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Abstract

Slabs are structural members that are primarily subjected to bending and torsion.
The analysis of slabs is difficult to perform even if linear elastic behaviour can be
assumed. The analysis of slabs arises the difficulty of solving complex governing
differential equation. Often slabs can be partially cracked. Load, creep and
shrinkage all contribute to deformation and cracking in slabs. The combined
effects of these problems complicate the analysis of slabs. Meanwhile, different
models in available guidance have been proposed to represent these problems in
the analysis with different degree of simplifications. They have been derived
originally for beams and one-way spanning slabs. These models in general
approximate the deformation without providing an insight into the short-term and
long-term behaviour of the members under bending, particularly in the case of
slabs. The case is more problematic when openings exist, wherein the existence
of such openings will complicate the already complex analysis of slabs. Their
influence has not been addressed critically under sustained loading. Accordingly,
a more sophisticated method of analysis, considering the effects of these

problems, is required.

This thesis presents a new numerical analysis procedure for the nonlinear
analysis of reinforced concrete slabs. The layered cross-sectional analysis
approach, based on fundamentals of Kirchhoff thin plate theory, is used together
with the finite difference method for modelling of slab behaviour. The layered
approach permits to include the nonlinear variation of material properties through
the depth of the slab, which particularly aims to explore the role of tensile creep.
The effects of cracking, tension stiffening, creep and shrinkage of the concrete
are considered. The uniaxial stress-strain relationships for concrete and steel are
used to model the nonlinear material behaviour, whereas the cracked tensile
concrete is modelled as a linear brittle material. A maximum stress criterion has
been adopted to represent the onset of cracking. A fixed smeared crack concept
is utilized to simulate the crack orientation and propagation. Perfect bond is
assumed between concrete and reinforcement. The reinforcement is smeared into
a layer between concrete layers. The creep and shrinkage effects have been
modelled as additional strains acting gradually on a concrete cross-section, with

considering the effect of internal restraint provided by reinforcements.
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The accuracy and efficiency of the proposed procedure are then demonstrated by
comparisons with the results obtained from experimental tests on full-scale slabs
at the University of Leeds. The short-term behaviour of the slabs was monitored
until failure, while the long-term behaviour was recorded for a period of 90 days.
The proposed procedure showed a reasonable agreement in predicting the load-
deflection behaviour of solid slab. On the other hand, for slab with opening, the
numerical results were found to have good correlation with test results within the
service load range. Based on long-term analysis findings, for slabs with the
opening, the method exhibited good agreement with those obtained from the
experimental time-deflection curves when the tensile creep is equal to the
compressive creep. Conversely, and as unexpectedly, the method presented fit
better results with the experimental time-deflection curves of solid slab when the
creep coefficient in tension is equal to seven times the creep coefficient in

compression.

The verified procedure is used to conduct a parametric study to investigate the
effect of different opening sizes on the behaviour of partially cracked slabs under
sustained loading. The results showed that when the opening size increases, the
instantaneous and long-term deflections increase significantly. On the other hand,
the models offered by the CEB-FIP 2010 and Eurocode 2 (BSI, 2004) were also
analysed critically. Results revealed that the approaches can predict with
reasonable accuracy the load-deflection response and the long-term deflection of
the solid slab, but in general the approaches overestimated the theoretical short-
term and long-term deflections of the slab with opening. Notwithstanding, the
theoretical results based on these approaches showed satisfactory agreement

with the measured load-deflection curves within service load range.
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Chapter 1 Introduction

1.1 Research Background

Slabs are the most commonly used structural members in a building; they support
and transmit the vertical loads to the supporting systems. The design of
reinforced concrete slabs is incomplete until all strength and serviceability criteria
are satisfied. As slabs are thin compared to beams, the serviceability limit state
of deflection is usually critical in the design rather than the ultimate limit states.
In addition, the change in design philosophy and the introduction of high strength
materials lead to smaller sections, having less stiffness that can result in higher
stresses and larger deflections. Moreover, one of the most important
considerations that come into play in the design process of slabs is the existence
of the opening, which will complicate the already complex slab behaviour.
Opening reduces the slab stiffness and, in turn, this usually leads to increase in
initial stress and deflection. As a result of the aforementioned aspects, a sound
understanding of the deflection behaviour of slabs at the service loads is

extremely important.

The deflection of a flexural member increases with increasing external load. The
degree of cracking will also have a significant effect on deflections. Concrete
cracks at relatively low load levels, wherever and whenever the tensile stresses
exceed the concrete tensile strength, causing a nonlinear structural response.
However, only parts of the length of member are usually cracked. The ability of
the active tensile concrete, however, between the cracks to contribute to the
overall post-cracking stiffness of a member is known as tension stiffening. In
addition to the aforementioned reasons, creep, shrinkage (in the case of
asymmetric reinforced cross-section) and tensile stress loss of concrete are the
main factors that effectively increase the deflection of the flexural member under
sustained load. Meanwhile, different expressions in available codes have been
proposed for modelling these problems in deflection calculations with different
degree of simplifications. Most of these expressions are based on empirical and
semi-empirical formulations, and hence they do not have a strong theoretical

basis. Furthermore, the creep effect in flexural members has been modelled on



the basis of creep in tension and compression are the same; in fact, it has recently

been shown that they are not equal.

Deflection of the slabs is almost always the governing design consideration that
should be controlled. In several design codes, including (BS8110-1:1997;
Eurocode2, 2004), there are two basic approaches for deflection control; the
provisions of allowable span-depth ratios, and calculation of deflection.
Furthermore, the (ACI 318-14) code provides two methods for deflection control;
the simplest method is deflection control of members by satisfying the provisions
of minimum thickness, and by the calculation of deflection that is limited to a
specified value. However, the provisions provided in the design codes usually
involve simplified and predefined values of certain relevant design parameters,
as well as they do not consider the most important parameters that play
significant roles on the long-term behaviour of the members. Such provisions may
not be suitable for all design situations. They are not suitable for unusual
structural arrangements, such as irregular patterns of loading or presence of
openings in flat slabs, or when an accurate assessment of deflection is required
(Concrete Society, 2005). Therefore, the designer may choose to calculate the
deflections and then check that these deflections are less than specified
allowable limits. However, the calculation of deflections for slabs is challenging

even if linear elastic behaviour can be assumed (ACI 318-14).

Design codes usually provide methods that are based on the calculation of
effective stiffness or effective curvature of the members between un-cracked and
fully-cracked states in order to calculate instantaneous and long-term deflections,
except ACI 318-14 multiplier approach, for cracked beams and one-way
spanning slabs. A critical review of previous research revealed that the behaviour
of beams is very different from that two-way slabs. The calculation of two-way
slab deflections creates the dual difficulties of solving complex governing
differential equation as well as considering the effects of cracking, creep and
shrinkage. Instead, a number of approximate methods are available to calculate
the deflections of two-way slabs, based on crossing-beam analogy, by
considering separately the slab deformations in each direction. The contributions
of deflection in each direction are then added to obtain the total deflection. While

often methods are suitable for design purposes, they do not adequately provide
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an insight into the realistic flexural behaviour resulting from the variation of
material properties throughout the cross-section. In addition, such methods are
not suitable for possible design situations- of particular importance here is the
existence of opening in the slabs. However, the development of high speed digital

powerful tools has made it possible to solve such problems numerically.

Finite element models have been developed to account for long-term deflections
of reinforced concrete members (ASCE,1982). Nevertheless, it is not
straightforward to obtain realistic estimates of deflections using linear elastic finite
element analysis since cracking increases long-term deflections in addition to
shrinkage and creep (Concrete Society, 2005). Although several available finite
element software packages provide nonlinear cracking analysis, the calculation
procedures for shrinkage and creep are not performed with such analysis.
Furthermore, the finite element analysis does not take into consideration the
effect of tensile stresses, before loading, due to shrinkage constrained by bonded
reinforcement. In addition, it does not consider the inequality between tensile and
compressive creep development under similar sustained stress. Alternatively, the
need for a reliable and appropriate techniques for modelling the various factors
that affect the slab behaviour is essentially required. The most general method
to assess deformations is to perform a nonlinear analysis capable of computing
the instantaneous and long-term deformations, taking into consideration the
effects of applied load, the nonlinear behaviour of steel and concrete, and time-
dependent material deformations due to creep and shrinkage of concrete (CEB-
FIP Model Code 2010).

Over the last 60 years, a great deal of experimental and theoretical works has
been carried out to identify the deflection behaviour of beams and one-way
spanning slabs. The great majority of this work has been related to the short-term
flexural behaviour. In addition, a number of studies have investigated the flexural
strength, cracking and deflection of two-way slabs, but this is not so for long-term
behaviour which is usually of importance in practice rather than the short-term
behaviour, and hence this is the area where a better understanding would be of
value. Relatively few studies have been carried out to provide an understanding
of the long-term behaviour of slabs. However, no attempt has been done to

establish the long-term behaviour of slabs with existence of the opening. In
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reality, experimental investigations alone will not therefore sufficiently distinguish

the influence of each relevant parameter on the long-term behaviour.

Therefore, this thesis presents a new method that can be used to model and
analyse the slabs by using the finite difference method along with the layered
approach. The application of this new method in the present study does involve
the use of existing principles in a way that has not been previously reported. The
method avoids the oversimplification in the existing structural design codes that
can significantly affect the accuracy of the analysis. An experimental program
has been carried out in order to verify the accuracy of the proposed method. The
study presented in this thesis will give a valuable understanding of identifying the
role of tensile to compressive creep ratio on the long-term movements at possible
design situations. Furthermore, it will contribute to offering a clear picture of the
influence of the opening on the slab behaviour in the case where the current
recommended models and provisions do not address the sensitivity of slab

deflections with such problems.

1.2 Research Significance

The structural design codes usually involve simplified approaches to model the
long-term effects that influencing the member behaviour. In addition, codes
provide simplified models for estimating the slab deformations that are suitable
for simple configurations. So far, no specific analysis related to the effect of the
opening in reinforced concrete slabs is known to the author. This calls for further
attempts for modelling the slabs with incorporation of long-term effects, taking
into consideration the existence of the opening. The key focus in this research is
to contribute to knowledge by introducing a proper numerical analysis technique.
The technique is capable of modelling and analysing the slabs with complex
design situations, that is, the existence of the opening. This technique can be
considered as a basis for the next generations of models that deal with cracking

and long-term effects on the slab behaviour.



1.3 Aims and Objectives of the Research Work

The aim of this research is to introduce a new numerical analysis procedure that
can accurately predict the short-term and long-term behaviour of partially cracked
reinforced concrete slabs under potential design conditions. In particular, the
emphasis is to identify the influence of the opening on the slab behaviour under
sustained loading. The research also is aimed to address the influence of tensile
to compressive creep ratio on the long-term behaviour of slabs. The following

objectives are summarized to achieve the general aims of this research:

e Carry out a review on the current state of the literature on the behaviour
of slabs with and without openings. Moreover, to further focus on the main
phenomena that affect the long-term behaviour of reinforced concrete
members, i.e. the effect of time-dependent cracking, tension stiffening,
creep and shrinkage of concrete. Also, to conduct a brief review on finite
difference and finite element methods.

e Design the experimental set-up, i.e. to determine the size of the slab and
reinforcement, sizes and desired location of openings, the experimental
loading frame and the instrumentation.

¢ Introduce a new numerical analysis procedure that is capable of simulating
the slab behaviour together with the incorporation of the main relevant
phenomena that reflects the effect of tension stiffening, time-dependent
cracking, creep and shrinkage of concrete.

e Conduct experimental tests on full-scale reinforced concrete slabs to
demonstrate the applicability of the presented procedure by comparisons
the solutions with the laboratory data.

e Perform a series of numerical experiments by using the verified method to
investigate the effect of various opening sizes on the long-term deflections
of partially cracked reinforced concrete slabs.

e Evaluate the effectiveness of the existing expressions proposed by design
codes (CEB-FIP-MC2010, 2010) and (Eurocode2, 2004) for estimating the
deflections of cracked two-way slabs.

e Introduce a set of recommendations to establish further relevant
researches.



1.4 Layout of Thesis

Chapter 1 — General background of the research program, highlights the

research significance and outlines key aims and objectives.

Chapter 2 — Based on the research area, this chapter presents a brief review of
current literature on the behaviour of reinforced concrete slabs with openings.
Moreover, it gives a brief review of current literature on the parameters that
influencing the member behaviour such as cracking, tension stiffening, creep and
shrinkage of concrete. Moreover, provides various types of concrete cracking

models.

Chapter 3 — Gives detailed description of the experimental program, details of
the specimens, the test set up, mechanical properties, long-term creep and

shrinkage tests of concrete specimens.

Chapter 4 — Presents the details of the numerical modelling of the reinforced
concrete slabs. The methods for modelling of short-term and long-term material
properties are included. The procedure of modelling creep and shrinkage
deformation for reinforced concrete slab is presented. The numerical analysis

procedure carried out as a part of this study is given.

Chapter 5 — The detailed behaviour of each tested slab is presented individually.
The accuracy of the numerical analysis procedure is examined under worst
design scenario by verifying the numerical results with the laboratory data, both
in terms of load-deformation and long-term movements, towards fulfiiment the set
of the objectives. The effectiveness of building code models for prediction of
short-term and long-term deflections are introduced. Parametric study to identify
the influence of openings of varying aspect ratios subjected to sustained load is

also presented.

Chapter 6 —The conclusions drawn from the present study as well as

recommendations for future studies are summarized.



Chapter 2 Literature Review

2.1 Introduction

Reinforced concrete is a composite material that consists of steel and concrete.
Unfortunately, the nature of reinforced concrete alters with time and with loading,
and this will therefore affect the member stiffness and deformation. Over the last
few decades, a considerable deal of interest has been made to investigate the
short-term and long-term behaviour of beams and one-way slabs, and nowadays
there is much ongoing research on the subject but there is a little research

published in literature to provide an understanding on the behaviour of slabs.

However, no attempt has been reported about the long-term behaviour of slabs
with the existence of opening. When the openings in reinforced concrete slabs
are introduced, the large difference exists between the distribution of elastic
theory moments and the distribution of design moments. Hence, to correctly
understand and analyse the complex problem ascertained by the presence of
openings, it is important first to understand the behaviour of slabs with and
without openings, and second to understand thoroughly the response of
reinforced concrete members post-cracking and the concrete properties with time

as well as their effects on the flexural members.

In this chapter, a review on the slab types and the effect of the opening on their
behaviour have been included. Brief review on the theory of elasticity, and the
assumptions of classical thin plate theory have been presented. The response of
reinforced concrete members post-cracking has been discussed. The
development of creep, shrinkage, loss of tension stiffening and their effect on the
flexural members have been presented. The review of different methods for
modelling the concrete cracking in the analysis has been introduced. Finally, a
summary from those studies, which are reviewed in this chapter, is provided to

highlight the existing gaps in knowledge.



2.2 Types of Slabs

A reinforced concrete structure has several members in the form of columns,
beams, slabs, and walls that are connected to form a structural frame. Slabs are
the most widely used structural elements whose thickness is much smaller than
their other dimensions. They are often used as roofs and floors in buildings.
Depending on their dimensions and support conditions, they are classified as
one-way or two-way slabs. Two-way slabs are those in which the load is carried
on both spans, while in one-way slabs the load is mainly carried on the shorter
span. Slabs are generally categorized into flat slabs, flat plates, waffle slabs, and

two-way solid slabs supported by beams as shown in Figure 2-1.
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Figure 2-1. Types of slabs
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The flat plate is an extremely simple structure which supported directly on
columns without beams, while flat slab is supported on columns with existing of
drop panels or column capitals. Although their low stiffness, they are one of the
most popular and efficient floor systems and, however, they are difficult to
analyse. Slabs supported on beams on all sides are generally referred to two-
way slabs supported on beams. When a slab is supported other than on two
opposite sides only, the precise amount and distribution of the load taken by each
support, and consequently the bending and torsional moments, are not easily
computed. Determination of these forces acting on the slabs, with various loading
and boundary conditions, is very important during the design stages. Normally,
the first step in design process is to perform ultimate limit state analysis; then the
serviceability limit state is verified. Slabs are particularly designed to resist
bending and torsional moments and shearing forces. In many cases, however,
the serviceability limit state of deflection is usually critical in the slab design rather
than the ultimate limit states. In order to determine the deformation and internal
forces that are used to design the slab, approximate theoretical analyses are

generally required.

2.3 Theoretical Methods for the Analysis of Slabs

Usually, analysis results of slabs depend primarily on the geometry, boundary
conditions, sectional properties and load pattern. Analysis of slab means the
determination of deflection, stress, bending and torsional moment distribution at
various points of interest. Generally, the exact analysis of a slab, having an
arbitrary support conditions and geometry, due to a general arrangement of
loading is extremely complex. Therefore, there are a number of possible
approaches to the analysis of two-way slab systems, which including the

following:

e Linear elastic analysis for plates (classical solutions, finite difference
method).

e Plastic or limit analysis (yield-line theory).

¢ Finite element method (FEM).

e Equivalent frame method (EFM).



e Simplified methods of analysis (moment coefficient method, direct design
method).

e Modifications to elastic and limit analysis theory.

Most of the analysis and design procedures for slabs are frequently based on
empirical or semi-empirical considerations, particularly, equivalent frame method
and direct design method. These procedures were derived particularly from the
elastic theory in combination with limit analysis and experimental data. When the
realistic representation of the behaviour of slabs at the ultimate limit state is

required, the yield-line theory is more suitable to adopt.

Yield-line is a limit analysis method derived for the slab design. The method
requires the designer to postulate collapse mechanisms, for calculating ultimate
limit load of a given slab system. The most informative contributions to the
collapse analyses of reinforced concrete slabs have been made by British
researchers, in particular the work of Wood at the Building Research Station
(McNeice,1967). Although such method enables the maximum resistance
moment for a given pattern of failure to be determined, they do not consider
whether the yield-line pattern is the critical one. Yield-line theory alone cannot
predict serviceability limit state behaviour, deflections and associated crack
widths may be increased significantly (Concrete Society, 2005). In the
Johansson’s method, the torsional moments on the slab of each yield-line are
assumed to be zero. Despite these disadvantages, yield-line theory is extremely
useful and easy to solve problems. Moreover, the theory may be useful for

designing slabs of unusual shapes or boundary conditions.

Basically, plate theory and yield line theory are commonly used to analyse slabs
spanning in two-way directions. Theory of plate is based on linear elastic
analysis, while yield-line theory denotes the behaviour of the slab is considered
as collapse state. The so-called exact theory of the elastic bending of plates is
derived originally from the work of Lagrange in 1811, who produced the governing
differential equation for bending in plates. Among most contributors in the
derivation of plate theory, Kirchhoff’s classical thin plate theory yields sufficiently
accurate results (Szilard,2004).Solutions of the plate equation for specific

geometries and boundary conditions have been given by (Timoshenko and
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Woinowsky-Krieger,1959).Unfortunately, the analytical solutions of the governing
differential equations are limited to simple design situations while in many realistic
cases such equations are difficult to solve analytically. However, several
numerical methods have been devised to solve such problems; finite element and

finite difference methods are most widely used.

2.3.1 Finite Element Method

The finite element method is a numerical application that can be used to obtain
solutions to various engineering problems. Principal researchers into the
development and application of finite elements have been (Clough,1965) in the
United States and (Zienkiewicz,1965; Zienkiewicz,1967) in the United Kingdom.
The finite element method gives an exact mathematical solution to an
approximate continuum. It applies a physical discretization in which the actual
continuum is replaced by an assembly of discrete elements, referred to as finite
elements, connected together to form two-dimensional or three-dimensional
structure. It is used to replicate the real structure by idealizing a three-
dimensional system in order to simulate the actual behaviour under experimental
conditions. The finite element procedure produces many simultaneous linear or
nonlinear algebraic equations which are generally solved by powerful tools to
determine nodal displacements. Hence, the use of finite element method will
generate a coefficient matrix that is much large with many unknowns and results
in errors. Few plate bending problems had been attempted until 1964 when
British academics began examining the method and applying it to slab problems.
Subsequently, the first application of finite element method to elastic-plastic plate

bending analysis has been made by (McNeice, 1967).

Finite element procedures for the three-dimensional analysis of reinforced
concrete structures have been available for several years. The analysis of
reinforced concrete slabs using this method has been the subject of intensive
investigation since 1970s. The most informative contribution to the bending
analysis of reinforced concrete slabs by the finite element method has been
introduced by (Jofriet and McNeice,1971). Extensive research has been done in
recent years on finite element representations to replicate reinforced concrete
elements. In general, two techniques exist for modelling of reinforced concrete,
namely the discrete modelling and the layered modelling. With respect to former,
11



concrete is modelled by three-dimensional solid elements while the reinforcing

steel is modelled by one-dimensional truss elements as shown in Figure 2-2

Solid element

Truss element

Figure 2-2. Discrete modelling of reinforced concrete slab

A major disadvantage of discrete modelling technique is that the mesh boundary
of the concrete element must overlap the direction and location of the steel
reinforcement. Therefore, the layered modeling comes into play now. In this case,
concrete is divided into a set of parallel layers along the thickness of plate, while
the reinforcing steel is assumed to be smeared into a layer between concrete
layers as shown Figure 2-3. Then, the total stiffness of a layered element consists
of the stiffness of the concrete and the stiffness of the steel reinforcement. With
smeared concept, the reinforcement is often described by the reinforcement ratio
and it has stiffness only in the direction of reinforcement. When the reinforcement
is assumed to be smeared, a full compatibility between concrete and steel is
naturally enforced. Thus, it does not permit the interface behavior such as bond-
slip to be explicitly modelled. The main advantage of this technique is that the
three-dimensional slab is simulated as a set of two-dimensional layers. Moreover,

the variation of stress along the slab thickness can be modeled.

Slab
Thickness

Concrete Layers

Figure 2-3. Layered modelling of reinforced concrete slab
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More recently, a new finite element based on combination of two elements was
developed by (Phuvoravan and Sotelino, 2005) to model reinforced concrete
slab. The concrete was modelled using four-node Kirchhoff shell element, while
the reinforcement bars was modelled using two-node Euler beam element as
illustrated in Figure 2-4. The connectivity between concrete shell element and
reinforcement beam element was achieved by means of rigid link. The stiffness
and resisting forces from the reinforcement were implicitly included in this new

finite element.

-Rigid Link
( g

>, 3

TRigid Link

Figure 2-4. Proposed new finite element by (Phuvoravan and Sotelino, 2005)

It is seen from the foregoing features of finite element method that it is possible
to analyse the members under various load pattern and geometry. Unfortunately,
the nature of reinforced concrete changes with loading and with time. Therefore,
it is not straightforward to obtain a realistic estimate of deformations using linear
elastic finite element analysis since cracking increases the deformations in
addition to material nonlinearity. Finite element method provides an option to
include the changes in the section properties due to cracking and material
nonlinearities using the stiffness modification procedures. In spite of these
advantages, this method is not suitable for design as it is time-consuming, since
a large number of degrees freedom is required. In general, finite element method
is particularly useful in the assessment of deflections or checking structural

performance of slab systems when there are irregular geometries and/or holes
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(Concrete Society, 2005). However, any such analysis that does not include the

effect of cracked section stiffness will considerably underestimate the deflections.

As already stated, the reinforced concrete characteristics change with loading
and with time. Some finite element programs modify the global plate stiffness to
account for cracking, creep and shrinkage effects (Concrete Society, 2005).
Although the available finite element software packages provide nonlinear
cracking analysis, the calculation procedures for shrinkage and creep are not
performed with nonlinear cracking analysis. Furthermore, the finite element
analysis does not take into consideration the restraint stresses due to early
shrinkage restraint by reinforcement. In addition, such analysis method does not

consider the variation of concrete creep through the depth of flexural sections.

2.3.2 Finite Difference Method

The finite difference method is another common approach of oldest numerical
methods for solving partial differential equations. It is the most general and clear,
particularly, in the problems of plate bending analysis. The finite difference
method gives an approximate mathematical solution to the exact continuum. It
operates directly by replacing the set of differential equations into a series of
simultaneous linear algebraic equations at each node. The finite difference
method has been used in solving differential equations for structural analysis of
continuous beams or plates loaded out of plane or in plane. As a computational
method, the finite difference method together with finite element method
originated in the engineering literature in the since 1950s. Using this method, a
complete structural modelling and analysis can be carried out based on linear
elastic theory. Usually, the use of finite difference method generates a coefficient
matrix that is fewer than that generated using the finite element method. Recent
studies have demonstrated the capability of the finite difference method in the
analysis of reinforced concrete structures using physical or geometrical
nonlinearity approach to evaluate the cracking, ultimate load, steel-concrete
bond-slip, deflection and buckling (Lima et al.,2014). The studies indicated that
the comparisons with experimental tests confirm the validity of the method as well
as the finite difference analysis procedure is both accurate and fast running, and
most suitable for design office application, combining the speed of analysis and
the accuracy of finite element analysis (Jones et al., 2009).
14



2.4 Theoretical Background of Thin Plate Theory

The classical theory of plates is an important and special application of the theory
of elasticity, which formulates and solves equations of plate problems from a
rigorous mathematical analysis. Mathematically, exact stress analysis of the
plates loaded normal to their surface requires solution of the differential equations
of three-dimensional (Flugge, 1962). Among most contributors in the derivation
of plate theories, Kirchhoff’s classical theory of thin plates gives sufficiently
accurate results without three-dimensional stress analysis (ignoring transverse
shear stresses). The governing fourth order differential equation for thin plate
deflection analysis has been derived based on Kirchhoff’'s assumptions. The main
assumptions used in the derivation of the differential equation of thin plate are

based on the following:

e The plate is initially flat.

e The material of plate is homogenous, linear elastic and isotropic

e The thickness of plate is small compared to other lateral dimensions, the
smallest lateral dimension of the plate is at least ten times larger than its
thickness.

e The transverse deflections are small compared to the plate thickness
(w < 0.2h).

e The deflection of the plate is produced by displacement of points normal
to its horizontal plane.

e Deformations due to transverse shear are neglected 0,& €, = 0.

e The deformations are, initially normal to the middle surface, remain

straight and normal to the middle plane before and after deformation.

The distribution of moment for Kirchhoff’s thin plate theory can be obtained from

the following expression:

9%m, 0°my, 0°my
axz +2 aX ay+ ayz =_pz(X’Y) (2-1)

In the thin plate theory, the normal stresses can be expressed in terms of

displacement as in the following equations:
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Thus, the resulting moment can be obtained in term of displacements by
integration of equations (2-2)and (2-3) through the plate thickness. Therefore,

the moment-curvature relationship can be obtained from the following equations:

B E h3 d0°w N 0°w _ D 0°w N 0°w
e = 12(1 — v2) \ 9x? v ayz ) axz ¥ dy? (2-4)
d0°w 0°w
my =-D a—yz +v a? (2-5)
—my,=—(1-v)D o'w 26
My = Myy = R e (2-6)

Where D represents the flexural rigidity of plate according to the following

expression:

D= L 2-7

T 12(1 —v?) (2-7)
By substituting the equations  (2-4), (2-5),and (2-6)into equation (2-1), then
the governing fourth order differential equation (2-8 for thin plate can be obtained.

64W+ ) d%w N o*'w _ P(xy)
ox* ' “ox2 gy ' ay* D (2-8)
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2.5 Behaviour of Slabs under Combined Effects of Bending,
Torsion and Shear Stresses

Over the past few decades, understanding the behaviour of members at all
stages of loading has become more important, particularly when they are
designed based on the strength design method. Before understanding the

behaviour of the slab, it is important first to know the behaviour of the beam.

2.5.1 Behaviour of Beams Subjected to Pure Bending Moment

For simplicity, consider a singly reinforced beam subjected to pure bending as
shown in Figure 2-5. At low moment levels, the beam is uncracked, and the
material stress-strain relationships behave as linear elastic, thus, the
deformations can be calculated from elastic theory using the uncracked flexural
rigidity. When the tensile stresses exceed the tensile strength of the concrete,
new cracks start to form in the highly stressed regions, but much of the beam
sections remain uncracked. Simultaneously, the neutral axis position moves
towards the compressive area and the length and width of an already formed
cracks increase with increasing load. At this stage, the moment of inertia of the
sections containing the crack decreases, and this leads to decreasing in flexural

stiffness.

