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Abstract

The gamma homology theory of Robinson and Whitehouse [Whi94] for commutative al-
gebras was developed to encode information about homotopy commutativity. It has a
description in terms of functor homology described by Pirashvili and Richter [PR00].

The symmetric homology theory of Fiedorowicz, [Fie] and [Aull0], for associative algebras
is defined in terms of functor homology and, in the case of a group algebra, is related to
stable homotopy theory by a theorem of Fiedorowicz, [Aull0, Corollary 40].

Both gamma homology and symmetric homology are constructed by building a symmetric
group action into Hochschild homology, albeit in very different ways. We provide a com-
parison map for the two theories in the case of an augmented, commutative algebra over
a commutative ring.

Fiedorowicz’s hyperoctahedral homology theory is a homology theory for associative al-
gebras with involution and in the case of a group algebra is related to equivariant stable
homotopy theory [Fie, Theorem 1]. It is the homology theory associated to the hyperoc-
tahedral crossed simplicial group, whose associated category is denoted AH [FL91].

We define the category of involutive, non-commutative sets, denoted ZF(as), and prove
that this category is isomorphic to AH. The category ZF(as) has a more combinatorial
definition than AH and contains the category of non-commutative sets of Pirashvili and
Richter [PR0O2] as a subcategory.

There is a standard complex, provided by Gabriel and Zisman [GZ67, Appendix 2], that
computes the hyperoctahedral homology of an involutive, associative algebra. In the
case of an augmented, involutive, associative algebra we provide a smaller complex for
computing hyperoctahedral homology which is built from the epimorphisms in the category
AH and the augmentation ideal of the algebra.

11



12



Introduction

13






Homology Theories For
Algebras

This thesis concerns homology theories for algebras over commutative rings. The study of
such objects was first introduced by Hochschild [Hoc45] as a method for classifying algebra
extensions of associative algebras over a field. Cartan and Eilenberg [CE56] constructed
the analogous homology theory for algebras over a commutative ring. This homology
theory is called Hochschild homology. Since then a great many homology theories have been
introduced to encode information about algebras equipped with extra structure.

For example, for a commutative algebra over a commutative ring one can consider its
Harrison homology, its gamma homology and its André-Quillen homology. These theories
encode information about commutative algebra extensions, homotopy commutativity and
smoothness of the commutative algebra respectively.

There are homology theories that encode group actions and involutions on an algebra.
Many of these are generalizations of Hochschild homology. Most famously, Connes [Con83|
and Tsygan [Tsy83] independently introduced the notion of cyclic homology for an asso-
ciative algebra. Omne example of particular interest is the cyclic homology of a group
algebra which is isomorphic to the S'-equivariant homology of the free loop space on the
classifying space of the group.

Fiedorowicz and Loday [FL91] and Krasauskas [Kra87| extended the construction of cyclic
homology to other families of groups through the notion of a crossed simplicial group. For
example, for an associative algebra with involution one can define a dihedral homology
theory which is intimately related to O(2)-equivariant homology theory.

Two examples of crossed simplicial groups, the symmetric groups and the hyperoctahedral
groups, do not generalize to algebraic homology theories straightforwardly from Hochschild
homology. However, Fiedorowicz [Fie| successfully defines a symmetric homology theory
for associative algebras and a hyperoctahedral homology theory for associative algebras
with involution. Furthermore he proves that these homology theories, in the case of a
group algebra, are related to the homology of infinite loop spaces.

Each of the homology theories thus far mentioned can be described in terms of functor
homology. There exists a small category C such that we can define a homology theory for
functors from C to the category of modules over the ground ring in such a way that, if
we choose the right functor, we recover the homology theory for algebras over the ground

15



ring.

The existence of functor homology theories provides new tools for calculation and methods
from category theory that were previously unavailable. Functor homology interpretations
and methods form a key part of this thesis.

16



New Material

The new material in this thesis fits into two sections.

A Comparison Map for Symmetric Homology and Gamma
Homology

The gamma homology theory of Robinson and Whitehouse [Whi94]| and the symmetric
homology theory of Fiedorowicz, [Fie] and [Aull0], are both constructed by building a
symmetric group action into Hochschild homology, albeit in very different ways. We
provide a comparison map for the two theories in the case of an augmented, commutative
algebra.

There is a standard complex that computes the gamma homology of a commutative al-
gebra called the Robinson- Whitehouse complex. In Part III we provide a splitting of the
Robinson-Whitehouse complex for an augmented, commutative algebra. One summand
of this splitting can be constructed using only the elements of the algebra that lie in the
augmentation ideal. Furthermore, we show that when the ground ring contains Q, the
homology of this summand is the gamma homology of the algebra.

There is also a standard complex for computing the symmetric homology of an associative
algebra, constructed by Gabriel and Zisman [GZ67]. In Part VII we provide a surjective
map of chain complexes which leads to a long exact sequence in homology comparing
the symmetric homology of an augmented, commutative algebra with a summand of its
gamma homology.

When the ground ring contains Q, we introduce a normalized version of Harrison homology
which allows us to deduce that, in this case, our long exact sequence compares the sym-
metric homology of an augmented, commutative algebra with its gamma homology.

Hyperoctahedral Homology

We prove a series of results for Fiedorowicz’s hyperoctahedral homology theory.

To any crossed simplicial group there is an associated category. The category associated
to the hyperoctahedral crossed simplicial group is denoted AH. In Part IV we provide

17



a presentation for AH. In Part V we define the category of involutive, non-commutative
sets, denoted ZF(as). We prove that this category is isomorphic to AH. The category
ZF(as) has a more combinatorial definition than AH and contains the category of non-
commutative sets of Pirashvili and Richter [PR02| as a subcategory.

In Part VI we generalize an argument of Ault [Aull0] and prove that the hyperoctahedral
homology of an augmented, involutive, associative algebra can be calculated using only
the epimorphisms in the category AH and the augmentation ideal of the algebra.

18



Structure of The Thesis

Part I

Part I is an extensive background chapter and is designed to be a point of reference. The
reader should feel free to skip familiar material.

Chapter 1 collates the definitions of a number of categories that will occur frequently
throughout the thesis.

Throughout the thesis we will use simplicial methods freely. Chapter 2 collates the neces-
sary definitions and results from simplicial homotopy theory for reference.

In order to motivate Fiedorowicz’s symmetric and hyperoctahedral homology theories we
state his results for group algebras and the homology of infinite loop spaces. Chapter 3
collates the necessary background on spectra and infinite loop spaces required to state
these results.

As stated, this thesis concerns homology theories for algebras with varying amounts of
structure over a commutative ring. In Chapter 4 we define different types of algebra over
a commutative ring together with examples.

Finally, in Chapter 5 we recall the constructions of some classical homology theories for
algebras, namely Hochschild homology, Harrison homology, André-Quillen homology and
cyclic homology.

Part 11

Part II recalls the theory of functor homology, or the homology of small categories. Every
homology theory discussed in this thesis has a functor homology interpretation and we will
use a number of techniques and tools from functor homology throughout the thesis.

Of particular importance is the tensor product of modules over a small category and its
associated Tor functors.

We recall two complexes used for computing Tor over a small category. The first is a
construction of Gabriel and Zisman. The second involves computing resolutions in functor

19



categories. These two complexes are isomorphic and each has its benefits when it comes
to calculating Tor groups and proving results.

Part 111

Part III concerns gamma homology, which we will frequently write as I'-homology. I'-
homology for commutative algebras was developed by Robinson and Whitehouse as a
homology theory to encode information about homotopy commutativity. The details first
appeared in the thesis of Whitehouse [Whi94]. We recall the definition of I'-homology
as functor homology following Pirashvili and Richter [PR00]. We then specialize to the
case of commutative algebras as defined by Whitehouse. Finally, we provide some new
material. In the case of an augmented, commutative algebra we provide a splitting of the
Robinson-Whitehouse complex and analyse the summands.

Part IV

Part IV outlines the theory of crossed simplicial groups following Fiedorowicz and Loday
[FLO1].

A crossed simplicial group is a simplicial object built from a family of groups whose face
and degeneracy maps are not group homomorphisms but “crossed” or “twisted” group
homomorphisms. Important examples include the cyclic groups, the dihedral groups, the
symmetric groups and the hyperoctahedral groups. Fiedorowicz and Loday show that
there is a standard way to associate a functor homology theory to a crossed simplicial
group. In this fashion one can recover Hochschild homology and cyclic homology of an
associative algebra and define a dihedral homology theory for associative algebras with an
involution. However, they also show that the symmetric and hyperoctahedral functor ho-
mology theories defined in this standard way are isomorphic to Hochschild homology.

Fortunately Fiedorowicz was able to define more interesting symmetric and hyperoctahe-
dral homology theories which have connections to the homology of infinite loop spaces.

We recall the equivalent definitions of a crossed simplicial group together with some impor-
tant examples. We then discuss Hochschild homology, cyclic homology, dihedral homology,
symmetric homology and hyperoctahedral homology in the functor homology setting, mo-
tivating each with an interesting result.

Part V

To each crossed simplicial group there is an associated category. The category associated
to the symmetric crossed simplicial group is denoted AS and the category associated to
the hyperoctahedral crossed simplicial group is denoted AH.

20



Pirashvili and Richter [PR02| introduced the category of non-commutative sets, denoted
F(as), as an isomorphic variant of AS.

In Part V we introduce the category of involutive, non-commutative sets, denoted ZF(as),
as an isomorphic variant of the category AH. The category ZF (as) contains F(as) as a
subcategory and there is a commutative diagram of categories

o)

AH ZF(as)
AS = F(as)

where the vertical arrows are inclusions of subcategories.

Part VI

In Part VI we present the epimorphism construction for the hyperoctahedral homology
of an augmented, involutive, associative algebra. Recall that AH is the category associ-
ated to the hyperoctahedral crossed simplicial group. Let EpiAH be the subcategory of
epimorphisms. The epimorphism construction consists of a functor between the under-
categories

[z]\AH — [z]\EpiAH
for each object [z] in AH.

These functors allow us to define a chain homotopy equivalence between a standard com-
plex computing the hyperoctahedral homology of an augmented, involutive, associative
algebra and a smaller complex constructed from the category EpiAH and the elements of
the augmentation ideal.

Part VII

We begin Part VII by defining an isomorphic variant of the category AS. This variant is
more convenient when describing the comparison map.

We define a normalized version of Harrison homology for the case where the ground ring
contains Q.

Using the splitting of the Robinson-Whitehouse complex in Part III we define a surjective
map between a chain complex computing the symmetric homology and a chain complex
computing a summand of the I’~homology of an augmented, commutative algebra. As a
corollary we obtain a long exact sequence in homology.

Finally, we use the normalized Harrison homology to show that when the ground ring
contains Q, the long exact sequence in homology compares the symmetric homology and
the I'-homology of an augmented, commutative algebra.

21



Appendices

Appendices A through D contain long technical proofs that would have otherwise inter-
rupted the flow of the material in certain sections. Appendix E contains a table summa-
rizing details of all the homology theories contained within the thesis.

Conventions

Throughout the thesis we will use the following conventions.
e [ is a commutative ring with unit and

e an unadorned tensor product ® will denote the tensor product of k-modules.
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Chapter 1

Categories

Introduction

We collect the definitions of some standard categories that we will use throughout the
thesis, including the constructions of the under-category and over-category.

1.1 Definitions

Definition 1.1.1. Let C be a small category. We denote the set of objects in C by Ob(C)
and the set of morphisms in C by Hom(C).

Definition 1.1.2. Let C be any category and let & € Hom(C). We denote the source of
the morphism « by src(a) and the target of the morphism « by trg(a).

Definition 1.1.3. A morphism « € Homg (C1,C3) is an epimorphism if for any two
morphisms f, g € Homg (Cy, C3) the equality

foa=goa
implies that f = g; in other words « is right cancellable.

Definition 1.1.4. A morphism « € Homc (C1,C2) is a monomorphism if for any two
morphisms f, g € Homeg (C, C) the equality

aof=aog
implies that f = g; in other words « is left cancellable.

Definition 1.1.5. An object P in C is projective if for any morphism f € Homg (P, B)
and epimorphism g € Homc (A, B) there exists h € Homc (P, A) such that the diagram

b
P—Jc»B

25



commutes.
Definition 1.1.6. Let Z be an indexing category. A set of generators in C is a set
{C; e Ob(C):ieT}

such that for any two morphism f, ¢ € Homc (X,Y) if f # ¢ there exists ¢ € Z and
h € Homc (Cj, X) such that

hof=#hog.

Definition 1.1.7. A set of projective generators is a set of generators such that each
object is projective.

Definition 1.1.8. A category C is said to be abelian if it satisfies the following properties:

e C has a zero object,

for each pair of objects C'y and Cs there is a product C7 x Cs in C,
e every morphism in C has a kernel and a cokernel,

e every monomorphism in C is the kernel of its cokernel and

e every epimorphism in C is the cokernel of its kernel.

An arbitrary abelian category will henceforth be denoted by A.

1.2 Categories

We will use the following categories without reference.
Definition 1.2.1. Let Fin denote the category of finite sets and set maps.

Definition 1.2.2. Let Fin, denote the category whose objects are based finite sets and
whose morphisms are basepoint-preserving maps of sets.

Definition 1.2.3. Let Set denote the category of sets and set maps.

Definition 1.2.4. Let Set, denote the category whose objects are based sets and whose
morphisms are basepoint-preserving maps of sets.

Definition 1.2.5. Let k£ be a commutative ring. Let kMod denote the category of k-
modules and k-module homomorphisms.

Definition 1.2.6. Let k& be a commutative ring. Let ChCpx denote the category of
non-negatively graded chain complexes of k-modules and chain maps.

Definition 1.2.7. Let A be an abelian category. Let ChCpx(A) denote the category of
non-negatively graded chain complexes in A and chain maps.

Definition 1.2.8. Let Top denote the category of compactly-generated, Hausdorftf CW-
topological spaces and continuous maps.
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Definition 1.2.9. Let Top, denote the category of based compactly-generated, Hausdorff
CW -topological spaces and basepoint-preserving continuous maps.

Definition 1.2.10. Let C and D be categories. We denote the category whose objects
are functors C — D and whose morphisms are natural transformations by Fun (C, D).

Definition 1.2.11. Let Cat denote the category of small categories. The objects are
small categories and the morphisms are functors between small categories.

1.3 The Under-Category

For an object C' € C we define the category (C\C) of objects under C.

Definition 1.3.1. The objects of the category (C\C) are all morphisms in C of the form
C— Cl.

Definition 1.3.2. A morphism
f1 f2
<C — C’1> — <C’ - Cg)
in (C\C) consists of a morphism f € Homc (C1, Cs) such that the triangle

N

f

C 1 CQ

commutes in C.

We will denote such a morphism by
. fi f2
(faflafz)' <C ? Cl) — (C—>CQ>

The identity morphism on

is (idC17f17fl)'

Definition 1.3.3. Composition of morphisms

(fufl;fZ): (Cf_l>cl> — (Cf—2>02>

and

(g7f27f3): <C f_2> CQ) — <C ﬁ) Cg)
in (C\C) is defined by
(gaf27f3) © (f)flan) = (gof7f17f3)'
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Definition 1.3.4. The category (C\C), with objects as in Definition 1.3.1, morphisms as
in Definition 1.3.2 and composition as in Definition 1.3.3 is called the category of objects
under C.

Remark 1.3.5. There exists a functor
(=\C) : C® — Cat
which on objects assigns the under-category (C\C) to an object C in C.

The assignment on morphisms is given as follows. Let f € Homeg (C,C1). We define a
functor

(FAC): (C1\C) = (C\C)
on objects by
(\C) <c1 EiN 02> —cL o

On morphisms we define (f\C) to send the morphism (g, f/, f”) in (C1\C) to the morphism
(9, f" o f, f"o f) in (C\C).

1.4 The Over-Category

For an object C' € C we define the category (C/C) of objects over C.

Definition 1.4.1. The objects of the category (C/C') are all morphisms in C of the form
Cl — C.

Definition 1.4.2. A morphism
1 f2
<01 S C) — <CQ s C’)

in (C/C) consists of a morphism f € Homc (C1, C2) such that the triangle

f s
N
C

commutes in C. We will denote such a morphism by

C

(flaf?af): (Cl ﬁ>C') — <02f—2>0> .

The identity morphism on

is (flaflvidcl)'
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Definition 1.4.3. The composition of morphisms

(f1, for f): <01 TN C) = <02 EEN c)
and

(fo, f3,9): (@ EEN C> — <03 LN 0)
in (C/C) is defined by

(f2, f3,9) o (f1, fo. ) = (f1, f3.90 f).

Definition 1.4.4. The category (C/C) with objects as in Definition 1.4.1, morphisms as
in Definition 1.4.2 and composition as in Definition 1.4.3 is called the category of objects
over C.

Remark 1.4.5. There exists a functor
(C/-): C — Cat
which on objects assigns the over-category (C/C) to an object C in C.

The assignment on morphisms is given as follows. Let f € Homg (C, Cy). The functor
(C/f): (C/C1) = (C/C)

is defined on objects by
(C/f) <02 EiR cl> - <02 LN 0> .

On morphisms we define (C/ f) to send the morphism (f’, f”, g) in (C/C1) to the morphism
(fof,fof" g)in(C/C).
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Chapter 2

Simplicial Homotopy Theory

Introduction

We recall standard material from simplicial homotopy theory that we will use throughout
the thesis. We recall the definitions of a simplicial set, together with the notions of geomet-
ric realization and homotopy groups. We also recall the standard chain complex associated
to a simplicial set, together with the normalized and degenerate subcomplexes.

2.1 Simplicial Sets

Definition 2.1.1. A simplicial set X, is a graded set indexed on the non-negative integers

together with maps
0; € Homget (Xna Xn—l)

forn >1and 0 <7< nand
S; € HomSet (Xna XnJrl)
for n > 0 and 0 < ¢ < n, satisfying the simplicial identities below.
° Oioaj :6]'_1061» if i < j,
® 5;08; =sj1108; if i <,

sj,lo& 1< ]
e J;0s; =1 idx, i=7,7+1
85 00;i—1 Z>]—|—1

Definition 2.1.2. The maps 9; of Definition 2.1.1 are called face maps and the maps s;
are called degeneracy maps.

Definition 2.1.3. The elements of the set X, are called n-simplices.
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Definition 2.1.4. An n-simplex y € X,, is said to be degenerate if it is in the image of a
degeneracy map, that is, if there exists x € X;,—1 and 0 < i < n — 1 such that y = s;(x).

Definition 2.1.5. A morphism of simplicial sets f: X, — Y, consists of a morphism
fn € Homget (X, Y,) for each n > 0 such that diagram

X, Y,
g o
Xn- fn—1 Vo1

commutes for all n > 1 and 0 < ¢ < n and the diagram

X, In Y,
slﬁ ISi
Xn—l Fo1 Yn—l

commutes foralln >1and 0 <i<n—1.

Definition 2.1.6. We denote by sSet the category whose objects are the simplicial sets
of Definition 2.1.1 and whose morphisms are defined in Definition 2.1.5. Composition is
defined degree-wise.

2.1.1 The nerve of a category

One example of a simplicial set is the nerve of a small category, [Lod98, Appendix B.12].
Let C be a small category. The nerve of C, denoted N,C , is a simplicial set described
as follows. The set N, (C) consists of all strings of composable morphisms of length n in
the category C. That is, for n > 1,

N, C = {Co f—1> Cl f—2> v f—n> Cn : CZ S Ob(C), fl S HomC(Ci_l,Ci)} .

NyC is defined to be Ob (C), the set of of objects in C.

Henceforth, to ease notation, an element of N,,C, for n > 1, will be denoted (fy, ..., f1).
Remark 2.1.7. Tt will be assumed that for an arbitrary element (fy, ..., f1) of N,(C), fi

has domain C{ unless otherwise stated.

The face maps 0;: N,C — N,_1C are defined to either omit or compose morphisms in
the string:

(fn7"'7f2) 'l:O,
8i(fn,-.~,f1): (fn,...,fi+1ofi,...,f1) 1<2<n—1,
(frn—t1s---5 f1) i =n.
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The degeneracy maps s;: N,C — N, 41C are defined by inserting identities into the string.
That is,

(fna"wflaidCo) ]207

s 1) = (for-oidey, fro o 1) 1< <,

Remark 2.1.8. The nerve construction is functorial. Let F': C — D be a functor between
small categories. There is an induced map of simplicial sets

N, (C) — N, (D)

defined in degree n by

<00 EEN f—">cn> — <F(CO) B, . Zn) F(Cn)>.

In other words, the nerve construction is a functor

N, (=) : Cat — sSet.

2.2 The Category A

Definition 2.2.1. The simplicial category A has as objects the sets [n] = {0,1,...,n}
for n > 0. An element f € Homa ([n], [m]) is a map of sets such that if ¢ < j in [n] then
f(@) < f(j) in [m]. Such a morphism is called order-preserving.

Definition 2.2.2. For each set [n] in A and each 0 < ¢ < n + 1 the morphism
6; € Homa ([n], [n +1])

is defined to be the unique order-preserving injection such that ¢ ¢ Im(d;). The morphism
§; is called the i** face map.

Definition 2.2.3. For each set [n] in A and 0 < j < n the morphism
oj € Homa ([n + 1], [n])

is defined to be the unique order-preserving surjection such that U]-_l( J) =14, +1}. The
morphism o; is called the jth degeneracy map.

Proposition 2.2.4 ([Lod98, Corollary B.3]). The category A has as objects the sets
[n] for n = 0. Morphisms in A are generated by the face maps

8; € Homa ([n], [n +1])
for eachn >0 and 0 <7 <n+1 and the degeneracy maps
oj € Homa ([n + 1], [n])

for each n > 0 and 0 < 7 < n subject to the relations

33



® )jo0d;=0;00j_1 fori<j,
® 0jo0; =0;00j41 fori<j and
51'00']‘,1 1<
oajoéz-: Zd[n] 1=74,7+1
(51'_100'3' >3+ 1
This is a presentation of the category A. O

Theorem 2.2.5 ([Lod98, Theorem B.2]). For ¢ € Homa ([n], [m]) there is a unique
decomposition
5i1 o...5iroo-j1 o...oo—js

gp =
such that iy < --- <4, and j1 < -+ < js withm =n—s+r. If the set of indices is empty
then ¢ = idp,). Ol

Proposition 2.2.6. A simplicial set X, is equivalent to a functor
X, A% — Set

and a morphism of simplicial sets is equivalent to a natural transformation of functors.[]

2.3 Simplicial Objects in a Category

Definition 2.3.1. A simplicial object X, in a category C consists of an object X,, in C
for each n > 0 together with morphisms

0; € Homcg (Xn, Xn—l)

forn>1and 0 <7< nand
s; € Homc (Xn, Xn+l)

for n > 0 and 0 < ¢ < n satisfying the identities of Definition 2.1.1.

Definition 2.3.2. A morphism of simplicial objects f: X, — Y, in a category C consists
of a morphism f,, € Homc (X,,Y,) for each n > 0 such that diagram

fn

Xn Y,
((%i lai
anl Fot Ynfl

commutes for all » > 1 and 0 < 7 < n and the diagram

X, fn Y,
Sq T Isi
Xn— 1 F1 Yn—l



commutes foralln >1and 0 <i<n—1.
Remark 2.3.3. Equivalently, a simplicial object X, in C is a functor
X,.: A? 5 C
and a morphism of simplicial objects in C is a natural transformation of functors.

Definition 2.3.4. Let C be a category. We denote the category of simplicial objects in
C and simplicial morphisms by sC.

2.3.1 Simplicial objects with a group action

Definition 2.3.5. Let G be a group and let X, € sC. A G-action on X, is a level-wise
action of G on X, such that

e 0i(gr) = g(0i(x)) forz € X;,, g€ G,n>1and 0 < ¢
o si(gr) =g(sj(x)) forr e X,,, g€ G,n>0and 0 < j

2.4 Simplicial Homotopy Theory

2.4.1 Geometric realization
Definition 2.4.1. The geometric n-simplex, A" is the subspace
{(to,...,tn) 0<H<L Y = 1} C R
Proposition 2.4.2 ([Wei94, Subsection 8.1.6]). Let n > 0. For each face map

&; € Homa ([n], [n + 1])

there is an induced map
8ix: A" — ATTL

determined by
(t(],...,tn) — (to,...,o,ti,...,tn).

Furthermore, for each degeneracy map
oj € Homa ([n + 1], [n])

there is an induced map
Oju’ AL 5 AT

determined by
(to,...,tn+1)'—>(to,...,tj—l—tj+1,...,tn+1). O
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Definition 2.4.3. Let X, be a simplicial set. Consider the topological space

HX” x A",

n>0
We define an equivalence relation on this space as follows. Let n > 0.

e For §; € Homa ([n], [n + 1]) we define

(0i(x),s) ~ (@, 8ix(s))
for z € X, 41 and s € A™.

e For oj € Homa ([n + 1], [n]) we define

(si(@),8) ~ (z,044(5))
for z € X,, and s € A1,

Definition 2.4.4. Let X, be a simplicial set. We define the geometric realization of X,
denoted |X,|, to be the quotient of the topological space

HanA"

n=>0
by the equivalence relation of Definition 2.4.3.

Definition 2.4.5. The functor
|—| : sSet — Top

is defined on objects by sending a simplicial set X, to its geometric realization. Given
f € Homgget (X*, Y*),
|fl o [ Xu] = [Y4]

is defined by
[(z,5)] = [(f(2),5)].

2.4.2 Simplicial homotopy groups

Definition 2.4.6. A simplicial set X, is called fibrant if it satisfies the following condition.

e Forevery nand k withO < k<n+1,ifx;for0<i<k—1landk+1<i<n+1
are n-simplices such that

Oi(xj) = 0j—1(x:)
for i < j and i, j # k, then there exists y € X,,+1 such that 9;(y) = z; for all i # k.

Remark 2.4.7. This condition is sometimes referred to as the Kan condition.
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Definition 2.4.8. Let X, be a fibrant simplicial set with a basepoint x € Xy. We will
write x for the image of the basepoint under any composite of the degeneracy maps sg.
For each n > 1 let

Ly = {xEXn:&-(x):*vogign}.
We define an equivalence relation on Z, as follows. We say that x and 2’ in Z, are

homotopic, written x ~ 2/, if there exists y € X,, .1 such that

* 1<n
Oilyy=<x i=n

 i=n+1.

Definition 2.4.9. Let X, be a fibrant simplicial set. We define the n'* homotopy group,
Tn (X&), to be the quotient of

— {xEXniai(x):*Vogién}
by the equivalence relation of Definition 2.4.8.

Proposition 2.4.10 ([Wei94, Section 8.3]). Let X, be a fibrant simplicial set. There
s an isomorphism of groups

Tn (Xy) =m0 (1 X4])

for each m > 1. O

2.4.3 Simplicial homotopies

Definition 2.4.11. Let A, and B, be simplicial objects in an abelian category A. Two
simplicial maps

f*7 gx: A, — B,

are called pre-simplicially homotopic if there exists morphisms h; € Homa (A, B,+1) for
0 < ¢ < n such that

e Jyohy = fs,
L n+1ohn:g*7

hj,106¢ 1< ]
oaiOhj: Oiohi—1 i=75>0
hjoOi—1 i>j+1.

Furthermore, f, and g, are called simplicially homotopic if the morphisms h; also satisfy

o s ol — hjyr10s; 1<j
! I thSZ'_l 1> 7.
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Definition 2.4.12. A simplicial object X, in a category C is called augmented if it comes
equipped with a morphism in C

e Xog—~ X4

to a fixed object X_; satisfying
g0 80 = €£0 31

for the face maps
60, 611 X1 — Xo.

Proposition 2.4.13 ([Wei94, Section 8.4.6]). Let A, be a a simplicial object in an
abelian category A with augmentation

e: A() —)A_l.

Suppose there exist morphisms
hnt An — At

for n = —1 satisfying either the conditions

e coh_y1=1ida_,,

Ont1 0 hy =1id 4, forn >0,

e Jyohg=h_10¢e and

e Jjohy,=hp_100; forn>21and0<i<n
or the conditions

e coh_1=1ida_,,

e Oyohy =ridy, forn >0,

e yohg=h_10¢ and

e Jjohy,=hp_100;_1 forn>1and 1 <i<n+1.

~ A,1 *=0
™ (4) = {0 else n

Then

2.5 Chain Complexes Associated to Simplicial Sets

2.5.1 The associated chain complex

Let A be an abelian category. There is a standard construction which associates a chain
complex to a simplicial object in A.
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Definition 2.5.1. Let A, be a simplicial object in an abelian category A. The associated
or unnormalized chain complex C,(A) is defined as follows. In degree n one takes C),(A) =
A,. The boundary map d: A,, — A,_1 is given by the alternating sum of the face maps.

That is,
d=> (-1)'0;.
1=0

Definition 2.5.2. We define a functor
Cy(—): sA — ChCpx(A)

by
Ay = Cy(A)

on objects. For a morphism f, € Homga (A4, By), Ci(fx) is the map of chain complexes
given degree-wise by f,.

Definition 2.5.3. Let A, be a simplicial object in an abelian category A. We define the
nt* homology group of A,, denoted H, (A), to be

H, (C.(4)).

Proposition 2.5.4 ([Wei94, Theorem 8.3.8]). Let A be an abelian category and let
Ay € sA. Let Cy(A) be the associated chain complex. There is an isomorphism of groups

Tn(A) = Hy(Ci(A4))
for each n = 0. O

Proposition 2.5.5 ([Lod98, Lemma 1.0.9]). Let h, be a pre-simplicial homotopy be-
tween simplicial maps
s Gt Ax — By

in the sense of Definition 2.4.11. The induced maps

Jxs 952 Cu(A) — Ci(B)

on the associated chain complexes are chain homotopic. O

2.5.2 The associated chain complex of a simplicial set

Given a simplicial set, one can form a simplicial k-module in a standard way.

Definition 2.5.6. Let
k[—]: Set — kMod

be the functor that takes a set X and returns the free k-module generated by X. For
f € Homget (X,Y),
E[f]: k[X] — k[Y]

is the k-linear extension of f.
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By applying this functor level-wise, we obtain a functor from the category of simplicial
sets to the category of simplicial k-modules. By abuse of notation we will denote this
functor

k[—]: sSet — skMod.

Definition 2.5.7. Let X, be a simplicial set. We define the chain complex associated to
X, to be
Cy (K[X,]) .

We denote this chain complex by C,(X).
Definition 2.5.8. We define the n® homology group of a simplicial set X,, denoted

H,(X) to be the group
Hy (Cu(X)) .

2.5.3 The degenerate subcomplex

The chain complex C,(A) of Definition 2.5.1 was defined using only part of the simplicial
structure, namely the face maps. We can use the degeneracy maps to define a subcomplex
of Ci(A).

Definition 2.5.9. Let A, be a simplicial object in an abelian category A. For n > 0, let
D, (A) denote the k-submodule of C,(A) generated by degenerate elements. That is,

Dn(A) = Z )\Z-sji(a;i) TN Ek, T € Cn_l(A), 0<5<n—-1 Vi
4 finite
Definition 2.5.10. Let A, be a simplicial object in an abelian category A. The degen-
erate subcomplex of Cy(A), denoted D,(A), is defined to have the k-module D, (A) of

Definition 2.5.9 in degree n. The boundary map is the restriction of the boundary map of

C(A).

Proposition 2.5.11 ([Wei94, Theorem 8.3.8]). Let A, be a simplicial object in an
abelian category A. The degenerate subcomplex, D, (A), is acyclic. O

2.5.4 The normalized subcomplex

Definition 2.5.12. Let A, be a simplicial object in an abelian category A. Let n > 0.
We define the normalized subcomplex N,(A) of Cy(A) in degree n by

n—1
No(A) = [ Ker (9;: Ap — An_1).
=0

The boundary map dy,: N, (A) — N,—1(A) is defined to be d,, = (—1)"9,,, where 9,,: A,, —
A,,_1 is the n'" face map.
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Remark 2.5.13. The normalized chain complex is sometimes referred to as the Moore
complex.

Proposition 2.5.14 ([Wei94, Lemma 8.3.7]). There is an isomorphism of chain com-

plexes
Cyr(A) 2 N, (A) @ Dy (A). 0

Corollary 2.5.15. There is an isomorphism of chain complezes

g:((i; ~ N, (A) .
Corollary 2.5.16. The canonical projection map
Ci(A) = N.(4)
s a quasi-isomorphism. In particular, there is an isomorphism
Hp(Ci(A)) = Hn(Ni(A))
for each n = 0. O

Definition 2.5.17. Let A be an abelian category. The normalized chain functor
N,:sA — ChCpx(A)

is defined on objects by
Ay = Ny(A).
For f € Homga (A, B), N,(f) is the induced map of chain complexes

C’*(A) C*(B)
D.(4) " D.(B)’

We conclude this chapter by stating a theorem that ties all of this material together,
namely the Dold-Kan correspondence.

Theorem 2.5.18 ([Wei94, Theorem 8.4.1]). For any abelian category A, the normal-
ized chain functor N, is an equivalence of categories

sA ~ ChCpx(A)

between simplicial objects in A and non-negatively graded chain compleres in A.

Furthermore, under this correspondence simplicial homotopy corresponds to homology of
chain complexes and simplicially homotopic morphisms correspond to chain homotopic
maps. O
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Chapter 3

Spectra

Introduction

We recall the based, free and Moore loop spaces. We recall the suspension functor and the
loop-suspension adjunction. We recall the definitions of spectra and infinite loop spaces,
in particular the functor (), defined as the composite of the infinite suspension functor
and the infinite loop functor.

All the material in this chapter can be found in [Ada78, Chapter 1].

3.1 Loop Spaces

3.1.1 Path space

Definition 3.1.1. Let I be the based unit interval [0,1] with 0 as a basepoint. Let
X € Top,. The path space of X is defined to be

PX := Homrep, (I, X) € Top,.

Proposition 3.1.2 ([Wei94, Application 5.3.4]). Let X € Top,. The path space PX
s contractible. [l

3.1.2 Based loop functor

Definition 3.1.3. For n > 1, the n'" loop space functor is the functor

1" == Homrep, (5™, —) : Top, — Top,.
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Proposition 3.1.4 ([Wei94, Application 5.3.4]). There is a fibration, called the path

space fibration,
QX - PX — X. ]

3.1.3 Free loop functor

Definition 3.1.5. For n > 1, the n** free loop space functor is the functor

L" := Homrep, (S, —) : Top — Top.

