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The temperature distribution of a heated body can be described by
a well-known parabolic initial-boundary value problem. In this
thesis, we conslder some control-theoretic questions arlsing in
connection with such a heating process.

Suppose that we can vary (subject to certain restrictions) the
temperature of the medium which surrounds the body. The task is
to choose the temperature under the given restrictions in such a
manner that the temperature distribution of the body at a time T
comes as close as possible to some desired temperature.

Assume we can reach to the mentloned desired temperature at time
level T. We consider the optimal control of the above control
problem. This problem conélsts of finding an admissible boundary
control, to minimize an objective functional, which in general
depends on time, positions of the points of the body and the

control variable.
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CHAPTER 1

Introduction

(1.1) Boundary control of the diffusion equation in arbitrary
dimensions

The temperature distribution of a heated body w can be described
by a well-known parabolic initial-boundary value problem. In this
thesls, we consider some control-theoretic questions arising in
connection with such a heating process.

We give a short explanatlion in technological terms. Suppose
that we can vary (subject to certain restrictions) the
temperature u(t,€) (t € [0,T], £ € 8w) of the medium which
surrounds the body w. Here [0,T] is a fixed time interval, 8w the
boundary of the domaln w. The task is to choose u under the given
restrictions in such a manner that the temperature distribution
Y(T,x) (x € w) of the body at time T comes as close as possible
to some desired temperature g(x), x € w.

Problems of this type have been considered by YEGOROV (1],
PLOTNIKOV [1], BUTKOVSKIY [1]. Related questions were studied by
many authors. Let us mentlon only FATTORINI (1], (2], LIONS [1]
GLASHOFF and WECK [1]. The maln distinction between these
publications is a measure for the deviation of Y(T,x) from g{(x),
for example, some use supremum-norm (the norm in Clw) of Y(T,.)

- g(.)).

(1.2) An optimal control problem for the one-dimensional

diffusion equation.
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We conslider a control system whose evolution in time is described

by a function Y = Y(x,t), defined in (0,1) X (0,T), where T is

positive, satisfying

Y (xt) = Y (x,t), (x,t) € (o,1) X (0,T) (1.1)
with boundary conditions
Y‘(O.t) =0, t € [0,T]
Yl(l.t) = u(t), t € (0,T] (1.2)
Y(x,0) =0, x € [0,1]
where t € [0,T] » u(t), 1s the contrecl function. We define the

control u to be admissible if it 1s measurable function on [0,T]

and
(a) u(t) € {-1,1], a.e. for t € [0,T]
(b) Y(x,T) = g{x) a.e. for x € [0,1].

g € Lz(O.l). {s the desired final state.

Let U be the set of admissible controls. In general this set may
be empty, there are many control problems, even In one
dimensional state space, wlthout solution because the desired
final state can not be reached by means of an admissible control.

But it is known from FATTORINI and RUSSELL [1] that a control



system described by the one-dimensional heat equation in an
interval (say, O s x s n) is nullcontrollable in any time T > O
by a boundary control applied at one endpoint; that is, given T

> 0 and yo(') € L2[0.n] such that if Y = Y(x,t) denotes the

solution of the equation

thvxx" D<x<mn 0<t<T, (1.3)

with initial and boundary conditions

Y(x,0) = YO(X). 0<xsn
Y(0,t) =0, 0sxsT, (1.4)
Y(n,t) = u(t), 0<t«<T

then Y also satisfles
Y(x,T) = 0. 0 =x s m. (1.5)

It is well known that the problem (1.3)-(1.5) has a unique
solution in a sense made explicit in [FATTORINI and RUSSELL) [1],
Furthermore, there is something very special about the diffusion
equation: the set of states which can be reached by means of
controls in LZ(O.T) i{s dense {n LZ(O.I) (see, for example,
MACCAY, MIZEL and SIEDMAN {1]).

We may reduce the above control problem to moment problems. These

moment - problems will be studled by employing méthods developed



by KACZMARZ & STENHAUS [1], PALEY & WIENER [1],
R.M.REDHEFFER [1], FATTORINI & RUSSELL (1], WILSON & RUBIO [1]
and RUBIO & WILSON {1]. Particular cases of the controllabllity
problems described above have been treated by EGOROV [1], [2] and
GALCHUK (1] among others.

We deflne in the following an optimal control problem assoclated
with the above control problem. Let U, the set of admissible
controls, be non-empty, and let the optimal control problem

consist of finding a u € U which minimizes the functional

T
I(u) = j £2(t, u(t))at, (1.8)
0

where f° € C(R), the space of continuous functions on 0
= [0,T] X [-1,1], with uniform topology. In WILSON & RUBIO [1],
the problem was first modified to one in which the minimum is
sought of a functional defined on a set of Radon measures. They
show the existence of a minimizing measure, and it is shown that
this measure may be approximated by a piecewise constant control.
Finally, conditions were given under which a minimizing

measurable control exists for the unmodified problem.

(1.3) Optimal control problem for the n-dimensional diffusion
equation.

Let n 2 2 be a positive integer and let w be a bounded, open,
connected domain in R with boundary 8w € C'. Let A be the
Laplacian operator in R" and T a positive number. We consider the

n-dimensional diffusion equation
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-<

(1.7)

We shall be concerned with the solution Y(x,t) of (1.7) which

satisfies the initial condition

Y(x,0) = go(x). X € . (1.8)

We attempt to influence the evolution of the solution Y(x,t) by
means of a control function u(x,t) defined on 38w X [0,T]. We

assume

Y(x,t) = u(x,t), (x,t) € 8w X [0, T]. (1.9)

The point in question is the following . If we specify a terminal

condition
Y(x,T) = g(x), x € w, (1.10)

do there exists control function u(x,t) defined on 8w X [0,T],
such that the solution (1.7), (1.8), (1.9), also satisfies(1.10)?

Some results have been obtained when w is a domain with simple
geometry, such as a sphere or parallelopipedon (see FATTORINI &
RUSSELL [1), FATTORINI [2], GRAHAM {1]). But RUSSELL [1] studied
the above controllability question when the specific geometry of
w was not prescribed, and put quite severe restrictions on the
final desired function; we consider them in chapter (5).

In the following we consider an optimal control of the above

control problem (1.7) = (1.10). We define the control u to be



admlssible if it is a mesurable function on 8w X [0,T] and
(a) u(x,t) € [-1,1] a.e. for (x,t) € 8w X [0,T]
(b) Y(x,T) = g(x) a.e. for x € w.

Let V be the set of all admissible controls and let V be
non-empty. The optimal control problem consists of finding an

admissible control u which minimizes the functional

T

J(u) =J' j £2(&, ¢, ul£, t))deat
dw

0

where f° € C(X), the space of continuous functions on ¥

= 3w X [0,T] X [-1,1], with the uniform topology.

(1.4) Outline of thesis

Chapter (2) is concerned with an extension to n-dimensions of the
paper by WILSON & RUBIO [1]. We conslider the existence of an
optimal control for the n-dimensional diffusion equation with the
same boundary conditions as in section (1.3) except that we
assume Y(x,0) = 0, X € w. We assume the set of all admissible
controls is non-empty and we denote it by U.

Cur control problem cdnslsts of finding a u{.,.) € U which

minimizes the functional
! 0
Jw = [ [ %t ute, p)agar
, | "0 8w »

where f° € C(S). the spabe of‘ continuous functions on X



= 8w X [0, T} X [-1,1].

In chapter (3) we consider a linear program for determining an
approximation to the optimal control of the diffuslion equation in
one and two dimensions. In particular we obtain an approximation
to the optimal Radon measure u', which was introduced in WILSON &
RUBIO (1] and one we introduce in chapter (2), in 2-dimenslons.
By using linear programming we show a practical.way to obtaln an
approximation for the optimal measure u' in one and two
dimensions . Also we obtain the optimal controls corresponding to
several different final desired functions in one and two
dimensions.

Chapter (4) is concerned with the optimal control problem for the
one dimensional diffusion equation with a sequence of Radon
measures as generalised control variables. The foundation of thls
work 1s contained in RUBIO and WILSON [1]. The purpose of the
mentioned paper is thls: suppose that the state g(.) e 11(0.1).
is not reachable by an admissible control, nor by a measure; then
no minimization can be carried out. Thus, of course, the optimal
control problem is meaningless.

RUBIO & WILSON [1] enlarged the set of admissible controls,
further than that in WILSON & RUBIO [1]. They put an appropriate
topology on this new space. The dual of this new space, say S,
contains the space LZ(O.T) as well as other elements. If no
control u(.) € LZ(O.T) exists so as to reach the final state g(.)
€ Lz(O.l). it could be that among the elements of the set S there
{s one, or more elements, which provide a solution to the
corresponding moment problem to the diffusion equation. This

means that we can reach -~ the final state g(.), by imposing as



control the new element or elements of S.

In general we show that the objective function of the optimal
control depends on an infinite sequence of Radon measures deflned
on a closed interval. This problem is an optimisation problem
over a set of sequences of Radon measures satisfying an infinite
number of constraints. We reduce this problem to an approximation
problem, which ls an optlimisation problem over n-~tuples of Radon
measures satisfylng a finite number of constraints. Then we
transfer this problem to one which is a finite dimensional linear
programming problem over a subset of R". Also we approximate the
infimum of the obJjective function by a finite summation of the
norms of discrete measures. Finally we compute the final desired
states and we compute their corresponding control functions. The
theory is confirmed by computing the desired final states and
control functions of several different examples.

In chapter (5) we conslder an extension to the paper of RUBIO &
WILSON to n-dimensions. In this chapter we consider the optimal
control of the diffusion equation in n-dimensions, which we
discussed in chapter (2) with the same boundary conditions as in

chapter (2). We want to minimize a functional such as
! 0
s = [ [ £%e g e, engat;
¢ “dw

the control u(.,.) is in the space Lz(aw X [0,T]), and there are
no constraints imposed on its magnitude, |

Consider a state g(.) € L?(w), which is neither‘reachable by an
admissible control nor by a measure; that is, the set Q defihed'

in chapter (2) 1s empty. Therefore there can be no mlnimuﬁ on Q,



and the problem has no solution. In this chapter we generalized
RUBIO & WILSON [1] to n-dimensional space. We extend the set of
admissible controls beyond the space of measures and we find that

there 1s at least one element in the dual of the new space, which

is the solution of the moment problem with
Y(x,T) = g(x), x € w.

Therefore the final state g(.) e Lz(w) can be reached by imposing
as controls the above element or elements.

In chapter (6) we consider an optimal control problem for the
n-dimensional diffusion equation with an infinite sequence of
Radon measures as generallzed control variables. This chapter is
indeed an extension of chapter (4) to n-dimensional space. We
consider an optimal control problem associated with the n-

dimensional diffusion equation
AY(x,t) = Yt(x,t)

where (x,t) € w X [0,T], with the same initial and boundary
conditions as in Chapter 2. It 1s desired to choose u(.,.)
€ Lz(w X [0,T]), such that Y(.,T) = g(x) 1in Lz(u) and the

function
u > J{u)

is minimal, where the function J(.) is defined in Chapter 6.

As in chapter (4) we show this objective function J(u) depends on
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the infinite sequence of Radon measures defined on 8w X [0,T]. We
show a scheme for determining the infimum of the obJective
function. We approximate this infimum by a finite summation of
the norms of discrete measures, then we transfer this problem to
one which 1s the minimization of a real linear function over a
set of llnear constraints in finite dimensional space. Finally,
by using the sequence of the control functions introduced in
chapter (5) it is shown that we can reach the final state with
a rather good approximation. The theory is confirmed by computing
the desired final state and control function of one example in

2-dimensions.
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CHAPTER 2

Existence of an Optimal Control for the Diffusion Equation in

n-Dimensions

2.1 Introduction

This chapter contains the extension to n-dimensions of the paper
by WILSON and RUBIO [1]. Thus we consider the existence of an

optimal control for the n-dimensional diffusion equation

aY=Y,, (2.1)
where Y=Y(x,t), (x,t) € v X [0,T],with boundary conditlons
Y(x,t) = u(x,t), (x,t) € 3w X [0,TI,

Y(x,0) = 0, X € w;

here w is a bounded open subset of R", with the boundary
dw € C‘, and u(x,t), (x,t) € dw X [0,T], is the control.

We say that the control u is admissible if it is a measurable
function on dw X [0,T] and

(a) u(x,t) e [-1.1] a.e. for (x,t) € 3w X [0,T]

(b) Y(x,T) = g(x) a.e. for x € w, so that g e Ly(w) is the
desired final state. We assume the set of all admissible
controls is nonempty and we denote it by U.

Our control problem consists of finding a wu(.,.) € U which

minimizes the functlonal

A g

J(u)=I %€, t,u(g, ))agat
078w
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where foeC(Z). the space of continuous functions on

L =38w X [0,T] X [-1,1] with the uniform topology.

2.2 Modified Control Problem

The solution of Eq.(2.1) is

. t a
Y(x,t) = -Iojaw—ggy{K(x.y.t-T)}u(y.T)dydt.

(see ROACH [1],page 251);here <3[1((><.y,t:--'l‘)]/c'ivy is the normal
derivative with respect to its second variable, and

o0
Kix,y,t) = & exp(-knt)an(x)an(y)l{(t). where the functions an(x),

n=1

n =1,2,..., are the orthonormal elgenfunctlons, with

corresponding elgenvalues An’ n=12..., defined by the problem
Av(x)+Av(x) = 0,x € w; v(x) = 0, x € B,

and H is the Heaviside function and is included to emphasize the

fact that the solution 1is identically zero for t < 0. Thus,

-]

t
Y(x,t) = -J‘OLL(;B/EV ){;:xp[—.\n(t-'r)]an(x)an(y)}u(y,‘l')dydt,

(2.2)

or

\f
J‘e-xn(r-t)[ (aan(y)/av)u(y. t)dy }1t}an(x)

Y(x,T) = -): {0 L

ns}

Now let T-t=t:
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Y(x,T) = -Z {re'knr[ (8a (y)/av)u(y,'r-—t)dy}it}a (x),
n=1 0 3w " n

and define v“('t)== (aan(y)/av)u(y.'r—t)dy. Then
dw

AT
Y(x,T) = -Z [_'Joe "vn(ﬂdt]a.f")'
na1

Since the desired flnal state belongs to Lz(w), we can expand it
in terms of the sequence of orthonormal eigenfunctions {a (x)},
n

so we have

g(x) = chan(x).

Therefore

I-AT
c =-Ie "y (r)dr = 1,2,...
n 0 n

or

-A T
c = -J aan(y)/av.e " uly,T-t)dydt n =1,2,..
3w X [o,71]

Since we assumed Jw € C‘. let the parametric equation of 38w

be in the following form,

,...,S
Y = (E1(s,.....sn.1),....E“ s, eyl

where Oss‘Si, for 1 = 1,2,...,n~1, (see  CROWELL and

WILLIAMSON [1],p.419)y We also define b (y) = aan(yj/av. so we
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have

\§
AT

cn = —J; qui(ii(s).....Eh(s))e n u(€1(s)....,§%(s),T-t)

.B(s)dsdt,

where for simplicity let

where S = (S,...5 ) ds = ds_.ds_...ds _,and A=
(n-1)times n-1 voe n-1
r g 7
(0,1} x [0,1] X ... X [0,1]. Let F (s,T,u)
_A-r n

= bn(E1(s),....€n(s))e " u.B(s), then, the control problem
reduces to finding a measurable control u(y,t) € [-1,1],

(y,t) € 8w X [0,T], which satisfies,
c =[ .[F;(s,t.u(s,t))dsdt. n=1,2,.... (2.3)
0

where ﬁ(s,t)=u(g1(s)....,sn(s).t). and which minimizes

\

~0 -
J(u) = [ J f (s,t,u(s,t))dsdt, (2.4)
0 JA

where }o(s,t.u(s.t)) = f%(s,t,uls,t)).B(s).
In general, a minimising solution to the problem may not exist;
in the following we replace this problem by another one in which

the minimumum of a linear functional calculated over a set of
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Radon

(n-1)times

r
measures on Q% (0,11 X [0,1] X ... X [O.ia X [0,T] X [-1,1].

We notice that, for a fixed u, the following mapping

T -
£(.,.,.) » ”f(s.t,u(s,t))dsdt
AT O

defines a positive linear functional on C(R). Thus, by the Riesz
representation theorem, there exists a unique positive Radon

measure i, on §, such that

T ~
J’ J'f(s,t.u(s.t))dsdt = Ifdu = u(f), (2.5)
07A fl

for all f € C(Q); in particular the above equality is valid for
f = fo. Now we replace the minimization problem by one in which
we are going to find the minimum of u(fo) over a set Q of
positive Radon measures on Q, to be defined below. Measures in q,
should have some properties which are deducedfrom the definition

of admissible controls. First, from (2.5)

|[u(f)| = T.sup|f(s,t,u)|,
Q

hence, I du s T,
Q

Next, measures In Q must satisfy an abstracted version of

Eq. (2.3):

p(Fn) =c, n=l,2,...;
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note that thls is possible, since Fn € C(Q), n=1,2,...

Finally consider functions h € C(Q1), which do not depend on wu;
that is, for all (s,t) € A X [0,T], and all u.u, € [-1,1], we
have h(s.t.ui) = h(s.t,uz).

Then the measures in Q must satisfy

T
f h dp = I J'h(s,t,u)dsdt =c,
19| 0 A h

where u is an arbitrary number in [-1,1] and c, is the Lebesgue
integral of h(.,.,u), which is independent of u. This property
of Q will be used in the next section, when we use an extension
of a theorem due to Ghoulla -Houri, [1]. Let N'(Q) be the set of
positive Radon measures on Q. The set Q is defined as a subset of

M(Q):
Q= 51 n 52 n S3
where,

S1 = { TR H+(Q) : (1) s T}

0
it

Sy = { M e A Q) : uh) = ¢, he C(22), and independent of u}.

Now we topologize the space of all Radon measures on 1, by the

.
weak -~ topology. We show in appendix (A.2) that S1 is compact,

Thus the set 32 can be written as



17

o
s, =n91{ ped @ pE) =c .na)}‘,

where each Mn is closed because it is the inverse image of a
closed set on the real line ((the set (cn}). under a continuous
map. We know that the infinite intersection of closed sets is
closed, so 52 is closed. By a similar argument, it is easy to
show that 53 is closed. Therefore Q is a closed subset of the
compact set Sl’ and then Q is compact. By definition of a convex
set, it is easy to show that the sets Sl. Sz, 83, are convex;
thus, Q, 1s a compact convex set. By the Kreln-Milman theorem
(see ROBERTSON, A. and ROBERTSON,W.[1]), it has extreme points.

Consider now the functlional I :Q 5 R, defined by

Hp) = fnr%m, B e Q. (2.6)

This is a continuous linear functional on a convex compact set,
Q; it willl therefore attain 1its minimum at least one extreme

point; we have shown the following proposition.

Proposition (2.1) The measure-theoretical control problem, which
is to find the minimum of the functional I, over the set Q,

*
attains its minimum p, 1n Q.

2.3 Apprqximation of the optimal control by a pilecewise constant

control

With each plecewise constant admissible control u(...). we may

assoclate a measure i, In i (o) NSy NS, Let Qi be the set
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of all such measures uu. The extension to n-dimensions of

theorem (1) of GHOUILA-HOURI [1] which is proved in appendix

(B2), shows that, when the space of all Radon measures on 1, has
b +

the weak -topology, 01 is dense in M (Q) N S1 n 52

A basls of closed nelghborhoods in the weak.— topology is given

by sets of the form

{p : 'M(Gn)l Sg, n= 1.2,...,k+1}.

int . =
where k is an integer Gn € C(Q), n 1,2,...,k+1, and
*
€ > 0. In any weak - nelghborhood of u‘ ( the minimizing
measure of proposition (2.1)), we can find a measure TN
u
corresponding to a plecewlse control u. In particular, we

choose

we can then find a piecewise control uk(. y+), such that

1 - .
| I Ifols,t,uk(s,t)]dsdt -u'eh | se
0 A

(2.7)
1 ~
| I I_Fn[s,t.uk(s.t)]dsdt -c, | se. n=1,2 ... k
07A

R . ¢onstant - :
Therefore, by using the piecewlse,control uk(.,.), we can

reach within & of the minimum value u'(fo). The analysis of
the relationshlp between the desired final state, g(x) and
Yk(x.'r). X € v, the one attalned by the use of the control

~

uk(.‘..). is somewhat complicated. Let
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Y (x,T) = Zdn(T)an(x).

n=1

where, of course,

T “
d(T) = IOIAFn[s.t,uk(s.t)]dsdt. n=1,2...

By substituting the values of dn(T). n = 1,2,...,k, in the

inequdlities (2.7) we obtailn
|[d(T) =c | se, n=1,2,...,k

We can show that by choosing k large enough the distance between

g(x) and Y (.,T), in L,(w), can be made as small as desired.

Proposition (2.2) Let 8 2 0 be given. We can choose k and

€ > 0 such that

) _
[ [Yk(x.T) - glx) ]dx s 3. (2.8)
W

Proof We have shown in appendix (C.2) that the Fourier

coefficient d (T) of Y (., T) satisfies
2
(1) se, If n=zM, (2.9)

. . 0
where M is a specified positive integer and § e is a
n
ns{
convergent series. Simllarly, since it 1is assumed that the

desired final state g(x) 18 reachable with an admissible

control, ci satisfles the same inequality as d:(f). Thus,
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L [
I[Yk(x.T) gx) Vax=J(d -c)?+ T -¢c)
W n= nsiL+1
L [
2
= (d ~c)” +4 e . (2.10)
nZ1 n n nZ;+1n

In the last term we have used the following known inequality,
2
(x + y)z s 2(xz + y), for all X,Y¥ € R. Now we choose L

sufficiently large such that L # M and

(-]
4% e s 3872,
nal+1

The integer K can be chosen as one satisfying

K = max{L, (1/728)} (2.11)

Then
o
4 3 en s &§/2; , (2.12)
nsK+1

we choose g = /;;K; thus from (2.11) it follows that
k 2 (1'/21().» from which in turn it follows that ¢ < 8. In the
neighbourhood defined by choosylng € and K as above, there
exists a B corresponding to a plecewlse constant control

u(.,.), for which

ldn' cnl se, n=1.2,.,..,k |
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hence,

2

d -c)lskel=3/2.
n n

From (2.10), (2.12) and the last relation we have the proof of
the relation (2.8); then the proof of the proposition (2.2) is

completed.O

2.4 Unmodified Control Problem

In this section, we are looking for some conditions under which
the original, classical, unmodified problem has a classical
solution. Indeed, we show that any close approximation to the
optimal measure 1s a solution to the classical problem. We show
that If the function f° 1s convex, then we can obtaln the
classical solution to this unmodified control problem.
Proposition (2.3) Suppose that the function £°, in the

following performance criterion

T |
Jul., )] =j jf"(e.t.u(z.tndsdt (2.13)
0 ‘W ) )

satisfles the condifions :

(1) Thé derivative fg existé and 1s uniformly contlnuoﬁslin the
interior of % = o X [0,T] X [-1,1]. [whgre @ 1s closure oflthe
open set w.]. |

(11) The fuhction fo 1s> convex in u ¢ [-1,1] for all (§,t)
€ 3w X [0,T]. o

Then there exists an admissible control u'(;,.) such that =
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Jlu'(.,.)]1 = inf Jlu(.,.)] = p,
ut.,.) €V

where U 1is the set of admissible controls.

Proof Since % € c(g), and £ is a closed bounded and thus
compact subset of Rmz, therefore there exlists a real number say
m, such that e, t,0) = m, for all (&t,u) € £ Thus, by
definition of J(.) the functional J defined by (2.13) is bounded

below; therefore there exists a sequence of admissible controls,

{ui(...)) such that

lig.J [ui(.,.)] = p.

Since each control in the sequence (ui...)) is admissible,

” uX€£.t)dgdt s TL,
0%

1
W

where L is the area of duw. Thus, the L}- norm of the controls

ui(.,.) in this sequence satisfles uusu.ﬂl s 4T.L, { = 1,2,...,

We endow Lé(aw x [0,T]) with the weak~topology, which means the

set We={u(.,.):nul.,,.) I s4 7.0} is compact, and (ui(.,.))
has a weakly-cénvergent subsequence, which we again denote . by
{u'(.,.)) and whose limit we denote by v; we claim that
v(.,.) e L(8w X (0,T]1), a result which follows directly from the
>weak compactness of W. Also

-A T '
_ J (aah(y)/av).e " vy, T-t)dydt = c, n= L2,...,
, , ; ,

w X{o,7]
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since if this equalitiy was false for some n, thenan € > 0
would exist with

-AT
[ (aah(y)/av).e n |vly, T-t) - u,(y.T-r)[dydt > €
a

w Xlo,r]

for all {1 2 K; here K is some posltive integer. However, since
e_A"r.(aan(y)/av) € L(3w X [0,T]), this contradicts the fact

that {u(.,.)} converges weakly to v(.,.). We show that |v(y,t)]
i

<1 a.e. on 8w X [0,T]. Suppose that |v(y,t)| > 1 on some subset
of 8w X [0,T] having nonzero Lebesgue measure. Let p(.,.) be the
function defined on 8w X [0,T] by

ply.t) =1 (y,t) € {(§,s) :v(§,s) > 1}

ply,t) =-1 (y,t) € { (€,8) :v(€,s) <-1)

ply,t) =0 (y,t) € {(€,s) :v(§,s) s 1},

Since v(.,.) 1s measurable, p(.,.) € Lz(aw X [0,T]), and

I ply, t)vly,t)dydt > I P(Y.t)u{(y.t)dydt

for all 1. This contradicts the fact that { u(.,.)}

converges weakly to vi.,.) We have therefore éhown that

v(.,.) 1s admissible. We now show
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J(v) = p.

Consider now the assumption of convexity and differentiability on

£% they imply that

0 0 0
f (y.t,v1) z f (y.t.vz) + (v1 vz)fu(y.t.vz)

for every V.V, € [-1,1] ,(y,t) € 8w X [0,T].Hence,

I f°[y.t.ui(y.t)l dy.dt = [ £ly, t,viy,t)] dy.dt +
3w X [0,T] dw X [0,T]

J [y, (y, )-v(y, ) 1£5 1y, t, vy, )] dydt.
dw X [0, T}

Therefore

p=1limJ [ui(...)]

ioem

= 1m | £ly.tyuly,t)] dydt (2.14)
jae

dw X [0,T]

z Jlv(.,.)] + llmjlui(Y.t)’V(Y.t)]f:[y.t,v(Y.t)]dydt.
v b~ ,
dw X [0,T]

By assumption, fg'ls uniformly c;ontlnuous in the interior of Z,
and thus bounded on Z. Since viyit), (y,t) € 8w X [0,T) s
measurable (see, for ~example, EWING, =~ G.M.) the 'fuﬁction
fﬁ[y.t.v(y.t)] € Lz(aw x [0,T]). Also since (u‘(..v.)‘) ‘ cqnverges

weakly to v{.,.), the last limit in (2. 14) reduces to zero, ‘and
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therefore
= J [v(.,.)].
From above inequality and by definition of p we conclude

J(v) = p.0O

Discussion

We have shown in section (2.1) of this chapter that the set of
all admissible controls for the diffusion equation in n-
dimensions is nonempty; in section {(2.2) we obtained a positive
Radon measure u' which minimizesthe criterion functional J(u).
Next, in section (2.3) we found a pilecewlse constant control
G(.,.), corresponding to the approximation of the optimal measure
4. In proposition (2.2) ve shoved that we may choose the
plecewise constant control u{,,.) such that the solutlion of the
diffusion equation corresponding to the above control wul(.,.), at
final time T, becomes very close to the final state g(x),
X € . Finally in section (2.4), we considered the unmodified
conirol problem and we showed that 1f we put conditions of

0
differentiability and convexity on f then there exists an

admissible control say u(.,.), such that if p = inf J(u), then
' u €V

J(u) = p.

In the next chapter we are golng to obtain an approximatlcn to
the mentloned optimal Radon measure. kK by a finite comblnation'
of atomlc measures; then, by USinz linear programming, we obtain
a plecewise 1constant,‘cpt1mg1 control‘_corrcspopdlng_rté,mthe

approximation of p . and 1n some examples  1ﬂ.i¢n0' and two
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dimensional spaces we obtain the corresponding approximation to
optimal measures and optimal controls for different final

states.

