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Abstract

In this thesis we study the geometry of symmetry sets and skeletal structures. The
relationship between a symmetry point (skeletal point) and the associated midlocus point
is studied and the impact of the singularity of the radius function on this relationship
is investigated. Moreover, the concept of the centroid set associated to a smooth
submanifold of R"*! is introduced and studied. Also, the relationship between the shape
operator of a skeletal structure at a smooth point and the shape operator of its boundary at

the associated point is studied.
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Introduction

The idea of describing objects using the concept of medial axis was suggested by Harry
Blum. Significant developments in describing many biological and physical objects
using medial axis and symmetry set have been seen in the last century. In fact, the
medial axis is a subset of a large set called the symmetry set. The concept of symmetry
set and medial axis has been studied and developed by Peter Giblin, Bruce and others
and a considerable mathematical investigation can be found in [4, 6, 11, 13]. In 2003,
James Damon invented and developed the concept of skeletal structures of an object in an
attempt to create its smooth boundary. A significant part of Damon’s contribution is the
radial shape operator which plays a central role in determining the differential geometry

of the boundary of a skeletal structure [7, 8, 9].

In the real life, the symmetry set and the medial axis play a central role in many
applications such as object recognition, object reconstruction and medical imaging
and some of these applications can be found in [25]. In this thesis we focus only on
the mathematical aspects of symmetry sets, medial axis, skeletal structures and their
boundaries. The impact of the singularities of the radius function on the relationship
between symmetry sets, medial axis, skeletal structures and their boundaries will be
studied in this thesis. This thesis consists of six chapters and before describing those

chapters we give the following definition.

Definition: A map f : N* — M™ is singular at o € N" if the rank of the Jacobian

matrix of [ at xq is less than min (n, m).

Now we give a brief description of each chapter of this thesis. In chapter one we

give some basic definitions and theorems in the field of skeletal structures which will
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be used in subsequent chapters. Chapter two deals with the symmetry set of a smooth
hypersurface in R"*L. It consists of three parts. The first part deals with the creating of
the symmetry set from its boundary. The second main part of chapter two deals with
the reconstruction of the boundary using the information given by the symmetry set and
the associated radius function. In this part we study the impact of the singularity of
the radius function on the relationship between the symmetry point and its associated
midlocus point. In fact, this study is a generalization of what Peter Giblin pointed out in
the relationship between the normals of a plane curve at tangency points associated to
a smooth point of its symmetry set [16]. The third main part of this chapter deals with
creating the symmetry set from the associated midlocus and radius function and in this
part we generalize what Peter Giblin and Paul Warder did in [16, 32]. Before giving the

main result of this chapter we give the following definition.

Definition B: Let xy be a non-singular point of the symmetry set of a region ) in
R™L with smooth boundary X. Let x| and x5 be the tangency points of the boundary

associated to xy. Then the midlocus point is given by x.,, = %(:El + x9).

The main result of chapter two is the following theorem.

Theorem A: Let S be the symmetry set of a region Q in R", with smooth boundary
X. Let xq be a non-singular point of S. Then x and the associated midlocus point x,,

coincide if and only if the radius function has a singularity at x.

In chapter three we introduce the concept of the centroid set associated to a smooth
submanifold M of R"*! which is more general than the midlocus and depends on a
multivalued radial vector field defined on M such that each value of the multivalued

radial vector field forms a smooth radial vector field on M and each smooth radial vector
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field has a smooth radius function. This chapter consists of four main parts. In the
first part the centroid set associated to a smooth submanifold of R"! is defined and
the impact of the singularities of the associated radius function is studied. The second
part of this chapter deals with the impact of the singularities of the radius function
on the relationship between a smooth skeletal point and its associated midlocus point.
In the third part of chapter three we define the pre-medial axis in R"*! and study the
relationship between the parameters of the boundary of a medial axis at the tangency
points associated to a smooth point of the medial axis. The fourth part of this chapter
deals with the classification of the singularity of the midlocus of a skeletal structures in

R3. The main result of chapter three is the following.

Theorem B: Let M be a smooth stratum of a skeletal structure (S,U) in R® containing
a smooth point xy and r be the radius function with a singularity at vy and A\, and \y be
the eigenvalues of the Hessian of r, and w, and wy are the associated eigenvectors such
that Ay # Ao, and r(xg) = /\%’ A1 # 0. Then the midlocus at x,, associated to x is

A-equivalent to the crosscap if and only if
Akyy (01) V2 Vot # 2007,V 1,

where k,,(wy) is the normal curvature of M in the direction wy, T, is the geodesic torsion
of M in the direction wy, and Vv is the directional derivative of the radius function in

the direction w;, i = 1, 2.

The fourth chapter of this thesis deals with the relationship between the radial shape
operator of a skeletal structure and the differential geometric shape operator of the
associated boundary. In [8] James Damon expressed the matrix representing the
differential geometric shape operator in terms of the matrix representing the radial shape
operator. In this chapter we express the matrix representing the radial shape operator

in terms of the matrix representing the differential geometric shape operator of the



boundary. Also, the relationship between the principal radial curvatures, Gaussian radial
curvature, mean radial curvature of a skeletal structure and the associated principal
curvatures, Gaussian curvature, mean curvature of the boundary is pointed out through

this chapter. The main result of this chapter is the following.

Theorem C: Let (S, U) be a skeletal structure in R? such that for a choice of smooth value
of U the associated compatibility 1-form ny vanishes identically on a neighbourhood of

. 1 . . .
a smooth point xo of S, and . is not an eigenvalue of the radial shape operator at . Let

zy = Uy (x0) and V' be the image of V under dV| for a basis {v, v}, then

o 1
XV e T orH 11

(SV - TKT])

or equivalently

1

Sy =
VT ORK 4 2rH 41

(Sxyr +rKI).

Here Sy is the matrix representing the radial shape operator, K, (resp. H,) is the Gaussian
(resp. mean) radial curvature of the skeletal structure, Sy is the matrix representing the
differential geometric shape operator of the boundary and K (resp. H) is the Gaussian

(resp. mean) curvature of the boundary.

The fifth chapter of this thesis is devoted to study the relationship between the shape
operator of skeletal structures and the associated shape operator of the boundary. In
the first main part of this chapter we study the relationship between the curvature of a
skeletal structure and the curvature of its associated boundary in the plane. Also, the
relationship between the curvatures of the boundary at the tangency points associated to a
smooth point of medial axis in the plane has been studied. In second main part of chapter
five we express the matrix representing the shape operator of the medial axis in R"* at
a smooth point in terms of the matrices representing the shape operators of the boundary

at the associated tangency points. The main result of chapter five is given in the following.
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Theorem D: Let (S,U) be a skeletal structure such that for a choice of smooth value of
U the associated compatibility I-form ny vanishes identically on a neighbourhood of a
smooth point xq of S, and % is not an eigenvalue of the radial shape operator at x,. Let
zy = Vi(x0), and V' be the image of V' for a basis {vy, vy, ..., v, }. Then the matrix S
representing the differential geometric shape operator of the boundary is given by
St = %{[I —r(HE + pSE — %dpd?"Tf;ll + %SﬁdrdrTl;Ll)]_l — I},

where Sy, is the matrix representing the differential geometric shape operator of S at x,
I,,, is the first fundamental form of S at vy and H,. is the matrix representing the Hessian

radial operator at x.

The last chapter of this thesis deals with the focal point of the boundary associated to a
skeletal structure. In this chapter we define the radial focal point of a skeletal structure
and we show that this point coincides with the focal point of the boundary. Moreover, the
location of the focal point of the boundary associated to a Blum medial axis in R"*! is

investigated through this chapter.
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Chapter 1

Background

Skeletal structures of a smooth boundary has been studied by James Damon in several
papers [7, 8, 9] In this chapter we give some basic definitions and theorems in the field
of Whitney stratifications and skeletal structures which will be used in the subsequent

chapters . Also, the radial and edge shape operators will be reviewed in this chapter.

1.1 Whitney Stratification

Definition 1.1.1 [18] Ler S be a closed subset of a smooth manifold M and let S be
decomposed into disjoint smooth submanifolds (possibly with boundary) S; called strata.
Then the decomposition is called a Whitney Stratification if the following conditions are

met

1. SiN\S; # ¢ if and only if S; C S; for strata S;, S; with i # j, this is called the

frontier condition.

2. Whitney condition (a): if z; is a sequence of points in S, converging to y €
Sy and T,,(S,) converges to a plane T (all this considered in the appropriate

Grassmannian), then T,(S,) C 7.
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3. Whitney condition (b): if z; and y; are two sequences in S, and Sy respectively
converge to y € Sy, l; denotes the secant line between x; and y; and l; converges to

lthenl C 7.

Remark 1.1.2 Condition b implies condition a. Any Whitney stratified set can be

triangulated (see [7)).

Definition 1.1.3 For a Whitney stratified set S we let

1. S,¢q denote the points in the top-dimensional strata and these points are the smooth

points of S.
2. Sging denote the remaining strata.

3. OS denote the subset of Ss;,g consisting of points of S at which S is locally an n-
manifold with boundary. We refer these points as edge points in order to distinguish

between 0S and the boundary of the region of the skeletal structure.

4. 0S denote the closure of 0S.

Definition 1.1.4 let S be a Whitney stratified set and let xy € S then we define the

following

1. The complementary local components for x, are the connected components of

B.(x0) \ S.

2. The neighbouring local components of x, are the connected components of

F€(x0) ﬂ Sreg;

where B.(x) is a closed ball of radius ¢ about x for sufficiently small & > 0.
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1.2 Skeletal Set and Skeletal Structure

Definition 1.2.1 [7] An n-dimensional Whitney stratified set S C R""! is a skeletal set if

1. For each local neighbouring component S, of ©o € Sg there is a unique limiting
tangent space T,,Sg from sequence of points in S, (by properties of Whitney
stratified set T,,,Sp C T;,S,, ).

2. Locally in a neighbourhood of a singular point xy, S may be expressed as a union
of (smooth) n-manifolds with boundaries and corners S;, where two such intersect

on boundary facets.

3. If vy € OS then those S; in 2 meeting S meet it in an (n — 1)-dimensional facet.

Facets means edges or faces in the triangulation of remark 1.1.2.

Definition 1.2.2 [7] An edge coordinate parametrization at an edge point xy € 0S
consists of an open neighbourhood W of xq in S, an open neighbourhood 1% of 0
in RY = {(z1,22,....,2,) € R" : x, > 0} and a differentiable homeomorphism
& : W — W such that: both ®|{(z1, s, ...,x,) € W : x, > 0} and ®|(W R"?)

are diffeomorphisms on to their images.

Definition 1.2.3 Given an n-dimensional set S C R""', a radial vector field U on S is

nowhere zero multivalued vector satisfying the following conditions.

1. (Behaviour at smooth points) For each xy € S,.,, there are two values of U which
are on opposite sides of TS i.e., their dot products with a normal vector are non
zero with opposite signs. Moreover, on a neighbourhood of a point of S,.,, the

values of U corresponding to one side form a smooth vector field.
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2. (Behaviour at a non-edge singular point) Let x( be a non-edge singular point with
Sa a local component of xo. Then both smooth values of U on S, extend smoothly to
values U(xg) on the stratum of xq. If S,, does not intersect S in a neighbourhood
of xo, then U(xq) does not belong to T, S. Conversely to each value of U at a point
Ty € Seing, there corresponds a local complementary component C; of S of S at xg
such that the value U(xq) locally points into C; in the following sense. The value
U(xo) extends smoothly to values U (x) on the local complementary components of
S for xo in OC;. For a neighbourhood W of xog and an ¢ > 0, x + tU(zx) € C; for
O0<t<eandz e (WNS).

3. (Tangency behaviour at edge points) At edge points xo € OS there is a unique value

for U tangent to the stratum of S,., containing x in the closure which points away

from S.

Definition 1.2.4 Given a skeletal set S and a smooth multivalued radial vector field U,
the radial flow is defined by
Uy(z) =z +tU(x),

where x € Sand t € [0, 1].

Definition 1.2.5 A radial vector field U on a skeletal set S satisfies the local initial

conditions if it satisfies the following.

1. (Local separation property) For a local complementary component C; of a non-edge
point xo ¢ 0S, let 0C; = |JS; denoting the local decomposition of OC; into closed
(in W) n-manifolds with boundaries and corners. Then the set X = {z + tU(x) :
xr € |J;0S;,0 <t < e} is an embedded Whitney stratified set such that distinct
int(S;) and int(S;) lie in separate connected components of the complement of

Ci\ X.
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2. (Local edge property) For each edge closure point ©, € OS there is a
neighbourhood w of xog in S and ¢ > 0 so that for each smooth value of U, the

radial flow ¥V (x,t) = x + tU is one-one on w x |0, €|.

Definition 1.2.6 For a radial vector field U, we put U = rU,, for a positive multivalued

function r, and a multivalued unit vector field U, on S. We will call r the radius function.

Now suppose C; is a local complementary component of a singular point xy. The local
boundary of C; in a small open neighbourhood can be expressed as a union of n-manifolds
with boundary and corner {S;, i = 1,2, ..., k}. The abstract boundary of C; consists of a

copy of S; for each smooth value of U on S; pointing into C; [7].

Definition 1.2.7 A skeletal structure (S,U) in R consists of an n-dimensional skeletal
set and radial vector field U on S satisfying the local initial conditions, such that all

abstract boundaries of local complementary components are homeomorphic to n-disks.

Definition 1.2.8 Given a skeletal structure (S, U), the associated boundary is defined by

X ={x+ Ul(z) : © € S}, where the definition includes all values of U (x) for a given .

1.3 Radial Shape Operator

Definition 1.3.1 Given a skeletal structure (S,U) in R"™! we define for a regular point
xo € S and each smooth value of U defined in a neighbourhood of xy with associated unit

vector field Uy, a radial shape operator

. oU
Srad(V) = _prOJU(a_;)’ for wveTl,S, (1.1)
where (9—1 means V,U;, and proj;, denotes projection onto TS along U. Also, if
v
{v1, v, ..., v, } is a basis for TS then,
oU .
av'l = CLZ‘Ul — Z S5iUj (12)

j=1
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which can be written in the vector form by

U
a_vl = Ay.U, — STV, (1.3)
oUy
o U,
proju gt ,’\ /
TZL’OS < v

Lo

Srad(v)

S

Figure 1.1: The radial shape operator in 3D. The dashed line denotes projection onto 77, S

along U

Definition 1.3.2 For x( € S,., and a given smooth value of U, we call the eigenvalues
of the associated radial shape operator the principal radial curvatures at xq and denote

them by K,;.

Example 1.3.3 Let (S, U) be a skeletal structure in R® and let s1(z,y) = (,9,1) C Sy
such that {(x,y) € R?|2? + 1 < %} Now define the radial vector field on the image of

s1 by

U= (2*>+y*+1) (—2%, —2y,\/1 — 4(z2 + y2)> = rUj,
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where r(z,y) = 2 + y* + 1 is the radius function and

U, = (—23;, 2y, /T 4% + y2)> .

Let v; = % = (1,0,0) and vy = %—‘2 = (0,1,0), then the unit normal of s is N =

(0,0,1). It is clear that U, is a smooth unit vector field on the image of s, and

Uy = —22v; — 2yvy + /1 — 4(z2 + y2)N. (1.4)

Now we have
oU —4 —4
T (—2,0, r ) = —20; — < N
Ox V1 —4(z?+ y?) V1—4(2%+y?)
But from equation 1.4 we
1 2z 2y
N = Ui + vy + v
Vi@ +2) | 1@ty | 1A+ )
Therefore,

oU, —4z 2 —8y° 8y
- a1 ( 7oy T 2 )02
Or 1 —4(x2+19y?) 1—4(z% + y?) 1 —4(z% +y?)
Similarly
oU, —4y Sy 2 — 82
= U — U1 — U2
oy  1—4(x%+y?) 1 —4(x? 4 y?) 1 —4(x? 4+ y?)

Now we can apply definition 1.3.1 to evaluate the radial shape operator, thus the matrix

representing the radial shape operator is given by

2—8y? 8xy
_ 1-4(z2+y?)  1-4(22+y?)
SV - 9 )
8xy 2—8x

1—4(x24y?) 1—4(z2+y2)

and
—4x
120D
Ay = 1—4(z?+y?)
1—4(x2+y?)

Now from definition 1.3.2 we have

s — %{tr(Sy) + /B2(Sy) = 4det(Sy)}.

After some calculations we get k.1 = 2 and k.5 = ﬁ.
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1.4 Edge Radial Shape Operator

Definition 1.4.1 Ler (S,U) be a skeletal structure and let xo € OS and let N be the unit
normal vector field to S in a neighbourhood of xo. Then, the edge shape operator is
defined by

Uy

0
Se(v) = —PTOJ'U(W), (1.5)

forv € T,,S and proj,; denotes projection onto T,,0S @(N).

ouy
ov

T,0S (N)

SE (v) TmaS
Figure 1.2: The edge shape operator in 3D. The dashed line denotes projection onto
T, OS EP(N) along U .

Now given a basis {vy, va, ..., v,—1 } of T,,,OS we choose a vector v,, in the edge coordinate
system at xz( so that {vy,vs, ..., v, } is a basis of 7,/ S in the edge coordinate system and
so that v,, maps under the edge parametrization map to cU;(xy) where ¢ > 0. Then we
can compute a matrix representation for the edge shape operator. Let /N be a unit normal

vector field to S on a neighbourhood w of x( then we have
n—1

oU-
avil :ai'Ul—Ci'N—ijin. (16)

j=1
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This equation can be written in vector form by

oU -
6—‘/1:AU~U1—CU-N—BUV-V (1.7)
or
oU 1%
a_vl:AU‘Ul_(BUV CU) N (1.8)
or
oU
a—vleU-Ul—ng o (1.9)

Therefore, Sy is a matrix representation of the edge shape operator. Here, Ay and Cyy
are n-dimensional column vectors, Byy is an n x (n — 1)-matrix, and V is the

(n — 1)-dimensional vector with entries vy, vg, ..., V,_1.

Remark 1.4.2 The basis {vi,va, ..., v, } of Ty, S in the edge coordinate system is called a

special basis of T},S.

Definition 1.4.3 The principal edge curvatures are the generalized eigenvalues of the
pair (Sgv, In_11) where, I,,_1 1 denotes the (n x n)-diagonal matrix with 1's in the first

n — 1 diagonal positions and O otherwise.

1.5 Compatibility 1-Form and Compatibility Condition

Definition 1.5.1 Given a skeletal structure (S, U) the compatibility 1-form ny is defined
by
nu(v) =v- U +dr(v), (1.10)

v is a tangent vector to S.

S satisfies the compatibility condition at x5 € S with smooth value U if ny = 0 at x.

The compatibility condition plays a central role in the investigation of the differential
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geometry of the boundary. A radial vector field plays the role of a normal vector of the

boundary when S satisfies the compatibility condition.

Lemma 1.5.2 [7] Let (S, U) be a skeletal structure. Suppose that S, is a local manifold
component of xo on which is defined a smooth value of the radial vector field U. Suppose

: L. . . . .
that either — is an eigenvalue of the radial shape operator if S,, is a non-edge component
r

1
or — is not a generalized eigenvalue of the pair (Sgv, In—11 ) if S, is an edge component.
r

If the associated compatibility 1-form ny vanishes at xy then U(xq) is orthogonal to the

portion of the boundary X (given by V(S,,)) at V1 (xg).

1.6 The Radial Map

Definition 1.6.1 Given a skeletal structure (S, U ) with boundary X then the radial map
is given by:

Uy(z) =a+r(x)Ui(x), z€S (1.11)

Example 1.6.2 With the skeletal structure (S,U) as in example 1.3.3, we will calculate
the boundary of this skeletal structure using the radial map V., in fact, we see that for

any point xy € s1 the associated boundary point x; is given by

T1 =2+ TUl = (xaya 1) + (‘IQ + y2 + 1) <—2£E, _2?/7 \/1 - 4($2 + y2)> )

and after some calculations we obtain

Ty = <—2x3 —2ay? — 1, —2y> — 222y —y, 1+ (2? + 92 + 1)1 — 4(a? + y2)> .

Now we will check the compatibility condition and to do so we have to check the dot
0$1 31’1

duct — -U; = — - U; = 0. N
produc B Uy Jy U; = 0. Now

0 —122% — 12z2y* — 2
T —6a? - 2y — 1, —4xy, ° i ’ ,
Ox V1 —4(2? +4?)
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and
0 —12% — 1222y — 2
9h —4ay, —6y* — 2% — 1, i . :
dy V1= 422+ y?)
Thus, this boundary is smooth and. it is clear that
81:1 8%1
—  Uy=—-U;=0.
or ! oy !

Therefore, using lemma 1.5.2 the compatibility 1-form vanishes identically in the given

domain.

24

The boundary

2.2

1.8 L.
1.6

1.4

The skeletal set

Figure 1.3: Skeletal set and associated boundary in example 1.5.2.

1.7 The Sufficient Conditions for Smooth Boundary

James Damon Discussed in [7, 8, 9] the sufficient conditions for the skeletal structure

(S, U) to have a smooth boundary. These conditions are

1. (Radial Curvature Condition) For all points of S off S

r < min{--} for all positive principal radial curvature r,;.
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2. (Edge Condition) For all points of of OS (closure of 9S)

r< mm{é} for all positive principal edge curvature k g;.

3. (Compatibility Condition) For all singular points of S (which includes edge points)

7’]U:O.

Theorem 1.7.1 [7] Let (S,U) be a skeletal structure which satisfies the above three

conditions. Then

1. The associated boundary X is an immersed topological manifold which is smooth

at all points except those point corresponding to points of Sgiy,.

2. At points corresponding to points of Sin it is weakly C* (this implies that it is C*

on the points which are in the images of strata of codimension 1).

3. At smooth points, the projection along lines of U will locally map X

diffeomorphically onto the smooth part of S.

4. Also, if there is no nonlocal intersection, X will be an embedded manifold.

1.8 Blum Medial Axis

Definition 1.8.1 Given a region Q C R""! with smooth boundary X, then the Blum
medial axis of §2 is the locus of centers of hyperspheres tangent to the boundary X at
least two points or having a single degenerate tangency such that these hypersphers are

contained in §).

Definition 1.8.2 [7| The pair (S,U) consisting of the Blum medial axis and associated
multivalued radial vector field is a special case of a skeletal structure which satisfies the

following
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At each smooth point x, the two values UV and U®) must satisfy |UY || = |[UP|| and
UM —U® is orthogonal to Ty, S.

Proposition 1.8.3 [7) If (S,U) is a medial axis and radial vector field of a region Q) C
R with generic smooth boundary X, then (S,U) satisfies both the radial curvature

and edge conditions.

edge Y-branching fin

Q;

6-junction

Y

Figure 1.4: Local generic structure for Blum medial axis in R? and the associated radial

vector fields.
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Chapter 2

Symmetry Set in R+

2.1 Introduction

This chapter is focused on the symmetry set of a smooth hypersurface in R**!. It is
divided into three main parts. The first part deals with the creating of the symmetry
set using the boundary. In this part, we define the symmetry set in R"*! and we study
the smoothness of the symmetry set using the information provided by the principal
curvatures of the boundary (Theorem 2.2.3). Also, the necessary and sufficient condition
for two points on the boundary to form a symmetry point is discussed (Theorem 2.2.4).
In the second part we consider the inverse procedure to that in the first part. In fact,
this part deals with the reconstruction of the boundary using the information given by
the symmetry set and the radius function (Theorem 2.3.1). Furthermore, the impact of
the singularity of the radius function on the relationship between the symmetry set and
the associated midlocus is investigated (Theorem 2.3.4). The last part of this chapter
is focused on the creating of the symmetry set using the information provided by the

midlocus and the radius function.
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2.2 Creating Symmetry Set from the Boundary

The symmetry set and its smooth boundary in R? and R? have been studied intensively by
Giblin and others in several papers such as [4, 6, 11, 13, 14, 15]. In this section we define
the symmetry set of a smooth boundary in R™™! in the same way as Giblin and then we

generalize some results to the higher dimensions.

Definition 2.2.1 Given a smooth hypersurface X in R"*! the symmetry set S is the locus
of centres of hyperspheres, bitangent to X. Le., if v1 = X(s) and x5 = X (t) are two
points of the tangency with a hypersphere then the corresponding point of the symmetry
set S is given by xq = x1 + rN1 = x5 + r Ny, where 1 is the radius function, N;,i = 1,2
are the unit normals of X at x;, s = (81, Sa, ..., S) and t = (t1, ta, ..., t,) pointing towards

the centre of the hypersphere.

Figure 2.1: The symmetry point.
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Now let X; and X, be two pieces of smooth hypersurface X parametrized locally by

s = (81,82, ..., $p) and t = (ty, t, ..., t,,) respectively. Define the function
f . RQn—l—l N Rn+1
by
fs,t,r) = (Xi(s) — Xa(2)) + r(Ni(s) — Na(t)).
Then f = 0 when a hypersphere of radius r is tangent to X; and X,. We expect f~(0)
to be a smooth manifold with dimension n. Define the centre map C' by:

C: f7(0) — R

C(s,t,r) = Xo(t) + rNao(t).

Then clearly, C'(f~1(0)) is the symmetry set. Hence C projects f~1(0) to R"™!, therefore
the condition for f~!(0) to project to a smooth hypersurface in R"™ is C' to be an
immersion. Now since X; and X, are oriented, we can choose orthonormal bases for

their tangent spaces using the principal directions.

