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ABSTRACT 

This thesis investigates some novel current harmonic injection methods to improve the 

electromagnetic performance of doubly salient synchronous reluctance machines (DS-SRMs). 

These machines will have different winding configurations, slot/pole number combinations and 

phase numbers. The theoretical analyses (both static and dynamic) are carried out based on 

Fourier Series analysis, and validated by 2-dimensional finite element method and also 

experiments using several prototype machines. 

Based on the analytical torque model in abc-axis frame, a powerful insight into the 

mechanism of torque generation of the DS-SRMs with pure sinewave current supply can be 

achieved. The electromagnetic torque (both magnitude and phase angle) produced by each 

order of inductance harmonic can be predicted, which allows us to obtain the dominant torque 

ripple components for such machines. Therefore, the appropriate current harmonic (3rd, 5th and 

7th) can be injected to generate torque ripple components in order to compensate that produced 

by the fundamental current, and hence to achieve an overall reduced torque ripple. On the other 

hand, the average torque of the DS-SRMs can also be improved by properly selecting the 

current harmonics in terms of harmonic order, amplitude and phase angle. However, it is found 

that the current harmonics, although can improve torque performance, will often cause extra 

losses (both copper and iron losses) and undesirable distortion in the phase voltages, which 

could lead to negative impact on the machine efficiency and dynamic performance. Therefore, 

in order to fully evaluate the potential of the proposed harmonic current injection method, 

comprehensive studies about losses, efficiency and dynamic performances such as torque-

speed curves of 3-phase and multi-phase DS-SRMs have been carried out. In order to simplify 

the investigation of dynamic performance analyses such as the torque speed curves and 

efficiency maps, novel analytical torque model in dq0-axis frame has also been proposed. The 

findings in this thesis can provide some useful guidelines for torque performance improvement 

of DS-SRMs using harmonic current injections. 
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 GENERAL INTRODUCTION 

  INTRODUCTION 

Due to the advantages of high torque density, high efficiency, high power factor and 

reliability, the permanent magnet (PM) machines are extensively used in industrial 

applications, such as electric vehicles, aerospace actuation and renewable energy. However, 

the main disadvantages such as high price due to rare-earth PMs reduces the attraction of PM 

machine in cost-sensitive applications such as domestic appliances and handhold power tools, 

etc. Additionally, potential irreversible demagnetization due to high currents or temperatures 

and the fragile properties of PM are also challenges facing the design of PM machines. 

As a result, the motivation to develop PM free machine without sacrificing too much torque 

capability are increasingly strong. The switched reluctance machines (SRMs) are one of the 

most popular research directions. As shown in Fig. 1.1 (a), with no PM and windings on the 

rotors, it can essentially reduce the machine costs, and their simple and robust structure, high 

manufacturability, good fault tolerance and high speed and high temperature operation 

capabilities brought them strong competitiveness for automotive and aerospace applications 

[1]. However, the doubly salient structure leads to inherent drawbacks, such as high torque 

ripple, vibrations and acoustic noise, which significantly limit their market penetration into 

sectors that are sensitive to these issues. Moreover, due to the unbalanced phase current 

excitation, an unconventional converter (asymmetrical H-bridge inverter as shown in Fig. 1.2) 

is required for SRMs, which is another factor that limits the wide use of such machines.  

  
(a) SRM (b) SynRMs 

Fig. 1.1 Rotor structures for SRMs and synchronous reluctance machines (SynRMs) [2]. 
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Fig. 1.2 3-phase asymmetrical half-bridge converter for SRMs [3]. 

Similar to SRMs, the synchronous reluctance machines (SynRMs) also have no magnets or 

field windings on the rotor as shown in Fig. 1.1 (b). However, the SynRMs are supplied with 

sinewave current, so that the conventional off-the-shelf voltage source inverter (VSI) for 

synchronous machines or induction machines can also be employed for SynRMs. In order to 

increase the saliency ratio and performance, the SynRMs have flux barriers inside the rotors 

[2]. However, it potentially leads to lower rotor robustness and lower manufacturability 

compared to SRMs. In order to combine the benefits of adopting a standard VSI and also 

achieving robust salient pole rotor, the SRMs were supplied with sinewave current in [4], which 

essentially becomes a doubly salient synchronous reluctance machines (DS-SRMs). Compared 

with conventional SynRMs (distributed winding), the short-pitched concentrated winding can 

reduce the copper loss, improve the efficiency and torque density of the DS-SRMs [5]-[7]. 

However, the main weakness of the DS-SRMs is the relatively high torque ripple, which to 

some extent reduces the attractiveness of this configuration. 

To cope with this issue, numerous researches focus on the design aspects, such as, stator/rotor 

shewing and shaping [8]-[10] to make the airgap flux density more sinusoidal. Other researches 

from control aspects have also been carried out, for example, the torque sharing function [11]-

[13], the direct instantaneous torque control (DITC) [14] and phase current optimization 

[15],[16], etc. Therefore, in this chapter, the state-of-the-art SRMs, SynRMs and the relevant 

methods for torque performance improvement are reviewed, providing a powerful insight into 

the potential of reluctance machines. TABLE 1.1 lists the comparison features of three types 

of machines that are widely investigated in academia and also industry. 
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TABLE 1.1 THE COMPARATIVE FEATURES OF THREE TYPES OF MACHINES [17], [18] 

 Advantages Disadvantages 

PM machines 

• High torque density 
• High efficiency 
• Low weight and volumetric 
dimension 
• Low acoustics noise 

• High cost 
• Low rotor robustness 
• Prone to irreversible 
demagnetization 
• High potential short-circuit 
current 

SRM 

• Simple structure 
• No permanent magnets 
• Low manufacture cost 
• High temperature and speed 

• Doubly salient structure 
• Asyemmtric converter  
• High torque ripple 
• High vibration and acoustics 
noise 

SynRM 

• No permanent magnets 
• High efficency 
• Off-the-shelf converter 

• Lower rotor robustness (with 
respect to SRM) 
• Lower manufacturability (with 
respect to SRM) 

 DEVELOPMENT OF SWITCHED AND SYNCHRONOUS RELUCTANCE 

MACHINES  

1.2.1 SWITCHED RELUCTANCE MACHINES  

SRMs are stepper motors which only produce reluctance torque and were first presented by 

Robert Davidson in 1839 [19]-[21]. The torque of the SRMs is produced due to the tendency 

of the rotor moving towards a position where the permeability of the exciting winding is the 

maximum. The conventional SRMs (CSRMs) have salient poles on both the stator and the rotor. 

The simplest SRMs is with 2 stator slots and 2 rotor poles, written as 2s/2p, which is a single 

phase machine, as shown in Fig. 1.3 (a). The two coils on the stator are excited at the same 

time. At the specific rotor position as shown in Fig. 1.3 (a), the rotor tends to be rotated 

anticlockwise to the aligned position as shown in Fig. 1.3 (b), in order to minimize the airgap 

length. Therefore, this type of machine can only produce torque in a limited arc of rotation, 

which is relevant to the stator pole arc. Moreover, the unaligned position, as shown in Fig. 1.3 

(c), is where the winding inductance is the minimum.  
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(a) Start of overlap (b) Aligned position (c) Unaligned position 

Fig. 1.3 Flux distribution at different rotor positions for a 2s/2p single phase SRM. 

 
(a) Ideal inductance waveform 

 
(b) Ideal torque waveforms waveform 

Fig. 1.4 Ideal inductance and torque waveforms vs rotor position with constant coil current. A: 

aligned position; U: unaligned position; J: start of overlap; K: end of overlap. 

For such simple machine, when the coil is excited with a constant current Imax, the idealised 

inductance waveform respects to rotor position can be shown in Fig. 1.4 (a). If anticlockwise 

is defined as the positive rotation direction, the positive torque only occurs when the inductance 

is rising in positive direction, which is from position J to A. After the rotor passes through the 

aligned position, the torque direction will be reversed and the breaking torque will be generated 
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to bring the rotor back to the aligned position. As a result, the positive and negative torques 

will cancel one another out, and the resultant average torque during one electrical period is 

always zero. Therefore, in order to remove the negative torque, the current in the coils has to 

be switched off when the rotor passes the aligned position, i.e. A to K. 

 
Fig. 1.5 Torque and ideal unipolar current waveform for SRMs. 

Therefore, the ideal unipolar currents are a series of pulse and excited when the inductance 

is rising. The ideal torques have the same waveforms as the pulse current as shown in Fig. 1.5. 

The torque equation at linear condition of a single phase machine is given by (1.1). 

𝑇𝑇 =
1
2
𝑖𝑖2
𝑑𝑑𝐿𝐿
𝑑𝑑𝜃𝜃

 (1.1) 

It is worth noting that the duration of the torque production due to a single coil excited is called 

one stroke. In order to obtain continuous torque, several more phase coils are required to fill 

the gaps in the torque waveform shown in Fig. 1.5. The common converter used to produce the 

unipolar pule current is asymmetrical half-bridge converter. Here, Fig. 1.2 shows the converter 

topology for a typical 3-phase SRMs. It is worth noting that in practice, the current in the coil 

cannot be excited in the perfect step fashion, due to the fact that the inductance at start of the 

stroke (position J) is not zero. Despite all that, the inductance along UJ is still very small, which 

leads to a significant current rise in a very short period, i.e. high di/dt. Consequently, the power 

electronics were always the main challenge of controlling SRMs and limited their application 

until 1965 [22]. With the development of power semiconductors and also microcontrollers with 

high speed processing capability, the SRMs started to attract increasing interest for variable 

speed applications [23]. 

Based on the concept of the simplest SRMs, over the years, researchers have proposed 

several configurations to improve the performance of SRMs. These innovations can be initially 

classified into two parts, i.e. stator and rotor topologies, as shown in Fig. 1.6. And this section 

will briefly review the existing topologies of SRMs and their achievements and limitations up 

to date. 
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Fig. 1.6 Classification of SRMs. 

1.2.1.1 STATOR TOPOLOGIES 

A).  NON-MODULAR STATORS 

Conventional SRMs (CSRM) with non-modular salient poles on the stator and short pitched 

concentrated winding are the most common structures [19]. Using a common 3-phase 6s/4p 

CSRM for example, as shown in Fig. 1.7 (a), the magnetic polarities of phase A are NS. It can 

be found that such winding configuration maximizes the self-linked magnetic flux, while the 

mutual-flux between adjacent phases can be neglected. Each phase will be excited in sequence 

to contribute to the continuous torque. However, in order to increase the electromagnetic 

utilization of the machine, a new SRM topology with fully pitched windings (FP) has been 

developed, as shown in Fig. 1.7 (b) [24],[25]. At a cost of longer end-winding, the torque 

capability can be significantly improved. Moreover, there are two or more phases conducting 

at any instant for the FPSRM, therefore, for the same output power, each phase will carry out 

half of the current compared to the CSRM, which may bring benefits for the power converter. 

However, due to longer end-winding and also higher phase resistance, the advantage of FPSRM 

could be compromised, depending upon load condition and excitation sequence. In order to 

combine the advantages of CSRM (short end-winding) and FPSRM (high torque capability), 

the mutually coupled SRMs (MCSRMs) have been proposed in [17],[26],[27]. As shown in 

Fig. 1.7 (c), different from CSRM, the magnetic polarities of the phase A for MCSRMs are 

NN. This is the same for other phases such as phases B and C. With such winding configuration, 

the magnetic paths of exciting coil are changed and the magnetic flux in stator yoke are forced 

into different flux paths. As a result, the MCSRMs is less sensitive to magnetic saturation than 

the CSRM and the FPSRM. This means that the MCSRMs can achieve better overload 

capability [28].  
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(a) CSRM (b) FPSRM  (c) MCSRM 

Fig. 1.7 Winding configurations and flux line distributions of typical 3-phase 6s/4p SRMs. In 

these figures, only the phase A is supplied with a DC current.  

Due to flux distribution, the optimum excitation sequence for different winding topologies 

are different. In [29],[30], the influence of conduction angles for three stator winding and their 

single layer counterparts have been investigated. It has been found that the unipolar 120° elec. 

conduction shows the best performance for the CSRMs, while the bipolar 360°  elec. 

conduction presents the best performance for the FPSRMs and the bipolar 360°  elec. 

conduction is more suitable for the MCSRMs.  

 
Fig. 1.8 SRMs with multiple teeth per stator pole External rotor [31],[32]. 

On the other hand, some novel SRMs with multiple teeth per stator pole was designed and 

analysed in [31],[32], as shown in Fig. 1.8. The topologies combined the advantage of multi-

teeth and higher rotor pole number. Due to higher output torque, efficiency and lower torque 

ripple compared with CSRM, the multiple teeth stator with external rotor structure is 

potentially a promising candidate of light weight EV application.  

S   N   N   N   
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B).  MODULAR STATORS 

Modular stators, due to the advantages such as simpler manufacture process, higher 

reliability, better fault-tolerant capability and less material consumption compared to non-

modular stators, are attracting growing interests for SRMs. The two typical types of SRMs with 

modular stator or segmented stator, i.e. E-core and C-core, are presented in [33] and [34], 

respectively. In [33], a 2-phase modular SRM with E-core as shown in Fig. 1.9 (a) has been 

proposed and compared with a 4s/2p CSRM. It has been found that the E-core stator can 

significantly reduce the stator material consumption by up to 22%, which reduces the total 

machine cost. Moreover, the torque density and efficiency of such machine are improved. In 

order to further improve the performance of the E-core SRM, a 9s/12p topology has been 

proposed by increasing the number of E-cores from 2 to 3 as shown in Fig. 1.9 (b). Due to the 

adjacent spaces that have been fully utilized, the torque density (Nm/kg) can be increased by 

14%.  

  
(a) 2 E-core stator (b) 3 E-core stator 

Fig. 1.9 2-phase SRMs with E-core modular stators [33],[35]. 

In [35], researchers adopted the E-core stator SRMs with a stator-slot/rotor-pole number 

combination of 12s/14p and investigated the influence of flux gap widths on the machine 

performance. It has concluded that the modular SRMs are promising candidates for lower 

vibration and acoustic noise applications, due to their lower radial force.  
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Fig. 1.10 Cross-section of 12s/14p SRM with E-core stator [35].  

In [36], a novel 3-phase E-core modular SRM with different rotor topologies is analysed, 

modelled and experimentally tested. The two modular SRMs, in Fig. 1.11, show almost the 

same electromagnetic performance. However, the one with segmented rotor enables 40.3% cost 

saving in rotor iron core. Moreover, it achieves much faster acceleration (low inertia) compared 

with conventional non-segmented rotor counterpart. It has been proved that these two modular 

SRMs, no matter with segmented rotor or not, offer higher torque density and lower torque 

ripple compared with CSRMs.  

 
(a) E-core stator with segmented rotor 

 
(b) E-core stator with conventional non-segmented rotor 

Fig. 1.11 Modular SRMs with toroidal winding and segmented and non-segmented rotors [36]. 
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Apart from the E-core stator, the C-core is another common modular stator structure for 

SRMs. In [34], the author proposed a 3-phase 6s/5p modular with C-core stator as shown in 

Fig. 1.12 (a). Since each phase has an independent group of C-core segments, which leads to 

physical, thermal and also electromagnetic isolations between windings of different phases, the 

motor achieves excellent fault-tolerant capability. However, higher vibration and acoustic 

noise due to unbalanced radial forces is one of the main disadvantages of such topology. 

Therefore, in [37],[38], two different topologies for the C-core SRMs were proposed to 

improve the performance and also to achieve lower acoustic noise. In [39],[40], a toroidal 

winding SRM with C-core stator is proposed, which is much similar to the winding shown in 

Fig. 1.12 (b) and with single coil wound in the back iron of the stator. Such structure also 

provides physical, thermal and also electromagnetic isolations between phase windings, 

consequently offering a better fault tolerant capability. Moreover, shorter magnetic flux paths 

of this modular SRM reduces the stator and rotor core iron losses compared to the CSRMs. 

Similarly, in [41], a novel radial-field 4-phase C-core modular SRM is proposed, as shown in 

Fig. 1.13. This topologies has shorter magnetic flux path, which offers higher efficiency 

compared with the CSRM. In addition, its flexible structure is also a good fit for EV 

application, where the rotor can be easily removed without affecting the stator. 

 
 

(a) 6s/5p (a) 16s/14p 
Fig. 1.12 Modular SRMs with C-core segmented stator [34],[39],[40]. 
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Fig. 1.13 4-phase 12s/15p radial field SRMs with C-core segmented stator [41]. 

1.2.1.2 ROTOR TOPOLOGIES 

A).  NON-SEGMENTED ROTORS 

Since the CSRMs already have very simple and robust rotor structure, there are only limited 

parameters to play with the conventional salient pole rotor. The parameters that can be changed 

are the number of rotor poles, rotor pole arc and length of tooth body, etc. In [42], for the 

conventional doubly salient structure, the authors have concluded that the slot/pole number 

combinations can be 6n/2n, 6n/4n and 6n/8n for 3-phase machines; 8n/6n and 8n/10n for 4-

phase machines, where n is integer number from 1 to 4. The groups with 6n/2n slot/pole number 

combination can potentially reduce the acoustic noise and improve the starting torque of the 

machine. In [43], authors introduced some SRMs with slot/pole number combination n/(2n+2), 

i.e. 6/14 SRM, for reducing the acoustic noise. In [44],[45], a novel rotor pole design formula 

were proposed, i.e. 𝑁𝑁𝑟𝑟 = 2𝑁𝑁𝑠𝑠 − 2, where 𝑁𝑁𝑠𝑠 is the stator slot number and should be larger than 

4 and 𝑁𝑁𝑟𝑟 is the rotor pole number. It is proven that such redundant rotor pole design can exploit 

torque capability and suppress the torque ripple compared with the CSRM.  
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Fig. 1.14 Geometrical dimensions of the 6s/10p SRM [44]. 

B).  SEGMENTED ROTORS 

On the other hand, many researchers have also been focusing on the SRMs with segmented 

rotors for potential machine performance improvement. The first synchronous reluctance 

machine with segmented rotor is developed by Lawrenson in 1960s [22],[46]. In 2002, Mecrow 

proposed a novel segmented rotor structure for SRMs, as shown in Fig. 1.15 (a) [47]. The new 

machine has doubled the active airgap area compared to a CSRM, hence, achieves better 

magnetic circuit utilization. It has proven that the machine produces over 40% more torque 

than its conventional counterpart. However, its copper consumption is increased due to its 

longer end-winding (fully-pitched – FP winding has been adopted). To address the long end-

winding issue, in [48],[49], a novel segmented rotor SRM with concentrated winding has been 

proposed, as shown in Fig. 1.15 (b). It not only retains all the advantages of the fully-pitched 

segmented rotor SRM, but also has much shorter end-winding and hence produces lower 

copper losses at the same phase current. In [50], a redundant segmented rotor design has been 

proposed, which has been compared with existing segmented rotor machine. Higher number of 

rotor segments than stator poles offers significant advantages at low speed and low current, 

while with increasing speed and phase current, the torque performance is compromised, due to 

higher iron loss and also magnetic saturation. The influence of slot/pole number combinations 

and phase number on the performance of the segmented rotor SRMs has been investigated in 

[51]. It is found that machines with high multiplicity (such as 12s/8p, 18s/12p, 24s/16p, etc.) 

compared to 6s/4p can achieve higher torque capability and wider speed operation at a cost of 

lower efficiency at low load condition and higher inverter power rating. 
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(a) 12s/8p FP (a) 12s/10p SL 

Fig. 1.15 Two typical winding configuration of segmental rotor SRMs [47]. FP stands for fully-

pitched and SL stands for single layer.  

1.2.2 SYNCHRONOUS RELUCTANCE MACHINE 

Synchronous reluctance machines (SynRMs) are competitive candidates for the high 

performance and low price applications. Due to the fact that sinewave current is supplied, 

SynRM can use exactly the same drives as that of induction machines and PM machines, 

leading to reduced power converter cost. SynRMs are considered as a singly salient machine 

in which only the stator is constructed with mechanically and magnetically salient poles [52]. 

However, the rotor is not mechanically salient (only magnetically salient to generate reluctance 

torque). Their stators often employ the distributed overlapping winding, which is the same as 

that of induction machine as shown in Fig. 1.16 (a). Such structure can produce more sinusoidal 

rotating magneto motive force (MMF) in the airgap, so as to retain the main benefits of SRMs 

such as magnet free and simple machine structure while at the same time it can overcome the 

main disadvantages such as high acoustic noise and torque ripple.  
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(a) Stator (b) Rotor 

Fig. 1.16 Stator and rotor for a typical SynRM [53]. 

The electromagnetic torque of SynRMs is purely due to the reluctance variation against rotor 

position, which can be calculated by (1.2). The dq-axis currents relating to the space vector 

components of stator winding MMF along the direct- (d-) and quadrature- (q-) axes are shown 

in Fig. 1.17. 

 
Fig. 1.17 Phasor diagram of a typical SynRM. 

𝑇𝑇 = 𝑚𝑚𝑝𝑝𝐼𝐼𝑑𝑑𝐼𝐼𝑞𝑞�𝐿𝐿𝑑𝑑 − 𝐿𝐿𝑞𝑞� =
𝑚𝑚𝑝𝑝
2
𝐼𝐼𝑓𝑓ℎ sin 2𝛾𝛾 (𝐿𝐿𝑑𝑑 − 𝐿𝐿𝑞𝑞) (1.2) 

where m is the phase number, p represents the pole pair number, 𝛾𝛾 is current phase angle, 𝐼𝐼𝑑𝑑, 

𝐼𝐼𝑞𝑞 are d- and q-axis current, respectively, 𝐼𝐼𝑓𝑓ℎ is phase peak current and the Ld and Lq are the d- 

and q-axis inductances, respectively. It is worth noting that Xd and Xq are the impedance of dq-
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axis and can be calculated by 2𝜋𝜋𝜋𝜋𝐿𝐿𝑑𝑑  and 2𝜋𝜋𝜋𝜋𝐿𝐿𝑞𝑞 , respectively, where f is the synchronous 

frequency of the phase current. According to (1.2), the torque production is proportional to the 

difference between dq-axis inductances and the maximum torque occurs when 𝛾𝛾 is equal to 

45°. This is under the assumption that the magnetic material is linear and no saturation occurs. 

It is worth noting that the saliency ratio (𝜉𝜉 = 𝐿𝐿𝑑𝑑
𝐿𝐿𝑞𝑞

) is one of the most important factors for SynRM, 

which not only determines the torque capability of the machine, but also the power factor (PF) 

and the constant torque speed region, etc.[54]. Generally speaking, higher 𝜉𝜉 often means better 

machine performance. SynRMs are always considered as machines with poor power factor, 

which is closely corresponding to the inverter power rating. The PF for fundamental current 

supply with the phase resistance being neglected can be calculated by [54]: 

PF = cos𝜙𝜙 = (𝜉𝜉 − 1)�
sin 2𝛾𝛾

2(tan𝛾𝛾 + ξ2 cot 𝛾𝛾)
 (1.3) 

PF𝑟𝑟𝑎𝑎𝑚𝑚 = cos𝜙𝜙 =
𝜉𝜉 − 1
𝜉𝜉 + 1

 with tan 𝛾𝛾 = �𝜉𝜉  (1.4) 

 
Fig. 1.18 Power factor vs saliency ratio. 

Fig. 1.18 shows the power factor versus saliency ratio for different current phase angles. It 

can be seen that for the SynRM with a saliency ratio of 9, the maximum power factor can be 

0.8. However, when 𝛾𝛾 = 45° (maximum torque production), the PF is still less than 0.7 even 

the saliency ratio is increased to 20. Therefore, the improvement of saliency ratio remains one 

of the most important challenges facing the SynRMs. 



16 
 

1.2.2.1 ROTOR TOPOLOGIES 

The first theoretical and technological analysis of SynRM can be traced back to 1923 by 

Kostko [55]. He proposed a cylindrical rotor with several flux barriers along the d-axis, as 

shown in Fig. 1.19 (a). This study established the direction for the designs of rotors for SynRM, 

including the flux barriers, segmentations and reluctance slots. Kostko also pointed out that the 

salient pole shown in Fig. 1.19 (c) generates poor saliency ratio. This is due to the fact that 

although the q-axis inductance is extremely reduced, the pole arc is reduced as well, leading to 

the undesired reduction in d-axis inductance. The researchers in [55] proved that the saliency 

ratio of salient pole structure was less than 3.8.  

   
(a) Segmented iron pieces 

and flux barriers 
(b) Segemented rotor  (c) Salient pole rotor 

  
(d) Axially laminated rotor (e) Transversally laminated rotor 

Fig. 1.19 Typical rotor structures of SynRMs [22],[52],[55],[56]. 

In 1960s, the segmented rotor was highly developed and the highest value of saliency ratio 

can be 10.7 (no-load) and 5.3(on-load) shown in Fig. 1.19 (b) [22],[57]. Apart from the 

segmented rotor, the axisially laminated rotor as shown in Fig. 1.19 (d) is another solution 

which can achieve higher torque density and power factor [51]. However, such structure is 

extreme challenging for manufacturing, which limits its practical applicability. Moreover, 

axially laminated rotor is not suitable for high speed operation due to larger iron losses and 

potentially lower mechanical stiffness. In practice, the transversally laminated rotor, as shown 
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in Fig. 1.19 (e), is much more manufacturing friendly [2] due to the fact that all laminations 

have the same shape with several flux barriers in each lamination. The narrow iron bridges 

between flux barriers provide some mechanical support against the centrifugal force, which is 

still a problem for high speed operation. Overall, the transversally laminated rotor has attracted 

increasing interest for modern industry, and further review will be carried out in following 

section. 

1.2.2.2 FLUX BARRIERS 

In the existing literature, lots of researches have been carried out to optimise the flux barriers 

of SynRMs, and the optimization can be classified into two categories, namely, barrier shapes 

and numbers. For the shapes of flux barriers, the round and angled shapes as shown in Fig. 1.20 

are the most popular options [58]. The optimal parameters of angled flux barrier is more than 

that of the round ones. It has been found that the round shape flux barrier offers slightly higher 

average torque than the angled flux barriers [59]. Moreover, due to the regular shape of angled 

flux barrier, permanent magnets can be inserted into the rotor, leading to a PM assisted SynRM, 

which can achieve higher torque capability and wider constant torque speed range. 

   
(a) Round flux barriers (b) Angled flux barriers 

Fig. 1.20 Flux barriers with different shapes [58]. 

The number of flux barrier is another factor that can influence the performance of SynRMs. 

Fig. 1.21 shows the rotors with different numbers of flux barriers from 1 to 6. In the literature, 

it has been found that higher number of flux barrier shows good potential in average torque 

[54]. In order to achieve the minimum torque ripple, the machine should be designed so that 

the number of slot, the number of rotor poles and also the number of flux barriers should match 

the rule expressed by (1.5) [60].  
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𝑛𝑛𝑟𝑟 = 𝑛𝑛𝑠𝑠 ± 4  (1.5) 

where 𝑛𝑛𝑠𝑠 represents the number of stator slots per pole pair and 𝑛𝑛𝑟𝑟 is the number of equivalent 

rotor slots per poles pair. Once 𝑛𝑛𝑠𝑠 is fixed, 𝑛𝑛𝑟𝑟 can be controlled by changing the number of 

flux barriers to achieve the minimum torque ripple. Authors in [61],[62] have drawn a similar 

conclusion. For example, for a 24s/4p SynRM, 3 flux barriers can achieve the lowest torque 

ripple. Moreover, authors in [60] pointed out that the stator core iron losses are increased with 

increasing number of flux barriers, while opposite trend has been observed for the rotor iron 

losses. Hence, the number of flux barriers for mimium iron losses needs to be analysed on a 

case by case basis and no general rule can be established.  

   
 (a) One layer (b) Two layers (c) Three layers 

   
(d) Four layers (e) Five layers (e) Six layers 

Fig. 1.21 Rotor topologies with different numbers of flux barriers [63]. 

1.2.2.3 WINDING CONFIGURATIONS 

Conventional SynRMs often adopt the integer slot distributed winding for less harmonic in 

the airgap flux. Therefore, the stator slot number can be simply calculated by: 

𝑁𝑁𝑠𝑠 = 𝑘𝑘𝑝𝑝𝑚𝑚  (1.6) 

where p is the rotor pole number, m represents the phase number and k is the slot number per 

pole per phase. For fixed phase number, e.g. 3-phase, there are two ways to change the slot/pole 
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combinations, i.e. p and k. Keeping k as a constant value 1, the influence of p (from 4 to 8) on 

the torque production has been investigated in [62]. The conclusion can be drawn that the 

torque capability is reduced with increasing pole number, while the torque ripple is hardly 

affected if the same slot/pole number ratio (Ns/p) is maintained.  

On the other hand, fixing the rotor pole number as 4, a comparative study with increasing k 

has also been carried out in [61], i.e. 12-slots, 24-slots and 48-slots. It has been found that 

higher value of k (higher number of stator slots) offers higher average torque. Moreover, due 

to more sinusoidal MMF in the airgap, the torque ripple can be reduced by increasing the stator 

slots. The same conclusions on average torque and torque ripple have also been proven by the 

authors in [62]. 

Moreover, a SynRM with novel multilayer ac winding is proposed, analysed and 

experimentally tested in [64]. There are three layer per stator slot for a 3-phase machine, and 

each phase winding lied in all the stator slot with properly designed numbers of turns. Such 

winding provides shorter end-winding (with respect to FP winding) and more sinusoidal airgap 

MMF. The proposed winding maintains the same level of torque capability but achieves 25.4% 

loss reduction compared with an induction machine with the same size. The power factor of 

the SynRM with multilayer winding can be as high as 0.72 and offers 3.9% efficiency increase 

compared with the induction machine counterpart. Moreover, the temperature rise of the new 

winding configuration is lower than that of the induction machine with distributed winding and 

exhibits better thermal steady-state performances. 

 
Fig. 1.22 (a) Novel six-slot multilayer winding for SynRMs and (b) corresponding airgap MMF 

[64]. 
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Apart from the FP distributed winding and multilayer winding, SynRMs with fractional slot 

concentrated winding have also been developed in the last two decades, due to the inherent 

advantages, e.g. shorter end-winding, higher packing factor and relatively small machine size 

[5],[65],[66]. It was found that fractional slot can not only improve the torque capability and 

efficiency, but also can increase the thermal conductivity due to higher slot fill factor, hence 

improving the thermal performance. However, these improvements come with a price such as 

higher torque ripple, higher iron losses and lower power factor. In order to further increase the 

robustness and to simplify the rotor manufacturing process, authors in [10],[67] adopted the 

salient rotor pole with fractional slot winding, essentially the same machine structure as SRMs 

but with sinewave current supply. However, although exhibits a series of advantages, such 

doubly salient structure and concentrated winding often generate relatively higher torque ripple. 

  
(a) Transversally lanminated rotor (b) Salient pole rotor 

Fig. 1.23 6s/4p SynRMs with fractional slot concentrated winding [64], [10]. 

 TORQUE RIPPLE REDUCTION  

Generally, torque ripple minimization can be achieved by both machine design and machine 

control. Fig. 1.24 shows the classification of the possible methodologies for torque ripple 

reduction, which will be detailed in the following sections. 
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Fig. 1.24 Existing methodologies for reducing the torque ripple of SRMs. TSF: torque sharing 

function; DITC: direct instantaneous torque control; DTC: direct torque control; PTC: 

predictive torque control. 

1.3.1 DESIGN ASPECTS 

Based on the reviews of both SRMs and SynRMs in previous sections, numerous machine 

topologies can potentially achieve lower torque ripple and lower noise. For example, SRMs 

with higher rotor pole number or segmented rotor, and SynRMs with increased number of stator 

slots or with rotors with properly designed flux barriers (including barrier number and shape). 

This section will further elaborate the electromagnetic performance improvement from the 

machine design point of view. 

1.3.1.1 SKEWING STRUCTURE 

The skewing has been widely used in permanent magnet machines to reduce their torque 

ripple and is becoming more and more popular in SRMs to reduce the torque ripple and also to 

reduce the vibrations and acoustic noise. In the [68], the effectiveness of skewing on both the 

cogging torque and on-load torque ripple of a permanent magnet machine has been proven. 

However, the effectiveness of skewing under high magnetic saturation is limited and even 

diminished. To solve this problem, authors in [69] proposed an improved skewing method with 
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optimized skewing angle and current advance angle. Although proposed method produces 

higher torque ripple at lower load condition than that of conventional skewing, the stringent 

torque ripple requirement for a full range of load conditions can be fully met.  

In order to reduce the vibrations and acoustic noise as well as the torque ripple, the skewing 

method was implemented for SRMs as well [9],[70],[71], in which the SRMs with different 

skewing angle for both the stator and the rotor have been investigated and compared. It has 

been proven that the skewing method can significantly mitigate the radial force with slightly 

reduced average torque and torque ripple.  

  
(a) Stator (b) Rotor 

Fig. 1.25 SRM with skewed rotor structure [71].  

In order to suppress the torque ripple of the SRMs, an improved rotor skew has been proposed 

and tested in [72]. Authors divide the stator into three identical stacks corresponding to three 

identical rotor stacks. There will be a properly designed skew angle between adjacent rotor 

stacks. In addition, the current through the winding in each stack are controlled independently. 

Using the case in Fig. 1.26 for example, the coils,v11 and v12 in stack 1, u21 and u22 in stack 2, 

and w31 and w32 in stack 3 are excited at the same time, and the rotor is forced to rotate in 

clockwise direction. The results show that with a skew angle of 20° , this technique can 

significantly reduce both the torque ripple and the radial force.  
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Fig. 1.26 Improved rotor skew concept to reduce the torque ripple [72]. 

1.3.1.2 DOUBLE STATOR STRUCTURE  

In [73], a novel SRMs with double-stator configuration (DSSRM) was proposed and 

analysed. As shown in Fig. 1.25, the DSSRM has a structure of outer and inner stators with 

segmented rotor assembled between them, and the magnetic force is produced by both stators. 

The DSSRM enables a flexible design due to specific structure, which shows potential for the 

structural optimization in order to obtain a smooth torque profile [74]. Moreover, Compared 

with conventional SRMs, the DSSRM reduces the radial force and offers higher percentage of 

motional forces (tangential force) [75],[76]. Hence, it is a promising candidate for higher power 

density and lower acoustic noise application.  
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Fig. 1.27 Double stator SRMs structure [75]. 

1.3.1.3 STATOR AND ROTOR POLE SHAPING 

Stator and/or rotor pole shaping as shown in Fig. 1.28 is another effective way to reduce the 

torque ripple. The method such as optimizing the stator and rotor pole arcs has been proposed 

for an 8s/6p SRM [Fig. 1.28 (a)]. This method can increase average torque and at the same 

time reduce the torque ripple. Another SRM geometry that can achieve reduced torque ripple 

and potential higher average torque is proposed in [10], as shown in Fig. 1.28 (b). With 

punching hole in one side of each rotor pole, the derivatives of self- and mutual-inductances 

with respect to rotor position are forced to be more sinusoidal, leading to a significant reduction 

in the torque ripple without sacrificing the average torque. In [74], four novel rotor shaping 

methodologies for variable flux reluctance machines (VFRMs) have been proposed to reduce 

the torque ripple. Such machine has the same doubly salient structure as the SRMs, therefore 

has been included in this review. It has found that the inverse cosine shaping method [Fig. 1.28 

(c)] presents the best performance in torque ripple reduction (suppressing 94% torque ripple) 

although the average torque is also reduced by 10%. And the inverse cosine 3rd harmonic and 

multi-step shapping reduce 90-92% torque ripple with only 3% reduction in the average torque. 

However, the main disadvantage of the proposed methods is that they can only be applicable 

for limited slot/pole number combinations. 
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(a) Stator and rotor pole arc shaping (b) Rotor pole with punching hole 

 
(c) Rotor pole shaping 

Fig. 1.28 Stator and rotor pole shaping for torque ripple reduction [8],[10],[77]. 

1.3.1.4 MULTI-PHASE STRUCTURE 

Increasing phase number can be an effective and simple way to reduce the torque ripple. 

Multi-phase machines are attracting increasing interest for a wide range of applications from 

electric vehicles through more electric aircraft to renewable energy. Lots of researches have 

been carried out for multi-phase PM machines, and more and more research papers about multi-

phase SR type machines have been published in recent years. This section will select a few 

typical examples to reveal the opportunity and also challenges facing multi-phase machines. In 

[78], comparative study between a 5-phase and a 3-phase PM generators has been carried out. 

Due to the smooth torque profile, the ripple of the output power can be significantly reduced 

by adopting the 5-phase machine. Moreover, the 5-phase machine offers an excellent fault-

tolerant feature and it can achieve 71-73% rated power when two non-adjacent phases have 

failed, such as open-circuited. In [79], the same conclusion can be drawn for the 5-phase 15s/4p 

interior PM machine.  
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Generally, for a SRM, with increasing phase number, the number of stroke per mechanical 

period can be increased and commutation region between phases is reduced, consequently 

lower torque ripple can be obtained. In [80],[81], a 4-phase 8s/6p SRMs is proposed for 

aerospace application, which is considered as a good compromise between complexity and 

fault-tolerant. However, if one phase is faulted, due to inherent independent phases, there will 

be a significant torque dip at faulted phase position, which is highly undesirable for many 

applications. To solve this problem, in [82],[83], 12s/10p 6-phase SRMs with different winding 

configurations are introduced. With properly designed current schemes, the SRMs with 

winding configurations in Fig. 1.29 (a) can achieve highest average torque, while that in [Fig. 

1.29 (b)] can achieve relatively lower torque ripple compared with the3-phase CSRM. It is 

worth noting that the winding configuration in Fig. 1.29 (a) (with NN) increases the number of 

flux paths and reduces flux density in the stator back iron. As a results, it presents lower iron 

loss and higher torque performance at high phase current condition. However, although the 

multi-phase machine can increase the torque capability, reduce torque ripple and increase the 

fault-tolerant capability, this might come with a price in increasing the cost of power electronic 

devices. 

  
(a) NSNSNSNSNSNS (b) NNSSNNSSNNSS 

Fig. 1.29 Winding configuration of 6-phase 12s/10p SRMs [78]. 

1.3.2 CONTROL ASPECTS 

Compared to the machine design technologies for reducing the torque ripple, implementing 

control methods can be much easier and more economical. Therefore, this section will try to 

review some existing torque ripple reduction methods from the machine control aspects. 
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1.3.2.1 DC CURRENT EXCITATION 

Due to the specific operation principle of the SRMs, their torque ripple can ascribe to the 

coupling between the phase current, rotor position, conduction angle and the machine geometry. 

Moreover, the torque declines mainly during the phase commutation region. Hence, many 

control stratagems have been proposed to address this issue, such as, torque sharing function 

(TSF), direct instantaneous torque control (DITC), direct torque and flux control (DTFC) and 

etc. 

A).  TORQUE SHARING FUNCTION  

Torque sharing function (TSF) is one of the most effective techniques to reduce the torque 

ripple of the SRMs [12]. As mentioned previously, the phase commutation region is a dominant 

region that produces the torque ripple, the idea of TSF is therefore to properly divide and share 

the reference torque with one or more phases during commutation or overlapping region. The 

torque control block diagram with TSF is shown in Fig. 1.30. It is worth noting that the torque-

to-current block is represented using a look-up table which contains the torque, rotor position 

and phase current, in order to increase the accuracy of the controller. Some of the widely used 

TSFs are based on linear, sinusoidal, cubic and exponential expressions of instantaneous torque 

in terms of electric rotor positions [12]. TSF curves should be properly designed based on the 

specification of SRMs. 

 

Fig. 1.30 Block diagram of TSF control scheme [84]. 

Based on the machine specification, there are three parameters should be designed for both 

linear or non-linear TSF, and they are the switched on/off angles 𝜃𝜃𝑐𝑐𝑛𝑛/𝑐𝑐𝑓𝑓𝑓𝑓 of phase current and 

overlapping region between two phases 𝜃𝜃𝑐𝑐𝑣𝑣, as shown in Fig. 1.31. Based on the torque profiles, 

the TSF can be defined by (1.7)-(1.9). 
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(a) Linear expression 

 
(b) Sinusoidal expression 

Fig. 1.31 Profiles of linear and sinusoidal TSF. 

𝑇𝑇∗ =

⎩
⎪
⎨

⎪
⎧

0                   0 ≤ 𝜃𝜃 ≤ 𝜃𝜃𝑐𝑐𝑛𝑛
𝑇𝑇∗ ∙ 𝜋𝜋𝑟𝑟𝑓𝑓𝑠𝑠𝑒𝑒(𝜃𝜃) 𝜃𝜃𝑐𝑐𝑛𝑛 ≤ 𝜃𝜃 ≤ 𝜃𝜃𝑐𝑐𝑛𝑛 + 𝜃𝜃𝑐𝑐𝑣𝑣
𝑇𝑇∗                 𝜃𝜃𝑐𝑐𝑛𝑛 + 𝜃𝜃𝑐𝑐𝑣𝑣 ≤ 𝜃𝜃 ≤ 𝜃𝜃𝑐𝑐𝑓𝑓𝑓𝑓 − 𝜃𝜃𝑐𝑐𝑣𝑣
𝑇𝑇∗ ∙ 𝜋𝜋𝑓𝑓𝑎𝑎𝑓𝑓𝑓𝑓(𝜃𝜃) 𝜃𝜃𝑐𝑐𝑓𝑓𝑓𝑓 − 𝜃𝜃𝑐𝑐𝑣𝑣 ≤ 𝜃𝜃 ≤ 𝜃𝜃𝑐𝑐𝑓𝑓𝑓𝑓
0                   𝜃𝜃𝑐𝑐𝑓𝑓𝑓𝑓 ≤ 𝜃𝜃 ≤ 𝜃𝜃𝑎𝑎𝑓𝑓

 (1.7) 

with 

𝜋𝜋𝑟𝑟𝑓𝑓𝑠𝑠𝑒𝑒(𝜃𝜃) =

⎩
⎨

⎧
𝜃𝜃 − 𝜃𝜃𝑐𝑐𝑛𝑛
𝜃𝜃𝑐𝑐𝑣𝑣

𝐿𝐿𝑖𝑖𝑛𝑛𝐿𝐿𝐿𝐿𝐿𝐿

�sin �
𝜋𝜋
2

(𝜃𝜃 − 𝜃𝜃𝑐𝑐𝑛𝑛)/𝜃𝜃𝑐𝑐𝑣𝑣��
2

𝑆𝑆𝑖𝑖𝑛𝑛𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖𝑑𝑑𝐿𝐿𝑆𝑆
 (1.8) 

𝜋𝜋𝑓𝑓𝑎𝑎𝑓𝑓𝑓𝑓(𝜃𝜃) = 1 − 𝜋𝜋𝑟𝑟𝑓𝑓𝑠𝑠𝑒𝑒(𝜃𝜃 + 𝜃𝜃𝑐𝑐𝑣𝑣 − 𝜃𝜃𝑐𝑐𝑓𝑓𝑓𝑓 + 𝜃𝜃𝑐𝑐𝑛𝑛) (1.9) 

Both conventional linear and sinusoidal TSFs can reduce the torque ripple at relatively low 

speed. However, the performance of TSFs will be compromised at high speed due to the delay 

of current rising and falling. In order to address this issue, the TSFs with extended negative 

torque region was introduced in [85]. Extended TSFs provide enough time to increase or 

decrease the current. As a result, this control strategy enables better torque performance even 

at a relatively high speed. Moreover, the power losses and inverter power rating can be reduced. 
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In [11], a novel online compensation TSF is proposed to minimize the torque ripple of SRMs. 

The positive and negative compensations are provided for the outgoing and incoming phases, 

respectively, during the commutation region.  

B).  DIRECT INSTANTANEOUS TORQUE CONTROL 

In [14], a novel direct instantaneous torque control (DITC) for the SRMs was developed and 

analysed. The new control scheme effectively limits the torque ripple into a boundary, where 

exact knowledge of rotor position is not required. Fig. 1.31 shows the block diagram of the 

DITC. As can be seen, the torque reference is directly used and no current closed loop is 

required. The instantaneous torque estimation block is a look-up table from SRM terminal. 

However, the main drawback of such method is the need for priori-knowledge of machine 

parameters [86]. 

 
Fig. 1.32 Block diagram of DITC [14]. 

There are three possible switching states for one single phase of the SRMs, i.e. 1 (+Vdc), 0 

(freewheeling) and -1 (-Vdc). The torque ripple of single active period can be easily controlled 

in a boundary by the hysteresis controller as shown in Fig. 1.33 (a). In order to smooth the 

torque dips during the commutation region, two hysteresis controller are defined for two active 

phases, respectively. For incoming phase, state 1 (+Vdc) is used to increase the torque, while 

state 0 (freewheeling) is preferred to decrease the torque, so that the torque can be remained in 

the inner boundary (∆h) as long as possible to reduce the switching frequencies. The outgoing 

phase remains state 0 (freewheeling) until the torque is out of control (outer boundary) of the 

incoming phase, i.e. |T∗ − 𝑇𝑇𝑒𝑒𝑠𝑠𝑓𝑓| > ∆H . By doing so, the resultant torque ripple can be 

controlled within the designed boundary. 
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(a) Incoming phase (or single active period) (b) Outgoing phase  

Fig. 1.33 Switching states for two active phase during commutation region. 

Moreover, in [87], an improved direct instantaneous torque and force control has been 

proposed. The new method offers a great potential in reduction of torque ripple and acoustic 

noise. However, higher device losses and limited operation speed range remain impeding 

factors for its wide adoption in industry. 

C).  DIRECT TORQUE CONTROL 

The same direct torque control (DTC) strategy that often used in conventional ac machines 

can also be implemented for SRMs [88]. The current of each phase of the SRMs is adjusted in 

sequence by the proposed DTC in order to produce a rotating magnetic flux, which is very 

much similar to that in the ac machines. However, a new winding configuration is required for 

the control scheme, which is uneconomical and inconvenient. In order to implement the DTC 

for the SRMs without changing winding or current excitation, a novel DTC algorithm has been 

proposed in [89]. The torque and torque ripple can be directly controlled by the hysteresis 

controller. Moreover, the priori-knowledge of nonlinear magnetization is not necessary during 

this operation.  

 
Fig. 1.34 Block diagram of DTC for SRMs [89]. 
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Six voltage vectors with the same magnitude have been selected for SRMs, as shown in Fig. 

1.35 (a), they are separated by 𝜋𝜋/3. The space are divided into six zones and the voltage state 

vectors are lying in the zone centers. If the phase resistance is neglected, the stator flux is given 

by (1.10).  