Appendix (A.2)

In this appendix we prove the following lemma (1)

Lemma (1)

51 = {u € u’(m s () 0 s T } is compact in M(Q), with

]
respect to weak topology.

Proof First we prove that N'(Q), 1is closed in M(Q), with

*
respect to weak - topology; that is we show u’(m = H"(Q)‘ Let

e H’(Q) and let f = 0, be any continuous function on Q, so we

e ——

have u(f) z 0, since p € ¥'(Q). Then for every positive integer n
{v: (v - w(f)] < 1/n}nl‘f(0) % ¢,
So there exists v € N'(Q), such that
](vn - uif)] < 1/n,
or,
]vn(f)k' p(£)| < t/n; o (A2, 1)

from (A2,1) we conclude that p(f) = Hm v (f), but by definition

we have .vn(t‘) z 0, for every n, so u(f) 0, or M€ n’_(m} '
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which proves ¥'(Q) 1s closed in M(Q).
Corollary 12.7 (CHOQUET (I){1] p.217) asserts that for a > O,

(a < w), the set
{peN(@: I pi s a),

is compact in X(QR), therefore the set A = {u € M(Q): tut s T,
Is compact in N(Q), thus A n ¥'(Q), is compact in M(Q)[since A
n M'(Q) is a closed subset of the compact set A, so it is
compact in A, (see for example JAMESON[1] p.84 ) thus it it is
compact in M(R)].By definition we have S, = A n H'(Q), so S 1s

1
compact in ¥(Q).o

Appendix (B.2)

Extension of theorem 1 of GHOUILA HOURI [1] to n-dimensions
Let Q‘be the set of positive Radon measures u defined on the
space A X [0,T] X U, where A = [0,1] X...X [0,1], n -1 times,

here U 1ska compact set of controls defined on A X [0,T]. Let

0
T

[0,T]; we assume the measures on A X [0,T] X U are projected on

Q. be the set of plecewise constant funct!éns defined on A X
A X {0,T] withbrespect to the Lebesgue measure, The extension of
theorem 1 of Ghoulla - Houri to n dimensions is as follows
Note: Let p be a measure on A X [0,T] X U, then, the projection
of the measure u, say oo is defined as follows:

p‘(c) = u(C X U), for Cc A X [0,T].

0

Theorenm (1). Qr is everywhere dense in Qt.

Proof  Suppose  f.. fz' ++e,f  are real-valued continuous
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functions defined on A X [0,T] X U, and let € > 0. One can find
easily a finite sequence [ We show in Lemma (1) in this appendix,
a way to obtaln this sequence in practice ] of numbers

to= o <t‘ <t2 < ... <tr = T,

i_ i i_
so-o <s1 <s2 < ... <sp = 1, for 1 =12,...,n-1,
and a partition A1, Az' ven s Aq. of U which are Borel sets such
that for every 1i=1,2,...,r, J= 12, ... ,n-1, m = 1,2,...,n-1,

k=1,2,..., q, we have

4 S’,S" € [S . Sj) > = Ift(s"t’u)-fl(sl”t"u’)l < € (82.1)

for all 1 = 1,2,...,m, where s! = (51'..-.,8' 1) and s’
. n -

= (s“'...-.S;i1)- [Since f‘ is continuous on the compact set
A X [0,T] X U it is uniforslycontinuous on it, and (B2.1) is Just
the definition of uniform continuity].

Suppose p be an element of Q. let

K‘Jk = J’ ne1 . . du(t,s,u)
,[ti-i'ti] anxlsj'1.sj) A

where 1 = 1,2, ...,I, i=12,...,p k’1,2.....q.

Therefore we have
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q

n-
m
me- (-t mP‘(s -s.y) (B2.2)
k=1

where 1 =1,2,...,r and J=12,...,p. Let

K =[ti-1 * LR taeg +ZKijk']

k’< k k'S k

X n{ EK 1+2Kijk"}'

k’< k k'S k

let u1,uz.....uq be elements of A, A, ... LA and

U e Q‘: be defined by

U(s,t) = u, for (s,t) € Bijk for k =1,2,... ,q and all i and J.

Now for every 1, J, k, and 1 we define the following number

LI = J fl(s.t.u)du(S.t.u) = J fl(s.t,uk)dsdt
B

tjk xy Bijk

[we again mention that s = (51’ S Sn-t)] but, m

satisfies the following inequalitlies,
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n

ST 1nf{f‘(s,t.u) | (s,t) € C ¥t , . t), ue Ak}

=nm
fikt

n

s K”k . sup{fl(s,t.u) | (s.t) € Cj X[t .. t), ue Ak}

n-1
m w
where C, -.[’]1[51._‘.5,.).

n

On the other hand by the definition of K”k, we have

n

I(”k . Inf{fl(s.t.u) | (s,t) e Cj X [tM » ) ue Ak}

s J f‘ (s,t,u).du(s,t,u)
C

R

n

!
s K”k . sup{fl(s,t,u) | (s.t) € CI 4 [ti-'l , ti) , u € ,\}

So for every 1 (1 =1.2....,n1)

n
m‘jkl - th(s.t.u).du(s,t,u) sK ¢
C

[t ik’
J R e XA

or we have
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q p r q p r
Z Z Zm it Z Z ZJ f (ls,t.u).du(s.t.u)
k=1 j=i is=t (o

. k=1 je=1 Q=1 ; ¥ (t, ot XA

a_ P
n
€. Z s K ik (B2.3)
k=1 j=1 i=1
or
I ft (s,t.uk; ).ds.dt - J fl(s,t,u).du(s,t,u)
q r P AXl[o,71] XU
ket ¥ 59180“ I
a_ P
= Z Z ZK‘J" (B2.4)

k=1 j=1 is)

By (B2.2)we have Kijk = T; Thus,

q-! P r n n-1 q-s d v
. <
Yy YKt ) )L )

k=1 j=1 §=)y . k=1 je1 i=d
1 n-1 . m
T Z Z(t vl m£11 (s ;‘51.1)‘ (B2.5)
J=1 iz

by definition of the partitions (s';‘} of [0,1]

n-1 -
'[]1 (sj’sj-‘l) =1;

by using the above inequality in (5) we have
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r
n

9 P r
n n-1 n-1
E > K ”ks T . [ E(t —it 1_)1 ]s T .T=T. (B2.86)

k=1 j=1 js=1 i=1

Therefore from (B2.4) and (B2.6)

\
n
J th(s.t,uk)dsdt - If‘ (s,t,w)dFstw = e.T.
0 JA A X [o,1] XU

Here n-1, is the dimension of the space In which we chose the

n
set A, thus, it is fixed and we change € to c[l /T ] Thus

= ¢.0

I Ifl(s't'uk)det - lfl (Snt'U)A,“S)bU)
e A % [0,T] X U

Lemma (1) of Appendix (B.2)

pgevey

Let fv f fu be N continuous functions defined on a

2
compact set 1 & RP and let € > O be any positive number. In this
lemma we show how we can divide @ into a finite number of subsets

say, nj, J=12,...,m of equal volume or measure such that for

every x, x’ € nj, j=12,...,m

Ifi(X) - f‘(X’)l <e, 1 =1,2,...,N

Proof Let i be any integer satisfying 1 s 1 s N. By assumption
£.(.) is continuous on the compact set R ¢ RP, therefore there
exists a positive integer M, and a partition P = (g;}. 3

= 1""‘”1' such that

Vx, X’ € ﬂ} = lf‘(x) - f‘(x')l < g
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Thus, for { =1,...,N, we have N partitions P‘ = (n;}, J
= 1,...,M‘. i =1,...,N, of 2 corresponding to N functions fi(')'
i=1,...,N Let P = {Qi), i=1,...,m, be a partition of 0 which
is finer than any partition Pi, i =1,...,N(see the definition in
BARTLE [1] p.320), and further so that the volume or measure of

the subsets Qj are equal. Thus we have for § = 1,...,m

Vx,x’ € Qj € P = lfi(x) - fi(x’)l <eg 1 =1,...,ND

Appendix (C.2)

Let Y = Y(x,t) be the solutlon of the n-dimensional diffusion
equation introduced in the begining of chapter (2) and let

Y(x,T) = z:dn(r).an(x), where the functions an(x) are orthonormal
n

eigenfunctions with corresponding eigenvalues An defined by the

problem

Av(x) + A.v(x) =0, x € w; ;vix) =0 ,x € du .

As we showed in (2.3),

T4
d = J J.F (s,t,uls,t))ds.dt.
n o JoJo "

In this appendix we show there exists a positive integer M and a

sequence (el) such that for every n > M,

d (M3 e,
n n
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&
where i:e < .
n
neM

Proof We find first the solution of the equation

AY - Yt =0 (x,t) € w ¥ (0,T) (C2.1)

with the following boundary conditions

Yix,t) = ulx,t) (xt) € dw X [0,T] (C2.2)
Y(x,0) =0 x¢€w (c2.3)
Let
Y(x,t) = Ulx,t) + vix,t) (c2.3")

be the solution of the problem (C2.1)-(C2.3), where vix,t) is a
new unknown function and U(x,t) 1s an arbitrary (sufficiently
smooth) function which assumes the value u(x,t) on 8w X [0,T].

Now we substitute (C2.3") in (C2.1) therefore

(AU + &v) = (U +v) =0,
or Av - vV, T Ut - AU. Ve substitute flx,t) = Uf - AU,
(x.t) € © X (0,T), so the problem (C2.1)-(C2.3) 1s 1in the

following form in terms of v(x,t):

Cav-v = £kt () €wX(0,T) o (c2.a)
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vix,t) =0 (x,t) € 8w X [0, T] (C2.5)
v(x,0) = p(x) X €W {C2.6)

where ¢(x) = -U(x,0).Now let

f(x,t) = an(t)an(x)

n=1

[-<]

p(x) = X wnan(x)

ns1

where fn(t) = If(x.t)an(x)dx and ¢ _= Jw(x)an(x)dx and the
w . [A)

functions fﬂ(t) belong to LZ(O.T). By Parseval’s equality,

m .
) of = lgh? , and for all t € (0,T)
Lo L, W)

«©

[ ey = [rixe).ox = Jrwoee - avi?aex.
nz1 n W W

We call the last integral F(t)z. so that

ue

A
= J.fz(t)dt < JJFz(t)dt.
n LO,T) 0 n

0

T
2
Let IF(t)dt = D, thus "fnnLZ(O,T)SD n = 1,2,... . For any
o : .

n=1,2,... we consider the functions

,-—Antv t- —Anwi') L -
L =g.e "= firme dt. (c2.7)

n n
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By differentiating from both sides of (C2.7) we have

. -Ant t -—An(t-'t)
1(8) =g (-A).e " -f(t) - jot-an).fn.e dr,

. “At t -—Rn(t-t)
or 1 (t) = -a. [ p.e " - j f (1).e Jdrt ] -f (t), thus
n n n 0 n n

1(t) = =a.1(t) - £ (t).
n n n n

We have 1 (0) = q)n, so it is easy to check that the function
n

Zn(x,t) £ ] (t).a (x) 1is a solution of the problem
n n

Av - v =f (t).a (x),
t n n

with the initial condition v(x,0) = ¢n.an(x).1t is seen that

o
V(X, t) = 2 lﬂ(t).an(x) . (C2.7')
n=1

IS the solution of the problem (C2.4) - (C2.6). But from

theorem 3 of MIKHAILOV [1] (page 372)

At Lt -A _(t-T)
+ f If (v)].e " 4t
o " :

~ﬂ
1= le |.e

e fngagon) , | i SRR
s |pl.e " 4 = , when n>1 ' S (c2.8)

n d2a
n
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But we showed urnuL(OT) s D, where D Is a positive constant,
z 4

and

1/2 /2
le | = IJ'wqp(x).an(x)dxl s lew(x)lz] . [La gx)dx}

since {an} is orthonormal. Thus we have !wnl s Hw"Lz(O.T).l. Let

now gl £ B where B is a constant, therefore
LZ(U,T)

<B n=12,...
e, |

By using this notation we conclude from (C2.8)

-At D
[1(t)] =B.e " + (C2.9)
n i2a
n
We know that (x+y)2 s2.x° + 2.yz. so (C2.9) implies
' -2t D :
1 ()2 s2.8e "+, teloT) (c2.9')
n . n
therefore
: , Ay D
1 (1) = 2.8%e + L M= 1,2, - (€2.10)
n :

A

n
But all of the {Ah} are positive and asymptotically
A= c?.n? + O(n), for an appropriate constant c > 0;(See, e.g,
R.COURANT AND HILBERT [1]) so there exists a positive contant K

such that
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|An - cznzl s K.n for all n z N,

or therefore, cn’- Kns A s c’n® + kn, for all n=zN, thus

1 1 1

= < , for all n N. We can choose n

cznz + K.n An czn2 - K.n

1 2
s ’
c"‘n2 - K.n cznz

sufficiently large such that which simply

2K

>

c

M 2z max {N .[2K/cz] +1 }, so we have

requires nz Therefore we choose

1 2

, If nz M
A cznz ,

Thus by using the above inequality we may rewrite (C2.10) in the

following form

2 2 -ZAnr 2D
1(T) s 2.B".e + > 2 fornz M (C2.11).
n
c’n
1 2 n2n2
Now let nz M so — = i or An z when n 2 M. Thus
xn cn 2 :

~2.T.A = -T.c’n%, when n z M. So (C2.11) can be written in the
n
following form
2 —cznzr* 2D

1 (T) = 2.B%¢ ——, vhen n z M. (c2.12)
n cn

-22_1, 2D Cw
Let fngz,gz_ecn + =5 so it s seen that f is

ch n=1
Convergent. Thus from (C2.12) we have 1:(‘1‘) :Sfﬂ for
- v
n=1,2 .. therefore , & 1:(?) is convergent., But from (3') we
‘ nsl : s :

haye Yix,t) = U(x;t) + vix,t). Let
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[ ]
Y(x,t) = Zdn(t).an(x) for t e [0,T] (C2.13)

nzl

Let the expansion of the known function U(x,t) be as follows

o
Ulx,t) = &£ kn(t).an(x) for t € [0,T]. (C2.14)

n=1

w
We know that £ k:(t) is convergent, also in (C2.7’) we assumed
ns1

(>4 o
vix,t) = £ 1 (t).a(x) and we showed above that ¥ lz(t) is
n=1 n n ned n
convergent. Now by definition of  Y(.,.) we have

dn(t) = kn(t) + 1n(t), and by using the inequality

(x + y)? s 2(x% + y*) we have
dztt) = 2[k2(t) + lz(t)] n=12,.... (C2.15)
n n n

o
From (C2.15) we conclude that Zdi(t) Is convergent for

n=1
t € [0,T]. Let e = Z[k:(T) + zim]. thus dﬂ(T)z S e, for n
© ) 0 @
=M and e (t) < », because we showed Z k:(t) and ¥ li(t) are
n n=1 n=1

net

convergent.n
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CHAPTER 3

A linear program for determining an optimal control of the

diffusion equation in one and two dimensions

3.1 Introduction

In this chapter we construct 1linear programs for determining
optimal controls of the diffusion equation in one and two
dimensions. In section (3.2) we obtain an approximation to the
optimal Radon measure u‘, by using linear programming In
sections (3.3)-(3.5) we obtain a piecewise?gsotncg‘tol function
corresponding to a desired final state by using the minimization
scheme developed in section (3.2). In section (3.4), we obtain
the controls corresponding to two different final states and we

show the graphs of these controls in the (t,u)-plane. In sections

(3.5) and (3.8) we develop similar results for two dimensional

Space,

3.2 An epproximation to the optimal measure

Let

Slg{PEH(Q):p(l)sT. nzoa 1:-0- }

Sz = {ue N(Q) : uwn) =a, n= 1, 2,... }

S3 = {u € N(Q) : pu(G) = a. G € C(N) and independent of u}

where wn(t.u) = 2(-1)".exp [—nznz('l‘-t)].u, n = 1, 2“”‘1,0“',_1)

=Y te[0,T] ,and let Q=S;nS,nS,.
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Proposition (2.1) of Chapter 2 claims: The measure theoretical
control problem, which consists In finding the minimum of the

functional
ueQ—au(fo)eR

over the set Q of H‘(ﬂ), possesses a minimizing p., say, a
measure in Q.

In the following we define Gi(.,u) as monomials in t only, that
is, Gi(t.u) = ti, and from Welerstrass Approximation Theorem any
continuous function on [0,T], can be uniformly approximated by a
finite linear combinations of elements of the set {G.(.,u)
i= 0,1,... } (see BARTLE [1)p.183). Now for simplicity we use the

notation 1lim(a ), instead of lim(ai).
i ! i -0

Proposition 3.1 Conslder the linear program which consists of
minimizing the function ¢ - p(fo) over the set Q(M1,M2) of

a n Dillz""bll

p(Gi) = aGi n=012...,M,.

Then, as M, and M, tend to infinity,

n(Ml.Mz) = {inf p(fo)
er”z)

tends to 7 = inf p(f).
Q0 | e
. Proof . The proof is the similar to the proof of proposition ..
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(111,1) of RUBIC [1] o.

We conclude the following proposition from a result of ROSENBLOOM
[1], (see its proof 1in RUBIO [1] Theorem A.5), also it |is
possible to characterise a measure in the set Q(MI'MZ) at which

the linear functional g - u(fo) attains its minimum.

Proposition 3.2. The measure g In the set Q(Ml’Mz) at

which the function p » u(f) attalns its minimum has
the form

AR

p o= }:: ara(zk). (3.1)

k=1

with 2’ eqn (@ =[0,T] X [-1,1] ), and the coefficients « = 0,
k = 0,1,... M *M,; here 8(Z) is a unitary atomic measure with
support the sivngletdn set {2} which 1is characterized by
3(2)F = F(2), F € C(n), Z € Q.(see RUBIO [1] p.114),

N
Now let P(Ml.Mz.c) ¢ R' be the set of all (a1,az,...,aN)

defined by

aizo 1 =0,1,2,...,N

4 ~€ sjz1 aj.w‘(zi) - a‘ - i = 0'1,2’.6"“1

- s’;arc’(z‘) - aG‘ seg 1= o.a,z....,uz

\

Theorem 3.1. For;"evver'y, € > 0, the problem of mlnikn_zizing the
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N

function Zaj.f'(zj). where Z €¢ ., J = 0,1,...,N with ¢ a
J=

dense subset of 0, on the set P(MI.MZ.C). has a solution for N

= N(e) sufficiently large. The solution satisfies

n(Ml,Hz) + ple) s Zaj.f‘o(zj) s n(Ml.MZ) + ¢
=1

where p(e) tends to zero as € tends to zero.

Proof The proof is the same as that of Theorem (iii.1) RUBIO [1).
When setting up the linear programming problem akin to
proposition 3.2, it was decided to take the parameter ¢ as zero,
at least formally; of course, the error present in the numerical
computations will ensure that the solution of the linear
programming problem will not satisfy exactly the constraint

equations. Now our linear programming problem consists of

minimizing the linear form

Z @ £y(2)

ja

over the set of coefficlents aJ 20, J=12,...,N such

that
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r N

x .y (2)=a, ,

i= 0,1.2.....M1

1 «aG(Z2) =a_ ,
121 S 6,

i = 0.1.2....,M2 (3.2)

p(1)=) « .1(2.) = ) a s T;
j; i J jz‘ j

or, equivalently, we are looking for a solution of the following

linear progrannmngproblem which consists of minimizing the llnear

form

over the set of coefficients “; z0, J=12,...,N#1 such
that
[ N+
j;aj.wi(z}) =a, . 1=0,1,2,.... 4,
N+t

{ Yac(z)se,, 1=0,1,2,...,
jz1 R 6y e

N+

jz1al =T

where we used one slack variable @y to put the last

Inequality in (3.2) in the form of the following equallty,
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J N+t N+1

Remark Instead of choosing, F'(t.u) = ti, (1 =0,1,2,... ), it

is sultable to choose Fi(t,u) as the followling functions :

teJi

L]
-

F‘(t,u)

0 otherwlse

At
where Ji = [(1-1)d, id), 1 = 1,2,...,Land d = T and L
is a positive integer which Iis in fact the number of the
subintervals in the partition of the interval {0,T)]. The

functions F‘i are not continuous, however,

(1) Each of the F, {=1,2...,L {s the limit of an increasing
sequence of positive continuous functions, (Fu), then if u is

any positive Radon measure on Q,

u(Fi) = lim u(Fik).

(11) Consider now the set of functlions F‘, 1 =1,2,...,L, for all
positive integers L. It has been shown in RUBIO {1] that *.
linear combinations of these functions can approximate arbitrary
well a function in Cl(ﬂ). where 00 & [0,T) X [~1,1], lhere C’(Q).
s the class of all continuous functions depending only on t] in
the sense of essential supremum (see Friedman {2)1). Thus the
error function can be made to tend to zero by choosing in an
appropriate manner a sufficient number of terms in the
corresponding e)%pansions (see RUBIO (1])o. |

constant
3.3 Construction of plecewise control functions
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In this section we wish to obtain the control function
corresponding to a desired final state by using the minimization
scheme developed above.

We showed in section (3.1) that our linear programming problem
for the control for the diffusion equation in one dimension

consists of minimizing the following function

N+t

Z @ 1y(2)

i=1

over the set of coefficients aj 20, J=1,2,...,N+1 such that
[ N+
= » 130,1,2,...,'4
Za .\ll‘(ZJ) a 1
=1
N+t
a s =0,1,2,..., (3.3)
; ,Zgajps(zj) b M,
N+t
a, =T
32-:1 ]
\

where 7 - (tk,uk), k=1 2,..., and ¢ = (Zk. k =1,2,...} 1is
chosen as being dense in & 1In pr,?:tice. the set o' = {Zk' K
=1,2,...,N+1} c ¢, was construc.ted by dividing the appropriate
intervals into a number of equal sub-interevals, defining in this
way a grid of points. We explain more about the points 'Zk
later,

In the following examples we choose fo(.) a known function and
choose for example T = 1.We choose two different desired final
states belonging to Lz((o.l]). where a, 1 =0,1,...,M, are the

cosine Fourler coefficients of the functlon g(.), ve.nd b’. 8
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= 1.2.....M2. are defined as the following integral: b'

1
= I F.(t,.).dt, introduced in section (3.2).
0

Now we refer to the solution of the diffusion equation in one

dimension as introduced in the paper of WILSON and RUBIO [1] as

follows
wo(t.u) =u
v (t,w) = 2. (-1 expl-n'n’l.u n=12..., teloT

Fs(t) =1 if t e Js

= 0, otherwise,
where we used the notatlon F'(t..) = F‘(t). and where
At
Jg = (s-1d, sd) where d=——and A=1-0 =1 and we choose
L

L = 10 (the number of equi-distance subintervals of the partition

of the interval {0,1]). Therefore we have d = (1/10) and
1
b =I1—‘(t).dt=d=0.l for all s =1,...,10.
s OS

Now we divide the interval [-1,1] on the u axes to 20
equal subintervals therefore we have N = 200 and (3.3)

will be in the following form

e s e S AT 2
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r 201

201

201

i=1

and we define

= = = - 5
u =u, = ... =u,=-0,9
. = = 0.95
u”” = uw2 = ,,. uzoo
and also we have

= = .05

by= = e =t = by 0
t =t _=.,,, =t =t200=0.95,
Therefore by definition of Fs’,s we have
Ft) =Flt, ) =...= F () =1
and for other tj’,s, _,F‘(tj) = 0 also

F,o(t‘o) =F, )= ... = F‘O(tzou) = 1

D(tZO

and for other t’.s, F_(t ) =0.
i 10 )

= , 1 =0,12,...
JZ:1a.w‘(2j] a,

s = 0,1,2,.

(3.4)

(3.5)

(3.8)
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Therefore the equations (3.5) may be written in the following

form
[ 0.1
+ + + =
oy T %y %101
+ + + = 0.1
@, v &, %yop = O
I (3.7)
+ + ,.. + « = 0.1
L %o T % 200

200 10

We conclude from equations (3.7) that & a = £0.1=1, so by
j=1 j=1

using this result we have from (3.8) @y = 0. Therefore

200 .
S a3(2), Is an spproximatlon for the optimal measure u,

i=1

where zj, J = 1,2,...,200, will be specified precisely in

section (3.5)

3.4 Tuo examples with different final states and cost functions.
In this section we obtain the control functions of two

examples.

Example (3.1) Let the final state be g(x) = 0.1 and we choose

the criterion function fO(t.u) = uz. so0 our linear programming

problem consists of minimizing the following function

200

b aj.ui
j*1

over the set of coefflcients “3 0, J=1,2,...,200 such that
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200

Ta.u =0.1
i By

200
ZTa .2(-—1).exp[-n2(1-—t )l.u = 0.0
Pl 30

200
Za .2(--1).exp[»t}nz(1-—(:j)],uj = 0.0

jer

200
Sa.2(-1).expl-9.7%(1-t )].u, = 0.0
jer pool

200
Sa.2(-1).expl-16n%(1-t )).u = 0.0
jer ! o

+ .
&y T %y @ gy = 0-1
a, + ‘.. +
%2 %o = 0-1
a  + + ... 0.1
10 7 %0 Y %0 T

We useddNAG 1library program which is based on the Revised

simplex method. The computational results are as follows:

Upp = 0.005236 o = 0.08313 %o = 0.05378
%oz ™ 0.05750 *os = 0.1000 &0 = 0.006872
%= 0.02088 oy " 0. 1000 2 = 0. 1000

%y ™ 0. 1000 A 0. 1000 Rees ™ 0.1000

1 1
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® s = 0.1000 @7 = 0.04250 L 0.02011.

The cost function = 0.01574, CPU time = 1.03 seconds, the number

of iterations in phase 1 = 42 and 1ln phase 2 is 1.

Example 3.2 lLet the final state be 81(X) = 0.01.cos{mx) and we
choose the criterfon function f (t,u) = fu| so our linear

programming problem consists of minimizing the following function

200
Za.fu
j=1 J i
over the set of coefficlients aj z0 , J=1,2,...,200, with

the number of linear constraints equal to 15 [the same as example

3.1]. Then the results of the computations are as follows:

x, = 0.02401 @ = 0.01571 @, = 0.0073

@y = 0. 1000 Uy = 0. 1000 a = 0.07589
X0 = 0.02527 @y = 0. 1000 %o = 0. 1000
%03 = 0. 1000 ®o = 0. 1000 €. = 0. 1000

% e = 0.0927 Ciop = 0.05733 %o = 0.001696,

Cost function = 0.07935, CPU time = 0,83 second, the number of
iterations in phase 1 = 26, the number of {teration in bha.se 2 is

equal to 1.
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3.5 Control functions

In this section we intend to construct the control functions for
the above two examples.
Here we follow the procedure explained in RUBIO [1]) (Chapter 5),
suppose that the set o = (2j : J=1,2,... } has been chosen as
being dense in the set [0,1] X [-1,1]; in practice, the set
o= {z;; J = 1,2,...,N )} was costructed by dividing the
intervals [0,1] and [-1,1] into a number of equal
subintervals, defining in this way a grid of points. Here we
divide the interval J = {0,1] into 10 equal subintervals, also
we divide the interval U = [-1,1] into 20 equal subintervals,
the values tj were taken as 0.5, 0.15, ... 0.85, the values uj
were taken -0.95, -0.85, ... -0.05, 0.05, ... 0.85, 0.95. Now

by GHOUILA - HOURI’s thecorem, we have

K” = J du'(t.u) = u ({tiq' ti) X (ujq. uj))

ft,,»t1x {uj.‘ . ujl

for 151510 and 15 Js20.