3.1.4 Moore loop space

Definition 3.1.6. Let X € Top, with basepoint x. The Moore loop space, denoted
OM(X), is the subset of
Homop, ([0,00), X) x [0, 00)

consisting of all pairs of the form (f,r) such that f(t) = % for all t > r.

Proposition 3.1.7. Let X € Top,. There is a homotopy equivalence
OM(X) ~ Q(X)
between the Moore loop space of X and the based loop space of X. O

3.2 Smash Products

Definition 3.2.1. Let X, Y € Top,. The smash product of X and Y is defined to be

Definition 3.2.2. Let G be a group. Let X, Y € Top, be such that X has a right G-
action and Y has a left G-action. The G-equivariant smash product of X and Y, denoted
X NAgY, is defined to be the quotient of X AY by the subspace generated by all differences

[(zg,9)] — [(z,9v)] -

3.3 Suspensions

Definition 3.3.1. For n > 1, the n-fold suspension functor is the functor
3" = 8" A —: Top, — Top,.
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3.4 The Loop-Suspension Adjunction

Recall that the functor
3: Top, — Top,

is left adjoint to the functor
Q: Top, — Tops.

That is, for X, Y € Tops, there is a natural isomorphism of homotopy classes of maps

EX,Y] = [X,QY].

More generally, there is an isomorphism of homotopy classes of maps
E'X,Y] = [X,Q"Y]

for each n > 1.

3.5 Spectra and Infinite Loop Spaces

Definition 3.5.1. A morphism f € Homrop, (X,Y) is called a weak equivalence if the
induced map
Wn(f>: ﬂ—n(X) - 7rn(Yr)

is an isomorphism for all n > 0.

Definition 3.5.2. A based topological space X is called an infinite loop space if there
exist spaces X, € Top, for n > 0 such that Xg = X and there exist weak equivalences

X, — QXn-i—l
for each n > 0.

Definition 3.5.3. A spectrum, E, consists of based spaces F,, € Topy for n > 0 together
with structure maps
Yot XE, = En11

for each n > 0.

Definition 3.5.4. Let E and F be spectra. A morphism of spectra f: E — F consists of
a map f, € Homrop, (Ey, Fy,) for each n > 0 such that the diagram

E

SE, — s Eni1

Z(fn) fn+1

EFn F Fn+1
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commutes for each n > 0.

Definition 3.5.5. We denote by Sp the category whose objects are spectra with mor-
phisms as in Definition 3.5.4. Composition is defined level-wise.

Ezample 3.5.6. Let X € Top,. The suspension spectrum of X, denoted >*°X, has
(X>X), =¥X"X.

Each structure map
¥ (Z"X) —» 2rtix

is the identity.

The suspension spectrum construction is functorial. Given f € Homrep, (X,Y") there is
an induced map of suspension spectra

X — ¥V
Definition 3.5.7. We call the functor
¥*°: Top, — Sp
the infinite suspension functor.
Definition 3.5.8. Let E be a spectrum with structure maps
YE, = Enq1.
We say that E is an Q-spectrum if the adjoint maps
E, — QF, 11
are weak equivalences.

Definition 3.5.9. Let E be a spectrum. We define the associated Q2-spectrum to have
spaces
F, = colimy, Q" Epim

where the colimit is taken with respect to iterated applications of {2 to the adjoints

E; — QF; (1

of the structure maps
ZEz — Ei+1.

The structure maps ¥ F,, — Fj,+1 are obtained by shifting the indices, using the fact that
the functor 2 commutes with colimits.

Definition 3.5.10. Let E be an Q-spectrum. We call Ey the 0-space of E and denote it
Q®F.

Remark 8.5.11. The O-space of an (2-spectrum is an infinite loop space.
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Definition 3.5.12. Let
Q°°: Sp — Top,

denote the functor which takes a spectrum and returns the O-space of the associated -
spectrum. We call Q the infinite loop functor.

Remark 3.5.13. One can consider 2*° as the composite of two functors, the first sends a
spectrum to its associated Q2-spectrum and the second sends the Q-spectrum to its O-space.

Definition 3.5.14. We define the functor
Q: Top, — Top,

to be the composite
O o X,

The functor @ is sometimes called the stabilization functor, [May77].

Remark 3.5.15. The functor @) takes a based topological space, forms the suspension spec-
trum, replaces it with the associated €2-spectrum and then takes the O-space.
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Chapter 4

Algebras

Introduction

Throughout the thesis we will be concerned with homology theories for associative algebras
over a commutative ring with varying levels of extra structure. This chapter describes the
different types of algebras we will consider, together with examples. In particular we recall
the definitions of associative, commutative and involutive algebras over a commutative
ring. We recall the definition of an augmented algebra and describe the generators of the
k-module A®™ in this case. Finally, we recall the definition of a module over an algebra
and the definition of the Kéhler differentials.

4.1 Associative Algebras

Recall that k is a commutative ring with unit.

Definition 4.1.1. An associative k-algebra is a ring A together with a ring homomor-
phism
prk— A,

called the structure map.
Ezample 4.1.2. The ring k together with the identity map on k is an associative k-algebra.

Ezample 4.1.3. The ring of n x n matrices with entries in k, denoted M, (k), together with
the diagonal map,

o X --- 0
A= )
0o 0 - A

is an associative k-algebra.
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Ezample 4.1.4. Let G be a group. The group algebra of G over k, denoted k[G], is an
associative k-algebra. It consists of all finite k-linear combinations of elements of G. That
is,

KGI =S Ngg i \gE kg,
geG

where all but finitely many A\, are zero.

Addition is defined by the formula

D NG+ D g =D (Ag+ pg)g-

geG geG geG

Scalar multiplication is defined by

AY hgg =" (Mg

geG geG

Multiplication is defined by

Sxg | 1D mgg | = D gmn)(gh).

geG geG g€G, heG

The ring homomorphism
vk — k[G]

is determined by
A= de

where e is the identity element of the group.

Ezample 4.1.5. The polynomial ring k [z1, ...z, together with the ring homomorphism
i k= klx1, ...z

determined by sending A € k to the constant polynomial X is a k-algebra.

Ezxzample 4.1.6. Let M be a k-module. Let

T(M) = ke P M.
=1

We call T(M) the tensor module of M. This module can be equipped with an algebra
structure by defining the multiplication
M ® M M®(i+j)
to be concatenation:
(M1 @ ®@m;) @ (Mig1 @+ @mips) — (M1 @+ @miyy).
The unit is 1. We call T'(M) with this algebra structure the tensor algebra of M.
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Ezample 4.1.7. Let M be a k-module. Recall that the symmetric group ¥, acts on M®"
on the left by permuting the factors. Let o € ¥,,. The action is defined by

0(m1 SR ®mn) = (mo.—l(l) R - ®ma_1(n)) .

Let S™(M) be the quotient of M®™ by this ¥,-action. Define
S(M) =P S"(M)
n=0

with S°(M) = k. When equipped with concatenation as multiplication, S(M) is called
the symmetric algebra on M.

Ezxample 4.1.8. We change the 3., action of Example 4.1.7 to include the sign of the
permutation:

o (ml R R mn) = sgn(a) (mo.fl(l) R R m071(n)> .

We define E™(M) to be the quotient of M®™ by this ¥,-action. Define
E(M) = E"(M)
n=0

with E°(M) = k. When equipped with concatenation as multiplication we call E(M) the
exterior algebra on M. An element of E™(M) is usually denoted

mi A ... \Nmy.

4.1.1 Tensor powers of algebras

Definition 4.1.9. Let A be an associative k-algebra. For each n > 2, we define A®" to
be the k-module consisting of all finite k-linear combinations of elementary tensors

a1 ®- - Qap
such that each a; € A.

4.2 Commutative Algebras

Definition 4.2.1. An associative k-algebra A is called commutative if it is a commutative
ring.

Ezample 4.2.2. The commutative ring k is a commutative k-algebra.

Ezample 4.2.3. If G is an abelian group then the group algebra k[G] is a commutative
k-algebra.

Ezample 4.2.4. The polynomial algebra k [z1,...,z,] is a commutative k-algebra.
Ezxample 4.2.5. If M is a finite dimensional, free k-module then the symmetric algebra

S(M) is a polynomial algebra.
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4.3 Involutive Algebras

Definition 4.3.1. Let A and B be associative k-algebras with structure maps
©1: k— A

and
2! k— B

respectively. An assignment f: A — B is called an anti-homomorphism if
e f(1a) =1p,
o f(p1(N)a) = p2(N\)f(a) forall A € k and a € 4,
e f(a1+az) = f(a1) + f(ag) for all a1, az € A and
o flaraz) = f(a2)f(a1).

Definition 4.3.2. An involution on an associative k-algebra A is an anti-homomorphism

A— A

which will be denoted by
a— a.

An associative k-algebra equipped with an involution is called involutive.

Remark 4.3.3. Let A be an associative k-algebra with structure map
p: k— A

By the definition of anti-homomorphism, an involution on A satisfies the following relations
for all a1, as € A and X € k.

L4 a1+a2:a71+a727

Remark 4.3.4. We follow the convention of [Lod98, Section 5.2] in defining an involution.
Our definition of involution is sometimes referred to as an anti-involution. See, for example,
[ABB'04, Section 2.1.2].

Ezxample 4.3.5. Any commutative k-algebra has a trivial involution defined by @ = a.
Ezample 4.3.6. Any group algebra k[G] has an involution determined by
-1

g=9
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4.4 Augmented Algebras

4.4.1 Definitions and properties

Definition 4.4.1. An associative k-algebra A is said to be augmented if it is equipped
with a k-algebra homomorphism ¢: A — k. Henceforth we will denote an augmented
algebra by A..

Definition 4.4.2. Let A. be an augmented, associative k-algebra. We define the aug-
mentation ideal of A. to be Ker(e) and we denote it by I.

We therefore have a short exact sequence of k-modules

0 I A, —— k 0.

Proposition 4.4.3 ([LV12, Section 1.1.1]). Let A. be an augmented, associative k-
algebra with augmentation ideal I. There is an isomorphism of k-modules

A =2 1D k. O

Remark 4.4.4. It follows from Proposition 4.4.3 that every element a € A. can be written
uniquely in the form y + A\ where y € I and \ € k.

4.4.2 Tensor powers of an augmented algebra
Let A. be an augmented, associative k-algebra with augmentation ideal I and consider
the k-module A®™.
Consider an elementary tensor
a ® - ®a, € A",

Following Remark 4.4.4, each a; can be written uniquely in the form y; + A; where y; € I
and A\; € k. We can therefore write

A ® - @ay, =YL +M) D@ (Yn + ).

Since the tensor product distributes over direct sums we can re-write this elementary
tensor as a k-linear combination of elementary tensors in which each tensor factor is either
an element y; of the augmentation ideal I, or an element \; of the ground ring k.

Example 4.4.5. Consider the tensor a; ® az in A®2. Since A, is augmented we can write
a1 ®az = (y1 + A1) ® (y2 + \2)
with y; € I and A; € k. Distributing tensor products over the direct sums we see that
(y1+ M) © (2 + A2) = (11 @ (12 + X2)) + (A1 @ (y2 + A2))

= (11 @y2) + (11 @ \1)
+ (M ®@y2) + (M1 ® A2).
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Definition 4.4.6. Let A. be an augmented, associative k-algebra with augmentation ideal
I. An elementary tensor
a1 Q- Qap

in A®™ is called a split tensor if a; € I or a; € k for each 1 <i < n.
Remark 4.4.7. Tt follows that for an augmented, associative k-algebra A., the k-module

A" is generated by all finite k-linear combinations of split tensors.

In fact, one can go further. Let a1 ®- - -®ay, be a split tensor in AL". Let Z = {iy,...,ix} C
n be the subset of indices such that a; € I if and only if ¢ € Z. The tensor factors a; for
i & T are elements of the ground ring k. Since the tensor product is k-linear, a; @ - - - ® ay,
is equal to

Hai (@ ®ay)

g

, a; 1€X
a; = .
1y, 1€¢T.

If 7 is empty then a1 ® - - ® a,, is equal to

where

Hai 1y ®--- @ 1
igT n

Ezxample 4.4.8. Let
Y1 @ A2 ® A3 @ Yy

be a k-module generator of A®*, where 1, y4 € I and g, A3 € k. This is equal in A%* to
(A2A3) (11 @ 1 @ 1 @ ya) -

Let A1 ® A2 ® A3 be a k-module generator of Ag@i’) where \; € k for each 1 < i < 3. This
elementary tensor is equal in A%3 to

()\1)\2/\3) (1k R 1 ® lk) .
We can therefore write any generator of A®™ as a k-linear combination of elementary
tensors a1 ® - - - ® a, such that, for each 1 < ¢ < n, either a; € I or a; = 1;.

Definition 4.4.9. Let A. be an augmented, associative k-algebra with augmentation ideal
I. A basic tensor in A®™ is an elementary tensor

a1 @ - Qap
such that either a; € I or a; = 1, for each 1 <7 < n.

Remark 4.4.10. It follows that for an augmented, associative k-algebra A., the k-module
A®™ is generated by all finite k-linear combinations of basic tensors.

Definition 4.4.11. Let a; ®- - - ®a,, be a basic tensor of AZ". A tensor factor a; is called
trivial if a; = 1;, and is called non-trivial if a; € I.
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4.5 Modules over an Algebra

Definition 4.5.1. A bimodule over an associative k-algebra A is a k-module M with a
k-linear action of A on the left and right satisfying

(am)a’ = a(ma’)
where a, a’ € A and m € M.
An A-bimodule M is said to be symmetric if am = ma for all a € A and m € M.

Remark 4.5.2. In general, the ground ring %k is not an A-bimodule. However, for an
augmented, associative k-algebra A., k is an A.-bimodule with the structure maps

A: xk—k

and
kx A, =k

obtained from the augmentation map ¢ and the multiplication map p: k x k — k in the
ground ring. That is, the structure maps are the composites

Ac xk —— k

ol A

kxk
and

kx A, —— k

] A

kxk

Definition 4.5.3. Let A be an involutive k-algebra. We define an involutive A-bimodule
to be an A-bimodule M together with an endomorphism

M — M
denoted by
m—m
such that
ama’ =ad ma

for all a, a’ € A and all m € M.

4.5.1 Kahler differentials

Definition 4.5.4. Let A be a unital, commutative k-algebra with structure map ¢: k —
A. Leta,be Aand ) € k.

Let Q}M ,, denote the A-module generated by symbols da for a € A subject to the relations
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d(p(N) =
o d(p(N)a) = p(N)d(a),
d(a +b) = d(a) 4+ d(b) and
e d(ab) = a(d(b)) + b(d(a)).
The A-module Qi&\k is called the module of Kahler differentials.

Remark 4.5.5. There are two alternative constructions of the module of Kahler differen-
tials. Firstly, let u: A ® A — A be the multiplication map. Let J := Ker(u). Then

o J

Secondly, consider the A-module A ®; A. Denote by
(ab®c—a®bc+ac®b)

the A-submodule generated by all k-linear combinations of the form
ab®c—a®bc+ac®b.

Then

A= (ab@c—a®@be+ac®b)

Definition 4.5.6. Let dA denote the A-submodule of Q}M . generated by all differences
of the form
[1A®a] — [CL®1A].

4.5.2 Higher order Kahler differentials

Definition 4.5.7. Let A be a unital commutative k-algebra. The n® module of Kdihler
differentials, denoted Q7 Ak is defined to be the A-module

E" (Q}4|k>
in the notation of Example 4.1.8.

Remark 4.5.8. The A-module Qm i 1s spanned by elements of the form

dai A ... N\dag,.
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Chapter 5

Classical Homology Theories for
Algebras

Introduction

We recall some classical homology theories for algebras over a commutative ring. We define
Hochschild homology and provide a splitting of the Hochschild complex for an augmented,
associative k-algebra.

We recall the definition of the shuffle complex as a subcomplex of the Hochschild complex.
We recall the Eulerian idempotents in the case k O QQ and describe a decomposition of the
Hochschild complex into a direct sum following Gerstenhaber and Schack.

We recall Harrison homology and André-Quillen homology for a commutative k-algebra,
together with their connections to Hochschild homology.

Finally, we recall the definition of cyclic homology for an associative k-algebra.

5.1 Hochschild Homology of an Associative Algebra

5.1.1 A brief history
Hochschild cohomology for associative algebras over a field was introduced by Hochschild
[Hoc45] in order to classify the extensions of an associative algebra. Hochschild homology

and cohomology for algebras over a commutative ring were introduced by Cartan and
Eilenberg [CE56].

5.1.2 Hochschild homology
The material in this subsection can be found in Loday [Lod98, Chapter 1].
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Definition 5.1.1. Let A be an associative k-algebra and let M be an A-bimodule. Let
Cy (A, M) be the simplicial k-module with

Cn(A, M) =M ® A®",
the k-module generated k-linearly by all elementary tensors (m®a1 ®---®ay,). We define

the face maps
61-: Cn(A, M) — Cn_l(A, M)

and the degeneracy maps
S5t Cn(A, M) — Cn+1(A, M)

on generators by
e (M®Ra1® - ®ayp) =(Mma1 ®Ray® -+ R ay),
¢ Ji(mRa1®  Ray)=MRRa1 ® - ®aa41 - Ray) for 1 <i<n—1,
¢ h(mRa1 R - Ray) =(a,mR®a; @+ R an_1),
e 5o (MRa1® - ®ap) =(MR1ARa @ @ ay),

e s5i(MRa® - ®a,) = (MR ® - ®14Raj41 Q@ Qay) for 1 <j<n.
Definition 5.1.2. Let

bi=> (—1)'0;: Cn(A, M) = Cn_1(A, M)
i=0
We will refer to b as the Hochschild boundary map.
Definition 5.1.3. The Hochschild complex, which by abuse of notation we will denote
Cy (A, M), is the associated chain complex of the simplicial k-module of Definition 5.1.1:

b MeA®? b M oAt M 0.

Definition 5.1.4. We define the nt" Hochschild homology group of A with coefficients in
M, denoted HH,, (A, M), to be

H, (C.(A,M)).
Remark 5.1.5. Observe that we can consider A as an A-bimodule. When we set M = A we
will denote the Hochschild complex by C,(A) and the Hochschild homology by H H,(A).

Proposition 5.1.6 ([Lod98, Subsection 1.1.6]). The Hochschild homology of an as-
sociative k-algebra A with coefficients in M in degree zero is the module of coinvariants

of M by A.
In particular, if we take M = A, then

A
HHy(A) =
0( ) [A7 A]?
where [A, A] is the commutator k-submodule of A. O

Proposition 5.1.7 ([Lod98, Proposition 1.1.10]). Let A be a unital and commutative
k-algebra. Let M be a symmetric A-bimodule. There is a canonical isomorphism of k-

modules
HH; (A, M) = M @4 Q. 0
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5.2 Normalized Hochschild Homology for Augmented Alge-
bras

5.2.1 Hochschild complex for an augmented algebra

Let A. be an augmented, associative k-algebra with augmentation ideal I. We observe,
using Definition 4.4.9, that
Cn (A, M) = M @ AZ"

is generated k-linearly by all basic tensors m ® a1 ® -+ - ® ay,.

5.2.2 The degenerate subcomplex D, (A, M)

For the Hochschild complex C, (A, M), the degenerate subcomplex in degree n is defined,
as in Subsection 2.5.3, to consist of finite k-linear combinations of elements in the image
of degeneracy maps. That is,

D, (A, M) = Z AiSj, (mi®a’i®---®a%71) A€k 0<j;<n—-1

4 finite

The k-module D, (A, M) is spanned by tensors (m ® a1 ® - - - ® a,,) such that at least one
a; isequal to 14 € A, for 1 < ¢ < n. That is,

Dp(A, M) =3 ) Ai(mi®a§®---®a;):w31<j<ns.t. ai =14

1 finite

In the case of an augmented, associative k-algebra we can use the notion of basic tensor
from Definition 4.4.9 to provide another description of the degenerate subcomplex. Let
A be an augmented, associative k-algebra and M an A.-bimodule. Then D, (A, M)
is

{ Z )\i(mi®a§®---®a;) 1 Vi (mi®ai®--«®ai) isbasicandEI1<j<ns.t.aj-:1k}.

7 finite

5.2.3 The chain complex C,(I, M)

We will demonstrate that there is a well-defined chain complex C,(I, M) where M is a
symmetric A.-bimodule. This is the Hochschild complex built from the augmentation
ideal I. For the case where M is flat over k, C,(I, M) is a subcomplex of C, (A, M) and
we obtain a splitting result.

Proposition 5.2.1. Let A. be an augmented, associative k-algebra with augmentation
ideal I. Let M be an A.-bimodule. There is a well-defined chain complex Cy (I, M) with
boundary map b.
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Proof. Since I is a k-subalgebra of A. we observe that the Hochschild boundary map,
whose actions on elementary tensors either multiply tensor factors together or act on the
coeflicients by an element of I is well-defined. O

Lemma 5.2.2. Let A. be an augmented, associative k-algebra with augmentation ideal 1.
Leti: I — A be the inclusion of I into A as a k-submodule. We claim that

PO [ AT
is an injective map of k-modules.

Proof. Recall from Proposition 4.4.3 that there is an isomorphism of k-modules
A. =T Dk

Consider the k-module A®™. By distributing tensor products over direct sums we obtain
an isomorphism of k-modules

Agi)n o T®n @ <@ I®n—1> DB <@ I> o Len.

In particular, I®" can be considered as a subobject of A®" in a canonical way and the

map
PO IO AP
is an isomorphism onto the first summand. Hence i®" is injective. O

Lemma 5.2.3. Let M be an Ac-bimodule which is flat over k. The complex Cy(I, M) is
a subcomplex of Cy(As, M).

Proof. By Lemma 5.2.2, i®": [®" — A®" is an injective map. Since M is flat over k the

map
idy @i%": M @ 19" — M @ AS"

is an injective map for n > 1.

Since the Hochschild boundary map b is well-defined on C, (I, M) we deduce that
(idyr @ 1" 1) o b= bo (idy @ i®")
and so Cy (I, M) is a subcomplex of Cy(Ag, M). O

Proposition 5.2.4. Let A. be an augmented, associative k-algebra. Let M be an A.-
bimodule which is flat over k. There is an isomorphism of chain complexes

Co(Ae, M) = O, (I, M) @ D, (A., M).

Proof. Recall from Subsection 5.2.2 that the degenerate subcomplex D,(A., M) is gener-
ated by the elementary tensors with at least one trivial tensor factor.

Consider the quotient of chain complexes

Ci(Ae, M)
D, (Ae, M)’
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We can choose representatives such that the quotient complex is generated k-linearly, in
degree n, by equivalence classes of the form

MRY1 @ @ yn]

where each y; is an element of the augmentation ideal, I, and the boundary map is induced
from the Hochschild boundary map, b.

There is an isomorphism of chain complex

C*(Ag? M) ~
7D*(AE,M) =C.(I,M)
determined by the map

MY @ - Qun] > MY @+ @ Yn.

The inverse is determined by the map that sends an elementary tensor m ® y1 ® -+ - ® yp,
to its equivalence class in the quotient.

However, Corollary 2.5.15 tells us that the quotient complex is isomorphic to the normal-
ized subcomplex N, (Ac, M).

We deduce that there is an isomorphism

Cy(I, M) = N, (A, M).

We deduce from Proposition 2.5.14 that we have a splitting
Cy(Ae, M) 2 Cy (I, M) ® Dy (A, M)

as required. ]
Corollary 5.2.5. Under the hypotheses of Proposition 5.2.4, the canonical projection map

Cy(Ac, M) — Ci(I, M)
s a quasi-isomorphism. The inclusion of chain complexes

Cy(I,M) — Cy (A, M)
induces the inverse map on homology. In particular,

HH, (A, M) = H,(C,(I,M)).

Proof. This follows upon combining Proposition 5.2.4 and Corollary 2.5.16. O
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5.3 Shuffles and the Hochschild Complex

5.3.1 Shuffles and shuffle operators

We include some background material about shuffles and their relationship with the
Hochschild complex. The details included here can be found in Loday [Lod98, Chap-
ter 4]. We begin with the definition of a shuffle. Let 3, denote the symmetric group on
the set {1,...,n}.

Definition 5.3.1. For 1 < i < n — 1, a permutation o € 3, is called an i-shuffie if

o(l)<o(2) < - <o(i)
and

oli+1)<o(i+2)< - <o(n).

Definition 5.3.2. We define an element sh; ,—; in the group algebra k[%,,] by

ship—i = Z sgn(o)o.

i—shuffles
O'GETL

That is, we take the signed sum over all the i-shuffles in 3J,,.

Definition 5.3.3. We define the total shuffle operator, shy, in k[2,] to be the sum of the

elements sh;,,—;. That is,
n—1

shy, = Z shim—i.

=1

5.3.2 Shuflles and the Hochschild complex

For this subsection we will restrict to the case where A is commutative and M = A. In
particular, C,,(A) = A ® A®" and we denote an elementary tensor in this module by
ap ® a1 ® - ® an, where ag is considered to be an element of the coefficient module. We
will explain in Subsection 5.3.3 how to deal with coefficients in an arbitrary symmetric
A-bimodule M.

Recall firstly that the symmetric group ¥, acts on the left of C,(A) by permuting the
tensor factors. Let o € X,,. The action is determined by

O'(ao ®ai--- ®an) = ap ®a071(1) K- ®a071(n)

and extending k-linearly.

With this action we see that the total shuffle operator sh,, of Definition 5.3.3 is an endo-
morphism

st Co(A) = Co(A).
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Proposition 5.3.4 ([Lod98, Section 4.2.8]). The total shuffle operators of Definition
5.3.3
shy: Cp(A) — Cr(A)

form a chain map. That is,
bosh, =sh,_10b

oralln > 1. OJ
J

Definition 5.3.5. Let ap®a; ® - - - ® a,, be an elementary tensor of the k-module C),(A).
Let

n—1

Z shin—i(ap® a1 @ -+ ® ay)
i=1
denote the linear combination of tensors obtained by applying the total shuffle operator.

Let Shy(A) denote the submodule of C),(A) generated by all such k-linear combinations
obtained from the k-module generators of Cy,(A).

Definition 5.3.6. The shuffle complex, Sh.(A) is defined to have the module Sh,(A) of
Definition 5.3.5 in degree n with boundary map induced from b, the Hochschild differential.

5.3.3 The rational and commutative case
In the case where the ground ring k contains Q and A is a commutative k-algebra, we can
decompose the Hochschild complex into a direct sum of subcomplexes.

Following Loday [Lod98, 4.5.4], when k O Q, the total shuffle operator is the multiplication
in the commutative graded cotensor Hopf algebra of A.

It follows from the theory of such objects that we have a set of elements of Q[¥,] called
the Eulerian idempotents. Let ey, denote the identity element in Q[%,].

Proposition 5.3.7 ([Lod98, Proposition 4.5.3]). Forn > 1 and 1 < i < n, there

exist elements e\ € Q[X,] satisfying

Loes, =en) oty
2. eVe¥) = 0 ifi # 4,
3. eg)eg) = eg). O

Definition 5.3.8. The elements eg ) of Proposition 5.3.7 are called the Fulerian idempo-
tents.

Example 5.3.9 ([Lod98, 4.5.7]). The following are examples of the Eulerian idempotents,
where permutations are written in cycle notation.

[ ] egl) g 621’
° egl) = % (622 + (1 2)),
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o ) =1 (es, —(12)),

o eV = lex, —1((123)+(132) - (12) — (23)) — L(13).

As the Eulerian idempotents e are elements of Q[X,], they act on A®"™, This is extended

to an action on Cp,(A, M) = M @ A" by 1y ® D,
Proposition 5.3.10 ([Lod98, Proposition 4.5.9]). Forn>1and 1 <i<n-—1,

boeg) :egzlob

and

boel™ =0. O

Remark 5.53.11. From Proposition 5.3.10 we deduce that for each ¢ > 1 we have a subcom-
plex of the Hochschild complex, e,(f)C’*(A, M). We can describe this complex as follows.
Let (m®a; ® -+ ®ay,) be a k-module generator of C,(A, M). Let eﬁf)(m ®ar®--®ap)
denote the k-linear combination of tuples obtained by applying the Eulerian idempotent
to our generator. This is simply a linear combination of permutations of our generator.
The subcomplex eg)C*(A, M) is generated in degree n by all linear combinations of the

form egf)(m ®a; ® - ® ayp), arising from k-module generators of C,, (A, M).

Combining the idempotent properties of Proposition 5.3.7 and the compatibility with the
Hochschild boundary map from Proposition 5.3.10 we deduce the following theorem of
Gerstenhaber and Schack, [GS87].

Theorem 5.3.12 ([Lod98, Theorem 4.5.10]). Let k be a commutative ring containing

Q. Let A be a k-algebra and let M be a symmetric A-bimodule. The Eulerian idempotents
eﬁf ) naturally split the Hochschild complex into a direct sum of subcomplezes:

Cul(4, M) = @ el Cu(A, M),

120
Thus, this provides a decomposition of Hochschild homology:

Hy(A, M) = Hy(e(NCL(A, M) & - - @ Hy (e T (A, M)). 0

Remark 5.3.13. This decomposition is known as the Hodge decomposition or, sometimes,
as the A-decomposition of Hochschild homology.

5.4 Harrison Homology for Commutative Algebras

5.4.1 A brief history

Harrison cohomology for commutative algebras was introduced by Harrison in 1962 [Har62]
to classify extensions of commutative algebras.
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In 1968, Barr [Bar68] gave a description of Harrison homology and proved that, over a
field of characteristic zero, Harrison homology is a direct summand of Hochschild homol-

ogy.

In papers of 1987 [GS87] and 1991 [GS91], Gerstenhaber and Schack prove that this sum-
mand is part of the Hodge decomposition of Hochschild homology described in Theorem
5.3.12.

5.4.2 The Harrison complex as a quotient of the Hochschild complex

Recall the shuffle complex, Sh,.(A), of Definition 5.3.6.

Definition 5.4.1. Let A be a commutative k-algebra. The Harrison complex of A is
defined to be the quotient of the Hochschild complex C,(A) by the shuffle complex Sh,(A).
That is,

CHarry(A) = 5%*((1414))

with boundary map induced from the Hochschild boundary map.

Definition 5.4.2. Let A be a commutative k-algebra. The n® Harrison homology of A,
denoted Harr,(A), is defined to be

H, (CHarr.(A)) .

Definition 5.4.3. Let A be a commutative k-algebra. Let M be a symmetric A-bimodule.
We define the Harrison complex of A with coefficients in M to be the complex

M ®4 CHarr(A).
We denote the Harrison complex of A with coefficients in M by CHarr,(A, M).

Definition 5.4.4. The n'"* Harrison homology of A with coefficients in M is defined to
be
H,(CHarr.(A, M)).

and we denote it by Harr,(A, M).

5.4.3 The Harrison complex as a subcomplex of C,(A)

In the case where k is a commutative ring containing () we can also express the Harrison
complex as a subcomplex of the Hochschild complex. Recall that in Theorem 5.3.12 we
stated the Hodge decomposition of the Hochschild complex into a direct sum of subcom-
plexes.

In this case the summand e&l)C*(A, M) is naturally isomorphic to the Harrison com-
plex.

Proposition 5.4.5 ([Bar68, Proposition 2.5]). For eachn > 2 there is an e, € Q[X,]
with the following properties:
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e ¢, is a polynomial in sh, without constant term,
e sgn(ey) = ex, where sgn is extended linearly over Q[3,],
e hoe,=¢€,_100,

® €,08ip—;=S8in—iforl<i<n—1. O

The final property implies that (ex, — e,) vanishes on shuffles for each n > 2.

Barr observes that there are natural isomorphisms of chain complexes

e.Cu(A) = Sh,(A)

and
(ex, —ex) Cx(A) =2 CHarry(A).
Theorem 5.4.6 (|[GS87, Theorem 1.3 (i)]). ¢, = 67(12) + - eﬁf‘). O

We deduce that ey, — e, = 653) and so 6511) vanishes on shuffles and eil)C*(A, M) is

naturally isomorphic to the Harrison complex.

Corollary 5.4.7. There is a natural isomorphism of k-modules
Harr, (A, M) = H, (eil)C*(A,M))

for each n = 0. O

5.5 André-Quillen Homology for Commutative Algebras

5.5.1 A brief history

The basis of André-Quillen homology comes from work of Lichtenbaum and Schlessinger
[LS67]. The homology theory itself was introduced independently by Quillen [Qui70] and
André [And74]. It is used to analyse the smoothness of an algebra and is closely related
to Hochschild homology.

5.5.2 André-Quillen homology

Definition 5.5.1. Let A be commutative k-algebra. A simplicial resolution of A is an
acyclic, A-augmented, simplicial commutative k-algebra, P,. Such a resolution is called
free if each P, is a symmetric algebra over a free k-module.

As discussed in [Lod98, Section 3.5], given a commutative k-algebra, a free simplicial
resolution always exists and any two are homotopy equivalent.
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Definition 5.5.2. Let A be a commutative k-algebra. Let P, be a free resolution of A.
We define
Lo (4) = Qb , ®p, 4

and
Li(A) = Q‘},n‘k ®p, A.

Definition 5.5.3. Let A be a commutative k-algebra and let M be an A-module. The
nt André-Quillen homology of A with coefficients in M is defined to be

AQn(A, M) = Hy (L(A) ®4 M) .

The ¢** higher André-Quillen homology is defined to be
AQI(A, M) = H, (LE(A) ®A M) .

Theorem 5.5.4 ([Lod98, Theorem 3.5.8]). Let A be a commutative k-algebra. Sup-
pose k contains Q. There is an isomorphism of k-modules

HH,(A) = P AQi(A)

ptq=n
for each n > 0. O

Theorem 5.5.5 ([Lod98, Proposition 4.2.10]). Suppose that k contains Q. Let A be
a flat commutative k-algebra. There is an isomorphism of k-modules

AQn-1(A) = Harr,(A)

forn > 1. Ol

5.6 Cyclic Homology of an Associative Algebra

5.6.1 A brief history

Cyclic homology for associative algebras was introduced independently by Connes [Con83)],
working on non-commutative geometry, and Tsygan [Tsy83], working on matrix Lie alge-
bras.