T T T St R, ey
: ] /Neutralaxis :
M T _lar
B ""-......—-"# I
i I_?_l T E
¥ == -~ L D

Figure 2-5. Bond stress and changes in neutral axis position in cracked sections.
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According to this process, the moment-curvature relationship is no longer
proportional to the moment of inertia of the uncracked transformed section as
shown in Figure 2-6. After cracking the bond stress in the tensile zone between
the cracks deteriorates dramatically, specifically at high bending regions. As the
load increases, more cracks form and much of the sections over the beam begin
to enter nonlinear range as a result of the nonlinear behaviour of materials at high
stress levels. Hence, the flexural stiffness of those sections decreases further.
Eventually, when the load approaches the ultimate capacity, the curvature
increases significantly with little change in the moment. Hence, the slope of the

moment-curvature relationship becomes very low.

failure

e

Myie1a
reinforcing bars yield

M — . _ approximate service or

working load range

service

tensile concrete cracks

— Curvature, &

Figure 2-6. Typical moment-curvature diagram for singly reinforced concrete flexural
sections

It is evident that full analysis of the members for determining the complete
behaviour at all levels of loading is lengthy and can be achieved successfully only
with the aid of powerful computational tools. Such a computational tool would be
valuable to evaluate the structural performance at all range of loading, including
the service load. Understanding the complete behaviour of slabs is not
straightforward, particularly after cracking, since most member responses are
drawn from uniaxial tension members. Tension members are subjected to normal
stress while the slab members are subjected to bending, torsion and shear

stresses.
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2.5.2 Behaviour of slabs

Usually, the flooring system has different slab panels that are categorized into
one-way and two-way slabs depending on the way they support the loads. For
two-way slabs, unlike one-way spanning slabs, load sharing is in two directions
and hence main reinforcements must be provided in these directions to resist
bending moments. The actual behaviour of a two-way slab is very complex.
Initially, at low load levels, the entire slab area is uncracked, then the slab
response behaves as linear elastic. When the load on a slab is increased beyond
the cracking load, the zones of highest bending moments will crack first
particularly in the mid-span and adjacent the column; wherever the flexural tensile
stress exceeds the concrete tensile strength. Thereafter, the slab stiffness
decreases, and the load-deformation response becomes nonlinear. After first
cracking, the crack pattern of two-way slab is not similar to one-way slabs.
Increasing the loads further will increase the length, width and the number of the
cracks and the material yielding will take place. At the same time, the already
formed cracks at the top surface around the central column develop radially and
orthogonally. Concurrently, the formation of inclined shear cracks around the
columns occurs when the punching shear stress is exceeded. These cracks start
to form near the column edges, then they develop through the thickness at an
angle of 20°-450 to the bottom of the slab. When the loads reach the slab capacity,
the cracks tend to migrate to the boundaries of the slab, as shown in Figure 2-7,

and the reinforcement passing through the cracks may vyield.

\

(b)
Figure 2-7. Typical crack pattern in flat plate slabs (a) at top (b) at bottom by
(Subramanian,2013)
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When the slab containing opening, the case will be more difficult. Usually, the
presence of such openings in the slab reduces the slab stiffness, and in tun
increases the deflections and stresses. Although slabs usually contain openings,
the behaviour of that type is not completely addressed in literature. Next sections

will give clear picture on how such openings have an effect on the slab behaviour.

2.6 Effect of Openings on the Slab Behaviour

Understanding the behaviour of reinforced concrete members under different
design situations, particularly here is the existence of openings in slabs, is vital
to obtain a comprehensive knowledge to design an adequate structure. Slabs
often contain openings of considerable size for accommodating utility services.
The existence of openings changes the behaviour of the slab to a more complex
one. Openings reduce the slab stiffness and lead to increase in deflection,
particularly near the opening (Concrete Society, 2005). Although numerous
shapes of openings are possible, rectangular and square openings are most
common. The area within the solid slab experiences stresses due to an external
static load; in the case when the slab contains an opening these stresses become
higher, specifically in the remaining slab area, which may lead to more cracking.
In other words, the opening reduces the volume of reinforced concrete sustaining
stresses. Accordingly, the slab is not able to carry load over the region of the
opening and thereby the total load capacity is usually smaller than a slab without
the opening. Openings tend to attract yield-lines formation, since they represent

regions of zero flexural strength in the slab (Park & Gamble, 2000).

In the design of reinforced concrete slabs with openings, the design codes usually
propose instructions that are not supported by the underlying theories or reliable
data. Usually, the existence of openings in the slab makes the analysis difficult
to perform even if the slab is analysed based on linear elastic theory. Therefore,
the usual design practice trend is to neglect the opening and, hence, a large
difference will exist between the distribution of elastic theory moments and the
distribution of design moments. Design codes, including (ACI-318, 2014), clearly
stated that openings of any size shall be permitted in slab systems if shown by
analysis that all serviceability and strength requirements, including the limits on

deflections are satisfied. As an alternative to the previous provision, the ACI 318
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code provides special situations regarding with opening sizes and locations, and
the design of such slabs are generally based on the assumption that the total
amount of reinforcement for the slab without opening on both directions must be
maintained. Hence, a quantity of reinforcement equivalent to that interrupted by
an opening shall be added on the sides of the opening. Otherwise, yield-line
methods of analysis and nonlinear finite element methods may be adopted to

design of such slabs.

There are several methods to analyse the slabs. Of these, experimental testing
is one of the most reliable methods to understand the behaviour accurately
Relatively little research has been published in literature on the behaviour of slabs
with openings, primarily due to the mathematical difficulties. Nevertheless,
several studies regarding the effect of openings on the elastic behaviour of metal

plates were conducted by using numerical methods.

In 1960, (Fluhr et al.,1960) conducted theoretical investigation on plate with the
effects of rectangular and square openings on the bending moments and
deflections with fixed edges. The investigation was divided into three series as
follows: five plates with rectangular openings of different sizes; five plates with
square openings of different sizes; three plates with multiple openings. In the
series with square openings, two of the plates had openings at one corner and
three had openings at the centre. In the series with rectangular openings, the
openings were located at the centre and had varying lengths and constant widths.
In the series with multiple openings, one of the plates had two rectangular
openings located on the X-axis; another had two square openings located on the
X-axis; and the third plate had four square openings located on the diagonal of
the plate. Two types of loading conditions were investigated: a uniform load on
the remaining surface of plate with openings while for solid plates the uniform
load was distributed over the area of the plate except in the area previously
occupied by the opening ; and a uniform load on the remaining surface of the
plate plus a uniformly distributed line load on the perimeter of the opening while
for solid slab the load was distributed over the area of the plate except in the area
previously occupied by the opening and hence the total line load equal to the total
load on the area removed by opening. Therefore, the total load for each plate

loaded uniformly plus line load on perimeter of openings is the same as the total
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uniform load of solid plate. They found that the position of maximum deflections
was at the centre of the plate for all solid plates. However, the maximum
deflections of plates with openings depending on the shape of opening itself. For
plate loaded uniformly with the square openings located in the centre of the plate,
the maximum deflections of plate were smaller than solid plate. The same thing
was true for plates with openings and loaded uniformly plus line load on perimeter
of openings except for the smallest openings which gave a slight increase in
deflection. For the openings located in one corner of the plates, the maximum
value of deflections was larger than solid plate for both kinds of loading. For
rectangular openings series, the maximum deflections for uniformly loaded were
smaller than those of solid plate. While, the maximum deflections were larger
than solid plates for uniformly plus line loading on the perimeter of opening. For
multiple opening series, the maximum deflections were approximately the same
as the solid plate loaded uniformly. While the deflections were larger than solid

slab for uniformly loaded plus line load around the opening.

In 1961, (Prescott et al.,1961) presented the theoretical investigation on plate
with the effects of different size of square openings at the centre of plates to study
the effects of such openings on deflections and bending moments in fixed edge
square plates. Moreover, to study the effects of adding stiffening beams at the
perimeter of the opening. The edges of openings being stiffened with beams
having various degrees and combinations of torsional and flexural stiffness. Two
types of loading conditions were investigated: a uniform over entire area; and
uniformly distributed line load on the perimeter of the opening. They concluded
that for plates with openings, the maximum deflections were at the edges of
openings. For the conditions of uniformly distributed load, maximum deflections
for plate with small opening exceed the plate with the larger opening. For
distributed line load around the opening, the maximum deflection of plate with
large opening size are greater than of plate with smaller square opening when
the flexural stiffness of the stiffened beams around the opening is small, while the
deflection of plate with smaller square opening greater than of plate with larger
square opening when the value of the flexural stiffness becomes large.

In 2015, (Roknuzzaman et al.,2015) conducted theoretical analysis of steel plate
with opening in the centre. In their study, a finite difference method (FDM) is
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proposed to analyse a rectangular steel plate. The plate is considered to be
subjected to a lateral uniformly distributed loading (out of plane) and is
considered to be clamped at the two opposite edges, and free at the other two
edges. Firstly, the plate is analysed considering it to be solid completely and then
it was re-analysed considering a rectangular opening at its centre. The governing
differential equation was solved by the ordinary finite difference method. The
results indicated that the maximum deflection of plate with opening in the centre

are greater than of solid plate specifically in the perimeter of opening.

A numerical study was carried out by (Bhatti et al.,1996) on the effects of
openings of different sizes on deflection and strength of reinforced concrete slabs
under distributed and concentrated load cases. Both simply supported and fixed
end conditions have been studied. Cracking and crushing of concrete, and
plasticity of both concrete and reinforcement have been considered and included
in their nonlinear finite element model using three-dimensional brick elements.
Their numerical outcomes were validated first against the slab tested by
(McNeice,1967). They found that openings do not affect the deflections and
collapse load significantly in the case of simply supported slabs subjected to
uniformly distributed loads. The conclusion was that as the openings are getting
larger, the total applied load on the slab is getting smaller and thereby the overall
behaviour is not affected much by opening. They reported that the openings can
usually be neglected in the design since the deflections, at a given distributed
load, do not vary significantly in the service load range when the opening size
increases. When there were simply supported slabs subjected to concentrated
load, deflection increased and both collapse and cracking load decreased rapidly,
as the size of the opening was increased. The slabs were also analysed again
with distributed load and under fixed end condition. Similar to the simply
supported case, the overall behaviour is not affected significantly by the opening.
The results revealed that under concentrated load a significant loss in slab

strength was noticed as a result of openings in the slab.

(Boon et al., 2009) carried out an experimental work of one-way reinforced
concrete slabs to determine the structural performance with rectangular opening
under four points tests. Five types of RC slab which consist of two panels for each

type were tested. The dimension of the slabs is 1100 x 300 x 75 mm. These slabs
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include one control slab S1 without opening and other four slabs S2, S3, S4, and
S5 with rectangular opening at the centre. A 150 x 300 mm rectangular opening
was located at the centre of slab. Slabs were provided with additional rectangular
and diagonal bars at the edges of openings as shown in Figure 2-8.The
experiments showed that the presence of openings generally reduced the flexural
strength of the slabs 36.6% compared with slabs without openings. Furthermore,
the presence of additional reinforcements around the edge of openings increases
the flexural capacity of the slabs compared with slabs without additional
reinforcements around the openings. Moreover, from the experimental
observations, the cracking pattern found in the slabs show a high concentration

stress occurred at the corner of the opening.
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Figure 2-8. Slabs details

In 2014, (Sheetal & Itti, 2014) performed an modelling of RC slab with and without
opening by ANSYS FEA software. The dimension of the slabs is 2000x3000x120
mm and the uniform distributed load has been applied on the slab area with 12
kN/m?. Four different boundary conditions were considered: slab with fixed
support on all four edges; slab simply supported on two adjacent edges; slab is
simply supported on two edges and fixed supported on other two supports; and
slab with simple support on all four edges. They found that the presence of

opening in the centre of slab with different boundary conditions increases the
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deflections significantly compared with slab without opening. They concluded that
the deflection in the slab fixed on all the edges with opening is 13 % higher than
the slab without opening with same boundary condition, but the deflection in slab
with opening is higher 17.75% higher than the slab without opening with the same
boundary condition which fixed on adjacent two edges and simply support on
adjacent opposite two edges. However, the deflection in slab having fix support
on opposite edges and other opposite edges simply supported is 18.36% higher
than the slab without opening. Finally, the deflection in slab which simply
supported on all four edges is 18.02% higher than the slab without opening with

same boundary condition.

(Park & Gamble, 2000) conducted a theoretical yield-line analysis of uniformly
distributed load on reinforced concrete square slab with a central square opening
as shown in Figure 2-9. The size of opening is defined by the value k and the
slab was fixed around the outside edge. From the results, for simply supported
condition, the opening causes a maximum reduction in the ultimate load of about
11% when k = 0.2 to = 0.3, and when k = 0.5 or greater, there is no significant
reduction in the load carried. For fixed edge slabs, they found that in general the

reduction is less than for simply supported slabs.
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Figure 2-9. Uniformly loaded square slab with central opening
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(Ng et al., 2008) carried out a theoretical yield-line study, a study on_simply-
supported and fixed-end, square slabs with opening at ultimate limit state using
the yield line method as shown in Figure 2-10 and Figure 2-11. A study on the
effect of opening on the load carrying capacity of simply supported and fixed-end
slabs was presented. After their analysis they came to a conclusion that, since
most of the slabs have small opening of size up to 0.3 times the slab dimension,
a simply supported slab would have a reduction in ultimate area load of up to
11% and a reduction of ultimate total load of up to 19% and a fixed-end slab
would experience less significant reduction in both ultimate area load and
ultimate total load capacities of 4% and 7%, respectively. They also presented
charts in normalized load capacity and opening size which could be e used as
guidelines for predicting the load capacity of simply- supported and fixed-end

slabs with openings.
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Figure 2-10. Yield lines and deformations of a simply-supported square slab with an
opening at the centre (Ng et al., 2008)
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Figure 2-11. Yield lines and deformations of a fixed-end square slab with an opening at
the centre (Ng et al., 2008)

2.7 Influence of Openings on Shear Strength of Slabs

The existence of openings changes the behaviour of the slab to a more complex
one. Even though several codes contain detailed provisions for openings in floor
slabs, however, they are derived based on experimental tests. The openings
must be placed in such a way that no potential failure could develop. Among the
available methods that can offer a suitable option to analyse the slabs, the
experimental method represents a reliable way to analyse and understand the

behaviour of slabs thoroughly.

Reinforced concrete slabs that supported directly on columns without beams are
usually common structural systems. The construction of such system started in
the beginning of the 20" century in the Europe and North America. Flat plates
are one of the most popular and economical floor systems and provides many
advantages. In contrast, these slabs generally have low flexural stiffness
compared with the conventional concrete slab-beam system. Such type of slabs
develops high shear stresses near the column or concentrated load. Once these
shear stresses exceed the shear capacity of slab, punching shear failure occurs
with little or no warning as shown in Figure 2-12. These shear stresses become
higher when openings are introduced. Openings in slabs are one of the critical
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factors that influence the punching shear strength of flat plate systems and

govern its thickness in the vicinity of the slab-column zone.
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Figure 2-12. Typical punching shear failure

Extensive researches have been carried out on punching shear strength.
Therefore, several analytical models have been proposed for prediction of
punching shear capacity. Tests for punching shear strength started at the
beginning of the 20" century. Generally, in all slab tests, the slab is considered
as isolated specimen representing the portion of slab around the column
extending to the line of contra-flexure. The first study of shear strength of footings
was reported by (Talbot, 1913). He carried out experimental tests of 114 thick
wall footings and 83 thick column footings tested to failure as shown in Figure
2-13. Of these tests, approximately 20 specimens failed in shear. Based on his
experimental results, the formula for shear strength at the footing was proposed,
and therefore, these results found not adequate for prediction punching shear
capacity of slabs (Genikomsou, 2015), thus, experimental investigation on
concrete flat slabs started to be considered. However, this formula is still widely
used, after developments, in several design codes. In his research, the concept
of the critical shear perimeter was first considered. The test observations
presented by (Talbot, 1913) led to the first concepts and recommendations for
punching shear which was published in 1925 in American Concrete Institute
Code.
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Figure 2-13. Experimental tests carried out by (Talbot, 1913)

In 1915, (Bach & Graf, 1915) tested a large number of slabs which were designed
mainly to examine the flexural strength. Nevertheless, few slabs failed in shear.
In 1933, (Graf, 1933) carried out a series of experimental tests on slabs subjected
to concentrated loads near the supports. He derived a formula for predicting
nominal shear stress. Important early contributions in understanding the
shearing strength of slabs came from (Elstner & Hognested, 1956) , they tested
39 slabs to estimate the influence of the concrete strength, percentage of
flexural tension and compression reinforcement, size of column, conditions of
support and loading, distribution of tension reinforcement, and amount and
position of shear reinforcement on the punching shear strength of the slabs. For
34 slabs, final failure was in shear by the column punching shear through the
slab. The test findings from their estimations show that all these factors have
significant influence on the ultimate shearing strength of slabs, except the
compressive reinforcement that had no effect on the ultimate shearing strength
of the slabs. The test findings confirm the outcomes of the re-evaluation
conducted by (Hognestad, 1953) of (Richart, 1948) footing investigation, to the
effect that the ultimate shearing strength is a function of concrete strength as well
as of several other variables. Furthermore, their studies have shown that a critical

shear stress exists at the periphery of the column.

Pioneering work of Moe (Moe, 1961) first derived an empirical expression to
predict the ultimate shearing strength of slabs under vertical loading. The main
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variables were concrete strength, column dimensions, shear reinforcement and
concrete strength. He found that the ultimate shear strength is a function of the
square root of the concrete compressive strength. Moreover, he suggested that
the critical section perimeter governing shear strength is located at the face of
column. After analysing significant number of tests, he included the influence of
the unbalanced moments in the slab-column connections. His work remains until
now the basis for the ACI code 318. However, (ACI-ASCE Committee 326, 1962)
suggested that critical shear section to be taken at the distance d/2 from the face
of the column, where d denotes the effective depth of the slab. Based on critical
shear section perimeter consideration on ultimate shearing strength of slabs,
(ACI-318, 2014) and (FIP Model Code, 2010) propose the critical shear perimeter
at distance of d/2 from the column face to predict the punching shear strength,
while (Eurocode2, 2004) considers the perimeter of critical shear at distance of
2d from the column face as shown in Figure 2-14, where d is the effective depth
of the slab. Both (Eurocode2, 2004) and (FIP Model Code, 2010) assume the

critical shear perimeter zone with circular edges.
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Figure 2-14. Control shear perimeter proposed by different codes
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Based on the experimental observations on punching shear tests, several
empirical equations have been derived. In 1960, (Kinnunen & Nylander, 1960)
presented a mechanical model based upon observations of 61 tests on circular
slabs supported centrally by circular columns to predict the punching shear failure
of slab-column connection without shear reinforcement and to explain the
punching shear failure mechanism. This valuable study of shear failure of slabs
was offered the first real attempt to establish a theoretical method of analysis.
The main variables were the amount and type of flexural reinforcement and the
diameter of the column. The model was derived based on the formation of shear
cracks and bending moment cracks. This method was a relevant original
contribution and was first reliable theory presented. However, the model was

considered complex.

In 2008, (Muttoni, 2008) presented the most recent theoretical approach well-
known as Critical Shear Crack Theory (CSCT) for estimating the punching shear
strength for members without transverse reinforcement by adopting the approach
that a single shear crack localizes the strains in the critical shear zone. The
(CSCT) assumes that the punching shear resistance decreases as the rotation
of the slab increases. The approach correlates between thickness of slab,
rotation, and critical shear crack opening. This theoretical approach has recently
been adopted in the first draft of the (FIP Model Code, 2010). Then in 2009,
(Fernandez & Muttoni, 2009) proposed a physical model based on CSCT that
allows to reliable estimate the contribution of concrete and shear reinforcement

to the punching shear strength.

Again, the existence of openings in flat slabs decreases punching shear strength
by increasing shear stresses around the opening zone. A review of the literature
reveals that studies of slabs with openings are quite limited and focus on the
effects of openings on the flexural strength of slabs. The earliest study for slabs
with openings near supporting column seems to be reported by (Kinnunen &
Nylander, 1960) (Moe, 1961) (Hognestad et al., 1964; Mowrer & Vanderbilt,
1967;Regan,1974). In the research works done by (Kinnunen & Nylander, 1960),
(Moe, 1961), and (Regan, 1974), they proposed the principle of the reduction of
critical shear perimeter due to the existence of opening near column, its critical

shear perimeter is reduced and an ineffective part is ignored. The reduction of
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critical shear perimeter was first considered in the (ACI ASCE Committee-326,
1962), which was assumed to be at d/2 from the loaded area. More recently, the
current building codes adopts the reduction of the critical perimeter principle with
a similar way. However, the codes (ACI-318, 2014; Eurocode2, 2004; FIP Model
Code, 2010) proposed simplified models for prediction of shear strength by
reducing control shear perimeter depending on the size and location of opening.
According to the (ACI-318, 2014), if the edge of opening is located at a distance
of less than 10 times the slab thickness from a column face, the critical perimeter
is reduced by excluding the ineffective part. The provisions in (Eurocode2, 2004;
FIP Model Code, 2010) recommend that if the opening is located at a distance of
less than 6d or 5d from a column face, the perimeter is reduced and the new

effective perimeter is considered.

A number of publications have been investigated the punching shear behaviour
of slabs with openings again started in the 1990s by recent researchers (EI-
Salakawy et al., 1999) and more recently by (Aikaterini et al., 2017; Borgas et al.,
2013; Ha et al., 2015; Teng et al., 2004,Balomenos et al.,2019). Generally, their
results confirm that the punching shear resistance decreases due to the
existence of openings, and it is generally proportional to the size and location of
opening from the column, as its usually critical shear perimeter is reduced by

opening existence (Ha et al., 2015).

In 2014, (Anil et al., 2014) conducted an experimental study on eight reinforced
concrete slab specimens with openings at different positions and a control
specimen without opening. Two-way square slabs (2000 x 2000 x 120 mm) were
tested by applying an axial load from the top of a square column (200 x 200 mm)
positioned at the centre of the slab. The test specimens studied had different
opening sizes (300 x 300 mm and 500 x 500 mm) and positions: each size of
opening was positioned in parallel and diagonal positions adjacent to the column

and 300 mm from the column. In the test specimens, @ 10 mm tensile and

compressive reinforcements were used and placed in the same ratio in each
direction. They found from the tests that the punching shear resistance decreases
with an increase in opening size and it notably decreases for openings adjacent
to the column compared with openings located away from the column.
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In 2017, (Aikaterini et al., 2017) carried out finite element analysis effect of
openings and their locations on crack propagation and punching shear strength
of slab-column edge connections. These slabs had the same geometry, material
properties, and reinforcement ratio. Moreover, the slabs had the same opening
size (150x250) mm but with different distance from the column face as shown in
Figure 2-15. As they stated, the opening effect is examined at the front of the
column and not beside it since this is found as the worst scenario in both the tests
and numerical results. The crack patterns of slabs SFO, SF1, and SF2 are
presented as shown in Figure 2-16. They presented the crack patterns into three
loading stages 40%, 80%, and up to ultimate load, respectively. Up to 40% of the
ultimate load, the cracking is concentrated around the column with some radial
cracks on the tension side on the diagonal. At the 80% of the ultimate load, the
shear cracks have already developed and extended further, and tangential cracks
have developed and continued to the diagonal of the slab. At this load stage,
more radial cracks become visible. They found that the propagation of cracks in
the slabs with openings next to column propagate starting from the column and
around the opening (SF0). While in the case of slabs SF1 and SF2, respectively,
secondary cracks form and start to propagate from the corners of the openings
and extend away from the columns. They also confirmed that similar observations

have been noticed for the interior slab-column connections.

90mm 180mm

SFO SF1 SF2

Figure 2-15. Schematic drawing of edge slabs with openings
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Figure 2-16. Cracking propagation of slabs SF0, SF1, and SF3: (a) 40% of ultimate load;
(b) 80% of ultimate load; and (c) at ultimate load.

2.8 Response of Members Post-Cracking

In this section the behaviour of member post cracking is presented briefly. The
flexural stiffness of a member EI is the product of two variables: the moment of

inertia I; and the material modulus of elasticity E. In the reinforced concrete
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members, both variables are subject to change whether initially or with time. The
change in the material modulus of concrete depends on the material nonlinearity
of the stress-strain curve beyond the elastic limits, while the change in the
moment of inertia depends on the amount of cracking that has been taken place
in the member. Cracking significantly affects the behaviour of reinforced concrete
structures. Usually, the member is initially uncracked and thereby the response
is governed more by the concrete than the steel reinforcement. When the bending
moment anywhere at a cross section reaches cracking moment, the first crack
starts to form. As the moment at different sections increases above the cracking
moment, more cracks develop at discrete intervals along the member and the
actual response of the member follows the curve AB and then tends toward the
fully-cracked response as depicted in Figure 2-17. Traditionally, it is assumed in
the strength design of reinforced concrete that the tensile capacity of concrete is
neglected. Thus, the contribution of beneficial tensile concrete to the member
stiffness is ignored. The flexural stiffness of reinforced concrete member then
consists of the contribution of concrete in compression and reinforcement
provided in the section. In practice, it is found that the concrete is still able to carry
some tensile stresses between cracks through bond action, even after cracking,
and this adds to the stiffness. The contribution of active tensile concrete is known
as tension stiffening. Tension stiffening plays an important role in nonlinear

analysis of reinforced concrete.
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Figure 2-17. Moment- average relationship for a reinforced concrete member without
shrinkage prior to loading (Gilbert and Ranzi, 2010)
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2.8.1 Tension Stiffening

Often members can be partially cracked. A section of a member is deemed to be
cracked if the allowable tensile stress is exceeded. In such a case, only parts of
the length of member are cracked. The cracked parts in a section are ineffective
in resisting forces; however, the active concrete between cracks continues to
carry tensile stresses due to the transfer of forces from the reinforcement into the
concrete through bond action. This phenomenon is called tension stiffening or
tension stiffens, and it has an effect on member stiffness, deflection, and crack
widths under service load conditions (Bischoff, 2005; Gilbert and Ranzi, 2010;
Gilbert and Warner, 1978; Concrete Society, 2005, Gilbert, 2007). Although
tension stiffening has only a relatively minor effect on the deflection of heavily
reinforced beams, it is found to have very significant effect in lightly reinforced
members, particularly in the case of slabs, where the flexural stiffness of a fully-
cracked section is many times smaller than that of an un-cracked section (Gilbert,
2007). Tension stiffening, on average, contributes more than 50% of the
instantaneous stiffness of a lightly reinforced concrete slab (typically p < 0.003)

after cracking at service load (Gilbert, 2007).

Unfortunately, the assessment of short-term tension stiffening in flexural
members is fraught with problems (Scott & Beeby, 2005). Even though it is
possible to measure the strains in flexural members with reasonable accuracy,
the assessment of the internal forces producing these strains can only be
indirectly achieved. Therefore, tension stiffening is best understood by
considering the axial response of a reinforced concrete tension member
(Bischoff, 2005).

Consider the load-strain response of a singly reinforced concrete member shown
in Figure 2-18. At load less than the cracking load P, , the member is initially un-
cracked and hence the response is governed more by the concrete section than
reinforcement. Consequently, the applied load is then shared between the
concrete and steel in relation to their respective rigidities. Once the concrete
cracks at discrete locations, when the load greater than P.,.,the actual member
response is intermediate between the uncracked and fully cracked limits and it is

affected by the stiffness of reinforcing bar and follows a gradual transition toward
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the bare bar response, as more and more cracks develop in the member.
Cracking is accompanied then by a gradual reduction in the average load carried
by the active concrete as more cracks develop. The amount of tension transferred
to the concrete (between cracks) depends to a large extent on the bond between
the concrete and steel in relation to the crack spacing which develops as the
member cracks (Bischoff, 2001).

Load

Em Ep Strain &

Figure 2-18. Member deformation for axial member (Bischoff, 2005)

At the cracked section, the stress in the concrete drops to zero and all tension is
then carried by the steel reinforcement, while some tensile stresses are, however,
present in the concrete between the cracks as a result of bond action. Therefore,
the tensile strain in the steel midway between the cracks is lower than the steel
strain at the crack location. Once cracking has stabilized, the load carried by the
concrete continues to decrease as internal cracks develop between the primary
cracks (Goto, 1971; Bischoff, 2001), as shown in Figure 2-19. (Goto, 1971) was
able to observe the pattern of internal cracking around a deformed bar by injecting
red ink into a duct running parallel to a bar in tension specimen. The relationship

between the load and the average strain for member after cracking is given by:

P = (EA).&en (2-9)

The term (EA), can be referred to as the effective stiffness of the member.
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Figure 2-19. Cracks formation at the interface between concrete and reinforcement (Goto,
1971)

2.8.2 Tension Stiffening Approaches

Modelling of tension stiffening phenomenon is important in studying the load-
deformation characteristics of reinforced concrete members in the post-cracking
range. Numerous empirical approaches have been proposed in a number of
different ways to reflect the effective stiffness (EA), in a cracked reinforced
concrete member. Three basic approaches are available and have been included
in (ACl 224.2R-92). The first approach is based on effective modulus (E},) of
embedded reinforcement and the actual area of reinforcement. This method
ignores the concrete tensile stress but increases the apparent reinforcement
stiffness to account for the concrete stress between cracks. It has been used in
finite element analysis to compute the response of reinforced concrete slabs
(Gilbert and Warner, 1978). The second approach is to write the effective
stiffness (EA), in terms of the modulus of elasticity of the concrete and an
effective (reduced) area of concrete. This approach is analogous to the effective
moment of inertia concept developed by (Branson,1965). A third approach that
has been employed in finite element analysis of concrete structures involves a
progressive reduction of the effective modulus of elasticity of concrete with

increasing cracking. This approach is equivalent with the approach that accounts
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for the tensile contribution of the concrete between cracks based on an average

stress—strain response with a descending branch after cracking, as depicted in

Figure 2-20.
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Figure 2-20 Average tensile stress-strain response of cracked reinforced concrete

The idea of effective modulus of elasticity of concrete has been used by (Scanlon
& Murray, 1982) for calculating deflections of slabs with the aid of finite element
program, where the modulus of elasticity of concrete in both directions is modified
based on Branson’s effective moment of inertia equation to reflect the reduction
in stiffness due to cracking. The only reason to employ this procedure is to modify
the cross-sectional flexural stiffness using a linear elastic orthotropic finite
element plate bending program. The analysis is then repeated using the reduced
modulus of elasticity. A comparison between computed and measured
deflections shown good agreement at each load level. Similar to the Scanlon and
Murray proposed method, (Jofriet and McNeice, 1971) presented a nonlinear
finite element analysis of reinforced concrete slab based on modified stiffness.
The nonlinear behaviour due to progressive cracking of the slab has been
considered in the analysis to include the effect of tension stiffening. In their
analysis, a bilinear moment-curvature relationship based on an empirically
determined effective moment of inertia of the cracked slab section was used to

reflect the reduction in flexural stiffness in each direction.
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Further to the aforementioned methods, the tensile contribution of concrete can
be represented by tension stiffening factor 3 (or bond factor) that accounts for the
variation of stress within the concrete between cracks, representing the average
tensile stress f, carried by the cracked concrete with respect to the cracking
strength f,.. This then gives B= f./f., as shown in Figure 2-21. The factor 3
varies between one (just before cracking) and zero for the special case of no
bond exists after cracking. Several different proposals have been made for
tension stiffening factor 3. (Rao,1966; Rostasy et al.,1976) proposed using an
expression of B=f,./f; , which varies inversely with the stress in the
reinforcement. Earlier research indicates that B decreases exponentially as the
member strain g, increases (Fields and Bischoff, 2004). The following
expression for 3 is proposed by (Bischoff and Paixao, 2004), where ¢, is the

concrete strain at cracking.

