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Abstract

This thesis is devoted to the solution of optimal control problems governed by linear
and nonlinear wave equations and the estimation of the errors in approximating these
solutions.

First, the boundary control of a linear wave equation with an integral performance
criterion and fixed final states is considered. This problem is modified into the one con-
sisting of the minimization of a linear functional over a set of positive Radon measures,
the optimal measure is then approximated by a finite combination of atomic measures
and so the problem is converted to a finite-dimensional linear programming problem.

The solution of this problem is used to construct a piecewise-constant control.

In estimating the integral performance criterion and fixed final states from the men-
tioned finite-dimensional linear program, some errors occur. We have established some
general results concerning these errors, and estimate them in term of the number of lin-
ear constraints appeared in the finite-dimensional linear program. |

Finally, the existence and numerical estimation of the distributed control of a nonlin-
ear wave equation with an integral performance criterion and fixed final states is consid-
ered. Again by means of the well-known process of embedding, the problem is replaced
by another one in which the minimum of a linear form is sought over a subset of pairs
of positive Radon measures defined by linear equalities. The minimization in the new
problem is global, and it can be approximated by the solution of a finite-dimensional
linear program. However, the final states in this case are only reached asymptotically,

that is, as the number of constraints being considered tends to infinity.
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Chapter 1

Introduction

1.1 General background

Optimal control theory has been rapidly developing during the last 30 years, and much
of the newly fqund theory has been used in the solution of an enormous variety of engi-
neering, biological, and social problems. Many of the problems of design in airframe,
shipbuilding, electronic, and other engineering fields are, in essence, problems of con--
trol (see [5], [25] and [27]).

To define a classical control problem, wé require to describe the components of the
problem, such as the differential equation satisfied by the controlled system, the space
where the problem has a solution, the performance criterion and so on. Then since we
will modify the classical problem, we need to put some conditions on the functions and
sets which appear in control problem to allow the modifications which seem to have
some advantages over the classical formulation. So to start the deﬁni}ions we need, (i)
areal closed time interval I = [to, ¢1], with ¢ < %1, in which the controlled system will
be involved, (ii) a bounded and closed subset If of IR™ (set of admissible controls) that
in which the control functions take values, (iii) a differential equation describing the
control system, satisfied by the trajectory functiont € I — Y'(t) € IR™ and control
functiont €— u(t) € U , where u(t) is a measurable function, and (iv) an observation
function fo[t, Y(t), u(t)] which is assumed to be known. We can put further conditions

on this function as necessary.

A classical optimal control problem is that of finding an admissible control u € U which



Chapter 1. Introduction 2

satisfies the differential equation describing the controlled system and minimizes the

functional J : W — IR defined by

J(p) = ¥(fo(t,p)), PEW (1.1)

where p = [Y(+),u(")], ¥ is given and W is the set of admissible pairs of trajectories
and controls.

The following problems are among the main fields of study and development of optimal
control theory:

(i) Existence of optimal control.

(ii) Necessary (or possibly necessary and sufficient) conditions for u to be an optimal
control.

(iii) Constructive algorithms amenable to numerical computations for the approxima-
tion of an optimal control.

Clearly the development of such theory depends on the form of differential equation de-
scribing the controlled system. A substantial literature has been developed in the field
of optimal controls. It seems impossible to review here its development or even that of
any its branches. Lerner [40], [41], [42], [43] and Fel’dbaum [15], [16], [17], [18] in
their pioneering papers, Hestenes [30], Pontryagin et al [51], and recently Rubio [59]
considered the case where the system is controlled by ordinary differential equations.
Barbu [1] considered the problem for systems governed by variational inequalities. We
may consider the system whose state Y(¢) € IR" is given by the solution of a partial
differential equation combined with some appropriate boundary and initial conditions.
Considerable research has been published in this area, let us mention only Butkovskiy
[5], Lions [45], Wang [83], Russell [67]-[69], and Egorov [11]. In this thesis, we deal
with the control theory of hyperbolic partial differential equations. These are the equa-
tions of propagation (wave) processes and their properties correspond to the properties

of these processes. We will consider some control theoretic questions arising in con-

nection with such propagating processes.
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1.2 Boundary optimal control of the linear wave

equation

Boundary value controls are practically motivated, in fact, in most physical systems,
control is typically applied on the boundary of the controller medium. For example, in
control systems regulating the temperature of material bodies and in systems contain-
ing chemical reactors the control is applied on the boundary. Boundary value control
of a system causes changes in the state of the system to be propagated from the bound-
ary into the interior of the state. The linear wave equation with boundary control is the
archetype mathematical system for many control processes. Some well-known exam-
ples modeled by thiskind of equation are the study of structural vibration in a distributed
elastic medium, electrical transmission along a lossless line [27], and the propagation
of sound in gases.

To give a short explanation in mathematical terms, assume n. > 1 be a positive inte-

ger and ) a bounded, open, connected region in IR™ with smooth boundary ' = 9.
Define

8%y
L= AnY - ‘a?,
. n 62
JAVE= ; a7

Consider a control system whose evolution in time is described by function Y’ = Y (z, ),

defined in  x (0,T"), where T is a given positive number, satisfying

LY]=0, (z,t)€Qx(0,T) (1.2)

oY

Y(2,0) = Yo(z), (z,0) = Yy(z), z € Q (1.3)

Y(&at) = u(f’t)a (fat) el'x (OaT)a (1.4)
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reaching a specified state at time T,
oY
Y(z,T) = g1(=), g(m,T) = g2(z), z € Q, (1.5)

and also minimizing a particular performance criterion, where (§,t) € T x [0,T] —
u(¢, t), is the control function.

This problem is considered in the work of many authors. We name only Butkovskiy
[5], Lions [45], Russell [67], [68], [69], Lagnese [38], [39], and Malnowski [46]. In
each normally the concern is on the exact controllability of some class of hyperbolic
equations. However they differ mainly in (i) the geometry of the body §2, for example
some assumed 2 is a domain with simple geometry such as parallelepiped (see Graham
[25]) or sphere (see Graham and Russell [26]), (ii) the value of terminal states g;(z)
and g,(z), (iii) the determination method of terminal states, (iv) the measure for the
deviation of Y (z, T') from g;(z) and Y;(z, T') from gz(z).

The control function u will be termed admissible if it is measurable function on [0,T]
and

(a) u(¢,t) €U, ae. for (¢,t) € I x [0,T]

®) Y(z,T) = g1(z), Yi(z,T) = g2(z), ae. forz € Q, g1(z) and g;(z) are fixed
functions in L,(£2). Let U be the set of admissible controls. In general this set may be
empty, there are many control problems without solution because the desired terminal
states not can be reached by means of an admissible control. When n = 1, Q is an
interval in IR, in this case Russell [68] showed thatfor Y (z, T') = 0 and %(m, T) =0,
z € [0, 1], the system is controllable if T > 2. Herget [29] considered the case when
the system is nullcontrollable, i.e., the set of reachable states are dense in Ly(Q). For

the case » > 2, Graham and Russell [26] considered the problem where 2 is the sphere
Q={z e Rzl <1},

and T = 012 is the set
I'={z e R"|z|. =1},
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with || - ||. denoting the Euclidean norm, and Y (z, T') = 0, §(z, T') = 0, = € Q. They
showed that the problem is controllable if T > diamQ = 2. Russell [69] and Lagnese
[39] showed that for general €2, when n > 2, the wave equation is exactly controllable
in some finite time T" and the set of controllable states includes in H%(Q) x H*(Q2), then
T is unspecified if » is even, but if n is odd, exact controllability is possible in any time
T > diamfd.

We may reduce the control problems (1.2)-(1.5) to moment problems. These moment
problems will be studied by employing methods developed by Butkovskiy [5] and Courant
& Hilbert [8].

In the following we define an optimal control problem associated with the above prob-

lem. Assume that the set of admissible controlsi{ is non-empty, then the optimal control

problem consists of finding a u € U which minimizing the functional

Jwy= [ [ folt,tult,e)deds 1.6

where fo € C(30), the space of continuous functionson 3= = T' x [0,T] x U, with
the uniform topology. We modify the problem in which we seek the minimum of a
functional defined on a set of positive Radon measures. We show the existence of such
a minimizing measure, and show that this measure can be approximated by a piecewise
constant control.

The main approach that is used here is based on an idea of Young [86], consisting of
the replacement of classical variational problems by problems in measure spaces. The
early and very principle version of this approach was carried out by Ghouila-Houri [23].
This method was employed for the first time by Wilson and Rubio [85] on an optimal
control problem with a diffusion equation, then by some others, for example, Rubio and

Wilson [64], Rubio [58] and Kamyad et al [34].

1.3 Optimal control for a nonlinear wave equation

Let n > 1 be a positive integer and €2 a bounded, open, connected region in IR™, with

smooth boundary I' and T a positive real number, define Q7 := Q % (0,T') a bounded
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cylinder of height T', 'z the lateral surface of the cylinder Q 7, Do and Dr respectively
the base and the top of it. Define ' '

LIY) = o5 — Y +[YPY,

for p > 0. Now consider a control system whose evolution in time is described by the

real function Y = Y (=, t), defined in Q7 and satisfying
LiY]=v, (1) €Qr | (1.7)
where v € Ly(Qr), with the boundary condition
Y=0, onIr (1.8)
and the initial conditions

Y(z,0) = Yo(z), z € Do
Y(z,0) = Yi(z), =€ Do (1.9)

while the continuous functions Y, and Y; are given, and achieves specified states

Y(:E,T) = 91(-'13), z € Dr
Yi(z,T) = g2(z), =z € Dr (1.10)

where continuous functions g, () and g»(z) are given.

The function Y in (1.7) represents some field quantity and the inhomogeneous term v
represents sources energy in the field. Possible interactions of the field with itself are
described by the non-linear term |Y|°Y. We call (z,t) € Qr — v(z,t) € V C IR the
control function. |

Lions [44] showed that the problem (1.7)-(1.9) at each t has a solution in the Sobolev
spaces V; = H3(Q)NLP(Q), where P = p+42. He also established uniqueness for the
case p = 2 and n = 3. In the case { = IR™ we ignore the boundary condition (1.8) and
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have the pure initial values, or Cauchy problem. For n = 3, Jorgens [32] has obtained
a classical solution of the Cauchy problem for certain class of equati'ons. Sather [71]
in his pioneering paper considered existence of the weak solution of the problem (1.7)-
(1.9) in generalized sense. Segal [74] and Schiff [72] also considered the existence of
classical and weak solutions for the prbblem (1.7)-(1.9) when n and p have some fixed
values. |

A pair (Y, v) of trajectory function Y and control function v is said to be admissible if:
(1) The function (z,t) — Y(z,t) is a solution of (1.7)-(1.9).

(2) The terminal relationships

Y(z,T)= g:(z), =z € Dr
Y;,(:B,T) = 92(1‘), TE DT

are satisfied.

Let F be the set of all admissible pairs which assumed to be non-empty. The optimal
control problem associated with this control system consists of ﬁhding an admissible

pair (Y, v) which minimizes the functional

J= /Q ) fo(¥ (2, 8), 2, )dadt + /Q filv(a,2), 2, t)dedt (1.11)

where fo, f1 are continuous, non-negative, real-valued functions on IR™*? with speci-
fied properties. 7

We first write the integral relationships satisfied by the solution of the problem (1.7)-
(1.10) (see Mikhailov [48]), then transform the problem, instead of minimizing over a
set of admissible trajectory-control pairs, we minimize it over a subset of a product of
two measure spaces. In this way we change the problem to a linear form and so we
benefit from the whole paraphernalia of linear analysis. We show that there is always a
minimizer for our measure theoretical problem. This mihimizer isglobal, i.e., the value
reached is close to the global minimum of the problem. Next we obtain the approxima-
tion value of the optimal pair Radon measure that enable us to construct a piecewise

constant control v(z, t) corresponding to the desired final states Y (z, T') and Y;(z, T').
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Like the linear case, the final states are reached only asymptotically, that is, as the num-
ber of constraints associated with the measure-theoretical problem tends to infinity, Y(z,T)
and Y;(z, T') respectively in Ly(Qr), tend to g1(z) and g,(z).

The first time this idea was employed by Rubio [58] who considered nonlinear opti-
mal control problems in Hilbert spaces; Rubio and Holden [63] considered the idea in
the control problem of a nonlinear diffusion equation with a small nonlinearity. Re-
cently, many researches have been carried out for nonlinear optimal control problems.
Rubio in [61]-[62] considered the case for nonlinear diffusion equatidns and in [60] for
the nonlinear elliptic equations, where the control function were assumed to be in the
boundary. Farahi [12] and then Farahi, Rubio and Wilson [14] considered the optimal
control problem for nonlinear wave equations, while they used distributed control for
their purposes. Nevertheless, much more works still are needed to do (see Section 4.8).
We should mention also that independently of these works there has been much research

on dual methods, especially by the Lipzig school, see [35], [36], [65], and [66].

1.4 Outline of the thesis

In this thesis, we will only discuss existence and optimality conditions of optimal con-
trols governed by linear and nonlineér wave equations. For other respects such as nec-
essary and sufficient conditions for controllability, stability of numerical methods and
applications of optimal control problems, one can refer to references listed in the pre-
vious Sections 1.1-1.3,

In Section 2.1 we consider the existence of an optimal control for the one-dimensional
wave equation with the same initial, boundary and final conditions as in Section 1.2. We
denote the set of all admissible controls by ¢. Our optimal control problem consists of
finding a u(-) € U/ which minimizes the functional

Ju(-)] = fOT folt, u(t)ldt,

where fo € C([0,T] xU). This problem may or may not have a solution in /. We then

replace the problem by another one in which the minimum of a linear functional is con-
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sidered over a set of positive Radon measures on 2. Then we consider a linear program
for determining an approximation to the optimal control. In particular we obtain an ap-
proximation to the optimal Radon measure p*, which is introduced in this chapter. By
changing the problem to a finite-dimensional linear program, we show a practical way
to obtain an approximation to the measure u*. Also we obtain the approximate value
of the optimal control corresponding to the final desired functions. Further in Section
2.2 we extend the purposes of Section 2.1 to n-dimensions, in this section we consider
the existence of a control function for the n-dimensional linear wave equations with the
same 'mitial, boundary and final conditions respectively as (1.3), (1.4), (1.5). Then we

want to find an admissible control « which minimizes a functional such as

TN = [ [ ol tute,e)ldeds

where fo € C(T), the space of continuous functionson ) = I' x [0,T] x U. Like
Section 2.1, we again modify the control problem to a linear programming problem for
determining an approximation to the optimal control, then we construct a numerical
algorithm to find the approximate value of the optimal control. In each section some |

example will be given to specify the procedure. The paper of Farahi, Rubio and Wilson
[13] is covered by a part of this chapter.

In Chapter 3, we establish some general results for approximating our optimal control
problem by a linear programming problem. We will assume the control set I/ is non-
empty. By procedure described in Chapter 2, we change the control problem (1.2)-(1.6)

to a problem of minimizing the linear functional
p— u(fo) (1.12)

over the set @ of positive Radon measures on {2 which satisfy the equalities

p(hn) = an, n=1,2..

w(G,) = ag,, r=0,1,.. | (1.13)
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where 1,’s and G,’s are known functions and «,’s and ag,’s are known scalars. This
problem is one of linear programming, all the functions in (1.12) anci (1.13) are lin-
ear in the variable u. This linear programming problem consists of minimizing the
function (1.12) on the subset @ of positive Radon measures described by the equal-
ities (1.13). Since the underlying spaéé is not finite-dimensional and the number of
equalities (1.13) is not finite, this problem is an infinite-dimensional linear program-
ming problem. Proposition 2.1 in Chapter 2 shows that this problem has a minimizing
solution, u*, say , in Q. We develop an intermediate program, semi-infinite, by consid-
ering the minimization of p — p( fo) not over the set Q) but over a subset of Q defined
by requiring that only a finite number of constraints in (1.13) be satisfied, Q( M, My).
Now we approximate the solution of (1.12)-(1.13) by the solution of the fbllowing prob-
lem:

Minimize
b — p(fo) (1.14)

over the subset Q(M;, M;) of positive Radon measures on {2 which only satisfy the
equalities

“(d’n) = Qq, n= 112) "°,M1,

wG,) = ag,, r=0,1,.., M,, (1.15)

where M; and M, are two positive integers, in some cases one of them may be infin-
ity. The solution of this final problem for given functions +,’s and G,’s depends on
the numbers M; and M, appearing in the linear program; we have not made this fact
explicit in the notation, since we believe that it is a very difficult problem. We shall
call the solution of the new semi-infinite linear programming problem ug 1‘\42)( fo)s
the results of Proposition 3.1 in this chapter tell us that if we increase these numbers
M; and My, then p3u, 1r,)(fo) approaches the u*(fo). First in Section 3.2 we discuss

about

ma.leJ\,I‘1 (:E,T) — gl(x)l
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where Yay, (z, T) indicates the solution of the system (1.14)-(1.15) at the time t = T
when only M in (1.15) is finite and g;(z) is the given final state conti'nuous function.

In this chapter we will focus then on the estimation of the maximum value of

|1 (fo) — Bgeaey 1) (fo)l (1.16)

where M, and M, are two positive integers. In Section 3.3 we estimate the maximum
value of (1.16) when only M, is finite. In the numerical examples of Chapter 2, we have
established the solutions of some control problems in which we have chosen G,’s as
semi-continuous functions defined on [0, T']. It has been shown in Rubio [59] that linear
combinations of these functions can approximate arbitrarily well any function in Cy (I x
U), the class of all continuous functions depending only on . By using these pulse
functions, as shown in Section 3.4, and from (1.14)-(1.15) we can find the approximate
value of u*( fo) with fewer number of M, than the number used in Section 3.3. Finally
in Section 3.5, we construct a method to estimate the maximum value of (1.16) when
both M; and M, are finite, in this construction one may establish an upper-bound as
well as a lower-bound for x*( fo), the solution of the linear system (1.12)-(1.13), then
the difference of these upper-lower bounds gives the missing error in the computation

of p*(fo). We show that the sequence

{'u'z?(Ml.Mz)(fO)v M, =1,2,.., M; =1,2, }

is anondecreasing convergent sequence bounded above by the value p*( fo), so by choos-
ing fixed numbers M; and M; we will find a lower-bound for x*(fo). Unfortunately
we could not provide any analysis leading to an accurate upper-bound for p*(fo), but
by using the dual of the linear program (1.14)-(1.15) and an iterative method we can
estimate an upper-bound for p*(fo) and so estimate the maximum value of (1.16). Al-
though many useful concepts and results have been proved in this chapter, there are still
few unanswered questions related to these concepts and results (see Section 4.8).

In Chapter 4 we study the existence of an optimal distributed control for the n-dimensional
nonlinear wave equation (1.7) with boundary condition as (1.8) and initial conditions as

(1.9) with exception Y (z,0) = 0, = € Do, and with terminal conditions as (1.10). Our ”
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optimal control problem consists of finding an admissible control v which minimizes a
functional like (1.11). This chapter is in fact an extension of Rubio [6'2] from nonlin-
ear diffusion equations to nonlinear wave equations. Firstly, we define certain spaces
which are to be used in construction of a framework for the treatment of nonlinear wave
equations and consider the sufficient conditions for existence solution of equation (1.7).
Next we write some integral relationships satisfied by the solution of this equation and
then proceed to transform the problem to a linear case, in this metamorphosis we replace
the problem by a new one in which the minimum of the functional (1.11) is sought over
a set of product of two measure spaces. The new formulation has some advantages:
there is an automatic existence theory (Proposition 4.2), and the minimization in it is
global, that is, the value reached from the new problem is close to the global infimum
of the problem, but as well as in the case of the linear wave equations considered in
Chapter 2, the final states are reached only asymptotically (Theorem 4.2), that is as the
number of (linear) constraints in the new problem tends to infinity. Now as in Chapter 2
we face a practical way to obtain an approximation to the optimal pair Radon measures
(p*, v*) which are introduced in this chapter. Finally we compute tﬁe approximate op-
timal control corresponding to the final desired states (1.10). The theory is confirmed
by proving several propositions and a theorem and also by computing the nearly opti-
mal control and the desired final staté‘ for one example and the nearly optimal control
for the another one. A part of research contained in this chapter appeared in Farahi [12]

and further more in Farahi, Rubio and Wilson [14].



Chapter 2

The Optimal Control of the Linear
Wave Equation

2.1 An optimal control problem for one-dimensional

wave equation

2.1.1 Introduction

In this section we consider a control system whose evolution in time is described by
the function (z,t) — Y(z, t), defined in (0, S) x (0,T), where T and S are positive

numbers, satisfying the wave-equation
},tt(z’ t) = a2},:cz(m1 t)) (21)

where a is the velocity of wave propagation in the given medium, and Y (z, t) describes

the variation of the oscillation at point = and time ¢. The initial conditions are:

Y(z,0) = f(z)
Yi(z,0) = h(z), : (2.2)
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the boundary conditions:

Y(0,1) = u(t)
Y(S,t) = u(t), (2.3)

where t € [0,7] — u(t) € IR is the control function. We define the control u to be
admissible if it is Lebesgue measurable function on [0, 7] and

(a) u(t) € [-1,1] ae. fort € [0, T1.

(b) The solution of the partial differential equation (2.1) corresponding to the initial

conditions (2.2) and the boundary conditions (2.3) satisfies the terminal conditions

Y(:E, T) = gl(m)

Yi(2,T) = g2(2), (2.4)

where g1(z), g2(z) € Lx(0, 5).

Let U be the set of admissible controls. In general this set may be empty. Problems
of this type have been considered by, for example, [67] and [46] (in which the control
function was assumed to be differentiable) and by, for example, [5].

We may reduce the above control problem to a moment problem. This moment prob-
lem will be studied by employing methods developed by [5], [28], and [79]. We define
in the following an optimal control problem associated with the above problem. Let
be a non-empty set, and let the optimal control problem consists of finding an admissi-

‘ble control © which minimizes the functional

IO = [ folt,u(o)les, )

where fo €C(Q), the space of continuous functions on Q=[0,T] x [-1, 1], with the
topology of uniform convergence.