5.6.2 Cyclic homology

Definition 5.6.1. For n > 1, we define the cyclic group of order n to be
Cr = (tn | 7).

Definition 5.6.2. Let n > 1. We define an action of C,, on A®" to be determined k-
linearly by
th(a1 ® - ®ap) = (_1)n+1(an ®a1® - ® an—1)

on elementary tensors.
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Definition 5.6.3. Let n > 1. We define the n'" norm operator to be
n—1 ‘
Ny, = Zt%: A% — AT
i=0
Definition 5.6.4. For each n > 1, let
V: Cri1(A) — Cr(A)

be defined by

Definition 5.6.5. Let A be an associative k-algebra. We define the cyclic bicomplex of
A, denoted CC, «(A), to be the bicomplex

b
A®3
b
A®2
b
A

v b v
1—t3 A®3 N3 A®3 1—-t3 A®3 <N73
v b v
1=t ge2 No @2 lot2 ge2 N2
v b v
0 4 1 A0 g1

Definition 5.6.6. Let A be an associative k-algebra. We define the n** cyclic homology
of A, denoted HC,,(A), to be
H,, (Tot(CCy«(A))).

Proposition 5.6.7 ([Lod98, Section 2.1.12]). For an associative k-algebra, A, there
exists a canonical isomorphism of k-modules

HCy(A) =2 HHy(A, A) = A A’

where [A, A] denotes the commutator submodule of A. O

Proposition 5.6.8 ([Lod98, Proposition 2.1.14]). Let A be a unital, commutative k-
algebra. There is a natural isomorphism of k-modules

1
Qo

HCy(4) = —E,

where Qzl4|k is the module of Kdhler differentials of Definition 4.5.4 and dA is the A-
submodule of Definition 4.5.6. O
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Part 11

Homology of Small Categories
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Introduction

Many homology theories for algebras generalize to the setting of functor homology in the
sense that there exists a small category C, sometimes known as an indexing category, and
a homology theory for functors of the form C — kMod, such that, if we choose the right
functor, we recover our homology theory for algebras.

In Chapter 6 we will describe a tensor product for functors of the form C — kMod and its
associated Tor groups. These Tor groups have an axiomatic characterization and universal
properties. We will see later that many homology theories, including gamma homology in
Part III and homology theories arising from crossed simplicial groups in Part IV, can be
defined in terms of Tor groups of this sort.

Another benefit of functor homology interpretations is that one obtains more chain com-
plexes with which to calculate homology. In Chapter 8, we will recall a chain complex
of Gabriel and Zisman [GZ67], whose homology groups are the Tor groups over a small
category. In Chapter 9 we describe another chain complex that can be used to compute
Tor groups. This complex is obtained by computing resolutions in functor categories. In
Chapter 10, we demonstrate that these two chain complexes are isomorphic. Both chain
complexes will be used frequently throughout the rest of the thesis.

The material in these chapters is well-known to experts and is scattered throughout the
literature. We gather together the material we require and our treatment is purely expos-
itory.
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Chapter 6

The Tensor Product of Modules
over a Small Category

Introduction

Let C be a small category. In Section 6.1 we recall the categories of left and right C-
modules and the important properties of these categories. In Section 6.2 we define the
tensor product of C-modules as a bifunctor — ®c — into the category of k-modules. In
Section 6.3 we define the functors Tor® (—, —) to be the left derived functors of the tensor
product of C-modules and describe the axiomatic characterization of these Tor functors.
Finally, in Section 6.4 we describe the case of the functor k* ®c —, where k* is the trivial
right C-module. This case will be particularly important in later chapters.

The material in this chapter can be found in [PR02, Section 1.6].

6.1 Modules over a Small Category

Definition 6.1.1. Let CMod denote the functor category Fun (C,kMod). The objects
are functors C — kMod and the morphisms are natural transformations of functors. We
call CMod the category of left C-modules.

Definition 6.1.2. Let ModC denote the functor category Fun (C°?,kMod). The ob-
jects are functors C°? — kMod and the morphisms are natural transformations of func-
tors. We call ModC the category of right C-modules.

Definition 6.1.3. We define the trivial left C-module,
k,: C — kMod

to be the functor that sends every object of C to the trivial k-module, k, and every
morphism of C to the identity map on k, idy.
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Definition 6.1.4. We define the trivial right C-module,
k*: C? — kMod

to be the functor that sends every object of C° to the trivial k-module, k, and every
morphism of C° to the identity map on k, idy.

Proposition 6.1.5 ([PR02, Section 1.6]). The categories CMod and ModC of left
and right C-modules are abelian. O

Proposition 6.1.6 ([PR02, Section 1.6]). The functors
PC = k‘[HOmc(C, —)],

where C' runs through all objects of C, form a set of projective generators for the category
CMod. 0

Proposition 6.1.7 ([PR02, Section 1.6]). The functors
P = k[Homg(—, 0)],

where C runs through all objects of C, form a set of projective generators for the category
ModC. Ol

6.2 The Tensor Product of C-modules

Definition 6.2.1. Let F' be an object in CMod and G an object in ModC. Consider
the k-module

P G erFE)

CeOb(C)

We denote by
(Ge)(z) @y — 2 ® F(a)(y))

the k-submodule generated by the set
{G(a)(z) @y — 2 ® F(a)(y) : « € Hom(C), z € sre(G(a)), y € sre(F(a))} .

Definition 6.2.2. Let G be an object of ModC and F' be an object of CMod. We define
the tensor product G ®c F' to be the k-module

Dceconic) G(C) @k F(C)
(Ge)(z) @y —x@ Fla)(y))

This quotient module is spanned k-linearly by equivalence classes of elementary tensors in
Dcconic) G(C) @k F(C) which we will denote by

[z®yl.

74



Definition 6.2.2 defines an assignment
— ®c —: ModC x CMod — kMod

on objects.

We extend — ®c — to an assignment on morphisms.

Definition 6.2.3. Let ©: G; = G2 be a morphism in ModC and ¥: F} = F, be a
morphism in CMod. We define a map of k-modules

Dcconic) G1(C) @k F1(C) N Dcconic) G2(C) @i F2(C)
(Gi(a)(@) @y —z @ Fi(a)(y)) (Gaa)(z) @y —2® F(a)(y))

to be determined by

ORcV:

[z ®y] = [Oc(z) ® Te(y)] -
Definition 6.2.4. Let C be a small category. We call the bifunctor

— ®c —: ModC x CMod — kMod,

defined on objects in Definition 6.2.2 and on morphisms in Definition 6.2.3, the tensor
product of C-modules.

Proposition 6.2.5 ([PR02, Section 1.6]). The bifunctor
— ®c —: ModC x CMod — kMod

1s right exact with respect to both variables and preserves direct sums. O

6.3 The Functors Tori3 (—, —)

Proposition 6.3.1 ([PR02, Section 1.6]). The left derived functors of — ®c — with
respect to each variable are isomorphic. O

Definition 6.3.2. Let C be a small category. We denote the left derived functors of the
bifunctor
— ®c —: ModC x CMod — kMod

by TorS(—, -).
Proposition 6.3.3. There exist functors
TorS(—, —): ModC x CMod — kMod
for allm > 0, covariant in each variable, satisfying the following axioms.
T1 Tor§(G,F) =G ®c F.

T2 If 0 = G1 = G2 = G3 = 0 is a short exact sequence of right C-modules and F' is
any left C-module there is a long exact sequence of k-modules
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TorS (G4, F) TorS(Gy, F) —— TorC(Gs, F)

0

G ®c F G2 ®c F G3 ®c F

which is natural in the second variable.

T3 If 0 = F| = Fs = F3 = 0 is a short exact sequence of left C-modules and G is any
right C-module there is a long exact sequence of k-modules

TorC (G, Fy) TorS (G, Fy) —— TorC(G, F3)

0

G ®c 1 G ®c > G ®c F3
which is natural in the first variable.

T/ TorS(G, P) =0 if P is a projective left C-module and n > 0.

T5 TorS(P, F) =0 if P is a projective right C-module and n > 0.

Furthermore, if

F, (—,—): ModC x CMod — kMod

for n = 0 is another family of functors satisfying the conditions T1-T¥5 then there is a
natural isomorphism

12

TOI"S (_a_) Fn (_a_)

for each n = 0. O

6.4 The Functor £* ®¢c —

Recall the trivial right C-module, k*, of Definition 6.1.4.

By Proposition 6.2.5, the functor
k* ®c —: CMod — kMod

is right exact and gives rise to left derived functors Tor® (k*, —), subject to the axiomatic
characterization of Proposition 6.3.3.

Let F' be an object in CMod. In this case

Dceconc) k@ F(C)
(k*(a)(z) @y —z® F(a)(y))

76

k*®cF:




where
(K*(a)(z) @y — z @ F(a)(y))

is generated by all differences of the form
L @y — 1 ® Fa)(y)

where o runs through all morphisms in C and y runs through all elements in the domain
of F(a).
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Chapter 7

Homological Algebra in Functor
Categories

We can define a number of standard properties from homological algebra for functor
categories by doing so object-wise.

Let C be a small category and let A be an abelian category.

Definition 7.0.1. A functor F' € Fun (C, A) is said to be free, projective or injective if
F(C) is free, projective or injective respectively for every object C € C.

Definition 7.0.2. A sequence of functors
0=Fi=>FI=F;3=0
is said to be a short exact sequence in Fun (C, A) if
0— F1(C) = F»(C) — F3(C) =0
is a short exact sequence in A for each object C € C.
Definition 7.0.3. A sequence of functors
== F=FEk=0
in Fun (C, A) is called a chain complex if
o= B (C) = F1(C) = Fyp(C) =0
is a chain complex in A for each object C € C.
Definition 7.0.4. A chain complex
=== F=0
in Fun (C, A) is said to be a free resolution of F' € Fun (C, A) if
o= FB(C) = F1(C) = Fyo(C) =0

is a free resolution for F'(C') in A for each object C' € C.
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Definition 7.0.5. Let C be a small category and let D be any category. A simplicial
object X, in the functor category Fun (C,D) is a family of functors

X,:C—-D
indexed by the non-negative integers together with natural transformations 9;: X,, =

Xp—1for 0 < <nands;: X, = X,41 for 0 < j < n satisfying the simplicial identities
of Definition 2.1.1.

Proposition 7.0.6. A simplicial object X, in Fun (C,D) is isomorphic to a functor

C — sD. ]
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Chapter 8

The Construction of Gabriel and
Zisman

Introduction

Let C be a small category and let ' € CMod. Gabriel and Zisman [GZ67, Appendix 2]
construct a standard chain complex for computing the k-modules Tor$ (k*, F) of Section
6.4.

In Section 8.1 we describe the chain complex C, (C, F') of Gabriel and Zisman, as the chain
complex associated to a simplicial k-module. The rest of the chapter is dedicated to proving
that the homology groups of C, (C,F) are isomorphic to the groups TorC (k*, F) from
Chapter 6. Sections 8.2 and 8.3 prove that C, (C, —) is an exact functor. In Section 8.4
we prove that the functors C, (C, —) are naturally isomorphic to the functors Tor,, (k*, —)
using the axiomatic characterization of Proposition 6.3.3.

8.1 The Simplicial k-module C,(C, F)

Recall the nerve of a small category from Subsection 2.1.1 and, in particular, the convention
of Remark 2.1.7.

Definition 8.1.1. Let F' € CMod.

We define a simplicial k-module C,(C, F) as follows. In degree n we define
(frsenf1)

where the sum runs through all elements (fy, ..., f1) of N,,C.

We write a generator of C,,(C, F') in the form

(fna"wfbx)
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where (fn,...,f1) € N,C indexes the summand and = € F(Cp). A general element of
Cpn(C, F) is then a k-linear combination of such generators.

The face maps 0;: C,(C, F) — C,—1(C, F) are determined by

(fns-- s fo, F(f1)(2)) i
ai(fn,-..,flal‘): (fn,...,fiJrlOfl',...,fl,x) 1<Z<n—1,
(fnfly"'aflyx) 1=n.

The degeneracy maps s;: C,(C, F') = Cp41(C, F) are determined by

(fna"wflaZ.dex) J=0,

S'(fna"'afla:p): . .
J (fn,...,zdcj,fj,...,fl,x> 1<j<n

Remark 8.1.2. These are analogous to the face and degeneracy maps in the nerve con-
struction of Subsection 2.1.1 with one exception. For 9y, when we omit the first morphism
in the string, we must act on x € F(Cy) using F (f;) in order to obtain an element in the
codomain of 0.

Definition 8.1.3. Let C be a small category. Let FF € CMod and let C,(C, F') be the
simplicial k-module of Definition 8.1.1. We denote the homology of the associated chain
complex by H,(C, F'). The homology groups H,(C, F') are called the homology groups of
the small category C with coefficients in the functor F.

8.2 Functoriality of C,(C, —)

Definition 8.1.1 gives us an assignment
C, (C,—): CMod — skMod

on objects. We will extend this to an assignment on morphisms.

Definition 8.2.1. Let n > 0. Let ©: F} = F5 be a morphism of left C-modules. We
define a map of simplicial k-modules

Cy (C,0): C,(C, F1) = C, (C, Fy)
to be determined in degree n by
(frs-- s from) = (fuy ooy f1,00,(2)).
Proposition 8.2.2. The assignment
Cy(C,—): CMod — skMod

defined on objects in Definition 8.1.1 and on morphisms in Definition 8.2.1 is functorial.[]
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8.3 Exactness of C,(C, —)

We claim that C,(C, —) is an exact functor. That is, we claim that the functor C,(C, —)
takes short exact sequences of left C-modules to short exact sequences of simplicial k-
modules.

Proposition 8.3.1. Let

(€]

0 F Fy =2 Fy 0.

be a short exact sequence of left C-modules. There is a short exact sequence of simplicial
k-modules

C,(C,0) C,(C, )

0— C*(C, Fl) C*(C,FQ) C*(C, Fg) — 0.

Proof. In order to prove that we have a short exact sequence of simplicial k-modules it
suffices to show that, for each n > 0,

Cn(C,0) (C,9)

0 — Co(C, F) Cn(C, ) SMCY, o (C, ) = 0

is a short exact sequence of k-modules, since we already have compatibility with the
simplicial structure by Proposition 8.2.2.

Consider the short exact sequence

0 n==r =L F 0.

By Definition 7.0.2 we have an exact sequence of k-modules

0= Fi(C) 2% Fy(C) XS By (0) = 0

for each object C' € C.

Take the direct sum of all such short exact sequences indexed by elements (fy,..., fi1) of
N,,C. An arbitrary coproduct of short exact sequences of k-modules is itself a short exact
sequence of k-modules. We therefore have a short exact sequence

(C] N\
0> @ F) 22 P me) 2 @ R o
(fTLv"'7f1) (fn»---yfl) (fTLv"'7f1)

That is, we have a short exact sequence

0— Co(C, Fy) S0 o (e, ) LCY o By) = 0
as required.
Hence, C,(C, —) is an exact functor. O
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8.4 Axiomatic Characterization

In Subsection 8.2 we demonstrated that we have a functor
C,(C,—): CMod — skMod.

Since taking the associated chain complex of a simplicial k-module is functorial and taking
homology of a chain complex is functorial, by composition we obtain functors

H,(C,—): CMod — kMod

for each n > 0.

We claim that the functors H,,(C, —) are naturally isomorphic to the functors TorC (k*, —)
of Subsection 6.4. In order to prove this we will use Proposition 6.3.3.

Lemma 8.4.1. There is an isomorphism of k-modules
Hy(C,F) 2 k*®c F.
Proof. By definition,

Ho(G, F) = Igz)éfi?ly

By definition,
Co(C,F)= P F(O).

CeOb(C)

Let (f,x) be a generator in C1(C, F). That is, f € Homg (Cp,Cy) and = € F (Cy). We
see that

(G0 = 00)(f,2) = (F(f)(x) — @),
Since the face maps are k-linear we see that Im (9yp — 01) is the k-submodule of Cj (C, F)

generated by all differences x— F(f)(x) where f runs through all morphisms in the category
C and z runs through all elements of the domain of F(f).

By comparison with Subsection 6.4, we see that there is an isomorphism
Hy(C,F) 2 k*®c F
induced by the isomorphism F(C) = k ®;, F(C). O
Lemma 8.4.2. Given a short exact sequence
0=Fi=>FK=F;=0
of left C-modules, we have a long exact sequence
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HO(C7F1) HO(CaF2> - HO(CaF3) — 0
of k-modules.

Proof. We demonstrated in Proposition 8.3.1 that given such a short exact sequence of
left C-modules we obtain a short exact sequence of simplicial k-modules

0 — Cy(C, F1) = C4(C, Fy) — C4(C, F3) — 0.

It follows that we have a short exact sequence of the associated chain complexes and, by
a standard construction, we obtain the necessary long exact sequence in homology. O

Lemma 8.4.3. Let P be a projective object in CMod. The homology of the chain complex
C, (C, P) vanishes in positive degrees.

Proof. 1t suffices to prove this for the set of projective generators
Po = k[Homc(C, —)]

of Proposition 6.1.6.

Consider
C.(C,Pe)= @B k[Homc(C,Cy)l.

A generator is of the form (fy, ..., f1, fo) where fy € Homc¢ (C, Cp).

For each n > 0, let
hn: Cn (07PC) — Cn+1 (C7PC)

be the map of k-modules determined by

(fn)"'7f1)f0) — (fn)"'afl)f07id0)'

That is, we send the element f; € Homc (C, Cp) in the summand indexed by (f,,..., f1)
to the element idc € Homc (C, C) in the summand indexed by (fn, ..., fo).

We claim that the maps h, for n > 0 form a contracting homotopy for the chain complex
C* (C> PC)

It is straightforward to check that these map satisfy the conditions:
e 0y o h,, is the identity map for each n > 0 and

e Jip10hy,=hy_100; for 0 <i < n.
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It follows that

n+1 n
Z(_l)za’z o hn + hnfl o Z(_l)zaz
i=0 1=0
is the identity map on C,, (C, P¢) as required. O

Theorem 8.4.4. Let C be a small category and let F' be a left C-module. There are
natural isomorphisms of k-modules

TorS (k*, F) = H,(C, F)
for all mn > 0.

Proof. We combine Lemmata 8.4.1, 8.4.2 and 8.4.3 and apply the axiomatic characteriza-
tion of Proposition 6.3.3. O

86



Chapter 9

Resolutions for Trivial Modules

Introduction

We can construct more chain complexes for computing Tor over a small category using
more familiar methods from homological algebra. In this chapter we construct resolutions
for the trivial modules k, € CMod and k* € ModC using the nerves of the over-category
and under-category respectively. Section 9.1 recalls the necessary details of the over-
category and describes the resolution of k., € CMod. Section 9.2 recalls the necessary
details of the under-category and describes the resolution of £* € ModC.

9.1 A Resolution for the Trivial Left C-module

Recall the trivial left C-module, k., from Definition 6.1.3. Recall the over-category of
Section 1.4 and the nerve construction of Subsection 2.1.1. We will form a resolution of
k, in CMod from the nerve of the over-category.

9.1.1 The nerve of the over-category

Combining Remarks 1.4.5 and 2.1.8 we observe that there is a functor

N, (C/-) : C — sSet.

For an object C € C, N, (C/C) is the set of all strings of composable morphisms of length
n + 1 in C whose final codomain is C. That is, the set of elements of the form

Co s Ive, Lo

Such an element will be denoted by (f, fn,..., f1). This is notation for an element in
degree n of the simplicial set N,(C/C) and is not to be confused with the notation for
morphisms in the over-category as introduced in Definition 1.4.2.
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Given a morphism g € Homg (C’, C”) in C, N,(C/g) is defined in degree n by

Nn(C/g)(fyfnp7f1):(gof7fn77f1)

Recall that for each object C' € C, N,(C/C) the face and degeneracy maps are given
by

® O(f, fny--s f1) =(f, frseoos f2)s

0 Oi(fsfuses 1) = (Fs frseoesfin1 © fireoos fi) for 1<i<n—1,
o nlf frseoos 1) = (fofu, fnot1seoo’ f1)s

o s0(f, fur-o s 1) = (f, fus o fridey),

o $;(f, frree i f1) = (f,fn,...,z'dcj,fj,...,f1> for 1 < j < n.

By Proposition 7.0.6, N, (C/—) is a simplicial object in the category Fun (C,Set). It
follows that k[N,(C/—)] is a simplicial object in the category CMod.

9.1.2 A resolution for k,

We claim that the chain complex associated to k[N,(C/—)] is a free resolution of the
trivial C-module, k4. Following Definition 7.0.4, we prove this by showing that for each
object C' € C, k[N,(C/C)] is a free resolution of the trivial k-module, k.

Proposition 9.1.1. For each object C € C the chain complex k[N,(C/C)] has homology
isomorphic to k concentrated in degree zero.

Proof. Consider the morphism
ek [No (C/C)| — k
determined by
(CO n, C’) — 1p

This is an augmentation in the sense of Definition 2.4.12.

For each C' € C and n > 0, let
hy: k[Np(C/C)] = k[Nyp11(C/C)]
be the morphism determined by

hn(f:fna"'afl) = (_1)n+1 (idCafafnv"'afl)'

Furthermore, we define
heai k= k [No (C/C)]
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to be determined by

It is straightforward to check that the maps h,, for n > —1 satisfy the first set of conditions
of Proposition 2.4.13.

We deduce that
k n=0
H,, (k[N.(C/0)]) = {
0 else. 0

We deduce the following theorem.

Theorem 9.1.2. The chain complex associated to the simplicial object k[N, (C/—)] in the
category CMod is a free resolution of the trivial C-module, k.

In particular, for a functor G € ModC the groups TorS(G, k.) are naturally isomorphic
to the homology groups of the chain complex of k-modules

- = G ®c k[N2(C/-)] = G ®c k[N1(C/-)] = G ®c k[No(C/-)] — 0. O

9.2 A Resolution for the Trivial Right C-module

Recall the trivial right C-module, £*, of Definition 6.1.4. Recall the under-category of
Section 1.3.

We will use the under-category to construct a free resolution of k*.

9.2.1 The nerve of the under-category

Combining Remarks 1.3.5 and 2.1.8 we observe that there is a functor

N, (=\C) : C” — sSet.

For an object C' € C?, N,(C\C) is the set of all strings of composable morphisms of
length (n 4 1) in C° whose initial domain is C'. That is, the set of elements of the
form

clLo .. Ine,.

Such an element will be denoted by (fn,..., f1,f). This is notation for an element in
degree n of the simplicial set N,(C\C) and is not to be confused with the notation for
morphisms in the under-category as introduced in Definition 1.3.2.

Given a morphism g € Homcg (C/, C’), N,(g\C) is defined in degree n by
Nn(g\c)(fnaaflaf) = (fn""vflafog)'
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Recall that for each object C' € C, N,(C\C) the face and degeneracy maps are given
by

® o(fns--s J1. f) = (fuso s f2 1o f),

© Oi(frny-- s f1. )= (fny-- s fix10 fiye ooy f1, f) for 1 <i<n—1,
® On(fn,- s 1. f) = (fam1s- oo f1s )

o So(frs-- s S1o ) = (fns-- -5 froidey, f),

o 5i(furoos 1 f) = (Fuoosidey, v 1, f) for 1< <,

By Proposition 7.0.6, N, (—\C) is a simplicial object in Fun (C°, Set). It follows that
k [N* (—\C)} is a simplicial object in the category ModC.

9.2.2 A resolution for k*

We claim that the chain complex associated to k[N,(—\C)] is a free resolution of the
trivial C°P-module, k*. Following Definition 7.0.4, we prove this by showing that for each
object C' € C, k[N,(C\C)] is a free resolution of the trivial k-module, k.

Proposition 9.2.1. For each object C € C the chain complex k[N,(C\C)] has homology
isomorphic to k concentrated in degree zero.

Proof. Consider the morphism
ek [No (C\C)| = &
determined by

(C f—1> C()) — 1k‘

This is an augmentation in the sense of Definition 2.4.12.

For each C' € C° and each n > 0, let
hn = k[Np(C\C)] = k[Npt1(C\C)]
be the morphism determined by

hn(fn)"'7f1)f):(fn)"wfl)f?idC)'

Furthermore, we define
hoii k= k[N (C\C)]

to be determined by
1y (c o, C) .
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It is straightforward to check that the maps h, for n > —1 satisfy the second set of
conditions of Proposition 2.4.13.

We deduce that
k n=0

H, (k[N,(C\C)]) = { 0 s -

We deduce the following theorem.

Theorem 9.2.2. The chain complex associated to the simplicial object k[N, (—\C)] in the
category ModC is a free resolution of the trivial C°P-module, k*.

In particular, for a functor F € CMod the groups Tor*c(k*, F) are naturally isomorphic
to the homology groups of the chain complex of k-modules

= k[No(-\C)] 86 F = KN(-\C)] @ F — kNo(-\O) @c F » 0. [
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Chapter 10

Connecting £* ®c — and Cy(C, —)

10.1 The Isomorphism of Chain Complexes

Lemma 10.1.1 ([Aull0, Section 1.3]). For each n > 0, there is an isomorphism of
k-modules
on: k[Np(=\C)] ®c F — C,(C, F)

determined by

(Cn IR RPN ) o) @] 5 (s 1, F(fo) ().

O

Furthermore, these isomorphisms are compatible with the boundary maps and we obtain
the following theorem.

Theorem 10.1.2 ([Aull0, Section 1.3]). Let C be a small category and F € CMod.
There is an isomorphism of chain complexes

Ci(C, F) = k[N (-\C)] ®c F. O

Corollary 10.1.3. Let C be a small category and F' € CMod. There exist isomorphisms

k-modules
Torg(k:*,F) = H,(Cu(C, F)) =2 Hy(k[No(—\C)] ®@c F)

for each n = 0. O
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Part 111

Gamma Homology
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Introduction

Robinson and Whitehouse developed gamma homology, which we will frequently write
as I'-homology, for commutative k-algebras to encode information about homotopy com-
mutativity. The details of I'-homology were first written in the thesis of Whitehouse
[Whi94]. I'-homology is closely related to stable homotopy theory as demonstrated by Pi-
rashvili [Pir0Ob] and Pirashvili and Richter [PR00]. One way to view the construction of
I~homology is as building a symmetric group action into the Hochschild complex. We shall
see in Chapter 24 that there is another theory, called symmetric homology, that builds a
symmetric group action into the Hochschild complex. In Part VII, under some conditions,
we will provide a comparison map between symmetric homology and I'-homology.

As mentioned, T'-homology for commutative algebras was introduced in the thesis of
Whitehouse [Whi94]. This included a definition of a standard complex for computing
I~homology, which has become known as the Robinson-Whitehouse complex. Pirashvili
[Pir00b] and Pirashvili and Richter [PRO0] generalized I'-homology to the setting of functor
homology in the sense of Part II. In particular, they provide a version of the Robinson-
Whitehouse complex in the functor homology setting.

We will take the description of I'-homology as functor homology to be our definition and
will specialize to the results of Whitehouse [Whi94].

In Chapter 11 we recall the categories I' and 2 and some related categories. In Chap-
ter 12 we define the categories of I'-modules and 2-modules, following Section 6.1 and
recall Pirashvili’s Dold-Kan Type theorem. This theorem proves an equivalence between
categories of certain types of I'-modules and Q-modules.

In Chapter 13 we define I'-homology in terms of functor homology. We define a Loday
functor for the category I' and recover the definition of I'-homology for a commutative
algebra given by Whitehouse. In Chapter 14 we define the Robinson-Whitehouse complex
for a I'-module following Pirashvili and Richter and specialize to the complex defined by
Whitehouse.

In Chapter 15 we recall the calculations of I'-homology for some important commutative
algebras. Robinson and Whitehouse describe I'-homology of a commutative algebra in
degree 0 in terms of the Kahler differentials. Richter and Robinson calculate I'-homology
for group algebras and polynomial algebras.

An important feature of I'-homology, which is crucial to defining the comparison map
of Part VII, is its relation to Harrison homology. In Chapter 16 we recall some of the
properties of I'-homology, including its relation to tree spaces, following Whitehouse. In
Chapter 17 we continue in this vein, describing a variant of the I'-complex in the case
when the ground ring contains Q and the relationship between I'-homology and Harrison
homology.

In Chapter 18, we present some new material. We examine the Robinson-Whitehouse
complex for an augmented, commutative algebra and prove that it splits into a direct sum
of chain complexes, one summand of which is built from the augmentation ideal. Further-
more we prove that when the ground ring contains QQ, the homology of this summand is
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isomorphic to the I'-homology of the augmented, commutative algebra.
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Chapter 11

The Categories I' and ()

11.1 The Categories I' and {2

Definition 11.1.1. Let I' denote the category whose objects are the finite based sets
[n] ={0,1,...,n} for n > 0 and whose morphisms are basepoint-preserving maps of sets.

Remark 11.1.2. The category I' is a skeleton of Fin,.

Definition 11.1.3. Let 2 denote the category whose objects are the finite sets n =
{1,...,n} for n > 1 and whose morphisms are surjections of sets.

11.1.1 Related categories

Definition 11.1.4. Let Qy be the category obtained from €2 by adding the empty set ()
as a zero object. That is,

Ob () = Ob () [T {0} .

The morphisms of €2y are the morphisms of ) together with unique maps

=

n—

and

1
I3

for each n > 1.

Definition 11.1.5. For n > 2, let n/Q/1 denote the category whose objects are all com-
posites in 2 of the form
n—r—1

where 1 < r < n. A morphism from



to
n—r —1

in n/Q/1 is a morphism f € Homg ([, r ) such that the diagram

—_— z —_—

\\\w//
,',,/

commutes. We call n/Q/1 the category of objects strictly under n and over 1 in ).

n 1
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Chapter 12

['-modules and Pirashvili’s
Dold-Kan Type Theorem

Introduction

We define the categories of I'-modules and 2-modules following Section 6.1. We recall
Pirashvili’s Dold-Kan Type theorem. This theorem proves an equivalence of categories
between categories of I'-modules and categories of {2-modules. This theorem is the key to
the fact that we can calculate I'-homology using only epimorphisms, that is morphisms in
Q, rather than morphisms in I.

12.1 TI'-modules and (2-modules

We recall the notions of I'-modules and (2-modules following Section 6.1.

Definition 12.1.1. Let 'Mod denote the category of left I'-modules. The objects are
functors I' — kMod and the morphisms are natural transformations of functors.

Definition 12.1.2. Let 'Modj denote the subcategory of 'Mod whose objects are those
left I-modules F satisfying F ([0]) = 0.

Definition 12.1.3. Let ModI denote the category of right I'-modules. The objects are
functors I'°? — kMod and the morphisms are natural transformations of functors.

Definition 12.1.4. Let Q2Mod denote the category of left 2-modules. The objects are
functors 2 — kMod and the morphisms are natural transformations of functors.

12.2 Pirashvili’s Dold-Kan Type Theorem

Theorem 12.2.1 ([Pir00a, Theorem 3.1]). There exists an equivalence of categories

I'Mody ~ QMod. O
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Remark 12.2.2. The key step in proving this equivalence is to construct the cross-effect
functor [Pir00a, Section 2],
cr: 'Mody — QMod.

The name Dold-Kan Type theorem arises from the fact that the construction of the cross-
effect functor cr is inspired by the construction of the functor

K: ChCpx (A) — sA

in the Dold-Kan Correspondence. See [Wei94, Section 8.4] for details of the functor K.

The following variant of the theorem is obtained by Pirashvili as a corollary. The key
point is that any left I-module F' can be written as

F=FaF,

where F’ € TMod and Fj is a constant object in 'Mod with value F ([0]). The fact
that the category I' has a zero object, namely [0], is crucial to this result.

Corollary 12.2.3. There is an equivalence of categories

I'Mod ~ QyMod. m
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Chapter 13

['-homology as Functor
Homology

13.1 The Functor ¢

Definition 13.1.1. Let
t := Homget, (—, k) : I'” - kMod
where the commutative ring k is considered to be a based set with basepoint 0.

The functor ¢ is sometimes referred to as the based k-cochain functor [Rob18, Section 3.4].

The functor t arises as the cokernel of a natural transformation of projective generators
in ModI'. We follow Pirashvili [PirO0b, Section 1.4]. Recall from Proposition 6.1.7 that
the functors

"=k {Homp (-, [n])}
for n > 0 are projective generators for the category ModlI'.

Definition 13.1.2. For each i € [n] we define the characteristic function,

by
xz-<j>={0 7
1y =17

Remark 13.1.3. For i # 0, x; is a morphism of based sets.

Definition 13.1.4. Let ¢ € [n] be a non-zero element. We define the morphism

pi: [n] = (1]
in I" by
m(g)z{o 7
1 i=7.



Definition 13.1.5. We define the morphism

p: [2] = [1]
in I by
. fo =0
p(])—{l i1

Definition 13.1.6. Let a: I'?2 = I'! be the natural transformation of right I'-modules
determined by

a (M5 @) =moftmes—por.

Definition 13.1.7. Let 5: I'' = ¢ be the natural transformation of right I'-modules

determined by
(% 0]) = Y
9(i)=1

Proposition 13.1.8 ([Pir00b, Section 1.4]). There is an exact sequence
rrarldisg

of right I'-modules. O

13.2 TI'-homology as Functor Homology

Definition 13.2.1. Let F' be a left I'-module. We define the I'-homology of F' by

HT\,(F) = Torl (t,F).

13.3 The Loday Functor and ['-homology of a Commutative
Algebra

Definition 13.3.1. Let A be a commutative k-algebra and let M be a symmetric A-
bimodule. We define the Loday functor

Z(A,M)(=): T — kMod

on objects by
ZL(A, M) ([n]) = A®" @ M.

For an element f € Homr ([p], [q]),
L(AM)(f): AP @ M — A®T @ M
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is determined by

(a1®-'-®ap®m)H H a; | ®---® H a; | & H a; | m

ief~H(1) i€f~(q) icf~1(0)
where an empty product is understood to be 14 € A.

