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Abstract

In this thesis we initiate the study of the proof complexity of modal resolution systems. To our
knowledge there is no previous work on the proof complexity of such systems. This is in sharp
contrast to the situation for propositional logic where resolution is the most studied proof system, in
part due to its close links with satisfiability solving.

We focus primarily on the proof complexity of two recently proposed modal resolution systems
of Nalon, Hustadt and Dixon, one of which forms the basis of an existing modal theorem prover.
We begin by showing that not only are these two proof systems equivalent in terms of their proof
complexity, they are also equivalent to a number of natural refinements. We further compare the
proof complexity of these systems with an older, more complicated modal resolution system of
Enjalbert and Farifias del Cerro, showing that this older system p-simulates the more streamlined
calculi.

We then investigate lower bound techniques for modal resolution. Here we see that whilst some
propositional lower bound techniques (i.e. feasible interpolation) can be lifted to the modal setting
with only minor modifications, other propositional techniques (i.e. size-width) fail completely. We
further develop a new lower bound technique for modal resolution using Prover-Delayer games.
This technique can be used to establish “genuine” modal lower bounds (i.e lower bounds on the
number of modal inferences) for the size of tree-like modal resolution proofs. We apply this
technique to a new family of modal formulas, called the modal pigeonhole principle to demonstrate
that these formulas require exponential size modal resolution proofs.

Finally we compare the proof complexity of tree-like modal resolution systems with that
of modal Frege systems, using our modal pigeonhole principle to obtain a “genuinely” modal

separation between them.
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Chapter 1

Introduction

Proof complexity In proof complexity we analyse how efficiently theorems can be proved in a
given proof system, where generally speaking, a proof system is a finite collection of inference
rules and axioms. The main goal in proof complexity is to obtain lower bounds on the minimum
proof size required to prove a given theorem in a specified proof system. In particular we generally
wish to prove superpolynomial lower bounds on the minimum proof size required for a given family
of formulas in a given proof system.

This is analogous to the field of computational complexity where the minimal running times of
algorithms are analysed. Indeed one motivation for the study of proof complexity is its strong links
to computational complexity. The systematic study of proof complexity was begun by Cook and
Reckhow in [27]] who formally defined a proof system to be a function which can efficiently verify
whether or not a string of symbols is a proof of a given logical formula. Using this definition the
class of languages which can be decided by a non-deterministic algorithm in polynomial-time (NP)
can be naturally defined in terms of proof complexity. As a result the study of proof complexity can
be regarded as a potential route to solving the famous P vs NP question [23]].

Another major motivation for the study of proof complexity is its strong links with satisfiability
(SAT) solving [|69]]. The SAT problem is the problem of determining whether or not a given
propositional formula has a satisfying assignment. This problem is known to be NP-complete
[25)57]], hence every decision problem in NP can be reduced to a SAT problem. As a result SAT
solvers have important applications throughout numerous areas of computer science [[60].

A SAT solver is essentially an implementation of some propositional proof system. As such
whenever a solver is applied to some unsatisfiable formula the trace of its run corresponds to a
proof of unsatisfiabilty in its underlying proof system. Hence a theoretical understanding of SAT

solving can be gained through studying the proof complexity of such proof systems. Most modern
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SAT solvers use conflict-driven clause learning (CDCL) as their underlying algorithm, it is well
known that the trace of any such algorithm is essentially a resolution refutation [7,(74]. Hence
through studying the proof complexity of propositional resolution we can gain a deeper theoretical
understanding of state of the art SAT solvers.

Propositional resolution [20}31,[80] is a very simple proof system, consisting of only a single
rule. This rule works by eliminating contradictory literals (i.e. propositional variables and their
negations) from a formula. Crucially, repeatedly applying this rule to an unsatisfiable formula will
always result in the derivation of a contradiction.

Given its simplicity it is perhaps unsurprising that from a proof complexity perspective, propo-
sitional resolution is considered to be a rather weak proof system. As such many superpolynomial
proof size lower bounds have been shown for propositional resolution (cf. [85]]). This is in direct
contrast to many stronger propositional proof systems, in particular Frege systems, for which the

existence of superpolynomial lower bounds is a major open problem [21]].

Proof complexity of modal logics Whilst the vast majority of work within proof complexity has
been focused on propositional logic, more recently an increasing amount of work has been carried
out on the proof complexity of more stronger logics, including many non-classical logics [[15[]. In
particular there has been a large amount of work concerning the proof complexity of quantified
boolean formulas (QBF) [10L|11]], which has accompanied significant improvements in QBF solving
[48,58]]. Whereas the non-classical logics whose proof complexity has recently begun to be studied
include intuitionist logic [44}46,50], superintuitionistic logic [49]], default logic [[16]] and modal
logic [45.146.149]).

Modal logics have wide ranging applications throughout computer science. For example
description logics, which are known to be syntactic variants of modal logics [81], are used in
knowledge representation [30}/43]]. Other areas where modal logics have been successfully applied
include game theory [59]], knowledge compilation [[17,35] and formal verification [[24L[72].

As a result of these varied applications many propositional proof systems, including Frege
[46L49], sequent calculus [87], tableaux systems [|38] and resolution systems [63}/64], have been
extended to modal logics. Furthermore a number of these proof systems are the basis of modal
theorem provers (e.g. for tableau [[39,40] and for resolution [47,/66]]). Hence, as in the propositional
case with SAT solvers, through understanding the proof complexity of these underlying proof
systems we can gain a deeper theoretical understanding of their associated provers.

Another motivation for the study of the proof complexity of modal logics comes from com-
putational complexity. Most commonly used modal logics are in PSPACE [55] (i.e. the class of
languages which are decidable by an algorithm which uses polynomial memory/space). Hence
studying the proof complexity of modal logics can be seen as an attempt to separate PSPACE from
NP.

Finally, through the study of proof complexity of modal logics we can hopefully gain a deeper

understanding of proof complexity in the wider sense. It is clear from the existing work on the
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proof complexity of modal logics that the picture is very different than it is for propositional logic.
For example there exist modal formulas which require exponentially sized modal Frege proofs [46],
whereas no such formulas are known to exist for propositional logic.

In propositional proof complexity resolution is by far the most studied proof system. This is in
direct contrast to the proof complexity analysis of modal proof systems which is, to our knowledge,

limited to the study of modal Frege, extended Frege and substitution Frege systems [46,49].

Modal resolution systems As we saw above, for propositional logic, resolution is a very simple
proof system which consists of only a single inference rule. However constructing a resolution
based proof system for even the weakest normal multimodal logic K, is not straightforward. This
is because two complementary literals can occur at different “modal contexts” (i.e. be nested within
different numbers or types of modalities) within a single modal formula, and so fail to contradict
one another. As a result many different resolution methods have been proposed for modal logics.

Generally speaking modal resolution methods have followed two different approaches. The
first method involves translating modal formulas into some other language for which there are
well-developed existing resolution systems. Most often this language is first order logic [32}/82],
although translations into other languages such as propositional logic [[51},/84]] and QBF [73]] have
also been proposed.

The second approach is to devise a resolution system that works directly on the modal logic
that is being considered, usually after it has been translated into some clausal form. We informally
refer to such systems as direct resolution systems. Examples of direct resolution systems which do
not require translation into any clausal form are [1] and [36]]. Examples of direct clausal resolution
systems include [35,/34.[61-64].

As we are interested in the proof complexity of modal logics as opposed to that of first order
logic, in this thesis we consider only direct modal resolution systems. In particular, our main focus
throughout is on the proof systems of Nalon and Dixon, and Nalon, Hustadt and Dixon given in [63]]
and [|64] respectively. These two proof systems are closely related to one another, operating on
similar normal forms and having almost identical inference rules.

There are several motivations for choosing to focus primarily on the resolution systems of
Nalon and Dixon, and Nalon, Hustadt and Dixon. Firstly these proof systems are the most recently
proposed of the direct modal resolution systems. Secondly the clausal forms that each of these
systems act on are both much simpler than those of any other direct clausal resolution system.
Finally, whilst many direct resolution methods for modal logics have been proposed, very few of
these proof systems have been implemented as automated theorem provers. The direct clausal
resolution system of Nalon, Hustadt and Dixon is an exception to this trend as it has an associated
prover [|65}/66].

We also consider the proof complexity of the direct clausal resolution system RK,, of Enjalbert
and Farifias del Cerro given in [34]]. This proof system was among the earliest proposed modal

resolution systems and both its inference rules and clausal form are much more involved than either
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of the two more recent resolution systems we consider.

1.1 Contributions

We will now highlight our key contributions and theorems.

Comparing the strength of modal resolution systems In proof complexity we can compare
the strength of two proof systems using simulations. Informally we say that one proof system
simulates another if we can transfer proofs from the latter system to the former without causing a
super-polynomial blow up in proof size.

In Chapters 4] and [5| we compare the strength of various resolution systems for the multimodal
logic K,,. We begin by reviewing the two modal resolution systems of Nalon and Dixon [63]], and
Nalon, Hustadt and Dixon [64]], which we refer to as K,,-Res and K,,,;-Res respectively. These
systems are both extensions of propositional resolution, with a number of additional rules which are
used to resolve on modal pivots. Each of these proof systems are clausal and so can only be applied
to a modal formula once it has been translated into an appropriate normal form.

The earlier of these two proof systems is K,,-Res whose normal form is such that the “modal
context” of each clause is encoded by the extension variables added in the translation. This allows
clauses to have modal depth at most one and hence greatly limits the number of ways complementary
literals can be resolved together. However, although the “modal context” of each clause is encoded in
its extension variables it cannot be easily read off and so this does not prevent us from unnecessarily
resolving together two clauses with different modal contexts.

The normal form for K,,,;-Res similarly works by encoding the “modal context” of clauses
within extension variables, however each clause is also labelled by a natural number denoting
its modal level “modal level” (i.e. its modal depth within the original formula). This allows the
inference rules of K,,,;-Res to be defined so that clauses can only be resolved together if they are
labelled by the same natural number, and hence occurred at the same modal depth within the original
formula. Hence K,,,;;-Res has a smaller search space than K,,-Res.

We further define two new resolution systems for K,, called K, ,-Res (Definition and
K,,.-Res (Definition 4.4.7). Both of these systems are natural refinements of K,,,;-Res, differing
only in their respective normal forms.

The normal form for K,,,-Res prefixes each clause by a finite sequence of positive modal
operators (i.e. box operators). As this sequence of modal operators contains no diamond operators
it does not tell us the precise “modal context” of the clause, however the sequence of agents
corresponding to these modalities does specify the clause’s “modal position” within the original
formul;ﬂ The inference rules of K,,,;,-Res are then defined so that clauses with different “modal
positions” cannot be resolved together. Similarly, the resolution system K,,,.-Res works on a normal

form where each clause is annotated by its “modal context”, which is expressed as a word over

'If we apply the resolution system to the monomodal logic K; then this resolution system is identical to K,,,;-Res.
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the agents and extension variables. The inference rules of K,,,.-Res rules are then defined so that
clauses with different “modal contexts” cannot be resolved together. Both of these proof systems
admit less “unnecessary” resolution inferences than K,,,;-Res, with K,,,.-Res admitting the least.
However whilst K,,,.-Res has the smallest search space of all the K-Res systems (i.e. K;-Res,
K,.i-Res, K;,,-Res and K,,,.-Res), K;,,,-Res has the advantage of not requiring translation to a
language with any annotations and so can be compared to other K,, proof systems more easily.

We show in Theorem [4.5.1] that each of the K-Res systems simulates every other K-Res system,
and hence that they are all equivalent to one another in terms of their proof complexity. The proof
of this amounts to showing that any inference that can be preformed in K,,-Res, but not K,,,.-Res
(i.e. any inference on two clauses with different “modal contexts’) does not contribute to the proof
and so can be removed. This result allows us to focus only on the most convenient K-Res system
both when proving lower bounds for them, and when comparing the strength of these systems with
other modal proof systems.

In Definition |4.6.2| we propose a further refinement of the K-Res systems. This refinement
allows us to drop two of the five (seven in the case of K,,-Res) inference rules from each of the
proof systems by making a minor change to the each of the normal forms that these systems operate
on. In Theorem [4.6.3| we show that this refinement results in an equivalent proof system. This
refinement is of particular use when proving that certain propositional lower bound techniques can
be lifted to the K-Res systems.

Finally we compare the efficiency of the K-Res systems with that of the resolution system RK,,
of Enjalbert and Farifias del Cerro [34]. In particular we show in Theorem [5.2.1] that the older
clausal resolution system RK,, simulates each of the K-Res systems. Due to the equivalence of the
K-Res systems we only have to prove that RK,, simulates some K-Res system. Hence we choose
to prove that RK,, simulates K,,,;-Res, as this is the only K-Res systems whose normal form RK,,

can be directly applied to.

Proof size lower bound techniques In proof complexity we aim to prove superpolynomial lower
bounds on the size of proofs. As previously discussed, as well as offering insight into how proof
systems work, proving such lower bounds can be seen as a route to separating complexity classes.
Further, due to the correspondence between proof systems and automated theorem provers, proof
size lower bounds can also be regarded as worst case running times for provers.

What is arguably even more important than proving superpolynomial lower bounds for the
size of proofs is to devise general techniques from which such lower bounds can be obtained.
Indeed many such techniques have been devised for propositional proof systems, in particular for
propositional resolution [8,85[]. A natural question to ask when considering the proof complexity of
modal proof systems is whether any of these propositional techniques can be lifted to the modal
setting. As we shall see the answer to this question is dependant on the technique being considered.

In this thesis we consider three lower bound techniques for modal resolution. The first two

techniques are extensions of successful lower bound techniques for propositional resolution. The
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first of these techniques can be lifted to modal resolution, whereas the latter cannot be. We further
develop a new lower bound technique which can only be applied to modal proof systems. We will

now give details of each of these techniques.

1. The first lower bound technique that we consider is feasible interpolation [53,[75], which is
a well established propositional lower bound technique. An interpolant of an implication
formula A — B is a circuit (or formula) which is satisfied whenever A is satisfied and
falsified whenever B is falsified. A proof system has feasible interpolation if given any true
implication formula and any proof of this formula we can efficiently extract an interpolating
circuit whose size is polynomial in the size of the proof. Hence if some formula has only
large interpolating circuits then every proof of this formula must also be large. As a result we

can use feasible interpolation to obtain proof size lower bounds from circuit lower bounds.

Feasible interpolation can be used to show exponential lower bounds for both propositional
resolution [53]] and another stronger propositional proof system called cutting planes [75].
In Theorem [6.2.1] we show that, with some minor adjustments, feasible interpolation can be

lifted fairly straightforwardly to the K-Res modal resolution systems.

2. The second propositional technique we consider is size-width [9]], which is arguably the
most successful lower bound technique for propositional resolution. This technique allows
exponential proof size lower bounds for propositional resolution to be proved indirectly via
linear lower bounds on another standard measurement of proof complexity, proof width. The

width of a proof is the largest number of literals contained within any line of the proof.

In this thesis we show that the size-width technique cannot be lifted to either the K-Res
systems (Theorem [7.3.1)) or RK,, (Theorem|[7.4.1). The proof of both theorems essentially
consists of showing that there exist families of formulas which require proofs with linear

width, but also have proofs of polynomial size.

3. Finally we propose a modal game theoretic lower bound technique for tree-like K-Res
modal resolution systems (that is, K-Res systems where inferred clauses cannot be reused).
This technique is inspired by game theoretic lower bound techniques for propositional
resolution [[13}|141/76]] and QBF resolution [[12].

Our modal game is played by a Prover and a Delayer. The Delayer claims to know some
model for an unsatisfiable modal formula and the Prover refutes this claim by repeatedly
asking questions about the structure of this model until a contradiction is exposed. Delayer
scores points every time Prover poses a question, however the amount of points he scores is
proportionate to the amount of useful information Prover gains from the answer. As Delayer

can never win the game, his goal is to score as many points as possible before it ends.

We show in Theorem [8.3.] that if Delayer can devise a strategy which ensures he always
scores at least s points when playing on a given modal formula ¢ then every tree-like K, ,,.-Res

refutation of ¢ contains at least 2° modal resolution steps (i.e. resolution inferences where a
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modal pivot is resolved on). Hence proving a linear lower bound on s yields an exponential
lower bound on the number of modal resolution inferences needed to refute ¢ (and so the

size of such a refutation).

Our technique differs significantly from the game theoretic lower bound techniques for
propositional and QBF resolution mentioned above. At each round of the non-modal games
Prover asks for an assignment to a variable, whereas in our modal game Prover asks about the
model’s accessibility relation. As a result using our modal game we are able to prove “truly”
modal lower bounds, i.e. lower bounds on the number of modal resolution steps required to

refute a given family of formulas.

Exponential lower bounds for modal resolution We use our modal lower bound techniques to
prove two new exponential proof size lower bounds. These lower bounds are for the full dag-like
version of the K-Res modal resolution systems (where inferred clauses can be reused) and the
tree-like variant of the K-Res modal resolution systems respectively. The first of these lower bounds
is for an existing family of hard modal formulas, whereas the other is for a new family of modal
formulas.

The existing family of formulas that we use to show an exponential lower bound for the K-Res
systems are the modal clique-colour formulas of Hrubes [46]]. The propositional clique-colour
formulas encode that no graph with a clique of size k£ + 1 can also be k-colourable. Hrube$§’
modal version of these formulas encodes the same statement and is obtained by augmenting the
propositional version with some additional modal operators. However whilst the propositional
clique-colour formulas can be used to obtain lower bounds for propositional resolution [[53]] and
cutting planes [75]], the modal clique-colour formulas give lower bounds for modal Frege and modal
extended Frege systems [46,49].

In Theorem we use our modal feasible interpolation technique to show that the modal
clique-colour formulas require exponential size K-Res proofs.

To our knowledge the modal clique-colour formulas are the only family of modal formulas in
the literature that have successfully been used to obtain lower bounds for modal proof systems.
However these formulas cannot be used to prove exponential lower bounds via our game theoretic
technique (see Section[I0.3)). Further, whilst there exist many benchmark formulas on which the
performance of modal theorem provers can be analysed (e.g. [[6]) the hardness of these formulas is
typically due to proofs being hard to find as opposed to large in size. As in proof complexity we
are interested only in the minimal size proofs and not how hard they are to obtain these benchmark
formulas are not generally suitable for proof complexity analysis.

Hence in order to obtain lower bounds using our game-theoretic technique in Definition|9.1.1|we
define a new family of hard modal formulas. These formulas are essentially a modal encoding of the
pigeonhole principle (i.e. if m > n then given any assignment of m pigeons to n pigeonholes some
pigeonhole contains at least two pigeons). The pigeonhole principle has a well known propositional

encoding (see for example [22]) which has been shown to be hard for (tree-like and dag-like)
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propositional resolution using a number of different propositional lower bound techniques (e.g.
size-width [9] and game theoretic techniques [76])). Despite both encoding the same principle the
propositional pigeonhole formulas and our modal pigeonhole formulas are not obviously equivalent.
In particular in our modal pigeonhole formulas pigeons are encoded through the accessibility relation
and pigeonholes are encoded as propositional variables, unlike in the propositional encoding where
both pigeons and pigeonholes are represented by propositional variables.

We show in the proof of Theorem [9.2.1] that there exists a Delayer strategy which ensures
Delayer scores at least log n! — 1 points whenever our modal Prover Delayer game is played on our
modal pigeonhole formulas. Consequently every tree-like K-Res refutation of our modal pigeonhole
formulas must contain at least n! — 1 modal resolution steps. Notably as this lower bound ignores
all propositional inferences (i.e. inferences where only propositional variables are resolved on), it is

a truly modal lower bound as opposed to a lifted propositional one.

Modal proof systems beyond resolution There are a wealth of proof systems beyond resolution
for both propositional logic and modal logics. The most studied of these systems in terms of its
propositional proof complexity are Frege systems.

Propositional Frege systems are known to be strictly stronger systems than propositional
resolution. By this we mean that propositional Frege not only simulates propositional resolution,
but there also exists a separation between the two systems [22]]. That is, there exist formulas which
have polynomial sized Frege proofs yet do not have short resolution proofs.

Frege systems have been extended to many modal logics (including the modal logic K,,), and
indeed their proof complexity has also begun to be considered [46]. However, to our knowledge,
there is no existing work comparing the strength of modal Frege systems with presumably weaker
modal proof systems, such as the modal resolution systems considered throughout this thesis.

We show in Proposition[I0.1.1]that modal Frege systems simulate the modal resolution system
K,,p-Res, from which it follows immediately that modal Frege systems simulate the family of
K-Res systems and their tree-like variants (as any tree-like proof system is simulated by its dag-
like variant). We further show that our modal pigeonhole principle has short modal Frege proofs
(Theorem [10.2.2)), hence separating K,,-Frege from the family of tree-like K-Res systems. Whilst
a separation between modal Frege systems and the tree-like K-Res resolution systems follows
trivially from the separation between the analogous propositional systems, ours is the first modal
separation between these systems. The proof of our modal separation is similar to the proof that the

pigeonhole principle is easy for propositional Frege given by Buss in [22].

1.2 Organisation

The remainder of the thesis is organised as follows. In Chapters [2| and [3| we give necessary
preliminaries on modal logic and proof complexity respectively. For a full introduction to modal

logic see [[19,/54]], and for a full introduction to proof complexity see [26].
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The main content of the thesis begins in Chapter ] where we investigate the proof complexity
of the family of K-Res resolution systems. We begin this chapter by reviewing the modal resolution
systems K;,-Res and K,,,;-Res of Nalon, Hustadt and Dixon [63,/64]]. We then define a number of
refinements of K,,,;-Res and compare the strength of these new systems with K,,-Res, K,,,;-Res and
each other using simulations.

In Chapter[5|we review the modal resolution system RK,, of Enjalbert and Farifias del Cerro [34].
We further compare the proof complexity of this system with that of the family of K-Res systems.

The next three chapters are concerned with lower bound proving techniques. In Chapter [0]
we show that the propositional technique of feasible interpolation can be extended to the family
of K-Res proof systems. We further show that this technique can be applied to Hrube§’ modal
clique-colour formulas [46] to obtain a lower bound for the K-Res systems. In Chapter [7] we show
that the size-width lower bound proving technique cannot be extended to either K-Res systems or
RK,,. In Chapter [§ we give a game theoretic lower bound proving technique for tree-like K-Res
proof systems.

In Chapter 0] we introduce a new family of formulas called the modal pigeonhole formulas. We
further prove that these formulas are hard for each of the tree-like K-Res proof systems using the
game theoretic lower bound proving technique which we introduced in Chapter [§]

In Chapter [I0] we compare the proof complexity of the family of K-Res systems with that of
modal Frege systems. In particular in Section [I0.1| we show that modal Frege systems simulate
the family of K-Res systems and in Section|10.2| we show a separation between the K,,-Frege and
tree-like K-Res.

Finally we conclude with a discussion of our work in Chapter

1.3 Publications containing work in this thesis

Some of the work contained in Chapters ] and [5]appeared in the paper:

e Sarah Sigley. Resolution Calculi for Modal Logic and their Relative Proof Complexity. In
Proceedings of the ESSLLI 2017 Student Session, pages 60-72. 2017.

for which I was the sole author.
Some of the work contained in Chapters 4] [8] [0]and [I0]is included in the paper:

e Sarah Sigley, Olaf Beyersdorff. Proof Complexity of Modal Resolution. Submitted to Journal

of Automated Reasoning.

I was the main author for this paper.



Chapter 2

Preliminaries I: Modal Logic

Modal logics are extensions of propositional logic, hence we begin this chapter by giving an

introduction to propositional logic. We then give an overview of modal logics.

2.1 Propositional logic

Propositional logic is constructed from a set of propositional variables, P = {p1,p2,...}, a
complete set of propositional connectives {—, A, V} and the constants 0 and 1.

The connective — is a unary connective denoting negation. The formula —p; states that the
negation of p; is true, which is equivalent to stating that p; is not true. The connectives V and A
are both binary connectives denoting disjunction and conjunction respectively. Hence the formula
p1 V p2 is read “as p; is true or po is true” and the formula p; A p2 is read as “p; is true and ps is

true”. The constants 1 and 0 correspond to true and false respectively.

Definition 2.1.1. The set of well formed formulas (denoted wff) over the set of propositional

variables P and propositional connectives {—, A, V} is defined inductively as follows:
e the constants 0, 1 € wff,
e if = p for some p € P then ¢ € wff,
o if ¢ € wff then ¢ € wff,

o if @1, P2 € wff then Py V P € wff and P1 A @9 € wff.

A literal is either a propositional variable, p € P, or its negation, —p. We let £ denote the set of
all literals. A clause is a disjunction of literals. We let CL denote the set of all propositional clauses.

We say a propositional formula is in conjunctive normal form (CNF) if it is a conjunction of clauses.

10
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We adopt the convention of identifying the empty disjunction/clause with 0 and the empty
conjunction/CNF with 1. As conjunctions and disjunctions are both commutative and idempotent

we can treat clauses and CNFs as sets of literals and clauses respectively.

Definition 2.1.2. A model for a formula ¢ € wff is an assignment « : var(¢) — {0,1}, where
var(¢) denotes the set of all propositional variables in ¢. We say that « satisfies ¢ if when every

propositional variable p in ¢ is replaced by «(p) then ¢ evaluates to 1.

If there exists a model that satisfies a formula ¢ € wff then we say that ¢ is satisfiable. If every
model for a given formula ¢ satisfies said formula then we say that ¢ is a fautology. If no model

satisfies ¢ then we say that it is unsatisfiable.

2.2 Modal logic

A multimodal logic over some finite set of agents A = {a1, ..., a,} is an extension of propositional
logic constructed from a set of propositional variables, P = {p1,p2,...}, a complete set of
propositional connectives {—, A, V}, the constants 0 and 1, and a set of unary modal operators
{0q, | a; € A}. The formula [, ¢ is read as “agent a; considers ¢ to be necessary”.

We further define the binary connective — so that ¢ — 1) = —¢ V 1, and for each i € [n]
(where [n] denotes the set {1, ...,n}) we define the modal operator ¢,, = —J,, . The formulas
¢1 — ¢2 and O, ¢ are read as “if ¢; is true then ¢ is true” and “agent a; considers ¢; to be

possible”, respectively.

Notation 2.2.1. Throughout this thesis we take o, to be either [, or {,. For any set > we
define ¥* to be the set of all finite words over ¥ and ¢ to be the empty word. Further we define

O, =0, ...0,, forp=ay...a, € A"

Definition 2.2.1. Let A be a finite set of agents. The set of well formed multimodal formulas
(denoted wfmf) over the set of propositional variables P, the set of modal connectives {{J, | a € A}

and the set of propositional connectives {—, A, VV} is defined inductively as follows:
e the constants 0, 1 € wfmf,
e if = psuchthatp € P then ¢ € wfmf,
e if ¢ € wfmf then —¢ € wfmf,
o if ¢1, Pa € wfmf then ¢1 A ¢ € wfmf and ¢1 V P2 € wfmf,
e if ¢ € wfmf then L ¢ € wfmf.

A positive modal literal is a formula of the form [J,/, where a € A and ! € L. Similarly, a
negative modal literal is a formula of the form {,l. A modal literal is either a positive or negative

modal literal.
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Definition 2.2.2. Let ¢ € wfmf. We define a subformula of ¢ inductively as follows:
e ¢ is a subformula of itself,
e If —¢; is a subformula of ¢ then so is ¢1,
e If 1 A @5 is a subformula of ¢ then so are ¢ and ¢o,
o If ¢1 V ¢ is a subformula of ¢ then so are ¢; and ¢,
o If [, ¢ is a subformula of ¢ then so is ¢7.
Definition 2.2.3. Let ¢ € wfmf. We define the modal depth of ¢ inductively as follows:
e If ¢ € wff then the modal depth of ¢ is 0.
o If ¢ = —¢; for some ¢; € wfmf with modal depth m then ¢ has modal depth m.

o If ¢ = p1 A @9 for some ¢1, P2 € wfmf with modal depth m and my respectively, then ¢

has modal depth max(my, mg).

o If ¢ = ¢1 V ¢ for some ¢1, P2 € wfmf with modal depth m; and my respectively, then ¢
has modal depth max(my, ms).

e If ¢ =, ¢; for some ¢; with modal depth m then ¢ has modal depth m + 1.
We further define the modal depth of some subformula ) of ¢ as follows:

o If ¢ = 1) then the modal depth of ¢ in ¢ is 0.

If the modal depth of —1) in ¢ is m then the modal depth of ¢ in ¢ is m.

If the modal depth of @) A ¢ in ¢ is m, where ¢; € wfmf then the modal depth of ¢ in ¢ is

m.

If the modal depth of ¢ V ¢1 in ¢ is m, where ¢; € wfmf then the modal depth of ¢ in ¢ is

m.

If the modal depth of [, in ¢ is m, where ¢; € wfmf then the modal depth of v in ¢ is
m+ 1.

Definition 2.2.4. Let A be some set of agents of size n. The normal multimodal logic multimodal

logic K,, is the smallest set that contains all propositional tautologies, all formulas of the form:
Ko, 1 Ooi (¢ = ) = (Lo, — o),

and is closed under the inference rules:

R
(8

¢
Ua, @

modus ponens (MP): and  @;-necessitation:
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for all formulas ¢, 1) € wfmf and all agents a; € A.
The semantics of multimodal logics are given using Kripke models.

Definition 2.2.5. A Kripke model (henceforth a model) over a set of propositional variables P and
a set of agents A = {ay,...,a,} is a tuple:

M = (W, Rays- ., Rap, V),

where W is a non-empty set of “worlds”, each R, is a binary relation over W, which we call
the a;-accessibility relation, and V' is a set of valuation functions {V(w) | w € W} such that
V(w): P — {0,1}.

Definition 2.2.6. We say that a model:

M =W R,,...,R, V'),

ai’

extends a model:
M = (W,Rq,,...,Rq,, V),

if W D W,V'2Vand R, D R,, foralli € [n].
Definition 2.2.7. Let ¢, ) be formulas and p € P. Given amodel M = (W, Ry,...R,,,V) and a

world w € W the satisfiability of a formula at w in M is defined inductively as follows:
o (M,w)Ep < weV(p),
o (M,w)[E ¢ < (M,w) = ¢ does not hold (written as (M, w) k- ¢)
M,w) E oA = (M,w) = ¢ and (M, w) |= 1),
M,w) ¢V < (M,w) | ¢or (M,w) |= ¢,

M,w) E s < (M,w') = ¢ for all w’ such that (w,w’) € R,.

(
(
(
(

We say ¢ is locally satisfiable (or just satisfiable) if there exists some world wy € W such that
(M, wy) | ¢. We say that ¢ is globally satisfiable if (M, w) = ¢ for all w € W. This is denoted
M = ¢. We say that ¢ is valid, denoted = ¢, if for every model M we have M = ¢.

Definition 2.2.8. We define a pointed model to be a pair (M, w) consisting of a model M =
(W, Rq,, ..., Ra,,V) together with some distinguished world w € W.

We further say a formula ¢ € wfmf is satisfied by a pointed model (M, w) if (M,w) = ¢.
Hence a modal formula is locally satisfiable if and only if there exists some pointed model which
satisfies it.

In this thesis we are concerned only with proof systems which determine whether or not a
given formula ¢ € wfmf is locally satisfiable in K,,, as opposed to globally satisfiable. This is in
some sense the easier of the two problems as the local satisfiability problem for K,, is PSPACE-
complete [42},55]] whereas the global satisfiabilty problem for K,, is EXPTIME-complete [86].
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Preliminaries II: Proof systems and
proof complexity

In this chapter we give the formal definition of a proof system and give some examples of proof

systems for propositional logics. We then give an introduction to proof complexity.

3.1 Proof systems

Definition 3.1.1 ( [27]]). A proof system for some language L. C ¥* is a polynomial time partial
function P : ¥* — L where ¥* denotes the set of all finite words over X, and a P-proof of some
7 € L is a finite word 7 € ¥* such that P(7) = 7.

Intuitively, given a proof 7 of a formula 7 € L, an L proof system efficiently verifies that 7 is a

correct proof of .

Definition 3.1.2. Let P be a proof system. We say that 1 is P provable from ¢ if there exists a
P-proof of ¢) from ¢. We denote this by ¢ -p .

The above definition of a proof system is rather general. In this document we will only consider

line based proof systems.

Definition 3.1.3. A line based proof system is a proof system defined by some finite set of inference
rules and axioms. A proofin a line based proof system is a sequence of proof lines, say A, ..., A,
such that each ); is either an axiom of P or can be inferred by applying some rule of P to some
subset of {\1,..., \i—1}.

14
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A proof in a line based system P must be either tree-like or dag-like. We say a P-proof is
tree-like if every line is used as a premise of exactly one inference of P, that is if the proof has a
tree structure. Otherwise, if lines can be reused, the structure of the proof is a directed acyclic graph
(dag), and so we say the proof is dag-like.

Throughout this thesis if we do not specify whether we are considering the tree-like or dag-like

version of a proof system then we assume that the full dag-like version is being referred to.

Definition 3.1.4. Let P be a line-based proof system and let = be a P-proof. Further let R be some
inference rule of P and let A1 and \g be lines of . Then s is a child (an R child) of )\ if it is
inferred by applying an inference rule (R) to a set of lines containing ;.

We say that \s is a descendant (an R descendant) of )1 if it is either:
(1) achild (an R child) of \; or,
(ii) a child (an R child) of a descendant (an R descendant) of ;.
If A5 is a descendant (an R descendant) of \; then \; is an ancestor (an R ancestor) of As.

Definition 3.1.5. We say a proof system P is strongly complete if for every ¢, € wfmf such that
¢ |= 1) we have ¢ p 1. Further we say a proof system is complete if for every ¢ such that ¢ = 0
we have ¢ -p 0.

We say P is strongly sound if for every ¢ and 1) such that ¢ I-p 1) we have ¢ = 1). We say P is
sound if for every formula ¢ such that - ¢ we have = ¢.

3.1.1 Examples of proof systems

Propositional resolution Resolution [20L[31}[80] is a simple proof system for propositional logic.
It acts on formulas in CNF and consists of the single rule:

RES: CyvI Cyv =l
C1V Oy

where C}, Cy are clauses and [ is a literal. The intuition behind this rule is straightforward. No
propositional model can simultaneously satisfy a literal and its negation, hence if we take the
disjunct of any two clauses containing complementary literals we may “cut away” (resolve on) said
complementary literals. Throughout we will refer to the variable resolved on as a pivot variable.
Resolution is a refutational proof system. This means that to prove that a formula is valid using
resolution we prove that its negation is unsatisfiable. So to prove that some formula ¢ is valid we
would first convert its negation into CNF and then repeatedly apply the resolution rule until we

derive the empty clause which is logically equivalent to 0.

Frege A Frege system for propositional logic is a line based proof system P consisting of a

finite set of inference rules and axioms of the form ¢1, ..., ¢ Fp ¢ and p ¢ respectively, where
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o1, ..., o, ¢ are propositional formulas. Further P must be sound and strongly complete. An
example of a propositional Frege system is given in Figure[3.1]

One way to prove that a propositional formula ¢ is a tautology using a Frege system is to refute
its negation. That is, to derive a formula of the form —¢ — 0. Alternatively, we can prove that a

propositional formula is tautological by deriving it using the axioms and rules of a Frege system.

Modus ponens: ~%1 1LV b2
b2
Al ¢1 = (92 — 1) A6 (p1 A d2) — 92
A2 (md1 = —¢2) = (P2 = ¢1) AT 1 = (P2 = (91 A ¢2))
A3 ¢ = (1 V d2) A8 (1 — ¢2) = ((¢2 = ¢3) = (d1 — ¢3))
Al g1 — (1 V 2) A9 (1 — (2 = ¢3)) = ((¢1 = ¢2) = (d1 — ¢3))
A5 (¢1 A g2) = P71 A10 (1 — ¢3) = (2 = ¢3) = (1 V P2 — h3)

Figure 3.1: A propositional Frege system

3.2 Proof complexity

Broadly speaking there are two main goals in proof complexity. The first is two measure the
minimum complexity of proofs required to prove some tautology in some proof system. The second
is to compare the efficiency of proof systems. The most common measurement of proof complexity
is proof size (Definition [3.2.1]), however there also exist a number of other measurements such as
proof length (Definition [3.2.2) and proof width (Definition [7.1.1).

Definition 3.2.1. The size of a proof 7 is the number of symbols it contains, denoted |r|.

Definition 3.2.2. Let P be a line based proof system for some language L. The length of a P-proof

7 is the number lines it contains.

Note that no propositional clause in a resolution refutation can contain more than 2n literals,
where n is the number of variables in the formula being refuted. Hence the size of such a refutation
can be super-polynomial in n if and only if its length is also super-polynomial in n. Thus from a
proof complexity perspective size and length are interchangeable for resolution.

Generally in proof complexity we are not interested in the size of proofs required for individual

tautologies but rather how proofs of families of tautologies behave asymptotically.

Definition 3.2.3. We say that an infinite family of formulas ® C L is a super-polynomial lower

bound for an L-proof system P if there exists no constant k such that every ¢, € ® has a P-proof

7, where |7, | < E|dn|F.
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Similarly, we say that ® is an exponential lower bound for P if there exists some k£ > 0 such
that |7, | > 2~7.

Definition 3.2.4. An L-proof system is polynomially bounded if there exists a constant & such that
for every 7 € L there exists a P proof 7 such that P(7) = 7 and |7| < k|7|*.

The original motivation for the study of proof complexity was the following seminal result of
Cook and Reckhow [27]].