Let vi.] be the i, Jth subrectangle of [0,1] X [-1,1] where
1s§{=<10 1 s J = 20. The point 2' has been chosen as the
following point z. = (t, uj) 1=1=10 and 1 s j s 20.

i i
Now let A be the following transformation

A: NXNaN

defined by A(1,J) = 10(J-1) +1 151510 and 1 = J = 20, and

let for 1531510 and 15 Js20 or

L 3
S “%up
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L

2 (1,1 = %yo(-1pe; TOor 131510 and 15 J =20

Therefore the optimal measure introduced in (3.1) will be in the
following form

]
AR

W= Ta.8(2),
k=0

where M1 and Mz are the number of constraints. But if 2 € Q

then by definition of 8- measure J F.d3(2) = F(2), F e C(Q).
f1
Therefore for the constant function F(t) # 1 and Z e we

have f 1 d5(2) = 1. Thus,
a

W
"1 2

K, = [dp (t,u) = [ AL .8(2) 1= a,

a.i.j O‘i‘ jk:\
where k =10(Jj-1)+i and 1 =1 =10 and 1 = J = 20.
Now we construct the control function of example 3.1, agaln here
we use the method introduced in RUBIO [1] ( sectlion 1 of chapter

5 ) and we use the same notations in that section, so we have

K = a = 0,0052386 t =0.95 u, = ~0,15

10,8 80 80 80
)(9'10 == 0.08313 t99 = 0.85 Ugg = -0.05
1(‘0.12 =a, " 0.02011 tazo = 0,985 “szo = 0.185.

Again by using the notation in (5.1) of the above reference we

e W
have u(f.) = Uy ietye t€s, i here
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Blf'(tl+le Dtl."le )
i’} i’ -1 k<j,t k i’ -1 ksj" k
such that t‘, are the numbers 0.0, 0.1, ... 0.8, 1. Therefore
for example we have B‘0 8 = (0.8, 0.805236) and for t e B1oa

we have u(t) = U, = -0.15 . We obtain all B in the same

iy
way. Thus we have the control function of example 3.1 in
fig (3.1). Similarly we obtain the control function of example
3.2 which is shown In fig (3.2).
Finally we wish to calculate the final state Y(.) corresponding
to the desired final state g(.) in example 3.1, by using the
plecewise constant control function u(.) in example 3.1. Let
Y(x) = d,. where

1

d = fou(t) dt = £ u =0.10072,

thus we have H#Y(.) =~ g(. )l = 0.00072. Also let Yi(') be

L0, 0
the final state corresponding to the desired final state g1(.) in
example 3.2, by using plecewise constant control function u, in

example 3.2. Therefore let Y‘(x) = d1 cos(nx), where

o ! 2
d = ’J;w1[(t’ u‘)]dt = 2J;expl-n (1-t)) u‘(t)dt

s0 we have

t2(0,1)

iy,(.) - g (. = 0.008.,
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3.8 A linear program for determining an optimal control for the

diffusion equation in two dimensions

We assume T = [0,1] X J X [-1,1] where J = [0,T] and let
+

S1 = { peXN(r): p(1) s T }.
+

s2 = {u e N (r) : H(Fn) = Cn ’ n 112» “ve }r (3.8)

S3 = { [T ¥ : u(F) = S h € C(Q) and independent of u },

where Cp N = 1,2,... are the Fourler coefficients of
g(x),x € w. In this section v is an open reglion in the plane, and
8w e C'. We have defined Cp h € C(T'), in chapter 2, where
h(.,.,u) is independent of u, and only dependson (x,t). In
chapter 2, we defined I =[0,1] X [0,T] X [-1,1], and assumed

Q’= S1 Nn S. n S., and we showed that the control problem of the

2 3’
diffusion equation in two dimensions can be reduced to finding a
measurable control, uly,t) € [-1,1] ,(y,t) € 8w X [0,T] which

satisfies

T 1 -
c_ = I I F (s,t,uls,t)) ds.dt n=1, 2 ,...
n n

where u(s,t) = u(g,(s),£,(s),t), t € [0,T], s € [0,1], such that

y = (gl(s),gz(s)) is the parametric equation of 68w and,

-A .t l

Fn(s.t.u) = -(aan / av)(El(s).Ez(s)) e 51 *52 .u,
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for n=1,2,...

Proposition (2.1) in Chapter 2 claims: The measure theoretical

control problem, which consists of finding the minimum of the

functional
peqQ au(fo) € R,

over the subset Q’ of H+(l"), possesses a minimizing u.. say, a

measure in Q’.

Now we define hi(""U) on [0,1] X [0,T] as follows:

h”(s,t,u) = 1, (s,t) € Ji (3.9)

J
= 0, otherwise

1
where J” = ((1-1)d,1d) ¥ ((J-1)d4’,Jd’) such that d = —,
K
T
d == and 1 =0,1,...,K, J=0,1,...,L. [Here we assumed

L
that the interval [0,1] on s - axis has been divided into K

equal subintervals, and the interval J = [0,1] on t - axis into

L equal subintervals]

Remark : The linear combinations of the functions h”,

approximate a function arbltrary well |in cz(r) where

can

r=1(o,1) x {o,T] x [~-1,1], | Cz(l"). is the subspace of C(f1),
which dependsonly on the variableé. s, and t.]. This means that
for h € C(I') there exists a sequence, (h”). of functions in
the subspace spanned by the functions h (.,.,u) defined in

1)
(3.9), such that

h”(s.t.u) 4 his,t,u)



uniformly when i, and J, tend to infinity; see HEWITT and

STROMBERY (1], (page 153). The functions h‘, are not continuous;

J
however, each of the h”, i =01,... ,J=0,1,..., is the limit

of an increasing sequence of positive continuous functions

{h . .}

otk [this notation means that this 1s a sequence of the

integer variable k and the other integer variables 1 and J are

fixed ], then if p is any positive Radon measure, on I', we have
p(h”) = ltm(h”.kL

Proposition (3.3) Consider the following linear program which
consists of minimizing the function pu - u(fo). over the set

Q'(MI'MZ'M3) of measures in N (I) satisfying

u(Fn) =c n= 1,2.....M1.

u(h‘j) = chij v 1 = 0'1|v-‘I‘M2D

J =01, My

t
As Ml‘ M2' and HB tend to infinity

n(Ml'MZ'MB) = 1?f p(fo)

QM M, 1)

tends to

n = inf u(fo).
Q



58

Proof This proposition is an extension of proposition (3.1),
where instead of the set Q(MI'MZ) in that proposition, here we
have Q'(MI'MZ'MB) and {instead of n(Ml.Mz) here we defined
n(Ml’MZ'MB)' so its proof 1is similar to the proof of

proposition (3.1).0

Remark: It is possible to characterise a measure 1in the set

Q'(M1'M2'M§) at which the linear functional
T u(fo)

attalns its minimum; it follows from a result of ROSENBLOOM [1],
which is shown in RUBIO [1]. The following proposition is an
extension of the proposition (3.2), and its proof is similar to
the prooof of that proposition.nD

Proposition (3.4) The measure u'. in the set Q’(MI,MZ.Ms), at
which the functional g = u(fo) attains its minimum has the

following form

M *Nzﬂis

1

L 4

H = Z ak.S(Zk).

k=1

where Z, € T' = [0,1] X [0,T] X [-1,1], the coefficients 20, k
= 1, 2,...,M1+M2+M3. and 8 a unitary atomic measure with subport

the singleton set {2}, which we show by &(2) € ¥'(Q) and is

characterzed by’

8(zZ)F = F(2), FecC(r), 2er
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Now let P(MI’MZ’M:}’C)' be the following sets of inequadlities

o, 20, 1=1,2,...,N

N
- - = N
€ sjaaj.l-‘i(zj) c, sg, 1 =12 1

" ik
¢ s ¥ a.h (Zj) -c

se, 1=1,2,...,4
je1

k
hi

k = 1.2,...,M3.

Theorem (3.4) For every € > 0, the problem of minimizing the

),[where 2 €6, J=12,...,Nand 6, is a

N
function ¥ « .f(2 j

j=1 J
dense subset of I ] on the set P(MI,MZ,Hs.c). has a solution

for N = N(e), sufficiently large .The solution satisfles

N
n(M M, M) + ple) sf,“}’fo(zj)'s (MM, M) + e

where p(e), tends to zero, as ¢, tend to zero.

Proof The proof is similar to the proof of theorem (III.1),

(RUBIO, [1]).0

As we described in section 3.2 we decide to take the parameter ¢
in Proposition (3.4) as zero. Therefore the linear programming

problem consists of minimizing the linear forn,

N
Ta .fo(Z ),
J=1

i i

over the set of coefficlents o« 20, J=1,2,...,N, such that

]
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]
= = D"'OM ’
l?1«31"‘(23) c, §=1,2 1

N
Tankl(z)=c , k=12,...,M, (3.10)
J i kl
jei h
1 = 1,2,0!O|M3!
F 4 u "
p(1) = T a .1(21) =3 “j =T,
jey | je

or equivalently, we are looking for a solution of the following

linear programming problen, which consists of minimizing the

linear form,

N+l
S arf(2)
jod 01

over the set of coefficlients o 20, J=1,2,...,N+1, such that

W+ ) y
E'aJFi(ZI) = c‘, 1 =1,2,...y 1’

oy okl 1,2
EeptiEp ey k=121,

where

Ba' —Ant ]-—7;-—-"";—2-
F‘(Z) = F‘(s,t,u) Y (El(s).Ez(s)).e AT 4 £,° .u.
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here x = El(s), y = Ez(s) (s € [0,1]) is the equation of the
boundary of the region w, in' the xy-plane, we have chosen one

slack varlable o, so as to put all linear constraints 1in

Net’
equality form; that is, the last inequality in (3.10) changesto

¥
12.:1051 o = T, (&, 20 ).

Example 3.3 In this example let w be the rectangle {o,n) X [O,n],
in the xy-plane; we assume T=1, s0 that
r=1[0,1) x [0,1) X [-1,1]. We divide the set [0,1]) X [0,1], in
the st-plane into 64 equal subrectangles and we divide the set
{-1,1], into 15 equal subintervals, so the set T is divided inio
8960 equal subsets. Our linear programing p!foblem then consists of
minimizing the following real function
960

> a

£(2)
jer 20

§ i

over the set of coefficients al 20, J=1,2,...,960, such that

¢61
E,aipi(zf) =c. 1=12...M, .

9261

£af, (2)=cth k=120 (3.11)
J=1
» 1 = 1.2,....M3.
961
a =T

I=1
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that the

We prove ,slack variable 1%1 is zero. Next we choose the

criterion function, {o, a known function, and also we specify

the final state function g(x). Let c, 1 = 1,2,..., be the

Fourier coefficients of the function g(x) in terms of the

[+ ]
orthonormal eigenfunctions ak(x). That is let g(x) = I ck.ak(x).
k=1
We define the functions f;l s as follows,
fu(s.t.u) =1, (s,t) € Jkl
= 0, otherwlse,
1 1
where J = ((k-1)d, kd) X ((1-1)d’, 1d’), d = X =T k
=1,2,...,X, 1 =1,2,...,L. We choose for example K= L = g,
1
therefore d = d’ = g S° k=12,...,8,1=12,...,8 and c“, is

the integral of the functions f ., over J,» that is

K 1.1 1d’ kd
¢’ = I f £ (s, t)ds.dt = j I 1ds.dt = d’d,
6”0 kl (L-1)d’ " (k-1)d

or
' = (1/8)(1/8) = 1,64, k=1,2,...,8and 1 = 1,2,...,8.

As we mentioned before we divide the interval [~1,1] on the u

axls into 15 equal subintervals, and we choose the u,s as

follows:

u, =u, = .., =u64=~14/15.

u = y = ,,, = “128 = =-12/15;
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in general we defline

= (2k-14)/15, k =0,1,...,14.

=
Yoot = Yoake2 = 00 T Yeucken)

Also we choose sk as follows

si=sz-.... -58=565=s“= ...="='~72 Sger = =So0
= 1/16.
In general we have
voeosls = 1,2,...,8
S gaesio] = (21+1)/7186. for 1 = 0,1 J and
k=0,1,...,14.

We choose

= = == = = ,,, = 1/18. i = 0,1....,7
t1 to tw cne tu.mm

k=0,1,...,14

or In general

Cowm - = 1,2.0-0'8. 1 =O'1’unq’7.
t(,““a“j (25-1)716, for

k=0,1,...,14,

By definition of the functions' fkl and due to the cholce¢f the

s; s and t‘]s we have for k = 1,...,8 and 1 = 1,...,8 the

following correspondence,
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(s, t) (s o t

{ k 6artB(L-1)+k “m&(l-ﬂ*k)

for all n = 0,1,...,14, k = 1,2,...,8, and 1 = 1,2,...,8,
Therefore we have
) =1,

f
lk(sl' tk) = ftk(su.mau-nok ' t64m8(l-1)0k

&,

flk(' ,.) =0, otherwise,

So we have the following equations

, t
a1f1}1(s1.t1) + azfu(sz.tz) + ... +a960fu(s%0 %0) = 1/64

aifkl(srt’) + aszl(sz,tz) oo +u960fu(s%°. tm) = 1/64-

) . + '
afy g(spt)) + “zfa,a(sz’tz) o %eal 8,8 Sos’ Logo)

= 1/64,

where k = 1,2,...,8 and 1 = 1,2,...,8. We substitute the value

of fkl in the above system of linear equations giving

+ ' + ... +« = 1/64,
At @t Ry e P Ehlne 897

+ +. ... ¢
“8ct-1)ek % aieBL-1)+k

+ =1/64
“&mscmm MEER %t 14+8(1- 1)k 1 ’

* +... + L]
o« + a + a + ... a&‘n “960 = 1/64
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If we add mll the equations in the above system we obtaln

960 64
Sa =% 1/64 = 1.
je1 ) gen

961
Now we compare the above equality with the constraint L« =1 in
=1

(3.11); we conclude, o =0, that 1s, the only one slack

961
unknown %oy is zero and the other 860, variables are
nonnegative. Now in this example ve choose

g(x,y) = 0.1((2/n).sinx.siny); in the next section we calculate
the functions F'(.....), and we assume f (s,t,u) = W, so our
linear programming problem is as follows:

Minimize

960

ZIaju;
j=1

over the set of coefficients aj 20, J=1,2,...,960, such that,

960 -t

¥ a.8.5in(ns ). e . u = 0.1

je1 J b} i

960 . ’(20/"!)tj

z aj.[4(351n(1tsj) + sin(SnsJ)].e = 0.0
j=1

960 =(36/1)]

¥ «.24.8in(3ns ). e .u = 0.0

=1 J J J

960 : : -to/me,

z aj.8.[251n(2nsj) - sin(Aus])l.e = 0.0

J=y
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+ ... ¢ + ...
6s T %129 ®sinet vy = 1764,

o +
8(L-1)+k “wau-mk

« ...+
S4mB(1-1)+k PR PRIV ALY

+ + + .. * + ... ¢ .
eat %128 T %29 T - %gan %o = 1/B4

In example (3.3) we have assumed the region w to be the rectangle
{0,n] X [O,n]). Now we find a sequence of functions (an(x,y)), n

=1,2,..., the set of orthonormal eigenfunctions of the problem

u +u +Aau=0, (xy) €w ulxy) =0 (xy) e du
XX Yy

The corresponding eigenvalues An are

A, = (/m1% 1?) = am A = (2/n)(3%+ 2%) = 26/n
A, = (2/m (1% 2%) = 10/n A, = (2/m)(1%+ 4%) = 3a/n
A, = (2/m)(2% 2%) = 16/n A, = (2/m)(3%+ 3%) = 36/n
A, = (/m (1 3%) = 20/x A, = (2/m)(2%+ 4%) = g0/

Now we define the functions ak(...). k=1,2,..., corresponding

to the above eigenvalues Ak as follows

al(x.y) = (2/n).s8in(x).sin(y) : az(x,y) = (2/n).sin(x).sin(2y)
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a,(x,y) = (2/x).sin(2x).sin(y) 8, (x,y) = (2/n).sin(x).8sin(3y)
as(x.y) = (2/n).sin(3x).sin(2y) as(x,y) = (2/n).sin(x).sin(4y)

a,(x,y) = {(2/n).sin(3x).sin(3y) a8(x.y) = (2/n).sin(2x).sin(4y)

,
It is easily seen that the above functions al(.,.), are
n

solutions of the following problem
U tut Au=0, (x,y) € w; ulx,y) =0, (x,y) € 8u,
with the corresponding elgenvalues An. n=12,... . It is easy

to show the functions an{.,.). n=12,..., are orthonormal. Now

we calculate the following functions on dw

aan -A (1-t)]—-;-2--—-—-;-5
Fn(S.t.u) = (*-](Ei(s).ﬁz(s)).e §,° + £,° .u.
v
8an
First we calculate the functions [""‘""}(x,y), n = 1,2,...,
' v

(x‘.y) € 8w, where w is the following rectangle:

v = (0,1)
d w3
voE(-1,0) € a“’;m dw2ls v s (1,0
-’
"

v o= (0,-1)

Therefore we have 8w = 8wl U 8u2 U 8w3 U 8wd, where 8uwl,
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i1=1,23,4, have been shown 1in the above figure; the equations

of 8wi, {1 =1,2,3,4, are:

61(5) = ns 51(5) = n
dwl: R duw2: ,
Ez(s) = 0 EZ(S) = ns
El(s) = n{1-s) EI(S) =0
dw3: . fwd: ,
E.'z(s) =q Ez(s) = n(1-s)
where s € [0,1].
da
Now we may calculate the functions, [““—n](ﬁl(s).ﬁz(s)).
av

s € [0,1], for n=1,2,..., on 8w, as follows

da
[“J](Ells).les)) = [{2/n)sin{ns).cos(0)]}(-1)
av

+ [(2/n)cos(ns).sin{ns) (1) + {(2/n)sin(ns).cos(n)]1(1)

+ [(2/n)cos(0).sin(ns)](~-1)

da
or {—-’](€1(S).52(93) = (-8/n)sin(ns), s € [0,1], also we have
v

'2 ‘2 2
161 + 52 = n, thus

35‘ 'R‘ﬂ-t) 1 "2 72
Fl(s.t.u) = [—«-](61(5).62(s)) e . 61 +£,°
8v
-tsrn)(t-t)'

= -8sin{ns).e .u, (s,t) € [0,1]) X [0,1].
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In general we have ak(x.y) = (2/n)sin(mx)sin(ny), for some

positive integers m, and n. Henceforth we assume
da
b(.,.) = [—-—"](...). where k = 1,2,..., and v = (v,v), Is
k av 172

the outward normal derivative to 38w, therefore we have
b (§,(s),§,(s)) = 3l (2/n)sin(mx)sin(ny)]/8v
= {(2m/n)cos(mx)sin(ny)]v1 + [(2n/n)sin(mx)cos(ny)]vt

By substituting the values of Ve Vo on dwi, 1 =1,2,3,4, we

may write
b (§,(s),&,(s)) = ~(2n/m)sin(mns) [1+(-1)™"]
+ (2m/m)sin(nns){(-1)™(-1)"].

Note:

(1) If both mand n, are odd or even and n # m, then
bk(Elis).EZ(s)) * 0.

(II) If n and m are odd, and n = m, then bk(El(s).Ez(s)) # 0.

In other cases bk(51(5)’§2(5)) = 0.

Therefore we conclude:

~C4/TI(T-t)
(1) FIKS.t.u) = -8sin{ns).e .u

(2) Fyls,t,u) s‘rjts.t.u):s Fg(s,t,u) = Fgls,t,u) = 0
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(4) F7(s,t,u) = -24sin(3ns).e GO

(5) Fa(s.t.u) = -8[2sin(2ns) - sin(4ns)].e “O/MNT-0)

Now we have the following computational results:

Cost function_ = 0.1463, and CPU time = 18.08 seconds. We
construct a plecewise constant control function similar to the
one-dimension case for this example. The graph of control

function in su-plane is shown in Fig (3.3).
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CHAPTER 4
Optimal control problem for the one-dimensional diffusion

equation with generalised control variables.

4.1 Introduction
In this chapter we consider again the one dimensional diffusion

equation
Yxx(x.t) = Yt(x.t). (x,t) € (0,1) X (0,T) (4.1)
with boundary conditions
Yx(O.t) =0, t € [0,T]
Yx(l,t) = u(t), t € [0,T] (4.2)
Y(x,0) = 0, x € [0,1]

where u(.) {s the control function.
It is desired to choose u(.) € L}(O,T). such that Y(.,T) = g(x)

in Lz(o.l) and the function

u - J(u)

is minimized (we specify the function J(.) later). Llet g(.)

€ L2(0.1) be the desired final state, with the half-range Fourler
series as follows:
o0

g(x) = g ancos(nnx).
‘ns0
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RUBIO and WILSON [1] have shown that a solution of (4.1) with
boundary conditions (4.2) corresponding to a control
u(.) € LZ(O,T), satisfing the terminal condition Y(.,T) = g(x)

in Lz(O,l) also satisfles
\
J’o $ (thu(t)dt = a, n=0,1,... - (4.3)
with
¢n(t) = exp(-nznzfr~t)]. t € [0,T], n=0,1,...

It is apparent from (4.3) that the problem of attaining a given
state g(.) at time T can be studied by considering the moment
problem (4.3). From results of Fattorini and Russell[1], it can
be shown that there 1§ a control u(.) € Lz(O,T) satisfying (4.3)

if there is a constant C so that the moments @ satisfy
2.2
]an] s C exp(-n"n"). n =0,1,.., (4.3)

There are, however, many functions in LZ(O.I) whose moments do

not decrease with n as rapldly as this condition requires, for

example

_ © \
f(x) = £ (1/n%)cos(nnx)

n=0

RUBIO and WILSON [1] assumed ¥ be the space of real-valued

functions infinitely differentiable on [0,T] such that
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sup |Dlg(t)| s ¢ L,
(o,T

for some constants C, L. ¥ was endowed with the LF-toplogy and S
was assumed to be the dual of the space ¥. In S a solution was
found to the problem of moments. Proposition (VIII.4) of RUBIO
and WILSON {1] shows that the following linear functional s on %

defined in (4.5) is in S

L]
s(p) = £ (-D'%u(D%), (4.5)
k=0
for all ¢ € ¥, where 4, k = 0,1,... are Radon measures on
[0,T] such that
ok
gL dlul < (4.6)
k=0 “[0,T]

for all L 2 0. If s satisfies (4.5) for all ¢ € %, it is

denoted by

2 ok
s = ED#.‘- (4.7)
k0

In proposition (VIII.S) in the above reference, they find an
atomless s € S such that s(¢n) =a, n=01,... . In other

words, it was proved that the set

s = {s € S : s(¢n) = a, n=201..., 8 1is of the form
s
(4.5), the measures M k = 0,1,... assoclated

o
with it are atomless and & LRJ‘ d]ykl < eo}
ks0 “[o,7)
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is non-empty, where a, n = 0,1,... are the cosine Fourier
coefficlents of the desired final state. RUBIO and WILSON showed
then that the problem of moments has a solution in S; they also
introduced a sequence of controls in L?(O,T) which approximate
s € S.

We consider now the following correspondence

-]
s=2ﬂﬂ65«wwﬂ.n.mw.uh (4.8)
k=0

where

- K
> LI dlu | < =, (4.9)
k=0 “fo,7)

for all L 2 0. We show in appendix A.4 that the correspondence
(4.8) 1s in fact an injection. Thus, from (4.8) it is possible to
indentify any element of S with a sequence (“k)’ of Radon
measures on [0,T]. So henceforth we wuse the notation
s = (uk} € S. [We mention here that it is easier to use the

inequality (4.8) in the following equivalent form

o
p> L"lukl < (4.10)
k=0

for all L =2 O. Note that we used the fact that

ﬂpku = ]ukl(1) = dl?kl; see for example (CHOQUET [1] p.218)1.
o,

By Theorem 13-21 of APOSTOL [1] we can obtain an equivalent

condition to the condition (4.10) as follows,
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lim sup #pu pVk = 0,
k k

which in turn is equivalent to the following:

lim upkn"“ = 0, (4.11)
['4

since by definition 12.2 of the above reference, lim sup npgﬂ’k
k

= 0 if and only If for every € > O there exists an integer K
such that k> K implies Iui'* < € this condition is the

definition of 1lim nuku”k = 0.
k

By definition of s, e have, then, that s = (“w’ﬁ""'“w"-’

€ sg, if and only if

(1) st¢) = § (-0’2 8) =a, n=o0,1,..
k=0

(2) im tpsV* = 0.
K k

We have shown in appendix (B.4) that the space S 1is a linear

space. Now let J be an objective functional on S, For example let

o
J(s) = Z Hukﬂ.
ks0

where g = (“o"ﬂ' .ev WB, -+- ) € S. It is apparent that J is
o0
well defined, since & g <
| k=0 ~
The reason that we have chosen J{.) in the above form is that, If

the classicél control problem consists of finding a control u(.)
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which minimizes the functional

I{u(.)] = f luCt) ldt = nun

{0, T] 1(0,7)

then we can deflne the assoclated measure “J

ydu =

| [ w(thult)dt, ¢ e 3,
to,7) Y “J10,71

thus,

Iuf = (1) = I diu | = f lu(t) [dt = i

(0,T] [0,T] o

Therefore the above obJjective functlonal J(.) is indeed a true
extension of the functional I(.).
We show in this chapter that:

(1) For positive integers K,N,L, and a positive number ¢ we have

Kt KL
inf z ﬂvkﬂ = lim inf b "“k"
Q(K,N,L) k=1 e>0+Q, (K,N,L) k=0

where QC(K,N,L) {s the set of all (uo.p'....,pn.a) [we define

0 e . .0,0,...
(uo.u1....,un,0) = (”o'"l’ B )] such that

. KL .
(a) | £ (-0n%)'u(8) - el <eon=0,1...,N
k=1

(b) upkn”“ < 1/K, (K-1)L < k s KL.

and Q(K,N,L) 1s the set of all (uo.u‘....,un.a) of Radon
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measures such that

KL
cy . g (—l)k(n"”tz)k uk(¢n) =a, for n=0,1,...,N
k=0

(d) upku"" < 1/k, for (K-1)L < k = KL.

(11) For positive integers K, N, L,

inf afllull = lim Inf “:_"cuuu
Q(N) k=0 Kso Q(K,N,L) «ks0 X

where Q(N) is the set of all (”0’“1""'”k"' .) such that

©
k21(-1)"(n’uz)"ukwﬂ) =a, n=0,1,..,N,

1im uuku”k = 0.
k-®

(111) We show next

w0 -]
inf X fipl =1lim Inf b llukll
s ks0 e Q(N) «k=o
]

o K
(1v) Let & = {nf Z Mpl. We approximate 6 by Inf s,
s k=0 PC(K.N) k=0
9

where Pc(K,N) is the set of all (”o'"1"‘°’"x'6)' such that each

of p_1s a discrete measure on (0,T], and

KLk, 2. 2.k |
| T (-1)"(n"x") ukwn) - aﬂl <e, n=0,1,...,N, (4.12)
k=1
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[e is agiven positive number and K and N are sufficiently large
positive integers].

(v) We transfer the above problem to the one which consists of
the minimization of a linear function over a set of linear
constraints in finite dimensional space.

(vi) Finally, we use the sequence of control functions
introduced in chapter {S), and show, through several examples,

that we can reach . different final states with a rather good

approximation,
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(4.2) A scheme for determining the infimum of the objective

function

In this section we show that

XL KL
inf ¥ !!pkll = lim [inf T u],
Q k=0 €904 Q‘(e) k=0

where K, L are positive integers, N 1s a nonnegative integer,
€ >0, and Q‘(e) 8 Q(K,N,L,e) s the set of all sequences

(“0'“1’ cen ,pn.a) of Radon measures such that

Lk 2.2.k
(1) |2 (-1)n"n") pmlg) -« | <€ forn=0,1,..,N
k=0

(11) upku”“ < 1/k, for (K-1)L < k s KL,

and Q = Q(K,N,L) is the set of all sequences (uo.ui.....un,a) of

Radon measures such that

Kt k, 22,k
(111) & (-1)"(n"n") ytwn) =a, forn=20,1,...,N
k=0

(1v) nuku"“ < 1/k, for (K-1)L < k = KL.

First we show in lemma (4.1) the sequence (Q(K.N.L,e)}x' is

non-decreasing.

Lemma (4.1)  Q(K.N,L,e) ¢ Q(K+1,N,L,¢)

Proof It is seen that any element (Bgobyoo oo rb 2 0) € QUK N, Ly€)
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is an element of Q(K+1,N,L,¢):

L(K+1)
(1) [ 2D D p8) - a |
k=0

KL
= |Z 0 n ) - a | <e forn=0,1,...,N.
k=0 k 'n n

(11) uukn”" = 0 < 1/k+1, for (K-1)L < k = KL.@

Remark It is shown in appendix (C.4) that Q(K,N,L,e) is non-empty
for any nonnegative integers K, N, L, and ¢ > 0.

