(a|,))> restricted to elements of the set S, we have that ROT (4|2 (u, (k1,ks)) =
(w, (¢5,£7)). Then by definition of squaring ROT (7(4),))2 (u, (k1,k3)) = (w, (£5,¢})) implies
that there is v such that ROTy4),)(u, k1) = (v,£;) and ROTy (4, (v, ky) = (w, ;). This
implies the claim by the definition of ROTy(4),)- ]

Claim 2. If (u,v) € E;:}l% and (v,w) € EQ’% for some u,v,w € A, ki, kb, ¢}, 0 € ([D]*)? and
there is ' € A with (u,u’) € FA then there is w’ € A such that (w,w’) € FA. Furthermore
for any i,4’,j,j' € [D] there are @,w € A, k,{ € ([D]?)? such that (4,w) € Eéj)’(j,i,) for
(u,@) € F* and (w,w) € F* where ROT g (k,i) = ((k},kb),4') and ROT g ((¢4,¢}),5) = (¢,5').
Proof of Claim[3 We only use that A = @recursion- SINCE Qrecursion has the form VaVzi(z, z)
for some formula ) (z, z) we know that A |= 9 (u,w). Since (u,u’) € F* we have

A —~FyF(u,y) N ~3yF(w,y).

Since additionally
A 3y[ By o (u,y) A By o (w, 2)],

this implies that

A /\ 32’32 [Fi,(u, 2") A Fy(w, 2') A B )0 (@', 2')]
i,4,',j'€[D],k.Le([D]*)*
ROTw ((£5,£1),5)=(£,5")

Since this conjunction is not empty this implies that there exists an element w’ such that

(w,w") € FA. More precisely for any 4,4’ j, j* € [D] there are 1, as stated. [ ]

We will argue that for every element w € S there is a w’ € S’ such that (w,w’) € FA.
For this pick any u’ € S’. Let u € S be the element such that (u,u’) € F*. By combining

Lemma [6.1.11| and Theorem and Lemma it follows that (U(A|g)?[S])@H is a

connected graph. Therefore, there is a path (uf,...,u!,) in (U(A|g)?*[S]) @ H from uf, =
(u, (k1,k2)) to ul, = (w,(¢1,€2)) for some kq,kq, (1,0 € [D]?. By Claim [1| there is a path
(U0, Vo, U1, V1, -+ - Um—1, Umn—1, Um) i U(A|g) from ug = u to u,, = w. By inductively using
Claim [2| on the path we find w’ such that (w,w’) € FA.

Combining this with A = ¢ee implies that the map f : S x ([D]?)? — S’, given by
f(v,k) = u if (v,u) € F{, is well defined. Furthermore, Claim [I| and Claim [2| imply that
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if ROT(U(A\E)V[S]@H((UJC)’ (4,4)) = ((w,0),(5",4")) then ROT ()5 (f((u, k)), (4, 5)) =
(f((w,£)),(j',4')). This proves that f maps each edge in ((U(A|g))?[S])@ H injectively to
an edge in U(A|g)[S’]. Then the map f together with the corresponding edge map is an
isomorphism from ((U(A|z))?[S]) @ H to U(A|g) as both are D*-regular.

Moreover, U(A|g)[S"] & (U(A|g))?[S]) @ H implies that U(A|g)[S’] is connected and D?-
regular. Since A E ¢rotationMap enforces that U(A|g) is D?-regular, no vertex v € S’ can
have neighbours which are not in S’ and therefore U(A|g)[S’] is a connected component of
U(Alg)- 0

Lemma 6.1.14. Let A € Cy be a model of Y@ Then G(A|F) is connected.

Proof. Assume that this is false and G(A|r) has more than one connected component. Since
A E ¢tree there is exactly one element v such that A = o0t (v). Therefore we can pick G’ to
be a connected component of G(A|r) which does not contain v. For the next claim we should
have in mind that (A|r)[V(G’)] can be understood as a directed graph in which every vertex
has in-degree 1 and the corresponding undirected graph G’ is connected. Hence (A|r)[V(G’)]
must consist of a set of disjoint directed trees whose roots form a directed cycle. Consequently

G’ has the structure as given in the following claim.

Claim 1. G’ contains a cycle (co,...,ci—1) and for every vertex v of G’ there is exactly one

path (po,...,pm) in G’ with pg = v, p,,, on the cycle and p; not on the cycle for all i € [m).

Proof of Claim[1 Let vy be any vertex in G’ and let Sy = {vo}. We will now recursively define
v; to be the vertex of G’ such that (v;,v;_1) € FA. Such a vertex always exists and is unique by
choice of G'. We also let S; := S;_1 U{v;}. Since A is finite the chain Sy C S, C---C S; C ...
must become stationary at some point. Let ¢ € N be the minimum index such that S;_; = .5;
and let j < ¢ be such that v; = v;. Then (v;, v;—1,...,v;41,9;) is a cycle in G’ as by construction
(v, vk_1) € FA which implies that {vj,vx_1} is an edge in the Gaifman graph G(A|r). Let
C = {co,...,co—1} be the vertices of the cycle. Since G’ is connected a path such as in
the claim always exists. So let us argue that such a path is unique. Assume there are two
different such path (po,...,pm) and (pg,...,p),) and assume that p,, = ¢; and p,,, = ¢;. Let
k < min{m,m’} be the minimum index such that py # p},. Such an index must exist as the
paths are different and as py = p{, = v we also know that k > 1. Since A &= @4 for every
vertex w of G’ there can only be one vertex w’ of G’ such that (w’,w) € FA. As p,,_1 ¢ C and
(€(i=1) mod £, Pm) € F4 this means that (pm, pm_1) € FA. Applying the argument inductively
we get that (py,px_1) € FA. The same argument works for the path (pj, ..., p!,,) and therefore
(py,P}_1) € FA. By the choice of k we know that py_1 = p},_, and py # p}, which contradicts
A E Pree- u
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Let Sy be the vertex set of the connected component of U(A|g) with ¢g € Sp. Note that Sy
might not be contained in G’.

We now recursively define the infinite sequence of sets S; := {w € A | (v,w) € F*,v € S;_1}
for every i € N5g. Let m; := max,es,nv minjego,... ¢—13{diste(cj,v)} and let v; € S;N'V be a

vertex of distance m; from C in G’. Note here that m; is well defined as ¢; moqrs € S;.
Claim 2. U(A|g)[S:] = (U(A|g)[Si—1]))* @ H.

Proof of Claim[4 We show the stronger statement that U(A|g)[S;] is a connected component of
U(Alg) and (U(A|g)[S:])?@ H = U(A|g)[Si+1] and N(U(A|g)[S:]) < 1 for i € N by induction.

First observe that U(A|g)[So] is a connected component of U(A|g) by choice of Sy. To
argue that AN(U(A|g)[So]) <1let S:={we A| (w,v) € FA v e Sy}.

We now argue that (U(A|g))2[S] is a connected component of (U(A|g))2. Assuming the
contrary, either a connected component of (U(A|z))? contains vertices from both S and A\ S
or (U(A|g))?[S] splits into more than one connected component. Let S’ be the vertices of a
connected component as in the first case. Then |S’| > 1 and hence S’ can not contain the root
as the root is not in any E-relation with any other elements. Hence by Lemma [6.1.13| we get
a connected component of U(A|g) on the children of S” containing vertices both from Sy and
from A\ Sy, which contradicts Sy being a connected component of U(A|g). Now let S’ be a
connected component as in the second case, and pick S’ such that it does not contain the root.
Then by Lemma Sp must have a non-empty intersection with at least two connected
components of U(A|g) which is a contradiction.

Thus, by Lemma we have that A((U(A|g))?[S]) < 1. Additionally by Lemma
U(Alg)[So] = (U(A|r))?[S]) @ H. Then Theorem and A(H) < 1 ensure that
AU (A[2)[S0]) < 1.

For ¢ > 1 inductively we assume that A(U(A|g)[Si—1]) < 1 which implies by Lemma
and Lemma that (U(A|g)[Si—1])? is a connected component]l] of (U(A|g))? and that
(U(A|g))?[Si—1] = (U(A|g[Si—1]))?. Since ¢;mod¢ € S; by Lemma we have U(A|g)[S;] is
a connected component of U(A|g) and U(A|g)[S:] = (U(A|g)[Si-1])? @ H. Additionally this
proves A(U(A|g)[Si]) < 1 using Lemma and Theorem [ ]

Claim 3. For every v € S; there is w € V such that (v,w) € F4.

Proof of Claim[3 By Claim [2| we have that U(A|g)[Si+1] = (U(A|g)[S:])? @ H. This means
that by definition of squaring and the zig-zag product we know that |S;,1| = D* - |S;|. But
because in addition A | ¢iree we know that every element v € S; will contribute to no more
then D* elements to S;y1. This means by construction of S;;; that for every element in S;
there must be w € V such that (v,w) € FA. [ |

1'We remark that the statement that (U(A|g)[S;—1])? is a connected component does not directly follow from
the fact that U(A|g)[S;—1] is a connected component of U(A|g), as the square of a connected bipartite graph
is not necessarily connected.
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Figure 6.3: Ilustration of the proof of Lemma |6.1.14

Therefore, for every i € Nyg there is w; € V such that (v;,w;) € FA where v; is the
vertex of distance m; from C' in G’ picked above. Let (ug,...,un,) be the path in G’ from
up = v; to um, € C. Note that it is impossible that w; = uy. This is true as for the path
(U, -y U, ), we have that (uji1,u;) € F4 for all j € [m;]. Furthermore, since v; = ug # u,
assuming that w; = w1 would imply (v;, u1), (uz,u;) € FA, which contradicts A |= @iree. Then
(w;i, ugy ..., Um,;) is a path in G’ from w; to C. Since w; € S;y1 by construction, Claim
implies that m;1 > m; + 1. Therefore m; > i+mg inductively. But this yields a contradiction,
because £ +mg < my = mg and the length of the cycle £ > 0. See Figure[6.3] for an illustration.
Therefore G(A|r) must be connected. O

Lemma 6.1.15. Let A € Cy be a (finite) model of Y@ Then |A] = 3" _ D*™ for some
n € N; G(A|r) is a D*-ary complete rooted tree, where the root is the unique element r € A
for which A = @root(1); and U(A|g)[Tm] & G where G, is defined as in Deﬁnition
and T, is the set of vertices of distance m to r in the tree G(A|p) for any m € {1,...,n}.
Furthermore, for every n € N there is a model of %) of size > _, DA™,

Proof. Lemma, combined with A = @iy proves that G(A|r) is a rooted tree. Let n be
the greatest distance of any vertex in G(A|g) to the root and let T}, be the vertices of distance
m to the root for m < n. Then U(A|g)[T1] = G; because A |= @pase. Since A(G,) < 1 for
every m € N5o we can use Lemma to prove by induction that U(A|g)[Tw] = G, for
every m € {1,...,n}. Since G,, has D™ vertices this proves that A has """ _  D*™ vertices.

4m

Furthermore, for n € N the existence of a model of @ of size Y _ D*™ is straightforward

by the construction of the formula Y@ O
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Now we are ready to finish the proof of Proposition [6.1.12

Proof of Proposition|6.1.19. We will prove that the models of P are a class of e-expanders
for € := %2 Let A be the model of ) of size Y. _ D*™ and S C A arbitrary with |S| <
> %. Let T,, be the vertices of distance m to the root of the tree G(A|r) and let

m=0
Sm i =T,,NS.

We can assume that |S| > 1 as every vertex has degree at least e. Let us first assume that
[Sm| < D for all m € [n]. Then because G,, is an %—expander (this follows directly from

Theorem as AM(Gy) > 3) and U(A|g)[T7n] = G, we know that

" D? D* & D?
(S, S)u )l ZZT 272 §|S\-

m=1

Now assume the opposite and choose m’ to be the largest index such that

|Tm’ ‘ DAm’
S = . 6.9
(S| > H2d = 22 (69)
We will use the following claim.
Claim 1. 720 |Tr| < LT for all m < n.
Proof of Claim[1 Inductively, we argue that
m—1 m—2
Tl = D |Tnl + T < (3\Tm 1]) < ITm|~
m=0 m=0
|

Claim [I] implies that

3 1 1 iy 1
— T, > =T, | + = E Il = =|A] > > |Snl.

m=0
In the case that m’ = n, this implies

—_ D2 D2

> — .

(8. S el = 2Ll - 15,0 > Zm = 2 s
Assume now that m’ < n. Since S is the disjoint union of all S,,, we know that the set (S, S)y(4)
contains the dlSJOlIlt sets <Sm, Tm\Sm>U(,A)7 <Tm/ \ Sm/, Tm/>U(.A and <Sm/7 Tm /41 \ Sm +1> U(A)
for all m € {m’ +1,...,n}. For illustration see Figure Since every vertex in T, has D*

neighbours in 7},,/4+; and on the other hand every vertex in T,,/41 has one neighbour in T,,, we
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know that

[(Smss Trnr1 \ Smrr1)uay] = [(Smrs T v 1) vyl — [(Sme s Smrv1)u(a)l
> D4|Sm’| - |Sm’+1|

4m’
> D4<|Sm/ D )

2

Since additionally
T
| 2 | > |Tm/\Sm/|_D4m |Sm’|

X 2
and G, is an %—expander for every m we get

o D2 D2 D4m’

> — 1Pm 7Tm’ m’ D4 m’'| —

(8.5l 3 Tisl+ 4| Sl + D (18] = 25 )

D2 D4m'
> 1Sm |+ D4m |Spr|) + D*|Spur| — D* -

m>m/

D? D?
+ 7|Sm" - 7|Sm’|

D2 D4m D2
- % sl (00 B )il - D4—) + 15

m>m/

Equatlon@ D2 D2 D2 D4m/ D2
S D* — D* — — S

T X +( 35 (o) P s
Equatlon@ D D

Z / |Siml + |Sm’ ) < >

m>m
Claim [ )2

Z T |Sm‘ + |Sm | + Z |Tm|
m>m/’ m<m/’
[Tm|>[Sm| D2
= sk
By choice of € this shows that the models of P are a class of e-expanders. O

Hence we have constructed an FO-sentence Y@ which defines a property of structures,
whose underlying undirected graphs are expanders. In the next section we use the expansion

property of models of 20) to prove that the property defined by o) is not testable.
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Sm’jﬁ/ Aok

< g MINN

Sh §

Figure 6.4: Schematic representation of S crossing edges (orange and blue) in the underlying
undirected graph in the case of m’ < n.

6.2 On the non-testability of a Il;-property

We first prove that the property defined by the sentence 20) is not testable and then we argue
that the sentence 20) is d-equivalent to a sentence in Il where d is the degree bound defined
in Equation W We let P@ =P, @ for the sentence @ from Section We also let o be

the signature from Equation [6.1]
Theorem 6.2.1. P@ is not testable on Cjy.

Proof. we prove that P@ is not repairable and get non-testability of P@ with Theorem
Let € :== 1ripz and let r € N, A > 0 and ng € N be arbitrary. We set X' := 1, where ¢
denotes the number of r-types of bounded degree d, and let nj be the positive integer from
Theorem corresponding to A’. We now pick n € N such that n = Zf:o D* for some
ke N, n>4ng and n > %. Let A € C4 be a model of Y@ onn elements. By Theorem |5.2.2
there is a structure H € Cy on m < n{, elements such that the sampling distance of A and B
(Definition satisfies 6o (A, H) < X. Let B be the structure consisting of | Z | copies of

n
m

‘H and n mod m isolated elements (elements not being contained in any tuple). Note that by
choice of B we have that |A| = |B].

We will first argue that B is in fact e-far from having the property P@. First we rename
the elements from B in such a way that A = B and the number Y 5., |RAAR5| of tuple
modifications to turn 4 and B into the same structure is minimal. Let us pick a partition
A= B=SUS insuch a way that (S x S")NRE =0, (S’ x S)N RZ = for any R € o and
[IS] — |S’|| is minimal among all such partitions. Assume that |S| < |S’|. Since the connected
components of the Gaifman graph G(B) are of size at most m we know that ||S|—|S’|| < m. This
is the case as if ||S] — |S7|| > m we can get a partition B = T'UT" with ||T'| — |T”|| < ||S| — |5"]|
by picking all elements of any connected component of G(B), which is contained in S’, and
moving these elements from S” to S. Since |S| <[5’ and m < § we know that 3 < [S| < 3.
Since (S x §")N R = § we know that A and B must differ in at least all tuples that correspond
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to an S and S’ crossing edge in U(A) i.e. an edge in (S,S")y(4). Hence

S IRA A RP| > (S, )yl
REU
Def 22211
> |S|-h(A)
Prop. BT n D’
- 4 12
—DQ
48
1

> .
= Tupz

Therefore B is e-far from being in P@

However, the frequency vectors (Definition of A and B are similar as the following
shows, proving that P@ is not repairable. Let 71,...,7 be a list of all r-types and T,
{71,...,7¢}. We further denote the o-structure containing a single element and no tuples by
K.

[freq,. (A) — freq,.(B)[|, = lem{n = per({7i})]

m

*Z\pm () = PO (D)~ | 2] ™ (i)

m

<3 Joarlsh) = ()| + L ()
=1 =1

2 o = 5] 5 o)

Z ‘pA r {Tz pH,r({Ti}) +—

<t- sup |PA,T(X) - pH,T(X)| +—
XCT, n
2m

< (A”H)—&-f

IN

> o> T
_|_
N | >

The last inequality holds by choice of A and Theorem [5.2.2} O
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We now argue that Y@ is d-equivalent to a sentence in Il;. Let us first observe the following.

Remark 6.2.2. Any Hanf sentence 32™x ¢, () is short for

333‘1...E|$m( /\ J)i#ﬂl‘j/\ /\ (ﬁ-,—(.]?l)),
1<i,j<m,i#] 1<i<m
where ¢, (z;) is the formula from Lemma Observe that ¢,(z;) can be expressed by a

formula in 5. Hence any Hanf sentence is in 3.

Lemma 6.2.3. Let d € N, o any signature and let ¢ be a sentence in FO[o]. If every model

of  is d-regular, then ¢ is d-equivalent to a sentence in Ils.

The lemma can be equivalently stated by the following syntactic formulation. Let go‘rieg be
the FO-sentence expressing that every element has degree d. Then for every FO-sentence ¢ the

sentence p A pfreg is d-equivalent to a sentence in Il,.

Proof of Lemmal6.2.3. By Theorem @ is d-equivalent to a sentence ¢’ in Hanf normal
form. We can further assume that ¢’ is a DNF of Hanf sentences (Lemma [2.4.3)). Let therefore

n 57', ki
=\ ( i AN\ ﬁXi,j)y
1 j=1

i=1 \j=

where 1; ;, xi,; are Hanf sentences. Since every v; ; is of the form 32mzé, (), where T is an
r-type of bounded degree d and ¢.(x) is the formula expressing that x has r-type 7, we can
further assume that for every r-ball (B,b) € T with centre b, we have that degB(IN)) = d for every
element b € B with distp(b, 5) < r. This is not a restriction as we assumed that every model of
 is d-regular.

We already know that every Hanf-sentence is in 35 by Remark This implies, using
De Morgan’s law, that every negated Hanf-sentence is equivalent to a sentence in II,. We can

further show the following claim which relies on every model of ¢ being d-regular.

Claim 1. Every 1; ; is d-equivalent to a sentence in II;.

Proof of Claim[1} Assume that ¢; ; = 32™z¢,(z) for some i,j. Let (B,b) € 7 be an r-ball
with centre b in 7. Let further B := {bg, b1,...,b;} be the set of elements of B where by := b.
We set

@l (xg) = EIm,...,Elxk[ /\ (mz # xj)/\ /\ ( /\ R(xil’...wiar(}%))
0<i<j<k ET (biysesbigy iy ) ERP

A /\ ﬁR(a?il,...,xim(R)))]y

(bil )"'7b’iar(R) ) €Bar(R)\RB
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and 1 ; = F2mro¢l(xg). We now argue that i, ; is d-equivalent to i ;. Let therefore
A € Cg be any o-structure. By construction of ¢/ (x¢) we directly get that if A = ¢, ; then
A = 1 ;. Therefore assume A |= 1; ;. Then there are m elements ay,...,a, € A such that
A E ¢l (a;) for every i € {1,...,m}. Fix any ¢ € {1,...,m}. By definition of ¢ (x) there is
an injective map f : B — NA(a;) such that f(b) = a; and (b;,,.. ~7biar(3)) € RP if and only
if (f(bil), ce f(biar(m)) € RA for any tuple (bil, ceey biar(R)) e B*() and any R € 0. We will
now argue that f is even an isomorphism from B to N2(a;). For this to be true we have to
argue that the image of the map f is precisely N (a;). Assume this is false and a € N is
not in the image of f. Since a € N/ there must be a path (a;,p1,...,p¢_1,a) from a; to a
of length ¢ < r in the Gaifman graph of A. Hence there must be a tuple £ € R* for some
relation R € o which contains both a and p,_;. Since we assumed that degyz(b) = d for every
element b € B with distz(h,b) < r we know that degajp(py (@) = d for any a € f(B) with
dist(a;,a) < r. Hence py_1 ¢ f(B) as otherwise deg 4(p¢—1) > d+ 1 since a ¢ f(B). Using this
argument inductively proves that a; ¢ f(B) which contradicts the assumption that f(b) = a;.
Hence (NVA,a;) € 7 and therefore A |= 32z, (x). This proves that v; ; is d-equivalent to

i ;- Observing that v ; is indeed in II; concludes the proof. |

Let 1/) € IT; be the sentence from Claim |1} Then a straightforward argument shows that

p is d—equlvalent to
n 4; ki
-V (Avin A,
i=1 Nj=1 j=1

Let 3z% 31/) ;(Z"7) be a prenex normal form of Y; ; where W (T is a quantifier-free formula
and Z%7 is a tuple of variables. Let further Vg* jEIz ’] Xi.; ("7, Z"7) be a prenex normal form of
—Xi,; Where X; ; (y"7,z%7) is a quantifier-free formula and 77,z are two tuples of variables.
Since 1; ; and x; ; are sentences we can assume that the tuples I b7z contain pairwise
different variables. This implies that we can move the quantifiers to the front of the formula as
long as V"’ appears before 32"/ in the quantifier prefix for all 4, j. Therefore a prenex normal

form of ¢”
R I O I A TR LN Al
B TP L A Y4 (/\u)m-( /\ X (@7, 2% )
i=1 Nj=1
proving that ¢” € Il5. Since ¢ is therefore d-equivalent to a formula in II, this proves the

claimed statement. O

Theorem 6.2.4. There is a d € N such that there exists a property on Cy definable by a

formula in Iy that is not testable.
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Proof. Pick d = 2D? + D* + 1 for any large prime power D. Then using the construction
from [115] we can find a (D*, D, 1/4)-graph H. By Theorem using this base expander H
for the construction of the formula Pa) we get a property which is not testable on Cy. Since
all models of ¢ are d-regular by construction, Lemma gives us that 20) is d-equivalent

to a formula in II5. O

6.3 Extension to simple graphs

The construction of a non-testable FO definable property given in the previous Sections relies
on edge colours as a tool for modelling. This raises the question of whether FO definable
properties are testable on the class Cy4 of simple undirected graphs of bounded degree d. In
this Section we give a negative answer to this by interpreting the edge-coloured directed graphs
of our previous examples in undirected graphs. We encode o-structures by representing each
type of directed edge by a constant size graph gadget, maintaining the degree regularity. We
then translate the formula o) into a formula w@ of which these converted graphs are models.
Therefore we obtain a class of simple undirected degree regular expanders, that is defined by

an FO-sentence, and obtain the analogous theorem.

Theorem 6.3.1. There are degree bounds d € N such that there exists a property of simple
undirected graphs on Cq definable by a formula in Iy that is not testable.

We now give the construction to convert o-structures into simple undirected graphs in detail.
Let D, d and o be as defined in Section We first construct the following arrow-graph
gadgets.

Let G%(u,v) be the simple undirected graph with vertex set
{u7 U, U, - - - ;ud72}

and edge set
{{wwd o, {wi s} g € [d =20, # 5.

Let H%(u,v) be the simple graph with vertex set

e[l 5 e (1571

i /
{uavauiaujvvia vj
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Figure 6.5: Illustration of P§,(ug,v3).

and edge set

{w, us}, {v,vi}, {wi, vi} ’Z € H%H }U
d

w3t € [[55]) o
ke |55 ]] i o
(i ok gk e [[252]]d 2 ko

el 5 e (150}

Finally, for every £ € N and 0 < p < ¢, we let Pg‘fp(uo,w) be the simple undirected graph

{
{
{{ui,uk}7{vi,vk}
{
{

{uia U;}’ {’LL.;,UZ‘}

consisting of ¢ copies G(ug, vo), - .., GHup—1,0p-1), G Ups1,Vps1), - - -, G (g, v0) of G(u,v),
one copy H%(up,v,) of H(u,v) and additional edges {v;,u;41} for each i € [(]. Note that
ngp (ug,ve) has £+ (d+ 1) 4 2d vertices, the vertices ug and vy have degree d — 1 and every other
vertex has degree d. See Figure for an example.

Let A € C4 be any o-structure and let £ := 2 - (3D* + 1). We obtain a simple graph G 4
with bounded degree d out of A with the following operations.

(E) For every ig,i1,42,i3 € [D] we define p = Zi:o i, - D¥ and replace every tuple (a,b) €

E.A
(i0,i1), (42,13
of PZP(UO, vg) are pairwise distinct and new, and we call them auziliary vertices. Call

) by ng(uo, ve) and additional edges {a, uo} and {v,,b}. Here all vertices

this gadget graph an E;, ;,),(iy,i5)-arrow with end-vertices a and b.

(F) For every ig,i1,i2,i3 € [D] we define p = D* + Zi:o i - D¥ and replace every tuple
(a,b) € F(J(%O,il)a(’i%’iia)) by ng(U(),’Ug) and additional edges {a,uo} and {vg,b}. Here
all vertices of ng(uo,vg) are pairwise distinct and new, and we call them auziliary

vertices. Call this gadget graph an F{( -arrow with end-vertices a and b.

i0,91),(12,i3))

(L) For every ig, i1,i2,i3 € [D] we define p = 2D* + Zi:o i, - D* and replace every tuple
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(x,y) € Lém,n),(@,ig)) by ng(uo,w) and additional edges {a,uo} and {vs,b}. Here
all vertices of ng(uo,vg) are pairwise distinct and new, and we call them auziliary

vertices. Call this gadget graph an L(;, i), (iz,i5))-0rrow with end-vertices a and b.

s(i2,
(R) We define p = 3D* and replace every tuple (a,b) € R* by ng(uo,vg) and additional
edges {a,up} and {vg, b}. Here all vertices of ng(uo, vy) are pairwise distinct and new,
and we call them auziliary vertices. Call this gadget graph an R-arrow with end-vertices

a and b.

All vertices, that are not auziliary, are called original vertices. Note that the location p of the
gadget H%(vg, v¢) uniquely encodes the colour of the original directed coloured edge. Also note
that each arrow defined above has a direction as the gadget H(vo,v,) is always located in the
first half of the path PZP(UO, vg).

The following is easy to observe from the construction.

Remark 6.3.2. For every vertex x of G4 the following proposition is true. z is an original

vertex if and only if « is contained in no triangle.

We now construct the formula 1/1@. For that we let d(x) be a formula in the language of
undirected graphs oGraph, saying ‘e is an original vertex’, which is easy to do by Remark [6.3.2]
We further let 3(x) be a formula saying ‘z is an inner vertex of either an E; j-arrow or an Fj-

arrow or an Ly-arrow or an R-arrow for any i, j € [D]?, k € ([D]?)?". Here an inner vertex of an

E
i

OGraph-formulas. Let OtiEj(JZ,y) say ‘z and y are the end-vertices of an induced E; j-arrow’ for

arrow refers to any vertex but the two end vertices. Let « a,f , aﬁ and o be the following
i,j € [D]?, similarly, let of (z,y) say ‘z and y are the end-vertices of an induced Fj-arrow’ for
k € ([D]?)?. Furthermore let af(z,y) say ‘z and y are the end-vertices of an induced Lj-arrow’
for k € ([D]?)? and oft(x, y) say ‘z and y are the end-vertices of an induced R-arrow’. Since the

E _F L R fra
ijs O, o and a’t are straight

size of all arrow-graph gadgets depends on d the formulas (3, «
forward to construct.