Definition 13.3.2. Let A be a commutative k-algebra and let M be a symmetric A-
bimodule. We define the I'-homology of A with coefficients in M by

HT, (A,M) = HT, (Z(A,M)).
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Chapter 14

The Robinson-Whitehouse
Complex

Introduction

There is a standard chain complex that computes I'-homology, called the Robinson-
Whitehouse complex. This complex was first defined in the thesis of Sarah Whitehouse
for commutative algebras over a commutative ground ring [Whi94, Definition I1.4.1]. We
recall the more general version for all left I'-modules defined by Pirashvili and Richter
[PROO, Section 2].

14.1 The Nerve of (2

Definition 14.1.1. Let NQ, (z,1) denote the set of strings of composable morphisms of
length n in the category ) whose initial domain is the set  and whose final codomain is
the set 1.

An element

Jn— n
&&ﬂ&...%xn_lgl

of NQ,, (z,1) will be denoted
ol A]-

We will find it useful to represent elements of N, (z,1) as graphs.

Ezample 14.1.2. Let fi € Homg (7,5) be represented by the graph

1 2 3 4 5



Let f € Homg (5,3) be represented by the graph

1W5
1 2 3

Let f3 € Homg (3, 1) be represented by the graph
1 /
1

We represent the element [ fa| fa | fl] in NQ3(7,1) with the graph

r 2 3 4 5 __6 7

Definition 14.1.3. Let [f, | --- | f1] be an element of NQ, (z,1) thought of as a graph.
We define the i'" component of [f, |-+ | f1], denoted [fi_; | ---| fi] to be the sub-graph
consisting of the preimage of ¢ € x,,_1, re-indexed such that

n—1

e the domain of the j%* morphism is the set ‘f;l N (z)‘ and

e the final codomain is 1.

Example 14.1.4. Consider [fg | fo | fl] in NQ3(7,1) from Example 14.1.2. Consider the
element 1 € 3. The sub-graph of [f3 | fa | f1] consisting of the preimage of 1 € 3 is

2 3 4
2 4
1

Re-indexing according to Definition 14.1.3 we see that [ 3l fll] in NQg (3, 1) is represented
by the graph
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e
/

1
1
1

Similarly we see that [f7 | f7] in N (2, 1) is represented by the graph

2

2
and [ 3 ff’] in NQs (2,1) is represented by the graph

/2

_ = — =

1
1
1

Definition 14.1.5. Let [f, | --- | fi] be an element of NQ, (z,1). Let

r; = ‘f{l...f,;ll(z') .

We define I; € Homr ([2], [r;]) to be non-zero only on elements of f;'... f, (i) in which
case it is strictly order-preserving.

Ezample 14.1.6. Consider [fs | f2 | fi] in NQ3 (7,1) from Example 14.1.2. In this case
o fif1(1) ={2,3,4} and ry = 3,
o fi1f;1(2) ={1,6} and o = 2 and
o £ N3) = {57} and r3 = 2

We can represent l; € Homp ([7],[3]) by the graph

0 1 2 3 4 ) 6 7

0 1 2 3

We can represent l; € Homp ([7],[2]) by the graph
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0 1 2 3 4 ) 6 7
W
We can represent I3 € Homr ([7],[2]) by the graph
0 1 2 3 4
0 1 2
14.2 The Robinson-Whitehouse Complex

Let F be a left I'-module. We define the simplicial k-module CT,(F') as follows. In degree
zero we set

CTo(F) == F ([1]).

In degree n we set

CTw(F) =Pk [NQ (z,1)] ® F ([z]) .

z>1

14.2.1 Face maps
Let n = 1 and let [fi] ® y be a generator of CTy (F). That is, fi € Homgq (z,1) and

We define the face maps
80, 811 CFl(F) — Cro(F)

to be determined by
o (1l ®y) =F(f)(y)

and

o ([ley) =Y Flp)y)
i=1

where the p; are the morphisms of Definition 13.1.4.

Let n > 2 and let [f, |-+ | f1] ® y be a generator of CT,,(F). That is,
ol ool = foa By 2 Iy
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is an element of N, (z,1) and y € F ([z]).

We define the face maps
0;: CT(F) — CT'y—1(F)

for 0 < i < n to be determined by

00 ([ful -1 A] @y) = [ful -+ | f2] © F(F1)(),

Oi([fal -1 1] @y) = [fal - | frrofi| - | A] &y

for1<i<n-—1and

On([fu -1 ] @y) = 3 [fia |- 1A @ F) )

1€ETH 1

where the I; are the morphisms of Definition 14.1.5.

14.2.2 Degeneracy maps
Let n =0 and let y € CTy (F'). We define the degeneracy map
So - Cro(F> — CFI(F)

to be determined by
so(y) = [id1] ® y.

Let n > 1 and let [f, |-+ | f1] ® y be a generator of CT,(F). That is,
alo i A =afoay B Iy £

is an element of N, (z,1) and y € F ([z]).

We define the degeneracy maps
S5t C’I‘n(F) — C’Fn+1(F)

for 0 < j < n to be determined by

so([fal -1 fi]@y) = [fal | filid] &y

and
5 ([fal 1A @y) = [f o Lidey | S 1+ | 1] @y

for1 <j<n.
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14.2.3 The Robinson-Whitehouse complex

Definition 14.2.1. Let F' € CMod. Let CT, (F) be defined by
CTo(F) == F ([1])

and
CTw(F) =Pk [N (z,1)] ® F ([z])
x>1
with face maps defined in Subsection 14.2.1 and degeneracy maps defined in Subsection
14.2.2. We call the associated chain complex of CT(F') the Robinson- Whitehouse complex
of F.

Remark 14.2.2. If we take F' = £(A, M), the Loday functor of Definition 13.3.1, we
recover the chain complex of [Whi94, Definition II1.4.1].

Theorem 14.2.3 ([PR00, Theorem 1]). Let F be a left T'-module. There is an iso-
morphism of k-modules
HT,(F) = H, (CT.(F))

or each n > 0. U]
[

Remark 14.2.4. We observe from the definition of the Robinson-Whitehouse complex and
Pirashvili’s Dold-Kan Type Theorem that in order to compute I'-homology it is sufficient
to work with the category 2. That is, we only require epimorphisms. We will see in Part
VI that for certain homology theories arising from crossed simplicial groups we also have
reduction to epimorphisms in certain cases. However these do not arise from Dold-Kan
Type theorems. We will comment more on this in the introduction to Part VI.

14.2.4 Normalized Robinson-Whitehouse complex

Since the Robinson-Whitehouse complex is a chain complex associated to a simplicial
k-module we can form the normalized complex following Subsection 2.5.12.

Definition 14.2.5. The normalized Robinson- Whitehouse complexr, NCT,(F'), consid-
ered as a quotient of CT,(F), is generated in degree m by equivalence classes of the
form

[l -1 A] @],

where [fn | -+ | fi] denotes a string of morphisms

if_1>..._>f"‘1 xn_lf_">1

in N,Q(z,1) such that each f; for 1 <4 < n is not an identity morphism and y € F ([z]).
The differential is induced from the differential in the Robinson-Whitehouse complex.

Proposition 14.2.6. Let F € I'Mod. There is an isomorphism of k-modules
HT,(F) = H, (NCT(F))

or each n > 0. U]
[
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Chapter 15

Calculations of ['-homology

15.1 Calculations of I'-homology

Proposition 15.1.1 ([RW02, Proposition 5.5 (1)]). For A a commutative k-algebra
and M a symmetric A-bimodule there is an isomorphism of k-modules

HTo(A, M) = Q}W Q4 M,
where Qzl4|k is the module of Kdhler differentials of Definition 4.5.4. O

Proposition 15.1.2 ([RR04, Proposition 2.1]). The I'-homology of the integral group
ring on an abelian group G is isomorphic to the integral homology of the Eilenberg-Mac
Lane spectrum of the group G. That is,

HT, (Z[G),Z) = HZ,HG. 0

Remark 15.1.3. The more general case where Z is replaced by an arbitrary commutative
ring k also holds, see [RR04, Proposition 3.1].

Proposition 15.1.4 ([RR04, Proposition 3.2]). If A is an augmented, commutative
k-algebra and some abelian group algebra k[G] is étale over A, then the I'-homology of A
is isomorphic to that of k|G|, thus

HT, (A k)= Hk, HG.
In particular, the T'-homology of a polynomial algebra k[z] is isomorphic to the k-homology
of HZ because k [z, x| = k[Z] is étale over klz]. O

Theorem 15.1.5 ([RR04, Theorem 3.3]). Let A be a smooth, augmented k-algebra.
The T'-homology of A consists of the direct sum of as many copies of Hk HZ as the
dimension of the module of Kdahler differentials Q,l4|k®f4k;' That is, there is an isomorphism

of k-modules
HT, (A, k) = Q) ®4 Hk HZ. 0
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Chapter 16

Tree Spaces, the Category [' and
Harrison Homology

Introduction

When the ground ring k& contains Q, I'-homology coincides with Harrison homology. This
fact will be very useful when we come to define a comparison map between symmetric
homology, to be discussed in Chapter 24, and I'-homology in Part VII. In this chapter we
recall the details required to prove that I'-homology and Harrison homology coincide in
this case following Whitehouse [Whi94].

I~-homology can be seen, in one sense, as a way of building an action of the symmetric
groups into Hochschild homology. This action occurs via tree spaces. Loosely speaking,
one forms a collection of topological spaces, {T},} for n > 2, from labelled trees, each of
which has only one non-trivial reduced homology group. The symmetric group ,, acts on
the topological space T}, and the non-trivial reduced homology group gives a representation
of ¥,,. This representation is also related to the category Q.

16.1 The Space of Fully-Grown Trees

The material in this subsection follows [Whi94, Section II.2].

Definition 16.1.1. A {ree is a compact contractible one-dimensional polyhedron. It is
always triangulated so that each vertex is either an end, belonging to exactly one edge
called a free edge, or a node, belonging to at least three edges. Edges that are not free are
called internal edges.

Definition 16.1.2. Let n > 2. An n-tree is a tree such that
e it has exactly n + 1 ends, labelled by 0, 1, ..., n

e cach internal edge a has a length, I(a), 0 < l(a) < 1.
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Example 16.1.3. A 5-tree.

0.6

Definition 16.1.4. An isomorphism of n-trees is a homeomorphism which is isometric
on edges and which preserves the labelling of the ends.

Definition 16.1.5. We denote by T;, the space of isomorphism classes of n-trees. See
[RW96, Section 1] for details of the space of T,.

Definition 16.1.6. An n-tree has a cyclic labelling if it can be drawn in such a way that
the labels 0,...,n occur in order as one goes around the tree.

Ezxample 16.1.7. A 5-tree with cyclic labelling.

0.6

Definition 16.1.8. The topological space T},, called the space of fully-grown n-trees, con-
sists of isomorphism classes of trees that have at least one internal edge length equal to
1.

Proposition 16.1.9 ([Whi94, Proposition I1.2.4]). The space of fully-grown n-trees,
T,, can be triangulated as a simplicial complex such that every simplex is the face of an
(n — 3)-simplex. Furthermore, every (n — 4)-simplex of T), is a face of precisely three
(n — 3)-simplicies. O

Remark 16.1.10. A simplex of T}, corresponds to an equivalence class of fully-grown n-
trees under label-preserving homeomorphism. In other words, it corresponds to the shape
of an n-tree. The faces of the simplicial complex correspond to shrinking an internal edge
of the tree to zero.
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16.2 Topological Properties of the Space of Fully-Grown
Trees

16.2.1 Homotopy type of the space of fully-grown trees

Theorem 16.2.1 ([Whi94, Theorem I1.2.5]). There is a homotopy equivalence

T, ~ \/ 573,
(n—1)! O

Corollary 16.2.2. The space of fully-grown trees, T,,, has one non-trivial reduced homol-
ogy group with coefficients in k,

Hyos (T, k) = k207 0

16.2.2 The module V,

The symmetric group >, acts on the space of fully-grown trees 7;, by permuting the non-
zero labels on n-trees. Let ¢ € >,. The group %, acts on the left of T,, by applying
the permutation o to the non-zero labels on n-trees. In fact, ¥,, also acts on the right of
T,, by applying the permutation o~! to the non-zero labels of an n-tree. The homology
group H,_3(T,, k) gives a representation of ¥,, and has the structure of both a left and
right k3,-module. Observe that the actions described here extend to formal k-linear
combinations of n-trees.

Definition 16.2.3. We denote the homology group H,_3 (T,,k), considered as a right
kX ,-module, by V,,.

16.2.3 The cycle ¢,

Proposition 16.2.4 ([Whi94, Section II1.1]). The (n — 3)-dimensional simplicies of
T, given by n-trees with a cyclic labelling can be oriented so that they form a cycle in the
simplicial complex of Proposition 16.1.9. O

Remark 16.2.5. This result is non-trivial to prove. Full combinatorial details are given in
[Whi94, Section IIL.1].

Definition 16.2.6. We will denote the cycle corresponding to that of Proposition 16.2.4
in the associated chain complex by c¢,,.

Remark 16.2.7. The cycle ¢, is a k-linear combination over all isomorphism classes of
n-trees with (n — 2) internal edges and a cyclic labelling.

The right action of the symmetric group X,, on T, restricts to an action of ¥, _1, where
we only permute the labels 1,...,n — 1.
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Proposition 16.2.8 ([Whi94, Section III.1]). Recall the right kX, -module V;, of Def-
mition 16.2.3. Let 0 € X,,_1. The k-linear combination c,o, where o runs through all
elements of ¥,—1, form a basis for V,. O

16.3 The Connection with the Category (2

We have the following relationship between the category {2 and the space of fully-grown
trees. Recall the category n/Q/1 from Definition 11.1.5.

Proposition 16.3.1 ([Whi94, Proposition 11.3.2]). There is a ¥, -equivariant map
®: | N, (n/Q/1)| > T,

from the realization of the nerve of the category n/Q/1 to the space of fully-grown trees,
which is a homotopy equivalence.

In particular,

H, 3 (’N* (@/Q/l)‘ k) = Hy_s (T, k)

is the only non-trivial reduced homology group of )N* (@/Q/l)’ Ol
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Chapter 17

Gamma Homology in
Characteristic Zero

Introduction

We recall a variant of the I'-complex when the ground ring contains Q and prove that its
homology coincides with Harrison homology, up to a shift in degree.

17.1 The Rational I'-complex

Suppose k£ O Q. Let A be a flat commutative k-algebra and let M be a symmetric
A-bimodule.

Recall that A®" ® M is a left kX,,-module, where ¥,, acts by permuting the tensor fac-
tors.

Definition 17.1.1. We define
VaD(4, M) =V, @s,, (A" @ M) .
We consider a k-module generator of V,,I'(A, M) to be an equivalence class of the form
[eno ® (a1 ® -+ ® ap @ m)]

where ¢,0 is a generator of V,, and (a1 ® - -+ ® a, ® m) is a generator of A®™ @ M.

The boundary map
d: V,T' (A, M) — V,_1T'(A, M)

is determined by
[no ® (a1 ® - ® an @ m)| {cn_1®b(a(a1®--~®an®m))}
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where b is the Hochschild boundary map.
We call V,T'(A, M) the rational T'-complez.

Proposition 17.1.2. Let k O Q. Let A be a flat commutative k-algebra and let M be a
symmetric A-bimodule. There is an isomorphism of k-modules

HT,_1(A, M) = H, (V,T'(A, M))
for each n > 1. O

Remark 17.1.3. We obtain the rational I'-complez by considering a filtration of the I'-
complex CT, (ZL(A, M)). For full details see [Whi94, Sections I1.4 and IIL4].

17.2 Relationship with Harrison Homology

Recall the Eulerian idempotent eg) from Definition 5.3.8.
Lemma 17.2.1 ([Whi94, Proposition I11.3.2]). There is an isomorphism
V, = egll)k‘En
of right kX, -modules determined by
cno = eo
foro e ¥, 4. ]

Proposition 17.2.2 ([Whi94, Theorem I11.4.2]). Let k O Q. Let A be a flat com-
mutative k-algebra and let M be a symmetric A-bimodule. There is an isomorphism of
k-modules

HT,,_1(A, M) = Harr,(A, M)
for each n > 1.

Proof. There is an isomorphism of chain complexes between the rational I'-complex and
the Harrison complex, viewed as a subcomplex of the Hochschild complex.

The isomorphism is induced from the maps
On: Vil (4, M) — VC,, (4, M)
determined by
[cho ® (a1 ® -+ ® ap, @ m)] r—)eg)a(al(@---@an@m)

and
U, ey, (A, M) — VI (A, M)

determined by
6%1)<a1®...®an®m),_>[Cn®(al®...®an®m)]. =

Remark 17.2.3. 1t follows from Theorem 5.5.5 that when the ground ring k contains @,
I'-homology coincides with André-Quillen homology.
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Chapter 18

Gamma Homology of an
Augmented Algebra

Introduction

We prove that the I'-complex for an augmented, commutative k-algebra splits as a direct
sum, one summand of which is built from the augmentation ideal. The key is to define
the pruning map of Definition 18.2.4.

18.1 The I'-complex for the Augmentation Ideal

18.1.1 Basic tensors

Let A, be an augmented, commutative k-algebra with augmentation ideal I and let M be
a symmetric A.-bimodule. In this case CT', (A, M) is generated k-linearly by tensors of
the form

[fn""\f1]®(a1®---®ax)®m
where
[fn|"'|f1]Iiggg---%xnﬂhl

is an element of NQ, (z,1), (a1 ® - -+ ® a,) is a basic tensor in A®® and m € M. Recall
from Definition 4.4.9 that a basic tensor is such that each a; is either an element of the
augmentation ideal I or is equal to 1.

18.1.2 The I'-complex for the augmentation ideal

Let A. be an augmented, commutative k-algebra with augmentation ideal I and let M
be a symmetric A.-bimodule. We can form the I'-complex for the augmentation ideal I

121



rather that the algebra A.. In order to check that this is well-defined we need to show
that reducing to the augmentation ideal is compatible with the face maps. Let

ol Al @ ®@ys) @m

be a generator of
CTw(I,M) = @ ENQ, (z,1) @ I%" ® M.

x>1
In order to ease notation we let

f* = E(A7M)(f)

The only face maps that interact with the tensor (y; ® - -+ ® y,) € I®® are 9y and 9.

We observe that
0 ([fl -+ | ] @& - @y,) @m)

is equal to
Sl 1 2] © fre(n @+ @ yp) @

Since f1 is a surjective map of sets, the action of fi, on (y; ® - -+ ® y;) permutes tensor
factors and multiplies tensor factors together. Since the augmentation ideal I is closed
under multiplication we see that

0 ([ful -+ 1 ] @@ e-@y)om)

is an element of CT,,_1 (I, M) as required.

The final face map 0, is compatible with the augmentation ideal. Since I is a k-subalgebra
of A. we have a compatible action of the augmentation ideal I on the A.-bimodule M by
restriction.

Definition 18.1.1. Let A. be an augmented k-algebra with augmentation ideal I and let
M be a symmetric A.-bimodule. We define the chain complex CT (I, M) in degree n by

CTW(I, M) =Pk [N (z,1)] @ 1" @ M

x>1
with the boundary map given by the alternating sum of the face maps.

Proposition 18.1.2. Let A be an augmented, commutative k-algebra with augmentation
ideal I and let M be a symmetric As-bimodule which is flat over k. The chain complex
CT.(I,M) is a subcomplex of CT, (As, M).

Proof. The proof is similar to that of Lemma 5.2.3. Note also that the proof of Lemma
5.2.2 implies that we do not need any flatness condition on I for this result. O
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18.1.3 Normalization

We can view CT', (I, M) as a chain complex associated to a simplicial k-module by consider-
ing the degeneracy maps of Subsection 14.2.2, which insert identities into the string of mor-
phisms. We can therefore form the normalized complex following Subsection 2.5.12.

Definition 18.1.3. The normalized complex, NCT', (I, M), considered as a quotient of
CTy (I, M), is generated in degree n by equivalence classes of the form

[[fnl---|f1]®(y1®---®yx)®m},

where [fn |- f 1] denotes a string of morphisms

Jn— n
&fﬁlﬂ&'..ﬁlmnflgl

in N,Q(z,1) such that no f; is an identity map and (y1 ® - -+ @ y,) @ m € [®* @ M. The
differential is induced from the differential of CT'. (1, M).

We deduce the following proposition from Corollary 2.5.16.

Proposition 18.1.4. There is an isomorphism of k-modules
H, (CT, (I,M)) = H, (NCT\(I,M))

or each n = 0. ]
J

18.2 The Pruning Map

Let A, be an augmented, commutative k-algebra with augmentation ideal I and let M
be a symmetric A.-bimodule which is flat over k. We will demonstrate that the chain
complex CT (I, M) is a direct summand of the chain complex CT, (As, M). We do so by
providing a splitting map called the pruning map.

Definition 18.2.1. Let
[fn |- f1] ® (a1 ® - ®ag) @m

be a generator of CT', (A, M) such that (a1 ® -+ ® a,) ® m is a basic tensor in the sense
of Definition 4.4.9.

Let L ={ly,...,l} be the set such that a; € I if and only if i € L. Let

mi::Im((fio---ofl)‘L>.

Let N
fit | L] = [
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denote the map obtained from f; by restricting the domain to the set L, restricting the
codomain to m; and re-indexing both domain and codomain in the canonical way.

For 2 <i< nlet
fit Imi—1| — |m;]

denote the map obtained from f; by restricting the domain to the set m;_1, restricting the
codomain to the set m; and re-indexing both domain and codomain in the canonical way.

Remark 18.2.2. Observe that this ensures that the maps }V’Z are surjective.

Ezample 18.2.3. Let
[falfo| fi] @ (1 © 1, @1 @ys) @m

be a generator of CT'3 (Az, M) where y1, y4 € I and [f3 | fol fl] is represented by the
graph

1 2 3 4
| >(T/ 3
1 2
1
In this case,

o L ={1,4},

o m; =1{2,3}

e my = {1,2} and

® M3 — {1}

We observe that

Fal F2 | ]
is represented by the graph
1 2
1

X,
|
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Definition 18.2.4. Let A, be an augmented, commutative k-algebra with augmentation
ideal I. Let M be a symmetric A.-bimodule which is flat over k. We define the pruning
map

P.: CTy (Ae, M) — CT (I, M)

to be the k-linear map of chain complexes determined in degree n by

ol I A]®(a1 @ ®az) @m
[Tf;|"‘|f~i1}®(al1®“‘®alh)®m

Remark 18.2.5. Intuitively, the pruning map removes the trivial tensor factors from the
basic tensor (a; ® - - ® a;) € A®? and prunes the graph in order to preserve the permu-
tations and multiplications of the non-trivial tensor factors.

Ezample 18.2.6. Let
(falfo|l fi] @1 © 1L, @1 @ys) @m

be the generator of CT's (A, M) from Example 18.2.3. We observe that
P3 ([f3 | f2 ] f1] ®(y1®1k®1k®y4)®m>
is equal to

[ﬁﬂfﬂfl} ® (Y1 ® ya) ® m.

The proof that the pruning map is a well-defined map of chain complexes can be found in
Appendix A.

18.3 Properties of the Pruning Map

Theorem 18.3.1. Let A. be an augmented, commutative k-algebra with augmentation
ideal I. Let M be a symmetric A.-bimodule which is flat over k. Let

i: CTy (I,M) — CTy (A;, M)
denote the inclusion of the subcomplex. The composite
P,oi: CT(I,M) — CT\ (I, M)
is the identity map.
Proof. An element in the image of ¢ is a k-linear combination of generators of the form
fal | A]OW® Qyz)@m

such that (y1 ® -+ ® y,) € I®*. In particular, (y; ® - ® y,;) contains no trivial factors.
By construction, the pruning map P, is the identity on such elements. O
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Corollary 18.3.2. Under the conditions of Theorem 18.3.1, there is an isomorphism of

chain complexes
CTy (Ae, M) = CTW(I, M) ® Ker (Py) . O

Corollary 18.3.3. Under the conditions of Theorem 18.3.1, there is an isomorphism of

k-modules
HT,, (A, M) = HT,(I, M) & H,, (Ker(P,))

for each n > 0. O

Remark 18.3.4. In particular, under the conditions of Theorem 18.3.1, the chain com-
plex CT, (I, M) is a direct summand of the I'-complex CT, (A, M) and the homology of
CT. (I, M) is a direct summand of the I'-homology of A, with coefficients in M.
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Part 1V

Crossed Simplicial Groups
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Introduction

Hochschild [Hoc45] introduced a cohomology theory in order to classify algebra extensions
for associative algebras over a field. Cartan and Eilenberg introduced the corresponding
homology theory for algebras over a commutative ring, as discussed in Section 5.1.

Connes [Con83] and Tsygan [Tsy83] independently introduced the notion of cyclic homol-
ogy. Cyclic homology can be viewed as being constructed from Hochschild homology by
incorporating an action of the cyclic groups, as discussed in Section 5.6.

This raises a natural question: can one build actions of other families of groups into
Hochschild homology and obtain an interesting homology theory? Fiedorowicz and Loday
[FLI1] and Krasauskas [Kra87] independently answered this question in the affirmative
with the theory of crossed simplicial groups.

In Chapter 19 we recall the equivalent definitions of crossed simplicial groups together
with examples and the necessary theory that we will require for the rest of the thesis. Of
particular importance is the fact that given a crossed simplicial group there is a standard
way to associate a functor homology theory.

In Chapters 20 and 21 we describe the functor homology generalizations of Hochschild
homology and cyclic homology and recover the algebraic theories of Sections 5.1 and
5.6.

In Chapter 22 we introduce the reflexive crossed simplicial group and its associated cate-
gory.

In Chapter 23 we describe the dihedral crossed simplicial group and its associated homol-
ogy theory. We recall its relation to O(2)-equivariant homology.

A result of Fiedorowicz and Loday [FL91, Theorem 6.16] implies that the homology theo-
ries associated to the symmetric crossed simplicial group and the hyperoctahedral crossed
simplicial group in the standard way are isomorphic to Hochschild homology. Fortunately,
Fiedorowicz [Fie| introduced interesting variants of symmetric homology and hyperocta-
hedral homology.

In Chapter 24 we describe the symmetric crossed simplicial group and discuss the problems
with the homology theory constructed in the standard way. We recall Fiedorowicz’s con-
struction of symmetric homology and state a result connecting the symmetric homology
of a group algebra to the homology of infinite loop spaces.

In Chapter 25 we describe the hyperoctahedral crossed simplicial group. We provide a
presentation of the associated category. We recall Fiedorowicz’s construction of hyperoc-
tahedral homology and state a result connecting the hyperoctahedral homology of a group
algebra to the Z/2Z-equivariant homology of an infinite loop space.
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Chapter 19

Crossed Simplicial Groups

Introduction

In this section we recall the general theory of crossed simplicial groups following Fiedorow-
icz and Loday [FL91].

In Section 19.1 we recall several equivalent definitions of crossed simplicial groups.

In Section 19.2 we provide some important examples of crossed simplicial groups, known as
the fundamental crossed simplicial groups. These include the cyclic, dihedral, symmetric
and hyperoctahedral groups.

To each crossed simplicial group there is an associated category. In Section 19.3 we
describe the subcategories of epimorphisms and monomorphisms for categories associated
to crossed simplicial groups. The subcategory of epimorphisms will play an important role
in Part VL

Finally in Sections 19.4 and 19.5 we describe how to associate a functor homology theory
to a crossed simplicial group and the connection to equivariant homology theories.

19.1 Definitions

Definition 19.1.1. A sequence of groups {G,}, n > 0, is a crossed simplicial group if it
is equipped with the following structure. There is a small category AG, which is part of
the structure, such that,

1. the objects of AG are the sets [n] ={0,...,n} for n >0,
2. AG contains A as a subcategory, where ¢ € Homa ([n], [m]) is written as (gp, id[n]> €
Homag ([n], [m]),

3. there is an isomorphism of groups Autag([n]) = G,, where g € Gy, is written as
(id[n],g> € Homag ([n, [n]),
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4. an element of Homag ([n], [m]) can be written uniquely as a composite

((p, id[n]) o (id[n],g>

where g € G,, and ¢ € Homp ([n], [m]) Such a composite will be written (¢, g).
Remark 19.1.2. The definition of Fiedorowicz and Loday [FL91, Definition 1.1] states that
Autag([n]) = GP.

Our definition is equivalent since there is a natural isomorphism

G =~ @G

given by
grrg

Notation 19.1.3. Condition 3 of Definition 19.1.1 tells us that

Autacg([n]) = Ga.

We will abuse notation and let the identity element of G,, for any crossed simplicial group
be denoted by idj,), making it clear which crossed simplicial group we are considering at
any given time.

Remark 19.1.4. Condition 4 of Definition 19.1.1 implies that a composite of the form

(id[m],g) o (gp, id[n]>

in AG, where (id[m},g> € Homag ([m], [m]) and <<p,id[n}) € Homag ([n],[m]) has a
unique expression
(9+(0),¢"(9)) € Homag ([n], [m]) ,

where g, (¢) € Homa ([n], [m]) and ¢*(g) € Gn.

We deduce the following two lemmata from the uniqueness of the expression

(9+(0), 0" (9))
in Remark 19.1.4.

Lemma 19.1.5. Given ¢ € Homa ([n],[m]) there is a well-defined map of sets
gp*: Gm — Gy
defined by
9= #"(9). O
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Lemma 19.1.6. Given g € G, there is a well defined map of sets
g« Homga ([n], [m]) — Homa ([n], [m])

defined by
@ = gx()- O

Proposition 19.1.7 ([FL91, Proposition 1.6]). The functions of Lemmata 19.1.5 and
19.1.6 induce the following relations.

(I) Let ¢ € Homa ([n], [m]) and let g, ¢’ € Gy, Then
((g og'), (#),¢" (g0 g’)) = (g* (9:(2)  (64(9)" (9) 0 0" (g/)>

in Homag ([n], [m]).

(I1I) Let ¢ € Homa ([n],[m]), ¥ € Homa ([m],[l]) and g € G;. Then
(9. (@ 09), (¥ 09) (9)) = (9:(1) o 0" (9)u(), " (47(9))

in Homag ([n], [1]).

(III) Let g € G,,. Then idi‘n} (9) = g and g, (id[n]> = idpy,)-
. _ e .
(IV) Let ¢ € Homa ([n],[m]). Then (zd[m]>* (p) = and ¢ (zd[mo = idp,. O

Taken together, Lemmata 19.1.5 and 19.1.6 and Proposition 19.1.7 tell us that given a
crossed simplicial group we have the functions ¢* and g, and that these functions satisfy
the given relations. In fact, the converse is also true.

Proposition 19.1.8 ([FL91, Proposition 1.6]). A collection of groups {G,} for n >
0, together with maps of sets ©* and g, as in Lemmata 19.1.5 and 19.1.6 which satisfy the
relations of Proposition 19.1.7 determine a crossed simplicial group.

Proof. We must show that we can define a category AG with the given data. We take as
objects the sets [n] = {0,...,n} for n > 0. We define Homag ([n], [m]) to consist of all
pairs (¢, g) such that g € Gy, and ¢ € Homa ([n], [m]).

We define composition of morphisms as follows. Let (¢, g) € Homag ([n], [m]) and (¢, h) €
Homag ([m], [I]). We define

(¥, h) 0 (9. 9) = (¥ 0 hu(p), " (h) 0 g) € Homag ([n], [I]) -
One shows that composition is associative using Proposition 19.1.7.

It is clear that A is a subcategory of AG by restricting to morphisms of the form (¢, id).
Furthermore, since the only automorphism of the set [n] in the category A is the identity
map, we observe that Autag ([n]) consists of all morphisms of the form (id[n],g) for

g € Gp. Therefore, Autag ([n]) = Gn. O
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Lemma 19.1.9 ([FL91, Lemma 1.3]). A crossed simplicial group {Gy} has the struc-
ture of a simplicial set. O

Proposition 19.1.10 ([FL91, Proposition 1.7]). A crossed simplicial group is a sim-
plicial set Gy such that G,, is a group for each n, together with a group homomorphism
pn: Gn = Y1 = Autget ([n]) for each m, such that

1. 9i(99") = 0i(9)9y(i)(9"),
2. si(99') = si(9)sq()(9") and
3. the diagrams
[n—1] ———— [n]
pnfl(ai(g))l lpn(g)

[n—1] B [n]

and

[n+1] = [n]
pn—1<5i(g))l Jpn(g)
41 —55— [

commute as maps of sets. [l

19.2 Examples

We collate some examples of crossed simplicial groups.

Ezample 19.2.1. By [FL91, Proposition 1.4], every simplicial group is a crossed simplicial
group.

Ezxample 19.2.2. The following are the fundamental crossed simplicial groups:
e the trivial crossed simplicial group {id,} for n > 0,
e the cyclic crossed simplicial group, {Cj11} for n > 0,
e the reflexive crossed simplicial group, {Z/2Z,} for n > 0,
e the dihedral crossed simplicial group, {Dy+1} for n > 0,
e the symmetric crossed simplicial group, {¥,1} for n > 0,
e the family of product groups, {Z/2Z x ¥,,11} for n > 0,
e the hyperoctahedral crossed simplicial group, {H,+1} for n > 0.
Remark 19.2.3. We note that the reflexive crossed simplicial group is not the constant

simplicial group at Z/2Z. We will discuss this further in Section 22.
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The term fundamental is motivated by the classification of crossed simplicial groups.

Theorem 19.2.4 ([FL91, Theorem 3.6]). For any crossed simplicial group G, there
exrists an exact sequence, unique up to isomorphism, of crossed simplicial groups

idy — G, — Gy — G — id,
such that G is a simplicial group and G’ is a fundamental crossed simplicial group. []

Remark 19.2.5. In other words, every crossed simplicial group occurs as an extension of a
fundamental crossed simplicial group by a simplicial group.

The fundamental crossed simplicial groups fit into the following diagram of Krasauskas
[Kra87], where all arrows denote inclusions of crossed simplicial groups.

{Hn-i-l}

T

{2)2Z x $p11}

/ \
{Dn-i-l} {En-i-l}
{z/27.,} {Crni1}
\ /

{idpn }

Ezample 19.2.6. A further example of a crossed simplicial group, which occurs as an
extension of the symmetric crossed simplicial group is the family of braid groups, {By+1}
forn > 0.

19.3 Epimorphisms and Monomorphisms

We will demonstrate that a morphism (p,g) € Homag ([n], [m]) is an epimorphism if
and only if ¢ € Homa ( [n], [m]) is an epimorphism. Recall that the epimorphisms in the
category A are the surjective order-preserving maps of sets.