Theorem 3.2.1 ( [27]]). There exists a polynomially bounded propositional proof system if and only

if NP = coNP, where coNP denotes the class of decision problems whose complements are in NP.

As NP # coNP only if P # NP (where P denotes the class of polynomial-time decision
problems), it follows immediately from the above theorem that if there does not exist a polynomially
bounded propositional proof system then P 7= NP.

We can compare the strength of two proof systems for a given language L using polynomial

simulations.

Definition 3.2.5 ( [27]]). Let P and ) be L-proof systems. We say that P polynomially simulates
(p-simulates) @ if there exists a polynomial time computable function f such that for any () proof
m such that Q(7) = 7 where 7 € L we have P(f(m)) = 7. We denote that P p-simulates () by
Q< P.

We say that P and @) are polynomially equivalent (p-equivalent) if P <, Q and QQ <, P,
denoted P =, Q.

We say there exists a separation between two proof systems if they are not p-equivalent.
Typically this is proved by showing that there exists a formula which is a super-polynomial lower

bound for one proof system but has polynomial-sized proofs for the other.
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Resolution with modal positions and
modal contexts

Constructing a resolution-based proof system for even the basic multimodal logic K,, is not as
straightforward as it is for propositional logic. This is because whether or not we can only resolve
complementary literals with one another now depends on the “modal context” in which they occur.

To see this consider the formulas:
o= Dal(ll ViV ld), PY==l1 Vi, 0= Dalﬁlg and ( = <>a1ﬁl3.

In any sound and complete K,, resolution system the following three statements should be true:
1. The instance of /] in ¢ cannot be resolved with the instance of —l; in ).

2. The instance of s in ¢ can be resolved with the instance of —ls in 6§ to obtain a resolvent of the
form O, (11 V I3).

3. The instance of /3 in ¢ can be resolved with the instance of —l3 in ¢ to obtain a resolvent of the
form <>a1 (ﬂl3 A (ll vV 12))

Statement 1 is true as the instance of /1 in ¢ is nested within the scope of a [J,, operator whereas
the instance of —!; in ¢ is not within the scope of any modal operator.

Statement 2 holds as the instance of =5 in ¢ and the instance of —ls in # are both nested within
a single [J,, . Hence it follows that if ¢ and 6 are both satisfied at some world w in some model
M = (W,Ry,...,R,,V)thenlj Vs VI3 and —lo must both be satisfied at every world w; such

that (w,w1) € Ry and so [; V I3 must also be satisfied at every w.

18
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Finally, the instance of /3 in ¢ appears within the scope of a [,, operator and the instance of —i3
in ¢ appears within the scope of a {,, operator. Hence if ¢ and ( are both satisfied at some world w
in some model M = (W, Ry, ..., Ry, V) thenl; Vs VI3 must be satisfied at every world wy € W
such that (w,w1) € Ry and —l3 must be satisfied at some world wy € W such that (w, ws3) € Rj.
And so it follows by classical resolution that /; V ls must also be satisfied at w9, hence statement 3
holds.

As a result of this added complexity several different K,, resolution systems have been proposed.
In this chapter we shall revisit two such clausal resolution systems. These systems, which we shall
refer to as K,,-Res and K,,,;-Res, are closely related to each other and were proposed by Nalon and

Dixon [63]], and Nalon, Hustadt and Dixon [64]], respectively.

4.1 The proof system K, -Res

The resolution system K,,-Res [63] determines whether a formula ¢ is satisfiable at some distin-
guished “start” world, sg € W. However as the choice of sg is arbitrary determining the satisfiability
of ¢ at sq is essentially equivalent to determining the satisfiability of ¢.

Let M = (W, Ry,...,Ry,,V) be amodel and wy, wy € W. We say wy, is reachable from w;
if (w1, wy) is in the reflexive and transitive closure of [ J;_; R;. Note that every world is reachable
from itself. We define the master modality, denoted (J*, such that (M, w) = O%¢ if and only if
(M, w") = ¢ for all w’ reachable from w.

The proof system K,,-Res operates on formulas that have been translated into the following

normal form.

Definition 4.1.1 ( [63])). Let [,!’,l; € £ and let S be a nullary connective defined such that
(M,w) = S if and only if w = so. We refer to S as the start connective. A formula ¢ is in
Separated Normal Form (SNF) if:

T
o= N\D"C,
i=1
where each C; is of one of the following types of clauses:
e Start clause: S — \/2.:1 L, e Literal clause: \/2:1 l;,
e Positive modal clause: " — 0,1, e Negative modal clause: I" — Qgl.

Definition 4.1.2. A modal formula over the set of operators {{J,, 04, —, A, V} is in negation

normal form (NNF) if only propositional variables are allowed to be within the scope of —.

Definition 4.1.3 ( [63]])). Any ¢ € wfmf in NNF can be translated into a set of SNF clauses by
applying the function:
T(¢) =08 = z) A p(OF(z — ¢)),
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where z is a new variable and the function p is defined inductively as follows:

p(O*(x = 0N Y)) = p(O(z = 0)) A p(LF(z — ¢)),
(O (2 = 0n8)) = O*(z — 040), iff e é
O*(z — oqx1) A p(O*(21 — 0)), otherwise.
O (—z VO V), if 0,9 € CL,

p(O%(z =0V ) = ,
p(O0%(x — 0V x1)) A p(O*(x1 — 1)) otherwise,

where 6 and v are formulas and z; is a new propositional variable.

Note that p(C*(z — 0V 1)) = p(O*(z — (21 Va2))) Ap(O* (22 — 0)) and so the translation
always terminates.
We refer to the variables introduced when translating a formula ¢ € wfmf into a set of SNF

clauses C as extension variables and define X to be the set of all such variables. Further we define:

Xey = {2 e X |02 — Tua’) €C}, Ao = {2’ € X | T (x — Qu2’) € C}
and Xpp = Aoy U A,

Note that X C L.

Let C be a set of SNF clauses and let C' € C. We say x € A appears positively in C' if either
C is a literal clause of the form (J*(x VV D) where D € CL or C' is a modal clause of the form
(2" — o4x) where ' € Xe. We say z appears negatively in C if either C'is a literal clause of the
form 0*(—z Vv D) or C is a modal clause of the form (z' — o,—z) or (z — o,y), where y € L.

Example 4.1.1. Consider the modal formula ¢ = (z V ¢5—y) A Ouy A —z. Then:

T(¢) =T (S = z0) A p(zo = )
= (S = o) A p(0F (20 = (2 V Qam))) A p(L (0 = Lay)) A p(L" (20 — )
=S = z0) A p(O"(x0 = x1 V 22)) A p(O* (21 — ) A
p(O%(z2 = Oa—y)) A (z0 = Hay) A (mao V —)
= D*(S — :C()) VAN D*(—\(Eo VaV 1'2) A
O%(mzq Vo) A (22 = O—y) A" (20 — Oay) AO*(mzo V ).
Further Xp4) = {wo, 71, 72} and Xp(g)4 = Xp(g)— = 0.

Not only is the function 7" able to translate every modal formula into SNF it is also satisfiability

preserving.
Theorem 4.1.1 ( [63]]). A formula ¢ is satisfiable if and only if the formula 7'(¢) is satisfiable.

As every SNF clause is prefixed by [J* it follows that every SNF clause occurs within the same

modal context. Hence the inference rules of K,,-Res are relatively straightforward.
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Definition 4.1.4 ( [63]]). The inference rules of K, -Res are given in Figure

Resp, @DV o DS=DV) o DD V)
COYE VD) S OYS — EV-l) COY(E V)
O0°(S — DV E) 0°(S > DV E) O (DV E)

O (11 — Tal)
O (ly — Oy)
0% (I3 — Oul')
D*(—'ll V =lg V —|l3)

O*(I, — Cl)  GEN2:
0 (s — Ga—l)
D*(ﬂll vV ﬂlQ)

MRES:

Ol — Oalh) Ol — Oulh)

GENI1: GEN3:
(" — O,l,) O (", — O,l.)
O (" — Oal) O (1" = Oal)
O*(=ly V-Vl VL) O*(=ly V-V ly)
O*(=lf v ...l v =l (=l v - v =l v =)

where [,1,l; € Land D, E € CL.

Figure 4.1: Rules for K,,-Res

The rules of K,-Res can be split into two categories, modal rules (MRES, GEN1, GEN2 and
GEN3) and propositional rules (LRES, IRES1 and IRES2). MRES is the only modal rule where the
resolution takes place outside of the modal operator, the rest of the modal rules resolve on literals
inside some modal operator.

The rules IRES1, IRES2 and LRES are essentially propositional resolution. The rule MRES
is the modal analogue of propositional resolution. The rule GEN2 says that if we have some
negative modal clause, say [J*(l5 — Q4l2), then we can resolve two positive modal literals of the
form [U,l; and [J,—I; with one another. The negative modal clause is required for soundness as
O*(l] — Ogl1) and O* (15 — O,—lq) can both be satisfied by a model M at a world w € W such
that (w,w’) ¢ R, forall w’ € W.

The rules GEN1 and GEN3 resolve literals with modal literals. More specifically, GEN1 says
that given some clause (1*(—ly V - - - V =l V =) we can simultaneously resolve the z + 1 literals
=ly,...,l, and =l with the modal literals (1,01, . .., ,l, and ¢,l. When resolving literals with
modal literals in this way we are taking advantage of the fact that, by the definition of [J*, any world
in any model which satisfies J*(—ly V - - - V =l V —l) must also satisfy g (—l1 V -+ - V =l V ).
Every literal in O0*(—ly V - -+ V =, V =) must be resolved on simultaneously as otherwise the
resolvent obtained may not be in SNF. For example the resolvent obtained by resolving —l; in
Oa (=l V-V =l v l) with Ogly in O (1) — Ogly) would be 0% (=0 vV Og (=l V... =l V).
The rule GEN3 is similar to GEN1, however the negative modal literal, {,—l, is not resolved on.

Instead, as in the case for GEN2, it is necessary only for soundness.
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Like propositional resolution, the proof system K,,-Res is a refutational system. However in

this proof system a refutation ends when the clause (J*(S — 0) is derived.

Definition 4.1.5. Let 7w be a K,,-Res refutation of some set of SNF clauses C and let C' be some
clause in 7. If C' € C then we say that C'is an initial clause. If C' ¢ C then we say C' is a non-initial

clause.

Note that none of the rules of K;,-Res can be used to infer any modal clause. Hence every such

clause in an K,,-Res refutation must be initial.

Example 4.1.2. Let ¢ be defined as in Example Further let C be the set of SNF clauses
obtained by applying 7" to ¢. We can refute C using K,,-Res as follows:

0 (x() — Day)

MRES 0 (22 — Oa)
O (=20 V —
LRES D*(ﬂ(m:S/ 1 \U/UQJ?Q)
O*(—xg V
LRES D*(( jg‘col VJ; 1))
O*(—xp V
LRES D*(ixzov —:2)
IRESI D*D(z:m;o)
O*(S — 0)

4.2 The proof system K,,,;-Res

In [[64] Nalon, Hustadt and Dixon introduced a layered resolution system for K,, which we shall
call K,,;;-Res. This resolution system is similar to K,,-Res, however it operates on a normal form
where each clause is labelled by its modal level (Definition 4.2.2). Informally the modal level of a

clause is the number of modal operators it was nested within in the original formula.

Definition 4.2.1 ( [[64]])). A formula ¢ is in separated normal form with modal levels (SNF,,;;) if:

T

where each clause C; is either a:

e Positive modal clause: (m : I — O,l), e Literal clause: (m : \/5_; 1),

e Negative modal clause: (m : " — Og4l),

where [, I, 1; € £ and m € N representing the modal level of the clause.
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Let M = (W, Ry,..., Ry, V) be amodel and w,w" € W. We say w’ is of distance m from w
if there exists a path of length m from w to w’ through the union of all accessibility relations in M.
The satisfiability of some ¢ € wfmf labelled by its modal level, m € N, is given as follows:

(M,wy) = (m:¢) <= (M,w) |= ¢ for all w € W such that w is of distance m from wy.

We can formally define the modal level of a subformula ) within some formula ¢ as follows.

Definition 4.2.2 ( [|64]). Let ¥ = {0,1, 2, 3}. Further let ¢, ¢ € wfmf,letp € P,let A € ¥* and
let m € N. We define the function 7 : wfmf x £* x N — P(wfmf x ¥* x N) inductively as
follows:

o 7(p,A,m) ={(p,A,m)},
o 7(mp, N\, m) ={(=d,\,m)} UT(0, A0, m),
o T(pANY,A,m)={(dAY, A\, m)}UT(p,\1,m)UT(1h, A2, m),

o 7(0ath, A\, m) = {(Dad, A\, m)} UT (0, A3, m + 1).

Applying 7 to (¢, €, 0), where £ denotes the empty word, gives an annotated syntactic tree for ¢.
Each vertex in the tree corresponds to a subformula of ¢, its unique position in the tree and its
modal level in ¢.

If (¢, \,m) € 7(¢, €,0) then we say that the modal level of ¢ at position A in ¢ is ml(1), A) =

The following procedure for efficiently translating any NNF formula into SNF,,,;, whilst pre-

serving satisfiability, is given in [|64]].

Definition 4.2.3. To convert an NNF formula ¢ into SNF,,,; we apply the translation function:

Tml(¢) = x/\pml«) T = (Z))a

where z is a new propositional variable and p,,,; is defined as follows:

(2 T = O M) = a1 2 = 0) A pra(m : = 1),
(m:x — o46), it e L,

pmi(m :x — 040) =
(m:x—o0qx1) A ppu(m +1:21 — §), otherwise.

(m:—-xz VOV, if 6,9 € CL,
pra(m s — OV 1)) =
pmi(m:x — 0V x1) A ppi(m 1 — 1), otherwise,

where 6, 1) are formulas, 1 is a new propositional variable and m € N.

The termination of this function follows as in Definition [4.1.3]
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Example 4.2.1. Let ¢ = (z V Oq(—y A x)) AOgy A —z. Then:

Tonp(¢) = (0:29) A(0: gV Va) A0: —zy V) A0 : z2 = Qqxs) A
(T:=z3V-y)A(l:—z3Va)A(0:xo— Ouy) A0 —zo V).

Theorem 4.2.1 ( [64]). An NNF formula ¢ is satisfiable if and only if 7},,;(¢) is satisfiable.

Definition 4.2.4 ( [64]])). The inference rules of K,,,;-Res are given in Figure

LRES: (m:DVI) MRES: (m 1y — Ogl)

" (m:E V-l C(moile = Ogl)

"(m:DVE) (m: =y V —lg)

GENL: (m 1 — Ouy)
: cing. (M= Dal)
(m 1, — Ogl) ©(mely = Oml)
(m ' = Qal) (m:l3 — Oal’)
(m+1:=l V.-Vl V) (m: =l V =ly v —l)

(m:=lyv...=llv-=l)

cen, (51— Ca)
(m 1, o Oal2)
(m U = Qal)
(m+1:=lV---V-ly)
(m:=ly v vl vl

where [,l',l; € L,m € Nand D, E € CL.

Figure 4.2: Rules for K,,;;-Res

The rules of K,,;;-Res are almost identical to those of K,,-Res, however now LRES, MRES and
GEN2 may only be applied to clauses that are at the same modal level. Further GEN1 and GEN3
may only be applied to sets of clauses where each modal clause is the same modal level and the
literal clause is at the modal level above. The rules IRES1 and IRES2 are no longer necessary as we

are no longer determining satisfiability at a fixed start world.

4.3 Resolution with modal positions

We shall now present a new resolution system for K,, called K,,,,-Res. This proof system is a
refinement of K,,,;-Res where complementary literals can be resolved together if and only if they

have the same modal position. The modal position of a clause tells us not only how many modal
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operators it was nested within in the original formula, but also which agents these modal operators
correspond to.

We formally define the modal position of a subformula ¢/ of a formula ¢ by extending Definition
as follows.

Definition 4.3.1. Let X = {0, 1, 2, 3}. Further let ¢, 1) € wfmf, let p be a propositional variable, let
A€ ¥ letm € Nandlet u € A*. We define 7 : wfmf x £* x Nx A* — P(wfmf x L* x N x A*)

inductively as follows:
o 7(p, A;m, p) = (p, Asm, ),
o 7(2¢, A, m, p) = (=g, A, m, 1) U 7(6, X0, m, ),
o T(@V U, Am, p) = (dV Y, A, m, ) U T(p, AL,m, 1) U T(h, A2, m, ),
o 7(Oud, \ymyp) = (Oap, \ymy, 1) U 7(h, A3, m + 1, pa).

Applying 7 to (¢, £,0,¢) gives an annotated syntactic tree for ¢. Each vertex corresponds to a
subformula of ¢, its unique position in the tree, its modal level in ¢ and its modal position in ¢.

Suppose ¢ and 1) are such that (¢, \,m,u) € 7(¢,¢€,0,¢). Then the modal position of 1 at
position A in ¢ is defined to be mp(¢), A, m) = p.

To refute a formula using K,,,,-Res we must first translate it into a clausal form where each

clauses modal position with respect to the original formula is explicitly given.

Definition 4.3.2. Let [,!’,l; € L. A formula ¢ is in separated normal form with modal positions

(SNF,y,p) if:
T
¢ = /\ Cz'a
i=1
where each C; is either a:
e Positive modal clause: O, (" — Ogl), e Literal clause: DM(\/;:1 l;).

e Negative modal clause: O, (I" — Oql),

Note that if ;¢ = e then [J, A = A. Hence for example 0. (I — Q') =1 — 04!’ is a negative

modal clause and we use the two forms interchangeably.

Definition 4.3.3. Let M = (w, R,,, ..., R, ,V) be a Kripke model. We say a world w,, € W
is p = ai,as,...,an-accessible from wy € W if there exists a path (wo, w1), ..., (Wn—1,Wn)
from wg to wy, such that (w;_1,w;) € Ry, foralli € {0,...,m}.

Further w,, is e-accessible from wy if and only if w,, = wy.

Note that an SNF,,,,, clause [J,,C'is satisfied at some world wg in some model M = (W, Ry, ..., Ry, V)

only if C is satisfied at every world w € W which is p-reachable from wy.
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Definition 4.3.4. To convert an NNF formula ¢ into SNF,,,;, we apply the translation function:

Trp(9) = T A pp(T — ),

where x is a new propositional variable and p,,), is defined as follows:

Prmp(Op(z = O A1) = pimp(Bu(z — 0)) A pimp(Ou(z = ),

Ou(x — 040), it eL,
pmp(Du(fU — an)) = .
Ou(x = 0421) A pmp(0pa(z1 — 6)), otherwise.

O, (—xz VoV, if,vy € CL,
prp(Ou(x = OV ) = ,
Pmp(Ou(@ = 0V 1)) A pmp(Opu(z1 — 9)), otherwise,

where 6, 1) are formulas, 1 is a new propositional variable and p € A*.

The termination of this translation function follows as for the analogous functions given in
Definitions and

Example 4.3.1. Let ¢ = (2 V Qu(—y A x)) AOgy A —z. Then:

Tonp(¢) = Oc(xo) Ae(mzo Va1 Vo) A (mz1 Vo) AD(z2 = Qqxz) A
Oa(mz3 V —y) AQg(mz3 Vo) AD(zo — Oay) A Oz (—zo V ).

Theorem 4.3.1. An NNF formula ¢ is satisfiable if and only if T,,(¢) = = A pmp(x — @) is

satisfiable.

Proof. (=): Let M = (W, Ry,...,R,,V) be a model and wg € W such that (M, wp) = ¢.
Further let M7 = (W, Ry, ..., R,, V1) where:

Vi(w)(p) = V(w)(p) for all w € W and all variables p in the domain of V,

1 ifw = w,
and Vi(w)(z) =
0 otherwise.

Then (M, wp) = x and (M1, wp) = ¢, and so (M7, wo) E x — ¢.

We will prove by induction on the structure of ¢ that, given the existence of M, there exists a
model M3z = (W, Ry, ..., Ry, V3) such that (M3, wo) = pmp(x — ¢) and V3(w)(p) = Vi(w)(p)
for all w € W and all propositional variables p in the domain of V;(w). It then follows that
(Ms,wp) |= x and so (M3, wo) = = A pmp(z — ¢).

There are two base cases, the first is when ¢ is a modal literal and the second is when ¢
is a propositional clause. In both cases it follows immediately from the definition of p,,, that
(M1, wo) = pmp(Ou(x — ¢)) as either py,p(Hyu(z — ¢)) = Ou(x — @) if ¢ is a modal literal or
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Pmp(Ou(x = ¢)) = Ou(—x V @) if ¢ is a propositional clauseﬂ Hence we take M3z = M;.
The inductive cases are when ¢ = 1V 0, ¢ = o, and ¢ = Y A 6.

Suppose ¢ = ¢/ V § where at least one of ¢ and 0 is not a propositional clause. Then:

Pmp(Ou(x = @) = prp(Op(x = PV 21)) A prop(Op (w1 — 0)).
Let My = (W, Ry,..., Ry, VQ) where:

Va(w)(p) = Vi(w)(p) for all variables p in the domain of V7,

1 if w € W such that (M7, w) F~ v and w is p-accessible from wy,
and  Va(w)(z1) =

0 otherwise.

Then (M, wo) = Oyu(x1 — 0) and (Ms, wo) = O,(z — 9 V z1). By the inductive hypothesis
there exists amodel M| = (W, Ry, ..., Ry, V{) such that (M{, wo) = pmp(0pu(z — wv:vl))ﬂand
amodel My = (W, Ry,..., Ry, Vy) such that (M}, wo) = p(Ou(z1 — 0)). Further V] (w)(p) =
Vi (w)(p) = Vi(w)(p) for all w € W and all p in the domain of V;. For i € {1,2} let X; be the
domain of V/(wy), then for all w € W let:

Vi(w)(p) ifpe Xy

Va(w =
3(w)(p) Vy(w)(p) ifpe Xa\ X;.

Then (M3, wo) = pmp(Ou(z = ¥V 1)) A pp (D21 — 0)).
Suppose ¢ = 0,1 where ¢ ¢ L. Then:

Pmp(Du(x — 0q%)) = Du(x — 0qT1) A Pmp(Dua(xl —1)).
Let My = (W, Ry,..., Ry, Va) where:

Va(w)(p) = Vi(w)(p) for all variables p in the domain of V7,

1 if w € W such that (M7, w) | v and w is pa-accessible from wy,
and Vg(w)(acl) =

0 otherwise.

Then (M, wo) = Ou(x — oqx1) and (M, wy) = Oua(x1 — 4). Hence by the inductive
hypothesis there exists a model M3 = (W, Ry, ..., Ry, V3) such that (M3, wo) = pmp(Ope(z1 —
1)) and V3(w)(p) = Va(w)(p) for every w € W and every propositional variable p in the domain
of Va. Thus (M3, wo) = Ou(x = 0421) A prmp(Opa(z1 — ).

'Note that here we have replaced (. with [J,, where y is some arbitrary finite word in A* (possibly ¢). This
is necessary to apply the inductive hypothesis as for instance, if ¢ = [, D where D is a propositional clause then
pmp(He(z = ¢)) = O:(x = Haz1) A pmp(Ba(z1 — D).

2Since pup (O (x =V 21)) = pimp(Ou(@ = (21 V 22))) A prap (O (w2 = ).
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Finally suppose ¢ = ¢ A . Then:

prp(pu (@ = P A O)) = pp (L (@ = 1)) A prmp (L2 — 0)).
Let My = (W, Ry, ..., Ry, V2) where:

Va(w)(p) = Vi(w)(p) for all variables p in the domain of V7,

1 if w € W such that (M;,w) = ¢ A 0 and w is p-accessible from wy,
and Va(w)(zy) =

0 otherwise.

Then (Ma,wo) = O,u(z — ) and (Ms,wy) = Ou(z — 6). Hence by the inductive hy-
pothesis there exist models M| = (W, Ry,...,R,,V{) and M) = (W, Ry,...,R,, V) such
that (Mj00) = (D — ) and (M, wo) b= punp(Dy(w — 0)). Further V{(w)(p) =
Vy(w)(p) = Va(w)(p) for all w € W and all propositional variables p in the domain of V5. For
each i € {1,2} let X; denote the domain of V. Further let M3 = (W, Ry, ..., Ry, V3), where

Vi(w)(p) ifpe Xy

Va(w =
3(w)(p) Vy(w)(p) ifpe Xa\ X;.

Then (M3, wo) = pump(Lu(z = ) A pmp(Hpu(z — 0)).

(«<): Clearly, if (M,wg) | x A p(x — ¢) then (M, wy) = p(x — ¢) and (M, wy) E .
Hence to prove that (M, wg) = ¢ it suffices to prove that if (M, wg) = p(x — ¢) then (M, wy) =
x — ¢. We do this by induction on the structure of ¢.

There are two base cases, the first is when ¢ is a modal literal and the second is when ¢ is a
propositional clause. In both cases (M, wo) = O, (z — ¢) by the definition of py,.

Suppose ¢ = 1 A 0. Then pp(Ou(z = @) = pmp(Ou(z = V) A pmp(0u(z — 0)) and
s0 (M, wo) = pmp(@u(x = ¥)) A pmp(du(z — 6)). As 1) and 6 are both subformulas of ¢ it
follows by the inductive hypothesis that (M, wo) = Ou(z — v) and (M, wp) = O,z — 6),
hence (M, wo) = Oy(x — 1 A6).

Suppose ¢ = o41p. Then ppp(0,(z — 090)) = Ou(x — 0421) A prp(Cpa(z1 — 9)) and
so (M, wp) = Ou(x — oqx1) and (M, wo) = pmp(Oue(1 — 9)). It follows by the inductive
hypothesis that (M, wo) = Oy (21 — 9) and so (M, wo) = O, (z — 04)).

Finally suppose ¢ = 1V 0. Then pp,, (0, (x = 1)) = pmp(Hpz = YV 1) A prop(Op (21 —
6)) and so (M, wo) = pmp(0ux — ¥ V 1) and (M, wo) = pmp(Ou(z1 — 6)). It follows by
the inductive hypothesis that (M, wo) = Ou(x — ¥ V 1) and (M, wo) = Ou(xz1 — 6) and so
(M, wp) =Ou(x — Vv 0). O

Definition 4.3.5. The inference rules of K,,,-Res are given in Figure [4.3]

Note that the inference rules for K,,,,-Res are the same as those for K,,,;-Res but are applied to

a set of clauses in SNF,,,;, as opposed to a set of clauses in SNF,,;.
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O (D ) O, (1 — Ogl)
LRES: _ " MRES: "
Ou(E V) Oule = Qaml)
D#(D\/E) D#(—'ll \/—|12)
O, — O,l
GENI: w(h !
: GEND: O, (11 — Tal)
O, (1L — Oal,) " Ou(le — Og0)
O, = Oal) Ol = Qal’)
Oya(=l V-V =l v =) Ou(=l vV =l v =l3)

O, (=l v... =l v =)

O, — 0O,l
gens, Tl )
O, (1, — Oalz)
O, (1 = Oal)
Dya(=ly V-V L)
Ou(=l v - v =l vl

where [, l; € L,p € A*and D, E € CL.

Figure 4.3: Rules for K,,,,-Res

Theorem 4.3.2. The proof system K,,,,-Res is strongly sound.

Proof. We prove the theorem by showing that each of the rules of K,,;,-Res are sound.

To see that LRES is sound we let C; = O, (I V Dy) and Co = O, (=l V D3). We further
suppose we have some model M = (W, Ry,...,R,,V) and some world w € W such that
(M,w) = Cy and (M,w) | Cs. Then as M satisfies C at w, for every world w’ which is
p-accesesible from w we have either (M, w’) = 1 or (M, w’) |= D;. In the latter case it follows
that (M, w") = D1 V D3, whereas in the former case we have that (M, w’) = —l and so as Cy is
also satisfied at w in M it follows that (M, w’) |= D9 and so (M, w') = Dy V Ds. Hence in both
cases (M, w) |=,(C1 V C2) and so LRES is sound.

To see that MRES is sound we let C; = 0O,(l1 — Ogl) and Cy = O, (la — —04l). We
further let M be a model and w be a world in M such that (M, w) = C; and (M, w) | Cs. It
follows that for every world w’ that is p-accessible from w either (M, w') £ 13 or (M, w') = O,l.
In the former case (M, w’) |= —l; V —ly. In the latter case either there exists no world which is
a-accessible from w’ and so (M, w’) F= =0, or at every such world w” we have (M, w") = [ and
so once again (M, w’) = —,l. Hence as C is satisfied at w in M it follows that (M, w') = —lo
and so (M, w') |= —l; V —lp. Hence in every case (M, w) = O,(—l; V —l2) and so MRES is
sound.

To see that GENI1 is sound we let C; = O, (I; — O,l;) foreach i € [z], C.q1 = O, (I — O4l)
and C 49 = O,q(—l V- -+ V =l vV ). We further let M be a model and w be a world in M such
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that (M, w) = C; for every j € [z + 2]|. As every C; is satisfied at w in M it follows that for each
i and each world w’ in M which is p-accessible from w either (M, w') £ I} or (M, w') = Ogl;. If
(M, w'") f= I for some ¢ then (M, w’) = =l} v --- V=l v =l'. Otherwise if (M, w’) = Ogl; for
every 4 then we note that as (M, w) = C,4q either (M, w') F 1" or (M, w’) = Qgl. In the former
case (M,w') =~} vV --- v =l vV =l In the latter case there must exist some world w” which is
a-accessible from w’. Further (M, w”) =l and (M, w") k= [; for all i. However this would mean
that (M, w") }= =l V - -+ V =l V =l contradicting our original assumption that (M, w) = C,19.
Hence in every case (M, w) = O, (=] V -+ -V =l V —l’) and so GEN1 is sound.

To see that GEN2 is sound we let C; = O, (l1 — Ogl), Co = O,(l = Ogl) and C3 =
Ou(l3 — Oql’). We further let M be a model and w be a world in M such that (M, w) = C;
for every j € [3]. As C} is satisfied at w in M it follows that for each world v’ in M which
is p-accessible from w either (M, w') (= 3 or (M,w") = O,l. In the former case (M, w’) |
=iy V =ly V —l3. In the latter case we note that as Cs is also satisfied at w in M either (M, w’) [~ Iy
and so (M, w’) |= —ly V —la V —l3, or (M, w') = gl Note that the latter is only possible if M
contains no worlds that are a-accessible from w’, however as (M, w) = Cs this can only be the
case if (M, w’) |= —l3, in which case we once again have that (M, w’) |= =iy V =l V —l3. Hence
in every case (M, w) = O, (=l V —la V —l3) and so GEN2 is sound.

Finally to see that GEN3 is sound we let C; = 0O,(I; — O,l;) for each i € [2], C.q1 =
Ou(I" = Ogl) and Cq9 = Oye (=1 V - - - V =l). We further let M be a model and w be a world
in M such that (M, w) = C; for every j € [z + 2]. As every Cj is satisfied at w in M it follows
that for each ¢ and each world w’ in M which is p-accessible from w either (M, w’) £ I} or
(M,w") = Ogl;. If (M, w") & I for some ¢ then (M, w') = =l} vV ---V =l v =l'. Otherwise
if (M,w') | O,l; for every i then we note that as (M, w) | C,q; either (M,w') = I’ or
(M,w") £ Ogl. In the former case (M, w’) = =l} vV --- VvV =l, v =l In the latter case there must
exist some world w” which is a-accessible from w’. Further (M, w") |= 1 and (M, w") = I; for all
i. However this would mean that (M, w”) & =iy V - - - V =l contradicting our original assumption
that (M, w) k= C.42. Hence in every case (M, w) =0, (=0} V- -V =l v =l") and so GEN3 is
sound. O

To prove that the proof system K,,,,-Res is complete we follow a similar method to that of
the proof of K,,,;-Res’s completeness in [64]. We show that given a set of SNF,,,;, clauses we can
construct a unique graph whose vertices and edges correspond to worlds and accessibility relations
respectively. We then show that this graph is empty if and only if C is unsatisfiable and that if C is
unsatisfiable then the construction of the graph corresponds to some K,,,,-Res refutation of C.

Let C be a set of SNF,,,;, clauses and let MP be the set of modal positions of these clauses (i.e.
MP = {p e A* | 0,C € C}). We construct a behaviour graph:

g:< U NH,U&>,

HEMP acA

for C as follows. Let V' be the set of all maximal consistent sets of the literals in C. Further for each
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1€ MPlet Ny = {(u,n) | n € N} and for each a € Alet & = U, 0 pap (M5 M) }-
Let ¢ be a disjunction of literals. We say that ¢ is satisfied by vertex 1, = (u,n), denoted

N = ¢, if and only if:

e ¢is aliteral and ¢ € 7,

e p=1V@andn, = orn, =0,

e ¢ = 1) — 0 where either 1) is a literal such that =) € 1, or 9, |= 0,

e ¢ = Qq and there exists some 7, such that (1), 7;,,) € £, and 1, = =,
e ¢ =0,z and 17, = x for every n;,, such that (1,,7,,) € &a.

From G we can construct a unique reduced behaviour graph, G', for C by deleting every vertex
that fails to satisfy some clause in C. First, for each literal clause 0, D € C delete every 7, € N,
such that 7, = D. Then for each positive modal clause [J,(I’ — O,l) € C and each vertex
Nu € Ny, if there exists an edge (1, 7,,,) € Ea, Where 1, € Nya, 1, = 1" and 1;,, = I then we
delete (1, 7,,,) from &,. Finally for each negative modal clause [J,,(I" — Q4l) and each vertex
nu € N, if there does not exist an edge (1, 7,,,) € Ea, Where 1)), € Npug, 1 = 1" and 1, = 1
then we delete 7, from V.

To show that the reduced behaviour graph of a satisfiable set of clauses is non-empty we require

the following well known property of the modal logic K,, (see for example [[19]]).

Theorem 4.3.3 (The finite tree model property). Any satisfiable modal formula has a finite tree-like

model.
Lemma 4.3.1. Let C be a set of SNF,,,,, clauses and let:
g:< U NH,U&L>,
HEMP acA
be its reduced behaviour graph. Then C is satisfiable if and only if A is non-empty.

Proof. (=): Suppose C is a satisfiable. Let M = (W, Ry, , ..., R,,, V') be a finite tree-like model
and let w. € W such that (M, w,) = C. That such a model exists follows from the finite tree model
property for K,,. Further let:

N(M)={ne,|weW}and E(M), = {(Nw, ) | (w,w’) € Ry} foreach a € A,

where 1, = (u,{z | V(w)(z) = 1} U{-x | V(w)(x) = 0}) and u € A* such that w is
p-accessible from w,. In particular n,,. € N;. Note that as M is a tree-like model y is unique,

however if there exist two distinct worlds, w and w’ that are both 1 accessible from w, and have
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exactly the same valuation functions then 7,, = 7,. If we further let:

G(M) = <N<M>, U E<M>a> ,

acA

then G(M) is a subgraph of the non-reduced behaviour graph for C. Note that G(M) is non-empty,
in particular n,,. € N(M).

We will now show that G(M) is also a subgraph of the reduced behaviour graph, G for C.
Consider some literal clause [, D € C with modal position p. As (M, w,) = O, D it follows
that (M, w) | D for every w € W that is p-accessible from w, and so 1, = D. Suppose
C = 0,(1 = Oul") € C (respectively C' = O, (I — Ou') € C). As (M, w,) [= C it follows
that for all w € W that are p-accessible from w, either V(w)(l) = 0 or, V(w)(l) = 1 and
V(w") (") = 1 for every (respectively some) w’ € W such that (w,w’) € R,. In the former case
it follows that n,, = =l and so 1, = 1 — 0,1’ (respectively 1y, =1 — O4l’). In the latter case
note that G(M) contains an a-edge from 7, to 1, if and only if w’ is a-accessible from some
w” € W such that 1,y = n,,. Hence as V(w")(1) = V(w)(l) = 1 for every such w” it follows that
V(w')(I") = 0 and so 1, = 1" and ny, = 1 — Oyl (respectively 0y, =1 — Ogl').

As in the construction of G vertices and edges are only deleted if they fail to satisfy some clause
it follows that G(M) is a subgraph of G and so Nz 2 {n,, } is non-empty.

(<): Suppose N is non-empty. We construct amodel M = (W, Ry, ..., Ry, V) that satisfies C
at some w, € W as follows. Let f : N, — N be an injective function. Then for each u € MP and
each n, € N, letwy, () be a world named by (u, f(n)). Further let W, = UHEML Wy, f(n)) and
let W = U e prp Wy Let w, be an arbitrarily chosen world from the set We. Then for each a; € A
define the relation 12; so that (wq,, f(y)y, Wi, f(y)y) € Rj if and only if (1), 7,) € Ea,. Finally we
define V' such that V' (w,, ¢, )(p) = 1if and only if n = p. It follows that (M, w.) = C. O

Theorem 4.3.4. The proof system K,,,,,-Res is complete.

Proof. Let C be an unsatisfiable set of SNF,,;, clauses and let:

g:< U NM,UEG>,

HEMP acA

be its reduced behaviour graph. We will show that there exists a refutation of C corresponding to
the deletion procedure used to construct G from the corresponding non-reduced behaviour graph G'.
The first step used in the construction of G from G’ is to delete all vertices in N, . that fail to
satisfy some literal clause in C with modal position p for each y € A*. If N becomes empty at this
stage then the subset of C consisting of all literal clauses at modal position € must be unsatisfiable.
Hence by the completeness of propositional resolution there exists an LRES refutation of C.
Suppose M is not yet empty and there exist two clauses O, (I' — O,l) € C and O, (I"” —
(a—l) € C. Then by the construction of the graph any vertex € N, that satisfies both " and
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Oq—l is deleted, as is every vertex that satisfies both [ and [J,1. This is equivalent to deleting every
vertex that satisfies both I’ and . Applying MRES to O, (' — 0,l) and O,(I" — $4—l) we
obtain [J,,(—!" v —I"), effectively mimicking the deletion of such vertices.