𝜓𝜓(𝑘𝑘) = 𝜓𝜓(𝑘𝑘 − 1) + 𝑉𝑉(𝑘𝑘)∆𝑇𝑇 (1.10) 

The behavior of stator flux with different voltage vectors is shown in Fig. 1.35 (b). If the 

components after projecting 𝑉𝑉(𝑘𝑘) to 𝜓𝜓(𝑘𝑘 − 1) are positive [same direction as 𝜓𝜓(𝑘𝑘 − 1)], then 

𝑉𝑉(𝑘𝑘) can be selected to increase the flux, and vice versa. In addition, the torque increases when 

𝑉𝑉(𝑘𝑘) provides positive current phase angle with respect to the rotor position, i.e. ∆𝜃𝜃 > 0, and 

vice versa. Therefore, the switching table can be obtained and an example is listed in TABLE 

1.2. 

 
 

(a) Voltage vector s (b) Flux control 
Fig. 1.35 Definition of SRM voltage vectors and flux control for DTC. 

TABLE 1.2 SWITCHING TABLE 

ψ ↑ T ↑ ψ ↑ T ↓ ψ ↓ T ↑ ψ ↓ T ↓ 

𝑉𝑉𝑘𝑘+1 𝑉𝑉𝑘𝑘+2 𝑉𝑉𝑘𝑘−1 𝑉𝑉𝑘𝑘−2 

Although the torque ripple of the SRMs can be significant reduce by the DTC scheme, 

undesired negative torque due to flux hysteresis control and inappropriate voltage vector 

selection is unavoidable, which can lead to low torque/ampere ratio. In [90], an improved DTC 

with nine space sectors has been developed, the extra three sectors provide corresponding 

voltage vectors to avoid the negative torque. In [91], the number of space sectors is increased 
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to twelve, and the voltage vectors selection can be more reasonable and flexible. The negative 

torque is significantly suppressed, consequently, the torque/ampere ratio is improved by 

18.43%, compared with a conventional DTC. Moreover, torque ripple can be reduced by 56.5%. 

In [92], a DTC for 6-phase SRMs with novel inverter has been introduced. The torque ripple 

can be reduced from 32.1% to 6% whilst the cost of electronic power devices is reduced by 

half.  

D).  CURRENT SHAPING 

For SRMs, the conventional trapezoidal current is not sufficient to reduce the torque ripple. 

Therefore, the stator current optimization is regarded as the most straightforward option to 

reduce the torque ripple in the literature. In [93], an off-line current profile based on the 

specification of the SRM has been designed, which achieves a considerable reduction in torque 

ripple. However, with increasing speed, the benefits is compromised, since the phase current 

can no longer track the reference current due to limited DC voltage. To cope with this issue, a 

real time compensation method is introduced in [94]. The extra outgoing phase has been proven 

to be able to compensate the lower torque due to track error at high speed region. In [95], a 

novel technique of current reference optimization is presented. A multiple reference frame 

controller was designed to precisely realize the current waveforms. Moreover, authors in [96] 

have quantified the average torque and torque ripple due to various current harmonics in SRMs. 

It is found that the 1st and 2nd order current harmonics mainly contribute to the average torque, 

whilst the 4th and 5th order current harmonics are potential candidates for torque ripple 

reduction. 

1.3.2.2 AC CURRENT EXCITATION 

It is well-established that, compared to the conventional DC current excitation with 120 

degree conduction, the sinewave current excitation can significantly reduce the vibrations and 

acoustic noise of SRMs [97]-[99]. Moreover, the conventional off-the-shelf inverter, together 

with numerous existing sophisticated control schemes for ac machines can also be adopted. 

Therefore, to reveal the full potential of SRMs, this section will introduce some existing control 

methodologies to reduce the torque ripple for SRMs with AC current excitation. 

A).  CURRENT SHAPING 

Torque ripple of AC excitation machine is commonly caused by back-EMF harmonics, 

cogging torque, non-uniform permeability and the dead time of inverter, etc. And the current 

optimization can be one of the most straightforward methods to mitigate their effects for both 
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PM and reluctance machines. In [100], the current optimization method is introduced to 

compensate the cogging torque for flux switching PM machine. Although, the torque ripple 

due to cogging torque can be compensated perfectly, with increasing phase current, the torque 

ripple due to reluctance torque cannot be handled. To solve this issue, in[101]-[103], a torque 

ripple compensation based on instantaneous torque prediction was proposed and 

experimentally validated for synchronous machines. The electromagnetic torque model for 

synchronous machine has been built, which can accurately predict the on-load torque of 

synchronous machines. Hence, based on the analytical torque model, the compensated q-axis 

current can be calculated and fed forward (open-loop) or backward (close-loop) to the system. 

Two different synchronous machines (with and without PM) were tested for the proposed 

methods and the torque ripple of both machines was reduced by around 50%. In addition, in 

order to implement the model, the priori-knowledge of the machine, such as, cogging torque 

and PM flux as a function of rotor position, is required. Moreover, it is worth noting that since 

the variation of inductance is negligible, the feed forward method is not applicable for the 

SynRMs, while feed backward scheme is effective to reduce the torque ripple of the latter. 

Moreover, in [104], the novel stator current design method was developed to reduce torque 

ripple with minimizing copper losses, as shown in Fig. 1.36. Experimental results showed that 

torque ripple can be effectively suppressed under both transient and steady states.  

 
Fig. 1.36 Block diagram with current harmonic injection for torque ripple minimization. BSF: 

band-stop filter; BPF: band-pass filter [104]. 

In [105], the torque ripple suppression method of open-winding PM (OW-PM) machine is 

introduced. The q-axis harmonic current is injected to counteract the torque ripple due to zero-

sequence current. Moreover, a novel switching sequence is introduced, where zero vector (111) 

is abandoned, consequently, the switching frequency can be reduced by 33.3%. 
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(a) Current harmonic injection  (b) Angle-shift-based systems 

Fig. 1.37 Block diagram of current harmonic injection for OW-PM machine [105]. 

Previous current optimization method is based on the feedback of machine operating point, 

and it does not need to know the current characteristic, which is estimated automatically by the 

system. In order to investigate the torque production mechanism in-depth, in [106], the 

influence of the 3rd order current harmonic, including the magnitude and phase angle, was 

investigated for a five phase PM machine and the control diagram is shown in Fig. 1.38. It is 

found that the average torque can be increased by 17.3% when the fundamental and the 3rd  

order current harmonics have the same phase. However, the effectiveness of torque ripple 

reduction in this case is restricted. The same conclusion had been drawn in [107], although the 

average torque is increased, the efficiency of the machine is reduced due to extra copper and 

iron losses brought by the current harmonics. Similar technique was been implemented for 

SynRMs with both salient pole rotor and flux barriers rotor in [108],[109]. It is found that it 

was possible to improve the torque performance of the SynRMs with the 3rd order current 

harmonic injection. However, the effect of the magnitude and phase angle of the current 

harmonics were not comprehensively investigated for such machines. 

 
Fig. 1.38 Block diagram of 5-phase machine with current harmonic injection [106]. 
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Moreover, the phase current of the SynRMs can also be optimised online by the adaptive 

linear neural network method proposed in [110],[111]. Thanks to the online learning capability 

of the neural networks, the torque ripple can be significantly reduced. However, for more 

accurate torque control, longer learning time is often required. 

B).  DIRECT TORQUE CONTROL 

Direct torque control (DTC) is attracting increasing interest for ac machines, due to 

significant advantages such as no current regulator, parameter independent and no coordinate 

transformations etc. However, the hysteresis control with various sampling frequency causes 

undesired torque and stator flux ripple. To solve this problem, a novel DTC with constant 

switching frequency was proposed in [112]. The idea is to process the voltage vector duty ratio 

within a constant period Ts before the estimated torque Te  reaches the hysteresis band ∆ℎ, as 

shown in Fig. 1.39. Hence, the torque ripple can be effectively reduced. However, the machine 

parameters, such as machine inductance and PM flux, are required to calculate the duty ratio. 

Therefore, in [113], a parameter-free DTC was introduced. Although the torque ripple can be 

reduced, there will be a discrepancy between the torque reference and feedback under high load 

or high speed conditions. To improve this issue, DTC with duty ratio regulator is proposed in 

[114], where a simple method is adopted to design a range of key parameters. The control 

diagram is shown in Fig. 1.40. The proposed DTC not only inherits the feature of parameter 

independent and excellent transient response of conventional DTC, but also solves the 

problems of steady-state error and achieves lower torque ripple. A similar technique was 

proposed for a SynRM in [115], where a triangular carrier is adopted and compared with output 

PI torque regulator in Fig. 1.41, in order to obtain the constant switching frequency. And it 

properly adjusts the voltage vectors during the entire switching cycle, and hence achieves lower 

torque ripple. 

 

Fig. 1.39 The typical steady-state torque waveform of DTC with constant switching frequency. 
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Fig. 1.40 Control diagram of DTC with duty ratio regulator for PMSM [114]. 

 
Fig. 1.41 Control diagram of DTC with triangular carrier for SynRM [115]. 

C).  PREDICTIVE TORQUE CONTROL  

Apart from current harmonic shaping and DTC schemes, the predictive torque control (PTC) 

can be another potential candidate to suppress the torque ripple of synchronous machine. In 

[116],[117], a novel PTC strategy has been proposed and experimentally tested. The changes 

in stator flux ∆𝜓𝜓𝑠𝑠 together with stator current 𝑖𝑖𝑠𝑠 are utilized to predict the voltage control angle 

which forces the torque error ∆𝑇𝑇𝑒𝑒 to zero, accordingly achieving minimum torque ripple. The 

output of predictive control block in Fig. 1.42 is fed to a conventional space-vector pulse-

width-modulation (SVPWM) to obtain an accurate torque control. 
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Fig. 1.42 Control diagram of PTC for PM machine [116]. 

Moreover, a finite control set model predictive control is another possible method to achieve 

minimized torque ripple. The idea is to build the predictive load model and corresponding cost 

function can be defined for the controlled parameters. Finally, the voltage vector which 

minimizes the cost function is selected to achieve desired objectives. Therefore, in [118],[119], 

a finite-control-set-based predictive torque control has been proposed for a PM machine in 

order to reduce the torque ripple. A cost function including torque tracking and duty ratio 

optimization is designed to optimize the voltage vectors which is realized by the SVPWM. 

Both simulation and experimental results show that it can realize a lower and constant sampling 

frequency and torque ripple minimization. Moreover, without considering PM components, the 

similar PTC can also be implemented for SynRMs [120],[121]. Although it is a novel attempt 

on such machines, PTC presents good potential to achieve lower torque ripple with lower 

copper losses. 

 
Fig. 1.43 Control diagram of finite-control-set-based PTC for PM machine [119]. 
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 RESEARCH SCOPE AND CONTRIBUTION OF THESIS 

1.4.1 RESEARCH SCOPE 

The electromagnetic performances of novel doubly salient synchronous reluctance machines 

(DS-SRMs) have been investigated in [67]. Although they can produce relatively high average 

torque, lower vibration compared with CSRM, due to fractional slot, concentred winding and 

doubly salient structure, the inherent torque ripple of such machine is much higher. Therefore, 

the main topic of this thesis is to propose a novel, economical and convenient current harmonic 

injection method to minimize the torque ripple and/or improve average torque for the DS-

SRMs. Moreover, the proposed method will be implemented on the DS-SRMs with different 

winding configurations, slot/pole number combinations and phase numbers, in order to make 

sure this method can be applicable to a wide range of DS-SRMs. This thesis consists of 7 

chapters and a brief description of each chapter is given as follows: 

 Chapter 1 provides a general introduction of SRMs and SynRMs, followed by the 

working principle and development of topologies. Moreover, the existing methodologies 

to minimize the torque ripple, vibrations and acoustic noise are also reviewed in this 

chapter. 

 Chapter 2 proposes a current harmonic injection method for torque ripple reduction in 

3-phase 12s/8p single layer DS-SRMs. An analytical torque model with fundamental 

and harmonic current injection has been developed, which can quantify the torque 

contribution of each order of inductance harmonic. Based on this analytical model, the 

current harmonic order, magnitude and phase angle can be properly selected to improve 

the torque performance. 

 Chapter 3 implements the current harmonic injection method for three typical DS-SRMs 

with different winding configurations, i.e. double/single layer, fully pitched. The 

comparative studies of torque generation mechanism for different machines have been 

carried out. And the limitations of the proposed method for some topologies have been 

investigated.  

 Chapter 4 comprehensively investigates the contribution of each harmonic inductance 

to the torque (average torque and torque ripple) of multi-phase DS-SRMs. And novel 

method by combining current harmonic injection with multi-phase machines is proposed 

in order to further improve the torque performance of the DS-SRMs.  
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 Chapter 5 investigates the effectiveness of current harmonic injection method for 

different DS-SRMs in terms of copper losses, iron losses, efficiency and dynamic 

performances, i.e. torque- and efficiency maps. To this end, a new analytical model in 

dq0-axis frame is developed, which can estimate the voltage distortion due to the 

interaction between inductance harmonic and stator current, therefore accurately predict 

machine dynamic performance even with current harmonic injections.  

 Chapter 6 experimentally tests the effectiveness of current harmonic injection method 

for torque performance improvement. Both static and dynamic tests have been carried 

out for both 3-phase and 6-phase DS-SRMs. In order to inject the zero-sequence current 

in an economical way, the three-phase four-leg inverter is adopted and corresponding 

pulse-width-modulation (PWM) has been introduced.  

 Chapter 7 gives a general conclusion of the thesis and proposes some future research 

directions.  

1.4.2 RESEARCH CONTRIBUTION 

The main novelty and contributions of this thesis are listed as follows: 

 An analytical model for DS-SRMs has been established, accordingly the torque 

generation mechanism can be investigated in-depth. The torque due to each harmonic 

inductance can be quantified based on the analytical torque model. 

 Based on the analytical torque model, a current harmonic injection method is proposed 

to reduce the torque ripple and/or to increase the average torque of the DS-SRMs, which 

is very easy to implement. 

 The analytical torque model can be extended for any phase number and slot/pole 

combination. The mechanism about why certain phase numbers can have inherently 

lower torque ripple while others cannot, can be investigated. This will be helpful to find 

optimal measures in order to reduce torque ripple of the DS-SRMs either from machine 

design or machine control perspectives. 

 The dq0-axis electromagnetic model is also developed, which can not only reproduce 

the current harmonic injection in abc-axis frame, but also can estimate the voltage 

distortion due to flux harmonics (introduced by current and inductance harmonics). It 

reduces the model complexity and provides a simple and effective method to analyse 

the dynamic performance of the DS-SRMs. 
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 An economical and convenient method to control the zero-sequence current of the DS-

SRM has also been proposed, which has been used for both modelling and also 

experimental validation. 

During this PhD study, 6 papers have been published including 3 IEEE journal papers and 3 

conference papers (1 conference paper has won the best paper award) and 1 journal paper is 

currently under review. The publication list is given below: 

1. G. J. Li, K. Zhang, Z. Q. Zhu, and G. W. Jewell, "Comparative studies of torque 

performance improvement for different doubly salient synchronous reluctance machines 

by current harmonic injection," IEEE Trans. Energy Convers., vol. 34, no. 2, pp. 1094-

1104, Jun. 2019. 

2. K. Zhang, G. J. Li, Z. Q. Zhu, and G. W. Jewell, "Investigation on contribution of 

inductance harmonics to torque production in multiphase doubly salient synchronous 

reluctance machines," IEEE Trans. Mag., vol. 55, no. 4, pp. 1-10, Apr. 2019. 

3. K. Zhang, G. J. Li, Z. Q. Zhu, and G. W. Jewell, "Analytical modelling of dynamic 

performance with harmonic current injection for doubly salient SynRMs," IEEE Trans. 

Int. Appl., Mar. 2020. (Accepted) 

4. K. Zhang, G. J. Li, Z. Q. Zhu, and G. W. Jewell, "Torque performance improvement of 

doubly salient synchronous reluctance machines by current harmonic injection," in Proc. 

IEEE Int. Ele. Mach. & Dri Conf (IEMDC), pp. 1222-1227, 12-15 May 2019. 

5. K. Zhang, G. J. Li, R. Zhou, Z. Q. Zhu, and G. W. Jewell, "Losses in different doubly 

salient synchronous reluctance machines with current harmonic injection," Int. Conf. Ele. 

Mach. Sys. (ICEMS), pp. 1-6, 11-14 Aug. 2019. 

6. K. Zhang, G. J. Li, R. Zhou, Z. Q. Zhu, and G. W. Jewell, "Dynamic performance 

investigation of doubly salient synchronous reluctance machines with current harmonic 

injection," Int. Conf. Ele. Mach. Sys. (ICEMS), pp. 1-6, 11-14 Aug. 2019. (Best paper 

award) 

7. K. Zhang, G. J. Li, Z. Q. Zhu, and G. W. Jewell, "Impact of current harmonic injection 

on performance of multi-phase synchronous reluctance machines", IEEE Trans. Energy 

Convers., 2020. (Under review) 
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 TORQUE PRODUCTION MECHANISM 

WITH CURRENT HARMONIC INJECTION 

In this chapter, a current harmonic injection method is proposed for torque ripple 

reduction and/or average torque enhancement in 3-phase, 12-slot/8-pole single layer 

mutually coupled switched reluctance machines (MCSRMs), which are essentially doubly 

salient synchronous reluctance machines (DS-SRMs) with sinewave current supply. 

Initially, the torque generation mechanism with pure sinewave current supply of DS-

SRMs is analysed based on some analytical torque models with both the self- and mutual- 

inductances being considered. These analytical models can accurately predict which 

inductance harmonic(s) contribute to average torque and which contribute to torque 

ripple and to which extent their contribution will be. Using similar analytical torque 

models, the current harmonics (3rd, 5th, 7th, etc.) can be injected to reduce the torque 

ripple and/or to increase the average torque. In addition, the harmonic order, the 

amplitude and also phase angle compared to the fundamental component can be 

calculated for achieving the minimum torque ripple or the maximum average torque.  

This chapter comes from the author’s own paper [122]. 
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 INTRODUCTION 

Switched reluctance machines (SRMs) have attracted increasing interest for high-

performance applications due to their robustness, simplicity and low manufacturing cost 

[123],[124]. Without any permanent magnets or field windings on the rotor, SRMs are 

excellent for harsh environment and safety-critical applications [17],[125]. However, despite 

the SRMs have the above and other attractive features, the asymmetric converter is often 

needed due to the specific current supply mode, which is one of the most important impeding 

factors for a wider industrial application of the conventional SRMs (CSRMs). In addition, the 

doubly salient structure is often regarded as one of the main factors that contribute to their high 

torque ripple, high vibration and acoustic noise compared to other permanent magnet machines 

or induction machines. 

In most of the available literature about SRMs, many researchers have devoted to investigate 

innovative methods to reduce the vibration and acoustic noise. Apart from the well-established 

fact that the radial force excitation is the primary source of vibrations and acoustic noise [126], 

the torque ripple of SRM has also been identified as another source determined by the 

tangential magnetic force [127]. In order to reduce the vibrations and acoustic noise, many 

studies have been carried out from the design or control aspects of the SRMs, In [128],[129], 

authors mounted two or more SRMs in parallel sharing the same rotor shaft in order to reduce 

torque ripple and acoustic noise. In [9],[10], rotor and/or stator shaping and skewing have been 

investigated to minimize the torque ripple. Apart from the aforementioned design techniques, 

control strategies such as adopting different current excitations can also significantly reduce 

torque ripple and vibrations. For the square wave current supply, authors in [130],[131] have 

proposed a torque share function to smooth the torque production during phase commutation. 

In [14],[132], the direct instantaneous torque control (DITC) is proposed to reduce the torque 

ripple. Sinusoidal excitation effects on radial force have also been investigated for SRMs 

[97],[133]. Moreover, other current waveform shaping methods have been considered to reduce 

torque ripple and vibrations and acoustic noise [104],[134]. 

In addition to the above methods, authors in [4] proposed a mutually coupled SRMs 

(MCSRM) that can also achieve lower vibrations and acoustic noise compared to the CSRMs, 

especially when the sinewave current supply is adopted. In this case, the classic off-the-shelf 

three-phase inverter for synchronous machines or induction machines can also be employed 

for the MCSRM, which in effect becomes a doubly salient synchronous reluctance machine 



43 
 

(DS-SRM). As a result, the cost for power converter and the whole drive system can be reduced. 

It has proven that the DS-SRMs with sinewave current supply can produce much higher 

average torque compared with the CSRMs although the irregular self- and mutual-inductances 

of DS-SRMs may cause relatively higher torque ripple [67].  

It is worth noting that most existing SRMs are equipped with double layer (DL) concentrated 

armature windings. However, in order to further improve their torque capability, some single 

layer (SL) DS-SRM have been proposed in [67]. It has found that at low current density, the 

average torque of the proposed single layer DS-SRM can be twice as high as that of the double 

layer DS-SRM. However, both the SL and double layer DL produce higher torque ripple than 

the CSRM, leading to potentially higher vibration and acoustic noise. 

In this chapter, a new method of current harmonic injection is proposed to reduce the torque 

ripple while keeping or even increasing its average torque. The idea is to adjust the order, the 

phase angle and the amplitude of the injected current harmonics so as to generate a torque 

ripple component opposite to that produced by the fundamental current, as shown in Fig. 2.1, 

leading to an overall reduction of the resultant torque ripple.  

 
Fig. 2.1 Methodology of current harmonic injection. 

A flow chart that summarizes the main steps of the proposed current injection method is 

shown in Fig. 2.2. In the first step, the derivation of instantaneous torque equation based on the 

inductances obtained by 2D-FEA is carried out. In the second step, based on the derived torque 

equation, the relationship between torque profile and the injected current harmonic is 

investigated. This allows an appropriate selection of the current harmonic (order, magnitude 

and phase angle) in order to achieve higher average torque and/or lower torque ripple.  
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Fig. 2.2 Flow chart of proposed torque performance improvement method. 

 ANALYTICAL TORQUE MODEL WITH FUNDAMENTAL CURRENT 

Fig. 2.3 shows the cross section and winding configuration of the investigated 12s/8p SL DS-

SRM. The coil magnetic polarities of one phase are NN, which is different from that (NS) of 

the CSRM. Its main specifications are listed in TABLE 2.1 [67]. Each coil is wound around 

one stator tooth, leading to a concentrated winding structure just like its double layer 

counterpart.  

 
Fig. 2.3. Cross section and wingding configurations of a 12s/8p SL DS-SRM. 
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TABLE 2.1 MACHINE KEY DIMENSIONS AND DESIGN FEATURES 

Stator slot number 12 Active length (mm) 60 
Rotor pole number 8 Number of turns per phase 132 

Stator outer radius (mm) 45 Coil packing factor 0.37 
Air gap length (mm) 0.5 Rated RMS current (A) 10 

Rotor outer radius (mm) 26.5 Current density (Arms/mm2) 5.68 
Rotor inner radius (mm) 15.7   

According to [10], [96], if magnetic saturation is neglected, the instantaneous torque equation 

of SRMs as a function of both the rotor position and the phase current is given by 

𝑇𝑇𝑒𝑒(𝑖𝑖,𝜃𝜃) = �
1
2
𝑖𝑖𝑎𝑎2
𝑑𝑑𝐿𝐿𝑎𝑎
𝑑𝑑𝜃𝜃

+
1
2
𝑖𝑖𝑏𝑏2
𝑑𝑑𝐿𝐿𝑏𝑏
𝑑𝑑𝜃𝜃

+
1
2
𝑖𝑖𝑐𝑐2
𝑑𝑑𝐿𝐿𝑐𝑐
𝑑𝑑𝜃𝜃

+𝑖𝑖𝑎𝑎𝑖𝑖𝑏𝑏
𝑑𝑑𝑀𝑀𝑎𝑎𝑏𝑏

𝑑𝑑𝜃𝜃
+ 𝑖𝑖𝑎𝑎𝑖𝑖𝑐𝑐

𝑑𝑑𝑀𝑀𝑎𝑎𝑐𝑐

𝑑𝑑𝜃𝜃
+ 𝑖𝑖𝑏𝑏𝑖𝑖𝑐𝑐

𝑑𝑑𝑀𝑀𝑏𝑏𝑐𝑐

𝑑𝑑𝜃𝜃
� (2.1) 

where 𝑖𝑖𝑎𝑎 , 𝑖𝑖𝑏𝑏 , 𝑖𝑖𝑐𝑐 , 𝐿𝐿𝑎𝑎 ,  𝐿𝐿𝑏𝑏 , 𝐿𝐿𝑐𝑐 , 𝑀𝑀𝑎𝑎𝑏𝑏 , 𝑀𝑀𝑏𝑏𝑐𝑐  and 𝑀𝑀𝑎𝑎𝑐𝑐  are three phase currents, self- and mutual-

inductances, respectively, whilst 𝜃𝜃  is the rotor mechanical position. The three phase 

fundamental currents can be written by  

⎩
⎪
⎨

⎪
⎧
𝑖𝑖𝑎𝑎 = 𝐼𝐼1 sin(𝜃𝜃𝑒𝑒 + 𝛽𝛽1)            

𝑖𝑖𝑏𝑏 = 𝐼𝐼1 sin �𝜃𝜃𝑒𝑒 −
2𝜋𝜋
3

+ 𝛽𝛽1�

𝑖𝑖𝑐𝑐 = 𝐼𝐼1 sin �𝜃𝜃𝑒𝑒 +
2𝜋𝜋
3

+ 𝛽𝛽1�

 (2.2) 

where 𝐼𝐼1 represents the amplitude of phase current, 𝜃𝜃𝑒𝑒 is the rotor electrical position and 𝛽𝛽1 is 

the advance angle.  

To simplify the calculations, the self- and mutual-inductances L and M can be expressed by 

Fourier series as 

⎩
⎪
⎨

⎪
⎧𝐿𝐿 = 𝐿𝐿0 + �𝐿𝐿𝑛𝑛cos (𝑛𝑛𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑛𝑛)

∞

𝑛𝑛=1

     

𝑀𝑀 = 𝑀𝑀0 + �𝑀𝑀𝑛𝑛cos (𝑛𝑛𝜃𝜃𝑒𝑒 + 𝛼𝛼′𝑛𝑛)
∞

𝑛𝑛=1

 (2.3) 

where L0 and M0 are the dc components of the self- and mutual-inductances while 𝐿𝐿𝑛𝑛, 𝛼𝛼𝑛𝑛, 𝑀𝑀𝑛𝑛 

and 𝛼𝛼′𝑛𝑛  are the magnitude and phase of the nth self- and mutual-inductance harmonics, 

respectively. The self- and mutual-inductances as well as their spectra are calculated by using 

2D-FEA, as shown in Fig. 2.4, and their harmonic components are listed in TABLE 2.2 and 
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TABLE 2.3, which can be used for calculating both the average torque and torque ripple 

coefficient in the following sections.  

 
(a) Self- and mutual-inductances waveforms 

 
(b) Inductances Spectra. 

Fig. 2.4 Phase inductances and their spectra. The armature windings are supplied with a 1A dc 

current.  

TABLE 2.2 MACHINE SELF INDUCTANCES 

Self-inductance magnitude (mH) Self-inductance phase (rad) 

𝐿𝐿0 5.891 𝛼𝛼0 0 

𝐿𝐿2 3.107 𝛼𝛼2 0.051 

𝐿𝐿4 0.192 𝛼𝛼4 -3.038 

𝐿𝐿6 0.210 𝛼𝛼6 0.153 
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TABLE 2.3 MACHINE MUTUAL INDUCTANCES 

Mutual-inductance magnitude (mH) Mutual-inductance phase (rad) 

𝑀𝑀0 1.101 𝛼𝛼′0 3.142 

𝑀𝑀2 0.734 𝛼𝛼′2 -2.045 

𝑀𝑀4 0.201 𝛼𝛼′4 -0.921 

𝑀𝑀6 0.040 𝛼𝛼′6 3.101 

By substituting (2.2) and (2.3) to (2.1), the instantaneous torque equation becomes  

𝑇𝑇𝑓𝑓 = 𝑇𝑇𝑓𝑓0 + 𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓 = 𝑇𝑇𝑓𝑓𝑠𝑠𝑒𝑒𝑓𝑓 + 𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓 

=
3𝑝𝑝
2
��−

𝑛𝑛
2
𝐿𝐿𝑛𝑛𝐼𝐼12 sin(𝑛𝑛𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑛𝑛)

∞

𝑛𝑛=1

±
𝑛𝑛
4
𝐿𝐿𝑛𝑛𝐼𝐼12 sin�(2 ± 𝑛𝑛)𝜃𝜃𝑒𝑒 + 2𝛽𝛽1 ± 𝛼𝛼𝑛𝑛�

+
𝑛𝑛
2
𝑀𝑀𝑛𝑛𝐼𝐼12 sin(𝑛𝑛𝜃𝜃𝑒𝑒 + 𝛼𝛼′𝑛𝑛) ±

𝑛𝑛
2
𝑀𝑀𝑛𝑛𝐼𝐼12 sin�(2 ± 𝑛𝑛)𝜃𝜃𝑒𝑒 + 2𝛽𝛽1 ± 𝛼𝛼′𝑛𝑛 −

2𝜋𝜋
3
�� 

(2.4) 

where 𝑇𝑇𝑓𝑓 indicate torque due to the fundamental current; ‘0’ and ‘rip’ represent the average 

component and ripple component, respectively; ‘sel’ and ‘mut’ represent the components due 

to the self- and mutual-inductances, respectively. p is the rotor pole pair number. It can be 

proven that the frequency of torque ripple for a 12s/8p SRM is due to triplen harmonic. 

Therefore, 𝑇𝑇𝑓𝑓 can be simplified and rewritten by (2.5), where k is a non-negative integer. 

𝑇𝑇𝑓𝑓 =
3𝑝𝑝
2
��−

3𝑘𝑘
2
𝐿𝐿3𝑘𝑘𝐼𝐼12 sin(3𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼3𝑘𝑘)

∞

𝑘𝑘=0

+
3𝑘𝑘 − 2

4
𝐼𝐼12𝐿𝐿3𝑘𝑘−2 sin(3𝑘𝑘𝜃𝜃𝑒𝑒 + 2𝛽𝛽1 + 𝛼𝛼3𝑘𝑘−2)

+
3𝑘𝑘 + 2

4
𝐼𝐼12𝐿𝐿3𝑘𝑘+2 sin(3𝑘𝑘𝜃𝜃𝑒𝑒 − 2𝛽𝛽1 + 𝛼𝛼3𝑘𝑘+2)

+
3𝑘𝑘
2
𝐼𝐼12𝑀𝑀3𝑘𝑘 sin(3𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼′3𝑘𝑘)

+
3𝑘𝑘 − 2

2
𝐼𝐼12𝑀𝑀3𝑘𝑘−2 sin �3𝑘𝑘𝜃𝜃𝑒𝑒 + 2𝛽𝛽1 + 𝛼𝛼′3𝑘𝑘−2 −

2𝜋𝜋
3
�

+
3𝑘𝑘 + 2

2
𝐼𝐼12𝑀𝑀3𝑘𝑘+2 sin �3𝑘𝑘𝜃𝜃𝑒𝑒 − 2𝛽𝛽1 + 𝛼𝛼′3𝑘𝑘+2 +

2𝜋𝜋
3
�� 

(2.5) 

Moreover, when the number k is equal to ‘0’, (2.5) could give the average torque and can be 

expressed as (2.6). It is worth noting that the dc component has no effect on the torque 

production and the average torque only depends on the 2nd order harmonic when sinewave 

𝑇𝑇𝑓𝑓𝑠𝑠𝑒𝑒𝑓𝑓 

𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓 
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current is supplied. It also can be proven by (2.1), that the average torque is proportional to the 

derivatives of self- and mutual-inductances rather than their absolute values.  

𝑇𝑇𝑓𝑓0 =
3
4
𝐼𝐼12𝐿𝐿2 sin(−2𝛽𝛽1 + 𝛼𝛼2) +

3
2
𝐼𝐼12𝑀𝑀2sin (−2𝛽𝛽1 + 𝛼𝛼′2 +

2𝜋𝜋
3

) (2.6) 

According to (2.5)-(2.6), the torque (average or peak-to-peak value) produced by each 

inductance harmonic can be calculated, as shown in Fig. 2.5. It can be seen that the average 

torque is only produced by the 2nd inductance harmonic, as expected. Moreover, it is worth 

noting that the 4th, 6th, 8th and 12th inductance harmonics play a dominant role in the torque 

ripple production. The 4th, 6th and 8th inductances harmonics [k in (2.5) is 2 because the 

inductance harmonic orders are positive integers] produce a 6th order torque ripple while the 

12th inductance harmonic generates a 12th order torque ripple, which is more obvious in Fig. 

2.6. 

 
Fig. 2.5 Average torque and peak-to-peak torque produced by each order of inductance 

harmonic. 
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(a) Self-torques 

 
(b) Mutual-torques 

 
(c) Resultant on-load torques 

Fig. 2.6 Instantaneous torque contribution of dominant inductance harmonics.  
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As shown in Fig. 2.7, the torque prediction has good agreements with the FE results, and as 

expected, the inductance harmonics such as the 2nd, 4th, 6th, 8th and 12th dominate the torque 

(average or peak-to-peak) production and the effect of other inductance harmonics can be 

neglected. 

 
(a) On-load torque waveforms 

 
(b) Torque spectra 

Fig. 2.7 Comparison of 2D-FE and analytically predicted torques. The three phases are supplied 

with 1 Arms AC current. 

 ANALYTICAL TORQUE MODEL WITH HARMONIC CURRENT 

In order to reduce the torque ripple in the DS-SRM, the current harmonic injection method 

is investigated in this chapter. It is worth noting that in order to simplify the derivation of 

analytical model, the coupling effect between current harmonics will not be considered. 

Therefore, only one type of current harmonic will be injected for each case. Once the injected 

current harmonic order is determined, the current equation can be rewritten as: 



51 
 

⎩
⎪
⎨

⎪
⎧
𝑖𝑖𝑎𝑎 = 𝐼𝐼1 sin(𝜃𝜃𝑒𝑒 + 𝛽𝛽1) + 𝐼𝐼𝑣𝑣 sin(𝑣𝑣𝜃𝜃𝑒𝑒 + 𝛽𝛽𝑣𝑣)                        

𝑖𝑖𝑏𝑏 = 𝐼𝐼1 sin �𝜃𝜃𝑒𝑒 −
2𝜋𝜋
3

+ 𝛽𝛽1� + 𝐼𝐼𝑣𝑣sin (𝑣𝑣(𝜃𝜃𝑒𝑒 −
2𝜋𝜋
3

) + 𝛽𝛽𝑣𝑣)

𝑖𝑖𝑐𝑐 = 𝐼𝐼1 sin �𝜃𝜃𝑒𝑒 +
2𝜋𝜋
3

+ 𝛽𝛽1� + 𝐼𝐼𝑣𝑣sin (𝑣𝑣(𝜃𝜃𝑒𝑒 +
2𝜋𝜋
3

) + 𝛽𝛽𝑣𝑣)

 (2.7) 

where 𝑣𝑣, 𝐼𝐼𝑣𝑣 and 𝛽𝛽𝑣𝑣 represent the order, the magnitude and the phase angle of the 𝑣𝑣𝑓𝑓ℎ current 

harmonic, respectively. Fig. 2.8 shows the phase a current waveform with different current 

harmonics injected. 

 
(a) I1+I3rd 

 
(b) I1+I5th 
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(c) I1+I7th 

Fig. 2.8 Phase a current waveform with single current harmonic injection. 

In a similar way, by substituting (2.3) and (2.7) into (2.1), the torque equation can be 

separated into three terms which are determined by 𝐼𝐼12,  𝐼𝐼1𝐼𝐼𝑣𝑣 and 𝐼𝐼𝑣𝑣2. The fundamental current 

term 𝐼𝐼12 is the same as in (2.5). The pure harmonic term 𝐼𝐼𝑣𝑣2 is much smaller than 𝐼𝐼12, hence its 

effect can be neglected as will be investigated later in this section. Therefore, more significant 

effect of harmonic injection is focused on the  𝐼𝐼1𝐼𝐼𝑣𝑣 torque term. The torque equation can be 

simplified as follows: 

𝑇𝑇ℎ = 𝑇𝑇ℎ0 + 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓 = 𝑇𝑇ℎ𝑠𝑠𝑒𝑒𝑓𝑓 + 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓 (2.8) 

where 𝑇𝑇ℎ𝑠𝑠𝑒𝑒𝑓𝑓 and 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓 are self- and mutual-torques due to current harmonic and can be written 

as follows: 

𝑇𝑇ℎ𝑠𝑠𝑒𝑒𝑓𝑓 =
3𝑝𝑝
2
�

𝑛𝑛𝐿𝐿𝑛𝑛
2

𝐼𝐼1𝐼𝐼𝑣𝑣{sin(𝐴𝐴𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 + 𝛼𝛼𝑛𝑛)
∞

𝑛𝑛=1

 

− sin(𝐵𝐵𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 − 𝛼𝛼𝑛𝑛) 
− sin(𝐶𝐶𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 + 𝛼𝛼𝑛𝑛) 
+ sin(𝐷𝐷𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 − 𝛼𝛼𝑛𝑛) 

(2.9) 

And 
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𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓 =
3𝑝𝑝
2
�

𝑛𝑛𝑀𝑀𝑛𝑛

2
𝐼𝐼1𝐼𝐼𝑣𝑣

∞

𝑛𝑛=1

 

�sin �𝐴𝐴𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑛𝑛 −
2π
3
𝑣𝑣� 

− sin �𝐵𝐵𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 − 𝛼𝛼′𝑛𝑛 −
2π
3
𝑣𝑣� 

− sin �𝐶𝐶𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑛𝑛 +
2π
3
𝑣𝑣� 

+ sin �𝐷𝐷𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 − 𝛼𝛼′𝑛𝑛 +
2π
3
𝑣𝑣� 

+ sin �𝐴𝐴𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑛𝑛 −
2π
3
� 

− sin �𝐵𝐵𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 − 𝛼𝛼′𝑛𝑛 −
2π
3
� 

− sin �𝐶𝐶𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑛𝑛 −
2π
3
� 

+ sin �𝐷𝐷𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 − 𝛼𝛼′𝑛𝑛 −
2π
3
�� 

(2.10) 

and 

�

𝐴𝐴 = 1 + 𝑣𝑣 + 𝑛𝑛
𝐵𝐵 = 1 + 𝑣𝑣 − 𝑛𝑛
𝐶𝐶 = 1 − 𝑣𝑣 + 𝑛𝑛
𝐷𝐷 = 1 − 𝑣𝑣 − 𝑛𝑛

  with 𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷 = 0, ±3, ±6, ±9 … (2.11) 

It can be proven that the frequency of 𝑇𝑇ℎ correlates with the current and inductance harmonic 

orders as shown in (2.11). Generally, 𝑇𝑇ℎ will only contain the triplen harmonics, so does 𝑇𝑇𝑓𝑓. 

This means that the combination of v and n needs to generate multiples of three for A to D. By 

way of example, when v is equal to 3, the term A can contribute to torque only if n is equal to 

2, 5, 8, etc. If this condition satisfies, the average torque 𝑇𝑇ℎ0 can then be obtained, as described 

by (2.12), where the rotor position 𝜃𝜃𝑒𝑒  is equal to ‘0’. It is worth noting that the active 

inductances 𝑣𝑣 ± 1, e.g. 2nd [C in (2.11) is 0] and the 4th [B in (2.11)is 0] inductance harmonics 

when 3rd current harmonic injection, will produce average torque. 

𝑇𝑇ℎ0 = −
3𝑝𝑝𝑛𝑛

4
𝐼𝐼1𝐼𝐼𝑣𝑣[𝐿𝐿𝑣𝑣∓1 sin(𝛽𝛽1 ∓ 𝛽𝛽𝑣𝑣 ± 𝛼𝛼𝑛𝑛) + 𝑀𝑀𝑣𝑣∓1 sin �𝛽𝛽1 ∓ 𝛽𝛽𝑣𝑣 ± 𝛼𝛼′𝑛𝑛 ±

2𝜋𝜋
3
𝑣𝑣� 

+𝑀𝑀𝑣𝑣∓1sin �𝛽𝛽1 ∓ 𝛽𝛽𝑣𝑣 ± 𝛼𝛼′𝑛𝑛 −
2𝜋𝜋
3
�� 

(2.12) 

When the 3rd current harmonic is injected, according to (2.5) and (2.8)-(2.11), the torque 

(average or peak-to-peak) produced by each inductance harmonic can be calculated, as shown 

in Fig. 2.9. It is apparent that only the 2nd inductance harmonic can influence the average torque 
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and the torque produced by the 4th inductance harmonic can be neglected due to its small 

inductance magnitude (see Fig. 2.4). Meanwhile, the injected 3rd current harmonic has little 

effect on the peak to peak torque for other inductance harmonics except for the 2nd order one 

that has the highest magnitude, which can be seen in Fig. 2.10. According to (2.11), the 2nd 

order inductance harmonic [n=2] together with the 3rd order current harmonic [v=3] produce a 

6th order torque ripple harmonic [A in (2.11) is 6], which has the same frequency as the 

dominant torque ripple produced by the fundamental current (see Fig. 5.21). Therefore, it is 

possible to make these two torque harmonics opposite to each other in order to reduce the 

resultant torque ripple. This must be done by properly selecting the injected current harmonics 

in terms of harmonic order, amplitude and also phase angle.  

 
Fig. 2.9 Average torque and peak-to-peak torque produced by interaction between each 

inductance harmonic and current harmonic ( 𝐼𝐼𝑣𝑣 = 30%𝐼𝐼1,  𝛽𝛽1 = 45° and 𝛽𝛽𝑣𝑣 = 53.6°  see 

Section 2.4). 

 
Fig. 2.10 Harmonic torque produced by active inductance harmonics when the 3rd order current 

harmonic is injected. (𝐼𝐼𝑣𝑣 = 30%𝐼𝐼1,  𝛽𝛽1 = 45° and 𝛽𝛽𝑣𝑣 = 53.6° see Section 2.4).  
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TABLE 2.4 shows the active inductance harmonic orders influencing the average or the 

peak-to-peak torque which can be calculated by previous equations. It is also worth noting that 

the 2nd order inductance effect is much more significant compared with others.  

TABLE 2.4 ACTIVE INDUCTANCE ORDER SELECTION FOR TORQUE PRODUCTION 

Current Components Average torque 6th torque ripple 12th torque ripple 

Fundamental 2nd 4th, 6th, 8th 10th,12th, 14th  
3rd harmonic 2nd and 4th 2nd, 4th, 8th, 10th  - 
5th harmonic 4th and 6th 2nd, 10th, 12th  - 
7th harmonic 6th and 8th 2nd, 12th, 14th  - 

Note: “-” means the 12th torque ripple due to harmonic current injection is negligible.  

 

(a) 𝐼𝐼1 =1 Arms 

 
(b) 𝐼𝐼1 =10 Arms 

Fig. 2.11 Comparison of 2D-FEA and analytically predicted torque waveforms. ( 𝐼𝐼3𝑟𝑟𝑑𝑑 =

30%𝐼𝐼1,  𝛽𝛽1 = 45° and 𝛽𝛽𝑣𝑣 = 53.6° see Section 2.4). 
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By way of example, the torque waveforms with or without the 3rd current harmonic injections 

are predicted by (2.5) and (2.8)-(2.11) without considering the pure harmonic torque term 𝐼𝐼𝑣𝑣2, 

as shown in Fig. 2.11. A good agreement between the FE and analytical torque models has 

been observed at low phase current, e.g. 𝐼𝐼1 = 1Arms. The results for 𝐼𝐼1 = 10Arms have also 

been calculated. It is found that the machine becomes saturated and there is a marginal 

discrepancy between the results obtained by direct FE and that obtained by the analytical torque 

model. However, the effect of current harmonic injection on torque ripple reduction is not 

compromised. In addition, as aforementioned, it can still be concluded that the effect of the 

pure harmonic torque term can be neglected for the torque analysis without sacrificing its 

accuracy. 

Fig. 2.12 and Fig. 2.13 show comparisons of average torque and torque ripple coefficient 

versus phase rms current obtained by 2D-FEA and by the analytical torque equations. Here the 

torque ripple coefficient is calculated by: 

𝑇𝑇𝑟𝑟𝑓𝑓𝑓𝑓 =
𝑇𝑇𝑟𝑟𝑎𝑎𝑚𝑚 − 𝑇𝑇𝑟𝑟𝑓𝑓𝑛𝑛

𝑇𝑇0
× 100% (2.13) 

where  𝑇𝑇𝑟𝑟𝑎𝑎𝑚𝑚  and 𝑇𝑇𝑟𝑟𝑓𝑓𝑛𝑛  are the maximum and minimum torques for an electrical period, 

respectively. It should be noted that the inductances used in the torque equations are functions 

of phase rms current, which contains both the fundamental and the harmonic contents. 

It has been found that the torque ripple coefficients of the DS-SRM are reduced significantly 

for all selected current harmonics, in which the 3rd order harmonic shows the best performance. 

It not only reduces the torque ripple by 56.3% but also increases the average torque by about 

13%. It is also found that although the 5th order current harmonic has more significant reduction 

in torque ripple, the average torque is also slightly reduced. This is the same for the 7th current 

harmonic injection although its effect on torque ripple reduction is less significant. For different 

current harmonics, their phase angles ( 𝛽𝛽𝑣𝑣) to achieve the minimum torque ripple are different. 

