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Abstract

Computational optimization methods have become widely used in various fields of
engineering in recent years. However, the field of structural design still largely relies on
past experience and a limited number of well known structural forms for the majority
of problems. This thesis aims to identify and address factors that limit the uptake of
computational optimization methods for the design of structural frameworks in practice.
Novel methods to address three major issues are presented here: the accurate modelling
of self-weight of structural elements and auxiliary components, user-friendly methods for
reducing the complexity of the resulting structures, and numerical methods that produce
a more easily interpretable output.

The contribution of the self-weight of a structure to the loads it must carry is often
significant for structures of large dimensions. Here a novel formulation of the ground
structure based layout optimization method is presented; this uses curved elements that
must take the form of an equally stressed catenary. This is the minimum weight form
for an axially loaded member that must also support its own weight, and allows accurate
numerical results to be obtained for long span problems, eliminating the non-conservative
errors that are caused by current methods. Using this formulation novel layouts are
proposed, which can allow much longer spans to be obtained with the same amount of
material. A further extension is also presented that allows modelling of lumped masses
at points where they are of use. This allows generation of solutions incorporating coun-
terweights, anchorages and abutments.

A further issue that is addressed in this work is the complexity of the structures
typically produced by numerical optimization methods. Two approaches to reducing
complexity are considered, addressing physical and conceptual complexity respectively.
Resolving the former involves using mixed integer programming to impose specific con-
straints designed to improve the buildablilty of the identified truss structures. Several
different constraint types are compared, including limiting the number of joints and the
angle between adjacent members. So-called ‘lazy constraints’, generated at run-time, are
used to efficiently allow consideration of these constraints at the large number of potential
crossover joints. Simple example problems are used to allow more detailed analytical ex-
amination of the characteristics of structures subjected to these constraints. It is observed
that the set of optimal structures may be discontinuous, and that symmetrical problems
under these constraints may not have symmetrical optimal solutions.

The second approach to reducing complexity is based on allowing better understanding
of the identified form, by increasing the level of abstraction of the results. A method is
proposed by which region based elements are incorporated into the ground structure
method. This is found to be capable of producing numerical results that very closely
approach the volumes of known theoretical solutions, whilst simultaneously allowing for
easier interpretation and communication. This can then be used to suggest discretised
layouts of the required degree of complexity.

A number of case studies based on real-world projects are used alongside more aca-
demic numerical examples to demonstrate the applicability and relevance of the proposed
methods.
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Chapter 1

Introduction

The field of structural design is still dominated by designs conceived by ‘engineering intuition’ and previous
experience. Often several different solutions are common for the same scenario; see figures 1.1 and 1.2 for some
examples of common forms found in bridges and buildings respectively. Decisions on the overall layout must
be taken very early in a project’s conception, yet can have huge impacts on the feasibility and effectiveness of
the whole project. Despite this, there are currently very few tools available to designers that can allow them
to make an informed choice on which of the many options will be the most effective, or indeed if there are
alternative options which may perform even better.

The increasing awareness of the importance of efficiently using natural resources leads to greater urgency in
these matters. In other fields of engineering, such as aerospace and mechanical engineering, this has already led to
widespread use of optimization methods, allowing the creation of increasingly lightweight and materially efficient
components, whilst maintaining the required performance. However, similar tools for structural engineers are
not yet so well developed.

The constraints and challenges specific to structural design stem from a variety of factors. The physical
scale of the problem requires that structures be assembled from discrete elements, and often causes the weight
of the structure itself to be a significant source of loading. The number and variety of stakeholders, and the
public nature of projects, necessitate forms that may be easily communicated, and a design work-flow capable
of adapting to rapidly changing demands and collaborative decision making. There may also be additional
architectural and aesthetic considerations applied on a problem specific basis, and each site may present its own
logistical constraints.

(a) (b)

Figure 1.1: Two traditionally conceived structural forms for long span bridges. (a) A suspension bridge, the
Golden Gate bridge, USA (photo by Walladao, 2018, used under CC BY-SA 4.0). (b) A cable stayed bridge,
the Russky bridge, Russia (photo by Александрович, 2013, used under CC BY 3.0).

3



4 CHAPTER 1. INTRODUCTION

(a) (b) (c)

Figure 1.2: Three railway stations in London, each with different structural forms. (a) Waterloo station,
showing a series of Warren trusses of varying depth (photo by Brown, 2011, used under CC BY 2.0). (b) St
Pancras International station, with arched roof vault (photo by Sakrajda, 2010, used under CC BY-SA 3.0).
(c) Cannon Street station with Cannon Place office block above, the exoskeleton of the office block comprises
transfer trusses, using Pratt trusses and cross braced cantilever layouts (photo by Prasannan, 2012, CC BY-SA
3.0).

1.1 Objectives and scope of work

The aim of the present study is to identify and address issues that limit the application of optimization methods
in structural engineering practice. The intention is to target a wide range of applications encompassing ele-
ments of buildings, bridges and other structures which are constructed using broadly truss-like, axially loaded
components. The methods used in this work centre around the ground structure layout optimization approach
(Dorn et al., 1964), due to the ease with which this can be integrated into the frame based analysis programs
currently in use in structural engineering practices. Compared to the continuum based topology optimization
methods used in mechanical engineering applications, the ground structure method also has far fewer difficulties
in dealing with problems that require a very low quantity of structural material compared to the size of the
design domain; this is often the case in structural design problems.

This thesis primarily focuses on methods that are applicable in the early stages of the design process. This
is where the greatest potential for material savings are available, yet also where the tools required are least
developed. In this stage of design development, it is common to consider only the most important influences on
the design; with more detailed concerns being added as the design develops. For example, often in the current
design process only a sub-set of the loading scenarios are initially considered, with further checks for the omitted
cases occurring at a later stage.

Recently, there has been growing interest in innovative construction methods based on additive manufac-
turing (3D printing). Whilst these approaches have the potential to allow more complex designs to be realised,
they are still in the early stages of development, and have not yet achieved widespread application, regulatory
acceptance and affordability. Instead, this work will focus on obtaining designs that could be constructed using
broadly familiar techniques, with perhaps some modification such as allowing bespoke cast nodes at the most
critical joints.

1.2 Organisation of the thesis

This thesis begins by investigating current methods available in the field of structural optimization and eval-
uating their applicability for practical structural design, this forms Part I. Several methods are then proposed
to address factors that could limit the uptake of optimization methods. The factors addressed are the non-
conservative errors caused by the modelling of self-weight, addressed in Part II, and the often complex and
seemingly incomprehensible nature of solutions obtained using numerical optimization methods, which is ad-
dressed in Part III. The proposed methods are combined, compared and tested on real-world projects, and
suggestions for further work are made in Part IV.

This work is split into chapters as follows:

1. This introduction forms Chapter 1.

2. Chapter 2 presents a review of previous studies and methods that are related to work in this thesis. This
includes theories underlying the study of minimum weight structures, as well as numerical methods of
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obtaining the same. These are contrasted with methods for ‘form finding’ and initial structural design
used in practice. Features that make methods attractive for practical application are noted.

3. Several of the numerical optimization methods considered in the previous chapter appear to be highly
suitable for use in design practice. However, their uptake is still limited. To establish why this may be,
in Chapter 3 these methods are applied to a real-world case study, thereby identifying several challenges
that still need to be addressed.

4. Long span bridges are one category of structure where the engineer traditionally has the most design
freedom. Typically these employ suspension or cable-stayed forms (see Figure 1.1). At long spans, the
self-weight of the structure itself becomes dominating; however existing numerical optimization methods
model this with non-conservative approximations. As such, the optimality of traditional forms over very
long spans appears never to have been rigorously assessed, and the theoretically optimal form for a
given span carrying gravity loading has remained unknown. To address this, Chapter 4 describes a
new numerical layout optimization procedure capable of intrinsically modelling the self-weight of the
constituent structural elements. The bridge forms identified are complex and differ markedly to traditional
suspension and cable-stayed bridge forms. Simplified variants incorporating split pylons are also presented.

5. The modelling approach developed in the previous chapter can produce unclear results in cases where the
self-weight of the structure has a favourable role in supporting the applied loads. Therefore, Chapter 5
presents an improved formulation that explicitly includes the possibility of favourable unstressed masses,
such as counterweights, in the optimal solution. Extension to frictional boundary conditions, which
are more realistic than traditional pinned supports, are also considered, and the cost of abutments and
anchorages is also included within the optimization. The method is demonstrated by application to the
initial conceptual design of a simplified bridge structure. This allows for comparison of ground anchored
and self anchored structural forms, thereby showing that use of standard support types may produce
sub-optimal results.

6. Attempts to apply topology or layout optimization methods at the conceptual design stage can be
hampered by the complex and impractical nature of the forms that are often generated; in the previous
two chapters manual intervention has been required to convert these into potentially buildable proposals.
In Chapter 6, the standard truss layout optimization formulation is extended to allow introduction of con-
straints designed to increase buildability and reduce fabrication costs. A number of different constraints
are compared, including means of controlling the numbers of joints, eliminating overly thin members and
limiting the minimum angle between connected members. Joints arising from crossover of pairs of mem-
bers are accounted for using so-called ‘lazy constraints’, allowing speedups of more than 20 times whilst
ensuring that there is no loss of solution quality. It is also shown that symmetric problems may not have
symmetric optimal solutions, and that multiple distinct and equally optimal solutions may be found.

7. In Chapter 7, a novel extension to the truss layout optimization method is proposed that greatly improves
the clarity and accuracy of numerically identified solutions. The method adds ground structure elements
based on regions, of the type used in the analytical construction of minimum weight layouts. This not
only allows for a level of abstraction that can greatly improve the users understanding of the result, but
simultaneously allows numerical identification of minimum volume structures to within a fraction of a
percent of known analytical solutions.

8. Implications of the findings of the previous chapters are discussed in Chapter 8. Points that must be con-
sidered in the application of the proposed techniques are also explored, and some initial investigations into
suggested alternatives are considered. This chapter also describes application of the suggested methods
to real-world scenarios.

9. The contributions and conclusions of the work are summarised in Chapter 9.

10. Finally, suggestions for future work are presented in Chapter 10.
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Chapter 2

Literature review

This thesis is concerned with the application of optimization to the field of structural engineering. As such,
knowledge of both existing optimization methods and current engineering practice is required.

This chapter contains a review of current work in the identification of optimal structural forms, including
both analytical (Section 2.1) and numerical (Section 2.3) approaches. Additional background on mathematical
optimization techniques, which are required for application of the numerical methods, are also presented in
Section 2.2.

Methods used by practitioners to assist in the initial design of structural form are reviewed in Section 2.4.
Finally, the differences between these practical methods and the more rigorous techniques from Sections 2.1 and
2.3 are evaluated in Section 2.5, and key requirements for improvement are identified.
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2.1 Layouts of minimum weight structures

The identification of an efficient, economic and safe arrangement of structural members is one of the main
goals of structural design. Lightweight forms reduce material usage in both the design itself and the supporting
structures. However, direct implementation of true minimum weight structures is challenging, due to the very
high level of complexity that they are characterised by. Nonetheless, these minimum volume forms can suggest
an appropriate layout for a simpler solution, and it is possible to maintain much of the material savings with
significantly simpler designs.

True minimum weight structures are also useful in benchmarking the efficiency of proposed designs. Cox
(1965) has likened the study of minimum volume structures to that of the theoretical Carnot engine (Carnot,
1897), used to quantify the efficiency of heat engines. Similarly, Palmer & Sheppard (1970) defined the term
Michell efficiency as the ratio of the weight of a suggested design to that of the optimal Michell structure for
the same problem and material.

2.1.1 Classical Michell structures

The Michell-Hemp criteria The absolute minimum volume structure required to transmit a given set of
loads to a set of supports is obtained through use of a structural layout obeying simple criteria, which were first
noted by Michell (1904). The first of these criteria is that all members must have an axial stress that is equal
in magnitude to the maximum permissible value, and the second is that the strain in all members should be
equal, and there should be no other point in the domain with a strain higher than this value.

This was later generalised to cases with unequal permitted stresses in compression (𝜎𝐶) and tension (𝜎𝑇 )
by Hemp (1973). In this case, the strain 𝜖 at any point in the domain must be in the range

− 1

𝜎𝐶
≤ 𝜖 ≤ 1

𝜎𝑇
(2.1)

with the appropriate constraint satisfied with equality in cases where members are present.
This differs slightly from Michell’s second criteria (Rozvany, 1996), and thus equation (2.1) and Michell’s

first criteria are often known as the Michell-Hemp criteria. Michell’s original criteria produce correct results
only when 𝜎𝑇 = 𝜎𝐶 , or when the support conditions of the structure are statically determinate. In Michell’s
original criteria, the ‘comparison’ displacements are independent of the values of 𝜎𝑇 and 𝜎𝐶 . Thus, in cases
where this criteria is valid, e.g. Figure 2.1a, only the thicknesses of members change when 𝜎𝐶 is varied. In more
general cases, e.g. Figure 2.1b, the layout of members, and the values of the reaction forces, change with 𝜎𝐶 .

𝜎𝑇 = 𝜎𝐶 𝜎𝑇 = 2𝜎𝐶 𝜎𝑇 = 3𝜎𝐶

(a) Simple supports
(Fixed set of external forces)

(b) Pinned supports
(External forces can vary)

Figure 2.1: Example problem with two different sets of support conditions. (a) Fixed support forces, therefore
Michell’s original criteria, and Maxwell’s theorem in equation (2.2), are valid, and the form does not change
with relative strength. (b) Multiple possible sets of support forces and only the criteria of Hemp (1973), from
equation (2.1), produce the optimal result.

Maxwell’s (1870) Theorem This seemingly unintuitive result may be better understood by referring to the
earlier theorem of Maxwell (1870), on which this part of Michell’s theory was based. This is also restricted in
applicability to statically determinate cases (Rozvany, 1996). Maxwell’s theorem states that

∑︁

∀𝑖|𝑞𝑖>0

𝑙𝑖𝑞𝑖 +
∑︁

∀𝑖|𝑞𝑖<0

𝑙𝑖𝑞𝑖 = 𝒫 (2.2)

where 𝑙𝑖 and 𝑞𝑖 are the length and internal force of bar 𝑖, and 𝑃 is a constant for a given problem. This states that,
for a statically determinate problem, an increase in the force carried by members in tension, must be transmitted
back to the supports by incurring a corresponding increase in the force in the compression members. However,
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when multiple options for the support forces are available, these extra forces can be resolved in other ways, e.g.
by the additional horizontal thrust in the examples in Figure 2.1. This finding may be of interest to structural
engineers, as thermal stresses in large structures are often avoided by the use of movement joints, which lead
to almost statically determinate problems. In these cases, it is therefore feasible to obtain general benchmark
layouts, from which minimum volumes for any ratio of 𝜎𝑇 to 𝜎𝐶 may be easily obtained.

Hencky’s Theorem Most structures that obey the Michell-Hemp criteria (often termed Michell structures)
are not trusses in the usual sense, but instead truss-like continua, where the lines of principal strain generally
form two sets of orthogonal curves. These take a form consistent with those of the slip-lines in perfectly plastic
flow (Hemp, 1958; Johnson, 1961), allowing the application of existing work from this field.

The theory of perfectly plastic plane flow was initially developed by Hencky and then further by Prandtl,
leading to the term Hencky-Prandtl net to describe a such a layout (Prager & Hodge, 1951). Such layouts
contain two families of orthogonal curves, often referred to as 𝛼-lines and 𝛽-lines, based on their coordinates in
a curvilinear system (𝛼, 𝛽) (Hill, 1950).

Hencky’s first theorem (as cited by Hill, 1950, p. 136) states ‘the angle between two slip-lines of one family,
where they are cut by a slip-line of another family, is constant along their length’. Hencky’s second theorem
states that for two adjacent 𝛼-lines at their point of intersection with a given 𝛽-line, the difference in the radii
of curvature is equal to the distance along the 𝛽-line (Hill, 1950).

Prager-Shield Optimality criteria Prager & Shield (1967) generalised the design of optimal plastic struc-
tures to include both trusses and beams in bending, defining a relationship between the optimal statically
admissible stress field and kinematically admissible strain field. This is stated by Rozvany (1989) as

u𝐾 = 𝒢
(︀
𝒞(q𝑆)

)︀
(2.3)

where u𝐾 is a kinematically admissible strain field, q𝑆 is a statically admissible stress field, 𝒞 is the cost function
and 𝒢 is the subgradient function. For a truss, where the cost of the beam is proportional to its force divided by
the permissible stress in tension or compression respectively, this relationship becomes identical to the Michell
Hemp criteria.

Classification of regions of the domain Despite the apparent simplicity of these criteria, a wide variety
of structural regions are possible. These are divided into types according to the directions and magnitudes of
the strains in the two principal directions (𝜖1, 𝜖2). This then prescribes in which of these directions members
may be present (i.e. carry non-zero forces, 𝑞1 and 𝑞2 respectively).

Type 𝑅+ : 𝜖1 =
1

𝜎𝑇
− 1

𝜎𝐶
< 𝜖2 <

1

𝜎𝑇
𝑞1 ≥ 0 𝑞2 = 0

Type 𝑅− : − 1

𝜎𝐶
< 𝜖1 <

1

𝜎𝑇
𝜖2 = − 1

𝜎𝐶
, 𝑞1 = 0 𝑞2 ≤ 0

Type 𝑆+ : 𝜖1 = 𝜖2 =
1

𝜎𝑇
𝑞1 ≥ 0 𝑞2 ≥ 0

Type 𝑆− : 𝜖1 = 𝜖2 = − 1

𝜎𝐶
𝑞1 ≤ 0 𝑞2 ≤ 0

Type 𝑇 : 𝜖1 =
1

𝜎𝑇
𝜖1 = − 1

𝜎𝐶
𝑞1 ≥ 0 𝑞2 ≤ 0

Type 𝑂 : − 1

𝜎𝐶
< 𝜖1 <

1

𝜎𝑇
− 1

𝜎𝐶
< 𝜖2 <

1

𝜎𝑇
𝑞1 = 0 𝑞2 = 0

Examples of possible layouts in these regions are shown in Figure 2.2. Types 𝑅,𝑆 and 𝑇 were identified for
optimal grillage design (Prager & Rozvany, 1977), type 𝑂 regions only were explicitly specified later (Melchers,
2005; Lewiński et al., 2019).

𝑅+ 𝑅− 𝑆+ 𝑆− 𝑇 𝑂

Figure 2.2: Regions of types 𝑅+, 𝑅−, 𝑆+, 𝑆−, 𝑇 and 𝑂.
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Therefore within 𝑅 regions, members run in one direction only and must all be of either tension or compres-
sion respectively. In 𝑆 regions, a uniform strain is observed, and members will be of the same sense and may
run in any direction, leading to the possibility of multiple equivalent layouts with the same overall volume. The
presence of these regions was noted by Maxwell (1870) and therefore optimal structures consisting only of type
𝑆 regions are sometimes referred to as Maxwell trusses (Prager, 1978b).

Regions of type 𝑇 contain two mutually orthogonal sets of members, one set in compression and one set in
tension. As these regions made up the majority of the early solutions that were identified, it was often stated
(Parkes, 1965; Hemp, 1973) that orthogonality of adjoining compression and tension members is a general
characteristic of a minimum weight structure. This was shown to be somewhat inaccurate by Rozvany (1996),
who demonstrated that the corrected statement is "If a pair of tension and compression members cross each
other, they must be orthogonal... No other members can be coplanar with them".

Chan (1960) restricted his attention to 𝑇 regions and went on to introduce three special cases of coordinate
parametrisation, as shown in Figure 2.3. These special cases are

∙ Type 1, Two sets of curves with no inflexions parametrised by setting 𝛼 and 𝛽 as equal to the
angle turned through by two axis lines from some origin. These will be herein referred to as type 𝑇1.

∙ Type 2, One set of curved lines, one set of straight lines parametrised by the angle turned
through by the curved lines, and the distance along the straight lines from some origin. Herein referred
to as 𝑇2.

∙ Type 3, Two sets of straight lines parametrised by the distance along the line in each direction from
some origin. Herein referred to as 𝑇3.

These cases cover most 𝑇 regions in solutions known to date; some examples are shown in Figure 2.4.

𝑇1 𝑇2 𝑇3

Figure 2.3: Regions of types 𝑇1, 𝑇2 and 𝑇3.

Construction of potential layouts Identification of a solution for a given problem is very challenging.
Therefore most solutions in the literature begin by assuming a given layout of regions and then define the
applied forces for which these regions are valid. This process is very much the opposite of that used in practical
structural design. Ghista & Resnikoff (1968) divided problems into smaller sections that may have known
solutions; a similar approach was used to propose initial solutions by Rozvany et al. (1993a). Within a known
strain field, Cox (1965) noted that a system of any number of loads may be added, requiring only that they
observe the requirement for tension and compression in appropriate members and overall static equilibrium.

Prager & Hodge (1951) outlined the construction of Hencky-Prandtl nets in the context of plastic flow,
including a graphical method by which an approximation to a net may be found from two intersecting shear
lines, producing an approximation consisting of arc segments. Parkes (1965) provided a simpler construction
method, using straight segments; this method would require a smaller step size (15∘ is suggested) than Prager’s
to ensure accuracy, however construction is considerably simpler. This results in the angles at each joint
throughout the structure being kept constant.

Mathematically, the geometric definition of a region usually begins by defining a function 𝜑(𝛼, 𝛽) representing
the inclination of the co-ordinate lines. 𝛼 and 𝛽 are the coordinates of a point, in a local curvilinear coordinate
system, as for a Henky-Prandtl net. Two other positive functions of 𝛼 and 𝛽 are also defined, often referred to
as 𝐴 and 𝐵, which define the radii of curvature of each line at a point (Chan, 1960). These are sometimes known
as the Lamé coefficients (Lamé, 1859; Lewiński et al., 1994a). These functions can be used to give differential
equations defining the deflections of points, relative to the imposed strains and rotations (Love, 1920; Chan,
1960). The compatibility of adjoining regions and the imposed boundary conditions can then be checked, and
the deflections and required member thicknesses can be calculated. A more detailed description of this process
may be found in Lewiński et al. (2019).

Ewing (1967) developed a computational method of calculating Hencky-Prandtl net layouts to arbitrary
precision by expanding the functions 𝐴, 𝐵 as a double power series. The geometric implications of this were
studied by Hill (1967) and Collins (1968). Dewhurst & Collins (1973) later extended this to a matrix based
technique, allowing matrix inversion to be used to find power series coefficients for indirect problems.
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(a) (b) (c)

Type 𝑅+
Type 𝑆+

(1D region)
Type 𝑇1

Type 𝑇2

Type 𝑇3

Figure 2.4: A selection of known Michell structures, colour added according to the different region types.
(a) Structure supported on a square shaped line support, based on a figure of Lewiński & Rozvany (2008b,
reused with permission). (b) Hemp’s arch with vertical hangers for a distributed load between pinned supports,
including regions outside the structure itself, based on a figure of Pichugin et al. (2012, reused with permission).
(c) Structure supporting a uniform load over multiple spans, based on a figure of Pichugin et al. (2015, used
under CC BY 4.0)

Known analytical solutions for classical Michell trusses

This section briefly outlines known analytical results for minimum volume structures; several of these are
compared numerically in Appendix A. It is shown that the 𝑇 type regions in these results can be considered to
fall into the categories 𝑇1, 𝑇2 and 𝑇3 as described above. Although over a century has elapsed since Michell’s
seminal paper, only a handful of solutions have been obtained.

Michell (1904) proposed solutions for several classic examples, including a region of equiangular spirals
extending from a circular support (type 𝑇1). Additionally, solutions to the problem of three equally spaced
parallel forces (i.e. a simply supported point load) were considered, and solutions obtained for both the full
plane and the half plane. These solutions contain regions of Cartesian members (type 𝑇3), and regions with
straight radial members and curved members forming circular arcs (a degenerate case of type 𝑇2). A variation
of this problem requires the addition of regions of type 𝑆− (Michell, 1904, Figure 4).

Chan (1960) considered the design of a cantilever. In addition to the type 𝑇3 and degenerate 𝑇2 fan regions
of Michell (1904), this includes a region of type 𝑇1 that is bounded by two circular arcs. This solution, in the
context of plastic slip lines was also given by Hill (1950). Chan (1963) further developed this by the addition
of a region of type 𝑇2, extending from the outer limit of the solution of Chan (1960), and followed by another
region of type 𝑇1. This field was extended in a similar manner to the whole plane in Hemp (1973, figure 4.19).
Solutions to additional three force cantilever problems were found by Sokół & Lewiński (2010), these are also
used to construct solutions to spanning problems supporting multiple point loads (Lewiński et al., 2019).

Solutions for problems with a limited design domain were considered by Chan (1967) and Hemp (1976), who
produced solutions for three force problems lying within a half plane. A more restricted domain was considered
by Prager & Hodge (1951) who gave a slip line solution for the shearing of two parallel plates, consisting of
two families of cycloids (a region of type 𝑇1). Hemp (1973) uses this field for the design of a long cantilever
with an unusual loading regime. Long cantilevers with more standard loading were considered by Lewiński
et al. (1994a,b), consisting of multiple regions of type 𝑇1. These solutions have been numerically shown to tend
towards the cycloid solution when far from the supports by Dewhurst (2001), who also proposed an alternative
support case that would require the purely cycloidal solution. Graczykowski & Lewiński (2006a,b, 2007) consider
the case where the design domain has non-parallel sides, resulting in a solution of similar form.

A wider variety of polygonal supports and design domains have been considered by Lewiński & Rozvany
(2007, 2008b,a). In Lewiński & Rozvany (2008a) further regions with restrictive design domains have been
developed, with subsequent refinement by Lewiński et al. (2013). In both cases, forms similar to those in
Lewiński et al. (1994b) are identified. Lewiński & Rozvany (2007, 2008b) focus on the identification of layouts
covering an unrestricted domain, supported by polygonal forms. These are similar to the whole plane field for
two point supports illustrated by Hemp (1973, figure 4.19) in that each region of type 𝑇2 is bordered on opposite
edges by a pair of regions of type 𝑇3 and a pair of regions of type 𝑇1, as shown in Figure 2.4a.

Problems requiring the support of distributed loads were first considered by Hemp (1974). His proposed
solution was later shown to be optimal for a non-uniform load distribution (Chan, 1975) and unequal tension
and compression strengths (Pichugin et al., 2012). This single span solution is shown in Figure 2.4b. For a
multiple span structure lying above the line of application of loads the optimal solution has been identified by
Pichugin et al. (2015), and is shown in Figure 2.4c. Unusually in the literature this includes a region of type 𝑅,
and a degenerate 1D region of type 𝑆. A related solution for the case where the whole plane is considered as
the design domain has been proposed by Beghini & Baker (2015).
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2.1.2 Extensions of Michell’s theory

Further applications of the theory It was previously noted that the forms of minimum weight structural
layouts correspond to those of slip lines in plastic flow; one of the most important applications of this in building
design scenarios is the solution of geotechnical problems (Smith & Gilbert, 2007). The kinematic criteria for
yield line analysis of slabs also implies an analogous result (Schumann, 1958).

Within the field of structural design, Hegemier & Prager (1969) show that the minimum volume layout is
also optimal for a range of other problems in structural design, including the maximisation of stiffness in either
the elastic range or in stationary creep (for a constant volume), and the minimisation of the volume for a given
fundamental frequency (assuming that the mass of structure is negligible compared to the masses that must be
supported).

The optimal design of pure bending structures, known as grillages, is another related problem, whereby the
optimal solution consists of a grillage-like continua consisting of regions of type 𝑅,𝑆 and 𝑇 (Prager & Rozvany,
1977). The forms observed in typical solutions are significantly different to the common Hencky-Prandtl nets in
truss design, and often consist of polygonal regions that lend themselves more easily to automatic construction,
e.g. by computer (Hill & Rozvany, 1985).

Three dimensions Although one example of an optimal structure in 3D (the so-called Michell sphere) was
given by Michell (1904), few other examples have been identified since, and the theory behind them is far less
developed than for the plane case.

Cox (1965) divides the possible values of the 3D principal strains, into two classes. The first has values
1
𝜎𝑇
,− 1

𝜎𝐶
and 0, and takes the form of orthogonal curves lying on some surface (e.g. the Michell sphere) or

a series of plane frameworks arrayed linearly or cylindrically. The second type proposed by Cox (1965) has
principal strains 1

𝜎𝑇
, 1
𝜎𝑇

and − 1
𝜎𝐶

(or − 1
𝜎𝐶
,− 1

𝜎𝐶
and 1

𝜎𝑇
), implying a system of surfaces in uniform tension

(resp. compression), orthogonal to a series of curved linear members in compression (resp. tension).
Results available in the literature generally take the form of orthogonal curves lying on a surface; for example

Lewiński (2004) produces results analogous to the Michell sphere but restricted to lie on cones or cylinders. Jacot
& Mueller (2017) provide a more general formulation and thereby identify novel solutions to a 3D cantilever
problem; again these take the form of orthogonally fibrous surfaces, as the intermediate strain is assumed to be
zero.

Solutions for axisymmetric problems can often be found by rotating a planar structure around an axis.
In many cases this results in a circumferential strain that is less than the limiting value, and therefore no
circumferential bars are required (Lewiński et al., 2019, sect. 5.1). Similarly, it is possible to produce one-way
spanning structures by replicating a series of planar trusses. Both of these cases still fall into the first of the
categories considered by Cox (1965).

Multiple load cases For a single load case, there should always be at least one statically determinate
optimal structure (Fleron, 1964 as reported by Topping, 1983). Any statically determinate solution for plastic
limit design is also a feasible solution for elastic design (Hemp, 1966). In such cases the virtual deflections that
are referred to in the Michell-Hemp criteria will be proportional to a permissible real strain field (Hemp, 1973).
In other words, for a single load case problem, the optimal layout is the same for elastic or plastic design.

However, when multiple load cases are imposed, the structures resulting from plastic design are normally
statically indeterminate (Chan, 1964); therefore plastic designs will differ from elastic designs. Most attention
in the literature has been devoted to plastic design due to the relative simplicity of the calculations involved.

When only two load cases are considered, the optimal plastic solution may be found by use of a superposition
principle developed by Spillers & Lev (1971) and Nagtegaal & Prager (1973). In this, two related load cases
(found by taking half of the sum and difference of the original load cases) are solved; the optimal solutions can
then be combined to give the minimum weight structure for the original multiple load case problem. Examples
of these superimposed designs are shown in Figure 2.5a and 2.5b. This principle has been extended to more
than two loading cases by Rozvany & Hill (1978), although this applies only to a limited range of circumstances.
However, later numerical results do seem to suggest that a similar ‘multi-layered lamina’ form is prevalent in a
wider range of multiple load case problems; examples may be seen in 2.5c and in Sokół & Rozvany (2013b).

The elastic design problem generally considers some combination of stress and/or displacement constraints.
Chern & Prager (1972) considered simple three bar trusses subjected to stress constraints, and found that
optimal truss were usually statically determinate, i.e. that one of the bars had zero area. These so called
‘singular’ solutions can cause substantial difficulties in identifying optimal solutions (Rozvany & Birker, 1994)
and have been the subject of much investigation (Sved & Ginos, 1968; Nagtegaal, 1973a; Kirsch, 1990).

Displacement constraints were considered by Prager & Shield (1968), and applied to truss design by Rozvany
(1992). As with the stress constraints, statically determinate structures were found to be optimal for the problem
under consideration. However, solutions identified under displacement constraints and under stress constraints
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(a) (b) (c)

Figure 2.5: Minimum volume plastic designs for multiple load case problems. (a) and (b) analytical solutions
for two load cases using the superposition principle. From Nagtegaal & Prager (1973, used with permission)
and Rozvany (1998, used with permission) respectively. (c) Numerical result for three load cases from Lewiński
et al. (2019, used with permission), showing a multi-layered structure.

are not identical. Rozvany et al. (1993b) and Rozvany & Birker (1994) consider the same problem under
displacement and stress constraints respectively, with different optimal layouts being identified.

Multiple load case problems have also been considered with explicit inclusion of bending. Prager & Shield
(1968) treated the design of a beam that must resist (separately) bending and axial load. Nagtegaal (1973b)
generalised the plastic superposition principle to include sandwich beams and frames.

Design dependent loading and self-weight In many practical problems, a portion of the loading that the
structure must support depends on the material distribution of the chosen design. The most common example
of this is that structures must carry their own weight; other design dependent loads include external loads such
as snow, which will be imposed on the upper surface of a roof, whatever height that may be.

A specific class of arch grid type structures with external loads that may vary in their point of application
have been studied by Rozvany & Prager (1979); these were later referred to as Prager structures (Rozvany et al.,
1982) and have the additional restriction that all stresses should be of one sense (Rozvany & Wang, 1983). For
a system of parallel arches, this method identifies a parabolic arch; this is the correct optimum structure only
when the structural material can support only compressive stresses. It was later shown (Darwich et al., 2010;
Tyas et al., 2011) that when both tensile and compressive forces are possible, the true optimum is more complex.

The inclusion of self-weight is one of the most critical applications of design dependent loading. Rozvany
(1977) extends the Prager-Shield optimality criteria to include self-weight to give

u𝐾 = (1 + 𝑢𝐾𝑘 )𝒢
(︀
𝒞(q𝑆)

)︀
(2.4)

where u𝐾 a kinematically admissible strain field, q𝑆 a statically admissible stress field, 𝒞 the cost function and
𝒢 the subgradient function and 𝑢𝐾𝑘 the vertical deflection. Compare this to equation (2.3). Wang & Rozvany
(1983) apply this self-weight formulation to the design of Prager structures, producing funicular forms for various
combinations of external and self-weight loading.

Discretised optimal trusses Pure Michell trusses are impractical for construction as they typically consist
of a continuum of members. To address this, several workers have suggested the use of additional costs relating
to the material volume or expense of forming a joint. Parkes (1975) suggests that such a cost should be
proportional to the thickness of the bars connected to the joint; by assuming a topology similar to that of the
known Michell structure, he demonstrated that a close approximation of the absolute minimum volume can
be found using structures with as few as 7 joints. However, this approach disproportionately penalises shorter
members, and as such it may not always be effective.

Prager (1977) suggests that the cost per joint should be constant, regardless of the number or dimensions
of the members connected there. As in the method of Parkes (1975), minimum weight structures with given
numbers of joints are first identified, and the ranges of joint costs for which they are optimal are later found.
Prager (1977) identifies discretised optimal structures by making use of Maxwell’s reciprocal diagrams, and the
self-adjoint nature of optimal trusses.

Prager (1978b) provides an alternative theory underpinning the optimization of trusses with discrete mem-
bers. A small increase in volume over the absolute minimum is permitted, and a strain state is sought that has
a maximum strain correspondingly slightly over the original value. This strain field is mesh-wise constant, i.e.
produces equal strains in all non-vanishing bars of the mesh. Through use of the circle of relative displacements
(analogous to Mohr’s circle in plastic plane strain), geometric rules governing the angles at every joint are found.
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2.1.3 Minimum weight continuum structures

It has been recognised from as early as Cox (1965) that the basis for the Michell-Hemp criteria is not consistent
with solid construction from an isotropic material. Cox (1965) mentions that an isotropic material could carry
tension and compression within the same region of material, and that the permitted value of shear stress may
also be limiting. Similarly, Prager (1978b) states that the classical solution for the Michell sphere is equivalent
to a shell where the maximum shear stress is double the maximum axial stress of the fibrous material.

Sigmund et al. (2016) significantly expand on this principle, noting that the stiffness of an optimal perforated
or variable thickness plate structure approaches that of the Michell structure only as the volume fraction
approaches zero. For higher volume fractions, variable thickness plates or shells are preferred.

However, it is the aim of the present thesis to address the requirements of structural engineers, who generally
tackle problems where a very small volume fraction is required (in the region of 1%, Baandrup et al., 2019).
Furthermore, such structures are often constructed using pinned joints, as it is desirable for logistical purposes
that they may be transported in smaller pieces. Thus the focus here will remain on frames, trusses and truss-like
continua. However, the analytical methods described in this section are unlikely to be well suited to engineering
practice. Therefore, Section 2.3 will focus on numerical methods for identifying optimal skeletal structures. The
necessary mathematical background to this is outlined in the next Section, 2.2.

2.2 An overview of mathematical optimization

2.2.1 General optimization concepts

A very general statement of a mathematical optimization problem can be formulated (Boyd & Vandenberghe,
2004) as

minimise 𝑓0(x) (2.5a)

subject to 𝑓𝑖(x) ≥ 𝑏𝑖, 𝑖 = 1, ...,𝑚 (2.5b)

where x = [𝑥1, 𝑥2, ..., 𝑥𝑛] is a vector containing the optimization variables, the function 𝑓0 : R𝑛 → R is the
objective function, 𝑓𝑖 : R𝑛 → R are the constraint functions and 𝑏𝑖 is the bound for the constraint 𝑖.

A point, represented by x is feasible if 𝑓𝑖(x) ≤ 𝑏𝑖 for all constraints 𝑖. If there are no feasible values of x
then the problem is often said to be infeasible.

Convexity An optimization problem is called convex if all the functions 𝑓0, 𝑓1, ..., 𝑓𝑛 in equation (2.5) are
convex functions. A function 𝑓 is defined as convex (Boyd & Vandenberghe, 2004) if

𝑓(𝛼x + 𝛽ẋ) ≤ 𝛼𝑓(x) + 𝛽𝑓(ẋ) ∀ x, ẋ ∈ R𝑛, 𝛼+ 𝛽 = 1, 𝛼, 𝛽 ≥ 0 (2.6)

This is illustrated graphically in Figure 2.6a-b.

Convexity is also a property of some sets; in a convex set, a line segment between any two points is contained
within the set, as in Figure 2.6c. Note that the set of points above the plot of a convex function is a convex set,
and the set of points above a non-convex function is a non-convex set.

Global and local optima A local optimum of an optimization problem is a point that has a lower value
of the objective function than all feasible neighbouring points; optima for minimising the functions in Figures
2.6a-b are marked with red crosses. If a local optimum is also the minimum value for the function over the
whole of the domain then that point is also the global optimum, as shown in Figure 2.6a.

In convex optimization, any local optimum will also be the global optimum. This makes convex problems
significantly easier to solve and eliminates any uncertainty as to the quality of the solution. Note that there
may still be multiple solutions that have an equally optimal value; these will form another convex set, although
many algorithms will return only a single one of these results.

2.2.2 Linear Programming

Linear programming (LP) is the most prominent technique in the field of operations research (Taha, 2007), this
is due to the availability of rapid and robust solution algorithms that can find the globally optimal solution.
A problem is said to be linear if all functions 𝑓 in equation (2.5) are linear in the optimization variables. All
linear programming problems are convex, and they are often most conveniently written using matrix notation.
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(a)

local and

global optima

x 𝛼x + 𝛽ẋ ẋ

𝑓(𝛼x + 𝛽ẋ)

𝛼𝑓(x) + 𝛽𝑓(ẋ)

𝑥

(b)

local

optima

x 𝛼x + 𝛽ẋ ẋ

𝛼𝑓(x) + 𝛽𝑓(ẋ)

𝑓(𝛼x + 𝛽ẋ)

𝑥

(c) (d)

Figure 2.6: Convex and non-convex functions and sets. (a) A convex (quadratic) function, global optimum
of min𝑥 𝑓(𝑥) shown. (b) A non-convex (cubic) function, a local optimum of min𝑥 𝑓(𝑥) is shown, the global
optimum is unbounded as 𝑥→ −∞. (c) A convex set. (d) A non-convex set.

Several variants what constitutes the ‘standard’ or ‘canonical’ form of a linear program have been proposed
by different authors. For example, Vanderbei (2001) uses

maximise cTx (2.7a)

subject to Ax ≤ b (2.7b)

x ≥ 0 (2.7c)

where x is a vector containing the optimization variables, c contains the objective coefficients, A the coefficients
for the constraints, and b = [𝑏1, 𝑏2, ..., 𝑏𝑚]T are the constant parts of the constraints.

Solution spaces A set of linear constraints over 2 optimization variables 𝑥1, 𝑥2 defines a polygonal region as
shown in Figure 2.7a this known as the feasible region or solution space (in this thesis, the term solution space
is preferred to avoid ambiguity with the physical space allowed for a structure). Each constraint of the problem
defines an edge of the polygon, and vertices are formed at the intersection of two (or more) edges. For three
optimization variables, the solution space becomes a polyhedron, with each constraint forming a face, Figure
2.7b. For larger numbers of variables, the solution space is referred to as a polytope, where each constraint
forms a hyperplane where the corresponding slack variable (or variable, for non-negativity constraints) is equal
to 0.