Given 0] formula ¢@ is obtained as follows. In the formula Y@ We replace each expression
E; j(z,y) by afj(x,y), each Fy(z,y) by of (z,y), each Ly(z,y) by ok (z,y) and each R(z,y)
by of(z,y). In addition, we relativise all quantifiers to the original vertices by replacing
every expression of the form Jxy by 3z (§(z) A x) and every expression of the form Va y by
YV (6(x) — x). Let us call the resulting formula /-.. Then we set 1/1@ to be the conjunction

of the formula @//@ and the formula Vz(=d(z) — S(z)). Let

P@:{Gecd|G):¢@}

The following is clear by the construction of G4 and w®.

Lemma 6.3.3. For any A € Cy the following proposition is true. A | 20 if and only if
Gy E ¢@. Additionally we have that if G € Cq is a model of w@ then G = G 4 for some
AeCy.
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Proof. First assume that A Y@ Then by the construction of G4 and 1//@ we get that
GaE 1//@. Since in the construction of G4 no auxiliary vertex is added which is not part of
an E; j-arrow or an Fg-arrow or an Lg-arrow or an R-arrow for any i, j € [D]?, k € ([D]?)? we
additionally get that G 4 = Va(—d(z) — B(x)).

Let us on the other hand assume that G |= 1/1@. Then G = Vz(—d(x) — B(z)). Hence G
consists of a set of original vertices that are connected according to ¢/, with E; j-arrow or an
Fj-arrow or an Lg-arrow or an R-arrow. Hence we can reverse the Operations (F), (F), (L)

and (R) to obtain Ag the corresponding model of Y@ for which G4, = G. O

In the following, we show that 77@ is a family of expanders, which allows us to prove
non-testability analogously as in the relational structure case. We remark that one could also
prove the non-testability of P@ by showing that the aforementioned transformation (from o-
structures to simple graphs) is more or less a local reduction that preserves the testability of

properties.
Proposition 6.3.4. The models of z/)@ is a family of {-expanders, for some constant £ > 0.

The strategy here is to consider different cases dependent on how the number of original
vertices relates to the number of auxiliary vertices contained in some set S C V(G) of size
at most @ for a model G of 1/)@. Since original vertices are only connected to auxiliary
vertices, we get well connectedness of S if the number of auxiliary vertices in comparison to
the number of original vertices contained in S is small. On the other hand, using a similar
argument we obtain well connectedness of S in the case that the amount of auxiliary vertices
is large in comparison to the amount of original vertices in S. In the case that the number
of original and auxiliary vertices differs not too much we can use expansion of the structure
A€ P@ corresponding to G to prove that S is well connected to the rest of G. We give the

formal proof in the following.

Proof of Proposition[6.3., Let G be a model of w@ and let A be the corresponding model of

Y@ which exists due to Lemma [6.3.3] Let S C V(G) such that |S] < @ Let Voriginal U
Vauxitiary = V (G) be the partition of V(@) into original and auxiliary vertices. Let Soriginal =

Voriginal NS and Sauxitiary = Vauxiliary N'S.

First note that by the above definitions every tuple in A corresponds to a constant number
c:=2-(3D*+1)-(d+ 1)+ 2d of auxiliary vertices in Vyuxiliary (each of the copies of gadget
Péfp(uomg) contains d + 1 vertices and gadget H%(vg,v,) contains 2d vertices), where d =
2D? + D* + 1 (see Equation .

- 2 dc—2 ieea 3
Assume [Soriginall > 75 - [S|. Then there are |S| — [Soriginal] < “5= - [Soriginal| vertices in
Sauxiliary. This implies that at least d - [Soriginal| — % . % - |Soriginal| of the arrows incident to
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a vertex in Soriginal contribute at least one edge to (S,V '\ S)¢ and therefore

dc—2

<Sa |4 \ S>G’ Z d- |Soriginal| - : |Soriginal|

- E . |Sorigina1|

> — 5]

Assume ﬁ 18| < |Soriginal] < % -1S|. Let € = %2 as defined in the proof of Proposi-
tion Since each edge in the underlying graph U(.A) corresponds to exactly one arrow-
graph gadget in G we get that (S,V \ S)a > (Soriginal, Voriginal \ Soriginal)(4)- Since A is
d-regular and every edge gets replaced by c auxiliary vertices we get [V/(G)| = (1+ %) - |A].

Hence 9 1 94 d
+ dc

- < 2. < . = .

|Sor1g1na1‘ = dC |S| = dC |V(G)| 2dC

and A\ Soriginal| > (22+d§c — 1) - |Soriginal|- Hence from Proposition |6.1.12| we directly get

Al

<87 V(G) \ S>G > <Sorigina1a V:)riginal \ Soriginal>U(_A)
=€ min{|Sorigina1|7 |A \ Soriginal|}

Seemind % Lg
=€ 2dc’ 2+ de '

Now assume |Soriginal| < 75 - |S|. Therefore there are [S| — [Soriginall > |S| — 55 -S| vertices

in Sauxiliary. Of these at least 2%@;1 -|S| = | Soriginai|dc > dg{;cl - |S| vertices in Spyuxiliary that are
not in a connected component with any element from Sgyiginal in the graph G[S]. Since any
connected component of G[S] with no vertices in Sgiginal contains at most ¢ vertices, we get
that

de—1
S, V\Sa > -|S].
(SV\S)a> Tt - I9]
By setting £ = min{%7 eﬁ, eﬁ, d%z} > 0 we proved the claimed. O

Now we obtain Theorem from Proposition with the same methods used to prove
Theorem from Proposition Alternatively, we can use a result by Fichtenberger,
Sohler and Peng [56] stating that every testable property contains a hyperfinite subproperty.
Since a property consisting of expanders cannot contain a hyperfinite subproperty, which is
an almost immediate consequence from the definitions of these concepts, this implies Theo-
rem m The result in [56] is however shown for simple undirected graphs and relies on the
result by Alon [102] and the canonical tester which we both generalise in Chapter Hence
confirming validity for the result from [56] for relational structures seems more lengthy then

the approach we use in Section [6.2
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6.4 On the testability of all Xs-properties

In this section we let c = {Ry, ..., R,,} be any relational structures and Cy the set of o-structure

of bounded degree d. In this section, we prove the following.

Theorem 6.4.1. FEvery property defined by a sentence in Yo is testable in the bounded degree

model.

We adapt the notion of indistinguishability of [6] from the dense model to the bounded

degree model for relational structures.

Definition 6.4.2. Two properties P,Q C Cjy are called indistinguishable if for every € € (0,1)
there exists N = N (e) such that for every structure A € P with |A] > N there is a structure
A € Q with the same universe, that is e-close to A; and for every B € Q with |B| > N there is

a structure B € P with the same universe, that is e-close to B.

The following lemma follows from the definitions, and is similar to [6], though we make use

of the canonical testers for bounded degree structures from Section [5.1

Lemma 6.4.3. If P,QQ C Cy are indistinguishable properties, then P is testable on Cy if and
only if @ is testable on Cy.

Proof. For any € € (0,1) we let N(e) be the constant from Definition for P and Q.

First assume that P is testable on Cy and fix an € € (0,1). Let T be an g-tester for P on Cy
with constant query complexity. Repeating T and deciding on the majority of outcomes we can
get an §-tester 7' with error probability % and constant query complexity as in Lemma
By Corollary there is a canonical §-tester T with error probability % and constant query
complexity for P on Cy. Therefore there are s,r € N such that T” samples s elements at random
from the input structure, explores their r-neighbourhood and makes a deterministic decision on
whether to accept the input structure depending only on the distribution of r-neighbourhoods
seen.

Let € := min{§, m}. Now consider the following algorithm 7"”. For any
input structure A € Cy on n < N(€') elements we compute precisely whether A € @ and
answer accordingly. For every input structure on n > N(€') elements we invoke the tester T
and accept A if and only if 7" accepts A. The query complexity of this procedure is clearly
constant.

Now let us first assume A € @ and |A| > N(¢’). Then by the definition of indistinguishability
there is a structure A € P which is ¢/-close to A. Hence A differs from A in at most ¢/dn tuples.

Observe that an r-neighbourhood contains at most

d+d?ar(o) 4 - +d ar(o)""! < rd"ar(o)"?



6.4. ON THE TESTABILITY OF ALL ¥5-PROPERTIES 91

tuples. Hence A and A differ in at most €'rd"*!ar(¢)"~'n neighbourhoods. Therefore with

probability

/o Jr+1 r—1
€rd™ttar(o)""'n S 15

1—g- kg
y n — 16

T" picks s elements from A such that they have the same r-neighbourhood in A and A.
Here we want to remark that the probability of 7" picking s elements which have the same
r-neighbourhood in A and A and the probability of 7" accepting A are not independent. But
since T"" picks elements uniformly at random the probability of 7" accepting A assuming the

r-neighbourhoods of the elements sampled are amongst the neighbourhoods on which A and A

agree is still at least % — 1—16 > %. Hence the probability of 7" both sampling s vertices which
have the same r-neighbourhood in A and A and accepting is at least % . % > % Hence T"

accepts A with probability at least %
Now assume that A € Cy with |A| > N(¢€) is e-far from being in Q. Then A is at least

5-far from being in P. Since T" is an §-tester for P, A must get rejected with probability at
least 2 > 2. This proves that 7" is an e-tester for Q. O

High-level idea of proof of Theorem Let ¢ € ¥5. We prove that the property
defined by ¢ can be written as the union of properties, each of which is defined by another
formula ¢’ in X5 where the structure induced by the existentially quantified variables is a fixed
structure M (see Claim . With some further simplification of ¢’, we obtain a formula ¢”
in Yo which expresses that the structure has to have M as an induced substructure and every
set of elements of fixed size ¢ has to induce some structure from a set of structures $), and
depending on the structure from $) a set of ¢ elements induces there might be some connections
to the elements of M (see Claim . We now define a formula ¢ in II; such that the property
defined by % is indistinguishable from the property defined by ¢” in the sense that we can
transform any structure satisfying 1, into a structure satisfying ¢” by modifying no more then
a small fraction of the tuples and vice versa (see Claim @ The intuition behind this is that
every structure satisfying " can be made to satisfy ) by removing the structure M while on
the other hand for every structure which satisfies 1) we can plant the structure M to make it
satisfy ”. Since it is a priori unclear how the existentially and universally quantified variables
interact, we have to define ¢ very carefully. Here it is important to note that the number of
occurrences of structures in § forcing an interaction with M is limited because of the degree
bound (see Claim . Thus such structures can not be allowed to occur for models of ¥, as
here the number of occurrences can not be limited in any way. Since properties defined by
a formula in II; are testable, this implies with the indistinguishability of ¢ and ¢” that the
property defined by ¢ is testable. Furthermore by the fact that testable properties are closed
under union by Lemma we reach the conclusion that any property defined by a formula
in Y9 is testable.
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As described in the proof outline we will not directly give a tester for the property P, but
decompose ¢ into simpler cases. However, every simplification of ¢ used is computable, and
therefore (as we do not parametrise by any attribute of the formula) the proof below yields a

construction of an e-tester for P, for every e € (0,1) and every ¢ € 3.

For the full proof of Theorem [6.4.1] we use the following definition.

Definition 6.4.4. Let A be a o-structure with A = {a1,...,a:}. Let Z = (21,...,2) be a

tuple of variables. Then we define :A(Z) as follows.

LA(Z) = /\ ( /\ R(Ziu~wzia,(m)/\
(

Reo
ail""’aiar(R))eRA

/\ _'R(Zilv"'vziar(a))> N /\ (ZZ#Z])
(ail ____ aiar(R) ) eAar(R) \R.A l73§j[t]
Note that for every o-structure A’ and @ = (a},...,a},) € (A’)! we have that A’ = A(a@') if
and only if a; — a}, i € {1,...,t} is an isomorphism from A to A'[{a},...,a}}]. In particular,

if A" |=1A(@'), then {a},...,a}} induces a substructure isomorphic to A in A’.

Proof of Theorem[6.4.1} Let ¢ be any sentence in Xo. Therefore we can assume that ¢ is of
the form ¢ = IT VY x(T,7) where T = (z1,..., k) is a tuple of k € N variables, § = (y1,...,ve)
is a tuple of ¢ € N variables and x(Z,7) is a quantifier-free formula. We can further assume

that x(Z,7) is in disjunctive normal form, and that

¢ =30%5 \/ (o'(@) A B'(5) A pos'(7,7) A neg! (7,7) ) (6.10)
iel
where o(T) is a conjunction of literals only containing variables from Z, 3*(¥) is a conjunction
of literals only containing variables in 7, neg(%, %) is a conjunction of negated atomic formulas
containing both variables from Z and y and pos‘(Z,%) is a conjunction of atomic formulas
containing both variables from T and 7. Here a literal is either an atomic formula or a negated
atomic formula.

We now write the formula ¢ given in as a disjunction over all possible structures in Cy
the existentially quantified variables could enforce. Since the elements realising the existentially
quantified variables will have a certain structure, it is natural to decompose the formula in this
way.

Let 9t C Cy be a set of models of ¢, such that every model A € Cy of ¢ contains an
isomorphic copy of some M € 91 as an induced substructure, and 9 is minimal with this

property.

Claim 1. Every M € 91 has at most k elements.
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Proof of Claim[1, Towards a contradiction assume there is M € 9 with |[M| > k. Since
every structure in 9 is a model of ¢ there must be a tuple @ = (a1, ...,a,) € M* such that
MEVGV e ( {(@)AB (y)Apos'(a,y)Aneg' (@, y)) This implies that for every tuple b € M* we
have M = \/,; (a’(ﬁ) A B4(b) Apost(a,b) Aneg'(a, B)) Furthermore, since {ay, ..., ax}* € M*
we have that M[{a1,...,ar}] F Y7V, (ai(ﬁ) A B () A posi(a,y) A neg'(a, y)) This means
that M[{a1,...,ar}] E ¢. Hence by definition, 9t contains an induced substructure M’ of
M[{a1,...,a;}]. Since every model of ¢ containing M as an induced substructure must also
contain M’ as an induced substructure 0\ { M} is a strictly smaller set than 90t with all desired
properties. This contradicts the minimality of 1. ]

Therefore 9 is finite. For M € 9 let

wm={j€l| Mkdl(m) for some e M} C 1.

Claim 2. We have ¢ =4 \/ \(con (EIW {LM @) AVjesu (ﬁj(y) A pos? (T, 7) A neg? (Z, y))} )

Proof of Claim[3 Let A € C4 be a model of . Then there is a tuple @ = (ay,...,a;) € A*
such that A |= Yyx(a,y). Since {ay,...,axr}* C A’ this implies that A[{a1,...,ar}] = Yyx(a,v)
and hence A[{a1,...,ax}] F . In addition, we may assume that we picked @ in such a way
that for any tuple @ = (a},...,a}) € {a1,...,ar}* with {a},...,a}} € {a1,...,ar} we have
that A B Vyx(@',7). (The reason is that if for some tuple @’ this is not the case then we just
replace @ by @ and so on until this property holds). Hence A[{a1, ..., ax}]| cannot have a proper
induced substructure in 9, and it follows that there is M € 9t such that M = A[{ay, ..., ax}].
By choice of Jy we get A = Vy [LM @ A Ve, <5j (y) A pos? (@,y) A neg? (a, y))} and hence

ARV (@M@ s\ (8@ Aves@9) Aned’@7)] ).

MeMm JE€IMm
To prove the other direction, we now let the structure A € Cy be a model of the formula
V riem (HEW |:L @AV e (63( YApos’ (Z,y) Aneg? (Z, y))D Consequently there is M € 9
and @ € A* such that A = Vy{/, @ A Ve, (BJ (W) A pos? (@,y) A neg? (a, y))} By choice of
Jm this implies A =YgV, (ozj (@) A B7(y) A pos? (@,y) A neg’ (a, g)) and hence A= . R

Since the union of finitely many testable properties is testable by Corollary it is

sufficient to show that the property P, is testable, where ¢ is a sentence of the form
¢ = FVgx(@, ), where x(7.7) = M@ A\ (87(7) Apos? (7,9) Aneg’ (,7) )|, (6.11)
J€ImMm

for some M € 9. In the following, we will enforce that for every conjunctive clause of the big

disjunction of y, the universally quantified variables induce a specific substructure.
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For j € Ja let 9; € Cg be a maximal set of pairwise non-isomorphic structures H such
that H |= B7(b) for some b = (by,...,bs) € H with {by,...,bs} = H.
Claim 3. We have ¢ =4 37Vy [LM (@) AV mes;. (LH (¥) A pos? (Z,7) A neg? (T, y))}

JETpq

Proof of Claim[3. Let A € C4 and @ = (a1,...,ax) € A*. First assume that A = Vyx(a,7).
Hence for any tuple b € A* there is an index j € Juq such that A = 87 (b) Apos? (@, b) Aneg’ (a, b).
Then A | $7(b) implies that A[{b1,...,by}] = H for some H € §;. Hence A = (b) and
Al [LM (@) AV wes,. (LH(E) A pos? (@, b) A neg? (@, B))].

JE€I N
For the other direction, we let A = Vg [LM (@) A\ nes;, (LH (W) A pos’ (a,y) A neg’ (@, y))}

_ JE€EI M =
Then for every tuple b € A’ there is an index j € Jy and H € $; such that H = () A
pos’ (@, b) A neg? (@, b). Therefore A[{b1,...,bs}] = H and we know that A |= 37 (b). Therefore
A |= B7(b) A pos? (@, b) A neg’ (@, b) and since this is true for any b € A* we get A |= ¢. [ ]

Thus, it suffices to assume that

» = JTVyx(Z,7), where x(Z,7) := [LM () A \/ (LH@) A pos? (Z,7) A neg? (z, ﬂ))} (6.12)
for some M € 9.

Next we will define a universally quantified formula 1) and show that P, is indistinguishable
from the property Py. To do so we will need the two claims below. Intuitively, Claimsays that
models of ¢ of bounded degree do not have many ‘interactions’ between existential and universal
variables — only a constant number of tuples in relations combine both types of variables. Note
that for a structure A and tuples @ = (ay,...,a;) € A¥, b = (by,...,by) € A’ the condition
A = % (b) Apos?(a,b) Aneg?(@,b) can force an element of b to be in a tuple (of a relation of
A) with an element of @, even if pos’/(Z,7) is an empty conjunction. For example, it may be
the case that for some tuple b e {b1,...,be}", every clause M M) A posj/(f, 7) A neg’’ (Z,7)
for which A = LH/(B/) A pos?'(a, 5/) A neg?’ (a, B/) forces a tuple to contain some element of v
and some element of @. We will now define a set J to pick out the clauses that do not force
a tuple to contain both at least one element from {aq,...,a;} and at least one element from
{by,...,b}\{ai,...,a}. Note that we still allow elements from b to be amongst the elements
in @. In Claim [4| we show that for every A € Cy, @ € AF for which A |= Vyx(@,%) there are a
constant number of tuples b € A* that only satisfy clauses which force a tuple to contain both
an element from {aq,...,ax} and from {by,...,be} \ {a1,...,ar}.

Let j € Jp, H € H; and h = (h1,...,hy) € H® such that H |= . (h). We define the set

Pjg = {h;|i€{1,...,0},pos’ (Z,7) does not contain y; = z; for any i’ € {1,...,k}}.

Now we let J C Jpq x Cy4 be the set of pairs (j,H), with H € §; such that the disjoint union
MUHI[Pj 3] = ¢. J now precisely specifies the clauses that can be satisfied by a structure A



6.4. ON THE TESTABILITY OF ALL ¥5-PROPERTIES 95

and tuple @ = (ay,...,a;) € A¥ and b= (by,...,b;) € A’ where A does not contain any tuples

both containing elements from {a,...,ax} and from {b1,...,bs} \ {a1,...,ar}.

Claim 4. Let A€ Cyand @ = (ay,...,a;) € A*. If A = Vy x(a@,7) then there are at most k- d
tuples b € A* such that A [~ \/(jﬂ)EJ(LH (b) A pos’(a,b) Aneg’ (a,b)).

Proof of Claim[j] Assume A | Vyx(a,y). First observe that since A |= Vy x(@,y), it holds
that A |=Vy\ ues,. (LH (¥) A pos’ (a,y) A neg’ (a, y)) by Equation(6.12). We now let B be the
JjEJ

M

set B:={bc A" | A}~ V(j.20)es (47 (D) A pos? (@, b) Aneg? (@, b))} C A*. Then every b € B adds
at least one to Zle deg 4(a;). Since A € Cy implies that Zle deg 4(a;) < k- d we get that
IB| <k -d. n

Claim 5. Let ¢ be a formula of the form 1 = VzZx(Z) where Z = (z1,..., %) is a tuple of
variables and x(%) is a quantifier-free formula. Let A € Cy with |A] > d-ar(o)-t and let b€ A
be an arbitrary element. Let A = ¢ and let A’ be obtained from A by ‘isolating’ b, i.e. by
deleting all tuples containing b from R4 for every R € o. Then A’ E .

Proof of Claim[3 First note that A" = x(a) for any tuple @ = (aq,...,a;) € (A\ {b})" as no
tuple over the set of elements {ay, ..., a;} has been deleted. Let @ = (ay,...,a;) € A® be a tuple
containing b. Pick b’ € A such that dist4(a;,b") > 1 for every j € {1,...,t}. Such an element
exists as |A| > d-ar(R)-t. Let @ = (a},...,a};) be the tuple obtained from @ by replacing

any occurrence of b by o'. Hence a; + a); defines an isomorphism from A’[{ay,...,a;}] to
A[{dl,...,a}}] since b is an isolated element in A’'[{a1,...,a:}] and b’ is an isolated element in
Al{dl,...,a}}]. Since A = x(@’), it follows that A’ = x(a). ]

Let J' C J be the set of pairs (j,H), with H € $;, for which pos?(Z,y) is the empty

conjunction. J’ contains (j,H) for which we want to use ¢ (%) to define the formula .

Claim 6. The property P, with ¢ as in (6.12) is indistinguishable from the property Py, where
V=YYV ayer ().

Proof of Claim[6, Let € > 0 and N(e) = N := M and A € Cy be any structure with
|A| > N.

First assume that A | . The strategy is to isolate any element b by deleting all tuples
containing b which is contained in a tuple b € A® such that A [~ Ver (M (b). This will
result in a structure which is e-close to A and a model of .

Let @ € A* be a tuple such that A = V5x(@,7). Let B C A’ be the set of tuples b € A
such that A = V ;5 ;(t%(b) A pos? (@,b) A neg? (@, b)). Then |B| < k-d-ar(R) by Claim

Hence the structure A’ obtained from A by deleting all tuples containing an element of

C:={a1,...,a}U{be€ A thereis (by,...,b;) € B such that b € {by,...,b}}
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is e-close to A. Since A | Vyx(a,y) implies A | V7 \/ xes;, L' (7) by Claim [5| we know that
_ J€IM
A" |E VGV nes,, (). For any tuple b = (b1,...,b,) € (A\ C)* we have by definition of
JET M

J' that A |= *(b) for some (j,H) € J'. Furthermore A[{b1,...,b;}] = A'[{b1,...,b;}] and
hence A" =V 2per M(b). Let b = (b1,...,by) € A’ be any tuple containing ¢ elements
from C and let ¢1,...,¢; € C be those elements. Pick ¢ elements ¢}, ...,c; € A\ C such that
dist a(ai, i) > 1, dist 4(c}s, b;) > 1 and dist 4(c},, ;) > 1 for suitable 4,4'. This is possible as
|A| > (k+2¢)-d-ar(R) which guarantees the existence of k +2¢ elements of pairwise distance 1.
Let b = (b},...,b)) be the vector obtained from b by replacing ¢; with ¢}. Since b € A’ there
must be j/, H' € $; such that A = (5/) A posjl(ﬁ,g/) A negj/(ﬁ,gl). By choice of ¢,..., ¢}
we have that pos, (Z,7) must be the empty conjunction and hence (j',H’) € J'. Since addi-
tionally b; — b defines an isomorphism of A[{b],...,b,}] and A'[{b1,...,b}] this implies that
A=V aes (D) for all b e A® and hence A = o).

Now we prove the other direction. Let A = ) with |A| > N. The idea here is to plant the
structure M somewhere in .A. While this takes less then an ¢ fraction of edge modifications the
resulting structure will be a model of .

Take any set B C A of |M| elements. Let A’ be the structure obtained from A by deleting
all edges incident to any element contained in B. Let A” be the structure obtained from A’ by
adding all tuples such that the structure induced by B is isomorphic to M. This takes no more
then 2¢-d-ar(R) < e-d-|A| edge modifications. Let @ € B* be such that A |= M (@). By Claim
we get A’ = 9. Therefore pick any tuple b = (by,...,b;) € (A\ B)*. Since by construction
we have that all b;’s are of distance at least two from @ we have that A” |= \/; 3y 5 (¢ (D) A
neg’ (@, b)). By choice of M we also know that A” = \/ xes,, (LH (b) A pos’ (@, b) A neg’ (a, 5))

jeJ
for all b € B. Therefore pick b = (b1, ...,by) containing ’tjotg elements from B and from A\ B.
Now pick a tuple b= (b},...,b,) € (A\ B)* that equals b in all positions containing an element
from A\ B. As noted before there is (j,H) € J' such that A" | (LH(B/) A neg? (a, B/)). By
the definition of J’ (and since J' C J) this means that A”[{a1,...,a,b]...0;}] = ¢. Since
be {a1,...,ax, b, ...b)}" this implies A”[{a1,...,ax,b]...b)}] = \/Helfjj, (LH(E) A pos’ (@, b) A
i€

neg’ (@, 5)) Then A" = \/ﬁej)j, (LH (b) A pos’ (@, b) A neg’(a, 5)) and hence A" = ¢. [ ]
J€Im
Since ¥ € II; we have that P, is testable, and hence P, is testable by Claim @ O]

6.5 Summary

In this Chapter we studied testability of FO in the bounded degree model according to prefix
classes of FO. We obtain a classification result of the form that every property defined by a
sentence in Y is testable while there is a sentence in Iy which defines a non-testable property.

We caution that we do not prove that every sentence in Ils defines a property which is not
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testable and in fact we show in Chapter [7] that this is not true. Our result gives a bounded
degree equivalent to the study of FO definable properties in the dense model [6] and answers
an open question from [2]. At the core of our classification result lies a construction of an
FO sentence defining a class of expanders. We think that this construction is of independent

interest.
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Chapter 7

An alternative approach: testing

properties of neighbourhoods

In this section we take an alternative approach to testability of properties definable in FO.
While in Chapter [6] we identified the maximal prefix class of testable FO definable properties
(i.e. X3), in this section we are interested in identifying further fragments of FO that yield
testable properties. Motivated by Hanf normal form, we study testability of negated Hanf
sentences. Note that a Hanf sentence postulates the existence of a fixed number of vertices
with a particular neighbourhood type. For large enough graph such neighbourhood types can
be edited into any graph using at most a linear fraction of edge modifications. Therefore we
can test whether a graph satisfies a given Hanf sentences by precisely determining the answer
for small graphs and accepting any large graph. We can further prove testability for negated
Hanf sentences under some restriction.

Furthermore, we study the property of neighbourhood regularity which is FO definable.
This can be seen as a generalisation of degree regularity which is a testable property [69]. We
prove testability for neighbourhood regularity for some restricted 1-types.

Here we should also remark that both these classes of properties (i.e. properties defined by
negated Hanf sentences and neighbourhood regularity), even considering the restriction under
which we can prove testability, are not in general definable by formulas in ¥5. Hence the results
obtained in this section are not covered by Theorem [6.4.1]

7.1 Neighbourhood freeness and neighbourhood regular-
ity
In this section we only consider simple, undirected graphs. Let d € N be a degree bound and

Cq the class of simple graphs of bounded degree d. For any r € N we let T;. be the set of all

99
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r-types of bounded degree d.