If N is still non-empty then we proceed by considering the vertices that fail to satisfy some
negative modal clause in C. Let C* C C be the set of all positive modal clauses, which contain a
modal literal of the form [,/ and are satisfied by 7),, and let Xt = {ly | Ou(li = Oalo) € cmy.
Further let <; be a total ordering of MP where 111 <1 po only if |p1| < |uso|. For each p € MP
in descending order we proceed as follows. Let D,,, be the set of all literal clauses with modal
position pa that are either in C or whose derivation corresponds to some previous deletion. Suppose
there exists a clause [, (I — Q4l’) € C and a vertex 1, € N, such that 7, |= [, but there does not
exist a vertex which is a a-accessible from 7, and satisfies I’. As !’ alone cannot be contradictory
and we have already dealt with the case when X* U {I'} is contradictory above, there are four

cases:

1. The set X" is contradictory. Then there must exist two positive modal clauses of the form
Ou(l1 — Oglp) and O, (I3 — Og—l2), where 17, |= 11 and 1), |= I3. By applying GEN2 to these
two clauses and O, (I — Qg4l") we obtain the clause O, (=l V —l; V —l3), which corresponds to

deleting 7),,.

2. Suppose D,,, U {l'} is contradictory. By the consequence completeness of propositional resolu-
tio (56] there exists an LRES derivation of (J,,, !’ from D,,,. By applying GENI to this formula
and O, (I — Q4!") we obtain [J,,—I, which corresponds to deleting 7),,.

3. Suppose X/* U D,,q is contradictory. Then there exists some literal clause such that D, |=
Oua(—lV---V~ly,) where each ; € X,*. Hence by the consequence completeness of propositional
resolution there must exist an LRES derivation of some literal clause C' = 0,4 (=] V -+ V =lL ),
where each I € {l1,...,1,}. Applying GEN3 to the clause C, the set of modal clauses {{J,, (I}’ —
Oul}) € Dyq | I appears in C'} and O, (1 — Oq4l") corresponds to deleting 7,,.

4. Suppose X* U Do U {l'} is contradictory. Then as above it follows from the consequence
completeness of propositional resolution that there exists an LRES derivation from D,,, of some
literal clause C' = [0, (=1 V- - - V =1, ), where each I; € {I'} U X4". Applying GENI to this clause,
the set of modal clauses {{1,, (I — Oyl;) € Dyyq | i appears in C'} and O, (I — O4l") corresponds
to deleting 7,,.

The above cases cover all possible deletions carried out when constructing a reduced behaviour
graph for C. As C is unsatisfiable it follows by Lemma[d.3.T| that every vertex in Az must have been
deleted at some stage. As the deletion of each vertex 7. € N corresponds to the derivation of a
clause which it fails to satisfy it follows that the set D; is contradictory. Hence by the completeness

of propositional resolution this set of clauses can be refuted using LRES. 0

3That is, given any set of propositional clauses 7', if T' semantically implies some clause D then T" bk, ges C,
where C'is a subclause of D.
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4.4 Resolution with modal contexts

In this section we will define another new resolution system for K,,, called K,,,.-Res which is
a refinement K,,,;,-Res. The rules of K,,,.-Res are essentially identical to those of K,,,;-Res and
K,.,-Res, however it acts on a normal form where each clause is labelled by its modal context as
opposed to its modal level or position.

Informally, if we give each ¢ operator in some modal formula ¢ a unique label then the modal
context of a subformula v of ¢ is the sequence of modal operators that it is nested within in ¢. So
for example if ¢; = 0Lz A Daogy then x has modal context [J,{! and y has modal context
0.02. Whereas if g2 = OL(z A y) then both x and y have modal context ¢}. Intuitively two
subformulas of ¢ have the same modal context if and only if in any model of ¢ these subformulas
must be evaluated at exactly the same world or worlds. There exist models that satisfy ¢; but do not
contain any world w such that V(w)(z) = 1 and V(w)(y) = 1, however every model that satisfies
¢2 contains a world where V(w)(z) = V(w)(y) = 1. Hence in our new calculus K,,.-Res we
label each clause by its modal context to avoid unnecessary inferences.

Note that other formalisms in which the modal contexts of formulas are explicitly given have
been previously defined such as Ohlbach’s world paths [[70}71]] and Schmidt’s path logic [83]].

To refute a formula using K,,,.-Res we must first translate it into a clausal form, where each
clauses modal context with respect to the original formula is explicitly given. As the translation
used introduces a new extension variable for every subformula of the form (,¢ where ¢ & L we
do not need to label the ¢, operators. The modal context of a clause can instead be specified by a
finite word over the set of agents .4 and the set of pairs of the form (a, x) where a is an agent and z

18 an extension variable.

Definition 4.4.1. Let[,!’,1; € L. A formula ¢ is in separated normal form with modal contexts
(SNF,,,.) if:

where each C; is either a:

e Positive modal clause: (e : I' — O,l), e Literal clause: (e : \/2.:1 l).

e Negative modal clause: (e : I = Q4l),

Here e is a finite word over & (Definition 4.4.3)) denoting the modal context of the clause.

Definition 4.4.2. To convert an NNF formula ¢ into SNF,,,. we apply the translation:

Tmc(¢) =2 A\ pmc(5 1 Te — ¢)>
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where z. is a new propositional variable and p,,. is defined as follows:

pmc(e::c—>0/\1/1):pmc(e:x—>9)/\pmc(e:x—>¢),
(e:x — 0,0), ifd € L,

pme(e:x —0,0) =
(e:x — O4x1) A pme(ea : x1 — 0), otherwise.

(e:x — Q40), ifo e L,
pme(e = Qq0) =
(e:2 = 0ax1) A pmele(a, 1) 1 21 — 0), otherwise.

N AVAAVET)N if 0,9 € CL,
pmele:x — OV Y)) = (e: @ ¥) 4
Pme(e:x — OV x1) A ppele: x1 — 1), otherwise,

where 6, 1) are formulas, x; is a new propositional symbol and e € (AU (A x Az-))*.

The termination of this p,,. follows as for the analogous functions given in Definitions |4.1.3]
and4.3.4

Let C be a set of SNF,,,.. clauses inferred by applying py,. to some formula ¢ € wfmf. As in
Section . 1| we refer to the variables added during the translation as extension variables and define

the sets X¢, Xe—, A¢4 and Ao in the obvious way.

Example 4.4.1. Let ¢ = (2 V Qu(—y A x)) ATy A —z. Then:

Tne(@) = (e:x0) AN(e:mxgVar Vo) A(e:~xi Va)A(e:xg — Qqx3) A
((a,x3) : ~x3 VoY) A ((a,z3) : 7zg Vo) A (e xg = Oay) A (e 1~z V ).

Definition 4.4.3. For any set of SNF,,,. clauses C we define the set of context markers to be:
e =AU (A X Xo—).

The set of all finite words over &¢ (denoted £7) then consists of all modal contexts for C.

Intuitively each label (a,z) € A x Xc_ refers to the unique O, operator such that (e : 2’ —
Oqx) € C. That this ¢, is unique follows from the definition of the translation 7, as each extension

variable in Xz_ appears exactly once as a modal literal. Each label a € A refers to a [J, operator.

Definition 4.4.4. Let M = (W, R,,,...,R,,,V) be a Kripke model, let ¢ € wfmf and let
C = Tne(¢). We say w € W is e-reachable from w, € W if w = w,.

We say w is ea-reachable from w, if (w', w) € R, for some w’ € W such that w’ is e-reachable
from w. We say w is e(a, x)-reachable from w. where x € Xz_ and a € A if (v, w) € R, for

some w’ € W such that w’ is e-reachable from w and V' (w)(z) = 1.

We define the satisfiability of a clause with modal context e € £/ as follows:

(M w:) E (e:C) <= (M,w) = C forall w € W such that w is e-reachable from w..
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Definition 4.4.5. Let C be a set of SNF,,,. clauses and 2’ € X>. We say that 2’ is propositionally
reachable from x € X4 if there exists some subset of C:

Clzzy = {(e im0 = 0am1),(€: D1V w1 Va2),...,(e: Dy 1V Ty 1V}

where 71 = x, x, = 2/, x; € A foreachi € {0,...,n — 1} and each D; € CL. We say that such
a set C(, .y witnesses that 2’ is propositionally reachable from z.

It follows immediately from the above definition and the definition of 7, that every variable
x' € Xl is propositionally reachable from some unique x € Xc-. Further the set C(z,2) Witnessing

this is unique.

Theorem 4.4.1. An NNF formula ¢ € wfmf is satisfiable if and only if T;,,.(¢) is satisfiable.

Proof. By Theorern an NNF formula ¢ is satisfiable if and only if the set of SNF,,,, clauses
Tomp (@) is satisfiable. Hence we prove the theorem by showing that 7}, (¢) is satisfiable if and only
if Thc () is satisfiable.

It follows immediately from the definitions of 7},, and T, that there is a one-to-one cor-
respondence between the set of SNF,,,;, clauses Cy,, = Tinp(¢) and the set of SNF,,,. clauses
Cme = Tme(¢). Thatis, 0,C € Cpyp if and only if (e : C) € Cy,c for some e € &£; such that
le] = |u|. In particular 4 is the finite word over A obtained by replacing each pair (a,x) € Ax Xp—
in e with a.

(=): Suppose Cp,, is satisfiable. Then there exists some model M = (W, Ry,...,R,, V) and
some w, € W such that (M, w.) = O,C for every 0,C € Cpyp. If (M, w,) = 0,C, where
p=ai...a, then (M,w.) = (e: C)foralle € £ suchthat e = ¢y ... c, where for each i € [z]
either ¢; = a; or ¢; = (a;, x) for some z € X¢_. Hence (M, w:) = Cine.

(«<): Now suppose the set C,,. is satisfiable. Let M = (W, Ry,..., Ry, V') be a model such
that (M, w,) [= Cy,c for some w. € W. Suppose (e : C) € Cp,c where e € £} and let i be the
corresponding modal position. We will show that (A, w.) = [J,,C via induction on |e|.

Suppose |e| = 0, then e = . By definition wy is the only world in W that is e-reachable from
itself. By assumption (M, w,) = (¢ : C) hence it follows that (M, w;) = C.

Now suppose |e| > 0. By definition (M, w) = C for every w € W which is e-reachable from
w,. Hence all that remains is to show that (M, w) = C for every world that is y-reachable from
we, but not e-reachable. By the definition of T}, the clause C' must contain exactly one negative
extension literal —x. Further 2 must be propositionally reachable from some unique =’ € Xpo. We
prove by induction on the size of the set C(,/ ;) witnessing this that we can assume without loss of
generality that V' (w)(z) = 0 for all w € W such that w is not e-reachable from w,. From this it
follows trivially that (M, w) = C atevery w € W which is p-accessible from w;.

If \C(m/’z)| = 1then z € X¢4. Suppose x € A_ (respectively x € A ). It follows from the
definition of Ty, that e = €'(x, a) (respectively e = €’a) and (¢’ : 2’ — Qqx) € Cpne (respectively

(¢! : ' — Oux) € Cpe). Further by the definition of T}, this is the only clause containing x
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positively and every clause containing x negatively has modal context e. Hence we can assume
without loss of generality that V' (w)(x) = 0 for all w € W such that w is not e-reachable from w..
As C contains —z it is satisfied at every such w.

Now suppose |C(,7 ;)| > 1. Then by definition C(,/ ;) must contain some clause (e : C') =
(e:—=z1V DV x)where x1 € Xc. Further C(, 5 \ {(e : C")} witnesses that 1 is propositionally
reachable from z’. Hence by the inductive hypothesis we can assume without loss of generality
that V(w)(x1) = 0 at all worlds w that are not e-reachable from w.. Hence we can further assume
without loss of generality that V' (w)(x) = 0 at every such world as doing so will not change the
truth valuation of C’, which is the only clause in C,,. containing the positive literal x. O

In our new calculus we allow inferences to be made from sets of clauses with different modal

contexts under certain conditions. To see why this is necessary consider the formula:
¢ =0a(zAy) AOa(—x A 2),

and the corresponding set of SNF,,,. clauses:

C=A{(e:zc), (¢ :2c = Oym1), (a: 21 V), (a:—x1Vy),
(€2 = Qax2), ((a,x2) : mx2 V —x), ((a,x2) : "x2 V 2)}.
Clearly ¢ is unsatisfiable, however we cannot refute C using similar rules to those of K,,-Res and

K,.;-Res if we do not allow inferences on clauses with different modal contexts. Hence we have the

following definition.

Definition 4.4.6. Let C be a set of SNF,,,. clauses. We define the unification function o : £ x

- x &y > Epsothato(e, ..., €) = ¢, further for every ci, ..., ¢, € &
¢; if some ¢; = (a,z) € A x Xz and ¢, € {a, (a,z)} forall k # j,
o(cly...,cn) =1 a ifer=--=c,=acA,

undefined otherwise,

and for every e, ... e, € &5:

olci1,--,¢im) .- 0(Cmi,- s Cmp) iflel] = =ley| =m >0,
0-(617 ) 677,) - .
undefined otherwise,
where ¢; ; denotes the ith letter in the word e;. Note that if o(c; 1, ..., ¢; ) is undefined for any
i € [m]thensoisco(er,...,en).
We say that the modal contexts ei,...,e, € &} are unifiable if o(eq,...,e,) is defined.
Otherwise we say that ey, ..., e, are non-unifiable.

Example 4.4.2. Consider the modal contexts e; = ajasg, e2 = (a1, x1)az and es = (a1, x2)(az, x3).
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The modal context e; is unifiable with e5 as:

0'(61,62) = a(al, (al,xl))a(ag,ag) = (a1,$1)a2.

Similarly, e; is unifiable with e3 as:

o(e1,e3) = o(a1, (a1, 22))o(az, (az, z3)) = (a1, x2)(az, z3),
and so is defined. However the modal contexts e5 and eg are not unifiable as o((a1, x1), (a1, x2))

is undefined.

Intuitively allowing resolution on sets of clauses with unifiable modal contexts can be thought

of as allowing [, to be resolved with {,, to infer {,, which is of course sound.

Definition 4.4.7. The inference rules of K,,,.-Res are given in Figure

[ RES: (e1: DVI) MRES: (e1: 11 — Ogl)
) (62 EV ﬂl) ) (62 2y — <>a—\l)
(o(e1,e2) : DV E) (o(e1,e2) : mly V —la)
. (61 : ll — Dal)
GEN2: (62 : lg — Da—!l)
(63 : l3 — Oal,)
(0'(61, €2, 63) : _'ll \ _‘ZQ)
1 Ol 1 — Ol
Gent: (110 ) GeEnz: (@i V)
(e 1% = Oal.) (s 1% — Oal.)
(€Z+1 = <>al) (€Z+1 A= <>al>
(ez40y il V-V =l V—l) (6rq2y : 1 V-V —ly)
(o(er,...,eppo) :nli Vo 2LV AU) (o(ery... esm0) 0l VeVl V)
where [,I',1; € L, e; € £,y € E¢ and D, E € CL. We may only use the above rules to infer
aclause (o(e1,...,e,) : C)ifo(er, ..., ey) is defined.

Figure 4.4: Rules for K,,,.-Res

Remark 4.4.1. Let C be a set of SNF,,,. clauses and let C' be some clause which is K,,,.-Res
derivable from C. If C' has modal context e € £ then it must be inferred by applying some rule of
K,..-Res to a set of clauses whose modal contexts are either unifiable with e or unifiable with ec for
some ¢ € &c. It follows by induction that C' is K,,,.-Res derivable from the subset of C consisting of

every clause whose modal context is of the form ejez, where e, e2 € £F and e; is unifiable with e.

Theorem 4.4.2. K,,,.-Res is complete and strongly sound.
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Proof. Any proof system that p-simulates a complete proof system is complete and any proof
system that is p-simulated by a strongly sound proof system is strongly sound. By Theorems [4.3.2]
and[4.3.4] the proof system K,,,,-Res is strongly sound and complete, hence the theorem follows
immediately from the fact that K;,,.-Res both p-simulates and is p-simulated by K,,,,-Res (Theorem
4.5.1). O

Note that we could have proven this theorem directly by following a very similar method to the
one used in the proofs of Theorems 4.3.2]and[4.3.4]

4.5 Comparing K, -Res, K,,,;-Res, K, -Res and K, -Res

In this section we prove that the modal resolution systems K,,-Res, K,,,;-Res, K;,,;,-Res and K,;,-
Res all p- equivalent. As we will see, that K,,,.-Res <, K,,,,-Res <, K,;,;-Res <;, K,,-Res follows
fairly straightforwardly from the respective definitions of the proof systems. Whereas our proof
that K,,-Res <, K,;;-Res <, K,;,-Res <, K;,,.-Res is more involved and essentially consists of
showing that given any unsatisfiable set of SNF clauses, C and any K,,-Res refutation 7 of C, the

following statement is true:

“The sequence of clauses obtained from 7 by deleting every clause inferred from a set of clauses
whose modal contexts would prevent the analogous rule of K,,,.-Res from being applied to the
analogous set of SNF,,,. clauses, along with every descendant of such a clause, is also a K,,-Res

refutation of C.”

So for example if 7 contains a clause C' which is inferred by applying LRES to two literal clauses
with modal contexts e; and e; respectively and o (e, e2) is undefined then 7" would not contain C'

or any descendant of C'.

4.5.1 Modal contexts for clauses in SNF

To prove that K;,,.-Res <, K;,;-Res <, K, ;;-Res <, K;;-Res we must be able to “read off”
the modal context of a given clause in SNF. In Section |4.4| we saw that the extension variables
introduced when translating a modal formula into SNF,,,. encode the modal context of each clause.
This is also true of the extension variables introduced when translating a modal formula into SNF.
Hence in this subsection we give a series of definitions which enable us determine the modal context
of an SNF clause simply by looking at the extension variables it contains.

In Section [4.4] we defined what it meant for an extension variable 2’ € X¢ to be propositionally
reachable from some z € A+ for a given set of SNF,,,. clauses C. Similarly, for any set of SNF
clauses C we say that ' € X is propositionally reachable from some x € X if there exists some
subset of C of the form:

C(x,a:’) = {D*(:L’o — oa:z:l), D*(Dl V —x V xz), ceey D*(Dn V Zp—1V .CCn)},

where 1 = x and 2, = .
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We further define the set E¢ so that for every 1, x9 € X we have (21, z2) € E¢ if and only if
T9 is propositionally reachable from z;.

Definition 4.5.1. Let y € X-. We say that y is a-positively modally reachable (respectively a-
negatively modally reachable) from z if C contains a clause of the form (0* (2’ — [, y’) (respectively
O* (2" — 0ay')) where 2,y € Xe, (x,2") € E¢ and (v, y) € Eg.

We define ES" (respectively ES ) so that (z,y) € E&" (respectively (z,y) € ES) if and

only if y is a-positively modally reachable (respectively a-negatively modally reachable) from .
Let C be a set of SNF clauses. We can specify the modal context of a given extension variable

in A¢ or clause in C using finite words over the set of clausal modal context markers for C, &
(Definition 4.4.3)).

Definition 4.5.2. Let C be a set of SNF clauses and let . € A be such that (0*(S — z.) € C.
Note that for every C the variable x. is uniquely defined. We define:

X.={x € X | (x:,2) € Ec}.
For every e € £ and every ¢ € & we define:

{z € X | (z,2) € EZ" forsome z € X,} ifce A,
Xee = { {z € Ac | (2,2) € Ec} ifc=(a,2) € Ax Xe_,

0 otherwise.

We say x has modal context e if x € X,.

Definition 4.5.3. Let 7w be a K,,-Res refutation of some set of SNF clauses C and let C' be some
clause in 7. If C' contains the start connective S then we say that C' has modal context €. Further,
if some x € X, appears as a negative literal (i.e. either as —z in a literal clause or as x on the left

hand side of a — operator in a modal clause) in C' the we say that C' has modal context e.

Let C be a set of SNF clauses. It follows from the definition of the translation function 7" that
each C € C contains only one negative extension literal, and so every such C has only one modal
context. However, using the rules of K, -Res it is possible to derive SNF clauses that contain two or

more negative extension literals with distinct modal contexts, and so have multiple modal contexts.

4.5.2 The polynomial simulations

This subsection contains a proof that K,,-Res, K,,;;-Res, K;,,,-Res and K,,.-Res are all p-equivalent.
Proving that K,,,.-Res <, K,,,;,-Res <, K;,;;-Res <, K,,-Res is straightforward. Hence the majority
of the subsection is made up of a series of lemmas that are used to prove that K;,-Res <, K,;;-
Res <, K;p-Res <, Kj,-Res. We begin by giving some definitions and results concerning the

structure of K,,-Res proofs.
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Definition 4.5.4. Let 7 be a K,,-Res refutation of some set of SNF clauses C, let C,. denote the set
of all clauses in 7 and let C, C), € C,. We say that there is a path from C to C,, if there exists a
word C1C5 . .. C,—1Cy, € C* such that for each i € [n — 1] the clause C1 is a child of C;.

Lemma 4.5.1. Let C be a set of clauses in SNF and 7 be a K,,-Res refutation of C. If Cy =
O*(x V D) is a descendant of C; = O%(x vV D;) € C, where © € A then 7 contains a path P

from C to Cs such that every clause in P contains x.

Proof. As (s is a descendant of 'y the refutation 7 contains a path of clauses P, = A;... A4,
where | = Ay, Cy = A,,. Let S be the longest suffix of P; such that every A; € S contains x.
We proceed by induction on the size of S. If |S| = |« then as |S| < |P;| < |«| it follows that
S=n.

Suppose |S| < |x| then either S = P or S = Aj,..., A, where j > 1. In the latter case
x ¢ Aj_1 and so A; must also be a child of some clause C’ # A;_;. Further, it follows from the
definition of the translation function 7" that C' is the only initial clause which contains a positive
instance of z and so either C’ = C or C' is a descendant of C'; containing x. Hence there exists a
path of clauses P, from C to A;. Concatenating P, with A;,,..., A, gives a path from C to
C with a suffix of length > |S| + 1. Hence by the inductive hypothesis there exists a path P from

C1 to (' such that every clause in P contains x. O

Definition 4.5.5. We say a K,,-Res refutation:
™= Cl7 .. ‘7Cn—170n7

is in I-start form if it contains precisely two start clauses, namely C,, = 0*(S — 0) and some
C; = 0%(S — z.) € C where j € [n — 1]. Equivalently, we say  is in 1-start form if it does not

contain any clauses inferred using IRES2 and C), is the only clause in 7 inferred using IRESI.

Proposition 4.5.1. Let C be an unsatisfiable set of SNF clauses and 7 = (1, ..., (), be a K,;-Res
refutation of C. From 7 we can efficiently construct a 1-start refutation of C with size less than or

equal to ||.

Proof. If 7 is in 1-start form then the proposition holds trivially. Hence we suppose 7 is not in
1-start form and proceed to construct a new refutation as follows. First we delete from 7 every
clause that is inferred by applying IRES1 to O0*(S — x.) and some literal clause # [*(—z.).
Let S = {S1,...,Sn}, where each S; is of the form (J*(S — D), be the set of all remaining
non-initial start clauses in 7. Replacing each S; in 7 with 0% (—x. V D;) yields a derivation of
O0*(—z.), hence by adding the clauses [(1*(S — ) and (J*(S — 0) to the end of = we obtain a
valid refutation of C in 1-start form. O

Hence from this point onwards we will consider only K,,-Res refutations in 1-start form.

We will now prove three technical lemmas. Let 7 be a K,,-Res refutation of some unsatisfiable
set of SNF clauses C. The first of the lemmas simply states that every literal clause in 7 contains

at least one extension variable. The second lemma says that if a clause C' in 7 contains a negative
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extension literal with modal context e then any clause inferred from C using LRES must also
contain a negative extension literal with modal context e. The third lemma says that if a clause C' in
7 contains a negative extension literal with modal context e and is propositionally reachable from
some x € Xc4, then 7 must also contain a clause that is an LRES descedant of C' and contains the

literal —x.

Lemma 4.5.2. Let ¢ € wfmf, let C = T'(¢) and let 7 be a K,,-Res refutation of C. Every literal

clause C'in 7 contains at least one negative extension literal.

Proof. We prove the lemma by induction on the length of the derivation of C' from C. If C' € C then
the lemma follows from the definition of the translation function 7. Suppose C'is inferred using
some modal inference rule. By the definition of 7" each modal clause used to infer C' contains a
negative extension literal. The clause C must further contain each of these literals by the definition
of the modal rules of K,-Res. Suppose C is inferred using LRES. Let C'; and Cs be the clauses
used to infer C'. By the inductive hypothesis C'; contains some negative extension literal ~z; and
C5 contains some negative extension literal ~xs. As -1 and —x9 are both negative literals they

cannot be resolved with each other and so C' must contain at least one of =z and —z5. ]

Lemma 4.5.3. Let ¢ € wfmf, let C = T(¢) and let 7 be a K,,-Res refutation of C in 1-start form.
Further let C' be some literal clause in 7 that is inferred by applying LRES to two literal clauses
Cy = 0O*(—y1 V Dq) and Co, where y; € Xe. If x € Ay is such that (z,y;) € E¢ then C' is of
the form 0*(—y V D), where D € CL and y € A is such that (x,y) € Ec and C(, ) C C(y,y,)-

Proof. If y; is not the pivot variable then C' = [0*(—y; V D2) and so the lemma holds trivially.
Hence we suppose that y; is the pivot variable (and hence that Cy contains the literal y;) and
proceed by induction on [C(, |-
Suppose |Cy )| = 1. Then C(, ) = {C" = 0" (w9 — oqx1)}, where 21 = y; = z. Recall
that every variable in A appears positively in exactly one clause of C. Further no clause containing
the literal 3; can be inferred from C” using the rules of K,,-Res. Hence 7 cannot contain a literal
clause containing y1, contradicting our assumption that Cs is such a clause and so y; cannot be the
pivot.

Suppose |C(;,,,)| > 1. The set C contains exactly one clause, say C' = [1*(—y2 V D V y1) in

Z,Y1

which y; appears positively. Hence there exists a set:

C( ) :{D*(Z'O—>Oaxl)aD*(_‘$1\/D/1\/$2),...,

Z,y1

O (—2p—2V D, oV xp_1) VI (m2p_1V D, 1V},

where x1 = z, 5,1 = Y2, , = y1 and D/,_; = D. As C contains y; and C” is the only clause
in C containing y; it follows that C5 is a descendant of C”’. Hence by Lemma4.5.1] the refutation
must contain some path P from C’ to Cs such that every clause in P contains y;. Thus no clause in

P is inferred by resolving on y;. As P contains no start clauses and no clauses inferred by resolving
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on y; each clause in P must be inferred using LRESH The set of clauses C(, ) = C(zy) \ {C"}
witnesses that y- is propositionally reachable from .

We proceed to show by induction on (i) |C(, y,)| and (ii) | P| that C contains some negative

z,Y2

extension literal -y such that (v, y) € E¢ and C, ) C C(z ) If |Clg )| = 1 then yo = x = 2.
As in the case when x1 = y it follows that every LRES descendant of C” contains —ys and so we
take y = ya. Suppose |C(; )| > 1. If |[P| = 0 then C = C’ and so -y € Ca. Suppose |P| > 1
and let P; be the path from C’ to C3 such that C5 is a child of C3. By inductive hypothesis (ii) C3
z,y2)- Thus by

inductive hypothesis (i) every LRES child of C'3 must contain some y4 such that (x,y4) € E¢ and

contains some negative extension literal —y3 such that (z,y3) € Ec and C(, ) € C

Cla,ya) € C(a,ys)- In particular C2 must contain some such literal.

As C(gyy) C C(gy,) it follows that y # y; and so C' must contain —y. O

Lemma 4.5.4. Let C be a set of SNF clauses and let 7 be a K,,-Res refutation of C in 1-start form.
Suppose 7 contains a literal clause C' = 0*(—z VV Dy ), where = € X and let 1 € X4 such that
(x1,2) € Ec. IfO*(S — 0) is a descendant of C' then 7 contains a literal clause C' = [0*(—z1 V E)
such that C” is an LRES descendant of C' and [0*(S — 0) is a descendant of C".

Proof. We will prove the lemma by induction on |C(,, |- If [C(3, »)| = 1 then 1 = x and so the
lemma holds trivially.

Suppose [Cz, )| > 1. As O*(S — 0) is a descendant of C' there exists some descendant of
C that is inferred by resolving on z (and possibly some other variables). Let C’ be the first such
descendant. One of the clauses that C” is inferred from must be a descendant of C' containing —x.
Let C; denote this clause. Note that every descendant of C' is non-initial and so C is a literal clause.
As (' is inferred by resolving on x it must also be inferred from some clause Cy # C4 containing
the literal z. As |C(;, »7| > 1 no modal clause in C contains the literal + and so C is a literal
clause. Hence C’ must be inferred by applying LRES to C and C5. Furthermore, as C contains
-z and C" is the first descendant of C inferred by resolving on z it follows that C; is an LRES
descendant of C'. Hence by Lemma C" is of the form [0*(—zo V D) where x2 € A such that
(w1, 72) € Ec and Cy, 4,) € C(y, 2)- Further as x # x5 we have C(y, 4,) # C(s, »)- Hence by the
inductive hypothesis there exists an LRES descendant of C’, and so C, of the form [0*(—z V E)
that is also an ancestor of (*(S — 0). O

Definition 4.5.6. We say an SNF clause C' has unifiable modal contexts if it has modal contexts
€1,...,en suchthat o(ey,...,e,) is defined. Similarly we say C has non-unifiable modal contexts

ifo(ey,...,e,)is undefined.
The following lemma is the main result of this subsection.

Lemma 4.5.5. Let C be an unsatisfiable set of SNF clauses and let 7 be a K,,-Res refutation of C

in 1-start form. Let 7’ be the sequence of clauses obtained by deleting some clauses C1, . .., Cyy,,

*If IRES1 or IRES2 was used to infer some A; € P then A; would be a start clause. MRES and GEN2 can only be
applied to modal clauses. GEN1 and GEN3 both require every variable in a literal clause to be resolved on simultaneously
and so if either was used to infer some A; then y; & Aj;.
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along with every descendant of each C; from . If each C; has non-unifiable modal contexts then

7' is a K,,-Res refutation of C.

Proof. Clearly any sequence of clauses 7’ that is obtained from 7 by removing clauses that are not
ancestors of (J*(S — 0), as well as all of their descendants, is a refutation of C. So to prove the
lemma we show that [(1*(S — 0) cannot be a descendant of any clause C' in 7 that has non-unifiable
modal contexts. As all initial clauses have unifiable modal contexts any such C'is a literal clause
of the form [(0*(—x1 V =9 V D) where D € CL and x1, x2 € A which has non-unifiable modal
contexts. Let e; and es be the modal contexts of x; and x2 respectively. We assume without loss of
generality that |e1| < |ea].

Suppose C' is an ancestor of (0*(S — 0). By Lemmathe refutation 7 contains some clause
C’" =0*(—y1 V Dy) where y; € X, N ({z:} UAL.) and Dy € CL. Further C” is both an ancestor
of 0*(S — 0) and an LRES descendant of C. As C’ is an LRES descendant of C, by Lemma
the disjunction D; contains some negative extension literal -z, such that ), € X.,. Thus,
by Lemmal4.5.4 7 also contains a clause C” = [(*(—ya V Dg) where y2 € X, N ({2} U Xey )
and Dy € CL, further C” is both an ancestor of (0*(S — 0) and an LRES descendant of C".
As y1 € Xex U {z.} it cannot appear positively in any literal clause. Hence as C” is an LRES
descendant of C” the disjunction Dy must contain —y;. As J*(S — 0) is a descendant of C” both
—y1 and —y2 must be resolved on at some stage in 7. We proceed to show by induction on |e; | that
this leads to a contradiction.

Suppose |e1| = 0, then e; = € and |ea| > 0. The only initial clause containing a positive
instance of y; = . (respectively y2) is C] = O*(S — z.) (respectively C%, = 0 (y5 — o4y2)).
Further no descendant of C (respectively C%) contains the positive literal x. (respectively y2).
Hence —z. must be resolved on using IRES1 and —y» must be resolved on using either GEN1 or
GEN3. As 7 is in 1-start form —y2 must be resolved on first. Thus either GEN1 or GEN3 must
be applied to some set of clauses C' 2 {C%, C""} where C" is a literal clause and is either C”" or
some descendant of C” containing —x. and —y,. However the inference rules GEN1 and GEN3
both require every literal in C"” to be resolved on simultaneously and so —x. must also be resolved
on at this step in the refutation which is impossible.

Now suppose |e1| > 0. For each ¢ € [2] the only clause in C in which y; appears positively
is C! = O*(y} — o4,yi). Further no descendant of C/ may contain a positive instance of y;. As
both y; and yo only appear positively in modal clauses they must be resolved on simultaneously by
applying either GEN1 or GEN3 to some set C’ D {C7, C%, C""}, where C"” is a literal clause and is
either C” or some descendant of C” containing both —y; and —ys. It follows that a; = ao and at
most one of C] and C is a negative modal clause as otherwise neither GEN1 nor GEN3 can be
applied to C'. In particular we can assume without loss of generality that C] = O*(y} — O, y1).
Let €] and e}, be the modal contexts of 3} and 4 respectively. As C and CY are both initial clauses
it follows from the definition of the translation function 7T that e; = e'1a1 and ey is either equal to
ehag or €} (az, y2). Hence as a; = ag we have o (a1, az) = o(ai, (y2,a2)) = a1 and so as o (e, €2)

is undefined ¢/ and e/, must be non-unifiable. Any clause inferred by applying either GEN1 or
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GENS3 to C' is a literal clause of the form (*(—y} V —y4 vV D), where D' € CL. As |e}| < |ei]
and o (€], €}) is undefined it follows by induction that (0*(S — 0) is not a descendant of C"" and

therefore cannot be a descendant of C. O

Theorem 4.5.1. K,,-Res =, K,;;-Res =, K,,,-Res =, K;,,.-Res.

Proof. Let ¢ be a K,, formula in NNF. Translating ¢ into SNF, SNF,,,;, SNF,,,;, and SNF,,,. we
obtain four sets of clauses, denoted by C, C,,1, Cpnp and C,y, respectively. There is a one to one
correspondence between the clauses in each set. That is, for any for any e € £ such that [e| = m

and C has modal position p € A*:

O*(D) ecC = (m:D) € Cpy = Ou(D) € Crp
Oz —o04l) €C <= (m:x—04l) €Chy <= Ou(z — 04l) €Crmyp
OS = xz) eC «— (0:x:) € Cpy = Ze € Crp

— (e : D) € Cpne,

<~ (6 X — O(zl) € Cmm
— (zz: xe) € Cpe,

where z.,x € Xge, D e CLand [ € L.

(>p): Let 7y, be a K, .-Res refutation of C,,.. If we take 7y, 7, and 7 to be the corre-
sponding sequences of SNF,,,;,, SNF,,;; and SNF clauses respectively then we obtain a K,,,,-Res
refutation of C,,), a K,,;-Res refutation of C,,,; and a K,,-Res refutation of C respectively.

(<p): Now suppose 7 is a K;,-Res refutation of C in 1-start form. Let 7’ = C1, ..., Cy, be the
sequence of clauses obtained by deleting every clause with non-unifiable modal contexts from 7.
By Lemma 7’ is a K,,-Res refutation of C. To prove that the analogous sequence of SNF, .
clausef] is a K,,.-Res refutation of C,,. we must verify that each clause in 7’ is inferred from a set
of clauses whose modal contexts agree with those required to apply the corresponding inference
rule of K,,,.-Res.

Note that as 7’ is in 1-start form it cannot contain any clauses inferred using IRES2. Suppose
some C in 7’ is inferred from two clauses C; and Co using IRES1. Then as 7’ is in 1-start form we
can assume without loss of generality that Cy = 0*(—x.) and Cy = O0*(S — z.). The clauses Cy
and Cs both have modal context ¢ and so LRES can be applied to the analogous SNF,,,. clauses to
infer (¢ : 0).

Suppose C' = [0*C" is inferred by applying LRES to some C; and C5 in 7. Let {e1,...,ep, }

/

and {e},...,e;,,} be the sets of all modal contexts of C; and all modal contexts of C respec-

tively. Then by Lemma [4.5.3] the clause C' must contain negative extension variables with

modal contexts e1,...,en,, €, ... ,e;m. As (' is unifiable there exists some e € &7 such that
e=o(er,....en €., 6;12). Hence we can apply LRES to the analogous SNF,,,. clauses to
infer (e : C).

SThat is, the sequence of clauses where each clause is labelled by the unified modal context of the corresponding SNF
clause.
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Suppose C' = [0*C" is inferred by applying MRES (respectively GEN2) to some C; and Cy
(respectively C1, Cy and C3). As C and C (respectively C1, Co and C'3) are modal clauses they
must each have a single modal context. Let e; and ey (respectively e;, es and e3) be the modal
contexts of C'; and C (respectively C, Co and C'3) respectively. It follows from the definition of
MRES (respectively GEN2) that C' has modal contexts e; and ey (respectively eq, es and es). Further
as C has unifiable contexts o(eq, e3) (respectively o(eq, e, e3)) is defined. Hence we can apply
MRES (respectively GEN2) to C; and C; (respectively Cy, Cy and C3) to infer (o(eq,e2) : C)
(respectively (o (e, e2,€3) : C)).

