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Abstract

In this thesis we investigate the behaviour of diffusing particles in
a variety of scenarios. We are primarily interested in the case of
molecules diffusing inside a cell in the context of biological processes
where the mechanism by which a cell responds to an event occurring
on its surface may involve the transport of molecular complexes from
the cellular surface to the nucleus, and the transport of synthesised

molecules from the nuclear surface to the cellular surface.

We find the Green’s functions for diffusions in two and three dimen-
sions, respectively, on a domain bounded by non-concentric surfaces,
one absorbing and one reflecting. Exact expressions are also found
for mean hitting times and hitting densities. Our motivation is diffu-
sive transport from a nuclear surface, to a cellular surface and back.
Hence, we consider cases where the initial condition is uniformly dis-
tributed on the nuclear or cellular surface, and where the hitting den-
sity of the outward leg is the density of initial conditions for the return
leg. Mean times are calculated by integrating the Green’s functions

over the domain.

Additionally, we create a mathematical model for a specific type of
assay experiments where Coxiella burnetii bacteria are placed inside
a well and are allowed to be phagocytosed by a monolayer of mono-
cytes on the bottom of the well. We obtain an expression for the

intracellular bacterial load at any point during the experiment.
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Symbols and abbreviations

Symbols
Symbol Meaning Dimensions
a normalised radius of nucleus non-dimensional
b radius of assay well length
c normalised nuclear displacement non-dimensional
R, radius of nucleus length
R radius of cell length
Te nuclear displacement length
kg Boltzmann’s constant masstziggg:ufgmez
T, temperature temperature
D diffusion coefficient length? xtime ™!
Ny number of monocytes non-dimensional
o surface coverage of monocytes non-dimensional
K trapping rate length x time ™!
ksar transport rate constant per cell length? x time !
ki sk rate constant of a perfectly absorbing disk length?®xtime™!
C intracellular domain non-dimensional
oC, nuclear surface non-dimensional
0C, cellular surface non-dimensional
X, position of the cellular centre non-dimensional
X, position of the nuclear centre non-dimensional
01 angle defining x € 9C, non-dimensional
05 angle defining x € 0C, non-dimensional
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Functions

Function Meaning Dimensions
th) (x0) time to absorption by cellular surface time
in two dimensions
t§2) (x0) time to absorption by nuclear surface time
in two dimensions
tf’) (x0) time to absorption by cellular surface time
in three dimensions
tf’) (x0) time to absorption by nuclear surface time

HY (x0, )
HY (x0,%)
G§2) (Xoa X)
GgQ) (X()u X)

GES) (XOv X)

GéS) (X07 X)

in three dimensions

pseudo-Green’s function in two dimensions
pseudo-Green’s function in three dimensions
Green’s function with absorbing cellular
surface in two dimensions

Green’s function with absorbing nuclear
surface in two dimensions

Green’s function with absorbing cellular
surface in three dimensions

Green’s function with absorbing nuclear
surface in three dimensions

hitting density on the cellular surface

in two dimensions with no target

hitting density on the cellular surface

in two dimensions

hitting density on the cellular surface

in three dimensions

Viil

timexlength =2
timex length =2
time xlength =2
timexlength =2
time x length =2
time x length =2
non-dimensional

non-dimensional

non-dimensional



Function

Meaning

Dimensions

TI(Q) (01,a,c)
T2(2) (02, a,c)
Tl(g) (01,a,c)
T2(3) (02, a,c)
11" (a,0)

737 (a,c)

mean time for absorption by cellular surface

in two dimensions

mean time for absorption by nuclear surface

in two dimensions

mean time for absorption by cellular surface

in three dimensions

mean time for absorption by nuclear surface

in three dimensions

average mean time for absorption by cellular surface
in two dimensions

average mean time for absorption by nuclear surface
in three dimensions

average mean time for absorption by cellular surface
in two dimensions

average mean time for absorption by nuclear surface
in three dimensions

global mean time for absorption by cellular surface
in two dimensions

global mean time for absorption by nuclear surface

in two dimensions

1X

time

time

time

time

time

time

time

time

time

time



MOI
FPT
NEP
MFPT
Dstl
CDC
GMSV
ISLAE

Abbreviations

multiplicity of infection

first passage time

narrow escape problem

mean first passage time

Defence Science and Technology Laboratory
Centers for Disease Control and Prevention
generalized method of separation of variables

infinite system of linear algebraic equations
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Chapter 1

Introduction

1.1 Brownian motion

The botanist Robert Brown discovered in 1827 that particles of sufficiently small
size are in a constant state of random motion called Brownian motion or diffusion.
The average kinetic energy of a particle at absolute temperature T, is equal to
kT./2 along the axis of motion, where k is the Boltzmann constant. A particle
of mass m and velocity v, has kinetic energy mv?/2 and, as a result, the root-

mean-square velocity is deduced to be:

2\ L kTe
v 2 =
(Wt =T,

where () is the average over an ensemble of similar particles.

Particles of small size such as molecules, organelles and cells can be described
as undergoing Brownian motion. Berg (1993) gives the following example to
illustrate this point: lysozymes are proteins with molecular weight (mass of one
mole of a substance, or 6 x 10** molecules) of 1.4 x 10%g and so the mass of
one molecule is m = 2.3 x 1072%g. Given the value of kT, at 300K (27°C) is
4.14 x 107 gem?2/s® the root-mean-square velocity is (v2)2z = 1.2 x 103¢m/s.
Without any obstruction, this particle would travel the length of an average
classroom in approximately one second. However the particle is confined in an
aqueous medium and it cannot travel too far before hitting other water molecules.
As a consequence, the particle is forced to wander in the medium executing a

random walk.
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At

(a) (b)

Figure 1.1: Particles which are confined initially in a small space (a) will diffuse
outwardly (b).

If a region contains a number of diffusing particles as shown in Figure 1.1(a) then,
if a period of time At has passed, the particles will have dispersed in all directions
as shown in Figure 1.1(b).

In the following sections, dealing with Brownian motion, we will be following the
work of Berg (1993).

1.1.1 One dimensional random walk

A A
O

n—2 n n+2
n—1 n+1

Figure 1.2: Random walk of particle located at x = n which can move to the
left with probability p = 1/2 and to the right with probability ¢ = 1/2 (where

p+qg=1).

In order to better understand diffusion, let us focus on the movement of particles
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along a single axis. We assume that the particles start at position x = 0 at time

t = 0 and they move according to the following rules (see Figure 1.2):

1. Every particle takes a step to either the left or the right every 7 seconds
moving with velocity +v, a distance of § = 4v,7. We will assume, for
simplicity, that 7 and ¢ are constant although, in reality, they will depend on
the size of the particle, properties of the liquid and the absolute temperature
T.

2. Each particle is equally likely to move to the right or to the left with prob-
ability 1/2. This is due to the water molecules which interact with the
particles causing them to lose any knowledge of the previous step. As a

result, the walk is not biased.

3. Particles move independently of each other because they do not interact.

In reality, this is true if the suspension of particles is reasonably dilute.
Two consequences of these three rules are that:

(a) the mean position of the particles does not change with time and remains

xz = 0;

(b) the root-mean-square displacement is proportional to the square root of

time, but not time.

These propositions will be proved bellow using an iterative procedure. We will
consider a group of N particles and let z;(n) be the position of the i—th particle
after the n-th step. From rule 1 we know that the position of a particle after the

n-th step is different by £ from its position after the (n — 1)-th step:
xi(n) =x;(n — 1) £4. (1.1)

From rules 2 and 3, we know that roughly half the particles will move by +6 and
the other half by —d. The mean displacement of the particles after the n—th step
is calculated by summing the positions of the particles and dividing by N:

((n)) = %in(n). (12)
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t=1
t=2
VATIRN

Figure 1.3: The probability of finding the particles at position x and times ¢ = 1, 2
and 4 given that the particles start at z =0 at ¢t = 0.

Using (1.1) in (1.2) we obtain:

((n)) = %Z (i(n — 1) £ 0] = %Zx(n = (a(n—1).  (13)

The second term in the brackets averages to zero given that the plus sign is
present in half the cases and the minus is present in the other half. As a result,
equation (1.3) tells us that the mean position of the particles does not change
with time and given that all the particles start at x = 0 then their mean position
remains zero. The spread of the particles is symmetric about the origin as seen
in Figure 1.3.

An adequate measure of particle spread is the root-mean-square displacement
(x%(n))/? Berg (1993). This is because the square of a number is always non-
negative and so summing over their square roots cannot give zero. We take the
square of z;(n) in (1.1):

3 (n) = 27(n — 1) £ 20z;(n — 1) + 6°.

1

Then the mean is:

which is:

1 N 2 2
:NZ:: J(n—1) £ 20x;(n— 1)+ 6] = (@*(n— 1)) + 6> (1.4)
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Here, the second term in brackets averages to zero again given that half the
terms are negative and half are positive. Since (2%(0)) = 0 we deduce from (1.4)
that (z%(1)) = 6%, (z%(2)) = 26% and (2*(n)) = nd*. As a result, the mean-square
displacement is proportional to the number of steps n while the root-mean-square-
displacement is proportional to the square root of n. From rule 1 we know that
t = nt is the time the particles need to execute n steps. It follows that the
mean-square displacement and root-mean-square displacement are proportional
to t and square-root of ¢, respectively. This proved the second proposition (b).
Writing n = t/6 then the mean-square-displacement becomes

(@2(1)) = 252 _ 2Dy,

where 52
D— —

o7

is the diffusion coefficient which characterises the movement of particles of a given

(1.5)

type in a given medium at a specific temperature. As a result, the root-mean-

square displacement is:
(:zsz(t))l/2 = V2Dt.

1.1.2 Random walks in two and three dimensions

We can apply rules 1 to 3 for every dimension and we assume that motion in each

direction is statistically independent then
(r*) = 4Dt,

in, two dimensions, and
(r*) = 6Dt,

2

in thr 1mensions. re r°- =z in two dimensions, and r* = x
three dimensions. Here 2 4 42, in two dimensions, and r? 24y +

2%, in three dimensions, is the distance from the origin to (x,y) and (z,v, 2),
respectively.

We simulate a random walk and plot it in Figure 1.4 where movement in the  and
y directions happen simultaneously so that motion is diagonal. We observe that

since exploration over short distances takes significantly less time than exploration
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Figure 1.4: An plot of a two dimensional random walk of 10* steps with diffusion
coefficient D = 0.5.

over long distances then the random walk will explore a region of space throughly.
However, a random walk is not biased toward regions of space it has explored

neither toward those it has not explored Berg (1993).

1.1.3 Fick’s equations

When discussing diffusion, a starting point is represented by Fick’s equations
which are differential equations that describe the spatial and temporal variation of
nonuniform distributions of particles Berg (1993). We will derive these equations
starting from the random walk model. Suppose we know the number of particles
at each point x at time ¢ (see Figure 1.5). We want to know how many particles
will move across the unit area in unit time from point x to point x + §, and
subsequently, what is the net flux J, in the x direction. At time 7, after one step,
half the particles, located initially at point x, will have moved to the right across
the dashed line and half the particles located initially at x + ¢ will have moved to

the left across the dashed line. The net number of particles crossing the dashed
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N(z) N(x +9)

| |

N { N

T )

Figure 1.5: At time t, there are N(z) and N(z + ) at position x and (x + §),
respectively. At time ¢ + 7, half of the particles at each point will have moved to
the right and half to the left.

line from the left to right is:

—% (N(z +5) — N()].

To obtain the net flux we divide the above expressing by the area normal to the

x axis, A, and by the time interval 7:

1N+ - N@)
* 2 AT ’

Multiplying by 6%/ and rearranging we obtain:

821 [N(z+48) N(z)

o= o | T as T as |

The quantity 6%/27 is the diffusion coefficient D defined in (1.5). The number
of particles per unit volume at point = + 0 is N(x + 0)/Ad which we denote as
the concentration C'(x + 0). Similarly N(z)/Ad is the concentration C(z). As a
result, we have:

. = —D[C(x + ) — C(x)].

)
Taking 6 — 0, and using the definition of partial derivatives, we obtain:
oC
Jy=—-D—. 1.6
e (1.6)

This is Fick’s first equation which states that the net flux at x ant ¢ is proportional

to the slope of the concentration at x and ¢ where the constant of proportionality
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is —D. We observe that when we defined D = 6%/27 in (1.5) the reason for the
factor 1/2 was to make Fick’s first equation more tidy Berg (1993).

Fick’s second equation is derived from the first with the condition that total
number of particles is constant (no particles are destroyed or created). Consider
a box as the one shown in Figure 1.6, then in the time interval [0, 7], a number of
J.(x) At particles will enter from the left and a number of J,(z + 0) AT will leave
from the right. Given that the volume of the box is Ad, the number of particles

per unit volume in the box change at the rate:

%W@+ﬂ—6ﬁﬂ:_y%@+ﬁZ;M@M%

1

Taking the limit 7 — 0 and § — 0 we obtain:

ac o,
ot Oz’

This, when combined with (1.6), gives:

2
oc _ | oC

E — w, (1.7)

which is Fick’s second equation, or the heat or diffusion equation. It states that
the rate of change in time of the concentration at x and ¢ is proportional to the

curvature of the concentration at x and ¢ where the constant of proportionality
is D.

1.2 Mean time to capture

If a diffusing particle starts at * = x; in a one dimensional domain [0, z5] as
indicated in Figure 1.7, where 0 < x; < x5, what is the mean time 7'(z;) for the
particle to reach one of the absorbing boundaries at x = 0 or x = 257 In order
to answer this question, we will make use of random walks. A particle starts
at position x at time ¢ and it can move to the right or to the left, with equal
probability, a distance of § every 7 seconds. As a result, at time 7 the particle will

be at position x + J, with probability 1/2, or at position  — ¢ with probability
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area A

Jo(z,1) Jo(x +6,t)

z z+0

Figure 1.6: Fluxes through the faces of a thin box which extends from x to x + ¢

and has area, normal to the x axis, A.

1/2. The mean time to hit the absorbing boundaries from these positions are

T(x 4+ 6) and T'(x — J), respectively. As a result, we have:
1
T(z) :T+§[T(IE+5)+T({E—5)].

Rearranging terms and diving the expression by 2/§ we obtain:

1 1 2T
S[T(:L"+5)—T($)]—S[T(x)+T(x—5)]+7:0.

Taking the limit 6 — 0 we get:

dT
dx

dT

e

2
+ =0,
z—0 0

Finally, we divide by ¢ and taking § — 0 in the above expression:

d2T 1

WD
where we made use of the definition of the diffusion coefficient D.
This differential equation for the mean time 7'(x) can be solved given appropriate
boundary conditions. If the particle is at the absorbing boundary, the mean time
to capture is zero. If the particle is at the reflecting boundary, the mean time to

capture does not change with x, i.e. dT'/dxz =0 at the boundary.
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rz=10 r =2 T = T2
C=0 C=0

Figure 1.7: Fluxes through the faces of a thin box which extends from x to x + ¢

and has area, normal to the x axis, A.

If the boundaries at x = 0 and © = x5 are absorbing then the mean time for a

particle starting at x is:

1

):ﬁ(mgx—zg).

T(x

For the two and three dimensional cases the mean time T satisfies the following
equation:
1
2
VXT (X) = _57
where V2 is the Laplacian in two and three dimensions, respectively.

(1.8)

1.2.1 From nuclear surface to cellular surface

If a particle diffuses in a two dimensional concentric annular region, as shown in
Figure 1.8, we want to know what is the mean time to absorption under different
boundary and initial conditions. For the following calculations we define R,, to
be the radius of the inner circle and R to be the radius of the outer circle.

We define the following mean time:

Tl(z) (r) = mean time for a particle starting at r to hit ' = R,

10



1.2 Mean time to capture

Figure 1.8: Plot of concentric annular region.

which satisfies:

1d d 2 1
2 (r=7 == 1.
rdr (Tdr ! (T>> D’ (19)
coupled with appropriate boundary conditions:
T?(R) =0, (1.10)
d @
—T; = 0. 1.11
F70| =0 (111)

Multiplying (1.9) by r and then integrating twice with respect to r we obtain:

2
T1(2)(7’) =4 Alogr + B.

4D

From the boundary conditions we deduce:

d 2 R, A R?

—T ==+ _—=0=A=-2

B s I i ttY))

2 2 2
(2) _ _R_ 1 B = B = R_ — &1
T,7(R)=0= 4D+A og R+ 0= 1D " 2D og R.
As a result we obtain the mean time to absorption starting at r:
R2 2 R2
T® () = Ty ngeg 2 (1.12)

11



1.2 Mean time to capture

1.2.2 From cellular surface to nuclear surface

If instead of (1.10) and (1.11) we have:

T3 (R,) = 0, (1.13)

Lo

=T = 0. (1.14)

r=R

Then we want to know the following mean time:
TQ(Q) (r) = mean time for a particle starting at r to hit ' = R,

which satisfies: L d 4 .
2
1d (TETZ( ><T)) - (1.15)
Multiplying (1.15) by r and then integrating twice with respect to r we obtain:
TQ(Q)(T) = —T—Q + Alogr + B.
4D

From the boundary conditions (1.13) and (1.14) we deduce:

d, o B R A R
ETQ (T)r:R—Oﬁ—E‘{‘E—OﬁA—E,
R? R? R?
7 — _ny oAl B = B=_mn_"] .
y (Rp)=0= 75 T Alog B + 0= o5~ 5p 08

As a result we obtain the mean time to absorption starting at r:

r?—R?> R? r
_ LI P 1.1
1D 2D %R, (1.16)

() =

1.2.3 Three dimensions

If, instead of a circular concentric domain, we wish to investigate the mean time
in a spherical concentric domain, with the radius of the outer sphere equal to
R and the radius of the inner sphere equal to R,, we solve (1.8) in spherical
coordinates, with appropriate boundary conditions, and obtain:

RP—r2 R /1 1
7®) (1) — n(1l 1 1.1
() 6D 3D (R r)’ (1.17)

12



1.3 Absorption probability

and
RE—r* RI/1 1
76 (0 — RAN 1.18
> =765 3D (Rn r)’ (1.18)
where
T1(3) (r) = mean time for a particle starting at r to hit 7' = R,
and

T2(3) (r) = mean time for a particle starting at r to hit 7' = R,,.

1.3 Absorption probability

Consider the situation discussed at the beginning of Section 1.2 but instead of
the mean time to capture T'(z) we want to calculate the probability P(z) of the
particle being absorbed at x = 0 before x = x5 given that it starts at point ;.
Making use of the random walk model and the arguments used for deriving 7T'(x)

we obtain the following:

1
P(z) = 3 [P(x+ )+ P(x—90)],
from which we deduce that: P

The boundary conditions for the capture of a particle at x = 0 rather than at
x = x9 are P(0) = 1 and P(z3) = 0, respectively. As a result, the capture
probability is:

i To — X

P(z) =

T2
In two and three dimensions the absorption probability P satisfies Laplace’s equa-
tion:

V2P (x) = 0.

13



1.4 Survival function

1.3.1 Hitting the nuclear surface

Turning again to the case of diffusion in a concentric two dimensional annulus we

want to calculate the following probability in two dimensions:
P(r) = Prob(a particle is eventually absorbed at ' = R,| starts at r). (1.19)

This probability satisfies the following differential equation:

1d (T%P(T)) 0, (1.20)

rdr

with boundary conditions:

d
T P0)| =0 (1.22)

r=R

Multiplying (1.20) by r and then integrating twice with respect to r we obtain:
P(r) = Alogr + B,

where A and B are constants.
From (1.22) we deduce that A = 0 and (1.21) gives us that B = 1. This tells us
that P(r) =1, i.e. the particle will always be absorbed at the inner circle.

1.4 Survival function

A Brownian particle is defined to be “alive” at time ¢ if it has not yet been

absorbed. Knowing this, we define the following probability:
S(r,t) = Prob(a particle is “alive” at r at time t),
which satisfies Fick’s second equation (1.7):

0

59 (r,t) = DV2S (r,1), (1.23)
where D is the diffusion coefficient.

We wish to calculate the probability that a Brownian particle is “alive” at time ¢
while diffusing inside a concentric annular region (see Figure 1.8) with absorbing

inner boundary and reflecting boundary.

14



1.4 Survival function

1.4.1 Two dimensions

In two dimensions, the diffusion equation can be written as:

%S(r, t) = g% <T%S (r, t)) . (1.24)

Our probability also satisfies the following boundary and initial conditions:

S(R,,t) =0, t>0, (1.25a)
0
— p— > .
(1) =0 tz0 (1.25b)
S(r,0)0=1, 0<R,<r<R. (1.25¢)

We observe from (1.25a) and (1.25b) that there is a discontinuity in S at ¢t = 0
as r tends to R, from above. We look for a separable solution of (1.24) of the
form S(r,t) = R(r)T(t) and as a result the diffusion equation becomes after

simplification:

RAT PR 1_dR
RAT_ pd*R 1 AR 1.2
pa T4 i (1.26)

Multiplying equation (1.26) by z- we obtain:

LT 1R 1dn
DT dt  Rdr2  rRdr’
We observe that the left-hand side of (1.27) is a function of ¢ while the right-hand

side is a function of r and we deduce that:

147 _ 1R 1dR

DTdt R4 TrRar -

(1.27)

where )\ is a constant. Here we choose the constant to be —\? in order to ensure
that the time function does not grow exponentially, as a consequence the survival
function S(r,t) will be finite when ¢ — 400 (from Section 1.3 that particle will
eventually be absorbed and as a result S(r,t) — 0 when ¢ — 400).

The time equation is:
1dT

——~ =_\°D
T dt ’

which has the solution:

15



1.4 Survival function

where C' is a constant.

The r equation is:

d?2R 1dR 9
W—F;E—F)\ R=0. (1.28)

This is Bessel’s equation and has solution Morse & Feshbach (1954):
R(r) = Ado(Ar) + BYy(Ar), (1.29)

where A and B are constants. Jyo(x) and Yy(z) are Bessel functions of the first
and second kind, respectively, of order 0. From the boundary conditions (1.25a)
and (1.25b) we know that:

S(Rn,t) = R(R,)T(t) = 0,Yt > 0 = R(R,,) = 0,

0 dR
:0_

—S(’f’, t) L = E

dR
B (t)=0,Vt > 0= 0

r=R dr |,_p

Using (1.29) these boundary conditions can be written as:

AJi(AR) + BYJ(AR)

0, (1.30)
0.

This system of linear equations can be expressed as:
JU(AR)  Y{(AR) B ) \0)’
and given that we require A # 0 # B we impose that:

’ Jo(AR,) Yo(AR,) ‘

J'OAR) YIAR) |~ Jo(AR,)YG(AR) = Yo(AR,,) Jy(AR) = 0.

As a result, the solution for (1.28) can be written as:
:R<T) = JO()\nr) - 611%()\7171)7

where

and A, is the n-th root of

Jo(AR,) — Yo(ARy) = 0. (1.32)

16



1.4 Survival function

The solution of the diffusion equation is the linear combination:

400
S(rt) =Y [AnJo(Aar) + BpYo(Aur) e Pt
n=0
From (1.30) we can write B = —A% and our series solution becomes:
+00 )
S(rt) =Y An[Jo(Anr) = 6. Yo(Anr)] e 7", (1.33)
n=0

Now we need to calculate the coefficients A,, and for this purpose we define:
Ri(r) = Jo(Anr) — 8, Yo (Anr).

which satisfy the following differential equations:

d [ dR, 9 B
T (r T ) +7rAL R, =0, (1.34a)
d [ dR, 2

Taking the difference of R,, times (1.34a) and R, times (1.34b) we get:
(R R = R R+ (A7, = N2)rRp Ry, = 0.

Integrating over the interval [R,,, R] we obtain:

R
(2~ 32) / PR Ry i = [F(Ron R, — R R (1.35)
We observe that E=| = | = R,(R,) = Ro(R,) = 0 and if m # n then

(1.35) becomes:
R
/ TRy Ry, dr = 0. (1.36)

As a result, R, and R, are orthogonal with weight r on [R,, R].

Using the initial condition (1.25¢) we want to obtain the coefficients A,:

1= S8(r,0) = ioAn [ToOnr) — 6, Yo(Aur)] -

17



1.4 Survival function

We multiply the above equation by rR,,(r) and we integrate it from R,, to R with

R +o0 R
/ rR,,dr = Z (An/ rR,R, dr) ,

n=0

respect to r:

and using the orthogonality condition (1.36) we obtain:

R R
/ TRy, dr = Am/ rR2 dr, (1.37)
R R

/ Tfan dr = / r[Jo(Amr) — 5mY0()\m7“)]2 dr

:/‘qﬁqu—%wm&ﬂnaM@+ﬁmﬁgwﬂm

R
R
= / TJg()\mr) dr — 25m/ rJo(Amm) Yo (Amr) dr+

R
+5,2n/ rYE(Apr) dr.

Next, we calculate each integral in the above sum:

f 2 - [rOadoar) Jo(Aar) = ATy (M) Jo(Aar))] R,
/Rn rJo(Apr)” dr = )\T}Ll_rg\n N2
— lim [ (r A JE (A7) TS (Anr) — (J§( A1) + r)\mJ{)’()\mr))Jo()\nr))]ﬁn
Am—sAn 2Am
R2 !/ 2 1 1 !/
= SRR = T OuB) + 1 R0 )
R? 1
_ 7"{J6()\an)2 — [J"(M\Ry) + RA Jo(AnRy)] Jo(An Ry }- (1.38)

We know that: |
R\,

and, consequently, equation (1.38) can be written as:

JU(AnR) + ——Ji(MR) = —Jo(AR),

RQ
2

R2

(J(/)()‘nR)Z + JO()‘nR)z) - T(J(I)()‘npbn)g + JO(Aan)Q)-

R
/ rJo(Anr)? dr =

18



1.4 Survival function

Analogously, we obtain:

R 2 2
| Yl dr = S OGO + YR = (VG0 R)? 4 YoM B ),

and
2

/ YO o Ohnt) 7 = T (R A R) + Vo R) o0 )

R2 ! !
- ?”(Yb (/\an)YE)()‘an) + YO()‘an)YO(Aan))'
As a result:
R RQ R2
/ rRZ dr = 7[JO(AnR) — 6, Yo(AR)? — f[Jl(Aan) — 5. Y1( AR (1.39)

In order to simplify the above equation we use the following properties (Levine,
1997, p.626):

Ju(z)  Y(z) |_ 2
%Ju(x) %Yy(l’) oz’ (1'40)
and q

where v € C and T = J (Bessel function of the first kind) or 7" = Y (Bessel
function of the second kind).

Let x = A\, R, and x = A\, R in (1.40), respectively, and we obtain:

2
2
Jo(AR) — 0, Yo\, R) = —— . 1.42b
Using (1.42) in (1.39) we arrive at the following:
R 2 2
R2 dr = —
/ T N2V (MR)E | X2 r2Y (A R
2 1 1
= — . 1.4
o (mnm? Youan)?) (49

Additionally we need to calculate the left-hand side of (1.37) in order to obtain
the coefficient A,,:

R R
/ 'R dr = / r(Jo (o) — . Yo(Anr)) dr

19



1.4 Survival function

R R
:/ TJO(/\mr)dr—(Sm/ rYo( A1) dr

Ry,
1
Y

| R\
LLM g @h@)dr=on | dx@m(>ﬁm)
1 (RJ,(AmR) — Ry Ji(AmRy) — 6 (RY1(AmR) — RpyY1(AmRy)))

"
1
= (R(J1(AnR) — 60 Y1 (AmR)) — Ru(J1(AmRy) — 6 Y1(AmRy)))
R,
2
= — . 1.44
A2 Yo(AmRy) (1.44)
As a result, using (1.43) and (1.44) we obtain:
R
o fRn rRy, dr B _n,\gnyo?,\mRn)
m R -
fRn rR dr ,\337r2 (Yl(A}nR)Q o YO(AWlLRnP)
Yi( A R)*Yo( A Ry
AR YoAnlln) oy (1)

" YiOwR)2 — Yo(AnRn)?’

Our series solution (1.33) becomes:

X Y (OLR)2Yo( AR,
3 (A R)?Yo( )

—~ Yi(AR)? = Yo(A R, )? [Jo(An) = 6, Yo(Aur)] e 2 P%,

S(r,t) =

Another quantity of great importance is the survival function averaged over the

annular region which we normalise in order to obtain:

s(t) = o RQ/ / S(r,t)drdd

_ i i (R Yo(ABn)  sapi
(R? RZ) :OYl(AnR) — Yo(AuRy)?

X /Rr [Jo(Anr) — 6, Yo(Anr)] dr. (1.46)

We know from (1.44) that:

R
2
/Rn r [J0<)\mr) — 50%()\m7”)] dr = _W)\%n%()‘mR")
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1.4 Survival function

10°
' — exact
— numerical
10721
=
1074 L
0 9 18

t (seconds)

Figure 1.9: Plot of the survival function averaged over all starting points of a
Brownian particle diffusing in a concentric annular region, as shown in Figure
1.8 as a function of time time ¢. The blue line represents the analytic formula
(1.47) and the green line represents numerical simulations. For the numerical
simulations we have used G.4.1 and this plot has been obtained using G.4.2 with
5 terms in the sum of the survival probability. Oscillation appear in the numerical
simulations for large values of ¢ because the number of Brownian particles is
significantly smaller at those times. For this figure we have used the following

parameters: R =1cm, R, =0.1cm, D = 0.5cm?s L.

and as a result (1.46) can be written as:

4 oo 1 K(AHR)2 —A\2Dt
no 4 1 n Dt 1.4
0= —m) ; N2 Yo Ra)? = Vi (M B2 o

We plot (1.47) in Figure 1.9 and compare with numerical simulations.
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1.4 Survival function

1.4.2 Three dimensions

As in the two dimensional case a particle is “alive” at time ¢ if it has not yet been

absorbed at the interior barrier and the survival probability is defined as:
S(r,t) = Prob(a particle is “alive” at r at time t),
which satisfies the differential equation:

%S (r,t) = V2S(r,t) = %S (r,t) = Do (7“225 (r, t)) ) (1.48)

and the same boundary and initial conditions as the two dimensional case:

S(R,,t) =0, t>0, (1.49)
0
— = > 1.
(97“5(7” t) . 0, t>0, (1.50)
S(r,0)=1, 0<R,<r<R (1.51)

We look for a solution that is separable, of the form S(r,t) = R(r)T(¢) in order

to solve (1.48) and after simplification we obtain:

RAT  _d’R  2TdR

S8 g 2R 1.52
Ddt a2 7 dr (1:52)
Multiplying equation (1.52) by % we obtain:
1 dT 1d4d°R 2 dR
2 1.
DT dt  Rdr? * rR dr (1.53)

We observe that the left-hand side of (1.53) is a function of ¢ while the right-hand

side is a function of r and we deduce that:

1 dT 1d21R+ 2 dR \2
DIdt  Rdr? rRdr
where ) is a constant. Here we again choose the constant to be —A? in order to
ensure that the time function does not grow exponentially and as a consequence
the survival function S(r,t) will be finite when ¢ — +o0.

The time equation is:
1dT

——~ = _\°D
T dt ’
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1.4 Survival function

which has the solution:
T(t) = Ce NPt

where C' is a constant.

The r-equation is:
2R 2dR
— 4+ S NR=0.
dr2 = rdr *

which we can rewrite as: £
W(TR) + )\ZTR = 0
Let g(r) = rR in the above equation and we obtain:
d29 2
@ + )\ g = 0.

We use the Ansatz g = " and we get m = £i\. As a result, we have:

g(r) = Asin(Ar) + Bcos(Ar) = R(r) = ésin()\r) + gcos()\r).

We deduce from the boundary conditions:

S(Rp,t) = R(R,)T(t) = 0,5t > 0= R(R,) = 0,

0 dR dR
—S(R,t)=0= — Tt)=0,Vt >0= — =0.
or dr|,_p dr|,_p
and as a result we obtain:
Asin(AR,,) + B cos(AR,,) = 0, (1.54a)
A BM\ . AN B
(_ﬁ - F) sin(AR) + <§ - ﬁ) cos(AR) = 0. (1.54b)
From (1.54a) we obtain:
cos(AR,,)
A=-B——F-
sin(AR,)’

and, as a result, (1.54b) can be written as:

5 Kcot(ARgZ) — R)\) Sn(AR) (R)\cot];\ZRn - 1) COS(ARJ o

Accordingly, the solution to can be written as:

R(r) = ! [cos(Ar) — 0, sin(Ar)],

r
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1.4 Survival function

where

cos(A,Ry,)
On = 5
sin(\, R,,)

and A, is the n-th root of

KCQt(ARgz? - RA) sin(AR) — (RA COt(};f") * 1) cos(AR)] =0. (1.55)

The solution of the diffusion equation is the linear combination:
+o0 A )
S(r,t) = Z " [cos(Anr) — 6, sin(Apr)] e P

r
n=0

Now we need to calculate the coefficients A,, and for this purpose we define:
1
R (r) = = [cos(Apr) — O, sin(A,r)]
r

which satisfy the following differential equations:

d [ HdRn\ 200

e (r o ) + 120 Re = 0, (1.56a)
d [ ,dR, 919

— (2= R, = 0. 1.56b
dr(r dr)ﬂwnn 0 (1.56b)

Taking the difference of R,, times (1.56a) and R,, times (1.56b) we get:

d [, (R, dR,, e
a {r (_dr R~ R )} L2 = AR, = 0.

Integrating over the interval [R,, R| we obtain:

& AR, dR, \1"
(N2 — )\i)/ PRuR,dr = |7? [ 2R, — Ry : (1.57)
. dr dr )| g,
We observe that 9= N Lt p = R(Rn) = R, (R,,) = 0 and if m # n then

(1.57) becomes:
R
/ R R, dr = 0. (1.58)

As a result, R,, and R, are orthogonal with weight r* on [R,, R].

Using the initial condition (1.51) we want to obtain the coefficients A,:

+o0

1=5(r,0)=>" % [cos( A1) — 6, sin(A,r)] -
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1.4 Survival function

We multiply the above equation by 72R,,(r) and we integrate it from R, to R

R +o0 R
/ r2R,, dr = Z (An/ 2R, R, dr) ,

n=0

with respect to r:

and using the orthogonality condition (1.58) we obtain:

R R
/ 2R, dr = Am/ r2R2 dr,

n

where

R R
/ P2R2 dp — / [0S (Amt) — G sin(Ar)]? dr

R

R
= / [cos?(AmT) — 26, cos( A7) sin( A\, 7) + 62 sin®(\,,,7)] dr

R R
:/ cos? (A1) dr — 25m/ coS( A1) sin(Ap,r) dr+
n Rn

R
+551/ sin?(\,,,7) dr.
and

R R
/ 2R, dr = / rlcos(Amr) — 0 sin( A7) dr

R R
= / rcos(Apr)dr — 0, [ rsin(A,r)dr.

Ry

Next, we calculate the following integrals:

R Rq 9
/ cos? (A1) dr z/ 2t costeAmn) COSQ( An) dr

n

_R—Rn+ [
2 A

R 1 (R
/ sin()\mr)cos(/\mr)dr:§/ sin(2\,,r) dr

n

sin(2\, R,) — sin(2\,,R)] ,

1
- 9 _ )
. [cos(2M\, R) — cos(2A, Ry)]

R Rq_ 9
/ sin?(A\,r) dr :/ Mdr

n
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1.4 Survival function

I .. .
=T I [sin(2\,, R) — sin(2A,, R,,)] ,

and

COS()\mT)]gn ,

AQ[

m

R 1 ) R 1
rcos(Ay,r)dr = o [rsin(Anr)] 7, + 5

R . 1 R 1 R
rsin(\,,r)dr = W [r COS(AmT)]R + )\_2 [Sln(AmT)]Rn .

As a result we have:

f R— R, 1
/ r?R2 dr = 5 (1+62)+ W [sin(2\, R) — sin(2X,, R,,)] (1 — 07,)

m

+ ;Tm [cos(2A, R) — cos(2M\, R,)]

=0, (Am), (1.59)

and

R 1 1
/ PRy = 5 (RS0 ) = By, )+ 5 (005(0, 1) = con(, )

+ om (Rcos(A\pR) — R, cos(AmRy)) — —= (sin(A\, R) — sin(A\, Ry,))

A A2,
_ 1 Reos(An(R—Ry)) — Ry 1 sin(An(R, — R))
© Am sin(AnRy,) A2 sin(A,R,)
=W, (A\n). (1.60)

From (1.59) and (1.60) we arrive at the following formula for the coefficient A,,:

fjfn 2R, dr W (M)

Am = - )
f]fn 7"2:Rgn dr Os ()‘m)

m € NU {0},

We again calculate the normalised survival function averaged over the spherical

annular region:

s(t) = / / / S(r,t)sin ¢ drdfdyp
—m JO n

ZA _>‘2Dt/ 1 [cos(A,1) — 0y sin(A,r)] dr. (1.61)

n
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1.5 The Green’s function method

We know from (1.60) that:

1 Reos(An(R — Rn)) — Ry
A sin(\,, Ry,)
1 sin(An(Ra — R))

/ r[cos(Apr) — 0 sin( A, )] dr =

1.62
A2 sin(A\nR,) (1.62)
and as a result (1.61) can be written as:
s(t) = 5 f Al =Nl (1.63)
(B> = R}) =" ' '
where
Wy (An))?
A, = W, (A NU {0
n Os (An> ? n e { }7

We plot (1.63) in Figure 1.10 and compare with numerical simulations.

1.5 The Green’s function method

Suppose we have a differential operator L and we want to find a function u(x)

which satisfies:

Lu(x) = f(x), x€C,
Doyu(x) = ku(x), x€aC,

where f(x) is an arbitrary function, n is the normal vector to C' and D and «

are constants. For this purpose we define the Green’s function G (x,s):

LG(x,8) = —0(x—s) if x,seC,
Do,G(x,8) = kG(x,s) if x€dC,

where ¢ is the Dirac delta function. We obtain u(x) as follows:

We observe that:

Lu(x) = —/LG(x,s)f(s) ds = /5(x—s)f(s)ds: f(x),
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1.5 The Green’s function method
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Figure 1.10: Plot of the survival function averaged over all starting points of a
Brownian particle diffusing in a concentric annular region, as shown in Figure
1.8. The blue line represents the analytic formula (1.63) and the green line
represents numerical simulations. For this plot we have used 5 terms in the
sum of the survival probability. Oscillation appear in the numerical simulations
for large values of ¢ because the number of Brownian particles is significantly
smaller at those times. For this figure we have used the following parameters:
R=1cm,R,=0.1cm,D = 0.5cm?s™!.

and
Doyu(x) = — / Do,G(x,s)f(s)ds = — / rG(x,8)f(s)ds = ru(x).

An important use of the Green’s function method is in the calculation of first
passage properties of diffusion. As such, the next section is a review of Condamin
et al. (2007) which makes use of the Green’s function method to determine the

first passage properties of diffusion to the interior trap, in an eccentric annular
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1.6 Rescaling of coordinate system

region, and which will be the benchmark of comparison for our exact formulas
from Chapter 2 and 3 for the two dimensional case and the three dimensional

case, respectively.

1.6 Rescaling of coordinate system

We represent a cell as a circle or as a sphere with radius R, containing a nucleus
(or other intracellular compartment) with radius R,. The center of the nucleus
is displaced from that of the cell by a distance r..

We rescale lengths so that the radius of the cell is equal to 1. We shall calculate the

Green’s functions and mean times using the following dimensionless quantities:

R, d Te
a=— an c=—.
R R

Note that 0 < ¢ < 1—a, and a? is the fraction of the cell occupied by the nucleus

in two dimension, and @® in three dimensions.

1.7 Condamin et al. (2007) review

The time required for a Brownian particle to go from a starting position to a
target site is called the first passage time (FPT) and it is found in a wide range of
problems, such as diffusion limited reactions Rice (1985) or animal food searches
Bénichou et al. (2005), which are called first passage problems.

The FPT depends on a multitude of factors, primary among them being geometry.
For example, the mean first passage time (MFPT) for a two dimensional random
walker is infinite if the walk is not bounded. However, in the case of a bounded
walk the MFPT is finite and depends on the confining surface. Unfortunately, this
dependency is difficult to explicitly determine but for the most simple geometries
(i.e. one dimensional or spherically symmetric problems Redner (2001)) but
which are not biologically realistic.

Previously to Condamin et al. (2007) this family of problems has received consid-
erable attention. In particular, in the case of discrete random walks, an expression

for the MFPT between two nodes of a general network has been derived Noh &
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Rieger (2004). Furthermore, the MFPT of a continuous Brownian motion at
a small absorbing window on a otherwise reflecting boundary has been studied
Grigoriev et al. (2002); Singer et al. (2006b). When the window is a small sphere
within the domain, the behavior of the MFPT has been given but it does not show
the dependence of the MFPT on the initial position Pinsky (2003)(see Appendix
A3 for a review of this result).

Transitioning from discrete to continuous case, Condamin et al. (2007) investigate
how much time does it take a Brownian particle with diffusion coefficient D to
reach a target of radius a. They consider an n-sphere (where n = 1,2) target of
radius a centered at x,. The Brownian motion starts at xo and is restricted to a

domain C' with volume/area of V/A.

1.7.1 The Green’s function approximation

The continuous mean first passage time (MFPT) (T'(x)) is derived using the
Green’s function method:

T = 1 [

G(xq,x) dX%RQ/ G(x0,x) dr,
c

*

where the Green’s function G(xg,X) can be interpreted as the stationary distri-
bution of particles in the domain C* (where C* is the domain C' without the
absorbing target) if there is a unit flux of particles incoming at x,, and the dif-

fusion coefficient is D. The Green’s function G(x,xg) is defined by:

DA,G(x¢,x) = —0(x —%x¢) if xe€C", (1.65a)
G(x0,x) =0 if xe€dCy, (1.65b)
OnG(x0,x) =0 if x € 0Cy, (1.65¢)

where n is the normal unit vector to dCy. Condamin et al. (2007) produce the

following approximation for the Green’s function:
G(x0,%x) ~ Go(a) + H*(x,|x,) — H(xn|x0) + H(x|%0) — H(x|Xp), (1.66)
where H (x|xp) is the pseudo Green’s function satisfying:

1
DALH(x|x0) = —d(x — x¢) + v if xeC, (1.67a)
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1.7 Condamin et al. (2007) review

OnH(x|x9) =0 if x € 90y, (1.67b)
Go(r) is the free Green’s function defined as:

in three dimensions,
(1.68)

Llogr, in two dimensions.
2 ?

1
DG()(’/’) — {471'7"

H*(x|x0) is the regular part of H(r|r’") defined as:
H*(x[x0) = H(x|x0) — Go (|x — %0l)-

We observe that (1.66) satisfies (1.65a) and (1.65b) exactly, however the absorbing
boundary condition (1.65c¢) is satisfied only approximately (Condamin et al., 2007,
p.021111).
As a result, the MFPT becomes Condamin et al. (2007):

alGo(a)

(T0) = 15 Gulo) + H () — o) + 0 (250 )

where [ is the distance between the target and the boundary. When the target
is near the boundary this formula has deviations of scale a/l in two dimension
and a/[? in three dimensions from the true MFPT. The boundary correction for
G(x,x%p) is derived to be:

G (x,%0) = Go(a) + H" (Xn|xn) — H(x|xn) + q(x0) [H (x[i(x0)) — H (x|%)
+H(i(x0)[%n) — H" (Xn[%n)],

where (%) is the image charge:

——2— in three dimensions
() = ¢ T |
4\Xo) = . . .
—1, in two dimensions,

placed on i(x¢) which is the image point of x, reflected off the surface of the

target. As a result, the boundary corrected MFPT is given by:

v

(T'(x0)) = 5 [Gola) — H(xalx0) + H"(xn|%n) — K(x0) — K(s(x0)) + K(s(xx))],

where

K(x) = q(x) [H(i(x)[xn) = H*(xn|%n)] ,
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1.7 Condamin et al. (2007) review

and s(x) is the image point of x reflected off the surface of the domain C. Con-
damin et al. (2007) also calculated the n-th moments of the FPT in three dimen-

sional case:

(1 (xo)) = "0

+0 (nv—%aQ—”>} , (1.69)

n—1

{Go(a) + H* (xalxa) — H(xulx0)] [Gola) + H* (xu],) — ]

where .
H= V/CH(XO|X) dxo.

We define p(t) be the probability density function of the absorption time T'(xy)
which is deduced from (1.69) by ignoring the O <nV’§a2_”) term:

o(t) = D Gol@) & H (xalx) = Hixalxo) ( Dt >

Vo (Gola) + H* (%]3,) H)® V [Go(a) + H*(xn|x,) — H]

H(x,|x0) — H i
Go(a) + H*(x,|x,) — H

o(t),
In order to prove the above statement we notice that the exponential distribution:
F(22) = Aexp(~Aa), @ >0,

has moments

n!
Hn = Va
_ D Gola)tH* (xnlxn)—H(xnlX0) £ (4. ) <
If we let A = TGo@1 i el 7] then G B Caalxn) A lxo f(t; M) will have the

moments (1.69) but this is not longer a probability density function. As a result,
we need to add the correction term:
H(x,|x0) — H

Gol(a) + H*(x,|x,) — ﬁé(t)’

and, as a result, we have
+00

Ft N dt = 1.

0
We notice that he correction term does not add to the moments since:

400
/ x"9(z)dx = 0.
0
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1.7 Condamin et al. (2007) review

Figure 1.11: Plot of eccentric annular region where x,, is the centre of the interior
boundary, x¢ is the starting position of the Brownian particle, Xq is the image
point of xy such that xg - Xg = 1, and x, is the centre of the exterior boundary.
Here, 65 is the angle formed by x, and x,. The point x represents the point at

which the Green’s function is evaluated.

Taking the limit a — 0 and keeping xq fixed then H (x,|x,) is constant and
1/Gp(a) tends to zero. As a result, the probability density becomes exponential:

(1) = AdraD ox _47TaDt
p - V p V 9

where we have used (1.68) for the three dimensional case. However, in the same
limit when R/a is held fixed then H(x¢|x,) can be approximated by Go(R) and
the probability density becomes:

o(t) = 47 Da (1 B ﬁ) exp (_47raDt) N 25(75),

V R V R
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1.7.2 Two dimensional eccentric annular region

We are interested in particles diffusing in an eccentric annular region C' as shown
in Figure 1.11. We will use the Green’s function method and the formula derived
by Condamin et al. (2007) to obtain the mean time for a random walk to reach
the absorbing target while starting at xo. Let x, Xo,x%, € R?, then the function

ng) (x0,x) we are looking for satisfies the following:

DA,GY (x0,%x) = —0(x — %) if x€C, (1.70a)
GP(x0,x) =0 if x€dCy, (1.70b)
Bu G (x0,x) =0 if x €90y, (1.70c)

where 0, is the normal derivative, 9C| is the absorbing interior boundary centred
at X, 0Cy is the reflecting outer boundary (as shown in Figure 1.11) and x, € C
is the initial position of the point particle. GgQ) (x0,x) is the occupation density
of the time a particle spends at x given that it started at xy and is diffusing in an
annular region with reflecting outer boundary and absorbing interior boundary
centred at x,,.

In order to find GéQ) (x0,x) we will need the pseudo-Green’s function Hf) (x|x0).

1.7.2.1 The pseudo-Green’s function for a circular domain

The following function is known as a pseudo-Green function(Condamin et al.,
2007, p.021111-13):

1 1 1 %+ a2
H2(2) (X|Xo) = 27T_D (log 1'_0 + log ﬁ + B 0) s (1.71)

and satisfies the following equations:
1
DAHP (x|xg) = —6(x — xo) + — if x € C*,
T

8111-[52) (X, Xo) =0 if xe€ 00,

where = = [x|, 2o = |%o|, R = |x — Xo|, R = |x — %o| and % is defined such that
Xo - Xp = 1 where - is the scalar product of the position vectors of xy and Xg. HéQ)

is called the Neumann Green’s function and is not unique, as it is defined only
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-0.10 —0.05 0.00

Figure 1.12: Plot of H2(2)(x|x0) from (1.71) with xo = (—0.5,0).

up to an additive constant. We plot Hf) (x|x0) in Figure 1.12 and we observe
that it can take negative values.

It is helpful to define the regular part Hz(z) (x|x0) of H2(2) (x|x0) as:

1

log —
2nD OgR7

H? (x[xo) = H32 (xxo) +
because Héz) (x|x) # oo and:

2 1 1
Hé*)(x|x) =51 <log .2 + x2> :

Furthermore, we also notice the following property of HQ(Q):

H (x|x) dx = 3y ecr, (1.72)

which is proved in Appendix A.1 and will be used in the next section to calculate
the mean time.

