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ABSTRACT

In this thesis we consider Einstein-Yang-Mills black holes in asymptoti-
cally anti-de Sitter space, in the presence of an su(N) gauge field. For
a purely magnetic gauge field we define a set of charges, namely the
mass and N — 1 gauge invariant magnetic charges, and show that they
characterize stable black holes.

We then go on to consider dyonic black holes which carry both electric
and magnetic charge. We investigate spherically symmetric black holes
and solitons, and find equations of motion for solutions with su(N) gauge
fields. These equations are solved numerically to find black hole and
soliton solutions with su(2) and su(3) gauge groups.

We then turn to dyonic black holes with planar event horizons and in-
vestigate their suitability as gravitational analogues to high temperature
superconductors under the AdS/CFT correspondence. We generalise a
previously known ansatz for su(2) gauge groups to su(N), and show
that there is a critical temperature above which non-abelian solutions do
not exist. Below this critical temperature, we show that they are ther-
modynamically favoured over equivalent Reissner-Nordstrom solutions,
and have infinite D.C. conductivity.
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Preface

Throughout this thesis, the metric signature is (—, +,+,+), and unless otherwise
stated we take 47G/g? = 1, where G is the four dimensional Newton’s gravitational
constant and ¢ is the gauge coupling constant. Greek indices are used to denote
space-time dimensions, which take the values 0,1,2,3. Roman letters are used for
Lie algebra indices, which take integer values greater than zero, the largest of which

depends on the gauge group. Repeated indices are summed over in both cases.

Much of chapter |2 reviews research already undertaken, although expressions
for the charges (section are an original contribution by the author, as is the
distinguishabillity of solitons from black holes (section [69]. Numerical results
were produced by the author using code in C++ developed by M. Helbling [, [9].

Chapter [3| reproduces and extends known results for the su(2) gauge groups
[18, 19]. All work for su(N) gauge groups with general N, as well as numerical

results and soliton boundary conditions for su(3) are original contributions [70].

The ansatze in chapter [4] are known for su(2) [37, 38, 62], but generalised to
su(N) by the author. While some of the results for su(2) are known, the su(2)
conductivity as well as all results for su(3) or su(N) with general N are original

contributions [71].

The author would like to acknowledge the help and support of his supervisor,
Prof. E. Winstanley, as well as the financial support of the EPSRC.

xiil



X1v

PREFACE



Chapter 1
Introduction

In this thesis we consider black holes in the presence of su(N) Yang-Mills fields,
known as Einstein-Yang-Mills (EYM) black holes, in asymptotically anti-de Sitter
(AdS) space. Yang-Mills fields are of interest in particle physics, as the strong and
weak nuclear forces are su(3) and su(2) Yang-Mills fields respectively. While we
will try to use a generalised su(/NV) field as much as possible, it will be necessary to
specify a value of N in order to generate numerical solutions to the field equations.

When this happens, we consider the su(2) and su(3) cases.

Anti-de Sitter (AdS) space is a space with a negative (attractive) cosmological
constant. While observations suggest that this does not reflect the universe in which
we live, there is still considerable interest in AdS. We will consider two reasons
for this. Firstly, we investigate an extension to the black hole uniqueness theorem
known as the “no-hair” conjecture, and secondly we examine the possibility of an
application to condensed matter physics through a correspondence between gravita-
tional systems in AdS, and conformal field theories (CFTs) known as the AdS/CFT

correspondence [60].

The black hole uniqueness theorem [25 20, 44] states that stationary, four di-
mensional, asymptotically flat black hole solutions of the Einstein equations in a
vacuum or in the presence of an electromagnetic field are characterized uniquely
by their mass, angular momentum and electric or magnetic charge. The geometry
exterior to the event horizon is then a member of the Kerr-Newman family and is
determined entirely by these three global quantities which can, at least in princi-
ple, be measured at infinity. When applied to other matter models this statement is

known as the “no-hair” conjecture [65]. Since Bartnik and McKinnon discovered the

1



2 CHAPTER 1. INTRODUCTION

first self gravitating Einstein-Yang-Mills soliton in 1988 [6], a variety of new black
hole solutions which violate the no-hair conjecture (i.e. black holes not described
uniquely by their mass, angular momentum and electric or magnetic charge) have

been discovered.

In asymptotically flat space, EYM black holes have been found which violate the
no-hair conjecture. For su(2) EYM, discrete families of numerical solutions have
been found, indexed by the number of zeros (or nodes) n in the gauge field function
w L6 B3, 77, [78], all of which have n > 0. These solutions carry no magnetic
charge, and are indistinguishable from Schwarzschild black holes [30}, B1]. Note that
the results of [30, BI] do not extend to larger gauge groups or to asymptotically
AdS space. For su(N) we can have solutions that carry both electric and magnetic

charge, which we return to later.

Although these asymptotically flat EYM solitons and black holes violate the no-
hair conjecture, they have been shown to be unstable [23| 24] [34] 73], [72] [76], 85].
This led Bizon to make several modifications to the no-hair conjecture in [I7], the
most relaxed of which states that within a given matter model, a stable stationary
black hole is uniquely determined by global charges (charges given by a surface
integral at spatial infinity). Clearly this is satisfied by the su(2) asymptotically flat
black holes since the only stable posibility is the Schwarzschild solution. In de-Sitter
space (which takes a positive cosmological constant) there are also EYM black hole
solutions to the field equations [74], although all are found to be unstable [24], and

are not considered further in this thesis.

We therefore turn to asymptotically AdS space, and investigate whether we can
find stable black holes which satisfy the no-hair conjecture. Since the boundary
conditions at infinity are less restrictive, it is possible to find not only continuous
sets of EYM spherically symmetric black holes and solitons, but also solutions for
which the gauge field function has no nodes, leading to the possibility of stable
solutions (there has been much work on EYM black holes, see [79, 2] for detailed
reviews). There are also non-spherically symmetric solutions (see e.g. [48, 49]),

although they will not be considered in this thesis.

For spherically symmetric black holes with no electric charge, stability under
spherically symmetric linear perturbations has been proved [7, @, [10, 81, 82] for
fields with su(N) gauge groups, and investigating whether such black holes obey
Bizon’s modified no-hair conjecture will be the subject of chapter [2] Since in AdS

we can have vacuum black holes with positive specific heat [41], we will consider



not only classical stability, but also thermodynamic stability. The global charges
we will use are the mass (computed using the counterterm formalism of [4]), and
N — 1 su(N) charges which we will construct using the approach of [27]. We will
then present both numerical and analytic evidence that suggests that su(N) EYM

black holes in AdS do indeed obey Bizon’s modified no-hair conjecture.

As mentioned previously, there are EYM black holes and solitons which carry
both electric and magnetic charge, which are known as dyonic black holes. Unlike in
flat space, in AdS it is possible to find dyonic black holes and solitons with an su(2)
gauge group [I8] [19]. The subject of chapter |3 will be to extend the work of I8, 19
(which considered su(2) dyonic black hole and solitons) to the su(N) gauge group,
for both black holes with spherical event horizons and solitons. We will present
numerical results for su(2) (for comparison with [I8, [19]) and su(3). However, the
stability analysis of such black holes remains an open problem (the su(2) case is
currently being undertaken [63]), and because of this we do not consider dyonic

black holes in the context of the modified no-hair conjecture.

Unlike in asymptotically flat space, in asymptotically AdS space the event horizon
of a black hole is not constrained to be spherically symmetric [15], 22] 56, 57, 58] [75];
we can also find black holes with planar or hyperbolic event horizons, and this result
can be extended to black holes with stable su(2) Yang-Mills fields [64]. In particular,
EYM black holes with planar event horizons and su(N) gauge fields will be the
subject of chapter [ Although the stability of such black holes is currently a work
in progress [11], the motivation for studying such black holes does not arise from the

modified no-hair conjecture, but instead from the AdS/CFT correspondence.

The AdS/CFT correspondence [60] proposes an equivalence between type 11B
string theory in AdSs x S° (the product of five dimensional anti-de Sitter space
and a five dimensional sphere), and maximally supersymmetric su(N) Yang-Mills
theory in conformally flat space [60, 84]. The boundary of AdSs is conformal to
four dimensional flat space, and the gravitational theory in the bulk is mapped
to the conformal field theory (CFT) on the boundary (see [I] for a review). This
not only provides a way of investigating type IIB supergravity or string theory by
studying Yang-Mills fields, but also a way of studying strongly coupled field theories
(such as QCD) in the limit where the gravitational field theory can be approximated
by classical gravity. In this way, the AdS/CFT correspondence provides a way of
studying d-dimensional strongly coupled field theories in flat space by mapping them

to a gravitational theory in (d+ 1)—dimensional asymptotically anti-de Sitter space.
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There has been much recent interest applying this correspondence to condensed

matter systems, in particular superconductivity (see [39] 43|, 45], [47] for reviews).

Superconductivity occurs when, below a certain critical temperature T, the
electrical resistivity of most metals drops to zero, which was first observed in mercury
at 4.2K. A phenomenological description of this property was given by F. and H.
London in 1935 [59]. In 1950, Ginzburg and Landau described superconductivity
in terms of a phase transition with order parameter ¢, occurring at the critical
temperature T [35]. For temperatures above T, the minimum free energy occurs
at ¢ = 0, while below 7 the minimum free energy occurs at a non-zero value
of ¢. The order parameter ¢ is related to the number density of superconducting
electrons n, by n, = |¢|*, so that above T, the state with the minimum free
energy has no superconducting electrons, while below T the number density of
superconducting electrons is greater than zero. A mechanism for this was discovered
by Bardeen, Cooper and Schrieffer in 1957, and is known as BCS theory [5]. In BCS
theory, electrons with opposite spin couple together to form pairs, called Cooper
pairs. These Cooper pairs are effectively spin zero particles, which allows them to
condense into the ground state at low temperatures. As long as the energy gap
between the ground state and first excited state is sufficiently large, the Cooper
pairs remain in the ground state and do not interact with the metal ions, giving rise

to superconductivity.

More recently, new types of superconductor have been discovered with much
higher critical temperatures (typically around 100K). These are the layered cuprates
[13, 14], and while there is evidence that in this case superconductivity is caused by
condensation of electron pairs [29], the pairing mechanism is not well understood as,
unlike BCS theory, the field theory is strongly coupled, and there are few methods
in condensed matter physics to study strongly coupled field theories. The AdS/CFT
correspondence provides an alternative way to study these systems, and due to the
layered nature of cuprate superconductors, there has been much recent interest in
the gravitational dual to (2 + 1)-dimensional strongly coupled feld theories at finite

temperature.

One of the first models was proposed by Gubser in [36]. To introduce a tem-
perature in the dual field theory, a black hole was added to the bulk, with the
temperature of the field theory being equal to the Hawking temperature of the black
hole. The role of the electron condensate was played by a scalar field - the critical

result being that a charged black hole can support a charged scalar field at low tem-



peratures but not at high temperatures, thus the scalar field behaves like an electron
condensate, forming only below a certain critical temperature. Models with a scalar

field condensate have been extensively studied, for reviews see, for example, [45, 66].

There have since been models which employ dyonic su(2) black holes, where
the magnetic part of the gauge field acts as a dual to the condensate rather than
a scalar field. Two were proposed by Gubser in [37, 38]. The ansatz presented in
[37] was symmetric under rotations in the (z,y) plane, and was intended as a dual
to an s-wave superconductor. The ansatz in [38] was superconducting only in the x
direction and behaved as a normal metal in the y direction, as would be expected

from a p-wave superconductor.

Both ansatze from [37, B8] were generalised to higher dimensions in [62]. How-
ever, in this thesis we will take a different approach and extend the ansatze to larger
gauge groups, while keeping a (3 4 1)-dimensional bulk theory. We will be inter-
ested in three main properties of superconductors, which we expect to be shared
by planar dyonic EYM black holes: that the condensate (the magnetic part of the
Yang-Mills field) exists only below a critical temperature; that it is thermodynami-
cally favourable to form a condensate below the critical temperature, and that the
frequency dependent electrical conductivity behaves as one would expect from a real

superconductor, especially that the D.C. conductivity is infinite.
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Chapter 2

Characterization of spherically
symmetric su(/N) EYM black holes

In this chapter we consider the case of static, four dimensional, asymptotically anti
de-Sitter (AdS) black holes in the presence of an su(N) Yang-Mills field, in the
context of the “no-hair” conjecture. While a natural extension of the black hole
uniqueness theorem [65] would be that black holes are characterized by their mass,
angular momentum and electric or magnetic charge, we will see that this is not the
case for su(N) EYM black holes in AdS. We will instead argue, based on numerical
evidence and analytic arguments, that the black holes considered in this chapter
obey Bizon’s modified no-hair conjecture, which states that, within a given matter
model, stable stationary black holes are characterized by a set of global charges [17]
(see chapter [1]for further details). In order to check whether Bizon’s modified no-hair
conjecture holds for su(N) EYM black holes in AdS, we therefore must find black
holes which are stable, construct the global charges associated with them, and then

check whether these global charges do indeed characterize the stable black holes.

We begin by reviewing the ansatz, field equations and black hole solutions of
the field equations of su(/N) EYM theory in AdS in sections to [2.3] Existence
of solutions which are stable under spherically symmetric perturbations has been
proved for large |A| in a neighbourhood of embedded su(2) solutions, and we review
the results presented in [7, 9] 10, 8T, 82] in sections [2.4.1] and [2.4.2] In particular,

we will present the conditions which must be satisfied in order for black holes to

be stable under linear, spherically symmetric perturbations. We will then go on to
discuss thermodynamics in section and show that, for sufficiently large event

horizon radius 7, there are black holes which have a positive specific heat, and are

7
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therefore thermodynamically stable.

The next step will be to find the global charges carried by su(N) EYM black holes
in AdS. We will review the counterterm formalism [4] used to compute a divergence-
free mass for black holes in AdS in section [2.5.1] and then in section [2.5.2] use the
approach of [27] to find expressions for the N —1 charges associated with the su(N)
gauge field.

Finally we will consider black holes which satisfy the (necessary but not sufficient)
conditions to be stable, both thermodynamically and under spherically symmetric
linear perturbations (i.e. we expect to include all black holes which are stable, as
well as some that are not) in section We will present numerical and analytic
evidence that these black holes are characterized by their mass and su(N) charges.
We therefore conclude that stable (and possibly some unstable) su(N) black holes
in AdS are characterized by global charges, and therefore su(N) EYM black holes

in AdS do obey Bizon’s modified no-hair conjecture.

§2.1 Gauge field, metric ansatz and field equations

We consider static, spherically symmetric black hole geometries in AdS space, with

line element given by
ds* = —o?pdt* + r*(d6? 4 sin® 0 d¢?®) + ptdr?, (2.1)

where the metric function g = u(r) is given by

a2 (2.2)

with a negative cosmological constant A, and o = o(r) is a function of r only. We
study four dimensional su(/N) Einstein-Yang-Mills (EYM) theory described by the

action
1

1
Seym = / d*z\/—g {W(R —2A) — 1 I (2.3)

where R is the Ricci scalar and the field strength tensor

Fu = F&T, = 0,A, — 0,A, + g[Au, A, (2.4)
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with coupling constant g, and 7, denoting the generators of the Lie algebra su(N)
(see appendix A). Varying the action ({2.3]) gives the field equations

1
T;w = R;w - §Rg/u/ + Ag;u/; (25)
D,F!' = V,Fl'+glA, F!'l=0; (2.6)

where the stress-energy tensor is

1
Tow = FiaFs9™ = J9mFapb ™. (2.7)

14

The generalised ansatz for a spherically symmetric su(/N) gauge potential is given
by [51]

gA = Adt + % (C—C™)do - % [(C+C™)sinf+ Dcosf] dp+Bdr  (2.8)

where A, B, C' and D are N x N matrices which depend only on r. The matrices
A and B are purely imaginary, diagonal and traceless. For a purely magnetic gauge
field we set A = 0, and we can set B =0 by a choice of gauge [51]. The matrix C

is upper triangular, with non-zero entries
Cjgr = wy(r)em). (2.9)
The constant matrix D is diagonal and traceless, and is given by
D = diag(N —1,N —3,...,3— N,1—N). (2.10)

If wj # 0 for all j then one of the Yang-Mills equations becomes v; = 0 for all j
and ([2.8) reduces to

gA = gA,dzt = =(C — CH)dp — % [(C+C")sin 6 + D cos 6] do, (2.11)

1
2
where the only non-zero entries in the matrix C' are now

Cljr1 = wj(r). (2.12)
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The gauge field is then described by the N — 1 gauge field functions w;, and there
are N — 1 non-trivial Yang-Mills equations for the w; given by [82]

o' //
0=w/+ (; + ;) w) + 2;;"2 (24w, — 2w +wly,) (2.13)
where 5 = 1,2,...,N — 1, a prime denotes differentiation with respect to r, i.e.
w; = % and we take wyg = wy = 0. The corresponding Einstein equations are then
ji+1) Wl W)
/o 2 v 7 12
m = az I ( —j+j+1) + pwl? b (2.14)
2a20 =
/o 12
o= = z;wj : (2.15)
]:

and we set the coupling a? = 47G/g?> = 1. We note that in the literature (see e.g.

[82]) the equation for m’ is written in terms of
LN
N2
9:4—Z[wl—wj2-71—]\f—1+2])}, (2.16)

but that the expressions for m’ are the same since

i[u}—w —N—1+2J)} Nz_lj(j+1)<1—°;2+;df2:ll)2. (2.17)

j=1 j=1

We use the form ([2.14)) since it is written in terms of the magnetic charges carried
by the gauge field (see section [2.5.2]).

§2.2 Boundary conditions

We wish to find black hole solutions to the EYM equations (2.132.15)), which have
an event horizon at r = r,. We assume the variables o(r), w;(r) and m(r) have

regular Taylor expansions near r = ry,,

wi(r) = wj(rn) +wj(ra)(r —ra) +
m(r) = m(ry) +m'(ra)(r —ra) +
o(r) = olrp)+o(ra)(r—rn) + ... (2.18)
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At the event horizon we have

p(ry) = 0 = m(ry,) = %" ( - ATT'%) . (2.19)

For the black hole to be non-extremal (i.e. have a non-zero surface gravity and

Hawking temperature) we require

SR Ary > 0. (2.20)

To find the values of wj(ry,), m'(ry) and o'(ry,), we multiply (2.13) through by
i, and evaluate (2.1342.15)) at the event horizon, giving

w;(Th)

wi(re) = S0 (ra)r? (2w;(rn)? = 2 = wj—1(rn)? — wisar(rn)?)
Nflj(j_i_l) w'(rh>2 W'+1(rh)2 2
o = R (18 st
(ra) ; 42 J j+1
N-—1

a(ry) = 20<Th)2w;-(rﬁb)2. (2.21)

We then have

2 3 g ] j+1
N-1
2
olr) = o(ry) + 0757%) w (r}b)z(r — 1)+ .. (2.22)
o “
7j=1
where
N-—-1 .,. 2
) 1 JG+1) wi(rn)® | wis(ra)?
= — — 1-— —A ) 2.2
' (rn) - Z 2 ; + T+ rp >0 (2.23)

Since the space-time is asymptotically AdS we expect the following expansions

o(r) = 1+o(%>;

in the limit r — oo:
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r2

wi(r) = Wjeo+ % +0 (l) :
m(r) = mo+0O (%) : (2.24)

While in asymptotically flat space the values of the gauge field functions at infinity
are constrained to be w;. = £+/j(N —j) [62], there are no such constraints in
AdS space, hence we expect continuous sets of black hole solutions. Proof of local
existence of solutions in the neighbourhoods of » = 0, » = r, and r = oo are
given in [I2], where it was found that at the event horizon black hole solutions are
characterized by the N +1 parameters 7, w;(ry) and A. At infinity, there is a 2V
parameter family of solutions, which are uniquely specified by A, ¢;, w;~ and the
mass parameter mg. We return to this point in section [2.6] where we argue that
only N + 1 of these parameters are independent, with the ¢; being single valued

functions of A, w;(oco) and my.

§ 2.3 Solutions of the field equations

In this section we find solutions to the field equations (2.13H2.15)). While (2.13(2.15])

cannot be solved analytically in general, there are some “trivial” solutions which we
discuss in section We will then go on to discuss numerical solutions with su(2)

and su(3) gauge groups in sections [2.3.2H2.3.4]

2.3.1 TRIVIAL SOLUTIONS

Although the field equations (2.13H2.15|) are non-linear and have to be solved nu-

merically in general, there are some “trivial” solutions:

e Schwarzschild-AdS
Setting w;(r) = £1/j(IN — j) for all j gives the Schwarzschild-AdS black hole

with m(r) = my = constant.

e Reissner-Nordstrom-AdS
Setting w;(r) = 0 for all j gives the Reissner-Nordstrém-AdS black hole with

magnetic charge given by

Q? — éN(N (N - 1), (2.25)
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o Embedded su(2) solutions
Setting
wj(r) = £Vi(N = jlw(r),

and rescaling the variables

where

1
Ay = \/QN(N —1)(N+1),
gives the su(2) field equations [82] with

2m(R) AR
R 3

p=1-

13

(2.26)

(2.27)

(2.28)

(2.29)

Since we can always embed su(2) in su(/N) we can check our results for general

N in section by ensuring that embedded su(2) charges are proportional

to the well-known su(2) charges. We can also test code used to produce

numerical results by checking that results for larger gauge groups reduce to

the well known results for su(2).

2.3.2  su(2) SPHERICALLY SYMMETRIC BLACK HOLES

The su(2) case has been widely studied in the literature (see e.g. [18, 19, 611 81}, 82]).

In this section we reproduce the numerical results for A = -0.1, -3 and -10. The

EYM equations for su(2) are given by

/ /!
0=uw"+ (Z—i—&)w’%—%(l—uﬂ)’
ol wur

w?—1 . 20wW"7
b O- - )
212 r

with boundary conditions at the event horizon given by

m/ — Mw/? +

w(rh)2 (w(rp)® = 1) (r—rm) + ...

LU(T’) = W(T’h)—f‘m

mm::@(—fﬁ)%ia—wmﬁw—m+m

2
2r;

(2.30)

(2.31)
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20 (rp,)w'(rp)?

o(r) = o(rn) + . (r—rp) + ... (2.32)
where . .
W (ry) = P (1- w(rh)2)2 — Arp, > 0. (2.33)

We will require the values of the constant ¢; in equation (2.24) in section since
at infinity su(2) EYM black holes in AdS can be characterized by their mass, w(oo)
and ¢; [12]. Differentiating (2.24) and rearranging gives

¢ =—1*w'(r)+ 0 <1> : (2.34)

r

We then define a function ¢;(r) by
ci(r) = —r?W/(r), (2.35)
so that the constant c; is given by

¢ = lim ¢;(r) = lim [—r?/'(r)]. (2.36)

T—00 r—00

In general we cannot solve (2.30} 2.31)) analytically. Instead, we first decouple (2.30)

into two first order ODEs in w and w’, and then use a Bulirsch-Stoer algorithm [32]
to solve the field equations numerically subject to the initial conditions . Since
the field equations are singular at r = r, we start at » — 7, = 10~7 and integrate
outwards to large 7, using a step length of 10~7 in ». While we are interested in
the values of w and ¢; at infinity, we cannot integrate outwards with increasing r
indefinitely. However, we expect w(r) and ¢;(r) to converge to constant values at
large r. For this reason, we use relative convergence criteria of 1077 in w and ¢;, i.e.
we stop the integration at some 7y when w(r) and ¢ (rf) differ from w(ry —1077)

and ¢;(ry —1077) by a factor of 1077 or less.

In the su(2) case, solutions are characterized by r,, w(ry) and A at the event
horizon [12], so for each value of A we vary r;, and w(ry,) with a step size of 1072
in logyo(ry) and w(ry,). Since are invariant under the transformation
w(r) = —w(r) we can consider only values of w(r,) > 0 without loss of generality.
We write to file data for w(r), m(r), o(r) and ci(r) in the large r limit, as well
as the number of zeros n in the gauge field function w(r), as we are interested in
stable solutions with n =0 [&1].



2.3. SOLUTIONS OF THE FIELD EQUATIONS 15

Figures - show the phase spaces of su(2) black holes with A = —0.1,
—3 and —10 respectively, colour coded by the number of zeros in the gauge field
function w. The regions labeled “no solution” correspond to where the inequality
is satisfied, but we do not find black hole solutions. It is clear that the size
of the region where we find n = 0 (potentially stable - see section black hole

solutions increases with the value of |A].

While there are continuous sets of solutions for A < 0, this continuum of solutions
becomes discrete in the A — 0 limit, and remains discrete for all A > 0 [74, 80].
At A =0, for any given value of ry, there are discrete values of w(ry) for which we
find solutions, with different w(ry,) corresponding to different numbers of nodes in

the gauge field function (these values of w(r;) can be found for r, =1 in [16]).

Black hole solutions with the su(2) gauge group can be embedded to give su(N)
black holes for any N, and existence of su(V) black hole solutions in a neighbour-
hood of these embedded su(2) solutions has been proved in [12] for |A| > 1.

2.3.3  su(2) TOPOLOGICAL BLACK HOLES

It has been shown that in the presence of a negative cosmological constant, the
topology of the event horizon is no longer restricted to be spherical [3] [15], 22] 56, 57,
58, [75]. The set of black hole solutions can be extended to those with flat (£ = 0)
and hyperbolic (k = —1) horizons (see, e.g. [3]), and this has been extended to the
su(2) EYM case in [64] (k = 1 corresponds to spherical topology). The line element
for these topological black hole solutions is given by [64]

ds* = —o?pdt? + ptdr? + r3(d6* + £2(0) do?), (2.37)
where o) Ar?
m(r r
— k- 2 2.
p=k—— n (2.38)
and

sinf for k=1,
f(o) = 0, for k=0, (2.39)
sinhf@ for k= —1.

The Einstein-Yang-Mills equations are given by [64]

/ !/
O—w”+<z+&)w’+%(k—w2),
o u 7
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no solution L]
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Figure 2.1: Phase space plot for su(2) spherically symmetric black holes with A =
—0.1, colour coded by the number of nodes n in the gauge field function w(r). The
red “no solution” region indicates where the inequality is satisfied but we do
not find black hole solutions. The green “n = 0” region indicates nodeless solutions
(potentially stable, see section [2.4)).

2 k 2
m = pw + %, ro’ = 2w”o, (2.40)
while the inequality (12.33)) becomes
ko1
w(rn) =—— = (k- w(rh)2)2 —Arp, >0 (2.41)
Th Th

for kK =0,—1 (for k =1 we recover the spherically symmetric su(2) solutions, see
section . We note that in the £ = —1 case there is a minimum value of 7y,
since we require

ry (JAlry —1) > (14 w(rh)2)2 . (2.42)

Using equations ([2.40]), along with the constraint (2.41]), we find solutions in the
same way as in section [2.3.2]for A = —3 with k£ = 0, —1. The phase space plots are
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no solution L]
n=0
n=1 L]
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logyg (ry)

Figure 2.2: Phase space plot for su(2) spherically symmetric black holes with A =
—3, colour coded by the number of nodes n in the gauge field function w(r). The
red “no solution” region indicates where the inequality is satisfied but we do
not find black hole solutions. The green “n = 0” region indicates nodeless solutions
(potentially stable, see section [2.4)).

very similar, and for this reason we present only the & = 0 case (figure . We
note in figure that there are only nodeless (n = 0) solutions, in agreement with
[64], and this is also the case when k& = —1. Stability under linear perturbations
of these black hole solutions has been proved in [64] for nodeless solutions with
w(oo) > 0 and |A| sufficiently large. Thermodynamic stability has been proved in
[61]. Research into the existence and stability of topological su(N) black holes is
currently being undertaken by J. Baxter and E. Winstanley [11].

2.3.4 su(3) SPHERICALLY SYMMETRIC BLACK HOLES

In the su(3) case we have two gauge field functions w; and ws. Black holes are

characterized by A, r,, wi(ry) and wo(ry) at the event horizon, and as before we
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no solution L]
n=0 El

@(ry)

logyg (ry)

Figure 2.3: Phase space plot for su(2) spherically symmetric black holes with A =
—10, colour coded by the number of nodes n in the gauge field function w(r).
The red “no solution” region indicates where the inequality is satisfied but
we do not find black hole solutions. The green “n = 0” region indicates nodeless
solutions (potentially stable, see section. Since |A] is large, we find only nodeless
solutions.

set wq(ry), wa(ry) > 0 using the symmetry of the field equations under the mapping
w; — —wj. At infinity su(3) black holes are characterized by A, mg, wi(c0),

wa(00), ¢ and ¢y [12]. As before we define new functions ¢;(r) such that

¢j(r) = —r?ui(r) (2.43)
so the constants cj are
cj = rli—>1£10 [—r2wi(r)] . (2.44)

We now have two Yang-Mills equations for w; and wy (2.13)), in addition to the
Einstein equations ([2.14] , and we can recover the embedded su(2) solutions
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no solution
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Figure 2.4: Phase space plot for topological £ = 0 black holes with A = —3. The
red “no solution” region indicates where the inequality is satisfied but we do
not find black hole solutions. When k& = 0 we find solutions as r, approaches zero.
This is in constrast to the k = —1 case where there is a minimum value of r;, due
to (2.41)).

by setting

wi (1) = V2w (r) = wa(r). (2.45)

From ({2.23)), for the event horizon to be non-extremal we require

[W1(Th)2 — 2]2 + [w1 (r1)* — LUQ(Th)2:|2 + [2 — wg(rh)2]2 < 2r; (1 — Ari) . (2.46)

As in previous sections, we integrate outwards from r — 7, = 1077, but this time
we require w; and ¢; for j = 1,2. Since we must scan over all values of w, for
which ([2.46) is satisfied for each value of w;, and vice versa, we used a larger step

size of 1072 in log;o(rs), wi(ry) and wy(ry) to reduce the running time and output

L]
L ]
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file size, but once again used a 1077 test for convergence in w;(00), wa(00), ¢1(c0)
and cy(00).