Any point within the solution space defines a feasible solution to the problem, of which there are an infinite
number. Vertices of the solution space represent what are known as basic feasible solutions; these are finite
in number and any non-basic feasible solution can be expressed as a convex combination of two or more basic
feasible solutions. Normally, the optimal solution to a problem will be a basic feasible solution, although it is
also possible for multiple basic solutions to have the same, optimal objective value, in which case any convex
combination of these solutions will also be equally optimal. Intersections of constraint planes outside the solution
space form basic non-feasible solutions.

Usually, a vertex of a 2D solution space is formed by the intersection of 2 lines; in 3D solution space by the
intersection of 3 planes and in 𝑛d solution space by the intersection of 𝑛 hyperplanes. It is sometimes convenient
to identify a basic solution using the the variables/slack variables associated with these hyperplanes, these are
known as non-basic variables and must be equal to zero.

The remaining variables are then known as basic variables, which are generally non-zero. However, it may
be the case that one or more basic variables are found to be equal to zero; this is referred to as a degenerate
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Figure 2.7: Examples of solution spaces of linear programming problems with (a) two or (b) three variables.
Solution spaces, and bounding constraints shown in blue. Optimal value shown in green, and lines/planes of
constant objective value shown in red (lighter showing more optimal values).

solution. Graphically, this corresponds to 3 or more lines intersecting in 2D or 4 or more planes intersecting in
3D. This can cause significant challenges for some algorithms.

Duality

For every linear problem (known as the primal problem), an associated problem called the dual can be defined.
This is stated as

minimise bTy (2.8a)

subject to ATy ≥ c (2.8b)

y ≥ 0 (2.8c)

where b,A and c are as given for the primal problem in equation (2.7), and y is the vector containing the dual
optimization variables. Note that each variable in the primal problem implies a constraint in the dual problem,
and vice versa.

The strong duality theorem states that the optimal solution of the primal problem is equal to the optimal
solution of the dual problem. For linear problems, this holds in all cases where an optimal solution exists
(Vanderbei, 2001).

Algorithms

The simplex algorithm The simplex algorithm was proposed by Dantzig (1949), and solves a linear pro-
gramming problem by moving between basic solutions (pivoting), with each pivot improving the value of the
objective function. Once no more pivots that improve the objective value are possible, the current basic solution
must be optimal. Note that the solution identified by this method will always be basic, and if multiple basic
solutions are equally optimal any may be returned depending on the heuristics used to choose the route through
the solution space.

Later developments to the method have improved the behaviour of the algorithm when faced with degenerate
problems (Bland, 1977; Perold, 1980), improved the choice of pivots (Goldfarb & Reid, 1977), leading to quicker
convergence or to allowed the algorithm to operate over both the primal and dual problems (Dantzig et al.,
1956; Forrest & Goldfarb, 1992). However, the Simplex algorithm is still exponential in problem size (Taha,
2007), therefore the interior point algorithm is preferred for very large problems.

Interior point algorithm The interior point algorithm differs from the simplex algorithm in that it moves
through the interior of the solution space; it is preferred for very large problems as its computational difficulty
is polynomial in problem size. The method was proposed by Karmarkar (1984), and simplified somewhat by
Gill et al. (1986).

The algorithm moves through the interior of the solution space, with the distance from the boundary
generally reducing at each iteration as the barrier function is reduced. When the barrier function is sufficiently
small, the solution approaches an optimum for the original problem.
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The output of this algorithm differs from that of the simplex algorithm when multiple optima are present.
The interior point algorithm will generally produce a convex combination of the different optimal basic solutions,
in roughly equal proportions. Methods have been developed to identify a basic solution based on the solution
from the interior point method (e.g. Bixby & Saltzman, 1994), and this feature is now available in the major
commercial codes (Gurobi Optimization, LLC, 2018; IBM Corp., 2015; Fair Isacc Corp., 2018).

2.2.3 Non-linear programming

Non-linear programming (NLP) refers to the more general case of equation (2.5), where the constraints and
objective function are formed of non-linear functions. The interior point algorithm, as described above, is often
used to attempt to solve these problems. This is a local optimization algorithm, and it is probable that a local
optimum may be identified if the problem is non-convex and the starting point has not been appropriately
chosen.

Global optimization methods that can deterministically find global optima for non-convex problems are
available only for certain classes of problems, and are generally very computationally expensive (Horst & Tuy,
1995). In many practical scenarios, these rigorous methods have fallen out of use and been largely replaced with
meta-heuristic methods (see Section 2.2.5). Optimization with discrete variables is one case where deterministic
methods are still fairly common, see Section 2.2.4.

Convex optimization problems avoid the issue of local optima, allowing the interior point method to be
used to identify the globally optimal value. A wide range of formulations can be shown to be convex, including
several variations of conic optimization (Mosek ApS, 2019). These problems are substantially easier to solve
than the general case; Boyd & Vandenberghe (2004) claim that by formulating a problem as a convex problem,
one has essentially solved the problem.

2.2.4 Discrete Optimization

Discrete optimization refers to any optimization problem where one or more variables are restricted to a discrete
set of possible values. Most commonly the variables will be restricted to integer values N, giving rise to the
term integer programming (IP), or mixed integer programming (MIP) for problems where some variables may
take continuous values (Taha, 1975).

MIP may be used in conjunction with many classes of optimization problems, some of the most common
non-linear types are mixed integer second order cone (MISOCP), mixed integer quadratic (MIQP) and mixed
integer quadratically constrained (MIQCP). However, mixed integer linear programming (MILP) is the most
common form. The algorithms for these problems generally require the solution of multiple relaxations of the
problem (i.e. problems with the integer constraints removed); the underlying convexity or otherwise of the
problem is crucial in determining whether globally optimal solutions can be obtained.

MIP may be used to model a wide range of phenomena, Taha (2007) classifies these as direct applications,
for quantities that are inherently integer, or transformed where an auxiliary integer variable is used to represent
constraints that could not otherwise be represented, such as either-or and if-then constraints. This flexibility,
combined with algorithms that are capable of finding global optima, has led to the development of many
commercially available solvers including Gurobi (Gurobi Optimization, LLC, 2018), CPLEX (IBM Corp., 2015)
and Xpress (Fair Isacc Corp., 2018).

Algorithms

The two main solution algorithm types for solving problems with integer constraints are branch and bound
algorithms and cutting plane algorithms. Many commercial solvers use a mixture of the two strategies, with
an overall branch and bound structure but incorporating some cutting planes within sub-problems (Gurobi
Optimization, LLC, 2018; IBM Corp., 2015).

Branch and bound algorithm Branch and bound type algorithms are applicable to a large array of discrete
problems; it will here be discussed in the context of mixed integer programming. The method was first proposed
by Land & Doig (1960), who applied it to MILP problems. However, note that any mixed integer programming
problem may be solved to global optimality by this method providing that its continuous relaxation is convex.

The algorithm begins by solving the continuous relaxation of the problem; this provides an upper (here a
maximisation problem is assumed) bound on the optimal value. One variable that has a fractional value in
the relaxation solution, but must be an integer in the original problem, is chosen for branching. Two new sub-
problems are generated, one limits the chosen variable to be less than or equal to the integer below its relaxed
value, and the other limits the variable to be greater than or equal to the integer above its relaxed value.
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The procedure is then repeated on a sub-problem, choosing a different branching variable each time. Once
a solution satisfying all integer requirements is found, that branch is referred to as being fathomed, and the
solution becomes a lower bound (again, assuming a maximisation problem) on the optimal value if it is better
than the incumbent lower bound solution.

Cutting plane algorithm A cutting plane is an additional constraint that is added to the linear relaxation
of a problem, removing some non-integer solutions but keeping all integer solutions feasible. To solve a problem
in this way, cuts must be added until the solution of the relaxed problem satisfies the integrality constraints.
One of the earliest practical cut generation methods for mixed problems was due to Gomory (1960), but many
other methods have been proposed since (Taha, 1975). The cutting plane algorithm is generally inferior, in
terms of performance, to the branch and bound algorithm (Taha, 2007). However, cutting planes are still often
used to improve the solutions of sub-problems in the branch and bound method.

Modern solvers are capable of generating many types of cuts (Gurobi Optimization, LLC, 2018; IBM Corp.,
2015). Additionally, commercial solvers have the capability to take cutting planes generated by the user from
problem specific heuristics or knowledge, often during the solution process.

Lazy constraints A feature related to that of the user-provided cut, is the idea of so-called lazy constraints.
These differ from cutting planes as they may exclude some otherwise feasible integer solutions. They may be
entirely generated before the solver commences, and simply stored and checked each time a new (currently)
feasible integer solution is found. However, it is often much simpler to check if a given solution violates any
constraint than to generate all potential constraints. Therefore it is also possible to generate lazy constraints
during the solution process

The classic problem to demonstrate this principle is the travelling salesman problem. To fully formulate
this problem as an MIP, an exponential number of constraints to eliminate sub-tours would be required (one
for every sub-set, of any size, of the cities to be visited). However, checking if a solution contains sub-tours is
significantly easier and very good performance is therefore seen if subtour constraints are added only when that
sub-tour appears in a candidate solution (Dantzig et al., 1954).

2.2.5 Meta-heuristic methods

The field of meta-heuristic algorithms for optimization comprises a vast number of methodologies; these are
typically based on real world processes, rather than strict mathematical reasoning (Yang, 2010). In many cases,
there is no guarantee that the solution found will be even a local optimum. This may not be crucial for practical
application however, as it is likely to be preferable to find a lower volume solution (e.g. a non-optimal point
that is near the global minimum) than a local optimum point, which may have a higher volume.

Meta-heuristics are also popular in practice due to their versatility, as they can usually handle arbitrary
functions. It may not be possible to explicitly write these functions; they may consist of outputs from simulations
or finite element analysis. However, the ‘no free lunch’ theorems, proven by Wolpert & Macready (1997), show
that there cannot be a universally efficient algorithm, but that incorporating problem specific knowledge in the
algorithm provides an important advantage.

Some of the most common meta-heuristic methods are

∙ Genetic algorithms (Holland, 1992), are based on the theory of evolution, with possible solutions
described using a genome. At each generation, a population of possible solutions is generated by combining
the fittest of the previous generation. Mutation is used to mitigate the risk of local optima.

∙ Simulated annealing (Kirkpatrick et al., 1983), moves through a solution space by moving from the
current point to a nearby point, modelling the cooling of a material. Initially the ‘temperature’ is high, and
it is likely that a move will be accepted whether it improves or worsens the objective function. Gradually,
the temperature reduces and it becomes less likely that detrimental moves will be accepted.

∙ Particle swarm optimization (Kennedy & Eberhart, 1995) is based on a number of agents, each with a
position within the solution space and a velocity. They move towards their individual, and the overall best
known positions, moderated by the inertia of their current velocity. Other swarm intelligence methods
have been inspired by bees, ants, fireflies and many other creatures.

Many of these methods have a large number of parameters that should be tuned for best results (e.g.
population sizes, cooling rates, inertia levels) often this must be done by trial and error. Additionally, many
methods are stochastic in nature, relying on random values for starting points, mutation or moves through the
solution space. Therefore the algorithms produce different results each time, and multiple runs may be required.
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Figure 2.8: Stress-strain curves. (a) A stress-strain curve for a ductile material. (b) An elastic stress-strain
relationship. (c) A rigid-plastic stress-strain relationship.

2.3 Numerical structural optimization methods

2.3.1 Categories of structural optimization

The field of structural optimization may be divided into categories based on several different parameters.

Scope of problem

Structural optimization problems may be categorised as size, shape or topology optimization problems (Bendsoe
& Sigmund, 2004). Size optimization consists of the identification of dimensions (e.g. member cross-section
diameters or plate thickness) for a problem where the layout is already fixed. Shape optimization allows for
the geometry of the problem (e.g. the locations of joints or holes) to be altered. Finally topology optimization
allows for significant changes from the starting structure (if a starting structure is even required), including the
addition of new holes or changes in the connectivity of the structure.

Topology optimization provides the potential for the most significant material savings as the most design
freedom is permitted, however it also presents the most challenges in both accurate modelling of real world
behaviour and the solving of the resulting optimization problems.

Structural modelling approach

Elastic v.s. Plastic design Various models of the stress-strain relationship for a given material may be
assumed during the design process. The simplest is linear elasticity, in which 𝜎

𝜖 = 𝐸, with 𝜎 and 𝜖 the stress
and strain at a point, and 𝐸 the Young’s modulus of the material (Benham et al., 1996). Most engineering
materials approximately demonstrate this behaviour at a stress below 𝜎𝑦, the yield stress (Figure 2.8a).

Once the yield stress is reached the behaviour changes, this is most simply modelled as a non-hardening
plastic relationship, in which the stress remains constant as the strain increases. The strains that may be
reached in this stage are generally much larger than those in the elastic region, therefore the rigid-plastic model
may be assumed, in which the strains in the elastic region are neglected and a stress of 𝜎𝑦 is assumed for all
non-zero strains. The use of plasticity can allow significantly higher loading to be carried by a structure, for
example a beam with rectangular cross section may carry a moment 1.5 times larger when designed to utilise
plasticity instead of just elasticity (Benham et al., 1996).

Both the pure elastic (Figure 2.8b) and the rigid-plastic (Figure 2.8c) approach have been frequently used in
optimization methods, with more complex models such as elastoplasticity (Maute et al., 1998) being considered
only occasionally. When elastic methods are employed, the problem is classically (Bendsoe & Sigmund, 2004)
the minimisation of compliance subject to a limit on the volume of the structure (often reported as a percentage
of the design domain and termed the volume fraction). In these formulations the restriction that the stress
should be kept below 𝜎𝑦 is often neglected, although some methods are available to incorporate it (e.g. Duysinx
& Bendsøe, 1998; Ohsaki, 2011). For plastic design, the problem is usually to minimise the volume of the
structure subject to the limits on stress in the members.

When designing for minimum compliance it is possible to formulate the problem such that it is convex
(Bendsøe et al., 1994), but this is only possible in cases where a non-zero lower bound is provided to ensure that
the stiffness matrix is positive definite. Providing a non-zero lower bound is inconsistent with use for topology
optimization, and restricts the applicability to sizing problems.

In the elastic formulation with stress constraints, the problem is non-convex, and the removal of the stress
constraint for bars that are removed can cause significant difficulty (Nagtegaal, 1973a; Hansen & Vanderplaats,
1990). Iterative numerical methods are often required to obtain solutions, methods have been proposed by
workers including Hansen & Vanderplaats (1990), Zhou & Rozvany (1991), Rozvany & Zhou (1991).
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Figure 2.9: The solutions from analytical and numerical methods. (a) Analytical result presented as a small
number of regions, from Lewiński et al. (1994a, used with permission). (b) Numerical result from density based
continuum method, using the Matlab script of Sigmund (2001). (c) Numerical result from ground structure
method, by Sokół (2011a, used under CC BC-NC 2.0). (d) Numerical result from growth type truss optimization
method, using software by Martinez et al. (2007).

In this thesis, the rigid-plastic formulation is preferred due to the higher strengths that are available and
the greater similarity between the optimization problem as typically posed and the current process of structural
design.

Discrete vs continuum representations Two methods of modelling a material and design domain are
relevant for the purposes of structural optimization. Both result in solutions comprising many individual
components, without the overall structural insight of analytical results, see Figure 2.9.

The most popular approach is to consider the design domain as a continuum, in which each location may or
may not have material assigned to it (Bendsøe, 1989). The leading method using a continuum representation
is the Solid Isotropic Material with Penalisation (SIMP) method, shown in Figure 2.9b, in which ‘gray’ areas,
of intermediate density, are penalised by use of a disproportionate decrease in stiffness (Bendsøe & Sigmund,
1999). The evolutionary structural optimization (ESO) method, developed by Xie & Steven (1993), is also
popular due to its intuitive concept. At each stage, stresses are found using standard finite element analysis,
then the elements with lowest utilization are removed.

The second method of modelling, which is perhaps more familiar to structural engineers in practice, is to
consider the final structure to be assembled from a series of individual members. The topology optimization
problem then becomes to identify the optimal sizes and connectivity of members and the locations of joints that
connect them, early work in this area was reviewed by Topping (1983). The assumptions of these methods,
such as the uniformity of axial stress distributions across the relatively slender members, match those common
in structural engineering practice (Benham et al., 1996).

Most applications to these discrete trusses make use of ground structure type methods (Dorn et al., 1964;
Chan, 1964), in which a large number of potential nodes and members are considered, and the optimal subset are
assigned a non-zero area, an example result using this method is shown in Figure 2.9. Achtziger et al. (1992)
give a number of formulations for elastic design within this framework, and demonstrates that alternative
formulations may lead to more computationally efficient algorithms.

Alternative truss based methods have also been explored, such as methods that grow the structure from a
very simple starting point (McKeown, 1998; Martinez et al., 2007), although these can be susceptible to local
optima, e.g. see the asymmetry in the solution of Figure 2.9. To more directly seek Michell structures rather
than directly minimising volume, Kwok et al. (2016) and Arora et al. (2019) propose methods, in 2D and 3D
respectively, based on identifying principal stresses from a finite element solution. These are then used to align
the truss members.

Continuum based methods have enjoyed much popularity, particularly in the fields of aerospace and auto-
motive engineering, and even more so since the advent of additive manufacturing methods. However, for the
purposes of structural engineering, the monolithic structures that are output would prove very challenging to
build. Additionally, the typical structural design values for both the volume fractions and the sizes of members
relative to the domain are far smaller than those for which continuum methods are ideal. Bendsøe & Haber
(1993) showed that at such very low volume fractions, the continuum perforated plate problem tends towards
the problem of Michell’s least weight trusses. For these reasons, the focus of this thesis will be on the use of
truss based methods.
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2.3.2 The layout optimization method and its extensions

When applied to truss or frame type structures, topology optimization is often referred to as layout optimization
(LO). The classic formulation of the plastic layout optimization method was given by Dorn et al. (1964) and also
in parallel by Chan (1964). This involves producing a densely connected ground structure, and then finding the
optimal sub-set of members. These are found by solving a linear programming problem; by the use of duality
principles, a pair of problems are defined. Today it is usual to consider the static formulation as the primal,
this is stated for a single load case problem with 𝑛 ground structure nodes and 𝑚 potential members as

minimise 𝑉 = cTq (2.9a)

subject to Bq = f (2.9b)

q ≥ 0 (2.9c)

where 𝑉 is the total structural volume, the objective coefficients c = [ 𝑙1
𝜎𝑇
, 𝑙1
𝜎𝐶
, 𝑙2
𝜎𝑇
, ..., 𝑙𝑚

𝜎𝐶
] with 𝑙𝑖 the length of

member 𝑖 and 𝜎𝑇 , 𝜎𝐶 the limiting stresses in tension and compression. q is the vector of optimization variables,
containing the tensile and compressive forces in each bar [𝑞𝑇1 , 𝑞

𝐶
1 , 𝑞

𝑇
2 , ..., 𝑞

𝐶
𝑚]T. The 2𝑛× 2𝑚 matrix B contains

suitable equilibrium coefficients and f = [𝑓𝑥1 , 𝑓
𝑦
1 , 𝑓

𝑥
2 , ..., 𝑓

𝑦
𝑛 ]T is the vector of externally applied forces.
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Figure 2.10: The stages of the layout optimization method. (a) Problem specification. (b) Design domain
discretised with nodes. (c) Each pair of nodes connected with a potential truss member. (d) The optimal
members are identified using the problem of equation (2.9).

The kinematic problem forms the dual of problem (2.9). This is stated as

maximise 𝑊 = fTu (2.10a)

subject to BTu ≤ c (2.10b)

u ∈ R (2.10c)

where c,B and f are carried through from the primal problem. The dual optimization variables u =
[𝑢𝑥1 , 𝑢

𝑦
1, 𝑢

𝑥
2 , ..., 𝑢

𝑦
𝑛]T are the virtual displacements at each node in the 𝑥 and 𝑦 (i.e. global horizontal and vertical)

directions. The value of the objective function 𝑊 represents the virtual work done by the external forces.
Observe that each bar in the ground structure implies two force variables in the primal problem, and two

strain constraints in the dual. Each node in the ground structure implies two (or three, in 3D cases) equilibrium
constraints in the primal problem, and two (resp. three) virtual displacement variables in the dual problem.

The problem structure is broadly unchanged between two and three dimensional problems, with the main
issues stemming from the increased number of nodes required to populate a 3D domain to the same density.
Other practical issues with the application of the layout optimization method concern the specification of design
domains, particularly ensuring that concavities and holes are respected, and that appropriate nodal grids can
be generated for a variety of domain shapes. Several practical and educational scripts provide implementations
of the layout optimization method including Sokół (2011a); Zegard & Paulino (2014, 2015); He et al. (2019).

Adaptive solution methods For true topology optimization to be achieved, it should be possible to connect
any point in the design domain to any other. This requires a so called ‘fully connected’ ground structure,
where every node is connected to every other. In such a ground structure, the number of potential members is
proportional to the square of the number of nodes. This leads to a rapid increase in problem size, limiting the
resolution of problems that may be solved.

Gilbert & Tyas (2003) proposed a member adding technique that increased the size of numerically tractable
problems by more than 2 orders of magnitude. This approach can find optimal layouts from ground structures
with several billion potential members. This makes use of the mathematical principle of column generation,
specifically interpreting it in the context of the layout optimization problem to provide suitable explanations
and heuristics.
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The method begins by solving a problem using a minimally connected ground structure. The values of
the dual variables are then examined for every pair of nodes to see if the dual constraint that corresponds to
the potential member between them is violated. This check is essentially equivalent to that of Hemp’s strain
limit (equation (2.1)). Note that this check may be performed even for potential members that were not in the
original ground structure, and indeed the constraint will always be satisfied for any member that is present in
the current ground structure.

Some or all of the potential members that violate the dual constraint should be added to the ground structure
for the next iteration, Gilbert & Tyas (2003) add up to a fixed number of new members (chosen as 5% of the
number of members in the initial ground structure) in each iteration, choosing those that have the largest
violation of the constraint. The method continues until no potential members violate their dual constraints.
At this point the solution is feasible for the dual problem with fully connected ground structure. The solution
could be made feasible for the fully connected primal problem by simply adding variables with a value of 0.
From this it is evident that the member adding technique will provide the same, globally optimal solution as
direct solving of the full problem.

Sokół (2011a,b) outlines a related method, which leverages the regularity of the Cartesian nodal grids that
are often used for layout optimization. Rather than checking all potential members at every step, only those
shorter than a certain length are checked, this critical length is increased at each iteration until all potential
members have been checked. Sokół & Rozvany (2015) further extended the method to allow the temporary
’deactivation’ of a node in intermediate iterations, providing particular advantage in the solution of 3D problems,
which often contain large regions with no structure.

Regardless of the heuristic used to order the checks on potential members, the final solution of these methods
will be the same, and equivalent to the solution found by directly solving the fully connected ground structure.
These methods allow very large ground structures to be considered. Darwich et al. (2010) make use of these
high resolution results to provide an extrapolation scheme that can provide an approximation to the volume
with infinitely many ground structure nodes (i.e. the continuum solution).

Multiple load cases This problem in equations (2.9) and (2.10) can be extended to consider the design of
structures that must resist multiple different load cases. The primal (static) problem then requires variables
representing both member areas and internal forces. It is stated as

minimise 𝑉 = lTa (2.11a)

subject to (Bq𝑘 = f𝑘)∀𝑘 (2.11b)
(︂
𝑎𝑖 −

𝑞𝑇𝑖,𝑘
𝜎𝑇

−
𝑞𝐶𝑖,𝑘
𝜎𝐶

≥ 0

)︂

∀𝑖,𝑘
(2.11c)

a,q > 0 (2.11d)

where l = [𝑙1, 𝑙2, ..., 𝑙𝑚]T is the vector of member lengths, a = [𝑎1, 𝑎2, ..., 𝑎𝑚]T with 𝑎𝑖 representing the area of
bar 𝑖. q𝑘 = [𝑞𝑇1,𝑘, 𝑞

𝐶
1,𝑘, 𝑞

𝑇
2,𝑘, ..., 𝑞

𝐶
𝑚,𝑘] is the vector of tensile and compressive member forces for load case 𝑘 and

f𝑘 is the vector of externally applied forces for load case 𝑘.
The dual of this problem is

maximise 𝑊 =
∑︁

∀𝑘
fT𝑘 u𝑘 (2.12a)

subject to

(︂
− 𝑦𝑖,𝑘
𝜎𝑇

≤ BT
𝑖 u𝑖,𝑘 ≤ 𝑦𝑖,𝑘

𝜎𝐶

)︂

∀𝑖,𝑘
(2.12b)

(︂∑︁

∀𝑘
𝑦𝑖,𝑘 ≤ 𝑙𝑖

)︂

∀𝑖
(2.12c)

where u is the vector of nodal virtual displacements in load case 𝑘. 𝑦𝑖,𝑘 may be interpreted as the consumed
length of bar 𝑖 in load case 𝑘. The total of these consumed lengths for all load cases must be less than the real
length 𝑙 of the bar. u𝑖,𝑘 refers to the components of u𝑘 that relate to the nodes connected to bar 𝑖. B𝑖 refers
to the 1 × 4 (1 × 6 for 3D) section of B related to the variable 𝑞𝑇𝑖 and the equilibrium constraints of the nodes
connected to bar 𝑖.

In this formulation each potential bar requires two force variables per load case, which are coupled to an
overall area variable. In the dual, these correspond to bounds on a consumed length variable for each load case,
coupled by the limit on the total for each bar. Nodes each require two (resp. three for 3D) primal equilibrium
constraints in each load case. These correspond to two (resp. three) displacement variables in the dual.

The adaptive solution methodology has been extended to cover multiple load cases by Pritchard et al. (2005).
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Figure 2.11: Results with self-weight, using the formulation in equation (2.13). (a) Plot of the volumes found
from layout optimization, using ground structures where bars over a certain length are not permitted, with
volumes shown relative to the analytical volume for this problem, 𝑉𝑇 . (b), (c) & (d) Forms identified by layout
optimization for the points indicated.

Self-weight When the self-weight of a bar is considered, it is standard to assume that the bar weight is carried
equally at both end nodes, and that no increase in the bar dimensions are needed to permit this (Bendsøe et al.,
1994; Pritchard et al., 2005). For the plastic layout optimization formulation this becomes

minimise 𝑉 = lTa (2.13a)

subject to
(︀
Bq𝑘 + Wa = f𝑘

)︀
∀𝑘 (2.13b)

(︀
𝑎𝑖 −

𝑞𝑇𝑖,𝑘
𝜎𝑇

−
𝑞𝐶𝑖,𝑘
𝜎𝐶

≥ 0
)︀
∀𝑘,𝑖 (2.13c)

a,q𝑘 ≥ 0 (2.13d)

where W is a 𝑚 × 𝑛 matrix containing all zeros except where bar 𝑖 is connected to node 𝑗, in which case
𝑤𝑖,𝑗 = −0.5𝑙𝑖𝜌𝑔, with 𝜌𝑔 being the unit weight of the material.

If the dual of this formulation is considered for a single load case, then it can be shown that the constraints
become very similar to the extended Prager-Shield criterion in equation (2.4) but with the exception that the
brackets (1 + 𝑢𝐾𝑦 ) are instead (1 − 0.5𝑢𝐴𝑦 − 0.5𝑢𝐵𝑦 ). Clearly, as the length of the bar tends to zero this will
approach the true optimality criteria, but at any finite length (as will always be considered in ground structure
type methods) errors will be introduced.

The physical interpretation of these errors is based on the exclusion of the bending stresses that will be caused
by the member’s own self-weight. An example demonstrating this is shown in Figure 2.11. This is clearly non-
conservative; the solution in Figure 2.11d is significantly lower volume than the theoretical minimum volume
solution, as it contains several very long members, exploiting the maximum amount of ‘free’ bending capacity.
Limiting the maximum length of members that are added to the ground structure can minimise the errors
induced in this way. This comes at the cost of reducing the available design freedom and potentially leading to
results substantially above the optimum, such as Figure 2.11b. Even for results that have a volume close to the
optimum, such as Figure 2.11c, the solution may not be accurate; Figure 2.11c still contains reasonably long
bars that will need to carry significant bending.

Discrete cross sections Often in structural design, the structures are to be constructed from a set of
catalogue sections, with predefined structures. This is then a discrete optimization problem, which has received
significant attention. Stolpe (2016) provides an overview of both rigorous (e.g. integer programming) and meta-
heuristic approaches, and also observes that in many cases these problems are restricted to tackling problems
of sizing optimization rather than true topology optimization.
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Other practical constraints A number of other practical constraints can be incorporated within an MILP
framework. Kanno & Fujita (2018) consider an upper bound on the number of joints permitted. Mela (2014)
uses integer variables to prevent overlapping members from appearing in the solution, and to prevent unstable
chains of compression members. In each of these cases, binary variables are used to represent the existence of
a given member or node. Again, this leads to a significantly increased computational requirements.

Optimizing for ‘cost’ has also been attempted; early semi-analytical methods such as those of (Parkes, 1975)
and (Prager, 1977) have been discussed earlier in Section 2.1.2. Many of the more rigorous numerical methods
adopt a similar approach, whereby the cost function is defined as the sum of a material cost and a cost per
member or joint. Asadpoure et al. (2015) use a continuous approximation of the Heaviside function to penalise
the approximate number of members, whilst Torii et al. (2016) use a similar method to penalise the number of
joints.

Designs in the real world are often required to conform to design codes, these frequently contain complex
non-convex and even non-continuous constraints, which pose challenges for their integration in optimization
methods. Integer programming (Van Mellaert et al., 2016), sequential programming (Pedersen & Nielsen, 2003)
and meta-heuristic methods (Koumousis & Georgiou, 1994; Villar et al., 2016) have all been used with some
success, but problem sizes are severely limited. Additionally, codes vary in different countries, for example Saka
(1990) compares American and German codes, resulting in substantially different optimal values and designs.
This restricts the applicability of any results and leads to the questionable conclusion that the optimal structure
for a given problem could vary by jurisdiction.

2.3.3 Geometry Optimization

Shape optimization, when applied to truss models, may be referred to as geometry optimization (GO). It
concerns optimization of the positions of a structure’s joints, usually in addition to their cross-sectional area.
When the topology is also to be optimized, it may be referred to as configuration optimization (Ohsaki, 2011).

These problems are non-linear and generally non-convex. One major issue occurs when two potential nodes
move to be in the same location, this is referred to as melting nodes (Achtziger, 2007) or coalescent nodes
(Ohsaki, 1998). Achtziger (2007) uses an approach where the reformulation prevents numerical issues with zero
length bars by reducing them to a trivial inequality.

Due to the difficulties in solving the fully coupled problem, several approaches have been proposed to separate
it into multiple sequential problems. Gil & Andreu (2001) use fully stressed design, alongside an unconstrained
NLP problem with a penalty function. Bendsøe et al. (1994) discuss an implicit programming approach, with
an inner problem of layout optimization, and an outer problem varying the nodal positions. The outer problem
may become non-differentiable, leading to difficulties in solving the problem. He & Gilbert (2015) take an
initial starting point from standard layout optimization, then solve a sequence of NLPs varying both position
and area variables with extra limits on the distances the nodes can move; topology altering operations (merging
nodes/creating crossover nodes) occur between solves. This method produces good results, provided that the
original solution is sufficiently close to the true optimum.

(a) (b)

Figure 2.12: The geometry optimization procedure. (a) Starting point, obtained from layout optimization.
(b) Solution after geometry optimization, showing optimized positions of joints.

Due to the complexity of the problem, meta-heuristic methods have been used with some success, these also
often incorporate additional practical constraints. Ahrari et al. (2015) use a genetic algorithm, whilst Mortazavi
& Toğan (2016) employ the particle swarm method. Reddy & Cagan (1995) make use of a method similar to
simulated annealing, using so called shape grammars to define possible changes in size, geometry or topology
at each stage, in this way, significant modifications to the topology are can also be achieved.

Numerous modifications have been proposed for the purposes of increasing the attractiveness of methods
to practitioners. For example, Mueller & Ochsendorf (2015) modified genetic algorithms to allow designer’s
input during the solution process. Multi-objective genetic algorithms aim to provide designers with a choice
of outcomes, which is likely to make this more attractive to industry (Balling, 2006). They make use of the
population based structure of the genetic algorithm by seeking a final generation that contains individuals who
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are spread over the a Pareto front of two or more objectives. Objectives may include structural weight, deflection
or embodied/operational energy (Brown & Mueller, 2016) amongst others.

2.4 The use of optimization in structural engineering practice

It is widely expected that structural engineering practice will, in the near future, be revolutionised by the
application of digital design and optimization methods (Trancau, 2018; Wainwright, 2018) and that this will
free engineers to focus on the more imaginative and innovative elements of the process (Firth, 2017). This
section discusses current practices in structural design, with emphasis on methods that are in some respects
related to optimization, and also on factors that should be taken into consideration to produce an effective
design. It will be observed that there are some areas that may cause challenges in the application of previously
discussed optimization techniques, but that there are also many opportunities.

The usual design process for a building consists of a number of stages, these are usually1 described using
the RIBA plan of work (Sinclair, 2013). This is illustrated in Figure 2.13a. The majority of activity for the
structural aspects of the design occur in stages 2 to 4. Paulson (1976) discussed how the potential for influence
over the final outcomes of the design changes throughout the process, as visualised in Figure 2.13b. Initially,
the design team have full control over the possible outcomes and full flexibility to make changes. As the design
is finalised, alterations become increasingly difficult, expensive and limited in scope. Around 70% to 80% of
project resources will be committed during the concept design phase (Rafiq & Beck, 2008), therefore it is likely
to be most advantageous to provide tools that target this stage.
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Figure 2.13: Stages in the design and construction process (a) Stages of the RIBA plan of work (after Sinclair,
2013). (b) Changes in potential level of influence and project costs over time (after Paulson, 1976).

Typical design practice begins with selection of an overall layout in the concept design stage. This is usually
decided based on experience and ‘engineering judgement’. True topology optimization is not commonly used,
and manual trial-and-error improvements of member sizing and possibly positions may be the only revisions
that are made in the later ‘developed design’ stage. However, some optimization-like techniques are occasionally
employed, especially for unusual or monumental structures; these are generally referred to as ‘form finding’.

2.4.1 Form Finding

The practice of form finding is linked to that of optimization, as both involve altering a design in order to
achieve a better result. However form finding generally seeks only a feasible solution, albeit often with some
additional constraints such as elimination of bending stresses. Usually these methods do not directly seek e.g.
a maximal stiffness solution, although there have been some attempts to explicitly include optimization, e.g.
Bletzinger & Ramm (2001); Beghini et al. (2014).

Long before the formal theories of minimum weight design, the importance of geometry in designing a safe
and efficient structure was well understood. The earliest studies often concerned masonry arches, where pure

1The previous edition of the RIBA plan of work (RIBA, 2007) is still occasionally referred to, particularly with relation to long
term projects. The terminology of concept, developed/development and technical design stages are similar, although the numbering
system is altered.
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compression was necessary for stability. Later, as suspension bridges became popular, form finding for tensile
cables and surfaces also flourished, and more recently a desire for thin shell and tensile membrane structures
have led to an increase in methods for analysing surfaces.

Physical modelling The equivalence between hanging chains and arches was identified by Hooke (1676)
and published as a Latin anagram, unscrambled and translated it becomes ‘as hangs the flexible line, so but
inverted will stand the rigid arch’ (Heyman, 1998). This principle allowed for design without requiring complex
mathematics, leading to structures from as early as Wren’s 1675 design for St Paul’s cathedral (Heyman, 1998)
to Gaudi’s early 20th century design for the Colónia Güell church (Huerta, 2006), see Figure 2.14.

A further form finding problem that has recieved attention by way of physical modelling is that of finding a
surface of minimum area bounded by a given curve. A physical model of such a surface can be found by a soap
film suspended from a thin rigid framework (Plateau, 1869); an example is shown in Figure 2.14b. Such surfaces
are popular as designs for membrane structures, with well known proponents including Frei Otto (Goldsmith,
2016) and Heinz Isler (Chilton, 2009).

(a) (b)

Figure 2.14: Examples of physical models, (a) Hanging model by Antonio Gaudí for the Church of Colónia
Güell, photo by Marmulla (2008, used under CC BY-SA 3.0). (b) Minimal surface formed by a soap film on a
wire frame, photo by de Gol (2014, used under CC BY 4.0).

Later, a number of computational methods became available to emulate these processes of physical mod-
elling. Popular examples for minimal surfaces include the force density method (Schek, 1974) and dynamic
relaxation (Barnes, 1999); for simulation of hanging models large displacement finite element analysis can be
used (Bletzinger & Ramm, 2001). However, the importance of physical models is still recognised by practition-
ers (Azagra & Hay, 2012; Addis, 2013). They are particularly common for evaluating a design’s aerodynamic
performance, Cammelli (2018) describes a day long physical workshop in which the outer shape of a skyscraper
was ‘optimized’ by trial and error over a number of iterations.

Mathematical forms Alongside physical hanging models, mathematical descriptions of useful funicular struc-
tures were developed. The parabolic arch (e.g. 𝑦 = 𝑥2) was the first equation proposed for the form of a pure
compression arch by Galileo (1954), it was shown by Huygens in 1646 (Heyman, 1998) that this is the correct
solution only when the load is evenly distributed horizontally, rather than along the arch.

The correct solution for the arch/cable (of constant cross section) under its own self-weight is the catenary
(e.g. 𝑦 = 𝑐𝑜𝑠ℎ(𝑥)), discovered by Huygens, Bernoulli and Leibnitz in 1690 (Heyman, 1998). Intermediate
moment-free forms are also possible under a combination of these two loading types (Lewis, 2016). However,
these forms do not describe the minimum material use for their relevant cases, as they each assume a constant
cross section throughout the arch, leading some regions to be less stressed than others.

Gilbert (1826) developed equations for a cable subject to the loading from its own self-weight, the cable width
varied such that the stress at each point was equal (taking a form described by the function 𝑦 = 𝑙𝑛(𝑐𝑜𝑠(𝑥))),
these were presented alongside tables showing the impact of the choice of geometric parameters on the levels of
force in the cables. Routh (1896) further develops this to the general case of a cable under load from its own
weight, a horizontally distributed deck load and loading from hangers, i.e. a suspension bridge.

Bridges As bridge forms can usually be well approximated by simple scenarios, general purpose structures
can be proposed. Several standard forms are well known for the design of bridges. Early bridges often favoured
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arch forms, as discussed above. For modern long spans, cable stayed or suspension bridges are the most common
forms.

As these forms are of such widespread use, a number of parametric studies have compared them, using
a variety of assumptions and parameters. One early approach was made by Croll (1997a), with subsequent
discussions by Dalton (1997) and French (1997). This study neglected the influence of self-weight, and considered
somewhat unusual cable stayed forms with a deck partially in tension and partially in compression to ensure
the same support forces in each case. Suspension bridges were found to be more economical for span to dip
ratios above 4, whilst cable stayed forms were preferred for lower ratios.

Gimsing & Georgakis (2011) included the self-weight of the towers. Lewis (2012) also included an approxim-
ation of the self-weight of the cables, thereby giving a limit for the maximum span possible for a given material
and span to dip ratio, suggested to be in the region of 5 km for a suspension bridge constructed of current
materials.

The accurate inclusion of self-weight is critical as spans increase, it is one of the two limiting factors for a
very long span bridge, alongside control of dynamic effects (Ostenfeld, 1996; Brancaleoni et al., 2011). Even in
the longest span in existence today, the Akashi Kaikyo bridge, over 90% of the main cable capacity is devoted
to carrying the bridge’s self-weight (Ito, 1996)

Graphic Statics Prior to the ready availability of computers, equilibrium of a joint subjected to only axial
loads could be verified graphically by ensuring that the force vectors formed a closed polygon. This led to
the principle of reciprocal diagrams (Maxwell, 1864), and the field of graphic statics (Culmann, 1875), which
became the most common method of identifying structures in equilibrium for the end of the nineteenth and
beginning of the twentieth centuries (Block et al., 2006).

Graphic statics then fell into disuse for much of the 20th century, however interest in the area was renewed at
the beginning of the 21st century. This particularly focussed on extensions to 3D forms (Block, 2009; Akbarzadeh
et al., 2015; Beghini et al., 2013), interactive computational tools (Kilian & Ochsendorf, 2005; Rippmann et al.,
2012; Harding & Shepherd, 2011) and more explicit links to optimality (Baker et al., 2013; Beghini et al., 2014).

Computational parametric modelling The term parametric design was first coined by an architect, Luigi
Moretti, in 1939 (Tedeschi, 2014). These early studies resulted in mathematical expressions of surfaces and
curves. Generally the time investment of manual treatment would be justified only for fairly general problems;
in Moretti’s case the viewing angles of sports stadia.