Proposition 2.2.2 Assume as above, then

1. f71(0) is a smooth submanifold of R*"*' parametrized by s = (s1, 52, ..., 5y)

provided k; #+ %, 1=1,2,...,n.

2. f7Y0) is a smooth submanifold of R*"*' parametrized by t = (ti,to,...,1,)
provided \; #+ %, i =1,2,...,n, where k; ( resp. \; ) are the principal curvatures

of Xy (resp. X).

Proof
Let pg and ¢o be tangency points (pg € X; and ¢, € X») let {v;},i = 1,2,...,n (resp.
{u;},i = 1,2,...,n) be a basis for the tangent space of X, (resp. X;) formed by the
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principal directions. Now using the fact that differentiating the normal in the principal
direction produces the principal curvature times the principal direction. Therefore, the

Jacobian matrix of f has the following column vectors
—(1 = rr))v;, (1 —rX)u;, and (N1 — N3).

Ny — Ny is parallel to pg — qq, thus Ny — Ny # 0. Also, Ny — No, uq, us, ..., u, are linearly
independent as well as Ny — Ny, vy, vy, ...,v,. Therefore, using the implicit function

theorem the result holds. O

Now we will give the necessary and sufficient condition for the tangency points to give a

smooth point on the symmetry set.

Theorem 2.2.3 The symmetry set C(f~1(0)) is a smooth hypersurface if k; # + and
Ni# L i=1,2..,n

Proof

C(s,t,r) = Xo +1rNs.

The condition for f~1(0) to project to a smooth hypersurface in R"™! is that C is an

immersion, or equivalently the kernel of D f intersects the kernel of DC' in zero. Now let

C(s,t,1) = Xo 4+ rNs.

Then the Jacobian matrix of C' has the column vectors
(1 —rk;)v;, 0and No,
and the Jacobian matrix of f has the column vectors

—(1 —rr)vy, (L—7rX)u; and N — Ns.
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Now consider the following

&1
(1—7“/%)%' (1—7”)\1‘)%‘ Ni — N, ¢ 0
(1-7’%1‘)1}@' 0 N2 !
€2n+1
Therefore, the condition for C' to be an immersion implies that §; = 0,

j =12...nn+1,..2n2n + 1. Since N; # N,, we have &,,; = 0. From
proposition 2.2.2, we have f~!(0) is smooth provided \; # % or K; # % Now assume

that x; # %, then

n

Z &l —rRy)v; =

i=1

Now since v; are linearly independent then §; = 0, (: = 1,2, ..., n).
Hence, if \; # % then, §; = 0 where j = n + 1,n + 2,...,2n, and by this the proof is

completed. O

Now the natural question is: what is the necessary and sufficient condition for two points
21 and x5 on the boundary with normals N; and N, respectively to form a symmetry
point? In [14] this matter has been investigated in the case of the plane curve and to
generalize that result we will take the case when the normals of the boundary (which are
oriented inside the object figure 2.1) intersect each other and this case is a generic. The

answer of this question is given in the following theorem.

Theorem 2.2.4 Let x1 and x4 be two points on the boundary with unit normals N, and No

respectively. Suppose that N1 # — Ny and the normal lines intersect. Then a necessary
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and sufficient condition for x| and x5 to form a symmetry point is that

Proof

First, assume that z; and x5 form a symmetry point A , then
A=1x1+rN; =x9+rNs.
Therefore,
1 — 29 = —1(Ny — No).
So,
(x1 —22) - (N1 + Na) = —r(N1 — Ny) - (N1 + Ny) = 0.

Second, assume that equation (2.1) holds since N; # 4N, and the lines of normals

intersect, then there exist (a, b € R) such that
1+ alNy = x5 + bN,.
Therefore
$1—£E2+GN1—Z)N2=O.

Hence,
(1 — z2).(N1 + N3) + (aN7 — bN3).(N1 + No) = 0.
Now using equation (2.1), we have
(aN7 — bN5).(N7 + N3) =0
So,
a—0b+alN; - Ny —bN; - Ny=0.
Hence
(@ —b)(1+ Ny - Ny) =0.

Since N # —Ns, we have 1 + Ny - Ny # 0 therefore, a — b = 0 = a = b hence x; and

xo form a symmetry point and r = |a|. O
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2.3 Creating the Boundary from the Symmetry Set

In this section we turn to the reconstructing the boundary from its symmetry set, and we
will investigate the relationship between the symmetry set and the associated midlocus.
Furthermore, we will study the radius function and its singularity. Also, the relationship
between the singularity of the radius function and that of the midlocus in the plane will be
investigated. In the rest of this chapter S,., refers to the set of all smooth points of the the
symmetry set that means the set of all points of type A% (an A? point of the symmetry set

is the centre of a bitangent hypersphere which has ordinary contacts with the boundary).

Theorem 2.3.1 Let S be the symmetry set of a region Q € R™ "L, with smooth boundary
X and let S,eqy C S. Then for any point o € S,¢g, the associated tangency points on the

boundary X are given by

X;=x0—rVrE£rm/1—|Vr|’N, =12 (2.2)

such that (1 — ||Vr|> > 0), where N is the unit normal of S at o and V'r is the

Riemannian gradient of r.

Proof

Let S; be a smooth patch of the symmetry set containing x, and consider the function
F=|X-58]*-r% (2.3)

Now let {vy, va, ..., v, } be a basis of T,,.S;, then

oF

8_1)]. = —QU]' . (X — Sl) — QTdT(Uj).

Therefore, the envelope of hyperspheres centred on 5] is given by

oF
{XER"“:F:%:O, j=1,2,..,n}.
J
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Therefore,

—vj - (X = 51) = rdr(v;). (2.4)

Now since {vy, v, ..., U, N}, where N is the unit normal of S; at x, is a basis for R"*1,

every point Z € R"*! can be written as

Z = Zn: )\ivi + /\n+1N.

i=1
Therefore,

X —x9 = ZAiUz‘ + A1V,

=1

and from F' = 0 we have \,, . = i\/rQ — (> \;)2N, thus
i—1

1=

X=mo+ Y Avit |r2—= (O Avi)?N. (2.5)
=1 i=1
But from equation (2.4), we have v;- (X —51) = —rdr(v;), where dr(v;) is the directional

derivative of r in the direction v; therefore dr(v;) can be written as

B
dT(Uj) =V (T Z )\ﬂ}l> .
i=1

Since S; is smooth, then as S is a submanifold of R"*! so it has a Riemannian structure.

Therefore, dr can be written again as:
1
dr(v;) = (v, — > Awi).
i=1

n
Therefore, _71 >~ \iv; is the Riemannian gradient of the radius function r. Let Vr denotes

=1

n
the Riemannian gradient of r, then ’71 > Aiv; = Vr. Therefore,
i=1

Hence by substitution in equation (2.5) the proof is completed. O
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Definition 2.3.2 Given a smooth hypersurface X in R"™ as in definition (2.2.1) the
midlocus M of X is the closure of the set of midpoints of chord joining contact points
of all hyperspheres bitangent to X. Thus if x1 and x4 are two points of tangency then the

corresponding point of the midlocus is x,, = %($1 + ).
Now from theorem 2.3.1 we have the following.

Corollary 2.3.3 Assume as in theorem 2.3.1 then, the midlocus point is given by
Ty = o — TV,

where x is a smooth point of the symmetry set and V1 is the Riemannian gradient of the

radius function at x.

Proof

The proof comes directly from theorem 2.3.1. O

From corollary 2.3.3 we find that if S is a smooth part of the symmetry set, then the

associated midlocus M is given by

M=S—-rVr

Peter Giblin pointed out that in the case of 3D if the tangent planes of the boundary
at the tangency points are parallel then the radius function has a singularity [11]. In
fact, the radius function plays a central role in the relationship between the boundary, the
symmetry and the midlocus. Also there is a very complicated relationship between the
differential geometry of the boundary and that of the symmetry set involving the radius
function and its derivatives. The following theorem gives the answer to the question: At

what condition does the symmetry point coincide with the associated midlocus point?
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Theorem 2.3.4 Let S be the symmetry set of a region ) in R"™!, with smooth boundary
X. Let xy € Syeq, then o and the associated midlocus point x,,, coincide if and only if

the radius function has a singularity at x,.

Proof

Let x,, = xg, then V1 = 0 and since Vr is the Riemannian gradient, it can be written as
Vr = g”dr(vj)uv;,

where ¢ is the inverse of the matrix representing the Riemannian metric, dr(v;) is

the partial derivative of the radius function r and v; is the basis of the tangent space of

the symmetry set S at zo. Therefore, Vr = 0 = ¢g“dr(v;)v; = 0, hence dr(v;) = 0.

Conversely assume that the radius function 7 has a singularity, then Vr = 0, therefore,

xo = ¥, which completes the proof. O

The above theorem tells us the impact of the singularity of the radius function on the
relationship between a smooth symmetry point and its associated midlocus point. But
what about the relation between a smooth symmetry point and its associated tangency
points on the boundary. Does the singularity of the radius function affect it? The answer

to this question is given in the following proposition.
Proposition 2.3.5 Let S be the symmetry set of a region § in R"** with smooth boundary
X. Let xy € S,eq, then the tangency points associated to x are given by:
rj=x90xrN, j=1,2
if and only if the radius function r has a singularity at x,, where N is the unit normal of

S at x.

Proof

From theorem 2.3.1 the tangency points associated to x are given by

x; =x0 —rVr £7y/1 - ||Vr|’N, j=12.
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Now assume that r has a singularity, then Vr = 0. Therefore, we get
xj=x90E£rN, j=1,2.

Conversely, assume that z; = zo 7N, j = 1,2. Then, —rVr = 0 and (1 — ||Vr|]?) = 1.
Therefore, Vr = 0, hence the radius function r has a singularity, and by this the proof is

completed. O

Lemma 2.3.6 Let S be the symmetry set of a region €) in R™*! with smooth boundary X.
Let x¢ be a smooth point in S. Then the Riemannian gradient of the radius function at x,

is given by:

1
VT = §(N1 + Ng),

where N1 and Ny are the unit normals of the boundary at the tangency points.

Proof

From definition 2.2.1, we have
To=x1+rNy =29+ 1Ny
and from theorem 2.3.1 we have
x = x9 —rVr+r/1—||Vr|*N

and,

Ty = xg — rVr —ry/1— ||Vr|>N.

Therefore,

Ni=Vr— /1= |Vr|’N  and  Ny=Vr+/1—|[Vr|’N.

Hence, Vr = %(Nl + Ny). O
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Proposition 2.3.7 Assume as in lemma 2.3.6. Then r has a singularity if and only if
Ny = —N,. where Ny and Ny are the unit normals of the boundary at the tangency

points.

Proof
From lemma 2.3.6 we have,

1
VT = §(N1 + NQ)

If the radius function has a singularity, then Vr = 0, and so N; = —N,. Now if

N; = — N, then Vr = 0 which implies that the radius function has a singularity. O

Example 2.3.8 Let S(s,t) be the symmetry set of a smooth surface X in R3, and r(s,t)
be the radius function. If xo = S(so, to) be a smooth point, then the associated tangency

points on the boundary X are given by

XTj =Ty — Tsl||€2 — Tt€1.€2 )€1 Tt|l€1 — TI's€1.€2)€o
(rillez]” Jer + (reflea” Jéa}

1 .
Ty [1 = ———{(rslleal? — rier.e2)er + (refle||* — reer.e2)ea}2N, 5 =1,2,
lex X €]

__ Or __ Or
toyandrs = 35, 1 = 3¢

s’

oS oS
where € = E|(507t0) and, €5 = E|(SO,

The midlocus point is given by:

r

T = Xo {(rslle2]|® — reer.€2)er + (refl€r]|® — rse1.€2)ea}

ler X €
In the above example we give a general method to calculate the tangency points and the
midlocus point associated to a smooth point on the symmetry set of a smooth surface
X C R3. In the following we will present specific examples to illustrate the ideas of the

theorems mentioned in this section.
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Example 2.3.9 Ler S(s,t) = (s,t,st) and r(s,t) = s* + t* + 1, where 7+ < s < ; and

=

%1 <t < %‘. Then the midlocus is given by
M(s,t) = — (s 4 25° — 2st*,t + 2t° — 257, 3st) .

It is clear that r5(0,0) = r(0,0) = 0, which means that the radius function has a

singularity at (0,0). Also, it is obvious that S(0,0) = M(0,0) = (0,0, 0).

The midlocus

The symmetry set

Figure 2.2: Symmetry set and associated midlocus in example 2.3.9.

Example 2.3.10 Let S(s,t) = (s,t,s* + t*) and r(s,t) = s* +t*> + 1. Then the midlocus

is given by

Mi(s. ) 253 4+ 2st2 — 5 243 +25%t —t  —3(s? +1?)
S = .
’ 4(s2+ 1)+ 1742+ 12)+ 17 4(s> +82) + 1

It is clear that, 1 has a singularity at (0,0) and S(0,0) = M(0,0) = (0,0,0).
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Figure 2.3: Symmetry set and associated midlocus in example 2.3.10.

Example 2.3.11 Let S be the symmetry set of a plane curve and let S be smooth at x.

Now parameterize S by the arc-length then the Riemannian gradient of the radius function

is given by

Therefore,

Also,

Thus

where 0 is the angle between N; and T, i = 1,2. If Ny | N, then r'? =

1
’I", = §(TN1 + TNQ)

r’ = cos@,

N

Let v be a smooth plane curve and suppose that x is the centre of a bitangent circle to vy

at xq and x,. Let v, and 7, be small pieces of y close to x; and x, respectively as shown
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in the figure 2.4. The relation between the arc-lengths of the boundary was studied by
Giblin. Our target is to study the relationship between the arc-lengths of the symmetry set

and that of the boundary.

Figure 2.4: The symmetry point and the associated tangency points in the case of curve.

Lemma 2.3.12 Let S be the symmetry set of a plane curve v and xy € S,., and let
x1 € 71 and xo € 7y, be the associated tangency points on the boundary. Let s1 and sy be
the arc-lengths on vy, and v, respectively. Then we have

d81 dSQ
1 — _— = — 1 — _
(1=rm) ds (1 =rrs) ds

where s is the arc-length of a smooth part of S close to x.
Proof

From definition of symmetry set the part S} of S associated to v, and 7, is given by

S1(s) = m(s1) +r(s1)Ni(s1)
= Yo(52) + 7(52) Na(s2).

Therefore we have

T:Tl——I—T‘,Nl—TK,lTl—. (26)
S S
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Also, we have

T = ng— +r N2 - 7”/€2T2— (27)
S

where 7', T} and 7, are the unit tangents of the symmetry set and the boundary

respectively. Now (2.6)-(2.7) gives the following equation

d d
(1— rnl)%ﬂ —(1- TI{Q)%TQ 41/ (N, — Ny) = 0. 2.8)

Now the inner product on both sides of equation 2.8 with 77 — 75 gives the following

ds ds
(1 - T'Kll)(l - Tl : T2)d_51 -+ (1 - THQ)(l - Tl : T2)d_52 =0.
Since T} # T5 because of the orientation, then 1 — 77 - T, # 0.
d d d d
Therefore, (1 — ml)% +(1- Tﬁg)% = 0. Hence (1 — rml)% =—(1- T’lig)%,

which completes the proof. O

Now we have the following corollary [13, 32].

Corollary 2.3.13 Assume as in lemma 2.3.12. Then

dsy 1—7rK
ds; 1—7Ky )

Proof

The proof of this corollary comes directly from the above lemma. O

In the next proposition we will give the relationship between the arc-length of the

symmetry set and those on the boundary. First of all we need this lemma.

Lemma 2.3.14 [14] Let S be the symmetry set of a smooth plane curve ~y. The tangents
Ty and Ty and normals N1 and Ny of vy at the tangency points associated to a smooth
point xy € y are given by

T, = —V1—7°T—7N,
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Ty =V1—1r>T /N,
Ny =7"T—+V1-7r"2N,

and

Ny=7T+V1—72N

where, T and N are the unit tangent and unit normal of the symmetry set at x.

Proposition 2.3.15 Let S be the symmetry set of a smooth plane curve vy and s be the

arc-length on S,.,. Then we have

ds; V1—1"? J dss 1—7"?
—_— = an —_— =
ds 1—17rr ds 1 — 1Ky

Proof
Let .S; be the smooth part of S associated to v, and -, parametrized by the arc-length s,
thus S; = =1 + rN; which gives that

T=(1 —Tﬁl)%Tl-f-T,Nl. (2.9)
But from lemma 2.3.14 we have
T, =—vV1—r?T—¢'N and ler/T—mN.
Therefore, substituting in (2.9) we get the following equation
T = (—(1 — Tﬁl)m%) + 7"2> T—7r ((1 — 7’/@1)% + m) N.
Now equating the tangential part we obtain

——d
—(1—7'/4,1) 1—7’/2%+7"/2 = 1.
S

Therefore this equation gives

dsy V1—r? (2.10)
ds  1—rkry '
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Also, from corollary 2.3.12 we have

ds
(1 — T/il)d—sl = —<1 — THQ)E

hence from this equation and equation 2.10 we find that

d82 V 1-— 7"/2

ds 1 —rKy’

and by this the proof is completed. O

In the following proposition we will turn to the relationship between the singularity of the

radius function and that of the midlocus in the case of plane curve.

Lemma 2.3.16 [13,32] Given a smooth curve ~y with x1 and x5 being points of contact
of bitangent circle, then the midlocus is smooth here provided Ty # —T5 or k1 + Ko # %

where, 'T; and k;, 1 = 1,2 are the tangents and curvatures of v at x1 and xs.

This lemma tells us conditions for the smoothness of the midlocus. At a smooth point
of the symmetry set the condition 77 # —T5, means that the radius function has no
singularity and this can be obtained from proposition 2.3.5. Thus we can determine the
conditions that allow the midlocus to have a singularity in terms of the singularity of the

radius function.

Proposition 2.3.17 Let S be the symmetry set of a smooth plane curve . Let £g € Syeq.

Then the midlocus is singular at the point associated to x if and only if the radius function

1

has a singularity at xo and r" () = ERE

Proof
Let S; be the smooth part of S close to xy parametrized by the arc-length s then the

associated midlocus M is given by

M =S, —rr'T.
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Therefore
M = (1 -7 —r" )T — rr'kN.

Now assume that 7 = 0 and 7" () = ﬁ then M = 0 which means that the midlocus
is singular. Conversely assume that the midlocus is singular, then the radius function has a

singularity, so from the above equation we have 1 —rr" = 0 which implies that " = % O

The above proposition tells us the relationship between the singularity of the radius
function and that of the midlocus. Also, it determines the type of the singularity of the

radius function. Recall that a function f : R — R is said to have an A; singularity at %,

if f'(t) = 0and " (to) # 0.

Corollary 2.3.18 Let S be the symmetry set of a smooth plane curve 7. Let £y € Syeq. If
the midlocus is singular at the point associated to x, then the radius function has only

an Ay singularity at x.

Proof
From proposition 2.3.17 we have if the midlocus is singular then 7 = ~andr =0

which means that the radius function has an A; singularity. O

Now we will end this section by calculating the area of the triangle formed by a smooth

symmetry point and its associated tangency points on the boundary.

Let zy € S,¢4, then by theorem 2.3.1 the tangency points are given by

1z, = o — rVr + /1 —||Vr|’N,
Ty = xg — rVr — /1 — ||Vr|>N.
xy — xy = 2r\/1 — | Vr|°N.

and,

Therefore,
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This implies

|z — xa|| = 27/ 1 — ||VrH2.

Also, the height of the triangle in figure 3.2 is given by
h= 5 =Ml =r|[Vr].

Hence the area of this triangle is given by

A=7r?|Vr\/1— HV?"HQ.

x)

r[|[Vr| I

Figure 2.5: Triangle formed by symmetry point and its associated tangency points.

So, we can summarize this in the following proposition.

Proposition 2.3.19 Let S be the symmetry set of a region 0 C R™ ! with smooth
boundary X. Let xq be a smooth point of S, then the area of the triangle formed by

xo and the associated tangency points is given by:

A=7r?|Vr\/1 - HV?"HQ.

Corollary 2.3.20 Assume as in proposition 2.3.19. If the radius function has a

singularity, then A = Q.

Proof

If the radius function has a singularity then we have V7 = 0. This implies that A = 0. O
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2.4 Singularity of the Radius Function at a Singular
Point of the Symmetry Set

It was pointed out by Giblin that in the case of the plane curve if the symmetry set has a
cusp then the radius function has a singularity. In this section we discuss this phonemena
in the case of higher dimensions and we study the relationship between the singularity of
the radius function and the coincidence of the symmetry point and its associated midlocus

point. Before studying this phonemena we recall that a point xy of a symmetry set is of

type

e A A; = A?if the bitangent hypersphere has an ordinary contact with the boundary
at the associated tangency points, i.e, the hypersphere is not the hypersphere of the

curvature.

o A;Aj>, if the bitangent hypersphere has an ordinary contact with the boundary at
one point (A;) and it is the hypersphere of the curvature at the other tangency point

of the boundary (Ay>2).

e Ajif the hypersphere has a single contact with the boundary. This point is a limiting

case of the two points in the A? case above.

Let S be the symmetry set of a smooth hypersurface X and z; and x5 be the tangency
points corresponding to xy € S. Suppose that the contact at z; is of type A; and the
contact at xo is of type Aj>, then, the symmetry set is singular at zo. Now we will
investigate the singularity of the radius function. Let X; C X and X, C X be two pieces
of X around z; and x5 respectively. Let s = (s1, So, ..., S,,) and t = (t1, 1, ..., t,,) be the
local parameters of X; and X, since the contact at z; is of type A; then using the implicit

function theorem s is a smooth function of ¢. The part S; of the symmetry set associated
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to X; and X is given by
51:X1+TN1:X2+TNQ. (211)

From equation 2.11 we have

51:X2+7’N2

differentiate this equation with respect to ¢; we get

851 4 aNg i or 8X2
= V; T —_— s V; = .
ot ot ot ot
This equation can be written in vector form
851 T 87“ T 67‘
ﬁ =V - T’Sm2 + ENQ = (I - T’Sm2)v + ENQ, (212)

where S, is the matrix representation of the shape operator of the boundary at x5,

or
U1 oty
or
Vg or Bt
V = and — = Otz
ot
B
Un i

Now applying dot product with /N5 to each entry in equation 2.12, we obtain

051 or
—— Ny = —. 2.13
ot T ot 2.13)
Also, from equation 2.11 we have
Sl :X1+TN1. (214)
Now differentiate X; with respect to ¢; we get
vy
0y 0, Dy 0Ny Dy Oy Dy (g gy gy )|
8751 651 atZ 852 atZ asn 8751 Ot ot Ot : ’
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where v} = %X, Therefore,
951 Osp ... Osp ¥
oty 9t ot 1
Os1 9s2 ., Osn *
aXl _ Ota Ota Oto 'U2 _ *
— = =Iv".
Osy Osy .. Osn v*
tn Ot Itn n
Similarly,
ON, T
o RV

where S, is the matrix representation of the shape operator of the boundary at x;. Now

differentiating equation 2.14 with respect to ¢ gives

=T —rSL)V*+ %Nl. (2.15)

05,
ot

Now applying dot product with /V; to each entry in equation 2.15 , we obtain

851 or
2 Ny = e (2.16)

Therefore, the radius function has a singularity if and only if NV; and /V, are perpendicular

051

to the set of vectors © = Z1,

i=1,2..n.

Therefore, we state the following.

Theorem 2.4.1 Let S be the symmetry set of a smooth hypersurface X C R""!. Let
xg € S be a singular point of type Ay Ay>2 of the symmetry set. Then the radius function
has a singularity if and only if the unit normals of the tangency points corresponding to

xq are perpendicular to the tangent space of the symmetry set at x,.

Example 2.4.2 Let v be a smooth closed curve and S be its symmetry set. Suppose that
xg € S be an Ay Ay point then the symmetry set is a cusp at x, therefore %\mo = (0,0)
which is perpendicular to any vector hence the unit normals are perpendicular to this

vector. Thus the radius function has a singularity.



Chapter 2. Symmetry Set in R"* 37

Remark 2.4.3 The radius function has no singularity when the symmetry set has an edge
point A3 which is a limiting point of two points of type Ay. The normal of the boundary

in this case is tangent the smooth stratum containing As.

Now we will discuss what happens when the midlocus and the singular point of the

symmetry set coincide.

Proposition 2.4.4 Let S be the symmetry set of a smooth hypersurface X C R""L. Let
xo € S be a singular point of type Ay Ay>2 of the symmetry set and x.,, be the associated

midlocus. If xy and x,, coincide then the radius function has a singularity.

Proof

From the definition of the symmetry set we have
To=x1 +7rN; = x5 +1rNs.

Thus we get
2xg = x1 + rNy + 29 + 7Ny = 22, + (N7 + No).

Now if ¢ = z,,, then we have N; + Ny, = 0 and from equations 2.13 and 2.16 we have

2%:%‘(N1+N2)=O.Thus%:0_g

2.5 Creating the Symmetry Set from the Midlocus

In this section we will discuss the possibility of creating the boundary using the
information provided by the midlocus and the radius function. In fact, Peter Giblin and
John Paul Warder [16, 32] created the symmetry set of a plane curve using the midlocus
and radius function. Our task is to generalize this idea to the higher dimensions. Now if

we are given the symmetry set S as a smooth hypersurface parametrized by (x1, za, ..., z,)
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and let M be the associated smooth midlocus, then from corollary 2.3.3 for each z € S,

the associated midlocus point x,, is given by

Tm =T+ Y i, (2.17)

where v; = gf_ evaluated at x, also, we have

Now from equation 2.17 we have

n
T — Ty = — g Ai;.
i=1

Therefore,

v (=) = —v; - Z \v; = 1 (2.18)
i=1

Now there are a lot of solutions of equation (2.18) i.e., there are many vectors v; € R"*!
such that the equation holds, but there is only one solution on the form «(z — z,,), where
a € R. This solution is of the form:

rir(z — Tp)

[ = ] |?

provided x # x,,. Therefore, we summarize this in the following theorem.