1.7.2.2 Mean time to capture in two dimensional domain

We have defined H2(2) (x|xp) in the previous section in order to obtain the approx-

imation of the desired Green’s function for (1.70) derived by (Condamin et al.,

35
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2007, p.021111-8):

1
G(2) ~ H® _ g . log —
5 (X0,X) 5 (Xo[x) o (Xn|x) + 5Dn og a

+ H (xa]x0) — Hy? (%0]%0), (1.73)
and will be used to calculate the mean of the following time to absorption:
téQ) (x0) = time for a particle starting at xq to hit 0C},

where |y| < 1.

As a result we have:
E [tg)(xo)] = / GgQ)(xo,x) dx
c

/ GéQ) (x0,x) dx

Q

1 b 9 2
~ (27TD log " + Hé*) (Xp, Xp) — Hé )(xo,xn))

1 | |%o0] . 1 | 1
2D & a gl—\XnP g]Xn—XoHXn—f’o’

[Xn|* = %ol

L ) . (1.74)

where in the third line of the above equation we have used (1.72) and where C*

is the domain C' without the absorbing target.

Setting x,, = (—c¢,0), where 0 < ¢ < 1 —a, xg = (—cosfy,sinfy) € ICy in

(1.74) and 6, is the angle between x,, and x¢ as shown in Figure 1.11, we obtain

E [tg)(xo)} = T2(2)(62, a,c):
2D

1
—T(2)(02, a,c) =log — + log
a

1
2 L —lo

1—¢? & (cos By — )2 + sin? Oy

-1
2

(1.75)

This is plotted in Figure 1.13 as a function of 0y, for ¢ = 0.45 and a = 0.1,
and compared with simulated data and the concentric case from Section 1.2.2 in

rescaled coordinates.
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Figure 1.13: Plot of TQ(Q) (02, a,c) comparing the numerical simulation with the
analytic result obtained in (1.75) as a function of ;. Here we have chosen the

following parameter values: a = 0.1 and ¢ = 0.45.

1.7.2.3 Mean time averaged over the reflecting surface in two dimen-

sions

We are interested in the mean time averaged over the reflecting boundary defined

in the following way:
B s
T2(2) (a,c) = A/ T2(2)(92, a,c)dbs, (1.76)
0

where A = 1/27 is the normalisation constant. If xg = (—cosfy,sinfy) € 9C

we observe that xg = X and using the following identity Barton (1989):

+oo
1 1 cos(mbs)
log —— —log ——_ — E COSINT2) m
o8 |Xn - i0| o8 |Xn - X0| m=1 m “
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where x,, = (—¢,0) we derive that:

21 1 21 1
1 dfy = 1 do
/0 ©8 (cos By — )2 + sin? 0, 2 /0 8 |x;, — Xol|%n — Xo| 2

27 1 27 1
:/ log (—) do, +/ log (—.,) do,
0 X5 — Xo 0 X5 — Xo

B 2m 32 cos(mbs) . B
=2 Y ——=c"df,=0. (1.77)
0

m
m=1

As a result, using (1.77) and (1.75) in (1.76) we obtain the following:

2D =(2) 1 1 02—1
—T. =log—+1 1.
0,0 = log 1+ log (1= ) + 5 (1.78)

which we plot in Figure 1.14 where we compare with numerical simulations.

1.7.3 Three dimensional eccentric annular region

We now turn to the case when our domain C' is a three dimensional annular
region bounded by non-concentric spheres. Analogous to Section 1.7.2 we want
to find a Green’s function Ggg) (x0,x) which satisfies (1.70) and for that we need

the pseudo-Green’s function for a spherical domain.

1.7.3.1 The pseudo-Green’s function for a spherical domain

The following function is known as a pseudo-Green function(Condamin et al.,
2007, p.021111-13):

1 /1 1 . 2 +y°
HéS) (x|xg) = 1D <§ + y_R —log (yR+ 1- zyu) + 92 ’

and satisfies the following equations:

DAH (x|x0) = —6(x — x0) + 43 if xeC,
m
8nH2(3)(X|X0) =0 if xe 602,

where C* is a sphere of radius 1, 0Cs is the reflecting outer boundary, xq is the

initial condition of the particle, z = [x|, 2o = |[Xo|, R = |x — x|, R = |x —%0| and
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Figure 1.14: Plot of T2(2) (a,c) as a function of the nuclear displacement ¢. The
red line is the approximation obtained in (1.78) and the blue dots are numerical

simulations. Here we have chosen the following parameter values: a = 0.1.

Xo is defined such that xq - Xo = 1. Analogous to the two dimensional case, the
Neumann Green’s function H® is defined only up to an additive constant (for a

derivation of H2(3) see (Cheviakov & Ward, 2011, p.1408)).
It is helpful to define the regular part HQ(i) (x|x) of Hé?’) (x|x) as:

1
3 3
;Y (x|x0) = Hy (xIx0) + 5.
because HSY (x|x) # oo:
1 1 1
H(3) — 1 2

2 (x1) 4w D (1—x2 +log 2(1 — x?) )

Furthermore, we also notice the following property of H§3) (x|x0):

HP (xo]x)dx = — — ——1log2, Vx € C*, (1.79)
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which is proved in Appendix A.2 and we will use next to calculate the mean time.

1.7.3.2 Mean time to capture in three dimensions

We have defined H2(3) (x|x0) in the previous section in order to obtain the Con-

damin et al. (2007) Green’s function approximation for (1.70):

G (x0,x) ~ HY (x0,%) — Hy (X0, X) + + HY (%, %,) — H? (%0, %),

4D7a

and will be used to calculate the mean of the following time to absorption:
tgg) (xg) = time for a particle starting at xq to hit 9Cs,

where |y| < 1.

E [tg?))(x())] = /CGg?ﬂ (x9,x) dx %/ Gg?’) (%0, %) dz

47T 1 3 3
~ 3 <4D7ra * Hé*)(xn,xn) a Hé )(XO’Xn))

—_

1 . 1 11 1 1 1
= —_— —_— O J— —
3D a T T P21 — xa?) % —xo| ol — %o

. [Xn|* — [%o|®
+ log (|xo||x, — Xo| + 1 — |Xn||X0|C0892)—# : (1.80)
where in the third line of the above equation we have used (1.79). Setting x,, =
(0,0, —c), xo = (0,sin fy, — cos ) in (1.80), where 0, is the angle between x,, and
Xg, we obtain E [tgg) (xo)] = T2(3) (02, a,c):

2D (3) a 2a
—T15"7(0s,a,¢c) ~ — |1+ —— + alog —
R2? (621 0,¢) 3a 1= 2(1=¢*)  \/(cosBy — c)? + sin’ b,
1 21
—alog +a : (1.81)
1 —ccosfy + +/(cos By — )2 +sin? Oy 2

which we plot in Figure 1.15 and compare with numerical simulations.
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Figure 1.15: Plot of T2(3) (02, a,c) comparing the numerical simulation obtained
analytic result obtained in (1.81) as a function of #,. Here we have chosen the

following parameter values: a = 0.1 and ¢ = 0.45.

1.7.3.3 Mean time averaged over the reflecting surface in three di-

mensions

We are interested in the mean time averaged over the reflecting boundary defined

in the following way:
T¥(a,c) = A / T¥ (65, a, ¢) sin 0, dbs, (1.82)
0

where A = 1/47 is the normalisation constant. If xo = (0,sinfy, — cosfy) we

observe that xo = X¢ and we know from Barton (1989) that:

1 1 +o0
= B,
1=0

%, — Xo|  |xn — X0
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where x, = (0,0, —c), = cosfy and P,(z) is a Legendre polynomial of degree

n, from which we deduce that:

T . 9 s s 9 oo ™
/ sin 2 4, = / SN v df, = Z/ P,(cos By) sin 6, dfyd! = 2.
0 |Xn — Xol 0 [Xn =0l 1=0 70

(1.83)
Furthermore, we know that Barton (1989):

2 +o0 1
lo _ _ B te

where
£ = |xn||x0l,

from which we obtain that:

" 2 +oo T 1
- in 0, dfy — Py(11) sin 0y dfy=&' = 0,
/0 (|X0||Xn—Xo|+1—|Xn||Xo|00892)Sm 2502 ;/O () sin Bz Ay 7€

and, consequently, that:

/ log ([o| [ — Ro| + 1 — [%on||Xo| o8 6s) sin by Ay — 2l0g 2. (1.84)
0

As a result, using (1.83), (1.84) and (1.81) in (1.82) we have:

— 2
—T2(3) (a,c) = —

R? 3a 1—¢2 1—¢c2 2

1 25
1+ —2 alog +al ], (1.85)

which we plot in Figure 1.16 where we compare with numerical simulations.

1.8 Hitting density on the cellular surface

What is the probability of a Brownian particle starting at x, to be absorbed at
point x on the outer surface? In order to answer this question, we define 0, as
the angle between x, and x and we use the fact that the hitting density 582)(62)
is the same as the electric field at the impact point x when at xq there is point

charge of magnitude ¢ = 1/(€2, D), where n is the dimension and €2, is the area
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Figure 1.16: Plot of T2(3) (a,c) as a function of the nuclear displacement ¢. The
blue line is the approximation obtained in (1.85), the green dots are numerical
simulations and the red dot is the concentric case. Here we have chosen the

following parameter values: a = 0.1.

or length of the cell (Redner, 2001, p.214). The electrostatic potential in two
dimensions, with no internal target, at x is (Redner, 2001, p.215):

a, z2r? + 1 — 2x20 co8 Oy
=lo :
9 g

H® —
1 (x[x0) 2 + x% — 2xx( Ccos Oy

where z = |x| and z = |xo|. Taking the z-derivative of H'” (x|xo):

oH®
ox

1 2(c* —1—c®cosby) + 2¢(2 — ) cos by
4D (¢ 41— 2ccosby)? ’

(x=1lzg=¢) =

and multiplying by —D we obtain the hitting probability:

B 1 1 —¢?
" 4r 1 — 2ccosfy + 2’

(1.86)
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Figure 1.17: Plot of 5(()2) (62) comparing the numerical simulation with the analytic
result (thick lines) obtained in (1.86) as a function of 6, for values of ¢ = 0.25,0.5
and 0.89. The lighter colours represent the analytic result and the darker colours
represent the numerical simulations. For the numerical simulations we have used
G.7.1.1 and this plot has been obtained using G.7.1.2. For this figure we have

used the following parameters: a = 0.1.

which we compare with in Figure 1.17 with simulated data.

We observe from Figure 1.17 that as the distance between the initial position and
the absorbing boundary decreases the hitting density becomes centered at the
angle of smallest distance. This is because the random walks are more likely to

hit the surface at a point close to the initial position.
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1.9 Discussion

In this chapter we have introduced the notion of Brownian motion and the first
passage properties of diffusing particles. We begin with the one dimensional ran-
dom walk model, expanding it to higher dimensions and present Fick’s equations
which govern the behaviour of random walks.

In Section 1.2 we use the one dimensional random walk model to define the
mean time to capture on an absorbing target. Additionally, we calculated the
mean time for a Brownian particle diffusing in a circular eccentric annular region
to reach the inner boundary or the outer boundary in Section 1.2.2 and 1.2.1,
respectively.

In Section 1.4 we define the survival probability of a diffusing particle in a concen-
tric annular region which will be used in Chapter 4 to determine the intracellular
distribution of absorbed Coxiella burnetii bacteria in a specific experiment.

We review Condamin et al. (2007) in Section 1.7 and construct their approxi-
mation for the Green’s function for an eccentric annular region in two and three
dimensions. From the Green’s function we derive the mean first passage time
and the mean first passage time averaged over the starting surface in Sections
1.7.2.2 and 1.7.2.3 for the two dimensional case, and Sections 1.7.3.2 and 1.7.3.3
for the three dimensional case, respectively. We will compute the analytic Green’s
function for circular and spherical eccentric annular regions in chapter 2 and 3,
respectively, and compare with the results of Condamin et al. (2007).

We have validated our results by using numerical simulations displayed in Ap-
pendix G. In order to maintain the size of this thesis in reasonable bounds only
certain representative Python scripts, which we have used to generate the figures,

are shown in the remainder of this work.
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Chapter 2

Diffusive transport in circular

domains

2.1 Introduction

We consider diffusion of a particle, with diffusivity D, in a circular domain of ra-
dius R which contains an interior compartment of radius R,, and has displacement
r. from the centre of the domain (see Figure 2.1). If transport is simply diffusive,
not accelerated by directed mechanisms or localised pathways, the basic timescale
is R?/D, where R is the radius of the domain and D is the diffusivity Amitai &
Holeman (2017); Barkai et al. (2012); Bénichou et al. (2010); Bressloff & Newby
(2013); Coombs et al. (2002, 2009); Wosniack et al. (2015). The mean time to
find the internal compartment, thought of as a target within a larger domain, is
a function of a and ¢, where a is the radius of the target, and c its distance from
the centre of the domain, divided by R.

Living cells contain many proteins that constantly move about Lagache & Hol-
cman (2008); Lagache et al. (2009); Mullineaux et al. (2006); cells interact with
their surroundings by means of surface receptor molecules that bind ligands, ei-
ther free or themselves on the surface of other cells. The mechanism by which
a cell responds to an event occurring on its surface may involve the transport of
molecular complexes from the cellular surface to the nucleus Imada & Leonard
(2000); Lillemeier et al. (2001), and the transport of synthesised molecules from

the nucleus to the cellular surface. With the motivation of cell biology in mind,
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we refer to the boundary of the domain as the cellular surface and the interior
compartment as the nucleus. We consider transport from a reflecting nuclear
surface to an absorbing cellular surface, and the opposite case of diffusion from
a reflecting cellular surface to an absorbing nuclear surface.

Using bipolar coordinates, we derive exact Green’s functions. Hence, we derive
exact expressions for arrival densities and mean arrival times. We also consider
the mean arrival time, where the initial position is averaged over the surface of
the nucleus or of the cell. The idea is that the point on the surface of a nucleus
where a molecule emerges, or the point on the cellular surface where a molecular
complex is internalised, is uniformly distributed on the surface of the nucleus or
cell. We consider distributions of initial conditions that are (i) uniform on the
nuclear surface, (ii) uniform on the cellular surface, or (iii) given by the hitting
density of particles diffusing from the nuclear surface to the cellular surface. This
hitting density is also obtained from the appropriate Green’s function. Numerical

simulations are used for comparison.

2.2 Literature review

Many intercellulater and intracellular process are diffusion limited and, as a result,
the rates of many types of reactions can be calculated from the diffusion equation
with appropriate boundary conditions Katja et al. (2019); Lauffenburger & Lin-
derman (1993). Once the corresponding Green’s function is calculated, quantities
such as mean hitting times are obtained by standard integration, for any initial
distribution of particles Priistel & Meier-Schellersheim (2012, 2013); Priistel &
Tachiya (2013). Similar procedures are followed in discrete space Montroll &
Weiss (1965). Approximating animal motion by Brownian motion, or diffusive
motion with a directed component, the expected mean time for a predator to
locate small patches of prey is a mean hitting time Kurella et al. (2015); McKen-
zie et al. (2009). Another context in which diffusion within a confined domain
provides a timescale is the encounters, inside lymph nodes, of T cells and antigen-
presenting cells Catron et al. (2004); Celli et al. (2012); Delgado et al. (2015);
Garside et al. (1998); Krummel et al. (2016); Textor et al. (2014); Zinselmeyer
et al. (2005).
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2.2 Literature review

As shown in Section 1.7 Condamin et al. (2007) derived an approximation of
the Green’s function for an eccentric annular region with an absorbing inner
target and reflecting outer boundary. Using the Green’s function method and
pseudo-Green’s functions they derive the first passage properties of diffusion in
the eccentric annular region. In Section 1.7.2 we looked at the two dimensional
case and the mean time for a Brownian particle to hit the inner circular bound-
ary. The results were extended using pseudo-Green’s function by Bénichou &
Voituriez (2014); Chevalier et al. (2010) to determine the first passage properties
of Brownian motion in a domain where the absorbing targets are on an otherwise
reflecting surface.

Lindsay et al. (2016) derive a hybrid asymptotic-numerical approach to estimate
the density of the first passage time of a random walker to multiple small traps
located inside a bounded two dimensional domain with a reflecting boundary.
They make use of the Laplace transform on the underlying diffusion equation in
combination with the method of matched asymptotic expansions to obtain the
short time solution. For large times, they used numerical evaluations to complete
the derivation.

Grebenkov et al. (2017) calculated the MFPT of a Brownian particle, diffusing
inside a finite length cylinder, to reach a reactive patch on the surface of an
interior concentric cylinder by replacing the mixed boundary condition on the
interior cylinder with a inhomogeneous Neumann boundary condition and solving
the new problem using a separable solution. Additionally, asymptotic solutions
are derived for different parameter scenarios from the results.

Tzou & Kolokolnikov (2015) compute the MFPT of a Brownian particle diffusing
inside a two dimensional disk with reflecting boundary and an interior absorbing
trap which is rotating at a constant angular velocity.

When the target is an absorbing arc located on an otherwise reflecting boundary,
the problem can be classified as a narrow escape problem (NEP) and has been
studied extensively Cheviakov et al. (2012); Grebenkov et al. (2020); Holcman
& Schuss (2004, 2014, 2015); Marshall (2016); Pillay et al. (2010). When the
absorbing arc shrinks to zero the mean time to absorption diverges to infinity
and the narrow escape problem becomes a singular perturbation problem and is

solved by using asymptotic expansions Schuss et al. (2007); Singer et al. (2006a,b).
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2.3 Bipolar coordinates

Boundary homogenisation is used to solve problems where an otherwise reflecting
boundary has absorbing traps located on it, making use of the fact that non-
uniform boundaries affect a relatively small neighbourhood near the surface and,
as a result, the memory about the local properties of the boundary declines as a
function of distance from the boundary Berezhkovskii et al. (2004); Makhnovskii
et al. (2005).

We represent a cell as a circle of radius R, containing a nucleus (or other in-
tracellular compartment) of radius R,,. The centre of the nucleus is displaced
from that of the cell by a distance r.. Given that we are interested in eccentric
annular regions like the one shown in Figure 2.1, the coordinate systems we have
been using are not the best suited. Instead, in this section, we replace Cartesian

coordinates (z,y) with bipolar coordinates (7,0).

2.3 Bipolar coordinates

Bipolar coordinates (7,0) are defined in terms of two foci whose separation is
2F (Figure 2.2) Heyda (1959); Kurella et al. (2015). Curves of constant 7 are
circles with radius 7, centred at x = v/72 + F2 and y = 0, where 7 = log(F/r +

1+ (F/r)?). Similarly as we did is Section 1.6, we rescale lengths so that the
radius of the cell is equal to 1. We shall calculate the Green’s functions and mean

times using the following dimensionless quantities:

a = %, c= % and d= %
Note that 0 < ¢ < 1 — a, and a? is the fraction of the cell occupied by the
nucleus. In order that the centres of the two circles of radii 1 and a be displaced
by ¢ = V1 + d? — Va2 + d2, we must choose:
1
T 2

Thus, the eccentric annular region C' (grey in Figure 2.3) is represented by

d= /(1 +a— )2 — 42 (2.1)

T <T<TN , 0 <0< 2m,

where

7 = log <d/a ++/1+ (d/a)2> (nuclear surface) ,
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2.3 Bipolar coordinates

Figure 2.1: Intracellular geometry. We represent a cell as a circle of radius R,
containing a nucleus (or other intracellular compartment) of radius R,. The

centre of the nucleus is displaced from that of the cell by a distance r..
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7':10g—1 Iy X N

>

(=d.0) " (d)0) !

Figure 2.2: Graphical definition of the bipolar coordinates, 7 and o, of the point

15
: ¢
d
5
0.2 0.4 0.6 0.8

C

X.

Figure 2.3: Left: the distance d used to define bipolar coordinates, as a function

of ¢ with a = 0.1. Right: the domain C' is shown in grey.

and

Ty = log (d +vV1+4 d2) (cellular surface).

We denote the nuclear surface (a circle of radius a, blue in Figure 2.3) by 9C}
and the cellular surface (a circle of radius 1, green in Figure 2.3) by 0C5. We plot
in Figure 2.4 a sampling of bipolar coordinates. Heyda (1959); Liemert (2014)
calculate the Green’s function for an eccentric circular annular domain, where
both the inner and outer boundaries are absorbing, by using bipolar coordinates.
Kurella et al. (2015) utilise bipolar coordinates to solve the Laplace equation for
the following system: two circles with Dirichlet boundary conditions embedded

in an infinite medium.
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2.4 Bipolar Green’s function

- T
(11 + 372) /4
(r1+7m)/2
(3m1 +712)/4

- 1

Figure 2.4: Bipolar coordinates 7 (left) and o (right) where 7 is the bipolar
representation of the nuclear surface and 7 is the bipolar representation of the
cellular surface.

2.4 Bipolar Green’s function

The mean time to reach an absorbing boundary of C, starting from x, € C' can

be written as
T(xo) = B2 / G (x0, %) dx, (2.2)
C

using the Green’s function G(xg,x), which may thus be interpreted as an occu-

pation density, satisfying
DAG(x¢,%x) = —0(x — Xq) x € C, (2.3)

with suitable boundary conditions. Green’s function, G (x¢, x) can be constructed
numerically by dividing the domain into small boxes and recording the mean
amount spent in each, by paths starting at x. Let (7,0) be the bipolar coor-
dinates of x and (79, 0¢) the bipolar coordinates of xo. Then d?A, = (coshT —
coso)? <a s + 8822) El-Saden (1961); Snyder & Goldstein (1965) and we can

write: e
X07
dodr. 2.4
/ / (cosh T — cos0)? oar (24)

2.4.1 From nucleus to cellular surface

We begin with the case of diffusion with absorption on the cellular surface. The

Green’s function, denoted by Gf) (x0,x), satisfies (2.3), is equal to zero on the
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2.4 Bipolar Green’s function

cellular surface and has vanishing normal derivative on the nuclear surface. That
is, we impose the following boundary conditions:

2

oG

('3n1

G?) (x0,x) =0, x€0C,.

(x0,x) =0, x€9CY, (2.5)

where n; is the unit normal outward vector to 9C}.
We are looking for a solution to (2.3) of the form (Heyda, 1959, p.30):

G?) (1,0;70,00) = Gf)(r, 0370, 00) + G?)(T, 73 To, 00), (2.6)

where G is the non-singular component of the Green’s function:

“+oo
G (7.0 70,00) = AT + By + Y (A, cosno + B, sinno)e™™

n=1

+(C,, cosno + D, sinno)e™) ,

and GgQ)(T,U;TO,O'Q) is the singular part of G§2) (for a derivation of G? sece
(Heyda, 1959, p.29-30)):

1 =1
(2) . _ - _ - .
G (1,0,70,00) = 5Dx Tm — log 2d + ngl an(T, o5 T0,00) |
where 7, = min(7, 79) and
—n|T—70| —nTo

H,(1,0;71,00) =€ cosn(oc —ag) —e " cosno — e COS Noy.

Given the boundary conditions (2.5) we translate them into bipolar coordinates
(for the normal derivative in bipolar coordinates of a function on a circle of

constant 7 see Appendix B.1) and use (2.6):

eis oG
(o) = (e
T=T1 T=T1
G£2) (7-27 0570, UO) = _ng) (7-27 05 7To, 0-())7
which gives us:
+o0o
Aoy + Z [—n(A, cosno + B, sinno)e ™™ + n(C, cosno + D, sinno)e"™ |
n=1
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2.4 Bipolar Green’s function

1 X
= 3pn 2 (e_”(”_m) cosn(o — 0g) —e "™ cosno) , (2.7)
and
+oo
Agmo + By + Z [(An cosno + By sinno)e "™ 4 (C,, cosno + D, sin na)e’”?}
n=1
1 =1
= _ﬁ To — lOg 2d + nZ:; ﬁ (efn(TO*U) CcoS TZ(O' _ 00)
—e "™ cosno — e "™ cos noy) ] : (2.8)

We multiply both (2.7) and (2.8) by cosmo and sinmo and integrate from 0 to

27 with respect to o to obtain:

1 1
Ame*mTl _ CmemTl — 2Dﬂ_meim(7177—0) CcOS mo’o —|— 2Dﬂ-meim‘rl7 (29&)
1
Ape™ ™ 4 e = — 2D7Tme_m(70_72) cosmoy + 5D e ", (2.9b)
and
1
B,,e ™ — D, " = — Do e—m(n —70) sin moy, (210&)
1
B,,e ™ 4+ D,,e""? = — QD,H.me_m(TO_TZ) sin moy. (210b)

Solving (2.9) and (2.10) we obtain the coefficients:

1 o coshm(m — 1
i 5D (e 2 cos mUOCOShmETQ — 7_1; - 1) , (2.11a)
B, =— ! e™™ sinmoy coshm(m = 7o) (2.11b)
" 2D7m coshm(my — 1)’ '
Cp = — ! e "' cos moy sinh m(7; = 7) (2.11c)
" 2Dmm coshm(m, — 1)’
D,, = — ! e " sinmo sinhm(7, = 7o) (2.11d)
" 2Dmm coshm(r, — 1)’ ‘

where m € N. Integrating (2.7) and (2.8) with respect to o from 0 to 27 we

obtain:

27TAO = 0,
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2.4 Bipolar Green’s function

+oo —nTo
2D Aoty +2DTBy = — (TQ ~log 2d — Z w) |
n

n=1

from which we deduce that:

Ay =0, (2.12a)
By = —— log 2d io e~ cos nay (2.12D)
0= 2°Dn T2 og 2 n . .

Using (2.11) and (2.12) in (2.6) we obtain the desired Green’s function:

+oo
QDWG?)(T, 0;T0,00) = Ty — T2 + Z M (e_an_TO‘ — H (7, 70; 71,7'2)) )
n
n=1

where

"™ coshn(m — 79) + €™ sinh n(my — 70)

H(7'77'0371,7'2) = COShn(TQ—Tl)

Rearranging the coefficient of cosn(o — o) we notice:

el — H(r,79;71,7)  2sinhn(r, — 72) coshn(m — )

Y

n ncoshn(ry — 1)
where 1)y = max{r, 79}
Thus, GgQ) (x0,x) can be written in the following compact and elegant form:

400
2
27rDG§2> (X0,X) = Ty — T2 + g —cosn(o — O'O)KFT)L(T, T0), (2.13)
n ’

n=1

coshn(m — )

where KP (1,70) = sinhn(r,, — ) , and 7y = max{7, 7}

" coshn(r — )

We plot GgQ) (x0,x) in Figure 2.5 and compare with numerical simulation. Addi-
tionally, examples of G§2) (x9,x) are shown in Figure 2.6 for multiple combinations

of a and xg.
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2.4 Bipolar Green’s function

numerical difference

| DN
0.0 0.6 1.2 -0.005 0.000 0.005

Figure 2.5: Plot of numerical simulation of ng) (x0,x) (left), analytic formula
(2.13) (centre) and difference (right). For the numerical simulations we have
used G.5.1.1 and this plot has been obtained using G.5.1.2. The initial position
is xg — x. = (—0.5,0). Here x,. is the position vector of the cellular centre. For

this figure we have used the following parameters: a = 0.1 and ¢ = 0.25.

2.4.1.1 Comparison with interior Dirichlet Green’s function

The interior Dirichlet Green’s function satisfies the following equations:

DAGY (x0,%x) = —6(x —xo) if x€C™,

(2.14)
Gé2)(x0,x) =0 if x€0dCy,

where 0C is the absorbing cellular boundary, xo € C* is the initial position of
the point particle and C* is the disk of radius of 1. ng) (x0,x) is the occupation
density of the time a particle spends at x given that it started at xq, and is
diffusing in a disk of radius 1 with absorbing boundary. The solution of (2.14) is
given by Barton (1989) as:

1 1 1
Gé2) (x0,X) = ——= (log — —log B + log ro) , (2.15)

~ 2D R
where X, is the image point of xq such that the scalar product xq - Xg = 1 and

R=|x—x0/, R=|x—%| and 7ry=]|xq.
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xg—%x.=(—0.5,0) xg—%x.=(—0.1, —0.45) x9 —%x,=(0.5,0.5)

a=0.05

a=0.1

a=0.2

0.0 0.6 1.2

Figure 2.6: Green’s function (2.13) with reflecting nuclear surface and absorbing
cellular surface. Nine cases are shown: (i) ¢ = 0.25, a = 0.05, xo — %, = (—0.5,0)
and D = 0.5. (ii) ¢ = 0.25, a = 0.05, xo — X. = (—0.1,—0.45) and D = 0.5. (i)
¢ = 0.25 a = 0.05, xg — x. = (0.5,0.5) and D = 0.5. (iv) ¢ = 0.25, a = 0.1,
Xg — X = (—0.5,0) and D = 0.5. (v) ¢ =0.25, a = 0.1, X9 — x. = (—0.1, —0.45)
and D = 0.5. (vi) ¢ = 0.25, a = 0.1, xp — x, = (0.5,0.5) and D = 0.5. (vii)
c =025 a=02 %x9g—%x = (—0.5,0) and D = 0.5. (viii) ¢ = 0.25, a = 0.2,
X9 — X, = (—0.1,—0.45) and D = 0.5. (ix) ¢ = 0.25, a = 0.2, x¢9 — x. = (0.5,0.5)
and D = 0.5. Here x, is the position vector of the cellular centre.
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2.4 Bipolar Green’s function

Figure 2.7: (i) The angles 6, and 6. (ii) Given xo, the image point X, is defined
such that rofy = 1, where |xo| = r¢ and |Xo| = 7. If the representation of xq
in bipolar coordinates is (7, dp), then 79 + 79 = 275. The centre of the cell is

represented by X..

Let z,zy be the complex representation of x and xg, respectively. Following
(Heyda, 1959, p.29), we have:

2de™ (1—6’(“’“0>

Z— 7= Qd(e“o_eu) _ W,)) ifTOZT,
et — 1) (ewo — 1 e"0(1—e”M0™Y .
oo | st
where u = —7 + io and (7,0) are the bipolar coordinates of r. Taking the real

part of —log(z — zy) we obtain:

+o0

1
—R [log (z — 2)] = max{r, 7o} —log2d + Y ~H, (x0,%), (2.16)
n
n=1
where
H, (x0,x) = e """l cosn(o — 0¢) — e cosno — e "™l cos noy.
For the second term in (2.15) we have:
2de" (1—e~ (v~ %0) .
ey [ES wRze
Z — ZO = ~ = —(ug—u
(ev — 1) (e — 1) _ 2d(1—e=(0—w) i 7 < 0,

(1—e“)<1—e_a0)’
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2.4 Bipolar Green’s function

0.6 1.2 -0.12 0.00 0.12

Figure 2.8: Plot of the Green’s function G((f) (x0,x) formula (left, formula from
(2.15)), Green’s function G?) (x0, %) (centre, formula from (2.13)) and difference
(right). The initial condition is xg — x. = (—0.5,0) and a = 0.1, ¢ = 0.5. Here x,

is the position vector of the cellular centre.

and we deduce that:

i + log 2d + u — Jrio L [en(u=iio) — (enu 4 eniio)] | if 55 > 0,
n=1

lOg (Z o ZO) = +00
im +log2d — Y L [enumiio) — (env  e7niio)] - if 5y < 0.
n=1

As a result, we have:

+oo
1
—R [log (z — Zo)] = max{7,0} —log2d + »  —H, (%o,%), (2.17)
n
n=1
where
H, (%X0,x) = e """l cosn(o — 60) — e cosno — e "™l cos nay.

The third term in (2.15) can be written as:
log rg = R [log (zc — 20)] ,

where z, is the position of the centre of the cell, which can be written as (7., 0.) =

(279,0) in bipolar coordinates (see Appendix B.7). As a result we have:

2de%0 (l—e_(“O_“C) )

2d (e"0 — e%e o) (1—cu0) if 275 < 79,
Ze — Zo = (e © ) — (1 )(1 °)

et — 1) (euo — 1 2devc (1—e~(ve—u0))
IR [ G
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2.4 Bipolar Green’s function

Taking the real part of log(z. — zg) we obtain:

—+00

1
log rg = —min{2m, 7o} + log 2d — Z —H,, (x0,%.), (2.18)
n=1 n
where
H, (Xo,%X.) = e P20l cos nog — e 722 — ™Ml cos nay.

Using (2.16), (2.17) and (2.18) in (2.15) we obtain:

1 1
27TDG82) (x0, %) = log i log E + log g

= min{7, 70} — max{7,0} — min{2m, 70} + log 2d
+o0
1 -
+ Z ﬁ (Hn (XO>X) - Hn <X07 X) - Hn (X07 Xc))
n=1
= min{r, 70} — 27 + log 2d

+o00 1
+ E — (e’”‘T’m' cosn(o — og) — e cosno — e "™l cos nay
n
n=1

—n|T—70] —n|me—T19|

—e cosn(oc — Gg) +e " cosno +e Cos nay

—n|27m2—70] —n|7o]

—e cosnog+ e 2" e cos nao)

+oo
1
= min{7, 70} — 27 + log2d + E —e T
n
n=1

+oo
1 .
+ E - (e_”‘T_T()' cosn(o — og) —e ") cosn(o — 00))
n=1

400
=min{7, 7} — 72 + Z m (efn|7*7'0| — e*n(fff'o))

n
n=1
400 9
= min{7, 70} — 72 + Z - cosn(o — og) sinhn(r, — TQ)e*"(TM*W),
n=1

(2.19)

where 7, = min{7, 79}, 7ay = max{7, 7} and we have used appendix B.5 and
C.2, respectively.
The difference of (2.13) and (2.19) can be written as:

27 DAGY (xq,x) = 27D (G?) (x0,x) — G (xq, x))
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2.4 Bipolar Green’s function

+oo
cosn(o — o) 2
=2)" fAK;g@, 7o), (2.20)
n=1

where

AK (T o) = n(r—my) SiBR R (Tar — 7o) sinhn (1, — 72)
0 .

)
coshn (11 — 72) (221)
X)

We plot horizontal slices of G(()2) (x0,%), G\ (x0,%) and AG?) (x0,x) in Figure
2.9. We observe that while G((]Q) (x0,x) and Gg (x0,x) have a singularity at
X = (1 ()) their difference AG(Q) (x0,x) does not present any singularity.

We wish to expand AK (7‘ Tp) as a series in powers of a and we begin by making

use of:

1-¢? a 1—c?
=1 - =1 —1 2 2.22
og( ” 0(1_02>> 0g — oga+ 0 (a®), (2.22a)

1 a? 1

=1 - | =log - 2 2.22
n=tog (1 i) =g+ 0(@). (2.920)
71 — Ty = log(l — ¢®) —loga+ O (a*), (2.22¢)

to obtain the following:
e—’n(’rl—’rg) _ efn(log(lfcz)floga+O(a2))
_ e—nlog(l—CQ)enlogan(aQ)

an

— n+1
=y ToE),
1 2
coshn (1p — 1)  eun—m2) 4 e—n(ri—m2)
2e~(T1—T2)

2e—n(log(1—c2)—log a+O<a2))
1+ e—2n<1og<1—c2>—loga+o<a2)>
e 0 (a)

1 + i _(12n)2n + O (a2n+1)

207 +0 (a”“) )

-y

The T-component can be expressed as follows:

2
7 = log g—f— 1+<£l) ,
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6_
.| = e
([2 3F ... G1(2)
a
—1 -1 0 1 1
2 2
xXr
= 0.2
& \
oo
S?j — a= 0.05 — a= 0.1 — a= 0.2 V
= - ] ] |
~ 0 2—1 L 0 1 1
2 2
T
0.2
% ~
<]t< 0.0
a — a= 0.05 — a= 0.1 — a= 0.2
_0'2 | | | ]
-1 -1 0 1 1
2 2
xr

Figure 2.9: Top: plot of the Green’s function QWG(()z) (x9,x) from (2.15) and
27TG§2) (x0,x) from (2.13) as a function of the horizontal distance x. Middle:
plot of the difference between G?) (x0,%) and GE)Q) (x0,%) as a function of the
horizontal distance z for multiple values of a. Bottom: plot of the difference
Green’s function AG%Z) (x0,x) from (2.20) as a function of the horizontal distance

x for multiple values of a.

where r is the radius of the circle defined by 7. Using the following expansion:

_1—02 a1+ 2

d _ 2
2¢ 21 —¢2

+0 (a3) ,
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2 212 2
1-— 1
1+(c_l) :1+( c®) o 1+c

_ O (a
r 4c2r2 REDYERC + (a >’
we obtain:
d d\? 422 + (1 =224+ 1—¢2
T r 2rc
142 1 1
2 3

— O

a e <\/402r2+(1—62)2 + 1_62) + (Cl )

(et )
—C2
_ VAR + (1 —c2)2 +1— ¢ - a21 +? \ Va2 t(-cz 1 10(d)
2rc 2c 4c2r24(1—c2)2+41—¢2

2c
As a result we have:

2,2 _ 2)2 _ 2
Tzlog{\/llcr +(12TCC) +1-—c [1—a2a+0(a3)]}
2.2 _ 2)2 _ 2
:1Og<\/4cr +(12r;) +1 C>+log(1—aa2+o(@3))
2.2 _ 2)2 _ 2
_log<\/4cr +(12rCC) +1-c ) +0 (a?), (2.23)

where

1 + 1
14+ 2 \/4027“2—1—(1—62)2 1—c?
“= 2c \/4c2r2+(1—c2)241—c? '

2c

When r = 1 we have:

T = log (%) + 0 (a?), (2.24)

which is consistent with our previous result (2.22b). From (2.23) and (2.24) we
deduce that:

202 _ 2)\2 _ 2
7—72:10g<\/4cr Gl eh C)+O(a2).

2r

As a result, we obtain:

sinhn (1 — 1) =
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2.4 Bipolar Green’s function

n(log(\/@+17c2)+o(a2)) 7n(log(\/W+l—c2)+o(az>)
(& — €

2
<W+l—c2)n _ ( 402r2+(1—62)2+1—c2>_
2r 2r
+0 (az) ,

2

where in the above calculation we have used the following expansions:
e — 1 + naa® + O (a4) .
Analogously, we obtain:

n
( 402r(2)+(1—02)2+1—02> (\/4027"(2)—1—(1—02)2-‘,-1—02

2rg 2ro

) + 0 (a?).

sinhn (1 — 1) = 5

The difference term (2.21) can be written as:

[( 4czrz+<1cz>2+1cz>” - (mﬂ) ‘”]
2n

2r 2r

AKP (1,70) =a

s

2(1— )™

y [<\/402r(2)—|—(1 —2)?2+1 —cz)n B (\/4CQT(2)+(1 —2)?2+1 —02)_n]

27’0 27”0

+ O (a2(n+1)) )
When n = 1 we have:

—1
4c2r24(1—c2)24+1—c? 4c2r24(1—c2)24+1—c?
2r - 2r

2(1—¢2)°

1
y [<\/4c2r§+(1—c2)2—|—1—02> B (\/462T(2)—|—(1—62)2+1—C2)
V) ;

AKf) (7,70) = @

2’/”0 27’0
+ (a4)
from which we deduce that G§2) (x0,x) can be written as the sum of G(()Q) (x0,X)

and corrections proportional to a?>. We observe that when ¢ — 07:

2
AKﬁ)(T, To) — % (l — 7‘) (i — To) + 0 (a4)

r To
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2.4 Bipolar Green’s function

IR %2 (L _ TM) <i - rm) L0 (a"), (2.25)

m T'm

where ry; = max{r,ro} and r,, = min{r, ro}.

2.4.1.2 Comparison with the concentric Green’s function

When ¢ = 0 the Green’s function GgQ) can be written as:

) <X cosn (0 — )
21 DG (xg,x) = —logry + Z —_—

n
n=1

NA/r)” = 1 [/ @)" + (a/7)"]
a”+ (1/a)" ’

(2.26)

where 7, = min(rg, ) and ry; = max{rg,r}. Here (r,0) and (rg, 0y) are the polar
coordinates of x and xg, respectively. We plot (2.26) in Figure 2.10.

In order to prove (2.26) we make use of appendix B.8 in (2.13). From (Barton,
1989, p. 414) we know that:

) X cosn (0 —00) [[rm)”
21 DGy (x9,x) = — lograr + Z E— {(—) - (T’mTM)n]
n=1

from which we deduce:

27D (ng) (x0,X) — G(()z) (X0, X))

i Zoo =2 () -] [ - o]
-2 ) e
Ee ) e [() - e i
S ) -] [G) oo
x(1—a”+a"™—-")
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2.4 Bipolar Green’s function

1.5

1.0

0.5

0.0

Figure 2.10: Plot of the Green’s function G§2) (x0,x) for the concentric case
(2.26).Here we have used xo = (—0.5,0), D = 0.5.

— o cos (6 — 6y) (i - rM> (% - rm> +0(d). (2.27)

We observe that the concentric case (2.27) is consistent with our previous calcu-

lations (2.25) for the concentric case.

2.4.2 From cellular surface to nucleus

We turn to the case of diffusion from the cellular surface to an absorbing nu-
cleus, and denote the Green’s function by G§2) (x0,%). It satisfies (2.3) with the
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2.4 Bipolar Green’s function

numerical exact difference

E T ]
0.0 0.6 1.2 -0.025 0.000 0.025

Figure 2.11: Plot of numerical simulation of ng) (x0,x) (left), analytic formula
(2.28) (centre) and difference (right). The initial condition is x¢ — x. = (—0.5,0)

and a = 0.1,¢ = 0.25. Here x, is the position vector of the cellular centre.

conditions:

G (x0,x) =0, x €0,
les

a—nZ(Xo,X) =0, xe€ 90,

where ny is the unit normal outward vector to dCs. Following the same method-

ology as used in Section 2.4.1 to derive G§2) (x0,%), we find

+o0
2
27rDG§2) (X0, X) =71 — Tar + Z —cosn(o — 0'0)K§27)L(T, T0), (2.28)
n )

n=1

coshn (7, — 72)

where KQ(?Q(T, 79) = sinhn(m — 7ar) In Figure 2.13, the exact

coshn(r — 7m2)
Green’s function is compared with the approximation of Condamin et al. (2007),
which was constructed as a sum of pseudo-Green functions (see (1.67) for a defi-
nition of pseudo-Green functions).

We plot G§2) (x0,x) in Figure 2.11 and compare with numerical simulation. Ad-
ditionally, examples of Gg) (x0,x) are shown in Figure 2.12 for multiple combi-

nations of a and xg.

67



2.4 Bipolar Green’s function

x9o—x.=(—0.5,0) xg—x%x.=(—0.1, — 0.45) x0—x%x,=(0.5,0.5)

0.05

a=

a=0.2

¢ a=0.1
(@]

1.25 2.50

Figure 2.12: Green’s function (2.28) with absorbing nuclear surface and reflecting
cellular surface. Nine cases are shown: (i) ¢ = 0.25, a = 0.05, xg — %, = (—0.5,0)
and D = 0.5. (ii) ¢ = 0.25, a = 0.05, x9 — %, = (—0.1,—-0.45) and D = 0.5. (iii)
c=0.25 a =0.05 x9g—x. = (0.5,0.5) and D = 0.5. (iv) ¢ = 0.25, a = 0.1,
Xg — X, = (—0.5,0) and D = 0.5. (v) ¢ =0.25, a = 0.1, x9 — x. = (—0.1, —0.45)
and D = 0.5. (vi) ¢ = 0.25, a = 0.1, xg — x, = (0.5,0.5) and D = 0.5. (vii)
c =025 a=02 %x9g—x%x = (—0.5,0) and D = 0.5. (viii) ¢ = 0.25, a = 0.2,
Xg — X = (—0.1,-0.45) and D = 0.5. (ix) ¢ = 0.25, a = 0.2, x¢9 — x. = (0.5,0.5)

and D = 0.5. Here x, is the position vector of the cellular centre.
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2.4 Bipolar Green’s function

Condamin et al. i
et al 0.00 exact difference

-0.05

-0.15

Figure 2.13: The approximation of Condamin et al. (2007), the exact Green’s
function (2.28), with reflecting cell surface and absorbing nuclear surface, which
is negative on part of the domain, and the difference. Here we have chosen the
following parameter values ¢ = 0.25, a = 0.1, X9 — x. = (—0.5,0), where x, is the

position vector of the cellular centre.

2.4.2.1 Comparison with Condamin et al. (2007) formula

We wish to compare (2.28) with the result produced by Condamin et al. (2007)

for the Green’s function:
1
27 DG (xg,x) = log — + H(x,x¢) — H(X,%,,) + H* (X0, X,,) — H (X0, X0),
a

where ) )
1 x[P+yl

+log — + ———",
M 2

H(x,y) = log + log

Ix -yl x—y
and
1 1 x|? + |y|?
W&J%ﬂ%——f+by—+LLJﬂ-
x -yl M 2

As a result, we obtain:

1
21 DG (%9, x) = log — + log ———
T (x0,X) oga+ og =

—lo
® Tx —

where x is the image point of x.

Using the following bipolar expansions Heyda (1959):

log ——— = min (7., 7,) — log 2d
|X— y| ( y)
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2.4 Bipolar Green’s function

+00 1
+ Z - [e‘”'”‘m cosn(o, — 0,) — e "™l cosno, — el cos noy|
n=1
(2.29)

and

—— = max{7,,0} — log 2d
-y

~+00 1
+ E — [e_”lT”_Ty‘ cosn(o, — o,) — e "™l cosno, — el cos noy|
n
n=1
(2.30)

we obtain, after simplification:

+o0o
1 .
21 DG (X0,X) = T1 — T + E — [e‘”'T_T()' cosn(o — o) + e "™l cosn(o — o)
n
n=1

—e Ml cosno — e el cos no — el cosnog — e ™Ml cos nay

+e—n|Tc—?C\ + e—n|‘rc\j| )

Using the fact that 7. = 27y (see appendix B.7) and 7 = 275 — 7 (see appendix
C.2) we observe that:

+oo
1
21 DG (x0,X) =71 — T + E — [e‘”'T_TO‘ cosn(o — oq) + e Il cos (o — o)
n
n=1

. e—n|7’—27'1\ COSNo — e—n|7'—27'2+27'1| —n|271—70|

cosno — e COSNoy

_efn|27'1727277'0| cosnog + efn|47'1727'2\ + efn|27'1q
—+00
_ _ ) = | o n(Tar—72) h _ _
=T —TMm + e coshn (7, — ) cosn(oc — oy
n
n=1

— e "1™ coshn (1 — 1) cos no
efn|4‘r1 —273] + e7n|27'1|
2 7
(2.31)

—n(2m1—

—e ™) coshn (1o — 72) cos nog +

where we have used:

[e_”h_m‘ + e_"|7_272+70|] cosn(oc — 0g) = 2™ =T2) osh (T — T2) cosn(o — ay),

[e7mI=2ml 4 el =242ml] cos o = 2™ ™) coshn (7 — 73) cos no,
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2.4 Bipolar Green’s function

[e’”'f‘)*%l' + ewlm*hﬁﬁq cosnog = 217 coshn (1o — 73) cos noyg.
We want to calculate the following:

QWDAGQQ) (x0,X)
=91D (Gg) (x0,%x) — G, (%0, X))

+oo
1 , coshn (7, — T ol
- ; E{ {smhn (=) cosh n((ﬁ - 7'22)) — e oshin (- 72)}

21=72) coshn (1 — 73) cos no

e—n|47'1—27'2\ + e—n|27'1\ }

x cosn(o — aq) + e

+ e "1™ coshn (19 — 73) cos nog —

2
+o00 1 @
2
=2 g EAKM(XO,X).
n=0

We plot AGgQ) (x0,x) in the left panel of Figure 2.14.
Using the fact that:

\/4027’2 +(1-)P+1-¢

=1 O (a?
T og Sre + (a),
1 — 2
71 = log ¢ —loga+ 0 (a?),
1
72:log——|—(9(a2),
c
we obtain:
12 \/402r2+(1—02)2+1—c2
71— 7 = log ¢ —loga — log +O(a2)
2rc
1 2r (1 — c?
=log | — r{ ) +O(a2)
a\/402r2+(1—c2)2+1—c2
7

:10g$+0(a2),
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2.4 Bipolar Green’s function

\/402r2+(1 —2)P 41—
T —To = log

2r

v~

g(r)
=logg(r)+ 0O (ag) ,

+ 0 (a?)