More recently, software is used to allow designers to model forms using parameters of their choice. Lin
et al. (1981) describe an early version of this method. There are several popular commercial software packages
implementing these methods. Grasshopper is a plugin for the Rhino modelling software, which provides a
graphical interface for parametric relationships (Davidson, 2019); a similar functionality is provided by the
Dynamo interface for Revit (Autodesk, Inc, 2016). The visual programming environment of Grasshopper is
shown in Figure 2.15a, this includes a set of input parameters (in the pink box) and the operations that relate
these to an output geometry.

One of the main advantages of parametric modelling is that parameters may be changed at any point in the
design process. Figures 2.15b and c, show two forms that may be produced by varying the parameters in Figure
2.15a; many other variations may also be obtained. Parameters may be tuned manually to find the preferred
values, especially when aesthetic design criteria are involved or substantial collaboration with architects or
clients is to be undertaken (Leach et al., 2016). For more quantifiable criteria, optimization methods may be
used. Some workers have studied mathematical optimization of parametrically modelled forms (Ohsaki, 1998)
but the mathematical formulations and limited user interface have hindered their uptake in practice.

One of the most popular commercially available packages for optimizing parametric models, is the Galapagos
genetic algorithm solver that is embedded within the Rhino/Grasshopper software package. As a genetic
algorithm, it can be used with almost any parameters, and has been used to solve not only standard structural
problems (Gerbo & Saliklis, 2014) but also ones regarding more unusual parameters such as irregularity (Mele
et al., 2018) and even optimization of solar gains (González & Fiorito, 2015). The power of this approach is
best utilised in optimizing very complex functions that do not have a simple mathematical description, such as
daylight calculations. For simpler problems, better results could likely be obtained using mathematical methods.

2.4.2 Construction factors influencing optimality

Optimality of real-world designs is difficult to define. Isolating a single element, such as the superstructure,
may lead to very different results compared to solutions that also include the substructure (Nolan, 2016). Fur-
thermore, the quantity to be optimized may vary for different projects; least-weight, least-cost or environmental
impact may be considered as objectives for designers (Debney, 2016).
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(a)
(b)

(c)

Figure 2.15: Example of form generation using the popular parametric modelling software Grasshopper. (a)
Visual programming environment. (b) & (c) Two example forms using different values for the input parameters.

Cost Cost is usually a driving factor in the procurement of real world structures. However, estimating the
total cost of any given design is a very complex task. The standard estimating procedure involves quantifying
all materials, plant and labour required (Potts, 2008), and is therefore suited to the later stages of design, tender
and construction. It is also common for companies to produce estimates based on similar projects, either from
their own experience or documented data.

At the early stages, estimates must be made using incomplete data. Creese & Li (1995) and Arafa & Alqedra
(2011) use neural networks to predict final costs, it is possible to use very early stage information such as number
of storeys or floor area. Case based reasoning (Perera & Watson, 1998) identifies projects from a database that
are similar to the current project and uses these to generate an estimate. Kim et al. (2004) compares both neural
networks and case-based reasoning to statistical regression methods, finding that whilst the neural network was
the most accurate, the time to train the model was slow and the clarity of explanation was lacking, leading
them to suggest that case-based reasoning was likely to be the preferable solution. Both neural networks and
case based reasoning rely on banks of existing data to produce their results, therefore they may perform poorly
when faced with unusual solutions.

Buildability and complexity Buildability is a very general term that refers to the ease with which a
design may be constructed. Lam et al. (2006) conducted a survey of 111 members of project teams; of the 10
attributes of buildability ranked as most important, only three relate to the design output (as opposed to the
design process and documents). The identified attributes were: allowing safe sequences of trades, efficient site
layout for storage/access, and allowing a high degree of standardisation.

Fischer & Tatum (1997) collect a range of knowledge items relating to the buildability of reinforced concrete
structures, and propose a classification system that could be used to formalise this information. A numeric
‘constructability score’ was proposed by Tauriainen et al. (2014) for an overall project, with contibuting scores
calculated for components including trusses. For trusses, the score included contributions based on number of
section types, lengths of elements and weights of elements.

Horn (2015) proposes a number of different metrics to measure complexity, including number of lorry loads
required to transport all members, number of connections, number of different cross sections, numbers of
members at each node, and the angles between connecting members. Pareto fronts of complexity vs weight are
then identified to show the trade-off that designers must tackle. However, the designs tested are near-randomly
generated, and there is no attempt to specifically seek high performing designs.

Havelia (2016) develops an optimization method to incorporate costs associated with joint complexity, this is
similar to ESO, where inefficiently used members are sequentially removed. For this the efficiency of a member
was estimated by the ratio of its internal force to its total cost, including connections. The method has been
further extended to allow continuous members through joints by Ranalli et al. (2018).

Connections can form a substantial proportion of the cost of a structure. As such optimization techniques
to reduce their complexity may be very useful. However, alternative methods are also possible; the Leadenhall
building uses prefabricated joint pieces, meaning only splice connections need to be assembled on-site (Eley &
Annereau, 2018). Additive manufacturing may also provide additional flexibility, either through direct printing
of metal (Block, 2018) or using printed moulds to cast joints (Niehe, 2017).
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Environmental impact When two possible designs for the same scenario and using the same materials and
technologies are compared, the embodied energy of a building is usually well correlated to its material usage
(Lagaros, 2018). However, selection of alternative materials and technologies may make a substantial difference,
for example a timber office building may produce only 30% of the net CO2 emissions of a comparable steel
framed building (Buchanan & Honey, 1994).

Reuse of structural elements is growing in popularity as a possible means to reduce carbon emissions associ-
ated with buildings, although its uptake is mainly limited to clients who are sufficiently ideologically committed
to permit the additional perceived risk (Gorgolewski, 2008). Additionally, extra constraints based on the avail-
ability of cross sections and lengths are generated, Bukauskas et al. (2018) assigns a catalogue of available
components to a structure to minimise the amount of offcuts produced.

2.5 Observations

The fields of practical structural design, numerical optimization and the analytical study of minimum weight
structures are often very divided. Methods used in structural design generally employ techniques that aid
interpretation by the user, such as the graphical representations of graphic statics, or the physical intuitiveness
of model making. In contrast, the results from numerical optimization methods are complex assemblies of bars,
from which it can be difficult to extract a structural logic.

The results of analytical methods are significantly easier to interpret than numerical methods, albeit still not
as intuitive as e.g. physical modelling. However, the mathematical difficulties in identifying minimum weight
structures analytically mean that these methods have time commitments that are well beyond the time-scales
required for practical design. Furthermore, the difficulties in identifying a solution for a given problem (as
opposed to vice versa), mean that numerical methods are the most appropriate for application in practice.
However, these methods are still subject to a number of limitations.

Practicality of numerical solutions The solutions obtained from both numerical and analytical methods
are often too complex to be practical for real-world construction. However, whilst the region-based representa-
tion of analytical results can suggest simplified variants, this is generally much more challenging to obtain from
numerical results. Formulations that exist to simplify numerical results generally lead to significant limitations
on the size of problem that may be solved.

Missing functionality The layout optimization method has many qualities that appear to suggest its suit-
ability for application in the field of structural design, for example the use of distinct structural elements and
the ease of handling problems with very low volume fractions. A major drawback in its application to very
long span structures is the errors introduced by the current approaches to modelling self-weight. These errors
become increasingly significant as span increases. As they are non-conservative, they substantially undermine
the reliability of the method.

Computational efficiency There has been no major improvement in algorithms for numerical layout opt
since Gilbert & Tyas (2003) almost 2 decades ago. However, further developments that aim to simply increase the
size of feasible ground structures may provide diminishing returns. The extrapolation scheme of Darwich et al.
(2010) has been shown to be capable of obtaining solutions that have a volume within 0.01% of analytical optima
(Pichugin et al., 2015), by using ground structures that may be solved using current adaptive layout optimization
methods. Furthermore, results using dense nodal grids become visually congested at levels somewhat below
the maximum resolution that may be solved. Therefore, methods should be developed that can increase the
comprehensibleness of the solutions.

Further evaluation of the applicability of layout optimization methods will be undertaken in the next chapter;
this will be achieved through application to a real-world case study. Part I then concludes by cataloguing the
main issues that have been identified, and outlining how they will be addressed in the remainder of the thesis;
this can be found on page 42.
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Chapter 3

Evaluating the applicability of current
methods

This chapter contains the results of a case study drawn from a real world project. The aim of this study was to
investigate the effectiveness of currently available methods of structural optimization when applied to realistic
scenarios.

Some material in this chapter has previously been presented as a conference poster† (see Appendix E.1) and
has also formed part of an article‡ (see Appendix E.2) that has been accepted for publication in The Structural
Engineer; this aims to inform practitioners of the current capabilities of optimization software.

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.2 Three dimensional ‘chassis’ problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.3 Two dimensional ‘mother’ truss problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3.1 Consideration of buckling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.3.2 Deflection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3.3 Rationalisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

Automatic layout rationalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
Human-in-the-loop layout rationalization . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
Cross section rationalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.4 Observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

† Fairclough, H., (2017) Application of layout optimisation for building structures. In Proceedings of the 19th Young Researchers

Conference. The Institute of Structural Engineers, (pp. 44-45).
‡ Fairclough, H., Gilbert, M., Thirion, C., Tyas, A., & Winslow, P. (in press) Optimization-driven conceptual design: Case study
of a large transfer truss. The Structural Engineer.

31



32 CHAPTER 3. EVALUATING THE APPLICABILITY OF CURRENT METHODS

3.1 Introduction

Many of the methods described in Section 2.3 appear to have the potential to be of great use in the practice of
structural design. However, their application to real-world projects is still very limited. The aim of this chapter
is to identify the major issues that arise when applying these techniques. This will allow prioritising of the
issues that should be addressed in later chapters.

In choosing the project, its suitability for application of optimization was considered in several ways. Firstly,
scenarios where the structure would be mostly hidden or in ‘back of house’ spaces were preferred, such scenarios
generally allow the structural designer more freedom, potentially allowing for greater savings. Additionally,
scenarios with well defined loadings are preferable. Furthermore, loading combinations that are further from
everyday cases with well known ‘textbook’ solutions are more likely to produce innovative design solutions.

The project described below fulfils each of these criteria well and should therefore be an ideal candidate for
the use of optimization methods.

This chapter will primarily focus on the use of truss based methods, including adaptive layout optimization
(Dorn et al., 1964; Gilbert & Tyas, 2003) and geometry optimization (He & Gilbert, 2015), although some
comparisons with continuum modelling approaches will also be made.

3.2 Three dimensional ‘chassis’ problem

The chosen project consists of a system of interconnected transfer trusses creating an approximately 50m by
50m clear space in the basement of a hotel development project. The system is to consist of two north-south
trusses, with two storey depth. These are supported by an east-west, 3 storey ‘mother’ truss part way along
their span, and at one end by another transfer truss, as shown in Figure 3.1a. The remaining ends of each truss
are supported on the basement walls. This assemblage of trusses was referred to as the ‘chassis’ by the design
team, due to its critical role in the project and similarity to the layout of a vehicle chassis.

Loads from the basement levels are transferred through columns and applied at the base of the design
domain, whilst additional loads from a garden and a 5 storey building above are applied at the top of the
domain along the mother truss, as shown in Figure 3.1a. The magnitudes of the loads at each location vary
according to the usage of the surrounding areas, the factored ultimate limit state (ULS) loads are given in
Figure 3.1b.

(a) (b)
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Figure 3.1: Hotel basement study - 3D chassis: Problem specification. (a) Geometry of truss planes, supports
and loading. (b) Magnitudes of loads applied to the structure, black dots are applied at the base of the design
domain, whilst grey circles are applied to the top.

The large loads carried by the structure meant that the sections required were often beyond the ranges
available in catalogue sections. Therefore the structure was to be constructed from hollow square or rectangular
sections fabricated from S355 steel. Initially, the maximum stress was set to 355MPa in both tension and
compression, consideration for buckling was added only later in the study (see Section 3.3.1).
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Due to the large area supported by the chassis, a large number of pattern load cases are possible. The results
of layout and geometry optimization can be seen in Figure 3.2. These results are very complex and difficult to
interpret, there are several reasons for this.

The size of the problem is fairly large, in terms of both the number of load cases and the number of ground
structure nodes that are required for even the low resolution shown in Figure 3.2. This can lead to numerical
difficulties, particularly in convergence of the non-linear optimization problem in geometry optimization. In the
results in Figure 3.2 it can be observed that the resulting nodal positions along the bottom chord of the mother
truss have particularly been affected by this. The low resolution, which is necessitated by the problem size, also
leads to difficulties as some regions do not have sufficient design freedom to see what is happening, for example
the end transfer truss at the lower right of Figure 3.2.

However much of the reason for the difficulty in interpreting this solution is also caused by difficulties
inherent in presenting optimized 3D structures. For example overlapping members are much more difficult to
decipher when there is not a simple pattern or some other hierarchy by which the solution can be abstracted
into fewer components. In this problem, the effects of this are somewhat mitigated as the design domain was
already defined as a number of component planar trusses. This problem will therefore be exacerbated in fully
volumetric problems, as there are the far fewer familiar structural forms for fully 3D problems than for planar
cases.

Figure 3.2: Hotel basement study - 3D chassis: Result.

3.3 Two dimensional ‘mother’ truss problem

In light of these results, it was decided to focus on just the 3 storey ‘mother Truss’. This would allow a more
detailed investigation and more easily interpreted results.

The problem that will be considered for the remainder of this chapter is outlined in Figure 3.3, which shows
the characteristic values of loading. The structure was again to be constructed from steel sections, fabricated
from S355 grade steel. Two results for this problem, with a single load case containing all loads factored
unfavourably, are shown in Figure 3.4. The first was calculated using an adaptive truss layout optimization
method, minimising the total volume of material whilst limiting the stress in each bar.

Figure 3.4b is calculated using the continuum method of Sigmund (2001), this minimises the compliance,
subject to a constraint on the fraction of the design domain that is filled with structure, in this case the so-called
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Figure 3.3: Hotel basement study - 2D mother truss: Problem specification.

volume fraction was set to 0.3. Selecting a value for the volume fraction is difficult in the context of structural
engineering problems, as it is not a constraint that arises naturally from the problem specification. Particular
issues have been encountered in this case due to the differences in magnitude between the loading from the
transverse trusses and the other loads applied. Some loads on the structure are supported by ‘grey’ elements,
physical realisation of these is sometimes achieved through the use of microstructures, however this is unlikely
to be practical for building scale structures. Increasing the volume fraction may provide more available material
for these regions. However, observe that the smaller central loads are carried by bending of the thick top and
bottom chords at this point, these are likely to be making use of a much larger structural depth than would
be realistically provided; increasing the volume fraction would exacerbate this problem. In contrast, the layout
optimization result in Figure 3.4a can easily consider both the large and smaller loads.

However, the loads applied to a structure are rarely constant, in building design codes this is often considered
by factoring loads according to whether their effects are favourable or unfavourable. The single load case
structures in figure 3.4 are both susceptible to issues from unbalanced loading, however it is not necessarily
clear a-priori which load combinations should be considered. For the purposes of this study, 3 load cases
have been considered, one where all loads are factored unfavourably, and two where the loading from one
transverse truss was taken to be favourable. Compliance based formulations generally approach multiple load
case problems by considering a weighted average of the compliance in each load case, this is not ideal for the
purposes of structural design, where each load case must be satisfied to ensure a safe structure is obtained.
The layout optimization method can easily consider stress constraints in multiple load cases by using a plastic
formulation, this approach will therefore be adopted for the remainder of the chapter.

3.3.1 Consideration of buckling

Within the linear programming formulation to be used in this study, buckling cannot be accurately modelled.
Two distinct issues arise from this, global buckling of the entire pin jointed truss, and local buckling of individual
members.

The layout optimization method models the structure as a pure truss, i.e. with zero bending resistance at all
joints. However, this case study example, as is common with real-world problems, consists of a planar truss in
free space. Therefore there is no mechanism by which nodes (other than those at supports) may be restrained

(a) (b)

Figure 3.4: Hotel basement study - 2D mother truss: Results of single load case versions of current scenario.
(a) Minimising volume subject to a stress constraint, using an adaptive layout optimization method based on
Gilbert & Tyas (2003). (b) Minimising compliance subject to a volume fraction constraint, using the MATLAB
code of Sigmund (2001).
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Figure 3.5: Linear approximation of buckling in commercially available RHS sections. Orange interpolation
results are based on assuming a continuous linear relationship (suitable for implementation with a linear pro-
gramming approach). Blue interpolation results are based on allowing a discontinuity at 𝑎 = 0 (suitable for
implementation with a MILP approach).
(a)-(c) Critical compression force for RHS sections at lengths of 2m, 7m and 10m. The most efficient cross
section for a given load is given in black, sections that are never most efficient are given in gray.
(d) Effective compression strengths (i.e. slopes of fit lines) for lengths of 2 to 10m.
(e) Minimum permissible cross-section areas, from intercept points of fit lines.

from buckling out of the plane of the truss. Second-order effects from tension members connected to such joints
may provide a possible restraint mechanism, although the use of either continuous members or moment-resisting
joints are a more practical solution. To avoid such issues in this study, the floor plates and the diaphragm wall
will be used to provide out-of-plane restraint. Nodes will only be permitted at these locations, therefore no
nodes that are unrestrained will exist. The single load case layout optimization solution for this restricted
ground structure is shown in Figure 3.7b, and incurs a volume penalty of only 1.5% over the benchmark value
shown in Figures 3.4a and 3.7a.

This method also simplifies the consideration of local buckling. The effective buckling length of a member
can be taken to be equal to its overall length. The problem of compressive chains (Mela, 2014) is avoided as
intermediate nodes are supported. However, member buckling is still a non-linear and highly non-convex problem
when simple, solid sections are considered. When more realistic sections (e.g. I-beams, hollow sections) are
used the non-linearities become less significant, as shown by Tyas (2002) for commercial circular hollow sections
(CHS).

Similar calculations have here been carried out for commercially available rectangular hollow sections (RHS)
buckling about their minor axis. This involved calculating the buckling force for each available cross section at
lengths of 2m to 10m, and selecting the most efficient (lightest) cross section to carry any given axial load. A
linear best fit of member area vs. allowable compression force was then found for the efficient cross sections.
These best fit lines furnish an expression of the form

𝑞 = 𝜎𝐶(𝑎− 𝑎−) (3.1)

where 𝑞 is the allowable compressive force, 𝑎 is the member cross-section area, 𝜎𝐶 is the allowable compressive
stress, and 𝑎− is the minimum permitted cross section area. Best fit lines have been found for 𝑎− = 0 and un-
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restricted 𝑎− for each length, some examples are shown in Figure 3.5a-c. These values of 𝜎𝐶 and 𝑎− can then be
plotted against the relevant length, as in Figure 3.5d-e and relationships can be found to interpolate/extrapolate
values for any length.

Here, the values of 𝜎𝐶 for 𝑎− = 0 have been used as this provides a continuous, linear formulation. This
is less accurate than the non-smooth formulation; however the formulation with 𝑎− ̸= 0 would require integer
variables to implement. It can be seen from Figure 3.5b-c that the continuous formulation is non-conservative
for member areas below approximately 130cm2.

The resulting equation for the compressive strength, 𝜎𝐶 , of a bar of effective length 𝑙eff was therefore found
to be

𝜎𝐶 = 355 − 272𝑙eff − 0.81𝑙2eff (3.2)

as shown in Figure 3.5d. This was interpolated under the requirement that a bar of zero effective length should
have equal tensile and compressive strengths (i.e. 𝜎𝐶 = 355MPa). However, from Figure 3.5 it appears that
a more accurate (quadratic) interpolation would have a higher 𝜎𝐶 at 𝐿 = 0, this would therefore require that
the function was capped, with short members failing by crushing rather than buckling. This function would
then be non-smooth, potentially leading to difficulties in implementing geometry optimization. Therefore the
more conservative equation (3.2) is used. The effective length of a bar was set equal to its length, except in the
case where the bar was entirely contained within a single slab, in which case the effective length was zero. The
result of layout optimization with the nodes on the slab lines, and also with the member compressive strengths
reduced according to equation (3.2) is shown in Figure 3.7c.

3.3.2 Deflection

For single load case problems, the lightest fully stressed layout also corresponds to the stiffest layout. As such,
the lightest structure with a limit on the deflection can be found by simply scaling the result of the layout
optimization problem. However, this is no longer the case when multiple load cases exist and the structure is
no longer fully stressed.

A commercial implementation of the layout optimization method, LimitState:FORM (Limitstate Ltd., 2019),
uses a simplified method to impose deflection constraints. The problem is first solved with no deflection con-
straints imposed, with elastic analysis methods then used to calculate the resulting deflections. For deflection
constraints that are violated by this solution, the allowable stresses in the relevant load case are reduced, and
the problem is solved again. Thus, for single load cases this approach corresponds to the appropriate scaling of
the original solution.

When applied to multiple load cases, the theoretical backing for this approach is less clear. As elastic and
plastic methods are combined, the deflections calculated in this stage may involve some members being stressed
beyond the linear elastic region. However, the method does appear to produce practically useful results; Table
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Figure 3.6: Hotel basement study - 2D mother truss: Results of initial study into influence of deflection limits.
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3.6 shows the resulting forms for the three load case problem with a range of deflection limits imposed at mid-
span. The deflection limits are imposed at the serviceability limit state (SLS), by adding an additional load
case with all loads factored unfavourably (using SLS factors).

From the top row of Table 3.6, which shows stress based designs, it can be seen that the form based on
the optimized result is both lighter and stiffer than the traditional layout. When deflection limits become
governing, this translates into an increased difference in volume. Also note that the overall layouts of all the
layout optimization results are broadly similar.

A number of different deflection limits were tested, as the design team had not yet decided the appropriate
criteria for the project. This demonstrates the subjective nature of serviceability constraints such as deflection
limits. There is some movement within the community to consider reducing the strictness of these constraints
(Orr, 2008), or to use alternative methods to address them (Senatore, 2016). Because of this, the remainder
of this chapter will consider stress based designs. Therefore larger material savings than those shown in the
figures below (e.g. Figure 3.7) may be possible in a case where displacements are limiting.

3.3.3 Rationalisation

Automatic layout rationalization

The structures resulting from layout optimization (such as Figures 3.7a-c) are frequently very complex, this
is further exacerbated when multiple load cases are concerned - as shown in Figure 3.7d. One method of
rationalizing these structures is the joint cost method of Parkes (1975), this can be easily implemented as part
of the linear programming problem for layout optimization (He & Gilbert, 2015). This approach has been
applied to the current problem in Figure 3.7e. This approach has the advantage of being automatic, allowing
result to be obtained quickly and reproducibly. However, the resulting structure still has a number of features
that would be challenging to construct, including members that meet a narrow angles and very fine members.

Human-in-the-loop layout rationalization

An alternative method involves a ‘human-in-the-loop’ approach (He et al., 2017). In such a process, the rational-
ization is manually controlled by the operator who has the ability to edit the solution of the layout optimization
problem. The LimitState:FORM (Limitstate Ltd., 2019) software also implements a similar approach by al-
lowing the user to delete unwanted members or add new members. The geometry optimization method (He &
Gilbert, 2015) can then be used to find the optimal positions of the remaining nodes.

Here an additional step was also included, in which all nodes remaining in the structure after geometry
optimization are taken as the basis for a fully connected ground structure, on which layout optimization is
performed. This was found to be helpful in avoiding the local optima that may result from manual intervention.
For example, Figure 3.7f shows an intermediate solution identified during the manual rationalization process;
whilst this structure is simple, it has a volume some 13% above the equivalent un-rationalized solution (Figure
3.7d). The fully connected layout optimization based on this is shown in Figure 3.7g, and allows much of this
volume penalty to be eliminated with only a small increase in complexity. Much of this complexity is then
removed again in the next iteration of manual intervention, producing the structure shown in Figure 3.7h.
Overall, this manual rationalization increases the volume of the structure by only 5%.

The truss based nature of the layout optimization method means that interaction with solutions should
be fairly intuitive to anyone familiar with more conventional frame analysis programs. Developing a feel for
the best members to add or remove comes with practice. This intuition may be obtained through experience,
improved by knowledge of the fundamental features of minimum weight structures, such as preferring the use
of purely axially loaded members, and the fact that tension and compression members should ideally intersect
at close to 90 degrees in problems dominated by a single load case.

Cross section rationalization

Another feature of optimized structures which can cause challenges for production is the fact that each member
will generally require a different cross-section area. As the problem currently under consideration is to be
constructed from fabricated sections, the requirements for rationalizing the number of sections are somewhat
different from the catalogue section constraints commonly implemented using MILP (Stolpe, 2016). As the sizes
of the cross sections are not known in advance, they cannot be used as coefficients of a linear problem.

Instead, the rationalization of the cross sections has here been undertaken as a post processing step. This
adopted a simple brute-force approach, with every combination of cross sections present in the solution being
considered as a potential solution. For each potential set of cross sections, every element was assigned the
smallest available cross section that was at least as large as its original cross section. The set of cross sections
that produced the smallest total volume was then returned. The result of applying this process to the structure
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Figure 3.7: Hotel basement study - 2D mother truss: Comparison of options for structural layout.
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Figure 3.8: Hotel basement study - 2D mother truss: Rationalized truss using optimized topology (dark grey),
showing supporting walls (mid grey) and main loading sources (light grey).

in Figure 3.7h is shown in Figure 3.7i, and with the context of the surrounding structure in Figure 3.8. This
process is shown to increase the volume by 23%. It may be possible to reduce this value by, for example,
geometry optimizing the structure whilst maintaining the current sets of linked member cross sections.

3.3.4 Results

The manual rationalization approach can also be used to force structures to take on well known forms for
comparison purposes. To assist with the comparison of the optimized layout and the more regular structures
that will now be described, Figure 3.9 shows the volumes of the two structures alongside one another. The
structures of Figure 3.9a-e correspond to Figure 3.7i, h, d, c, and a respectively. The bars show the volume
added by each decision made during the modelling and rationalization process, and how it contributes to the
overall material usage.

Figures 3.7j and 3.9i show the results of a very low resolution layout optimization for the current problem
with member buckling and pattern loading. the ground structure used here allows nodes only at the locations of
the loads, plus the top and bottom of the supports. The contributions of the different decisions made in moving
from Figure 3.9j (i.e. Figure 3.7a) to 3.9i are split into the increase from the use of the ground structure of only
17 nodes, and the increases from adding the pattern load cases and reducing 𝜎𝐶 to model member buckling.
In this case, the permissible stress of each member was set assuming that the effective length was equal to the
maximum distance it travelled between two floor slabs.

Figures 3.7k and 3.9h show the case where the effective buckling length of the members was set based on
their whole length rather than the free length between floors. Figure 3.7l then uses the procedure described
above to limit the problem to only 4 different cross-section types.

The set of nodes used in these three structures is the same as that which would be used for a conventional
Warren truss solution, however the optimized layouts are substantially different. The number of joints used
in Figures 3.7j-k is difficult to evaluate as many pairs of members in these solutions intersect partway along
their lengths. Realising this physically may require an additional joint at these points, making these solutions
significantly more complex than a Warren truss despite having the same number of ground structure nodes.

The manual rationalization process can be used to eliminate these crossover joints, although it is not always
clear which of the two intersecting members should be removed. The structure has been manually rationalized,
removing crossovers and giving a Warren truss form, in Figures 3.7m and 3.9g. This has a volume increase of
27% over the layout optimized solution with a the same number of ground structure nodes. This is a significant
increase, as can be seen from Figure 3.9, yet to manually establish if there was may be more efficient layout
using these nodes (without crossovers) would be a challenging and time consuming task.

The Warren truss topology was limited to only four different cross sections, this structure is shown in Figure
3.7n. The locations of these automatically assigned cross sections are not related to the convenient conceptual
groupings of the structure (i.e. top chord, bottom chord and diagonals). Therefore Figures 3.7o-p show the
cases where the top and bottom chord are required to be of constant cross sections, and also where all diagonal
members should have the same cross section.

The design in Figure 3.9f (and also Figure 3.7p), is reasonably similar to what may be proposed from the
conventional practice of structural design. However, this has a volume of 2.3 times larger than the theoretical
benchmark value in Figure 3.9j, and it is also 65% heavier than the rationalized structure based on the optimal
layout shown in Figure 3.9a. Thus it seems that substantial material savings can be made possible using the
methods demonstrated here.
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3.4 Observations

This chapter has demonstrated that there is the potential for substantial material savings through the use of
numerical optimization. In the undertaking of the case study presented here a number of issues have been
encountered in applying current optimization methods to a real world design project.

Interpretation of results, particularly for complex 3D problems such as Figure 3.2, can be challenging and
this may limit the users confidence in the structural form. This also causes issues in applying the manual
rationalization process as it is unclear which members should be removed. These complex and incomprehensible
designs would cause significant difficulties in communicating the intention to other parties, such as the client or
architect. This is likely to limit the uptake of optimization methods.

For simpler problems a manual rationalization method proved fairly effective, however this process is time
consuming. Different users will likely obtain different designs and, whilst some level of empowerment is useful
to allow for ill-defined or subjective constraints, a level of repeatability would increase confidence. From Figure
3.7e it can be seen that the joint cost method (Parkes, 1975) is not very effective at reducing the complexity
of the structure. A more automated method for rationalizing the structures could also provide a more refined
benchmark value to compare structures with similar levels of complexity.

The Pareto front style representation of Figure 3.7 is effective at allowing rapid comparison of different
structures. However, the vertical axis represents a very vague concept of complexity. There are a wide variety
of measures that could be used to quantify this; it is not yet known which measure would be most effective, or
if they would all be equivalent to one another.



Requirements identified in Part I

This thesis concerns the development of methods to facilitate the practical application of layout optimization
techniques in structural engineering practice. To this end, a number of features of the real-world design process
are noted. Parts II and III will develop methods to address these concerns within numerical optimization
methods, in order to ensure maximum applicability to structural design.

∙ For long span structures, self-weight can be a significant contributor. Current methods of modelling
self-weight within layout optimization can cause non-conservative errors. A novel method by which the
self-weight may be accurately modelled will be developed in Part II. Firstly, the self-weight of structural
members will be modelled in a distributed manner in Chapter 4, then consideration of the weight of
non-structural material will be incorporated in Chapter 5.

∙ Cost is generally the driving objective in practical design. Cost estimation methods in use by practitioners
rely on the existence of similar previous projects and therefore may not be reliable when a novel layout is
used. Therefore optimization methods should consider additional factors that will contribute to the cost.

– There are several elements of a structure that are frequently neglected or considered separately to
the main structural design, however they may make a substantial contribution to the overall cost.
Foundations are one of the most significant of these elements, and a formulation to incorporate these
into the optimization will be proposed in Chapter 5.

– Cost is also significantly impacted by additional complexity of construction. Where optimization
algorithms have incorporated this, they have often used methods of quantifying complexity that
greatly reduce the size of problem that can be solved. Part III considers approaches that may
address this. The most direct approach is considered in Chapter 6; this discusses formulations
including constraints that aim to reduce the complexity of the resulting structures, whilst still allowing
problems of reasonable size to be addressed.

∙ Optimization methods are often too opaque and produce designs that are difficult to interpret. Conversely,
design methodologies in use in practice today favour structures that can be explained using a reasonably
small number of elements (e.g. pylon, main cable, hangers for a suspension bridge), and are therefore
controlled by small numbers of parameters. In contrast, numerical optimization methods output com-
plex arrangements of bars, with no hierarchical structure. Analytical methods of identifying minimum
weight structures do produce structures that can be interpreted reasonably easily, however they are very
challenging to identify for a given problem. Therefore, Chapter 7 will describe a framework within which
numerical methods may be used to obtain optimal layouts that are expressed using regions, in the same
way as analytical results. This not only increases the ease with which the results may be interpreted, but
also clarifies how a structure should be modified to produce simpler designs.
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Part II

Modelling self-weight
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Chapter 4

Modelling of distributed self-weight

This chapter concerns the development of a novel method to identify optimal layouts for structures where the
self-weight of the structure itself makes a substantial contribution to the overall loading. The impact of self-
weight increases with span, and this chapter therefore applies the method to the initial design of long span
bridge structures.

This work builds on the basic method outlined in the masters dissertation of the present author (Fairclough,
2015) which initially proposed the idea of replacing the straight bars of the ground structure, with optimally
curved catenary forms. However a number of significant improvements are demonstrated herein. Most notably,
the method has been extended to incorporate the member adding technique developed by Gilbert & Tyas (2003),
resulting in significant increases in computational speed during the layout optimization phase and allowing high
resolution numerical results (see Table 4.1) for benchmarking other designs. The results are also compared over
a range of spans, to allow the increasing influence of self-weight loading to be seen. Additionally, a number
of new considerations of practical relevance are incorporated, such as considering the possibility that members
may have different costs and/or strengths in tension vs compression.

The contents of this chapter was originally prepared for a journal paper† (note that some notation has been
changed for consistency) in collaboration with a number of co-authors. These include bridge designer Ian Firth,
who offered practical guidance on which additional considerations would be most useful to include. Aleksey
Pichugin was of particular assistance in the application of the extrapolation scheme used in Table 4.1. The
implementation of the methods described and numerical optimization runs were performed by the author of the
present thesis.
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4.1 Introduction

Since construction of the 137m span Union bridge on the England-Scotland border in 1820, the world’s longest
bridge span has doubled approximately every 50 years, and nine out of the ten longest bridge spans in history
have been constructed in the last 20 years. In recent years plans have been developed for bridges in Italy, Norway
and Indonesia with spans of in excess of 3km, whilst a more speculative, though still potentially feasible, proposal
has been mooted for a bridge with 5km spans over the Strait of Gibraltar. Whilst these specific structures face
challenges of a technical as well as economic and political nature, it is likely that bridge spans will continue to
increase in the 21st century.

Forms for long span bridges have evolved over several centuries. The modern suspension bridge form,
pioneered by James Finlay in the U.S., started to find favour at the turn of the nineteenth century (Drewry,
1832), and is still employed in the world’s longest span bridge structures, such as the 1,991m span Akashi
Kaikyo Bridge in Japan (Gregorski, 1998). In the past few decades the ease and speed of construction of cable-
stayed bridge forms has led to an increase in their popularity, particularly for spans up to approx. 1200m. This
development has led to debate about the relative merits of suspension vs. cable-stayed bridges (Hansford, 2012).
However, debate has often centred on the importance of various practical considerations, for example relating
to ease of construction or susceptibility to dynamic effects, rather than on a comparison of the theoretical
efficiency of these forms. Furthermore, and most significantly, it has seldom been questioned whether these
forms are appropriate when very long spans are involved, or whether more optimal structural forms exist. This
is important as a non-optimal form will consume more material than is necessary, in some cases considerably
more.

Also, it is important to bear in mind that for any given material the form will limit the overall span that can
be attained. In the case of the Akashi Kaikyo Bridge, consultant M. Ito stated that high-strength steel wire was
developed to reduce the dead weight “because more than 90 percent of the cross section of the main cables is used
to carry the bridge’s own weight” (Ito, 1996). Similarly, K. H. Ostenfeld, Project Director for the Great Belt
(East) Bridge with the longest span in the world prior to Akashi Kaikyo at 1,624m, has stated that one of two
limiting factors for long span bridges is “the limits for known materials in carrying their own weight” (Ostenfeld,
1996), governed by the well known square-cube law (Galileo, 1954). Also Lewis (2012) indicates a practical
limiting span of less than 5km for a suspension bridge when using steel, suggesting that materials with a higher
specific strength (the strength/weight ratio) might be necessary to achieve longer spans. However, although
lightweight composite materials (Meier, 1987; Xiong et al., 2011), and even carbon nanotubes (Damolini, 2009),
have been proposed for long span bridges, metals such as steel have advantages, such as far greater fracture
toughness (Lu, 2010). This coupled with plentiful supply and low cost means that steel is likely to remain
the dominant material for suspension cables for the foreseeable future. Thus, whilst materials are unlikely to
revolutionise longer span bridges in the near term, and recognising that constructability factors still dominate
consideration of economical solutions, there is the possibility for new, more materially-efficient, structural forms
to do so. This is the focus of the present study.

Although there have been attempts to identify improved designs for very long span bridges by using engin-
eering intuition (Lin & Chow, 1991; Starossek, 1996), an alternative is to use layout optimization, the theoretical
basis of which was developed by A.G.M. Michell (1904) in the early 20th century, building on earlier work by
J. Clerk Maxwell (1870). This theory later stimulated the development of computer-based numerical layout op-
timization methods (Dorn et al., 1964; Gilbert & Tyas, 2003). Modern numerical layout optimization methods
have been found to be capable of identifying new forms and of obtaining very close estimates of the volumes
of the corresponding exact solutions. For example, layout optimization was used to show that the minimum
volume structure to carry a uniformly distributed load between pinned supports was not the parabolic arch (or
cable) form which had presumed to be optimal since the time of Christiaan Huygens (Darwich et al., 2010),
but instead a more complex form comprising networks of orthogonal tensile and compressive elements near the
supports and a central parabolic section; in this case the numerical volume obtained via extrapolation tech-
niques was later shown to be within 0.001% of the exact analytical solution subsequently derived (Tyas et al.,
2011). Layout optimization has also been used to investigate bridge-like forms, for example being used to show
that changing the ratio of the limiting compressive to tensile material strength gives rise to a family of optimal
structures which range from arch to cable-stayed forms (Pichugin et al., 2015), prompting follow on analytical
studies by practitioners (Beghini & Baker, 2015).

However, long-span bridge structures are dominated by self-weight and standard layout optimization tech-
niques are not suitable in this case, since phenomena such as cable sag are not modelled intrinsically as part of
the formulation. Simplified models which assume self-weight to be ‘lumped’ at end-nodes, and which implicitly
assume that bending can be carried by the element between nodes (Bendsoe & Sigmund, 2004) are problematic
in cases where self-weight effects are significant. This is because in such a formulation the flexural effect of
self-weight on the element itself is ignored, and physically meaningful solutions may not be generated (e.g. a
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solution might comprise long-spanning straight bars of constant cross section, which transmit a large proportion
of their self-weight directly to supports).

In fact when self-weight is taken into account it has been known for almost two centuries that each (non-
vertical) element in an optimal structure must take the form of a catenary of equal strength (Gilbert, 1826;
Calladine, 2015). This is an element which is free of bending and has a cross section which varies along its length,
thus ensuring no excess material is present, a requirement in a rigorously optimal solution (notwithstanding
that uniform cross sections are normally preferred in practice, for practical reasons). A key feature of such an
element is that if the spatial positions of its end points are known in advance then that element can take up
one of only two possible shapes, depending only on whether the force to be carried is compressive or tensile.
This is significant as it means that the standard layout optimization procedure (Dorn et al., 1964; Gilbert &
Tyas, 2003) can be modified such that every potential (non-vertical) member is an equal stress catenary element
with an a priori defined shape. Thus straight elements are replaced with suitably curved compression and/or
tension elements. This also means that applications where self-weight effects are significant can be tackled, such
as very long span bridges, enabling new reference solutions for bridge structures subjected to gravity loadings
to be obtained.

In this paper the formulation for elements of equal strength will first be outlined and then used to provide
a new layout optimization formulation. This will then be used to determine the theoretically optimal form for
a very long span bridge of given span carrying gravity loading, with the volume of material required compared
with that required to construct traditional bridge forms of the same span. Note that the influence of wind and
other dynamic effects, while significant in the design and construction of such spans, are beyond the scope of
the present study, although they can, in principle, be incorporated into structural optimization schemes.

4.2 Elements of equal strength

4.2.1 Catenary elements

Gilbert (1826) developed relations to describe the shape of the catenary of equal strength, a structural form
transferring its self-weight to two level end points. Its cross-sectional area 𝑎 is proportional to the axial force 𝑞,
hence its weight per unit length is 𝜅𝑞, where 𝜅 is a proportionality constant. In an optimal skeletal structure the
stresses at all points in an element must be purely axial, and equal to the value of the limiting material stress.
For a material with unit weight 𝜌𝑔 then the weight per unit length is 𝑎𝜌𝑔. If the limiting stress in tension and
compression is 𝜎𝑇 and 𝜎𝐶 respectively, then 𝑞 = 𝑎𝜎𝑇 and 𝜅 = 𝜌𝑔/𝜎𝑇 for tensile elements, and 𝑞 = −𝑎𝜎𝐶 and
𝜅 = −𝜌𝑔/𝜎𝐶 for compressive elements. Unless otherwise stated, in this paper the limiting material stress will
be taken to be the same in tension and compression, such that 𝜎𝑇 = 𝜎𝐶 = 𝜎.

Routh (1896, Art. 453) provides a concise derivation of the equation for this catenary in Cartesian coordin-
ates, which for our purposes can be reformulated as

𝜅𝑦 = log(cos(Ω1 − 𝜅𝑥)) + Ω2 (4.1)

If the origin is placed at the highest point of the curve Ω1 = Ω2 = 0. A plot of the curve is shown in Figure 4.1.
The curve has vertical asymptotes at ±𝜋/2|𝜅|. Therefore, elements with a span of 𝜋/|𝜅| are not possible, as they
would have infinite length and volume. (For the steel material used in this study, unless stated otherwise, the
limiting material stress 𝜎 has been taken as 500MPa and the unit weight 𝜌𝑔 as 80kN/m3, so that the maximum
span of an element is approximately 20km.)