We have an inclusion functor
1: A = AG.

This functor is the identity on objects and sends a morphism ¢ € Homa ([n], [m]) to
(go, id[n]> € Homag ([n], [m]). The functor i is faithful.

Lemma 19.3.1. If the morphism (¢, g) € Homag ([n], [m]) is an epimorphism then the
morphism ¢ € Homa ([n], [m]) is an epimorphism.
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Proof. The morphism (¢, g) can be written as a composite

(gp, id[n]> o (id[m,g>

in Homag ([n],[m]). Since the composite is an epimorphism we know that (g@,id[n]> €

Homag ([n], [m]) is an epimorphism.
The functor ¢: A — AG is faithful. Since ((p, id[n}) € Homag ([n], [m]) is an epimorphism,

¢ € Homa ([n], [m]) is an epimorphism since a faithful functor reflects epimorphisms. O

For the opposite implication, recall that an epimorphism in A can be written uniquely as a
composite of degeneracy maps o; by Theorem 2.2.5. The simplicial identity o; 0d; = id|y
from Proposition 2.2.4 implies that each o; has a right inverse, namely the face map ¢;.
Therefore an epimorphism in A has a right inverse given by a composite of face maps.

Lemma 19.3.2. If the morphism ¢ € Homn ([n],[m]) is an epimorphism then the mor-
phism (¢, g) € Homag ([n], [m]) is an epimorphism for all g € Gy,.

Proof. Suppose, for some object [ in AG, that
(¥, h) o (p,9) = (W', h') o (v, 9)

for some (¢, k), (¢',h') € Homag ([m], [l]). This expression can be rewritten as
(¥, h) o ((p, z’d[n]) ° (z’d[n], g) = (¢, 1) o ((p, z’d[n]> ° (z’d[n], g> .
We can cancel on the right using the morphism (id[n],g_l) to obtain
(¥, h) o (gp,id[n]> — (¢, 1) o (@,idm) .

Since ¢ is an epimorphism in A it has a right inverse, say u € Homa ([m], [n]). We can

therefore cancel on the right using the morphism <u, id[m]) to obtain

(¥, h) = (¥, 1)
as required. O

Corollary 19.3.3. A morphism (¢, g) € Homag ([n], [m]) is an epimorphism if and only
if ¢ € Homa ([n], [m]) is an epimorphism. O

Recall that the monomorphisms in the category A are the injective order-preserving maps
of sets. We observe that a faithful functor also reflects monomorphisms. The simplicial
identity 0;0d; = id|, from Proposition 2.2.4 implies that a monomorphism in A has a left
inverse given by a composite of degeneracy maps. Similar arguments to Lemmata 19.3.1
and 19.3.2 prove the following result.
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Corollary 19.3.4. A morphism (p,g) € Homag ([n], [m]) is a monomorphism if and
only if ¢ € Homa ([n], [m]) is a monomorphism. O

Definition 19.3.5. We denote by EpiAG the subcategory of AG whose objects are the
sets [n] = {0,...,n} for n > 0 and whose morphisms are the epimorphisms in the category
AG.

Definition 19.3.6. We denote by MonoAG the subcategory of AG whose objects are
the sets [n] = {0,...,n} for n > 0 and whose morphisms are the monomorphisms in the
category AG.

19.4 Crossed Simplicial Groups and Functor Homology

One can construct functor homology theories from crossed simplicial groups. Following
Definition 6.1.4 we recall the trivial right AG°P-module

k*: AG? — kMod.

Definition 19.4.1. Let {G,} be a crossed simplicial group with associated category AG.
Let F: AG? — kMod be a functor. We define the homology theory associated to {G,}
for the functor F' by

HG,(F) == Tory%" (k*, F)

for n > 0.

19.5 Realizations of Crossed Simplicial Groups
Theorem 19.5.1 ([FL91, Theorem 5.3]). If {G,} is a crossed simplicial group then
the geometric realization |G| is a topological group. O

Proposition 19.5.2 ([Lod98, Section 6.3.6]). There are isomorphisms of topological
groups
[eRIErE

and
|D| = 0(2)

where O(2) is the orthogonal group. That is, the group of 2 X 2 matrices, M, with entries
i k satisfying
M"M=MM" =1

where I is the identity matriz. O
Proposition 19.5.3. Let {G,} be a crossed simplicial group with inclusion maps
in: G — Gn+1,

which are group homomorphisms, forn > 1. The geometric realization |G| is contractible.
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Proof. Analogously to [FL91, Example 6], the inclusion maps satisfy 0; o iy, —i,,—1 0 0; for
0 <7< nand 0yy1 04y, = idg, and therefore they form a contracting homotopy. O

Corollary 19.5.4. The simplicial sets {11}, {Hnt1} and {Bn4+1} of the symmetric,
hyperoctahedral and braid groups are contractible. [l

Recall the based loop functor Q from Definition 3.1.3.

Proposition 19.5.5 ([FL91, Proposition 5.8]). For a crossed simplicial group, {G,},
there is a homotopy equivalence

|G| ~ QBAG,
where BAG is the classifying space of the category AG. O

19.5.1 Relationship to equivariant homology theory

The functor homology theories associated to crossed simplicial groups are related to equiv-
ariant homology via the Borel construction.

Definition 19.5.6. Let G be a topological group. Let X be a G-space and EG be a
contractible space with free G-action. We define the space

EG Xa X
to be the quotient of the product space EG x X by the equivalence relation

(y,9%) ~ (yg, )
forally € EG, z € X and g € G.
We call EG xg X the Borel construction.

Theorem 19.5.7 ([FL91, Corollary 6.13]). Let {G.} be a crossed simplicial group.
Let
X: AG? — Set

be a functor and let
k[ X]: AG? — kMod

be the functor obtained by composing with the free k-module functor. There is a canonical
isomorphism of k-modules

HG, (k[X]) = H, (E\G*] X|G.| |X*|,k)

or each n = 0. ]
J
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Chapter 20

Hochschild Homology and the
Trivial Crossed Simplicial
Group

Introduction

We describe the trivial crossed simplicial group and its associated homology functor ho-
mology theory, Hochschild homology. In particular, we recover the algebraic Hochschild
homology theory of Section 5.1.

20.1 The Trivial Crossed Simplicial Group

Following Definition 19.1.1 we will describe the category associated to the trivial crossed

simplicial group {id[n]}. The objects are the sets [n] = {0,...,n} for n > 0. A morphism

[n] — [m] is a pair (gp,id[n]) where ¢ € Homa ([n], [m]). The relations of Proposition
19.1.7 tell us that composition of morphisms corresponds to composition in A. Therefore

the category associated to the crossed simplicial group {z’d[n]} is A.

20.2 Hochschild Homology as Functor Homology

Following Definition 19.4.1 and Subsection 20.1 we make the following definition.

Definition 20.2.1. Let F: A°? — kMod be a functor. We define the n'* Hochschild
homology of F' by
HH,(F) = Tory” (k*, F)

forn > 0.
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Since F' is a functor of the form A% — kMod it is a simplicial k-module by Remark
2.3.3.

Definition 20.2.2. Let F: A’ — kMod be a functor. We denote the associated chain
complex by C,(F).

Theorem 20.2.3 ([Lod98, Theorem 6.22]). Let F': A°? — kMod be a functor. There
s a canonical isomorphism of k-modules

Tor®” (k*, F) 2 H, (C.(F)),
for each n = 0. O

Definition 20.2.4. Recall the simplicial k-module C,(A, M) of Definition 5.1.1. We de-
note the corresponding functor by

Z(A, M): A — kMod.

We call Z(A, M) the Loday functor. When we set M = A we denote the Loday functor
by Z(A).

Corollary 20.2.5 ([Lod98, Corollary 6.2.3]). Let Z(A, M) be the Loday functor of
Definition 20.2.4. There is a canonical isomorphism of k-modules

HH, (L (A, M)) = HH,(A, M),

for each n > 0. O

20.2.1 Hochschild homology and loop spaces

Theorem 20.2.6 ([Lod98, Corollary 7.3.13]). There is a canonical isomorphism of
k-modules

HH,(K[G)) = H,(LBG, k)

for each n = 0, where L is the free loop functor and BG is the classifying space of the
group G. Ol
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Chapter 21

Cyclic Homology

Introduction

We describe the cyclic crossed simplicial group and its associated functor homology theory,
cyclic homology. In particular, we recover the algebraic cyclic homology theory of Section
5.6. We provide an example of the relation between cyclic homology and S'-equivariant
homology theory.

21.1 The Category AC

Definition 21.1.1. For n > 0, we define an action of Cy,11 on the set [n] to be determined

by
. i—1 >0
tn+1(z):{

n 1= 0.

We define the category associated to the cyclic crossed simplicial group {C,} following
Definition 19.1.1.

Definition 21.1.2. The cyclic category, denoted AC, has the sets [n] = {0,...,n} for
n > 0 as objects. An element of Homac ([n], [m]) is a pair (¢, g) where g € Cpq1 and
¢ € Homa ([n], [m]). Composition is defined as in Proposition 19.1.8. Rather than derive
formulae for the maps ¢* and g, we will work with the presentation of Proposition 21.1.4.

Remark 21.1.53. The category AC is isomorphic to Connes’ category A, [Con83, Section
2.

Proposition 21.1.4 ([Lod98, 6.1.1]). The category AC has as objects the sets [n] =
{0,...,n} forn > 0. Morphisms in AC are generated by

° (@,id[n]), for each m > 0 and 0 < i < n+ 1 where the §; are the face maps of
Definition 2.2.2,

141



° (Uj,id[n+1]> for each n > 0 and 0 < j < n where the o; are the degeneracy maps of
Definition 2.2.3 and

° (id[n],tnﬂ) forn >0
subject to

e the relations of the category A,
n+1
° <id[n],tn+1> = (Zd[n],’bd[n]) fO?“ n = 0,

(5n+1, id[nﬂ]) i=0,

° (id[n+1],tn+2> o (&,id[n]) - (8i—1, tns1) 1<i<n+1,

. » _Jlontin)  i=0,
(vt (riten) = {050 {20

This is a presentation of the category AC. O

21.2 Cyclic Homology as Functor Homology

Definition 21.2.1. A cyclic module F is a functor
F: AC? — kMod.

Definition 21.2.2. Let F: AC? — kMod be a cyclic module. We define the n** cyclic

homology of F' by
HC,(F) = Tor5¢” (k*, F)

for n > 0.

Definition 21.2.3. Let A be an associative k-algebra. We extend the functor £ (A) of
Definition 20.2.4 to a functor

Z(A): AC? — kMod

by defining
g(A)(tn-l-l)(aO PR an) = (Gn Rag -+ & an_l)

for each n > 0.

Theorem 21.2.4 ([Lod98, Theorem 6.2.8]). Let A be a unital, associative k-algebra.
There exists a canonical isomorphism of k-modules

HCW(Z(A)) & HC,(A)
for each n > 0. OJ
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21.2.1 Cyclic homology and S'-equivariant homology

Recall from Proposition 19.5.2 that there is an isomorphism of topological groups |Cy| =
S1. Recall the free loop functor from Definition 3.1.5.

Theorem 21.2.5 ([Lod98, Corollary 7.3.13]). Let G be a discrete group with classi-
fying space BG and group algebra k[G]. There are canonical isomorphisms of k-modules

HC,(K[G)) = H, (E51 g1 LBG, k)

or each n = 0. ]
J
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Chapter 22

The Reflexive Crossed Simplicial
Group

The reflexive crossed simplicial group, {Z/ 2Zn} for n > 0, encodes information about
involutions.

Definition 22.0.1. For each n > 0 we define
Z/2y = (7o | 72 = idpy) )
Definition 22.0.2. We define an action of Z/27Z, on [n] by
(i) =n —i.

Definition 22.0.3. The reflexive category, denoted AR has as objects the sets [n] =
{0,...,n} for n > 0. An element of Homag ([n], [n]) is a pair (¢, g) where g € Z/2Z,,
¢ € Homa ([n],[m]) and composition is defined as in Proposition 19.1.8. Rather than
derive formulae for the maps ¢* and g, we will work with the presentation of Proposition
22.0.4.

Proposition 22.0.4. The category AR has as objects the sets [n] = {0,...,n} forn > 0.
Morphisms in AR are generated by

. <5¢,id[n]>, for each m > 0 and 0 < i < n+ 1 where the §; are the face maps of
Definition 2.2.2,

° (aj,id[n+1]) for eachn >0 and 0 < j < n where the o; are the degeneracy maps of
Definition 2.2.3 and

° (id[n],rn) forn >0
subject to

e the relations of the category A,
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° (idm,rny = (id[n],id[n}) forn >0,
. (id[n],rn> o (5i,id[n,1]) = (0p—iyTn—1) forn>1,0<i<n and

° (id[n],rn) o <0j,id[n+1]) = (Jn,j,rnﬂ) formn>=0,0<75<n.
This is a presentation of the category AR. Ol

Remark 22.0.5. The reflexive crossed simplicial group has recently been used in the study
of real topological Hochschild homology [DMPP17].
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Chapter 23

Dihedral Homology

Introduction

The homology theory associated to the crossed simplicial group {D,41} for n > 0 is
called dihedral homology. Dihedral homology was first introduced independently by Lo-
day [Lod87] and Krasauskas, Lapin and Solov’ev [KLS87] in 1987. Further results were
published by Dunn [Dun89] and Lodder [Lod90].

In Section 23.2 we describe the dihedral crossed simplicial group and define the associ-
ated functor homology theory. We recover the algebraic dihedral homology theory for
involutive, associative algebras defined by Lodder [Lod90].

23.1 The Dihedral Groups

Definition 23.1.1. For each n > 0 we define the dihedral group to be

. 2 1.
Dy = <rn, tpt1 | 75 = tﬁil = idpy,), Tatnt1Tn = t2+1>.

23.2 The Category AD

We define the category associated the dihedral crossed simplicial group {D,,+1} following
Definition 19.1.1.

Definition 23.2.1. The dihedral category, denoted AD, has as objects the sets [n] =
{0,...,n} for n > 0. An element of Homap ([n],[m]) is a pair (¢, g) such that g € Dy4
and ¢ € Homa ([n],[m]). Composition is defined as Proposition 19.1.8. Rather than
derive formulae for the maps ¢* and g, we will work with the presentation of Proposition
23.2.2.

Proposition 23.2.2 ([Lod90, 1.1.1]). The category AD has as objects the sets [n] =
{0,...,n} forn > 0. Morphisms in AD are generated by

147



e the generators of Proposition 21.1.4 and
° (id[n],rn> forn >0
subject to

e the relations of Proposition 21.1.4,

o the relations of Definition 23.1.1 for (id[n],rn> and (’id[n],tn+1),
° (id[n],rn> o (6¢,id[n_1]) = (0p—iyTn—1) forn>1,0< i< n and

° (id[n],rn> o (Jj,id[n+1]> = (Jn_j,rnH) form>=0,0<75<n.
This a presentation of the category AD. O

Definition 23.2.3. Let F: AD? — kMod be a functor. We define the nt* dihedral
homology of F' by
HD,(F) = ToryP” (k*, F)

forn > 0.

Recall from Subsection 21.2 that we extended the Loday functor of Definition 20.2.4 to a
functor
Z(A): AC? — kMod.

Definition 23.2.4. Let A be an involutive, associative k-algebra with involution
ara.
We extend the functor .Z(A) of Definition 21.2.3 to a functor
Z(A): AD? — kMod

by defining
ZL(A)(rn)(ao ® - @ an) = (@ R ® -~ ®a7).

Definition 23.2.5. Let A be an involutive, associative k-algebra with involution
ar—a.
We define the n'* dihedral homology of A to be
HD,(A) = HD, (£(A))
forn > 0.

Remark 23.2.6. There is a theorem of Lodder [Lod90, Theorem 3.3.3] connecting the dihe-
dral homology of certain Moore loop spaces with the O(2)-equivariant homology of certain
free loop spaces.
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Chapter 24

Symmetric Homology

Introduction

In Section 24.2 we describe the symmetric crossed simplicial group. We also introduce the
category of non-commutative sets, following Pirashvili and Richter [PR02].

In Section 24.3 we describe the problems with describing an interesting symmetric homol-
ogy theory, both in the algebraic setting and functor homology setting.

In Sections 24.4 and 24.5 we recall Fiedorowicz’s symmetric bar construction and define
symmetric homology. Finally, we recall a result of Fiedorowicz connecting the homology
of a group algebra to the homology of infinite loop spaces.

24.1 The Symmetric Groups
Proposition 24.1.1. The symmetric group ¥n+1 on [n] = {0,...,n} forn > 1 is gener-
ated by the transpositions 0; = (i i + 1) for 0 < i < n — 1 subject to the relations

° ngid[n} for each0 <i<n—1,

o 0jol;=0;00; forj#i+1,i—1 and

o (0;00;11)° =idj, for 0<i<n—2. O

24.2 The Category AS

We define the category associated to the symmetric crossed simplicial group {¥,1} fol-
lowing Definition 19.1.1.

Definition 24.2.1. The symmetric category, denoted AS, has as objects the sets [n] =
{0,...,n} for n > 0. An element of Homag ([n], [m]) is pair (¢,0) such that o € ¥,
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and ¢ € Homa ([n], [m]). Composition is as defined in Proposition 19.1.8. Rather than

derive formulae for the maps ¢* and o, we will work with the presentation of Proposition
24.2.2.

Proposition 24.2.2. The category AS has as objects the sets [n] = {0,...,n} forn > 0.
Morphisms are generated by

° (5i,id[n]>, for each m =2 0 and 0 < ¢ < n+ 1 where the §; are the face maps of
Definition 2.2.2,

° (J],Zd[n+1]> for each n > 0 and 0 < j < n where the o; are the degeneracy maps of
Definition 2.2.3 and

° <idH )forn landd<i<n—1
subject to

e the relations of the category A,

the relations of Proposition 24.1.1 for the (id[n], 91'),

(04, 0k) k<i—1,
6i717id[n—1] k=1i— 17
i, 6 0iyidip_11 ) =
) <Z " k) ’ ( “ 1]) 5i+17id[n—1] k= (2
(6i79k—1) k> ia
(0],9 ) k<j—1,
. . (U] 1;09] 1) k=j—1,
din, 0 i,id =
[} (Z [n]> k) o (UJ7Z [n+1}) (0_]+170 9]+1) k :j7
(0379k+1) k> J
This is a presentation of the category AS. O

24.2.1 The category of non-commutative sets

Pirashvili and Richter [PR02, Section 1.2] introduce the category of non-commutative sets.
This category is isomorphic to the category AS but has the advantage that one does not
need to work with the functions ¢* and g, of Proposition 19.1.7.

Definition 24.2.3. The category of non-commutative sets, denoted F(as), has as objects
the sets [n] = {0,...,n} for n > 0. An element f € Homg(, ([n], [m]) is a map of sets
f+ [n] — [m] such that for each singleton i € [m], the preimage f~(i) is a totally ordered
set.

For f € Hom g (4 ([n], [m]) and g € Homz(,y) ([m], [l]), the composite is the map of sets
go f with the totally ordered set (go f)~'(i), for each singleton i € [I], given by the ordered
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union of ordered sets:

(go N =TI 170G

j€g1(3)

Ezample 24.2.4. Let f: [3] — [1] be the map of sets represented by the graph

0 1

with f71(0) = {1 <2} and f7!(1) = {3 < 0}. Then f € Homz(,y ([3], [1]).

Proposition 24.2.5 ([PR02, Lemma 1.1]). There is an isomorphism of categories
F(as) = AS. O

Remark 24.2.6. Pirashvili and Richter [PR02, Theorem 1.3] use the category of non-

commutative sets to obtain an alternative functor homology interpretation of cyclic ho-
mology.

24.3 Complications for Symmetric Homology

24.3.1 Problems with the Loday functor

Let A be an associative k-algebra and recall the Loday functor of Definition 20.2.4. This
functor does not extend to a functor

Z(A): AS? - kMod
by defining the action
ZL(A)(0) (a0 @+ @ an) = ag-10) @+ ® Ap-1(p)
for o € ¥, 41.

Example 24.3.1. Consider the commutative diagram

(82/idp1y)

1]

in AS. We observe that the diagram
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L (6a,idpy)

A®3 A®2
2 (idp),(0 1)) £ (idyy),(0 1))
A®3 A®2

2 (62,idpy))

obtained by applying the “functor” £ (A) does not commute in kMod since the upper
composite takes the form

ag ® a1 @ ag ———— a2a9 @ a1

a1 Q aap
whereas the lower composite takes the form

ag ® a1 Q az

a1 @ ag @ ag ——— a2a1 D ag.

24.3.2 Problems with the symmetric homology for a well-defined func-
tor

Suppose that F': AS°? — kMod is a well-defined functor.
Following Definition 19.4.1 we wish to define a homology theory
HS,,(F) := Tora%” (k*, F).

However, the following theorem tells us that the homology theory so defined does not give
any new information about our functor F'.

Theorem 24.3.2 ([FL91, Theorem 6.16]). For a functor F': AS°? — kMod there is
an isomorphism of k-modules

HH,(F) = Tory*" (k*, F)

for each n > 0. O

24.4 The Symmetric Bar Construction

Let A be a unital, associative k-algebra. We define an assignment

BY™(—): AS — kMod
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on objects by
Bzym ([n]) — A®n+l

We extend this to include an assignment on morphisms. Recall that an element (¢,0) €
Homag ([n], [m]) is defined by

(0.0) = (i) o (i)

We will define the assignment B3 on these two morphisms separately.

Definition 24.4.1. Let ¢ € Homag ([n], [m]). We define

Bzym (QO, Zd[n]> (a() R Q an) = H< a; | K- ® H< a;

icp—1(0) iceo—1(m)

on elementary tensors and extend k-linearly. Here [ denotes the ordered product of
elements a; by increasing index. An empty product is defined to be the multiplicative unit
14.

Definition 24.4.2. Let 0 € ¥,,11. We define
BY™ (id0) (a0 @ -+ @ n) = p1(0) @+ @ a1y
on elementary tensors and extend k-linearly.
Definition 24.4.3. We define a functor
BY™: AS — kMod

on objects by B3™ ([n]) = A®" . For (¢,0) € Homag ([n], [m]) we define

BV (p,0) = B}™ (gp, id[n]) o BY™ (id[n], 0)

which were defined in Definitions 24.4.1 and 24.4.2 respectively.

24.5 Symmetric Homology

Definition 24.5.1. Let F: AS — kMod be a functor. We define the nt* symmetric
homology of F to be
HS,(F) = Tory* (k*, F)

forn > 0.

Definition 24.5.2. Let A be an associative k-algebra. We define the n'® symmetric
homology of A to be
HS,(A) = Torﬁs (k:*, leym)

for n > 0.
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24.5.1 Fiedorowicz’s theorem for symmetric homology

We will recall a theorem of Fiedorowicz which demonstrates that symmetric homology of
an algebra defined via the symmetric bar construction is of great interest. This theorem
tells us that the symmetric homology of a group algebra is the homology of the based loop
space of the infinite loop space associated to the classifying space of the group.

Recall the based loop functor € of Definition 3.1.3 and the functor @ of Definition
3.5.14.

Theorem 24.5.3 ([Aull0, Corollary 40]). Let G be a group with classifying space BG
and group algebra k[G|. There is an isomorphism of k-modules

HS, (k[G]) = H, (2Q (BG) , k)

or each n > 0. ]
J
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Chapter 25

The Hyperoctahedral Crossed
Simplicial Group

Introduction

In Section 25.1 we recall the hyperoctahedral groups and provide a presentation.

In Section 25.2 we describe the hyperoctahedral crossed simplicial group and provide a
presentation of the associated category.

In Sections 25.3 and 25.4 we recall Fiedorowicz’s hyperoctahedral bar construction and hy-
peroctahedral homology. We state a result of Fiedorowicz connecting the hyperoctahedral
homology of a group algebra to the equivariant homology of infinite loop spaces.

25.1 Hyperoctahedral Groups

Definition 25.1.1. The hyperoctahedral group, H,+1 for n > 0, is defined to be the semi-

direct product )
Hn+1 = (Z/QZ)R—'— X En+1

where Y,41 acts on (Z/ ZZ) s by permuting the factors.

An element of the hyperoctahedral group H,, is written as a tuple
(204 -+, 2n;0)

where each z; € Z/27 and 0 € ¥,,41.

The identity element of H,41 is

Zd[n} = (1, ey 1; Zd[n]> y
where we abuse notation following Notation 19.1.3.
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Composition is defined by

/ !, . _ / / .
(zo, ... ,zn,ag) 0 (204, 2n;01) = (Zal(O)Z()? <o By ()70 02 © 01> i

Remark 25.1.2. The group Hy11 is sometimes denoted as a wreath product
Yt / Z])2Z.

It will be helpful to think of an element of H,1 as a permutation, o, of the set [n] =
{0,...,n}, drawn as a graph with an edge joining i and o (i) for each 0 < i < n, with the
edge joining i and o(7) labelled by z,-1(; € Z/2Z.
Ezample 25.1.3. Consider g; = (¢,1,1,¢;(01 3 2)) € Hy. We can represent g; as follows.
0 1 2 3
t
1
1
0 1 2 3

Composition of group elements corresponds to composition of permutations and multipli-
cation of labels.

Ezample 25.1.4. Let go = (t,t,t,t;(12)) € Hy. We represent go with the following labelled
permutation.

0 . 1 2 3
1 ¢

1

0 1 2 3

\t % \t
1 2

which is
0o~ t 1 2 t ™3

The identity element of the group H, 1 is the identity permutation of [n], with each edge
labelled with 1 € Z/2Z,
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25.1.1 Generators and relations

It will be useful to have a presentation of the hyperoctahedral groups in terms of generators
and relations. Methods for deriving a presentation of a group extension are well-known
and can be found in [Joh90, Chapter 10.2] for example.

Definition 25.1.5. Let ¢; denote the element (1, R U A P 1;id[n]> in Hpy1, where

t occurs in the i position.

Equivalently, as a labelled permutation, we represent ¢; by

0 1 i—1 i i+1 n

. .

0 1 e i—1 i 141 e n
Definition 25.1.6. Let 6 denote the element
(1,...,1;6;)
in Hy1, where 0, = (i1 4+ 1) € 3p41.

Proposition 25.1.7. The hyperoctahedral group Hy 1 is generated by the elements t; for
0<i<n and@fforogjén—l subject to

the relations of Proposition 24.1.1 for the GZH,

tiot; =t;ot; for alli and j,

t7? = idp,) for each 0 < i< n,

Gfoti:tioﬁffori<j and i >j+1,
° OiH otiy1 =150 HlH and
e 0 ot; =t 00

This is a presentation of the group Hyy1.

Proof. We begin by demonstrating that the given elements generate H,,;. Consider a
general element
g=1(20,...,2n;0)

where each z; € Z/27 and 0 € ¥, 41.

By Proposition 24.1.1, ¢ € 3,41 can be written as a composite of transpositions, say
oc=0;,0---00;.

Let J = {j1,...,71} C [n] be the set of indices such that z; = ¢ in the element g if and
only if ¢ € J.

We observe that
g:@ﬁo...o@ﬁotjlo...otjl.
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It follows from Definition 25.1.5 that each ¢; squares to the identity and that t;o0t; = t; ot;
for all i and j. We deduce that there are 2"*! possible composites of elements of the form
t;. The elements Hf must satisfy the same relations as stated in Proposition 24.1.1, since
composition of such elements corresponds to composition of transpositions. There are
therefore (n + 1)! possible composites of the elements Hf . Therefore the group generated

by the elements ¢; for 0 < i < n and 9;[[ for 0 < j < n—1 has at least 2" (n+1)! = |H,, 41|
distinct elements.

We check the final three relations.
Suppose ¢ < j or ¢ > j + 1. We observe that
01 ot, = (1,...,1:0;) (1,...,l,t,l,...,l;id[n])
=(1,...1,t,1...,1;6;)
- (1,...,1,t,1,...,1;z’d[n]> o(1L,...,1;0;)

where t occurs in the i*” position throughout. This holds since, in the composites, the
transposition 6; = (j j + 1) acts on the entries in position j and position j + 1, both of
which are 1. We conclude that 9;1 ot =1;0 GJH fori<jandi>j+1.

Finally,
0 ot; = (1,...,1:0:) o (1,...,1,t,1,...,1;id[n])
=(1,...,1,t,1,...,1;6,)
where ¢ is in the i*" position. It follows that
0 otio0 =(1,...,1,t,1,...,1;6;) 0 (1,...,1;6;)

- (1,...,1,t,1,...,1;9§)

where ¢t now occurs in position i + 1 by the action of ; = (i ¢ 4+ 1) in the composite. Since
07 = idp, we conclude that 0 ot; =t 1007 and 0 ot; 11 =t; 007 as required.

The final three relations tell us that any composite of generators not written in the form
950...oegotjlo...otjl

can be rewritten in this form. Therefore the group generated by the elements t; for
0<i<nand Hf for 0 < j < n—1 has at most 2"+ (n+1)! = |H,,11] distinct elements.[]

25.2 The Category AH

The family of hyperoctahedral groups, { Hy,+1}r>0, forms a crossed simplicial group, [FL91,
Theorem 3.3]. We provide a description of the associated category AH.

Following [FL91, Definition 1.1], the objects of AH will be the sets [n] = {0,...,n}. Anel-
ement of Homa 7 ([n], [m]) will be a pair (¢, g) where g € Hy41 and ¢ € Homa ([n], [m]).
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25.2.1 Composition in AH

We will describe the composition of morphisms in the category AH.

Recall from Remark 19.1.4 that a composite of the form

(id[m],g) ) (go, id[n]> ,

where (cp, id[n]) € Homapg([n],[m]) and (id[m},g> € Homapg([m],[m]), has a unique
decomposition of the form

(95(), " (9))
where g,.(¢) € Homa ([n], [m]) and ¢*(g) € Hpt1.

We begin by defining the order-preserving map g.(¢). Recall that an order-preserving
map is completely determined by the cardinality of the preimage of each element of the
codomain.

Since g € Hypy41, it is of the form (2, ..., zm; o) where each z; € Z/27Z and o € ¥,,+1. In
particular, o is a permutation of the set m.

Definition 25.2.1. Let g = (20, ...,2m;0) € Hp41 and ¢ € Homa ([n], [m]). We define
9x(¢) € Homap ([n], [m]) to be the order-preserving map determined by

9.(0)71 )| = [¢ e )]
for each i € [m].

We now describe the element ¢*(g) € Hy1.

Definition 25.2.2. For j € [m], let

e (o70) = {b b} S I,
and
9x(0) 7' (G) = {ma,...,mp} C [n].
Let g = (20,...,2m;0) € Hpq1 and ¢ € Homp ([n], [m]) We define
©*(g) = (wo, ..., wn;p) € Hypy
as follows.

Let j € [m]. The permutation p sends the elements of ¢! (671(j)) to the elements of
9<() 71 (3).

If 2,-1¢;y = 1, then p (I;) = m; and w,-1,) = 1.

If z,-1(;) = t, then p(l;) = mp—; and w,-1(y,) = t.

Ezample 25.2.3. Let ¢ € Homa ([3],[2]) be represented by
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0 1

|-

0 1

3

and let g = (757 1,¢;,(0 2 1)) € Hj be represented by the labelled permutation

0 1 2
¢ t
o ' 1 2
The diagram
0 1 2 3
0 1 2
t t

o ' 1 2

represents the composite <id[2],g> o (gp,z‘d[g]> € Homagy ([3], [2]) To ease notation, let
=(021).

We define the order-preserving map g.(¢) € Homa ([3],[2]) by

o [9:(0)7H0)| = |7 o7 H(0))] = 1,

o g.(0) (V)] = |~ 1<1>>|=2and

¢ 0.1 @) = ¢ e )] = 1.
Pictorially, g,(¢) is the order-preserving map

0 1 2 3
0 1 2
We define ¢*(g) = (wo, ..., ws; p) € Hy as follows.

The permutation p sends the set ¢! (671(0)) = {1} to the set g.(¢)~'(0) = {0}. Since
Za—l(O) = 1, wp_1(0) = w1 = 1.

The permutation p sends the set ¢! (671(1)) = {2, 3} to the set g.(¢) (1) = {1,2}. We
note that z,-1(;) = t. Therefore, p(2) = 2 and p(3) = 1. Furthermore, w,-1(9) = wa =t
and w,-1(;) = w3z = ¢.

Finally, the permutation p sends the set ¢! (671(2)) = {0} to the set g.(¢)~(2) = {3}.
Since z,-1(2) =, wy-1(3) = wo = t.

Pictorially, ¢*(g) = (¢,1,¢,¢;(031)) € Hy is
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0 1 2 3
t t f
1
0 1 2 3
0 1 2

It is shown in [FLI1, Section 3] that the functions ¢* and g, satisfy the relations of
Proposition 19.1.7.

We use the constructions of g,(¢) and ¢*(g) to define composition of morphisms in the
category AH.

Definition 25.2.4. Let (¢,g9) € Homag([], [m]) and let (¢, h) € Homag([m], [n]). We
define the composite in AH by

(1, h) o (p,9) = (Yo hu(p),¢*(h)og).

Remark 25.2.5. Recall that Proposition 19.1.8 ensures that this composition is associative.

25.2.2 The category AH and a presentation

Definition 25.2.6. The hyperoctahedral category, denoted AH, has as objects the sets
[n] = {0,...,n}, for n > 0. An element of Homay([n], [m]) is a pair (p,g) where ¢ €
Homa ([n], [m]) is an order-preserving map and g € H,11. Composition is defined in
Definition 25.2.4.

Proposition 25.2.7. The category AH has as objects the sets [n] = {0,...,n} forn > 0.
Morphisms in AH are generated by

. <5¢,id[n]>, for each m > 0 and 0 < i < n+ 1 where the §; are the face maps of
Definition 2.2.2,

° (aj,id[n+1]> for each n > 0 and 0 < j < n where the o; are the degeneracy maps of
Definition 2.2.3,

° <id[n],ti> for each n = 0 and 0 < i@ < n, where the t; are the group elements of
Definition 25.1.5 and

° (id@@ﬁf) for eachn > 1 and 0 < i < n—1, where the 6’ZH are the transpositions of
Definition 25.1.6.
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The generators aforementioned are subject to

the relations of Proposition 24.2.2,

the relations of Proposition 25.1.7,

O'j,ti) Zfl <j,

®
/\/\/:\/-\/-\
BSH
3
T+
=
v\/
/—\
“s
BSH
=

(
idpu); i) © (i idinin)) = (03,65 ti11ts) and

hd (Zd[nbtl © (Ujaid[n+1}) = (0]7 ’H—l) Zfl > ]
for each n > 0. This is a presentation of the category AH.