S

and, subsequently, that:
el log g(r) + efnlog g(r)

2

) )
) 2

S 2!(]:)(:)_ 1 + 0O (az) .

The first term in the sum of AK&(XO, x) can be written as:

coshn (1 — 1) =

+0 (a2)

sinhn (7'1 — ’7']\/[) coshn (Tm - 7_2) o e—n(TM—T2) coshn (7- _ 7—2)

coshn (11 — 1)

sinhn (1) — 7ay) — e ™™™ coshn (17 — 75)

= h m
coshn (7, ) coshn (11 — 73)

n(r1—ry) COSh N (Tiy — T3) coshn (Tar — 72)

- coshn (11 — 1)
_ @ @)+ ) + 1 g e
AP gt O

Furthermore, the second and third terms can be expanded as:
a2ncn g2n<7,0> +1

(1 -2  g*(ro)
CL2ncn g2n(r) + 1

(1-— 02)2n g™(r)

—n(2711—72)

+0 (a2(n+1)) ’

e coshn (19 — 1) =

e*TL(ZTl —T9

) coshn (1 — 1) = +0 (a2(n+1)) :

and the fourth term as:

2n .2n
= (1a— 22)% +0 (a®™),
CL4nC2n o(2ni1
672n(2’r177‘2) — (1 — 02)4n + O (a ( n-+ )) ,

where we have used the fact that:

e—n(Tl—TQ) _ e—n(log(l—c2)—loga+O(a2>) _ e—nlog(l—CZ)enlogan(az)
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2.4 Bipolar Green’s function

-0.1 0.0

»
&

Figure 2.14: Left: difference between the Green’s function G (x0,x) obtained
in (2.28) and G, (x¢,x) from (2.31). Right: one term of the Green’s function
AGQ (x0,x) obtained in (2.32). For this figure we have used the following pa-
rameters: a = 0.1, ¢ = 0.25 and D = 0.5.

an

— n+1
_—(1_62)n+(‘)(a ),
1 B 2 B 9e—n(T1—72)
coshn (Tl — 7'2) o en(Tl—Tz) —+ e—n(n—rz) o 1+ 6_2”(71_7'2)
| plestedeseo(@) a0 (@)
1+ 672n(log(1fc2)floga+0(a2)) 1+ (1_,1;32” ) (a2n+1)
2a™
— n+1

As a result, we obtain:

AKQ(?L (x0,X%) =

a®" [_ [9*" (rm) + 1] [g*" (rar) + 1] cosn (o — op)

2(1—c2)™ 9" (rm)g™(ra)

2n 1 2n 1
+c" <& cosno + grr)+1 cos nao) — 02"} + 0O (a®™)
9"(ro) g™ (r)
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2.5 Hitting density on the cellular surface

AGY (x0,x) =

. {_[ ke Wsunis cos (o — ay)

2(1 — 2)? 9(rm)g(rar)
—g2<TO) + 1 COS O gz(r) + 1 COS 0, — C2 (14
e (D eoso+ S o)~ w0 a). @)

We plot (2.32) in the right panel of Figure 2.14. We observe that the approxi-
mation used by Condamin et al. (2007) for the absorbing boundary condition on

OC} induces error proportional to a®> when compared to analytic result derived in
(2.28).

2.5 Hitting density on the cellular surface

We consider the scenario where molecules are produced in the nucleus, or other
intracellular compartment, and may be released from it to diffuse until reaching
the cellular surface. Given that the initial condition is uniformly distributed on
J0C1, what is the density of the hitting (arrival) point on the cellular surface 90Cy?
Starting from Section 1.8 let us integrate ng) (x9,x) over JC to define

1
— / G?) (x0, x)dxo,
aCy

P (x) = 5
ma

to obtain the electrostatic potential of the cellular surface. The density of the
hitting point on the cellular surface 0Cs, is given as a function of the cartesian
angle 05 (here 6, is the angle defined by x € 0Cy, i.e. the angle ZOx.x where x,.

is the centre of the cell and O is the origin of the coordinate system):

P(2)
5(2)(92) —_D 8—(X) 7
0n2 Cs

where ny is the unit normal outward vector to dC5. Using the bipolar Green’s
function GEZ) (x0,x) derived in Section 2.3 we can construct the hitting density

in an eccentric annulus by first integrating over the inner boundary parametrised

by 7 =1:
d/27r G(2)(T 0;T1,00) /Q’T T — Ty
o coshm — cos 0'0 - D 27(cosh Ty — cos o)
n f sinhn(r — 72) cos 1) a
n(oc—o 9.
“— nm coshn(r, — 71)(cosh 7 — cos 0y) 0 0
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2.5 Hitting density on the cellular surface

We know that:

1 [ T—Ty d 1 2n(1 —7) T—Ty
o0 = — =

21 Jy coshm — cosoy 21 \/cosh? 7 —1  sinh7’

Using the integral formula (B.6) we obtain:

doy = —————.
cosh 11 — cos oy e sinh 7

1 [* cosn(o— o) 2 cosno
T Jo

As a result, we have:

2 (2) .
P(Q) (X) _ d / Gl (7—7 g, 70, UO) dO'Q
0

- 27a cosh 7 — cos oy
— d \/271— T — 7'2
"~ 2Dma J, 27 (cosh 11 — cos 0y)

+oo .

sinhn(r — 72)
- d
* nz_:l nm coshn(m — 1) (cosh 7 — cos o) cosn(o 00)) o)
d _ d “+o0 nh B o

B . i 2! Z S.’m n(r —m)e COSNo.

2Dmasinhm = Dma nsinh 7y coshn(m — 1)

n=1

Taking the T—derivative (see appendix B.1) evaluated at 75 and multiplying by
—D we obtain the hitting density:

coshm —cosoyg  cosh 1 — cos oy

6(2) ((92) =

2ma sinh 7 Ta

+oo —nTy

e
XD =
- sinh 7y coshn(m — 1)

COS NO9.

As a result we have:

8(2)<92) _ cosh 75 — cos oy <1 n Jio 2e7 " cosnoy ) 7 (2.33)

2ma sinh 7 - coshn(m — )

where tan oy = % and which we plot in Figure 2.15 in comparison to

numerical simulations. Similarly to the case when there is no reflecting target, as
seen in Figure 1.17, as the cellular displacement c increases the hitting density in
increasingly centered at 65 = 0.

However, we observe that as ¢ increases, the density £ (f2) becomes bimodal, as

opposed to unimodal in the case with no intracellular compartment (see Figure
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2.5 Hitting density on the cellular surface

|

3

|
NI
o
TR

N

Figure 2.15: Plot of £®)(6,) comparing the numerical simulation with the analytic
result obtained in (2.33) as a function of 6, for ¢ = 0.25,0.5 and 0.89. The
lighter colours represent the analytic result and the darker colours represent the
numerical simulations. The numerical results have been obtained by having 10°
particles uniformly distributed on the circle of radius a from Figure 2.1 and
recording their endpoint. The lighter colours represent the analytic result and

the darker colours represent the numerical simulations.

1.17), and we are interested in the bifurcation point ¢* at which this occurs. In

order to approximate it we use the truncated form of (2.33) with one term:

5(2)(62) - cosh 75 — cos oy ( 2e~ " cos 0y ) ’

cosh(m; — 1) (2:34)

2ma sinh 7

and we want to find the coefficients of (03)>. As a result we have:

d?e® 1 [ 2 (cosh 1y + 2) eﬁ}

do? |, __ masinhm cosh (11 — 1)

g2
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2.5 Hitting density on the cellular surface

The bifurcation point ¢* is the value of ¢ such that dz*;f ) = 0 which gives:
oo=T
2coshmy + 4 = cosh (17 — 1) e™. (2.35)

Using the following approximations:
7 ~ log(l — ¢*) —loga — logc,
T ~ —logc,
1 — 7 ~log(l —¢®) —loga,
equation (2.35) becomes the quartic equation:
ct — (2a® +2)c® — 8a*c —a* +1 =0, (2.36)

the solution ¢* of which we plot in Figure 2.16. We observe that the bifurcation
point can be approximated by ¢* ~ 1—ka, where k is a constant to be determined

and 0 < a < 1. Using the binomial approximation:

(1—ka)"=1- (?) ka + (Z) k*a* 4+ O (a*),
gives us:
= (1—ka)* =~ 1—4ka+6k*a®, = (1—ka)®=~1-—2ka+ k*a’
which we make use in (2.36):
1 — 4ka + 6k°a® — (2a* 4+ 2) (1 — 2ka + k*a®) — 8a® (1 — ka) — a* + 1 = 0.
Rearranging the above equation we obtain:
—2a'k* + 12a°k + (4k* — 11) a® = 0 = (4k* — 11) + O(a®) = 0. (2.37)

The principle contribution to the left-hand side of (2.37) is given by terms of

order a? from which we deduce:

11
O (a®) : 4k2—11:0:k=§, (2.38)

which we plot as the aqua line in Figure 2.16.
We observe from Figure 2.16 that our approximation constitutes a lower bound for
the bifurcation point ¢*. An appropriate upper bound is represented by ¢* = 1—a

(green line in Figure 2.16) given that the nucleus cannot escape the cell.
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2.6 Mean transport times

1.0
*, 0.75¢
Numerical
— ¢ =1—-a
— First term
— :1—@(1
0.5 :
0.0 0.15 0.3
a

Figure 2.16: Plot of ¢* comparing the numerical simulation (blue line) with the
analytic result obtained in (2.36) as a function of a. The green line represents
an upper bound for the bifurcation point. The aqua line represents the approx-
imation ¢ = 1 — @a from (2.38) and the red line represents the numerical
estimation of ¢* from the first term.

2.6 Mean transport times

We can now use the formula (3.4) to evaluate mean times by integrating the

Green’s functions over the domain C. We write

T1 27 G(Q)(X X)
7 (8 — R / / 1,270 dod 2.39
12 (12:0,0) » Jo (coshT —coso)? aar, ( )

where

T1(2) (01,a,¢) =F (t?) (x0)>

= mean time for a particle starting at xo € 9C; to hit 9Cy,
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2.6 Mean transport times

and

T (63,0,¢) = E (57 (x0))

= mean time for a particle starting at xy € 9Cs to hit 9C},
Here, t{? (xo) and t§2) (xg) are the random variables defined as follows:

¢ (x0) = time for a particle starting at (xg) on the cellular nucleus to reach

the cellular surface,

téQ) (xg) = time for a particle starting at (xq) on the cellular surface to reach

the nucleus.

We first consider the mean time to reach the cellular surface, starting on the
nuclear surface. The initial point xy € dC is specified by the angle 6, (here 6,
is the angle defined by x € 9C1, i.e. the angle Z0x,x where x,, is the centre of

the nucleus and O is the origin of the coordinate system):

2 72
T(Q)(Ql,a c) R d / / XO’X) dodr
COShT — cos0)?

R2d2 / /27r T— T
27(cosh T — cos 0)?

L1 Z cosn(oc —oy)  sinhn(r T>>dad7’ (2.40)

n(cosh 7 — cos 0)? coshn(m — )

and tano; = dsinf;/(a — va? + d? cos 01). From appendix B.3 we obtain:

1 T1 27 . T1 h
x / / T dodr = / e (r—m)dr
7)., Jo (coshT—coso) » Sinh” 7

1 _
== (TQ o cothy — COtth) , (2.41)

2

and
1 71 2T
— / sinhn(r — 7) / cosn(o — oy) e
T Jr o (coshT — coso)?
T1 h h
= COSNo1 / sinh n(T _ Tg)e_mn sin ‘7' —1; cosh 7 dr
T2 sinh® 7
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2.6 Mean transport times

= [csch2 me "™ sinhn(m — 71) + ncsch 1y csch 7ee™ "™ sinh (7 — 7'2)} COSnoj.

(2.42)
As a result, using (2.41) and (2.42) in (2.40) we see that:

2D

cosnoy
R2 (Gl,a ¢) = d* (cothmy — coth ) + a*(72 — 71) + 22 . coshn(r, — 1)
x (a’¢™"" sinhn(my — 1) + nae "™ smh(7’1 — 7). (2.43)
Analogously
2D, ) ) 2 cosnoy
ETQ (02,a,c) = d* (cothm — cothmy) + (11 — 7)) + QZ ncoshn (72— 1)

x (7" sinhn(m — ) — nae ™" smh(rl —1)). (2.44)

In the previous two results we made use of the following identities:

d d
; = a, - = 1.
sinh 7 sinh 7

With the use of relationships d? (coth 7, — coth 71) = dc and asinh(r; — 1) = de,
we find that (2.43) and (2.44) are simplified as:

T2 (61a,0) = de— o’ — )
<= COSNoy dc a2
+ 4 Zl enTi <1 + 6_2”(71—72) - % tanhn (7—1 — TQ)) s (245)
and
2D

T(2 (02,a,¢) =1 — T —dc

+oo
1
- 42 oS o ( de —— — —tanhn (7 — 7'2)> . (2.46)
n=1

enTz 1+e2n(7'1 T2) n

R2

We plot T (91, a, c) and T (92, a, c) for ¢ = 0.45 in Figure 2.18 and we compare
with numerical simulations. Additionally, we compare (2.46) with the formula
we derived from Condamin et al. (2007) in (1.75) in Figure 2.17 for the case
of ¢ = 0.9 and we observe that our formula is consistent with the numerical
simulations, while the Condamin et al. (2007) mean time has large deviations at
0y, =0 and 6y =
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S —  exact
ol — Condamin et al.
¢ ¢ numerical
—m —5 0 3 T
0o

Figure 2.17: Plot of TQ(Q) (0, a,c) as a function of 6. The blue line is the analytic
series formula in (2.46), the green line is approximation derived from Condamin
et al. (2007) in (1.75) and the red dots are numerical simulations. Here we have

chosen the following parameter values: a = 0.1,¢ = 0.9.

2.6.1 Direct solution of Poisson’s equation

An alternative way to find mean transport times, in bipolar coordinates but
without first calculating Green’s functions, is to solve the Poisson’s equation El-
Saden (1961); Snyder & Goldstein (1965)

D
ﬁAXOT - —1

We first consider the mean time T3(79, 09) to the cellular surface, starting from
xg € C, where (19, 09) are the bipolar coordinates of xy, and with the nucleus as

an excluded region. The boundary conditions are

13(10,00)|ry=r, = 0, (2.47a)
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Figure 2.18: Plot of T1(2) (61, a, c) shown in the upper plot as a function of #; and
of T. 2(2) (02, a,c) shown in the lower plot as a function of #y. The green lines are
the analytic series formulas obtained in (2.43) and (2.44), respectively. The blue
dots are numerical simulations. The red lines are the concentric cases (1.12) and
(1.16), respectively, with rescaled coordinates. Here we have chosen the following
parameter values: a = 0.1, ¢ = 0.45.

0
ET?)(TO?UO) = 0, (247]3)

TO=T1
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2.6 Mean transport times

0
%Tg(m 0) = 0. (2.47c)

oo=0,7
The last boundary condition is due to symmetry when y = 0,0 = 0,0 = 7.

Writing T3 (79, 00) as the sum of the complementary function T, (79,00) and a

particular function 7}, (79, o) where:

T. (10,00) = A7y + B + (Ce"™ + De™") (E cosnog + Fsinnoo), n €N
d?R? cosh 7
2D cosh 1y — cosoy’

T, (10,00) = (2.48)

we obtain:

+oo
T3 (10,00) = Ao+ B + Z (C’nem0 + Dne_"m) (E, cosnog + F, sinnog)
n=1
d? R? cosh 7

2D coshty — cosoy

Applying the boundary conditions (2.47¢) the above equation reduces to:

+o0
d*R? h
T3 (7'0, 0‘0) = ATO + B+ Z (Onem'o 4 Dne—m—o) cosSNay — cosn Tg

n=1

2D coshty — cosog

Using the following identity (Morse & Feshbach, 2010, p.1215):

h 3
Cosh 7o = coth 7y (1 +2 Z e "0 cos noo> ,

cosh 15 — cos oy ‘
n—=

we write:

+oo
15 (10,00) = Ao + B + Z (Cre"™ + Dye ") cos nog

n=1

d2R2 +oo
~ 5D cotho [ 1+ 2 Z e " cosnog | .

n=1

From the boundary conditions (2.47a) and (2.47b) we deduce that:

*R* 1 d*R*1y N d? o
S o = -~ 5 T 57 cothm,
2D sinh®7 2Dsinh?7 2D 2
d?R? e ntm) d? e ™m1+72) coth 1y

_ th il
2D coshn(m — 1) (n sinh? 7 oo Tl) * 2D coshn(r — 1)’

Cn=
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2.6 Mean transport times

d?R% M) 1 d? =72 coth 1y
D, = ——— +cothm | — — ,
2D coshn(r, — 1) \nsinh® 2D coshn(ry — 1)

where n € N, and as a result:

2D —
—Tg(To,Uo) =d’ <T2 0

R? sinh? 7

iy f e "M sinhn(m — 79) 1 + coth
cothr
ot coshn(ry — 1) nsinh? 7 !

+ coth 5 — coth 7'0)

coth mpe™ "2

coshn(ry — 1) coshn(m — 1) — coth Toe’"o} cosnog.  (2.49)

Analogously

2D —
—T4(7'0,<To) =d’ <T1 0

R? sinh? 7,
+oo _ .
e "™ ginhn(m — 79) 1
+ 242
; [ coshn(ry — 1) n sinh?

coth re™"m

+ coth 77 — coth 7‘0)

+ coth 7-2)
T2

coshn(ry — ) coshn(ry — 79) — coth Toe’"o} cosnag,  (2.50)

where T} (19, 0¢) is the mean time to the nuclear surface, starting from x, € C.
We plot T3 (79, 0¢) and T} (79, 09) in Figure 2.19.

2.6.2 Average mean time

We next obtain the average mean hitting times, Tl(Q)(a, ¢) and TQ(Q)(CL, ¢), when

the initial angles 6; and 6, are uniformly distributed. Firstly,

27 27 (2)
Tf2>(a,c)=/ B 4, 4 Lo(brac) g, (2.51)
0

= ——
2mra 2ra J, coshT — cosoy

Using
/27r cosno 2m
—————do= ——,
o coshT —coso e"” sinh 7
we find
2D -
ﬁTfQ)(a, ¢) = dc —a*(m — 1)
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2.6 Mean transport times

Figure 2.19: Plot of (2.49) shown in (a) and of (2.50) shown in (b). The values

of the parameters for the above plots are a = 0.1 and ¢ = 0.25.
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2.6 Mean transport times

0.0
0.001 0.01 0.1 1
a

Figure 2.20: Contours of 25 2DT) (q,¢) obtained in (2.52), the mean time for a
particle, whose initial condltlon is uniformly distributed on the nuclear surface,

to reach the cellular surface, as a function of the dimensionless parameters a and

c.
+o0
de a?
—2nT1
+ 42; e 2nm <m on — tanhn (7 — 7'2)) . (2.52)

The dependence on a and c is shown in Figure 2.20.
Similarly, the mean time for a particle, whose initial condition is uniformly dis-

tributed on the cellular surface, to reach the nucleus is given by

2D -
ﬁTQ(Z)(a, ¢) =1 — 1y —dc

dc
E : —2nT:
+ 4 e 2 ( tanhn (’7'1 — 7'2) m) . (253)

The dependence on a and c is shown in Figure 2.21. Based on the results of Con-

damin et al. (2007) we have derived an approximation for TQ(Q) (a,c) in Cartesian
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Figure 2.21: Contours of 25 2DT{?) (a,¢) obtained in (2.53), the mean time for a
particle, whose initial condltlon is uniformly distributed on the cellular surface,
to reach the nuclear surface, as a function of the dimensionless parameters a and

c.
coordinates (see equation (1.78)):

2D —2).0 1 1 -1

—Tz( ) (a,c) = log (5) + log (1 — 02> + 5 (2.54)

and we compare this result with our formula from (2.53) and numerical results

in Figure 2.22.

2.6.3 Series expansion of mean times averaged over the

reflecting surface

Given that a < 1 we will make use of the following expansions in powers of a:

1 1—c? 2a%(1 + ¢?) a*
d= — /(12 L a2 — )2 — 4q2b2 — 1 —
g V(I Hat =) —da 2% \/ -2 Ta=cp
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0 0.5 1
4— /
)
<
~ 2
|9 exact
arai — approximation

- - Condamin et al.
é é numerical

Figure 2.22: Plot of TI(Q) (a,c) shown in the upper figure and of T2(2) (a, c) shown
in the lower figure as a function of nuclear displacement c¢. The green lines are the
analytic series formulas obtained in (2.52) and (2.53), respectively. The red lines
are the approximations obtained in (2.57) and (2.60), respectively. The olive line
in the lower plot represents the formula (2.61) obtained from Condamin et al.
(2007). The blue dots are numerical simulations. For the numerical simulations
we have used G.6.1.3 for T (a, ¢) and G.6.1.4 for T\*) (a,c). This plot has been

obtained using G.6.2.3. Here we have chosen the following parameter values:

a=0.1.
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2.6 Mean transport times

1—c  a*(1+ ) A
2 _20(1—02)+O(a)’

d d\? d 1—a>—¢
n=log| o i G) el T T e

= log (1 ;CCQ ~ i 7 + O(a4)>

2
_ 2 a 5
_log(l—c)—loga—logc—m—i-(?(a),
1_ 2 2 1 2
log<d+\/1—i—d2> log CL—H = log ——a—+(9(a4)
2¢ c c(l—¢e?)

a? A

:—logc—l_CQ—i—(‘)(a),

to obtain a series expansion of:

—Tl(Q)(a, ¢) =dc—a*(m — 1)

+oo
de a2
*27’LT1 e % _
+4 ; e (1 e 2n(n-m) 9y tanhn (7 7-2)) . (2.56)

in powers of a up to and including a?. Making use of appendix B.4 and (2.55) we
obtain:

2D 1—c ad*(1+ )
(2) _ 2 2 4
2{1 (a,c) 5~ ) —a [log(l—c)—loga}wLO(a)

+4 f ((1 fCCQ)Qn + 0(a<2+2n>)>

x [1 —2c2 +0(a®) - % <1 —2 (1 _“CQ>2”+O(a4“)>] .

From which we deduce that:

2D (2) 1-— 62 2 1 2 2 11— 302 4
— T ——— —a“log— —a” |log(1 — — | +0 2.
R ( ) 2 a Og a a Og< c ) + 2(1 _ 02) + (a )7 ( 57)

which we plot in Figure 2.22 where we compare with numerical simulations and

the analytic result (2.56). Analogously, we want to obtain a series expansion in
powers of a for:

RQT()( c)=m —T—dc

89



2.6 Mean transport times

dc

+4Z 2 (Gt (= ) = 1

) . (2.58)

and for that we will use:

H.2 2
e~ 2nm2 e_Qn(_ loge—7%5 +O(a4)> (1 +2n ) + O<a4)7

1—¢2

1 e—2n(n—7’2)

1 + eQn(‘rlng) 1_|_ 67271(7'177'2)

- [(1 fCQ)Zn + O(a(2+2"))] [1 —~ (1 _ac2)2” + (f)(a(2+2”))]

2n
_ a (2+2n)
—(1_02) + O(a®+2).

As a result, we obtain:

2D

R
2 2 1—c  a*(1+ )

—log (1—¢?) —loga — —2 @ O(a*

os(l=¢)—loga— g opt o3 g 0@

+4Z[ (1+2n o >+O(a4)] [%(1—2(1_@02)2n+0(a4”))
(A58t o) ((1 ) o<a<2+2">>>> ,

which, while keeping terms up to and including a2, becomes:

T(Z) (a,c)

2D (2 ) a’ a? 1—c¢  a*(1+ )
ity —log (1— &) —loga — -
el (@) =log(l=c) —loga— g+ -5~ 5+ 55—
“+oo
1 a? 4a®c? 2a°c?

4% — | 1+2 - - O(a).

* ;271 [C ( + n1_02>] (1 —¢2)? 1—c2+ (a)
(2.59)

Making use of the following expansions:

+oo
6271

Zzz—log(l—CQ),

n=1

—+o0 —+o0 2
1 C
g 02"25 An—1= ;- 1l=—7,
1—-c 1—-c
n=1 n=0
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2.6 Mean transport times

we rewrite (2.59) as:

2D - -1 1 1
(2) _ 2 2
R2T2 (a,c) = —10g(1—c)+loga—|—a [1_02—(1_02)2
1 2 4¢? 2c? 4c?
B +c c - c c i +O(a4),
2(1—=c?)  (1—-¢?) I—c2  (1-¢?)

and, finally, as:

2D -1 1 a*l—4+ ¢
(2) _ 2 4
2 1,7 (a,c) = 5 log(1 —¢*) + loga t5 1= e +0(a"), (2.60)

which we plot in Figure 2.22 where we compare with numerical simulations and
the analytic result (2.58).
Using Condamin et al. (2007) we deduced the following approximation for TQ(Q) (a,c)

in (1.78):
2D 5 ¢ 1 1 1—¢?
ETQ (a, C) = log (a) + lOg (1 — C2) — 5 s (261)
and we observe that:
2D 9 a’® 1 —4c2 +ct

2D -
ﬁTQ ((l, C) = ﬁTQZC (aa C) + = + O((l4).
2.6.4 Global mean first passage time

In order to obtain the global mean first passage time we integrate TI(Z) (a,c) and

T2(2) (a, c) over all possible positions of c:

_ fol_a cT'® (a,c) de

T(2) (a) — fol—a o ’
to obtain:
2—27:](2)’1 (a) = %D_M —a*log(2 — a) + O(a?),
2—1371(2)’1 (a) = % + logé + 12—aa log(2a — a®) + % + 0(a®),

(2.62)

which we plot in Figure 2.23(a) and 2.23(b), respectively.
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2.6 Mean transport times

Using the following expansions:

in (2.62) we obtain:

2D =), 1+2a— (34 4log2)a?

T a) = ] +0(a),

@T(Q)ﬁg(a) _ 3—(8log2—4)a+ (8log2 —2) a? (2.63)
R2 2 4

+ (2a® +2a — 1) loga + O(a®),

which we plot in Figure 2.23(a) and 2.23(b), respectively, and compare with
numerical simulations. We observe that for small values of a the global mean time
i@) (a) is an increasing function, reaching a maximum at a ~ 0.173, because the
nucleus acts as a barrier for Brownian motion, at large values of ¢, and it takes
longer to hit the cellular surface. As a increases the space that a Brownian motion
can traverse decreases in such a way that the previously stated effect is cancelled
and reversed. From 2.23(b) we observe that T.” (a) is a decreasing function of
a because of the fact that as a increases the path of a Brownian motion starting
uniformly on the cellular surface decreases for the majority of values of ¢ (see
Figure 2.21).

2.6.5 Mean round-trip time

We want to calculate the average mean time for a particle to diffuse from the
inner boundary to the outer boundary of an eccentric annulus and back. The
end point of the outward path on the outer boundary is the starting point of
the inward path. This affects the calculations for TQ(Q) (a, ) where we previously
assumed that the particle starts uniformly on the outer boundary. To take this
into account we will use the hitting density ®(6s,), calculated in Section 2.5, as

the initial density:
2m
T;%(ac) = / =0 (02)T5 (6., c) by
0
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Figure 2.23: Plot of T\” shown in (a) and of 7.” shown in (b). The blue lines are
the expansion formulas obtained in (2.62), the green lines represent the expansion

formulas obtained in (2.63), and the red dots are numerical simulations.
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2.6 Mean transport times

Using (2.33), (2.46) and Appendix B.2 (we can write £ (6,) and T2(2)(92, a,c) as

Fourier series) we write the integrand in the form:

R 1
(92) (Hg,a c) = 2D <CO/Q+ZC cosn<70>

n=1
Then
—+o00
or Co/2+ > C, cosnoy

ZDTE 2( ) / n=1 d

- ) a,.c) = — g

R2 2 7 27 J, cosh 75 — cos oy 0

Co <
0 —nT
— 7 + ;e 20717 (264)
where
1 2
=5 > Aw-riBu
k=—o00
and
AO = 2[(7’1 —7'2) —dC],
A, = 4 (L tanh de N
n — 4€ %tan n(Tl—TQ)—m y n e
and
By = cosh 7, e ™

d  dcosh(r,— 1)

2¢~ "1 cosh

~ dcosh n(r — 1)
1 [ (n 171 ef(n+1)7'1

T4 cosh[(n ") —m)] | coshl(n 1 1)(72 — 7))
In (2.64) we used Appendix (B.6) to evaluate the integral:

m cos oy 2me~ "2
dUO - . )
o coshmy —cosoy sinh

n € N.

In Figure 2.24, we plot T (a,¢) + T (a,¢) (where T} (a,c) is the mean time
obtained in (2.52)) and compare with numerical simulations. We deduce from
Figure 2.22 and 2.24 that, while TZ(Q)(CL, ¢) is an increasing function of ¢, 75 (a, c)
is a decreasing function which is explained by the fact that the initial position
of the Brownian particle, on the cellular surface, is concentrated at the point of

shortest distance to the nuclear surface (see Figure 2.15).
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— exact
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¢ ¢ numerical

)
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C

Figure 2.24: Mean round-trip time T} + T} 2 as a function of ¢. The green line
is the sum of analytic results (2.52) and (2.64). The numerical results have been
obtained by having 2 x 103 particles uniformly distributed on the circle of radius
a from Figure 2.1 and recording the mean time for them to return given that
they hit the outer circle. The blue dots are numerical simulations. The red dot
at ¢ = 0 is the sum of (1.12) and (1.16), with rescaled coordinates, the analytic
formula derived by solving the time Poisson’s equation for a concentric annulus
(see Section 1.2). For the numerical simulations we have used G.6.1.2 and this
plot has been obtained using G.6.2.2. For our simulations we have chosen the

following parameter values: a = 0.1.

2.7 Higher moments of the first passage times

In the previous section we have calculated the mean time for a particle to diffuse
from the nucleus to the cellular surface and vice versa. Subsequently, the question
of higher order moments arises and we will investigate it in this section starting
by defining ,u(%) (xg) to be the n—th moment of t?) (x0), € {1,2}, which are

n,t
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2.7 Higher moments of the first passage times

random variables defined as:
tz@ (xg) = time for a particle starting at xq € 9C3_; to reach 0C;.

The higher order moment satisfy the following system of equations(Condamin
et al., 2007, p. 021111):

D
—Vz/ﬁsz (x) = nuf)l J(x), ifxed,

RQ
/VL£L27Z (X) =0, ifxedlCs,,
only)
% (x) =0, ifxeadc,

We know that the moments ,u(2). are given by (Condamin et al., 2007, p. 021111):

n,i

W20, 0,¢) = R°n / G2 (x0, )1, 1(x) dx,
C

where G@) is the Green’s function obtained in (2.13) for i« = 1 and in (2.28) for
i = 2, respectively. Using the fact that u(2)( ) = T3(7,0) and /@(x) = Ty(r,0)
we deduce that:
2m (2)
G; x)T:
18 (61, a, ¢ _2R2d2/ / (0, X)T5(7.9) 4 4.

(coshT — cos0)?

27 (2
)T,
1) (6, a,c) _2R2d2/ / Gz (%0, X)Tu(T,9) 4 4

(coshT — cos0)?

where T3(7,0) and Ty(7,0) are the mean times derived in (2.49) and (2.50),
respectively.

From (2.49) we know that the mean time 75 (7,0) can we written as:

PR?> (17— T
Ty(r,0) = 5D (sinh2 - + coth 7 — coth 7')

B*R? X [e™™ sinhn(ry — 7) 1 + coth
coth
D coshn(m — 1) n sinh? 7y !

th —nT2
ORI TR0 coshn(r — 1) — cothTe ™" | cosna,
cosh n(TQ - 7'1)
2D
ﬁTg(T, )+ Z B! (1) cosno,
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where

Al(r) = d? <g + coth 75 — coth 7'> :
sinh” 7
e "M sinhn(ry — 7)

1
Bl (1) = 2d* + coth )
n(7) { coshn(ry — 1) (n sinh? 7y n

coth Tye™ "2

h —7) —cothre™"
R p—— coshn(r — 7) — coth e ],

Analogously, we know from (2.50) that:

Ty(1,0) = d22§2 <s71—;1h_2 ; + coth 73 — coth 7')
2p2 10 1 —nm —
E R ety
coth e coshn(rmy — 7) — coth Te_m} cosno,
coshn(rmy — 7'1)
;_ZZT‘l(T o) )+ Z B2 ) cosna,
where
A7) = &2 ( 7.—1 _27 + cothmy — coth7'> ,
sinh” 7
sie) =20 [T (s o)

—NnT1

coth me

h —7) —cothTe ™| .
COShn(TQ—Tl)COS n(ty — 7) — cothre ]

From (2.13) and (2.28) we have the Green’s functions:

@ = Kan (1,70)
2DGYY (%0, %) = ) Z cosn(o — 0y),
H/—" n=1 %/_/
Q1,0(7,710) Q1,n(7,710)
and N @
_ XK (T, T
2DG§2) (x0,%) = NTTM Z M cosn(o — ayp).
# n=1 %,_/
Q2,0(7,710) Q2,n(7,710)
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We derive pgf (01,a,c) and then proceed, by analogy, to obtain the second mo-

ment of téQ) (x). We begin by evaluating the integral:

/27r G§2) (7—07 00, T, U)T3<T7 O-)
0

d
(coshT — coso)? 7

o {QLO“) + +Zoo Q1,n(7) cosn(o — ‘70)] {Al(T) + Jio B(7) cosno
— / n=1 = dU
0 (coshT — coso)?
+oo
1
N /27r Drolr)A'(r) do + /27r - nz::l Balr) cosma do
~Jo (coshT — coso)? 0 (coshT — coso)?
Al(7) 3030 Q1..(1) cosn(o — ay)

n=1
d
* /0 (cosh T — cos0)? ?
+00 400
21 {Z Q1,(7) cosn(o — Uo)} {Z Bl (7) Cosna}
n=1 n=1
do. 2.65
- /0 (cosh T — cos 0)? ? (2.65)
Using the fact that:
+00 +o00
(o) () - S S an
n=1 n=1 m=1
and
cosmo cosn (0 — 0g) = COSMO COS N COS Nay + €os Mo sin no sin noy
1
D) {[cos (m —n) o 4 cos (m + n) o] cosnoy
+ [sin (m +n) o —sin (m —n) o] sinnoy}
we rewrite
Zan COS%U—Uo] ZBl COSTLU]
+oo 400
= Z Z Q1. ( ) cosn(o — o) cosmo
n=1 m=1
+c>o +oo
:_ZZQM )By.(7) {[cos (m — n) o + cos (m + n) o] cos nog
n=1m=1
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Figure 2.25: Second order moments of t§2) in 2.25(a) and of tgz) in 2.25(b), re-
spectively. The green dots are numerical simulations and the blue lines are the
analytic results obtained in (2.67) and (2.68), respectively. For our simulations
we have chosen the following parameter values: xg — x. = (—1,0),a = 0.1 for
u%; X9 — X, = (—a —¢,0),a = 0.1 for uf{ Here x. is the position vector of the

cellular centre.
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+ [sin (m +n) o — sin (m — n) o] sinnog} .

As a result, the last integral on the right-hand side of (2.65) becomes:

+oo +o0
o [Z Q1.n(7) cosn(o — 00)} {Z B} (1) cosna] 4o 4o
n=1 n=1 1
do = ()B
/o (coshT — cos0)? 7 W;;QL (7) By (7)
(7=l — m| + e~ |ln 4+ ml) sinh 7 + (e7I"7mIT 4 e7IntmIT) cosh 7
X
sinh® 7
X COS N0y, (2.66)

where we have used the fact that:

27 :
/ ( PINT 4o =0, VneN.
0

cosh T — cos 0)?

Using Appendix B.3 in (2.65) and (2.66) we obtain the first moment:

2D  q (70,00, 7,0)T3(T,0)

- (2) 9 _2d2/ / 1 0,0, 3\T, dod

<R2) Hz1 (01, a.c . (cosh T — cos )2 o
cosht

_47Td2/ QIO Al( ) 3 dr

sinh® 7

+oo 1

+ dnd? Z Q10(T)BL(7)

=1vT2

" (n sinh h
+ drd? Z / T)Q1n( )e (n s:ilnhg j cosh7) dr cos noy

e "7 (nsinh 7 4 cosh 7) 4

. 3 7—
sinh® 7

+o0o 400 1

+2rd®> Y [ Qua(T)B(7)

n=1m=1" T2
(emn=mI7|n — m| + e=I"*™I7|n 4+ m|) sinh 7 + (e~I=™I7 4 e=I*FmI™) cosh 7
sinh® 7
X CcOSNoy. (2'67)

X T

Analogously, we obtain for t2 2 (x0):

271'
2D\ 186, a,c) —2d2/ / Gy (70,70, 7,0)Ta( %) dodr
R? . (coshT — coso)?
cosh T

_47Td2/ QQO A2( )—3d7'

sinh® 7
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sinh® 7

+oo T1 —nT inh h
N 477d22/ QZ,O(T)BZ(T)G (nsinh 7 + cosh 7) dr
n=1"Y T2

+oo T1 -nT :
e nsinh 7 + cosh 7
+ 4md? Z / A%(T) Qo (T) ( R ) dr cosnoy

“+oo +o0o 1

+ 27d? Z Z Qo (T)B2 (1)

n=1m=1" T2
(eI — | + e~ mi7|n ) sinh 7 + (e M7 4 eI EMIT) cogh
sinh® 7
X COS Noy. (2'68)

X

T

We plot pé?f(@l,a, c¢) and u%(@g,a, c¢) in Figure 2.25(a) and Figure 2.25(b), re-
spectively, where we compare with numerical simulations. We observe that, as
the displacement of the intracellular compartment increases, the second order
moments /&} (01, a,c) and ug(él, a, c), where 6, 5 = 0, decreases as a a result of
the fact that the majority of the paths starting at xy will be tightly distributed
around the shortest line from xq to to the absorbing boundary (this is not the

case for a different the starting point xg).

2.7.1 Average moments

We want to calculate the second order moments of #; (xq) and ¢ (xo) which are
obtained by averaging ji5; and po 2 over the nuclear and cellular surface, respec-

tively:

T 4 (6:,a,¢)
<@> 2 —(2) (CL C) df2 C(i2}lTl —coso; do-i
R2 7 df COShT —cos o; do-i
— sinh 7o /27T :U“é,i (917 a, C)
0

2w cosh 1; — cos o;

do;, where i € {1,2}. (2.69)

Using our previous results (2.67) and (2.68) in (2.69) we obtain:

2D cosh T
(32) #0.0) = tr [ Guata )25 0o

sinh’ 7

- h h
+47Td22/ Q1,o(T)B,i(T)e " (nsinh 7 + cos T)dT
n=1"Y 72

sinh® 7
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Figure 2.26: Second order moments ;&} (a,c) of t?) (xp) in 2.26(a) and ﬁ%(a, c) of

5(22) (x0) in 2.26(b), respectively, as a function of ¢. The green dots are numerical
simulations and the blue lines are the analytic results obtained in (2.70) and
(2.71), respectively. For our simulations we have chosen the following parameter
values: a = 0.1.

102



2.7 Higher moments of the first passage times

+oo T1 —-nT :
e " (nsinh7 4 coshr) =~ _ _
+ 4d? Z / ANT)Q1 0 (T) Sl o dre "™
=1

+o0o 400 1

+ 27d? Z Z Q1..(7)B} (7)

n=1m=1"T2

(emn=mI7|n — m| + e=I"*™I7|n 4+ m|) sinh 7 + (e~I=™I7 4 e=I**mI™) cosh 7

" T
sinh® 7
X e—nTo’ (270)
and
2D ) 1 cosht
<ﬁ) ,ué %(% ‘) = dnd / Q2o(T)A%(7) sinh? TdT
1 e "7 (nsinh 7 4 cosh )
+ 4drd?
@ Z Q20 ( ) sinh® 7 !
400 - :
nt h 7 + cosh )
el A2 ) e " (nsin dre—mm0
—HTZ/ (1)@l 0 e
400 +00 1
+ 27 d? Z Z Qz n (7'>
n=1m=1"Y 72
(¢ — m] + €717} + ) simh 7+ (e~ 671 cosh
» S i dr
sinh” 7
« o= (2.71)

where we have used Appendix B.3.

We plot gf{ (a,c) and ﬁ% (a,c) in Figure 2.26(a) and Figure 2.26(b), respec-
tively, where we compare with numerical simulations. We observe from that as
¢ increases the second order moment of ﬂ2) (xg) decreases as result of the fact
that the paths of a Brownian particles, starting on the nuclear surface, will be
centred around the line #; = 0 as can be seen from the hitting density in Figure
2.15. However, the second order moment of %2) (xp) is a increasing function of ¢
because the length of the possible paths a Brownian particle, can take to reach
the cellular surface, increases as the nucleus becomes more displaced from the
cellular centre.

Additionally, we obtain the variance of ﬂ2) (xp) and 5(22) (x¢) using the formulas:

V(0.0 =V i ()] = i (a.0) ~ (10 (00) . (@7
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which we plot in Figure 2.29 and compare with numerical simulations. We no-

tice that the same comments about the second order moments of t?% apply to
3 (a,c).

2.8 Discussion

In this chapter, using bipolar coordinates, we derive the exact Green’s functions
(2.13) and (2.28). They differ from the corresponding Green’s functions with-
out intracellular compartment by an amount proportional to a?. We consider
distributions of initial conditions that are (i) uniform on the nuclear surface (ii)
uniform on the cellular surface, or (iii) given by the hitting density of particles
diffusing from the nuclear to the cellular surface. This hitting density is also
obtained from the appropriate Green’s function. The exact expressions for the
hitting densities and mean arrival times are (2.33), (2.45) and (2.46). When
averaged over the initial surface, the mean arrival times, (2.52) and (2.53), are
functions of a and ¢. The idea is that the point on the surface of a nucleus where
a molecule emerges, or the point on the cellular surface where a molecular com-
plex is internalised, is uniformly distributed. We further average over all possible
locations of the nucleus within the cell, obtaining (2.62) and (2.63), functions of
a only. We also solve Poisson’s equation explicitly in bipolar coordinates, using
the particular solution (2.48). From Figure 2.19 we observe that the solutions
to Poisson’s equation are both an increasing function of the distance from the
absorbing boundary. Using the Green’s functions and the solutions of Poisson’s
equation we obtain the higher order moments (2.67) and (2.68), and the average
higher order moments (2.70) and (2.71).

We observe from Figure 2.6 and 2.12 that both G\ (x,x) and G” (x,x) de-
crease in magnitude as the source point is closer to the absorbing boundary.
From Figure 2.22 and 2.29 we observe that the variance of 5(22) (x0), but not of
5(12) (xq), is of the same order of magnitude, or larger, when compared its mean,
from which we deduce that the mean first passage time is not an adequate measure
that captures the first passage behaviour of Brownian particles inside a cell with
an absorbing trap. This is consistent with the distributions of ¢; (Xo) and 5 (xq)

from Figure 2.28 where the distribution of ¢5 (x) is wide while the distribution of
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Figure 2.27: Variance of t?) in 2.27(a) and of tém in 2.27(b), respectively. The
green dots are numerical simulations and the blue lines are the analytic results
obtained in (2.72). For our simulations we have chosen the following parameter

values: a = 0.1.
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Figure 2.28: Plot of the distribution of ¢; in the upper plane and the plot of the
distribution of ¢5. The blue lines are numerical simulations for which we have

chosen the following parameter values: a = 0.4, ¢ = 0.2, D = 0.5.

t1 (xg) is centred around the mean (the non-smooth shape of the graphs is given by
the relatively low number of Brownian particles used to obtain the distributions).
The activation of many processes inside a cell requires the arrival of a single
molecule at a target site and in this context the relevant timescale is given by the

extreme first passage times (i.e. the time at which the first Brownian searcher
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Figure 2.29: Plolt of the mean time T versus the horizontal distance z. The red
dots are numerical simulations, the green lines are the analytic results obtained
in (2.49) and the blue lines are the results obtained by Deaconu et al. (2000).For
our simulations we have chosen the following parameter values: a = 0.4, ¢ = 0.2,
D =0.5.

reaches a target) Basnayake & Holcman (2020); Lawley & Madrid (2020); Mattos
et al. (2012).

In Section 2.5, we obtained the hitting density of a Brownian particle, starting
uniformly from the nuclear surface, on the cellular surface. We observe that as
¢ increases, the density £ () becomes bimodal and we investigated the bifur-
cation point ¢*, for which we obtained the upper and lower bounds for the bifur-
cation point as seen in Figure 2.16. Future work should be focused on obtaining
an analytic formulae for the bifurcation point.

The two dimensional model we have explored in this chapter can be used to rep-

resent flat cell cultures where the cell can be approximated as a two dimensional
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annular region, because the cells remain flat due to adhesion to the substrate and
their thickens can be neglected Holcman & Schuss (2015).

The mean times calculated in this chapter have also been analytically derived by
Deaconu et al. (2000) using conformal mapping to obtain a simpler problem to
solve. However, as seen from Figure 2.29, their results are not accurate and do
not constitute an alternative to our results.

The dependence on a and c of the average mean time 7| 1(2) (a,c) is shown in
Figure 2.20 from which we deduce that the average mean time Tl(z) (a,c) is a
decreasing function of a and ¢, which is intuitively correct given that a Brownian
particle will take a longer time to reach the cellular surface if either the staring
point is farther away from the absorbing surface. Analogously, the dependence of
TQ(Q) (a,c) is shown in Figure 2.21 from which we observe that the average mean
time is a decreasing function of a and an inverted U-shaped function of ¢. This is
because a Brownian particle will take a longer time to reach the nuclear surface
if it is a smaller target. Additionally, as the nuclear displacement ¢ increases, a
Brownian particle will take longer to reach the nucleus starting from the opposite
side of the cell, however this effect is cancelled out when nucleus is sufficiently
close to the cellular surface.

We notice from Figure 2.24 that 5 (a,c) is a decreasing function of ¢ when
compared to T, 2(2) (a, ¢) which is an increasing function of ¢. This is caused by the
fact that Brownian particles diffusing from the nucleus are more likely to arrive at
the point of the cellular surface which is closest to the nucleus (see Figure 2.15),
and, as a result, the mean time for the particle to arrive back to the nucleus is
smaller than the case when its starting position is uniformly distributed on the
cellular surface.

When comparing our results for Gg2) (x0,X), T2(2) (02, a,c) and TQ(Q) (a, c) obtained
using bipolar coordiantes with the approximations derived from Condamin et al.
(2007) in Figure 2.13, 2.17 and 2.22, respectively, we observe that our results are
of superior accuracy when compared with numerical simulations.

Finding mathematical descriptions of the traffic of small molecules inside living
cells and of living cells in tissues are major challenges, among them the fact that
Brownian motion is not sufficient to describe their behaviour Angermann et al.
(2012); Barkai et al. (2012); Brangwynne et al. (2009); Bressloff & Newby (2013);
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Holeman (2017); Krummel et al. (2016); McGuffee & Elcock (2010); Metzler
(2019). As well as the extension to three space dimensions, the pure diffusion
model considered here can be generalised in various ways. Viral trajectories in
cytoplasm may be modelled as epochs of simple diffusion and of active transport
along microtubules Lagache & Holeman (2008); Lagache et al. (2009). Effects
of crowding or of active transport mechanisms may be modelled as a type of
motion that is not diffusive, with the standard time derivative replaced by a
fractional one Burrage et al. (2017); Krummel et al. (2016); Metzler (2019). A
reacting surface may itself contain absorbing and reflecting regions; one way to
take this heterogeneity into account is via Robin boundary conditions Delgado
et al. (2015).
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Chapter 3

Diffusive transport in spherical

domains

3.1 Introduction

Expanding on the results obtained in Chapter 2 we consider diffusion of a Brown-
ian particle, with diffusivity D, in a spherical domain of radius R which contains
an interior compartment of radius R, and has displacement r. from the centre
of the domain (see Figure 3.1). We want to determine the Green’s function for
diffusive transport in three dimensions where the basic timescale is R?/D.