We will need relations for elements connecting two arbitrary points on a plane, allowing these to be incor-
porated in the layout optimization formulation that will be described in Section 4.3. It can be shown, see Figure
4.1, that an equally stressed element connecting any two arbitrary points will consist of a segment of the curve
defined by equation (4.1) with non-zero Ω1 and Ω2. If the coordinates of two nodes are denoted by (𝑥A, 𝑦A)
and (𝑥B, 𝑦B), the expressions for the associated constants Ω1 and Ω2 can be established to be in the form

Ω1 = 𝜅𝑥A − arctan

(︂
cos(𝜅(𝑥B − 𝑥A)) − 𝑒𝜅(𝑦B−𝑦A)

sin(𝜅(𝑥B − 𝑥A))

)︂
(4.2)

Ω2 = 𝜅𝑦A − log

(︂
cos

(︂
arctan

(︂
cos(𝜅(𝑥B − 𝑥A)) − 𝑒𝜅(𝑦B−𝑦A)

sin(𝜅(𝑥B − 𝑥A))

)︂)︂)︂
(4.3)

The parameters that will be required in the layout optimization formulation are the reaction forces exerted
on the element end points, and the volume of the element. Note also that the horizontal distance between
the two connected points must be below 𝜋/|𝜅| in order for it to be possible to connect them; thus elements
with a span greater or equal to this limit will not be added to the ground structure in the layout optimization
formulation.
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Figure 4.1: Approximate shape of an equally stressed element AB in compression

Reaction Forces: The angle of inclination of the centreline of the element at any point is given by

Φ = Ω1 − 𝜅𝑥 (4.4)

In order to produce purely axial stresses the force must also be inclined at the angle Φ. Therefore

𝑞𝑦 = 𝑞𝑥 tan(Φ) (4.5)

where 𝑞𝑦 and 𝑞𝑥 are the vertical and horizontal components of the force 𝑞 at the given point. Component 𝑞𝑥 will
be constant over the length of the element as only vertical self-weight forces are applied between the end points.
Given that an external force 𝑞 is to be transmitted directly between the end points, 𝑞𝑥 = 𝑞 cos(Θ), where Θ is
as shown in Figure 4.1. Combining this with equation (4.5), gives

𝑞𝑦 = 𝑞 cos(Θ) tan(Φ) (4.6)

which, when used with values of ΦA and ΦB from equation (4.4), allows the vertical reaction forces 𝑞𝑦 to be
determined at the supports. Note that when self-weight effects become negligible, Φ will tend to Θ and hence
𝑞𝑦 in equation (4.6) will tend to 𝑞 sin(Θ).

Volume: The volume 𝑉 of an element AB with unit width is given by

𝑉AB =

∫︁ B

A

𝑎𝑑𝑠 (4.7)

where 𝑎 is the cross-sectional area of the element at a given position along the element. By noting that the
cross-sectional area at a point is proportional to the force at that point, it can be shown that

𝑉AB = − 𝑞𝑥
𝜌𝑔

(tan(ΦB) − tan(ΦA)) = −𝑞 cos(Θ)

𝜌𝑔
(tan(ΦB) − tan(ΦA)) (4.8)

Note that there will be two sets of values for ΦA and ΦB, one set for tensile elements and one set for
compressive elements (see equation (4.4), noting that the sign of 𝜅 changes depending on whether tensile or
compressive elements are involved).

4.2.2 Vertical elements

The equations presented in the preceding section cannot be applied to perfectly vertical elements as the curve
never becomes completely vertical. Complementary equations for the thickness of an optimal vertical element
of varying cross section are therefore now derived.

If an infinitesimal slice of a vertical element is considered, as shown in Figure 4.2, vertical equilibrium and
the requirement that the stress is always equal to the limiting stress gives

−1

𝑞
𝑑𝑞 = 𝜅𝑑𝑠 (4.9)

Integrating both sides between the endpoints A and B gives

𝑞B = 𝑞A exp(𝜅(𝑦A − 𝑦B)) (4.10)
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Figure 4.2: Forces acting on an infinitesimal slice of a vertical, equally stressed element.

Reaction Forces: Equation (4.10) relates the forces at each end of the element; however, unlike the catenary
form, there is no value 𝑞 which relates this to the force to be transmitted. Therefore the reaction forces at the
ends of vertical elements are defined in terms of 𝑞A. Trivially, the vertical reaction force at point A is defined
as 1 × 𝑞A and Eq. (4.10) provides the definition of the vertical reaction at point B. Also, since the element is
vertical, 𝑞A𝑥 = 𝑞B𝑥 = 0.

Volume: The volume of the vertical element is found by integrating the cross-sectional area of the element
over its length, which, due to (4.10), yields

𝑉AB =

∫︁ B

A

𝐴d𝑠 =
𝑞A
𝜌𝑔

(exp (𝜅(𝑦A − 𝑦B)) − 1) (4.11)

4.3 Layout optimization

4.3.1 Standard formulation

The standard (weightless) numerical layout optimization procedure involves discretising a design domain with
𝑛 nodes, usually positioned on a uniform grid. These nodes are interconnected with 𝑚 potential truss elements,
forming a ‘ground structure’, and optimization is then used to find the minimum volume truss structure satisfying
force equilibrium conditions, explained diagramatically in Figure 4.3a–c.

The classical ‘equilibrium’ plastic truss layout optimization formulation for a single load case is defined as

min𝑉 = cTq

subject to:

Bq = f (4.12)

q ≥ 0

where 𝑉 is the total volume of the structure. In the standard formulation not involving self-weight q =
[𝑞𝑇1 , 𝑞

𝐶
1 , 𝑞

𝑇
2 , 𝑞

𝐶
2 , . . . , 𝑞

𝐶
𝑚]T, and 𝑞𝑇𝑖 , 𝑞

𝐶
𝑖 are the tensile and compressive internal forces in bar 𝑖 (𝑖 = 1, . . . ,𝑚);

c = [𝑙1/𝜎𝑇 , 𝑙1/𝜎𝐶 , 𝑙2/𝜎𝑇 , 𝑙2/𝜎𝐶 , . . . , 𝑙𝑚/𝜎𝐶 ]T, where 𝑙𝑖 is the length of bar 𝑖 and 𝜎𝑇 and 𝜎𝐶 are respectively the
limiting material stress in tension and compression. Note that in the classical layout optimization formulation
buckling instability is not modelled directly, though the specified limiting material stress in compression can if
necessary be reduced to account for this. B is a suitable (2𝑛× 2𝑚) equilibrium matrix containing direction
cosines and f = [𝑓𝑥1 , 𝑓

𝑦
1 , 𝑓

𝑥
2 , 𝑓

𝑦
2 , . . . , 𝑓

𝑦
𝑛 ]T, where 𝑓𝑥𝑗 and 𝑓𝑦𝑗 are the 𝑥 and 𝑦 components of the external load

applied to node 𝑗 (𝑗 = 1, . . . , 𝑛). The presence of supports at nodes can be accounted for by omitting the
relevant terms from f , together with the corresponding rows from B.

Consider now the contribution of a single element 𝑖 to the volume of the structure and to the global equi-
librium matrix, which can be written as 𝑉𝑖 = cT𝑖 q𝑖 and B𝑖q𝑖, where c𝑖, B𝑖 and q𝑖 are, respectively, a vector
containing terms that allow the volume to be derived from the element force, the local equilibrium matrix, and
the vector containing element force terms. The relevant expressions can be written in expanded form as

𝑉𝑖 =

[︂
𝑙𝑖
𝜎𝑇

𝑙𝑖
𝜎𝐶

]︂ [︂
𝑞𝑇𝑖
𝑞𝐶𝑖

]︂
, (4.13)
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(a)
𝐿/2

𝑊

(b) (c)

(d) (e)

(f)

Figure 4.3: Procedure employed to identify optimal (minimum volume) bridge structures. Steps (a)-(c)
describe the standard layout optimization formulation while steps (a)-(b) and (d) describe the new layout
optimization formulation, used when self-weight effects are significant. Steps (e)-(f) show the result of sub-
sequently applying geometry optimization.
(a) Problem definition (simplified multi-span bridge problem with multiple spans, with point load applied at
the centre of each span; the highlighted half span can be modelled due to symmetry).
(b) Design domain discretized with nodes and assumed boundary and load conditions.
(c) Layout of straight (weightless) elements identified via layout optimization. (Compressive and tensile ele-
ments shown in red and blue respectively.)
(d) Layout of curved elements identified via layout optimization. (Curved elements may lie slightly outside the
domain.)
(e) Improved design, obtained by adjusting the positions of active nodes using geometry optimization. (Detail
shows an element with exaggerated self-weight, demonstrating the curvature and non-uniform cross sections of
these elements.)
(f) Resulting optimized design for the problem.
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B𝑖q𝑖 =

⎡
⎢⎢⎣

cos Θ𝑖 − cos Θ𝑖

sin Θ𝑖 − sin Θ𝑖

− cos Θ𝑖 cos Θ𝑖

− sin Θ𝑖 sin Θ𝑖

⎤
⎥⎥⎦
[︂
𝑞𝑇𝑖
𝑞𝐶𝑖

]︂
, (4.14)

where Θ𝑖 is the angle of inclination of the element.
This problem is in a form which can be solved using linear programming (LP), with the member forces in q

being the LP variables. Although posed as a plastic design problem, when only a single load case is involved, as
is the case here, the formulation furnishes solutions which are identical to those obtained when using an elastic
(minimum compliance) formulation Bendsoe & Sigmund (2004).

4.3.2 Formulation with elements of equal strength

To take account of the effects of self-weight, the standard formulation can be modified to include elements with
equal strength along their length. Thus straight elements are replaced with suitably curved compression and/or
tension members, as indicated on Figure 4.3d. By using the relations given in Section 4.2, new terms for 𝑉𝑖 and
B𝑖q𝑖 can be established which take account of self-weight effects as follows.

Inclined element with self-weight: the element volume and equilibrium expressions can be obtained using
(4.8) and (4.6) respectively, and written in expanded form as

𝑉𝑖 =

[︃
cos(Θ𝑖)

[︀
tan Φ𝑇

A − tan Φ𝑇
B

]︀

𝜌𝑔

cos(Θ𝑖)
[︀
tan Φ𝐶

B − tan Φ𝐶
A

]︀

𝜌𝑔

]︃ [︂
𝑞𝑇𝑖
𝑞𝐶𝑖

]︂
(4.15)

B𝑖q𝑖 =

⎡
⎢⎢⎣

cos Θ𝑖 − cos Θ𝑖

cos Θ𝑖 tan Φ𝑇
A − cos Θ𝑖 tan Φ𝐶

A

− cos Θ𝑖 cos Θ𝑖

− cos Θ𝑖 tan Φ𝑇
B cos Θ𝑖 tan Φ𝐶

B

⎤
⎥⎥⎦
[︂
𝑞𝑇𝑖
𝑞𝐶𝑖

]︂
, (4.16)

where Φ𝑇
A, Φ𝐶

A and Φ𝑇
B, Φ𝐶

B are the angles of inclination of the tensile and compressive equal stress catenary
elements at points A and B respectively which are calculated from Eq. (4.4), and 𝑞𝑇𝑖 and 𝑞𝐶𝑖 are the tensile and
compressive forces in the element (equivalent to 𝑞𝑇𝑖 and 𝑞𝐶𝑖 given in the previous section).

Vertical element with self-weight: in this case the element volume and equilibrium expressions can be
obtained using (4.11) and (4.10) respectively, and written in expanded form as

𝑉𝑖 =

[︂
1 − exp [𝜅(𝑦A − 𝑦B)]

𝜌𝑔

exp [𝜅(𝑦A − 𝑦B)] − 1

𝜌𝑔

]︂ [︂
𝑞𝑇𝑖
𝑞𝐶𝑖

]︂
(4.17)

B𝑖q𝑖 =

⎡
⎢⎢⎣

0 0
1 −1
0 0

− exp(𝜅(𝑦A − 𝑦B)) exp(𝜅(𝑦A − 𝑦B))

⎤
⎥⎥⎦
[︂
𝑞𝑇𝑖
𝑞𝐶𝑖

]︂
, (4.18)

where in this case 𝑞𝑇𝑖 , 𝑞
𝐶
𝑖 are tensile and compressive force components, equal to 𝑞A, the force exerted on node A.

It is entirely possible for the ground structure, and therefore the resulting solution, to contain any desired
combination of weightless, inclined and vertical elements.

4.3.3 Rationalization via geometry optimization

When using layout optimization the solution accuracy is controlled by the number of nodes used to discretise the
design domain. If large numbers of nodes are employed then highly accurate numerical solutions can be obtained.
However, the associated forms will often be complex, and also difficult to realise in practice. To address this
a relatively coarse nodal discretisation can instead be used to obtain a layout that can then be improved by
adjusting the locations of nodes using the geometry optimization procedure described by He & Gilbert (2015),
though with standard weightless bars replaced with elements of equal strength, using the relations described in
the preceding section; sample results are shown in Figure 4.3e, f.
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4.4 Application to very long span bridges

4.4.1 Problem definition

The modified layout optimization procedure can now be used to identify theoretically optimal forms for very
long span bridges. For sake of simplicity it is here assumed that the central span of a notional multi-span bridge
structure is being modelled, with the problem being as described in Figure 4.3, but with the point loads 𝑊
replaced with a uniformly distributed load 𝑤, applied at the same elevation. This configuration can also be used
to approximately represent a bridge with a central main span and shorter side-spans. (In fact this representation
will be exact if the side-spans are equal to half the main span, and if reactions at the ends of the bridge are purely
horizontal, as is approximately the case e.g. for the Akashi Kaikyo Bridge.) However, other specific scenarios
can readily be modelled using the general numerical procedure described. The magnitude of 𝑤 is assumed to
include both traffic loading and the self-weight of deck elements required to provide a continuous level traffic
surface, though it does not include the self-weight of material required in the deck to carry axial forces, if
present, which is automatically included in the model as part of the optimization process. Note also that in
very long span bridges traffic loading becomes less significant than the self-weight of the deck and cables, which
means that the problem can justifiably be posed as a single load case layout optimization problem, furnishing a
structural form which consumes the minimum possible volume of material to carry the distributed load 𝑤 and
the self-weight of the structural elements employed.

The inherent bending resistance of the pylons and deck is not considered in the optimization directly, but will
be required to ensure that alternative load cases can be carried. Also, although wind and other dynamic effects
are very important in cable supported bridges, particularly when spans are long, various mitigation strategies
can often be applied once the basic form has been established. For example, to counter wind-induced vibration
it has recently been suggested that the use of slotted box girder decks will permit 5km suspension bridge spans
to be achieved (Ge, 2016), or alternatively active control systems can potentially be employed (Xu, 2013). These
are therefore not considered further here.

In the interests of computational efficiency a half span was modelled (taking advantage of symmetry) and
the adaptive solution strategy developed by Gilbert & Tyas (2003) was employed to enable problems with
increasingly fine nodal resolutions to be solved. The load discretisation strategy used by Darwich et al. (2010)
was also employed in order to reduce the discretisation error associated with the load. The largest model run
contained 68,026 nodes and 2,313,734,325 potential connections, including overlaps (i.e. over 2 billion potential
connections).

4.4.2 New reference volumes

Using the aforementioned assumptions, the layout optimization procedure has been used to obtain new reference
solutions for a range of bridge span lengths 𝐿, obtained by using increasingly fine nodal resolutions; numerical
results are shown in Table 4.1. The spans quoted in the table assume high strength steel is employed for
all elements, with a limiting material strength in tension and compression of 500MPa and a unit weight of
80kN/m3 - though other scenarios can readily be modelled using the general numerical procedure described.
Also shown are extrapolated volumes computed using the power law extrapolation scheme described in Darwich
et al. (2010). Models comprising 𝑛𝑥 = 200, 240, . . . , 600 divisions were used to provide source data, where 𝑛𝑥 is
the number of nodal divisions across the full span (the number of nodal divisions in the height of the domain, 𝑛𝑦
was taken as 𝑛𝑥 × 3/8). A weighted nonlinear least-squares approach was used to find best-fit coefficient values
for use in the extrapolation, with the weighting factor taken as 𝑛𝑥, to increase the influence of fine resolution
solutions.

For the 0km span (weightless) case the extrapolated value was found to compare closely with a recently
published analytical value Pichugin et al. (2015), showing that high precision results can be obtained. For
the other spans considered the extrapolated values furnish new reference volumes, providing benchmark values
against which alternative bridge designs can be judged.(As suggested by Cox (1965), just as there is a limit
on the thermal efficiency of a heat engine, set by the Carnot cycle, so there is a lower limit on the volume of
material necessary to form a structure. Even though this will not normally be achievable in practice, it provides
a useful basis on which to judge alternative designs.)

4.4.3 New structural forms

Structural forms corresponding to the new reference solutions for 1km, 2.5km and 5km span lengths are shown in
Figure 4.4a. To provide visually clear solutions a layout optimization discretisation involving 30 nodal spacings
across the full span was used prior to rationalizing the solutions using geometry optimization.
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Figure 4.4: Bridge forms for various spans and associated volumes, expressed in terms of the reference volume,
where V1km = 0.7805𝑤𝐿2/𝜎, V2.5km = 0.8737𝑤𝐿2/𝜎 and V5km = 1.0662𝑤𝐿2/𝜎 (where 𝑤 is the load applied
at deck level, 𝐿 is the span and 𝜎 is the limiting strength of the material). The three span lengths considered,
0.16 𝜎

𝜌𝑔 , 0.4 𝜎
𝜌𝑔 and 0.8 𝜎

𝜌𝑔 , correspond to 1km, 2.5km and 5km respectively when 𝜎 is taken as 500MPa and the

unit weight 𝜌𝑔 as 80kN/m3. All solutions shown were optimized via geometry optimization. (a) Reference
design (simplified layout shown for clarity). (b) Optimized triple split pylon design. (c) Optimized double split
pylon design. (d) Optimized cable stayed design. (e) Optimized suspension bridge design. (All with variable
cross-section cables.)
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Span

0 km 1km 2.5 km 5km
𝑛𝑥 (weightless) (0.16 𝜎

𝜌𝑔 ) (0.4 𝜎
𝜌𝑔 ) (0.8 𝜎

𝜌𝑔 )

Numerical 200 0.726937 0.781744 0.875206 1.068504
240 0.726759 0.781493 0.874886 1.067978
280 0.726624 0.781327 0.874680 1.067679
320 0.726535 0.781206 0.874535 1.067468
360 0.726475 0.781120 0.874425 1.067293
400 0.726425 0.781050 0.874337 1.067149
440 0.726378 0.780995 0.874262 1.067038
480 0.726342 0.780945 0.874201 1.066947
520 0.726313 0.780903 0.874150 1.066866
560 0.726286 0.780871 0.874109 1.066804
600 0.726267 0.780844 0.874075 1.066753
∞† 0.726031 0.780531 0.873674 1.066152

Analytical - 0.7260325‡ - - -
Diff. (%) - 0.0002% - - -

† Obtained by extrapolation, using a power-law extrapolation scheme as used in Darwich et al. (2010).
‡ Analytical solution obtained by Pichugin et al. (2015)

Table 4.1: Numerical volumes (×𝑤𝐿2

𝜎 ) for various bridge spans and nodal resolutions. The new reference
solutions are shown in bold typeface. (Quoted span lengths assume a limiting material stress 𝜎 = 500MPa and
unit weight 𝜌𝑔 = 80kN/m3.)

The new reference forms shown on Figure 4.4a quite closely resemble the weightless Michell structure that
was fully described analytically by Pichugin et al. (2015), with tension and compressive elements aligned
(near)orthogonally. They also include a series of inclined compressive elements radiating out from the sup-
ports, just as in Pichugin et al. (2015). The forms are also markedly different to traditional cable stayed or
suspension bridge forms, though would clearly be extremely difficult to construct in practice. However, to allow
comparison with the former, the inclined compressive elements can readily be removed by omitting candidate
inclined compressive elements when setting up the layout optimization problem. The resulting optimized cable
stayed bridge forms are shown in Figure 4.4d, and differ slightly from the standard ‘harp’ cable arrangement
in that they have non-uniform spacing of stays along the height of the pylon. However, most significantly,
the consumed material is up to 38 percent greater than that required for the corresponding (near) optimal
reference designs shown in Figure 4.4a. Although the latter would be much more difficult to fabricate than the
more conventional cable stayed forms shown in Figure 4.4d, they can be used to inspire a range of simplified
forms. Thus Figure 4.4b & 4.4c show simplified split pylon bridge structures comprising respectively three and
two pylons, consuming respectively approx. 6 percent and 12 percent more material than the corresponding
reference designs in the 5km span case; a computer generated render of a bridge comprising two 5km spans
designed to be potentially suitable for the hypothetical Strait of Gibraltar crossing is also shown in Figure 4.5.

The optimized locations of all elements in the single, double and triple split-pylon cable stayed structures
shown in Figure 4.4b-d were found using geometry optimization techniques, indicating that a harp rather than
fan style cable arrangement is most materially-efficient.

Also, for comparative purposes, optimized suspension bridge configurations were obtained by applying geo-
metry optimization to the standard suspension bridge layout, as shown in Figure 4.4e. These bridges consume
up to 73 percent more material than the corresponding reference designs shown in Figure 4.4a. (The bridge
structures described here are actually somewhat lighter than those found in constructed suspension bridges as
the cable areas were here allowed to vary along the lengths of the cables.)

Figure 4.6 presents results for all the cases described in normalised form, covering spans of up to 10km when
using the same steel material as assumed before. Volumes for the fan style cable stayed bridge form are also
included for comparative purposes, along with those for cable stayed and suspension bridge forms constrained
to use the larger span-to-dip (𝐿/ℎ) ratios currently employed in the world’s current longest cable stayed and
suspension bridge spans, respectively found in the 1,104m span Russky Bridge , Russia (𝐿/ℎ = 4.4) and the
1,991m span Akashi-Kaikyo Bridge, Japan (𝐿/ℎ = 9). (Traditional suspension bridges have generally been built
with span-to-dip ratios of 8.5 - 13.5 and cable stayed bridges with span-to-dip ratios of 3.4-4.9 (Lewis, 2012).) It
is evident that traditional bridge forms with larger span-to-dip ratios become very inefficient as spans increase,
but that the simplified double and triple split pylon forms remain comparatively efficient even when the span
is long.
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Figure 4.5: Split pylon concept bridge to cross Strait of Gibraltar, with two 5km main spans (not showing
additional measures likely to be needed to counteract unbalanced live load effects - e.g. see Gimsing & Georgakis
(2011)).

4.4.4 Influence of span-to-dip ratio

The fact that a high span-to-dip ratio in a cable supported bridge can lead to a high volume of material being
required has been known for many years (indeed this prompted the seminal work of Davies Gilbert, who wanted
to demonstrate to Thomas Telford that the initial shallow suspension bridge design for the Menai Straits was
structurally inefficient (Calladine, 2015)). However, a low span-to-dip ratio also requires the use of tall pylons,
which can be problematic to construct. Also, when non-uniform loadings are present it has been observed
that midspan deflections increase in suspension bridges when lower span-to-dip ratios are employed (Gimsing
& Georgakis, 2011). It is therefore of interest to explore the influence of the limiting span-to-dip ratio on the
volume of material required, and to evaluate the performance of the new simplified forms when such limits are
imposed. Figures 4.7 and 4.8 present volumes and corresponding forms when the span-to-dip ratios are limited
to 4.4 and 9 respectively; key results from Figures 4.6, 4.7 and 4.8 are also tabulated on Table 4.2, showing
that the span-to-dip ratios identified as being optimal in the present study are considerably lower than those
typically used in practice.

From Figures 4.7 and 4.8 it is clear that even when a limit is placed on the span-to-dip ratio, the corresponding
reference form consumes considerably less material than traditional forms. The simplified double split pylon
form is also much more materially-efficient than traditional forms, suggesting that this latter form could prove
popular in practice. When the span-to-dip ratio is increased to 9 the resulting double split pylon form quite
closely resembles the split pylon design tentatively proposed by Starossek (1996) some years ago, though the
latter uses a fan style cable arrangement rather than the hybrid cable arrangement observed to be optimal
here. (A small number of split pylon cable stayed bridges have been constructed in practice, though these
have generally spanned relatively short distances, and aesthetic or specific practical reasons for their form have
usually been cited by their designers. For example, the double split pylon cable stayed bridge constructed near
Düsseldorf Airport in Germany in 2002 was so designed to keep the height of the structure low in order to avoid
impeding air traffic (Prehn & Mertens, 2002). Also, this bridge uses a fan style cable arrangement, rather than
the hybrid cable arrangement found to be most materially-efficient here.)

When the height available is unrestricted the optimal cable stayed form resembles the harp style form but
has a non-uniform spacing of cables up the pylon (see Figure 4.6); this also leads to a lower pylon height being
required. As the height available is reduced the traditional harp style form (with uniform spacing of cables up
the pylon) becomes less efficient than both the fan style form and also the suspension bridge form. Also, the
optimal cable stayed form begins to resemble the fan style form, and has a similar volume.
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Figure 4.6: Volume vs. span for various bridge forms, using equal stress catenary elements and with nodal
positions identified via geometry optimization (Span 𝐿 = 0 data points are taken from the literature; see Table
2 for details. Indicated span distances of 1km, 2.5km, 5km and 10km assume 𝜎 is taken as 500MPa and the unit
weight 𝜌𝑔 as 80kN/m3). (a) Suspension bridge, with span-to-dip ratio of 9, as in the Akashi Kaikyo Bridge,
Japan. (b) Cable stayed bridge with with span-to-dip ratio of 4.4, as in the Russky Bridge, Russia (harp cable
arrangement assumed here). (c) Suspension bridge with optimal pylon height. (d) Cable stayed bridge with fan
cable arrangement and optimal pylon height. (e) Cable stayed bridge with optimal pylon height. (f) Optimized
double split pylon design. (g) Optimized triple split pylon design. (h) Reference bridge design.
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Figure 4.7: Span-to-dip ratio of 4.4 - Volume vs. span for different bridge designs. (a) Harp style cable stayed.
(b) Suspension. (c) Fan style cable stayed. (d) Optimized cable stayed. (e) Optimized double split pylon.
(f) Reference optimum form for the given span-to-dip ratio. (g) Reference with unrestricted span-to-dip ratio
for comparative purposes.
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Figure 4.8: Span-to-dip ratio of 9 - Volume vs. span for different bridge designs. (a) Harp style cable stayed.
(b) Suspension. (c) Fan style cable stayed. (d) Optimized cable stayed. (e) Optimized double split pylon.
(f) Reference optimum form for the given span-to-dip ratio. (g) Reference with unrestricted span-to-dip ratio
for comparative purposes.
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Span

0 km 1km 2.5 km 5 km
Form 𝐿/ℎ (*) figure (weightless) (0.16 𝜎

𝜌𝑔 ) (0.4 𝜎
𝜌𝑔 ) (0.8 𝜎

𝜌𝑔 )

Suspension
9 6a,8b 1.347222a,b 1.648 2.508 18.985

optimal (4) 6c 1.000000a,b 1.096 1.307 1.845
Cable stayed 4.4 7c 1.048 1.244 1.781

(fan) optimal 6d 1.041 1.224 1.672
Cable stayed 4.4 6b 1.052273a 1.189 1.458 2.269

(harp) optimal (4/
√

3) - 0.866025a 0.954 1.112 1.492
Cable stayed 4.4 7d 0.989 1.176 1.691
(optimal) optimal 6e 0.946 1.102 1.476
Split pylon 9 8e 1.197 1.483 2.275
(double) 4.4 7e 0.856 0.978 1.248

optimal 6f 0.838 0.951 1.197
Split pylon

optimal 6g 0.811 0.914 1.134
(triple)

9 8f 1.130 1.320 1.711
Reference 4.4 7f 0.817 0.921 1.137

optimal (2
√

2) 6h, 7g, 8g 0.726031c 0.780531 0.873674 1.066152
* Optimal span-to-dip (𝐿/ℎ) ratios for weightless designs indicated in parenthesis, where available in the cited sources.
(The optimal span-to-dip ratios for the longer span designs, which include self-weight, are similar, though not identical.)

a Croll (1997a)
b Croll (1997b); Dalton (1997); French (1997)

c Pichugin et al. (2015)

Table 4.2: Comparison of volumes (×𝑤𝐿2

𝜎 ) of traditional bridge forms with those of new reference solutions.
(A discretisation of 30 nodal spacings across the full span and geometry optimization was used except for the
optimal reference forms. Quoted span lengths assume a limiting material stress 𝜎 = 500MPa and unit weight 𝜌𝑔
= 80kN/m3.) The quoted volumes for the weightless designs are computed using explicit analytical expressions
given by Croll (1997a,b); Dalton (1997); French (1997) (for suspension bridges), Croll (1997a) (for cable-stayed
bridges) and Pichugin et al. (2015) (for optimal Michell structures).

4.4.5 Influence of reducing the limiting compressive stress

In the present study the limiting material stress has thus far been assumed to be the same in tension and
compression. However, it can be argued that a higher limiting stress should be adopted for tension elements, to
account for the likelihood that higher strength steel will be used for the cables, and to account for a reduction in
the stress sustainable by compression elements due to buckling effects. On the other hand, in recent years very
high strength hot rolled steel has become available which can potentially be used in the construction of pylon
and deck elements carrying compressive stresses, and appropriate detailing can be used to try to mitigate the
detrimental effects of buckling on the allowable stress. Nethertheless, it is of interest to explore cases when the
limiting tensile stress 𝜎T exceeds the limiting compressive stress 𝜎C. For example, Figure 4.9 shows optimized
bridge forms when the limiting stress in compression is reduced to one third and then one ninth of the limiting
stress in tension (the latter case could e.g. represent a case where the limiting tensile stress is 1800MPa and the
limiting compressive stress is 200MPa). Firstly, it is clear from the figure that the overall form of the optimal
reference structure is largely unaffected, though the horizontal extent of the fan region over a support reduces
(as was also shown by Pichugin et al. (2015) for the case when self-weight effects are neglected). Also the optimal
span-to-dip ratio increases for the reference structure, and also for all the other bridge forms considered. The
relative volumes of the cable stayed and suspension bridges fall respectively to 1.30 and 1.54 for the 𝜎T/𝜎C = 3
case, and to 1.25 and 1.36 respectively for the 𝜎T/𝜎C = 9 case. This indicates that the advantage of the new
forms over traditional forms remains, though does reduce somewhat when the limiting compressive stress is
lower than the limiting tensile stress.
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Figure 4.9: Effect of reducing the limiting compressive stress on selected forms shown in Figure 4.4, for the
span = 0.8 𝜎

𝜌𝑔 case (where the limiting tensile stress 𝜎T = 𝜎0 and the limiting compressive stress is reduced

as indicated). Volumes shown are expressed in terms of the relevant reference volume. (a) Reference design
(simplified layout shown for clarity). (b) Optimized triple split pylon design. (c) Optimized cable stayed design.
(d) Optimized suspension bridge design. (All with variable cross-section cables.)
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Figure 4.10: Effect of changing the relative cost of compressive and tensile members on the minimum cost 𝑐
and corresponding geometry of the triple split pylon bridge form considered in Figure 4.9, where 𝑐 =

∑︀
𝑝𝑇𝑉𝑇 +∑︀

𝑝𝐶𝑉𝐶 , and where 𝑝𝑇 , 𝑉𝑇 and 𝑝𝐶 , 𝑉𝐶 are the cost coefficients and volumes for tensile and compressive members
respectively. (Two limiting tensile to compressive stress and cost ratios considered.)

4.4.6 Commentary

This study has focussed on identifying theoretically optimal forms for carrying the predominant load case for a
hypothetical very long bridge span structure, i.e. self-weight loading, comprising the weight of the cables, pylons
and deck, together with uniformly distributed traffic loading. It is sometimes argued that certain structural
configurations become efficient when asymmetric loadings due to traffic are involved (e.g. considering the fan
style cable stayed bridge configuration, the pylons are not subject to bending when asymmetric loadings due
to traffic are involved, which is advantageous if traffic loads are high). However, in the case of very long span
bridges the magnitude of traffic loading in relation to self-weight becomes comparatively small, reducing this
effect. For example, in studies recently undertaken by a bridge design consultancy for proposed suspension
bridges incorporating spans ranging from 1.3km to 3.3km, traffic loads contributed only between 15 and 23
percent of the unfactored loads carried by the main cables (Jensen & Bloomstine, 2009). Thus although non-
uniform traffic loading would need to be considered as part of the detailed design phase it is unlikely to change
the overall findings of the present study when very long spans are involved. (In contrast when shorter spans
are involved, of the sort likely to be constructed in the immediate future, non-uniform traffic loading can be
expected to have an influence on form, with, in the case of multi-span bridges, alternate span traffic loading
scenarios being particularly important. This for example led to a ‘crossing stay’ cable arrangement being chosen
for the three-span Queensferry Crossing bridge across the Firth of Forth in Scotland, completed in 2017 (Carter
et al., 2010). Also, cable size may need to be increased to reduce deflections if these prove to be excessive.)

In this paper elements with non-uniform cross sections have been employed for all bridge forms considered,
both new and traditional. This means that material in all cross sections is fully stressed, ensuring that the
structures are as materially-efficient as possible, thereby allowing reference solutions to be obtained. However,
it should be noted that whilst methods of realising non-uniform elements have been proposed (e.g. Gokyu,
1970), usually uniform cross sections are preferred in practice, which will slightly increase the overall weight of
all bridge forms considered.

Although the present study has focused on efficiency, the method proposed can potentially be modified so
as to minimise the likely cost of the overall bridge construction. For example, as the cost of cables is likely to be
higher than the cost of compression elements, this can be accounted for by including suitable cost coefficients
in the optimization objective function. For example, in Figure 4.10 the minimum cost triple split pylon design
is sought, with the ratio of limiting tensile and compressive stress varied together with the relative cost of
tensile and compressive members. Also, when modelling a bridge containing end spans, a cost could potentially
be ascribed to the resultant horizontal reaction forces, which would in practice need to be carried by costly
anchorages. These forces will generally be greatest in the case of suspension bridge forms, adding to their
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(a) (b) (c)

Figure 4.11: Appraising the relative efficiency of bridge forms by considering how deck loads are transmitted
back to a support. (a) Suspension bridge: the load path is comparatively long, so a large volume of material
is required to transmit the forces involved. (The same situation occurs in a fan cable stayed bridge.) (b) Harp
cable-stayed bridge: the load path is kept short, but acute angles between the elements lead to high cable forces,
and also to significant induced forces in the deck. (c) Split pylon cable-stayed bridge: the load path remains
relatively short but the angles between the elements are less acute, ensuring cable and induced deck forces are
lower.

relative cost, though the other cable supported forms considered herein would also require the use of external
earth anchorages, due to the presence of tension at the supports. Although ‘self-anchored’ cable-stayed bridge
designs have become popular due to ease of construction, a benefit of using earth anchorages for very long spans
is that compression in the deck can be controlled; this is discussed further by Gimsing (1994). Alternatively
boundary conditions in the optimization problem can easily be changed to, for example, prevent a solution
being generated which requires transmission of horizontal forces to supports.

Finally, an explanation for the comparative efficiency of the split pylon form is given in Figure 4.11; this
involves considering how directly deck loads are transmitted back to the supports. Although constructing very
long span bridges based on these latter designs would no doubt be challenging, the reward – significantly reduced
material consumption – is clear.

4.5 Conclusions

A means of obtaining the theoretically optimal bridge form to span a given distance under the action of
gravity loading has been described. This required the development of a new numerical layout optimization
procedure capable of intrinsically modelling the self-weight of the constituent structural elements. To achieve
this, equal strength catenary elements were employed, allowing phenomena such as cable sag to be modelled
in the optimization process in an entirely natural manner. The procedure has been applied to the design
of hypothetical very long span bridges, enabling the optimal reference form and associated required volume
of material to be established for a given span. The reference volume provides a benchmark against which
traditional or proposed new bridge designs can be objectively judged.

It has been found that the reference bridge forms differ markedly to traditional suspension bridge and cable
stayed bridge forms involving vertical pylons, and also require much less material to construct, especially when
very long spans are involved. For example, a conventional suspension bridge form spanning 5km requires up to
73 percent more material than the corresponding reference design when using steel. The reference designs have
also been used as inspiration for simple yet highly efficient bridge designs involving split pylons, which require
comparatively little more material than the reference designs.
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Chapter 5

Lumped masses and frictional foundations

This chapter further develops the distributed self-weight method of the previous chapter by incorporating
potential lumped masses which may be added at any point. This allows for accurate modelling of cases where
structural mass is used favourably, such as in counterweights and anchorages. To allow accurate interpretation
of structures involving anchorages and abutments, a frictional support type is introduced.

In this chapter, the new methods are principally demonstrated using a bridge type problem. Unlike the
previous chapter this example has only three spans, which allows the effect of the boundary conditions to be
studied. Further examples using the counterweight formulation are available in Appendix B, where the method
is applied to the design of a crane structure and a cantilever spar cable-stayed bridge.

The contents of this chapter has been prepared with the intention of submitting it for publication as a
journal article†.
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5.1 Introduction

The theory of minimum volume structures was developed by Michell (1904) and Hemp (1973). However, these
classical solutions neglect many real-world considerations and are time consuming and difficult to identify.
Rozvany & Wang (1984), provide a extension to the theory which incorporates self-weight, however this adds
further challenges and solutions have only been found for a certain class of trusses which are restricted to be
entirely in compression or entirely in tension (Wang & Rozvany, 1983).

Numerical methods, such as the layout optimization method developed by Dorn et al. (1964) provide the
potential for significantly more flexibility in extending the applicability of optimal solutions. Modern computing
hardware, and improvements in computational efficiency (e.g. Gilbert & Tyas, 2003) have allowed such numerical
methods to be used to quickly identify structures which are within a fraction of a percent of theoretical values.

These numerical results may also suggest layouts leading to analytical solutions, or to support a partial
solution. For a pin supported single span, an arch bridge type solution was proposed by Hemp (1974), later
shown to be optimal in restricted cases by Chan (1975) and Pichugin et al. (2012). For a multiple span structure,
a solution was provided by Pichugin et al. (2015), with further studies undertaken by Beghini & Baker (2015).

Numerical methods have been extended to include a range of additional practical considerations. Existing
methods of modelling self-weight within ground structure type methods, such as those of Bendsoe & Sigmund
(2004) and Pritchard et al. (2005), generally assume that the weight of a truss member may act directly on
the member’s end nodes. However, this formulation neglects the bending stresses which are imposed by the
self-weight of a non-vertical bar, potentially leading to significantly non-conservative designs, particularly when
long members are present.

Fairclough et al. (2018) have proposed an alternative method of modelling self-weight, this distributed self-
weight method is based on the use of catenaries in place of straight bar elements. This allows the self-weight to
be applied continuously across the structure without the generation of bending stresses, allowing for accurate
results at all spans. The method was principally applied to long span bridges consisting of an infinite number of
spans. This allowed for comparison between cable-stayed and suspension bridges, alongside the newly identified
forms, thereby demonstrating the potential for material savings of up to 70% over suspension forms and 40%
over cable stayed forms.

The material savings identified by Fairclough et al. (2018) were most significant at the longest spans due to
the increase in the relative importance of self-weight loading. This has also been observed in practice; in the
record 1991m span of the Akashi Kaikyo bridge, the bridge’s self-weight accounts for over 90% of the capacity of
the suspension cable (Ito, 1996). The limit of materials to carry their own self-weight has been recognised as one
of the two major limiting factors by the designers of both the 1624m span Great Belt bridge (Ostenfeld, 1996)
and of the proposed 3300m span Messina bridge (Brancaleoni et al., 2011). Optimization methods therefore
have the potential to be of great benefit in this area.

In practice, suspension bridges have long been the preferred solution for long spans. They must transmit
the force at the end of the main cable into the ground, this generally requires a structure of significant mass to
provide sufficient anchorage (Gimsing & Georgakis, 2011). Self-anchored suspension bridges are possible, but
are generally considered impractical for spans of more than a few hundred metres (Ochsendorf & Billington,
1999). Conversely, an ‘outstanding advantage’ (Troitsky, 1988) of cable stayed bridges is that they are usually
self-anchored with no horizontal force transmitted at the ends of the structure, this permits efficient construction
using the cantilever method, but also leads to significant compressive forces in the deck. Ground anchored cable
stayed bridges have been proposed (Shao et al., 2013) but are still rare in practice.