The selection of the best phase angle of each current harmonic will be detailed in the Chapter 

2.4. It is worth noting that with increasing phase current, machine becomes highly saturated 

and there is an increasing discrepancy between the 2D-FE and analytical predictions. This 

would be the limitation of the developed analytical torque models. However, although the 

accuracy of the torque equation is reduced at high phase current, the effect of current harmonic 

injection on torque ripple reduction is not seriously compromised. 
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(a) 𝐼𝐼3𝑟𝑟𝑑𝑑=30%𝐼𝐼1,  𝛽𝛽1 = 45° and  𝛽𝛽𝑣𝑣 = 53.6° 

 
(b) 𝐼𝐼5𝑓𝑓ℎ=30%𝐼𝐼1,  𝛽𝛽1 = 45° and  𝛽𝛽𝑣𝑣 = 143.6° 

 
(c) 𝐼𝐼7𝑓𝑓ℎ=30%𝐼𝐼1,𝛽𝛽1 = 45° and 𝛽𝛽𝑣𝑣 = 233.4° 

Fig. 2.12 Comparison of 2D-FEA and analytically predicted average torque with injected 

current harmonics. (Current harmonic selection see Section 2.4) 
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(a) 𝐼𝐼3𝑟𝑟𝑑𝑑=30%𝐼𝐼1,  𝛽𝛽1 = 45° and  𝛽𝛽𝑣𝑣 = 53.6° 

 
(b) 𝐼𝐼5𝑓𝑓ℎ=30%𝐼𝐼1,  𝛽𝛽1 = 45° and  𝛽𝛽𝑣𝑣 = 143.6°, 

 
(c) 𝐼𝐼7𝑓𝑓ℎ=30%𝐼𝐼1, 𝛽𝛽1 = 45° and 𝛽𝛽𝑣𝑣 = 233.4° 

Fig. 2.13 Comparison of 2D-FEA and analytically predicted torque ripple coefficient with 

injected current harmonics. (Current harmonic selection see Section 2.4) 
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 CURRENT HARMONIC SELECTION FOR DS-SRM 

In previous section, analytical torque model has been carried out for both fundamental 

current and current harmonic injections. In this section, further analyses based on torque 

equation have been carried out in order to predict the current harmonic magnitude and phase 

angle where maximum average torque and minimum torque ripple can be achieved. It is well 

established that for the sinewave current supply, the maximum torque is obtained when the 

phase advance angle is 𝛽𝛽1 = 45° [67]. This is largely true when the magnetic saturation can be 

neglected. Hence, in the following calculations, the current phase advance angle for the 

fundamental current is 𝛽𝛽1 = 45° and is always kept unchanged.  

2.4.1 ODD ORDER CURRENT HARMONIC INJECTION 

Injected current harmonics can be classified into two categories: odd order current harmonic 

e.g. 3rd, 5th and 7th etc. and even order current harmonic e.g. 2nd, 4th and 6th etc.. Initial results 

shows that the odd order current harmonics, have the great potential to improve the torque 

performance. This section will focus on selecting the odd order current harmonic to increase 

average torque or reduce the torque ripple of DS-SRM.   

2.4.1.1 CURRENT HARMONIC SELECTION FOR MAXIMIZING THE AVERAGE TORQUE 

Based on the harmonic torque equations (2.8)-(2.10), the average torque is produced by (𝑣𝑣 ±

1)th order inductance harmonic. Hence, the average torque equation can be simplified as  

𝑇𝑇ℎ0(𝛽𝛽𝑣𝑣) = �𝑇𝑇𝐵𝐵𝑓𝑓 sin(𝜑𝜑𝐵𝐵1 + 𝛽𝛽𝑣𝑣)
3

𝑓𝑓=1

+ �𝑇𝑇𝐶𝐶𝑓𝑓 sin(𝜑𝜑𝐶𝐶𝑓𝑓 − 𝛽𝛽𝑣𝑣)
3

𝑓𝑓=1

 

= 𝑇𝑇𝐻𝐻0sin (𝛽𝛽𝑣𝑣 + 𝜑𝜑𝐻𝐻0) 

(2.14) 

with 

�
tan𝜑𝜑𝐻𝐻0 =

𝑦𝑦
𝑥𝑥

𝑇𝑇𝐻𝐻0 = �𝑥𝑥2 + 𝑦𝑦2
 (2.15) 

⎩
⎪
⎨

⎪
⎧𝑥𝑥 = �𝑇𝑇𝐵𝐵𝑓𝑓 cos(𝜑𝜑𝐵𝐵𝑓𝑓) + 𝑇𝑇𝐶𝐶𝑓𝑓 cos(𝜑𝜑𝐶𝐶𝑓𝑓)

3

𝑓𝑓=1

𝑦𝑦 = �𝑇𝑇𝐵𝐵𝑓𝑓 sin(𝜑𝜑𝐵𝐵𝑓𝑓) − 𝑇𝑇𝐶𝐶𝑓𝑓 sin(𝜑𝜑𝐶𝐶𝑓𝑓)
3

𝑓𝑓=1

 (2.16) 
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where 𝑇𝑇𝐻𝐻0 and 𝜑𝜑𝐻𝐻0 are the resultant torque magnitude and phase angle, respectively. 𝑇𝑇𝐵𝐵𝑓𝑓, 𝑇𝑇𝐶𝐶𝑓𝑓, 

𝜑𝜑𝐵𝐵𝑓𝑓 and 𝜑𝜑𝐶𝐶𝑓𝑓 (i=1, 2 and 3) are all constants when 𝛽𝛽𝑣𝑣 is equal to 0, representing the magnitude 

and phase angle for three torque terms of B or C in (2.9) and (2.11). They can be easily 

calculated and will be used throughout this chapter. Therefore, it is apparent that if the 

harmonic magnitude is kept unchanged, the torque equation will be a function of the phase 

angle 𝛽𝛽𝑣𝑣 of the current harmonics. In this case, there must be an angle that can produce the 

maximum average torque. These angles can be calculated by (2.17) and are 88.7°, 301.9° and 

68.7° for the 3rd, 5th and 7th order harmonics, respectively. At the phase angle 88.7°, the 3rd 

harmonic injection could increase the average torque by 18%, while the torque ripple also could 

be reduced by 37.1%. Fig. 2.14 shows the average torque versus current harmonic phase angle 

at low phase current condition (1Arms). It can be seen that the current harmonic phase angle 

where the maximum average torque occurs can be accurately predicted by the proposed method. 

𝛽𝛽𝑣𝑣_𝑇𝑇𝑟𝑟𝑎𝑎𝑚𝑚 =
𝜋𝜋
2
− 𝜑𝜑𝐻𝐻0 (2.17) 

  
(a) I1+I3rd 
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(b) I1+I5th 

  
(c) I1+I7th 

Fig. 2.14 Comparison of torque vs current harmonic phase angle. 1Arms current is supplied 

(Maximum average torque has been marked). 

When 20Arms phase current is supplied, the machine is highly saturated. The comparison 

between analytical and 2D-FE predictions are shown in Fig. 2.15. It can be seen that there is 

about 15% prediction error in the magnitude of the average torque. This is mainly due to the 

fact that the inductance at high phase current condition cannot be calculated accurately without 

considering the coupling effect between each phases, which can be improved by using Frozen 

Permeability method [135],[136]. Nevertheless, the phase angle, where the maximum torque 

occurs, is not far away from that of the 2D-FE simulations. 

 
(a) I1+I3rd 
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(b) I1+I5th 

  
(c) I1+I7th 

Fig. 2.15 Comparison of torque vs current harmonic phase angle. 20Arms current is supplied 

(Maximum average torque has been marked). 

2.4.1.2 CURRENT HARMONIC SELECTION FOR MINIMIZING TORQUE RIPPLE 

From the analytical study in the section 2.2, the dominant torque ripple harmonic order of 

the 12s/8p SL DS-SRMs is 6th. It has also been found that the dominant 6th order torque ripple 

is produced by the 4th, 6th and 8th order inductance harmonics (see Fig. 2.5). Therefore, in order 

to compensate the torque ripple, this chapter pays particular attention to the 6th order torque 

ripple harmonic component. The objective is to introduce an extra torque harmonic produced 

by the current harmonic, which needs to be opposite to the one produced by the fundamental 

current, and hence reducing the resultant torque ripple.  
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Based on the trigonometric function transformation, the torque ripple without current 

harmonic injection and produced by the 4th, 6th and 8th order inductance harmonics can be 

obtained from (2.5) and concisely expressed as  

𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓 = 𝑇𝑇𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 sin�6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓� (2.18) 

According to TABLE 2.4, the 6th order torque harmonic is produced by different inductance 

harmonics for different current harmonics. However, as mentioned in section 2.3, the 2nd order 

inductance is the most significant component due to its highest magnitude. Therefore, only 2nd 

order inductance are considered to minimize the 6th order torque harmonic. According to (2.8)-

(2.11), the 6th order torque harmonic can be rewritten as 

 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣) = �𝑇𝑇𝑋𝑋𝑓𝑓 sin(6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑋𝑋𝑓𝑓 + 𝛽𝛽𝑣𝑣)
3

𝑓𝑓=1

 

= 𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(0) sin�6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(0) + 𝛽𝛽𝑣𝑣� 

(2.19) 

with 

�
tan𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣) =

𝑦𝑦(𝛽𝛽𝑣𝑣)
𝑥𝑥(𝛽𝛽𝑣𝑣)             

𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣) = �𝑥𝑥(𝛽𝛽𝑣𝑣)2 + 𝑦𝑦(𝛽𝛽𝑣𝑣)2
 (2.20) 

⎩
⎪
⎨

⎪
⎧𝑥𝑥(𝛽𝛽𝑣𝑣) = �𝑇𝑇𝑋𝑋𝑓𝑓 cos(𝜑𝜑𝑋𝑋𝑓𝑓 + 𝛽𝛽𝑣𝑣)

3

𝑓𝑓=1

𝑦𝑦(𝛽𝛽𝑣𝑣) = �𝑇𝑇𝑋𝑋𝑓𝑓 sin(𝜑𝜑𝑋𝑋𝑓𝑓 + 𝛽𝛽𝑣𝑣)
3

𝑓𝑓=1

 (2.21) 

where 𝑇𝑇𝑋𝑋𝑓𝑓 and 𝜑𝜑𝑋𝑋𝑓𝑓 (X=A, B, C or D; i=1, 2 and 3) are all constant, representing the magnitude 

and phase angle for three torque terms of X, when 𝛽𝛽𝑣𝑣 is 0. 𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓 and 𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓 are the resultant 

torque and phase angle produced by the injected current harmonics. It is apparent that the 

resultant torque ripple can be controlled by 𝛽𝛽𝑣𝑣. As a result, in order to minimize the resultant 

torque ripple, (2.18) and (2.19) need to achieve the same magnitude but have a π phase shift 

angle. This leads to  

�
𝑇𝑇𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 = 𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝐼𝐼𝑣𝑣,𝛽𝛽𝑣𝑣 = 0)

𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(0) + 𝛽𝛽𝑣𝑣 − φFrip = (2𝑑𝑑 + 1)𝜋𝜋 (2.22) 

where d is an integer. When the 3rd order current harmonic is injected, 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 and 𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(0) can 

be calculated as 143.5° and −90.1°, respectively. Therefore, the phase angle to achieve the 
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minimum torque ripple can be obtained as 𝛽𝛽𝑣𝑣 = 53.6°. It is the same for the 5th and 7th order 

current injections, 𝛽𝛽𝑣𝑣 of which are 143.6° and 233.4°, respectively, as shown in Fig. 2.16. 

Fig. 2.17 shows the torque ripple versus current harmonic phase angle for 20Arms phase 

current. It can be seen that there is a marginal discrepancy between the results obtained by 2D-

FE and analytical prediction. Again, this is mainly due to the magnetic saturation. However, 

the effect of current harmonic injection on torque ripple reduction is not compromised. 

Fig. 2.18 shows the comparison of analytically predicted and FE on-load torques when 

different current harmonics are injected, which can achieve the minimum torque ripple as 

calculated by (2.22). It is found that the harmonic torque ripple is opposite to the one produced 

by the fundamental current, as expected, leading to reduced resultant torque ripple. 

 

 

 

 

 

 
(a) I1+I3rd 
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(b) I1+I5th 

 
(c) I1+I7th 

Fig. 2.16 Comparison of torque ripple vs current harmonic phase angle. 1Arms current is 

supplied (Minimum torque ripple has been marked). 

 
(a) I1+I3rd 
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(b) I1+I5th 

 
(c) I1+I7th 

Fig. 2.17 Comparison of torque ripple vs current harmonic phase angle. 20Arms current is 

supplied (Minimum torque ripple has been marked). 

 
(a) I1+I3rd 
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(b) I1+I5th 

 
(c) I1+I7th 

Fig. 2.18 Comparison of between FE and analytical predictions. 1Arms current is supplied. 

Fig. 2.19 shows the spectra of DS-SRM with current harmonic injection method. It is obvious 

that 6th order torque harmonic can be significant suppressed. The torque performance 

improvement can be concluded in TABLE 5.4. 
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Fig. 2.19 Torque spectra of DS-SRM with current harmonic injection. 1Arms current is 

supplied. 

TABLE 2.5 TORQUE PERFORMANCE IMPROVEMENT AFTER INJECTION 

Harmonic (mag, phase) Average (%) Ripple (%) 

3rd (30%, 53.6°) +13.1 -55.9 

5th (20%, 143.6°) -11.6 -72.0 

7th (20%, 233.4°) -6.9 -65.3 

2.4.2 EVEN ORDER CURRENT HARMONIC INJECTION 

The proposed analytical model can also be used to analyze the torque contribution of even 

order current harmonic injection. For example, Fig. 2.20 shows the average torque and torque 

ripple coefficient versus current harmonic phase angle with the 2nd order current harmonic 

injection. Overall a good agreement can be observed between 2D-FE and analytical 

predictions. It is found that the variation of average torque for different current harmonic angle 

can be negligible. Based on previous investigations, when the 2nd order current harmonic is 

injected, the 1st and 3rd order inductance harmonics (𝑣𝑣 ± 1) will contribute to the average 

torque. However, the magnitudes of odd order inductance harmonics are too small to contribute 

meaningfully to the torque for such machines. Moreover, in order to reduce the 6th order torque 

harmonic, based on (2.11), the four active inductance harmonics must be odd order inductance 

harmonics (e.g. 3rd, 5th,7th and 9th when 𝑣𝑣 = 2) when even order current harmonic is injected. 

As a result, it is impossible to reduce the torque ripple by injecting even order current 

harmonics with any phase angle.  



69 
 

 
(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 2.20 FEA results of torque production for DS-SRM with the 2nd order current harmonic 

injection. The machines are supplied with 1A RMS current. 

However, the even order current harmonic injection can modulate other unwanted torque 

harmonic, such as, the 3rd and 9th, etc. order torque harmonic, as shown in Fig. 2.21. It can be 

easily obtained by (4.17) that for the 2nd order current harmonic injection, the 2nd, 4th and 6th 

order inductance harmonics will contribute to the 3rd order torque harmonic, while the 6th, 8th, 

10th and 12th order inductance harmonics will contribute to the 9th order torque harmonic. It can 

be concluded that the even order inductances (higher magnitude) will only produce the 

unwanted torque ripple when even order current harmonic injected. The active inductances to 

produce the average torque and torque ripple for even order current harmonic injection have 

been listed in TABLE 2.6. 
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(a) On-load torque 

 
(a) Torque spectra 

Fig. 2.21 On-load torque of DS-SRM with the 2nd order current harmonic injection. 1Arms 

current is supplied. 

TABLE 2.6 ACTIVE INDUCTANCE ORDER SELECTION FOR EVEN ORDER CURRENT HARMONIC 

INJECTION 

Current Components Average torque 3rd torque ripple 6th torque ripple 

2nd harmonic 1st and 3rd  2nd, 4th, 6th 3rd, 5th, 7th, 9th  
4th harmonic 3rd and 5th  2nd, 6th,8th  1st, 3rd, 9th, 11th- 
6th harmonic 5th  and 7th  2nd,4th,8th 10th 1st, 11th, 13th 

To sum up, there are three points showing that the even order harmonic is not good for current 

harmonic injection. Firstly, the even order current harmonics cannot generate extra average 

torque but they can reduce the fundamental current (for constant RMS current), leading to 

reduced average torque. Secondly, the desired torque ripple (6th) can only be produced by the 
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odd order inductance harmonics (low magnitude), which means it is difficult to be used to 

suppress the torque ripple due to fundamental current. Finally, the even order inductance 

harmonies (high magnitude) will contribute significantly to unwanted torque harmonics. 

Therefore, the proposed method will not focus on the even order current harmonic. 

 CONCLUSION 

This chapter proposed an analytical solution for armature current harmonic injection in order 

to improve the average torque while reducing the torque ripple for doubly salient synchronous 

reluctance machines. The analyses are based on the instantaneous torque equation of the 

machine in question. It shows that for a 12s/8p combination, the average torque is mainly 

produced by the 2nd order inductance harmonic. It is also found that if a 𝑣𝑣th current harmonic 

is injected, the (𝑣𝑣 ± 1)th inductance will contributed to average torque. Although accuracy of 

proposed analytical model might be affected by magnetic saturation due to increased phase 

current, the effect of current harmonic injection on torque ripple reduction is not compromised. 

Compared to other current harmonics, the 3rd order current harmonic injection exhibits the 

best performance, which can increase the average torque by 13% while reducing the torque 

ripple coefficient by 56%. The other odd order current harmonic injection, e.g. 5th and 7th can 

still be used to reduce the torque ripple. However, due to the characteristics of the self- and 

mutual-inductances, even order current harmonic injections have little effect on average torque 

and generally increase the torque ripple of the investigated machines. Therefore, they will not 

be investigated further in this thesis. 

The proposed method not only predicts which current harmonic should be injected but also 

their amplitude and phase angle in order to achieve higher average torque and/or lower torque 

ripple. Although only the 12s/8p machine has been investigated as an example, the method 

introduced in this chapter can be extended to cover other slot/pole number combinations and 

also winding structures as will be detailed in next chapter. It is worth mentioning that the 

experimental validation will be carried out in Chapter 6. 
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 COMPARATIVE STUDIES OF THREE 

TYPICAL TYPES OF 3-PHASE DS-SRMS WITH 

CURRENT HARMONIC INJECTION 

Three types of doubly salient synchronous reluctance machines (DS-SRMs) have been 

comparatively studied in this chapter to improve the torque performance using the 

current harmonic injection methods. These machines are derived from the switched 

reluctance machines (SRMs) with different winding configurations, such as the 

double/single DS-SRMs and fully pitched SRMs (FPSRMs), by supplying them with 

sinewave current. Such current supply mode can lead to higher torque/power density, 

lower vibrations and acoustic noise compared to the conventional rectangular current 

supply. The proposed torque analytical model can predict the instantaneous torque of the 

doubly salient SRMs with sinewave current excitation and the current harmonics also 

can be selected in order to reduce the torque ripple and/or increase the average torque. 

It has been found that the 3rd current harmonic injection shows the best performance for 

single-layer DS-SRMs and FPSRMs because it improves the average torque and reduces 

the torque ripple at the same time. However, it has little influence on doubly-layer DS-

SRMs. To improve the torque performance of such machines, other harmonic currents, 

e.g. 5th and 7th, need to be used.  

This chapter comes from the author’s own paper [137]. 
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 INTRODUCTION 

As mentioned previously, many researchers investigated the possibility of reducing the 

vibrations and acoustic noise of conventional SRMs by using sinewave current supply rather 

than the classic rectangular wave current supply (120 electrical degrees conduction for 3-phase 

SRMs). This in effect makes SRMs become the doubly salient synchronous reluctance 

machines, as investigated in [6],[7]. However, the torque capability with sinewave current 

supply is reduced compared with the rectangular wave current supply [67]. In order to increase 

the average torque, the researchers in [24],[25] have proposed a new class of SRMs with fully 

pitched windings, namely fully pitched SRMs (FPSRMs). The torque generation of FPSRMs 

is entirely due to the rate of change of mutual-inductances between phases. It was verified that 

with sinewave current supply, FPSRMs can produce a torque twice as high as that of 

conventional SRMs. However, their longer end-winding compared with the short pitched 

winding of conventional SRMs results in higher copper loss at the same current level.  

To combine the advantages of both conventional SRMs (short end-winding) and FPSRMs 

(high torque capability), the mutually coupled SRMs (MCSRMs) with double layer windings 

have been proposed in [26],[135]. For consistent, all the SRMs (doubly salient structure) with 

sinewave current supplied in this thesis is called DS-SRMs. It has been established that the 

double layer DS-SRMs generate torque via variation of both the self- and mutual-inductances, 

and are less sensitive to the magnetic saturation. As a result, the double layer DS-SRMs can 

operate at higher phase current and achieve higher overload capability [67],[138]. Apart from 

the aforementioned benefits, the double layer DS-SRMs can also achieve lower vibration and 

acoustic noise compared to conventional SRMs [4]. However, due to the nature of the self-and 

mutual-inductance variations, the torque ripple of double layer DS-SRMs is also higher. In 

order to mitigate this issue, researchers in [67] proposed some DS-SRMs with single layer 

windings (SL). They exhibit better performance, e.g. higher average torque and also lower 

torque ripple, at low current conditions compared to their double layer counterparts. However, 

these advantages diminish with increasing saturation level.  
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(a) Single layer DS-SRMs (b) FPSRMs 

 

 

(c) double layer DS-SRMs  
Fig. 3.1 Flux distributions at aligned position with phase A supplied by a 1A dc current. 

In Chapter 2, a current harmonic injection method has been proposed to improve the torque 

performance of the single layer DS-SRMs. In order to justify the generality of the proposed 

current harmonic injection method, the comparative investigations between the doubly salient 

synchronous reluctance machines that evolved from the aforementioned SRMs with three 

different winding configurations, as shown in Fig. 3.1, are carried out in this chapter. The 

machine parameters are given in TABLE 2.1. It is worth noting that the single/double layer 

conventional SRMs will not be investigated due to their poor performance when supplied with 

sinewave current.  

Due to different winding configurations, the self- and mutual-inductances for single/double 

layer DS-SRMs and FPSRM are different as well, which result in different electromagnetic 
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torque contribution, as shown in TABLE 3.1. Since the self-inductance of single layer DS-

SRMs is much larger than the mutual-inductance, the torque due to the self-inductance is the 

most dominant component. However, the torque generation of FPSRMs is entirely due to the 

mutual-inductances because the variation of the self-inductances can be neglected. Moreover, 

the double layer DS-SRMs combines both the benefits of the self- and mutual-inductances. 

TABLE 3.1 ELECTROMAGNETIC TORQUE COMPONENTS FOR DIFFERENT DS-SRMS 

 
 

Torque Components 

Dominant Subordinate 

SL DS-SRM Self-torque Mutual-torque 
DL DS-SRM Self-/Mutual-torque - 

FPSRM Mutual-torque Self-torque 

 
(a) Inductances waveform 

  
(b) Inductances spectra 

Fig. 3.2 Comparison of self- and mutual-inductances for three winding configurations. The 

phase a is supplied with a 1A dc current. 

http://www.youdao.com/w/subordinate/#keyfrom=E2Ctranslation
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Due to the nature of the inductances, the odd order inductance harmonics can be neglected 

as shown in Fig. 3.2. Based on the previous study, for all SRMs, the dc inductance component 

has no contribution to the torque, and hence can be neglected as well. The average torque 

produced by the fundamental current only depends on the 2nd order inductance harmonic. 

However, other even order inductance harmonics contribute to the torque ripples, in which the 

dominant one, i.e. the 6th order torque harmonic, is produced by the 4th, 6th and 8th order 

inductance harmonics. As a result, in order to reduce the torque ripple, as in Chapter 2, this 

chapter is focused on reducing the 6th order torque harmonic for different SRMs. 

The same current harmonic injection method has been applied to the three aforementioned 

SRMs. The magnitudes and phase angles of different current harmonics for different types of 

machines have been predicted and compared, as shown in TABLE 3.2.  

TABLE 3.2 CHARACTERISTICS OF CURRENT HARMONIC FOR ACHIEVING MINIMUM TORQUE 

RIPPLE 

 
3rd harmonic 5th harmonic 7th harmonic 

Mag. Phase Mag. Phase Mag. Phase 

SL DS-SRM 30% 53.6° 20% 143.6° 20% 233.4° 

DL DS-SRM 30% 45.2° 30% 113.3° 30% 205.7° 

FPSRM 30% 270.6° 20% 180.5° 20% 270.5° 

Fig. 3.3 shows the prediction of on-load torque with and without current harmonic injection 

for the three aforementioned SRMs. It shows a generally good agreement between the FEA 

and analytically predicted results for a phase root-mean-square (RMS) current of 1A. 

Moreover, it can be proven that the 3rd order current harmonic injection could reduce the torque 

ripples while increasing the average torque for both single layer DS-SRMs and FPSRMs, but 

it has little effect on double layer DS-SRMs. However, other harmonic currents, e.g., 5th and 

7th, can be utilized to improve the torque performance. These conditions will be investigated 

further in the following section.  
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(a) I1 

 
(b) I1+I3rd 

 
(c) I1+I5th 
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(d) I1+I7th 

Fig. 3.3 Comparison of FEA and analytically predicted torque waveforms for the three SRMs 

when 1A RMS current is supplied.   

 COMPARISON OF TORQUE CONTRIBUTION WITH THE 3RD CURRENT 

HARMONIC INJECTION 

Based on the initial results in Fig. 3.3, it is surprising to see that although 3rd order current 

harmonic injection can improve the torque ripple and average torque for both single layer DS-

SRMs and FPSRMs, but it has no influence on double layer DS-SRMs. In order to understand 

the reason behind, comparative studies for three SRMs with the 3rd order current harmonic 

injection have been carried out in this section. 

3.2.1 TORQUE CONTRIBUTION FOR SINGLE/DOUBLE LAYER DS-SRMS 

Using the analytical torque models derived in Chapter 2, the torque produced by both the 

fundamental and harmonic currents can be reliably predicted without considering heavy 

magnetic saturation. According to 𝑇𝑇ℎ0 in (2.14), the average torque, due to current harmonics, 

is a function of current harmonic phase angle  𝛽𝛽𝑣𝑣 and can be simplified by (3.1) based on the 

trigonometric function transformation. 

𝑇𝑇ℎ0(𝛽𝛽𝑣𝑣) = 𝑇𝑇𝐻𝐻0 sin(𝛽𝛽𝑣𝑣 + 𝜑𝜑𝐻𝐻0) (3.1) 

where 𝑇𝑇𝐻𝐻0 and 𝜑𝜑𝐻𝐻0 are the resultant torque magnitude and phase angle, respectively. 𝜑𝜑𝑟𝑟𝑒𝑒𝑠𝑠 is a 

constant and can be calculated using the inductance magnitude and also phase angle. It is 1.3° 

and 6.1° for the single/double layer DS-SRMs, respectively. It is obvious that the maximum 

average torque occurs when sin(𝛽𝛽𝑣𝑣 + 𝜑𝜑𝑟𝑟𝑒𝑒𝑠𝑠) = 1. Hence, the predicted  𝛽𝛽𝑣𝑣 where the maximum 
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torques can be achieved for the single/double layer DS-SRM can be easily calculated as 88.7° 

and 83.9°, respectively, as shown in Fig. 3.4 (a). 

 
(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 3.4 FEA results of torque production for single/double layer DS-SRM with the 3rd order 

current harmonic injection. The machines are supplied with 1A RMS current.  

As aforementioned in section 2.4, the 6th order torque ripple is the most dominant one, which 

is due to the fundamental and harmonic currents and can be simplified by (3.2) and (3.3). 

𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓 = 𝑇𝑇𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 sin�6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓� (3.2) 

 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣, 𝐼𝐼𝑣𝑣) = 𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝐼𝐼𝑣𝑣) sin�6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓 + 𝛽𝛽𝑣𝑣� (3.3) 

Therefore, the minimum torque ripple occurs when (3.2) and (3.3) have the same magnitude 

but π phase difference between them. This leads to (3.4)-(3.5). 

𝑇𝑇𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 = 𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝐼𝐼𝑣𝑣) (3.4) 
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𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓 + 𝛽𝛽𝑣𝑣 − 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 = (2𝑑𝑑 + 1)𝜋𝜋 (3.5) 

where d is an integer. Based on (2.5), (2.9) and (2.10), 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 and 𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓 can be calculated as 

143.5° and −90.1°, respectively, for the single layer DS-SRM. Therefore, the phase angle to 

achieve the minimum torque ripple can be obtained as  𝛽𝛽𝑣𝑣 = 53.6°. It is the same for the double 

layer DS-SRM, 𝛽𝛽𝑣𝑣 of which is 45.2°. Fig. 3.4 (b) shows how the 3rd order current harmonic 

affects the torque ripple coefficients for both the single/double layer DS-SRM. It can be seen 

that for the single layer DS-SRM, the 3rd order current harmonic can reduce the torque ripple 

coefficient by 56% while increasing the average torque by 10%. However, whatever the 3rd 

order current harmonic is injected, it has little effect on both the average torque and the torque 

ripple coefficient of the double layer DS-SRM. 

In order to study the reason why this is happening, the harmonic torques due to the self- and 

mutual-inductances are investigated separately by using (2.9)-(2.11). The active inductance 

harmonics (e.g. 2nd and 4th) for the 3rd order current harmonic injection listed in TABLE 2.4 

are taken into account. By way of example, 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓_2𝑛𝑛𝑑𝑑 produced by the 2nd order inductance 

harmonic with the 3rd order current harmonic injected [n=2, v=3 in (2.11)] can be simplified as 

(3.6). 

𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓_2𝑛𝑛𝑑𝑑 =
3𝑝𝑝
2
𝐼𝐼1𝐼𝐼3 �𝐿𝐿2 sin(6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽3 + 𝛼𝛼2)

+ 𝑀𝑀2 sin �6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽3 + 𝛼𝛼′2 −
π
3
��  

(3.6) 

From the observation of the inductances, it is found that 𝛼𝛼2 leads 𝛼𝛼′2 by around 2π/3 for 

both the single/double layer DS-SRM, which means 𝛼𝛼2 − 𝛼𝛼′2 ≈ 2π/3 is always valid. As a 

result, the harmonic torque components in 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓_2𝑛𝑛𝑑𝑑 due to the self- and mutual-inductances 

will produce a π phase difference for any 3rd order current harmonic injections as shown in 

(3.7). 

𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓_2𝑛𝑛𝑑𝑑 ≈
3𝑝𝑝
2
𝐼𝐼1𝐼𝐼3[𝐿𝐿2 sin(6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽3 + 𝛼𝛼2)

+ 𝑀𝑀2 sin(6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽3 + 𝛼𝛼2 − π)]                   

≈
3𝑝𝑝
2
𝐼𝐼1𝐼𝐼3(𝐿𝐿2 − 𝑀𝑀2) sin(6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽3 + 𝛼𝛼2) 

(3.7) 

Together with the similar magnitudes of 𝐿𝐿2 and 𝑀𝑀2 for the double layer DS-SRM, 𝑇𝑇ℎ0_2𝑛𝑛𝑑𝑑 

will be cancelled to a negligible level. The elimination happens on both average torque and 

torque ripple, which can be clearly shown in Fig. 3.5 (b). For comparison, Fig. 3.5 (a) shows 

the harmonic torque composition for the single layer DS-SRM. Even though its self- and 
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mutual-torques still have opposite signs, the larger difference between 𝐿𝐿2 and 𝑀𝑀2 leads to the 

considerable contribution in both the average torque and the torque ripple. This explains why 

the 3rd order current harmonic injection has little effect on the double layer DS-SRM but can 

improve the torque performance for the single layer DS-SRM. 

 
(a) Single layer DS-SRM 

 
(b) Double layer DS-SRM 

Fig. 3.5 Spectra of the harmonic torque produced by the active inductances with 30% 3rd current 

harmonic injection. The machines are supplied with 1A RMS current. 

As well-established in [24] [26] and [28], the torque generation of the FPSRM depends 

entirely on the mutual inductance variation. This is the same case for the harmonic torque 

generation. The 2nd order self-inductance harmonic of the FPSRM is too small to produce any 

meaningful average torque, which can be predicted by (2.9)-(2.11), also shown in Fig. 3.6. 

However, due to a significant 2nd order mutual-inductance harmonic, there is a good potential 
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for the FPSRM to improve its torque performance (increased average torque and reduced 

torque ripple) by injecting the 3rd order current harmonic. 

 
Fig. 3.6 Spectra of the harmonic torque produced by the active inductance harmonics with 30% 

3rd order current harmonic injection for the FPSRM. The machines are supplied with 1A RMS 

current. 

By using the same analytical torque model, the average torque and torque ripple coefficient 

against current harmonic phase angle for the FPSRM can be obtained, as shown in Fig. 3.7. 

The optimization of average torque and torque ripple can be carried out by applying the same 

equations (3.1)-(3.5) and the optimal 3rd order current harmonic phase angles are selected as 

268.7° and 270.6°, respectively. 
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(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 3.7 Comparison between the 2D-FEA results and the analytical predictions for the FPSRM 

with the 3rd order current harmonic injection when three phases are supplied with 1A RMS 

currents. 

3.2.2 TORQUE PERFORMANCE WITH SATURATION CONSIDERED 

The machine inductances can vary nonlinearly with respect to phase RMS currents due to 

magnetic saturation. Therefore, this section investigates the influence of magnetic saturation 

on the effectiveness of the 3rd order current harmonic injection for different electric loadings. 

The comparison in terms of average torque and torque ripple coefficient against phase RMS 

current have been calculated by FEA, as shown in Fig. 3.8. 
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(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 3.8 Comparison of on-load torque vs phase RMS current with/without the 3rd order current 

harmonic injection. Current harmonic is selected to achieve minimum torque ripple, which is 

listed in TABLE 3.2. 

As can be found, for both the single layer DS-SRM (dominant self-torque) and the FPSRM 

(pure mutual-torque), the 3rd order current harmonic could minimize the torque ripple and 

increase the average torque at lower current level. With increasing phase current, the 3rd order 

current harmonic can still increase the average torque for the FPSRM by about 25% but it loses 

the benefit in torque ripple reduction. One of the important reasons is that the machine 

inductances cannot be calculated accurately under magnetic saturation condition without using 

frozen permeability [135], [136]. This means that the current harmonics can no longer be 

properly selected by the proposed analytical torque model. Moreover, the 3rd order current 

harmonic injection has little effect on the double layer DS-SRM (self- and mutual torques) as 

investigated previously. The slight reduction in the average torque is due to the fact that for the 
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same RMS current, the additional injected 3rd order harmonic current leads to a reduced 

fundamental current.  

 5TH AND 7TH ORDER HARMONIC CURRENT INJECTIONS 

The proposed analytical torque model could also be implemented to other orders of current 

harmonic injections, such as the 5th and 7th order current harmonics. It is worth mentioning that 

the even order current harmonics always present undesirable torque performance (reduced 

average torque and increased torque ripple), hence will not be detailed in this section.  

In order to investigate the torque contribution for the 5th and 7th order current harmonics, the 

analytical method for the 3rd order current harmonic has been implemented for the three 

investigated machines as well. By way of example, for the double layer DS-SRM, when the 5th 

order current harmonic (v=5) is injected, according to (2.9)-(2.11) and TABLE 2.4, the 

dominant 6th order torque ripple (|D|=1-v-n=6), produced by the 2nd order inductance harmonic 

(n=2), can be expressed as (3.8). 

𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓_2𝑛𝑛𝑑𝑑 =
3𝑝𝑝
2
𝐼𝐼1𝐼𝐼5 �𝐿𝐿2 sin(−6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽5 − 𝛼𝛼2)

+ 2𝑀𝑀2 sin �−6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽5 − 𝛼𝛼′2 −
2π
3
��  

(3.8) 

As aforementioned, 𝛼𝛼2 − 𝛼𝛼′2 ≈ 2π/3  for the double layer DS-SRM is again valid. 

Substituting it into (3.8) leads to 

𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓_2𝑛𝑛𝑑𝑑 ≈
3𝑝𝑝
2
𝐼𝐼1𝐼𝐼5[𝐿𝐿2 sin(−6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽5 − 𝛼𝛼2) + 2𝑀𝑀2 sin(−6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽5 − 𝛼𝛼2)] 

                ≈
3𝑝𝑝
2
𝐼𝐼1𝐼𝐼5(𝐿𝐿2 + 2𝑀𝑀2) sin(−6𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽5 − 𝛼𝛼2) 

(3.9) 
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Fig. 3.9 Spectra of the harmonic torques produced by active inductance harmonics with 30% 

5th order current harmonic injection. The double layer DS-SRM are supplied with 1A RMS 

current.  

It is obvious that the self- and mutual-torque ripples due to the 5th order current harmonic 

will always have the same phase angle. This is different from that of the 3rd order current 

injection, and they will add together to compensate the torque ripple produced by the 

fundamental current, leading to an overall reduced torque ripple. As shown in Fig. 3.9 and Fig. 

3.10, it will happen for both 5th and 7th order current harmonic injection. As a result, the 5th and 

7th order current harmonics can achieve much more significant torque ripple reduction than that 

of the 3rd order current harmonic for the double layer DS-SRM. 

 
Fig. 3.10 Spectra of the harmonic torques produced by active inductance harmonics with 30% 

7th order current harmonic injection. The double layer DS-SRM are supplied with 1A RMS 

current.  
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(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 3.11 Comparison between the FEA results and the analytical prediction for the double 

layer DS-SRM with the 5th order current harmonic injection when three phases are supplied 

with 1A RMS current.  
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(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 3.12 Comparison between the FEA results and the analytical prediction for the double 

layer DS-SRM with the 7th order current harmonic injection when three phases are supplied 

with 1A RMS current. 

Moreover, the torque production improvement with respect to the 5th and 7th order current 

harmonic phase angles for the double layer DS-SRM is shown in Fig. 3.11 and Fig. 3.12, 

respectively. It is apparent that the torque behavior with the 5th and 7th order current harmonic 

injection can also be reliably predicted. The phase angles for achieving the maximum average 

torque and minimum torque ripple have been calculated, being 284° and 113.3° for the 5th 

order current harmonic; 67.7° and 205.7° for the 7th order current harmonic, respectively. 

However, different from the 3rd order current harmonic injection used for the single layer DS-

SRM and the FPSRM, the torque ripple and the average torque cannot be improved at the same 

time. 
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3  
(a) Average torque 

 
(b) Torque ripple coefficent 

Fig. 3.13 Comparison of on-load torque vs phase rms current with/without the 5th order current 

harmonic injection. Current harmonic is selected to achieve minimum torque ripple, which is 

listed in TABLE 3.2. 

By injecting the predicted current harmonic in TABLE 3.2, the FE results with the desired 

magnitude and also phase angle for achieving minimized torque ripple by the 5th order current 

harmonic injection are shown in Fig. 3.13. As can be seen, the FPSRM shows the best 

performance with the 5th order current harmonic injection, which reduces the torque ripple by 

around 69% without heavy magnetic saturation. Its average torque is only marginally 

influenced. There are also 70% and 58% reductions in the torque ripples for the single/double 

layer DS-SRM, respectively. However, the average torques for these two DS-SRMs are also 

reduced by about 15% and 35%, respectively. 



90 
 

 
(a) Average torque 

 
(b) Torque ripple coefficent 

Fig. 3.14 Comparison of on-load torque vs phase rms current with/without the 7th order current 

harmonic injection. Current harmonic is selected to achieve a minimum torque ripple, which is 

listed in TABLE 3.2. 

Similarly, the results for the 7th order current harmonic injections are shown in Fig. 3.14. It 

shows that there is around 10% reduction in average torque for all three types of machines. 

However, the torque ripple coefficient of the single layer DS-SRM has been significantly 

reduced by around 72%, and the reduction is not really compromised with the increasing phase 

current. For the double layer DS-SRM, the torque ripple coefficient can also be reduced by 

around 50%. Moreover, although there are 50% reduction in torque ripple coefficient for the 

FPSRM at low current, the benefits are compromised with increasing phase current due to 

magnetic saturation. The reason lies in the inaccurate calculation of machine inductances at 

high phase current. 
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 CONCLUSION 

This chapter comparatively studied the torque performance improvement for three types of 

doubly salient synchronous reluctance machines with different windings by current harmonic 

injections. The proposed methods could clearly quantify the torque contribution for each 

inductance harmonic. Based on the analytical model, the torque behaviours after injecting 

current harmonics can be predicted and verified by FEA and experiments. 

It has been found that the 3rd order current harmonic injection for the single layer DS-SRM 

and the FPSRM exhibits the best performance, which can increase the average torque by 10% 

and 22%, respectively, while reducing the torque ripple coefficient by more than 55%. 

However, it has little effect on the double layer DS-SRM. This is mainly because the harmonic 

torques due to the self- and mutual-inductances have cancelled each other, leading to a 

negligible resultant harmonic torque.  

The 5th and 7th order current harmonic injections are also implemented. The results showed 

that they can reduce the torque ripple coefficient of the double layer DS-SRM by 56% and 50%, 

respectively. For the single layer DS-SRM, the 7th order current harmonic injection presents 

better performance, which reduces the average torque by 10% but achieves 72% reduction in 

torque ripple coefficient. It is worth noting that all the current harmonic injection methods 

proposed in this section can reduce the torque ripple for the FPSRM under light load conditions. 

However, due to magnetic saturation, the effect in torque ripple coefficient reduction might be 

compromised but average torque could still be increased. Again, the analytical and numerical 

results will be validated by experiments in Chapter 6. 
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 TORQUE PRODUCTION MECHANISM 

FOR MULTI-PHASE DS-SRMS 

This chapter investigates the contribution of each order inductance harmonic to the 

torque (both average torque and torque ripple) of multiphase doubly salient synchronous 

reluctance machines (DS-SRMs). First, a general analytical torque model based on 

Fourier Series analysis of inductances has been built for machines with different phase 

numbers, slot/pole number combinations and also winding configurations. The 

instantaneous torque for DS-SRMs with any given phase number can then be accurately 

predicted. Using such model, contribution of each order inductance harmonic to torque 

can be investigated separately. It is found that the torque ripple frequency of the DS-

SRM only depends on phase number. For example, for a multi-phase machine, there will 

be m×kth order torque ripple if 𝒎𝒎𝒎𝒎𝒎𝒎(𝒎𝒎𝒎𝒎,𝟐𝟐) = 𝟎𝟎, where m is phase number and k is a 

natural number. This study also explains why certain phase numbers inherently produce 

lower torque ripple than others. Moreover, this chapter attempts to further reduce the 

torque ripple of DS-SRMs by combining the multi-phase winding and current harmonic 

injection methods. For this purpose, analytical torque model have been extended for 

multi-phase DS-SRMs with current harmonic injection. It has been found that with 

current harmonic injection, the torque ripple of both the 5-phase and 6-phase DS-SRMs 

can be significantly reduced and the average torque can be improved, while it always has 

negative impact for the 4-phase machine. 

This chapter comes from the author’s own paper [139]. 
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 INTRODUCTION 

Previous chapters investigate the current harmonic injection method for 3-phase doubly 

salient synchronous reluctance machines (DS-SRMs). It can quantify the torque contribution 

due to each inductance harmonic with and without current harmonic injection. As a result, it 

allows an appropriate selection of current harmonics (order, magnitude, phase angle) to 

improve the torque performance of the 3-phase DS-SRMs. Since the current shaping or 

harmonic current injection will introduce higher order harmonic currents, it could potentially 

increase losses in the machines, and hence lead to reduced efficiency.  

Therefore, another one of the effective and simple ways to reduce the torque ripple is to 

increase the phase number. This method can be applicable not only to SRMs but also to 

synchronous (reluctance) machines and induction machines. Multiphase machines provide 

additional benefits apart from the torque ripple reduction because the machines with higher 

phase numbers (m>3) can also have higher torque density and better fault-tolerant capability 

compared with 3-phase machines [140],[141]. Additionally, different winding configurations 

for multi-phase machines can be selected to achieve even better torque performance [17],[142]. 

To reduce the modeling complexity, simple analytical torque model based on self- and 

mutual-inductances has been proposed for the investigated multi-phase DS-SRMs. Although 

the inductances can be calculated according to winding function theories [145],[146], for 

simplicity they are calculated by 2D-FEA in this chapter. The proposed model can be applied 

for all kinds of DS-SRMs with different slot/pole combinations and wining configurations, e.g. 

double-layer (DL), single-layer (SL) and fully-pitched (FP). Through harmonic analysis, the 

torque ripple frequency and magnitude for DS-SRMs with different phase numbers can be 

reliably predicted. In addition, the torque contribution due to each inductance harmonic can 

also be accurately quantified. As a result, the mechanism about why certain phase numbers can 

have inherently lower torque ripple while others cannot, can be investigated. This will be 

helpful for researchers to find optimal measures in order to reduce torque ripple of DS-SRMs 

either from machine design or machine control perspectives. 

Moreover, some research has been done to combine the multi-phase machines with harmonic 

current injection to further reduce the torque ripple [147],[148]. However, these methods are 

for permanent magnet machines and no such research has been carried out for multi-phase DS-

SRMs. The latter have significant different characteristics compared to permanent magnet 

machines due to their doubly salient structure, and also the fact that their torque is generated 
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by the variations of self- and mutual-inductances rather than the PM generated back-EMF. The 

researches in this chapter will reveal that the multi-phase DS-SRM also have different 

characteristics, e.g. more different types of mutual-inductances, compared to their 3-phase 

counterparts with sinewave current supply [139]. So if harmonic current is injected, it is highly 

likely that the multi-phase DS-SRMs will behave differently compared to the 3-phase 

counterpart. To investigate the impact of current harmonic injection on multi-phase DS-SRMs, 

in this chapter, a general analytical torque model has been developed based on Fourier Series 

analysis as well. The characteristics of injected current harmonic, such as order, magnitude and 

phase angle, where maximum average torque or minimum torque ripple will occur, can be 

predicted. A range of phase numbers (up to 6-phase) with different slot/pole number 

combinations and winding configurations, e.g. double-layer (DL) and single-layer (SL), will 

be considered. Therefore, the main contribution of this chapter is to establish some general 

guidelines for performance improvement of multi-phase DS-SRMs using current harmonic 

injection. 

 ANALYTICAL TORQUE MODEL WITHOUT CURRENT HARMONIC INJECTION 

OF MULTI-PHASE DS-SRMS 

This section covers the DS-SRMs with various slot/pole number combinations and different 

phase numbers, e.g., 4s/4p 2-phase, 6s/4p 3-phase, 8s/6p 4-phase, 10s/8p 5-phase, 12s/8p 6-

phase and 12s/10p 6-phase. Fig. 4.1 shows the cross sections and winding configurations for 

above multi-phase double layer DS-SRMs. The main specifications for all the topologies are 

listed in TABLE 4.1. It is worth noting that single layer winding machines have the same key 

dimensions and also the same number of turns per phase as their double layer counterparts. 

However, the number of turns per coil of the single layer machines will be doubled with the 

number of coils per phase being halved. In order to achieve optimal performance for the multi-

phase DS-SRMs, the winding configurations have been designed according to classic winding 

theory for synchronous machines (fractional slot and also integer slot) [149],[150]. The stars 

of slots for double layer multi-phase DS-SRMs have been shown in Fig. 4.2 
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(a) 4s/4p 2-phase (b) 6s/4p 3-phase (c) 8s/6p 4-phase 

   
(d) 10s/8p 5-phase (e) 12s/8p 6-phase (f) 12s/10p 6-phase 

Fig. 4.1 Common double layer multi-phase DS-SRMs topologies.  