Using bispherical coordinates, we derive the Green’s functions for two cases: (i)
approximation and (ii) exact. Obtaining the Green’s function in three dimensions
is more difficult than in two dimensions as it leads to the appearance of a second
order inhomogeneous difference equation. We derive the approximate Green’s
function for diffusive transport from reflecting nucleus to absorbing cellular sur-
face. The approximation is obtained using the fact that the hyperbolic cosine
is usually significantly larger than the trigonometric cosine. This method only
works for diffusion from the nuclear surface to cellular surface. The main result
of this chapter is represented by the analytic solution to the difference equation
and, subsequently the desired Green’s function, by using continued fractions ex-
pansions and Perron’s theorem. A limitation of our method is that it is valid
only for diffusive transport where the initial position is uniformly distributed on

the reflecting surface.
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Hence, we derive exact expressions for arrival densities and mean arrival times,
averaged over the reflecting surface. We consider distributions of initial conditions
that are (i) uniform on the nuclear surface, (ii) uniform on the cellular surface,
or (iii) given by the hitting density of particles diffusing from the nuclear to
the cellular surface. This hitting density is also obtained from the appropriate
Green’s function. Numerical simulations are used for comparison. The last result
is semi-analytic since we use the analytic hitting density function and the mean

arrival time approximation, obtained in Section 1.7.3.2 in its derivation.

3.2 Literature review

Condamin et al. (2007) developed a formula for the first passage properties of a
Brownian particle to reach a target while starting from a point inside a three di-
mensional eccentric annular region bounded on the exterior by a reflecting spher-
ical boundary and on the interior by an absorbing sphere. These results were
extended using pseudo-Green’s function by Bénichou & Voituriez (2014); Cheva-
lier et al. (2010) to determine the first passage properties of Brownian motion
in a three dimensional domain where the absorbing targets are on an otherwise
reflecting surface.

The case of multiple absorbing spherical traps contained inside a sphere with
either Robin or Neumann boundary conditions has been explored, with the help
of the method of matching asymptotic expansions, wielding the mean and the
variance of the conditional first passage time for a Brownian particle to reach a
specific trap Cheviakov & Ward (2011); Delgado et al. (2015). A limitation of the
asymptotic method is that it is valid only when the diameter of each absorber is
smaller than the diameter of the containing sphere.

Grebenkov & Traytak (2019) derived the semi-analytic Green’s function for the
Laplace operator in three-dimensional domains with disconnected spherical do-
mains and diverse boundary conditions (Dirichlet, Neumann, Robin) by using
the generalized method of separation of variables (GMSV). They solve the par-

tial differential equation by reducing it to an infinite system of linear algebraic
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3.3 Bispherical coordinates

equations (ISLAE) that is then solved numerically to a high computational ef-
ficiency by utilising the fact that the GMSV can be specifically adapted to the
geometrical structure of the domain.

When the absorbing target is an absorbing disk located on a otherwise reflect-
ing boundary the problem can be classified as a narrow escape problem and has
been studied extensively Cheviakov et al. (2012); Grebenkov et al. (2020); Hol-
cman & Schuss (2014, 2015); Reingruber et al. (2009). When the absorbing hole
shrinks to zero the mean time to absorption diverges to infinity and the narrow
escape problem becomes a singular perturbation problem and is solved by using
asymptotic expansions Schuss et al. (2007); Singer et al. (2006b).

Many studies have focused on studying the MFPT of a diffusing particle to reach
a specific target, either an absorbing patch on an otherwise reflecting boundary
or a target in the domain. However, in many geometries the MFPT does not
adequately capture the behaviour of the Brownian motion and as a result the
distribution of the FPT is very important Godec & Metzler (2016a,b); Grebenkov
et al. (2019); Lawley (2020); Lawley & Madrid (2020); Schuss et al. (2019).
Boundary homogenisation is used to solve problems where an otherwise reflecting
boundary has absorbing traps located on it. They make use of the fact that non-
uniform boundaries affect a relatively small neighbourhood near the surface and,
as a result, the memory about the local properties of the boundary declines as a
function of distance from the boundary Berezhkovskii et al. (2004); Makhnovskii
et al. (2005).

3.3 Bispherical coordinates

In the previous chapter we have investigated diffusion in a two dimensional eccen-
tric annular region with various boundary conditions. However, the two dimen-
sional case is not biologically realistic, especially when considering cell biology
and, consequently, we wish to study the case of diffusion in a three dimensional
eccentric annular region.

We represent a cell as a sphere of radius R, containing a nucleus (or other intra-
cellular compartment) of radius R,. The centre of the nucleus is displaced from
that of the cell by a distance r. (Figure 3.1).
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Y

Figure 3.1: Intracellular geometry. We represent a cell as a sphere of radius
R, containing a nucleus (or other intracellular compartment) of radius R,,. The
centre of the nucleus is displaced from that of the cell by a distance r.. Here 2F

is the interfocal distance.

Analogous to the two dimensional case, we will make use of a special type of coor-

dinate system, that of bispherical coordinate. We obtain bispherical coordinates
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Figure 3.2: Left: the distance d used to define bispherical coordinates, as a
function of ¢ with @ = 0.1. Right: vertical cross-section of the domain C'is shown

in grey.

from bipolar coordinates by rotating bipolar axes about the line between the two
poles (Morse & Feshbach, 1954, p.1298).

Surfaces of constant 7 are spheres of radius r, centred at + = 0,y = 0 and
z = 2+ F2, where 7 = log(F/r + /1 + (F/r)?) and 2F is the interfocal
distance used to define bipolar coordinates (see Figure 2.2). We rescale lengths
so that the radius of the cell is equal to 1. We shall calculate the Green’s functions

and mean times using the following dimensionless quantities:

R, . F
a=—7 c= % and d= =

Note that 0 < ¢ < 1—a, and a? is the fraction of the cell occupied by the nucleus.

In order that the centres of the two spheres of radii 1 and a be displaced by

c=+V1+d?—Va?+ d?, we must choose

d= 2%\/(14—a2—c2)2—4a2. (3.1)

Analogous to Chapter 2, we denote the nuclear surface (a sphere with scaled
radius a, blue vertical cross-section in Figure 3.2) by 0C} and the cellular surface
(a sphere with scaled radius 1, green cross-section in Figure 3.2) by 0C5. The

eccentric annular region C' (grey cross-section in Figure 3.2) is represented by

T < T <TY, 0<o<m, 0<¢<2m,
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where 7 = log <d/a + W) (nuclear surface) and 7 = log (d + v/1 + d?)
(cellular surface).

Chen et al. calculate the Green’s function for an eccentric spherical annular
domain, where both the inner and outer boundaries are absorbing, by using bi-
spherical coordinates. When at least one of the boundaries is reflecting, and not
absorbing, we observe the appearance of a second order difference equation due
to the prefactor h, (see (3.6) below). Stoy (1989) solves the problem of the sec-
ond order inhomogeneous difference equation by approximating the prefactor to
a non-trigonometric quantity and thus avoiding the appearance of the recurrence
relation. Chaumet & Dufour (1998); Love (1975) obtain the analytic solution by

using continued fraction method and Perron’s theorem.

3.4 Bispherical Green’s function

The mean time to reach an absorbing boundary of C', starting from rescaled

position xg € C, can be written as

T(xg) = RQ/ G (%0, x)dx. (3.2)
c
The Green’s function G(xg, %), the occupation density at x, satisfies
DALG(x¢,%x) = —0(x — X0) x € C, (3.3)

with suitable boundary conditions. Let (7,0, ¢) be the bispherical coordinates
of x and (79, 09, ¢9) the bispherical coordinates of x,. Then (Morse & Feshbach,
2010, p.1298)

PA. — (cosh 7 — cos o)’ [ 0 sino 0 0 sin o 0

sin o Ot coshT — coso Or Qo cosh T — cos o O
1 82}

(cosh T — cos o) sin o 0¢?

and we can write

2m dS
T(xo) = R / / / Gxo, x)d7sino 0 dr (3.4)
(cosh T — coso)?
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3.4.1 From nucleus to cellular surface

We begin with the case of diffusion inside a cell with absorbing cellular surface
and reflecting nucleus. We denote the Green’s function by Gf’) (x0,x) which
satisfies (3.3), is equal to zero on the cellular surface and has vanishing normal

derivative on the nuclear surface. As a result, we impose the following boundary

conditions:
(3)
0;11 (%0,x) =0, x€9Ch, (3.5a)
1
Gf’) (x0,x) =0, x€9C,. (3.5b)

where n; is the unit normal outward vector to 9C}.

We write the Green’s function’s G§3) (x0,X) as:
G (x0, %) = GV (x0. %) + G (x0. %),

where AXG7(«3) (x0,x) = 0. The singular part of Gg?’) (x0,x) is given by(Barton,

1989, p.100):
1

G (x01%) = LB sl

which has been expressed in bispherical coordinates by Chen et al.:

1 400 +00 o m '
G(3) (XO,X) 47TDdh ( TQ, 0'0 E E €m n n m 'H(3)(X0,X), (36)
n=0 m=0

H®)(xy,x) = P™(cos 0) P™(cos o) cos m(¢h — ¢O)e—(n+%)\7—_7—0|’

In (3.6) we have made use of the following functions:

1, if m=0,
Em =
2, if m=1,2-+ o0,

and

hy (T,0) = VcoshT — coso.
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Our task is to find G§3’ (x9,x) in bispherical coordinates. We seek coefficients
Apms Brm, Crm and D, such that Chen et al.:

G (x, x0) = 2T Z’gém’ %) io io [(AnmhA(n, m) cosh Kn + %) T]

n=0 m=0
+Bumhp(n, m) sinh {(n + %) T:| ) P (cos o) cosme
+ (Cnmhc(n, m) cosh {(n + %) T:|
+Dymhp(n, m) sinh [(n + %) T:|> P (cos o) sin mgzﬁ] , (3.7)
where
ha(n,m) = e, (n s ) P (cos ag) cos mey,
— |
hg(n,m) = e, EZ n :nl;' P (cos ag) cos maey,
_ |
he(n,m) = e, EZ " Zi' P (cos 0p) sin mey,
— |
hp(n,m) = em%ﬂ’f(cos 00) sin may.

The boundary conditions (3.5) are equivalent to in bispherical coordinates (see

Appendix C.1 for Neumann boundary condition in bispherical coordinates):

oG aGY
5 (1,0;70,00) =5 (1,03 70,00) , (3.8a)
T=T1 T=T1
G£3)(TQ, 03Ty, 00) = —GgS) (T2, 03 70, 00). (3.8b)

The factor h, (7,0) = v/coshT — coso causes difficulties when we have non-
Dirichlet boundary conditions. We show in Section 3.4.2 that the differentiation
from the Neumann boundary condition (3.8a) causes the appearance of a re-
currence relation which we did not see when solving the analogous case in two
dimensions:

OénmAnflm + ﬁnmAnm + anmAnJrlm = )\nma (39)

where aum, Bnm, VYam and ., are constants. We will not solve this recurrence

relation but we will make use of an approximation in Section 3.5 in order to obtain
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100 |

0.0 0.5 1

Figure 3.3: Radial bispherical coordinate evaluated for the nuclear surface 7, and
the cellular surface 7 as a function of the nuclear displacement c¢. We observe
that 7 decreases faster than 71 below 1 as a function of ¢. For this plot we have

used the following parameters: a = 0.1.

Gg?’) (x0,x) by preventing the appearance of a recurrence relation altogether. An
approximation can be obtained, if we observe that coshm — coso > 10 (see

Figure 3.3 and 3.4) and as a result we can ignore the coso term in h,:

hy (11,0) &~ +/cosh 1.

As a result, the coefficients of (3.7) can be evaluated independently. We notice
from Figure 3.3 and 3.4 that this approximation does not work when 7 = 7o, if
the reflecting boundary is the cellular surface.

An alternative method to deal with the recurrence relation, shown in Section 3.6,
is to transform it into a different recurrence relation by integrating G?) (x0,X)
over 0C with respect to xg. When the initial distribution is uniform on the

surface of nucleus or of the cell, respectively, the analytic solutions involve solving
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— coshmy

— coshmy

cosht

10! |
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Figure 3.4: Hyperbolic cosine of the radial bispherical coordinate evaluated for
the nuclear surface 73 and the cellular surface 7 as a function of the nuclear
displacement c. We observe that cosh 7y is at least one order of magnitude larger
than cos o for a wider range of value of ¢ when compared to cosh 7. For this plot

we have used the following parameters: a = 0.1.

recurrence relations of the type:
anAn—l + BnAn + P)/nAn—&-l = )\na

by taking advantage of the fact that:

an /Vn
B’ Bu

as n — +o00, which will allow us to use Perron’s theorem and continued fraction

— const,

expansion to obtain an analytic expression Chaumet & Dufour (1998). This
method is useful because it allows us to deal with the recurrence relation generated
by G

y 2 (XO;X)‘
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3.4 Bispherical Green’s function

3.4.2 Recurrence relation

In this section we will derive the recurrence relation (3.9) from the boundary
conditions (3.8). From (3.8a) we deduce that:

+oco n

Z Z { [Apmha(n,m)PT (cos o) cosme + Cpmhe(n, m) P (cos o) sin ma]

n=0 m=0

sinh7y cosh [(n+ %) 7] +2 (n+ %) sinh [(n+ ) 71] (cosh 7y — coso)
2y/cosh 1y — coso

+ [Bumhs(n,m)P (cos o) cosme + Dy (n, m)hp P (cos o) sin mg)

y sinh 77 sinh [(n + %) Tl} + 2 (n + %) cosh [(n + %) 7'1} (cosh Ty — cos o) }

2y/cosh 1y — coso

X

= — Z Z ngZ:L—Zg' cos [m(¢ — ¢o)] Py (cos o) P (cos op)

. _ 1 —
sinh 71 — 2 (n+ 3) (cosh 7y —€050) (i 1)r, ) (3.10)

2y/cosh 1y — coso

We multiply (3.10) by cos M ¢ and sin M ¢, respectively, and by integrating with
respect to ¢ from 0 to 27 we obtain:

Z {AthA(n M)PM(cos o)Uy (n,71,0) 4+ Buarhg(n, M)PM(cos o)Uy (n, 11, 0 )}

n=0

(n+ M)

sinh7y — 2 (n+ 1) (coshr — coso)

YAy
=— ZsM (n )! cos Mo PM (cos o) PM (cos o)

e~ (nt3)(m=m) (3.11)

Y

2y/coshmy — coso

and

Z {C’thC(n M)PM(cos o)U, (n,71,0) 4+ Dyparhp(n, MYPM(cos o)Uy (n, 11, 0) }

n=0

+o0 (TL . M')
= — nz% 6Mm cos Mo PM (cos o) PM (cos o)

. B 1 _
sinhm — 2 (n+ 1) (coshm — coso) o (n3) (=m0 (3.12)

Y

2y/cosh 1y — coso
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3.4 Bispherical Green’s function

where
Ul (TL, 71, U) =
sinh 7 cosh [(n + %) 7'1] + 2 (n + %) sinh [(n + %) 7'1] (cosh 1 — coso)
2y/cosh Ty — coso ’
U2 (TL, T1, U) =

sinh 7 sinh [(n + %) 7'1} + 2 (n + %) cosh [(n + %) 7'1] (coshm — coso)

2y/cosh Ty — coso

We observe that (3.11) and (3.12) are identical from which we deduce that A,,, =
Crm and By, = Dy, (for the remainder of this thesis we will follow this deduction
and, furtheremore, we deduce that A, = C,, and B, = D, when we define
G (%0,x) and G (x0,X) in Section 3.6). As a result, we only have to solve (3.11)

for A, Bnm and we will also obtain C,,,, and D,,,,,. We make use of the following

notations:
: 1 1 | 1\ ]
Vi (n, 1) = sinh 7 cosh {(n + 5) 7'1} +2 (n + 5) cosh 7y sinh (n + 5) T,
' (3.13a)
, . 1 1 [ 1\ ]
Va (n,71) = sinh 7 sinh [(n + 5) 7‘1} +2 <n + 5) cosh 71 cosh (n + 5) T1|
] (3.13Db)
1
W (n,7) =sinhm — 2 (n + 5) cosh 1y, (3.13¢)
to rewrite (3.11) as:
+o0
Z {AthA(n, M)PM(coso)Vy (n,71) + Buarhp(n, M)PM(cos o) Vs (n, 1)
n=0

1 1
—2A,0rha(n, M) cos o PM(cos o) (n + 5) sinh [(n + 5) 7-1}

1 1
— 2B,rhp(n, M) cos a PM (cos o) <n + §> cosh [(n + 5) 7.11 }
+oo
n— M)
= — nZ:O aMW cos M ¢y PM (cos o)

1
X [PTJLV[(COS o)W (n,m) +2 <n + 5) cos o P (cos 0)} e~ (nt3)m=m), (3.14)
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3.4 Bispherical Green’s function

The associated Legendre polynomial P (x) can be expressed as (Gradshteyn &
Ryzhik, 2014, p.965):
n+m n—m+1

cosoP"(coso) = ——P" (coso) + ——— P

on+1 "t 2+ 1 wi1(C080),

which allows us to rewrite (3.14) as:

+oo
Z {AthA(m M)PM(cosa)Vi (n,71) + Buarhp(n, M)PM(cos o)V (n, 1)

n=0

—2A,0ha(n, M) (n + %) sinh [(n + 1) 7'1} [n + MPTJl\{l(COS o)

2 2n+1
+7ﬁL;n—]\_/ﬁ1Pﬁ1(cos a)] — 2B, yhp(n, M) (n + %) cosh [<n + %) 7'1}
{;Ln—l—ff PM (coso) + n;n—]\fijﬁl(cos 0)} }
=— g SM% cos M ¢oPM (cos o) {PnM(cos o)W (n, ) +2 (n + %)
X {gn—i_j\{Pﬁl(cos o)+ tn—]\f_—li_lpﬁl(cos O’):| }e_<”+§)(”_m). (3.15)

We multiply (3.15) by sin o P} (cos o) and integrate with respect to o from 0 to
7 and using (Gradshteyn & Ryzhik, 2014, p.769):

2 (l+m)!5
2A+1(1—m) "

/ sino P/"(cos o) P} (cos o) do =
0

we obtain:

2Vi (n,m1) : 1 N-M
ANMPJJ\‘% (COS 0'0) W — 2sinh |:(N — 5) T1:| OIN T 1AN_1MP1]\\]/171 (COS 0'0)

3 N+M+1
— 2sinh [(N + 5) 7'1] ;—N—JAN+1MP]]\\[4+1 (cos o) + B Pa (cos o)

W, (n, T 1 N+ M
X %—l—ll) — 2cosh {(N - 5) 7'1} N T 1 By_1m Py (cos o)

3 N-—-M+1
— 2cosh {(N + —) 7‘1] —+BN+1MPJ¥+1 (cos o)

2 2N +1
_ 2W<N77—1>
- 2N +1

2(N - M)

e_(NJr%)(Tl_TO)PJ]\\//[ (cosag) — e_(N_%)(Tl_TO)P]]\\I/[—l (cos a9)
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3.4 Bispherical Green’s function

2(N+M+1) _ 3) (11—
- AR D - (re)in i (cosen), (3.16)

where we have used the fact that:

ha(N, M)% = ep Py (cos ag) cos M gy, (3.17a)
hp(N, M)% = e Py (cos ag) cos M. (3.17Db)

For convenience we write N = n and M = m in the following calculations. From

the Dirichlet boundary condition (3.8b) we deduce, in the same way, the following:

1 1 )
Anm cosh |:(n + 5) 7-2:| + Bnm sinh [(n —+ 5) 7'2:| — _e_(n-i-g)(To—TQ),

and, subsequently:

1 1
B = e (nt3)(o=2) gepy {(n + 5) 7—2:| — Ay, coth [(n + 5) 7'2:| . (3.18)

Substituting B, from (3.18) into (3.16) we arrive at:
924, 1 n
ST {Vl (n, ) — Vo (n, ) coth [(n + 5) 72] }Pn (cos 0p)

e
|

2W . 2(n — ;
= _2W{nm) 7—1)ef("+5)(ﬁ*m)P;T’ (cosag) — Mef(nfg)(ﬁfm)])gl—l (cos og)
on+1 2n +1
2n+m+1) _ n+3) (11— m
At )i pr (cosen)
2V 1
+ _2271(7—:—’ ?) csch K” - 5) 72} e ()R P (cos o)
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3.4 Bispherical Green’s function

B T T

2n+1
3 3\ 120+ m D) () o
— cosh [(n+§> 7‘1} csch [(n+§) 7'2:| —onrl © (nt3)(m 2)PnJrl (cosay) .

From which we obtain the following recurrence relation of order two for A,,,:

OénmAnflm + BnmAnm + fynmAnJrlm = )\nmu

where:
- { _ sinh Kn - %) 71] + cosh Kn - %) ﬁ} coth Kn - %) Tz] }
(3.19)
« 2(22—1”1”‘)13;7 (cos o0),
By = 2n2+ 1 {vl (n,71) — Vi (n, 71) coth Kn + %) TZ} }P,;n(cos oo),  (3.19D)

o= { [ (4 3) ] o [ (n2) ] com [ (45 ] |

(3.19¢)
2(n+m+1)
X 2’rl——|—]_Pn+1(COS O'Q),
2W 2(n —
)\nm — _ﬁe—(n-i-;)(ﬁ—m)Pg” (COS UO) _ gln—_'—?e—(n—é)(n—m)P;n_l (COS UO)
2(n+m—+1) (113)m—m0) om
- (Qn—+1) (m+2)n=m) pr | (cos o)
2V; 1
P 2 e | (5 ) ] e O R cono
1 1 2(n — 1
—cosh [ |n—=)m|esch|ln—=]n Me%"*?)(m*”)])ﬁl (cos 0p)
2 2 2n+1
3 3 2 1
x P\, (cosog) . (3.19d)

One way to solve this recurrence relation is to avoid it by making use of an

approximation.
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3.5 Approximation of the Green’s function

3.5 Approximation of the Green’s function

We observe that the presence of the cosine term in h, (7,0) leads to the appear-
ance of the recurrence relation (3.9) due to the boundary conditions (3.8). As a
result, we will make use of the following approximation for h, (7,0) in oder to
prevent the appearance of the recurrence relation. We observe from Figure 3.3
and 3.4 that coshmy — coso > 10 for ¢ < 1 — a and Vo € [0, 7] from which we
deduce that Stoy (1989):

hy (11,0) = \/cosh 1, — coso ~ /cosh Ty, (3.20)

and, when applied to (3.8a), gives:

Z Z { [Apmha (n,m) P (cos o) cosmeo + Cpmhe (n,m) P (cos o) sin me)]

n=0 m=0
sinh 74 cosh [(n + %) 7'1} +2 (n + %) cosh 7y sinh [(n + %) 7'1}

2y/cosh 1

+ [Bumhp (n,m) P*(cos o) cosm + Dymhp (n,m) P (cos o) sin me)]

X

y sinh 7 sinh [(n + %) Tl] + 2 (n + %) cosh 1 cosh [ n

+3) }}
2y/cosh 1
:—ZZ cos[ (¢ — &0)] P (cos o) P (cos o)

n=0 m=0

sinh 1 1 1 _
X | ——— — + — h (n 2)(7_1 TO)_
|:2 on . (n 2) \/ COS 71‘| €

We again multiply by cos M ¢ and by integrating with respect to ¢ from 0 to 27

we obtain:

+oo

Z {AthA (n, M) PM(cos o) (Sinhﬁ cosh [(n+ %) 71}

ot 24/cosh 1y
1 - 1
N (n+1) coshzOS;}Illi [(n+1) 7'1}> + Buhs (n, M) PM (cos o)
V 1

sinh 7y sinh [(n 4+ 3) 7] + 2 (n + 1) coshr cosh [(n + 1) 7]

2y/cosh 7

+o00 (n N M)'
=— Z ng cos Mo PM (cos o) PM (cos o)

X

n=0
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3.5 Approximation of the Green’s function

sinh 7 1 (LY —
X |———=—(n+=)+coshr|e (n+3)(m=m0). 3.21
[2\/cosh71 ( 2) 1} (3:21)

Multiplying (3.21) by sin o P{/ (cos o) and integrating with respect to o from 0 to
7 results in the derivation of:
sinh 71 cosh [(N + %) 7'1} +2 (N + %) cosh 71 sinh [(N + %) 71}
2y/cosh 1y
sinh 7y sinh [(N + 3) 71] +2 (N + 3) cosh 7y cosh [(N + 1) 7]
2¢/cosh 11

ANMhA (Na M)

+ Bymhp (N, M)

(N — M)! [ sinh 7y ( 1) }
—€ —COSM P cos ———— — [ N+ =) \/cosh
M(N + M)! doFy (cos o) 2+/cosh 1y 2 n
% e—(N+§>(T1—7'0)'

Using (3.17) we simplify the above to obtain:
sinh 77 cosh [(N + %) 7'1} + 2 (N + %) cosh 71 sinh [(N + %) 7'1]

2+y/cosh 7
sinh 7y sinh [(N + 3) 71] +2 (N + 1) cosh 7y cosh [(N + 1) 7]

2+/cosh 7y

sinh 7 1 (Nt ) (r—
_ (N + =) eosh (N+3)(ri=m0) 3.22
{%/cosh T ( 2> o Tl} ¢ ( )

The Dirichlet boundary condition (3.8b) can be written as:

Z Z { [Apmha (n,m) P*(cos o) cosmae

n=0 m=0

ANM

+ BNM

1
+ Chmhe (n,m) P (cos o) sin mg)] cosh [(n + 5) 72}

+ [Bumhp (n,m) P (cos o) cos me

+Dpmhp (n,m) P (cos o) sin mg| sinh {(n + %) 7—2] }

+o00 n

- Z Z Em —m) COS [m(¢ — ¢o)| Py (cosa) P (cos ao)e_(”Jr%)(To—T?)’

n=0 m=0

from which we obtain by multiplying by cos M ¢ and by integrating with respect
to ¢ from 0 to 2m:

+oo

> {AthA (n, M) P (cos o) cosh K" N %) TQ]

n=0
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3.5 Approximation of the Green’s function

1
+ Buahg (n, M) PM(cos o) sinh {(n + 5) TQ}
M M M —(n+1) (ro—12)
- _ZgM COSM¢OP (coso)P, (cosagp)e 3 )(T0—72) (3.23)

Multiplying (3.23) by sin JP% (cos o) and integrating with respect to o from 0 to

7 results in:

1 1
ANthA (N, M) cosh |:(N + 5) 7_2:| + BNMhB (N, M) sinh |:(N + 5) 7‘2:|
N-M
= W cos M ¢y Pa (cos ao)e_(NJr%)(TO_T?),

which, after simplification becomes:
1 1 1
Ap s cosh {(N + 5) 7'2} + By sinh {(N + 5) 7'2} — o (N3)(momm), (3.24)

As a result, we have from (3.22) and (3.24) the following system of equations:
4 sinh 7 cosh [(N + %) Tl} +2 (N + %) cosh 71 sinh [(N + %) Tl]
N 2y/cosh 1y
B sinh 7 sinh [(N + %) 7'1] + 2 (N + %) cosh 1 cosh [(N + %) 7'1}
NM 2y/cosh 1y

_ |: Sinth (N—|— ;) \/m:| e—(N—l-%)(n—To),

\/cosh 1y

peallv )+

+1
5) T0— 7'2

which we solve for Axys and Byjs to obtain:

Ao W (N,7)sinh [(N + 1) n]e ~(V+3)(rm) _ (N.7)e —(N41) (r0—m)
NM = Vo (N, 1) cosh [(N + 3) 7] — Vi (N, 71)sinh [(N + 3) 72] ;

B — W (N, 1) cosh [(N_|_ ) } —(N+1)(r1—m0) V(N 7)e SN+ (ro-m)
NM = -

Vi (N,m)sinh [(N + 3) 7] — Va (N, 71) cosh [(N + 3) 7
where Vi (n,71),V2(n) and W (n, ) are defined in (3.13) and n,m € N U {0}.

As a result we have:

th +o0 +oo N ‘
47rDG§3) (%0, X) = (7, 0) (70, 00) Z Z Em Z_HTZ " (cos o) P (cos 0p)

n=0 m=0
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3.5 Approximation of the Green’s function

X cosm(¢ — Cbo)Kﬁz(T, 7o), (3.25)
where
1 1
Kl(iz(T’ 7o) = Apm cosh {(n + 5) 7':| + By sinh {(n + 5) 7':| 4 e (nt3)lr=mol

Making use of the following calculations:

Vy (n,71) cosh Kn + %) TQ} — V4 (n, 71)sinh [(n + %) TQ} —

1 1 1
sinh 71 sinh [(n + 5) (11 — 7‘2)} -2 <n + 5) cosh 71 cosh [(n + 5) (11 — 7‘2)} ,

1
w (n,ﬁ) sinh {(N + 5) 7—2:| e_(N"Fé)(Tl—TO) -V, (n77—1) e_(N-l-%)(To—m) =

1 1
= sinh Tl{e_(n-l-%)(n—fo) sinh {(n + 5) 7-2} _ e_(n-l-%)(m—m) sinh |:<n + 5) 7-1} }
1 1
-9 (n + 5) costh{e_(nJr%)(n_To) sinh [(n + 5) 7'2] }
1 1
-2 (n + 5) Coshﬁ{e_(”*é)(m_”) cosh {(n + 5) 7'1} },

1 !
W (n,71) cosh [(N + 5) 7'2] o~ (N+3)(n—m0) _ Vi (n,m) o~ (N+3)(0-2) _

= sinh Tl{e_(’”%)(ﬁ_m) cosh [(n + %) 7'2} — e_("+%)(70_72) cosh {(n + %) 7'1] }
1

-2 (n + 5) cosh 7'1{6_<n+%)(71_70) cosh {(n + %) TQ} }
1

-2 (n + 5) cosh Tl{e<"+%)(7072) sinh [(n + %) 7'1] },

we obtain, after simplification, the following:

®)(r 75) = sin n E Ton — T: cosh [(n +3) (n — )|
Ky, 70) h [( + 2> (7m 2>1 cosh [(n+ 1) (1 — 72)]
tanh 7 tanh [(n+ 3) (1 — )] +2 (R + 1)
tanh7 tanh [(n+ 3) (n — )] +2(n+3)

(3.26)
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3.5 Approximation of the Green’s function

numerical approximation difference
[ DS | H e |
0.0 0.7 1.4 -0.05 0.00 0.05

Figure 3.5: Plot of numerical simulation of Gf”) (x0,x) (left), approximation
(3.25) (centre) and difference (right). The initial condition is xq — X, =
(0,0,—0.75) and @ = 0.1,c¢ = 0.5. Here x, is the position vector of the cellu-

lar centre.

where 7, = min{r, 70} and 7y = max{r, 7}. We plot G\ (x¢,x) in Figure 3.11
and compare with numerical simulations. We observe from (3.26) that we can

write Kf’g(T, Tp) as:
KS%(T, T0) = Kﬁi_‘_%(’r, 7o) X En(7,70),

where K{ii(T, Tp) is the summand from (2.13) and:

tanh 7 tanh [(n + 3) (1 — 7ar)] +2 (n + 3)
tanh 77 tanh [(n + %) (11 — 7_2>] D) (n n %) .

E,(1,7) =

As a result, the transition from two dimensions to three dimensions leads to the
appearance of the correction term E,(7,7) and the change of index from n to

1

3.5.1 Comparison with the interior Dirichlet Green’s func-
tion
The interior Dirichlet Green’s function satisfies the following equations:
DAXG[()B) (x0,%x) = —0(x —x¢) if xeC",

(3.27)
G(()g) (x0,x) =0 if x € 9Cy,
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3.5 Approximation of the Green’s function

where dC5 is the absorbing outer boundary and x; is the initial position of the
point particle. G(()S) (x0,x) is the occupation density of the time a particle spends
at x given that it started at x¢ and is diffusing inside a sphere of radius 1 with

absorbing boundary. The solution of (3.27) is given by Barton (1989) as:

1 1 1
Gy (x0,%) = ) (P_{ - ﬁ) ; (3.28)
0

where

R=|x—-x%¢, R=|x—%| and ry=|x0l

and Xg is the image point of xy with respect to the cellular boundary such that
Xp - Xg = 1. We expand each term in bispherical coordinates, beginning with the

first Chen et al.:

+o0o 400

1
= C—ihm (1,0) hy (70, 00 Z Z Em o P (cos o) P (cos o)

n=0 m=0

x cosm(¢p — ¢0)e_(”+5)‘7_m|.

1
R

Analogously, the second term is written by splitting it into two parts:

“+oo 400

1 1 n — m |
= =-h, (7o, & EmT— coso) P (cosa
R d° (7 0,70 nzoﬂ;) (n +m)! P (cos o) Pl (cos o)
x cosm(¢p — ¢0)e*(”+§)\7*70|
1 +oo 400
— c_lh (7, (70, G0 nzomz:oem (ntm) ‘Pﬁn(cosa)RT(cosao)
x cosm(¢p — (bo)e*(wf?)mﬁ*m”l,
and
e (o) o o) 3 3 e = s ) P cosn)
— = SNz (T¢, Oc 7-070-0 Em COSO.) 1, (COS Ty
ro d c L= (n+m)!
x cosm(¢. — ¢0)e_(”+5>|“’_7¢‘
1 +oo 400 m
= - h2 ) m— 0)P™
d\/cos Ty — (70, 00 %mz:os (n ) P (cos0) P (cos ay)
X COS m¢oe_("+5>‘2m_“"
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3.5 Approximation of the Green’s function

AGP)

@

T —

0.0 0.7 14 —0.1 0.0 0.1

Figure 3.6: Plot of the Green’s function G((]?’) (x0,x) formula (left, formula from
(3.29)), the Green’s function G{¥ (xo, x) (centre, formula from (3.25)) and differ-
ence (right). The initial condition is xy — x. = (0,0, —0.75) and a = 0.1, ¢ = 0.5.

Here x. is the position vector of the cellular centre.

+oo
=/2h, (70, 00) Z P,(cos Ho)e_("+%)|272_70|
n=0
_ I (7' 05 00)
hy (7o, 60)
where (7., 0., ¢.) are the bispherical coordinates of x. (the centre of the cell) for

which we have used Appendix C.3 to relate to known quantities. Additionally,
we have used the fact that (Love, 1975, p.471):

1 1 =
= = \/52 P, (coso) e_(”+%)7,
n=0

he (T,0)  \/coshT — coso

and

e210g(d+\/1+d2) +ef2log(d+\/1+d2>

cosh2m — 1 = 5 -1

@+ VIitd) +1-2(d+ Vit P)
(d+VI+rad)

= 2d°.

As a result, we write the three dimensional interior Dirichlet function in bispher-

ical coordinates as:

47rDG(()3) (x0,X)
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3.5 Approximation of the Green’s function

hy (T, XX —m)

= PRl )5S o i (0050 BT cosn) com(6 — )

m

n=0 m=0

X [e—(n+5)|7—m| _ e—(n+5)|7—m|}

_ th (T,O’) h:c (7-070-0) +o00 400 (n—m)l . i
= d nzzgmzzzoemmpn (cos o) P (cos ag) cosm (¢ — ¢p)

x sinh Kn + %) (T — 72)] e~ (nt3)(a—m) (3.29)

Taking the difference between our Green’s function approximation (3.25) and the

interior Dirichlet Green’s function (3.29) we obtain:

47TDAG(3) (x0,X)

= 4D (G( ) (%0, %) (X0, x )
_ 2h,, ( 7'07 ‘70 ZO Zogmg - Z (cos O’)Pén(COS Uo) CoS m((b — ¢0>
[( 2) T — TM)}

y {sinh [(n + 1) (T — 72)] sinh
sinh [(n +3) (n —7)]

tanh 7 +2 (n-+ ) coth [(n+3) (r = )]
. 1 1 _
tanh m + 2 (n + 2) coth [(n + 2) (11 7—2)]

_ sinh [( " ;) (7 — m] e—[<n+;><w—m1}

_ 2he (7 (70, % fism nom 'Pm(cosa)Pm(cosao)
n=0 m=0 n+m ' " "
X cosm(¢p — QSO)AK (7‘ 7o), (3.30)
where

AK (7- T0) = _e—(n+%)<n_72)sinh [(n+1) '(Tm — 73)] sinh [(n+3) (s — 72)]
sinh [(n+ 3) (11 — 7)]
tanh7 — 2 (n+ 1)
tanhﬁ+2(n—|— )coth[( 2) (7-1_7_2)}.
We plot (3.29) and (3.30) in Figure 3.6 and observe that the absence of the

intracellular compartment has the effect that the Brownian particle will spend

less time in the area defined by the direction ¢ = 0 and more time in the area

defined by the direction o = 7.
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3.5 Approximation of the Green’s function

3.5.2 Concentric Green’s function

An interesting case which we wish to investigate is the concentric case where
¢ — +0 in (3.25). We begin with the following prerequisite calculations:

he (T,0) by (T0,00) 4/ (cosh T — cos o) (cosh 1y — cos o)
d B d

-1
d d?
= 1+¢#£+i+d1 S+ 22
d? r 72

d

1
1 1 1 d d? cos o
X || =+ m+s+dt|—+41+=5] -
To a2 rg To rg

N as ¢ — 40, (3.31)

where we used the following identity:

—1
41, /1+% +< +M1+§)

2

-1
Ly /H+ L 4dt ( + 1+§>

2 Y

cosht =

=d

and d — +oo as ¢ — +0. Using appendix B.8 and (3.31) in (3.25) as ¢ — +0 we
obtain:

+oo +o0o

\/WZZ m7 Ny n+m P (cos )P (cos )

n=0 m=0
x cosm(p — ©o)Qn(r,10),

47TDG§3) (x0,X)

where (1,0, ) are the polar coordinates of x, (r¢, 0y, o) are the polar coordinates
of xy and:
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3.5 Approximation of the Green’s function

T2’Vl+1 +a2n+1

1+(2n+1)w
1+ (2n + 1) o

)

where ry; = max{r,ro} and r,, = min{r,ro} .

3.5.3 Hitting density on the cellular surface

Analogous to the two dimensional case discussed in Section 2.5, the density of the
hitting point on the cellular surface 0C, is given as a function of the Cartesian
angle 0, (here 05 is the angle defined by x € 0C5, i.e. the angle ZOx.x where x,
is the centre of the cell and O is the origin of the coordinate system):

3)
() = —D apa—n(X)
2

)

0C2

where n, is the unit normal outward vector to dC5 and

1
/ G\ (x0,x) dxo.
0C1

4da?

PO (x) =

Using (3.25) we write 47a?P®) (x) as:

T 3
¢/ / "o

(cosh 1y — cos ao)

+oo +oo
27rD nz; mzjo "+ m)! (n+m) Pl (cos0)
. Pm 27
y / (cos 0p) sin g _ doy / cosm(¢ — ¢o) dgo K {)(7, 70)-
0 (coshTy — cos UO) 0

We know that the integral:

2T
/ cosm(¢ — ¢o) dgo = 276,
0

and the fact that PY(z) = P,(z), we make use of Appendix C.4 to derive:

N

V2 (cosh Ty — cos o3)
ma? sinh 7

®(6,) =

o (nt3)m (n+ %)2
: ; sinh [(n+3) (1 — 72)] tanh 7 + 2 (n+ §) cosh [(n+ 3) (1 — 72)]’
(3.32)
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3.5 Approximation of the Green’s function

8 — ¢=0.25
W — ¢=0.5
— ¢=0.89
-
NS
= 4
W

T
p)
0,

Figure 3.7: Plot of £ (6,) comparing the numerical simulation with the approx-
imation obtained in (3.32) as a function of #y for ¢ = 0.25 , 0.5 and 0.89. The
lighter colours represent the analytic result and the darker colours represent the
numerical simulations. The numerical results have been obtained by having 10°
particles uniformly distributed on the sphere of radius a from Figure 3.1 and
recording their endpoint. The inset shows £ (6,) for ¢ = 0.89 and small values

of #5. For our simulations we have chosen the following parameter values: a = 0.1.

where
1+ cosbyv1 + d?
\/(1 + d? + cos /1 + d2)2 — d? (cos@z ++v1+ d2)2

09 = arccos

which we plot in Figure 3.7 and compare with numerical simulations for various
values of c. We observe that, as ¢ increases, the accuracy of our formula decreases

which is predicted by the approximation (3.20) we used to derive Gf’) (x0,X).

135



3.5 Approximation of the Green’s function

3.5.4 Mean time to hit the cellular surface

We use (3.25) to obtain the mean time T (91, a,c) by integrating the Green’s

function G§3) (x9,x) over the annular region C"

T1(3) (81,(1, C) R / G(3 (X07 )d

2w
— R / / / '(xo, x S””bd dedr, (3.33)
COShT cos )3

where xq € 0C is characterized by the angle 6, (here 6, is the angle defined by

x € JC1, i.e. the angle Z0x,x where x,, is the centre of the nucleus and O is

the origin of the coordinate system) and

a? + acos Va2 + d2
\/((12 + d? + acosbyva®+ d2)2 — d? (acosé’l +Va?+ d2)2

01 = arccos

In (3.33) the mean time 7% (6, a, ) is defined as:

T (01,0.¢) = B (1Y (x0))

= mean time for a particle starting at xy € 9C; to hit 9C5,
Here, t{¥) (x) is the random variable defined as follows:

tg?’) (xg) = time for a particle starting at xo on the cellular nucleus to reach

the cellular surface.

Making use of Appendix C.5 we determine the integral:

2w
& / / / (%o, %) sin ¢ > dodedr
Cosh T — coS a)

+o0o +oo

27TD (1,0 ZZ m P (cos o)

T1
X/
T2

/’T P (cos o) SlIlO'5 4o /2” cosm(é — o) do |

o ( 0
+00 T

= & he (T,0) Z M/ Un(T)Kf?L(T ) dT, (3.35)
n=0

w(r,m)dr (3.34)

cosh T — cos )2
2rD 2n+1

T2
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3.5 Approximation of the Green’s function

where
2 (n + %) sinh [(n + %) (1 — 7'2)]

G (r ) = ’
Ky (7, m1) sinh [(n+ 1) (1 — 72)] tanh 7 + 2 (n+ %) cosh [(n+ 1) (71 — 72)]

,n

and U, (7) is defined in (C.5). Furthermore, in (3.34) we have made use of the

following;:

- Pn . +00 m
/ ( (cos o) sma5 do — Z UN(T)/ P,(coso)Py(coso)sino do
. 0

coshT — cos )2 N0

The integral in (3.35) is given by:

/ Un(T)KSBL(T, ) dr =

; 23 (n + 1)

sinh [(n + %) (11— 7'2)} tanh 7y + 2 (n + %) cosh [(n + %) (1 — 72)}

e 1 (2n+3) (2n—|—1)e’("+%)T 2 o (nt+3)r

! 2)V S@En+1) | d

X/T2 sin {(n—i- 2) (T Tz)] 3 e +3( n+1) 5 7
(3.36)

where the last integral is difficult to solve analytically and we will make use of
numerical methods in our calculations.
Using (3.36) in (3.35) we obtain the mean time:

o 1(3)(917 a, C) =

S he (1,0) (n + 1) Py(cos o)
B2 Z sinh [(n + %) (11— 7'2)} tanh 7y + 2 (n + %) cosh [(n + %) (1 — 7'2)}
(Zn + 3) e—(n—f—%)T ge—(n-i-%)T

3 sinh? 7 3 sinh® 7

n=0

a2 o)

which we plot in Figure 3.8 and compare with numerical simulations. We ob-

dr, (3.37)

serve that the largest divergence of T} 1(3)(91,a,c) occurs for values of 6, = 0,7
(which in bispherical coordinates translate into oy = 0, 7) which is the value for
which the cosine in the prefactor h, (7,0) = v/cosh T — cos o obtains its maximum

magnitude.
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3.5 Approximation of the Green’s function

0.32
£
=
< 0.16}
&
&~
§|0: — exact

¢ ¢ numerical
O |

T
b
01

Figure 3.8: Plot of Tl(g) (01,a,c) as a function of #; where the red line is the
approximation (3.37) and the blue dots are numerical simulations. For this figure
we have used the following parameters: a = 0.1.

3.5.5 Average mean time to hit the cellular surface

We next obtain the mean hitting time Tl(g)(a, ¢), when the initial position xq is

distributed uniformly over 9C}. Firstly,

B T(3) 0 2 6)
00,0 = [ 000y, / / Ladsinor o
0C,

4dma? 4dma? cosh T — cos 01)?
(3.38)
which we evaluate, using Appendix C.4, to be:
2D 8v2rd?
_T1(3) (a’7 C) = \/_W
R? Ta

(n+3) e tmalng,
X HZ:O sinh [(n+ 1) (1 — 72)] tanh 7 + 2 (n+ %) cosh [(n+ 1) (1 — 72)]’
(3.39)
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3.6 Continued fractions expression of the Green’s function

where in the above we have used the fact that:

d

sinh 7

a,

and

e [ (o) -

We plot (3.39) in Figure 3.9 and we compare with numerical simulations. We

(2n + 3) e_("+%)7 N 2 e_("+%)7
3 sinh? 7 3 sinh®7

observe that the accuracy of our approximation decreases as a function of the
nuclear displacement ¢ which is because of the approximation we have made in
(3.20) in order to calculate Gf’) (x0,x). Additionally, the dependence of T; 1(3) (a,c)

on a and c is shown in Figure 3.10.

3.6 Continued fractions expression of the Green’s

function

From Figure 3.3 we observe that the assumption coshm > 1 we have made for
the nucleus does not hold for the cellular boundary characterized by 7. As a
result, we cannot obtain an approximation for Gg?’) (x0,x) and all the quantities
derived subsequently from it.

In this section, we will calculate the Green’s function éf’” (x0,x) and G§3) (x0, X),
averaged over the reflecting surface, and derive from them the first-passage prop-
erties such as the average mean time and hitting density. The reason we are
assuming uniform initial conditions, on the nucleus and cellular surface, is that

the method we will utilise to solve recursive relations of the form:
anAn—l + BnAn + ’YnAn—s—l == )\na

will require the coefficients «,,, 3, and 7, to have finite limits as n — 4o0.

However, we observe from (3.19), and from the fact that lirf P (coso) does
n—-+00

not exist, that the limits lim «,,,, lim f,, and lim ~,, do not exist and
n——+oo n—+400 n—r+00

we cannot make use of Theorem D.1.2.
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0.3
g3
S
)
=~ 0.15
QN
A& — approximation
e e concentric ®
¢ ¢ numerical
O | |
0 0.5 1
C

Figure 3.9: Plot of the average mean time T 1(3) (a,c) as a function of the dis-
placement of the nucleus ¢. The blue line represent the approximation (3.39),
the green dots represent numerical simulation and the red dot is the concentric
case (1.17) in rescaled coordinates. For this figure we have used the following

parameters: a = 0.1.

3.6.1 From nucleus to cellular surface

We begin with the case of reflecting nucleus and absorbing cellular surface:

~(3)
aacjll (X07X) = Oa X € 8017 (340)

1
G (x0,x) =0, x € ICs. (3.41)

The Green’s function Gf” (x0,x) can be written as Chen et al.:

Gf”) (x0,%x) = GS’) (x0,%) + GS’) (x0,X%) .
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1.0 0.35
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0.8
0.25
0.6 0.20
Q
0.4 0.15
0.10
0.2
0.05
0.0 — SN 0.00
0.001 0.01 0.1 1

a

Figure 3.10: Contours of 2D T ( ¢), the mean time for a particle, whose initial
condition is uniformly dlstrlbuted on the nuclear surface, to reach the cellular

surface, as a function of the dimensionless parameters a and c.