Definition 7.1.1. Let r > 1 and let 7 € T, be an rtype and let ¢,(z) be an FO formula
expressing that « has r-type 7 (see Lemma [2.4.6]).

— We say that a graph G € Cq4 is T-neighbourhood regular, if G = Vao,(x).

— We say that a graph G € Cq4 is T-neighbourhood free, if G | —3x¢. ().

— If F C T, we say that G € C4 is F-free, if G is T-neighbourhood free for all 7 € F.
We prove the following theorems.

Theorem 7.1.2. Let T be an r-type, where r > 1. If B C Cq for all (B,b) € 7 and d' < d then

T-neighbourhood freeness is uniformly testable on the class Cq with constant running time.

Theorem 7.1.3. For every 1-type 7, T-neighbourhood freeness is uniformly testable on the class

Cq with constant running time.

Theorem 7.1.4. Let 7 be a 1-type such that B\ {b} is a union of disjoint cliques for all

(B,b) € T then T-neighbourhood regularity is uniformly testable on Cq in constant time.

Recall that a clique in a graph G is a subset W C V(G) such that {w,w’} € E(G) for every
pair of distinct vertices w,w’ € W.

Example 7.1.5. Let us look at an example for a property whose testability follows from
Theorem For this let B be the graph

B = ({’0171)2,’1)3, 1}4}7 {{1)171)2}, {v1,v3}, {v1,v4}, {’Ug,’U4}})

and 7 be the 1-type for which (B,v1) € 7. Since B\ {v1} is the disjoint union of a K; and a
K>, the property of being 7-neighbourhood regular is testable by Theorem [7.1.4] Furthermore,
an example of a graph having this property can be constructed by taking a hexagonal grid,

embedded on a torus and then taking the replacement product with a triangle (see Figure .

7.2 Prefix classes of neighbourhood regularity and neigh-

bourhood freeness

First observe that both T-neighbourhood freeness and 7-neighbourhood regularity can be de-
fined by formulas in II5 for any neighbourhood type 7. This can be easily argued considering
that —¢,/(x) € Iy for any 7/ € T, (see Lemma and Vzor(z) = Vo AL er\(ry "9
and —3Jz¢, () = Vo, (x). Therefore the next Lemma shows that there exist neighbourhood

properties that are in Il,, but not in 3.
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Figure 7.1: Example of a neighbourhood regular graph.

Lemma 7.2.1. There exist 1-types 7,7 € T, such that neither T-neighbourhood freeness nor

7/ -neighbourhood regqularity can be defined by a formula in .

Proof. For n € N, let C,, be the cycle on vertex set [n] := {0,1,...,n — 1} and P, the path on

vertex set [n]. We first show the following claim.

Claim 1. Let ¢ = 3zVy x(7,7) where T = (x1,...,2%), ¥ = (y1,-..,ye) are tuples of variables
and x(Z,7) is a quantifier-free formula. If C,, |= ¢ then P,_; = ¢ for any n > k.

Proof of Claim[1l Assume that on the contrary for some n > k, it holds that C, = ¢,
while P,_; £ ¢. Since C,, | ¢ there are k vertices vq,...,v; in C, such that C,,

vy x((v1,...,v%), 7). Since n > k, there exists at least one vertex i € [n] that is not amongst
vi,...,v5. For j € {1,...,k} let vj := (v; + n —1—14) mod n. Since P,_1 [~ ¢ and
v} € [n— 1], we have that P, 1 & Vg x((v] ..., vy), 7). Hence there must be vertices wy, ..., wy

in P,y such that P,y = x((v1,...,v;), (wy,...,wp)). Now we let w; := (wj + i+ 1) mod n.

Then v; +— v;

Pp_i[{v},...,v,wh, ..., wy}]. Hence Cy = x((v1,...,vk), (w1,...,we)) which contradicts that
Cn e n

and w; ~ wj defines an isomorphism from Cy[{v1,..., vk, w1,...,we}] and

Now we let 7 be the 1-neighbourhood type saying that the center vertex x has exactly one
neighbour. Let 7’ be the l-neighbourhood type saying that the center vertex has two non-
adjacent neighbours. Since C,, is T-neighbourhood free and 7'-neighbourhood regular, while
P, _1 is neither, the statement of the lemma follows from Claim O

Note that the above lemma implies that we cannot simply invoke the testers for testing >

properties from Theorem to prove Theorem Theorem and Theorem
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7.3 Proving testability of neighbourhood freeness and neigh-

bourhood regularity with restrictions

The testers for the properties of Theorem [7.1.2] Theorem [7.1.3] and Theorem [7.1.4] proceed in
the same way. Furthermore, the correctness of these testers depends on some removal prop-
erty. This removal property essentially says that a few “forbidden” neighbourhoods can be
removed from a graph by a sub-linear number of edge modifications. We will first describe in
general how such a tester works and provide the analysis of correctness assuming this removal
property holds (Lemma [7.3.2). We will then prove so called removal lemmas (Lemma
Lemma Lemma and Claim [2)) which prove that the removal property holds in all
three cases. To describe the tester we use the following algorithms from [112] which estimates
the neighbourhood-frequency vector of a graph. Recall that for fixed » € N we denote the
frequency vector of a graph G € Cy4 defined in Definition by freq,.(G).

Algorithm 2: ESTIMATEFREQUENCIES,.

Query access: G € Cq4
Input :n=|V(G)|
Output : A vector f/r\ea
1 ff&l: 0,...,0);
2 Sample s Elements uq,...,us € V(G) uniformly at random;
g fori=1,...,sdo
4 Explore the r-neighbourhood of wu;;
5 for j=1,...,tdo
6 if (MY (u;),u;) € 7; then
7 ‘ f;e?lj = f?e/qj + 54

8 end

9 end

10 end

where 71, ...,7; is a list of all r-types of bounded degree d.

In the algorithm we mean by exploring the r-neighbourhood of a vertex v € V(G) that
the algorithm performs a breadth-first search from v up to depth r using query access to G.
For any G € Cq we write ESTIMATEFREQUENCIES,. ;(G) to express that we run the algorithm
ESTIMATEFREQUENCIES, ; given query access to G with input n = |V(G)]. It is easy to
observe that the query complexity of ESTIMATEFREQUENCIES,. ,(G) depends only on 7 and s
and is independent of |V (G)|. Furthermore, the following lemma (112, Lemma 5.1] states that
the vector returned by ESTIMATEFREQUENCIES, ((G) is a good approximation of freq,.(G).

Lemma 7.3.1 (Lemma 5.1 in [112]). Let r,s € N and A € (0,1]. Let G be a graph of bounded
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degree d. If s > % -In(t +40) then EstimateFrequencies, ((G) returns a frequency vector freq
satisfying the following property with probability at least %

[freq — freq, (G)[|1 < A.

Now we can prove the following lemma which provides a framework that will be used in

Theorem [7.1.2] Theorem [7.1.3] and Theorem

Lemma 7.3.2. Let F C T, and let P C Cyq be the set of all graphs that are F-free. Let M C N
be a decidable set such that G € P implies that |V (G)| ¢ M. Let fas : N = N be a function such
that M can be decided in time fpr. Assume for every e € (0,1] there exist A := A(e) € (0,1]
and ng :=no(r,€) € N such that every graph G € Cq on n > ng, n & M wvertices, which is e-far
from P, contains more than An elements v with (NS (v),v) € 7 € F. P is uniformly testable
on Cq in time O(fu).

Proof. Let € € (0,1] be fixed and let A := A(e) and ng := ng(r,e) € N. Furthermore, let
s = (t2/A?)In(t + 40). Consider the following probabilistic algorithm T, which is given query
access to a graph G € Cy and gets the number of vertices n as input. In the algorithm 7y,... 7

is a list of all r-types of bounded degree d.

Algorithm 3: Tester framework

Query access: G € Cy4
Input :n = |V(G)]
Reject if n € M,
if n < ng then
‘ Query the entire graph G and decide exactly if G € P;

=

N

else

W

5 Run ESTIMATEFREQUENCIES, ((G) to get freq satisfying ||f/r§1 —freq,. (G)||1 <A
with probability at least 19/20;

6 Reject G if ) »freq; > 0;
7 Accept otherwise;
8 end

Here by querying an entire graph G we mean that we make queries (v, i) for every v € V(G)
and every i € {1,...,d}.

The query complexity of T is clearly constant, since s and ng are constant and the number
of vertices in any r-neighbourhood is bounded by (4d)" for graphs in C4 by Lemmam The
running time of the first step is fys(n) and for the other steps it is constant.

To prove that T is an e-tester, first assume that G € P. Thenn ¢ M and (N (v),v) € 7 ¢ F
for all vertices v . Hence > __» f?éai =0 and T accepts G.
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Now consider that G is e-far from P. If n € M then G is rejected in the first step. Hence let
n ¢ M and assume ||ffr;3?1— freq, (G)||1 < A, which occurs with probability at least 19/20 > 2/3.
Then

D freq; = Y (freq, (G))i — Y ((freq,(G)); — freq;)

T EF T EF T EF
>\ — ‘ Z ((freq,(G)); — fr:)ai)
TiEF
> A=Y |((freq,(G)); — freq,)|
T EF
>0

)

where the first inequality holds by the assumption that in graphs that are e-far from P there
are more than An vertices of r-type in F made in Lemma [7.3.2] Hence T rejects G. O

To illustrate the use of the set M in Lemma [7.3.2]let us consider the following example.

Example 7.3.3. Let P be the property of being K4-neighbourhood regular. Let G,, be the
graph consisting of m disjoint copies of K4 and one isolated vertex. First note that GG, contains
4m + 1 vertices. Being Ky-regular implies that every vertex has degree 3. But because every
graph contains an even number of vertices of odd degree, G, cannot be made K,-neighbourhood
regular by edge modifications. Therefore G,,, is e-far from P. But for m — oo the probability
of sampling the isolated vertex in G,, tends to 0 meaning that with high probability the tester
with M = () will accept G,,. We will show in Theorem that P is testable if we set
M=N\{4m|m € N}.

Lemma 7.3.4. Forr > 1, let T be an r-type and (B,b) € 7. Let d < d, d # 1 be integers and
assume that N2 | (b) contains a vertex a with degp(a) = d and that deggz(v) # d + 1 for all
vertices v in NB ,(b). Let e € (0,1] be fived, ng = 2d*/e and \ = ed/(14(4d)?*"). Every graph
G € Cq on n > ng vertices which is e-far from being T-neighbourhood free contains more than

An vertices of r-type T.

Proof. We proceed by contraposition. Assume G € Cy is a graph on n > ng vertices containing
no more than An vertices v of r-type 7.

Case d = 0, d > 1. Then we add one edge to every pair of vertices of degree 0. If there is
only one vertex v of degree 0 left, we add an edge from v to any other vertex of degree < d. If
there is no such vertex then there must be vertex u contained in two edges and we replace one
edge {u,w} by {v,w}. That way we obtain G’ which is 2An < edn close to G.

Cased = 1. Weadd edges between pairs of degree 1 vertices. If there are two left, connected
by an edge, we delete that edge. If there is only one vertex v of degree 1 left, then there is
another vertex u of odd degree. By removing an edge {u,w} and adding {v,w} we get that
degy(v),degqs(w) > 1. We obtain G’ which is 2An < edn close to G.



7.3. PROVING TESTABILITY 105

Case d > 2. Let us pick a set {v1,...,v} of k < An vertices of degree d such that for every
vertex v of r-type 7 there is an index 1 < i < k with v; € N ,(v). We will distinguish the
following two cases.

First assume that there are less than An vertices of degree cz, of pairwise distance greater than
2r and of distance greater than 2r from {vy,...,v;}. In this case there are less than 2An(4d)?"
vertices of degree d in total. Let G’ be a graph obtained from G by the following modifications.
For every vertex w of degree d we pick edges {w, w1}, {w,wa}, {v,v'}, {u,u'} such that v, w,u
have pairwise distance at least 3. We delete the edges {w, w1}, {w, w2}, {v,v'}, {u, v'} and insert
the edges {w1, v}, {ws, u}, {v', v}, reducing the degree of v while maintaining the degrees of all
other vertices. The resulting graph has no vertex of degree d. Note that if such edges do not
exist at any point during the iteration the graph contains no more than 2d>® < edn edges, and
we delete them all resulting in a graph with no vertex of degree d. In total we did no more
than 7 - 2An(4d)?" < edn edge modifications which implies that G’ is e-close to G. In addition,
G’ is T-neighbourhood free, because a neighbourhood of type 7 would imply having a vertex of
degree d.

Now assume that there are at least An vertices of degree J, of pairwise distance greater
than 2r and of distance greater than 2r from {vi,...,v}. Let {v],...,v}} be a set of vertices
of degree d such that distg(vi,v) > 2r for all 1 < 4,5 < k and dist(vj,v}) > 2r for all
1 <i<j<k. Let G’ be the graph obtained from G by inserting the edges {v;,v;}. First note
that this takes no more than An < edn edge modifications which implies that G is e-close to G’.
Further assume that v’ is a vertex in G’ of r-type 7. By choice of the set {v1, ..., v} we altered
the isomorphism type of each vertex of type 7 in G. Therefore N (v/) # NS (v'). It follows
that V¢ (v') contains an inserted edges (v, v}). First we prove that either diste: (v/,v;) < r or
distgs (v/,v}) < r. Assume towards a contradiction that this is not the case. Then there is a
path in G’ of the form P = (v; = w_p,W_p41,...,W_1,Wwo = V', W1, ..., Wr_1,w, = v}) where
w; # v; and w; # v] for all —r < j < r. Let —r < j < r be the largest index such that w; €
{v1,...,vg, v}, ...,v,}. This implies that the path (wj,...,w, = v]) is a path in G of length
< 2r, which contradicts the choice of vy, ..., v, v},...,v,. Since degg (v;) = degq (v}) = d+1,
this implies that /¢ | (v) contains a vertex of degree d+ 1, which contradicts that v’ has r-type

7. Hence G’ is T-neighbourhood free. O

Lemma 7.3.5. Forr > 1 let T be an r-type of degree d and (B,b) € 7. Assume degp(v) =d
for all vertices v € NP | (b). Let € € (0,1] be fized and let X = €. FEvery graph G € Cq onn > 1
vertices which is e-far from being T-neighbourhood free contains more than An vertices of r-type

T.

Proof. If d = 0 then the Lemma holds. Therefore we can assume that B is not just an isolated
vertex. We proceed by contraposition. Assume G € C4 is a graph on n > 1 vertices containing
no more than An vertices v of r-type 7. Let G’ be the graph obtained from G by isolating all

vertices v of r-type 7. First note that G’ is e-close to G since we did no more than d\n < edn
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edge modifications. Now assume that v’ is a vertex of r-type 7 in G’. Since we isolated all
vertices having r-type 7 we know that N (v') # NS (v'). Therefore there must be a vertex
v in N (v') such that v has type 7, because otherwise the r-ball of v/ could not witness any
of the edge modifications. This means that there is a path (v = vg,v1,...,05-1,0% = V)
of length k£ < r in G. Now pick the maximum index 4 such that diste/ (v/,v;) < oo. First
observe that because v = vy, is isolated in G’ we get that i < k and therefore distg: (v/,v;) < 7.
Since dister(v',vi41) = oo by construction and {vi,vit1} € E(G), we get degycr(,)(vi) =
dege (v;) < degg(v;) < d. Since (NG (v/),v') € 7 this yields a contradiction to our previous
assumption that all vertices in N2 | (b) have degree d. Hence the graph G’ can not contain a

vertex v’ of r-type 7 and is therefore T-neighbourhood free. O

The next Lemma follows from Lemmas and since for radius = 1 the (r — 1)-ball

contains only one vertex.

Lemma 7.3.6. Let 7 be a 1-type. Let € € (0,1] be fized, ng = 2d*/e and X = ed/(14(4d)?).
Every graph G € Cq on n > ng vertices which is e-far from being T-neighbourhood free contains

more than An vertices of 1-type T. O

Proof of Theorem[7.1.2, Lemma [7.3.2] with F = {r} and M = ) combined with Lemma
proves Theorem in all cases apart from when d = 1. In case d = 1 we have d = 0. In this
case we set M := {n € N | n =1 mod 2} and get that for € € (0,1] and A = € we have that
every graph G € C4 on n = 0 mod 2 vertices which is e-far from being 7-neighbourhood free
contains more than An vertices of r-type 7. This is the case as assuming the number of vertices
of r-type 7 is no more than An we can add an edge between any pair of vertices of degree 0,

obtaining a graph G’ which is An < edn close to G. O

Theorem [I.1.3] follows from Lemma [7.3.2] and Lemma, [[.3.6] where in Lemma [7.3.2] we use
either F = {7} or F = () depending on whether T has degree bounded by d.

Proof of Theorem[7.1.7} Let T be a 1-type such that B\ {b} is a union of disjoint cliques for
all (B,b) € 7 as in the statement of the theorem. We define P to be the property of being
T-neighbourhood regular and let K¢ be the set of maximal cliques in G, i.e. the set of all
cliques in G which are not properly contained in another clique of G. Let us define the function
maxcl® : V(G) x N = N where maxcl®(v,i) := {K € K¢ | |K| = i,v € K}| is the number of

maximal i-cliques containing v.

Claim 1. If G € P then maxcl?(b,i) -n = 0 mod .

Proof of Claim[1. First note that G € P implies that (V& (v),v) € 7 for all v € V(G). There-
fore maxcl? (b, i) = maxcl®(v, ) for all v € V(G) and

maxcl®(b,i) -n = Z maxcl®(v,i) = {K € K€ | |K| = i}|-i = 0 mod 4.
veV(G)
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Let M := {n € N | there is 1 < i < d such that maxcl?(b,i) - n # 0 mod i}. Note that

deciding whether n € M only requires standard arithmetic operations.

Claim 2. For € € (0,1] let A = ¢/(20d°) and ng = 20d®. Any graph G € C4 on n > ng, n ¢ M

vertices, which is e-far from P, contains more than An vertices v with 1-type 7.

Proof of Claim[3 We proceed by contraposition. Let G € Cq be a graph on n > ng, n ¢ M
vertices and assume that G contains no more than An vertices of 1-type 7. We will now describe
an algorithmic procedure which takes less than edn edge modifications and transforms G into
a graph G® € P, which will prove the claim.

Let EM := {e € E(G) | there are distinct K, K’ € K& |[KNK'| >1,e C K}. Let GO be
the graph G = (V(G), EM), where E) = E(G)\ EM. First note that GV has no distinct
maximal cliques K, K’ with |K N K’| > 1. Furthermore

N d d3\
|EW| < <2) K € K€ |exists K’ € K¢ |KNK'| > 1}] < 2"7

where the second inequality holds because every K € K& such that there is K/ € K& with
|[K NK'| >1and K # K’ must contain one of the An vertices v of 1-type 7 and there are no
more than dAn maximal cliques containing such a vertex. In addition, the removal of the edges
in EM will affect no more than d*An vertices because there are no more than d®\n vertices
contained within an edge of E(), each of their 1-neighbourhoods contains d vertices and any
vertex, whose 1-neighbourhood is affected, must be of distance 1 to one of the vertices contained
in an edge in E®_ Hence GO contains no more than (d* +1)An < 2d*Mn vertices v of 1-type
T.

Note that in G for all vertices v the graph NlG(l) (v)\ {v} is a disjoint union of cliques but
there might be K € K¢ such that maxcl?(b,|K|) = 0. We define the edge set
E® = {e € EW | exists K € K¢ e C K, maxcl®(b,|K|) = 0} and let G be the graph
G? = (V(G),E®), where E® = EMW \ E®?), Furthermore

|E®)| < d-|[{v]exists K € ICGm,v € K, maxcl? (b, |K|) = 0}| < d-2d*n,

where the first inequality holds because every clique in GV has size < d and the second because
(J\/'f(l)(v),v) ¢ 7 for every v € {v | exists K € K¢ v e K, maxcl? (b, |K|) = 0}.

Note that maxcl? (b, |K|) # 0 for all K € K&, but there might be v € V(G) and i < d
with maxcl? (b, 1) # maxcl®” (v,3). Moreover, note that because n > ng there are at least
2d balls of radius 4 in G® which are completely disjoint from the 4-balls of any vertex v of
I-type 7. G®) will also have this property. Let G®) = (V(G), E®)) be the graph obtained
from G by the following operations. For every pair v,v’ such that there is i < d with

maxcl? (b, i) > maxcl®” (v,4) and maxcl?(b,7) < maxcl®” (v',4), let w be a vertex of type
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7 which has at least distance 4 to v and to v'. Let K' = {v},...,vj_;,v'} € KE?” and
K ={v,...,v;-1,w} € KG” . Delete the edges H{v',vi} {w,v;} | j € [i — 1]} and add the
edges {{v,v;},{w,v}} | j € [i —1]}. Note that the vertices vy,...,v;_1,0],...,v;_;,w are still

contained in the same number of cliques as before, while v is contained in one additional i-clique
and v’ is contained in one less.

Note that in G®) either maxcl®(b,i) > maxcl®"” (v,4) for all vertices v € V(G) or
maxcl? (b, i) < maxcl®” (v,i) for all v for every i € [d]. Let G® be the graph obtained
from G®) by the following operations. For every i such that there is a vertex v € V(G)
with maxclB(b,i) < maxcl®” (v,1), we pick i not necessarily distinct vertices v1,...,v; with
i - maxcl? (b, i) < D vefor, o} maxcl®"” (v,7). Note that these choices are possible because
2 vev(@) maxcl®” (v,4) = 0 mod i and maxcl®(b,7) - n = 0 mod i by assumption n ¢ M and
hence we have v () (maxclc(3) (v,i) — maxcl®(b,7)) = 0 mod i. Let K1,...,K; € K&
be distinct cliques such that v; € K; for every 1 < j < 4. Let K = {ws,...,w;} €
KE® such that the distance between any pair vj,wy is at least 4. Remove the set of edges
{{wj,we}, {vj,v} | v € Kj,j,k € [i]} and add the set of edges {{w;,v} | v € Kj,j € [i]}.
Note that this reduces the number of maximal i-cliques vq,...,v; are in by one, while leav-
ing the number of cliques wi,...,w; are in the same. Similarly, for every 7 such that there
is a vertex v with maxcl? (b,i) > maxcl®” (v,i) we pick ¢ not necessarily distinct vertices

. . . (3) . . .
v1, ..., v; with i - maxcl? (b, i) > 2 ve{or, i) maxcl® " (v,7). Let w,...,w; be vertices with

maxcl? (b, i) = maxcl®” (w;,%) such that wy,...,w; are of distance at least 4 from every v,
1 <j <4, and wy,...,w; are pairwise of distance at least 4. Let K; € G with w; € K;
for 1 < j < i. Remove the set of edges {{w;,w} | w € K;,1 < j < i} and add the set of
edges {{vj,wH{w;, wy} | w € K, j, k € [i]}. Note that this adds one to the number of i-cliques
V1, ..., v; are in, while leaving the number of i-cliques wq, ..., w; are in the same.

By construction G(*) € P. The number of edge modifications in total is |E(M) |+ |E()| plus

the number of modifications it takes to transform G® into G¥. First note that

d
Z Z | maxcl? (b, 4) — maxcl®” (v,4)] < 2d - 2d*\n
i=2 veV(G)

since every of the at most 2d*\n vertices v in G of 1-type 7 can contribute at most 2d to

the sum above. Since transforming G(?) into G* we proceed greedily, meaning we reduce the
. @, . .

number Z?:s 2 vev(c) | maxcl? (b, 1) — maxcl® ’ (v,1)| by at least one in every step, and every

such reduction takes a maximum of 4d? edge modifications in total we need less than
|ED| + |E@| + 4d? - 2d - 2d*An < 20d"\n = edn
edge modifications. [ ]

Let F := {7/ | 7is a 1-type ,7 # 7'}. Note that |F| < |T,| < oo, where equality occurs
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when B ¢ C4. Then Claim [2] combined with Lemma for M and F defined as above proves
the Theorem. O

7.4 Summary

In this section we have shown that there are certain fragments of FO which yield testable
properties. More precisely we consider the fragment of FO sentences expressing that a certain
r-neighbourhood can not appear in a graph and prove testability under a mild assumption
on the degrees. Moreover, we consider the fragment of FO sentences expressing that every
vertex has to have the same r-neighbourhood and show testability for radius » = 1 in some
special cases. The properties considered in this section are interesting as they are natural
extensions of properties that are known to be testable (i. e. properties defined by a Hanf sentence
which are trivially testable, degree regularity [69]). Furthermore, there are sentences defining
neighbourhood regularity and neighbourhood freeness which are contained in Iy \ X5. This
implies that there can not be a dichotomy of the form that an FO sentence defines a testable
property if and only if it is contained in 5. We believe that the study of the properties in this

section enhances our understanding of testability of FO definable properties.
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Chapter 8

Comparing locality notions and

answering an open question

Since Gaifman’s locality Theorem [63], it is known that FO can only express local properties,
for some notion of locality. And hence in Chapter [6] we proved that locality, as prescribed in
Gaifman’s locality Theorem, is not sufficient for property testing in the bounded degree model.
Since a constant query property tester can only explore a graph locally, locality plays a central
role in property testing. Indeed, considering how property testers explore graphs has led to a
different notion of locality. With the purpose of characterising properties which have a one-
sided error POT, Goldreich and Ron in [76] defined local properties as generalised subgraph
freeness properties. We refer to this notion of locality as GSF-locality. In [76] Goldreich and
Ron show that the graph properties that allow constant query proximity oblivious testing in
the bounded degree model are precisely the properties that are GSF-local and satisfy the non-
propagation condition. Whether the non-propagating condition is necessary is formulated as an

open question in [76]. We answer this question negatively by proving the following Theorem.

Theorem 8.0.1. There exists a GSF-local property that is not testable in the bounded degree
graph model. Thus, not all GSF-local properties are non-propagating.

The notion of GSF-locality has also been used by Ito, Khoury and Newman in their re-
cent work [89] which classifies which monotone properties and which hereditary properties are
testable by a one-sided error constant query property tester in bounded degree digraphs (in
both the unidirectional and the bidirectional model). In monotone GSF-local properties and
in hereditary GSF-local properties the non-propagating condition is always satisfied and hence
the classification given in [89] is not effected by our result. The authors further prove that ev-
ery property which is testable by a one-sided error constant query property tester for bounded
degree digraphs is close to being a GSF-local property. Whether the converse is true is asked

as an open question in [89]. Indeed, if this question could be answered positively we could

111
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characterise properties which are testable by a one-sided error constant query property tester.
Our result shows that this is already not possible in the bounded degree model which can be

seen as a special case of both bounded degree digraph models considered in [89).

Proof outline To prove Theorem we make use of the FO definable property P@ from
Section @ Hanf’s Theorem [83] implies that we can understand locality of FO as prescribing
upper and lower bounds for the occurrence of certain local neighbourhood (isomorphism) types.

On the other hand, a GSF-local property as defined in [76] refers to properties which do
not contain embeddings of some constant size marked graphs. Here the markings of graphs
signify how the embedded graph interacts with the rest of the graph. This is motivated by the
fact that a property tester does not just obtain an induced subgraph of the input graph but
also obtains the information how this induced subgraph is connected to the rest of the graph.
However, forbidding the embedding of such a marked graph is intuitively similar to excluding
certain neighbourhood types, or in other words, limiting the number of occurrences of certain
types.

Building upon the above observations, we establish a formal connection between FO prop-
erties and GSF-local properties. We first encode the possible bounds on occurrences of local
neighbourhood types into what we call neighbourhood profiles, and characterise FO definable
properties of bounded degree relational structures as finite unions of properties defined by neigh-
bourhood profiles (Lemma|8.2.3]). We then show that every FO formula defined by a non-trivial
finite union of properties which in turn is defined by so-called 0-profiles, i. e. the prescribed lower
bounds are all 0, is GSF-local (Theorem . Given the fundamental role of local properties
in graph theory, graph limits [102], we believe this new connection is of independent interest.