Now we define

€ (e) = inf Z“u“ (4.13)
Kt Q (e) k=0

where Q (e) = Q(K,N,L,£). Now in lemma (4.2) we show the sequence
(E‘,“'L(e)}‘, is non-increasing:

Lemma (4.2) equ (e) = EK’.'L(C), when N, L, and € are fixed
and K takes value 1,2,...

Proof In lemma (4.1) we showed Q(K,N,L,e) < Q(K+1,N,L,¢),

therefore we have

o [+
inf Z pl s inf z i, (4.14)
Q(e) k=0 Q(e) xkso
£+1 1 4

where Q‘(c) = Q(K,N,L,e), for K = 1,2,,.. . But by definitlion (4.13)

we conclude from (4.14) that
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E“"“‘L(e) s EK‘"'L(C) (4.15)
We show in appendix (C.4) that Q‘ = Q(K,N,L) is non-empty so the

following definition is meaningful:

o
£ = inf $ lpl (4.18)
K, N, L QK k=0 k

In the following we intend to obtain a relationship between

§ and £

-, L(t:); therefore we prove the following lemma.

Lemma (4.3) Q(K,N,L) = Q(K,N,L,e).
e>0

Proof It follows from the definitions of Q(K,N,L) and Q(K.N,L,¢)

that for any € > O,
Q(K,N,L) ¢ Q(K,N,L,€), (4.17)

since if (po.ui....,un,a) € Q(K,N,L) then we have

k2 2k
(1) | (D" p (8) - | =0<e; foranye>0
k=0

(11) "“g"w < 17K, for L(K - 1) < k s LK,

then (po.p‘.....pn.a)EQ(K.N.L.:) for any € > 0. Now we
provecgoQ(K.N.L,c) c Q(K,N,L), S0 let - (uo,u‘...-.un.O)

< n Q(K,N,L); then we have
>0
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k2 20k
(a) |2 (-1)°(n°n")" p(p) - «| < € for any € >0, and all
k=0

naoalo-'-an

(b) npkn"" < 1/K, for L(K-1) <k s LK,

KL |
We conclude that |Z (-1)*(n?t)* B(¢) - a| =0. If not, let
k=0

KL
| (-1)"(112,[2)k pk(¢n) - an] =¢ >0, then the above condition
k=0

(a) also should be valid for €/2, this means that ¢ =

ok 220k
12 (-1)*(nnY)" p(8) - «| <e2, for all n=0,1,...,N or
k=0

£ < £/2, which is a contradiction. So the above conditions (a) and
(b) can be written in the following equivalent conditions (c) and

(d);

KL
k, 2.2,k - -
() f.g-l) (n“x%) ;%(¢n) «; n 0,1,...,N

(d) nuku"“ < /K, for L(K - 1) <k s LK,

therefore by definition of Q(K,N,L} we conclude that

0 ,L).o
(“olu1’$t"uKL‘0) e Q(K’N L)
Now we defline another set Q(N), which we will use later, as the

set of all (“o'“1""'“k"") of Radon measures such that

-]
ko 2 2.k = . = ey
(a) E.g"l) (nn ) “k(¢ﬂ) aﬂ' n 0,1, N

(b) lim i /® = 0.
k k :

We have the following lemma:
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Lemma (4.4) Q(K,N,L) < Q(N) for all positive integers K, L, and all
non-negative integers N.
Proof Let ("o'“i""’"n’m € Q(K,N,L), then ("o'“f"""n.’m

€ Q(N), since

© Ki
k2 2,k e (qy ke 2 2.k o
(1) E-g—l) (nn®) uk(o&n) = f,g 1) (n°n®) #is) =a,

(I1) lim Ilukll”k = 0, because H, =2 0, for all k > KL.o
k

In the next lemma we show that

) = 1im € ), {4.18)
K N,L €904 KN,L

exists. Then we show that ex,u,L: gx,n,L‘ [glc,n,L' and

E‘" L(t:), were defined in (4.13) and (4.16)].

Leama  (4.5) Bx,n,xsiin;’ Cewn® exists and GK.I.L=€K..N.L'

where 0 , has been defined in (4.18).

Proof We showed in (4.17) that Q(X,N,L) ¢ Q(K,N,L,e) for all

positive integers K, N, L, and € > O. Therefore

o o0
inf  Eipd s inf Tl

QR(C) k=0 Qk ks0

thus by definition we have
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6‘.,'L(e) S EK',’L (4.19)

for all € > 0. Now let 0 < :1 < cz’ then

Q(K.N.L.e,') c Q(K.N,L,cz), (4.20)

(see definition of Q(K,N,L,e), in the begining of section (4.2))

therefore from (4.20) and the definition of €K . L(t:) we conclude

0= EK,N,L(CZ) * Ea(,u,L(':1)'

Therefore £ (e), as a functlion of €, 1s non-increasing; since

K,N,L
it bounded from above, it hasalimit as € 5 0+ that is

9"“'L = 1im 5.:,»,6‘” exists. Now we - prove GK,N.L = gK‘"'L.
e—+o+
From (4.19) we have E‘“(c) s EHL for all & > 0, therefore
N and L,
1im EK,R,L(C) s Er,n.t’ for all K, and L, or
E-)X0+
) s € . (4.21)

N, L KN, L

Since €K (¢) as a function of € is non-increasing, then for any

€ > 0, we have

£ (e) s o .

KL KN L

©
but by (4.16) we defined Equ(C) = inf Zﬂukﬂ. where
o Qxie) k=0

Q‘(c) = Q(K,N,L,e), therefore

o« g : . !
inf Ziph so , : (4.22)
Q‘(c) kel L



88

[+ ]
for all € > 0, thus from (4.22) we conclude inf RN
N QK(E) k=0
€>0
s 6““. where by definition, Qx(c) ®= n Q(K,N,L,e).We showed in
[ At c)o

lemma (4.3) that  Q(K,N,L,e) = Q(K,N,L), therefore
€>0

[+ +]
inf £ Huku s eK‘

’

N,L
Qx k=0
where QK #= Q(K,N,L). Or by definition
E‘,N,L s GK,“,L‘ (4.23)
From {4.21) and (4.23) we conclude
£ = 0 .0 (4.24)
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4.3 Approximation of the infimum of the objective function when
the cosine Fourler series of the desired final state ig a finite
summation.

]

Let g(x) = Zancos(mtx), where N Is an arblitrary non-negative
nzp

integer. We will show that for any positive integer L

[ ] -]
inf T iplh = liminf & ﬂukll, (4.258)
Q(N) k=0 4 QK k=0

where Q‘ = Q(K,N,L), Q(N) was defined as the set of all sequences

(uo,u‘,...,uk,...) of Radon measures such that
- Kk, 2.2,k

(a) £ (1) (n"n"%) pk(¢n) =a; n= 0,1,...,N
k=0

(b) lim Ilukﬂ”k = 0.
k

o
We show in appendix (C.4) that Q(N) 1s nonempty, so inf I ipll
Q(N) «=0

is meaningful. First we show that lim f;" WL exlsts,
K 1 &

Lemma (4.6) For arbitrary K, Nand L

s
£ Ex,u,t'

Kel ¥, L

where £ was defined in (4.16]).

KN, L

Proof: From leknrxma’ (4.2) we have £ (Cb) s 5"“’L(E). for all

Ke1,M,L

e > 0. Thererorfe :
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Lim EK* (e) s 1im Ex “L(e),

€30+ L €50+
or, by definition
em.m s e“'L. (4.28)
But we showed in lemma (4.5) that Gx" L = €‘N'3 therefore we

may express (4.26) in the following form

€K+1,I,L < Ex,n.t’u (4.27)

In lemma (4.8) we showed that the sequence {E“‘L}K is

non-increasing when N and L are fixed, and it is bounded from

below by 0. Now let

'n“t‘- = lim sK'NlL’ (4‘27I)
[+

6 =inf T lpl. (4.27'")
Q(N) k=0

With the above notations we can restate (4.25) in the following

equlvalent form

eu = nu,t'

| ® |
We remember that £ = inf ZUpW. It may appear that n

Qx k=0

= 1im €
M)
is independent of the value L 2 1; In other words we shall show

_ depends on the value of L, but we shall show that {t
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that for any fixed L 2 1, we have 9“ =7 First we prove the

L
following lemma which we will use later in this section.

2.2
Lemma (4.7) Let ¢n(t) = e'"'”'”. where n=1,2,...,N (N is a

fixed positive integer) and t € [0,T]. Let t, < b, <. < t, be

defined by t:i = }.A, where A = T/N, and | = 1,2,...,N. Then the

following matrix

-

.
¢1(t1) ¢1(t2) ¢1(t”)

S.(t) ¢.(t) ... ¢.(t)
N L (4.28)

p=
L}

At Bl gt

is nonsingular.

2
-n nz(T-t)
»

Proof It is appearent that the functions ¢n(t) = e n

2
=1,2,...,N are linearly Independent since if we let e 'V

2
= X, then ¢ (t) = X", n=1,2,...,N, are linearly independent;

therefore the above matrix ¢ is nonsingular.no

Note Let D = ¢ ' have elements d;- Ve define

c = T Z (Idul/,jZk]. (4.29)

which we will use in the following lemma.

Lemma (4.8) Let a, n = 1,2,...,N be N, real numbers such that
e | <1, for n = 1,2,...,N, and let k be a fixed positive

integer. Then there exists a Radon measure vk such that
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2.2
vk(¢n) =a / (nn®), for n=1,2,...,N,

2 2
where ¢ (t) = e " (8 ang i sc [/

N
Proof We look for v as a measure of the fornm v, = z b3t ),
’ i=1

where t* = {5, 1 =1,2,...N, A = T/N, and bi' 1 =1,2,...,N, are
unknowns to be determined. By assumption we must have vk(¢n)

N
an/(nznz), n=1,2...,N or [Zbia(ti)]wn) = an/(nznz)k,

i=1
N
=1,2,...,N. Therefore we have Sbi¢ (t) = a"/(nznz)k, for n
=1 n i
=1,2,...,N. Then we have the following system of linear
equatlions
2k
b (t) + b (L) + ...+ b (t) =a /7, n=1,2...,N,
or we have
( ‘ r'b ’ ra. 2k ’
8,(t) @ (t) ... g (t) : iy
b a 2k
¢z(t1) ¢2(t2) ¢2(t") .z . '2/(2” (4.30)
; . ; b a 2

or ¢ b = c, where b and ¢ are respectlvely column vectors (b1""‘bu) and

2%k 2k
(a|/ (2n) ,..,.a./ (N2)).

We showed the matrix ¢ to be non-singular and we defined D = ¢

- (d”). so b = D.¢c, or
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. 2% %, ¢
b, =j§:1d”[aj/(Jx) ] = (1/n )51 [dU oj/JZR}, for 1

"
Thus |b‘] < (1/tzk) P [ldlll l'jl/JZ*]' But by assumption
i
N
2k
|aj| <1, for § =1,2,...,N, so ]bll s (1/n )E1 [Idul/‘f“]- for

1 = 1,2,...,N. Therefore by using the above inequality we have
N N NN
2k
v i = d 2k}, or since C = d .
= )f,f,[l ul /s ] K g,f,[' U'/JZ"]

2
v il s c/n.o

Now we define a norm on [N, where M 1s the set of all Radon
i

measures on [0,T], and we define a new set, which will be used
for defining a topology which will be introduced in the following

lemmas. Let

< [ ]
2={(p.p....,u,...)e nH ;leu|l<m};
o' k (=1 oo K

we show in appendix (B.4) that £ is a llnear space. We define the

function Il.ul. on £, as follows

Il.lll: Z-5R,

«©

such that for any z = (M M. 0B, veer) €2, d2) o= Eiun. We
kst

have shown in appendix (C.4) that the functlon u.u‘, is a norm on
£,

Note It 1is apparent that Q(N) c ¥, to see this let

(uo,u‘.....uk....)GQ(N). iim Iuklim‘ = 0, or equivalently

k
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-] [ ]
z L Ilukll < w for all L 2 0; so for L = 1, we conclude % llukll
k=0 k=0

< w, and Q(N) c £.
In lemma (4.4) we showed that Q(K,N,L) < Q(N), for all K, N, and

o
L, so UQ(K,N,L) ¢ Q(N), but in general Q(N) is not a subset of
k=0

[}
UQ(K,N,L). As an example we mention the element
k=0
(“o’”V""uk"”)’ introduced in the Proposition VIII.5, of

RUBIO and WILSON [1], where they have chosen the following

measures p,, k =0,1,...:

T
I ¢dp = j' () (1/k) (-1 u(t)dt, ¢ e F.
o, N k 0

We know prove the following lemma which we will use in the final
lemma of this section.

-
Lemma (4.8) For any Integer L 2 0, Q(N) ¢ U Q(K,N,L).
K=0

Proof Let A denote the closure of the set A with respect to

norm-I topology. Also let z = mu'“t""'“x"") € Q(N); then

0
any nelghbourhood of z, contains the following open set Oc(zo)

L)
= {z € qIN: ftz - zoax < e}. for some £ > 0. If we show that
i=t

LN, L) = ¢, 4.31
0.(z) n Q(K ¢ ( )
for at least one K z 1 and for arbitrary but flixed L, then since

0.(z,) n AKN.L) € O (z) n [ k?f“'"'”]'

we have
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<]
o(z) [ I(chzuc,w,u] s

-
Which shows that z, is in the closure of U Q(X,N,L).
k=0

We proceed to prove (4.31). Indeed, let 0 < & < 1. Since z,

o
ve--) € Q(N), so & llpkll < ©; then, there exists a

= (uonu‘o‘o'»“ L=

k

positive integer M1 = M‘(e) such that

-} .
E gl < es2, (4.32)
k
ksKL+1
for K 2 M', and arbitrary but fixed L. Since (uo,p1....,;'1k,...)

€ Q(N), by definition of Q(N), we have

Z (-l)k(nzuz)" ;lk(¢n) =a. forn=20,1,.,.,N (4.33)
k=0

We consider the above series as the following limit

KL
lim Z (-1)*(n¥)" ple) =a, n=01,...,N
K ka0

where L is an arbitrary but fixed positive Integer. Therefore
there exists Kn = Kn(c), n=20,1,...,N, such that for Kz K, n
‘ n

=0,1,...,N, we have

KL

| z (-1 *n%H)* ,',k(¢n) -a| <e forn=0,1,....N (4.32)
k=0 ’

By using (4.33) we conclude
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w
T -0*n%d* (8]
RZKLH kon

[ KL
- _qak 2 2,k - _qyke 2 20k
‘kzo( DY) 1 (9) kz'o( 1) (n“r®) pk(cpn)l
KL
= |an - kZD(-I)k(nZuZ)k uk(¢n)|. forn = 0,1,...,N.

From the above equality and using (4.34) we have for K > K,
n

[+ <]
| (-1)*(n%d" ukwn)l <e, when n=0,1,...,N, (4.35)
kaskKL+1
0
where 0 < € < 1. Let B(K,n) = Z(--l)k(nznz)k plp), for n
KL k' 'n

=0,1,...,N. It is apparent from (4.35) that |[B(K,n)| < 1, for
n = OOID'OOQN- Let M, = W{Kn(C); n = 0!1""DN }’ aﬂd K z MI'
From the results in lemma (4.8) we can determine a Radon measure

v as follows:

KL+t

A(K,n)

S "0,1,..-,“,
(1) v (e CENTSY n

»

KLY
(11) “"m“ 5 C /"

where A(K,n) = {-1)“" B(X,n), and where me was defined in
(4.29). We define now Radon measures V., k = 0,1,...,KL, as
follows: v,_= W, for k = 0.1,...,KL, and v, ® 0, for k = KL+2,
KL"’S. ver )y WO show (vﬂ’v‘.”.'v({‘vﬁl*“v(}) € Q(K’E:N;L)- Inde&d,

from (4.33) we conclude
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v°(¢°) = vo(l) = uo(l) = (4.38)

o'

But for n = 1,2,...,N, we have

[ KL+1
k, 2 2.k - 1y Kea2 2,k
kzot-x) (n%) v (g) I();0( D (n%* v (9)
KL
k, 2 2.k KLel, 2 2.KL+%
= kng) (n%) v (¢) + (-1)7 " (n"n%) RS

Now by definition of v, k = 0,1,...,KN+],... we have for n

k.
=1,2,...,N
o KL
k. 2 2.k - _qaken2 2,k
kzo(-n (n’n)* v (4) kzo( D) w (o)
+ (_l)an(nznz)an{m"(K’n) ]
(nZKZ)KL¢1
B(K,n)
where  A(K,n) = = and we defined B(K,n) =
(-n*t*!
o0

= (-1)“(;,2,,2)* ,;;k(qs ), so we have from the above equality for n
n
k=gL+1

= 1,2,...,N

[ £L
NPREN - k2 2k
k};of—n (n’n®)* v (4 ) k);of D0’ 1 ()
k, 2.2,k |
+ (-1 (nn")" p(¢)
k)-:u.u k- 'n
-
= »Z‘(*Il"(nzuz)" ns). (4.37)

k=0
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But we know ("0'“1""'"k"") € Q(N), so

(-1)*(n%n%)* p(#) =a, n=12..,N (4.38)

k=0

Therefore from (4.36), (4.37) and (4.38) we conclude

o0
Z (—l)k(nzu:‘!)k vk(¢n) =a, n= 0,1,...,N. (4.39)
k=0
But we defined v, g 0, for k = KL+2, KL+3, ..., so
nvkn"“ =0 < 1/K+2, for L(K+1) < k s L{K+2). (4.40)

From (4.33) and (4.40) we have by definitlon of Q(K+2,N,L)

(v .,v,

0 1 ""vmzn’m = ("o'pt""’“m’vxm'o) € Q(K+2,N,L).

(4.41)
We defined vxm4 such that
2KL+) ,
0 s Cot/™ . (4.41)
] N
. 1
where C = z z[ld */JZ(xu )]. But JZ(KL¢1) z 1, for all
KL+t G 55 ti

Jz 1, thus

a1 js=i

| N :
2041
TR [Z z!dul] J D,
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Now we choose Mz = Mz(e). such that for K = Mz

N N
2(XL+1)
v, 0 [z deljl][l/x ] < e/2,

(=1 ja=1

therefore for K 2 Hz

"vun1" < €/2. (4.42)
Now let M = M(e) = Max (M1(c). Mz(c). Ko(e), K1(c), e, KN(g)),
then for XK 2 M, we have K 2 Kn(e), for n = 0,1, ...,N; therefore
(4.35) valid, that is
o
| T 0¥’  me)| <e <1, forn=0,1,...,N
kaKLe+1

Since we assumed K 2 M, so K 2 N‘. therefore (4.32) is valid,

that is

-4 .
£ ol <e/2, (4.43)
ksKi+?

and since K2 M, X = Hz, we have (4.42); that is
'meﬂ < €72 (4.134)

Finally let K 2z M, and let 2z = (vo’v1' N ¥ .)

k!

- X . We have shown in (4,41
a (uO'ui""'"n'vxm'O) ) that

LByt 5 +2,N,L), therefore
(uo.u,. .un,vn".o) € Q(K ) ere

ey Py o) € Q(K#2,N,L) (4.45)

zZ = (vo,v K

‘O
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Now for z, = (uo,u’,....uk,...) € Q(N), we have

Wz = 2l = B(pi s By e e) - ] L SO L

= §(0,0, ....0, pxui LT "xuz' e B ...)ul

® .
B+ 3 llpkll
k=KL+2

= "“KLn -VKLH

-

sy W0 +lp 01+ I i,
KL+t KL+ vexiez K

or

o

bz ~28 sy 0+ I Hp
0 1 KL+ cokLer K

By using (4.43) and (4.44) we have

uzo - zu! < £/2 + €/2

therefore uzu - zﬂ! < €.

Ve showed in (4.45) that z = (v, ..., Vo ...) € Q(K*2,N,L),

. o
therefore z € U Q(K+2,N,L), thus
K=y

o
z € U Q(K+2,N,L)
0 K1 ,

or we conclude
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[}
Q(N) € U Q(k+2,N,L).O
K=l

We can now prove the main lemma in this section that is, n, L=

'

9'. We prove half of it in the following lemma.

Lemna (4.10) Let L be an arbitrary positive fixed integer Then

for any integer N 2 0,

M = O

«
Proof We have defined 6 = inf z tph, and n = lim € v
o Q(N) k=0 ! K Nl
where EK.N.l = 181‘ ‘Eolmkﬂ. Let now z = (uo,u1....,pk,...) be an

K

arbitrary element of Q(N). In the proof of the last lemma we

-]
showed Q(N) < U Q{K#2,N,L), therefore we conclude that
K=t :

[: ]
z e U Q(K+2,N,L), so there exists a sequence (zm}, in
K=1
o -
U Q(k+2,N,L), with z_ = (a5, uf, .... # ,0) € QK ,N,L), such
K-1 ] 0 I‘I.‘- m

that lim z = z,, with respect to norm~I topology. In lemma (4.8)
L L] )

we have shown that the sequence {§ is a non-increasing

K,N,L} 'Y

sequence with respect to K, and since 19 = lim €

N L X K,N,L'

therefore 7 LS € , for all K and for fixed N and L. Thus we

KN,L KL
have for all (M, M, -« K,00) € QIKNL), L Skiﬁuk".
@ Kt
since € = fnf $ipll = inf T Hull., Since for each m
KN,L K k
Q ke Q k=0
X K
n =

= 102.--0. haVQ 2. = {#;) p:‘ c p‘ 'L'O) € Q(Km'N'L)l we

conclude
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K .t

e
Ty S z ﬂp:!l, m=1,2,... . (4.46)
k=0
] » | ] -
Thus, for z, (uo. R 'L.O). m=1,2,... we have nz.lllz

K .L .
n

p) llu?l, for m = 1,2,...; therefore from (4.46), we conclude that
k=0

n, S lmizlh . (4.47)

But the norm- function 1s «continuous with respect to
©

norm-topology, so u.ul. Is continuous on £ < 1 X;
i=1

lam Hz.ﬂlz [ l|i‘m znllx= lizoll‘. (4.48)

since z, = lli.m z. From {4.47) and (4.48) we have

n, Uz, (4.49)
. . . o .
oo s W =2 hpll < o,
where z = (i, p, ... M, ), and Nz W Eowk* ©, Therefore
from (4.49) we have .
o0 .
5 T .
" Eo M, (4.50)

.

We recall that 208(510.#‘.»-..#&....) was chosen as an

arbitrary element of Q(N); thus we have from (4.50)

L] .
7 sinf Zilpl, (4.51)

MoQ(N) ke0 "
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o
where we defined 6 = inf ¥ lipll; thus, (4.51) implies that
" Q(N) k=0 k

Lemma (4.11) For N = 1,2,... and any fixed L 2 1

Proof We have shown in lemma (4.4) that Q(K,N,L) < Q(N); therefore

for all K =1,2,..., we have

© . «© .
inf & Wp W s inf z gty K =1,2,... (4.53)
Q(N) «x=0 Q, k=0

where QK a Q(K,N,L), and each element of Q(K,N,L), is of the form

(o Bov oo, u“.E). Thus (4.53) implies that

6 s§& , K= 1,2,... . (4.54)

N KL

In lemma (4.6) we showed that the sequence (E”L)K.

as K tends to infinity, and we defined = 1im g““; from
K L ]

converges

(4.54) we conclude 8, s lim EK.U_. or

6“ s, (4.55)

From (4.52) and (4.55), we conclude
9“ = nHL'c

Note : In lemma (4.11) we showed “m. = 9'. for any L & 1; that
is, LW does not actually depend on L. '
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(4.4) Approximation of the infimum of the objective function when

the desired final state belongs to LZ(O.I).

In section (4.1), we mentioned that the set s', defined 1in
[+-]

section (4.1), is non-empty. Thus, inf 2 Ilpkll is meaningful. Let
S k=0
9

[+ ]
8 =1inf ¥ Ilukll.

S k=0
9

In this section we are going to show that

o
6 = lim Inf iplh.
N Q(N) k=0

where Q(N) is the set of all (po.u1,...,uk,...) such that

-]
K, 2 2,k - .
kZ‘(ml) {n‘n") uk(qbn) =«,n 0,1,...,N,

lim ilpkﬁ”k = 0,
k-0

The set s may be characterized as follows
)

s ={se$‘:s(¢)=aﬂ. n=20,1,..., 8 is of the form
9 n , ,

(4.5), the measures e k 8‘0.1,.‘. assoclated with it are

o
atomless and lim Epkﬁm = 0}: the set S < 1 ¥, has been
ok ist

defined in section {4.1).
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We assumed in section (4.1) that g(.) e L2(0,1). and g(x)

a0
= ¥ « cos(nnx). Define
n=0

]
g“(x) = Ean cos(nax)
ns=0

and define

s ={ses: s(¢) = a, n=0,1,...,N},
9 ] n n

where s = (uo.p1....,uk,...). and S(¢n) = l(Zo(--l)k(n"‘n.")k “k(¢n)’

Lemma (4.12) g, ? & with respect to L2(0,1)°nor~m.

Proof Its proof 1s well Knowwn.o
We see that 1ndeed sg = Q(N), because we can describe the set g
g
N
as the set of all (“0’“1""'pk"")' of Radon measures such that

k, 2 2.k - -
(a) kZoM) (n’z") w(¢) =a, n=01,...,

(b) 1im upkn"" = 0.
k .

Similarly we can describe S,» 3B the set of all
N

(po.u,.....uk,...), of Radon measures such that

o

k, 2 2.k - -
(c) tzo(-l) (n‘x) pk(¢ﬂ) @, n 0,1,...,N,
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(d) 1lim uuku"" = 0.
k

Comparing the definitions of the sets Q(N) and s we conclude
g
N

Q(N) = s . (4.58)
gl

It is clear from the definition of s9 that
s ¢... €8 s C€C... C¢C sg c sg. (4.57)

But we defined in (4.27')

0
o =inf Zlhpt,
" Q(N) k=0 k

or, by using (4.56), we have

L ]
8, = inf & et (4.58)
s k=0
"

From (4.57) and the above result, we conclude that

eose‘s.... se“sams...sa: (4.59)

therefore the sequence {6*}“, is a non-decreasing bounded

sequence, thus convergent. Let £ = lim eu; from (4.59)
N

£s0. (4.60)
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Lemma (4.13) € = 6.

[ ]
Proof let P = N s . Since s ¢ ... ©'s s ¢ ... s
neo % ’ et " 9%
cs ,
%
Pos. (4.81)

-]
But we defined in (4.58) 8 = inf £ Wp M, thus
N S k=0
q“

[+ ]
€ = lim 9.‘ = inf Ilpkll (4.82)
N P k=0

(see RUBIO [1], p.27). Now we show that P ¢ s - Let s

= ("0'"1""’“k"") € P, then it 1s clear that s € S . for all
N

N=20,1,...; this means that
(a) s(¢ ) =a, n=0,1,...
n n

(b) lim npu'* = 0.
K k

Therefore by definition of S we conclude that s

= (po'“1""'“k"") € sg, thus P ¢ s'. since we showed in (4.61)

that P > sn. we conclude

P=g. (4.83)

From (4.62) and (4.63), we have
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w
€ =1inf T Mply (4.64)
S k=0
]
since
x
6 = 1inf I lph, (4.65)
s, k=0

thus from (4.64) and (4.65) we have

£ =6.0 (4.66)
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(4.5) Approximation of the infimum of the objective function by a

finite sunmation of the norms of discrete measures.