Theorem 2.5.1 Given the midlocus and the radius function (smooth function) describing
the radius of the hypersphere generating each point of the midlocus M of a smooth
hypersurface X in R" 1. Then the symmetry set associated to this midlocus is a solution
of the PDEs '

2SS  r'r(S —M)

ox; S — M||]?
. - Or
provided S # M, where r* = B

X
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Now we discuss this theorem in R? and R®. Now let M(t) = (my(t), m2(t)) be the
midlocus of a smooth curve in R? and () be the smooth function describing the radius
of each circle generating each point of M. The above theorem indicates that
s (@ @) ' (S—M)
dt dt’ dt IS — M||2
rr’ (s1 —my) rr’ (sy — mo)
- ((81 ) '

- m1)2 + (89 — m2)27 (s1— m1)2 + (s — m2)2

/ / RX /
Now put X :;;_ml,Y = $9 — mg and rr = R, then we have X = XPrye? —my
and Y = Xeive m., which are the same ordinary differential equations obtained

by Giblin and Warder [16, 32] and an interesting example can be found in [16]. Now
we discuss this theorem in R? and we will have partial differential equations instead of
ordinary differential equations. Let M(z, y) = (my, m2, m3) be the midlocus of a smooth
surface in R? and r(z,y) be the radius function which is a smooth function describing
the radius of each sphere generating each point of M. Our target is to find the associated
symmetry set S(x,y) = (s1,S2,53), and from theorem 2.5.1 we can create the partial

differential equations which hold for the symmetry set, thus we have

95  rry(S —M) dS  rry(S —M)

e g 2 =T
or — IS—ME " By T s M
Therefore,
0s; e (s; —my) 0s; rry(s; —m;) .
b= o and Gi= TS =123

> (s5—my)?

7j=1 7j=1

Now put F; = s, —my, 7 = 1,2, 3, then we have

oF; rro.F;  Omy d oF; rryF;  Om;
= — an = — )
0 3 0 0 3 0
Coym Yo
i=1 i=1

After solving these PDEs the required symmetry set is given by

S:F—I—M:(F1+m1,F2+m27F3+m3>.
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Chapter 3

Centroid Set, Skeletal Structure and the

Singularity of the Radius Function

3.1 Introduction

The symmetry set of a hypersurface X C R"*! and its associated midlocus were
studied in chapter 2 as well as the impact of the singularity of the radius function on
the relationship between them. In this chapter we will study a more general concept
than the midlocus. Precisely this chapter consists of four main parts. In the first part the
centroid set associated to a smooth submanifold M of R™™! will be defined. The centroid
set is more general than the midlocus and it depends on a multivalued radial vector field
U defined on M such that each value of U forms a smooth radial vector field on M and
has associated radius function. The impact of the singularity of the radius function on
the relationship between M and the associated centroid set will be studied in this part
(Theorem 3.2.9 and Theorem 3.2.12). Moreover, the condition for the centroid set to
have a singularity when the radius function has a singularity will be studied (Proposition
3.2.10). The second main part of this chapter deals with the skeletal structure and the

singularity of the radius function. In this part the relationship between the singularity of
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the radius function and the orthogonality of the radial vector field on the tangent space of
the skeletal structure will be studied (Proposition 3.3.2). Furthermore, the relationship
between a smooth point of a skeletal structure and its associated midlocus point will be
considered when the radius function has a singularity as well as the relationship between
the tangent spaces of the boundary at the tangency points. The third part of this chapter
deals with the pre-medial axis of a smooth hypersurface. In this part the pre-medial
axis is defined and the relationship between the parameters of a skeletal structure in a
neighbourhood of a smooth point and the parameters of the boundary in a neighbourhood
of the associated point will be studied (Lemma 3.4.2). The main result of this part is
(Proposition 3.4.3) which gives the relationship between the parameters of the boundary
of a Blum medial axis at the tangency points associated to a smooth point. The fourth part
of this chapter deals with the classification of the singularity of the midlocus associated
to a skeletal structure in R3. The impact of the eigenvalues of the Hessian of the radius
function on the corank of the singularity of the midlocus will be studied (Theorem 3.5.6).
The main result of this part is (Theorem 3.5.12) which gives the necessary and sufficient

condition for the midlocus to have a crosscap singularity.

3.2 Centroid Points

Let M be a smooth submanifold of R™™! such that on this submanifold we pick a
multivalued vector field U = (uq,us, ...,u;) such that each U; forms a smooth vector
field on M. We put u; = r;U; where U; is a smooth unit vector field on M and r; is a
smooth function on M i.e., r; : M — R, and we assume that r; > 0. Now let T),, M be
the tangent space of M at xp and v € T, M. For each smooth vector field U; we equip
M with the 1-form

ni(v) = dri(v) + Ui - v,
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where dr;(v) is the directional derivative of r; in the direction of v. Now since M is
a smooth submanifold of R™™! it has a Riemannian structure induced from R"*! and
the tangent space 71, M of M at xy € M is considered to be embedded in the tangent
space Tj,,R™"*1 of R™! at z5. Recall that the directional derivative of a smooth function
on a Riemannian manifold in the direction of a tangent vector v; is given by dr;(v;) =
(Vr;,v;), where Vr; is the Riemannian gradient of r;, and (,) is the Euclidean inner

product. Therefore, ; can be written as
7]1'(“3’) = <V7”i, Uj> + <Uz, Uj> = (V'r’l -+ Ui, Uj> .
Definition 3.2.1 Let M be a smooth k-dimensional submanifold of R"**, then

1. The tangent space to M at xy € M is the vector subspace T,y M C T, ,R™ ", which
is defined by
Ty M = df,({p} x R¥) = df,(T,R")

for a parametrization f : U — M with f(p) = xo, where U C R* is an open
set and df is the differential of f. The vector space T,,,M does not depend on the
choice of f.

2. The normal space to M at zy € M is the vector subspace N,,M C T, ,R™ ", which

is the orthogonal complement of I, M :
T,,R"™ =T, M @& N,,M.

Here @& denotes the orthogonal direct sum with respect to the Euclidean inner

product.

Lemma 3.2.2 Let M be a smooth submanifold of R"! as above, then the I-form n;
vanishes at xo € M if and only if Vr; + U; € Ny M, where N, M is the normal space
of M at xy.
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Proof

Recall that a vector z € T,,,R""! is a normal vector of a submanifold M at z, if and only
if (z,v;) = 0forall v; € T,,)M. Thus, n;(v;) = (Vr; + U;,v;) = 0 for all j if and only
if (Vr; +U;) € N,,M, where N, M is the normal space of M at xq. O

Remark 3.2.3 Now let U; = Ul + UN, where U is the tangential component of U; and

UXN is the normal component. Then, the 1-form n; = 0 if and only if UT = —Vr,.

Theorem 3.2.4 Let (M,U) be a smooth submanifold of R"™' and multivalued vector

field as above such that n; = 0 at xo € M. Then

1. r; has a singularity at x if and only if U;(xy) € Ny, M.

l
2. If r; has a singularity at x, for all i, then > U;(x¢) € Ny, M.
i=1
Proof
1. Since n; = 0, then Vr; + U; € NM, by lemma 3.2.2 r; has a singularity if and only if
Vr; =0if and only if U; € NM.

2. Follows trivially from 1. O

Corollary 3.2.5 Let (M,U) be a smooth submanifold of R"™' and multivalued vector

field as above such that n; = 0 and r; = r for all 1, then the following are equivalent

1. r has a singularity at x,.

l
2. Z UZ(I‘O) € NxoM

=1
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Proof
l
(1 & 2) Since n; = 0, then (Vr +w;) € NM. Thus (IVr + >_ U;) € NM, hence r has

=1

I
a singularity if and only if Vr = O if and only if > U; € NM. O

=1

Definition 3.2.6 Let M be a smooth submanifold of R™™! such that for each v, € M
there exist a multivalued vector field U = (uy, ua, ..., w;) such that each u; = r;U; forms a
smooth vector field on M, where U; is a smooth unit vector field on M and r; is a smooth

real valued function on M. We define the centroid point associated to xq by

I
1
Te = 2o + 7 ZleZ(Jio)UZ([L‘o)
The centroid set of (M, U) is given by

I
1
CIM,U)={y e R" "y =a+ 7 ZTz(SL’)Ui(Sﬁ), for some x € M}.
i=1

Example 3.2.7 Let S be the smooth part of the symmetry set of a smooth boundary X,
and r be the radius function, then for each xo € S, we can define the multivalued vector
field U = (rUy,rUs) to be Uy = —rVr +1r1/1 —|[Vr||°N on one side of S and Uy =
—rVr — /1 — ||Vr||°N on the other side as shown in the figure 3.1, where N is the
unit normal of S at x¢ and V' is the Riemannian gradient of the radius function r. It is
obvious to observe that in this case | = 2, r1 = r9 and the centroid point is nothing but

the midlocus point. An example of | = 3 is the Y-junction in a skeletal structure.
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N U1:—Vr+ 1—HVT
— junction

Cl =2

Ug Ve 41— ||Vr|| N

Figure 3.1: Figure of example 3.2.7.

Now we will give the definition of the centroid set associated to a skeletal set.

Definition 3.2.8 Ler (S,U) be a skeletal set and multivalued radial vector field with
stratification of the form S = {My}en for some set A, and U = {Uy}xep, then the
centroid set associated to S is defined by

C(S,U) = | e, Uy).

AEA

Example 3.2.9 Let S = R C R? such that S = {(x,0) | x € R} with stratification S =
{{0}, R\ {0}} and ugy\ oy = £(0,1) and ugoy = {(0,1),(0,—-2)}. Then C'({0}, ugoy) =
{(0,=1)} and C(R\ {0}, um\(oy) = R\ {0} Thus C(S,U) = R\ {0} U {(0,-1)}.
Observe that C({0}, ugoy) ¢ C(R\ {0}, ur\(o}), where C denotes the closure of C.

C({0}, ugqy)

Figure 3.2: A schematic diagram of example 3.2.9.
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From example 3.2.9 we can see that if the stratum X is in the closure of Y, then

C(X, ux) is not necessarily in the closure of C(Y, uy).

Now we will study the impact of the singularity of the radius function on the relationship
between a point xy € M and its associated centroid point. In fact we will assume as in
corollary 3.2.5, i.e., we will have the same radius function and in this case we have 1-form

non M.

Theorem 3.2.10 Let (M,U) be a smooth submanifold of R™' and multivalued vector

field as in corollary 3.2.5. Let xy € M and x. be its associated centroid point, then

1. if xqg = x,, then the radius function has a singularity at x.

2. . — xy € Ny, M if and only if the radius function has a singularity at x.

Proof
1. Assume that zq = x., then from the definition of the centroid set we have % zl: r;U;, =
0, but by our assumption we have r; = r and the 1-form 7 vanishes in a neighzgcl)urhood
of 29. Now for any v; € T,, M, then 7 il U; - v; = 0. Thus rdr(v;) = 0 and hence the
radius function has a singularity at x. .
2. Since we have the same radius function, then the centroid point x. associated to x is
given by
!
xczxo—rVT+%ZUiN.
i=1

Thus z. — xy € N, M if and only if Vr = 0 if and only if r has a singularity at xy. O

The above theorem is a generalization of proposition 2.4.4. Now let M* (k indicates the

dimension of M) be a smooth submanifold of R"*!. For any point z, € M* we put

{v1,vg,...,vx} as a basis for the tangent space of M* at xy and {w{, wl, .., wl} is a
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basis for the normal space of M*. In the following proposition the radius function is the
same for each u; of multivalued radial vector field U = (uy, us, ..., u;) and the sum of

normal parts of u; is zero, i.e., the centroid point associated to z is given by
Te =29 —1Vr. (3.1)

Moreover, V' is the matrix with i-th row entry v;, /N is the matrix with ¢-th row wZN , H,

. . . . . : ov .
is the Hessian matrix of r, 3 is the matrix of the normal coefficients of a_VT’ dr(V)isa

o or : : :
column matrix with ¢-th entry 0 and V. is the Jacobian matrix of the map
U;

x+— x —r(z)Vr(z), z € M* and all those terms are evaluated at z.

Proposition 3.2.11 Let (M* U) be a smooth submanifold of R"*' and multivalued
vector field such that the radius function is the same for each u; and n = 0, and the
sum of the normal parts of U = (uq, us, ..., w;) is zero. Then the centroid is singular at x..

associated to a point vy € M* if and only if the rank of the matrix
(V —dr(V)Vr —rHIV —rBN)

is less than k.

Proof

In this case the centroid point associated to a given point x, € M* is given by
Te =20 —1Vr.

Thus if {vy, vy, ..., vx } is a basis for the tangent space of M* at x, then

Here v,; is the directional derivative of the map  — x — r(z)Vr(z), x € M* in the

direction of v;. This equation can be written in vector form as the following

V.=V —dr(V)Vr —rHIV —rBN. (3.2)
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Thus the centroid set is singular if and only if the rank of the matrix

V —dr(V)Vr —rHI'V — r3N is less than k. O

Corollary 3.2.12 Let (M*,U) be a smooth submanifold of R"** as in proposition 3.2.11.
If the radius function has a singularity at x, then the centroid set is singular at x.. if and

only if % is an eigenvalue of H,.

Proof

0
If the radius function r has a singularity, then o (Vr) € T,,M*, thus 3 = 0. Therefore,
Yj

Vo= (I —rH)V.

Now since V is a (k x (n + 1)) matrix with rank &k and (I — rH>) is a k x k matrix,
then the rank of V, is equal to the rank of (I — rH!). Thus the centroid is singular

if and only if the rank of (I —rH;) is less than % if and only if * is an eigenvalue of H,.. O

Now using the new set-up of the centroid point the natural question is what is the impact of
the singularity of the radius function on the relationship between a given point z, € M¥,
and its associated centroid point? The answer of this question is given in the following

theorem which is a generalization of theorem 2.3.4.

Theorem 3.2.13 Let (M*,U) be a smooth submanifold of R"™! and multivalued vector
field as in proposition 3.2.11. Let xo € M* be any point and x.. its associated centroid

point, then the radius function v has a singularity at x if and only if xq, and x. coincide.

Proof
The centroid point z. associated to a point 75 € M* is given by equation 3.1, thus using

theorem 2.3.4 the result holds. O
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3.3 The Skeletal Structure and the Singularity of the

Radius Function

In the previous sections of this chapter the concept of the centroid set has been introduced
and its singularity has been discussed in a general case. Also, the impact of the singularity
of the radius function on the singularity of the centroid has been investigated and we
found that the singularity of the radius function occurs when the radial vectors all lie
in the normal space. In this section such a study will be carried out for the case of the
skeletal structure. It is important to note that the centroid in the previous sections does
not have a boundary but in the case of the midlocus associated to a skeletal structure
with a smooth boundary it is subjected to the condition that allows the radial map to be a

diffeomorphism.

Lemma 3.3.1 Ler (S,U) be a skeletal structure of a region Q) in R™™! with smooth
boundary X and let v € S be a non-edge point. Let U be a smooth value (on a non-edge
local manifold component S,), for which % is not an eigenvalue of Sy at xy. Then the

radius function r has a singularity at x if and only if

ov,
81)2'

-Ulzvi-Ul, i:1,2,...,n.

Proof
James Damon pointed out in [7] that if % is not an eigenvalue of Sy at xg, then ¥, is a
local diffeomorphism. Therefore, we choose a neighbourhood W of the local manifold

component S, so that ¥, is a diffeomorphism on W. Therefore, for v € TS, we have

8\111 . a[]1
W —’U“‘dT’(U)Ul—'—T' 90 .
Therefore,
ov
dr(v) = =— Uy —v - Uy

ov
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Hence dr(v) = 0 if and only if % - Uy = v - Uy which completes the proof. O

In the following proposition we will study the relationship between the singularity of the
radius function and the orthogonality of the radial vector field on the skeletal structure.
Also, the relationship between the tangent space of the skeletal structure and its associated
tangent space of the boundary will be studied in the case when the radius function has a

singularity.

Proposition 3.3.2 Suppose (S,U) is a skeletal structure and let xo be a non-edge point.
Let U be a smooth value for which % is not an eigenvalue of the radial shape operator

and the compatibility 1-form ny vanishes at xy. Then the following are equivalent.

1. The radius function has a singularity at x.
2. The radial vector field U is orthogonal to the tangent space TS of S at x.

3. The space TS is parallel to the associated tangent space of the boundary T, X.

Proof

(1< 2) Can be proved directly from theorem 3.2.4.

(1< 3) Assume that % is not an eigenvalue of Sy, at x(, then W is a local diffeomorphism.
Therefore, we choose a neighbourhood W of the local manifold component S,, so that W,
is a diffeomorphism on W. Let B = {vy,vs,...,v,} be a basis for the tangent space
TyySa- Then, {v}, vy, ..., v, } such that

o
e avi

oy
an

=v; +dr(v;))Uy +r

(3.3)

is a basis for the tangent space of the boundary. Now the dot product with U; for both

sides of equation 3.3, gives

/ \4
V. -lj1 = %Ul

. Ul = U; - Ul + dT’(Ui) = 77U<Uz)

)
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From the definition, the compatibility 1-form vanishes if and only if
nu(v) =v-U+dr(v) =0,

which means that the radial vector field is perpendicular to the tangent space of the
boundary. Now assume that the radius function has a singularity at z(, then v; - U; = 0
fori = 1,2, ..., n, thus the tangent spaces 7, X and TS are parallel. Conversely assume
T, X and T},S are parallel, then U, is perpendicular to 77,,S, and from the compatibility

condition the radius function has a singularity. O

Corollary 3.3.3 Suppose Q C R""! is a region with smooth boundary X and Blum
medial axis and radial vector field (S,U). Let x1 € X be a point for which the projection
on the medial axis along the normal to X is a local diffeomorphism (with x1 mapping to

xo in S). Then the radius function r has a singularity if and only if U 1 T, S.

Proof
By the Blum condition we have U | X and since the projection along normal is a local
diffeomorphism, then its inverse, which is in this case Wy, is a local diffeomorphism.

Also, % is not an eigenvalue of Sy,. Hence the result comes directly from proposition. O

Now we will generalize what Peter Giblin pointed out when the radius function has a
singularity in the case of symmetry sets in R? [11] to skeletal structures in R"*!. In
general the radius functions need not to be same at the both sides of a skeletal structure on
a neighbourhood of a smooth point. But if we have the same radius function on both sides
of the skeletal structure, does the singularity of the radius function affect the relationship
between the skeletal point and its associated midlocus? Also, what is the relationship
between the tangent spaces of the boundary at the tangency points in the case when the

radius function has a singularity? The answer of these questions is given in the following.
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Proposition 3.3.4 Let (S,U) be a skeletal structure in R™ such % is not an eigenvalue
of the radial shape operators and the compatibility 1-form vanishes identically on a
neighbourhood of a smooth point vy € S and suppose that the radius function is the

same for the two sides of S on a neighbourhood of x. Then the following are equivalent

1. The radius function has a singularity at x.
2. xq and the associated midlocus point x,,, coincide.

3. The tangent spaces of the boundary at the tangency points are parallel.

Proof

(1<2) can be proved directly from theorem 3.2.13.

(1<3) Let Uy be the radial map on one side of S and W, be the radial map on the other
side of S. Since % is not an eigenvalue of the radial shape operator on both sides then ¥,
and W, are local diffeomorphisms at xy. Therefore, we can choose a neighbourhood W
of o so that ¥; and U, are diffeomorphisms on W. Let B = {vy, vy, ..., v, } be a basis
for T,,,S then, B, = {v},v,,...,v, } and By = {v],v,,...,v. } are bases for the tangent

spaces of the boundary at the tangency points such that

’ 8\];’1 8U1
v, = g0, v; + dr(v;)Uy +r 90,
and
"o 8\112 . aI'J2
v, = 0. v; + dr(v)Usy + 1 0.

where U, is the smooth value of the unit radial vector field on one side of S and Us is the
smooth value of the radial vector field on the other side. Now from proposition 3.3.2 we
have that 7}, ;S is parallel to the tangent spaces of the boundary at the tangency points,

thus the tangent spaces of the boundary at the tangency points are parallel. O

From this proposition we can see the impact of the singularity of the radius function on
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the relationship between the radial vector field and the normal of the skeletal structure at

a smooth point (see figure 3.3).

Corollary 3.3.5 Suppose Q0 C R"*! is a region with smooth boundary X and Blum
medial axis and radial vector field (S, U). Let x1 and x5 be two points on X for which the
projections onto the medial axis along normals are local diffeomorphisms (with x, and

xo mapping to xg € S). Then the following are equivalent

1. The radius function has a singularity.
2. xo and the associated midlocus x,, coincide.

3. The tangent spaces of the boundary at x1 and x4 are parallel.

Proof
By Blum condition we have U 1 X and since the projections along the normals are
local diffeomorphisms. Then, their inverses which are in this case ¥; and W, are local

% is neither an eigenvalue of Sy, nor Sy,, where Sy, (resp.

diffeomorphisms. Thus,
Sy,) is the matrix representing the radial shape operator on one side (resp. the matrix
representing the radial shape operator on the other side). Therefore, we can apply

proposition 3.3.4. O

Uy N=U,

T.,S /
o The radius function has a singularity
>/ a < 1 /< "

\ Uy

-N —N =0}

Figure 3.3: The case when the radius function has a singularity.



Chapter 3. Centroid Set, Skeletal Structure and the Singularity of the Radius Function 54

In proposition 3.3.4 we discussed the effect of the singularity of the radius function
on the relationship between a smooth skeletal point and the associated midlocus. But,
we assume that the radius functions are same for the two sides of the skeletal set in a
neighbourhood of a smooth point. The logical question is : given a smooth skeletal point,
when does this point and its associated midlocus coincide? The answer of this question

is given in the following proposition.

Proposition 3.3.6 Let (S, U) be a skeletal structure and xo € S be a smooth point. Then,
xo and the associated midlocus coincide if and only if r1(x¢) = r2(x0) and Uy(zo) =

—Ug(l’o).

Proof

In this case the midlocus is nothing but the centroid point, thus

Ty = T + %(Tl(l’o)Ul(l'o) + TQ(ZL'())UQ(ZL‘O)).

Now assume that x( and the associated midlocus coincide, then we have
r1(20) U1 () + r2(x0)Us(x0) = 0.
Therefore, Uy = —roU,; which implies that
| 1 Uy |=| —rUs | . (3.4)

Now since U; and U, are unit vectors and r; and 75 are positive. Then equation 3.4 holds

when r; = r9 and U; = —Us,. The converse is obvious. O

Lemma 3.3.7 Let (S,U) be a skeletal structure such that the compatibility condition
holds on a neighbourhood of a smooth point xq € S. If the radius function has a

singularity, then Ay = 0.
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Proof

Let {v1, vs, ..., v, } be a basis for the tangent space of the skeletal set at xy. James Damon
shows in [7] that Ay = SgV - U; and since the compatibility condition holds, then
V-U = —dr(V), thus Ay, = —STdr. If the radius function has a singularity we have
Ay =0.0

Now we will define a function that plays a central role in the relationship between the
matrices representing the radial shape operator and the geometric shape operator of the

skeletal structure. Now let (S, U) be a skeletal structure in R™™!. Define the function
p:S— R

by
p=U;-N, (3.5)

where NV is the unit normal of S at zy (x is a non-edge point). Originally this function
was introduced by James Damon [8] and he called it the normal component function for
Up. Let w = {vy,v9,...,v,} be a basis for the tangent space of S at x, (for a non-edge
singular point w 1s a basis for the limiting tangent space). Differentiate equation 3.5 with
respect to v; we obtain

dp U, AN
— N
(%i 8?&‘ + avi

Uy, i=1,2,..,n.

This equation can be written in vector form by

dp  OU, ON
av —av Nty U

= (AyU, — SEV)-N - STv .U,
= AyU,-N - SLv .U,

:pAv—SZ;V'Ul
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= (pSt — SV - U,

where Sy (resp. S,,) is the matrix representing the radial shape operator (resp. the

differential geometric shape operator) on S and

U1 dp(v1)
v dp(v
v lana dpvy= |
(%% dp(Un)

Therefore, we can summarize this in the following proposition.

Proposition 3.3.8 Ler (S,U) be a skeletal structure in R"'. Let xq € S (x be a non-

edge point ) and define p = Uy - N where N is the unit normal of S at xo. Then

dp

where Sy and S,, are the matrices representing the radial shape operator and the

differential geometric shape operator of S at x respectively.

Corollary 3.3.9 Let (S,U) be a skeletal structure such that for a choice of smooth value
of the radial vector field U the compatibility 1-form ny vanishes in a neighbourhood of a

non-edge point x. Define the function p as in proposition 3.3.8, then

5_5 =dp(V) = —(pSy, — Sp)dr(V).

Proof

Since the compatibility condition holds, then 7, = 0. Therefore,
0 =dr(v;) +v; - Uy, i=1,2,...,n.

Thus
dr(V) ==V .Uj.
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Hence

dp(V) = —(pSE — SL)dr(V).

Therefore, the proof is completed. O

Corollary 3.3.10 Let (S,U) be a skeletal structure as in corollary 3.3.9. If the radius

function has a singularity then p has a singularity but the converse is not true.