In the su(3) case, black holes are characterized at the event horizon by rj,, A,
wi (ry) and we(ry) [12], so to obtain a two dimensional plot we must fix two variables.
A phase space plot of our data at fixed r, = 1, A = —3 is shown in figure where
we have scanned over w;(r,) > 0 for j = 1,2 (similar plots for A = —0.0001, —1, =5
can be found in [§]). The nodeless region (n; = ny = 0) shows where there are
potentially stable black holes, and expands as we increase |A| [§]. We do not expect
to find stable black holes in the regions where ny = 1 or ny = 1 (see section .

Again, the “no solution” region is where ([2.46|) is satisfied but we do not find black
hole solutions.

LI BN

@y (ry)

w4 (ry)

Figure 2.5: Phase space plot for spherically symmetric su(3) solutions with r, = 1
and A = —3. The red “no solution” region indicates where the inequality is
satisfied but we do not find black hole solutions. The green “n = 0” region indicates
nodeless solutions (potentially stable, see section . If either ny =1 (w; has a
node) or ny =1 (wy has a node) then we expect the black holes to be unstable.
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§2.4 Stability

We wish to check whether Bizon’s modified no hair conjecture holds for su(N) EYM
black holes in AdS, i.e. whether stable stationary black holes are characterized by a
set of global charges. Having found solutions to the field equations, we will now look

at conditions for stability, both thermodynamically and under linear perturbations.

In sections and we review the results given in [7), 9 81 2] regarding
the stability of the black hole solutions under time dependent, linear, spherically
symmetric perturbations. We note that the stability analysis for non-spherically
symmetric perturbations with the su(2) gauge group is carried out in [67, [83]. We

will then go on to discuss thermodynamic stability in section [2.4.3]

We start by returning to the generalised ansatz for the gauge potential ([2.8)),
although the matrices A, B and C' now depend on the time ¢ as well as r, and set
A = 0 through a choice of gauge. We consider time dependent perturbations of the

form

wi(t,r) = w?(r)—i—éw(t,r),

M<t7T) = MO(T)+5M(t7T)7
o(t,r) = oo(r)+do(t,r), (2.47)

where w?(r), po(r) and og(r) are the equilibrium functions. We also have pertur-

bations dv; (2.9), and 64;, where the matrix B is given by
B = diag(i6f, ..., i6 By ). (2.48)

We will also use the “tortoise” co-ordinate r, defined by

dr, 1
A (2.49)
dr Ho0o

The perturbations now separate into the “sphaleronic” and “gravitational” sectors
[55], and we follow the analysis of [7, 9l 10, 81].

2.4.1 SPHALERONIC SECTOR

The sphaleronic sector is comprised of the perturbations 63; and dv;. We define
new variables d¢; and 6®; for j=1,..,N —1 by [7]
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(SEJ‘ = 7"\//756]‘, 5(1)] = (U;-)(;’Yj (250)

where w? are the unperturbed gauge field functions. The perturbation equations
for the sphaleronic sector arise from the Yang-Mills equations [82] and after some

algebra can be cast in the form
— U= Mg (2.51)

where ¥ = (Jeq, ..., 0en, 0P, ..., 0PN_1), Mg is a second order differential operator
in 7, and a dot denotes differentiation with respect to time ¢ (the detailed form of
M can be found in [7]). The solutions are stable under the perturbations 6®; and
Je; if the matrix Mg is regular and positive definite. It can be shown [7] that this
is the case if the unperturbed gauge field functions w? have no zeros and satisfy the
N — 1 inequalities
02 Lo 2 0o 2

wi > 1+ 3 (wjﬂ +wj > (2.52)
for all » > 7, and all j = 1,..., N — 1. Figure [2.6] shows the region of figure 2.5
where is satisfied at the event horizon. It has been shown [7] that for any N
and sufficiently large |A|, black hole solutions exist for which are satisfied for
all » > ry,, i.e. for at least some of the solutions where is satisfied at the event

horizon, the gauge field functions remain in this region for all r > ry.

2.4.2 GRAVITATIONAL SECTOR

The gravitational sector consists of the perturbations oy, do and dw;, although the

metric perturbations can be eliminated to obtain [7]
66 =02 (dw) + Mglw, (2.53)

where dw = (0w, ...,0wn_1)T. The (N — 1) x (N — 1) matrix Mg is a function
of r and contains only equilibrium quantities and no derivatives. The system is
stable under these perturbations if M is negative definite. It has been shown [§1]
that this is the case for su(2) solutions if we have sufficiently large |A|, as long as
w?(r) > 1/3 for all r > r;,, and existence of these solutions has also been proved in
[8T]. There then exist genuinely su(N) solutions a neighbourhood of the embedded
su(2) solutions such that are satisfied for all » > r, and M remains negative
definite [7]. We conclude that there are some genuinely su(N) EYM solutions in
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no solution L]
"1=ﬂ I'I2=ﬂ L ]

@y (ry)

@y {rp)

Figure 2.6: Solution space for su(3) black holes with A = =3, r, = 1 where (2.52))
holds at the horizon. Potentially stable solutions are found in the “n = 0" region.
For the black holes to be stable, we require (2.52)) to be satisfied at all r > r,.
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AdS which are stable under spherically symmetric perturbations in the sphaleronic

and gravitational sectors, provided that |A| is sufficiently large [7].

2.4.3 THERMODYNAMIC STABILITY

As in flat space, black holes in AdS space have thermodynamic properties including a
characteristic temperature and an intrinsic entropy, which for a gravitational action
of the form is proportional to one quarter of the area of the event horizon [40].
In asymptotically flat space, while a black hole can be in equilibrium with thermal
radiation at the same temperature, this equilibrium is unstable. Any increase in
mass would cause the temperature of the black hole to decrease, hence the absorption
would increase and the black hole would continue to grow. However, in AdS space,
black holes above a certain mass may have a positive specific heat, and therefore may
be in equilibrium with thermal radiation at a fixed temperature [41], and we take
this as being the condition for thermodynamic stability. In this section we extend
the approach of [41] to su(N) EYM black holes in AdS space, as has been done for
the su(2) case in [61].

The heat capacity C' of a black hole is given by

T
=1 (%¢) | (25
a5 ),

where Ty is the Hawking temperature, S is the entropy, and the derivative is taken
at fixed charge () (we note here that this statement is only relevant if we can define
global charges to hold fixed, see section . The Hawking temperature is given by

o(rp)(1 —2m/(ry) — Ar?)
47TTh

Ty = , (2.55)
where o(ry,) refers to the metric function in (2.1)), m’(ry,) is given by (2.21)) and the

entropy associated with the action (2.3)) is

A
=7

, (2.56)
where A is the area of the event horizon. Thermodynamic stability requires a
positive heat capacity, i.e. C' > 0 [4I]. Figure shows the Hawking temperature
plotted as a function of entropy for su(2) black holes at fixed w(oco) (which is
equivalent to fixing the charge, see section for details). Clearly there are two
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branches of solutions, one which is thermodynamically stable, and one which is not.
We note also that there is a minimum temperature for which black holes are stable
(which is noted for the Schwarzschild-AdS case in [41]), and a phase transition where
the plotted line tends to the vertical (similar results were found in [61]). We also
find that stable solutions have higher entropy (and therefore larger r,) than the

unstable solutions.

@(e=)=0.1
w(e0)=0.5
@fco)=1
s | (=) i
4 F i
/
-

w 3 ' .
2 | // i
1} .

.\\‘\._ -
. . T
0 0.1 0.2 0.3 0.4 0.5
Ty

Figure 2.7: Entropy plotted as a function of Hawking temperature for su(2) EYM
black holes with A = —3. Thermodynamically stable soutions lie on the part of
the line with positive slope (and therefore positive heat capacity), and have higher
entropy (and therefore larger rj, ) than thermodynamically unstable solutions.

Figure shows a plot of Hawking temperature for su(3) black holes with
A = —3. Again we have fixed the values of w;(00) and ws(o0), which is equiv-
alent to fixing the charges (see section . We find solutions with positive heat
capacity for both embedded su(2) (where wi(c0) = we(o0)) and genuinely su(3)
solutions. While there are both stable and unstable solutions for the embedded
su(2) solutions, numerically only thermodynamiclly stable solutions were found for
genuinely su(3) solutions. It is unclear whether there are no unstable solutions, or
simply that none were found in our analysis. However, here we are only interested

in thermodynamically stable solutions.

As mentioned in the introduction, version three of Bizon’s modification of the no
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Figure 2.8: Entropy plotted as a function of Hawking temperature for su(3) EYM
black holes with A = —3. Thermodynamically stable solutions lie on the part of the
line with positive slope (and therefore positive heat capacity). Thermodynamically
stable solutions are found for both embedded su(2) and genuinely su(3) solutions.

hair conjecture [I7] states that within a given model, stable stationary black hole
solutions are uniquely determined by a set of global charges. For the remainder

of the chapter we will therefore restrict our attention to thermodynamically stable

black holes.

§2.5 Definition of charges for su(N) EYM

In this section we define and then calculate the conserved charges measured from
infinity, i.e. the mass and the su(N) magnetic charges (our ansatz for the gauge
potential has no electric part) as we require these, along with the cosmological
constant A, to characterize the stable black hole solutions uniquely from infinity. In
AdS space we find divergent quantities in the mass, and we review the counterterm
formalism proposed by Balasubramanian and Kraus in [4] and applied to su(2) EYM

black holes in [61] to remove these divergent quantities.

We find conserved charges corresponding to diagonal generators of the Lie algebra
of su(N). The rank of su(N) is N —1 and we find N — 1 conserved charges. As
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noted in [61] the problem of constructing these charges has been approached in
different ways by different authors. In this section we use the approach of [27] to
construct these charges in a gauge invariant way. The particular case of su(2) has
been widely studied in the literature, and we find that our results are in agreement
with [28] and [61]. We then go on to generalise these results first to su(3), for which

we have numerical results, and then to su(V).

2.5.1 MaAss

In this section we calculate the mass of black hole solutions in AdS space with
line element given by , using the boundary counterterm subtraction method
of Balasubramanian and Kraus [4], which was applied to the su(2) case in [61].
It is unnatural, in a generally covariant theory, to assign a local energy-momentum
tensor to a gravitational field. Instead, we define a “quasilocal stress tensor”, defined
locally on the boundary of a given space-time. The quasilocal stress tensor is given

by [
2 08, grav

B vV 67#1/

where the gravitational action Sgrq = Sgrav(Vuw) 1s viewed as being a function of

T

(2.57)

the boundary metric 7,,. In AdS space, the stress tensor typically diverges as the
boundary is taken to infinity. However, we are free to add boundary terms S, to
the action, as these do not alter the equations of motion in the bulk. We then need
to vary the action with respect to the boundary metric. Since we are considering
solutions to the equations of motion, only the boundary term contributes and the

quasilocal stress tensor is given by [4]

1 2 0S4
T = = (@W oy ——) . 2.58)
2 vV 5’7;11/ (
The extrinsic curvature ©* is given by [4]
1 . .
O =~ (VHil’ + Vit (2.59)

and n* is the outward pointing normal to surfaces of constant r. For a line element

given by (2.1)) we have
i = (0,0,0, 12)7, (2.60)
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and

Cro b b
O = diag <“0(T) ol _pr o wr 0) . (2.61)

pzo’

The counterterms in [4] and [61] are given by

2
Set = —7 V= <1 — —R) , (2.62)
where OM, is the large r boundary, and the boundary stress tensor becomes
1 2
T = (@W — Oy = Ty ZGW) , (2.63)
where G" is the Einstein tensor of the boundary metric and is divergence free

(which is a requirement of energy conservation).

We obtain the mass by integrating the quasilocal stress tensor (2.63) over a sphere
of constant r in the limit r — oo, and we require 7" ~ r* where k& < 0 for a finite

mass. In the su(2) case, the asymptotic expressions at large r for S(r), w(r) and

m(r) (2.24]) are given by [61]

wlr) = “’°°+(;_1+0(712>’
m(r) = mﬁ{%c%—%(wgo—l)zHJrO(%), (2.64)

and substituting into (2.63) gives

42 l2 2_12 1
7, = Mo _ A Py )+0( > (2.65)

Ir r2[3 73

In agreement with [61], the gauge field quantities w. and ¢; appear only in the
order r—2 term. We do find some discrepancy with regards to the exact form of this

term as compared to [61], where Ty, is given as

mo 8¢t + 4% (w2 —1)2 = [* 1
Ty =—— = Ool—=|- 2.66
b= o +0({ 3 (2.66)

However, this discrepancy does not affect the mass, which is given by [4]
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M = /ZT’TOO &>z = 4mmy. (2.67)

We note here that in the su(2) case the gauge field function does not contribute
directly to the mass. Similarly we can also find the mass from the asymptotic value
of the variable m for su(N) gauge fields. However, the gauge fields do contribute

indirectly to the mass since they appear in the differential equation for m (2.14)).

2.5.2 su(N) CHARCES

The Cartan subalgebra of a Lie algebra is defined to be the largest set of group ele-
ments which commute with themselves [42]. In the matrix representation of the Lie
algebra, elements of the Cartan subalgebra are formed by taking linear combinations
of the diagonal generators of the Lie algebra since diagonal matrices commute with

each other.

In particle physics, the rank of the symmetry group is the number of conserved
charges that each particle carries, with one charge for each diagonal generator. For
example, there is an approximate su(3) x u(1) symmetry between the three lightest
quarks. In total there are three diagonal generators in the group su(3) x u(1),
corresponding to three conserved charges: isospin, baryon number and strangeness.
The number of diagonal generators in a Lie algebra, those which make up the Cartan
subalgebra, is called the rank, and su(/N) has rank N —1. We then expect our su(V)
EYM black holes to carry N — 1 conserved charges.

In electromagnetism the magnetic charge is given by Q = |, S F', where S,
denotes a sphere at spatial infinity, over which the integration is taken, and F =
%Fm,dx“ A dz¥ where F,, is the electromagnetic field strength tensor. Since the
components of F,,, are gauge scalars, the expression for () is inherently gauge in-
variant. However, this is not the case for su(N) EYM theory, as the components
of F,, are N x N matrices (see equations and (2.11))), which are not gauge

invariant in general.

While there is agreement in the literature that the su(N) charges (and any
observable quantity) should be gauge invariant, constructing the charges has been
approached by different authors in different ways (see e.g. [20, 27, 28 B0, [54]).
Details regarding quantization of charge can be found in [20], although in this section

we will consider a purely classical approach.
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In [28] (a similar approach was used in [50]), the single charge associated with

an su(2) gauge field was found using

3
1 2
= — g F )" dod 2.
where ;
Fis =3 Fi, T, (2.60)

i=1
and the sum is taken over the generators 7; of su(2) (see appendix A for details).
While this works when we are only interested in finding a single charge, there is no
obvious way to generalise this to find the N — 1 charges associated with an su(NV)
gauge field (in fact it turns out that this expression gives us the effective charge, to

which we will return later in this section).

An alternative definition was provided in [27] (a similar definition can be found
in [54]), which we will use since it allows us to find N — 1 charges associated with
an su(N) gauge field. We define

QRIX,%) = = sup k (X, /oo g—ng) (2.70)

T g(x)

where X is in the Cartan subalgebra X of su(N), ¢ is an element of the group
SU(N) (see appendix A), and k(X,Y) = Tr{adXadY} is the Killing form [68],
with adX denoting the adjoint representation of the Cartan subalgebra element X
as defined in [68]. The integrand takes its maximal value when g~ 'Fg € X [27].
The integral is taken over a sphere of constant radius in the limit » — oo, so since

dr = 0 and our ansatz is time-independent we need only consider
1
F= §(F9¢ dO A dp 4 Fagdp A df) = Fyydf A dop (2.71)

where

F9¢ = 89A¢ — 0¢A9 + [Ag, A¢] (272)

From (2.11)) we have

A, = %(c _oMy, A, = _% ((C'+ CH)sin + D cos ¢) (2.73)
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and substituting into (2.72)) gives

Fyy = —% (IC,C"] — D) sin6 (2.74)
with

[C, 0] = diag(w},wi — w},wi — w3, ..., —wi_,). (2.75)

The charges (2.70) are then given by

Qi(X,X%) = %k (X/ g ' Fypgdo dgb) (2.76)
where the group element g is chosen such that g Fy,g is an element of the Cartan
subalgebra X'. We will show that in fact Fj, is already an element of X', so we
will take g = e. We note here that there may be other possible choices of g which
transform [y, into a different element of X'. However, in both cases the values
along the diagonal must be the eigenvalues of Fy,;, so doing such a transformation
corresponds to choosing a different basis for X'. This would give a different set of

equally physical charges.

We define an effective charge by requiring that in the Reissner-Nordstrom case,

the metric function u(r) reduces to

ulry=1- - =1-—+ = - — (2.77)
with constant mass M and charge @), i.e.
QQ
m(r)=M — o = Q* = 2r*m/(r). (2.78)
r

By comparison with (2.14)) we take

, N1 i1 w;(00)? wj+10022
=S (el ey

which reduces in the Reissner-Nordstrom case (w; = 0 for all j) to

Q* = %N(N —1)(N +1). (2.80)

In the rest of this section we will explicitly calculate the charges for su(2) and su(3)
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gauge fields, checking that they give the appropriate effective charge (2.79)), and
then go on to generalise these results to su(N) gauge fields with general N.

Charge carried by an su(2) gauge field

For the su(2) case we have only one gauge field function w(r), and

chﬂ::<§ _3J7 [ﬁ:(é_i). (2.81)

Substituting into (2.74]), and expressing Fy, in terms of the generators 7; of the
real Lie algebra of su(2)(see appendix A) we have

j 1 0 1 0 _
Fyy = —% <w2 (0 _1) — <O _1)> sin 6
= (w?—1)Tysind. (2.82)

The Lie algebra su(2) is of rank one and we have only one generator of the Cartan
subalgebra, T3, and one conserved charge. Since Fp, is proportional to the diagonal
generator, it is already an element of the Cartan subalgebra, so we can choose g = e
where e is the identity. If X is an element of the Cartan subalgebra it must be
proportional to T3, hence X = a3T3 for X € X and substituting into gives

Q= %k (X, 4m(w(00)® — 1)T3) = 2a3(w(c0)® — 1) (2.83)
since Tr{adT;adT};} = NJ;; for su(N) [20]. We then have
Q* = 4a3(w(00)? — 1) (2.84)

so (2.79) is only satisfied if we take a3 = £3, i.e. @ = £(1 —w(00)?)?. To agree

with conventions in the literature [28] [61] we take the positive root
Q=1-w(0)? (2.85)

i.e. the negative of the coefficient of sin(f)73 in Fy, in equation (2.82)), with the

gauge field function evaluated at infinity.
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Charges carried by an su(3) gauge field

We now have two gauge field functions w; and wy, and

w} 0 0 20 0
c,cfl=10 wi-w? 0 |, D=|00 0 (2.86)
0 0 @ —w? 00 —2
Substituting into ([2.74)
N2 0 20 0
Foy = —% 0 wi—w? 0 |—=100 0 sin 0
0 0 —w? 00 —2
2 2
= sinQ[(w%—l—%) T3+\/§<%—1) Tg}, (2.87)

where T; are the generators of the su(3) Lie algebra and are defined in appendix
A. The Cartan subalgebra X of su(3) is generated by 73 and Ty, so the elements
X of X are given by X = p13 + 015 for some p and o. We expect to find two
charges, and therefore require two elements of the Cartan subalgebra to substitute
into , which we denote X; = p;T5 + 0;Tg for i = 1,2. As in the su(2) case,

Fye is also a linear combination of diagonal generators, so we can choose g = e in

(2.76)). Evaluating (12.76)) using (2.87)) then gives
2 2

or equivalently

ﬁi—@i
2

Qi = awi(00)” + wa(00)? — (o + B;), (2.89)

where a; = 3p; and f; = 3v/30;. The Lie algebra su(3) has rank two and we have
two conserved charges. Using (2.79)), the effective charge squared is

QT + Q3 = w1 (00)* + wy(00)* — 2w (00)? — 2wa(00)? — wi(00)?we(00)? + 4. (2.90)

We now square and add (2.89)) and compare coefficients with (2.90). This gives six

simultaneous equations in the four unknowns, of which three are independent:
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ad+a; = 1 (2.91)
a1+ azfy = 0; (2.92)
B+ 85 = 3. (2.93)

Combining (2.92)) and (2.93)), and then using (2.91)) gives

2 2 1— a2 2
g e (1 28y B (294)

a3 a3 a3

so 82 = 303, and similarly 55 = 3a3. Substituting for ay from (2.91) the charges

become

/9 _ 2 _
Q1 = aywi(o0)? + 3~ 30 alwg(oo)2—(a1+\/3—3a%),

2

Qy = /1 —adwi(c0)® + V3a, _2‘ L= Oé%u)g(oo)2 — (\/ 1—a?+ \/§a1> )

(2.95)

Calculating Q%+ Q3, we obtain 1) plus terms proportional to /3 — 3a?, imply-
ing that a; = 1. We then have

Q==+ (wl(oo)2 —1- %00)2) . Q=+V3 (%00)2 - 1) . (2.96)

We require the charges Q1 and () to be proportional to the su(2) charge (2.85))
for embedded su(2) solutions, when we insert equation (2.26)) into (2.96]). For this

reason we take the negative root, i.e.

Q= (1 — wy(00)? + %OOP) . Q=13 (1 — %00)2) : (2.97)

such that the charges for the embedded su(2) solutions become @ = 1 — w?,

Q2 = V3 (1 —w?). Once again the charges are the coefficients of T} sinf in Fp,
multiplied by —1, where T}, € X, and the gauge field functions are evaluated at
infinity.
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Charges carried by an su(N) gauge field

The Cartan subalgebra of the Lie algebra su(/N) has N — 1 generators, denoted H;
for i =1,2,...,N — 1 and given in appendix A. We find we can express Fy,
in terms of the H;, so Fy, is then a member of the Cartan subalgebra and we do
not need to make a gauge transformation before using equation (2.76)). To find Fy,

we first require

[C, 0] = diag(w],w; — Wi, wi —wh, .., —wR_y)
= widiag(1l,—1,0,...,0) + widiag(0,1, —1,0,...0)
+... + wi_,diag(0,...,0,1, —1)

— 22 H, + iw? (\/§H2 - H1>

1
o @R <\/2N(N ") Hyo1 — V2(N — 1)(N — 2)HN,2) .
(2.98)
In (2.98)) the matrix multiplying w? is given by
% (\/2/@(/@ Y1) Hy — \/2k(k — 1)H,H> . (2.99)
Hence
N1
c.cn=3"+ <\/2k (k + ) Hy — /2k(k — 1)Hk_1> W2, (2.100)
k=1
We also note that
N-1
ivV/2k(k + )Hy = diag(N — 1N —3,..3—-N,1-N)=D  (2.101)

B
Il

1

SO we can write

=2

sin(0)
2

Fg¢, =

_1< 2k(k + 1) ( . )Hk — \/2k(k —1)H),_ 1—> . (2.102)

1

=
Il
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Since
N-1 w2 N— wg
2k(k — 1) H,_ =~ k(k + 1)H,—+ 2.103
- ( JHi k kZ:: T ( )

(where we have used the fact that Hy = wy = 0), equation (2.102)) becomes

2

I Wi Wi% 1
Fyy = 2k(k + 1) (? —1- k——:l) H,. (2.104)

We now have Fy, in the Cartan subalgebra for su(/N) EYM black holes for all N.

By comparison with the results of the previous sections we have

Qk _ 2k<k + 1) (1 _ wk(OO)Q + wk+1(oo)2) ’ (2105)

2 k E+1

with wy = wy = 0. For the su(2) case this gives Q = 1 —w(00)?, while for su(3) we
have Q; = 1 — w;(00)? + %00)2, Q2=3 (1 — w) The su(3) effective charge

squared is then
2\ 2 2\ 2
QR+@; = (1 — (o0 + 22 ) +3 (1 - WZ(;O) >

_ ij(jm (l_wxoo)? +wj+‘1<oo>2)2 (2.106)

j 741

since w3 = 0 for su(3), which is in agreement with (2.79)). Similarly, in the su(V)

case the effective charge squared is

N-1 N-1 ., . 2
B o J+) wj(00)? | wjs1(o0)?
Qz_jlei—jzl—Q (1— PR ) . (2.107)

We wish to show that stable black hole solutions can be determined uniquely by their
global charges. Since the black holes are characterized by the values of the gauge
field functions at infinity (as well as the mass M, cosmological constant A and the
constants ¢;) [I2], we need to be able to determine the values of the gauge field
functions at infinity from the charges, i.e. we require that the expressions
are invertible. Rearranging for k=N —1 gives

wz\/—l(OO)2 o 2QN 1

o1 T AT (2.108)
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Similarly
wy-a(00)? 2QN 2 wy-1(00)?
N2 VAN DN 2 | N-1
_ . Qn-2 Qn-1
- e (\/2(N—1)(N—2) * 2N(N—1)>’ (2.109)
was(OO)Q _ 3_ 2QN-3
N-3 V2(N —2)(N —3)

QN2 Qn-1
- <\/2(N —Hiv_g) V2N(N — 1)) - (2110)

and in general

N-1
W = -2 2.111
oo = (- -2 ) 2111
Again we check with the expressions for su(2) and su(3). From (2.85) we have
w(00)? = 1 - Q while substituting N = 2 into (2.111) gives wf = 1-29 =1-Q\.
For su(3), equation (2.111)) implies

2
Qr Q2
22y ——=F 2
kz:\/%(kﬂrl) V3

wy(o0)? = 2 (1 - 25\%) =2 <1 — %) : (2.112)

which can be rearranged to give as required. We note that, up to an overall
sign, the values of the gauge field functions at infinity can be determined from the
charges. Since the EYM equations are invariant under the transforma-
tions w; — —wj, the sign is irrelevant. Therefore, since we can characterize su(V)
EYM black holes in AdS at infinity by A, the mass M, the quantities ¢; and the
w;(00) [12], we can equivalently characterize them by A, M, ¢; and Q).

2-01—

§2.6 Characterization of stable black holes

According to the “no-hair” conjecture [65], in asymptotically flat space and in the
presence of an electromagnetic field, black holes are characterized by their mass,
angular momentum, and electric or magnetic charge. However, as we shall demon-
strate in this section, static EYM black holes with an su(/N) gauge field in AdS space

are not characterized uniquely by their mass and total effective charge () given by
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(2.79) if N > 2. With an su(N) gauge field there are N — 1 gauge field functions,
or equivalently N — 1 charges @Q); (see previous section). The aim of this section is
to argue, based on numerical evidence in section [2.6.1| and analytic work in section
2.6.2] that the charges @;, along with the mass M and cosmological constant A, are
sufficient to characterize stable black hole solutions uniquely. Hence the purely mag-
netic su(N) EYM black holes, in the presence of a negative cosmological constant,

obey Bizon’s modified no hair conjecture [17].

2.6.1 NUMERICAL EVIDENCE

In the su(2) case, there is only one magnetic charge (), which we plot against the
mass parameter myq at fixed A = —3 with various values of the event horizon radius
r, in figure 2.9) At the event horizon, these black holes are characterized by A, 7y,
and w(ry) [12]. Since there are no two black holes with the same M and @) but
different values of r,, we conclude that the black holes are indeed characterized by
their mass M and charge (). However, in the su(3) case there are two magnetic
charges )7 and @)y, and the effective charge Q) = \/m . At the event horizon,
these black holes are characterized by A, rp,, wi(ry) and wo(ry) [12]. If su(3) black
holes were characterized uniquely by M and @), we would therefore not expect to
find two black holes with the same M and @, but different 7. In figure 2.10] we
plot M and @ for su(3) black holes with A = —3 and various values of r,. We
note that there are solutions with the same mass parameter my = 6.1 and effective
charge @ = 5 for r, = 1, 1.25 and 1.5. We therefore conclude that su(3) black
holes are not uniquely characterized by M and Q.

As shown in [12], su(N) EYM black holes are characterized by N +1 parameters
at the event horizon: the cosmological constant A, the event horizon radius r, and
the N — 1 gauge field functions w;(r,). At infinity, they are characterized by 2N
parameters: A, the mass M as measured from infinity (or equivalently the mass
parameter mgy = %, see section , the N — 1 charges @); (or equivalently the
gauge field functions at infinity, see section and the N — 1 quantities ¢; [12].
We therefore have N — 1 additional parameters at infinity, we will argue that the
¢; are single valued functions of M, A and the w;j(co) and that the solutions are

therefore characterized uniquely by these latter N + 1 parameters.