This control problem may or may not have a solution in I{. In the following we re-
place the problem by another one in which the minimum of a linear functional is con-

sidered over a set of Radon measures on Q=[0,T] x [—1,1].
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2.1.2 Modified control problem

We consider the solution of (2.1)-(2.3) in the sense of Butkovskiy [5]

Y(z,t) = K(mat) + Ya(z, t),

where
Yi(z,t) = i(An cos Wr;at + B, sin 7r'r;at) sin _Ig_f,
=2 [ soon (T35 at,
B, = S—i-/ h(ﬁ)sm( é) d¢,
and
Yi(e,) = [ Koyt r)ulr)r
where

K(z,t) = chsmmsm 7rnat’
n=1 S S

and ¢, = 2[1 —(—1)"]. When the control function is applied at one side of the bound-
ary, then ¢, = ——

Since g1(a:), g2(z) € Ly(0, S), they possess a half-range Fourier series

alz)= Z @y STl

n=1 S
g2(z) = bysin me.
n=1 S

Hence, by assuming @ = 1, S = ~ the optimal control problem reduces to finding a
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measurable control function u(t) € [—1,1] for ¢t € [0, T'] which satisfies

T
/0 n (£, 0(2)) dt = aun,

where

o (1,(8)) = 21— (=1)7](sinn) + cos(rn) (),
an = An — By + a, (sin(nT") — cos(nT"))

+ %(sin(nT) +cos(nT)), n=1,2,.. (2.6)

and minimizes the functional (2.5). In general, a minimizing solution to this problem
may not exist; in the following we replace the problem by another one in which the
minimum of a linear functional is sought over a set of Radon measures on = [0, T'] x
[~1,1]. In fact we proceed to enlarge the set I/, we proceed as follows:

(1) For a fixed control function u(+) the mapping

T
Ap: F —» /0 Flt, u(t))dt, Feo®)

defines a positive linear functional on C(Q).

(2) There exists a unique positive Radon representing measure 4 on ) such that

[ Fuola= [ Fap=wm),  Feo) on

In particular the above equality is valid for ' = fo. Now we replace the original min-
imization problem by one in which we will find the minimum of x( fo) over a set @ of
positive Radon measures on {). These measures are required to have certain properties

which are abstracted from the definition of admissible controls. First from (2.7),
|W(E)| < T'sup |F(t,u)];

hence

w(1) <T.
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Next, the measures in () must satisfy an abstracted version of equation (2.6),

p(¥n) = o, n=12..

Note that this is possible since ¥, € C(Q). Finally, suppose that G € C(£) does not

depend on wu, that is,

G(t,u1) = G(t,uz),

for allt € [0, T, u1, uz € [—1,1].Then measures in Q must satisfy

/nG'dp, = /OT G[t, u]dt = ag,

where u is an arbitrary number in the set [—1,1], and ag is the Lebesgue integral of
G(-,w) over [0, T, independent of u. This property of ¢) will be used in the next section,
when we use a theorem due to Ghouila-Houri [23]. Let M*(Q) be the set of all positive
Radon measures on Q. Then the set () is defined as a subset of M*(Q)

Q=S1n>52053

where

S = {ue M*Q): p(1) < T},
S2 = {u € M¥(Q): p(¥n) = o, n=1,2,...},
S3 = {u € M*(Q) : u(G) = ag,G € C(N),independent of u}.

Now if we topologize the space M({2) by the weak*-topology, it can be seen that S, is
compact in M () with respect to weak*-topology (see [33] page 26, [59] Chapter 2).
The set Sz can be written as

S$:= (| M,

n=1
where M, = {p € M*(Q) : u(¥n) = a,} is closed because it is the inverse image of
a closed set on the real line ( the set {c, } ), under a continuous map p — p(¥,) € IR
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(see [591). Since the infinite intersection of closed sets is closed, so S; is closed. By
a similar argument S is closed. Therefore @ is a closed subset of the cc;mpact set S,

and hence is compact. The functional I : ) — IR, defined by

I(w) = [ fodu = u(fo) € R, weQ, (2.8)

is a linear continuous functional on a compact set ), therefore attains its minimum at
least in one extreme point on ). We have shown, thus, the purpose of the following

proposition:

Proposition 2.1 The measure- theoretical problem, which consists of ﬁnding the min-
imum of the functional (2.8) over the subset Q) of M*(fQ), possesses a minimizing so-

lution p*, say, in Q.

2.1.3 Approximation of the optimal control by a

piecewise-constant control

It can be shown that the action of the optimal measure might be approximated by that
of a piecewise constant control. With each piecewise constant admissible control u(-)
we may associate a measure y,, in M+(Q) N Sy N S; N S3. Let @, be the set of all
such measures f.,; then Theorem 1 of Ghouila-Houri [23] shows that, when M(Q) is
given the weak*-topology, @ is dense in M*(Q) N S; N S; N S3. A basis of closed
neighborhoods in this topology is given by the sets of the form

(bR € en=1,2.k+1},  (e>0)

where k is a positive integer, F, € C(Q). It is therefore possible to find a measure
. corresponding to a piecewise constant control in any weak*-neighborhood of u*. In

particular we can put

Fy = fo, F2 = 91, .. Fp1 = g
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and a piecewise control ux(-) can be found such that
T
[ Aol u®ld - ()] < e

T N
|/ balt, ur(t)]dt — | < e, n=1,2 ..k
0

Therefore, by using the piecewise constant control u(-), we can get within e of the min-
imum value p*( fo). ,

The queétion of whether the final state g, (-) in (2.4) is (approximately ) attained is a dif-
ficult problem for this equation, because, we believe, the lack of a damping term. The
only general result that can be achieved depends for its proof on a property of compact
sets, of which we proceed to remind the reader. We make the following definition (see
Royden [56], Choquet [6]):

The set S is said to be compact if it has the finite intersection property; that is, let F, be
any collection of closed sets in S such that any finite number of them has a nonempty

intersection; then the total intersection N, F is nonempty.
Lemma. 2.1 If S is compact, then any sequence in .S has a convergent subsequence.

Proof. LetX = {z,,n=1,2,..}beasequenceinSandr, <r, <..<r, < ..
a strictly increasing sequence of natural numbers; then the sequence X’ in S given by
X' = {z,,, n=1,2,...} is a subsequence of X. Let F,_ be the set {m,n, Trpps },
~ then {F—,n} is acollection of closed sets with the finite intersection property, and so there
is a point z which belongs to " F;... The point z is the limit point of the subsequence
X', since for any open set O containing z we have z € F,._, and so there must be an N
such that z,, € O withn > N, d

Now we can prove the following proposition.

Proposition 2.2 Consider our general problem P:

min (fo)
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subject to the conditions

P’(“p:)) = Qy, 71=12,.. (2.9)

where u € Q. .
Let py be the solution in M*(Q) of the following problem, to be called P;:

min ( fo)

subject to the conditions

w(h;) =y, 5 =1,2, .k (2.10)

where p € ).

Then the sequence {u:} has a convergent subsequence, which converges weakly* to
p* € M*(Q). Further:

(a)
pe(Pi) — p(¥;) = @ 7 =1,2,...
we( fo) — p(fo)- (2.11)
(b)
inf w#(fo) = (1", fo) 2 inf u(fo). (2.12)

(c) Each u can be considered to be an admissible control u,. Then any control in the
convergent subsequence will give a final state close to g (-) for sufficiently large values
of the index k in the index set of the subsequence.

Proof. (a) Since S; is compact, we can extract a subsequence so that

pr — p* weakly™
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and (2.11) are satisfied.

(b) Assume Q(k) be the set of measures in M* () satisfying (2.10), so M*(Q) >
Q(k) D Q. Then the solution of the problem (2.10) ( the proof of the existence of
solution of the problem (2.10) is being based on the same considerations on Proposition

2.1), satisfies the following inequality

inf p(fo) = inf w(fo) = (1, fo) 2 inf p(fo) = inf u(fo)- (2.13)

(é) We cah find a control u, that approximates well the measure y, in Py.. Then this can
be modified slightly so that the conditions for P are exact. O
In general, thisresult is as far as we can go searching for an admissible control that gives
rise to a final state near g;(-). But in the many cases studied in the rest of the chapter,
we have found that the desired final states can be approximated very well by only small
values of k; and of course no attention has been paid whether this index is, or is not, in

the index set of convergent subsequence.

2.1.4 Approximation to the optimal measure

We now develop a method for the estimation of a nearly-optimal piecewise constant
control. In this development we follow Kamyad, Rubio, and Wilson [34]. In the first
step, we obtain an approximation to the optimal measure p* by constructing a sequence
of finite-dimensional approximation to the infinite-dimensional linear programming prob-
lem defined by (2.8) and with restrictions defined by 51, Sz and S5. Next, we construct
a piecewise-constant control function corresponding to the finite-dimensional problem.
vThe infinite-dimensional linear programming problem can be written in tixe following
form:

Minimize
I(p) = u(fo)
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subject to

p1)<T
p(Pn) = an, n=12..
w(G) = ag, G € C(Q),independent of u. (2.14)

The functions ¢, ¢, n = 1,2,..., are defined by (2.6). We define G;(-,u) = t' as a
monomial in ¢ only, then from Weierstrass Approximation Theorem (seé, e.g., [2]) any
continuous function on {0, T'], can be uniformly approximated by a finite linear combi-

nations of elements of the set
{Gi(w)=t,i=1,2,..}.

Of course, the measures p in (2.14) are required to be positive Radon measures on 2.

Now, by using monomials G;, the minimization problem (2.14) changes to the follow-

ing one:
Minimize
I(p) = p(fo)
subject to
pl)<T
p(n) = an, n=1,2,..
,U,(G,') = ag;, 1= 1,2, . (215)

where ag, is the Lebesgue integral of G;(-,u) over [0, T'].

The approximation of this program by a sequence of finite-dimensional programs is
based on the following constructions:

(a) Only a finite number M, of functions 3,, will be considered; this number can be as
large as required.

(b) Only a finite number M, of functions G; in (2.15) will be considered. We assume
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Q (M., M) be the set of measures in M*(Q) satisfying

p(l) LT
w(hn) = an, n=12,..M
IU’(G"') = ag;, | 1= 1)2""1M27 (216)

we will show in Proposition 3.1, that if g Mz)( fo), is the minimum of p — u(fo)

over the set Q(My, M), then

Ml,lz%rrzlloo “Z?(Man)(fo) = inf po(fo) = p*(fo)-

(c) The set @ = [0,T] x [—1,1] will be covered with a grid, by taking m; + 1 and
mz + 1 points along the ¢-axis and u-axis respectively, these points will be equidistant,
at a distance mll and m—2—2 each separately in the order mentioned. Now 2 is divided to
N = m; - m, equal volume rectanglés Q;, 3 =12,...,,N; we choose Z; as the center
;. Since for many applications it is convenient to approximate continuous functions
by functions of an elementary nature, we shall not take functions G;(-,u) = t*, ¢ =
1,2,..., M, in (b), but lower-semicontinuous functions, we choose these functions to
be the characteristic functions of the individual rectangles formed By dividing the set
Q2 = [0,T] x [-1,1] to m; partition along ¢-axis. In fact these lower-semicontinuous

step functions are defined as:

1 teJ;
fi(t, u) = .

0 otherwise
where J; = [(1 — 1)L, z;nr-’ll-), i =1,2,...,m, so any continuous function on [0, 7| can
be uniformly approximated by linear combinations of these functions (see Bartle [2],

Theorem 24.4). Of course, there will be then as many functions as rectangles, that is,

M2 =m;.
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Now, instead of the infinite-dimensional linear programming problem (2.15), we shall
consider a finite-dimensional one in which the measures are positive Radon measures
on ) supported by the grid defined above; each such measure is defined by a set of non-
negative real numbers ¢;, 3 = 1,2, ..., N, where N = m; - m is the number of points
in the grid. Since one non-negative extra slack variable an41 is necessary to handle
the first inequality in (2.15), (see Gass [22], chapter 4), thus the linear programming

problem consists of minimizing the linear form

N+1
> a;fo(Z;)
J=1
over the set a; > 0, subject to

N+1

Z a;j=T

=1

N+1 .

E aj't/)n(Z,-) = Olp, n= 1,2, ...,M1

7=1

N+1

E ajf,'(Zj) = af‘., 'I. = 1,2, ceny Mg. (217)

j=1

It is well known (see, e. g., [22], Chapter 3) that the linear form Zjv:tl a; fo(Z;) attains
its minimum at an extreme point of the set in JRN*+! defined by the constraints (2.17)
and the requirement thata; > 0, j = 1,2, ..., N+ 1, and that such an extreme point has
at most M = M, + M; + 1 nonzero coefficients; this is fortunate, because we usually
choose N much larger than that M. In Chapter 3, we show that, if we take M;, M,
sufficiently large, then the solution of the linear programming problem (2.17) gives a
good approximation to the solution of (2.14), i.e., the infima of the two problems are as
close as desired.

The procedure to construct a pieciewise constant control function from the solution
{aj,7 = 1,2,..., N} of the linear programming problem (2.17) which approximates the
action of the optimal measure, is based on the analysis in Rubio [59] (Chapter 5).
Assume that the set wy = {Z;,1 =1,2,..., N} is the set constructed by dividing the
interval [0, T'] and [—1, 1] respectively into m; and m; equal subintervals. From The-

orem IIL.1 of [59], the measure pg)py, ar,) in the set Q(My, M,) satisfying (2.16) and
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at which I(p) = u(fo) attains its minimum, for sufficiently large N, has the following

form

N
BoanM = 2 ub(Z) (2.18)
=1

where Z; € wy and §(Z) € M*(Q) is the unitary atomic measure with support the

singleton set {Z}. This measure is characterized by
§(ZYF=F(Z), FeC(), ZeqQ.

Of course the equality in (2.18) is not exact and some error will appear that can consid-
ered as the error present in numerical computation.

Define Hi; = [i;, . 4:)x{u;—s u;) P4Q(M, M) Y Ghouila-Houri’s Theorem [23]

Hy; = /n dl"*Q(Ml,Mz)(t’u) = /[t dbu’*Q(Ml,Mg)(t’u) =
[3

i—108) X [uj-1,%5)

p*([ti1, ) X [uj-1,u;))
forl <t <my,1 <5 < mgandQy; 1 = 1,2,..., N, is the Ith subrectangle of
the partition , where [ = m;(j — 1) + ¢. As we mentioned before, the center of the
subrectangle Q; has been chosen as Zj, that is Z; = Z,, (j—1)+, thus

dp’*Q(Mth)(t’ 'u,) =

Hy= [ dp tu)= [
3 Q /"’Q(MI'M2)( ) (i1 sti) X [u5—1 5)

/Q | d[g:l ad(Z)] = a

where | = my(j — 1) + 1.
We can proceed now to construct the piecewise constant control u; which approximates

the action of x* on the functions fo, ¥n, n =1,2,..., My and f;, : = 1,2, ..., M. Let

U(t) = U = Uy Gy
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for t € B;;, where

Bij = [tic1+ Y Hik tic1 Y, Hix) (2.19)
k<j k<j
where ¢;’s are the number 'm%’ %;TT, ..., T', and H;), defined as above. Since those inter-

vals B;; for which H;; = 0 are reduced to a point, they do not contribute any u, so they
can be ignored. We shall consider in the analysis to follow only those H;; which are.
positive. We may obtain all B;; in the same way. Then, the piecewise constant con-
trol u is defined by taking the value u; in the subinterval corresponding to the value
= Gy (j-1)+i-

In fact, to summarize the procedure of constructing the piecewise constant control u(-)
from the solution of the linear programming problem (2.17), first, for l = 1,2,..., N,
we identify the indices [ such that the components a; of the extreme point are positive,
and the corresponding values ¢; associated with them. With each such ¢;, we identify
one subinterval J; = [t;_1,t;) of the m, partition interval of [0, T']. To each of these
subintervals J;, there will correspond at least one, and usually several; of these values
a; which just selected. We then partition these subintervals J; into further subintervals
B;;; for each index [ with these properties, of length equal to a;, and then, the control u
is defined by taking u(t) = u; onit. These subintervals which partition J; then can be
put together to cover the main interval [0, T').

Since at most My + M, + 1 of a;’s are non zero, the control therefore will suffer at most
M, + M; + 1 jumps.

In the next section we shall give some numerical results obtained by using these tech-

niques.

2.1.5 Numerical results

We will apply the method described in the previous section for the estimation of
pieciewise constant controls for the one-dimensional wave equations. In all the exam-
ples, the criterion functionsis fo = v’anda = 1,T ==, S ==, M; = 5, M, = 10,

my = 10, my = 20. So it is assumed that the set Q = [0,n] x [—1, 1] is divided to
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N = 200 subrectangles with centers at z; = (¢, w); [ = 1,2,..., N. We define

Ut =U2 = ...=1U0 = —0.95
U1 = U112 = ... = Uy = —-0.85
Upgr = Uiez = ... = Ugo = 0.95
and
t=ty=...=te = —
1= =... =ha = o5
b= tiy = .. = ties = o
2=t = ... =he = 55
b=t = _3 _ 197
10 =20 = ... = 1200 = oo

Then we use a N AG fortran library routine based on the modified simplex method to

solve the linear system (2.17).

Example 2.1 Consider the linear wave equation
Yu(z,t) = Yoo(z,t), |
the initial conditions are:

Y(z,0) = f(e) = sin(z)
Yi(e,0) = h(z) =0,

the boundary conditions are:

Y(0,t) = u(t)
Y(S,t) = ut).
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We assume that g, = 0, g2 = 0, =z € [0, ). In this example, after 72 iterations the cost
function converges to the value 3.95714 x 10~!, and we find the following computé-

tional results:

ajol — 0.31415926

aq19 = 000463426
a128 = 0.02667596
ai3s = 0.28748330

Q146 = 0.17912431

a0 = 0,31415927

a1z = 0.30952727
a9 = 030952500

A144 = 031415927

a112 = 0.00463199

arzz = 0.02667988

a133 = 0.28747939

a145 = 017911889

a1s55 = 0.13504037

a147 = 0.31415926

a1s6 = 0.13503495

Now to construct the pieciewise constant control function for this example, we use the

method introduced above, we have, €.g.,
Hij = ai01 = aml(j_l).,_,- = 0.31415926

fori = 1, 5 = 11, since t; = {5, so by (2.19), Bi,;1 = [0.0,0.31415926) and if
t € By11, then u(t) = uio1 = 0.05. We define all the subintervals B;;’s in the same
way and then draw the pieciewise constant control function in an appropriate manner
in the corresponding subintervals.

The graphs of the piecewise constant control function and the approximation of the final
function g;(z) can be seen in Fig. 2.1 and Fig. 2.2, respectively. We mention that in all

the numerical examples Y (z, T) is approximated by 335 | 3, sin(nz), where

B = (=1 An 200 = (~1)(=1) [ sin(ntus(e)dt.
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Figure 2.2: Final state for Example 2.1



Chapter 2. The Optimal Control of the Linear Wave Equation

30

Example 2.2 Consider the linear wave equation
Kt(w’ t) = Y:n:c(m7 t))
the initial conditions are:

Y(z,0) = f(z) = cos(z)
Yi(z,0) = h(z) =0,

the boundary conditions are:

Y (0,t) = u(t)
Y (S,t) =0.

o _

° |

0

= -
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=

|
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° ]

4. 00000 1.00000 2.00000 3.14159

Figure 2.3: Graph of the pieciewise constant control function for Example 2.2
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We assume that g, = 0, g = 0, z € [0, 7]. In this example after 44 iterations the
cost function converges to the value 1.086860. The graphs of the piecewi.se constant
control function and the approximation of the final function ¢,(z) can be seen in Fig,

2.3 and Fig. 2.4, respectively.

0.1

Y(x,T)

~0.

-0 .

-0

Y=0.0 Final State

Figure 2.4: Final state for Example 2.2

Example 2.3 Consider the linear wave equation
)/tt(ma t) = sz(m, t))
the initial conditions are:

Y(2,0) = f(z) =0
Yy(z,0) = h(z) =0,
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the boundary conditions are:

Y(0,t) = u(t)
Y(S,8) = ult)

We assume g; = sin(z), g2 = 0, z € [0,]. For this example, the total number of
iterations is 39, and the cost function takes a value of 7.903563 x 10~!. The graphs
of the piecewise constant control function and the approximation of the final function

g1(z) can be seen in Fig. 2.5 and Fig. 2.6, respectively.

0.75
|

55

o.

.35

u
o. 15 o
!

-0.05

0

<+

o | |
6.00000 1.00000 2.00000 3.14159
t

Figure 2.5: Graph of the pieciewise constant control function for Example 2.3
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] ! ]

Y(x,T)
.3530 0.5335  0.7140 0.8945 1.0750

] | 1

a.000 0.5825 1.0580 1.875 2.100 2.6258 3.1580
X

~0.0080 0.1725 O

Final State

Y=sin(x)

Figure 2.6: Final state for Example 2.3

Example 2.4 Consider the linear wave equation
K‘.t(w) t) = Y;:m(m, t)y
the initial conditions are:

Y(z,0) = f(z) =0
Y:(z,0) = h(z) = cos(z),

the boundary conditions are:

Y(0,t) = u(t)
Y(S,t) = 0.



Chapter 2. The Optimal Control of the Linear Wave Equation 34

We assume ¢g; = sin(z), g2 = 0, z € [0,7]. For this example the total number of
iterations is 47, and the cost function takes a value of 7.351063 x 10~!. The graphs
of the piecewise constant control function and the approximation of the final function

g1(z) can be seen in Fig. 2.7 and Fig. 2.8, respectively.
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Figure 2.7: Graph of the pieciewise constant control function for Example 2.4



Chapter 2. The Optimal Control of the Linear Wave Equation

35

Y(x.T)
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Figure 2.8: Final state for Example 2.4

2.2 Existence of an optimal control for the n-dimensional

wave equation

2.2.1 Introduction

Here we consider the existence of an optimal control for the n-dimensional wave

equation

Yi(z,t) = a’ ? Y(z,1),

(2.20)

where (z,t) — Y(z,t),(z,t) € wx(0,T), and 7Y is the Laplacian of the function

Y in IR™.
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The boundary condition is:
Y(z,t) = u(z,t), (z,t) € 0w x (0,T) (2.21)

and the initial conditions are:

Y(z,0) = f(z), z€w
Yi(z,0) = h(z), T Ew, (2.22)

where w is a bounded open set in IR™, with boundary dw € C?, and u(z, t) € IR, where
(z,t) € Ow x [0, T}, is the control function.
We say that the control u is admissible if it is a measurable function on dw x [0, T']
and
(a) u(t) € [-1,1] ae. for (z,t) € Ow x [0,T].
(b) Y(z,T) = g1(z) ae. forz € w; g1 € Ly(w) is the desired final state.
(© Yi(z,T) = go(z) ae. for z € w; g2 € La(w) is a given continuous fuﬁcﬁon.
We define the set of admissible controls as &/. Our optimal control problem consists of

finding a u(-, -) € U which minimizes
T
J(u) = /0 /‘9 fol&, 2, u(t, €)ldédt, (2.23)
where fo € C(X), the space of continuous functions on
¥ =0w x[0,T] x [-1,1],

with the topology of uniform convergence.
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2.2.2 Modified control problem

The solution of equation (2.20) with boundary condition (2.21) and initial conditions

(2.22) is

Vo) =~ [ [ sts, 1) gAK@yt~ ldrdy

+ L[K(m,y,t)h(w) — Ky(z,y,t)f(z)]dy

(see Roach [54], Chapter 9). Here ﬁ—y[K (z,y,t)] is the normal derivative with respect

to its second variable y, and

s1n( k at)

K(z,y,t) = Z an(z)an(y)H(t)———

where a,, denotes the orthonormal eigenfunction with corresponding eigenvalue A, de-

fined by the equation

NVtp, = ApUn.