Finally suppose C' = O0*(—l7 V- - -V =l ;) is inferred using GENI1 (respectively GEN3). Then
C is inferred from z positive modal clauses Cy = O*(l} — Ogly),...,C, = O(l, — Oal.),
one negative modal clause C, 41 = O0*(I,; — Oal.4+1) and one literal clause C o = O0*(—ly V

-+ V =ly41) (respectively C, o = 0*(=ly V - -+ V —l,)). Each of the modal clauses must have a

single modal context hence we let ey, . .., e, be the modal contexts of C, ..., C,; respectively.
By the definition of GEN1 (respectively GEN3) C' has modal contexts ey, ..., e,4+1 and so as C
has unifiable modal contexts there exists some e € £} such that o(ey,...,e.41) = e. Further, it
follows from the definition of the translation function 7" that the set of modal contexts of C,
is a subset of {e1q,...,e.a,e.41(l,41,a)} (respectively {eja,...,e,a}). Hence we can apply
GENI (respectively GEN3) to the set of SNF,,,. clauses corresponding to {C1, ..., C, 2} to infer
(e:C). O

Remark 4.5.1. Due to the p-equivalence of the proof systems K,,-Res, K,,,;-Res, K,,,;,-Res and
K,.-Res we henceforth refer to them collectively as the family of K-Res systems.

Corollary 4.5.1. The tree-like versions of the K-Res are all p-equivalent to one another.

Proof. This follows from the proofs of Lemma[4.5.5|and Theorem4.5.1] O

4.6 A further variation of the K-Res systems

In this section we show that given any of the K-Res system, if we restrict the definition of its
associated normal form so that only positive literals can appear within the scope of a modal operator
then not only can we still efficiently transform any modal formula in NNF into this restricted version
of SNF,,,;,, but we can also define a modal resolution system which operates on this normal form
and whose rules are a proper subset of the rules of K,,,,-Res. Furthermore this proof system is
p-equivalent to K,,,;,-Res. We only give full details of this variation for the proof system K,,,,-Res.
However due to the close relationship between the each of the K-Res systems, analogous variants
of the other systems can be obtained in exactly the same way.

We begin by formally defining our restricted normal form.

Definition 4.6.1. Let [, [; € £ and let p be a propositional variable. A formula ¢ is in positive

separated normal form with modal positions (SNF;gp) if ¢ = A\;_, C; where each Cj is either a:
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e Positive modal clause: (0, (I — Ogp), e Literal clause: DM(\/;:1 l;).

e Negative modal clause: O, (I — Qup),

To convert an NNF formula ¢ into SN F:;p we apply the translation function:

Tntp((é) =z A p?j@p(x - ¢)7

where x is a new propositional variable and p,fw is defined as follows:

P;p(mu(fﬁ = O0NY)) = pj_np(D/l(x = 0)) A P;%p(Du(w — 1)),

O, (x — 040), if0 € P,
P (Tl = 0a0)) =4 " ’ .
Ou(z = 0a21) A pfy(Opa(zy — ),  otherwise.

Ou(—z VoV ), iff,9 € CL,

Porp (O — OV ) = ‘
Pp(Op(x = 0V 1)) A pf(Ou(z1 — ¢)),  otherwise,

where 6, 1) are modal formulas, 1 is a new propositional symbol and p € A*.
We can similarly define positive separated normal form (SNF1), positive separated normal

form with modal levels (SNF;Ll) and positive separated normal form with modal contexts (SNF; ).

Theorem 4.6.1. An NNF formula ¢ is satisfiable if and only if the corresponding set of SNF;ZP
clauses T, (o) is satisfiable.

Proof. By Theorem ¢ is satisfiable if and only if the set of SNF,,;, clauses T},,(¢) is. Hence
to prove our theorem we show that T,,,,,(¢) is satisfiable if and only if 7, ,(¢) is satisfiable.

We begin by noting that every literal clause C'is in Ty, (¢) if and only if it is also in T, (¢).
Similarly a modal clause of the form (J,,(I — o4p), where | € £ and p € P, is in the set T5,,,(¢) if
and only if it is also in the set T;,;p(gb). Finally any modal clause of the form [J,,(I — o,—p) is in
Tinp(¢) if and only if T} () contains the clauses Cr =0, — ogz) and C5f = O, (—z V —p),
where x is an extension variable which does not appear in any clause in 7}, (¢) and only appears
in the clauses C and Cy in T, ,(¢).

(=): Suppose there exist some model M = (W, Ry, ..., R,, V) and some world w € W such
that (M, w) |= Timp(4). Then (M, w) | T,5,(¢) N Trp(9). Let C* € T,) (0) \ Tinp(¢). Then
C'™ is either a modal clause of the form [, (I — o,x) or a literal clause of the form [, (—2 V —p),
where [ € £, p € P and z is an extension variable. Further [ and p must be such that the SNF,,,,,
clause C' = O, (I — o4—p) is contained within Ty (4) \ T,5,(¢).

Suppose C' = O, (I = Oq—p). As (M, w) = C it follows that at every world w, € W such
that w,, is p-accessible from w either V' (w,,)(l) = 0, or V'(w,)(l) = 1 and there exists some world
wye € W which is a-accessible from w,, and for which V' (w,,)(p) = 0. Hence we let M’ be the
model obtained by extending M so that if V'(w,)() = 0 then at every world w;m € W which is

a-accessible from wy, we have V (w,,)(x) = 0, and if V/(w),)(I) = 1 then we have V(w4 )(x) = 1
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and V (wy,,)(x) = 0 for every world wy,, # w, which is a-accessible from wy,. For every w,, we
have (M, w,) = I — Qq and for every world wy;, € W which is pa-accessible from w we have
(M, wi,) = =z V =p. Hence (M, w) |= (C{" A CY).

Suppose C' = O, (I = ,—p). As (M, w) [= C it follows that at every world w,, € W such
that wy, is p-accessible from w either V' (wy,)(l) = 0, or V(w,)(l) = 1 and V(w),,)(p) = 0 for
every world w;m € W which is a-accessible from w,,. Let M’ denote the model obtained by
extending M so that for every wy, if V/(w,)(l) = 0 then for every a-accessible world w;,, we let
V(w),,)(x) = 0, and if V'(w,)(l) = 1 then for every w;,, we let V' (w,,,)(z) = 1. Hence for every
w,, we have (M, w,) = | — O,z and for every wza € W which is pa-accessible from w we have
(M, wi,) =~z v —=p. It follows that (M',w) = (C" A Cy).

(<): Suppose (M, w) = T,},(¢). Then (M, w) |= T,,(¢) N Tnp(). Let C € Tpp() \
T,\»(#). Then C must be of the form [, (I — o,—p), where | € L and p € P. Further
T,55(0) \ Tinp() must contain the clauses O, (I — oqx) and 0,4 (-2 V —p).

Suppose C' = O,(I — Ou—p) (respectively C = O,(I — O,—p)). Then by assumption
(M,w) = (I = Qqz) (respectively OJ,,(I — O,z)) hence for every world w, € W which
is p-accessible from w either V(w,)(l) = 0 or there exists some world w,, € W such that
V(wya)(x) = 1 (respectively for every world wj,, € W which is a-accessible from w, we
have V' (w),,)(z) = 1). In the former case (M,w) = C. In the latter case we note that as
(M, w) = Oya(—2 V —p) and w,, (respectively every wy,,) is pa-accessible from w it follows that
V(wpa)(p) = 0 (respectively V (w),,)(p) = 0) and so (M, w) |= C. O

An identical proof can be used to show that each of the other positive separated normal forms
preserves satisfiability.

We can now define our new proof system.

Definition 4.6.2. The proof system K;‘lp—Res consists of the rules LRES, GEN1 and GEN3 defined
as in Figure [4.3]

Similarly the proof system K;'-Res consists of the rules IRES1, IRES2, LRES, GEN1 and
GEN3 as defined in Figure and the proof systems K:;l—Res and K}/ _-Res consist of the rules
LRES, GEN1 and GENS3 as defined in Figures 4.2 and [4.4] respectively.

Theorem 4.6.2. The proof system K;;p—Res is complete and strongly sound.

Proof. Any proof system that p-simulates a complete proof system is complete and any proof
system that is p-simulated by a strongly sound proof system is strongly sound. By Theorems 4.3.2]
and[4.3.4| the proof system K,,,,-Res is strongly sound and complete, hence the theorem follows
immediately from the fact that Kﬁp—Res both p-simulates and is p-simulated by K,,,,-Res (Theorem
[.6.3). O

The strong soundness and the completeness of K;{—Res, K,.;-Res and K,,,.-Res follows in the
same way.

Finally we prove in the following theorem that our new proof system K;;p—Res is p-equivalent
to K;,p-Res.
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Theorem 4.6.3. The proof systems K:,rlp—Res and K,,,,-Res are p-equivalent.

Proof. As the rules of K,,,,-Res are a superset of those of K;p—Res and every set of SNFj,;p clauses
is in SNF,,,, it follows trivially that K,,,-Res p-simulates K:,Qp—Res. Hence to prove that the two
proof systems are p-equivalent it remains to show that K:{W—Res p-simulates K, ;-Res.

Let C be an unsatisfiable set of SNF,,,,, clauses, obtained by applying the translation function
Tynp to some modal formula ¢ in NNF, and let C* be the corresponding set of SNF,flp clauses
obtained by applying T;L‘p to ¢. Further let 7 be a K,,,-Res refutation of C. We will show that from
m we can efficiently construct a K:;Lp—Res refutation 7+ of C* whose size is polynomial in that of 7.

To show that we can construct such a refutation it suffices to show that any clause C' in © which
is inferred using some clause in C \ C™ can be derived from C* using only the rules of K,J{w-Res,
and that this derivation has size linear in that of C'. Every literal clause in C is in C*. In fact the only
clauses that are in C \ C* are modal clauses of the form 0J,,(I — o,—p), where p € P. Further if
Ou(l = o4—p) € C then the SNF,!, ) clauses [, (I — oqx) and [J,,4 (-2 VV —p) must be contained
within CT, where z is an extension variable.

Suppose 7 contains some SNF,,,;, clause C' which is inferred from some set of clauses containing
at least one modal clause in C \ C*. By definition no such clause can be inferred using LRES and
so C' must be inferred using either MRES, GEN1, GEN2 or GEN3.

Suppose C' is inferred using MRES. Then we replace this instance of MRES in 7 with an
instance of GEN1 as shown in Figure

0, (11 = ogq
O,(l1 = oap) GENI1 2 ,p)
MRES , Ou(ly — o) x)
D,U(l2 — Oa_‘p)
Oya(—2 V —p)

D“(—'ll V —|l2)

D“(—'ll V —|l2>

where l1, 2 € L, p € P and z is an extension variable. Further o/, is the dual of o,, i.e. if
0 = O, then o}, = O, and if o, = O, then o, = [,,.

Figure 4.5: Transformation of MRES

If C in inferred using GEN2 then we replace this instance of GEN2 with an instance of GEN3
as shown in Figure [4.6] Note that the transformation depends on the number of modal clauses in
C \ C* which the instance of GEN2 being transformed is applied to.

If C in inferred using GEN1 then we replace this instance of GEN1 with several instances of
LRES, followed by another instance of GEN1 as shown in Figure The exact number of LRES
steps required is the same as the number of clauses in C \ CT contained within the premises of the
original instance of GEN1.

Similarly if C' is inferred using GEN3 then we replace this instance of GEN3 with several
instances of LRES, followed by another instance of GEN3. The set of clauses that GEN3 is applied
to can be assumed to be identical to the set of clauses that GEN1 is applied to in Figure with
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O 1 — Dap

Dy(ll — Dap) GEN3 ,u( )

Case 1: GEN2 O,u(lp = Ogx)
D#(ZQ — Da—'p) ’

D,u(l?) — <>ap )

Dy(lg, — Oap/)
Du(_‘ll V =lg V —|l3)

O,y — Ogp
Ou(li = Oap) gens e )
Case 2: GEN2 Ou(la — Og)
DM(ZQ — Daﬁp) N ,
Du(lg — Oaa: )

Du(l?) — Oaﬁp/)
D“(—'ll V =ly V —|l3)

Opa(—z V —p)
D'u(—'ll V =ly V —|l3)

where [1, lo and [3 are literals, p and p’ are propositional variables and x and x’ are extension
variables.

Figure 4.6: Transformation of GEN2

the exception of the literal clause whose form depends on which of the modal clauses is a negative

modal clause. This transformation is almost identical to that of GEN1 shown in Figure .7] however:

1. If the negative modal clause which GEN3 is applied to is of the form (J,, (I — Op;) where
1 > y then we assume without loss of generality that ¢ = z and replace the literal clause
Oua (\/iy:1 piV Vi, ﬁpj> with O, (\/%’Z1 pi V \/]‘Z;;_s_1 ﬂpj>. We further replace each
clause inferred using LRES with the corresponding new resolvent. Finally we change the

application of GEN1 in the transformed derivation to an application of GEN3.

2. Whereas, if the negative modal clause which GEN3 is applied to is of the form (J,,(I; — ¢—p;)
where ¢ < y then we assume without loss of generality that ¢ = y and replace the literal clause
Oua (\/?:1 piV Vi ﬂpj) with O, (\/f;ll piV Vi ﬂpj>. We further replace each
of the first y — 1 clauses inferred using LRES with the corresponding new resolvent and
remove the yth application of LRES from the transformed derivation. Finally we change the

of GENI in the transformed derivation to an application of GEN3.

Hence we take 7 to be the K;;p—Res refutation of C* obtained by replacing each clause C
which is inferred from some C’ € C \ C* with the corresponding K;Lp—Res derivation of C' from
CT. O

Identical proofs can be used to show that the proof systems K’ -Res, K:;Ll-Res and K\ .-Res

are p-equivalent to K,,-Res, K,,,;-Res and K,,,.-Res respectively.

Remark 4.6.1. We henceforth refer to the family of all the original K-Res systems together with
the systems K -Res, K:;l—Res, K;;p—Res and K\ -Res, as the family of K-Res systems.

Corollary 4.6.1. The K-Res proof systems are all p-equivalent.
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Diua (\/%:1 PiV Vizy ﬁPj)
Dua(_‘fl:l \ ﬁpl)
Dpia <ﬂ$1 VVilapi V Vo ﬁPj)

LRES

LRES
O,(L — ) Opa (-2 V —p2)
1 (o) ‘!pl
GEN1 " a Opa(—21 vV —z2 V VI3 0i Vi, 1 0))
Ou(ly = 2a=py) :
y—1 X z )
Du(ly+l — Oapy+1) LRES Dua(\/i:l Ly \/py \% \/j:y+1 ﬁpj)

— Opa(mxy V —py)
D/Ml(\/'zi;:l —x; V V§:y+1 —p;)

Ou(l: — oap:) GEN1

Du(ll — oaxl)
Da (V?:l PiV Vg ﬁPj) :
O (Vo) Ou(ly — oaty)

Ou(lys1 — 0aPy+1)

Dy(lz —> Oapz)
p (V;:l ﬁlj)

where l1,...,l, € L, p1,...,p. € Pand x1,...,x, are extension variables. Further note that

exactly one clause on the left is of the form (I, (I; — Oql}), where I} = p; if i < y and I} = —p;
if i > y. Hence the corresponding clause on the right is of the form O, (1; — O4l!), where

I/ = z;ifi <yandl] = p; ifi > y, and every other modal clause is a positive modal clause.

Figure 4.7: Transformation of GEN1

Corollary 4.6.2. The tree-like versions of all of the K-Res systems are p-equivalent.

Proof. This follows from Corollary the proof of Theorem O



Chapter 5

Comparing the family of K-Res proof
systems with the proof system RK,,

In this chapter we define one of the earliest proposed clausal resolution system for the multimodal
logic K;,, which was introduced by Enjalbert and Farifias del Cerro in [34]]. We then use p-
simulations to compare the strength of this system to that of the K-Res systems discussed in Chapter

5.1 The proof system RK,

In [33,[34] Enjalbert and Farifias del Cerro proposed a clausal resolution systems for K,,, called
RK,,. Like the K-Res systems, RK,, operates only on formulas that have been transformed into a
specific normal form, however both the rules of RK,, and the normal form that it operates on (RK,

conjunctive normal form) are more complicated than those of the K-Res systems.

Definition 5.1.1 ( [33]]). A modal formula ¢ is in RK,, conjunctive normal form (RK,, CNF) if
o= /\f\; 1 Ci, where each Cj; is an RK,, clause. A formula C is an RK,, clause if:

p q
C=0UV-VigV\/ Oo,D: V' \/ O, 4y,
r=1 y=1

where each [; € £, each D, is an RK,, clause and each A, is in RK,, CNF.

The proof system RK,, consists of three different types of rules, namely rules for computing
resolvents (RFCR), simplification rules and inference rules. The RFCR consist of axioms, X rules,

which are used to compute resolvents of a pair of clauses, and I" rules which are used to compute

52
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resolvents of a single clause. Note that we are able to compute resolvents of a single clause as
an RK,, clause may contain an RK,, CNF within the scope of some ¢, and so can contain two
complementary literals with the same “modal context”. For example the complementary literals z
and —x both appear within the same modal context in the RK,, clause O, ((x V y) A (mx V 2)).
After computing a resolvent using the RFCR the simplification rules are used to simplify said
resolvent. Only when a resolvent has been simplified as much as possible can it be inferred using

an inference rule of RK,,.

Definition 5.1.2 ( [34]). The rules of RK,, are given in Figure

Rules for Computing Resolvents (RFCR)

Axioms Al: X(p, -p) — 0 A2: (0, A)—0
% S(A, B) = C 00, S(A, B) = C
ruies S(AVD,BVD) = CVDVD 5 (0.4, 0,B) — 0,C
00,: S(A, B) = C

(0.4, 0u(BAE)) = 0a(BACANE)

<>|:Ia: E(A, B) —C
S(0a(ANE), 0uB) = Oa(AAC A E)

I" rules O,: I'(A) — B V: I'(A) — B
[(.A) - 0.B T(AVD) = BVD
<>a1: E(A, B) —C

D(O(ANBAF)) = Qa(ANBANCAEF)

<>a2: F(A) — B
F(Ou(ANFE)) = Ou(ANBAF)

Simplification Rules

S1: 0,0~ 0, S2:0vC~C, S3:0ANE~0, S4: AVAVC=~=AVC.

Inference rules

Rl: C if[(C)= D, R2: B, C if%(B,C)=D.

D D
where A, B,C, D, D' are RK,, clauses, F, F are RK,, CNFs and p is a propositional variable.

Figure 5.1: Rules for RK,,

The simplification relation ~ is defined to be the least equivalence relation generated by the
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simplification rules. For every RK,, clause C' there exists a unique RK,, clause C’ which is such
that C’ ~ C' and no further simplification rules may be applied to C’. We call C’ the normal form
of C.

We say an RK,, clause D is a resolvent of two RK,, clauses B and C'if by repeatedly applying
the RFCR of RK,, to either A1 or A2 we can obtain (B, C') — D’ where D’ is an RK,, clause and
the normal form of D’ is D. We further denote that D is a resolvent of B and C' by X(B, C') = D.
Similarly we say that D is a resolvent of a single RK,, clause C'if by repeatedly applying the RFCR
to either A1 or A2 we can obtain I'(C') — D’ where D’ is an RK,, clause and the normal form of
D' is D. This is denoted by I'(C') = D.

We refer to any formula which is derived from some axiom using the RFCR and the simplifi-
cation rules as a formula for computing resolvents (FFCR). Such a formula is either a > FFCR,
that is a FFCR of the form (A, B) — C or £(A, B) = C, or aI' FFCR, that is a FFCR of the
form'(A) — C orT'(A) = C, where A, B and C are RK,, clauses. Further for any ¥ FFCR we
refer to A, B and C as the Ist assumed clause, the 2nd assumed clause and the computed clause
respectively. Similarly, for any I' FFCR we refer to A as the assumed clause and C' as the computed
clause.

Essentially, a ¥ FFCR of the form 3(C;,C2) — Cj says that given any model M =
(W,Ry,...,R,, V) and w € W such that (M,w) = C; A Cy we have (M,w) = Cj. Simi-
larly a I FFRC of the form I'(C) — Co says that given any model M = (W, Ry,..., R, V) and
w € W such that (M, w) = Cy we have (M, w) = Cs.

The axioms A1 and A2 are both propositional inconsistencies. The first says that given a literal
and its negation then we can compute 0, the second says that given 0 and any other RK,, clause we
can compute 0.

The ¥ V-rule says that if from the RK,, clauses A and B we can compute C, then from the
RK,, clauses AV D and BV D' we can compute C'V DV D',

The X OO, -rule states that if from two RK,, clauses A and B we can compute C' then from
[, A and [, B we can compute [1,C.

The ¥ OO, -rule says if from two RK,, clauses A and B we can compute C' then from [J, A
and Oq(B A E), where E is some RK,, CNF, we can compute {,(B A C A E). Intuitively we
can think of applying this rule as moving our computation to some accessible modal world. Note
that we can choose not to add any F when applying this rule, obtaining a FFCR of the form
£(0ad, 0aB) = Oa(BAC).

Similarly, the ¥ QO,-rule states that if from A and B we can compute C' then from ¢,(A A E)
and 0, B we can compute (AN C A E).

There is no X rule that prefixes both the 1st and the 2nd assumed clause by ¢,. Such a rule
would not be sound as two RK,, clauses of the form {,A and {,B do not have the same modal
context, even if A and B do. However, the I" {,1-rule transforms a ¥ FFCR into a I FFCR by
prefixing the conjunction of the 1st and 2nd assumed clauses with (. The rule states that if from A
and B we can compute C then from {,(A A B A E) we can compute O, (AN BAC A E), where E
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is some RK,, CNF. This is sound as if both of the assumed clauses are true in the same a-accessible
world then the computed clause must also be true in this world.

The remaining I rules are similar to the corresponding X rules. The I" {,2-rule prefixes the
assumed clause and the computed clause with ¢, effectively moving both into some a-accessible
world. The I" V-rule adds VD to both the assumed clause and the computed clause, and the I"
[,-rule allows us to prefix the assumed clause and computed clause with [,.

The simplification rules may be applied to any subformula of a FFCR of the appropriate form.
Any FFCR obtained by the application of a simplification rule is equivalent to the FFCR said
rule was applied to. The purpose of the simplification rules is to convert the assumed clause(s)
and the computed clause into their normal form. We can assume without loss of generality that
simplification rules are only applied to a FFCR after all the necessary RCFC have been applied.

The inference rule R1 allows us to infer a resolvent of a single RK,, clause, which has been
computed using the RFCR and then fully simplified using the simplification rules. The rule R2

allows us to do the same for a resolvent of a pair of RK,, clauses.

Example 5.1.1. We can use the rules of RK,, to infer the resolvent of the RK,, clauses C; = 1 V lo
and Cy = —lq V [5 as follows:

Y(ly, —ly) — 0, Al,
Xy Vig, nliVig) = 0Vig Vi, Y V -rule,
Y(ly Vi, —ly Vi) = o, S2, S4,
la, R2on C7, Cs.

Example 5.1.2. Let 000, abbreviate the ¥ rules OO, , ..., 00,,,. We can infer O, (-l V =l3)
from Cy = O, (=l V Ogl) and Co = O, (—lo vV —0,1) as follows:

S(I, =) — Al,
¥ (O,l, <>aﬂl) — Qa0 A L), Y OO, -rule,
S (ly V Oal, s V Gaml) = =1y V =la V 0a(0 A =), SV -rule,
S(O(=l1 V Oal), Ou(—lo V Oa—l)) — Ou(=ly V =la V 0(0 A -0)), S O0,-rules,
S(O(=l1 V Oal), Ol V Oal)) = Op(=ly V i), S3, S1, S2,
O, (=l V —ly), R2 on C4, Cs.

Example 5.1.3. We can use the rules of RK,, to infer the RK,, clause ¢ (I3 A (—l1 V l2) Alg) from
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C1 = Qu(ly A (11 V 12)) as follows:

S(ly, —ly) — 0, Al,
S(ly, =l Vi) — 0V g, ¥V -rule,
T(Qa(li A (5l V 12)) = Oally A (5l Vi) A0V 1)), T Oql-rule,
L(Qalli A (ml1 VI2))) = Oally A (ml Vi) Nlo), S2,
Oa(ly A (Rl Vi) Nl2), R1 on Cj.

Example 5.1.4. We can use the rules of RK,, to infer the RK,, clause ¢ (l2 A l1) from Cy = O,y
and Cy = (.4l as follows:

500, 1) — A2,
S(l1, I) — 0V 11, S V -rule,
S(Oalt, Gals) — Oalla A (OV 1)), 5 00 -rule,
Y(Oal1, Qal2) = Oalla Aly), S2,
Oalla N1), R2on Cy, Cs.

Theorem 5.1.1 ( [34]]). The proof system RK,, is complete and strongly sound.

Definition 5.1.3. An RK,, derivation of some RK,, clause C},, from some set of RK,, clauses C is

a sequence of formulas:
™ = R(1,1)7 e R(Lkl)’ C]_, ey Cmfl, R(m,l)’ e ,R(m’km), Cm,

were each C; is an RK,, clause in normal form and each R; ;) is a FFCR. In particular C’,, = 0.
Further each C; is either in C, or is inferred by applying an inference rule to either some pair of
clauses C;, and C},, or a single clause Cj,, where 41, %2 < i.

If C; € C then the sequence of FFCRs immediately proceeding C; is empty. Otherwise, either
R1y = Alor R(; 1) = A2, and for each j € [k; — 1] the FFCR Ry; ;; 1) must be the result of
applying either a RFCR or a simplification rule to R; ;. Finally if C; is inferred from two RK,,
clauses C;, and Cj, then Ry, .,y = ¥(C;,, Ci,) = C;, whereas if C; is inferred from just C;, then
Ry =T(Cy) = Ci.

An RK,, refutation of some unsatisfiable set of RK,, clauses C is an RK,, derivation of 0 from
the set C.

Definition 5.1.4. Let C be an RK,, CNF and let 7w be an RK,, refutation of C. Further let C' be an
RK,, clause in 7 and let Ry, ... Ry be the sequence of FFCR used to infer C. We say that C' is
inferred by RK,, weakening (or just weakening) if either:

e R, =T(Cy) = C, the first FFCR is Ry = %(0, A) — 0, where A is an RK,, clause (i.e. Ry
is an instance of A2) and Ry # X(00,0, 0a(A A E)) — Ou(A N E A0) (ie. Ry is obtained
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using any other RFCR than the ¥ (0¢,-rule),

e Or, R, = ¥(C1,C2) = C, Ry is an instance of A2 and no R; is obtained using the ¥
¢, -rule.

Otherwise, we say that C'is inferred by RK,, resolution (or just resolution).

Suppose some RK,, clause C'is inferred by weakening and the first FFCR used to compute C'
is of the form 3(0, A) — 0, where A is some RK,, clause. Then if the final FFCR used to infer C'
is of the form X(C1, C2) = C we say that C'is inferred by weakening C; by C5 less A. Whereas
if the final FFCR used to compute C' is of the form I'(C) = C then we say that C'is inferred by
weakening C by itself less A.

Examples[5.1.1,[5.1.2} [5.1.3]and [5.1.4] are all resolution inferences. Hence we will now give
two further examples of RK,, inferences that use weakening.

Example 5.1.5. Let C; = Q,—ly and Cy = O, (11 V l2). We can infer C' = O (=l A (—ly V 12))
by weakening C'; by Cs less [; as follows:

30, 1)) — A2,
YS(=ly, LV 12) — 0V =l Vi, >V -rule,
Y(Qal1, Oa(lh Vi) = Oa(—ly A0V =l V g)), Y OO, -rule,
Y(Qal1, Oa(lh Vi) = Oa(—l1 A (mly V i2)), S2,
Oa(—ly A (211 V1)), R2on C;, Cs.

Example 5.1.6. Let Cy = Oa((ll vV lg) A l3). We can infer C' = Oa((ll V l2) ANlg A (l2 V lg)) from
C by weakening it by itself less [; as follows:

(0, I1) — A2,
(I3, ll\/lg) —0ViyVlis, >V -rule,
C(Oa((ly Vi) Nl3) = Oa((ly VIQ) NIz A (0V 19V 3)), I ¢4l-rule,
T(0a((ly V1) Als) = Oa((l1 Vi) Alg A (I3 VIs)), S2,
Oa((l1 VI2) N3 A (I V 13)), Rlon ().

Whilst it follows immediately from the strong soundness of RK,, that any RK,, clause C' which
is inferred from two RK,, clauses C and C5 is satisfied by a model (M, w) only if (M, w) =
C1 N (9, for any RK,, clause which is inferred by weakening the following stronger statement
holds.

Proposition 5.1.1. Let C and C; be RK,, clauses, let M = (W, Ry, ..., R, V') be a model and
let w € W be such that (M, w) = Cy. If some RK,, clause C is inferred by weakening C by C»
less some subclause A then (M, w) = C.
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Proof. Suppose C'; = (5. Then the proposition follows trivially from the strong soundness of
RK,,.

Hence we assume that C'; # Cs. The proof is by induction on the difference between the modal
depth of C'5 and the modal depth of A. If the modal depth of C5 is equal to that of A then C' must
be of the form C V A’ where A’ is an RK,, clause such that AV A’ = Cy. Hence (M, w) = C.

Suppose A has modal depth strictly less than that of C5. Then the sequence of FFCRs used to
compute C' must contain at least one FFCR to which some RFCR that adds a modal operator to the
assumed clauses is applied.

As C'is inferred from two RK,, clauses the last such FFCR must be a ¥ FFCR and so is of the
form X(C1, C%) — C’, where C7, C% and C” are subclauses of C, C and C' respectively. Further
C', must have modal depth strictly less than that of Cs. Clearly we can weaken the normal form of
C' by the normal form of C/, less A to infer the normal form of C”. As every RK,, clause is logically
equivalent to its normal form it follows by the inductive hypothesis that if there exists some model
M = (W' ,Ry,...,R,,, V') and some w’ € W’ such that (M',w’) = C] then (M',w’) = C".

Let X(CY, C%) — C” be the FFCR obtained from X(Cf, C%) — C’. Further suppose there
exists some model M = (W, Ry, ..., Ry, V) and some world w € W such that (M, w) = CY.
Then by assumption either:

1. The FFCR X(CY, C¥) — C” was obtained by applying the ¥ OO, -rule to (C], C%) — C".
In which case C{ = 0,C and C” = 0,C". As (M,w) = CY it follows that either W
contains no worlds which are a-accessible from w, or W contains at least one world that is a-
accessible from w and every w; € W that is a-accessible from w is such that (M, w;) = CY.
In the former case we trivially have (M, w) = C”. In the latter case we recall that every
(M, w;) which satisfies C also satisfies C’ and so (M, w) = C”.

2. The FFCR X(CY, C%) — C" is obtained by applying the ¥ ¢O,-rule to X(C}, C5) — C".
Then C] = 0u(C{ A E) and C" = (,(C{ AN C' A E), where E is an RK,, CNF. As
(M,w) = Cf it follows that there exists some w; € W such that w; is a-reachable from
wand (M, w1) = (C] A E). Recall that, by the inductive hypothesis we have that if some
world in some model satisfies C| then it must also satisfy C’. Hence (M, w;) = C” and so
(M,w) EC".

By assumption X(C7, C%) — C” is the last FFCR obtained using some modal RFCR, hence
Y(CY, C¥) — C" must either be the final FFCR used to compute C' which is obtained using
a non-simplification RFCR, or the second to last FFCR used to compute C' which is obtained
using a non-simplification RFCR. Further if ¥X(CY, C%) — C” is not the final such FFCR it must
be followed by FFCR obtained using the > V-rule. In the former case, as every RK,, clauses
is logically equivalent to its normal form it follows that if (M,w) | C; then (M,w) E C.
In the latter case we observe that the FFCR obtained using the > V-rule must be of the form
Y(CYV By, CYV By) — C"V B, where By, By and B are RK,, clauses. Clearly any world in any
model which satisfies C (respectively C”') also satisfies C V By (respectively C” V B). Hence, as
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C1 and C are the normal forms of C V By and C” V B respectively, it follows that if (M, w) = C4
then (M, w) = C. O

5.2 Showing that RK,, p-simulates the family of K-Res proof systems

In this section we show that the proof system RK,, p-simulates each of the K-Res resolution systems.
As each of the K-Res systems are p-equivalent to one another (Theorem [4.5.1)) it is sufficient to
show that any one of the K-Res systems is p-simulated by RK,,.

Given any set of SNanp clauses we can easily construct an equivalent set of RK,, clauses by
replacing every modal clause of the form [J,,(I — o4l") with the RK,, clause [J,,(—{ V o,l’). Hence
we choose to directly compare RK,, with K,;p-Res.

Theorem 5.2.1. K;;Lp—Res <, RK,,.

Proof. Let C be an unsatisfiable set of SNF,J;LP clauses and let C’ be the corresponding set of RK,,
clauses. Further let # = Cq,...,C) be a K,J{w—Res refutation of C. We show that given 7 we
can construct an RK,, refutation 7’ = 7/,...,m of C’, where each 7 is an RK,, derivation of
either C] = C; if C; is a literal clause, or C! = Ou(—z1 V oqx2) if C; is a modal clause of the
form OJ,,(x1 — o,x2). Further each 7r§ has size polynomial in that of C; and so the size of 7’ is
polynomial in that of 7.

The construction of 7, depends on how the clause C; was inferred in 7. For each ¢ such that
C; € C we simply let 7, = C!.

(LRES) Suppose C; = 0,(D1 V D3), was inferred by applying LRES to two clauses:

CZ'1 = D#(Dl V l) and Ciz = Du(Dg V —|l).

Then we can infer C; = C; from C] = C;, and C{2 = (}, using RK,, as follows:

S (1, =) — Al,
X (Dy Vi, Dg\/ﬂl)—>D1\/D2\/0 3V -rule,
Yy (Dyvi), Ou(Dav~l)) =0, (D1 VDyVO0), ¥ 00, -rules,
Y (D1 Vi), Ou(Dev~l) =0, (D1 V Dy), S2,
Oy (D1 V Dy), R2 on C’l'l, C’Z’2,

where forany = ay ... a,, € A* the ¥ 00,-rules abbreviates applying the 3 rules (11, , . .., 00
successively. Hence we let 7, denote the above derivation. Clearly |7/ | is linear in |C}| = |C}].

(GEN1): Suppose C; is inferred by applying GEN1 to some set of z + 2 clauses. Then C; must

O, (\z/ -l v ﬂl’> ,
r=1

be of the form:

am
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and be inferred by applying GEN1 to z positive modal clauses C;, , ..., C;, of the form:
Ci; =0, (lé — Dalj) ,
for each j € [z], a negative modal clause:

Cioir =0, (' = 0al)

and a literal clause:

Ciro = Dpa (\/ Iy V ﬂl> ,

r=1

where i1,...,i,40 < i. By assumption C{j =0, (—J} vV Dalj) foreach j € [2], C; ., =
O, (- VQul)and C] | =C;_,.

izq2

To derive Cj = C; from Cj ,...,C; ..o using RK;, we proceed as follows. First for each

k € [z] we successively apply the steps below:

Sl —=ly) — 0, Al,

Yk, VoepleVol) = Vil VALVO, Y V -rule,

S (Oalky Oa (Vieg e V 1)) = Oa (Viegsq —le V =1V 0), > 00,-rule,

5 (ﬁz;; V Oaliey Do (V2 —le V=) VAL ﬂz') SV -rule,

Ha (\/;:lﬁ-l RCAANAY 0) v \/];:1 .,

5 (DM (=l vV Oal) s O, (Da (V2 e V=) v /A ﬁz;)) = 5 00, -rules,
p (Da (an:kﬂ “le VoLV 0) Vv \/ﬁzl ﬁlé) ’

5 (DH (4 V Oal) s O, (D (V2 —le V=) v /AL ﬁz')) = s2,
- (Da (v;:k—i-l —ly Vv ﬁl) v \/i:l _‘lfc) )

A =0y (Oa (Vimpss ~le v =) V VAL 1) R2on +.

where if £ = 1 then xis C;, and C;,_, and if £ > 1 then x is C;, and Aj_;. Clearly each of these

z inferences has size linear in |C}| = |C;|. Further note that the clause:

A, =0, (Daﬁl v/ 4;) :
=1



Chapter 5 61 Comparing K-Res with RK,,

Hence we complete our RK,, derivation of C] by resolving A, with C’Z{z+1 as follows:

Y (I, =) —0, Al,
2 (Oal, Taml) = 00 (IA0), 2 OO, -rule,
S (2l V Qal, Dol Vv Vi —ll) = Oa (LAO)V VE_ —l, Vv =T, ¥V -rule,
S (O (R V Oal), Ou(BamlV Voo, —lG)) — > O0,-rules,

Oy (0o LA0) V VG~ Vv AU),
S (0 (2 VOal), Ou(BamlV Vi ~lh)) = Ou (Vi v =l),  S3,Sland 82,

O, (Voo v =l), R2 on C;

=1

A,

z+4+1?

Clearly the size of this final inference is also linear in |C}|. Hence if we take 7} to be the above
derivation then as 7} consists of z + 1 inferences of size linear in |C;] it follow that 7} has size
polynomial in |C}]|.