 

  
(a) 4s/4p 2-phase (b) 6s/4p 3-phase (c) 8s/6p 4-phase 

   
(d) 10s/8p 5-phase (e) 12s/8p 6-phase (f) 12s/10p 6-phase 

Fig. 4.2 Stars of slots double layer multi-phase DS-SRMs.  
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TABLE 4.1 MACHINE KEY DIMENSIONS AND DESIGN FEATURES 

Stator outer radius (mm) 45 
Split ratio 0.6 

Air gap length (mm) 0.5 
Active length (mm) 60 

Number of turns per phase 132 
Slot fill factor 0.37 

Rated RMS current (A) 5 

According to literature, the instantaneous torque equation of SRMs can be obtained based on 

the phase inductances (self and mutual) and phase currents [10],[96]. Assuming the magnetic 

saturation can be neglected, the on-load torque of a multi-phase SRM is given by 

𝑇𝑇𝑒𝑒 =
1
2

[𝑖𝑖𝑟𝑟]𝑇𝑇
𝑑𝑑[𝐿𝐿𝑟𝑟]
𝑑𝑑𝜃𝜃

[𝑖𝑖𝑟𝑟] (4.1) 

where m represents the phase number, [𝑖𝑖𝑟𝑟] = [𝑖𝑖1, 𝑖𝑖2,⋯𝑖𝑖𝑟𝑟]𝑇𝑇 . [𝐿𝐿𝑟𝑟]  is a 𝑚𝑚 × 𝑚𝑚  inductance 

matrix. This equation can also be applicable for DS-SRMs and will be used to investigate the 

torque performance in this chapter. Assuming no harmonic current is injected, the general 

current equation for phase 𝑥𝑥 can be written as 

𝑖𝑖𝑚𝑚 = 𝐼𝐼𝑓𝑓 sin �𝜃𝜃𝑒𝑒 + 𝛽𝛽1 −
2π
𝑟𝑟

(𝑥𝑥 − 1)� with 𝑥𝑥 = 1, 2,⋯𝑚𝑚 (4.2) 

where 𝐼𝐼𝑓𝑓 is the amplitude of phase current, 𝜃𝜃𝑒𝑒 is the electric rotor position, 𝛽𝛽1 is the current 

phase angle.  

It is worth noting that for a multi-phase DS-SRMs, the phase self-inductances have the same 

magnitude but have a 2π
𝑟𝑟

 phase shift between them. However, the number of mutual-

inductances between phases is a function of phase number 𝑚𝑚, which can be calculated by 𝑚𝑚 ×

(𝑚𝑚− 1). By way of example, Fig. 4.3 (a) and (b) show the relative phase order in space for 5- 

and 6-phase machines, respectively. The mutual-inductances between two phases with the 

same distance in space will have the same waveform but with a 2π
𝑟𝑟

 phase shift between them. 

The distance 1 means two phases are adjacent to each other, such as 𝑀𝑀𝑎𝑎𝑏𝑏, 𝑀𝑀𝑏𝑏𝑐𝑐, …; the distance 

2 means two phases are not adjacent and have an interval of one phase between them, such as 

𝑀𝑀𝑎𝑎𝑐𝑐, 𝑀𝑀𝑏𝑏𝑑𝑑, …Similarly, the distance 3 has an interval of two phases as shown in Fig. 4.3 (b), 

such as 𝑀𝑀𝑎𝑎𝑑𝑑 , 𝑀𝑀𝑏𝑏𝑒𝑒, … To be more generic, ‘Z’ can be employed to express the number of 
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different distances between phases for an multi-phase DS-SRMs. It is the minimum integer not 

less than C𝑚𝑚
2

𝑟𝑟
, as shown in (4.3)  

  
(a) 5-phase (b) 6-phase 

Fig. 4.3. Relative phase order in space for DS-SRMs. 

𝑍𝑍 ≥
C𝑟𝑟2

𝑚𝑚
=

𝑚𝑚!
2! (𝑚𝑚− 2)! × 𝑚𝑚

=
𝑚𝑚 − 1

2
 (4.3) 

By way of example, for the 12s/8p double layer 6-phase DS-SRM, there are 3 types of 

mutual-inductances due to C6
2

6
= 2.5. The inductance waveforms and their spectra are shown in 

Fig. 4.4.  

In order to identify the contribution of inductance harmonics to the average torque and torque 

ripple, the self- and mutual-inductances are expressed using Fourier Series analysis as shown 

in (4.4) and (4.5): 

𝐿𝐿 = 𝐿𝐿0 + �𝐿𝐿𝑛𝑛 cos(𝑛𝑛𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑛𝑛)  
∞

𝑛𝑛=1

 (4.4) 

𝑀𝑀𝑎𝑎 = 𝑀𝑀𝑎𝑎0 + �𝑀𝑀𝑎𝑎𝑛𝑛 cos(𝑛𝑛𝜃𝜃𝑒𝑒 + 𝛼𝛼′𝑎𝑎𝑛𝑛)  
∞

𝑛𝑛=1

 (4.5) 

where L and Ma represent the self- and mutual-inductances. 𝛼𝛼𝑛𝑛 and 𝛼𝛼′𝑎𝑎𝑛𝑛 are the phase angles 

of the nth self- and mutual-inductances, respectively. The subscript ‘0’ represents the dc 

component of inductances. ‘a’ represents the distance between two phases and 𝐿𝐿 ∈ (1, 2⋯𝑍𝑍). 

For example, 𝑀𝑀10 is the dc component of mutual-inductance with the distance 1 in Fig. 4.3. 
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(a) Waveforms 

 
(b) Spectra 

Fig. 4.4. Self- and mutual-inductances of a double layer 6-phase DS-SRM. Calculated by FEA 

when phase A is supplied with a 1A dc current.  

Substituting (4.2), (4.4) and (4.5) into (4.1) gives 

𝑇𝑇𝑓𝑓 = 𝑇𝑇𝑓𝑓𝑠𝑠𝑒𝑒𝑓𝑓 + 𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓 (4.6) 

with 

𝑇𝑇𝑓𝑓𝑠𝑠𝑒𝑒𝑓𝑓 =
𝑚𝑚𝑝𝑝
2
��−

𝑚𝑚𝑘𝑘
2
𝐿𝐿𝑟𝑟𝑘𝑘𝐼𝐼𝑓𝑓2 sin(𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑟𝑟𝑘𝑘)

∞

𝑘𝑘=0

 

+
𝑚𝑚𝑘𝑘 − 2

4
𝐼𝐼𝑓𝑓2𝐿𝐿𝑟𝑟𝑘𝑘−2 sin(𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 2𝛽𝛽1 + 𝛼𝛼𝑟𝑟𝑘𝑘−2) 

+
𝑚𝑚𝑘𝑘 + 2

4
𝐼𝐼𝑓𝑓2𝐿𝐿𝑟𝑟𝑘𝑘+2 sin(𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 − 2𝛽𝛽1 + 𝛼𝛼𝑟𝑟𝑘𝑘+2)� 

(4.7) 

and 
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𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓 =
𝑚𝑚𝑝𝑝
2
��𝑐𝑐 �−

𝑚𝑚𝑘𝑘
2
𝐼𝐼𝑓𝑓2𝑀𝑀𝑎𝑎𝑟𝑟𝑘𝑘 sin(𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼′𝑎𝑎𝑟𝑟𝑘𝑘)

𝑍𝑍

𝑎𝑎=1

∞

𝑘𝑘=0

 

+
𝑚𝑚𝑘𝑘 − 2

2
𝐼𝐼𝑓𝑓2𝑀𝑀𝑎𝑎(𝑟𝑟𝑘𝑘−2) sin �𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 2𝛽𝛽1 + 𝛼𝛼′𝑎𝑎(𝑟𝑟𝑘𝑘−2) −

2π
𝑚𝑚
𝐿𝐿� 

+
𝑚𝑚𝑘𝑘 + 2

2
𝐼𝐼𝑓𝑓2𝑀𝑀𝑎𝑎(𝑟𝑟𝑘𝑘+2) sin �𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 − 2𝛽𝛽1 + 𝛼𝛼′𝑎𝑎(𝑟𝑟𝑘𝑘+2) +

2π
𝑚𝑚
𝐿𝐿�� 

(4.8) 

with 

 𝑐𝑐 = �0.5   mod(𝑚𝑚, 2) = 0 and 𝐿𝐿 = 𝑍𝑍
1      otherwise                              

 (4.9) 

where 𝑇𝑇𝑓𝑓𝑠𝑠𝑒𝑒𝑓𝑓  and 𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓  are the torques produced by the self- and mutual-inductances, 

respectively. p is the pole-pair number, and k is a natural number. It can be seen that the average 

torque can be obtained when k is equal to ‘0’. Moreover, only the interaction between the 

fundamental current and the 2nd order harmonic inductance can produce the average torque, 

which can be rewritten as 

𝑇𝑇𝑓𝑓0 =
𝑚𝑚𝑝𝑝
4
𝐼𝐼12𝐿𝐿2 sin(−2𝛽𝛽1 + 𝛼𝛼2) +

𝑚𝑚𝑝𝑝
2
�𝑐𝑐𝐼𝐼12𝑀𝑀𝑎𝑎2 sin �−2𝛽𝛽1 + 𝛼𝛼′𝑎𝑎2 +

2π
𝑚𝑚
𝐿𝐿�

𝑍𝑍

𝑎𝑎=1

 (4.10) 

According to (4.6)-(4.8), it can be proven that for multi-phase DS-SRMs, in general, there 

will be 𝑚𝑚𝑘𝑘𝑓𝑓ℎ order torque harmonics when sinewave current is supplied. This is due to the 

interaction between the fundamental current and the  𝑚𝑚𝑘𝑘𝑓𝑓ℎ , (𝑚𝑚𝑘𝑘 ± 2)𝑓𝑓ℎ  order inductance 

harmonics. The contributions of each order inductance harmonic to the torque ripple harmonic 

are listed in TABLE 4.2. It is worth noting that from the above conclusion, the 3-phase machine 

will in theory produce triplen order torque harmonics. However, due to the fact that the odd 

order inductances are equal to zero, therefore the odd order torque harmonics, such as 3rd, 9th, 

15th etc., do not exist. This is the same for the 5-phase machine, in which the 5th, 15th, 25th… 

order torque harmonics do not exist. Moreover, it can be predicted that the 2-phase and 4-phase 

machines present the worst performance in terms of torque ripple when sinewave current is 

supplied. The reason is that all orders of inductance harmonics will contribute to the torque 

ripple for both types of machine. Even the 2nd order inductance (with the highest magnitude, 

and normally contributes to average torque) will produce the 2nd and 4th order torque harmonics 

for the 2-phase machine while produce the 4th order torque harmonic for the 4-phase machine. 

This can explain why certain phase numbers generate higher torque ripple while others do not.  
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TABLE 4.2 ACTIVE INDUCTANCE HARMONICS FOR CERTAIN ORDER TORQUE HARMONICS 

 k  
m 

 1 2 3 

2 
Torque mk=2nd mk=4th  mk=6th  

Inductance 2nd, 4th  2nd, 4th, 6th 4th, 6th, 8th 

3 
Torque  mk=3rd mk=6th mk=9th 

Inductance  1st, 3rd, 5th 4th, 6th, 8th 7th ,9th, 11th 

4 
Torque  mk=4th mk=8th mk=12th 

Inductance  2nd, 4th, 6th 6th, 8th, 10th 10th, 12th, 14th 

5 
Torque  mk=5th mk=10th mk=15th 

Inductance  3rd, 5th, 7th 8th, 10th, 12th 13th, 15th, 17th 

6 
Torque  mk=6th mk=12th mk=18th 

Inductance  4th, 6th, 8th 10th, 12th, 14th 16th, 18th, 20th 

 

 
Fig. 4.5. Comparison of on-load torques between 2D-FEA and analytical prediction for a 

double layer 12s/8p 6-phase DS-SRM at Irms= 1A and 2A. 

Fig. 4.5 shows the comparison results between 2D-FEA and analytical prediction for a 

double layer 12s/8p 6-phase DS-SRM at 1A and 2A phase RMS currents. A generally good 

agreement can be observed, which validates the accuracy of the proposed analytical torque 

model. Therefore, only the prediction results of instantaneous torques and spectra are presented 

for other topologies, as shown in Fig. 4.6 and Fig. 4.7, respectively. As expected, the on-load 

torque of multi-phase machines will contain the mkth torque order harmonic if mod(𝑚𝑚𝑘𝑘, 2) =

0 is valid. However, it is worth noting that for the 12s/10p double layer 6-phase machine, the 
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6th (k=1) order torque ripple can be ignored, which is different from other types of 6-phase 

machine. This will be investigated further in Section 4.3. 

 
(a) Waveforms (Line: 2D-FEA; Mark: prediction) 

 
(b) Spectra 

Fig. 4.6. Predicted on-load torques for multi-phase double layer DS-SRMs. The machines are 

supplied with 1A rms current.  
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(a) Waveforms (Line: 2D-FEA; Mark: prediction) 

 
(b) Spectra 

Fig. 4.7. Predicted on-load torques for multi-phase single layer DS-SRMs. The machine is 

supplied with 1A rms current. 

 COMPARISON STUDY OF SIX-PHASE TOPOLOGIES 

This section will further investigate the influence of machine topologies and winding 

configurations on torque ripple of the 6-phase machines. Several 6-phase machines (12s/4p, 

12s/8p and 12s/10p) with different winding configurations (concentrated and distributed 

winding) have been considered. 

4.3.1 SHORT PITCHED CONCENTRATED WINDING 

By way of example, the two single layer 12s/8p and 12s/10p 6-phase DS-SRMs have been 

shown in Fig. 4.8. 
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(a) 12s/8p (b) 12s/10p 

Fig. 4.8. Two types of 6-phase single layer DS-SRMs. 

 
(a) Waveforms 

 
(b) Spectra 

Fig. 4.9. Comparison in terms of on-load torque of four different 6-phase DS-SRMs. The 

machines are all supplied with 1A rms current. 
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According to (4.6)-(4.8), the comparison in terms of on-load torque for the four types of 

machines are given in Fig. 4.9. For different slot/pole number combinations of 6-phase 

machines, the 6th, 12th, 18th… order torque harmonics will always exist. However, it is obvious 

from Fig. 4.9 that the 6th order torque harmonic for the 12s/10p double layer machine can be 

neglected, which is different from other 6-phase machines. In order to figure out the reason 

behind, the 12s/8p and 12s/10p double layer machines have been further studied. The 

inductance spectra are shown in Fig. 4.10. It can be seen that for the two topologies, their 

inductance harmonic magnitudes have little difference, but the phase angles are significantly 

different. This will dramatically influence the torque contribution of each inductance harmonic. 

The torque produced by each inductance harmonic can be predicted by using the proposed 

torque models (4.6)-(4.8), and the results are shown in Fig. 4.11 and Fig. 4.12. 

 
(a) 12s/8p 

 
(b) 12s/10p 

Fig. 4.10. Magnitudes and phases of inductance harmonics for double layer DS-SRMs. 
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(a) Resultant torque 

 
(b) Self- and mutual-torques due to each inductance harmonic 

Fig. 4.11. 6th order torque harmonics of the 12s/8p double layer DS-SRMs. The phase RMS 

current is 1A. 
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(a) Resultant torque 

 
(b) Self- and mutual-torques due to each inductance harmonic 

Fig. 4.12. 6th order torque harmonics of the 12s/10p double layer DS-SRMs. The phase RMS 

current is 1A. 

From Fig. 4.11 and Fig. 4.12, it can be observed that the 12s/8p machine has much higher 

magnitudes in torque harmonics for every inductance harmonic than that of the 12s/10p. 

Moreover, for the 12s/8p machine, the self- and mutual-torques produced by the inductance 

harmonics have similar phase angles. As a result, the 6th order torque harmonics due to the self- 

and mutual-inductances are additive, leading to higher overall torque ripple level. In contrast, 

the self- and mutual-torques of the 12s/10p machine have almost 180 elec. deg. phase 

difference. This is particularly the case for the self- and mutual-torques due to the 4th order 

inductance harmonics. As a result, the 6th order torque harmonics for the double layer 6-phase 

12s/10p DS-SRMs cancel one another, leading to much lower overall torque ripple level. 
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It is worth noting that the proposed torque model is based on the phase inductances calculated 

at relatively low electric loading. With the increasing phase current, the machines become 

saturated and there is an increasing discrepancy between the results obtained by FEA and the 

analytical torque models. The average torque and torque ripple coefficient versus phase root-

mean-square (RMS) current, are shown in Fig. 4.13. It shows that the torque ripple benefit of 

the 12s/10p machine is not compromised at high saturation level compared with the 12s/8p 

machine. 

 
(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 4.13. Comparison of torque production for two slot/pole number combinations.  

4.3.2 FULLY PITCHED DISTRIBUTED WINDING 

For completeness, apart from the concentrated winding configurations, 6-phase fully-pitched 

DS-SRMs with distributed windings have also been investigated in this chapter. Their cross-

sections and winding configurations are shown in Fig. 4.14. It is worth noting that the single 
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layer 12s/4p fully-pitched DS-SRMs have exactly the same torque performance as its double 

layer counterpart. However, the double layer winding does not work for the 12s/8p fully-

pitched machines due to negligible torque capabilities. This is because the coil magneto-motive 

forces of each two opposite phases, e.g. phases A and D, have exactly the same polarity (NN 

for phase A and NN for phase D as well) at each rotor position, there will be no return path for 

the armature flux. As a result, the airgap flux density is almost zero, leading to very low output 

torque. Therefore, only single layer winding topologies have been selected for investigation in 

this section.  

  
(a) 12s/4p (b) 12s/8p 

Fig. 4.14. 6-phase fully-pitched DS-SRMs.  

The same analyses as in sections 4.2 have been performed for these two machines and the 

comparison results are shown in Fig. 4.15. Again, the proposed torque model provides reliable 

prediction in terms of on-load torque and there are 6th, 12th, 18th
, etc. order torque harmonics as 

expected.  

After comparative studies of different phase numbers, slot/pole number combinations and 

also winding configurations, one can confirm that for any multi-phase DS-SRMs, the torque 

harmonics due to fundamental current only depend on the phase number ‘m’ and their orders 

are equal to mk when mod(𝑚𝑚𝑘𝑘, 2) = 0. However, without quantifying the contribution of each 

order inductance harmonic (magnitude) to torque, it is hard to identify which torque harmonic 

is the most dominant one. 
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(a) Waveform 

  
(b) Spectra 

Fig. 4.15. Comparison in terms of on-load torque for fully-pitched 6-phase DS-SRMs with 1A 

rms phase current.  

 COPPER LOSSES FOR MULTI-PHASE MACHINE 

The investigated machines all have the same number of turns per phase so as to maintain 

similar phase voltage level. This means that for the same phase current, the copper losses will 

be different for different phase numbers. To be specific, higher phase number will have higher 

copper loss (𝑃𝑃𝑐𝑐𝑐𝑐𝑓𝑓 = 𝑚𝑚𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠2𝑅𝑅 , where R is the phase resistance and 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠  is the phase rms 

current). In order to achieve fairer comparison, the average torque and torque ripple coefficient 

versus copper loss have been investigated in this section.  

Due to concentrated winding, the DL and SL machines have much shorter end-windings than 

the FP machines if the number of turns per phase is the same for all machines. As a result, the 
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phase resistances of the DL and SL machines are much smaller than that of the FP machine. 

The average value of end-winding for different winding configuration is assumed as shown in 

Table 4.3. The Dimensions of end-winding are shown in Fig. 4.16.  

TABLE 4.3 CALCULATION OF END-WINDING LENGTH FOR DIFFERENT WINDING 

CONFIGURATION 

Winding 
configuration End-winding 

Short pitched 1
2
𝑧𝑧𝜋𝜋𝑊𝑊𝑠𝑠 + 𝑊𝑊𝑓𝑓  

Fully pitched 1
2
𝑧𝑧𝜋𝜋𝑊𝑊𝑠𝑠 + 2𝜋𝜋(𝑆𝑆𝑓𝑓 + 1

2
ℎ𝑠𝑠) × 360° 𝑁𝑁𝑠𝑠⁄ ×𝑎𝑎−𝛾𝛾

360°
  

where the 𝑊𝑊𝑠𝑠 is average stator slot width (trapezoidal), 𝑊𝑊𝑓𝑓 is stator tooth width, 𝑆𝑆𝑓𝑓 represents 

the stator inner radius, ℎ𝑠𝑠 is the tooth height, 𝑁𝑁𝑠𝑠 is the number of slots, 𝛾𝛾 is the slot opening 

width in mechanical degree, and a is the slot number that each coil covers. The coefficient z 

depends on the double-layer (z=0.5) or single-layer (z=1) winding configuration. 

 

 

(a) Cross-section (b) Ideal shap of end-winding 
Fig. 4.16. Dimensions of end-winding for DS-SRMs. 

Once average end-winding length has been calculated, the phase resistance R of the multi-

phase machines can be given by: 

𝑅𝑅 = 𝜌𝜌𝑁𝑁
𝐿𝐿
𝑆𝑆

 (4.11) 

where 𝜌𝜌 is the resistivity of copper, N represents the number of turns per phase, L is the copper 

length per turn, and S is the cross-section area of the copper wire. By using the equation (4.11), 

the phase resistances for different multi-phase machines are listed in TABLE 4.4. 
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TABLE 4.4 PHASE RESISTANCES ACCOUNTING FOR END-WINDINGS FOR DIFFERENT 

TOPOLOGIES @ 20 ℃ 

Machine topologies DL (Ω) SL (Ω) FP (Ω) Slot area (cm2) NT per slot 

3-phase 12s/8p 0.51 0.558 0.809 1.171 66 

2-phase 4s/4p 0.638 0.789 - 2.492 132 

3-phase 6s/4p 0.766 0.893 - 1.835 132 

4-phase 8s/6p 0.993 1.111 - 1.313 132 

5-phase 10s/8p 0.985 1.089 - 1.259 132 

6-phase 12s/8p 1.02 1.116 1.617 1.171 132 

6-phase 12s/10p 1.02 1.116 - 1.171 132 

6-phase 12s/4p - - 1.522 1.171 132 

 
(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 4.17. Torque performance vs copper loss for double layer multiphase machines.  
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(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 4.18. Torque performance vs copper loss vs copper loss for single layer multiphase 

machines. 

Fig. 4.17 and Fig. 4.18 show the average torque and torque ripple coefficient versus copper 

loss for the double layer and single layer DS-SRMs, respectively. It is found that for both 

double and single layer winding structures, the 2-phase machines produce higher average 

torque than other phase numbers at low copper loss. With increasing phase current (or copper 

loss), the 2-phase machines loss their benefit in terms of average torque, while the 12s/8p 6-

phase DS-SRMs will produce the highest average torque at higher copper loss (>400W). 5-

phase machines show similar torque capability as the 12s/8p 6-phase machine at lower copper 

loss, while they have almost the smallest torque ripple coefficient compared with other 

machines except the 12s/10p double layer 6-phase machine. In addition, the benefit in terms of 

torque ripple for the 5-phase machine will not be compromised with increased copper loss. It 
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is also worth noting that the double/single layer 2-phase and 4-phase DS-SRMs have shown 

much worse torque ripple performance, as expected. 

 
(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 4.19. Torque performance vs copper loss for 6-phase topologies. 

The 12s/8p double/single layer 6-phase machines have also been compared with two types 

of fully-pitched machines and the results are shown in Fig. 4.19. It shows when the copper loss 

is less than 600W, the double layer machines exhibit the lowest average torque compared with 

other three machines. When the phase current increases, so does the copper loss, the benefit of 

double layer machines are increasingly evident. It is because they are less sensitive to magnetic 

saturation due to less flux concentrated in the stator yoke [67]. It is also apparent that the two 

fully-pitched machines show similar torque capability. However, the 12s/8p fully-pitched 

machines always achieve the lowest torque ripple compared with other machines, while the 

12s/4p fully-pitched machines being the highest. Moreover, it is worth noting that the torque 
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ripple of single layer machines are generally lower than that of double layer machines for lower 

current (copper loss < 1600W). However, with increasing phase current, this advantage 

diminishes. 

 ANALYTICAL TORQUE MODEL WITH HARMONIC CURRENT FOR MULTI-

PHASE DS-SRMS 

Similar to the three-phase machine, the stator current with single current harmonic injection 

can be described by (4.12). It is worth noting that only phase ‘a’ is given here because other 

phases will have the same magnitude while with a 2𝜋𝜋 𝑚𝑚⁄  phase shift. 

𝐼𝐼𝑎𝑎 = 𝐼𝐼1 sin(𝜃𝜃𝑒𝑒 + 𝛽𝛽1) + 𝐼𝐼𝑣𝑣 sin(𝑣𝑣𝜃𝜃𝑒𝑒 + 𝛽𝛽𝑣𝑣) (4.12) 

Substituting (4.12), (4.4) and (4.5) into (4.1) and the instantaneous torque equation can be 

transformed as below: 

𝑇𝑇𝑒𝑒 = 𝑇𝑇𝑓𝑓 + 𝑇𝑇ℎ (4.13) 

with 

�
𝑇𝑇𝑓𝑓 = 𝑇𝑇𝑓𝑓𝑠𝑠𝑒𝑒𝑓𝑓 + 𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓 = 𝑇𝑇𝑓𝑓0 + 𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓
𝑇𝑇ℎ = 𝑇𝑇ℎ𝑠𝑠𝑒𝑒𝑓𝑓 + 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓 = 𝑇𝑇ℎ0 + 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓

 (4.14) 

Furthermore, the torque produced by the interaction between current harmonics and self-

/mutual-inductances can be decoupled into two terms: 𝑇𝑇ℎ(𝐼𝐼1𝐼𝐼𝑣𝑣) and 𝑇𝑇ℎ(𝐼𝐼𝑣𝑣2). This chapter will 

first investigate harmonic torque term 𝑇𝑇ℎ(𝐼𝐼1𝐼𝐼𝑣𝑣) (highest magnitude) as shown in (4.15) and 

(4.16) in order to improve torque performance. It has been given:  

𝑇𝑇ℎ𝑠𝑠𝑒𝑒𝑓𝑓 =
𝑚𝑚𝑝𝑝
2
�

𝑛𝑛𝐿𝐿𝑛𝑛
2

𝐼𝐼1𝐼𝐼𝑣𝑣{sin(𝐴𝐴𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 + 𝛼𝛼𝑛𝑛)
∞

𝑛𝑛=1

 

− sin(𝐵𝐵𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 − 𝛼𝛼𝑛𝑛) 
− sin(𝐶𝐶𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 + 𝛼𝛼𝑛𝑛) 
+ sin(𝐷𝐷𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 − 𝛼𝛼𝑛𝑛)} 

(4.15) 

And 
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𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓 =
𝑚𝑚𝑝𝑝
2
��𝑐𝑐

𝑛𝑛𝑀𝑀𝑚𝑚𝑛𝑛

2
𝐼𝐼1𝐼𝐼𝑣𝑣

Z

𝑚𝑚=1

∞

𝑛𝑛=1

 

�sin �𝐴𝐴𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑚𝑚𝑛𝑛 −
2π
𝑚𝑚
𝑣𝑣𝑥𝑥� 

− sin �𝐵𝐵𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 − 𝛼𝛼′𝑚𝑚𝑛𝑛 −
2π
𝑚𝑚
𝑣𝑣𝑥𝑥� 

− sin �𝐶𝐶𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑚𝑚𝑛𝑛 +
2π
𝑚𝑚
𝑣𝑣𝑥𝑥� 

+ sin �𝐷𝐷𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 − 𝛼𝛼′𝑚𝑚𝑛𝑛 +
2π
𝑚𝑚
𝑣𝑣𝑥𝑥� 

+ sin �𝐴𝐴𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑚𝑚𝑛𝑛 −
2π
𝑚𝑚
𝑥𝑥� 

− sin �𝐵𝐵𝜃𝜃𝑒𝑒 + 𝛽𝛽1 + 𝛽𝛽𝑣𝑣 − 𝛼𝛼′𝑚𝑚𝑛𝑛 −
2π
𝑚𝑚
𝑥𝑥� 

− sin �𝐶𝐶𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑚𝑚𝑛𝑛 −
2π
𝑚𝑚
𝑥𝑥� 

+ sin �𝐷𝐷𝜃𝜃𝑒𝑒 + 𝛽𝛽1 − 𝛽𝛽𝑣𝑣 − 𝛼𝛼′𝑚𝑚𝑛𝑛 −
2π
𝑚𝑚
𝑥𝑥�� 

(4.16) 

and 

 

�

𝐴𝐴 = 1 + 𝑣𝑣 + 𝑛𝑛
𝐵𝐵 = 1 + 𝑣𝑣 − 𝑛𝑛
𝐶𝐶 = 1 − 𝑣𝑣 + 𝑛𝑛
𝐷𝐷 = 1 − 𝑣𝑣 − 𝑛𝑛

  

𝑐𝑐 = �0.5         𝑚𝑚𝑆𝑆𝑑𝑑(𝑚𝑚, 2) = 0 𝐿𝐿𝑛𝑛𝑑𝑑 𝑥𝑥 = Z
1            𝑆𝑆𝑜𝑜ℎ𝐿𝐿𝐿𝐿𝑒𝑒𝑖𝑖𝑆𝑆𝐿𝐿                            

 

A, B, C, D = 𝑚𝑚𝑘𝑘 where k is 0, 1, 2, 3… 

(4.17) 

According to (4.15)-(4.17), it can be seen that the frequency of 𝑇𝑇ℎ is related to the order of 

injected current harmonic 𝑣𝑣 and inductance harmonic 𝑛𝑛. Generally, 𝑇𝑇ℎ will only contain the 

multiple of 𝑚𝑚 order torque harmonic, which is the same as that of 𝑇𝑇𝑓𝑓. As a result, it is possible 

to compensate torque ripple due to fundamental current by that produced by current harmonic. 

Moreover, it is proven that the average torque due to the injected current harmonic can be 

produced when the factor of 𝜃𝜃𝑒𝑒 (A, B, C or D) is equal to 0. Which means when the 𝑣𝑣𝑓𝑓ℎ order 

current harmonic is injected, the (𝑣𝑣 ± 1)𝑓𝑓ℎ order inductance will contribute to average torque, 

as described by (4.18).  
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𝑇𝑇ℎ0 = −
𝑚𝑚𝑝𝑝(𝑣𝑣 ∓ 1)

4
𝐼𝐼1𝐼𝐼𝑣𝑣{𝐿𝐿𝑣𝑣∓1 sin(𝛽𝛽1 ∓ 𝛽𝛽𝑣𝑣 ± 𝛼𝛼𝑣𝑣∓1) 

+�𝑐𝑐𝑀𝑀𝑚𝑚(𝑣𝑣∓1) �sin �𝛽𝛽1 ∓ 𝛽𝛽𝑣𝑣 ± 𝛼𝛼′𝑚𝑚(𝑣𝑣∓1) ±
2𝜋𝜋
𝑚𝑚
𝑥𝑥𝑣𝑣�

𝑍𝑍

𝑚𝑚=1

 

+ sin �𝛽𝛽1 ∓ 𝛽𝛽𝑣𝑣 ± 𝛼𝛼′𝑚𝑚(𝑣𝑣∓1) −
2𝜋𝜋
𝑚𝑚
𝑥𝑥��� 

(4.18) 

Moreover, pure harmonic torque term 𝑇𝑇ℎ𝑣𝑣(𝐼𝐼𝑣𝑣2) is also investigated and described by (4.19)-

(4.21), which is quite small and has little influence on the torque produced by the fundamental 

current. However, the consideration of this torque term will lead to more accurate instantaneous 

torque prediction after harmonic injection. It is worth noting that 𝑇𝑇ℎ𝑣𝑣(𝐼𝐼𝑣𝑣2) only contains the mkth 

order torque harmonic. 

𝑇𝑇ℎ𝑣𝑣 = 𝑇𝑇ℎ𝑣𝑣𝑠𝑠𝑒𝑒𝑓𝑓 + 𝑇𝑇ℎ𝑣𝑣𝑟𝑟𝑓𝑓𝑓𝑓 (4.19) 

and 

𝑇𝑇ℎ𝑣𝑣𝑠𝑠𝑒𝑒𝑓𝑓 =
𝑚𝑚𝑝𝑝
2
��−

𝑛𝑛
2
𝐿𝐿𝑛𝑛𝐼𝐼𝑣𝑣2 sin(𝑛𝑛𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑛𝑛)

∞

𝑘𝑘=0

 

+
𝑛𝑛
4
𝐼𝐼𝑣𝑣2𝐿𝐿𝑛𝑛 sin�(2𝑣𝑣 + 𝑛𝑛)𝜃𝜃𝑒𝑒 + 2𝛽𝛽𝑣𝑣 + 𝛼𝛼𝑛𝑛� 

+
𝑛𝑛
4
𝐼𝐼𝑣𝑣2𝐿𝐿𝑛𝑛 sin�(𝑛𝑛 − 2𝑣𝑣)𝜃𝜃𝑒𝑒 − 2𝛽𝛽𝑣𝑣 + 𝛼𝛼𝑛𝑛�� 

(4.20) 

𝑇𝑇ℎ𝑣𝑣𝑟𝑟𝑓𝑓𝑓𝑓 =
𝑚𝑚𝑝𝑝
2
��𝑐𝑐𝑛𝑛𝑀𝑀𝑚𝑚𝑛𝑛𝐼𝐼𝑣𝑣2

∆

𝑚𝑚=1

∞

𝑘𝑘=0

�− cos �
2π
𝑚𝑚
𝑥𝑥𝑣𝑣� sin(𝑛𝑛𝜃𝜃𝑒𝑒 + 𝛼𝛼′𝑚𝑚𝑛𝑛) 

+
1
2

sin�(2𝑣𝑣 + 𝑛𝑛)𝜃𝜃𝑒𝑒 + 2𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑚𝑚𝑛𝑛 −
2π
𝑚𝑚
𝑥𝑥𝑣𝑣� 

+
1
2

sin�(𝑛𝑛 − 2𝑣𝑣)𝜃𝜃𝑒𝑒 − 2𝛽𝛽𝑣𝑣 + 𝛼𝛼′𝑚𝑚𝑛𝑛 +
2π
𝑚𝑚
𝑥𝑥𝑣𝑣�� 

(4.21) 
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(a) Torque prediction without pure harmonic terms 

 
(b) Torque prediction with pure harmonic terms 

Fig. 4.20. Comparison of 2D-FEA and analytically predicted instantaneous torque with 𝐼𝐼1=1 

Arms (𝐼𝐼3 = 50%𝐼𝐼1,  𝛽𝛽3 = 266.1°) for single layer 4-phase DS-SRMs. 
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(a) Torque prediction without pure harmonic terms 

 
(b) Torque prediction with pure harmonic terms 

Fig. 4.21. Comparison of 2D-FEA and analytically predicted instantaneous torque with 𝐼𝐼1=1 

Arms (𝐼𝐼3 = 32.3%𝐼𝐼1,  𝛽𝛽3 = 78.6°) for single layer 5-phase DS-SRMs. 
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(a) Torque prediction without pure harmonic terms 

 
(b) Torque prediction with pure harmonic terms 

Fig. 4.22. Comparison of 2D-FEA and analytically predicted instantaneous torque with 𝐼𝐼1=1 

Arms (𝐼𝐼3 = 47.7%𝐼𝐼1,  𝛽𝛽3 = 45.1°) for single layer 6-phase DS-SRMs. 

Fig. 4.10, Fig. 4.11 and Fig. 4.22 shows the comparison between 2D-FEA and analytical 

results for a 4-phase, 5-phase and 6-phase single layer machine with the 3rd order current 

harmonic injection, respectively. It can be seen that considering the pure harmonic torque terms, 

the analytical prediction can be more accurate. Therefore, the pure harmonic torque terms will 

be considered for other order current harmonic injection as well. As an example, Fig. 4.23 

shows the comparison between 2D-FE and analytical instantaneous torques for the SL 6-phase 

machine with different current harmonic injections. A generally good agreement can be 

observed between 2D-FE and analytical predictions at low phase rms current condition. It has 

been found that the proposed current harmonic injection method is able to suppress the torque 

ripple for the multi-phase DS-SRMs, if the current harmonic is properly selected. 
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.  

Fig. 4.23. Comparison of 2D-FE and analytically predicted instantaneous torques for the SL 6-

phase DS-SRMs with current harmonic injections. The fundamental current 𝐼𝐼1 is 1Arms and 

the characteristics of current harmonic are listed in TABLE 4.5. 

 
(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 4.24. Comparison torque performance vs phase rms current for the SL 6-phase DS-SRMs 

with current harmonic injections. Characteristics of current harmonic are listed in TABLE 4.5. 
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Fig. 4.24 illustrates the average torque and torque ripple coefficient versus phase rms current 

after current harmonic injection for the SL 6-phase DS-SRM. At a modest phase current 

(<4Arms), the proposed model can accurately predict the average torque and torque ripple. 

However, with increasing phase current, machine becomes saturated and there is an increasing 

discrepancy between the 2D-FE and analytical predictions. This would be the limitation of the 

developed analytical torque models. However, although the accuracy of the torque equation is 

reduced at high phase current, the effect of current harmonic injection on torque ripple 

reduction is not seriously compromised. 

Once the accuracy of the analytical torque models has been validated by 2D-FEA, the 

prediction of on-load torque for multi-phase double layer counterparts with current harmonic 

injection can be shown in Fig. 4.25. The selection of magnitude and phase angle for the 3rd 

order current harmonic has been investigated and listed in TABLE 4.5 (Chapter 4.6). It is found 

that the 3rd order current harmonic has little effect on the double layer 6-phase DS-SRMs, which 

is due to the fact that the harmonic torque produced by the self- and mutual-inductances 

cancelled each other similar to what has been observed for a 3-phase machine investigated in 

Chapter 3. The same condition will occur for the double layer 5-phase DS-SRMs when they 

are injected with the 5th order current harmonic as shown in Fig. 4.25 (b). However, the other 

current harmonic injections (3rd and 7th for 5-phase machine; 5th and 7th for 6-phase machine) 

can still improve the average torque or reduce the torque ripple for such machines. 
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(a) I1+I3rd 

 
(b) I1+I5th 

 
(c) I1+I7th 

Fig. 4.25. Prediction of on-load torque with or without current harmonic injection for double 

layer multi-phase machine (𝐼𝐼1=1 Arms). 
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 ANALYTICAL SOLUTION FOR OPTIMAL TORQUE PERFORMANCE 

Based on the analytical torque models for both fundamental and harmonic currents, the 

methods to predict the current harmonic magnitude and phase angle to achieve maximum 

torque or minimum torque ripple can be developed. The machines are always operating under 

the maximum torque per ampere (MTPA) conditions, which means that the phase advance 

angle 𝛽𝛽1 is kept at 45° (largely true if saturation is negligible). It is worth mentioning that 

although the pure harmonic term 𝑇𝑇ℎ(𝐼𝐼𝑣𝑣2) is taken into account for more accurate instantaneous 

torque prediction, considering it in predicting the current harmonic (order, magnitude and 

phase angle) will significantly increase the complexity with only little benefit (due to lower 

magnitude). Therefore, in this section only torque term 𝑇𝑇ℎ(𝐼𝐼1𝐼𝐼𝑣𝑣) is considered to improve 

torque performance (average torque and/or torque ripple).  

4.6.1 MAXIMUM AVERAGE TORQUE 

According to foregoing investigation, when the vth order current harmonic is injected, the 

average torque produced by current harmonic for multi-phase machine can be expressed as 

(4.18). Moreover, only 𝑣𝑣 ∓ 1𝑓𝑓ℎ  order inductance harmonic will contribute to extra average 

torque, i.e. only the torque terms with factor B or C are considered in average torque due to the 

fact that B and C in (4.17) are equal to 0. It is worth noting that once n and v are confirmed 

there will be 2Z+1 torque terms in total (including both self- and mutual-torques), which have 

the same factor (B or C). 

After applying trigonometric function, the average torque can be simplified as 

𝑇𝑇ℎ0(𝛽𝛽𝑣𝑣) = � 𝑇𝑇𝐵𝐵𝑓𝑓 sin(𝜑𝜑𝐵𝐵𝑓𝑓 + 𝛽𝛽𝑣𝑣)
2𝑍𝑍+1

𝑓𝑓=1

+ � 𝑇𝑇𝐶𝐶𝑓𝑓 sin(𝜑𝜑𝐶𝐶𝑓𝑓 + 𝛽𝛽𝑣𝑣)
2𝑍𝑍+1

𝑓𝑓=1

 

= 𝑇𝑇𝐻𝐻0 sin(𝛽𝛽𝑣𝑣 + 𝜑𝜑𝐻𝐻0) 

(4.22) 

with 

�
tan(𝜑𝜑𝐻𝐻0) =

𝑦𝑦
𝑥𝑥

𝑇𝑇𝐻𝐻0 = �𝑥𝑥2 + 𝑦𝑦2
 (4.23) 
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⎩
⎪
⎨

⎪
⎧𝑥𝑥 = � 𝑇𝑇𝐵𝐵𝑓𝑓 cos(𝜑𝜑𝐵𝐵𝑓𝑓) + 𝑇𝑇𝐶𝐶𝑓𝑓 cos(𝜑𝜑𝐶𝐶𝑓𝑓)

2𝑍𝑍+1

𝑓𝑓=1

𝑦𝑦 = � 𝑇𝑇𝐵𝐵𝑓𝑓 sin(𝜑𝜑𝐵𝐵𝑓𝑓) + 𝑇𝑇𝐶𝐶𝑓𝑓 sin(𝜑𝜑𝐶𝐶𝑓𝑓)
2𝑍𝑍+1

𝑓𝑓=1

 (4.24) 

where 𝑇𝑇𝐵𝐵𝑓𝑓, 𝑇𝑇𝐶𝐶𝑓𝑓, 𝜑𝜑𝐵𝐵𝑓𝑓 and 𝜑𝜑𝐶𝐶𝑓𝑓 are all constants, which represent the magnitude and phase angle 

for each torque term with the same factors (B or C) when 𝛽𝛽𝑣𝑣 is equal to 0, and 𝑖𝑖 ∈ (2𝑍𝑍 + 1). 

This will be used throughout this chapter.  𝑇𝑇𝐻𝐻0 and 𝜑𝜑𝐻𝐻0 are the magnitude and phase angle of 

resultant torque produced by current harmonic injection. They can be easily calculated. 

Therefore, it is apparent that if the harmonic magnitude is kept unchanged, the torque equation 

will be a function of the phase angle 𝛽𝛽𝑣𝑣 of the current harmonics. In this case, there must be a 

phase angle 𝛽𝛽𝑣𝑣_𝑇𝑇𝑟𝑟𝑎𝑎𝑚𝑚 that can produce the maximum average torque and it can be calculated by 

(4.25).  

𝛽𝛽𝑣𝑣_𝑇𝑇𝑟𝑟𝑎𝑎𝑚𝑚 =
𝜋𝜋
2
− 𝜑𝜑𝑟𝑟𝑒𝑒𝑠𝑠 (4.25) 

 

Fig. 4.26. 2D-FEA average torque versus harmonic phase angle for a single layer 6-phase DS-

SRMs with different order harmonic injections. The fundamental current I1 is equal to 1A. (a) 

3rd harmonic, (b) 5th harmonic and (c) 7th harmonic. (Dashed line: Peak value of 2D-FEA, 

Arrow: Predicted phase angle)  
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Fig. 4.26 shows the 2D-FEA results of average torque against the phase angle with different 

current harmonic injection for single layer 6-phase DS-SRMs. It is worth noting that the phase 

angles shown in Fig. 4.26 are the predicted values, where the maximum average torque can be 

achieved, rather than the real peak values from the 2D-FEA results. The minor discrepancy 

between the prediction and 2D-FEA results is because only torque term 𝑇𝑇ℎ(𝐼𝐼1𝐼𝐼𝑣𝑣) is considered 

to predict the current harmonics (order, magnitude and phase angle). But this discrepancy is 

largely acceptable. 

In theory, without magnetic saturation, the torque could be increased continuously by 

increasing harmonic current magnitude. However, the current harmonic will generate extra 

copper losses at the same time. So in order to maintain the same copper loss, the root-mean-

square (RMS) current is kept unchanged, i.e. 𝐼𝐼𝑅𝑅𝑅𝑅𝑅𝑅 = �𝐼𝐼1𝑟𝑟𝑟𝑟𝑠𝑠2 + 𝐼𝐼𝑣𝑣𝑟𝑟𝑟𝑟𝑠𝑠2. Fig. 4.27 shows the 

average torque profile for a single layer 6-phase DS-SRMs, in which the 3rd order current 

harmonic (𝛽𝛽3 = 88.7°) is injected. It can be found that the maximum average torque can be 

obtained when 𝐼𝐼3 ≈ 40%𝐼𝐼1. 

 

Fig. 4.27. Average torque against phase RMS current with different percentages of 3rd order 

current harmonic injection for the single layer 6-phase DS-SRM (𝛽𝛽3 = 88.7°). 

4.6.2 MINIMUM TORQUE RIPPLE 

After the investigation in section 0, the contribution in torque from each order inductance 

harmonic can be predicted for any multi-phase DS-SRMs. In order to cancel out dominant 

order torque ripple produced by fundamental current listed in TABLE 4.2, the torque due to 
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harmonic current, with the same frequency, the same magnitude but a phase shift of π, is 

required.  

According to (4.7) and (4.8), the dominant order torque ripple (mk) due to fundamental 

current can be expressed by (4.26). 