(6t2
Here k2 = ), and H(t) is the Heaviside function and is included to emphasize the

fact that the solution is identically zero for t < 0. Thus if we assume a=1, we have

Ve, )=~ [ [ an)pet3 anto)antn) =T = Dy
# 135 an(@)onts) 2 b(0) = 35 anfeants) cobT) (ol

= S0 [ [ wto g an) T = Dy

+ [ ()2 o) — n(y) ok () ool

If we assume [;, [o> an(y)]u(y,t)dy = v, (t), then

Y, 7= SI- [ oy =y

+ [ (on) 2 b(z) — anfy) cos(kaT) (2 dslon().

o

LEEDS UNIVERSITY LIBRARY -
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From the above we find Y;(z,T') as

(o}

% ; //aw (y,7 an(y)dy cos(k,(t — 7))dr

+ [ (@n(9) cos(kut @) + eyl sinknt) (@) lon(a),

where by assumption

[ oan(y)uly, )y = wn(r),

dw Oly

we get,

%%(x,:r) _ g:l -/ " on(t) cos(ka(T — )i

+ /w (an(y) cos(kaT)A(2) + @n(y)n sin(kaT) £(z))dylan(z).

Thus,

Y(m,T):i[ / on(t) 22U ( =)
+ [ (@) 22 Eb(e) - ) conlbe T (@)l
and

%_t’i(,,,,;r) _ g;l - /0 " a2 cos(ka(T — £))dt

+ / (an(y) cos(k,T)h(z) + an(y)kn sin(k.T) f(z))dy]an(z).
Since the desired final states belong to Ly(w), we can expand them in terms of the se-
quence of orthonormal eigenfunctions a(z),
Y(z,T) = g1(z) = ) cnan(),
n=]
Y s
Et—(x’T) =g2(z) = Z dnan(z).

n=1

Thus,

/OT[-—vn(t)ii—n(k—f;——m]dt + /w an(y)[%:(:r))h(m) — cos(k,T)) f(z)]dy = ca,

n
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and

/OT[—vn(t) cos(kn(T — t))]dt + /w an(y)[cos(kT)h(z) + ky sin(k,T') f(z)]dy = dn.

But,
cos k(T — t) = cos kT - cosk,t +sink,T -sink,t
sin k(T — t) = sink, T - cos knt — cos k, T - sin kyt,
o)
T 1
/ [—un(t) - z—(sin kT - cos k,t — cosk,T - sin k,t]dt
0 n
in k,T
+ [ ()5 - h(z) = cos(kaT) - f(@)ldy = co,
and
T
/ [—vn(t)(cos kaT - cos knt + sin k, T - sin k,t]dt
0
+ [ an®)lcos kaT - h(@) + k- sin(kaT) - f(w)]dy = di.
Let

T
/ [v(t) - sin knt]dt = X
0

T
/ [on(t) - cos knt]dt = Y
0
then by some manipulations and using Cramer’s Rule, we find

X = cokp cos kaT — dy sin kT + ks /w an(y)f(z)dy,

Y = —c kpsink, T — dycosk, T + / an(y)h(z)dy,

or
T
/ v (t)(sin knt + cos knt)dt =
0

cnkn(cos kT — sink, T') — dy(cos k, T + sin k,, T')
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+ fw [h(2) + kn f(2)]an(y)dy.
Assume
cnkn(cos k, T — sink,T') — dp(cos k, T + sin k, T')
+ [[4(e) + baf(@)lan()dy = 80y n=1,2,.., (2.24)
then we have

T
/ v () (sin knt + cos knt)dt = 6, n=1,2
0

or
/0 /Bw —a%yan(y) - u(y,t)(sin knt + cos kpt)dydt = 6,, n=1,2

Since we assumed dw € C?, we can let the parametric equation of dw be in the follow-
ing form,

Y = Y(f]_(sl, 82, ---sn—l), 52(31, 82, ...Sn_1),

seey En(sly 82) "’sn—l))

where
0<s,<1, 1=12,.n-1

(see Kamyad [33], page 13).
Thus

/ / an(& ( ), ---afn(s)) ) u(fl(s)’&(s), '"’fn(s)’t)

X [sin knt + cos k,t] B(s)dsdt,

N ~§:¥\§@§&Xﬁ.§& 6

LAY

e

A%

where s = (s1, 32,

sn—1) and B(s) is the Jacobian of this transformation from z-
coordinates to s-coordinates and ds = ds;.ds;

.ds;....ds,_3,and A = [0, 1] %[0, 1] x[0,1],
(n-1 times). If we assume

"/)n(s’tau) an(él(s) 62(3), €n(‘5)) ) u({l(s),€2(s)v --'afn(s)at)

g g
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X [sin knt + cos kat] B(s), . (2.25)

then our problem reduces to finding a measurable control u(y, t) € [—1, 1] where (y,t) €
dw x [0,T] or (y(s),t) € [0,1] x [0,1] %, ..., x[0,1] x [0, T'] (n times) which satisfies

T
/ /A bals,t,u(s, )dsdt = 6., n=1,2,.., (2.26)
0
and minimizes
7= ‘ [ 535,805, 0))dsdt 2.27)
o A 0 R4} ] ] .

where f, (s,t,u(s,t)) = fo(s, t,u(s,t)) - B(s).
In general, this problem may have no solution, so we proceed to enlarge the set ¢/,

the set of admissible controls, and replace this problem by another one in which the

minimum of a linear functional is considered over Q = Ax [0, T]x[—1, 1]. We proceed

as follows:

(1) For a fixed u, the mapping
T .
Ap: F —s / / Fls, t,u(s,t)|dsdt, FecQ),
o Ja

defines a positive linear functional over C({).

(2) There exists a unique positive Radon representing measure ¢ on §2 such that

T
J= /0 /A F(s,tyu(s,t))dsdi = /n Fdu=uF), FeC@Q)  (228)

(Riesz representation theorem).

Now, we replace the original minimization problem by one in which we are to find

the minimum of u( fo) over a set @ of positive Radon measures. We proceed as before.

Firstly from (2.28) we have

W(F)| < Tup | F(t,w),
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hence,
W(1) < T.

Next, the measures in () must satisfy
w(¥n) = bn, n=12,...

Note that this is possible because ¥, € C(Q),n = 1,2, ....
Finally, assuming G € C(f2) and independent of u, that is, if (s,¢) € A x [0,T] and
uy, Uz € [—1,1], then G(s,t,u1) = G(s,1,uz); then the measures in ) must satisfy

/ﬂ Gdu = /0 ! /A G(s,t, u(s, t))dsdt = ag,

where a¢ is the Lebesgue integral of G. As before, if M*(£2) be the set of all positive

Radon measures on 2, we have
Q=5 NS2N8s,
where

$1={ue MHQ): p(1) < T},
Sy = {# € MH(Q) : p(¥n) = 6a},
S3 = {p, € M*(Q): p(G) = ag, G € C(Q),independent of u} .

If we topologize the space M (Q2) by the weak*-topology, it can be seen that (Section
2.1) S, is compact, S, and S; are closed, therefore @) is a closed subset of the compact

set S1, and then is compact, ( see also [34]). Therefore the functional I : @ — IR
defined by

W)= [ fodu=ulf) € R, peQ (2.29)

attains its minimum on ). Thus, the measure-theoretical problem, which consists of

finding the minimum of the functional (2.29) over the subset @ of M*(2), possesses

i
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a minimizing solution u*, say, in Q.

We now show that the action of the optimal measure could be approximated by that
of a piecewise constant control. With each piecewise constant control u(-) we associate
a measure u, in M¥(2) N S; N S2 N Ss. Let @y be the set of all such measures p,,
then an extension of a theorem of Ghouila-Houri (see [33]) shows that, when M(Q) is

given the weak*-topology, Q; is dense in M*(Q2) N S; N S, N S3. A basis of closed
neighborhoods in this topology is given by the sets of the form

{p:|w(F)| <en=1,2,..k+1}, (e > 0)

where k is an integer, F,, € C(€2). In any weak*-neighborhood of 4*, it is therefore pos-
sible to find a measure g, corresponding to a piecewise constant control. In particular
we can put

Fy = fo, Fo = %1, ... Firy1 = g

a piecewise constant control ux(-) can be found such that
|/ [t u(£)]dt — w*(Fa) < &, n=1,2,.. k+1.

Thus, by using the piecewise constant control ux(-), we can get within e of the mini-

mum value p*(fo).

2.2.3 Approximation to the optimal measure

Now, as before, we intend to develop a method for the estimation of piecewise con-
stant control. We proceed just as in Section 2.1. Our infinite dimensional problem can
be written in the following form:

Minimize
I(p) = p(fo)
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such that

p1)<T
w(Pn) = b4, n=12..
w(@) = ag, G € C(Q),independent of u. (2.30)

The functions &, and ¥,, n = 1,2,..., are respectively as (2.24) and (2.25). Of course,
the measures p are required to be positive Radon measures on ). The approximation
of the program (2.30) by a sequence of finite-dimensional program is based on the con-
structions that we described it precisely in Section 2.1. In fact

(a) We consider only a finite number M; of the functions ,,; this number can be as
large as required.

(b) We cover the set @ = A x [0,T] x [-1,1] = [0,1]*"! x [0,T] x [-1,1] with a
grid, by taking m; + 1, ma + 1, and m3 + 1 points along the s;-axis, ¢ = 1,2,...,n — 1,
t-axis, and u-axis respectively. These points will be equidistant, by -, ;’f;, and 2
respectively. Then the set 2 is divided into N = m}~'mymg equal volume cuboids
Qj,7=1,2,..,N; wechoose Z = (s;; 1 = 1,2,...,n — 1, ¢, u) as the center of each
cuboid. We will number then the points Z in §) sequentially, from 1 to N.

(c) We consider only M, functions of G in (2.30). These functions are not continuous
functions as above, but pulselike, lower-semicontinuous functions. We choose these
functions G to be the characteristic functions of the individual rectangular cuboids that
formed by dividing the set  into m7 " partition along s;-axis; s = 1,2,...,n — 1, and
m, partition along ¢- axis. We shall denote these functions as G, I = 1,2, ..., M,. To

specify these G’s precisely, we find the numbers
f=0<si<..<sM=1, fori=1,2,..,n—1
on s;-axis and the numbers

t0=0<t1<...<tM2=T



Chapter 2. The Optimal Control of the Linear Wave Equation 45

on t-axis. Now define Gy(-,-,u) on [0, 1]*"! x [0, T'] as follows:

1 ifte [ti—1,t), s = (81,82,..,8,-1) € [T°1 st ghl
Gz(s,t,u)z{ [ty ti), 8 = (1,92, 0y 801) € I [s72 87 )

0 otherwise

where

and
l= [ml_z(in_]_ - 1) + m?_s(in—z - 1) +..+ ml(i2 — 1) + 7'1] + m;b_l(i - 1)

So each G; will be unity in one of the cuboids defined above and zero elsewhere. There

will be then as many functions as cuboids, that is

M2 = m"f'_lmz.
Remark: The linear combinations of the functions G, can approximate any function
arbitrarily well in C,(Q2) where Q = A x [0, T] x [~1,1] [C2(£2), is used for a subspace
of C(Q) which depends only on variables s = (s1, 3, ..., 5,—1) and t]. This means that
for any G € C(f2) there exists a sequence { G’} of functions in the subspace spanned

by the functions G(-, -, v) defined as above, such that
G(s, t,u) — G(s,t,u)

uniformly in Q. (see [31]). The functions G, are not continuous, however, each of the

G’s is the limit of an increasing sequence of positive continuous functions, { Gy }; then,
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if u is any positive Radon measure on 2,

wGy) = lim p(Gu).

Now instead of the infinite-dimensional linear programming problem (2.30), we con-
sider one in which the measures are positive Radon measures on £ supported by the
grid defined above; each such measure is defined by a set of non-negative real num-
bersa;, j = 1,2,..., N, where N = m}~'myms is the number of points Z in the grid.
Since one non-negative dummy variable a1 is necessary to handle the first inequality
in (2.30) (see [22]), thus the infinite-dimensional linear programming problem (2.30)

would be approximated by the following finite-dimensional linear programming prob-

lem:
Minimize
N+1
Y a;fo(Z;)
Jj=1
over the set a; > 0, subject to
N+1
Z a; =T
j=1
N+1
Z a;jpn(Z;) = bn, n=12.., M,
J=1
N+1 '
Z ajG,'(Zj) = ag;, 1=1,2,.., M,. (2.31)

7=1
The solution of the linear programming problem (2.31) gives rise to a Radon measure
whibh is a linear combination of N + 1 atomic measures
N+41

p= 3 a;6(Z;)

—1

where the a;’s are the solution of (2.31) and the Z;’s are the corresponding values of Z

which define the support of each atomic measure. It is clear that

Zj = (Sj.,';i = 1,2, ey — 1,tj,Uj).
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We shall use a;’s and Z;’s to define a pieciewise constant control u which is admissible
and, for sufficiently large values of M;, M,, and N, gives a value to the pertiormance'
criteria Z;V:ﬁl a; fo(Z;) which is near to the infimum of u( fo) over the set Q.

The procedure of the construction of this pieciewise constant control function which
approximates the action of the optimal measure is based on the analysis described in

Section 2.1.

2.2.4 Numerical results
Example 2.5 Consider the wave equation
},tt = V2Y'cx

where Y (z,y,t) :(z,y,t) € w x [0, T, and w is the rectangle [0, 7] x [0, 7] in the zy-
plane. Since the boundary dw is divided to four individual segments which are defined
by variable 5, 0 < s < 1 (see Appendix 2.3), so the control function is symmetric in

the four edges of the boundary Gw. The initial conditions are:

Y(m’ y’O) = f(.’E,y) = 0, (w,y) cw
Yt(:r.,y,O) = h(may) = 0’ (fc,y) €Ew

and the boundary condition is:
Y(:D)yat) = U(:B, y’t)’ (m)y’t) € Ow x (O,T)
We are looking the control function u(z,y,t) such that

2
Y(:Z:, y7T) = gl(m’y) = (01) : ; ‘sing - Siny)

}ft(w7y>T) = gZ(way) = 0)

at a specified time T'.
We choose T = 1.57. Then (s,t,u) € T where s € [0,1],¢ € [0,T}),and u €
[~1,1]. We divided the set [0, 1] on the s-axis into 8 equal subintervals and the set
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[0, T]=[0, 1.57] on the t-axis into 20 subintervals and the set [—1,1] on the u-axis into
15 equal subintervals, so that I' = [0,1] x [0, T] x [—1, 1] is divided into 2400 equal'
subsets. We assume Zy, = Z(s, tk, ux), £ = 1,2,...2400, where

14
U1 = Uz = ...= U0 = ——
15
12
Urel1 — U162 =~ ... = U320 = — 77
15
14
U2241 = U2242 = .+« » = U2400 = T
15’
) (2k—14),
so in general ujgor+1 = Ureok42 = - = Yreo(k+1) = 15— £ =0,1,...14.
Also we choose s, as follows:
1
81 =83 =...= 820 = 8161 = ... = 8180 = ... = 82260 = —x
16
_ _ 3
821 = 822 = ...=840 — S181 = .+ =38200 = ... = 89980 = -Ig
o 15
8141 — 8142 = ... = 8160 — 8301 = + -« = 8320 = ... = 82400 = E

(2i41).

and in general sigokt20i4+; = “qg 3t = 01,..775=12,.20,k=0,1,..,14, and

we choose,

1.57
1=1tn 141 10
1.57
tier =tisr =...=1t300 = ——
0
1.57
t = t = he.e = t = — .
2041 = 12061 2381 = —o7,
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and,
=t _ —y _ Abm
2=t =...=he =5
4.5
t =t =...=1 = —
162 = t182 = 1302 0
4.57
t2042__‘:‘t2062=~--=t2382=T_,
and,
=t _ — _ 88.57
20=to =...=te =5
58.57
tigo = t220 = ... =130 = 0
58.5T
t2060 = 2100 = .- - = 2400 = 0

and in generaltleok_{_zoi_l.j = (2.7_—]?}0)_(&;1: = 0, 1, --*7’j = 1a2a "-20’ k= 0, 1, ceey 14.

Our linear programming problem consists of minimizing the following real function

2401
Z a;fO(Zj)>

Jj=1
over the set of coefficients a; >0, j = 1,2,...2401, such that

2401
2. 0=T
i=1

2401

Z aj’(,b,;(Zj) = 5,', 1= 1,2, ...Ml,

i=1
2401

Saifu(Z)=  i=1,2,..M,.

i=1

In this linear programming problem one extra dummy variable, az401, is necessary to
handle the first inequality in (2.30).

Here we choose the criterion function to be fo(s,t,u) = u?, and we define the func-
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tions fi;’s as

fuls,t,u) =1,  (s,t) € ju
fu(s,t,u) =0, otherwise,

where ji = [(k — 1)d, kd) x [(I — 1)d, ld) d=1,d = %% and k = 1,2,...8, and
1=1,2,..20.
We know that c* is the integral of function f ki OVET ji, that is,

_/ / fu(s, t)dtds = /k 1)d/l e Fr(s,t)dtds

1 157 1.5«
o T k=1,2,..8,1=1,2,..20.
/k l)d/z e B = 3% 20 = 160 0

By definition of the functions fi; and due to the choice of the s;’s and ¢;’s, for k =

1,2,...8,and | = 1, 2,...20, the following correspondence is established:

(8K, t1) <= (S160n+20(k=1)+1» t160n+20(k~1)+1)
n=01,.14,1=1,2,.8 and k = 1,2, ..20.
Thus,

fei(sk,t1) = fra(S160n+20(k—1)+15 t160n420(k-1)41) = 1

fu(s,t) =0, otherwise.
From the equation

2400
Z “jsz(Zj) = CH,

i=1

k=1,2,..8,1=1,2,..20, and Z; = (s;,1;),

we have
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1.5
a1 fii(s1,t1) + azfra(s2,t2) + - . . + a2400f11(52400, t2400) = —l_ég

1.5
a1 fa1(s1,t1) + a2 fa1(s2,t2) + . . . + 2400 f21(52400, t2400) = —I—G_Oz

1.57
a1 fa08(s1,t1) + azfzos(sz, t2)+...+ az400f208(324qo,t2400) = 160"

or by definition fi; we find that:

+ n ta _ 1.57
a rae1 T .- 2241 = 160
+aes+ ...+ G202 = Lx
az + Q162 T -+ » 2242 = 160
1.57

a160 + @320 + . .. + G2400 = 160"

Thus ¥2*Pa; = 1.57 = T, but since 28 a; = T, we find that the slack variable

(12401:0. Also we have
2400

> ahi(Z;) =6 1=12,.., M,

i=1

sofor M; =4

a1¥1(Z1) + a21(Z2) + - - . + a2000%1(Za00) = &
a12(Z1) + azth2(Z2) + - . . + aza00h2( Z2a00) = 65
a1%3(Z1) + axps(Z2) + . . . + aza00%3(Z2400) = 63
ara(Z1) + agpa(Z2) + . . . + a2400%a(Fas00) = b,

where Z; = (s;,t5,u4;); 7 = 1,2,...2400.
We have shown in Appendix 2.3 that:
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1 = —8sin(sm) - u(s,t) - (sint + cost)

by = —12sin(s7) - u(s,t) - (sin V5t + cos v/5¢)

s = —24sin(3s7) - u(s, ) - (sin 3¢ + cos 3t)

g = —8[2sin(2s7) — sin(4s7)] - u(s,t) - (sin V10t + cos v/10t)

and

So our control problem is as follows:

Minimize the functional
2400

)
Z ajUss
=1

subject to,

2400 ’

E a;[-8 sin(SﬂI') - u; + (sint; + cos tj)] = 0.1

i=1

2400

Z aj[_]_z sin(s]"lr) “uj - (sin \/5tj -+ cos \/gtj)] =0
i=1

2400

Z a;[—24sin(3s;m) - u; - (sin 3t; + cos 3t;)] = 0
=1

2400

Z a;[—16sin(2s;7) + 8sin(4s;7)] - u; - (sin \/Etj + cos \/Etj)] =0

=1
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and,

1.57

a1+ ae1+ ...+ a4 = 160
1.57

a2+ ae2+ ...+ az242 = 160
1.57m

@160 + @320 + - - - + Q2400 = 60

In this example after 631 iterations the cost function converges to the value 1.214811x 1073
while CPU time is 629 seconds. The graph of the piecewise constant control function

can be seen in Fig. 2.9.

0.13

Control wvalue
—-0.03

-B.13

Figure 2.9: Graph of the pieciewise constant control for Exampe 2.5
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2.3 Appendix

In Example 2.5 we have assumed the region w to be rectangle [0, 7] x [0, 7]. Here we
find the set of orthonormal eigenfunctions a,(z,y), n = 1,2,..., and corresponding
eigenvalues )., associated with the equation -

&

32 Vun = Antin.

The orthonormal eigenfunctions a,(z, y), (X,y)€ w, and corresponding eigenvalues \,,’s,

and k,,’s are as follows (see [28], Chapter 6)

ai(z,y) = %sinwsiny, AL =1, ky =1,
ax(z,y) = ?r—sinmsin2y, Ay = ;—, ky = g,
asz(z,y) = ;2l_—sin 2z sin 2y, Az =4, ks =2,
as(z,y) = —i—sin:z:sin 3y, Ay =5, ks = /5,
as(z,y) = %sin2m sin 3y, A5 = -153-, ks = 12—3,
as(z,y) = %sin 3z sin 3y, e = 9, ks = 3,

ar(z,y) = %sin2x sin 4y, Ar = 10, kr = /10,

Now we consider,

Yn(s,t,u(s,t)) = 5?/;‘%(51(53% €2(8)) - u(€a(s), €2(8), ) x [sin knt + cos knt] B(s),

where é—% denotes the outward normal derivative to Ow. We know that dw= dw;, U Bw, U

Doy = { &Li(s)=ms
£2(s) =0,

Ows U Ow,, where
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0wy = { bls) =
&(s) =ms,

and s € [0, 1]. Thus for example

Oay _ 4 Oay
5y = & o
where,
2 .2
g_‘:i = (grada; )ou, (0, —1) = (;r- cos zsiny, —sinz cos Y)ow, (0, —1)
2 2
= ——3g] 0) = ——si
- sin(s7) cos(0) - sin(s~),
2 .2
_g_i:: = (grada1)aw,(1,0) = (; cosrsiny, T sin & cos Y )aw, (1, 0)
) 2
=2 cos(m)sin(sm) = —=sin(s7),
™ K
. 2 .2,
6—: = (grada; )suws(0,1) = (; cos zsiny, —sin cos ¥)ows(0,1)
2 . 2 .
= ;r-s1n(7r — sm) cos(m) = - sin(sm),
dc 2 . 2,
_5%:_ = (grada;)aw,(—1,0) = (; coszsiny, —sinz cos Y)ow,(—1,0)

2 _ 2 .
=-= cos(0) sin(r — s7) = - sin(7s).
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So 24 = —3sin(rs), and B(s) = /(& + &) = 7. Thus we have
¥y = —8sin(mws) - u(é1(s), &2(s),t)[sint + cost], (s,t) € [0,1] x [0, T].