For technical reasons, we make use of the property P@ of relational structures instead of
directly using the non-testable graph property from Section[6.3] We further prove that a variant
of the relational structure property P@, which we denote by P.., can be defined by 0-profiles
(Lemma [8.3.2). Finally, we construct a non-testable graph property Pgrapn by a local reduction
from the o-structure property P@ (Lemma . In the reduction we maintain being definable
by O-profiles which proves GSF-locality of the graph property Pgrapn (Lemma [8.3.4).

8.1 Generalised subgraph freeness

Now we present the formal definition of generalised subgraph freeness, GSF-local properties

and the notion of non-propagation, which were introduced in [76].

Definition 8.1.1 (Generalized subgraph freeness (GSF)). A marked graph is a graph with
each vertex marked as either ‘full’ or ‘semifull’ or ‘partial’. An embedding of a marked graph
F into a graph G is an injective map f : V(F) — V(G) such that for every v € V(F) the
following three conditions hold.

— If v is marked “full’, then N&(f(v)) = f(N{'(v)).
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— If v is marked ‘semifull’, then N&(f(v)) N f(V(F)) = f(NF (v)).
— If v is marked ‘partial’, then NZ(f(v)) 2 f(N{ (v)).

The graph G is called F'-free if there is no embedding of F' into G. For a set of marked graphs
F, a graph G is called F-free if it is F-free for every F € F.

Based on the above definition of generalised subgraph freeness, we can define GSF-local

properties.

Definition 8.1.2 (GSF-local properties). Let P = (J,,c Pn be a graph property where P,, =
{G € P||V(G)] = n} and F = (F,)nen a sequence of sets of marked graphs. P is called

F-local if there exists an integer s such that for every n the following conditions hold.
— F, is a set of marked graphs, each of size at most s.
— P, equals the set of n-vertex graphs that are F,-free.

P is called GSF-local if there is a sequence F = (F,)nen of sets of marked graphs such that P
is F-local.

The following notion of non-propagating condition of a sequence of sets of marked graphs

was introduced to study constant query POTs in [76].
Definition 8.1.3 (Non-propagating). Let F = (F,,)nen be a sequence of sets of marked graphs.

— For a graph G, a subset B C V(G) covers F,, in G if for every marked graph F € F,, and

every embedding of F' in G, at least one vertex of F' is mapped to a vertex in B.

— The sequence F is non-propagating if there exists a (monotonically non-decreasing) func-
tion 7 : (0,1] — (0, 1] such that the following two conditions hold.

e For every € > 0 there exists 8 > 0 such that 7(8) < e.

e For every graph G and every B C V(@) such that B covers F,, in G, either G is

T (l%)—close to being F,,-free or there are no graphs with n vertices that are F,,-free.

A GSF-local property P is non-propagating if there exists a non-propagating sequence F
such that P is F-local.

In the above definition, the set B can be viewed as the set involving necessary modifications
for repairing a graph G that does not satisfy the property P that is F-local, and the second
condition says we do not need to modify G “much beyond” B. In particular, it implies we
can repair G without triggering a global “chain reaction”. Note that there are sequences
F = (Fn)nen that are propagating as mentioned in [76].

Goldreich and Ron gave the following characterisation for the proximity-oblivious testable

properties in the bounded degree model of graphs.
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Theorem 8.1.4 (Theorem 5.5 in [76]). A graph property P has a constant query POT if and
only if P is GSF-local and non-propagating.

The following open question was raised in [76].

Question 8.1.5 (Are all GSF-local properties non-propagating?). Is it the case that for every
GSF-local property P = (J,,cy Pn. there is a sequence F = (F,)nen that is non-propagating
and P is F-local?

8.2 Relating different notions of locality

In this section we define properties by prescribing upper and lower bounds on the number of
occurrence of neighbourhood types. These bounds are given by neighbourhood profiles which
we will define formally below. We use these properties to give a natural characterisation of FO
properties of bounded degree structures in Lemma|8.2.3] which is a straightforward consequence
of Hanf’s Theorem (Theorem [2.4.7). We use this characterisation to establish links between FO
definability and GSF-locality. This connection is the key ingredient in the proof of our main

theorem.

Let o be a signature and d € N. For every r € N we assume we fixed an ordering of all
r-types of bounded degree d. We further associate with each o-structure A € Cy its r-histogram
vector hist,.(A) defined in Definition with respect to the chosen ordering of r-types. We
let

J:={[k,1],[k,0) | k <l eN}

be the set of all closed or half-closed, infinite intervals with natural lower /upper bounds.
Definition 8.2.1. Let r € N and ¢ be the number of r-types of bounded degree d.
1. An r-neighbourhood profile of degree d is a function p: {1,...,t} = J.

2. For a structure A € Cy, we say A obeys p, denoted by A ~ p, if
(hist,(A)); € p(i) for all 4 € {1,...,t}.

Let P, be the set of structures A that obey p, i.e., P, ={A € Cq| A~ p}.

3. We say that a property P is defined by a finite union of neighbourhood profiles if there is
k € N such that P = Ulgigk P,, where p; is an r;-neighbourhood profile and r; € N for
every i € {1,...,k}.

Let us consider the following example in which we find a representation by neighbourhood

profiles for an FO-property.
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1 T2 T3 T.

R SR VAR v

Figure 8.1: One types of bounded degree 2, where the centres are marked in green.

Example 8.2.2. Let us consider the following FO-sentence.

@ = VaVy-E(x,y) V Vz3y1 Iy2 (y1 #y2 NE(z, 1) N E(x,y2)

AVz(z # 31 Az # y2) = —E(x, z))

The property P, defined by the sentence ¢ is the property containing all edgeless graphs and
all graphs that are disjoint unions of cycles.

For degree bound 2 all 1-types are listed in Figure Let p; : {1,...,4} — T be the
neighbourhood profile defined by p1(1) = [0, 00) and p; (i) = [0, 0] for ¢ € {2,3,4}. Furthermore,
let pa : {1,...,4} — T be the neighbourhood profile defined by p2(i) = [0, c0) for i € {3,4} and
p2(j3) =10,0] for j € {1,2}. It is easy to observe that the properties P, and P,, UP,, are equal.

Indeed representing FO-properties by neighbourhood profiles works in general. The fol-
lowing lemma shows that bounded degree FO properties can be equivalently defined as finite
unions of properties defined by neighbourhood profiles. Here the technicalities that arise are

due to Hanf normal form not requiring the locality-radius of all Hanf-sentences to be the same.

Lemma 8.2.3. For every non-empty property P C Cy, P is FO definable on Cyq if and only if

P can be obtained as a finite union of properties defined by neighbourhood profiles.

Proof. For the first direction assume ¢ is an FO-sentence. Then by Hanf’s Theorem (Theo-
rem there is a sentence 1 in Hanf normal form such that P, = P.

We will first convert ¢ into a sentence in Hanf normal form where every Hanf sentence
appearing has the same locality radius. Let r € N be the maximum locality radius appearing
in 1, and let =™ := 32z ¢, (x) be a Hanf sentence, where 7 is an '-type for some ' < r. Let
T1,..., Tk be a list of all r-types of bounded degree d for which (N5 (b),b) € T for (B,b) € 7,
for every 1 < ¢ < k. Let II be the set of all partitions of m into k parts. Let

k
G=m = \/ /\ I=Migg, (x).

(m1,...,mg)€ll =1

>m
=

Claim 1. ¢Z™ is d-equivalent to G=™.

Proof of Claim[1. Assume that A € Cy satisfies 2™ and assume that ai,...,a,, are m dis-
tinct elements with (N7 (a;),a;) € 7, for every 1 < j < m. Let 7; be the r-type for which
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(NrA(aj),aj) € 7;. By choice of 7,...,7,, we get that there are indices i1,..., i, such that
7y =1, Forie {1,...,k} let m; = |{j € {1,...,m} | i; = i}|. Hence A = AF_, ™26, (x)
and since additionally (my,...,my) € II this implies A = p=™.

On the other hand, let A € Cy satisfy $=™, and let (my,...,my) € II be a partition of
m such that A = /\f:1 F=migp,, (x). For every 1 < i < k, let af,...,al, be m,; distinct
elements such that (N;“(aé),aé) € 7, for every 1 < j < m;. By choice of 7y,..., 7, we get
that (./\/;fl(a;»),a;) € 1, for every pair 1 <i <k, 1 < j < m,;. But since m; + - -- +my, = m this
implies that A |= ¢=™. This proves that =™ and ¢Z™ are d-equivalent. |

Let 1’ be the formula in which every Hanf-sentence =™ for which 7 is an 7/-type for some
r’ < r gets replaced by $=™. By a simple inductive argument using Claim we get that 1 is d-
equivalent to ¢’, and hence P, = Py = P, . Furthermore since $Z™ is a Boolean combination
of Hanf-sentences for every ¢=™, and any Boolean combination of Boolean combinations is
a Boolean combination itself, ¥’ is in Hanf normal form. Furthermore, every Hanf-sentence
appearing in 9’ has locality radius r by construction.

Since any Boolean combination can be converted into disjunctive normal form (Lemma,

we can assume that v’ is a disjunction of sentences £ of the form

4

k
€ = /\ 32"’«9‘ x(ij (.’L') /\ /\ _‘Hzmj+lx¢7'j (.’IJ),
j=1

j=k+1

where £ € N>q, 1 <k </, m; € N>y and 7; is an r-type for every 1 < i < /. We can further
assume that every sentence in the disjunction 1’ is satisfiable by some A € Cy, as any sentence
with no bounded degree d model can be removed from .

Let 7q,...,7¢ be a list of all r-types of bounded degree d in the order we fixed. Let
ki :=max({m; |1 <j <k, =7}U{0}) and ¢; :=min({m; | k+1<j<{ 17 =7}U{c0})
for every i € {1,...,t}. Since £ has at least one bounded degree model k; < ¢; for every
i€ {l,...,t}. Let p:{l,...,t} = T be the neighbourhood profile defined by p(i) := [k;, ¢;] if
¢; < oo and p(i) := [k;,{;) otherwise. Then by construction, we get that P, = P¢. Since 1
is a disjunction of formulas, each of which defines a property which can be defined by some
neighbourhood profile, we get that Py must be a finite union of properties defined by some

neighbourhood profile.

On the other hand, for every r-neighbourhood profile p of degree d, 7,...,7 a list of all
r-types of bounded degree d in the order fixed and the formula

o= N (FHao, @A e, @) A N P, @)
ie{1,...,t}, ie{1,...,t},
p(D)=[k; ;] p(i)=[k;,00)
it clearly holds that P, = P, . Hence every finite union of properties defined by neighbourhood
profiles can be defined by the disjunction of the formulas ¢, of all p in the finite union. O
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8.2.1 Relating FO properties to GSF-local properties

We now prove that FO properties which arise as unions of neighbourhood profiles of a partic-

ularly simple form are GSF-local. For this let
Jo :={[0,00),[0,k] | k € N} C 7.

We call any neighbourhood profile p with codomain Jy a 0-profile, as all lower bounds for the

occurrence of types are 0.

Observation 8.2.4. Let p be a 0-profile, r € N and ¢ be the number of all r-types of bounded
degree d. If two structures A, A’ € Cy satisfy (hist,(A)); < (hist,(A')); for every i € {1,...,t}
and A" ~ p, then A ~ p.

In particular, the existence of an r-type cannot be expressed by a 0-profile.

While we need the concept of a O-profile for relational structures in general the following
theorem can only be stated for graphs as the concept of GSF-locality is not defined for struc-
tures. Hence for the following theorem we only consider graphs. Let d € N and C4 be the class

of all graphs of bounded degree d.
Theorem 8.2.5. FEvery finite union of properties defined by 0-profiles is GSF-local.

Proof. We prove this in two parts (Claim |1| and Claim . We first argue that every property
P, defined by some 0-profile p : {1,...,t} — Jo is GSF-local, where 74, ..., 7 denotes a list of
all r-types of bounded degree d and r € N is fixed. For this it is important to note that we can
express a forbidden r-type 7 by a forbidden generalised subgraph. For (B,b) € 7, the set of
all graphs with no vertex of neighbourhood type 7 is the set of all B-free graphs where every
vertex in V' (B) of distance less than r to b is marked ‘full’ and every vertex in V(B) of distance
r to b is marked ‘semifull’. Since a profile of the form p : {1,...,¢} — Jy can express that some
neighbourhood type 7 can appear at most k£ times for some fixed k € N, we need to forbid all
marked graphs in which type 7 appears k + 1 times. We will formalise this in the following

claim.

Claim 1. For the r-neighbourhood profile p : {1,...,t} — Jg, there is a finite set F of marked
graphs such that P, is exactly the property of F-free graphs.

Proof of Claim[1, Assume 7 is an r-type and k € N-¢. Then we say that a marked graph F is

a k-realisation of 7 if F' has the following properties.

— There are k distinct vertices vy,...,vx in F such that (N (v;),v;) € 7 for every i =
1,... k.

— Every vertex v in F' has distance less or equal to r to at least one vertex v;.

— Every vertex v in F' of distance less than k to at least one v; is marked as ‘full’.
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— Every vertex v in F' of distance greater or equal to k to every v; is marked as ‘semifull’.

We denote by S*(7) the set of all k-realisations of 7.
Now we can define the set F of forbidden subgraphs to be

F = U SFHL(T).
RS

Let P be the property of all F-free graphs. We first prove that the property P is contained
in P,. Towards a contradiction assume that G € C4 is F-free but not contained in P,. As G is
not contained in P, there must be an index ¢ € {1,...,t} such that (hist,(G)); ¢ p(i). Since
p(i) € Jg there is k € N such that p(i) = [0, k] and hence (hist,.(G)); > k. Hence there must be
k+1 vertices vy, . .., vg11 in G such that (N9 (v;),v;) € 7;. We define the marked graph F' to be
the subgraph of G induced by the r-neighbourhoods of vy, ..., vg41, i. €. G[U1§igk+1N,§;(w)], in
which every vertex of distance less than k to at least one of the v; is marked as ‘full’ and every
other vertex is marked as ‘semifull’. Then F is by definition a (k4 1)-realisation of 7; and hence
F € F. We now argue that F' can be embedded into G. Since F is an induced subgraph of G
the identity map gives us a natural embedding f : F' — G. Let v be any vertex marked ‘full’ in
F'. By construction of F, thereisi € {1,...,k+1} such that f(v) is of distance less than r to v;
in G. But then NY(f(v)) is a subset of N%(v;). As F without the marking is the subgraph of
G induced by Uy<;<p+1 N (v;) this implies that f(N{'(v)) = NY(f(v)). Furthermore, assume
v is a vertex marked ‘semifull’ in F. Then f(N{'(v)) = NE(f(v))N f(V(F)) holds as F without
the markings is an induced subgraph of G. This proves that G is not F-free by Definition [8:1.1]
This is a contradiction to our assumption that G is F-free and F € F.

Similarly, we can show that P, C P by assuming G € C4 is in P, but not F-free, and
showing that the embedding of any graph of F into G yields an amount of vertices of a certain

type contradicting containment in P,,. |

Next we prove that classes defined by excluding finitely many marked graphs are closed
under finite unions. For two marked graphs F, F» consider the union of the class of all {F} }-
free graphs with the class of all {F;}-free graphs. Every graph in this union excludes Fj as a
generalised subgraph or excludes F5 as a generalised subgraph. Hence we have to forbid any
marked graph whose presence in a graph G as a generalised subgraph would imply that both

Fy and F, are generalised subgraphs of G. We formalise this in the following claim.

Claim 2. Let F, F; be two finite sets of marked graphs. For i € {1, 2}, let P; be the property
of F;-free graphs. Then there is a set F of generalised subgraphs such that P; U Ps is the
property of F-free graphs.

Proof of Claim[4 We say that a marked graph F is a (not necessarily disjoint) union of marked
graphs Fy, Fy if
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— there is an embedding f; of F; into the graph F' without its markings as in Definition [8.1.1
for every i € {1,2}.

— for every vertex v in F there is i € {1,2} and a vertex w in F; such that f;(w) = v.

— every vertex v in F' is marked ‘full’, if there is ¢ € {1,2} and a ‘“full’ vertex w in F; such
that f;(w) = v.

— every vertex v in F' is marked ‘semifull’, if there is ¢ € {1,2} and a ‘semifull’ vertex w in
F; such that f;(w) = v and f;(u) # v for every i € {1,2} and every ‘full’ vertex u.

— every vertex v in F' is marked ‘partial’ if f;(u) # v for every i € {1,2} and every ‘full’ or

‘semifull’ vertex wu.

We define S(Fy, F») to be the set of all possible (not necessarily disjoint) unions of Fy, Fb. We

can now define the set F to be

F = U S(Fy, Fy).

FieF1,Fae€F2

Let P be the property of all F-free graphs. Now we prove P C P; U P,. Towards a
contradiction assume G is F-free but G is in neither P; nor in P,. Then for every ¢ € {1,2}
there is a graph F; € F; such that G is not Fj-free. It is easy to see that there is a union F{, of
Fy and F5 such that G is not F-free, which contradicts that G is F-free.

Conversely, in order to prove P; U Py C P, if G is F; free for some i € {1,2} then G must
be F-free by construction of F. |

Combining the two claims above proves the Theorem [8:2.5 O

Further discussion of the relation between FO definablility and GSF-locality First
let us remark that it is neither true that every FO definable property is GSF-local, nor that
every GSF-local property is FO definable.

Example 8.2.6. The property of bounded degree graphs containing a triangle is FO definable
but not GSF-local.

Indeed, the existence of a fixed number of vertices of certain neighbourhood types can be
expressed in FO, while in general, this cannot be expressed by forbidding generalised subgraphs.
If a formula has a O-profile (and hence does not require the existence of any types) then the

property defined by that formula is GSF-local, as shown in Theorem [8.2.5

Example 8.2.7. The class of all bounded degree graphs with an even number of vertices is
GSF-local but not FO definable.
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partial partial partial full full
[ ] *——-1 [ [ ]
partial
G, Go Gs

Figure 8.2: Marked graphs for Example

Furthermore, if a GSF-local property P is not definable in FO then the sequence used to
define P must be non-stabilising. More precisely, if a property P is F-local for a sequence of
marked graphs F = (Frn)nen and there is ng € N such that F,, = F, 41 for every n > ng then
P is FO definable. That is as up to ng we can express in FO exactly which graphs are in P

and we can express in FO that every graph with at least ng vertices is F,,-free.

Let us remark that Theorem [8:2.5] combined with Lemma[8.2.3| proves that every finite union
of properties definable by O-profiles is both FO definable and GSF-local. Hence it is natural to
ask whether the intersection of FO definable properties and GSF-local properties is precisely
the set of finite unions of properties definable by 0-profiles. However, this is not the case. The
following example shows that there are properties which are both FO definable and GSF-local
but cannot be expressed by 0-profiles.

Example 8.2.8. Let d > 2 and let By := ({v},{}), B2 = ({v, w}, {{v,w}}) be two graphs. We
further let 7,7 be the 1-types of degree d such that (By,v) € 71 and (Bs,v) € 75. Consider
the property P defined by the following FO-formula

o= ~Tu(w = 2) VI (n, (0) Ay (z £y > 0 (0)) )

P contains, besides the empty graph, unions of an arbitrary amount of disjoint edges and one
isolated vertex. To define a sequence of forbidden subgraphs we let G1, G2, G3 be the marked
graphs in Figure Let Foven = {G1} and Foqq := {G2,G3} and let F = (F,)nen where
Fi = Feoven if i is even and F; = Foqq if 7 is odd. Note that every graph on more than one vertex
with an odd number of vertices which is F,qq-free must contain a vertex of neighbourhood type
71, and that the set of Foyen-free graphs contains only the empty graph. Hence P is F-local.
Now assume towards a contradiction that P = J; ., P, for O-profiles p;. Let G,, be the
graph consisting of m disjoint edges and one isolated vertex and H,, the graph consisting of
m disjoint edges. Since G,, € P there is i € {1,...,k} such that G,, ~ p;. By choice of G,,
and H,, we have 0 < (hist,(Hy,)); < (hist,(Gn)); € pi(j) for every j € {1,...,t}, where t
is the number of 1-types of bounded degree d. Since additionally p;(j) € Jo this implies that
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Figure 8.3: Overview of all relevant classes of properties. Here P; refers to the property from
Example i, Cq refers to the property of all graphs of bounded degree d and Pgrapn is the property
defined in Section @

(hist, (H,,)); € pi(j). But then H,, ~ p; which yields a contradiction as H,, ¢ P. Hence P
can not be defined as a finite union of O-profiles.

Figure [8:3] gives a schematic overview of all classes of properties discussed here and their

relationship.

8.3 GSF-locality is not sufficient for proximity-oblivious

testing

In this section we prove Theorem We start by describing a property of relational struc-
tures, similar to a property in Section [f] which is not testable. We then show that the property
can be expressed by a union of O-profiles. This will be used later to show that a certain
graph property, which we obtain from the relational structure property by a local reduction, is
GSF-local using Theorem [8:2.5]

Let o be the signature from Section Equation d € N as in Section and P@

be the property of o-structures of bounded degree d from Section [6.2

8.3.1 Characterisation by neighbourhood profiles

Our aim in this section is to prove that a minor variation of the property P@ of relational
structures can be written as a finite union of properties defined by O-profiles of radius 2. As the
existence of a certain vertex cannot be expressed with a O-profile (see Observation and
20) demands the existence of a certain vertex (the root vertex), the property P@ cannot be
expressed in terms of O-profiles. However we define a slight variation of the formula %) which,

as we will see later, can be expressed by O-profiles. Let

/ /
QD@ = Piree A ProtationMap A Pbase A Precursion
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where we obtain ¢} ., from @ge by replacing the subformula 3= 2,00t () by 35 20100t (),
where Yroot (), Pirees ProtationMap, Pbase Nd Precursion are the formulas given in Section

Equations [6.2] [6.3] [6.4] [6.5] and [6.6] We define the property
PL = '}
@ = A€ Cal AE ¢}
We denote the empty structure by Ay (i.e. Ag = 0).
Lemma 8.3.1. The properties P@ and P@ U{Ay} are equal.

Proof. We first prove that P@ - P@ U {Ap}. Consider the formula @ which is obtained
from @ by removing the subformula 3= 2¢0t (). We use the following observation which is

proved by a simple analysis of the formula.

Claim 1. Satisfying nﬁ@ is closed under disjoint unions on Cj.

Proof of Claim [l Let A, A" € Cy such that A = @@ and A" = @@. Our aim is to prove that
AUA = @@ where A U A’ denotes the disjoint union of A and A’. For this we essentially
prove that for any two elements a € A and b € A’ the formula gé@ does not require a tuple

containing a and b.

Let us define the following subformulas of @tree (see Section Equation

Q= Va:(((pmot(x) A R(z, 9:)) vV (ElzlyF(y7 x) A =JyR(z,y) A ~JyR(y, z))),

P(x) = -FyF(z,y) A /\ Ly (z,x) /\Vy(y #* 1 — /\ =Li(z,y) A /\ —\Lk(y,x)) and

ke([D]?)? ke([D]?)? ke([D]?)?
x(@):=-3y \/ (Lr(z,y)V L(y,2))A
ke([D]?)?
A (e Au AR u) AC A Pl ) AV # o Fl@y).
ke([D]?)? k'e([D]2)2,k' #£k

Then @@ = A Vz(%//(x) Vv X(I)) A\ ProtationMap A Pbase A\ Precursion - Hence it is sufficient to
prove that AUA" = o, AUA =V (¥(z) V x(z)), AUA = vrotationMaps A LA = @hase and
A U A/ ): $Precursion -

We first argue that AU A" = ¢. Let a € AU A’ be arbitrary and assume without loss
of generality that a € A. Assume that AU A" & ¢root(a) A R(a,a). Since ¢roor(z) =
Vy—F(y,x) this implies that A (= @root(a) A R(a,a). Furthermore, since A = ¢ we get
that A = 3=yF(y,a) A =JyR(a,y) A =3yR(y,a). Hence there is an element b € A such
that (b,a) € FA. Furthermore, for every b’ € A, ' # b we have (V/,a) ¢ FA, (a,0') ¢ RA
and (b,a) ¢ RA. But because a cannot be in a tuple with any element in A’ we get that
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AUA = 37 yF(y,a) A —-FyR(a,y) A —JyR(y,a). Hence AU A’ |= .

Next we prove that AU A" E Va(¢(z) V x(x)). Let a € AU A’ be arbitrary and assume
without loss of generality that a € A. First assume that (a,b) ¢ FA"A" for every b e AL A’
Since A is an induced substructure of A L A’ this means that A = —3yF(a,y). But then
A Nie(pj2)2 I (a # yp A Fk(a,yk)) which implies A £ x(a). Since A = V(¢ (z) V x(x))
this implies that A }= ¥(a). Hence for every k € ([D]?)? we have (a,a) € Li' and for every
b e A, b+ awe have (a,b),(b,a) ¢ Fi*. Since there are no tuples containing both elements
from A and A’ this directly implies that AL A" = 9¥(a).

On the other hand, assume that there is b € A Ll A’ such that (a,b) € FA"A". Since we
are considering the disjoint union of A and A’ this implies that b must be an element from
A. Hence A [~ 9(a). Since A = Vz(y(z) V x(x)) this implies that A | x(a). Then for every
k € ([D]?)? there is an element b € A such that (a,b) € Fi*, (a,b) ¢ Fi} for every k' € ([D]?)?,
k' # k and (a,b') ¢ F{ for every b € A, b’ # b. But since in AU A’ there are no tuples
containing both elements from A and A’ this implies that A U A" = x(a). In conclusion we
proved that AU A" =V (y¥(z) V x()).

We now prove AU A" = ¢rotationMap- Hence assume a,b € ALl A’ are arbitrary elements.
First consider the case that a,b are either both from A or both from A’. In this case, if for
some i,j € [D]? we have that (a,b) € E;*jj!-’A/ then (b,a) € E;‘}i‘-'A' because A = ¢rotationMap
and A" E @rotationMap- Now consider the case that |{a,b} N A| = 1. Then (a,b) ¢ Eg‘jj!—'““/
and (b,a) ¢ Efi'—'A/ and hence we get AUA" = A, ic(pj2(Eij(a,b) = Ej;i(b,a)). Therefore

AU A =52y (A jeqpps (Bi(@,y) > By 2) ).