𝑇𝑇𝑓𝑓𝑟𝑟𝑓𝑓𝑓𝑓_𝑟𝑟𝑘𝑘𝑓𝑓ℎ = 𝑇𝑇𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 sin�𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓� (4.26) 

In addition, according to (4.15) and (4.16), the frequency of torque ripple due to harmonic 

current is controlled by injected current order and inductance harmonic order, which is 

described by 

|1 ± 𝑣𝑣 ± 𝑛𝑛| = 𝑚𝑚𝑘𝑘 (4.27) 

when the injected current harmonic order is selected, the active inductance harmonic order 

related to the desired torque harmonic can be determined at the same time as  

𝑛𝑛 = |𝑚𝑚𝑘𝑘 ± 𝑣𝑣 ± 1| (4.28) 

By way of example, if one wants to reduce the 6th (mk=6) order torque harmonic in 6-phase 

machines by injecting the 3rd order current harmonic (v=3), there will be four active inductances 

that contribute to the 6th order torque harmonic, such as, 2th, 4th, 8th and 10th, respectively. It is 

worth noting that the self- and mutual-torque terms due to the same active inductance harmonic 

have the same factor (A, B, C or D). Moreover, the torque terms due to two active inductances 

(|𝑚𝑚𝑘𝑘 − 𝑣𝑣 ± 1|) show the same sign between 𝜃𝜃𝑒𝑒  and 𝛽𝛽𝑣𝑣 , while other two (|𝑚𝑚𝑘𝑘 + 𝑣𝑣 ± 1|) 

present different signs. Therefore, the torque ripple performance after current harmonic 

injection can be simply written as 

 𝑇𝑇ℎ𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣) = � 𝑇𝑇𝑋𝑋𝑓𝑓 sin(𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑋𝑋𝑓𝑓 + 𝛽𝛽𝑣𝑣) + 𝑇𝑇𝑌𝑌𝑓𝑓 sin(𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑌𝑌𝑓𝑓 − 𝛽𝛽𝑣𝑣)
(2𝑍𝑍+1)×2

𝑓𝑓=1

 

= 𝑇𝑇𝑋𝑋𝑟𝑟𝑓𝑓𝑓𝑓 sin�𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑋𝑋𝑟𝑟𝑓𝑓𝑓𝑓 + 𝛽𝛽𝑣𝑣� + 𝑇𝑇𝑌𝑌𝑟𝑟𝑓𝑓𝑓𝑓 sin�𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑌𝑌𝑟𝑟𝑓𝑓𝑓𝑓 − 𝛽𝛽𝑣𝑣� 

= 𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣) sin �𝑚𝑚𝑘𝑘𝜃𝜃𝑒𝑒 + 𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣)� 

(4.29) 

with 

�
tan �𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣)� =

𝐵𝐵(𝛽𝛽𝑣𝑣)
𝐴𝐴(𝛽𝛽𝑣𝑣)

𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣) = �𝐴𝐴2 + 𝐵𝐵2
 (4.30) 

�
𝐴𝐴 = 𝑇𝑇𝑋𝑋𝑟𝑟𝑓𝑓𝑓𝑓 cos�𝜑𝜑𝑋𝑋𝑟𝑟𝑓𝑓𝑓𝑓 + 𝛽𝛽𝑣𝑣� + 𝑇𝑇𝑌𝑌𝑟𝑟𝑓𝑓𝑓𝑓 cos�𝜑𝜑𝑌𝑌𝑟𝑟𝑓𝑓𝑓𝑓 − 𝛽𝛽𝑣𝑣�
𝐵𝐵 = 𝑇𝑇𝑋𝑋𝑟𝑟𝑓𝑓𝑓𝑓 sin�𝜑𝜑𝑋𝑋𝑟𝑟𝑓𝑓𝑓𝑓 + 𝛽𝛽𝑣𝑣� + 𝑇𝑇𝑌𝑌𝑟𝑟𝑓𝑓𝑓𝑓 sin�𝜑𝜑𝑌𝑌𝑟𝑟𝑓𝑓𝑓𝑓 − 𝛽𝛽𝑣𝑣�

 (4.31) 
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where X and Y [𝑋𝑋,𝑌𝑌 ∈ (𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷)] represent the torque terms with the same or different sign 

between 𝜃𝜃𝑒𝑒 and 𝛽𝛽𝑣𝑣, respectively. 𝑇𝑇𝑋𝑋𝑓𝑓, 𝑇𝑇𝑌𝑌𝑓𝑓, 𝜑𝜑𝑋𝑋𝑓𝑓 and 𝜑𝜑𝑌𝑌𝑓𝑓 [i=1, 2 …(2𝑍𝑍 + 1) × 2] are all constant, 

representing the magnitude and phase angle for the relative torque terms, when 𝛽𝛽𝑣𝑣 is 0. It can 

be observed that the resultant torque ripple harmonic can be controlled by 𝛽𝛽𝑣𝑣. It is worth noting 

that the resultant magnitude 𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓  is also proportional to the injected current harmonic 

magnitude 𝑖𝑖𝑣𝑣.  Therefore, in order to minimize the resultant torque ripple, as mentioned 

previously, (4.26) and (4.29) need to achieve the same magnitude and have a 𝜋𝜋  phase 

difference, which leads to 

�
𝜑𝜑𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝛽𝛽𝑣𝑣) = 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 + π
𝑇𝑇𝐻𝐻𝑟𝑟𝑓𝑓𝑓𝑓(𝐼𝐼𝑣𝑣,𝛽𝛽𝑣𝑣) = 𝑇𝑇𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓

 (4.32) 

  
Fig. 4.28. 2D-FEA torque ripple vs harmonic current phase angle for a single layer 6-phase 

DS-SRMs with different harmonic current injections. The fundamental current I1 is equal to 

1A. (a) 3rd harmonic, (b) 5th harmonic and (c) 7th harmonic. (Dashed line: Peak value of 2D-

FEA, Arrow: Predicted phase angle). 

By solving (4.32), the harmonic magnitude and phase angle can be predicted at which the 

minimum torque ripple will occur. Fig. 4.28 shows the torque ripple coefficient (𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚−𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚
𝑇𝑇𝑚𝑚𝑎𝑎𝑎𝑎

×

100%, where 𝑇𝑇𝑟𝑟𝑎𝑎𝑚𝑚, 𝑇𝑇𝑟𝑟𝑓𝑓𝑛𝑛 and 𝑇𝑇𝑎𝑎𝑣𝑣𝑒𝑒 are the maximum, minimum and average torques during 



128 
 

one electrical period) versus harmonic phase angle when phase RMS current is 1Arms. It is 

proven that the prediction of harmonic magnitudes and phase angles are generally accurate 

where the minimum torque ripple will occur.  

Proposed method can be implemented to different topologies. TABLE 4.5 shows the 

selection of different current harmonics based on the proposed method to suppress dominant 

torque ripple for several topologies. The phase RMS current is kept at 1A. After injecting these 

current harmonics, the predicted average torque and torque ripple variations have been shown 

in TABLE 4.6.  

TABLE 4.5. CHARACTERISTICS OF CURRENT HARMONICS TO MINIMIZE TORQUE RIPPLE FOR 

DIFFERENT MACHINE TOPOLOGIES (PHASE RMS CURRENT IS 1ARMS) 

Machine 
types 

3rd 5th 7th 

mag phase mag phase mag phase 

4 
DL 48.4% 270.8° 64.9% 2.15° 67.2% 87° 

SL 50% 266.1° 35.7% 353.5° 35.3% 87.5° 

5 
DL 33.6% 71.3° 686% 196.9° 8.66% 90.9° 

SL 32.3% 78.6° 65% 177.7° 8.28% 89.1° 

6 
DL 1204% 0.06° 34% 113.4° 34.7% 202° 

SL 47.7% 45.1° 21.7% 134.3° 21.7% 223.8° 

TABLE 4.6. AVERAGE TORQUE AND TORQUE RIPPLE COEFFICIENT AFTER CURRENT HARMONIC 

INJECTION WITH 1ARMS PHASE CURRENT 

Machine 
types 

3rd 5th 7th 

Ave (%) Rip (%) Ave (%) Rip (%) Ave (%) Rip (%) 

4 
DL -94.2 +234.3 -50.4 +85.4 -52.3 +116.2 

SL -99.7 +2045 +4.1 +12.2 +3.47 +2.0 

5 
DL +43.7 -74.7 -98.2 -55.4 +3.0 -81.8 

SL +45.9 -84.4 -38.7 -68.0 +3.1 -82.2 

6 
DL -99.4 -69.5 -46.8 -50.2 -18.4 -49.7 

SL +10.2 -78.0 -17.2 -72.2 -11.3 -77.8 
Note: “+” means increased and “-” means reduced. 

It is found that the 3rd order current harmonic shows the best performance for most machines, 

such as DL/SL 5-phase machines, SL 6-phase machines. It not only reduces the torque ripple 

by more than 70%, but also increases the average torque, especially, for the 5-phase machines. 
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However, it is ineffective in reducing the torque ripple or increasing the average torque for the 

DL 6-phase machine even when a 3rd order current harmonic of 1204% of the fundamental 

current is injected. This is mainly due to the fact that the harmonic torques due to the self- and 

mutual-inductances have cancelled each other. Similarly, the 5th order current harmonic will 

not be effective for the DL 5-phase machine. It is also found that, due to the special 

characteristics of the 4-phase machines, no harmonic current injection can be used for reducing 

their torque ripple regardless the SL or DL winding structure. However, the proposed methods 

can still be used to increase their average torque. 

 
(a) 

 
(b) 

Fig. 4.29. (a) on-load torque and (b) spectra for single layer 4-phase DS-SRM with predicted 

current harmonics injected. Phase RMS current is 1A. 

In order to find out the reason why the 4-phase machines are not performing well, the torques 

of a SL 4-phase DS-SRM with the injected current harmonic characterized in TABLE 4.5 are 
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shown in Fig. 4.29. It can be seen that after the 3rd order current harmonic is injected, the 

dominant 4th order torque ripple has been entirely suppressed, as expected. However, although 

this current harmonic injection has little effect on other harmonics such as the 8th and 12th order 

torque harmonics, the average torque is significantly reduced by 99.7%. This is mainly due to 

the fact that the 2nd order inductance harmonic (highest magnitude) is an active inductance 

harmonic (𝑣𝑣 ± 1) interacting with the 3rd order current harmonic, which significantly reduces 

the average torque at the selected phase angle. It leads to an extremely high resultant torque 

ripple coefficient. The 5th and 7th order current harmonics can also suppress the 4th order torque 

harmonic, but different from the 3rd order current harmonic, the 8th order torque harmonic is 

significantly increased [see Fig. 4.29 (b)], due to the interaction between current harmonics 

and the 2nd order inductance harmonic (|1 ± 𝑣𝑣 ± 𝑛𝑛|). Therefore, together with the reduction in 

the average torque, no obvious improvement is observed in the resultant torque ripple. This is 

similar for the double layer 4-phase DS-SRM, therefore its results have not been shown here 

to avoid repetition. It is worth noting that due to the nature of inductances for the 4-phase DS-

SRMs, their instantaneous torques at some rotor positions, such as 0°, 90° and 180°, etc., are 

almost 0 and cannot be improved by the proposed methods as shown in Fig. 4.29 (a). Therefore, 

other methods such as the rotor pole shaping proposed in [10] might be needed to change the 

inductance profile so as to reduce the torque ripple.  

 CONCLUSION 

This chapter proposes a general instantaneous torque prediction method for multiphase 

doubly salient synchronous reluctance machines (DS-SRMs). The torque produced by each 

inductance harmonic can be accurately predicted under linear condition. With increased 

magnetic saturation, the accuracy of the analytical prediction might be reduced. Based on the 

analytical torque equation, it is found that for the DS-SRMs, the torque harmonic frequency 

only depends on the phase number. Generally, there will be mkth order torque harmonics for 

multi-phase machine if mod(𝑚𝑚𝑘𝑘, 2) = 0 is valid, and they are due to the interaction between 

the fundamental current and the mkth, (𝑚𝑚𝑘𝑘 ± 2)𝑓𝑓ℎ order inductance harmonics. However, there 

is also a special case such as the 12s/10p double layer 6-phase machines which have self- and 

mutual- 6th order torque harmonics cancelled one another and inherently lead to much lower 

torque ripple. 

Moreover, it is also found that the 2- and 4-phase machines will produce inherently higher 

torque ripple due to the fact that all the inductance harmonics contribute to torque ripple. 
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However, for the 5-phase machines, only certain inductance harmonics contribute to torque 

ripple. Other inductance harmonics, particularly some low order inductance harmonics (n<8), 

with relatively higher magnitudes, have no influence on torque ripple. As a result, the 5-phase 

machines generally achieve lower torque ripple than other phase numbers.  

When the 𝑣𝑣𝑓𝑓ℎ order current harmonic is injected in a multi-phase machine, there will be two 

active inductance harmonics [(𝑣𝑣 ± 1)th] produce extra average torque. Compared with other 

current harmonic, the 3rd order current harmonic shows the best potential in average torque 

improvement. This is because the 2nd order inductance harmonic (highest magnitude) is often 

an active inductance harmonic for average torque production. Moreover, it is also found that 

the active inductances for torque ripple reduction [(|𝑚𝑚𝑘𝑘 ± 𝑣𝑣 ± 1|)th] depends on the phase 

number m and the injected current harmonic order v. If the 2nd order inductance harmonic is 

one of the active inductance harmonics, when the vth order current harmonic is injected, lower 

current harmonic (magnitude) is required to completely compensate the dominant torque 

harmonic due to fundamental current. The analytical and numerical results for multi-phase DS-

SRMs will be validated by experiments in Chapter 6. 
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 ANALYSIS OF LOSSES AND DYNAMIC 

PERFORMANCE WITH CURRENT HARMONIC 

INJECTION 

As investigated in previous chapters, a current harmonic injection method is adopted 

to improve the average torque and to reduce the torque ripple of DS-SRMs. However, the 

injected current harmonics will bring extra copper and iron losses. Moreover, the 

interaction between the inductance harmonics and the injected current harmonics will 

lead to non-negligible distortion in the phase voltage, which will influence machine’s 

dynamic performance in the flux-weakening region. In order to fully evaluate the 

effectiveness and efficiency of the proposed harmonic current injection method, 

comprehensive studies of loss, efficiency and dynamic performance of the DS-SRMs with 

current harmonic injection will be investigated in this chapter. The analytical torque 

model in dq0-axis has been proposed in this chapter to investigate the dynamic 

performance such as torque speed curve and efficiency map with current harmonic 

injections. It has been found that, for the same RMS current, although the 3rd order 

current harmonic injection will cause extra losses, it can increase the average torque, 

reduce the torque ripple and slightly increase the efficiency at flux-weakening region. 

However, although the 5th and 7th order current harmonics can reduce the torque ripple, 

they also cause significant voltage distortion and lead to deteriorated dynamic 

performance. 

This chapter comes from the author’s own papers [151],[152]. 
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 INTRODUCTION 

In order to reduce the torque ripple of DS-SRMs, a current harmonic injection methods have 

been proposed in previous chapters, which can suppress torque ripple and even further increase 

the average torque. The results showed that by properly selecting harmonic current order, its 

phase angle and also amplitude, machine average torque can be increased while its torque ripple 

can be significantly reduced. However, no study about the influence of current harmonic on 

machine losses (copper and iron) has yet been reported. In order to fill in this gap, this chapter 

will consider 3 types of 12s/8p DS-SRM with different winding configurations (single/double 

layer mutually coupled and fully pitched) as examples, to investigate the copper loss, iron 

losses, mechanical loss and efficiency after current harmonic injection.  

Moreover, the interaction between the inductance harmonics and the injected current 

harmonics will lead to non-negligible distortion in the voltage, which will influence machine’s 

dynamic performance in the flux-weakening region, particularly the efficiency maps of the DS-

SRMs. As a result, the investigation of dynamic performance for DS-SRMs with current 

harmonic injection has been carried out as well. However, Due to the fact that the proposed 

electromagnetic model in Chapter 2 and Chapter 3 is in abc-axis frame, which is inconvenient 

for analysing the dynamic performance, the model in dq0-axis frame needs to be adopted. In 

the ideal electromagnetic model of synchronous reluctance machines, only the dc and 2nd order 

harmonics of the self- and mutual-inductances are considered. As a result, the d- and q-axis 

equivalents, such as, the d- and q-axis flux linkages and the electromagnetic torque become 

constants [153]-[104], which means that the influences of higher order inductance harmonics 

cannot be fully considered. Although some existing research papers consider the higher order 

harmonic inductances in the electromagnetic model of synchronous reluctance machines [155]-

[156], they often neglect the influence of current harmonics on machine performances. 

Therefore, in order to account for both the higher order inductance and current harmonics, new 

electromagnetic models in d- and q-axis have been proposed in this chapter. 

 LOSSES OF 3-PHASE DS-SRMS 

In Chapter 3, the comparative studies of three typical types of 3-phase DS-SRMs with current 

harmonic injection have been carried out. However, the injected current harmonic will leads to 

the extra loss due to higher frequency, particularly the iron losses. In order to fully investigate 

the effectiveness of the proposed method, this section will use these three typical DS-SRMs as 
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examples to investigate the copper, iron loss and overall machine efficiency after injecting the 

current harmonics. Similar study can be done for multi-phase machines, which will be part of 

our future works.  

5.2.1 COPPER LOSSES 

As mentioned in Chapter 4.4, the phase resistances of the DL and SL machines are much 

smaller than that of the FP machine, due to shorter concentrated winding. Using the same 

method as in Chapter 4.4, the phase resistances can be calculated, being 0.37Ω, 0.34Ω and 

0.54Ω for DL, SL and FP, respectively. Therefore, copper loss can be calculated by 𝑃𝑃𝑐𝑐𝑐𝑐𝑓𝑓 =

𝑚𝑚𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠2𝑅𝑅, It is worth noting that for a fairer comparison between different current harmonics, 

the phase rms current before and after injecting the harmonic currents is kept unchanged.  

Fig. 5.1 and Fig. 5.2 show the average torque and torque ripple coefficient versus copper 

losses for foregoing 3-phase DS-SRMs. The same conclusion in Chapter 3 can be made that 

the 3rd order current harmonic shows the best performance for both the SL and FP 3-phase DS-

SRMs. It could minimize the torque ripple and increase the average torque at lower current 

level (lower copper losses). With increasing phase current, the 3rd order current harmonic can 

still increase the average torque of the FP machine by 25% but it loses the benefit in torque 

ripple reduction with selected harmonic angle. Although the 3rd order current harmonic has 

little effect on the DL machine, the other order current harmonic injection can still be utilized 

to improve the torque ripple of such machine. 
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(a) SL 

 
(b) DL 

 
(c) FP 

Fig. 5.1. Average torque vs copper losses for the 3-phase 12s/8p DS-SRMs with current 

harmonic injections. 
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(a) SL 

 
(a) DL 

 
(a) FP 

Fig. 5.2. Torque ripple coefficient vs copper losses for the 3-phase 12s/8p DS-SRMs with 

current harmonic injections. 
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5.2.2 IRON LOSSES 

For the machine topologies considered in this section, although the sinewave excitation 

simplifies the process for estimating iron loss, non-sinusoidal localized flux densities still exist, 

especially after injecting current harmonics. In order to deal with this problem, the flux 

densities of each mesh element in the 2D finite element model have been analysed using 

Fourier Series analysis, and the iron loss density (W/Kg) due to each flux density harmonic can 

be predicted using (5.1) [157]-[159]. 

𝑃𝑃𝐹𝐹𝑒𝑒 = 𝑘𝑘ℎ(𝜋𝜋,𝐵𝐵𝑟𝑟)𝜋𝜋𝐵𝐵𝑟𝑟2 + 𝑘𝑘𝑒𝑒(𝜋𝜋,𝐵𝐵𝑟𝑟)𝜋𝜋2𝐵𝐵𝑟𝑟2  (5.1) 

where 𝜋𝜋 is the stator or rotor flux-density frequency, 𝐵𝐵𝑟𝑟 is the amplitude of the alternating flux 

density and 𝑘𝑘ℎ and 𝑘𝑘𝑒𝑒 are the hysteresis and eddy current loss coefficients, respectively, which 

vary with frequency and flux density. The iron losses versus flux density for the investigated 

machines are shown in Fig. 5.3. 

 
Fig. 5.3 Iron loss curves of investigated machines. 

 
Fig. 5.4 Modified loss curves based on (5.2). 
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To work out 𝑘𝑘ℎ and  𝑘𝑘𝑒𝑒, (5.1) can be rewritten in the form of (5.2). It is obvious that a linear 

relationship between loss density and frequency can be achieved and shown in Fig. 5.4. The 

intersection between the curves and y-axis gives 𝑘𝑘ℎ and the slope of the curves indicates the 

value of 𝑘𝑘𝑒𝑒. Therefore, the coefficients of iron loss model used in this chapter can be obtained, 

as shown in Fig. 5.5. 

𝑃𝑃𝐹𝐹𝑒𝑒
𝜋𝜋𝐵𝐵𝑟𝑟2

= 𝑘𝑘ℎ(𝜋𝜋,𝐵𝐵𝑟𝑟) + 𝑘𝑘𝑒𝑒(𝜋𝜋,𝐵𝐵𝑟𝑟)𝜋𝜋 (5.2) 

 
Fig. 5.5 Coefficients (kh and ke) of iron loss model of investigated machines. 

In order to determine the frequencies of the stator and rotor flux density, a set of flux densities 

at four typical locations in the stator and rotor have been selected, as shown in Fig. 5.6. Points 

a and b, at stator tooth and yoke, have the largest flux density variation. This is the same for 

points c and d at rotor tooth and yoke, respectively. The flux density frequencies for different 

machine topologies have been given in TABLE 5.1. It is worth noting that the stator flux 

density frequency 𝜋𝜋0 is the same as the fundamental electric frequency and can be calculated 

by 𝜔𝜔𝑓𝑓
60

, where 𝜔𝜔 is the rotor mechanical speed and p is the pole-pair number. 
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(a) SL, phase A aligned (b) SL, phase A unaligned 

 

  
(c) DL, phase A aligned (d) DL, phase A unaligned 

 

  
(e) FP, phase A aligned (f) FP, phase A unaligned 

Fig. 5.6 Flux density distributions when machines are supplied by 5Arms 3-phase ac currents.  

TABLE 5.1 FLUX DENSITY FREQUENCY 

Machine Types 
𝐵𝐵𝑟𝑟/𝐵𝐵𝑓𝑓 frequency (Hz) 

Stator Rotor 

SL 𝜋𝜋0 1.5𝜋𝜋0 

DL 𝜋𝜋0 3𝜋𝜋0 

FP 𝜋𝜋0 1.5𝜋𝜋0 

Note: Br and Bt are the radial and tangential components of flux density.  
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After implementing the above iron loss model, and by way of example, the iron losses of 

investigated machines (in Chapter 3) with different current harmonic injections were calculated 

at 5 Arms and at 400 rpm. The results are shown in TABLE 5.2. It can be found that for all the 

machine topologies, the iron losses in the stator are larger than that in the rotor. Moreover, it is 

also found that the FP machine has much higher iron loss compared with other types of winding 

configurations. This is mainly due to the fact that although all machines have the same 𝜋𝜋0, the 

FP machine generally has the highest variation of flux density in both radial and tangential 

directions (𝐵𝐵𝑟𝑟 and 𝐵𝐵𝑓𝑓), as shown in Fig. 5.7.  

TABLE 5.2 LOSSES OF DS-SRMS AT 5 ARMS, 400 RPM 

Machine 
types Current 

Copper loss 
(W) 

Iron loss (W) 

Stator Rotor Total 

SL 

𝑖𝑖1 27.75 0.407 0.174 0.581 

𝑖𝑖1 + 𝑖𝑖3 27.75 0.507 0.201 0.708 

𝑖𝑖1 + 𝑖𝑖5 27.75 0.528 0.204 0.732 

𝑖𝑖1 + 𝑖𝑖7 27.75 0.610 0.238 0.848 

DL 

𝑖𝑖1 25.5 0.167 0.020 0.187 

𝑖𝑖1 + 𝑖𝑖3 25.5 0.155 0.019 0.174 

𝑖𝑖1 + 𝑖𝑖5 25.5 0.271 0.054 0.325 

𝑖𝑖1 + 𝑖𝑖7 25.5 0.320 0.062 0.382 

FP 

𝑖𝑖1 40.5 0.954 0.467 1.421 

𝑖𝑖1 + 𝑖𝑖3 40.5 0.915 0.442 1.357 

𝑖𝑖1 + 𝑖𝑖5 40.5 1.152 0.513 1.665 

𝑖𝑖1 + 𝑖𝑖7 40.5 1.486 0.660 2.146 

It has also been found that the 3rd order current harmonic injection has little effect on the DL 

machine due to cancelation effect between the self- and mutual-inductances [160]. As a result, 

the waveforms of flux density with and without the 3rd order harmonic current injection are 

quite similar [Fig. 5.7 (b)]. It is worth noting that the magnitude of flux density with the 3rd 

order harmonic current injection is slightly lower than that of the fundamental current supply, 

which is due to the fact that the phase RMS current has been kept constant. Therefore, the iron 

losses are slightly reduced after the 3rd order current harmonic injection. 
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(a) SL 

 
(b) DL 

 
(c) FP 

Fig. 5.7 Waveforms of Br and Bt on the stator (at point b) of the DS-SRMs with current 

harmonic injections. Phase current is 5 Arms.  
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(a) SL 

 
(b) DL 

 
(c) FP 

Fig. 5.8 Spectra of Br and Bt on the stator (at point b) of the DS-SRMs with current harmonic 

injections. Phase current is 5 Arms.  
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(a) SL 

 
(b) DL 

 
(c) FP 

Fig. 5.9 Comparison of iron loss for 3-phase DS-SRMs at constant speed 400rpm with 

increasing phase rms current.  
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The spectra of Br and Bt of the DS-SRMs with current harmonic injections are shown in Fig. 

5.8. It can be found that although fundamental flux density is slightly reduced, the high order 

flux harmonics could be increased by the proposed method. Essentially, the kth order current 

harmonic injection will increase the kth order flux density harmonic. 

Both the current level and current harmonic will influence the flux density of the machines 

and hence affect the iron loss. Therefore, the comparison of iron loss versus phase rms current 

has been investigated and the results are shown in Fig. 5.9. As can be seen that the 7th order 

current harmonic injection always contributes to the highest iron loss for all the machine 

topologies. However, it is surprising to notice that for both the SL and FP machines, at modest 

current (<18A), the iron loss with the 3rd order current harmonic injection is larger than that 

with the 5th order current harmonic injection. In order to investigate this phenomenon, the stator 

eddy current loss and hysteresis loss at a phase current of 10Arms are shown in Fig. 5.10. 

Similar trend has been observed for the rotor losses, and therefore they are not shown here to 

avoid repetition. It has been found that when the machine is operating at this relatively low 

current level, both eddy current and hysteresis losses due to fundamental flux density are 

slightly reduced. This is mainly due to fact that the magnitude of fundamental current is reduced 

with current harmonic injection in order to maintain the same RMS current. However, the kth 

order current harmonic injection will increase the losses due to the kth order flux density 

harmonic. In this case, since larger 3rd order current harmonic is injected (Chapter 3), its 

resultant iron loss could be higher than that with the 5th order current harmonic injection. It is 

also found in the Fig. 5.9 that, at higher current level, the iron losses with the 3rd order harmonic 

current injection can be lower than that of the 5th order harmonic current injection. This is 

mainly due to the different effects of magnetic saturation on the different current harmonic 

injections. Moreover, for the DL machine, it is not surprising that the iron losses with the 3rd 

order current harmonic have the same trend as that of fundamental current due to the fact that 

they have almost the same distribution of flux density, as shown in Fig. 5.7 (b). 
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(a) SL 

 
(b) DL 

 
(c) FP 

Fig. 5.10 Eddy current losses and hysteresis losses for 3-phase DS-SRMs. Phase current is 

10Arms and rotor speed is 400rpm. 
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Fig. 5.11 shows the iron loss versus phase rms current of different machines with 3rd order 

current harmonic injection at 400rpm. The FP machine produces the highest iron losses while 

the DL machine always has the lowest iron loss. Moreover, with increasing phase rms current, 

the iron losses increase more slowly in FP machine, which can be attributed to the different 

phenomena in which magnetic saturation comes into play. It is worth noting that the same trend 

has been observed for other current harmonic injections. For completeness and by way of 

example, Fig. 5.12 shows the iron losses against the average torque for the SL machine with 

current harmonic injection. It can be found that the 3rd order current injection again shows the 

best performance compared with other current harmonics. At the same average torque level, 

the 3rd order current harmonic injection will produce similar or even lower iron loss than that 

of the fundamental current.  

 
Fig. 5.11 Comparison of iron loss vs phase RMS current amongst different machines @ 400rpm 

with 3rd order current injection. 

 
Fig. 5.12 Comparison of iron loss vs average torque @ 400 rpm with current harmonic injection 

for SL DS-SRMs. 
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(a) SL 

 
(b) DL 

 
(c) FP 

Fig. 5.13 Comparison of iron loss for 3-phase DS-SRMs at constant current 5Arms with 

increasing rotor speed. 
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Fig. 5.13 shows the iron loss for DS-SRMs at 5Arms current with increasing rotor speed. It 

is found that at 5Arms current, all the machines with the 7th order current harmonic injection 

will produce the highest iron loss for the full speed range. And the iron loss of the FP DS-

SRMs with such current level is the highest as shown in Fig. 5.14. As can be expected, these 

relatively small machines operating at modest speeds, the absolute levels of iron losses in all 

the machine topologies with current harmonic injection are much smaller than the copper losses 

shown previously in TABLE 5.2. However, the relative magnitudes of the iron losses provide 

valuable, reasonable and scalable indicator for the relative performance in the different 

topologies with different current harmonic injections. 

 
Fig. 5.14 Comparison of iron loss vs rotor speed amongst different machines with 3rd order 

current injection. Phase rms current is 5Arms. 

5.2.3 EFFICIENCY 

The machine efficiency can be calculated based on the output power and the machine losses 

as: 

𝜂𝜂 =
𝑃𝑃𝑐𝑐𝑓𝑓𝑓𝑓

𝑃𝑃𝑐𝑐𝑓𝑓𝑓𝑓 + 𝑃𝑃𝑐𝑐𝑐𝑐𝑓𝑓 + 𝑃𝑃𝐹𝐹𝑒𝑒 + 𝑃𝑃𝑟𝑟𝑒𝑒𝑐𝑐
 (5.3) 

where 𝑃𝑃𝑐𝑐𝑓𝑓𝑓𝑓 is the output power (𝑃𝑃𝑐𝑐𝑓𝑓𝑓𝑓 = 𝑇𝑇𝑒𝑒𝜔𝜔𝑟𝑟) and 𝑃𝑃𝑟𝑟𝑒𝑒𝑐𝑐 represents the mechanical loss due to 

aerodynamic windage and bearing fraction. It has been calculated to be 2.64 W at 400 rpm for 

all the machines using the method introduced in [161]. Fig. 5.15 shows the average torque and 

efficiency versus total losses (copper loss + iron losses + mechanical loss) with current 

harmonic injections at a rotor speed of 400 rpm. Only the 3rd order current harmonic results 

have been given as example, since other harmonic current injections give the same trend for all 
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types of machines. It has been found that at low phase current region (low copper losses), the 

FP and SL machines have higher efficiency compared with the DL machine due to their higher 

output power. However, when the phase current increases (higher copper losses), the average 

torque of the DL machine exceeds that of the other two machines due to the fact that they are 

more sensitive to magnetic saturation.  

  
(a) Average torque vs total loss 

 
(b) Efficiency vs total losses 

Fig. 5.15 Comparison of results for 3-phase DS-SRMs @ 400 rpm with 3rd order current 

injection. 

TABLE 5.3 lists the efficiency results for all the machines before and after injecting 

harmonic current at 5Arms and 400rpm. The relatively low efficiency is mainly due to low 

speed and high copper losses. It is worth noting that for the relatively small size machines used 

in this thesis, the copper loss plays a dominant role in the machine losses therefore largely 

dominates the machine efficiency.  



150 
 

TABLE 5.3 EFFICIENCY OF DS-SRMS AT 5ARMS AND 400RPM 

Machine types Current 
Output power 

(W) 
Efficiency 

(%) 

SL 

𝑖𝑖1 28.7 50.3 

𝑖𝑖1 + 𝑖𝑖3 33.0 53.7 

𝑖𝑖1 + 𝑖𝑖5 24.7 46.5 

𝑖𝑖1 + 𝑖𝑖7 25.8 47.4 

DL 

𝑖𝑖1 15.0 36.9 

𝑖𝑖1 + 𝑖𝑖3 13.8 35.0 

𝑖𝑖1 + 𝑖𝑖5 9.1 26.0 

𝑖𝑖1 + 𝑖𝑖7 12.6 32.8 

FP 

𝑖𝑖1 54.2 56.4 

𝑖𝑖1 + 𝑖𝑖3 65.9 61.2 

𝑖𝑖1 + 𝑖𝑖5 48.7 53.6 

𝑖𝑖1 + 𝑖𝑖7 48.6 53.3 

For completeness, Fig. 5.16 shows the efficiency versus rotor speed at phase current of 

5Arms. Generally, the DL machine has lower efficiency compared with the SL and FP 

machines. However, in terms of increasing rate of the efficiency, the DL machine has the best 

performance. By way of example, with only 3rd order current harmonic injection (see Fig. 5.17), 

the efficiency of the DL machine has increased by 100% (from 400 rpm to 2000 rpm) while 

for the SL and FP machines, it is only 66% and 49%, respectively. It is also found that except 

the DL machine, the 3rd order current harmonic injection can slightly increase the efficiency of 

the SL and FP machines by around 3-5%.  
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(a) SL 

 
(b) DL 

 
(c) FP 

Fig. 5.16 Comparison of efficiency at phase current of 5Arms for DS-SRMs. 
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Fig. 5.17 Comparison of efficiency at phase current of 5Arms with 3rd order current harmonic 

injection.  

Fig. 5.18 shows the efficiency versus phase rms current of DS-SRMs with current harmonic 

injection. It is found that the 5th and 7th order current harmonic injections will always reduce 

the efficiency at low phase current, due to lower output power and higher iron losses. However, 

with increasing phase current, the 5th and 7th order current harmonic injections may increase 

the efficiency of the DS-SRMs (7th for SL machine and 5th for FP machine). This is mainly due 

to the different effects of magnetic saturation on the different current harmonic injections, and 

the average torque might be increased by selected current harmonic. Moreover, it has also been 

found that the DL machine shows the highest efficiency when the phase current is larger than 

20Arms as shown in Fig. 5.19, due to fact that the DL machine is less sensitive to magnetic 

saturation compared with the SL and FP counterparts. 
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(a) SL 

 
(b) DL 

 
(c) FP 

Fig. 5.18 Comparison of efficiency vs phase RMS current for DS-SRMs @ 400 rpm with 

current harmonic injection.  
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Fig. 5.19 Comparison of efficiency vs phase RMS current @ 400rpm with the 3rd order current 

harmonic injection.  

 DYNAMIC PERFORMANCE WITH CURRENT HARMONIC INJECTION 

Apart from losses, this chapter also investigates dynamic performances, such as, torque-

speed curve and efficiency map, of 3-phase DS-SRMs with current harmonic injection. The 

interaction between the inductance harmonics and the injected current harmonics will lead to 

non-negligible distortion in the voltage, which will influence machine’s dynamic performance 

in the flux-weakening region. In order to fully consider the effect of current harmonics on the 

dynamic performance, 2D-FE are often regarded as effective and straightforward tools. 

However, they are more time consuming. Therefore, in order to reduce modelling complexity, 

a new electromagnetic models in dq-axis, account for both the higher order inductance and 

current harmonics, have been proposed in this section. 

5.3.1 DETAILED ANALYTICAL MODEL OF DS-SRMS IN DQ0-AXIS  

General dynamic equation for a synchronous reluctance machine in the abc-axis frame given 

by (5.4) can also be employed for the DS-SRMs in this thesis [156]. 

[𝑣𝑣]𝑎𝑎𝑏𝑏𝑐𝑐 = 𝑅𝑅[𝑖𝑖]𝑎𝑎𝑏𝑏𝑐𝑐 +
𝑑𝑑[𝜓𝜓]𝑎𝑎𝑏𝑏𝑐𝑐
𝑑𝑑𝑜𝑜

 (5.4) 

[𝑣𝑣]𝑎𝑎𝑏𝑏𝑐𝑐 = [𝐿𝐿𝑠𝑠][𝑖𝑖]𝑎𝑎𝑏𝑏𝑐𝑐 (5.5) 

where [𝑣𝑣]𝑎𝑎𝑏𝑏𝑐𝑐, [𝑖𝑖]𝑎𝑎𝑏𝑏𝑐𝑐 and [𝜓𝜓]𝑎𝑎𝑏𝑏𝑐𝑐 are stator voltages, currents and flux linkages, respectively. 𝑅𝑅 

and [𝐿𝐿𝑠𝑠] represent the stator resistance and 3-phase inductance matrix, respectively. 
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𝐿𝐿𝑠𝑠 = �
𝐿𝐿𝑎𝑎𝑎𝑎 𝑀𝑀𝑎𝑎𝑏𝑏 𝑀𝑀𝑎𝑎𝑐𝑐
𝑀𝑀𝑏𝑏𝑎𝑎 𝐿𝐿𝑏𝑏𝑏𝑏 𝑀𝑀𝑏𝑏𝑐𝑐
𝑀𝑀𝑐𝑐𝑎𝑎 𝑀𝑀𝑐𝑐𝑏𝑏 𝐿𝐿𝑐𝑐𝑐𝑐

� (5.6) 

where L and M are the self- and mutual-inductances, respectively. 

5.3.1.1 IDEAL ELECTROMAGNETIC MODEL 

Generally, in an ideal synchronous machine, the spatial stator winding function distribution 

is assumed to be sinusoidal, leading to the fact that the self- and mutual-inductances only 

contain the dc component and the 2nd order harmonic component as shown as (5.7) and (5.8). 

As a result, the ideal torque model can only be used to derive the expression for average torque, 

while the torque ripple cannot be predicted. 

𝐿𝐿𝑚𝑚𝑚𝑚(𝜃𝜃𝑒𝑒) = 𝐿𝐿𝑠𝑠0 + 𝐿𝐿2cos �2(𝜃𝜃𝑒𝑒 + 𝜃𝜃𝑚𝑚𝑚𝑚)� (5.7) 

𝑀𝑀𝑚𝑚𝑥𝑥(𝜃𝜃𝑒𝑒) = 𝑀𝑀𝑠𝑠0 + 𝑀𝑀2cos (2(𝜃𝜃𝑒𝑒 + 𝜃𝜃𝑚𝑚𝑥𝑥)) (5.8) 

where x and y indicate the phases a, b and c. 𝐿𝐿𝑠𝑠0 and 𝐿𝐿2 are the dc component and the magnitude 

of 2nd order harmonic self-inductance, while  𝑀𝑀𝑠𝑠0  and 𝑀𝑀2  are the dc component and the 

magnitude of the 2nd order harmonic mutual-inductance. 𝜃𝜃𝑚𝑚𝑚𝑚 is the phase shift angle between 

three phases. For the investigated machines, it is equal to 0°, −120° and 120°, for phase a, b 

and c, respectively. However, 𝜃𝜃𝑚𝑚𝑥𝑥 is equal to 120°, 0° and −120°, between phases a and b, b 

and c and c and a, respectively. 

After implementing the Park transformation (5.11) for (5.4)-(5.8), the ideal dq0-axis model 

can be derived as 

�
𝑣𝑣𝑑𝑑
𝑣𝑣𝑞𝑞
𝑣𝑣0
� = 𝑅𝑅 �

𝑖𝑖𝑑𝑑
𝑖𝑖𝑞𝑞
𝑖𝑖0
� + �

0 −𝜔𝜔 0
𝜔𝜔 0 0
0 0 0

� �
𝜓𝜓𝑑𝑑
𝜓𝜓𝑞𝑞
𝜓𝜓0
� +

𝑑𝑑
𝑑𝑑𝑜𝑜
�
𝜓𝜓𝑑𝑑
𝜓𝜓𝑞𝑞
𝜓𝜓0
� (5.9) 

The flux linkage in dq0-axis are given by: 

�
𝜓𝜓𝑑𝑑
𝜓𝜓𝑞𝑞
𝜓𝜓0
� = 𝐿𝐿𝑑𝑑𝑞𝑞0 �

𝑖𝑖𝑑𝑑
𝑖𝑖𝑞𝑞
𝑖𝑖0
� (5.10) 

The 𝐿𝐿𝑑𝑑𝑞𝑞0 are calculated by 𝑃𝑃−1𝐿𝐿𝑠𝑠𝑃𝑃, (where P is Park transformation matrix) and given by: 

𝑃𝑃 = �
cos𝜃𝜃𝑒𝑒 −sin𝜃𝜃𝑒𝑒 1

cos(𝜃𝜃𝑒𝑒 − 120°) − sin(𝜃𝜃𝑒𝑒 − 120°) 1
cos(𝜃𝜃𝑒𝑒 + 120°) − sin(𝜃𝜃𝑒𝑒 + 120°) 1

� (5.11) 
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𝐿𝐿𝑑𝑑𝑞𝑞0 = �
𝐿𝐿𝑑𝑑 0 𝐿𝐿0𝑑𝑑
0 𝐿𝐿𝑞𝑞 𝐿𝐿0𝑞𝑞
𝐿𝐿𝑑𝑑0 𝐿𝐿𝑞𝑞0 𝐿𝐿0

� (5.12) 

where 

𝐿𝐿𝑑𝑑 = 𝐿𝐿𝑠𝑠0 − 𝑀𝑀𝑠𝑠0 + 0.5(𝐿𝐿2 + 2𝑀𝑀2) (5.13) 

𝐿𝐿𝑞𝑞 = 𝐿𝐿𝑠𝑠0 − 𝑀𝑀𝑠𝑠0 − 0.5(𝐿𝐿2 + 2𝑀𝑀2) (5.14) 

𝐿𝐿0 = 𝐿𝐿𝑠𝑠0 + 2𝑀𝑀𝑠𝑠0 (5.15) 

𝐿𝐿𝑑𝑑0 = 0.5𝐿𝐿0𝑑𝑑 = 0.5(𝐿𝐿2 − 𝑀𝑀2)cos (3𝜃𝜃𝑒𝑒) (5.16) 

𝐿𝐿𝑞𝑞0 = 0.5𝐿𝐿0𝑞𝑞 = −0.5(𝐿𝐿2 − 𝑀𝑀2)sin (3𝜃𝜃𝑒𝑒) (5.17) 

For a balanced 3-phase system, there is no zero-sequence current. Therefore, only the 

contribution from dq-axis component is needed and the ideal electromagnetic torque for a DS-

SRM is given by: 

𝑇𝑇𝑒𝑒 =
3
2
𝑝𝑝(𝐿𝐿𝑑𝑑 − 𝐿𝐿𝑞𝑞)𝑖𝑖𝑑𝑑𝑖𝑖𝑞𝑞 (5.18) 

5.3.1.2 TORQUE DUE TO FUNDAMENTAL CURRENT 

The DS-SRMs can be expressed by general dynamic voltage (5.4)-(5.6). The non-sinusoidal 

spatial MMF distribution causes the self- and mutual-inductances (neglecting the dc 

component) to be non-sinusoidal as well. In order to predict the torque contribution more 

accurately, the self- and mutual-inductances in (5.6) are rewritten as: 

⎩
⎪
⎨

⎪
⎧𝐿𝐿𝑚𝑚𝑚𝑚(𝜃𝜃𝑒𝑒) = 𝐿𝐿𝑠𝑠0 + � 𝐿𝐿𝑛𝑛cos (𝑛𝑛(𝜃𝜃𝑒𝑒 + 𝜃𝜃𝑚𝑚𝑚𝑚))

∞

𝑛𝑛=2,4,6,…

     

𝑀𝑀𝑚𝑚𝑥𝑥(𝜃𝜃𝑒𝑒) = 𝑀𝑀𝑠𝑠0 + � 𝑀𝑀𝑛𝑛cos (𝑛𝑛(𝜃𝜃𝑒𝑒 + 𝜃𝜃𝑚𝑚𝑥𝑥))
∞

𝑛𝑛=2,4,6,…

 (5.19) 

where x and y indicate the phases a, b and c. 𝐿𝐿𝑠𝑠0 and 𝐿𝐿𝑛𝑛  are the dc component and the 

magnitude of the nth order self-inductance harmonic, while 𝑀𝑀𝑠𝑠0 and 𝑀𝑀2 are the dc component 

and the magnitude of the nth order mutual-inductance harmonic.  

Transforming the inductance matrix in abc-axis such as (5.6) and (5.19) into dq0-axis yields: 

𝐿𝐿𝑑𝑑𝑞𝑞0 = �
𝐿𝐿𝑑𝑑 𝐿𝐿𝑞𝑞𝑑𝑑 𝐿𝐿0𝑑𝑑
𝐿𝐿𝑑𝑑𝑞𝑞 𝐿𝐿𝑞𝑞 𝐿𝐿0𝑞𝑞
𝐿𝐿𝑑𝑑0 𝐿𝐿𝑞𝑞0 𝐿𝐿0

� (5.20) 
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The same method for calculating 𝐿𝐿𝑑𝑑𝑞𝑞0 as detailed in [156] has been adopted in this chapter. 

It is worth noting that the dq0-axis self-inductances, i.e. Ld, Lq and L0, contain non-zero dc 

components and superimpose with the spatial harmonic components with order 6k, k = 1, 2, 

3… However, the dq0-axis mutual-inductances do not have dc component and only contain 

harmonic components. For example, the harmonic orders are 6k, with k = 1, 2, 3… for 𝐿𝐿𝑞𝑞𝑑𝑑, and 

3k with k = 1, 3, 5… for 𝐿𝐿𝑑𝑑0 and 𝐿𝐿𝑞𝑞0. Fig. 5.20 shows the waveform of dq0-axis self- and 

mutual-inductances. To simplify the analyses, the magnitude of the nth order inductance 

harmonic will be written as 𝐿𝐿𝑚𝑚𝑚𝑚,𝑛𝑛 in the following sections. For example, 𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 represents the 

dc component of 𝐿𝐿𝑑𝑑, 𝐿𝐿𝑑𝑑,6 represents the magnitude of the 6th order 𝐿𝐿𝑑𝑑 harmonic, etc.  

 

Fig. 5.20. dq0-axis inductances vs rotor position for the 3-phase 12s/8p SL DS-SRM. 