Similarly, we find that
Y2 =93 =15 =0,
and
Pq = [—12sin(7s)]u(€i(s), E2(s), t)[sin /5t + cos v/5t],

g = [—24sin(3ms)]u(1(s), E2(s), t)[sin 3¢ + cos 3],
Y7 = [—16sin(27s) + 8 sin(4ms)]u(éi(s), €2(s), t)[sin V10t + cos V/10t],

and so on. In Example (2.5), we have chosen

")bl = ¢1a
¢2 = ¢4a
"/)3 = ¢67
Yq = 7.

From (2.24) we have:

bn = Cnkn(cos k,T — sin knT') — dn(cos k, T + sin k, T')
+/[h(a:) + knf(2)|an(y)dy n=1,2, ...

In this example
2
az,y) = (0.1); sinz siny

and

g2(z,y) =0,
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soCc = 01, Cyg =C3 = ..= 0, and dl = dg = d3‘= e = 0, also

f(z,9)=0, (s,y)€w

h(m7y) =0, (m, y) € w,

SO
81 = erky(cos ky T — sin ky T).

Butk; =1landT = ¥, s0

61 = (0.1)(—sin §21r_) =0.1.

Similarly we find that
6; =0,22>2.



Chapter 3

Approximation

3.1 Introduction

In this chapter, we consider the problem of approximating an optimal control problem
by a class of linear programming problems. The primal problem to be investigated is
the following
Minimize

p i fo — p(fo)

e

subject to

P(¢n) = On, n=12..,

/J'(G‘r) = ag@,, r= 0,1, veny (3.1)

where 4 € M*(Q), the set of positive Radon measures on the given {2, and we want
to approximate (3.1) by a problem of the following form
Minimize |

p i fo— u(fo)

subject to

w(Pn) = an, n=12,.. M,
w(G,) = ag,, r=0,1,..., M, (3.2)
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which M; and M, are two given positive integers, in some cases one of them may be

infinity. In this approximation we focus our attention on the maximum value of
W (fo) — & (fo)l

Q( M, M)

where p*(fo) is the optimal value of the primal problem (3.1) and ,u’;(Ml'Mz) (fo) is the
minimum of the problem (3.2); Q(M, M3) is the set of measures in M *(Q) satisfying
(3.2). | ‘

We consider the approximations, however, from a more general case in which only one
of the two positive integers M; or M, are finite, to a particular case, in which both of
M, and M, are finite.

In Section 3.2, we discuss about
max |Yar, (z,T) — g1()| (3.3)

where Yy, (z, T') is the terminal value of the solution of the optimal control problem
which is determined by using only M; constraints of the equations (3.1), and ¢;(z) is
the final given value.

In Section 3.3, we will consider the value of

max | (fo) — ¥ (fo)l (3.4)

QA My, M)

where M, is finite and M; = oo.

In Section 3.4, we consider the case when instead of using the monomials G, = t", r =
0,1, ..., M, in the second equations of (3.2), we use a sequence of step functions {f;}
whose linear combinations can approximate a function in C1((2) arbitrarily well, when
Q = [0,T) x [-1,1] and C1(Q) is the subspace of C'(Q) which depends only on the
variable ¢. This means that for any f € C1(Q2), there exists a sequence {f*} of simple

functions in the subspace spanned by { f,} such that

fr— 1
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uniformly when s tends to infinity (see Hewitt and Stromberg [31], Theorem 11.35 and
Bartel [2], Theorem 24.4).

Use of these simple functions { f, } brings a remarkable advantage which is used in this
section.

In the last section, Section 3.5, finally, we shall‘ consider the value of (3.4) when M, and
M, both are finite. In this case, in fact, we consider a sequence of finite-dimensional
linear programming problems whose solutions approximate the solution of the optimal
control problem (3.1). '

Several authors have proposed and studied this kind of approximation, that is, approx-
imating an infinite-dimensional linear programming problem by a finite-dimensional
one. It appears that the first attempt was done by Vershik and Temel’t [81], Temel’t
[78] and Vershik [80], and then followed by many others. Here we employ the method
that used by Dahleh and Pearson [9], Mendlovitz [47] and then developed in the work
of Staffans [76]-[77].

In each section we will give some numerical results to show how accurate each proce-

dure is.

3.2 The first type of approximation

In Chapter 2 we considered the following one-dimensional wave equation
Yi(z,t) = a*Yze(z, 1)
with the initial conditions:

Y(z,0) = f(z)
Yi(z,0) = h(z),

and with the boundary conditions:

Y(0,t) = u(t)
Y(S,t) = u(t),
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where t € [0,T] — u(t) € IR was called the control function. We defined the control
u is admassible if it is Lebesgue measurable funétion on [0,7] and

(a) u(t) € [-1,1] ae. fort € [0,T].

(b) The solution of the wave equation corresponding to the given initial and boundary

conditions satisfies the following terminal relations

Y(z,T) = g:(z)
Y,;(CB,T) = 92(3)’

where g1(z) € L(0,5) and g2(z) € L3(0, S). We assumed the control u be admissi-
ble, then the optimal control problem consisted of finding an admissible control » which

minimizes the functional

() = [ fltute)lds )

where fo €C(0), the space of continuous functions on Q=[0,T] x [—1, 1], with the
topology of uniform convergence.

We showed in Chapter 2 that

Y(.’E,t) = Yl(x,t) + YZ(m’t),

where
ad t
Hi(@,) = 3 (Ancos g + Busin e in T2,
25 . [mné
An - E/O f(é) sin (T) df)
2 S N E
Bu= 5o [ WE)sin (T) d,
and

Ya(z,t) = /ot K(z,t — 7)u(r)dr,
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where
wnat

T

K(z,t) =) cusin % sin
n=1

This control problem is then reduced to finding a measurable control function u(t) €

[-1,1] for t € [0,T] which satisfies
T
/0 b (t,u(t)) dt = an,n = 1,2, .., (3.6)

and minimizes the functional (3.5), where,

o (8, u(t)) = 2[1 — (—1)"](sin(nt) + cos(nt)) u(t)

™
bn , .
an = An — B + a, (sin(nT') — cos(nT')) + . (sin(nT') + cos(nT)),
n=12.., 3.7

a», and b, are the Fourier coefficients of g;(z) and g2(z) respectively in the expansion
of these functions over the interval [0, S] into the function sin(nz), n = 1,2, ..... Then,
this problem is reduced again to the following one,

Minimize
g fo— p(fo) (3.8)

over the set Q of positive Radon measures as a subset of M+(Q) (the set of all positive

Radon measures on ) with the weak*-topology, such that

P(¢n) = Qq, n= 1)21 tey

p(G) = ag, G € C(Q),independent of u. (3.9

By Proposition 2.1, there exists an optimal measure p* in the set Q which satisfies the

equalities (3.9) and for which p*(fo) < w(fo), forall p € Q.
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We assume Q( M, M,) be the set of measures in M*(Q) satisfying

p(Pn) = an, n=12.. M

wGr) =ag,, r=01,2..M,G, =1,

then we can prove the following proposition.
Proposition 3.1 As M; and M, tend to infinity

(M, Mp) = fnf  #(fo)

tends to

n = inf u(fo).

Proof. 'We prove this proposition in several steps,
(a) The sequence {n( M, M;), M1 = 1,2,...,M; = 1,2, ...} converges as M, M, tend
to infinity, (see [59] Chapter 3). Thus, the double sequence n( M, M,) converges as M;
and M, tend to infinity, to a number, say, {.
(b) We prove that this limit £ equals 7, infg p(fo). First we show that the double limit
£ can be compﬁted sequentially. It is known that

€ = fim [ im n(36, 1)
provided that the lim,, _ (M, M) exists. We show that when M, is fixed and M,

varies, lim (My, M,) exists; we have

Mg —o00 77

Q(Mlv 1) ) Q(Mhz) DD Q(MI)M2) D sy

n(M,1) < n(M,2) < o <My, M) < ..

for My = 1,2, ... The sequence {n(M;, M), M, = 1,2,...} isnondecreasing and bounded

above; it converges to a number, say, (M, ), thus

i n(Mi, My) = ((My).
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(c) The double limit £ can be computed sequentially. Define

o0

QM) = [ Q(My,M,);
M,=1
then
(M) = Lim (M, M) = ot wlfo)-
We have
RQIHDQ?2)>...0Q(M)D..DQ,
thus,

((1)<(¢(2) ... (M) L ... <,

as expected, the sequence ((M;) converges, necessarily, to the same number ¢ intro-

duced in (a), and so

£E<n
(d) Let
P = ﬂ ‘Q(Ml)’
M1.=1
then from

Q(LDQ(2)D..0Q(M)D..DQ,

we have Q C P, and £ = limpg, 00 ((M1) = infp p( fo).

(3.10)

We can showthat P C Q. If u € P, then u(¥n) = an,n =1,2,.... Alsoif u € P, then

p#(G) = ag for all continuous functions G independent of  in the subspace spanned

by the set {G, = t", »r = 0,1, ...}, by linearity. This implies that we prove the equality

(@) = ag = [T G(t)dt holds for all G € C[0,T] and independent of w, since the
set {G, =t", r =0,1,...} is dense in the space of all continuous functions G on the

compact interval [0, 7] and with the values in R, so for such functions G there exists a

sequence {G"} of functions in this subspace for which

sup |G(t) - G7(¢t)|
(0.7}
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tends to zero as j tends to infinity. Then,

(@) — ag| = |4(G) — ag — w(G?) + ac|
~| [[6() - F(O)d + a6 — acs|

ST -e(5) + lag — acs|.

The two last terms in this expression tend to zero as j tends to infinity, (see [2], page

316), while the first term is independent of j, thus 4(G) = ag, and then P C Q, so

n = igf w(fo) < & =inf p(fo)- (3.11)

Now from (3.10) and (3.11), we find that n = £, and the contention of the proposition
follows. U
Let Y, (z,T), z € [0, 5] be the final state attained by assuming p € Q(M;). The
question of whether the distance between Yay, (z, T') and g1(z), the given terminal con-
dition, in L, (1 £ p < o), is small enough is a difficult problem for this equation,
because, we believe, the lack of a damping term.

Assume p35,( fo) be the infimum of the optimal control problem (3.1) which is de-
termined by using only M; constraints in the first equations of (3.1), by [85], for any
¢ > 0 and an integer M;, we can find a piecewise constant control uyy, , such that by

using this control one can get within e of the minimum value x*( fo) in Ly, that is

l‘/: fO[tv U‘M1(t)]dt - /‘*(fo)l <kg (312)

where p*(fo) = infq u(fo).

We can put together this result and those from Proposition 2.2 and indicate that given
¢ > 0, we may chose M, so that up, tends to satisfy the conditions of the problem.
However, since Proposition 2.2 is based on the extraction of a convergent subsequence,
it may be difficult in general to identify this control. In fact this result is as far as we can
go in the search of an admissible control uy, (-) that gives rise to a final state Yy, (z, T')
near g;(z). In the especial cases as examples carried out in Chapter 2, we found that the

desired final states g, ()’s were approximated very well in L, with only small values of

"
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M. In the following example, we will show these matters by indicating the maximum

difference between Yaz, (z,T) and ¢:(z), that is

1Y, (2, T) — 91(2)| .,

for some examples in Chapter 2.

Example 3.1 Let
Ytt(z’t) = th(z’t)a
the initial conditions are:

Y(z,0) = f(z)
Yi(z,0) = h(z),

the boundary conditions are:

Y (0,t) = u(t)
Y(m,t) = ult).

We assume that the control function u is admissible, so the solution of the above optimal
problem satisfies the terminal conditions (2.4) for some given functions g1(z), g2(z)
and minimizes the functional I{u(+)] in (3.5). We showed in Chapter 2 that this optimal
control problem can be reduced to the following one:
Minimize

p i fo — p(fo)

subject to

,U,(’ll)n) = Cn, n=1,2,..,
w(G,) = ag,, r=0,1,..., (3.13)
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where from (3.7)

Pn(t,u(t)) = cn (sin(nt) + cos(nt)) u(t),

a, = An _ Bn + (_1)n+1an + (_1)'n.+1 bn

o
and A,, B,, a,, b,, c, are as in Section 2.1.

In chapter 2 we employed a discretization method to solve such a linear programming
problem as (3.13) for various initial and terminal conditions defined in Examples 2.1-
2.4, and then we used the associated pieciewise constant controls to draw the final states
Y(z,T). In the following table, we will show the maximum difference between Yz, (z, T');
the obtained terminal value, and g,(z); the given terminal value, for each of these ex-
amples. In all cases we have chosen fo = u?, M; = 15, while in Example 2.1, f(z) =
sin(z), k(z) = 0, g1(z) = 0, g2(z) = 0, and in Example 2.2, f(z) = cos(z), h(z) = 0,
g1(z) = 0, ga(z) = 0, and in Example 2.3, f(z) = 0, h(z) = 0, g1(z) = sin(z),
g2(z) = 0, and in Example 2.4, f(z) = 0, h(z) = cos(z), g1(z) = sin(z), and
g2(z) =0, when z € [0, 7). |

M, Example | max|Ya,(z,T) — g1(z)]
15 | Example 2.1 1.07 x 1072
15 | Example 2.2 1.43 x 10~2

- 15 | Example 2.3 7.41 x 1072
15 | Example 2.4 5.20 x 1072

3.3 The second type of approximation

In this section we consider the variation of M in the following problem:
Minimize

p 2 fo — p(fo)
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over the set Q(M;) = N5, -, Q(M1, M2) of positive Radon measures as a subset of

M*(Q), satisfying

/'L(d)n) = Qnp, n=12..
w(G.)=ag,, r=0,1,.M, G, =t

where 9,(t, ), and o, n = 1,2, ..., are known functions. Let u3,,) be the optimal

measure over Q( M), that is, 43 ys,)(fo) = infq(ar) p( fo), which satisfies

pouty(Pn) = an,  n=1,2,..
/'L*Q(Mz)(G"‘) = agG,, r= 0, 1, M2 (314)

Here we want to find M, such that for a given € > 0, (3.14) is satisfied and

|KQ(a)(fo) —inf u(fo)l < € (3.15)

where Q) is the set of positive Radon measures p satisfying (3.9), and p*(fo) = infg u(fo).
Consider the following Lemma from [33] (Appendix B.2).

Lemma. 3.1 Let f; be a continuous function defined on a compact set Q C IRF, and let
€ > 0 be given. We can divide (1 into a finite number of subsets, say, Q;,7 = 1,2,...,m

of equal volume or measure such that for every z,z’ € Q,7=12,..,m
|fo(z) = fo(z)| < .
Now suppose ¢; > 0 is given, then by Lemma 3.1 we can find numbers
O=to<ti<tz<..<t;<..<tp=m (3.16)

and Borel sets V4, V4, ..., V;, ..., Vs, forming a partition on I/ = [—1,1], such that for

any:=1,2,..,R,7=1,2,..., 5,

(tat,) € [ti-liti)i (u’u') € Vi) lfo(t,'U.) - fO(tlaul)I < €. (3.17)
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Let

Kij = poan)([ti-1, t) X V5), (3.18)

then

S S

Ki; = ) pooe)([ti-1,t:) x V).
1=1 1=1

Now, we define

Fi(t,u) =1 if (t,u) € [ti_l,ti) x U

Fi(t,u)=0 otherwise,

then
room)(Fi) = ./n Fidpgor,) = /[tOItl)xUFid#*Q(Mz) + /[thtz)w Fidpgy )
+... +/[t¢_1,tg)xUEd#*Q(M2)+ "'Jr./[ta_l,tﬂ]qu"d“E?(Mz)
= /[t.-_l,ti)xU dpdan) = ko) [ti-1,t:) x U);
and so,
s
,Z=:1 Ki; = ugm)(Fi)- (3.19)

We note that the functions F;’s,2 = 1, 2..., R, are depéndent on the time only. For: = 1,
we extend F; to the part of the ¢-axis for which ¢ < ¢ and call this extension F}}, defined
as

Fl(to—h)=Fi(to+h) =Fi(to+h), 0 <h < Ay = t; — to.

For: = R we extend F'r in a similar manner beyond ¢t = ¢, and call this extension F}.
Let [7‘,- be the function £3,¢: = 2,..., R — 1 and F} fori = 1, R; then the ﬁ',-’s have the

following shape:
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»

Figure 3.1: The graph of E

Let PM2 be the function of time consisting of the first M, + 1 terms of the Chebyshev
approximation of F,i=1, 2,...R. Since the set{l,t, . th}, for every t € [to, tr],
satisfies the Haar condition (see [37] Chapter 6), thus it is a basis for _P,-M2 , and we can
write

M
PMz — > Bt i=1,2,..,R.

r=0

Since ujar,) satisfies (3.14),
IU'*Q(MQ)(GT) = Qp, T — 0,1, ""MZ, Gr — t‘l"
thus,

M2 M2
p’a(Mz)(P‘th) = #'*Q(Mz)(z ﬁ’iTGT) = Zlgirar
r=0

- /J [PM: (1) — By(t)]dt + /J R(t)dt

= Ao+ [[PM(t) - Bt
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where Ai =t — ti_1 and J = [to,tR] = [0,7!']
We have
oy () = poony(Fi — PM) + pooe) (PM?)
= Dt [[PH5(E) — B0Vt + oqan (B — PI%) = A 628,
where, _ .
6 = iy (B — PI) + [[PM(2) - ()
We define
Hyj = Ki;(1 + pi®),
where,
5=
Pt =~
' Ai + 5,{”2
Then by (3.19) we have
s s s o R o .
STH; =Y K+ Kijpi? = ko) (5 + i 8O (Fi)
=1 =1 =1 ’
= poamy(F)(L + A% = (M + 8)(1 - ——) (320
= A,
Also we have
H;;
5=y = 4 H (3.21)
where
1 1 §M2
M2 = = = Ld
CTTE T e T

Ai+6; 2

Now we proceed to construct a piecewise constant control which approximates the ac-

tion of py(yy, on the function fo. Let u; be an element of V, for j = 1,2, ...S. Define
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u(t) = u;if t € B;;, where

Bij =[tici+ > Hie tic1 + > Hae).
k<j k<i
Since those intervals B;; for which H;; = 0 are reduced to a point, they do not con-
tribute anything to integrals such as those in the definition of the numbers [;; below, and
can be ignored. Thus without loss of generality, we assume H;; > 0,: = 1,2,..., R,
j = 1,2,...S. With each piecewise constant admissible control u(-) we may associate
a measure u,; if p, is the measure associated with the piecewise constant control con-

structed above, then

L = /B.-,'xV_, fo(t,u)dpg = /BU fo(t,uy)dt

fort=1,2,..,R,7=1,2,...,5. Then

Hi;I; < li; < HijSy (3.22)
where
I-L'J' = inf {fo(t,u) : ‘(t,u) € [ti_1,ti) X VJ}
Si.‘i = sup {fo(t,u) : (tvu) € [ti—l,ti) X ‘/J} .
If

= du*
T” ~/[ti_1,t¢)x‘{, fo HQ(rs)s

then from (3.18),
Ki;Ii; < Ti; < Ki; 53,

thus

HiIi; <l < HySy
~-Ki;5i; < —Ti; £ —Kij I,
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and so,

Hi;Ii; — Ki;Si; < Ly — Ti; < Hy;Sij — KL,

but from (3.21) K;; = &M H;;, so,

Hi(L; — €M285;) < Uy — Ty < Hig(Si5 — €M1;),

or, .
|l — Tyl < Higmax {|I; — €/ 5,;1,15:; — €2 L},
but,
max {|I;; — £ 851,15 — 14}
= ma.x{[Iij — Sy + Sij — &2 845,185 — Iy + I; — EfW’IiJ‘I}
< max{l61 + (1= &)1 e + (1 - 6141},
Neoj

|li; — Ti] < H; {61 + |1 — £ max(| L], |Sij|)} (3.23)
Adding all the inequalities in (3.23) with respect to ¢, 7, we obtain

| fodudany — [, folt,ulldt] = lwoaen(f) = [ folt, u(e))a

R S R S
Sea > Hi+ 3> Hiyll — &% max(|I;],|54))
=1 j=1 =1 j-—-l
R S
< ealtr—to) + 2. > Hijll — €M | max(|L;],15:1).
=1 3=1

My
We know that |1 — M| = EA‘,—'.thus

5!
11 — | max(|L;], |S;5]) = L'Afmw(|fij|,|5ij|)-

Mz]
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If we assume

max(| L], |5i;]) = s
then if s = max; s;;, we have

6%

%

11 — &M max(| L1, |Si;]) <

If we choose M, large enough so that

61'Az‘
?

) < B

then

R s
|5,y (fo) — /Jfo[t, u(t)ldt| < ex(tr —to) + &1 Y Hij = 2¢,(tr — to).

i=1j=1

This value of M; will be referred to as M. Thus, we have proved that by choosing M}

large enough so that

6] = Indgaa (B — BM) + [(BY - Ryay < 258
’ S
there exists a piecewise constant control u such that
|0 (fo) — /Jfo[t,u(t)]dﬂ < 2a(tr — to). (3.24)

By a similar way if one assume

A

Kij = p*([ti-1, ts) x V5)

then
s

S Ky =p(F) = A

i=1
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Define 4(t) = u; if t € B;;, where

Bij = [ti + Z Ky tioy + Z R—ik)a

k<j k<5

with each piecewise constant admissible control u(:) we may associate a measure p,;

then
L;; _—/ fo(t,4)du -——/ fo(t,u;)dt
4] B, xV; 0( ) P B, 0( ] i)

fori=1,2,..,R,7=12,..,5. Now

KL < Li; < Ki;Sij,

assume
Ty = [ dy
X [tis )XV fO 0oy
50
Ki;I; < Ty < Ki3Sij,
and

|Li; — fia’| < Kijer.
Adding all the above inequalities with respect to : and 7, we find that
() = [, flt, aO)eH] < ex(tr = ).
We assume Mz = M. Let
L = /s‘-, foltyus)dt, i=1,2,.. R, j=1,2..85,

where

Bij=[tici+ Y K tica + 3 K,

k<j k<j
and

i = /B foltyu)dt, i=1,2,..,R, j=1,2,.., 5,
i

(3.25)
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where
B,;J' = [ti_l + Z Hika ti—l + Z Hik)a

k<j k<3
and K. i; and H,; respectively are defined with respect to * and p(,y,). We have
I;H; < L; < Hi; S5
LKy < L < f{ijsija
where

L = inf {fo(t,u) : (t,u) € [ti-1, %) x V;}
Sij = sup {fo(t,u): (t,u) € [ti_l,ti) x V;}.