B = exp[—800 (&n — &cr)] (2-10)

Test results showed that the predicted response using the expression 8 provides
a reasonable comparison with the measured response of members reinforced
with either GFRP or steel bars with different ratios (Bischoff and Paixao, 2004).
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Figure 2-21. Measured tension stiffening bond factor g response curve (Bischoff and
Paixao, 2004)
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A more realistic method for reflecting the tension stiffening effect is to use a
suitable bond-slip relationship at the concrete-steel interface. The action of bond
produces tensile stress in the concrete around the bar. (Balazs, 1993) used the
ascending branch of the bond-slip relationship from CEB-FIP Code to describe
the bond zone and obtain the steel stress distribution between the cracks.
However, the formula that he gives to calculate crack spacing or crack width is
not computationally friendly (Wu, 2010). The tension chord model developed by
(Marti et al., 1998) assumes that the bond stress is constant and hence the steel
stress distribution along the tension element is linear. The model assumes that
the concrete stresses are zero at the crack, and away from the cracks tensile
force is transferred from the reinforcement to the surrounding concrete by bond.
Although these models provide a realistic description of the tension stiffening
effect, modelling of cracking and the steel-concrete interaction, however, gives
rise to numerical difficulties and computational instability of the system and hence

convergence problems.

In the practical design situations of flexural members, tension stiffening effect is
often taken into account with the effective moment of inertia for flexural members.
After cracking, I, and I, are often combined empirically to approximate the
average properties of the partially cracked members, I, and hence to reflect the
tension stiffening effect. Several empirical relationships are available to calculate
the effective moment of inertia I,. (Branson, 1965) proposed a well-known
empirical relationship to express a gradual transition from gross moment of inertia
to a fully cracked moment of inertia that is to be used for deflection calculations.
In many cases, I, is replaced by I, , when the member is heavily reinforced.
The intent of this equation is to account for the effects of cracking and
reinforcement on member stiffness under increasing load. The effective moment
of inertia with this method is highly dependent on the as the ratio of I,/I., as well
as on the level of the service moment relative to the cracking moment. This
equation developed originally for beams, however, it only works well for flexure
members with an I,/I., ratio less than approximately 3, and this corresponds to
beams and slabs with a steel reinforcing ratio greater than 1% (Bischoff and
Scanlon, 2007). The equation has been adopted by several building codes

including ACI 318-14 and is given by the following expression:
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ler < Iy (2-11)

Where I, is the moment of inertia of the fully-cracked transformed section about
an axis through centroid, I, is the moment of inertia of the gross section about an
axis through centroid, M, is the cracking moment of the section, and M, is the

maximum moment under service load.

(Bischoff, 2005) demonstrates that Branson’s equation grossly overestimates the
average stiffness of reinforced concrete member with small quantities of steel
reinforcement ratios less than 1% and thereby gives a member deflection less
than predicted. Therefore, (Bischoff, 2005) proposed an alternative expression
for calculating effective moment of inertia I, as given in Equation (2-12). It gives
a rational approach that incorporates a tension stiffening model adopted in

Eurocode 2 approach. The expression is independent of I,/I.,, and works equally

well for either steel or FRP reinforced concrete.

g (2-12)

Where I, the gross moment of inertia is, I, the fully-cracked moment of inertia.

On the other hand, (BS8110 part 2, 1985) includes for some concrete stress in
tension below the neutral axis position to incorporate a tension stiffening
phenomenon, while (Eurocode2, 2004) and (FIP Model Code, 2010) give an
expression between the un-cracked and fully-cracked condition. It interpolates
the curvature between the un-cracked and the fully-cracked stages to estimate
the intermediate curvature. For members subjected mainly to flexure, the

curvature of a section after cracking is calculated using the following expression:

k=(1- E) Kun + & Kker (2'13)

Where ¢ is a distribution coefficient (allowing for tension stiffening) that accounts

for the moment level and the degree of cracks; and k is the deformation
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parameter considered which may be, for example, a strain, a curvature, or a

rotation. (As a simplification, k may also be taken as a deflection).

MCI’
§=1-B(3)° (2-14)
Ig
Mer = f; }Tt (2-15)

Where p is coefficient to account the effects of duration of loading or repeated
loading, B =1 for short-term, g = 0.5 for sustained loads (allowing for loss of
tension stiffening) or many cycles of repeated loading; f,, modulus of rupture; M,

is the cracking moment; M, is the maximum moment under service load.

2.8.3 Factors Influencing Tension Stiffening

There are several factors that affect the tension stiffening estimation. Changes in
the steel reinforcement ratio or distribution could affect this value if there is a
corresponding change to the area of concrete affected by the reinforcement
(Bischoff, 2001). Other factors, such as concrete cover (Collins & Mitchell, 1991)
and the presence of transverse reinforcement (Rizkalla et al., 1983), can also
have an influence on crack spacing, which may affect tension stiffening (Bischoff,
2001). Early experimental work by (Clark & Cranstown, 1979) showed that the
decrease of tension stiffening under short-term loading is not only a function of
strain but also bar spacing in reinforced concrete slabs. They suggested that the
decay of tension stiffening was greater when the bars were widely spaced in
slabs. This is more significant when the bar spacing exceeds a critical value of
1.5 times the slab depth. Furthermore, the experimental study by
(Sooriyaarachchi et al., 2005) showed that there was no significant influence on
tension stiffening when the bar diameter was varied provided the reinforcement

ratio remained unchanged.

On the other hand, (Chong, 2004) concluded that the contact surface area
between the tensile steel and the concrete in a reinforced concrete member is an
important factor affecting the overall bond characteristic in the tension zone of
the member. Thus, larger concrete-steel contact surface area can improve the

bond characteristic of a member. Based on the experiments conducted by
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(Abrishami & Mitchell, 1996) they concluded that the use of high-strength
concrete can increase tension stiffening, mainly in the linear elastic stage and at
the crack formation stage. However, they found that this influence decreases
gradually during the crack stabilisation stage. They also indicated that crack
spacing in high strength concrete specimens is larger than in normal strength
concrete specimens. A similar conclusion was reported by (Ouyang et al., 1997)
who found that the tension stiffening effect declines faster in high-strength
concrete members than in the normal-strength members as the average strain
increases. They suggested that this may be attributed to the more brittle cracking

process in high-strength concrete.

Another factor that could affect the tension stiffening is initial shrinkage prior to
loading. Several tests have been carried out to examine the instantaneous
response of reinforced concrete members after cracking. Most of these tests
have not considered the influence of initial concrete shrinkage prior to loading.
Test results show that estimates of tension stiffening, which represent the
contribution from concrete to member stiffness, are influenced by shrinkage and
will lead to an underestimation of this value if the initial member shortening
caused by shrinkage is not included in the member response calculations
(Bischoff, 2001). Therefore, shrinkage must be included in analysis of the
member response to evaluate tension stiffening effect correctly (Fields and
Bischoff, 2004).

From test observations conducted by (Bischoff, 2001) to investigate the effect of
shrinkage on tension stiffening for tension members, he concluded that the
apparent bond factor g.,,, decreases considerably as the shrinkage increases for
the same reinforcement ratio as shown in Figure 2-22. Furthermore, he exhibited
that for the same amount of shrinkage the apparent loss of tension stiffening
becomes worse as the reinforcing percentage increases as shown in Figure 2-23.
He also stated that the shrinkage effects are certainly significant for reinforcing
percentages greater than at least 1%. Moreover, he concluded that shrinkage
does not have much effect on measured crack widths, assuming that crack widths
are directly related to both the crack spacing and the difference in strain between

the steel and concrete.

44



1.2

% L ]
EL -
5 .
& 0.8- 20M Bonded
g | Specimens (p = 1.9%)
Q
o
e 0.4
9 —
] i En =
§ £, =-153 pE

0 | | Egp = -230| LE l
0 1000 2000 3000

Experimental Strain, ¢, (1€)

Figure 2-22. Effect of shrinkage on tension stiffening results for 20M bonded specimens
(p = 1.9%) (Bischoff, 2001)

1.2

o €, = =230 pe
ﬂ- -
S
© 0.8+
L
o
2 _
@ true B (e, = 0)
e | rue B (e, =

o 0.4 for p=0%

@

L i
< 1.9%

p=13%
D T | T I T |
0 1000 2000 3000

Experimental Strain, €,,, (p€)

Figure 2-23. Effect of reinforcement ratio on tension stiffening results for £, = —230 pe
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It has to be noted that the previous proposed empirical expressions for estimating
tension stiffening have not addressed the influence of the shrinkage that occurred

prior to loading. Generally, analysis of results from past work has assumed in
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most cases that the response of a reinforced concrete tension member begins at

zero deformation before the load is applied.

In the reinforced concrete flexural members, the average moment-curvature
relationship is significantly affected if shrinkage occurs prior to loading as shown
in Figure 2-24. As can be seen, the initial curvature of the fully cracked section is
significantly larger than that of the uncracked section. For unsymmetrical
reinforced concrete member, curvature and restraint stresses develop due to
drying shrinkage even if the external load is still zero. Thus, the moment required
to cause first cracking M.,sno Will be less than cracking moment M_, as a result

of restraint tensile stresses.
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Figure 2-24. Moment versus curvature with shrinkage prior loading (Gilbert,2011)

Because the cracking moment is reduced, it is likely that early shrinkage prior to
loading affects the magnitude of tension stiffening (Gilbert, 2011) but this is yet
to be confirmed. As stated previously, (Bischoff, 2001) has only confirmed that
the amount of tension stiffening will be underestimated if the early shrinkage is
not included in the member response calculations. However, this effect does not
account in the procedures of available finite element analysis FEA software

packages.
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Since early shrinkage of concrete is generally restrained, it would seem
appropriate to account for restraint stresses when predicting member response.
The restraint is provided by a combination of embedded reinforcement,
attachment to structural supports, and lower shrinkage rates of previously placed
adjacent panels when slab panels are placed at different times. Several methods
have been proposed to account for restraint stress effect. A more general
approach was proposed by (Scanlon and Murray, 1982) to include the effect of
restraint cracking by introducing a restraint stress which effectively reduces the

modulus of rupture. Instead of using this procedure, a value of 0.33 ,/f’ . ,or about

half of the code-specified value, was proposed for the reduced effective modulus
of rupture. This approach was investigated by (Tam and Scanlon, 1986) and has
found to give good correlation between calculated and measured field
deflections. In 1987, (Ghali, 1987) has also used the idea of reduced modulus of
rupture and exhibits the calculation of restraint stress due to embedded

reinforcement with presence of uniform shrinkage strain profile.

2.9 Bond-Slip Behaviour

The behaviour of reinforced concrete members is strongly influenced by bond
between the reinforcement and surrounding concrete, which in turn strongly
affects the cracking performance. The magnitude and distribution of the bond
stress determines the distribution of tensile stress in the concrete and steel
between the cracks. At crack locations, slip reaches its peak and bond stress
drops to zero. The bond-slip relationship between the steel and the concrete
greatly affects the transfer of tension to the concrete and the contribution of the
tensile concrete to the member’s stiffness. Therefore, the bond-slip relationship
plays an important role in the determination of service load behaviour including
the deflection, widths and spacing of cracks both in the short-term and in the long-
term. The bond between the steel and concrete ensures strain compatibility and
thus the composite action of concrete and steel. Proper bond also ensures that
there is no slip between the steel bars relative to the surrounding concrete under

service load.

The correct prediction of cracking depends on a realistic modelling of the steel-
concrete bond action. In fact, there is a degree of confusion regarding the
47



significance of the modelling of bond between concrete and reinforcing steel. The
influence of bond is not important if the primary interest is to obtain a monotonic
load-deflection response of a reinforced concrete member (Darwin, 1993).
Stevens et al. (1991) concluded that the global load-deflection behaviour of a
reinforced concrete member was not sensitive to bond-slip except for cases
where bond failure was critical. However, if crack widths and crack spacings are
of primary interest, the modelling of bond-slip is crucial. The importance of the
bond-slip interface elements will be seen subsequently when it comes to
determining the crack opening of the specimens. (Chong, 2004) stated that the
crack pattern computed without using the bond-slip interface elements is
unobjective. He also concluded that although localized cracking was computed,
the spacing of the cracks is evidently incorrect compared to the experimental

crack pattern.

The bond-slip behaviour presented above is related to short-term loading.
Overtime, however, creep causes a gradual increase in slip and this phenomenon
is known as bond creep. The consequences of bond creep are the reduction of

slope of the bond-slip relationship as shown in Figure 2-25.
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Figure 2-25. Influence of creep on bond-slip relationship
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(Chong, 2004) found that the calculated long-term midspan defection for beam
with a perfect steel-concrete bond assumption, is similar from those calculated

using bond-slip interface elements as depicted in Figure 2-26.
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Figure 2-26. Comparison of FEM and experimental time-dependent midspan deflections

2.10 Nonlinear Modelling of Reinforced Concrete Behaviour

Cracking of concrete is considered the most important contribution to nonlinear
behaviour in reinforced concrete structures. Nonlinear analysis of reinforced
concrete structures has become important increasingly over the last few
decades. Correct modelling of the post-cracking response of concrete in tension
is needed to obtain realistic predictions of structural performance. Despite
significant progress having been made in the development of computational
methods, the accurate prediction of overall deformational of reinforced concrete
slabs and their ultimate loads remains a difficult task since the mechanical
behaviour of such members is very complicated and is extremely difficult, if not

impossible, to model precisely (Jiang and Mirza, 1997).

As a criterion for cracking, two theories are known: the maximum stress theory
and maximum strain theory. With regard to the former the cracking in concrete

occurs whenever the maximum principal stress exceeds the tensile strength of
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concrete. The first theory, however, is more popular than the second. (Phillips,
1973) found that the second theory, i.e. maximum strain theory, predicts stiffer
behaviour than the first theory. So far, two basic approaches are available in the
literature for the modelling of tensile cracking in concrete structures, namely the
smeared crack approach and discrete crack approach. The selection of a
cracking model depends on the purpose of the analysis. If overall load-deflection
behaviour is of primary interest, the smeared crack model is probably the best
choice. If detailed local behaviour is of interest, the adoption of the discrete crack

model might be necessary.

In this section the smeared and discrete crack approaches are presented. In

addition, the layered approach for sectional analysis has been also presented.

2.10.1 Smeared Crack Approach

This approach was proposed by (Rashid, 1968) and then it has been adopted
and evaluated by DIANA Finite Element Software by considering three
parameters: the softening behaviour, the tension failure criterion, and the shear
retention. The smeared crack approach is a concept that developed for simulating
crack propagation and fracture in concrete. This approach comes directly from
computational continuum mechanics. This means that the criteria for crack
propagation and, eventually, the prediction of the direction of propagation came
directly from this theory, which is, mostly, based on failure criteria expressed in
terms of stresses or strains (Cervera & Chiumenti, 2006). Because a smeared
crack model is used, the reduced stiffness affects the entire clement, which

causes a significant drop in the overall stiffness of the model (Bhatti et al.,1996).

In the smeared crack approach, one of the most important advantages that is do
not account for discontinuities of the mesh topology. With such an approach, the
geometric of local discontinuities due to cracking is treated as continuous by
spreading the local discontinuity from the cracks over the entire element width as
shown in Figure 2-27. Hence, the cracked material is assumed to remain a
continuum and the mechanical properties (stiffness and strength) are modified to
reflect the effect of cracking, therefore, remeshing is unnecessary as shown in
Figure 2-28.
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Figure 2-28. Smeared approaches to crack propagation without remeshing

Within the fracture zone, the stress decreases gradually while the strain
increases as shown in Figure 2-29. This behaviour is known as tensile strain-
softening. Consequently, cracking strain localization is accompanied by
unloading of the material outside the fracture zone, thus, the cracks outside the
fracture zone are closed or even recovered. In the smeared crack approach, the
propagation of cracks can be described as rotating or fixed. In fixed crack, the
crack formation normal to the major principal stress and has a fixed orientation
along the entire element. In rotating crack model, the crack propagation rotates

with the principal stress during the entire element.

51



Eco ECI’

“n+ nn f'[r +

il

Figure 2-29: Tensile stress of a fracture zone vs. concrete strain (Rots et al., 1985)

2.10.2 Discrete Crack Approach

In the earliest applications of the finite element method to concrete structures
1960s, cracks were modelled by so-called discrete crack model, by separation of
nodal points in fracture zone (Clough, 1962;Ngo & Scordelis, 1967;Nilson, 1968;
Blaauwendraad & Grootenboer, 1981;Hillerborg, 1985). The node is assumed to
split into two nodes, i.e. when the tensile strength criterion is violated at this node,
and the tip of the crack is assumed to propagate to the next node as sketched in
Figure 2-30. The discrete crack approach in its original form several
disadvantages, for instance, cracks are forced to propagate along element

boundaries, so that a mesh bias is introduced.

=5

Figure 2-30. Discrete crack modelling

With such an approach, the cracks are modelled as a changing in geometrical
discontinuity in a structure. Thus, the response is mesh dependent strongly and
re-meshing procedure is necessary. Furthermore, when a crack propagates, the
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mesh geometry is changed, and the updating process are time consuming. In this
approach, the local fracture zone due to cracking is treated by modelling the local
discontinuity from the cracks with stress-crack opening relation as shown in
Figure 2-31.

discrete

Figure 2-31. Tensile stress vs. crack opening displacement diagram (Rots et al., 1985)

This approach is the localized cracking approach, in which concrete fracture
models are used in conjunction with bond-slip interface elements to model stress
transfer between concrete and steel, which actually takes into account the
relative displacement of the reinforcing steel and the adjacent concrete. Fracture
behaviour of plain concrete at a discrete crack is characterized by strain softening
and has little influence on the tension stiffening response (Bischoff and Paixao,
2004). The discrete crack model was later replaced by the smeared crack
approach which is more attractive in a variety of computational aspects
(Chong,2004).

2.10.3 Layered Approach

Layered approach provides a suitable way to deal with complex issues such as
cracking of concrete and tension stiffening as well as creep and shrinkage. The
approach uses the material stress-strain relationships used for modelling the

behaviour of materials.

The forming of cracks is generally considered to be the most important factor

governing the nonlinear behaviour of reinforced concrete flexural members (Rots
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et al., 1985; Szilard, 2004). Therefore, several efforts have been made to
simulate the tensile cracks. Some of these efforts have been discussed earlier.
Theoretically, to trace the cracking propagation and changes in the properties of
cracked zones, it is convenient to subdivide the concrete into layers. For bending
analysis of reinforced concrete slabs, probably the use of layered finite element

analysis appears to be the most convenient.

This approach has been widely used for the finite element analysis of reinforced
concrete structure (Hand, 1972; Hand,1973; Lin and Scordelis,1975; Scanlon,
1971). It has been demonstrated to be effective, particularly, ultimate behaviour

in bending and shear (Guan and Loo, 1997).

2.11 Time-Dependent Behaviour of Plain Concrete

The first step in design is usually to perform ultimate limit state (ULS) analysis;
the serviceability limit state (SLS) is then verified. In many cases, however,
serviceability (i.e. deflection) is critical and it is this limit state, particularly in the
case of reinforced concrete (RC) flat slabs and flat plates which are typically thin
in relation to their spans. As the properties of concrete develop with age, the

serviceability of a member is affected — it will behave time dependently.

Under a sustained stress, the concrete specimen exhibits an immediate
deformation at the time of loading; then a long-term deformation, which gradually
increases with time at a rate dependent on the applied stress and the
environmental conditions. The total strain of a plain concrete that loaded uni-
axially at time t, with a constant stress may be expressed as total strain produced
by instantaneous, creep, shrinkage, and thermal strains (CEB-FIP-MC2010,
2010). Creep strain is induced by sustained stress, while free shrinkage strain is
stress independent. Creep and shrinkage are inherent properties of concrete.
Furthermore, they are dependent phenomena. Figure 2-32 illustrates the total
concrete strain components with time under sustained stress and constant

temperature.
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Figure 2-32. Concrete strain components under sustained stress (Gilbert & Ranzi, 2010)

Among the time-dependent properties of concrete that are of interest to the
structural engineer are creep and shrinkage. In a flexural member, there are three
basic phenomena that lead to an increase in deflection with time over
instantaneous deflection. These are development of shrinkage, creep, and loss

of tension stiffening with time.

2111 Creep of Concrete

If concrete specimen is subjected to a sustained stress, it continues to deform
further with time. This phenomenon was discovered by (Hatt, 1907). It is now
commonly known as creep. Creep is caused by several different and complex
mechanisms that are not yet fully understood. In 1983, (Neville, Dilger, & Brooks,
1983) identified the mechanisms of creep are caused by : sliding the cement gel
between layers of absorbed water (viscous flow);decomposition of the interlayer
water within the cement gel, elastic deformation of the aggregate and the gel
crystals (delayed elasticity); local fracture within the gel involving the breakdown
of bonds (micro-cracking); mechanical deformation theory; and plastic flow.
Perhaps 75% of the total creep will occur during the first year (McCromac and
Brown,2015). About 50 per cent of the final creep develops in the first 2—3 months

and about 90 per cent after 2—3 years (Gilbert and Ranzi, 2010). After several
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years under load, the rate of change of creep with time is very small. Several
factors that influence the magnitude and rate of creep development such as effect
of concrete mix proportions, size and shape of member, relative humidity and
temperature, applied stress level, curing condition, the age at loading (ACI-
209.1R, 2005). The amount of creep is largely dependent on the amount of
stress. It is almost directly proportional to stress as long as the sustained stress

is not greater than about one-half of f’_. Beyond this level, creep will increase

rapidly. High strength concretes have less creep than do lower strength concretes
(McCromac and Brown,2015). Large creep members, i.e. those with large volume
to surface ratios, will creep proportionally less than smaller thin members where

the free water has smaller distances to travel (McCromac and Brown,2015).

Early work by (Hansen and Mattock, 1966) showed that the size and shape of
concrete member affect, at all ages, both creep and shrinkage stored under
drying conditions. Hence, both the rate and final values of creep and shrinkage
decrease as the member becomes larger. They indicated that the creep
approaches the value of basic creep corresponding to a sealed specimen when
the member is very large since the moisture path would be expected to be low.
They were used the volume /surface ratio to correlate shrinkage with change in
size and shape, and hence this ratio could then reasonably be used to correlate
the drying creep with change in size and shape. Since basic creep is unaffected
by size and shape of member, the volume / surface ratio could also be used to
study the total creep occurring under drying conditions (Hansen and Mattock,
1966). In1994, (Bazant and Xi, 1994) demonstrated that the drying creep larger
than the sum of the separately observed basic creep and shrinkage. As the size
and the shape of the member influence the rate of shrinkage and creep, the size
effect has been considered by using correction coefficients proposed by several

guidance and codes.

Creep occurs under both compressive and tensile stresses (Neville et al., 1983).
However, previous research on creep has mostly been focused on concrete in
compression. Despite research having been undertaken on tensile creep, the
mechanisms are still uncertain and measuring the magnitude and rate of
development of tensile creep is complicated by the inevitable difficulties

encountered in isolating the small tensile creep strain from the concurrent
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shrinkage strain, which may be many times larger (R.l. Gilbert, 1988).
Nevertheless, the creep of concrete in tension is different than creep in
compression. Tensile creep also plays a significant role in the analysis of RC
members. Little attention has been devoted to the study of tensile creep (ACI-
209.2R, 2008) . It is accepted that the analytical models for creep prediction in
compression also extend to concrete in tensile(CEB-FIP-MC2010, 2010).

Some experimental observations indicate similar behaviour between tensile
creep and compressive creep while other observations suggest that tensile creep
is higher than compressive creep at similar stress levels. In 2014, (Forth, 2014)
conducted experimental test on series of experimental specimens to investigate
the tensile creep behaviour of concrete. On the basis of equal stresses, tensile
creep is on average between 2 and 3 times greater than compressive creep, the
maximum ratio is in excess of 8. The use of the compressive creep to the tensile
creep ratio in calculation of long-term deflections of beam has been applied
successfully by (Z. P. Bazant & Oh, 1984; Branson, 1977; Chu & Carreira, 1986).
They have multiplied the measured compression creep coefficients by factors to
predict equivalent coefficient describing tensile creep. They have found that the
deflection of beams gives fit better results with time when the tensile creep
coefficient ranged of 1 to 3 compressive creep. While tensile creep can cause a
negative effect on the behaviour of a concrete structure it can also act positively,
it can relieve induced stresses caused by the restraint of imposed strains (e.g.

shrinkage, early thermal movement).

211.2 Shrinkage of Concrete

Shrinkage of concrete is the unrestrained unloaded volume decreases
associated with chemical changes and loss of moisture from the concrete.
Shrinkage strain is stress independent. Shrinkage can be divided into plastic
shrinkage, thermal shrinkage, autogenous shrinkage, and drying shrinkage.
Plastic shrinkage occurs in the first few hours, whereas drying, and thermal
shrinkage all occur in after setting in the hardened concrete. Autogenous
shrinkage, some called it hydration shrinkage. The drying shrinkage is the
reduction in volume principally caused by the loss of moisture to the environment
during the drying. Drying shrinkage increases with time at a gradually decreasing

rate and continuous in the months and years after casting (R.I. Gilbert & Ranzi,
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2010). The drying shrinkage also depend on several factors such effect of mix
proportions, the relative humidity and temperature, curing condition, the size and
the shape of the member (ACI-209.1R, 2005). If the drying conditions are the
same the top and bottom surfaces, the total strain is uniform over the depth. But,
if drying is different from the top and bottom surfaces, the total strain distribution
is no longer uniform over the depth of the section. Thus, a curvature develops
on the unreinforced section (R.l. Gilbert & Ranzi, 2010). All concrete members
are subject to volume change in varying degrees. Uniform volume change will not
produce internal stresses and cracking if the concrete is relatively free to change
in all directions. This case is rarely for massive concrete members since size
alone usually causes non-uniform change and there is often sufficient restraint
either internally or externally to produce stresses and then cracking (ACI-207.2R,
2002).

2.12 Prediction of Creep and Free Shrinkage for Plain Concrete

Accuracy of predictions of creep and shrinkage deformations leads to the
accuracy of structural behaviour modelling and predictions. Very extensive
attempts have been carried out in the past for estimating the long-term creep and
shrinkage of concrete. Several authors suggested models to predict the long-
term creep and shrinkage deformation. Such models are included in (ACI-
209.2R, 2008; Z.P. Bazant & Baweja, 1995, 2000; CEB-FIP-MC2010, 2010;
CEB-FIP, 1990; Gardner & Lockman, 2001). Moreover, (Neville & Brooks, 1975)
proposed equations for predicting shrinkage and creep at one year from
measured values at 7 and 28 days. For periods longer than 1 year, the prediction
is also possible with those equations. In 2005, (Brooks, 2005) conducted
experimental investigation on creep and shrinkage deformation during 30 years,
he stated that most methods fail to recognize the influence of strength of concrete
and type of aggregate on creep coefficient , which ranged from 1.2 to 9.2. Unlike
the other models, the CEB model method does account for the influence of

concrete strength.
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2121 Predictions of Shrinkage and Creep Deformation by
CEB-FIP-MC2010 Model

If the concrete specimen is subjected to sustained loads with constant
temperature, it continuous to deform further with time. This phenomenon was
discovered in 1907 by (Hatt, 1907). It is now commonly known as creep. The
creep coefficient at any time t, @(t, t,) can be estimated using model proposed in
(CEB-FIP-MC2010, 2010). These analytical equations are valid for stress level

o, < 0.4 fcm(to) and exposed to mean relative humidity in the range 40 to 100 %

and mean temperature 5°C to30°C. The creep coefficient can be found from

following:

B(t,to) = PoPc(t—to) (2-16)
Bo = Oru B(fem) B(to) (2-17)
5 _[1+1—RH/RH0 l
RH = 013h/h) /o) (0 ].0; (2-18)
351%7 351%?
o = fc_m ) oy, = fc_m (2-19)
16.8
B(fem) = \/(f ) (2-20)
B(to) = 01 ()02 (2-21)
The development of time-ratio of creep is given by:
[ C—to)/t 17
Be(t—1to) = [BH . (2-22)

59



RH
Bu=15xhx{1+(12 R—Ho)ls} +250 a3 <« 1500 ats (2-23)

35 0.5
W = [— (2-24)
fcm
fon = fo + 8 MPa (2-25)

Where @(t,t,) is the creep coefficient ;@, is the notional creep coefficient ;5. is
the coefficient to describe the development of creep with time after loading ; t is
the age of concrete (days) since pouring day ; t, is the age of concrete at loading
(days) ;h = 2A./u is the notional size of member (mm), where A_ is the cross-
section and u is the perimeter of the member in contact with atmosphere; f_,, is
the mean compressive strength of concrete at the age of 28 days (MPa); f, refer
to characteristic strength; f'c is the concrete compressive strength at age 28
days; fomo = 10 MPa; RH is the ambient relative humidity (%); RH, = 100%; hy =
100 mm.