Now consider an arbitrary element a € AU A’ and any i € [D]?. Without loss of gen-
erality assume a € A. Since A E @QrotationMap there must be an index j € [D]? and an
element b € A such that (a,b) € E{% Furthermore, for every v/ € A, b/ # b we have
(a, V') ¢ EZA} and for every j/ € [D]?, j/ # j and every b € A we have (a,b) ¢ E;%/
But since a € A it also holds that (a,b’) ¢ E;f‘j, for every b’ € A’ and every j' € [D]%
Hence AUA" =V ep2 (379 Ei;(a,9) A N\jrepz =3y Eij(a,y)). This concludes the proof of
AUA" E @rotationMap- e

We now prove ALl A" E ppase. Assume a € ALl A’ is an arbitrary element such that
AU A" | ¢root(a). Without loss of generality assume a € A. Since @root(z) := Yy—F(y, x)
and AU A" E @root(a) we get that A E proot(a). Since A = @pase this means that for every
i,j € [D]? we have (a,a) € Eﬂ and (a,b), (b,a) ¢ E;% for every b € A, b # a. Since further
(a,b), (b,a) ¢ E{%UA/ for every b € A’ this implies that ALUA" = A\, jc(pj2 (Ei,j (a,a) \Vy (a #

Yy — (—\Ei,j(a, y) A —\Ei,j(y,a)))) Furthermore, since A |= @pase and A = @root(a) for ev-
ery k, k' € ([D]?)?,i,i € [D]? for which ROT y=(k,4) = (k’,i’) there are b,b' € A such that
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(a,b) € FA, (a,b') € Fft and (b, ) € Eﬂ, Since A is a substructure of AL A’ this proves that
AU A ': Pbase-

Finally we prove AU A’ = ¢recursion- Hence assume a,c € A LI A’ are arbitrary elements.
Assume A U A" £ —JyF(a,y) AN ~JyF(c,y) and assume without loss of generality that there
isa € AU A’ such that (a,a) € F AUA” - Gince there are no tuples containing both elements
from A and A’ we get that a, a are from the same structure. Without loss of generality assume
a,a € A. Assume that for indices k}, kb € [D]?,¢;,0, € [D]? and some element b € A LI A’
we have (a,b) € E,ﬁl%‘/ and (b,c) € E,;‘};’;,;‘l. As b also has to be in A and A = @recursion
this implies that for every 4,74,i,5" € [D], k,¢ € ([D]?)? for which ROT g (k,i) = ((k{,k}), ")
and ROTg((¢y,0,),7) = (£,5') there are elements a’,¢’ € AL A’ such that (a,a’) € FAYA

(c,c) € FEAHA/ and (a', ') € E(J?,?’f(lj/,i/)' Hence AU A" = ¢recursion- u

Since Ay € P@ U{Ap} it is sufficient to consider only non-empty structures in the following.
Therefore assume that there exists A € Cyq with A # ) such that A = cp@ and A contains no
element a for which A | ¢re0t(a). Let A’ € Cyq be any model of Y@ with AN A’ = 0. Then
AUA = ¢@ by Claim Furthermore, AU A’ = 37 20100t (x), which implies AU A" = Y@
By construction, the Gaifman graph G((AU A')|r) of the structure Alp := (A, (Ff')re(pj2)2)
has more than one connected component as both A # () and A" # @) and ALA’ is a disjoint union
of A and A’. Hence we obtain a contradiction to Lemma Therefore every non-empty
structure satisfying <p’@ must satisfy 3= @00t (), and hence also Y@

Conversely, if A € Cy is a model of 20) then A = 37 2,00t (). This implies directly that
A E 3520100t (7) and hence A = go’@. Furthermore, Ay € P@ as Ap = 351000t (7) and
Ay E cﬁ@ as 95@ is a conjunction of formulas of the form Vz1)(x) for some formula 1 (x). Hence
P@ U{Ap} C P@. O

We now define the 0-profiles which express the property P@. For all g-structures in P@
(all o-structure in P, but Ap) it is crucial that they are allowed to contain precisely one
root element. Hence the neighbourhood profile describing P., must restrict the number of
occurrences of the 2-type of the root element. But since in P@, the root elements in different
structures may have different 2-types, we partition P@ into parts Py, ..., P, by the 2-type of
the root element. Note that the number m of parts is constant as there are a constant number
of 2-types in total. For each of these parts we then define a neighbourhood profile p; such that
Py U{Ay} = P,,. We would like to remark here that the roots of all but one structure in P@
actually have the same 2-type. Hence the partition only contains two parts and one of the two

parts only contains one structure. We now define the parts and corresponding profiles formally.

Let 71, ..., 7 be a list of all 2-types of bounded degree d. Assume without loss of generality
that the 2-types 71,...,7; are ordered in such a way that for (B,b) € 74, it holds that B |
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root(b) if and only if k£ € {1,...,m} for some m <t. For k € {1,...,m}, let
P,:={Ae€ P@ | there is a € A such that (N3'(a),a) € 74}

Since every A € P@ satisfies 371w 00t () We get that

1
Fiy = U Peu{Ag}
1<k<m
and this union is disjoint. Furthermore, for k € {1,...,m}, let I C {1,...,t} be the set of
indices j such that there is a structure A € P, and a € A with (N5*(a),a) € 7;. For every
ke {1,...,m} we define the 2-neighbourhood profile py : {1,...,¢} = Ty by

[0,1] ifi =k,
pr(i) =4 [0,00) it i€ I\ {k},
[0,0] otherwise.

To prove that these O-profiles of radius 2 define the property P~., the crucial observation is
that for every element a of some structure in Cy, the FO-formula ¢/, only talks about elements
of distance at most 2 to a (i.e. ¢/, is 2-local). Hence the 2-histogram vector of a structure

already captures whether the structure satisfies <p’@. We will now formally prove this.

Lemma 8.3.2. It holds that P@ =Ui<k<m Por-

Proof. We first prove that P@ C U1§k§m P, . First note that trivially Ay € Ulgkgm P,,.
Now assume A € P@. This implies that there is k € {1,...,m} such that A € P;. By con-
struction we have that for every a € A, there is i € I, such that (N3'(a),a) € 7;. Furthermore,
since A |= Y@ we have that A = 37 2,00t (7), and that there can be at most one a € A such
that (N5'(a),a) € 75 Therefore A € P,,.

To prove U, <p<p Por © P, we prove that every structure in (J, <<, I, must satisfy
¢—. We will prove that every A € J;j<,, Py, satisfies ¢, in the following four claims. Note
that Ay = cp’@ by Lemma and hence we exclude Ay in the following.

Claim 1. Every structure A € U, <<, Pp, \ {Ap} satisfies ¢, .

Proof of Claim[1 Let A € U;<j<,, P \{Ap}. Then thereisk € {1,...,m} such that A € P,,.
By definition (see Section Equation |6.3)), ¢f,cc := 351 20r00t(2) A @ AV ((2) V X (2)),
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where

Y= Vm((gproot(x) A R(z, m)) \% (ElzlyF(y7 ) A =JyR(z,y) A ~JyR(y, x))),

Y(x) :=-FyF(z,y) A /\ Li(x /\Vy(y#z% /\ =Lg(z,y) A /\ —\Lk(y,:c)) and

ke([D]?)? ke(D]?)? ke([DI?)?
x(@)=-3y \/ (Le(z,y)V Lr(y,2))A
ke([D]?)?
A ﬂyk(ﬂﬂ#yk/\Fk(%yk)/\( A ~Fir (2, y8)) AVY(y # vk —>ﬁFk(907:U)>)-
ke([D]?)? k’e([D]?)2,k' £k

Thus, it is sufficient to prove that A = 35 wpr00(z), A = ¢ and A = Va(v(z) V x(z)).
To prove A = 351200t (7) we note that by construction of p we have A [ pro0t(a) for

any a € A for which (NV5'(a),a) ¢ 7. Since py restricts the number of occurrences of elements
of neighbourhood type 74 to at most one, this proves that there is at most one a € A with
A E piree(a) and hence A = IS zpp001 (7).

To prove A |= ¢, let @ € A be an arbitrary element. Since A € P,,, there is an ¢ € I
such that (Ni(a),a) € 7;. But then by definition, there exist A = Y@ and @ € A such
that (N5%(a),a) = (N3 (a),d). Assume f is an isomorphism from (N3(a),a) to (V3A(a@),a).
First consider the case that A = ¢root(a) := Yy—F(y,a). Assume there is b € A such that
(b,a) € FA. Since b € N#(a), there must be an element b € Ni'(a) such that f(b) = b.
Since f is an isomorphism mapping a to @, this implies (b,a) € F*4, which contradicts A |=
©root(a). Hence A = @ro01(d). Since A = ¢l it holds that A |= ¢, which means that
(a,a) € RA. But since f is an isomorphism mapping a onto @, this implies (a,a) € RA. Now
consider the case that A = ¢ro0t(a). Then there is b € A with (b,a) € F*. Since f is an
isomorphism, this implies (f(b),a) € FA. Hence A = 3= yF(y,a) A -3yR(a,y) A -FyR(y, @),
as A |= ¢. Now assume that there is b’ # b such that (¥,a) € FA. Then f(b) # f(b') and
(f(b),a),(f(b),a) € FA. Since this contradicts A E 37y F(y,a) we have A = 37 yF(y,a).
Furthermore, assume that there is b’ € A such that either (a,b’) € R or (V',a) € R*. Then
cither (a, f(b')) € RA or (f(V/),d) € RA, which contradicts A = —3yR(a,y) A ~FyR(y, a).
Therefore A = —3yR(a,y) A =JyR(y, a) which completes the proof of A = ¢.

We prove A &= Va(¢¥(x) V x(z)) by considering the two cases A | —JyF(a,y) and A =
JyF(a,y) for each element a € A. For this, let a € A be any element. By the construction of py,
there is A |= Y@ and @ € A such that (N3*(a),a) = (N54(@), ). Let f be an isomorphism from
(N5'(a), a) to (N5(a),a). First consider the case that A = —JyF(a,y). If there was b € A
with (a,b) € FA then (a, (b)) € FA contradicting our assumption. Hence A = =3yF(a,y)
which implies that A K x(a). But since A |= P@y 1t holds that A = Va(y(x) V x(z)),
which implies that A = ¢(a). Hence (@,a) € L{ for every k € ([D]?)% Since f is an
isomorphism and f(a) = @, it holds that (a,a) € L{! for every k € ([D]?)?, and hence A |=
Are(pp2)2 Lr(a,a). Furthermore, assume that there is b € A, b # a and k € ([D]?)? such
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that either (a,b) € ch4 or (b,a) € LkA. Since f is an isomorphism this implies that either
(a, f(b)) € Lf or (f(b),a) € L“,f which contradicts A = x(a). Hence A |= Vy(y #a —
Arepizyz ~Lr(a y) A Ape(pjzyz ~ L (v, a)) proving that A = ¢(a).

Now consider the case that there is an element b € A such that (a,b) € F*. Since this
implies that (@, f(b)) € FA, we get that A b (@), and hence A = x(@). Now assume
that there is a b € A and k € ([D]?)? such that either (a,b) € L{ or (bya) € L{!. But
then either (a, f(b)) € A or (f(b),a) € L , which contradicts A = x(a). Hence A =
=3y Vie(pp2)2 (Lk(a y) V Lk(y, a)). For each k € ([D]?)?, let b, € A be an element such
that A = @ # by A Fi(a@, bg) A (Awepi2y2 przr ~Fr (@, b)) AVy(y # b, — —Fx(@,y)). Since
f is an isomorphism, this implies that a # by := f~ ( k), (a,br) € FA and (a,by) ¢ Fib,
for each k' € ([D])?)?,k’ # k. Furthermore, assume there is b € A, b # by, such that (a,b) €
F{*. Since f is an isomorphism, this implies f(b) # f(bx) = by and (@, f(b)) € F,;‘i, which
contradicts A = Vy(y # b, — —Fi(@,y)). Hence A |= Vy(y # by — —Fi(a,y)) and therefore
concluding that A = x(a). This proves that in either case A = 9(a) V x(a) and therefore
A V() v x(@). .

Claim 2. Every structure A € U, <<, Por \ {Ap} satisfies protationMap-

Proof of Claim[4 Let A € U <<, Ppr \ {Ap}. Then there is a k € {1,...,m} such that
AeP,,.
By definition (Section Equation , ProtationMap = ¢ A 1, where

pi= w:vy( A (Bij@.y) = Byuly,2))) and

i,j€[D]?
=va( A (V B @A N\ ~HE)).
i€[D)?  je[D]? j'€[D]?
J'#i

Thus, it is sufficient to prove that A | ¢ and A = 9.
To prove A |= ¢, assume towards a contradiction that there are a,b € A such that for some

pair i, j € [D]?, we have that (a,b) € E7Y, but (b,a) ¢ E¢}. By construction of P,, , there is a

structure A = P and a A such that (M5'(a),a) = (N5(a),a). Assume f is an isomorphism
from (N5*(a),a) to (N3(@), ). Note that f(b) is defined since b is in the 2-neighbourhood of a.

Furthermore since f is an isomorphism, (a,b) € E;t implies (@, f(b)) € EA, and (b,a) ¢ EA

implies (f(b),a) ¢ E]Al Hence A ¥ ¢, which contradicts A E @rotationMap- !

To prove A = 1), assume towards a contradiction that there is an a € A and i € [D]?

such that A £ 37'YE; j(a,y) A Njreipi =3y Eij (a,y) for every j € [D]*. We know that

there is a structure A = Y@ and &J :J;l such that (N3'(a),a) = (./\/’2“‘1(&),&). Let f be an

isomorphism from (Ng'(a),a) to (N5\(a),a). Since A k= 1, there must be j € [D]? such

that A = 3='yE; ;(a,y) A Njrepi2 73y Eij(a,y). Hence there must be b € A such that
J'#j
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(a,b) € E{f‘;, which implies that (a, f~1(b)) € E#,. Since we assumed that A (= 3=y E; j(a,y) A
/\j'e,[D,]z —3yE; j«(a,y), there must be either b # f~(b) with (a,b) € E{%, or there must be
J’ EJ ;[él])]Q, j' # jand b € A such that (a,b') € E;f‘j,. In the first case (a, f(b)) € E{f‘;, since f
is an isomorphism. But then A = HzlyEi}j (a,y), which is a contradiction. In the second case,
we get that (a, f(b)) € E{f‘j/. But then A j /\j’E/[D_]Z —3yE; j:(a,y), which is a contradiction.
Hence A= A9. e ]

Claim 3. Every structure A € (J; <<, Por \ {Ap} satisfies ppase-

Proof of Claim[3 Let A € U,<p<p, Ppr \ {Ap}. Then there is a k € {1,...,m} such that
AecP,.
By definition (Section Equation 7 Obase 1= VT (@root(aj) = (p(z) A d)(x))), where

o(z) = /\ (E”(;v,x) A Vy(a: #y— (—|Ei7j(x,y) A ﬁEZj(y,x)))) and
i,j€[D]?

Y(@) = A Fyy (Fi(z,y) A Fi(2,9) A Eiir(y,9)).
ROT 2 (kyi)=(k',i")
k,k'€([D]%)?
i,i'€[D]?
Thus, it is sufficient to prove that A | ¢(a) and A = v¥(a) for every a € A for which
A E ¢root(a). Therefore assume a € A is any element such that A = ¢ro0t(a). Because
A € P,, there is an i € I} such that (N5*(a),a) € ;. Then by definition there is a structure
A= ¢@ and @ € A such that (Ms'(a),a) = (NM5(@),a). Let f be an isomorphism from
(N5'(a),a) to (N5'(a),d). Assume that there is an element b € A such that (b,a) € F-A.
Since f is an isomorphism and b € Nz"i(d) we get that (f~1(b),a) € FA which contradicts that
A = @root (@) as ©root () := Vy—F(y,z). Hence there is no element b € A such that (b,a) € FA
which implies that A E ¢root(@). But since A = P@ we have that A E ©base and hence
A= p(@) and A = (@)

To prove A |= ¢(a) first observe that (a,a) € Eﬁ for every 4, j € [D]? since A = ¢(a) implies
that (a,a) € E{% for every 4,7 € [D]? and f is an isomorphism mapping a onto a. Assume
that there is an element b € A, b # a and indices i, j € [D]? such that either (a,b) € E{% or
(b,a) € E;% Since b € Ns*(a) and f is an isomorphism we get that f(b) # f(a) = @ and either
(@, (b)) € B or (f(b),a) € E;\. But this contradicts A = ¢(a) and hence A |= ¢(a).

We now prove A = 9(a). Let k, k" € ([D]?)? and 4,i’ € [D]? such that ROT g2 (k, i) = (K',4').
Since A = 1(a) there must be elements b,b’ € A such that (a,b) € F,;‘i7 (a,b') € F,;‘,i and
(b,b') € Egi-/. But since b, b’ € N{(a) we get that f~(b) and f~1(8') are defined and since f is
an isomorphism we get that (a, f~*(b)) € F2, (a, f~1(V')) € Fgt and (f~1(b), f~1(V)) € Ef,.
Hence A = Jy3y' (Fi(a,y) A Frr(a,y') A Ei i (y,y') for any k, k" € ([D]*)? and 4,7’ € [D]? such
that ROT g2 (k,i) = (K, i) which implies that A E v (a). |
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Claim 4. Every structure A € ;<< Por \ {Ap} satisfies precursion-

Proof of Claim[4 Let A € U <p<m Por \ {Ap}. Then there is a k € {1,...,m} such that
AeP,.

By definition (Section Equation , Precursion ‘= VIVz (<p(a:, z) Vp(x, z)), where
oz, z) :=—JyF(z,y) N —3yF(z,y) and

Y(z,2) = /\ <3y [Exs o (z,y) A Egg 0, (y, 2)] —
ky,ky€([D]?
¢, the[D)?

/\ o' 32" [Fr(w, ') A Fy(z,2') N E gy, i (@ z’)])

i-j,i’,j' €[D] kL€ ([D]*)?

ROTy (k,i)=((k},k5),i")

ROTH ((€3,41),5)=(£,3")
Let a,c € A. Assume first that there is b € A with (a,b) € FA. Hence A [~ ¢(a,c). Since
Precursion ‘= VaVz (go(x, z) V(x, z)) we aim to prove A = ¥(a,c). By construction of pg, there
is an i € I, such that (M3'(a),a) € 7;. Therefore there is a structure A = Y@ and @ € A such
that (V3(a),a) = (M5A(@),a). Let f be an isomorphism from (N54(a), a) to (M51(a),a). Since
b € Ni'(a), we get that f(b) is defined. Since f is an isomorphism mapping a onto @, we have
that (a,b) € F4 implies that (a, f(b)) € FA. Hence A b o(a,é), for every é € A. But since
A E ©recursions as A = Y@ this shows that A E ¢(a,é) for every ¢ € A.

Let k), kb € [D]? and ¢}, ¢, € [D]? be indices such that there is V' € A with (a,b’) € E;;AII7€/1
and (V',c) € EQ,Z’Q' Since b',c¢ € Ns'(a), by assumption we get that f(b') and f(c) are de-
fined. Furthermcgre, (a,b") € E’?ufi and (V,c) € Eé,z; imply that (a, f(b')) € EQ,Z’I and
(f), fle) € EQ 2 since f is an isomorphism mapping a onto a. We proved in the previous
paragraph that A = ¥(a, f(c)). Hence we can conclude that for all indices i,j,4,j’ € [D],
k.l € ([D]?)? for which ROT g (k,i) = ((k},k}),i') and ROT g ((¢5,¢,),5) = (£,5'), there are

clements @', & € A such that (a,d’) € F,;‘i, (f(e), @) € Fg‘i7 and (a',¢) € Eé‘j) (jr.iny- Since
@,& € Ni\(@), we get that a’ := f~1(@') and ¢’ := f~1(&) are defined. Furthermore, we get
that (a,a’) € FA, (¢,c') € Fft and (d/,c) € E(“;.‘j) (jriny- This proves that A [= ¥(a, c).

In the case that there is b € A with (c,b) € FA, we can prove similarly that A = v(a,c),
by considering that there exist A |= @ and ¢ € A such that (N3'(a),c) = (J\/’QA(E),E) by
construction of pj. Finally if there is no b € A such that (a,b) € FA or (c,b) € F* then
A = ¢(a,c). Since this covers every case we get that A = ¢recursion- [ ]

Assume A € <<, Poy- As proved in Claims and [ this implies that A = ¢,
A = ¢rotationMaps A E @base and A E @recursion. Since <p’@ is a conjunction of these formulas,
we get A = @'(@ and hence A € P@. O
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8.3.2 A local reduction from relational structures to graphs

In this section we construct a property Pgraph from the property P@. We obtain this graph
property as f (P@) by defining a map f : Cq — C4. To define f we introduce a distinct arrow-
graph gadget for every relation in o (i.e. for every edge colour). The map f then replaces every
tuple in a certain relation (every coloured edge) by the respective arrow-graph gadget. We
further prove that this replacement operation defines a local reduction f from P% to Pgraph-
Recall that a local reduction is a function maintaining distance that can be simulated locally by
queries. Since by Lemma local reductions preserve testability, we use the local reduction
from P’ t0 Pgrapn to obtain non-testability of the property Pgraph from the non-testability of
P@ which easily follows from the non-testability of P@. We will now define f formally.

Let ¢ be the number of relations (the number of edge colours) in o. We first introduce the
different types of arrow-graph gadgets we need to define the local reduction. For 1 < k < /¢, we
let Hy, be the graph with vertex set V/(Hy) := {a1, ..., a2¢42,b1,b2} and edge set

E(Hi) = {{ai, aip1} | 1 < i <20+ 1} U{{ags14x,b5} | 7 € {1,2}}.

We call Hy a k-arrow. For any graph G and vertices v,w € V(G), we say that there is a
k-arrow from v to w, denoted v LN w, if there are 2¢ + 2 vertices va, . .., Vgpr1, w1, ws € V(G)
and an isomorphism g : Hy, — N (va, ..., vap41,ws, we) such that g(a;) = v and g(ages2) = w.
We now define a second arrow gadget. For 1 < k < ¢, we let L, be the graph with vertex
set V(Li) = {a1,...,ae41,b} and edge set E(Ly) := {{a;,a;41} | 1 < ¢ < £} U {{ag,b}}.
We call Ly a k-loop. For any graph G and vertex v € V(G), we say that there is a k-loop
at v, denoted v LN v, if there are ¢ + 1 vertices vy,...,v,,w € V(G) and an isomorphism
g: Ly = NE(vi,...,v,w) such that g(ag, 1) = v. Finally we let H, be the graph with vertex
set V(HyL) := {a1,...,ae4+1,b} and edge set E(H, ) = {{ai,ai11} | 1 < i < £} U {{a;, b} |
i € {1,2}}. We call H, a non-arrow. For any graph G and vertex v € V(G), we say that
there is a non-arrow at v, denoted v /4, if there are £ 4+ 1 vertices vy,...,v,, w € V(G) and an
isomorphism g : H; — N&(vy,...,vs,w) such that g(asy 1) = v.

We now define a function f : Cy — C4 by f(A) := G4, where G4 is the graph on vertex set
V(Ga) = AU{vE jw,;|1<i<daeA1<k</}and edge set

a,i’

E(Gy) ::{{a,vﬁji}|a€A,1§i§d}U{{vk vk+1}|1§k§€—l,a€A,1§i§d}

U{{v{f}j, wy,; } {U{f’j,wa,i}, {vﬁﬁi,vff’j} | a # b,ans(a,i) = ans(b, j) = (k, a, b)}
U{ {0k sy wai} | ans(a,i) = (k,0,0) } U {0 wai}, {02 1y wa i} | ans(a,i) = L,
where ans(a,i) = (k,a,b) denotes that the i-th tuple of a is (a,b) and is in the k-th relation.

Hence G 4 is defined in such a way that if (a,b) is a tuple in the k-th relation of o in A, then

atbinG 4, and a has a non-arrow for every ¢ satisfying that ans(a,i) = L for every k. For
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Wa,i
¥4 2
a va,i Va,i
._.. ..........................
1
va,i
(a) Case ans(a,i) = L (b) Case ans(a, i) = (k,a,a)
Wa,i
¥4 1 1 k 4
¢ Vg Vai Vb Vb, j b 0
@—o -y o — - QO—P—@ -
Wp,j

(c) Case ans(a,i) = ans(b, j) = (k,a,b)

Figure 8.4: Different types of arrows in G 4.

illustration see Figure 3.4

Now we define property Pgrapn := {f(A) | A € P@} CCy.
Lemma 8.3.3. The map f is a local reduction from P@ 10 Pgraph -

Proof. First note that for any A € P@, we have that f(A) € Pgraph by definition and hence
property [(LR4)| of local reductions follows. Furthermore, properties [[LR1)| and [[LR2)| are

trivially true.

Now let ¢ := 2d + 2d*(. We prove that if A € Cy is e-far from P, then f(A) is <-far
from Pgrapn by contraposition. Therefore assume that f(A) =: G4 is not -far from Pgrapn
for some A € C4. Then there is a set E C {e C V(G.4) | le] = 2} of size at most M,
and a graph G' € Pgraph such that G is obtained from G4 by modifying the tuples in E. By
definition of Pgraph, there is a structure Ag € P~ such that f(Ag) = G. First note that
|Ag| = |4, as (1 + d0)|A| = |V(Ga)| = |[V(G)] = (1 + df)|Ag|. Hence there must be a set
R of tuples that need to be modified to make A isomorphic to Ag. First note that R cannot

contain a tuple (a,b) where {a,v¥ , w,;,b, U{ii,wb,i |1 <i<d,1<k<{Lne=70 for every

a,t?
e € E. This is because if (a,b) is a tuple in A, then a £ b for some k in G 4. But since
{a,vs’i,wa,i,b, U[lii7wb,i [1<i<d,1<k<{}ne=0forevery e € E, we have that a E bin

G. But then (a,b) must be a tuple in Ag, and hence (a, b) cannot be in R. The same argument

works when assuming that (a,b) is a tuple in A¢. Since for every e € E, there are at most 2d
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tuples (a,b) such that {a,v* , w,,b, v,’f’i,wb,i [1<i<d,1<k<{L}ne#0, we get that

a,i’

2. 2.
Bl < 2d% - [V(Ga)| _ 2(1 + db)ed” - |A] _ ed-|Al
c C

Hence A is not e-far to being in P@. This implies property of local reductions.
Let t :=d+ 1. Let A € Cy and G4 := f(A). Note that any a € A is adjacent in G4 to

£ for every 1 < i < d. Hence any neighbour query in G4 to a can be answered without

a,t?
querying A. Assume v € {v¥ We,i | 1 < k < £} for some a € A and some 1 < i < d.

a,i’

Then we can determine all neighbours of v by querying (a,?) and further if ans(a,i) # L and

(%

ans(a,i) = (k,a,b), then we need to query (b, j) for every 1 < j < d. Hence we can determine
the answer to any query to G 4 by making ¢ queries to .4 which implies property |(LR3)|of local
reductions. This proves that f is a local reduction from P@ t0 Pgraph- O]

We remark that Pgapn is a simpler version of the simple graph property defined in Section [6.3]

where extra care had to be taken to define degree-regular graphs.

8.3.3 The graph property is GSF-local

Let Pgraph be the graph property as defined in Section We now show that Pgraph is
GSF-local.

Lemma 8.3.4. The graph property Peraph s GSF-local.

Proof. For this we will prove that Pgrapn is equal to a finite union of properties defined by 0-
profiles, and then use Theorem to prove that Pgraph is GSF-local. We define the 0-profiles
for Pgrapn in a very similar way to the relational structure case, and then use the description
of P@ by 0-profiles shown in Lemma To this end let 7y,...,7: be a list of all 2-types
of o-structures of bounded degree d and 71,...,7s be a list of all (4¢ + 2)-types of graphs of
bounded degree d. Assume that the (4¢ 4+ 2)-types 71,...,7s are ordered in such a way that
(Ni;(fg)(b),b) € 7, for every k € {1,...,m} and (B,b) € 7, where m is the number of parts
of the partition of P@ defined in Subsection Recall that Py is a part in the partition
of P@ defined in Sectionfor every k€ {1,...,m}. For k € {1,...,m}, let I} be the set

of indices ¢ such that there is A € Py, and v € V(f(A)) for which (NZ@(:;) (v),v) € 7;. Let
o {1,...,8} = Jp be defined by

[0,1] ifi =k,
pr(i) = [0,00) if i € I\ {k},
[0,0] otherwise.

Claim 1. It holds that Pgrapn = Ulgkgm P;,.
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Proof of Claim[1l First we prove Pgaph C U1< k<m pr- Assume G € Pgrapn and let A € P@
be a structure such that G = f(A). If A = Ay then clearly G € U,<;.<,, Pp,. Hence assume
A # Ay. Then A € P, for some k € {1,...,m}. By the construction of I;, we know that for
every v € V(G) we have (N7, ,(v),v) € 7; for some i € I},.. Furthermore, since A € Py there is
at most one a € A with (N3*(a),a) € 7. This implies directly that there can be at most one
vertex v € V(G) with (N, ,(v),v) € 7 and hence G € P;.

Now we prove that U, <<, Por € Paraph- Let G € U <p<,, P and let k € {1,...,m} be
an index such that G € P;,.

First note that every model of Y@ is d regular for some large d. Then for any A = L@y
every vertex in f(A) has either degree less or equal to 4 or degree d . Since every structure in
PL, apart from the empty structure Ag is a model of Y@ this implies that every vertex in any
graph G’ € Pgrapn has degree < 4 or degree d. Since for every i for which (i) # [0, 0], there is
a graph G’ € Pyrapn and v € V(G') such that (NG, ,(v),v) € 7, we get that every vertex in G
has to have degree less or equal to 4 or degree d. Using this argument further, we get that every
vertex v € V(G) of degree less or equal 4 has to be contained in the (¢4 1)-neighbourhood of a
vertex of degree d, and that the (2¢ + 1)-neighbourhood of every vertex v € V(G) of degree d
is the union of k-arrows, k-loops and non-arrows which are disjoint apart from their endpoints.