Since,

v f:l H"»J -
and s
I; < %i;i < S,
ijl K;;
or,
I, Jolt, u(t)]dt
I <=5 A < Sy
Ja, folt, u(t)]dt
Iij < A; JO 7y < Sij. (3.26)
But we have

(t’t') € [ti—l’ti)v (u’u,) eV, |f0(t1u) - fo(t',‘u,l)] <ea



Chapter 3. Approximation 77

50, | S;; — Ii;] < €1, and from (3.26) we have

o B PO Bl

or
—adi< [ folt (e~ [ flt u(®)dt < e (3.27)
Adding all the inequalities in (3.27) with respectto: = 1,2, ..., R we obtain
—&(tr — to) < /JfO[t,ﬁ(t)]dt - /Jfo[t,u(t)]dt < &tr — to),
or
| folt,ae)dt ~ [ folt u(t)ldt] < ex(tn — to). (3.28)
Now by the inequality
|A=B|<|A-C|+|C~D|+|D- B,
and from (3.24), (3.25) and (3.28) we have
6°(fo) = gqamy (o)l < 11°(Fo) = [ folt (et

+uga)(fo) = /J folt, u(t)]dt| + | /J folt, a(t)]dt — /J Folt, u(t)]dt|
< e(tr — to) + 2e1(tr — to) + &1(tr — tq) =4e1(tr — to) = 4mey.

Now if we want (3.15) to be satisfied, i.e., for a given ¢ > 0

|1*(fo) — Boa,)(fo)l < e,

we must have

de1(tr—to) = 4dmey < eor g < —6-,
4r
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so (3.15) is satisfied if M, is large enough so that,

A

i €
b
4rs

629 = (B — PY) + [ (B¥ — R < (329)

for: = 1,2,..., R. To estimate such positive integer M,, we consider the following
problem.
Assume R + 1 distinct points 0 = #p < ¢; < ... <1 < ... <ip = 7 and the functions
F. i=1,2,..., R; which defined before, be given. If the function P,-M2 consists of the
first M, + 1 terms of the Chebyshev approximation of F,,1=1,2,...R, then the error
of approximation is

En,(Ey) = || B - P

where|| - || is L! norm in [0, 7], i.e,,
|- P = [ 15— Pt
0

Since the set {1, . tMZ} forms a basis for P2 in any interval such as [0, ], thus

M;
P£M2 — Z ﬂirtr,
=

and so "
EMz(E) = ”R - Eﬁirtr”, 0<tL.

r=0

We define H;(t), : = 2,..., R — 1 as follows:

(0 0<t<ti;—e
Lt—tia)+L tig—e<t<ti +e
Ht)=y 1 hate<t<ti—e
Zt-t)+Ll ti—e<t<tite

0 tite<t<nr
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and define Hq(t) as

0 t< —e
~(t)+ % —e<t<e
H1(t)=jl eStStl—e
2t—t)+3: ti—e<t<ti+e
\_0 t1+€§t§7‘l’
and Hg(t) as
0 OStStR_l—e
51;(75—753-1)-!-% trri—e<t<tp1+e
Hr(t)=14 1 thraite<t<m—e
—;—}(t—w)—}-% T—e<t<w+e
0 t>rmT+e

\

when e < 5=2=1 is a positive number.

Hi(t)

Figure 3.2: The graph of H;(t)

Now

1F; — PM|| < | By — Hi| + || H: - PM2|),
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where
a N ti—1—e ti—1te .
|E; — H|| =/0 lFi—Hildt=/o |ﬂ-—H,~|dt+/ ' |F; — H;|dt
ti—1—¢
ti—e N tite 7: -
+ Fo= Hilat+ [\~ Hide+ [ |F - Hiat
ti—1te ti—e ti+e
ti—i1te . tite
=0+ [ B = Hldt+0+ [ B~ Hildt + 0
i—1—€ ti—e
ti—1 N ticite
_ B~ Hat+ [ (B~ Hlar
ti-1—¢€ ti—1
ty R tite
+ [ VB-Hgae+ [T 1B - Hat
ti—e tg

_ 2 +l+le+le—e
Tt Tt Tt

Thus it is clear that as e — 0, ||F; — H;|| — 0. We have

By (Ey) = || By — PM|| < e+ || H; - P||. (3.30)

From Propositions 3.4-3.5 in Appendix 3.6 we have

T 2
| — P = [ 1H, — PMJds < mea(H) < 67 x 2-(-1) = 21
0 , 2e " 2M, 2e M,
Thus (3.30) reduces to the following inequality
. 3r?
Em,(Fi) S et o 7% (3.31)

We now return to the main problem, from (3.29),

1611 = libany (B — M) + [ (PM: — Fryay

N ~

< |}L6(M2)(ﬁi - PiMz)‘ + [7 ‘Pth - ﬁ"i|dt = \“5(M2)(Fi - RM2)| + EM:(Fi)’
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but
Waey(B = B = | [[(BM - B)dpan,
s /n |PM — Fildpgar,
= EMz(E))
SO
l6z]\lzl < EMZ(E) + EMz(ﬁ‘ﬁ) = 2EM2(F¢)7
and by (3.31),

2

3r
M’ < + _
|51' I - 2e 6M2

-1 :
We assume e = M, 2, we may choose M so large that e < %t, then

9 32
672 < — + =
Mz M;

Thus in order (3.15) to be satisfied, we need to estimate M, such that for any 7 =

1,2,.. R,
2 37?2 e A;
r+—1 < 2
M;  MF A

)

where A; = t; — t;_4, and € > 0 is given.

3.4 Consideration of pulse functions in the second type
of approximation

In the numerical examples of Chapter 2, instead of using monomials G, = t", we used
piecewise constant continuous functions of the time only, called pulse functions, and
in this way we found some accurate results. These signal time functions, defined over
the time interval (0, T"), are like Rademacher and Walsh functions (see, for example,
[82], [19], [3]) and can approximate any continuous function depending only on time

arbitrarily well. Here we consider employment of such functions in the second type of

approximation.
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The problem which considered in the previoﬁs section is
Minimize
p i fo — p(fo)

over the set Q(M,) of positive Radon measures satisfying

() = Ctny n=12,..
/J(G,-) = ag,, r=0,1,..M;,G, =1

We looked for number M; such that for a given positive € > 0,

|5t (fo) — igf p(fo)l < e

Now instead of using monomials G, in the second equalities above, we use a number
M, of functions of the time only, to replace the functions G,.,r = 0,1, 2, ..., M;, where

these new functions will be denoted by f,, s = 1,2,..., M, and defined as

fL{t)=1 iftej,

fs(t)=0 otherwise, (3.32)

with j, = [to + (s — 1)d, to + sd), and d = —AA,.,—;, where At =t —to =7 —0=7,and
Mj is in fact the number of subintervals in partition of interval the [0, r].

These functions are not continuous, and two remarks need to be made concerning their
suitability:

(i) Each of functions f,,s = 1,2, ..., M2 is the limit of an increasing sequence of posi-
tive continuous functions { f.1 }, 50, if 4 is any positive Radon measure on € then p(fs) =
limy oo p{ fok)-

(ii) Consider now the set of all such functions, for all positive integers M;. The linear
combinations of these functions can approximate any function in C; (Q) [here Cy(Q), is

the class of all continuous functions depending only on t] arbitrarily well, in the sense
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that the essential supremum (see Friedman [20], page 57) of the error func;tion can be
made to tend to zero by choosing in an appropriate manner a sufficient number of terﬁs
in the corresponding expansion ( see Rubio [59]).
By this replacement, the above problem chgnges to the following
Minimize

g fo — u(fo)

over the set Q(M;) of positi;/e Radon measures satisfyin g

p(n) = oy, n=12,..

#(fs) = Gs, $ = 1’27 ""MZ, (333)

where f, is defined in (3.32) and a, is the integral of f, on [0,T],ie., a, = [T f,dt =
M%. Now the problem is to find M, such that for a given € > 0, (3.33) is satisfied and

Ko (fo) — it u(fo) < e. (3.34)

where in (3.34) uy ) (fo) = infoas) u(fo) over the new set Q(My).

The analysis leading to the second type of approximation can be carried out in the

same way as before. We assume for any €; > 0 the partition in (3.16), i.e.,
0=to<t1<t2<...<ti<...<tR=7r,

is such that t; — t;_; = h > 0 (h is independent of 7) where h = éR‘. = EBI-T*& = I. By

Lemma 3.1 there are Borel sets V1, V4, ..., V;, ..., Vs, forming a partitionon U = [-1,1],
such that forany ¢ =1,2,..., R, j = 1,2,...5, we have, as (3.17),

(t,t') € [ti—l;ti)> (U"ul) € V}’ lfo(t,'u,) - fo(tl’u’l)l < €.

Assume M, ischosen such thath = n- %, for some positive integer n, then M, = nR.
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Now, as before, we define

E-(t,u) =1 if (t,u) S [t¢_1,t,') x U

Fi(t,u)=0 otherwise, ¢=1,2,...,R

’

and define F: be the projection of F}, 1 = 1,2, ..., R, along the u-axis. Let P,-M2 be the
function of time consisting of a number M; of f,,s = 1,2,..., M,, in the corresponding
expansion of F,1=1,2,..., R, described below:

Forn =1,

M
PM = > a,fs, where a; =1, a, =0, if s # 1,

s=1
so in this case, 1",-M2 =f;i=F.

In Figure 3.3, we compare the graphs of F.and PM2 in this case:

S
5
e

fi

Figure 3.3: The graphs of £ and P
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Forn = 2,
M2=2R
Pt.Mz = Z osfs, where azi 1 =az =1, a; =0, if s # 24, s # 21 — 1,
s=1

so in this case, P,-M2 = faic1+ fai = Fi

o B

f2i1 fai

. 2i-1 2
ti1 t

Figure 3.4: The graphs of F;and P}

Forn = 3,

M>=3R

M — Qi1 = (s = .
PM = 3" a.f,, where a3i2 = asi1 =z =1, a, =0, otherwise

s=1

so in this case, P = fai2 + faic1 + fai = E,

The situation is the same for n = 4, 5, .... Thus,
oom(P™) = moaa)(F) = fJ Fdt=0;=h,
and as in the analysis of previous section
8 = phasy (B — PM) + /J[HM2(t) — Fi(t))dt = 0.

Now, by using (3.21), (3.22), (3.23), (3.24) we can find a piecewise constant control

o
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~
F
f3i-2 f3i1 f3i
oo | Joio Jo
o 3i-2 3i-1 3i '

S t

Figure 3.5: The graphs of F} and P
such that,
(poayfo) = [ olt,u(®)ét] < ex(tr — to). (335)

As we proved earlier in this chapter, we can find a piecewise constant control @ such

that
ka(fo) = [ folt, 4)ldt] < ex(tn — o). (336)

Now from (3.17), by assuming ¢ € [t;_1,t;) and u € V}, and using (3.26), (3.27), and
(3.28) we find that
I“*Q(Mz)(fo) — uo(fo)l < 3mey.

If we want (3.34) to be satisfied, that is for a given ¢ > 0,

o) (fo) — o (fo)l < e,

we must have ; < 5. So for a given € > 0, (3.34) will be satisfied if we car; find
the positive integers R and S, where R defining the following equidistant partition on
[0, 71,

O=to<ti<fa<..<{<..<tg=m

h =1t —ti-1,1 = 1,2,.., R, and S denoting the Borel sets V4, V3, ..., V;,..., Vs, a
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partitionon U = [—1,1], such thatforany ¢ = 1,2,.., R, j = 1,2,..., 5, we have .
(t,¢) € [t 1), (ww) € Vi, [foltyu) — fo(t,u')] < Ei‘r (337
Now we can choose
M; = nR, 4 (3.38)
where n is a positive integer. It is clear that the best choice of M; is M, = R. Consider
the following examples.

Example 3.2 In Example 2.3, we assumed fo = u?, where u € [-1,1] and ¢ € [0, 7].

Suppose € > 0 is given and we want to find M, such that

|uoea)(fo) — igf p(fo)l < e

We divide U = [-1,1] into S equidistant partitions V;, j = 1,2,..., S of length k,
ie., d(V;) = k and [0, ] into R equidistant partitions [¢;_1,%;),¢ = 1,2, ..., R where

k=Au=12 = 2 and h = At = %32 = I, such that by (3.37)

(u,u/) € Vj’(tvtl) € [ti1,t:) [ folu) — fO('U'l)l = |'u.2 — u:2| < E:;

Since f, = u? is independent of ¢, for a given € > 0, we may choose R = 1, and the

length k small enough such that

(v,u) €V, (4,¥) € [to,tR)  |fo(u) — fo(u')l = [u? —u?| < 3%

Now by (3.38), we have M, = nR = n where n can be any positive integer.

Example 3.3 In the above example we assume fo = ut, where w € [~1,1)],and t €

[0, ].

Again we divide [—1,1] into § equidistant partitions V; of length  and [0, 7] into R

ot
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equidistant partitions [t;, t;—,) of length h where k£ = Z and h = T, such that by (3.37)

() € Vis(4,8) € [lss ), 1folty) = folt )| S e = o

To find k, h, we have,
|folt,u) — fo(t, )] = tu —t'u'| = |t(u—u') +u'(t — )

< tllu— v+ Wt =t S wlu—w|+ [t —t| < 7k + B,

now by assuming, for example, k < 2, h < %,
=t <hfu-u|<E  fotw) = folt v <a=
™

buth =% < %,andk =% < &,50 R > Z and § > 4%, If, for example, we are going
to find M, such that by approximating ug, ( fo) with the solution of linear programming
(3.33), p5(as,)( fo), the absolute value of error be less than 0.05, i.e.,

* * 1 -
I/J'Q(Mz)(fo) - f"’Q(.fO)I <e= 5 x 10 1,

we need to choose € = 3= = o=, S0 R > ¥ = 12072 ~ 1185. Now by (3.38)

L €1

M, = nR, thus we can choose M, = 1185.

3.5 The third type of approximation

In this section we are going to construct a method to estimate the value of I (fo) when
M, and M, both are finite positive integers . This method does not give the exact value
of the optimal solution but enables us to find an approximate value for it. First of all we
change the original problem (3.1),
Minimize

2 fo — p(fo)
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subject to

p(¥n) = an, n=12 ..

w(@G) =ag, r=0,1,..,

to a district linear programming problem, this metamorphosis can be done by using sev-
eral propositions and a theorem. The new linear problem will have infinitely many con-
straints and variables and of course its solution is ug)(fo). Now if we limit the number
of nonzero variables in this metamorphosed problem and solve a semi-infinite linear
programming problem, with finite number of variables but infinitely many equations,
then the solutions that we get are feasible for the primal one, hence, they are superop-
timal solutions, i.e., the value ,u,a( fo) lies below of these solutions.
If instead we drop all but only M; and M; + 1 equations in (3.1), then we get the fol-
lowing semi-infinite linear program
Minimize

p i fo— ul(fo)

subject to

w(n) = an, n=12,.. M
w(G,) = ag,, r=0,1,.., M,.

We call the solutions of this new reduced problem as gy, 11,)(fo). The sequence
{’I'*Q(Mth)(fo)’ My =12,.,M;=1,2, } ,

is a nondecreasing convergent sequence bounded above by the primal optimal value
©*(fo) (see Proposition 3.1), so any term of this sequence is a lower bound for ©*(fo).
By using the both solutions at the same time, one can get an upper bound and a lower
bound for the optimal value u3(fo). The difference of these upper-lower bounds gives
the missing error in the calculation of ug(fo). To specify the method we consider the

variation of M, and M, in the following problem
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Minimize
g fo— #(fo)

over the set of positive Radon measures Q( My, M;) as a subset of M*(Q), such that

p(¥n) = an, n=12,.. M

WG =0, r=0,1,.,M,G =t (3.39)

where ¥, (¢, ), and o, 7 = 1,2, ..., M, are known functions and = [0, 7] x [-1,1].
Let gy (a, ,01,) D€ the optimal measure over Q( My, M,), thatis, for which B, ,Mz)(fo) =
info(ar, a) #( fo) and which satisfies (3.39). As we proved in Section 3.2

M1,]j\ilr2n—boo #*Q(Mlan)(fo) = I‘L*Q(fO),

where Q is the set of positive Radon measures satisfying

p(Pn) = On, n=12..

u(G,) = ag,, r=0,1,...

For given positive integers My, M, we want to find € > 0, such that ,u*Q( Ma,My) satisfies

(3.39) and
|40y 1) (fo) — g (fo)l < e (3.40)

The value ¢ in (3.40) is the estimated error in approximating the primal value u%( fo)

by 1o, 1) (fo)-
It is assumed that the first function appearing in the set of second equalities is Gy = 1

and as we defined before ag, = fOT dt = T = 7, so we define Q as the set of positive
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Radon measures satisfying

ﬂ(¢n) =on, n=12,..
IU’(G"‘) =ag,, r=12,... (3.41)

Now we construct a method to find an approximate solution for (3.41). This method is
related to some methods appearing in [80], [76], [77] and [9]. In this construction we
follow two basic steps:

(i) First step

Here we will describe a method to find a lower bound for /‘22( fo). Assume that F} =
1, Fy = Y1, e, Fag41 = ¥y, Fang2 = Gy ooy Frrdagy+1 = G, thus Q( My, My) is

the set of positive Radon measures on () satisfying
/L(E) =Q; 01 = 7l',?: = 1,2,...,M1 + Mz + 1. .

Proposition 3.2 Let the functions Fy, F3, ..., Fiar, 40,41 be continuous on a compact
Hausdorff topological space 2, with F1(Z) = 1,Z € Q, and let Q(M,, M;) be the set
of positive Radon measures on , Q(My, Mz) = {p € MH(Q) : p(F) = a3 =
1,2,..., My + My + 1} with oy > 0. Then if Q(M;, M>) is nonempty, it is a compact
convex subset of M*(Q), and if ugy s, ar,) is an extremal point of Q(Mj, M), then it

is of the form

My+Mz+1
popaany = O @(Z), Z€Q,0,20

=1
where 6(Z;) is the atomic measure with support the singleton set {Z;} .
Proof. See [55] and [59]. O
Using Proposition 3.2, the minimization problem (3.39) changes to the following one:

Minimize
Mi+M2+1
)U'Q(Man)(fO) = Z a'ifO(Zi)a Z; €Q,a,20

1=1

ALY, ™

g wAANS L R



Chapter 3. Approximation

92

subject to

My +M+1
a; =T =0
=1
Mi+M>+1 .
Y. ai(Z) =4, j=1,2,.
1=1

Mi4+Mz+1
=1

Since we have not used discretization, this problem sets up a

Z aiG,,.(Zi) = Qag,, r= 1,2,

. My

, M. (3.42)

semi-infinite linear pro-

gramming problem; the Z;’s are in the set {) but there are only a finite number of con-

straints. Since (3.42) contains less restrictions compared to the original problem (3.41)

and since the number of these restrictions increases by increasing the number of vari-

ables, it is clear that the corresponding optimal values of the truncated problem (3.42)

form a nondecreasing sequence, bounded from above by the

problem posed on @ (Proposition 3.1). Therefore the solution of (3.42) gives us B ) (fo)s

infimum of the original

which it is a suboptimal solution, i.e., it is a lower bound for the primal solution u3) ( fo).

(ii) Second step

To find an upper bound for pf,(fo), we need to prove the following proposition.

Proposition 3.3 Let w be a countable dense subset of 2. Given € > 0, a measure

v € M*(w) can be found such that

S ) (fo) = v(fo) < €
If“*Q(Ml,Mz)(Fi) —v(F)| <€,
1= 1,2,...,M1 +M2 +1

and
Mi+Ma+1

v = E akS(Zk), Zr €Ew

k=1

Proof. The proof is same as that of Proposition III.3 in [59].

T ™

Y R
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Let P(M;, M, €) C IRN be the set of N ordered tuples (a1, az, ..., ay) satisfying

a,-ZO
N ' ,
| ai—7| <e
=1

N
IzaiG'r(Zi) - aGrI <e ’ r= 112) "',MZ'; (343)
=1

where Z; € w,i=1,2,..., N and w is a dense subset of {2.

Theorem. 3.1 Forevery € > 0, the problem of minimizing the functional

N
> aifo(Z:),
=1
on the set P(M;, M;, € ) has a solution for N = N (¢') sufficiently large, the solution

satisfies

N
H&(MI,MZ)(fO) +p(e) < Z aifo(Z:) < /‘*Q(M,,Mz)(fO) +e€

=1
where the non-positive p(¢ ) tends to zero as ¢ tends to zero.

Proof. The proof is same as that of Theorem III.1 of [59]. O

The parameter ¢ appearing in the Theorem 3.1 can be considered as the error present
in numerical computation of the expressions involved in the definition of the set P(My, My, €).
When setting up the linear programming problem akin to the theorem, it was assumed
that €' is equal to zero.

By this theorem our linear programming problem consists of minimizing the linear form

N
po( ) (fo) = Z_: a; fo(Z;)
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over the set of coefficients a; > 0, subject to

N

Zani =T =0
=1
N .
Eai'/’j(zi) = O41, j=12,..., M
=1
N
ZaiGr(Zi) = ag,, r=1,2,..,M,, (3.44)
=1 - ) .

where Z; € w; a dense subset of Q. Define wy = {Zx,k = 1,2,..., N}, then it is

obvious that wy C w.

Assume

r (i—=1)x 1 2(-1),, . :
Sux = {(ﬁ+—H——’—l+ E+T)I’ 1=1,2,...,H, j = 1,2,...,K}

where H and K are positive integers, then w = Uge, K>1 Suxk. Now let X be the follow-

ing transformation

M NxN—N

defined by A\(5,7) = H(j — 1) +¢,1 = 1,2,..,H, 7 = 1,2,..,, K, and let the set
wy ={Z,1=1,2,...M= HK} C w be the set of points that are defined as
GE—Dn _ 1 2(j——1))

a]-*
7 tTEtT g

T
Zy = Zy ) = Z(ti,u5) = (ﬂ{‘ + € Syx

i=1,2, H, j=1,2,...K

where I = H(j — 1) +; for sufficiently large H and K, the set wys will contain the set
wy.

Now we assume that M; and M, tend to infinity, thus in the linear programming brob-
lem (3.44), N tends to infinity, and since wy is contained in wys, so M = HK tends to
infinity. Once M, Mz, N tend to infinity, the problem (3.44) changes to the following

one
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Minimize
ZaifO(Z‘i)) Z'i < w, a; 2 0
=1
subject to
Zai =T=0
=1
> api(Z) = a5, = 1,2,
=1
ZaiGr(Zi) =ag,,r= 1,2, cery (345)
=1

when w = Ungr>15HK.
If the set Q is non-empty, then the solution of (3.45) is u$) (fo). The new linear program-
ming problem (3.45) is an infinite-dimensional linear programming. To find an upper
bound for the solution of (3.45), we restrict the variables in (3.45) while the constraints
are still infinite, i.e., we consider the following problem
Minimize N

Y aifo(Zi), Zi€w,a;20

1=1

subject to

NI
Z a; =T =0
=1
Nl

Zai¢j(zi) = aj41,] = 1,2,..

i=1

g:la,-G,(Zi) =ag,,T=1,2,.. (3.46)

In fact, in (3.46), we restrict the number of nonzero variables to N’ and we want to

solve again a semi-infinite linear programming problem with infinitely many equations.