Integrating Gf’) (x0,x) over the sphere characterized by 75 we obtain the Green’s

function G f’) (x0,X):

d2 G(3)
G(3) Xo, / / XO, smao doodo

cosh To — COS 0¢)?
(x0, X) sin o

D) doodo
cosh Tp — COS 0)

2”/ G(3) (x0,x smao
0¢O7

(cosh 7y — cos 0p)?

where S is the surface area of the sphere characterized by 75. Making use of the

following identities:

G(3) (x0,X) sin o
D) doodo
(cosh g — cos o)
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3.6 Continued fractions expression of the Green’s function

_ #\/Emhz (7,0) f {A}l cosh Kn + %) T} + B sinh Kn + %) r} } P, (cos o)

n=0
x e~ (nt3)m

/ / (x0, X) sin oo dogpy = —d\/i hy (T a)fe(’”%)mf’ (coso)
coshTo—COSJO)2 00 Dginhry “ e "

X e*<”+%)|7*70|,

the Green’s function G2 (xg,x) can be written as:

. dv/2 o 1 1

3 __avs 1 4 1 -
SGY (x9,x) = DSinhT()hx (1,0) ng_O{An cosh [(n + 2) T:| + B;, sinh {(n + 2> 7':|
+ ef("Jr%)'T*TO‘}ef(’H%)TOPn(cos o). (3.42)

From (3.40) we deduce that:

Ze () {Al {cosh{( >¢1} sinh 7,
)] oty = coser)
]

+(2n + 1) sinh {(

afeaf(o-2)

+(2n + 1) cosh K +

1
2

sinh 7

71| (coshr, — coso)
)| |

N | —

+ [sinh 7 — (2n 4 1) (cosh 7, — cos o) e_("+§)(71_70)}Pn(cos o) =0,

which can be rewritten as:

Ze (nt3 {Alvl (n,71) — AL(2n + 1) sinh [<n+ %) 7'11 cos o
+ BV, (n,7) — BX(2n + 1) cosh [(n + %) 7-1] cos o

+ W (n,71) e ("F2)M=) 1 (20 4 1) cos ge (+3) (=) }Pn(COS o) =0,
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3.6 Continued fractions expression of the Green’s function

where Vi(n, ), Vo(n, 7)) and W(n, ) are defined in (3.13). Using the following
expansion of Legendre polynomials (Gradshteyn & Ryzhik, 2014, p.985):

n n+1

cos o P,(coso) = ot 1Pn_1(cos o)+ 1

P,i1(coso),

we obtain:

—+00

1 1

> e i ) o) < gz s (43 )
n=0

{ n n+1
X

- 1Pn_1(cos o)+ ST 1Pnﬂ(cos 0)] + BVs (n, )

1 n n+1
— BY(2 1 h — — P P
(2n 4 1) cos [<n+ 2> 7'11 {Qn—i— T 1(coso) + T 1 n+1(cosa)}

+W (n,m) e (MF2)m) 4 (9 4 7)o (H2) (o) { ;

ot 1 P,_1(coso)

n+1
—l—mpnﬂ(cos a)] } = 0.

Finally, we multiply the result by Py(coso)sino and integrate from 0 to w with
respect to o:

7(N+l)7'() .
2Vi (N, my)e V"2 AL~ sinh KN* %) 7'1] () 2N +2

2N +1 IN +1 N+1
1
: 1 (nv_1\. 2N oWy (n, 1) e (NF2)™
_s1nh{(N—§)7-1}e (N 2>02N_’_1A11V*1+ e B
3 C(N423)r 2N + 2
— cosh {(N—l— §> 7-1} o= (N+3) 02N+ 1Bll\f+1

1 (N—1)y, 2N
—cosh[(N—§> 7’1}6 (v 2)O2N—|—1B]1V71

__WINT) _(vet)yn 2N A2 (i) 2N (v-b)n

4
IN+1 2N + 1 v o B4)
where we used the orthogonality condition (Gradshteyn & Ryzhik, 2014, p.769):
T 2
ino P, Py do = O
/0 sino P(cos o) Py(coso)do T

From the Dirichlet boundary condition (3.41) we obtain using analogous methods:

1 1 1
A}V cosh [(N + 5) 7'2] + B}v sinh [(N + 5) 72] — _e*(NJrg)(‘rof‘rz),
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3.6 Continued fractions expression of the Green’s function

which allows us to express:

ef(N+%)(Tof‘1'2) 1
By = — —coth [ N+ = | | Ay (3.44)
M sinh [(N 4+ 1) ] 2

Consequently, we write (3.43) as a recurrence relation for A,:

ap AL+ BLAL AL = AL (3.45)

where, for convenience, we write N = n and setting 79 = 71:

) 20 (a1} cosh [(n — 3) (11 — 72)]

n 2n+1 sinh [(n — %)7_2} )
; 1
By =~ - e_(n+é>ﬁ{ sinh 7 sinh [(n +3) (71'1 — )]
2n+1 sinh [(n + 1)7]

+ (2n+ 1) coshy

cosh [(n + 3) (11 = 7)] }

sinh [(n + %)7’2]

= Me_(mr%)ﬁ cosh [(n + 3) (1 — )]
"o2n+1 sinh [(n + %)TQ} ;
W) (g 2052 (et 20 ()
2V (n’ 7—1) e_(n+%>7—1 e_(”‘*'%)(n—m)

2n+1 sinh [(n + %) TQ}

3 5. 2n+2 e ()Mo
—cosh [[n+= |7 e (n+3)n - 3
2 2n + 1 sinh [(n—i— 5) 7'2}

| T
— cosh {(n - —) 7'1:| e_(”_§>T1 no_¢ ’ :

2 2n+1sinh[(n— 5) 72i|.

The solution of (3.45) will be obtained by using the Green’s function method for
difference equations, which is analogous to the construction of solutions for dif-
ferential equations Love (1975); Milne-Thomson (2000). Let G}, v be the solution

of the difference equation:
arGran + BLGan + 7 Griin =0y, N=0,1,..., (3.46)

where ¢ is the Kronecker delta function. As a result, the solution of (3.45) is

obtained as:

—+o00
Ay = GunAy, n=01,.... (3.47)
N=0
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3.6 Continued fractions expression of the Green’s function

We construct the Green’s functions G, x by utilising the complementary differ-

ence equation for (3.46):
O‘:LGn—l,N + B}LGn,N + ’leLGn—I—l,N - 07 (348)

which has two solutions given by its characteristic equation. We denote the ratio

Gni1,8/Gny = A and letting n — +o00 in (3.48) we obtain
e 22)\2 — 2coshm A + e’ = 0,

which has solutions:
)\1 — eTl+2’7’2 /\2 — e—Tl+27’2.

Proceding with the solution of (3.45) we will use Perron’s theorem (see D.1.2)
which tells us that the ratios G411 v/Gn v and G,—1 n /G, n tend to Ay and 1/Xy,
respectively. Furthermore, the ascending and descending fractions can be written

as a function of o}, B! and ~} by making use of continued fractions (see D.2):

1
Guiin i1 _ 1 3.49
G - T ol = Pnt1s ( )
nN 1 'Yn-lil nt2
e s Y
n+2 ﬁn+3
1
Cnoin Fn1 = ¢l 3.50
Gnn oo Th—1% 2 = - ( ' )
n. — n— n—
n—l Bl _ Th—2%n_3
n—2 al'yl
Bl _A.A_J)Tl
n—3 50

where

We build the solution of (3.46) by using (3.49) and (3.50) in the following
way (Love, 1975, p.454):

1
Gn—HN = pn+1GnNa n > Na

1 (3.51)
Gn—lN = qn_lGnN, n < N.
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3.6 Continued fractions expression of the Green’s function

If we know Gy n then we will be able to determine G, y. As a result, we let
n = N in (3.51) and substitute Gy11x and Gx_1y in (3.46) obtaining:

1
anay_1 + BN + TNPN1

GNN =

Consequently, we have from (3.47) and (3.44) the following:

+oo
/\1
A%L:Z 11 ]1V 1.1 {5N+Hn_ le

Noo ONAN-1 T By + INPN 41 I=N+1
N-1
l=n
1 7(n+l)(T17T2) 1
B, = —e 2 csch n+§ Ty

e[ (e D) ] (1) o]

where H(x) is the Heaviside function:

Hiz) 0, ifzx<0,
€Tr) =
1, otherwise.

As a result, we write (3.42) as

4D (x0, ) = Y2 {Al cosh K %> }

a?sinh 7, 7'1

+Blsmh[( 2) }+ (et )'T—ﬂ'}e—("+%)T1Pn(cosa),
(3.52)

which we plot in Figure 3.11 and compare with numerical simulations.

3.6.2 From cellular surface to nucleus

Analogously, for the case of absorbing nucleus and reflecting cellular surface we

obtain:

4w DG (0, %) — d_\/ﬁhz (1,0) f {Ai cosh KnJr 1) T:|

sinh ‘ 2
n=
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3.6 Continued fractions expression of the Green’s function

numerical difference

BN T e | e e

0.0 0.7 1.4 -0.05 0.00 0.05

Figure 3.11: Plot of numerical simulation of Gf”) (x0,x) (left), analytic formula
(3.52) (centre) and difference (right). The initial condition is xo € JC; and
a=0.1,¢=0.5.

1
+ B’ sinh Kn + —> T:| + e (nra)lrml }e_(’”;)”f’n (coso),

2
where
Al = dnn + H(n — N) b
N=0 a?VQ?V—l + /6]2\f + 7]2\/'p%\/+1 ! I=N+1
N-1
+HN -n) [] qu},
l=n
1
B2 = —e () (=) ooy [(n + 5) 71}
9 1 1
— A; cosh n+§ 71 | esch n+§ | .
and
- O‘iﬂ
ntl 2 Tn+1%+2 ’
i Baia 7721+§an+3 -
Bn+3
2 ai—1
-1 2 _ Ta1% 2
n—1 2 T2 3
n—2 w22
B _g—r =0k
By
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3.6 Continued fractions expression of the Green’s function

In the above calculations we have made use of the following:

a, = 2—ne_(”_%)72 COSh'Kn —3) (n—n)] ’
"oon+1 sinh [(n — %) 71}

2 2 - n+% T2 : Sinh [(n + %) (7—1 B TZ)}
15} e (n+3) {sthg b [(n n %) 7_1}
cosh [(n + %) (1 — 7'2)} }
sinh [(n + %) 7'1} ’

22 = 2n + 2 o (n+2)m cosh [(n + %) (11 — 7'2)}

Too2n4+1

— (2n+ 1) cosh 7y

2n + 1° sinh [(n + %)7-1} ’
)\i _ _2W (TL,TQ)e—(m—%)TQ B 2n + 26_(n+%)72 _ 2n e_(n_%)ﬁ
2n+1 2n+1 2n+1

2V, (n, 12) e~ (n+3)m
2n+1 sinh [(n + %) 7'1]

_ cosh Kn+ 2) } 3211111;[{“?2 ) 7]

(o)

where n € NU {0}.

3.6.3 Hitting density on the cellular surface

The hitting density of particles incoming from the nucleus is given by:

8G (Xl, )

3) —
c (92) ang

dCs
which gives, after simplification:

1 400

h7y —coso 2
(3)0 (COS 2 2 |: V
3 = E A TL T2, O —|—B V n, T, 0
(2) \/— sinl ) — 1 2 2) 2( 2 2)

+ W (n, 1, 09) e_(”+2)(”_”)] e~ (nt2)m P, (cos o), (3.53)

where

1
Vi(n,ma,00) = Vi (n,7) — (2n+ 1) sinh [(n + 5) 7'2] COS 09,

148



3.6 Continued fractions expression of the Green’s function

8 — ¢=0.25
— ¢=0.5
— ¢=0.89
~
S
= af
W
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0 3 ™
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Figure 3.12: Plot of £ (6,) comparing the numerical simulation with the analytic
result obtained in (3.53) as a function of 6, for ¢ = 0.25,0.5 and 0.89. The inset
shows @) (6,) for ¢ = 0.89 and small values of f,. The lighter colours represent
the analytic result and the darker colours represent the numerical simulations.
The numerical results have been obtained by having 10° particles uniformly dis-
tributed on the sphere of radius a from Figure 3.1 and recording their endpoint.

For our simulations we have chosen the following parameter values: a = 0.1.

_ 1
Vo (n, 1o, 09) = Vo (n, ) — (2n + 1) cosh [(n + 5) 7—2:| COS 09,
W (n, T3, 09) = sinh 75 + (2n + 1) (cosh 75 — cos ay)

and

1+ cosbyv1 + d?
\/(1 + d? + cosOv/1 + d2)2 — d? (cos@z +v1+ d2)2

In calculating (3.53), we made use of (3.52) and Appendix C.1, and we plot

09 = arccos

£®) (#,) in Figure 3.12 for several values of ¢ and compare with numerical simu-
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0.3
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)
=~ 0.15 L
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Sl —  exact
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¢ ¢ numerical
O | |
0 0.5 1

C

Figure 3.13: Plot of the average mean time Tl(3) (a, c) as a function of the diplace-
ment of the nucleus ¢. The blue line represents the approximation (3.39), the
black line represents the analytic solution (3.54), the green dots represent numer-
ical simulations and the red dot is the concentric case (1.17) in rescaled coordi-
nates. For the numerical simulations we have used G.6.1.1 and this plot has been
obtained using G.6.2.1. For this figure we have used the following parameters:
a=0.1.

lations. We observe that as ¢ increases the density £®(6;) becomes bimodal in

an analogous way to the two dimensional case from Figure 2.15.

3.6.4 Average mean time

We next obtain the mean hitting times, T? (a,c) and T3 (a, c), when the initial

position xq is distributed uniformly over 0Cy and 0Cs, respectively. Firstly,

7% (q, ) R2d3/ / / (0, x Sm“d dedr,
(coshT — coso)?
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3.6 Continued fractions expression of the Green’s function

which we evaluate, using Appendix C.4, to be:

2D _ 4rd® I )
@ === et (3.54)
n=0

where the function I! is given by:

T1 1 1
Li = / {Ai cosh [(n + 5) ’T‘| + Bé sinh [(n + 5) T] + e—(n+;)(n—r)}
T2

(2n 4 3) e ("+3)7 ge—("+3)T] ]

+
3 sinh? 7 3 sinh® 7

We plot Tl(g) (a,c) in Figure 3.13 where we compare with numerical simulation
and with the approximation we obtained in (3.39).
Analogously, the mean time for a particle, whose initial condition is uniformly

distributed on the cellular surface, to reach the nucleus is given by:

2D 3) 3+OO —(n+3)m 2
Ly (a,0) = drd Y erlrta)mre (3.55)

n=0

where

T1 1 1
ID = / {Ai cosh [(n + 5) 7'1 + B2 sinh [(n + §> T] 4 e—(n+§)(7_72)}
T2

(2n +3) e ("F3)7 ge(’”g)fl ]

X

3 sinh? 7 3 sinh® 7

which we plot in Figure 3.14 where we compare with numerical simulations and

with the approximation obtained from Condamin et al. (2007) (see (1.85)):

2D - 2
T(3),C

R2? 3a

1+~ alog—t 4 C 0

alo a .
11— T 2

When plotting Tl(3) (a,c) and T. 2(3) (a,c) we observe that the former converges

much faster the latter to the numerical simulations and, as a result, more terms

are required for the sum in (3.55) and in the depth of the continued fractions in

p2,, in order to plot T2(3) (a,c). This number of terms needed is an increasing

2

2 and 2 grow

function of ¢ and given that the terms in the coefficients o2,
exponentially the plot was segmented with different number of terms used for

different regions of c.
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Figure 3.14: Plot of the average mean time T2(3) (a,c) as a function of the dis-
placement of the nucleus ¢. The blue line represent the approximation (3.39),
the black line represents the analytic solution (3.55), the green dots represent
numerical simulation and the red dot is the concentric case (1.18) in rescaled

coordinates. For this figure we have used the following parameters: a = 0.25.

3.6.5 Mean round-trip time

Calculating the total mean time for a Brownian particle to return to the nucleus
given that it has touched the cellular surface is difficult and we will make use of
an approximation. Let {0%};cq01,.. nv—1} be a discretization of the interval [0, 7]
(see Figure 3.15).

‘ 1 N -1
{eé}i6{0,17...7]v_1} = {()’ T X N’ R } '
Consequently, we create the following vectors:

V= {Tz(g)(‘gé, a, C)}ie{0,1,~~-,N—1}a W = {53(‘9§)}ie{0,1,~.-,N—1};
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3.6 Continued fractions expression of the Green’s function

Figure 3.15: Diagram of the discretization of the spherical 85 angle used to obtain

. : 3
a semi-analytic mean time 75" (c).

where T (9,,@ ¢) is the approximation provided by Condamin et al. (2007)
and £® (6;) is the hitting density deduced in (3.53). As a result, the mean
time, starting on the cellular surface with initial distribution £® (6), can be
approximated by:

9 N—

—T5% (a,¢) Z ()T (6, a, ) sin 62, (3.56)

i=0

which we plot in Figure 3.16 where we compare with numerical simulations. We
deduce from Figure 3.14 and 3.16 that, while TZ(?’)(a, c) is an increasing function
of ¢, T5*(a,c) is a decreasing function which is explained by the fact that the
initial position of the Brownian particle, on the cellular surface, is concentrated

at the point of shortest distance to the nuclear surface (see Figure 3.12).
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Figure 3.16: Plot of the mean time 75 as a function of the displacement of the
nucleus c¢. The blue line is the semi-analytic solution obtained in (3.56), green dots
are numeric simulations and the red dot is the concentric case (1.18) in rescaled

coordinates. For this plot we have used the following parameters: a = 0.1.

3.7 Discussion

In this chapter we have derived the Green’s function, using bispherical coordi-
nates, under two scenarios: (i) approximation and (ii) exact. For the approxima-
tion we have made use of the fact that the prefactor h, (7,0) = \/coshT — coso
can be approximated as h, (1,0) ~ Vcosh 7 when 7 > 0. This approximation is
useful for calculating G\ (xo,x) but not G (xq,x). From the Green’s function
we calculate the first passage properties of diffusion from the nuclear surface to
the cellular surface: hitting density (3.32), mean time (3.37) and average mean
time (3.39).

We observe, from Figure 3.9, that as the displacement of the nucleus ¢ increases
1

the accuracy of our approximation (3.39) for T, (a, ¢) decreases when compared
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Figure 3.17: Plot of the distribution of t*f’) in the upper plane and the plot of the
distribution of #23) in the lower plane. The blue lines are numerical simulations for

which we have chosen the following parameter values: a = 0.1, ¢ = 0.45, D = 0.5.

with numerical simulations which is consistent with the approximation (3.20) we
used to obtain our results.

The existence of a Neumann boundary condition leads to the appearance of a
second order difference equation which we solve by using the Green’s function

method for difference equations, which allows us to calculate the Green’s function
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3.7 Discussion

for two scenarios: (i) diffusion from the nuclear surface to the cellular surface and
(ii) diffusion from the cellular surface to the nuclear surface. A limitation of this
method is that it is only applicable when the initial position of the Brownian
particle is uniformly distributed on the surface of the nucleus or of the cell,
respectively.

In order to obtain the Green’s function with uniform initial condition over the
surface of the nucleus and of the cell, Gf’) (x0,x) and Ggg) (x0,X), respectively,
we make use of Perron’s theorem and continued fraction expansion. From the
Green’s function we calculate the first passage properties of diffusion from the
nuclear surface to the cellular surface: hitting density (3.53) and average mean
time (3.54). Analogously, we derive from (;§3) (x0,x) the first passage proper-
ties of diffusion from the cellular surface to the nuclear surface: average mean
time (3.55). We notice from Figure 3.13, when comparing the average mean time
of diffusion from the nuclear surface to the cellular surface, that unlike our ap-
proximation (3.39), our analytic formula does not decrease in accuracy as the
displacement of the nucleus ¢ increases. To our knowledge, the analytic formula
for Gf’) (x0,x), and all the derived quantities, is unique to the literature.

We derived a semi-analytic formula for the mean round trip time (Tl(?’) + Ty ’3> (a,c)

from the approximation derived by Condamin et al. (2007) for T: 2(3) (f2) and our
analytic formula (3.53) for £® (6,). We notice from Figure 3.16 that T3 (a, c) is
a decreasing function of ¢ as opposed to T2(3) (a, ¢) which is an increasing function
of ¢. This is because the Brownian particles diffusing from the nucleus are more
likely to arrive at the point of the cellular surface which is closest to the nucleus,
and, as a result, the mean time for the particle to arrive back to the nucleus is
smaller than the case when its starting position is uniformly distributed on the
cellular surface.

The dependence on a and ¢, of the approximation T1(3) (a,c), is shown in Fig-
ure 3.10 from which we deduce that the average mean time Tl(g) (a,c) is a de-
creasing function of a and ¢ which is intuitively correct given that a Brownian
particle will take a longer time to reach a cellular surface if the staring point is
farther away from the absorbing surface.

Our formulas have applications in mathematical immunology to estimate the

mean time for a transport molecules (for example STAT molecules Imada &
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Leonard (2000); Kerr et al. (2003); Speil et al. (2011); Vinkemeier (2004)) to
start a immune reaction by transporting a signal molecule from the surface of the
cell to a intracellular compartment.

The higher order moments of tfﬂ (x0) and 2?(23) (xg) should be the focus of extending
the results from Chapter 2. We observe from Figure 3.17 that the distribution of
1Y (x) is wider around the mean than the distribution of #{” (xo) from which we
deduce that T2(3) (a, ) does not capture the most important aspects of Brownian
motion from the cellular surface to the nuclear surface. The activation of many
processes inside a cell requires the arrival of a single molecule at a target site and
in this context the relevant timescale is given by the extreme first passage times
(i.e. the time at which the first Brownian searcher reaches a target) Basnayake
& Holeman (2020); Lawley & Madrid (2020); Mattos et al. (2012).

Future work should be on modeling Robin boundary conditions for nuclear or
cellular surface given that the reacting surface may itself contain absorbing and
reflecting regions. Additionally, future work should be done on expanding the
mean times and average mean times in powers of a and comparing with the

formulae derived from Condamin et al. (2007) in a similar fashion to Chapter 2.
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Chapter 4

Simulating intracellular
distribution of Coxiella burneti

assay

4.1 Introduction

An experimental procedure designed to measure a property of a system in fields
such as pharmacology and medicine is often called an assay. In this Chapter, we
develop a theoretical model of an assay carried out at the Defence Science and
Technology Laboratory (Dstl) to measure intracellular bacterial load of THP-1
(monocytic cell line derived from the peripheral blood of a childhood case of acute
monocytic leukemia Bosshart & Heinzelmann (2016)) human monocytes exposed
to Cozxiella burnetit bacteria.

Coxiella burnetiiis the agent of QQ fever and is transmitted as a zoonotic pathogenic
agent to humans (sheep, goats, and cattle are the main source of infection)(Dalton
et al., 2014, p.60). The pathogenic agent was used in the biological weapons pro-
gram of the United States and Soviet Union, and is classified as a Category B
pathogen by the Centers for Disease Control and Prevention (CDC) Madariaga
et al. (2003). In infected humans, Coziella burnetii is phagocytosed by immune
cells such as monocytes and macrophages which are then subsequently subverted
by the bacteria which replicate intracellularly. The importance of Coziella bur-

netii is given by the consideration of it as a prototype in cell-free culture for
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4.1 Introduction

bacterium, which replicate inside eukaryotic cells Dalton et al. (2014).

In the experiments performed by Dstl, a cylindrical well is filled with a composite
medium of 90% Leibovitz’s L-15 Medium and 10% fetal calf serum containing
Coxiella burnetii bacteria. Monocytes are distributed on the base of the cylin-
drical container. After 24 hours, fluorescence microscopy reveals the location of
intracellular and extracellular bacteria (see Appendix E.1).

An important parameter is the multiplicity of infection (MOI): the ratio of the
total number of bacteria initially in the medium to the total number of monocytes
on the well bottom. Let the number of monocytes be Ny and the the initial

number of bacteria be M, then
M() = MOI x No.

In our theoretical model, we assume a cylindrical container of radius b and height
h. We assume that Coziella burnetii bacteria are, initially, uniformly distributed
in the medium and they diffuse with diffusion coefficient D until they are phago-
cytosed by the monocytes. The monocytes form a monolayer on the bottom of
the well (see Figure 4.1). We assume that the bacteria do not stick to the walls
of the well.

The monocytes are assumed to be disks of radius r,, on the bottom of the vessel.
The distribution of 7, is shown in Figure 4.2 from the experimental data provided
by Dstl.

We assume that the height of the assay well is given to be h = lcm and the
radius of the well horizontal cross-section b = 1/y/mcm. The initial number of
monocytes distributed on the well bottom is assumed to be Ny = 1.5 x 10° and
the multiplicity of infection is MOI = 2 x 10%2. Finally, we assume that the
Coxiella burnetii bacteria diffuse with diffusion coefficient D = 0.5cm?s~!. The
parameters used for the assay simulation are shown in table F.1. A graphical
representation of the assay experiment is shown in Figure 4.1.

We want to determine the intracellular distribution of phagocytosed Coziella
burnetii at any point in time and for that purpose we will make use of boundary
homogenisation: the bottom of the vessel can be assumed to be a reflecting surface

(given that the bacteria do not stick to the assay well) covered with absorbing
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g

Figure 4.1: Diagram of the assay well where b is the radius of the cross-section and
h is the height of the well. The red circles on the bottom denote the monocytes

distributed in a monolayer.

disks, which can be approximated to a homogeneous surface using methods which
we will discuss below.

In this chapter we will be using the following boundary conditions which are
equivalent Barton (1989); Bou-Rabee & Holmes-Cerfon (2020); Erban & Chap-
man (2007):

e Dirichlet boundary condition = absorbing boundary.
e Neumann boundary condition = reflecting boundary.

e Robin boundary condition = partially reflecting/absorbing boundary.

Numerical simulations highlighted in Appendix E.3 are used to validate our re-

sults.

4.2 Literature review

Problems arising when diffusing particles are captured by patchy surfaces are

ubiquitous in physics, biology and chemistry. A sample includes ligand bind-
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Figure 4.2: Histogram of the radii r,, of monocytes which are assumed to be disks

on the bottom of the well (experimental data provided by Dstl).

ing to cell surface receptors, electric current through arrays of electrodes, reac-
tions on supported catalysts and water exchange in plants. Of particular inter-
est are reflecting surfaces covered with non-overlapping circular absorbing traps
(Berezhkovskii et al., 2004, p.11390).

The method of matched asymptotic expansion has been used extensively to study
narrow escape problems when the absorbing target is a absorbing circular hole
located on a otherwise reflecting boundary. This is because when the absorbing
hole shrinks to zero the mean time to absorption diverges to infinity and the
narrow escape problem becomes a singular perturbation problem and is solved
by using asymptotic expansions Holcman & Schuss (2015); Schuss et al. (2007);
Singer et al. (2006b). Matched asymptotic expansion has been used to calculate
the diffusive flux to a boundary covered by circular absorbers in the case of a
flat boundary Bernoff & Lindsay (2018); Bernoff et al. (2018) and a spherical
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boundary Lindsay et al. (2017).

The problem of periodic absorbers located on a reflecting boundary has been in-
vestigated extensively using boundary homogenization Berezhkovskii et al. (2006);
Bernoff et al. (2018); Muratov & Shvartsman (2008).

Eun (2018) calculated the rate constant of a cell membrane covered by multiple
receptors by using surface curvature-dependent kinetic theory with a correction
for the asymptotic behaviour as the fraction of the surface covered goes to 1.
Partial differential equations with heterogeneous boundary conditions are difficult
to solve analytically and, as a consequence, boundary homogenisation is used to
solve these problems. This entails replacing the heterogeneous patchy surface with
a homogeneous partially absorbing surface with appropriate trapping parameter
K as seen in Figure 4.3.

A key strength of boundary homogenisation is its universality, that is, it can be
used to solve both internal and external problems where particles diffuse to a
trapping surface from inside and outside of a region, respectively. Furthermore,
this method can be used to solve both steady state and time-dependent problems
Berezhkovskii et al. (2004).

Boundary homogenisation belongs to a class of methods called “effective medium
theories” which treat phenomena in non-uniform media by changing the real
medium with a fictitious uniform media with adequate parameters. The fun-
damental idea behind boundary homogenisation is that non-uniform boundaries
affect a relatively small neighbourhood near the surface and, as a result, the mem-
ory about the local properties of the boundary declines as a function of distance
from the boundary (Berezhkovskii et al., 2004, p.11390).

Berg and Purcell (Berg & Purcell, 1977, p.194-196) analysed the binding of ligand
to receptors on the surface of a cell which they approximated to a sphere of
radius R, covered with Ny perfectly absorbing disks of radius r,,, where they
assumed that r,, < R. They used the analogous problem, from electrostatics,
of an insulating sphere of radius R covered by Ny conducting disks of radius r,,

connected by infinitesimal wires to derive the diffusing current to the sphere:

Nokaisk
ksur + Nokais’

J =kppCoo, kpp =ksu
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A B

@ Homogenisation ©
>

Figure 4.3: Graphical representation of boundary homogenisation. The hetero-

geneous boundary condition on surface A is replaced by a homogeneous partially
absorbing boundary in B with trapping rate x. On surface A, the boundary
conditions are p(r,t) = 0 on the red circles and Vup(r,t) = 0 on the rest of
the boundary, where p(r,t) is the particle density and n is the unit normal out-

ward vector to the surface. However, the boundary condition on B is given by
DV ,p(r,t) = kp(r,t).

where J is the steady state diffusion current and c., is the ligand concentration
sufficiently far from the cell surface. The Berg-Purcell rate constant kgp is the
product of the Smoluchowski rate constant kgy = 4mDR (which is the forward
rate constant for ligand molecules diffusing to the cell surface (Lauffenburger &
Linderman, 1993, p.147)), and the capture probability of a particle starting on
the surface of a sphere of radius R with trapping rate kpp = Nokg;sr /47 R? where
kaisk. = 4D, is the rate constant of a perfectly absorbing disk of radius a placed
on a perfectly reflecting plane (the number of disks per unit area is Ny/4mR?
and if the disks are sufficiently far apart then kgp can be approximated as the
product of kgsr and the number of disks per area) (Shoup & Szabo, 1982, p.33).
We rewrite the Berg-Purcell trapping rate:

4D Nor2,
Kpp = —0, 0= —>=
Ty 4R? "’

where o is the fraction of the spherical surface covered in absorbing disks. This
formula has been improved by Zwanzig (Zwanzig, 1990, p. 5857) to arbitrary

surface coverage:

1 4D o
Kpp = — .
1—-c PP 7al-0o
Berezhkovskii et al. (Berezhkovskii et al., 2004, p.11391) used the following no-

tation for the trapping rate:

Rzw =

- %F(U), (@1)
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where F'(0) is a dimensionless function of the trap-coverage fraction. Thus, the
problem of boundary homogenisation consists of finding the appropriate function
F for a patchy surface with trap surface fraction o.

We observe that the boundary is perfectly absorbing (F' — 400 = k — 400,
see Appendix E.2) when o — 1 and perfectly reflecting (F' — 0 = k — 0) when
o — 0. Furthermore, from (4.1) we observe that xk — +o0o when r,, — 0 and o
is held constant, which means that the boundary behaves as perfectly absorbing
when the disks cover a small fraction of the surface. For example, a cell of radius
R = 5um covered with Ny transport proteins of radius 7, = 10A (where 1A=1
angstrom = 107'%m) can absorb at half the rate of a perfectly absorbing sphere
when o = 1.6 x 107*(Berg, 1993, p.33).

From the Berg-Purcell and Zwanzig formulae for x we observe that:

o

FBP(O'):O', FZW(U):

)

1—0

where Fpp(o) is only valid for ¢ < 1 while Fzy (o) captures the asymptotic
behaviour as lelir(l) Fzw (o) =0 and lel_}H{ Frw (o) = +00.
Berezhkovskii et al. (Berezhkovskii et al., 2004, p.11392) proposed the following
formula for F":

o

F(o) = —7—(1+ Ad®),

1—0
where the parameters A, B where obtained by using numerical simulations to
calculate the mean time for a diffusing particle to be absorbed by a partially
reflecting surface and related the numerical result to the analytic formula for the

mean time which is a function of k. As a result, the function F' becomes:

o

F(o) (1+3.80%).

T 1-o¢
The use of these formulae for boundary homogenisation is justified when the trap
radius r,, is much smaller than the characteristic length R of the boundary (in
the case of a sphere it is the sphere radius).

In the case of non-overlapping disks of different radii we take advantage of the
fact that F'(0) only depends on the trap-coverage fraction and not on the disk

radius. This allows us to derive a formula for the effective trapping rate x for a
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patchy surface covered by Ny absorbing disks of varying radii r , i € {1,..., No}
(Makhnovskii et al., 2005, p. 236102):

4D g;
ilor, - on) = —F(0) >, (4.2)
where
No
g = Zai7
i=1

and o; = 7 (r )’ n; is the surface fraction occupied by n; disks of radius r' .

We introduce the following notation:

and we rewrite (4.2) as :

(o, ... 0N,) = Z viki(o), (4.3)

where v; = 0;/0 is the relative fraction of the surface covered by disks of radius

i .
ry, and:

No
E Vv, = 1.
=1

We will use this formula for the rest of this chapter when discussing boundary
homogenisation. We plot & as a function of Ny in Figure 4.4 where the radii r¢,
are sampled from the data provided by Dstl (see Figure 4.2). Given the fact that
the radius of a monocyte is a continuous variable the chance of duplicates in the
experimental data provided by Dstl is very unlikely. As a result, the number

disks of radius r is n; = 1 and the trapping is given by (4.3) is:

No g% Tin
K= %F (Wz (rﬁn)2> NZOL (4.4)
T Sy

i=1
Using (4.4) and the monocyte radii data provided by Dstl we obtain the trapping
rate k &~ 762 cm/s for Ny = 1.5 x 10° monocytes, which we will use in our sub-

sequent calculations. In the remainder of this chapter, boundary homogenisation
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Figure 4.4: Plot of the trapping rate « as a function of Ny where Ny is the number
of absorbing traps. The blue line represents the formula derived in (4.2). The
radii 7’ are sampled from the experimental data provided by Dstl (see Figure
4.2).

is discussed in the context of producing a mathematical model of assays with the
hope of obtaining the intracellular distribution of bacteria phagocytosed during
the experiment. The homogenised boundary will have Robin boundary condition
and we will highlight this type of boundary in the case of one dimensional diffu-
sion in Section 4.5. The assay experiment was described in Section 4.1 and we

apply boundary homogenisation deriving the relevant results in Section 4.6.

4.3 Diffusive current

Following the example of Berg (Berg, 1993, p.33), we want to investigate how
many traps must be placed in order that the absorption rate be half that of the
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Figure 4.5: Electrical model for the problem of Ny absorbers of radius s on the
bottom of an assay of radius b and height h, the problem illustrated in Figure
4.1.

case when the boundary is fully absorbing.

Consider the case when the top of the assay well is a constant source of new
bacteria (i.e. p(x) =1 at x = 1, where p(z) is the particle concentration). We
define the diffusion current to be the rate at which bacteria are absorbed by the
monocytes at the bottom of the assay and we wish to calculate the ratio /I,
where Iy and [ are the diffusive current when the bottom of the assay is absorbing
or covered with absorbing circular traps, respectively.

The problem is formally equivalent to the one in electricity where current flows
through a medium of finite resistivity to Ny conductive patches on an otherwise
insulated surface (see Figure 4.5) (Berg, 1993, p.31-33). The concentration p is
analogous to the voltage V' and using Ohm’s law, which states that the current
through a resistor is equal to the potential drop across its terminals divided by
its resistance, we derive that I = p/ R, where R, is the diffusion resistance.
Exploiting this relation, we note that the diffusion resistance for diffusion in the

cylinder is Ry, = h/D7b? and the diffusion resistance for one of the traps of radius
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0 : 1000 2000

Figure 4.6: The diffusion current fraction I/ as a function of the number N
of disk-like absorbers on the bottom of the assay. The blue line represents the

formula derived in (4.5).

sis 1/4Ds. As a result, the total resistance of the circuit is:

R, h—2oh 1
fe = Bnon + N, Dnb? + 4ADN,s’

Given that dh < h the resistance becomes:

h s
o~ (1 )
R Drb? ( i 4hNos)

Consequently, the ratio of the diffusion current is:

I 1

T
Iy 1+ ThNos

(4.5)

Denoting the diffusive current fraction by a we obtain the number of traps:

1 a 7b?
- NS = —. 4.6
I @= Mo 1—«adhs (4.6)
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We want to know how many traps have to be placed on the bottom of the assay
in order to obtain a value of the diffusion current half of the case when the entire

assay bottom is absorbing. Using o = 0.5 and s = E [r,,,] in (4.6) we obtain:

1 qb?
Ny = — =302,
O " 4hs
1
which means that just o = TNZE ([rm])” ~ 6 x 10~* of the surface of the assay
well is covered with traps.
Interestingly, letting Ny = 1.5 x 10° we obtain /I, ~ 0.997 which means that
in our experiment the bottom of the assay well is equivalent to fully absorbing

boundary.

4.4 Monocyte surface coverage

A quantity of importance for our analysis is the fraction ¢ of the bottom surface
of the well covered with Ny = 1.5 x 10° monocytes of radius 7, (see Figure 4.2).
In order to estimate o we begin with Figure 4.7(a), provided by Dstl, and using
the image processing program ImageJ we obtain Figure 4.7(b) by making use of

the following sequence of commands:

1. Plugins—Filters—Enhance Local Contrast (blocksize:60; histogram bins:256;

maximum slope:6.00);
2. Process—Smooth;

3. Plugins—Filters—Enhance Local Contrast (blocksize:20; histogram bins:256;

maximum slope:6.00);

4. Image—Adjust—Brightness/Contrast— Contrast such that the lower limit
is 55 and the upper limit is 198;

5. Save as a .jpeg.

We observe from Figure 4.7(b) and 4.8 that the interior of the cells are charac-
terised by low grayscale values and the cellular boundaries are characterised by

high grayscale values. We plot the distribution of the grayscale values of 768 x 768
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pixels of the transformed image from Figure 4.7(b) in Figure 4.8 and observe
that the distribution is symmetrical. Additionally, we observe that the grayscale
values are concentrated at the endpoint of the range with a local maximum at
medium values of the grayscale. We observe that the points which separate the
cellular from the extracellular domain are represented by the points where the
grayscale distribution obtained its local minima. Because we utilise the Python
code G.1 to obtain the cumulative distribution function of the grayscale interval
[0, X] U [255 — X, 255], shown in Figure 4.9, these two points will overlap into a
single point, due to the symmetry of the distribution, and are determined by the

value of X for which:

d2
dX?
where CDF (x) is the cumulative distribution function of the grayscale distribu-

CDF(X) =0,

tion shown in Figure 4.8. As a result, we observe that for X = 15 the second
order derivative in X becomes zero and we obtain o ~ 1/3. To justify our choice
of X = 15 we use Python code G.2 to produce Figure 4.10 in which every pixel
in the set [0, X] U [255 — X, 255] is coloured red and all other pixels are coloured
blue. We observe that the red pixels coincide with the monocytes from Figure
4.7(b). Additionally, our estimate of o is also consistent with experimental data
provided by Dstl which gives:
_ Noxn(E [r])?

= ~ (0.322.
4 mbh?

For our analysis we choose the value of 0 = 1/3 as the surface fraction of the

bottom of the well covered with monocytes.

4.5 One dimension diffusion equation

We are interested in how the position of a particle, starting uniformly on a in-
terval [0, h|, changes with time due to diffusion. The boundary conditions are
the following: Robin boundary conditions at x = 0 and Neumann boundary con-
ditions at z = h. Let p(x,t) be the density of particles at position = at time ¢

given that their initial position is distributed uniformly on the interval [0, h]. As
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4.5 One dimension diffusion equation

(a)

Figure 4.7: Image of the cells on the bottom of the well provided by Dstl (left)

and the same image after being transformed using ImagelJ.

a result we have:

9]
! (z,t) = DV2p(x,t),

with boundary and initial conditions, respectively:

0
_ = Vt >
D —p(z,t) - kp(0,1), t >0,

0
— t = t>
pe (z,t) 0, Vt>D0,

r=h
1
p(x,0) = 7 for z € (0, h).

(4.8a)
(4.8b)

(4.8¢)

We look for a separable solution of (4.7) of the form p(z,t) = X(z)T(¢) and as a

result the diffusion equation becomes after simplification:
XdJy szx
Ddt =~ da?
Multiplying equation (4.9) by x% we obtain:

14y _ 1
DT dt X dz?’
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grayscale

Figure 4.8: Distribution of grayscale values of Figure 4.7(b). We calculate the
grayscale value for each pixel and we obtain the distribution of these values. The
light red regions represents the monocytes, while the light blue region represents
the bottom of the assay well.

We observe that the left-hand side of (4.10) is a function of ¢ while the right-hand

side is a function of z and we deduce that:

1dT 14X |,
DT dt X da? ’
where \ is a constant. Here we choose the constant to be —\? in order to en-
sure that the time function does not grow exponentially and as a consequence
the density p(z,t) will be finite when ¢ — 400 (the particle will eventually be
absorbed and as a result p(x,t) — 0 when t — +o00,Vz € [0, h], see Section 1.3).
The time equation is:

1dT
S £ )
T dt ’
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T
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Figure 4.9: Cumulative distribution function of the grayscale interval [0, z] U
[255 — x, 255] of Figure 4.7(b).

which has the solution:
T(t) = Ce NPt (4.11)

where C' is a constant.

Solving the x equation we obtain:

42X
) + A2X = 0= X(x) = Acos(\z) + Bsin(\z).
Given the boundary condition (4.8a) and (4.8b) we deduce the following:
9, dX
D < - DS = kX
pr(x’t) » kp(0,t),Vt > 0 = | kX (0),
0 dX
—p(b,t) =0,Vt > 0= — =0
87’p( ) =0¥>0= de|,_,
which gives us:
dX DAB
D — =kX(0) = DAB=rkA= A= :
dz |,_, K
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Figure 4.10: Heat map of Figure 4.7(b) where all pixels whose grayscale value is
contained in the interval [0, 15] U [240, 255] are coloured red and all other pixels

are coloured blue. This figure was obtained using Python code G.2.

dX

dr |,_,

= 0= —AXsin(A\z) + BAcos(Az) = 0.

As a result, the x component turns out to be:

D
Xn(x) = % cos(A\,x) + sin(A\,x), n € NU{0}, (4.12)

where )\, is the n-th root of:

% sin(Ah) — cos(Ah) = 0. (4.13)

Using (4.11), (4.12) and the principle of superposition we write p(x,t) as:

+oo
D 2
p(z,t) = Z A, [% cos( M) + sin(\,z) | e P (4.14)
n=0
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4.5 One dimension diffusion equation

where A, ’s are coefficients to be determined. From the initial condition (4.8¢) we

have: .
1 = D\, . 1
p(z,0) = » = nz_o A, [T cos(Ap,z) + sm()\nx)} = (4.15)

We multiply (4.15) by X,,(x) integrate from 0 to h with respect to x obtaining:

+oo h 1 h
ZA,Z/ mendx:—/ X,, dz.
0 h 0

n=0

The right-hand side is calculated to be:

/Oh X () dr = /Oh [DAm cos(Apz) + Sin()\mx)] da

K
D h h
- )\m/ cos(/\mx)dx+/ sin(\,,x) do
ko Jo 0
DX, [sin(Ayz) h [ cos(Amz) 4
B A o Am

K 0

sin(A\,h) — COS()\mh):| + )\i

m

1 [DA,
A K
1

(4.16)

A
where in the penultimate line we have used (4.13) and, which gives us the follow-
ing:
o0 h
ZAn/ XXy dz = ——. (4.17)
0

If n # m then we have:

h h
D
/ XX, do = / {D)\" cos(A\,x) + sin()\nx)] [ A cos(Apx) + sin(A\,x) | dx
0 0

K K

D2\ A " DX, ["
= = m/ cos(An2) cos( A1) dm—i——/ cos(A\,z) sin(\p,x) dx
0 k- Jo

12
D)\ h h
+ —= / cos(Apz) sin(A,x) do + / sin(A,z) sin(A,,x) dx
k- Jo 0
D | [sin[(A, — Am)a]]" L[5 [ + Aw)al h
o 2k? An — Am 0 An + A 0
~ DAy ) [eos [(Am — An)7] " L [cos (A + A )] 1"
2K /\m - )\n 0 /\n + /\m 0
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4.5 One dimension diffusion equation

S )
— A

AP e
_ D2\ [sin )\ —)\ )] +sin[()\n+)\m)h]}

2K2 )\n+)\m
-5 {cos (A — An)h] . cos [(An +>\m)h]}

_ Dx, {cos [(An — Am)h] 4 cos [(An + Am)h] }

2K A — Am An+ A

+ _{Sm (A = Aw)h]  sin[(An + Au)h] }
21 A A+ Am

cos [(An, — Am) R

1 D2\, )\, DA,
=T [ R [(An — Am)h] + o

D, 1
= 5 c0s [(An = A)h] + 5 sin [(An — Am)h]]

L1
Ao+ A

DA, 1.
5 O [(An + Am)h] — 5 sin [(An + Am)h] ]

D>\
sin [(An, + Am)h] —

o 08 (A, + Al

1 D2\, )\,
[ (sin A, h cos Aph — cos A, hsin A\ h)

TN — A | 2k2

n DM,
2K

DA
5 "™ (cos Aph cos A h + cos A, b cos Ay h)
K

(cos A\ph cos A h + sin A, hsin A\, h)

1
+ 5 (sin A,k cos Ah — cos A\ hsin A\, h)

1
An + A

D2\, \

2k2

+ ™ (sin A,k cos A h + cos A hsin A, h)
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4.5 One dimension diffusion equation

D
_ 2)\n (cos A\ h cos Ay h — sin A, hsin A\, h)
K
DA, . .
~ 5 (cos Aphcos A h — sin A\, hsin A\, k)

1
-3 (sin Aph cos Ay b + cos Ay, hsin A\, h) ]

D\,
K

cos A\, h ( sin A\,,h — cos )\nh)

TN — M| 2k
DX,

1 [D)\m

cos A\, h (D:m sin A,,h — cos )\mh)

2K
| sin ;\mh‘ (D:” sin A\, h — cos )\nh) — 81n2/\nh (D:m sin A, h — cos )\mh> ]

L1
Ao+ A

DAm cos A\, h <D)\n sin A\, h — cos )\nh)
2K K

2K K

sin Aph [ DA, sin Auh (DA
M 2

=0, (4.18)

+ DA cos A\, h (D/\m sin A\,,h — cos )\mh)

sin \,h — cos )\nh) — ™ sin \,,h — cos )\mh> ]

K K

where we have used (4.13).

If n = m we have

h h 2
DX, .
/%fnda::/ [ - cos()\ma:)—i—sm()\mx)] dz
0 0

D)2
D2)\2 h 1 h D)\m h
= o / [1 4 cos(2A\2)] do + —/ [1 — cos(2A\,z)] do + / sin(2\,,x) dz
2r% J 2 Jo K Jo

D?)\2, [ sin(2)\mx)r 1 { sin(2)\mm)r D\, |:COS(2)\m$):|h
=l |y TSIy g _

2D,
K

h h h
/ cos?(Amx) da + / sin?(\,,7) dz + / sin( A, z) cos(A,x) do
0 0 0

212 N D |y # Dy
D?)\? D%\, h sin(2\,h)  Dcos(2A\,h) D
_ 2 lmy in(2 n_ _ e
2K2 + 4k2 Sin(2Amh) + 2 4\, 2K 2K
D?)\? h D D)\, sin(A\,h) cos(Amh)
Py, 2 in(Anh) cos(Amh) —
52 + 5 + o + 52 sin( ) cos( ) .
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4.5 One dimension diffusion equation

D

~ 5 [cos®(Ah) — sin®(A,h)]

K
D22 h D D

=53 h—l—E—i—ﬂ—l—%cos()\mh) [

S0 D 31 st

D\,

K

sin(A\,h) — cos(Aph)

A K
D?)\? h D
= Th4+ -+ —. 4.1
2K? * 2 * 2K (4.19)
From (4.17) , (4.18) and (4.19) we deduce that:
1
A, = oY p— m e NU{0}
hdm | Sl + 5 + 5

We plot p(x,t) in Figure 4.11 versus numerical simulations (see Appendix E.3).

4.5.1 Survival function

We want to obtain the probability that a particle is still diffusing at time ¢ and

as a result we integrate p (z,t) over the interval [0, h] with respect to x:
h
S(t,k) = / p(z,t)dz,
0
—+00 h
DA, . _
= Z An/ [— cos(A\,x) + sm()\nx)] dwe P, (4.20)
n=0 0 &

We know from (4.16) that:

/0 ' Xp(x)do = /0 " {ka cos(Anx) + Sin(Amx)] de = Ai

K m

As a result we have:

+00
S(t,k) =Y Bue Pt (4.21)
n=0
where .
Bn = D22 N Ik
h/\?n [ 2H2"h+ 5 + ﬁ}

and \,, is the n-th root of:
DX

— sin(Ah) — cos(Ah) = 0.
K
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O ] |
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Figure 4.11: Plot of p(x,t) as a function of = € [0, h]. The blue line represents
numerical simulations and the green line represents the analytic solution (4.14).
Here p(x,t) is the particle density at point = € [0, h], at time ¢, gives uniform
initial conditions. We observe that at the left boundary, at x = 0, the density
is not zero, which is given by the fact that the boundary is partially reflecting
(see Appendix E.2). Here we have chosen the following parameter values: h =

lem, D =0.5cm?s s =1cms™ !, ¢t =0.01s.