A plot of ¢ as a function of mg and @ for su(2) black holes is given in figure

where the constraint (2.52)) is satisfied both at the horizon and at infinity. In
figure 2.11} ¢ appears to be single valued for A = —3 (similar results are obtained
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for A = —10 and —0.1). The equivalent plots for the su(3) case, with A = —3,
for ¢; and ¢y are shown in figure and figure respectively. In these we have
plotted mo = 10£0.1,204+0.1,304+ 0.1, which gives rise to the bands. If we were to
plot the exact values, these bands would decrease to rings, although we did not have
sufficient resolution in our data to do this. Once again we have added the constraint
that the stability inequalities are satisfied both on the horizon and at infinity.
Figures and show that in the su(3) case, and for the range of data plotted,
the ¢; appear to be single valued functions of the charges (); and the mass M. The

numerical evidence therefore suggests that the c¢; are functions of M, A and the

Q;-

12 T T T

11 | Th™

10 | -

Q

Figure 2.9: Mass parameter m, plotted as a function of charge ) for spherically
symmetric su(2) black holes with A = —3 and n = 0. Since we do not find two
black holes with the same my and () but different 7, we conclude that su(2) black
holes are characterized by their mass and charge.

To provide further numerical evidence, we examined the space of solutions in
terms of the mass M and the charges (); at fixed A. Figures and show
plots of M and @); for su(2) and su(3) black holes respectively. The lines in figure
2.90 and the surfaces in figure [2.14] appear to foliate the whole of the parameter
space, and unlike figure [2.10| we do not see any places where two different solutions

have the same mass and charges.
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Figure 2.10: Mass parameter mg plotted as a function of total effective charge @
for spherically symmetric su(3) black holes with A = —3, ny =0, ny = 0. We find
that there are black holes with the same mg and @, but different 7, hence su(3)
black holes are not characterized uniquely by their mass and effective charge.

Therefore the numerical evidence suggests firstly that the ¢; are functions of M,
A and @;, which in turn means that the N + 1 parameters required to characterize
the black holes at infinity are M, A and ;. Secondly, by looking directly at M,
A and @; the numerical evidence suggests that we do not require any additional

parameters to characterize the black holes at infinity.

2.6.2 ANALYTIC WORK

In the previous section, we found numerical evidence suggesting that, for a given
value of A, black holes are characterized at infinity by their mass M and charges
();. In this section we will prove that this is the case, at least for stable black holes
with |A| large but fixed. We know that the black holes are characterized at the
event horizon by 7, and the w;(r,) [12].

The goal of this section will be to find an approximate, invertible, analytic map
(rp,wj(ry)) — (M, Q;), which we expect to be valid when [ = /—3/A. If such a

map exists, we can deduce that M and (); uniquely characterize the black holes.
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o N B o0 0 O

Figure 2.11: ¢; plotted as a function of the mg and charge for spherically symmetric
su(2) black holes with A = —3, n = 0. It appears that ¢ is a single valued function
of the mass and charge (), and hence not required to characterize the black holes at
infinity.

We start by introducing a new dimensionless radial co-ordinate x = r/ry,, such

that © € [1,00) for all values of the event horizon radius r,. The field equations

(ET3E-15) become
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Figure 2.12: ¢; plotted as a function of the two su(3) charges @; and @y for
spherically symmetric su(3) black holes with A = —3 and n = 0. It appears that ¢;
is a single valued function of M, @)1 and ()5, and hence not required to characterize
the black holes at infinity.

d*w pdo dp\ dw; w
2 2 2 2 2
0 = = 2 dl‘; + (g% % d—] 7j (2 +wj_1 - 2wj +wj+1)
(2.113)
din =[G+ 1) W oW\ dw; \ 2
- = = M Dy T =7 2114
TP T ( j+j+1> “(dx) | 241
do _ 20% = <dwj)2 (2.115)
dx riz s dr )’ '
where 1 = m/r,. At the event horizon, x = 1, we have
1 2
(1) = 5 (1 + %) , (2.116)

which becomes large as [ — 0 for fixed r,. We define a further new variable m(x)
by
m(z) = mq + m(x) (2.117)



2.6. CHARACTERIZATION OF STABLE BLACK HOLES 43

m0:10 .
m0=20 .
m0:30 .

o o = h W
o= uMnmnwm
T T T T T T T 1 |\?

S o

Figure 2.13: ¢y plotted as a function of the two su(3) charges @; and @y for
spherically symmetric su(3) black holes with A = —3 and n = 0. It appears that ¢y
is a single valued function of M, @)1 and ()5, and hence not required to characterize
the black holes at infinity.

where m; = 7(1) (2.116)). Multiplying through by /%, using

om  r? 2my  2m r2ax?
—1 -4 /=2y T 2.118
a T + 12 x T * 2’ ( )
and substituting for 92 and % using (2.114} [2.115| [2.118)) we can write (2.113] [2.114)

as

0 — 1‘2 |:l2 _ 2m112 _ 27”71[2 2 2:| d2wj

T
T h dz?

dw:
+ [2mq® + 2mi* — 2r32*Ppy + 2172 % + PWw;,  (2.119)

din 1 Iml2 2wl = dw\?
l2_ - l2 _ 1 _ 2 2 hatat'}
dx 7',%[ T T +rhx]z(d:v)

j=1

(w2—w?, =N —1+2))%], (2.120)
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Figure 2.14: Mass parameter mg plotted as a function of the two su(3) charges
@1 and )2 as given in for spherically symmetric black hole solutions with
A = =3 and n = 0. We do not find two black holes with the same mass and
charges but different event horizon radii, providing evidence that su(3) black holes
are characterized by mg, )1 and Q5.

where
N-1 .,. 2 2 2
+ 1 w? w?
Py = 3132 2) (1_4+%) , (2.121)
= LT J ]+
1
W, = 1—wi+ 5 (Wi +wiy), (2.122)

and we have used ([2.17)).

From the constraint ([2.23)) that the event horizon must be non-extremal, we have
N
2y [(wj.(rh) — w2 () =N —1+ zjﬂ < 2r21% + 674, (2.123)

j=1

and therefore for each j we must have

2 (@2 (r) — w2y (r) — N — 1+ 24) < 27212 + 67 (2.124)
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If we define
0; = wi(ra) —wi_y(rn) — N —1+2j, (2.125)
A= wira) = §(N =), (2.126)
then we have
o) = M| < (2022 +6r%)2
1 1
Uoo| = Uda— M| < (202 +6ry)2 = 1N <2(2r0% + 6172
1 1
Uojl = UN — Nl < 2rplP+6m)2 = UN| < (2rpl>+6rp)2,
(2.127)

and hence we have a bound on (w7 (r,) — j(N — j)) given by
1
i (rn) — (N = 5)| < j (2l + 6ry) > (2.128)

The phase space plots in section suggest that we do not find black hole
solutions close to the edges of the region defined by , so we do not need to
consider all w;(ry,) such that is satisfied. We also note that the region where
we find n = 0 (potentially stable) solutions grows as [ decreases. We therefore
consider a region of the w;(r,) parameter space which, for small [, is smaller than
the region defined by but grows as [ decreases. We therefore define new
functions ¢; by

P w3 (r) =5 (N =5)]" = (), (2.129)

J

where the constant ¢ > 0 is the same for all j, and g¢;(z) is order one for small
[. Setting ¢ = 0 then corresponds to considering the whole of the region of the
parameter space satisfying , while ¢ = 1 corresponds to an upper bound on
w; which is independent of [. We therefore expect that 0 < ¢ < 1.

For su(2) black holes, I~'w/(r) — 0 as | — 0 [81], so we define new functions

nj(x) by
]

It o = I"n;(x) (2.130)

for some s > 0, where 7 is of order one for small [. Our goal will now be to find

suitable values of the constants ¢ and 2 which give approximate analytic solutions

to the field equations ([2.119} [2.120)) for small [ - we view ¢; and 7, as being the first
terms in asymptotic series for the field variables, which is asymptotic for small [.
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We start by writing (2.119] [2.120) in terms of ¢; and 7;:

dm [ +2 2m® 2ml?
l2— — l2 1
dx r? { x } Z (e
2
4x 7’2 Z q;(z) — qj-1(2)]"; (2.131)
0 = 22! [12 LU C rixﬂ a1y
x dz
+UH[2ma 1P+ 2ml? — 202 Ppg + 2172 ()
1
+50 7 g (@) = 245(2) + g1 ()] wj (). (2.132)

For equation (2.132]) to be non-trivial, we require the first two terms on the right
hand side to be of the same order in [ as the last term. Since from ([2.129]) we have

wj ~ l%, it must be the case that

3¢
2

3
w+1=—+ = %:Eg

1
- 2.133
27 ( )

DN | —

so requiring that s > 0 means we must have ¢ > 1/3. Turning to equation (2.131]),
it must be the case that the first line on the right hand side is small compared to
the second line for small [ since 2s¢ + 2 = 3¢ + 3 > 2¢. Differentiating ([2.129)) and

comparing with ([2.130]) gives

dq;
% ~ 2an]l1+§ (2134)

for w;-l ~ l2<*2qj2» and s given by (2.133). Therefore the functions ¢;(z) are ap-
proximately constant for small /. Integrating (2.131)) then gives, to leading order in
L

Pi(z) = 417% (1 — i) > la;(1) = g (V)

_ % (1—£>§;[(w?(rh) Wa(m) — N —1+2j)7] (2135)

where we have used the initial condition m = 0 at the event horizon z = 1. We
note that (2.135)) implies that m ~ O (1*72), so the [*m terms in (2.132)) are small

compared with [?m; ~ O(1) for small [ and so can be ignored to leading order in [.

1
If we take the leading order expression w; = { %(g_l)qf , the Yang-Mills equations
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47
(2.132)) are given by
2m, 1?7 dn;
0 = 22 [rin - ] d:zc] + [2mal® + 2r;2%] ()
1 1
+5 [g4(2) = 245(2) + ¢j1(2)] ¢ ()2, (2.136)
to leading order in [, since m ~ O (I>*72?) and
N
2rp % Ppy = 2321 Y " [gs(x) — gja (@) (2.137)
j=1

Taking the ¢;(z) to be approximately constant, (2.136)) can be integrated directly
to give
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W) = g ) - 20 T aa g 0h (213)

[ I

where we have chosen the arbitrary constant of integration to be such that n(z) is

finite at the event horizon z = 1.

We have now obtained a consistent, approximate set of solutions of the field

equations which are valid for all 7, > [ and all w;(r;,) such that
[wi(r) — j (N —)]” < &2 (2.139)

for some ¢ € (%, 1). For these approximate solutions, the gauge field functions w;
are approximately constant, and therefore the charges (2.105)) are given by

0= j(\i; 1) (1 _ wj(;"hf N wj;f{f) , (2.140)

while the masses of the black holes are given by

M = Th A_T% + LZ [(w?(rh) — w]{l(rh) —N—1+ 2j)2] . (2.141)

At the event horizon, black holes are characterized by A, r, and w;(r,). We
wish to show that these approximate analytic solutions are characterized by A, M
and @); at infinity, which will be the case if we can determine the values of r;, and

w;(ry) from M and the Q;, i.e. if the expressions (2.140)) and (2.141)) are invertible.
Using the inverse function theorem, this will be the case if the Jacobian

oM oM oM
Orp,  Owi(ry) &UN 1( h)
N I !
J=| Orn  Owi(rs) Gwzv 1( n) (2.142)
W0n Qv 0Quo
87‘h (9w1 (Th) 8wN,1(rh)

1S non-zero.
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Differentiating (|2.140)) and (2.141]) we find

oM _ l_A_T’Q%—LZN: [(wz(rh)—w?—l(rh)—]v_1+2j)2} ;

ory, 2 2 4r? i J
oM 2
= ——Wi(rp)wr(rn);
&uk(rh) Th k< h) k< h)
0Q; _ .
o =

0Q; VI +1D) 2w0(rn) , o |
Owi(rn) V2 k (=0j + Ojs1k) - (2.143)

Since the (); do not depend on the 7, we have

J =5—-Jq (2.144)

where Jg is the Jacobian of the charges ); in terms of the wy(ry,). From (2.23) it

can be shown that gTAZ > 0, while Jg must be non-zero since we can determine the

w;(ry) from the charges (2.111)). Therefore the Jacobian J ([2.144) is non-zero and

r, and w;(r,) can be uniquely determined from M and the @);.

Since black holes are characterized uniquely by 7, and w;(ry,), they are therefore

also characterized uniquely by M and @);, at least when [ is small.

Figures — show the accuracy of the approximations. In figures and
m we plot w; and wy respectively for su(3) black holes with increasing values

of |A|]. We note that the gauge field functions are indeed approximately constant
for large |A|, and that this approximation becomes increasingly accurate as |A]

ncreases.

Figure shows the difference between the mass as a function of raduis m(r)
for an su(3) black hole with large |A|, and the approximation (2.141)). We note that
at large r this difference is approximately zero, and that therefore the M is a good

approximation to the mass measured from infinity.

2.6.3 DISTINGUISHABILITY OF SOLITONS FROM BLACK HOLES

In the previous section we derived approximate analytic expressions for the mass M
and charges (); of black hole solutions to the EYM equations for small but fixed

[, and showed that these approximate analytic expressions are characterized by M
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Figure 2.15: Plot of w; (1) for su(3) black holes with wy(r,) = 1 and increasing values
of |A|. We that note the accuracy of the approximation w; = const. increases with

A

and @); at infinity. In this section we will use a similar approach to find approximate
analytic soliton solutions to the EYM equations, and check whether it is possible
to distinguish between solitons and black holes from infinity given the mass M and

charges @, .

Solitons are globally regular and have no event horizon. There is therefore only
one length scale, the AdS length [, and we define a new radial co-ordinate by y = r/I.
Following the analysis of [12] we consider the (N —1) x (N — 1) matrix A with
entries

Aig =1 (N = D2 261 — 015 — 6], (2.145)

and eigenvectors ¢y such that

We then write the gauge field functions w; as

N

w;(r) = [ (N = 7)]7 u(y), (2.147)
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Figure 2.16: Plot of w; (r) for su(3) black holes with wy(r),) = 3 and increasing values
of |A|. We that note the accuracy of the approximation w; = const. increases with

A

where the vector

N
u(y) = (u,...un) = wo+ Y @(y)y'l, (2.148)
k=2

and wo = (1,1,...,1)". Next we define scalar variables (j(y) by

Gely) = vi @i(y), (2.149)

where vl is the k—th left eigenvector of the matrix A. In terms of these new

variables, the Yang-Mills equations (2.13)) can be written as [12],

d*i ddy,
0 = vu |y 5 +2ky/ ==+ k(k—1)y" 2
yu{y g PRt (k=1)y" "G

dg

3 1
+ [2m + 2y% — P] [ykd—; + kykl(k] + l—kufw. (2.150)
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logo(r)

Figure 2.17: Difference between the mass function m(r) and the approximate mass
M given by for su(3) black holes with wy(r,) = 1, wa(ry) = 3, A = 104,
showing good agreement for large r, so that M is a good approximation to the mass
measured from infinity. Results become more accurate with increasing |A.

The vector W is defined by W = (W, W, ..., WN_l)T, with W; given by

1
W;=1-—wi+ 3 (Wi +wiy), (2.151)
and
m(r) -
. ~ N2
m(y) = o P(y) = WZ(w?—w?_l — N —1+2j)". (2.152)
j=1
Using ([2.17)), the Einstein equation (2.14]) becomes
dm 1 -
— =—P G 2.153
where

G = i <%ﬂ')2. (2.154)

7j=1

In a neighbourhood of the origin, soliton solutions are determined by A and the
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N —1 parameters (;(0) [12]. While there are no upper bounds on the values of (;(0)
for the existence of regular solutions, like the black hole case the size of the region
where we find n = 0 (potentially stable) solutions increases as [ decreases [8]. It
is argued in [21I] that in the su(2) case, the parameter space expands like [~!. We

therefore define new variables ay(y) by

Cel(y) = ar(y)l*, (2.155)

where the ¢, are constants, but unlike the black hole case we allow for different
values of ¢, for each k. We expect that ¢, < 1 so that the space of solutions to
be considered grows as [ decreases. In the su(2) case, taking 0 < ¢ < 1 would
correspond to considering a region of the parameter space smaller than that studied
in [21]. Like the black hole case we will assume that the «y(y) are of order one for

small [ and all y.

In terms of the new variables, the Yang-Mills equation (2.150|) takes the form

dQOék dCMk
0 = 2 k 2k k—1""F E(k—1 k—2
yu{y g P (k=1)y" “ay
A =~ doy, _
+ [Qm + 2y3 _ P} {ykd_y + kyk 1Oék:| + WU;‘SW. (2.156)

We start by considering the term o] W which is given by [12]

Z
Vi W ==k (k= 1)y o+ > ol (2.157)
j=k+1

for some Z € N. The o 7, are involve products of up to three of the (; and are
therefore of order [7=3*tsatwt< for some a, b, c. These will be subleading compared
to the first term in ifk+¢—1<j—3+¢++<, with j > k+1. This
inequality is satisfied if ¢; > 2/3 for all j, in which case we consider only the first
term in (2.157). This gives, to leading order in [,

d204k dOék
0 = 2 2ky— +k(k—1
u[y ap Tt ( )ak}
1 [d
+ [2m 2P — P] {diy’“ + kylozk} —k(k—1)ay. (2.158)

We now turn our attention to the quantities G and P. We start by writing the



54 CHAPTER 2. CHARACTERIZATION OF EYM BLACK HOLES

B, as
Br(y) = viGi(y) = vrl™ lag(y), (2.159)
where the vy = (Vk1,Vk2, ...,V n—1) are right-eigenvectors of the matrix A. The
w; are then given by
oy = [ (N~ >%H§3%mw~k@l (2.160)
k=2

The leading order in [ clearly has k = 2, and therefore the leading order behaviour

of G (2.154) is

d 2
G =% {y2% + 2yoz2} +o(12), (2.161)
y
where
N—-1
Yo=Y j(N=juv3, (2.162)
j=1

Using the expression (2.160)) we find that

N
wf — w —N—-1+25 = 2[j(N—-7)] ka’jyklkﬂ’“_lak((y)
k=2
N 2
+7 (N =7)] <Z vk,jykl’“+<k10ék(y)>
k=2
N
=2[(j = 1) (N = j+ D] Y vrgoay 1 eu(y)
k=2
N 2
_ [(] - 1) N ] + 1 (Z Uk,j—lyklkﬂ’“_lak(y)) :
k=2
(2.163)
which to leading order in [ is given by
wl—wl | = N —1+2j =25, 1" 2ay(y), (2.164)

where

=z

5= SN =) oay— G D (N =t Dy o] (2165)

<.
Il
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Substituting into (2.152), we find that the leading order behaviour of P is
P = 212253023, (2.166)

Substituting the leading order expressions for G (2.161) and P (2.166) into the

Einstein equation ([2.153]), we find a consistent, non-trivial solution when
= Pex(y), (2.167)
with x(y) satisfying, to leading order in [, the differential equation

dx day 2
dy (1+9°) ¢ [?JQd—y + anz} + Xpazy”. (2.168)

If ¢, > 0, the 7 and P terms in (2.156) are subleading since they are both of
order 1>, and (2.156]) becomes

dQOék

dy?

d
+2[k+ (k+1)y?] d%’“+k(k+1)yak. (2.169)

0=y(1+y2)

The solution to (2.169)) is a hypergeometric function

1 k 1
ar(y) = o1 (5 [k+1],§;k+§;—y2> ax(0), (2.170)

which has a magnitude bounded by |ax(0)| and tends monotonically to zero as
y — oo as y~ 2 for k = 2 and y* % for k > 2. Equation (2.168) can then be
integrated directly to find x(y), which has the boundary conditions

X)) =0, y—=0, XU =xe+O"), y— o (2.171)

Hence we have a consistent, approximate set of solutions valid for small [. Re-
turning to the original variables, we find that m(r), and therefore the mass is of

order [?2*! where 0 < ¢» < 1, and

N

1+ Z Vg o (Y) 1+ (2.172)
k=2

[N

wj(r) = [ (N =J)]

We find that, unlike black holes, in the small [ limit solitons with a non-negligible

charge have a negligible mass. We therefore conclude that it is possible to distinguish
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between solitons and black holes from infinity, by measuring the mass and non-

abelian charges @);.

§2.7 Summary

The purpose of this chapter was to investigate whether EYM black holes in AdS with
an su(N) gauge field obey Bizon’s modified no hair conjecture, that is whether stable
black holes are uniquely characterized by global charges. In this case the appropriate
charges are the mass and N — 1 magnetic charges, which we have constructed. We
have found both numerical and approximate analytic solutions to the field equations,
and in both cases found evidence that the solutions are characterized by global

charges, once we have removed some black holes which we know to be unstable.

This chapter has focussed entirely on purely magnetic gauge fields. In the next
chapter we will consider spherically symmetric dyonic black holes and solitons, where
the gauge field has both a magnetic part (again with N — 1 magnetic charges), but

also a non-zero electric part.



Chapter 3
Spherically symmetric dyons

In this chapter, we extend the work of chapter [2| by considering dyonic black holes
with spherical event horizons as well as dyonic solitons, i.e. we will consider a gauge
potential that has both an electric part and a magnetic part. Such black holes and
solitons with an su(2) gauge field have been considered in [I8,19], and in this chapter

we consider a generalization to black holes and solitons with an su(/N) gauge field.

We begin in section by extending the gauge potential considered in chapter
to include an electric part, and present the EYM equations, which reduce to those
considered in chapter |2|in the limit of vanishing electric field. We will then find trivial
solutions in section which are the Schwarzschild-AdS, Reissner-Nordstrom-AdS
and embedded su(2) solutions.

In section we will consider appropriate boundary conditions. For solitons,
which are globally regular, we will find boundary conditions at the origin for su(2)
and su(3). For black holes, we will be interested in boundary conditions close to
the event horizon, which we will find for black holes with an su(N) gauge field for
general N. We will also find boundary conditions at infinity, which are relevant for
both solitons and black holes with an su(N) gauge field.

In section B.4] we will describe the numerical method used to find solutions to
the field equations. While for black holes this is similar to the method described in
the previous chapter, for solitons we must use a different treatment to increase the
accuracy of our results when using double precision in C++, which is an extension of
the method developed in [§] for the purely magnetic case. Finally, in section we
will present numerical results. For comparison with [18| [19] we will present results

for black holes and solitons with su(2) gauge fields, as well as results with the larger

o7
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su(3) gauge group.

§ 3.1 Gauge field, metric ansatz and field equations

An appropriate line element for spherically symmetric solutions is given by
ds* = —o*pdt* + r*(d6? + sin® 0 d¢?®) + ptdr?, (3.1)

where the function ¢ = o(r) must be determined from the field equations. The

metric function p is given by

2 Ar?
w=1-— _m(r) -2 ) (3.2)
3
where A = —3/I? is the cosmological constant, and for the space-time to be asymp-

totically AdS we require 0 =1 at large 7.

As in the previous chapter, we take the generalised ansatz for a spherically sym-

metric su(N) gauge potential, which is given by [51]
1 .
gA = Adt 45 (C = C")db = S [(C+ C")sinb + Deosd] do + Bdr  (3.3)

where A, B, C' and D are N x N matrices which depend only on r. The matrices
A and B are purely imaginary, diagonal and traceless. Since we are now considering
black hole solutions with non-zero electric field, the matrix A is non-zero, although
we can once again set B = 0 by a choice of gauge [51]. The matrix C' is upper

triangular, with non-zero entries
g = wy(r)e ). (3.4)
The constant matrix D is diagonal and traceless, and is given by
D = diag(N —1,N —3,...,3— N,1—N). (3.5)

If wj # 0 for all j then one of the Yang-Mills equations becomes v; = 0 for all j
and (3.3]) reduces to

gA = gA,dz" = Adt + %(C — 0Mdg — % [(C+C")sinf + Dcos6] do, (3.6)
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where the only non-zero entries in the matrix C' are now

Cj,j—i—l == (,L)j(T). (37)
The electric part of the potential
N-1
A== nH, (3.8)
=1
where h; = hy(r) are also scalar functions of r only, and the H; are members of

the Cartan subalgebra of su(/N), and are given in Appendix A. We can decompose
(C + C’H) and (C’ — CH) into

N-1 N-1
C+C" =2y wnF), C—-C"=-2) w,GY, (3.9)
m=1 m=1

where the N x N matrices Fy) and G&% are generators of the Lie algebra su(N)

and are also given in Appendix A.

The Einstein-Yang-Mills equations corresponding to the potential (3.6) and line
element (3.1)) are derived in Appendix B and are given by

— o’ 2k 2k 202
+042]:__11 {uwf—l—% (1—%’%—%:]%—;11)2}, (3.10)
o = o ];:11 02:5 (\/T—;lhk - kQ_klhk—1>2 + QU:J;CZ ; (3.11)

2k wi,, k k+2
\/ hie — | ————h 3.12
N 2k+1) "\ 2k+1) ) (3:12)

b (1 a4 5 (2 +eda)), (3.13)
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and for the rest of the chapter we will set the coupling o? = 47G/g*> = 1. As
required, equations ([3.10H3.13)) reduce to the field equations of the previous chapter
when we take h, = 0 for all k. The planar black holes found in chapter [4] have

similar field equations, except with 0 rather than 1 appearing in the expressions

2 2
WE . Wi 5 1, 9 2m  Ar
(1_?—’_]6—4-1)’ (1—wk+§(wk_1+wk+1)>, ,u:1———?.

§ 3.2 Trivial solutions

Although closed form solutions of the field equations (3.103.13]) cannot be easily

found in general, there are some “trivial” solutions. In this section we will find
special cases where the line element (3.1) reduces to the Schwarzschild-AdS and

Reissner-Nordstrom-AdS line elements, as well as finding embedded su(2) solutions.

3.2.1 SCHWARZSCHILD-ADS

The line element for the Schwarzschild-AdS solution is given by

(3.15)
where the mass my is a constant. To obtain this solution, we set 0 = 1, remove the
electric field (i.e. set hy = 0 for all k), and require that m’ = 0. Equation (3.10)

then implies

N-1 2
k + 1 wl% wl%-i—l 2
- — = 0. 3.16
Z; 42 ( ko k1) T (3.16)
If we take wy to be constant for all k, we are left with
N-1 2

k(k+1) Wi Wi
— |1 -4+ "= =0 3.17
4r2 ( k + k+1 ’ ( )

k=1

which can be solved by taking wy = £1/k(IN — k), as in the previous chapter. This
expression is consistent with equation (3.13)), while equations (3.11} [3.12)) vanish
identically.
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3.2.2 REISSNER-NORDSTROM-ADS

The line element for the Reissner-Nordstrom-AdS black hole is given by

ds® = —ppndt® + r2(d6* + sin? 0 d¢?®) + pppdr?, (3.18)
where
2my  axngt  Ar?
=1- — 1
HRN . + 2 3 (3.19)

and where both the mass mg and charge ¢ are constant. Again we set o = 1, but
in this case we set wy, = 0 for all k. Equation (3.12)) then reduces to

2h!
.

B = — = hp=bp— % (3.20)

by direct integration, with constants of integration a; and b;. Equation (3.10))

becomes

N—1 N—1
2h/2 k(k+1 :aRN ) k+1) (3.21)

4r2 212 )
k=1 k=1

so that

m=mg— %f kZ(? k+1)). (3.22)

Substituting this into the metric function (3.2)) gives

2m0 %3 e 1) Ar?
=1—-— — 3.23
and by comparison with (3.19)) we find
N-1 N-1
kE(k+1 E(k+1
k=1 k=1
so the effective charge
N-1
k(k+1
qg= (h;??“4 + —( 2+ )) (3'25>
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Note that this charge carries an electric component from the hj, term, which was
absent in the Reissner-Nordstrom black hole of chapter |2, and that if we take a; = 0

we find the Reissner-Nordstro solution from chapter [2) with the same charge.

3.2.3 EMBEDDED su(2) SOLUTIONS

To obtain embedded su(2) solutions we start by setting
W — Akw, hk = Bkh, (326)

where w = w(r), h = h(r), and A and By are constants. Substituting into the
Einstein equations (3.10} [3.11]), and comparing with the N = 2 case, we require

N-1 2 N-1 N-1 N-1
k+1 k-1 k(k+1)
2 2 2
E A ( o B, — =TS Bk1> = kgl A = E B, = E — (3.27)

k=1
Az Az+1 2
Tk kL) 2
(F-) 329

Substituting (3.26]) into the Yang-Mills equations (3.12} |3.13)), we require

2
k41 k-1 2AZ — A2 — A2,
b= <\/ o Bk‘\/WBk-l) - >

V2k(k+ 1) A2, (\/ k _\/ k+2 B,m)
2 2

2 k+1 k+1) (k+1) By
V2k(k+ 1) A? \/k+1 \//<;—1Bk1
* 2 k 2k V 2k By (3:29)

to recover the N = 2 case. We can solve (3.27H3.29) by taking

k(k+1
A= VE(N=F), Bi= % (3.30)
If we substitute our expressions ((3.26)) and (3.30)) into the field equations (3.1043.13)),

and then rescale the variables as follows

R=X\}r, m=My'm, h=Ayvh, A=M%A, (3.31)
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where

we find that the field equations are

~ ~ 2
d_m — w2h2+R_2 % +L(1_w2)2+ d_w ’
AR~ o2y 202 \dr) T 2R F\4r)

do 202h2 20 < dw ) 2

dR Rop? + R
@ @ ldo 2 2hw?
dR2 dR

dPw  dw 72
= 4 (= 4 - B B T )
0 dR2+dR(UdR+MdR)+M<02u+32( w)), (3.33)

which are precisely the su(2) field equations in terms of the new variables. As with
the full EYM equations, if we set A to zero we recover the embedded su(2) solutions
from the previous chapter. We also find that these equations reduce to the embedded
su(2) equations found in chapter || for planar black holes if we replace (w? —1) with

w?, albeit with a different metric function p.