Free shrinkage strain is stress independent. The reduction in volume principally
caused by the loss of water during the drying known as drying shrinkage. The
total shrinkage strain is composed of two components, the autogenous shrinkage
strain and the drying shrinkage strain. The drying shrinkage strain develops
slowly, since it is a function of the loss of the water through the hardened
concrete, while the autogenous shrinkage strain develops during hardening
process: therefore, the major part develops in the early days after casting. The
free shrinkage strain at any time t, ¢g, (t,t.) can be estimated using the model
proposed in (CEB-FIP-MC2010, 2010) as following:

Ecs (tr ts) = &cas (t) + €cds (t' ts) (2-26)

Where shrinkage is subdivided into the autogenous ¢.,4(t) shrinkage and drying

shrinkage .45 (t, ts).

€cas (D) = €caso - Bas(D) (2-27)
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€cds (t' ts) = €cdso (fcm)- BRH (RH)- Bds (t - ts) (2-28)

fon/10 \*°
teaso (o) = ~tas (5 —75) 107 (2-29)
Bas(t) = 1 —exp(—0.2.vt) (2-30)
€cdso (fem) = [(220 + 110. gy )- exp(—agsz - fem)- 107°] (2-31)
RH 1
Bryy = —1.55 [1 55| forao <RH<999%.5,, (2-32)
35 0.1
Bs1 = fc_m
t—tg) = ( (t—t) )0'5 233
Bast =) = (G035 nz ¢ (t—t5) (2-33)

Where f,,, is the mean compressive strength of concrete at the age of 28 days
(MPa); au, @qs1, @452 are a coefficients dependent on the type of cement (for
current study a,,, @41, @452 are 600, 6,0.012 respectively); B4s(t — ts) describing
the time-development; t is the age of concrete (days); t, is the age of concrete
(days) at the beginning of shrinkage or swelling; h = 24./u , is the notional size

of member (mm).

212.2 Predictions of Shrinkage and Creep Deformation by ACI
209.2R-08 Model

Due to the properties of concrete, concrete exhibits a long-term deformation.
Among the long term properties of concrete that are of interest to the structural
engineer are the shrinkage and creep. (ACI-209.2R, 2008) recommends a
procedure and set of analytical models for predicting creep and shrinkage
deformations. Under standard conditions the creep -coefficients can be

determined from:
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(t—to)°
¢(t't0) = d + (t _ t0)0.6 '

B (2-34)

Where @, is the creep coefficient at concrete age t due to a load applied at

the aget,; d (in days)

For the standard conditions, in the absence of specific creep data for local
aggregates and conditions, the average value proposed for the ultimate creep
coefficient 9,,=2.35. For conditions other than the standard conditions, the value
of the ultimate creep coefficient needs to be modified by correction factors as

shown in equations (2-35 and (2-36.

@y = 2.35Y, (2-35)

Ye = YetoYeRHY cvsYesYoyYea (2-36)

Where vy, represent the cumulative product of the applicable correction factors.
The correction factors are age at loading y.., , ambient relative humidity y.ry ,
size of the member y.,s , slump of fresh concrete y.s , ratio of fine aggregate

factor y.y, air content percentage y .

(ACI-209.2R, 2008) also recommends a procedure and set of analytical models
for predicting shrinkage deformations. The shrinkage strain against time can be

estimated by the following expression:

(t - tc)35
Eshye) = f+ (t—t.)35 €shu

(2-37)

Under standard conditions, in the absence of specific shrinkage data for local
aggregates and at ambient relative humidity of 40%, the average value
suggested for the ultimate shrinkage strain &g,,= 780 X 10~ mm/mm. For

conditions other than the standard conditions, the average value of the ultimate
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shrinkage ¢, needs to be modified by correction factors as shown in equations
(2-38 and (2-39.

€shu = Ysh 780 X 107° (2-38)

Ysh = Ysh,t.YshRHYsh,vsYsh,sYsh,yYsh,aYsh,c (2-39)

Another type of shrinkage occurring in the concrete is so called autogenous
shrinkage. It is occurring in the absence of moisture exchange due to the
hydration reactions taking place in the cement matrix. Until recently, autogenous
shrinkage was not considered significant because, in most cases, it did not
exceed 150 micro-strains (ACI-209.2R, 2008). For concretes with water-cement
ratios (w/c) less than 0.4, mean compressive strengths greater than 60 MPa, or
both, autogenous shrinkage may be a major component of the shrinkage strain.
Some models separate total shrinkage into its autogenous and drying shrinkage
components as mentioned in (CEB-FIP-MC2010, 2010), whereas (ACI-209.2R,
2008) only introduces total shrinkage strain with no distinguishing of autogenous
and drying shrinkage. Most test programs consider the measurement of strains
from the start of drying. It is assumed that the restrained stresses due to
autogenous shrinkage and swelling are negligible because of the large creep
strains and stress reduction of the concrete at early ages (ACI-209.2R, 2008).
For normal-strength concrete, it is usually assumed that the entire shrinkage
strain is from drying shrinkage, and any contribution from autogenous shrinkage
is neglected (ACI-209.1R, 2005).

2.13 Loss of Tension Stiffening

As explained previously, there are three main phenomena that lead to an
increase in deformation with time under sustained load. These are loss of tension
stiffening, shrinkage and creep. Shrinkage and creep have been studied
extensively over the years, but this is not so for tension stiffening phenomenon
which is a structural problem related to the loss of beneficial stiffness with time.
To date, no formulae exist to predict how tension stiffening changes as a function

of time. A very limited number of studies have been devoted to the investigation
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of the actual mechanisms that cause the reduction of tension stiffening under
long-term loading. It has been concluded that the major mechanism controlling
the long-term loss of tension stiffening is the development of cumulative damage
which occurs mainly from either the formation or extension of existing surface
cracks or the extension or formation of internal cracks (Beeby & Scott, 2006).
Over time, however, the internal cracking will lead then to a reduction in the
stiffness of the connection between the reinforcement and the surrounding
concrete and hence decreasing the stress transferred to the concrete over the
transfer length. According to the investigations carried out by (Beeby & Scott,
2006), it was suggested that there are three most likely possibilities that are
related to internal cracking. These are increase in the length of internal cracks,
increase in the number of internal cracks and breaking through of the internal
cracks nearest to crack surface into the cracks. With respect to the latter
possibility, Beeby and Scott stated that if the internal crack, as shown in Figure
2-19, nearest to the primary crack extends, it is possibly to break through into the
crack face. When this mechanism happens, the reinforcement has become
detached from the body of the concrete and will thus no stress transfer between

the reinforcement and the concrete within this zone.

More recently, (Scott & Beeby, 2005) stated that the internal events, such as
crack development around reinforcement or slip between the reinforcement and
the concrete, will lead to a reduction in tension stiffening. In 2004, (Gilbert, 2004)
and others have shown that the tension stiffening effect reduces with time under
sustained loads, probably due to the combined effects of shrinkage induced
micro-cracking around the steel bars and tensile creep rupture. (Gilbert, 2007)
has also come to this conclusion. He concluded that the tension stiffening
decreases with time, possibly due to the combined effects of tensile creep,
shrinkage cracking and creep rupture. Furthermore,(Gilbert & Wu, 2009)
indicated that the loss of tension stiffening is primarily attributed to cracking and
bond breakdown caused by drying shrinkage and, to a lesser extent, due to
tensile creep. Based on their experimental findings at the obtained variation in
concrete stress along a bar, (Beeby & Scott, 2006) concluded that the effect of
tensile creep would be expected to be a reduction in the initial peak stress as

shown in Figure 2-33. However, despite the effect of tensile creep on the initial

64



concrete stress, Beeby and Scott proposed that the contribution of tensile creep

plays an insignificant role in the changes in tension stiffening with time.

: i Mid-way between
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Figure 2-33. Schematic diagram of effect of tensile creep on initial concrete stress
(Beeby & Scott, 2006)

As mentioned earlier, tension stiffening in a reinforced concrete member arises
from a certain amount of tensile stresses carried by the concrete due to the bond
between the steel and concrete. Since bond creep is a mechanism of long-term
deformation, the effect of such a phenomena would be to reduce the gradient of
the stress change adjacent to a crack (Beeby and Scott, 2006) and hence a
reduction in tension stiffening. The effect of this would be indistinguishable from
that shown in Figure 2-33. In reality, the consequence of normal creep will be a
reduction in the shear stresses (i.e. bond stresses) at the steel-concrete interface
(Beeby and Scott, 2006).

Further to the previous reasons, the long-term loss of tension stiffening is also
influenced by the reduction in tensile strength with time. It is well known that the
tensile strength of concrete decreases under constant load with time. (Beeby and
Scott, 2006) found that the tensile strength reduces by about 35% over a period
of around 1 to 10 days, which is similar to the period which tension stiffening is

65



lost. This led Beeby and Scott to suggest that the increase in cumulative damage
wth time, and hence the loss of tension stiffening, results from the reduction in
tensile strength of the concrete surrounding the reinforcement with time under
constant load. They also suggested that the high strength concrete suffers a
greater loss of tensile strength of concrete with time under constant load than

does the normal strength concrete.

There is a minimal published information on the rate of decreasing of tension
stiffening. The assessment of tension stiffening with flexural members is fraught
with problems. Most tests used square prisms with a singly reinforcement placed
centrally, loaded in pure uniaxial tension. In addition, a small number of slabs
were tested to check the capability of the tensile results to flexural situation. In
reality, the assessment of long -term loss of tension stiffening in flexural members
is further complicated by the development of creep in the compression zone and
shrinkage. In 2004, (Scott & Beeby, 2004) have shown that the tension stiffening
decayed much rapidly more than was previously thought, they concluded that
tension stiffening decreases to about half the initial value in a period 20 day or
sooner after loading; the stiffening effect then remains constant for a constantly
applied load. How rapidly this reduction occurs has not been studied. A similar
conclusion was reported by (Scott & Beeby, 2005) who found that the tension
stiffening decays faster in the first 20 days after loading. However, they did not
adequately identify the effects of shrinkage in the assessment of the experimental
test results. They also did not report the effect of shrinkage that occurred prior to
loading. In 2008, (R. Gilbert, 2008) stated that tension stiffening decreases
gradually with time but not rapidly as reported by (Scott & Beeby, 2004) and
(Scott & Beeby, 2005). In 2002, (Vollum, 2002) found that tension stiffening
rapidly lost more after loading than predicted by models accounted loss of tension
stiffening to shrinkage. In addition, he concluded that the tension stiffening is lost
quicker in slabs that crack significantly forms on loading than in slabs that cracks
mainly form after loading due to shrinkage. Furthermore, the study also showed
that shrinkage does not contribute significantly to loss of tension stiffening in
cracked members after loading.

Due to the lack of understanding of the long-term loss of tension stiffening,
several models represent tension stiffening based on empirical equations. The
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codes (FIP Model Code, 2010) and (Eurocode2, 2004) propose that the loss of
tension stiffening can be modelled by take factor g, = 0.5. In 2013, (Forth et al.,
2013) they stated that the Eurocode 2 equation predicts the shrinkage curvature
reasonably well assuming mean-unfixed distribution factor ¢ with g, =1,
particularly at early ages (up to 60 days), whereas assuming fixed ¢ with 5, = 0.5
significantly overestimates the curvature of a cracked beam. An alternative
equation was proposed by (Gilbert, 2011) for modelling the loss of tension
stiffening with time. This equation was derived originally by (Bischoff, 2005) for
modelling effective moment of inertia, and then modified by Gilbert to reflect the

loss of tension stiffening based on the term g as in the following equation:

lef = — < 0.6]yncr (2-40)

Where I,the gross moment of inertia is, I the fully-cracked moment of inertia,
Is the effective moment of inertia. The term S in equation is used to account for
both shrinkages induced cracking and the reduction of tension stiffening with
time. If shrinkage has not occurred before first cracking, a value of § = 1 can be
used. However, in practice, the shrinkage usually occurs before first loading, and
thereby the value g is less than 1. A value of § = 0.7 is recommended at early
ages less than 28 days; and B = 0.5 is recommended at ages greater than 6

months.

2.14 Tensile Stresses Caused by Restraint to Shrinkage Strains

In concrete structures, unrestrained volume changes are unusual. Generally, all
concrete members are subject to volume change in varying degrees due to
shrinkage as a result of moisture loss. When the concrete member is not free to
exhibit the volume changes (e.g., external restraint, restraint caused by the
bonded reinforcement as shown in Figure 2-34), tensile stresses develop in the
concrete member. Reinforcement embedded in a concrete member provides
restraint to shrinkage, leading to a compressive stress in the reinforcement as

well as a tensile stress in the concrete with time. This internal tensile restraining
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stress is often significant enough to cause time-dependent cracking (Gilbert &
Ranzi, 2010). After cracking, further shrinkage induced deformation causes
significant increases in crack widths with time (Gilbert, 2017). In other words,
shrinkage causes a gradual widening of flexure cracks and a gradual tension in
the uncracked zones that may lead to additional cracking (Gilbert & Ranzi, 2010).
Phenomenon of restrained shrinkage cracking is not merely an early age
problem. It has recently shown that the drying shrinkage can play a significant
role in the development of cracks beyond early age (Shehzad, 2018). It is well
known that restrained shrinkage cracking of concrete depends on combinations
of a variety of factors including the degree of restraint, rate and magnitude of
shrinkage, mechanical property development, creep and stress relaxation, and
fracture resistance of the concrete (Weiss, 1999). In most sustained loading
cases, the time-dependent opening of cracks is largely dependent on the ability

of a concrete to shrink (Chong, 2004).

Figure 2-34. Reinforcement inside poured fresh concrete

2.15 Modelling of Creep and Shrinkage Curvatures

In the flexural members, if the reinforcement is not symmetrically placed in the

section or placed just in tension, uniform shrinkage will induce a curvature in the
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cross section. Creep also induces curvature with time in the cross section.
Therefore, the long-term analysis is required which incorporates the effects of
shrinkage and creep within the cross section. The combination between creep
and shrinkage actions are very complex physical phenomena. The distinguish
between creep and shrinkage deformations in reinforced concrete member is not
straightforward. Accordingly, most of derived analytical methods considers the

creep and shrinkage actions are independently.

In the uncracked section with singly reinforced and under sustained moment,
immediately after load application, the gradual development of creep strain on
reinforced concrete section causes an increase in curvature as illustrated in
Figure 2-35. In the tensile zone, creep is restrained by reinforcement. Because
of strain compatibility, the tensile steel strain increases as the concrete tensile
strain increases at the reinforcement level. Therefore, due to the force
equilibrium, this will lead to lowering of the neutral axis depth. Depending on the
quantity of steel and section properties, the increase in curvature due to creep is
proportional to a large fraction of the creep coefficient (Gilbert & Ranzi, 2010).
Obviously, the addition of reinforcing steel in the compression area of concrete
will greatly reduce creep and, hence, the creep curvature decreases as quantity
of compression reinforcement increases. Creep can be expected to be greater in
members loaded at a level only just above cracking load since the tensile stresses

will be higher than for members loaded at higher levels (Beeby and Scott,2006).
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Figure 2-35: Neutral axis depth in un-cracked and gross section

In fully-cracked sections with singly reinforced and under sustained moment, as
illustrated in Figure 2-36, the initial curvature is relatively large and the tensile

concrete below the neutral axis is ignored and therefore does not creep. Thus,
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the increase in curvature of the fully-cracked sections is proportional to a small
fraction of the creep coefficient. As the creep strain increases in the compressive
zone and due to the force equilibrium in the cross-section, the strain of the tensile
reinforcement bars should be maintaining the balance. Consequently, the neutral
axis depth moves downwards and thereby the compression depth increases with

decreases in concrete compressive stress.
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Figure 2-36. Neutral axis depth in fully-cracked and gross section

The gradual development of creep strain causes an increase in curvature. In the
tensile zone, creep is restrained by reinforcement. Thereby, the neutral axis
moves downward. Accordingly, the compression area increases and the extreme
fibre stress decreases noticeably (Rusch et al., 1983). (CEB-FIP-MC2010, 2010)
also stated that the changes in the stresses, strains and position of neutral axis
occur due to creep, as shown in Figure 2-37, and shrinkage under constant
moment. The effect of stress reduction with time is not accounted for the current

code approaches and in most of the available analytical models.
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Figure 2-37. Effects of Creep on the stresses and strains with time under constant
bending moment fully-cracked (CEB-FIP-MC2010, 2010)
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Over time, the short-term modulus of elasticity of concrete decreases because of
creep. Several methods have been proposed to include the effects of concrete
creep, ranging from rheological models to simple effective modulus methods.
However, the analyses could be carried out for member just as easily using any
of these methods. Such methods are effective modulus method (EMM) and age-
adjusted effective modulus method (AEMM). The effective modulus method is
simplest and oldest technique to treat the effects of creep on concrete. This
method was developed by (Faber, 1927). This method is approximated by
assuming that the applied stress-dependent deformations are produced only by
a sustained stress. Thus, the reduction of stress with time has been ignored and
it depends only on the current stress. In such cases, the EMM may be unsuitable
and more accurate method of analysis is required. In 1967 (Trost, 1967) was
proposed a simple expansion to the effective modulus method EMM to account
for the ageing of concrete. Then, this method was more formulated rigorously and

further development was proposed by (Dilger & Neville, 1971).

In concrete structures, free contraction and rotation are unusual. Hence, when
the member is not free to deform (e.g., because of external restraint, restraint
caused by the embedded steel reinforcement and the geometrical properties of
the cross-section), the imposed strains causes curvature and internal stresses as
well as compressive force in reinforcement. Meanwhile, different concepts have
been proposed to represent shrinkage in the analysis of reinforced concrete (RC)
members with different degree of simplification. The simplest approach is based
on equilibrium and compatibility of strains under the conditions of perfect bond.
An alternative approach has been proposed by (Gilbert & Ranzi, 2010) to deal
with shrinkage based on the equivalent force action for unloaded symmetrically
and unsymmetrically reinforced concrete (RC) members as shown in Figure 2-38
and Figure 2-39, respectively. This approach is based on shortening of the
unloaded concrete member. A gradual shortening in the unrestrained
unreinforced concrete would cause the member to shorten by an amount gl
as shown in Figure 2-38a. On the other hand, the shortening &...[ of the concrete
in the reinforced concrete (RC) member, as shown in Figure 2-38b, causes a
gradual compression in the bonded reinforcement and this is opposed by an
equal and opposite tensile force AF, applied at the concrete cross-section that

could possibly result in, or contribute to, cracking in concrete. Furthermore, for
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unsymmetrically reinforced members the tensile force AF, acting at some
eccentricity to the centroid of the concrete cross-section produces elastic and
creep strains and would be expected to result in curvature with time as shown in
Figure 2-39. The curvature caused by AF, obviously depends on the quantity and
position of the reinforcement and on whether or not the cross-section has
cracked. Again, reinforcement embedded in the concrete provides restraint to
shrinkage, therefore, the stresses in steel and concrete are based on restraint

factor R (0 < R < 1), that depends on the amount of reinforcement.
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Figure 2-38. Restraint provided by symmetrically reinforcement (Gilbert, 2017)
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(a) Beam elevation
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Figure 2-39. Shrinkage stresses and curvatures in a sections restrained by a single
reinforcement (Gilbert & Ranzi, 2010)

From above, the shrinkage-induced curvature on the fully-cracked section is
comparatively different than un-cracked sections. Although shrinkage
deformation is stress-independent, it appears that curvature induced by
shrinkage is dependent on the amount of external load applied. It seems that
shrinkage curvature in fully-cracked section is significantly greater than shrinkage

curvature in un-cracked section (Gilbert & Ranzi, 2010).

Another approach has been proposed based on the fictitious action conception
act on unloaded shrunk member (Kaklauskas et al., 2009) ;Kaklauskas &

Gribniak, 2011). It introduces a fictitious axial force N ., acting at the centroid
of the concrete net section to impose an axial strain ¢ ;) to a plain concrete

member as shown in (Figure 2-40 a-c). Embedded reinforcement provides
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restraint to shrinkage causes compressive forces in reinforcement and tensile
stresses in concrete as shown in (Figure 2-40 d-e). Thereby, these forces
produce elastic and creep strains and would be expected to relieve shrinkage
stress as given in (Figure 2-40 f). Similarly, in an unsymmetrically reinforced
member, shrinkage effect can also be modelled by means of the fictitious actions
N, and M.;. When the shrinkage fictitious force N.; acting at the centroid of the
concrete net section, the distance between the centroid of the concrete section
and the centroid of reinforced concrete section causes a shrinkage curvature as

shown in (Figure 2-41 c-e).

‘X Ecs(rarﬂ) -.v—.—'l Ac AS —_ Scs(fn rﬂ)-l , N (tt)
Y V T ! Nesihh o
e BEE B =———= =
PYIN P N b) B 0 S ' Eeoslbil) | | | Escsltto)
A, @ o) |
K L edey , Es T’!Na(t)
|, [— - e L
o MV¥es\ L dp + -
(a) {C) ( d) (f) Ecoslt) Es coslt)

Figure 2-40. Shrinkage-induced deformations of plain concrete and symmetrically
reinforced members
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Figure 2-41. Shrinkage-induced deformations of unsymmetrically reinforced member

In 2018, (Prakash, 2018) conducted a nonlinear finite element analysis to predict
cracking for slabs on ground due to gradient shrinkage strain as a result of
moisture gradient on both surfaces. He modelled the shrinkage strain as initial
strain, and its behaviour is modelled as a load effect as shown in Figure 2-42 . A
uniformly distributed load is considered as the external applied load on the

surface of the slab.
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Figure 2-42. Gradient of shrinkage (Parakash,2018)

A two-dimensional continuum based finite element model has been developed
by (Wu, 2010). The model incorporates instantaneous and time-dependent
constitutive laws for concrete, steel and bond interface between them. A
shrinkage-related bond model has been proposed to accurately model the loss
of tension stiffening under long-term loading. In 2004, (Chong, 2004) carried out
a numerical modelling on time-dependent cracking and deformation. Creep of
concrete has been incorporated into the model by developing the principle of
superposition. Both creep and shrinkage were treated as inelastic, pre-strain and

applied to the discretized structure as equivalent nodal force.

In 2002, an analytical model for creep and shrinkage curvatures was presented
by (Ghali et al., 2002) as shown in equations (2-41) to (2-46). The changes in
stresses due to creep and shrinkage with time also developed with this model.
The model applicable for sections subjected with combined bending moment M
and normal force N or purely bending moment M, the internal forces are assumed
to have been introduced at age to (time of load application) as shown in Figure
2-43. Additionally, a reference point O is chosen arbitrarily, it depends on the
section whether cracked or not and whether subjected to combined bending
moment M and normal force N or only pure moment M. Possibly, a reference
point O can be chosen at the centroid of the age-adjusted transformed section
(Ghali et al., 2002). In fully-cracked section, only the part of effective concrete in
compression zone creeps. Estimation the changes of axial strain at O, stresses
and curvature due to creep and shrinkage as following expressions from

Equation:
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e = 210 (61 (e + ) + et t0)] (2-41)
(B0 = b, 9(6t0) Ky (2-42)

() = S Cto) (2-43)

(p:IC + ATC Ve By (2:44)

kg = — e Ve (2-45)

The changes in stresses at any fibre due to creep and shrinkage with time also

derived as following equation:

AGC = Ec [_(P (t, to)(so + lIJY) — &cs (t'to) + A50 + AqJY] (2'46)

Where:

€., are the axial strain at O and the curvature at time to immediately after load
application, ¢ (t,t,) is coefficient for creep at time t for age at loading to, = (t,t,)
is free shrinkage strain, y. is the y-coordinate of the centroid of the A, and it is
measured downward from O (is negative value), y is the fibre coordinate,
measured from the centroid of the age-adjusted transformed section, Ay is the y-
coordinate of the centroid of the age-adjusted transformed section measured
downward from the centroid of the transformed section at to , (Ay), is the
curvature changes caused by creep, (Ay) is and shrinkage, k,, is are the creep
coefficient, k. is the shrinkage coefficient, A, is are the area of compression
zone, I, is the moment of inertia of concrete section about an axis through 0, and
I is the moment of inertia about an axis through O of an age-adjusted transformed

section.
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Figure 2-43. Definition of symbols in introduced by (Ghali, Favre, & Elbadry, 2002) for
analysis of effects of creep and shrinkage

An analytical model was developed by (Gilbert, 2001) to estimate creep and
shrinkage curvatures The proposed model have been developed as an empirical
equation to the results gained from a parametric study of the creep and shrinkage
induced changes in curvature on different cases of reinforced and pre-stressed
concrete cross sections under constant sustained internal actions using the age-

adjusted effective modulus method (AEMM). The creep kcreep and shrinkage kgp,

curvatures can be estimated from the equations (2-47) and (2-48),
respectively. These equations account for the effect of the restraining action of
the reinforcement and cracking. As a basic assumption to derive the empirical
equations, it is assumed that the drying process takes place on both sides and

that the shrinkage strain profile through the thickness is uniform.

¢t to)
kcreep = ki.sus TO (2_47)
kg = = (2-48)

Where k; s is the instantons curvature under sustained load at time of load
application to, @(t, t,) is the creep coefficient, a is a creep modification factor that

accounts for the effects of cracking state (un-cracked or fully-cracked) and the
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braking action of the reinforcement on creep, D is the overall depth of the section,
k. is factor depend on the quantity and location of bonded reinforcement. , g,

is the free shrinkage strain.

several building codes have been adopted different models to deal with creep
and shrinkage. Codes (FIP Model Code, 2010;BS8110, 1985;Eurocode2, 2004)
have suggested that the total deformation including creep can be obtained by
using an effective modulus of elasticity of concrete in the stiffness for both un-
cracked and fully-cracked sections. While the shrinkage curvature for cracked

sections may be determined by the following equation:

1 S
— = . N—

s I (2-49)

Where — is the curvature due to shrinkage, ¢ is the free shrinkage strain, S is

Tcs

the first moment of area of reinforcement about the centroid of the section, I is

the second moment of area of section, n is the effective modular ration (Eg/Ecff)

As stated in earlier work (Mu et al., 2008) , the shrinkage curvature proposed by
(BS8110, 1985) has been originally derived based on the un-cracked section
condition. However, it gives an option to use with fully-cracked section throughout
first and second moment of area about the centroid of the cracked section. while
in (Eurocode2, 2004), the shrinkage curvature also has been derived based on
un-cracked section, However, the model can be used to predict mean shrinkage

curvature between un-cracked and fully-cracked sections.

In 1979, (Hobbs, 1979) proposed an analytical model to estimate shrinkage
curvature as given in equation (2-50). Again, this model was originally derived
for un-cracked section. Hobbs also proposed that this formula was suitable for

the shrinkage curvature of fully-cracked sections.

1 (14 ees EgfAg (d—%) — A/ (x— d)]

Tes E.l (2-50)
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Where ¢ is the free shrinkage strain, Y is the creep coefficient, E; is the modulus
of steel reinforcement, E.. is the modulus of concrete, I is the second moment of
area of the un-cracked or fully-cracked section about an axis of age-adjusted

transformed section.

Very few attempts have been carried out to verify the above analytical equations
with experimental tests. In 2008, a method for modelling of the shrinkage
curvature of sections with fully cracked due to an external applied bending
moment has been developed by (Mu et al., 2008).This method is based on the
mechanical equilibrium with basic assumptions of beam theory. The method
based on divided the section into a number of strips with ignoring the tensile
concrete zone. The change in neutral axis position and curvature were
numerically determined by iteration. This model was originally derived to verify
the accuracy of the calculation of shrinkage curvature adopted by codes
(BS8110, 1985; Eurocode2, 2004) of for fully cracked section. They verified the
calculations with experimental findings. Thus, the results showed that the model
proposed in their investigation for a fully-cracked section predicts adequately the
creep and shrinkage curvature of the experimental beams. Moreover, comparing
the shrinkage curvatures calculated using the codes (BS8110,1985;Eurocode2,
2004) and in calculations using their investigation with the curvatures of the

measured beams, the code methods are suitably accurate for cracked beams.