The instantaneous power in the dq0-axis frame can be calculated as: 

𝑃𝑃𝑓𝑓𝑛𝑛 = [𝑣𝑣𝑎𝑎 𝑣𝑣𝑏𝑏 𝑣𝑣𝑐𝑐] �
𝑖𝑖𝑎𝑎
𝑖𝑖𝑏𝑏
𝑖𝑖𝑐𝑐
� = �𝑃𝑃−1 �

𝑣𝑣𝑑𝑑
𝑣𝑣𝑞𝑞
𝑣𝑣0
��

−1

𝑃𝑃 �
𝑖𝑖𝑑𝑑
𝑖𝑖𝑞𝑞
𝑖𝑖0
� 

=
3
2
�𝑣𝑣𝑑𝑑𝑖𝑖𝑑𝑑 + 𝑣𝑣𝑞𝑞𝑖𝑖𝑞𝑞 + 2𝑣𝑣0𝑖𝑖0� 

(5.21) 

Therefore, the instantaneous torque 𝑇𝑇𝑒𝑒 can be determined from the instantaneous power as: 

𝜔𝜔𝑟𝑟𝑇𝑇𝑒𝑒 = 𝑃𝑃𝑓𝑓𝑛𝑛 − 𝑃𝑃𝑐𝑐𝑐𝑐𝑓𝑓 −
𝑑𝑑𝑊𝑊𝑟𝑟

𝑑𝑑𝑜𝑜
 (5.22) 

where 𝜔𝜔𝑟𝑟 is the mechanical speed, 𝑃𝑃𝑐𝑐𝑐𝑐𝑓𝑓 represents the resistive loss. 𝑊𝑊𝑟𝑟 is the stored energy 

in the machine, which can be calculated by flux-current map, and for the linear case, the stored 

magnetic energy can be calculated by [96] 
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𝑊𝑊𝑟𝑟 =
1
2
� 𝜓𝜓𝑓𝑓𝑖𝑖𝑓𝑓

𝑓𝑓=𝑎𝑎,𝑏𝑏,𝑐𝑐

=
3
2

×
1
2

(𝜓𝜓𝑑𝑑𝑖𝑖𝑑𝑑 + 𝜓𝜓𝑞𝑞𝑖𝑖𝑞𝑞 + 2𝜓𝜓0𝑖𝑖0) (5.23) 

Substituting (5.9), (5.21) and (5.23) into (5.22), yields: 

𝑇𝑇𝑒𝑒 =
3
2
𝑝𝑝 �𝜓𝜓𝑑𝑑𝑖𝑖𝑞𝑞 − 𝜓𝜓𝑞𝑞𝑖𝑖𝑑𝑑 +

1
2
𝑖𝑖𝑑𝑑
𝑑𝑑𝜓𝜓𝑑𝑑
𝑑𝑑𝜃𝜃𝑒𝑒

+
1
2
𝑖𝑖𝑞𝑞
𝑑𝑑𝜓𝜓𝑞𝑞
𝑑𝑑𝜃𝜃𝑒𝑒

+ 𝑖𝑖0
𝑑𝑑𝜓𝜓0
𝑑𝑑𝜃𝜃𝑒𝑒

−
1
2
𝜓𝜓𝑑𝑑

𝑑𝑑𝑖𝑖𝑑𝑑
𝑑𝑑𝜃𝜃𝑒𝑒

−
1
2
𝜓𝜓𝑞𝑞

𝑑𝑑𝑖𝑖𝑞𝑞
𝑑𝑑𝜃𝜃𝑒𝑒

− 𝜓𝜓0
𝑑𝑑𝑖𝑖0
𝑑𝑑𝜃𝜃𝑒𝑒

� 

(5.24) 

Without considering the current harmonics in abc-axis, dq-axis currents will be constant as 

can be calculated by (5.25), and only the first four terms on right hand side of (5.24) will 

produce average torque and torque ripple. 

�
𝑖𝑖𝑑𝑑
𝑖𝑖𝑞𝑞
𝑖𝑖0
� = �

𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐
𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐

0
� (5.25) 

Therefore, the instantaneous torque due to fundamental current can be obtained: 

𝑇𝑇𝑓𝑓 = 𝑇𝑇𝑓𝑓,𝑑𝑑𝑐𝑐 + 𝑇𝑇𝑓𝑓,𝑟𝑟𝑓𝑓𝑓𝑓 (5.26) 

In (5.26), the average torque 𝑇𝑇𝑓𝑓,𝑑𝑑𝑐𝑐 and torque ripple 𝑇𝑇𝑓𝑓,𝑟𝑟𝑓𝑓𝑓𝑓 can be calculated as: 

𝑇𝑇𝑓𝑓,𝑑𝑑𝑐𝑐 =
3
2
𝑝𝑝(𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 − 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐)𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐 (5.27) 

and 

𝑇𝑇𝑓𝑓,𝑟𝑟𝑓𝑓𝑓𝑓 =
3
2
𝑝𝑝 � � �𝐿𝐿𝑑𝑑,𝑛𝑛 − 𝐿𝐿𝑞𝑞,𝑛𝑛 + 𝑛𝑛𝐿𝐿𝑑𝑑𝑞𝑞,𝑛𝑛�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐 cos(𝑛𝑛𝜃𝜃𝑒𝑒)

𝑛𝑛=6,12,18,…

 

− �
𝑛𝑛
2

(𝐿𝐿𝑑𝑑,𝑛𝑛𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐
2 + 𝐿𝐿𝑞𝑞,𝑛𝑛𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐

2 ) sin(𝑛𝑛𝜃𝜃𝑒𝑒)
𝑛𝑛=6,12,18,…

 

+ � 𝐿𝐿𝑑𝑑𝑞𝑞,𝑛𝑛(𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐
2 − 𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐

2 ) sin(𝑛𝑛𝜃𝜃𝑒𝑒)
𝑛𝑛=6,12,18,…

� 

(5.28) 

It can be found that the average torque is only produced by the dc components of dq-axis 

inductances. Moreover, the frequency of torque ripple is multiple of 6th order for the 3-phase 

DS-SRMs. And the nth order torque ripple is due to the interaction between the nth order dq0-

axis inductance and the fundamental current (dc component in dq-axis). For accurate prediction 

and easy implementation, the 6th and 12th order inductance harmonics will be considered in this 

chapter, as show in Fig. 5.21. Although neglecting higher order inductance harmonics (n>12) 
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will lead to a slight discrepancy between the FE and analytical predictions, a generally good 

agreement between them can still be observed. 

 
(a) 

 
(b) 

Fig. 5.21. Comparison of FEA and analytically predicted on-load torques. Three phases are 

supplied with 5 Arms ac currents. (a) Waveforms. (b) Spectra 

5.3.1.3 TORQUE DUE TO CURRENT HARMONICS 

In order to reproduce the current harmonic injection in dq0-axis frame, the investigation of 

Park Transformation has been carried out in Appendix A. Based on the study, it has been found 

that the single order current harmonic injection can be investigated for two separate cases, i.e. 

zero-sequence current harmonics in dq0-axis frame (3rd order current harmonic in abc-axis 

frame) and non-zero-sequence current harmonic in dq0-axis frame (5th and 7th order current 

harmonic injection). And they will be discussed separately in this section. 
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A).  TORQUE DUE TO ZERO-SEQUENCE CURRENT 

The 3rd order current harmonic injection will bring extra zero-sequence current component 

for a balanced 3-phase system. This section will investigate the torque contribution due to the 

zero-sequence current. In order to inject the 3rd order current harmonic into phase current, 

assumptions about the dq0-axis current have to be made such that 𝐼𝐼0,3 = 𝐼𝐼𝑣𝑣 and 𝜑𝜑0 = 𝛽𝛽𝑣𝑣, and 

the current equation is given by: 

�
𝑖𝑖𝑑𝑑
𝑖𝑖𝑞𝑞
𝑖𝑖0
� = �

𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐
𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐

𝐼𝐼0,3 cos(3𝜃𝜃𝑒𝑒 + 𝜑𝜑0)
� (5.29) 

In this case, the coupling effect between zero-sequence and dq-axis current cannot be 

neglected. The flux linkage due to coupling effect can be written as (5.30). 

�
𝜓𝜓𝑑𝑑
𝜓𝜓𝑞𝑞
𝜓𝜓0
��

𝑓𝑓0

= �
0 0 𝐿𝐿0𝑑𝑑
0 0 𝐿𝐿0𝑞𝑞
𝐿𝐿𝑑𝑑0 𝐿𝐿𝑞𝑞0 𝐿𝐿0

� �
𝑖𝑖𝑑𝑑
𝑖𝑖𝑞𝑞
𝑖𝑖0
� (5.30) 

Putting (5.29) and (5.30) into (5.24), the torque due to zero-sequence current 𝑇𝑇𝑧𝑧𝑒𝑒𝑟𝑟𝑐𝑐 can be 

calculated by: 

𝑇𝑇𝑧𝑧𝑒𝑒𝑟𝑟𝑐𝑐 =
3
2
𝑝𝑝 � � �𝐿𝐿𝑑𝑑0,𝑛𝑛 − 𝑛𝑛𝐿𝐿𝑞𝑞0,𝑛𝑛�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼0,3 cos�(𝑛𝑛 − 3)𝜃𝜃𝑒𝑒 − 𝜑𝜑0�

𝑛𝑛=3,9,15,…

 

+ � �𝐿𝐿𝑞𝑞0,𝑛𝑛 − 𝑛𝑛𝐿𝐿𝑑𝑑0,𝑛𝑛�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼0,3 sin�(𝑛𝑛 − 3)𝜃𝜃𝑒𝑒 − 𝜑𝜑0�
𝑛𝑛=3,9,15,…

 

+ � �𝐿𝐿𝑑𝑑0,𝑛𝑛 − 𝑛𝑛𝐿𝐿𝑞𝑞0,𝑛𝑛�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼0,3 cos�(𝑛𝑛 + 3)𝜃𝜃𝑒𝑒 + 𝜑𝜑0�
𝑛𝑛=3,9,15,…

 

+ � �𝐿𝐿𝑞𝑞0,𝑛𝑛 − 𝑛𝑛𝐿𝐿𝑑𝑑0,𝑛𝑛�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼0,3 sin�(𝑛𝑛 + 3)𝜃𝜃𝑒𝑒 + 𝜑𝜑0�
𝑛𝑛=3,9,15,…

 

− �
𝑛𝑛
4
𝐿𝐿0,𝑛𝑛𝐼𝐼0,3

2�sin�(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 2𝜑𝜑0� + sin�(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 2𝜑𝜑0� + 2 sin(𝑛𝑛𝜃𝜃𝑒𝑒)�
𝑛𝑛=6,12,18,…

� 

(5.31) 

It is obvious that once the zero-sequence current is not equal to zero, there will be multiple 

of 6th order torque harmonics in the resultant torque for a 3-phase DS-SRM. Moreover, when 

the coefficient of 𝜃𝜃𝑒𝑒 in (5.31) is equal to 0, i.e. n = 3 for the first two terms and n = 6 for the 

last term, an extra average torque can be obtained. Therefore, the first two terms and last term 

will contribute to average torque when the 3rd order current harmonic is injected, as shown 

below: 
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𝑇𝑇𝑧𝑧𝑒𝑒𝑟𝑟𝑐𝑐,𝑑𝑑𝑐𝑐 =
3
2
𝑝𝑝�𝐿𝐿𝑑𝑑0,3 − 3𝐿𝐿𝑞𝑞0,3�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼0,3 cos(−𝜑𝜑0)

+
3
2
𝑝𝑝�𝐿𝐿𝑞𝑞0,3 − 3𝐿𝐿𝑑𝑑0,3�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼0,3 sin(−𝜑𝜑0) −

3
8
𝑝𝑝𝑛𝑛𝐿𝐿0,6𝐼𝐼0,3

2 sin(−2𝜑𝜑0) 
(5.32) 

Since the last term on the right hand side of (5.32) is much smaller than the other two terms, 

it can be neglected and the average torque can be rewritten as: 

𝑇𝑇𝑧𝑧𝑒𝑒𝑟𝑟𝑐𝑐,𝑑𝑑𝑐𝑐 = 𝑇𝑇 sin(𝜑𝜑0 + 𝜑𝜑) (5.33) 

where 

𝑇𝑇 = �𝐴𝐴2 + 𝐵𝐵2 (5.34) 

tan𝜑𝜑 =
𝐵𝐵
𝐴𝐴

 (5.35) 

with 

�
𝐴𝐴 = −

3
2
𝑝𝑝�𝐿𝐿𝑞𝑞0,3 − 3𝐿𝐿𝑑𝑑0,3�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣

𝐵𝐵 =
3
2
𝑝𝑝�𝐿𝐿𝑑𝑑0,3 − 3𝐿𝐿𝑞𝑞0,3�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣     

 (5.36) 

Fig. 5.22 shows the comparison in terms torques versus Id and Iq between 2D-FE and 

analytical predictions after injecting the 3rd order current harmonic in TABLE 5.4. It can be 

found that the proposed model can accurately predict average torque at relatively low phase 

current. However, with increasing current, there will be a marginal discrepancy between FEA 

and prediction due to magnetic saturation and 𝑊𝑊𝑟𝑟 can no longer be accurately predicted using 

(5.23). 

 
Fig. 5.22. Comparison of FEA and analytically predicted average torque [(5.27)+(5.33)] with 

the 3rd order current injection. 
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B).  TORQUE DUE TO NON-ZERO-SEQUENCE CURRENT 

This section will investigate the torque model due to a non-zero-sequence current. Base on 

the study in Appendix A.2, in order to inject the 5th or 7th order current harmonic in abc-axis 

frame, the 6th order current harmonic has to be injected in dq0-axis, as described by (5.37). 

�
𝑖𝑖𝑑𝑑
𝑖𝑖𝑞𝑞
𝑖𝑖0
� = �

𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐 + 𝐼𝐼𝑑𝑑,6 cos(6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑑𝑑)
𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐 + 𝐼𝐼𝑞𝑞,6 sin�6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑞𝑞�

0
� (5.37) 

Putting (5.10), (5.12) and (5.37) in (5.24), gives: 

𝑇𝑇𝑛𝑛𝑐𝑐𝑛𝑛−𝑧𝑧𝑒𝑒𝑟𝑟𝑐𝑐 =
3
2
𝑝𝑝 �

1
2
�𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 − 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐�𝐼𝐼𝑑𝑑,6𝐼𝐼𝑞𝑞,6 �sin�12𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑑𝑑 + 𝜑𝜑𝑞𝑞� − sin�𝜑𝜑𝑑𝑑 − 𝜑𝜑𝑞𝑞�� 

+�𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 − 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐��𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑑𝑑,6 cos(6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑑𝑑) + 𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑞𝑞,6 sin�6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑞𝑞�� 

+ �
1
2
�𝐿𝐿𝑑𝑑,𝑛𝑛 − 𝐿𝐿𝑞𝑞,𝑛𝑛�𝐼𝐼𝑑𝑑,𝑛𝑛𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐�cos�(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑑𝑑� + cos�(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 𝜑𝜑𝑑𝑑��

𝑛𝑛=6,12,18,…

 

+ �
1
2
�𝐿𝐿𝑑𝑑,𝑛𝑛 − 𝐿𝐿𝑞𝑞,𝑛𝑛�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑞𝑞,𝑛𝑛 �sin �(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑞𝑞� − sin �(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 𝜑𝜑𝑞𝑞��

𝑛𝑛=6,12,18,…

 

− � 𝐿𝐿𝑑𝑑𝑞𝑞,𝑛𝑛𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑞𝑞,𝑛𝑛 �cos �(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑞𝑞� − cos �(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 𝜑𝜑𝑞𝑞��
𝑛𝑛=6,12,18,…

 

− � 𝐿𝐿𝑑𝑑𝑞𝑞,𝑛𝑛𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑑𝑑,𝑛𝑛�sin�(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑑𝑑� + sin�(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 𝜑𝜑𝑑𝑑��
𝑛𝑛=6,12,18,…

 

− �
𝑛𝑛
2
𝐿𝐿𝑑𝑑,𝑛𝑛𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑑𝑑,𝑛𝑛�sin�(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑑𝑑� + sin�(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 𝜑𝜑𝑑𝑑��

𝑛𝑛=6,12,18,…

 

+ �
𝑛𝑛
2
𝐿𝐿𝑞𝑞,𝑛𝑛𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑞𝑞,𝑛𝑛 �cos �(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑞𝑞� − cos �(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 𝜑𝜑𝑞𝑞��

𝑛𝑛=6,12,18,…

 

+ �
𝑛𝑛
2
𝐿𝐿𝑑𝑑𝑞𝑞,𝑛𝑛𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑞𝑞,𝑛𝑛 �sin �(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑞𝑞� − sin �(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 𝜑𝜑𝑞𝑞��

𝑛𝑛=6,12,18,…

 

+ �
𝑛𝑛
2
𝐿𝐿𝑑𝑑𝑞𝑞,𝑛𝑛𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑑𝑑,𝑛𝑛�cos�(𝑛𝑛 + 6)𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑑𝑑� + cos�(𝑛𝑛 − 6)𝜃𝜃𝑒𝑒 − 𝜑𝜑𝑑𝑑��

𝑛𝑛=6,12,18,…

� 

(5.38) 

It has been found that if the 6th order current harmonic is injected in the dq-axis, there will 

be multiple of 6th order torque harmonics in the resultant instantaneous torque. Moreover, it is 

also found that the average torque can be obtained when n is 6. Therefore, the average torque 

due to the 6th order current harmonic can be calculated by: 

𝑇𝑇𝑛𝑛𝑐𝑐𝑛𝑛−𝑧𝑧𝑒𝑒𝑟𝑟𝑐𝑐,𝑑𝑑𝑐𝑐 = 𝑇𝑇 sin(𝜑𝜑𝑑𝑑 + 𝜑𝜑) (5.39) 

where 
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𝑇𝑇 = �
�(𝐴𝐴 − 𝐷𝐷)2 + (𝐵𝐵 − 𝐶𝐶)2  𝜋𝜋𝑆𝑆𝐿𝐿 𝜑𝜑𝑑𝑑 = 𝜑𝜑𝑞𝑞 + 𝜋𝜋 (5𝑓𝑓ℎ 𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛)

�(𝐴𝐴 + 𝐷𝐷)2 + (𝐵𝐵 + 𝐶𝐶)2  𝜋𝜋𝑆𝑆𝐿𝐿 𝜑𝜑𝑑𝑑 = 𝜑𝜑𝑞𝑞         (7𝑓𝑓ℎ 𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛)
 (5.40) 

and 

tan𝜑𝜑 = �

𝐴𝐴 − 𝐷𝐷
𝐵𝐵 − 𝐷𝐷

  𝜋𝜋𝑆𝑆𝐿𝐿 𝜑𝜑𝑑𝑑 = 𝜑𝜑𝑞𝑞 + 𝜋𝜋 (5𝑓𝑓ℎ 𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛)
𝐴𝐴 + 𝐷𝐷
𝐵𝐵 + 𝐷𝐷

   𝜋𝜋𝑆𝑆𝐿𝐿 𝜑𝜑𝑑𝑑 = 𝜑𝜑𝑞𝑞        (7𝑓𝑓ℎ 𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛)
 (5.41) 

with 

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝐴𝐴 = �

(𝐿𝐿𝑑𝑑,6 − 𝐿𝐿𝑞𝑞,6)
2

+ 3𝐿𝐿𝑑𝑑𝑞𝑞,6� 𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣

𝐵𝐵 = �3𝐿𝐿𝑑𝑑,6 + 𝐿𝐿𝑑𝑑𝑞𝑞,6�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣

𝐶𝐶 = �
�𝐿𝐿𝑑𝑑,6 − 𝐿𝐿𝑞𝑞,6�

2
+ 3𝐿𝐿𝑑𝑑𝑞𝑞,6� 𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣

𝐷𝐷 = �−3𝐿𝐿𝑞𝑞,6 + 𝐿𝐿𝑑𝑑𝑞𝑞,6�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣

 (5.42) 

Fig. 5.23. shows the comparison of FEA and analytically predicted average torque with 

injecting current harmonic in TABLE 5.4. 
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(a) 

 
(b) 

Fig. 5.23. Comparison of FEA and analytically predicted average torque [(5.27)+(5.39)]. (a) 

5th order current injection (𝜑𝜑𝑑𝑑 = 𝜑𝜑𝑞𝑞 + 𝜋𝜋) and (b) 7th order current injection (𝜑𝜑𝑑𝑑 = 𝜑𝜑𝑞𝑞). 

5.3.1.4 CURRENT HARMONIC SELECTION 

The analytical model in dq0-axis frame can also provide a powerful insight into the 

mechanism of torque generation, which allows for the optimum current harmonic to be injected 

to reduce the torque ripple and/or to improve the average torque. 

A).  CURRENT HARMONIC SELECTION FOR MAXIMIZING THE AVERAGE TORQUE 

Proposed dq0-axis model can be used to optimize the torque production as well. Based on 

the developed torque equations, the average torque due to the 3rd, 5th and 7th order current 

harmonic injections can be calculated using (5.33) and (5.39), which can also be rewritten as: 

𝑇𝑇ℎ,𝑑𝑑𝑐𝑐 = 𝑇𝑇 sin(𝛽𝛽𝑣𝑣 + 𝜑𝜑) (5.43) 
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where 𝛽𝛽𝑣𝑣 is the phase angle [see 0] for the 𝑣𝑣𝑓𝑓ℎ order current harmonic in abc-axis frame. 𝑇𝑇 and 

𝜑𝜑  are magnitude and phase angle of the resultant torque. Both are constants and can be 

calculated by (5.34)-(5.36) and (5.40)-(5.42) depending on the injected current harmonics. 

Therefore, it is apparent that if the harmonic magnitude is kept unchanged, the average torque 

due to harmonic current will be a function of the harmonic phase angle 𝛽𝛽𝑣𝑣. In this case, when 

sin(𝛽𝛽𝑣𝑣 + 𝜑𝜑)  is equal to 1, the maximum average torque can be obtained. Therefore, the 

angles 𝛽𝛽𝑣𝑣_𝑇𝑇𝑟𝑟𝑎𝑎𝑚𝑚, which achieve maximum average torque, are 89°, 302° and 70° for the 3rd, 5th 

and 7th order current harmonics, respectively.  

B).  CURRENT HARMONIC SELECTION FOR MINIMIZING TORQUE RIPPLE 

The same idea can be used to minimize the torque ripple. Based on studies in the section 

5.3.1.2, the dominant torque harmonic of the 12s/8p DS-SRMs can be expressed by (5.28) 

𝑇𝑇𝑓𝑓,6 = 𝑇𝑇𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓 sin�6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓� (5.44) 

According to (5.31), the 6th order torque harmonic due to zero-sequence current harmonic 

(3rd harmonic current injection) is produced by the interaction between 𝐿𝐿𝑑𝑑0,3 and 𝐼𝐼0,3 as well as 

𝐿𝐿𝑞𝑞0,3 and 𝐼𝐼0,3, and can be calculated by 

𝑇𝑇zero,6 = �𝐿𝐿𝑞𝑞0,3 − 3𝐿𝐿𝑑𝑑0,3�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼0,3 sin(6𝜃𝜃𝑒𝑒 + 𝜑𝜑0)
+ �𝐿𝐿𝑑𝑑0,3 − 3𝐿𝐿𝑞𝑞0,3�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼0,3 cos(6𝜃𝜃𝑒𝑒 + 𝜑𝜑0) 

(5.45) 

Similarly, for the non-zero-sequence harmonic current injection [see (5.38)], i.e. 5th and 7th 

harmonic current injections, the 6th order torque harmonic is mainly due to the interaction 

between 𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 and 𝑖𝑖𝑑𝑑𝑞𝑞,6 as well as 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐 and 𝑖𝑖𝑑𝑑𝑞𝑞,6. It can be simplified as: 

𝑇𝑇non−zero,6 = �𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 − 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐��𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑞𝑞,6 sin�6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑞𝑞� + 𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑑𝑑,6 cos(6𝜃𝜃𝑒𝑒 + 𝜑𝜑𝑑𝑑)� (5.46) 

Therefore, for both the zero- and non-zero-sequence current injections, the 6th order torque 

harmonic due to current harmonic can be derived as 

 𝑇𝑇ℎ,6 = 𝑇𝑇 sin(6𝜃𝜃𝑒𝑒 + 𝛽𝛽𝑣𝑣 + 𝜑𝜑) (5.47) 

where 

𝑇𝑇 = �𝐴𝐴2 + 𝐵𝐵2 (5.48) 

tan𝜑𝜑 =
𝐵𝐵
𝐴𝐴

 (5.49) 

with 
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𝐴𝐴 = �
�𝐿𝐿𝑞𝑞0,3 − 3𝐿𝐿𝑑𝑑0,3�𝐼𝐼𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣        3𝑟𝑟𝑑𝑑 𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛
−�𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 − 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐�𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣     5𝑓𝑓ℎ 𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛
�𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 − 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐�𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣        7𝑓𝑓ℎ  𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛

 (5.50) 

𝐵𝐵 = �
�𝐿𝐿𝑑𝑑0,3 − 3𝐿𝐿𝑞𝑞0,3�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣        3𝑟𝑟𝑑𝑑  𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛
�𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 − 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣          5𝑓𝑓ℎ  𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛
�𝐿𝐿𝑑𝑑,𝑑𝑑𝑐𝑐 − 𝐿𝐿𝑞𝑞,𝑑𝑑𝑐𝑐�𝐼𝐼𝑞𝑞,𝑑𝑑𝑐𝑐𝐼𝐼𝑣𝑣          7𝑓𝑓ℎ  𝑖𝑖𝑛𝑛𝑖𝑖𝐿𝐿𝑐𝑐𝑜𝑜𝑖𝑖𝑆𝑆𝑛𝑛

 (5.51) 

As a result, in order to minimize the resultant torque ripple, (5.44) and (5.47) need to achieve 

the same magnitude but have a π phase shift angle. This leads to  

�
𝑇𝑇𝐹𝐹,6 = 𝑇𝑇(𝐼𝐼𝑣𝑣)

𝜑𝜑 + 𝛽𝛽𝑣𝑣 − φFrip = 𝜋𝜋 (5.52) 

Using 3rd order current harmonic for example, 𝜑𝜑𝐹𝐹𝑟𝑟𝑓𝑓𝑓𝑓  and  𝜑𝜑  can be calculated as 

135.5° and 224°, respectively. Therefore, the phase angle to achieve the minimum torque 

ripple can be obtained as 𝛽𝛽𝑣𝑣 = 46.5°. It is the same for the 5th and 7th order current harmonic 

injections, 𝛽𝛽𝑣𝑣  of which are 135.5° and 225.5°, respectively. After injecting these predicted 

current harmonics, the torque variations have been shown in TABLE 5.4. 

TABLE 5.4 TORQUE PERFORMANCE IMPROVEMENT AFTER INJECTION 

Harmonic (mag, phase) Average torque (%) Torque ripple (%) 

3rd (30%, 46.5°) +12.4 -60.1 

5th (20%, 135.5°) -15.4 -69.9 

7th (20%, 225.5°) -6.49 -77.1 

The 2D-FE results have been utilized to validate the accuracy of the proposed analytical 

torque model. Fig. 5.24 shows the comparison of instantaneous torque calculated by FEA and 

analytical torque model with/without current harmonic injection. A good agreement has been 

observed at a phase rms current of 5A. Fig. 5.25 shows the average torque and torque ripple 

coefficient vs phase rms current. The same limitation as for the torque model in abc-axis frame 

is that with increasing phase current, marginal discrepancy will occur between the analytical 

and FEA predictions due to the fact that magnetic saturation has not been taken into account in 

the analytical torque equations.  
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Fig. 5.24. Comparison of instantaneous torque by FEA and analytical predictions with/without 

current harmonic injection. Phase current is 5Arms. The phase angle selection for all the current 

harmonics is listed in TABLE 5.4 (Line: FEA; Mark: Analytical prediction). 

 
(a) Average torque 

 
(b) Torque ripple coefficient 

Fig. 5.25. Comparison of torque production of 12s/8p 3-phase SL DS-SRMs with/without 

current harmonic injection. The phase angle selection for all the current harmonics is listed in 

TABLE 5.4. (Line: FEA; Mark: Analytical prediction). 
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5.3.2 TORQUE-SPEED CURVE 

5.3.2.1 TORQUE-SPEED CURVE WITHOUT VOLTAGE DISTORTION  

Without considering voltage distortion, the voltage term 𝑑𝑑𝜓𝜓𝑑𝑑𝑞𝑞0
𝑑𝑑𝑓𝑓

 is 0 at steady-state and the 

variations in 𝐿𝐿𝑑𝑑 and 𝐿𝐿𝑞𝑞 are ignored. Therefore, the phase current and voltage should satisfy the 

following conditions for the full range of speeds including constant torque region and also 

constant power region (flux weakening operation): 

�𝑣𝑣𝑑𝑑2 + 𝑣𝑣𝑞𝑞2 ≤ 𝑉𝑉𝑟𝑟𝑎𝑎𝑚𝑚 =
𝑉𝑉𝑑𝑑𝑐𝑐
√3

 (5.53) 

�𝑖𝑖𝑑𝑑2 + 𝑖𝑖𝑞𝑞2 ≤ 𝐼𝐼𝑟𝑟𝑎𝑎𝑚𝑚 (5.54) 

where 𝑉𝑉𝑟𝑟𝑎𝑎𝑚𝑚 and 𝐼𝐼𝑟𝑟𝑎𝑎𝑚𝑚 are the voltage and current constraints of the inverter. As an example, 

Fig. 5.26 shows the current waveform of the 3rd order current harmonic injection listed in 

TABLE 5.4. It has been found for the same rms current, the peak current is higher than that of 

the fundamental current. This means that the selected 3rd order current harmonic will reach the 

current limit earlier than the pure sinewave current supply. Therefore, the rms current should 

be reduced to keep the peak current at the same level after injecting the current harmonic. It 

will happen for the 5th and 7th order current harmonic injections as well. For completeness, the 

dynamic performance will be investigated in two cases, i.e. one is constant rms current 

condition (CRMS), while the other is constant peak current condition (CPC). 

 
Fig. 5.26. Phase a current waveform with the 3rd order current harmonic injection. 

The torque-speed curve has been calculated using the torque equations developed in this 

chapter and compared against the FEA results. Fig. 5.27 shows the results for CRMS condition 

(Irms=5Arms), and the dc link voltage is 24V. Due to the fact that the voltage distortion has not 
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been considered, and the relatively low percentage of current harmonic has little effect on 

magnetic saturation, therefore the variation in average values of dq-axis inductances after 

injecting current harmonics is small. As a result, the current harmonic injection method 

presents only modest effect on the base speed. Moreover, without considering the voltage 

distortion, the 3rd order current harmonic can increase the average torque in both maximum 

torque per ampere (MTPA) region and flux weakening region. However, both the 5th and 7th 

order current injections, although effective in reducing torque ripple, degrade the dynamic 

performance for the full range of speeds. 

Fig. 5.28 shows the torque-speed curves under constant peak current condition. Using the 3rd 

order current harmonic injection as example, due to the fact that the rms current is reduced by 

19% (see Fig. 5.26), the average torque can be reduced to (1 − 0.19)2 × 100 = 65.6% of that 

of the CRMS condition. However, it is worth noting that the dynamic performance for the two 

cases (CRMS or CPC condition) are the same in flux weakening region. This is due to the fact 

that in the flux weakening region, machine is limited by the voltage rather than the current, 

together with the same machine parameters, the torque-speed performance of the two cases 

should be the same. This is also the case for other orders of harmonic current injection. 

 
Fig. 5.27. Torque-speed curves after current harmonic injections without considering the 
voltage distortion. Irms =5Arms and Vdc=24V. (Line: FEA; Mark: Analytical prediction). 



170 
 

 
Fig. 5.28. Torque-speed curves after current harmonic injections without considering the 
voltage distortion. Ipeak=7.07A and Vdc=24V. (Line: FEA; Mark: Analytical prediction). 

5.3.2.2 TORQUE-SPEED CURVE WITH VOLTAGE DISTORTION  

If the current harmonics and also the harmonics in self- and mutual-inductances are 

considered, the phase voltage will be distorted. By way of example, under CRMS condition, 

shows Fig. 5.29 the dynamic voltage variation with/without the 5th and 7th order current 

harmonic injections. For clarity, the voltages in αβ-axis frame instead of dq-axis frame have 

been used in this section. The rms current is 5Arms, the rotor speed is 200rpm and the dc 

voltage is 24V. It is obvious that if the inductance harmonics are considered for such machines, 

the distortion in the phase voltage is significant, especially when current harmonics are injected. 

And with increasing rotor speed, the peak voltage will reach the inverter’s voltage limit earlier 

than the pure sinewave current supply. In order to avoid undesirable current harmonics, the 

machine has to enter into the flux-weakening region earlier. This will in theory reduce the flux 

weakening capability of the machine, which will be investigated in this section. 

It is worth noting that, different from the 5th and 7th harmonic current injections, the 3rd order 

current harmonic injection will bring extra zero-sequence current. Therefore, it requires a 

special control strategy to control the injected zero-sequence current. This can be achieved 

using the 3-dimentional (3D) SVPWM [162]-[163] (Investigated in Chapter 6), in which the 

neutral point of a 3-phase machine is connected to an extra half bridge leg. It has been found 

that without considering over modulation, the voltage limit of the 3D-SVPWM can be 

calculated by 𝑉𝑉𝑑𝑑𝑑𝑑
√3

, as shown in (5.55). Similarly, the voltage distribution with the 3rd order 

current harmonic injection can be limited in a sphere with a radius of  𝑉𝑉𝑑𝑑𝑑𝑑
√3

, as shown in Fig. 

5.30. 
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�𝑣𝑣𝑑𝑑2 + 𝑣𝑣𝑞𝑞2 + 𝑣𝑣02 ≤ 𝑉𝑉𝑟𝑟𝑎𝑎𝑚𝑚 =
𝑉𝑉𝑑𝑑𝑐𝑐
√3

 (5.55) 

 
Fig. 5.29. αβ-axis voltages with a phase current of 5Arms, a speed of 200rpm and a DC link 
voltage Vdc=24V. (a) I1 (without voltage distortion), (b) I1 (with voltage distortion), (c) I1+I5 
and (d) I1+I7. 

 
Fig. 5.30. αβ0-axis voltages with 3rd order current harmonic injection with a phase current of 

5Arms, a speed of 200rpm and a DC link voltage Vdc=24V. 
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Similar as in section 5.3.2.1, the torque-speed curve considering the voltage distortion under 

CRMS condition has been calculated, as shown in Fig. 5.31. A good agreement can be observed 

between the FEA and analytical predictions. It is also found that, different from section 5.3.2.1, 

the base speed of the DS-SRM might be reduced after injecting the current harmonics, 

especially the 5th and 7th order current harmonics. It is mainly due to the fact that these current 

harmonics cause significant voltage distortion which limits the flux weakening capability. 

However, the 3rd order current harmonic can increase the average torque in constant torque 

region and maintain similar torque level as fundamental current supply in flux weakening 

region. Fig. 5.32 shows the torque-speed curves for the CPC condition. The same results have 

been obtained when the voltage distortion is considered. The output power is reduced under 

CPC condition and the dynamic performance for both CRMS and CPC conditions are the same. 

 
Fig. 5.31. Torque-speed curves after current harmonic injection with considering the voltage 

distortion. Irms=5Arms and Vdc=24V. (Line: FEA; Mark: Analytical prediction). 

 
Fig. 5.32. Torque-speed curves after current harmonic injection with considering the voltage 

distortion. Ipeak=7.07A and Vdc=24V. (Line: FEA; Mark: Analytical prediction). 
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5.3.3 EFFICIENCY MAP 

Apart from torque-speed curves, the efficiency maps under the above two conditions (CRMS 

and CPC) have also been calculated using (5.3). The efficiency maps under CRMS condition 

with different current harmonic injections are compared in Fig. 5.33. It can be found that a 

maximum efficiency of 68% is achieved by the 3rd order current harmonic injection between 

1000 and 1500rpm. It can also increase the efficiency under MTPA compared with that of 

fundamental current, due to the extra average torque that can be produced due to harmonic 

current injection. However, the 5th and 7th order current harmonic injections degrade the 

dynamic performance of the machine for the full speed range. For both harmonic current 

injections, a modest efficiency of 60% can be achieved at lower speed (around 700 rpm).  

The efficiency maps under CPC condition have also been calculated, as shown in Fig. 5.34. 

It has been found that the dynamic performance of the machine with current harmonic injection 

in flux weakening region does not change. The only difference is that the output torque in 

MTPA region has been reduced. This is due to the fact that the peak current is maintained the 

same as fundamental current, and hence the rms current is reduced.  

 
Fig. 5.33. Efficiency map with current harmonic injection when Irms=5Arms and Vdc=24V. (a) 

I1, (b) I1+I3, (c) I1+I5 and (d) I1+I7. 
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Fig. 5.34. Efficiency map with current harmonic injection when Ipeak=7.07A and Vdc=24V. (a) 

I1, (b) I1+I3, (c) I1+I5 and (d) I1+I7. 

5.3.4 CASE STUDY FOR DOUBLE LAYER DS-SRM AND FPSRM 

Once the accuracy of analytical torque models has been validated by 2D-FE, it can be utilized 

to predict the dynamic performance for different topologies with current harmonic injection. 

Double layer (DL) DS-SRM and fully-pitched (FP) DS-SRM have been investigated in this 

section. For fair comparison, the dc link voltage is kept the same as that of SL machine (24V). 

The torque-speed curves under CRMS condition (5Arms) have been shown in Fig. 5.35. It is 

found that for both machines, the current harmonic injection will reduce their base speed 

significantly, especially, with the 5th and 7th order current harmonics. This is mainly due to 

significant voltage distortion. Therefore, the flux-weakening performances are always poorer 

after injecting the current harmonics. However, some current harmonic could increase the 

average torque and reduce the torque ripple at the same time, such as, the 3rd order current 

harmonic for SL DS-SRMs and FP DS-SRMs. For these cases, not only the output power in 

the constant torque region can be increased, but also the torque level in flux weakening region 

can be maintained at a similar level as the pure fundamental current supply. Moreover, it is 

worth noting that the torque reduction of DL machine with 3rd order current harmonic is mainly 



175 
 

due to the fact that magnitude of fundamental current is reduced to maintain a constant phase 

rms current. 

 
(a) DL DS-SRM 

 
(b) FP DS-SRM 

Fig. 5.35. Torque-speed curves after current harmonic injection for the 12s/8p 3-phase 

machines. Irms=5Arms and Vdc=24V. 

Fig. 5.36 shows the efficiency maps for DL DS-SRM under CRMS condition with different 

current harmonic injections. It can be found that a maximum efficiency of 54% is achieved by 

fundamental current supply between 1300 and 1500rpm. The 3rd order harmonic injection 

brings no benefit for such machine, and it increases the copper losses and reduces the efficiency. 

Moreover, although the 5th and 7th order current harmonic injections could reduce the torque 

ripple, they degrade the dynamic performance of the machine for the full speed range.  
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Fig. 5.36. Efficiency map with current harmonic injection for DL DS-SRM when Irms=5Arms 

and Vdc=24V. (a) I1, (b) I1+I3, (c) I1+I5 and (d) I1+I7. 

Fig. 5.37 shows the efficiency maps for the DL DS-SRM under CRMS condition with 

different current harmonic injections. Compared with other winding configurations, the FP DS-

SRM at a relatively low current level (5Arms) can achieve the highest efficiency (74%), which 

is achieved by the 3rd order current harmonic injection between 1000 and 1500rpm. However, 

due to the fact that higher MMF is concentrated in the stator yoke, the FP DS-SRM is much 

more sensitive to magnetic saturation. Together with the highest phase resistance, its benefit in 

efficiency will be compromised with increasing phase current. Moreover, the same as other 

DS-SRMs, with selected 5th and 7th order current harmonic injections, the dynamic 

performance of this machine will be reduced for the full speed range. A modest efficiency of 

64% and 60% can be achieved by 5th and 7th order current harmonics, respectively. The 

comparison of dynamic performance for three DS-SRMs have been listed in TABLE 5.5. 
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Fig. 5.37. Efficiency map with current harmonic injection for FPSRM when Irms=5Arms and 

Vdc=24V. (a) I1, (b) I1+I3, (c) I1+I5 and (d) I1+I7. 

TABLE 5.5 COMPARISON RESULTS OF 3-PHASE DS-SRMS WITH CURRENT HARMONIC 

INJECTIONS (IRMS=5ARMS AND VDC=24V) 

DS-SRMs Harmonic Base speed 
(rpm) 

Peak torque 
(Nm) 

Torque 
ripple 

Maximum 
efficiency  

SL 

I1 400 0.668 94.8% 68% 

I1+I3 400 0.766 38.5% 68% 

I1+I5 282 0.570 28.8% 58% 

I1+I7 260 0.600 26.2% 58% 

DL 

I1 730 0.340 131.6% 54% 

I1+I3 780 0.313 130.3% 52% 

I1+I5 439 0.206 55.2% 40% 

I1+I7 390 0.288 67.2% 44% 

FP 

I1 250 1.236 83.7% 72% 

I1+I3 195 1.493 26.8% 74% 

I1+I5 163 1.103 26.1% 64% 

I1+I7 122 1.105 42.5% 60% 
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 EFFECTIVENESS OF CURRENT HARMONIC INJECTION FOR MULTI-PHASE 

DS-SRMS 

Apart from the 3-phase DS-SRMs, the dynamic performances of multi-phase machines with 

the proposed harmonic current injection method have also been investigated in this section. As 

investigated in Chapter 4, although the harmonic current injection can reduce torque ripple and 

could even increase the average torque for some cases, the high order current harmonic will 

lead to extra losses due to higher frequency. This could deteriorate the dynamic performances, 

particularly the efficiency maps of the DS-SRMs. In order to fully investigate the effectiveness 

of the proposed method for multi-phase machines, this section will use SL 5-phase and 6-phase 

DS-SRMs as examples to investigate the losses and dynamic performance with current 

harmonic injection. It is worth noting that the 𝐼𝐼𝑅𝑅𝑅𝑅𝑅𝑅 with/without current harmonic injection is 

always kept the same and the resistances of such machine is calculated in Chapter 4. Therefore, 

the copper loss does not change for each machine before/after current harmonic injection. 

5.4.1 5-PHASE DS-SRMS 

5.4.1.1 IRON LOSSES 

The comparison of iron loss versus phase rms current of a 5-phase SL DS-SRM has been 

investigated and the results are shown in Fig. 5.38. It has been found that the 5th order current 

harmonic produces the highest iron losses, which is mainly due to the fact that a significant 

magnitude (65%I1) of current harmonic was injected (See Chapter 4). Similar to the 3-phase 

DS-SRMs, at modest current (<16 A) for the SL machine, the iron loss with 3rd order current 

harmonic injection is larger than that with 7th order harmonic injection. This is because higher 

percentage of harmonic current has been injected for a better torque performance (Chapter 4). 

However, with increasing phase rms current, the iron losses with the 7th order harmonic current 

injection exceed that of the 3rd order harmonic current injection. This is mainly due to the 

different effects of magnetic saturation on the different current harmonic injections. Fig. 5.39 

shows the stator eddy current loss and hysteresis loss at a phase current of 5Arms. It is found 

that although the losses of fundamental current is reduced (the same RMS current is 

maintained), the kth order current harmonic injection will increase the iron losses due to the kth 

order flux density harmonic, which leads to an increase in the resultant iron losses. 
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Fig. 5.38. Comparison of iron loss for 5-phase SL DS-SRM with current harmonic injection. 

Rotation speed is 400rpm. 

 
Fig. 5.39 Stator (a) eddy current losses and (b) hysteresis losses for the 5-phase SL DS-SRM. 

Phase current is 5Arms and rotor speed is 400rpm. 

5.4.1.2 TORQUE-SPEED CHARACTERISTICS  

In order to simplify the investigation of dynamic performance for the 5-phase machine, the 

rotating (dq0-axis) reference frame has been adopted in this section as well, which has been 

detailed in the Appendix A.3. It is well established that the machine electromagnetic equation 

can be expressed as (5.56). After applying the Park transformation for 5-phase machines as 

described by (5.57), (5.56) can be simplified in terms of flux linkages in dq0-axis frame, as 

expressed by (5.58). 

Based on the study in [164]-[166], the Space Vector Pulse Width Modulation (SVPWM) for 

5-phase synchronous reluctance machine has been investigated and the voltage limitation can 
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be calculated as 0.616Vdc. The same as what has been done for 3-phase machine, where the 

voltage term 𝑑𝑑𝜓𝜓𝑑𝑑𝑞𝑞0
𝑑𝑑𝑓𝑓

 will not be neglected. The peak voltage distortion, due to the interaction 

between inductance and current harmonics, will be utilized as the reference to compare with 

the voltage limitation. This section uses the 5-phase SL DS-SRM as an example to investigate 

the dynamic performance with proposed current harmonic injection method. 

[𝑣𝑣]𝑎𝑎𝑏𝑏𝑐𝑐𝑑𝑑𝑒𝑒 = 𝑅𝑅[𝑖𝑖]𝑎𝑎𝑏𝑏𝑐𝑐𝑑𝑑𝑒𝑒 +
𝑑𝑑[𝜓𝜓]𝑎𝑎𝑏𝑏𝑐𝑐𝑑𝑑𝑒𝑒

𝑑𝑑𝑜𝑜
 (5.56) 

and the Park Transformation for 5-phase machine is given by: 
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Fig. 5.40. Torque-speed curves of the 5-phase SL DS-SRM when 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠 = 5𝐴𝐴𝐿𝐿𝑚𝑚𝑆𝑆 and Vdc = 

24V. 
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Fig. 5.41. Torque-speed curves of the 5-phase SL DS-SRM when 𝐼𝐼𝑓𝑓𝑒𝑒𝑎𝑎𝑘𝑘 = 7.07𝐴𝐴 and Vdc = 

24V. 

Fig. 5.40 shows the torque-speed curves for the 5-phase SL DS-SRM under CRMS condition 

when the current limit is 5Arms and the dc-link voltage is 24V. It shows that the 3rd order 

current harmonic can increase the average torque by 60% in the constant torque region and 

present the same torque capability compared with the fundamental current supply in the flux 

weakening region. It is not surprising that the 5th order current harmonics will significantly 

reduce the dynamic performance in both constant torque and flux weakening regions. This is 

due to the fact that they reduce the output torque and increase the voltage distortion, leading to 

limited flux weakening capability. As investigated Chapter 4, the selected 7th order current 

harmonic injection could slightly increase the average torque. Therefore, it can maintain the 

torque capability at constant torque region, but due to the effect of voltage distortion, the 

performance in flux weakening region could be compromised. 

Fig. 5.41 shows the torque-speed curves for the 5-phase SL DS-SRM under CPC condition. 

The dc link voltage is 24V. Similar to the investigation for the 3-phase machine (section 

5.3.2.1), the phase rms current has to be reduced to ensure the peak current is not beyond 7.07A 

(see Fig. 5.26). Therefore, the output torque in constant torque region can be reduced. However, 

the dynamic performance in flux weakening region will not change. This is because that in the 

flux weakening region, machine is limited by the voltage rather than the current, together with 

the same machine parameters, the torque-speed performance of the two cases should be the 

same. 
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5.4.1.3 EFFICIENCY MAPS 

The efficiency maps of CRMS condition have been calculated, as shown in Fig. 5.42. It can 

be found that the 3rd order current harmonic injection can significantly increase efficiency of 

5-phase DS-SRMs in both constant torque and flux weakening region. The maximum 

efficiency of 72% can be achieved when speed is between 600rpm and 800rpm. The 7th order 

current harmonic injections can maintain the same level of efficiency as that of the fundamental 

current supply for the full speed range. However, the 5th order current harmonic will not be 

selected to suppress the torque ripple of 5-phase DS-SRM, since it degrades the efficiency for 

the full speed range and the modest efficiency can only achieve 44%. 

Fig. 5.43 shows the efficiency maps under CPC condition for the 5-phase SL DS-SRM. It is 

not surprising that the dynamic performance of the machine with current harmonic injection in 

flux weakening region is the same as that of CRMS condition. The only difference is that the 

output torque in MTPA region has been reduced. 