We plot our result and compare with numerical simulations in Figure 4.12. We
observe that, as t increases, the probability that a Brownian particle is “alive”

decreases to zero which means that absorption at x = 0 is guaranteed.

4.5.2 Mean time to absorption

Given that we know the survival function we can now obtain the mean time for
the diffusing particle to be absorbed by the = 0 boundary (Redner, 2001, p.27):
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Figure 4.12: Plot of S(¢, ) as a function of . The green line represents numerical

simulations and the blue line represents analytic solution (4.21). Here we have

chosen the following parameter values: A = 1cm, D = 0.5cm?s™!, k = 1cms™.
> 9S = 1
T(k) = — t—(t, k) dt = 4.22
W= [ igema=3 (1.22)

= DAL [ (258 1) &+ 2]
which we plot in Figure 4.13 and compare with numerical simulations. We observe
that as k — 0 the mean time tends to infinity which is expected given that

particles cannot be absorbed because the boundary at x = 0 becomes reflecting
(see Appendix E.2).

4.6 Cylinder diffusion

We are interested in how the position of a particle, starting uniformly in a cylinder

of radius b and height h, changes with time due to diffusion. The boundary
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Figure 4.13: Plot of T'(k) as a function of k. The blue dots represent numerical
simulations and the green line represents analytic solution (4.22). Here we have
chosen the following parameter values: h = 1cm, D = 0.5cm?s71.

conditions are the following: Neumann boundary conditions at all walls with the
exception of the floor which has Robin boundary condition with trapping rate x.
We again define p(x,t) be the density of particles at position x at time ¢ given
that their initial position is distributed uniformly in the cylinder of radius b and
height h. As a result we have:

9 (x,1) = DV (x.1). (4.23)

with boundary and initial conditions, respectively:

? =0, (4.24a)
r r=b

dp

e — 4.24b
5| =0 (4.24b)
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4.6 Cylinder diffusion

D % _ = kp(r,z =0,1), (4.24¢)
1
p(r,z,t =0) = 2 (4.24d)

We look for a separable solution of the form p(r, z,t) = Z(2)7T(t) for (4.23) (we

ignore the radial component because of radial symmetry) which gives:

dT d*Z

Dividing by DLZT we observe that the left-hand side is a function of ¢ while the

right-hand side is a function of z:

147 14’2 |,

DT dt  Zdz2 ’
where A\ is a constant. Here, similarly to the one dimensional case, we choose
the constant to be —)\? in order to ensure that the time function does not grow

exponentially. As a result, T (¢) is:

1 dT 2
— = =N =T() =Ae M
DT dt = T() = Ae™
where A is a constant. The z equation is:
d?z
— + N2 =0
dz? * ’

which has the solution:
Z(z) = Ccos(Az) + Esin(Az),

where C' and E' are constants.
We deduce from the boundary conditions (4.24b) and (4.24c):

4z
Pl _oo B oo _oasin(As) + Bxcos(Az) — 0,
87; z=h dz z=h
DAE
0z|,_g dz |,_, R

As a result, the z equation turns out to be:

D),

K

Zn(2) cos(Anz) +sin(A,2), n e NU{0},
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4.6 Cylinder diffusion

where ), is the n-th root of:

DA\
— sin(Ah) — cos(Ah) = 0.

Using the principle of superposition, the solution of the diffusion equation is the

linear combination:
o= D)
=3 A, | =22 cos(\, in(\,z)| e P,
p(z,1) HZ:O [ p cos( A\, z) + sin( z)]e

Using the initial condition (4.24d) we can obtain the coefficients A,,:

1 J—
7h2h

5 [ 22 o) sinh,5)]-

K
n=0

We multiply the above equation by Z,,(z) and we integrate it from 0 to h with

respect to z:

n=0

and using the orthogonality condition (4.18) we obtain:

1 h h
/ Zm () dz = Am/ 22 (2) dz, (4.25)
wb%h J, 0
where .
1
/ Zm (2) dz = . (4.26)
0 m
and h 242
DA\ h
/ 22 (2) dz = ( 2m+1)—+—
0 K K
As a result, we have:
1 1
Am: b2h D2z A o1 mENU{O}
R [(Z3h 4 1) 5+ 2]
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Figure 4.14: Plot of S(¢,x) as a function ¢. The green line represents nu-
merical simulations and the blue line represents analytic solution (4.27). Here

we have chosen the following parameter values: b = 1/y/recm,h = lem, D =

0.5cm?s !tk =1cms™ !

4.6.1 Survival function

We want to obtain the probability that a Brownian particle is still diffusing at

time ¢ and as a result we integrate p(z,t) over the cylinder:

27 h b
S(t, k) = / / / rp(z,t) dédzdr,
o Jo Jo

+00
_ 2 h D)‘m . 7A2 Dt
= b ZAm cos(Amz) +sin(Ap,2) | dze™"m™r,
m=0 0 &

We know from (4.26) that:

K m

" DA 1
/ { = cos(Apmz) + sin()\mz)} dz = I
0
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4.6 Cylinder diffusion

As a result .
S(t,k) = Bye P, (4.27)
n=0
where .
Bm: D22 . 5 5 mGNU{O},
ax (B3 1) 5+ 2]

and we plot our result and compare with numerical simulations in Figure 4.14.
We observe that, as t increases, the probability that a Brownian particle is “alive”
decreases to zero which means that absorption at the bottom of the well z = 0 is

guaranteed.

4.6.2 Mean time to absorption

Given that we know the survival function we can now obtain the mean time for
the diffusing particle to be absorbed by the bottom of the assay well (Redner,
2001, p.27):

T(x) = — / 08 i = f ! S (a9s)
o o (2 +1) 4+ 2]

which we plot in Figure 4.15 and compare with numerical simulations. We ob-
serve that (4.28) is identical to (4.22) which is due to cylindrical symmetry (only
the height h matters when calculating the mean time). Additionally, we notice
that as k — 0 the meant time tends to infinity which is expected given that
particles cannot be absorbed because the boundary at x = 0 becomes reflecting
(see Appendix E.2).

4.6.3 Intracellular distribution of Coxiella burnetii

Now that we have the survival function we can calculate the intracellular distri-
bution of bacteria phagocytosed by monocytes. Given M balls and N containers
then the fraction of containers with r balls is given by Poisson’s formula Ellis &
Delbriick (1939); Shabram & Aguilar-Cordova (2000)

_nfe™”

p(r) = , reNuU{0},

rl
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Figure 4.15: Plot of T'(k) as a function of k. The blue dots represent numerical
simulations and the green line represents analytic solution (4.28). Here we have

chosen the following parameter values: b= 1/y/Tcm,h =1cm, D = 0.5cm?s ™.

where

n= 5
is the average number balls per container. If, as in our case, the balls are the
Coxiella burnetit bacteria and the containers are the monocytes, then the number

bacteria phagocytosed by time ¢ is:
M(t, k) = My(1 — S(t, k),

and, as a result, we get:

M(t,5) _ My(1— S(t, )

t.g) =

— MOI[L — S(t, x)].

which is also the mean and variance of the Poisson distribution plotted in Figure
4.17.
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Figure 4.16: Histogram of intracellular loads from (4.29). The red dots represent
the intracellular loads for time ¢ = 0.01s, the blue dots for time ¢ = 0.05s and
green dots represent time ¢ = 0.1s. Here My = MOI x Nj is the initial number of
Coxiella burnetii bacteria distributed in the assay well. This figure was obtained
using Python code G.3. Here we have used the following parameters Ny = 1.5 x
105, MOI =200,D = 0.5cm?s™ !, k = 762cms™ .

The fraction of monocytes containing r bacteria is:

[MOI(1 — S(t,r))]" e MOI0=5(tr)
rl

f(rlit,k) = , (4.29)

which we plot for t = 0.01s,¢ = 0.05s and ¢t = 0.1s, respectively, in Figure
4.16. We observe that as time ¢ increases the mean number of particles absorbed
increases and the distribution becomes wider given by the fact that as more
particles absorbed and previously empty monocytes are subsequently filled with

bacteria.
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Figure 4.17: Plot of the mean and variance of the intracellular load distribution
as a function of time t. For this plot we have selected MOI = 200, N = 1.5 x
10°,D = 0.5cm?s™ !, k = 762cms™.

4.7 Discussion

In this chapter we have studied the problem of boundary homogenisation applied
to the case of assays where the bottom of the assay has a monolayer of monocytes
distributed on it and Coziella burnetii bacteria are placed uniformly in large
number in the medium.

We observe from Figure 4.17 that the mean and variance of the intracellular
bacterial load distribution are both increasing functions of time. This means that
as time increases the number of intracellular bacteria will increase but the spread
around the mean will also increase. This is confirmed in Figure 4.16 where, for
smaller times, the distribution is more clustered around the mean when compared

to larger times. Additionally, we observe from Figure 4.17 that both the mean
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time and the variance converge to their maximum value of 200 for ¢t ~ 2s which
is the timescale % = 2s of diffusion inside a cylinder with an absorbing floor.
From Section 4.4, we observe remarkable agreement between the monocyte cov-
erage obtained by image analysis and the results obtained using Dstl parameters,
of the same assay, with both reaching the conclusion that o = 1/3.

Mean times to absorption were shown in Figure 4.15 to increase to infinity as
the trapping rate x decreased to zero which is intuitively correct, given that, as
k — 0 the boundary becomes reflecting and Brownian particles will not be able
to be absorbed.

The distribution of the intracellular bacterial load (4.29) is the main result of this
chapter, as it allows an alternative to expensive and time-consuming experiments.
Additionally, it offers an alternative to difficult numerical simulations which must
analyse interactions between 1.5 x 10° monocytes and 3 x 107 bacteria. In order
to increase accuracy, we must implement boundary tests to account for particles
whose path crosses the boundary of a monocyte during a timestep but whose
endpoints are outside the monocytes Jansons & Lythe (2000, 2005). This requires
having a timestep parameter At which satisfies vV DAt < E [rm] where D is the
diffusion coefficient and r,, is the radius of a monocyte (see Figure 4.2). Replacing
Brownian particle simulations with Monte Carlo method or the finite element
method, in order to check the validity of our results, should be the subject of
future work Bernoff et al. (2018); Eun (2020).

Future work should be on modelling the behaviour of monocytes which we as-
sumed are static but, in reality, they are mobile. Additionally, bacteria replicate
inside the monocytes and some escape, back into the assay medium, which alters
our results and should be included in a future extension of the model developed

here.
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Chapter 5

Concluding remarks

In this thesis, mathematical models have been developed for Brownian particles
diffusing in three geometries: i) circular eccentric annular region, ii) spherical
eccentric annular region and iii) cylindrical region of an assay well. The first
two geometries are useful for modelling intracellular transport of particles while
the third geometry is useful for modelling an assay involving Coxiella burnetii.
Numerical simulations are developed to test the accuracy of our models and are
shown in Appendix G.

In Chapter 2 we have used bipolar coordinates to derive the exact Green’s func-
tions (2.13) and (2.28). They differ from the corresponding Green’s functions
without intracellular compartment by an amount proportional to a?>. We con-
sider distributions of initial conditions that are (i) uniform on the nuclear surface
(i) uniform on the cell surface, or (iii) given by the hitting density of particles
diffusing from the nuclear surface to the cellular surface. This hitting density is
also obtained from the appropriate Green’s function. The exact expressions for
the hitting densities and mean arrival times are (2.33), (2.45) and (2.46). When
averaged over the initial surface, the mean arrival times, (2.52) and (2.53), are
functions of a and ¢. The idea is that the point on the surface of a nucleus where
a molecule emerges, or the point on the cell surface where a molecular complex
is internalised, is uniformly distributed. We further average over all possible lo-
cations of the nucleus within the cell, obtaining (2.62) and (2.63), functions of
a only. We also solve Poisson’s equation explicitly in bipolar coordinates, us-

ing the particular solution (2.48). Using the Green’s functions G?) (x0,x) and
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Gég) (x9,x) together with the solutions of Poisson’s equation T3 (x¢) and T} (xo)
we obtain the higher order moments (2.67) and (2.68), and the average higher
order moments (2.70) and (2.71).

In Chapter 3 we extend the results from Chapter 2 to three dimensions in order
to obtain the Green’s function with uniform initial condition over the surface of
the nucleus and the cell Gf”) (x0,%) and Gg?’) (x0,X), respectively. As a result,
we make use of Perron’s theorem and continued fraction expansion. From the
Green’s function we calculate the first passage properties of diffusion from the
nuclear surface to the cellular surface: hitting density (3.53) and average mean
time (3.54). Analogously, we derive from é§3) (x0,x) the first passage proper-
ties of diffusion from the nuclear surface to the cellular surface: average mean
time (3.55). We notice from Figure 3.13, when comparing the average mean time
of diffusion from the nuclear surface to the cellular surface, that unlike our ap-
proximation (3.39), our analytic formula does not decrease in accuracy as the
displacement of the nucleus ¢ increases. To our knowledge, the analytic formula
for C_Jgg) (x0,x), and all the derived quantities, is unique to the literature. We
derived a semi-analytic formula for the mean round trip time T5° (¢) from the
approximation derived by Condamin et al. (2007) for TS” (65, a,¢) and our ana-
lytic formula (3.53) for €® (6,). We notice from Figure 3.16 that 75 (a,c) is a
decreasing function of ¢ as opposed to TQ(?’) (a,c) which is an increasing function
of ¢. This is because the Brownian particles diffusing from the nucleus are more
likely to arrive at the point of the cellular surface which is closest to the nucleus,
and, as a result, the mean time for the particle to arrive back to the nucleus is
smaller then the case when its starting position is uniformly distributed on the
cellular surface.

A limitation with both our two dimensional and three dimensional results is
that we have assumed a uniform interior environment which gives a constant
diffusion coefficient. Omne solution would be to include more excluded region
that are present inside a cell besides the nucleus such as the Golgi apparatus,
but this would make deriving an analytic solution significantly more difficult.
Alternatively we could apply homogenisation theory to the interior environment

to result in a uniform diffusion coefficient.
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Additionally, we have assumed when calculating the mean round-trip time that
the Brownian particles do not spend time on the surface of the cell. However this
is not biologically realistic given that molecules diffuse on the cellular surface and,
as result, future work should be on modelling cellular surface behaviour Habib
et al. (2001); Lythe (2006).

In Chapter 4 we have studied the problem of boundary homogenisation applied
to the case of assay where the bottom of the assay well has a monolayer of mono-
cytes distributed on it and Cozxiella burnetii bacteria are placed uniformly in
large number in the medium. We have studied the problem of diffusing particles
in and otherwise reflecting cylinder with a number of circular traps on the bottom
surface. Using boundary homogenisation we have been able to replace the bot-
tom surface of the cylinder with a reactive boundary having a Robin boundary
condition. This allowed us to solve the diffusion equation for the assay domain
and obtain the survival function of a particle starting uniformly in the cylinder.
From the survival function we are able to derive the mean time for the Brownian
particle to reach the reactive surface. Assuming that the distribution of Coxiella
burnetit absorbed by the monocytes follow a Poisson distribution, we deduce the
the intracellular distribution of Cozxiella burnetii as a function of time and of the
trapping rate k. This result represents the most import derivation of Chapter
4 and it offers an alternative to difficult numerical simulations which, in order
simulate the assay, must analyse interactions between 1.5 x 10° monocytes and
3 x 107 bacteria. Accuracy can be increased by reducing the simulation time step
or implementing a boundary tests to account for particles whose path crosses the
boundary of a monocyte during a timestep but whose endpoints are outside the
monocytes.

Currently, our model does not account for the behaviour of monocytes which we
assumed are static but, in reality, they are mobile. Additionally, bacteria replicate
inside the monocytes and some escape, back into the assay medium, which alters
our results and should be included in a future extension of the model developed
here.

A limitation to the model we have constructed for simulation Coxiella burnetii
assay is the unavailability of estimates for the diffusion coefficient D without

which the determination of the intracellular distribution cannot be undertaken.
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Future work should be concentrated on the determining D by either determining
the value experimentally or by determining it from the constituent parts of the
composite medium of 90% Leibovitz’s L-15 Medium and 10% foetal calf serum.

For this thesis we have used Brownian simulations in Appendix G, with exponen-
tial timestepping and the boundary tests developed by Jansons & Lythe (2000,
2005) for absorbing boundaries, to verify our results. However, reflecting bound-
aries are approximated by flat boundaries and, as a result, future work should
focus on developing a reflecting boundary algorithm. Additionally, boundary el-
ement method could extend the analysis of this analytical study to deal with
non-circular irregular shapes of solution domains, as well as any type of inhomo-

geneous or even nonlinear boundary conditions.
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Appendix A

Integration

This appendix is dedicated to the properties of various integrals.

A.1 Integration of HQ(Q) over disk

In the following we will prove the following relation:

3
. Hy"(v,z)dz 3D vv e O,

where C* is a circle of radius 1.

We begin by noting that:

1 1 1 22 4+ 0?
HY v,z)dz = —— (1n——|—1n—~—|— )dz
o 2 (v.2) 21D o RR

1 1 1 1
log + log + log — +
\% zZ — v

- 27TD C*

where 0 < |v|=v <1 —a.
We use the following identities from (Barton, 1989, p.413-414):

1 1 = cos(mf) [r\"
1 = log — =
©8 |z — v| ©8 +Z m (T>) ’

r
> m=1

and

1 = cos(mf) [r\"
log —— =1 E =
og |z—\7| ogv + . (T>) ,

m=1
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A.1 Integration of H2(2) over disk

where r-(r>) = min(max)(z, v) to obtain the first two terms in the left-hand side
of (A.1):

/Clogﬁdz:/l/%rlogﬁdrd@
[ [ ()
L S e
/ / llog_ 3 cont) (;)m] )

S - cos m0)rm+2 1—(v)?
- [Z CR

m=1

+Z cos 9)@] 40

] =02 cos(mb) P2 (v)™
= —(m—2 de
/0[4 3 D m = 2) 0
1—?
g A.2
R (A2
and
1 n 1
/log—~dz:// rlog = dédr
c lz—v]| 0Jo R
1 2m o0 m
:/‘/ rl%v+§:EﬂT@(5ﬂ dodr
0o Jo i — r>
1 pom [ o0
:/1/ Tl%v+§:aﬁww mm“]d%
m
o
:/ [ logv—kz COS (mb)v ] dé
0
= mlogw. (A.3)

The last two terms of (A.1) are straightfoward to calculate:

/m()m_//7mgwm_mg (A.4)
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A.2 Integration of H2(3) over disk

and

22 4 a2 Lop2m 2y 1 2
dz = dodr = -+ —. A.
/C 5 zZ /0 /o r 5 r=nm (4 + 5 ) (A.5)

Using (A.2), (A.3), (A.4) and (A.5) we obtain:

3
a? dz = — VveC
s (v,z)dz 5D v €

A.2 Integration of HQ(S) over disk

In the following we will prove the following relation:

5 1 .
o H2(3)(V7Z) dz = 60_D - 3_D log2, Vv eC". (A.G)
We begin by noting that:
H® (v, z)dz
C’*
1 1 1 . 22 1 2
— | (5+—=—1og(vf+1-zun) d
ArD Joo (R N vR o8\t ) 2 > z
1 1 1 . 22 4 o2
_ ] ( R+1— ) dz, (A7
A7 D J oo (|z—v| +y|z—v| o8 (Vi wp) 2 ) 2 (AT)

where 0 < |v| =v <1 —a, p=cosf and 6 is the angle between z and v.
We use the following identities from (Barton, 1989, p.417-418):

1 i
- Pm < ;
o]~ 2 el
and
1 > -
‘Z_{,‘ _’Uzpm(ﬂ) (Zv) )
m=0

where 7 (r-) = min(max)(z, v) to obtain the first two terms in the left-hand side
of (A.7):

1 1 27 T 0 rm
——dz = / / / r’sinf Y Pp(cos)—== dfdgdr
/C* |z — V] o Jo Jo mzzo rot

196



A.2 Integration of H2(3) over disk

2 m
—QWZ/ / n(cos 0) 31n9 < dodr

v, |
=A4r r—dr +4nr r2=dr
0 v v r

o (1 - 3) , (A8)

1 2T ™ o0
/ | ! ~|01z:// /r2sin9vZPm(cos9) (rv)™ dfdgdr
cx V|Z —V

=27 Z / / (cos @) sin Or™ 2™ dOdr

:47r/ r2 dedr
0
_in

7
In order to calculate the third term of (A.7) we make use of (Barton, 1989, p.425):

- Puli)
1 A.10
°8 (vR—l—l—zvu) Z m ( )

m=1

and

(A.9)

and this gives us:
/* log (UR +1-— zvu) dz
== [ (oo (i =) - 1e2)
/ / / r sm@( b (COS 9)( v)" —log 2) dfdedr
10g2/ / / 2 sin @ dOdgdr

= ?10g2 (A.11)

The last term of (A.7) is straightforward to calculate:

/Z+Udz_// / 2! +”sm@dedgzadr_27r< 3). (A.12)
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A.3 Commentary on Pinsky (2003)

Using (A.8), (A.9), (A.11) and (A.12) we obtain:

3) *
H. dz = — — —log2 . Al
ot (v,z)dz c0D 3D 82 YWwel (A.13)

A.3 Commentary on Pinsky (2003)

Let D C R? where d > 2, be a domain. If D # R? assuming that D has a
smooth boundary, we let v : 9D — S¢ be smooth and satisfy v(z) - n(z) > 0 for
all z € 0D, where n(x) denotes the inward unit normal to D at z € 9D. We call
v a reflection vector. Let X (¢) be the diffusion process in D with v—reflection
and 0D (if D # RY).

For a positive definite d x d matrix I', we define the norm:

lolle = (0, ——
U et (1)

We observe that this norm preserves the Euclidean norm but distorts directions.
For z € D and r > 0, we define Bl (z) = {y € R? : ||y — z||r < r} as the

=

open ball of radius r in the I'—norm and centered at z. Furthermore, we denote
Tpr(z) = inf{t > 0: X(t) € Bl (z)}. In the case of the standard Euclidean norm,
when I' is a scalar multiple of I, we will use the notation |v| and B,(x) in place
of ||v||; and BI(x). Let wyq denote the volume of the unit ball in R¢.

Condamin et al. (2007) make reference to Pinsky (2003) for deriving the mean
first passage time (MFPT) for a domain with a small sphere inside the domain.
This a reference to Theorem 2 on page 180 of Pinsky (2003):

Theorem. Let X(t) by v—reflected Brownian motion in a domain D C R
Assume that the process is positive recurrent and let p denote the invariant prob-
ability density. Let x € D be such that B;(x) C D. For each R € (0,1), there
exists z.p € 0By(x) such that

1. ifd =2, then

B 1 9 L1 oy,
Ezl?RTBR(CU) - ,LL(BR(JJ))R log R 2 (l R ) )
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A.3 Commentary on Pinsky (2003)

2. ifd > 3, then

5 2R4
2.0 T x) —
s B g (d = 2)u(Bg(x))

(RZ—d _ l2—d) _ é <l2 _ RQ) ]

Remark. Consider Theorem when the reflection vector is normal, in which case
we assume that Vol(D) < oo and we have u(Bgr(z)) = ‘j’jl—g). Then the theorem
indicates that for x € D and for 0 < R <1 such that B)(x) C D, one can find a
point zi.p such that E., ,Tp, ) is equal to the common value that one obtains for
the expected value of Tp,(z) starting from any point on 0B;(x) in the case that the

domain is a ball of the same volume centered at x.

These results tell us that if all the conditions mentioned in the theorem are
satisfied then for the domain D there exists circle/sphere of radius [ (where R < [)
then there exists a point on the surface of the circle/sphere such that the mean
time to reach the ball of radius R is given by a explicit formula. Then the theorem
indicates that for x € D and for 0 < R < [ such that Bj(z) C D, one can find
a point ;g such that £, ,Tpp(,) is equal to the common value that one obtains
for the expected value of 7, (,) starting from any point on 0B;(x) in the case
that the domain is a ball of the same volume centered at x. This result does
not depend on the starting site as (Condamin et al., 2007, 021111-1) mentioned

themselves.

199



Appendix B

Bipolar coordinates

B.1 Normal derivative in bipolar coordinates

We are interested in the normal derivative of a function f(7,0) evaluated on a
circle 9C' of constant 7 = 7, and for that purpose we will investigate the following

hypothesis:

1 — coshT,coso sinh 7, sin o
n= —
cosht, —coso = cosh7, — coso

where n is the normal vector to the 7 = 7, surface. Let v be a point:

i .
v=(zy) = (d sinh 7 J sin o )

coshT —coso’ coshT — coso
whose derivative evaluated on 0C is:

ov 1 — cosh T, cosco sinh 7, sino
or| _. (cosh, —cosc)?” ~ (coshT, — cos)?
and )
ov d?
_ 2"
o1 | ,_. (cosh T, — cos o)
As a result we obtain the unit vector:
av . )
or lrer, 1 — cosh 7, coso sinh 7, sin o
Cr =7 = ’y
v ‘ cosh 1, — coso cosh 7, — coso
orT lr=m,

The vector v = (z,y) € 0C also satisfies:
d2

y* + (z — dcothr,)’ = ——5—.
sinh” 7,
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B.2 Convolution of Fourier Series

Changing the system of coordinates such that the origin is the centre of the circle

T = T,. Let 8 be the angular coordinate of a point of the circle and as a result:

sin o . inh
tanf = Yy . cosh 7. —cos o _ S 0 SINN T
x —dcotht, d—3th= _ _ Jcothr, 1 — cos o cosh 7,
cosh 7. —cos o

Using standard trigonometric identifies we express cosf and sinf in terms of
tan 6:

0 1 1 — cos o cosh 7,
cosf = = — ,
V1 +tan26 cosh 7, — coso
) tan 6 sinh 7, sino

sinf =

V1 4+ tan?6 - cosh7, —coso’

This gives us the vector normal to the surface of the circle:

. 1 — coshr,coso sinh 7, sino
ey = (cosf,sinf) = — - =—e,

)
cosht, — coso cosh 7, — coso

As a result we have the following identity for the normal derivative on a circle of
constant 7 = 7,
af

M = Vf-erlieoo =~
on |, cac X

cosh 7, — coso g
d or

T=Tx

B.2 Convolution of Fourier Series

Suppose we have two Fourier series:

flo) = Ao +Z (A, cosno + Al sinno) ,

and
B (0.9)
g(o) = = + E (B, cosno + Bj, sinno) ,

n=1

for which we want to write their product as a Fourier series:

Co—i—z Cy, cosno + C,, sinno) .

n=1
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B.3 Evaluation of I, = 02” @Z‘;ﬂ% do

The product of the two Fourier series can be written as:

4 = , .
o> + nz:l (A, cosno + A, sin na)]

X

B oo
70 + ; (B, cosno + Bj, sin na)]

_ ( i aneina> < i bneina> ’

where
A, —iA A, +iA
— Ay/2, =, T
ag 0/2, a 5 . a 5
B, —iB! B, +iB/
bo=Bof2, b= b, =t

Rearranging the product we obtain:

oo [e.e] oo
E anezna E bneZTLO' — § CneZTLO' ,
n——oo n=—oo n=—oo

where -
Cp = Z an_kbk. (Bl)
k=—o00
As a result, we have:
h(o) = G + i (Cp cosno + C,, sinno)
2 g n n Y

where

Co=2cy, Ch=ch+c,, Cl=ilc,—c_,). (B.2)

We observe that if A/, =0 and B/, = 0 then we have a,, = a_,, and b, = b_,,. As

a result, ¢, = c_,, from which we deduce that C/ = 0.

B.3 Evaluation of [, = 027 (CZZZZ(—UC_OZ?)k do

We want to evaluate the following integral:

Ik = /2” cosn(o — o) do
’ o (coshT —coso)k
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B.3 Evaluation of I, ; = 02” &Sﬂ% do

which can be written as:
21 27
cosn(o — o) COS NO COS oy
- do = - do
o (coshT —coso) o (coshT —coso)

2T sinno sin noy
+ - do
o (coshT —coso)

We observe that the second integrand of the right-hand side of the previous

equation:
sin no

h(o) =

(coshT — cos o)k’

is an odd function and as a result:

27
/ h(o)do = 0.
0
Therefore we have:

2w o 2m
/ cosn(o — o) o = cosno / cos no do
o ) o (

coshT — coso cosh T — cos o)k

Let cosh7 = a > 1 and using the complex representation of the cosine function:

eia + e—ia
COsSg = —————
2 )
we obtain:
2 2w 1 —q
1 mao mao
/ CSNT__ 4y = -/ i B (B.3)
o (coshT —coso)k 2 /o (a_w)
2
Performing the following change of variables:
: d
z=e" = —Z =do,
12

the integral (B.3) becomes:

2 COS No 1 [?" eino 4 gming
- do = = - — do,
o (coshT —coso) 2 /o ( w)
2

(—2)" G A
= 2’7
2 Jpmiz(z—2a+ 271"

—92)k-1 2n 4 1
T ) / s dz,
|2|=

i L 2R (22 — 2az + 1)k
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B.3 Evaluation of I, = 2” @Z‘;ﬁ% do

—2)k-1 2241
d
= z
i s 2 — 2Rz — )k

where
—1=e", =z =a+Va:-1=¢".

Zzn=a—vVa

We notice that z129 = 1 and 23 > a > 1 > z; because a = cosh7 > 1 and as a

result:

2n +1 »
= - dz = i [Res(f, ) + Res(£.0)]

z— z1)k(z — 29)
where ) )
24" 4+
f(z) = 2R (2 — 2 )k (z — zp)b

We express f(z) in Laurent series:

1
= 3 oum = i 30 o

m=—0o0 m=—oQ
1
:an+1 Zb/z :>a1—bnk,
m =00
and we observe that:
2n
+1
b /Z
(z — 21)F (2 — zo)F Z

Furthermore

1
(z — z1)k(z — 29)F

:CO+Clz+...+Cn_kzn_k+... ,
which tells us that:

Z b 2™ = (2" + D(co+ 1244 a2 F 4 --)

As a result we have ¢,,_;, = b,_1 if n > —k + 1. We know that:

1 (k-1
(z—a)k_( D ;( k—1 )aH’f
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. 2
B.3 Evaluation of I, ; = o7r % do

and this gives us the residue of f evaluated at z = 0:

(z— 21)1(,2 — ) [i (‘“;fl 1) ;11 E} (ﬂ/;EI 1) %1] ’

n—k .
i+k—1\/n+i—-1 1
w0 =3 (5 ()
=0

As a result, the residue of f at 0 is:

n—k ,. .
t+k—1\(n+i—1 1
R 0) = —_—
eS<f7 ) ; ( k _ 1 ) ( k _ 1 ) ziJrkng’
if n > —k + 1, otherwise f has no pole at z = 0. Furthermore, the residue of f

at z; 1is:
R _ L, 2 ;
eS(f7 Zl) - (n . 1)' 21—2}1 azk_l [(Z - Zl) f<2>:|

As a result we have:

1/ Gl dz = 2 [Res(/, 0) + Res(f, )]
oy TR ez 1 1) 2z = 2w [Res(f, es(f,z1)],
1 ) akfl

=21 {m lim == [(z — 21)" f(2)]

+” k(z+k—1) (n—i—i—l) 1
— kE—1 Zi+kzg+i )

(2

which gives us:

I :/zw ( cosn(o — o) do,
0

cosh T — cos o)k
1 akfl

= (—2)" 7 cos noy {(n Y Zlgrzl1 pp [(z = zl)kf(z)}

n—=k .
i+k—1\/n+i1—1 1
+Z( )( E—1 )Zi—i_k n-i-z]'

1=

If £ =1 then we have:

T cosn(o — ag) 27 cosnog
I, = =
0

coshT — coso e sinh 7’

and when k£ = 2 we have:

I, - /2” cosn(o — o) do = 21 cos noy e " (n SiI.th + cosh ) |
o ( sinh” 7

cosh T — coso)?
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B.3 Evaluation of I, ; = 02” &Sﬂ% do

B.3.1 Alternative Derivation

Alternatively, we can write (B.3) as:

ino

I cos no 2 e
I, = cosnoy ( C do = cosnogR ( do
0 0

cosh7 — coso cosh T — cos o)k

(B4)

where R[z] is real part of a complex number z. Performing the following change

of variables:

’ dz
z=¢e" = — =do,
12
and using the fact that:
eia + e—ia
COS 0 = T,

the integral (B.4) becomes:

[ por eina
I, = cosnop¥t / ( do
0

cosh 7 — &)k

2w eina
=cosnogR / — —— do
0o (=2)7" (e —2a+e7io)k

= (—2)" cosnoyR

O\M
B

gino
: —— d
(ew' — 2a + efw)k 0':|

2 mo
e
(—2)" cosnoy /0 e—tko (20 _ Qqeio 4 1)k 0':|

. 2 e'(nJrk)O'
=(-2 R A A d
(—2)" cos noy /0 (@ — 2007 7 1IF o

z

n+k
= (—2)"
(=2)" cosnooR /zl iz(2% — 2az + 1)k dz}

A 1 Zn-‘rk—l
= (—2)" cos nogR —_/ dz
v J)z=1 (

e k r ZnJrkfl
= (—2)" cosnogR K /z|=1 == o) dz} ,

where

n=a—vVa:t—-1=e,

Z=a+Va*—1=¢".
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2m cosn(oc—op)

B.3 Evaluation of _[mk = Jo m do

and a = cosh7. We notice that z;29 = 1 and z9 > a > 1 > z; because a =

cosh7™ > 1 and as a result:

Zn+l~c—1
/||1 (2 — 21)k(z — 2)F dz = 2mi [Res(f, 1],

where
Zn+k—1

foalz) = (2 — 21)F(z — 29)F

We know that the residue of f at z; is:

1 ) ak—l .
Res(f,21) = 1) lm == [(z = 20" fur(2)]

if n > 0. As a result, we have:

2 cosno
I, = cosnoy - do
o (coshT —coso)

= 27 cos noR [hm o [(_Q)k(z — Zl)kfn,k(z)H :

z—z1 0zF1 (n—1)!
akfl
= 27 cos nogR nggll Wgnk(z)] , (B.5)

where
(_Q)k Zn+k—1

gnk(2) = (n—1)!(z— z)*
If we let k=1 in (B.5) then we have:

1,1 = 2w cos noyt {lim In 1(2)] = —47 cosnoyR {Z—l]
’ z2—21 ’ (Zl - 22)
e "  2mcosnoy

= —4x cosnoy = . B.6
e T —e¢e7 e"” sinh 7 ( )

When £ = 2 we have:

0
I, 5 = 21 cos nopR {lim —gmg(z)] ,
2—=21 02

. a Zn+1
= 87 cos nogN Lh_{rzll @m1 ,
(n+1) 20 (21 — 22)" — 2 (21 — 2) 27T

(21— 22)*

= 87 cosnoy

Y
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2m cosn(oc—op)

B.3 Evaluation of I, = |, (coshi7—cos o TF do

(n+1)20 (21 — 2p) — 2271

=38
T COS Nog P :
21
= &7 cos nao—(ZI ) [n (21 — 22) — (21 + 2],
a7 () sinh b
_ 27rcosnaoe (n81? 7;’+cos 7)7 (B.7)
sinh” 7
and, if we set k = 3, we obtain:
82 82 Zn+2
I3 = 2w cosnopR Lh_{l;ll %gn3(2):| = —8m cosnopR ngr;l %m}
I 0 2 n+1 o 3 3 _ 2 n+2
= —8mcosnopR | lim — (n+2)2"" (2 — 2) (2 —20)" 2
z—21 az (Z _ 22)6
= —8mcosnopR | im — (n+2)2""" (2 — 20) z
_Z*}Zl az (z — 22)4
[ 2)2"[(n—1)z — 1 _
= —8mcosnoy} | lim (n+2)z"[(n—1)z—(n+1)2](z - 2)
#7721 (Z — 2’2)5
42" (2 — 22) — (2 + 22) — 2]
(z — 29)°
(n+2)e " [nsinh 7 + cosh 7] sinh 7
= 7T COS Noy .
sinh® 7
2 —(n+1)7 inh h —nr
+= kil T e ] ‘ (B.8)
sinh” 7

B.3.2 Recurrence relation
Writing the integral I,, ; as:
Lo = cosnog X Iy,

where

, 2 cosno
I, = -do,
o (cosh7T —coso)

and, using integration by parts, we obtain:

I 2 cosno
n,k A dO',
o (

cosh T — cos o)
2
2 sin no _
+k 7 sinodo,
1
o (cosh—coso)

[ sin no

- k
(cosh —coso)” | |
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B.4 Bipolar expansion

ko[*" cos(n—1)c cos(n+1)o
D) 1 | do
2.Jo | (coshT —coso) (coshT — cos o)
k [*™  cos(n—1 k [*™  cos(n+1
:_/ ( )0k+1da——/ ( )0k+1d0,
2 Jo (cosht —coso) 2 Jo (cosht —coso)
— EII o Ell

o n—1h+t1 7 5intLkt1s

Consequently, we obtain the following reccurence relation:

kI;L—l,k:—&-l - erluc - k]rlz—l-l,k-l—l =0.

B.4 Bipolar expansion

From (2.55) we obtain the following expansions in powers of a:

1—c d*(1+ )
de = — 4 B.
c 5 ) + 0(a"), (B.9a)

a? a?

I_&p 1-&

Making use of the expansions in powers of a for 71 and 75 derived in (2.22) we

71— 7y = log (1 —¢*) —loga — +0O(ah). (B.9b)

obtain:
e,gm-l _ e—2n [log(l—cQ)—loga—log c—ﬁ-{—@(a%]?
ac 2n ac n
- (1) v o) = (1) + o). Bao
2 2

—on(r1—T2) __ —2n|log(1—c?)—log a— —% 55+ -2 +0(a?)
14e (11 2)_1:|:e [ ( ) (1-c2)2 T1-¢ ]’

2n
_ . 24+2n
=1+ (1_62> + O(a), (B.10Db)

Subsequently, we have:

1
1+ e—2n(7'1 —72)

2n
= (1 —i—e’Z"(Tl’T?))_l =1- <1 - 2) + O(a>2M)
—c

and finally:

2
1— —2n(11—72)
tanhn(m — ) = ¢ = [1- (

2n
a
_ (2+2n)
1+ e—2n(7'1—7'2) 1— C2> + O(a )] )

2n
_ _ a 4n
=1 2(1_02) + O0(a™).
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o0

B.5 Proof of E Lo=2nm2 = —log2d + 7

3 |

B.4.1 Bipolar coefficients in the limit ¢ — 0

From the definition (2.1) the following limits for ¢ — 0 are obtained:

1
d=—+/(1+a%—c2)?—4a% — oo,

2c
1 1—a?
cdzi\/(1+a2—02)2—4a2—> ¢

Subsequently, using the definitions 7 = log (d/a +1+ (d/a)2> and 75 =
log (d + V1 + d?) we find the limit as ¢ — 0:

71 = log (d/a + W) — 00, (B.12a)
5 = log (d + m> — 00, (B.12b)

T — Ty = log<d/a+\/1+ (d/a) >—10g<d+m>
og LA VILUA) ”“W S logt. (B.120)

d+V1+d 1+ /1/d + a'

00
Lo=2nm — _
B.5 Proof of Z - = —log2d + 1
In this appendix we will prove that:
1
Z —e "2 = _log 2d + 7o,
n

for the cases when a = 0 and a # 0.

If a = 0 we have:

- 1 —2nTo C (6_27—2)” —279 ogc
2562 —; - :—log(l—eQ)— log(l 21g)

= —log (1 —02) = —log2d + T,

where we have used the fact that:
1—¢?
2c

—loge, d=

and
log 2d = log (1 — 02) —logc = log (1 — 62) + To. (B.13)
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B.6 Proof of %0 = 27’2 — 70, 5’0 =0y

If a # 0 then we have:

- l —2nTo __ . (6727-2)71' _ a7 2m ( o 7210g(d+\/1+7)>
Zne 2—2 = 10g(1 e 2)— log(1—e

n
n=1 n=1

~ log (1 = (d+m)_2) = —log (cmi%)

— _log2d + log (d+\/1+d?> — —log2d + 7.

B.6 Proof of 7:0:27'2—’7'(), 6'0 = 0y

The image point x in Cartesian coordinates is:

r—V1+d?*)?2+y (x —V1+d?)?+y?

i:(fz,z])=<( ro Vit d St VI+d Y )

We use the following identities:

a1+ P+ (V1+ 2 +d) [(z— VI +d2)? + 7
(2 — V14 d?)2 + 52 ’
. e VI+ @+ (V1+ 3 —d) (v — VI+ ) + ]
(2 — V14 d?)2 + 42 7
s s o 14+2(x—V1+d*)(V1+d*+d
o= LA DR T 10
(VIT@+d? [z —VI+ &)+
(2 —VI+d?)?+ y2]2
142 - V1I+B)(V1+d—d)
(z — V14 d?)2 + 2
VIF @ —d)? (e —VIF @) +¢]
(2 = VIF &P + 4]

T+d

+

Y

(Z—d)?*+7°

+

)

to obtain that:

o1 (& +d)? + i
T:—logf
2 (T —d)?+9?

142z —VI+ ) (VI+ 2 +d) + (VI+ 2 +d) [(z — VI+ &)

]

1 T —
:élog1+2(m—\/1+d2)(x/1+d2—d)+(m—d) [(z — V1t &)
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B.7 Proof of (7.,0.) = (27,0)

1 [+ @ VI+A)VI+@+d)] + (VI+ & +d)%

= —log

27 1+ @ = VI A(VI+ @ = d)] + (VI+& —dPy

2
1 2
g VIR 1 (2= VIT P+ 5d) +v

— 5987 2 2 2
2 (Vi+d _d) 2 <x—\/1+d2+—ﬁ2_d) + 2
VIZ@+d 1 (e VITEFVITE—d)

=log ~———— + = log
VIt@ —d 2 7 (o VI+ @+ VI+E+d) +12

2 1. (z—d)*+y?
P 2 -
log(\/l—i—d —i—d) +210g—(a7—|—d)2+y2

=279 — T,
and
2dy
T — 0 = 2arctan y
2 — 72— g2 — \/(d2 — 52— ?]2)2 + 4d2?
2dy
—\ 2
= 2arctan (V¥ ®) 1o
42— —y2 \/(dQ—zQ—y2)2+4d2y2
(2—vITd®) 42 (z—VIF®) +y?
2d
= 2arctan y

d? — 22—y — \/(d2 — 2 y2)2 + 4d?y?
=T—0=0 =0,
where we have used the fact that:
2 — 3%

(x—\/l—l—idz)z%-yz‘

B.7 Proof of (7.,0.) = (272,0)

We want to proove that the position (7., 0.) of the centre of the circle in bipolar
coordinates is equal to (272,0). The angular component o, is zero given the fact

that the point is on the Oz axis. For the 7-component we have:

o (z+adP L VI4+d2+d - 2 >
Tc—log(x_d)Q—logm—log<vl+d +d) —210g<\/1—|—d —i—d)

= 2’7’2.
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B.8 Bipolar coordinates - concentric case

B.8 Bipolar coordinates - concentric case

We want know how do expressions involving bipolar coordinates (7, ) relate to

polar coordinates (r,0) as ¢ — 0. We begin with:

VIF@+d) +¢?
T—ngllog (z+Vi+d —|—d)2+y —log<d+v1+d2>
2 T (e+VI+ @ —d) +y?
—llog (z+VIF@+d) +y?

[(x+m—d)2+y2} (d+VI+d)

| (d+ V1 +al2)2 {(m + 1)2 + (mﬂ

= —log
2 2 1 2
(d+ VIt d) [(:p o) + y?]
1 1 1
— —log— =log—- asc—0,
2 T2 r

where r = /22 + 2.

Similarly we have for:

1. (r+VI+E+d) +12
n—71=log(d/a++\/1+d?*/a®) — =log
' (/ /> 27 (e VI+ @ —d) +y?

R (e + VIFE+d) +4
2 [(x+m—d)2+y2} (d/a+\/1+T2/a2>2

2
1 #|(3+y5E) ~ 0
:—§log

oy ()

2
—>——10ga—:10gz as ¢ — 0.
2 r2 a

We know that the tangent of the bipolar angular component can be written as:

2dy 2dy
tano = =
(x+\/1+d2)2—|—y2—d2 2+ 20V1+ P+ 1+ d* +y? — &2
2dy

— _>Q asc— 0

d((z>+y2+1)/d+22V1+d?/d) ®
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B.8 Bipolar coordinates - concentric case

= tan 4,

where 6 is the standard polar angular coordinate of (z,y). From this we deduce

the following;:
O — 0g — 60— 00.

Here (r,0) and (rg,6y) are the polar representation of (z,y) and (xq,yo), respec-

tively.
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Appendix C

Bispherical coordinates

C.1 Normal derivative in bispherical coordinates

We are interested in the normal derivative of a function f(7, 0, ¢) evaluated on a
sphere of constant 7 = 7, and for that purpose we will investigate the following

hypothesis:

sino cos¢sinhT  sinosingsinh7 1 — cosh7coso
coshT —cosoc ' coshT —coso ’ coshT — coso

where n is the normal vector to the 7 = 71 surface. Let v be a point on the

sphere 7 = 7:

sin o cos ¢ sin o sin ¢ sinh 7 >

V:(x,y,z):(d

coshT —coso’ coshT —coso’ coshT — coso

Then we have

ov sin o cos ¢ sinh 7 sinosin¢sinh7 1 — coshTcoso
or (coshT —cosc)?’  (coshT —cosc)?’ (coshT — coso)?
and )
ov|” d?
or (coshT — cosa)?’

As a result we obtain the unit vector:

sinocos¢sinhT  sinosingsinh7 1 — cosh7coso
er=1— y )
coshT — coso coshT —coso ' coshT — coso
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C.2 Proof of (%0,60,%) = (213 — 70, 00, ¢0)

The vector v = (z,y, z) also satisfies:
(z —dcoth7)? + 3y + 22 = d* csch? 7.

Changing the system of coordinates such that the origin is the centre of the sphere
7 = 711. Let 6 and ¢ be the polar angle and azimuthal angle, respectively, of a

point on the sphere and as a result:

sin
tanwzy: ¢:tan¢:>¢:<p,
T  CosQ
6 = arccos

z —dcothr cosocosht —1
= arccos .
cosh7 — coso

Va2 4y + (2 — dcoth )2

Using standard trigonometric identifies we express cosf and siné in terms of
tan 6:

cosarccosx = x, sinarccosz = V1 — 22,
where = € [0, 7]. This gives us the vector normal to the surface of the circle:

ey = (sinf cos ¢, sin fsin ¢, cos )

sino cos ¢ sinh 7 sinosin¢gsinh 7 cosh7coso — 1
coshT —coso ' coshT —coso ’ coshT — coso

= —e,.

As a result we have the following identity for the normal derivative on a circle of

constant 7 af
a—n = Vf e = —

coshT —coso df

d o7
C.2 Proof of (7*0,50,q50> = (215 — 70, 00, P0)

The image point x in Cartesian coordinates is:

~ U z )
x=(7,7,2) = , :
(#5,2) (x2+y2+(z—\/1+d2)2 22+ 9y + (2 — V1 + d?)?