Proof. Recall that an element of Homag([n], [m]) is a pair (¢, g) where g € H,41 and
¢ € Homa ([n], [m]).

By Proposition 2.2.4 we know that the face maps, J;, and the degeneracy maps, oj,
generate all order-preserving maps and we have the unique decomposition of Theorem
2.2.5. Furthermore, by Proposition 25.1.7, we know that the elements HZH and t; generate
all elements of the group H,.

Suppose, therefore, that
gp:(silo...odiroa'jlo...o'j

s

and
g:elljlo...oek{{notllo...otln_

We observe that

(p,9) = ((Z-l,id[m,l]) 0--+0 (Ujs,id[n]> o (id[n], 9}3) 0---0 (id[n],tln> .

It follows that the given morphisms generate all morphisms in AH and the category
generated by the given morphisms contains all the morphisms of AH.

The relations follow from computing the appropriate versions of g.(y¢) and ¢*(g) using
Subsection 25.2.

The relations tell us that any composite of generators can be re-written in the form

(8i1,id) o -+ 0 (0, id) o (id, a,ﬁ) o---o(id,1,)

and so any morphism in the category generated by the given morphisms is a morphism in
AH as required. O
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25.3 The Hyperoctahedral Bar Construction

We define the hyperoctahedral bar construction following Fiedorowicz [Fie, Section 2].
Let A be an involutive, associative k-algebra with the involution denoted by
a— a.

We define an assignment
B%': AH — kMod

on objects by
[n] — A®"TL,

Definition 25.3.1. For ¢ € Homa ([n], [m]) we define

B%t ((p,’idw) (ao & .- ®an) = H< a; | ®---& H< a;

icp—1(0) icp—1(m)

on elementary tensors and extend k-linearly, where H< denotes the ordered product of
elements a; by increasing index. An empty product is defined to be the multiplicative unit
14 € A

Definition 25.3.2. Let g = (20,...,2n;0) € Hpt1, 80 z; € Z/27Z and 0 € ¥,11. We
define

?s—=1(0 zo_l(n)

By (id[n],g) (a® - @an) =a, 5 @ ®a )

on elementary tensors and extend k-linearly, where

0 a z=1

a zj==t.
Remark 25.3.3. The assignment B4 acts on a morphism (¢, g) € Homag ([n],[m]) by
sending it to the morphism of k-modules that permutes the factors of the tensor according

to the underlying permutation of g, applies the involution according the labels of g and
multiplies tensor factors, or inserts identities, according to the order-preserving map .

Definition 25.3.4. Let A be an involutive, associative k-algebra. We define a functor
B%': AH — kMod

on objects by
[n} — A®n+1_

For a morphism (¢, g) € Homag ([n], [m]) we define
BY (p,9) = BY' (yidyy)) o B (idy),9) .

where BY* (gp, id[n]) and B (id[n], g) are defined in Definitions 25.3.1 and 25.3.2 respec-
tively.

We call B the hyperoctahedral bar construction.
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The proof that the hyperoctahedral bar construction is a well-defined functor can be found
in Appendix B.

25.4 Hyperoctahedral Homology

Definition 25.4.1. Let A be an involutive, associative algebra. We define the n'* hype-
roctahedral homology of A to be

HO,(A) == Tora (k*, sz‘ct)
forn > 0.
Definition 25.4.2. Following Definition 8.1.3 we define the chain complex
C. (AH,BF'),

whose homology groups are the hyperoctahedral homology groups of A.

Definition 25.4.3. Following Chapter 9 we define the chain complex
kN, (F\AH)| @an BE(-)

whose homology groups are the hyperoctahedral homology groups of A.

Proposition 25.4.4. There exist isomorphisms of graded k-modules

HO.(A) 2 H, (AH, BE') = H, (KNJ(-\AH)] @21 BE'(-)). -

25.4.1 Hyperoctahedral homology of the ground ring

Proposition 25.4.5. The hyperoctahedral homology groups of the ground ring k are

k n=0,

0 else.

HOu (k) = {

Proof. The key is to prove that the nerve of the category AH is contractible.

Recall from Lemma 19.1.9 that the crossed simplicial group {H,} has the structure of a
simplicial set. Furthermore, recall from Corollary 19.5.4 that this simplicial set is con-
tractible. Proposition 19.5.5 implies that we have a homotopy equivalence

QBAH ~ |H,|

where € is the based loop functor of Definition 3.1.3 and BAH is the classifying space of
the category AH.
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We deduce that QBAH is a contractible space. Recall the path space fibration
QOBAH - PBAH — BAH

of Proposition 3.1.4. By Proposition 3.1.2, the path space PBAH is contractible. By
examining the long exact sequence of homotopy groups associated to a fibration we deduce
that BAH is a contractible space.

By definition,
BAH = |N,(AH)|

and so NV, (AH) is a contractible simplicial set. In particular, the homology of the simplicial
set N,(AH) is isomorphic to k concentrated in degree zero.

To conclude the proof we demonstrate that the chain complex C (AH , BgCt), whose ho-
mology groups are the hyperoctahedral homology of the ground ring k&, is isomorphic to
the chain complex associated to the nerve of AH.

We observe that the chain complex C (AH , B,‘;Ct) is generated k-linearly in degree p by
elements of the form

<[xp]<£--~<£[:co]>®(1k®'~®1k)

where

(lon] = & )

is an element of N, (AH). We note that since all tensor products are taken over k there
is an isomorphism of chain complexes

C. (AH, B,gct) — k [No(AH)]

determined in degree p by

<[a:p]<£-~<£[mo]>®(1k®~-®1k)r—> <[xp]<ﬁ..-<£[xo]>.

k =0
0 else.

as required. ]

We conclude that

I

HO, (k)

Remark 25.4.6. By Corollary 19.5.4, the same proof works for the symmetric homology
and braid homology of the ground ring k. In the case of symmetric homology Ault [Aull0,
Lemma 18 and Corollary 19] provides an alternative proof of this fact.
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25.4.2 Fiedorowicz’s theorem for hyperoctahedral homology

Let G be a group with an involution denoted
g—g-
Remark 25.4.7. Every group satisfies this criterion with the map

g gt

This result also holds for groups with a second involution.
Let BG be the classifying space of G. Recall the based loops functor of Definition 3.1.3
and the functor @ of Definition 3.5.14 and consider the space QQ(BG).

We form the suspension spectrum of QQ(BG) following Example 3.5.6. In level n we have
the space X"QQ(BG) with the structure maps

idsn: 3 (S"QQ(BG)) — L"MQQ(BG).

Each space ¥"QQ(BG) has a Z/2Z-action induced from the map

g—g !
on G.

Let EZ/27Z, denote the total space of Z/2Z with a disjoint basepoint. Recall the equiv-
ariant smash product of Definition 3.2.2. We can take the equivariant smash product
level-wise to obtain a spectrum with the n? space

EZ/2Z Ny a7 E"QQ(BG).
The structure map
Vi EL[2Z Ny oz ¥ (S"QQ(BG)) = EZ/27, Ngyoz X" QQ(BG)

given by
idZ/2Z Aidsn.

Remark 25.4.8. This is well-defined since the smash product is associative.

We may now state Fiedorowicz’s theorem for hyperoctahedral homology. This theorem
tells us that the hyperoctahedral homology of a group algebra is isomorphic to the homol-
ogy of the infinite loop space associated to the spectrum

EZ/2Z gz S"QQ(BG).

Theorem 25.4.9 ([Fie, Theorem 1]). Let G be a discrete group with involution. Let
BG be the classifying space of the group and let k[G] be its group algebra. There is an
isomorphism of k-modules

HO, (k[G]) = H, <Q°° (EZ/2Z* A2z QQ(BG)) k>

for each n > 0. O
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Part V

The Category of Involutive,
Non-Commutative Sets

167






Chapter 26

The Category of Involutive,
Non-Commutative Sets

We define the category of involutive, non-commutative sets and demonstrate that it is
isomorphic to the category AH of Definition 25.2.6. One advantage of the category of
involutive non-commutative sets is that one does not need to calculate the unique de-
compositions in AH as discussed in Subsection 25.2. The category Z.F(as) contains the
category F(as) of Subsection 24.2.1 as a subcategory.

We will denote the category of involutive, non-commutative sets by ZF (as). It will have
as objects the sets [n] = {0,...,n} for n > 0. An element f € Homgz () ([n], [m]) will be
a map of sets such that the preimage of each singleton ¢ € [m] is a totally ordered set such
that each element comes adorned with a superscript label from the group Z/27Z.
Remark 26.0.1. Henceforth we will say that a morphism in ZF (as) is a map of sets together
with a labelled, ordered set for each preimage. In particular, note that we will use preimage
to mean preimage of a singleton.
Ezample 26.0.2. Let f1 € Homzr(,y) ([4], [3]) have underlying map of sets

0 1 2 V 4

0 1 2 3

with the following labelled, ordered sets as preimages:
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26.0.1 Composition

We must define composition of morphisms in ZF(as). We will denote composition in
ZF(as) by e in order to distinguish from the composition of maps of sets. In particular,
we use o for two morphisms in ZF (as) if we are referring to the composite of the underlying
maps of sets. In order to ease notation we have chosen not to introduce notation for the
forgetful functor ZF (as) — Set.

Let fl S HomI]-'(as) ([TL}, [m]) and f2 € HomI}'(as) ([m]a [l])

In order to define the composite f @ f1 € Homzz(as) ([n], [l]) we must provide a map of
sets and describe the labelled total orderings on each of the preimages.

As a map of sets, fo e fi is the composite of the underlying map of sets fo o fi.

In order to specify a labelled, ordered set for the preimage of each singleton in [ under the
composite we first make a definition.

Definition 26.0.3. We define an action of Z/27Z, which will be denoted by a superscript,
on finite, ordered sets with Z/27Z-labels by

. Y , .
TR A Sy
That is, we invert the ordering and multiply each label by t € Z/27Z.
Ezample 26.0.4.

t
{0t<21<1t} :{11 <2t<01}

Definition 26.0.5. Let fi € Homzz(,) ([n],[m]) and f2 € Homgz(qs) ([m], [I]). We de-
fine fo @ fi € Homzr(,y) ([n],[1]) to have underlying map of sets fo o f;. We define the
labelled totally ordered set (f e f1)~!(i) to be the ordered coproduct of labelled, ordered

sets
I o
3 efy @)
Ezample 26.0.6. Let f1 € Homzr(gs) ([4], [3]) be the morphism defined in Example 26.0.2.

Let f2 € Homzr(,s) ([3], [2]) have underlying map of sets
0 1 2
with the following labelled, ordered sets as preimages:
o f31(0)={1" <2},

e f31(1)=1{0'} and
o« 71(2)={3}
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The underlying map of sets fo o f1: [4] — [2] is
0 1 2 3 4

0 1 2
We describe the labelled total orderings on each preimage.

For simplicity, we start with (f e f1)~!(1). Firstly, f2 {01} Since this a singleton
with label 1, the preimage

(h-ﬁr%nzfﬁmﬂ:{ﬂ}

We see that f2 = {Bt} The set is a smgleton and the label is t so the preimage

(f20 f1)71(2) is the labelled ordered set f;!(3) with each label multiplied by ¢ and the
order inverted. That is,

(h-hr%m:fﬁ@y:{y}

Finally we consider (fae f1)~1(0). We have f5( = {1 < 2'} and so the labelled ordered
set

(f2o f1)1(0) = )’ H e
Firstly,

0=y - (o)

i)t = {3t < 4t}t - {4t < 31}.

Furthermore,

We conclude that

(fao f1) 1O = PO T A {01<4t<31}.

In summary, the preimage data of f, e fi € Homzz(,s) ([4],[2]) is
o (faof1)7'(0)={0" <4t <3},
o (foof1)"(1)={1'} and
o (f20 )71 (2) = {2'}.

The proof that composition is associative can be found in Appendix C.1

171



Definition 26.0.7. The category of involutive, non-commutative sets, ZF(as), has as
objects the sets [n] = {0,...,n} for n > 0. An element of Homzr (s ([n], [m]) is a map of
sets with a total ordering on each preimage such that each element of the domain comes
adorned with a superscript label from the group Z/27Z. Composition of morphisms is as
defined in Definition 26.0.5.
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Chapter 27

The Isomorphism

We define two mutually inverse functors between the categories AH and ZF(as).

27.1 The Functor F: AH — ZF(as)

We define an assignment
F: AH — ZF(as)

to be the identity on objects.
We will extend this to include an assignment on morphisms.

We note that a morphism (¢, g) € Homag ([n], [m]) is defined as a composite

(gp, id[n]) o (z’d[n},g> .

We will define F' on these two morphisms separately.

Definition 27.1.1. Let ¢ € Homa ([n], [m]). We define

F (gp,id[n]> € Homz z(qg) ([n], [m])

to be the underlying map of sets, ¢, with the standard total ordering on each preimage
with 1 for every label.

Ezample 27.1.2. Let ¢ € Homa ([3], [2]) be represented by

The map F <g0, ’L.d[g}) € Homz r () ([3],[2]) is the underlying map of sets given by ¢ with

173



1

. <F (gp,z’dm))_ (0) = {0},
. <F (gp,id[g}))l (1) = {1 < 2'} and

. (F (gp,idm))_l (2) = {3'}.

Definition 27.1.3. Let g = (z0,...,2n;0) € Hp41, so each z; € Z/2Z and 0 € ¥,,11. We
define F' <id[n}, g) € Homz r (4 ([n],[n]) to be the underlying map of sets defined by the
permutation, o. Each preimage is a singleton and we define the label on

(F (idw , g) > B (4)

to be z,-1(;).

Ezxample 27.1.4. Let g = (t,t, 1,1;(01 2)) € Hy4 be represented by

with

o (F(idg.a)) ©=121),
o (i) 0= (o)
o (F (i) @ = 1) ona
. <F (idm,g))l (3) = {3},

Definition 27.1.5. Let (¢, g) € Homag ([n], [m]). We define
F(p,9) =F (gp,id[n]> o I (id[n},g> ,
where F' (go, id[n]> and F (id[n] , g) are defined in Definitions 27.1.1 and 27.1.3 respectively.

The proof that the assignment F' is functorial can be found in Appendix C.2.
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Definition 27.1.6. We define a functor
F: AH — ZF(as)

to be the identity on objects. For a morphism (¢, g) € Homay ([n], [m]) we define

F(p,9) =F (gp,id[n]) o I (id[n],g>

as in Definition 26.0.5.

27.2 The Functor G: ZF(as) - AH

We define G to be the identity on objects.
In order to define G on morphisms we need the following construction.

A morphism f € Homzr(4s) ([n], [n]) determines a morphism (¢, g¢) € Homagw ([n], [m])
as follows.

Definition 27.2.1. Let f € Homzr (4 ([n], [m]). We define ¢y € Homa ([n], [m]) to be
the order-preserving map determined by

o7t )| =|£710)|.

Definition 27.2.2. Let f € Homzr(,y) ([n],[m]). Let g5 = (20,...,2n;0f) € Hpy1 be
defined as follows.

For i € [m], let

FL6) = {z“{l <. < z‘ik}
and let

e () = {h < <k}

For each i € [m] let o send the elements of the underlying ordered set of f~!(3),
{iy <...<ip}

to the elements of the naturally ordered set of cpj?l(i),
{1 < ... <k}

by of(i1) = ji- Let 2,-1(;,) = 0 for 1 <1 < k.

Remark 27.2.3. Observe that we define the element gy € H, 1 by encoding the labels of
the preimages f~!(i) with the labels z; and encoding the total ordering data of f~1(i) in
the permutation o.
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Lemma 27.2.4. Let [ € Homzr(u) ([n], [m]) Let ¢y and gy be as in Definitions 27.2.1
and 27.2.2. Let F be the functor of Definition 27.1.6. Then

Fppgs)=f

in HomI]:(as) ([n]v [m]) :

Proof. Observe that, by construction, the composition ¢y o oy is the underlying map of
sets for f € Homzr(4s) ([n], [n]). Furthermore, using Definitions 26.0.5, 27.1.1 and 27.1.3,
we observe that for each ¢ € [m],

-1

(F (‘/’fagf)>_1 (i) = (F (Waid[n}) o I (id[nbgf)) (2)

= 1T (F (id[n] : gf)) B (J1)

i€ (F(epidp))” @

= [0 o' ™

si€e; ' (4)

= {z‘fl < e <zi’“}
=710
as labelled, ordered sets. ]

Ezample 27.2.5. Let f € Homzz(q) ([4], [3]) have underlying map of sets

12 3 4

with
o f71(0)={0'},
o f7H1)={1' < 3"} and
o fTH2)={4' <2}
We note that |f~1(0)| = 1, /7' (1) = 2, [/7'(2)] = 2 and |f7'(3)| = 0. Therefore,

¢ € Homa ([4], [3]) is represented by
/

2 3

0 2

1
0 1
We note that
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o f71(0) = {0'} so of(0) =0 and Zg-1(0) = t,
o f7H(1) = {1' < 3"} s0 oy

1) (3) = 1, 20—1(1) =1 and ZO.—I(Q) =t and
o f71(2) = {4" < 2'} s0 5s(4)
S

=1, 0y
=3, O’f(Q) =4, Zo-1(3) = t and Zg-1(4) = 1.
5

That is, g5 = (t, 1,1,¢,¢; (243)) Hjs and is represented by

We define an assignment
G: Hom(ZF(as)) — Hom(AH)

given by

[ (er.91)
Lemma 27.2.6. As a map of sets

F o G: Hom (ZF(as)) — Hom (ZF (as))
1s the identity.
Proof. Let f € Homzr(qs ([n], [m]). We note that
(FoG)(f)=F (¢1,97)
=f

by Lemma 27.2.4. O
Lemma 27.2.7. As a map of sets

G o F: Hom(AH) — Hom(AH)
1s the identity.

Proof. Let (¢,g) € Homag ([n],[m]). Since g € Hyqq it is of the form (zo,...,2n;0)
where each z; € Z/27 and o € ¥,,41. F(p,g) is the map of sets ¢ o o with the preimage

data
(Fle9) = T o'G)*
J€p~(4)
where 0; = z5-1(j).
Consider (G o F)(¢,g). This is a morphism in AH, constructed by the method provided
at the beginning of this subsection, which we will denote by (¢, ¢’). We note that, by
construction, ¢’ is an order-preserving map with

()7 @) = [we )
= | e )




where the last equality follows from the fact that o is a bijection of sets. We conclude
that ¢’ = ¢.

Recall that .
(F(e9) ()= JI o)™
JjEPL()
Suppose that
(Flp.0) ()= {i < <t}

By construction, the underlying permutation of ¢’ sends the elements i1,...,4; to the
elements of the ordered set

{7 @]+ +|@r -] +1< - < | @O+ + @]}

<
preserving the order, with the labels §; for 1 < < k. Since we know that ¢’ = ¢ this is
equal to the ordered set

{le @]+ e a-n[+1< < e )|+ + o710}

That is, the underlying permutation of ¢’ sends the elements of (F (ap,g))_l (7) to the
elements of p~!(i) preserving the order. Furthermore the labels of g and ¢’ match. We
conclude that ¢’ = g.

Hence (G o F)(p,9) = (¢, 9) as required. O
Corollary 27.2.8. The assignment G: ZF(as) — AH is functorial.

Proof. 1t is clear that G respects identities. We note that

Glgo f) = G((FoG)(g) o (FoG)(f)) (F oG =id)
=G(F(G(g) o G(f))) (F functorial)
= (Go F)(G(g) 0 G(f))
=G(g) o G(f) (GoF =id).
Hence G is functorial as required. O

Definition 27.2.9. We define a functor
G:ZF(as) — AH
to be the identity on objects. For a morphism f € Homzz(,s) ([n], [m]) we define
G(f) = (¢f,95)
where (QOf, gf) is defined using Definitions 27.2.1 and 27.2.2.
Theorem 27.2.10. There is an isomorphism of categories
F: AH — ZF(as)
with inverse given by G: TF(as) — AH.

Proof. Both functors are the identity on objects. Lemma 27.2.6 demonstrates that F' o G
is the identity on morphisms in ZF(as) and Lemma 27.2.7 demonstrates that G o F' is the
identity on morphisms in AH. O
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27.3 A Commutative Diagram of Categories

Definition 27.3.1. We have inclusions of the symmetric group X, into the hyperocta-
hedral group Hy1,
in+1: Zn—&—l — Hn+1

defined by
o (1,...,1;0)

for each n > 0.

Definition 27.3.2. Let I: AS — AH be the inclusion of the subcategory AS into AH.
I is the identity on objects. For (¢,0) € Homag ([n], [m]),

I(p,0) = (p,int1(0))
where 4, is the inclusion map of Definition 27.3.1.

Definition 27.3.3. Let J denote the inclusion of the subcategory F(as) into ZF(as).
J is the identity on objects. Let f € Homz(g) ([n],[m]). Recall that f is a map of
sets such that the preimage of each singleton i € [m] is a totally ordered set. We define
J(f) € Homzr () ([n],[m]) by labelling each element of each preimage with 1 € Z/2Z.

As a corollary to Proposition 24.2.5 and Theorem 27.2.10 we obtain the following re-
sult.

Proposition 27.3.4. There is a commutative diagram of categories
AH = IF(as)

; I

AS Fl(as)

=3

where I and J are the functors of Definitions 27.53.2 and 27.53.8 respectively. O
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Part VI

Epimorphism Constructions
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27.4 Ault’s Results

Ault [Aull0, Section 6] proves that for an augmented associative k-algebra one can cal-
culate the symmetric homology using the epimorphisms in the category AS and the aug-
mentation ideal. He does this by constructing a symmetric bar construction built from the
augmentation ideal of the algebra. This is a functor from the category of epimorphisms
in AS to the category of k-modules. Having constructed this functor he forms a chain
complex following the material in Chapter 9 and proves that it is chain homotopic to the
complex formed by symmetric bar construction. We summarize Ault’s results here.

Recall the material of Section 19.3.
Definition 27.4.1. Let EpiAS be the subcategory of epimorphisms in AS.

Definition 27.4.2. Let A. be an augmented associative k-algebra with augmentation
ideal I. We define the functor

B : EpiAS — kMod

to be given on objects by [n] — I®"*1. The action of B;*" on a morphism of EpiAS is
the restriction of the symmetric bar construction B5’™ of Definition 24.4.3.

Definition 27.4.3. We define the chain complex
C. (EpiAs, B3¥™)
following Definition 8.1.3.

Henceforth, in order to ease notation we will denote this chain complex by CS,(I).

Ault proves that there is an isomorphism of graded k-modules
HS,.(Ae) = H, (EpiAS, Bi¥™) @ ko

where kg is the graded k-module consisting of k in degree 0 and zero in all other de-
grees.

Furthermore, Ault makes the following definition.

Definition 27.4.4. We define the reduced symmetric homology of A to be

HS,(A:) = H, (EpiAS, BY™).

27.4.1 A note on Dold-Kan Type theorems

Recall from Chapter 12 and Remark 14.2.4, that in the case of I'-homology we had a
reduction to epimorphisms that relied on Pirashvili’s Dold-Kan Type theorem. It was
originally hoped that we could construct a Dold-Kan Type theorem in the cases of sym-
metric homology and hyperoctahedral homology. Despite our best efforts this has not
been possible. As remarked in Section 12.2, Pirashvili’s Dold-Kan Type theorem relies on
the fact that the category I' has a zero object which, alas, AS and AH do not.
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27.5 Summary of Part VI

We can generalize Ault’s epimorphism construction to the hyperoctahedral homology of an
augmented, involutive associative k-algebra. The argument we provide is a modification
of that given by Ault. The main difference is that by analysing the generators of the chain
complex

k[N, (F\AH)| @an BE(-)

of Definition 25.4.3, we can split the complex into a direct sum and prove results by
considering one of the summands.

It is straightforward but tedious to check that if we let A be an augmented, associative
algebra and replace AH and BY* by AS and B’ throughout Sections 27.6 to 27.10 we
recover the definitions and results of [Aull0, Section 6].

Elsewhere in the thesis we have denoted an augmented k-algebra by A. in order to dis-
tinguish it from an arbitrary k-algebra. Throughout Part VI we will let A denote an
augmented, involutive, associative k-algebra, in order to ease notation.

With this in mind, let A be an augmented, involutive, associative k-algebra with augmen-
tation ideal I.

In Section 27.6 we provide a splitting of the chain complex
KINS(—\AH)] ®an BE'(—)

into a direct sum

C.(AH,I)® C, (AH, k).

We show that the homology of the summand C, (AH, k) is isomorphic to k concentrated
in degree zero. We define the reduced hyperoctahedral homology to be the homology of
the summand C, (AH, I).

In Section 27.7 we construct a hyperoctahedral bar construction for the augmentation
ideal. This is a functor
B EpiAH — kMod.

We form the chain complex
B[N, (S\EDIAH) | @ppian BF(-)

following Chapter 9.

In Sections 27.8 and 27.9 we form the epimorphism construction as a functor
[x]\AH — [z]\EpiAH,
for each object [x] in AH and use this to define a chain map
Cy (AH,I) = k [N* (—\EpiAH )} ®upian B ().
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Finally, in Section 27.10 we prove that this chain map is a homotopy equivalence, demon-
strating that the chain complex

kN2 (F\EDIAH) | @rpian BF(-)

built from the epimorphisms in AH and the augmentation ideal is sufficient to calculate
the hyperoctahedral homology of an augmented, involutive, associative k-algebra.

27.6 Reduced Hyperoctahedral Homology

We will prove that there is a splitting of the chain complex
KN (-\AH)] @an BE'(-)
when A is an augmented, involutive, associative k-algebra.
In order to ease notation, for the remainder of this section we will define
f = (p,9) € Homag ([z], [z0])

and
fi = (i, 9;) € Homag ([zi—1], [zi])

for 1 <4 < p to be composable morphisms.

27.6.1 Choosing representatives

Definition 27.6.1. Let z > 0. Let Y, denote a basic tensor in B4 ([z]) = A®**!. Let
S C [z] be the subset of indices whose tensor factors in Y, are non-trivial. Let s = |S].

Let Y, g denote the basic tensor in A®® obtained by omitting the trivial factors.

If S is empty, that is, if all the factors of Y, are trivial we define Y, ¢ = 1.

Definition 27.6.2. Suppose s > 1. Let
i& € Homa ([s — 1], [z])

be the unique order-preserving injection such that Im (zg) =5.

We define
s = (fg,z‘d[s,l]) € Homay ([s — 1], [2])

Remark 27.6.3. Observe that
BY" (ia,s) (Ya,5) = Ya.
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Definition 27.6.4. Let Y, denote a basic tensor in B4 ([z]) = A®*T! such that every
tensor factor is trivial. That is, Y, = 1%”“1. Let

33" = oo 00y € Homa ([0, 4]

T

We define
50— (58@, id[0]> € Homaz (0], [2]) -

Remark 27.6.5. Observe that

B?ld (60,:c> (lk) _ 1%$+1.

Recall the notation of Definition 6.2.2.

Proposition 27.6.6. Let

meﬁ~«£udéw0®n

be a generator in the quotient module

Dzo KINp([2\AH)] @ By ([z])

[Ny (—\AH)] ®am BE'(—) = (k[Np(\AH)](z) ® y — 2 @ B () (y))

such that Y, has at least one non-trivial factor.

This is equal to a generator of the form

where Y, g contains no trivial factors.

Proof. Let

(ool o o] £ 1) o7,

be an elementary tensor in

D Ny ([e\AH)] © BY([x]).

=0

Let S C [z] be the non-empty subset of indices whose factors are elements of the augmen-
tation ideal I. Following Definition 27.6.2 and Remark 27.6.3 we write

B,Oft (ix,S) (YI,S) = Yx-
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It follows that we have an equality of elementary tensors
f f OCi .
<[a:p] & ) [ﬂﬂ) o= (w e fag] m) ® B (in.s) (Ya.5)-
We note that the difference
fp f1 foiz, s fp f1 f oct (-
(o0l & oo o ol 22 s 1)) 0 Yo = ([ & & [l & [1]) 9 B (ins) (Vo)
is an element of the k-module

(KN (@\AD)] () @1y — v & BE(@)(y) ).

and so

[([xp] Jr L [gg] LS s 1]) ® Ya.s

- [(m] Lo g m) ® BY (ir.5) (Yo.s)

in k[N,(—\AH)] ®amg BY(—).
By definition, Y, s contains no non-trivial factors. O

Proposition 27.6.7. Let

[([m o ) m) oY,

be a generator in the quotient module

B0 k[Np([2\NAH)] © BY!([])
(E[Np(\AH)|(x) @ y — x @ B () (y))

KINp(-\AH)] @an BE'(—) =

such that Y, = 1%“‘1.

This is equal to a generator of the form

Proof. Consider the elementary tensor

([xp] LR R [a:]) ® 18741,

By Definition 27.6.4 and Remark 27.6.5 we write
B?{Ct <50,x> (1k) _ 1’;®:c+1

and therefore we have an equality of elementary tensors

<[$p} &L L [m]) © 197+ = ([g;p] JELISUE R [ & [x]) @ B (87 (15).
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We observe that the difference

(loal o o] £ ) @10 (1] 0 ] £ ) 0 55 (5°) (1)

is an element of the k-module

(KINy(\AH))(2) @y — 2 @ BF (0)(y))

_ l([xp] e [z0] L m) ® By (50@) (11@)]

in k[N,(—\AH)] @an B! (—) as required. O

27.6.2 Choosing generators

Definition 27.6.8. Let C), (AH,I) denote the k-submodule of
k[Np(—\AH)] ®an BE'(-)

generated k-linearly by the equivalence classes

meﬁ~+ﬂudiu0®n

such that Y, contains at least one non-trivial factor.

Proposition 27.6.9. The k-submodule Cp, (AH,I) of
kINp(—\AH)] ®an BE'(-)

1s equal to the k-submodule generated k-linearly by equivalence classes

meﬁ~+ﬂudiw0®n

such that Y, contains no trivial factors.

Proof. Proposition 27.6.6 tells us that any generator in C, (AH,I) has a representative
such that Y, contains no trivial factors. Conversely, if

me&~+£udiu0®n

is an equivalence class such that Y, contains no trivial factors then it is a generator of
Cp (AH,I), O
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Definition 27.6.10. Let C, (AH, k) denote the k-submodule of
[Ny (-\AH)| ®an BE'(-)

generated k-linearly by equivalence classes

meﬁ~«£ndiwo®n

such that Y, contains only trivial factors.

Proposition 27.6.11. The k-submodule C, (AH, k) of
kINp(-\AH)] @an BE'(-)

1s equal to the k-submodule generated k-linearly by equivalence classes

me&~«£udiu0®n

such that x =0 and Y, = 1;.

Proof. Proposition 27.6.7 tells us that any generator in C), (AH, k) has a representative
such that Y, = 1. Conversely, if

meﬁ~«£udéw0®n

is an equivalence class such that Y, = 1; then it is a generator of C), (AH, k). O

27.6.3 Splittings
Proposition 27.6.12. There is an isomorphism of k-modules
E[N,(—\AH)] ®amg BY'(—) =2 C, (AH,I) & C, (AHL k).
Proof. By Propositions 27.6.6 and 27.6.7 we can choose generators of
kINp(-\AH)] @an BE'(-)

to be the equivalence classes

me&~+£udiu0®n

such that either Y, € I®**1 or Y, = 1} and z = 0.

Clearly there exists an inclusion map
i1: Cp (AH, k) = k[Np(-\AH)] @an BE'(-).
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Define a map of k-modules
m1: k[Np(—\AH)] @am BE' (=) = Cp (AH, k)

on generators by

szlk

™ ([([xp]ﬁ~-~<£[xo]i[x}>®yw ) - K[mp]ﬁ“wﬁ[m]i[m])@n

0 else.

We observe that 7y o 4; is the identity map on C), (AH, k) and the kernel of 7; is equal to
Cp (AH,I).

This provides the required splitting. The isomorphism
T k[Np(_\AH)] QAH szld(_) - Cp (AHa I) D Cp (AH> k)

is determined by the map that sends a generator

[([xp] & g & m) oY,

of k[Ny(—\AH)] ®an B (—) to

[([xp] LIS [z0] L [x]) Q@Y. |,0| Y, er®t!

0, [([xp] I g L [:c]) ®Y,

O]

Consider the chain complex k[N,(—\AH)] ®ay BY*(—) and denote the boundary map
d.

Lemma 27.6.13. The boundary map
d: KNy(=\AH)] @an BE (=) = k[Npot(\AH)] @an BF(-)
restricts to a boundary map
d: Cp(AH,I) = Cp—1 (AH,I).

Proof. 1t suffices to show that

d [([xp] P L [x]) ® Y,
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lies in Cp,—1 (AH, I) for a generator

[([mp] L N m) 8 Y,

of C, (AH,I).

Since the boundary map d is the alternating sum of face maps it suffices to show this for
each face map.

It is clear for the face maps 9; for 1 < ¢ < p since these face maps compose adjacent
morphisms in the string or, in the case of d,, omit the final morphism. None of these
morphisms interact with the elementary tensor Y.

For the remaining face map, dy, we note that

) [([a:p] Lo Ly L m) ®Y,

_ [(w & o)) o B (1)

The elementary tensor BS(f) (Y;) may contain trivial factors but it must contain at least

one non-trivial factor since Y, had non-trivial tensor factors. Proposition 27.6.6 tells us
that

[([xp] &L [:L‘o]> ® BE'(f) (Yz)

is equal to a generator of the form

[([xp] &) e,

such that Y, contains no trivial factors. Therefore

9 [([:cp] Lo gy L m) © Y,

lies in Cp—1 (AH, I) as required. O
Lemma 27.6.14. The boundary map
d: k[Np(—\AH)] ®an BY' (=) —= k[Np-1(—\AH)] ®an BE'(-)
restricts to a boundary map
d: C, (AH, k) = Cp—1 (AH,E) .