Hence there is a o-structure A such that f(A) = G. Let g be an isomorphism from f(A) to G.

Now we argue that A € P, . First assume that there are two elements a,b in A with
(N5 (a),a) € 7, and (N5'(b),b) € 7x. By definition, we get that (NJK:‘Q)( ),a) € 7k and

(NIZ(:‘Q( ),b) € 7. Since g is an isomorphism, the restriction of g to NI;:‘Q)( ) must be an

isomorphism from ./\/4@(;_2( ) to N, 5(g9(a)), and hence (N, ,(g(a)), g(a)) = (Nf@(:g( ),a) €
7. But the same holds for the (4¢ + 2)-ball of g(b), and hence we contradict the assumption
that G € P;, since pi(k) = [0,1]. Let us further assume that there is an a € A such that
(N5'(a),a) € 7; for some i ¢ Iy. Let j be the index such that (J\/f,(_:;( ),a) € 7j. Additionally
note that a must have degree d in f(A) by construction of f. As g is an isomorphism, we get
that (N7, 5(g(a)),g(a)) € 7, and g(a) has degree d. But then by construction of py, there
must be G’ € Pgraph and a vertex v € V(G') of degree d such that (./\/4“2( v),v) € 7;. By
construction of Pgrapn, there is a structure A € P@ such that f(A’) = G’. Since v has degree

d, it must be an element in A’. Furthermore (N3' (v),v) € 7; by choice of i and j. Hence
A’ ¢ P, . But this contradicts Lemma

Hence we have shown that A € P, . Then by Lemma 2| A € PL,, and by construction
G e Pgraph- |

Since by Claim [I| we can express Pgraph as a finite union of properties each defined by a
0-profile, Theorem implies that Pgrapn is GSF-local. O
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8.3.4 Putting everything together

Now we prove the main theorem of this section.

Proof of Theorem[8.0-1] Let the property P@ of relational structures be as defined above. Note
that P@ is not testable, as P@ is not testable by Theorel%@jmd P@ only differs from P@
by the empty structure. By Lemma and Lemma [3.6.3] the graph property Pgrapn that
is locally reduced from P@ is not testable. Lemma shows that Pgrapn is also a GSF-
local property. Hence there exists a GSF-local property of bounded degree graphs which is not
testable. Furthermore, since having a POT implies being testable (Theorem , this proves
that there is a GSF-local property which has no POT. By Theorem this implies that not
all GSF-local properties are non-propagating. O

8.4 Summary

In this chapter we have utilised the construction of an FO definable property, which is not
testable, to prove that generalised subgraph freeness properties are not in general testable.
This entails that it is not in general possible to modify a graph containing a few copies of
forbidden marked graphs without causing a chain reaction of necessary edge modifications.
This answers an open question from [76] and provides a missing piece of understanding in
the characterisation of properties which allow constant query one-sided error POT’s given in
[76]. Our result also proves that the characterisation of which monotone properties and which
hereditary properties have one-sided error constant query testers can not be extended to non-
monotone, non-hereditary properties, which was asked as an open question in [89]. We believe
that our result will aid our understanding of which properties are testable and may be useful

for the goal of characterising which properties are testable in the bounded degree model.



Chapter 9

On testability of NP-hard
problems and construction of
hard instances for property

testing

Since the seminal work of Cook [27] and Karp [92] the study of NP-hard problems plays a central
role in Computer Science. Besides identifying such problems, a great deal of research has been
conducted into developing exact efficient algorithms for NP-hard problems by restricting the
set of inputs in some way and into finding approximation algorithms for NP-hard problems. In
most known cases NP-hard problems appear to be hard in the setting of property testing as well.
Several problems which remain NP-hard on graphs of bounded degree have query complexity
O(n), such as 3-SAT, 3-colourability [22], Hamiltonicity [70,|129], Independent Set [70], 3-
edge-colourability, 3-dimensional matching [129]. On the other hand, there are some NP-hard
problems which are constant query testable, e. g. Hamiltonicity on bounded degree planar graphs
for which NP-hardness was shown in [67] and, as planar graphs are hyperfinite, testability follows
from the result of Newman and Sohler [112] which states that every property can be tested for
the class of hyperfinite graph of bounded degree. There is a variety of problems which remain
NP-hard on bounded degree planar graphs (see e.g. [65]) which therefore yield examples of
testable NP-hard problems.

In this chapter we study the complexity of property testing of NP-hard problems with the
aim of investigating what constitutes hardness in the context of property testing. Besides
showing lower-bounds for two NP-hard problems (i.e. dominating set and treewidth) we also
investigate hardness for property testing by providing a deterministic construction of hard-

instances for a known hard problem for property testing, i.e. Hamiltonicity. We believe that

135
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this construction advances our understanding of property testing complexity.

Overview of results and techniques In this Section we show three property testing lower
bounds for three different NP-hard problems using three different techniques. We want to re-
mark here that graph property testing does not allow an input parameter. We solve this here by
considering properties were the parameter is determined by some function of n — the number of
vertices. To extend property testing in such a way as to allow an input parameter there should

be some consideration of an appropriate extension of the notion of e-farness.

In Section we show that testing whether a graph has a dominating set containing at
most a quarter of all vertices takes at least a linear amount of queries. We show this via a local
reduction from 3-SAT, for which a linear lower-bound on the query complexity has been shown
in [22]. Showing hardness via a local reduction has been used in this context in [22}{70}/129]. Fur-
thermore, the local reduction presented in this section is a slight variation of a straightforward
polynomial time reduction from 3-SAT. We adjust this reduction in such a way as to benefit
simplicity of proving that the reduction is local. To our knowledge the result presented in this
Section was not previously known. Note that for fixed parameter k, considering k-dominating
set on bounded degree graphs is of no interest as any large enough graph can not contain such

a dominating set.

In Section we give an explicit deterministic construction of a class of graphs of bounded
degree that are locally Hamiltonian, but (globally) far from being Hamiltonian. By locally
Hamiltonian we mean that every subgraph induced by the neighbourhood of a small vertex set
appears in some Hamiltonian graph. More precisely, we obtain graphs which differ in ©(n)
edges from any Hamiltonian graph, but non-Hamiltonicity cannot be detected in the neigh-
bourhood of o(n) vertices. Our class of graphs yields a class of hard instances for one-sided
error property testers with linear query complexity. It is known that any property tester (even
with two-sided error) requires a linear number of queries to test Hamiltonicity [70,[129]. This is
proved via a randomised construction of hard instances. We hope that studying hard instances
will further our understanding of the complexity of property testing. A similar approach was
taken in [22] for 3-colourability, where graphs, which are far from being 3-colourable but locally
look 3-colourable, are implicitly obtained using a reduction from the constraint satisfaction
problem (CSP). An explicit construction of a CSP, which is far from being satisfiable but every
sublinear subset of constraints is satisfiable, is given. To our knowledge this is the only other

known deterministic construction of a similar kind.

In Section[0.3] we discuss the testability of treewidth. First observe that for fixed parameter
k, testing the property P%"‘,’c of bounded degree graphs with treewidth at most k£ can be done

with a constant number of queries. This is due to P} being minor-closed which implies
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testability [18]. We show that for every sub-linear, super-constant function f € o(n) Nw(n) we
can not test whether a given bounded degree graph G on n vertices has treewidth at most f(n).
Hence we can for example not test the property of all graphs whose treewidth is logarithmic in
the number of vertices of the graph. We use a theorem of Grohe and Marx [80] that shows that
expanders have linear treewidth and conclude non-testability by using a similar argument as in
the proof of Theorem We argue that any graph with linear treewidth is far from having
treewidth f(n) and combine the theorem by Alon introduced in Section [102, Proposition
19.10] and the theorem by Adler and Harwath introduced in Section |2, Theorem 19] to

prove non-testability.

9.1 Lower bound for testing dominating set with two-

sided error

In this section we prove that testing dominating set size takes at least a linear amount of
queries. We first briefly introduce the dominating set problem. Let G be a graph. For any
subset D C V(@) and any vertex v € V(G) we say that D dominates v if v € D or there is
w € D such that {v,w} € E(G). A subset D C V(G) is called a dominating set of G if D
dominates every vertex v € V(G). The minimum size of a dominating set of G is called the
domination number of G. Let d € N and PO?S C Cq4 be the property of all graphs G of bounded
degree d with domination number no more than |V(47G)‘.

We show that PDS is hard to test for degree d = 5 using a local reduction from 3-SAT. The
reduction we use is similar to a straightforward approach of reducing 3-SAT to dominating set.

We will first introduce the model for testing 3-SAT and then we will give the reduction.

9.1.1 Property testing model for bounded degree 3-SAT

We use the model for testing whether a 3-CNF formula is satisfiable or not as in [22].

Here we consider propositional formulas i.e. quantifier-free formulas over the language o
consisting of one unary relation 7. We denote the set of variables of a propositional formula
» by VAR(p). We say that a propositional formula ¢ is satisfiable if there is an assignment
« : VAR(p) — {0,1} of the variables of ¢ such that the o-structure A = ({0,1},T4), where
T4 = {(1)}, satisfies ¢ under the assignment a. We remind the reader that a propositional
formula ¢ over the set of variables VAR(¢) is in 3-CNF if it has the form

e=N\ (egwfwf),
=1

where ¢/ € {z,~z | © € VaR(¢)} for i € {1,...,m}, j € {1,2,3}. We call # a literal and

2}V 02 v €3 a clause of the CNF. Note that we can assume that every clause has precisely three
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literals, as ¢ = £V £ for any literal ¢. Additionally we assume that all clauses are pairwise

distinct.

Let d € N. We say that a 3-CNF formula has bounded degree d if every variable is contained
in at most d clauses, where variable x is contained in a clause if either x or -z is a literal of the
clause. Note that deciding satisfiability of a bounded degree 3-CNF remains NP-hard for degree
bound 3 as we can rename each appearance of a variable x by a different auxiliary variable and
then force all auxiliary variables to have to be assigned the same value. Let CNF, be the set
of all 3-CNFs of bounded degree d and let P4, C CNF, be the set of all satisfiable 3-CNFs of
bounded degree d.

We encode a 3-CNF ¢ as a membership list M, which contains for each variable 2 € VAR(yp)
and each 1 < j < d the j-th clause = is contained in or L if x is contained in fewer than j
clauses. Furthermore a property tester is given n = |VAR(p)| as auxiliary information and we

allow queries from @, := [n] x [d] and the property tester obtains the following answer

o NN i 0LV 63V 63 s the j-th clause of x;,
ansy (i, j) :=
L if x; is contained in less than j clauses.

Distance in this model is defined in terms of clause addition or removal. This leads to the

following definition.

Definition 9.1.1 (Distance to satisfiability). We say that a 3-CNF ¢ of bounded degree d with

|[VAR(p)| = n is e-far from being satisfiable if any formula obtained from ¢ by removing any

edn

3 clauses is not satisfiable.

subset of at most

We use the following hardness result for property testing ’PgAT.

1
’8
such that every algorithm that distinguishes satisfiable instances of CNFy with n variables from

Lemma 9.1.2 (Lemma 20 in [22]). For every € € (0,%) there are constants d € N, ¢ > 0

instances that are e-far from satisfiable must have query complexity at least cn.

9.1.2 Local reduction from 3-SAT to dominating set
In this section we show the following theorem using a local reduction from 3-SAT.

Theorem 9.1.3. The property ’PC?S is not testable with o(n) queries on the class Cq4 for d > 5.

Proof. We prove this theorem by defining a local reduction from Péi;xT to PDS| where d’ is the
degree bound from Lemma The theorem then follows from Lemma and Lemma|3.6.3]

We define f : CNFg — Cy as follows. For a CNF ¢ = A", (611 vV 2y @) € CNFy with
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_____

ans,(z,1)=
—xVyVz

______

Figure 9.1: Ilustration of the dominating set reduction.

|[VAR(p)| = n we let f(¢) = G, where

V(Gy) ::{mi,—\xi,i‘i,xf

x € VAR(p),i € {1,...,d’}} and

E(G,) ::{{fi,ﬁxi}7{—|xi,xi},{xi,§:j} ‘ ief{l,.. . d}Y,j=i+1ifi<3d,j=1 otherwise}

U{tts) | L o madig e (L d s (o, i) = ans,(y,5) }
U {{xl,yf}, {—zs, 95} ‘ ie{l,...,d'},ans,(x,1) = L}.

Hence G, consists of a cycle of length 3d’ and d’ extra vertices, which we refer to as clause

vertices, for every variable. Clauses get encoded into edges between cycle and clause vertices.
For illustration see Figure Note that a 3-CNF on n variables gets mapped to a graph on

4d'n vertices which implies property This also implies we can compute the auxiliary

information for graph G, from the auxiliary information for ¢ showing property
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In order to prove that f defines a local reduction we need to prove that f can be computed
locally that if ¢ is satisfiable then G, has a dominating set of size at most W&M (LR4)
and that there is a function h : (0,1) — (0,1) such that if ¢ is e-far from satisfiable, then G,
is h(e)-far from PPS [(LR5)

In order to prove we first define a sequence of functions which, given a query (v, j) to
Gy, determine adaptively the appropriate sequence of queries to ¢ needed to answer query (v, 7).
By construction of G, we can determine all neighbours of any vertex in v € {z;, ~x;, &;, x5}
by knowing that ans,(z,4) = ¢* V ¢2 vV 3 and knowing for every other variable y contained in
0t v 0% v 63 for which j € {1,...,d’} we have that ans,(z,i) = ans,(y, ;). Hence the sequence
of queries required to answer (v,14) for v € {x;, ~x;, &;, x5} is to first query (x,4) and then query
(y,J) for every variable y contained in ansy(x,%) and every j € {1,...,d'}. On the other hand
we can now define a function which, given a query (v, %) to G, and given this sequence of queries
and their respective answers, provides the answer to query (v,7). Since the number of queries
to ¢ needed to answer a query to G, is 2d’ + 1 which is independent of n we get that
holds.

To provewe assume that ¢ is satisfiable and that « : VAR(¢) — {0,1} is a satisfying
assignment of the variables of . Now we define set D C V(G,,) as follows. Let

D = {zz

ie{l,...,d}alx) = 1} U {m

ie{l,...,d'},a(:r):()}.

As G, has 4d'n vertices and D contains d’ vertices for each of the n variables of ¢ we get
that |D| = W. We now argue that D is a dominating set of G,. Since for each of
the cycles of G, the set D contains every third vertex of the cycle, clearly every vertex on
any of the cycles is dominated by D. Now let x be any variable of ¢ and 1 < i < d'. If
ans(x,4) = 1 vV 2 v 3 then there must be one literal £ € {¢1, /% ¢3} such that £ evaluates to
true under the assignment . Assume ¢ € {y,—y} for some variable y and let 1 < j < d’ be
the index such that ans,(y,j) = ansy(x,¢). Since £ evaluates to true under the assignment
a we get that ¢; € D by construction of D. Since additionally {¢;,z{} € E(G,) the vertex
x§ is dominated by D. On the other hand if ans(x,i) = L then z¢ is dominated by D as
{wi, xf}, {—zi, 2} € E(G,) and either x; or —z; is in D. Therefore all clause vertices are
dominated by D and D is a dominating set of G,.

To prove let ¢ :=g(e) := o2+ We argue by contraposition. Therefore assume G,
is €¢-close to having a dominating set containing no more than i of the vertices. Hence there is a
set B/ C {e CV(G,) | le] =2} with |E'| < €/d|V(G,,)| such that the graph (V(G,), E(Gy)AE")
has a dominating set D with |D| < W. Let B be the set of all variables x € VAR(p) which

satisfy the following two conditions
1. {wi, 2, 3,28 | 1 <i < d'}Ne# for some e € F/,
2. |{$i,ﬁ$i,.i'i,$f | 1< < d/} ﬂD| #* d'.

As |E'| < €d|V(G,,)| there can be at most 2¢'d|V(G,)| variables with the first property. Fur-
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thermore, since the minimum size of a dominating set of any cycle with 3d’ vertices is d’, any
edge in £’ can produce at most one variable for which the first condition does not hold and the
second condition holds. Hence in total |B| < 3¢/d'|V(G,)|. Now let ¢’ be the formula obtained
from ¢ by removing every clause containing at least one variable from B. Now we define the

following assignment « : VAR(¢) — {0, 1} by

0 ifzxe B,
a(z):=¢1 ifz¢ Bandz €D,
0 ifx¢ Bandz ¢ D.

Now assume that ¢' vV ¢2 v £3 is any clause in ¢’ and assume that ans,(z,i) = ans,(y,j) =
ansy(z,k) = 1 vV £ v £3. Hence z,y and z are not contained in B by construction of ¢ and
therefore {x;, a;, &, x5 | 1 <4 < d'} N D must be either {z; |1 <i<d'}or {-a;|1<i<d}
or {#; | 1 < i < d'}. Since D therefore cannot contain z§ and D is a dominating set the
intersection of the set of neighbours of § with D must be not empty, i.e. {£;, (3, (3} N D # 0.
Assume without loss of generality that ¢} € D. Then if /! = x then z; € D which implies
that 1 € D and hence o satisfies ¢1 V £2 v £3. On the other hand if ¢! = -z then —z; € D
which implies that 2; can not be in D and hence « satisfies ¢! \V £2 V 3. Therefore « satisfies
every clause of ¢’ and hence ¢’ is satisfiable. As we obtained ¢’ by removing no more than

d'|B| < 12(d’)?¢'d'n clauses from ¢ we get that ¢ is e-close to being satisfiable. O

9.2 Lower bound for testing Hamiltonicity with one-sided

error and an explicit construction of hard instances

In this section we study graphs that are far from being Hamiltonian, with the aim of finding
hard instances for property testing Hamiltonicity in the bounded degree model. Here we call
a graph G Hamiltonian if G has a Hamiltonian cycle, i.e. a cycle which contains every vertex
of G. For fixed d € N the property Hamiltonicity on C4 contains all Hamiltonian graphs of
bounded degree d.

First note that it is easy to find graphs that are far from being Hamiltonian. For example,
let G be a caterpillar graph on n = 2k vertices as shown in Figure for k=10 (i.e. Gis a
path of length & where every vertex has a pendant edge). With a degree bound of at most 3,
G is %—far from being Hamiltonian, because 7 edges need to be added to make G 2-connected.
As another example, consider the graph H consisting of k 4-cycles (Cy’s) arranged in a cycle
as shown in Figure for k =9. Assume k > 1. The graph H has n = 4k vertices and, with
a degree bound of 3, H is %—far from being Hamiltonian. This is because any Hamiltonian
cycle in a graph has to traverse both edges incident to any vertex of degree 2. Hence in H a
Hamiltonian cycle would have to traverse all four edges of every C4. To avoid this we have to

increase the degree of at least one of the degree 2 vertices for every C; and hence we have to
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(a) Caterpillar (b) Cy’s arranged in a cycle.

Figure 9.2: Example graphs which are far from being Hamiltonian but are not locally Hamil-
tonian

add at least ¢ edges to make H Hamiltonian.

In both examples it is possible to see locally, in the neighbourhood of a constant number of
vertices, that the graphs are not Hamiltonian. We ask whether there exist graphs that locally
look as if they might be Hamiltonian, but globally they are far from being Hamiltonian, and
we give a positive answer to this. More precisely, we construct a sequence of graphs (Gn)nen
of increasing order such that there are constants ¢,d € (0,1) for which every Gy is e-far from
being Hamiltonian but the 1-neighbourhood of any d-fraction of vertices of G5 appears in some
Hamiltonian graph. Hence non-Hamiltonicity can not be observed locally, even looking at a
large portion of Gx. We call this notion local Hamiltonicity and define it formally below.
The existence of the sequence (Gn)nen has implications in property testing. We can show
the known linear lower bound for property testing Hamiltonicity in the case of one-sided error

testers for which our constructed sequence (Gn)nen yields a sequence of hard instances.

Definition 9.2.1 (Locally Hamiltonian). Let C be a class of graphs and let § € (0,1]. A graph
G € C is called §-locally Hamiltonian on C if for every set S C V(G) of at most §-|V (G)| vertices
there is a Hamiltonian graph H := Hg € C with |V(H)| = |V(G)|, a subset T :=Ts C V(H)
and an isomorphism from G[N{(S)] to H[N{(T)] which maps S onto T.

Note that by relaxing |V(G)| = |V(H)| to |V(H)| > 6|V (G)| we get an equivalent definition

in the sense that the same graphs are §-locally Hamiltonian.

Remark 9.2.2. Let C be a graph class. Every Hamiltonian graph in C is d-locally Hamiltonian
for every ¢ € (0,1]. And every graph G € C is 1-locally Hamiltonian iff G is Hamiltonian.

Let d > 2. A graph on n vertices is %—locaﬂy Hamiltonian on Cy iff the minimum degree of

G is greater than 1.
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V1 V2 V3. V31

Figure 9.3: Illustration of P(vy,...,v31).

Figure 9.4: A link from P(uq,...,us1) to P(v1,...,v31) via wy, ..., ws.

9.2.1 Construction

In this section we introduce the main step of our construction of graphs which are locally
Hamiltonian and far from being Hamiltonian. At a high level, we construct a graph G¢ by
choosing a d-regular base graph £ and building G¢ by introducing a path-gadget for every edge
of £, connecting these path-gadgets into a large cycle and linking path gadgets together if the
edges of £ corresponding to the path gadgets are incident to the same vertex. We give the
precise construction in the following.

First we create a gadget (see Figure[9.3|for illustration). Let {v1, ..., vs1} be a set of vertices.
Then we let P(vq,...,v31) be the graph with vertex set {v1,...,v31} and edge set

{{Uiavi+1}; {vj,vj+3}, {’Uk,’Uk+5} ‘ 1€ {1, PN ,30},] € {2,30},k € {6, 12, 15,21}}

For a graph G for which {uy,...,us1,v1,...,v31,w1,...,wg} C V(G) and it holds that
Gluy,...,uz1] = P(ui,...,us1) and Glvy,...,v31] = P(v1,...,v31) we say that G contains
a link from P(u1,...,ug1) to P(vi,...,v31) via wy,...,ws (see Figure for illustration), if
E(G) contains

{{u37 1}23}? {'U187 Ug}, {'LLQ, '029}, {v247 u14}3{u57 wl}a {w17 'LUQ}, {'lUQ, ’LU3}, {w37 '1)23},
foaa,wi}, {wi, ws}, {ws, we}, {ws, wiz} ).
Finally to any graph G we associate a directed graph G which is the graph that is obtained

from G by replacing every edge {u,v} € E(G) by the two directed edges (u,v) and (v, u). We

can now define the graph construction.
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Definition 9.2.3. Let € be a d-regular graph (the base graph) and f : E(E) — {1,...,|E(E)|}

-

be any linear order on E(£). We define the graph G¢ as follows.

- -

V(Gg) :={aS,...;a5, |e€ E(E)}U{b],....b |veV(E)}.

E(G¢) consists of the minimum set of edges such that

-

- Ggla,...,a$%) = P(af,...,a%;) for every e € E(E),

- agl_l(i) is adjacent to a{_l(j) for every i € [|[E(E)|], j :=1ifi = |E(€)| and j := i + 1

otherwise and

gv,w)7 . ,agi’w)) to P(agu’v)7 e 7ag{’v)

triple of vertices u,v,w € V(E) with (u,v), (v,w) € E(E).

— G¢ contains a link from P(a ) via by, ..., b¢ for every

See Figure for an illustration. Note that the construction of G¢ depends on f as well as
&, but since the properties of G¢ are independent of which linear order f we use, we omit the

dependency on f.

Remark 9.2.4. If £ is d-regular, for d > 1, and |V(&)| = n, then the degree of G¢ is at most
d+ 3 and |V (Ge)| = (6 + 31d)n.

Note 9.2.5. G¢ contains a large cycle of length 31dn, i.e., the cycle

—1(_1 —1,; —1,; —1,; ~1(i41
(oo ,agl G ),a{ (l),ag (Z),...,aécl (Z),a{ G ).

However G¢ also contains 6n vertices which are not part of this cycle.

9.2.2 The construction is far from being Hamiltonian

In this section we prove the following.

Theorem 9.2.6. For every d € Ny there is € = €(d) € (0,1) such that for any d-regular graph
& the graph G¢ constructed in Definition |9.2.5 is e-far from being Hamiltonian.

For technical reasons we use this slightly unusual definition of a subpath of a cycle in which
it does not matter whether the subpath appears in the cycle or the reversed cycle. Let G be an
undirected graph. A path (sg,...,sk) in G is a subpath of a cycle (co,...,c¢) in G if there is an
index 0 <4 < £ such that (sg,...,sg) is either a subpath of the path (¢;,...,ce,c1,...,¢i—1) or
of the path (¢;—1,...,c1,¢4,...,¢;). Here a subpath of a path is defined in the usual way (see
Section [2)).

To prove Theorem we require the two technical Lemmas below (Lemma and
Lemma . They will be applied to graphs G obtained from G¢ by modifying a small frac-
tion of the edges of G¢. Therefore they are stated for graphs G which share certain induced
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(v,w) a(v,w) a('u,w) (v,w) (v,w)

21— 2

Qgo Q26 5

Figure 9.5: Close-up of G¢ with vertices of high degree (d + 1, d + 2 or d 4 3) indicated by
‘fans’.

subgraphs with Gg. The first of the two Lemmas (Lemma [9.2.8) states that if G has a Hamil-
tonian cycle and a certain induced subgraph, which also appears in G¢, then the Hamiltonian
cycle has certain subpaths. The proof of Lemma [9.2.8] is illustrated in Figure [9.5} We will use

the following easy observation in the proof of Lemma [9.2.§

Remark 9.2.7. Let G be a graph, u € V(G) a vertex of degree 2 and v, w the two neighbours

of u. Then any cycle C containing the vertices u,v and w must contain (v, u,w) as a subpath.

Lemma 9.2.8. Let £ be any d-regular graph and Gg¢ as defined in Definition [9.2.53  Pick
veV(E) and let S, := {at | e € E(€),e is incident to v} U{bY, ... bs}. Let G be a graph with
S, C V(G). Assume Ge[NE(S,)] = G[NE(S,)] and f : S, — S, defined by f(v) = v for
v € Sy is an isomorphism from Gg[Sy] to G[Sy]. Then for every Hamiltonian cycle C in G and

-

every edge e € V(&) incident to v the following properties hold.
1. Either (a5,...,a) or (a§,a$,ag,af,as) is a subpath of C.
2. Fither (a$;,...,a5) or (aSq,aSs,aS,aSg,a%1) is a subpath of C.
3. FEither (a$,,...,a5) or (a$y,a$s, a$y,aSq, afg, afs, aSy, aSg, als) is a subpath of C.
4. If e € EL(v) then either (ag, ..., a$;) or (a§,a%,ag, a$y,a$y, a$) is a subpath of C.

5. If e € E;(v) then either (a$,,...,a5;) or (a$s,aS,, a5, asq, ass,as,) is a subpath of C.

Proof. To prove let us observe that a¢ and af have degree 2 in G, as Ge[NY¢(S,)] =
G[NE(S,)] and a$ and a§ have degree 2 in Gg. Hence (a$,a§) and (a§,a$,ag) have to be
subpaths of C as in Remark Since a§ has exactly three neighbours af, a§ and af in G¢ and
Ge [NlGg (S,)] =2 GINE(S,)] we get that either (a5, ..., a£) is a subpath of C or (a§, a$, ag, a$, a$)
is a subpath of C. Property follows with a similar argumentation.

For let us assume that neither (afs,...,a$;) nor (a4, a$s,a$y,a$-,asq, afs) appear in
C' as a subpath. Since both a$; and a$; have degree 2 in G, we know that (af,,afs,af,) and
(a$s, aSg, af;) are subpaths of C. Hence neither (a$,,a$;) nor (a$,,a$;) are subpaths of C.