NN
+Vv1+4+d?). C.1
22+ 92+ (2 — V1+ d?)? ) (C1)
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C.2 Proof of (%0,60,%) = (21 — 710, 00, P0)

We begin with the 7-coordinate of the image point:

. , (2d§) 2dz <2d,§> 2
7 = arcsinh [ — = log — + 1 + [ —
Q@ Q@ Q@

20z Q2+ (2d5>2)
=

= log

Q Q

o \/ (R2 + d2)2 — (2d3) + (2d2)°
=log | — + =
Q Q@

R?2 + 2 +2d3 R? + 2 +2d3

=lo
@ ) ) \/(R2 + d2>2 — (2d2)°

R? + 2% + 2d3

\/ (R? v zdz) (R? Fd2— 2d2>

= log

1 R? + d? + 2d3 1 P4+ 2+ d?+2d3
R2+d2—2d,§) =gloe (5:2+3]2+£2+d2—2d§)
9E2+gj2+(2+d)2>
P24 92+ (2 —d)?
1 xZ—i—yQ—l—[z—m—i—(xQ—l—yQ—i—(z—\/l—i-d?)Q)(\/1+d2+d)]2
2 x2+y2+[z—m+(x2+y2+(z—\/1+d2)2)(\/1+d2—d)}2>
1 (1+(VT+@+d) (2 + 2+ (= VI+P)?)
2 14+ (VIT@—d) (a2 + 92 + (= VI + B)2)
+2 (2 = V1+ &) (\/1+d2+d)>
+2 (2 = VI+ @) (VI+ & —d)

(VI+d&+d) {%+x2+y2+(z—\/1+d2)2+2(z—ﬁdzﬂl>}

1 | (VitdZ+d) +d
= — Og
2 2 2(z—V1+d?
(\/1—|—d2—d) {(1— W+$2+y2+(2—\/1+d2)2+%:|
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C.2 Proof of (%0,60,%) = (21 — 710, 00, P0)

L (VIr&@+a) [(m—d)2+x2+y2+(z—m)2

2 g(m—d)Q[(m+d)2+x2+y2+(z—m)2
+2 (z = V1+ @) (VI+d® —d)]
+2(z = VI+ @) (VI+ P +d)]

P 1 24P+ - VIFTR+VIT R —d)
:—10g<d—|—\/1+d2) —l——loggc -V v )2
2 2 2424 (- VIFE+VI+ P +d)

2 2 2
:210g<d+v1+d2>—llogx tY +(z+d)2
2 TP+ y’+(2—d)

=279 — T,
where in the above we have utilised:
PP+ (E+d)?
PP+ = VIF P+ (2 + P+ = VIR (VIF P £d)]
12+ 2+ (2 — V1+ d?)? '

Making use of the following identities:

PAP+ = VIFEAVIFE (4 + (= VI 2P
(22 + 9% + (2 — VI+ @)2)°
pe (m2+y2+(z—m)2)2
! (@2 42+ (= VI d)2)
1+ 2VT+ @ (2 = VI+ &)+ (1+d%) (22 + 2 + (2 — VI + d%)?)
- 2% +y? + (2 — V1+d?)?
& (22 +y* + (2 — V1 + &2)?)
22t (- VIt )
I+ @ =+ 2VT+ B (2 = VI+B) + 2>+ y° + (2 — VI + )
22+ 92 + (2 — I+ d2)?
x2+y2+(z—\/1+d2—|—\/1+d2)2—d2
224y + (2 — V1 + d?)?
oy’ + 22— d
22+ + (2 — VI &)
R?* — &2
22+ 2+ (2 —VI+ )Y

RQ_dQZ
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C.3 Proof of (1., 0., ¢.) = (272,0,0)

and

R2 + d2 ~(2d3) = \/ (R? - 2d,§> (}?2 - 2d£)

\/x2+y +(E+d)Y) @+ 32+ (2-d))
VI

22+ y? + (2 +d)%) (22 + 2 + (2 — d)?)

22+ 9%+ (2 — V1 + d?)?
Q
22+ y? + (2 — VI+d%)?

we obtain that:

- R2_d2
2 2 2 2
- R —d 22 4y2+ (z—/1+d2)2 R4 —d
0 = arccos = = arccos Q = arccos Q = 0.
Q 2242+ (z—v/11d2)2

Finally, from the definition of Z and § from (C.1) we see that:

~ Yy
<Z~5 = arctan (g> = arctan <x2+y2+(zz_\/l+d2)2 ) = arctan (Q)
T z

22 4y2+(z2—V1+d?)?

0.

C.3 Proof of (7, 0., ¢.) = (272,0,0)

We want to prove that the position (7., 0., ¢.) of the centre of the sphere in
bispherical coordinates is equal to (272,0,0). The angular component ¢, is zero
given the fact that the point is on the Ox axis. The centre of the sphere can be

written as:

(e ger 20) = (0.0 VT + ).

Making use of the following:

R = \/xc2+yc2+202:\/1+d27
Q= (1 +@+d 4 (1 +d) = /(1 +d - )’ =1

we obtain the 7-component as:

2d
7, = arcsinh (%) — arcsinh 2dv1 + @ = log (Qd\/l TR AR (L + B) + 1)
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C.4 Bispherical integral

— log <2dm+2d2+ 1) — log (d+m)2 — 2log (d+ m)

= 2’7'2.

Finally, the o-component we have:

R? — 2 1+d?>—d?
0. = arccos 0 = arccos — )= arccos 1 = 0.

C.4 Bispherical integral

From (Jeffery, 1912, p.118) we know the following properties of Legendre poly-

nomials:

T 40g

cosh g — cos 0p)? 2n+1 ’

/ P, (cos ag) sin oy don — 2v/2 o (nt1)m
o (

/71' Pn(cosao)sin003 dUo:2\/§e.(n+;)m
0o (

cosh 7y — cos gp)2 sinh 7o

C.5 Legendre polynomial expansion

A generating function for Legendre polynomials P, is given by (Barton, 1989,
p.417):

= ZP (C.2)

(1 — 2zt + t2
Differentiating with respect to ¢t and multlplymg by 2t we obtain:
—2z + 2t -
v T = Z 2n P, (x)t". (C.3)
2

(1 — th + t2) n=0

Adding (C.2) and (C.3) we have after rearrangement:

5 iQn—i—l r

(1—2a:t—|—t22 - e

CO

Repeating the previous step we arrive at:

= [(2n+3)( 2n+1) tn 4 {2
. Z[ 5L 2+ 1) ——= | By(a).
(1—2xt—|—t22 = (1—)" 3 (1—12)
(C.4)
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C.5 Legendre polynomial expansion

Let © = coso and t = ¢ 7 in (C.4) we obtain:

. =D Un(r)Pa(cos o),

(coshT — cos o) 0
where
3
(2n+3)(2n+1) e (nt2)r o o= (nt3)
Un(1) = V2 = C.5
(7) V2 3 sinh? 7 i 3 (2n+1) sinh?® 7 (C:5)
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Appendix D

Difference equations

D.1 Theorems

For the theorems of this section we have used (Milne-Thomson, 2000, p.523-534).

D.1.1 Poincaré’s theorem

If u(n) is any solution of a homogeneous linear difference equation whose coeffi-
cients tend to constants, when n — oo, then:

i 4D

n—00 u(n) ’

exists and is equal to one of the zeros of the characteristic equation of the associ-
ated difference equation with constant coefficients if the moduli of the zeroes of

the characteristic equation are distinct.

D.1.2 Perron’s theorem

If the coefficients of u(n) in the difference equation of order n are not zero where
n = 0,1,2,..., and the other hypotheses be fulfilled, then the equation has n

fundamental solutions ui(n), ..., u,(n) such that

; 1
lim —ul(n—l— )

=q; 1=1,2,3,...,n,

where «; is a root of the characteristic equation.
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D.2 Continued fraction theorem

D.2 Continued fraction theorem

We begin by defining the following:

Ts — Xs41 Ts42 — Ts43
25 = , sef{l,2,3,...,n—3},
Ts — Ts42 Ts41 — Ts43
o Tp —Ls Ls41 — Ts42 -1
Vg = 3 Up—2 = 1,
Tp — Ts41 Ts — Ts42

from which results:
Zs Tg — xs+1 Ty — Ls42

Y
VUs41 Ts — X542 Ty — Ls+1
and subsequently:

Zs

1—

=vs,, s€{1,2,3,...,n—3}. (D.1)

Vs+1
Letting s = 1 in the above we have:

v1:1—§:1—1"1
; -

z2”
v3

Applying (D.1) multiple times we obtain:

=1-—t (D.2)
1—
Let us now consider the following Poincare difference equation:
u(n +2) + p(nju(n +1) + g(n)u(n) =0, (D.3)

where

lim p(n) =a;, lim ¢(n) = as.
n—oo n—oo

As a result, the characteristic equation of (D.3) is
2+ art +ay =0,

which we suppose has two roots a and 8 such that |a| > |3].
Let uy(n) and us(n) be a fundamental system of solutions from which we obtain

from the difference equation:

ur(n + 2)uz(n) — ug(n + 2)ui(n)
ur(n)ug(n + 1) —us(n)ui(n + 1)

p(n) =
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D.2 Continued fraction theorem

ur(n + Dug(n 4+ 2) — ug(n + )ug(n + 2)

n) = ,
q(n) ur(n)ug(n + 1) — ug(n)us(n + 1)

Taking

ur(n+s—2)

Ty = ————C,

ug(n + s —2)
then we obtain

g(n+s—1)

E2 (D.4)

T pnts—2pn+s—1)
Performing the change of variables n — n + 2 we obtain after simplifications:

ur(n +mug(n +1) —ug(n + m)us(n+1) 1
w(n+muz(n) —uz(n+mui(n)  p(n—1)

vy — 1=

Substituting in (D.2) and making use of (D.4) we have the identity:

ur(n+muz(n+1) —us(n+mui(n+1) _ —q(n)
uy(n 4+ m)uz(n) — uz(n + m)uy(n) = p(n) — ) . (D.5)

P

We notice that the right-hand side of the previous equation is only dependent on
the coefficients of the difference equation (D.3) and is therefore independent of
the fundamental system of solutions we have chosen. As a result, we choose our
fundamental solutions such that:

. ui(n+m+1) us(n+m+1)
lim =q, lim
m—oo  uj(n +m) m—oo  Uy(n +m)

=5,

which is possible given Perron’s theorem D.1.2. Therefore

p

(67

lim ug(n+m+1)u1(n+m)‘: <1,

n—oo |uy(n 4+ m+ 1) ug(n +m)

from which we deduce that:

lim us(n +m)

= 0.
n—00 U7 (n —+ m)

Dividing the numerator and denominator of (D.5) by u(n+1) and we let n — oo

to obtain:
w1 —qn)
N (n+1) 7
u2(n) p(n) - p(ZH—l)—u-

and uq(n) is obtained as a solution of the equation of the first order.
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D.2 Continued fraction theorem

Analogously, by performing the change of variables n — —t — 2 in the difference

equation we obtain a second solution given by:

uz(n) -1

uz(n + 1) p(n—l)—p(‘i(_"—;i)m'
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Appendix E

Numerical simulations

E.1 Experimental methodology

The Coxiella bacteria are stained using the following process:

the infected cells are washed twice with 0.5 ml of PS (phosphate-buffered

saline);

they are covered with 4 % paraformaldehyde, fumigated out of the cabinet

and stored at 4 for more than 40 hours;

the paraformaldehyde is removed and 200m pul cell perm/fix buffer (BD
biosciences) is added in each well to permeablise the cells and are left for

20 minutes at room temperature;

2 ul of anti-Coxiella LPS (lipopolysaccharides) antibody (BBI) is added to
each well and left for 1 hour at room temperature in order for the antibodies
to bind to the Coxiella;

the cells are washed with PBS;

2 pl of FITC (Fluorescein isothiocyanate) labeled anti-mouse antibody (In-
vitrogen) is added to each well and left for 1 hour at room temperature

which labels the previous antibodies green;

cells are washed and left in PBS;
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E.2 Robin boundary condition

e the cells are viewed under laser confocal microscope (LSM 710, Zeiss) using

488nm laser;

e images are processed using Zeiss Zen 2012 Blue software;

E.2 Robin boundary condition

Suppose p (x) is a function which satisfies the following Robin boundary condi-
tion:

vnp = Kp

where n is the normal vector to the surface and « is the trapping rate. If kK — 0
then:
Vap =0

and the boundary becomes reflecting, while if K — oo then:
p=0

and the boundary becomes absorbing.

E.3 Numerical algorithm

In order to simulate p(z,t) we use the following algorithm(Erban & Chapman,
2007, p.4):

e we distribute N particles uniformly over the interval [0, A

e let At be the timestep. and z;(t),7 = 1,..., N be the position of the i-th
particle at time ¢. The the position z;(t + At) is given by:

zi(t + At) = x;(t) + Ax (E.1)
where Az ~ N(0,2DAt) and D is the diffusion coefficient.

e if a particle crosses the reflecting boundary at step ¢ then position z;, is
given by:
xi(t + At) = 2h — x;(t) — Ax
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E.3 Numerical algorithm

e for the partially absorbing boundary we utilise the following:

— if x; < 0 then x;(t + At) = —x;(t) — Az with probability 1 — PV At,
where P = k+\/7/2v/D, otherwise the particle is removed from the

system.

— if z; > 0 the particle is removed from the system with probability

e~ bar PV/AL (E.2)

e at the end of each time step the position of each particle is recorded which

gives p(x,t).
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Appendix F

Tables

This appendix contains tables of different parameters used in this thesis.

Table F.1: Cozxiella burnetii assay parameters

Parameter Definition Value
b radius of assay well \/L; cm
h height of assay well 1lcem

K trapping rate 762 cm s

D diffusion coefficient 0.5cm?st

N initial number of monocytes | 1.5 x 10°
MOI multiplicity of infection 2 x 102
My initial number of bacteria 3 x 107
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Appendix G

Python code

This appendix contains the Python code used to produce plots in this thesis.

G.1 Grayscale interval plot

"""We plot the cummulative distribution function of the
grayscale distribution of

the image provided by dstl for the monocytes covering the
bottom of the

assay well"""

from PIL import Image

import matplotlib.pyplot as plt

import numpy as np

"""We change the python plot such that it does not have
upper or rightward

border"""

fig = plt.figure(frameon=False)

ax = plt.subplot(111)

ax.spines[’top’].set_visible(False)

ax.spines[’right’].set_visible(False)

ax.yaxis.set_ticks_position(’left’)

ax.xaxis.set_ticks_position(’bottom’)

"""We upload the dstl image"""

imag = Image.open("preinfection2thesis.jpg")
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G.1 Grayscale interval plot

"""Convert the image te RGB if it is a .gif for example"""
imag = imag.convert (’RGB’)
"""We record the height and width of the image in pixels"""
width, height = imag.size
"""We define a matrix of -1 of the same size as the iamge
cdens = np.ones(shape=(width,height))*(-1)
z1,z2=np.linspace(width,0,width) ,np.linspace (0,height,
height)
def open_image (path):
newImage = Image.open(path)
return newlmage
"""Save Image"""
def save_image (image, path):
image.save (path, ’png’)
"""Create a new image with the given size"""
def create_image(i, j):
image = Image.new("RGB", (i, j), "white")
return image
"""Get the pixel from the given image"""
def get_pixel(image, i, j):
width, height = image.size
if i > width or j > height:
return None
"""Get Pixel"""
pixel = image.getpixel ((i, j))
return pixel
X,Y = 15,240
def convert_grayscale(image ,X):
"""Get size"""
width, height = image.size
S =0
"""Transform to grayscale"""
for i in range(width):
for j in range (height):

"llIIGet Pixelﬂllll
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pixel = get_pixel(image, i, j)

"""Get R, G, B values (This are int from O to

255) """
red = pixel [0]
green = pixel[1]
blue = pixel[2]

"""Transform to grayscale"""
gray = int (1/3*(red+green+blue))
if gray<=X or gray>=255-X:
S += 1
"""Return grayscale cumulative distribution"""
return S/(width*height)
N=127
x=np.linspace (0,N,N+1)
y=1_[]
for i in x:
print (i)
y.append (convert_grayscale (imag,i))
plt.plot(x,y)
"""We highlight the grayscale value for which the monocytes
occupy 1/3 of the
image"""
plt.axvline (x=15,ymin=0, ymax=convert_grayscale (imag,b15),
color=’r’)
plt.axhline(y=convert_grayscale(imag,15) ,xmin=0, xmax
=1500/12700, color=’r’)
plt.xticks ([0,15,64,128], [0,15,64,128],fontsize=14)
plt.gca().get_xticklabels () [1].set_color("red")
plt.yticks ([0, convert_grayscale(imag,15) ,0.5,1]1, [0,°%.2f°%
convert_grayscale (imag,15) ,0.5,1] ,fontsize=14)
plt.gca() .get_yticklabels () [1].set_color("red")
plt.x1im ([0,128])
plt.ylim([0,1])
plt.xlabel(r’$x$’,fontsize=20)
plt.ylabel (r’$CDF(x)$’,fontsize=20)
plt.tight_layout ()
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G.2 Grayscale heat map

plt.savefig("ColormapIntervalNumber .pdf")
plt.show ()

G.2 Grayscale heat map

"""We plot the grayscale trasformation of the image
provided by dstl for the
monocytes covering the bottom of the assay well"""
from PIL import Image
import matplotlib.pyplot as plt
import numpy as np
imag = Image.open("preinfection2thesis.jpg")
"""Convert the image te RGB if it is a .gif for example"""
imag = imag.convert (’RGB’)
"""We record the height and width of the image in pixels"""
width, height = imag.size
"""We define a matrix of -1 of the same size as the iamge
cdens = np.ones (shape=(width,height))*(-1)
z1,z2=np.linspace(width,0,width) ,np.linspace (0,height,
height)
def open_image (path):
newlmage = Image.open(path)
return newlmage
"""Save Image"""
def save_image (image, path):
image.save(path, ’png’)
"""Create a new image with the given size"""
def create_image (i, j):
image = Image.new("RGB", (i, j), "white")
return image
"""Get the pixel from the given image"""
def get_pixel(image, i, j):
# Inside image bounds?

width, height = image.size
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if i > width or j > height:
return None
# Get Pixel
pixel = image.getpixel ((i, j))
return pixel
X,Y = 15,240
def convert_grayscale(image):
"""Get size"""
width, height = image.size
print (width ,height)
S =0
"""Create new Image and a Pixel Map"""
new = create_image (width, height)
pixels = new.load ()
"""Transform to grayscale"""
for i in range(width):
for j in range(height):
"""Get Pixel"""
pixel = get_pixel(image, i, j)

"""Get R, G, B values (This are int from O to

255) "
red = pixel [0]
green = pixel[1]
blue = pixell[2]

"""Transform to grayscale
gray = (red * 0.299) + (green * 0.587) + (blue *
0.114)"nn
gray = int (1/3*(red+green+blue))
if gray<=X or gray>=Y:
pixels[i, j] = (int(255),0,0)
S += 1
else:
pixels[i, j]l = (0,0,int (255))
"""Return new image"""
return new, S/(width*height)*100
plt.imshow(convert_grayscale (imag) [0])
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plt.savefig("GrayscaleColormapInterval.pdf")
plt.show ()

G.3 Intracellular distribution of Coxiella burnetii

"""We plot the intracellular distribution of Coxiella
burnetii"""
import numpy as np
from scipy.spatial.distance import pdist, squareform
import matplotlib.pyplot as plt
import math
import scipy.special as sp
import csv
from scipy.optimize import brentq
from decimal import *
getcontext () .prec = 40
"""We change the python plot such that it does not have
upper or rightward
border"""
fig = plt.figure(frameon=False)
ax = plt.subplot(111)
ax.spines[’top’].set_visible(False)
ax.spines[’right’].set_visible(False)
ax.yaxis.set_ticks_position(’left’)
ax.xaxis.set_ticks_position(’bottom’)
def Func(y):
return y/K*np.sin(y*h)-np.cos (y*h)
"""We define the signchange function which we will help us
find the solutions
of the Bessel function defined above"""
def signchange(r,f,start):
sol=[]
before=start
sol.append(before)

for x in r:
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if x>before and f(x)*f(before)<0:
before=x
sol.append(before)
return sol
"""We define the root_finder function which will find the
solutionsof the
Bessel function defined above"""
def root_finder(r,f):
roots=[]
for n in range(len(r)-1):
roots.append (brentq(f, r[nl, rln+1]l, (O))
return roots
"""We define the survival function"""
def Survival(x,n,W,K):
s=0.0
for j in range(O,n+1):
A_ij=1/(Wljl**2*(h/2+%(W[jl**2/K**2+1) +1/(2%K)))
s+=A_ij/h*np.exp(-(W[j]#**2)*D*x)
return s
"""We define the Poisson distribution"""
def Poisson(n,m):
return np.exp(-m)*m**n/sp.factorial (n)
"""We define the radius of the assay well, the trapping
rate, the diffusion
coefficient, the fraction of the spherical surface covered
in absorbing disks,
the number of traps and the number of diffusing particles
wn
global b,K,h,D,sigma,N,CO
b=1/np.sqrt (np.pi)
K=0
h=1
D=0.5
sigma=0
N=150000
CO0=200%N
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G.3 Intracellular distribution of Coziella burnetii

"""We upload the data provided by Dstl for the radius of
the radius of the
trap"""
coxiella_radius_1=[]
with open(’Expt4_THP1_CellSize.csv’) as csvfile:
readCSV = csv.reader(csvfile, delimiter=’,’)
for row in readCSV:
coxiella_radius_1.append(row[0])
coxiella_radius_l=np.delete(coxiella_radius_1, 0, axis=0)
coxiella_radius_1=[np.sqrt((float(x)*10**(-14))/np.pi) for
x in coxiella_radius_1]
coxiella_radius_2=[]
with open(’Expt5_THP1_CellSize.csv’) as csvfile:
readCSV = csv.reader(csvfile, delimiter=’,’)
for row in readCSV:
coxiella_radius_2.append(row[0])
coxiella_radius_2=np.delete(coxiella_radius_2, 0, axis=0)
coxiella_radius_2=[np.sqrt((float(x)*10**(-14))/np.pi) for
X in coxiella_radius_2]
coxiella_radius=coxiella_radius_l+coxiella_radius_2
"""We upload the position of the traps"""
txt=str ("DATAfile_3D_Gillard_Position_Traps_1.0")+str(".txt
")
text_file = open(txt, "r")
lines = text_file.read().split ()

pos_x=[]
pos_y=1[]
pos_z=1[]
for i in range(len(lines)):
if 1%3==0:
pos_x.append(float(lines[i]))
if ih3==1:
pos_y.append (float(lines[i]))
if 1%3==2:

pos_z.append(float(lines[i]))
print (len(pos_x),len(pos_y),len(pos_z))
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G.3 Intracellular distribution of Coziella burnetii

pos=np.c_[pos_x, pos_y, pos_z]

"""We plot the intracellular distribution of the capture
Coxiella burnetii at
different times"""
Color=[’ro’,’bo’,’go’]
Ts=[0.01,0.05,0.1]
for i in [0,1,2]:
ts=Ts[i]
K=0
Radius=np.mean(coxiella_radius)*np.ones (N)
sigma=np.pi*sum([x**2 for x in Radius])
def f(sigma):
return (1+3.8*sigmax*x(5/4))/(1-sigma)
for r_i in Radius:
V = np.pi*r_i*x2/sigma
K += 4*%V*D/(np.pi*r_i)*sigmax*f(sigma)
K=K/D
x = np.linspace(0.001, 6000, 5000)
S=Survival(ts,500,root_finder (signchange (x,Func
,0.00000001) ,Func) ,K)
M=int (CO*(1-8))

m=M/N

print (m,’hello’)

Q=70

n=np.linspace(0,Q,Q+1)

ax.plot(n,Poisson(n,m),Color[i],label=r’$t$ = ’+str(ts)
)

plt.xlabel(r’$r$’,fontsize=20)
plt.ylabel(r’$f(rlt,\kappa)$’,fontsize=20)

plt.legend (loc=1,fontsize=15,frameon=False)
plt.x1im([-0.5,Q1)

plt.xticks ([0,35,70], [r’0’,r’35’,r’70’],fontsize=14)
plt.yticks ([0,0.10,0.20], [r’0’,r’0.1°,r’0.2°],fontsize=14)
plt.tight_layout ()
plt.savefig(’Intracellular_Distribution.pdf’)
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‘plt.show()

G.4 Survival function for circular domains

G.4.1 Numerical simulations

Simulation of diffusing particles inside a concentric
annular region bounded

two circles. The outher circle is reflecting and the inner
circle is absorbing.

We record the number of particles still alive at each time
step in order to

determine the survival function

wn

import random as random

import numpy as np

from scipy.spatial.distance import pdist, squareform

import matplotlib.pyplot as plt

import matplotlib.animation as animation

import math

class ParticleBox:
W
init_state is an [N x 2] array, where N is the number
of particles:
[[x1, y1],
[x2, y21],

bounds is the size of the box: [xmin, xmax, ymin, ymax]

def __init__(self,
init_state = [[1, 0],
[-0.5, 0.5],
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G.4 Survival function for circular domains

def

[-0.5, -0.511,

bounds = [-10, 10, -10, 10],

size = 0.00,

M = 0.05,

G = 9.8):
self.init_state = np.asarray(init_state, dtype=

float)

self .M = M *x np.ones(self.init_state.shapel[0])
self .size = size
self.state = self.init_state.copy()
self.time_elapsed = 0
self.bounds = bounds
self .G = G
step(self, dt):
global nr,time, init_k, nrprt, b, a, c, D

"""step once by dt seconds"""

self.time_elapsed += dt

"""We create a copy of the particle positions"""

self.state_backup=self.state.

"""We update the position of

self.state[:,1] += np.random.
dt) ,nrprt)

self.state[:,0] += np.random

dt) ,nrprt)

copy O)
the particles"""

normal (O,np.sqrt (2*D*

.normal (0,np.sqrt (2*Dx*

"""We determine which particles have crossed inside

the nucleus and we
delete them"""
Distance_1 =

state[:, 1]+c)**2<(a)**2)
self.state[Distance_1,0]=0

self.state[Distance_1,1]=-c

self.state=np.delete(self.state,

=0)

np.where(self.statel[:,

0] **2+(self.

Distance_1, axis

self.state_backup=np.delete(self.state_backup,

Distance_1, axis=0)

nrprt=len(self.statel[:,0])
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G.4 Survival function for circular domains

state_backup_2=self.state.copy ()

"""We determine which particles have crossed the
cellular surface and

we reflect them"""

Distance_2 = np.where(self.statel[:, O0]**2+self.
state[:, 1]1**x2>(b) *x*2)

self.state[Distance_2 ,1]1=(2*b-np.sqrt(
state_backup_2[Distance_2 ,0]**2+state_backup_2[
Distance_2 ,1]*%*2))*np.sin(np.arctan?2(
state_backup_2[Distance_2,1], state_backup_2[
Distance_2,0]))

self.state[Distance_2 ,0]=(2*xb-np.sqrt(
state_backup_2[Distance_2 ,0]**2+state_backup_2[
Distance_2 ,1]1%%*2) )*np.cos(np.arctan2(
state_backup_2[Distance_2,1], state_backup_2[
Distance_2,0]))

"""We determine which particles have crossed the
boundary of nucleus

between the beginning and end of the time step. We
delete these

particles"""

ri=[math.sqrt (x**2+y**2) for x,y in zip(self.state
[:,0],self.statel[:,1]1)]

r2=[math.sqrt (x**2+y**2) for x,y in zip(self.
state_backupl[:,0],self.state_backupl[:,1]1)]

C=[math.exp(-1*(a-R1)*(a-R2)/(D*dt)) for R1,R2 in
zip(rl,r2)]

u=np.random.uniform(0,1,nrprt)

sterg=np.where (C>u)

self.state=np.delete(self.state, sterg, axis=0)

nrprt=len(self.state[:,0])

time+=dt

"""We record the number of particles stll remaining
and the time"""

if nrprt!=0:

file.write(str(nrprt)+" "+str(time)+" ")
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else:
file.close ()
global nrprt, nr, tlist, nlist, time, init_k,b, a, c,D
"Outer radius"
b=1
"Inner radius"
a=0.1
"Position of nucleus"
c=0
"Diffusion coefficient"
D=0.5
txt=str ("SurvFile.txt")
file = open(txt, "w")
time=0
nrprt=100000
""" set up initial state """
p=0
np.random.seed ()
"""We create 1075 particles which will diffuse in the
annular region"""
init_state= np.random.uniform(-b,b, (nrprt, 2))
n=[]
m=[]
for i in range(nrprt):
if ((a)**2<=(init_statel[i, 0]) **2+(init_statel[i, 1]+c)

**%¥2)and (init_state[i, 0])**2+init_statel[i, 1]**x2<=(b

) ®x%2:

p+=1

n.append(init_state[i,0])

m.append(init_state[i,1])
init_state_l=np.c_[n, m]
nrprt=p
move=np.ones (nrprt)
tlist=[0]
nlist=[nrprt]
box = ParticleBox(init_state_1, size=0.004)
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dt = 0.0001
""" set up figure and animation """
fig = plt.figure()
fig.subplots_adjust(left=0, right=1, bottom=0, top=1)
ax = fig.add_subplot (111, aspect=’equal’, autoscale_on=
False,
xlim=(-1.1, 1.1), ylim=(-1.1, 1.1))
""" particles holds the locations of the particles """
particles, = ax.plot([]l, [1, ’ro’, ms=6)
""" rect is the box edge """
rect = plt.Rectangle(box.bounds[::2],
box.bounds [1] - box.bounds [0],
box.bounds [3] - box.bounds [2],
ec=’none’, lw=2, fc=’none’)
circle_1=plt.Circle((0,0),b,color="b’,fill=False)
circle_2=plt.Circle((0,-c),a,color="b’,fill=False)
ax.add_patch(rect)
ax.add_patch(circle_1)
ax.add_patch(circle_2)
def init():
""" initialize animation """
global box, rect
particles.set_data ([], [])
rect.set_edgecolor (’none’)
return particles, rect
def animate(i):
"""perform animation step """
global box, rect, dt, ax, fig, circle
box.step (dt)
ms = int(fig.dpi * 2 * box.size * fig.get_figwidth ()
/ np.diff (ax.get_xbound()) [0])
""" update pieces of the animation """
rect.set_edgecolor (’none’)
particles.set_data(box.state[:, 0], box.statel:, 11)
particles.set_markersize (ms)

return particles, rect
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ani = animation.FuncAnimation(fig, animate, frames=100,
interval=10, blit=True,
init_func=init)
plt.show ()

G.4.2 Figure plot

nmnn

We plot the two dimensional survival function for a
Brownian particle diffusing

inside a concentric annular region where the inner boundary

is absorbing and

the outer boundary is reflecting

"

import numpy as np

from scipy.spatial.distance import pdist, squareform

import matplotlib.pyplot as plt

import math

import scipy.special as sp

from scipy.optimize import brentq

We define the radius of the cell and the radius of the
nucleus

b=1

a=0.1

x = np.linspace(0.1, 6000, 5000)

"""We change the python plot such that it does not have
upper or rightward

border"""

fig = plt.figure(frameon=False)

ax = plt.subplot(111)

ax.spines[’top’].set_visible(False)

ax.spines[’right’].set_visible(False)

ax.yaxis.set_ticks_position(’left’)

ax.xaxis.set_ticks_position(’bottom’)
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def Bessel(y):
return sp.jv(0,a*xy)*sp.yv(l,b*y)-sp.jv(l,b*xy)*sp.yv(0,a
*y)
"""We define the signchange function which we will help us
find the solutions
of the Bessel function defined above"""
def signchange(r,f,start):
sol=[]
before=start
sol.append(before)
for x in r:
if x>before and f(x)*f(before)<O0:
before=x
sol.append(before)
return sol
"""We define the root_finder function which will find the
solutionsof the
Bessel function defined above"""
def root_finder(r,f):
roots=1[]
for n in range(len(r)-1):
roots.append(brentq(f, r[nl, rln+1]l, O))
return roots
u = np.linspace(0, 1000, 201)
"""We define the integral of the Bessel function"""
def Bessel_int(a,b,v,j):
if j==0:
return (b*sp.jv(l,b*xv)-a*sp.jv(l,a*v))/v
if j==1:
return (b*sp.yv(l,b*v)-a*xsp.yv(l,a*v))/v
"""We define the survival function"""
def Bessel_comp(x,n,v):
s=0.0
for i in range(n):
s+=((np.pi*sp.yv(0,a*v[i])*(sp.yv(Ll,b*xv[i])**2))/((
sp.yv(1,bxv[i]) **2) -(sp.yv(0,a*xv[i])) **2))*(
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Bessel_int(a,b,v[i],0)-(sp.jv(0,axv[i])/sp.yv (O,
axv[i]))*Bessel_int(a,b,v[i],1))*np.exp(-(v[i
1%%2) %0 .5%x)
return s
v = np.linspace(0, 16, 2001)
"""We plot the survival function"""
plt.semilogy(v,2*Bessel_comp(v,5,root_finder (signchange (x,
Bessel ,0.00000001) ,Bessel))/(b*x*2-ax*2) ,label=’exact’)
plt.xticks ([0,9,18],[°0°,79°,°18°],fontsize=14)
plt.yticks ([1,10*%*x(-2) ,10**(-4)], [r’$10°0%’,r’$10°{-2}$’,r
’$10°{-4}$’],fontsize=16)
plt.x1lim ([0,18])
"""We upload the survival data from numerical simulations
text_file = open("SurvFile.txt", "r"
lines = text_file.read().split(" ")
text_file.close()
tlist=[0]
nlist=[float(lines[0])]
for i in range(len(lines)-1):
if 1%2==0:
nlist.append(float(lines([i]))
else:
tlist.append(float(lines[i]))
c=nlist [0]
nlist=[x/c for x in nlist]
tlist=[x for x in tlist]
plt.xlabel(r’$t\,$(seconds)’,fontsize=16)
plt.ylabel(r’$s(t)$’,fontsize=16)
"""We plot the numerical simulations of the survival
function"""
plt.plot(tlist,nlist,label=’numerical’)
plt.legend(loc=1,fontsize=14,frameon=False)
plt.tight_layout ()
plt.savefig(’SurvPlot2D.pdf’)
plt.show ()
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G.5 Green’s function

G.5 Green’s function

G.5.1 G§2) (x0, X)

G.5.1.1 Numerical simulations

""" Two space dimensions

mean time to hit target at x from initial position y

makes two contour plots: numerical and analytical"""

from numpy import x*

import random

import os, sys

from pylab import contourf,savefig,show,subplot,colorbar,
clabel ,title,figure

import matplotlib.pyplot as plt

import numpy as np

from scipy.integrate import quad

"""We define the radius of the nucleus and the diffusion
coefficient"""

a=0.1

D=0.5

#Boundary paramenter

BC="NeumanntoDirichlet"

#Starting condition

SC="Uniform"

NR=500000 # number of realisations

dt=0.001

sfac=sqrt (2*D*dt)

random.seed ()

"""We define the position of the nulceus and the starting
position of the

Brownian particles"""

rt=-0.25

rs=-0.35

xt=rt

yt=0.0
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G.5 Green’s function

"""We define the matrix which will be used to calculate the
Green’s function"""

N=100

xyhist = np.ones ((2%N+1,2%xN+1))*(-1)

ireal=0

sumt=0.0

global x,y

X=rs

y=0.0

while ireal < NR:

ireal += 1

X=rs
y=0.0
t=0.0
distl=abs(rt-rs)
# do ten steps with dt*0.0001

for i in range (10):
x += 0.0lxsfac*random.gauss (0,1)
y += 0.0lxsfac*random.gauss (0,1)
t += 0.0001*dt
rr=(x-xt)*(x-xt)+(y-yt)*(y-yt)
c=xt
k=yt
"""If the particle crosses the boundary of the
nucleus we reflect it"""
if rr <ax*a:
VAN
KX=X
y=k+(2*a-np.sqrt ((xx-c) **2+(yy-k)**2) ) *np.sin(
np.arctan2 (yy-k, xx-c))
x=c+(2%a-np.sqrt ((xx-c)**2+(yy-k) **2) ) *np. cos (
np.arctan2 (yy-k, xx-c))
xyhist [int (round (x*N))+N] [int (round (y*N))+N] +=
0.0001
# do ten steps with dt*0.01

for i in range (10):

248




G.5 Green’s function

x += O.l1*sfac*random.gauss (0,1)
y += 0.lxsfac*random.gauss (0,1)
t += 0.01x*xdt
rr=(x-xt)*(x-xt)+(y-yt)*(y-yt)
c=xt
k=yt
"""Tf the particle crosses the boundary of the
nucleus we reflect it"""
if rr <ax*a:
Yy=y
XX=X
y=k+(2*xa-np.sqrt ((xx-c) **x2+(yy-k) **2) ) *np.sin(
np.arctan2 (yy-k, xx-c))
x=c+(2%a-np.sqrt ((xx-c)**x2+(yy-k) **x2) )*xnp.cos (
np.arctan2 (yy-k, xx-c))
xyhist [int (round (x*N))+N] [int (round (y*N))+N] +=
0.01
while True:
X=x
Y=y
x += sfacx*random.gauss (0,1)
y += sfac*random.gauss (0,1)
t += dt
"""If the particle crosses the cellular surface we
determine if it
absorbed or reflected"""
rl=np.sqrt (x**2+y*%x2)
r2=np.sqrt (X**x2+Y**2)
C=math.exp(-2*min(1-r1,1-r2)/(np.sqrt(D*dt)))
u=np.random.uniform(0,1,1)
if C>u:
sumt += t
break
rr=x*x+yx*xy
if rr >1:

sumt += t
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break
rr=(x-xt)*(x-xt)+(y-yt) *(y-yt)
c=xt
k=yt
"""If the particle crosses the boundary of the
nucleus we reflect it"""
if rr <ax*a:
YY=y
XX=X
y=k+(2%a-np.sqrt ((xx-c)**x2+(yy-k) **x2) )*xnp.sin (
np.arctan2 (yy-k, xx-c))
x=c+(2*xa-np.sqrt ((xx-c) **x2+(yy-k) **2) ) *np.cos (
np.arctan2 (yy-k, xx-c))
xyhist [int (round (x*N))+N] [int (round (y*N))+N] += 1
xyarea=1.0/(N*N)
myrange=0.05%arange (60)
z1,z2=1linspace(-1,1,2*%N+1) ,linspace(-1,1,2*xN+1)
hist=xyhist.transpose ()
CC=hist*dt/(xyarea*NR)
txt=str (BC)+"_"+str (SC)+str(".txt")
file = open(txt, "w")
for i in range(len(CC[:,1])):
for j in CC[i,:]:
file.write(str(j)+’ )
file.close ()

G.5.1.2 Plot

"""We plot the numerical simulation for the Green’s
function G_1"{(2)} and

compare them with the analytic formula derived using
bipolar coordinates"""

import numpy as np

import matplotlib.pyplot as plt

from matplotlib.colors import LogNorm
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from pylab import contourf ,savefig,show,subplot,colorbar,
clabel ,title,figure
from matplotlib import cm
matrix = np.random.random((10, 10, 3))
"""We define the radius of the cell, the radisu of the
nucleus, the diplacement
of the nucleus, the diffusion coefficient, the size of the
matrix and the
starting position of Brownian particles"""
b=1
a=0.1
c=+0.25
D=0.5
N=100
rs=-0.5
z1,z2=np.linspace(-1,1,2*N+1) ,np.linspace(-1,1,2*%N+1)
(Z1,Z22) = np.meshgrid(zl,z2)
def bipolar(x,y):
"""We convert Cartesian coordinates into bipolar
coordinates """
c=+0.25
d=1/c*(0.25x (b*x*2+a*x*x2-c*x*2) **2-a*x*2*bx*2) **x0.5
tau=0.5*np.log (((x+d) **2+y**2) / ((x—-d) **2+y**2))
rho=np.pi-np.arctan2 (2*d*y,x**2+y**2-d**2)
return tau,rho
def Green_bipolar_dirichlet_neumann(yl,y2,Z1,Z2,n):
’?2Green function G_1"{(2)}’7°
c=+0.25
d=1/c*(0.25% (b*x*2+a**x2-Cc*x*2) **2-a*x*2*bx*x2) **x0.5
A=(b**2+d**2) *x0.5
tau=bipolar (Z1+A,Z2) [0]
rho=bipolar (Z1+A,Z2) [1]
tau0=bipolar (yl1+A,y2) [0]
rhoO=bipolar (yl+A,y2) [1]
tau2=np.log(d/b+(1+(d/b) **2) *x*x0.5)
taul=np.log(d/a+(1+(d/a)**2) **x0.5)
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ret=0
if tau>tau0l:
for i in range(l,n):
ret+=np.cos(i*(rho-rho0))/(i*np.pi)*(np.sinh (i
*(tau0-tau2))*np.cosh(i*(taul-tau)))/np.cosh
(i*(tau2-taul))
ret+=1/(2*np.pi)*(taud-tau2)
if tauO>tau:
for i in range(1l,n):
ret+=np.cos(i*(rho-rho0))/(i*np.pi)*(np.sinh(i
*(tau-tau2))*np.cosh(i*(taul-tau0)))/np.cosh
(i*(tau2-taul))
ret+=1/(2*np.pi)*(tau-tau2)
return ret/D
CD = np.ones(shape=(2*N+1,2*N+1))*(-1)
"""We upload the numerical simulations for G_1-{(2)}"""
np.loadtxt (’DatafileNumerical.txt’)
new_data.reshape ((2*%N+1,2*xN+1))

new_data

new_data
hist=new_data.transpose ()

rt=c

x1,x2=rt,0

"""We mask the excluded region and the extracellular region
exterior = np.sqrt ((Z1**2) + (Z2x*%2)) > b

interior = np.sqrt (((Z1+x2)**x2) + ((Z2+x1)*%2)) < a

hist[interior] = -100
hist [exterior] = -100
HIST=hist.transpose ()
z2,z3=np.linspace(-1,1,2*%N+1) ,np.linspace(-1,1,2*xN+1)
(Z2,23) = np.meshgrid(z2,z3)
rs=-0.5
yl,y2=rs,0
for I in range (2%N+1):
for J in range (2*N+1):
CD[I,J]=Green_bipolar_dirichlet_neumann(yl,y2, zl[I
1, z2[J],200)
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print(I,J,CD[I,J])
HIST_1=CD.transpose ()
"""We mask the excluded region and the extracellular region
W
exterior = np.sqrt((Z2*x2) + (Z3*x%x2)) > b
interior = np.sqrt ((Z2+rt)**x2 + ((Z3)*%*2)) < a
HIST_1[interior] = -100
HIST_1[exterior] -100

"""We take the difference between the numerical simulation

and the analytic
formula"""
HIST_2=HIST-HIST_1

"""We mask the excluded region and the extracellular region

exterior np.sqrt ((Z2**x2) + (Z3**2)) > b
interior = np.sqrt ((Z2+rt)**2 + ((Z3)**2)) < a
HIST_2[interior] = -100

HIST_2[exterior] = -100

fig, ax = plt.subplots (1,3, figsize=(12, 3))

plt.subplots_adjust(left=0.05, right=0.85)

myrange=0.05%np.arange (0.0,25)

z2,z3=np.linspace(1,-1,2%xN+1) ,np.linspace(1l,-1,2xN+1)

(Z2,23) = np.meshgrid(z2,z3)

im=ax [0] . contourf (z2,2z3,np.rot90(np.rot90(HIST)) ,myrange,
cmap=cm.terrain)

"""We change the python plot such that it the window is a
square and there are

not ticks"""

ax [0] .set_aspect("equal")

ax [0].set_xticks ([])

ax [0] .set_yticks ([])

ax [0].set_title(’numerical’)

"""We draw the outer boundary as a blue circle and the
inner boundary as a red

circle nnn
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circle = plt.Circle((0,0), 1, color=’blue’, fill=False,
linewidth=1)

ax [0].add_artist (circle)

circle = plt.Circle((-c,0), a, color=’red’, fill=False,
linewidth=1)

ax [0] .add_artist (circle)

im=ax [1].contourf(z2,z3,np.rot90(np.rot90(HIST_ 1)) ,myrange,
cmap=cm.terrain)

"""We change the python plot such that it the window is a
square and there are

not ticks"""

ax[1].set_aspect("equal™")

ax [1].set_xticks ([1)

ax [1] .set_yticks ([])

ax[1].set_title(’exact’)

"""We draw the outer boundary as a blue circle and the
inner boundary as a red

circle"""

circle = plt.Circle((0,0), 1, color=’blue’, fill=False,
linewidth=1)

ax[1].add_artist (circle)

circle = plt.Circle((-c,0), a, color=’red’, fill=False,
linewidth=1)

ax[1].add_artist(circle)

myrange=0.001*np.arange (-5,5.1)

im2=ax [2] . contourf (z2,z3,np.rot90(np.rot90 (HIST_2)) ,myrange
,cmap=cm.terrain)

"""We change the python plot such that it the window is a
square and there are

not ticks"""

ax [2] .set_aspect ("equal")

ax [2].set_xticks ([])

ax [2] .set_yticks ([])

ax [2].set_title(’difference’)

"""We draw the outer boundary as a blue circle and the

inner boundary as a red
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circle"""

circle = plt.Circle((0,0), 1, color=’blue’, fill=False,
linewidth=1)

ax [2].add_artist (circle)

circle = plt.Circle((-c,0), a, color=’red’, fill=False,
linewidth=1)

ax [2] .add_artist (circle)

plt.draw ()

"""We add the colorbars to the plot"""

pO0 = ax[0].get_position().get_points().flatten()
pl = ax[1].get_position().get_points().flatten ()
p2 = ax[2].get_position().get_points().flatten()

ax_cbar = fig.add_axes ([p0O[0], O, p1[2]-pO[0], 0.05])

cb=plt.colorbar (im, cax=ax_cbar, ticks=[0,0.6,1.2],
orientation=’horizontal’)

font_size = 12 # Adjust as appropriate.

cb.ax.tick_params (labelsize=font_size)

ax_cbarl = fig.add_axes([p2[0], 0, p2[2]-p2[0], 0.051)

cb=plt.colorbar(im2, cax=ax_cbarl,ticks=[-0.005,0,0.005],
orientation=’horizontal’)

font_size = 12 # Adjust as appropriate.

cb.ax.tick_params (labelsize=font_size)

plt.savefig(’twoDcomparisonGl.pdf’,bbox_inches=’tight’)

plt.show ()

G.6 Average mean time

G.6.1 Numerical simulations

G.6.1.1 From nuclear surface to cellular surface in an eccentric spher-

ical domain

"""Brownian simulation start at nucleus and run until hit
cell surface in two

dimensions"""

255




G.6 Average mean time

import numpy as np

import scipy.stats as stats

import pylab as pl

import matplotlib.pyplot as plt

from

from

numpy import random as r

mpmath import csch,coth

"""We define the diffusion coefficient, the radius of the

nucleus, the radius

of the cell, the number of realisations of the Brownian

s
step
D =
a =
b =
nrea
dt =
def

def

def

def

imulations and time
0.5
0.1
1.0
1

50000

0.001

sdistnucl(x,y,z):

’>?’square of distance from centre of nucleus’’’

return x**2 + y**x2 + (z-c)**2

sdistsurf(x,y,z):

’>?? square of distance from centre of cell’’’

return x**2 + y**x2 + z*x*x2

reflectnucl(x,y,z):

7?7 find new position by simple reflection off nuclear
surface’’’

X,Y,Z = x,y,z

0oldr = np.sqrt(sdistnucl(x,y,z))

z = c+(2*a-oldr)*np.cos(np.arccos ((Z-c)/(X**x2+Y**2+(Z-c
Y*x%2) *x*x0.5) )

y = (2%¥a-oldr)*np.sin(np.arctan2(Y, X))*np.sin(np.
arccos ((Z-c) /(X**2+Y**2+(Z-c) **2) x*0.5) )

x = (2%a-oldr)*np.cos(np.arctan2(Y, X))*np.sin(np.
arccos ((Z-c)/ (X**%2+Y**2+ (Z-c) **x2) **x0.5) )

return x,y,z

reflectsurf(x,y,z):
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def

7?7 find new position by simple reflection off cellular
surface’’’

X,Y,Z = x,y,z

oldr = np.sqrt(sdistsurf(x,y,z))

z = (2*b-oldr)*np.cos(np.arccos (Z/(X**x2+Y**x2+Z*%*2)
*%0.5))

y = (2*%b-oldr)*np.sin(np.arctan2(Y, X))*np.sin(np.
arccos (Z/(X**2+Y**2+Z*x2) x%x0.5) )

x = (2*b-oldr)*np.cos(np.arctan2(Y, X))*np.sin(np.
arccos (Z/(X**x2+Y*x2+Z%%2) **%0.5) )

return x,y,z

expotimeT1(c):

>’ ’Exponential timestep with boundary test for
diffusion from the nuclear

surface to the cellular surface’’’

"""We define the initial position of the Brownian
particle uniformly on the

surface of the nucleus"""