Proof
If the radius function has a singularity, then it is obvious that p has a singularity. The

converse is not true (see example 3.3.12 ). O

Corollary 3.3.11 Assume as in corollary 3.3.9. If the radius function r has no singularity

and p has a singularity at xo, then p(xo) is a generalized eigenvalue of the pair (S,,, Sy).

Proof

Recall that @ # 0 is a generalized eigenvalue of the pair (A, B) if det(A — aB) = 0.
Now assume that the radius function has no singularity at zy and the function p has a
singularity, then we have

0= —(pSE — ST)dr(V)
or

0= (pST — SL)dr(V)
or

0= (ST — pST)dr(V)

and since dr (V') # 0, then the matrix (S,, — pSy)7 is not invertible.

i.e., det(S,, — pSy) = 0. Thus p is a generalized eigenvalue of the pair (S,,, Sy). O
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Example 3.3.12 Let (S, U) be a skeletal structure in R? and

1 1
si(z,y) = (z,y, 5/11172 + §R2y2 + h.ot.) C Sy

and let r(z,y) = ro + ax + $by? (a,b € R, s.t a* < 1) be the radius function we define

the unit radial vector field by

Uy = —=Vr+1/1—|Vr|*N,

where Vr is the Riemannian gradient of r and N is the unit normal of s;. In this case the

compatibility condition holds. Now at the origin, direct calculations show that

a 0 k1 0
p=V1—a? dr= , dp= . ST = ' and
0 0 0 K9

Now

0 0 a 0
—(pSy — Sy)dr = — = =dp.

0 —kroa®+bV1—a? 0 0

It is clear that if a # 0, then the radius function has no singularity, but as shown from the
calculations p has a singularity at the origin which means that the singularity of p does not
imply the singularity of the radius function and this supports our result in corollary 3.3.10.

Moreover, at the origin p is a generalized eigenvalue of the pair (S, Sy ).

Corollary 3.3.13 Let (S,U) be a Blum medial axis and radial vector field of a region

Q C R" with smooth boundary X. Let xq € S be a non-edge point then

dp(V) = —(pSy — Sy,)dr(V).
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Proof
Since S is a Blum medial axis, then by Blum condition the radial vector field is
perpendicular to the boundary. Therefore, ny = 0. Thus, dr(V) = —V - U; which
implies that

dp(V) = —(pST — SL)dr(V).

Thus the proof is completed. O

3.4 Pre-medial Axis

The pre-symmetry sets of 2D and 3D shapes had been studied by Giblin and Diatta
[10]. In this section we study the relationship between the parameters of the skeletal
structure in a neighbourhood of a smooth point and the parameters of the boundary in
a neighbourhood of the associated point. By this way we are able to transfer to the

relationship between the parameters of the boundary.

Definition 3.4.1 Given a smooth hypersurface X C R"", the pre-symmetry set is the
closure of the set of pairs of distinct points (p,q) € X x X for which there exists a

hypersphere tangent to X at p and at q.

Lemma 3.4.2 Let (S,U) be a skeletal structure of a region Q C R™ with smooth
boundary X such that for a choice of smooth value of U the compatibility condition holds
and % is not an eigenvalue of the radial shape operator S,.q. Let xy be a smooth point of
S and £¢(x9) C S be a neighbourhood of xy. Also, let £1(x1) C X be a neighbourhood
of xt1 = xo + rUy. If eo(xo) parametrized by (s1, Sa, ..., Sn) and €1(x1) parametrized by

(t1,ta, ..., t,), then the map:

Q (51,82, ...,8n> — (tl,tg, ,tn)
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is a local diffeomorphism.

Proof
From the boundary point definition we have x1 = xy+rU; and since % is not an eigenvalue
of the radial shape operator 5,4, then the radial map is a diffeomorphism. As a notation

let 221 = g—‘;|z1. Therefore, we have

g = Om _ On Of | Ony Oty O, Oty _ 0 Or 00
Y7 9s1 Ot Os1 | Oty dsy T Oty 0sy ' Bsy - Os;
or
vy
Uy
. 37‘ 8U1
ot Oto Otn — _ P
(a—sl o a—> . ”1+331U1+r051'
U
Therefore,
851 881 881 U1
on o o || ,
0sy  0Osy 0s9 2 :V+dr(V)U1+7"ﬂ.
: : . : : ov
0s, O0Os, 0s,, "

Now since the radial map is a local diffeomorphism then the matrix

ds;  0s; 0sy Uy
A= FVI — 682 882 882 U2
8151 8252 8tn U/

Osn 0s, s,



Chapter 3. Centroid Set, Skeletal Structure and the Singularity of the Radius Function 61

has a maximal rank, i.e., rank(A) = n. Also, since the boundary X is smooth then the

matrix V' has rank n. Therefore, rank(A) = rank(I') = n. Hence the map

© (81,89, ..., 8p) — (t1,t9, .. ty)

is a local diffeomorphism. O

Proposition 3.4.3 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R with smooth boundary X. Let xy be a smooth point of S and eq(x9) C S be
a neighbourhood of . Also, let €1(x1) C X be a neighbourhood of v\ = xo + rUy. If
eo(zo) parametrized by (s1, Sa, ..., Sp) and £1(x1) parametrized by (t1,t, ..., t,), then the
map:

© 1 (81,82, ey Sp) > (t1,ta, s ty)

is a local diffeomorphism.

Proof
Since we are in the Blum case the compatibility condition holds and % is not an eigenvalue

of the radial shape operator. Therefore, we can apply lemma 3.4.2. O

Lemma 3.4.2 and proposition 3.4.3 give us enough tools to study the relationship between
the boundary parameters at the tangency points associated to a smooth point on the medial

axis.

Proposition 3.4.4 Let (S,U) be a Blum medial axis and radial vector field of a region
Q c R*™! with smooth boundary X. Let x, and x5 be the tangency points associated to
a smooth point in xy € S with neighbourhoods ¢1(x1) and €5(x2) respectively. If 1(x1)

parametrized by (s1, Sg, ..., S) and €o(x2) parametrized by (t1,ts, ..., t,,), then the map:

© 1 (81,82, ey Sp) > (t1, Loy ooy ty)
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is a local diffeomorphism.

Proof
Let £9(xo) be a neighbourhood of z, € S parametrized by (zi, 22, ..., z,). Then by
proposition 3.4.3

011 (21,22, ooey Zn) > (S1, S2, +vy Sp)
and

021 (21,22, ey 2n) > (L1, to, .oy ty)
are local diffeomorphism. But

P =100

Therefore, the map

© (81,89, ..., 8p) — (t1,t2, ... ty)

is a local diffeomorphism. O

3.5 Singularity of the Midlocus in the Case of Skeletal

Structure in R3

In the rest of this chapter we focus on the singularity of the midlocus in R3. Precisely
we take a smooth point zy € S,., and we take M (x,y) as a local parametrization of the
smooth stratum containing x, around z. In fact, we will study corank one singularities
and to do so we need a general form of the midlocus to deal with and lemma 3.5.1 fulfils

this need.
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Note: In this section we are dealing with the case when the radius function is the same for
both sides of M and the compatibility condition holds and in this case the midlocus point

associated to xg is given by x,,, = xg — (20)Vr(z0).

Lemma 3.5.1 Let M(z,y) = (x,y, f(x,y)) be a local parametrization of a smooth
stratum of skeletal set around a smooth point xo € S,., and r(x,y) be the radius function,
then the midlocus is given by M(z,y) = (g, h, 1), where

Cxtafltafy —rry —rrofy A rryfofy

1+ f2+ f2 ’
. y+yf§+yf§—rry—rryff—l—rrxfxfy
1+f§+f§ 7
and
l: f+ffa%+ffy2_rrzfz_rryfy
TR |
Proof

Let M(z,y) = (x,y, f(x,y)) and r be the radius function, then the midlocus point x,,

associated to zy € M is given by x,,, = g — rVr, Vr = drTI 1V, where

V= (%1 _ 10 f:v ’
(%) 0 1 fy
and
1+ Lty
fofy 1+ 1)
Thus )
]' + fy _f:zsfy
| TFEAR TR
m 2
_fasfy 1+ fm
A2+ f R
Therefore,

Vi — (Tw+rwfyz _ryfxfy Ty"—ryfg? _rwfmfy rxfx+ryfy)
L+ f2+f L+ f+fy 1+ 21
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Thus, after some calculations the result follows. O

In the forthcoming results and examples we need some concepts from the theory of

surface in R3, these concepts are given in the following definition.

Definition 3.5.2 Let S be a regular surface parametrized by X (z,y), then

1. The shape operator (or Weingarten map ) at each point p € S is defined by S, :

1,8 = 1,8, u— —Vn, where n is the unit normal of the S.

2. The first and the second fundamental forms of S are the quadratic forms on the

tangent plane defined by I(u,v) = u - v and 11(u,v) = u - S,(v) respectively, they

X, Xy Xp- X,y E F
are represented by the matrices I = = and
X, X, X, X, F G
Xozn Xgyon L M
11 = =
Xyz-n Xyy-n M N

3. The normal curvature k,, in the tangent direction w = a X, + bX,, is defined by

ko )_II(w) _ a®L +2abM + b*N
P\ = I(w)  a?E +2abF + b2G"

4. The geodesic torsion in the direction of a unit vector w is defined by
Tg(w) = [[(’LU, wL)a
where w is the unit vector perpendicular to w.

5. If (cos 0,sin 0) is a direction on S with respect to a principal coordinate system (
A principal coordinate system is one where the r-axis and y-axis are always the

principal directions ) then

k, = k1 cos? O + ko sin® @ and T, = (K2 — K1) sinf cos 6.
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Definition 3.5.3 Let f : R® — R™ be a smooth map, then the k-jet j* f at a point p is the

Taylor expansion about p truncated at degree k.

Definition 3.5.4 Let f : R" — R™ be a smooth map, then the corank 6 of f is defined by
d = min(n,m) — rank(df), where df is the differential of f.

Example 3.5.5 Consider the [ : R> — R3 such that (z,y) — (x,zy,y?), then the

1 0
differential of f is given by df = | y =
0 2y

Theorem 3.5.6 Let M be a smooth stratum of skeletal structure (S, U) in R? containing

a smooth point xy € S,cq and r be a radius function with singularity at x. Let i and s
1

be the eigenvalues of the Hessian of r at xo with r(xg) = I A # 0 and let x,, be the
1

associated midlocus point to ., then

1. The midlocus is parametrized by a corank two singularity at x.,, if and only if \y =

2.

2. The midlocus is parametrized by a corank one singularity at x,, if and only if \| #

2.

Proof

Let M be a smooth stratum of skeletal structure (S, U) in R? containing a smooth point
x and r be the radius function with singularity at zy and r(x¢) = )\il, A1 # 0 where A is
an eigenvalue of the Hessian of r at xy. Now we parameterize M locally at zy such that
(0,0) — 20 = (0,0,0) and M is in Monge form i.e., M(Z,9) = (T, 7, 5512° + 5K20° +

h.o.t) and the radius function is given by

~ 1~ 1~ ~ . 1—~_ 1~ .
r(Z,y) = boo + 552052 + 5502,@2 + bxy + §b12x‘@2 + §b21x2y + h.o.t.
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Now we rotate the new coordinates in the source by

cost sint T

=

—sint cost Y

<

such that the radius function transforms to r(x, y) = bg + %bgol’z + %bgng + h.o.t. This

rotation transforms M to

1 1
M(z,y) = (zcost +ysint, —xsint + y cost, §a20x2 - §a02y2 + ayzy + h.o.t),

where ayy = K1 cos? t+rgsint, ags = Ky sin’ t+rkq cos? t, and ajy = (k1 —kKz) sint cost.

Now we rotate the coordinates in the target around z- axis by

X cos(—t) sin(—t) 0 X
Y | = | —sin(—t) cos(—t) 0 Y |,
Z 0 0 1 Z

where X, Y, Z are the old coordinates and X, Y, Z are new coordinates. Thus, this
transforms M to M(z,y) = (z,y, 3a202> + 3ao2y® + anzy + h.ot). Now we use
lemma 3.5.1 to find the form of the midlocus, and by using Maple (see the linear parts

of equations A.8, A.9 and A.10 in the appendix), we get

le = ((1 — b00b20)$, (1 - b00b02)y7 0) :

Observe that, corollary 3.2.12 tells us the midlocus is singular when % is an eigenvalue

of H,. This description of j'M allows a verification of this result in R3. Now

bQO 0
the Hessian matrix of the radius function is H, = , without loss of

0 boo

generality we put Ay = b2, and Ay = by and since byy = r(xo) the 1-jet of the

AL — A
midlocus is now (%x, 0,0). Therefore, the Jacobian matrix of the midlocus is

1
A1 — Ao 0

dz,, = A1 . Thus, dx,, has rank zero if and only if A\; = Ao, and has
0 00
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rank one if and only if A; # Ao, hence the results have been proved. O

Now in the rest of this section we will study the singularity of the midlocus in R? in
the case when it has corank one — this means that the eigenvalues of the Hessian of the
radius function are distinct. We will use the finite determinacy to study this singularity.

First of all we state some needed definitions.

Definition 3.5.7 Two map-germs f; : (R",0) — (RP,0) (i = 1,2) are A-equivalent if
there exist germs of C*°-diffeomorphisms 9 and ¢ such that p o f; = f5 o ¥ holds, where
v : (R",0) = (R",0)and ¢ : (R?,0) — (R?,0).

Definition 3.5.8 A map-germ f : (R",0) — (RP,0) is k-determined if whenever
3*g(0) = j*£(0), then g is A-equivalent to f.

Definition 3.5.9 The crosscap or Whitney umbrella is a map-germ A-equivalent to

(,y) — (z,2y,y?) at the origin.

Figure 3.4: Crosscap or Whitney umbrella.

Since we are dealing with finite determinacy we focus on the 2-jet and 3-jet of the
midlocus. First of all, we classify the second jet and for this we need the following

theorem which was proved by Mond in [22].

Theorem 3.5.10 The map-germ (x,y) — (z,xy,y*) is stable and 2-determined.
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Lemma 3.5.11 [f the map-germ [ : (R? 0) — (R3,0) has a corank one singularity
with 32 f = (z,azy + by?, cxy + dy?), then f is A-equivalent to the crosscap if and only
if ad — cb # 0.

Proof

Assume that ad — cb # 0, then from the Mond classification in [22] (proposition 4.2) j2 f
transforms by an appropriate coordinate change to (z, zy, y?) and since the crosscap is
2-determined thus f is A-equivalent to the crosscap. Conversely, assume that ad —cb = 0
and f is A-equivalent to the crosscap. Therefore, j2f is A-equivalent to (z,zy,y?).
But since ad — ¢b = 0, then from Mond classification j2 f transforms to one element of
the set {(z,0,0), (z,zy,0), (z,5%,0)} and no one of these elements is .A-equivalent to

(x, ry,y*) which is a contradiction. Thus, f is A-equivalent to the crosscap if and only if

ad —cb# 0.0

Now we state a theorem which gives a necessary and sufficient conditions for a midlocus

to be A-equivalent to the crosscap.

Theorem 3.5.12 Let M be a smooth stratum of a skeletal structure (S,U) in R?
containing a smooth point xo and r be the radius function with a singularity at xy and
A1 and Ay be the eigenvalues of the Hessian of r and w, and ws are the associated
eigenvectors such that \y # Xy, and r(xg) = /\il A1 # 0, then the midlocus at x,,

associated to x is A-equivalent to the crosscap if and only if
)\1 kxo (wl)Vil VwQT 7é 2>\27—gvfulrv

where k(w1 ) is the normal curvature of M in the direction w., T, is the geodesic torsion
of M in the direction w;, and V1 is the directional derivative of the radius function in

the direction w;, 1 = 1, 2.
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Proof

We repeat the same procedure of the proof of theorem 3.5.6 and thus we have

1 1 1 1 1 1
r = boo + +§bzo$2 + §b02y2 + §b3O$3 + §b21x2y + §b1Q$92 + 550393 + by + by 2y

+ boo®y? + biszy® + boay® + .ot
and M (z,y) = (z,y, 3a20%% + a112y + 3a02y> + h.o.t). As in the proof of theorem 3.5.6
without loss of generality, we put A\; = by and Ay = by and by using lemma 3.5.1 we
find the form of the centroid set and using Maple in calculations ( see equations A.8, A.9

and A.10 in the appendix) we get j*M. = (p, q, s), where
1
p= (1 — boobgo)l‘ — boobgol’2 — boobglIy — §b00b12y2,

1
q= _§boob21$2 — boob12zy — boobosy” and

1 1
§ = (5(120 - boob20a20) z? — boobaoarizy — §a02y2.

Now consider the parameter change in the source

b1z bso
r=u-+ uy + U
b02—b20 b02 - bQO

b12 2
Y

(boz — bao)
This parameter change transforms j2M (see equations A.11, A.12 and A.13 in the

2
+2

appendix ) to (P, q,S), where

ﬁ:bo2—bzou q:_guz_bﬁuy_@?ﬁ
by ’ 2bga boo bo”
and
3= Gzo(b02 - bzo)ug _ a11520u _ la 2
Now consider the coordinate change in the target
~ boz 54 bay bo2 2 2 - a20bo2 2
X=——"X, Y=Y+——"(—"—)X* Z=7Z—-——7"7—"- X",
bo2 — bao 2bo2 (502 — 520) 2(bo2 — bao)

where X, Y, Z are the old coordinates and X, Y, Z are new coordinates. This coordinate

change transforms j2M into

b b anb 1

2 12 03 o 11020 2
M = 2y — 282 _Z .
J (Ua Dos uy bOQ?J ) Dos uy 2@02?J )
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Now using lemma 3.5.11 the midlocus is .A-equivalent to the crosscap if and only if

by b
bo bo2

_a11 20 _a # 0
Do 5 02

if and only if b02a02b12 — 2620&11[)@3 # 0, if and Ol’lly if b02a02b12 7£ 2[)20@11[)03 but
bgg = )\1, b20 = /\2, Ap2 = Ko COS2 t—f—lil SiIl2 t= kxo(wl), ajl = (/431 — Iig) sintcost = Tg»
bio = ryye(0,0) = V2 V,r, and bys = 1,,,(0,0) = V3 r, thus the result has been

proved. O

Remark 3.5.13 It is obvious from the above theorem that the conditions are generic and
the geometry of the surface M plays a central role for the centroid to have a crosscap

singularity.

Corollary 3.5.14 Assume as in theorem 3.5.12. If x is a planar point, i.e., k1 = ko = 0,

then the midlocus is not A-equivalent to the crosscap.

Proof
If k1 = Ko = 0, then ky(w1) = 7, = 0, thus the midlocus is not .A-equivalent to the

crosscap. U

Example 3.5.15 Let M(x,y) = (v,y,y?) and r(z,y) = 1 + 23 + xy* + %yQ, then the
midlocus is singular at the origin and direct calculation gives
M(z,y) = (p,q, s), where

p=x— (xy* + %y2 + 4ay? + ngyQ + 32% + 32%),

y(Ty? — 4o — 42t — 223 — 4a?y? — 4ay?)
2 + 8y?

q:
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and
v (3y? — 4o — 4a* — 22° — da%y? — day® — 1)
5§ = :
2 4 8y?
Now we calculate the values of the terms are in the non-inequality of theorem 3.5.12.
0 0
It is clear that the Hessian matrix at the origin is given by H, = and its
01
0
eigenvalues are Ay = 1 and \y = 0 with associated eigenvectors w, = t, and
1
1
Wy = 1oy respectively. Now we do not need to calculate Vf’ulr and 7, since \y = (.
0

The tangent vector in the direction of w; is given by 0.M, + M, = M,, thus the normal

curvature in the direction of wy is given by

I1(wy)

ko(wy) =

Now we calculate V2 |V o,
Vot = (rg,7y) - (1,0) = 1, = 327 + 97,

Vi Vit = (62,2y) - (0,1) =2y and Vi, Vy,r = 2.

Therefore, A1k, (w1)V2 Vo, r # 2Xa7, V5 1. That is, the singularity of the midlocus is

a crosscap.
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Figure 3.5: Figure of example 3.5.15.

Example 3.5.16 Let M(z,y) = (z,y,y?) and consider the family of radius functions
r(z,y) = % +y? + py + zy + %1372. Now we discuss the conditions in theorem 3.5.12
in this example and from the first look at this example someone could ask, " Do we need
y3 in the radius function to allow the midlocus to have a crosscap singularity? " The

answer to this question will be given through the following geometric discussion. The
1

Hessian matrix of the radius function at the origin is given by H, = | * , and the
1 2
1

eigenvalues are \; = g and Ny = 0 and the associated eigenvectors are w, = t;
2

-2
and wy = 1y respectively. It is clear that r(0,0) = )\—11 and the tangent vector
1

[I(w) 8

Since Ay = 0, we do not need to calculate 7, and V3, r, so in this case the midlocus

of M in the direction of w, is given by w = M, + 2M,, hence ko(w;) =
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is a crosscap if and only if V2 Vu,r # 0. Now direct calculations show that V ,,r =
(reymy)(—2,1) = =2y —x4+2+2y+3uy* = 3uy?, Vi, Vu,r = (0,6py)-(1,2) = 12uy,
and finally V2, V7 = (0,121) - (1,2) = 24 # 0 if and only if pu # 0. Thus, it is vitally
important that the radius function should have a non zero coefficient for the y* term. Now
take | = 1, then the midlocus is A—equivalent to the crosscap at the origin and the direct

calculation gives M(x,y) = (g, h, ), where

4 1 3
g=zo—go’ =2ty =y —gay’ =yt =yt = Say,
. (4y + 40y3 — 249* — 8z — 100y* — 60zy> — 60y° — 80y3x — 302%y — 1522%y? — 523)
B 20(1 + 4y?) ’
and

—y(6y + 24y* + 8z + 100y* + 60zy* + 60y° + 80zy> + 30z%y + 1522y? + 5x3)
10(1 + 4y?)

l:

Remark 3.5.17 Example 3.5.16 shows that if r is R-equivalent to r, then we do not

necessarily have the midlocus M associated to 1 is A-equivalent to M.
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Figure 3.6: Figure of example 3.5.16.

Now we will study the singularity of the midlocus when it fails to have a crosscap. First

of all, we state the following theorem.

Theorem 3.5.18 [22] A map germ (R*,0) — (R> 0) whose 2-jet is equivalent to

(x,9%,0) is equivalent to a germ of the form
(z,y) = (2,9% yP(z,y°))

for smooth P.

Now we state the following theorem which indicates the form of the midlocus when it is

not a crosscap.
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Theorem 3.5.19 Assume as in theorem 3.5.12 and the midlocus is not A-equivalent to
the crosscap. If ky,(wy) # 0 or V3 .7 # 0, then the midlocus parametrized locally by

(u,v) = (u,v?, vP(u,v?)) for smooth P.

Proof

From the proof of theorem 3.5.12 we have

b b ayb 1
2 12 03 o 11020 2
M = = 22— _ = _

Since the midlocus is not .A-equivalent to the crosscap, then

b e
bo boa | _
_anby L = 0.
bos 5002

Now if k,,(w1) = age # 0, then we can complete the square in the third component,
and the corresponding change in the v variable then transforms j52M into (u,0,v?) and
by the coordinate change X = X,Y = Z, Z = Y, we have j2M = (u,v?,0). Now
if Vf’mr = bys # 0, then we can complete the square in the second component and the
corresponding change in the v variable then transforms j2M into (u,v?,0). Thus in both

case we apply theorem 3.5.18 and the result holds. O

Example 3.5.20 Let M (z,y) = (z,y,2?) and r(z,y) = 1 + 32° + 43, then the midlocus

is singular at the origin and the direct calculation gives M(x,y) = (g, h, 1), where

z(Tx? — 2y°%) -1 9 4 r?(32% — 2% — 1)
S _ dl =
TR 5 y(3yx” + 6y" + 6y — 3) an [ 12
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Figure 3.7: Figure of example 3.5.20.

Theorem 3.5.19 gives the general form of the midlocus under the mentioned conditions.
Now we will study the 3-jet of the midlocus when it fails to have a crosscap singularity
and k,, (w,) # 0. Particularly, we will discuss the conditions for the midlocus to have Si-

singularity, which is a map-germ .4-equivalent to
St (w,y) = (2,9%, 2%y £ 4°)

at the origin. Also, the conditions for the 3-jet of the midlocus to be .A-equivalent to the

cuspidal edge will be investigated. A cuspidal edge is a map-germ .A-equivalent to
CE: (z,y) = (2,9%y°)

at the origin.
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Lemma 3.5.21 Let M be a smooth stratum of skeletal structure (S,U) in R? containing
a smooth point xog and r be the radius function with a singularity at xo. Let \i and
Ao (A1 # A2) be the eigenvalues of the Hessian of r and wy and wy be the associated
eigenvectors. Assume that r(xy) = /\Ll, A1 # 0. If the midlocus fails to have a crosscap

singularity and k,,(w,) # 0, then the 3-jet of the midlocus is given by
M = (u, v?, w puPv + w3 0v?),

where w o and ws o are equations B.15 and B.14 respectively in appendix.

Proof

We repeat the same procedure of theorems 3.5.6 and 3.5.12 and after using Maple in
calculations we get 7°M = (p, ¢, s) and we define a parameter change x = x(u,y) such
that this parameter change transforms p into p = Al/\;f?u and again we define a parameter

change y = y(u, v) such that this parameter change transforms s into

s = ]’C[)QUQ + k?0731,b3 — 5@02’02

and g into

2 2 2 2 3 3
q = Wo2U + Wa 0V + wWi,1Uv + W2,1V" U + wW12U"V + ws3,0v + Wo 3U .