§ 3.3 Boundary conditions

In this section we will find boundary conditions for su(2) and su(3) solitons, and
su(N) black holes, which we will use to solve the field equations numer-
ically in section 3.5 Solitons are globally regular, and we expect the variables to
have regular expansions at the origin, while for black holes we expect the variables
to have regular expansions at the event horizon. We also expect both black holes

and solitons to be regular at infinity.

3.3.1 AT THE ORIGIN

Boundary conditions for solitons are in general very complicated, and in this section
we consider only gauge groups su(2) and su(3). The generalised su(/N) boundary
conditions are presented in [I2], although only for purely magnetic solutions, and
we take a similar approach to find the dyonic boundary conditions in this section.

Dyonic boundary conditions for su(2) solitons are presented in [I8, [19].
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su(2) solitons

In the su(2) case, the field equations are given by

Bt |2 (1wt

m = =y toe T T pwit, (3.34)
27,2 2

o = 2 (“’121 + ﬂ) , (3.35)
opr r
o wih?  wy (1 —w?)

C{)i’ = - (; + ;) Cdi — O'Q,M; — IL”"Q L s (336)
2 wih

W= (S =) ny 42t 3.37

1 (0’ T‘) 1 + MT2 ( )

We assume that the variables m, o, w and h have regular Taylor expansions near

the origin, given by

m = mg+mr+ mer? +mgrd + O (r4) ,
o = og+or+or?+0 (7“3) ,
wi = wio+wir+wiar’ + 0 (r¥),

hl = hl,() + h1717" —+ h1’27’2 + h1737”3 + O (T’4) . (338)

For the metric function (3.2)) to be regular at the origin, we require mg = 0, which
gives 1 ~ O(1) to leading order. The third term on the right hand side of (3.34) is
given by

1-w?)? 1
0w 2r21) = 55 (1= 2080 +wiy + 4wy owrir — 4w gwr + 0 (%)) . (3.39)

For regularity of (3.34)), we require

1—2wig+wio=0,  4wii(w—wig) =0, (3.40)

which are solved by w9 = £1. We take w;o = 1 without loss of generality, since

the field equations are invariant under the transformation w; — —w;. Turning now

to equation (3.36)), we have

w1 (1 — w%) = [1 +wir+0 (7’2)] [—Zwl,lr + 0O (7’2)] , (3.41)
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which must be of order r? or higher to avoid divergences in (3.36]), so that
wy1 = 0. Similarly, the leading order behaviour of the right hand side of ([3.37) is

Mo, 2 ( L 1) +0O(1), (3.42)

(1 —2my)r? r 1—2my

so we must have h; o = 0 and either hy; =0 or m; = 0. From ({3.34} |3.35|), we now

have

3h?
m' = my + 2myr + 3mgr® + O(r?) = (2—121 + 6w} 2) r* + O(r?), (3.43)
o ’
and
M
o' =014 2000 + O (r*) =2 <— + dogw? 2) r+ 0 (r?), (3.44)
09 ’

so that my, my and o; must all be zero and

2

h’%l 1,1
ms = —= + 2w, 0y = —— + dogw?,. 3.45
3 20_(2) 1,2 2 7 0W1,2 ( )

Returning to equation (3.37)) we have
hlll = 2h172 + 6h1737’ + @ (7"2)
2
0

A
= —2h172 + |:2h171 (Z— + 2m3 + g + 2@172) — 4h173:| T+ @) (7‘2) ,(346)

hence hy9 =0, and

A
h173 = — 2 + 2m3 + =+ 20.)1,2 . (347)
5 oN) 3

Equation (3.36|) provides no further constraints on w; o, and altogether we have
hil 2 3 4
m = T‘Q—FZwLQ P+ 0 (1),
0
h2
o = oy+ (i —1—400wa> r?+0 (r3) ,
0o ’

W = 1+W172T2+O(7"3),

h h? A
hy = hur+ % (2% + 8wl + 3+ 2w1,2) r+ 0 (). (3.48)
0

The value of oy is fixed by the requirement that ¢ approaches one at large r (i.e.



66 CHAPTER 3. SPHERICALLY SYMMETRIC DYONS

the space is asymptotically AdS). There are therefore two free parameters, h;; and

wi 2, along with the cosmological constant A.

su(3) solitons

In the su(3) case we have 6 variables, m, o, wy, wy, hy and hy, with field equations

given by
2
h2w? V3 1 w2 r?
m = 012'; + <—2 hy — §h1 —022 + 252 (h/12 + h’22)
1 AN AN 2,
+ﬁ(1 wl‘f‘?) +ﬁ<1_7> +:U/(W£ +wé)v (349)
2
2w2h?  2w? (V3 1 o
o = O_JQ; + Uﬂ227’ ( 9 ha — §h1> +— ((’L)/l2 + w;2) ) (350)
o wihi  wi 2 5
o = (Tt ) (et ) (351)
/ / 2
" o H ’ Wa \/g 1 Wo 9 Wi
= —|—4+— — —hy — =h ——= (1 -
w2 (U+/,L) 2 0'2,11,2(2 2 2 1) 2( 2+ 2 9
(3.52)
2 1 1 3
hi = (% - ;) hy + i w; <§h1 - \/T_fm) + QW%M] ; (3.53)
) V3w? (V3 1
7 (S VA S B e A 3.54
;- (2 T)2+W2(2221, (3.54)

and once again we assume that the variables have regular Taylor expansions at the

origin:

m = mo+mr 4+ mer? +msrd + O (r4) ,
o = og+or+ort+0O (7"3) ,
wi = wig+wir +wier’ +wigr’ + 0 (r),
Wy = wag+waiT +waor’ +wasr® + O ('),
hi = hig+hiir+hior® + 0 (r?),
ho = hag+ hair + haor® + O (r?). (3.55)
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Again we start by considering the =2 term in the m’ equation (3.49). This time

for regularity we require

1 wi\? 3 Wi\
5(1—wio+%) +§(1—%> =0, (3.56)

which is solved by W%,o =2= W%,o» and once again we take the positive square root
without loss of generality. As in the su(2) case, regularity of equations (3.51H3.54))
requires that there are no terms of order r in the expansions for the w;, and no terms
of order one in the hj, i.e. wi1, wo1, hip and hgg are all zero. By considering the
leading order terms on the right hand sides of equations , we again find

that my, mo and oy are all zero along with

2
wioht, = w3 3 1 hi1+ hoq)?
3m3 _ 1,0'°1,1 + 2,0 (é_ha,l . éhl,l + ( 1,1 2,1)

op op 203
1 3
+§ (2wy pwr 2 — w2,0w2,2)2 + éwg,owg,z + 4(*’%,2 + 4W§,27 (3.57)
2
4 V3 1
200 = . h%,l + (7@,1 - §h1,1> + 80y (Wiz + W%,Q) : (3.58)
0

Substituting the expansions (3.55)) into equations (3.51H3.52)) one can write the con-

ditions in matrix form as
2(4)2 = MQU.Jg, 6(4)3 = Mg(.dg, (359)

where Wo = ((A)LQ,WZQ)T, w3z — (w173,u}2,3>T, and the matrix

4 -2
M, = (_2 ) ) . (3.60)

The matrix M, has normalized eigenvectors

1 (1 1 1
V1 = E <1> s Vo — E <_1) s (361)

corresponding to eigenvalues of 2 and 6 respectively (note that this is the same
matrix and eigenvalues as found in [§]). Hence ws must be proportional to vy and

ws must be proportional to vy. We therefore define new constants b; and by such
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that wy = biv1, wg = byvy, and we have

1 1 1 1
wig = —=by, weo=—7=b;, wiz=—=by, wy3=——=bs. 3.62
2= 22 = o0 1= R0 2,3 ek (3.62)
Similarly, from equations (3.53] [3.54)) we find
—2h1 :./\/’th, 2h2 :Nghz, (363)

where hl = (hl,la hgyl)T, h2 = (hLQ, h272)T, and the matrix

1 -3
Ny = <_\/§ _1> (3.64)

has eigenvalues of —2 and 2 (note that this is not the same as the matrix form
for the conditions on the wy, although it is also symmetric). The corresponding

normalized eigenvectors are given by

1(1 1 (-3

and we again define new constants ¢;, g» such that hy = gyuy, hy = gous, and

therefore

1 V3 V3 1
h1,1 = 591, h2,1 = 791, h1,2 = ——5 92 h2,2 = 592- (3-66)

Altogether, we then have

m = (QhM + 4w172) 3+ O (7"4) ,

00
o = (4hi1 + 800wi2) P?+0 (7"3) ,
1 1
wi = V2+ Ebﬂ“2 + Ebzrs +0(r"),

1 1
Wy = \/§+ Ebﬂ’] - ﬁbg?”g + @ (7"4) s

1 V3
hy = 9T 7927“24‘0(7’3)’
V3 1
hy = 5 T+ §gzr2 +0(r%). (3.67)

Once again the value of o( is fixed by the requirement that o approaches one at
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large r. We now have two free parameters which determine the behaviour of the wy,
and two for the h;. For the purely magnetic case, there are N — 1 free parameters

for general N [8], while for dyonic solitons we expect to find 2(N — 1), and require

N-1

expansions up to 7V in the wy, and 7 in hyg.

3.3.2 AT THE EVENT HORIZON

We start by Taylor expanding our variables in a neighbourhood of the event horizon:

(r) = m(ry) +m'(r)(r — 1) + O(r — )2,
(r) = olra) +0'(r)(r —rm) +O(r —4)?,
wi(r) = wi(rn) +wi(ra)(r —74) + O(r —13)%,
(r) = hy(ra)(r —ry) + O(r —r3)%,
(r) = W) =) + 00 — )" (3.68)

We are looking for solutions where all quantities are regular at the event horizon,
so we have set hi(r,) = 0 to avoid a singularity in equation (3.12) at r = 7.
Substituting p(ry) = hg(ry) = 0 into equation (3.10)), and noting that both p and

hy are of order (r — 1) so that h?/u vanishes at r = ry,, we find that

o) Z [ 21 ( Th )2 k(ktl) (1 _ w(rp)? i wk+1(rh)2) ] ’ (3.69)

— 20 (rp)? 4r;, k k+1

which reduces to the result from the previous chapter (2.21) when h}.(r,) = 0 for all
k. Multiplying equation (3.13]) through by u and evaluating it at the event horizon,
we find that

/ —wk(rh)wrz———w )2 4 Wit (1h)?
i) = L (w0 =1 G () +sa(m?) ) (370)

which does not contain any hj; and is therefore the same as in the previous chapter

(2.21). Evaluating (3.11)) at the event horizon we find

N-1
wkrh k—|—1, —
2 i (
;o m(\/ 2 M) \/2k e (rn)
N—

19 U(Th)wé(rh)Q, (3.71)

,
k=1 h
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which again reduces to the result from the previous chapter (2.21)) if all the hg(ry)
are zero. For the black hole to be non-extremal (and therefore have non-zero surface
gravity and Hawking temperature) we also require

L 2m/(ry)

/ —_— —— —
p(rn) = ” v

— A’I“h > 0. (372)

To summarize, the boundary conditions of our variables at the event horizon are

given by:
m(r) %h — % +m! (1) (r — 1) + O(r —r3,)?,
a(r) o(ry) + o' (ry)(r — 1) + O(r — )2,
wi (1) wi(r) + wp(rp) (r — 1) + O(r — 1),
h(r) Ry (rp)(r — 1) + O(r —13)?, (3.73)
where
W;(Th) = % (M:(M)Q —1- % (wk—1(7“h)2 + wk+1(7”h)2)) )
= r2hj? k(k+1) We(rh)?  wrat(rn)? 2
i) = o [20(Th)2 M (1_ Pt re ) ] ’
/ _ ~ wi ( Th k+1, k-1, ’
7)) = 22 [g< Pr, (v o M) th—l(”))
PR S CAG (3.74)
k=1 "h
and )
W (ry) = 12 Arp, > 0. (3.75)
Th Th

There are 2(N — 1) free parameters in the theory: the wy(r,) and the hj(r,) for
k=1,..,N —1. The value of o(ry) is fixed by the requirement that ¢ approaches

one at large . When searching for numerical solutions in sections|3.5.1and |3.5.2| we

will consider only values of the parameters such that (3.72) is satisfied. In fact, we
do not find solutions for all such values of the parameters, as can be seen in figures
3.9, as in the purely magnetic case.
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3.3.3 AT INFINITY

We assume that our variables have regular Taylor series expansions at large r:

1
m = m0+m+0< ),
’

r2
o o o o 1
o — 00+_1+_;+_§+_;*+o(_5),
r r T T r

c 1
W = wk,oo—i_%—i_o( ),

32
h 1

he = hpoo +—L 40 (—2> . (3.76)
T T

The expansions ([3.76]) are the same as in chapter [2, except that we now have an
additional Taylor expansion for the hj;. We are looking for asymptotically AdS
solutions, and therefore require oy = 1 so that the line element approaches the
line element for anti-de Sitter space in the large r limit. Using (3.76) to evaluate
(3.10) at large r gives

N-1 2 2 2 2 2
/ 1 k(k+1) Wioo  Witl,oo b1 Ca
e J— 1 _ ’ s , )
Y A o k+l) T2 TR (3.77)
N—1

Turning now to equation (3.11)) we have

N-1 2
2 [k+1 [k —1 1
O'/ — ﬁ 1 l4wz,oo ( Thk’oo — ok hk—l,oo) + Ci,l +O (7“_6) . (379)

k=

Since the right hand side of (3.79)) is of order —°, we must have o1 = 0y = 03 = 0.
Finally, our Yang-Mills equations for wy and hj give no constraints on ¢ or hy

and we have
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w(r) = wkooJrcl;—’lJrO(T%),

hi(r) = hkvoo—l—%—i-(’)(%),

S ] (IS SN
_%]::11 P k;;lhkoo— k2_k1hk_m) +O(r_13>‘

o(r) = —%J:: l4wioo< kz—;lhk,oo— k2_k1hkloo>2+ck1 )

where [? = —3/A. As required, the expansions (3.80]) reduce to those of the purely
magnetic solutions of chapter |2l when we take hy o = 0 = hyy for all k.

§ 3.4 Numerical method

Numerical solutions to the field equations for black holes are found in the same way
as in the previous chapter, except we have N — 1 additional variables, which are
the functions hy describing the electric part of the potential. The N — 1 second
order ODEs for the hy are broken into 2N — 2 first order ODEs in hy and hj, in the
same way as the equations for the wy, giving a total of 4N — 2 first order ODEs in
m, o, hg, by, w, and w;. The field equations are singular at the event
horizon, so the boundary conditions are implemented at r —r, = 1077. We
then integrate outwards to large r using a Bulirsch-Stoer algorithm in C++ [32].

However, for the solitons it is a little more complicated, particularly in the su(3)
case. In the su(2) case, we parameterize w; at the origin using the constant wy o
. Close to the origin we have wy; =1+ w172r2 + O(r?), where r is small, but
due to the limited precision of variables in C++, we risk large errors in terms of the
form (1 —w?). We therefore introduce a new variable ) = w} — 1, along with a new
first order ODE

V' = 2wiwy. (3.81)
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In the su(3) case, we introduce new variables [1(r) and 55(r) as in [§], such that

1 1
wlz\/§+ﬁ(ﬂ1+ﬂz), wQ:ﬂ+E<ﬁl+ﬁz>, (3.82)

and which have boundary conditions at the origin given by
Bi(r) = byrtt + O (1r77?). (3.83)

Similarly for the hy; and hy we introduce ¢;(r) and ¢(r) such that

1 V3 V3 1
hy = 5S1 T 55 hy = 5 + 552 (3.84)

and near the origin
G =g’ + O (7). (3.85)

Our new variables then have equations given by

1= - (‘; )61 ; (24 B1)(BY + 481 +755)
1 9i | 3¢ B1 (9si 3¢ \/§ﬁ2§1§2
“Va [ﬂ(l—a*ﬂ*ﬁ(l—a*?) ol
y = - (‘; P) Byt 16 + 288+ B + 2005
\/_6 g% B (92 3¢
\/_02 [\/_§1§2+ \/2—12—71—( ==+ 2>]a
9 9
= (F7)d
ul (;(51 + 52) + 2(51 ﬁ2) - ﬁ152) (%ﬁ + \/7§§2>
% (%(5% + 63) +2(B1 + B2) + 5152) (%@1 - ?@2) ;
/ 2 6
= (T0)ur g
W (%(5% +B3) 4+ 2(B1 — B2) — 5152> (%ﬁ Shas §€2>
e (1<ﬂl 18425+ o) + m) (@ _ }) C (3.86)
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Equations (3.86)) can then be integrated as described above, along with (3.49] ,
and reduce to those of [§] if we take ¢ =0 = .

8 3.5 Numerical results

In this section we present numerical results obtained using the method discussed in
section [3.4] for su(2) and su(3) black holes and solitons. We note that the su(2)
case has already been studied in the literature [18] [19].

3.5.1 su(2) BLACK HOLES

We begin with su(2) black holes. The equation for h; is

9 w2h
pr= (L 2 oot 3.87
(= (2= 2) et (3.87)

If (3.87) has a turning point at r = rg, then A'(ry) =0 and

v _ o1(r0)*hu(ro)

hl (T’o) /LTQ
0

(3.88)
Since p > 0 for r > ry, if hi(rg) > 0 the turning point is a minimum, and if
hi(rg) > 0 the turning point is a maximum. Hence we conclude that h; is monotonic
for su(2) (we also find this is true numerically from su(3)). We therefore label
solutions by the number of nodes n in w;. Figure 3.1 shows a typical solution
for an su(2) black hole with A = —0.01. As expected, h; is monotonic, and for
wi(ry) = 0.95, W) (ry) = 0.01 we find one node in the gauge field function wy (n =1).

Figure [3.2 shows a phase space plot for black holes with A = —0.01, part of
which is shown in [I8]. We restrict our attention to the region of the parameter
space where is satisfied. However there are some regions of the parameter
space where is satisfied but we do not find black hole solutions, which are
in the red “no solution” region. All other points on the plot represent black hole
solutions with particular values of h(ry) and wi(ry), with 7, = 1, and are colour
coded by the number of nodes n in the gauge field function w;. While the plot in
[18] concentrated on the nodeless n = 0 region, we find that the parameter space is
very rich for this value of A, with solutions with up to 17 nodes. For comparison
with [1§], figure shows a close up of the n = 0 region which is in agreement with
[18].
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Figure 3.1: Typical n = 1 solution for an su(2) black hole with A = —0.01, with
wi(ry) = 0.95, B (r,) = 0.01. As expected from (3.88)), the electric field function

hq(r) is monotonic.

Figure shows a similar plot for su(2) black holes with 7, =1 and A = —3.
As in the previous chapter, we find that as |A| increases, the size of the n = 0 region
increases, and for these value of A and r, we find no solutions with nodes. We also
note a small line of “no solution” points at wy(r,) = 1 and small A(r;), although

it is possible that this is due to numerical error.

It was found in [16] that in flat space, and in the absence of an electric field,
there are discrete families of solutions, which are indexed by the number of nodes in
the gauge field function w;. It was found that there was a solution with one node
for w(ry) = 0.632206952. In figure we plot Rf(r,) against log,,(A) for black
holes with 7, = 1 and the n = 1 value of wy(r;) = 0.632206952. We note that
for this value of wy(r,) we do find solutions as A approaches zero, although to find
solutions we also require h/(ry) to approach zero, as expected. This is in contrast
to figure [3.6] which takes wi(ry) = 0.5. This value of w;(r,) does not correspond to

a solution in flat space. In AdS we find that there is a critical value of A which is



76 CHAPTER 3. SPHERICALLY SYMMETRIC DYONS

1.2

0.8

=
= 06 .
2 .
no solution .
n=0 .
0.4 n=1 e -
n=2 .
n=23
n=4 |
0.2 no5 .
n=6 .
n=6 .
0 1 1
0 0.2 0.4 0.6 0.8 1 1.2
hy'(ry)

Figure 3.2: Phase space plot for su(2) dyonic black holes with A = —0.01 and
r, = 1. The red “no solution” region indicates where is satisfied but we do
not find black hole solutions. We note that the n = 0 region where the gauge field
function has no nodes makes up a small region of the parameter space, which is
located around wy(ry) =1, h)(r,) = 0.

around 107?, below which we do not find any solutions for any values of A/ (ry).
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Figure 3.3: Close up view of the area surrounding the n = 0 region from figure |3.2
The n = 0 region found here is in agreement with that found in [18].
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Figure 3.4: Phase space plot for su(2) dyonic black holes with A = —3 and r, = 1.
The red “no solution” region indicates where (3.72)) is satisfied but we do not find
black hole solutions. We note that, as in the previous chapter, for su(2) black holes

with A = —3 we do not find black holes which have nodes in the gauge field function
w1 .
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Figure 3.5: Plot of A/ (r),) against cosmological constant A for the n = 1 asymptot-
ically flat value of wy(ry) = 0.632206952 [16], colour coded by the number of nodes
in the gauge field function w;. We note that there are n = 1 solutions in the limit
A — 0 and A/(r) — 0. We also note a very rich structure, with potentially a very
high number of nodes as |A| decreases.
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Figure 3.6: Plot of A} (r,) against cosmological constant A with wy(r) = 0.5, colour
coded by the number of nodes in the gauge field function w;. We note that there
are no solutions in the limit A — 0.
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3.5.2  su(3) BLACK HOLES

We next turn to su(3) black holes. In addition to the cosmological constant A and
event horizon radius 7, (we will take the value r, = 1 for all numerical results in this
section), we now have four parameters at the event hozion, wi(ry), wa(ry), hy(ry)
and R, (ry,). Figure[3.7]shows a typical solution for a black hole with A = —0.01. The
horizon parameters are wi(ry) = wa(ry) = 1.2, hi(ry) = 0.01 and hj(r,) = 0.005.
As in previous sections we label solutions by the number of nodes in the gauge field
functions wy, noting that the electric field functions h; and hs are monotonic, with

this particular solution having n; = 2, ny = 3.

5 L
04
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4k hy 4
hy
3t m .
2 - =
1 - -
0k T - N _
1 F -
2 L 4
3 . . — e e —
0 1 2 3 4 5 6 7

logo(r)

Figure 3.7: Typical solution for su(3) dyonic black holes with A = —0.01. At the
horizon wy(ry) = wa(ry) = 1.2, A (ry) = 0.01 and hf(r,) = 0.005, giving a solution
with ny = 2, ny = 3.

As before, we find a very rich solution space for small values of |A|. Figure
shows a phase space plot for su(3) black holes with A = —0.01, where we have fixed
the values of wy(r,) = 1.2 = wy(ry,) and scanned over values of A (1) and hb(ry).
We find that there are no nodeless solutions in this case, with the smallest number
of nodes being the n; = 2 = ny region, which is the blue region with low values of
Wy (r) and Rh(ry,) in figure [3.8) The adjacent regions are the ny = 2, ny = 3 region
in yellow, and the ny = 3, ny = 2 in green, with the number of nodes increasing with

Ry (ry) and hy(rp). We also note that this phase space plot is symmetric about the
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line hhy(ry) = v/3h)(ry), and that this line corresponds to embedded su(2) solutions

(see section [3.2.3]).

I embeddled su(2) '

0.08

ho'(rp)

0.06
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0.02 |

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
hy'(r)

Figure 3.8: Phase space plot for su(3) dyonic black holes with A = —0.01, r, = 1
and wi(ry) = we(ry) = 1.2, colour coded by the number of zeros of the gauge field
functions. For these values of the parameters at the horizon, there are no nodeless
solutions, with the lowest number of nodes being n; = ny = 2 at small A/ (r,) and
hy(rp). In the large red region (3.72)) is satisfied but we do not find black hole
solutions.

In contrast, figure shows a similar plot for su(3) black holes with A = —3,
this time with wy(ry) = 1.3, we(ry) = 1.2. As can be seen in figure black
holes with these horizon parameters and cosmological constant are nodeless when
no electric field is present. From figure 3.9 it is clear that solutions are nodeless for
all allowed values of the electric field. Note however that we do not expect this to
hold for all values of w;(r,) and wy(ry), since it can be seen from figure that

there are some solutions with nodes.



3.5. NUMERICAL RESULTS 83

T T . T
no solution .
|'|1 =0, |'|2 =0 ]

hy'(r,)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
hy'(rm)

Figure 3.9: Phase space plot for su(3) dyonic black holes with A = =3, r, = 1,

wi(rp) = 1.3, wa(ry) = 1.2, colour coded by the number of zeros in the gauge field
function. In this case there are only nodeless solutions.
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3.5.3 su(2) SOLITONS

In this section we consider the case of su(2) soliton solutions, which have been
considered in [I8, [19]. Soliton solutions have no event horizon, and are regular
at the origin. In the su(2) case, they are characterized by two parameters at the
origin, denoted w2 and hq; , along with the cosmological constant A. A
typical solution is shown in figure [3.10} where the gauge field function wi(r) has one

node.

0.8 m(r

04 :

02 | 1

02 | -

_0.4 1 1 1 1 1 1 1

Figure 3.10: Typical n = 1 solution for a su(2) soliton with A = —0.01, wys =
—0002, hl,l = 0.003 and T = 1.

The full solution space for solitons with A = —0.01 is shown in figure [3.11] As
with the black holes, the n = 0 region is given in [I§], and for comparison a similar
region is shown in figure which is in agreement with [I8]. The parameter space
for A = —0.01 is again very rich, with solutions possessing up to 17 nodes. While,
as in [18], we do find nodeless solutions, we find that these make up a very small

part of the parameter space.

Again this is in contrast with the A = —3 solutions, which have a much simpler
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Figure 3.11: Phase space plot for su(2) dyonic solitons with A = —0.01. We note
that the green n = 0 region where the gauge field function has no nodes (around
wi2 =0, hy; = 0) makes up a small region of the parameter space.

parameter space. The phase space for su(2) solitons with A = —3 is shown in figure
[B.13] and posessess only nodeless and n = 1 solutions, with the n = 0 region being

much larger than in the smaller |A] case.
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Figure 3.12: Close up view of the area surrounding the n = 0 region from figure
As for the black holes, the n = 0 region found here is in agreement with that
shown in [18].
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Figure 3.13: Phase space plot for su(2) dyonic solitons with A = —3. As with the
black holes, we find the solution space is much simpler with a larger value of |A],
and has a larger n = 0 region.
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3.5.4 su(3) SOLITONS

Finally we consider the case of su(3) solitons, which are characterized at the origin
by b1, bs, g1 and go, in addition to the cosmological constant A . A typical
solution with A = —0.01 is shown in figure |3.14] with parameters b; = —0.002,
by = —0.00001, g; = 0.001 and g, = 0.0005. As with the black holes, h; and hy are
monotonic functions, and we label solutions by the number of nodes in the gauge

field functions w; and ws, with this particular solution taking n; =1, ny = 1.

The full phase space plot for A = —0.01 is again very complicated, as in previous
sections. In figure we fix by = —0.002, by = —0.00001, and scan over values
of g1 and go. Since there is no event horizon, there is no analogue of (3.72)), and

therefore no obvious range of values to scan over for ¢g; and gs.

For clarity the “no solution” region is omitted, and only solutions are included.
The nodeless region is the red region with small g5, with the adjacent n; =1, no =0
region in yellow, n; = 0, ny = 1 region in green, and higher numbers of nodes as
go increases. We note that, despite the treatment of the numerics in section [3.4] we
still find some numerical errors, as can be seen in the blurred line between light blue

ny =3, ny = 1, and dark blue ny = 3, ny = 3 regions.

Again, the A = —3 region is much less complicated, and is plotted in figure
3.16] with fixed b = —0.2, by = —0.1. Once again we find that the nodeless region
dominates the parameter space. However, we do find a small n; = 0, ny, = 1 region,
and, although it is difficult to see from figure [3.16 a very small n; = 1, ny = 0

region.

§3.6 Summary

To summarise, we have found black hole and soliton solutions with su(2) and su(3)
gauge fields. In the previous chapter it was found that, for zero electric field, the
size of the nodeless region of the parameter space increases with |A|, up to a certain
value of |A| above which we find only nodeless solutions. From our numerical results
this appears to be the case for nonzero electric fields as well. It is likely that the
nodeless region of the parameter space will play an important role in the stability
analysis of the dyonic solutions, as the presence of an electric field is not expected
to change the stability of the solutions [I§]. However, such an analysis remains an

open problem (the su(2) case is currently being studied by E. Winstanley and B.
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Figure 3.14: Typical ny = 1, ny = 0 solution for an su(3) soliton with A = —0.01.
Parameters at the event horizon are b, = —0.002, b, = —0.00001, g; = 0.001,
g2 = 0.0005.
Nolan [63]).