The solutions that we get are feasible for the primal problem (3.45), hence, they are

superoptimal, i.e., the values of the objective function of (3.46) lie above the primal
value, so we can get an upper bound for the primal value ug( fo).

Although it is clear in principle what we should do, but still two major obstacles re-

main: How do we solve the truncated problems (3.42) and (3.46)?

"
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Let us first discuss the solution of the problém (3.42). As mentioned befqre, this prob-
lem is a semi-infinite linear programming problem. We have chosen here a met.hod
due to Glashoff and Gustafson (see [24]) to solve such a problem. This is an iterative
method and it consists of six steps. The most difficult problem encountered in using this
method was that of finding an initial solution from which one can start the method and
find successive values towards the minimum. This was done here by means of finite-
dimensional linear program, obtained by discretization. In step (E3) of the method, we
used the AMOEBA routine ( see [52]) based on Nelder-Mead [50] to find the minimum
of a function of several scalar variables. Of course, since we had a constrained domain
Q = [0,7] x [~1,1] in this minimization, we used the following transformation from

[4],

T=m—msin3t
¥ =1-—2sin’u.

The situation is more complicated for the problem (3.46). In fact we did not find in
literature any method to solve such kind of problems, except in special cases, where the
semi-finite problem (3.46) changes to a finite-dimensional one. (e.g., see Mendlovitz
[47], Staffans [76]-[77]). We attempt here a method to find an approximate value of the
solution (3.46), (see [9]).

The dual of the problem (3.46) is as follows

Maximize
> Bie
=1
‘subject to
Z::BiFi(Zl) < fo(Z)
SSBF(:) < ful20)

o0

Y BiF(Zn) < fo(Zn0), (3.47)

=1
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where the F’s are the known functions ¢;’s and G, ’s.

We restrict once more the variables, this time in (3.47) that is, we assume
B;i=0, :>M

for some positive integer M. So this new problem is as follows
Maximize

M
Y Bieu
=1

subject to

BiFi(Z1) + ... + BuFu(Z1) < fo(21)
BiFi(Z3) + ... + BuFum(Z2) < fo(Z2)

GiFi(Zn) + ... + BuFm(Zn) < fo(Zn). (3.48)

Thus in (3.48) we have restricted again the number of nonzero variables. This new prob-
lem is a finite-dimensional linear programming problem with finite variables and con-
straints. The solutions of this final probiem are a lower bound for the solution of the
semi-infinite problem (3.47) (problem (3.47) is a maximization problem ). Now let the
number of variables M in (3.48) increases, for larger value of M the value of objective
function in (3.48) increases; if we assume that the value of the objective function of
(3.48) in this case is Inr,n'(fo), then by increasing M we give rise to successive values
of Ins,n( fo). Since the sequence {In,n/(fo), M = 1,2,...} converges to superoptimal
solution of (3.47), one can find, by increasing M, an approximate value of the super-
optimal to any desired accuracy.

By using the both solutions of (3.42) and (3.47) at the same time, we have access to an
upper bound as well as a lower bound of the optimal value uf(fo), and the difference
of these upper-lower bounds gives the missing error bound ﬂaat permits one to truncate
the problem and gets within ¢ of the optimal solution.

To illustrate the method, we consider the following example. Note that N can be any

positive integer for which we can find a feasible solution in (3.48). In the next example,

o
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we have chosen it as N’ = 800, which is in fact the number of the points in discretiza-

tion of €.

Example 3.4 Consider the following one-dimensional linear wave equation (Example

2.3)
Ytt(m1 t) = y;‘:n(m) t))

the initial conditions are:

Y(z,0) = f(z)
Yt(m’o) = h(w),

and the boundary conditions are:
Y(0,¢) = u(?)
Y(S,8) = u(t).
The problem is to find the admissible control u(t) such thatatt = T' = ,

Y(z,T) = sin(z)
Y:(z,T) =0,

and minimizes the functional I = [y u(t)dt. This control problem is reduced to the
following one
Minimize

p: fo— u(fo)

over the set Q of positive Radon measures such that,

:u'(")bn) = Qn, n= 1a2) ey
p(fs(t)) = bs, s=1,2,..

fo = u?, Pa(t,u(t)) = 2 (sin(2n — 1)t + cos(2n — 1)t) u(t), o = —an cos((2n —
1)7), where a,, is the Fourier coefficient of sin(z), n = 1,2, ..., f;() is defined as (3.32)
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and b, = [ fs(t)dt, s = 1,2,.... In Q(M;, M3); a subset of positive Radon measures
of M*(Q) satisfying in (3.39), we assume M, = 6, M = 10, so as Example 2.3

¥, = (sint + cost)u
2 = (sin 3t + cos 3t)u
3 = (sin 5t + cos 5t )u

g = (sin 7t + cos Tt)u
s = (sin 9t + cos 9t)u

e = (sin 11t + cos 11t)u

and

0 otherwise

!s—l!r s
f(t)={ S 2R

Thus the linear programming problem akin to the (3.42) is as the following
Minimize '

16

> aifo(Z:)

=1

subject to

16

Zai;bj(z,-) = &y, ] = 1,2,...,6

i=1
16

Zaifs(z,') = bs, 8§ = 1,2, ceny 10,

=1

a; >0, Z; € Q = [0,7] x [-1,1]. Of course we do not need 3°;%, a; = , since the
last equalities automatically give this result. |

This is a semi-infinite linear programming problem with a suboptimal solution. For
treating this problem numerically, we choose here the simplex algorithm of Glashoff
and Gustafson. To start the algorithm one need a basic set from which can be iterated
toward the minimum. Here we find a basic set by means of a finite-dimensional linear
program obtained by discretization. We cover the set @ = [0, 7] x [—1, 1] with a grid
by taking m; + 1 and m + 1 points along the t-axis, and u-axis each separately in the

ordered mentioned. These points are equidistant of mll and m‘g; respectively. Now (Q is

+
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divided into N = m; - m, number of equal volume rectangles Q;, 7 = 1,2,...,N,

and Z; = (t;,u;) is chosen as the center of ;. We assume m; = 10, m, = 10, so

N = 100. Then a finite-dimensional simplex program is run, with 100 variables and,

of course, 16 constraints. The minimum obtained is 0.807839 with only 16 variables

azo, @39, G40, 048, A49, A57, 058, U66, A67, A71, O75, A81, Ag2, (83, (g4, U5

which are nonzero. Now for the basic set we choose

81 = (ts0,us0) = (—0.5, 1—2901)
83 = (tag, usg) = (—0.3, %701)
53 = (40, ua0) = (—0.3, %7:)
84 = (tas, uas) = (0.1, 1_2501
85 = (tao, uas) = (—0.1, }2]01
se = (ts7,us?) = (0.1, -1-2?%
a7 = (tae,use) = (0.1, =
sg = (tes, uss) = (0.3, %FW
89 = (ter, uer) = (0.3, 123_(:)
s10 = (tr1,un) = (0.5, 3_7;]‘)
s11 = (trs, urs) = (0.5, =%
s12 = (ts1,us1) = (0.7, ;_0)
3r

813 = (tsz,usz) = (0-7’ 2_0)
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814 = (ts3, us3) = (0.7, 52)_:;)
T
815 = (t84,u84) = (07’ %)

9
816 = (tss, uss) = (0.7, 5%— .

Then the simplex algorithni of Glashoff and Gustafson is .applied by using this basic set,
and after several iteration the value of 0.7853981 isresulted as the best improvement for

the value of objective function. So
Hisa0)(fo) = 0.7853981,

and this value is a suboptimal value, i.e., it is a lower bound for p3( fo).

We apply then the method introduced in this section for the estimation of a superoptimal
solution for the problem (3.47). We start to produce successive values of Ins,n/( fo) by
increasing M and using the solutions of the linear programming problem (3.48) in an
appropriate manner by choosing right functions ¢;’s and f,’s. Note that for a successful
termination of this scheme we require that the following error test for all values of M

and M’ to be greater than a positive integer N, be satisfied,
1 -n
[T (fo) — I vi(fo)| < 5 % 107",

where n is a positive integer and indicates the correct significant digits in the values of
I m.n+(fo) (see [7]). Of course the scheme also terminates if a feasible solution is not
found.

To get an overview of this method, we show the results of the solutions of the linear

program (3.48) for various numbers of M, in the following table.
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M | Iun(fo) =¥ 0;fo(Z) | M | Iun(fo) = =X, a;fo(Z;)
16 0.7855724 160 0.8076010
20 0.7856818 170 0.8110139
30 07860472 180 0.8115679
40 0.7865888 190 0.8126507
50 0.7874906 192 0.8132239
60 0.7884763 193 0.8167052
70 0.7900899 194 0.8167381
80 0.7908173 195 0.8174612
90 0.8003187 196 0.8175006
100 0.8014668 197 0.8191731
110 0.8016821 198 0.8191749
120 0.8019248 199 0.8202239
130 0.8021950 200 0.8202265
140 0.8026118 201 0.8202269
150 0.8040056 202 0.8202272

We did not find feasible solution for this problem when we increased M. In Figure 3.6,

we show the graph of the function Ins,n+(fo) in term of some values of M, as a piece-

wise constant function. Since from the number N = 202, by choosing M > N, we did

not find feasible solution, so the final point of the sequence {Ins,n/(fo)} is the number

0.8202272, i.e., the sequence {In,n+(fo)} converges to 0.8202272, which this number

is a superoptimal value.

Therefore, we have found a lower bound as well és an upper bound for the primal so-

lution g ( fo), that is

0.785308 < u5(fo) < 0.8202272
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I

]

Optoma! value
0.3250 0.4917 0.8583 0.8250 0.9917 1.1583 1.3250

!

_ T T T T T =

0.008 0.340 Q.672 1.004 1.336 1.668 2.000
M Axis (10e2)

-------- Appr value Upper bound

Figure 3.6: District graph of Ins n+( fo)

In Example 2.3, with M; = 6, M; = 10 we found pj(fo) ~ 7.903563 x 10~1, that the

most absolute error in this computation is

d = |7.903563 x 10~ — 0.8202272| = 0.0298709.
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3.6 Appendix

Remark. If the function f(z) satisfies
|f(z1) = f(22)] < Klz1 — 22|

for z,, =, € [a,b] and a > 0, then f(z) is said to satisfy the Lipschitz condition of

order o with constant X on [a, b].

Proposition 3.4 Let the numbers
O=t<hi<..<li<..<tg=m7

define a partition in the interval {0, 7]. Then the functions H;(t) defined as

(

0 0<t<ti,—e
%;(t—-ti_1)+% tiii—e<t<t_i+e
H(t)=<1 ti-itest<t—e
%&l(t—ti)+% t;—e<lt<t +e
k0 ti+test<mw

fori =2,3,...,R— 1, and H;(t) defined as

(
0 t< —e
%;(t)-l—% —e<t<e
Hit)={ 1 e<t<t —e
F-t)+: ti—e<t<ti+e
\0 t1+€§t§7('

and Hg(t) as
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4

0 OStStR_]_—e
2(t—tra)+ 3 tra—e<t<tri+te
HR(t)=< 1 . tpRaite<t<mT—e

%(t—r)-l—% T—e<t<wm+e

0 t>nm+e

\

are satisfying the Lipschitz conditions for t € [0, 7], when e < %=Y=1 i5 a positive
number.
Proof. We choose @ = 1 and K = 2, thus H;(t), i = 1,2, ..., R will satisfies the

Lipschitz condition if
1
|Hi(1) = Hi(ma)| < o-|m = 7o (3.49)

for every 1y < mp and 7y, T2 € [0, 7).
1. Itis clear thatif 71,7, € [0,2;_1 — €] U [t; + e, 7] then (3.49) is satisfied.

2. fr €[0,tic1 —€e]Ufti+e,m]and 7 € [tis+e,t;—€e|lorm € [0,2;-1 — €] U
[t¢+e,7r] andy € [ti_1+e,t,~—e] then |H¢(T1)—H¢(7‘2)| =1and |7-1_7-2| > 2,
or ]32’7721 > 1, thus

1
|Hi(11) — Hi(72)| < %]ﬁ — 7).

3. Ifry € (ti-1 — €,tic1 +€) and 72 = %1 + e, then from the following shape
Hi(m2) _ m—c

1 _ Tp—o : : :
Hin)  n-o’ or, Hi(r)—Hi(m) — ma—11° (smce in this case Hi(Tz) = ]_)’ thus

1 1

= ngz

|Hi(r2) — Hi(m)| = |2 — 7] - — 7.

|Tz - 04
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H(t)
13

12

li_l -€ Ii_l 'l“l +e
Figure 3.7: The graph of H,(t)

4. From above it is clear thatif 1 € [t;.1 —e,t;1 + e]land 75 € [tiy + €, t; — €]

then (3.49) is satisfied.

5. If 1y € (tic1 — e, ti-1 + €| and 72 € (%i-1 — e,%;-1 + €], then from the following

shape

H()
i

t; ] +e

Figure 3.8: The graph of H;(t)

filr) — zze, or, BRI = 2 o |H () — Hiln)| = Iy ] Hola)

H,(m) - |1'1—a| ’

3 1
but el — 355 SO

[ —e

Hifra) = Bi(r)] = 220
2e

6. If 1y <ty —eand 7y € (ti-1 — €,ti—1 + €], then from the following shape
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H{t)
i

1
i
|
|
)
1
1
1
'
)
)
'
'
i
'
1
1
]
|
)
]
'
|
1

Kl

tig *e

Figure 3.9: The graph of H;(t)

|Hi(13) — Hy(m)| = |Hi(7)], but, B = L g0

? fr2—a| T

I|T2 al < ITZ_Tll

|Hi(72)| = |Hi(72) — Hi(m1) <5

7. Proof for other choices of 7; and 7, turns back to the proof for one of the above

mentioned cases. a

Proposition 3.5 Let e, (f) now denotes the minimax error in approximation of the func-
tion f € [a, b] by an algebraic polynomial of degree < n. If f satisfies the Lipschitz

condition with constant K and order «, then

Proof. See [53]. . O
We recall that in Proposition 3.5, e,(f) = minmaxa<z<s |f — Pa(2)].



Chapter 4

The Global Control of Nonlinear Wave

Equations

4.1 Introduction

In Chapter 2 we introduced an approach for the treatment of boundary control problems
associated with linear wave equations, based on the replacement of the classical opti-
mization problem by one in measure spaces. However, in this chapter we apply these
ideas to a control problem associated with a nonlinear wave equation and distributed
control. '

In Section 4.2 we define the equation and the functional spaces in which we are going
to find its solution. In Sections 4.3-4.5, we transform the problem; instead of minimiz-
ing the integral performance criterion over a set of admissible pairs of tréjectory and
control, we minimize it not over one measure space, as in Chapter 2, but over a sub-
set of a product of two measure spaces so as to change the problem to a linear form
and to benefit from the whole paraphernalia of linear analysis. In Section 4.6 we ob-
tain an approximation to the optimal pair Radon measures (p*, v*), by using a linear
programming scheme, and then we obtain a piecewise constant control function v(z,t)
corresponding to the desired final states u(z, T') and u,(z, T'). And finally in Section
4.7 we bring two examples and obtain the corresponding controls and show the graphs

of these pieciewise constant controls .

e

N e
N

e\



Chapter 4. The Global Control of Nonlinear Wave Equations 109

Problems of this type have been considered in (e.g. Rubio and Holden [63], and Rubio
[60], [61], [62]) in which in the nonlinear diffusion equations the control function were

assumed to be in the boundary, whilst we use distributed control for our purpose.

4.2 The equation- functional spaces

Let D be a bounded open region in the n-dimensional space IR with smooth bound-

ary 8D, and T a positive real number, define:

Qr := D x (0,T), abounded cylinder of height T' > 0,
I'r := 8D x (0,T), the lateral surface of the cylinder Qr,
Do := D x {0}, the base of the cylinder Qr,

Dr := D x {T}, thetop of the cylinder Q7.

We will consider the following wave equation which appears in Relativistic Quantum

Mechanics. (See [72], [73], [44)).

Uyt — Au + IU'pu =, (4.1)

for the real function u = u(z, t), (z,t) € Qr, where

~ 0%
Au=2 o

=1

and p > 0, with the boundary condition

u=0onTIr, | (4.2)

Ay T Ty v
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and the initial conditions ,

u(z,0) =uo(z) =0, =z€D, (4.3)
ut(ma 0) = Ul(:B), T € D, (44)

where the continuous function u; is given.

The problem is nonlinear due to the presence of the term |u| u.

In (4.1), the function (z,t) € Qr — v(z,t) € V C IR is the Distributed Control
function which takes the values in a bounded set V.

To have the tools to resolve the problem, we need to introduce certain spaces of func-
tionals which is to be used through of this chapter.

(a) We shall constantly use the usual real spaces L(D), 1 < P < oo,

LF(D) = {u : real — valued, Lebesgue measurable functions in D, with ||u||,, < oo}
where the norm is,
1,
lellso = ([ lu(@)da)?, 1 < P < o, @5)

Similarly, L*(D) is the class of all essentially bounded real-valued measurable func-

tions u on D, with the norm
ullos = 55 supfu(z)l, 2 €D 46)

when ess sup indicates the essential supremum, (see [10], [20]). L¥(D) is a Banach

spaces where given the norm |[u||, , (see [20]).

(b) We designate by (f, g) the scalar product in L?(D), i.e.,

(£,9) = [ f(=)g(a)de. @
(c) We shall repeatedly make use of Sobolev spaces, we put:

H(D) = {u:u € I¥(D)}
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so H°(D) consists of all real-valued functions which are square summable on D in the

sense of Lebesgue, and

HY(D) = {u :u € L*(D), a;‘_ € L*(D), i =1,2, n}

154
which is equipped with the norm

. o 6’u, 1‘
el oy = (10l + (50
=1 4

We also use H}(D), defined as follows:

HY(D) = closure of C§°(D) in H(D)

= subspace of H'(D) of functions null on I'r,

where C¢° is the space of C* functions on D with compact support in D.

The space H'(D), and hence H}(D), are Hilbert spaces (see [21],[44]).
To study the problem (4.1)-(4.4) we introduce the space

Vi = Hy(D)( L¥(D)
where
P=p+2.
The space V; is equipped with the norm

0N € I/1 B ||v1l|H01(D) + ”v]-”LP(D)

(4.8)

4.9

(4.10)

(4.11)

(4.12)

(4.13)

which makes it a Banach space. Indeed, by Sobolev’s imbedding theorem (see [44])

2n
n—2"

Hy(D)c L*(D), ifP< n>3
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from which we get
1 : 4 |
Vi =Hy(D),ifp< —  (p < oo, whenn =2). (4.14)

(d) If X is a Banach space, we designate By LP(0,T; X) the space of functions
t — f(t), from (0,T) — X that are measurable, with values in X, and such that

T ' N ' _
([ IO =115y < 005 3 P < 00;

if P = oo, we replace the norm by
ess sup [|f()llx = [ fllwoznys  t € (0,T).

Naturally we have:
L*(0,T; LF(D)) = L¥(Qx).

4.3 A formulation of the initial-boundary value
problem

In this section we shall consider weak solutions of equation (4.1) which satisfy the bound-
ary condition (4.2) and the initial conditions (4.3) and (4.4) in generalized senses (see
Mihkailov [48], Rubio [62], Sather [71], Wilcox [84]). The concept of weak solution

is defined relative to a certain class of test functions that we use later:

¥ = {¢ : ¢ € L'(I; H}(D)), where its normal derivative ¢’ € LY(1; H°(D)),
and (%) = 0 in a neighborhood of ¢ = T}, .

when I = {t,0 <t < T < o0} =[0,T).

The following condition will be imposed on the inhomogeneous term v:

v € L*(Qr). (4.15)
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Definition 4.1 Let the hypothesis (4.15) holds along with conditions up(z) € Vi, "
as (4.11)),u; € L*(D) on the initial data. A function u is a weak solution of the initial-
boundary value problem (4.1)-(4.4) if

u € L=(0,T; W) (4.16)

i)
51:- € L*(0,T; L(D)) (4.17)

[0, 90) — (e, $(0) + (ultyule), (o))} e
= pO)+ [ GOHOE  pev @i

and,
u(0) = uo(a). | (4.19)

Definition 4.1 is equivalent to the classical formulation (4.1)-(4.4) in case the solution
and data are smooth functions of (z,¢) and z in Q7 and in D respectiviely (see, for

instance ,[71]).

4.4 Existence and transformation

Now we demonstrate the existence of the solution of the problem (4.1)-(4\_4) and then
transform it to a new problem. Here we have not established uniqueness of the solution.
Lions [44] showed that if 0 < p < n—i—z, then the sblution of the initial-boundary value
problem (4.1)-(4.4) is unique. He chose n = 3, p = 2, (see also Schiff [72] whe;‘e he
took n = 3, p = 2). Segal [74] proved that the problem has unique global solution in
one and two space dimensions, and in three dimensions when p = 2. We should men-
tion that the class of initial data and inhomogeneous term v in the following existence
theorem is the same as the class employed in the definition of the weak solution.

The proof of the next theorem can be found in [44] and in [70].

o

Tt
2
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Thedrem. 4.1 Suppose that D is a bounded open set. We are given v, ug, u1, such that:

v € LHQr) (4.20)
we Vi (Ras(411)) (421)

and,
ui € L(D), (4.22)

then there exists a function v where

we L°(0,T;Vi) | (4.23)
Ou o
5 € L=(0,T; L*(D)) (4.24)

and satisfying the equation (4.1)

0%u .
i Au+ |ul/’u = vin Qr (4.25)

and the initial conditions (4.3)-(4.4),

u(0) = uo C(4.26)

5
50 =u. (4.27)

From (4.10) and (4.11), u = 0 on I'r; the condition (4.2) is thus incorporated in (4;.23).
From (4.23)-(4.25) we get in particular that v and %’—: are continuous functions on [0, T']
in such a way that (4.26) and (4.27) make sense (for details see [44]).

A pair (u, v) of trajectory function u and control function v is said to be admissible if:
(i) The function (z,t) — u(z,t) is a solution of (4.1), that is in L*(0, T; H3(D) N
LP(D)) and satisfies (4.2), (4.3) and (4.4).
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(ii) The control function is continuous in Q7.