In 2013, an alternative theoretical approach proposed by (Forth et al., 2013) to
experimentally and theoretically verify the shrinkage curvature models presented
in (BS8110,1985;Eurocode2,2004). In the theoretical model, the effect of creep,
shrinkage, and neutral axis position were considered. The stresses calculated in
the concrete and steel at a cracked section according to this theoretical model
were then applied to a finite element (FE). Experimentally, two beams were cast
and subjected to a flexural loading to produce a stabilized crack pattern in the
maximum-moment zone. For theoretical purposes, one beam was cast with low
shrinkage concrete and the other with high shrinkage concrete. The shrinkage
curvature was computed experimentally from strain profile on the beam side for
up to 180 days. These experimentally obtained curvatures were compared with
the mean curvatures obtained from the FE analysis. The comparison showed

reasonable agreement. The results were also compared with uncracked and fully
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cracked curvatures predicted by the codes. They concluded that, the curvatures
derived from their theoretical approach fell within the boundaries of the uncracked
and cracked curvatures predicted by the codes and, for the fully cracked case,

the curvatures were closer to the uncracked boundary.

All previous analytical methods were considered the shrinkage and creep
independent. Moreover, the shrinkage deformation was considered as uniform
through the depth because of procedures for making reliable estimates of the
variation of shrinkage strain within the depth of a section are at present are
unavailable (Gilbert & Ranzi, 2010). Moreover, the internal stresses were
assumed to be constant. Another technique for long term analysis can be
provided by finite element method FEM. Most of finite element analysis technique
provides elastic analysis with time. Although commercial software packages such
as FEA provide nonlinear cracking analysis, the calculation procedure for

shrinkage and creep are not actually performed with nonlinear cracking analysis.

2.16 Instantaneous and Long-term Deflections of Reinforced
Concrete Flexural Members

As stated at the outset, deflection is one of the serviceability limit states to be
satisfied in the limit state design of structures. In slab design, the serviceability
limit state of defection is normally critical rather than ultimate limit state. Over the
last few decades, consideration of deflections, both instantaneous and long-term,
has become more important because the adoption of the strength design method
and the use of higher strength concrete and high-grade steel and this, in turn, will
lead therefore to shallower member sections and less reinforcement. Building
codes provide two methods for deflection control: span to depth ratio (or minimum
thickness requirements) and deflection calculations. The calculation of two-way
slab deflections poses the dual difficulties of solving complex governing
differential equations and considering the effects of material non-linearity, i.e.
cracking, shrinkage and creep. The total deflections including instantaneous
depend primarily on the development of creep, shrinkage, tension stiffening, and

time-dependent cracking that affect the magnitude of tension stiffening.
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2.16.1 Instantaneous Deflection

It is accepted practice in many building codes and recommendations to estimate
deflections at mid-span of a cracked flexural member using standard elastic
deflection formula of prismatic beam theory, incorporating the effective stiffness
for the entire member. For simplicity, BS8110 part 2 gives a simplified approach
(soft method) for deflection calculation, using an appropriate bending moment
diagram shape coefficient. Meanwhile, several approaches have been derived to
predict the deflection in cracked members. The majority of these methods are
based on the calculation of the effective stiffness or effective curvature of the
member that between uncracked and fully cracked state to account for tension
stiffening phenomena. These approaches have been derived for beams and one-

way slabs.

A method for calculation slab deflections based on the equivalent frame method
of the ACI Code was proposed by Nilson and Walters. In addition, there are
several approximate approaches have been proposed for estimation the
deflection of slabs for each direction, some of these approaches were
summarized in (ACI435.1R-95; Beeby,2000). Again, these approaches are not
suitable for unusual structural arrangements, such as presence of openings in
flat slabs, significant concentrated loads and this may lead to oversimplify the
problem. These methods are primarily applicable for members subjected to a
specific loading type and for simple boundary conditions such as cantilever,
simply-supported beam and one-way slab. For reinforced concrete flat slabs and
flat plates, they are difficult to analyse, as they require a two-dimensional
approach. Thus, the rigorous approach is required by integrating the curvatures
along the entire span (Ghali, 1993; Ghali et al., 2011).

2.16.2 Long-Term Deflection

The behaviour of reinforced concrete slabs in bending under a sustained load is
complicated. Calculating the additional deflections due to shrinkage, creep, and
the consequent redistribution of stresses is extremely difficult (Gardner, 2011)
Shrinkage, creep and loss of tension stiffening all contribute essentially to an
increase in deflection with time under sustained load. Several methods have

been proposed to estimate the deflections with time. Many of these methods are
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based on the estimation of tension stiffening based on crude assumptions as well
as calculation of the creep and shrinkage curvatures of the member separately.
Reliable prediction of long-term deflections is not straightforward. Calculating the
additional deflections due to shrinkage, creep, and the consequent redistribution
of stresses is extremely difficult (Gardner, 2011). As a convenient way, AC| 318
code proposed simplified approach for calculating long-term deflections by
multiplying the instantaneous deflection caused by the sustained load by a
multiplier factor. However, it does not include any allowance explicitly for

shrinkage and creep as well as the loss of stiffness.

Relatively, few data have been published in literature on the effect of creep,
shrinkage, and loss of tension stiffening on long-term deflection of reinforced
concrete slabs. Thus, the available reliable data in literature concerns basically
with the experimental tests of long-term deflection of slabs. In 1961, (Blakey,
1961) conducted an experimental study on the flat plate structure to measure the
deflection with time. He has observed that the long-term deflections which were
seven times the initial deflections. In 1969, (Taylor, 1969) has measured the
deflections for several flat plate and flat slabs structures. He has fond that the
long-term deflections from six to eight times the initial deflections. In 1977, (Taylor
& Heiman, 1977) measured the deflections of several actual slabs for up to 9
years, and the results were compared with calculated values. It was found that
the measured values were up to five times the values calculated by normal

methods.

In 2005, (Gilbert & Guo, 2005) conducted an experimental program of long-term
testing of large scale RC flat slab. Seven coniferous flat slab specimens were
presented and was subjected to sustained service loads for periods up to 750
days as shown in Figure 2-44. The deflections, strains, extent of cracking were
measured. They found that the measured long-term deflection is many times the
initial deflection, due to the combined effect of transverse load and loss of
stiffness associated with long-term cracking. Moreover, the results confirmed that
long term cracking greatly affects the serviceability of flat slabs. In all specimens,
new cracking observed with time and existing cracks widened (usually on the top
surface) and extended. The extent of shrinkage cracking and its effect on the

behaviour of concrete slabs was great and tended to be the most important factor
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influencing long-term behaviour. This effect is not accounted for sufficiently in the
current code approaches for deflection calculation and control.

Figure 2-44. Reinforced concrete (RC) flat slabs under tests (Gilbert & Guo, 2005)

2.17 Summary and Conclusions

Critical review of the previous research presented in this Chapter was aimed at
identifying the gaps in current state of knowledge regarding the influence of
openings on the behaviour of slabs and the effect of time-dependent properties
of concrete on the behaviour of reinforced concrete members. A review of the
literature regarding the types of slabs has been presented. Available theoretical
approaches for the analysis of two-way slab systems has been summarized and
compared to identify the suitable and efficient method that can be utilized.
Previous experimental research on the Influences of openings on the flexural
behaviour, deflections, and shear strength of slabs have been introduced to
understand and identify the effect of openings on the behaviour of slabs. A critical
review of the literature regarding the response of members post-cracking, factors
influencing the tension stiffening, and current methods for modelling tension
stiffening have been included. Detailed review of the literature regarding the time-
dependent properties of concrete, methods for prediction of concrete creep and
shrinkage, previous experimental research on the development of

tensile/compressive creep coefficients, loss of tension stiffening, and cracking
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caused by restraint to shrinkage strain have been presented. Available
approaches for modelling creep and shrinkage deformations in reinforced
concrete members have also been included to understand their influence on the
reinforced cross section and hence to propose the suitable method can be utilized
in this research. Brief review of the available literature regarding with long-term
deflection of reinforced concrete slabs has been introduced. Finally, the available
approaches for the modelling of concrete cracking have been discussed and
presented to identify the suitable approach for simulating nonlinear cracking

analysis.

Based on the critical review, the experimental fundamentals were designed. The
experimental parameters such as reinforcement ratio and diameter, neglecting
the compression reinforcement, suitable slab thickness, opening position, loading
age, magnitude of initial shrinkage prior to loading, water-cement ratio, and
mechanical properties of concrete were specified in order to gain optimal results,
and the experimental details are presented in Chapter 3. Furthermore, based on
the available approaches for modelling concrete response post-cracking which
reviewed critically, the smeared fixed crack approach was adopted in the present
study. Moreover, the layered approach and finite differences method were
selected, and the theoretical details are presented in Chapter 4. From the
reviewed literature, the following important conclusions which addresses the

gaps in the current state of knowledge can be drawn:

e Tension stiffening is often derived from average tension uniaxial reinforced
concrete members.

e Different models have been derived to represent average tension
stiffening in the analysis of cracked members. However, they have not
been evaluated critically at worst design scenario.

e Meanwhile, several methods have been proposed to model creep and
shrinkage phenomena. The majority of methods are based on the
calculation of the curvatures (uncracked and fully cracked) separately,
whereas other approaches are based on finite element formulations which
deal with creep and shrinkage as pre-strains acting at the nodes as nodal

forces.
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Although tensile creep relives tensile stresses caused by restraint to
shrinkage strain and hence the curvature will be affected, however, there
is no attempts to model their influence dependently in the flexural
reinforced cross section.

In practice, itis commonly assumed that creep in tension and compression
are the same. However, their influence has not been analysed and verified
with experimental findings at possible design situations.

A literature review revealed that the finite difference method has shown to
be more general and efficient, particularly in the problems of plate bending
analysis. So far, the use of layered approach with finite difference method
for modelling and analysis the slab has not been published in literature.
Long-term assessment of reinforced concrete slabs under possible design
situation has not been performed before.

The maijority of the research involves with the influence of openings on
strength criteria in term of ultimate limit states. Furthermore, several
attempts have been carried out to analyse metal plates. However, it is
worth noting that there is no clear picture about the response of partially
cracked reinforced concrete slabs with associated potential design
situations-particularly the presence of openings with possible load pattern.
Although some codes permit openings of any size in slab systems, if
shown by analysis that all strength and serviceability requirements are
satisfied, including the limits on deflections. So far, no specific analysis of
the effect of openings on short-term and long-term behaviour under
possible design situation is known.

Although the existing building code procedures provide provisions and
guidance for deflection control, however, these provisions do not address
the effect of material properties with time-particularly here is a relative
tensile to compressive creep development under potential design

situation.
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Chapter 3 Experimental Work

3.1 Introduction

An experimental program consisting of reinforced concrete slabs was performed
for achieving one of the main objectives of present study. The test program was
designed to verify the proposed numerical analysis procedure under worst design
situation. Furthermore, these tests will provide a useful reference for those who
have attempted to verify their proposed models. To attain the aim of this study,
six full-scale reinforced concrete slabs were tested, and the results are presented
in this Chapter. Of these, two reinforced concrete slabs were tested up to failure,
and four reinforced concrete slabs were tested under sustained loading with
period 90 days. For slabs under sustained loading; three slabs contain different

opening sizes, and one slab without opening.

This chapter describes the methodology of the experimental. Details regarding
the test set up of the reinforced concrete slab are presented. The geometry of the
slabs, concrete mix proportion, short-term and long-term material properties,
instrumentation employed to measure the deformations and the reinforcement

details are included.

3.2 Test Set up and Loading

As part of this study, an experimental testing program consisting of reinforced
concrete slab slabs was performed for achieving the main objectives of current
study. Six reinforced concrete slabs were tested. Of these, two reinforced
concrete slabs were tested until failure four reinforced concrete slabs were tested
under sustained load. The slab details, ages at loading, and the load magnitudes
are given in Table 3-1. As has already been mentioned, the experimental method
represents a reliable way to analyse and understand the behaviour of slabs
thoroughly. Therefore, the current experimental program started by testing two
reinforced concrete slabs, as shown in Figure 3-1, to monitor the behaviour and
to record the ultimate load capacity. Ascertaining the load carrying capacity of the
slab is very important in order to determine the suitable sustained load level.
Based on the results of the tested slabs, the magnitude of the sustained loading
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was chosen and then the remaining four slabs were tested for a period of 90 days
as shown in Figure 3-2. Of these, three slabs contain different opening sizes, and
one specimen without opening (reference specimen). A sustained loading of 80
kN was chosen for reinforced concrete solid slab, and the sustained loading of
60 of kN was chosen for the slabs with an opening. The details regarding the
selection of the sustained loading level are explained in Chapter 5 (section 5.5).
The long-term slabs were tested and monitored under sustained loading with a
period of 90 days. The load was monitored and adjusted frequently to ensure that
it remained constant. All slabs were supported by four sides rigid supports
(square frame arrangement of |- beam sections). The simply supported manner
was chosen in order to identify the effect of the relevant parameter without the
complications and uncertainty associated with the analysis of complex support

conditions.

Table 3-1: Experimental results for concrete mechanical properties.

Sustai | Failure
Age of
ned load
Slab Opening size | concrete at oad
oa
specimens (mm) loading kN
(days) level
ays
S
Without
S1 . 75 80 -
opening
Without
SO . 62 - 200
opening
S2 150x250 41 60 -
S3 150x150 43 60 -
S4 200x200 51 60 -
S5 150x250 28 178.8
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(b)

Figure 3-1. Testing of short-term specimens: (a) solid slab; (b) slab with opening
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All specimens had the same overall full-scale dimensions with 1600x1600x125
mm. The loaded area (column stub) had a dimension of 200 x 200 mm and height
200 mm. It was decided to introduce the opening next to loaded area, adjacent
to column, to replicate the worst design scenario (as it has been presented in the
literature Chapter 2 sections 2.6 and 2.7).

Figure 3-2. Long-term test of slabs

89



3.3 Measurements and Data Processing

For the short-term tests, deflection and steel strain values are measured at
different positions. For the long-term tests, the development of deflection and the
surface concrete strains in tension with time are also monitored at different
positions. To attain this, internal and external instruments were used during each
test for measuring parameters at best locations in the slabs. Six internal strain
gauges were used to measure strains in the reinforcements as illustrated in
Figure 3-3. Externally, VWG (vibrating wire gauge) was used to measure
concrete surface strains in tension as shown in Figure 3-4 and Figure 3-5. For
measuring displacements, a linear variable differential transformer (LVDT) was
placed underneath of the slab to record the deflections. The position of LVDT,
geometric details of the slabs, and opening sizes and location are illustrated in
the Figure 3-6 and Figure 3-7. The LVDTs and VWGs were positioned at the
points which possibly gives the maximum deformations for short-term and long-
term tests. For instance, the maximum strain concentrates in the diagonal zones
from the edge of the column toward the corners while the maximum deformation
concentrates around the openings and near load actions. In addition, the rebar
strain gauges were positioned in the zones which possibly gives the maximum
tensile strain values. A data logger was used to record output data of the test

results to the computer as a Microsoft Excel sheet.

.
[
Wi

Figure 3-3. Typical Strain gauge positions for all specimens
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VWG 2
VWG 1

Figure 3-4. Typical locations of VWG in the tension side for solid slab

VWG 2
VWG 1

Figure 3-5. Typical locations of VWG in the tension side for slabs containing opening
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Figure 3-6. locations of LVDT for long-term tested slabs

SO

3 2
. 1

250 mm 300 mm

————————F

Figure 3-7. Locations of LVDT for short-term tested slabs
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3.4 Steel Reinforcement

The flexural reinforcement for all slabs is placed orthogonally, that is, in two
perpendicular directions. The same reinforcement quantity is provided in each
direction. The reinforcement of 8 mm diameter was used. The properties of
deformed bars reinforcement are illustrated in Table 3-2. The average yield
strength of the steel bar was 600 MPa. The calculated percentage of lower
reinforcement bars was (p = 0.00528), while for the upper reinforcement bars the
calculated percentage was (p = 0.00574). The stress-strain relationship for
deformed steel bars was obtained and presented in Figure 3-8. Six Electric
Resistance Strain (ERS) gauges were placed on the reinforcing bars and

connected to a data logger in order to record steel strains.

Table 3-2: Properties of steel reinforcement bars

Nominal Area (mm?) Modulus of Yield stress
diameter (mm) elasticity (MPa) (MPa)
8 50.26 210000 600

800

]
-

_——
e ———
-

" \

600

un
=]
o

Secant modulus of steel Es

Stress Nfmm2
F=l
=]
[=]

- = = |dealized

[
=1
=]

Experimental results

200 Elastic modulus Es

100

0 0.01 0.0z 0.03 0.04 0.05 0.06 0.07 0.08 0.02 0.1 011 0.12

Strain mm/mm

Figure 3-8. Average stress-strain curve for steel
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All reinforcement bars were placed in the bottom of the slab with clear spacing
95 mm c/c at each direction. The reinforcement details and arrangements are

shown in Figure 3-9 and Figure 3-10.

@ 8mm @95 mm c/c Pressure

o

1500 mm

Figure 3-9. Details of reinforcing steel bars

Figure 3-10. Arrangements of reinforcement bars
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3.5 Concrete Mix Proportion and Material Properties

Concrete mix for the tests was designed according to the mix design standards
in accordance with BS EN 206 (2013). Several trial concrete mixes were carried
out according to the design procedures. The proportions of the final concrete mix

are shown in Table 3-3.

Table 3-3 : Proportions of concrete mix

Fine Coarse
Water Cement Slump
Aggregate Aggregate
(Kg/m3) (Kg/m3) (mm)
(Kg/m3) (Kg/m3)
210 420 750 1020 110

The concrete mix consists of water, cement, fine and coarse aggregate. The
cement used in the mixes was cement 52.5N obtained from the Hanson Group.
This cement is complied with the requirements of BS EN 197-1 (2011). Natural
fine aggregate with a maximum particle size of 5 mm was used in the mixes. The
grading results of fine aggregate comply with standard requirement limits
according to BS 882 (1992). The crushed coarse natural aggregate with a
maximum size of 10 mm was used in the mixes. The grading of coarse aggregate
conformed to standard limit requirements of BS 882 (1992). The same proportion
of fine aggregate and coarse aggregate were used for all mixes of tested slabs.
Potable water which meets the standards BS EN 1008 (2002) was used in the
mixes. All mixes had the same water-to-cement ratio of W/C =0.5. Each
reinforced concrete slab requires three batches to be poured. Thus, three
samples of compressive strength, splitting tensile strength, and modulus of
elasticity for each batch were poured, as shown in Figure 3-11, and cured in order
to measure the concrete properties. Moreover, small prisms and cylinders for
each batch were poured and cured to measure long-term concrete properties, i.e.
creep and shrinkage strains. After casting, all specimens were cured in moulds
and covered with wet burlap and plastic sheeting until an age of 20 days as shown
in Figure 3-12.
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Figure 3-12. Slab specimen being poured and cured

3.6 Short-term and Long-term Tests of Small Specimens.

To determine short-term and long-term properties of concrete compressive

cylinder strength, cube strength, splitting tensile strength, free shrinkages and

creep strain were measured from samples. Creep strains were measured on two

small cylinders with size 75x265 mm as shown in Figure 3-13. The cylinders in

each creep rig were subjected to constant sustained stress of 9 MPa whereao, <

0.4 fom (to). The constant compressive stress was applied on these small
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cylinders at the same age of slab loading. To measure the unrestrained strain
with time, free shrinkage strains were measured on three prisms for each slab
with size (75x75x200 mm) as shown in Figure 3-13. The strain readings were
taken from the samples directly through DEMEC points on both sides. The creep
strain was determined by subtracting the sum of the measured instantaneous and
shrinkage strain from the total strain measured on the creep cylinders. The creep
coefficients at any time ¢ is obtained as the measured creep strain divided by the

instantaneous strain.

Figure 3-13. Creep and shrinkage small specimens

All creep and shrinkage samples were cured and kept in moisture room until an
age of 20 days. The development of drying shrinkage strain was measured at
age of concrete when drying starts, typically at end of moist curing. These
specimens then were placed in the laboratory near the slab and exposed to the
same environmental conditions. Tests were conducted inside the laboratory at
the University of Leeds. The relative humidity and temperature in the laboratory
were monitored during the test and the average readings were later incorporated
in the creep and shrinkage calculations using different prediction models. The
comparison of the measured and predicted shrinkage and creep deformations
are given in section 3.7. The recorded relative humidity and temperature in the
laboratory near the tested slabs are shown Figure 3-14 and Figure 3-15. From

the temperature and relative humidity records, the average relative humidity of
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the solid slab S1 is 60% while the average relative humidity of all slab containing
openings is 70%.
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Figure 3-14. Relative humidity and temperature for solid slab S1
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Figure 3-15. Relative humidity and temperature for all slabs containing opening

3.6.1 Compressive Strength of Concrete

The compressive strength of concrete is one of its important properties. Many
other properties such as tensile strength, modulus of elasticity and modulus of
rupture can be approximately related to the mean compressive strength which is
influenced by many factors. As stated earlier, three cylinders (150x300mm) and
three cubes (100x100x100mm) were tested from three batches for each slab.
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Before testing, the surface of the samples was wiped clean. The samples were
tested to obtain the compressive strength of concrete according to the procedure
specified in BS EN 12390-3 (2009). The load was increased at a constant rate of
3 kN/sec and the failure loads were recorded. From the failure loads, the cylinder
and cube strengths were calculated. The average cylinders and cubes
compressive strength were obtained for each slab is given in Table 3-4 at ages

corresponding to the age of slabs at loading.

Table 3-4: Experimental results for concrete compressive strength test

Cylinder Cube
compressive compressive Age of concrete
Slab specimens | strength at slab | strength (MPa) | at slab loading
loading age age (days)
(MPa)
S1 37.45 47 75
SO 36 45.23 62
S2 36.65 46.14 41
S3 36.25 45.6 43
S4 36.8 46.3 51
S5 35.95 4517 28

3.6.2 Modulus of Elasticity of Concrete

Another important parameter for concrete specification is modulus of elasticity. It
is dependent on several factors such as the age of concrete and strength, the
properties of the cement and aggregates, and the rate of load application. The
elastic modulus is needed in the analysis to estimate the stiffness of each
member and to calculate the internal actions. It is also required to estimate the
initial deformations caused by internal actions and the stresses. In the present
study, three cylinders were tested from three batches for each reinforced

concrete slab as shown in Figure 3-16.
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Figure 3-16. Modulus of elasticity test of cylinder

The static modulus of elasticity was determined according to ASTM C469 (2014).
Two electrical resistance strain (ERS) gauges were placed on the surface of each
cylinder to record the axial deformation corresponding with applied stress. The
modulus of elasticity was calculated according to the following equation and the
average values are given in Table 3-5 corresponding to the age of slabs at

loading.

E. = (0, —0,)/(g2 — 50 X 107%) (3-1)

Where o, is the stress corresponding to 40% of the failure load, o is the stress
is the stress corresponding to a longitudinal strain of 50 x 107° ,and ¢, is the
longitudinal strain due to an applied stress of 6,. Several equations are available
to estimate the modulus of elasticity of concrete. For normal weight concrete, the
modulus of elasticity of concrete E,;, at any time of loading can be determined
using the following equation which is adopted by (ACI-209.2R, 2008) and the
values are given in Table 3-5:

Ecto = 0.043 y.1° \/fo (MPa) 3-2)
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Table 3-5: Measured and calcuated results for concrete modulus of elasticity

Estimated
Measured
Modulus of
Modulus of o
o elasticity Age of concrete
_ elasticity _
Slab specimens strength Eq. at slab loading
strength at slab
_ (3-2) at slab age (days)
loading age _
loading age
(MPa)
(MPa)
S1 29560 29882 75
SO 29850 29297.7 62
S2 29450 29561 41
S3 29170 29399.28 43
S4 29700 29621.47 51
S5 29300 29277.37 28

3.6.3 Splitting Tensile Strength of Concrete

The tensile strength of concrete is an important property because a reinforced
concrete member greatly affected when the tensile stress in the extreme fibre
exceeds the tensile strength of concrete; the cracking of concrete is then
expected and, thereby, the nonlinear behaviour of reinforced concrete begins.
Tensile strength of concrete is always expressed in terms of a specific test
procedure. The direct tension test, the modulus of rupture test, and the split
cylinder test are the three kinds of tests that have been usually used. However,
direct uniaxial tensile tests are difficult to perform. Basically, the modulus of
rupture has been found to overestimate the tensile strength of concrete
(L'Hermite, 1959; Young & Mindness, 1981). In the present study, three cylinders
(150x300mm) from each batche were tested for each slab as shown in Figure
3-17.
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Figure 3-17. Splitting tensile strength test

The samples were tested to obtain the average splitting tensile strength of
concrete according to the procedure specified in BS EN 12390-6 (2009). The load
was increased at a constant rate (0.25kN/sec) up to the failure load. The splitting

tensile strength f;,,; was calculated corresponding to the age of slabs at loading

according the following equation and the average values are given in Table 3-6.

/ 2p
Per = 11D

3-3)
Where L is the length of the tested specimen in mm, D is the diameter of the
tested specimens, and p is the failure load. Several equations are available to
estimate the tensile strength of concrete. In 1990 (Gardner, 1990), derived best-
fit mathematical relationship based on entire test results on normal concrete. The
correlation between splitting cylinder tensile strength and compressive strength
can be estimated by the following equation and the estimated values are given in
Table 3-6.

f'isp = 0.34 /.7 (MPa) 3-4)
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Table 3-6: Measured and estimated results for concrete spitting tensile strength

Measured Estimated
Splitting tensile | Splitting tensile
Age of concrete
) strength Eq. strength Eq. _
Slab specimens at slab loading
(3-3) at slab (3-4) atslab
. : age (days)
loading age loading age
(MPa) (MPa)
S1 4.25 3.72 75
SO 3.8 3.62 62
S2 4 3.66 41
S3 3.9 3.64 43
S4 4.1 3.67 51
S5 3.75 3.61 28

3.7 Creep and Shrinkage Deformations

Due to the properties of concrete, under sustained stress, the concrete specimen
exhibits an immediate strain at the time of loading; then a long-term strain, which
gradually increases with time. In the period immediately after first loading, creep
strain develops quickly while shrinkage strain is developed in the absence of tress
when drying starts at end of moist curing. The reduction in the volume of concrete
caused by the loss of water during the drying known as drying shrinkage. The
shrinkage and creep were predicted according to the CEB FIP 2010 and ACI
209.2R-08 models. The actual environmental conditions, i.e. relative humidity
and temperature, compressive strength and curing time was used as input
parameters. Figure 3-18,Figure 3-19,Figure 3-20, and Figure 3-21 show the
results of predicted and measured creep and shrinkage deformations. It can be
seen that the experimentally measured creep in all specimens was accurately
predicted by both CEP-FIP 2010 model. Nevertheless, the measured shrinkages
strains lie between CEP-FIP 2010 and ACI209.2R models. Generally, it can be
seen that the CEB-FIP 2010 model was most appropriate. Hence, it was decided

to predict the creep coefficients and unrestrained shrinkage strains for the tested
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slabs using the method given in CEP-FIP 2010. The predicted creep coefficient
and shrinkage strain were based on notional size of the slab and not on small

cylinder and prism.
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Figure 3-18. Comparison of measured and predicted long-term deformation of shrinkage
and creep of solid slab S1
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Figure 3-19. Comparison of measured and predicted long-term deformation of shrinkage
and creep of slab S2
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Figure 3-20. Comparison of measured and predicted long-term deformation of shrinkage
and creep of slab S3

107



1.5 ;
1.4
1.3 =7
1.2 = -—=

1.1 1 A==
] l//

] ,
1 Ve

A

] 7[
0.8 4y =

0.7 3 4

0.6 /4 At
] '’ 7

0.5 ; 7,r" CEB-FIP

[,

0.4 3 -

] A 0 1 |- ACI 209
0.3 ] e
0.2 1

0.1 3 7 = - = CEB-FIP based on notional
0 3 size of the slab

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180
Time (days)

Creep coefficient
\

= = : Small cylinder

0.00055 CEB-FIP

0.0005 } ===-- ACI 209

0.00045 = = * Experimental prism -

0.0004 - - QEB—FIP based on notional =
: size of the slab . ,'7

0.00035 ] ===

-
‘="

0.0003 ] 7/ _e=”
] // ,f‘
0.00025 ] / <L

0.0002 ] + , -
’ | -
0.00015 !

Shrinkage strain

0.00005 ]

0.0001 ( A
l’,

0
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180
Time (days)

Figure 3-21. Comparison of measured and predicted long term deformation of shrinkage
and creep of slab S4
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3.8 Summary

This chapter has provided all details of the experimental methodology for the
tested slabs that have been carried out at laboratory of Leeds University as
part of this research. Testing program was aimed to conduct two experimental
series. First series consists of two short-term large scale slabs in order to
ensure the predictive capability of the proposed numerical analysis procedure
and to decide the suitable sustained load level. Second series consists of four
large scale slabs tested for a period of 90 days. Of these, one slab is reference
and other four slabs contain different sizes of openings. The objective of the
second series is divided into two parts; first to ensure the reliability of the
proposed procedure, second to identifying the influence of the
tensile/compressive creep ratio on the long-term movements of the slab at

potential design situations where the experimental test alone does not helpful.