Much of the work on black holes in AdS space is motivated by the AdS/CFT
correspondence. While dyonic black holes with spherical event horizons have no
obvious application to this correspondence, dyonic black holes with planar event
horizons have been considered in the context of holographic superconductivity, and

are the subject of the next chapter.
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Figure 3.15: Phase space plot for su(3) dyonic solitons with A = —0.01, b =
—0.002, b = —0.00001. Once again, we find a very rich solution space for small
|A|, with potentially a very large number of nodes. Again, the nodeless region makes
up a small area of the parameter space, at small g; and g5.
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Figure 3.16: Phase space plot for su(3) dyonic solitons with A = =3, b = —0.2,
b, = —0.1. Once again, we find the solution space is much simpler with a larger
value of |A|, and has a larger nodeless region. For these values of the parameters,
we also find solutions where either w; or ws has a single node.
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Chapter 4

Planar black holes with

superconducting horizons

Motivated by the AdS/CFT correspondence, and the work of [37, [38] [62], in this
chapter we will consider Einstein-Yang-Mills black holes in 3 4+ 1 dimensions which
provide a possible gravitational dual to the 2+1 layered cuprate superconductors as
discussed in chapter I} We will require a normal, non-superconducting state which
possesses an abelian gauge symmetry, and a superconducting condensate which spon-
taneously breaks this symmetry at non-zero temperature. There have been a number
of different gravitational analogues proposed in the literature, which are reviewed
in section . As in [37) 38, [62], the role of the normal, non-superconducting state
will be played by a planar Reissner-Nordstrom-AdS black hole, and our supercon-
ducting states will consist of black hole solutions with non-abelian gauge fields. As
in previous chapters, we will generalise the well-known su(2) case [37, 38, 62] to
solutions with an su(/N) gauge group. The goal will be to find black hole solutions
to the Einstein-Yang-Mills equations which have the same properties as the layered
cuprates. In particular, we require that there is a critical temperature T> below
which superconducting solutions exist and are thermodynamically favoured over the
Reissner-Nordstrom solutions. We also require that there is a mechanism by which
the normal state can decay into a superconducting state, i.e. the Reissner-Nordstrom
solution admits a static su(/N) EYM perturbation. Finally, we require that the fre-
quency dependent conductivity of the su(/N) solutions exhibits the same behaviour
as real layered cuprate superconductors, i.e. there is a gap at non-zero frequency,
with lower conductivity at lower frequencies than at higher ones, and that on the

boundary the conductivity becomes infinite at zero frequency. We note here that

93
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despite being motivated by the AdS/CFEFT correspondence, we will not derive the
gravitational theory from string theory, instead we will take a similar approach to
[37, B8, 62] and simply look for a gravitational theory with the desired properties

described above.

We will consider asymptotically AdS black holes, as required by the AdS/CFT
correspondence. Unlike the situation in asymptotically flat space, in asymptotically
AdS space we can find planar black holes [15, 22] 56, 57, 58, [75]. We can also find
planar black holes with stable Yang-Mills fields [64], which are the most relevant
to (2 + 1)-dimensional layered superconductors. In the planar case, we have much
more freedom in our choice of gauge field ansatz, and we will not attempt to use
the most general ansatz compatible with the symmetries of our space-time. We will
instead propose a generalization of the ansatze in [37), 38 62], and show that it is
compatible with the space-time symmetries and the field equations. In section 4.2| we
will present our ansatz and field equations, and in section [4.3| we will show that the
ansatz is a solution of the symmetry equations. We will then find the appropriate
boundary conditions in section [£.4] some trivial solutions in section and the
scaling symmetries of the field equations in section [4.6] In section we will discuss
the numerical method used to solve the field equations and present some numerical

results.

We will then go on to study some properties of the solutions, and show that
our solutions have the same properties as real layered cuprate superconductors, as
discussed above. The mass, charges and thermodynamics are discussed in section
4.8 The critical temperature T is calculated in section and the frequency
dependent conductivity is discussed in section [4.10]

Derivations of all the Einstein-Yang-Mills equations presented in this chapter can
be found in section of Appendix B.

§4.1 Review of known solutions

In this section we will review some previously proposed gravitational duals to su-
perconductors. One of the first models employing a scalar field as a dual to the
condensate was proposed in [36], and consists of a charged black hole and a charged

scalar field with action

6 1

i~ {Ew P = 90 igAGP — R ) ()

S—/d4$\/—_g (R+
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where R is the Ricci scalar, F),, is the field strength tensor, v is the scalar field
and m is its mass. Black hole solutions with this action were shown to form scalar
hair (playing the role of the superconducting condensate) at low temperatures, while
above a critical temperature T the only solution has ¢y = 0. A perturbation of the
Maxwell field in the = direction A, was added in the bulk, with time dependence

e~*! and asymptotic expansion at large r given by

(1)
Ax:A<0>+A” +(’)(1). (4.2)
T

On the boundary r» — oo this corresponds to an applied electric field with frequency

. The electrical conductivity on the boundary is then [40]

- £ (0)
1Az
o(€) = ——2_. 43
©=-20 (4.3)
The Maxwell equation for A, is given by
" ILL/ !/ 52 22[}
Ap+—A,+ | 5 —— A =0, (4.4)
t o
where the metric function
M AR (4.5)
F=m 3’ '

with constant mass M. The Maxwell equation (4.4]) must be integrated numerically
to find ALY and A, It was shown in [40] that when ¢ = 0, the conductivity
o is always finite. However, when ¢ # 0, the conductivity becomes infinite at
& = 0. Infinite conductivity corresponds to zero resistance, and £ = 0 corresponds
to an applied DC current. Hence we have zero DC resistance below the critical
temperature. There has since been much interest in solutions with a scalar field (see

e.g. |45, 66] for reviews), although they will not be considered further here.

It has also been shown [37, 38| [62] that a charged black hole with a non-abelian
gauge field can produce similar results, with the gauge field playing the role of the
superconducting condensate. Above the critical temperature T, the only solutions
to the field equations are the planar Reissner-Nordstrom-AdS black holes, which
play the role of the normal state. Below T solutions with a non-abelian gauge field
are found, and these are thermodynamically favoured over the normal state. Two

ansatze for models with su(2) gauge fields were proposed in [37] and [38], with gauge
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potentials given by

and

respectively, where & = ®&(r) is the electric potential, w = w(r) describes the
su(2) gauge field, and T; are the generators of the su(2) Lie algebra (A.1]), where
i = 1,2,3. The gauge field (or condensate) is localized near the horizon, such

that w(oco) = 0, and the solutions carry no magnetic charge. The ansatze of [37, 38]
were generalised to arbitrary space-time dimensions in [62], with corresponding
to ansatz I, and corresponding to ansatz II in the terminology of [62]. The
potential in (4.6 corresponds to an s-wave superconductor, which is isotropic in
the (z,y) plane. This means that the conductivity of the superconductor does not
depend on the direction in which the electric field is applied. For the ansatz (4.7)
it was found in [3§] that below the critical temperature, the conductivity becomes

infinite when a DC current is applied.

A p-wave superconductor has different responses to electric fields applied in dif-
ferent directions in the (x,y) plane, which motivated the potential given in (4.7).
For an electric field with time dependence e*! applied in the z direction, it was
found in [3§] that the conductivity becomes infinite for small but non-zero ¢. How-
ever, in real p-wave materials, the conductivity is finite at non-zero £ due to electron

scattering, which is caused by impurities in the superconductor.

§4.2 Gauge field, metric ansatz and field equations

In this section we will propose an ansatz for a gauge field on a planar black hole
background which generalises the su(2) ansatze given in [37, 38 [62] to gauge group
su(N). We will decompose this ansatz into the generators of su(N), and present
the field equations, a detailed derivation of which can be found in Appendix B.
Our metric ansatz will correspond to that of [62], but uses a different choice of

co-ordinates to the metric ansatz of [37), 38].

In the spherically symmetric case, the symmetry requirements of the space-time
are sufficiently restrictive that a generalised expression for the su(N) gauge field
ansatz can be derived [51] (see chapter [2). However, the symmetries of a planar

black hole are less restrictive. In ansatz I from [62], in addition to translational
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symmetry we also have an SO(2) space-time symmetry corresponding to rotations
in the (z,y) plane. In ansatz IT there is no rotational symmetry, only translational
symmetry in ¢, x and y. In both cases we cannot write down a completely general
ansatz. Instead we propose an ansatz that generalises the potential from [62] (which
has a gauge group of su(2)), to one with a gauge group su(/N), and check that it is
valid by showing that it is compatible with both the symmetries of the space-time
(see section [4.3), and the field equations.

An appropriate line element for a planar black hole with an electric field and a
Yang-Mills gauge field is given by [62]

7,2
P

where the function o = o(r), u = p(r) and f = f(r) must be determined from the

ds? = —o2pdt? + 12 f2de® + dy? + u~'dr?, (4.8)

field equations in both cases. The metric function p is given by

2m(r)  Ar?
_ ) A 4.9
p . n (4.9)

which is the same as that used in chapters [2] and [3] except we have replaced the
initial 1 with 0. For the space-time to be asymptotically AdS we require f =0 =1
at large r (see section [4.4.2)). The action is given by

1 1
— 4 — . _ a prapy
S /d /=g {—1% S(R—20) — JTrFF (4.10)

where R is the Ricci scalar and the field strength tensor
Fy, =F,T,=0,A, —0,A, + g[Au, A, (4.11)

with coupling constant g, and T, denoting the generators of the Lie algebra su(NV)
(see appendix A). Varying the action (4.10) gives the field equations

1
T, = Ru — §Rg”" + Aguw;
DuF) = VuF} +g[A, F)]=0; (4.12)
where the stress-energy tensor is
a pa af 1 a praaf
T‘uy == FMaFl/ﬁg - _g,LLI/ QBF . (413)

4
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We generalise the ansatz for the su(2) solutions of [62] to su(/N) by taking

gA = gA,dx" = Adt + - (C + CH) dr + = ¢ (C’ CH) dy, (4.14)
where A, C and C are N x N matrices, and are independent of ¢, z and y. The
¢ =1 case is a generalization of ansatz I in [62] to larger gauge group, while { =0
is a generalization of ansatz II. If ( =1 then f =1 in the line element (4.8)), while
if ¢ =0 then f = f(r) must be determined from the field equations. The electric

part of the potential
N-1
_ Z hH, (4.15)
=1

where h; = hy(r) are also scalar functions of r only, and the H; are members of the
Cartan subalgebra of su(N), and are given in Appendix A (A.3). The only non-zero
entries of the upper triangular matrix C' are C} ;41 = wj, where j =1,2,..., N —1
and w; = w;(r) are N — 1 scalar functions of the radial co-ordinate r only. We can
decompose (C’+ CH) and (C’ — C’H) into

N-1 N-1
C—FCH:ZiZme,g), C—CH:_QZWmG%)? (4.16)
m=1 m=1

where the N x N matrices Fla) and G% are generators of the Lie algebra su(N)
and are also given in Appendix A (A.4] |A.5)).

The Einstein-Yang-Mills equations corresponding to the potential (4.14]) and line
element (4.8) are derived in section (Appendix B) and are given by

. 212 = kE+1
m :M;fz +a22:: 20#(,/ hy, — hk 1) (f2+<f)
N r2h? k(k 2 2
ta Z{ iy (f2+c f) bk + 1) ZQM (f—;”ji) },(4.17)
/2 N—
o — raf Z 20MT< [k+1 he — hk 1) <f2+§2f2)

NZ{W’“ ( +§f)} (4.18)
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o of 1 2 £2 o 2wihi wyy
f _a(F_gf)z{k(k—i-l)(ﬂ/ﬂﬁ_?}
+ f/), (4.19)

Ju
A
2
i =052
D (e ) (frer)
w//z(lljr;r 1) :?:11 \/kTHh’“ - :iith) <% + ngQ) o (4.20)
2
0 = W +wj, (%,—l—%,— QTJN) + ;;/’12 ( k;;flhk_ k2—k1hk1)
+ CZZ“;’“ (w2 — 202 +wlyy), (4.21)
along with a constraint equation:
0 = (orshn — ) (15— ). (122

where o? = 4:;—2@. We note that in the N = 2 case, (4.17H4.21|) reduce to the d = 4

case in [62], with ( = 1 corresponding to ansatz I, and { = 0 corresponding to

ansatz II. The field equations in [38] are found in the limit where the gauge fields
do not back react on the metric, and are recovered if we take o =1, m = 1/(2[?),
together with ¢ = f = 1. We note that the constraint equation is solved
automatically for the ( = f =1 case, while for ( = 0 we require all wy to be scalar
multiples of each other (assuming all wy are non-zero). Hence the only non-trivial
solution for ¢ = 0 is the embedded su(2) solution (see section [4.5.3]). We also note
that there are no obvious inconsistencies in the field equations, and that we have

the correct number of equations for the number of variables.

§4.3 Symmetry equations

In the f =1 case, the line element (4.8]) possesses an SO(2) symmetry, correspond-

ing to rotations in the (x,y) plane. As shown in [33], the physical quantities associ-
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ated with the field will be invariant under these SO(2) rotations if the infinitesimal
space-time symmetry transformations are equivalent to infinitesimal gauge transfor-
mations, since all physical quantities must be gauge invariant. This leads to a set
of equations relating the ansatz, the space-time symmetries and the gauge group,
called the symmetry equations, which must be satisfied for the ansatz to be valid.
In this section we will construct the symmetry equations for planar black holes in
the ( = f = 1 case and show that our ansatz does indeed satisfy the symmetry
equations. Note that since the { = 0 case breaks the SO(2) symmetry, there are no

further constraints on the ansatz from the space-time, since we have already assumed
that 0,A = 0,A = 0,A = 0.

If ( = f = 1, the planar black hole space-times described by the line element
(4.8) are invariant under rotations in the (z,y) plane. For infinitesimal rotations,
these take the form

(x) R (g;’) _ ((3959 —sin9> (a:) ~ (a:) . (—y) . (4.23)
Yy y' sinf  cosd Y Y x

We require the physical quantities associated with our gauge field to be invariant
under these transformations. Since our physical quantities must be gauge invariant,
this will be the case if our co-ordinate transformation is equivalent to a gauge trans-
formation. Under the co-ordinate transformation z# — z# + €£*, the gauge field

transforms as [33]
A, = Ay +e(0,8) A+ €€ (0,A4,) + O (€7) . (4.24)

For rotations in the (x,y) plane, in co-ordinates =z = (t,z,y,r), we have ¢* =
(0, —y,x,0) from (4.23), which gives

Ay = Ay + e[—(0,y) A1 + (0u2) Ay — y(81A,) + 2(02A,)] + O (). (4.25)
Applying an infinitesimal gauge transformation to the gauge field gives
A, — A, +e(0 W —[A,,W]), (4.26)

where W is an element of the Lie algebra of the gauge group, i.e. W = We(z)T*®
where the T* are the generators of the gauge group. The requirement that the

rotations in the (z,y) plane are equivalent to gauge transformations gives a set of
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four symmetry equations. By comparing (4.25] [4.26)) we find

OW — [Ag, W] = x(0A)) —y (01 40), (4.27)
W —[AL, W] = Ay +1(0:41) —y(0141), (4.28)
OoW —[Ag, W] = —A;+2(02A) —y (D1 As), (4.29)
OsW — [A3, W] = x(0A3) —y(014s). (4.30)

Our proposed ansatz is valid only if we can find some W in the Lie algebra that

satisfies these equations.

In the su(2) case, the generators of the Lie algebra are given by T* = —ic®/2,
where ¢® are the Pauli matrices (A.1). Expanding W = WIT! + W?2T? + W3T3,
and substituting into equations (4.27H4.30]), we can solve the symmetry equations

to find
(10
W=T13= —% (0 _1> . (4.31)

Similarly we can solve the symmetry equations for su(3) explicitly by taking the
Gell-Mann matrices (A.2)) as the generators, in which case we find

/10 0\ (10 0 |
W:—% 0 -1 0 —% 01 0|==iloo o]. (4.32)
0 0 0 00 —2 00 —1

For the su(N) case, rather than try to solve the symmetry equations explicitly, we
will take

(4.33)

and verify that it is a solution to the symmetry equations. Since our gauge field
A, (z) depends only on the radial co-ordinate r, we have 0,4, = 0yA4, = 0 for
all ;1. We also have 0yW = 03W = 0 since W does not depend on ¢ or r, and
[Ag, W] = [A3, W] = 0 since A3 =0 and W is in the Cartan subalgebra. Therefore
equations and are satisfied automatically. The two remaining equations
become

[A;, W] = —A,, [Ay, W] = A;. (4.34)
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Using the commutation relations (A.9)) we find

N—-1
1
AL W] = — [ZmeS), 2p(p+ 1)H,

= = S VR ) (s [F H] + nn [FED E] )
_ [k + DG — kG (4.35)

where we have used the fact that wy = 0. Using

=

-1 N N-1

koGl = Y (k= DwGY = (k = DwiGY (4.36)
k=1 k=2 k=2
we have
1 N-1
(A, W] = o <2wla§” +y (k+1—k+ 1)ka§§>>
k=2
N-1
gk:l
= —A,. (4.37)
Similarly
1 N—-1 N-1
[A2, W] = —o- [Z G, 2p(p+1)H,
9 n=1 p=1
1 N-1
= g L VRGETD) (wn |G ] + e |G 1] )
k=1
1 N-—1
LS e )
29 k=1
1
= (20 FY Y (k41— k4 Dwp BV
- ( > D
B e
= ——-zz:a%}%
9 k=1

= A, (4.38)
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Hence we have shown that an infinitesimal rotation in the (z,y) plane is equivalent
to an infinitesimal gauge transformation of the form . Since our physical
quantities are gauge invariant, they are therefore also invariant under rotations in
the (z,y) plane. Our ansatz is therefore valid, since it is compatible with both the

Einstein-Yang-Mills equations and the symmetry equations.

8§4.4 Boundary conditions

In this section we find the boundary conditions for our variables m, o, f, hy and
wy at the event horizon and at infinity, keeping (¢ general for completeness. We
assume that our variables have regular Taylor expansions close to the event horizon

and at large r, and find the leading order terms in the expansions by evaluating the
field equations (4.17H4.21)) in the two limits and requiring that they are regular.

4.4.1 AT THE EVENT HORIZON

We start by Taylor expanding our variables in a neighbourhood of the event horizon:

(r) = m(ry) +m/(rp)(r —13) + O(r —13)?%,
(r) = wi(rp) +wi(ry)(r —rp) +O(r —rp)?,
(r) = fra)+ fra)(r —ra) + O(r —14)?,
o(r) = olry) +0'(ra)(r —ra) + O(r — 1),
(r) = hlra)(r —ra) + O(r — 1),
(r) = pWrn)r—ry) +00 —r)2 (4.39)

At the event horizon we have p(r,) = 0, and for the black hole to be non-extremal
(and therefore have non-zero surface gravity and Hawking temperature) we also

require
2m/ (ry,)

Th

w(ry) = —Ary, — > 0. (4.40)

We are looking for solutions where all quantities are regular at the event horizon,
so we have set hi(r,) = 0 to avoid a singularity in equation (4.20) at r = 7.
Substituting p(ry) = hg(rn) = 0 into equation (4.17)), and noting that both p and
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hy are of order (r —ry,) so that h?/u vanishes at 7 = ry,, we find that

N-1

. Z r%hﬂ k(k +1)¢? (wk(rh)Q B Wk+1(7’h)2)2] ) (4.41)

20 (ry,)? 412 k kE+1

Multiplying equation (4.21)) through by p and evaluating it at the event horizon, we
find that

w/ (Th) _ ng(rh)ka(Th)
g 2#’(”%)7’%
G f(rn)?wi(rn) Cwr(rn)? — wi—1(rn)? = Wiy (71)?)
2r2 (3rp, — 2m/(rp)12) ’

(2w (rn)* = wi-1(rn)? — Wi (ra)°)

(4.42)

where we have used m(ry,) = r3/21? with (> = —3/A. Multiplying equation (4.19)
through by p and evaluating at the event horizon we find that the only term that

survives is f'(r,)p/(rp), from which we conclude that f'(r,) = 0.
Close to the event horizon we have

31y — 2m/ (rp,) 12

2 (r—7r4) +O(r —m,)?,  (4.43)
Th

po= 1 (ra)(r — ) + O(r —1p)* =

so that using I’'Hopital’s rule

@ . ThZZh;C(Th)
o 3ry — 2m/ ()12

+O(r — ). (4.44)

Using this to evaluate (4.18]) at the event horizon we find

) (A 2 ()2 -— 2wy (rn) By, (rn) *rut*
o'(rp) = (f(T’h) + ¢ f(rn) ) Z k(k +1)o(ry) (3r? — Zm'(rh)l2)2]

ra (5o + T 0?) N lnednl], (4.45)
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To summarize, the boundary conditions of our variables at the event horizon are

given by:
m(r) = ;ZQ +m! (1) (r — ) + O(r — 1),
wi(r) = wip(ry) +wi(ry)(r — ) + O(r — )2,
fr) = flr) +O(r —r)?,
a(r) = oa(ry) +d'(r)(r—1rn) +O(r — ),
hi(r) = Ri(r)(r — ) + O(r — )3, (4.46)
where
' . CQZZf(Th)%k(?”h) (QWk(Th)2 - Wk—l(rh)2 - Wk+1(7“h)2)
wi(rn) =

2r2 (3rp, — 2m/(rp)12) ’

N 1{ m%h’? | Kk + )¢ (wk(m>2 - “””1(”)2)2}7

p 20(rp)? 47“,2Z k k+1

’ = o r -« QWk( )2h;€(7‘h)2rhl4
U(Th) — < —i—C f h) ) ; k:(k—|— ) ( )(3 %—Qm/(rh)ﬂ)Q]

1 = ri)wi (T
+a2( ) [ QLAY ] (4.47)
k=1

and
m'(ry) < —Arj. (4.48)
4.4.2 AT INFINITY

We assume that our variables have regular Taylor series expansions at large r:

m:mo+%+0(%>, f= fo+f1+f2+é+(9<)

oy 02 03 04 1
_ T T A SR I 4.49
c=oo+—+ S+ o+ (75), (4.49)

1 h 1
wk—wkoo—l—%—i—(f)( >, hkzhk,oo+ﬁ+0(—2>.
7’ T T

We are looking for asymptotically anti-de Sitter solutions, so we require fo =09 =1

so that the line element (4.8) approaches the line element for anti-de Sitter space in
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the large r limit. Using (4.49)) to evaluate (4.17) at large r gives

2 N-1 2 2 2 2 2 c2

o k(k+ 1) [(wi wk+1 M1 | Cia

- Zk mby Rl
i ; 1 <k: TG

+0 (T—lg) . (4.50)

Since terms of order 7° in our expression for m’ will lead to a divergent mass (see
section 4.8.2)), we must have f; =0, so that

N-1

2 2
;. /3 Q
m __l2r2+ﬁz

k=

2N71 2
« w Oo /k—i—l Ik

w(r_g). o

k(k:+1)§2 <w,§ Wi >2+ hl,

(] 5 o (1)

Turning now to equation (4.18) we have

2
1+ a2N . k+1 k—1
O_/ f2 ( C § : l4 2 < hk, hk—l, >

7’5 — 2k 2k
N-1
(1+¢%)a? 2 1
+ = 2 .+ 0O e (4.52)

Since the right hand side of (4.52)) is of order 7=, we must have oy = 0y = 03 = 0.
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Inserting our asymptotic expansions into (4.19)) gives

o= %(2]‘12—1-3—]%) (44-%)
r r r

N-1 2
(1—¢%)a? k+1 k-1
+T l4w,3,oo Thkpo — ok hk—l,oo — 0271

- 8—f2+12f3+o(1). (4.53)

ra ro 76

Differentiating the asymptotic expression for f in (4.49)) gives
fr=6frt+12fr "+ 0 (r 9. (4.54)

Comparing (4.53] [4.54)) yields fo = 0, but gives no constraint on f3.

Finally, our Yang-Mills equation for wj reduces to

2 2 1
L YO (—) ~0. (4.55)

r3 r3 7»4

The O(r~*) term relates cg; to higher order terms in the expansion of wy, and
hence we have no constraint on c;;. However, we require the gauge fields to be
localized around the event horizon [38, [62], and hence it must be the case that wy

approaches zero at infinity, i.e. wy o = 0. The equation for h; gives

2hi 1

hj, = 3 +0 (ﬁ) , (4.56)

and again we find no constraint on hy .
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The boundary conditions at infinity are therefore given by:

wr) = H 4o (l)

T 72
hi1 1
h = hot+——+0|—=],
k(?") k + - + (T’2>
I3 1
f(r) = 1+ﬁ+0 )

2N71 2 2 2 2 2
o k(k+1)C° (wp  wiy k1 Ck1 9 1
-y Yk _ Tkl (g of=).
P (k pr1) T2 T 1O HO(5
2
L 0+ o | k+1 k-1
O-(T) =1 47”4 « i l k.oco 21{? k,00 2]{? k—1,00
N-1
(1+¢%)a? 1
k=1

8§4.5 'Trivial solutions

Although closed form solutions of the field equations cannot be easily
found in general, there are some “trivial” solutions. In this section we will find
constraints on our variables that will reduce our line element to those of the
planar Schwarzschild-AdS and planar Reissner-Nordstrom-AdS, the free energy of
which will be of particular interest in section [4.8.2, We will also embed the su(2)

solutions of [62] into our su(N) framework.

4.5.1 PLANAR SCHWARZSCHILD-ADS

The line element for the planar Schwarzschild-AdS solution is given by [75]

2 Ar? 2 Ar2\
ds? = — <—ﬂ - —T> dt? + r2da?® + r2dy? + (—ﬂ - TT) dr?,  (4.58)
r
where the mass my is a constant. To obtain this solution, we set f = o = 1, remove
the electric field (i.e. set hy = 0 for all k), and require that m’ = 0. Since the

planar Schwarzschild-AdS solution is isotropic in x and y we will also take ( = 1.
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Equation (4.17)) then implies

N-1 2
k'+'1 (U%+1 2
_ k1l =0. 4.
k=1
Therefore it must be the case that wj =0 and
N-1 2
ul k St D (W @en ) (4.60)
P k+1 ’ '

which can be solved by taking wy, = £AVk for some constant A, where A is the
same for all k. In the spherically symmetric case, the constant A is fixed by the
field equations, although in this case we have more freedom and we find that A is
arbitrary due to scaling symmetries discussed later. We note that with hy = 0 for

all k, and with constant wy, f and o, all other field equations (4.18-4.21]) vanish
identically.

4.5.2 PLANAR REISSNER-NORDSTROM-ADS

The line element for the planar Reissner-Nordstrém-AdS black hole is given by [22]
ds® = —ppndt® + rdz® + r’dy? + ppndr?, (4.61)

where s )
2my  apyg®  Ar

r 2 3
and where both the mass mg and charge ¢ are constant. Again we set f =0 =1,
but in this case we set wy = 0 for all k. Equation (4.20)) then reduces to

URN = — (462)

2h
k hy, = by — &, (4.63)

r

n
hk‘__

by direct integration, with constants of integration a, and b;. Equation (4.17))

becomes
N-1 9,59 9 N-1
h «Q
r_ 2 E _ QRN 2
m’ = apy 5 = 52 ay (4.64)
k=1 k=1
so that
9 N-1
QRN

o > ar. (4.65)
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Substituting this into the metric function (4.9)) gives

N-1

2my Ay 5 Ar?

N (4.66)
k=1

and by comparison with (4.62))

N-1 N-1
q2 —= ai = h§€21"‘4 :> (467)
k=1 k=1
4.5.3 EMBEDDED su(2) SOLUTIONS
To obtain embedded su(2) solutions we start by setting
WE = Akw, hk = Bkh, (468)

where w = w(r), h = h(r), and Ay and Bj are constants. Substituting into the
Einstein equations (4.17H4.19)), and comparing with the N = 2 case, we require

N-1 2 N-1
Ik+1 lk—1
Z 2 Z 2

k=1 =1
-1 N-1 2
k(k+1) (A2 A?
= § B? = E D kL) 469
— K 2 ( ko k+1 (4.69)

Substituting (4.68)) into the Yang-Mills equations (4.20} 4.21)), we require

2
[k+1 [k—1 2A2 — A2, — A2 |
L= ( ST VY B’H) - 2

R+ 1) A2, (\/ k _\/ k+2 Bkﬂ)
2( 2

2 k+1 k+1) (k+1) By
V2k(k+ 1) A? \/k+1 \//<;—1Bk1
* 2 k 2k V 2k By (4.70)

to recover the N = 2 case. We can solve both (4.69)) and (4.70) by taking

Ay = VENZR), By Ml (4.71)
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If we substitute our expressions (4.68|) and (4.71)) into the field equations (4.20} |4.21])
and (4.17H4.19)), and then rescale the variables as follows

R=M'r, m=X}m, h=Xyvh, A=MN}A, (4.72)
where
N—-1 N—-1 1
M=) A=Y k(N—k)= 6N(N2 - 1), (4.73)
k=1 k=1

we find that the field equations are
dn uR® [ df\’ w2 r ()
ai = o (in) oo () 3 (m)
Cwt o (dw 2
St (48 (o) | )
d Ro (df \* w?h? dw\®
i~ 7 () o Greer) (-5 () )} o

P2f | 232 1 /d
- (o) e w (5)

QL
~ 5

df (1do 1du 2 1df
Y BT R 4.
R (adR+udR+R de) (4.76)
d2h dh (1do 2 hw?
i ﬁ(}ﬁ‘ﬁ)* (f2+<f) (4.77)

Pw dw (1do 1ldu 2df h2 (CRwif?
0 = d_m+ﬁ%<0dR+;ﬁ_?dR>+ (UT[L_T , (4.78)

which are precisely the su(2) field equations in terms of the new variables.