(GEN3): Suppose C; is inferred by applying GEN3 to some set of z + 2 clauses. Then C; must

O, (\Z/ Y ﬁl’>

r=1

be of the form:

and be inferred by applying GEN3 to z positive modal clauses Cj,, . .., C;_ of the form:
Ci, =0, (l; — Daﬁlj)

for each j € [z], a negative modal clause:
Cioy = 0. (I = Qal)

and a literal clause:

Ciz+2 = Dua <\/ lac) ’
r=1

where i1, . ..,4,42 < i. Further by assumption, C{j =0, (ﬁl; Vv Dalj> for each j € [z], C;
O, (2 VOul)and C) = C;

1z42

z+1 =

z+2°
For each k € [z] we construct an inference of some Ay, by following exactly the same method

as for GEN1. The final RK,, clause A, which we obtain is of the form:

0, <Da0 Vv \Z/ ﬂl;> .

r=1

As in the case for GEN1 each of these z inferences has size linear in |C/| and so |C;| as C] = C;.
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We then proceed to infer C; from C;_,, and A, as follows:

(0, 1) =0, A2,
¥ (040, Ogl) = 0o (IN0), Y OO -rule,
Y (00V Vi, ll, aU'VOl) = 0a (IN0)V VLl Vvl YV -rule,
S (Op (Ta0V Vi, =), O, (51 V0ul)) — 5> O00,,-rules,

O, (Oa LAYV \Z_y v =)
S (0, (0,0 V VA -1, O (2 V 0al)) = O, (Vi —I, v =l'), 83, S1and 82,

O (Vazy 2l V), R2on A., Ci_,,.

x=1

Clearly the size of this final inference is linear in |C}|. Hence if we take 7/ to be the whole derivation
then |r}| is polynomial in |C}.

O]

Corollary 5.2.1. The proof system RK,, p-simulates each of the K-Res systems defined in Chapter
[l

Proof. This follows immediately from Theorem [5.2.T]and the p-equivalence of the family of K-Res
systems (Theorems and [4.6.3)). O



Chapter 6

Feasible interpolation for modal
resolution systems

In this chapter we present a lower bound technique for the family of K-Res modal resolution
systems defined in Chapter[d This technique is a modified version of the successful propositional
lower bound technique, feasible interpolation [|53}/75].

Feasible interpolation (Definition has been used to show lower bounds for propositional
resolution and the propositional proof system cutting planes [75]]. The technique is based on Craig’s
interpolation theorem [29]. We say a logic L has Craig interpolation (or just interpolation) if given
any true implication A — B (or equivalently a false conjunction A A —B) there exists a formula C
over the shared variables of A and B such that A — C and C' — B are both true. In particular we
call C an interpolant of A and B.

Informally, we say a proof system P has feasible interpolation if given any proof of any formula
of the form A — B we can construct a circuit C' which interpolates (i.e. is an interpolant of) A and
B and has size polynomial in the size of the proof of A — B. Clearly if a proof system has feasible
interpolation and there exists a family of formulas for which there cannot exist small interpolating
circuits, then every proof of these formulas must be large. Hence feasible interpolation allows us to
obtain proof size lower bounds indirectly via circuit lower bounds.

A circuit is a finite directed acyclic graph (dag) where each leaf vertex is labelled by either a
propositional variable or a constant (0 or 1). Further each internal vertex is labelled by some gate.
Each of the gates must be an element of some basis set B of Boolean functions (i.e. functions from
{0,1}™ to {0, 1} for some m € N). If not specified we take B = {—,V, A, 0,1}. Finally, each
vertex with no out edges is called an output vertex. A circuit with n input vertices and m output

vertices calculates a function f : {0,1}" — {0, 1}™. The size of a circuit is the number of vertices

63
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it contains.

We further note that any circuit where each vertex has at most 1 out edge is in fact a propositional
formula.

A number of modal logics, including the basic monomodal logic K, have been shown to posses
the interpolation property [37,(77]. Further in [52] it was shown that the interpolation property
transfers from the monomodal logic K to the multimodal logic K,,.

In this chapter we address the natural question of whether or not some variant of feasible inter-
polation can be used to obtain lower bounds for modal resolution systems. In [45,46] Hrube$ gave
a positive answer to the analogous question regarding Frege systems for certain modal logics
(including K). Further, in [49] Jefabek extended Hrube§’ lower bound (and lower bound proving
technique) to extended Frege systems for certain modal logics with infinite branching. In [[18]] it was
shown that the sequent calculus for several normal modal logics, including K, also has a (weaker)
type of feasible interpolation. An exponential lower bound for these proof systems was further

shown under certain cryptographic assumptions.

6.1 Feasible interpolation for propositional logic

Definition 6.1.1 ( [75]). Let p, g and 7 be disjoint sets of propositional variables, and let A(p, q)
and B(p, 7) be propositional CNFs over the variables in p, ¢ and p, 7 respectively. We say a circuit
C(p) interpolates the formula A(p, g) A B(p, ) if given any {0, 1} assignment & to the variables
in p we have:
- 0 only if A(@, ) is unsatisfiable,
Cla) =
1 onlyif B(a,r) is unsatisfiable.

Let Q be a propositional proof system. We say ) has feasible interpolation if given any
unsatisfiable formula A(p, ) A B(p, 7) of the above form, and any @ refutation 7 of this formula
we can construct a circuit C'(p) which interpolates A(p, ) A B(p, 7) and has size polynomial in the
length of 7.

Further, if given that the p variables occur only positively in A(p, ¢), we can construct a circuit
as above but with the additional requirement of having a monotone basis, {V, A, 0,1}, we say @

has monotone feasible interpolation.

It follows from the above definition that if a proof system () has feasible interpolation then
any family of formulas of the form A(p, §) A B(p, 7) that has only exponential sized interpolating
circuits requires exponential sized () refutations. Similarly if () has monotone feasible interpolation
and every monotone circuit that interpolates a family of formulas has exponential size then this
family of formulas must require exponential size () refutations.

There are currently no known superpolynomial circuit lower bounds, however there is a known
superpolynomial monotone circuit lower bound [2}/78]]. Hence in order to prove exponential proof

size lower bounds we must prove that a proof system has not only feasible interpolation but also
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monotone feasible interpolation. In [75] it was shown that propositional resolution has monotone

feasible interpolation, leading to a new exponential lower bound for propositional resolution.

6.2 Feasible interpolation for modal resolution systems

In this section we prove that whilst the proof system K;;p—Res does not admit the full version
of feasible interpolation given in Definition [6.1.1] it does admit a weaker version of feasible
interpolation. We begin by considering a simple example which rules out the possibility of K:rnp—Res

admitting feasible interpolation.

Example 6.2.1. Consider the modal formula:

¢ = (Da‘:’all A OaOa_‘ll) \ (DaDQZQ A <>a<>a_‘l2)7
and the corresponding set of SNF:,[Lp clauses:

xo, xo V x1 V x2, 1 — Uazs, Oa(zs — Ouly),
1 = Qaa, Uo(rs = Oas), Uaa(—x5 V i), 22 — aws,
Da(xfi — DaZQ)a To — Oax'?a Da(l'? — <>a$8)a Daa(_"rS \ _‘12)

It is clear that ¢ is an unsatisfiable formula. Hence the above set of clauses must also be unsatisfiable

and there must exist a K,J{lp-Res refutation said set of clauses. Further:

p = {1, x2, 1, o}, ¢ = {wo, x3, x6} and 7 = {z4, x5, 7, T8}

are disjoint sets of propositional variables. Now consider the assignment & which maps I; —
0, lo — 0, z1 — 1, o — 1. Neither of the disjoint sets:

A(@,Q) = {SUQ, —xgV1VI, 1— Daxg, Da(xg — DaO), 1— Da$67 DQ(IG — DQO)},

and:

1— <>a51777 Da(«r'? — OaxS)v Daa(_‘x8 \ 1)

is unsatisfiable. To see this note that the model M; = (Wi, Ry, V1) where W, = wy, Ry =
() and Vi (w1)(xo) = 1 is such that (M, w;) &= A(a,q) and the model My = (Wa, Ry, V3)
where Wy = {wa, wh, wh}, Ry = {(we, wh), (wh, wh)} and Vo(wh)(z4) = Va(wh)(z7) = 1 and
Vo(wh)(x5) = Va(wh)(xzg) = 1 is such that (Ms, we) = B(a,T).

The above example demonstrates the existence of unsatisfiable sets of SNF,J{W clauses which

can be split into two disjoint subsets of clauses which are both satisfiable. Hence neither K:;p-Res,
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nor indeed any proof system that operates on formulas in SNF:,QP (or similarly SNF, SNF,,,; or
SNF;" ) admits feasible interpolation. This is essentially due to the fact that [J,0 is satisfiable.

In the following definition we introduced a weaker notion of feasible interpolation called modal
feasible interpolation, which as we will see in Theorem is admitted by K;,gp—Res. The idea
behind this weaker form of interpolation is to add some clauses to the sets A(p, ) and B(p, )
so as to ensure that at least one of these sets is always unsatisfiable. We then say that a proof
system admits modal feasible interpolation if given any refutation 7 of A(p,q) U B(p,r) there
exists a circuit that interpolates the newly constructed supersets of A(p, ) and B(p, 7), and has size

polynomial in the length of 7.

Definition 6.2.1. Let ) be a modal proof system. We say ) has modal feasible interpolation if
given any () refutation of some set of SNF;QP clauses A(p, §)UB(p, ), where p, g and 7 are disjoint
sets of propositional variables, and A(p, q) and B(p, 7) are disjoint sets of SNF,, ) clauses, we can

construct a circuit C'(p) such that the following holds:

1. C(p) interpolates A’(p,q) 2 A(p,q) and B(p,7) 2 B(p,7) where:

A'(p,q) = AP, 9 U{0L( = Oal') | Ol = Dal') € A(p, @)}

U {0,0a¢" | Ou(la = Oal) € A(p,q) U B(p,7)},
B'(p.7) = B(p,7) U{0u(l = 0al') [ Ou(l — Oal’) € B(p,7)}

U {O,0ar" | Ou(lz = Oal) € A(P,q) U B(p,7)},

further, ¢ is a new ¢ variable and r is a new 7 variable.

2. C(p) has size polynomial in the length of the original () refutation of A(p, q) U B(p, 7).

Further, if given that the  variables occur only positively in A(p, ¢) we can construct a circuit
as above but with the additional requirement of having a monotone basis, {V, A, 0,1}, we say Q

has modal monotone feasible interpolation.

We will now prove that K;,rlp—Res has modal feasible interpolation. The proof of this is similar
to the proof that propositional resolution has feasible interpolation given by Pudlék in [75].

The first half of the proof consists of showing that any K;Qp—Res refutation 7 of two disjoint
sets of SNF,!,  clauses A(p, ) and B(p, 7) can be transformed into either a refutation of A’(@, q)
ora Kﬁp—Res refutation of B’(a, 7). As every clause with mixed variables (i.e. § and 7 variables)
must have been inferred by some resolution step, this essentially just consists of replacing steps
where a p variable is resolved on with some clause which does not contain that variable. This can
always be done by as we have replaced all p variables with either O or 1.

The second half of the proof consists of showing that from this refutation we can construct a
circuit C(p) which interpolates A’(p, g) and B’(p, 7). Crucially the size of this circuit is equal to
the length of the original refutation 7.

Theorem 6.2.1. K}, -Res has modal feasible interpolation.
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Proof. Let A(p,q) U B(p,T) be an unsatisfiable set of SNF,J;Lp clauses, where p, g and 7 are disjoint
sets of propositional variables. Further let 7 be a K;;p—Res refutation of this set of clauses. Given
an assignment & to the variables in p we will show that we can construct a K%l)—Res refutation of
either the set of clauses A'(@, ) or the set of clauses B'(a, ), both defined as in Definition[6.2.1]

Note that given any K;tLp—Res refutation in which the same initial clause is taken as a premise
for several different inference steps, if we require that a new copy of every such initial clause is
used for each inference then this causes at most a linear increase in the size of the refutation. Hence
we assume without loss of generality that each appearance of an initial clause in 7 is used in at most
one inference.

We call a clause in 7 a g-clause (respectively an r-clause) if it contains only p and g variables
(respectively p and 7 variables). If a clause contains only p variables or is empty we call it a g-clause
(respectively an r-clause) if it was derived from g-clauses (respectively r-clauses).

To construct our new refutation we transform each clause in 7 by replacing it with some
subclause of itself. Recall that every modal clause in 7 must be initial, whereas literal clauses may
be either initial or non-initial. If a literal clause is initial then the transformation leaves it as it is. If
a literal clause is non-initial then the transformation depends on which rule of K:,Qp—Res was used to
infer it. The transformation of modal clauses depends on which clauses they were used to infer.

Suppose 7 contains a literal clause which is inferred by an instance of LRES.

Ou(DVI) (L)
Ou(D"V =) (L2)
Ou(DV DY) (Ls)

If L, is a non-initial clause and has already been transformed then we let U, E' be the clause that L
was replaced with, otherwise we let (1, F' = [J,,(D V [). We similarly define ([, £ in terms of L.
Suppose | € p. If I — 0 then we replace Lg with O, E. If [ — 1 then we replace L3 with O, E’.
Suppose [ € § (respectively [ € 7), if one of E and E’ is an r-clause (respectively a g-clause) then
by definition it cannot contain [ and so we replace L3 with with either (J,, E' or (0, E” accordingly.
Otherwise we either use LRES to resolve [ in (0, E with -/ in [0, E’ and replace L3 with the result,
or if one of the literal clauses 0, E and [J,, E’ does not contain [ then we replace L3 with this clause.

Suppose 7 contains a literal clause which is inferred by an instance of GENI1.

Dﬂ(lll — Dall) (Ll)

O, — Oalz) (L)
Du(l;-u = Qalzy1)  (L2g1)

Oua (\/fill _‘li> (L242)

O, (VEL ) (Lea)

If the clause L2 has previously been transformed then we let [, /' be the clause it was replaced

with. If L, 9 has not been transformed then we let L, &/ = L. 2. Note that in either case the set
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of literals in [1,,, F must be a subset of the literals in L.

Suppose [0, E is a g-clause, then each variable in O, F' (i.e. each [; where i € [z + 1])
must be either a p variable or a g variable. If for some i € [z + 1] the variable I; is mapped
to 0 by & and the corresponding modal clause L; is an r-clause then we replace L3 with the
clause O, (I = O4l;) € B'(p, 7). Otherwise either some variable /; is mapped to 0 by & and the
corresponding modal clause L; is a g-clause, or no variable /; is mapped to 0. In the former case we
replace L3 with the clause O, (I} — Oul;) € A'(p, q). In the latter case either:

1. Every variable in [, F' is in p. By assunption this is the case only if either £ is empty or
every literal in [, & is mapped to 1 under the assignment &. Hence in this case we replace
L1 with O0,0.¢" € A'(p,q) and L3 with the clause [J,,0. Note that this clause can be
inferred by applying GEN3 to (J,, £ = [0,,,0 and ,,04¢".

2. Or, there exists some ¢ € [z + 1] such that [; is in ¢ and —I; appears in O, E. If [,
is such a variable then we replace L3 with the clause obtained by applying GENI1 to
0,1 — Qalzq1), the set of modal clauses {L; | j € [z], =l; € Fandl; € g}
and O,,F. Otherwise we replace L; with the clause 00, (I, — O,l;) and replace L. 3
with the clause obtained by applying GEN1 to OJ,,(I — Oql;), the set of modal clauses
{Lj|jelz+1\{i}, 7l € Eand l; € ¢} and O, E.

If 0, E/ is an r-clause then the transformation is dual.

Suppose 7 contains a literal clause which is inferred by an application of GEN3.

O, — Oulh) (Ly)

O, — Oql.) (L)
Du(llz—s-l - <>alz—f—l) (Lz—I—l)
Dua (VZZLI _‘li> (Lz+2)
Ou (Viei 2l (Lzys)
The transformation is identical to that of GEN1.

As every clause in 7 is replaced by a subclause of itself it follows that our transformed sequence
of clauses ends with the empty clause. Further, if we replace every p variable with its value under
the assignment & then our transformed sequence of clauses becomes a K%,—Res refutation of
A'(a,q) U B'(a, 7). Our transformation is such that g-clauses can only be inferred from sets of
g-clauses and r-clauses can only be inferred from sets of r-clauses. Hence if the final clause in
our transformed proof is a g-clause then our new refutation must contain be a subrefutation of
A'(a, q), similarly if the final clause is an r-clause then the refutation must contain a subrefutation
of B'(a,T).

Now we construct a circuit C(p) such that C(@) = 0 only if the set of clauses A’(@, q) is
unsatisfiable and C'(@) = 1 only if the set of clauses B’(a@, q) is unsatisfiable. More specifically,

we construct the circuit so that the value computed by the gate labelling each vertex is O if and
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only if the corresponding clause becomes a g-clause in the transformed proof. Similarly the value
computed by the gate labelling each vertex is 1 if and only if the corresponding clause becomes a
r-clause in the transformed proof.

We take C'(p) to have the same underlying structure as 7. Hence the initial clauses correspond
to the leaf vertices of the circuit and the internal vertices correspond to clauses inferred by the
applying some rule of K:;p-Res to clauses represented by its parent vertices. We label leaf vertices
corresponding to q-clauses with the constant gate 0 and leaf vertices corresponding to r-clauses
with the constant gate 1. The gate we put on each internal vertex depends on the rule used to infer
the corresponding clause.

Suppose a vertex u of C'(p) corresponds to a clause Ls in 7 which is inferred by applying LRES
to two clauses L; and Lo which correspond to the vertices u; and ug respectively. Let [ be the
variable that was resolved on. If [ € ¢ then we put a V gate on w. If [ € 7 then we put a A gate on u.

If I € p we put a selector gate on u, defined:
sel(l,xl,xg) = (—|l A xl) V (l A .%'2) ,

where z; is the value of the gate on u; and x5 is the value of the gate on us. This gate returns the
value of 1 whenever [ — 0 and x5 whenever [ — 1, this corresponds to our transformation where
Lsisreplaced by Ly if [ — O and Lo if [ — 1.

Suppose u corresponds to a clause inferred by an application of GEN1 or GEN3. For each
i € [z + 2] let x; be the gate corresponding to the clause L;. If each resolvent /; in these clauses is
either a ¢ variable or an 7 variable then we first remove from C'(p) the vertices labelled by the gates
z1,...,ZT,4+1. As each of these vertices corresponds to some modal (and therefore initial) clause,
every such vertex is a leaf and so C'(p) remains a circuit even after removing these vertices. We
then put a no operation gate on u. Hence the gate on u returns the same value as the gate z .9,
which corresponds to the literal clause L9, as desired.

If at least one [; € p then we let {p1,...,pm} C {l1,...,l.4+1} be the subset of j variables
resolved on and let 2, . . . , ], be the vertices corresponding to the associated modal clauses. We

further put a m-ary selector gate, defined:

m
(_‘pi A él?;) \ /\ PjNTzy2 |,
1 j=1

/ /
Selm (p17 vy Pmy Ty e ,xm,$2+2) -

-

7

on u. Finally we remove from C(p) all parent vertices of u that are labelled by gates which are not
taken as inputs to our m-ary selector gate. That is we remove the vertices corresponding to modal
g-clauses and r-clauses, noting once again that every such clause is initial. Our m-ary selector gate
returns the value of x5 if every p; — 1, it returns 1 if there exists some ¢ such that the value
returned by 2 is 1 and p; — 0, and it returns 0 if there exists some ¢ such that p; — 0 but for every
such 7 the value of z; is 0. In each case the output of the selector gate corresponds to the clause

L, is replaced by in our transformation.
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Clearly the size of C'(p) is less than or equal to that of 7. Further we can easily convert C'(p)

into a circuit with basis {A, V, =, 0, 1} whose size is linear in that of C(p). O

Corollary 6.2.1. Each proof system in the family of K-Res systems has modal feasible interpolation.

Proof. By Corollary each of the K-Res systems is p-simulated by K/, -Res. Hence we can
transform any K -Res refutation into a Kfq;p—Res refutation of the corresponding set of SNanp

clauses and so that the corollary holds follows trivially from Theorem [6.2.1] O

6.3 Monotone feasible interpolation for modal resolution systems

In this section we prove that Kif, -Res has modal monotone feasible interpolation. As in the case
for propositional resolution, it is this property which allows us to prove unconditional lower bounds
for K;f, -Res.

Theorem 6.3.1. K;gp—Res has modal monotone feasible interpolation.

Proof. Let A(p,q) U B(p,T) be an unsatisfiable set of SNF,fw clauses, where p, ¢ and 7 are
disjoint sets of propositional variables. Further let 7 be a K;gp—Res refutation of this set of clauses.
Suppose each of the p variables appears only positively in A(p, 7). Then we can modify the circuit
C(p) constructed in the proof of Theorem|[6.2.1]to obtain a monotone circuit C™°"(p) such that
C™o"(&) = 0 only if the set of clauses A’(@, ) is unsatisfiable and C™°" (@) = 1 only if B'(@, q)
is unsatisfiable. To do this we must replace all selector gates sel and sel,,, with monotone gates.

We replace every sel(l, 21, z2) gate in C'(p) with the monotone ternary gate (I VV x1) A x2. This
gate differs from sel(l, z1, x2) on only one input, namely [ = 0, z; = 1 and x3 = 0. In this case L;
is an r-clause, Lo is a g-clause and the variable being resolved on is in p. By assumption g-clauses
contain only positive p variables hence Ly cannot contain =/ and so in the transformation of our
clauses we can replace L3 with the g-clause Lo without any issues.

We further replace every sel,,,(p1, . . ., Dm, T, - - -, Ty, T2+2) gate in C'(p) with the monotone
gate:

(PLVEY) A A(pm V) A Tapa.

The output of this gate differs from that of sel,,,(p1, ..., pm, 2}, ..., 2}, T.+2) in two cases. If
for some i # j we have p; = 0, p; = 0, 2, = 1 and x; = (, then our monotone gate returns
0 whereas sel,,, returns 1. Hence we change the transformation so that L. 3 is replaced by the
modal clause containing p;, which must be an r-clause as z; = 1. The other case is when p; = 0,
z; = 1 and for all j # i either p; # 1 or 2 # 1, and 7,42 = 0. In this case sel,, returns
1, whereas our monotone gate returns 0. However, as the literal clause corresponding to x .2
is a g-clause and so cannot contain any —p;, instead of replacing L.3 with the literal clause
corresponding to z; we proceed in one of two ways. If .11 € g and .4 appears in L, then
we replace L 3 with the g-clause obtained by applying GEN1 to L, 2 and the set of modal clauses
{L; | j € [z + 1] and —[; appears in L., 5}. Otherwise we replace it with the g-clause obtained by
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applying GEN3 to L, 9, the set of modal clauses {L; | j € [z + 1] and —/; appears in L2} and
0,0qq'.

Hence we have constructed a monotone circuit C™°" () which interpolates A’'(a, ) and
B'(a,T), and whose size is polynomial in that of 7. We can further transform this circuit into a

monotone circuit over the basis {A, V, 0, 1} with at most a linear increase in size. O
Corollary 6.3.1. Each of the K-Res systems has modal monotone feasible interpolation.

Proof. This follows immediately from Theorem[6.3.1]and the fact that each of these proof systems
is p-simulated by K%,—Res (Corollary . 0

6.4 Lower bound

In this section we use the fact that K;;p—Res has weak monotone feasible interpolation to prove
an exponential lower bound for K;Qp—Res. The family of formulas for which we obtain this lower
bound encode a well known graph theoretic result.

We say that a graph G has a clique of size k if there exists some k-subset (i.e. some subset of
size k) of the vertices of GG such that each vertex in this set is adjacent to every other vertex in this
set. We say that G is k-colourable if the vertices of GG can be partitioned into & disjoint subsets such
that each pair of vertices in each subset are non-adjacent. It is a well known fact that any graph
containing a clique of size k£ 4 1 is not k-colourable.

The statement “if a graph has a clique of size k£ + 1 then it is not k-colourable” can be formulated

as the propositional formula:

Cliquef™ (p, q) — (=Colourf (p, 7)),

where:
CllquekJrl /\ \/ ql] A /\ _'Q’L]1 _'Q’sz) /\ (<Q’L1]1 A qigjg) — pi1i2)7
1,517 ]2 i1712,j1,J2
and COlOUT /\ \/ rzj A\ /\ plﬂg _'rilj \ _'TiZj))7
i17#12,]

for i,iy,i2 € [n] and 7, j1,j2 € [k + 1]. In the above we interpret each variable ¢;; as denoting
that the ith vertex of some graph of size n is the jth element of some clique of size at most k& + 1.
We further interpret each p;, ;, variable as denoting that there is an edge between the 7;th and i2th
vertex and each variable r;; as denoting that the 7th vertex of the graph is coloured by the jth colour
in some k-colouring.

It is the above propositional formulas (henceforth referred to as the clique-colour formulas)
that Pudladk used to show an exponential lower bound for propositional resolution via feasible

interpolation in [[75]]. Clearly if we restrict Kj;p-Res to propositional formulas then it becomes the
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propositional resolution system and so these formulas trivially give an exponential lower bound for
K;;Lp—Res. However this lower bound is of little interest as it offers no insight into the modal aspect
of K;"np—Res. The lower bound that we prove uses a modal version of these formulas first proposed

by Hrubes in [45,46]]. More specifically we will prove our lower bound using the formulas:

Clique™ (0p, §) — O(=Colourk (p, 7)),

where Cliquei™!(0p, §) denotes the formula obtained by replacing each p;,;, in Cliquet™!(p, q)
with Op;,:,. We call these formulas the modal clique-colour formulas.

In [45,/46] Hrubes$ obtained an exponential lower bound on the size of K,,-Frege (see Definition
[10.1.3)) proofs required for the modal clique-colour formulas. To do this he proved that K,-
Frege admits a certain type of feasible interpolation. In particular he showed that for any given
propositional formulas A(p, q) and B(p, ) the modal formula A(Op,q) — OB(p,7) is a K,
tautology. Further any monotone circuit which interpolates A(p, §) and B(p, 7) has size polynomial
in that of the number of K axioms required to prove A(Op,q) — OB(p, 7). As this type of
monotone interpolation can only be applied to modal formulas of the form A(Op, §) — OB(p, 7),
it is in some sense less general than our notion of modal monotone feasible interpolation.

We will see in Chapter (10| that K, -Frege p-simulates K,*;Lp—Res (Proposition . Hence
it follows trivially that the modal clique-colour formulas also require exponential sized K:,Qp—Res
refutations. We use the fact that K;Qp—Res has weak monotone feasible interpolation to give an
alternative direct proof (i.e. a proof not reliant on the fact that K,,-Frege p-simulates anp—Res) of
this lower bound.

To prove our lower bound we require the following well known result from circuit complexity.

Theorem 6.4.1 ( [2]]). Any monotone circuit over the basis {V, A, 0, 1} which decides whether or
n1/4)

not a graph of size n has a clique of size \/n has size 28
Theorem 6.4.2. Let:
¢ = Cliquey ™ (0p, ) — O(=Colour;(p,7))
If we take k = /n then every K;Lp—Res proof of ¢¥ has size 20(n'/1)
Proof. As K;;p—Res is a refutational proof system to prove ¢* we must refute its negation:

- (CliqueﬁH(Dﬁ, q) — O(=Colour® (p, f))) = Clique™(0p, q) A OColourt (p, 7).

Hence we begin by letting A(p, ¢) and B(p, 7) denote the sets of SNF,!, , clauses corresponding to
Cliquelt1(Op, §) and OColourk (p, 7) respectively. That is, we let:
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A(p,q) ={a} U{(x = 02"} U{(mz Vi V-~ Vau) [ j€[k+1]} U
{(~2 V=i, V —aizy) [0 € [n], 1 # J2 € [R+ 1]}V
{(m2V Girjy V izjs V Tiris) 5 (@iis = Opigio) | i1 # 2 € [n], j1,J2 € [k + 1]},
and
B(p,7) = {0(=2' Vria V---Vryg) i€ n]} U
{O(=2" V =piyi, V oriyj Vo) | in # de € [n], § € [K]},

where z;,;,, z are new ¢ variables and 2’ is a new j variable. We further let 7 be a K, -Res
refutation of A(p, q) U B(p, 7).

Clearly the p variables appear only positively in A(p, q). Hence it follows by Theorem m
that there exists a monotone circuit C"°"(p) whose size is polynomial in that of the refutation 7,

and which interpolates:

A,(ﬁa (j) :A(ﬁa (I) U {(xiliz - <>pi1i2) ’ i 7& iy € [n]a Ji,J2 € [k + 1]} U {Qq/}v
and B/(ﬁ, f) :B(ﬁv f) U {QT‘/},

where ¢’ is a new g variable and 7’ is a new 7 variable.

Let & be an assignment to the p variables and let G, be the graph consisting of n vertices and
having an edge between the ¢;th and isth vertices if and only if p;,;, — 1. It is not hard to see
that this graph has a clique of size k + 1 if and only if A’(a&, q) is satisfiable and a k-colouring if
and only if B'(a, 7) is satisﬁableﬂ Finally we note that a graph cannot contain a k£ 4 1 clique if its
k-colourable and cannot be k-colourable if it contains a k + 1 clique, and so A’(@, ) is satisfiable
if and only if B’(@, 7) is unsatisfiable.

Hence C"™°™(p) is a monotone circuit which decides whether or not a graph has a clique of size
k+ 1. By Theoremevery such circuit has exponential size and so as the size of C™"(p) is

polynomial in || it follows that 7 must also have exponential size. O

Corollary 6.4.1. The modal clique-colour formulas require proofs of size 22" in each of the
K-Res systems.

Proof. As each of the K-Res systems is p-equivalent to K,ﬂ;bp—Res (Corollary the corollary
follows immediately from Theorem[6.4.2] O

We finish by noting that whilst our lower bound is on a truly modal family of formulas (as
demonstrated by Hrubes$ proof that any K,,-Frege proof of these formulas contains an exponential
number of modal axioms), it is not a lower bound on the number of modal resolution steps (i.e.

applications of GEN1 and GEN3) required in any K;,gp—Res proof of these formulas. In fact even the

"Note that the analogous statement also holds for A (@, ) but not for B(&, 7) as this set of clauses can be satisfied
for any assignment by taking a model with only one world and an empty accessibility relation.
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non-direct proof of our lower bound does not give a lower bound for the number of modal resolution
steps in such a refutation as even LRES, a seemingly propositional K;,gp—Res rule requires modal
axioms if we wish to simulate it using K, -Frege.
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The size-width lower bound technique

Among the most successful lower bound techniques for propositional resolution is the size-width
technique introduced by Ben-Sasson and Wigderson in [9]]. In this chapter we address the natural
question of whether or not a similar technique can be used to obtain lower bounds for modal
resolution systems.

The size width-lower bound proving technique works as follows. For both tree-like and dag-like
resolution there exists a fundamental relationship between the size of refutations and their width (i.e.
the maximum number of literals in any clause in the refutation). This relationship can be exploited
to obtain proof size lower bounds indirectly by proving lower bounds for their width. Indeed a
number of exponential size lower bounds have been shown for tree-like and dag-like propositional
resolution using this technique [9].

In this chapter we will show that analogous relationships do not hold between the size and width

of either RK,, resolution proofs or proofs in any of the K-Res resolution systems defined in Chapter

Al

7.1 Width

Throughout this chapter we make use of big omega notation . That is, given two functions f and g
we write f(n) = Q(g(n)) if and only if f is asymptotically bounded below by g. More formally,
we write f(n) = Q(g(n)) if and only if there exists some constant & > 0 and some n such that for

every n > ng we have f(n) > kg(n).

Definition 7.1.1 ( [9]). The width of a propositional clause C' is the number of literals it contains
(denoted w((C)).

The width of a propositional CNF ¢ is the maximum width of any clause in the conjunction (denoted

75
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w(e)).
The width of a propositional resolution proof 7 is the maximum width of any clause in the proof
(denoted w()).

Let S(¢) denote the minimum size of any resolution refutation of the CNF ¢, let S7(¢) denote
the minimum size of any tree-like refutation of ¢ and let w(¢ F 0) denote the minimum width of
any resolution refutation of ¢.

There exists a fundamental relationship between the size and width of propositional (tree-like)
resolution refutations, namely that if a formula has polynomial size (tree-like) resolution refutations
then it has constant width (tree-like) resolution refutations (Theorems and [7.1.2). This

relationship was first formalised by Ben-Sasson and Wigderson in [9].
Theorem 7.1.1 ( [9]). Sp(¢) > 2w (@r0)—w(@),

Theorem 7.1.2 ([9])). S(¢) > exp (Q (M) ) , where n denotes the number of variables
in ¢.

Theorem([7.1.1|states that, in tree-like resolution, every refutation of a CNF ¢ has size exponential
in the difference between the minimum proof width required to refute ¢ and the width of ¢. Whereas,
Theorem [7.1.2]states that, in the full dag-like version of resolution, every refutation of a CNF ¢ has
size exponential in the square of the difference between the minimum proof width required to refute
¢ and the width of ¢ over the total number of variables in ¢.

Hence using Theorem |[/.1.1|exponential proof size lower bounds for tree-like resolution can
be obtained indirectly via linear width lower bounds and using Theorem [/7.1.2|exponential proof
size lower bounds for dag-like resolution can be obtained indirectly via linear width lower bounds.
However neither theorem can be used to obtain proof size lower bounds for any CNF with w(¢ -
0) — w(¢) = O(1). Further the formula for dag-like resolution refutations cannot be used to obtain
proof size lower bounds for any CNF with (w(¢ - 0) — w(¢))? = O(n).

Hence to show that these theorems do not hold for any of the modal resolution systems
considered in this thesis we need to show that for each system there exist modal formulas with small
initial width, a small number of variables, polynomial size refutations and which cannot be refuted

with less than linear width.

7.2 Width for modal resolution systems

In this chapter we rule out the possibility of proving exponential proof size lower bounds via linear
width lower bounds for each of the modal resolution systems defined in Chapters @ and[5] We do
this by giving a counterexample (i.e. a formula which has small initial width, a small number of
variables and only linear width refutations, but can be refuted with polynomial size) for each of

these systems.
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In the following definition we extend the notion of width for propositional CNFs, propositional
clauses and propositional resolution refutations to RK,, CNFs, RK,, clauses, RK,, refutations and

K-Res refutations.

Definition 7.2.1. The width of an RK,, clause C' is the number of literals it contains and is denoted
w(C).

The width of an RK,, CNF ¢ (or equivalently a set of RK,, clauses C) is the maximum width of any
RK,, clause in ¢ (equivalently any C' € C) and is denoted w(¢) (equivalently w(C)).

The width of an RK,, (respectively a K-Res) resolution proof 7 is the maximum width of any clause

in 7 and is denoted w(7).

It is easy to see that the above definition also extends to SNF;ELP clauses, sets of SNF;L,LP clauses
and SNF,; refutations.

Finally we remark that whilst our definition of the width of an RK,, clause is independent of
the number of modal operators contained within it, a natural alternative way to extend the definition
of propositional width would be to count the number of modal operators and the number of literals
contained within an RK,, clause. However the formulas we use to show that superpolynomial proof
size lower bounds cannot be obtained from linear width lower bounds for both the K-Res systems
of Chapter 4] and the proof system RK,, defined in Chapter [5|contain only a constant number of
modal operators. Hence even if we took this alternative definition of width these formulas would

still be counterexamples for each of the modal resolution systems we consider.

7.3 A counterexample for the K-Res proof systems

In this section we show that Theorems and cannot hold for any of the K-Res proof
systems defined in Chapter[d To do this we construct a family of modal formulas which have only
linear width K-Res refutations. We further show that this family of formulas have polynomial size
K-Res refutations.

Consider the following unsatisfiable modal formula:

m m
U= N\OLAO (\/m) :

i=1 i=1
Each of the K-Res systems can of course be used to refute 1/,,, (or more specifically a set of clauses
which is satisfiability equivalent to ¢,,,). However, the set of clauses obtained by transforming
)y, (in particular the subformula ¢ (\/}, —I;)) into any of the normal forms defined in Chapterlé__l]
contains a clause of width m -+ 1. For example if we transform 1), into SNF,}, , then some SNF;!, ,
clause OJ (- \V \/!; —l;), where x is an extension variable, must be contained within the resulting
set of clauses. Hence 1), cannot be used to show that Theorems and[7.1.2]do not hold for the
K-Res systems.
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However the formula:

m m—1
$m= NDLADCL VYA N DLV GV L) A Ol V=l ),
i=1 i=2
which can be obtained from ,,, by adding extension variables /{, ...,/ _,, is unsatisfiable and has

width 3. Hence we can be use ¢,, as a counterexample for Theorems and

Our proof that every K-Res refutation of ¢,,, has linear width relies on the fact that the rules of the
K-Res systems allow literals to be resolved with modal literals only in very specific circumstances.
Namely, only when every literal in a literal clause can be resolved with a modal literal. Hence in
each of the K-Res systems all /] variables must be resolved out of a clause before any /; variable
in the clause can be resolved on. The formulas ¢,,, are designed so that whenever an zg variable
is resolved out of a clause the resolvent obtained contains the variables /; and /;;;. It is a direct
result of this that every K-Res refutation of ¢,, contains a bottleneck clause which contains every ;
variable and so has width m.

In the following theorem we formally show that the set of SNF:,FW clauses obtained by applying
the translation function Tf,gp to ¢, has only linear width K;’lp—Res refutations. This rules out the
possibility of proving that either of the Theorems and hold for K:,Qp—Res.

Theorem 7.3.1. Every K,fw-Res refutation of the set of SNFﬁw clauses obtained by applying T,Jgp
to ¢, has width Q(m). There also exist K}, -Res refutations of T;f, (¢ ) with size O(m).