X = np.random.uniform(-1,1)
Y = np.random.uniform(-1,1)
z = np.random.uniform(-1,1)

while (X**2+Y*%x2==1) :
X
Y = np.random.uniform(-1,1)

x = a*np.sqrt (1-z**2) x (X**x2-Y**x2) /(X**x2+YV*x2)

y = a*np.sqrt (1-z**2) *(2xX*xY) /(X **2+Y**2)

np.random.uniform(-1,1)

z = a*z + c

istep = 0

rls = sdistsurf(x,y,z)

phit = 0

"""While the Brownian particle has not hit the cellular
surface it will

keep diffusing"""

while phit < r.random():
"""We update the position of the Brownian particle

after one
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timestep"""
rO0s = rls
w = np.sqrt(np.random.normal (0,1) **2+np.random.
normal (0,1) **2+np.random.normal (0,1) **2)
mod = pl.sqrt(-2*pl.log(r.random()))*w/nu
rs = 2.0
Z = np.random.uniform(-1,1)
while rs > 1:
vli,v2 = 2%r.random () -1,2*xr.random () -1
rs = vi*xvl+v2x*xv2
x += mod*np.sqrt (1-Z**2) *(vi*xvl-v2xv2)/rs
y += mod*np.sqrt (1-Z**2) *2xvixv2/rs
Z += modx*xZ
"""Tf the particle cross the surface of the nucleus
it is reflected"""
if sdistnucl(x,y,z) < a*a:
X,y,z = reflectnucl(x,y,z)
istep += 1
rls = sdistsurf(x,y,z)
"""We update the probability that the Brownian
particle hit the
cellular surface"""
phit = pl.exp(-2*nu*(b-max(pl.sqrt(r0s),pl.sqrt(rls
))))
"""We return the position of the Brownian particle on
the cellular surface
and the number of steps it took to reach the cellular
surface"""
return istep
np.random.seed ()
dtlist ,emlist,esemlist = [],[],[]
sdt = pl.sqrt(2*Dx*dt)
nu = 1.0/pl.sqrt(D*xdt)
txt=str ("T1BAR")+str (".txt")

file = open(txt, "w"
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"""We define the range of value the displacement of the
nucleus takes"""
C=np.linspace(0,1-a,10)
for ¢ in C:
tone = [dt*expotimeT1(c) for i in range(nreal)]
print (dt,pl.mean(tone),’+-’,stats.sem(tone),)
print (tone [:5])
dtlist.append(dt)
emlist.append (pl.mean(tone))
esemlist.append(stats.sem(tone))
"""We record the position of the nucleus, the mean time
and standard error
of the mean """
file.write(str(pl.mean(tone))+’ ’+str(stats.sem(tone))+
» )
file.close ()

G.6.1.2 Mean round-trip time in an eccentric circular domain

"""Brownian simulation start at nucleus, run until hit cell
surface and then

returns to the nucleus"""

import numpy as np

import scipy.stats as stats

import pylab as pl

from numpy import random as r

from mpmath import csch,coth

import matplotlib.pyplot as plt

"""We define the diffusion coefficient, the radius of the
nucleus, the radius

of the cell, the number of realisations of the Brownian

simulations and time

step"""
D =20.5
a = 0.1
b =1.0
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nreal = 5000
dt = 0.001
def sdistnucl(x,y):
’?’square of distance from centre of nucleus’’’
return (x-c)**2 + y**2
def sdistsurf(x,y):
’?? square of distance from centre of cell’’’
return x**x2 + y*xx2
def reflectnucl(x,y):
2?2 find new position by simple reflection off nuclear
surface’’’
oldr

pl.sqrt(sdistnucl(x,y))
2*¥a-oldr

return c+(x-c)*newr/oldr,y*newr/oldr

newr

def reflectsurf (x,y):
’?? find new position by simple reflection off the
cellular surface’’’
oldr

pl.sqrt(sdistsurf(x,y))
2*xb-oldr

return x*newr/oldr ,y*newr/oldr

newr

def reflectsurffin(x,y):
’>?? find new position by projecting on the cellular
surface’’’
oldr = pl.sqrt(sdistsurf(x,y))
return x/oldr,y/oldr
def expotimel(c):
’?’Exponential timestep with boundary test for
diffusion from the nuclear
surface to the cellular surface’’’
"""We define the initial position of the Brownian
particle uniformly on the
surface of the nucleus"""
theta = np.random.uniform(0,2*np.pi,1)
X, y = c + a*np.cos(theta), ax*np.sin(theta)
ir,istep = 0,0

rls = sdistsurf(x,y)
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phit = 0
"""While the Brownian particle has not hit the cellular
surface it will
keep diffusing"""
while phit < r.random():
"""We update the position of the Brownian particle
after one

timestep"""

r0s ris

mod 2xpl.sqrt(pl.log(r.random())*pl.log(r.random
()))/nu
rs = 2.0
while rs > 1:
vl,v2 = 2%r.random () -1,2*xr.random() -1
rs = vi*xvli+v2x*xv2
x += mod*(vli*xvl-v2*v2)/rs
y += mod*2*vlxv2/rs
"""Tf the particle crosses the surface of the
nucleus it is reflected"""
if sdistnucl(x,y) < a*a:
x,y = reflectnucl(x,y)
ir += 1
istep += 1
rls = sdistsurf(x,y)
"""We update the probability that the Brownian
particle hit the
cellular surface"""
phit = pl.exp(-2*nu*(b-max(rOs**0.5,r1s**0.5)))
"""After the Brownian particle has crossed the cellular
surface it is
placed on the cellular surface while preserving the
angle"""
x,y = reflectsurffin(x,y)
"""We return the position of the Brownian particle on

the cellular surface
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and the number of steps it took to reach the cellular
surface"""
return x, y, istep
def expotime2():
’?’Exponential timestep with boundary test for
diffusion from the cellular
surface to the nuclear surface’’’
"""We define the initial position of the Brownian
particle to be the end
point of the outward path"""
X, y, istep = expotimel(c)
print (c,np.sqrt (x**2+y**2) ;istep)
rls = sdistnucl(x,y)
phit = 0
"""While the Brownian particle has not hit the nuclear
surface it will
keep diffusing"""
while phit < r.random():
"""We update the position of the Brownian particle
after one
timestep"""
rO0s = rils

mod = 2*pl.sqrt(pl.log(r.random())*pl.log(r.random

()))/nu

rs = 2.0

while rs > 1:
vl,v2 = 2%xr.random () -1,2*xr.random () -1
rs = vi*xvl+v2*xv2

x += mod*(vli*vl-v2*v2)/rs

y += modx*2*xvl*v2/rs

"""Tf the particle crosses the surface of the cell
it is reflected"""

if sdistsurf(x,y) > bx*b:
x,y = reflectsurf (x,y)

istep += 1

rls = sdistnucl(x,y)
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"""We update the probability that the Brownian
particle hit the
cellular surface"""
phit = pl.exp(-2*nu*(min(rOs**0.5,r1s**0.5)-a))
"""We return the number of steps it took for the
Brownian particle to reach
the nuclear surface"""
return istep
"""We define the range of value the displacement of the
nucleus takes"""
C = np.linspace(0,1-2,10)
txt=str ("2Dt2Simulation.txt")
file = open(txt, "w")
for ¢ in C:
print (c)
sdt = pl.sqrt(2*D*xdt)
nu = 1.0/pl.sqrt(Dxdt)
tone = [dt*expotime2() for i in range(nreal)]

print (c,pl.mean(tone),’+-’,stats.sem(tone))

"""We record the position of the nucleus, the mean time

and standard error

of the mean """

file.write(str(c)+’ ’+str(pl.mean(tone))+’ ’> +str(stats

.sem(tone))+’ )

file.close ()

G.6.1.3 From nuclear surface to the cellular surface in an eccentric

circular domain

"""Brownian simulation start at nucleus and run until hit

cell surface in two
dimensions"""
import numpy as np
import scipy.stats as stats
import pylab as pl

from numpy import random as r
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from mpmath import csch,coth

import matplotlib.pyplot as plt

"""We define the diffusion coefficient, the radius of the
nucleus, the radius

of the cell, the number of realisations of the Brownian

simulations and time

step"""

D = 0.5

a = 0.1

b =1.0

nreal = 10000
dt = 0.001

def sdistnucl(x,y,c):
’>?’square of distance from centre of nucleus’’’
return (x-c)**2 + y*x*2
def sdistsurf(x,y):
’>?? square of distance from centre of cell’’’
return x**2 + y**x2
def reflectnucl(x,y):
’>?? find new position by simple reflection off nuclear
surface’’’
oldr

pl.sqrt(sdistnucl(x,y,c))
2*%a-oldr

newr
return c+(x-c)*newr/oldr,y*newr/oldr
def reflectsurf (x,y):
>?? find new position by simple reflection off cellular
surface’’’
oldr = pl.sqrt(sdistsurf(x,y))
newr = 2*b-oldr
return x*newr/oldr,y*newr/oldr
def expotimel ():
’?’Exponential timestep with boundary test for
diffusion from the nuclear
surface to the cellular surface’’’
"""We define the initial position of the Brownian

particle uniformly on the
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surface of the nucleus"""
theta = np.random.uniform(0,2*np.pi,1)
X, y = c + a*np.cos(theta), a*np.sin(theta)
istep = 0,0
rls = sdistsurf(x,y)
phit = 0
"""While the Brownian particle has not hit the cellular
surface it will
keep diffusing"""
while phit < r.random():
"""We update the position of the Brownian particle
after one
timestep"""
rO0s = rls

mod = 2*pl.sqrt(pl.log(r.random())*pl.log(r.random

()))/nu

rs = 2.0

while rs > 1:
vl,v2 = 2%xr.random () -1,2*xr.random() -1
rs = vixvl+v2*xv2

x += mod*(vli*vl-v2*v2)/rs
y += mod*2*xvl*v2/rs
"""Tf the particle cross the surface of the nucleus
it is reflected"""
if sdistnucl(x,y,c) < a*a:
x,y = reflectnucl(x,y)
istep += 1
rls = sdistsurf(x,y)
"""We update the probability that the Brownian
particle hit the
cellular surface"""
phit = pl.exp(-2*nu*(b-max(rOs**0.5,r1s**x0.5)))
"""We return the position of the Brownian particle on
the cellular surface
and the number of steps it took to reach the cellular

surface"""
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return istep
"""We define the range of value the displacement of the
nucleus takes"""
C=np.linspace(0,1-a,10)
txt=str ("barTl.txt")
file = open(txt, "w")
for ¢ in C:
sdt = pl.sqrt(2*Dxdt)
nu = 1.0/pl.sqrt(Dxdt)
tone = [dt*expotimel () for i in range(nreal)]
print (pl.mean(tone),’+-’,stats.sem(tone))
"""We record the position of the nucleus, the mean time
and standard error
of the mean """
file.write(str(c)+’ ’+str(pl.mean(tone))+’ ’ +str(stats
.sem(tone) )+’ )

file.close ()

G.6.1.4 From cellular surface to nuclear surface in an eccentric circu-

lar domain

"""Brownian simulation start at cellular surface and runs
until hit nucleus in

two dimensions"""

import numpy as np

import scipy.stats as stats

import pylab as pl

from numpy import random as r

from mpmath import csch,coth

import matplotlib.pyplot as plt

"""We define the diffusion coefficient, the radius of the
nucleus, the radius

of the cell, the number of realisations of the Brownian
simulations and time

step"""

D =20.5
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a =
b =
nrea
dt =
def

def

def

def

def

0.25
1.0
1 = 10000

0.001

sdistnucl(x,y,c):

’>?’square of distance from centre of nucleus’’’
return (x-c)**2 + y*x*2

sdistsurf (x,y):

’>?? square of distance from centre of cell’’’
return x**2 + y**x2

reflectnucl(x,y):

’?? find new position by simple reflection off the

nuclear surface’’’
oldr

pl.sqrt(sdistnucl(x,y))
2%a-oldr

newr

return c+(x-c)*newr/oldr,y*newr/oldr

reflectsurf (x,y):

2?2 find new position by simple reflection off the
cellular surface’’’

oldr

newr = 2xb-oldr

pl.sqrt(sdistsurf (x,y))

return x*newr/oldr ,y*newr/oldr

expotime2 () :

’?’Exponential timestep with boundary test for
diffusion from the cellular

surface to the nuclear surface’’’

"""We define the initial position of the Brownian
particle uniformly on the

surface of the cell"""

theta = np.random.uniform(0,2*np.pi)

X, y = b*np.cos(theta), b*np.sin(theta)

istep = 0,0

rls = sdistnucl(x,y,c)

phit = 0

"""While the Brownian particle has not hit the nuclear

surface it will
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keep diffusing"""
while phit < r.random():
"""We update the position of the Brownian particle
after one
timestep"""
rO0s = rls

mod = 2*pl.sqrt(pl.log(r.random())*pl.log(r.random

()))/nu

rs = 2.0

while rs > 1:
vl,v2 = 2%xr.random () -1,2*xr.random() -1
rs = vixvl+v2*xv2

x += modx*(vi*vl-v2*v2)/rs
y += modx*2*xvl*v2/rs
"""Tf the particle crosses the surface of the cell
it is reflected"""
if sdistsurf(x,y) > bx*b:
x,y = reflectsurf (x,y)
istep += 1
ris = sdistnucl(x,y,c)
"""We update the probability that the Brownian
particle hit the
cellular surface"""
phit = pl.exp(-2*nu*(min(rOs**0.5,r1s**0.5)-a))
"""We return the number of steps it took for the
Brownian particle to reach
the nuclear surface"""
return istep
"""We define the range of value the displacement of the
nucleus takes"""
C=np.linspace(0,1-a,10)
txt=str ("barT2.txt")
file = open(txt, "w")
for ¢ in C:
sdt = pl.sqrt(2*Dx*dt)
nu = 1.0/pl.sqrt(D*dt)
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tone = [dt*expotime2() for i in range(nreal)]

print (pl.mean(tone) ,’+-’,stats.sem(tone))

"""We record the position of the nucleus, the mean time
and standard error

of the mean """

file.write(str(c)+’ ’+str(pl.mean(tone))+’ °’> +str(stats
.sem(tone) )+’ )

file.close ()

G.6.2 Plots

G.6.2.1 From nuclear surface to cellular surface

"""We plot the average mean time \bar{T}_1"{(3)} in an
eccentric spherical

annular regiomn """

import numpy as np

from scipy.spatial.distance import pdist, squareform

import matplotlib.pyplot as plt

import math

import scipy.special as sp

import scipy.stats as stats

from pylab import contourf,savefig,show,subplot,colorbar,
clabel ,title,figure

import scipy.integrate as integrate

"""We define the radius of the cell, the radius of the
nucleus and the

diffusion coefficient"""

b=1

a=0.1

D=0.5

"""We define the functions necessary to construct continued

fractions"""
def alphan(n,taul,tau2):
return 2*n/(2*n+1)*np.exp(-(n-0.5)*taul)*(np.cosh((n
-0.5)*(taul-tau2))/np.sinh((n-0.5)*tau2))
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def

def

def

def

def

def

def

gamman (n, taul ,tau2):

return (2*n+2)/(2*n+1)*np.exp(-(n+1.5)*taul)*(np.cosh ((
n+1.5)*(taul-tau2))/np.sinh ((n+1.5) *tau2))

betan(n,taul,tau2):

return np.exp(-(n+0.5)*taul)/(n+0.5) *x(-(2*n+1) *np.cosh(
taul) *(np.cosh((n+0.5)*(taul-tau2))/np.sinh ((n+0.5) *
tau2))-np.sinh(taul)*(np.sinh ((n+0.5) *(taul-tau2))/
np.sinh ((n+0.5)*tau2)))

alphanB(n,taul,tau2):

return -2*%n/(2*n+1)*np.exp(-(n-0.5)*taul)*(np.cosh((n
-0.5)*taul)-np.sinh((n-0.5)*taul)*np.sinh ((n-0.5)*
tau2)/np.cosh((n-0.5)*tau2))

gammanB (n, taul ,tau2):

return -(2*n+2)/(2*n+1)*np.exp(-(n+1.5)*taul)*(np.cosh
((n+1.5)*taul)-np.sinh ((n+1.5)*taul)*np.sinh ((n+1.5)
*tau2)/np.cosh((n+1.5)*tau2))

betanB(n,taul,tau2):

return np.exp(-(n+0.5)*taul)/(n+0.5) *((2*n+1)*np.cosh(
taul) *(np.cosh((n+0.5) *(taul-tau2))/np.cosh((n+0.5)*
tau2))+np.sinh(taul)*(np.sinh ((n+0.5) *(taul-tau2))/
np.cosh((n+0.5)*tau2)))

lambdan (n,taul,tau2):

V2 = np.sinh((n+0.5)*taul)*np.sinh(taul) +2*x(n+0.5) *np.
cosh((n+0.5)*taul)*np.cosh(taul)

W = np.sinh(taul)-2%(n+0.5)*np.cosh(taul)

return 2*W/(2*n+1)*np.exp(-(n+0.5)*taul)+(2*n+2) /(2*n
+1)*np.exp(-(n+1.5)*taul)+2*n/(2*n+1) *np.exp(-(n
-0.5)*taul) -2*V2*np.exp(-(n+0.5) *(2xtaul-tau2) )/ ((2x
n+1)*np.sinh ((n+0.5)*tau2))+np.cosh((n+1.5)*taul)*np
.exp(-(n+1.5)*(2xtaul-tau2))/np.sinh ((n+1.5)*xtau2)
*(2xn+2) /(2xn+1) +np.cosh((n-0.5) *taul)*np.exp (-(n
-0.5) *(2*taul-tau2))/np.sinh ((n-0.5) *tau2) *(2*n) /(2%
n+1)

lambdanB(n, taul, tau2):

Vi = np.cosh((n+0.5)*taul)*np.sinh(taul)+2*x(n+0.5) *np.
sinh ((n+0.5)*taul) *np.cosh(taul)
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W = np.sinh(taul) -2*(n+0.5) *np.cosh(taul)

return 2*xW/(2*n+1)*np.exp(-(n+0.5) *taul)+(2*n+2) /(2*n
+1)*np.exp(-(n+1.5)*xtaul)+2*n/(2*n+1)*np.exp (-(n
-0.5)*taul) -2*Vi*np.exp(-(n+0.5) *(2xtaul-tau2))/((2x
n+1)*np.cosh ((n+0.5)*tau2))+np.sinh ((n+1.5)*taul) *np
.exp(-(n+1.5) *(2*xtaul-tau2))/np.cosh((n+1.5)*tau2)
*(2xn+2) /(2*xn+1) +np.sinh ((n-0.5) *taul)*np.exp (-(n
-0.5)*(2xtaul-tau2))/np.cosh((n-0.5)*tau2) *(2*n) /(2%

n+1)

"""We construct the continued fractions"""

def

def

def

def

pn(n,N,taul,tau2):
s =0

for i in range(0,N-1):

S = gamman(N+n-(i+1) ,taul,tau2)*alphan(N+n-i,taul,
tau2)
s = S/(betan(N+n-i,taul,tau2)-s)
s = - alphan(n+1l,taul,tau2)/(betan(n+l,taul,tau2)-s)

return s
qun(n,taul,tau2):
s =0

for i in range(0,n-1):

wn

= alphan(i+1l,taul,tau2)*gamman(i,taul,tau2)
s = S/(betan(i,taul,tau2)-s)
s = - gamman(n-1,taul,tau2)/(betan(n-1,taul,tau2)-s)
return s
pnB(n,N,taul,tau2):
s =0
for i in range(0,N-1):
S = gammanB(N+n-(i+1) ,taul,tau2)*alphanB(N+n-i,taul

,tau2)
s = S/(betanB(N+n-i,taul,tau2)-s)
s = - alphanB(n+1,taul,tau2)/(betanB(n+1l,taul,tau2)-s)

return s
qnB(n,taul ,tau2):
s =0

for i in range(0O,n-1):

271




G.6 Average mean time

def

def

def

def

def

def

def

S = alphanB(i+1,taul,tau2)*gammanB(i,taul,tau2)
s = S/(betanB(i,taul,tau2)-s)
s = - gammanB(n-1,taul,tau2)/(betanB(n-1,taul,tau2)-s)

return s
GN(N,n,taul,tau2):

return 1/(alphan(N,taul,tau2)*qn(N,taul,tau2)+betan(N,

taul,tau2)+gamman (N, taul,tau2)*pn(N,n,taul,tau2))

GNB(N,n,taul,tau2):

return 1/(alphanB(N,taul,tau2)*qnB(N,taul,tau2)+betanB(
N, taul,tau2)+gammanB (N, taul,tau2)*pnB(N,n,taul,tau)

)
delta(n,m):
if n==

return 1
else:

return O
prodp(r,t,taul,tau2):

p =1
for i in range(r,t+1):

p = p*pn(i-1,15,taul,tau2)
return p
prodq(r,t,taul,tau2):

q =1
for i in range(r,t+1):

qg = g*qn(i+1l,taul,tau2)
return q
prodpB(r,t,taul,tau2):

p =1
for i in range(r,t+1):

p = p*pnB(i-1,15,taul,tau2)
return p
prodgB(r,t,taul,tau2):

q =1
for i in range(r,t+1):
q = gq*xqnB(i+1,taul,tau2)

return q
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"""We define the Heaviside function"""
def heaviside(x,y):
if x<0:
return O
if x==
return y
if x>0:
return 1
"""We use the continued fractions to construct the
coefficients of the Green’s
functions"""
def An(n,L,c):
s =0
d = 1/c*x(0.25*% (b*x*x2+a*x*2-Cc**x2) x*2-a*x2*xb*x2) *%x0.5
np.log(d/b+(1+(d/b) **2) **0.5)
np.log(d/a+(1+(d/a) **2) **0.5)
for NN in range(O0,L):
s += lambdan (NN, taul,tau2)*GN(NN,10,taul,tau2) *(
delta(NN,n)+heaviside (n-NN,O0) *prodp (NN+1,n,taul,
tau2)+heaviside (NN-n,0) *prodq(n,NN-1,taul,tau2))

tau?2

taul

return s
def Bn(n,L,c):

s =0

d = 1/c*x(0.25% (b**2+a**2-Cc**2) x*¥2-a**2*xb*x*2) x*x0.5
tau2 = np.log(d/b+(1+(d/b)**2) **0.5)

taul = np.log(d/a+(1+(d/a)**2)*%x0.5)

for NN in range(0,L):

s += lambdanB (NN, taul,tau2)*GNB(NN,10,taul,tau2) *(
delta(NN,n)+heaviside (n-NN,O0) *prodpB (NN+1,n, taul
,tau2)+heaviside (NN-n,0) *prodgB(n,NN-1,taul, tau2
))

return s
def AN(n,L,c):

d = 1/c*x(0.25% (b**x2+ax*2-Cc*x*2) **x2-a**x2xb**2) **x0.5
np.log(d/b+(1+(d/b) **2) **0.5)
np.log(d/a+(1+(d/a) **2) **0.5)

tau?2
taul
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s = np.exp(-(n+0.5)*(taul-tau2))/np.cosh((n+0.5) *tau2) -
Bn(n,L,c)*np.sinh((n+0.5)*tau2)/np.cosh((n+0.5)*tau?2
)

return s
def BN(n,L,c):

d = 1/c*x(0.25% (b**x2+a*x*2-c**2) x*x2-a**x2*xb**2) **x0.5
np.log(d/b+(1+(d/b) **2) **0.5)
np.log(d/a+(1+(d/a) **2) **0.5)

s = np.exp(-(n+0.5)*(taul-tau2))/np.sinh ((n+0.5) *xtau2) -
An(n,L,c)*np.cosh((n+0.5)*tau2)/np.sinh((n+0.5)*tau?2
)

return s

"""We construct the exact Green’s function \bar{G}_1"{(3)}

tau?2

taul

def G(x,c,n):
d = 1/c*(0.25*x (b**2+a**2-C**2) **2-a*x*x2*xb**2) **x0.5
taul = np.log(d/a+(1+(d/a)**2) **0.5)
return (An(n,10,c)*np.cosh((n+0.5)*x)+Bn(n,10,c)*np.
sinh ((n+0.5)*x)-np.exp(-(n+0.5) *(taul-x))) *((2*n+3)
/3*np.exp(-(n+1/2)*x)/np.sinh(x) **2+2/3*np.exp (-(n
+3/2)*x)/np.sinh (x) **3)
"""We construct the approximate Green’s function \bar{G}_1
{33
def Gg(x,c,n):
d = 1/c*x(0.25% (b**x2+a*x*2-Cc**2) x*x2-a**x2xb**x2) *x0.5
tau2 = np.log(d/b+(1+(d/b) **2) *%x0.5)
return np.sinh((n+0.5)*(x-tau2))*2**(1/2) *x((2*n+3) /3%
np.exp(-(n+1/2)*x)/np.sinh(x) **2+2/3*np.exp(-(n+3/2)
*x)/np.sinh (x) **3)
"""We construct the approximate average mean time \bar{T}_1
{33
def AvgMeanTime (c,m):
s=0
d = 1/c*x(0.25*% (b**2+ax*2-c**2) *x*2-a*x2*xb**2) *x0.5
np.log(d/b+(1+(d/b) **2) **0.5)
np.log(d/a+(1+(d/a) **x2) **0.5)

tau?2
taul
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for n in range(0,m+1):
I = integrate.quad(lambda x: Gg(x,c,n), tau2, taul)
(ol
s += I*(n+0.5)*np.exp(-(n+0.5)*taul)/(np.sinh ((n
+0.5) *(taul-tau2))*np.tanh(taul) +2*(n+0.5) *np.
cosh((n+0.5)*(taul-tau2)))
s = 16*np.sqrt(2)*np.pi*d**4*xs/(D*np.sinh(taul))/(4*np.
pi*ax*2)
return s
"""We construct the exact average mean time \bar{T}_1"{(3)}
def AvgMeanTimeG(c,m):
s=0
d = 1/c*x(0.25*%(b*x*2+a*x*2-c**2) x*2-a**x2*xb*x*2) *x0.5
np.log(d/b+(1+(d/b) **2) **0.5)
np.log(d/a+(1+(d/a) **2) **0.5)

for n in range(0,m+1):

tau?2

taul

I = integrate.quad(lambda x: G(x,c,n), tau2, taul)
(o]
s += -Ixnp.exp(-(n+0.5)*taul)
s = 2xd**4xs/(D*np.sinh(taul) *a*x*2)
return s
"""We change the python plot such that it does not have
upper or rightward
border"""
fig = plt.figure(frameon=False)
ax = plt.subplot(111)
ax.spines[’top’].set_visible(False)
ax.spines[’right’].set_visible(False)
ax.yaxis.set_ticks_position(’left’)
ax.xaxis.set_ticks_position(’bottom’)
""'"We plot the approximate average mean time \bar{T}_1"{(3)
} nun
NRPRT=np.linspace (0.025,0.89,100)
h=[AvgMeanTime (x,20) for x in NRPRT]
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ax.plot (NRPRT ,h,color="blue’,label=r’approximation’,

linewidth=1.25)
"""We plot the exact average mean time \bar{T}_1"{(3)}"""
NRPRT=np.linspace(0.01,0.89,25)
h=[AvgMeanTimeG(x,5) for x in NRPRT]
ax.plot (NRPRT ,h,color="k’,label=r’exact’,linewidth=1.25)
"""We upload the numerical simulations for average mean

time \bar{T}_1"{(3)}
and plot them"""
txt=str ("3DUDMeanTime")+str (" .txt")
text_file = open(txt, "r"
lines = text_file.read().split(" ")
text_file.close()
T=[float(lines [0])]
V=[float (lines [1])]
for i in range(2,len(lines)-1):

if 1%2==0:
T.append(float(lines[i]))
else:
V.append (float(lines[i]))

C=np.linspace(0,1-a,9)
ax.errorbar(C,T,V,fmt=’o’,color=’green’,1abe1=’numerical’)
x=0
y=(b**x2-a*x2) /(6xD)+a**x3/(3*xD)*x(1/b-1/2)
plt.plot(x, y, ’ro’,label=r’concentric’)
plt.xlabel(r’$c$’,fontsize=20)
plt.ylabel (r’$\frac{2D}{R"3}\bar{T}_1"{(3) (a,c)}$’,fontsize

=20)
plt.x1lim([0,1])
plt.xticks ([0,0.5,1], [r’0’,r’0.5°,r’1°],fontsize=14)
plt.yticks ([0,0.15,0.3], [r’0’,r’0.15°,r°0.3’],fontsize=14)
plt.legend(loc=3,fontsize=15,frameon=False)
plt.tight_layout ()
plt.savefig(’3DMeanTimeUDContinuedFraction.pdf’)
plt.show ()
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G.6.2.2 Mean round-trip time in a circular domain

"""Plot of the round trip mean time from the nuclear
surface to the cellular

surface and back"""

import numpy as np

from mpmath import *

import matplotlib.pyplot as plt

import math

from scipy.stats import poisson

from scipy.misc import factorial

import scipy.special

import itertools

"""We define the radius of the cell, the radius of the
nucleus and the

diffusion coefficient"""

b=1

a=0.1

D=0.5

"""We change the python plot such that it does not have
upper or rightward

border"""

fig = plt.figure(frameon=False)

ax = plt.subplot(111)

ax.spines[’top’].set_visible(False)

ax.spines[’right’].set_visible(False)

ax.yaxis.set_ticks_position(’left’)

ax.xaxis.set_ticks_position(’bottom’)

"""We define the convolution function that gives the mean
time from the

cellular surface starting with a non-uniform initial
distribution given by the

hitting demnsity"""

def averagebipolarmeantimenonuniform(c,N):

d = 1/c*x(0.25% (b**2+a**2-c**2) x*x2-a**x2*xb*x*2) x*x0.5
tau2 = np.log(d/b+(1+(d/b)**2) **0.5)
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taul = np.log(d/a+(1+(d/a)**2) **0.5)

"""We transform the hitting demnsity into a complex
Fourier series in

complex form"""

B = np.ones (2xN+1)

for n in range(O,N+1):

B[N+n] = 1/(2%np.pi)*(2*np.cosh(tau2)*np.exp(-n*
taul)/(d*np.cosh(n*(taul-tau2)))-1/d*(np.exp(-(n
-1)xtaul)/(np.cosh((n-1)*(taul-tau2)))+np.exp (-(
n+1)*taul)/(np.cosh((n+1)*(taul-tau2)))))/2

B[N-n] = 1/(2*%np.pi)*(2*np.cosh(tau2)*np.exp(-n*
taul)/(d*np.cosh(n*(taul-tau2)))-1/d*(np.exp(-(n
-1)xtaul)/(np.cosh((n-1)*(taul-tau2)))+np.exp (-(
n+1)*taul)/(np.cosh((n+1)*(taul-tau2)))))/2

B[N] = 1/(2*%np.pi)*(np.cosh(tau2)/d-np.exp(-taul)/(d*np
.cosh(taul-tau2)))

m = int((len(B)-1)/2)

F = np.zeros (2*m+1)

"""We transform the mean time T_2 into a Fourier series
in complex form"""

for n in range(0,m+1):

Flm+n] = -((2%d)/(D*n*np.exp(n*tau2)))*(d*xc*n/(1l+np
.exp(2*n*x(taul-tau2)))-1/(2)*tanh (n*(taul-tau2))
) /2

Flmn-n] = -((2%d)/(D*n*np.exp(n*xtau2)))*(d*xcxn/(1l+np
.exp (2*n*x(taul-tau2)))-1/(2)*tanh (n*(taul-tau2))
) /2

Flm] = (d/(2*D))*((taul-tau2)-cx*d)

"""We convolute the two complex Fourier series"""
G = np.convolve(B,F)

al = np.ones((len(G)+1)/2)

int ((len(G)+1)/2)

int ((1len(G)-1)/2)

"""We transform the complex Fourier series back into

m

1

normal form"""

for i in range(m):
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all[i]l = G[1+i] + G[1-i]
al[0] = al[0]/2
ret = 0
az=[]
"""We determine the mean time from the cellular surface
starting with a
non-uniform initial distribution given by the hitting
density """
for i in range(len(al)):
Ai = 2%np.pi*np.exp(-i*tau2)/np.sinh(tau2)
az.append (Ai)
ret += all[i]lxAi
return ret
"""We upload the numerical simulations for the round trip
mean time"""
txt=str ("2Dt2Simulation.txt")
text_file = open(txt, "r")
lines = text_file.read().split(" ")

g=1[]
M=[]
B=[]
for i in range(len(lines)-1):
if i%3==0:
g.append (float (lines[i]))
if i%3==1:
M.append(float(lines[i]))
if i%3==2:

B.append (float (lines[i]))
"""We plot the numerical simulations for the round trip
mean time"""
plt.errorbar(g, M, B, fmt=’0’,label=’numerical’)
NRPRT=np.linspace(0,1-a-0.01,500)
"""We define the average mean time for a Brownian particle
starting uniformly
of the nuclear surface to the reach the cellular surface"""
def T1AVG(c,N):
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d = (1/c)*(0.25*x(b**2+a**2-Cc**2) x*x2-ax*2%xb*x*2) *x0.5
tau2 = np.log(d/b+(1+(d/b)**2) **0.5)
taul = np.log(d/a+(1+(d/a)**2)**0.5)
ret = 0
for n in range(1,N):
ret += 2xnp.exp(-2*n*taul)/D*x(-tanh(n*x(taul-tau2))*
a**x2/(2*xn)+d*c/(1+np.exp (-2*n*(taul-tau2))))
ret += (a**2/(2%D))*(tau2-taul)+dx*c/(2xD)
return ret
h=[averagebipolarmeantimenonuniform(x,20) for x in NRPRT]
h1=[T1AVG(x,20) for x in NRPRT]
"""We obtain the analytic round trip mean time"""
h2=[x+y for x,y in zip(h,h1)]
ax.plot (NRPRT ,h2,label=r’exact’,linewidth=1.25)
"""We plot the round trip mean time for the concentric case
e
x=0
yl=-(b**2-a**2) /(4*D)+bx*x2/(2+%D)*np.log(b/a)
y2=(b**2-a*x2) /(4*D)-ax*x2/(2*D)*np.log(b/a)
ax.plot(x, yl+y2, ’ro’,label=r’concentric’)
plt.xlabel(r’$c$’,fontsize=20)
plt.ylabel (r’$\frac{2D}{R"2}\1left (\bar{T}_1°{(2) }+\bar{T}_2
“{\varepsilon ,2}\right)(a,c)$’,fontsize=20)
plt.xticks([0,0.5,1], [r’0.0°,r’0.5’,r’1’],fontsize=14)
plt.yticks ([0,1,2], [r’0’,r’1’,r’2’],fontsize=14)
plt.xlim([0,1])
plt.ylim([0,2.4])
plt.legend(loc=3,fontsize=15,frameon=False)
plt.tight_layout ()
plt.savefig(’TavgTotal.pdf’)
plt.show ()

G.6.2.3 Combined subplot of Tl(Q)(a, c) and TQ(Q)(a, c)

"""We plot the average mean times \bar{T}_1"{(2)} and \bar{
T _27{(2)} as
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functions of the nuclear displacement"""

import numpy as np

from scipy.spatial.distance import pdist, squareform

import matplotlib.pyplot as plt

import math

import scipy.special as sp

from mpmath import *

"""We change the python plot such that it does not have
upper or rightward

border"""

fig = plt.figure(frameon=False,figsize=(6, 6))

ax=plt.subplot(2, 1, 1)

ax.spines[’top’].set_visible(False)

ax.spines[’right’].set_visible(False)

ax.yaxis.set_ticks_position(’left’)

ax.xaxis.set_ticks_position(’bottom’)

"""We define the radius of the cell, the radius of the
nucleus and the

diffusion coefficient"""

b=1

a=0.1

D=0.5

"""We upload the numerical simulations for average mean
time \bar{T}_1"{(2)}

and plot them"""

txt=str ("barTl.txt")

text_file = open(txt, "r"

lines = text_file.read().split(" ")

c=[1]
A=[]
B=[]
for i in range(len(lines)-1):
if 1%3==0:
C.append (float(lines[i]))
if i%3==1:

A.append(float(lines[i]))
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if 1%3==2:
B.append(float(lines[i]))
"""We plot the approximate average mean time \bar{T}_1"{(2)
}ll nn
ax.errorbar(C, A,B, fmt=’0’,label=’numerical’)
"""We convert the Cartesian coordinates into bipolar
coordinates"""
def bipolar(x,y,c):
d (1/c)*(0.25x (b**2+a**2-Cc**2) **x2-ax*2%xbx*2) *x0.5
A (b**2+d**2) x*0 .5
x = x+A

tau = 0.5*np.log (((x+d) **2+y*x2) /((x-d) **2+y**2))

return tau
"""We define the average mean time \bar{T}_1-{(2)}"""
def averagebipolarmeantime3(c,N):

d = (1/c)*(0.25*(b**2+a**2-Ccx*2) **x2-a**2%xb**x2) *x0.5

tau2 = np.log(d/b+(1+(d/b)**2) **0.5)
taul = np.log(d/a+(1+(d/a)**2)**0.5)
ret = 0

for n in range(1,N):
ret += 2xnp.exp(-2*n*taul)/D*x(-tanh(n*x(taul-tau2))*
a*x*2/(2xn)+d*c/(1+np.exp(-2*n*x(taul-tau2))))
ret += (a*x*x2/(2*D))*(tau2-taul)+d*c/(2%D)
return ret
"""We define the average mean time \bar{T}_2~{(2)}"""
def averagebipolarmeantime4(c,N):
d = (1/c)*(0.25*(b**2+a**2-c*x*2) **x2-a**2%xb**x2) *x0.5
tau2 = np.log(d/b+(1+(d/b)*%*2)**0.5)
taul = np.log(d/a+(1+(d/a)**2)*%0.5)
ret = 0
for n in range(1,N):
ret += (2*np.exp(-2*n*tau2)/D)*(np.tanh(n*x(taul-
tau2))/(2xn) -d*c/(1l+np.exp (2*n*x(taul-tau2))))
ret += (taul-tau2)/(2*D)-d*c/(2*D)
return ret
NRPRT=np.linspace(0,1-a-0.0001,400)
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h=[averagebipolarmeantime3(x,150) for x in NRPRT]
"""We plot the exact average mean time \bar{T}_1-{(2)}"""
ax.plot (NRPRT ,h,label=r’exact’,linewidth=1.25)
"""We define the approximation of \bar{T}_1-{(2)}"""
def RemusApprox(c):
return (1-c*%2)/(4*xD)-a*x*x2/(2xD)*np.log(1l/a)-ax*x2/(2%D)
*(np.log(1-c*x*2)+(1-3*xc*%*x2) /(2x(1-c**2)))
""'"We define the approximation of \bar{T}_2°{(2)}"""
def Remus_approx5(c):
return 1/(4*D)*(c**2-1)+1/(2xD)*np.log(1/a)+ax*x2/(4%*D)
*(1-4xc**x2+c**4) /(1-c*x2) **2-1/(2*D)*np.log (1-c**2)
"""We define the approximation of \bar{T}_2"{(2)} derived
by Condamin et al."""
def Remus_approx6(c):
return 1/(4*D)*(c**2-1)+1/(2*D)*np.log(1l/a)-1/(2*D)*np.
log (1-c*%*2)
ax.plot (NRPRT ,RemusApprox (NRPRT),label=r’approximation’,
linewidth=1.25)
plt.ylabel(r’$\frac{2D}{R"2}\bar{T}_1"{(2)3}(a,c)$’,fontsize
=20)
plt.xticks ([0,0.5,1], [r’0’,r’0.5’,r’1’],fontsize=14)
plt.yticks ([0,0.2,0.4], [r’0.0’,r’0.2°,r°0.4°],fontsize=14)
plt.x1lim ([0,1])
plt.legend(loc=3,fontsize=13,frameon=False)
ax = plt.subplot (212)
"""We upload the numerical simulations for average mean
time \bar{T}_1-{(2)}%}
and plot them"""
txt=str ("barT2.txt")
text_file = open(txt, "r"
lines = text_file.read().split(" ")

c=[]

A=[1

B=[]

for i in range(len(lines)-1):
if 1%3==0:
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C.append (float(lines[i]))
if i%3==1:
A.append(float(lines[i]))
if 1%3==2:
B.append (float (lines[i]))
ax.errorbar(C, A,B, fmt=’0’,label=’numerical’)
NRPRT=np.linspace(0,1-a-0.001,500)
h=[averagebipolarmeantime4(x,100) for x in NRPRT]
"""We plot the exact average mean time \bar{T}_2"{(2)3}"""
ax.plot (NRPRT ,h,label=r’exact’,linewidth=1.25)
"""We plot the approximate average mean time \bar{T}_2"{(2)
}ll|| "
ax.plot (NRPRT ,Remus_approx5 (NRPRT),color=’"red’,label=r’
approximation’,linewidth=1.25)
"""We plot the approximation derived by Condamin et al. to
the average mean
time \bar{T}_2°{(2)}"""
plt.plot (NRPRT,Remus_approx6 (NRPRT),’--’,color=’o0live’,
label=r’Condamin et al.’,linewidth=1.25)
ax.spines[’top’].set_visible(False)
ax.spines[’right’].set_visible(False)
ax.yaxis.set_ticks_position(’left’)
ax.xaxis.set_ticks_position(’bottom’)
plt.xlim ([0,1])
plt.xticks ([0,0.5,1.0], [r’0’,r’0.5°,r’1’],fontsize=14)
plt.yticks ([0,2,4], [r’0’,r’2’,r’4°],fontsize=14)
plt.xlabel(r’$c$’,fontsize=18)
plt.ylabel(r’$\frac{2D}{R"2}\bar{T}_2"{(2)}(a,c)$’,fontsize
=18)
plt.legend(loc=4,fontsize=13,frameon=False)
plt.tight_layout ()
plt.savefig(’CombinedSubplot.pdf’,bbox_inches=’tight’)
plt.show ()
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G.7 Hitting density

G.7.1 No target in a circular domain

G.7.1.1 Numerical simulation

"""We simulate Brownian motion inside a disk and record the
end point on the
disk boundary"""
import numpy as np
from scipy.spatial.distance import pdist, squareform
import matplotlib.pyplot as plt
import matplotlib.animation as animation
import math
import sys
class ParticleBox:
init_state is an [N x 2] array, where N is the number
of particles:
[[x1, yi11,
[x2, y2],
]
bounds is the size of the box: [xmin, xmax, ymin, ymax]
def __init__(self,
init_state = [[1, 0],
[-0.5, 0.5],
[-0.5, -0.511,
bounds = [-10, 10, -10, 10],
size = 0.04,

M = 0.05,
G = 9.8):
self.init_state = np.asarray(init_state, dtype=

float)
self .M = M * np.ones(self.init_state.shape[0])
self.size = size

self.state = self.init_state.copy()
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def

self.time_elapsed = 0
self.bounds = bounds
self.G = G
step(self, dt):
"""We define the number of particles, radius of
disk, initial position
of particles and the diffusion coefficient"""
global nrprt, b, c,D
"""step once by dt seconds"""
time_step=np.random.exponential (scale=dt,size=None)
self.time_elapsed += time_step
"""We create a copy of the position vector of the
Brownian particles"""
state_backup_2=self.state.copy ()
"""We update the position of the Brownian particles
wn
self.statel[:,0] += np.random.normal (0,np.sqrt (2*xDx*
time_step),len(self.statel[:,0]))
self.state[:,1] += np.random.normal (0,np.sqrt (2*D*
time_step),len(self.state[:,1]))
"""We determine which particles crossed the disk
boundary and delete
them"""
ri=[math.sqrt (x**2+y**2) for x,y in zip(self.state
[:,0],self.statel[:,1]1)]
r2=[math.sqrt (x**2+y**2) for x,y in zip(
state_backup_2[:,0],state_backup_2[:,1]1)]
C=[math.exp(-(b-R1)*(b-R2)/(D*dt)) for R1,R2 in zip
(r1,r2)]
u=np.random.uniform(0,1,len(self.state[:,0]))
Dist=np.where (C>u)
for i in Dist [0]:
theta=np.arctan2(self.statel[i,1], self.stateli
,01)
"""We record the position of the particles on

the boundary"""
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file.write(str(theta)+" ")
self.state=np.delete(self.state, Dist, axis=0)
nrprt=len(self.state[:,0])
if nrprt==
file.close ()
sys.exit ()
"Diffusion coefficient"
D=0.5
"Outer radius"
b=1
"Initial position"
c=0.89
txt=str ("gpDatafileHP_c=0.89")+str (".txt")
file = open(txt, "w")
time=0
"Number of particles"
nrprt=500000
np.random.seed ()
zr = np.zeros(nrprt)
os = np.ones(nrprt)
X=C*0s
y=zr
"Position vector of particles"
init_state=np.c_[x, y]
print (init_state)
box = ParticleBox(init_state, size=0.001)
"Time step"
dt = 0.0001
""" set up figure and animation """
fig = plt.figure()
fig.subplots_adjust(left=0, right=1, bottom=0, top=1)
ax = fig.add_subplot (111, aspect=’equal’, autoscale_on=
False,
xlim=(-1.1, 1.1), ylim=(-1.1, 1.1))
particles holds the locations of the particles """

nnn

particles, = ax.plot([], [], ’ro’, ms=6)
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""" rect is the box edge """
rect = plt.Rectangle(box.bounds[::2],
box.bounds [1] - box.bounds [0],
box.bounds [3] - box.bounds [2],
ec=’none’, lw=2, fc=’none’)
circle_1=plt.Circle((0,0),b,color="b’,fill=False)
ax.add_patch(rect)
ax.add_patch(circle_1)
def init ():
"""initialize animation"""
global box, rect
particles.set_data([], [])
rect.set_edgecolor (’none’)
return particles, rect
def animate(i):
"""perform animation step"""
global box, rect, dt, ax, fig, circle
box.step(dt)

ms = int(fig.dpi * 2 * box.size * fig.get_figwidth ()
/ np.diff (ax.get_xbound ()) [0])

""" update pieces of the animation """
rect.set_edgecolor (’none’)
particles.set_data(box.statel[:, 0], box.statel:, 1])
particles.set_markersize (ms)
return particles, rect

ani = animation.FuncAnimation(fig, animate, frames=100,

interval=10, blit=True,
init_func=init)

plt.show ()

G.7.1.2 Plot

"""We plot the hidding density of Brownian particle

diffusing inside a circle

nnn
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import numpy as np
import matplotlib.pyplot as plt
import math
from scipy.stats import poisson
from scipy.misc import factorial
import scipy.special
import itertools
"""We define the radius of the cell, the radius of the
nucleus, the number of
Brownian particles used in the simulation and the number of
bins on the
cellular surface used to calculate the hitting density"""
b=1
a=0.1
M=500000
N=3000
"""We define the hitting density function"""
def hit_prob_in_out (theta,c):
p=-(1/(4*np.pi*b)) *(2/b*x(c**x4-b*x*4-bxc**3*xnp.cos(theta)
)+2*xcxnp.cos (theta) * (2xb**2-c*x*2) ) / ((c**2+b**2-2*b*c
*np.cos (theta)) **2)
return p
L=2*np.pi/N
NRPRT=np.linspace(-np.pi,np.pi,N)
fig = plt.figure(frameon=False)
ax = plt.subplot(111)
color_vec=[’darkblue’,’darkgreen’,’darkred’]
I=0
"""We plot the numerical simulations"""
for ¢ in [0.25,0.5,0.89]:
print (c)
bins=np.zeros (N)
txt=str ("gpDatafileHP_c="+str(c))+str(".txt")
text_file = open(txt, "r"
lines = text_file.read().split()

for i in range(len(lines)-1):
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bins [int ((float(lines[i]) -np.pi) /L) -11+=1/(M*L)
text_file.close ()
ax.plot (NRPRT ,bins,color=color_vec[I])
I+=1
color_vec=[’cornflowerblue’,’lime’,’lightcoral’]
I=0
"""We plot the hitting density function for values of the
nuclear displacement
c=0.25, ¢=0.5 and c¢c=0.89"""
for ¢ in [0.25,0.5,0.89]:
h=[hit_prob_in_out(x,c) for x in NRPRT]
ax.plot (NRPRT ,h,color=color_vec[I],label=r’$c=$’+str(c)
,linewidth=1.25)
I+=1
"""We change the python plot such that it does not have
upper or rightward
border"""
ax.spines[’top’].set_visible(False)
ax.spines[’right’].set_visible(False)
ax.yaxis.set_ticks_position(’left’)
ax.xaxis.set_ticks_position(’bottom’)
plt.xticks([-np.pi,-np.pi/2,0,np.pi/2, np.pil, [r’$-\pi$’,r
*$-\frac{\pi}{2}$’,0,r’$\frac{\pi}{2}$’, r’$\pis$’1],
fontsize=16)
plt.xlim([-np.pi,np.pil)
plt.yticks ([0,1.5,3]1,[°0°,°1.5°,°3’],fontsize=14)
plt.xlabel (r’$\theta_2$’,fontsize=16)
plt.ylabel(r’$\varepsilon_0"{(2)}(\theta_2)$’,fontsize=16)
plt.legend(loc=1,fontsize=14,frameon=False)
plt.tight_layout ()
plt.savefig(’gpHD2019nt .pdf’)
plt.show ()
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