§4.6 Scaling symmetries

The Einstein-Yang-Mills equations (4.17H4.21)) possess several scaling symmetries
[62], and these can be used to reduce the number of numerically relevant parameters.

We first notice that the equations are invariant under the transformations;

r—=Ar, m—Am, =M, hy— A'h,, a— . (4.79)
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1

Hence by transforming the variables using A = o~ we can effectively set a = 1.

The second set of transformations under which the field equations remain invariant
is

r— A, We = Aog, b — Mg, m— APm, (4.80)
in which case p transforms to A%2u. We can use this symmetry to remove r;, from
the equations by setting A = 7“,:1 . We then have two remaining symmetries, the first

of which is
hy — )\hk, o — )\O', (481)

which can be used to set o(c0) = 1 by taking A = o(c0)™!, and wy — —wy, which

means that we can restrict our attention to w(r,) > 0 without loss of generality.

The overall transformations are

oc—c=0c(0) o, wp— =15 wk, p— g=1500,

1,.-3

m—m=a 1,°m, hk—>ﬁk:ar,:1

o(00) thy, (4.82)

with f unchanged. The field equations then become:
- a 2
523
g T
V2k(k+1) @} E+1- kE—1- 1 9 9
LT e e T R SR
2k(k+ 1) @iy, koo k+2
hy, — h 4.83
2u?  k+1\\V2k+1)" \2(k+1)" f2+<f (4.83)
Wk k+1-

2
5’ a o 2f k—1-

C2f2w . 2, -
QMTQk (wl%fl - 2"‘}1% + Wl%ﬂ) ) (4.84)
—=2p2 N1 -2 2
_,pref wj; k+1. k-1 1 o
K Y- ; 25201 ( T o e\ e

+N 1{_2”2 + oy (i + CZfQ) + Rk + 1) (“—’3 _ e )2} . (4.85)

252 2
k=1
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;22 2o \V 2k ok 72
N-1 ,__,
B een)
k=1
, 1 = 2w2h? @2 (e @2 f
= (F_<2f2> ;{k(k+1)52/12f2 _5} ! <3+5+?_7> (45D

with boundary conditions at the event horizon:

m(r) = 2—12 +m' (1)(F — 1) + O(F — 1),
O(7) = wp(1) + @ (1)(F— 1)+ OF — 1)?,
fr) = f)+0F - 1)
g = o)+ (1)F—1)+0(F — 1)
h(F) = hi(1)(F—1)+O(F — 1) (4.88)

where

G(1) = CPf(1)2wr(1) (201(1)? = D1 (1)? = @1 (1)?)
e 2 (3 —2m/(1)12) ’

o ans BRE R D (@(1)? (D)2
() = a 2{25—(1)2Jr 1 ( E k+l ) }
+

N A U PUURRA R e 204 (1) %Ry, (1)1
1) = (f(l) ¢ra) > | k(k+1)5(1) (3—2m'(1)i2)2]
1 2 2 N717 —/ 2
+ (m + ¢ f(1) ;U(l)wk(l) . (4.89)

In (4.834.89)), all quantities are functions of the new radial co-ordinate #, and
a prime now denotes differentiation with respect to 7. For the remainder of this
chapter we shall assume that the variables have been rescaled in this way, i.e. so
that r, = a = o(o0) = 1, although we will revert to the original notation, i.e. in

subsequent sections we will denote @w;, simply as w;. etc.
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§4.7 Solutions of the field equations

In this section, and for the rest of the chapter, we consider the f = ( =1 case, since

we do not find genuinely su(N) solutions for ¢ = 0. The field equations are then
given by

N-1
/ 1
m/ — O[Q Z wk ( k _|_ hk, N hk 1>
k=1

N—-1 Qh/Z k(k 1 2 2 2
+a? Z {T kw4 kk+1) (% _ k1 ) , (4.90)
k=

202 42 k+1

N-1
2 [k+1
o = Ozz wk + hk—
1 O'/LT’
O_/
)
Zkk‘
+1 u)k< [k+1 By — [k hk 1)
2k(k +1) Wiy k+2
—h 4.92
pr? k41 +1) 20k +1) ") (4.92)

o k+1 k-1
0= o+ (45 oy — T
wk+w}€(0+p>+gzu2( T o k1>
2

(wiy — 2wi 4+ wityy) - (4.93)

2
hk 1> 0w (4.91)

The field equations cannot be solved analytically. To solve them
numerically, we first decouple the second order differential equations for hj
and wy into first order ODEs in Ay, h}, w; and w;,. We then have a set
of 4N — 2 first order ODEs. We solve these numerically using a Bulirsch-Stoer
algorithm in C++ [32], and we use the scaling symmetries from section [4.6/to reduce
the number of parameters. Since the field equations diverge at the event horizon
where p = 0, we start at r —1 = 1077, using the boundary conditions to give
our initial values, and integrate outwards using . We have r, = 1 using
the scaling symmetries from section , and we require o(co) = 1 for the space-
time to be asymptotically AdS. However, since the field equations are invariant under

o — Ao, hy — Ay, numerically we take o(1) = 1, and then rescale o and hy by
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-1

o(oco)~! after we have performed the integration. The solutions are then uniquely

determined by A} (1), wk(1) and A.

Our variables have regular expansions at infinity given by , so we can stop
integrating outwards when our variables have converged. In the results presented
below we have used a relative convergence criterion of 10~7 in the quantities Ay,
hir?, wy and wir?, i.e. for a step size ey, our final value of r, 7y, will be such
that hy(ry) differs from hg(ry — rgep) by a factor of less than 1077, and similarly

for the other quantities.

In the su(2) case, the equation of motion for h is given by

/ 2 2 2
B =1 (1 - —) + h“; . (4.94)
o r

Since > 0 when r > 1, at a stationary point A’ = 0 it must be the case that h”
has the same sign as h. Therefore if h is positive, stationary points can only be
minima, and if h is negative stationary points must be maxima. Hence we conclude
that h is monotonic and zero only at the event horizon. We find numerically that
this is also the case for larger gauge groups, and therefore label solutions by the
number of nodes in w;. Note that we are interested in nodeless solutions as these
have lower free energy (see Section, and which are localized around the horizon
(wy approaches zero at large r, see section .

Figures and show phase space plots for su(2) solutions with A = —0.6
and A = —0.3 respectively, colour coded by the number of nodes n in the gauge
field function w. The red “no solution” region is where the condition for a non-
extremal event horizon is satisfied, but we do not find black hole solutions.
We are interested in nodeless solutions where the gauge field function goes to zero
at infinity, which is on the border between the green n = 0 and blue n = 1 regions.
We also find solutions for which the gauge field function goes to zero at large r on
the border between the blue n = 1 and purple n = 2 regions in figure 4.2 but these
have a node and therefore higher free energy (see section |4.8.2)). These solutions
with a node only exist below a certain value of |A|, and similarly, if |A| is too high
we find only nodeless solutions [I2], in which case we cannot find solutions for which

w goes to zero at large r.

Figure shows a phase space plot for su(3) solutions with A = —0.1 and
wi(rp) = wo(ry) = 0.1. The plot is colour coded by the number of nodes in the

gauge field functions, where n; is the number of nodes in w;, and ny is the number
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Figure 4.1: Phase space plot for su(2) planar black holes with A = —0.6, colour
coded by the number of nodes in the gauge field function. The red “no solution”
region is where the condition is satisfied but we do not find black hole solutions.
We are interested in solutions which are nodeless, but where w tends to zero at large
r, which lie on the border between the green n = 0 and blue n = 1 regions.

of nodes in w,. The point where both w; and wy go to zero, and where w; and w-
have no nodes, is where the green (n; = ny = 0), blue (ny = 0, ny = 1), yellow
(ny =0, ng = 1) and black (n; = ny = 1) regions meet, which is marked with a red
cross. Again we find continuous ranges of wy (1) and wy(ry,) that give these solutions,
with a unique value of (h(ry,), hy(ry)) associated with each (w1(rp),ws(ry)). Figure
shows a similar plot, but this time with A = —0.03. Again the solution where
wy and ws go to zero at infinity and are nodeless is marked with a red cross, which
is where the green (n; = ny = 0), blue (ny =0, ny = 1), orange (n; =0, ng = 1)
and grey (n; = ny = 1) regions meet. As in the su(2) case we note that there are

more solutions with nodes at lower |A|.

Since the relevant solutions are those in which wy goes to zero at large r for all
k [62], we use the GSL multidimensional root finder [2] to find these solutions. At
fixed cosmological constant A, this involves a Newton iterative procedure, using a
numerical estimate of the Jacobian, over values of hj(ry,) to ensure wy(oco) = 0 for

all k. We find solutions in which the gauge field functions wj have no nodes, as well
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Figure 4.2: Phase space plot for su(2) planar black holes with A = —0.3, colour
coded by the number of nodes in the gauge field function. The red “no solution”
region is where the condition is satisfied but we do not find black hole solutions.
We are interested in solutions which are nodeless, but where w tends to zero at large
r, which lie on the border between the green n = 0 and blue n = 1 regions.

as solutions that have nodes, and that those with nodes have higher free energy and
are ignored here. However, since the root finder does not find solutions for which
the gauge field functions go exactly to zero at large r, rather to small (positive
or negative) values due to numerical error, we are looking not only for gauge field
functions wy with no nodes, but also those with one node, a small negative value

at infinity and a negative gradient at infinity (since we are considering only positive
Wi (’I“ h) )

We note that, for a given value of A, there is a continuous range of values of
w(rp) for which wy approach zero at large r, and that for each wy(ry,) there is a
unique value of hj(ry) for each k that gives wi(oo) = 0. Figure shows such a
solution for su(2) black holes with A = —0.03, w(ry) = 0.1, where A/(r;) has been
chosen such that w goes to zero at large r. Figure shows a solution for su(3)
black holes with wy(ry) = 0.15, wy(ry) = 0.1, where w; and ws approach zero at

large 7. As noted above, h; and hs are monotonically increasing functions of r.
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Figure 4.3: Phase space plot for su(3) planar black holes with A = —0.1 and

wi(rp) = wa(ry) = 0.1, colour coded by the number of nodes in the gauge field
functions w; and wy. In the red “no solution” region the constraint is satisfied
but we do not find black hole solutions. The nodeless solution where w; and wy go
to zero at large r is marked with a red cross.
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Figure 4.4: Phase space plot for su(3) planar black holes with A = —0.03 and
wi(ry) = wa(ry) = 0.1, colour coded by the number of nodes in the gauge field
functions w; and wy. In the red “no solution” region the constraint is satisfied
but we do not find black hole solutions. The nodeless solution where w; and wy go
to zero at large r is marked with a red cross.
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Figure 4.5: Plot of su(2) solution with A = —0.03, w(ry,) = 0.1. The value of
R (rp) is such that w goes to zero at large r. As expected, h(r) is monotonically
increasing.
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Figure 4.6: Plot of su(3) solution with A = —0.03. the values of h)(r,) and h(ry)
are such that wy and wy go to zero at large r. We note that, as in the su(2) case,
hi(r) and hs(r) are monotonically increasing.
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8§4.8 Physical quantities

In this section we calculate the physical quantities associated with our gauge field.
Our su(N) gauge field carries N — 1 conserved electric charges, and we find ex-
pressions for them in section [£.8.1 We then go on to calculate the thermodynamic
quantities associated with our black hole in section in particular the Hawk-
ing temperature, which plays the role of the temperature in our superconducting
field theory, and the free energy, which tells us whether the superconducting state

is thermodynamically favoured over the normal state.

4.8.1 ELECTRIC CHARGES

In chapter [2| we found magnetic charges associated with an su(N) gauge field using
the field strength tensor £, . In this section we use the same method to find electric
charges, using the Hodge dual of the field strength tensor *F),, . Since the Lie algebra
su(N) has rank N —1 we have N —1 gauge invariant electric charges (), associated
with the gauge potential (see chapter [2]), which we define by [27], 69]

1

Qj; = —supk X,/ g 'xFg), (4.95)
AT g (a) .

where the supremum is taken over all possible gauge transformations g(x). As in

chapter [2, X is an element of the Cartan subalgebra of su(N), the integral is taken

over a surface at spatial infinity denoted X, and the dual field strength is given by

9 N-1
« F' = *F,,dz" N\ do” = %eﬂmgﬁmﬂdﬁ‘ Adz’ = —r’c Z hiHy dz A dy, (4.96)

k=1
on Yo, (at r = 00), since our field strength is time independent and dr = 0 on X.

The integrand in takes its maximal value when ¢~! * Fig is a member of
the Cartan subalgebra [27], but since xF' is already in the Cartan subalgebra there is
no need to perform a gauge transformation to find the supremum. Although we can
choose any elements of the Cartan subalgebra to substitute for X', corresponding to
a choice of basis, a natural choice is to take the N — 1 diagonal generators of the
Cartan subalgebra Hj, in which case we find

Q; x Ap lim 0'(7”)7”2}1;(7“), (4.97)

T—00
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where Ay is the unit area of Y., and we are free to choose the normalization. We

will use the convention of [62] and define

U T
Q; = g grlglolor h(r). (4.98)

We will also define a total effective charge by analogy with (4.67)) as

q. (4.99)

In general the magnetic part of the gauge field also carries N — 1 conserved

charges. For planar black holes the expressions for these charges are given by

O = 2k(2k +1) (Wkl—{:i-l—l(—of) B Wk:(:o) > ’ (4.100)

which is the same as chapter [2| but again replacing 1 with 0. However, since we are
considering solutions in which the wy go to zero at large r for all k, we find that all

the magnetic charges are zero.

4.8.2 THERMODYNAMIC QUANTITIES

We use the counterterm formalism of Balasubramanian and Kraus [4] to define a

“quasilocal stress tensor” on the boundary, given by

w2 0Sgra

B Vit &Yw/ ’

where the gravitational action Sgrqy = Sgrav(Vuw) 1s viewed as being a function of

(4.101)

the boundary metric v,,. In AdS space the stress tensor typically diverges as the
boundary is taken to infinity. However, we are free to add boundary terms S, to
the action, as these do not alter the equations of motion in the bulk. We then need
to vary the action with respect to the boundary metric. Since we are considering
solutions to the equations of motion, only the boundary term contributes and the

quasilocal stress tensor is given by [4]

1 2
Tgu _ 5 (@uu _ @,Y/W _ 7/},/“’ _ ZG:‘“’> , (4102)
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where v*¥ is the boundary metric, G*” is the Einstein tensor on the boundary, and

the extrinsic curvature ©* is given by [4]
174 1 AU v~
oM = ) (VERY 4+ VVnk) (4.103)
where n* is the outward pointing normal to surfaces of constant r.

The boundary surface Y. is a surface of constant r, in the limit where r is

taken to infinity. We can then define a divergence free-mass by

M = / Ir'Ty dx dy (4.104)
1 1 4oy 1
= R Eoodl’dy |:m0+;(2m1—l—2)+0(ﬁ>:|
Agmyg
= 4.1
47 G (4.105)

at large r, where Ag is the unit area of the surface ¥, and is arbitrary [22].

The entropy S is given by S = A/4G, where A is the area of the event horizon,

so for our planar black holes we have

Ao
S=—. 4.106
e (4.106)
The Hawking temperature Ty is given by
'(M)o(1
T, = M) (4.107)
4
so that we can define the free energy by
4o W (Do(1)
F=M-TS=—— — ). 4.1

We wish to check whether a non-abelian su(/N) black hole is thermodynamically
favoured over a Reissner-Nordstrém black hole. If we consider a Reissner-Nordstrom
black hole with the same Hawking temperature and effective charge as our su(NV)
black hole, and denote its free energy as Fry, the su(NN) black hole will be thermo-

dynamically favoured when

AF =F — Fry < 0. (4109)



124CHAPTER 4. PLANAR BLACK HOLES WITH SUPERCONDUCTING HORIZONS

We can determine the event horizon radius of the relevant Reissner-Nordstrom black
hole, which we denote ri*V . using the requirement that the effective charges and
Hawking temperatures are the same as those of the non-abelian solution. Using the
Reissner-Nordstrom metric function , and with ¢ = 1, the Hawking

temperature of an embedded Reissner-Nordstrom black hole with effective charge ¢

is given by

1 oz2q2 3rEN
RN _ _2h
Ty = i <7”ng 2 . (4.110)

We can then determine 7 by solving (4.110)) for rV  where ¢? is given by (4.99).
Since the metric function u(r) goes to zero at the event horizon, we have

2 RN3

RN q Ty
my T = 2T§N + o (4.111)

so we can write the free energy of the embedded Reissner-Nordstrom black hole as

Ay [ 3a*¢? rffN3
Fry = — 4.112
ARPYE (47«,1;“ az )’ (4.112)
and hence 5
Ay p(Do(l)  3a?¢®>  rpN

We will be interested in the range of temperatures for which we find non-abelian
solutions, which we expect to exist only below a critical temperature T (see section
. After finding a solution to the field equations (see section , we then use the
GSL root finding algorithm [2] to solve equation , and hence find the difference
in free energy between our non-abelian solution and a Reissner-Nordstrom black hole
with the same temperature and charge using . We can then check whether
our solutions with a gauge field (playing the role of a superconducting condensate)

are thermodynamically favoured over the Reissner-Nordstrom black hole.

Figure shows a plot of AF against w(ry,) for su(2) black holes at various
values of [ = \/T/A . We note that the su(2) solutions approach the Reissner-
Nordstrém solutions in the limit of w(r,) going to zero, since if this is the case,
the field equations ensure that w(r) remains zero for all . We also note that, as
expected, AF' is negative for all solutions with non-zero w(ry), and therefore all

genuinely su(2) solutions are thermodynamically favoured over Reissner-Nordstrom
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solutions with the same temperature and charge (as was found in [62]).
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Figure 4.7: Difference in free energy between su(2) solutions and Reissner-
Nordstrom solutions with the same Hawking temperature and charge, against values
of the gauge field function at the event horizon w(ry), for | = \/—3/A = 3,4,5.
We note that AF is always negative for non-zero w(ry), and hence an su(2) black

hole is always thermodynamically favoured over the equivalent Reissner-Nordstrom
black hole.

Figure shows a plot of AF against wi(r,) and ws(ry) for su(3) solutions
with [ = 5. Again the su(3) solutions approach the Reissner-Nordstrom solutions
in the limit of wy(ry) and ws(r,) going to zero, and AF is negative for all solu-
tions with non-zero wi(ry) and ws(ry,). Therefore all genuinely su(3) solutions are
also thermodynamically favourable over Reissner-Nordstrom solutions with the same

temperature and charge.

Figure shows a plot of the electric charges ()7 and Qs for su(3) black holes,
with the embedded su(2) solutions overlaid. Figure again shows ()7 and ()9
for su(3) black holes, but this time against AF'. The dotted embedded su(2) line in
figure corresponds to the apexes of the surfaces in figure , and as such |AF|
is smaller for the embedded su(2) solutions than for genuinely su(3) solutions. This
means that the genuinely su(3) solutions are thermodynamically favoured over the

embedded su(2) solutions. The interpretation of this is that for su(3) solutions there
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Figure 4.8: Difference in free energy between su(3) solutions and Reissner-
Nordstrom solutions with the same Hawking temperature and charge, against values
of the gauge field functions at the event horizon, with [ = 5.

are more possible field configurations that give us any particular effective charge, and

hence more chance of finding a configuration with a lower free energy.

In the su(2) case, there is a current on the boundary [62], given by

J=— lim w'r. (4.114)
r—00
In the su(N) case we have N — 1 gauge field functions wg, and N — 1 currents
associated with our gauge field functions, which are
Jp = — lim wir?. (4.115)
7—00
We expect to find a phase transition at some critical temperature T, above which
only the Reissner-Nordstrém solutions exist, and below which the su(/N) solutions
exist and have AF' < 0. The holographic interpretation for the single current in [37]
is that this is an order parameter, which is zero at temperatures at and above the
phase transition 7" > T. This is expected since w = 0 for the Reissner-Nordstrom

solution. Since our embedded Reissner-Nordstrom has w, = 0 for all k£, we expect
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Figure 4.9: Electric charges of su(3) black holes at various values of [, with embed-
ded su(2) solutions (Qy = v/3Q,) overlaid. Points which lie on the embedded su(2)
line correspond to those with the lowest |AF| in figure [£.10]

Jr = 0 for all k£ at the phase transition. We will therefore consider the .J; to be
components of a vector order parameter, the length of which is zero at the phase

transition, i.e. we expect

N—-1
= JR=0 (4.116)
k=1
for T'> T¢, and
N—-1
T=) J#0 (4.117)
k=1

for T' < T¢. In figure we have plotted the quantity 7/Q%° (which is invariant
under the rescaling in section , where () is the effective charge , against
the components of our vector order parameter J; and J, for su(3) black holes. We
find that the maximum temperature is approached as the length of our vector order
parameter J = \/m goes to zero, i.e. as we approach the Reissner-Nordstrom
solution. As expected, we find non-zero values of J; and J, at temperatures below
the transition from the Reissner-Nordstrom solution. In the following section we will

verify that this is indeed the critical temperature T¢ .
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Figure 4.10: Difference in free energy between su(3) solutions and Reissner-
Nordstrom solutions with the same temperature and effective charge, plotted against
electric charges (0; and @)s.

§4.9 Perturbations of the Reissner-Nordstrom solution

We expect to find a phase transition between the Reissner-Nordstrom (RN) solution
and the su(N) solution when the temperature decreases below the critical temper-
ature T . In addition to the su(V) solution having lower free energy than the RN
solution, we require that the RN solution admits a static su(/N) perturbation at T .
If this is the case, then the RN solution can decay into the su(N) solution when it

becomes thermodynamically favourable to do so.

We consider a RN solution, with su(N) gauge field perturbations dh; and dwy,

and a gauge potential given by

A= 2 Z [ha,0 + 0hy(r)] Hy dt — 1 Z 5wm(7~)F1§11)da: 1 Z 5wn(T)G£11)dy (4.118)
g 1 g m g n

where Ry are the equilibrium values of h; from section [£.5.2] Since the gauge field
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Figure 4.11: Hawking temperature divided by effective charge plotted against com-
ponents of vector order parameter .J; and J for su(3) black holes with | = 4.

perturbations give contributions to the mass, the line element is given by

ds* = —[1+ 50(7")]2 [110(7) + Opu(r)] dt?
tride® 4 ridy® + [po(r) + ou(r)] " dr?,
~ = [po(r) + op(r) + 2p0(r)do(r)] dt®
o) = dulr) o

+r2da? + ridy® + 5
fio(r)

where
~ 2my(r) Ar? 26m(r)

po(r) = T op(r) = — "

The equilibrium mass function mq(r) is given by

042 q2
) = mf — 1L

(4.119)

(4.120)

(4.121)

so that the RN solution is recovered when all perturbations go to zero (see sec-
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tion {4.5.2)). The linearized Einstein-Yang-Mills equations for the perturbations are
derived in Appendix B, and are given by

N-1
om' = o®r? )y (2hy o 0h; — 2R 400) (4.122)
k=1
so’ = 0, (4.123)
00 E+1l, k—1
0 = 5wk+“0 = (,/ - - hk_m), (4.124)
SH! = h;p(so—'—;ah;. (4.125)

From section the equilibrium values of hj are
ag /
hk70 = bk - — = hk: = — (4126)
r

and since hy(1) =0, we have b, = a, = hj,(1), giving

B ,uo&uk /k:+1 [k—1_, 1

We use the GSL root finding algorithm [2] to find solutions to (4.127)) where the
perturbations dwy, go to zero at large r. This determines the values of hj (1), and
we find the charge using (4.67). The temperature is then determined from (4.110)).

Since we expect the temperature at which the RN solution admits this perturbation

to be the critical temperature T¢, it should be the case that the non-abelian su(V)

solutions exist only at temperatures less that the critical temperature T .

Figure shows a plot of the scale invariant quantity 7'/Q%° against the length
scale [ for w(ry) = 0.1 and w(r,) = 0.01, together with the critical temperature T
for su(2). The w(r,) = 0.01 curve lies slightly below the critical temperature curve.
As expected, we find that su(2) solutions exist only for temperatures less than the
critical temperature, and that the critical temperature is approached as w(ry,) goes
to zero, i.e. as the RN solution is approached. Figure [4.13]is a similar plot for
su(3), except at discrete values of | and scanning over a range of values of wy(ry)
and wy(ry). Again we find that the su(3) solutions exist only at temperatures less
than T¢, and that T¢ is approached as wy(ry,) and wy(ry) approach zero. However,
since it becomes increasingly difficult to distinguish between nodeless solutions and

those with nodes as wi(r,) and wsy(ry,) decrease, we were unable to find solutions
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very close to the phase transition.
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Figure 4.12: Plot of temperature divided by the square root of the electric charge
against [ = /—3/A for su(2) planar black holes with various values of w(ry),
together with the critical temperature 7. The w(ry,) = 0.01 curve lies slightly
below the critical temperature curve.

In this section we have shown that there is a phase transition at a critical tem-
perature Tx at which the RN solution can decay into su(2) or su(3) solutions,
and that these solutions exist at temperatures below 7. We approach the critical
temperature as our non-abelian solutions approach the RN solution, so our order
parameter .J approaches zero as we approach the phase transition from below, and
is equal to zero above the critical temperature as expected. It was also shown in the
previous section that su(2) and su(3) solutions are thermodynamically favourable
over RN solutions with the same mass and charge. Since the su(3) solution is ther-
modynamically favoured over su(2), we expect larger gauge groups to have lower
free energies, and that a RN solution will decay into the most complicated solution

possible.
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Figure 4.13: Plot of temperature divided by the square root of the electric charge
against [ = \/—3/A for su(3) planar black holes over a range of values of wi(ry)
and ws(ry,) for which w; and wy go to zero at large r and are nodeless, together
with the critical temperature 7. Each dot on the vertical lines corresponds to an
su(3) black hole solution.
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8§4.10 Electromagnetic perturbations

In this section we will follow the prodcedure of [38] to compute the frequency de-
pendent conductivity of the su(N) solutions on a fixed background. We will apply
a time dependent perturbation to the gauge field which is analogous to applying an
oscillating electric field to our superconductor. We start by generalising the su(2)
perturbation of [38] to su(N). As in [36], which is reviewed in section the
conductivity is determined from the asymptotic behaviour of the perturbations. Al-
though we keep the field equations general, we will find numerical solutions for su(2)
and su(3) only, as the number of equations to be solved increases rapidly with the

size of the gauge group.

4.10.1 ANSATZ AND FIELD EQUATIONS

We will now apply an oscillating perturbation to the gauge field with frequency &.
We generalise the ansatz of [3§] by taking

gA = =3 (luHy+ e “uFY + e u Gt ) dt
l

=

T

Y (wn EY + e7*6hy  Hy,) da

IZS

- (wnGS) + e ®5hy , H,) dy, (4.128)

3
Il
_

which reduces to that of [38] in the su(2) case. As in [38], we will neglect the back-

reaction of the fields on to the background planar Schwarzschild-AdS metric, such
that the equations for hy and wy are given by (4.92) and (4.93)), with m = —A/6

and 0 = 1. In terms of new complex variables
Ay = Ouy, + idvy, By, = duy, — idvy,

Ck - (5]7,1’]; + ’L'(Shg’k, Dk - (Sth - ’L'(Shg’k, (4129)

the 4(N — 1) Yang-Mills equations, which are derived in Appendix B, are given by
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We+1

Al = —;A’ e [ (Akwk 1— Ak 1wk)]

N T

+(/€+ 1wy <Akwk _ Ak+1wk+1) (k —1)wk—1 (Akwk Ap_wi— 1)

(Akwk+1 - Ak+1wk)

2pr? k+1 2pr? k k-1
—1 k+1
—5% (\/ Cr-1—1/ + Ck) ; (4.130)
ur
" 2 L rweq
By = — A+ 5 (i [ (Brwi+1 — Biriwy) <Bkw’f 1= Bi- 1%)]

ot (Ve F)(FF)

+(/€+1 W, Bkwk _ Bryiwks ( — Dwg—1 (Bywy  Bpoawg—1
2412 k+1 2pur? k kE—1

fwk _ k‘—l—l
T \/ % D1 =\ 5Dk (4.131)
/ k+1A k+ 1
0 = o+l M<V At h)
k Ak+1wk+1 k+ b b
2(k + 1 (k;+1) s 2(k+1) g

k+1
' __( o - +ck)

k+1 /
+% ( Apwr — k: ey Aps1wpt1 + ka) (4.132)
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k+1B k — kE+1
0 = D”—l— Dk \/L £k (\/ hk 1— + hk)
2

i k Bk+1Wk+1 k + 2
2(k + 1 2(k +1) s = k + 1
k+1 —1 k+1

+1/ Lw_ \/ Dk 1— + Dy,

2k pr?