Proof. The set of SNE;!, | clauses obtained by applying T,}  to ¢, is:

m—1
Co={2}U | J {z = OL} U{z = Oz} U{DO(~z1 v =l V) } U
=1

m—1
U AD(a; v =i vIG v =)} 002 V il V -, )}
j=2

We will first show that every Kj,gp—Res refutation of C,,, has width 2m.

By definition the inference rule GEN1 (respectively GEN3) can only be applied to a set
of SNF,*,‘W clauses C’ if said set contains exactly one literal clause C' with width z € N and z
(respectively z + 1) modal clauses. In particular if C' = 0,4 (—y1 V - - - V =y then for each ¢ € [z]
some modal clause of the form OJ,,(y; — oy;) (respectively O, (y; — Oy;)) must be contained
within C’. Hence as each literal clause in C,,, contains some variable !, and no [/ appears in any
modal clause in C,, it follows that neither GEN1 nor GEN3 can be applied to any subset of C,,.

We will now show that every literal clause C' which can be derived from C,, using only LRES

inferences is either of the form:

O \/ (mz; V=l;) or O \/ (mzi Vl) VAL,
i€[m] i€{a,...,b}
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where 1 < a,b < m such that {a,...,b} C [m]. Further:

vl ifa>1landb<m,
A=q-ll ifa>1landb=m

I ifa=1and b < m.

Note that as {a,...,b} C [m]itis not possible fora =1 and b =m

Recall from Definition [3.2.2] that the length of a proof is the number of lines it contains. We
prove the above claim by induction on the length of the LRES derivation used to obtain C'. If the
derivation has length 1 then C' € C,,, and so the claim follows trivially.

Suppose C' is obtained using an LRES derivation of length z > 1. Then C' must be inferred
from two clauses C and Cs which have LRES derivations of length z; and z5 respectively, where
z1 < z and z3 < z. It follows by the inductive hypothesis that C'; and Cy are both of the form
stated in our claim. Further as LRES is applied to C'; and C5 they must contain complementary

literals. Hence:

Ch =0 \/ (‘!.’Eil \Y —|li1) V Ay and Cy =0 \/ (—|SU¢2 vV —|li2) VA |,

i1€{a,...,b1} iz€{az,....b2}

where A; and A are non-empty subclauses of —l;, V[, and —l;, ; V [, respectively, and
1 < ay,a2,by,bs < msuch that {ay,...,b1} C [m]and {ag,...,ba} C [m]. Further the variable
resolved on to infer C' must be either lél or ng. We assume without loss of generality that the pivot

variable is lgl. Hence a9 — 1 = by and:

O (\/ie{al,...,bg} (m; vV z)) ifag =1land by = m

o O <\/z‘e{a1,...,b2} (mzi V =li) VI, ) ifa; =1and by <m,
- O <\/ie{a1,...,b2} (=i V =) Vv a1 1) ifap > 1and by = m
\D (\/z’e{ah...,bQ} (mx; V=l Vv —'l’1 1 \/l ) if a1 > 1 and by < m.

This concludes the proof of our claim.

Clearly the empty clause cannot be derived using LRES alone. Further the only clause
that can be derived from C,, using LRES to which either GEN1 or GEN3 can be applied is
O (\/z‘e[m} (mx; vV ﬁli)>. Hence every K}, -Res refutation of C,, must contain this clause. As this
clause has width 2m it follows that every K;,Qp—Res refutation of C,,, also has width 2m.

We will now prove that C,,, has polynomial size K,*;Lp—Res refutations. We have already shown
that every K}, -Res refutation of C,, contains the clause [J <\/i€[m] (—; V ﬁli)). Further said
clause can be derived using m applications of LRES as follows:
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|:|(—|CL'1 V=l VvV lll) By

LRES

- (viem (i V =li) v l’2> Bs
LRES

- (Vie[m*Q] (=i V =li) v l;n—Q) By—1
LRES

O (\/ie[mfl] (m; V =l) v l;n—1> O(=zm V =l V _‘l;n—l)

O (Vigpm (i v =)

where B; = O(—z; V —l; V l;- \Y% _‘5371)- This derivation contains 2m clauses of size at most linear

in m and so has size at most polynomial in m. We can complete our refutation of C,,, by applying
GENI to:

LRES

O \/ (—z; V =l;) U{C’" € Cp, | C"is a modal clause},
i€[m]
to infer —x and then resolving -z with x € C,, to infer 0. The whole refutation has size at most
polynomial in m. 0
An identical proof could be used to show that the corresponding translation of ¢,,, for any other
K-Res system is a counterexample for that proof system. However, in the next corollary we instead
use the p-equivalence of each of the K-Res systems to show that ¢,, is a counterexample for every

such system.

Corollary 7.3.1. For each of the K-Res proof systems ¢,,, has refutations of size O(m), however

every refutation of ¢, has width Q(m).

Proof. The proofs of Theorems §.5.1and Theorem [4.6.3| are such that each of the K-Res systems
p-simulate each other whilst preserving width. Hence the corollary follows immediately from
Theorem O

We conclude this subsection by remarking that neither ¢,,, nor T;;p(gbm) is a counterexample

for the proof system RK,,. To see this consider the following examples.

Example 7.3.1. The following derivation is an RK,, refutation of T;;p(qﬁm) which has width 4.

1 9
R AvANIA 3
—x VvV Dlé T4
-z V DZ;R—Q Tm—1
-z V Oy, -z V Oy,
-z X

where 71 denotes the RK,, derivation:
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-z Vv Ol D(—k’El V =l Vv lll)
-z vV O(—zy VI -z VvV Ox
-z v O

Foreach i € {2,...,m — 1} m; denotes the RK,, derivation:

-z v Ol O(—a; V=l VIV =)
-V O(—z; VIV L) -z VvV Oz,
-z VOl v =)

and m,,, denotes the RK,, derivation:

-z Vv O, O(—Zp V =l VUL )

m—1
-z VO(=zy, VU, )

Note that we have omitted the FFCRs for each inference from the above refutation.

Example 7.3.2. An RK,, refutation of ¢,,, with width 3 can be constructed from the RK,, refutation
of T, (¢m) given in Example as follows. First we remove the final two resolution steps from

the refutation then we replace m; with:

Ol D(—'ll vV lll)
ar

replace each m; with:

O, |:|(—|ll \Y l; vV ﬁl;_l)
O v =li_y)

and replace 7, with:

Ol O(=lm V=l )

m—1
O((=lm Vv =l 1) Ny 1)

Remark 7.3.1. It is an immediate consequence of the existence of the RK,, refutation of Tntp(gbm)

given in Example that any p-simulation of either tree-like or dag-like RK,, by any tree-like or

dag-like K-Res system cannot be width preserving.

7.4 A counterexample for RK,

In this subsection we rule out the possibility of proving that there exists a relationship, analogous to
that of propositional resolution (Theorems and[7.1.2)), between the size and width of RK,,
resolution refutations. To do this we define an RK,, CNF which has polynomial size refutations,
but for which there do not exist sub-linear width RK,, refutations.

To find such a formula we exploit the fact that whenever we use RK,, to resolve on a pivot
within the scope of some diamond operator either the subformula contained within this diamond
operator disappears entirely, or the width of the formula increases. That is, if we resolve on some
pivot in O F, where FE is an RK,, CNF then the resolvent obtained either no longer contains ¢ F
or, it contains some subformula of the form ((E V A), where A is an RK,, clause. Hence for



Size width 82 Chapter 7

our counterexample we construct an unsatisfiable RK,, CNF which requires a large number of
resolution steps on pivots within diamond operators.
Consider the RK,, CNF:

m m
Ym = O0-z>1 A /\ 00 (x>1 V —x;) AO <\/ Dxi> .
i=1 i=1
To see that ~,, is unsatisfiable suppose there exists some world wg in some model M such that
(M, wo) E vm. The first RK,, clause in ~,, states that there exists a world w; which is accessible
from wp and that at every world accessible from w; the variable x> is false. The next m RK,,
clauses say that from every world accessible from wy there exists an accessible world in which z>;
is true whenever z; is true. Hence as (M, wy) satisfies 7, the model M must contain a submodel
that is either as shown in Figure [7.T]or can be obtained from the model in Figure [7.1] by identifying
worlds.

w2,1 V(w271)(x1) =0

w2,2 V(w272)($2) =0

w2m  V(wam)(zm) =0

Figure 7.1: A model for O0-z>1 A A2, O0(z>1 V —a;)

The remaining m RK,, clauses in 7, say that for some i € [m] the variable z; is true at every
world of distance two from wy. In particular, z; is true at every ws j, where j € [m]. This is not
possible in the model shown in Figure nor any model obtained from this model by identifying
worlds, and so 7,,, must be unsatisfiable.

Every resolution inference that can be applied to -, involves resolving on some pivot within
the scope of a diamond operator. However -, has initial width m and so proving that every
RK,, refutation of ~,,, has linear width is both trivial and does not rule out the possibility of some
relationship as in Theorem [/.1.1{or Theorem[/.1.2

Hence we instead consider the following RK,, CNF, which is satisfiability equivalent to ~,,, but

has constant width:

m
O, = <>D—|l’21 VAN /\ Oo (le V _|.TZ‘) A
=1
Z m—1
0 (Da:l \Y% x’l) A /\ ] (—a:;-_l v Oz; vV x;) A (ﬂx’m_l \Y% Da:m) .
i=2

To see that 6,, is satisfiability equivalent to ~y,,, note that each z essentially abbreviates the clause

\/}nzzdrl Ha;.
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The family of formulas 6,,, has been designed so that every RK,, refutation of 6, requires a
large number of variables within {) operators to be resolved on. Every time such a variable resolved
on either the subformula of the form ¢ A which it is contained within collapses to O or it is replaced
by a wider clause. Hence by proving that in every RK,, refutation of 6,, either $[1—z>; or some
clause of the form O (x> V —z;) has a linear number of descendants, each of which is wider than
the descendant it was inferred from, we prove that 6,,, has only linear width RK,, refutations.

A key property of the formula 6, is that removing any single RK,, clause from it results in a
satisfiable RK,, CNF.

Definition 7.4.1. We say that an RK,, CNF ¢ is minimally unsatisfiable if removing any single
RK,, clause from ¢ results in a satisfiable RK,, CNF.

To see that 6,,, is minimally unsatisfiable we first note that if we remove ¢[1—z>; from 60,, then
the model M = (W, R, V'), where:

W = {wo,wr,w2}, R = {(wo,w1), (w1, ws)},

and V is such that:
V(wg)(le) =1 and V(wg)(fm) = 1,

for all i € [m], then M satisfies the resulting RK,, CNF at the world wy. Similarly if we remove
some OO(x>1 V —xy) from 6, then the resulting RK,, CNF is satisfied by (M’ wy), where
M’ = (W, R, V') and V' is such that:

1 ifi=k, , , 1 ifi <k,
and V'(wy)(z;) =
0 otherwise, 0 otherwise.

V'(wa)(x1) =0, V'(we)(xx) =

Finally the RK,, CNF obtained by removing some RK,, clause containing [z}, is satisfied by
(M" wg), where M"” = (W, R, V") and V" is such that:

" _ I N . " N 1 ifi <k,
Vi (we)(x>1) =0, V"'(wa)(z;) =0foralli € [m], and V" (w1)(z;) =
0 otherwise.

In the following theorem we give the main result of this section.

Theorem 7.4.1. The family of formulas 6,,, are such that the minimum width required to refute 6,,

using RK,, is £2(m), whereas the minimum size required to refute 6,,, using RK,, is O(m).

The proof of this theorem (given at the end of Subsection [7.4.3)) consists of two parts. We
first show in Subsection that every RK,, refutation of 6,,, has linear width. We then show in
Subsection that despite this, there exist polynomial size RK,, refutations of 8,,,. In fact, in
Subsection [7.4.2| we only prove that every RK,, refutation of 6,,, which contains no inferences of a

certain form has width at least linear in m. Hence for this result to be sufficient to conclude that
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every RK,, refutation of #,,, has width m we first prove in Subsection that we can assume
without loss of generality that no RK,, refutation contains this type of inference.

7.4.1 Removing propositional weakening from RK,, refutations

Recall from Section [4.T] that the proof system RK,, admits two types of inferences, weakening

inferences and resolution inferences.

Definition 7.4.2. We say that an RK,, clause C is inferred by propositional weakening if it is
inferred by weakening some RK,, clause C; by some RK,, clause C5 less A, where A has the same
modal depth as C5.

In Subsection we prove that every RK,, refutation of #,,, which contains no propositional
weakening inferences has width €2(m). Hence for this result to be sufficient to conclude that every

RK,, refutation of 6,, has width Q(m) we require the following proposition.

Proposition 7.4.1. Let C be an unsatisfiable set of RK,, clauses. Given any RK,, refutation 7 of C
we can construct a new refutation 7’ of C which contains no propositional weakening steps. Further
|| < |7| and w(7’) < w(m).

Proof. The proof is by induction on the number of RK,, clauses in 7 which are inferred using
propositional weakening. If 7 contains no RK,, clauses which are inferred using propositional
weakening then we let 7’ = 7.

Suppose 7 contains r > 0 propositional weakening inferences. Let C be the last RK,, clause in
7 which is inferred using propositional weakening. Further suppose C'; is weakened by some C
less A to obtain C'. By definition the modal depth of A is equal to that of C5 and so C' must be of
the form By V By V Bs, where By, By and Bs are RK,, clauses such that C; = By V Bs and Cy is
the normal form of AV By V Bs.

Further the refutation 7 must be of the form 7y, Ry, ..., R,,C, m, where R1,..., R, is the
sequence of FFCRs used to weaken C; by C less A and each 7; is an RK,, derivation. Suppose:

T = Rl,lv--' 7R17217D15R2,1a" . 7R27227D2 "')RS,ZS)' "7RS,ZSaD8)

where each D; is an RK,, clause and each R; 1,. .., R; ., is the sequence of FFCRs used to infer
D;. We assume without loss of generality that each D; is a descendant of C.

To complete our induction we make use of the following claim.

Claim. Given w9 we can construct an RK,, derivation:

/ / / / / / / / /
7T3:R1’1,... 1,R271,... DQ,R ,R DS

R W) ) 212,290 $,2s7 $,2s7

which contains no propositional weakening inferences and is such that |73| < |m2| and w(m3) <

w(my). Further 7/ = 71, 3 is a refutation of C and if D; is inferred from some pair of RK,, clauses



Chapter 7 85 Size width

G and G then either D = G, D} = G, or D}, is inferred from G and GY, where:
G1 ifG1 iSiIlﬂ'l, GQ ifGQiSinﬂ'l,
Gi=1{C1 ifGy=C, and Gy =1{Cy ifGy=C,
D’ if Gy = D; for some j € [s]. D’ if Go = D; for some j € [s].

Similarly if D; is inferred from a single RK,, clause G then either D, = G| or D}, is inferred from

G}, where (7] is defined as above.

It follows from the above claim that 7’ contains » — 1 propositional resolution inferences and
that |7'| = |m1| + |m3| < |7| and w(7’) = max{w(m), w(m2)} < w(w). Hence the lemma follows
by the inductive hypothesis. All that remains is to give a proof of the claim.

Proof of Claim. The proof is by induction on (a) the number of descendants of C' in 7 and (b)
the number of children of C in 7. For base case (a) we suppose that C has only one descendant.
By assumption this descendant must be 0. As only one pivot can be resolved on in a single
RK,, inference it follows that either By = B3y = 0 or B; = By = 0 (it cannot be the case that
B; = B3 = 0 as then C; = 0). In either case C' = (' and so we let w3 = 7.

Suppose C has s > 1 descendants. Then C' must be used to infer D; # 0. Further, by
assumption Dy cannot be inferred using propositional weakening. Suppose D is the only child of
C'in 7. The construction of 73 depends on whether D; is inferred by resolution or non-propositional
weakening.

Suppose D; is inferred by resolution on pair of RK,, clauses (respectively a single RK,, clause).
Then some pivot x; in C' must be resolved with some pivot z2 in some RK,, clause G (respectively
some other pivot o in C). Recall C' = By V By V Bs. Hence 1 (respectively z1 and z9) must be
contained within some B;. If i € {1, 3} then we let D} be the RK,, clause obtained by resolving 1
in Cy = By V Bs with x5 in G (respectively x1 in Cy with x5 in C1) and let R’Ll, ... ,R’LZ1 be the
associated sequence of FFCRs. Otherwise we let D} = Cy and let R} 4, ..., R} ,, be empty.

We define an RK,, derivation 7p, of D; from { D], C2, G} (respectively { D}, C2}) as follows:

1. If x; is in B; (respectively if x; and x9 are both in B;) then we can derive D; from
{D], Cs, G} (respectively {D},C>}) by weakening D} by C5 less A. Hence we let mp,
denote this derivation.

2. If the x; is in By or Bj (respectively if 1 and x5 are both in Bj or are both in Bj3) then we
can derive Dy from { D}, Ca, G} (respectively { D}, C2}) by resolving 1 in C with 9 in G
(respectively by resolving together z1 and z2 in Cs) and then weakening D} by the resultant

RK,, clause less A. Hence we let mp, denote this derivation.

In either case mp, contains precisely one propositional weakening inference and this inference
is used to infer D;. Hence if we let 7, be the RK,, derivation obtained from 7o by removing
Rl,la ceey Rl,zUDl then:

/

/ / /
7717R17]_7"'7 1,z17D177TD177T2
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is an RK,, refutation of C. Further the last RK,, clause in this refutation which is inferred using
propositional weakening is D1, and D; has strictly less than s descendants. Hence it follows by

inductive hypothesis (a) that 7, can be transformed into some 7 such that:

/ / / "
7['1,R1,1,..., 1,7;17‘D177TD177T2

is an RK,, refutation of C and all other conditions of our claim are satisfied. However as the only
RK,, clause in mp, which is used to infer any RK,, clause is 7% is D, it follows that no RK,, clause

in 74 is a descendant of any RK,, clause in 7p,. Hence:

/ / ron
7T1,R171,..., 1,210 1,72

is an RK,, refutation of C and so we let 73 = R} 1, ..., R, , D}, 7). It follows that 73] < |72
and w(ms3) < w(my).

Now suppose D is inferred from C' and some RK,, clause G (respectively from only C) by
non-propositional weakening. Then either C' is weakened by some G less some A1, or some GG
is weakened by C' less some A; (respectively C' is weakened by itself less some A;). As D is
not inferred by propositional weakening, the modal depth of A; must be strictly less than that of
C'. The last non-simplification rule used to obtain the sequence of FFCRs Ry 1, ..., R, must
be the ¥ V-rule (respectively the I' V-rule). Further this RFCR must be used to add B;, V B;, to
an the assumed clause in some R; ;, where i1, € [3] and i1 # 42. If {i1,i2} = {1, 3} then we
let D} = Cy andlet R} 5,..., R, be empty. Otherwise, if Dy was inferred by weakening C by
G less A then we let D] be the RK,, clause obtained by weakening C by G less Ay, and if D,
was inferred by weakening C by G less A; then we let D] be the clause obtained by weakening
G by (] less A; (respectively by weakening C' by itself less A;). In either case we further let

’171, ey R’l,z1 be the corresponding sequence of FFCRs.

As in the case where D; is inferred by resolution we proceed to define an RK,, derivation of

D, from {D}, Ca, G} (respectively { D}, Ca, C1}). This is done as follows:

1. If 1,42 = {2, 3} and D; was inferred by weakening C' by G (respectively itself) less A; in
7 then we can derive D; from {D}, Ca, G} (respectively { D}, Co, C1}) by weakening Cs
by G less A; (respectively by weakening C by G less A;) and then weakening D] by the

inferred clause less A;. Hence we let 7p, denote this derivation.

2. If i1, 12 = {2, 3} and D; was inferred by weakening G by C'less A; then we can derive D;
from { D], Ca, G} (respectively { D}, C2, C1}) by weakening D] by C5 less A. Hence we
let mp, denote this derivation.

3. Otherwise if i1,i2 = {1,3} and D; was inferred by weakening H; € {C,G} by Hs €
({C, G}\{H:1}) less A; then we can derive D; from { D}, C2, G} (respectively { D}, C2, C1})
by weakening C'y by G less A; (respectively by weakening C'; by G less A1) and then weak-
ening D] by the inferred clause less A;. We let 7p, denote this derivation.
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We can then proceed to construct 73 as in the case where D was inferred by weakening.

Finally suppose C' has & > 1 children. Let the sequence of FFCRs R/1,1> . the RK,,

/
[l WS-

clause D] and the derivations 7p, and 7% be defined as above. Then the RK,, derivation:
R R.,C.R] e DY ’
T, L0, vy £, Uy L 950y LY 505 D, Dy, T,

is an RK,, refutation of C. As in the case where C has only one descendant it follows by inductive
hypothesis (a) that there exists some RK,, derivation 74 which contains no propositional weakening
inferences and is such that |7/| < |7}, w(n}) < w(wh) and:

/ / / 7
7T17R17"'7RZ707R1,17"' 1572,

9 1,21’

is an RK,, refutation of C. Further C has at most k¥ — 1 children in this RK,, refutation. Hence
by inductive hypothesis (b) ﬂé’ can be transformed into some 73 such that 7’ = mq, 73 is an
RK,, refutation of C and the other conditions of the claim are met. In particular |73| < || and

w(mg) < w(nh). Hence as |75| < |74] and w(nl) < w(wh) we have |mr3| < |74/| < |me| and

w(ms) < w(my') < w(mg) respectively, where 5" = R ,..., Ry, , D}, my. O

7.4.2 Proving that 0,, requires large width RK,, refutations

In this subsection we prove that every RK,, refutation of 6,, which contains no propositional
weakening steps has width () (Theorem|[7.4.2).

This proof consists of two parts. We first show that every RK,, refutation of #,,, in which the
RK,, clause OUJ—x>1 has at least m descendants must have width at least m. The second part of
the proof is to show that every RK,, refutation of ¢,,, in which the clause ¢[1—z>1 has less than m
descendants also has width at least m. The first half of the proof uses only facts about the structure
of descendants of ¢L1—x>;. Whereas the second half requires that we show a lower bound on
the number of essential clauses in such a refutation. Intuitively, a clause is essential to an RK,,

refutation only if it contributes to the contradiction exposed in the refutation.

Definition 7.4.3. Let C be an unsatisfiable set of RK,, clauses and let m be some RK,, refutation of
C. We say that a clause C] in 7 is essential to 7 if there exists some path of RK,, clauses C',...,C,,
through 7, where each C; is inferred from C;_; (and possibly some other RK,, clause). Further C;
is either inferred by resolution or by weakening C;_ (either propositionally or non-propositionally)

by some other RK,, clause.

In the following lemma we show that every RK,, clause contained within a minimally unsatisfi-
able RK,, CNF C is essential to every RK,, refutation of C.

Lemma 7.4.1. Let C be an unsatisfiable RK,, CNF and let 7 be an RK,, refutation of C. If there
exists some subset D of C such that C \ D is satisfiable then some C; € D must be essential to 7.

Further if we let D’ denote the subset of D consisting only of clauses that are essential to 7 then
(C\ D) UTD is unsatisfiable.
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Proof. Clearly some C; € D must be used in the refutation 7 as otherwise m would be a refutation
of the set of RK,, clauses C \ D, contradicting our assumption that this set is satisfiable.

Foreachi € [z]let & = {E; 1,..., E;,} be the set of all RK,, clauses in w which are inferred
using C; € D. Further let:

E=KFEe€ U &i | E is essential to 7
i€(z]

By definition, every RK,, clause C which is essential to 7 must either be the empty clause or be

used to infer some RK,, clause C’ which is also essential to 7. Hence if we let:

D" ={C; € D | some E; j € & is inferred by resolving on C;} U
{C; € D | some E; ; € £ is inferred by weakening C; by some C'},

and:

D D"uU{0} if0 € DandOisusedinm,
D" otherwise,

then D’ is the set of all RK,, clauses in D which are essential to 7.

We proceed by induction on the number of RK;, descendants of D in 7. Suppose D has no
descendants. Then as 7 contains some C; € D we must have 0 € D and 7 = 0. Hence D' = {0}
and so ((C\ D) UD’) D {0} is unsatisfiable.

Suppose D has k > 0 descendants. If D’ contains 0 then ((C\ D)UD’) O {0} and so
((C\ D) UD’) is clearly unsatisfiable. Hence we further suppose that 0 ¢ D’. It follows that 7
contains a subrefutation 7’ of:

c\pulJ &,
i€[z]
and so this set of RK,, clauses must be unsatisfiable. It follows from the definition of each &; that if
some RK,, clause is a descendant of some £; ; € &; then it must also be a descendant of ;. Hence
the number of descendants of UiE[z] &; in 7', which we denote as £/, is at most equal to k. Further

k' = k only if every clause in Uiem &; is a descendant of some other clause in | J ] &;, however

i€z
this cannot be true as if it were then the refutation would contain a cycle. Hence k&’ < k and so it

follows by the inductive hypothesis that some E; ; € | J 51- is essential to 77" and that the set:

i€(z]
(C\D)UE

is unsatisfiable.
We will now prove that if some model M = (W, R, V') and some world w € W are such that
(M,w) = (C\ D) UTD then it must also be the case that (M, w) = C}, for every RK,, clause C}

which is essential to m. We prove this by induction on the length of the sub-derivation 7; of C;
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contained within 7. If 7; has length 1 then C; € C. Further as C} is essential to 7 it follows by
definition that C; € D only if C; € D', and so if (M, w) |= (C \ D) U D’ then (M, w) = Cj.
Suppose ; has length at least 2 and that (M, w) = (C \ D) U D’. There are two cases:

(a) If Cj is inferred by resolution then, as C is essential to 7, each of the RK,, clauses it is
inferred from must also be essential to 7. Hence it follows by the inductive hypothesis that
both of these RK,, clauses are satisfied by (M, w) and so, by the strong soundness of RK,,,
we have (M, w) = C;.

(b) If Cj is inferred by weakening some C; by some C7 (where, possibly C} = C7) then C]
must be essential to 7. Hence it follows by the inductive hypothesis that (M, w) = Cj and
then by Proposition that (M, w) = Cj.

As every F; ; € £ is essential to 7 it follows from the above that every model which satisfies
(C\ D) U D' must also satisfy £. As:

(C\D)UD'UED(C\D)UE,

and (C \ D) U & is unsatisfiable the set (C \ D) U D’ must also be unsatisfiable. Note that as C \ D
is assumed to be satisfiable this means that D’ must be non-empty (i.e. there exists some C' € D

which is essential to ). L]

Remark 7.4.1. As 6,, is minimally unsatisfiable it follows immediately from the above lemma that

every RK,, clause in 6,, is essential to every RK,, refutation of 6,,.

We will shortly give the main theorem of the section. However first we give two lemmas. The
statements of these two lemmas both assert useful facts about the form which RK,, refutations of

0,, must take.

Lemma 7.4.2. Let m be an RK,, refutation of 6,,. If 7 contains no propositional weakening
inferences then every descendant of the RK,, clause O[J—x>; contained within 7 is either the
empty clause O or is of the form ¢ F, where F is an RK,, CNF. In particular if C' is inferred from
some O F then C' = O(E A D).

Proof. 1t follows from the definition of the rules of RK,, that the last non-simplification RFCR used
when resolving together two RK,, clauses of the form [JB; and L1 Bs (respectively when resolving
on two pivots within a single RK,, clause of the form [1B;) must be the Y. [1[1-rule (respectively
the I" O-rule). Hence any such resolvent must be of the form [1B3. Further when weakening some
RK,, clause of the form [J1B; by some RK,, clause (1B, less A, where A has modal depth strictly
less than that of [1Bs the last non-simplification RFCR used must be either the > CJO-rule or the I"
O-rule. Hence the inferred RK,, clause must be of the form [(JBj.

Similarly the last non-simplification RFCR used when either resolving together any two RK,,
clauses of the form ¢ E (where by definition F is an RK,, CNF) and 1B respectively, or resolving
on two pivots within a single RK,, clause of the form { F, must be either the ¥ OO¢-rule, the &
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QO-rule, the I" ¢1-rule or the I" {2-rule. Hence such an inference results in either the empty clause
(if the simplification rule S1 can be applied) or an RK,, clause of the form ¢(E; A D), where D is
an RK,, clause. The same is true when non-propositionally weakening some RK,, clause of the
form ¢ F'; by some RK,, clause [1B less A.

Finally we note that two RK,, clauses of the form { F’; and { F» cannot be resolved together,
and that no RK,, clause can be weakened non-propositionally by some RK,, clause of the form
OFE:.

The RK,, CNF 6,,, contains only RK,, clauses of the form [1B; and { F';. Hence in every RK,,
refutation of 6,,, which does not contain any propositional weakening inferences it must be the case
that every descendant D of OL1—x>1 is either the empty clause or is of the form ¢ E. Further if
D = QF and is inferred from some other descendant D' = O E' of 00—z >1 then E = E’ A C for
some RK,, clause C. O]

Lemma 7.4.3. Let m be an RK,, refutation of 6,,,. If = contains no propositional weakening steps
then we can construct a new RK,, refutation 7’ of 6,,, in which the RK,, clause O[J—z>1, and each
of its descendants (excluding the empty clause), are used as a premise of exactly one inference.
Further w(7’) < w(w) and |7'| < |7].

Proof. By Lemmal[7.4.2]every descendant of OLJ—x>1 which is not the empty clause must be of the
form O F, where F is an RK,, CNF. As none of the RFCR for RK,, can be used to simultaneously
add a { operator to both the 1st and 2nd assumed clause it follows that no two RK,, clauses of
this form can be resolved together. Hence no two descendants of JO—z>; can be resolved with
one another. Similarly as no RK,, clause of the form ¢ F; can be weakened by any clause of
the form O F» less D, where D is a subclause of E it follows that {,FE cannot be weakened
non-propositionally by ¢ FEs . Hence as, by assumption 7 also contains no propositional weakening
inferences this means that no clause of the form ¢ F'; can be weakened by any clause of the form
(O E». That is, no descendant of JO—x>1 can be weakened by any other resolvent of LJO—z>1.

It follows that if some RK,, refutation 7= of 6,, contains two RK,, clauses inferred using
O0—z>1 then at most one of these RK,, clauses is an ancestor of 0. Any RK,, clause that is not an
ancestor of 0, along with all of its descendants, can be removed from 7 to obtain a new refutation
of 6,,, whose size and width are upped bounded by |7| and w(7) respectively. Hence we let 7’ be
the RK,, refutation of 6,,, obtained by doing and so ¢[J—z> is taken as a premise in exactly[] one
inference in 7’.

Similarly, if some descendant of ¢LJ—z> is used to infer two RK,, clauses then at most one of
these can be an ancestor of 0 and so we can remove one of these clauses from 7 to obtain a new
RK,, refutation of 6,,, where every descendant of ¢[J—z > is taken as a premise for exactly one
inference. Further the size and width of this new refutation are upper bounded by |7| and w(7)
respectively. O

We will now prove the main theorem of this subsection.

'That QO—x >, is taken as a premise in exactly one resolution step as opposed to at most one follows from the fact
that 6, is minimally unsatisfiable.
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Theorem 7.4.2. Every RK,, refutation of 6,,, has width linear in m.

Proof. Let w be an RK,, refutation of 6,,,. By Proposition we can assume without loss of
generality that 7 contains no propositional weakening steps. Further by Lemma we can
assume without loss of generality that the RK,, clause ¢[J—z>; and each of its descendants are
used as the premise of exactly one inference in 7.

Suppose Q[0 >1 has f(m) = Q(m) descendants in 7. Let Dy = OOz >1 andlet D1, .., Dy
be the f(m) descendants of O[J-x>; contained within 7, indexed by the order in which they are
derived. As 6, is minimally unsatisfiable the RK,, clause ¢[J—z>; must be an ancestor of 0.
Further as O[J—x>; and each of its descendants are used as the premise of exactly one inference in
« it follows that each D; is inferred from D;_; (and possibly also some other RK,, clause), and
that D(,,) = 0.

By Lemma(7.4.2]each of the first f(m) — 1 descendants of ¢[1-xz> are of the form O E. For
eachi € {0,..., f(m)} let D; = O E;. By definition the final non-simplification RFCR used to
derive the resolvent of any clause of the form { F; is either the 3 O0O-rule, the 3 ¢O-rule, the T’
Q1-rule or the I" ¢2-rule. Each of these rules ensures that the resolvent computed is of the form
O(Fi—1 N C;). Hence whenever w(C;) > 1 we have w(D;) > w(D;—1) + 1. Further w(C;) < 1if
and only if C; = 0, however if C; = 0 then D; = 0 and so for all i < f(m) we have w(C;) > 0.
Hence as w(Dp) = 1 we have w(D(,,)—1) > f(m) and so w(m) > f(m) = Q(m).

Now suppose ¢[J-x > has g(m) # Q(m) descendants in 7. If g(m) > cm for any m then it
follows from the above argument that w(7) > ¢m. Hence we assume without loss of generality
that g(m) < m. Further let Dy = QU-z>1 and let Dy,. .., Dy(y,) be the g(m) descendants of
O0=z>1. Then as in the previous case Dg,,,) = 0 and for each i € [g(m)] the RK,, clause D;
must be inferred from D;_;. For each ¢ if D; is inferred using D;_; and some other RK,, clause
then let this RK,, clause be denoted by A;. Further let ¢’(m) < g(m) be the number of such RK,,
clauses.

Recall from Remarkthat every initial RK,, clause in 6, is essential to 7. Let #/,, denote
the RK,, CNF:

m m—1

/\ 00 (z>1 V) AO (Dxl vV m'l) A /\ O (—m%_l v Oz; V x;) AO (ﬂ:r'm_l Vv Dxm) ,

i=1 i=2
which is obtained from 6,,, by removing ¢[1—z>;. For each A; there exists some sub-derivation
74, of A; from 6/, . The only RK,, clause in 6,,, which can be essential to 7 without being essential
to some A; is Q00—x>1. It follows that each of the RK,, clauses in ), is essential to some 7 4,. For

/
each ¢ let r; denote the number of initial clauses which are essential 7 4,. Then ZgZ(T) rj > 2m.
Claim. w (4;) > r;.

As each RK,, clause in 0/, contains a unique literal of the form z; or —z; this claim follows
immediately from Lemma [7.4.4] which is given at the end of this section. Further w(D;) >
w(D;—1) +w(ma,) — 1 for every i such that A; is defined and w(D;) > 2 x w(D;—_1) — 1 for every
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other i € [g(m)]. Hence w(w) > 2m — ¢'(m). Further as ¢’'(m) < g(m) and we have assumed
that g(m) < m it follows that w(7) > m. O

We conclude the subsection by proving that every RK,, clause that can be derived from 6/, is of
a certain form, and crucially for the claim in the above proof, that if at least k clauses in ¢/, are

essential to the derivation of any such clause then this clause has width at least k.

Lemma 7.4.4. Let 0], denote the RK,, CNF which is obtained from 6,,, by removing ¢[1—z>.

Then every RK,, clause C' which is derivable from 6/, must be of the form:

O \Z/oAivA’v \/ vV \/ -, |
i=1

1€ 12€12

where z € N, each I; C [m], each A4;, is an RK,, clause and A’ is an RK,, clause. In particular

each 4;, = /\jle[%] Afm-l, where z;, € N, k € [m] and for each j; € [z;,] either:
° Afh]& = T>1s ° A;Cl:jl =RV V]EJ Lj»
* Ai?:lyjl = x>V VjeJ Ly ® Aécl,]d =T>1V T,
o AL ;= w1V oawV Ve, o or, AY 5 = Vjes %,

where J is a non-empty subset of [m]. Further A’ is a subformula of:

V (EV e

1C[m)] jel

We refer to RK,, clauses of the same form as C' as well-structured clauses.
Furthermore if 7 is an RK,, derivation of some RK,, clause C' from 6/, and some initial RK,,
clause which contains a variable xz;, where ¢ € m, is essential to 7 then the variable x; must also

appear in C.

Proof. For each k € [m] we refer to the Afl ju s as k-diamond clauses. We further refer to A asa
box clause.
In the proof we will make use of the following facts, each of which follows immediately from

the definition of a well-structured clause.

Fact 1. If OC; and OC are well-structured clauses then so is the normal form of (C; V Cy).

Fact 2. If A’ and B’ are box clauses then so is the normal form of A’ vV B’.

Fact 3. If Aﬁ ; 1s a k-diamond clause then so is every subclause of Ai-f ; apart from -y,

Fact 4. If Aﬁ jisa k-diamond clause then so are the normal forms of Aﬁ ;i Vg and A’Z iV Aﬁ 2>
k

where A7 is a k-diamond clause.
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Let r denote the length of 7. The proof is by induction on 7. Suppose r = 1. Then C' € €/,,. It
is clear from inspection that every RK,, clause in 6/, is of the desired form. Further the the only
clause which is essential to 7 is C'.

Now suppose 7 > 1. Then either C is inferred from a single RK,, clause C1, or C' is inferred
from a pair of RK,, clauses C'; and (Y. Further m must contain a sub-derivation 7;, of C; for each
1. Each of these sub-derivations has length strictly less than r and so it follows by the inductive

hypothesis that C'; and C are well-structured clauses. That is:

=0V oawvarv \ v -,

1€l i€ i3€l3

and Cy=01(\/ 0By vB'v \[ av\ =],

el ihel) NI

where I; = [z1] for some z; € N (respectively I] = [z]] for some 2| € N), I5 and I3 (respectively
I}, and IY) are subsets of [m], each A;, (respectively B;,) is a conjunction of k-diamond clauses for
some k € [m] and A’ (respectively B’) is a box clause. Further every z; variable which appears in
an RK,, clause in 6/, which is essential to 71 (respectively 7o) must also appear in C (respectively
C9).