In this section we show that for any € > 0 and for any fixed

integer L =2 1 there exlists non-negative integers K and N such

that
KL
6 -2 uvku < e,
k=0
[+ ]
where 8 = inf s lluk!i, and Ve k = 0,1,...,KL, are discrete

s k=0
g

measures on [0,T]. We also show that there exists 60

(0 <50 < €/5) such that
- < g,
|e GK“L(ao)I €

[}
where GKM}GO) = inf £ ﬁpkﬂ; Px & P(K,N.L.Go) is the set of all

k=0
PK

k = 0,1,...,KL, is a

(v _,v,, WV L.E) so that each of vk,

[ 4
discrete measure defined on [0,T] such that

1:&(4)"(:1%2)" () -al<s.
In the following lemma we show that for a finite number of Radon
measures defiﬁed on [0,T] there are corresponding discrete
measures on [0,T] so that their norms are close to the norms of
the initial Radon measures.
Lemma (4.1!’ Let ¢, (e < 1)and 66 be fixed positive numbers such

that 60 < £/5. Further let X, N, and L, be non~negat1ve integers.
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Assume that
(uo.pi....,pu.ﬂ) € Q(K,N,L,3 /2)
Then there exists an element

(VO,V .,V‘L.O) € Q(K'Nerao)o

RN

where v k = 0,1,...,KL, are discrete measures on [0,T]

such that
XL KL
Siph - & v it} < e/5.
k=0 k=0

+
k

measures 4, k = 0,1,...,KL, where M,» M. are positive Radon

Proof Let b= B p;, be the decomposition of the Radon
measures defined on [0,T]. Then by a theorem of approximation
(see CHOQUET (1],p;221), there exist discrete measures v;*, k

= 0,1,...,KL, corresponding to the positive measures p.:. k

=0,1,...,KL, as follows

]
k,
v‘k. = z 3‘k E(Y:)o k=0,1,...,K.,
is0

where B;k 20, for k = 0,1,....,KL, 1 = 0,1,...,M and A= { &
i = 0.1',”."*}' kK = o,l,....Mk. are partitions of [0,T],
{usually, a partition P, of [a,bl, 1s specified as a flnite set

of real numbers {x;x .»X}, such that a s x, s x =5 ... 3 x

‘nnn n

= b, See BARTLE [1], P.275], such that

'(V;‘ - ”:)¢ﬂ| < 70 /4R' n = Ovlo""N' k = 0'1"“’KL



111

KL
= 2.2k - KL
here R = RKNL = T (Nn%)", L < min{ao, (1/K wo) }, and w

k=0
= Max {nukn""; (K-1)L < k = KL}.

0

By the above definition we have 9 < 1/K, since Buklm‘ < 1/K,
for (K-1)L < k s KL. Similarly there exist dlscrete measures vL‘.

corresponding to the measures u;. k=0,1,...,KL, as follows;

N
k

v =Ty Ks(zN, k=01,... K,
k i i
i=0
where 7°* 2 0, for 1 = 0,1,...,N, and k = 0,1,...,KL, such that
ot - " = .."N' d - , . .
vy - w)e | <7, /AR forn=0,1, and k 0,1,...,KL

Let Bk = {z:; { =0,1,...,N}, k =0,1,...,KL, be partitions of

KL k{

(0,T]. Now let P =UA UB; P is a partitlon of [0,T]. Ve
k=0 k=0

reindex the elements of P, and let P = (t‘; i =0,1,...,M. We

claim for this new partitimof [0,T], that there exist B: z 0, k

=0,1,...,KL, 1 = 0,1,...,M, such that If we define v:
L]
= £8'8(t), k=0,1,...,K, then we have

is0

[w! - ue ] s [ - ude | <7, faR. (4.67)

For example we can choose 3;.5 as follows:
k WK k

k
B' = 0, {f t’eAk.
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" "
Therefore we have v: = ¥ B: G(t‘) = I B: G(y:); for n
is0 i=0

=0,1...,N,and k =0,1,...,KL

1%

¢ "k)‘n‘ = |(v; - uk)¢“| <7, /AR,

Similarly, there exist 1‘: 20, 1t =0,1,...,M, and k = 0,1,...,KL,

[ ]
such that if we define v, = 21'; 8(t), k = 0,1,...,KL, then we
i=0

have for n = 0,1,...,N, and k = 0,1,...,KL,

[ (v,

Lot | = v - e | < vy /AR (4.68)

Now define

<
#
<
1

V;, fOPkgoulu-'-oKLo (4.58')
then

+* . + .
|G, - vI$ | = T - k) - O vk)lénl

t

= l(“: v e, - (B - v 1e |

ORI ARG IR A

< 70/4R+ 7D/4R.

or

’(;.n|l - vk)énl < 70/2R. (4.69)
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for n=20,1,...,N, k = 0,1,...,KL. But we have

* - * -
Hukn = (“k + “k)(l)’ and Hvku = (vk + vk)(l). (see CHOQUET [1],
p.215). Thus by using (4.67’) and (4.68), and since ¢°(t) % 1 on
[0,T], we have

KL
IZ!lun- Zlvl|=|2(p +u)(l)- Z(V +v)(1)|
k=0 ks k=0 k=0
s Z |(p - v)(l)l - Z I(u - v;)(l)l
k=0 k=0
KL
; 270/4R+ £ 7,/4R
k=0 k=0
s (KL+1)10/2R. (4.70)
Also we have by definition R = £ (i) = Kel, for N = 0;
k=0

therefore Kl.+1/ R s 1, so from this result we may write (4.70)

in the following form

|£"#”’ Zuvu|<7/2 (4.71)
ks0 k=0

| Qn
Since 7, < nin{ao. (17K - uol }’ we have 7y, < 3. since by
hypothesis we assused 8 < €/5, so we have
{1
]Eﬂul - zuvlll < £/10 < £/5.0 (4.72)
k=0 k=0

By proving lemmas (4.15) and (4.16) below, we intend to show

(Vo.v'.....vu.a) € Q(K,N.L.ao). First in lemma (4.15) we prove
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“t k, 2.2,k
(D |} 0% vi(e) -al| <, forn=01,..N\
k=0 k' 'n n 0

in lemma (4.16) we show that
(11) ﬂvkﬁ < 1/, for (K -1)L < k s KL.

ok 22k
Lemma (4.15) |} (-0)"(n*n9)" v(g) - o] < 8, for

ka0

o]
#

0'
0.1.---,“.

Proof For n = 0,1,...,N, we have

KL
| L eofn®h* nie) - a |
k=0

KL
= |k[0(-1)“(n2u’)“ (v, - 8) + 1)) - a|

k, 2 2.k

K KL
= | i CINEE SRR ORI ORI k);ot—n (n’n) p(g) - |

k=0

k, 2.2,k

KL K
s | ) nfeit v - e v )kiot-n (n’x) n(g) - a |,

k=0

By the assumption of ‘the lemma (4.14) we know that

(”0’“1""'“ ,0) € Q(K,N,L,GO/Z), so by definition we have
KL

KL
) G0N (e) -] < 82, (4.73)
k=0

also we have
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KL KL
k, 22,k 2 2.k
| z (-1)"(n"%)" (v, - uk)¢nl s kZo(n )|y, - CRINE

ks0
&k, 2.2.k
Now, (4.69) impllies that l Z (-1) (n"x") (vk - “t)‘n‘
& 22k &t zkiox SRR
< Z(nu).(r /2R), but [(nx) = Z(N!) =R, for n
0

k=0 ks0 ‘Lk'ﬂ
=0,1,...,N. Therefore | X (°l)k(nztz)k (v -~ ule |

ko k XK n

< R.(vo /72R). But since 7, < 60, we conclude

KL
k, 2.2,k
lkzo(-n (n’n))* v, - w)e | < 2 < 8y2, (4.74)

for n = 0,1,...,N. By (4.73) and (4.74) we have

& k, 2 2.k Kt k, 2 2.k
1"[0(-1) (') v (8) - a | s{kZO(-x) (n’n)* (v, = 1) |

KL
k, 2 2.k
+ 1‘;0(-1) (0" u(g) - a |

< 60 /2 + 50 /2

or

K
Iy -0 %) v (e) - o <8, n=01,... N
k20
Lemma (4.16) Let v, k =0,1,...,KL, to be defined as in (6.68');
then, v il < 1/X, for (K-1)L < k s KL.
Proof For k = 0,1,...,KL, we have from inequalitles (4.67) and (4.68)

of lemma (4. 14)
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- +
|(vk - uk)¢"' <7, /4R, n=0,1,...,N, (4.75)
|, = w4 | <7, /AR, n=0,1,....N (4.76)

,» Wwe conclude ¢0(t)

From the definitions of ¢n(t), and R = R“L

51, (Ost sT), and R 2 1. Therefore from (4.75) and (4.76), we

conclude
v, (1) - p()| <7, /AR s 7, /4 (4.77)
v (1) -p ()] <7 /AR s 7 /4 (4.78)
Now we have
vl = iph = Iv:(l) + v (1) - (u:m + (1]
s Hvi(1) = (1] + [v (1) = p (D]
s [vi(1) - w01+ v (1) - p (1.
By (4.77) and (4.78), we have |Ivd - ¥ul¥| < 7 /4 + 7 /4, or
Iﬂvkl - lpill < 7, for k = 0,1,...,KL,. Thus Ilvkll - Iutl <
lllvkl - lpkll <1y finally for k = 0,1,...,KL, we have

(4.79)
ol < gl o+ 7,

At this point we need to use the following inequality, which is

valid for allaz0, b20, and k = 1,2,,..:
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(a + b)IIk < a.1/k + b”k.

Thus we conclude from (4.73) that

17k 17k

0 (4.80)

17k 17k
< E +
nvku (lukl + 10) nukl 7

Let (K~1)L < k = KL; then we conclude that 0 < k 5 KL, [since O

% (K-1)L ] thus

1/k 2 1/KL (4.81)

From the proof of lemma (4.14) we have

7, < min{&o. (17K - wo)n}. (4.82)

where 0 < 60 < 1. Therefore 7, <1, so 1/70 > 1, so from (4.81)

we have (1/7‘,’)"k z (1/70)"‘“. or

17k 1/xL
L v, - (4.83)

KL
From (4.82) we have 7, < (1K - wo) , or

70”“ <K -, (4.84)

where we defined w, * Max {"#kﬂm‘; (K-1)L < k = KL}. therefore

k

x v/
% +
wo 70 . and

17k 1k v
b 4 +
Tl L

1/k 1 /£ 48
by  using (4.83) we  have v b ICRR S PR for

from (4.80) we have kal

(K-1)L < k s KL; thus (4.84) implies that, for (K-1)L < k = KL,
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1/k 1/«
s + <w + (1K - w
)lvkn v, * 7, o ( 0)

nkam‘ < 1/K, for (K-1)L < k s KL.O

Proposition (4.1) For every € > O, there exists a positive number

80 such that 80 < ¢s5, and there exists an element

(vo.v ...vn,a) € Q(K.N.L.Go). where v, k = 0,1,...,KL, are

k

discrete Radon measures on [0,T] (where L, s an arbltrary but
fixed positive integer and K, N, are two non-negative 1integers

which will be determined later), such that

KL
o - Z !Ivkltl < €
k=D

(-]
here @ = inf £ uvkﬂ.
SO k=0

Proof In lemma (4.13) we showed that @ = lim e“. where 9“
N

[ J
= inf § Hv 8. Therefore for any € > O, there exists an integer N
S k=0 k
"
z 0, such that

le - e.l < e/8S. (4.85)

We assumed in the hypothesis that the positive integer L was

arbitrary but fixed. Let the number N, which was obtalned above,

be fixed. We have shown in lemma (4.13) that e, = ’n“L. where "

KL
= = g lt; here Q = Q(K,N,L), is the
U €, end &, = 100 T UK ¢

4

set of all (uo.u‘.--..un,o). such that
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KL
k, 2. 2.k
(a) I‘)‘:‘)(---1) (n“x®) uk(¢n) =a, n= 0,1,...,N,

(b) !luklm‘ < 1/K, for (K-1)L < k s KL.

Thus 9. = lim ﬁm; therefore there exists a non-negative integer
¢

Ko such that for every K z Ko' we have
ien - eml < e/5. (4.86)

Assume that K is a fixed positive integer. In lemma (4.5) we

e = lim (d). Th
showed § =~ = 8, “here @, d%'E“L ) erefore E“L

= lim E“L(d), where K, N, L, be fixed integers defined above.

d->0+ KL
But by definition £ (d) = Inf T lul, where Q(d)
Q (d) k=0 .

= Q(K,N,L,d), therefore there exists & > O, (we assume 8, < €/5,

and 60 < 1), such that

- < ¢/8, for 0 < d <3.. 4.87
1€, &g (D1 0 (4.87)

But (80 72) < 60, thus

ggm - gm(ao 72)| < €/5. (4.88)

Therefore By definition of infimum, there exists

0 ,N,L,8_72), such that
("o'"s"”"‘u’m e Q(K,N 0

KL
| Zupt - &
k=0

(3, 72 < /5. (4.89)
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From the definition of Q(K,N,L,e) we have
Q(K.N,L.Go 72) ¢ Q(K.N.L.Go) < Q(K,N,L,e/5),

since 60 < £/5, therefore the specified (uodﬂ.....unja) i{s an
element of Q(K,N,L.ao). In lemma (4.14) we showed that there
exists an element (vonq,...,vn36) € Q(K.N.L.&o). where each of

v k =0,1,...,KL, is a discrete measure on [0,T], such that

KL KL

| & hat - Z vl )| < /5. (4.90)
k=0 k=0

Now by using (4.85)-(4.S0), we have

KL

16 - kzollvk"l = |§ - el + 6. = ean * gm N €KNL(GO 72) +

KL Xt Kt
€ (8 /72) - Saph+ Tapt - T el
KNL O k=0 k k=0 k k=0 k

- Em(ao /72)}

S - - +
le -e 1 + I8, -§ | + 1§,

KL ' KL
¢ 1€ (8. 72) -~ Sl + | Tipt - T vl
w0 kg © kst ksg *

< e/5 + ¢/5 + £/5 + /5 + €/5

KL
or |6 - % uvkll <e. O
k=0

We mention now some corollarles which will be useful later in
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section (4.6).

Coroijarly (4.1) For K, (K 2 Ko, defined in inequality (4.86))

there exists (uo.u‘....,u“.”t.O) EQ(K+1.N.L.60). such that
(K+1)L

le - vakll < €.
k=0

Proof we change K, (K = K)), in tnequality (4.86), to K+1, then

with similar proof we obtain (uo.u‘....,p 0)

(x+1)L'’

€ Q(K+1.N.L,6°), where each of the uk's is a discrete measure and

(K#l)L
e - Z uvkul < €.0
ks0

Now we introduce another set which will be useful in corollary

(4.2).
Let K, N, and L, be positive integers and & 2 0. We deflne

Q'(K,N,L,8), as the set of all (vo.vl,....vKL.O). such that each
of the VS {s a discrete measure. We show in appendix (C.4),
that for all positive integers K,N,L, and positive &, Q' (K,N,L,8)

# ¢. Therefore the following definition 1s meaningful

Ki
¢ (8) = Inf T,
S Q(8) k=0 x

where 6"(8) = Q' (K,N,L,8).

Corollary (4.2) |6 - E“ “.L(Go)l < (7/5)e.

Proof From (4.839) and (4.90),we have

KL

XL
- - (5 /2) - Zﬁ ]
160,008, 72) = E L= 160, (3 A
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KL KL
Sﬂukﬂ - }:nvnlslg (50/2)- Ztmu|+
k=0 k=0 k=0
KL Kt
+ | Zpt —Zlv§l<£/5¢£/5
k=0 k=0
or
KL
- N < 2es
l"SK'“‘L(a0 /2) lj:ouv Il < 2e/5. (4.81)

Also by using (4.87) of prop.(4.1), we have

‘eK.N.L(SO) - Ex,u,t(ao 2]l = ‘Ex.u.l.(a) - ex,u,L

+ £ (ao 72)| s IE““'L(JJ - EK'MI

KN, L sx,u,L

+ !E"M - EU'L(GO /2)) < e/5 + /5,

thus

- /5. )
Ie‘utao) E (ao 723} < 2e/8 (4.92)

We have from (4.91) and (4,92)

Kt
’Ex,»,x(‘so) ~«kz°avka! = le('nlttao) - ex.a.t(so /72)

+ & (8 72) - :fnnv ni
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{!
s IE""'L(BO) = ex,u,u.(ao 72)| + 'Ex,N,L(ao 72) - 'kzo"vk“
< 2e/5 + 2¢/5
or
KL )
'EnuA(ao) - kfo"vJ” < 4¢/5. (4.93)

By definition we have Q’(K,N.L.&o) c Q(K.N.L.Go). so

KL KL
inf vt s inf I 1N (4.94)

k P .
Q:(ao) k=0 Qu(ao) k=0

where Q‘(ao) = Q(K,N,L,ao). and Q;(Go) = Q (K.N.L.ao). or by
¢ .
definition we  have Ex,u,t(ao) s E"u'L(éo). from

Proposition (4.1) we have (vo,vt.....vn,a) € Q‘(K,N.L,So), S0

KL
6"N'L(«s°) s €;'“'L(ao) s fo"v"u

We can conclude from the above inequalities that

Kt
1€ w1 (8) = &y (80! < 1€, (8y) - folvkll‘ (4.95)

By (4.93) and (4.94)

!6“,'L(5o) - E;.,.L(ao)! < 4e/5. (4.96)

Also by formulas (4.85) and (4.87) of proposition (4.1) we have
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lo - & (3 =16-8 +8 -¢& + € - £

KNt KN, L KN, L x,u,L(ao”

s - - -
le en' * Ie‘ El,l,l.' * ler.m Ex.n,x(ao”
< e/% + e/5 + €/5;

thus

le - EK “(ao)l < 3e/5. (4.97)

L}

Finally by using (4.96) and (4.97) we conclude

le - g (8)] =16~-¢

K,N,L w8 * Ex.u.Lwo) =& (8!

KN, KN L

sle-¢ u(so)l + l&:‘."’,_(ac) - & (50)1

K, KN, L

< 3e/5 + 4¢/5

or

le -~ &

x,l,m(aa” < 7e/5.0 (4.98)

Note If we change €, in proposition (4.1), by Se/7, then the result

(4.98) is in the following standard form:

le - &

( -
‘J'L(SOH €

Corollarly (4.3) !Q - K"‘..Ltao)i < g.
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Proof In corollary (4.2) we change K to K+1 then we have

le - &

3 < e.
K*LI.L( o)I €.a

Note In fact corollary (3) expresses that if |8 - £° (Go)l

K, N,L
< - ’
€, then |8 £‘.LI‘L(6°)I < g,
We defined Q’(K,N,L,3), as the set of all (}Lo,u‘,...,pn,a)' such

that each of Mo is a discrete measure on [0,T], and

KL
(@) | ) 0¥’  p (o) -al <8 n=0,1,....N
k=0

(b) “pkﬂ‘/k < 17K, for (K-1)L < k s KL,

Now we define P(K,N,L,8) as the set of all (MO'“l""'MKL’G)’

where each of the uk‘s is a discrete measure, satisfying only the

condition (a) above; that is:

&k, 2.2,k
(a) lZ(—x) (P p(g) - al <8 n=0,1,... N
k=0

It is apparent that Q’(K,N,L,8) ¢ P(K,N,L,8), and it is easy to
show that P(K,N,L,3) ¢ Q'{X+1,N,L,3); indeed, let

o ,e), then
(“0'“1""’”KL’0) € P(k,N,L,¢g)

(x+1)L
v ke 2 2,k -
(a) :k);o(-n (n*e)* p (o) - al

KL
= | z (-1 (n2H)" uk(¢~n) - an! <g n=0,1,...,N

ks0
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(b) npku"“ =0 < 1/K+1, for (K-1)L < k s KL,

thus we conclude that (uo.p1.....pn.a) € Q'(K+1,N,L,e), or

P(X,N,L,8) ¢ Q’(X+1,N,L,8). Therefore we have
Q' (K,N,L,38) ¢ P(K,N,L,8) ¢ Q"(K+1,N,L,8). (4.99)

From (4.93) we conclude

KL KL KL
inf v sinf  Shel sinf T, (4.100)
Q;’i(a) k=0 PK(G) k=0 Q;(a) k=0

where Q;(a) = Q'(X,N,L,3) and PK(G) = P(K,N,L,38). Now let

KL KL
o (8) = inf $Hv# and since g’  (8) = inf Tiv,
K,N,L P (8) k20 k K.N,L Q(8) k=0

(4.100) we have

;01,','.(6) = eK,N,L(a) = E‘."L(a). (4.101)
Lemma (4.17) Let a s b s ¢, and {, be any real number then

I - bl, 1s less than of at least one of I{ - al or [{ - cl.

Proof Case (1) ¢ s b, then 1{ = bl = b - £ = 0. But we know
bsc, sowe have b= sc =g or |{-bl s Ig~-cl

Case (2) ¢ = b, then I = bl =& - b z 0. But we know a s b, so

-bsC-a, orlg-blsIg-alo

Lemma (4.18) If C, 1s any real number, then [{ -6 _ (8)], 1s

less than of at least one of ¢ - 8; ‘L(a)l. or
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& - €K0LM,L(5)"
Proof By lemma (4.17) the proof is clear.o

We use the following note in section (4.6).

Note We showed 1in corollary (4.3) that if

le - & (8] <&, then le - &

L9 M8 "1."‘.(60) l < ¢. Therefore by

applying lemma (4.18) we have
e ~ enuﬂﬁao)l <e.o

Discussion In this section we chowed ~ that the infimum of the
objective function on a set of infinite sequences of Radon
measures satisfying to an infinite number of constraints can be
approximated by the infimum of the objective function on a set of
finite sequences of discrete Radon measures satisfying  a
finite number of constraints.

In section 4.6 we intend to compute the approximation of the

infimum of the objective function by using the results of this

section.
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4.6 Computation of the infimum of the objective function and

Control Functions

In this section we apply the results of section (4.5), and
approximate the problem by one which consists of the minimization
of a real linear function defined on Rk, for some positive
integer k, over a finlite set of linear constraints. Then we
construct the control functions by the help of the paper of RUBIO
and WILSON {[1]. Finally, we show that the theory is confirmed, by
solving numerically several problems with different final states.
In section (4.5) we showed that for any € > 0 and for arbitrary
but fixed positive integer L, there exist non-negative,
sufficiently large integers K and N and a real number 60,

(0 < 60 < ¢/5), such that

- < .
e 9"“'L(60)I €

, | .
This fact asserts that @ () tends to 6 = {nf T Hp # when K
KN,L O s yao K
9

-]
“'L(S ) = inf P v I, and

and N are sufficiently large, 8, o
FK(SO) K=0

r

P((G) = P(K.N.L,ao).

We know from previous section that our problem is to calculate

0
] {e} = iInf T v
LA P (e) xxo k

in other words our problem is to minimize

o0
z Ivkﬁ
K=0
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on the set P(K,N,L,e), which we defined in section (4.5), as the

set of all (vo,v....,vu,(_)) such that each of v k =

1 '

0,1,...,KL, is a discrete measure with support in the set [0,T}

and

KL
| £ -1 %A% (¢) -al <e, n=0,1,...,N,
k=0 Kk 'n n

where X, N, and L, are positive integers and ¢ > 0.
Proposition (4.2) Let T be a countable dense subset of [0,T], and
let ¢ > 0. Further, let u be a Radon measure on [0,T]. Then there

exlsts a dlscrete measure v whose support is In I’ and
(g - v)¢nl <g, n=0,1,... N

Proof Since u is a Radon measure on [0,T], then by a theorem of
approximation (see CHOQUET [1] p.221) there exists a discrete

L
measure u = Sy 3(z°), where z° € [0,T] and L is a positive
p=1

illtegel', such that
" - “ ¢ LG >4 2 n=0,1....,N. 4-!”3

Let now I' = {t }, be a countable dense subset of [0,T] and let
p

N’, be the space of discrete measures on I'. We show there exists

a discrete measure v in N’ such that

l(u‘ - v)¢n! < g2, n=0,1,...,N.

L .
Also let v = L 7 a(t,p), where tp e, and 1p and L were defined
p=1 '

above. Then we have
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L
(}11 - v)@n = p‘(¢n) - v(¢n) = [ pz“lp 8(Zp)]¢ - [ 217 G(Zp)]¢n
= p'

- %4 ¢ (1) - £4 #(t) = 27(¢(zp)-¢(t)1
ps1 p=s1 P ptl

therefore,

Ik, = v)g | = 127[45 (27} - g ()]
pet P

s 2 th«t(z") -9 (¢ )|

pst
or
Py -
I, - v)g | 3 (p‘?‘” 0 e {19,G7 - a1}, (4. 104)

L
for n = 0,1,...,N. But gl = Jul(1) =% lrpl, so from (4.104)
pe1

we have

(n, - p)¢n) < fpt hﬁe’npcv {Mn(zp) - ¢n(tp)l}. | (4.105)

where n = 1,2,...,N. By choosing tp.- p=1.2,...,L, sufficiently

close to z, the Ir?a,)g, can be made less than 8/2(3!;1 o+ 1)
p .

[because for each n = 1,2,. N. ¢(t) = exp{—nxz(’r - t)],

t € [0,7T), is continuous); therefore we have
l(’u1 - v)¢ni s ﬂp'!l {c/ZV(‘llu‘ﬂ + 1)»3“ |

or
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'(p1 - V)¢n' < 8/2, n= Onio--':N (4- 106)

By (4.103) and (4.106) we have

I (p - vig | = Hp-p +p -vigl s (p-plgl+ u, = vigt

<eg/2 +¢e/2, n=0,1,...,N
or
I (u - v)¢nl <eg n=0,1,...,N.o
We remind the reader that the set I' = (tp: k = 1,2,... } was

chosen as being dense in [0,T); in practice, we choose the set
™ = {t;k = 1,2,....M ¢ T, which is constructed by dividing the
interval [0,T] into M equal subintervals [t, t I,
k=12,..., M

In the following we apply proposition (2) in the special case

when the Radon measure p is a discrete measure on [0,T].

Let us remember that our problem is to minimize

KL
z lvkl
k=0

s .VKL-S) € P(X,N,L,e), where each of v,

over (vo, v K

1
k =0,1,...,Kl, is a dlscrete measure with support in [0,T], and

where K, and L can be any positlve integer; therefore KL can be

any positive integer, S0 let K be an arblitrary positive integer.

Thus our problem 1s to minimize
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K

b llvku
k=0

over (vo,v‘,...,vn.a) € P(K,N,e) = P(K,N,1,¢e), which means

K
B> (-1)"(n2x2)"vk(¢ ) -al<e, n=0,1,... N
k:B n n

] L}
k -
Now let v: = B, 8(t), and v = 27‘; 8(t.), where 3‘; 2 0 and
{=1 i=st

k
7,z 0, fori=12,...,M, k=0,1,...,K, {as we introduced in

lemma (4.14)). Therefore we have for k = 0,1,...,K

N 3 M
* k - k =
vk(¢n) = { §§1Bi a(ti)J% B i§1Bi ¢n(ti)’ n=01,...,N

3

L] N
- k = k =
vi(g) = [E'r' st)e, = Ealal) non K

M M
+* + = k - he k
Also we have vk(¢0) = vk(l) 5‘3‘. and Vk(¢°) = Vk(l) = i217i.

for k = 0,1,...,K. Therefore we conclude

K K K, . K X « K .
Sive = Eivi() = £ vl = E ( gt + 27‘}
k=0 k k=0 k k=0 k=0 ™ §{s0 i=0

or

K K e &
Sivt =% I [B, + 1§]- (4.108)
k=0 K k=0 {=0

Also we have

K K
kK, 2 2.k Cgyke 2 2Kk ¢ o
l3:0(-1) (n“x®) vk(¢n) - ‘fo( 1) (nn") [vk(én) vk(%)]

Lk 22k e gk ek
- F ottt Z ety )]

1 17
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X . k, 2 2.k[,k k
= £ -D'bd [B' - 1‘]¢n(t‘) (4.107)
ks0 {=1

Therefore from (4.106) and (4.107) we conclude that our problem

is to minimize

K ]
Z 2z [B': + 7:‘] (4.108)
s R ]

k=0 i

2M(K*1)

on the subset of R ,» say, S(K,N,M,e), defined by

3"‘20, and 7"‘?.0, i=1,2,...,M k=0,1,...,K and

| 4 N
| £ z(-x)"(n"’uz)"[ﬁ',‘ - 7:‘]¢n(t,) -al <e, (4.108)
k=D j=)

for n=20,1,...,N.