(iii) The terminal relationships

u(z’T) = g1’(.’17), zeD
ut(xa T) = éz(m), z €D (428)

are satisfied; g;(z) and g,(z) are given continuous functions on Dy.
The set of admissible pairs will be denoted by F, and assumed to be nonempty. We
make a further point that, since the control set V' is bounded, that is, there is a constant
My so that |

o(z,8)| < My,  (z,t) € Qr,

thus v € L*(Qr), (4.20), and so by Theorem 4.1 and (4.23), u € L>(0, T; 1), so
ess sup ||u|lv, < oo,

by (413)’ “u“V1 = “u”Ha'(D) + “u”LP(D)’ and Since by (4'9)
lull iy = (0 + Yyt
HY(D) = 8:8,'
we conclude that u(z, t) is bounded. Thus there is a set A C IR, so that

The set A is the smallest such sets, i.e., the intersection of all such sets for~ all possible
admissible controls. Thus every point in our set A will be a state that can be reached
by an admissible control inside the time interval [0, T'|. We will use this property in the
proof of Theorem 4.2.

The optimization problem associated with this equation is as follows:

Let fo, f1 be continuous, non-negative, real-valued functions on IR™*2 and assume that
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there is a constant A > 0 so that
Foule, ,2,) < Bl (u5,) € Ax T
Then we wish to find a minimizer pair (u,v) in F for the functional

J= /Q folu(a,0), 2, )dods + /Q (o(@,8) 2, )dadt, (4.30)

Now we transform the problem with a view at generalization. Suppose that the function
u is an admissible trajectory function. Take 0 < € < T, find the scalar product of (4.1) _
by a function ¢(z,t) € H(Qr), since by (4.8), ¥(z,t) € L*(Qr), we can use (4.7):

(0-8) = (e — div(9) + Pw) - 8),  V(a,) € H(Qx)
or by (4.7)

/Q N vbdadt = /Q (et — div(Vu) + |ulPu)pdadt,

T—e

or,

/Q pdodt = /Q (e div(w))pdadi /Q (lulPuw)pdzdt.

Since
Uyth = (ut¢)t — Uy,
and
Ppdiv(vu) = div(y V) - Yu v ¢,
o)

/Q  vpdadt = /Q (ugh)ededt — /Q div(y v u)dzdt

Tw—e T—e

4 /Q (VU VY~ up)dodt + /Q- (|u|*u)pdzd.

T—e
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Now by Ostrogradskii’s formula

/Q div(A(z))dzdt = /F Alz) - ndsdt,

T~—e T—e

and

/QT_,(Ut¢)tdtdw = /DT_‘(utzp)da: _/Do(ut¢)dm’

which yield

/Qr_. vipdzdt = /DT_.(ut"P)da: - /DO(Ut¢)dm - /I‘T_. H(Tu - n)dsdt

+ /Q  (Vu V¥ udadt + /Q (lul?u)pdzdt.

T—¢

By initial condition (4.4) and taking into account the final condition of u, and the prop-

erty of % on the boundary, and the continuity of the u(z,t) in @, as ¢ — 0, we find

that
/Q T(ua/a — vy V¥ = ([ufu)p)dzdt + /Q T(m,b)d:cdt

-/ oapdo - A upda

for every ¢ € H}(Qr).
Since ustp; = (uth:): — uthy,

/Q (up)dadt = /Q (ue)edadt — /Q (wpe)dad,
but by (4.3) u(z,0) = uo(z) = 0, and by (4.28) u(z, T') = g:1(z), so

/Qr(ud)t)tdxdt = /DT w(z, T )iz, T)dz — /Do u(z, 0)3:(z, 0)dz

= /D _a(@)u(=, T)ds.

Thus
LT(Ut¢t)d$dt = /DT g1($)¢t($, T)d(B - ,/QT(u¢tt)dmdt’
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and also since
vAY =diviu 7 ¢)— Juy ¢

by using again the Ostrogradskii’s formula we have

/Q (Vv )dadt = /Q div(u v ¢)dodt — /Q ulypdudt

oy
= Jo u—a—ﬁdsdt - /QT u A +pdzdt,
and from the boundary condition (4.2), u(z, t)|r,, = 0, so,
dzdt = — A tpdzdt.
[ (oot s
Thus the above integral form changes to:
T)dz — | dedt — ,
/D ] g1(z)di(z, T)dz QT(U%) z /Q T(lul uth)dedt
A pdzdt dzdt = -

+ [ ubydedt+ [ (w)ie [, awbde ), vda,

or
/ (utpee — u A + [ulPup)dodt — / (vp)dadt
Qr Qr
= - d
/DT(M g2¥)de + /D ude, (4:31)

for every ¢ € H(Qr).

We proceed to transform the problem in the next section and we will follow Chapter

2 in this transformation.

4.5 Metamorphosis

In general, the minimization of the functional (4.30) over F may be not possible, the

infimum is not attained at any admissible pair; it is not even possible, for instance, to

write necessary conditions for this problem. We then proceed to transform the problem,

o
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so .in the following, we replace the problem by the one in which the minimum of the
functional (4.30) calculated over a set S of positive Radon-measures on  x w, that will
be defined. Those measures in S should have some properties which can be deduced
from the definition of admissible control.

We notice that any solution of (4.1)-(4.4) defines a linear-bounded positive functional
u(,): F — / F(u,z,t)dzdt
Qr

in the space C(£2) of continuous real-valued functions F', where  := A x Q7. Also,

a control v defines a linear-bounded-positive functional
o(2): G — [ Oo(t,2),2,t)dedt
T

in the space C(w) of continuous functions G, where w := V x Q7.
By the Riesz representation Theorem, an admissible pair (u,v) defines a pair of unique

Radon measure (p, v), on £ X w, such that
F(u,z,t)dzdt = / Fd
‘/;T ( ) Q H

e ( )’

for all G € C(w). Thus (4.31) changes to:
/QFﬂﬁdu + /w Gydv = ay, V¢ € Hy(Qr), C(432)
where

F’l’(u(w)t)’ .’I:,t) = u¢tt —u ",b + IUIPU‘QJ)
Gy(v(z, t),2,t) = —vep |
oy = /DT(gﬂbt — g2¢)dz + /D wpdz. (4.33)
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Thus, the minimization of the functional (4.30) over F is equivalent to the minimization

of
I(p,v) = #(_fo) + v(f1) (4.345

where

plfo) 1= [ fodu
v(f1) :=/wf1d1/

over the set of measures (, v) corresponding to admissible pair (u, v) subject to:
w(Fy) +v(Gy) = oy, V4 € Hy(Qr). (4.35)

So far we have just changed only the appearance of the problem. Now we consider
the extension of our problem, and the minimization (4.34) over the set Q of all pairs of

measures (g, v) € M*(2) x M*(w) satisfying (4.35). Measures in Q, where
Q= {(1v): (1) € M¥(Q) x M*(w) and satisty (4.35)}

should have some extra properties which are derived from the definition of admissible
pairs (u, v). In fact if
f Q— IR

depends only on (z,t), then
wé) = /QT {(z,t)dzdt = q; (4.362)
the Lebesgue integral of £ over Qr. Also if a function

(:w— IR
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depends only on (z, t), then

v(() = /QT ((z,t)dzdt = b; (4.36b)

the Lebesgue integral of { over Qr.

Now we have defined a new optimization problem. In the next section we analyse this
new problem and show that it always has at least one optimizer, then we start the pro-
cess of approximation, that is, of building a framework so as to construct admissible
trajectory-control pairs which are nearly minimizers of the functional (4.30) and satis-

fies the terminal conditions (4.28) as nearly as desired.

4.6 Existence and approximation

Now back to our original problem, we determine under what conditions there is a pair

of optimal measures (g, ) for the function

(1, v) — u(fo) + v(f1)
in the set @ C M*(2) x M*(w) deﬁned by

w(Fy)+v(Gy) =y, VY€ H)(Qr)
w(€) = a¢
v(() = b, forall§, ¢ (4.37)

where ¢ : @ — IR and { : @ — IR depend only on (z,t). We assume that the set of
measures @ is nonempty, it may be because the syétem is controllable, even though, of
course, the set ) may be nonempty while the set of trajectory function u, and co;1trol
function v, i.e., the set F is empty, one of the advantages of the present formulation.
We try to find a topology on the space M*(Q) x M*(w) in which Q is compact and
the function (g, v) — p(fo) +v(f1) is continuous. This topology can be the weak* —
topology on
S= {(/.L,l/) : (p,v) € MH(Q) x M+(w)}.

-t
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Now we can prove:

Proposition 4.1 The set () of measures (i, v) defined as those measuresin S satisfying

(4.37) is compact in the topology induced by the weak*-topology on S.

Proof. Note that (4.36) imply that; writing 1 and 1,, for the characteristic functions

on {2 and w respectively and L for the Lebesgue measure of D,

p(le) =TL, v(l,)=TL,

then the set
{(/'l‘a V) : (/“a V) € M+(Q) X M+(w), /“(10) + V(lw) = 2TL: > O},

is compact in the weak”*-topology (see Alaoglu Theorem, in Royden [56], page 202).

Thus Q that satisfies (4.37) is a subset of the above compact set. Also, we can write

Q= () () : u(fy) +v(Gy) = oy},

veH}(Qr)
remember that the last two sets of equalities in (4.37) are implied by the first set.
The linear functional (¢, v) € @ — u(F)+ v(G) € IR is continuous (see Chapter 2,
for the continuity of (¢, v) € @ — u(F)+v(G) € IR), but the set {(, v) : u(f,) +
v(Gy) = ay} that it is the inverse image of the closed singleton set {ey} C Risa

closed set, so the set @) is closed and since it is a subset of a compact set, is compact.(]

Proposition 4.2 There exists an optimal measure (u*, v*) in the set Q that minimizes
I(p, v) = u(fo) + v(f1)
Proof. By Proposition ILI of Rubio [59], the continuous function (u, ) — w(fo) +

v(f,) that is a mapping from the compact set () into the real line attains its minimum

on the set @, i.e., exists a pair of measure (u*, v*) € @, such that
(15, v") < p(fo) + v(f1)

for all (p,v) € Q. 0
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The proof of the following proposition is much like that of Theorem 7.1 in [34] and
Proposition 2 in [57].

Proposition 4.3 The set Q; C @Q of measures (u,v), which are piecewise-constant

functions on § and w respectively and satisfy (4.35) and (4.36), is weakly*-dense in Q.

We later use this proposition to prove our important theorem of approximation. Up to
here we have developed an infinite-dimensional program by considering minimization

of
I(p,v) = p(fo) + v(f1)

over the set Q. Now we are going to consider the minimization of I(y, v), not over the
set (@ but over a subset of () defined by requiring that only a finite number of constraints
(4.37) is satisfied. This will be achieved by choosing a countable set of functions that
is total in H}(Qr). In the following we define precisely what we mean here by this

concept. (see Kreyszig [37] page 168).

Definition 4.2 The set {z/u, ¥ € H (Qp),i = 1,2, } is a total set (fundamental set)
in H&(_Q—T)’ if for any given ¥ € Hg(@z‘): and any € > 0, there exists an integer
N > 0and scalars a;, 2 = 1,2,..,, N, so that

N
max |¢) — Zaﬂ,b,-l <e
Qo

=1
N
max [P — ) aihis] < €
Qr =1
N
max |4bse — Z aithine| < €
QT =1 .
N
max| AP =) a; Ayhy] <e
Qr i=1

So the span of this total set is dense in H}(Q7).
We also take sets of functions {§;,7 = 1,2, ...} and {(, k = 1,2,...} which are total in
the respective subspaces of C(§2) and C'(w). We shall write

F; .= Fq[;,-, G; = G1lln Q; = Qyy, 1= 1a2’°°'

o
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a; 1= gy, ] = 1,2,..., bk = b(k, k= 1,2,

Then we have the important following proposition for our first result of approximation;

its proof is much like the proof of Proposition 3.1.

Proposition 4.4 Let My, M;, M; be positive integers. Consider the problem of mini-
mizing

(1 v) — p(fo) +v(f1)

over the set Q(M;, Mz, M3) of measures M*(Q) x M*(w) satisfying

p(F)+1(G) = o, i=1,2,.., My
:u'(éj) = ay, .7 = 172) ---’MZ
I/(Ck) = bk, k= 1,2, ...,M3

then as My, My, M3 — oo

n(My, My, M3) = inf  [u(fo) + v(£))

Q(M;,M2,M3)

f

tends to
n= igf[u(fo) +v(f1)].

It is clear that n < inf, J, where J defined as (4.30).

. Note that we have limited the number of constraints in the original problem, but un-

derlying space still is infinite-dimensional. In fact the problem is:

Minimize

I(p,v) = p(fo) + v(fi) (4.38a)



Chapter 4. The Global Control of Nonlinear Wave Equations 125

over the set Q( M, M, Ms) subject to:

p(F) +v(Gi) = e, 1= 1,2,..., My (4.38b)
pé) =aj, j=1,2,..., M, (4.38¢)
v(Ce) = b, k=1,2, ..., Ms. (4.38d)

This problem is one of the linear programming, all functions in (4.38) are linear in y
and v, and the pairs (u, v) are positive, in fact it is a semi-infinite linear programming,

since the unknowns g and v are in Q(My, Ma, M3).

Now we consider the construction of the suboptimal pairs of trajectories and controls
for (4.30). We first obtain optimal measures (u*, v*) from problem like (4.38). There
are several methods to find the numerical solution to such problems, for example, the
method described in Glashoff and Gustafson [24] and the discretization method that we
used in Chapter 2. The existence of such a minimizer shown in Appendix 4.9, then we

obtain a weak* approximation to (4", v*) by set of two piecewise-constant functions
(u,v) and by means of results given in Proposition 4.3.

Since the control function v obtained in this way is a piecewise-constant function and
D is a bounded domain, thus for each (z,t) € D x (0,T), v(z,t) € L*(Q7), sov
can serves as control function (4.15) for a weak solution of the problem (4.1)-(4.4). We
denote this solution by w,, where w,, € L*(0,T, V1), and V; is as (4.11). (See [44]).
This pair (u.,, v) of trajectory and control function is not exactly admissible, i.e., while
My, M3, M are not large enough, (u., v) may not belong to 7, however it is asymprot-

ically admissible. This concept, borrowed from Rubio [62], is defined as follows:

Definition 4.3 The pair (u,,v) of trajectory and control function that has been found

as above procedure is called asymptotically admissible if: -

(a) The trajectory u, is the weak solution of (4.1)-(4.4) coneéponding to the admissible
control v € L*(Qr).

(b) For every ¥ € Hi(Qr), the trajectory u, satisfies the constraints (4.31).

(¢) The final values of u,(0,T) and u.(0, T') tend respectively in L,(Dr) to the indi-

o
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cated functions g;(z) and g2(z) in (4.28) as My, M,, M3 — oo.

We now prove in the following theorem, that (u,, v) is asymptotically admissible and
if My, M, M5 tend to oo then the value of the functional J defined by (4.30) at (u,,v)
tends ton = inf I(p,v).

Theorem. 4.2 Let (u,,v) be the pair constructed as explained above. Then under the

appropriate conditions on the approximations involved:

(i) The trajectory u, as the weak solution of (4.1)-(4.4) satisfies the constraints (4.18)
for every test function and the relations (4.31) for every ¢ € H(Qr).
(ii) As My, Mz, M3 — o0

[ua(s T) = gall,, — 0

[wut(, T) = g2ll,, — 0

where g, and g are described as (4.28),
(iii)

J(tyyv) — igf I(p,v) =9,

when M;, M, Ms tend to 0o. J(u,,v) is the value of J at the pair (u,, v).

Proof. Since the proof is slightly subtle and long, we break it into 3 manageable parts.
We assume in (4.4) u1(z,0) = 0,z € D. Assume M; > 0is fixed. Then write ¢ := 1\71!?
and fix the values of M and Ms. Let (u*, v*) be the minimizer for the functional (4.38a)
over the set of measures Q(M;, M3, M3), Appendix 4.9 shows how such a minimizer
exists. Because of the density of @1 in @, Proposition 4.3, we can find a pair of piece-

wise constant trajectory-control functions (v, v) on @4, so that

[ {pu(fo) + vu(f1)} = {"(fo) + v* (A1)} | < € (4.392)
|uu(Fi) + 10(Gi) — | < 6,4 =1,2,..., My (4.39b)
(&) —ajl <€ 5 =1,2,..., M, (4.39¢)

[v(Ck) — bl <€, k=1,2,..., Ms. (4.39d)
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In the above inequalities, we have used the pair (., v, ) to denote measures in M+ (Q) x
M (w) generated by the pair trajectory-control (u, v).
Now we prove that the pair (u,,v) obtained as described above is asymptotically ad-

missible, i.e., (i) and (ii) of the theorem are satisfied.

(i) As explained above we apply the piecewise constant control function v € L#(Q7)
to find the weak solution of the problem (4.1)-(4.4), called u,. So by Definition 4.1, the

trajectory function u, satisfies (4.18),i.e.,
/OT {(—u;(t)’ 1/),(t)) - (Auv(t)’ d}(t)) + (qu(t)lpuu(t)’ ’l/)(t))} dt

T
= (u, 9(O) + [ (w(t), b)), ¥ € ¥

and by the procedure ended to (4.31), we can show that
| (i = A9+ fuPup)ddt — [ (v)dads
Qr Qr

= /DT(gl'tf’t — g2%)dz + /Do updz,

for every ¥ € HX(Qr).
Thus the trajectory function u, satisfies the constraints (4.18) for every ¢ € ¥ and con-

straints (4.31) for every ¢ € H}(Qr) and so (i) is satisfied.

(ii) To prove the second part of the theorem, choose the functions; € H3(Q7), ¢ =

i, 2, ..., Mj as the following linear combination,

bi =0+ (4.40)

such that 6;’s and 7,’s have the following specific characteristics:

(a) The function 6; € H} (@) is chosen so that the Lebesgue measure of the support

of 0; in Q7 does not exceed €; > 0 to be indicated below, and so that the maximum of

o
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the numbers

(2, 1), [biwe(, )], 1A, 8)],  (=,t) € Qr (4.41)

are not greater than e, > 0 which will be defined later. For example, if we assume that

the total set {+;} in H}(Qr) is such that
P; = z(1 —z)sin®(wit), 0<z <1, T=1,

then 6; € H}(Qy) can be chosen as §; = 0, for every (z,t) € Qr, and of course the
maximum value of the numbers in (4.41) are zero.

Now from (4.33) we have:

Fg'. = uby — ulb; + [u]”uei,

SO

|Fay(2,8)] = [u(e, )6 = u(@, £) 20; + [u(z, D)]Pu(z, 6]
< [ulz, )] [Bial + (=, £)] |06 + [u(a, )] 164
< ea[21(A) + (I(A)*],

by the properties |0i(z, t)], |0ix(z, )| and | A6;| on Q@ assumed above, and from (4.29)
where we assumed u(z,t) € A C IR,VY(z,t) € Qr, here I(A)is defined as the length of
the bounded set A. Since the set A is the intersection of all the sets that contain u(z, t)
for every (z,t) € @7, then I(A) is finite and is as small as possible. Now we choose

€2 > 0 such that €;[2I(A) + {(A)**!] < 1, which gives the result that,
|Fo(z,t)[ < 1,

on O := A x Qr. The Lebesgue measure of the support of Fy, (-, -) in Q2 is in fact equal
the product of the Lebesgue measure of the support of §; in Q7 and the Lebesgue mea-

sure of the support of u in A which as we defined the first one is less than ¢;, thus the
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Lebesgue measure of the support of Fy,(-, ) is less than ¢;.measA. Now we choose ¢;
such that €;.measA < e. So by choosing €; accordingly, the Lebesgue measure of the
support of Fy,(-,-) will be less than e.

(b) The second part of the linear combination (4.40), i.e., the function 7;(z,t) €
H1(Qy) is chosen so that n;(z,T) = 0 and (2, T) = 0 on D. Obviously it is easy
to find such functions, e.g., in the case of choosing the total set {1;} in H}(Q;) as
¢; = z(1 — ) sin’(mit) in (a), then n;(z, t) = x(1 — ) sin?(wit). So

/D (17:2( T) = gami(-, T))dz =0, i=1,2,.., M. (4.42)
T

Since the set {¢;} is total in H3(Q7), and n,(z,t) € HL(Q7), then by the definition,

for any given €3 > 0 there exists an integer N} and scalars a;; such that

w
max |7 — ) ai;9;] < €
Qr 7=1
w
max [ni = Y aijhit] < €3
Qr =1
n;
max it — ) 6ij%ju < €3
Qr 7=1

N}
max| A — Y a; A ;] < es.
Qr J=1

From (4.33)
F 1= unig — w D i + |ulfun;,
so i -
—ea|2u + [ulful + D aii Fy, < Fy, < esl2u + [ulPul + 3 a Fy,

ot =
or

A

|Fo = 3 ey, | < esf2u + [ul?u). (4.43)

i=1
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Similarly, since from (4.33)
G‘fh‘ =~

we find that

N}

|G = X aii Gy, | < eslvl. (4.44)

5=1

From (4.38),
p(Fp) +v7(Gy) =0, 1=1,2,..,M;

where

a; = /DT(gﬂ/)u — g2%;)dz.

Now if we choose M; > N}, then

N} N} N}
w(QoaiFy) + v (D0 aiGyy) =Y aia;
i=1 j=1 i=1
1= 1, 2, cany M1

where
N} N}
S aija =) a; / (91%i — gati)dz
N‘.1 N¢1
= ] [91 D aijhie — 92 Y aisih;]de.
Dr ;5 =1
But the set {1, } is total, so for given €3 > 0 we can find N? such that
N? ‘ '
ai; -dw—/ w(z, T)da| < /
I/DT(gl; ]¢Jt) Dr e )dz| < €3 Dr lglldw

and,

N? |
) )dr — ‘
|, 2 eidde = [ gan(o Tl < s [ Jaali.
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We assume that N; = max{N}, N?}, since nis(z, T) = 0, n:(z, T) = 0, thus

N; N; N;
|3 eilontie — gatal = |u(X By, + v'(3- a5y, )
j=1

Tj=1 =1

<o [ (lorl + lgal)de. (4.45)
Dy

Now from (4.43)-(4.45), we may choose N; so large that
* * €
6" (F) + (Gl < 5 (4.46)

By Proposition 4.3 there exists a pair trajectory-control (u, v), and so the pair (u,,, v,) €
Q. of measures generated by this pair (u, v), such that (4.39b) is satisfied,

(P} + 14(G) = *(F) = (G| < 5,
so by (4.46) and above inequality
lu(Fa) + (Gl <6, i=1,2,..., M. (4.47)

Thus we have

E=F‘ﬂi+F9i’

with 7;(z,t) € H3(Qr) 6:(z,t) € H}(Qr), ni(z,T) = 0, 7:e(z,T) = 0 on D, and
| F5,| < 1 on, and the Lebesgue measure of supng‘ <e¢i=1,2,..,M,and (4.47)
is satisfied.