These different boundary conditions can cause issues for theoretical comparative studies. To allow fair
comparison between suspension and cable stayed forms, Croll (1997a) and Croll (1997b) considered a ground
anchored cable stayed bridge which requires the same reactions as the suspension form. Lewis (2012) extends
this to include some consideration of the self-weight of the structure but, as with Croll (1997a), the study is
limited to the classical forms, with parabolic suspension cables and parallel (harp style) cable stays.

Some novel designs for very long spans have been proposed, such as the designs of Lin & Chow (1991) and
Starossek (1996), which both utilise a split pylon concept, based on a ground anchored suspension form and a
self anchored fan type cable stayed form respectively. Other proposals also address more complex issues such
as out of plane stability (Menn & Billington, 1995). However very few bridges of significant span have been
constructed using non-traditional forms, one recent exception being the Yavuz Sultan Selim Bridge which uses
a hybrid cable stayed and suspension form for increased stiffness (Virlogeux, 2018), it also includes some regions
with ground anchored cable stays (de Ville de Goyet et al., 2018).

Consideration of scenarios with support types beyond classical pin or roller pin supports is rare within the
optimization literature. Rozvany & Sokół (2012) consider support types where reaction forces incur a cost
proportional to their magnitude. In further discussions of this paper (Espí, 2013; Sokół & Rozvany, 2013a)
some solutions with frictional foundations were identified, although these required a priori knowledge of the
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Figure 5.1: The distributed self-weight method. (a) Geometry and (b) end forces of a single equally stressed
catenary member. Dashed lines show the equivalent member without self-weight.

optimal solution’s use of the foundation. Furthermore these solutions did not consider self-weight, which may
be usefully employed to increase the possible horizontal force, such as in an anchorage block.

To allow for consideration of these differing boundary conditions, the distributed self-weight method will
here be extended to allow the inclusion of the costs of unstressed material, such as in anchorage or abutment
structures. This will allow investigation of the potential for material savings through the use of layout op-
timization in both ground-anchored and self-anchored cases, as well as potentially more realistic cases with an
intermediate level of friction. The inclusion of unstressed material will also permit investigation of cases where
counterweights can be used as part of a structural solution.

This chapter is organised as follows; Section 5.2 provides a brief overview of the distributed self-weight for-
mulation for modelling self-weight, and then provides some illustrative examples which demonstrate mechanisms
by which the optimal forms identified may change with span. Section 5.3 then proposes new formulations which
extend the range of boundary conditions which may be considered using this method. These are applied to the
initial design of a bridge type structure in Section 5.4.

5.2 Layout optimization with distributed self-weight

5.2.1 Formulation

The overall structure of the distributed self-weight formulation is very similar to the classical formulation
found in literature, with the differences occurring only within the coefficient matrices. Therefore the layout
optimization problem is written as

minimise 𝑉 = cTq (5.1a)

subject to Bq = f (5.1b)

q ≥ 0 (5.1c)

where 𝑉 is the total volume of all members in the structure. q = [𝑞𝑇1 , 𝑞
𝐶
1 , 𝑞

𝑇
2 , ..., 𝑞

𝐶
𝑚]T, and 𝑞𝑇𝑖 , 𝑞

𝐶
𝑖 are the tensile

and compressive member forces. f = [𝑓𝑥1 , 𝑓
𝑦
1 , 𝑓

𝑥
2 , ..., 𝑓

𝑦
𝑛 ]T is the vector of externally applied forces at each node.

c = [ 𝑙1
𝜎𝑇
, 𝑙1
𝜎𝐶
, 𝑙2
𝜎𝑇
, ..., 𝑙𝑚

𝜎𝐶
]T where 𝑙𝑖 is the length of member 𝑖 and 𝜎𝑇 and 𝜎𝐶 are the allowable stresses in tension

and compression, and B is a suitable 2𝑚× 2𝑛 (for 2D problems) equilibrium matrix.
The coefficients in B and c are found from the geometry of the catenary member as shown in Figure 5.1.

The centreline of any member of a given material consists of a section of an equally stressed catenary (Routh,
1896). This centreline is independent of the magnitude of the load and is given by the relations

Φ = Ω1 − 𝜅𝑥 (5.2)

𝜅𝑦 = log(cos(Φ)) + Ω2 (5.3)

where 𝑥 and 𝑦 are the coordinates of the centreline, Φ is the inclination of the centreline at (𝑥, 𝑦), 𝜅 is the
signed strength to weight ratio of the material, which may also differ in magnitude in tension and compression,
and Ω1 and Ω2 are constants of integration.

The coefficients in c are given by integrating the expression for the area 𝑎 = 𝑞 cosΘ
𝜎 cosΦ (where 𝜎 = 𝜎𝑇 or 𝜎𝐶 as

appropriate), between the two end nodes. For a single catenary element, 𝑖, this implies that

c𝑖 =
[︁
cosΘ𝑖(tanΦ𝑇

A−tanΦ𝑇
B)

𝜌𝑔

cosΘ𝑖(tanΦ𝐶
B−tanΦ𝐶

A)
𝜌𝑔

]︁T
(5.4)

where Φ𝑇 and Φ𝐶 are the values of Φ assuming tension and compression stress respectively, and ΦA and ΦB

are the values at points A and B. 𝜌𝑔 is the unit weight of the material, and Θ𝑖 is the angle directly between the
end nodes, as in Figure 5.1.
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Figure 5.2: Simple example: Results for increasing material weight, showing how changes in the optimal
topology of the function correspond to changes in the geometry of the elements.

0 0.1 0.2 0.3 0.4 0.5

2.5

3

3.5

Unit weight, 𝜌𝑔 (𝜎0

𝐿 )

V
o
lu
m
e,
𝑉

(
|𝑄

|𝐿
𝜎
0

) Layout opt.
Layout and Geometry opt.

Figure 5.3: Simple example: Volumes of structures after layout optimization and geometry optimization.

The coefficients of matrix B are such that end forces are aligned to the centreline, with the horizontal
components being unchanged by the addition of self-weight, as shown in Figure 5.1. Therefore for a single bar
𝑖 the relevant coefficients are

B𝑖 =

⎡
⎢⎢⎣

cos Θ𝑖 − cos Θ𝑖

cos Θ𝑖 tan Φ𝑇
A − cos Θ𝑖 tan Φ𝐶

A

− cos Θ𝑖 cos Θ𝑖

− cos Θ𝑖 tan Φ𝑇
B cos Θ𝑖 tan Φ𝐶

B

⎤
⎥⎥⎦ (5.5)

For more details of this formulation see Fairclough et al. (2018).
When the self-weight is insignificant, i.e. at short spans or with very strong materials, the members are

almost straight, with almost constant cross sections. As spans increase, the members gradually increase their
sag. This gradual change in individual member geometry can combine to cause significant and abrupt changes
in to overall optimal topology.

Once the result of the layout optimization is known, a geometry optimization method based on that developed
by He & Gilbert (2015) can be used to further refine the joint positions within the solution. Again, further
details can be found in Fairclough et al. (2018).

5.2.2 Change of form with span

To illustrate how this change in the geometry of individual elements can lead to substantial changes in overall
topology, a simple example is considered. This consists of a design domain of width 𝐿 and height 2𝐿, with pin
supports at the top corners and a force of magnitude 𝑄 applied at an angle 30∘ from vertical. The structure
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is constructed from a material with limiting strength in tension and compression of 𝜎, and a given unit weight
denoted by 𝜌𝑔. The resulting structures are shown in Figure 5.2, and their volumes are plotted in Figure 5.3.

When the unit weight of the material is small, the elements in the ground structure approximate straight
lines. The longest diagonal member in the solution lies above the line of action of the applied force, and a 3
bar supporting structure is required to ensure equilibrium. During geometry optimization, the bar connecting
to the force is aligned to the line of action, this then requires a kink, supported by an additional compression
member, to reach the support point. The thickness of the supporting structure reduces as the material weight,
and therefore also the cable sag, increases.

When 𝜌𝑔 = 0.1155 𝜎
𝐿 , the main diagonal member is parallel to the applied force at the point of application.

The redirecting force is now provided by the self-weight of the structure itself. As the unit weight increases
further, the sag of this element takes it below the line of action of the force. Therefore, additional support from
above is required, leading to the addition of a new tension member and a change in optimal topology.

5.2.3 Cantilever with favourable use of self-weight

The classic Michell cantilever problem will be used to illustrate some interesting possibilities which become
available in the presence of self-weight. Generally, this is analytically considered to be a whole plane problem
(e.g. Hemp, 1973). However, in the most common cases, the solution requires structure only in one half plane,
leading many numerical studies to consider a design domain within the half plane containing the force (e.g.
Gilbert & Tyas, 2003).

The distributed self-weight method has been used to find solutions for this problem with a given material
unit weight, 𝜌𝑔 and limiting stress 𝜎. The results are shown in Figures 5.4 and 5.5. Two design domains were
considered; a ‘restricted domain’, entirely within one half plane, and an ‘extended domain’ which continues
behind the supports. The dimensions of the problems are shown in Figure 5.4.

In the presence of small to moderate levels of self-weight, the layout and volume identified in the ‘restricted
domain’ is very similar to the known analytical solution. When self-weight is a significant factor, the geometry
of the form changes somewhat. The overall depth of the structure increases and a larger proportion of the
material is used close to the supports.

If the larger design domain is used, no change is observed at small values of self-weight. However, as the
self-weight increases, sudden and significant change in the overall topology is seen. The new structure makes

Restricted domain Extended domain
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Figure 5.4: Cantilever example: Forms of optimal structures with restricted and extended design domains.
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Figure 5.5: Cantilever example: Volumes of structures using the restricted and extended design domains.

use of the back-span to provide a counterweight to the applied load, thereby reducing the moment which must
be provided by the supports and allowing for an even greater structural depth. However, as the method is based
on the assumption that all material should be fully stressed, these counterweights take the form of tall thin
members aligned to the leftmost edge of the permitted domain.

Figure 5.5 shows that the use of this counterweight form gives a lower volume than is possible with the
restricted domain by up to 20%, the counterweight solution is preferred for cases where the unit weight is greater
than approximately 0.48 𝜎

𝐿 . However, the modelling of the form of the solution is unsatisfactory, therefore the
next section proposes an improved formulation which allows for unstressed material to be present in the optimal
solution. This problem will be revisited in Section 5.3.1 using the improved formulation.

5.3 Proposed formulations

5.3.1 Formulation incorporating self-weight of unstressed lumped masses

The layout optimization method is easily extended to include unstressed lumped masses by the introduction of
an additional variable, 𝑟𝑗 , at each node representing the volume of unstressed material at that point.

This volume is added to the total volume in the objective function, it is also used to calculate the force from
the self-weight of the unstressed material (𝜌𝑔𝑟𝑗), which is then added to the equilibrium calculation for that
node in the vertical direction (by use of a matrix of unit vectors, Z).

Therefore, the optimization problem becomes

minimise 𝑉 = cTq + eTr (5.6a)

subject to Bq + 𝜌𝑔Zr = f (5.6b)

q, r ≥ 0 (5.6c)

where r is a vector of length 𝑛, containing the volumes of the counterweight at each node and e is a vector of
length 𝑛 with all elements equal to one. Z is a 2𝑛× 𝑛 matrix where 𝑧𝑖,𝑗 = {1 if 𝑖=2𝑗

0 if 𝑖̸=2𝑗 .

It would be unusual for material in bulk form to be equal in cost to the same volume of structural members.
To model this, the formulation is modified to have the objective of minimising the total material cost, 𝑐. THe
formulation thus becomes

minimise 𝑐 = 𝑝𝑆c
Tq + 𝑝𝑈e

Tr (5.7a)

subject to Bq + 𝜌𝑔Zr = f (5.7b)

q, r ≥ 0 (5.7c)

where 𝑝𝑆 and 𝑝𝑈 are the prices per unit volume of stressed and unstressed material respectively.

Note that the value of 𝜌𝑔 used for the unstressed material need not be the same as that used in the calculations
of the stressed material. However, the important quantity for a counterweight material is the cost to weight
ratio, 𝑝𝑈

𝜌𝑔 . In problem (5.7), materials with the same cost to weight ratio are interchangeable in terms of their
effect on the rest of the problem, and the values for volumes at each point can be obtained by simple scaling.

Herein, for the sake of simplicity, counterweights will be assumed to have a density equal to that of the
structural material. No generality is lost through this assumption.
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Figure 5.6: Cantilever example: Improved solutions with unstressed counterweights of various relative costs.
Problem specification is as shown for the ‘extended domain’ in Figure 5.4.

Improved solution of cantilever making favourable use of self-weight

The problem of Section 5.2.3 will now be revisited with a view to providing a clearer optimal structure and
considering the effect of altering the relative cost of unstressed material.

Figure 5.6 shows the resulting optimal forms within the extended domain at the same two values of unit
weight as were illustrated in Figure 5.4. When 𝑝𝑈 is almost equal to 𝑝𝑆 , the overall form is almost unchanged
between Figures 5.6 and 5.4, except that the tower of members in the counterweight has been replaced by an
equivalent unstressed mass.

When the cost of the unstressed material is significantly less than that of the structural members, it can
become advantageous to use a larger counterweight, closer to the supports, in order to reduce the quantity of
structural material required. The structures where 𝑝𝑈 = 0.25𝑝𝑆 have a higher overall volume than those where
𝑝𝑈 = 0.99𝑝𝑆 , however a greater proportion of this volume is unstressed, leading to lower overall costs.

5.3.2 Frictional foundations

One of the most common uses of large quantities of unstressed material in structural design is in abutments and
anchorages. These can cause significant costs in a design as well as using large volumes of material, therefore it
is important to include them to give a good understanding of the total costs/volume of the structure.

Here we will model the boundary conditions of the structure by assuming that a gravity type anchorage
is used; these are commonly found in suspension bridges (Gimsing & Georgakis, 2011). For the purposes
of preliminary design, the anchorage is required to have sufficient weight, or applied downwards forces, that
frictional forces on the base are able to withstand the necessary horizontal force component. Further detailed
considerations such as the design of the anchorage to resist overturning, or the details of the connection of the
cable to the anchor block are not considered here.

The foundation nodes will be modelled as resting on a solid frictional plane. Within the main body of this
chapter, these planes will be assumed to be horizontal, although Appendix B.3 discusses the case where the
plane is inclined. The coefficient of friction between the plane and the construction material will be denoted by
𝜇. This gives rise to support forces normal and perpendicular to the supporting plane, denoted for a node 𝑗 by
𝑡𝑗 and 𝑠𝑗 respectively, as shown in Figure 5.7.
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Figure 5.7: Reaction and counterweight forces acting on a frictional foundation node.

Standard Coulomb friction is assumed, leading to a constraint on 𝑠𝑗 and 𝑡𝑗 of

|𝑠𝑗 | ≤ 𝜇𝑡𝑗 (5.8)

For a scenario with 𝑛 nodes of which 𝑘 are supported, the formulation becomes

minimise 𝑐 = 𝑝𝑆c
Tq + 𝑝𝑈e

Tr (5.9a)

subject to Bq + 𝜌𝑔Zr + Cs + Dt = f (5.9b)

s ≤ 𝜇t (5.9c)

s ≥ −𝜇t (5.9d)

q, r, t ≥ 0 (5.9e)

where s = [𝑠1, 𝑠2, ..., 𝑠𝑘]T is a vector containing the reaction forces parallel to the frictional faces at supported
nodes, t = [𝑡1, 𝑡2, ..., 𝑡𝑘]T is a vector containing the reaction forces normal to the frictional faces at supported
nodes. 𝜇 is the coefficient of friction between the foundation node and the supporting planes. C and D are
2𝑛× 𝑘 equilibrium matrices such that for a single supported node, 𝑗, equation (5.9b) becomes

B𝑗q + 𝜌𝑔

[︂
0
1

]︂
𝑟𝑗 +

[︂
1
0

]︂
𝑠𝑗 +

[︂
0
1

]︂
𝑡𝑗 =

[︂
𝑓𝑥𝑗
𝑓𝑦𝑗

]︂
(5.10)

where B𝑗 represents the rows of B relating to node 𝑗. Note that the value of 𝜌𝑔 will usually be negative, such
that the self-weight of a lumped mass acts as in the opposite direction to the normal reaction force.

Interpretation of boundary conditions

In cases where 𝑝𝑈 = 0, an arbitrary amount of load parallel to the plane can be supported at no additional cost
by increasing the volume of unstressed material at that point. This is equivalent to a pinned support. Similarly,
an infinite value of 𝜇 will give behaviour which is almost identical to a pin, although only in cases where the
normal reaction force, 𝑡𝑗 , is positive.

At the other extreme, if 𝜇 = 0 it is not possible to carry any horizontal force; this is broadly equivalent to
a roller pin support, but again with the additional constraint that no upwards reaction forces are possible. If
𝜇 = 0 and 𝑝𝑈 = 0 then the presence of an upwards reaction is possible with no added cost by adding a sufficient
quantity of unstressed material.

Other values for 𝜇 and 𝑝𝑈 will produce intermediate behaviour, allowing us to find a full range of structural
options. Gimsing & Georgakis (2011) recommend a value of 𝜇 = 0.3 for preliminary calculations, although
values of 𝜇 = 0.55 may be possible in certain ground conditions (Mathur & Molina, 2005). Here, larger values
are also considered to demonstrate how the behaviour tends towards the fixed pin case. A possible physical
interpretation of these high 𝜇 values can be found in Appendix B.3.

5.4 Bridge example

The proposed method will now be applied to the initial conceptual design of a three span bridge structure. The
idealised scenario to be considered consists of a main span of length 𝐿, and two side spans each with length 𝐿

2 .

The maximum height of the structure is permitted to be up to 𝐿
2 as shown in Figure 5.8a. The allowable stress

of the material is 1500MPa in tension and 150MPa in compression, with a unit weight of 0.08MN/m3.
The bridge is modelled with a uniform loading across all spans comprising the weight of traffic and the

components of the deck concerned with providing a flat surface spanning between superstructure support points.
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Figure 5.8: Bridge example: Results for scenarios with pinned or roller pinned supports. (a) Forms of
optimized structures for spans of 1km, 3km and 5km. Design domain dimensions also shown, dash-dotted line
represents line of symmetry. (b) Structural weight, note that this is proportional to total cost in this case. (c)
Magnitudes of reaction forces required for optimized structures.

The total force imposed by these deck level loads across the whole structure is denoted by 𝑊𝐷. It is assumed
that the dead load is dominating, and therefore only a single load case is modelled.

The symmetry of the problem has been exploited to allow half of the domain to be modelled. A total of 100
nodal divisions was used across this halved domain (nodal spacing = 0.01𝐿).

5.4.1 Standard support types

Initially, pinned (ground anchored) and roller pinned (self-anchored) support conditions are tested for a range
of span lengths. The results are shown in Figure 5.8.

The pinned support case produces a ground anchored cable stay type structure, with tower height increasing
at longer spans to counteract the effects of cable sag. This is similar to the results of Fairclough et al. (2018),
as the symmetry boundary conditions considered there also provide an unlimited horizontal reaction force.
However, these horizontal reaction forces are substantial, with a magnitude of over half the imposed deck level
load (see Figure 5.8c). Resisting these would be challenging. Additionally, a significant horizontal force begins
to develop at the tower base as the region containing compression members becomes asymmetric, note that this
force is in the opposite direction to the outer anchorage and provides an abutment to the central compression
ribs.

The roller pin model, at short spans, produces a form which resembles a series of tied arches with additional
webbing providing continuity over the intermediate supports. This structure changes significantly as span
increases, with the arched sections reducing in size and being replaced with a fan type form from the central
supports. This form is somewhat asymmetrical, favouring material usage over the side span to counterweight
the forces of the main span. The super structure weight (𝑊𝑆) of these structures is between 1.6 and 3.7 times
heavier than the equivalent pinned structure (see Figure 5.8b).
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Figure 5.9: Bridge example: Results for roller pin supports with and without arching permitted. Arching is
prevented by disallowing compression members across the line of symmetry.

If a roller pin support is used and arch type forms are not permitted (for example by preventing compressive
forces being transmitted over the symmetry plane) then a bicycle wheel structure is always identified, at short
spans this is a further 28% heavier than the self anchored arch although this reduces with span as shown in
Figure 5.9. Simplification of the bicycle wheel would involve a reduced number of spokes being permitted from
the tower support; at its most extreme this would result in a single vertical spoke and two horizontal ones, i.e. a
self anchored cable stayed bridge. In the weightless case, no vertical reaction force is required at the anchorage
point, as would be the case during construction with the balanced cantilever method. However, at longer spans,
the fan becomes asymmetric and more self-weight is located over the side span, resulting in a vertical force on
the outer support.

5.4.2 Frictional supports

To find a compromise between the high volumes of the roller pin solutions, and the large reaction forces required
by the pinned structures, all supports will now be replaced by frictional foundations. A range of values for the
counterweight cost, 𝑝𝑈 , have been tested at spans of 𝐿 = 3km and 𝐿 = 5km. The effect of varying the coefficient
of friction, 𝜇, has been tested up to a value of 2. This is a value much larger than that possible in real-world
construction, and is considered here to give an indication of how the results change as 𝜇 tends to infinity, i.e.
the support type tends towards a pin (an alternative interpretation can be found in Appendix B.3). The results
can be seen in Figure 5.10.

Approximately similar behaviour is observed at 3km and 5km spans. When 𝜇 = 0, the structures are
identical to the relevant roller pin solutions for any value of 𝑝𝑈 . No unstressed anchorage material is present in
these solutions, resulting in the lack of dependence on the value of 𝑝𝑈 .

For each value of 𝑝𝑈 a critical value of 𝜇 is reached where a ground-anchored solution becomes preferable, at
this point the solutions diverge, with total cost and structural weight decreasing, whilst total weight increases
(potentially very significantly). As the coefficient of friction approaches infinity, the weight and cost of the
structure will tend towards the appropriate pinned solution, although this often occurs at values of 𝜇 well
beyond those practical in the real world.
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Figure 5.10: Bridge example, structures with frictional foundations at both tower base and anchorage. (a) &
(b) Total cost, 𝑐, when 𝐿 = 3km and 5km respectively. (c) & (d) Structural and total weights for 𝐿 = 3km
and 5km respectively. These all include pinned and roller results for comparison. (e) Optimal forms for selected
values of 𝑝𝑈 and 𝜇, the dash dotted line represents the line of symmetry.
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When the relative cost of the counterweight material is small, the point of divergence occurs at low 𝜇 and
the cost and structural weight then rapidly approach the pin value. The form of these structures also soon
resembles that of the pinned problem. However, when the relative cost of the foundation is high, there is a
rapid initial decrease in weight/cost but then a plateau is reached, where further reductions are much slower.
This plateau is roughly halfway between the cost of the roller and pin solution for the 3km span, but much
closer to the cost of the pinned solution for the 5km span.

This plateau corresponds to a solution which makes use of the horizontal force from the frictional support
at the intermediate towers. As there is a substantial vertical load supported here, horizontal forces are carried
without requiring additional unstressed masses. This results in a structure where the central span is cable-
stayed, but the side spans are a hybrid of a fan structure from the tower support and an arch form which
redirects the thrust at the anchorage points. This structure cannot be identified using the standard support
types, and for many values of 𝑝𝑈 it is optimal over much of the realistic range of 𝜇. This structure is observed
in most solutions for 𝑝𝑈 = 0.99𝑝𝑆 in Figure 5.10e.

The most significant variation with increasing span is, for a given ratio of 𝑝𝑈

𝑝𝑆
, the critical point at which

ground anchored solutions become preferable occur at lower values of 𝜇. This is approximately in line with
current practice, whereby self anchored structures are preferred at shorter spans, and ground anchored forms
become more common as span increases.

5.4.3 Mixed support types

Many of the forms in Figure 5.10 make use of horizontal reaction forces at the intermediate tower bases. This is
advantageous as a significant downwards force is already present at these points, reducing the need for additional
anchorage mass. However, it is often the case that these intermediate points must be supported on towers, which
may be fairly tall and/or involve complex marine construction, in such cases the choice of a frictional support
would be questionable.
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Figure 5.11: Bridge example: Structures with frictional support at anchorage and roller pin at tower base,
with span 𝐿 =3km. (a) Total cost, 𝑐. (b) Total and structural weight. Both of these include the pinned and
roller pinned solutions for comparison. (c) Optimal forms for various values of 𝑝𝑈 and 𝜇, with the dash dotted
line indicating the line of symmetry.
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Therefore, a similar study has been undertaken for 𝐿 = 3km, assuming that the intermediate support points
can provide only vertical reaction forces (i.e. roller supports). The costs and volumes of the results are shown
in Figures 5.11.

It can be seen that the initial rapid reduction in cost, and subsequent plateau are no longer present. Instead,
the reduction in cost is fairly constant at high values of counterweight cost (e.g. 𝑝𝑈 = 0.99𝑝𝑆), with only
minimal change in optimal form. At lower counterweight costs (e.g. 𝑝𝑈 = 0.25𝑝𝑆), a sudden divergence at a
critical value of 𝜇 is again observed, at this point the arched sections of the form are replaced by horizontal
reaction forces at the anchorage points; little difference is seen in the layout in the vicinity of the intermediate
roller supports. The span to dip ratio of these cable stayed structures is low initially, but increases at higher
values of 𝜇.

5.4.4 Simplified designs

The structures identified in this section thus far have been the output of high resolution layout optimization.
Whilst these are useful for benchmarking the minimum cost for a given problem, and suggesting potential forms,
they are too complex to be considered for real-world construction.

Therefore, simplified forms for 𝐿 = 3km have been manually identified based on the layouts above (see the
Online Resources). Geometry optimization is then used to refine the nodal positions. Simplified forms have
been identified for both the entirely frictional support case (based on the layout from Figure 5.10), and the
mixed frictional/roller support case (based on the layout from Figure 5.11). The value of 𝜇 was taken to be 0.3,
and the value of 𝑝𝑈 as 0.25𝑝𝑆 .

The resulting structures can be seen in Figure 5.12c-d. These have costs of only a few percent more than
the equivalent layout optimization result, yet are much simpler.

For comparison purposes, two cable stayed forms were also created, and refined using geometry optimization.
When only vertical support is permitted at the outer supports, a self anchored cable stay bridge will be identified.
This would have an optimal span-dip ratio of 2:1, as it is essentially a rationalized form of the half bicycle wheel
shown in Figure 5.9. However, to allow comparison with the other illustrated designs and to better reflect real
world designs, Figure 5.12a shows the form when the height is limited to give a span:dip ratio of 3.3.

When the outer supports can support a frictional force, a partially ground anchored cable stayed bridge is
identified, the optimal span:dip for this structure was found to be 3.28. This structure is essentially identical
to the infinite span bridges identified by Fairclough et al. (2018).

By comparing Figures 5.12b and 5.12c (which have identical boundary conditions) several beneficial features
of the proposed optimal design can be seen. Firstly, the steeper angle of the stay cables reduces the horizontal
load at the anchorages, therefore requiring a smaller unstressed mass. The presence of multiple split pylons
allows for some asymmetry about the tower support points. The inclined pylons in the side spans are longer,
prioritising reduction of the horizontal thrust at the anchorages, whilst the main span reduces the volume of
the pylon by reducing its length.

5.5 Concluding remarks

The distributed self-weight method of modelling self-weight has been extended to incorporate the costs of
unstressed material used in structural forms such as counterweights and anchorage blocks. Additionally, a
friction based support type has been proposed. This increases the range of applicability of the method and
allows for fair comparison between ground anchored and self anchored structural forms.

As the formulation still remains linear, high resolution problems can be solved, whilst accurately accounting
for the effects of both favourable and unfavourable self-weight. This allows accurate benchmark results to be
identified. The geometry optimization method has been shown to be a practical option for refining simplified
versions of these structures.

The method has been applied to initial concept design of a bridge type structure consisting of one main span
and two shorter side spans. Unlike the infinite bridges which have been the subject of previous studies using the
distributed self-weight method, this allows comparison between ground anchored and self anchored bridge types.
When other variables were kept constant, self anchored structures were more likely to be preferred for short to
moderate spans, whilst at very long spans ground anchored structures are more often optimal. However, it was
also found that the optimal result may lie between these two classes, resulting in a novel hybrid structure which
could only be identified through the use of the improved boundary conditions proposed here.

The developments described herein are still subject to several of the restrictions of the distributed self-weight
method. Notably, that only problems with a single load case can be addressed, and also that buckling cannot
be explicitly considered.
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Figure 5.12: Bridge example: Simplified designs for three span bridges with 𝐿 = 3km, 𝜇 = 0.3, and counter-
weight material unit cost 𝑝𝑈 = 0.25𝑝𝑆 .
(a) Cable stayed design with purely vertical support (self-anchored) with span:dip ratio limited to 3.3.
(b) Cable stayed design with frictional supports at anchorages (self anchored), span:dip unrestricted, optimal
span:dip = 3.28.
(c) Proposed design supported vertically at intermediate towers, with frictional supports at anchorages, span:dip
unrestricted, optimal span:dip = 3.34.
(d) Proposed design for frictional supports at both anchorages and intermediate supports, span:dip unrestricted,
optimal span:dip = 3.43.
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Chapter 6

Identification of structures with limited
complexity

This chapter contains formulations and results based on the use of discrete optimization methods to impose
constraints designed to reduce the complexity of the designs which are identified. A range of possible quantities
which may be taken as defining complexity are compared in order to establish whether it is necessary to ex-
plicitly impose many different constraint types. Characteristics of structures subjected to limits on complexity
are observed from a simple example and from numerical results. A novel method of using dynamically gen-
erated constraints is then presented, which is capable of greatly reducing the computational requirements for
implementation of some practical constraints which involve consideration of crossover joints.

Some material in this chapter, principally Section 6.3, has been previously presented as part of a conference
paper†. Material in the remainder of the chapter was originally prepared for a journal paper which has been
accepted for publication‡.
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6.1 Introduction

In a world increasingly driven by resource scarcity, minimising material usage in construction projects is a
challenge of increasing importance. The theory of minimum volume structures is well established (Michell, 1904)
and can provide benchmark values to help evaluate the structural efficiency of proposed designs. However, for
practical usage, the truss-like continua generated by classical methods are often challenging or impossible to
construct in practice. Whilst novel construction methods may allow more complex designs to be realised in the
future, more immediate benefits may arise through the use of optimization methods that produce less complex
solutions.

In the previous chapters (Chapters 3, 4 & 5) simplified structures were produced manually, by following the
approximate forms of the complex numerical results or by iteratively removing undesirable members. Whilst
reasonable results have been obtained, the process is time consuming, subjective and is not guaranteed to find
the best solution.

Further difficulties in manually rationalizing results are encountered due to the nature of the solutions
found by multiple load case plastic design methods. Optimality criteria for multiple load case plastic design
problems were first given by Prager & Shield (1967). For scenarios with two load cases, it is possible to use
the superposition principle derived by Nagtegaal & Prager (1973) to split the problem into two single load case
problems that can then be superimposed. The superposition principle was later extended to problems with more
than two load cases by Rozvany & Hill (1978), although this has a restricted range of applicability. Numerical
results for various problems demonstrate this ‘overlapping’ nature in many of the optimal layouts identified. In
such cases, manually identifying the ideal layout for a discretised structure becomes very challenging, and there
are very few benchmark examples available.

Therefore, this chapter will focus on automated methods by which optimized structures with lower complexity
may be obtained. Generally, these require the quantification of complexity by some measure. Conceptually,
the simplest measures of complexity are the numbers of joints or members in a given structure. Additionally,
significant attention has been devoted to limiting the numbers of different cross sections present in a given
solution.

6.1.1 Previous Work

One potential method for limiting the complexity of a structure was suggested by Parkes (1975). This in-
volves adding a volume penalty to represent the material required in the connections joining each member in
a structure, known as a joint cost. The penalty is linearly related to the member volume, and this method
can therefore readily be integrated with numerical ground structure based layout optimization methods, to
provide an automated method of reducing complexity whilst retaining computational efficiency. However, as
this method penalises short members, rather than the number of members, its efficacy is problem dependent.

Another, similar concept was presented by Prager (1977); however, here the cost of a joint was assumed to
be constant. With Prager’s approach minimum volume trusses with fixed numbers of joints are first found, and
the ranges of costs for which they are optimal are later established. The minimum volume trusses are based on
use of a mesh-wise constant strain field, although with a manually identified topology. This furnishes a set of
geometrical rules for the joints. Mazurek et al. (2011) identify the same rules by direct optimization of joint
positions for simple structures, building on the principles of graphical statics. These rules imply that the angles
between members at every non-supported joint should be identical. Prager (1978b) extends these rules to the
case where 𝜎𝑇 ̸= 𝜎𝐶 , where 𝜎𝑇 and 𝜎𝐶 are respectively the limiting stress in tension and compression. This
approach is not suited to multiple load case problems as the topology must be set in advance.

Kanno & Fujita (2018) limit the number of joints in solutions whilst minimising the compliance of the
structure, considering both a heuristic method and a mathematical programming formulation including integer
variables. However, although the resulting mixed integer second order cone programming (MISOCP) problem
could solve problems with up to 1500 potential members reasonably quickly (in a time of 112s), larger problems
had rapidly increasing demands, and the accuracy of the heuristic method appears to reduce with problem size.

A similar approach, but based on plastic design principles with volume minimisation, was used by Park
(2013), resulting in a mixed integer linear programming (MILP) problem. Here, complexity was reduced by
imposing limits on the numbers of members in the solution; he also used a similar approach to identify tensegrity
forms.

Tensegrity forms were also identified by Kanno (2013), using another MILP formulation considering both
compliance and stress constraints, as well as a number of practical considerations. This formulation prevents
the inclusion of intersecting members, by including constraints for every intersecting pair of potential members
in the ground structure. As the problems considered are limited in size (with ground structures containing up to
18 nodes and 99 potential members), the number of potential intersection points is small (≤ 32). Nonetheless,
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times of 67000s were required to solve the problem, and the number of intersection points and time required
would rapidly increase at higher resolutions.

The great majority of work on truss based optimization methods with discrete constraints have focused on
restricting the cross sections of each member to be chosen from a given list of catalogue sections. A comprehens-
ive review of methods for approaching this problem can be found in Stolpe (2016), covering both deterministic
(e.g. integer programming) and meta-heuristic methods. In this it is observed that complex formulations gen-
erally restrict the size of problems, such that these fall within the realm of ‘size optimization’ rather than true
layout or topology optimization. Identification of global optima (deterministic methods) generally has a high
computational cost; for example when Achtziger & Stolpe (2007) identify the global optimum for a problem
with 131 potential members and 6 possible cross sections, the associated computational time is 488592s.

Heuristic methods are simple to implement and are therefore popular with many researchers (e.g. Ahrari
et al., 2015; Mortazavi & Toğan, 2016; Gonçalves et al., 2015). However, the number of independent design vari-
ables is limited (≪ 100 independent members). Therefore these methods generally employ very low resolution
and/or restricted ground structures, often tailored to individual problems.

The Moving Morphable Components (MMC) method, developed by Guo et al. (2014), combines a continuum
level-set model and explicit description of geometry. This allows complexity to be controlled in intuitive ways;
for example Hoang & Jang (2017) limit the thickness of members, and Zhang et al. (2017) limit the number
of ‘effective components’ (≈ number of members). However, the problem is highly non-linear and prone to
identification of local optima; there are also issues treating problems with low volume fractions.

Identification of local optima is also an issue for ground structure based methods involving continuous non-
linear approximations of a complexity function, such as number of members (Asadpoure et al., 2015) or number
of nodes (Torii et al., 2016), these approximations are usually non-convex. Leng & Duan (2012) use a continuum
approximation based on the Heaviside function to prevent intersecting bars; however, only problems with up to
68 potential members are considered, and no times are reported.

Ohsaki & Katoh (2005) also include a constraint on member intersection, as well as nodal stability and
stress constraints. They use non-linear programming (NLP) and MILP in combination to provide both upper
and lower bounds on solutions; problems solved have a maximum of 72 bars, and the ground structure is such
that very few members can intersect. Times of up to 3000s are reported.

Ohsaki (2011) provides an introduction to the truss topology optimization problem with discrete cross
sections, and additionally considers the problem of combined topology and geometry optimization of trusses,
i.e. where the nodal locations are also included as design variables. In this, it is noted that these problems may
be both non-convex and non-smooth, and therefore solving them is very difficult. A number of other means
of addressing this are also possible, such as the implicit programming approach of Achtziger (2007), and the
post-processing method used by He & Gilbert (2015).

MILP formulations have also been used to incorporate a range of other constraints, including buckling
(Groenwold & Stander, 1997; Mela, 2014), stress constraints (Kanno & Guo, 2010), and the requirements of
real world design codes (Van Mellaert et al., 2018). Complex real world and design code constraints have also
been studied using meta-heuristic methods (e.g. Koumousis & Georgiou, 1994; Villar et al., 2016; Huang & Xie,
2007). However, for both MILP and metaheuristic methods the additional complexity that these cause limit
their applicability to size optimization or very low resolution layout optimization (up to around 200 potential
member) problems.

Most numerical approaches in the literature which consider buildablilty constraints can therefore be seen
to fall into one of the following categories: (i) those that present topology optimization problem formulations
of such complexity that only trivial scenarios can be solved; (ii) those that present solution algorithms that
produce structures with no guarantee or measure of optimality. The methodology presented in this paper seeks
to extend the achievable scale of truss layout optimization problems with basic buildability constraints, so as
to provide a potentially useful conceptual design tool for practitioners.

To this end, MILP formulations are used to find a globally optimal solution for a ground structure of finite
resolution. This is embedded within a two stage design process. The MILP problem forms the first stage,
followed by a second stage of non-linear refinement i.e. geometry optimization. An important finding is that
the outputs from the first stage are sufficiently accurate to be used as starting points for the second stage.
Additional findings of this chapter stem from observations on the nature of the structures identified as optimal
under the imposed buildablilty constraints, these are drawn from both the numerical results and analytical
results which are obtained for a simple benchmark problem. The speed with which the MILP problems may be
solved, and hence the practicable problem size, are substantially increased through the runtime generation of
some constraints (so-called ‘lazy constraints’).

The chapter is organized as follows: Section 6.1.2 describes the combination of methods and formulations
which will be applied and extended herein. Section 6.2 first derives a theoretical results for a simple multiple
load case plastic design with a limit on the number of joints, then uses this to validate the numerical approach.
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Section 6.3 applies the numerical methods to a real-world example to compare the influence of the chosen
complexity measure; a number of issues with the method are also highlighted. Section 6.4 proposes novel
methods to overcome these issues, and applies the improved method to a number of examples. Conclusions
from the study are drawn in Section 6.5.

6.1.2 Formulations

Linear programming formulation

The well known plastic layout optimization formulation for volume minimisation of trusses subject to stress
constraints (Dorn et al., 1964) is used herein; the process is described in Figure 6.1.

(a)

? ⇒

(b) ⇒

(c)

⇒

(d)

⇒
(e)

⇒

(f)

Figure 6.1: Stages in the truss layout optimization method. (a) Problem specification (load(s), support(s)
and design domain). (b) Discretisation with nodes. (c) A ground structure without overlapping members. (d)
Unique optimal solution when overlapping members are removed (uses 5 nodes of the ground structure). (e)
Ground structure including overlapping members (as used herein) (f) Optimal solution which may be obtained
only when overlapping members are included (uses only 4 nodes of the ground structure).

To obtain the optimal structure (e.g. Figures 6.1d and f) from a ground structure (e.g. Figures 6.1c or e)
requires the solution of the following linear programming problem,

minimise 𝑉 = lTa (6.1a)

subject to (Bq𝑘 = f𝑘)∀𝑘 (6.1b)

(𝜎𝑇a− q𝑘 ≥ 0)∀𝑘 (6.1c)

(𝜎𝐶a + q𝑘 ≥ 0)∀𝑘 (6.1d)

a ≥ 0 (6.1e)

where 𝑉 is the total volume of all members, l is a vector of all potential members’ lengths, a is a vector of all
potential members’ areas. B is a suitable 2𝑛 × 2𝑚 equilibrium matrix (for planar problems, for 3D problems
B is 3𝑛 × 2𝑚), where 𝑛 is the number of nodes and 𝑚 the number of potential truss members in the ground
structure. q𝑘 is the vector of member internal forces and f𝑘 is the externally applied loading, in load case 𝑘.
𝜎𝑇 and 𝜎𝐶 are the limiting stresses in tension and compression.

Note that fully connected ground structures including overlapping members, see Figure 6.1e, are employed
in this chapter. This will allow accurate modelling under limits on the number of joints. For example, consider
the problem of Figure 6.1 subjected to a limit of up to 4 joints. The ground structure of Figure 6.1e would still
identify the structure of Figure 6.1f, however the solution in Figure 6.1d would not be feasible, so the ground
structure in Figure 6.1c would produce a sub-optimal result.