X
Now we rename the varlablesﬁf and 7i. as follows:

(BB .. B, XX, )

)

» X

"3'0 . .xz(’z

0 1 «
(Bz’Bz" .o ’ﬁz)H(xxoz

0 .1 K
(B'IBil'")Bi)H(x('.1)K.'l x('-1)x""| "‘.xf(K”))

0,1 [ 4
(Buvﬁuoo--.ﬂ')H(x("‘)"'i x(ﬂ-’)l*"*l’ e u*”(‘.1’)

or in gener‘al B:. l.lvzl'-ODNn k'oo1p~-o.K-

x(l-I):*k*i'
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Let for simplicity J = M(K+1) and we rename the variables 7%,
1

in a similar way to B: above, we assume 7k = i

i xJ +(i-1 ’
o IKekei

=1,2,...,M, k=0,1,...,K. Therefore from (4.108) we have

K X K k M(X*1) M(K+1) 2N(K+1)
P> Z{B,*7‘]= Zx +in = in . (4.110)
k=0 i=0 i=d fan{Xe)e) ist

Also from (4.107) we have

X c
£ DN (e) = £ 2(—1)k(n2nz)k[3: - v:]mtn
k=0 k=0 =1
K N
ko 2.2\k }
) xgo izs-” () [x"'”"‘k** xJn‘ﬂf'!)K*kd]‘n(ti)

(4.111)

where an = M(X+1). Finally, from (4.108)-(4.111), our problem is

to minimize

2M(K+1)
in , (4.112)
i=y

on the set S(K.N,M,e) in R™** ", defined by
x 20, 1 =1,2...,2H(Ks1)

L Xk 22k
'kzo '25'” (n"x%) [xu-nx«m - xamou-1)mu]¢n(ti) - el

<eg, n=0,1,...,N, (4.113)

here the only unknowns ere x., 1 = 1,2,...,2M(K+1), while the te
{=1,2,...,M are fixed points of a partition of the interval

{0,T]. The number of Iinequalities in this linear programming
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problem is 2(N+1).
The parameter € appearing in the constraints (4.113), can be
considered as the error present in numerical computations of the
expressions involved in constraints (4.113), so we can choose the
parameter € as zero. Although we know the errors present in the
numerical computations of the solution of the linear programming
problem, will not satisfy exactly the constralnt equations.
Finally, from (4.112) and (4.113) and the above discussion, our
problem is to minimize

2M(K+1)

Zx‘ ,

i=1

on the set S(K,M,N) In Ra«xﬂ)’ defined by

Xz 0, 1 =1,2,...,2M(K+1)

KN
PREN' }
tzo ,zf“” (nx) {xu’nmu me*(i-1)x+kﬂ]¢n(ti) = %

n=20,1,...,N,

where J:n = M(K#i).'Supposing that this problem has been solved,
we intend now to construct practically the sequence of control
functions u';. defined in RUBIO and WILSON [1]. They have proved
that u~ } L:. in D' (w) étrongiy, where w = (~1,T¥1). and L: has

j
been defined as follows, L:: c:'(wl-» R, by

X

: t
g = Z (-0* [ 0* $(8) au (),
t , 6 v
k=0

for ¢ € c:(w),‘l(‘avflxed positive Integer and{t € [0, T]. In
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appendix (E.4), we have shown that

[ ¢
T
ox) = Z (-0 [o¥p (x- € au(E), 0sTsT, (4.114")
0 1 k
k=0

where p .(x) = 3" p(Jx), when

a expl-1/(1-1x13)1, for [x] <1

p(x) =
0 for x| 21

-1
exp [-1/(1 = 1x19)] dx] .

a.ndas“

n-1

Let now o= Zc:(ti). k =0,1,...,K, where (uo.u1. ...,uK.O), is
i=0

the optimal measure found in our problem. We have from (4.114’)

Ix1

X T N-1
K -1k k - k
uj(t) = E (-1) IOD p,,j(f £) d[ ZCi.E(ti)]

i=0
k=0
or
K [ K | 1
X k K [ ok _
u(x) = Z(-u Zc' J'OD P, (% - £)da(t))
k=0 is0 ‘

but by definition of unltary atomic measure for t € [0,T],

T :
j Fd3(t) = F(t), thus
0 .

4 -1

X g1kek nk -

= ) ) enfite, ey, (4.115)
k=0 §=0

here 0 s t s T and {t;l = 0.1,...,M}, 1s a partition of (0,T].
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k
Now let c'; = g - 7';, { =0,1,...,M1, k = 0,1,...,K. Therefore

from (4.115) we have for J = 1,2,...

K N-3
X K,k Ky .k
uj(t) = Z Z (-1) (B' - 1‘)0 pm(t - ti), (4.118)
ks0 is0

Again we use the old notations

K
= = O.l,...,K, { =0,1,..., M1,
B = Xipersi® ¥

K
= =0,1,...,K, 1=0,1,...,M-1,
£ xdn‘*(i-nbhi' k

where Jn.s M(K + 1). Now we deduce from (4.118)

4 M-t
u*(1) = -0¥| x - x :
j Ci-)Kekei JKno(io1)K¢k0{
k=0 i=0

K
.D p’/th ti). 0sts1.

In the following we consider some examples with different final

states.

Exasple(4.1) Let the final state be g‘(x) = 0.01 + 0.1cos(nx).We

choose XK = 2, M = 10 and let T = 1, therefore un = 30. Thus by

(4.114) our problem is, minimize

60
Ex‘

i=1

on a subset of Hfo. defined by
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x z0, 1=1,2,...,60

9
‘2 (Xgi0g = ¥g,05) = 0-01
=0
2 9 2

gk 2 - - [1-dnnl
Eo Eo( 1« [xsimt xsmm] ¢ 0.1

and the results are;

Cost function = 0.01085

x' = 0.01, x6 = 0,00085 and all other xi = 0. Therefore we have

u?(t) = 0.01 p, (t - 0.05) + 0.00085 p? P,,;(T = 0.95), (4.117)

for 0 s ¢t s 1.

Note For a given Integer N> O and 0 s t s T, we have

t
[W@ ¢enag sats)n=0, 1,2 ..., N

0

[see RUBIO and  WILSON [1],(VIII.32)], where ¢ (€.t)

»nzxz(t-€)

= e and

1s ) = § (-1)" J'Dk¢ (€,t)du (€)
an(t.s‘ o AL M (&)

K
where sxw) =3 (-1)‘uk(Dk¢). ¢ €¢ ¥, and 0 st s T. Finally we
k=0
conclude from proposition (VIII.10) of the above reference that

for given any ¢ > 0 .
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la ~a(T,s)l<e, n=0,1, 2, ..., N.
n n

We may conclude from the above inequalities, that a (T.s‘). is an
n

approximation for a“, n=0, 1, ...,N.

By using note (1) of example (1) and (4.117) we have

1

1
2
o U(t)dt = 0.01 Io p,,,(t - 0.05)dt

ao(T.sz) = ao(l.s) = f
- 0.00085 IDme(t - 0.95)dt (4.118)

1 2
-1 (1-t) -
a,(T.sz) = +0,01 J.o e pw(t 0.05)dt

1 2
+ 0.0017 Io e ™D szv:'“ - 0.95)dt. (4.119)

Note Lemma (15.2) of TREVES [1] claims that:

Let f be a continuous function with support in R", then for any

€ > 0, the functions

fe(x) = J‘R" P (x = y)f(y)dy

converge uniformly to f, when € + 0. Also

(a/ax)’rc = I DP pc(x - y)f(y)dy » (878x)°f (as € » 0).
Now by using Note (2) in (4.118) and (4.118) we have
ao(l.sz) = 0,01, a‘(l.sz) = 0.10073

Therefore we reach the state G.(x) = aotl.sz) + a,(1,8,)cos(nx)
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= 0.01 + 0.10073 cos(mx), by imposing the computed controls. Fig

(4.1) shows the desired final state gi(x) and Gt(X) computed one.

Example (4.2) Let

2X% 0sxs1/2
gz(x) =
2(1-x) 172 s x s 1

The half range Fourier expansion of 82(') is

g,(x) = 1/2 - (4/n%)cos(2nx) - (4/9n%)cos(Bmx)

- (4/25!2)cos(10ux) - ..

Put in (4.112) and (4.113) T =1, M= 10, K = 6 and N = §

thus Jm = M(K+1) = 70. So our problem is to minimize

140
z X,

i=1

over a subset of R"'o defined by

x, 20, fori1=1,2, ... ,140

6 10 2 2

k, 2 2.k oo n R (1-t)
N CS DIEE S C SIS SR i’ =a,
k=0 f=1 ‘

for n=0,1, ...,6 and t = (21-1)/20 where @ = 1/2, a, = -a/n?,

« = -4/9n and a = a: @, @, = 0. The result of Vthe

computation is:
cost function = 0.508!

6 A aps ’ ‘. -
X ™ 36 = 0, 2B875E-02 X3 ® Vg 0.2874E-03
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5 S _
X, = By = 0.4987E-02 X 59 = T = 0.2881E-05
X, = By = 0.1350E-03 X, = 74 = 0.6995E-08
X, = 3: = 0.5000E+00

and all other x, = 0. Therefore from (4.1168) we conclude

- PR - 6 6
(r - 0.865) Ba Dpuj(r 0.85) + Ba D" p, (%

6 6 6
uj(t) B6 Dp i

1/

0 - R ) -
- 0.85) + 39 pwj(t 0.95) 7, D pw(t 0.85) +

(v - 0.95) - 7: Dbp (t - 0.95).

5 s
7, Dp,, 1]

i

Finally, with the same notation as in note in example (4.1) the

final state produced by imposing the above controls when J 9 o,

is the following

6
cz(x) =% a (1,56) = 0.5 + 0.0087cos(mx) - 0.445cos(2nx)
n

n=0

- 0.00685cos(3nx) - 0.00019cos(4nx) + 0.00977cos(5nx)

- 0.0226cos(6mx).

Fig (4.2) shows the desired final state 82(') and the state
Gz(.). which we obtalned.

Discussion Although the state Gz(.) is close to the state 82(')
a better state could be achieved by Iintroducing wmore than
seven constralnts, and also by choosing more measures; that is,
by increasing K and N. When we - choose N > 6, however, there is a

difficulty, because the coefficients of the linear constraints are

of the following form
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L 2 2.k '(nznz)(i-ti)
(-1) (n"x") e ,n=0,1,... ,and k = 0,1,...,

where t‘ = (21-1)720, § = 1,2,...,10.

It is apparent that when n is chosen large, then the absolute
value of the above functions are very small, even less than
10", which 1s the limitation imposed by the word -size of the
computer; all of such numbers are treated as zero. This causes
ill-conditioning (see ROMAN [1] p.448) in the matrix that we use
in the revised simplex method (see Gass [1] p.96). Although we
reach the final solution, the accuracy is poor. So it seems that
it is an open problem to find a way to overcome this difficulty
despite the limitation of the computer.

Example (4.3) Let

0 0 <t <1/2

g,(x) = :
1 172 ¢t <1

then its half-range Fourier expansion of the function gs(X)' ig

the following
gs(x) = 172 - (2/»)cos(xx) + (2/3n)cos(3nx)

. e [20-1)"(2k+1) Jcos[ (2k+1)mxT g + o

In this example we choose K = B, N=4, M= 10 so an = 70 and

our problem is to minimize

140
3 x
is1
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x'zo, for t = 1,2, ... ,140

é 10 2.2
k220K _ RO

fo ‘5':1( DRSO kL omx) i,

forn=0,1, ...,4 and ti = (21-1)/720 where @, = 172, a = -2/u,

az = 0, a3 = 2{3! and a‘ = 0. The results of the computation are:

cost function = 0.5000

Xeo = 0.2153E-06 X = 0. 5000E+00

X = 0.3922E-08 X3 = 0.7531E-08.

As in example (4.2), the computed final state {is the

following

Gs(X) = 1/2 - 0.61948cos{nx) - 0.090cos(2nx) *+ 0.222cos(3nx)

+ 0,002cos(4nx).

Discussion In this example as in example (4.2), the value of N
cannot be taken to be very large; N can not exceed 4, because of

1l11-conditioning for N > 4. Fig(4.3) shows the desired final

state 83(") and the computed one Cs(x).

Appendix (A.4) The following mapplng is one to one

(-]
X
s =3%D B (po,ui....,pk....)
ke0

Proof Let o be the following mapping

[
c:S» N
is
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where we defined S in section (4.2) and where N is the set of all
[ -]

Radon measures defined on [0,T]. Let now y = § p* B € S. We
k=0 k

define

(]
o(y) = a‘[ZD uk] (po.u’,...,pk,...) € QA
k=0 izt

[ ] ®
Assume 1,= z p* M, and 7, ) D* v belong to S, then we have
k=0 k=0

-]
0'(71) = @[ZDk pk] = (“0’“1""'“k"")
k=0

(-]
oly,) = 0'[ T p* vk] =WV
k=0

Let o'(zr‘) = c(zrz). then we have

(“o‘“t"“'"k”") = (vo.v‘,....vk,...)

we have p = v, for k = 0,1,..., (by definition of equality of

two sequences) which shows 1, =v,0rc is an injection.o
[ ]

Appendix (B.4) The following space 1s a linear subspace of [ ¥
=y

o -]
2'{(#,;1.....;1.,..)6 ny: ZTipl <o }
o' k v1 kso K

Proof let s = ‘"o-“r""“v“') and r = (p.pPyu.--sPu--), be
. v

two element of £, then by definition we have Z’uukn <® and
k=0

[ ]

T lHpl <w. Let a, Be R. It 1s easy to show that as + fr e ¥,
k=0 k

because, we have
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-] [ ] -]
pX napk + Bpkn sa g Hpku +B8 £ npkll,
k=0 k=0 k=0

since oy + Bp 8 s alipyl + Blip #.Therefore we conclude
k k k k

w0
Tlap + Bpl < w,
k=0 k k
Appendix (C.4) The function II.III:Z » R defined below is a norm

on £.

[+ -]
st =S g,
! k=0 k

where s = (uo'"l""’"k"") € £, and £ was defined In appendix

(B.4).
Proof (1) Let s = (p,H,..-if,...) € £ and let lIsi = 0, or

]

EHull =0, then tpd =0, for all k = 0,1,..., sou =0, for k
k=0 «

=0,1,..., therefore s = (0,0,...,0,...) = 0.

(II) Let s = (uo.u‘,...,pk,...) €e fand r = (vo,v‘,,,,,vk““)

€ ¢, then we have

iIs + x-ll = I(uo.p‘....,uk....) + (va.v‘....,vk,...)ll

[+ ]
= H(py ¢ VRt VB Voo ) =k§oluk + v

o © »
s I (ﬂykl + l!vkl” = ¥ "“k“ + £ “vk" = II*.SI!l + llr‘"!
k=0 k=0 k=0

or lis + rll 4 l!s!!l + Irl,.

(11I) Let A be a real number, then
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® ©
nxsn, = (Auo.ku,--u.luk----)ll, = Eouxuku = kzo'm““"

@®
= |A] T
k=0

therefore lnsll = lkllsll.n

Appendix (D.4) The sets Q(K,N,L,e), Q(k,N,L), Q(N), Q'(X,N,L,¢)
and P(K,N,L,e) defined below, are non-empty; here K, N and L are
positive integers.

(1) The set Q(k,N,L,e), 1s the set of all (po, By oo ungﬁ).

such that
o k, 2.2,k

(a) | £ (-1)7(n"x%) “x(¢n) -al<e forn=0,1, ...,N
k=0

(b) npku"“ < 1/K, for (K - 1)L < k = KL.

(2) The set Q(K,N,L), is the set of all (po, oo ooer M

such that

KL
(¢) £ -D¥n%A* () =a, forn=0, 1, ....N
k=0

(d) lpklm‘ < 1/K, for (K - 1)L < k s KL.

(3) The set Q(N), is the set of all (uo. Byo o woen By ...), such

that

«°
() 1 T (-1 ™" u(4) =a, forn=0, 1, ...
ka0

(f) lm apks"" = 0.

(4) The set Q’(K,N,L,cg), {s a subset of Q(K,N,L,e), such that
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each of the measures Hyo is a discrete measure.

(5) The set P(K,N,L,e), 1s the set of all (B m, ..o, “nﬁa)'

such that each of the measures H, is a discrete measure and

Kt Kk, 2 2.k
(g) | £ (-1)(n°x%) pk(¢") - anl <g forn=0, 1, ...,N.
k=0

Now we intend to define a set which is a subset of all the sets
def'ined above. Let P(K,N,L), be the set of all
(uo, Byo oo uﬂ,o). such that

KL
(h) % (-l)t(nzlz)k pk(¢n) =, forn=20, 1, ... ,N,

k=0

where each of the measures uk. is a dliscrete measure,

It is obvious from the definitions that

P(K,N,L) ¢ P(K,N,L,e) ¢ Q" (K,N,L,e) ¢ Q(K,N,L,¢), (D.4.1)
P(K,N,L) ¢ Q(K+1,N,L), (D.4.2)
P(X,N,L) ¢ Q(N). (D.4.3)

From (D.4.1)-(D.4.3) we conclude it 1is sufficlent to prove

P(K,N,L) » ¢ for arbitrary positive Integers N, L and nonnegative

integer K. We intend to find an element of P(K,N,L), of the form

(uo. 5); it is then sufficient to show

u°(¢n) =a, n= 0,1,...,N.
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]
Let B, = b3 (Vs(t‘), where t‘ = {1(T/M); then, there exist co'

iad
61...., El. such that
]
uo(¢“) =".£°C‘¢n(ti) =a,ns= o, 1, ,... ,N.
Indeed,

1]
R

oty + C () + oo + EB(t) = a

]
R

(°¢1(t°) + C‘¢1(t1) + ...+ cn¢1(tu) .

L}
R

C0¢.(t°) * C1¢u(t1) oo cu¢u(tu) W

the contention follows since the determinant of the coefficients of

the above system is non-zero; the proof is similar to that in the

proof of lemma (4.7).0

Appendix (E.4) In this section we remind the reader of some

aspects of the sequence of control functions defined 1in

proposition (VIII) of RUBIO and WILSON [1].
Let w = (-1, T+1), and let C:(w) be the space of Infinitely
differentiable functions with compact support in w, with the

LF-topology. For any ¢ € C:(w) and a fixed Integer K > 0, they

defined the functional L::C:(w) 4 R, by

K t
«f ¢ =T (-0 [ p* gl&)du (&)
t k=0 IO k

for any t ¢ [0, T]. In the above reference it has been shown that
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L: is continuous, that 1is, in D’(w), so by theorem 24.2 of
TREVES [1] the support of L: is compact, and from TREVES [1] page
302, there ls a sequence (u;)j, of functions {n Lz(w) such that

K _ e 1 &
uj Py Lt. for 17§ < d(supp T,Cw),

and u'; converges to Lt.K where Cw = (-»,1]) U [T+2,»), and pc(') is

defined as follows: p_(x) = e p(x/e), for € > 0, where

a exp[-l/(l-lxlz)]. for Ix| <1

p(x) =
0 for Ixl z1

-1
and a = U exp [-1/(1 - Ix1%)] dx] . From page 288 of
Ixl

TREVES (1], we have

K K - ak _
uj(t) = (Lt'pm)(t) <I.g pm.(t £)>

: K f* g (), 0sTsT
=kzo(-1) fo o', (=€), (£), T

X t
Therefore u?(t) =“}.:“(-1)l Iﬂ kam(tf)d#k(i), 0OstsT.
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CHAPTER 5

Strong Controllability of the Diffusion Equation in n-Dimensions.

5.1 Introduction

This chapter contains an extension of the paper of RUBIO and
WILSON [1] to n-dimensions.
Consider first the optimal control of the diffusion equation in

n~dimensions which we discussed in chapter 2. That is, consider
AY(x,t) = Y(x,t), (x,t) € w X [0, T] (5.1)

with the same boundary conditlons as in the beginning of chapter

(2); we want to minimize a functional such as

T 0
Ju) = j £O(t, £, ult, £))dEdt;
8 3w

where the control is in the space L?(aw X [0,T]), and there are
no constraints imposed on 1its magnitude. Consider a state
gl.) € Lz(w) which is nelther reachable by an admissible control
nor by a measure; that 1s, assume that the set of measures Q
defined in chapter 2 is empty. Therefore there can be no‘minimum
on Q, and the problem has no solution. o

There are many optimal control problems, even In one dimensional
state spaces, without solution because the deslred final staté
can not be reached by imposing an admissible control (see RUBIO
and WILSON [1]). But MACCAMY, MIZEL and SEIDMAN [1]) proved that
the set of states which can be reached by means of controls in

L,(8w X [0,T]) 1s dense In L,(w). The above fact 1s not helpful
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if the set of measures Q is empty, but it suggests that we may
arrange things so that every state in LZ(w) is reachable from the
origin (see RUBIO and WILSON [1]). In this chapter we extend the

set of admissible controls, beyond the set of measures.

(5.2) Defining a set larger than the set of measures.

Let (ak(x); k=1,2,... }, be a sequence of elgen-functions
corresponding to the sequence of elgen-values (Ak; k=1,2,...}
of the Laplacian operator A in w (for more detall see section
(4.2)). Let the expansion of g(.) € Lz(w) in terms of the

[+
eigen-functions be g(x) =Z <, ak(x). From chapter (2) the
k=1

solution of (5.1) with the boundary conditions corresponding to a

control u(.,.) € thau X [0,T]) satisfles the terminal condition

y(.,T) = g(.) in Lz(w). if and only if

c, = f (32 (€)/8v) exp(-At) ulf, T-t)dédt.  (5.2)
8w X [0,T]

for k = 1,2,..., where v 1s the unit outward normal at
£(undefined on the subset (assumed negligible) at which 8w is not
smooth; see MACCAMY [1]). From (5.2) it 1is apparent that the
problem of attaining a given state g(.) at time T can be achieved
by considering the moment problem (5.2). From the results of
RUSSELL and FATTORINI {1), it can be shown that there is a
control u(.,.) € Lz(au’x [0,T]) satisfying (5.2) if there are two

constants n, and LK such that for all k = 1,2,...,
le,l s n, expl-(n, + €lol, (5.3)

where n, is any positive number and n, satisfles the following
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inequalities: n, > M1 and
n, > Me [2¢"% + 2¢7V%(1 + 10g(3c) V),

c = log3/2, M>M and M is a number such that

1/B)

IF(z)] s exp(M|z| for all complex z, where F(z)

o0 a
= 1+ zz/kkz). More detalls for H1. M and M can be found in
kst

FATTORINI & RUSSELL p.287-291. Here {Ak} is the sequence of eigen

values defined above, satisfying the following inequalities

0<A1<Az< An<>«m< ;

also these eigenvalues have of course the property that

lim An=m, where w = vy a .

k
" .
It is possible, however, to think of many functlions in Lz(w)
whose moments do not decrease with k as the condition (5.3)

requires, for example the following functlon g(.) does not

satisfy the condition (5.3).

glx) = Z sinmx, + @x, + ... +mx )
(m)

where (m) under ¥, indicates the whole combination of n-tuple
Integers m = (m‘.mz,.’..‘.mn) and the n-tuple (x‘,xz....,xn)
belongs to (0,21) X ... X (0,21) (see MIZOHATA [1] p.32).

In the following we intend to introduce a new set such that among
its element we can find at least one element providing a solution
to the moment problem..

We change the variable t to T-t in formula (2.2) of chapter (2),
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thus we have

c, = [ [8a,(€)/0v] exp[-A (T-t)] u(£,t)dgdt, (5.4)
3w X [0,T)

for k = 0,1,... .With the above change of variable the formula (2.3)

becomes

! -Ant
c = J; J;bnlgi(S)""'En(S)) e u(E1(s),...,En(s),T-r)

J(s)dsdt (5.5)

where s = (s,s,...,s ) and A = (0,11 X ... 2 (0,11 and

2
a(xz,...,xn)

. is the Jacoblan determinant, J(s)

a(s1,....sn.1)

2 2
a(xz,...,xn) a(xi....,x -1)
= + ... 0+ and
a(s‘,...,sn.,) 3(8,.~--.Sn_’)
bk(S) = bk(E‘(s),....En(S)).J(S) (5.5")
PY 'Ak(T't, ]
¢k(tos) = bt(S) e (5'511)

for k = 1,2,.... Also let u(t,s) = UIE1(S)""’En(S)'T'T)~

We can now write (5.5) in the following form

c = 8 (t.s) ult,s)dsdt, k = 1,2,....  (5.6)

“ I[o.ﬂ X A
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We are looking for a continuous linear functional In the space
LZ(IO.T] X A) such as to satisfy (5.6). This functional is
defined by the control l:(.,. ). But we can say that the functlions
¢k are elements of a subspace of LZ(IO,T] X A), such as the space
of infinitely differentiable functions with respect to the t
variable on [0,T] X A, where the derivatives satisfy the
condition (5.7) below (we explain moreabout this space in (5.3)).
Then we put an appropriate topology on that such that its dual
contains the space LZ(IO,T] X A), as well as other elements. If
there is no control G(.,.) € LZ(IO.TI X A) that satisfles (5.8),
there is a chance that we find one or more elements in the dual

space to provide a solution to the moment problem.

(5.3) Defining a new space
Let F be the space of real-valued functions on [0, T} X A

infinitely differentiable with respect to the variable t, on
[0,T] X A (that 1s, these functions have uniformly continuous

derivatives on (0,T) X A of all orders with respect to the

variable t) such that

sup |D:¢(t,s)| = supl(aj/6t3)¢(t,s)[ sctl (5.7)
(t,s) € [0,T] XA (t,s) € [0O,T] XA

for some constants ¢, L dependent in general on the function ¢
€ F; here D0 Wy(y o) = D:¢(t,s). We define a topology on
F as follows, Let L >0, and F be the space of infinitely
differentiable functlons with respect to t on [0,T] X A which
satisfy the inequality (5.7) for this partlcular L, and for some

¢ which may be depend on ¢. Then we have
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(1) FL’ c FLZ. when L1 < Lz'

(11) We define below a real valued function #.ii on FL and we show

in appendix (B.5) that it is a norm on FL

|I¢IIL = sup (I/LJ)ID:Mt.s)I.
J,(t,s) € [0,T] X A

With the topology lnduced by the above norm, FL is a Banach

space. (see appendix B.5).

(i111) For Lz > L1. the topology induced by FL on I-‘L 1s the same
2 1

as the topology glven on I~'L ,and the norms ll.llL and Il.uL are
1 1 2

equivalent on FL . Indeed for all (t,s) € [0,T] X A and al} J,
1

and all ¢ € I"L , it is apparent that
1

(1) IDj(t,8)1 s (1L 1Dksce, s)1.

Therefore we have "¢"L s gl L Thus, the Injection from FL
2 1 1

into FLZ is continuous and then an isomorphism into; therefore

the two topologles are equivalent.

(iv) The space F, defined above, 1s the union of all spaces FL,

that is:

F=U F.
L>0

Therefore we can put on F the LF structure generated by the space
FL. Let £ be the dual of the space F, this space with LF
topology, ¢ is the new space in which we will find a solution to

the problem of moments. In the following proposition an important
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linear functlional is defined.

Propogition (5.1) The linear functional 7 on F, defined by (5.8),

is in 2, that is, it 1s continuous:

-]
7(6) = T (-1 (009, (5.8)
k=0
for all ¢ € F; M k =0,1,..., are Radon measures on [0,T] X A
such that
ok
gLt | dlp | < w, (5.9)
k=0 (0,71 X A

for all L 2 0. If y satisfies (5.8) for all ¢ € F, we write

e o
r=2 D.u,- (5.10)
ks0

Proof The proof is simllar to that of proposition (VIII.4) 1in
RUBIO and WILSON [1].oO

According to this proposition, ¥(Q) and Lz(IO,T] X A) are subsets
of ¢, in the latter case we identify a function :1 € LZHO'T} X A)
with a Radon measure M, so that for every ¢ € F, we define uu(¢)

= f ¢ u(t,s)dtds.
(0,T] x A
In the following we are going to show that the functions in

(5.5'"), are in F. The eigenfunctlons a(x), k = 1,2,... are
known to be of class C° in the closure of @ ( that is, these
functions have uniformly 'ccntlnuous derivatives on w of all
orders) [see for exanple RUSSELL [1] p.200]. So b (s) = 8a (x)/av
is continuous and bounded 1Iin the closure of w; l;k(s)

= bk(E‘(s)o""En(S))‘J(S)- where we defined J(s) below (5.8),
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and dw is assumed to be contlinuously differentiable. We conclude
that J(s) is continuous on A = [0,T] X ... X [0,T]), and then J(s)
is bounded on A. Also bk(ﬁ‘(s),....en(s)) are continuous on A.
let X = (E’,....En), then bk(si(s).....en(s)) = (bkoX)(s); since
X 1s continuous on A and b 1s continuous on duw [8w 1s the image
of A under X], the composition of bk and X iIs continuous on A.
Therefore Qk(s) =.bk(€1(s)....,€n(s)) i{s continuous and thus

bounded on A. Let dk. k=1,2,... be constants such that
lbk(s)l s dk, k=1,2,..., 8 €A, (5.11)

then we have

A (T-0) - A (T-t)

j = 06 k = P,k
D‘¢k(t,s) D'[bk(s)e ] bk(s).kk.e

By using (5.11) we deduce from the above equalities
J Iin |
lD,¢k(t.s)l s A (bk(s)l s dAc. (5.12)

Comparing (5.12) with (5.7), we conclude that we can take ¢ = dk,
L= for an arbitrary k = 1,2,... so ¢k(t.s) € F, for all k

= 1,2,....
Notation: In (5.3) we substitute B8 = n,te (e Is any positive

number), therefore the condition (5.3) becomes

jckl s, exp(-Bwk) (5.13)

where w = hk, k=1,2,...