Since both af; and a§; have degree 3 in G, this implies that (a$y, a$s, ag, afr, afg) is a subpath
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of C. Since afy has degree 2, then (a$, a$s, afg, afy, afy, a$q, asy) has to be a subpath of C.
Since this is a cycle, C' must be equal to (a$y, afs, afg, af7, als, a$g, aSy) which contradicts the
assumption that S, is contained in C. A symmetric argument shows that either (a§s, ..., a5)
or (a$y,a%s, a5, asy, afy, ass) has to be a subpath of C, proving (3).

We will prove and simultaneously using a counting argument. Let us first ob-
serve that for every edge e € E(€) incident to v we know that (a$,a$,a$), (a$,ay,a,),
(a$q, a5, a53) and (a$,,aSs,ass) are subpaths of C, because a$, a§,, a$, and a$; have de-
gree 2 in G. Let S be the set of all maximal subpaths of C' which only contain vertices from

{a§,,...,a5%,as,...,a5; | e € Ez(v),ee EglL(v)} Since there are no edges of the form {ag, a$

=,

fori,5 €{6,...,11,21,...,26}, e # é € E(E), every subpath in S is either of length 3 or length
6. For every path P = (p1,...,p¢) € S, we define the vertices up,wp to be the neighbours
of P on C, ie. (up,pi,...,pe,wp) is a subpath of C. Since Gg[NF(S,)] = GINE(S,)] and
every path P € S is maximal, we know that up,wp € {aSg,aSy, as,, aSy, as, al,asy,al, | e €
Eg?(v),é € E;:(v)} U {bY,b3}. Properties , imply that for every edge e € E; (v), only
one of the two vertices a{g,a$, and only one of the two vertices a§;, a5y can be in the set
{up,wp | P € S}. Similarly, , imply that for every edge e € E;E(U) only one of the two
vertices a§,a§ and only one of the two vertices a$§,,a$, can be in the set {up,wp | P € S}.
Furthermore there are two not necessarily distinct edges e, é € E;f (v) such that (a§,...,ag,bY)
and (bY,a$,,...,a5,) are subpaths of C' and hence the vertices a$§,a$,a$,,a$, cannot be in
{up,wp | P € S}. Hence |[{up,wp | P € S}| < 2\E;I(U)\ —2+2|E;(v)| + 2 = 4d. In addition,
note that , , and degq(by) = 2 and deg (bY) = 2 imply that no maximal subpath of C'
only containing vertices in S, \ {a$;,...,a%s, as,...,as; | e € B (v),é € Eg(v)} has length at
most 1 and hence |[{up,wp | P € S}| = 2|S|. Therefore |S| < 2d. If any path in S has length
3 then |S| > 2d, since |{a$;,...,a%, as,...,as, | e € Eg?(v),e' € E;E(U)H = 12d. This yields a
contradiction and hence and are true. O

Let G be a graph with af,...,a§ € V(G) for some edge e € E(c‘?) and 1 < i < j < 31.

Assume C'is a cycle in G which contains af, ..., a5.

in order if (a$ ..., aj) is a subpath of €' and we say that C' traverses af, ..., a5 out

We say that C traverses the vertices
ag,...,aj

of order otherwise. Note that for certain 1 <1 < j < 31 and e € F(£) there is only one way in
which a cycle C can traverse af, ..., a5 out of order (as specified in Lemma [9.2.8)).

The next lemma shows that for every vertex v € V(€) and every Hamiltonian cycle C in
Ge the number of edges e € E- (v) for which C traverses a$,,...,a5, out of order is exactly
one larger than the number of edges é € E}'(v) for which C traverses a{,, ... ,a%, out of order.

This still holds for every graph G which contains a certain induced subgraph of Ge.
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Lemma 9.2.9. Let € be any d-reqular graph and Gg as defined in Definition[9.2.3 Let S, :=
{a¢ | e € BE(E), e is incident to v} U {bY,..., b8} for some v € V(E). Let G be a graph with
S, C V(G). Assume Ge[NE<(S,)] = G[NE(S,)] and f : S, — S, defined by f(v) = v for
v € S, is an isomorphism from Gg[S,] to G[Sy]. Then for every Hamiltonian cycle C in G the

cardinalities of the two sets

f,‘fc = {e € Egi(v) | (afq,a$7) is a subpath of C} and (9.1)

TG = {e € E;(U) | (a$q,a$;) or (a$y,bg) is a subpath of C’} (9.2)

are equal.

Proof. Note that the condition G¢[N{¢(S,)] = G[N{(S,)] implies that no vertex in the set
{a$s,...,a5),a5,...,a5, | e € E.(v),é€ E;J(v)} U {by,...,b¢} has neighbours in G\ S,. This
will implicitly be used in the following argument whenever we exhaustively consider neighbours
of vertices in G as successors on C.

Let us first define a map F, ¢ : Tgf‘c — T%, given by F, c(e) := €, where & € T8} is the
edge such that (a$g,ag) is a subpath of C. We first have to argue that F, ¢ is well defined.

By Lemma , ec T;?C implies that (a4, afs, afs, als, ase, a$s, aSg, afg, afg) is a sub-
path of C. Since the two neighbours a{, and a$q of afg are already part of this subpath this
implies that (afs,a§) has to be a subpath of C' for some edge & € EL(v). This implies that
(ag,...,a$;) cannot be a subpath of C' and hence, by Lemma 7 (ag, a$, a§, a$y,a$y, ad)
has to be a subpath of C. This further implies that (a$;,a$,) cannot be a subpath of C. If
(ay, ..., aSy) is a subpath of C then (a,,b?) has to be a subpath of C by excluding all possible
other neighbours of a,. On the other hand, if (a$,,...,aS,) is not a subpath of C then, by
Lemma , (a$,, a5, asy, as,, als, als, aSy, afy, afs) is a subpath of C' and hence (a$y, a$,)
is a subpath of C. Therefore € € T)'¢%. This shows that F, ¢ is well defined.

Furthermore F, ¢ is injective since if (a$g, a§) and (a$g,a§ ) are subpaths of C' then & = ¢’
because (afg,afg) is also a subpath of C. F, ¢ is surjective as for & € T5'8 both (afy, af;) or
(a$s,b8) being a subpath of C' together with Lemma implies that (a$,,a$;) cannot
be a subpath of C. This further implies that (a§,a$,ag,a$y,a$y,as) is a subpath of C' by
Lemma and hence there is an edge e € EE?(U) such that (afg,a§) is a subpath of C.
Then with the same argument as before (a,,a$,) is a subpath of C' and hence e € Tf)f‘c and

F, c(e) = é. Therefore F, ¢ is bijective which implies the statement of the lemma. O

As a direct consequence from Lemma we get that Gg¢ cannot be Hamilonian for any
base graph €. That is true because if there is a Hamiltonian cycle C in G¢ then by Lemma[0.2.9]
the equation iz [T, el = D vev (@) |T'%| must hold. But since every edge in T)" is also
contained in T9'¢ and T must contain some edges (all the edges (v,w) for which (@5, by)
is a subpath of C) that are not contained in T, ff"c, the equation cannot hold and hence Gg¢

cannot be Hamiltonian. This argument works similarly if a small number of edges in G¢ have
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been altered and the equality from Lemma still has to hold for many vertices. This will
be our proof strategy for Theorem [9.2.6]

Proof of Theorem[9.2.6, Let € := m. Assume & is d-regular and n := |V(£)|. Let

n' :=V(Gg) = (6 + 31d)n and d’ := d + 3 the degree of Geg.
Towards a contradiction let us assume that G¢ is not e-far to being Hamiltonian and let £
be a set of edges such that |E| < ed'n’ and the graph G := (V(G¢), E(G¢) A E) is Hamiltonian.

-

Let B C V() be the set of vertices defined by

B:={ve V() |thereisec E,ie{1,...,31},é € E;(v) U EL(v) such that af € e}

U{v e V(E) | thereis e € E,i € {1,...,6} such that b] € e}.

Note that |B| < 4 - ed'n’, because every edge e € E contributes at most 4 vertices to B, and
hence |V(£)\ B| > n — 4ed'n’ > 5

Let C' be a Hamiltonian cycle in G. Then for every vertex v € V(€) \ B we have that
S, CV(Q), Ge[NF(S,)] = GINE(S,)] and f : S, — S, defined by f(v) = v for v € S, is an
isomorphism from Ge[S,] to G[S,] where S, := {a¢ | e € E(£), e is incident to v}U{bY, ..., b3}
Since C' is Hamiltonian, C' contains all vertices in S, for every v € V() \ B (amongst others).
Hence by Lemma we have | T} | = [Tg'¢] for every v € V(E)\ B where T\ and T8 are

as defined in Equation [9.1] and Equation [9.2] Therefore

Y. ITel= Y IToEl (9-3)

veV(E)\B veV(E)\B

—

As b has precisely one neighbour in G for every v € V(€) \ B, which is not of the form a$,
for some e € Eé; (v) and this neighbour has degree 2 in G, we know that for precisely one edge
e € EZ(v) the sequence (bY,a$,) is a subpath of C. Hence

Z He € EL(v) | (a$s,by) is a subpath of CH = |E(§) \ B‘ > g (9.4)
veV(E\\B

- -

Since every edge (u,v) € E(E) such that u,v € V(E) \ B contributes 1 to both sides of Equa-
tion [9.9] Equation [9.3] and Equation [9.4] imply that

Z H(u,v) e E(€)|ue B, (agg’v),ag?v)) is a subpath of CH > g
veV(E)\B

-

But this is a contradiction as the number of edges (u,v) € E(£) for which v € B is bounded
from above by d'|B| < &. O



9.2. LOWER BOUND FOR TESTING HAMILTONICITY WITH ONE-SIDED ERROR 149

9.2.3 Ensuring local Hamiltonicity
In this Section we prove the following Theorem.

Theorem 9.2.10. For any d-reqular graph £ with expansion ratio h(E) > 1 the graph Gg
constructed in Definition is d-locally Hamiltonian for some constant § = 6(d) € (0, 1].

Our proof strategy for Theorem [9.2.10]is to add edges to G¢ which are incident to at most
one vertex in N7 (S) to obtain a graph H which is Hamiltonian, for any given S C V(G¢) of
size at most 6|V (G)|. We prove the Hamiltonicity of H by dividing the vertex set of H into
pairwise disjoint small sets. For each of these sets we obtain a set of vertex disjoint paths which
cover the entire small set and start and end in prescribed vertices. To conclude the proof of the
Hamiltonicity of H we find a Hamiltonian cycle by patching together these paths. The next
Lemma will be used to show the existence of such paths for all those subsets of vertices of H

which contain a vertex from S.

Lemma 9.2.11. Let € be any d-reqular graph and Gg as defined in Definition [9.2.3 Let
v e V(E) and Sy = {aq, ..., a5, a5,...,a% | e € Egi(v),é € ng(v)} u{by,...,b8}. Let G
be a graph such that G¢[S,] is a subgraph of G. Then for any two sets T* C Eg? (v) and
Tout C E;I(U) with |Ti2| — 1 = [T there is a set of 2d pairwise vertex disjoint simple paths
{Pn pout | e € E-(v),é€ E}'(v)} in G with the following properties.

~ If e € TI™ then P is a path from a$, to a$;.

~Ifec E-(v)\ T then P™ is a path from a$g to a$,.

If e € TO" then POU is a path from a$ to a$s.
- Ifee ng(v) \ T2" then PP is a path from a$ to a$,.
— The set {z € V(G) | z is contained in P® or PO for some e} is equal to S,.

Proof. First we pick a vertex n(v) € V(&) such that (v,n(v)) ¢ T". This is possible because
v has the same number of incoming and outgoing edges and |Ti*| — 1 = |TS%|. Then |Ti"| =
|79 U {(v,n(v))}], and hence we can find a bijection g : Ti® — T°" U {(v,n(v))}. Then we

can define the paths as follows. For e € Ti" we let

in gle) gle) gle) g(e) (e) _gle) e e e e e
P (a207a197a187a8 a7 ) Qg au »am a% ) A5, A9g, A57, A0, 51 ),

out .__ g(e) g(e) (N KON K 0) e e e e e e (NN KV K7) !](6) g(e)
Pgey = (a7 ... a5 0,07, b3, b5, a3, ag,, a3y, asg, ags, agy, by, b3, bg,aty .. aqr )

if g(e) = (v,n(v)) and

0(12) = (ai(e) ag(e) ag(e) a4(e) ag() a23,a22,a21,a26,a25,a24,a‘{ff),a?z(f),alge),a%e),alée),alé ))

if g(e) # (v,n(v)).
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da
— O
- Qs
T Qs
AN Qg
- — @
...... Qs
\ e Qr
‘/\/‘38 -- Qs
a®
Figure 9.6: Set of edge disjoint path as in Claim
Furthermore, for e € E.(v) \ Tin, we let P" := (ag,...,a$;) and for e € {(v,w) €
E;I (v) \ TS", we let PO := (a$,...,a$;). These paths clearly satisfy all conditions. O

Proof of Theorem[9.2.1() Let 6 := m and let S C V(G¢) be any set of vertices with
S| < 6 -|V(Gg)|. We will find a Hamiltonian graph H by modifying G¢ in such a way that
Ge[NF<(9)] is not affected by any modifications.

Let S, := {aSg,...,a%;,a5,...,a%; | e € Egi(v),é € ng(v)}u{b}’, ..., by} for every v € V(€).
Let 8" := {v e V() | Sy NS # 0}. By Remark IV(Ge)| = (6 + 31d) - [V(E)|. Since the
sets S, are pairwise disjoint this implies that |S’| < [S| < § - |[V(Ge)| = L - |V(E)|. Let
S ={s},...,s,,} where m :=|9’].

Claim 1. There are pairwise edge disjoint paths Q1,...,Q,, in £ such that @Q; is of the form
Q; = (q},...,qf") for some ¢; € N and qf" = s, qf €S forall j >1and g} € V(E)\ Y.

For illustration at an example, see Figure [9.6]

Proof of Claim [l By induction on the size of S’. If |S’| = 1 then this is trivially true. If
|S’| = n then h(£) > 1 implies that there must be a vertex v with at least as many neighbours
in V(€)\ S’ as neighbours in S’. Then S\ {v} has n—1 vertices. Hence by induction hypothesis

there is such a set of paths for S’ \ {v}. But then we can extend every path which starts in v
by a different edge so it starts in V(&) \ S. |

Let Q1,...,Qm be as in Claim |1} Further, for every vertex v € V(€)\ S’ we pick one vertex

-

u € V(&) with (v,u) € E(£) and define n(v) := u. Now let E be the set

{{bg,agww»}, (3.5} [ v e vien s/} U {{agzqufxagg%vq%}} \ 1<i< m}.

We now define the graph H by setting V(H) := V(G¢) and E(H) := E(Gg) U E. Note that H
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has degree d + 3, as we only added at most one edge to vertices of degree at most d + 1.
Further note that by definition of S” we have that S C |J,cg S,. Since every edge in E is
ves Sv) it follows that if H is Hamiltonian then it

fulfils the conditions from Definition [9.2.1] Therefore, if we prove that H has a Hamiltonian

incident to at most one vertex in N&(|J

cycle then G¢ must be locally Hamiltonian.

Claim 2. There is a set of 2d pairwise vertex disjoint simple paths {P*, PoUt | ¢ € E (v),€é €
E;J (v)} for every v € V(€) \ & with the following properties.

~ Ife € E;(v) then P is a path from a$g to a$;.

(&

— If e = (g}, ¢?) for some i € {1,...,m} then P°" is a path from a$ to a$;.

Ifee ng(v) \ {(¢},q?) | 1 <i < m} then P°" is a path from a§ to a$;.
— The set {z € V(G) | z is contained in Pi* or P°U for some e} is equal to S,,.

Proof of Claim[3 This can be achieved by letting P := (afg, ..., a5,) for e € E(v). Ad-
ditionally, for every edge e = (q},q?) we let P := (a§,...,a$,,a$;,a%q,as) if ¢2 # n(q})
and P = (a$,...,a5,by,b5,bY, a8, ..., afy, by, bY, b8, als, a$y, afy, ale, a$s) otherwise. Finally
for e € E}'(v) \{(q},q?) | 1 <i<m} weset P := (a$,...,a$,) for e = (v,w), w # n(v) and

out ._ e K pU KU e e e —
Pt = (a§,...,a5,b%,b5,bY, a8, ... a5y, by, bE, bg, aSs, . . ., a$,) for e = (v,n(v)). |

For v € 8" we define the sets T := {(¢/ ™", ¢/) | 1 <i<m,2<j < {li,q =v} and TO" :=
{(qf, qf“) [1<i<m,2<j<{—1, qf = v}. Since for every v € S’ there is exactly one path
out of Q1,...,Q,, that ends in v, we get that |Ti"| — 1 = |T°%*| and hence the preconditions for
Lemma are met. Therefore we obtain a set of paths {Pi", P9 | ¢ € E (v),€é € ng (v)}
for every v € S” as in Lemma [9.2.11]

Since S, NS, = @ for every pair v,w € V(g) with v # w, we now have a set of pairwise
vertex disjoint simple paths {P*, P°" | ¢ € E(€)} such that every vertex of H is contained
in one of the paths. For every edge e € E(g) we now concatenate P2 with Pi" to a path
P,. This is possible as for every edge ¢ € E(E) the end vertex of P°'* and the start vertex
of Pi" are adjacent. Finally we concatenate all paths P, in the order given by the ordering
fEE) = {1,...,|E)|} used in the construction of G¢. This gives us a cycle which contains
every vertex in H precisely once. Hence H is Hamiltonian.

O

Theorem 9.2.12. There are d € N and constants 6 :== §(d), e := e(d) € (0,1) and a sequence of
graphs (GN)nen of bounded degree d and increasing order such that Gy is 6-locally Hamiltonian

and e-far from being Hamiltonian for every N € N.

Proof. Let D € N and (En)nen a sequence of D-bounded degree expanders of increasing order.

Such expanders exist and there are even some known explicit constructions (see for example [104]
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or |115]). Then for every N € N we set G := Gg, be the graph constructed in Defini-
tion [9.2.3] By Theorem and Theorem [9.2.10| there is a degree bound d and constants
d,€ € (0,1), whose size only depends on D, such that G x has degree bounded by d and Gy is

d-locally Hamiltonian and e-far from being Hamiltonian. O

9.2.4 Deriving the lower bound

We now obtain the following result as a corollary of Theorem

Corollary 9.2.13. Hamiltonicity is not testable with one-sided error and query complexity

o(n) in the bounded degree model.

Proof. Pick d as in Theorem [9.2.12] and let P C C; be the class of all Hamiltonian graphs of
degree at most d. Towards a contradiction, assume that for every ¢ € (0,1] and n € N there
is a one-sided error e-tester for P N{G € Cq4 | |V(G)| = n} with query complexity o(n). Let
d,€ € (0,1) be constants such that there is a sequence of d-bounded degree graphs (Gn)nen of
increasing order such that G is é-locally Hamiltonian and e-far from being Hamiltonian for
every N € N. Note that § and e exist by Theorem Let T be an e-tester for P with
query complexity f(n) € o(n). Since f(n) € o(n) there must be ng € N such that f(n) < én
for all n > ng. Let N € N such that |V(Gn)| > ng. Since Gy is e-far from P there must be
a sequence of queries (q1,...,qm) with m < dn such that T queries the sequence (q1,...,Gm)
with non-zero probability and rejects Gy with non-zero probability after performing the queries
(q1,---,Gm)- Let S be the set of vertices v € V(G y) such that there is a query ¢; = (v, j) for
i € [m]. Because G is d-locally Hamiltonian and |S| < dn there is a graph H € P on n vertices
and T C V(H) such that there is an isomorphism G [N (S)] to H[N{!(T)] which maps S to
T. Hence, after renaming the vertices in N{?(T'), the tester T gets exactly the same answers for
queries in ¢i, . .., gy, for Gy and H. This implies that T queries the sequence (¢1,...,¢n) in H
with non-zero probability and hence must reject H with non-zero probability. This contradicts

the assumption that 7" was a one-sided error tester for Hamiltonicity. O

Note 9.2.14. Note that the above argument is not sufficient for two-sided error testers, because

a two-sided error tester would be allowed to reject H with probability less than %

9.3 Lower bound for testing treewidth

In this section we show that treewidth is not constant query testable. Let us first recall the
concept of treewidth. A tree decomposition of a graph G is a pair (T, B) where T is a tree and
B is a function B : V(T) — {X | X C V(G)} with the following properties.
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(TW1) For every v € V(G) there is t € V(T') such that v € B(t).
(TW2) For every e € E(G) there is t € V(T) such that e C B(t).
(TW3) The graph T[{t € V(T') | v € B(t)}] is connected for every v € V(G).

The width of a tree decomposition (7', B) of a graph G is the size of the largest bag reduced by 1,
i.e. maxycy 7y |B(t)| — 1. The treewidth of a graph G, denoted by tw(G) is the minimum width
of any tree decomposition of G. For the rest of the section we let d € N be a fixed degree bound.
For any function f : N — N we define the property PL% := {G € Cq | tw(G) < f(|[V(G)])} on
the class Cy4 of graphs of bounded degree d. We show the following theorem.

Theorem 9.3.1. The property Ptgwf is not constant query testable for every f € o(n) Nw(1).

To prove this we use a theorem from Grohe and Marx showing that (vertex) expanders have
treewidth linear in the amount of vertices [80]. This enables us to argue similarly as in the
proof of Theorem using both Theorem from [102] and Theorem from [2].

We first show that edge expanders have linear treewidth which is a straight forward conse-

quence of [80].

Corollary 9.3.2 (Edge expansion version of Theorem 3 in [80]). Let d € N and & be a class
of expanders of bounded degree d. There is a constant 8 > 0 such that tw(G) > 8- |V(G)| for
every G € €.

Proof. Since £ is a class of edge expanders we know that there is a constant ¢ > 0 such that
the edge expansion h(G) > € for every G € £, where
S, S
hG) = min [t5 S)e
{scv(e)l |S]
0<ISISIVG)]/2}
Additionally, since every G € £ has bounded degree d, every vertex in the open neighbourhood
NE(S)\ S of any set S C V(G) can contribute at most d edges to the set of S-crossing edges
(S,8)G. Hence we get for the vertex expansion of any graph G € £

vx(G) == min [NF(S)\ S| S h(G)

{scv(o)| |S] ~d
0<ISI<IV(G)I/2}

>—=:>0.

aul e

Now [80, Theorem 3] implies that there is a constant § > 0 such that tw(G) > 5 - |[V(G)| for
every G € €. O

In the following lemma we argue that reducing the treewidth of a class of expanders to some

sublinear function takes at least a linear amount of edge deletions.

Lemma 9.3.3. Let € be a class of expanders and B > 0 the constant from[9.3.3 For every
f € o(n) and every e € (0, %) there is a constant ng € N such that every G € € with |V (G)| > ng

is e-far from PLY%.
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Proof. Let f € o(n) and € € (0, %) be arbitrary. Since f € o(n) there is a constant ng € N
such that
B

fln) <5 -n (9.5)

for every n > ng.

Assume that the assertion is not true. Hence there must be a graph G € £ with |[V(G)| > ny
which is e-close to PLY%. Hence there is a graph G with tw(G’) < f(|[V(G’)|) which can be
obtained from G by adding/deleting no more than edn edges. Let (T”, B’) be a tree decompo-
sition of G’ with |B'(t)| < f(|V(G")]) for every t € V(T"). We now pick S to be a minimal set
containing at least one vertex of every edge in E(G) \ E(G’). Then (T, B) where T :=T" and
B(t) := B'(t) U S for every t € T' is a tree decomposition of G. Furthermore, for every t € T

we have
|B(t)| = |B'(t)] + S| < f(IV(G)]) + edn < Bn

where the last inequality follows by choice of € and ng. This contradicts that tw(G) > fn. O

We can now prove Theorem [9.3.1

Proof of Theorem[9.5.1] Let (G;)ien be a family of expanders of bounded degree d and & :=
{G; | i € N}. Let 8 > 0 be the constant from Corollary and 7y be the constant from
Lemma [9.3.3]

To prove that 732’;( is not testable we prove 73%“} is not repairable and then apply Theorem
Let € € (0, 2%) and let 7 € N, A > 0 and ng € N be arbitrary. We set X := ﬁ7
where ¢ is the number of r-types of bounded degree d, and let n(, be the positive integer from
Theorem corresponding to . Let ¢ € N be any fixed index such that for G := G; we
have n := |V(G)| > ng, f(n) > ny, n > 4% and n > 7. Choosing ¢ in such a way is always
possible as (G;);en is a family of expanders, implying that there are arbitrarily large expanders
in £ and f € w(1). By Theorem there is a graph H with m := |[V(H)| < n{, such that
the sampling distance dg (G, H) (see Definition [5.2.1)) is less than or equal to X'. Let G’ be the
graph consisting of L%J copies of H and n mod m isolated vertices. Note that we picked G’

such that |[V(G)| = |V(G’)|. Furthermore, the treewidth of H is less than m and therefore
tw(G') <m <ng < f(n) = fF(IV(G))).

Hence G € PL%. On the other hand, we know that G is e-far from PZ% by Lemma as
IV(G)| = no.

Let 71,...,7: be a list of all r-types and T := {7q,...,7:}. Similarly to the argument in the
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proof of Theorem [6.2.1] we have
[freq, (G) — freq,(G")]|, = Z e ({7}) = per o ({7i})]
_ nmodm mod m n| m
- Z per({mi}) pren (i} = | 2] 2 p ()

<3 st - pH,r<{n}>] Ly |l )
i=1 i=1

¥ Z joraltmd) = || 5 main)

¢
2m
<3 Jparl{mh) = panlinh)| + =
i=1
2m
<t- sup |pe,(X) = pu (X)) +—
XCT,
2
<t-2" - 6.(G H) + 2
AL
-2 2
=\
This proves that ’Pg} is not repairable. O]

9.4 Summary

In this section we studied property testing for some NP-hard problems. Utilising a standard
approach of showing hardness for property testing, we use a local reduction to show that
testing dominating set size is NP-hard, where the local reduction is derived from a standard
polynomial time reduction. Motivated by understanding non-testable properties we constructed
a sequence of hard instances for Hamiltonicity, a problem which is known to have no tester of
query complexity o(n) [70,129]. At the core of the construction we use expanders to guarantee
local Hamiltonicity, while farness from Hamiltonicity is enforced by using gadgets to encode
a condition which can not be satisfied for too many vertices at once. Finally, we show that
treewidth is not testable which is a consequence of expanders having linear treewidth. This
result is partial in the sense that we currently do not know what the query complexity of testing

treewidth is. We elaborate on this open question in the Conclusions.
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Chapter 10

Conclusions

In this thesis we have tackled the question of whether FO definable properties are testable in the
bounded degree model, raised by Adler and Harwath in [2]. We take a first step towards a full
logical characterisation of testable graph properties in the bounded degree model by showing
that all properties defined by a sentence in the prefix class ¥ are testable while there exist a
sentence in the prefix class IIs which is not testable. This yields the first study of testability
of properties defined in FO in the bounded degree model without restrictions and provides a
missing equivalent to a study of FO definable properties in the dense model by Alon et al. [6].
Our negative result is furthermore interesting from a model theoretic point of view providing in-
sights into the expressive power of FO. Specifically, it proves the existence of a class of bounded
degree expanders which is definable in FO. We further prove testability for properties defined
by specific classes of FO definable properties expressing that the frequency vector capturing

which neighbourhood types appear in a graph are of a particular form.

Utilising the FO counter example we answer an open question asked by Goldreich in the
context of characterising properties testable by a one-sided error POT in [76]. More precisely,
we showed that there exists a GSF-local property which is not testable. Since every GSF-local
property which is non-propagating admits a POT (see [76]) and hence is testable, our result
specifically implies that there is a property which is GSF-local and non-propagating. This is
a valuable realisation concerning the search for a characterisation of testable properties in the
bounded degree model. Ito et al. suggest in [89] that properties which are close to being GSF-

local might characterise testability, which we disproved.

In the later part of this thesis we have drawn inspiration from classical complexity theory
and studied problems which are NP-hard. We gave a local reduction to prove that testing
dominating set size is not possible with o(n) queries, which was unknown to our knowledge.