Proof. 1t is clear that this is true following the argument of the previous lemma. We note
that in this case BY!(f) (Yz) is an elementary tensor consisting of only trivial factors and
the lemma follows from Proposition 27.6.7. O
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Corollary 27.6.15. The chain complex k[N (—\AH)] @an B (—) splits as the direct
sum of chain complexes
Ci.(AH,I)® C\ (AHK).

Proof. Combining the isomorphism 7 from the proof of Proposition 27.6.12 with Lemmata
27.6.13 and 27.6.14 we deduce that we have the following commutative diagram for each
p =L

k[Np(—\AH)] ®am BE'(—) s Cp (AH,I)® Cp (AH, k)
dl l(d,d)
k[Np—1(—\AH)| ®an BE'(-) Cp-1 (AH,I) ® Cp1 (AH, k)

This gives the required splitting. O

27.6.4 Reduced hyperoctahedral homology

Proposition 27.6.16. There is an isomorphism of k-modules

k n=0

0 else.

H, (C, (AH,k)) = {

Proof. We define an augmentation
e: Cy (AH, k) — k,
in the sense of Definition 2.4.12, to be determined by

It is straightforward to check that the morphisms
hy: Cp (AH, k) = Cpy1 (AH, k)
determined by

[(fp,...,fl,f) ®1k] o [(fp,...,fl,f,z’d[o}) ®1k]

for p > 0 and
h_1:k— Cy(AH,k)

determined by
Ly |idp ® 1
satisfy the second set of conditions of Proposition 2.4.13. 0

Definition 27.6.17. Let A be an augmented, involutive, associative k-algebra. We define
the n'* reduced hyperoctahedral homology of A to be

HO,(A) = H, (C, (AH,I))

forn > 0.
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As a corollary to Corollary 27.6.15 and Proposition 27.6.16 we obtain the following propo-
sition.

Proposition 27.6.18. There exist isomorphisms of k-modules
HO,(A) =2 HO,(A)

forn =1 and -
HO(](A) gHOo(A)@k. O

27.7 The Functor B¢

Let A be an augmented, associative k-algebra. Let I be the augmentation ideal. Recall
the category EpiAH from Definition 19.3.5. Consider an assignment

B EpiAH — kMod

given on objects by
[n] — I®n+1.

Let 4o ® - - - ® y,, be an elementary tensor in 1®"*!. For a morphism

(90’9) € HomEpiAH ([TL], [m])

we define
B (0,9) (o ® -+ @yn) = BY (0,9) (4o @ -+ @ yn) -

We observe that the assignment is well-defined on morphisms since we are only consid-
ering epimorphisms in AH. The morphism B9 (¢, g) acts on an elementary tensor by
first permuting the factors and applying the involution according to g € Hp4+1. It then
multiplies tensor factors according to the order-preserving map ¢. The augmentation ideal

I is closed under both of these operations.

The assignment is functorial since it is the restriction of the functor B4 to the subcategory

EpiAH.

Definition 27.7.1. Let A be an augmented, associative k-algebra with augmentation
ideal I. We define a functor
B9 EpiAH — kMod

on objects by
[n] — 197

On morphisms we define B¢ to be the restriction of B4 to the subcategory EpiAH.

Definition 27.7.2. Following Definition 8.1.3 we define the chain complex
c, <EpiAH, B}’Ct> .
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Definition 27.7.3. Following Subsection 9.2.2 we define the chain complex

k [N* (—\EpiAH)} @ppian BE(-).

Recall that Theorem 10.1.2 provides an isomorphism of chain complexes

C, (EpiAH, B}’Ct) >~ [N* (—\EpiAH)} ©ppian BE(-).

Recall from Proposition 27.6.9 that the chain complex C, (AH, I) is generated by equiv-
alence classes of the form

[([m A m) oY

such that Y, contains no trivial factors.
Definition 27.7.4. We denote by
itk [N* (—\EpiAH)} @ppian BE(—) = C, (AH, )

the inclusion of chain complexes.

We will show that the inclusion map ¢ is a chain homotopy equivalence.

27.8 The Epimorphism Construction

In this section we will describe the epimorphism construction for hyperoctahedral homology.
This construction is the key to defining a chain map

x: Oy (AH,T) — k [N* (—\EpiAH)} ®epiar BI(~)

such that y o ¢ is equal to the identity and ¢ o x is homotopic to the identity, where 4 is
the inclusion of chain complexes from Definition 27.7.4.

The following proposition uses the unique decomposition of morphisms in the category A
to decompose any morphism in AH into a composite of an epimorphism and a monomor-
phism.

Proposition 27.8.1. Let (¢,g) € Homap ([z],[2]). Let v = [Im(p)|. The morphism
(p,9) can be written uniquely in the form

1] et pp —p Lot )

where (7,,g) s an epimorphism in AH and i, is a monomorphism in A.
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Proof. By Theorem 2.2.5 the morphism ¢ € HomA ([ 1,1 z]) has a unique decomposition
in A of the form i, o 7, where 7, € HomA( [r—1] ) is an epimorphism and i, €
Homa ([r — 1], [2]) is a monomorphism. We note that

(9079) = (ZQD © 71—4,079)

= (il{?’id[r—l]) o (7. 9)-

Suppose (7', id o (n’, h) is another such decomposition. That is,
[v]

(p,9) = (i/,id[y]) ) (71'/, h) .
By the composition rule in AH we see that
(#idyy) o (=) = (o 7' ).
It follows that g = h and, by Theorem 2.2.5, we deduce that i’ =i, and 7’ = 7. O

Notation 27.8.2. In order to ease notation we adopt the following convention. Whenever
we use the decomposition of Proposition 27.8.1 we define

iy = (i@, id[r—l}) € Homagy ([r — 1], [2]) .
Notation 27.8.3. For (¢,g) € Homag ([z], [2]) we will let 7 = |Im (¢)|. For (i, 9:) €
Homa g ([2], [2]) we will let 7; = |Im (¢;)|.
For each x > 0, we have an assignment on objects, which we will denote by
E,: [z]\AH — [z]\EpiAH

given by

(m Le9), [z]> — <[1:] AN 1]) .

We will extend this to also give an assignment on morphisms and demonstrate that the
assignment is functorial.

Lemma 27.8.4. Let

[z]
(5017!11)/ ngz)

[21] ) [22]

be a morphism in [x]\AH.

We claim that (¢, h) induces a morphism

(le \mj 192)

[7‘1—1 —>[’I”2—1]

(¥,h)
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in [x]\EpiAH.
Proof. Using Notation 27.8.2, we have a commutative diagram

(¥,h)

(¢1,91) (p2,92)

ry—1 ro — 1

(2] 2] [22]
\ A/mgl) <WM /m
[ ] [ J

in AH.

The upper triangle is the morphism in [x]\AH. The two lower triangles are the unique
decompositions of Proposition 27.8.1.

By construction Im(i;, ) = Im((¢1, 91)) and so,

(¥, h) o (¥1,91))
(2, 92))

= Im(i,, ).

Im ((qp, h) o ifm)

=Im
= Im

In particular, (1, h) o i), has image equal to Im(p2).

By Proposition 27.8.1 there exists a unique morphism

(¥, h): [r1 = 1] = [ra — 1]

in EpiAH such that

We observe that

0 il © (Tpy, 91)

(¢1,91)

Since i:OQ is a monomorphism in AH we can cancel on the left and deduce that

(¢7 h) © (775017.91) = (77902a92)'

We therefore have a commutative diagram
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(¥,h)

(p1,91) (p2,92)

1
‘k ,/solgl (Wm /

[7’1—1 >’)”2—1

as required.

Recall the notation of Definition 1.3.2. We denote the morphism

(1, g}/ Wj 192)

[21] ——7— [2]

(¥,h)
in AH by
((1/}7 h) ) (901791) ) (()02792» :

We define
E,: [z\AH — [z]\EpiAH

on morphisms by
((wv h) ’ (9017 gl) ) (9027 92)) = <(¢7 h)? (774.01791) ) (7r<p27g2)> .

We claim that the assignment E, is functorial.

Proposition 27.8.5. Let x > 0. Let
E,: [z\AH — [z]\EpiAH

be defined on objects by

and on morphisms by

((wv h), (1,91), (@2, 92)) = <(¢7 h), (7@1791) ) (7T<P2792)> .

We claim E, is a covariant functor.

Proof. We observe that E, respects identities since
Eac (Zd[z}a (90,9) ) (9079)) = (Z‘d[rflb (Trcpyg) ) (7['90,9)) .

We must demonstrate that F, respects composition.

Let
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[z]
(1 79‘7 &p‘z ,92)

[21] o [22]

and

(2]
2’% ‘Pj,gs)

(¢
[22] ) (23]

be two morphisms in [z]\AH. Write

(2]
(Solxg)y w\&%)

[21] e [23]

for the composite.

By Lemma 27.8.4 we have commutative diagrams

(2]
(g, ;91/ \(W;Q 192)

[7‘1—1}—> [TQ—l]’

(¥,h)

[x
g2)

]
(Toy / Yi‘% 193)

[ro =1 ———— [r3—1]

(¢7,h")

and

[]
(me, V \(wis,grn

[r =1 ——— s — 1]

(¢’,h")o(1h,h)
in EpiAH.

We must show that E,((¢',h')o (¢, h)) = E.((¢', 1)) o E.((1, h)). That is, we must show
that

(', 0') o (¢, h) = (', 1) o (¥, h).
Observe that, using the commutative diagrams above, we have

(wlv hl) © (¢7 h) © (77501,91) = (77903ag3)




Since (7, 1) is an epimorphism we can cancel on the right and deduce that

(@', W) o (¢, h) = (', W) o (¥, h)

as required. ]

Recall Remark 2.1.8.

Proposition 27.8.6. The functor E,: [x]\AH — [z]\EpiAH induces a map of simplicial
sets

N E,: N*([x]\AH) — N*([JJ]\EplAH) O
Let
[2]
(0.90) / (£p-09)
[ZO] (1,h1) [ZI] (2,h2) o (Yp—1,hp—1) [Zp—l] (¥p,hp) [Zp]

be an element of N, ([z]\AH). Recalling the notation of Subsection 9.2.1 we will denote
this
((ﬂ)p, hp) sy (Y1, 1), (800,90)) :
We note that
E, ((wpahp) soos (Y1, h1), (800,90)) = (W? o (W1 b)), (%mgo)) :

where the morphisms (¢;, h;) are obtained as in Lemma 27.8.4.

27.9 The Chain Map

We will demonstrate that the chain complex C, (AH,I) is chain homotopic to the chain
complex k [N*(—\EpiAH)} QEpiAH B?Ct(—).

Recall the description of the chain complex Cy (AH, I) from Proposition 27.6.9. A gener-
ator in degree p is an equivalence class of the form

[([pr Lo ) m) ®Y.

such that Y, contains no trivial tensor factors.

Proposition 27.9.1. There exists a well-defined map of k-modules
Xp: Cp (AH,I) — k [Np(_\EpiAH)] ®EpiAH B?Ct(_)
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determined by

fp ..

[O%Mﬁnwﬁhdiho®n,H[HMﬂJO%H— +ﬂwaiu0®n

for each p > 0.

Proof. We must demonstrate that if [X] = [X'] in C, (AH, I) then x, ([X]) = x» <[X’]>
in k [Np(—\EpiAH)| ®gpiag B ().
To this end, let

f = (¢, 9) € Homag ([2'], [x0])

and
fi = (i, 9;) € Homag ([zi—1], [i])

for 1 < i < p be composable morphisms in AH. Let

r= }Im (gp)|
and
r; = ’Im (gol)‘ .
Let
p = (v,h) € Homapg ([x], [:v’]) .
Let

X:<mu&~+£pdiﬁu0®n
be an elementary tensor in

D kN, ([\AH)] @ BE([a])

x>0

such that Y, contains at least one non-trivial factor. Let
’r fp I ! / oct
X' = {[zp] = -+ = [wo] = [2'] | @ B (p)(Ya).
It follows that [X] = [X'] in k [Np (—\AH)] ®am BY(—) and since Y, contains at least
one non-trivial factor, [X] = [X'] in C, (AH, I), by Proposition 27.6.6.

We must show that x, ([X]) = xp ([X’])

We do this in a number of steps.

In Step 1 we choose representatives




and

)= (0 e 22 )z

such that Y, g and Y/ g are basic tensors in the sense of Definition 4.4.9, using a similar
argument to Prop051t10n 27.6.6.

In Step 2 we use properties of morphisms in AH to show that there is an epimorphism
(7, 7) in AH such that
By (1, ) (Ya,s) = Y g

In Step 3 we apply the map x;, to the equivalence classes [X] and [X ! ]

In Step 4 we use the equivalence relation of the k-module k‘[ »(—\EpiAH )] QEpiAH
B9“!(—) to demonstrate that x, ([X]) = xp ([X’])

Step 1 (Representing classes by basic tensors). Consider
X = <[xp] L ) L2 [x]) ?Y,.

Following Definitions 27.6.1 and 27.6.2 and Remark 27.6.3 we let S be the set of indices
of the elementary tensor Y, whose tensor factors are elements of I. We let

- (ifg,id[s_l]) € Homay (s — 1], []) .

By Proposition 27.6.6,

x] = [([asp] & ) LS s 11) Vs

Let S’ be the set of indices in the elementary tensor B (p)(Y,) whose tensor factors are
non-trivial. Let s’ = |5’|. We let

iac’,S’ = (Zg//, id[slil]) S HOmAH ([S/ - 1]7 [JZ‘I]) .

By Proposition 27.6.6
n_ fp fi foiyr g oct
[X] = || [zp] = -+ ¢ [z0] — [ -1 | ®B% (p)(Yz)ar s

where B5(p)(Yy)a s is the elementary tensor obtained from B4 (p)(Y;) by omitting the
trivial tensor factors.

To ease notation, let us denote

VY = By (p)(Yz)
and
Y] o =B (p)(Ya)u s-

x
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Hence

Step 2 (Finding an epimorphism). We show that there is an epimorphism (7, j) in
AH such that
B%Ct(wmj)(yx’s) = sz/,S"

Consider
poizg € Homag ([s — 1], [2]) .

As a morphism in AH this has a unique expression of the form (u,j) where j € Hg and
€ Homa ([s — 1], [2']).

As an order-preserving map, g has a unique decomposition say p = i, o m,. Let ¢ =

Tm ()|, so
Tt [s = 1] = [g— 1]

is an epimorphism and
int lg—1] =[]

is a monomorphism.
Observe that we have equalities of elementary tensors
Y/ = B (p o i:c,S) (Ya,s)
= Bﬁft (i# o W“,j) (Yzs)

= B (iu o Wu7id[sfl]> (B,Oft (id[sfl])j> (Yx,S)> .

To ease notation let

Y;UJ,S = ngct (id[s—1]7j> (Ya.s).

Observe that ij g is an elementary tensor consisting of s non-trivial factors since it is ob-
tained from Y, g by permuting and applying the involution to the tensor factors according
to j € Hs.

By the functoriality of BS" and using Notation 27.8.2 we see that,
Yxp — B%Ct (Z;> (B%Ct (7-‘-#72'd[5_1])> (YJ,{S) .

Since the action of Bﬁft (z
that

L) inserts trivial factors into an elementary tensor we deduce

Bt (@, id[8_1]> (Y;’ S)
is an elementary tensor with the same number of non-trivial factors as Y7.
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Furthermore, since Y ¢ contains no trivial factors and 7, is surjective we deduce that

By (”mid[s—l]) <Y’Z’S)

has precisely s’ = |S’ ‘ factors, each of which is non-trivial. In other words, we can deduce
that |Im(u)| = |9 and

<Fﬂ7id[871]> € Homap ([s —1],[s' — 1]) .

Since we have an equality of elementary tensors

Y? = Byt (zL) (B;’ft <wu,id[s,1]) (Yai S)) ,

we deduce that
./ _

iy Z‘mlﬂsl € Homag ([8/ — 1], [x’]) .

It follows from Proposition 27.8.1 that
ig!,50 © (Wu’j)

is the unique decomposition of p o i, g.

We therefore have a commutative diagram

pOiz,S

in AH.

Recall from Step 1 that Y is an elementary tensor with s’ non-trivial factors and Y/, ,
is the elementary tensor obtained by omitting the trivial factors.

We have equalities of elementary tensors
Yf = By (ins) (Yos)
= BY' (iw5') (BE" (7) (Va.s))

from which we deduce that
lec%ﬂuaj)(yxﬁ) = Yme,sf-

Step 3 (Applying x,). We demonstrated in Step 2 that
pOiys =iyg 0 (mu,j) € Homag ([s — 1], [2]) .
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We observe that

[(X] = —— [s— 1]) ® Yy s

_ ([xp} A ) [3—1]> ® Yas

Since f oiy g € Homay ([s’ —1], [xo]) it has a unique expression of the form (v,1) where
l € Hy and v € Homa ([ — 1], [z0]). Let n = |Im (v)|.

Hence

X] = ([xp] LIS 0] M [s — 1]) ®@Yzs

Therefore

T 3 1 (TFV,Z)O(WH7j)

Xp [X] = ([Tp—l]% 1) [3_1]>®Yz,57

since (7ru, j) is an epimorphism in AH.

Observe that

Therefore

Step 4 (Conclusion). We observe that the difference of

([rp—n@--ﬁ[n—uM[s—@@Y;sx

and

(m,,l)o(ﬂ'u,j)
« 7

({Tp_”ﬁ...ﬁ[n_l] [s—l])@yx,s

is an element of the k-module
(k [Ny(0\EpiAH)] (2) @y — o & Bf(a)(y) ),
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defined following Definition 6.2.1, since (71'“, j) is an epimorphism in AH and
szxd(ﬂmj)(yx,s) = Yxe,s/
as demonstrated in Step 2.

It follows that x, ([X]) = x» <[X’]) in

k [N(~\EpiAH)] ®gpian B (-)
as required. ]

We deduce the following corollary.

Corollary 27.9.2. The maps x, assemble into a map of chain complexes
x: Cu (AH,I) = k [N.(=\EpiAH)] ®gpian B (—).
Proof. Proposition 27.8.6 tells us that the k-module morphisms x,, determined by the

epimorphism construction, are compatible with the simplicial structure of the nerve and,
therefore, with the boundary maps. ]

27.10 The Chain Homotopies

Recall the inclusion of chain complexes
itk [N* (—\EpiAH)} @ppian BE(—) = C, (AH, )
from Subsection 27.7.
Proposition 27.10.1. The chain map
ot . (] G B & [ ()] S 570
1s equal to the identity.

Proof. We observe that in each degree, the morphism x applied to an element in the image
of i is the identity since all the morphisms in the representative are epimorphisms. ]

Proposition 27.10.2. The chain map
iox: Cy (AH,I) — C, (AH,I)
is homotopic to the identity map.
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Proof. 1t suffices to provide a presimplicial homotopy between i o y and the identity map
by Proposition 2.5.5. We will make use of Notation 27.8.2.

Let
hg.’: Cp(AH,I) — Cpi1 (AH,I)

be determined by mapping an equivalence class

Kmm&~-ﬁudiu0®n

to

Ip i:”j 1 (ij,g]) )

feg] &= fog) - = 1) e -1l @Y,

That is, h? is the map determined by mapping an equivalence class in Cp, (AH, I) to the
equivalence class in Cpy1 (AH,I) obtained by applying the epimorphism construction to
the first j morphisms in the representative, then inserting an inclusion and leaving the
remaining morphisms unchanged.

We demonstrate that these morphisms satisfy the conditions of a presimplicial homotopy
between ¢ o x and the identity map.

Let
X = [([a;p] LIS [a:]) ® Y,

Step 1. We show that 9y o h{, is the identity map.

(0o 0 hB) (X) =

&
1
T
5

B
IE
g
T
=
=
&
~
®
Iil

Therefore (9p o hf) is the identity map.

Step 2. We show that 9,11 0o hl =io .

(Bpsr 0 B2) (X) = Bpin [([xp] Sy By L) m) ® Yz]
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Step 3. We show that 9; o b = hp_ 00; for 0 <i < j < p. On the one hand

(2r0m3) (0 =2 [([xp]&--e[wnfﬁ [rj—11e--+[w}> m]

- [([:pp]<f—"---<—[xj}ﬁ[rj—ue--wﬂu«—[x])@YEI.

On the other hand

(r=toa.) () =) [(W e ] S ] e M) ot

- [([xp]ﬁ-..e[xj]<i:°—j[rj—1]<—---<M--.<—[m]>@Yw].

Equality follows from Proposition 27.8.5.
Step 4. We show that 9; o hp 0; o h ; for 0 <7 < p. On the one hand

(9; 0 W) (X) = 0 [([mp]e...e[;gi}iﬂ[n1]&...Hr1}e[x}>®yz]

:[<[:vp]e~»e[xl]<i/—0f[nll} e[rl}e[x])@Yz

On the other hand

v

(a,- o hf,l) (X) = [([xp] e ] S e — 1] e m) ®Y,

= [([Z’p]%”'%[wi]&[ﬁ—l—l}%“%—h‘])®Yx].

Equality follows from Lemma 27.8.4.
Step 5. We show that aiohp hpo ;1 for ¢ > 541,57 > 0 and ¢ < p. On the one hand

O (fwo) - = o) [y =1 = - [o) @ Yz

(a,-ohg’)( )

{ Tieh 1-..<—[xj]<—[rj—1]<—---<—[x]>®yx

On the other hand

fiofi

(rr 0 0i) (X) = B2 [([xp] e o] I o) e e [1:]) QYe

- [([xp}e.--M-..e[xj]%[rj1}&~-e[m])®ym .

Hence the maps h? form a presimplicial homotopy as required. O
Combining Propositions 27.10.1 and 27.10.2 we deduce the following corollary.
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Corollary 27.10.3. The inclusion of chain complexes
itk [N* (—\EpiAH)} @ppian BE(—) = C, (AH, )

s a chain homotopy equivalence. L]

Theorem 27.10.4. Let A be an augmented, involutive, associative k-algebra with aug-
mentation ideal I. There exist isomorphisms of k-modules

HO,(A) = H, (k: [N.(—\EpiAH)| ®gpian B?Ct(—))
~ I, <C* (EpiAH, cht))

for each n > 0. O
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Part VII

A Comparison Map for Symmetric
Homology and ['-Homology
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Introduction

Both symmetric homology and I'-homology are formed by building a symmetric group
action into the Hochschild complex. We prove that in the case of an augmented, commu-
tative algebra there is a comparison map between the symmetric homology and a summand
of the I'-homology. Furthermore, when the ground ring contains Q we show that our map
compares the symmetric homology with the entire I'-homology.

In Chapter 28 we introduce an isomorphic variant of the category AS of Definition 24.2.1.
This variant has as objects the sets n for n > 1 and this eases the notation for the
comparison map. Throughout Part VII we will work with this version of AS.

In Chapter 29 we form a normalized version of Harrison homology. This new description of
Harrison homology is required for the properties of the comparison map when k£ O Q.

In Chapter 30 we define a normalized symmetric chain complex for an augmented algebra
using the standard method of normalization for a chain complex associated to a simplicial
k-module.

In Chapters 31 and 32 we define a surjective map of chain complexes
NCS(I) — NCT(I,k)

between the normalized symmetric chain complex and the normalized I'-complex for the
augmentation ideal I with coefficients in k. We therefore obtain a long exact sequence
in homology connecting the reduced symmetric homology with a summand of the I'-
homology. Recalling a theorem from Part III we obtain a long exact sequence in ho-
mology connecting the reduced symmetric homology with the entire I'-homology when

k2 Q.
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Chapter 28

A Variant of AS

Definition 28.0.1. Let A’ be the category whose objects are the sets n = {1,...,n} for
n > 1 and whose morphisms are order-preserving maps.

Proposition 28.0.2. There is an isomorphism of categories A = A’. O

Definition 28.0.3. Let AS’ be the category whose objects are the sets n = {1,...,n} for
n > 1. An element of Homags (n,m) is a pair (¢, g) with g € ¥,, and ¢ € Homas (n, m).
Composition is defined to be compatible with the isomorphism of sets

Homag' (n, m) = Homag ([n — 1], [m — 1])
where the composition on the right hand side was defined in Chapter 24.

Proposition 28.0.4. There is an isomorphism of categories AS = AS’ O

Throughout Part VII we will work with AS’ but we will denote it AS in order to ease
notation.
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Chapter 29

Normalized Harrison Homology

Suppose k contains Q and let A be an augmented commutative k-algebra with augmen-
tation ideal I. Let M be a symmetric A.-bimodule which is flat over k. Recall that under
these conditions we have a description of the Harrison complex as a subcomplex of the
Hochschild complex from Subsections 5.3.3 and 5.4.3. Furthermore, we have the splitting
of the Hochschild complex

Cyo(Ac, M) =2 Cy (I, M) @ Dy(Ac, M),
described in Proposition 5.2.4.

In this chapter we combine these methods to provide a normalization of the Harrison
complex.

Forming a normalized Harrison homology is not straightforward in general. Whilst we can
form a description of the Harrison complex as a subcomplex of the Hochschild complex
when the ground ring k contains Q, this is because the Hochschild boundary map is
compatible with the Eulerian idempotents. In fact, the FEulerian idempotents are not
compatible with individual face and degeneracy maps, so the Harrison subcomplex does
not arise as a chain complex associated to a simplicial object.

29.0.1 A decomposition of the degenerate subcomplex

Let A, be an augmented, commutative k-algebra and let M be a symmetric A.-bimodule.
Recall the degenerate subcomplex D, (Ac, M) of the Hochschild complex from Subsection
5.2.2.

Proposition 29.0.1. There is a natural isomorphism of chain complexes
Dy(Ac, M) = @e* (A, M).

Proof. We observe that ¥, acts on the left of D,,(As, M) in precisely the same way as it
acts on C(Ag, M), by permuting the tensor factors. Therefore D, (A, M) can be split
naturally using the Eulerian idempotents. O
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Corollary 29.0.2. The chain complex e,(f)D* (Ae, M) is acyclic.

Proof. Since the degenerate subcomplex D, (A., M) is an acyclic complex, each summand
of the decomposition is itself an acyclic complex. O

29.0.2 A short exact sequence

By inclusion, eii)D*(Ag, M) is a subcomplex of eg)C*(AE, M). In particular, taking i = 1,

eil)D*(Ag, M) is a subcomplex of the Harrison complex.

Definition 29.0.3. Denote the quotient map by

eiZ) o (Ae ) M)

Q;: 6§i)0*(A€,M) — — )
65(@) D*(AE) M)

For each 7 > 1, there is a short exact sequence of chain complexes

e e, (A, M)

) — 0.
ex’ Dy(A-, M)

0= D, (A, M) — DO, (A, M) 2

By a standard construction this gives rise to a long exact sequence in homology. Since the
(4)

complex e, D, (A, M) is acyclic by Corollary 29.0.2 we can deduce that the quotient map
Q; is a quasi-isomorphism for each 7 > 1.

Proposition 29.0.4. There is an isomorphism of k-modules

e, (Ao, M)

0 =
Hy (0014 M) ) = H, e\ D, (Ac, M)

for eachn >0 andi > 1. O

29.0.3 The quotient complex

Let A. be an augmented, commutative k-algebra with augmentation ideal I. Let M be a
symmetric A.-bimodule. Recall the chain complex C, (I, M) of Proposition 5.2.1.

Proposition 29.0.5. There is a natural isomorphism of chain complexes
0 .
C(I, M) = P e o1, M).
i=1

Proof. We observe that ¥,, acts on the left of C, (I, M) in precisely the same way as it
acts on Cp(As, M), by permuting the tensor factors. Therefore C),(A., M) can be split
naturally using the Eulerian idempotents. O
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Lemma 29.0.6. For each i > 1 there is an isomorphism of chain complexes

68) o (As ) M)

: — D1, M).
e'D, (A., M)

fi

Proof. We begin by considering the quotient complex

63(:) C*(Aaa M)
e'D, (A, M)

The subcomplex e(*i)C*(AE, M) of the Hochschild complex C,(A., M) is generated by the

k-linear combinations of the form e!” (mM®a; ®---®ay), where (m®a; ® -+ Ray) is a

basic tensor in the sense of Definition 4.4.9.

The subcomplex eg)D*(Ag,M ) of the Hochschild complex is generated by the k-linear

combinations of the form e{” (m®a; ® -+ ® ay), where we run through all basic tensors
with at least one trivial tensor factor.

We can choose representatives such that the quotient complex, in degree n, is generated
by equivalence classes

[ef)(m®y1 R ® Yn)

where each y; is an element of the augmentation ideal I, and the boundary map is induced
from the Hochschild boundary map, b.

With this choice of representatives, we have a well-defined map of chain complexes

5 eV (Ac, M)

2 = e, (1, M)
ex Di(Az, M)

determined by

[eii)(m®y1®---®yn) = e M@y @)

on generators as above in degree n.

The inverse is given by the map determined by sending a generator
(@) .
Ex (m QY1 ® & yn)

of e&i) Cy(I, M) to its equivalence class in the quotient. O

Definition 29.0.7. Denote by

L e (1, M) — 0, (Ae, M)
the inclusion of chain complexes.
We have a diagram of the form
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% i D «(Ag, i %
0, (A, M) F Bt D e, (1, )

\,/

I;

Lemma 29.0.8. The composite (f; o Q;) o I; is the identity map on the chain complex
D (1, M).

Proof. All three maps are morphisms of chain complexes and it suffices to check the claim

on generators in an arbitrary degree. Let m®y; ® - - - ® y,, be a generator of eg )Cn(I , M).
We observe that

fioQioiim@y1 ® - Qyn) = fi0Qi(MOY1 @ D yn)
=fi(lme@y @ @y

as required. O

Theorem 29.0.9. Let k O Q and let A. be a augmented, commutative k-algebra with
augmentation ideal I. Let M be a symmetric A.-bimodule which is flat over k. For each
1 > 1 there is an isomorphism of chain complexes

e (A, M) 2= 0 (1, M) @ el D, (A, M).
Proof. This follows from Lemma 29.0.8 upon observing that
Ker(f; 0 Q;) = eg)D*(AE, M). O
Corollary 29.0.10. The composite of the the canonical projection map Q; with the iso-

morphism f;, ‘ A
fioQi: 0, (A, M) — O (1, M)

1 a quasi-isomorphism. The inclusion of chain complexes
L: 0,1, M) = e C(Az, M)
induces the inverse map on homology.
In particular, taking i = 1 there is a quasi-isomorphism
fioQ1: CHarry(Ae, M) — eil)C*(I, M)

and the inclusion of chain complezes

L: eil)C*(I, M) — CHarry(Ae, M)
induces the inverse map on homology.
That is, there is an isomorphism of k-modules

H, (eil)c*(l, M)) ~ Harry (A, M)

for each n > 0. O
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Chapter 30

Normalized Symmetric
Homology

Recall the chain complex C'S,(I) of Definition 27.4.3.

Consider the simplicial set N,(EpiAS). An element in degree n takes the form

e B Iy

where each f;, for 1 <4 < n, is a morphism in EpiAS. That is, each f; is a surjection of
sets with a total ordering on each preimage. As previously we denote such an element by

(fna'-'afl)‘

Consider
Csh- @ B,
(frsesf1)

A generator takes the form of a pair

((fn7af1)’(y1®®y$))7

where (fp, ..., f1) € No(EpiAS) indexes the summand and (y;1 ®---®y,) € B}’ (z). The
boundary map is given by the alternating sum of the face maps of the simplicial k-module
C.(EpiAS, B}'™).

Since C'S,([]) is the chain complex associated to a simplicial set we can form the normalized
chain complex following Subsection 2.5.4.

Definition 30.0.1. We denote the normalized symmetric chain complex by NCS,(I).

A generator of NCS,,(I), thought of as a quotient of C'S,,(I), is an equivalence class of
the form

[(fn7"'7f1)7(y1®"'®y$)]

where each f; is a morphism in EpiAS and is not an identity map. The boundary map is
induced from the boundary map of C'S,(I).
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We deduce the following proposition from Corollary 2.5.16.

Proposition 30.0.2. There exist isomorphisms of k-modules
HS,(AL) = Hy(CS,.(I)) = Hy(NCS,(I))

forn = 0.
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Chapter 31

A Quotient of the Symmetric
Chain Complex

Recall the chain complex NCS,(I) of Definition 30.0.1. In degree n we have the k-module
generated by equivalence classes of the form

[(frs-- s f1), (1 ® - @ ya)]

where

is an element of N, (EpiAS), none of the maps f; are identity maps and y1 ® --- Q@ y, €
B;ym (z).

Definition 31.0.1. Denote by NCS}(I) the k-submodule generated by the equivalence
classes for which z, # 1.

Lemma 31.0.2. There is a well-defined subcomplexr NCSL(I) of NCS,(I).

Proof. In order to show this we must show the differential of NCS,(I) induces a well-
defined differential on NCS}(I). It suffices to prove that the image of a generator of
NCSL(I) under each face map is an element of NCS! | (I).

The only face map that affects the final codomain of the string is d,,. We see that

On [(fm--wfl)a(yl®"'®yﬂc)] = [(fn—lw‘-vfl)v(yl®"'®y:c)]

where (fn—1,..., f1) denotes

PN

|

Tp—1-

Since f, € Homgpias <mn_1, @) is a surjection as a map of sets and z,, # 1 we can deduce
that x,_1 # 1 and so the differential is well-defined on NCS.(I). O
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Definition 31.0.3. We denote the quotient complex by

— ___ NCS.{U
NCS,(I) = NCSIEI;

A k-module generator of NCS,,(I) is an equivalence class of the form

[(fna'-'7fl)7(yl DR ®y:p)]
where (fn,..., f1) denotes an element of N, (EpiAS) of the form

Qf_1>..._>f"*1 $n—1f—n>l

and (yo ® -+ @ yz) € By (a).
We will denote the quotient map

q: NCS,(I) = NCS,(I).

The differential of NCS,(I) is induced from the differential of NCS,(I). That is, it is
induced from the alternating sum of the face maps.

Lemma 31.0.4. Forn > 1, the map induced from the final face map,

On: NCS,(I) = NCS,_1(1)
is the zero map.

Proof. A non-trivial element of NC'S,(I) is indexed by a string of composable non-identity

morphisms of the form

gf_1>...ﬁl_*1>xn_1f_”>l.