MILP formulations

The previous formulation can be extended using mixed integer linear programming (MILP) to provide a flexible
method capable of imposing a wide range of constraints, including constraints designed to increase the practic-
ality and buildability of a truss structure. In this formulation a new set of binary variables are added using the
big-𝑀 modelling method, as used by Park (2013) and Kanno & Fujita (2018). These new variables represent
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the existence of a given potential member or node. The member flag variables are set based on the cross-section
areas, using the constraint

𝑀w − a ≥ 0 (6.2a)

𝑤𝑖 ∈ {0, 1} 𝑖= 1, 2, ...,𝑚 (6.2b)

where w = [𝑤1, 𝑤2, ..., 𝑤𝑚]T is the vector of flag variables for each potential member in the ground structure.
𝑀 is a large number, which becomes effectively an upper bound on the cross-section areas and must therefore
be larger than any required cross section in the final solution. However if 𝑀 is too large, numeric issues can
result, here 𝑀 was chosen to be 20 times the maximum point load magnitude divided by the minimum of the
permitted stresses.

To provide flag variables to represent the existence of a joint, the sum of all members linked to the relevant
node is used, in the form

𝑀̂𝑣𝑗 −
∑︁

𝑖∈𝐽𝑗

𝑎𝑖 ≥ 0 𝑗= 1, 2, ..., 𝑛 (6.3a)

𝑣𝑗 ∈ {0, 1} 𝑗= 1, 2, ..., 𝑛 (6.3b)

where 𝐽𝑗 is the set of member indices for all members connected to node 𝑗. v = [𝑣1, 𝑣2, ..., 𝑣𝑛]T is the vector

of flag variables, such that 𝑣𝑗 is relevant to the presence of node 𝑗. 𝑀̂ is another sufficiently large number. In

this case 𝑀̂ should be bigger than the total area of members connected to any node; here 𝑀̂ was pragmatically
taken to be 4 times 𝑀 .

These flag variables can then be used to form a wide variety of constraints to increase the practicality of the
forms produced.

One such constraint is to limit the number of members to be fewer than some quantity 𝜁, a continuous
approximation to this was considered by Asadpoure et al. (2015). In this discrete setting, this constraint can
be simply expressed by

𝑚∑︁

𝑖=1

𝑤𝑖 ≤ 𝜁 (6.4)

To numerically identify the optimal structure with a limited number of members, the constraints of (6.2)
and (6.4) should be added to the problem of equation (6.1).

The number of potential members in the ground structure increases at a much higher rate than the number
of nodes (∝ 𝑛2 instead of ∝ 𝑛). Therefore, it will generally be far more computationally efficient to impose
a limit on the number of joints in the structure. Such a limit has been considered by Kanno & Fujita (2018)
and via a continuous approximation by Torii et al. (2016).The simplest method to limit the number of joints to
some given value 𝜂 is to add the constraints from equations (6.3) and (6.5) to the problem of equation (6.1).

𝑛∑︁

𝑗=1

𝑣𝑗 ≤ 𝜂 (6.5)

Initial studies have suggested that other constraints based on the member flag variables may be more efficient
than the constraint of equation (6.4). This is likely to be due to the highly coupled nature of that constraint;
one of the least coupled constraints is to restrict the presence of very thin members. This is achieved by the
constraint

𝑀(1 −w) + a ≥ Λ (6.6)

where Λ is a vector containing the minimum permitted cross-section area for each member (usually all members
of Λ will be identical, this value will then be denoted as 𝑎min). A similar constraint has been considered
by Kanno & Fujita (2018), although as the minimum area there was set based on element length, significant
issues with chains of members were observed. A similar constraint is also implicitly imposed when the use
of catalogue sections is enforced (Stolpe, 2016), although the substantially different formulation restricts the
possible comparisons.

In light of the different possible measures of complexity, and their associated computational difficulties, it is
of interest whether the choice of constraint has a substantial impact on the optimal form. For practical usage,
it would be desirable to impose only the least computationally demanding constraint (likely to be the limit on
the numbers of nodes), if it is possible for this to act as a surrogate for other limitations.
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Non-linear post processing formulations

Once the integer programming stage has been completed, the resulting structure can be further refined by the
use of the geometry optimization (GO) method developed by He & Gilbert (2015). This adds the nodal positions
of the structure as design variables, resulting in a non-linear and non-convex problem. As it is therefore not
generally possible to solve this to a globally optimal solution, this method relies on the starting point provided
by the topology optimization being sufficiently close to the optimal point. Additionally, in cases where a
minimum cross-section area has been imposed, the lower bound on the member area variables must be changed
appropriately.

The numerical results given in this chapter were run on an Intel Core i7-6700HQ CPU @ 2.60GHz, with
16GB of RAM. Gurobi 7.0.1 was used to solve the MILP problems, and up to 8 cores were permitted for use.
All problems mentioned were solved to a 0.01% optimality gap (Gurobi’s default). For practical usage, it may
not be required to solve the problem with this level of accuracy, and a higher value may be preferred to reduce
computation time. All other Gurobi parameters were set to their default value. The computational times
reported are wall clock time, including the time taken to set up the problem.

6.2 A simple illustrative example

Due to the lack of benchmark solutions for multiple load case problems with limited complexity, a very simple
example will here be considered in order to allow validation of the numerical approach. Solutions will be
identified analytically for both unlimited complexity (Section 6.2.1) and with a limit of a maximum of three
joints permitted (Section 6.2.2). Despite the apparently trivial nature of the problem, the results show complex
and unexpected behaviour. Numerical solutions are also calculated using the methodology described in Section
6.1.2, and the numerical and analytical results are compared in Section 6.2.3.

The problem consists of 2 load cases denoted as P1 and P2. These each contain a single point load, which are
both applied at the point with coordinates (𝑑, 0), and with the same magnitude, 𝑄. The two loads are applied
orthogonally, and the load in P1 is at an angle of 𝜗 to the horizontal (Figure 6.2a-b), cases where 0 ≤ 𝜗 ≤ 𝜋

2
will be considered. The loads are to be transmitted to supports on the line 𝑥 = 0. Two special cases of this,
with 𝜗 = 0 and 𝜗 = 𝜋

4 , were studied by Rozvany et al. (2014).

6.2.1 Minimum volume solution

First the component load cases are calculated, the sum component load case1 P*
1 = (P2 + P1)/

√
2 contains

a point load of magnitude 𝑄 and inclined at an angle of 𝜗 − 𝜋
4 (Figure 6.2c). The difference component

P*
2 = (P2 −P1)/

√
2 is also of magnitude 𝑄 and inclined at an angle of 𝜗− 3𝜋

4 (Figure 6.2d).
The solution for P*

1 consists of a single member inclined at the same angle as the force (Figure 6.2e), i.e.
connecting to the support at 𝑦 = −𝑑 tan(𝜗 − 𝜋

4 ). The member has an internal force of −𝑄. The length of the

member is 𝑑
cos(𝜗−𝜋

4 ) . Therefore the component volume is

𝑉 *
1 =

𝑄𝑑

𝜎 cos(𝜗− 𝜋
4 )

(6.7)

For P*
2 the external load is again of magnitude 𝑄 and its direction varies by 𝜋

4 either side of vertical, the
solution to this was given my Rozvany et al. (1995). This consists of 2 symmetrical, orthogonal members, which
connect to the support at heights 𝑦 = ±𝑑 (Figure 6.2f). The length of each member is 𝑑

√
2. The internal force

in the top member is 𝑄 sin𝜗 and in the bottom member is 𝑄 cos𝜗. Therefore the volume in this component is

𝑉 *
2 =

𝑄𝑑

𝜎

√
2 cos𝜗+

√
2 sin𝜗 (6.8)

By the superposition principle, these two component solutions are combined to give the optimal design
(Figure 6.2g-h). The total volume is given by

𝑉 =
𝑉 *
1 + 𝑉 *

2√
2

=
𝑄𝑑

𝜎

(︃
1√

2 cos(𝜗− 𝜋
4 )

+ cos𝜗+ sin𝜗

)︃
(6.9)

As there are no co-incident members, the final member areas are given by dividing the component areas by
√

2.

1Note that here we use the component load form of Rozvany & Hill (1978) which allows for generalisations to more than two
load cases.
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Figure 6.2: Simple cantilever: Problem specification and component load cases. (a)-(b) Imposed load cases.
(c)-(d) Component load cases. (e)-(f) Component solutions with unlimited complexity. (g)-(h) Final optimal
solution with unlimited complexity. (i)-(j) Component solutions with only 3 nodes. (k)-(l) Final solution with
only 3 nodes.

6.2.2 Limited complexity solution - maximum 3 joints permitted

It is now required to find the minimum volume solution to the same problem, but with the additional constraint
that only 3 joints are permitted. This permits only a single topology; two members reaching from the point of
application of the forces to the support line. Therefore all potential solutions to this problem can be enumerated
using 2 degrees of freedom, the vertical locations of the two support points, which will be denoted 𝑦𝐴 and 𝑦𝐵
(Figure 6.2i-j).

Calculating the solutions in this case is somewhat more complex than previously, three main steps will be
undertaken. Firstly, expressions for the structural volume, in terms of 𝑦𝐴, 𝑦𝐵 and 𝜗 will be found by using the
component load cases. Then, the optimal values for these expressions will be identified; three cases depending
on the value of 𝜗 will be found where the solutions must be calculated differently. Finally, the critical values of
𝜗 which form the boundaries between cases are found.

Expressions for structural volume

The two component load cases are identical to the previous section. The lengths of the members are given by
𝑙𝐴 =

√︀
𝑦2𝐴 + 𝑑 and 𝑙𝐵 =

√︀
𝑦2𝐵 + 𝑑 respectively. The member forces are found from equilibrium equations at the

loaded point. In P*
1 the member forces in members 𝐴 and 𝐵 are

𝑞𝐴1 = 𝑄
(sin(𝜋

4 + 𝜗)𝑦𝐵 − cos(𝜋
4 + 𝜗)𝑑)

√︀
𝑦2𝐴 + 1

𝑑(𝑦𝐴 − 𝑦𝐵)
, 𝑞𝐵1 = 𝑄

(− sin(𝜋
4 + 𝜗)𝑦𝐴 + cos(𝜋

4 + 𝜗)𝑑)
√︀
𝑦2𝐵 + 1

𝑑(𝑦𝐴 − 𝑦𝐵)
(6.10)

In P*
2 the member forces are

𝑞𝐴2 = −𝑄 (− cos(𝜋
4 + 𝜗)𝑦𝐵 − sin(𝜋

4 + 𝜗)𝑑)
√︀
𝑦2𝐴 + 1

𝑑(𝑦𝐴 − 𝑦𝐵)
, 𝑞𝐵2 = −𝑄 (cos(𝜋

4 + 𝜗)𝑦𝐴 + sin(𝜋
4 + 𝜗)𝑑)

√︀
𝑦2𝐵 + 1

𝑑(𝑦𝐴 − 𝑦𝐵)
(6.11)
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𝜗 𝜗 𝜗 𝜗 𝜗

Figure 6.3: Simple cantilever: Volume of two member truss for 0 ≤ 𝑦𝐴 ≤ 2𝑑 and 0 ≤ 𝑦𝐵 ≤ 2𝑑 for various
force inclinations, 𝜗. (The solid region shows where 𝑞𝐴1 < 0, 𝑞𝐵1 < 0, 𝑞𝐴2 < 0 and 𝑞𝐵2 > 0, the blue cross shows
the globally minimum volume/design to resist each set of forces.)

The superposition principle is again used to find the overall design (Figure 6.2k-l), and define the total
volume as

𝑉 =
𝑉 *
1 + 𝑉 *

2√
2

=
(|𝑞𝐴1 𝑙𝐴| + |𝑞𝐵1 𝑙𝐵 |) + (|𝑞𝐴2 𝑙𝐴| + |𝑞𝐵2 𝑙𝐵 |)

𝜎
√

2
(6.12)

By inspection of the graph of this function for all values of 0 ≤ 𝜗 ≤ 𝜋
2 (see examples in Figure 6.3), it can

be seen that the minimum volume solution falls within or on the border of the region where the member forces
in P*

1 are in the same direction, and the member forces in P*
2 are in opposing directions. Based on this, the

expression for 𝑉 is re-written without using the absolute value operator, using the sign convention that tensile
stresses are negative.

𝑉 =
−𝑞𝐴1 𝑙𝐴 − 𝑞𝐵1 𝑙𝐵 − 𝑞𝐴2 𝑙𝐴 + 𝑞𝐵2 𝑙𝐵

𝜎
√

2
(6.13)

Additionally the cusps of the plots in Figure 6.3 must be considered, these define the limits of the region
within which equation (6.13) is valid. They are given by:

𝑞𝐴1 ≤ 0 𝑞𝐴2 ≤ 0 (6.14a)

𝑞𝐵1 ≤ 0 𝑞𝐵2 ≥ 0 (6.14b)

For a given value of 𝜗, these equations each define a vertical plane. Equations (6.14a) are planes with
constant 𝑦𝐵 , and equations (6.14b) are planes with constant 𝑦𝐴.

Optimal values in each case

The equations which describe the optimal solution vary depending upon the value of 𝜗. Three case are possible,
and each of these are considered separately.

When 𝜗 > 𝜗2 (where 𝜗2 is a critical value, approximately equal to 0.9), the minimal value is found on the
cusp of the volume function defined by 𝑞𝐴1 = 0. The optimal point lies on the minima of the cusp line, i.e.
where the partial derivative 𝑉𝑦𝐴

= 0. In this region, the optimal values of 𝑦𝐴 and 𝑦𝐵 , and the optimal volume
𝑉 are given by

𝑦𝐴 =
1

tan(𝜋
4 + 𝜗)

+

√
2

sin(𝜋
4 + 𝜗)

, 𝑦𝐵 =
−1

tan(𝜋
4 + 𝜗)

, 𝑉 =

√
2
(︀
sin(𝜗+ 𝜋

4 ) + 2
√

2 + 3 cos(𝜗+ 𝜋
4 )
)︀

2 sin2(𝜗+ 𝜋
4 )

(6.15)

Similarly, for values of 𝜗 ≤ 𝜗1 (where 𝜗1 ≈ 0.65), the minimal value is found on the intersection of 𝑉𝑦𝐵
= 0

and 𝑞𝐵1 = 0. This gives

𝑦𝐴 =
1

tan(𝜋
4 + 𝜗)

, 𝑦𝐵 =
−1

tan(𝜋
4 + 𝜗)

+

√
2

sin(𝜋
4 + 𝜗)

, 𝑉 =

√
2
(︀
sin(𝜗+ 𝜋

4 ) + 2
√

2 − 3 cos(𝜗+ 𝜋
4 )
)︀

2 sin2(𝜗+ 𝜋
4 )

(6.16)
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𝜃 Point 𝑦𝐴 𝑦𝐵 𝑉

0.90011

C
1.30835 0.11521 2.49230

M
CS 𝜗1 < 𝜗 < 𝜗2

optimum from eqn (6.17)
S

M 1.19519 0.19318 2.49217

0.90068

C 1.30786 0.11580 2.49136

M

S
C 𝜗 = 𝜗2S 1.27886 0.13492 2.49138

M 1.22241 0.17384 2.49136

0.90087

C 1.037709 0.11599 2.49106

M

S

C
𝜗 > 𝜗2

optimum from eqn (6.15)
S

1.25026 0.15444 2.49108
M

Table 6.1: Simple cantilever: Behaviour of volume function in vicinity of optimal values for force inclinations
in the vicinity of 𝜗2. (Point M is a local minimum of equation (6.17), point S is a saddle point of equation
(6.17), and point C is the minimum value along the cusp 𝑞𝐴1 = 0, with values given by equation (6.15). Values
in boldface are the optimal points for that problem, note that when 𝜗 = 0.90068 two equally optimal solutions
exist.)

In the inner region, where 𝜗1 ≤ 𝜗 ≤ 𝜗2, the minimum volume structure is found at the local minima of
equation (6.13), i.e. where the partial derivatives 𝑉𝑦𝐴

= 0 and 𝑉𝑦𝐵
= 0. In this region, values for pairs of 𝑦𝐴

and 𝑦𝐵 are given by
0 = 𝑦4𝐵

−2𝑦2𝐴𝑦
3
𝐵 +2𝑦𝐴𝑦

3
𝐵

−2𝑦3𝐴𝑦
2
𝐵 +4𝑦𝐴𝑦

2
𝐵

+2𝑦3𝐴𝑦𝐵 +4𝑦2𝐴𝑦𝐵 +4𝑦𝐴𝑦𝐵 −2𝑦𝐵
+𝑦4𝐴 −2𝑦𝐴 −2

(6.17)

To complete the system of equations and calculate the corresponding value of 𝜗 for such a pair, the values
of 𝑦𝐴 and 𝑦𝐵 are simply substituted into either 𝑉𝑦𝐴

= 0 or 𝑉𝑦𝐵
= 0. For this region, it is quite difficult to begin

with a value of 𝜗 and calculate the optimal values of 𝑦𝐴 and 𝑦𝐵 .

Boundaries between cases

The final task is to establish the boundary values, 𝜗1 and 𝜗2 between the outer and inner regions. To do this
some points of interest must first be defined. The point C is defined as the minimum volume point lying on the
cusp 𝑞𝐴1 = 0, this is the point given by the equations (6.15), and is the optimal value when 𝜗 ≥ 𝜗2.

Next, the stationary points of equation (6.13) are considered, these lie on the line defined by equation (6.17).
There are at most 2 stationary points in the region in which this function is valid. To characterise these, the
discriminant of this function, ∆ = 𝑉𝑦𝐴𝑦𝐴

𝑉𝑦𝐵𝑦𝐵
− (𝑉𝑦𝐴𝑦𝐵

)2, is calculated. The stationary point at which ∆ > 0
is defined as point M, this is a local minima, and additionally represents the optimal value in the central region
(𝜗1 ≤ 𝜗 ≤ 𝜗2). The stationary point where ∆ < 0 is defined as S, this is a saddle point of the function. The
critical value 𝜗2 is the point at which the optimal value switches from point C to point M.

Table 6.1 gives values of 𝑦𝐴, 𝑦𝐵 and 𝑉 for these three points at notable values of 𝜗. Additionally it provides
illustrations of the topography of the volume function in the vicinity of C, M and P; these illustrations show
the approximate profile the volume function at the bottom of a ‘valley’ which runs roughly parallel to the plane
𝑦𝐴 + 𝑦𝐵 = 1. This valley may also be observed in the plots in Figure 6.3, particularly when 𝜗 = 𝜋

4
Point S enters the valid region when the relations from equation (6.15) are substituted into equation (6.17),

giving 𝜗 = 0.900110. Here, points S and C are co-incident and have a volume which is 0.005% greater than the
optimal value at M.

At the point where 𝑉𝑦𝐴
= 0, 𝑉𝑦𝐵

= 0 and ∆ = 0 a single degenerate stationary point is formed as points
S and M become co-incident. This occurs when 𝜗 = 0.900874, and the volume at points S and M is 0.0008%
higher than the volume at C. Therefore the value 𝜗2, at which points M and C are equally optimal must lie in
the region 0.900110 ≤ 𝜗2 ≤ 0.900874.

The value of 𝜗2 is found at the point where 𝑉𝑦𝐴
= 0, 𝑉𝑦𝐵

= 0 and the right hand side of equation (6.15c) is
equal to the right hand side of equation (6.13) (where the values of 𝑦𝐴 and 𝑦𝐵 refer to the point M). From this
it is found that 𝜗2 = 0.9006836427. By a similar logic, 𝜗1 = 0.6701126839.

It has been shown that within the the region 0.900110 ≤ 𝜗 ≤ 0.900874, the range of volumes is small
(< 0.005%) over a wide range of possible values for 𝑦𝐴 and 𝑦𝐵 (of up to 0.1𝑑). This may cause problems for
numerical methods if accuracy levels are not set high enough. Additionally, when 𝜗 = 𝜗1 or 𝜗2, two distinct
solutions are equally optimal.
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6.2.3 Results from theoretical and numerical methods

The optimal volumes, member sizes and support locations calculated above for both the problem with unlimited
complexity and the problem with only three joints permitted are shown in Figure 6.4a and b. Example structures
for 𝜗 = 𝜋

4 , 𝜗2,
3𝜋
8 and 𝜋

2 are also shown in Figure 6.4c-j.
It can be seen that even for this very simple problem, the behaviour is quite complex and unintuitive.

The rationalized structures are not closely linked to the equivalent un-rationalized form, which may make such
structures difficult to obtain by intuitive or mathematical post processing. The volume penalty caused by
imposing the three joint limit is at most 20.3%.

Table 6.2 shows the difference between the theoretical and numerical results for this example under the three
joint limit. The numerical results were found using the MILP method outlined in Section 6.1.2. The ground
structure contained nodes only along the support, at 0.02𝑑 spacing over −1.5𝑑 ≤ 𝑦 ≤ 1.5𝑑 (i.e. 152 nodes,
including the loaded node). Geometry optimization (GO) was also performed to further refine the results.

The numerical and analytical volumes can be observed to be in close agreement. At 𝜗 = 𝜗2 two distinct
results are equally optimal. Here, the MILP solver identifies one of these solutions. Then, use of the interior
point method for the GO stage perturbs this solution, resulting in identification of the alternative solution. The
non-linear interior point method used in the geometry optimization stage is only capable of returning a single
solution, therefore it may not be apparent to the user that multiple optima exist. However, the branch and
bound type algorithms generally used in MILP can maintain a pool of the best solutions found during the solve,
potentially showing alternative possibilities. There is an additional computational cost involved in finding
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Figure 6.4: Simple cantilever: Theoretical results.
(a) Volumes of optimal structures with unlimited complexity (light grey) and maximum 3 joints (dark grey)
for values of 𝜗 between 0 and 𝜋

2 .
(b) Locations of support points for optimal structures with unrestricted complexity (light grey) and maximum
3 joints (dark grey), with line width proportional to the area of the member which connects there (forms (e)
and (h) shown for context).
(c)-(f) Forms of optimal structures with unlimited complexity for 𝜗 = 𝜋

4 , 𝜗2,
3𝜋
8 ,

𝜋
2 .

(g)-(j) Forms of optimal structures with only 3 joints for 𝜗 = 𝜋
4 , 𝜗2,

3𝜋
8 ,

𝜋
2 .
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𝜗
Theoretical MILP results MILP + GO results

𝑦A(𝑑) 𝑦B(𝑑) 𝑉
(︁

𝑑𝑄
𝜎

)︁
𝑦A(𝑑) 𝑦B(𝑑) 𝑉

(︁
𝑑𝑄
𝜎

)︁
Time (s) 𝑦A(𝑑) 𝑦B(𝑑) 𝑉

(︁
𝑑𝑄
𝜎

)︁

𝜋
4 0.657 0.657 2.553 0.660 0.660 2.553 10 0.659 0.659 2.553

𝜗2
1.308 0.116

2.491 1.300 0.120 2.491 7 1.222 0.174 2.491
1.222 0.174

3𝜋
8 1.117 0.414 2.158 1.120 0.420 2.162 3 1.117 0.414 2.158
𝜋
2 1.000 1.000 2.000 1.000 1.000 2.000 2 1.000 1.000 2.000

Table 6.2: Simple cantilever: Comparison of theoretical and numerical methods for problem with 3 joints.

the best alternative solutions, but good solutions may be obtained with almost no additional computations.
Although these results are uncertain and non-deterministic, they may provide some extra context for the user.

6.3 Case study to compare complexity measures

The methods will now be tested using a case study drawn from a real world project. The case study concerns
the identification of a structural layout for a transfer truss of 21m span, as shown in Figure 6.5. The truss is
to carry 6 equally spaced column loads of equal magnitude in the Ultimate Limit State (ULS) load case, and a
pattern load case is also included. The structure is to be constructed from S355 steel, giving a maximum stress
of 355MPa in tension, reduced to 266MPa in compression to approximate the effects of buckling. The problem
is symmetrical, and a symmetrical solution is desired, therefore only half the design domain is modelled, and
symmetry boundary conditions will be used.

Figure 6.5: Roof transfer truss: Problem Specification.

For example, the layout optimization benchmark structure shown in Figure 6.6 was calculated from a fully
connected ground structure with a Cartesian grid of nodes at spacings of 0.25m horizontal and 0.2m vertical.
The problem was solved using the member adding method (Gilbert & Tyas, 2003) in under 4 minutes. This
structure requires 2.73t of steel; this will be used as the benchmark value against which the weights of simplified
structures can be compared.

Figure 6.6: Roof transfer truss: High resolution layout optimization result. Steel weight 2.73t

6.3.1 Structures with limited numbers of nodes

For trusses where very low complexity is desired, there are only limited options for possible forms. For a
structure to be a true truss (i.e. with no bending stresses) it is necessary to ensure that a node is present at
each applied load and support. Simply connecting these essential nodes will often provide a ground structure
which is suitable for use to identify the minimum volume truss with fewest possible nodes.

Trusses comprising 9 nodes

For this case study, all the loads and supports are co-linear. Therefore, at least one additional node is required
to form a feasible truss structure. To ensure symmetry, this node should be located on the central symmetry
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plane of the problem. Also, to create the lightest structure, this node should be placed to maximise the depth
of the truss, as shown in Figure 6.7.
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Figure 6.7: Roof transfer truss: 9 node structure. Steel weight 127% higher than benchmark. Also, plot of
volumes for 9 node structures with varying depth.

Trusses comprising 11 nodes

The above solution with 9 nodes has a volume over double that of the benchmark value. Therefore, to provide a
lower weight, a pair of additional nodes will be added to the design, it is assumed that for maximum efficiency,
the central joint in the 9 node structure will remain at the base of the design domain. This problem therefore
adds only two degrees of freedom (the horizontal and vertical location of the new nodes), it is possible to
enumerate the minimum structural volume for each possible position, see Figure 6.8. A 25mm spacing between
adjacent locations was used, resulting in 27,365 structures analysed in a total time of 7 minutes.

Four principal topologies were identified, these are illustrated in Figure 6.8c-f, and the corresponding joint
locations, and the regions over which the optimal topology is constant are indicated in Figure 6.8b. When the
newly added joint was located inside the hull of the 9 node structure in Figure 6.7, similar topologies were
identified, but with an additional member directly linking the central joint to the supports and/or the loaded
points. The central (darkest) region represents where the additional nodes were ignored and the structure in
Figure 6.7 was identified as optimal.

The optimal location is shown in the lightest blue, and illustrated in Figure 6.8d, its volume is 13% greater
than the benchmark value. It can be seen that although the feasible solution space (i.e. the space above the
surface in 6.8) is non-convex overall, in the region of the optimal solution it is convex and smooth. This suggests
the viability that the proposed numerical approach using MILP then geometry optimization, provided that the
results of MILP are sufficiently close to the optimal solution.

(a)

(b)
(c)

(d)
(e)

(f)

(c) (d)

(e) (f)

Figure 6.8: Roof transfer truss: Exhaustive enumeration of designs with 11 nodes.
(a) Total structural volume for each position of the newly added pair of nodes within the design domain.
(b) Positions of the newly added nodes within the design domain, showing regions where the minimum volume
topology is uniform, and locations of added nodes for the sample layouts shown.
(c) – (f) Sample layouts for the main 4 topologies identified, total volumes 42%, 13%, 34% and 62% greater
than the benchmark value respectively.
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Trusses comprising more than 11 nodes

As more nodes are added to the structure, the dimensionality of the problem quickly makes testing every location
impractical. For example, adding one more pair of nodes to the previous problem will square the number of
points which must be checked, leading to an expected computational time of 19 weeks. The non-convexity of
the solution spaces of these problems (which can be seen in Figure 6.8a), means that more refined methods
based on further sequential development of the problem (such as Martinez et al., 2007) become problematic,
leaving them susceptible to identifying local optima (see He & Gilbert, 2015).

Instead the mixed integer-linear programming (MILP) formulation described in Section 6.1.2 is used. MILP
solvers find a range of values (which may be very narrow, here a range of 0.01% was obtained) within which the
global optimum of the problem lies. As the global solution is identified; the solution of a high resolution problem
will give the globally minimum volume truss with the required number of nodes. However, MILP problems have
greatly increased computational demands compared to standard linear problems. This necessitates the use of
lower resolutions, which restricts the possible solutions. Here, a ground structure comprising 36 nodes and 666
potential members (in the half of the design domain under consideration) is used.

Figure 6.9a shows the result of standard layout optimization at this resolution; this structure is 4% heavier
than the benchmark, and the form is quite restricted by the underlying Cartesian grid of nodes. To counter this,
the resulting solutions of the layout optimization and MILP problems are subject to geometry optimization.
This method has been applied to the result in Figure 6.9a, both with and without the merging of nearby nodes,
leading to the structures in Figures 6.9c and 6.9b respectively. The geometry optimized structures are simpler
and lower weight than the layout optimization result (although they are still around 2.5% higher in volume
than the benchmark). However, there is little control over the level of simplification required, and some regions
of the forms may still be challenging to construct.

(a)

(b) (c)

Figure 6.9: Roof transfer truss: Results for comparison with MILP formulations. (a) Lower resolution layout
optimization result (3.9% above benchmark), (b) Geometry optimization result without node merging (2.4%
above benchmark), (c) Geometry optimization result with node merging (2.5% above benchmark).

The results of the MILP problem, and of subsequent geometry optimization for various values of 𝜂 is shown
in Figure 6.10. Here, 𝜂 refers to the number of nodes used in the half of the design domain under consideration.
This causes some issues; firstly, nodes on the centerline are counted as equal to those away from the center,
although the latter will imply two joints in the final structure. Secondly, nodes on the centerline are counted
as joints even if they are only a location where a horizontal bar passes through the mirror plane, such as in the
results for 𝜂 = 8. These issues will be addressed in Section 6.4.

Nonetheless, it can be seen that the solution identified for 7 nodes after geometry optimization is identical to
that illustrated in Figure 6.8d. It has also been successfully verified that imposing a limit of 9 nodes produces
the form shown in Figure 6.7, although this was omitted from Figure 6.10 for clarity.

A further issue can be observed in Figure 6.10, particularly in the geometry optimized result with 𝜂 = 12,
and the MILP results with 𝜂 = 8, 9, 11, 12 and 13. In these cases, the number of joints in the structure from
an engineering perspective is not equal to the number of active nodes. This is due to the presence of members
which intersect at points partway between their supports. Preventing these crossover nodes implies constraints
between pairs of members in the ground structure, which would give a very large number of constraints (roughly
∝ 𝑛4). A more efficient method of tackling this will be described in Section 6.4.
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Figure 6.10: Roof transfer truss: Results with limited numbers of nodes. 𝜂 gives the number of nodes
permitted in the half design domain which was modelled. The layout optimization points represent the forms
shown in Figure 6.9.
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Figure 6.11: Roof transfer truss: Results with minimum cross-section area (𝑎min). The layout optimization
points represent the forms shown in Figure 6.9.

6.3.2 Structures with limited cross-section area

Equation (6.6) has been used to impose a minimum cross-section area on the resulting structures. The minimum
permitted area ranged from 100mm2 to 1400mm2, and the results are shown in Figure 6.11, as are results post
processed using geometry optimization. These results generally required a longer computational time to compute
than the results in Figure 6.10, likely due to the increased number of integer variables.

The Pareto fronts shown in Figures 6.10 and 6.11 provide a powerful tool for designers, allowing them to
choose the appropriate level of compromise between complexity and lightness required for a given project. They
also place the options in context, both against each other and against the theoretical benchmark solution.

6.3.3 Comparison of complexity measures

Figure 6.12 shows the complexities, in terms of number of active nodes and minimum cross-section area, for all
the structures in Figures 6.9, 6.7, 6.8d, 6.10 and 6.11. There is some correlation between the different measures,
however it is not strong, implying that it may be necessary to impose multiple constraints to achieve a structure
which is truly practical with current construction methods.

6.4 Adaptive solution methods

In light of the issues encountered in the previous section, a number of modifications to the numerical method
will now be proposed and tested on a number of example problems. These aim to address the ’crossover joints’
formed by members which intersect part-way along their lengths, and the inaccuracies encountered when using
symmetry to reduce the size of the problem. The proposed technique also allows constraints on the angles
between members to be considered with a reasonable degree of computational cost.
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Figure 6.12: Roof transfer truss: Correlation between complexity measures.

6.4.1 Formulations

These formulations build on those of Section 6.1.2. Notably the flag variables w and v for members and nodes
as defined in equations (6.2) and (6.3) are used.

Layout optimization

Limits on the number of joints including ‘crossover joints’ The ‘crossover joints’ which appear in
Figure 6.10, and may also be observed in the results of Kanno & Fujita (2018), will appear to be additional
joints from the point of view of the designer, but will by default not be counted as such in the formulation.

To prevent this, constraints can be added for each pair of intersecting members, preventing both of them
from being present in the solution at the same time,

𝑛∑︁

𝑗=1

𝑣𝑗 ≤ 𝜂 (6.18a)

(𝑤ℎ + 𝑤𝑖 ≤ 1)∀{ℎ,𝑖}∈𝒳 (6.18b)

where 𝒳 is a set containing unordered pairs of indices, {ℎ, 𝑖}, for each pair of intersecting elements.
However, the size of 𝒳 increases at a very high rate (∝ 𝑛4), meaning that the full form of this problem will

be extremely computationally expensive to formulate and solve. Fortunately, since only a small subset of these
constraints are likely to be used, these can instead be generated on-the-fly, during the running of the solver.
Most commercial solvers, including CPLEX (IBM Corp., 2015) and Gurobi (Gurobi Optimization, LLC, 2018),
are capable of implementing these so-called ‘lazy constraints’ by allowing user defined code (often referred to
as a callback function) to be called at intervals during a single run of the solver. As any intermediate solution
which violates one or more potential constraints will be eliminated, this methodology does not alter the final
solution, which remains identical to the solution of the full MILP problem containing all constraints from the
beginning.

Lazy constraints have previously been used when solving the travelling salesman and related problems
(Dantzig et al., 1954), where they have been shown to provide significant advantages in terms of computational
efficiency. More recently Haunert & Wolff (2010) have applied them to the simplification of building outlines for
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maps. Here it is shown that, when applied to truss structures, the use of lazy constraints enables true topology
optimization problems to be solved, i.e., layout optimization problems utilising fully connected, non-problem
specific, ground structures to identify optimal topologies under various different constraints.

The problem is initially provided to the solver without the constraints of (6.18b). All member flags in w can
be initially set to be equal to 1 without violating any of the initial constraints. without violating any of the initial
constraints. This can be used as a partial warm start, although the speed advantage in explicitly doing so is
small as this fact is easily detected by a solver’s built in heuristics. Nonetheless, the fact that these variables are
somewhat irrelevant (before any lazy constraints are added) does provide a reasonable computational advantage.

When a feasible solution is found, the set of members with non-zero areas are identified and each pair from
this set (of which there are several orders of magnitude fewer than all pairs of potential members) is checked
to see if a crossover joint is produced. If a crossover is found, then an appropriate constraint of the form of
equation (6.18b) is added to the problem, and remains present in the active problem until the final solution is
found.

For multiple load case problems, optimal solutions are often made up of multiple, almost independent, forms
overlain on top of each other. Therefore it is preferable to allow crossovers in the solutions, and to take account
of them when computing the total number of joints. This is achieved when equation (6.18) becomes

𝑛∑︁

𝑗=1

𝑣𝑗 +

𝑏∑︁

𝑔=1

𝑣𝑔 ≤ 𝜂 (6.19a)

(𝑤ℎ + 𝑤𝑖 − 𝑣𝑔 ≤ 1)∀ℎ,𝑖∈𝒳 (6.19b)

where v̄ = [𝑣1, 𝑣2, ..., 𝑣𝑏]
T is a vector of flag variables representing the existence of each possible crossover

between members of the ground structure. The length of v̄, denoted by 𝑏, will be equal to the size of 𝒳 , i.e.
approximately proportional to 𝑛4.

When the constraints of equation (6.19) are implemented using lazy constraints, the size of v̄ can be greatly
reduced. v̄ becomes a pool of variables, which are assigned to crossovers as required. The pool size should be
chosen to be larger than the number of lazy constraints expected to be added, but small enough to not require
excessive memory. For the problems shown here, a pool size of 100 was found to be sufficient. In this case, the
variables in v̄ can be set to zero without affecting the optimality of the problem as initially provided, this is
also used in a partial warm start.

Initial tests suggested that it was more advantageous to check and impose these lazy constraints each time
a feasible integer solution was identified, rather than each time a continuous relaxation was solved. This also
reduced the number of times the check was performed, and meant a smaller pool of constraints could be used.
This approach has therefore been adopted here. As the solution is not changed by the proposed method, these
heuristics impact only the speed with which the solution is obtained, and not the solution itself.

The procedure used to dynamically generate these constraints is shown in Figure 6.13. The process to instead
forbid crossovers is similar, except that all references to v̄ are removed, and the newly added lazy constraint is
instead 𝑤𝑝 + 𝑤𝑞 ≤ 1.

In the procedure, once a constraint has been added to the current reduced problem, it will not be removed.
This ensures that the solution obtained by successively adding dynamically generated constraints will converge
to the globally optimal solution for the original full problem (i.e., the problem that includes all constraints
from the outset). This will occur when the solution for the current reduced problem, comprising only a subset
of all possible constraints, is also found to be feasible for the original full problem. For continuous linear
optimization problems a similar principle underpins the cutting plane method (Kelley, 1960) and analogous
column generation method (Dantzig & Wolfe, 1960), which has been successfully used by Gilbert & Tyas (2003)
to develop a computationally efficient ‘member adding’ procedure for large-scale truss layout optimization
problems.

Finally, note that the optional geometry optimization post-processing step (see below) is not shown in Figure
6.13, and is performed following a successful termination of the solver.

A comparison of problem formulations Several equivalent formulations are possible to ensure that the
variables v accurately represent the existence of each node. The method that is used within this chapter links
the value of 𝑣𝑗 to the sum of the areas of the members connected to node 𝑗 using equation (6.3a), i.e.

𝑀̂𝑣𝑗 −
∑︀

𝑖∈𝐽𝑗
𝑎𝑖 ≥ 0 𝑗 = 1, 2, ..., 𝑛

This formulation will be referred to as formulation 𝒜. This formulation is the natural choice when considering
limits on the number of joints without considering crossovers, as in Section 6.3, as flag variables are not required
for each member.
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Setup initial problem:
minimize 𝑉 = l𝑇 a

subject to (Bq𝑘 = f𝑘)∀𝑘
(𝜎𝑇 a− q𝑘 ≥ 0)∀𝑘
(𝜎𝐶a + q𝑘 ≥ 0)∀𝑘
𝑀w − a ≥ 0

𝑀̂𝑣𝑗 − Σ𝑖∈𝐽𝑗
𝑎𝑖 ≥ 0

Σ𝑛
𝑗=1𝑣𝑗 + Σ𝑏

𝑔=1𝑣𝑔 ≤ 𝜂

a ≥ 0

w,v, v̄ ∈ {0, 1}

Branch and cut
MILP solver
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Figure 6.13: Procedure for runtime constraint generation. Problem shown involves imposing a limit on the
number of joints, including ‘crossover joints’. The steps in the shaded region are performed within the callback
function which is called by the MILP solver (e.g. Gurobi).
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Permitted Formulation 𝒜 Formulation 𝒲
number No. of lazy Time No. of lazy Time
of joints cons. added (s) cons. added (s)

3 0 10 0 14
4 0 16 0 58
5 3 74 8 137
6 4 72 0 95
7 4 117 7 222
8 0 257 0 686
9 3 291 1 571
10 9 196 10 376
11 17 133 17 224

Table 6.3: Speed comparison between formulations for defining the node flag variables, v. Problem is the
Michell cantilever with limited number of joints, as shown in Table 6.4 and Figure 6.20.

However, when crossovers are considered, member flag variables are required due to the constraints of
equations (6.18) or (6.19). In this case an alternative formulation may be considered to be more standard in the
general integer programming community. This avoids the need for the arbitrary large number 𝑀̂ , by linking
the value of 𝑣𝑗 to the flag variables of the members connected to node 𝑗, using

𝑁𝑣𝑗 −
∑︀

𝑖∈𝐽𝑗
𝑤𝑖 ≥ 0 𝑗 = 1, 2, ..., 𝑛 (6.20)

In this formulation, 𝑀̂ , is replaced by 𝑁 , the maximum number of members which will be permitted to connect
to any node. This formulation will be referred to as formulation 𝒲.

For both 𝒜 and 𝒲, the remainder of the formulation is as described above. The two formulations produce
identical solutions; however the computational requirements may differ.

To investigate this, both formulations are tested on the same problem. The problem used is the Michell
cantilever problem, as shown below in Section 6.4.3, with a limit set on the number of joints and crossover
joints prevented. Table 6.3 shows the computational time required to solve the problem for different numbers
of joints, using each formulation.