Test set up and loading for reinforced concrete slab specimens were
described. Details of the slab geometry and steel reinforcement arrangements
were presented. Instruments used in the tested slabs in order to measure
deflections, steel strains, and surface strain of concrete were also included.
Tests carried out to determine the mechanical properties of concrete were
described. Measured and predicted long-term properties of concrete were
also provided. Results obtained from these large scale tests are presented

and critically evaluated with numerical findings in Chapter 5.
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Chapter 4 Numerical Modelling of Reinforced

Concrete Slabs

4.1 Introduction

As it has already been stated, the experimental investigations alone will not
therefore sufficiently distinguish the influence of each relevant parameter on the
long-term behaviour. The investigation of the behaviour of reinforced concrete
slabs is often undertaken by gathering test data from experiments and then
following up with a detailed theoretical study. This method is often viable for the
study of instantaneous behaviour of the slabs. It is, however, expensive and time
consuming for the investigation of long-term behaviour of slabs. Unfortunately,
analytical solutions are limited to simple problems. Otherwise, the numerical
procedures provide good option to accurately simulate structural behaviour if the
appropriate modelling approach and material laws are effectively utilized. The
major aim of this study is to construct a numerical analysis procedure for

modelling the slab response.

Therefore, a numerical nonlinear layered cross-sectional analysis procedure has
been proposed in this study to predict the response of partially cracked reinforced
concrete slabs. The numerical analysis was performed using finite difference
method. The procedure is based on the layered approach in a rational way to
deal with complex problems such as concrete cracking, tension stiffening,

concrete creep and shrinkage.

This chapter mainly describes the methodology of the numerical analysis
procedure. The material constitutive models are included. The modelling of the
slab components such as boundary conditions, mesh size and load is described.
Finally, the procedure for modelling cracking, tension stiffening, creep and
shrinkage in reinforced concrete is described.

4.2 Finite Difference Method

As explained earlier in section 2.3.2, the finite difference method is one of the
efficient available methods for numerical solution of partial deferential equations
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(PDEs). It is very simple and effective. Furthermore, it is the most general and
clear, particularly, in the problems of plate bending analysis, which is a classical
field of finite difference method (Szilard, 2004). Moreover, it is easy to obtain
higher order solutions by using this method. A more useful application of finite
differences is in cases when the bending moment is not easy to determine. It
operates directly on the differential equations, which requires replacing the
differential equations by a series of linear algebraic equations, i.e. difference
expressions, at a finite number of points on the plate. These points are located
at the intersection joints of a rectangular, triangular or other mesh network, called

finite difference mesh as shown in Figure 4-1.
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Figure 4-1. Finite difference mesh and nodes

The finite difference method applies a mathematical discretization of the plate
continuum by yielding a set of algebraic equations, therefore, the deflections at
these points can be obtained. By considering this method, the fourth order
derivative of governing differential equation at nodes of plate can be obtained

approximately from the following expressions:
1
~ F (Wm+2,n —4 Wm+1,n + 6 Wmn — 4 Wm-1,n + Wm-2n (4-1)
m,n

111



o*w 1
ay4 ~ )\_4 (Wm,n+2 -4 Wmn+1 T 6 Wmn — 4 Wmn-1 T Wmn-2 (4-2)
m,n

( 9w ) 1 [4 2( N N )
a5 X — A% - A% — W w w

2 2 4 m,n m+1,n m-1,n m,n+1 m,n-1
0x* dy mn A

+ Wm+1,n+1 + Wm+1,n-1 + Wm-1,n+1 + Wm—l,n—l] (4_3)

Once the deflection at these grid points are obtained, internal forces and
deformations can be obtained at these points by differentiation. Since only the
deflection represents the unknowns, the size of the coefficient matrix is much
smaller in comparison to that of the finite element method (Szilard, 2004). Owing

to these advantages, it was decided to select this method in the present study.

4.3 Materials Modelling

The reliability of the predicted behaviour depends on the accuracy of modelling
the structure components, the loading and the material properties. The material
modelling will be presented in this section; the other components will be
presented in the next sections. To describe the response of reinforced concrete,
constitutive models are required for concrete response in tension and
compression. Reinforced concrete members are usually made up of steel and
concrete, which have different behaviour. The modelling of concrete and

reinforcement are given in the next subsections.

4.3.1 Uniaxial Compression of Concrete

As a composite material, normal concrete is consisted of cement, fine and coarse
aggregates. The mechanical properties are very complex since it is
heterogeneous. Concrete exhibits many micro-cracks at the interface between
mortar and coarse aggregate, even before any load. These micro-cracks have a
great influence on the mechanical behaviour and nonlinear behaviour of
concrete. Under uniaxial compressive stress, concrete exhibits linear elastic
behaviour up to 30-40% of the compressive strength. In the next stage, the
stress-strain curve is no longer linear as shown in Figure 4-2.
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Figure 4-2. Typical uniaxial compressive stress-strain curve and modulus of concrete

In the nonlinear analysis of reinforced concrete structures, the response is
governed by consideration of nonlinear behaviour of concrete stress-strain
curves. However, the material stiffness of concrete can be estimated by secant
modulus or tangent modulus as shown in Figure 4-2. In the present study, the
secant modulus is adopted to represent the stiffness of stress-strain curve of
concrete. There are several mathematical models have been derived to estimate
the uniaxial stress-strain curve of concrete. Some of earlier better known models
for normal strength concrete are derived by (Hognestad, 1951) and (Kent & Park,
1971). In 1951, (Hognestad, 1951) proposed a parabolic curve that is shown in
Figure 4-3. It can be divided into three portions. The first portion represents linear
elastic branch and material stiffness can be easily estimated. The second portion
describes the ascending portion (nonlinear relation between stress and strain)
from linear point to the peak strength point at the corresponding strain. The third
portion represents the post peak stress until the ultimate strain value. The

complete stress-strain behaviour is given by the following expression:
3 £c\?
o))
o-C C [ 80 So
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Figure 4-3. Uniaxial stress-strain curve for concrete proposed by (Hognestad, 1951)

Reinforced concrete members are rarely stressed with pure uniaxial state,
however, the current available models of uniaxial stress-strain curves can be
modified to represent realistic situation of loading. For concrete in a biaxial
compression state, stress and strength enhancement is justified by using a
relationship proposed by (Kupfer & Hilsdorf, 1969) model. This approach stated
that the strength enhancement factor for concrete in two directions, arising from

the stress acting in the one direction as shown in Figure 4-4.

M= =328 ipfom? (4650 psi)
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Figure 4-4. Biaxial strength and stress-strain enhancement factor of concrete (Kupfer
and Hilsdorf, 1969)
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4.3.2 Uniaxial Tension of Concrete

The nonlinear response of concrete is often governed by progressive tensile
cracking, resulting in localized failure zones. Thus, tensile cracking must be taken
into consideration in predicting their service behaviour as well as ultimate load
capacity. The uniaxial tensile stress-strain response of plain concrete is nearly
linear until its tensile strength. Thus, the material stiffness can be found easily.
After fracture, the behaviour is no longer linearly, and the stress gradually

decreases while the strain increases (softening zone), as shown in Figure 4-5.

J(;__

Elastic Zone oy Softening Zone

Figure 4-5. Uniaxial tensile stress-strain curve of concrete

A more commonly adopted method for dealing with post-cracking response is
proposed by (Hordijk, 1991). Hordijk model has been adopted in most finite
element software for modelling post-cracking tensile behaviour. In this model, the
first segment of stress-strain curve is linear while the second part of the stress-
strain curve is nonlinear as shown in Figure 4-5. The model provides a nonlinear
descending softening curve for simulating the post-cracking tensile behaviour.
The nonlinear part is based on the fracture energy G, to reflect the cracking
behaviour. Unlike the strain softening response, tension stiffening does not drop
off until the steel reinforcement has yielded. As a result, the descending branch
of the uniaxial stress-strain curve of pain concrete should not be used as a basis
for developing a tension stiffening model (Fields and Bischoff, 2004). In the

present study, therefore, the tensile fracture of concrete is considered as brittle.
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The strength of concrete in tension is much lower than the strength in
compression. The strength of concrete under biaxial tension is nearly equal to its
uniaxial tensile strength (Kupfer and Hilsdorf, 1969). More recently, concrete
researchers have been shown that the splitting tensile strength test of cylinder
gives a more reasonable tensile strength predictions than the modulus of rupture
test or direct tensile test (Efsen & Glarbo, 1956; Peltier, 1954; Wright, 1955).
Several equations are available to estimate the splitting tensile strength of

concrete.

In addition to model derived by Gardner, (ACI318, 2014) proposed an empirical
equation based on laboratory tests to determine the relationship between

average splitting tensile strength f’tsp and the average compressive strength f,.’

for normal weight concrete as following:

f'esp = 0.56 \/fem (MPa) (4-5)

In the present study, for convenience, the experimental obtained values from
laboratory for the splitting tensile strength of concrete were used directly as input
in the numerical analysis procedure. Therefore, a brittle tensile strength had to
be assumed and hence the concrete layer contribution has set to zero when the
principal tensile stress in the concrete layer reaches the splitting tensile strength

of concrete (see section 4.9.1).

4.3.3 Modelling of Long- term Properties of Plain Concrete

As the properties of concrete, the strain in the member changes for a long period
of time. Among the time dependent properties of concrete that are of interest to
the structural engineer are the shrinkage and creep. While the concrete creeps
under sustained stress, the shrinkage is stress independent. For analysis of the
time-dependent movements, it is necessary to employ time functions models for
strain in the materials. Creep and shrinkage are influenced by several factors,
among these factors are ambient relative humidity, load level, age of concrete at
loading, curing conditions, mix proportions and properties, shape and size of
member. There are several analytical models derived for predicting creep and
shrinkage deformations such as (CEB-FIP-MC2010, 2010) and (ACI-209.2R,
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2008). In the present study, it was decided to select (CEB-FIP-MC2010, 2010)

model for prediction creep and shrinkage deformation.

The concrete strength of concrete develops with time. The development of
compressive strength at age t depends on the type of cement, curing conditions
and temperature. The development of compressive strength of concrete at
various ages may be estimated by (CEB-FIP-MC2010, 2010) as the following:

fem(®) = Bee: Bas(® (4-6)

B.. = exp {s. l1 - (?)osl} (4-7)

Where f,,,(t) is the mean compressive strength in MPa at an age t in days, f.,,
is the mean compressive strength of concrete at the age of 28 days (MPa), .. is
a function to describe the development with time, and s is a coeffiecient with
depends on the strength class of cement (for the cement type used in the current
study s = 0.2).

The development of tensile strength with time is strongly influenced by curing and
drying conditions as well as by of the dimensions the structural members. It may
be assumed that for a duration of moist curing t, < 7 days and a concrete age
t > 28 days the development of tensile strength is similar to that of compressive
strength (CEB-FIP-MC2010, 2010). In this study, the development of tensile

strength was ignored, since the moist curing duration was t; = 20 days > 7

The concrete modulus of elasticity also develops with time due to the properties
of concrete. Thus, the modulus of elasticity of concrete at an age t > 28 days
may be estimated from formula adopted by (CEB-FIP-MC2010, 2010) as

following:

Eci(t) = Be(D).Eg (4-8)

Be() = [Be(t) 1°° (4-9)

117



Where E_;(t) is modulus of elasticity in (MPa) at an age t in days and E is

modulus of elasticity in (MPa) at an age of 28 days.

In the reinforced concrete, creep and aging x(t, t,) are important parameters for
creep analysis of any structure where yx(t,t,) is the ageing coefficient. The
coefficient y(t, t,) depends on the age of concrete at first loading, the size and
shape of the member, and the duration of load (R.I. Gilbert & Ranzi, 2010). The
coefficient y(t,t,) was called by (Trost, 1967) the relaxation coefficient but was
later renamed by Bazant the aging coefficient. The values of x(t,t,) are usually
less than 1, with 0.8 to 0.85 as the mean estimate. In 1988, (Z. Bazant, 1988)
stated that Coefficient y(t, t,) does not really introduce a correction for the stress
relaxation. Rather, it introduces a correction for aging. Hence, the stress history
and the effect of aging coefficient must be included to predict the deformation of

reinforced concrete (RC) members accurately (R.l. Gilbert & Ranzi, 2010).

4.3.4 Steel Reinforcement

Steel reinforcement is used in concrete construction to increase the stiffness of
member since it is relatively strong and stiff compared with concrete. In reinforced
concrete structures, the response of reinforcing steel bar severely affects the
behaviour of the member, particularly, near the ultimate load stages (nonlinear
zone). The typical engineering stress-strain curve for steel reinforcement

subjected to tensile loading is shown in Figure 4-6.

)

o
]

Figure 4-6. Uniaxial stress-strain curve for typical reinforcement
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The stress at yield point f, refer to yield tensile strength of steel with
corresponding yield strain g,. In this region, the modulus of elasticity can be found

by the slope of the linear elastic portion of the curve. After the yield stress-strain
point, the behaviour of steel reinforcement is no longer linear and behaves as
elastic material, thus, the stress slightly decreases while the strain increases. In

the service load range, the tensile reinforcement behaves typically linear-elastic.

Adequate analysis of the member usually requires realistic stress-strain
relationships for modelling of steel reinforcement. There are several constitutive
models have been proposed for response of steel reinforcement. Therefore, the
most common approach for modelling the reinforcement is the elastic-strain
hardening through simplified and idealized the shape of the stress-strain curve.
For convenience, it is commonly necessary to idealize the stress-strain curve
through consider bi-linear or tri-linear approach depending on the accuracy
required. In the present study, the idealization of stress-strain curve has been
derived from uniaxial tensile stress-strain tests at laboratory of University of
Leeds as shown in Figure 4-7. The idealization of stress-strain curve depends
mainly on the slop of the experimental stress-strain curve after yield point.
Accordingly, the proposed line has been derived to represent the stress-strain
relationship of steel reinforcement. Moreover, the secant modulus of steel can be

found at each point on the idealized curve.
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Figure 4-7. Idealized of stress-strain curves of steel
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4.4 Creep Superposition of Concrete

When the member subjected to a constant stress oa.(t,) applied at time t, , the

total strain, including shrinkage, can be determined from:

e(tto) = ¢ ( 0) 0t t)-¢ (to) + &sn(t) (4-10)
Then
e(t to) = EGEEZ) +[14 0t to)] + esn(®) (4-11)

The equation (4-11) indicates the assumption that the total strain, instantaneous
plus creep, is proportional to the applied stress. The stresses in reinforced
concrete members usually varies with time for many reasons (as explained in the
literature section 2.15) even if the load is constant. In the singly reinforced
concrete flexural member, the neutral axis moves downward as a result of creep
and shrinkage strains. Accordingly, the compressive area increases, and the
stress decreases significantly. For analysis of such a section, equation (4-11)
cannot be used directly since the stress within the cross-section varies with time
even though the bending moment constant. The concrete creep caused by
variable stress is generally calculated using the principle of superposition. The
principle of superposition was first applied to concrete by (McHenry, 1943). Using
this method, the total strains at time t may be expressed as the sum of the strain

produced by o, the strain produced by the gradually stress increment Ao, and

shrinkage strain as shown in the following expression:

et t) = o [1+ (6 to)] +

) A1+ x(tt0). B(t te)] + &sn(D)  (4-12)

In the present study, the varying in the flexural stress due to creep and shrinkage
effects was assumed only in the compressive zone (details about the dealing with

this problem are given in the section 4.9.2).
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4.5 Modelling of Creep and Shrinkage in Reinforced Concrete
Sections under Flexural

Over time, the deformation of reinforced concrete member attains values several
times larger its initial values due primarily to creep and shrinkage effect. The
inclusion of the reinforcement increases the instantaneous flexural stiffness, so
that the instantaneous curvature reduces. The reinforcement provided in the
section restrains the free development of shrinkage and creep. As explained
earlier in section 2.15 , if the reinforcement is not symmetrically or just placed in
the tension side, shrinkage would be expected to induce a curvature in the cross
section. Furthermore, shrinkage induces tension stresses in the concrete due to
the restraining action of the reinforcement, which effectively reduces the crack
resistance. Similarly, creep also induces a curvature with time in the cross
section. In such a case, the restraint to movement due to reinforcements will
reduce the creep in the tension zone and lead to drop in the position of the neutral
axis. Typically, in the singly reinforced sections the curvature, neutral axis
movement and tensile restraint stresses are important while in symmetrically
reinforced sections the tensile stresses are predominant rather than neutral axis
movement and curvature. The estimation of creep and shrinkage deformations in
reinforced concrete member is not straightforward. Accordingly, available
analytical methods consider the creep and shrinkage actions are independently
and derived based on the uncracked or fully cracked conditions with simple

assumptions.

Therefore, in the present study, an extensive attempt has been made to deal with
creep and shrinkage as dependently in the partially cracked reinforced concrete
members. The reliability of analysis must be able to take into consideration the
possible design scenario, particularly here is the existence of openings. Thus,
new model is suggested in this research to deal with creep and shrinkage in
reinforced concrete sections. The method is based on restraint concept that
provided from reinforcement. Consider the section properties of unreinforced and
reinforced concrete as shown in Figure 4-8. Assume that the external moment on
the section is applied just before cracking moment, thus, the initial strain and
curvature are occurred. Hence, the restraint ratio R is then defined as the ratio of

the strain in reinforced concrete at the level of reinforcement bars to the strain in
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unreinforced concrete corresponding to the level of reinforcement bars. The ratio

can be obtained according to the following expression:

(4-13)

nmlml

Where R is the restraint ratio, ¢, is the strain at t,, in the unreinforced concrete at
the level corresponding to the reinforcement bars, and € is the strain at t, in the
reinforced concrete at the level of reinforcement. Typically, the restraint ratio R
decreases as reinforcement ratio increases. This ratio also depends on the
reinforcement position and whether the section is singly reinforced or doubly. By
taking the sectional properties of the current work, this ratio typically ranged from
0.171 to 0.947 in the fully cracked and uncracked sections, respectively. For the
unreinforced concrete members, the restraint ratio is equal to one and the internal

stresses due to restraint to shrinkage will vanish.

Lavers

Ec

uncracked Strain profile

Figure 4-8. Sectional properties of unreinforced and reinforced concrete
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To model shrinkage action, assume that cracking occurs instantly immediately at
a section of a slab, but much of the slab remains uncracked, after the load is
applied at age t, and the concrete has initial shrinkage at biaxial directions as
shown in Figure 4-9a. After the load is applied, the initial strain and curvature are
occurred. However, the reinforcement does not shrink, hence, the shrinkage of
the concrete surrounding the reinforcement will be constrained and this will cause
tensile strains to develop in the concrete and compressive strain in the

reinforcement as shown in Figure 4-9b.
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Figure 4-9. Shrinkage action at plane element (a), and restraint to shrinkage provided by
reinforcement (b)
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The tensile stresses of concrete in the level of reinforcement are then obtained

from restraint ratio according to the following expressions:

Ocs = (1 - R)ssh.free * E¢ (4-14)

Oss = R* &gp free * Es (4-15)

Where o is the tensile stresses of concrete, o is the compressive stress of

reinforcement, and &, £ is the free shrinkage strain.

On the other hand, to model creep and shrinkage actions, consider that the
cracking occurs at a section of a slab, whenever the tensile stress in the concrete
reaches the tensile strength of concrete but much of the slab remains uncracked,
instantly after the load is applied at age t,. Immediately after the load is applied
the initial strain and curvature are occurred, and the concrete has initial
shrinkage. At age t, some creep and shrinkage have taken place with time. Due
to the presence of reinforcement, the neutral axis position is shifted downward as
shown in Figure 4-10. To model this problem, the restraint ratio is also required,
therefore, the total restraint strains (shrinkage and creep) is then calculated.
Then, the new neutral axis position and curvature are obtained by similar triangle
option. In such a case, where the bending strain profile distribution is
comparatively small, the creep strain would be expected to be small, thus, in this
case the shrinkage strains govern the total strains and will cause some reduction
in tensile stresses of the reinforcing bar. In contrast, in the high bending zones,
the creep strain would be anticipated to be higher than shrinkage strains and
thereby the creep will govern the total strain and, hence, will lead to induce tensile
tresses in the reinforcement bar over time. Therefore, the method proposed in
this study is appropriate to deal with such interaction. This method also is

appropriate for different material properties within the layered section.
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Figure 4-10. Shrinkage and creep action of plane element (a) and changes in curvature
and neutral axis at age t (b)

4.6 Modelling of Boundary Conditions and Loads

Setting up a proper boundary conditions is necessary for accurate analyses. The
boundary conditions are the known conditions on the surfaces and supports. The
rigorous solution of the governing differential equation must satisfy
simultaneously the boundary conditions and differential equation of any given
problem. There are three available boundary conditions such as geometrical

boundary conditions, mixed boundary conditions and statical boundary
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conditions (Szilard, 2004). For geometrical boundary conditions, certain
boundary conditions provided by the magnitude of displacements. In the bending
theory of plates, the displacement components to be used in formulating the
boundary conditions are slope and lateral deflections. Solution of the differential
equation by using finite differences method requires appropriate representation
of the boundary conditions. When central finite differences method is used to
solve fourth order differential equation, the introduction of fictitious points outside
of the slab is required. In such a case, the fictitious points outside the slab
boundaries are expressed in terms of deflections of the mesh points located
inside the slab boundaries as shown in Figure 4-11. In the present study, slabs
were supported at four sides on stiff supports (I-sections). Therefore, no
differential settlements are occurred. In the case of the slab contains an opening,
special boundary conditions at the opening edges are needed. Therefore,
settings up proper boundary conditions are necessary. At the edges of the
opening the bending moments are set to zero whereas the deflections along its

boundary are not.

Wii—1.n= " Wm+1,n
~ Fictitious point outside the slab

M. 1 m+1l,n
3

%Ax*_}; Axﬂ

Figure 4-11. Representation of boundary conditions for finite differences method by
(Szilard, 2004)

In reinforced concrete members subjected to load, five different types of loading
conditions can occur: concentrated forces and moments acting at a point;
prescribed boundary displacements; distributed loads; body force loadings and;
thermal loadings. Correctly modelling the load in the finite difference method is
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an important aspect for solving governing differential equation. Thus, to apply the
loads to the slab in the model, the load representation is required. Node locations
that coincide with the location of concentrated forces is required. In the present
study, the slab was subjected to partial area loading of 200x200 mm. For
modelling such load, the force was divided properly on the finite nodes, which is

located under the loaded area.

4.7 Mesh Sizes and Convergence Analysis

The most important step in the numerical analysis procedure is the convergence
analysis. While the use of an ordinary finite difference technique is very simple,
and the method is quite general, it is characteristics by slow convergence. Thus,
when higher order derivatives and a large number of mesh points are involved,
the solution due to machine errors may convergence to a wrong number that
adversely affects its accuracy. Therefore, the use of an iterative approach is
recommended. Moreover, extremely fine mesh resulting large number of
simultaneous equations and hence may create additional errors in solutions. In
2004, (Szilard, 2004) carried out a series of convergence analysis for square
plate supported on four sided as shown in Figure 4-12. As can be seen from the
figure, when the change of the mesh size is ranged from (a/4) to (a/8), the error
is decreased from 28% to 2%, respectively. It is clear that the error decreases
significantly when the number of elements (finer mesh) increases. This can
confirm that the finite difference method gives good results with a little

discretization in continuum.

In this study, the convergence study was done to optimize the mesh size and
numerical model reliability with respect to elastic deflection. In the nonlinear
cracking analysis, the development of crack produces convergence issues. This
is attributed by the local softening after fracture of the concrete material. This
issue can be resolved efficiently by selecting a proper model for the post-cracking
tensile behaviour. In this study, however, the softening post-cracking part is
ignored as it has been mentioned in section 4.3.2. Therefore, the concrete was
modelled as a linear brittle material when the concrete stress exceeds the tensile
strength. Moreover, the convergence problem can be treated by increasing the
number of load steps (small increments) in the analysis. The convergence
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analyses were performed as a basic evaluation for the numerical model in order
to obtain the optimal results. In this study, square element type was chosen, and
different mesh sizes of 25 mm, 50 mm, 75 mm and 100 mm were tested, with all

other parameters kept constant.
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Figure 4-12. Convergence of FDM (Szilard, 2004)

4.8 Assumptions

Reinforced concrete members are typically made up of steel and concrete, which
have different behaviour. Steel reinforcement can be considered as
homogeneous material with properties can be defined. On the other hand,
concrete is anisotropic non-homogenous material and its mechanical properties
is complex. The modelling of reinforced concrete structural members depends on
separate material models for the concrete and steel, which makes the reliable
analysis is impossible. However, during the nonlinear modelling of reinforced
concrete members, an appropriate assumption is usually the critical key factor for

accurate and successful analysis.

4.8.1 Assumptions of Short-term Analysis

The basic assumptions adopted in the present study are as following:
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e Plane sections remain plane before and after deformation.

e The plane cross section is perpendicular with horizontal mid plane=90°.

e The slabis thin. Thus, the out-of-planeside, i.e. the shear stress is ignored.

e The cracking of concrete was assumed fixed smeared and is formed
orthogonally within in-plane principal directions.

e Redistribution of elastic moments due to flexural stiffness cracking is
ignored.

e The tensile behaviour of concrete is modelled as linear brittle.

e The geometric nonlinearity is not considered in the analysis.

e As the smeared crack model was adopted, reinforcing steel was modelled
as additional smeared stiffness over the concrete plane stress elements.

e Perfect bond between concrete and steel was assumed. Hence, the loss
of bond stress after cracking is ignored.

e The reinforcing steel is assumed to carry stress along its axis only and the
effect of dowel action is neglected (this is reasonably specifically in the
case of small reinforcing bar diameters).

e Perfect shear stress transfer between layers is assumed.

4.8.2 Assumptions of Long-term Analysis

e The creep strain (tension and compression) is proportional to the stress.

e The restraint to shrinkage by the end supports is not considered.

e The temperature effect is ignored.

e The creep and shrinkage strain profiles are considered linearly through the
section.

e Shrinkage is assumed uniform throughout the depth of slab sections.

e Creep and shrinkage strains were assumed as not separated phenomena
acting on reinforced concrete flexural sections.

e Neutral axis changes due to creep and shrinkage are considered in the
numerical analysis procedure.

e Creep induced from restraint to initial shrinkage stresses prior to loading
is ignored since it is relatively small.

e The reduction in concrete tensile strength due to sustained loading was

ignored.
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e Loss of tension stiffening due to internal cracking was ignored. This is
reasonable since the loss of tension stiffening is largely dependent on the
reduction of concrete tensile strength under sustained loading. This is
reasonable since all slabs were loaded over 28 days and, hence, the
concrete has gained much strength.

e However, it is suggested that the loss of beneficial stiffness only due to
cracks caused by restraint to shrinkage.

e Loss of tension stiffening with time due to tensile creep was ignored. This
is reasonable since creep plays an insignificant part in such changes (see
section 2.13).

e The effect of member size on concrete creep and shrinkage are
considered by using notional size member expression h.

e Average ageing coefficient y(t, t,) was assumed to be 0.85.

4.9 Numerical Analysis Procedure

The numerical analysis of a reinforced concrete structure is complicated by the
nonlinear material stress-strain relationships. This section describes the major
components of the numerical analysis procedure adopted in this research. The
procedure described is solved by the computational system using Visual Basic
for Applications (VBA), which was used to obtain the numerical solutions. VBA is
the programming language for advanced users to automate computing
operations and extend multi functionalities. VBA programming can establish and
formulate complicated engineering multi models (such as concrete cracking and
material nonlinearity) in one task. It is very efficient for solving fourth order
differential equations. These advantages are not provided in the MATLAB. Thus,
it was decided to solve the numerical procedure using VBA programming.