Suppose C' is inferred from just Cy. Then by definition, every RK,, clause in 6/, which is
essential to ™ must also be essential to ;. Hence it suffices to show that C' is a well-structured

clause and that every literal z; or —x; which appears in C also appears in C. We have two cases:

1. C'is inferred by resolution. It follows from the rules of RK,, that C'is inferred by resolving
on two pivots that occur within the same diamond operator. Hence we must resolve on
some variable xz;, which appears positively within some k-diamond clause Afl o=k VD1

and negatively within some k-diamond clause Ak — —g. VV Dy, where Dy is either a

i1,52
k-diamond clause or —x, and D5 is a k-diamond clause. The corresponding sequence of

FFCR must begin as follows:

Y(xg, ~xx) — 0, Al,
Z(Afl,gla i 32) — D1V Do, YV -rule, S2,
L(QA;) = O((D1V Do) NA;, ), I’ ¢1-rule,
T(Cy) — (<> (D1 V D) A Aj,) v TV -rule and

Vier, OAiy V AV Viser, i, V vi3613 —w%g), I' O-rule,

where Iy = I; \ {i1}. The inference is completed by applying some simplification rulef]
followed by the inference rule R1.

2Note that in the above sequence of FFCR for notational convenience we have applied a simplification rule before the
last non-simplification RFCR, contrary to our usual convention.
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As Dy is a k-diamond clause and D; is either a k-diamond clause or —zy, it follows by
Fact [] that the normal form of Dy V D5 is also a k-diamond clause. Hence C' must be a
well-structured clause. Further, every literal in C also appears in the last computed clause
in our above partial sequence of FFCR. Note that the simplification rule S3 is the only rule
of RK,, which can be used to remove literals from an RK,, clauseﬂ The normal form of
(D1 V D2) A A;, is cannot be 0 and so S3 cannot be used in any sequence of FFCR which is

used to compute C'. Hence every literal in C; must also appear in C'.

2. Suppose C is inferred by weakening. This must be done within some diamond operator.
Hence ('} must be weakened by itself less some RK,, clause D. Further as C' is inferred
by single clause weakening D must be such that for some diamond clause A , we have
DV D' = AF . for some RK, clause D’. The associated sequence of FFCRS must begin

11 ] ’
as follows:
(0, D) — A2,
E(A 2J2? D\/D) —>A’f:1 J2 \/D/7 b V‘rule, S2,
L(Q0A;) — ((Afl gy VD) A Ai1> 5 I’ O1-rule,
) — (<> ((Afl g VD) A An) \% I' V -rule and
\/7:4€I4 <>AZ4 Vv A/ v \/izelg xfig v \/i3€13 _‘mgg)7 r D-rule7

where jo # j1 and Iy = I \ {i1}. The sequence can be completed by applying some

simplification rules followed by the inference rule R1.

As D’ is a subclause of the k-diamond clause Afh- and Afl j, 18 @ k-diamond clause it
follows by Facts [3| and 4| that the normal form of Ay, j, V D’ is also a k-diamond clause.
Hence C is a well-structured clause. Further by the same reasoning as in case 1 above, every

literal which appears in C; must also appear in C'.
Suppose C'is inferred from a pair of RK,, clauses C; and C5. Then we have two cases:

1. C is inferred by resolution. Then every RK,, clause in ], which is essential to C' must also
be essential to either Cy or Cy. Hence it suffices to show that C' is well-structured and that

every x; variable which appears in either C'; or Cy appears in C.

We consider three subcases:

(a) C is inferred by resolving some box operator with some diamond operator. We assume
without loss of generality that the box operator resolved on is in C; and the diamond
operator is in Cs. It follows that the box operator is contained within A" and that the

diamond operator is within some Bz”l . Hence the associated sequence of FFCRs must

3The rule S4 removes only repetitions of literals.
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begin as follows:
X0, D) — 0, A2,
Z(\/iel zi, DV D') — \/iel x; VD, >V -rule,
2 (OVierwi 0By) =0 (By A (Vi ziv D)), 5 0¢-rule,
(C1,C2) = 0(0 (By A (Vier @iV D)) V Ve, 04V BV -rule, S4

(b)

Viﬁﬁfi OBy VA"V B'V\, cr, i, V Viser ﬁx%), and ¥ O00-rule,

where I} = I \ {i{}, Is = (Io U I3) and I5 = (I3 U I5). Further A” is such that
A" =A"VvO(V,ey i) and D and D’ are such that DV D' = Blkl,jl for some j;. The
inference can be completed by applying all possible simplification rules followed by

the inference rule R2.

The subformula A” is a box clause and so it follows by Fact that the normal form of
A"V B'is also a box clause. Further by Fact[3|either D’ = -y, or D’ is a k-diamond
clause. In either case the normal form of \/,_; z; V D’ must be a k-diamond clause.
Hence C'is a well-structured clause. Finally we note that every literal in C; and every
literal in C5 is contained within the final computed to clause of the above sequence of
FFCRs. As the computed clause contains no subclause of the form 0 A E, no sequence
of FFCRs which can be used to infer C contains a FFCR obtained using S3. It follows
that C' contains every literal in C; and every literal in Cb.

C is inferred by resolving on some x;. We assume without loss of generality that x;,
appears positively in C and negatively in Cy. Then C' must be inferred by resolving
some k-diamond clause Bf,l 5= Tk Vv D; with some subformula of A’ of the form

x1, V Ve 7i- The sequence of FFCRs used to infer C' must begin as follows:

Y(xg, —xg) — 0, Al,
5 (xk VAVARES Bf,lﬁjl) Ve iV Dy, SV -rule,
(O (2 v Vjerai) s 0By ) = 0 (Vi 2V D) A Bi). % 00-rule,
S(Cy, Cs) — D(<> ((\/iel 2V D1) A By ) VVien A TV -rule, S4

VVier By v A"V B'VVen i,V Viser ﬂacgs), and ¥ O0O-rule

where I} = I \ {i{}, I4 = (I U I}) and I5 = (I3 U I}). Further A” is such that
A" = A" Vv O (V,e; zi). The sequence of FFCR can then be completed by applying
further simplification rules to the computed clause followed by the inference rule R2.
As D is a subclause of a k-diamond clause and Dy # —x it follows by Factthat Dy
is a k-diamond clause. Hence \/ie 7 Z; V D1 must also be a k-diamond clause. Further
as A” and B’ are box clauses it follows by Fact [2| that the normal form of A” v B’
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(©)

must also be a box clause. Hence C' is a well-structured clause. The above computed
clause contains every literal in Cy and every literal in C' except xj, however as Co
contains —xy, it follows that the computed clause contains every variable in C; and
every variable in Cy. Further, as C' is the normal form of the final computed clause and
the simplification rules used to obtain C' cannot include S3, it follows that C' contains

every variable in C'; and every variable in Cb.

C is inferred by resolving on some variable z;. We assume without loss of generality
that z/, appears positively in C; and negatively in Cs. Then the sequence of FFCRs used
to infer C' must begin as follows:

S(aj, —ag) = 0, Al,

X(C1, C3) = Vier, A V \/141611 B v Y V -rule, S4
AV B'VV, e %,V Viger, "%

$(Ch, Co) — O ( Virer, 04i V Vi ep OBy v S O0-rule

/ / / /
A \ B \ \/i4€I4 mi4 \% \/i5€I5 _‘xi5)7

where Iy = (Io U I5)\{i}, Is = (I3 U I})\ {7} and C} and C}, are such that C; = OC}
and Cy = OCY) respectively. The sequence of FFCR can then be completed by applying
further simplification rules followed by the inference rule R2.

By Factthe normal form of A’V B’ is a box clause and so the normal form of the
final computed clause must be a well-structured clause. Further the simplification rule
S3 cannot be used to derived any of the FFCRs used to obtain C. Hence as the final
computed clause contains every x; variable which is contained by in either C or Cy it

follows that C' also contains every such variable.

2. C'is inferred by weakening. We assume without loss of generality that C'; is weakened by C

less some D. Note that it follows from the definition of weakening that D cannot be nested
within any diamond operator in Cs. Further by Definition every RK,, clause in 0],

which is essential to 7= must also be essential to 71 and so we only need to show that C'is a

well-structured clause and that every x; variable in C'y is also in C'. There are three subcases:

(a)

D has modal depth 1. The sequence of FFCRs used to infer C must begin as follows:
(0, D) — 0, A1,
Y (Cy, Cy) »O(CLVCY) ¥V -rule, ¥ OO-rule,

where C1 is such that 0C] = C4 and CY is such that Cy = (D V C%). The sequence
of FFCR can then be completed by applying further simplification rules followed by the
inference rule R2.
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(b)

(©)

As (7 and Cy are well-structured clauses it follows by Fact|l| that the normal form
of J(C7 v CY) is also a well-structured clause. Further as (C] V CY) contains no
subclause of the form ¢(0 A E'), where E is an RK,, clause, the simplification rule S3
cannot be used to obtain any FFCR used to obtain C. Hence as J(C] Vv C¥) contains
every literal which appears in C'; it follows that C' must also contain every such literal.
D has modal depth 0 and is added to some k-diamond clause Afl jy- As D cannot be
nested within any ¢ operator in C5 the RK,, clause D must be a subformula of the box
clause B’. That is, D must be such that J(D Vv D’) = O \/jel x; for some D’. Hence
the sequence of FFCRs used to infer C' must begin as follows:

»(0, D) — A1,
S(Af 5, DVD)— Af VD ¥V -rule, S2,
2(0Ai, O(DV D) = O(Aiy, A (AF 5, VD)) ¥ ¢O-rule,
S(Ch, Cs) — D((}(Ail A(AE VD))V Ve, OALY SV -rule, S4

\/“61, OB VA'VB"VV, cr. 7.V Vel ﬂxgﬁ), and ¥ O0-rule,

where Iy = I1 \ {i1}, Is = I U I} and Is = I3 U I,. Further B” is such that
O(D v D") v B” = B'. The sequence of FFCR can then be completed by applying
further simplification rules followed by the inference rule R2.

The subformula B” is a box clause and so it follows by Fact that the normal form of
A’V B” is also a box clause. Further as D’ is a disjunction of literals of the form x; and
Afl jy 1s a k-diamond clause the normal form of Afl i N D’ must also be a k-diamond
clause. Hence C must be a well-structured clause. Every literal in C appears in the final
computed clause in the above sequence of FFCRs, and so as this clause also contains no
subfomula of the form (0 A E), it follows that every literal in C'; must also appear in

C.

D has depth 0 and is added to the box clause A’. As in case (b) D must be such that
OO vD)y=0V jrer Ty for some D’. Hence the sequence of FFCRs used to infer

C must begin as follows:

(0, D) — Al
S(Vjerzj, DVD) = ez v D ¥V -rule, S2,
S(OVjerzj, OD Vv D) = OV, z; v D') S O0-rule,
S(Ch, Cs) — D((\/jng VD)V, e, OAnV SV -rule, S4

Viser OBl VAV B"V g, @,V Vg, ~), ), and  O0-rule,

where Iy = I U I} and I5 = I3 U I;. Further A” is such that \/jel z; VA" =A"and
B" is such that J(D Vv D’) vV B” = B’. We can complete the sequence of FFCRs by
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applying as many simplification rules as possible and the applying the inference rule
R2.

The subformulas [J (\/ jer®i VD' ), A" and B" are all box clauses. Hence it follows

by Factthat the normal form of [J (vjel xjV D’) v A"V B" is abox clause. Hence
C must be a well-structured clause. Further every literal in C is in the final computed
clause in the above sequence of FFCRs. Hence, as this clause contains no subformulas
of the form ¢ (0 A E) it follows that C' must also contain very literal in Cf. O

7.4.3 Proving that 0,, does not require large size refutations

In this subsection we show that 6,,, has polynomial size RK,, refutations and then give the proof of

the main theorem of the chapter (Theorem [/.4.1]).

Theorem 7.4.3. There exist polynomial size RK,, refutations of 6,,,.
Proof. We prove our theorem by constructing a polynomial size RK,, refutation of 6,,.

Let 71 denote the following RK,, derivation of the RK,, clause (J (\/;; Oz;) from 6,,.

OOz Vv xb) O (—zfh v Oxg V ah)
O (Ox; v Oxg Vv f) O (—af vV Oxyg V )

R2
R2

O (\/Zi_ll Oz; V $lm) O(—z), V Ozp,)
O (ViZ, D)
Further let 7y denote the below RK,, derivation of O (\/\"; O ((z>1 V =) A 2>1)) from the
RK,, CNF 6,, A O (\/7, Oa;) .

ONViZ Oa) OO (xz1 V1)
OO0 (@21 V-my) Awer) VL Oxi) 00 (w21 V -

R2

R2
R2

0 (Vi1 0 (1 v om) An) v D) 00 (21 ~e)
OV O (@21 V ~zi) Aws1))
Finally let 73 denote the following RK,, refutation of 6,, A O (\/i2, O ((z>1 V —2;) A x>1)).

OVt O ((x>1Vxi) Axsy) 00w

R2

B2 @t AV 0 (@1 v ~a0) Awsr)))
H D1 AL (VI 0 (221 V ) A1)
R1 O ( >1 =2 i=j >1 ? 21
(B AN (V0 v A

0
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Each of the derivations 7, 2 and 73 are of polynomial size in m. Hence putting the three
derivations together we obtain an RK,, refutation of 6,,, with size polynomial in m. O

We conclude with the proof of the main theorem of the section.

Proof of Theorem Respectively Theorems and state that every RK,, refutation of
0., has width at least m and that there exist polynomial size RK,, refutations of 6,, respectively.

Hence our theorem follows immediately. O
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Game theoretic lower bound technique

In this chapter we introduce an asymmetric two player game based on those of [13,(14,76]. This
game is played by a Prover and a Delayer, on an unsatisfiable set of SNF,,,.. clauses C. Prover’s goal
is to construct a countermodel for a certain set of clauses D C {C' | C bk, -res C'}. The set D is
defined in such a way as to ensure that it is unsatisfiable if and only if C is, and so it will always
be possible for Prover to construct a countermodel. Hence Delayer’s goal is not to prevent Prover
from doing so, but to score as many points as possible before the game ends. We show that lower
bounds on the proof size required to refute some unsatisfiable set of SNF,,. clauses using tree-like
K, ..-Res can be obtained indirectly by showing a lower bound on Delayer’s score. In particular
such lower bounds are lower bounds on the number of modal proof steps required to refute C.
Before formally defining our two player game we must extend the set of words we use to specify
the modal contexts of a given set of SNF,,,. clauses C. This is because we need to be able to specify
the modal context of every literal [ that appears in a clause of the form (e : z — Q4l). If | € X then
we can do this using the set of words £} (as [ has modal context e(a, 1)), however if [ ¢ A¢ then its

modal context cannot be described by any word in £7. Hence we have the following definition.

Definition 8.0.1. Let C be a set of SNF,,,. clauses. We define:

Lo ={(x",z) e LXxL]| (e:2" — Qqx) € C},
and & =& U(Ax Lo).

We say each element of & is a context marker for C.

Now if (e : & — Qq4l) € C then (z,1) € L and so the modal context of [ is given by the word
e(a, (x,1)). Therefore in this section we use the set of finite words over &¢ to specify the modal

contexts of clauses and variables.

100
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We further extend the definition of the unification function o so that o : 6_’(}* X oo X é_’(}k — c‘fé
and for yi,...,yn € & we have o(y1,...,yn) = (a,(2',x)) if for some j € [n] we have
y; = (a,(2’,2)) and for all k # j we have y, = a or y; = (a,(2’,z))}. We also extend the
definition of the reachability of a world (Definition to £ in the obvious wa

The following three definitions give us some convenient notation.

Definition 8.0.2. Let X be a set of symbols and let w € ¥*. We say w is a prefix of some word
u € ¥* (denoted w C w) if and only if © = wv where v € ¥*. We say w is a proper prefix of some
word u € ¥* (denoted w  w) if and only if w is a prefix of v and w # w.

We say w is a suffix of some word u € ¥* (denoted w 3 u) if u = vw where v € ¥*. We say w is
a proper suffix of some word u € X* (denoted w 1 u) if w is a suffix of w and w # .

We say u is a subword of w (denoted u <1 w) if w = wiuws for some wy, wo € 3%,

Definition 8.0.3. Let C be a set of SNF,,,.. clauses and let e € g&‘. We define:
Eer ={e' €& | olee) €& ande” C €'}

The sets £, c‘fe;, E,_'e;, gez, é_’ez and &.— are defined similarly.

Definition 8.0.4. Let C be a set of SNF,,,.. clauses. For each e € E‘é‘ we define:

Le={(:C)eC|CeCLando(e,e) € &},
Ne={(e : 2’ = Qqx) €C | o(e,€) € EY,

Co=LcU{(: 2" = 0ax) €C | 0(e,e") € E where €’ is the modal context of z}.

Then the set L. consists of all literal clauses in C whose modal context is unifiable with e and the
set IV, is the set of all negative modal clauses in C whose modal context is unifiable with e. The set
C. is the set of all clauses to which a rule of K,,.-Res can be applied to resolve on some variable
whose modal context is unifiable with e (not to be confused with the set of all clauses whose modal

context is unifiable with e).

8.1 Query sets

Several different Prover-Delayer games have been used to prove lower bounds for tree-like proposi-
tional resolution (cf. [[13}/14,/76]]). Such games are played over an unsatisfiable propositional formula
¢ in CNF. Over the course of a game on ¢ Prover and Delayer build a propositional countermodel
for ¢ (that is, a partial assignment « to the variables in ¢ such that for some propositional clause
C € ¢ we have a(C') = 0). At each round Prover queries some as yet unassigned variable in ¢ and
« is extended to include an assignment for this variable. The game ends when «(C') = 0 for some

propositional clause C in ¢.

o for example given a model M we say a world w is (a, (z',z)) € A x Lc—-reachable from a world u i
ISo f ple gi del M we say a world w is (a, (z/,)) € A x L hable f 1d u if
(z' — Qaz) € C, the valuation V (u)(z') = V(w)(z) = 1 and (u,w) € Ra.
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Similarly over the course of a modal game (as defined in Section|8.2)) played on an unsatisfiable
set of SNF,,,. clauses C, Prover and Delayer build a pointed countermode (M, w,) for some set of
clauses D C CU{D | C FK,,.-res D}. The exact definition of D is given in Section[8.2] however
for now it suffices to note that D is unsatisfiable if and only if C is unsatisfiable. At the start of any
such game Prover and Delayer have a model consisting of a single world w.. New worlds are added
to this model at each round of the game. Hence the key difference between the previously proposed
propositional games and our modal game is that at each round Prover queries a world in the current
model, instead of a variable in C. Querying a world w essentially means asking whether or not to
add a new world w’ which is reachable from w to the model and if so for which context marker
b € & is w' b-reachable from w. If at a given round no world is added to the model then the game
ends.

Now, suppose some pointed model (M, w,) is a countermodel for a set of SNF,,,. clauses C.
Then there must exist some C' € C for which (M, w,) = C. If C' is a negative model clause then
C = (e:l— Qul') forsome e € £, 1,1 € L (respectively | € £,1' € X¢) and a € A. Hence as
(M, w,) i~ C, the model M must contain a world w which is e-reachable from w, and for which
V(w)(l) = 1, but no world w’ that is (a, (,1"))-reachable (respectively (a, !’)-reachable) from w
and so we say that (M, w.) modally falsifies C.

Otherwise (' is either a positive modal clause or a literal clause. In either case M must fail to
satisfy C because of its valuation functionsE] and so we say that (M, w.) propositionally falsifies C.

If a model (M, w.) modally falsifies some clause C' = (e : I — Q4l’), where e € £}, 1 € A
and I’ € £\ X (respectively I’ € X) then we can obtain a new model which satisfies C' by adding
a new world w’ which is e(a, (I,1"))-reachable (respectively e(a, I')-reachable) from w.. Whereas
if (M, w,) propositionally falsifies some clause C' then no extension of M can possibly satisfy C.
Given this it is natural to require that the countermodel for D C CU{D | C Fk,, -res D} built over
the course of a modal game on C propositionally falsifies some clause C' € D.

Recall that our modal game ends at a round where some world w is queried only if Prover
chooses not to add a new world to the model. Hence we add the condition that after querying a
world w Prover may only choose not to add a world to the model (M, w;,) if this model already
propositionally falsifies some C' € D. We shall see in Section [8.2]that the exact definition of D
depends on the worlds queried in the previous rounds of the game. Furthermore D is defined so that
every negative modal clause in D is satisfied by (M, w.) and so D is propositionally falsified by
(M, w.) whenever (M, w.) [~ D.

Finally, to ensure that the game always terminates we require that every new world added to the
model is b-reachable, for some b € & \ A. Note that this ensures that each new world corresponds

to some negative modal clause in C, preventing Prover and Delayer from adding new worlds to the

’Recall from Deﬁnitionthat a pointed model is a model with some distinguished world at which formulas are
evaluated.

3If C is a positive modal clause then C' = (e : I — O,1’) and so M must contain some world w which is e-reachable
from w. and for which V (w)(l) = 1, and some world w’ that is a-reachable from w and for which V (w’)(I") = 0.
Similarly if C is a literal clause then C' = (e : I1 V -+ V [.) and so M must contain a world w which is e-reachable
from w. and for which V(w)(l1) = --- = V(w)(l.) = 1.
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model which tell us nothing about the satisfiability of C.

We formalise these restrictions by requiring that whenever Prover queries a world w that is
e-reachable from the root world w,, she must also query some query set for e with respect to D
(Definition [8.1.1)). A query set is a set of context markers. We say a clause is modally inferable if
it can be inferred using some modal rule (i.e. any rule other than LRES) of K,,,.-Res. The exact
definition of a query set for e with respect to D depends on the set of modally inferable clauses with
modal context e which can be derived from D. We define the ser of modally inferable clauses for
some modal context eb with respect to the set D, where e € 5{5 and b € Ep to be the set M.y, of all
clauses that can be inferred by applying some modal rule to some set of clauses D’ such that for
every D € D’ either D € Dy, or | J 168 De, FK,,.Res D (recall from Deﬁnitionthat for
any set of SNF,,,. clauses and any modal context €’ the set D/, is the subset of D’ consisting of all
clauses which contain a variable with modal context ¢’ that can be resolved on.). Note that the set
of all modally inferable clauses with modal context e must be a subset of Ube Zp Mep.

In our game we allow Prover to choose not to add any world to the model at a given round only
if she has queried the empty set. Otherwise, Prover must add a world w’ that is b-reachable from w

to the model, where b is some element of the query set.

Definition 8.1.1. Let C be an unsatisfiable set of SNF,,,.. clauses and let e € (&¢ \ .A)*. We say that

a set Q. is a query set for e with respect to C if and only if it satisfies the following constraints:

(@ Qe C {(a,(z1,22)) € A X Lo | (/1 21 — Qax2) € N} U
{(a,z3) € Ax Xo— | (¢ : 24 — Qqu3) € Ne}.

(b) Forevery model M = (W, R,,, ..., Ra,,V) and every world w € W either M contains no
world that is e-reachable from w or:

(Mw) b= | €U | M.

el Gge; beQe

Consider the unsatisfiable formula {,(x A —2) A (Oqy V Qo 2). The corresponding set of SNF,,,.

clauses is:

C=A{(e:zc), (e:2: = Qgx1), ((a,x1) : ~21 V), ((a,21) : "1 V "),

(e:mzVaaVas), (€:x2 = 0y), (6:23 = On2)}.

Itis not hard to see that every unsatisfiable subset of C must be a superset of C(,, ;). Hence {(a, 71)},

{(a,21), (a, (x2,9))}, {(a,21), (a, (¥2,9)), (a, (z3,2))}, and {(a,z1), (a, (x3,2))} are all query
sets for € with respect to C.

Further, any model that satisfies:

CcUN: ={(e:x.),(e:xe = Qax1), (€ : mwe Vo Vas),(e: 22 = Quy), (e : 23 = 0u2)},
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at some world w. must also contain a world w which is (a, 1 )-reachable from w.. Hence as every

query set, Q) for ¢ with respect to C contains (a, 1) the following statement holds:
“every model that satisfies C. U N. must contain a world that is b-reachable from for some b € ().”.

We will see in the following proposition that an analogous statement holds for any modal context e
and any set of clauses C. Hence we can think of a query set for e with respect to C as representing a

set of worlds W’ such that any model M that could possibly satisfy C contains some w € W”.

Proposition 8.1.1. Let C be an unsatisfiable set of SNF,,,.. clauses and let (). be a query set for
some modal context e € (& \ A)* with respect to C. Further let M = (W, R,,, ..., R,,,V) and

we € W. If W contains some world wq that is e-reachable from w, and:

(M,we) EN.U | Ce,

el Ggez
then there exists some wo € W that is eb-reachable from w,, for some b € Q..

Proof. As Q. is a query set for e and w; € W is e-reachable from w, by part (b) of Definition
we have (M, w,) [~ Ueleé@ Cey UUpeq, Meb- But by assumption (M, w.) = Ue1€5ez Ce,»
also Ueleéfeg Ce, C Ueleéez Ce, hence there must exist some C' € M,;, such that (M, w,) ¥~ C,
where b € (.. As any such clause is inferred by applying some modal rule of K,,.-Res to a
set of clauses whose modal contexts are unifiable with eb, the clause C' must be of the form
(e :x1V---V-z,V—y') where e’ € E.— andy’ € AL suchthat (¢” : 3 — Ony") € N, and either
b= (a,(y,y")) orb= (a,y”). And so there must exist some w € W such that V(w)(y') = 1 and
w is €’-reachable from w,. Further as (M, w) = N, we have (M, w.) = (" : y — Oqy”) and so
V(w)(Qay”) = 1. That is, there exists some wy € W such that V (w2)(y”) = 1 and (w, ws) € R,
and so wy is b-reachable from w.

To prove that wy is eb-reachable from w. we show by contradiction that w is e-reachable
from w,. Suppose that w is not e-reachable from w,, then ¢’ # e. By Remark we have
Ue1 €y Ce; FK,,.Res C and so by the strong soundness of K,,.-Res we have (M, w.) [

Ue1€<‘fe/bg Ce, . Clearly Uelege/bg Ce, C Ue1€<‘fez Ce, and so (M, w,) = Uelefez Ce, , contradicting
our original assumption. d

8.2 Prover-delayer game

In this section we define our two player game which is played by a Prover (who, for clarity is
female) and a Delayer (who is male) on some unsatisfiable set of SNF,,,. clauses C. Recall that
Prover’s goal is to construct a countermodel for a given set of clauses D C {C' | C Fk,,.-Res C}-
Further this model must propositionally falsify some C' € D. The set of clauses D that Prover
is trying to build a countermodel for depends on the modal context of the game and so changes

throughout the game.
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At the beginning of the game we have a pointed model consisting of a single world with modal
context € and the set of clauses C. Further, Delayer’s score is 0 and the modal context of the game
is €. At each round, if the game has modal context e and we have the set of clauses D then Prover
chooses some query set Q. for e with respect to D. If Q. = () then the game ends and Prover wins.
Otherwise the round continues with Prover adding a new world with modal context ec to the model,
where ¢ € Q.. Before Prover adds a new world to the model Delayer gives a weight to each ¢ € Q.
The lower the weight Delayer gives to a particular ¢ € (), the more points he will score if Prover
chooses to add a world with modal context ec. At the end of the round Delayer’s score and the set
of clauses are updated, and the modal context of the game is changed to ec.

Formally a game on some unsatisfiable set of SNF,,. clauses C is played as follows. At the
start of the game there exists a pointed model, (M*, w.) where M* = (W', R} ,... R} V1),
W' = {w.}, R} = 0forallie [n] and V'(w.)(x.) = 1. Further, the games modal context is
el = ¢, the set D! = C and Delayer’s score is s' = 0. The ith round of the game is played as

follows:

e Prover fixes some query set QQ.: for e’ with respect to D°.
e If Q.i = () then the game ends.
e Otherwise Delayer assigns a weight p, to each ¢ € Qi so that ) ccq ; Pe=1.

e Prover picks some ¢ = (d, 2) € @, and the status of the game is updated as follows:

: : . , 1
eerl — GZC, Sl+1 — Sl + log <> ,
Pec
D= |J piu | cu | M,
665@1‘2 665@1‘+1E bEQei\{c}
R, U{(wei,w,i,)} ifa=d,

Rz’

a

- A -
Wit = W"'U{wei.}, Rf;r = .
otherwise,

Vi (w,i,)(z) = 1if either z = z or z = (2/, ).
Where D! denotes the subset of D' defined as in Definition|[8.0.4]

The set DT in the above definition is defined so that it contains only clauses with modal context ¢’
where ¢’ is either unifiable with some prefix of e’ or such that e’ is unifiable with some prefix of ¢/,
and is satisfiability equivalent to D’

Note that our game can only be played if at each round the modal context e’ and the set of
clauses D* are such that there exists a query set for ¢! with respect to D?. We will see in Proposition
[8.2.1] that this is always the case.

At each round of the game Delayer claims that the subset of D' consisting of every clause whose

modal context is a prefix of e’ is satisfied by (M?, w.), and that some extension of M* satisfies D°.
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Prover then picks some query set Q. for ¢! with respect to D and proceeds in one of two ways. If

Q.: = () then by definition no model containing a world w which is e’-reachable from w. satisfies

the set:
U ni= U c.

eeé’eilz 66561’;

As M’ contains such a world no extension of M* can possibly satisfy D’ and so Prover sees that
Delayer must be lying and ends the game. Note that every negative modal clause in | J .z - Ceis
wc,, DL D"

If Q. # () then Prover first notes that M? contains a world w,: which is e’-reachable from w..

satisfied by (M*, w.) so M* must propositionally falsify | J

Hence by Proposition any extension of M can only satisfy the set of negative clauses with
modal context ¢’ (that is, the set N,: C D%) at w, if it contains a world that is e’b-reachable from
w, for some b € Q,i. Hence (M*,w.) is not a model for D? and so Prover adds some such world
to M to create a new model M*+!, which could potentially satisfy N,:, and so D",

In Proposition we prove that any countermodel for a set D' is also a countermodel for C.
Hence the model M/* built over the course of some game with exactly & rounds, and every model
that extends M* are countermodels for C. Note that it is not necessarily the case that no previously
considered model M where i € [k — 1] was a countermodel for C, as the rules of the game do not
force Prover to set Q. = () whenever it is a valid query set for e!. However if Prover wishes to
minimise Delayers score she would always choose to set . = () at the first opportunity as this
ends the game without allowing Delayer to score any more points.

The following proposition ensures that the game can always be played.

Proposition 8.2.1. Let C be a set of SNF,,,.. clauses. If a game is played on C then:
(a) For each i, if (M, w) [~ D’ then (M, w) W C.
(b) If C is unsatisfiable then there exists a query set for each D',
(c) For each i, the set D is satisfiable if and only if C is satisfiable.

Proof.  (a) As D! = C it follows by definition that for each i every clause in D? is either in C or
is K,,,.-Res provable from C. It follows immediately from the strong soundness of K,,.-Res
that for each i, if (M, w) [~ D then (M, w) [~ C.

(b) This can be seen by induction on i. If i = 1 then D’ = C. As C is unsatisfiable and K,,,.-Res

is complete it follow that if we let:

Qe = {(av (xlvx)) €AX Le- ‘ (5 cal = <>a$') S NE}U
{(a,z) e Ax Xo— | (e: 2" — Oaz) € N}

then C. U UbeQe My is unsatisfiable as it is the set of all clauses with modal context ¢ that

are K,,,.-Res derivable. Hence Q. is a query set for £ with respect to D?.
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If ¢+ > 1 then:
Dl = U 'Dé_l U U C.U U Mi-1yp,
86561;_1; eegeig beQeifl\{C}

where Q,i-1 is a query set for e’ ~! with respect to D~ and ¢ € Q,i-1 such that ¢’ = ¢!~ !c.

That D' is well defined follows by induction. As Q-1 is a query set for e~ ! the set
Uec Eio1s Di~ly UbEQEi—l M i1, must be unsatisfiable. Note that every clause in Mi-1,
must be inferred from some set C" C Coi U Upeqy , Meip» Where:

Q. ={(a,(z,2)) € Ax Lo | (¢ 12" = Qqz) € N,iJU
{(a,2) € Ax Xe— | (€' 12" = Qq) € N}

It follows by the completeness of K,,,.-Res that the set:

U Dé_l U U M1, UC,i U U My,

eefei_lg bEQei—l\{c} beQ,;

is unsatisfiable. Hence @, is a query set for e’ with respect to D',

(c) This follows from parts (a) and (b).

8.3 Modal decision trees

To use our two player game to obtain modal proof size lower bounds we need to establish a
connection between it and the number of modal resolution steps required to refute a formula using
tree-like K,,,.-Res. Hence in this section we introduce modal decision trees. The number of vertices
in a modal decision tree for some unsatisfiable set of SNF,,,. clauses C is connected to both the
number of modal resolution steps required to refute C using tree-like K,,.-Res (Proposition[8.3.1)
and the Delayer’s score in any game over C (Theorem [8.3.1)).

A modal decision tree T for an unsatisfiable set of SNF,,,.. clauses C is a tree where each vertex
is labelled by a modal context e € (& \ .A)* and a set of clauses D, and each edge is labelled by an
agent a € A. Intuitively, we can think of T as a partial Kripke model (W, R,,, ..., R,,, V') where
the set I/ is the set of vertices of 7', the relation R,, is the set of a;-edges of 1" for each a; € A, and
the partial valuation function V is such that if a vertex in 7" is labelled by modal context e then that
world is e-reachable from the world corresponding to the root of 7'. If a vertex 7 of some modal
decision tree 7' is labelled by the modal context e then the children of 1 must correspond to some

query set for e with respect to D.

Definition 8.3.1. A modal decision tree for some unsatisfiable set of SNF,,,.. clauses, C is a tree T'

where:

1. Each vertex of 7T is labelled by a unique modal context e € (&¢ \ A)* and an unsatisfiable set of
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SNF,,,. clauses D. In particular the root is labelled by the modal context € and the set of clauses

C.

2. If two vertices in 1" are labelled by the modal contexts e; and ey respectively then there is an

a-edge from 7, to 7 if and only if ea = €1 (a, 2) for some z € Ap— U L.

3. The modal context e and the set of clauses D labelling each vertex 1 must be such that the set
Q. = {c € & | eclabels some child of n} is a query set for e with respect to D. Further for
each ¢ € Q., the set of clauses labelling the corresponding child of 7 is:

D = U De, U U Ce, U U Mep.

el Ege; el Ggecg bEQe\{C}

Each path P from the root of the tree to a given vertex specifies a partial Kripke model
MP = (WP, RP,...,Rl ,VP), where:

al’

WT = {w, | e € & labels some 1 € P},
for each i € [n] the set:

RZ— = {(Ne1,Mey) € P | (Ney, Mey,) is an a-edge of T'},

and:
VP = {VP(wec) | Wee € WP},

where:
VP (wee)(z) = 1if ¢ = (a,z) or ¢ = (a, (2, x)).

It is not hard to see that for each root to leaf path P through T, the partial model M * corresponds
to the model constructed over the course of some two-player game over C. We will further see
in Proposition [8.3.1] that every tree-like K,,,.-Res refutation of some unsatisfiable set of SNF,,.
clauses C corresponds to some unique modal decision tree for C. It is not the case however that
every modal decision tree for C corresponds to a unique tree-like K,,.-Res refutation of C.

Let C be an unsatisfiable set of SNF,,,. clauses and 7 be a tree-like K,,,.-Res refutation of C.

For every e € (&¢ \ A)* let 7 denote the set of all clauses C' in 7 such that:
e ( has modal context e’ € E,._.

e (' is inferred using some modal rule of K,,,.-Res (that is, either MRES, GEN1, GEN2 or
GEN3).

e For each (a,z2) € A x Xc_ such that (a,z2) < e, the refutation 7 contains an inference
where some descendant of C is resolved with (e; : 71 — Oq72) where e; € (&¢ \ A)* is

such that e1 (a, z2) C e.



Chapter 8 109 Game theoretic lower bound technique

e For each (a, (x1,22)) € A x L¢— such that (a, (z1,22)) < e, the refutation 7 contains
an inference where some descendant of C' is resolved with (e; : x1 — Qqz2) where
e1 € (& \ A)* is such that eq (a, (21, 22)) C e.

Proposition 8.3.1. Let 7 be a tree-like K,,,.-Res refutation of some unsatisfiable set of SNF,,,.
clauses C. Then we can construct a unique modal decision tree 7" that corresponds to 7.

Further if we let N be the number of modal resolution steps in 7 and n be the number of vertices
of Tthen N >n — 1.

Proof. Forevery e € (£ \ A)* such that 7, is non-empty let:

Qe = {(a,71) € Ax Xe_ | (¢ : w3 — Oaz1) is used to infer some C € 7} U

{(a,(x3,74)) € A X Lo— | (€' : w3 — Opw4) is used to infer some C' € 7. }.
Let the vertex set for 7" be:
V(T) = {ne} U{nec | c € Qc for some e € (& \ A)*}.

Further let each 7. € V(T") be labelled by the modal context e and the set of SNF,,. clauses D",

where:

D C ife=¢,
Ue’egelj Dgfl U Ue’egeg Co U UcEQe\{b} M. ife=eibforsomee; € (‘:’é‘ and b € &.