 
Fig. 5.42 Efficiency maps of the 5-phase SL DS-SRM with/without current harmonic 

injections. 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠 = 5𝐴𝐴𝐿𝐿𝑚𝑚𝑆𝑆 and Vdc = 24V. (a) I1, (b) I1+I3, (c) I1+I5 and (d) I1+I7. 
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Fig. 5.43 Efficiency maps of the 5-phase SL DS-SRM with/without current harmonic 

injections. 𝐼𝐼𝑓𝑓𝑒𝑒𝑎𝑎𝑘𝑘 = 7.07𝐴𝐴 and Vdc = 24V. (a) I1, (b) I1+I3, (c) I1+I5 and (d) I1+I7. 

5.4.2 6-PHASE DS-SRMS 

5.4.2.1 IRON LOSSES 

Similarly, the comparison of iron loss versus phase rms current of 6-phase DS-SRMs has 

also been investigated and the results are shown in Fig. 5.44. The same trend is presented that 

at low current level, the iron loss with 3rd order current harmonic injection is larger than that 

with 5th order harmonic injection, due to higher percentage of harmonic current has been 

injected for a better torque performance. With increasing phase current, the iron losses with the 

5th order harmonic current injection exceed that of the 3rd order harmonic current injection. 

This is mainly due to the different effects of magnetic saturation on the different current 

harmonic injections. Fig. 5.45 clarifies iron loss distribution of each order flux harmonic with 

current harmonic injection. It shows that although the iron losses due to fundamental flux have 

been reduced, the injected current harmonic brings the extra losses in high order flux harmonic, 

leads to the resultant iron losses being increased. 
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Fig. 5.44. Comparison of iron loss for 6-phase SL DS-SRM with current harmonic injection. 

Rotation speed is 400rpm. 

 
Fig. 5.45 Stator (a) eddy current losses and (b) hysteresis losses of for the 6-phase SL DS-SRM. 

Phase current is 5Arms and rot speed is 400rpm. 

5.4.2.2 TORQUE-SPEED CHARACTERISTICS  

It is worth noting that the 6-phase machine can be regarded as two 3-phase machines. As a 

result, the exactly same method in section 5.3.2 can be used to investigate the torque-speed 

characteristics of the 6-phase machine. The torque-speed curves for 6-phase SL DS-SRM under 

CRMS condition have been shown in Fig. 5.46. Again the 3rd order current harmonic shows 

the best performance in constant torque region but for this case, it slightly reduces the torque 

capability compared with the fundamental current supply in the flux weakening region. It is 

not surprising that the 5th and 7th order current harmonics will reduce the dynamic performance 

in both constant torque and flux weakening regions. This is due to the fact that they reduce the 

output torque and increase the voltage distortion, leading to limited flux weakening capability. 
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For CPC condition, as shown in Fig. 5.47, it is found that the current harmonic injection method 

will reduce the torque capability of such machine if the peak current is limited by the inverter. 

 
Fig. 5.46. Torque-speed curves of the 6-phase SL DS-SRM when 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠 = 5𝐴𝐴𝐿𝐿𝑚𝑚𝑆𝑆 and Vdc = 

24V. 

 
Fig. 5.47. Torque-speed curves of the 6-phase SL DS-SRM when 𝐼𝐼𝑓𝑓𝑒𝑒𝑎𝑎𝑘𝑘 = 7.07𝐴𝐴 and Vdc = 

24V. 

5.4.2.3 EFFICIENCY MAPS 

The efficiency maps of CRMS condition have been calculated, as shown in Fig. 5.48. It can 

be found that a maximum efficiency of 72% is achieved by the 3rd order current harmonic 

injection between 600rpm and 800rpm. Although the efficiency at base speed with the 3rd order 

current harmonic injection is reduced, it can still increase the efficiency in the lower speed 

region, due to extra torque production. However, the 5th and 7th order current harmonic 

injections degrade the efficiency for the full speed range. A modest efficiency of 64% can be 
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achieved at speeds ~600 rpm. The efficiency maps of CPC condition have also been shown in 

Fig. 5.49. 

 
Fig. 5.48 Efficiency maps of the SL 6-phase DS-SRM with/without current harmonic 

injections. 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠 = 5𝐴𝐴𝐿𝐿𝑚𝑚𝑆𝑆 and Vdc = 24V. (a) I1, (b) I1+I3, (c) I1+I5 and (d) I1+I7. 

 
Fig. 5.49 Efficiency maps of the SL 6-phase DS-SRM with/without current harmonic 

injections. 𝐼𝐼𝑓𝑓𝑒𝑒𝑎𝑎𝑘𝑘 = 7.07𝐴𝐴 and Vdc = 24V. (a) I1, (b) I1+I3, (c) I1+I5 and (d) I1+I7. 
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 CONCLUSION 

After investigating the losses and efficiency of three typical types of 3-phase DS-SRMs, i.e. 

DL, SL and FP. It is found that at relatively low phase current, the FP DS-SRM can achieve 

the highest efficiency. Although the DL machine has the lowest efficiency, its increasing rate 

of efficiency is the fastest compared with other machines. Especially under high phase current 

condition, the efficiency of the DL machine exceeds that of the FP machine. 

It is also found when higher order harmonic current is injected, the DS-SRM will generally 

produce higher iron losses. However, the 3rd order current harmonic has little influence on the 

flux density of the DL machine. As a result, the iron loss and torque performance have nearly 

no difference before and after injecting the 3rd order current harmonic. This is different for both 

the SL and FP machines. Even though the 3rd order current harmonic can bring extra losses, 

due to the significant improvement in average torque, the efficiency can still be increased by 

around 3-5%. Moreover, the 5th and 7th order current harmonics, although can be used to reduce 

the torque ripple, might contribute to extra losses and hence lead to reduced machine efficiency. 

This chapter also investigates dynamic performances, such as torque-speed curves and 

efficiency maps, for 3-phase DS-SRMs with current harmonic injection. In order to simplify 

the investigation of dynamic performance, an analytical torque model based on the dq0-axis 

frame DS-SRMs with current harmonic injection is proposed. Similar to the model in abc-axis 

frame, such an analytical model can also provide a powerful insight into the mechanism of 

torque generation, which allows for the optimum current harmonic to be injected to reduce the 

torque ripple and/or improve the average torque.  

When the current and inductance harmonics are both considered, the voltage distortion will 

be increased. As a result, for a given DC-bus voltage, the achievable base speed of the DS-

SRMs will be reduced. However, if the phase rms current is kept constant, due to extra average 

torque that can be produced, the 3rd order current harmonic injection shows the best 

performance in constant torque region. In flux-weakening region, the 3rd order harmonic 

current injection can achieve similar torque performance as that supplied with fundamental 

current. Moreover, the 3rd order current harmonic can achieve the highest efficiency compared 

with other harmonic current injections.  

However, the 5th and 7th order current harmonics, although can be effective in reducing the 

torque ripple, will lead to reduction in average torque and also high voltage distortion. If the 

phase peak current is limited by the inverter current constraint, the proposed current harmonic 
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injection method might have negative impact on the dynamic performance, since the phase rms 

current needs to be reduced for the same peak current.  

Based on the investigation of 3-phase (i.e. SL, DL, FP) and multi-phase (SL 5- and 6-phase) 

DS-SRMs, the general conclusion of current harmonic injection can be drawn, i.e. the current 

harmonic injection will bring extra iron losses, generally, the kth order current harmonic 

injection will increase the iron losses due to the kth order flux density. However, once the 

injected harmonic current is properly selected, the efficiency at constant torque region could 

be improved and the same flux weakening capability as pure fundamental current supply could 

be maintained. 
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 EXPERIMENTAL VERIFICATION 

Previous chapters proposed the current harmonic injection method to improve torque 

performances for several DS-SRMs with different winding structures, slot/pole number 

combinations and also phase numbers. The proposed methods have been validated by 

both analytical modelling and also 2D-FEA simulations. However, there are still some 

challenges left, for example, how to implement the proposed method under actual 

situation, especially to inject the 3rd order current harmonic with zero-sequence current. 

Therefore, this chapter will use four prototype DS-SRMs to evaluate the feasibility and 

effectiveness of the proposed method in practice. It is worth noting that both static and 

dynamic tests have been carried out in this chapter.  
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 INTRODUCTION 

Chapter 2-Chapter 4 proposed the current harmonic injection method to improve the average 

torque and to reduce the torque ripple of the DS-SRMs, and Chapter 5 also investigates the 

losses, efficiency and dynamic performance of proposed method. In order to validate the 

effectiveness of the proposed methods, two 12s/8p prototype DS-SRMs with different winding 

configurations, i.e. double layer (DL) and single layer (SL), have been adopted for 

experimental verifications. The design specifications are shown in TABLE 2.1. Fig. 6.1 (a) and 

(b) show the stator windings for SL and DL machines, respectively. The common rotor used 

for both the SL and DL machines is shown in Fig. 6.1 (c). It is worth noting that the existing 

prototype machines can be converted from 3-phase machine to 6-phase machine and vice versa 

by changing stator winding connections. When they are controlled as 6-phase, the number of 

turns per phase are reduced by half compared to the 3-phase version. This means that the 2D-

FE and predicted results should be changed correspondingly. It is worth noting that only the 3-

phase and 6-phase DS-SRMs have been tested. This is due to the fact that manufacturing 

machines can be time consuming and the existing prototype machines is enough for validating 

the proposed method. The experimental verification is separated into two parts, namely, static 

test and dynamic test. 

  
(a) SL stator (b) DL stator 

 
(c) Rotor 

Fig. 6.1. 12s/8p prototype DS-SRMs.  
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 STATIC TEST 

6.2.1 METHODOLOGIES  

The static test has been carried out in this section, the methodology to measure the static 

torque is detailed in the [167]. The equipment required for carrying out the tests are the power 

supplies, digital scale, balance beam and pre-load weight. Once equipment is set up as shown 

in Fig. 6.2, mass 𝑚𝑚∗ at each rotor position with relative dc current can be measured by the 

digital scale. And the static torque at different rotor positons can be calculated by  

𝑇𝑇 = (𝑚𝑚∗ −𝑚𝑚)𝑔𝑔𝐿𝐿 (6.1) 

where 𝐿𝐿 is the length from the centre to the end of the balance beam, 𝑚𝑚 is the pre-load weight 

added on the end of the balance beam and 𝑔𝑔 is gravitational acceleration, i.e. 𝑔𝑔 = 9.81m/s2. 

  
Fig. 6.2. Test rig and prototype machine for static tests. 

6.2.2 TEST OF 3-PHASE DS-SRM  

The fundamental characteristics of the 3-phase DS-SRMs such as self- and mutual-

inductances, static torque with dc current, efficiency, etc. were tested in [67]. The static on-

load torque with proposed harmonic current injection methods have been carried out in the 

following sections. To simulate the 3-phase AC current supply under static conditions and also 

to account for current harmonics, at each rotor position for one electrical period, 3-phase dc 

currents are supplied. These 3-phase dc currents are adjusted such that they are equal to the 

exact values of 3-phase AC currents at each rotor position. The phase rms current is 5A. The 

static on-load torques when current harmonic is injected to achieve the minimum torque ripple 

L 
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can then be measured as shown in Fig. 6.3. Overall, a good agreement between the predictions 

and measurements can be observed. 

  
(a) SL 

 
(b) DL 

Fig. 6.3 Static on-load torque for 12s/8p 3-phase DS-SRMs with current harmonic injection for 

a phase current of 5Arm. (Lines: predicted results, marks: measured results). 

Fig. 6.4 shows the torque spectra of two DS-SRMs with current harmonic injection. It is 

proved that the 3rd order current harmonic injection exhibits the best performance for the SL 

machine, which can increase the average torque by 13% while reducing the 6th order torque 

harmonic by 70% as investigated in Chapter 2. Although the torque ripple of the SL machine 

can be reduced by the 5th and 7th order current harmonic injections, the average torque is 

reduced by around 12% with the specific phase angles. Moreover, it is also validated that the 

3rd order current harmonic has little effect on the DL machine which was investigated in 

Chapter 3. This is due to the fact that the harmonic torques due to the self- and mutual-
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inductances are cancelled. For such a machine, the other order current harmonics, e.g. 5th and 

7th, still can be utilized to reduce the torque ripple. 

 
(a) SL 

 
(b) DL 

Fig. 6.4 Static torque spectra for 12s/8p 3-phase DS-SRMs with current harmonic injection for 

phase current of 5Arm. 

6.2.3 TEST OF MULTI-PHASE DS-SRM  

As mentioned in section 6.1, in order to validate the torque capability of proposed 6-phase 

SL and DL DS-SRMs (12s/8p), two 6-phase prototype DS-SRMs with SL and DL windings, 

have been tested. It is worth noting that all multi-phase SRMs in Chapter 4 have the same 

number of turns per phase (132). However, due to the fact that the tested 6-phase machines are 

converted from 3-phase machines, the number of turns per phase are reduced by half (66). This 

means that the inductance will in theory be reduced by four times. To be consistent with the 

prototype machines, in the experimental validation section, the number of turns per phase in 
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the FEA models is also reduced to 66. This test is relevant to the investigations carried out in 

Chapter 4. 

6.2.3.1 SELF- AND MUTUAL-INDUCTANCES 

 
Fig. 6.5. Test rig and prototype machine for inductance measurement. 

First of all, the inductance measurement of the 6-phase DS-SRMs has been carried out. The 

self-inductance 𝐿𝐿𝑎𝑎 and mutual-inductance 𝑀𝑀𝑎𝑎𝑎𝑎  are measured according to (6.2) and (6.3) as 

detailed in [29]. 

𝐿𝐿𝑎𝑎(θ) =
�(𝑉𝑉𝑎𝑎/𝐼𝐼𝑎𝑎)2 − 𝑅𝑅𝑎𝑎2

2𝜋𝜋𝜋𝜋
 (6.2) 

𝑀𝑀𝑎𝑎𝑎𝑎(θ) =
𝑉𝑉𝑎𝑎

2𝜋𝜋𝜋𝜋𝐼𝐼𝑎𝑎
 (6.3) 

where j can be phase b, c, d, e and f. 𝑉𝑉𝑎𝑎  and 𝑉𝑉𝑎𝑎  are the voltage of phase A and phase j, 

respectively. 𝐼𝐼𝑎𝑎 is the magnitude of phase A current and f is the frequency of the injected phase 

voltage. Phase resistance 𝑅𝑅𝑎𝑎 is measured as 0.7Ω and 0.8Ω for 6-phase SL and DL DS-SRMs, 

respectively. 

The test rig for inductance measurement is shown in Fig. 6.5. During the test, the sinusoidal 

voltage source with a frequency of 100Hz and a magnitude of 2.5V has been injected into phase 

A by signal generator. And the phase A current and voltage can be measured and displayed on 

the oscilloscope. The self- and mutual-inductances can be obtained, as shown in Fig. 6.6 and 

Fig. 6.7, respectively. Overall, a good agreement in both the trend and magnitude can be 
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observed. It is worth noting that the slight discrepancy between 2D-FE and measurement is 

mainly due to the fact that the end-winding effect has not been taken into account in the 

simulations. 

 
Fig. 6.6. FEA and measured self-inductance (La) for 12s/8p 6-phase DS-SRMs when phase A 

is supplied with a 2A dc current (FEA simulations). (a) DL and (b) SL. 

 
Fig. 6.7. FEA and measured mutual inductances with different distance (Mab, Mac, and Mad) for 

12s/8p 6-phase DS-SRMs when phase A is supplied with a 2A dc current (FEA simulations). 

(a) DL and (b) SL. 

6.2.3.2 SELF- AND MUTUAL-TORQUES 

Apart from the inductance measurement, the static torques due to self- and mutual-

inductance have also been measured. The method of static torque measurement is introduced 

in section 6.2.1. The self-torque can be measured by supplying one single phase with a dc 

current. For example, 2A dc current is supplied to phase A, and the self-torque Ta can be 
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obtained as shown in Fig. 6.8. To measure the mutual-torque, firstly, the same level of dc 

current (2A) is supplied to two phases connected in series, e.g. phases A and B, the resultant 

torque (Ta + Tb + Tab) can be measured for different rotor positions as shown Fig. 6.9. Then, 

the mutual torque (Tab) can be easily obtained by subtracting self-torques of phases A and B, 

i.e. Ta and Tb, and the results are shown in Fig. 6.10. It shows that both double and single layer 

machines have similar level of mutual-torque.  

 
Fig. 6.8. FEA and measured resultant self-torques Ta for 12s/8p 6-phase DS-SRMs when phase 

A is supplied with a 2A dc current. (a) DL and (b) SL. 

 
Fig. 6.9. FEA and measured resultant-torques with different distance (Detailed in Fig. 4.3) for 

12s/8p 6-phase DS-SRMs when phase A and B are supplied with a 2A dc current. (a) DL and 

(b) SL. 
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Fig. 6.10. FEA and measured mutual-torques with different distance (Detailed in Fig. 4.3) for 

12s/8p 6-phase DS-SRMs when phase A is supplied with a 2A dc current. (a) DL and (b) SL. 

6.2.3.3 STATIC TORQUE VS PHASE CURRENT 

In this section, machines are tested under a pseudo sinewave current condition (𝐼𝐼𝐴𝐴 = 𝐼𝐼, 𝐼𝐼𝐵𝐵 =

𝐼𝐼/2, 𝐼𝐼𝐶𝐶 = −𝐼𝐼/2, 𝐼𝐼𝐷𝐷 = −𝐼𝐼, 𝐼𝐼𝐸𝐸 = −𝐼𝐼/2, and 𝐼𝐼𝐹𝐹 = 𝐼𝐼/2), where I is dc current which is 2.83A (2A 

RMS). The static torque at each rotor position (equivalent to current phase advance angle) can 

be measured as shown in Fig. 6.11.  

After rotor is locked at the position where the maximum average torque can be achieved 

(phase advance angle of 45° for synchronous reluctance machines), the static torque against 

phase RMS current can be measured and compared with FEA results, as shown in Fig. 6.12. 

Overall, good agreement can be observed between the predicted and measured results.  

 
Fig. 6.11. FEA and measured static torques versus rotor position at 2A phase RMS current for 

12s/8p 6-phase DS-SRMs. 
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Fig. 6.12 FEA and measured static torques versus phase RMS current for 12s/8p 6-phase DS-

SRMs. 

6.2.3.4 ON-LOAD STATIC TORQUE 

In order to measure on-load static torque versus rotor positions for 6-phase DS-SRMs under 

sinewave excitation, at least 4 current generators are required if using the same measurement 

methods as 3-phase machine. This is very inconvenient. However, it is much easier to use two 

3-phase half-bridge inverters to control the 6-phase currents. During the test, the rotors are 

locked at different rotor positions. At each rotor position, 6-phase dc currents are supplied to 

the machines, and the amplitudes of these currents are chosen according to the values of 6-

phase sinewave currents at different rotor positions. The torque can then be measured by torque 

transducer. The control method will be detailed in dynamic test parts. It is worth noting that 

due to the limitation of laboratory facilities, there is no extra half bridge inverter available 

which allows the zero-sequence current to pass through. Therefore, the 3rd order current 

harmonic cannot been injected, and only the tests with the 5th and 7th order current injections 

have been carried out. It is worth noting that, due to the inaccuracy of the torque transducer, 

higher phase RMS current (5A) has been chosen in this test in order to improve the signal to 

noise ratio. Fig. 6.13 shows the predicted and measured on-load torques. It is proved that for 

both the SL and DL 6-phase DS-SRMs, the 5th and 7th order current harmonic injection can 

reduce the torque ripple significantly. 
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(a) SL 

 
(a) DL 

Fig. 6.13 FEA and measured on-load static torques for 12s/8p 6-phase DS-SRMs versus rotor 

position at 5A phase RMS current. 

 DYNAMIC TEST 

Dynamic test has been investigated in this section. Due to the fact that when the 3rd order 

current harmonic is injected, the current flow at neutral point is not equal to zero. The simplest 

way to deal with zero-sequence current is to use the three-phase H-bridge inverter, as shown 

in Fig. 6.14 (a), and control the three-phase currents separately. However, it will potentially 

increase the cost and losses in the inverter. In order to achieve zero-sequence current control 

in an economical and efficient way, at least one extra leg, compared with conventional three-

phase voltage source inverter for synchronous machine, is required to provide the flow path for 

zero-sequence current. Hence, the three-phase four-leg inverter shown in Fig. 6.14 (b) will be 

utilized and investigated for injecting the current harmonics. For such inverter, the new pulse 
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width modulation (PWM) method introduced in [162],[163]has been reproduced to achieve 

current harmonic injection. Fig. 6.15 shows the test rig and prototype machine for dynamic test. 

 
(a) H-bridge invester 

 
(b) Three-phase four-leg inverter 

Fig. 6.14 Voltage source inverter for 3rd order current harmonic injection. 

 
Fig. 6.15 Test rig and prototype machine for dynamic tests. 
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6.3.1 THREE-DIMENSIONAL SPACE VECTOR PULSE WIDTH MODULATION (3D SVPWM) 

6.3.1.1 SWITCHING VECTORS IN THREE DIMENSIONAL SPACE 

For the three-phase four-leg inverter, the system voltages are unbalanced as: 

𝑉𝑉𝑎𝑎𝑛𝑛 + 𝑉𝑉𝑏𝑏𝑛𝑛 + 𝑉𝑉𝑐𝑐𝑛𝑛 ≠ 0 (6.4) 

In this case the equivalent space voltage vector is moving in the space (three dimensional 

space). For the four wire networks, unbalanced three phase current can be obtained and the 

zero-sequence current can be defined by: 

𝑖𝑖𝑎𝑎 + 𝑖𝑖𝑏𝑏 + 𝑖𝑖𝑐𝑐 = 𝑖𝑖𝑛𝑛 ≠ 0 (6.5) 

TABLE 6.1 SWITCHING COMBINATIONS AND PHASE TO NEUTRAL POINT VOLTAGE FOR EACH 

SWITCHING STATE. 

Vector 𝑆𝑆𝑎𝑎 𝑆𝑆𝑏𝑏 𝑆𝑆𝑐𝑐 𝑆𝑆𝑛𝑛 𝑉𝑉𝑎𝑎𝑛𝑛 𝑉𝑉𝑏𝑏𝑛𝑛 𝑉𝑉𝑐𝑐𝑛𝑛 

𝑉𝑉1 0 0 0 0 0 0 0 

𝑉𝑉2 0 0 0 1 −𝑉𝑉𝑑𝑑𝑐𝑐 −𝑉𝑉𝑑𝑑𝑐𝑐 −𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉3 0 0 1 0 0 0 𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉4 0 0 1 1 −𝑉𝑉𝑑𝑑𝑐𝑐 −𝑉𝑉𝑑𝑑𝑐𝑐 0 

𝑉𝑉5 0 1 0 0 0 𝑉𝑉𝑑𝑑𝑐𝑐 0 

𝑉𝑉6 0 1 0 1 −𝑉𝑉𝑑𝑑𝑐𝑐 0 −𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉7 0 1 1 0 0 𝑉𝑉𝑑𝑑𝑐𝑐 𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉8 0 1 1 1 −𝑉𝑉𝑑𝑑𝑐𝑐 0 0 

𝑉𝑉9 1 0 0 0 𝑉𝑉𝑑𝑑𝑐𝑐 0 0 

𝑉𝑉10 1 0 0 1 0 −𝑉𝑉𝑑𝑑𝑐𝑐 −𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉11 1 0 1 0 𝑉𝑉𝑑𝑑𝑐𝑐 0 𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉12 1 0 1 1 0 −𝑉𝑉𝑑𝑑𝑐𝑐 0 

𝑉𝑉13 1 1 0 0 𝑉𝑉𝑑𝑑𝑐𝑐 𝑉𝑉𝑑𝑑𝑐𝑐 0 

𝑉𝑉14 1 1 0 1 0 0 −𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉15 1 1 1 0 𝑉𝑉𝑑𝑑𝑐𝑐 𝑉𝑉𝑑𝑑𝑐𝑐 𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉16 1 1 1 1 0 0 0 

As well established, for each leg of the inverter, there are two switching states, i.e. “1” and 

“0”, where “1” means the top switch in the leg is on and bottom switch is off, while “0” is the 

opposite. Therefore, in the three-phase four-leg inverter there are sixteen ( 24 ) different 

combination of switching states. Each of these switching states represents a certain space 
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vector. And two of them are zero switching vectors (ZSV) and the rest are fourteen non-zero 

switching vectors (NZSV). The phase to neutral point voltage for all switching states can be 

calculated by (6.6), as shown in TABLE 6.1 

�
𝑉𝑉𝑎𝑎𝑛𝑛
𝑉𝑉𝑏𝑏𝑛𝑛
𝑉𝑉𝑐𝑐𝑛𝑛

� = �
1 0 0 −1
0 1 0 −1
0 0 0 −1

� �

𝑆𝑆𝑎𝑎
𝑆𝑆𝑏𝑏
𝑆𝑆𝑐𝑐
𝑆𝑆𝑛𝑛

� ∙ 𝑉𝑉𝑑𝑑𝑐𝑐 (6.6) 

After implementing the Clarke transformation given in (6.7), the switching space vectors in 

𝛼𝛼𝛽𝛽𝛾𝛾-axis can be obtained, as listed in TABLE 6.2. These space vectors can be plotted in space 

as shown in Fig. 6.16 (a). It is worth noting that 𝛼𝛼𝛽𝛽 plane is the plane in which 𝑉𝑉𝑎𝑎𝑛𝑛 + 𝑉𝑉𝑏𝑏𝑛𝑛 +

𝑉𝑉𝑐𝑐𝑛𝑛 = 0 and 𝛾𝛾-axis represents zero-sequence component. The top view of these vectors would 

form a regular hexagon as shown in Fig. 6.16 (b) 

𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓 = �
𝑉𝑉𝛼𝛼
𝑉𝑉𝛽𝛽
𝑉𝑉𝛾𝛾
� =

2
3

⎣
⎢
⎢
⎢
⎢
⎡1

−1
2

−1
2

0
√3
2

−√3
2

1
2

1
2

1
2 ⎦
⎥
⎥
⎥
⎥
⎤

�
𝑉𝑉𝑎𝑎𝑛𝑛
𝑉𝑉𝑏𝑏𝑛𝑛
𝑉𝑉𝑐𝑐𝑛𝑛

� (6.7) 

 

 

(a) Switching state vectors (b) Top view 6 sectors 
Fig. 6.16 Switching vectors in 𝛼𝛼𝛽𝛽𝛾𝛾-axis frame. 

 



203 
 

TABLE 6.2 INVERTER VOLTAGES IN 𝛼𝛼𝛽𝛽𝛾𝛾-AXIS FOR SIXTEEN VOLTAGE VECTORS  

Vector 𝑉𝑉𝛼𝛼 𝑉𝑉𝛽𝛽 𝑉𝑉𝛾𝛾 

𝑉𝑉1 0 0 0 

𝑉𝑉2 0 0 −𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉3 −
1
3
𝑉𝑉𝑑𝑑𝑐𝑐 −

√3
3
𝑉𝑉𝑑𝑑𝑐𝑐 

1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉4 −
1
3
𝑉𝑉𝑑𝑑𝑐𝑐 −

√3
3
𝑉𝑉𝑑𝑑𝑐𝑐 −

2
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉5 −
1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

√3
3
𝑉𝑉𝑑𝑑𝑐𝑐 

1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉6 −
1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

√3
3
𝑉𝑉𝑑𝑑𝑐𝑐 −

2
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉7 −
2
3
𝑉𝑉𝑑𝑑𝑐𝑐 0 2

3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉8 −
2
3
𝑉𝑉𝑑𝑑𝑐𝑐 0 −

1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉9 
2
3
𝑉𝑉𝑑𝑑𝑐𝑐 0 1

3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉10 
2
3
𝑉𝑉𝑑𝑑𝑐𝑐 0 −

2
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉11 
1
3
𝑉𝑉𝑑𝑑𝑐𝑐 −

√3
3
𝑉𝑉𝑑𝑑𝑐𝑐 

2
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉12 
1
3
𝑉𝑉𝑑𝑑𝑐𝑐 −

√3
3
𝑉𝑉𝑑𝑑𝑐𝑐 −

1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉13 
1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

√3
3
𝑉𝑉𝑑𝑑𝑐𝑐 

2
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉14 
1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

√3
3
𝑉𝑉𝑑𝑑𝑐𝑐 −

1
3
𝑉𝑉𝑑𝑑𝑐𝑐 

𝑉𝑉15 0 0 1 

𝑉𝑉16 0 0 0 

6.3.1.2 SYNTHESIS OF THE REFERENCE VECTOR 

Similar to 2D SVPWM, the reference vector 𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓 is synthesized by using different space 

vectors in different sectors. However, the 3D SVPWM will be more complex due to the fact 

that the number of space vectors is doubled and the dimension is upgraded. The synthesis of 

𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓 is divided into two steps: 
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1) Selection of space vectors; 

2) Calculation of duty cycle. 

Step 1: Selection of space vectors: In order to minimize the circulating energy and reduce the 

current ripple, the space vectors which adjacent to 𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓 should be selected. Different from the 

2D SVPWM, there are two steps required to determine the space vector for the 3D SVPWM, 

namely, sector identification and tetrahedron identification. 

There are six sectors in the three-dimensional space, as shown in Fig. 6.16 (b). Similar to the 

sector identification for the 2D SVPWM, the sector number for the 3D SVPWM can be easily 

identified by using (6.8) and (6.9). 

𝑆𝑆𝐿𝐿𝑐𝑐𝑜𝑜𝑆𝑆𝐿𝐿 𝑁𝑁𝑆𝑆.

⎩
⎪⎪
⎨

⎪⎪
⎧

1 0° ≤ θ𝛼𝛼𝛽𝛽 < 60°
2 60° ≤ θ𝛼𝛼𝛽𝛽 < 120°
3 120° ≤ θ𝛼𝛼𝛽𝛽 < 180°
4 180° ≤ θ𝛼𝛼𝛽𝛽 < 240°
5 240° ≤ θ𝛼𝛼𝛽𝛽 < 300°
6 300° ≤ θ𝛼𝛼𝛽𝛽 < 360°

 (6.8) 

θ𝛼𝛼𝛽𝛽 = tan−1
𝑉𝑉𝛽𝛽
𝑉𝑉𝛼𝛼

 (6.9) 

Moreover, there are six NZSVs and two ZSVs in each sector, e.g. Sector 5 in Fig. 6.17, which 

divide the prism into four tetrahedrons. Numbering the tetrahedron from bottom to top would 

identify from tetrahedrons I and II at lower half of the cylinder and tetrahedrons III and VI at 

the upper half of the cylinder. The 𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓 lies in one of these tetrahedrons and three space vectors 

of the tetrahedron together with two ZSVs are utilized to synthesise 𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓. It is worth noting that 

the line to neutral voltage polarities produced by each NZSV are different as shown in TABLE 

6.1, which can be the way of selecting the tetrahedron in each sector. (6.10) expresses the 

determination of the tetrahedron. Finally, the space can be divided into 24 tetrahedrons by the 

space vectors as listed TABLE 6.3. 

𝑇𝑇𝐿𝐿𝑜𝑜𝐿𝐿𝐿𝐿ℎ𝐿𝐿𝑑𝑑𝐿𝐿𝑆𝑆𝑛𝑛 𝑁𝑁𝑆𝑆. = �𝑥𝑥𝑓𝑓

3

1

 (6.10) 

and 

𝑥𝑥𝑓𝑓 = �1 𝑉𝑉𝑓𝑓 ≥ 0
0 𝑉𝑉𝑓𝑓 < 0 with 𝑖𝑖 = 𝐿𝐿, 𝑏𝑏, 𝑐𝑐 (6.11) 

Step 2: Calculation of duty cycle: As mentioned previously, 𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓 is synthesised by using the 

three adjacent NZSVs and two ZSVs. And the duty cycle of each space vector can be easily 
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computed by projecting them to α𝛽𝛽𝛾𝛾-axis. By way of example, in T18 (Tetrahedron II, Sector 

5) as shown in Fig. 6.17, the available vectors are 𝑉𝑉3, 𝑉𝑉4, 𝑉𝑉12 and 𝑉𝑉1,16. The corresponding duty 

cycle can be given by (6.12). 

 
Fig. 6.17 Duty cycles for the active vector in T18 (Tetrahedron II, Sector 5). 

𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓�������⃗ = 𝑑𝑑1𝑉𝑉3���⃗ + 𝑑𝑑2𝑉𝑉4���⃗ + 𝑑𝑑3𝑉𝑉12�����⃗  (6.12) 

Resolving into Cartesian coordinates: 

�
𝑉𝑉𝛼𝛼
𝑉𝑉𝛽𝛽
𝑉𝑉𝛾𝛾
� = 𝑉𝑉𝑑𝑑𝑐𝑐

⎣
⎢
⎢
⎢
⎢
⎡
−1
3

−1
3

1
3

−√3
3

−√3
3

−√3
3

1
3

−2
2

−1
3 ⎦
⎥
⎥
⎥
⎥
⎤

�
𝑑𝑑1
𝑑𝑑2
𝑑𝑑3
� (6.13) 

Therefore, the duty cycle for such tetrahedron can be calculated by (6.14) and (6.15). It is 

worth noting that for 𝑉𝑉𝑟𝑟𝑒𝑒𝑓𝑓 in other tetrahedrons, the only difference is to change the matrix in 

(6.14). The complete table for all 24 tetrahedrons is given TABLE 6.3. 

�
𝑑𝑑1
𝑑𝑑2
𝑑𝑑3
� =

1
𝑉𝑉𝑑𝑑𝑐𝑐

⎣
⎢
⎢
⎢
⎢
⎡
−1
3

−1
3

1
3

−√3
3

−√3
3

−√3
3

1
3

−2
2

−1
3 ⎦
⎥
⎥
⎥
⎥
⎤
−1

�
𝑉𝑉𝛼𝛼
𝑉𝑉𝛽𝛽
𝑉𝑉𝛾𝛾
� =

1
𝑉𝑉𝑑𝑑𝑐𝑐

⎣
⎢
⎢
⎢
⎡−1

2
−√3

2
1

−1 0 −1
3
2

−√3
2

0 ⎦
⎥
⎥
⎥
⎤

�
𝑉𝑉𝛼𝛼
𝑉𝑉𝛽𝛽
𝑉𝑉𝛾𝛾
� (6.14) 

𝑑𝑑0 = 1 − 𝑑𝑑1 − 𝑑𝑑2 − 𝑑𝑑3 (6.15) 
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TABLE 6.3 CORRESPONDING MATRICES TO COMPUTE THE DUTY RATIOS FOR ALL 

TETRAHEDRONS. 

 
Tetrahedron 

I II III IV 

1 

𝑇𝑇1  (𝑉𝑉2,𝑉𝑉10,𝑉𝑉14) 

⎣
⎢
⎢
⎡
−1 0 −1
2
3

−√3
2

0

0 −√3 0 ⎦
⎥
⎥
⎤
 

𝑇𝑇2  (𝑉𝑉9,𝑉𝑉10,𝑉𝑉14) 

⎣
⎢
⎢
⎡
1 0 1
1
2

−√3
2

−1

0 √3 0 ⎦
⎥
⎥
⎤
 

𝑇𝑇3  (𝑉𝑉9,𝑉𝑉13,𝑉𝑉14) 

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 3

2
−√3

2
0

−1
2

√3
2

1

1
2

√3
2

−1⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

𝑇𝑇4  (𝑉𝑉9,𝑉𝑉13,𝑉𝑉15) 

⎣
⎢
⎢
⎢
⎢
⎡ 3

2
−√3

2
0

0 √3 0
−1
2

−√3
2

1⎦
⎥
⎥
⎥
⎥
⎤

 

2 

𝑇𝑇5  (𝑉𝑉2,𝑉𝑉6,𝑉𝑉14) 

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 1

2
−√3

2
−1

−3
2

√3
2

0

3
2

√3
2

0 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

𝑇𝑇6  (𝑉𝑉5,𝑉𝑉6,𝑉𝑉14) 

⎣
⎢
⎢
⎢
⎡−1

2
√3
2

1
−1 0 −1
3
2

√3
2

0 ⎦
⎥
⎥
⎥
⎤

 

𝑇𝑇7  (𝑉𝑉5,𝑉𝑉13,𝑉𝑉14) 

⎣
⎢
⎢
⎢
⎡−3

2
√3
2

0
1 0 1
1
2

√3
2

−1⎦
⎥
⎥
⎥
⎤

 

𝑇𝑇8  (𝑉𝑉5,𝑉𝑉13,𝑉𝑉15) 

⎣
⎢
⎢
⎢
⎢
⎢
⎡−3

2
√3
2

0

3
2

√3
2

0

−1
2

−√3
2

1⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

3 

𝑇𝑇9  (𝑉𝑉2,𝑉𝑉6,𝑉𝑉8)  

⎣
⎢
⎢
⎢
⎢
⎡ 1

2
−√3

2
−1

0 √3 0
−3
2

−√3
2

0 ⎦
⎥
⎥
⎥
⎥
⎤

 

𝑇𝑇10  (𝑉𝑉5,𝑉𝑉6,𝑉𝑉8) 

⎣
⎢
⎢
⎢
⎢
⎢
⎡−1

2
√3
2

1

1
2

√3
2

−1

−3
2

−√3
2

0 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

𝑇𝑇11  (𝑉𝑉5,𝑉𝑉7,𝑉𝑉8)  

⎣
⎢
⎢
⎡ 0 √3 0
−1
2

−√3
2

1
−1 0 −1⎦

⎥
⎥
⎤
 

𝑇𝑇12  (𝑉𝑉5,𝑉𝑉7,𝑉𝑉15)  

⎣
⎢
⎢
⎡ 0 √3 0
−3
2

−√3
2

0
1 0 1⎦

⎥
⎥
⎤
 

4 

𝑇𝑇13  (𝑉𝑉2,𝑉𝑉4,𝑉𝑉8)  

⎣
⎢
⎢
⎢
⎢
⎡ 1

2
√3
2

−1

0 −√3 0
−3
2

√3
2

0 ⎦
⎥
⎥
⎥
⎥
⎤

 

𝑇𝑇14  (𝑉𝑉3,𝑉𝑉4,𝑉𝑉8)  

⎣
⎢
⎢
⎢
⎢
⎢
⎡−1

2
−√3

2
1

1
2

−√3
2

−1

−3
2

√3
2

0 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

𝑇𝑇15  (𝑉𝑉3,𝑉𝑉7,𝑉𝑉8)  

⎣
⎢
⎢
⎡ 0 −√3 0
−1
2

√3
2

1
−1 0 −1⎦

⎥
⎥
⎤
 

𝑇𝑇16  (𝑉𝑉3,𝑉𝑉7,𝑉𝑉15)  

⎣
⎢
⎢
⎡ 0 −√3 0
−3
2

√3
2

0
1 0 1⎦

⎥
⎥
⎤
 

5 

𝑇𝑇17  (𝑉𝑉2,𝑉𝑉4,𝑉𝑉12)  

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 1

2
√3
2

−1

−3
2

−√3
2

0

3
2

−√3
2

0 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

𝑇𝑇18  (𝑉𝑉3,𝑉𝑉4,𝑉𝑉12)  

⎣
⎢
⎢
⎢
⎡−1

2
−√3

2
1

−1 0 −1
3
2

−√3
2

0 ⎦
⎥
⎥
⎥
⎤

 

𝑇𝑇19  (𝑉𝑉3,𝑉𝑉11,𝑉𝑉12)  

⎣
⎢
⎢
⎢
⎡−3

2
−√3

2
0

1 0 1
1
2

−√3
2

−1⎦
⎥
⎥
⎥
⎤

 

𝑇𝑇20  (𝑉𝑉3,𝑉𝑉11,𝑉𝑉15)  

⎣
⎢
⎢
⎢
⎢
⎢
⎡−3

2
−√3

2
0

3
2

−√3
2

0

−1
2

√3
2

1⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

6 𝑇𝑇21  (𝑉𝑉2,𝑉𝑉10,𝑉𝑉12)  𝑇𝑇22  (𝑉𝑉9,𝑉𝑉10,𝑉𝑉12)  𝑇𝑇23  (𝑉𝑉9,𝑉𝑉11,𝑉𝑉12)  𝑇𝑇24  (𝑉𝑉9,𝑉𝑉11,𝑉𝑉15)  
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⎣
⎢
⎢
⎡
−1 0 −1
3
2

√3
2

0

0 −√3 0 ⎦
⎥
⎥
⎤
 

⎣
⎢
⎢
⎡
1 0 1
1
2

√3
2

−1

0 −√3 0 ⎦
⎥
⎥
⎤
 

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 3

2
√3
2

0

−1
2

−√3
2

1

1
2

−√3
2

−1⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

⎣
⎢
⎢
⎢
⎢
⎡ 3

2
√3
2

0

0 −√3 0
−1
2

√3
2

1⎦
⎥
⎥
⎥
⎥
⎤

 

6.3.1.3 DETERMINATION OF SWITCHING VECTOR SEQUENCES 

The sequencing of space vectors in each tetrahedron is to minimize the switching times and 

to reduce the switching loss. Therefore, symmetrically aligned sequence of space vector is used 

in the 3D SVPWM. Again using T18 (Tetrahedron II, Sector 5) for example, the active vectors 

are  𝑉𝑉3 (0010) ,  𝑉𝑉4 (0011)  and  𝑉𝑉12 (1011) . It is obvious that if it starts with ZSV 𝑉𝑉1  the 

sequence of the active vectors will be given by: 𝑉𝑉1 → 𝑉𝑉3 → 𝑉𝑉4 → 𝑉𝑉12 → 𝑉𝑉16 → 𝑉𝑉12 → 𝑉𝑉4 →

𝑉𝑉3 → 𝑉𝑉1, as shown in Fig. 6.18. 

 
Fig. 6.18 Switching vector sequences for in T18 (Tetrahedron II, Sector 5). 

6.3.1.4 MATLAB/SIMULINK MODELLING OF THE 3D SVPWM 

Based on previous study, a Matlab/Simulink model for the 3D SVPWM has been built as 

shown in Fig. 6.19. Its subsystems include sector calculation module, the tetrahedron 

identification module (Fig. 6.20) and duty cycle calculation module (Fig. 6.11). The 𝑉𝑉𝛼𝛼𝛽𝛽𝛾𝛾 

components should be provided as the input during each sampling.  



208 
 

 
Fig. 6.19 Matlab/Simulink model for the 3D SVPWM. 

 
Fig. 6.20 Matlab/Simulink model for tetrahedron calculator [(6.10) and (6.11)] 

  
Fig. 6.21 Matlab/Simulink for duty cycle calculator (TABLE 6.1 and TABLE 6.3). 
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The resistor-inductor circuit as shown in Fig. 6.22 is used to validate the effectiveness of the 

built 3D SVPWM model. The dc bus voltage is 50 V and carrier wave frequency is 10kHz. 

The resistance is 1Ω, while the inductance is 8mH. The system is operating under current 

control and dq-axis current demands are kept at 1A. The 3rd, 5th and 7th order current harmonic 

are injected in sequence for one electric period, and their amplitudes are 30%I1, where I1 is the 

fundamental current. The method of implementing current harmonic injection has been detailed 

in Appendix A. The simulation results are listed through Fig. 6.24-Fig. 6.29. 

 
Fig. 6.22 Matlab/Simulink model for three-phase four-leg inverter. 

Fig. 6.23 presents the comparisons between the reference current demand and inverter output 

current. It is shown that three-phase four-leg inverter controlled by 3D-SVPWM allows us to 

inject current harmonic into dq0-axis currents and the designed controller can fully track the 

reference current. 

 
Fig. 6.23 Comparison between reference current and inverter output current. 
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Fig. 6.24 shows the reference voltage applied to the three-phase four-leg inverter, while Fig. 

6.25 presents the output phase voltage of the inverter. 

 
Fig. 6.24 Reference voltage applied to three phase four-leg inverter. 

 
Fig. 6.25 Output phase voltage of three phase four-leg inverter. 

In Fig. 6.26, the duty cycles for each inverter leg are shown, which corresponds to the 

symmetrical sequence mentioned previously. With current harmonic injection, the peak to peak 

value of duty cycle could be slightly larger than that with pure sinewave supply. Therefore, the 
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duty cycle with current harmonic injection potentially reach maximum value “1” earlier than 

that with pure sinewave supply. In other words, the machine will enter flux-weakening region 

in advance as have already been investigated in Chapter 5.3 

 
Fig. 6.26 Duty cycle of three phase four-leg inverter. 

Fig. 6.27 shows the current waveforms for 3D SVPWM control. It confirms that the benefits 

of this type of inverters, which can operate under both balanced and unbalanced current 

conditions. 

 
Fig. 6.27 Three phase currents with different current harmonic injection. The 3rd 5th and 7th 

order current harmonics are injected in sequence. 
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Fig. 6.28 and Fig. 6.29 show the selection of sectors and tetrahedrons in which voltage space 

vector passed.  

 
Fig. 6.28 Number of sectors in which the voltage space vectors passed. 

 
Fig. 6.29 Number of tetrahedrons in which the voltage space vectors passed 

6.3.2 TEST OF 3-PHASE DS-SRMS 

Once the effectiveness of the 3D SVPWM for three-phase four-leg inverter has been 

validated, the dynamic tests for the DS-SRMs with current harmonic injections can be carried 

out. Two 3-phase DS-SRMs are tested initially. The block diagram of implementing the 

harmonic current injections is shown in Fig. 6.30. Three types of dynamic tests including 

steady-state test, transient-state test as well as torque- and efficiency-speed curves are carried 

out. 
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Fig. 6.30 Current control block diagram of the 3-phase DS-SRM with current harmonic 

injection. 

6.3.2.1 STEADY-STATE TESTS 

Firstly, the test machine is operating under current control and the phase rms current stays 

constant at 5A for all the conditions. The performance of the proposed harmonic current 

injection method at steady state is evaluated. The machine reached the steady state with only 

fundamental current within the first 3s. Then after every 3s, the 3rd, 5th and 7th order current 

harmonics are injected consecutively and each time only one harmonic current is injected.  

A).  SL DS-SRM 

The experimental results for the SL DS-SRM are shown in Fig. 6.31. It can be seen that as 

predicted, all the harmonic current injections can effectively reduce torque ripple. The dq-axis 

currents reduce slightly after the harmonic current injections mainly because the phase RMS is 

kept constant. 
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(a) Phase current 

 
(b) dq0-axis current 

 
(c) On-load torque 

Fig. 6.31. Measured currents, speed and torque for SL DS-SRM before and after current 

harmonic injections. 
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The torque spectra are shown in Fig. 6.32. It can be seen that after current harmonic injections, 

the 6th order torque harmonics have been effectively reduced by around 60%, as expected. 