Now we obtain the weak trajectory u, corresponding to the control v as explained be-
fore. Then by writing 4., for the measure corresponding to this trajectory function u,

and by the manipulations leading to (4.31), we find that

fo (F3) + v0(Gi) = /Dr(uu(', T)his — wat(-, Tt )d, (4.48)
t = 1, 2, seey Ml'



Chapter 4. The Global Control of Nonlinear Wave Equations 132

But the pair (p*, v*) satisfies (4.35), so

pr(F) +v(Gi) = /D T(gﬂ/m —gothi)dr = oy, 1=1,2,..., M. (4.49)
By subtraction of two relation (4.48) and k4.49) we find that
|/DT [(wo(, T) = g1 )i+ (g2 — une (-, T))ilda| = | (F)+v"(Gi) = phu, () — v (G5))

= |u*(F3) + v*(Gi) — tu(F3) + pu(Fr) — i, (F5) — v(G))|
< pu(F) + vu(Gi) — 7 (F) — v (Go)| + |pu(F2) — phu (F3))

where by (4.49) and (4.39b)
luu(F) + vo(Gi) = p(F) = v*(Gi)| = |uu(Fi) + vo(Gi) —cu| < €, 1=1,2,..., My,
thus
|10 T) = ga)h + (92 = o T)ibldo] < €4 [pa( ) = s (R
but,

|,Uu(Fi) — i, (F3)| = |(pu — l‘uu)(Fi)I = |(pu — /‘uv)(Fm + Fy,)|
<t = o J( )|+ [ (B = s, )(F,),

where we have,

[t = ) Fo)| = 1 Fo) + 10(Gng) = 10(Gong) = i (Fi)|
< lﬁ‘u(Fm) + Vv(Gm)| + |/‘uv(Fni) + Vv(Gm)I-

From (4.47) we infer the first part of the right-hand side is less than ¢, and

| (Fni) + vo(Ga)l = I/DT [ (0, T+, T) — uvt(ovT)m(', T)ldz| = 0,
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since ;(+,T') = 0 and 5;s(-, T') = 0, for all ¢ € D7, also

l(:u'u - :U"U-u)(Foi)I < ma‘XIFei”SUPPF&I Sl-e=g

s0
M = )(F) S 26 (4.50)
Thus,
| o o) = 900t (02 =l D)ol < 36 =
i=1,2,..., M. (4.51)

It follows from (4.51) that as M; — oo
|%(0,T) = ga],, — 0

||uvt(0’T) - !]2||L2 —0

«

(See Appendix 4.10).
Note that we need also Mz, M3 — oo, a requirement of the proof of Proposition 4.3

(see [34] and [57]). So part (ii) of the theorem is satisfied.

(iii) To prove the third part of the theorem, we have:

[ (o, v) = inf I (p, ¥)] = [ (fo) + 10 (f2) = (0 (fo) + v*(f1))] =

[u, (fo) + vu(f2) = (W7(fo) + v7(£1)) + (ku(fo) + 1 (f1)) = (u(fo) + a(12))]
< pulfo) + w(f1) = (0 (fo) + v (A + 1(uy — 1 )(fo)]

where by (4.39a) the first part of the right-hand side of the above inequality is less than

€, SO

!J(umv) - i%f I(:u" V)I et K#"Um - #U)(f0)|° (4.52)
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We recall that the function fo satisfies the condition
fo(u(z,t),z,t) < hlul,
on {2, so
|(us = Bu)(f0)] < Al(puy — )| (4.53)

where w(u(z, 1), z,t) := u, (u, z,t) € Q. We are assuming, without loss of generality,
thatu > 0 on ) = A x Q7. Since we have chosen the intersection of those sets A4,

every (u,z,t) €  can be reached by an admissible control v € V inside the interval
[0, T'], thus Fy in the following can be defined.
Further, choose ¢ € H3(Qr) of the form:

K K
Y=Y B, D I6 <A
=1 =1
with K a fixed integer not greater than M;, and
1
< =
As 4h’
then by the linear property
K K K
Fy = uhy — uliY + |ulfurp = uz,gi"»bitt — UZ,@'A’Q& + Julfu Zﬂﬂbz’
=1 i=1 =1
K K
= Zﬁi(u¢itt —ul; + |U|pu'¢z’) = Z,BiF¢.-
=1 =1
K
= Z,BiFia
=1
and so

|(taw = #)(F)l = (o = )R i)

=1

< Bl — £ )(FL)l + oo + 1B (s ~ ) (Fi)1,
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but from (4.50), |(pu, — ) Fi| < 2¢,fore=1,2,...,K, so
K
I(l"'un - /‘Lu)(F’lll)l S 262 |IB‘L| S 2e.
=1
Since ¢ = YK, Bieh; we may choose the coefficients Bi, 2 =1,2,..., K sothat:
el
@y < 3
€/
w|AyY — 1] < 3
p+1 ¢
< —
@) < 5
on (2, which imply that
[wpy — w(Ayp — 1) + @i < ¢,
on §2; the number ¢’ will be determined below. Then
(= 1)) = (b = ) (@ = W(Dp = 1) + wP+19p)
~ (Huy = )@ = W(LP) + w"H1y)|
< €meas(Qr) + |(fuy = pu)Fy| < emeas(Qr) + 2e.
If we take e S ZmT:(_QT_)h’ then
€ € €
uy . Mu S a1 2— = 7
(e = )| < G 207 =
so by (4.53)
(s — ) fo] S e
and by (4.52)
| (s, v) = inf I, )] < 2¢, (4.54)

the third contention of the theorem follows.
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4.7 Numerical examples

We will apply the method introduced in this chapter for the estimation of nearly optimal

controls. Now we show the details in the following examples.

Example 4.1 Consider the nonlinear wave equation

U — Au+u® = v, (4.55)

for the real function u = u(z, t), (z,t) € Qr, where

u =0, onI'r
u(z,0) =0, zeD
ut(xvo) =0, zeD

and
D := (0,1), T € [0, 1],6D = {0,1},T =11t € [0, 1], Qr = (0,1)2, I'r :=
8D x (0,1), Do := (0,1) x {0}, Dr := (0,1) x {1}.

We assume the terminal relations as follows:

u(z,T) = g1(z) = sin(rz), uy(z,T) = go(z) =0, z € D,

and we choose V = [—4,4], A =[0,4], fo =3, fi = 0, so

Q:=AxQr=1[0,4 x(0,1)%, w:=V x Qr = [-4,4] x (0,1)2.
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The functions ¢ in (4.33) are selected as ¢(z,t) = ¢? sin(Irz) and six number of them

are chosen with values of [ = 1,2,3 and p = 1, 2. Thus

1y = tsin(rz)
Wy = tsin(2rz)
s = tsin(37z)
g = t¥sin(7z)
s = tsin(27z)

Ve = t*sin(3rz).

By (4.33),
-Fi = F‘l//.' =u¢itt_UA¢i+u3¢i’
and
Gi = G'l/l. = —'U?,bi
and

a; = ay;, = /DT(gﬂ/)it — g2%s)dz + /Do upide

= [ (ati)de, i =1,2,..,6.
Dy
Therefore by applying ;’s we have:

F, = u(tr?sin(rz)) + v¥(¢sin(rz))

F; = u(4tr?sin(2rz)) + w®(¢sin(2rz))

Fy = u(9tn?sin(3rz)) + u3(¢sin(3rz))

Fy = u(2sin(rz)) + u(t*r? sin(rz)) + w3(t? sin(rz))

Fy = u(2sin(2rz)) + u(4¢*7? sin(27z)) + u’(¢? sin(27z))
Fe = u(2sin(37z)) + u(9¢?7% sin(37z)) + u3(¢? sin(3rz)),
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and
G, = —vtsin(rz)
G2 = ~vtsin(27z)
G3 = —vtsin(37z)
Gy = —vt? sin(rz)
Gs = —vt’sin(2nz)
G = —vt’sin(37z),

and

1
a = / sin(7z) sin(rz)dz = %
0
1
az = / sin(mz) sin(27z)dz = 0
0
1
az = / sin(7z) sin(37rz)dz = 0
0
1
as = /0 2sin(7z)sin(rz)dz = 1
1
as = /; 2sin(mz)sin(2rz)dz = 0
1
ag = /0 2sin(nz)sin(37rz)dz = 0.
Now we will choose 64 functions ¢, we divide the square [0, 1]? into 64 equal squares

and choose the 64 functions £ as being the characteristic functions of the individual

squares. In other word the functions §; are defined as the following:

1, l<zc
Ej(m:t)={ °

0, otherwise

o)

-1
g St<

00|~

where j = 8(I— 1)+ h,h=1,2,..,8,1=1,2,...,8. Now by (4.36a)

1 .
a; = ag; = /‘;T &(z,t)dadt = = 1,2,...,64.
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Likewise, the 64 functions ( are defined and by (4.36b)
by = b —/'c(mtwmu—-l k=1,2,..,64
k= 90 = Qr kAL T ar T T o PR

Havingdefined ¢;’s, £;’s and (i s, by (4.38) the problem is transformed to the following:
Minimize
I(p,v) = p(fo) + v(f1)

subject to:

y(R)+V(G,-)=a,-, 1=1,2,..,6
/I,(fj) = a;, ] = 1,2, ...,64
v(G)=be, k=1,2,...,64 (4.56)

This system is a semi-infinite linear programming problem, since the unknown is in
M*(2) x M¥(w) but with only a finite number of constraints, We use a discretization
method to deal with the above linear programming problem. We divide the interval
[0,1] on the z-axis into 8 equal subintervals, and choose the z;’s as follows:

27 -1

Te4(k-1)+8(i-1)+i = —7 o

16
i=1,2,...8,j=1,2,..,8, k=1,2,...,8,

except for z;, z2, ..., zs and zs7, Tss, ..., Te4. We divide also the interval [0, 1] on t-axis

into 8 equal subintervals, and choose the ¢,’s as:

2-1
16 ’

lea(k-1)+8(j—1)+i =

i=1,2,..87=12..,8 k=12..,8.

We select u;’s as:
(25 -1)
4

Ueq(j-1)+i =

1=1,2,..,64,j=1,2,..,8,
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except for u;, 3, ..., us, and us7, uss, ...uss. In order to take the boundary condition

(4.2) into account in this process, we assume

T = T2 = ...Tg = 0, ITy7 = Tyg = ... = Tgq = 1,
and
Uy = Uy = ...ug = 0, us7 = Usg = ... = ugq = 0.
Finally we choose,
27 -1
Vea(j~1)+i = —4 + (—J2—);

i=1,2,..,64, j=1,2,....8.

Now, the set @ = [0,4] x (0,1)* will be covered with a grid, defined by taking all
points in  with coordinates Z; = (z;,t;,u;), i = 1,2,...,512 as above. Similarly, the
set w = [—4,4] x (0,1)? will be covered with a grid defined by taking all points in w
with coordinates z; = (i,%;,v:), © = 1,2,...,512. Then, instead of the semi-infinite
linear programming problem (4.56) we shall consider one in which the measures w and
v are those positive Radon measures on Q, and w supported by the grids defined by Z;’s
and z;’s respectively, each such measure 4 and v is defined by a set of non negative real

numbers o; and §;, respectively where j = 1,2, ..., 512. Then the linear programming

problem consists of minimizing the linear form

512

> o
i=1

over the set of coefficients o; > 0, 8; > 0, such that

512 512

Yo aiF(Z)+ ) BiGiz) =a,  i=1,2,..,6
=1 j=1

512

1 .
;O‘jéi(zj) = 6_4’ 1= 1,2’-"’64

512 1

> BiCi(z) = e J=12..,64
L
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Figure 4.1: The nearly optimal control v(z,t)

Then we use the control function v obtained above to find u(z, T'), the final value

ing a total of 269 iterations, and the value 1.419222 x 10~! was resulted for the objective
function. Now we will construct the nearly optimal control v by using the method ap-

This finite-dimensional linear program was solved by a modified simplex method, tak-

plied in Chapter 2. The graph of the resulting control v is shown in Fig. 4.1.

(4.4) by applying an implicit difference method. In

of the solution of the system (4.1)-

order to obtain an implicit difference method a replacement for the equation (4.55), the
region Q) is covered by a rectilinear grid with sides parallel to the z-axis and ¢-axis,
with h and k being the grid spacing in the z and ¢ directions respectively. So (z%, jk)isa
grid point, where 7 and j are non negative integers which ¢ = j = 0 indicate the origin.

th,

t = jk are denoted by u(zh, jk) and u; ; respectively. The number of grid points is

The functions satisfying (4.55) and the difference equation at the grid point =



Chapter 4. The Global Control of Nonlinear Wave Equations 142

N .M and h =252 and k = 122, Now we return to the equation (4.55) in the form
U — Au+ud =,

where v is obtained as described above. If we put ¢ = :h, ¢ = jk and consider the

equation (4.55) at (z, t), then
(ue)ig = (Yo )ig + (v — )i

We use the following central difference formulae for the second derivatives (see, for

instance, [7]),
Uijp1 — 2Ui5 + U 51

(wet)ij = %2
u.+1'. _2u,+u_ .
(U:nz)i.j = —2 h;J 2 ’

then the difference replacement for the equation (4.55) on rectangular grid is
Ui i1 — 2 + Uijo1 = m?(uipr ; — 2uij + uim1,;) + kz(vi,j — 'UJ?,,‘),
where m = % Assume 7 = 0, then
wig — 2ui0 + Uim1 = M (Uipr0 — 2uip + ui—10) + k¥ (vio — ulg)-
From initial condition (4.3), we know that u; o = 0, so
U1 + Upl = kz(vi,o)-

From initial condition (4.4)

Ou
'B't—lc:o = ut(m,O) = Oa S -D,
so if in the central difference formula for the first derivative, i.e.,

Uij41 — Uij-1

(ut)i,j = R YA
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we choose 7 = 0, then u; 1 = u;,1, and therefore
1, ,
Ui = Ek (vig)y 1 <4< N -1 (4.57)
while from the boundary condition (4.2),
Uy =un;=0,0<7 < M.- (4.58)

Now consider the following implicit difference replacement for the equation (4.55),

1 1.1 1 1
76—25fui,j = P‘(z‘ﬁuz‘.jﬂ + 55,2;“1',,' + Z5iui,j—1) +(vi; —u

3
ilj ,
where

2 —

O ui; = Ui jp1 — 2ui; + Ui i1
2 — . .

52’“'1'1.7 - u"'+11.7 - 2u1‘|.7 + ui_lrj

(see, for instance, Mitchell [49], Chapter 5, Smith [75], Chapter 4 ). Then an appropri-
ate implicit difference formula for equation (4.55) at the grid point (¢4, j k)is:

m?

m? m?
(—4—)%'-1,j+1 +(-1- —2—)Ui,j+1 + (T)uz‘+1.j+1

m2

2
m
= (= Juimas + (S2 4 R+ mPu + (- Jwi
2 2 m2

m m
+ (—T)ui—l,j—l +(1+ —2—)%',]'—1 + (_T)Ui+l,j—1

2
—k Vi,j-

By assumingt = 1,2, ..., N —1, 5 =1, and taking the boundary condition (4.58) into

account, we find the following system of linear equations,

AU, = BU,; + CUy + V4, ' (4.59)
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where A and C are two symmetric tridiagonal matrices as follows:

m2 mz
-l-5 %
m2 m2
U e S s
0 ‘ 0
C=-A

and B is the following symmetric tridiagonal matrix,

m2
-2 + kzuf’l + m2 -

_m?

-2 + k%, +m?

0 0

and,

U1,2

U2,2

U, =|
UN-1,2

U1,1

U2,1

UN-1,1

U1,0

U2,0

UN-1,0

-2+ Ku}_y, +m?
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—kzvm

2
"k ’02,1

Vi =

;kz’vN-m
From (4.57) U, and from initial condition (4.3) U are known, then from (4.59) we can
find U,. This formula is stable for all m > 0 and if it is expanded about the grid point

(th, jk), the truncation error is found to be:

m? —1, 0% 1 3 —17 — 13m* 0%

—2
21,2 2

By using the iteration relation
AUj41 = BU; + CU;1+V;,,73=12,..,.M—1
we can find U;4, at each step, where

U1,541

U2,5+1
Ujipr =

uN—11j+1

We used this implicit difference method to obtain a numerical solution of the above
problem. We have chosen ~ = &, k= &, whichleadto M = N = 50 and m = 1. In
all calculation, the values of v at internal grid points were taken from v(z, t) obtained

above. The graph of the u(z, T'), the final value of the solution, produced by this scheme
is shown in Fig. 4.2. '

Example 4.2 As a second example, we took again the equation (4.55) with the same

boundary and initial conditions, but assume

fo = (u — sin(rz))?

f1=‘02
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——————
~.

X 0

Sin(r x)

Figure 4.2: Functions u(z,T') and sin(rz)

while domains and terminal conditions were the same as in Example 4.1. In this exam-
ple the total number of iterations was 316, and the cost function took the value 4.137847.

Graph of the resulting control function v(z, t) is shown in Fig. 4.3.
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" =L
. -~ %A ~_.
VN =< &%

v

Figure 4.3: The nearly optimal control v(z, t)

4.8 Conclusion and recommendations for further

research work

In this thesis the solution of optimal control problems governed by linear and nonlin-

ear wave equations and the estimation of the errors in computing these solutions have

been considered. The main approach used here is based on the idea of replacement

of a classical control problem with a problem in measure space in which one seeks to

minimize a linear form over a subset of this measure space which is described by lin-

ear equalities. The new measure-theoretical optimization problem was treated as an

infinite-dimensional linear programming problem which enabled us to develop a com-

putational method to find the approximate solution of the classical optimal control prob-

lem. This computational scheme seems to be adequate for variety of optimal control
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problems controlled by hyperbolic differential equations. Some basic ideas were es-
tablished in Chapter 3 to estimate the errors in the approximate solutions of optimal
control problems, these ideas are useful in estimating the errors which occur when an
infinite linear program is approximated by a finite one. In fact, the concepts and meth-
ods introduced in this thesis provide a framework for new treatment for optimal control
problems guided by wave equations. There are still some more problems to be solved
related to this thesis that are recommended for further re.search work.

(1) In Chapters 2 and 4, we studied optimal control problems for the linear and non lin-
ear wave equations with prescribed initial and boundary conditions defined on a bounded,
open, connected domain w € IR™ with smooth boundary dw. If the boundary dw has
some jump or if the given data are discontinuous (as in the case, e.g., for wave mo-
tion initiated by an impulse) then the solutions also are discontinuous at the curve dw,
shocks. In the further study of existence and approximation of optimal control, it is in-
teresting and important to investigate the optimal control problems controlled by shock
waves. This field is completely new and subtle and needs rﬁore explofations.

(2) In Chapter 4, to prove the existence of a classical solution for the nonlinear wave
equation

Uy — Au+ |ulfu = v,

we assumed the boundary condition as
u = 0 on the boundary I'z,

while the control function was the inhomogeneous term v = v(z, t) and the prescribed
initial conditions (4.3)-(4.4) were satisfied. It is important to develop the theory of op-
timal control problems guided by nonlinear wave equations where, as the linear case,
the control is applied on the boundary I'z. For development of this theory first we need
to prove the existence of the solution with the new boundary condition.

(3) In Chapter 4, we considered the optimal control problem with the initial condition
4.3),1ie.,

u(e,0) = u(e) =0, s e€D.
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The third problem is to choose z — uo(z) any real continuous function, where z € D.
Although it seems for this case the problem could be solved by the analysis used in
Chapter 4, but it needs to be tackled wisely.

(4) In Chapter 3, to find the approximation of the optimal value x*( fo), we attempted
for the lower and upper bounds of this value. However, we were unsuccessful for an ac-
curate upper bound. A further research is to find an appropriate upper bound for p*( fo)
by choosing M; and M;, some fixed positive integers. Aithough there are some related
works (see Vershik and Temel’t [81] and Vershik [80] ), but we believe that to solve this
problem, one need to introduce some new concepts, spaces and topology.

(5) In Chapter 2 we considered the n-dimensional linear wave equation. The fifth prob-
lem consists in considering the following linear hyperbolic equation with variable co-
efficients:

Yi(z,t) — div(a(z) v Y(z,t)) + b(2)Y(z,t) = f(=z,1)

where (z,t) € w x [0, T], and f(z,t) is a continuous function on w x [0, T] and a, b are
continuous functions on w. We can assume the same boundary condition as in Chap-
ter 2 and define the initial conditions and the set of admissible controls and objective

functions as in Chapter 2.

4.9 Appendix

In this appendix we show that the problem
Minimize

I(p,v) = p(fo) + v(f1)

over the set Q( M, M2, M3) subject to:

p(F) + v(Gy) = o, 1=1,2,..., My
/"'(6.7) = aj, .7 =1,2,..., M,
V(Ck) = bk, k= 1,2, ...,M3.
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has a solution.

In fact by the same considerations as Proposition 4.1 and Proposition 4.2, the set of

positive measures Q( My, M,, M3) is compact on the set S and the function

(p,v) — p(fo) + v(f1) € R

that maps this compact set on the real line is continuous, so this function attains its
minimum on the set Q(M;, M3, M3), i.e., there exists a pair of measures (u3,v}) €

Q(M;[, Mz, M3), such that

*
(p1,vi) = inf
Q(My, Mz ,M3)

[1(fo) + v(f1)]-

410 Appendix

Since the set {1);} is a basis for the space function Hj(Qr), we choose the set {1;}
orthonormal with respect to inner product defined on @ and such that ¢;,(z, T) = 0,

Yz € D. Thus for this kind of base, (4.51) changes to
| [ (@ T) = g2)iddal <36, = 1,2,..., M,
T

Assume
wy(-,T) = Uy, (-, T') — g2

and write ws(-, T') in term of this orthonormal base,
wy(, T) = 3 ai(- T)
=1

where
1 2=y

(T T) = [ i, T, T)de =

DD = [ 6T T) {0 s

So

I/D wa(, T)i(-, T)dz| = |a;] < 3e, i=1,2,..., M. (4.60)
T
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Thus the first M; Fourier coefficients of w,(-, T') are bounded tightly, also the tail

[o )]

Mz)= 3 a$h(T)

j=Mi+1

of the Fourier series of wy(+, T') tends to zero as M; — oo. Now, we can choose M;

so large that
”h(m)”Lz <e¢ z€Dr,

then u
1 ()
o (5, T) — g2llzs = lwo( Tl = (1Y aii + D> a9sic,
Jj=1 J=M;+1
M
<12 aiillz, + ||A]|L,-
=1

But by the orthonormality properties of ;s and from (4.60) we find that

M, M,
122 asbsllz, = 3_af <9€*- My,
i=1

i=1

SO
M,
13" asbillz, < 3ey/ M.
Jj=1
Thus
”Uu,(‘,T) - g2”L2 < 3e M]_ +e= 3 + __1__
- VM, M

if M; — oo, then

[ (-, T) = g2llz, — O.
Similarly, we choose the set {t;} orthonormal with respect to an inner product defined
on Qp but such that ¢;(z,T) = 0, for every z € D. For this kind of base, (4.51)
changes to

| 1 T) = ga)eldel <36, i = 1,2, My,
T

Assume
wl('7 T) = u"u(',T) — g1,
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again in a similar way, we can show that

lim |[u(-,T)~gillz, = lim |jws(-,T)|| — O.

M) — o0 M1 —ro0
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