Finally for each a € A let:

EG(T) = {(776177761(a,z)) ‘ (a,z) € Q€1}7

be the set of a-edges in 7.

Clearly T'is a tree. Further, [V/(T)[ —1=n—1=3_ . g 4« |Qc|- We will now show that
every element of every (). corresponds to some unique modal resolution inference. This is true
whenever Q¢, N Q, = 0 for all e; # ez € (& \ A)*. Hence suppose Qe, N Qe, # B for some
e1 # ez € (&¢ \ A)*. Then there must exist a negative modal clause which is used to infer some
clause Cj € 7, and some clause in Cy € 7,. If C; # C5 then these inferences must be distinct.
Hence suppose C'1 = Ca. As e1 # ex we must have b]1 # b% for some j where b{ and b% denote the
jth symbols in e; and es respectively. By definition this can be the case only if some descendant
C} of C} is resolved with some negative modal clause (€] : 1 — Oq,2}), where €] € £ which is
unifiable with the prefix of e; with length 7 — 1 and z1, x’l and a; are such that either (ay, ar/l) = b{
or (a1, (x1,2})) = b{, and some descendant C%, of Cy is resolved with some negative modal clause
(h 1 9 — Oayh), where € € £ which is unifiable with the prefix of e with length j — 1 and
&g, & and ag are such that either (ag, 25) = b, or (ag, (22, 25)) = b}. As 7 is tree-like C} and C}

can both be descendants of the same instance of C; = C only if either C is a descendant of C%, or
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vice versa. As both clauses are inferred using different negative modal clauses with the same modal
level this cannot be the case. Hence 7 must contain separate inferences of C; and C. It follows
that every element of every distinct (), must correspond to a unique modal inference, therefore
givingus [V(T)| —1 < N,andson — 1 < N.

To prove that 7" is a modal decision tree for C it remains to show that each (). is a valid query
set for e with respect to D"¢. That is, we must show that each (). satisfies conditions (a) and (b) of
Definition

Every element of (), corresponds to some negative modal clause in C whose modal context
is unifiable with e. Further every negative modal clause in C with modal context e; € &.— is in
U el Cer € D", Hence that (a) is satisfied follows immediately from the definition of Q).

To prove that each (). also satisfies condition (b) of the definition of a query set we will first

prove that the refutation 7 contains some sub-refutation of the set:

U Dge U .

e Ec‘feg

This is done by induction on |e|. If |e| = 0 then e = ¢ and | D¢ = C.. Further T is the set

e1€E,
of all clauses in 7 that are inferred using some modal rule andlhaveg: modal context . Hence 7 must
contain a sub-refutation of:
T.UC. = 7. U U D:.
e1€€.
Suppose |e| > 0. Then there exists some e; € (€ \ .A)* and some b € (& \ A) such that
e = e1b. Further by definition:

pe= |J Du | cou | Mo

6/6561; elegeg CEQel\{b}

where for each ¢ € @), the set M., is the set of modally inferable clauses for e;c with respect
MNe
E/Gtc:'elg De’ ! U ﬂ-el' Let

7721 denote the subset of 7., consisting of every clause inferred using the negative modal clause

to D"1. By the inductive hypothesis 7 contains a sub-refutation of | J

(¢! : x1 — Qqx2), where x1, z2 and a are such that either b = (a,x2) if b € A X X¢_, or
b= (a,(z1,22))if b € A x Lc_. The rules of K,,c-Res are such that every clause C' € w8 must
be inferred from some set of modal clauses whose modal contexts are unifiable with e; and possibly
also some literal clause whose modal context is unifiable with e. As all modal clauses are initial
clauses they must all be in C.. Suppose some literal clause is also used to infer C'. If this clause
is initial then it must be in C.. If this clause is non-initial then 7 must contain a derivation of this
clause from the set of all literal clauses in C whose modal contexts are unifiable with e and the set
of all modally inferred literal clauses in m whose modal contexts are unifiable with e. Every such

modally inferred literal clause must be in 7 as it has a descendant in 7r21. Hence 7 must contain a
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refutation of:
U Pl u@e \=l)ucur..

6/6551;

By definition (e, \ 7%) C UCEQel\ (v} Meic and so this refutation is also a refutation of

Te
Ue’eé_'eg De’ U Tre.
To see that the existence of a K,;,.-Res refutation of | DZ,E U 7. implies that condition (b)
_ Tle
e'€€ea De’ UTe

must be unsatisfiable. It then follows from the definition of Q). that 7. C |J c€Qo Me, and so the

set:
U pZu | Me

6’65_52 c€Qe

e’Ege;
is satisfied for each Q. we first note that as K,,,.-Res is strongly sound and the set | J

must also be unsatisfiable. O
In the next theorem we state the connection between the number of modal resolution steps
required to refute a formula using tree-like K,,.-Res and our two-player game. This connection

will allow us to prove modal proof size lower bounds for tree-like K,,,.-Res indirectly.

Theorem 8.3.1. Let C be an unsatisfiable set of clauses in SNF,,,. and let 7 be a tree-like K,,,.-Res
refutation of C with N modal resolution steps. Then there is a Prover strategy such that Delayer
scores S, < log(/N 4 1) modal points. Hence 2° < N + 1.

Proof. Let T be the unique modal decision tree which corresponds to 7. By Proposition [8.3.1|we
have n — 1 < N, where n is the number of vertices in 7" and N is the number of modal resolution
steps in 7. Hence if we let L(T") be the set of all leaf vertices of 7" then |L(T")| <n < N + 1.

The modal decision tree T completely specifies Prover’s strategy. Recall that each vertex in T’
is labelled by some modal context and that if a vertex 7 is labelled by e € c‘fé and the set D then the
set Q. = {c € & | ec labels some child of 1} is a query set for e with respect to D. In particular
the root vertex 7. is labelled by the modal context ¢ and the set C, and its children correspond to
some query set (). for € with respect to C. At the first round of the game Prover queries the set
Q. If Q. = () then the game ends. Otherwise, Delayer gives each ¢ € Q. a weight p. and Prover
chooses some ¢ = (a., z) € Q. with probability p, sets:

1 Rl U {(w.,w if a = ac,
62 =c, 82 — 81 —|—10gf, R?L _ a {( € C)} c
Pe R} otherwise,

W2 =W'U{w.} and V*(w.)(x) = 1if x = z or (2’, ) = 2 for some 2’ € Ap.

and moves along the corresponding edge of 7' to the vertex labelled by c.
At the next round Prover queries the set (). corresponding to the children of this new vertex and
proceeds as above. Continuing in this manner will result in a root to leaf path on 7'. Note that the

set of all possible such paths is in bijection with the set of leaves of 7.
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Let gp ) denote the probability of the game ending at leaf A € L(7") when played with a fixed
Delayer D. Let 8p be the probability distribution over the leaves of 7. If the game ends at leaf A
then D scores exactly log ﬁ points.

To see this consider a fixed leaf A\ and the unique path P from the root of T' to A. The modal

context of the ith vertex in P is e’. Hence the probability of reaching \ is:

gD = 4192 - - - Qm,

where g; is the probability of choosing c¢; from ().;. The score at the end of the game is:

i 1 1 1
Z log — = log = = log )
= q; Hz‘:]‘ q; 4dD,\

and the expected score of the Delayer is:

1
Z QD)\IOgi :H(HD)v
AEL(T) D,

which is exactly the Shannon entropy of #p. The entropy is maximal when the probability
distribution considered is the uniform distribution [28], that is when gp \ = ﬁ and so
2_AeL(T) ﬁ log |L(T)| = log|L(T)|. Hence as the support of §p has size at most |L(T)]
it follows that H (6p) < log|L(T")| < log(N + 1). O

The above theorem allows us to prove lower bounds on the number of modal resolution steps
needed to refute some unsatisfiable set of SNF,,,.. clauses C using tree-like K,,.-Res. Such lower
bounds are proved indirectly by first proving a lower bound f(n), where n is the size of C, on the
Delayers score for any game played on a given unsatisfiable set of SNF,,. clauses C. It follows
from the above theorem that 2/(") — 1 is a lower bound for the number of modal resolution steps N
required to refute C, hence if 2/(") — 1 is superpolynomial then we have proved a superpolynomial
lower bound for N. In the next chapter we define a new family of hard modal formulas to which

our game theoretic lower bound technique can be applied.
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Lower bounds

In this chapter we apply our game theoretic lower bound technique to a new family of hard modal
formulas, which we call the modal pigeonhole principle (Definition[9.1.1). By doing this we obtain
a new exponential proof size lower bound for tree-like K,,,.-Res.

9.1 The modal pigeonhole principle

The pigeonhole principle with m pigeons and n pigeonholes states that whenever m > n there is no
1 — 1 map from the pigeons to the pigeonholes. This can be formulated as a propositional formula
as follows:
PHP" = /\ \/ pij A /\ /\ (=i V —pir )
i€[m] j€n] 1<i<i’<m j€[n]

Intuitively, the propositional variable p; ; denotes that the ith pigeon is in the jth pigeonhole,
hence the above formula says that each pigeon is in a pigeonhole and that no pigeonhole contains
more than one pigeon. Clearly whenever m > n the formula PH P!" must be unsatisfiable. The
propositional pigeonhole principle is known to be hard for propositional resolution [41]].

We can formulate the pigeonhole principle as a modal formula with modal depth m over the set
of agents A = {a} and the set of variables {l1,...,[,}.

Definition 9.1.1 (MPHP”"). Let P, = Di_l(\/?:1 Ol;) for every 1 < i < m and Hfz, =
Di—'lj V Di/ﬂlj forevery 1 < j<nand1 <1< i < m. We define:
MPHP = ArPn A\ N\H,.
i 1<i<i’<m j
Note that as MPHP" is a modal formula over just a single agent we have omitted the subscripts

113



Lower bounds 114 Chapter 9

from our modal operators. Further [1* denotes ¢ successive [, operators.

Intuitively pigeon i is in pigeonhole j only if ¢*l; = 1, where {° denotes i successive O,
operators. Hence P; says that the pigeon ¢ occupies at least one pigeonhole and H: f ; says that
pigeons 7 and i’ cannot both occupy the same hole. Whenever m > n (that is, there are more
pigeons than pigeonholes) MPHP]" is unsatisfiable.

We can easily convert MPHP]" into the following set of SNF,,. formulas:

MPHP =z AN\NPA N\ NHL

i 1<i<i’<m j
where i,4" € [m], j € [n] and for all i1 € {2,...,m}, i,i and j:
Pl=(c:—az.ValVvyl) A
n—2 n
/\ (e:=wpy 1 Vg, Vup) A (e =y o Vys 1 Vi) A /\ (€ Yy = Oliy),
k=2 ko=1
P, =(e:2. — 01" A /\ (akl L2 = Dz]?ﬁl) A
k1=1
. . . n72 . . .
(@12t val V) A /\ (a“’l Dory g Vag vV y%) A
ko=2

n

(VI A @ - Ol

k=1
i—1
T (e j j k-1, j
Hi,i’ =(g:—we V TV yi,i’J) A /\ (a R Dxi,i’,kﬁ-l) A
k=1
i'—1
i—1 . 7 . ko—1. .7 J =1, .7 .
(a " Ty O=15) A /\ (a itk Dyi7i,7k2+1) A (a Y g = O=1;).
ko=1

Note that we have designed MPHP]" so that when translated into SNF,,,. each negative modal
clause corresponds to an assignment of a pigeon to a pigeonhole.
Whilst we have written MPH P as a conjunction of clauses, however we can equivalently

think of it as a set of clauses. Hence in the remainder of this section we will use set notation.

9.2 An exponential lower bound for the modal pigeonhole principle

In the following theorem we prove that the number of modal resolution steps used in any tree-like
K,,..-Res refutation of MPHP; is superpolynomial in n. To obtain this lower bound we show
that if the two-player game defined in Section is played on MPHP;" then Delayer can play
according to a certain strategy which ensures that he always scores at least log(n!) points, no matter

what strategy Prover adopts. Recall that Theorem [8.3.1] states that, if there exists a refutation of
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MPHP" with N modal resolution steps then Prover can ensure that Delayer’s score never exceeds

log(N + 1) points. Hence our lower bound follows.

Theorem 9.2.1. Every tree-like K,,,.-Res refutation of MPHP," has at least n! — 1 modal resolu-
tion steps.

Proof. Let C = MPHP;'. Suppose a Prover and a Delayer play the game defined in Section
on C. By definition, at the beginning of the game we have the modal context e! = ¢, the set
of clauses D! = C and the pointed model (M, w.) where M* = (W RL V), W! = {w.},
R' = () and V!(w.)(z:) = 1. At the kth round of the game Prover fixes some query set Q. for
ek with respect to D¥ and then adds a world that is e¥b-accessible from w, to the model, where
be Q.

Let Q7% = {(a, (yf,lj)) | 5 € [n]}. As the set N» = {(e¥ : yf — Ol;) | j € [n]} it follows
by condition (a) of Deﬁnitionthat every query set for ¥ is a subset of Q7. If Prover chooses
to add a world that is e*(a, (yf, 1;))-accessible from w, to the model then (M, w.) = O¥l;. Hence
intuitively at the kth round of the game Prover chooses some pigeonhole for the kth pigeon to

occupy. If we let:
A ={(a, (9, 5) | (a, (45", 1)) < €¥s ki€ [k =1, j € [n]},

then Ay, is the set of pigeonholes occupied by the first £ — 1 pigeons.
We will now give Delayer’s strategy for the first n rounds of the game. If Prover queries some
set Q.+ at the kth round of the game then for each b = (a, (yf, l;)) € Q.x Delayer sets the weights

as follows:

1
Po= 37T 711
|Qer| — [Ak]

pp = 0, otherwise.

ith o Ay,

At each round Delayer forces Prover to put the kth pigeon into some unoccupied pigeonhole. This
strategy can only be followed if |Q.x| — |Ax| > 0. Hence in order to prove our lower bound we

need the following claim.
Claim. Delayer’s strategy is such that for every k € [n] the set Q. = Q7.

We have already seen that Q).» C Q7. To see why Q » 2 Q7" we can think of each query
set Q. as a set of candidate pigeonholes for the kth pigeon. By Proposition[8.1.1|the set Q) must
contain every pigeonhole that can possibly be occupied by pigeon &, whilst satisfying  J, . £ r DF.
This set is satisfied by any model corresponding to an assignment of pigeons to pigeonholes where
for each i € [k — 1] the ith pigeon is put into the pigeonhole specified to by the ith symbol of e,
and the kth pigeon is just in some pigeonhole. Hence as there is no restriction on which pigeonhole

is occupied by pigeon k we have Q .« 2 Q7.
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Before giving a formal proof of our claim we will explain how it allows us to prove our lower
bound. By the above claim |Q.x| = n and so for each k we have |Q.x| — |Ax| = n — (k —1).
Hence Delayer can follow the above strategy for the first n rounds. It follows that Delayers score at
the end of the nth round will be:

n n
st = Z (log(n+1—k)) =log (H(n +1-— k:)) = log(n!).
k=1 k=1
As Delayer scores at least 0 at each round his final score must be > s™ and so by Theorem [8.3.1]
any tree-like K,,,.-Res refutation of MPHP]" contains at least 25" — 1 =n! — 1 modal steps.
Proof of claim: We will now give a formal proof of our claim. To prove that Q .« 2 Q7" it
suffices to show that for every b € Q7" there exists some model M = (W, R, V') and some world
we € W such that (M, w,) = Ue1€<‘fekg DF U Ucngrcham\{b} M k., where each M .. is the set of
modally inferable clauses for e¥c with respect to D,.x.
max

In fact we prove will a slightly stronger result. Namely that for every e and every b € QU
there exists a model M = (W, R,, V') where:

W ={we|eC ek}, Ry = {(We, Wee) | We, wee € W and ¢ € Ec}, 9.1)

1 ifj=koande =€ (a, (y™,1;,)) for some ¢’ € &,
vy [t = (@, 42 1) G o)
0 ifj+# koand e = €(a, (yl,jé,lkz)) for some e’ € &£,

for all w, € W and all j, k1, ko € [n]. Further (M, w.) = J
prove this we use induction on k.
If k = 1then e! = . Letb = (a, (y5,1y)) € Q™ where p € [n] and let M = (W, Ry, V)

where:

k
Del U UCEQ:}?I\{I)} Mec. To

el 65_61@3

W={w}, Ra=0, V(w)(we)=1, V(w)(al,,) =1 V(w)(yl,,) =1,

1 ifj=p, 1 ifj <p,

V(w:)(y;) = and V (we)(zj) =

0 ifj#p, 0 ifj>p,
for all 4,4’ € [m] and j € [n]. Then (M,w:) = Ueeg, D! = C.. Further, for each ¢ =
(a, (yjl-, lj)) € QU%" the set M. contains only clauses that can be inferred by applying some modal
rule of K,,,.-Res to some set of clauses containing (¢ : yjl — Ql;). Hence every clause in M. is of
the form (¢ : AV —y;), where A is a propositional clause and so (M, w;) |= Uceraz\{b} M..
Suppose k > 1. Delayer’s strategy ensures that ¢ = e¥~1b; for some b; € QUL \ Ag—1.
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Hence by the inductive hypothesis there exists a partial model M’ = (W', R', V") where:

W' ={w. | eC ekil}, R = {(We, Wee) | We, Wee € Wand ¢ € &}

V’( )(l ) 1 ifj:jl ande:e/(a’ (yffvljl)) fOfsomee/eé‘g,
We j) = :
0 lfj#jl ande:el(a7 (y‘;il’l]l)) forsomeelegg7

for all w, € W and all j € [n]. Further (M', w.) |= Ue165’ek712 DE-1 UCQQZ}:_ZI\{,,I} M -1,

For each by = (a, (y’;,lp)) € QU we can construct a model M, whose worlds, rela-
tions and valuations are as in Equations (9.1) and (9.2), and which satisfies | Dlgl U
UceQ;r]zcax\{bQ} M k-1, at w, as follows. Let M = (W, R, V) where:

el Ggek;

W =w'u {wei}, R= R'U {(wer—1,wer)},

1 ifby = (a, (yF,15)),

0 otherwise.

V(w)(z) = V'(w)(z) for every w € W' and V(wg)(l;) =

Then M is a model of the required form. Further as M is an extension of M’ we have (M, w.) =
Ue1€<‘fck71] D=1y UCGQZE‘TQ\{"I} M i-1.. Hence to show that Q7% \ {ba} is not a query set for
eF with respect to D* all we have to do is show that (M, w.) = Cx U UCQQ:LM\{Z,Q} M k.

Recall that for each ¢ = (a, (y;“, lj)) € Q" the set M, contains only clauses of the form
(AvV ﬂyf), where A € CL. Hence to ensure that (M, w.) = UCGQ;’;@“‘”\{I’?} Mk, we let:

1 ifj=np,

V(wer)(yf) = o
0 ifj#p.

Note that the set C_x consists of every literal clause in C with modal context a*~!

, every positive
modal clause in C with modal context a*~2 and the negative modal clause (a*~2 : y5~1 — Ol,),
where is ¢ such that by = (a, (y¥™',1;)). As V(w)(l;) = 1if and only if j = g it follows that

(M, we) f= (aF72 : yk=1 — Ol,). If we further let:

. 1 ifj <p,
V(we)(z ;) =1 and V(wek)(mg’) =
0 ifj=>p,
for all kK < 43 < n and all j then it is not hard to see that every positive modal clause of the form
(a¥=2: 2} , — Oz ) and every literal clause in Pj,_; is satisfied at w; in M.
We have now shown that (M, w.) = C. N J; P;. It remains is to show that (M, w.) =

Cer MU,z 5 fIZJZ, The set Cr N U,z ﬁfz, consists of all clauses of the following forms:
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k-2 . 7 J k-2 . . .
Lo(@" vy = O ), 3. (@™ v @y gy — O0G),

2. (aF2: j», —>D7., , :
( yz,z k—1 yz,z ,k:) 4. (ak—Q . yzq,k:—l,k—l N D—\lj),

where i < i’ € [m] and j € [n]. Every clause of the form[I]and [2|can be satisfied at w, in M by

letting:

V(wee)(@ly ) =1and V(we)(yl, ) = 1.

However clauses of the form [3|and [ do not contain any unassigned variables, so we cannot simply
extend V' to ensure that they are satisfied at w. in M. A clause (ak_2 : xi_l,i,,k_l — O-1y)
is not satisfied at w, in M if and only if V(wekfl)(a:i_lﬁ,’k_l) = 1land V(w.)(l;) = 1. As
V(w,x)(l;) = 0 for all j # ¢ this can only be the case if j = ¢. Hence to ensure that every such
clause is satisfied we set:

V(wein )(xf_y 4 ;,) = 0 foralliy <k,
However doing this may cause the clause to become false and so we also set:
V(we )(yp_y ;) = Lforallip <k,

Note that every clause containing these variables is in H f »+ By inspection we can easily see that
changing the assignments of these variables as above does not change the truth valuation of any
clause in C x N Hgi,. Similarly to ensure that every clause of the form (a*~2 : yf}k_ljk_l — O-1)

is satisfied at w. in M we set:

Viwesn ) (@] 14,) = Land V(wei )y, ,;,) = 0forall iy <k

Note that this will not cause the clause (a’~? : J:? k_1i — ™) to be falsified as Delayer’s strategy

ensures that e* contains no repeated pigeonholes and so V (w,i)(l;) = 0. Hence as above changing
the assignments of these variables will not change the truth valuation of any clause in Cx N H ;17 i
This concludes the proof of our claim, and so the proof of the theorem. O
Recall from Corollary 4.6.2] that the tree-like K-Res systems are all p-equivalent to one another.
Hence the above lower bound is a lower bound for every tree-like K-Res systems.
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Modal proof systems beyond resolution

In this chapter we compare the proof complexity of the family of both tree-like and dag-like K-Res

systems with that of Frege systems for K,,.

10.1 Comparing modal Frege systems with modal resolution systems

In propositional proof complexity Frege systems (defined in Subsection are among the most
studied proof systems. Indeed it was shown in [27] that every Frege system over a fixed set of
logical connectives is p-equivalent to every other Frege system over that set of connectives. It was
further shown in [[79]] that this p-equivalence holds even for Frege systems over different sets of
connectives. Hence we can take the Frege system shown in Figure [3.1] (or any other Frege system)

to be the canonical Frege system.

Definition 10.1.1. Let P be a Frege system. We say that a rule ¢1,...,¢, F ¢ of P is sound if

every model which satisfies ¢1, ..., ¢, also satisfies ¢.

The resolution rule is sound and so can be taken as a rule of any Frege system. Hence Frege
p-simulates propositional resolution. Furthermore, there exists an exponential separation between
Frege and propositional resolution [22]]. That is, there exist propositional formulas that are known
to be require exponential size proofs for propositional resolution and polynomial size proofs for

Frege.

Definition 10.1.2. An extended Frege system is a Frege system with the additional axiom:

p < 9,
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where p is a new propositional variable (called an extension variable), that does not appear in ¢,
any previously derived formulas or the final formula of the proof. We call this axiom the extension

axiom.

Whilst extended Frege p-simulates Frege, there is as of yet no known exponential separation
between these systems. In fact there are currently no propositional formulas that have been shown

to require exponential size proofs in Frege.

Definition 10.1.3. A Frege system for the modal logic K,, (K,,-Frege) is a line based proof system

P consisting of a finite set of inference rules and axioms of the form ¢1,...,¢x Fp ¢ andp ¢
respectively, where ¢1, ..., ¢, ¢ are modal formulas. Further P must be sound and strongly
complete.

Given any propositional Frege system we can obtain a K,,-Frege system by adding the following
rules, for every a € A:

_A
0,A -~
Definition 10.1.4. An extended Frege system for K, is a K, -Frege system together with the

Ko O4(A— B) — (0,A—0,B) and NEC:

extension axiom.

Definition 10.1.5. [49] We say that a K,,-Frege system P is standard if every formula ¢ for which
®1,..., 0K Fp ¢isin the closure of K, U {¢1,..., ¢} under MP and NEC, for every a € A.

We can extend Definition to K,,-Frege systems by saying that a rule, ¢1, ..., ¢, is sound
if and only if whenever ¢1, ..., ¢, are satisfied at some world w in some Kripke model M, so is ¢.
A K,,-Frege system can be non-standard only if it contains some rule, other than NEC,, which is
not sound.

Every standard K,,-Frege system p-simulates every other standard K,,-Frege system [49]. Hence
we can take for example the Frege system in Figure [3.1] together with K, and NEC,, for every
a € A to be the canonical standard K, -Frege systems. The analogous statement is not known to

hold for non-standard K,,-Frege systems, hence here we only consider standard K,,-Frege systems.
Proposition 10.1.1. K,,-Frege p-simulates K,,,,-Res.

Proof. Each of the rules of K,,,,-Res is sound. Hence the proposition follows immediately. 0

Corollary 10.1.1. K,,-Frege p-simulates each of the K-Res proof systems.

Proof. This follows from above proposition and the p-equivalence of the family of K-Res systems

(Corollary 4.6.1). O

Corollary 10.1.2. K,,-Frege p-simulates each of the tree-like K-Res proof systems.

Proof. Every tree-like K-Res proof is also a dag-like K-Res proof and so this follows trivially from

Corollary[T0.1.1] O
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10.2 Separation of K, -Frege and tree-like K,,,.-Res

It was proved by Buss in [22] that there exist polynomial size Frege refutations of the propositional
pigeonhole principle with m > n pigeons. Buss’ proof relies on the fact that Frege systems can
count efficiently. The idea behind the proof is as follows. If we assume that the pigeonhole principle
holds for some m > n and count the number of holes that are occupied by the first n + 1 pigeons
then we can construct a polynomial size Frege derivation of some formula encoding that this number
is greater than n. However as there are only n pigeonholes, we can also construct polynomial size
Frege derivation of a formula encoding that that the number of occupied holes is less than or equal
to n, leading to a contradiction.

We show that a very similar proof can be used to prove that there exists a polynomial size
K,,-Frege proof of the modal pigeonhole principle. We will give a sketch of Buss’ proof of the
pigeonhole principle, highlighting the steps that make explicit use of PHP)".

Recall that:

PHP]" = /\ \/ Pij N /\ /\ (=pij V —pirj)-

i€[m] j€[n] 1<i<i’<m j€[n)]
Theorem 10.2.1 ( [22]). There exist polynomial size Frege refutations of PH P]", where m > n.

Sketch. The proof has two parts. First we show that there exists a polynomial size extended Frege
derivation of O from PH P"*. We will then show that this extended Frege derivation can be used to
obtain a polynomial size Frege derivation of O from PHP)".

The extended Frege refutation of PH P is obtained as follows. First, for each ¢ € [m] and
Jj € [n] we introduce an extension variable rj» which abbreviates the formula \/; ., pk;- Each r;'-
is true if and only if one of the first ¢ pigeons occupies pigeonhole j. Hence the number of r%’s
that are true in a given assignment is equal to the number of pigeonholes occupied by the first ¢
pigeons. If we assume without loss of generality that n is a power of 2 then for each ¢ we can define
i1

log n formulas a .., a8 (henceforth denoted by the vector @*) which encode the number of

rj-’s which are true in a given model. We denote the number encoded by @ (that is the number of
pigeonholes occupied by the first ¢ pigeons) by A°’.
Let:
¢ = /\ (r; — 7’}“) A \/ (7’}“ A ﬂr;)
J€ln] j€n]
This formula states that for each j € [n] if one of the first ¢ pigeons is in pigeonhole j then so
is one of the first i + 1 pigeons, and that some pigeonhole j € [n] is occupied by the i + 1th
pigeon. It is not hard to see from the definition of rjl- that there exists a polynomial size Frege proof
of PHP" =\ jein 7 iein]
of a formula encoding that 0 < A'. Similarly, for each i € [m] there exists a straightforward

. Further, given \/ rjl- there exists a polynomial size Frege derivation

polynomial size Frege proof of PH P — ¢; and, for each ¢ given ¢; there exists a polynomial
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size Frege derivation of a propositional formula encoding that A < A**!, Finally these proofs
can be combined to obtain polynomial size proofs of a formula encoding that n < A"*! from
Niem) @i AV e r]l (and so from PHP").

There further exists a polynomial size Frege proof of a formula which encodes that n > A".
Hence there exists a polynomial size Frege derivation of a formula encoding that n < n from
PHP". As n = n this formula must be false and so we have a polynomial size Frege refutation of
PHP.

For every 4, each formula in @° can be defined so that it has size polynomial in that of the
largest propositional formula abbreviated by any 7 ;- Hence replacing all the extension variables in
the extended Frege proof of PH P — 0 with the formulas they abbreviate yields a polynomial
size Frege refutation of PH P". O

Recall that:

MPHP) = AP A A i,
] 1<i<i’<m j
where P; = O (\/j_; Ol) forevery 1 <4 < mand szz’ = O'=l; VOl forevery 1 < j <n
and1 <i < <m.

Theorem 10.2.2. There exists a polynomial size K,,-Frege refutation of MPHP', where m > n.

Proof. Note that the only parts of the extended Frege refutation of PH P" that depend on the

formula itself are the proofs of:

PHP]' » \/ rj and PHPI - /\ ¢
j€ln] i€[m]

Hence to show that there exists a polynomial size extended K,,-Frege refutation of MPHP!" it
suffices to show that we there exist polynomial size K,,-Frege proofs of MPHP"' — \/ j€ln] r]l
and MPHP]" — /\z'e[m] ¢; for some suitable choice of extension variables 7’;

Let ré < Ve OF1;. Then as in the propositional case r; is true if and only if one of the first ¢
pigeons occupies pigeonhole j. There exist short K,,-Frege derivations of MPHP" — \/ €] Ol
and so of MPHP — \/ ., 7 j
K,, Frege proof of 7’ — r”l It remains to show that for each ¢ € [m — 1] there exists a polynomial
size Frege proof of MPHPm = V.

simple Frege proof of:

Further for each j € [n] and i € [m — 1] there exists a simple

e (75 LA ) To see this first note that there exists a

O A N ~OM | - (THIMT;:).

J
keli]

As the formulas (O A Og) — O1h and (O1h1 V O1he) — O(1h1 V 1h2) are theorems of K, we

can assume without loss of generality that they are axioms of our K,-Frege system. Hence we can
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easily obtain a polynomial size K, -Frege proof of:

/\ Pk—> \/ <>i+1lj.

keli+1] JjE€[n]

Further there exist small K,,-Frege proofs of:

<>i+1lj/\ /\ /\ Hi;77:+1 — <>i+1lj/\ /\ _|<>li

keli] je(n] keli]

Putting these proofs together we obtain a polynomial size proof of:

MPHP; — \/ (ri™' A—rl).

j€ln]
Hence we have shown that MPHP!" — /\ie[m] ¢; and so by the reasoning in the proof of Theorem
[10.2.1] there exists a polynomial size extended K,,-Frege refutation of MPHP]".

As in the propositional case for every 4, each formula in @’ can be defined so that it has size
polynomial in that of the largest formula abbreviated by any r; Hence replacing all the extension
variables in the extended Frege proof of MPHP]' — 0 with the formulas they abbreviate yields a
polynomial size K,,-Frege refutation of MPHP]". O

Corollary 10.2.1. There exists an exponential separation between the proof size required to refute
MPHP;" in K,,-Frege and tree-like K,.-Res.

Proof. This follows immediately from Theorem [9.2.1)and Theorem[10.2.2] O
Propositional separations between K,,-Frege and both tree-like and dag-like K,,,,,-Res follow
trivially from the fact that a number of propositional formulas (including the propositional pigeon-
hole principle) have previously been shown to be hard for (both tree-like and dag-like) propositional
resolution but easy for propositional Frege. Hence the significance of the above result is that
tree-like K,,,,-Res requires an exponential number of modal resolution steps to refute MPHP}',
whereas there exists a polynomially size K,,-Frege refutation of MPHP". Clearly any polynomial
size K,,-Frege refutation may contain at most a polynomial number of modal proof steps (i.e.
applications of K, or NEC,) and so the separation in Corollary is a truly modal one.

10.3 Game theoretic lower bound technique vs existing lower bound

techniques

Recall from Section [6.4] that the modal clique colour formulas:

C’liqueﬁH(Dﬁ, q) — D(ﬁColourﬁ(ﬁ, 7)),
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are an exponential lower bound for K,,-Frege. Notably, this lower bound is in fact an exponential
lower bound on the number of K axioms needed to prove Cliquel (Op, 7) — O(=Colourk (p, 7))
in K;,-Frege, and so is a modal lower bound for K,,-Frege.

Further recall from Theorem [6.4.2] that the modal clique-colour formulas give an exponential
lower bound for the K-Res systems. As the negation of the modal clique-colour formula is of the
form:

Cliquelffl (Op, q) A OColourZ (p,7),

where ColourF (p, 7) is a propositional formula, the set of SNF,,,. clauses obtained by applying the
translation function 7. to this formula must contain only one negative modal clause. Hence any
modal decision tree for any refutation of the modal clique-colour formulas contains at most two
vertices. No instance of our two-player game played on such a tree can result in a high Delayer
score and so our game theoretic lower bound technique cannot be used to show that the modal
clique-colour formulas are an exponential modal lower bound for tree-like K, .-Res.

In [[13]] it was shown that a propositional Prover-Delayer game characterises the proof size of
tree-like propositional resolution. That our game cannot be used to prove the hardness of the modal
clique-colour formula illustrates that it does not provide a characterisation of the modal proof size of
tree-like K,,,.-Res. It is unsurprising that our modal game fails to provided such a characterisation
as it counts only the number of distinct modal contexts which need to be considered when refuting

a formula, not the total number of modal resolution steps required.



Chapter 11

Conclusion

11.1 Summary of our contributions

In this thesis we have initiated the study of the proof complexity of modal resolution systems. Our

main contributions are:

e Defining several refinements of the resolution systems K;,-Res and K,,;;-Res, and further

establishing that all of these K-Res resolution systems are p-equivalent to one another.

e Comparing the strength of the K-Res systems with RK,, and K,,-Frege. In particular showing
that RK,, and K,,-Frege both p-simulate the K-Res systems, and that there is a separation

between the tree-like K-Res systems and K,,-Frege.

e Introducing two new lower bound proving techniques for the K-Res systems. The first of
these (feasible interpolation) is a reasonably straightforward adaptation of the analogous
propositional lower bound proving technique. Whereas our game theoretic lower bound
technique differs rather significantly from known game theoretic lower bound proving tech-
niques for propositional resolution. We have further shown that our modal game proves lower
bounds on the number of modal resolution steps needed to refute families of formulas, hence

these lower bounds are truly modal lower bounds.

e Showing that size width, which is arguably the main lower bound proving technique for
propositional resolution, cannot be used to obtain lower bounds for either the K-Res systems
or RK,,.

e Proving a new exponential lower bound for the K-Res systems. This is obtained by applying

our modal feasible interpolation technique to Hrube$’ modal clique-colour formulas.

125



Conclusion 126 Chapter 11

e Proving a new exponential lower bound for the tree-like versions of the K-Res systems. To
obtain this lower bound we defined a new family of modal formulas which we called the
modal pigeonhole principle. We then applied our game theoretic lower bound technique to

these formulas to obtain an exponential lower bound for tree-like K-Res.

11.2 Open questions and further directions

Our comparison of K-Res with RK,, is incomplete as whilst we have shown that RK,, p-simulates
the K-Res systems, we have neither proved that RK,, is p-simulated by the K-Res systems nor
shown a separation between these systems. We conjecture that RK,, is p-simulated by the K-Res
systems and believe this can be shown by reordering the inference steps of RK,, refutations. More
precisely we believe that given any RK,, refutation we can reorder the inferences so that all pivots
with some fixed maximal modal context (i.e. some modal context of maximal modal depth) are
resolved on first, followed by all pivots with some modal context which is maximal with respect to
the remaining modal contexts and so on. Given a refutation in this form the inferences could be
further reordered to correspond to K-Res inferences.

Further whilst we have shown a modal separation between tree-like K-Res and K, -Frege, it
remains open as to whether there exists a modal separation between the full dag-like versions of the
K-Res systems and their tree-like restrictions. Hence the question of whether there exists a modal
separation between the dag-like K-Res systems and K,,-Frege also remains open.

The only known hard formulas for modal proof systems are our modal pigeonhole principle,
and Hrube§’ modal clique-colour formula. Both of these formulas are obtained by taking a hard
propositional formula and then augmenting it with some modal operators. It would be interesting to
establish whether there exists some general technique which can be used to non-trivially convert
hard propositional formulas into hard modal formulas. Indeed, we believe that it is possible to
convert the propositional clique formulas of [4},/13}/14]] into hard modal formulas using the same
ideas as for obtaining our modal pigeonhole principle from the propositional version.

We hope that our contributions are only the beginning of a much more in depth study of the
proof complexity of modal resolution systems, which not only offers a wider perspective on proof
complexity in general but also contributes towards the development of better modal theorem provers.
Whilst in this thesis we have chosen to focus primarily on the proof complexity of the family of
K-Res proof systems, both because of the comparative simplicity of their clausal forms and the fact
that one of these systems has an associated prover, there exist many other modal resolution systems
for K,, (e.g. [3/5,34,61./62]) whose proof complexity should be investigated. Further the K-Res
systems, whose proof complexity has been the main focus of this thesis, have been extended both
to the global satisfiability problem for K,, [64]] and to a number of modal logics beyond K,, (e.g.
preferential logics [[68]], coalition logics [47] and modal logics of confluence [67]). Studying the
proof complexity of such systems would be of particular interest as they are able to deal with more

expressive problems and some even have associated theorem provers [47].
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