N ko win k+2

2k +1) pr? 2(k + 1) Dt k+1

kE+1
—i ( o Bkwk — —Bk+1wk+1 - §Dk> s (4133)

e 2(k + 1)

where k =1,2,..., N — 1. We also have 2(N — 2) zeroth order constraint equations,

which are given by

h k+2
0 = m (Apwr1 — Apprwr) + 20+ 1)hk+1 (Apwis1 — Aprrwr)
E—1
+ o h—1 (Apprwpe — Apwirr) + & (Apwrgr — App1wi)

W Wkt 1 k o k—+2 o
2 2k +1) "\ 2k +1) ™
W Wkt 1 k+1 _ k—1
5 ( el o Ciet |- (4.134)
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h k+2
0 = m (Bkwarl - Bk+1wk) + mthrl (Bkwk+1 — Bk+lwk>
kE—1
+ o hi—1 (Bry1wi — Brwiy1) — & (Brwi1 — Bryaws)

k—1 k+1
+ B p1wi, o hy—1 — o hk)
MWW 1 k k+2 D
r2 2k +1) "\ 2k +1) !
PWEW 11 k+1 B k—1
,,~2 ( 2]{5 Dk 2]{3 Dk‘—l ) (4135)

where £ = 1,2,..., N — 1, but where the k = N — 1 equations vanish since wy =

An =0, and 2(N — 1) first order constraint equations,

k+1 k—1
1 k+1 k-1
3 ( i (@G = Ged) + ) = (Cuaw =Gl
en, (4.136)

T

k+1 —1
0 =4 T (hxB), — Bhy,) + T (Bihj,_ — hx—1By,)

" k+1 k—1
+7“_2 (\/ ok (wi Dy, — Dywy,) + =T (Dy—1wy, — wiDj,_y)

—¢B, (4.137)

where k£ = 1,2,..., N — 1. The equations for A and C are coupled, as are the
equations for B and D, although the two sets of equations are independent of each

other. We note that the two sets of equations differ only by the sign of the ¢ terms.

If we differentiate the first order constraints (4.136[) and (4.137)), we find that they
are consistent with the field equations (4.130H4.133)) and the zeroth order constraints
(4.134]) and (4.135|). Therefore, if the field equations and zeroth order constraints

are satisfied, the first order constraints must also be satisfied. We conclude that the
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first order constraints propagate, i.e. that if they are satisfied at one point in space,
they will be satisfied everywhere as long as are satisfied everywhere.
However, this is not the case for the zeroth order constraints, so equations
and must be implemented directly. This is achieved by using the zeroth
order constraints to write 2(N — 2) variables in terms of the other 2N variables,

and hence we have 2N independent variables.

4.10.2 BOUNDARY CONDITIONS AT THE EVENT HORIZON FOR THE su(2) CASE

In the su(2) case, the zeroth order constraints (4.134)) and (4.135]) vanish, since
Ay = By = wy = 0, and we consider only the field equations and the first order
constriaints. We have four variables A, B, C' and D, and two first order constraints.

We start by considering the variables A and C', which have equations of motion given
by

Al = —EA' + % (Aw® — hwC + &wC)
T ur
1 2
I e T SN
0 12 w? 2

and a single first order constraint given by
i
hA" — Ah' + ) (WC" = CwW') + €A = 0. (4.139)
Following [38] we take the expansions of A and C' near the horizon to be

A = (r—1) (2O 4 2O — 1) + 2@ (r — 1) + ...
C = (r—1)%"e (yO 4 gD —1)+y@(r—1)%+..)

: (4.140)

where p, A, Ac and all 2(® and y(® are real constants. Substituting into (4.138)
yields

3 et |
0 = l_2(7= _ 1)l§P+)\A—l(Z€p+ )\A)(ng“_ )\A o 1)1,(0)

+(r — 1)%Ptra (lg(ifp +Aa) — w(l)Qaz(O)>

+w—1ﬁ““(%@@+Ama@+wA+nﬂ”+OW—10

—(r — 1) (cw(1)y @ + O(r - 1)), (4.141)
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where we have Taylor expanded h, w and p at the event horizon as in section
4.4.1] For this equation to be non-trivial, we require either (¥ = 0 and Ay = A\¢,
or Ay = A¢c + 1. In fact, these two are equivalent, since in both cases we require
A~ (r —1)€r+Actl t0 leading order. We will take A4 = A with 2(©) = 0. Turning

now to equation (4.138)) we have
9
0= (r —1)ipHrc |2 + 77 (i€ + A [y @ + O ((r — 1)rtretty (4.142)
to leading order, so that

9
+ — (A& +2iépre — €2p%) = 0. (4.143)

Since we wish to consider solutions with real and non-zero £, we must take A\¢ =0
We then have

P =7 e T

Following [38] we will consider the infalling solution and take the negative root of

(4.144]). Since our field equations (4.138)) and constraint (4.139)) are invariant under
the rescaling A — yA, C — yC, we can rescale our variables by v = 1/y©. We

(4.144)

then have

A = (T‘—l) 2512( (1)( 1)—{—37(2)(7“—1 2_|_
C = (r—1)3

)

)
(L+yP -1 +y@r—1)7%+..). (4.145)

To leading order, the first order constraint (4.139) is given by

l2
0= —iw(l) + (1 — %) b, (4.146)
so that (1
0 = ) (4.147)
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We then have

A = (r— 1)1*% (;w(}g)lQ +O(r— 1)> ,

3
_ael?

C = (r—1)"35 (1+0(@r-1)). (4.148)

The equations of motion and constraint for B and D are the same as for A and
C', except with £ — —¢&. The leading order dependence of B and D on (r — 1)
is therefore the same, as is the symmetry B — vB, D — vD. We can therefore

expand B and D near the horizon as

1— igl?

B = (r—1)"3 (z(l)+(’)(7’—1)),
D= =15 (1+00-1)). (4.149)

From the first order constraint (4.139)) we have

w(1
A0 = ;"j( ) (4.150)
L.
and therefore
_ae? [ aw(l
B = (r—1)*3 (%%—O(r—l)) :
wE
iel2
D = (r—1)"% 1+0(—1)). (4.151)

4.10.3 BOUNDARY CONDITIONS AT THE EVENT HORIZON FOR THE su(3) CASE

In the su(3) case we now have eight variables: Ay, By, Cy and Dy, for k = 1,2,

and we begin by considering the A, and C). We then have four equations of motion

given by (4.130 4.132)), one zeroth order constraint (4.134]), and two first order
constraints (4.134)). The near horizon expansions for the Ay and C}, are given by

Ay = =1 (@ e 1) 4P 1)),

Cr = (r—1)krtre (y,E?) +y =1+ P - 1)+ ) . (4.152)
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Substituting into (4.130]) for k£ =1 yields

3 .
0 = 5= )P0t (i€ p 4 M g) (i€p + A — 1) 2l

‘ 1
H(r — 1)8pta (_x§°>w1(1)2 - §x§°>w2(1>2 + xg°>w1(1)w2(1))
+(r— )zspHA (i€p + Aa) (i€p + Aa + 1) 2V

2
Z€p+/\A (E
2

(ip + Aa) @ —l—(’)(r—l))

O+ o@ - 1)) (4.153)

léPJr)\c

while for k = 2 we have

3 }
0 = Z(r=1 7 igp+ M) (i€p+ Aa = 1) zy”
1

H(r — 1)8pta (_x§°>w2(1)2 - §xg°>w1(1>2 + x§°>w1(1)w2(1))

+(r — wwM<@+MW@+uHm9

+(r — 1)i5p+’\A (1_2 (i€p+ Aa) $§0) +O(r — 1))

4ww@W<§wﬂMW§me%vv40.mw®

As in the su(2) case, we require either Ay = A\¢ with xg = xé ) =0, 0r Ay = )\C—i—l

As before the two are equivalent and we take Ay = A¢, and set x§ )

Substituting (4.152)) into equation (4.132]) we find

—a: —0

0 = (r—1)%ra <§x§0) - %fxéo)wg(l) +O(r — 1))

- 9
+w&wm(ﬁwm&$WH€WWOWAQ,Mﬂ®
for k=1, and
0 = (r—1)rtia <§§x§0)w2(1) +O(r — 1))

H(r — 1)iErtAe ( (i€p + re)* ys” + 25 + O(r — 1)) . (4.156)
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for £k = 2. Both and yield
i+ Acf =0 (4157)
As in the su(2) case we take Ac = A4 = 0 and find
, I 1

= Py = Ty

(4.158)

and as before take the negative root. Again our equations are invariant under the
transformation Ay — vAg, Cr — 7Cy, and we set v = 1/ ygo) so that our expansions

become

A = =15 (2Ver-D+2P0r-1)2+ ) :

(
Ay = (r—1)"% (:cg”(r—1)+x;2>(r—1)2+...),
O = (r—1)% (

1+ yﬁl)(r -1+ y§2)(r —1)%+ ) ,

612
Cy = (r—1)"'3 (ng> + oy = 1) + P (r— 1) + ) . (4.159)

In the su(3) case we have two first order constraints. Substituting (4.159)) into
(4.136]) and taking k£ =1 we find

P
0= —iw(1) + (1 - %) 2V (4.160)
to leading order, so that
jwq (1
oD = X1 S, a)z . (4.161)
1=
Similarly for £ = 2 we find
iwe(1) (V3 1
3

We also have a single zeroth order constraint (4.134)), which to leading order is given

(r— 1% [%wl(l)wz(l) <§ - §y§°)> +E (x(ll)wg(l) - xg%la))] —o.
(4.163)
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Substituting for acgl) and xgl) from (4.161]) and (4.162)) we find that yéo) = /3, so

that all together we have

_agl?

A = (r=1'F (1-_ﬁ(r—1)+0(7“—1)2>,

Ay = (r—1F ((Wj—%(r — 1)+ 00— 1)2> |
¢ = (=175 (1400 1)),
G = (r=1)"% (V3+o0r-1). (4.164)

Following the same procedure for the B, and Dy equations of motion (4.131]) and
(4.133)), and constraints (4.135]) and (4.137)), we find

B = (r— 1)1_¥ (El(_l)l (r—1)+0(r— 1)) ,

3

By, = (r— 1)1_¥ (ii_lc?(_l)l(r— 1)+ O(r — 1)) :
Di = (r=1)"% 1+0(0—1)),

_agl?

D, = (r=1)"% (V3+00-1). (4.165)

4.10.4 CONDUCTIVITY OF $u(2) SOLUTIONS

In this section we compute the conductivity of su(2) solutions with ¢ =1, the ( =0
case having been studied in [38]. The conductivity is computed using the boundary
values of the perturbations. If we wish to compute the conductivity with respect
to electric fields applied in the x direction, we therefore consider the behaviour of
0hy at large r. Since the conductivity is an observable quantity, it must be gauge

invariant.

In the su(2) case, there is a set of gauge transformations which leave the matrix
structure of the gauge potential (4.128]) invariant. We consider an infinitesimal gauge

transformation of the form
W = e (W FY + WaGY + WiH), (4.166)

where ', G and H are the generators of su(2). The potential (4.128]) transforms
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as
Ay = A+ e (0, — [A,, W]), (4.167)

so that, once terms of the form e multiplied by a perturbation are neglected due to

being quadratically small, we have

Ay = —e € (Su+ ehWy + iceW,)FY — e 84 (§u + igeWs — AW GV
—(h +ifee” " W3)H,
Al o (e oW, — w)FY 4 ee (0, Wy — wiW3) G
—e_zft(5h1 — €01 W3 — ewWs) Hy
Ay — e CH(O,W + ng)Fl(l) + (ee 1O, W, — w)Ggl)
—e_ift(th — e W3 — ewW;)Hy
Ay — e 9, FY + o, G + agngl] . (4.168)

For As; =0, we require
81W2 - OJWg = 82W1 + OJWg = 0, (4169)

which satisfied if W is constant and W3 = 0. If this is case, the transformation

(4.168]) is equivalent to
ou — du + e(hWy + iEW), 0v — 0v + €(i€EWy — hWy),

(5]7,1 — 5}11 — EMWQ, 5h2 — 5h2 — ewW1. (4170)

However, since our conductivity (and all observable quantities) must be gauge in-
variant, we consider the quantities
- w(i&év + hou) . w(i&ou — hov)

Ohy = o0hy + s ; Ohy = d0hy + W2 g )

(4.171)

which are invariant under (4.170)).

The conductivity in the x direction can be computed following [38], by expanding

§hy near the boundary at large r.
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If we have

w(i&ov + héu)
hr_ g2
§

_ %(C+D)+ML_§2<§(A_B)+S(A+B>>

Shy = 6hy +

HY

= H”+ e (4.172)

at large r, then the conductivity in the x direction is given by

- q,(1)
i Hy
1
Similarly, if
. £6u — ho H
Shy = 6ho + ""(th;“_ o V) _ o 4 = (4.174)
then the conductivity in the y-direction is
(1)
v Hy
Uyy = _@W (4175)
2

When looking for solutions to (4.130(4.133), the first step is to numerically find

solutions to the background equations as described in section 4.7}, i.e. to find solu-

tions to the equations (4.83H4.86)), subject to the boundary conditions (4.88]), and

where w(r) approaches zero at large r. We then use the same method, the Bulirsch-

Stoer algorithm in C++ [32] using a 10~7 convergence criteria to solve the equations

for A, B, C'and D (4.130H4.133|) subject to the boundary conditions (4.148} [4.151]),
integrating outwards from r — 1 = 107".

The conductivities are then computed from the asymptotic values of A, B, C,

D and their derivatives using (4.173]) and (4.175)), with

#” = lim iy

r—00

1 h
= lim S(C+ D)+ h2°j£2 (g(A— B) + §(A+B)) . (4.176)
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1Y = lim 200,
r—00
7“2
= lim {——(C’ + D’)}
7—00

. 5 ! ! h / / h/ 2
—11m{h2_§2 (5(,4 —B)+§(A +B)+5(A+B)>r}

{(h2 — W' — 2whh' (§
(h2 — €2)2 5

(A—B)+ g(A + B)) 7‘2} , (4.177)

and similarly

H? = lim %(D —O)+ th_gz (%(A +B)+ %(A - B)) : (4.178)
HH = lim {g(c’ - D’)}
~ lim {ML—@ (%(A’ LB+ %(A/ _B)+ %LI(A - B)) r2}
_TILTO { U _(2z)°_d/§;)§mh/ (%(A + B) + %(A — B)> r2} . (4.179)

Figure [4.14] shows the real parts of the conductivities in the x and y directions
plotted as a function of frequency &. We note that, as expected, there is a gap at
low frequencies in both directions, i.e. the low frequency conducitvity is lower than
the higher frequency conductivity, with a larger gap in oy, than o,,. Asin [3§], we
also note that there is a pole in the imaginary part of the conductivity, plotted in
figure |4.15] The same result was found in [38], from which it was deduced that there
was a delta function at zero frequency in the real part of the conductivity, and we
infer that the same must be true here. Both of these properties are what we would

expect from a real superconductor [14] [13].

However, we also note that the conductivity diverges at non-zero frequency. Since
%ﬁo) includes a (h%* — £€?)7! term, and Hgl) includes a (h* — )72 term, as the
frequency & approaches the asymptotic value of h, the conductivity ., ~ Hgl) / Hgo)
diverges, which is not a feature of real superconducting materials [I3]. This feature
was not found in [38] with the ¢ = 0 ansatz. The conductivity of the {( =1 ansatz

was not computed in [37, 62].
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Figure 4.14: Plot of the real part of the frequency dependent conductivity for an
su(2) black hole with A = —0.65, w(ry) = 0.1. As expected, we find a gap in the
frequency dependent conductivity between low and high frequencies, and infinite
D.C. conductivity. However, the divergence around £ = 0.9 is not a feature of real
superconducting materials.

4.10.5 CONDUCTIVITY OF $u(3) SOLUTIONS

In the su(3) case there are no gauge tranformations which preserve the matrix
structure of , and hence it is sufficient to consider the asymptotic values of
the quantities 0hy 1, 0hi2, dhgy and dhgo. However, the situation is made more
complicated by the presence of two perturbations in both the x and y directions.

The conductivity is determined from [3§]

5h1’1

0hy 4

Thay = i€ (h7, ohi, .. 6u3) @ (4.180)

5?]2

where o is the conductivity matrix and J|pg, is the large r limit of

J = r(0ujd.0uy + duz0.0us + 6vi0,.0v1 + 0v50,0vs)
—1 (5h’{’1&(5h1,1 + 0hy 50,0hy 2 + 6h5 10,0ha 1 + 5h§’2(‘3r5h272) . (4.181)
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Figure 4.15: Plot of the imaginary part of the frequency dependent conductivity for
an su(2) black hole with A = —0.65, w(ry) = 0.1. Results found here are similar
to those of [38], although as with the real part we find a divergence around & = 0.9
which was not present in [3§].

Considering only perterbations in the x direction dh;; and dh, o, the appropriate

part of (4.181]) is

1 — 3
J = P - (0h3 10,011,1 + 017 50,011 2) - (4.182)
r ’ )
Using the zeroth order constraints (4.134] |4.135]) we can write d0h; o in terms of dh; 3

as

Shio = V36hi1 + ... (4.183)

We have omitted terms involving du; and dv;, since these lead to off diagonal terms
in the conductivity matrix. We are interested in the behaviour of dh;; at large r,

which is given by
o Hid
(5]11,1 = Hl,l + 77 + ... (4184)
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The large r behaviour of (4.182)) is then given by

. * 47’2 *H(O)
’L{H&?{ <0171 + \/§0172 + \/50271 + 30’272> /Hg?% = 1—27‘[%)% %
(1)
4 (0)*7’[1 1 0
211 oyt
O
(4.185)
so that using (4.182) we have
4 1Y
Opp = — sk, (4.186)
&P )
where o,, is the part of o depending only on dh;; and dhgo. Similarly
4i MY
Ty = ~ 3 0 (4.187)
P )

The first step in computing the conductivity will be to solve the field equations
(4.130H4.133|), subject to the constraints . The four first order con-
straints, given by , are satisfied at the event horizon by our choice of
boundary conditions, and are therefore satisfied everywhere since they propagate
(we can therefore determine the accuracy of the numerical results from the size of
the left hand sides of , ) However, we also have two zeroth order con-
straints which must be implemented directly. We use the zeroth order constraints

to write

Ay = ! {A1w2 (\/ﬁhz v ng) M d bt (01 - \/502)} ,

%hWJQ + %ghgwl + Swl 2T2

1
BQ = 3 73 {Bl(,UQ <\/§h2 - §CU2) + Mwlgdg (Dl - \/§D2> } .
Shiws + S2howy — Ewy 2r

(4.188)

We then have six independendent complex second order ODEs for A;, By, C, Cs,
D, and D,, which we separate into real and imaginary parts, and then separate
again into first order equations in Ay, A} etc. to give twenty four first order ODEs.
Again we solve these, together with the background equations in w;, wo, hy and

hy, using the same Bulirsch-Stoer algorithm in C++ [32] using a 1077 convergence
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criteria, subject to the boundary conditions . We use the GSL root
finding algorithm [2] to ensure the background gauge fields have ws and wy going to
zero at large r, and we are interested in solutions where w; and ws have no nodes,
since these have lower free energy, and are therefore thermodynamically favoured

over solutions with nodes in w; and ws (see section [4.8.2)).

Once solutions are obtained, we determine the conductivity in the = direction
using the large r behaviour of C'; and D; and (4.186)) by noting that

1
(Shl,l — 5 (Cl + D1)7 (4189)
so that
MO = m 24Dy, MY =t (€1 DY) (4.190)
LI 052 ’ 11 r—oo 2 ! 1 .
and therefore 4ir2 O 4 D

r—00 §l2 Cl + Dl'

Similarly
4ir* Cy + D;

il et 4.192
oo €2 Cy + Dy (4.192)

Tyy

Figure [4.16] shows a plot of the real part of the conductivity in the x direction
0.2 as a function of frequency ¢ for su(3) black holes at various temperatures. As
expected, we notice a gapped dependence in the conductivity at non-zero frequency,
with a higher conductivity at higher frequencies. We also note that, as is the case
in real superconducting materials, the gap decreases with increasing temperature.
Unlike the su(2) case, we do not find a divergence at a particular non-zero frequency,
since we did not requre an additional term to make dhy; gauge invariant .
We also find that the conductivity becomes infinite in the zero frequency D.C. limit.
However, unlike the su(2) case, this does not need to be inferred from the imaginary
part of the conductivity. Instead the real part of the frequency rises very sharply at

small but non-zero frequencies and becomes large as £ approaches zero.

Figure [4.17| shows the imaginary part of o,, As with the real part, we find the
same features as we would expect from a real superconductor, without the unphysical
divergence. In particular, we find that the imaginary part is large at small &, and

tends to zero at large £, as was found in [3§].

Figures and show the real and imaginary parts of the conductivity in
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Figure 4.16: Plot of the real part of the frequency dependent conductivity in the z
direction for an su(3) black hole with [ = 5 at various temperatures. As expected,
there is a gap in the frequency dependent conductivity between low and high fre-
quencies which, as expected, grows as the temperature decreases. Unlike the su(2)
case, there is no unphysical divergence at non-zero frequency.

the y direction, o,,. We find the same qualitative features as with o,,, which we
expect from a real superconductor, without the unphysical divergences. However,
the exact form is not the same as o,, in particular, we find a much larger gap in
the conductivity at non-zero frequency at the same temperature, as we did in the
su(2) case. We also note that, while the gap does increase as temperature decreases,

unlike in the z direction this difference is too small to be seen on a graph.

§4.11 Summary

In this chapter we have investigated planar dyonic black holes in the context of
the AdS/CFT correspondence and superconductivity. We have found a gravita-

tional analogue to superconductors which displays some of the main properties of
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Figure 4.17: Plot of the imaginary part of the frequency dependent conductivity in
the z direction for an su(3) black hole with [ =5 at various temperatures. We find
a divergence as & — 0, and that the imaginary part of the conductivity approaches
zero at large £, as we expect from a real superconductor.

superconductors. Our solutions can have a condensate, whose role is played by the
su(N) gauge field, below a certain critical temperature but not above. At the criti-
cal temperature, the “normal state” Reissner-Nordstrom solution admits an su(N)
perturbation. It is also the case that the superconducting solution (with a gauge

field) is thermodynamically favourable over the Reissner-Nordstrém solution.

Furthermore, we have calculated the frequency dependent conductivity. In both
the su(2) and su(3) cases, we find infinite D.C. conductivity, as well as a gap at
non-zero frequency. Although there is an unphysical divergence in the conductivity

at non-zero frequency for the su(2) case, this is not the case for su(3).
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Figure 4.18: Plot of the real part of the frequency dependent conductivity in the
y direction for an su(3) black hole with [ = 5 and 7" = 0.004050. The from is
the same as in the z direction (and what we expect from a real superconductor),
although as in the su(2) case we find a larger gap at non-zero frequency than in the
x direction.
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Figure 4.19: Plot of the imaginary part of the frequency dependent conductivity in
the z direction for an su(3) black hole with [ =5 and 7' = 0.004050. As in the x
direction, we find a divergence as £ — 0, and that Im(c,,) approaches zero at large

€.
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Chapter 5
Conclusions

This thesis is concerned with static EYM black holes in AdS space, in the presence
of an su(N) gauge field. We studied black holes with purely magnetic gauge fields
as well as dyonic black holes which carry both electric and magnetic charges. We
considered both spherically symmetric and topological event horizons. There were
two main motivations for this: firstly to check whether we can find stable black holes
which satisfy the no-hair conjecture, and secondly to find gravitational analogues to

superconductors in the context of the AdS/CFT correspondence.

In chapter 2| we studied spherically symmetric black holes with a purely magnetic
gauge field in the context of the no-hair conjecture. After summarizing previous work
on stability under linear perturbations, we looked at thermodynamic stability. We
then went on to define the global charges carried by the black holes, and found both
a non-divergent mass (which is non-trivial in asymptotically AdS space), and also
expressions for the NV — 1 gauge invariant magnetic charges (); associated with the
Yang-Mills field.

Although we found numerically that the black holes were not characterized by
their mass and a single (effective) charge, we found evidence that they obey Bizon’s
modified no-hair conjecture, i.e. that stable black holes are characterized by their
mass and global charges. We provided numerical evidence that the independent
parameters required to characterize the black holes at infinity were the mass M and
charges ();. Analytically, we argued that if |A| is large, there is an approximate
map between the parameters required to characterize the black holes at the event
horizon and (M, Q;).

Then, in chapter [3] we turned to spherically symmetric dyons, with both soliton
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and black hole boundary conditions. We found the field equations and boundary
conditions which generalised the su(2) solutions of [I8, [19] to su(/N), and found a
method extending that of [§] to find numerical su(3) solitons. We then presented
numerical results for black holes and solitons with su(2) and su(3) gauge groups.
Since a stability analysis is a work in progress [63], we did not investigate the dyons
in the context of the no-hair conjecture. However, we did find that the nodeless
region of the parameter space grows as |A| increases, which is likely to be important

for the stability analysis.

Finally, in chapter 4] we studied planar dyonic black holes as a candidate for an
analogue to high temperature superconductors under the AdS/CFT correspondence.
We generalised the su(2) ansatze from [37,38,62] to su(N). From the field equations
we deduced that only the ansatz which is symmetric under rotations in the (z,y)

plane gave a genuinely su(NV) field, rather than embedded su(2).

We took the Reissner-Nordstrom solution as the normal phase, with the su(V)
gauge field acting as a superconducting condensate, and investigated some of the
main properties of real superconducting materials. We found that, as expected, there
is a critical temperature T at which the Reissner-Nordstrom solution admits an
su(N) perturbation. Solutions with a Yang-Mills field were found to exist below this
critical temperature, and where they exist they are thermodynamically favourable

over the Reissner-Nordstrom solutions.

We then computed the frequency dependent conductivity of the su(2) and su(3)
solutions. In both cases we found the D.C. conductivity to be infinite, and at non-
zero frequency we found a pseudogap in the conductivity between low and high
frequencies. However, unlike in [38], for the rotationally symmetric ansatz we found
an unphysical divergence in the conductivity at non-zero frequency in the su(2) case.
This arose from additional terms required to make the conductivity gauge invariant,
as is required for observable quantities. No such terms were required in the su(3)
case, and we found an agreement in the form of the frequency and temperature
dependent conductivity with real superconducting materials found experimentally
in [13].

While we found that a certain subset of purely magnetic EYM black holes
obey the modified no-hair conjecture, whether all do remains an open question,
i.e. whether all stable EYM black holes are uniquely characterized by their global
charges. It would also be interesting to investigate whether dyonic black holes also

obey the modified no-hair conjecture, although this would require a stability analysis
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to be carried out first.

With regard to the planar black holes with superconducting horizons, one would
guess that larger gauge groups are thermodynamically favoured over smaller ones, i.e.
that su(4) solutions have lower free energy than those with an su(3) gauge group.
It may be possible to prove this in general. If this is the case, it may also be the
case that solutions with larger gauge groups are better analogues to superconductors
than those with smaller gauge groups. In addition, for the correspondence between
su(N) black holes and condensed matter systems to hold, it would be necessary to
use the full string theory approach, rather than the classical approximation to the

gravitational side which is taken here. We leave these questions for future work.
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Appendix A

The Lie group SU(N) and Lie
algebra su(N)

stuff

In this appendix we present a matrix representation of the generators of the
Lie algebra su(N), which generalises the Pauli matrices for su(2) and Gell-Mann
matrices for su(3). The group SU(N) has dimension N? —1 (which is equal to the
number of generators) and rank N — 1 (which is equal to the number of diagonal

traceless generators which make up the Cartan subalgebra).

The generators of the real Lie algebra of su(2) given by T; = —%O’i, where o;
are the Pauli matrices (we note here that other authors may take %ai to be the
generators of su(2) as these are Hermitian, although in this case the coefficients are
purely imaginary [68] - the important thing is that the charges are real). Explicitly

they are

i (01 i (0 —i i (10
Ty =—- R P— R (A — : Al

The Cartan subalgebra X' of su(2) is generated by T3, so the elements X of X are
given by X = pT3 for some p.

The generators of su(3) are similarly defined by T} = —%Aj , where \; are the
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Gell-Mann matrices [68], so that

/0010 /0 —i 0
i i
P 7=_"1;
1 2100, b 2200,
0 00 0O 0 0
1 0 O
i i
Te— — 2 _ 7=t
3 5 1 01, 4 5
0O 0

; 0
/00 0 10
7
T = —— i — A2
a 5|00 —if, \/_01 (A.2)
0 i 0 0 0

. (0
i (0
0 1
(0 0 —i 00 0
T5=—%OOO, (001
0 0 0 1

The Cartan subalgebra X of su(3) is generated by T3 and Ty, so the elements X
of X are given by X = pT35 + o1y for some p and o.