It can be seen that formulation 𝒜 takes roughly half the time to solve the problems compared to formulation
𝒲. This is as expected if the characteristics of the two formulations prior to the addition of any lazy constraints
is considered. Formulation 𝒜 initially begins with all the member flags, w, unconstrained; i.e. they may all be
set equal to 1 without making any potential solution infeasible. It only becomes necessary to begin to branch
on any variable 𝑤𝑖 once the member 𝑖 is part of an added crossover constraint.

In contrast, formulation 𝒲 couples all integer variables from the outset, leading to a much more challenging
initial problem. This outweighs the potential benefits of eliminating 𝑀̂ . Formulation 𝒜 is therefore used for
the remainder of the chapter.

Imposing symmetry with a limited number of joints For a given problem with symmetrical design
domain, loads and supports, it is known (Stolpe, 2010) that truss optimization with discrete cross sections may
have an optimal solution that is not symmetrical; it will be shown that this is also the case when the MILP
problem formulation proposed here is used to impose limits on the number of joints in the structure.

However, it is useful to consider how a requirement for a symmetrical solution can be imposed as an additional
constraint, since symmetry will often be preferred for reasons of standardisation or aesthetics. It also allows
problem size to be significantly reduced, as only half of the design domain is explicitly modelled. Thus to impose
a symmetry condition, each symmetrical pair of members is assigned only a single area variable. Additionally,
only one integer flag is added to each symmetrical pair of members or nodes. Members that cross the mirror
line are not included, as they can be approximated by using the nodes which lie on the mirror line, as shown in
Figure 6.14. Thus the number of potential members (and therefore variables) will be reduced to approximately
a quarter of the initial number.

To avoid the issues encountered in Section 6.3, some modifications to the constraints are needed. A node
which lies on the mirror plane, and which is connected only to members which are perpendicular to the mirror
plane will not appear to be a joint in the final design (see for example the central point on the top chord of
most results in Figure 6.10). Therefore for nodes lying on the mirror plane, equation (6.3a) is replaced by

𝑀̂𝑣𝑗 −
∑︁

𝑖∈𝐽′
𝑗

𝑎𝑖 ≥ 0 𝑗 = 1, 2, ..., 𝑛 (6.21)

where 𝐽 ′
𝑗 is the set of member indices for members connected to node 𝑗, but not including those members which

are perpendicular to the mirror plane.
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(a) (b) (c)

Figure 6.14: Approximation of members crossing a line of symmetry (the line of symmetry is shown as a
dash-dotted line). (a) Section of a layout optimization result with members crossing the mirror line permitted,
note that the crossover joint will be counted due to equation (6.19). (b) Section of a layout optimization result
when members crossing the mirror line are not permitted, using a node on the mirror line to approximate the
result. (c) Further improvement of the approximation is possible when geometry optimization is used, and the
node on the mirror line may be moved to the location in part a.

The constraint on the total number of joints must also be modified such that joints that are formed by
crossovers or nodes lying remote from the mirror plane are counted twice in the computations.

Limits on the angle between members Another feature that can make Michell structures difficult to
manufacture is the presence of small angles between adjacent members, especially in fan-type regions. To
prevent this, integer constraints can be added in the layout optimization stage using the equation

(𝑤ℎ + 𝑤𝑖 ≤ 1)∀{ℎ,𝑖}∈𝒱 (6.22)

where 𝒱 = {{ℎ1, 𝑖1}, {ℎ2, 𝑖2}, ...} is the set containing unordered pairs of indices for all pairs of members that
form an angle that is smaller than Ψ, the minimum permitted joint angle. Note that this angle may be formed
either at a node which is common to both members or at a point where the members intersect, partway along
one or both of their lengths.

Again, the full formulation is very time consuming to compute as the number of these constraints is approx-
imately proportional to 𝑛4. These constraints are therefore also implemented as lazy constraints. The procedure
is similar to that outlined in Figure 6.13; however references to v̄ are removed, and the check on each pair of
members, 𝑝 & 𝑞, is checked to identify if they form an angle (either at a crossover point or at an end node)
which is outside the permitted range.

Geometry Optimisation

The solution found by solving the MILP problem will again be used as the starting point for geometry optim-
ization. It will be important to ensure that the solutions continue to be feasible with respect to the practical
constraints imposed in the previous sections. However, these need not be imposed as integer constraints at this
stage, as the overall topology is generally not significantly changed. Instead the buildability constraints are
reformulated as constraints on the nodal positions.

Limiting the number of joints in geometry optimization When only a limited number of joints are
permitted, generally no additional constraints will be required in the geometry optimization stage. This is
because the joints in the problem generally remain in a constant topology, with the number of joints only
reducing due to merging or all connecting members vanishing.

The only possible method by which more apparent joints could appear is if the topology is changed by a bar
passing over another joint, as shown in Figure 6.15. However, this situation can easily be avoided by converting
the topology between the MILP and GO stages such that all crossover joints become standard joints.

(a) (b)

Figure 6.15: Detail of a layout, showing the importance of converting crossover joints to full joints between the
MILP and GO stages when imposing a limit on the total number of joints. (a) Before geometry optimization,
containing 3 joints in this region. (b) After geometry optimization, containing 4 joints in this region.
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Limiting the angle between members in geometry optimization When a limit on the angle between
members has been imposed, this must be converted to a continuous constraint on the nodal coordinates. This
will be in the form −→

DA · −→DB

|−→DA| · |−→DB|
≤ cos(Ψ) (6.23)

where D is the node common to two members, A and B are the other nodes of each member, and Ψ is the
imposed minimum angle. Note that this also means that crossover joints must be converted to standard joints
before the geometry optimization phase.

In some cases where a minimum angle is imposed, a branch type form (as shown in Figure 6.16a) is identified
as the optimal solution of the integer programming problem. As the joints move during geometry optimization,
the branch joint tends to move towards the ‘root’ joint, as in Figure 6.16b. The joint merging phase of geometry
optimization will then combine the two joints, however there then may be pairs of members which violate the
angle constraint, Figure 6.16c. If the permitted movement radius of the joints is sufficiently large, the feasibility
restoration phase of the non-linear solver is likely to be able to find a new feasible solution using the new
topology, Figure 6.16d.

(a) (b) (c) (d)

Figure 6.16: Detail of area containing branched members during geometry optimization stage.
(a) Initial branched member topology.
(b) The joints move close together, however as the bottom and middle member do not quite meet, the angle
between them is not checked.
(c) The joints are merged, the bottom and middle members now have an angle constraint, which is violated.
(d) Feasibility restoration phase successfully finds a point at which all constraints are satisfied, although this
is now quite different to the starting point from integer programming.

This new form may now be notably different from the initial starting point, and therefore potentially
inefficient. However, simply eliminating the joint merging step would result in a final design where two joints
were infinitesimally close together. A minimum member length constraint can be added to prevent this, i.e.

|−→AB| ≥ 𝑙𝑚𝑖𝑛 (6.24)

where A and B are the end points of the member, and 𝑙𝑚𝑖𝑛 is the minimum permitted length. This constraint
is only explicitly required during the geometry optimization stage, during layout optimization members with
a length less than 𝑙𝑚𝑖𝑛 can simply be omitted from the ground structure. Here, length limits have generally
been added only in the geometry optimization phase, with 𝑙𝑚𝑖𝑛 being set at or below the nodal spacing of the
original ground structure.

6.4.2 Simple cantilever example revisited

The problem from Section 6.2 will now be revisited using the methods of Section 6.4. The simple topologies
which are demanded in the case with limited numbers of joints mean that no crossover joints exist in these
cases, and the results of Figure 6.4 remain valid for the case where only 3 joints are permitted.

However, when a limit on the angle between members is imposed, solutions may be more complex in form,
involving members that do not simply directly connect the loaded point and a point on the support. Therefore,
the methods outlined in the previous section can be of use. Numerical solutions for joint angle limits have been
calculated using a 5×13 grid of nodes, and a fully connected ground structure (𝑚 = 2080).

Figure 6.17 shows results for the problem with loads inclined at the angle 𝜗 = 3𝜋
8 , i.e. as shown in Figures

6.4e and 6.4i which are duplicated in Figure 6.17 for comparison. The scenario is subjected to limits on the
minimum angles between members of 35∘ and 45∘. The unusual topologies identified demonstrate the difficulty
in trying to identify optimal solutions for this problem analytically or manually.

The problem was solved firstly by imposing all angle constraints from the outset (‘basic formulation’),
and then by implementing the angle limit (i.e. equation (6.22)) using lazy constraints. Both implementations
produced identical final results; however it can be seen that the use of lazy constraints reduced the time required
by approximately a factor of 20.
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Figure 6.17: Simple cantilever: numerical results for problem with specified minimum angles between members
(load inclination 𝜗 = 3𝜋

8 ). Additionally, results from Figure 6.4 with unrestricted complexity and with the limit
on the number of joints 𝜂 = 3 are shown for comparison.

Figure 6.17 also shows the result of applying geometry optimization post-processing. Despite the different
topologies identified in the MILP stage, similar topologies are found after geometry optimization. Additionally,
it can be observed that the volumes after geometry optimization are both lower than the solution limited to three
joints, demonstrating that the more complex topology is beneficial, albeit only by 3.6% and 2.8% respectively.
This suggests that, although the geometry optimization process is non-convex and therefore cannot be proven
to identify a global optimum, the starting points provided by the MILP formulation appear to be sufficient to
provide good results.

6.4.3 Michell cantilever example

Problem specification

The proposed methods are now applied to a classical Michell cantilever problem, as shown in Figure 6.18.
The theoretical minimum volume can be found using equations derived by Chan (1960) to be 𝑉𝑇 = 39.43𝑄𝑑.
Discretised versions of this problem have been studied by Prager (1977) and Achtziger & Stolpe (2007). In both
cases, the topology of the optimal structures was manually inferred from the continuum form; however their
observations are useful for comparative purposes.

A fully connected ground structure of 99 nodes is used here; this contains 4851 potential members. The
solution to the standard layout optimization problem at this resolution has a volume of 40.45𝑄𝑑, an increase of
2.6% over 𝑉𝑇 , although this reduces to +0.8% after GO is applied, and the resulting solution has 20 joints.

2𝑄

5𝑑

2𝑑 4𝑑

Figure 6.18: Michell cantilever: Problem specific-
ation. (Fully connected ground structure used.)

𝜂 = 6 𝜂 = 8 𝜂 = 11

⇓ ⇓ ⇓

Figure 6.19: Michell cantilever: Results after
MILP (top) and GO (bottom) stages. The volume
difference between MILP and GO solutions is 1%,
1.4% and 1.6% respectively.
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Limiting the number of joints

To set up the problem with all crossover constraints from the beginning requires checking 11,763,675 pairs of
members, of which 2,795,779 produce a constraint. (Simply performing these checks was found to take nearly
20 minutes with the C++ code used here.)

Alternatively, using lazy constraints, the problem can be set up almost instantly, producing an initial problem
with 14,553 variables and 14,844 constraints. The problem was first solved using lazy constraints to prevent
crossovers but without limiting the number of joints. This produced a structure with 12 joints, and required
240 lazy constraints, around 0.01% of the full number. This is shown as the 12 joint result in Table 6.4 and
Figure 6.20.

The problem was then solved with limits imposed on the maximum numbers of joints, 𝜂, from 3 to 11. The
results can be seen in Table 6.4 and Figures 6.20 and 6.19. Note that the longest time taken to solve any of
these problems was under 5 minutes, around a quarter of the time needed just to formulate the full problem.

It may be observed that the forms for 3, 6, or 11 joints agree with those found by Prager (1977)2. Additionally
the solution with 8 joints corresponds to similar ones mentioned by Mazurek et al. (2011, fig 22). This structure,
along with the majority of the others in Figure 6.20, are asymmetric despite the anti-symmetry observed in
the problem. A similar approach to that described in Section 6.4 could be adopted to enforce symmetry in
anti-symmetrical problems, however this is likely to be less desirable than for symmetric problems, and will also
be affected by differences in relative tension and compression strengths.

Other related problems

Prager extended his results to postulate a solution to the related problem of minimising total cost, comprising
a material cost and a fixed cost per joint. It is possible to reformulate the integer programming problem to
consider this directly, by changing the objective function to be of the form

minimise 𝑐 = lTa + 𝑝𝐽v (6.25)

where 𝑝𝐽 is the normalised cost of a joint, and 𝑐 is the total normalised cost.

However, equation (6.25) may alternatively be expressed in the form of an equation, plotted as a straight
line on Figure 6.20. The example objective function shown on Figure 6.20, is a line of constant cost when the
joint cost, 𝑝𝐽 , is equal to the cost of a volume increase of 0.69% of the minimum volume, 𝑉𝑇 . In this case, the
solutions with 6 and 8 joints are equally optimal. However, the 7 joint solution has a higher cost; it is therefore
not optimal for any objective function in the form of equation (6.25).

Prager’s solution to this problem over a range of values for 𝑝𝐽 consisted of only the 3, 6 and 11 joint solutions.
From Figure 6.20 this can now be extended to add solutions with 4, 5, and 8 joints. The ranges of joint cost 𝑝𝐽
for which each solution is optimal is shown in the final column of Table 6.4.

Limiting the number of members in a solution is another concern for ensuring practicality. As this is a single
load case problem, and due to the Simplex solver used to solve the LP sub-problems of the MILP problem, the
optimal structures identified are all likely to be statically determinate, meaning that the number of joints is
directly linked to the number of members (number of members = 2𝜂 − 4). Therefore this method can also be
used as a proxy for limiting the number of members.

Limiting the angles between members

Solutions for the same Michell truss problem, but with imposed minimum angle limits from 15∘ to 45∘, are
shown in Table 6.5 and Figure 6.21. It can be seen that the topologies shown in Figure 6.21 are symmetrical,
and several are distinct from those shown in Figure 6.20.

In the layout optimization stage only a limited number of member angles are available; therefore the struc-
tures identified do not have a minimum angle that exactly corresponds to the limit. Generally, once the geometry
optimization post-processing step has been applied, the angle limits become active, although this is not always
the case (e.g. in the case of the 20∘ limit). In some cases, such as the 40∘ and 45∘ solutions, the same initial
result is identified for multiple angle limits, and the solutions only diverge in the geometry optimization stage.

2Note that Prager (1977) gives a volume of 36.41𝑄𝑑 for the 11 joint solution; this can clearly be seen to be incorrect, as it is
lower than the minimum value from the equations of Chan (1960). However, the form given by Prager is correct.
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Permitted no. Number of Lazy MILP Volume after Optimal for
of joints, 𝜂 constraints added time (s) MILP MILP+GO joint costs

3 0 10 +31.9% +31.9% 15.11% ≤ 𝑝𝐽 ≤ ∞
4 0 16 +17.4% +16.8% 6.25% ≤ 𝑝𝐽 ≤ 15.11%
5 3 74 +10.7% +10.5% 6.24% ≤ 𝑝𝐽 ≤ 6.25%
6 4 72 + 5.3% + 4.3% 0.69% ≤ 𝑝𝐽 ≤ 6.24%
7 4 117 + 4.9% + 3.9% N/A
8 0 257 + 4.3% + 2.9% 0.45% ≤ 𝑝𝐽 ≤ 0.69%
9 3 291 + 3.9% + 2.8% N/A
10 9 196 + 3.6% + 2.6% N/A
11 17 133 + 3.1% + 1.6% 0.09%𝑎≤ 𝑝𝐽 ≤ 0.45%

12𝑏 240 44 + 3.0% + 1.5%
20𝑐 — 4 + 2.6% + 0.8%

𝑎Assumes next optimal design is the continuous layout optimization solution; designs with 13-19 joints may increase this value.
𝑏Result of preventing crossovers without limiting the total number of joints.
𝑐Continuous layout optimization result, after crossover generation.

Table 6.4: Michell cantilever: Results with limits imposed on the total number of joints. Volumes given as
percentage above the theoretical minimum volume, 𝑉𝑇 . Optimal joint cost ranges are given as a percentage of
the material cost of 𝑉𝑇 .

1 2 3 4 5 6 7 8 9 10 11 12 13

𝑉𝑇
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Example objective function:
𝑐 = 𝑉 + 0.69%× 𝜂

Number of joints, 𝜂
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MILP results

MILP + GO results

Figure 6.20: Michell cantilever: Results with limits imposed on the total number of joints. (Volume shown as
percentage above theoretical minimum volume, 𝑉𝑇 = 39.43𝑄𝑑. Forms shown after MILP and GO. An example
cost function is also shown where each joint has a constant cost, equal to an increase in volume 0.69% of 𝑉𝑇 .)
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Permitted angle Number of lazy MILP After MILP After MILP+GO
between members, Ψ constraints added time (s) Min. angle Volume Min. angle Volume

45∘ 3462 2341 47.7∘ +6.3% 45∘ +5.4%
40∘ 1415 2009 47.7∘ +6.3% 40∘ +4.6%
35∘ 805 234 37.9∘ +5.1% 35∘ +4.2%
30∘ 1377 537 33.7∘ +5.0% 30∘ +2.5%𝑎

25∘ 665 344 26.6∘ +4.4% 25∘ +1.8%
20∘ 349 91 22.8∘ +4.3% 21.9∘ +1.6%
15∘ 73 21 18.4∘ +3.8% 15∘ +1.3%

𝑎 GO with a length limit of of 0.5𝑑 (i.e. equal to shortest length in ground structure) gives volume of +2.51%, GO
without a length limit and after joint merging and subsequent feasibility restoration gives a volume of +2.55%.

Table 6.5: Michell cantilever: Results with limited joint angle. (Volume shown as percentage above 𝑉𝑇 .)

0𝑜 5𝑜 10𝑜 15𝑜 20𝑜 25𝑜 30𝑜 35𝑜 40𝑜 45𝑜 50𝑜
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MILP + GO + length limit 0 ≤ 𝑙𝑚𝑖𝑛 ≤ 0.5𝑑

Figure 6.21: Michell cantilever: Results with limited joint angle. (Volume given as percentage above theoretical
minimum volume. Forms shown after MILP and GO. For branched forms, results both with and without a
length limit are shown.)

Most results in Figure 6.21 are shown after geometry optimization with no length limit imposed. However,
for the limit of 30∘, a branching form similar to that shown in Figure 6.16 was identified. During the geometry
optimization stage for this result, the merging of the ‘root’ and ‘branch’ joint occurred, leading to a significant
change in topology. The solution reduces in volume as the distance between the branching joints approaches
zero, but then increases again in order to restore feasibility of the new angle constraint.

A length limit was therefore imposed to produce more meaningful results. For practical purposes, this is
likely to be defined by the same manufacturing process that dictates the minimum angle between members; here
𝑙𝑚𝑖𝑛 will be set at or below the length of the shortest member in the ground structure (0.5𝑑). When 𝑙𝑚𝑖𝑛 = 0.5𝑑,
the new volume was only slightly smaller (+2.51% vs. +2.55%). However, for small values of 𝑙𝑚𝑖𝑛 the volume
reduced to +1.9%; this is shown as a dotted line in Figure 6.21. Both the result with no length limit, and with
𝑙min = 0.5𝑑, are illustrated in Figure 6.21.

By comparing the results in Table 6.4 and 6.5, it can be seen that the angle limits require a greater number
of lazy constraints to be added, leading to correspondingly longer computational times. This is likely to be due
to the fact that, when a limit on the number of joint is imposed, the initial constraints significantly reduce the
number of feasible integer topologies before any lazy constraints are required. However, the maximum number
of lazy constraints added in Table 6.5 was at most 0.3% of the total number possible (for the 45∘ limit), showing
that the advantage of using lazy constraints is still very significant.
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Figure 6.22: Spanning example: Problem specifica-
tion, after Sokół & Rozvany (2013b). (The two point
loads are applied separately. Grey shading shows the
area modelled when the symmetry condition is im-
posed.)

Maximum 6 joints Maximum 8 joints
Volume: +16% Volume: +6.8%
Time: 425s Time: 6658s

Figure 6.23: Spanning example: Results after
MILP and GO showing asymmetric optimal solu-
tions.

6.4.4 Spanning example

A more complex, two load case problem is now considered. This consists of two point loads which are applied
separately, and transmitted to a pair of pinned supports; the problem specification is shown in Figure 6.22.

This is a symmetrical problem, and therefore the minimum volume structure is also symmetrical when no
discrete buildability constraints are imposed. The minimum volume solution, 𝑉𝑇 , is given by Sokół & Rozvany
(2013b) as 3.44363𝑄𝑑

𝜎 . The design domain is discretised using a grid of 90 nodes. The layout and geometry
optimization solution for this resolution had a volume 1.2% greater than the theoretical optimal value.

The problem was first solved without imposing a requirement for a symmetrical solution. Solutions with
maximum numbers of joints, 𝜂, ranging from 5 to 9 were found. Solutions with odd numbers of joints were found
to be symmetrical, and were equal to the corresponding results shown in Figure 6.24 and Table 6.6. However,
the solutions with 6 and 8 joints were asymmetric, as shown in Figure 6.23. Note that the 8 joint example
approximately consists of one half from each of the topologies with 7 and 9 joints.

Due to these findings, and the general preference in practice for symmetrical designs, the model was modified
to explicitly impose a symmetry condition about the centre line, using equation (6.21) and the method outlined
in Section 6.4. Solutions were again sought for 6 and 8 joints; however, the optimal solutions were found to
be identical to the solutions for 5 and 7 joints respectively. This demonstrates that the lack of a symmetrical
optimal solution, a characteristic previously noted in the solutions of truss optimization problems with discrete
cross sections, is also a characteristic of the problem with continuous cross sections when limits are imposed on
the numbers of joints.

Results for various numbers of joints are given in Table 6.6 and Figure 6.24. The use of the constraints
from equation (6.18) (to prevent ‘crossover joints’) and equation (6.19) (to include ‘crossover joints’ in the
total number of joints to be limited), have both been tested. When ‘crossover joints’ are not permitted, only
structures with up to 17 joints can be identified; results in the range 17 < 𝜂 < 45 can only be identified by
allowing ‘crossover joints’ and explicitly including them in the total limit.

The problem of including the ‘crossover joints’ is a more relaxed version of the problem where ‘crossover
joints’ are prevented. Therefore solutions from the MILP problems that take account of crossovers must be
at least as good as solutions found when these are prevented. However, the geometry optimization stage is
non-linear, and therefore local optima may result, depending on the initial point provided. It can be seen that
for the 15 and 17 joint solutions, local optima have been identified; both methods appear to be susceptible to
this. However, the volume difference is less than 0.2%, demonstrating that at this point multiple options are
available of similar volume and complexity, any one of which would likely be suitable for practical application.
The ability of many commercial solvers (e.g. IBM Corp. 2015; Gurobi Optimization, LLC 2018) to record a
pool of nearly optimal solutions may be of use in addressing this issue.

As a multiple load case problem, the solutions identified are generally not statically determinate and therefore
there is not a direct relationship between number of members and number of joints. However, Figure 6.25 shows
that there is still a very strong correlation between the number of members and the number of joints. Therefore,
for practical purposes, this method is still likely to produce useful results when structures with few members
are desired.



6.4. ADAPTIVE SOLUTION METHODS 105

Permitted Counting ‘crossover joints’ Preventing ‘crossover joints’
number of No. of lazy MILP Volume after No. of lazy MILP Volume after
joints, 𝜂 cons. added time (s) MILP MILP+GO cons. added time (s) MILP MILP+GO

5 0 7 +59.5% +58.1% 0 6 +59.5% +58.1%
7 0 56 +8.8% +8.4% 0 31 +8.8% +8.4%
9 7 52 +5.9% +5.1% 14 77 +5.9% +5.1%
11 26 345 +5.2% +4.1% 33 154 +5.2% +4.1%
13 24 528 +4.5% +3.3% 154 446 +4.5% +3.3%
15 28 436 +3.5% +2.7% 48 184 +3.7% +2.5%
17 40 504 +3.4% +2.3% 444𝑎 455𝑎 +3.5% +2.4%
19 76 8150 +3.1% +2.4%
21 68 6833 +3.0% +2.0%
31 90 138265 +2.7% +1.8%

45𝑏 – 6 +2.3% +1.2%

𝑎 Refers to forbidding crossovers with no limit on number of joints, which produces a structure with 17 joints.
𝑏 Layout optimization result, which produces structure with 45 joints.

Table 6.6: Spanning example: Results with symmetry condition imposed and limits on numbers of joints.
(Bold values highlight when the two methods produce different results.)
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Figure 6.24: Spanning example: Results with symmetry condition imposed and limits on numbers of joints.
(Volume shown as percentage above theoretical minimum volume. Forms shown are after MILP and GO, with
symmetrical solutions required. Results preventing crossover joints are shown only where they differ from the
result of counting the crossover joints.)
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Figure 6.25: Spanning example: Correlation between number of joints and number of members in solutions
where the number of joints has been limited, also showing best fit line. (𝑅2 = 0.997).

6.5 Concluding remarks

The addition of MILP constraints to the standard layout optimization problem formulation has been shown
to provide an effective means of including buildability constraints for low to medium resolution truss topology
optimization problems. Issues relating to the presence of ‘crossover joints’ have been tackled through the use of
dynamically generated lazy constraints, significantly reducing the computational time required. Improvements
in computational time of over a factor of 20 were observed for relatively small problems; this difference is likely
to increase further as problem size increases. This allows the proposed method to be used for problem sizes
that would be intractable using the standard formulation.

Rationalized structures have been identified for a range of problems, including those with multiple load
cases, using a two stage process incorporating a layout optimization stage and a geometry optimization stage.
Using this process, results were found to agree with analytically derived results, suggesting that the proposed
separation of topology and geometry/shape optimization is effective, and that MILP solutions are suitable
starting points for a non-linear optimization stage.

The rationalized structures were often found to have a volume within a few percent of the corresponding
minimum volume Michell structure, whilst being far more feasible to construct. A number of interesting features
of these solutions have been observed:

∙ Symmetrical or anti-symmetrical problems do not always have symmetrical optimal solutions when limits
on the numbers of joints are imposed. Therefore, the decision to use symmetry to reduce the computational
expense of a problem should be made with care.

∙ Multiple optimal or near optimal solutions are possible. Many numerical methods, such as geometry
optimization, will identify only one of these, although there may be many which would be acceptable for
practical use.

∙ When the angle between adjacent members is limited, ‘branching’ type structures may occur. This may
then require the addition of a minimum length constraint to produce practical results.

Different measures of complexity have been considered, leading to different levels of computational difficulty.
When the number of joints is limited, it was found that the number of members in the solution was strongly
linked to the number of joints. This may provide a computationally efficient proxy problem, as restricting the
number of joints requires far fewer integer variables, thus is much quicker. Other complexity measures are not
so closely correlated, for example the number of joints and minimum cross-section area. Therefore multiple
complexity limits may need to be imposed simultaneously, increasing the size of the problem. It is possible
that lazy constraints could be of use in this situation too, allowing an initial problem containing only the most
computationally efficient restriction (e.g. number of joints), and reducing the number of constraints required
for other complexity limits.



Chapter 7

Region based Adaptive Ground Structure
(RAGS) method

This chapter contains formulations and results based on the use of a novel hybrid analytical-theoretical method
for the identification of minimum volume structures. The approach is based on the ground structure method,
but allows for structural elements representing larger regions to be adaptively added.

In this chapter, an element representing a fan type 𝑇 region and a discretised approximation of a more
general region of type 𝑇 are presented. Discussion of further possible regions, including those of type 𝑅, 𝑆 and
exact general regions of type 𝑇 , can be found in Appendix C.

This method can identify the optimal volume to within 1×10−5%, whilst simultaneously providing an easily
interpretable output. By presenting the solution using a small number of regions, it is clearer how the solution
could be rationalized into a discrete structure.
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7.1 Introduction

In the identification of a minimum volume truss-like structure for a given problem, both analytical and numerical
methods have received significant attention. However, these fields have, for the most part, remained separate.
In this chapter a methodology will be described which aims to combine the advantages of both approaches.

When these fields have interacted, it has primarily been for comparative or validation purposes. Results of
numerical studies have been used to inspire later exact analytical solutions, e.g. the numerical study of Darwich
et al. (2010), which led to the analytical result by Tyas et al. (2011). Conversely, numerical results can also
provide confidence in analytical solutions, for example Sokół & Rozvany (2013b) use numerical methods both
to check the analytical solutions, and also to contrast with results of related single load case problems.

Analytical methods generally proceed by the sequential identification of a number of regions satisfying the
criteria laid down by Michell (1904). Each region is defined by a set of functions, which give the curves along
which any members should lie (Chan, 1960). This process is described in more detail in Section 7.2.1.

It is often the case that the same regions occur in multiple problems. For example the fan type region, first
identified in the solution for a simply supported point load by Michell (1904), also appears in the equivalent
half plane solution, the cantilever of Chan (1960) and the multi-span bridge of Pichugin et al. (2015), as well
as a great many more solutions. A comparison of regions in a wide range of known solutions may be found in
Appendix A.

The recurrence of assemblages of regions has also been used to identify solutions to more complex problems,
by manually combining the constituent parts. Rozvany (1998) combines equiangular spiral regions and Michell
cantilevers to find solutions to the problem of a deep beam loaded by a moment. Sokół & Lewiński (2010)
combine cantilever forms, and additional straight bar elements, to find solutions to a class of problems with two
point loads and pinned supports. Beghini & Baker (2015) propose a structure for a multiple span viaduct by
combining solutions for simply supported regions and double cantilevers.

Rigorously demonstrating the optimality of these combined structures is laborious, but necessary. Figure
7.1 shows how inaccuracies may be introduced by the choice of how to divide the problem and the boundary
conditions imposed on the resulting sub-problems. Figure 7.1a shows the problem and result identified by
Ghista & Resnikoff (1968); the result was obtained by dividing the problem into three sub problems. However,
the result chosen for these sub-problems was the half plane solution from Michell (1904) which leads to a sub-
optimal design. Figure 7.1b shows a numerical layout optimization result for the same problem; the divisions
are the same but the overall solution is substantially changed.

Numerical methods of truss optimization are often based on the ground structure method (Dorn et al., 1964;
Chan, 1964). This approach uses a large number of nodes, connected by potential members. The adaptive
member adding approach of Gilbert & Tyas (2003) can be used to reduce the number of potential members
which must be considered simultaneously. The members in the ground structure are generally straight truss
bars; although moment-carrying members are sometimes used (e.g. Van Mellaert et al., 2016), they are sub-
stantially more computationally difficult to handle. Replacement of the straight bars with appropriately curved
arches/sagging cables was shown to be an effective technique for modelling self-weight in Chapter 4. In the
field of discontinuity layout optimization (a mathematically analogous application concerning the identification
of geotechnical failure mechanisms) Smith & Gilbert (2013) employ connections in the form of circular arcs to
more accurately identify mechanisms involving rotational movements.

This chapter proposes a method by which layout optimization can be extended to produce solutions which
are in the style of analytical results. This involves the inclusion of region type elements within the ground
structure. These elements are regions in the sense used in analytical results, i.e. they consist of members lying
along curves described by a given function. From the forms of these region, and the deflection fields they define,
constraints on the relevant ground structure nodes will be obtained. This method has the potential to not only
increase the accuracy of solutions, but also provide a more interpretable result.

(a) (b)

Figure 7.1: Results for the problem of Ghista & Resnikoff (1968) showing the difficulties in manually decom-
posing problems. (a) Result of Ghista & Resnikoff (1968) for the given problem (used under 17 U.S.C. §105).
(b) layout optimization result for the same problem.
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This chapter is organised as follows; the proposed methodology is discussed in Section 7.2. The derivation
of first region element (the fan) is undertaken in Section 7.3, and fan elements are then applied in Section 7.4.
A second region element which connects four nodes and is based on an approximation with a finite number of
bars is discussed in Section 7.5. Finally, Section 7.6 provides some discussion on the potential of this method
and its application.

7.2 Methodology

The proposed region based method aims to use novel potential structural elements in the layout optimization
formulation. Instead of connecting two nodes with a straight line, these region elements will connect 3 or 4 nodes
with a predetermined geometry based on forms which are commonly observed in known analytical solutions.

For a problem with 𝑛 nodes, the number of possible region types will be approximately proportional to 𝑛3

or 𝑛4, therefore the problem sizes using this method would increase rapidly. To ameliorate this we will make
use of the principles of the member adding method developed by Gilbert & Tyas (2003). The problem will
first be solved with a ground structure, containing only straight bar elements. Dual (kinematic) constraints for
potential regions will then be checked based on the virtual displacements of the previous iteration, and regions
which have a violated virtual strain constraint will be added. The key requirement to implement a region type
within this framework is therefore the ability to calculate whether a potential region is over-strained based on
the virtual displacements of the nodes in the previous iteration.

It may be the case that multiple region geometries are possible for a given set of points. A similar situation
was encountered by Smith & Gilbert (2013) in the identification of circular arcs connecting two ground structure
nodes, as infinitely many arcs are possible to connect two points. When the adaptive approach is used, the
‘most violated’ of the different possible geometries can be identified, and this element is then included in the
next iteration. In subsequent iterations, it is possible for a different geometry between the same two nodes to
become violated, requiring another different connection between the same two points to be added. Eventually
no potential connections are violated; at this point the solution is identical to one considering all (infinitely
many) circular arc connections. It may become necessary to adopt a similar approach for some regions in this
framework, although it has not been required for the region types discussed within this chapter.

Once the optimal solution is obtained for the used set of ground structure nodes, further refinement can be
performed using the geometry optimization method (He & Gilbert, 2015). This involves adding the positions
of the nodes as variables within the optimization. Non-linear gradient based solvers are required to solve this
problem; therefore derivatives with respect to nodal coordinates will be required for the problem coefficients.

Attention will be focused on deriving relationships for regions of type 𝑇 , i.e. where principal virtual strains
in two orthogonal directions reach the compressive and tensile limiting values respectively. These form the vast
majority of regions found in structures in the literature. Most regions in known solutions can be parametrised
by one of the three ‘special cases’ described by Chan (1960). These are here denoted by using Chan’s case
number as a subscript, i.e. 𝑇1 regions are those parametrised by the angle turned by the pair of base curves;
𝑇2 regions are parametrised by the distance along one family of straight lines, and the angle turned through by
the other, curved, family; 𝑇3 regions consist only of straight lines, and are parametrised by the distance along
each. These region types are illustrated in Figure 2.3.

7.2.1 General derivation of region of type 𝑇

In this section, the principles for the construction of optimal regions will be recalled and presented in a form
suited to the purposes of this method; much of this section is based on the derivations of Chan (1960).

For the purposes of the proposed method, a region is an area of the design domain in which the lines of
principal strain lie on a curvilinear coordinate system (𝛼, 𝛽) which is defined by the relationship

𝑑𝑠2 = (𝐴𝑑𝛼)2 + (𝐵𝑑𝛽)2 (7.1)

such that 𝑑𝑠 is a line element, and 𝐴 and 𝐵 are positive functions of 𝛼, 𝛽, referred to as Lamé coefficients.
The angle 𝜑 is defined as the angle between the positive 𝛼 direction and the positive 𝑋 direction of a local

Cartesian coordinate system. 𝜑 is generally considered as a function of 𝛼 and 𝛽. The system of differential
equations which links 𝜑(𝛼, 𝛽) to 𝐴(𝛼, 𝛽) and 𝐵(𝛼, 𝛽) is

𝑑𝜑

𝑑𝛼
= − 1

𝐵

𝑑𝐴

𝑑𝛽
(7.2a)

𝑑𝜑

𝑑𝛽
=

1

𝐴

𝑑𝐵

𝑑𝛼
(7.2b)
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From equation (7.1) it can be seen that the equation for a line element along an 𝛼 line (𝛽 constant) is

(𝑑𝑠)2 = (𝐴𝑑𝛼)2 + (𝐵 × 0)2 = (𝐴𝑑𝛼)2 → 𝑑𝑠 = 𝐴𝑑𝛼 (7.3)

Combining this with the system of (7.2), gives us differential equations for the 𝛼 lines,

𝑑𝑥 =𝐴 cos(𝜑)𝑑𝛼, 𝑑𝑦 =𝐴 sin(𝜑)𝑑𝛼 (7.4a)

By similar reasoning we find the equations for the 𝛽 lines to be

𝑑𝑥 = −𝐵 sin(𝜑)𝑑𝛽 𝑑𝑦 =𝐵 cos(𝜑)𝑑𝛽 (7.4b)

Integrating these will allow us to find the coordinates of a point in local Cartesian coordinates. Also note
that converting between the global (𝑥, 𝑦) axis and the local (𝑋,𝑌 ) axis will be necessary, this may be achieved
by a simple rigid body rotation.

Here, only regions which are bordered by lines of constant 𝛼 or 𝛽 are considered, i.e. the valid area of the
region is the area where 𝛼− ≤ 𝛼 ≤ 𝛼+ and 𝛽− ≤ 𝛽 ≤ 𝛽+. Generally, this will imply a four sided region,
with four corner points. The symbols representing the four corner points, and their corresponding curvilinear
coordinates (𝛼, 𝛽) are

O = (𝛼−, 𝛽−) A = (𝛼+, 𝛽−) B = (𝛼−, 𝛽+) P = (𝛼+, 𝛽+) (7.5)

For the purpose of this method, the process described here will be reversed. First, locations of these corner
points will be chosen from nodes in the ground structure. These will then be used as the boundary conditions
for the solution of the system (7.4) to find the functions 𝐴(𝛼, 𝛽) and 𝐵(𝛼, 𝛽).

Local Deflections

The strains along 𝛼 lines (𝛽 constant) are equal to 𝜀 and along 𝛽 lines (𝛼 constant) the strains are −𝜀. The
rotation of a point in the region is defined by 𝜔, a function of 𝛼 and 𝛽 which is given by the differential equations
(Chan, 1960)

𝑑

𝑑𝛼
(𝜔 − 2𝜀𝜑) = 0 (7.6a)

𝑑

𝑑𝛽
(𝜔 + 2𝜀𝜑) = 0 (7.6b)

From the functions 𝐴, 𝐵 and 𝜔, we now need to solve a system of equations to give us the displacements of a
point in the region. The displacement in the 𝛼 direction is given as 𝑢𝛼 and in the 𝛽 direction as 𝑢𝛽 .

𝑑𝑢𝛼

𝑑𝛼
= 𝐴𝜀+ 𝑢𝛽

𝑑𝜑

𝑑𝛼
,

𝑑𝑢𝛼

𝑑𝛽
= −𝐵𝜔 + 𝑢𝛽

𝑑𝜑

𝑑𝛽
(7.7a)

𝑑𝑢𝛽

𝑑𝛼
= 𝐴𝜔 − 𝑢𝛼

𝑑𝜑

𝑑𝛼
,

𝑑𝑢𝛽

𝑑𝛽
= −𝐵𝜀− 𝑢𝛼

𝑑𝜑

𝑑𝛽
(7.7b)

This system will require additional boundary conditions to solve. The choice of boundary conditions will give
a frame of reference (which could be thought of physically as a template/overlay fixed to certain points on the
element) local to the current element. We will refer to displacements measured in this local frame of reference
as 𝑢̄. It will then be necessary to convert this local frame of reference back to the global deflection field, 𝑢.

7.3 Three node (fan) elements

One of the most common patterns seen in solutions in the literature is that of a fan of straight members radiating
from a point, alongside an orthogonal series of circular arcs, this is a region of type 𝑇2. Such a fan element will
have three vertices/nodes, this is because nodes O and B (as described in equation (7.5)) are co-incident. This
point will be referred to as point O. Points A and P will continue to be defined as in equation (7.5).

7.3.1 Derivation of exact form

In order for this region to exist, the radial distances to the two outer nodes must be equal, i.e. |OA| = |OP|,
this value is equal to the radius of the outermost curved coordinate arc, and will be denoted by 𝑟. Cases where
|OA| ≠ |OP| will be discussed in Section 7.3.2.
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Geometry

The (𝛼, 𝛽) co-ordinates of a point S are defined as follows; 𝛼S is the distance to the origin |OS|, and 𝛽S is the
angle ∠AOS as shown in Figure 7.2a. The relevant ranges for the coordinates are

0 ≤ 𝛼 ≤ 𝑟 = |OA| = |OP| (7.8a)

0 ≤ 𝛽 ≤ 𝜃 = ∠AOP (7.8b)

The 𝛼 co-ordinate curves are straight lines radiating out from the point O. The 𝛽 lines form circular arcs
centred on the point O which each turn through an angle 𝜃.