Now we put 7°M = (p, s, q), and we define the coordinate change in the target

X- M x vov- Niko s X7 - Nikos 5 X°,
)\1 - )\2 ()\1 - )\2) ()\1 - )\2)
_ _ )\%wO’Q 2 )\%11)073 Xg,

(A — Ao)? (A= A2)’

This coordinate change transforms ;M into
3 1 2 2 2 3
7°M = | u, —§CL02U , W1 UV + Wo 1UV” + W1 pUV + W3 0V

since the midlocus is not .A-equivalent to the crosscap, then wy ; = 0. Now consider the
coordinate change in the target
~ 2?1)2’1

~ ~ 2
X=X, Y=—YX =7+
g2 Qo2

XY,
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where X, Y, Z are the old coordinates and X , }N/, 7 are new coordinates. This coordinate

change transforms j3M into
P*M = (u, v?, wi pu*v + w3 gv?)

and thus the proof is completed. O

Proposition 3.5.22 Assume as in lemma 3.5.21, then

1. Ifwy o # 0and ws g # 0, then the 3-jet of the midlocus is equivalent to (u, v?, u*v =+

v3) and consequently the midlocus is A-equivalent to an Si° singularity.

2. Ifwyo = 0andwsg # 0, then 73M = (u, v?,v3).

Proof
1. Assume that w5 # 0 and w3 # 0, then using the parameter change u = , /|%|27,
thus this transforms the 3-jet into j°M = (1 12220, v |ws o] (o £ v3)>. Now consider

w1,2

the coordinate change in the target

_ _ 1
X= 22X, Y=V, Z=— 2

w30 [ws ol

~I

Thus the 3-jet transformed by this to (u, v?, u%v £ v*), and since S is 3-determined [17]

the result has been proved. The second part is obvious. O

Now we will give an example when the midlocus is .A-equivalent to Si.

Example 3.5.23 Let M (z,y) = (z,y, +y?) and r(z,y) = 2 +y> £ 2?y? then the centroid

set is A-equivalent to Si singularity at the origin and the direct calculation gives

M(z,y) = (g%, h*, %), where

—2y% £ 2% & 42?y? + 22%9?)
1+ 4y?

g = —w(X2yt £y + 207t — 1), BT = —y(

Y
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and
—y?(22% + 82%y? £ 42y £ 1)

1+ 4y?

In the case of + the midlocus is equivalent to S|, and in the case of — the midlocus is

li

equivalent to S;. Also, the direct calculations give that wgfo =2and wa =FL

1005

1010

Figure 3.8: Figure of example 3.5.23 in the case —, +.
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Chapter 4

Relation Between Radial Geometry of
Skeletal Structure and Differential

Geometry of its Boundary

4.1 Introduction

This chapter deals with the relationship between the radial geometry of the skeletal
structure and the differential geometry of the associated boundary. In fact, James Damon
studied this phenomenon in [8, 9] and he obtained a relationship between Sy and Sy.
Moreover, he expressed Sy in terms of Sy, and found out the link between the principal
radial curvatures of the skeletal structure and the associated principal curvature of the
boundary. In this chapter we express Sy in terms of Sy, (Proposition 4.2.4). Also,
some algebraic properties between Sy and Sy are investigated through out this chapter
(Proposition 4.2.6). Moreover, the relationship between the Gauss radial curvature K, of
a skeletal structure and its associated Gauss curvature K on the boundary has been studied
as well as the relationship between the mean radial curvature H, and its associated mean

curvature on the boundary (Proposition 4.2.10). The final part of this chapter deals with
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the situation when K, and K coincide. We study the relationship between the radial skew
curvature of a skeletal structure and the skew curvature of the boundary in situation when

K, = K # 0 in the case of skeletal structure in R3.

4.2 Skeletal Structures in R 1

Our aim in this section is to express the matrix of the radial shape operator in terms of the
matrix of the differential geometric shape operator of the boundary. First of all, we give

the following theorem which was proved by James Damon.

Theorem 4.2.1 ([8], Theorem 3.2 ) Let (S,U) be a skeletal structure such that for a
choice of smooth value of U the associated compatibility I-form ny vanishes identically
on a neighbourhood of a non-edge point xy of S, and % is not an eigenvalue of the
radial shape operator at x. Let vy = Vi(z0), and V' be the image of V for a basis

{v1,v9, ..., v, }, then

1. The differential geometric shape operator Sy of the boundary X at xg has a

matrix representation with respect to V' given by

Sy = (I —7Sy) "' Sy. (4.1)

2. There is a bijection between the principal curvatures r; of X at xé] and the principal
radial curvatures k.,; of S at xq (counted with multiplicities) given by

Kpg .
ki = ——— or equivalently K. =
1—1rk,

Ky
1+ T’lil‘.

4.2)

3. The principal radial directions corresponding to k,; are mapped by dV, to the

principal directions corresponding to k;.

One of the aims of this chapter is to express Sy in terms of Sy~ and to do so we need

the following lemmas.
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Lemma 4.2.2 Let A be an (n x n) matrix and suppose that +, (o # 0) is not eigenvalue

of A IfB= (I —aA) ' A, then B = 11— aA)"" — I], where I is the identity matrix.

Proof

To prove this lemma it is enough to show that

(I—ad)y A— 2T —ad) —1]=0.

a
Now
L1 R S SR |
(I —adA) A a(] aA) +aI—(I aA) (A aI)+a]
1 B 1
——E(I—ozA) (I—ozA)—l—a]
Sy
a o«
= 0.

Therefore, the proof is completed. O

Lemma 4.2.3 Let A be an (n x n) matrix and suppose that L, (o # 0) is not eigenvalue

of A IfB= (I —aA)'A then A= (I +aB)™'B.

Proof

From lemma 4.2.2 we have

B=l[I-ad) =1

«

Therefore,

A= l[[ — (I +aB)™. (4.3)

(0%

Now our task is to show that

(I+aB) 'B—A=0. (4.4)
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Now

U+am1B—Azu+am13—éu—u+am*]

1 1 1
= — (1] B I B) — -1
a( +aB) (I +aB) -
1 1
Ly
a o

=0.

Hence equation 4.4 is satisfied. O

Now we are in the position to do express Sy in terms of Sy . Using the above lemmas

and theorem 4.2.1 we have the following:

Proposition 4.2.4 Let (S,U) be a skeletal structure as in theorem 4.2.1, then the
matrix Sy representing the radial shape operator and the matrix S, representing the

differential geometric shape operator have the following relation
Sv = (I +7Sxy) " Sxyr

or equivalently

1 _
Sy = ~[I = (I +rSxy) "]

r

Proof
The proof of this theorem comes directly from theorem 4.2.1 and the above lemmas. O

This proposition leads to the following corollary.

Corollary 4.2.5 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R with smooth boundary X. Let x, = W(x0) be the associated boundary
point to a non-edge point xo € S, and V' be the image of V under dV, for a basis

{v1, Vg, ..., v, }. Then the matrix Sy representing the radial shape operator at xo and the
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matrix Sy representing the differential geometric shape operator of the boundary at :13;)

have the following relation
Sy = (I +71Sxy) 'Sy
Proof
Since a Blum medial axis is a special case of the skeletal structure for which the

compatibility 1-form vanishes and % is not an eigenvalue of the radial shape operator

then, we can apply proposition 4.2.4 to get the result. O

The following proposition gives us two relations between Sy and S, v+ under the same

conditions of theorem 4.2.1.

Proposition 4.2.6 Let (S, U) be a skeletal structure as in theorem 4.2.1, then

1. SXV’ — SV = T’SXV/S\/'.

2. Sy Sy = Sy Sy, i.e., the operators commute.

Proof
1-From theorem 4.2.1 we have
Syy — Sy = (I —rSy)"'Sy — Sy
= ((I - 7“SV)71 —1)Sy
= TSXV' Sv.
2- From (1) we have
TSXV’SV = SXV' - SV
= Syt — (I +7Syy) " Syy (by proposition 4.2.5)
= (I = (I+7Sxy) )Sxy

=rSySyy (by proposition 4.2.5).
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Hence from above we have SySy/ = Sy Sy. O

Remark 4.2.7 If the Sy is invertible then det(Sy,) = det((1 —rSy)~"Sy) # 0 thus
Sy is invertible and vice versa. Thus if Sy is invertible then, Si;' Sy = Sy S, and

—1 _ —1
SXV/ SV — SVSXV/ .
Now we will give an example to illustrate the results in proposition 4.2.6.

Example 4.2.8 Let (S, U) be a skeletal structure in R® and let S1(x,y) = (z,y, sKmia?+
%/@mgy2 +h.0.t) C Speq andr =19+ %amZ + %by2 be the radius function on Sy such that

% ¢ {Km1 + a, Kma + b}. Now we define the unit radial vector field by

Uy = —Vr+4/1—|Vr|’N,

where V1 is the Riemannian gradient of the radius function and N is the unit normal of

S1. Direct calculation shows that at the origin we have

Km1l + @ 0
Km1 + @ 0 _
Sy = ! , and Sy = 1 —=ro(Km1 + a) P
0 K,m2+b 0 Ui
1 —7o(Kma + b)
It is clear that
(/-@m1+a)2 0
1 —ro(km + a)
SySyir =SSy = 0 \"ml
VR xv XVv'PV 0 (/fm2+b)2

1 —79(Kma + b)
Now
ro(kim1 + @)’ 0
Sepr— Sy = | L Tolkm +a) — 10y Sy

0 TO(/{mQ + b)2
1 —7o(Kma + b)
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Definition 4.2.9 Letr Sy be the matrix representation of the radial shape operator of a
skeletal structure and Sy be the matrix representation of the differential geometric
shape operator of the associated boundary, then the Gaussian radial curvature K, and

the mean radial curvature H, are given by
1
K, =det(Sy) and H,= —tr(Sy),
n

and the Gaussian curvature K and the mean curvature of the boundary are given by

1
n

The 1—th mean radial curvature K,; is defined by
o\ !
K. - (2) Y
71<02<...<7;
and the associated 1—th mean curvature of the boundary is defined by

-1
n

J1<j2<...<Jji

Now we will turn to the relation between the Gaussian radial curvature /K, of the skeletal
structure at a non-edge point and the Gaussian curvature K of the boundary at the
associated point. Also, the relation between the mean radial curvature H,. of the skeletal
structure and the associated mean curvature /1 of the boundary will be investigated. In
fact Anthony Pollitt studied in [24] the relationship between the principal radial curvatures
and the associated principal curvatures on the boundary in the case of medial axis in R?.
In the following proposition we generalize the result obtained by Pollitt to the higher
dimensions in the case of skeletal structure which is more general than medial axis and

we give other results as well.

Proposition 4.2.10 Let (S, U) be a skeletal structure as in theorem 4.2.1, then

K,
1. K =

n—1 ) :
L—rnH,+ > (—1)7r (T;)KM- +(-1)"rK,

=2
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H, —rnH? + L3 k2 4+ (—1) it (?)K”'
2. H= e B
1—rnH, + Y (=17 (") Ky + (-1)"rK,
=2
K
3 K, = — .
1+rnH+ Y ri(")K; + K
i=2
H+rnH — 75w+ 3 (1)K
4 H, = ==
L+rnH+ Y ri(")K; + K
=2
n—1
5 ku(l+rnH+ > rz(’;‘)Kz +r"K) =k +rnr H — ril + Z ( )7“] 'K;.
i=2

n—1 . n . .
6. m(l—rnH,+ Y (=17 (M) K+ (=1)"r"K,) = ki —rneg Ho+re2+ 3 (1) 711K,

i=2 j=3

7. If K. # O,then

ooH rnH} — glz j;g( 7 () Koy
K., K -
Proof
1. From theorem 4.2.1 we have x; = : Fori Therefore,
— TRys
n
Ko K,
K = L . . 4.5
I1; - 4.5)

) (SR

i=1

Now from the theory of symmetric polynomials we can expand the denominator of the
n .

above equation to get [[(1 — rk,;) =1 —rH, + Z (-1)' (") Ky + (=1)"r"K,. Thus
i=1

by substituting in equation 4.5 the result is proved

2. We have

ni = Z/{Z—Zl—rj/ﬁm
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n n n—1
Kr1 [T(1 = rkpi) + Bro(1 — r800) [T(1 = 7Rp) + oo+ Ko [T (1 — 7E4)
i=2 i=3 i=1
nH = —
1—rH.+ > (—1)7 (T;)Km- + (-1)"rK,
i=2

Now we will simplify the numerator of this equation using the concept of symmetric

polynomial. First of all we have

n

Kl H(l —1Rp) = K1 (1 = rRp2) (L = 7Rp3) (1 — TEpy)
i=2

= Kyl — Tk H, TR+ Z (—1) it <ZL) K,;.
=3

Similarly, we have

bt (1 = 16p1) (1 = 1) (1 = 7Rppg1) (1 = Thypy) = Ky — rnk H, 4+ 762

+ ; (1)~ tpi=1 <?) K,;.

Therefore, after simplification the numerator becomes

n (Hr —rnH? + % Z Ko + Z (—=1)/ 71t (?) K,,]) :
i=1 j=3

Thus

n

> () () K,

n
2 r 2
H, —rnH?+ 23 K7+
i=1 j=3

H =

n—1
1—rnH, + Y (-1)"7(") Ky + (-1)"rK,
i=2

7
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&9

Similarly we can prove 3 and 4.

5- We have

n—1 n
k(1 +rnH + Zri (n) K+ r"K) = Ky H(l + 7rK;)

- 2
=2

Similarly we can prove 6.

7. If K, # 0 then K # 0 and we have

=1
n

il H(l + 7K;)

- 1+ TR} 1

= k(L +7rR1) (L +rR-1) (L4 riigr). (1 + 7Ry)

n n '
= Ky + s H — re} + ( ,)rj_lKj.

Thus the proof is completed. O

If the radius function is a constant on a smooth stratum S; of the skeletal structure

containing a smooth point x, then this stratum and its associated boundary are parallel

and the radial vector field becomes the normal of that stratum. Thus if we replace r in

proposition 4.2.10 by a constant, then K, and H, is the Gaussian curvature and mean

curvature of S; at x respectively. Thus proposition 4.2.10 indicates that for each smooth

point x( of the skeletal structure the smooth hypersurface containing x, and parallel to

the boundary has Gaussian curvature K, and mean curvature H,..

James Damon gave a relationship between the matrix representing the radial shape

operator of the skeletal structure and the matrix representing the differential geometric
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shape operator of the skeletal structure (theorem 4.2.1). Our aim in this thesis is to find the
relationship between the radial shape operator of the skeletal structure and the differential
geometric shape operator of the associated boundary and we will look at this relation
when the radius function has a singularity. Now let S,.,; denotes the radial shape operator
and Sp,nq is the associated shape operator of the boundary, if the radius function has a
singularity then this has strong consequence for the relationship between S,.,q and Spypq-

In particular we have the following.

Proposition 4.2.11 Let (S, U) be a skeletal structure in R" ™ as in theorem 4.2.1. If the

radius function r has a singularity at x then

T " _ QT
1. ST V' =SV,

2. SBond('Ul> = S’r‘ad(”)?

3V =(I+7rSxy)" V.
Proof

1. From equation 1.3 we have

U
a_vl = AyU, — STV. (4.6)

Also, the Jacobian matrix of the radial map is given by

/_8\11]_

=S = (dr(V) +rAy)Us + (1 - rSy)"V. 4.7)

v

Now since the radius function r has a singularity then using lemma 3.3.7 we have Ay, = 0.

Thus, equation 4.7 becomes

!

V= (I —rSy)"V.

Also, since % is not an eigenvalue of the radial shape operator we can solve for V' to get

V= (I-rS0)'V. (4.8)
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From the proof of the proposition 2.1 in [8] we have

oy _ o,
ov. . oV’
Now substitute in equation (4.6) we have
% = ST —rSH) 'V = —STV.

Now we will show that
ST(I —rSTY ™ = (I —rST) ST
To do so it is enough to show that
1 1
Sv<[—7“SV) ——[([—TSV) —[} =0.
r
Now

[Sv(I — TSV)_l — 1[([ — TSV)_l — [] = Sv([ — TSV)_l — %([ — TSV)_I + %[

’
1 1
=——I1+ -1
r r
= 0.
Therefore,
oU - /
a_vl' = —(I—rST)'STV'.

T " QT
Hence 55, V' = S, V.
2. The unit normal of the boundary is U; and the shape operator Sp,,q of the boundary

oU-
is given by —projy, (8_'1)’ where proj;;, is the projection along U to the tangent
v

oU
space of the boundary. Also, the radial shape operator S,,q is given by —proj;;, <—1)

ov
where proj;;, is the projection along U, to the tangent space of the skeletal structure.
. oU / . ou
From 1 we have —proj; (8_\/1') = S.,V = S{V = —projy, (8_‘/1) Thus,

SBond(U/> = Srad(v)~
3. From equation (4.7) V = (I — 7"53,1)71‘/' and from proposition 4.2.4 it is easy to

obtain that (/ — 7“55)_1 — (I +7S5y,)". Thus the proof is completed. O
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Example 4.2.12 Assume as in example 4.2.8, then at the origin the radius function has a

singularity and

v 1 00 , v 1—7r9(kp1 +a 0 0
V - ' = andV = ,1 = 0< 1 )
(%) 0 0 1 (% 0 1-— TO(/me + b) 0
Thus
STV = Km1+a 0 100 _ [ Fm +a 0 0
0 Kma + b 010 0 Kma+b 0
Also,
Rm1 +a 0
T oy 1 —7o(Km1 + a) L —7o(Km1 + a) 0 0
SXV/V == P ) + b
0 = 0 1—7o(Kme+0) 0

]_ — TO(’{/mQ + b)
Km1+ @ 0 0

0 /'im2+b 0

Therefore,
SLV =8t V',
Srad(V1) = (Km1 + @, 0,0) = Spona(v;)
and
Sraa(v2) = (0, Ko + b,0) = SBond(v;).
Moreover,
(I + 7055y )V = ( oI 1= ro(m1 +a) 0 0
0 m 0 1 —7ro(Kme+0b) 0
(100
- ( 010
=V
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Now we turn to the relationship between the differential geometric shape operator of the
skeletal structure at a smooth point and the differential geometric shape operator of the

boundary at the associated point. First we have the following definition.

Definition 4.2.13 Let (S,U) be a skeletal structure and radial vector field such that the
compatibility holds in a neighbourhood of a smooth x,. We define the radial Hessian

operator by
H, : T,,S = T,,S

aU an . . .
such that H.,.(v) = —projy < E;t ), where proj, denotes orthogonal projection onto
v

T.,,S and U,y is the tangential component of the unit radial vector field U.

Proposition 4.2.14 ([8], proposition 4.1) Let (S, U) be a skeletal structure in R™ ™ which
satisfies the compatibility condition on an open set W C S,.4 Let U be a smooth value on

W. Then, on W there is the following relation

Srad = pSmed + Hr + Z7 (49)

oU
where Z(v) = p~* (8_1 - N)Utan, N is the unit normal of the skeletal set and Uy, is the
v

tangential parts of the unit radial vector field U, and S,,.q is the differential geometric

shape operator of the skeletal structure.

Damon discusses in [8] that the operator 7 is difficult to work with and interpret.
But again when the radius function has a singularity we get a situation with strong

consequences for the various operators.

Proposition 4.2.15 Let (S, U) be a skeletal structure in R"™! as in proposition 4.2.14. If
the radius function r has a singularity at x then the differential geometric shape operator
Smed Of S at xg and the differential geometric shape operator Spgo,q of the boundary at
xy = U, (x0) are related by

SBond = Smed + H,..
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Proof
If the radius function r has a singularity then the unit radial vector field is normal to the
tangent space of the skeletal set. Thus Z = 0 and p = N - U; = 1. From proposition

4.2.11 we have Sp,nq = Sreq- Therefore, equation (4.9) becomes
SBond = Smed + Hra

which completes the proof. O

This proposition gives the relationship between the geometric shape operator of the
boundary and that of the skeletal structure and it is obvious from this proposition to
obtain that the tangent space of the skeletal structure at x is parallel to the tangent space
of the boundary at the associated point. This means that the skeletal structure and the
hypersurface containing x, and parallel to the boundary have the same tangent space at

Zo-.

Example 4.2.16 Assume as in example 4.2.8. Then the radius function has a singularity
at the origin and Sy,.q(v;) = Rv;, @ = 1,2. Also, H,(v) = av, and H,(ve) = buy and

Jfrom example 4.2.12 we have
SBond(Ul1> = Srad<vl) = (Kfml + a, 07 0) = Km1V1 + avy = Smed(vl) + Hr(vl)a
and

SBond(U,Q) = Srad(”Q) = (Oa Kma2 + b, O) = KoU2 + bUQ = Smed(UZ) + Hr(v2)-

4.3 Skeletal Structures in R

In this section we will give a special form of the shape operator of the boundary in terms

of the radial shape operator of the skeletal structure in R? and vice versa.
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Theorem 4.3.1 Let (S,U) be a skeletal structure in R® such that for a choice of
smooth value of U the associated compatibility 1-form ny vanishes identically on a
neighbourhood of a smooth point xq of S, and % is not an eigenvalue of the radial shape

operator at xo. Let 1, = V(1) and V' be the image of V under d¥, for a basis {vy, vy}

then
1
;= —rK,I 4.1
Sxvi = B o 1oy ) (4.10)
or equivalently
1
Sv r2K+2rH—|—1<SXV +rKl) ( )
Proof
From lemma 4.2.2 we have
1 1
Now let
a b
Sy =
c d
Therefore,
10 ra rb 1—ra —rb
(I — TSV> = —_ ==
01 rec rd —rc 1—rd
Therefore,
det(I —rSy) = (1 —ra)(1 — rd) — r’cb
=1—7(a+b)+1r*(ad — cb)
=1—-2rH, + r’K,.
Now

1 1—rd rb
1—2THT+7’2KT re 1—ra

([ — T’SV)_I
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Thus

1 1—17rd rb 10

B 1=2rH, + K, rc 1l—ra 01/

(I—7rSy) ' =1

hence this matrix becomes

1 1—rd—1+7r(a+d) —r’K, rb
1—2rH, +r?°K, re l1—ra—1+7r(a+d) —r’K, ’
which gives the following
r a—1rK, b
I—rSy) ' —1=
( rv) 1—-2rH, +r?K, c d—rK,
4 (Sy — rK,I)
= —rK,.I).
1—2rH, +rK, v
Now by substituting in equation 4.12 we get
S ! (S K,I)
;= — Trnn,1).
VT2 H, 2K,

Similarly, we can prove equation 4.11. O

Now we have the following corollary from proposition 4.2.10.

Corollary 4.3.2 Let (S,U) be a skeletal structure in R® as in theorem 4.3.1. Then,
the radial geometric factors ( the principal radial curvatures k,;, the Gaussian radial
curvature K, and mean radial curvature H, ) of S at xy and the differential geometric
factors ( the principal curvatures r;, the Gaussian curvature K and the mean curvature

H) of the boundary at x, satisfy the following

J— KT.
1—-2rH, +r?2K,’
B H,—rK,
 1—-2rH, +r?K,’

1. K

2. H
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K
3. K, = .
14+2rH +r*K
4 H+rK

T 142 H 4K
5. k(1 +2rH + 1K) =k + 1K, 1 = 1,2

6. k(1 —2rH, +*K,) =k —rK,, [ =1,2.

7. If K. # 0 then,
H, H
— = — =
K, K
Proof

The proof of this corollary comes directly from proposition 4.2.10 just by taking n = 2. O

Example 4.3.3 Assume as in example 4.2.8, then at the origin the principal radial

curvatures, Gaussian radial curvature and mean radial curvature are
1
Kr1l = Km1+0Q, Kro = /{m2+b7 K, = (ﬁm1+a)(/{m2+b) and H, = 5(’£m1+f€m2+a+b)~

Also the associated the principal curvatures, Gaussian curvature and mean curvature of

the boundary are

o Km1 +a fory — /{m2+b
1 —ro(km1 +a)’ 2 1 —rg(Km2 +b)

R1

K — (/fml + &)(ng + b)
1 —ro(Km1 + Kmz + @+ b) + 1 (Kkm1 + a)(Kma2 + b)

and
T(Em1 + Em2 + @+ b) = 1o(Km1 + a)(Kma + b)

H = .
1 —70(Km1 + @+ Kma + b) + 18(Km1 + @) (Kma + )
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Thus it is easy to check that this example satisfies relations 1, 2, 3, 4, 5 and 6 in

corollary 4.3.2. Now assume that K, # 0, then we have

H, H  Kpit+bEmtat+b  Fpl+ Kme+a+0—2rg(Kp + a)(Kme +0)
K, K 2(kipi+a)(kma +0) 2(Km1 + @) (Fma + D)

~ 219(Km1 + @)(Km2 +b)

N 2(/‘€m1 + (I)(/ﬂmg + b)

=T0-

Proposition 4.3.4 Let (S, U) be a skeletal structure in R? as in corollary 4.3.2. If K, # 0

or equivalently K # 0, then

1 1
— Sy —

K ESXV/:T['

Proof

From equation 4.10 we have

1

S Sy — 1K, I).
xv r2Kr—2rHr+1(V riI)
Therefore,
1 1 1 1 1
Sy — =8 = —8 — — Sy —rK,I)).
KV T RTXYV TRV K(TQKT—QTHT—l—l( v = 1K)

But from corollary 4.3.2 we have

K
K= 4 .
2K —2rH, +1

Hence

1 1 1 2K, —2rH, + 1 1 rK,

— 8y — =Sy = —38 Sy —
K,V KXV TR Y K, (TQKT—2THT+1 V2K, —2rH, +1

D).