However, it is also observed that there are some low frequency harmonics in the on-load torque. 

This is mainly due to the manufacturing tolerance of the prototype machine, the unavoidable 

imbalance in the test rig and also the torque ripple introduced by the load generator. 

 
Fig. 6.32. Comparison of torque spectra for SL DS-SRM after various order current harmonic 

injections. 

B).  DL DS-SRM 

Fig. 6.33 shows the current and torque waveforms at steady state after the 3rd, 5th and 7th 

order current harmonics individually injected into the test machine, respectively. It is obvious 

that for the DS-SRM, the 3rd order current harmonic has little effect on the torque production, 

as predicted. The slight reduction in dq-current and average torque, after the 3rd order current 

injection, is mainly due to the fact that the phase RMS current is kept constant. It also proves 

that the 5th and 7th order current harmonics can effectively reduce the speed and torque ripple. 
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(a) Phase current 

 
(b) dq0-axis current 

 
(c) On-load torque 

Fig. 6.33. Measured currents, speed and torque for DL DS-SRM before and after current 

harmonic injections. 
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The torque spectra are also plotted, as shown in Fig. 6.34. The results show that the 5th and 

7th current harmonic injections can reduce 66% and 70% of the 6th order torque harmonics, 

respectively. The 3rd current harmonic has negligible effect on the 6th order torque harmonic.  

 
Fig. 6.34. Comparison of torque spectra for DL DS-SRM after various order current harmonic 

injections. 

6.3.2.2 TRANSIENT-STATE TESTS 

The second test evaluated the performance of the proposed current injection method at 

transient state. Therefore, the machine is operating under speed control, and a permanent 

magnet dc generator is utilized as the load. At the beginning, the test machine rotates at 50rpm 

and after 3s, the speed demand increases to 200rpm. The harmonic current can be injected into 

the dq0-axis directly, as investigated in Appendix A. 

A).  SL DS-SRM 

The phase a currents are shown in Fig. 6.35 (a) and the speed and torque of the SL DS-SRM 

with and without the current harmonic injection are shown in Fig. 6.35 (b) and (c), respectively. 

It can be seen that the speed and torque ripple suppression by the proposed method is not 

compromised at transient-state. Moreover, the transient time from 50rpm to 200rpm can even 

be reduced by more than 10% after injecting the 3rd order current harmonic. This is due to the 

extra torque produced by such harmonic current injection. The transient time can be increased 

by around 17% and 15% after injecting the 5th and 7th order current harmonics, which is mainly 

due to the fact that the average torque is reduced by such harmonic current injections. 
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(a) Phase A current 

  
(b) Speed 

 
(c) Torque 

Fig. 6.35. Transient state results with/without current harmonic injection. 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠 = 5𝐴𝐴𝐿𝐿𝑚𝑚𝑆𝑆 and 

Vdc=24V  
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Fig. 6.36 shows the torque spectra at different speeds. A clear reduction in the 6th order torque 

ripple can be observed at both low and relatively higher speeds. However, it is also observed 

that there are some low frequency harmonics in the on-load torque. Again, this is due to the 

manufacturing tolerance of the prototype machine, the unavoidable imbalance in the test rig 

and also the torque ripple introduced by the load generator. 

 
Fig. 6.36. Torque spectra at different speeds. (a) 𝜔𝜔 = 50𝐿𝐿𝑝𝑝𝑚𝑚 and (b) 𝜔𝜔 = 200𝐿𝐿𝑝𝑝𝑚𝑚. 

B).  DL DS-SRM 

The same test in transient-state has been done for the DL DS-SRM. Fig. 6.37 shows the 

dynamic test results after current harmonic injection. As expected, the transient time from 

50rpm to 200rpm is not changed after injecting the 3rd order current harmonic, while transient 

time after 5th and 7th order current harmonic is increased by about 20% and 10%, respectively. 

It is obvious that the torque ripple for the full time range can be reduced significantly. Fig. 6.36 

shows the torque spectra for DL DS-SRM at different speeds. Again, the effectiveness of 

proposed current harmonic injection has been validated.  
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(a) Phase A current 

  
(b) Speed 

 
(c) Torque 

Fig. 6.37. Transient state results with/without current harmonic injection. 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠 = 5𝐴𝐴𝐿𝐿𝑚𝑚𝑆𝑆 and 

Vdc=24V.  
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Fig. 6.38. Torque spectra at different speeds. (a) 𝜔𝜔 = 50𝐿𝐿𝑝𝑝𝑚𝑚 and (b) 𝜔𝜔 = 200𝐿𝐿𝑝𝑝𝑚𝑚. 

6.3.2.3 TORQUE- AND EFFICIENCY-SPEED CURVES 

Apart from the steady and transient-state tests, the torque- and efficiency-speed curves have 

also been measured. It is worth mentioning that in order to ease the winding process of the 

prototype machine, smaller copper wires ware deliberately used in the prototype machine, 

leading to higher phase resistance. As a result, if Vdc is still kept at 24V as in Chapter 5.3, there 

will be no constant torque region. Therefore, a higher Vdc of 40V has been used in this test. 

Fig. 6.39 (a) and (b) show the torque-speed curves for the SL and DL DS-SRM, respectively. 

Overall, the measured torque-speed curves match well with the predictions. As expected, with 

the 3rd order current harmonic injection, the SL machine produces more than 10% extra torque 

at the constant torque region, and slightly higher torque during the flux-weakening operation. 

However, the 3rd order current harmonic has no benefit but extra losses for the DL machine. 

Moreover, the base speeds for both the SL and DL machines with the 5th and 7th order current 

harmonics are reduced by more than 50%, which corresponds to previous studies in Chapter 

5.3.  
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(a) SL 

 
(b) DL 

Fig. 6.39. Predicted and measured torque-speed curves for DS-SRMs with different winding 

structures. 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠 = 5𝐴𝐴𝐿𝐿𝑚𝑚𝑆𝑆 and Vdc=40V. 

Fig. 6.40 shows the efficiency-speed curves for the SL and DL DS-SRMs. It is not surprising 

that the 3rd order current harmonic injection can also improve the efficiency of the SL machine 

for the investigated speed range, while the 5th and 7th order current harmonic injections can 

only reduce the machine efficiency in the full speed range. Moreover, the efficiency of the DL 

machine with the 5th and 7th order current harmonic injections is also reduced. This is due to 

reduction in average torque and increase in losses. It is worth noting that the lower efficiency 

is mainly due to relatively higher phase resistance, which leads to higher copper loss. 
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(a) SL 

 
(b) DL 

Fig. 6.40. Predicted and measured efficiency-speed curves for DS-SRMs with different 

winding structures. 𝐼𝐼𝑟𝑟𝑟𝑟𝑠𝑠 = 5𝐴𝐴𝐿𝐿𝑚𝑚𝑆𝑆 and Vdc=40V.  

6.3.3 TEST OF MULTI-PHASE DS-SRM 

As mentioned previously, the prototype 6-phase DS-SRM is converted from the 3-phase 

12s/8p prototype machine. As a result, the number of turns per phase is reduced by half, i.e. 66 

rather than 132 used in previous sections. This means that the inductance will be reduced by 

four times, which leads to four times reduction in the average torque in the experimental 

validation section compared with the simulated torque in Chapter 4 and Chapter 5. However, 

this will not influence the effectiveness of the proposed method as it can be used in any 

synchronous reluctance machines. The same test rig setup in Fig. 6.15 is utilized to validate the 

proposed harmonic current injection method. 
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The 6-phase machine is controlled as a dual 3-phase one (phases A, C and E form one set, 

while phases B, D and F form the second set) with a phase shift of 60 electrical degree between 

the two sets, as shown in Fig. 6.41. Two 3-phase winding sets are supplied by two 3-phase half 

bridge voltage source inverters (VSIs), which are controlled using the conventional SV-PWM. 

It is worth noting that when injecting the 3rd order current harmonic for the 6-phase machine, 

an extra half-bridge is required to control the zero-sequence current. However, due to hardware 

limitations, only the 5th and 7th order harmonic current injections have been carried out in this 

section. 

 

Fig. 6.41. Current control block diagram of the 6-phase prototype machine.  

6.3.3.1 STEADY-STATE TESTS 

The first test evaluates the performance of the proposed current harmonic injection method 

at steady-state. Therefore, the machine is operating under the current control. The current level 

is 5Arms. The permanent magnet direct current (PMDC) machine provides load torque for the 

prototype machine. Fig. 6.13 shows the waveforms of the current and torque. It has been found 

that after the 5th and 7th order current harmonic injections, the torque ripple can be significantly 

reduced, while the dc components (average torque) is also reduced by about 14%. 
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(a) Phase A current 

 
(b) On-load torque 

Fig. 6.42 Steady-state results. Phase RMS current is 5A. 

Fig. 6.43 shows the torque spectra during one electric period. It is apparent that the 6th order 

torque harmonic can be suppressed by 85% and 70%, respectively, after the 5th and 7th order 

current harmonic injections, which generally agree with the predictions in TABLE 4.6. It is 

worth noting that the active inductances to produce the average torque for the 5th order current 

harmonic are 4th and 6th (5 ± 1), while for the 7th order current harmonic they are 6th and 8th 

(7 ± 1). In addition, the magnitude of the 4th order inductance harmonic is much larger than 

the 8th order inductance harmonic. Therefore, to reduce the same amount of torque ripple, the 

reduction in average torque with the 7th order current harmonic injection is less than that with 

the 5th order current harmonic injection. Moreover, the low frequency harmonics in torque are 

due to the unavoidable mechanical unbalance of the test rig and also the inherent torque ripple 

of the PMDC load machine.  
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Fig. 6.43. Spectra of torque at 5A phase RMS current with and without current harmonic 

injections. 

6.3.3.2 TRANSIENT-STATE TESTS 

The second test investigates the effectiveness of the current harmonic injection method at 

transient-state and the machine is tested under speed control. The initial speed is 50rpm and 

after 3s, the speed reference increases to 200rpm. Again, both the 5th and 7th order current 

harmonics are injected. The speed and torque responses for different harmonics are shown in 

Fig. 6.44 (a) and (b), respectively. It can be seen that the speed and torque ripple suppression 

of the proposed method is not compromised at transient-state. However, the transient time from 

50rpm to 200rpm can be increased by around 17% and 15% after injecting the 5th and 7th order 

current harmonics, which is mainly due to the fact that the average torque is reduced by such 

harmonic current injections. 
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(a) Speed 

 
(b) Torque 

Fig. 6.44 Transient-state results. The speed steps up from 50rpm to 200rpm.  

6.3.3.3 TORQUE- AND EFFICIENCY-SPEED CURVES 

Apart from the steady and transient-state tests, the torque- and efficiency-speed curves have 

also been measured. The current and dc voltage limits are the same as Chapter 5.4.2, i.e. 7.07A 

(5Arms) and 24V, respectively. Fig. 6.45 shows the torque- and efficiency-speed reuslts. It is 

worth noting that the significant reduction in the average torque compared with preditions in 

Fig. 5.46 is due to reduced number of turns per phase of the protype machine. This has been 

explained at the beginning of the Chapter 6.3.3. For the same reason, the induced voltage is 

reduced by half as well. In this case, the base speed of the machine could be doubled. Overall, 

the measured results match well with the predictions. It is not surprising that both in contant-

torque and flux-weakening regions, the 5th and 7th order current harmonic injections cannot 

produce comparible average torque as that of the fundmental current. The base speed is reduced, 
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due to significant voltage distortion caused by the interation between the current and inductance 

harmonics. Moreover, the 5th and 7th order current harmonic injections can only reduce the 

machine efficiency in full speed range. It is worth mentioning that smaller copper wires have 

been delibrately used to ease the winding process of the prototype machine. This inevitably 

increases the phase resistance. As a result, together with relatively high phase current and low 

rotor speed, the small prototype machine can only achieve modest efficiency. 

 
(a) Torque-speed curves 

 
(b) Efficiency-speed curves 

Fig. 6.45 Predicted and measured torque- and efficiency-speed curves. 𝐼𝐼𝑟𝑟𝑎𝑎𝑚𝑚 = 7.07𝐴𝐴  and 

Vdc=24V.  

 CONCLUSION 

In this section, both static and dynamic experiments have been carried out to validate the 

effectiveness of the current harmonic injection method for the DS-SRMs investigated in 

previous chapters. Three-phase four-leg inverter and its associated 3D SVPWM control have 
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been investigated to control the zero-sequence current, in order to achieve the 3rd order current 

harmonic injection. It has been proven that the prototype machines can operate well under both 

current and speed control with proposed current harmonic injection method. Overall, the 

expected results have been observed. The torque ripple for both 3-phase and 6-phase DS-SRMs 

can be reduced significantly, if the current harmonic is properly selected. The 3rd order current 

harmonic can even increase the torque capacity for the SL machines. However, it has found 

that for the 5th and 7th order current harmonics, while reducing the torque ripple of the 

investigated machines, they will also reduce their efficiency (due to reduced average torque).  
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 CONCLUSION AND FUTURE WORKS 

This thesis devotes to the theoretical and experimental investigation of doubly salient 

synchronous reluctance machines (DS-SRMs). The main objective of this research is to 

develop new techniques, such as harmonic current injections, for DS-SRMs to achieve higher 

torque capability, lower torque ripple and lower noise compared with DS-SRMs with pure 

sinewave current supply. The conclusion drawn in this thesis will provide some guidelines to 

engineers who dedicate themselves to high efficiency and low cost electrical machines, which 

can be used in a wide range of applications, such as electric vehicles, more electric aircraft and 

household products, etc. 

This thesis first reviews the development history of switched reluctance machines and other 

DS-SRMs from 1838 up to present and critically examines the state-of-the-art techniques for 

reducing vibrations and acoustic noise as well as torque ripple. It has shown that the 

improvement in torque performance, such as improved average torque and reduced torque 

ripple, can be achieved by optimizing machine topologies and/or adopting various advanced 

control strategies. Based on these prior works in literature, this thesis will further extend the 

understanding of these machines by proposing a novel harmonic current injection method for 

torque performance improvement. 

The start of this project is based on a 3-phase 12s/8p DS-SRM with short pitched single layer 

concentrated winding. With sinewave current supply, this machine can achieve significantly 

higher torque capability but also has relatively higher torque ripple compared with 

conventional SRMs. In order to meet the application requirement of lower torque ripple, the 

concept of injecting current harmonics is considered and developed. The main idea is to use 

the torque ripple component generated by the current harmonics to cancel that produced by the 

fundamental current. At the same time, if the harmonic current, including harmonic order, 

amplitude and also phase angle, is properly selected, the average torque can be improved as 

well. In order to provide an insight into the torque generation mechanism with current harmonic 

injections, the analytical studies of on-load torque with/without current harmonic injection 

have been carried out. Both FEA and experiment results have validated the analytical 

modelling under linear condition, and it has found that the torque ripple can be significantly 

reduced for a single layer DS-SRM by the proposed methods. In addition, in order to show that 

the proposed method can be general and can be applicable to other DS-SRMs, three different 
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but typical DS-SRMs with different winding configurations, i.e. single layer (self-torque 

component is dominant), fully-pitched (mutual-torque component is dominant) and double 

layer (both self- and mutual-torques are important), have been compared by implementing the 

proposed method in this thesis. It has found that most current harmonics, including the 3rd, 5th 

and 7th, present good performance in torque ripple reduction for the single layer and fully 

pitched DS-SRMs. However, due to the cancellation effect between the self- and mutual-

inductances (corresponding to the self- and mutual-torque components), some current 

harmonics have little effect on the double layer DS-SRMs. 

Moreover, this thesis also attempts to further improve the torque performance of the DS-

SRM by combining the multi-phase winding configuration and the current harmonic injection 

method. To be more specific, the DS-SRMs with increasing phase number from 2 to 6 have 

been proposed and investigated. For all machines, torque production of each order of 

inductance harmonic can be quantified by using the developed analytical model in this thesis. 

Based on the findings from the analytical modelling, the corresponding torque compensation 

method with appropriate current harmonic injection has been proposed for the multi-phase 

machines. Again, if the harmonic current is properly selected, for different multi-phase DS-

SRMs, their average torques can be improved and their torque ripples can be reduced.  

The findings in this thesis has proven that the improvement of torque ripple due to the 

proposed harmonic current injection method has been apparent and significant. However, it is 

also true that the injected current harmonics will bring extra losses (both copper and iron losses). 

This could lead to the reduction of efficiency. In addition, due to the interaction between the 

inductance and current harmonics, it has found that the voltage distortion has been increased 

after current harmonic injections. This will have a significant impact on the machine dynamic 

performances. To provide a full picture of the potential of the proposed harmonic current 

injection method, comprehensive studies of losses, efficiency and dynamic performances of 

both 3-phase and multi-phase DS-SRMs with current harmonic injection have been carried out. 

To simplify the analyses, an effective dq0-axis analytical model is developed, which is also 

useful for real implementation and experimental validation of the proposed harmonic current 

injection method. 

Overall, it has found that compared to the 5th and 7th
 order current harmonic injections, the 

3rd order current harmonic injection presents the best performance, which can not only increase 

the average torque, but also can reduce the torque ripple by around 50% for the single layer 

and fully-pitched DS-SRM, even though it does not work for some of the double layer DS-
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SRMs. And for the 3-phase machine, in order to implement the 3rd order harmonic current 

injection in an economical and efficient way, the three-phase four-leg inverter and the 3D space 

vector pulse width modulation (SVPWM) method have been adopted. It is a trade-off between 

the cost of power device and the torque performance improvement. Moreover, except for the 

4-phase DS-SRMs (specific nature of self- and mutual-inductance) and some double layer 

machines with a phase number of multiple of 3 (cancellation effect between the self- and 

mutual-torques), the 3rd order current harmonic injection can generally increase the machine 

efficiency in constant torque region due to the extra output power, while it shows the same 

torque performance in flux weakening region as that of pure fundamental current supply. 

Although the torque ripple can also be significantly reduced by other current harmonic injection 

such as the 5th and 7th, other performances, such as torque capability and efficiency, could be 

reduced as well.  

Last, it is worth mentioning that, although a major part of the planned works in this thesis 

has been performed, there are still a number of works to be done in the future, such as: 

• The influence of the proposed current harmonic injection method on vibration and 

acoustic noise could be investigated. 

• The vibration and torque ripple could be reduced at the same time with two or more 

current harmonics injected. 

• Although the offline current harmonic injection is effective and easy to be 

implemented, current harmonic cannot be properly and flexibly selected for different 

operating points. Hence, online current harmonic injection method could be proposed, 

which adjusts the properties of current harmonic based on estimated instantaneous 

torque.  

• The fault-tolerant control of the DS-SRMs with current harmonic injection method 

could be investigated (three-phase four-leg inverter can be adopted). 
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Appendix A : D- AND Q-AXIS TRANSFORMATION 

CONSIDERING HARMONIC CURRENT INJECTIONS 

Chapter 2 to Chapter 4 are mainly focused on analyses of static performances in abc-axis 

frame, such as: average torque and torque ripple of DS-SRMs with current harmonic injections. 

However, as mentioned previously, the current harmonic injection will also have significant 

impact on machine dynamic performances such as the torque-speed curves, power-speed 

curves, efficiency maps, and so on. So the following sections will dedicate to the analyses of 

dynamic performance after current harmonic injections. In order to do that, different from 

previous chapters, the torque model based on d- and q-axis quantities such as inductances, 

currents, flux linkages, etc. are needed, as they make the modelling much more straightforward.  

A.1.  ABC-AXIS TO DQ-AXIS RREFERENCE FRAME 

The general equation of periodic three phase components are given by: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 𝑋𝑋𝑎𝑎 = �𝑋𝑋𝑘𝑘sin (𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘)

∞

𝑘𝑘=1

𝑋𝑋𝑏𝑏 = �𝑋𝑋𝑘𝑘sin (𝑘𝑘(𝜃𝜃𝑒𝑒 − 120°) + 𝛼𝛼𝑘𝑘)
∞

𝑘𝑘=1

𝑋𝑋𝑐𝑐 = �𝑋𝑋𝑘𝑘sin (𝑘𝑘(𝜃𝜃𝑒𝑒 + 120°) + 𝛼𝛼𝑘𝑘)
∞

𝑘𝑘=1

 (A.1) 

where 𝑋𝑋𝑎𝑎, 𝑋𝑋𝑏𝑏 and 𝑋𝑋𝑐𝑐 can be any periodic three phase components such as, current, voltage and 

flux linkage and etc. The k, 𝑋𝑋𝑘𝑘 and 𝛼𝛼𝑘𝑘 represent the kth harmonic order, magnitude and phase 

angle in abc-axis reference frame. The 𝑋𝑋𝑑𝑑𝑞𝑞 after Park transformation is given by (A.2) 

𝑋𝑋𝑑𝑑 = �𝑋𝑋𝑑𝑑𝑘𝑘

∞

𝑘𝑘=1

,  𝑋𝑋𝑞𝑞 = �𝑋𝑋𝑞𝑞𝑘𝑘

∞

𝑘𝑘=1

,  𝑋𝑋0 = �𝑋𝑋0𝑘𝑘

∞

𝑘𝑘=1

 (A.2) 

with 
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𝑋𝑋𝑑𝑑𝑘𝑘 = �
𝑋𝑋𝑘𝑘 sin[(𝑘𝑘 − 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 1,4,7 …
𝑋𝑋𝑘𝑘 sin[(𝑘𝑘 + 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 2,5,8 …

0 𝑘𝑘 = 3,6,9 …
 

𝑋𝑋𝑞𝑞𝑘𝑘 = �
−𝑋𝑋𝑘𝑘 cos[(𝑘𝑘 − 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 1,4,7 …
𝑋𝑋𝑘𝑘 cos[(𝑘𝑘 + 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 2,5,8 …

0 𝑘𝑘 = 3,6,9 …
 

𝑋𝑋0𝑘𝑘 = � 0 𝑘𝑘 ≠ 3,6,9 …
𝑋𝑋𝑘𝑘 sin(𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘) 𝑘𝑘 = 3,6,9 … 

(A.3) 

TABLE A.1 FREQUENCY VARIATION AFTER PARK TRANSFORMATION 

Reference Frame Harmonic order 

Xabc 0 1 2 3 4 5 6 7 … 

Xdq (k±1) - 0 3 - 3 6 - 6 … 

X0 (k) - - - 3 - - 6 -  

According to (A.2) and (A.3), the frequency of each harmonic is changing after applying 

Park transformation. It is worth noting that the quantities in dq0-axis will only have dc and 

triplen harmonics as shown in TABLE A.1. It is obvious that if one wants to inject the 3rd order 

current harmonic in abc-axis reference frame, a 3rd order current harmonic has to be injected 

into the 0-axis. And if one wants to inject the 5th and 7th order current harmonics in abc-axis 

reference frame, the 6th order current harmonic in dq-axis current should be injected. The even 

order current harmonic, such as, 2nd and 4th, can also been injected by injecting the 3rd order 

current into dq-axis component. However, they will not be selected for injecting due to their 

poor performance. 

A.2. DQ-AXIS TO ABC-AXIS REFERENCE FRAME 

Based on the investigation in Appendix A.1, the harmonic order before and after Park 

transformation has been studied. However, the relationship between abc-axis and dq0-axis in 

terms of magnitude and phase angle is not clarified. In order to control the current harmonic in 

dq0-axis frame, further investigation of transformation from dq0-axis to abc-axis has been 

analysed in this section. The general equation for dq0-axis is given by: 

�
𝑖𝑖𝑑𝑑 = 𝐼𝐼𝑑𝑑,0 + 𝐼𝐼𝑑𝑑,𝑘𝑘cos (𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑑𝑑,𝑘𝑘)
𝑖𝑖𝑞𝑞 = 𝐼𝐼𝑞𝑞,0 + 𝐼𝐼𝑞𝑞,𝑘𝑘 sin�𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑞𝑞,𝑘𝑘�

𝑖𝑖0 = 𝑖𝑖0,𝑘𝑘 sin�𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼0,𝑘𝑘�
 (A.4) 
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where 𝐼𝐼𝑑𝑑,0 and 𝐼𝐼𝑞𝑞,0  are the dc components in dq-axis, respectively. The k, 𝐼𝐼𝑑𝑑𝑞𝑞0,𝑘𝑘  and 𝛼𝛼𝑑𝑑𝑞𝑞0,𝑘𝑘 

represent the kth harmonic order, magnitude and phase angle, respectively. After inverse Park 

transformation, the current in abc-axis reference frame can be simplified as  

�
𝑖𝑖𝑎𝑎(𝜃𝜃𝑒𝑒) = 𝑖𝑖1∗(𝜃𝜃𝑒𝑒) + 𝑖𝑖𝑘𝑘−1∗ (𝜃𝜃𝑒𝑒) + 𝑖𝑖𝑘𝑘+1∗ (𝜃𝜃𝑒𝑒) + 𝑖𝑖0

𝑖𝑖𝑏𝑏(𝜃𝜃𝑒𝑒 − 120°) = 𝑖𝑖1∗(𝜃𝜃𝑒𝑒 − 120°) + 𝑖𝑖𝑘𝑘−1∗ (𝜃𝜃𝑒𝑒 − 120°) + 𝑖𝑖𝑘𝑘+1∗ (𝜃𝜃𝑒𝑒 − 120°) + 𝑖𝑖0
𝑖𝑖𝑐𝑐(𝜃𝜃𝑒𝑒 + 120°) = 𝑖𝑖1∗(𝜃𝜃𝑒𝑒 + 120°) + 𝑖𝑖𝑘𝑘−1∗ (𝜃𝜃𝑒𝑒 + 120°) + 𝑖𝑖𝑘𝑘+1∗ (𝜃𝜃𝑒𝑒 + 120°) + 𝑖𝑖0

 (A.5) 

with 

�
𝑖𝑖1∗(𝜃𝜃𝑒𝑒) = 𝑖𝑖1sin (𝜃𝜃𝑒𝑒 + 𝛼𝛼1)

𝑖𝑖𝑘𝑘−1∗ (𝜃𝜃𝑒𝑒) = 𝑖𝑖𝑘𝑘−1sin [(𝑘𝑘 − 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘−1]
𝑖𝑖𝑘𝑘+1∗ (𝜃𝜃𝑒𝑒) = 𝑖𝑖𝑘𝑘+1sin [(𝑘𝑘 + 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘+1]

 (A.6) 

The magnitude and phase angle in (A.6) can be calculated by   

�
𝑖𝑖𝑟𝑟 = �𝑏𝑏2 + 𝐿𝐿22

tan𝛼𝛼𝑟𝑟 =
𝑏𝑏
𝐿𝐿

 
      𝑚𝑚 = 1, 𝑘𝑘 − 1 𝐿𝐿𝑛𝑛𝑑𝑑 𝑘𝑘 + 1 

𝐿𝐿 = �
−𝐼𝐼𝑞𝑞,0 𝑚𝑚 = 1

0.5(−𝐼𝐼𝑑𝑑,𝑘𝑘 sin𝛼𝛼𝑑𝑑,𝑘𝑘 + 𝐼𝐼𝑞𝑞,𝑘𝑘 sin𝛼𝛼𝑞𝑞,𝑘𝑘) 𝑚𝑚 = 𝑘𝑘 − 1
0.5(−𝐼𝐼𝑑𝑑,𝑘𝑘 sin𝛼𝛼𝑑𝑑,𝑘𝑘 − 𝐼𝐼𝑞𝑞,𝑘𝑘 sin𝛼𝛼𝑞𝑞,𝑘𝑘) 𝑚𝑚 = 𝑘𝑘 + 1

 

𝑏𝑏 = �
𝐼𝐼𝑑𝑑,0 𝑚𝑚 = 1

0.5(𝐼𝐼𝑑𝑑,𝑘𝑘 cos𝛼𝛼𝑑𝑑,𝑘𝑘 − 𝐼𝐼𝑞𝑞,𝑘𝑘 cos𝛼𝛼𝑞𝑞,𝑘𝑘)   𝑚𝑚 = 𝑘𝑘 − 1
0.5(𝐼𝐼𝑑𝑑,𝑘𝑘 cos𝛼𝛼𝑑𝑑,𝑘𝑘 + 𝐼𝐼𝑞𝑞,𝑘𝑘 cos𝛼𝛼𝑞𝑞,𝑘𝑘)   𝑚𝑚 = 𝑘𝑘 + 1

 

(A.7) 

Based on (A.5)-(A.7), it can be found that the magnitude and phase angle of 0-axis current 

before and after Park Transformation will not change. Together with the investigation in 

section A.1, the 3rd order current harmonic can be simply injected by supplying exactly the 

same 3rd order current harmonic into 0-axis. 

Moreover, in order to inject the 5th and 7th order current harmonics in abc-axis frame, as 

mentioned in section A.1, the 6th order current harmonic in dq-axis should be injected. 

Substituting the parameters listed in TABLE A.2 into (A.5)-(A.7), the current results in dq0- 

and abc-axis frame has been shown in Fig. A.1 and Fig. A.2, respectively. It has been proven 

that the 5th and 7th order current harmonics can be injected by controlling dq0-axis frame. 
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TABLE A.2 dq0-axis current injection parameters 

Parameters Value Parameters Value 

𝐼𝐼𝑑𝑑,0 1 A 𝐼𝐼𝑞𝑞,0 1 A 

𝐼𝐼𝑑𝑑,𝑘𝑘 0.2 A 𝐼𝐼𝑞𝑞,𝑘𝑘 0.2 A 

𝛼𝛼𝑑𝑑,𝑘𝑘 70° 𝛼𝛼𝑞𝑞,𝑘𝑘 115° 

k 6 𝑖𝑖0 0 

 
(a) Waveforms 

 
(b) Spactra 

Fig. A.1 Dq0-axis current after injecting the current harmonic in TABLE A.2. 
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(a) Waveforms 

 
(b) Spactra 

Fig. A.2 Abc-axis current after injecting the current harmonic in TABLE A.2. 

In order to inject only one harmonic order into three phase current, the further analysis of 

(A.5) to (A.7) has been done. To simplify the methods, some assumptions have been made that 

the injected harmonic magnitude for both dq-axis are the same, hence, 𝐼𝐼𝑑𝑑,𝑘𝑘 = 𝐼𝐼𝑞𝑞,𝑘𝑘.  

To cancel the (k+1)th harmonic in (A.5), 𝑖𝑖𝑘𝑘+1  in (A.6) should be equal to 0. Hence, 

components in (A.7) with m=k+1 must be “0” at the same time, as shown in (A.8). 

�
𝐿𝐿 = 0.5(−𝐼𝐼𝑑𝑑,𝑘𝑘 sin𝛼𝛼𝑑𝑑,𝑘𝑘 − 𝐼𝐼𝑞𝑞,𝑘𝑘 sin𝛼𝛼𝑞𝑞,𝑘𝑘) = 0
𝑏𝑏 = 0.5(𝐼𝐼𝑑𝑑,𝑘𝑘 cos𝛼𝛼𝑑𝑑,𝑘𝑘 + 𝐼𝐼𝑞𝑞,𝑘𝑘 cos𝛼𝛼𝑞𝑞,𝑘𝑘) = 0   (A.8) 

Assuming  𝐼𝐼𝑑𝑑,𝑘𝑘 = 𝐼𝐼𝑞𝑞,𝑘𝑘, (A.8) can be solved as  

𝛼𝛼𝑑𝑑,𝑘𝑘 = 𝛼𝛼𝑞𝑞,𝑘𝑘 + 𝜋𝜋 (A.9) 

The (k-1)th harmonic injected into three phase magnitude can be easily calculated by (A.7)  
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𝑖𝑖𝑘𝑘−1∗ (𝜃𝜃𝑒𝑒) = 𝐼𝐼𝑑𝑑,𝑘𝑘 sin[(𝑘𝑘 − 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑑𝑑,𝑘𝑘] (A.10) 

The same method has been utilized to cancel the (k-1)th harmonic. When injected dq-axis 

harmonics satisfy the conditions in (A.11), 

𝛼𝛼𝑑𝑑,𝑘𝑘 = 𝛼𝛼𝑞𝑞,𝑘𝑘 (A.11) 

then the magnitude of the (k+1)th harmonic injected into three phases can be obtained as  

𝑖𝑖𝑘𝑘+1∗ (𝜃𝜃𝑒𝑒) = 𝐼𝐼𝑑𝑑,𝑘𝑘sin [(𝑘𝑘 + 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑑𝑑,𝑘𝑘] (A.12) 

After comparing (A.10) and (A.12) with current harmonic equation (A.13) in abc-axis. The 

implementation of current harmonic injections in dq0-axis frame can be concluded in TABLE 

A.3. When magnitudes of dq-axis currents are the same (𝐼𝐼𝑑𝑑,𝑘𝑘 = 𝐼𝐼𝑞𝑞,𝑘𝑘 = 𝐼𝐼𝑣𝑣), if 𝛼𝛼𝑑𝑑,𝑘𝑘 = 𝛼𝛼𝑞𝑞,𝑘𝑘 +

𝜋𝜋 = 𝛽𝛽𝑣𝑣, there is only (k-1)th order current harmonic in the phase current. But if 𝛼𝛼𝑑𝑑,𝑘𝑘 = 𝛼𝛼𝑞𝑞,𝑘𝑘 =

𝛽𝛽𝑣𝑣, there is only (k+1)th order current harmonic in the phase current.  

𝑖𝑖𝑣𝑣 = 𝐼𝐼𝑣𝑣 sin(𝑣𝑣𝜃𝜃𝑒𝑒 + 𝛽𝛽𝑣𝑣) (A.13) 

TABLE A.3 IMPLEMENTATION OF CURRENT HARMONIC INJECTIONS IN DQ-AXIS FRAME 

𝐼𝐼𝑑𝑑𝑞𝑞0,𝑘𝑘 
𝑣𝑣 

𝐼𝐼𝑑𝑑,𝑘𝑘 𝛼𝛼𝑑𝑑,𝑘𝑘 𝐼𝐼𝑞𝑞,𝑘𝑘 𝛼𝛼𝑞𝑞,𝑘𝑘 𝐼𝐼0,𝑘𝑘 𝛼𝛼0,𝑘𝑘 

𝑘𝑘 0 - 0 - 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 

𝑘𝑘 − 1 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣+𝜋𝜋 0 - 

𝑘𝑘 + 1 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 0 - 

Note: k= 3, 6, 9… abc-axis frame harmonic orders are 𝑘𝑘, 𝑘𝑘 − 1 or 𝑘𝑘 + 1, while in dq0-axis 

frame, they are either 0 or k. 

By using method in TABLE A.3, the single current harmonic in phase current can be 

controlled in dq0-axis frame, and the simulation results can be shown in Fig. A.3. The 

magnitude and phase angle of all the current harmonics are the same, which are 30% I1 and 

𝛽𝛽𝑣𝑣 = 90°, respectively. It is worth noting that understanding of the transformation effect of 

current harmonic is helpful to investigate the dynamic performance as well as experimental 

validation in later stage. 
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(a) Waveforms 

 
(b) Spectra 

Fig. A.3 Phase a current with current harmonic injection. (𝐼𝐼1 = 1.41 𝐴𝐴, 𝐼𝐼𝑣𝑣 = 30%𝐼𝐼1, 𝛽𝛽1 = 45° 

and 𝛽𝛽𝑣𝑣 = 90°). 

A.3.  5-PHASE TRANSFORMATION EFFECT 

Similar to the 3-phase DS-SRM, the model of the 5-phase DS-SRM can also be presented in 

a rotating (d-q-d3-q3-0) reference frame (“dq0-axis” is used for simplicity), in order to consider 

the 3rd order harmonic effect. The general equation of periodic five phase components are given 

by: 
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⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧ 𝑋𝑋𝑎𝑎 = �𝑋𝑋𝑘𝑘sin (𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘)

∞

𝑘𝑘=1

𝑋𝑋𝑏𝑏 = �𝑋𝑋𝑘𝑘sin (𝑘𝑘(𝜃𝜃𝑒𝑒 − 72°) + 𝛼𝛼𝑘𝑘)
∞

𝑘𝑘=1

𝑋𝑋𝑐𝑐 = �𝑋𝑋𝑘𝑘sin (𝑘𝑘(𝜃𝜃𝑒𝑒 − 144°) + 𝛼𝛼𝑘𝑘)
∞

𝑘𝑘=1

𝑋𝑋𝑑𝑑 = �𝑋𝑋𝑘𝑘sin (𝑘𝑘(𝜃𝜃𝑒𝑒 − 216°) + 𝛼𝛼𝑘𝑘)
∞

𝑘𝑘=1

𝑋𝑋𝑒𝑒 = �𝑋𝑋𝑘𝑘sin (𝑘𝑘(𝜃𝜃𝑒𝑒 − 288°) + 𝛼𝛼𝑘𝑘)
∞

𝑘𝑘=1

 (A.14) 

where 𝑋𝑋𝑎𝑎𝑏𝑏𝑐𝑐𝑑𝑑𝑒𝑒 can be any periodic three phase components such as, current, voltage and flux 

linkage and etc. The k, 𝑋𝑋𝑘𝑘 and 𝛼𝛼𝑘𝑘 represent the kth harmonic order, magnitude and phase angle 

in abcde-axis reference frame, respectively. 𝑋𝑋𝑎𝑎𝑏𝑏𝑐𝑐𝑑𝑑𝑒𝑒 can be easily decoupled to dq0-axis by 

(A.15). 

⎣
⎢
⎢
⎢
⎡
𝑋𝑋𝑑𝑑
𝑋𝑋𝑞𝑞
𝑋𝑋𝑑𝑑3
𝑋𝑋𝑞𝑞3
𝑋𝑋0 ⎦

⎥
⎥
⎥
⎤

= P

⎣
⎢
⎢
⎢
⎡
𝑋𝑋𝑎𝑎
𝑋𝑋𝑏𝑏
𝑋𝑋𝑐𝑐
𝑋𝑋𝑑𝑑
𝑋𝑋𝑒𝑒⎦
⎥
⎥
⎥
⎤

 (A.15) 

where transformation matrix P is given by: 

2
5

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ cos𝜃𝜃𝑒𝑒 cos �𝜃𝜃𝑒𝑒 −

2π
5
� cos �𝜃𝜃𝑒𝑒 −

2π
5
� cos �𝜃𝜃𝑒𝑒 −

2π
5
� cos �𝜃𝜃𝑒𝑒 −

2π
5
�

−sin𝜃𝜃𝑒𝑒 − sin �𝜃𝜃𝑒𝑒 −
2π
5
� − sin �𝜃𝜃𝑒𝑒 −

2π
5
� − sin �𝜃𝜃𝑒𝑒 −

2π
5
� − sin �𝜃𝜃𝑒𝑒 −

2π
5
�

cos 3𝜃𝜃𝑒𝑒 cos�3 �𝜃𝜃𝑒𝑒 −
2π
5
�� cos�3 �𝜃𝜃𝑒𝑒 −

2π
5
�� cos�3 �𝜃𝜃𝑒𝑒 −

2π
5
�� cos�3 �𝜃𝜃𝑒𝑒 −

2π
5
��

−sin 3𝜃𝜃𝑒𝑒 − sin�3 �𝜃𝜃𝑒𝑒 −
2π
5
�� − sin�3 �𝜃𝜃𝑒𝑒 −

2π
5
�� − sin�3 �𝜃𝜃𝑒𝑒 −

2π
5
�� − sin�3 �𝜃𝜃𝑒𝑒 −

2π
5
��

1
2

1
2

1
2

1
2

1
2 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

(A.16) 

The harmonic components after transformation are simplified as: 

𝑋𝑋𝑑𝑑 = �𝑋𝑋𝑑𝑑𝑘𝑘

∞

𝑘𝑘=1

,  𝑋𝑋𝑞𝑞 = �𝑋𝑋𝑞𝑞𝑘𝑘

∞

𝑘𝑘=1

,  𝑋𝑋𝑑𝑑3 = �𝑋𝑋𝑑𝑑3𝑘𝑘

∞

𝑘𝑘=1

,  𝑋𝑋𝑞𝑞3 = �𝑋𝑋𝑞𝑞3𝑘𝑘

∞

𝑘𝑘=1

 𝑋𝑋0 = �𝑋𝑋0𝑘𝑘

∞

𝑘𝑘=1

 (A.17) 

with 
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𝑋𝑋𝑑𝑑𝑘𝑘 =

⎩
⎪
⎨

⎪
⎧
𝑋𝑋𝑘𝑘 sin[(𝑘𝑘 − 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 1,6,11 …

0 𝑘𝑘 = 2,7,12 …
0 𝑘𝑘 = 3,8,13 …

𝑋𝑋𝑘𝑘 sin[(𝑘𝑘 + 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 4,9,14 …
0 𝑘𝑘 = 5,10,15 …

 

𝑋𝑋𝑞𝑞𝑘𝑘 =

⎩
⎪
⎨

⎪
⎧
−𝑋𝑋𝑘𝑘 cos[(𝑘𝑘 − 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 1,4,7 …

0 𝑘𝑘 = 2,7,12 …
0 𝑘𝑘 = 3,8,13 …

𝑋𝑋𝑘𝑘 cos[(𝑘𝑘 + 1)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 4,9,14 …
0 𝑘𝑘 = 5,10,15 …

 

𝑋𝑋𝑞𝑞3𝑘𝑘 =

⎩
⎪
⎨

⎪
⎧

0 𝑘𝑘 = 1,4,7 …
𝑋𝑋𝑘𝑘 sin[(𝑘𝑘 + 3)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 2,7,12 …
𝑋𝑋𝑘𝑘 sin[(𝑘𝑘 − 3)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 3,8,13 …

0 𝑘𝑘 = 4,9,14 …
0 𝑘𝑘 = 5,10,15 …

 

𝑋𝑋𝑞𝑞3𝑘𝑘 =

⎩
⎪
⎨

⎪
⎧

0 𝑘𝑘 = 1,4,7 …
𝑋𝑋𝑘𝑘 cos[(𝑘𝑘 + 3)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 2,7,12 …
−𝑋𝑋𝑘𝑘 cos[(𝑘𝑘 − 3)𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘] 𝑘𝑘 = 3,8,13 …

0 𝑘𝑘 = 4,9,14 …
0 𝑘𝑘 = 5,10,15 …

 

𝑋𝑋0𝑘𝑘 = � 0 𝑘𝑘 ≠ 5,10,15 …
𝑋𝑋𝑘𝑘 sin(𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑘𝑘) 𝑘𝑘 = 5,10,15 … 

(A.18) 

TABLE A.4 FREQUENCY VARIATION AFTER PARK TRANSFORMATION 

Reference Frame Harmonic order (k) 

Xabc  0 1 2 3 4 5 6 7 8 … 

Xdq (k±1) - 0 - - 5 - 5 - - … 

Xdq3 (k±3) - - 5 0 - - - 10 5 … 

X0 (k) - - - - - 5 - - - … 

According to (A.18), the frequency of each harmonic is changing after applying Park 

transformation. It is found that the quantities in dq0-axis will only have dc and 5kth harmonics 

as shown in TABLE A.4. It can be found that if one wants to inject the 3rd order current 

harmonic in phase current, dc component of dq3 should be injected. And if one wants to inject 

the 7th order harmonic in phase current, the 10th order harmonic of dq3 components should be 

injected, etc.  

Similar to a 3-phase system, the single order current harmonic in phase current can be 

controlled in dq0-axis by the method listed in TABLE A.5. The dq0-axis current expression is 

given by (A.19). The phase current after inverse Park transformation based on TABLE A.5 can 

be shown in Fig. A.4. The magnitude and phase angle of all the current harmonics are the same, 
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which are 30% I1 and 𝛽𝛽𝑣𝑣 = 90°, respectively. The single current harmonic in phase current can 

be exactly controlled in dq0-axis frame.  

⎩
⎪⎪
⎨

⎪⎪
⎧𝑖𝑖𝑑𝑑 = 𝐼𝐼𝑑𝑑,0 + 𝐼𝐼𝑑𝑑,𝑘𝑘 cos�𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑑𝑑,𝑘𝑘�
𝑖𝑖𝑞𝑞 = 𝐼𝐼𝑞𝑞,0 + 𝐼𝐼𝑞𝑞,𝑘𝑘 sin�𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑞𝑞,𝑘𝑘�
𝑖𝑖𝑑𝑑3 = 𝐼𝐼𝑑𝑑3,𝑘𝑘 cos�𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑑𝑑,𝑘𝑘�
𝑖𝑖𝑞𝑞3 = 𝐼𝐼𝑞𝑞3,𝑘𝑘 sin�𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼𝑞𝑞,𝑘𝑘�
𝑖𝑖0 = 𝑖𝑖0,𝑘𝑘 sin�𝑘𝑘𝜃𝜃𝑒𝑒 + 𝛼𝛼0,𝑘𝑘�

 (A.19) 

TABLE A.5 IMPLEMENTATION OF CURRENT HARMONIC INJECTIONS IN DQ-AXIS FRAME 

𝐼𝐼𝑑𝑑𝑞𝑞0,𝑘𝑘 
𝑣𝑣 

𝐼𝐼𝑑𝑑,𝑘𝑘 𝛼𝛼𝑑𝑑,𝑘𝑘 𝐼𝐼𝑞𝑞,𝑘𝑘 𝛼𝛼𝑞𝑞,𝑘𝑘 𝐼𝐼𝑑𝑑3,𝑘𝑘 𝛼𝛼𝑑𝑑3,𝑘𝑘 𝐼𝐼𝑞𝑞3,𝑘𝑘 𝛼𝛼𝑞𝑞3,𝑘𝑘 𝐼𝐼0,𝑘𝑘 𝛼𝛼0,𝑘𝑘 

𝑘𝑘 0 - 0 - 0 - 0 - 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 

𝑘𝑘 − 1 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣+𝜋𝜋 0 - 0 - 0 - 

𝑘𝑘 + 1 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 0 - 0 - 0 - 

𝑘𝑘 − 3 0 - 0 - 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣+𝜋𝜋 0 - 

𝑘𝑘 + 3 0 - 0 - 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 𝑖𝑖𝑣𝑣 𝛽𝛽𝑣𝑣 0 - 

Note: k= 0, 5, 10 … abc-axis frame harmonic orders are 𝑘𝑘, 𝑘𝑘 ± 1 or 𝑘𝑘 ± 3, while in dq0-axis 

frame, they are either 0 or k. 
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(a) I1+I3 

 
(b) I1+I5 

 
(b) I1+I7 

Fig. A.4 Current waveforms after inverse Park transformation. (𝐼𝐼1 = 1.41 𝐴𝐴 , 𝐼𝐼𝑣𝑣 = 30%𝐼𝐼1 , 

𝛽𝛽1 = 45° and 𝛽𝛽𝑣𝑣 = 90°). 
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