Usually, the first step in prediction of long-term movements for partially cracked
members is to perform instantaneous nonlinear cracking analysis; the long-term
deformations is then incorporated. The analysis of partially cracked members is
not straightforward. The difficulties of prediction the complete behaviour of such
analysis is caused by the nonlinearity of the moment-deformation relationships of
the sections due to cracking and nonlinear stress-strain relationship at high level
of compressive stresses. Therefore, the step by step method with load increment
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procedure is necessary. The step by step method is not subject to many of the
simplifying assumptions contained in other methods of analysis and generally
leads to reliable results. Based on the approach described above, a VBA (Visual
Basic for Applications) programme was developed. Using the program, the
sectional properties such as stresses of materials, neutral axis position and
curvature of sections can be determined. To analyse the effect of creep and
shrinkage, their effects are treated as dependent and applied to the strain profile
as additive with respect to restraint ratio. The results of analysis will be presented
with experiment together. The algorithms used in this work for both short and

long-term analysis are included in the following sections:

4.9.1 Short-term Analysis.

The analysis of a flexural members involves the determination of stresses,
strains, curvatures, and deflections at different points. The first step in the
analysis is usually to determine bending and torsional moment distributions
M,,M,, and M,,, ; then the internal deformations are computed once the flexural
rigidity of slab [D] is given (see graphical examples Figure A-1 in appendix A).
For each element, an estimation of the flexural rigidity is required. Reinforced
concrete members is usually made up from two materials with different
properties, namely, steel and concrete. In the section 2.4, it was always assumed
that the plate material is homogeneous and isotropic in all directions. In many
practical applications for instance reinforced concrete slabs, however, it is often
necessary to consider directional dependent bending stiffness since the slab in
this case is described as orthotropic. In the present study, the reinforcement
properties and spacing were the same in both directions. Thus, the flexural rigidity
in both directions D, and D,, are nearly equal. As stated earlier, the reinforcement
is modelled as an additional smeared stiffness over the concrete plane stress
elements in a state of uniaxial stress. The reinforcing steel is treated as being
equivalent smeared steel layers (whose equivalent thickness is t, = A/ b, where
Ag is the area of total reinforcing bar and b is the total length of the member). It is
assumed that each layer is in a state of plane stress, as illustrated in Figure
4-13a, that compatibility between the steel layers and the concrete layers is
maintained through the analysis, including perfect bond. The material properties
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of each layer are assumed constant throughout the layer thickness, and the
contribution of material properties are obtained by summing algebraically of each
layer. In each layer of the element, the stress points are taken as Gauss points
at its mid-point, and the stress components at these Gauss points are assumed
to be constant over the thickness of each layer. The theoretical load steps were
applied at each 5kN. Prior to cracking the section material properties behave as
a linear elastic isotropic. In this stage, the neutral axis position coincides with the
centroid of the section, and hence the whole concrete layers and reinforcement
layer are contributed to the stiffness. Once the concrete cracks at specific layers,
wherever the tensile stress in the concrete reaches the tensile strength, the
contribution of cracked layers has set to zero as shown in Figure 4-13b. Then,
the effective flexural stiffness is recomputed depending on the contribution of

effective concrete layers and their properties according to the following equation:
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Figure 4-13. Plane stress state of i,;, element (a), and associated layered transformed
cross-section subjected to biaxial bending moment (b)

Again, cracks in reinforced concrete members occur wherever and whenever the
tensile stress in the concrete reaches its tensile strength. To reflect the reduction
in stiffness due to cracking, the moment-curvature relationship (see equations
(4-17) is used to modify the stiffness. The bending and torsional moment at each
local principal direction are added up to reflect the correct sense of moment-
curvature relationship which is used to trace the cracking of concrete. This
procedure is successful to reflect the reduction in torsional rigidity due to
cracking. Once the layer had cracked theoretically, the contribution of this layer
to the torsional stiffness has set to zero and hence the modified torsional rigidity
of an element is considered. At each loading stage, the principal strains
(¢x, &y, Yxy) fOr each layer are computed from curvature and neutral axis; and then
the orthotropic tensile and in-plane shear stresses are obtained at each layer
using relationships given in equation (4-18). The distribution of stresses in the

slab can be seen in Figure A-2 and A-3 in appendix A).
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If the computed stress at the other layers exceeds its tensile strength, a crack is
introduced by setting the stress to zero in the corresponding direction. Thereafter,
concrete at that point is modelled as elastic orthotropic material with directions
fixed parallel and normal to the crack direction and, hence, the new local flexural
stiffness (see graphical examples in Figure A-4 and A-5 in appendix A) is
recomputed. At this stage, the mesh topology is assumed as a continuum as the
smeared crack concept do not account for discontinuities in the topology of mesh.
Then, the deflections are then obtained for the differential equations relating the
external load with the deflection along the member domain using finite differences
forms, corresponding to the new stiffness and curvature values. As the load
increases further, more cracks develop and the flexural stiffness decreases. To
predict the crack condition, the statement (if...then), which is provided by VBA, is
used to check whether the stress in the concrete reaches to its tensile strength.
Once the tensile stress exceeds the tensile strength, the layer contribution to the

stiffness is assumed zero according to the following expression:

IF(curvature * (x — y;) * E; <= f,, (x — y;)? * E; * A;, 0) (4-19)

Where x is neutral axis, y; layer axis, E; modulus of elasticity of layer, f; concrete

tensile strength, and A; area of layer.

At higher load level, the stress-strain relationships for compressive concrete and
steel begin to enter the nonlinear range, thus, the material stiffness of such

134



elements are also reduced and hence the local material stiffness matrix becomes

orthotropic. Accordingly, the moment-cu

becomes nonlinear. At each loading stage,

rvature relationship of the section

the principal compressive strains are

computed from curvature; and material secant stiffness (E, and E,) is then

computed using steel and concrete models as shown in Figure 4-3 and Figure

4-7, respectively. A possible algorithm for
4-14.

such analysis is illustrated in Figure
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Figure 4-14. Algorithms of current numerical analysis (short-term)
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4.9.2 Long-term Analysis.

As the properties of concrete, develop with time, the deformation of reinforced
concrete (RC) member gradually increases several times greater than its
instantaneous values, and certainly it can cause a redistribution of internal
stresses. Usually, there are three basic phenomena that lead to an increase in
movements with time. These are shrinkage, creep of the concrete, and loss of
tension stiffening. Modelling of these phenomena in reinforced concrete
members is not straightforward. The procedures for modelling creep and
shrinkage actions in reinforced concrete sections are presented in section 4.5. In
reality, it is not possible to distinguish whether the change in the flexural
movements is affected mainly from the loss of tension stiffening or shrinkage or
creep or is the result of creep variations (compressive and tensile). Therefore,
attempts have been made in this research to incorporate these phenomena in a
rational and reliable approach; then the outputs will be analysed and discussed
with experimental data as given in the Chapter 5, to ascertain the parameter that

governs the analysis.

The analysis of a flexural members with time involves the determination of long-
term movements at different points. At time of loading t,, the sectional properties
are computed without effect of concrete creep and shrinkage properties. When
the initial load increases up to desired sustained load level, the slab cracks at
several sections. Therefore, the initial effective flexural stiffness and curvature
are computed. At age t, the shrinkage and creep of concrete have taken place,
leading to a change in the curvature and neutral axis position depending on the
restraint ratio, and this may result in additional movements with time. The most
important factor in the analysis of concrete structures with time is time
discretization. To trace the behaviour of reinforced concrete structures, the time
domain needs to be discretized into several time step. An effective time
discretization should introduce a nearly constant change in displacement. In
1979, (Gilbert, 1979), suggested to discretize the time on a creep-time curve such
that the same magnitude of creep strain occurs in each time step. To minimize
the error during the early stages after loading when the development of creep
and shrinkage strains are noticeable, the suitable time discretization is required.

In this research, the time discretization is assumed to be constant at each 5 days
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interval for both creep and shrinkage-time curves. This time interval would be
accepted, particularly for creep and shrinkage strains predicted by using notional
size member. Once the creep and shrinkage strains are calculated, their effects
added to the initial strains with respect to the restraint ratio; then the long-term
movements are obtained depending on the new flexural stiffness. Once the
updated flexural stiffness is computed, a solution is then obtained for the fourth
order differential equation relating the external load to the deflection by using
finite differences form along the slab domain. Due to the ageing nature of
concrete, the rate of deformation of concrete under a sustained load is no longer
increases as in effective modulus method (EMM). In many cases, the flexural
compressive stress varying with time and hence the strain rate is no longer
increases as the same rate of constant stress. In this research, the creep
superposition is employed to trace the long-term behaviour of reinforced concrete
slab reliably. The ageing coefficient factor is assumed constant through 90 days.
Moreover, the reduction in concrete compressive stress is also computed with
respect to new neutral axis position. The complete procedure is illustrated in the

algorithm provided in Figure 4-15.
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Figure 4-15. Computation algorithms for current numerical analysis (long-term)
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Chapter 5 Results and discussion

5.1 Introduction

Experimental investigations alone will not sufficiently distinguish the influence of
relevant parameter on the long-term behaviour. Therefore, a numerical nonlinear
layered cross-sectional analysis procedure described in Chapter 4 has been used
to analyse the slabs tested experimentally and the results are presented in this
Chapter. The slabs tested in Chapter 3 are modelled first. The numerical results
are then compared with the experimental data in order to verify the proposed
analysis procedure for worst design situations. The models proposed by CEB-
FIP 2010 and Eurocode 2 (BSI, 2004) for prediction of the mean average short-
term and long-term movements have been adopted in this study to analyse the

reinforced concrete slabs under both short-term and long-term loading.

This chapter provides two main objectives. The first objective is to examine the
outcomes of the numerical analysis procedure. The second objective is to identify
mainly the influence of tensile to compressive creep ratio on the long-term
behaviour of slabs at potential design situations. The results drawn from these
objectives have been critically assessed and discussed. In addition to these
objectives, the results obtained from the code-based models have been
presented and critically discussed. Later on, the parametric study was conducted
based on the verified numerical capability to investigate the influence of opening

sizes on the deflections under sustained loading.

5.2 Experimental Results of Load- Steel Strain

Among the available methods that are reliable to understand the behaviour of
reinforced concrete slabs is experimental testing. Steel strain readings represent
one of the best parameters that is reliable to identify the influence of opening on
the slab behaviour. Thus, two reinforced concrete slabs with the same properties
and dimensions were poured and tested until failure, and the data were measured
from zero until collapse load. The first slab is solid SO while the second slab S5
contains opening with size 150x250 mm next to the column. The strain gauges
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were placed at six different locations, as given in Figure 3-3, to measure the

strains in the reinforcement.

The steel strain readings for each test are plotted in Figure 5-1 (a) to Figure 5-1
(f). These results illustrate the effect of existence of the opening on the tensile
steel strains. From the measured data, it can be clearly observed that the strains
of reinforcements are small and behave linearly at a low load levels, and the slop
of the lines are proportional to the external applied load, as a result of the
uncracked section properties. Once the load increases further, it can be noted
that the strain readings are no longer proportional to the external applied load.
The changes in the slope of the load-strain curves of both slabs reflect the
formation and extension of the internal and external cracks; these cracks then
cause a drop in the average tensile stress carried by the concrete, which

effectively increases the stresses in the tensile steel reinforcement.

From Figure 5-1 (a), (d), (e), and (f) It is obvious that the slope of the load-strain
curves of the slab containing opening S5 are lower than the solid slab S0, except
for Figure 5-1 (b) and Figure 5-1 (c). The difference in the behaviour is mainly
attributed to the existence of the opening in the slab, where the overall slab
stiffness is several times lower than the solid slab, and hence a higher curvatures
and stresses in the slab containing opening would be expected to occur,
specifically in the high bending moment zones, which concentrate around the
opening. Thus, more cracks form in these high stress zones. In such a case, it
can be concluded that the average tensile stress of the concrete in the slab

containing opening is less than the average tensile stresses in the solid slab.
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Figure 5-1. Measured tensile steel strains for slabs with and without opening
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5.3 Convergence Analysis

As explained earlier, the most important step in the numerical analysis procedure
is the convergence analysis. It is well known that that mesh sensitivity analysis
should be performed by starting from coarse mesh and then monitoring the
convergence of one of the variables until a suitable mesh size is reached. In this
section, convergence analysis is presented to optimize the mesh size and
numerical model reliability with respect to the load-elastic deflection relationship
for solid slab model and for slab with opening 400x400 mm, to obtain more
accuracy. As explained earlier in section 4.7, when higher order derivatives and
a large number of mesh points are involved, the use of an iterative approach is

recommended.

Visual basic for applications gives an option to solve the equations with a
maximum number of iterations. Thus, in this study, the maximum iteration number
is used with maximum differences 0.00001. The solution will converge when
there is no change in the deflection. In this study, however, the analysis is
terminated when the load is reached the failure load. Square element type is
selected, and different mesh sizes of 25 mm, 50 mm, 75 mm and 100 mm were
tested, with all other parameters kept constant. From observations on Figure 5-2
(a), it can be seen that the mesh sizes have slight impact on the deflection
optimization for solid slab. However, the results show that the difference is clear
for slab with opening when the mesh size has been changed from 100 mm to 25
mm as shown in Figure 5-2(b). It can be noticed, although, that there is no change
in the results when the mesh size refined from 50 mm to 25 mm. Thus, it was
decided to select 50mm mesh size for all slab models to minimize the large

number of simultaneous equations.
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Figure 5-2. Load-deflection relationship for different mesh sizes of slab with opening
400x400

5.4 Verification of Short-term Deformation Results with the
Proposed Procedure

Cracking and material nonlinearities are the main sources that influence the load-
deformation response. As stated earlier, the first step in the prediction of long-
term movements in partially cracked members is usually to perform the
instantaneous nonlinear analysis. In this section, the analysis of the reinforced

concrete slabs based on the proposed procedure will be compared with the
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experimental results in terms of load-deflections and load- steel strains curves.
Two reinforced concrete slabs with the same properties and dimensions were
poured and tested until failure as shown in Figure 3-1, and the data were
measured and collected from zero until collapse load. The first slab is solid while
the second slab contains opening with size 150x250 mm next to the column. In
the sections 5.4 and 5.6 ,the detailed behaviour of each slab will be presented
individually first; this will be followed by a comparison between the experimental

and numerical results.

5.4.1 Solid Slab S0

Deflections were recorded using LVDT at three different locations. In addition,
tensile steel strains were measured at six different locations. The measured data
were compared with the numerical findings. The following subsections display

the comparisons of the results.
5411 Load-deflection Results.

From the measured data shown in Figure 5-3 (a), 5-4 (b), and 5-4 (c) it can be
noted that the response of the slab behaves linearly, and the slop of the load-
deflection plot is proportional to the uncracked section properties. The load-
deflection curves are linear up to 20%, 22%, and 25% of the ultimate load for
LVDT1, LVDT2 and LVDTS, respectively. The recorded first cracking load was
about 20% of the ultimate load, when the allowable extreme fibre tensile stress
of the concrete is exceeded. As the load increases further, it is obvious that the
measured deflections are no longer proportional to the external applied load, with
some changes in the slope that reflect the successive cracking of the concrete.
Thereafter, the sudden change in the local stiffness due to cracking leads to
change in the response of the slab dramatically. This behaviour is obviously in
line with the observations provided in the literature with respect to the formation
of cracks under increasing loading and their effects on the bending stiffness and
curvatures. As the load approaches the ultimate load, the load-deflection curves
show high nonlinearity due to the severe cracking of concrete as well as the
nonlinearity of stress-strain curves of materials, specifically in the high bending

moment zones.
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From a comparison between the numerical and experimental results of the load-
deflection curves, it can be seen that the computed deflections show good
estimation at each load level as shown in Figure 5-3 (b) and 5-3 (c), except for
Figure 5-3 (a) where the computed deflections give good results from onset of
loading up to 60% of the ultimate load. Beyond this value, the experimental
response is stiffer than the numerical load-deflection response, which can be
attributed to the perfect bond assumption where it does not allow for the modelling
of realistic bond stress loss after cracking. This will lead therefore to overestimate
the theoretical cracking in concrete and thereby further loss of the beneficial
tensile concrete to the member stiffness. This confirms the conclusion reported
in the literature by (Bischoff,2001). He concluded that the amount of tension
transferred to the concrete between cracks depends to a large extent on the bond
between steel and concrete. The second reason that comes into play is that the
adoption of the smeared crack model, which causes a significant drop in the
overall stiffness of the model, particularly in the high bending regions, i.e. in the

centre of the slab. This in line with the conclusion reported by (Bhatti et a.,1996).
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Figure 5-3. Comparison of measured and predicted deflections of solid slab S0
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5.41.2 Load- Steel Strain Results

From the recorded data shown in Figure 5-4 (a) to 5-4 (f), itis clear that the load-
strain relationships are linear up to 22.5%, 27.5%, 27.5%, 40%, 22.5%, and
42.5% of the ultimate load for S.G.1, S.G.2, S.G.3, S.G.4, S.G.5, and S.G.6,
respectively. Thereafter, there are noticeable increases in the steel strains under
increasing load and the strains are then no longer proportional to the applied load.
This behaviour is attributed to the loss of bond stresses post cracking, which
leads to increase the steel stresses and decrease the average tensile stresses
carried by concrete as more cracks form. Overall, when the load reaches the
ultimate load, it can be seen that the load increased but the strains of the steel
reinforcement remained constant, which indicates the progressive damage of the
bond between the concrete and reinforcing steel as well as the progressive of

punching shear cracking.

From the test data, it is clear that the steel strain readings of S.G.1 and S.G. 5,
i.e. placed on the reinforcement in both directions at the mid of the slab, have the
same readings, which reveals that the distribution of bond stresses is equal in
both directions. Furthermore, it is worth noting that the steel experiences a jump
in strains, i.e. beyond 22.5% of the ultimate load for S.G.1 and S.G.5, while the
first cracking load for this slab was recorded at about 20% of the ultimate load.
This indicates that the first crack formed at the extreme bottom face, when the
allowable extreme fibre tensile stress of the concrete is exceeded, then the crack
propagated toward the reinforcing steel position. Hence, the tensile stresses of
concrete below the neutral axis is gradually carried by the reinforcing steel, which
indicates a direct relationship between the tensile stress drop after

cracking and the steel stress development.

Figure 5-4 (a) to 5-4 (f) also display a comparison between the numerical and
experimental load-steel strain curves. It is obvious that the average numerical
results coincide well with the measured results up to 40% of the ultimate load.
Beyond this level, it is clear that the computed strains are considerably lower than
the experimental values with a small change in the slope of the load-strain curves,
which can be attributed to the perfect bond assumption where the theoretical

tensile steel stresses after cracking will be underestimated. This coincides with
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the reported bond-slip behaviour as presented in section 2.9. This points out to

the fact that the perfect bond assumption does not realistically model the gradual

loss of bond stress after cracking at high service load levels; and this explains

why there is no jump in the theoretical tensile steel strains.
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Figure 5-4. Comparison of measured and predicted steel strains of solid slab S0
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5.4.2 Slab S5

For the slab S5, deflections were recorded using LVDT at six different locations
and were compared with the numerical outcomes. In addition, tensile steel strains
were measured at six different locations and the data were compared with
numerical findings. The following subsections present the comparisons of the
results of the proposed numerical procedure and the experimental data in terms

of load-deflection and load-steel strain curves.

5.4.21 Load-deflection Result

From the test readings shown in Figure 5-5 (a) to 5-5 (f) it can be noted that the
response of the slab behaves linearly at the initial load levels due to high stiffness
pre-cracking, and the slop of the load-deflection plot is high and proportional to
the uncracked section properties. As shown in Figure 5-5 (a) to 5-5 (f), the load-
deflection curves are linear up to 11.17%, 12.5%, 13.48%,14%,11.17% and
13.9% of the ultimate load for LVDT1, LVDT2, LVDT3, LVDT4, LVDT5 and
LVDT®6, respectively. The recorded first cracking load was about 11% of the
ultimate load, when the extreme fibre tensile stress of the concrete at the section
with high bending moment exceeds its tensile strength. Under further loading, it
is obvious that the measured deflections are no longer proportional to the external
applied load, and the slope of the load-deflection curves decreased. The changes
in the slope of the load-deflection curves reflect the growth and development of
the cracks in the slab. Consequently, the sudden change in the local stiffness due
to cracking alters the response of the slab dramatically. However, the active
concrete still continuous to carry tensile stresses between the cracks due to the
bond stresses between the reinforcing steel and the surrounding concrete.
Furthermore, the active concrete below the neutral axis position, for partially
cracked sections, also contributes to carry some tensile stresses. As the load
approaches the ultimate load, the load-deflection curves show some nonlinearity
due to the severe cracking of concrete as well as the nonlinearity of material
relationships. This agrees with the reported post cracking behaviour of the slab

under increasing load as presented in Chapter 2.
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A comparison between the load-deflection curves of the slab was tested
experimentally and the numerical analysis results is presented in Figure 5-5 (a)
to 5-5 (f) below. As in the previously modelled slabs, it is obvious that the
computed load-deflection curves based on theoretical assumptions are initially
linear and identical well with the measured results in the elastic range up to
47.5%, 58.6%, 58.6%, 61.45%, 44.7% and 55.86% of the ultimate load for
LVDT1, LVDT2, LVDT3, LVDT4, LVDT5 and LVDT®6, respectively. Thereafter,
the response of experimental load-deflection curves is significantly stiffer than the
response of numerical load-deflection curves. As previously stated, the difference
in the response of experimental and numerical load-deflection curves is strongly
attributed to the assumptions of the perfect bond and smeared cracking model.
The adoption of these assumptions will lead therefore to overestimate the
theoretical cracking in concrete and thereby further loss in the beneficial tensile
concrete to the member stiffness, which causes a significant drop in the overall
stiffness of the model, particularly in the high bending regions, i.e. in the centre
of the slab and around the opening region. This evidently refers to the fact that
the modelling of the slab behaviour is very complex, particularly when the
opening exists, and the adoption of these assumptions leads to overestimate the

theoretical deflections at high service load levels.
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Figure 5-5: Comparison of measured and predicted deflections of slab S5.

5.4.2.2 Load- Steel Strain Results

Figure 5-6 (a) to 5-6 (b) show the experimentally recorded load-steel strain data
where it can be seen that the strain readings are linear and proportional to the
external applied load during the initial load stages up to 15.76%, 15.7%, 22.34%,
25.14%, 11.17, and 24.6% of the ultimate load for S.G.1, S.G.2, S.G.3, S.G .4,
S.G.5, and S.G.6, respectively. As the load increases further, it is obvious that
the steel experiences a jump in stress and then the load-strain relationships are
no longer linearly, with a noticeable reduction in the slope of the curves that reflect
the gradual loss of beneficial tensile stresses of the concrete after cracking. When
the load approached the ultimate load, it can be noticed that the steel strains
developed significantly with little change in the carried load, except for Figure 5-6
(c), 5-6 (d) and 5-6 (f), which indicates that the steel reinforcement reached the

yielding stress and thereafter the strain increases at a relatively constant stress.

Figure 5-6 (a) to 5-6 (b) also compares the measured steel strains where
recorded experimentally with the numerical results based on theoretical

approaches. Overall, it is clear that the precision of the computed theoretical
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strains is in good agreement with the strains measured experimentally during the
elastic range up to 39.1% of the ultimate load. Beyond this level, it is seen that
the numerical procedure underestimated the steel strains with a small change in
the slope of the load-strain curves, which can be attributed to the perfect bond
assumption where the theoretical tensile steel stresses after cracking will be
underestimated. As it has been explained, this confirms that the perfect bond
assumption does not realistically model the gradual loss of bond stress after
cracking and it does not work well at high service load levels; and this explains

why there is no jump in the theoretical tensile steel strains.
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Figure 5-6. Comparison of measured and predicted tensile steel strains of slab S5.

5.5 Sustained Load Level

Often members can be partially cracked, thus, the response is very complex and
shared between the concrete and reinforcement. Due to the properties of
concrete, typically creep and shrinkage, develop with time, the deformation of
reinforced concrete member gradually increases over time. Creep can be
expected to be greater in members loaded at a level only just above cracking
load since the tensile stresses will be higher than for members loaded at higher
levels. In contrary, the shrinkage curvature can be expected to be greater in fully
cracked sections than uncracked sections. Thus, selecting an appropriate
sustained load is the key to a successful analysis. As already mentioned, the first
step in the long-term analysis is usually to perform the instantaneous nonlinear

analysis.

Therefore, the analysis results presented in section 5.4 have been offered a clear
picture to ensure that under specific load level the precision of the proposed
procedure will be in good agreement with the actual behaviour. Based on these
comparisons presented in section 5.4, it was decided to select the theoretical

sustained load level of 80 kN for solid slab while the theoretical sustained load
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level of 60 kN is suggested for slabs containing an opening in order to minimize

the expected errors arising from higher levels of load.

5.6 Verification of Long-term Movements with the Proposed
Procedure.

As stated in section 2.11, there are three main phenomena that lead to an
increase in deformation with time under sustained loads. These are shrinkage,
creep, and time-dependent cracking which particularly affects the magnitude of
tension stiffening with time. Therefore, an extensive attempt is made for
modelling these phenomena in the current numerical analysis procedure. The
analysis procedure is examined under different design conditions, i.e. different
sustained loading and age of concrete at loading as well as the existence of the
opening with different aspect ratios. Four reinforced concrete slabs with the same
properties and dimensions were poured and tested and the data were measured
and collected from zero until 90 days. Of these, one slab without opening S1 and
other three slabs S2, S3, and S4 with different sizes of openings. The
experimental results were then compared with the numerical results in terms of

time-deflections and time- surface strains of tensile concrete.

5.6.1 Deflection Development with Time

Deflections were recorded with time using LVDT at two different locations and
compared with outcomes from analytical and numerical results for solid slab S1.
For slabs containing an opening, deflections and steel strains were monitored
with time at six different locations and the data were compared with nhumerical
findings. In this section, the results of partially cracked slabs with and without

opening under sustained loading is presented and discussed.
5.6.1.1 Solid Slab $1

As the properties of concrete develop with time, the deformation of reinforced
concrete  member gradually increases several times greater than its
instantaneous values. As shown in Figure 5-7(a) and 5-7(b) the results indicate
that there are significant increases of measured deflection values with time. As
can be seen, deflections calculated using numerical analysis procedure,

underestimate the results when the tensile creep is equal to one-time
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compressive creep. The calculated deflections exhibit fit better results when the
tensile creep is equal to seven times compressive creep. This behaviour could
be attributed to the stress/strength ratio where the compressive stress/strength
ratio in the solid slab usually is small compared with tensile stress/strength ratio
and, hence, the development of tensile creep strain is much larger than the
compressive creep strain. This agrees with the observations reported in the
literature by (Forth, 2014; Z.P. Bazant & Oh, 1984; Branson, 1977; Chu &
Carreira, 1986). This is sufficient evidence to suggest that the ratio of tensile to

compressive creep is not unity.
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Figure 5-7. Comparison of long-term deflections of solid slab S1
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5.6.1.2 Slabs Contain an Opening (S2, S3 and S4)

A comparison between numerical and experimental results for slabs with
openings is illustrated in Figure 5-8, Figure 5-9 and Figure 5-10 for slabs S2, S3,
and S4, respectively. In all slabs, it is clear from the results that the long-term
deflections calculated using numerical analysis procedure provides good
estimation when the tensile creep coefficient equal to compressive creep
coefficient. This could be attributed to the equality of stress/strength ratio in
tensile and compressive area. As it has been explained in the literature, the
amount of tensile stress transferred to the concrete depends to a large extent on
the bond stress between the reinforcing bar and surrounding concrete. Due to
presence of opening, there is a reduction in bending stiffness and this, in turn,
will lead to more tension stiffening decay in comparison with solid slab and,
hence, less tensile stresses in the concrete portions between cracks, specifically
around the opening zones. This would be expected to reduce the tensile
stress/strength ratio and will be much closer to the compressive stress/strength
ratio and, hence, quite similar development of tensile and compressive creep
strain. This agrees with observations by (Forth,2014). He stated that it is possible
for the actual compressive creep to be equal to the actual tensile creep when
similar stress/strength ratios exist in tensile and compressive zones. This may
explain why the numerical deflection values show good agreement with the
experimental values when tensile creep coefficient is equal to compressive creep
coefficient. In such a case, there is evidence to suggest that the stress/strength
ratios in the tension and compression zone of sab with opening are equal. It is of
interest to note that there is a similar trend with experimental behaviour for all
slabs that contain opening. Therefore, this strongly points to the fact that the long-
term analysis of members depends on the stress levels in the compression and
tension zone. Hence, this inequality between tensile/compressive creep should

be considered in the analysis.
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Figure 5-8. Comparison of measured and predicted long term deflections of slab S2
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Figure 5-9. Comparison of measured and predicted long term deflections of slab S3
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Figure 5-10. Comparison of measured and predicted long term deflections of slab S4.
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5.6.2 Concrete surface tensile strain development with time

Strains were recorded with time using VWG at two locations (as given in Figure
3-4) and compared with outcomes from numerical results. For solid slab S1, As
can be seen from Figure 5-11, it is obvious that the strains estimated using
numerical analysis procedure underestimate the results compared with the
experimental data when the tensile creep coefficient is equal to one time
compressive creep coefficient, whereas the computed strains exhibit reasonable
results when the tensile creep coefficient is equal to seven times compressive
creep coefficient. As stated earlier this indicates again that the compressive
stress/strength ratio in the solid slab is small compared with tensile
stress/strength ratio and hence the development of tensile creep strain is much
larger. It should be noted that, even though the tensile creep coefficient is equal
to seven times compressive creep coefficient, the computed tensile strains of
concrete show a slight underestimation as shown. This could be attributed to the
shrinkage effect, which causes significant increases in crack widths with time.
This in line with findings reported by (Gilbert, 2017; Chong, 2004). Another
reason that come into play may be resulted from cracks widening as a result of
internal events, and formation of surface microcracks. Furthermore, this likely as
a result of local events caused by an internal crack breaking through into the face
of the crack or from the extension of cracks nearest to the primary cracks and
there will thus the cracks widen without transfer of stress between the reinforcing
bar and the concrete within this zone. This may confirm why the time-deflection
curves of solid slab show reasonable agreements when the tensile creep is equal
to seven times compressive creep, while the predicted tensile surface strains

shows slight underestimation of results.
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Figure 5-11. Comparison of measured and predicted long-term concrete surface tensile

strain of solid slab S1.
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For slabs contain openings, strains were monitored with time using VWG at two
locations, as given in Figure 3-5, and compared with findings from numerical
results. As can be seen from Figure 5-12,Figure 5-13and Figure 5-14, it can be
noted that the strains calculated using numerical analysis procedure
underestimates the results compared with the experimental data when the tensile
creep coefficient is equal to one time compressive creep coefficient. This is
usually attributed to main three possibilities: cracks widening due to shrinkage,
formation of surface microcracks, and as a result of local events caused by an
internal crack breaking through into the face of the crack or from the extension of
cracks nearest to the primary cracks and there will thus the cracks widen without
transfer of stress between the reinforcing bar and the concrete within this zone.
This explains why the time-deflection curves of slab with opening show
reasonable trend when the tensile to compressive creep is equal, while the
predicted tensile surface strains show quite underestimation of results. Therefore,
it is worth noting that the variation between the experimental and predicted tensile
surface strains of concrete is quite remarkable for slabs with opening than solid
slab, as given in Figure 5-11, where the presence of opening leads to more
tension stiffening decay in comparison with solid slab and hence less tensile
stress in concrete portions between cracks, specifically around the opening

Zones.
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Figure 5-12. Comparison of measured and predicted long-term concrete surface tensile
strain of slab S2
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Figure 5-13. Comparison of measured and predicted long-term concrete surface tensile
strain of slab S3
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Figure 5-14. Comparison of measured and predicted long-term concrete surface tensile
strain of slab S4

5.7 Summary

Before proceeding to the next sections, the summary about the proposed
analysis procedure is presented in this section. This chapter has presented the
numerical analysis technique that has been used to analyse the response of
slabs with and without opening under short-term and long-term loading. The finite
difference method is usually efficient and easy to model the response of
reinforced concrete slabs. The perfect bond and smeared cracking approaches
are the simplest models and require the least computational resources since they
simulate reinforced concrete in an average manner. However, the shortcoming
of the proposed procedure is that, it only offers average results for a reinforced
concrete slab, such as average stress and average strain, where the

determination of a localized mechanism of the slab is not possible.