Therefore, we have the following

1 1 1 1
ESV — ESXVI = ZSV — ESV +rl =rl.
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Therefore, the proof is completed. O

Now we will study the answer of the question: what happens if K, = K?

Proposition 4.3.5 Let (S,U) be a skeletal structure in R? as in corollary 4.3.2. Then we

have

1. If K, = K =0, then

- 1-2rH,’
or equivalently
H
H =——.
14+ 2rHd
2 IfK, =K #0, thenH:—Hr:%rK#O.
Proof
1-From corollary 4.3.2 we have
H, —rK, H+rK

H =

nd H, =

r2K, —2rH, +1 “ r2K +2rH +1
Therefore, if K, = K = 0 we get the result.
2-Assume that K, = K # 0, then we have 1 +2rH + r?K = 1 — 2rH, + r?K, which

gives that 2K + 2rH = 0 and r*K, — 2rH,. = 0 thus the result holds. O

The second part of proposition 4.3.5 indicates that if K, = K # 0, then the boundary has

non zero mean curvature.

Example 4.3.6 Assume as in example 4.2.8 such that ro = 1, K1 = 2, Ko = % and

a = b =1, then at the origin we have

30 = 0
Sy = and Sy =
0

[\eJ o]
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,HT:%andH:—?.

Thus K, = K = 1

N | ©

In the next theorem we will discuss at what conditions does K, = K # 0 in the case of

the skeletal structure in R3?

Theorem 4.3.7 Let (S,U) be a skeletal structure in R such that for a choice of
smooth value of U the associated compatibility I-form ny vanishes identically on a
neighbourhood of a non-edge point xq of S, and % is not an eigenvalue of the radial
shape operator at x. Let u, = %(/@ng — Rp1) = \/m is the radial skew curvature.

If xy is not a radial umbilic point (i.e., k.1 # Kp2), then K, = K if and only if u = u,

where u = %(ky — k1) = VH? — K.

Proof

Let K, = K # 0 then from proposition 4.3.5 we have H = —H,.. Therefore,

Conversely, assume that © = u, then

. K9 K1
14 7rky l47TR

Rg — R1 = Re2 — Rr1

Therefore,
Ko — K1
r2K +2rH +1°

Since g is not a radial umbilic point, then , = W, () is not an umbilic point on the

Rg — R1 =

boundary (i.e., k1 # ko). Therefore, r? K + 2rH + 1 = 1 which gives that K, = K. O

Example 4.3.8 Assume as in example 1.3.3, then the matrix representing the differential

geometric shape operator is given by

1
Syyr = Sy — K, 1),
XV T’QKT—2THT+1( vor )
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and after some calculations and simplifications we get

s B -2 1+ 222 + 632 —4dxy
XV 4((172 + y2)[3(:62 -+ y2) + 2] +1 —4l’y 14 6272 + 2y2

Now the principal curvatures of the boundary are given by

-2 -2

R — d =
M T oz o2 MY T U602 1 642

Thus the Gaussian and mean curvatures of the boundary are given by

% 4 wnd H —(2 4 8% + 8y?)
— n — .
(14 622 + 6y2)(1 + 222 + 2y?) (1 + 622 + 6y2)(1 + 222 + 2y?)

From direct calculation we have

H. H 2 2
— - ==2"4+y +1=r
K, K Y
From this example we can see that the radial curvature condition is not necessary for the

smoothness of the boundary. For instance when the radius function has a singularity we

have k.1 = k.o = 2 but the radius function r = 1.
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Chapter 5

The Relationship Between the
Differential Geometry of the Skeletal
Structure and that of the Boundary

5.1 Introduction

In chapter 4 we studied the relationship between the radial shape operator of a skeletal
structure and the differential geometric shape operator of its associated boundary. This
chapter focuses on the relationship between the differential geometric shape operator of
a skeletal structure and the differential geometric shape operator of its boundary. To find
out this relationship we first study the relationship between the differential geometric
shape operator of a skeletal structure and its radial shape operator. First we study this
relationship in the case of a skeletal structure in R? (Theorem 5.2.4). After this we study
the relationship between the curvatures of the boundary at the tangency points associated
to a smooth point of a Blum medial axis in R? (Theorem 5.2.13). Second we study
the relationship between the radial shape operator of a skeletal structure in R™™! and

its differential geometric shape operator (Theorem 5.3.17). This gives us enough tools
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to study the required relationship between the differential geometric shape operator of a
skeletal structure and the differential geometric shape operator of its boundary which is

given in theorem 5.3.23.

5.2 'The Differential Geometry of the Skeletal Structure

and its Boundary in the Plane

In this section we will study the relationship between the curvature of the skeletal set and
the curvature of its boundary. Let (S, U) be a skeletal structure in R? and let zp € S be a
smooth point such that the compatibility 1-form vanishes identically on a neighbourhood
of xy. Now let v be the smooth stratum containing x, parametrized by the arc-length s.

Define the following functions
pr=U;-N and p2=U-T,

where /N and 7" are the unit normal and the unit tangent such that U; and NV oriented in the
same direction. The smooth choice of the radial vector field is: U; = —r' T+ /1 — PN
and in this case p; = m and p, = —r'. Recall that at a smooth point zq U; # T
and if the radius function has no singularity at z, then the possible positions of U; are

illustrated in figure 5.1. If the radius has a singularity at z¢, then U; = N.
Remark 5.2.1 Let p, and p, defined as above, then

Lopi+ps=1

2. if the radius function has no singularity at x( then pi has a singularity at x if and

only if py has a singularity at .
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o

Figure 5.1: The possible positions of the radial vector field when the radius function has

no singularity.

Lemma 5.2.2 Let (S,U) be a skeletal structure in R? such that for a choice of smooth
value of U, the associated compatibility 1-form vanishes identically on a neighbourhood
of a smooth point x € S. If the function p, has a singularity at xy and the radius function

has no singularity at x, then

where k., (resp. Kp,) is the radial curvature of S at xq (resp. curvature of S at x).

Proof

Let v(s) be the smooth stratum containing z, parametrized by the arc-length s, then

oU,
— =al; — k,T.
as auq K
Therefore,
oU
—1-U1:0:a—/£rp2:>a:mp2.
ds
Now the derivative of the function p; = U; - N with respect to s is given by
0 oU ON
ﬁ — 1 - N + — U1
ds ds ds
= ap1 — kmpPa-
. dp1 _ T o _ P2 _
Now since D5 0 this implies ap; = Kpp2 Or @ = —K,,. But a = psk, therefore,
S P1

P2 . .
P2k, = — K, which gives k, = pil/-gm. O
P1
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The above lemma gives us a good tool to study the relationship between the curvature
of the skeletal structure and the curvature of its boundary. This relation is given in the

following proposition.

Proposition 5.2.3 Let (S, U) be a skeletal structure in R? such that for a choice of smooth
value of U, the associated compatibility 1-form vanishes identically on a neighbourhood
of a smooth point xy € S and K, # % If the function py has a singularity at xy and the
radius function has no singularity, then

Rm

k= —",
P1 —Thm

where Kk, (resp. k) is the curvature of S at x (resp. curvature of the associated boundary

at vy = V1 (20)), where V1 is the radial map.

Proof

From lemma 5.2.2 we have k, = %Hm also from theorem 4.2.1 we have

Koy

K = )
1—1rk,

Therefore, replacing «, by pil’fm gives the result. O

The previous proposition tells us the relationship between x,, and k, under specific
conditions depend on the singularity of p; when the radius function has no singularity.
The next result gives this relation in general without controlling it by any conditions

regarding to the singularity of p;.

Theorem 5.2.4 Let (S,U) be a skeletal structure in R? such that for a choice of smooth
value of U, the associated compatibility 1-form vanishes identically on a neighbourhood

of a smooth point. Then
_ Prfim — dpy
pi

T
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or equivalently

V1—1"2k,, +1"

12 )

Ky =
1—r

where k,, (resp. k, ) is the curvature of S at x (resp. radial curvature of S at x ).

Proof
Let v(s) be the smooth stratum containing z, parametrized by the arc-length, then we

have

py =T U,. (5.1)

Now differentiate equation (5.1) with respect to the arc-length we obtain
dps = p1Em + apy — K.
But from the proof of lemma 5.2.2 we have a = psk,., thus

dpa = p1Bm + aps — Ky = prhm + paks — k.

Therefore,
_dpy = pifm _ prfim — dpy
' p3—1 i
or equivalently
V1—12k, +1"
Kr = 2
1—r

Therefore the proof is completed. O

Corollary 5.2.5 Assume as in theorem 5.2.4. If the radius function has a singularity, then

"
Kp = Km — dpy = Ky + 7.

Proof

From theorem 5.2.4 we have
_ Prkm — dps
141



Chapter 5. The Relationship Between the Differential Geometry of the Skeletal Structure
and that of the Boundary 107

and since the radius function has a singularity then p; = 1 therefore, the above equation
becomes

1
Kp = Ky — dpo = Ky + 1

which completes the proof. O

Corollary 5.2.6 Assume as in theorem 5.2.4. If the radius function has a singularity, then

p2 has a singularity if and only if k, = Kp,.

Proof

The proof comes directly from corollary 5.2.5. O

Now we will turn to the relationship between the curvature of the skeletal structure and
the curvature of its boundary. Theorem 5.2.4 and theorem 4.2.1 give enough information

to discuss the requested relation in the following theorem.

Theorem 5.2.7 Let (S,U) be a skeletal structure in R? such that for a choice of smooth

value of U, the associated compatibility 1-form vanishes identically on a neighbourhood

of a smooth point xy € S and K, #* % Then the curvature k of the boundary at xz) =

U, () is given by
P1Rm — dp2
K= —3
pi+rdps — rp1fm

V1—1"k, +1"

K= . (5.3)

’2 " 12
1—7r"—=rr" —rvV1—1r"%k,

(5.2)

or equivalently

Proof

From theorem 4.2.1 we have
H"T

(5.4)

1—rk,
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and from theorem 5.2.4 we have

_ Prfim — dps
1%

m/{m—kr"
1— 7" .

Now substituting in equation 5.4 the result holds. O

T

or equivalently

Ry =

It can be seen from equation 5.3 that the type of the singularity of the radius function
plays a central role in the relation between x and k,,.

Recall that a function f : R — R is said to have an A;, singularity at ¢, if
f(to) = f'(to) = ... = FP(to) = 0, fE (1) #0.
Corollary 5.2.8 Assume as in theorem 5.2.7.

1. If the radius function has an A, singularity, then

k= fm T (5.5)

- 1" .
1—rr" —rk,

2. If the radius function has an As singularity, then

= —tm (5.6)

1 — 7K,

Proof

The proof of this corollary comes directly from equation 5.3. O

In the rest of this section we will discuss the relationship between the curvature of the
Blum medial axis and the curvatures x; and ko of the boundary at tangency points, on
another words if we know the curvatures of the boundary, could we find the curvature of

the Blum medial axis? Also, we will investigate the relationship between x; and k.
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Proposition 5.2.9 Let (S,U) be a Blum medial axis and radial vector field of a region

Q C R? with smooth boundary X. Let o € S be a smooth point.

1. The radial curvatures k., and k.5 are given by

V1—1"k,, +1"

i = (5.7)
/1= T/QHm + T‘N
Rpg = o) . (58)
1—7r

2. The curvatures k1 and ko of the boundary at the tangency points are given by

V1—1%, +71"

K1 = (5.9)

o 2 2
1—r"—r" —rvV1—1r"kK,
2 "
—V1—=1"kn+r

Ko = . (5.10)

- 2 2
1—r""—rr" +rvV1—7"k,

Proof

The proof of this proposition comes directly from theorems 5.2.4 and 5.2.7. O

Corollary 5.2.10 Let (S,U) be a Blum medial axis and radial vector field of a region

Q C R? with smooth boundary X. Let xo € S be a smooth point, then
1 r
5(/437”1"’_'%7“2) - 1—7’,2‘ (5.11)

Proof

This result comes by adding equations 5.7 and 5.8. O

Proposition 5.2.11 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R? with smooth boundary X. Let xo € S be a smooth point, then the curvature of S

at xg is given by

1 K1 ) /2
o= = — 1— 5.12
a 2 <1+7"/€1 1+7"/€2) " ( )

where k1 and ko are the curvatures of the boundary at tangency points associated to x.
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Proof

From equations 5.7 and 5.8 we have

V1—1%, +1"

Kyl =
' 11—
and
1=k, 47"
Kpog = )
2 1—7"2
Therefore,
5 V1—1"k,
Kyl — Kpg — 2——————.
1 2 1 _ 7"/2
Thus
1 12
Fm = =(Kr1 — Kr2) V1 —1"".
2
But we have
i = — i = 1,2
1+ 7rk;

and by substituting in the above equation the proof is completed. O

Corollary 5.2.12 Assume as in proposition 5.2.11. If the radius function has a

1 K1 Ko
/{m = - —_— .
2\1+4+7rr; 1-+rkKy

singularity, then

Proof

The proof is obvious. O

Now we are in the position to study the relationship between the curvatures of the

boundary. This relation is given in the following theorem.

Theorem 5.2.13 Let ( S,U) be a Blum medial axis and radial vector field of a region

Q C R? with smooth boundary X. Let zo € S be a smooth point, then the curvatures of
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the boundary at the tangency points associated to x are related by the following equation

2" — ko1 — P - 2rr’")

. (5.13)
(1-— P2 2rr") 4 2rrg(1 — P2 rr’)

K1 =

Proof

From corollary 5.2.10 we have

n 2r
Kpl + Kpg =
1 2 1_ P
or
K K 27"
L 2 _ .
14+rky 14180 1 -9
Thus
K1+ 2rKi1Kke + Ko B 27"
L+ 7k +Tho + 12Kk 1 — 1'%
Therefore,
R1(1+ 2reg)(1 — TIQ) + ko(1 — r/z) = 2" 4 2 Ky (1 + k) + 2r1 Ky
Thus
12 12 ” o " 7" ’2
Ri(1+2rke —r —2rr Ko —2rr —2r°r ko) = 2r + Ko(2rr — 1471 ").
Hence
12 " 12 7 " 12 7
K(L—=7r" =2rr )+ 2rke(1—r —rr )] =2r —ro(l—r" —2rr).
Therefore,

" — Ko(l — r?_ 27’7””)

(1 =72 = 2r") + 2rko (1 — " — r1")
which completes the proof. O

R1 =

Corollary 5.2.14 Assume as in theorem 5.2.13. If " = 0, then

n 1 +7’I€2.

R1
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Proof

The proof comes directly from equation 5.13. O

5.3 Shape Operator of the Blum Medial Axis and those

of its Boundary at Tangency Points

In this section we will turn to higher dimensions; in particular we will investigate the
Hessian operator in terms of the radial shape operators of the Blum medial axis and then
we are able to find the the expression of the Hessian operator in terms of the differential
geometric shape operators of the boundary at the tangency points. Moreover, we are going
to find out the relationship between the shape operator of the Blum medial axis and the
the differential geometric shape operators of the boundary at the tangency points. Recall
that for each smooth point 2, € S of skeletal structure we have two values of the radial
vector field U which are on opposite sides of 7}, S. The values of U corresponding to one

side form a smooth vector field. Also, for each side we have a radial shape operator.

Theorem 5.3.1 Let (S,U) be a Blum medial axis and radial vector field of a region ) C
R™* with smooth boundary X. Let xy € S be a smooth point and {v1,v9,...,0,} be a

basis for the tangent space of S at x, then the radial Hessian operator is given by
1
(V) = 5 (S + Sv) (I = drdrT 71V, (5.14)

where 1,,, is the matrix representing the first fundamental form of S at xo and Sy,, © = 1,2
are the matrices representing the radial shape operators, V' is the matrix with i-th row
entry v; and dr is a column matrix with i-row entry dr(v;), where dr(v;) is the directional

derivative of the radius function in the direction of v;.
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Proof

The radial Hessian operator is a map
H, : T,,S = T,,S

such that

. aU an
HT(UZ') = _vvi<U1tan) = —Pprojy ( 85- ) )

where V,, is the covariant derivative with respect to the basis of the tangent space of the
Blum medial axis at a smooth point. But we have Uy, = —Vr = %(Ul + Usy) and Vr is

the Riemannian gradient of the radius function. Therefore,

10

(U, + Ug)) .

B () =~V (~77) = V(7)< proiy (55

Thus

1 (ou, o,
H, (v;) = — Projy (8_m + 81)@-) :

Now using equation (1.2) we have

ou,  oU, - -
(82)1' + 6vi ) =al;U; — Z Sljz‘Uj +a2;Us — Z Szﬂvj‘

j=1 j=1

Now we write this equation in vector notation to get

oUu,  0U,
57ty = AU - SV + AyUs — Si,V,
but from the proof of lemma 3.3.7 we have A; = —S‘:Cidr, 1 = 1, 2. Therefore,
oU oU.
a—vl + (’“)_VQ = —(Sy1 + Sv2)TV — Sy drUs — SydrUs.

But the possible choices for the radial vector fields are
Uy =-=Vr++/1—||Vr||2N and Uy=-Vr—/1—|Vr|2N.

Thus

ou, 0U,

W W == _<SV1 + SVQ)TV+<SV1 + SVQ)TdTVT‘— 1-— ||VT||2(SVl — SVQ)TdT’N.



Chapter 5. The Relationship Between the Differential Geometry of the Skeletal Structure
and that of the Boundary 114

Now the projection of this equation to the tangent space along the normal is given by

ou,  oU.
proj x <8_V1 + 8_1/2) =—(Sv1 + SVQ)T(V —drVr), (5.15)

but the Riemannian gradient of the radius function is given locally by Vr = drT 11V
where [, is the first fundamental form of the Blum medial axis. Thus equation 5.15
becomes

proj (% + %) = —(Sy1 + Syo) (I — drdrT IV
Therefore,

1
H, (V) = §(Sv1 + 50, (I = drdrT 1NV

Hence by this the proof is completed. O

Now let H, be the matrix representing the radial Hessian operator H,.. In the following

corollary we express H, in terms of Sy, and Sy,.

Corollary 5.3.2 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R™! with smooth boundary X. Let xo € S be a smooth point, then the matrix H,

representing the radial Hessian operator is given by

1
He =5 (S + Sv) (I — drdrTI2Y). (5.16)

Proof

The proof of this corollary comes directly from equation 5.14. O

Proposition 5.3.3 Ler (S,U) be a Blum medial axis and radial vector field of a region
Q C R" with smooth boundary X. Let xy € S be a smooth point. If the radius function
has a singularity at x, then the matrix H, representing the radial Hessian operator is
given by

H, = %(Svl +Su,)" (5.17)
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Proof

Assume that the radius function has a singularity then equation 5.16 becomes
1
HT‘ et 5(5\/1 + SVQ)T

Hence the proof is completed. O

Now we define the mean Hessian curvature H* by

. 1
H* = ntr(?—[r).

Using this we have the following.

Corollary 5.3.4 Assume as in proposition 5.3.3, then the mean Hessian curvature is given
by

1
H* = i(Hrl + H,9), (5.18)

where H,, and H ., are the mean radial curvatures of the Blum medial axis.

Proof

If we take the trace for both sides of equation 5.17 we obtain

tr(Hy) = 5 (r(Sw) + r(Sws)).

Thus equation 5.18 is satisfied. O

Our task now is to find out the connection between the radial Hessian operator and the

shape operators of the boundary at the tangency points.

Theorem 5.3.5 Let (S, U) be a Blum medial axis and radial vector field of a region Q) C
R with smooth boundary X. Let xy € S be a smooth point. Then the matrix H,

representing the radial Hessian operator is given by

1 _ _ T _
He = AT +78xy) Sxyr A (I +1Sxyn) Sy} (I =drdr LY, (5.19)
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where SXV{ and S Xy are the matrices representing the differential geometric shape

operators of the boundary at the tangency points associated to x.

Proof

From corollary 5.3.2 we have
H, = %(svl + Sy,) (I = drdr™' T,
and from proposition 4.2.4 we have
Sy, = (I + TSXVI/>715XV1' and Sy, = (I —|—rSXV2/,)*1SXV2u

and by substituting this in the above equation the proof is completed. O

Corollary 5.3.6 Assume as in theorem 5.3.5. If the radius function has a singularity at

To, then
T

1 - -
He = S{(I +7Sxv) " Sxvy + (T +78x) " Sy
Proof

The proof of this result comes directly from equation 5.19. O

Now we will give a special form for the matrix representing the radial Hessian operator

in the case of a Blum medial axis in R?.

Theorem 5.3.7 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R3 with smooth boundary X. Let xo € S be a smooth point. Then the matrix
‘H.. representing the radial Hessian operator is given by

1 1 1
r == S /- S "
H 2{T2K1+27’H1+1 XV T2K2+27’H2+1 XV,

T’Kl ’I“KQ T T -1
— 1Y (I —drdr I 7).
(T2K1—|—27“H1—|—1 T2K2+2TH2—|—1) } ( rar m)
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Proof

From theorem 4.3.1 we have

Syy = ! S rh I
PTORK 4 2rH 417X 2K 4 2rH 1
and
1 K
Sva = E

Sy — 1.
7“2K2—|—27'H2—|—1 XV, 7“2K1—|—27’H1+1
Now substitute by these in equation 5.16 the result holds. O

Corollary 5.3.8 Assume as in theorem 5.3.7. If the radius function has a singularity at

To, then
1 1 1
== S ’— S ”
H 2{7’2K1+2T‘Hl—|—1 AW 7’2K2+27’H2+1 XV,
K K
+ i - e .
T2K1+2T’H1+1 T2K2+2TH2+]_
Proof

The proof of this corollary comes directly from theorem 5.3.7. O

Example 5.3.9 Let (S, U) be a Blum medial axis in R* and let Sy (x,y) = (x,y, $Kmi 2+
%szyQ +h.ot) C S,y andr =1+ %axQ + %by2 be the radius function on S, such that

% ¢ {Km1 + a, Km2 + b}. Now we define the unit radial vector fields by

Uy = —Vr + /1= |Vr|PN and Uy = —Vr — /1 — | Vr|*N,

where V1 is the Riemannian gradient of the radius function and N is the unit normal of
S1. The radius function has a singularity at the origin and direct calculations show that

at the origin we have

Km1+a 0 a — Km1 0
SVl = ) SV2 = 5
0 Kma + b 0 b— Km2
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Km1+ @ 0
g | 1=ro(Km +a)
lel N O KJTFLQ + b ’
1 —7ro(Kme +b)
: a z Km1 ) 0 .
—rola — K,
SXVQI - ’ ' b— Rm?2 and Hr -
0 0 b
1-— To(b — /img)

Now it is easy to check that

1 1 _ _ T
H, = 5(5\/1 +8y,)" = §{<[ + TSXV{) 1SXVI’ + (I + TSXV;’) 1SXVQ”

In the rest of this section we will focus on the relationship between the shape operator
of the Blum medial axis and the shape operators of its boundary at tangency points
corresponding to a smooth point on the medial axis. Now let (S, U) be a Blum medial
axis and radial vector field of a region 2 C R"*! with smooth boundary X. Assume
that x; and x, are the tangency points associated to a smooth point z, € S then we
have only two choices for the smooth value of the radial vector field U these choices are
Uy = —=Vr+4/1—||Vr|>N and Uy = —Vr — 1/1 — || Vr||>N such that U; and N have
the same direction and z; = 2 + rU; and x5 = 29 + rUs and p = /1 — | Vr|>. Now it
is clear that

U, = Us + 2pN. (5.20)

Therefore, with this equation we have a good tool to investigate the relation mentioned

above in particularly we have the following results.

Theorem 5.3.10 Let ( S,U ) be a Blum medial axis and radial vector field of a region
Q C R with smooth boundary X. Let xo € S be a smooth point and {v1, v, ...,v,} be
a basis for the tangent space of S at xy. Then the differential geometric shape operator

Smed Of S at xg is given by

1
Smw(V)::éz(SVl—-SVQT([—whdrTL;ULi (5.21)
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Proof
From equation 5.20 we have

Ul = U2+2pN

Let {v1,vq, ..., v, } be a basis for the tangent space of S at x, now differentiate both sides

of the above equation with respect to v; we get

ou, U, dp ON
ov; O, +28UiN+2ani7

i=1,2 ..n.

This equation can be written in vector forms as the following

ou, 90U, ON
L= 222 L 2dp(V)N + 2p——
av ~ v T 2rVIN+ 2050
or
AlUl — SVlv = A2U1 — SVQV -+ 2de -+ 2pa—v
or

N
— ST (I=drdr I, 1YV —pSE drN = —552(]—drdrTI;Ll)V+pS$2dTN+2de+2pg—v.

Now apply the projection to the tangent space along normal (—proj,) we obtain the
following

Smea(V) = i(sv1 — Syo) (I —drdrTI;HV

which completes the proof. O

Corollary 5.3.11 Let ( S,U ) be a Blum medial axis and radial vector field of a region
Q C R with smooth boundary X. Let xy € S be a smooth point. Then the matrix
representing the shape operator of the Blum medial axis at x is given by

ST

= %(Sm — Syo)" (I — drdr™I2Y). (5.22)
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Proof

The proof of this corollary comes directly from equation 5.21. O

Corollary 5.3.12 Assume as in corollary 5.3.11. If the radius function has a singularity

at xo, then

1
ST — 5(5“ — Sya)T. (5.23)

Proof
If the radius function has a singularity, then p = 1. Therefore, equation 5.22 becomes

S =3(Sv1 — Sys)" which completes the proof. O

Example 5.3.13 Let (S,U) be a Blum medial axis in R3 and let Sy(x,y) = (v,y,y* —
1%) C Syeq and r = 0.1+zy~+y? be the radius function on Sy such that v*>+4xy+5y* < 1.