Propoaltlon. (5.2) let g € Lzlw). then the following set fﬁ is
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nonempty:

20 = {7 € 2:7(¢n) =c¢c.n= 1,2,..., 7, is of the form (5.8), the
measures i , k =1,2,..., associated with it are atomless}.

Proof We divide the proof of this proposition in (a) and (b).
(aYf we obtain an uppper bound for the sequence (6)\} By
definition w e when k 9 o, since A > o, as k 3 @. Therefore
there 1s a positive Integer N such that for every k > N w =B,
(B was defined above), or WY, = Bu, thus A, ® Bu, for k > N.
Now we speclify a positive number 6 = 1, such that Gkk z &ok, for
k =1,2,...,N. Let 61 = sup(B/wk, k =1,2,...,N}, and let o
= Max(e1,1); then we have ewk zf8, for k =1,2,...,N or ekk z
Bwk. We showed above that Ak z Buk for k > N; therefore we

conclude that eAk z Bwk for all k = 1,2,...; thus
-Bhk = -Bwk' k = 1t2---- (5-14)

(b) We consider the following problem of moments

R .0
¢ (t,s)u(t,s)dtds =c e * k=1,2,.... (5 15)

'f[o.r) xA K

The moments c, of g ¢ Lz(W). satisfy lckl 3 M, for some constant

M > 0. We use the inequality In (5.14) so that we have
’Ck exp("elk” s M exP("BUk). k= 1120°" »

s0 condition (5.13) or (5.3) is satisfied. Therefore from the
results of RUSSELL and FATTCRINI [1]), we see that there exists a

control G(...) satisfying (5.15). Now we define the element y by
t Let 6 be a new number to be defined below.
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® . Bk.
7(¢) = }:.I D, ¢(t,s) — wu(t,s)dtds (5.15")
) (0,T] X A k!

for ¢ € F. According to proposition (5.1), this function belongs

to ¢; indeed, we have chosen the measures Mo k =12,... , as
follows
kek“
I pdu, = I $(t,s) (-1)"— u(t,s)dtds, ¢ e F.
(0,T] X A (0,T] X A k!

These measures satisfy the condition (5.9), since for any L z 0,

we have

o k

e ~
d!ukl = }: L — lu(t,s)|dtds
k1[0, T} X A

(\/]8

Lk I
, “10,T] X A L

x

(Lo)* .
==§: — I jult,s)|dtds
Lokt 710,T] X A

= exp(Le)J' lu(t,s)]dtds < o,
[0, T] X A

since G(.,.) € LZ(IO.T] XA)c L1([0.T] X A). Therefore y € £, is

of the form (5.8), and the measures p, k =0,1,... ,assoclated

with it are atomless.

Now we can compute the moments 1(¢n). since u(.,.) is a solution

of the associated problem of moments, so wg have

k

© ok
K
- D (t,s) — u(t,s)dtds
7(9,) Zi;f(o,rx XA ! ®n k! |



163

ek

[ ]
= E:.I Ak.¢ (t,s) — a(t.s)dtds
k=0 o1 xa " k!

@ k
k 8" .
= }: [(ekn) /k!] I ¢ (t,s) — u(t,s)dtds
[o.T1 x A " k!
k=0
6A -0A
=e "ce "=c,n=1,2,

Therefore, the functional ¥y defined by (5.15) is in 29, thus 29
is nonempty.O

We have solved in some sense the problem of moments associated
with the diffusion equation. At thls polnt we are going to define
the action of the functional y € £, not only at the final time T,
but also at all time t where t € (0,T), then we approximate this
action by a sequence of controls ;1(...) in LZ(IO.T] X A), or

equivalently by controls u(.,.) € LZ(IO,TI X w).
Let G(.,.) € Lz([O,T] ¥ A), then the corresponding solution of

(5.1) can be written as follows:

o ~
Y(x,t) = & ck(t,u)ak(x). (x,t) € w X (0,T),
ket

where

¢ (t,u) = J’ 6.(£.t.8)ult,s)dtds, k = 1,2,... , (5.16)
(0,T] X A

A (t-€)

and 4 (Et,s) =bisle © . If t = T & =t ve have

=A(T-t)

$(t.Te) =Bls) e ©  ®elt,s), (4(t,s), defined 1n
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(5.5").
Let a functional 7y € £ of the form (5.8) be defined in the

following form

[}
c(t,7) = & (-nF [
n

D:¢ (§.t.s)dp (€,5), (5.17)
k=0 (0,7} xa '°"

forn=1,2,...

Before we prove that the expressions for cn(. ,¥), n=1,2,.., are
well defined, we note that, if 7 is a functional 7u corresponding
to a control u € LZ(IO.T] % 8w), or corresponding to a control
:1(,,,) € Lz([O,T] X A), then the expressions (5.17) become
{dentical with those in (5.18); therefore the expressions in
(5.17) are true extensions of the previous ones. We prove now

that the functlons c“(.,w) are well defined and we show some

fundamental properties of these functions.

Proposition (5.3) The functions cn(..ﬂ. n=12..., defined in
(5.17), are well deflped and continuous on {o,T}.

Proof The proof 1s similar to that of proposition (VIII.8) of

RUBIO and WILSON [1l.0

The proof of proposition (5.3) suggests an approximation
scheme: It seems that we can approximate the action of the
functional 7 by the truncated functlonal T defined below, at

every t ¢ [0,T].

X kK ok
y(¢) =L (-1) p (D), ¢ € F.
X L20 kv |

Now we def‘lne‘
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[ 4
k
c(t,) = E(-1) J' D',‘¢n(§.t.s)duk(e,s)

k=0 (0,T] X A

X k

s "”k"nJ‘ ¢ (£.t,5)du (£,5). (5.18)
k=0 {0,T} xa "

In the following we develop this scheme.
n-1

A

f )]
Define x = (-1,T+1) and A’ = (-1/2,3/2) X ... X (-1/2,3/2). Let

C:(n X A’) be the space of infinitely differentiable functions
with respect to first variable t, such that each of these partial
derivatives Is continuous on k X A’. Also assume that the
supports of these functlons are compact in k X A’. We put the
LF-topology on C:(x X A’). Now for every ¢ € C:(:c XA') and a

fixed integer K > 0, we define the functional L:: C:(K X A’) 5 R

by

K
whe = 0k DI(£, t,5)dk (£,s) (5.19)
t k=0 {0,T] X A

for any t € [0,T]. Now we have the following proposition

Proposition (5.4) The functional L: defined by (5.19) 1is

contlhuous, that is, in D'(w X A’). There exists a sequence

of functlons in Lzlw X A'), {u';}‘.. such that

u'j‘ - L: in D/’(w X A’) strongly (5.20)

Proof let v X n be a compact subset of x X A’, and let the

support of ¢ be in t X n. Then we have

: k
. up D} #(t,8)]
<L, ¢>] s K[ sup dlp l}sup sup ,
| o 05k I[O.t) X A *Josksk vxqn !
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which implies that L: Is in D’(k X A’). For the definition of the
sequence (u:}j. see appendix (C.5).0o
In the following we are going to approximate the action of the

family of functlonals L:, 0 s t <T, by the corresponding

restriction of u: on Qt. where nt = (0,t) X A’, O s t <T, Then,

we have

Proposition (5.5) Let u?t be the restriction of u? to Q, for j
=1,2,... . Then
u';t 5> LY 1in D'(Q) strongly as J  =. (5.21)

Proof (1) Let A: be the restriction of L: to Qt, that is, we

assume that the test functions ¢ are elements of c‘:’(nt) and

define

K
e = E-0* Dig(€,t,s)dn, (£,5), ¢ € c®(n)
¢ k=0 [0,T] X A .

From here on the proof 1s similar to the proof of proposition

(VIII1.8) of RUBIO and WILSON.O

We want now to use this result in solving our problem of

approximation. First = we must extend the functions (&,s)

. ¢H(E't,s) to x X A’. We have

Proposition (5.68) Let N be a positive integer, and let B’ be the

set of all functions of the form

(£.8) 4,:(5,,;,5)‘ - ;n(.f,t.s),'(ﬁ.s). (&8) € XA, n
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t € [0,T]. The functions ¢n is the extension of ¢n to x X A’ and

s o L4 r's
¥ € Cc(n X A’)is such that 7/(t,s) = 1 on [0,T] X A’. Then the
set B’ is bounded in C:(x X A").
Proof The Proof 1s similar to that of proposition (VIII.9) of
RUBIO and WILSON [1].0

From propositions (5.5) and (5.6) we have

sup sup l<u§t - L:.¢n(....t)>1 50
te(o0, 1] 1=nsSy

as J » o. The above expression is equivalent to

u‘(g,s)¢n(€.s.t)d€ds > cn(t,r‘). n=1,2..,,N,

J‘to,ﬂ xa !

uniformly on [0,T]. We can therefore approximate uniformly the
action of L at every t € [0,T] on a finite, but arbitrary number

of functions (£,s) - ¢n(£,t,s). Finally we have the final

approximation scheme.

Proposition (5.7) Given an integer N > 0 and any € > 0, there

exists a control ul.,.) € Lz((O,T) X w) such that

sup sup lcn(t.u) - Cn(t.‘)’)‘ < g.
t€(0,7) 12nsN

In particular ,

e = c(T,u)l <€, n=12,,..,N
n n
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Proof The proof is similar to that of proposition (VIII.10) of

RUBIO and WILSON {1].o

We could approximate the actlon of 7, 1in the sense that any
finite number of functions cn(.,r). n = 1,2,...,N, assoclated
with the functional y may be uniformly approximated on [0,T] to

within any accuracy by using a control function from

Lz( (0,T) X w).

Discussion In this chapter we have found that any state in Lz(w)
can be reached at time T. Thus the set of admissible controls is
not empty. In the next chapter we consider an optimal control for

the n-dimensional diffusion equation, which is based on this

chapter.
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Appendix (A.5)

The function !.NL:FL-> R defined below is a norm on F
L

1gn = sup (L)) iplpce,8)1, ¢ € F
J.(t,8) € (0,T] X A ! -

Proof (i) It is obvious that u¢uL z 0, for all ¢ € FL.

(11) If Nl = O, then we have (1/L))IDl¢(t,s)] = 0, for all
=0,1,... , and (t,5) € [0,T] X A, so Dlg(t,s) = 0 for all
= 0,1,... . Specifically for J = 0 we have ¢(t,s) =0 for all
(t,s) € [0,T] X A, this means ¢ 2 0 on [0,T] X A.

(111) Let ¢ and y be two elements of FL, first we show that

p+ vy e FL' Since by definitlion there are two constants c. and ¢
1 2

such that sup IDJ¢(t.s)| s e Ll
(t,ey € [0,T] XA ! L

sup lD{w(t.s)I s chj. therefore we have

(t,s) € {0, T] XA

sup w:w + P)(t,s)]

(t,s) € [0, T] XA

= sup - [Dl#(t,s) + Diy(t,s)]
(t,s) € [0, T] XA

s sup iD:Mt.S)l + sup lDiw(t,s)l
(t,s) € [0, T] XA (t,s) € [O,T] X A

i § § i
E c‘L + ch s (c, + cz)L s csL .

where ¢y = c, + c, Therefore from this last inequality we

conclude ¢ + ¥ € FL'

It 1s easy to show that H¢ + yll s Ngh + Byl

(iv) Let ¢ € FL and « € R, then ap € Ft. Since

sup 1D (a) (t,5)] = sup lal 10V8(t. 8)1
(t,e) € [0,T] X A (r,s) € [0,T] X A !
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= |a|sup |D:¢(t,s)l s laje ! s ¢ Lj,
(t,s) € [0,T] X A ! 4

where c, = lalc, so ap € FL.

Now we have

lagl = sup (l/Lj)!D:(azﬁ)(t,s)l
j,ct,s) € [0, T] X A

= lalsup (1/L3)1Dlg(t, )1 = falign .o
j,(t,s) € [0,T] XA L

Appendix (B.S5)

Define on FL the following norm

“¢" SSup (I/Lj)’D:¢(t,S)[, ¢EF.
L j,ct,e € [0, T] XA L

With the topology Induced by this norm, FL is a Banach

space. (1.e, it is complete).
Proof Let (¢n} be a Cauchy sequence in F, then, by definition

1im ¢ =~ ¢ﬂl = 0, so for any € > 0, there exlsts a positive
a3 "
integer N, such that for all n, m 2 N, we have

hyipd
¢ - ¢4 = sup (1/L.) D¢ (t,s) - ¢ (t,s)] < ¢
"L e € [0,TI XA v .

so for every J and every (t,s) € {0,T] X A, we have

ahiplig (ts) - g (t8)Il <& ny mz N,

or
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]
D8, (t,8) = ¢ (t,8)] < eLd, (c.5.1)

for all n, m 2 N and every (t,s) € [0,T] X A and all J 2 0. Let

now J = 0 in (c.5.1), then we have

I¢n(t.S) ~ ¢;(t.s)l <€ (c.5.2)

for all m, n 2 N and (t,s) € [0,T] X A. Thus the sequence
{¢n(t,s)), is a Cauchy sequence in R for every (t,s) e [0,T] X a,
since R 1s complete, there exists a function of (t,s) 1like

¢(t,s) such that for every (t,s) € (G,T] X A we have

¢5(t.s) -+ ¢(t,s), as n 9 w.

Let n be fixed in (¢c.5.2) and m 3 o, Then we have

]¢n(t,s) - ¢(t,s)] s ¢, for every n z N and (t,s) e [0,T] X A,

which shows ¢n(t,s) + ¢(t,s), uniformly on [0,T] X A. Now we

choose J = 1 in (c.5.1) so we have
ID:¢n(t.s) - D:¢£t,s)l s el, for every n, m = N

and (t,s) € [0,T] X A. This shows that the sequence {D:qsn(t,s);,
converges unlformlyvon {0,T] X A (with similar proof given for

(¢n(t.s)}). Then by theorem 7.17 in RUDIN [1], we have

D:¢"(t,s) 9 D:¢(t,s). uniformly on [0,T] X A.
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Using a similar proof we have for any j 2 0
Di¢n(t.s) = D{@(t.s), uniformly on [0,T] X A. (c.5.3)

Now let ¢ = L), (for an arbitrary but fixed J = 0). From (c.5.3),
there exists a positive integer N‘ such that for all n = N1 and

all (t,s) € [0,T] X A

i -l i
(D¢ (t.s) D'¢n1(t.8)i <L

so ID} (t,s) | < ID}g, (t,5)] + L), for all (t.s) e [0,T] X a,
1

or

(L)) inlg (.81 < (1L Dl (t,8)1 + 1
t'n 1 N‘

s sup (1./1_.1)113':¢'i (t,s)l + 1 = ||¢” uL + 1.
i, (t,8) € [0,T] X A 1 1

So for every J and every (t,s) e {0,T] X A, from the above

tnequalities we have (D¢ (t,s)f < L'(1g 0 +1). Let now n 5w

in the last inequality, so we have

sup | IDjo(t, ) < Liig u + 1),

but M“nt + i, {s a constant, say ¢, so we have from the above
N

inequallity
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sup ID:¢(t,s)l < cL!
(t,s) € [0, T] X A

which shows ¢(t,s) ¢ Fln

Appendix (C.5)

In this appendlx we 1intend to construct the sequence of
control functions introduced in Proposition (5.4).
For constructing the above sequence we take two steps.
(1) We approximate an arbitrary distribution in T = x X A’
= (-1,T+1) X (-1/2,372) X ... X (-1/2,3/2), by a sequence of
distributions in ¥, which have compact supports.
(2) By using lemma 28.1 of TREVES (1], we approximate any

distribution with compact support by a sequence of test

functions.

We consider now the convolution V*¢ of distribution V with a
[
function ¢. We may regard ¢ as a distribution [y - [y(x)¢(x)dx]

so V*¢ 1s the following distribution

B> <V, W = <V, grg>

where ¢ € G: and ¢(x) = -¢(x).
But V*¢ is, in fact, a ¢"-function, precisely by definition 27.1

of TREVES [1]

X 9 <Vy, pix=-y)>,

where the right - hand slde is called the convolutlion of ¢ and V
and is denoted by V®¢ or ¢°V. [When V is a locally integrable

function f, we have'<v;. ¢(x-y)> -}f f(y)&(x~y)dy);
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Let V be a distribution in E, then from Theorem 28.1 of
TREVES (1], there is a sequence of distributions with compact
support, (Vk) (k = 0,1,... ), such that, given any relatively
compact open subset [that 1s, its closure 1s compact] £’ of &
there is an integer k(Z‘) = 0 such that, for all k z k(T’), the
restriction of Vk to ¥, vklz'. is equal to restriction of V to
£’, V|Z’. Then from Theorem 28.2, TREVES [1], the test functions

¢k = p1lf:v converge to V in D'(ZI) as k » w, where we select the

integer Jk as follows: for each k we select Jk 2 k (in order to
ensure that j » «), sufficlently large so that the neighborhood
of order l/Jk of supp Vk is a compact subset of ¥£. We have
defined the functlon Pe in chapter (4) and Vk, k = 0,1,... are
distributions with compact suport.
K
By definition I..t is a distribution with compact support, so we
can choose the sequence V,, k = 0,1,... as V = L* for all k
t
=1,2,... and we define the test functlons ¢: = p, X (see
kot

TREVES [1] p.302). By theorem 28.2 of the above reference, ¢
k

K
t

converges to L in D’ (ZT) [strongly], where 1/k
< d([0,t] X A, C(t X A’)); d is the distance between two sets and

C(t X A’) is the complement of T X A’, Now we rename qs:, k
= 1,2,... by u: or

3
Yl b

for all k such that 1/k < d([0,t] X A, Clt X A’)).

Now we calculate the elements of the sequence {u‘;) J=1,2,...

By definition

X ,
(n,q) » <L“(€'”. pm(‘n E, o -8
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is the convolution of pu and L:, denoted by L: *p S0 we

] /i

have

K K
uj('n,cr) = (I..t b pm)('n.c)

e
=2(---1)k ka (n - €&, ¢ - s)du (£,s)
k=0 I[o.t] xa ' Vi (6

But pw(n -& o -5)=Jp(Jn-£), Jle - s)) therefore

K
o) = £ 04| D p(J(n = £), J(o - s))ap (£,5)

k=0 [0,t] X A

or by definition of the function p we have

X X k.n
Ko = £ 04
] k=0 [0,t] X A

D:a expl-17{1 - 1% - % + Flo - si*n du,(£,5).
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CHAPTER 6
Optimal control problem for the n-dimensional diffusion equation

with a generalised control variable,
(6.1) Introductfion
We consider an optimal control problem associated with the
following n-dimensional diffusion equation
AY(x,t) = Yt(x.t), (6.1)
where (x,t) € w X [0,T], with boundary conditions

Y(x,t) = u{x,t), (x,t) € duw X [0,T];

Y(x,0) = 0, x € w, (6.2)

u - J(u)

is minimum (we will specify the functlion J(.) later),

Let {ak(x)), k = 1,2,... be the normalized eigenfunctions

corresponding to elgenvalues (Ak). k=1,2,... satisfying

< < ... < < ...
1 < 11 Az An ’

defined by the problem

Av(x) + Av(x) = 0, x € w; v(x) =0, x € du,

In the following we give more details for the sequnce {Ak}.
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Remark There exists a sequence of elgenvalues (A}, k = 1,2
k' ’ » ey

where
1 <A <.., < <
1 Ak Akﬂ < .

and a sequence of eigenfunctions (ak(E)}, £ € w, corresponding to

the above elgen-values where
fa (§) + 22 (§) =0, §cuw ak(s) =0, £ e duw.

Proof Let {Ak}, be a sequence of the elgenvalues of the Laplacian

operator A, In w satisfying

0<A’<Az<...<A < ..., (6.2')

as we defined in chapter (2). If A1 > 1, we choose {A} = {A}
k k
and the proof is finished. But if 0 < A, # 1, we choose the

constant P, a flxed real number such that P A, > 1. We define

the set 01 ¢ R". as follows:
N = {P§: € ¢ w}

Let {ak(g)}, k=1,2,..., be the elgen-functions corresponding to

the eigen-values {A}, k = 1,2,..., In Q and let x = PE, 1

= 1,2,..., n Let deflne ak(x) S 5“(&'), where x = (x‘....,x ),
n

and § = (6,,...,£n). Thus we have

2 2 N 2
8%a (x) / 8x( = (1/P*)8%a (&) / &€,
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Therefore
82, (£) + A2, (&) = (1/P1)83, (§) + A3 (&) (6.2%)
By definition of (ak(x)), we have
Aak(E) + Akak(E)- =0, X € Q; ak(x) =0, x € 60 (6.2%7)
But it is obvious that
Xe€EQefeuw
X € dw @ £ € dw
Thus from (6.2%) and (6.2”'), it is clear that
(1/P%)83 (6) + A3, (8) =0, £ew; alf) =0, e du;
or
8a (€) + PAE(£) =0, §£ew alf) =0, £ e du

Let now I\k = Pzi\k, k= 1,2,... . But we defined P, such that A1

= sz‘ > 1, therefore from (8.2’) we conclude
ees L R G
1<’A’< Ak<Ak*1< )

Note Henceforth, we denote the sequences {Ak) and (Sk(x)}‘ by

{Ak} and (ak(x)} respectively.
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Let g(.) € Lz(w) be the desired final state, and let

glx) = Z ca(x), x € w.
ket © K

In chapter (2) we have shown that the solution of (6.1) with the
boundary conditions corresponding to a control u(.,.)
€ Lz(aw X [0,T]) satisfying the terminal conditionn Y(.,T) = g(.)
in Lz(w), satisfles

c = - [aak(E)/av]exp(-Akt)u)e. T-t)dédt (6.3)

k fau X [0,T]

where k = 1,2,... and v is the unit outward normal at £, It is
apparent from (6.3) that the problem of attalning a glven state
g(.) at time T can be studied by considering the moment problem
(6.3). We have shown in chapter (5) that there is a contro]
u(.,.) e Lz(aw X [0,T]) satisfying (6.3) 1if there are two
non-negative constants n, and 7, such that for all k = 1,2,,.

rd

lckl s n‘eXPl-(n;e)wkl. (6.4)

where n, is any positive constant, n, has been defined In detail

in chapter (5), w o= VA , and € is an arbltrary positive

number,

There are, however, many functions in Lz(w) whose moments do not

decrease with n as rapidly as this condition fequlres. for

example

R - ]
fix,y) =% (I/nz)cos[nu(x*y)l.
nst
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In chapter (5) we deflned a space F of real-valued functions ¢ on
(0,T) X [0,1] X ... X [0,1] = (O,T) X A, infinitely
differentliable with respect to the first variable t € (0,T), such
that each of the partial derivatives (aj/atj)w(t.s). J=0,1,...

is continuous on [0,T] X A, and

sup lalathyyce, )1 = cl,
(t,s) € [0,T) X A (6.5)

for some constant C, L. We put the LF topology on F, and we
considered £, the dual of F; here we found a solution to the
problem of moments (see chapter (5)).

Proposition (5.1) in chapter (5) shows that the linear functional

y on F defined in (6.6) is in £

-]
7() = £ (-1)'u (0)9), (6.86)
k=0
for all ¢ € F, and “k’ k = 0,1,..., are Radon measures on

[0,T] X A, such that

s L* dlp | < =, (6.7)
k=0 [O,Tl X A

for all L =z 0. If y satisfies (6.6) for all ¢ € F, we write it as

o«
k
7=LDu. (6.8)
ks0

In Proposition (5.2) in chapter (5), we have shown the existence

of a 7 € £ such that 1(¢n) =c,ns= 1,2,... , where
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- -Ann-t)
'l'n(t.S) = bn(s)e » (t,s) € [0, T} X A,

and t%(s) was defined in chapter (5). Also In chapter (5) we

proved that the following set sa c £, is non-empty:

s, = {r € £ y) = Cy M= 1,2,... ; 7 is of the form (6.6),
the measure uk. k = 1,2,... assoclated with it are atomless and

satisfying (6.7)}.

It was shown In chapter (§) that a sequence of controls in L (w)
2
exists which approximate y € £.

As in the chapter (4) we can show the following map is one to one

o0
k
7 BEOD,uk €2 (punn..p,...),

o
where % ka dlukl < w, for all L 2 0. We can identify
k=0 [0, T] X A

every element of £ with a sequence of the form {“k}' k
=0,1,... . Thus, we denote 7y = (uk} € £. As in chapter (4) an

equivalent condition to condition (6.7) 1is 1im "Mk"”k = Q.
k -0

Therefore y = (po,p‘.....uk....) € sg if and only if

- k, k
(a) 1(wn) =k20(~1) Anuk(wn) =c,n= 1,2,...

(b) limipu'* =0
k
k-0

. A (T-t)
where V'n(t.S) = bn(s) e " , (t,s) € [0, T] X A.

o0
Let the objective function J be a function defined on It 4, by
k=0
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(- -]
]
J(y) = Myl = Z Wpl, where 7 = (p,p,...,p,...) € £ c mu
k=0 01 k K =0 !

o
therefore the function J is well defined since ¥ "“k“ < ®. The
k=0

reason that we have chosen J(.) in the above form is that i{f the
classlical control problem consists of finding a control u(.,.),

which minimizes the functional

Hut, )1 = fo ¢ (o,77 1906 t)1agat = " (g x 10,11

then, defining the measure M, as

Yy du = Y€, t)ulg, t)dédt, ¢ e F.

'[aw X [0,T] 4 Iau x [0,T]

Thus we have

hat = g l(1) = j dlu | = lul€, t)|dgat

dw X [0,T] “ Iau x [0,T]
= "“"H(au X [0,T1)

Therefore the above obJective functionale(.) is indeed a true

extension of the functional I(.).

We show in this chapter:

(1) For positive integers K, N, L, and a positive number ¢ we

have

‘ oKL KL
inf g ftpd = linm inf RN
Q(K,N,L) k=0 e Q (K,N,L) k=0

where QC(K.N.L) is the set of all (uo,u‘.,...pxk,a) [we define
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(uo,p‘,...,pn.O) = (uo,u‘,...,un,o,o,...)] such that

KL
(a) lfo(-l)kl:uk(wn) -cl<e n=,1,...,N

(b) upku"“ < 17K, (K-1)L < k s KL.

(ii) For positive integers K, N, L,

) KL
inf b3 Mul = 1im inf T
Q(N) k=0 K> Q(K,N,L) ks=o0*

where Q(N) is the set of all (uo.u‘,...,pk,...) such that

o0
k - -
Eo(—l)"xn pW) =c. n=1,2,..N

1im upkn”" = 0.
[ &

(ii1i) We show next

L+ ] o
inf ZTipll = lim inf ¥ ﬁukﬂ
s' ks0 %0 Q(N) k=0

-]
(iv) Llet 6 = inf zﬂukﬂ. then we approximate 6 by
s k=0
9

K
inf T ph, where PC(K,N) is the set of all

PC(K,N) k=0

(uo,u‘,.’..,p‘,’o). such that each of M is a discrete measure on

[0,T] X A, and

X ;
k - =
ik}‘:o(-l)"kn yk(w“) c“! <g, n=1,2,...,N
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[K and N are sufficiently large and € is a given positive number].
(v) We transfer the above problem to one which 1involves
minimizing of a linear function over a set of linear constraints
in finlte space.