A comparison of the numerical and the experimental results is included in
sections 5.4 and 5.6. Obviously, the proposed procedure overestimates the

defections and underestimates the steel strains when the load approaches the
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ultimate load; however, it gives good correlation with the measured data in the
service load range. For the slabs were subjected to sustained loading, the
proposed procedure gives good estimation of deflection for solid slab when the
tensile creep coefficient is equal to seven times compressive creep coefficient.
However, for slabs contains an opening, the proposed procedure gives a fairly
good estimation when the tensile creep is equal to compressive creep. This is

attributed to the reason discussed in subsections 5.6.1.1 and 5.6.1.2.

5.8 Code-based Models

Deflection of the slab is considered the most important design consideration. It
was mentioned in Chapter 2 that all the available models have been derived
originally for beams and one-way spanning slabs. Design codes usually provide
methods that are based on the calculation of effective stiffness or effective
curvature of the members between uncracked and fully cracked states. In the
present study, the effectiveness of the models proposed by CEB-FIP 2010 and
Eurocode 2 (BSI, 2004) for the prediction of short-term and long-term deflections

have been adopted and evaluated with available experimental data.

The elastic bending moments M, and M, are calculated at each element by
solving the second order differential equation, based on plate bending element,
using finite difference method. The torsional moment has been ignored. The
reduced flexural stiffness due to cracking in each direction are computed by using
a distribution coefficient expression offered by the above-mentioned codes. The
restraint to early drying shrinkage provided by embedded reinforcement is

considered by reduces the modulus of rupture. The value of 0.33 ,/f’_was used

for the reduced effective modulus of rupture. The effect of creep of concrete is
taken into account by modifying the elastic modulus of concrete. The shrinkage
curvature recommended by the CEB-FIP 2010 and Eurocode 2 (BSI, 2004) has
been used; a solution by finite-difference form is then obtained for the second
derivatives relating the deflection at node points to the shrinkage curvatures in
both directions.
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5.8.1 Short-term Deflection

The analysis results based on the code model were compared with the
experimentally tested slabs in term of load-deflection relationship. The first slab
is solid SO, while the second slab S5 contains opening with size 150 mmx 250

mm. The measured deflection at mid-span of slab was used only.

The comparison between the experimental results and the code model results is
illustrated in Figure 5-15 and Figure 5-16. It is clear that the response of the slab
is identical in the elastic range up to 58% and 35.75% of the ultimate load for
slabs SO and S5, respectively. After this load, the experimental response of the
slabs is stiffer than the model response, which can be attributed to the
approximation introduced in the expressions adopted by codes, i.e. the average
load-deformation response of tension member after cracking. The code model
shows a high change in the slope of the load-deflection curve as can be seen in
Figure 5-16 , which reveals a severe reduction in flexural stiffness of the slab after
cracking. This seems likely that the introduction of the opening leads to
overestimate the theoretical cracking in concrete, based on code models, in
comparison with the solid slab. Although the models recommended by building
codes have been derived from the experimental tests based on the average
behaviour of uniaxial tension members post cracking, it is obvious that the model
overestimates the theoretical deflections of the slab when the load approaches
the ultimate load capacity. On the other hand, there is evidence to prove that the

value of 0.33, /f’c, which has been used to reflect the reduced effective modulus

of rupture, shows good agreements with the experimental recodes in term of

cracking load.
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Figure 5-15. Comparison between measured and calculated short-term deflections for
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Figure 5-16. Comparison between measured and calculated short-term deflections for
slab S5.
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5.8.2 Long-term Deflection

The analysis results based on the code model were compared with the
experimentally tested slabs in term of time-deflection relationship. The first slab
is solid S1 under sustained loading of 80 kN, while other slabs (S2, S3 and S4)
contain opening with different aspect ratios under sustained loading of 60 kN.
The measured deflection at mid-span of slab was used only. The results are

presented and discussed in the following paragraphs.

Figure 5-17 presents a comparison between the experimental results and the
code model results for the solid slab S1. Although the models proposed by the
code for estimation the long-term deflections have been originally derived based
on the assumptions that the neutral axis position and bending stress history is
fixed as well as the creep coefficient in compression and tension are the same,
however, the results indicated that the calculated deflections obtained by CEB-
FIP 2010 and Eurocode 2 (BSI, 2004) showed good agreement with the

experimental data.
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Figure 5-17. Comparison between measured and calculated long-term deflections for
slab S$1.
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For slabs contain an opening (S2, S3 and S4), a comparison between the
experimental results and the theoretical results is presented in Figure 5-18,
Figure 5-19 and Figure 5-20. As it has already been explained, the models have
been derived based on crude assumptions; this could lead to overestimate the
deformation with time. Although the model showed good estimation for the solid
slab S1, as shown in Figure 5-17, it is seen that the predictions based on the
code model greatly overestimated the long-term deflections for all slabs with the
opening under sustained loading of 60 kN; however, the calculated instantaneous
deflections based on the code model showed good estimation up to 35.75% (64
kN) of the ultimate load. It is of interest to note that there is a similar trend for all
slabs that contain the opening. This is usually attributed to two reasons: firstly,
the assumption of fixing the neutral axis position wherein the bending stress
history is being fixed and, secondly, the influence of creep and shrinkage where
their effects are treated as separate and independent. This leads to the fact that
the long-term deflections calculated using above-mentioned code models will

considerably overestimate the actual deflections for the slabs with opening.
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Figure 5-18.Comparison between measured and calculated long-term deflections for slab
S2.
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Figure 5-19. Comparison between measured and calculated long-term deflections for
slab S3.
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Figure 5-20. Comparison between measured and calculated short-term deflections for
slab S4.
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5.9 Parametric Studies

The last objective in this research was to perform a series of numerical
experiments. Thus, in this section the parametric study based on verified
numerical analysis procedure is presented. In many cases, however, the
serviceability limit state of deflection is usually critical, rather than the ultimate
limit states, specifically, in the case of flat plates and flat slabs. The final
deflections, including instantaneous, depend primarily on the development of
creep and shrinkage, tension stiffening, and time-dependent cracking that affect
the magnitude of tension stiffening. This section aims to offer a clear picture of
the variation of instantaneous and long-term deflection for slabs with and without

openings, and hence give better evidence to understand the behaviour.

Therefore, the parametric study was carried out to investigate the influence of
different opening sizes on the long-term deflections of partially cracked reinforced
concrete slabs which could not be covered experimentally. There are several
factors that influence the instantaneous load-deformation response. Of these,
cracking and material nonlinearity are more predominant. Although it is possible
to compute deflections using elastic theory of plates, the extent of cracking affects
the stiffness and hence accurate predictions of deflections are not possible
(Adan, et al. 2010). Under constant load, as the properties of concrete, the
curvatures and flexural stiffness of the members is also influenced with time.
Thus, the deflection attains values several times larger than the instantaneous
deflection. As explained earlier, the first step in the prediction of long-term
movements in partially cracked sections is usually to perform instantaneous

nonlinear cracking analysis.

5.9.1 Parameters Considered

It is not reasonable to study all parameters that influencing the behaviour of the
members. Obviously, the scope of any experimental program conducted in the
laboratory remains restricted by the different aspects. In the present study, an
attempt is made extensively to experimentally verify the proposed procedure to
investigate the predictive capability of the analysis procedure that can be used to
investigate the slab behaviour with different design situations, particularly the

presence of opening. It was decided to select 60kN as a sustained loading in the
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parametric study. The main investigated parameter in the present study is the
size of openings with all other parameters kept constant. This is reasonable since
there are wide range of researches in literature concern with the effect of material

properties on the reinforced concrete slab behaviour.

As the properties of concrete, typically creep and shrinkage, develop with age,
the deformation of a slab is affected. Thus, the CEB-FIP MC-90 was used for
modelling creep and shrinkage deformations with time based on notional size of
slab as shown in Figure 5-21 and Figure 5-22. The curing duration was assumed
ts =28 days and the age at loading was assumed t, =28 days. Moreover, the

average relative humidity was assumed 60%.
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Figure 5-21. Creep coefficient based on CEB-FIP MC-90
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Figure 5-22. Shrinkage strain based on CEB-FIP MC-90
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The concrete compressive strength was assumed 35 MPa. The analytical model
derived by (Gardner, 1990) was used to predict the splitting tensile strength.
Moreover, the modulus of elasticity of concrete E. was predicted using (ACI-
209.2R, 2008). The long- and short-term material properties are listed in Table
5-1.

Table 5-1: Parametric study considerations.

Sustained load 60
(kN)
Modulus of 29000
concrete elasticity
(MPa)
Splitting tensile 3.55

strength (MPa)

Compressive 35
strength (MPa)

R.H. % 60
Age at loading ¢t 28
(days)
Curing duration ¢, 28
(days)

All slabs had the same dimensions with clear span of 1500x1500x125 mm. The
loaded area had a dimension 200 x 200 mm. The details of slab geometry and
opening sizes are illustrated in Figure 5-23 and Figure 5-24. Totally five slabs
with different opening sizes are introduced. Of these, one slab as reference. The
flexural reinforcement for all slabs were assumed orthogonal and comprised of 8
mm diameter with clear spacing 95 mm c/c deformed bars. The same analysis
procedure which described in the section 4.9 is followed in the parametric
analysis.
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Figure 5-24: Schematic of slabs with different opening sizes

5.9.2 Influence of Opening Sizes on Deflections

In this section, the calculated deflections at the centre for five slabs are presented
and discussed. Figure 5-25 shows the computed long-term deflection curves for
slabs PSSO, PSS1, PSS2, PSS3, and PSS4, respectively. It has already been
noted earlier that the solid slab gives good agreements when the tensile creep
coefficient is equal seven times compressive creep coefficient. From the
observations on the curves, it can be noted that the deflection increases with time
for all slabs. From the comparison, it is evident that the long-term deflections of
slabs with opening are greater than solid slab PSS0. This would be expected
since the presence of openings reduces the bending stiffness and hence the
instantaneous and long-term curvatures are influenced. As can be seen, there
were significant differences in the time-deflection curves when the opening sizes
increases further. This is sufficient evidence to suggest that the influence of

openings on the long-term deflection with time is not minor.
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Figure 5-25. long-term deflections of slabs

Comparison of the variation of instantaneous and long-term deflections for
different opening sizes is also shown in Figure 5-26. In all cases, it can be noted
that the deflection increases with time for all slabs. From the comparison, it is
obvious that the deflections for slabs with openings are greater than solid slab
PSS0. As explained earlier, this would be expected since the presence of
openings reduces the bending stiffness and hence the instantaneous and long-
term curvatures are influenced. It is seen that the presence of openings
influences both instantaneous and long-term deflections significantly. As the
opening sizes increased, it starts to affect the behaviour of time- deflection
curves. Again, from observations on parametric study, it can be noted that the
instantaneous deflections increased when the opening size increases. This in line

with observations in literature provided by (Bhatti et a.,1996).
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Chapter 6 Conclusions and Recommendations

6.1 Summary

A literature review on the available research was carried out to develop the
numerical analysis method. The method of analysis was developed to estimate
short- and long-term flexural deformations in partial cracked slabs. In Chapter 4,
the numerical method developed in this study have been demonstrated to
compute reasonably accurate quantitative results. In Chapter 5, the method has
been employed to verify the process of analysis procedure through a series of
large full-scale of experiments. Thereafter, the parametric study has been carried
out to investigate the influence of openings on instantaneous and long-term
deflections. Furthermore, the analytical models have been evaluated critically
through a series of experimental tests. Based upon the work presented in this
research, the following conclusions and recommendations have been

summarized.

6.2 Conclusions

From presented figures and curves, general conclusions and observations of this

research are summarized in the following three sections:

6.2.1 Conclusions Based on the verifications of the numerical

method

e In general, based on the finite difference approach, the mesh size
refinement has a relatively slight difference on the convergence of load-
elastic deflection results of solid slab while it has relatively significant
difference for slabs with openings when the mesh size larger than 50 mm.

e In general, the finite differences method has simplified the solving of higher
order differential equations of plate by replaces them into algebraic linear
simultaneous equations with high efficiency. It has simplified boundary
condition representations in terms of forces and displacements.

e Layered analysis approach offered good option to trace the change of

sectional properties.
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6.2.2

While the perfect bond assumption with smeared crack model does not
consider the loss of bond stress after cracking, it has usually provided
good estimation of deflections for solid slab.

The presence of the opening in the slab next to column affected the
estimation of deflections compared with solid slab.

In general, the calculated steel strains showed lower values than
measured values for all slabs.

While there are no criteria to evaluate the combined effects of creep,
shrinkage, cracking and tension stiffening, it can be concluded that the
current proposed procedure has successfully modelled these phenomena.
The ratio of tensile to compressive creep was not unity and it was
dependent on the level of applied stress/strength ratio.

While it is impossible to distinguish between the flexural deformations
caused by creep, shrinkage, and time-dependent cracking. However, it
can be concluded that the current method is able to compute the long-term

deflections reasonably.

Conclusions Based on the Evaluation of Code-based models

The model for effective curvature incorporated in CEB-FIP2010 and
Eurocode 2 (BSI, 2004) for cracked members have been presented and
their applicability has been evaluated critically against experimental data.
The effective curvature method has been shown to accurately model the
shape of the load-deflection response of slabs in the service load levels.

A proposed value of 0.33 ,/f’_ ,which has been suggested to estimate the

reduction in effective modulus of rupture due to restraint stresses, showed
good agreements in term of cracking load for both solid slab and slabs
with opening.

The model provided by CEB-FIP2010 and Eurocode 2 (BSI, 2004) for
prediction of long-term defections of cracked members have been
introduced. Although the model considers a constant stress with time, the
model showed good agreement in terms of the long-term deflections.
While the model has been shown to highly overestimate the long-term

deflections for slabs with openings.
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6.2.3 Conclusions Based on the Parametric Study

e A parametric study was carried out to investigate the influence of opening
on the deflections of slabs with and without opening by using the verified
numerical analysis procedure. The results showed that the presence of
the opening increases the instantaneous deflection values in comparison
with the solid slab.

e The results showed that the increasing of the opening sizes leads to
increasing the instantaneous deflections.

e The results confirmed that the presence of the opening increases the long-
term deflections in comparison with solid slab.

e The results gave clear evidence to conclude that the increasing of opening

sizes leads to increase in the long-term deflection of slabs.

195



6.3 Recommendations and Future Research

The following are recommendations areas for further research.

e During this study, the cracking was modelled as smeared fixed as well as
the reinforcing steel was assumed as smeared with perfect bond
assumption. Thus, advanced approaches for discrete crack and bond-slip
are needed with combination of creep and shrinkage effects. This if
confirmed by further research, may have significant practical
consequences.

e Further analyses are needed with different boundary conditions that can
be supported by experimental programme to study the effect of end
conditions on the response of partially cracked slabs.

e In the future, the FEA commercial software could be improved to consider
the creep and shrinkage effects with cracking nonlinear analysis.

e During this study the loss of tension stiffening due to internal damage were
not considered in the modelling of the time-depending cracking. Thus,
more developments are needed to include these phenomena.

e Further investigations for evaluation the inequality between the tensile and
compressive creep should be examined with more design scenario.

e The influence of other parameters that affect the short- and long-term
flexural behaviour such as different opening geometries, adding flexural
reinforcement in compression requires more investigation.

e Universal models for biaxial tension stiffening tests that incorporates
longitudinal and transverse reinforcement bar are strongly required.

e Appropriate treatments on concrete stress-strain relationships are needed
to deal with creep and shrinkage phenomena as pre-strains in the

nonlinear cracking analysis.
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Figure A-1. Contour maps of internal moments and deflections of solid slab at theoretical
loading.



L R L
0 36060 0680 1500 AT L7V9 LR -DOSTL LA LIS -LOGR LT -LERR L1
() 400609 -3 86D 3 4565 -4.6085 L0753 -DAA506 2SS <101 -LATHD L2046 ALK LBAN

L N L I A I
LB 1300 -LESHT 100684 L1015 13500 LAGTSD -LSCBE8 LTI LSS DOEEDD 306 160
LB 166 196343 220445 -L4T3GD -2S8A01 LMD -108506 A0S 16085 334565 16860 00BN
(1 41408 -SH1A05 35767 330485 S80S -S040 0085 26642 D706 250 1065 L5015 1155 -LHAED -1 6650 - 0506 LSOO -TTOARS 2864ES 005 L1480 3505 33885 5700 803 A1sid
(LT 30000 -H65 15060 -JA18 330885 057 3097 146085 27RO L5004 LI 108D -147ER0 -LA7ESY L0880 LIS 156008 1780 135005 -39 -J0BHT 1386 AR 508 S Y L1
0 40668 3BEID -37I8) 3600 SSLER 34528 336N A28 -LI0GTT UGN -LATICS -LELWR LIT <LEIAS B3 sLOMEE -LEORIG -L079 161D -LITNS 305487 50617 -LIGEL 3000 -S4 SSII S6OE AL SNE) 06EH
{1 335045 319600 350541 300072 353863 34860 346001 A0 1370 320412 06T 19T 26500 D200 -GS A LIS N1 D6 -A0MES A8ID SHD ST -LARD -SR-S -DA0OTY -S6RSHL AR -SSIM
(F -S7H03 -3 4600 350415 350538 350175 3486 -A50584 -5 -SR03 35036 34504 -S3I6IL 06804 16T -LLETAD L1508 -DATRAG -SIKEM 130611 24500 351306 S50 35N 35084 366K -S01T SU6R0 SIS 364600 -S040
(1 SR 30660 3005 130760 AU A1 AWB A5 NG AGK3 ST SO A0 A1 LA 16T 319 ST AN AT A3 SROE A5 40 143000 SNED SR 036 406G 20T
0 -5161 317158 316050 L1800 S8 320065 0T -A05 LSRR AT 38100 40816 A0TD -AT065 -SSR0 256 -STRERH TR A0SHG 00T AT A 506 3900 L1006 LGS 3080 -L6SD 117 S0
0 1053 20565 L8600 105065 -SIOM8A -3100¢ -S40 33778 -55588 3TV -LASTD 31054 45863 51008 SIS 39748 L3100 4503 4304 NS -ATIIGE S0 33T 10N -0 -SSR DRI D -DIGES -0RY
(1 A58 245540 -L5500 160 LTS -LESELA -LOKI5 315073 3360 -36IT 330085 41205 SI19 333058 L7060 AT -S35060 SIS AL -3500% 36T S3M AR -1 -LASKM LG Q60803 -SND -LA56A) LR
1254 21004 LUROH -LIBS48 LTS LS5 L3 -LASELD -LATLR 330600 LG 4ADNSG -STRL3 3 -ST0M8 SAE RIORSK S5 AN 56T JSEND ST -DISEDD -2 -LSTEG LTS 2SR LI LU LS
ﬂjﬁm L6 LA L9 -LA1 -LIRIE 22165 205 -6 L0 4.6 L7008 12606 60 M.-ﬂ! SR 1918 -3.1505 L0 2 056 24015 3156 D168 DA -AS1o7 -1 A1 L4811 L35

H.'Hﬂ L5 LR LT LI 18 L D05 L6 L0 - ST TI S-S5 700 57 AR -85 - L5 D45 L% L1 L LS L 1 55
205 21004 1004 -LIK8 L3S L5136 L3 LASELD -LATLE 330600 35ET 44N ST 30 STM8 SR RUEN S AN ST 360 SO LISEDD 27 LSIB6 LS LHSHE LI LN 100
{1 LASSIE 245608 1555 -1 6EBNS L7005 -DASRM LS8 -J15E7S 1365 L6172 -ASHES LALNS SIS0 3568 ATENG ATHNG S5060 51909 -LALS 30005 AAUTE S0 AT -D3RES -LAERMA LT -DACAES LS53R0 -24A M4SN
() -L8453 28565 -L8E00 105065 -S04 3100 140 337783 L5988 -3TTIR LAY 30084 A663 5100 -3OMES 39748 L5100 453 4304 LISTD -ATIIGS -S53N -0 -SI0NEA -DS805 1D -DISGS 1Y
0 3191 31758 30651 31808 A8 339 BB 505 248 ATHR S8I 40516 4000 ATHEH 325060 250 7RG AT A0I6 39N AT ST 1306 307 -5 A5 G108 2085 4105 520
(S4BT -DA06ED L0036 130766 SMED DANME LM 35 -LEOG LGRS STIT LEGS 3540 LIS -LESHSD LESAST -S1004 ISONT -LATERS -ATUAST DGRIS IR 55 LA -DARLES -LNED 330066 06 DD L
() -S74053 304600 35045 150838 35015 348685 -S54 350008 -S5008 -3S1N 34524 -S31610 305804 -1 67886 21370 21504 -DATRdG 316 131611 24500 351306 -S5O 3500 35084 -S406ES -S00S -50630 SIS 364600 -0
() 35548 39600 3581 360D 35863 4863 -AU81 -DANKD) L7138 SIS -L950T L0501 12D L6065 -AGk66 -LINES 1G5 -LS59T 316715 3200 537 SN AGR1 34060 456D AT AL 375 -3
0 40668 3BELD -3TIBE] 3608 3SLER 3450 336301 281 -LIOGHT -SUGHA -LATICS -ZELWR -LIT9 106 LIRS LM -LERNG -L70 -LE1AD LTS -S04 5067 6L 36000 -5 ISLIN 06 ST 3D 0GR
(1 41558 39409 35625 154066 L8 330885 -S547 3106570 265 2780 056004 LIS 100 -1 -LA7HSY L1990 2205 16008 17860 235005 -3I5T -30B4T 15086 D4R 3540 A6 130 L 10GE
0 -T308 1 500 13080 3256 007 <3005 28047 17060 D504 L3665 LG Lo 55 L5981 106 L5 LS L6 -LERE A0S -S10 A 35 55748 483 413
) 400618 360560 34565 -H16085 3007 QS L7453 L8 LA L2044 15630 1R L350 LG -LIGHS L6 AL 131 -LHES -G SO 51600 S5 2550 068
0 S6050) 30688 184670 ~LIATSE L7078 L8960 +LASTSD <LOULAD ~LAIOES oA OOSEH LESHT il LS80 <LA5R0 105G} L1015 25040 <DASTSD -L56360 LTI LIS 1ADDM -16O6E]
[t I S N A S A A S I O I | [ S I T Y TR N IR AN N O |

Figure A-2. Stress distribution of extreme compression fibre of the slab S1 under
theoretical load 80 KN.
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Figure A-3. Stress distribution of extreme compression fibre of the slab S3 under
theoretical load 60 KN.
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Figure A-4. Reduction i

5
=
o
X
c
=
~
3
Q@
[-%
-
<
o
-
-
=
@
a
Q
o
»
o
c
=
o
)
=
-
=2
(123
o
=
D
=4
0
o
o
Q
o
N
o
o
A
4

0D 0 0000000 0o n 0N a0 ngn 00000 no0n0nDn
0 SE-2 DRI ATRU DN DRI D LN SR XD B3 1% 1 !‘-51[ 0 TXD D A EXD SIRD S0RO DND MR S50
0 SR SED SR G0 SR DRI LD AR EE : LS G KB S ERD SO STR SR G SERD
USEAD SR ST SEA SO SN SEU ST ER0 460 SR IEN IER SR G ST ST SN SO ST SR I%U SE
0 S50 B0 S50 S SR SEU SBD SSO IR ST B0 E5D RO TEO UB0 6D IS0 (RO S50 E50 SR R0 SR0 S50 SR0 SRR SR 130 552 50
0 B SN SO DRD DRGSR URD ORI S0 CBD SED S0 GRD ERD 1D TS O LRD TR SED URD S B0 SN0 S0 DED URD SR D D
BN S SR SN SO S SEU SR A0 LB S SEN RA 6D BN A G0 SRR SR SED LED G0 SR SE SN 5D SR EG 60 &0
0 B IR0 G0 SR SRD SED B S0 LB GBD AB0 (B4 5B S0 LB M0 S0 I8 S0 (B U0 (S0 (B 35D SED R RO CRD A6 650
0150 G G151 GIBD ATRG S LR GO CED GBA GSRD ABD SBD A0 LD S0 A URD SR GED GRD GD (5D S50 S0 TRD GR0 LD G0 T
0 IED R 6D £60 HED SR SED 4 UED R R B SR SN EBD GBI EE TIRD TE
ﬂl"m LR TS0 1EA GIBD U AT LD AX-R S0 4SS0 GEAD 3RO OITD LED T 1EAQ mn"ﬁ‘u‘
12 s (5D LR U TR AT EED 15D TR0 LB RS

7560 T M0 AED L5RD D EAD E6D IED 1 1
! ST SR 150 SR SR ST TR0 16D

it Rl &Rl AR
LB e STl g8l
TR EED )
BBl Al BED LR T
151 S R ARI SN0 DR EShD 16D LD

1,
Bl BEAD RO ERD SRR BEAD ATRU EEL B mn?ﬁ:u
BT SEAD SED S A LSHO LEQD RIRD ATD UBAD LR AED AIBD LR AR BB LS GEAD STHD ES GEA THO 150 4RD 3
O EED) 150D T30 GG E1RD END) DD SR BN GRD ASRD ARA) A1RD AEGDD LD LSRR AEED AIBG) ASED ABA) 43RO AERD DEGD 3RO SR EIRD GERLD LEAD TSRIE RND
0 OTERD IR EERQ BB RIBLD SRR BEQD RIBO GRS GG ASRD 4] SD ERL AEA) MG ERD) GEAD L5BO AE] MEBD B0 BEA] SIRD ERD EIBD GIRD D TR TERL
0I5 DGR EE STRL SR GEAD SO AE-D R LERO AR LED LR BEAD 3RO RN LR LD LR LD LEAD GED 318D IRD AWD G1RO EED EED TR
0 ESe) E5RD ATMMD EIAA) STRIE SM0) DEG) SN SRS GRD SN0 BN SRAD SRR EIAD) G1RUF SR DEGD SIM DN SR SR DX St SR EIBGD GI5U EIAD GSRAF ESHUD
0ESL] @D GI0U STEQ] STRO STED DED AGL SN SRR B SRl STRL 65U LEG) TIRGR ES] SR STRO SED LIBD SMeD DNl S SNl ST WL B 6O ESGU
0 B2 D BN ST ATRD SRRQ DD ST SRS R 3RO ENAD GG 3 1l A BIGQ WA ST SRS WD ST SRR WD SRO &1 &I EQ
0 Eed fRdD AIMMD D! STRIE SR LEGD TR B SIRDD gL 1XA) ?SMI : 3 T ERD GIRDD RN DR ATRD SR SR ATRO RIBMD RO EU
0 G} 0P 1600 EIEA] SIRIF EIGD EIE) EIGI ESSL B ERE B LN S0 LED 1ED GO G0 LR SR EED EED G ERD 60 6
0 EA2 GIER 66D ELEA! SIGE EXSD EE) EEGD 1L 1= T TG ESN] EED EED EIEN AIGLD BN GIED B
0 EZ) G1R32 62601 EXA) GI0D GRD LMD D30 18D LN LML =8 L S 3 SRS L) TED 1ED ATHD BRD LB E3 EED A1 G350
b0 O 4 0 ¢ 0 00 0400 0 0 0 0 00 600 0 00 0000 00

Figure A-5. Reduction in flexural rigidity of the slab S5 under theoretical load 180 KN.