At the origin the radius function has a singularity and we have

-2 0 -2 1 2 1
Sm = s Svl = and SV2 =
0 2 1 4 10

It is clear that S}, = 1(Sy, — Sya).
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e
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LT,

5 0 -01 -0z

Figure 5.2: The Blum medial axis and associated boundary of example 5.3.13.

Now we will turn to one of the main aims of this chapter which is the relationship
between the differential geometric shape operator of the Blum medial axis and the
differential geometric shape operators of its boundary. In fact, corollary 5.3.11 gives us a
good tool as well as proposition 4.2.4 to investigate this relationship which given in the

following theorem.

Theorem 5.3.14 Let ( S,U ) be a Blum medial axis and radial vector field of a region

Q C R with smooth boundary X. Let x € S be a smooth point.

1. The matrix representation of the shape operator of the Blum medial axis at x is
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given by

1
S = 2_p{([ + TSXV{)_ISXV{ - (I + TSXVQ”)_ISXVQ” T([_drdTTI;zl)- (5.24)

2. If the radius function has a singularity at x, then

1 _ _ T
S = §{<I + TSle/) ISXVI' -+ TSXV2"> ISXVQN ) (5.25)

where SXV{ and S Xy are the matrices representing the differential geometric shape

operators of the boundary at the tangency points associated to x.

Proof

1. From proposition 4.2.4 we have
-1 -1
Svi =+ TSXVI') Sxy; and Sy, = (I + TSXV;) Sxvy'-

Now substitute by this in equation 5.22 the result holds immediately.

2. The proof is obvious. O

Example 5.3.15 Let (S,U) be a Blum medial axis in R® and let Sy(z,y) = (z,y,2° —
y?) C Sreg and r = 0.1+ y? be the radius function on S such that 4y* < 1. At the origin

the radius function has a singularity and we have

0 0 0 0 0 0 1
Sy = , SXV{ = and SVQ = = (I + TOSXVQN) Sszll.
0 -2 0 0 0 4

Thus it is clear that ST = %{([ + TSXVII)ASXV{ — (I + TS)(VQN)ilsXVZH !
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Figure 5.3: The Blum medial axis and associated boundary of example 5.3.15.

Now we will give a special form for the matrix representing the differential geometric

shape operator in the case of a Blum medial axis in R3.

Theorem 5.3.16 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R? with smooth boundary X. Let xy € S be a smooth point. Then the matrix S,

representing the differential geometric shape operator is given
1 1 1
A —— S - S
m 2p{r2K1 +2rH +1 XY 2K, +2rHy+1 X%

TK]_ T»K2 . .
- I} (I —drdr I 7).
<T2K1—|—27“H1+1 7“2K2—|-27“H2+1) A rdri 1)
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Proof

The proof of this theorem comes directly by applying theorem 4.3.1 in corollary 5.3.11. O

In the following we will give the exact relationship between the matrix representing the
radial shape operator of a skeletal structure and the matrix representing the differential
geometric shape operator of the skeletal set and then we will give the exact relationship
between the matrix representing the differential geometric shape operator of the skeletal
set and the matrix representing the differential geometric shape operator of the boundary
at a point associated to a smooth point of the skeletal set. Let (S, U) be a skeletal structure
in R™*! such that the compatibility condition holds and let zy € S,., be a smooth point
and {vy, v9, ..., v, } be a basis for the tangent space of S at . Let r be the radius function,
since z( is a smooth point and the compatibility condition holds then the unit radial vector
field is given by [8]:

Uy = —-Vr+4/1—|Vr|’N,

where Vr is the Riemannian gradient of the radius function and N is the unit normal of

the smooth stratum S containing xo. We put p = /1 — || Vr||%, so we have the following
Uy = —Vr + pN. (5.26)
From this equation we have the following equation

1 1
N=-U+-Vr. (5.27)
P P
This equation is a useful tool to determine the coefficients of the unit radial vector field in
o,

81% '

From equation 5.26, we have

oUu oV 0 ON
L = r+ pN—l—pav‘.

(%i - (%i @UZ‘
ovVr  (OVr T N ovr\"
(%Z- N 81)1‘ 8vi '

(5.28)

Now we put
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ovr\" avr\ " oV
where ( 5 r) (resp. ( 5 r> ) is the tangential (resp. normal) part of r Now
Vg Vs

(%i '
ovVr
81)@'

N
since S is a hypersurface, then we put ( > = [;N. Now using this together with

equation 5.27, equation 5.28 becomes

ou,  (ovr\T 1 (dp 1 (dp ON

Now writing this equation in vector form we get

ou; 1

1
—— = (dp—B)U, — (HF + pST — —(dp — B)drT I_MV. 5.30
From equation 1.3 we have
oU;y
— = AyU, - STV. 5.31
Y vU1 (5.31)
Now since {U}, vy, Vg, ..., v, } is a basis for R"*!, then from equations 5.30 and 5.31 we
obtain
1 1
Ay = (dp—p) and Sy =M, +pSy, — P B)dr'I,", (5.32)

where H, is the matrix representing the radial Hessian operator, .S, is the matrix
representing the differential geometric shape operator of the skeletal set, dp is a column
matrix with i-th entry S_QIJOZ" dr is a column matrix with ¢-th entry g—;, [ is a column matrix
with i-th entry (;, [, is the first fundamental form of the skeletal set and V' is the matrix
with i-th row v;.

Our task now is to find the exact expression of the matrix 5. In [7] James Damon pointed

out that Ay = STV - U; and since the compatibility condition holds, then Ay = —S{dr.

Thus from this and equation 5.32 we have —S{dr = ll)(dp — [3). Thus
B =dp+ pSidr. (5.33)
Also, from corollary 3.3.9 we have dp = —(pS{ — S )dr. Hence we obtain that 3 =

ST dr. Therefore, equation 5.32 can be rewritten as the following

1 1
Ay = ;(dp — STdr) and ST =HI + pST — ;(dp — Sdr)dr" L. (5.34)
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Now we summarize the above discussion in the following theorem.

Theorem 5.3.17 Let (S,U) be a skeletal structure in R™ such the compatibility

condition holds in a neighbourhood of smooth point xq € S, then
1 T
Ay = —(dp—S,,dr) (5.35)
p

and

1 1
ST =HI + pSE — ;dpdrTI,;l + ;SgdrdrTI;. (5.36)

Example 5.3.18 Let (S,U) be a skeletal structure in R™ suppose the image of

n
s1(21, T2, ooy Tn) = (T1, T2, oy Ty 1) C Syeq such that {(z1, o, ..., x,) € R > 27 < i}
i=1

and let r(x1, o, ..., x,) = 1+ Y x? be the radius function. Now the radial vector field is
i=1

given by Uy = =N+ pN, where N is the Riemannian gradient, p = ([1 — 4 x? and
i=1

N is the unit normal of s;. Now we will apply theorem 5.3.17 to calculate Sy and Ay .
Since sy is a hyperplane, then S,, = 0. Also, Vr = (2x1, 29, ..., 22,,0) and H, = 21,

where I in the (n x n)—identity matrix. From theorem 5.3.17 we have

1 1
ST =H! - ;dpdrT and Ay = ;dp.

Foreach j € {1,2,...,n} we have = ' . Thus

Op

91 2!
Op.
925 B —4 T2
. - n
: 2
1-4 Zl X
1=
Op. T,
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T
—4 €x
Ay = ——— ?
1—4> a2
i=1
Tn

Also, after simplifying the matrix HI — %dpd'r’T we obtain that

n
1+423 —4 Z x? Az 29 A2 e Az 2,
=1 "
4x179 1+42% — 45 22 4xoxs cee 4xoxy,
=1 , n )
g _ 9 4x123 4xoxs 1+4a5—4 Z xi - 4x3x,
vV — n =1
1-4 3 a2
=1
dr1TH_1 4rowy_1 43051 e 4rn_1%n
n
4z, 4xox, 4xsx, s T+ 4a% -4y a?

i=1

It is clear that at (v, xo, ..., x,) = (0,0, ...,0) we have Sy = 21.

In theorem 5.3.17 we expressed the matrix Sy representing the radial shape operator of
a skeletal structure in terms of H,, S,,, dp and dr. Our task now is to assume that if
xo € S is a smooth point then the smooth sheet of the skeletal set S say S; containing x
is in Monge form i.e., S; can be parametrized locally by (z1, xs, ..., x,,) such that S is
given by the graph S (z1, o, ..., x,) = (21, 29, ..., Tp, % i KmiZ? + h.o.t). Now let r be
the radius function on Sy i.e., it is a smooth function of l(:azll, X2, ..., Ty). In the following
we will calculate Sy at the origin and to do so we just calculate H,,, S,,, dp at the origin
and substitute in theorem 5.3.17. It is clear that at the origin we have S,, = diag|[k |-
To calculate H, we will use the definition of Riemannian gradient which is given by
Vr = g0;rv;, where g is the inverse of the matrix representing the Riemannian metric,
0; is the partial derivative of the radius function and v; is a basis of the tangent space.

Since S is a smooth hypersurface in R"*!, we assume that the matrix I,,, representing the

first fundamental form is the matrix g;; representing the Riemannian metric i.e., I,,, = g¢;;.




Chapter 5. The Relationship Between the Differential Geometry of the Skeletal Structure
and that of the Boundary 128

Now we have
97gij =971, (5.37)

and

ovVr  dgY .0 o 0U;
o~ om 8rvz+g o7 —(0;1)v; + ¢ 8r8xl.

Now we calculate this at the origin and first of all we calculate the first fundamental form

(5.38)

I, in general. It is clear that

05,
v 1,0,0,...,0, kK11 + h.o.t),
1= G = ( 171 )
(951
v 0,1,0,...,0, Kmaoxs + h.o.t),
2 = 0:1:1 = ( 22 )
05,
Uy = 0,0,0,...,1, Ky + h.o.t).
%1( )
Thus
1+ k2,23 +hot.  EpiKmet1Zo +hot. - EpiKmeT1Z, + ho.t.
Km1KmaT1Ty + h.ot. 14 K222+ hot. -+ KpokmnTe, + h.o.t.
Y9ij =
Bl BmnZ1Tn + h.0.t.  EmokmnToLn + hot. -+ 14+ Iimnl‘n + h.o.t.

At the origin g;; = I and hence ¢/ = I. Also, dg;; = 0 at the origin. In general
(9" g:5) = (99")gi; + 9" (0gs;) = 01 = 0.

Now since g;; = I at the origin thus d¢g*/ = 0 at the origin. Therefore,

ovVr 0 ov;

At the origin is easy to check that

Oz, 0 if il
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where N is the unit normal of S;. Thus

Teizr Taxize 70 Tziza,
HT _ ra:?:tl TI?IQ " '. : Txg:xn 7
Tenzy Tapze L
where 1., = % (;—;) This matrix is given by [ay| = [r4,4,]- Now we will calculate

dp and to do so we put
p’=1—Vr-Vr.
Thus

o __9vr,
p@xl N 83;1

At the origin % -Vr=0foralll =1,2,...,n. Therefore,
X

dp 0
p(?_xl = —a—xl(aﬂ“)’l]l . VT'.
Thus
v - Vr
vg - VT
pdp = —H,
Up - VT

Also, at the origin we have Vr = (r,,, 74y, .o, 72, 0), v; - Vi = 1., and

p=4/1—>_r2. Hencedp= —%Hrdr and after simplification we get
i=1

n
Z Tz Tz 2,
=1

n
-1 Z Tz Tzom,
i=1

n
D TaTenw
i=1
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Now we will calculate Ay which is given by Ay = %(dp — ST dr) after direct calculation

n n
/ 2
> T Tayw; + KmiTaq /1 — > T2
i=1 =1
n n
—1 D TaTese; + EmaTagy /1 — D 7’5%1,
AV = =1 i=1
i=1
n n
> T Tape, T KmnTaz,q /1 — D0 T:%i
i=1 V i=1
1 n n
Thus Ay can be written as [by1] = —F— | D "o, Tepa; + KmkTay /1 — 272 |. Now
=33 Li=1 i=1
=1

after some calculations we get

and simplification we get

n n n

T2y Z Tz Teiz, Ty Z ToToiz, 00 Ty Z Tz;Tz 1,

i=1 i=1 i=1

n n n
1 T —1 T'zq Z TeiTzox, T Z To;Taox, 0 Ta, Z Tz;Tzom,

—dpdr’ = —_— i=1 i=1 i=1

_ 2 . . c. .
1 Z rzi *

=1 n n n

Tay Do TeTane; Ty 20 Telonzs ~°° Taw D TaTenw:

This matrix can be given by

Ty 2 To; Taga;
=1

[cw] = 0
_ 2
1=> 72
i=1
Also,
2
K'/ml?ﬁwl Rm1Tz1Tze " Em1TzTz,
2

1 Rm2r$1ra:2 HmQTxQ T HmQTIQTzn

1
~STdrdr” =
p

_ 2 . . . :
31— 227k
i=1 2
o« .. /ﬁ;mn/r'

'Limnrzmrxn Rmnr:pgrxn In

This matrix can be written as

RmkTz, T
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Now let A = H, — tdpdr" + 1 S; drdr”. Thus A is given by

n n n
_ 2 _ 2
oo (L= 2272,) + Ty 20 TaTagay T KmkTay Tay [1 = 2272,
=1 =1 =1

n
1—=>"r2
i=1

Now we summarize the above discussion in the following.

[ag] =

Proposition 5.3.19 Let (S, U) be a skeletal structure in R""* such that the compatibility

condition holds in a neighbourhood of a smooth point x, € S. Assume that S| be the

smooth sheet of S containing x as the origin and S is given in Monge form i.e., S is

given by Sy(x1, o, ..., x,) = (1,22, ..., Tn, % i KmiZ? + h.o.t), then at xg Ay is given
i=1

by the matrix

n

—1

[bk’l] = n
1= 2 |i=1
=1

Ta;Tepa; + kT,

and

ST =A+5;,

where A is given by

_ n n n
_ 2 1 _ 2
Ty, (1 Z T:vi) + T, Z T, Vo, + BmkTay Ty 1 Z T2
=1 =1 i=1

n
1= 2
=1

[akl] = )

and Sy, = diag | Ky |1 — > 72 1
I i=1

Corollary 5.3.20 Let (S, U) be a skeletal structure in R? suppose the image of Si(z,y) =

(z,y, %mmlxz + %K}mQyQ + h.o.t) C S,¢, and Let r be the radius function. Then

1. Sy and Ay are given by

-1 Taloz + Tylay + KmiTey/1 — T3 — 15
Av = 1—7r2 -2 p) 2
x Y ToeTay + TyTyy + Emaly/1 — 135 — Ty
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. a
and Sy, = where,
c d
2 2 2n: 2 2 p)
. Tez(l — Ty) + K1 (1 — 12 — Ty)2 + 1oy Ty + KpiTo/1 — 13 — 12
1—r2— rg ’
- Tay(1 = 72) 4+ 70y re + mmlrxrym
1—r2— Tg ’
B Ty (1 — 7’5) + Ty Tyy + /@mgrxrym
1—7r2— 7“5
and

3
2 2 2\ 2 R
Tyy(1 = 712) + Ko (1 — 77 Ty) + TaTyTay + KmaTy /1 — 12 — 12

— 2 _ g2
L—rz—r;

2. If the radius function has a singularity at the origin then Ay = 0 and

ST . Tex + Km1 Tmy
v =

Try Tyy + Km2
Proof
The proof of this corollary comes directly from proposition 5.3.19 just by putting n = 2.
(]

Example 5.3.21 Let (S,U) be a skeletal structure in R? and let s,(x,y) = (z,y,1?) C
Sreg such that {(z,y) € R?| — 0.45 < & < 0.45,—0.45 < y < 0.45} . We define the

positive function r on sy by r(x,y) = %x + 1, and we define the unit vector field U; on s,

by:
Uy = —Vr+1/1—|Vr|*N,

where Vr is the Riemannian gradient of v and N is the unit normal of s,. Thus after some

calculations we obtain that

o (—1—2:16\/34—16332 . —2:15—1—\/3—1—16:52)
1 p— .

261+ 422) ' 2(1+42?)
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It is clear that the compatibility condition holds and the associated boundary is given by

(x +2)(1 + 22v3 + 1622) 5 (x+2)(—2x+ V3 + 1622?)
X(@y) = (x - A(1 + 422) YTt A(1 + 422) ) '

After some calculations we get

8z(1+ 422) — 4(1 + 42%v/1 + 422)y/3 + 1622

0
Sy = (14 422)*(3 + 1622)
0 0
and
—42(1 + 42%) + 2(1 + 42*V1 + 422)/3 + 1622
Ay = (14 422)*(3 + 1622)
0

8z(1 + 4x?) — 4(1 + 422V/1 + 422)V/3 + 1622

(14 422)*(3 + 1622)
and K. = 0. Thus the Gaussian radial curvature K, = 0.

The radial principal curvatures are k., =

0.8

06 T-The boundary

0.4
The skeletal set

Figure 5.4: Skeletal set and associated boundary in example 5.3.21.

Example 5.3.22 Let (S,U) be a skeletal structure in R3 and let s\(z,y) = (z,y,y> —

2%) C Spey and v = 0.1 + y? be the radius function such that 4y* < 1. At the origin the



Chapter 5. The Relationship Between the Differential Geometry of the Skeletal Structure
and that of the Boundary 134

radius function has a singularity and

-2 0

0
Ay = and Sy =

Figure 5.5: Skeletal set and associated boundary in example 5.3.22.

Theorem 5.3.17 gives the relationship between the matrix Sy representing the radial
shape operator and the matrix .S,, representing the differential geometric shape operator
of the skeletal structure. In proposition 4.2.4 we express the the matrix Sy in terms of
the matrix Sy~ representing the differential geometric shape operator of the boundary.

Thus now we are able to find the exact relationship between S, and S+, this relation is
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given in the following theorem.

Theorem 5.3.23 Let (S, U) be a skeletal structure such that for a choice of smooth value
of U the associated compatibility 1-form ny vanishes identically on a neighbourhood of
a smooth point x, of S, and % is not an eigenvalue of the radial shape operator at x(. Let
zy = Vy(x0) and V' be the image of V' for a basis {vy, vy, ..., v, }. Then the matrix Sy

representing the differential geometric shape operator of the boundary is given by

-1

1 1 1 _
ST, = ;{[1 —r(HE + pSE — ;dpdrTIml + ;SgdrdrTJml)] —I}.  (5.40)

Proof

From proposition 4.2.4 we have
Sg - S),];V/ ([ + TSZ;V/)_I
and from lemma 4.2.3 we have

-1 1 —1
Sg = S)jgv/(] + T’S)Z;V/) = ;[I — (.[ + TS),Z;V/) ]

Thus equation 5.36 becomes
1 T N1 T r 1 771, Lar T7-1
—[I = (I +71Sy) 1=H, +pS, — =dpdr" I~ + =S, drdr" I .
r P P

After simplifying this equation we obtain

-1

1 1 -~ 1 _
Sy = AU = r(HT 4 pST = dpdr I} 4 —STarar "IN~ 1),

Corollary 5.3.24 Assume as in theorem 5.3.23. If the radius function has a singularity,
then

Sty = %{[I —r(HT + ST = 1. (5.41)
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Proof
If the radius function has a singularity then, p = 1 and dp = 0. Thus equation 5.40

becomes

1 —
Sty = AU —r(H] + )]~ 1}.

5.4 Blum Medial Axis and the Singularity of the

Associated Midlocus

In this section we will study the specific conditions for the midlocus to have a singularity
at a point associated to a smooth point on the medial axis. Also, the impact of this
singularity on the radial shape operators will be investigated. In lemma 2.3.16 Peter
Giblin gave a condition for the midlocus to have a singularity at a point associated to
a smooth point of the symmetry set. In the following theorem we give an equivalent

condition depends on the radial curvatures.

Theorem 5.4.1 Let (S,U) be a Blum medial axis and radial vector field of a region Q) C
R? with smooth boundary X. Let x¢ be a smooth point of S and let x.,, be the associated
midpoint then, the midlocus M is singular at x,, if and only if the radius function r has a

singularity and the radial curvatures satisfy the equation

Kr1 + Krg = —.
r

Proof
Let v be the smooth stratum containing x, parametrized by the arc-length. The midlocus

associated to 7y is given by

M =7+ 5(U1 + V). (5.42)
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Now the differentiating of the above equation with respect to the arc-length gives

r r r
M = [1 — 5(/@«1 + HTQ)]T+ 5(1 — Tﬁrl)Ul + 5(1 — T/QTQ)U27
where 7' is the unit tangent of  at zp. Now assume that ' =0and K. + Ky = %, then
the midlocus is singular. Conversely, assume that the midlocus is singular, then M = 0

and hence ' = 0. Therefore, Kpl + Kpo = % O

Now we will study the impact of the singularity of the midlocus on the medial axis in

particular the curvature of the medial axis.

Proposition 5.4.2 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R? with smooth boundary X. Let xy € S and x,, be the associated midlocus point.

If the midlocus is singular at x.,, then k,, # 0, where k,, is the curvature of S at xy.

Proof
Since the midlocus is singular, then by theorem 5.4.1 we have K, + K2 = % which gives
Ky = % — k1, and from proposition 5.2.11 we have

1
Ko = 5(’@«1 — k) V1 — P2,

Also, since the midlocus is singular, then the radius function has a singularity i.e., 7’ = 0
thus the above equation becomes

Rm = %("irl - K"I’Z) = %(’irl - % + "irl) = Rr1 — 2 % 0.0

In [13] Peter Giblin and Brassett pointed out that the singularity of the midlocus of
a plane curve is generally a cusp. In the following proposition we give a sufficient
condition for the midlocus to have a cusp singularity. Before stating the result recall that
the criteria for a parametrized plane curve v : I — R? to have a cusp singularity at ¢, is

that
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e 7' (to) = (0,0),
o 7" (ty) # (0,0), and

e 7" (ty) and v" (t,) are linearly independent.

Proposition 5.4.3 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R? with smooth boundary X. Let xy be a smooth point of S. Assume that the
midlocus is singular at x,, associated to x,. If at x

"2

3 ) Ko + 20 K 4 202D — Bk — Wk, #0, (5.43)

where k., is the curvature of S at x, then the singularity of the midlocus is a cusp.

Proof
Let v be the smooth stratum containing x, and parametrized by the arc-length. The

associated midlocus is given by
M=~— T,
where 7' is the unit tangent of . Since the midlocus is singular at x(, then the radius

function has a singularity at zo and r” = % Direct calculation shows that at xy we have

1" "

M (z9) = —r(zo)r (20)T (x0) — Fim(z0) N (20),

where N is the unit normal of . Since the midlocus is singular at zy, then from

proposition 5.4.2 k,, () # 0. Thus M () # 0. Also, at 2y we have

M (o) = (2n;<x0) _ %xo) _ T(xo)r(4)(x0)) T(o)

— <3r(x0)7“m(3:0)/1m(x0) + 2/4;;71(3:0)> N(zo).

Now M" (24) and M () are linearly independent if and only if their vector product is

non-zero vector if and only if

.2

3 ) ke + 20 K 4 27263 — Bk — Wk, # 0.
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Thus if this condition holds then the midlocus is a cusp. O

In corollary 3.2.12 we gave the condition for the centroid to have a singularity when
the radius function has a singularity. We found that condition depends on the Hessian
operator. In the following theorem we will give an equivalent condition for the midlocus
to have a singularity when the radius function has a singularity at a smooth point of the

medial axis. This condition depends on the radial shape operators of the medial axis.

Theorem 5.4.4 Let (S, U) be a Blum medial axis and radial vector field of a region Q) C
R™ L with smooth boundary X. Let xq be a smooth point of S and let x,, be the associated
midpoint. If the radius function has a singularity at xo then the midlocus is singular at

Ty, 1If and only if % is an eigenvalue of the matrix

1
5(5‘/1 + SVz)'

Proof

In corollary 3.2.12 we have that the centroid set has a singularity when the radius has
a singularity if and only if % is an eigenvalue of the radial Hessian operator. Since the
midlocus is a special case of the centroid set then we can apply this corollary. Also, from

proposition 5.3.3 the matrix representing the radial Hessian operator is given by
1
H, = §(SV1 + SV2)7

where Sy,, ¢ = 1,2 are the matrices representing the radial shape operators. Thus if

the radius function has a singularity at a smooth point of the Blum medial axis, then the

associated midlocus is singular at the associated midlocus point if and only if — is an
r

eigenvalue of H, if and only if % is an eigenvalue of the matrix £ (Sy, + Sy,). O
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Chapter 6

Radial Focal Point of a Skeletal Set and

Focal Point of the Boundary

6.1 Introduction

In this chapter we will study the focal point of the boundary and give the relation between
the focal point and the radial one. First we will define the radial focal point of a skeletal
structure and then study the relation between it and the associated focal point of the

boundary.

6.2 Location of the Focal Point of the Boundary

Definition 6.2.1 Let ¢ : M — R""! be a parametrized n-surface, let p € M, and let
B : R — R""! be the normal line given by 3(s) = ¢(p) +sN(p). Then the focal points of
@ along [3 are the points 5(%@), where N is the unit normal and r;(p) are the non-zero

principal curvatures of ¢ at p.
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Now we will define the radial focal point of the skeletal structure using the same way as

the above definition.