(vi) Finally, by using the sequence of the control functions
introduced in chapter (5), we show practically that we can reach

different final states to a good approximation.
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(6.2) A scheme for determining the infimm of the objective

function
In this section we show

KL Kt
inf Ttpt = lin [inf Ty u],
Q(k,N,L) k=0 €30+ Qx(e) k=0 k

where K,L are positive integers, N is a nonnegative integer, ¢
>0, and Q () = Q(K,N,L,e) is the set of al o
” all (f‘o'uf""“n'm

of Radon measures such that

<t k, k
(D ITEEDA wW) -cl<e n=01,....N
k=0 n n n

(11) upkn"" < 1/K, (K-1)L < k = KL,

Q(K,N,L) is the set of all (uo.u’,....un.‘o-) of Radon measures

such that

KL K -
(111) lE‘)(--I) An uk(\bn) =Ec,ns= v 2,...,N

(iv) upkn"“ < 1/K, (K-1)L < k s KL.

First in lemma (6.1) we note that the sequence {Q(K,N,L,g))‘ is

nondecreasing.

Lemma (6,1) Q(K,N,L,e) < Q(K+1,N,L,e).
Proof The proof is similar to that of lemma (4.1).0

As In the appendix (C.4) In chapter (4), we conclude that
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Q(K,N,L,€) is non-empty for all K.,N,L, and €. We now define

o
£ (e¢) = Inf Shpt, (8.9
.t Q‘(c) k=0 ’

In lemma (6.2) we note that the sequence (Ex (e)} s
ML K

non-increasing.

Lemma (86.2) 6‘”.'".(’:) s 6"”_(6). when N, L, and € are fixed

but K takes value 1,2, ..

Proof The proof is similar to that of lemma (4.2).0
As in appendix (C.4) we conclude QK = Q(K,N,L) 1s nonempty so the

following definition is meaningful

g
£, = Inf Tupl. (6.10)

K,N,
Mt Q, k=0

In lemma (6.3) we obtain the relation between s‘" , and

£ (e).

KN,L

Lemma (6.3) Q(K,N,L) = n Q(K,N,L,¢)
£>0

Proof The proof is similar to that of lemma (4.3).0

Lemma (6.4) Q(K,N,L) ¢ Q(N), for any positive integers K, N and L.

Proof The proof is similar to that of lemma (6.3).0

Now we defline

(-}
€ =1Inf Ziph.
KoL QK N, L) ks0 F
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[(As in appendix (C.4) in chapter (4) we can show that Q(X,N,L)

® ¢.]

= 1lim £
K
€30+

Lemma (B.5) 8, (e), exists and OL!A = Emqu

ML R

Proof The proof is similar to that of lemma (4.5).0
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(6.3) Approximation of the infimum of the objective function when
the cosine Fourier series of the desired final state is a finite

summat ion.

]
Let g(x) =£1cnan(x). where N {s an arbitrary non-negative
as

Integer. We will show that for any positive integer L

[ ] o«
inf Z llukll = lim inf $ ip (6.11)

Q(N) k=0 K Qx k=0

]
k

where Q‘ = Q(K.N,L); Q(N) was defined as the set of all

(po. CREREN R ) of Radon measures such that

-}
k, k
(a) lE.'u(--l) AL pk(wn) =c, n=12...,N

(b) lim llukll"" = 0.
k-0

m N
As in appendix (C.4), we can show that Q(N) = ¢, so Inf ¥ Up
Q(N) k=0 *

is meaningful. First we note that lim Er - exists,
( A

Lemma (6.6) For arbitrary K, N, and L

s
EKH,N,L €a:,u,l.'

where .SK Wy s defined in (B, 10).

Proof The proof is similar to that of lemma (4.6).no

In lemma (6.6) we showed that the sequerice (5““)‘ is

non-increasing, when N and L are fixed, and it 1s bounded from



189

below by 0. We define now

L lim Emu (6.12)

' X L

[ ]
8, = inf  Fllpl (6.13)
Q(N) «=0

by using the above definition we may write (6.11) in the following

form

Remark It appears that L lim Exu L depends on the value of
! X

L, but we will show that it 1s independent of the value L = 1; in
other words, we show that for any fixed L = 1, au = "n g In
the following we note a lemma which will be used later.

A (T-t)
Lemma (8.7) Let y(t) =e " , 0=t sT, n=1,2,...,N, where
N is a fixed integer such that N z 1, and let ti = {A, 1|

=1,2,...,N and A = T/N, then the following matrix |is

non-singular.

-

[ 9,(t) B,(t) ... ()
ACREACRINREACH
BLED B gt
\ /

Proof The proof 1s simllar to that of lemma (4.7).D
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. 'l N
Note : Let G = ¢’ = (g,) and let G, = T ig..1.
is1 jay
In the following lemma we will assume that there exists at least
n-1 times
one s € A = [0,T] X... [0,T}, such that 61(50) # 0, for

=1,2,...,N, [N Is any fixed positive integer]. This matter will be

left until appendix (A.6).

Lemma (6.8) Suppose there exists at least one S, € A, such that
bj(so) # 0, for J =1,2,...,N and let a, n=12...,Nbe N real
numbers such that lanl <1, n=12...,N If k I1s any fixed

positive integer, then there exlists a Radon measure vk suéh that

K
(1) vk(wn) =a /'An. n=12,...,N

- —An(r-:)
where wn(t,s) = bn(s)e , (t,s) € [0, T] X A.

%,
(11) wvl <c /A%

here ¢, = (1/b)G.. where G“ was defined above, and A1 > 1 [since
we assumed that all the elgenvalues An are greater than 1], and b

= mln(lgj(so)l: J=12,....N

Proof We define the dlscrete measure vk as follows

N
v, s’§1ei6(t‘.s°).

where t‘ = 1A. { = lnzo"'wNo 4 = T/N| and eil i = 112,\--,N are

N unknowns to be determined below. Since we must have

k =
vfwg «a /A, n=12....N
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"
t 3 = k =
hen Lie' (ti.so)}wn a /An. n=1,2,...,N,

or

N
k
igoe‘w"(t"%) =a /A, n=12...N

- A (T-t) "
But V’n(t-S) =bn(s) e " = bn(s)¢n(t), where ¢n(t)

-An(r-t)
= e , SO we have

Noo.
k
if‘e‘bﬂ(sc)‘t&“(t‘) =a /A, n=12..,N

or

N |
- k
b (s,) Lieicﬁn(t‘)} = ‘an /A, n=12,... N

By assumption gn(sc) #0 forn=1,2,...,N so we have
N -
i§|e‘¢"(t‘) =a / (An.bn(so)], n=1,2,...,N ; (6.14)

We have called y the matrix of coefficients of the above system
(6.14) of N linear equations in the unknowns e, | = 1,2,...,N; ¢

was defined in lemma (6.7) and we showed there that ¢ is

non-singular and G = v = (g”). so we have
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) 9 kD “
2] [ &1 81 9,) [ 3, (s
e 9,, 9..... @ k=
2 | "a %2 2x b
: : 2233 By(3y) (6. 15)
e  J ¢ .-.- 0 kK >
N L] 2
L \ N “J La“/P\|l bn(so)
Therefore we have from (6. 15)
N NN
e ==j§1(g”{aj/kj bj(so)]}. J=1,2,....N
or
N -
fef s T{lg llalAdb(s )}, t =1,2,,.. N (6.18)
i jet (7 B LA R R

Let b = mln{lbl(so)l;J = 1,2,...,N}. Then b > 0, because we have
assumed that b’(SQ) # 0, n=12,...,N Also we assumed without

loss of generallty that the set of elgenvalues (Aj), satisfy

1<A‘<?\2<...(}\n<..

Therefore A: > h:. for J = 1,2,... and lbj(so)i z b, for J

= 1,2,...N. Further, by assumption, |ajl <1, J=1,2,...,N; thus

we have from (6.16),

N ’ ’ ;
le] s E lg”lﬂ:b. (6.17)
j=1 ‘ i ‘ ‘
. | .
Since v, 8"?‘3:6“(’50)'
ot = lvkm) =3 Ja‘l. ‘ . | | (6.18)

et
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N ]
By (6.17) and (6.18) we have Iv <‘2.:' E,lg”'ﬂ"‘b' or

N L]
wh <E Iig I/ (6.19)
i=1 j=9

NN '
But since c = (I/b)G'. where C'u =% Zlg..l, from (6.19) we
is1 =t

conclude

k
Ilvkll < cu/Q\‘. o]

@
To prove the lemma (6.9) we need to define a norm on 1 ¥, where ¥
isl

is the set of all Radon measures on {0,T} X A. Let

™ ™
W= {(H,M,eerBo.on) € nA; gl < o)
0" k i=1 k=0 Kk

We define the function ﬂ.u” on W as follows

+
E.H”.U 2R

o
such that for any w = (“o'uf“"“x"")’ ﬂwﬂ“ =¥ tmku.
k=0

, - _
We show below that U Q(K,N,L) ¢ Q(N) [where A means the closure
ks0 ' :

of the set A, with respect to norm-II, topologyl By using the

definition of‘Qk(N). it 1s apparent that Q(N) < W, because for

17x '
(Hgbhgr e .,uk....) € Q(N). t:: B = 0, or equivvalently ,
o v .
s Lkﬂ#' < », for all L z 0; therefore Q(N) ¢ W. But in general
k=0 k ® ’ ‘
Q(N) is not a subset of U Q(K,N,L), since in Chapter {(5) we
A e ks0 S :
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showed that the element 7y of s’ ¢ Q(N) defined as follows

7¢) = § I D} ¢(t,s)(-1)* (6"t 1ult,s)dtds, ¢ e F,
k=0"[0,T] X A

where we have chosen the measures Ho k = 0,1,... as the

following

J' pop,_ = I 8(t,s)(-1)¥16"/k! lu(t, s)dtds, é € F.
[0,T] X A (0,T] X A

[+
It is seen that 7 = (po“ﬁ""'“k"“) ¢ URQ(K,N,L). Therefore

k=0
. ]
Q(N) is not a subset of U Q(K,N,L). In lemma (6.9) we show Q(N)
Ks0
[+
c U Q(K,N,L).
K=0

-]
Lemma (6.9) Q(N) ¢ U Q(K,N,L), for any fixed positive integer L.
Ks0

Proof The prdof fs similar to that of Lemma (4.9).0

Now we intend to prove L Gn, but first we prove LM E 8“:

Lemma (8.10) For any fixed L 2 1, and any N =z 1

Proof The proof is similar to that of lemma (4.10).n

Lemna (6.11) For any fixed L 2 1, and any N 2 1

Proof The proof 1s similar to that of lemma (4.11).0
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(6.4) Approximation of the infimum of the objective function when

the desired final state belongs to Lz(w).

In Proposition (5.2) of Chapter (5) we showed s, = .'t‘ # ¢. Thus,

-]
inf Tipl, is meaningful. Let
k
s k=0

o0
6 = inf Zuukl
Sg k30

[ ]
In this section we show 8 = lim inf leukll, where Q(N) and
N0 Q(N) k=0

sg, where defined above. Now deflne for any positive N

N
gu(x) =n§‘cnan(x). X € W,

and let s': {7 € sg: S(wn) = cn. n = 1,2,....N}. where 7y

[+ ]
k, k
= (pgphy-eootye...) and 1(y) =k:‘io(-1)1nuk(¢n). First we prove

the following lemma
Lemma (6.12) g, 8 with respect to Lz(u)—norm.

Proof The proof is similar to that of lemma (4.12).0
By using the definition of 8" we conclude {9”}, is a

non-increasing bounded sequence satisfylng
913925...56 s...35690 (8.20)

[for more detall see lemma (4.12) and following material in

chapter (4)]. Thus {eu}converges. let € = 1lim 8, from (6.20) we
N
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have

£ sao. (6.21)

Lemma (8.13) £ = 6.

. Proof Its proof is similar to the proof of lemma (4.13).0
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(6.5) Approximation of the infimum of the objective function by a

finite summation of the norms of discrete measures.

In this section we consider that for any fixed integer L 2= 1

there exists non-negative integers K and N such that

KL
le - Euv il <e,
k=0
where vy k =0,1,...,KL, are discrete measures on [0,T] X 8w. We

also show that there exists 60(0 < 50 < £/5) such that
le ~ em(ao)l < g,

[-<]
where 6 (3) = inf T Uull, and P = P(K,N,L,8) is the set of
KLN- 0 P ks0 K 0
X

all (v,v ..vn.b') where each of v, k = 0,1,...,KL, Is a

e
discrete measure defined on [0,T] X 8w such that

XL K
Ifo(—l) Anp.k(wn) - cni < 50.

The prcofs of the above claims are similar to the proofs of the

same claims in one-dimensional space, given in section (4.5) of

Chapter (4).
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(6.6) Computations for obtaining an approximation for the infimum of

the objective function and control Functions

In this section we apply the claims of section (6.5), and
transform the problem into one which consists of minimizing of a
real linear functlon defined on Rk, for some positive integer k,
over a finite set of linear constraints. Then we construct the
control functions with the help of the results of chapter (5).
Finally, the theory is confirmed, by solving numerically one
problem.

Let 0 = (Yk;k = 1,2,... }. This set can be chosen as one which is
dense in [0,T] X A. In practice, however, we choose the set Qn
= {Y&;k =1,2,...M c Q, by dividing the appropriate intervals
into a number of equal subintervals, defining in this way a grid
of points; thus, in a manner similar to chapter (4) we conclude
that our problem is to minimize

K

T v i
k=0 k

over (vo.vl,...,vKL.a) e P(K,N,e) = P(K,N,1,¢e), which means

4
k
lkzo(-l)kk“uk(wn) - cnl <e, n=1,2,...,N

N N
Now let v = v' - v, v =Eg%(t), v = E3%8(t), where

k k k ko Ty b k oy i
B: = 0, and 7: z 0, for 1 =12,....M k = 0'10"-oKn Therefore,
our problem is to minimize

[ 4 ]
r I [B:‘ + 1;‘] (6.22)
ks L]

0 i
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2(K+1)

on the subset of R . say S(K,N,M,e), defined by

B:z 0, and 1';:0, for 1 =1,2,....M, k =0,1,...,K;

4 ]
1S % (-1)"1:[3'; - 7:]%”," -cl<e, n=12..N (623
kxQ {=t

Now we rename the variables B: as follows:

WX )

0,1 X
(B’.B1...-.B‘) O (X%, X

0,1 K
« oy x ’x [ L R )
(B By By & (x,

X
2 K+3 2K+2

(B:vslr"-oB:) €« (X )

x LR BN
(M-1)Kem" T (M-1)KeNe?’ 'xu(xon

i =1,2,....,.M, k =0,1,...,K. For

simplicity let J = M(K+1); we rename the wvariables 7:

k
or in general B{ = x(i.“(’koi’

= XJ Q(ioi)ﬁokoi. : = 1,2:-0-’M. k = 0,1,1-'.K‘ Finally from
o

(6.22) and (6.23) and the above notation we conclude that our

problem is to minimize

2N(K+Y)

z X (6.24)
=}

24{K+1)

on the set S(K,N,M,¢e), inR , defined by

x z0, 1= 1,2,....2M(K+1)

[ § § -1kt -

X X ' }w(Y)Qc‘<€'
ka0 =9 n{ (1 !)Ktkﬂ Jm‘v(i 1Icek*i)"n 4 "
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where n = 1,2,...,N, and I = M(K+1).

Supposing that this problem has been solved, we intend now to
obtaln numerically the sequence of control functions {“.;}1' J
= 1,2,... defined in appendix (C.5) of chapter (5). In appendix

(C.5) we showed that

K
u:(n.c) =T

k ﬁpum-e)+uuﬂnwggm.

-k f[

0 0,T] X A

]
k
Let pk(E,a‘) =z<ia(v‘). where Y = (ti'si)e[o’“ XA 1
i=1

= 1,2,...,M, therefore we have
K K g k,n k
Wine) =£ ) 0" 0] e - t) + 3o -s )
k=0 i1 i i

We consider now an example in two dimensions.

Example (6.1) g(x) = (2/n) sin(x)sin(y) + (2/a)sin(x)sin(3y),
(x,y) € w, where w = {{x,y); 0 s xs1, 0sys 1}}. Without loss

of generality let T = 1, K =2, M = 100, Jm = 300, and gD

= R*® so our problem is to minimize

600
z X,
i=1

on the set S(2,100) tn R®®, defined by

X, 20, {=12,...,600;

2 100
£ £ (-n8kx

A X3ieke2 xmhm)wbn(t,,s') =c.,n= 1,2,3,4,
ka0 {=% v ;
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-A (1-t)
n

where wn(t,s) = bn(s)e ; here R‘, A,..., are the same as

2

those defined in examples in 2 dimensions In chapter 3. Therefore
by the above reference, we conclude that c, =c = 1, c, = Cg =0,
Thus the results of computations are:

cost function = 0. 1344E+00

x".a = 0.8421E-01 x“6-= 0. 4823E-01
xl.SO = 0.1761E-02 X‘ao = 0.1873E-03
with x, = 0, for all other 1 (1 s i1 s 600),

100
k
Let u, = £ ¢6(Y), k = 0,1,2 and ¢y = 85 - 2%, 1 = 1,2,...,100,
i=1

k = 0,1,2. Therefore by the one to one correspondence defined
below (6.22), we have

1

o, = 0.08421 g =0.001762 g = -0.04823  &J = -0.0001973

C'so
with all other ('; = 0.
According to the formula above Example (6.1), the sequence of
control functions {u';}. is as follows

k4 200

[ 4 = 2 = - k k - -
ui(r,0) = uj(r,0) fs 51( 1)c:D‘pw(t tao - s)

= 0,08421p”j(t - 0.95,s - 0.45) + 0.0482301;:1”& -~ 0.85,s
- 0.45)

- o.oousznfpm(t - 0.95,s - 0.45)
- o.ooowmfpw(t - 0.95,s -0.55), (t,s) e [0,1] X (0,1].

But we showed below Proposition (5.8) of chapter (5), that when

J 92 «, then

u‘(f,s)«pn(f:.s)d&ds > cﬂ(!.v‘)

J.(o.rl xa !



202

- =A (1-3)
where ¢n(€.s) = bn(s)e n .But cn(l.vk), is close to cn(l,w)

for large K (by definition); also, according to proposition (5.7)
of chapter (5), cn(l,v(). is close to c., n= 1,2,...,(for large
K), where c, n = 1,2,..., are the Fourler coefficlents of the
final state function. In this example (for K = 2) in the desired
final state g(.,.) the coefficients .of the eigen-functions
a1(..;) and a‘(.,.) are 1. The corresponding computed
coefficlents are 1.00166, 1.0083. Therefore the computed final
state g’(.,.), corresponding to final state g(.,.), is g’(x,y)

= 1,00166(2/n)sin(x)sin(y) + 1.0083(2/n)sin(x)sin(3y).Thus we

have |g’ - glL = 0.00905. (See figures (6.1) and (8.2)).
2
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)
CONCLUSIONS AND RECOMENDATIONS FOR FUTURE RESEARCH.

The sujgestions-for further work are as fellows:

(1) In Chapters 4 and 6 we studied an optimal control problem for the
n-dimensional diffusion equation with a sequence of generalized
control variables. There we defined the objectlve function J, a

-]
function defined onﬁH, as J(y) = llzrliI = ¥ Ilukll, where 7

k=0 k=Q
S Mol ) € T ¥ We showed In Chapters 4 and 6 that
k=0

this is a true extension of the classical control problem which
consists of finding a control wu(.) or wu(.,.) on [0,T] or on

3w X [0,T] respectively, which minimizes the functionals

HuL)]=‘LOT]|MtHdt=umkﬁoﬂj

or

Itul.,.)] = j [u(€,t) [dEdt = ful

8w X [0,T) L{dw X [0,T])’

respectively. The first problem is to choose the obJective
function J, as a function of (x,u,t), where x € [0,1] or x € w
(the region defined in chapter 6, which is in R"), u e V (the set
of admissible controls defined in chapter 6) and t € [0,T].

(2) In Chapter 4, we needed to compute functions as follows:

K 2 2.k '(nzuz)(1~t)
(-1)(n"n")" e ,n=0,1,..., and k = 0,1,...,
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where ti = (21 - 1)/20; §{ = 1,2,...,10, for large values of k and
n. It is apparent that when n is chosen large, then the absolute
value of the above functions are very small, even less than 1043
which is the limitation imposed by the word-size of the computer;
all of such numbers are then treated as zero. This causes
fll-conditioning in the matrix that we use in the revised simplex
method (see for example Gass [1], p.96). So it seems that it is
an open problem to find a way to overcome this difficu{ty despite
the limitation of the computer.

(3) In Chapters 2 and 6 we assumed the boundary of the defined
open set w < R", 1is differentiable or 3w € C'. so the third
problem could be to assume there are infintely many points on 8w
where 3w is not differentiable.

(4) In Chapters 2, 5 and 6 we considered the n-dimentional linear
diffusion equation. The fourth problem could be to consider the

following linear diffusion equation with variable coefficients:
a(x) Y +b(x) Y +ci{x) Y=Y
XX x t

where Y = Y(x,t); (x,t) € w X [0,T], and a, b, c are continuous
functions on w. We can assume the same boundary conditions as in
Chapter 2 and define the set of admissible controls and the

objective functional as in Chapter 2.
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Appendix (A.8)

In lemma (6.8) we assumed that for a fixed positive integer N
n-1 times

A

there exlsts at least one Sy € A=[0,T] X ... X [0,T], such that

bj(so) #0, for §J = 1,2,...,N. In this appendix we intend to
obtain conditlions which guarantee the existence of S,

Let
Bj = {s € A;bj(s) =0}, J=12,...,N

Indeed, Bj is the set of all solutions of the equation {)j(s) = 0
N N
on A. It is apparent that U B, c A, but if UB = A, then the

i
" i=1 i= "

set A - UB, # ¢, so there exists at least one s. ¢ A - UB;

j=1 j=1 y
that 1s, s, € A and S, ¢ Bj. for § = 1,2,...,N, or by definition
of B, b(s) *0, J = 1,2,...,N. If all B, J = 1,2,...,N, are

countable sets, then, that is a sufflclent condition for the

N
existence of Sy since If it happens then U B, 1s countable,
j=1
N N
thus A - U B, is uncountable so there exists s e A - U B..

j=1 I ° jer 4
Another equivalent conditlion to the above sufficlent condition is
that the sets B’j = {x € duw; bj(x) = 0} be countable; here bj(x)
= aal(x)/av, J=12,... and v is the outward normal to 8w (for
more detall see the begining of chapter (2)).
Note By definition, l;j(s) = (biox)(s). where x = x(s)
= (51(5),...,€n(s)). s € A, 1s the parametric equation of duw.
Thus aj(s) # 0, for some s € A, if and only if bj(x) # 0, for
some X € Gw. '
In the following we show that _u‘ w is an open interval in R" (for
definition see RUDIN [1] p.228) then the sets BI' J = 1,2,...,N,

defined above, are countable, which guarantee the existence of
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xvsoeA.

Example:let
w={x=(§,....6) e R% 0 < € <a, 1=12..,n, (A6.1)

k k

and let {(mi.....-")}lm2 , be a given sequence in R", where
k

the M, = {m}. 1 =1,2,...,n are strictly increasing sequences

of integers such that

n
b (m:)zlnz/azl > 1; (A6.2)
is1

here a = max(a1....,an}. Let 1‘ = n/a‘, {1 = 1,2,...,n,. Now we
compute the sequence of eigenvalues (Ak}. as follows:
k2.2 e, k2, 2, 2
A= £ (m)1¢= g (m‘) (n /ai). (AB.3}

f=1 f i i=s1

By definition of m:, we have

n n
A = £ @MUnR% > $ (3 n¥ad = A,
ket i i i et i i k

since the sequences H‘. i = 1,2,...,N, are strictly increasing.
e

By definition of a we conclude 0 < af sa, {=1,2,...,n sowe
have
< 2

n
£ ahinizall 2 T (a)’(n'val), (A6.4)
i=1 i=1

Thus by using (A6.3) and {A6.4), for k = 1,2,... we have



207

n
Az § (m9n¥all. (A6.5)
k ju1 i

From (A6.5) and (A8.2)

A >1, k=1,2,...

k
Therefore we conclude that the sequence (Ak} satisfles the
following condition
<
1ea, a, <., <A <l (A6.6)

We define now the sequence of eigenfunctions. Let x

= (E’....,En), and let

n
K
ak(x) i]"[‘sir'x(milié,'i),, k=1,2,...,

therefore we have

n K k k
aak(x)/aej L[’]tsin(miliei)](mj lj)ccs(mj 1] &,‘j)
i#]

n

2 2 k k 2 k

) ak(’x)/é‘gj = 'Lg‘sm(miligi)](m;‘ lj) sln(mi l,_ Ej)
i®]

n
k42 k o (oK 12
= --(uxj lj) ‘g‘sln(mili&“) (mj 11) ak(x)

or 8zak(x)/a€§ = -(m: lj)2 ak(x). Therefore we have
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[4} n
Aa (x) = £ 8% (x)/3€% = £ -(n* 1% a (x) (A6.7)
k jo1 K Jo1 ii k

By using (A6.3) we can write (A8.7) in the following form
Aak(x) = -Ak ak(x). k=12,... , X € w (AG.8)

Now we are going to solve the equation ak(x) = 0, x € dw. Let x

= (Ei....,ﬁn) € 3w, thus by definition of 8w, x is in one of the

following two forms

(1) x = (61""'€J-1'0’€j+1"“’g );
(11) x = (5‘,.--.Ej_‘,aj,im.-...gn).

We show ak(x) =0, X € 8w . But for x = (51""’51\) we have

n
alx) =1 sin(m1£) , x = 1,2,...
k a1 LIS

Thus in case (1) it is apparent that

X .
ak(e‘, “« s ’sjv1’o'€jQ" v ,En) = Ot

In case (11) we have

n
ak(t;",....Ej‘!.aj.ﬁm,...,ﬁn) L]}“sin(mil§€{)]sm(mI 1

i#]

i aj),

but we defined l’ = t/a}. 50 we have
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k

i
s n(mj

l1.a)s= sln[m'f(n/a Jals= sin(mk n),
b i i i ]

but sin(m: r) = O, because m;‘ is an integer, thus

ak(€1'- . .gj_l.ai»sjﬂ,- . .En) = 0,
Therefore
ak(x) =0, x € dw. (AB.9)

From (A6.8) and (A6.8) we conclude that the sequence (ak(x)} is a
sequence of elgenfunctions of the Laplacian operator A,
corresponding to the sequence of eligenvalues (Ak}. where
1<A‘<7\2< <Ak<J\M<

Now in the following we show that the sets B; = {x ¢ dw; bj(x)
= 0}, are countable (indeed they are finite). By definition of

n
bk(x). k =1,2,..., we have bk(x) = aak(x)fav = ¥ {aak(x)/aei]v‘,
ist

where X = (61.....£n) € 8w, and v = (v1....,vn), the outward
normal to dw. Since w is an Interval in R", then at any point on
its boundary there is some J, J = 1,2,...,n, where vj = +1 or vj
= -1 and for other { = }J, v, = 0. Thus without loss of generality
let vj = 1; thus

n n K
bk(x) =i§’[aak(x)/aii]v{ = aak(x)/aej = B[ig’sln(m‘i%tz{}]/aij

= i 1n(n*1 3 )](mk 1 )cos(mk 1 €)
LU,S cer P s
{#]
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Therefore bk(x) = 0 1f and only If

n K K k
L]"[‘sin(milii')](lj lj)cos(-j 1j Ej) = 0, (AB. 10)
i#]

but for any k, k = 1,2,...,N, (where N is an arbitrary but fixed
integer) the number of solutions of the equatlons (AB.10) Iis

finite, since 0 s { s a sa, for { =1,2,...,n. Thus the sets

i
B’j = {x € dw; bj(x) =0}, J=1,2,...,N, are countable.o
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FIG. 6.4 DESIRED FINAL STATE FOR EXAMPLE 6.1
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FIG. 6.2 COMPUTED FINAL STATE FOR EXAMPLE 6.1
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