The map induced by 9, omits the last morphism in the string, so we obtain

PR N

By construction, f, was a surjection and was not an identity map and so x,_1 > 1.
Therefore, the image of a generator of NCS,,(I) under 9, is zero in NCS,,_1(I). d
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Chapter 32

Mapping to the I'-complex

Recall the chain complex NCT (I, k) from Definition 18.1.3. Having formed the quotient
map ¢ of Definition 31.0.3, we will now map from the quotient complex to the complex
NCT,(I,k). We will construct a map of chain complexes

®: NCS,(I) = NCT (I, k).

Recall that a generator of NCT',(I, k) is of the form
[l foa |- LAl @ (1 @+ @ ) ® 1,
where [f,, | fa—1 |-+ | f1] denotes a string of non-identity morphisms

gf_1>..._>f"’1 xn—lf—n>l

in N,Q and (y1 @ -+ @y,) € I%%.
Consider a string of non-identity morphisms in N, (EpiAS) of the form

frn—
L N N L

Using the isomorphism AS 2 F(as) from Proposition 24.2.5, each f; is a surjection of sets
with a total ordering specified on each preimage. If we forget the data on preimages then
we simply have a string of morphisms in N,.

Definition 32.0.1. Let U: EpiAS — Q denote the forgetful functor that is the identity
on objects and sends a morphism of EpiAS to the underlying surjection of sets.

Definition 32.0.2. Let

®,: NCS,(I) - NCT,,(I,k)
be the map of k-modules determined by

[(fry s 1)1 @ @ua) = [Ufn) |- TU(D)] @ (1 @+ @ yz) ® 1.

The proof that the maps ®,, assemble into a map of chain complexes can be found in
Appendix D.
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32.1 The Comparison Map

Theorem 32.1.1. Let A. be an augmented, commutative k-algebra with augmentation
ideal I. There is a surjective map of chain complezes

Doq: NCS,(I) = NCT(I,k).
Proof. Recall form Definition 31.0.3 that
q: NCS,(I) = NCS,(I)
is a quotient map and is therefore surjective.

A generator
[fn|fn71|‘f1] ®(y1®"‘®ym)®1k
of NCT',,(1, k) is the image of
[(fn77f1)7(y1®®y$)]

in NCS,,(I) where we take the total orderings on the preimages of each f; to be the
canonical ones. Hence ® is also a surjective map. O

Recall from Section 18.3 that the homology of the chain complex CT (I, k) is a direct
summand of HT, (A., k).

Corollary 32.1.2. There is a short exact sequence of chain complexes
0 — Ker(® o q) — NCSL(I) 2% NOT, (I, k) — 0,

which gives Tise to the long exact sequence

. ——— H,(Ker(® o q) HS, (A;) —— HT,(I,k)

Hy(Ker(® o q)) — HSo(A.) —— HTo(I,k) — 0.

connecting the reduced symmetric homology of As with a direct summand of the I'-homology
of A.. O

32.2 The Comparison Map when k contains Q

Let A, be an augmented k-algebra with augmentation ideal I. Let M be a symmetric
Ac-bimodule which is flat over k. Recall from Section 18.3 that under these conditions
there is a splitting of the I'-complex

CTy (A, M) = CT(I, M) ® Ker (P,)
where P, is the pruning map of Definition 18.2.4.
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Theorem 32.2.1. Let £k O Q. Let A. be an augmented, commutative k-algebra with
augmentation ideal I. There is an isomorphism of k-modules

HT,, (I,k) = HT), (A, k)
for each n = 0.

Proof. Consider the I'-complex for the augmentation ideal I, CT',(I, M) from Subsection
18.1.2.

Corollary 2.5.16 tells us that normalization gives a quasi-isomorphism

wr: CTy (I, k) — NCT (I, k).

When k O Q, Proposition 17.2.2 gives an isomorphism

O: CTw(I,k) — CHarryi1(1, k).

From Corollary 29.0.10 there is a quasi-isomorphism

I: eﬁl)C*(I, k) — CHarr, (Ac, k) .

Proposition 17.2.2 then provides us with an isomorphism

U: CHarreyr (Ae, k) = CTy (Ag k) .

These maps fit into the following diagram

I

CT,(I,k) —2— N0y (1K)

|
Y

CTy (Ag, k) CHarrey1 (Ag, k),

NCT.(I, k)

\

where the dotted arrow denotes the composite W o I; o O.

Every map in this diagram is at least a quasi-isomorphism so, upon taking homology, we
deduce that

HT,(1,k) = H,(NCT (I, k)) & H, (CT, (Ae, k)) = HT,, (Ac, k)

for each n > 0. O

Combining Corollary 32.1.2 and Theorem 32.2.1 we deduce the following theorem.

Theorem 32.2.2. Let k O Q. Let A. be an augmented, commutative k-algebra. There is
a long exact sequence
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- —— H,(Ker(®oq)

HS, (A.) —— HT,, (A, k)

Ho(Ker(® o q)) —— HSg(A.) —— HTq (A, k) — 0.

connecting the reduced symmetric homology of A. with the I'-homology of A. with coeffi-
cients in k. O
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Appendix A

The Pruning Map is a Chain
Map

Recall from Definition 18.2.4 that the pruning map was defined to be the k-linear map of
chain complexes determined in degree n by

ol I A]®(@ @ ®az) @m
[};|""J?1}®(a11®-'-®alh)®m

In order to check that the pruning map is a well-defined map of chain complexes we must
demonstrate that the diagram

CT), (As, M) CT,, (I,M)
! o
CTy—1 (A, M) s CTp_1(I,M)
commutes for alln > 1 and 0 <7 < n.
It suffices to check commutativity for a generator
fal | fi] ®@(a1®- - @az) @m

of CTy, (Az, M), where (a1 ® - - - ® az) ®m is a basic tensor in the sense of Definition 4.4.9.
We do this case by case for each face map.

Let L = {l1,...,lx} be the set such that a, € I if and only if p € L.

The case 1 =0

When ¢ = 0 the upper composite is given on such a generator by
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(ol A]®@ (@1 ® - ®ay) @m

|

[?T:|"‘|J?1}®(al1®"’®alh)®m
I
[E\”'\J};}®J?1*(a11®"'®azh)®m

The first map in the lower composite acts on a generator as follows.

ol A]@(@1® - ®a;)@m
P
[fn|"‘|f2}®f1*(a1®---®ax)®m

Consider fi, (a1 ® - -+ ® az). This is the elementary tensor obtained by permuting and mul-
tiplying the factors of (a1 ® - - ® a;) according to f1. Since fi is the restriction of f; to the
subset L C z we observe that fi, (a1 ® -+ ® a,) can only differ from fi, (al1 Q- ® Glh)
by containing some additional trivial tensor factors. The pruning map then removes these

trivial tensor factors and prunes the graph of [ fal-|f 2] to the graph of [ﬁ | -] f2:|
We therefore conclude that
Pnfl <[fn | ’ f?] ®f1*(a1®“‘®ax)®m)
is equal to
ol 1 B 0 F (o o) om

as required.

The case 1 <i1<n—-1

For 1 <i < n—1, the upper composite is given on such a generator by

ol | A]®(@ @ ®a;) @m
IPn
{E!-“!Jﬂ®(all®-~-®a,h)®m
I
ol o fil L ] @ (e @ 0a,) @m

The lower composite is given on such a generator by
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(ol A]®@ (@1 ® - ®ay) @m

Jo

[ful- ] firrofil | fi] @@ @ ®az)@m
I
[};|"'|fi:1\0/fi!-“!f1]®(all®---®alh)®m

We note that

fivx10fi=fix10fi
since

(fix1 0 fi) ‘mFl - fi+1‘fi(mi71) ° fi}mifl

as a map of sets.

The case i =n

Let J = {jl,...,jg} denote the set fl_l...f;ll(j) for each j € z,—1. Let LNJ =
{k1>"'7k7'}'

The lower composite is given on such a generator by
ol 1] ®(@1®: - ®az) @m
I
S A e e e,)e (Haz») m

JE€ETn—1 iZJ
IPTL71

= |l A] ®(ak1®~--®akr)®<nai)m

j€|mn—l‘

The upper composite is given on such a generator by

[fn""\f1]®(a1®-~®ax)®m
|
[};|"‘|f1}®(al1®“’®alh)®m

o

> [ﬂvlj|"'|f1j]®(ak1®-'-®am)®< I1 ai>m

JElmn_1|
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We observe that
H a; = H a;
igJ i€L,i¢dJ

since the extra terms in the left hand product are all equal to 1.

We observe that both [fi_l |- ff] and [ﬁl\_/l] |- fl]} are equal to the sub-graph

of [ foe1 ]| fl] corresponding to the elements of L NJ in x, re-indexed in the canonical
way. We therefore have commutativity as required.
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Appendix B

The Hyperoctahedral Bar
Construction

It is clear that the assignment B9 preserves identity morphisms.

In order to show that B is functorial we must show that it respects composition.

We begin with two lemmata.

Lemma B.0.1. Let ¢ € Homa ([n], [m]) and ¢ € Homa ([m], [I]). There is an equality

Boct (¢ o, idw) — Boct (¢, id[m]) o B! (gp, id[n]> .

Proof. This is the restriction of the hyperoctahedral bar construction to the subcategory
A. This is the usual bar construction for A and is therefore functorial. O

Lemma B.0.2. Let g, h € Hyy1. There is an equality
By (idgy, gh) = BE (idju), 9) 0 BE (idjuy, 1)
Proof. Let g = (z0,...,2n;02) and h = (wo, ..., wy;01). We observe that both
By (id[n],gh> (ap® -+ ® ay)

and
B5* (idy, 9) © BE (idj, 1) (a0 @ -+ @ an)

are equal to
Us1g1(0) &0 © Qpm1,-1(p)

With the label 20_2—1(i)w0_1—10_2—1(i) on ao_l—la_2—1(i). D

We can now begin to demonstrate that B9 preserves composition. Let

(('Pag) € HOHIAH ([nL [m])
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and
(1, h) € Homag ([m], [1]) -

On the one hand, using composition in AH and Lemmata B.0.1 and B.0.2, we see
that

By (¥, h) o (p,9)) = BY* (¢ 0 hu(0), 9" (h) 0 g)
= BY" (Vo hulg),idy ) o BE" (idpy, 7 (h) 0 9)
— Bt (m id[m]) o Bot (h*(go), id[n]) o BYt (id[n], @*(h)) o BYt (id[n] , g) :

On the other hand, we see that

B9 (1, h) 0 B% (0, g) = BY (¢, id[m]> o Bt (id[m], h) o Bt (gp, id[n]) o Bt (id[n], g) .

Comparing the two expressions we note that checking that B4 respects composition is

equivalent to checking that the diagram

B! (psidpn))

A®n+1 A®m+1
B! (idpy) 0% (h)) B (idpyn) h)
A®n+1 A®m+1

Bt (ha(0)idpn) )
commutes in kMod for all h € Hy,11 and ¢ € Homa ([n], [m]).

By the relations of Proposition 19.1.7 and the unique decomposition of morphisms in A,
Theorem 2.2.5 it suffices to check the diagrams

BY* (3isidin—))

By ([n—1]) B ([n))
B (idj—1),6%(9)) By (idjn).9)
By ([n—1]) By ([n))

Bt (g« () idpn—1))
and

B (oisidint1))

BY* ([n+1]) By ([n])
B (idy 111,07 (9)) By (idn).9)
BY ([n+1]) B%* ([n))

BZCt (g* (U) 7id[n+1)

commute in kMod for all g € H, 11 and 0 <@ < n.
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Lemma B.0.3. The diagram

B! (8,idy 1)

By ([n —1]) By ()
B (idj 1,57 (9)) Byt (idjn),9)
By ([n —1]) By (n])

B (9+(8:)id}n—1))

commutes in kMod for all g € Hp1q1 and 0 <@ < n.

Proof. 1t suffices to check for elementary tensors. Let ag ® -+ ® ap—1 be an elementary
tensor in A®™. Let g = (20, ...,2n;0) and let v be the underlying permutation of 6;(g).

We observe that

Byt (z’d[n},g> o BY* (51', id[n_u) (ap® -+ @ an—1)
is the elementary tensor in A®" whose j™* factor, for j # o(i), is G5-1,-1(;) With label
Za—l(j)'

The factor in position o (i) is 15. By Remark 4.3.3 14 = 14 and so this factor is equal to
14 regardless of the label z;.

On the other hand
Bt (g*((si), id[n,1]> o BY* ('L‘d[nflb 5:(g)> (a0 ® - @ an_1)

is the elementary tensor in A®" whose j* factor, for j # o(i), is 1571 () with label

Zg-1(;), by the construction of §7(g).

We note that the factor in position (i) is equal to 14. Furthermore, since the diagram

1] (6sidn—)) )
(idpn 1157 (9)) (idpny.9)
[n—1] (-Gt ]
is commutative in AH we observe that
v 5 () =07t T ()
for j # o(i) and so all other tensor factors coincide for both composites. O

Lemma B.0.4. The diagram
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B! (0,idfpy1))

B ([n +1]) B%* ([n)])
B (idp11),07 (9)) B (idny9)
Bt ([n +1]) B ([n)])

Bt (gx(0)id]y 11 )

commutes in kMod for all g € Hpyq1 and 0 <@ < n.

Proof. Once again, it suffices to check for elementary tensors. Let ap ® --- ® ap+1 be an
elementary tensor in A®" 2. Let g = (20, ..., 2zn; p).

The only case for this diagram that differs from the previous lemma is the diagram chase
for the tensor factors a; and a;11. Following the upper composite we obtain (a;a;11)* as
the p(i)t" tensor factor.

Suppose z; = 1. By construction, BS* (id[n+1], af(g)) sends a; to the p(i)™" tensor factor
and a;41 to the (p(i)+1)* tensor factor, both with label 1. Applying B (Uﬂ‘l(i)’ id[n+1]>
gives the required commutativity.

On the other hand, suppose z; = t. By construction, Bift (id[n+1], a;*(g)) sends a; to the
(p(i) + l)th tensor factor and a; 41 to the p(i)*" tensor factor, both with label . Applying

B9t (apq(i), id[nﬂ}) we obtain @;;1 @; as the p(i)"" tensor factor of the lower composite.

Commutativity follows upon observing that the upper composite gave
(@ia;41)" = Qi1 = Qg1 GG
by Remark 4.3.3. O

Lemmata B.0.3 and B.0.4 demonstrate that the assignment Bffft preserves composition.
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Appendix C

The Category of Involutive,
Non-Commutative Sets

C.1 Identity morphisms and associativity

The identity morphism in Homz z () ([n], [n}) is the identity map of sets such that each
preimage is labelled with 1 € Z/27Z.

Let f1 € Homzr(qs) ([n}, [m]), f2 € Homz () ([m], [p]) and f3 € Homzz (4 ([p], [q})

Clearly, the composition of the underlying maps of sets is associative. By Definition 26.0.5,
we observe that an element in the domain of a composite of two morphisms is labelled
with the product of the labels of the two maps. This is associative since it is multiplication
in the group Z/27Z.

In order to prove that the composition defined is associative it therefore suffices to check
that the total ordering data on the preimages of singletons under

((fz f2)® f1)
and

(f3o(f20f1))
coincide.

We begin by analysing the total ordering data for the preimage of a composite of two
morphisms. Suppose [; and [y are distinct elements of (fa e fl)_1 (j) for j € [p]. There
are two possibilities:

(i) fi(l) = k1, fi(lo) = ko, with ki # ko, and fo(k1) = fa(k2) = 4,
(ii) fi(l1) = fi(lz) = k and fa(k) = j.

Pictorially, we can consider Figures C.1 and C.2.
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Figure C.1: Case (i)

NS
T.

Figure C.2: Case (ii)

Suppose we are in Case (i). We observe that

L <lain (fae f1) ' (§) & ki <k in f51(5).
Suppose we are in Case (ii). Let d§; € Z/2Z denote the label on k in the preimage f{l(j).
We observe that

Iy <lyin f; (k) and &, = 1 or

1.
h<lae(foefi) ()= {lg <l in fl_l(k-) and 0 = t.

We can now check associativity. Let ¢ € [g]. Let {1 and l2 be distinct elements of

(fso fao f1) " (i)
There are three possibilities:

(D) filly) = k1, fil2) = ko, fa(k1) = j1, fa(k2) = jo and f3(j1) = f3(j2) = 4, where
kl 75 kQ and jl 75]'2,

(AD) fi(l) = k1, fi(l2) = ko, fa(k1) = fa(ke) = j and f3(j) = 1, where ki # ko,
() fi(l) = fi(l2) =k, fa(k) = j and f3(j) =i.
Consider Case (I). Pictorially we can consider Figure C.3.
Consider ((f3 ® f2) ® fl)_1 (7). We observe that

h<lin ((fzef)efi) (i) ek <k in (fzef2)"" (i)
& g1 < join f31(3).
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kl ]{?2
1 I
J1 J2

Figure C.3: Case (I)

On the other hand, we observe that

h<lpin (fze(faef1)) ' (i) < ji <join f3 (i)

Hence we have associativity of composition in Case (I).

Consider Case (II). Pictorially we can consider Figure C.4.

]
NS

I

?
Figure C.4: Case (II)

Consider ((f3e® f2)e fl)_l (i). Let &; € Z/27Z be the label on j in f; '(i). We observe
that

h<lbin ((fsef)efi) (i) ek <kin (fsof)" (i)

ki1 < ko in f{l(]) and 5j =1or
ko < ki in fy'(4) and §; = ¢.

On the other hand,
lh <lpin (foe f1)~'(j) and 6; =1 or
ly <l1in (fg ° fl)fl(j) and (Sj =1

ki < kg in fy'(j) and §; = 1 or
ko < ky in fy(j) and §; = t.

h<lyin (fse(faef1)) " (i) & {
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Hence we have associativity of composition in Case (II).

Finally, consider Case (III). Pictorially we can consider Figure C.5.

I lo

NS

QL — o —]

Figure C.5: Case (III)

Let §; € Z/2Z be the label on j in f; (i) and let 5 € Z/27Z be the label on k in f5(j).
We observe that

i <lpin f; (k) and §; = & or

l1 <lyin ((fS ° f2) ‘fl)_l (i) & {l2 <ljin ffl(k’) and d0; # €.

On the other hand,

lhh<lpin (fae fl)_l (j) and §; =1 or
lo <lyin (fg ° fl)il (]) and (5]- =t

li <lpin f{ (k) and §; = e, =1 or

[1 <lyin (fg ° (fg ofl))_l (Z) = {

1
(
lo<lpin f{'(k)and 6; = 1, e =t or
Iy <lpin f; (k) and §; = ep =t or
lo<lyin f{'(k) and §; =t, &5 = 1
li <lyin fl_l(k) and d; = g, or
lg <liin ffl(k‘) and 5j 75 Ek-

Hence we have associativity of composition in Case (III).

Let’s look at an example to illustrate associativity.

Ezample C.1.1. Let f1 be the morphism defined in Example 26.0.2 and f2 be the morphism
defined in Example 26.0.6. Let f3 € Homzz (4 ([2],[1]) have underlying map of sets

0 1 2
0 1
with the following labelled, ordered sets as preimages:

240



e f31(0)= {1} and
o fiH(1)={2' <0t}
We see that the underlying map of sets f3 o foo fi is
0 1 2 3 4

Ret= el

Using the preimage data for f, e f; calculated in Example 26.0.6 we see that
o (f3o(f2e f1))~'(0) = {1} and
o (fso(faef1))H(1) = {2! <3 <4l <0'}.
On the other hand, f3 e fo € Homzz(,y) ([3], [1]) has underlying map of sets
0 1 2
e
N

0

3

with
e (f3 fo)71(0) = {0} and
o (fzefo) 1(1)={3" <2! <1'}.
We then calculate that
o ((fz3o f2)e f1)~1(0) = {1'} and
o ((fsof2)e fi) t(1)={2! <3t <4l <0t}

as required.

C.2 Functoriality of F'

It is clear that the assignment F' preserves identity morphisms.

We must demonstrate that the assignment F' respects composition. In order to do so we
must first prove a couple of lemmata.

Lemma C.2.1. Let ¢ € Homa ([n],[m]) and v € Homa ([m], [p]). There is an equality
F <¢ ° %id[n]> =F <¢7id[m}) o I (%id[n])

in HomI]-'(as) ([n]v [pD :

Proof. On the one hand, F (1[1 o, id[n]> is the underlying map of sets 1 o ¢ and

(F (w ° ¢, id[n])> h (i) = (Y o) '(i)
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with the standard total ordering on elements with every label being 1.

On the other hand, F (¢,id[m]> o F ((p, id[n]) has 1 o ¢ as the underlying map of sets.
Therefore, there is an equality of sets

<F (w, id[m1) o F (90, id[n1)> h (i) = (¥ o )~ 1(d).

Furthermore, since ¢ , ¥ and 1o are order-preserving maps, Definitions 26.0.5 and 27.1.1
tell us that the elements of F <¢,id[m]) o F <<p,id[n}> have the standard total ordering
and that every label is 1 as required. O

Lemma C.2.2. Let g, h € H,11. There is an equality
F (idy, gh) = F (id 9) o F (idp), 1)

in HomI]-'(as) ([n]v [n]) :

Proof. Let g = (20, ...,2n;02) and h = (wo, . .., wy; 01), where each w; and z; is an element
of Z/27 and o1, 03 € Xp41.

By definition, F (id[n], gh) has underlying map of sets defined by

1 0901 (’L)
-1
Furthermore, (F (id[n],gh)> (i) = {o7 oy (i)} with label Zo=1 (1) Wor oz (i)
On the other hand, F (id[n], g) o I <id[n}, h> also has underlying map of sets defined by
1 0901 (Z)

Therefore, as sets,
-1
<F (id[n],g) oF <id[n], h)) (i) = {07 o5 (i)}
Definition 26.0.5 tells us that the label is given by the product of the labels for

<F <id[n} , g)) o (i)
(v (i) (7 (o) ).

These labels are o) and ) respectively, as required. O

and
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In order to check that F' respects composition, let (¢, g) € Homag ([n],[m]) and (¢, h) €
Homag ([m], [p]). Using the composition rule in AH, Lemma C.2.1 and Lemma C.2.2,
we observe that

F((%,h) o (0,9)) = F (¢ 0 hu(i), ¢*(h) 0 g)
:F<woh*<p )o (zd[n]go h)og)
F (,idi) o F (hal@),idy)) o F (idyg, 0" (k) o F (idy),9)

On the other hand, we note that
F(,h) e F (g, g) = (w,z‘d[m]> oF (z’d[m], h) oF (go,z'd[n]> oF (id[n},g> :

Comparing these two expressions, we observe that showing that F' respects composition
is equivalent to showing that the diagram

A F(pidn)) -
F(idy) ¢ (h))l F(idjpn) h)
[n] [m]

F(h*(<p)77;d[n])
commutes in ZF (as) for all ¢ € Homa ([n], [m]) and all h € Hpy1.

By the relations of Proposition 19.1.7 and Theorem 2.2.5 it suffices to check the dia-
grams

F(éivid[n—l])

1) e I
and
1) )
Pyt @) (i)
1) 0

F(g*(U),id[n+1])
commute in ZF (as) for all g € Hy41 and 0 < i < n.

We prove that these diagrams commute in the following two lemmata.
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Lemma C.2.3. The diagram

- 1] F(8idp,—1)) a
F(idj, 11,87 (9)) F(idpn.9)
[n —1] [n]

F(8g(i)sidpn 1))

commutes in ZF (as) for all g € Hpq and 0 < @ < n.

Proof. Firstly, the diagram commutes as maps of sets since the diagram

- 1] (8iridn 1)) A
(idin—1):67 (9)) (idgn).9)
[n—1] [n]

(8gi)sidn—17)

commutes in AH. It therefore suffices to check that the total ordering and labelling data
in ZF (as) match for both composites.

Since each morphism in the diagram is injective, all non-empty preimages are singletons
and therefore we need only check the labelling data. Since g is an element of Hy 1 it is of
the form (zo, ..., 2n;0) where each z; € Z/27 and o € ¥, 4.

Firstly,

P (i) o (it ) 6= 355 N} e

ol) =i

and the label on &; *(o~1(j)) is Zg—1(j)-
Since the diagram commutes as a map of sets we know that
-1

F ((id[n},g> o <5¢,id[n_1]>)_l (j)=F ((5g(i)7id[n—1]> o (id[n_l],éf(g)>) (7)

as a set. Furthermore, by the construction of 6;(g) in Definition 25.2.2 we know that the
-1

label on the preimage F <(5g(,-),id[n1}> o (id[n,l], 61*(9))) (j) is z5-1(;) as required.
Hence the diagram commutes. O
Lemma C.2.4. The diagram
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[n+1] [n]
F(idpq11,07 (9)) F(idjn).9)
[n+1] [n]

F(0g() idin41))
commutes in ZF (as) for all g € Hyp41 and 0 < i < n.

Proof. As for the previous lemma, the diagram commutes as maps of sets. In order to
check that the diagram commutes in ZF (as) it suffices to check that the total ordering and
labelling data match for each composite. Since g € Hj,41 it is of the form (2o, ..., zn;p)
where each z; € Z/27 and p € Xy 41.

Observe that
F <<id[n}>9) © (Uz‘,id[nﬂ]))_l () = g?;fpl}l(j))} Zl<j) #Z:
as sets.

If p=1(j) # 4, the preimage is a singleton and the labelling data matches for both compos-
ites by the same argument as the previous lemma.

Suppose p~1(j) = i.
If z,-1(5y = 1 then

-1
F <(z’d[n],g) o (Ji,id[nﬂ})) () = {il < (i+ 1)1}.

On the other hand, if z,-1(;) =t then

F(((Z'd[n]»g) o (md[nﬂ]))_l () ={G+1 <},

By the construction of ¢} (g) in Definition 25.2.2 the same is true for

-1

F <(Ug(¢)7id[n+1]) ° (id[nﬂ],fff(g))) ()
and the diagram commutes. O

Lemmata C.2.3 and C.2.4 demonstrate that the assignment F' preserves composition.
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Appendix D

Comparison Map

We claim that the maps ®,, assemble into a map of chain complexes. In order to prove this
we must check that the maps ®,, are compatible with the differentials. Since both chain
complexes are formed from simplicial k-modules it suffices to check the compatibility with
each of the face maps.

We check that the square

NCS, (1) —2— NCS,_1(I)

<I)’,Ll lcbn—l

NCT,(A, k) —5— NCTy_1(A, k)

commutes for each n > 1 and 0 <7 < n.

Let [(fn, ), (e ® ym)] be a generator of NCS,(I).

The case 1 =0

We see that the upper composite takes the form:

[(frs s f1), (1 @ - @ )]

0

[(fm 7f2)7f1*(y1 @ - ®yac)]

Iq)nfl

[U(fn) | | U(fQ)] ®f1*(y1 Q- ®yx) ® 1k~

The lower composite takes the form:
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[(fn7"'7f1)7(y1®"'®y$)]
I
Ufa) |- TUA)] @1 @ ®@ys) ® 1y,
I

[U(fn) ‘ ‘ U(fQ)] ® U(fl)*(yl Q- ®y:c) ® 1g.

In order for the diagram to commute we must show that fi,(y1 ® -+ ® y,) is equal to
U(f1)«(y1®---®y,). The only difference between f; and U(f;) is the total ordering data
on preimages. This preimage data is designed to index the order of multiplication for
elements of an associative k-algebra. Since we are working in the commutative case, this
data has no effect. We see this as follows.

Firstly, recall that fi = (¢,g) where ¢ € ¥, and ¢ € Homgpia (L ﬂ) is an order-
preserving surjection. By Definition 24.4.3,

< <
fune-oy) = [ vl I »

g l(Hee1(1) 97 (Dep1(2)

where []< denotes the ordered product indexed by increasing values of g~1(i).

Since I is commutative, the order of multiplication in the product is irrelevant. There-
fore,

fpn ® - ®ys) = I vwl|e e I

g 1(i)ep—1(1) g 1@)ep~ (1)

ITvile-o ] v

ief—1(1) i€f 71 (z1)

=U(fi)s(1 ® - @ ya).

Hence the square commutes as required.

The case 1 <1<n—1

The upper composite:
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[(fn7"'7f1)7(y1®"'®y$)]

Jo

[(frs s fivr o fire s f1), (1 ® -+ @ ya)]

I‘bn—l

Ufa) |- [ U(firro fi) |- [ U(M)] @ ® - @ ya) © 1.

The lower composite:

[(frs- s 1), (1 ® - @ ya)]

e

[Ufa) |- U] @ @ @ys) @ 1y,

o

[U(fa) |- 1Ufix) cUf) 1+ [U(D)] @ (11 @+ @ y) ® 1

It is clear that the square commutes in this case since U is a functor and so respects
composition of morphisms. That is, U(fi+1) o U(fi) = U(fix1 0 fi)-

The case i =n

Finally, we check i = n. As discussed in Section 31, the map

On: NOS,(I) — NCS,_1(1)

is the zero map. Therefore the upper composite is zero.

The lower composite maps as follows

[(fm--wfl);(?ﬂ®"'®y:v)] Han([U(fn) | |U(f1)] ®(y1®"‘®y1’)®1k>-

Recall the final face map from the I'-complex. In order to ease notation, for this subsection
only, we write U(f;) = g;. We see that

On(lon |- 1o @ (e @) @ly) =
,Z [92_1|"'|9§]®(yi1®"'®yz’k)® € I1 Yj
i€Tn_1 iZgy g, i ()

We claim that this sum is zero. It suffices to show that for each term in the sum the

product
|
FE O
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in the final tensor factor is non-empty, since ¢ is the augmentation map and each element
y; lies in the kernel.

Lemma D.0.1. For each i € x,,_1 the product
I w
i#gy an e (0)
18 mon-empty.

Proof. Since each map g; is a surjection we know that g; Lo g;_ll (1) is a non-empty subset
of z. Moreover, g; L. ‘g;_ll(i) is equal to xg if and only if x,_1 = 1. However, since g,

was a non-identity surjection we know that x,_1 > 2. Hence g, L. g;_ll (i) is a non-empty
strict subset of x for each 7 € x,,_1.

It follows that the complement of each g; ... g;il(i) is a non-empty strict subset of z
and so the product
I v

N2 T e O)

is non-empty for each i € x,,_1 as required. ]

We deduce that the lower composite, 0, o ®,, is zero as required.
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Appendix E

Table of Homology Theories

Here is a table summarizing the homology theories contained in the thesis.

Name Notation Algebra Applications
Hochschild HH, Associative A obstruction theory, classifying extensions of associative algebras
Cyclic HC, Associative Sl-equivariant homotopy theory, Algebraic K-theory
Dihedral HD, Associative with involution O(2)-equivariant homology
Symmetric HS, Associative Homology of infinite loop spaces
Hyperoctahedral HO, Associative with involution Equivariant homology of infinite loop spaces
Gamma HT, Commutative E, obstruction theory, stable homotopy theory
Harrison Harr, Commutative Classifying extensions of commutative algebras
André-Quillen AQ, Commutative Smoothness of an algebra




252



Index of Notation

Algebras

(2114‘ . Kahler differentials, page 55
€ Augmentation, page 52
E(M) Exterior algebra, page 51

I Augmentation ideal, page 52
k]G] Group algebra, page 50
k[x1,...xy,] Polynomial algebra, page 50
M, (=) n x n matrices, page 49

S(M) Symmetric algebra, page 51
T(M) Tensor algebra, page 50

Categories

CMod Category of left
page 73

C-modules,

AC  Cyclic category, page 141

AD  Dihedral category, page 147
AR  Reflexive category, page 145

A The simplicial category, page 33

AG  Category associated to a crossed
simplicial group, page 131

AH Hyperoctahedral category, page 161
AS  Symmetric category, page 149
EpiAG Epimorphisms in AG, page 137

F(as) Category of non-commutative sets,
page 150

r A skeleton of Finy, page 99

ZF(as) Category of involutive, non-

commutative sets, page 172
(—\C) The under-category, page 28
(C/—) The over-category, page 29

ModC Category of right C-modules,
page 73

Q A skeleton of the category of epi-
morphisms in Fin, page 99

n/Q/1 Category of objects strictly under
n and over 1 in (), page 99

Chain Complexes
b Hochschild boundary map, page 58

CT, (F) Robinson-Whitehouse
page 112

complex,

C,(—) Associated chain complex, page 39
Cy(A, M) Hochschild complex, page 58

Cy (C, F) Gabriel-Zisman
page 82

complex,

C, (EpiAS, B;ym) Symmetric chain com-
plex, page 183

CCy«(A) Cyclic bicomplex, page 68
CHarry(A) Harrison complex, page 65
D, (—) Degenerate subcomplex, page 40

N,(—) Normalized subcomplex, page 40



NCSL(I) A quotient of the normalized
symmetric chain complex, page 221

Py
Sh«(A) Shuffle complex, page 63
V.I' (A, M) Rational I'-complex, page 119

Pruning Map, page 125

Functors

— ®c — Tensor product of C-modules,

page 75

B9 Hyperoctahedral bar construction,
page 163

|—|  Geometric realization, page 36

L" Free loop functor, page 44

Tor® (-, —) Tor functors over C, page 75

Qr Based loop functor, page 43

BYY™ Symmetric  bar  construction,
page 153

n Suspension functor, page 44

E, Epimorphism construction,
page 197

k[—] Free module functor, page 39

k* Trivial right C-module, page 74

ks Trivial left C-module, page 73

Q Stabilization functor, page 47
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t Based k-cochain functor, page 103

Homology Theories

I/{vO*(A) Reduced hyperoctahedral homol-
ogy, page 192

AQ4 (A, M) André-Quillen
page 67

homology,

HT,(F) Gamma homology, page 104
Harr,(A) Harrison homology, page 65
HC,(A) Cyclic homology, page 68
HD,(F) Dihedral homology, page 148

HH, (A, M) Hochschild homology,
page 58

HO,(F) Hyperoctahedral homology,
page 164

HS,(F) Symmetric homology, page 153
Simplicial Sets

N, (=) The nerve of a category, page 32
Topological Spaces

A" Geometric n-simplex, page 35
QM (—) Moore loop space, page 44
PX  Path space, page 43

T, of

Space fully-grown

page 116

n-trees,
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