We further gave a construction of hard instances for testing Hamiltonicity with one-sided error

157



158 CHAPTER 10. CONCLUSIONS

with the goal of understanding structural connections to hardness for property testing. We
have further given a partial result into the direction of determining the complexity of testing

treewidth in the bounded degree model.

10.1 Future Work

One of the major open questions in the field of graph property testing is the question of how
to characterise testable properties in the bounded degree model. The crucial piece of under-
standing we are missing here, is the question of when GSF-local properties are propagating.
Understanding this connection is therefore a very interesting goal. The following more ap-

proachable questions of interest are left open in this thesis.

— Can we find other, possibly smaller or simpler, counter examples, i. e. properties that are

GSF-local and are propagating?

— Are there any other applications of the class of expanders which is FO definable and
GSF-local?

Can sentences in s be tested uniformly?

— Can neighbourhood regularity be tested in general?

— Can we characterise which FO-definable properties are testable?

— Can we characterise which FO definable properties are GSF-local?

Regarding the last question we would like to remark that example |8.2.8| shows that it is not
true that FO definable properties are GSF-local if and only if they are definable by O-profiles.
Hence the connection between FO definability and GSF-locality is complicated. An answer to
this question would yield a characterisation of FO properties having a one-sided error POT

dependent on the non-propagating condition building on the characterisation from [76).

An effort worth while would also be to put some effort into gearing results towards applica-
tion. We could consider and try to improve the dependency of the query complexity on ¢ and

d and the running times for the testers developed in this thesis.

We think that the question of the relationship between classical polynomial time reductions
and local reductions yields interesting research questions. In general, it is not true that NP-
hard problems are not testable as there are testable problems which are NP-hard. On the other
hand, when the reduction uses gadgets, which interact depending on single edges, polynomial
time reductions are local. Hence, it is interesting to study problems like treewidth, for which

the classical reduction is not of this form. Furthermore, we are interested in the question of
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whether linear time reductions yields local reductions.

A further research direction of interest is to extend results from the bounded degree model
to more general sparse graph classes. There is a rich variety of structure of sparse graph
classes being exploited for algorithmic result and it would be interesting to explore what can
be achieved in the property testing setting. For example, in [100] the authors show sublinear

testability of Hamiltonicity in the general model for minor-free classes of graphs.



160 CHAPTER 10. CONCLUSIONS



Bibliography

[1]

[9]

[10]

I. Adler and P. Fahey. Faster property testers in a variation of the bounded degree
model. In 40th IARCS Annual Conference on Foundations of Software Technology and
Theoretical Computer Science, FSTTCS 2020, December 14-18, 2020, BITS Pilani, K K
Birla Goa Campus, Goa, India (Virtual Conference), pages 7:1-7:15, 2020.

I. Adler and F. Harwath. Property testing for bounded degree databases. In 35th Sym-
posium on Theoretical Aspects of Computer Science, STACS 2018, February 28 to March
3, 2018, Caen, France, pages 6:1-6:14, 2018.

A. V. Aho and J. D. Ullman. Universality of data retrieval languages. In Proceedings of
the 6th ACM SIGACT-SIGPLAN symposium on Principles of programming languages,
pages 110-119, 1979.

N. Alon. Testing subgraphs in large graphs. Random Structures € Algorithms, 21(3—
4):359-370, 2002.

N. Alon, E. Fischer, M. Krivelevich, and M. Szegedy. Efficient testing of large graphs.
In FOCS ’99 Proceedings of the 40th Annual Symposium on Foundations of Computer
Science, pages 656-666, 1999.

N. Alon, E. Fischer, M. Krivelevich, and M. Szegedy. Efficient testing of large graphs.
Combinatorica, 20(4):451-476, 2000. Preliminary version in FOCS’99.

N. Alon, E. Fischer, I. Newman, and A. Shapira. A combinatorial characterization of
the testable graph properties: It’s all about regularity. SIAM Journal on Computing,
39(1):143-167, 20009.

N. Alon, T. Kaufman, M. Krivelevich, and D. Ron. Testing triangle-freeness in general
graphs. STAM Journal on Discrete Mathematics, 22(2):786-819, 2008.

N. Alon, M. Krivelevich, I. Newman, and M. Szegedy. Regular languages are testable
with a constant number of queries. STAM Journal on Computing, 30(6):1842-1862, 2000.

N. Alon and V. D. Milman. A1, isoperimetric inequalities for graphs, and superconcen-
trators. Journal of Combinatorial Theory, Series B, 38(1):73-88, 1985.

161



162

[11]

[12]

[17]

[18]

[20]

[21]

BIBLIOGRAPHY

N. Alon and A. Shapira. A characterization of easily testable induced subgraphs. Com-
binatorics Probability and Computing, 15(6):791-806, 2006.

N. Alon and A. Shapira. A characterization of the (natural) graph properties testable
with one-sided error. STAM Journal on Computing, 37(6):1703-1727, 2008.

N. Alon and J. Spencer. The Probabilistic Method. John Wiley, New York, 2 edition,
2000.

S. Arnborg, D. G. Corneil, and A. Proskurowski. Complexity of finding embeddings in
ak-tree. STAM Journal on Algebraic Discrete Methods, 8(2):277-284, 1987.

G. Bagan. Mso queries on tree decomposable structures are computable with linear delay.
In International Workshop on Computer Science Logic, pages 167—181. Springer, 2006.

A. Belovs, E. Blais, and A. Bommireddi. Testing convexity of functions over finite do-
mains. In Proceedings of the Fourteenth Annual ACM-SIAM Symposium on Discrete
Algorithms, pages 2030-2045. STAM, 2020.

M. A. Bender and D. Ron. Testing properties of directed graphs: Acyclicity and connec-
tivity. Random Structures & Algorithms, 20(2):184-205, 2002.

I. Benjamini, O. Schramm, and A. Shapira. Every minor-closed property of sparse graphs
is testable. In Advances in Mathematics, volume 223, pages 2200-2218. 2010.

S. van Bergerem. Learning concepts definable in first-order logic with counting. In 2019
34th Annual ACM/IEEE Symposium on Logic in Computer Science (LICS), pages 1-13.
IEEE, 2019.

S. van Bergerem, M. Grohe, and M. Ritzert. On the parameterized complexity of learning
logic. arXiv preprint arXiw:2102.12201, 2021.

E. Blais, J. Brody, and K. Matulef. Property testing lower bounds via communication

complexity. computational complezity, 21(2):311-358, 2012.

A. Bogdanov, K. Obata, and L. Trevisan. A lower bound for testing 3-colorability in
bounded-degree graphs. In 43rd Symposium on Foundations of Computer Science (FOCS
2002), 16-19 November 2002, Vancouver, BC, Canada, Proceedings, pages 93-102, 2002.

B. Bollig and D. Kuske. An optimal construction of Hanf sentences. Journal of Applied
Logic, 10(2):179-186, 2012.

J. R. Biichi. Weak second-order arithmetic and finite automata. Mathematical Logic
Quarterly, 6(1-6):66-92, 1960.

C. L. Canonne. A survey on distribution testing: Your data is big. But is it blue? Theory
of Computing, pages 1-100, 2020.



BIBLIOGRAPHY 163

[26]

28]

[29]

[38]

X. Chen, R. A. Servedio, L.-Y. Tan, E. Waingarten, and J. Xie. Settling the query
complexity of non-adaptive junta testing. Journal of the ACM (JACM), 65(6):1-18,
2018.

S. A. Cook. The complexity of theorem-proving procedures. In Proceedings of the Third
Annual ACM Symposium on Theory of Computing, STOC '71, page 151-158, New York,
NY, USA, 1971. Association for Computing Machinery.

T. H. Cormen, C. E. Leiserson, R. L. Rivest, and C. Stein. Introduction to algorithms.
MIT press, 2009.

B. Courcelle. The monadic second-order logic of graphs. I. recognizable sets of finite
graphs. Information and computation, 85(1):12-75, 1990.

B. Courcelle, J. A. Makowsky, and U. Rotics. Linear time solvable optimization problems
on graphs of bounded clique-width. Theory of Computing Systems, 33(2):125-150, 2000.

B. Courcelle, J. A. Makowsky, and U. Rotics. On the fixed parameter complexity of
graph enumeration problems definable in monadic second-order logic. Discrete applied
mathematics, 108(1-2):23-52, 2001.

A. Czumaj, H. Fichtenberger, P. Peng, and C. Sohler. Testable properties in general
graphs and random order streaming. In Approximation, Randomization, and Combinato-
rial Optimization. Algorithms and Techniques, APPROX/RANDOM 2020, August 17-19,
2020, Virtual Conference, pages 16:1-16:20, 2020.

A. Czumaj, P. Peng, and C. Sohler. Testing cluster structure of graphs. In Proceedings of
the forty-seventh annual ACM symposium on Theory of Computing, pages 723-732, 2015.

A. Czumaj, P. Peng, and C. Sohler. Relating two property testing models for bounded
degree directed graphs. In STOC ’16 Proceedings of the forty-eighth annual ACM sym-
posium on Theory of Computing, pages 1033-1045, 2016.

A. Czumaj, A. Shapira, and C. Sohler. Testing hereditary properties of nonexpanding
bounded-degree graphs. SIAM Journal on Computing, 38(6):2499-2510, 2009.

A. Czumaj and C. Sohler. Testing expansion in bounded-degree graphs. Combinatorics,
Probability and Computing, 19(5-6):693-709, 2010.

A. Czumaj and C. Sohler. A characterization of graph properties testable for general
planar graphs with one-sided error (it’s all about forbidden subgraphs). In 2019 IEEE
60th Annual Symposium on Foundations of Computer Science (FOCS), pages 1525-1548.
IEEE, 2019.

A. Dawar, M. Grohe, and S. Kreutzer. Locally excluding a minor. In 22nd Annual IEEE
Symposium on Logic in Computer Science (LICS 2007), pages 270-279. IEEE, 2007.



164

[39]

[48]

[51]

BIBLIOGRAPHY

A. Dawar, M. Grohe, S. Kreutzer, and N. Schweikardt. Approximation schemes for first-
order definable optimisation problems. In 21st Annual IEEE Symposium on Logic in
Computer Science (LICS’06), pages 411-420. IEEE, 2006.

A. Dawar, M. Grohe, S. Kreutzer, and N. Schweikardt. Model theory makes formulas
large. In International Colloquium on Automata, Languages, and Programming, pages
913-924. Springer, 2007.

A. Dawar and S. Kreutzer. Parameterized complexity of first-order logic. In Electronic
Collogquium on Computational Complexity, TR09-151, page 39, 2009.

R. Diestel. Graph Theory, 4th Edition, volume 173 of Graduate texts in mathematics.
Springer, 2012.

J. Dodziuk. Difference equations, isoperimetric inequality and transience of certain ran-
dom walks. Transactions of the American Mathematical Society, 284(2):787-794, 1984.

J. Doner. Tree acceptors and some of their applications. Journal of Computer and System
Sciences, 4(5):406-451, 1970.

R. G. Downey, M. R. Fellows, and U. Taylor. The parameterized complexity of relational
database queries and an improved characterization of W[1]. DMTCS, 96:194-213, 1996.

A. Durand and E. Grandjean. First-order queries on structures of bounded degree are
computable with constant delay. ACM Transactions on Computational Logic (TOCL),
8(4):21-es, 2007.

A. Durand, N. Schweikardt, and L. Segoufin. Enumerating answers to first-order queries
over databases of low degree. In Proceedings of the 33rd ACM SIGMOD-SIGACT-
SIGART symposium on Principles of database systems, pages 121-131, 2014.

Z. Dvotrak. Baker game and polynomial-time approximation schemes. In Proceedings of
the Fourteenth Annual ACM-SIAM Symposium on Discrete Algorithms, pages 2227-2240.
STAM, 2020.

Z. Dvotak. Approximation metatheorem for fractionally treewidth-fragile graphs. arXiv
preprint arXivw:2103.08698, 2021.

Z. Dvorék, D. Kral, and R. Thomas. Deciding first-order properties for sparse graphs. In
2010 IEEE 51st Annual Symposium on Foundations of Computer Science, pages 133—-142.
IEEE, 2010.

H. Ebbinghaus and J. Flum. Finite Model Theory. Springer-Verlag, Berlin Heidelberg
New York, 2 edition, 1999.



BIBLIOGRAPHY 165

[52]

[53]

[60]

[61]

H. Ebbinghaus, J. Flum, and W. Thomas. Mathematical Logic. Springer-Verlag, New
York, 2 edition, 1994.

T. Eden and W. Rosenbaum. Lower bounds for approximating graph parameters via

communication complexity. arXiv preprint arXiv:1709.04262, 2017.

R. Fagin, L. J. Stockmeyer, and M. Y. Vardi. On monadic NP vs monadic co-NP.
Information and Computation, 120(1):78-92, 1995.

H. Fichtenberger, P. Peng, and C. Sohler. On constant-size graphs that preserve the local
structure of high-girth graphs. In Approximation, Randomization, and Combinatorial Op-
timization. Algorithms and Techniques, APPROX/RANDOM 2015, August 24-26, 2015,
Princeton, NJ, USA, pages 786-799, 2015.

H. Fichtenberger, P. Peng, and C. Sohler. Every testable (infinite) property of bounded-
degree graphs contains an infinite hyperfinite subproperty. In Proceedings of the Thirtieth
Annual ACM-SIAM Symposium on Discrete Algorithms, pages 714-726. Society for In-
dustrial and Applied Mathematics, 2019.

E. Fischer. The art of uninformed decisions: A primer to property testing. Science,
75:97-126, 2001.

E. Fischer and A. Matsliah. Testing graph isomorphism. SIAM Journal on Computing,
38(1):207-225, 2008.

J. Flum, M. Frick, and M. Grohe. Query evaluation via tree-decompositions. Journal of
the ACM (JACM), 49(6):716-752, 2002.

J. Flum and M. Grohe. Fixed-parameter tractability, definability, and model-checking.
SIAM Journal on Computing, 31(1):113-145, 2001.

F. V. Fomin, P. A. Golovach, and D. M. Thilikos. On the parameterized complexity
of graph modification to first-order logic properties. Theory of Computing Systems,
64(2):251-271, 2020.

M. Frick and M. Grohe. Deciding first-order properties of locally tree-decomposable
structures. Journal of the ACM (JACM), 48(6):1184-1206, 2001.

H. Gaifman. On local and non-local properties. In Proceedings of the Herbrand Sympo-
sium, Logic Colloquium ’81, pages 105-135. North-Holland, 1982.

R. Ganian, P. Hlinény, J. Obdrzélek, J. Schwartz, J. Teska, et al. Fo model checking of
interval graphs. In International Colloguium on Automata, Languages, and Programming,
pages 250-262. Springer, 2013.



166

[65]

[66]

BIBLIOGRAPHY

M. R. Garey and D. S. Johnson. Computers and Intractability: A Guide to the Theory of
NP-Completeness. W.H. Freeman and Company, 1979.

M. R. Garey, D. S. Johnson, and L. Stockmeyer. Some simplified NP-complete problems.
In Proceedings of the sizth annual ACM symposium on Theory of computing, pages 47—63,
1974.

M. R. Garey, D. S. Johnson, and R. E. Tarjan. The planar hamiltonian circuit problem
is NP-complete. SIAM J. Comput., 5(4):704-714, 1976.

F. Gavril. Some NP-complete problems on graphs. Technical report, Computer Science

Department, Technion, 2011.

O. Goldreich. Introduction to Property Testing. Cambridge University Press, New York,
1 edition, 2017.

O. Goldreich. On testing hamiltonicity in the bounded degree graph model. Electronic
Colloquium on Computational Complezity (ECCC), (18), 2020.

O. Goldreich, S. Goldwasser, and D. Ron. Property testing and its connection to learning
and approximation. Journal of the ACM, 45(4):653-750, 1998.

O. Goldreich, M. Krivelevich, I. Newman, and E. Rozenberg. Hierarchy theorems for
property testing. computational complezity, 21(1):129-192, 2012.

O. Goldreich and D. Ron. Property testing in bounded degree graphs. In STOC ’97
Proceedings of the twenty-ninth annual ACM symposium on Theory of computing, pages
406-415, 1997.

O. Goldreich and D. Ron. A sublinear bipartiteness tester for bounded degree graphs.
Combinatorica, 19(3):335-373, 1999.

O. Goldreich and D. Ron. On testing expansion in bounded-degree graphs. In Studies
in Complezity and Cryptography. Miscellanea on the Interplay between Randomness and
Computation, pages 68-75. Springer, 2011.

O. Goldreich and D. Ron. On proximity-oblivious testing. SIAM Journal on Computing,
40(2):534-566, 2011. Preliminary version appeared at Proceedings of the 41st Annual
ACM Symposium on Theory of Computing (STOC 2009).

O. Goldreich and I. Shinkar. Two-sided error proximity oblivious testing. Random Struc-
tures € Algorithms, 48(2):341-383, 2016.

O. Goldreich and L. Trevisan. Three theorems regarding testing graph properties. Random
Structures € Algorithms, 23(1):23 — 57, 2003.



BIBLIOGRAPHY 167

[79]

[80]

[81]

[82]

[83]

[84]

[91]

[92]

M. Grohe, S. Kreutzer, and S. Siebertz. Deciding first-order properties of nowhere dense
graphs. Journal of the ACM (JACM), 64(3):1-32, 2017.

M. Grohe and D. Marx. On tree width, bramble size, and expansion. J. Comb. Theory,
Ser. B, 99(1):218-228, 2009.

M. Grohe and M. Ritzert. Learning first-order definable concepts over structures of small
degree. arXiv:1701.05487, 2017.

M. Grohe and G. Turdn. Learnability and definability in trees and similar structures.
Theory of Computing Systems, 37(1):193-220, 2004.

W. Hanf. Model-theoretic methods in the study of elementary logic. In J. W. Addison,
L. Henkin, and A. Tarski, editors, The Theory of Models, pages 132—-145. North Holland,
1965.

A. Hassidim, J. A. Kelner, H. N. Nguyen, and K. Onak. Local graph partitions for
approximation and testing. In 2009 50th Annual IEEE Symposium on Foundations of
Computer Science, pages 22-31. IEEE, 2009.

L. Heimberg, D. Kuske, and N. Schweikardt. An optimal Gaifman normal form construc-
tion for structures of bounded degree. In 2013 28th Annual ACM/IEEE Symposium on
Logic in Computer Science, pages 63-72. IEEE, 2013.

F. Hellweg and C. Sohler. Property testing in sparse directed graphs: Strong connectivity
and subgraph-freeness. In L. Epstein and P. Ferragina, editors, Algorithms — ESA 2012,
volume 7501 of Lecture Notes in Computer Science. Springer, Berlin, Heidelberg, 2012.

S. Hoory, N. Linial, and A. Wigderson. Expander graphs and their applications. BULL.
AMER. MATH. SOC., 43(4):439-561, 2006.

N. Immerman. Languages that capture complexity classes. SIAM Journal on Computing,
16(4):760-778, 1987.

H. Ito, A. Khoury, and I. Newman. On the characterization of 1-sided error strongly-
testable graph properties for bounded-degree graphs. (to appear) Journal of Computa-
tional Complezity. arXiv:1909.09984, 2019.

K. Iwama and Y. Yoshida. Parameterized testability. ACM Trans. Comput. Theory,
9(4):16:1-16:16, 2018.

S. Kale and C. Seshadhri. An expansion tester for bounded degree graphs. SIAM Journal
on Computing, 40(3):709-720, 2011.

R. M. Karp. Reducibility among combinatorial problems. In Complezity of computer
computations, pages 85—103. Springer, 1972.



168

[93]

[94]

[100]

[101]

[102]

103

[104]

[105]

BIBLIOGRAPHY

T. Kaufman, M. Krivelevich, and D. Ron. Tight bounds for testing bipartiteness in
general graphs. SIAM Journal on computing, 33(6):1441-1483, 2004.

K. Kawarabayashi and Y. Yoshida. Testing subdivision-freeness: property testing meets
structural graph theory. In Proceedings of the forty-fifth annual ACM symposium on
Theory of computing, pages 437-446, 2013.

W. Kazana and L. Segoufin. First-order query evaluation on structures of bounded degree.
arXiw preprint arXiw:1105.3583, 2011.

W. Kazana and L. Segoufin. Enumeration of first-order queries on classes of structures
with bounded expansion. In Proceedings of the 32nd ACM SIGMOD-SIGACT-SIGAI
symposium on Principles of database systems, pages 297-308, 2013.

A. Kumar, C. Seshadhri, and A. Stolman. Random walks and forbidden minors II: a
poly(de~1)-query tester for minor-closed properties of bounded degree graphs. In Pro-
ceedings of the 51st Annual ACM SIGACT Symposium on Theory of Computing, pages
559-567, 2019.

A. Kumar, C. Seshadhri, and A. Stolman. Random walks and forbidden minors
III: poly(de~!)-time partition oracles for minor-free graph classes. arXiv preprint
arXw:2102.00556, 2021.

R. Levi and D. Ron. A quasi-polynomial time partition oracle for graphs with an excluded
minor. ACM Transactions on Algorithms (TALG), 11(3):1-13, 2015.

R. Levi and N. Shoshan. Testing hamiltonicity (and other problems) in minor-free graphs.
arXiv preprint arXiw:2102.11728, 2021.

L. Libkin. Elements of Finite Model Theory. Texts in Theoretical Computer Science. An
EATCS Series. Springer, 2004.

L. Lovéasz. Large Networks and Graph Limits, volume 60 of Colloquium Publications.

American Mathematical Society, 2012.

F. Magniez and M. de Rougemont. Property testing of regular tree languages. Algorith-
mica, 49(2):127-146, 2007.

G. A. Margulis. Explicit constructions of expanders. Problemy Peredaci Informacii,
9(4):71-80, 1973.

A. McGregor. Graph stream algorithms: a survey. ACM SIGMOD Record, 43(1):9-20,
2014.



BIBLIOGRAPHY 169

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

M. Monemizadeh, S. Muthukrishnan, P. Peng, and C. Sohler. Testable bounded degree
graph properties are random order streamable. In 44th International Colloguium on Au-
tomata, Languages, and Programming, ICALP 2017, July 10-14, 2017, Warsaw, Poland,
pages 131:1-131:14, 2017.

B. Monien and I. H. Sudborough. Min cut is NP-complete for edge weighted trees.
Theoretical Computer Science, 58(1-3):209-229, 1988.

S. Muthukrishnan. Data streams: Algorithms and applications. Now Publishers Inc, 2005.

A. Nachmias and A. Shapira. Testing the expansion of a graph. Information and Com-
putation, 208(4):309-314, 2010.

J. Nesetfil and P. Ossona de Mendez. On nowhere dense graphs. FEuropean Journal of
Combinatorics, 32(4):600-617, 2011.

J. Nesetril and P. Ossona de Mendez. Sparsity: graphs, structures, and algorithms, vol-

ume 28. Springer Science & Business Media, 2012.

I. Newman and C. Sohler. Every property of hyperfinite graphs is testable. STAM Journal
on Computing, 42(3):1095-1112, 2013.

K. Oono and Y. Yoshida. Testing properties of functions on finite groups. Random
Structures & Algorithms, 49(3):579-598, 2016.

M. Parnas and D. Ron. Testing the diameter of graphs. Random Structures € Algorithms,
20(2):165-183, 2002.

O. Reingold, S. Vadhan, and A. Wigderson. Entropy waves, the zig-zag graph product,

and new constant-degree expanders. Annals of mathematics, pages 157-187, 2002.

D. Ron. Algorithmic and analysis techniques in property testing. Foundations and Trends
in Theoretical Computer Science, 5(2):73-205, 2010.

R. Rubinfeld and M. Sudan. Robust characterizations of polynomials with applications
to program testing. SIAM Journal on Computing, 25(2):252-271, 1996.

N. Schweikardt, L. Segoufin, and A. Vigny. Enumeration for fo queries over nowhere
dense graphs. In Proceedings of the 87th ACM SIGMOD-SIGACT-SIGAI Symposium on
Principles of Database Systems, pages 151-163, 2018.

D. Seese. Linear time computable problems and first-order descriptions. Mathematical
Structures in Computer Science, 6(6):505-526, 1996.

L. J. Stockmeyer. The complezity of decision problems in automata theory and logic. PhD
thesis, Massachusetts Institute of Technology, 1974.



170

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

BIBLIOGRAPHY

E. Szemerédi. Regular partitions of graphs. In Proc. Collog. Inter. CNRS, 1978.

J. W. Thatcher and J. B. Wright. Generalized finite automata theory with an application
to a decision problem of second-order logic. Mathematical systems theory, 2(1):57-81,
1968.

A. M. Turing. On computable numbers, with an application to the Entscheidungsproblem.
Proceedings of the London mathematical society, 2(1):230-265, 1937.

L. G. Valiant. A theory of the learnable. Communications of the ACM, 27(11):1134-1142,
1984.

M. Y. Vardi. The complexity of relational query languages. In Proceedings of the four-
teenth annual ACM symposium on Theory of computing, pages 137-146, 1982.

A. C. Yao. Lower bounds by probabilistic arguments. In 24th Annual Symposium on
Foundations of Computer Science (sfcs 1983), pages 420-428. IEEE, 1983.

Y. Yoshida. Lower bounds on query complexity for testing bounded-degree csps. In 2011
IEEE 26th Annual Conference on Computational Complezity, pages 34-44. IEEE, 2011.

Y. Yoshida. Optimal constant-time approximation algorithms and (unconditional) in-
approximability results for every bounded-degree CSP. In Proceedings of the forty-third
annual ACM symposium on Theory of computing, pages 665-674, 2011.

Y. Yoshida and H. Ito. Query-number preserving reductions and linear lower bounds for
testing. IFICE Trans. Inf. Syst., 93-D(2):233-240, 2010.

Y. Yoshida and H. Ito. Testing k-edge-connectivity of digraphs. Journal of systems science
and complezxity, 23(1):91-101, 2010.

Y. Yoshida and H. Ito. Testing outerplanarity of bounded degree graphs. Algorithmica,
73(1):1-20, 2015.



	List of Figures
	List of Notation
	Introduction
	Preliminaries
	Set notation
	Graphs
	Graph representation
	Directed graphs and multigraphs
	Expansion and hyperfiniteness

	Relational structures
	Bounded-degree structures and neighbourhood distributions

	First-order logic
	Normal forms of first-order logic


	Background on property testing
	The general setting
	The bounded degree model
	An example of a property tester: Testing subgraph freeness
	Proximity oblivious testing
	Closure properties of testability
	Local reductions

	Related work
	Algorithmic meta-theorems
	Property testing
	The dense model
	The bounded degree model
	Characterisation results in the bounded degree model
	Lower-bound techniques in the bounded degree model
	The general model
	Testing properties defined by logical formulas
	Connection to learning and streaming algorithms


	Extending results to relational structures
	Canonical tester
	Proving the existence of canonical testers in the property testing model for bounded degree relational structures

	Small structures approximating neighbourhood distributions
	Summary

	Classifying testability of prefix classes
	A class of expanders definable in FO
	Expansion and the zig-zag product
	Defining the formula 
	Proving expansion of the property defined by the formula 

	On the non-testability of a 2-property
	Extension to simple graphs
	On the testability of all 2-properties
	Summary

	Testing properties of neighbourhoods
	Neighbourhood freeness and neighbourhood regularity
	Prefix classes of neighbourhood properties
	Proving testability
	Summary

	Comparing locality notions
	Generalised subgraph freeness
	Relating different notions of locality
	Relating FO properties to GSF-local properties

	GSF-locality is not sufficient for POT's
	Characterisation by neighbourhood profiles
	A local reduction from relational structures to graphs
	The graph property is GSF-local
	Putting everything together

	Summary

	On testability of NP-hard problems
	Lower bound for testing dominating set with two-sided error
	Property testing model for bounded degree 3-SAT
	Local reduction from 3-SAT to dominating set

	Lower bound for testing Hamiltonicity with one-sided error
	Construction
	The construction is far from being Hamiltonian
	Ensuring local Hamiltonicity
	Deriving the lower bound

	Lower bound for testing treewidth
	Summary

	Conclusions
	Future Work