For su(N), we note that there are three families of generators. Firstly there are
the N — 1 diagonal generators of the Cartan subalgebra, which we denote H;, and

define in a smiliar way to [20], using a slightly different normalisation:

l

)
[Hi;, = ~ AT (Z [07.00k,0) — l5j,l+15k,l+1> : (A.3)
p=1

for { =1,..,N — 1. In the su(2) case we have only H;, which is equal to T3 from
(A.1), while in the su(3) case we have H; and H,, which are equal to T3 and
Tg from (A.2)) respectively. We split the remaining N(N — 1) generators into two
groups. The first are complex and are of the form 77, T, and Ty from for

su(3), which we denote E™ and are

)
-5 5j,m5k,m+n + 5j,m+n5k,m) y <A4)

[F(n) 5 (

mL’,k_

and the second, which are real, and are of the form 75, T5 and 7% from (A.2)) for
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su(3), which we denote G and are

1
[G], = 5 OsmnOtm = 0jmOkmtn) - (A.5)

The indices take the values n =1,2,.... N—1, m =1,2,..., N —n to give the correct
number of generators. Comparison with (A.2)) yields, for su(3),

V=7, GV=T H=T F'=T,

G¥ =1, Y =T, Gy =1, Hy =T, (A.6)

For the spherically symmetric black holes considered in chapters 2 and 3, we will

consider the matrix
D = diag(N —1,N—3,...,3—N,1—N), (A.7)

which can be written in terms of the generators of su(N) as

N-1
D= "i\/2k(k + 1)Hy. (A.8)

k=1

The non-zero commutation relations between the Fr(nn), GT(Q), H,, and D which are

used in this thesis are then:

1 /k:+1 k-1
[Fr—1, Fy) :§G1(62—)1’ [Fi, Hy] = Gy Bl Hya] = 2k G

[y, Gl = —— <\/2k; (k + 1) Hy, — /2k(k — 1)Hk_1> ,

1 1
[Fr-1,Gi| = —§F]§3)1, [y, Gra] = §G§f_)1,
1 E+1 E—1
[kalaGk] = _§G§c2—)17 [Gkak] = 2k Fkv [Gmkal] = - WF]C’
[F@) Hk] _ [F(Z‘) } kqe
e 2k( e 2(k +1) " HY
[G@) Hk] _ ) [G@) Hk] _ |k ne
v ok +1) * 7 LTEY 20k + 1) kD
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Fk7 GI(CZ):| = __Fk+l> |:Fk+17 Gl(c2)] =

- 1 1

F,, F
2) 1
[Gk-l—l:Fk :| = _§Fka [Gk" k+1

}
[Gk,G,(f)] - %Gkﬂ, [GkH, ] — ——Gk, [Gk,GkH} _ —%ng”,
F

APPENDIX A. THE LIE GROUP SU(N) AND LIE ALGEBRA G(

k+2
2(k + 1)

k+2
[FE); Hk+1] = - Gi(f) [Gi(f)? Hk+1] . r®

2k +1) %7
1 1 1
_Fk7 |:Fk7Gl(c—21:| = __F(S)

2 2

L3

1
k—H} = —Gk : [Fk+27 ——Gk ; [GkaFéQ)} = =1,

2

1
__Flig)a [Gk‘-f-lv Fk(z)] = §Fk(3)a

N)

1 .
[GM,G;”} = 5G0, [D.R)=2Gy,  D,Gy = —2iF, (A.9)
where £k =1,2,...., N — 1.



Appendix B

The Einstein-Yang-Mills equations

[] In this appendix we derive the Einstein-Yang-Mills equations used in chapters
and [4 In each case, the first stage will be to find the components of the field strength

tensor

F/.LV = a[LAV - al/AM +9 [A/u AV] ’ (B1>

for the gauge potential A = A,dx*, with coupling constant g. The components of
(B.1), along with the Christoffel symbols

ng = %ga“ (Gubry T Gur8 — GBvs) » (B.2)
where g, is the metric tensor, then give the Yang-Mills equations
D, F" = 0, F" +Th F* + T [ F' 4+ g[A,, F*] = 0. (B.3)
We can also find the components of the stress tensor using (B.1]), which are given by
1
T = FioFlsg® — ZnggﬁF‘mﬁ : (B.4)
These in turn determine the Einstein equations, which are

1
R, — §guvR + Ag, = 87GT,,. (B.5)
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§ B.1 Dyonic solutions

The spherically symmetric line element (3.1]) is
ds* = —o*pdt* + r*(d6? + sin® 0d¢*) + ptdr?, (B.6)

with metric function (3.2)

In terms of the generators (A.3HA.5|), the gauge potential (3.6 is

1
ka]§1) sin @ + @Hk cos 0] dgb} ,

gA = Z {_thk dt — ka](gl)dQ +

(B.8)
where hy and wy depend on r only. Using (B.1) and the commutation relations
(A.9), the components of the field strength tensor are

N e
1 _.1 k-+1
Fop = - Z <\/ he—1 = hk+1> Gy, Foy = Z hiH,
g = 9=

k=1 k=1
sin ) w w? sin f
Fly = (kb + 1) [ 2k — 2L ) Hy, Fpy = — ' )
12 p ; (—i—)(k 1 ks 23 2 Lk

2h/ /h/ h//
0 = —= H
o L
| V2E(E+1) w2y, k+2
+ N1
o?ur? k41 k—i— 2(k+1)
) w? k:—l—l
{ —=E <,/ ,/ hk 1)}Hk, (B.10)
o?ur
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N-1 / / /
Hw (o H k 1
V- { = (E+E) g (2 wi 2‘”’3”’3*1)}G§“)
k=1
N-1 " 2
s, Wi k+1 k—1 1)
k=1

o

+N—1 i k+1h B
72 JQMTQ \/ k

while the fourth vanishes identically. Equations (B.11)) and (B.12) are equivalent,
giving two Yang-Mills equations:

k—i—l k—l—l
! = h
; ( ) V u7“2< “)
| 2k wiyy / | k+2
—h B.13
k)+1/ﬂ/’2< k’—i— k)—f—l k+1 5 ( )
k+1 k—1
i) o <\/ — e 1>
7 o
1
2

(Wit + W}m)) : (B.14)

N-1 / / /
pw, (o' W 1

hk 1) FY (B.12)

2



166

APPENDIX B. THE EINSTEIN-YANG-MILLS EQUATIONS

Substituting into (B.4)) gives the components of the field strength tensor

TOO

G33

2
k—1
hie =\ =5 hk—l)

phi;
2

1 NZ Cptef | kDot (0w} i)

9 = r? 4t ko k+1 ’
1 Ni B(k+1) () Wi, @i 22
g2 — 4r2 ko k+1 202 |’
sin2 0 \— | k(k+1) - w} N Wi\’ N r2h/?

g2 — 472 E o k+1 202 |’
18| w? [k+1, k-1, b2
9> p o2 p’r? 2k " 2k ! 2021

N-1 2

+i wie " k(k+1) 1_ Wi " Wi

9> = | r? 4prt ko k+1 ’
202um’  Ao’u  20%um  o?p?

72 3 rs r2’

ro’ 3 /7,20_/ 7"20” //7,2

Ly L R VR
o 2 o o 2
/ 3 1.2 1 2 1 ",.2
sm29<'u e 2RI L ATO —|—A7"2+—'ur>,
o 2 o 2
w n 20 1 A 1
wr ro o r2 oo ur?

47TG7”2T00
o2u
_ 2
gy i N S k—1 r2hp?
(8% —_— — _
£ ) o 2% " 2k 1 202

(B.15)

(B.16)
(B.17)

(B.18)

(B.19)

(B.20)
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where a? = 47G/g*. Similarly (B.19) yields

47 Gri
o = L;)O 4rGrolss
o

+a Z <\/mhk—

The remaining Einstein equations are G1; = 87GT1; and Gag = 87wGTh,, which are
equivalent and vanish identically using (B.20} [B.21)). Altogether the EYM equations

are
= [k + L Qh’Q
m = aQ hk1 + =

N-1 2
k(k+1) W wi
2 2 1 %k Zhki1
+a {,uwk + 12 ( 3 + o ] ;

20w
hk 1) )

o 2 2(k +1) w? k+1 k—1
hi = hﬁ(rz)* 5w \V T e T e

2
L 1) L 2o b (B.21)

w
L (1 I w,3+1)) | (B.22)

§ B.2 Planar dyonic black holes

We begin with the gauge potential

N-1 N-1

N-1
gA = gA,dx" = Z h H; dt — Z W Fdr — ¢ Z WGy, (B.23)
m=1

=1
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and planar line element

ds* = —o?pdt* + r* f2da* + fzdy + ptdr? (B.24)
where () A
m(r r

Using (B.1]), and the commutation relations (A.9), the components of the field

strength tensor are

N 1 N-1
k+1 1
Fo = (\/ hy, — hk 1) ka(l) Foz = p E hy, H,
1

k=1 =
N-1 2 .. N-1
¢ W;% Wit i¢ 1 ~(1)
Fio==> 2k(k+1) | =2 — "= | H Foe = = G, B.26
12 g & (k+1) E hel ks 23 2% ; WGy ( )

02r

2k(k+1) wiy ] ] k2
1{ 202 pr? kil( k:+1 2(k+1) ’““) f2+<f)}Hk
N—-1 k—i—l .
+Z{ QUW wk( [k+1 hk 1) (f2+(f>}Hk, (B.27)

N-1 pol, (o 2f Wk , o (1)
0 = B —+ = — — +ﬁ(wk71 2wk+wk+1) Fk

N-1 " 2
ka W, kE+1 E—1 )
3 e (V) 0 33)

N-1
—9h /h/ h//
1
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N-1 / 2
wiif f
0 = ¢ {k‘; (_ i _) 2wk+wk+1)}F,§”
r f
k=1
N-1 9 2
w
+¢ f*gk 2<\/ w/ hk 1) FY, (B.29)
r aur
k=1
N
0 = 4—702; WEW) 1 — Wr1W), ( 2f2) (B.30)

We note that equation (B.29)) is non-trivial only if ¢ = 1, in which case we have
f =1, and (B.29) reduces to (B.28)) in the ( = f = 1 case. By considering the

components of the matrices F ,51), G,(f) and Hj we can split these four equations into

two Yang-Mills equations which govern wy and hy;
)
T () o)
i (e i) (o) o
o= etk (£ ) ()

C2f2w
2/”219 (wl%—l - 2"‘)1% + le-s-l) ; (B.32)

and a constraint equation;

0 = (Wkypy — W1}, <f2 cf ) (B.33)

where £k = 1,2,..., N — 1 and wy = wy = 0. The constraint equation is satisfied

automatically for ¢ = 1, while for ( = 0, we have
Wy — Weprwy = 0, (B.34)

which is solved by

=k (B.35)
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This means that all w; must be scalar multiples of each other (assuming all w;, are

non-zero). In the N = 2 case, equations (B.31) and (B.32) reduce to the d = 4
Yang-Mills equations in [62], where taking ¢ = 1 corresponds to ansatz I, and ( =0

corresponds to ansatz I1. The constraint equation (B.33)) vanishes in the N = 2 case

since we have hg = wy = 0.

The components of the stress tensor (B.4) are

N-1 2

1 w? k+1 k-1 1 uh??
Thy = — —k B A - 2 2 Al
e 27’2<\/ T T (f2+<f)+2

N-1 2
1 o ptu (1 2 ¢2 Ch(k+ Do’ (Wi Wi
— - Lk kil B.36
+92k:1[ 212 <f2+<f)+ 4t (k‘ k—{—l) )
N-1 2
1 w? k+1 k—1 f2r2nf?
T, = — k _ B 204 k
H g2 p 202 ( 2k o 2k L 1) (C / )+ 202
N-1 2
1 pei? 2y CPR(E+D) (Wi win
— — (1 - [ = - == B.
+92,621[2 A=)+ v krr) |0 BT
_ 2
- 1| Frl, k-1 1L\,
2T — 2024 2k " 2k A 202 f?
N-1 2
1 wi? 1 Ck(k+1) (w2 W
L “_k<g2__4)+%(_k_ k+1) . (B.38)
9* = 2 f 4f2r ko k+1
N-1 2
1 w? k+1 k—1 1 hi?
The — — k he — ho i 22\ k
BT p 202 11212 ( 2k " 2k " 1) <f2 o ) 2021
N-1 2
1 wi (1 2 £2 Ch(k+1) (Wi win
= — | = Tl e B.
P [27“2 (P PP e T ker) | B
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while the corresponding components of the Einstein tensor are

— 20%um’  Ac*u  20tum 0% oPuf? B.10)
0 r2 3 r3 r? 2 '

fPura’  ff'lurio’
Gu = T LPET  pye ppt 2t = 2f = £

o
3 2 /7"20'/ 2 7“20'” 2 //7,2 2 T20'”

B.41
2 o o 2 o ( )
G22 _ ,LLT'O'/ + f/,LLTQO'/ _'_ M_IT + f/M/T2 2f’,m"
f?o fio f? I3 f3
f”/ﬂ”2 3 //7’20/ Ar2 lu//,,,2 /".20//
+ - + + + (B.42)

oty T T aE T g
l/u/ f/2 20/ 1 A
G33 = H_F—'—E—’—ﬁ—i_;' (B.43)

Using (B.25)) we can cancel three of the terms in (B.40)), and rearranging gives

m = l”"Qf/z r*Goo
2f2 202"

(B.44)

which implies that
,_2m  2Ar urf?  rGoo

,u—?— 3 f2 UZM'

Rearranging (B.43|) and substituting for p’ using (B.45)) gives

rof? rGyp roGss
o = 7 +20M2+ 5 (B.46)

(B.45)

Finally, by looking at the last two terms in equations (B.41]) and (B.42)) we can see

that by taking G1; — f*Ga we can eliminate both the ¢” and u” terms. After some

cancellations we then obtain

"no__ f3 G ’ o ,u/ 2 f/
f—2MT2(G22—7>—JC(;+E+;—?), (B.47)

giving Einstein equations for m’, ¢’ and f”. We are now in a position to substitute
for G, using our expressions (B.36[{B.39) and G, = 8rGT), , which gives the field
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equations
2 212 N-1 2
! ur f 2 W k+ 1
m = 272 akz:; 20%( I \/ hkl +Cf
N-1 2172 2 2 2 2 2
2 rehE Wy 1 2 £2 k(k+1)¢? (wi Wi
— — 72 [ £ - B.4
o k1{202+ 2 (f2+(f>+ 4r? Fore) (B
N-1 2
, rof? N w? k41 k— 5 1
= hi — h
o 72 o’ - 2012 ok o k1 fQ +¢°f )
N-1 2
1
+O[2 {U(ij (_2 + CQfQ) } , (B49)
oL\
f// _ aQ 1 _<-2f2 -« 2“1%}12 w}f
N 12 — k(k + 1)o2u2r2 12
/ / 2 /
—f’(i+ﬁ+——£), (B.50)
o pu r f

where o? = A‘;’—QG. We note that in the N = 2 case, these equations reduce to the
d =4 case in [62], with ¢ = 1 corresponding to ansatz I, and ¢ = 0 corresponding
to ansatz II. Our ansatz also satisfies the symmetry equations in the ( = 1 case,

and there are no inconsistencies in the field equations.

B.2.1 PERTURBATIONS OF THE REISSNER-NORDSTROM SOLUTION

The gauge potential is

1 1 1
A== [ho+ 0hy(r)) Hydt — =Y Swn(r)FVde — =Y dw,(r)GPdy (B.51
QZI:[O (r)] me: (r) gzn: (r) (B.51)
where h; are the equilibrium values of h; from section m The line element is

given by

ds* = —[1+ 50(7")]2 [10(r) + Opu(r)] di?
tride® + r2dy? + [ (r) + ou(r)] " dr?,
~ = o) + Su(r) + 2ag(r)oo(r)]

polr) = Op(r) (B.52)

+r2de? + 7“2dy2 + 5
po(7)
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where

2mg(r)  Ar? 26m(r)

po(r) = — T o) = ——

The equilibrium mass function mg(r) is given by

2 2
ma(r) = mg?¥ - L

173

(B.53)

(B.54)

To leading order in the perturbations, the components of the field strength tensor

are then given by

-1
1 /k:—i—l 1k
Foo = 5 < ok kO_ ok hk 10) 5ka(1)

k=1
N-1
a -1 k + 1
Fop = — (\/ hi—10 — 1/ hko) 5kak ;
9=
1N 1
Fos = =) (Rjo+06hy) Hy,
9=
F12 - 07
1 N-1
F13 = - 6W;Fk(1),
9=
aNfl
F23 = - (SW;CG](:),
9=

(B.55)

(B.56)

(B.57)
(B.58)

(B.59)

(B.60)

where a prime denotes differentiation with respect to r. Since we are considering

only terms which are first order in dwy and dhy, only the Fy3 component contributes
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to the stress tensor, which then has components

(fo + 1) p ,
Too =~ 2—92 (h;c,o N 5%)
k=1
| M-
~ 22 Z hf@o (1o + 0pe) + 2p0hy 00hy)
R 2
~ / /
T % it aep 2o (Mo o)
k=1
7,.2 N—-2
N — [h220(1+25f)+2hk,05f} :
g* (1 + (50)2 kz ,
2 -1 2
T~ 5 a0y 2o ko 01
2¢°(1 + 60)? &= (Moo )
r? N-2
~ 2
T2 (1+20f + 200) (Mo + 2Ry, o0hL)
k=1
1 N1 2
s By o + 01,
33 2¢%(1 4 60)2(po + Op) £ ( ko T k)
1 N2
T (2o + 27, 0h,)

292 (o + 6p + 24000 -

—_

The corresponding components of the Einstein tensor are

T r2

/ 5 / 6
Goo = —(po+0u)(1 + o)’ (“0+ L u+A)

1
= -3 (TMOM6 + rpodp’ + pd + podp + 21 oy do + 2,u(2)5g)

1 /
) (T + podp) — A (po + dp + 2p0d0)

Sp
Gy = —— oM
" (10 + Sp)r
T,LLO(;U 3 ’f’ (50'/ T2M050/, rzlu,g
Gy = 5
1 1400 +M0M0+M0M+21+6 T+ 40 )
Ar?

+(1 +0f(r, )

(B.61)

(B.62)

(B.63)

(B.64)

(B.65)

(B.66)

(B.67)
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2 " 2,1
oo’ riugdo Ty

2 1+(5 140 2
+ AP (14 6f(r, 1)), (B.68)

T oo’
Gy = 4]
22 1+ 60 +M0M0+M0M+

N 264
2(pg + 2400 + 2p300)
U (r(puy+op)  2réo
Gss = —
r o+ op 1+do

+ 1> A (po(r) + dulr, )", (B.69)

to leading order, and are related to the components of the stress tensor by the

FEinstein equation
G = 81GT,,. (B.70)

Since the stress tensor has no off diagonal components, it is clear from (B.66|) that

6 =0, ie. op and therefore dm are functions of r only. Substituting for uo and

dp from (B.53) into (B.65]) and rearranging gives

m' = r*Goo —m
2(p + op + 2udo) 0
0427'2 — 2 / / /
= T, 1 (hiZo + 2Ry, o0hy) — my. (B.71)

Combining equations (B.65)) and (B.69) and rearranging gives

1+ d0) r
b0t — TE0 G G
7 2 BT o+ o) (1 +00)

47TGT’T0()
= 4nGr(1+ d0)1Ts3 +
TG ( 0)133 (o + 01)2(1 £ 00)

— 0. (B.72)

Using the ansatz (B.51)), the line element (B.52)) and the components of the field
strength tensor (B.55]— , we can construct the Yang-Mills equations, which are

approximately given by:

N-1 ¢
1 2(hl, o — 6h, h;
0 — ; ( k@r o . fga +h g +5h’4 H, (B.73)
k=1 *
132 ow"” ow 00w}
0 — —Z v’ +ﬂ0 k F(l)
9= r? fto + 0p1 + 241900 r?
N—
1 k+1
1 he — h (B.74
T & r2(u+5u+u50 (V ' . 1) |
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By considering the components of the matrices F,gl) and Hj; we then have

5o 1+ 5y
— 5 1 5 /
’ w’“+(1+50+u+5u) o

(ka k +1 k—1
hy, — hi_ B.75
+,u+5,u+u5<7< 2%k F 2k ’“)’ (B.75)
oo’ 2 2
B.2.2 THE CONDUCTIVITY
The gauge potential (4.128]) is
N-1
gA = (thl +e ’gtéulF + e‘igt&)ZGl(l)) dt
=1
N—1
Y (wnFY + e 6hy 1 Hy, ) do
m=1
N-1
(wnG(l) + e %5hy  H n ) dy, (B.77)
n=1

and we take a fixed background with ( = f =1

ds® = —o2pdi® + r2da? + 2y + udr?, (B.78)
where 9 Ar2
mo r

2 B.79

. r 3 ( )

with constant mass mq. The components of the field strength tensor are

e

1

hk 1) ka zfe Zét(Shl ka]

fzgt 1

e 1
+ g (5vk+1wk - 5vkwk+1) Fk(Q) 2 (5ukwk+1 - 5uk+1wk) Gl(f)}
k:: L
emiét T\ /2k(k + 1) (&lekﬂ 5vkwk)
+ - Hk; )
9 = 2 kE+1 k
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1= /k:+
Fop = - Z < hy—1 — hk) ka —18e” i« dhy ka]
9=
e - [ 2, 1 @
+ Z (5uk+1wk - §ukwk+1) Fk (5vk+1wk - 6vkwk+1) Gk
9 = _2 2
—itt N-1T
€ 2k(k+1) (Oupwr  OUpp1Wiir
+ 2 P ka1 ) e
9 =L -
| Nl
Fog = = (Wi + e ou Y + e o6l
g

1 Wi Wiy
F, = - 2k(k - /= | H
. gkl{ (_F>(k k+1) 4

o—igt N1 T [+ 1 [k—1 bl
——0hgy — \| ——0ho 1
+ P ; Wk ok 2k ok 2k-1 | Gy,
e_igtNil_ k+1 k—1 1_
O e Shy g, — ) ——6hi ey | FV
+gkz:;wk \/2k51,k \/2k51,k1 P I
N-1 ] ]
F13 = (W,Q/.Fk—i-eilgtah,l’kﬂ-k),
k=1
N-1
Fgg = (u)ka—i‘eiigtéhQ’ka). (BSO)
k=1

We then substitute (B.80) into (B.3) to find the Yang-Mills equations. For v = 0

we recover an equilibrium equation for hj, together with

2 1
oup, = —=ouj, +— [wkﬂ (OupWwi+1 — OUp41)

r pr? L2

—1 k+1 k+1
o (e ) (,q o o

+(7€+ Dwy, (5ukwk 5ukz+1wk+1)

(5ukwk 1 — 5uk 1wk)]

2412 k k+1
+(/{ — 1)wk 1 (5ukwk _ (5uk 1wk 1
212

i€w 1 kot 1
__jr; (,/ Oha1 = || 5h2k) (B.81)
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2 T [wesr
5 " — __5 / - |:
Vg , Vg + /1,7“2 9

kE+1 k+1
,W"2< “\ o hk) (\/ o7 ——0h 2k—\/ 5h2k 1)

_|_(k? + 1wy, <5Ukwk 5"Uk+1wk+1>

(0VpWr41 — OV 1W) (5vkwk 1 — OV, 1%)}

2412 k k+1
+(k — 1)wk,1 5vkwk _ 51)]6,1(&)]6,1
2412 k kE—1

icwn [ k=1 [k+1
+ Iu7n2 ( 2%k 5h‘1,k‘—1 - 2k 6h17k> . (B82)

From the v =1 equation we find

! k+16 — 1 k+1
0 = R, +onl, + + ek ( -5 i hk>
w
k 5uk+1wk+1 k + 2 h _ k h
20k +1) 2 2k +1) "\ 2k + )"
E+1 wk k—1 E+1
N ok e (\/ o Oor =\ 0
wk+1 k+2
+\/ k—i—l ) ur? (\/ k—|—151k+1 \/ k—l—l )
z [E+1 /
f < —— v, — k ) ————— U Wiy — €0y k) (B.83)

while from v = 2 we have
o I ,u_, , k+ 1 dviwy k—1 B k+1
0 = 6y, + Méhg,kﬂ/ T (Vi B Vit
k 5Uk+1(.dk+1 k + 2 h _ k h
2k +1) 2k +1) "\ 2k +1)""
k+1 wk k—1 k+1
N2k w2 (\/ o a1 =\ T Ohes
+\/2 +1 ) pr? (\/ k+152’““ k+1
1 kE+1 /
__i < 5uk W — /{J +1 6uk+1wk+1 +Z§5h2 k) , (B84)
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with both the ¥ =1 and v = 2 equations also yielding

i,
0 = ————— (Oupwpr1 — OUp W
2k(k:+1) KWh1 k+1Wk)
k + 2
F ) Ps1 (OUpWrs1 — OUpp1wi)
-1

hk 1 (Oup 1wy — dupwi 1)

k
+O0Up 1 Wi hk 1— hk)
uwkwkH k k+ 2
Ohy g — oh
( 2k +1) "\ 20k +1) 1”““)
w k —l— 1 k—1
Tadistid Sha — \] —=—0ha
2k
—i€ 5vkw;€+1 — 5vk+1wk (B.85)
Do,
0 = ————— (0vkWps1 — OVp W
2k(k+1) kWk+1 ft 10k )
k+2
+y/ S0+ 1) P1 (0VpWr g1 — VR 1)
kE—1
oF R—1 (0Upg 1wk — OURWy41)
k+2 k
0 P — h
TOVRWE+1 ( 20k + 1) k+1 20k + 1) k)
k—1 k+1
+OVE1WE ( 5% hy—1 — ok hk)
WEWE+1 k k + 2
Oho i — oh
+ i < 2(k+1) 2,k 20k + 1) 2k+1>

+i€ (OUrWit1 — OUp1Wy) - (B.86)
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The v = 3 equation yields two further constraints

kE+1 E—1
0 = 2]€ (hkévk 5Ukh;§) + W (5vkh§€_1 — hk,1(5v;€)

k41 , E—1 / /
+7"2 ( 2]6 (Wkéh (ShQ,kwk) + —2]€ (5h2,k—1wk — wkéth_l))

—i&ouy, (B.87)

[k+1 , k—1 , ,

k+1 E—1
+7% ( 2]{3 (Wkéh 5h1,kwl/€> + Q7 ((5}11,]@_1&); — wkéh/l,kl))

2k
FiEoul,. (B.88)

Altogether, we have second order differential equations for duy, dvi, dhy and

dhay (B.81HB.84)), along with two zeroth order constraints (B.85| , and two

first order constraints (B.87} [B.88)). If we introduce new complex variables
Ak = 6uk + iévk, Bk = 6uk — iévk,

Ck == 5h17k + i(ShQ,k, Dk = (Sth - i5h2,k, (B89)

we find that the equations in A; and C} decouple from those in B, and D,, and

that the two sets of equations differ only by the sign of ¢ to give

2 1

w
Alkl = —;Al ,u,7”2 [ k2+1 (Akwk+1 —Ak+1wk) (Akwk 1 — Ap- 1wk>]

[l — - /k+1 k+1 F1,
w’2 2k: e 2k 2k Mt

(k+1 <Akwk Ak+1wk+1)

2,u7"2 k E+1
(k — Dwg—1 <Akwk Ak 1Wh— 1)
+ 3 -
2ur

_% <\/7 . \/mck> , (B.90)
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W41

(Brwi+1 — Bry1wi)

Bl = ——A’ (Bkwk 1 — By lwk)}

r ,ur2 [

T ()

(k+ 1wy (Bkwk _ Bk+1wk+1)

2412 k k41
(k= Dwp—1 [ Bywy  Briwy—1
2412 k k—1
{wk k‘ — 1 k‘ —|— 1
- D, — D B.91
+,ur2 2k Rt 2k R (B-91)

Ak+1wk+ k+ 2 k
2+ T\ e

k+1w k—1 k+1
+ ——k< Cr1 — Ck)

i
5™
+ o

2k 2k
ko wig k+2 k
Crt1 — C
* 2(k+1) pr? 2(k+1) b +1) k
k+1 /
—i—% ( Ay — k 1 Ak+1wk+1 + §Ck> : (B.92)
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! k+1B — 1 k+1
0 — Dg+ﬁD;+\/ = ’““”“( o hk>
k Bk+1tdk+1 k + 2
(l{/’ + k: + k—i—l k +
[k+1 wf [k —1 [k + 1
+ —LL_ ( ok — Dy 1 — Dk>
Wit k+2
+
2( k‘ +1) pr? 2(k + 1
—i Bkwk Bk+1wk+1 é'Dk (B93)
2 \/ k +1) ’

with constraints

hy,

0 = ———— (Apwit1 — Apw
2k(k—|—1) kW41 k+1WE)

k—|—2

k+1)

kE—1

2k

Pie1 (Apwrs1r — Appaws)

hg—1 (Ak+1wk - Akwk+1)

<
[\&]
N
[\
—~
ol
+
—_
SN—
[\]
~—~
™
+
—_
S~—

+& (Apwry1 — Apriws) (B.94)
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h
0 = % Brwis1 — Bk+1wk)
k: + 2
F 1) hiy1 (Brwis1 — Bryiwi)
-1
hk: 1 (Brg1wr — Brwpg1)
k+ 2 k
+Brwi 1 ( 20+ 1) hiy1 — 20+ 1)hk>
+B il h — h
E+1WE ok k—1 2k k
HWEWE 11 k k+2
D D
r2 ( 20k +1) "\ 2(k+1) ’”1)
HWEWE 11 k+1 k—1
Lo ( o Dk ok Dk
—& (Brwit1 — Brriws) (B.95)
[k+1 k—1
" E+1 k—1
+EAL, (B.96)
kE+1 k—
0 = /5~ (B}, — Bih,) + = (Bkhk  — he—1By)
I k+1 k—1
+7’_2 ( W (kak — Dkw,;) + W (Dk 1Wg kak 1)
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