Definition 6.2.2 Ler (S,U) be a skeletal structure in R™™ such that for a choice of
smooth value of the radial vector field U, at xy € S the associated compatibility 1-form
vanishes and % is not an eigenvalue of the radial shape operator or the edge radial shape
operator. The radial focal points of S at xq are defined by

1
pri=$0+fU1, (6.1)

7

where k,; are the principal radial curvatures if xy is a non-edge point or edge principal

radial curvatures if x is an edge point.

Now we will give a precise relationship between radial focal point and its associated focal

point of the boundary in the following proposition.

Proposition 6.2.3 Let (S,U) be a skeletal structure in R such that for a choice of
smooth value of the radial vector field U the compatibility 1-form vanishes identically on
a neighbourhood of a non-edge point vy € S and % is not an eigenvalue of the radial
shape operator. Then, the radial focal points of S at x and the associated focal points of

the boundary at vy, = V1 (x0) coincide.

Proof
From definition, the radial focal points of S at x are given by

1
Pri = Xo + _Ul

and the associated focal points of the boundary at IL‘B = Wy (xg) are given by

/ 1
Pxi = Xy + _NXJ
R
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where k; are the principal curvatures of the boundary at xz) and Ny is the unit normal of
the boundary at :1:6. But xz) = xg + rU; and Nx = Uj therefore,
o1
pxi = %o+ —Nx

7

1
:JIQ+(T+—) U1
K

rr; + 1
:Io+( )Ul

Ri

1
=z + —U; (by equation 4.2)

T

= Pri

Corollary 6.2.4 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R™ with smooth boundary X. Let xy € S be a non-edge point then, the radial
focal points of S at xo and the associated focal points of the boundary at xb = Uy (z9)

coincide.

Proof
Since the Blum medial axis satisfies the radial condition and the compatibility condition,

so we can apply proposition 6.2.3 which completes the proof. O

Our task now is to find the necessary and sufficient condition for the focal point of a
smooth boundary to be in its interior. First of all, we discuss this phenomenon in the case
when the boundary point associated to a non-edge point in the skeletal structure; after that

we will discuss it at a boundary point associated to an edge point.

Lemma 6.2.5 Let (S, U) be a skeletal structure in R" ™ such that for a choice of smooth

value of the radial vector field U the compatibility 1-form vanishes identically on a
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neighbourhood of a non-edge point vy € S and % is not an eigenvalue of the radial
shape operator. If there exists k., < 0 at xq for some index o such that ﬁ < r, then the

focal point of the boundary associated to k. is closer to x than ZL‘E) = xo + rU; along

the radial line.

Proof

The boundary point z,, and the focal points lie on the radial line and the distance between
the the boundary point x;) = 29 + rU; and z( along the radial line is . On the other
hand, the distance between x( and the focal point p,, = zo + tU 1 along the radial line

is —— and by our assumption we have —— < . Thus the focal point of the boundary

‘ rol |’im‘

associated to x,., 1S closer to x than xé = xg + rU; along the radial line. O

This lemma gives us a good tool to examine the location of the focal point and leads us to

the following theorem.

Theorem 6.2.6 Let (S, U) be a Blum medial axis and radial vector field of a region Q) C
R™ with smooth boundary X. Let xq € S be a smooth point such that there exists a
1

principal radial curvature k.., < 0 at xo with T ST Then the focal point of the

boundary at xé) = xo + rU; associated to K, is inside the boundary X.

Proof

From lemma 6.2.5 the focal point is closer to x, than z, and since we are in the Blum
medial case then the focal point lies on the diameter of the bitangent hypersphere also,
from the definition of the Blum medial axis the bitangent hypersphere lies inside the

boundary X. Hence the proof is completed. O

Lemma 6.2.7 [9] Let (S,U) be a Blum medial axis and radial vector field of a region

Q C R with smooth boundary X. Let x, € S be a smooth point with associated
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boundary point x1 € X. Then the principal radial curvatures at x have the same sign as
the corresponding principal curvatures of the boundary at x1 and one is zero if and only

if the other is.

Proposition 6.2.8 Let (S,U) be a Blum medial axis and radial vector field of a region

Q C R with smooth boundary X. Let x1 € X corresponding to a smooth point of S.
1

If there exists k., < 0 such that |ko| > 5 then the focal point associated to K, is inside
r

the interior of X, where k., is a principal curvature of X at x;.

Proof

From theorem 6.2.6 if there exist a negative radial curvature satisfies the condition

] < r. Then the boundary has a focal point inside its interior, this focal point is that
K‘/’/‘Oé
associated to x, which is the associated principal curvature of the boundary to %, . Also,
from lemma 6.2.7 the principal radial curvatures and the associated principal curvatures

1 a
of the boundary have the same sign. Therefore, % < r. Thus the result holds. O
Ra

Lemma 6.2.9 Let (S,U) be a Blum medial axis and radial vector field of a region ) C
R™* with smooth and convex boundary X. Let x, € X corresponding to a smooth point
of S. Then the corresponding focal points of the boundary associated to positive principal

radial curvatures will be outside the interior of the boundary.

Proof

From corollary 6.2.4 we have the radial focal point of the Blum medial axis at a smooth
point is nothing but the focal point of the boundary at the associated tangency point.
Also, the radial line points from the medial point to the boundary. Now since the Blum
medial axis satisfies The Radial Curvature Condition ( by proposition 1.8.3 ) and the

boundary is convex, then the result holds. O
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Now we will turn to the relationship between the focal point of the boundary at a point
associated to an edge point in the Blum medial axis and the edge point. First of all, we

prove the following lemma.

Lemma 6.2.10 Let A be an (n x n) matrix. If o # 0 is not a generalized eigenvalue of
the pair (A, I,,_1 1), where I,,_1 1 is the (n X n)-diagonal matrix with 1’s in the first

(n — 1) diagonal positions and 0 otherwise, then _?1 is an eigenvalue of the matrix

B = (In—l,l — OzA)_lA.

Proof
Since « is not a generalized eigenvalue of the pair (A, I,,_1 1), then the matrix ([,,—1 1 —

aA) is invertible. Now let

, 1
B =(I, 11 —aA)"A+—1.
«

Then,

/ 1 1
(Infl,l - C(A)B =A + —([n,1’1 - OCA)[ = —1dp-11-
(67 «

Therefore, the matrix (1,11 — aA)B' is not invertible and
det[(I—11 — ozA)B/] =det(l,-11 — ozA)det(B/) = 0.

But det(I,_11 — aA) # 0 hence det(B’) = 0 which implies that =* is an eigenvalue of
the matrix B = (/,_11 — OzA)*lA. O
In the following lemma a crest point on the boundary is a point corresponds to an edge

point of the medial axis.

Lemma 6.2.11 [8] Suppose Q) is a region in R"™ with smooth boundary X and Blum
medial axis and radial vector field (S,U). Let x; be a crest point corresponding to an

edge point o € 0S. We let V be a special basis for T,,S (as in section 1.4) with V'
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the corresponding basis for T, X. Then the differential geometric shape operator for the

boundary X has a matrix representation with respect to V' given by
Sxy' = (In-11 — 7SEv) " Spv. (6.2)

The principal curvature k; and the principal directions of X at x| are the eigenvalues and

eigenvectors of RHS of the above equation.

Theorem 6.2.12 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R™™! with smooth boundary X. Then the edge point xo € OS is a focal point of the
boundary.

Proof
From lemma 6.2.11 the matrix representation of the differential geometric shape operator
is given by

Syt = In-11 — rSpyv) " Sey

and from lemma 6.2.10 we have _T is an eigenvalue of the differential geometric shape
operator of the boundary at xz) = x9 + rU;. Since U is perpendicular to the boundary,
then the focal point of the boundary corresponding to the principal curvature kK = _71 is
given by

! 1 ! ]. !

But $6 = xo + rU;. Therefore,
p=1x9+rU, —rU; = xg.

Thus the edge point is a focal point of the boundary. O

Corollary 6.2.13 Let (S,U) as in theorem 6.2.12. Let ©1 € X be a crest point then there

exists at least one focal point of X associated to x; inside its interior of X.
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Proof
From theorem 6.2.12 we proved that the edge point which is the point corresponding to
the crest point is a focal point of the boundary. Therefore, there exists at least one focal

point of the boundary inside its interior corresponding to the crest point. O

6.3 Creating the Focal Points of the Boundary from

Skeletal Structures

In this section we will focus on the focal points of a smooth plane curve. In particular,
we are going to create the focal point of a plane curve at a point associated to a smooth
point of a skeletal set, Blum medial axis or symmetry set using only the information
provided by the differential geometry (unit normal, unit tangent and curvature) and the

radius function.

Theorem 6.3.1 Let (S,U) be a skeletal structure in R? such that for a choice of smooth
value of the radial vector field U, the associated compatibility 1-form vanishes identically
on a neighbourhood of a smooth point xy of S and % =% K,. Then the focal point of the
boundary at a point :v/o associated to x is given by

12
1 ,
p =0+ L (=T +V1—r2N), (6.3)

2
"+ V1 =1k,

where T and N are the unit tangent and unit normal of S at x respectively.

Proof

let v(s) be the smooth stratum containing x, parametrized by the arc-length s, and 7" and
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N are the unit tangent and unit normal of ~(s) at x( respectively. Then from proposition
6.2.3 we have
1
p = w9+ —Uj.
K

T

But
U=-—1rT+V1—-13%N

and

Thus the proof is completed. O

Theorem 6.3.2 Let (S,U) be a Blum medial axis and radial vector field of a region ) C
R? with smooth boundary X. Let vy € S be a smooth point. Then the focal points of the

boundary at xg and xg associated to x( are given by

12

1 - ,
pr =10+ L (—"'T+V1-/"N), (6.4)
r"+V1—1r"kK,

/2
1—r

2
=1 —=7"k,

and

P2 =T+ (=T —V1—=71"N). (6.5)

Proof

let v(s) be the smooth stratum containing z, parametrized by the arc-length s, and 7" and
N are the unit tangent and unit normal of ~y(s) at z respectively. Now let mz) and xg be
the tangency points associated to zy and p; and p, be the focal points of the boundary

associated to x, and x, respectively then from proposition 6.2.3 we have

1
U1 and P2 = g + U2 (66)

Rr1 Rr2

p1 =9+

and from proposition 5.2.9 we have

V1—1"2k, +1"

Kyl = ) and Kpo =
1—r 1—r

V1 =12k, +7"

12
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Also, we have
U =—1T+V1—7>*N and = T —v1—72N.

Now substitute by these equations in equation 6.6 the results hold. O

Now we turn to the relationship between the focal point of a skeletal structure and that
of the boundary. In particularly we will investigate the condition which makes the focal

point of a skeletal structure and the associated focal point of its boundary coincide.

Theorem 6.3.3 Let (S,U) be a skeletal structure in R? such that for a choice of smooth
value of the radial vector field U, the associated compatibility 1-form vanishes identically
on a neighbourhood of a smooth point xq of S and % # k,. Then the focal point py of
the skeletal structure associated to xq and the focal point p of the boundary associated to

xz) = U, (xg) coincide if and only if the radius function has an Ay>o singularity at x,.

Proof
let y(s) be the smooth stratum containing z, parametrized by the arc-length s, and 7" and
N are the unit tangent and unit normal of 7(s) at = respectively. Now the focal point of
v(s) at xq is given by

Po = Tg + LN. (6.7)

m

Also, the focal point of the boundary is given by equation 6.3. Now assume that the focal
point of the skeletal structure and the associated focal point of the boundary coincide then
from equations 6.3 and 6.7 we have

/ " "

r =0 and r +Ep =Ky =1 =0,

which gives that the radius function has an Ay>, singularity at x,. Conversely, assume
that the radius function has an Aj>, singularity at x(, then p; = xo + I%N = po which

completes the proof. O
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Proposition 6.3.4 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R? with smooth boundary X. Let xo € S be a smooth point. If the radius function
has an Ay>» singularity at x, then the focal points of the boundary at the tangency points

associated to xq coincide.

Proof

From theorem 6.3.2 the focal points of the boundary at the tangency points are given by

12
1—17r ’ ;
P1 = Zo + = (=T + V1 —7r"N),
"+ V1 =1k,

and )
1—7

2
r"—v1—=1r"k,

Therefore, if the radius function has an A~ singularity at x(, then

(=T —V1—=1"N).

P2 = T +

1 1
p1:x0+R—N and ps = x9+ —N.

m K'm

Thus p; = py. O

Proposition 6.3.5 Let (S,U) be a Blum medial axis and radial vector field of a region
Q C R? with smooth and convex boundary X. Let xy € S be a smooth point. If the
radius function has an Ay>2 at xo, then the focal point of the boundary will be outside the

interior of the boundary.

Proof
2 14

From corollary 5.2.10, we have k,; + k2 = L,Q Therefore, if the radius has an A;>,
-7

singularity at x(, then xK,; = —~K,2. Thus kK1 > 0 or ko > 0, without loss of generality

assume that k1 > 0, then from proposition 6.3.4 p; = p, and from lemma 6.2.9, the focal

point will be outside the interior of the boundary. O
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Appendices

A The Maple Code Used in Calculating the 2-jet of the
Midlocus
in Chapter 3

Vv

f:=(1/2)*al[2,0]*x"2+(1/2)*a[0,2]*y " 2+al[l,1]+x+xy+al[3,0]1xx"3

> tal[2,1]1*x"2xy+all, 2] xxy " 2+a[0,3]*xy"3;
> r:=b[0,0]+(1/2)*b[2,0]*x"2+(1/2)*b[0,2]*y "2+ (1/3)*b[3,0]*x"3

> +(1/2)*b[2,1]*x"2xy+(1/2)xb[1,2]*x*y"2
> 4+(1/3)*b[0,3]1+xy"34b[4,0]*x"44+b[3, 1] *x"3*y+b[1, 3] *xx*y~3

> +b[2,2]1*x 2%y " 2+b[0,4]*xy"4;

> f1 := diff(f, x);
> f2 := diff(f, vy);
> rl := diff(r, x);
> r2 :=diff(r, v);

> gi=(x+x*f1724x+xf272-r*xrl-r*xr1+f2 7 24r*xr2+«£1x£2) / (1+£17°2+£272) ;
h:

(y+y*f£1724y+f£272-r*x1r2-r*xr2+f1 " 24r+rl«£1x£2) / (1+£17°2+£272) ;

> 1i=(f+Ef+xf1724+f+xf272—r*rlxfl—r*xr2x£2)/ (1+£1°2+£272);
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> p := mtaylor (g, x, vy, 3);

p = (1= boobao) x — boobsor® — booboryr — 1/2bg b1 2y (A.8)
> g := mtaylor(h, x, vy, 3);

q = (1 - 50,050,2) Yy — 1/2 bo,obz,lﬂf2 - 50,051,2?437 - bo,obo,3y2 (A9)
> s := mtaylor(l, x, vy, 3);

s = (1/2a2,0 — bo,ob2,0a2,0) 2% + (—bo0bo2a1,1 + a1,1 — bo,oba,0a1,1) yx + (1/2 ag,2 — bo,obo,2a0,2) Y

(A.10)
> Db[0, 0] := 1/b[0, 2];
> x:=u+d[1,1]*u*y+d[2,0]*u"2+d[0,2]*y"2;
> p := mtaylor(p, u, y, 3);
> z1 := simplify(coeff(p, u“2));
> z2 := simplify(coeff (coeff(p,u),v));
> z3 := simplify(coeff(p, v 2));
> d[l,1]:=simplify(solve(z2=0,d[1,1]));
> d[2,0]:=simplify(solve(z1=0,d[2,0]));
> p := simplify(p);
boo — bag) u
p = M (A.11)
bo,2
> g := simplify (mtaylor(g, u, v,3));
by 1u? + 2 by oy + 2 by 3y?
g = —1/2 2,1U° + 201 0¥ 0,3Y (A.12)

b2

> s := simplify(mtaylor(s, u, v,3));
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2 -2 2 —2b - 2p
s — 1/2 az,0U bo,z az,0u b2,o 2,001,1YU — G0,2Y " 00,2 (A.13)

bo,2
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B The Maple Code Used in Calculating the 3-jet of the
Midlocus
in Chapter 3

> f :=

Vv

(1/2)*al[2,0]*«x"24+(1/2)*a[0,2]1*xy " 2+a[l, 1] *x*y

> +a[3,0]*x"3+a[2,1]*x"2+«y+al[l, 2]xx*y~2 +al[0, 3]1*xy~3;
> r :=

> Db[0,01+(1/2)*b[2,0]*x"2+(1/2)*b[0,2]1*xy"2+(1/3)*b[3,0]1*xx"3
> 4(1/2)*b[2,1]1*x"2%y+(1/2) *b[1,2]*x+xy 2+ (1/3) xb[0,3]xy"3

> +b[4,0]1*x744+b[3,1]*x " 3xy+b[1,3]1*xxy 3 +b[2,2]*x"2xy"2

> +b[0,4]1*y"4;

> fl1 := diff(f, x);

> f2

diff (£, y);

> rl := diff(r, x);
> r2 := diff(r, v);
> g =

\

(X+x*xf1724x*xf272-r*xrl-r+xrl*«f2 °24rxr2+x£f1*x£2) / (1+£1°2+£2"2) ;
> h :=

\Y

(YAy+*E1724y+£272-r*r2-r*xr2+f1 " 24r+r1+«£1+x£2) / (1+£17°2+£272) ;
> 1 :=

Y

(f+Exf1724f+xf272—rxrlxfl-r*xr2x£2)/ (1+£1°24+£272);

> p := mtaylor(g, X, vy, 4);

> g mtaylor (h, x, vy, 4);

> s := mtaylor(l, x, vy, 4);
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x:=u+d[1,1]*uxy+d[2,0]+u’2+d[0,2] xy"2+d[2, 1] u 2y

0] := 1/b[0, 2];

+d[1,2]xu*xy " 2+d[3,0]+xu"3+d[0,3]1*y"3;

mtaylor(p, u, y, 4);

simplify (coeff(p, u’2));

simplify (coeff (coeff(p, u), vy));

simplify (coeff (coeff(p, u’2), v));

simplify (coeff (coeff(p,y"2),u));

simplify (coeff(p, v~2));
simplify (coeff(p, u’3));

simplify (coeff(p, v~3));

dl[l,1]:=simplify(solve (z2=0,d[1,1]));

yi=v+c [0, 1]*utc[l, 1] urv+c[2,0]xv"2+c[0,2]*u"2;

Appendices
> DbJO,
>
>
> p o=
> zl
> z2
> z3
> zd:=
> z5
>  z6
> z7
>
> d[2,
> dJo0,
> d[2,
> dJ[1,
> d[3,
> dJo0,
> p =
> q :=
> 5 =
>
> 5 =
> ell,

0] = simplify(solve(zl =
2] := simplify(solve(z5 =
1] := simplify(solve(z3 =
2] := simplify(solve(z4 =
0] := simplify(solve(z6 =
3] := simplify(solve(z7 =

simplify (p);

a bo,2
simplify (mtaylor (g, u, vy,

simplify (mtaylor (s, u, vy,

simplify (mtaylor (s, u, v,

(502 —'529)7t

0, d[2,01));
0, d10,21));
0, diz,11));
0, di1,21));
0, d[3,01));

0, df0,31));

4));

4));

4));

1] :=simplify (coeff (coeff(s,u),v));
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> e[2, 1] := simplify(coeff (coeff(s,v"2),u));
> e[0, 2] := simplify(coeff(s, u’2));
> e[2, 0] := simplify(coeff(s, v°2));
> e[l,2]:=simplify (coeff (coeff(s,u"2),v));
> ¢[0, 1] :=simplify(solve(e[l,1]=0,c[0,1]));
> c¢[2, 0] :=simplify(solve(e[3,0]=0,c[2,0]));
> ¢[0, 2] :=simplify(solve(el[l,2]=0,c[0,2]));
> s := simplify(mtaylor (s, u, v, 4));
> k[2, 1] := simplify(coeff (coeff(s,v’2),u));
ko1 =0
> k[1l, 2] := simplify(coeff(coeff(s,u"2),v));
k1o =0
> k[2, 0] := simplify(coeff(s, v"2));
koo = —1/2ap2
> k[3, 0] := simplify(coeff(s, v°3));
kso == 0
> k[0, 3] := simplify(coeff(s, u’"3));
> k[0, 2] := simplify(coeff(s, u’2));
kos = 1/2 a2,00,2b0,2° —'2tlzoa02€£252@ + bag a1
aQQbQZ
> g := simplify(mtaylor(g, u, v, 4));
> wl[0, 3] := simplify(coeff(q, u"3));

> w[3,0] := simplify(coeff(qg, v 3));
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250,23610,23 - 2610,2352,050,22 - a0,2bo,25 + Go,zbo,24b2,0
2&0,250,22 (50,2 - 52,0)

—8bg.4bo2 a0 2 + 4ag 2bo 2bo 3° + 8bo.aba obo 2002
2a0.200.2° (b2 — bag)

—b1.2%bo.200.2 — 4ag 2bo 3°ba 0 + 8 3bo.27bo 3

2&0,250,22 (50,2 - 52,0)
—8a0,3b0,200,302,0 + 2a1,1b0,2b9 301 2

2C10,250,22 (50,2 - bz,o)

w370 =

(B.14)

+

> wl[2, 1] := simplify(coeff (coeff(qg,v72),u));

> wl[l,2] := simplify(coeff(coeff(g, u“2),v));



Appendices 158

Wy = —252,12&0,2350,23 + b0,25b2,02a0,23 —452,250,240!0,23 - b0,2652,0ao,23
7 2bo.2 40,23 (bo.2 — bayg) 2bo.2 40,23 (bo2 — bayo)
2Cl1,12170,25a0,23 + 61)2,0%,152,151,2%2250,22 —252,02(12,0(10,2450,23
2bo.2" 0.3 (boa — bayo) 2bo.2" a0.2% (bo.a — bayp)
—850,24(?2,06L1,12ao,23 - 252,03&1712@0,2350,22 852,026!1,12%,2350,23 + 4b2,252,0a0,2350,23
2bo2 a0.23 (bo2 — bayo) 2bo2 40,23 (bo2 — bayo)
—253,051,2%,2350,23 - 350,25172,02@1,12@0,2 350,24192,03@1,12@0,2 + 2a2,0a0,24bo,24192,0
2bo,2" 0.2 (boa — bayo) 2bo,2" 0,23 (boa — bayo)
4 —352,02a1,12b1,22a0,2bo,2 + 2452,03a1,12b0,4ao,2bo,2
2bo.2 40,23 (bo2 — bayo)
—2452,02Cl1,1250,4ao,2bo,22 + 121?2,0@1,1bl,:aao,zzbc),23
250,24610,23 (50,2 - 52,0)
—12by0%ay 11 3a0.2%b0.2° + 2a0.2%b0.2°bo3bar  —2a0.2°bo 2 b1 2°ba o + 2a0.2%a1.2b0.2" b1 2
2bo.2" 40,23 (bo.2 — bay) 2bo.2" a0.23 (bo.2 — bay)
—24ag 2%a1,1b05°bo 3b1 2020 + 18ag 921 100 260 3b1.2b2,0°
250,24610,23 (50,2 - 52,0)

4G0,22G2,obo,22bo,3b2,0b2,1 —12@0,2G1,12b0,22bo,352,052,1 —12@0,2%,1a1,2b0,23bo,3b2,0
250,24%,23 (bo,2 - bz,o) 2b0,24a0,23 (bo,z - b2,0) 21)0,24@0,23 (50,2 - 52,0)
12a0 201101260200 3b20°  —12a0 200 3a1.1b0.2°b1.2b2.0

2bo.2 40,23 (bo2 — bayg) 2bo.2 40,23 (bo.2 — bayg)
12a0,2a0 3011002 b1 2620 48ag,3a1.1%b0.2 Do 3b2,0”

2bo,2 a,2% (bo.2 — bayo) 2bo.2" 0.2 (boa — bayo)

—48ag 301,120 2bo 3b2.0° + 12a1.13bo 260 31 2020
2bo.2 40,23 (bo2 — bayo)
2Clo,z?’bo,23bl,22 + 6G0,22a1,1b0,23bo,351,2
250,24%,23 (50,2 - bz,o)
—2a0.2%b0.2%bo 3b2,0b2.1 + 4ag2%a1.1b0.2°bo 3b3.0
2bo.2 40,23 (bo.2 — ba)
2(10,22611,117(),2351,2172,1 - 2Clo,z2611,250,22171,2[?2,02
2[90,24110,23 (bo,2 - 52,0)
8(10,22@2,150,2350,352,0 + G0,22a2,obo,2251,2252,0
2bo2 a.23 (bo2 — bayo)
—8ap.22a91b0.2°bo 3b2,0° — 12a0,2a1.12bo 2o 3°b2.0
250,24610,23 (bo,Q - 52,0)
—3a0,2a1,12b0 2°b1.2°b20 + 36a0 201 12b0,2b0.3°b2.0°
2bo2" a0.23 (bo2 — bay)
—24a0 501,120 370> — 6ag 2a1,12,0b0.2b0 31 202,0°

2bo.2 40,23 (bo2 — bayo)

(B.15)
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> wl[l, 1] := simplify(coeff (coeff(qg, u), v));
. bL2aong2'— 2b03a1Jb2£
w11 = — 5
a0,2bo,2
> wl[0, 2] := simplify(coeff(gq, u’2));

> wl[2, 0] := simplify(coeff(q, v°2));
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