The local Cartesian coordinate system for a fan element is chosen such that the local 𝑋 axis is along the

line
−→
OA, i.e. 𝑌A = 0. The equation for 𝜑 for this element is

𝜑 = 𝛽 (7.9)

Therefore the geometry functions will be

𝐴(𝛼, 𝛽) = 1 (7.10a)

𝐵(𝛼, 𝛽) = 𝛼 (7.10b)

It is simple to show that integration of these functions in the system (7.4) produces the correct nodal positions
in local (𝑋,𝑌 ) coordinates: A = (𝑟, 0) and P = (𝑟 cos 𝜃, 𝑟 sin 𝜃).
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Figure 7.2: Fan element: Geometry and behaviour (a) Definition of coordinate systems, points and quantities.
(b) Kinematic interpretation of behaviour within local 𝑢̄ reference frame; point A must deflect to a point within
the thick black line, and point P must deflect to a point within the shaded region. The dotted lines show a
more intuitive interpretation which tends towards the true result at small deflections. (c) Static interpretation
of behaviour, with external forces shown.

Kinematic form

Within a fan region, the local deflection reference frame, 𝑢̄ is defined such that 𝑢̄𝑥O = 𝑢̄𝑦O = 0 and 𝜔OA = 0. The
system (7.7) is solved to give expressions for local deflections,

𝑢̄𝛼 = 𝛼𝜀 𝑢̄𝛽 = −2𝛼𝛽𝜀 (7.11)

Noting that 𝑢̄𝛼O, 𝑢̄
𝛽
O and 𝑢̄𝛽A will be equal to zero by definition, the limiting deflections at the remaining

degrees of freedom are

⎡
⎣
𝑢̄𝛼A
𝑢̄𝛼P
𝑢̄𝛽P

⎤
⎦ ≤

⎡
⎣

𝑟𝜀
𝑟𝜀

−2𝑟𝜃𝜀

⎤
⎦ (7.12)

The geometrical interpretation of this equation is shown in Figure 7.2b. It consists of a 1D slot within which the
deflected location of A must fall, the deflection of A perpendicular to this will define the local reference frame.
The deflected location of P must then fall within the 2D shaded region. Note that deflections are assumed to
be small, and have been enlarged for clarity.
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Transforming the left side of the equation into global deflection coordinates gives the constraints

⎡
⎢⎢⎢⎢⎢⎢⎣

− cos(ΘA) − cos(ΘP) sin(ΘP) − sin(ΘA)
− sin(ΘA) − sin(ΘP) cos(ΘA) − cos(ΘP)
cos(ΘA) 0 sin(ΘA)
sin(ΘA) 0 − cos(ΘA)

0 cos(ΘP) − sin(ΘP)
0 sin(ΘP) cos(ΘP)

⎤
⎥⎥⎥⎥⎥⎥⎦

T ⎡
⎢⎢⎢⎢⎢⎢⎣

𝑢𝑥O
𝑢𝑦O
𝑢𝑥A
𝑢𝑦A
𝑢𝑥P
𝑢𝑦P

⎤
⎥⎥⎥⎥⎥⎥⎦
≤

⎡
⎣

𝑟𝜀
𝑟𝜀

−2𝑟𝜃𝜀

⎤
⎦ (7.13)

where Θ𝐴 is the inclination of the bar OA and Θ𝑃 is the inclination of the bar OP. Values of 𝑢 are the
virtual deflection for the indicated point and direction.

The first two columns are identical to the constraints of the straight bars OA and OP and will therefore not
need to be checked separately. Therefore the final column gives the constraint which will be critical to check
for the addition of this element.

Static form

It is equally reasonable to derive the necessary equations for a region within the static formulation (i.e. the
primal problem).

Consider a fan region where 𝛼 lines have infinitesimal thickness, and all 𝛽 lines have zero thickness, with
the exception of the 𝛽 line containing A and P which has a finite thickness (i.e. it is a concentrated member).

The (finite) external forces imposed on points A and P may only be aligned to the concentrated member.
Furthermore, to ensure equilibrium of moments about point O, they must be equal in magnitude and opposite
in direction as shown in Figure 7.2c. The magnitude of these forces will be referred to as 𝑞. Once these forces
have been resolved relative to the global axes, the forces at point O can be found by considering equilibrium in
the horizontal and vertical directions. Therefore the external forces on this member are given by

⎡
⎢⎢⎢⎢⎢⎢⎣

sin(ΘP) − sin(ΘA)
cos(ΘA) − cos(ΘP)

sin(ΘA)
− cos(ΘA)
− sin(ΘP)
cos(ΘP)

⎤
⎥⎥⎥⎥⎥⎥⎦
𝑞 =

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑓𝑥O
𝑓𝑦O
𝑓𝑥A
𝑓𝑦A
𝑓𝑥P
𝑓𝑦P

⎤
⎥⎥⎥⎥⎥⎥⎦

(7.14)

The cross-sectional area of the concentrated member must be equal to 𝑞
𝜎 , and its length is equal to 𝑟𝜃.

Therefore its volume will be 𝑟𝜃 𝑞
𝜎 . The volume of all other 𝛽 lines will be zero.

The infinitesimal members aligned to the 𝛽 lines have a constant total cross section over any given range of
𝛼. Considering equilibrium of the concentrated member AP over a small section subtended by the angle 𝑑𝛽, it
is found that the infinitesimal members normal to this carry a total force of 𝑞𝑑𝛽, requiring a total cross section
area of 𝑞𝑑𝛽

𝜎 . These members all have a length of 𝑟. The total volume of members is therefore given by

𝑉 = 𝑟𝜃
𝑞

𝜎
+ 𝑟

∫︁ 𝜃

0

𝑞

𝜎
𝑑𝛽 = 𝑞

2𝑟𝜃

𝜎
(7.15)

By duality principles, equations (7.14) and (7.15) can be combined to give a constraint, which will be
identical to that shown in equation (7.13), once the relationship 𝜀 = 1

𝜎 is used.

7.3.2 Offset fan region

As fans with equal radii are not always possible when fixed nodal positions are imposed, an approximate region
for arbitrary |OA| and |OP| is required. To facilitate the calculation of the derivatives required for geometry
optimization, this region should be as simple as possible, ideally still consisting of straight 𝛼 lines.

Geometry

Numerical tests have suggested that under these conditions, the minimum volume structure has a constant (but
non-right angle) angle between the 𝛼 and 𝛽 lines. The difference between this angle and 𝜋

2 will be denoted by
𝜄. This region consists of straight 𝛼 lines radiating from the point O, and curved 𝛽 lines, which are no longer
circular arcs, as shown in Figure 7.3a.

To calculate the value of 𝜄, an arbitrary point S on the co-ordinate curve connecting A and P is considered.
Two points which are close to S are also defined as shown in Figure 7.3b; Ṡ is a point along an arc subtended
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(a)

O

A

P

𝑟𝑃

𝑟𝐴

𝜋
2 − 𝜄

𝜋
2 + 𝜄

𝜃

(b)

S
S′

Ṡ

𝑑𝛽 𝑟

O

A

P (c)

𝜄

𝑟𝑑𝛽

𝑑𝑟

S

S′

Ṡ

Figure 7.3: Offset circle region: Node positions and angle definitions. (a) Overall layout and dimensions.
(b) Points on a small slice of the region. (c) Locations of nearby points relative to point S.

by a small angle 𝑑𝛽 from S centred on O. The point S′ is the point on the same co-ordinate curve as S and on
the line ṠO. The distance from O to S is denoted as 𝑟𝑆 .

The distance from Ṡ to S′ is the change in the radius between S and S’, i.e. 𝑑𝑟, note that this may be positive
or negative, and the sign of this change also gives the sign of 𝜄. As 𝑑𝛽 becomes small, the arc ṠS tends towards
a line of length 𝑟𝑆𝑑𝛽. The right angled triangle ṠSS′, shown in Figure 7.3c, is then considered; 𝜄 is given by the
angle ∠ṠSS′.

tan 𝜄 =
𝑑𝑟

𝑟𝑑𝛽
(7.16)

→
∫︁

tan 𝜄𝑑𝛽 =

∫︁
1

𝑟
𝑑𝑟 → 𝛽 tan 𝜄 = ln 𝑟 + 𝑐 (7.17)

The integration constant, 𝑐, is found by use of the boundary condition at point A; when 𝛽 = 0, 𝑟 = 𝑟𝐴. Thus,

𝑐 = − ln 𝑟𝐴 → 𝛽 tan 𝜄 = ln

(︂
𝑟

𝑟𝐴

)︂
(7.18)

From the boundary condition at point P, that when 𝛽 = 𝜃, 𝑟 = 𝑟𝑃 , the expression for 𝜄 is found, and subsequently
the expression for the radius at an arbitrary point.

𝜃 tan 𝜄 = ln

(︂
𝑟𝑃
𝑟𝐴

)︂
→ 𝜄 = arctan

⎛
⎝

ln
(︁

𝑟𝑃
𝑟𝐴

)︁

𝜃

⎞
⎠ (7.19)

→ 𝑟 = 𝑟
(1− 𝛽

𝜃 )
𝐴 𝑟

𝛽
𝜃

𝑃 (7.20)

Static Form

As this region is necessarily sub-optimal, the static (primal) principles are the most appropriate setting for the
derivation of the optimization coefficients. 𝑞𝐴 and 𝑞𝑃 represent the magnitudes of the force applied by the
element on node A and P respectively. Similarly to the exact formulation, we assume a single concentrated 𝛽
line, AP, and infinitesimal 𝛼 lines.

Forces applied at points A or P must be in line with the outer coordinate line at that point. The components
of these which are perpendicular to the lines OA and OP are 𝑞𝐴 cos 𝜄 and 𝑞𝑃 cos 𝜄 respectively. Then equilibrium
of moments about point O implies

𝑟𝑃 𝑞𝑃 cos 𝜄 = 𝑟𝐴𝑞𝐴 cos 𝜄 (7.21)

→ 𝑞𝑃 =
𝑟𝐴
𝑟𝑃
𝑞𝐴 (7.22)

The remaining external force at O can be found by simply using horizontal and vertical equilibrium equations.

It has magnitude 𝑞

√︂
1 +

𝑟2A
𝑟2B

− 2 𝑟A
𝑟B

cos 𝜃. Therefore, the complete set of external forces is given as

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑟𝐴
𝑟𝑃

sin(Θ𝑃 − 𝜄) − sin(Θ𝐴 − 𝜄)

− 𝑟𝐴
𝑟𝑃

cos(Θ𝑃 − 𝜄) + cos(Θ𝐴 − 𝜄)

sin(Θ𝐴 − 𝜄)
− cos(Θ𝐴 − 𝜄)

− 𝑟𝐴
𝑟𝑃

sin(Θ𝑃 − 𝜄)
𝑟𝐴
𝑟𝑃

cos(Θ𝑃 − 𝜄)

⎤
⎥⎥⎥⎥⎥⎥⎦
𝑞𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑓𝑥𝑂
𝑓𝑦𝑂
𝑓𝑥𝐴
𝑓𝑦𝐴
𝑓𝑥𝑃
𝑓𝑦𝑃

⎤
⎥⎥⎥⎥⎥⎥⎦

(7.23)
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To derive an expression for the volume, consider again the triangle ṠSS′; the hypotenuse S to S’ defines a
short distance along the coordinate curve, 𝑑𝐿. The expression for this is

𝑑𝐿 =
√︀

(𝑑𝑟)2 + (𝑟𝑑𝛽)2 (7.24)

This can then be combines with equations (7.16) and (7.19) to give

𝑑𝐿 =

√︃(︂
ln 𝑟𝑃

𝑟𝐴

𝜃
𝑟𝑑𝛽

)︂2

+ (𝑟𝑑𝛽)2 → 𝑑𝐿 = 𝑟𝑑𝛽

√︃(︂
ln 𝑟𝑃

𝑟𝐴

𝜃

)︂2

+ 1 (7.25)

The cross-sectional area of the concentrated member from A to P at the arbitrary point, S will be proportional
to the force, 𝑞𝑆 , at that point. This is found by extending the reasoning of equation (7.22) to the arbitrary
point.

𝐴𝑆 =
𝑞𝑆
𝜎

(7.26)

→ 𝐴S =
1

𝜎

(︂
𝑟𝐴
𝑟𝑆
𝑞𝐴

)︂
(7.27)

The volume of the concentrated member is found by integrating between point A and P.

𝑉+ =

∫︁ P

A

(𝐴)𝑑𝐿 =

∫︁ P

A

(︁𝑟𝐴
𝜎𝑟
𝑞𝐴

)︁
𝑟𝑑𝛽

√︃(︂
ln 𝑟𝑃

𝑟𝐴

𝜃

)︂2

+ 1 (7.28)

=
𝑟𝐴𝑞𝐴
𝜎

√︃(︂
ln 𝑟𝑃

𝑟𝐴

𝜃

)︂2

+ 1

∫︁ 𝜃

0

𝑑𝛽 (7.29)

=
𝑟𝐴𝑞𝐴𝜃

𝜎

√︃(︂
ln 𝑟𝑃

𝑟𝐴

𝜃

)︂2

+ 1 (7.30)

=
𝑟𝐴𝑞𝐴𝜃

𝜎

√︀
tan2 𝜄+ 1 (7.31)

To find the volume of the infinitesimal members, consider a small segment subtended by 𝑑𝛽. The forces
along the outer concentrated member are related using the relationship of equation (7.16) to be in the ratio
1 : (1 + 𝑑𝛽 tan 𝜄). Equilibrium of this segment can then be considered to find that the force to be carried by

the infintessimal radial elements in this segment (as 𝑑𝛽 → 0) is 𝑞
√

1 + tan2 𝜄𝑑𝛽. This can be combined with
the expression for the radius (i.e. the length of the infinitesimal members) and the allowable stress to give the
volume in this segment. That expression is then integrated throughout the region A to P to find the total
contribution of all infinitesimal members.

𝑉− =

∫︁ P

A

𝑟𝑆
1

𝜎
(𝐴𝑆)

√︀
1 + tan2 𝜄𝑑𝛽 (7.32)

=
1

𝜎

√︀
1 + tan2 𝜄

∫︁ P

A

𝑟𝑆

(︂
𝑟𝐴
𝑟𝑆
𝑞𝐴

)︂
𝑑𝛽 (7.33)

=
𝑟𝐴𝑞𝐴
𝜎

√︀
1 + tan2 𝜄

∫︁ 𝜃

0

𝑑𝛽 (7.34)

=
𝑟𝐴𝑞𝐴𝜃

𝜎

√︀
1 + tan2 𝜄 (7.35)

Note that the values for 𝑉+ and 𝑉− are identical, this follows from Maxwell’s theorem (see equation (2.2))
as the constant 𝒫 is zero in this case. Combining the two relationships gives

𝑉 = 𝑉+ + 𝑉− = 𝑞𝐴

⎛
⎝2

𝑟𝐴𝜃

𝜎

√︃(︂
ln 𝑟𝑃

𝑟𝐴

𝜃

)︂2

+ 1

⎞
⎠ = 𝑞𝐴

(︂
2
𝑟𝐴𝜃

𝜎

√︀
tan2 𝜄+ 1

)︂
(7.36)

Thus all required coefficients for this member have been found. Note that at 𝑟𝐴 = 𝑟𝑃 , 𝜄 = 0 and these
expressions become equal to those for the perfect fan region.
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𝑝

𝑎̂𝜃
2
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R

𝑟𝐵
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Figure 7.4: Discrete approximation of a fan element. (a) Geometric definition of points and quantities. (b)
Circles of relative displacements, the red and blue lines are parallel to their respective lines in the physical plane
in (a). Also shown are the three right-angled triangles used to calculate ∆𝜔.

7.3.3 Discrete approximation

We can alternatively approximate the truss-like continuum structural regions discussed above by considering
discrete trusses of similar geometry. Figure 7.4a shows such a layout. Prager (1978b) considered trusses similar
to this, where 𝑎̂ = 𝜋

2 ; Zhou & Li (2004) also considered similar regions where 𝑝 = 𝑎̂. In both cases, the triangles
OPR and ORA (as shown in Figure 7.4) were similar; this relationship will be maintained here, and these mesh
cells will be referred to as J and K respectively.

Geometry

For a general set of points O,A and P, the values of 𝑎̂ and 𝑝 can be found using the similar triangles OPR and
ORA.

𝑟𝑃
sin(𝑎̂)

=
𝑟𝑅

sin(𝑝)
,

𝑟𝑅
sin(𝑎̂)

=
𝑟𝐴

sin(𝑝)
(7.37)

𝑟𝑃 sin(𝑝)

sin(𝑎̂)
= 𝑟𝑅 𝑟𝑅 =

𝑟𝐴 sin(𝑎̂)

sin(𝑝)
(7.38)

These relationships are combined to give,

𝑟𝑃 sin(𝑝)

sin(𝑎̂)
=
𝑟𝐴 sin(𝑎̂)

sin(𝑝)
(7.39)

𝑟𝑃
𝑟𝐴

=

(︂
sin(𝑎̂)

sin(𝑝)

)︂2

(7.40)

By also noting that 𝑎̂+ 𝑝+ 𝜃
2 = 𝜋, we find that

tan(𝑝) =
sin( 𝜃

2 )√︁
𝑟𝑃
𝑟𝐴

− cos( 𝜃
2 )

(7.41)

Additionally, the unknown bar lengths are given by

|OR| = 𝑟𝑅 =
√
𝑟𝐴𝑟𝑃 |PR| = 𝑟𝑃

sin 𝜃
2

sin 𝑎̂
|RA| = 𝑟𝐴

sin 𝜃
2

sin 𝑝
(7.42)

Static form

To calculate the optimization coefficients based on static principles, the external force at point A is assumed to
be aligned to the bar AR and of value 𝑞𝐴. Equilibrium at point R requires that the force in bar PR is equal to

𝑞𝐴
sin 𝑝
sin 𝑎̂ = 𝑞𝐴

√︁
𝑟𝐴
𝑟𝑃
. Similarly, the force in bar OR will be 𝑞𝐴

sin 𝜃
2

sin 𝑎̂ . Bars OA and OP will have zero force from

this element, although separate straight bar elements may be present.
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Therefore the external forces acting on this element will be
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− cos(𝑎̂− Θ𝐴) −
√︁

𝑟𝐴
𝑟𝑃

cos(Θ𝑃 + 𝑝)

sin(𝑎̂− Θ𝐴) −
√︁

𝑟𝐴
𝑟𝑃

sin(Θ𝑃 + 𝑝)

cos(𝑎̂− Θ𝐴)
− sin(𝑎̂− Θ𝐴)√︁
𝑟𝐴
𝑟𝑃

cos(Θ𝑃 + 𝑝)
√︁

𝑟𝐴
𝑟𝑃

sin(Θ𝑃 + 𝑝)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑞𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑓𝑥O
𝑓𝑦O
𝑓𝑥A
𝑓𝑦A
𝑓𝑥P
𝑓𝑦P

⎤
⎥⎥⎥⎥⎥⎥⎦

(7.43)

Note that if 𝑎̂ = 𝑝 = 𝜋
2 then these equations would become identical to the constraints of equation (7.14) for

exact fans. However, clearly a triangle with two right angles does not practically exist, and as such this is better
though of as a limit, indicating that these approximate elements become increasingly accurate when 𝜃 is small.

By combining the forces above with the lengths from equation (7.42) the volume of this element is shown
to be

𝑉 =
𝑞𝐴
𝜎

(︃
2
√
𝑟𝐴𝑟𝑃 sin( 𝜃

2 )

sin 𝑎̂
+
𝑟𝑃 sin 𝑝 sin 𝜃

2

sin2 𝑎̂

)︃
(7.44a)

=
𝑞𝐴
𝜎

(3𝑟𝐴 cos 𝑎̂+ 3
√
𝑟𝐴𝑟𝑃 cos 𝑝) (7.44b)

Kinematic form

To calculate the virtual deflection field, the circle of relative displacements (Prager, 1978b) is used, as shown
in Figure 7.4b. This shows the rotation and longitudinal strains of each bar as points on a circle(s) which
represents the strain of the relevant cell(s) of the mesh. Lines from each point to a pole on the circle are parallel
to the respective line in the physical plane. The poles for the mesh cells J and K are indicated.

The local displacement field 𝑢̇ is defined such that 𝑢̇𝑥O = 0, 𝑢̇𝑦O = 0. Each bar has a longitudinal strain equal
to ±𝜀; therefore to find the deflections of all the points, it remains only to find the values of ∆𝜔 and 𝜔0.

Consider the right-angled triangle aligned to the 𝜀 and 𝜔 axes with hypotenuse OA → AR, the length of the
hypotenuse will be referred to as ℎ.

ℎ =
2𝜀

sin
(︀
(𝜋
2 − 𝑎̂) + (𝜋

2 − 𝜃
2 )
)︀ =

2𝜀

sin(𝑝)
(7.45)

Now consider one half of the isosceles triangle between
−→
OA,

−→
AR and E1, the centre of the circle. This forms a

right angled triangle with a hypotenuse equal to the radius of the circle, 𝑅1.

𝑅1 =
0.5ℎ

sin(𝑎̂)
=

𝜀

sin(𝑎̂) sin(𝑝)
(7.46)

From this, the value of ∆𝜔 can be found.

∆𝜔 = 2𝑅1 sin(
𝜃

2
) = 2𝜀(cot(𝑎̂) + cot(𝑝)) (7.47)

Consider the local, 𝑢̇, reference frame at point A, in the direction parallel to the bar AR.

𝑢̇
‖AR
𝐴 = 𝑟𝐴𝜀 cos 𝑎̂+ 𝑟𝐴𝜔0 sin 𝑎̂ (7.48)

→ 𝜔0 =
𝑢̇
‖AR
𝐴

𝑟𝐴 sin 𝑎̂
− 𝜀

tan 𝑎̂
(7.49)

The deflection at the point P in the direction parallel to bar PR is

𝑢̇
‖PR
P = sin(𝑝) (𝑟𝑃𝜔0 + 4𝑟𝑃 𝜀(cot 𝑎̂+ cot 𝑝)) − 𝑟𝑃 𝜀 cos 𝑝 (7.50)

Combining these gives

𝑢̇
‖PR
P = 𝑟𝑃 sin(𝑝)

(︃
𝑢̇
‖AR
𝐴

𝑟𝐴 sin 𝑎̂
− 𝜀

tan 𝑎̂
+ 4𝜀(cot 𝑎̂+ cot 𝑝)

)︃
− 𝑟𝑃 𝜀 cos 𝑝 (7.51)

𝑢̇
‖PR
P −

√︂
𝑟𝑃
𝑟𝐴
𝑢̇
‖AR
𝐴 = 3𝑟𝑃 𝜀

(︂√︂
𝑟𝐴
𝑟𝑃

cos 𝑎̂+ cos 𝑝

)︂
(7.52)
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or equivalently √︂
𝑟𝐴
𝑟𝑃
𝑢̇
‖PR
P − 𝑢̇

‖AR
𝐴 = 3𝜀(𝑟𝐴 cos 𝑎̂+

√
𝑟𝐴𝑟𝑃 cos 𝑝) (7.53)

which, after appropriate transformation of the deflections, becomes identical to the values found from the primal
form.

7.4 Application of fan regions

7.4.1 Application in layout optimization

To implement the above fan elements in layout optimization, the problem is first solved using the standard
layout optimization method, i.e. with straight bar elements. Each set of three nodes is then checked. For
each triplet, three possible fans should be identified, corresponding to the cases where O is located at each of
the three nodes. Points A and P are then assigned by ensuring that the angle ∠AOP is less than 180∘ when
measured anti-clockwise.

If the three points are co-linear then the only element possible is when point O is the centre of the three
nodes, in which case 𝜃 = 𝜋. However, there is uncertainty as to the direction in which the region should lie.
Furthermore such regions will be fairly large compared to the nodal resolution of the problem; thus it is likely
that other nodes will allow it to be equivalently formed of multiple fan regions (noting that these need not be
in an exact position, which can instead be recovered during the layout optimization stage).

Similarly, it is simple at this stage to impose a limit on how far from a perfect circle the regions are allowed
to be, as either a value of the offset angle, 𝜄, or based on the difference between 𝑟𝐴 and 𝑟𝑃 . Any potential region
outside of this limit is simply omitted from the procedure. Limits on the design domain can also be imposed
once the geometry of a potential region has been calculated.

For each potential element, the constraints are then checked; using the offset fan constraints from equations
(7.23) and (7.36) is simplest as it allows the same equations to be used in all cases. However, the equation for
a perfect fan, equation (7.13), may also be used for cases where 𝑟𝐴 = 𝑟𝑃 to obtain the same results. If the
discrete approximation of this region is required (for example for compatibility with the region to be derived in
Section 7.5), then equations (7.43) and (7.44) are used.

7.4.2 Graphical interpretation of member adding

The member adding method of Gilbert & Tyas (2003) can be interpreted graphically. This section will first
outline this for the simple bar elements of standard layout optimization; a similar interpretation will then be
given for the fan elements.

The member adding method for bar elements

Figure 7.5a shows the resulting structure from the first iteration of the simple single load case problem shown.
The allowable stresses for compression and tension are equal, and will be denoted by 𝜎. By the Michell-Hemp
criteria, the strain at any point in the domain must be less than 1

𝜎 , i.e. 𝜀.
The initial ground structure was constructed using adjacent connectivity. Figure 7.5a also shows the cor-

responding virtual displacement field for this solution. Two nodes are highlighted with circles; currently the
ground structure does not contain a member connecting these two circles. However, the dual constraint for such
a member can still be calculated using ⎡

⎢⎢⎣

sin Θ
cos Θ
− sin Θ
− cos Θ

⎤
⎥⎥⎦

T ⎡
⎢⎢⎣

𝑢𝑥A
𝑢𝑦A
𝑢𝑥B
𝑢𝑦B

⎤
⎥⎥⎦ ≤ 𝜀𝑙 (7.54)

where Θ is the inclination of the relevant potential member, 𝑙 is the length of the relevant member and 𝑢 are
the virtual displacements of the end nodes A and B in the 𝑥 and 𝑦 directions. This constraint relates to the
compressive strain, a second constraint with the signs of the coefficients reversed relates to the tensile strain.
As values for 𝑢 may be obtained at all points in the ground structure, this constraint can be evaluated for any
pair of nodes, regardless of whether they are connected by a member in the ground structure.

If the virtual displacements at A and B are taken from the resulting displacement field in Figure 7.5a, only
𝑢𝑥B and 𝑢𝑦B remain as unknowns. Therefore equation (7.54) (as an equality) can be expressed as a straight line.
These lines, for both the compressive and tensile limits, have been plotted over the displacement field in Figure
7.5a, as has the line of zero virtual strain. It can be seen that the virtual displacement of the point B moves it
outside these lines; this indicates that the corresponding constraint is violated.
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(a) First iteration (b) Final iteration

Form Virtual displacements Form Virtual displacements

A

B

A

B

Figure 7.5: Graphical interpretation of the member adding method for bar elements. (a) Form and virtual
deflection field after first iteration (adjacent connectivity ground structure). (b) Form and virtual deflection
field of final solution.

The final solution, after all member adding iterations have occurred, is shown in Figure 7.5b; the member
from A to B is now present in the structure. The virtual strain field is also shown, again with the limiting lines
for the member under consideration. It is now seen that the displacement of node B lies directly on the line of
the compressive limit, as must be the case for the member to have a non-zero area.

The member adding method for fan elements

The graphical interpretation will now be extended to cover the newly derived fan elements. The structure from
Figure 7.5b is reproduced as Figure 7.6a, except that now the labels superimposed on the virtual deflection field
relate to a potential fan element connecting the indicated points O, A and P.

The constraints for a perfect fan element from equation (7.13) are used to provide the most intuitive inter-
pretation. Duality principles could be used on equations (7.23) and (7.36) to the same effect, but with increased
complexity of calculation.

The limits imposed by straight bars OA and OP are marked; these members have already been checked
as part of the standard layout optimization procedure and therefore will not be violated at this point. These
correspond to the first two constraints of equation (7.13).

The third constraint of equation (7.13) will now be considered. By considering it at equality and rearranging
it is possible to obtain

𝑢𝑦A =
sin ΘA

cos ΘA
𝑢𝑥A +

⎛
⎜⎜⎝

⎡
⎢⎢⎣

sin ΘP − sin ΘA

cos ΘA − cos ΘP

− sin ΘP

cos ΘP

⎤
⎥⎥⎦

T ⎡
⎢⎢⎣

𝑢𝑥O
𝑢𝑦O
𝑢𝑥P
𝑢𝑦P

⎤
⎥⎥⎦− 2𝑟𝜃𝜀

⎞
⎟⎟⎠ (7.55)

If the deflections of points O and P are taken as fixed, then this defines a limiting line for the virtual
deflection of A. This limiting line has a gradient of tan ΘA, i.e. it is parallel to the line OA. Different values
for the displacements of points O and A will cause the line to be translated; moving of the point O will appear
to approximately move the line in the same manner, whilst movement of the point P will result in a movement
similar to a rotation about the point O.

The line of equation (7.55), and the corresponding line of the opposite sense, are marked on the virtual
displacement field of Figure 7.6a as solid lines, with the colours corresponding to the sense of the force in the
infinitesimal radial members. The virtual deflection of point A takes it over this line (although as the violation
is only 2.5% this is not immediately obvious).

Therefore, when the member adding procedure evaluates the potential fan OAP it identifies it as a potentially
advantageous element, and it is added in the next iteration. This iteration then produces the result in Figure
7.6b. From the virtual deflection field it can be seen that the deflection of point A now causes it to lie on the
limiting line. Furthermore, no other potential elements are found to violate the relevant constraint; thus the
algorithm terminates and the structure in Figure 7.6b is returned as the overall solution.

As the theoretical solution for this problem consists of only a single fan region, the numerical result obtained
by this method is limited in its accuracy only by the tolerances of the solver and the precision with which
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(a) After adding of straight elements (b) After adding of fan elements

Form Virtual displacements Form Virtual displacements

O

P

A O

P

A

Figure 7.6: Graphical interpretation of the member adding method for fan elements.
(a) Form and virtual deflection field after final iteration using only bars, i.e. Figure 7.5b.
(b) Form and virtual deflection field of final solution including fan elements.
The virtual deflections of some points in the vicinity of A have been omitted for clarity.

the calculations have been performed. Here the solution matches the theoretical volume (= 𝜋) to 8 significant
figures.

7.4.3 Application in geometry optimization

To further refine the solutions, the geometry optimization method of He & Gilbert (2015) is extended to
incorporate the fan regions described here. The layout optimization solution is first filtered to remove members
with essentially zero cross-section areas, and also nodes which connect only to the removed members. The
problem is then reformulated, incorporating the positions of the nodes as variables. This problem becomes
non-linear, but the use of a starting point derived from layout optimization ensures that it is possible to find
good results.

The problem is solved using an open source implementation of the primal-dual interior point method
(Wächter & Biegler, 2006). This method makes use of gradient information; specifically, it requires partial
derivatives of objective and constraint values for each variable. If the constraints derived from the exact form
in equations (7.14) and (7.15) are used then an issue is encountered. This is because the value of 𝑟 does not
have a well defined derivative with respect to the position variables, even when the positions of the nodes are
such that the member is a perfect fan.

Instead equations (7.23) and (7.36) for the offset fan are used to find the constraint values and derivatives.
Equations (7.23) and (7.36) can be written explicitly in the geometry optimization variables using simple
geometrical expressions (

√︀
(𝑥A − 𝑥O)2 + (𝑦A − 𝑦O)2 = 𝑟A etc.), and the required derivatives then obtained.

It is found that, when the true solution consists of fan regions, the optimization naturally causes these
regions to tend towards perfectly circular fans; no artificial penalisation of highly offset regions is required.
When the true solution consists of more complex curves, these may be approximated more accurately by offset
fan regions than by straight bars. In this case, the fan elements may not tend to perfect circles after geometry
optimization. However, once more advanced regions (see Appendix C) are incorporated, these should provide
an even better approximation in these areas, eliminating the offset fans.

Several further details of the method require care. Removal of in-line (straight bar) members is necessary in
the geometry optimization procedure as they may otherwise freely migrate along an axis (He & Gilbert, 2015).
A similar phenomenon can be observed if two fans share a central point O, and an end node A / P which has
no other members connecting to it. The mitigation is again similar to the 1D case, the two fans and the shared
A / P node should be removed and replaced by a single, larger fan. Furthermore, care must be taken during
operations such as node merging to preserve the orders of the nodes O, A and P.
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7.4.4 Example: Simply supported central point load

The proposed method will first be applied to the problem shown in Figure 7.7, consisting of a point load of
magnitude 𝑄, located equidistant between simple supports which are positioned 2𝐿 apart. The point load is
applied at a height of 𝑑 above the level of the supports.

𝑄

𝐿 𝐿

𝑑

Figure 7.7: Point load example: Problem specification.

This example, with 𝑑 = 0, was one of Michell’s original 1904 problems. The support conditions are statically
determinate, and thus the optimal layout will not change based on the material’s relative strength in tension
and compression. The problem, for a range of values of 𝑑, was also considered by Hemp (1973, eqn 4.70) who
gives the total volume, 𝑉 , as

𝑉 =
1
2𝑄𝐿

𝜎𝐶𝜎𝑇

(︂
(𝜎𝑇 + 𝜎𝐶)

(︁
1 +

𝜋

2

)︁
+ (𝜎𝑇 − 𝜎𝐶)

ℎ

𝐿

)︂
(7.56)

where 𝜎𝑇 and 𝜎𝐶 are the permissible stresses in tension and compression respectively. Here, only the case
𝜎𝑇 = 𝜎𝐶 = 𝜎 will be considered. In this case, the volume may be given by

𝑉 =
𝑄𝐿

𝜎

(︁
1 +

𝜋

2

)︁
≈ 2.570796

𝑄𝐿

𝜎
(7.57)

The problem was solved using the proposed numerical method, using a nodal grid with spacing of 𝐿
6 (total

169 nodes, 14,196 potential bars and 2,370,732 potential fans); results are shown in Figure 7.8. No limits
were imposed on regions extending outside the area, as this is generally considered to be a full plane problem.
However, the initial ground structure nodes were spread only over a 2𝐿× 2𝐿 square.

The resulting structures were then subjected to geometry optimization for further refinement, and these
results are also shown in Figure 7.8. These results show excellent agreement with the analytical result, in terms
of both the overall volume and the form of the solutions. In addition, the make-up of the solution from two
fans and four straight bars is very clear. These results generally required less than two minutes to solve both
the layout and geometry optimization stages.

After the layout optimization stage, it can be seen in some cases that ground structure nodes were already
appropriately located to provide a solution which is very close to the optimal. In these cases, the error slightly
increased after geometry optimization, due to the higher tolerances which are preferred to solve the NLP
problem. However, in all cases, very good agreement with the analytical solution is seen after both layout and
geometry optimization.
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𝑑
Layout optimization Layout and geometry optimization

𝑡 (s) Vol.
(︁

𝑄𝐿
𝜎

)︁
Error 𝑡† (s) Vol.

(︁
𝑄𝐿
𝜎

)︁
Error

0 54 2.5708 9 × 10−11% 0.8 2.5708 3 × 10−6%

𝐿

6
65 2.5741 0.13% 22 2.5708 4 × 10−6%

2𝐿

6
65 2.5708 1 × 10−11% 0.9 2.5708 3 × 10−6%

3𝐿

6
44 2.5772 0.25% 14 2.5708 4 × 10−6%

4𝐿

6
87 2.5708 1 × 10−7% 1 2.5708 3 × 10−6%

5𝐿

6
77 2.5854 0.57% 98 2.5708 4 × 10−6%

6𝐿

6
56 2.5708 2 × 10−11% 0.8 2.5708 3 × 10−6%

† Time for geometry optimization step only.

Figure 7.8: Point load example: Results of layout and geometry optimization for various values of 𝑑. Errors
are compared to the analytical value given by equation (7.57).
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7.4.5 Example: Continuous multi-span bridge

The next problem that will be considered is a simplified bridge structure similar to that studied by Pichugin
et al. (2015). The structure must support a uniform load along the bottom of the design domain, and has
infinitely many spans of length 2𝐿. Pichugin et al. (2015) propose a minimum volume (for a distributed load of
𝑤 per unit length) of

𝑉 =

(︂
3∆𝜎 + 5

6
√

∆𝜎

+
(1 + ∆𝜎)2

2∆𝜎
arctan

√︀
∆𝜎

)︂
𝑤𝐿2

𝜎
(7.58)

where ∆𝜎 = 𝜎𝐶

𝜎𝑇
and 𝜎 = 𝜎𝑇+𝜎𝐶

2 .

Here, the cases where 𝜎𝑇 = 𝜎𝐶 or 𝜎𝑇 = 2𝜎𝐶 will be considered. For equal tension and compression strength

(𝜎𝑇 = 𝜎𝐶 = 𝜎) the volume is
(︀
4
3 + 𝜋

2

)︀
𝑤𝐿2

𝜎 ≈ 2.90413𝑤𝐿2

𝜎 . For 𝜎𝑇 = 2𝜎𝐶 equation (7.58) gives a volume of

approximately 2.916894𝑤𝐿2

𝜎 = 3.88919𝑤𝐿2

𝜎𝑇
.

Extending the derivation of Section 7.3.2 to unequal stresses is fairly simple; equations (7.31) and (7.35) are
altered to use 𝜎𝑇 or 𝜎𝐶 as appropriate, before being combined to form equation (7.36).

The problem has been solved using the RAGS method, one half span was modelled using symmetry boundary
conditions. A maximum height of 0.8𝐿 was allowed and a 20×10 grid of nodes was used, the forces were
discretised in accordance with the method of Darwich et al. (2010). Results for 𝜎𝑇 = 𝜎𝐶 and for 𝜎𝑇 = 2𝜎𝐶 are
shown in Figure 7.9. The errors here are somewhat higher than those found in the previous example, however
a significant proportion of this error is likely to be caused by the discretisation of the load.

In the layout optimization result of Figure 7.9a, a faint arching fan region (i.e. with tensile spokes) can be
observed. This was suggested to be the form of the strain field outside of the structure by Pichugin et al. (2015,
figure 4). This shows the potential that this method has for finding not only regions within the structure but
through the remainder of the plane as well. This could be further developed by outputting region elements
which are fully strained even if they are not carrying any force; this may provide considerable assistance in
analytically verifying the optimal solutions.

Layout optimization Layout and geometry optimization
(a)

𝐿

Time (s) Volume Error Time (s) Volume Error

889 2.9111 𝑤𝐿2

𝜎 0.24% 61 2.9091 𝑤𝐿2

𝜎 0.17%

(b)

Time (s) Volume Error Time (s) Volume Error

363 3.8999𝑤𝐿2

𝜎𝑇
0.28% 72 3.8992𝑤𝐿2

𝜎𝑇
0.26%

Figure 7.9: Bridge example: solutions with (a) 𝜎𝑇 = 𝜎𝐶 and (b) 𝜎𝑇 = 2𝜎𝐶 . Errors are relative to the
analytical solution for a problem with continuously distributed loading.
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7.5 Discrete approximation of four node regions

The next element to be considered will be of type 𝑇1, i.e. consisting of two sets of curvilinear members. However,
the equations of such elements are rather complex; therefore this section will consider a discrete approximation
of this region. Work towards obtaining a solution for the continuum region may be found in Appendix C.3.

The discrete approximation method applied previously in Section 7.3.3 can be extended to cover more
complex regions. Such elements have been studied by (Prager, 1978a,b) and Mazurek et al. (2011) amongst
others. Such structures are constructed from a mesh of members forming quadrilateral or triangle mesh cells,
where each cell forms the same angles at corresponding corners; these will be referred to as 𝑎̂, 𝑏̂, 𝑜 and 𝑝
according to which corner point they are adjacent to. Each cell must be a cyclic quadrilateral, and two opposite
angles 𝑎̂ and 𝑏̂ are determined by the ratio of the material’s tensile and compressive strengths, being right angles
when they are equal, as shown in Figure 7.10b.

Thus the first problem to be tackled, in Section 7.5.1, is to establish the geometry of such a region (if such
a geometry is possible) for a given set of 4 arbitrary points. This can then be used to find the appropriate
constraint on the nodal displacements.

The number of cells in the mesh region under consideration must be decided. To allow symmetry, it has been
chosen that the number cells should be equal in each direction. For a 1 × 1 grid of mesh cells, the geometrical
rules can be obeyed only if the 4 points lie on a single circle; this is generally not true. Grids of 3 × 3 can
be shown to produce multiple possible solutions for the same set of input nodes; whilst this problem could be
tackled using an approach similar to Smith & Gilbert (2013), the additional complexity is undesirable. Therefore
a 2 × 2 grid, as shown in Figure 7.10, will be used here.

(a)

? = 63.5?

(b)

Figure 7.10: Discrete approximation of four node region: Labels and angles. (a) Labels of points and bars,
large blue points are nodes of the ground structure and smaller brown points are internal points of the region.
(b) Internal angles of each mesh cell, case where 𝜎𝑇 = 𝜎𝐶 , and therefore two opposing right angles are present.
All solid green angles are equal, and will be denoted by 𝑝. All outlined orange angles are equal and will be
denoted by 𝑜.

7.5.1 Geometry of a 2× 2 cell mesh

This section concerns identification of the geometry of the region obeying the above rules and connecting an
arbitrary set of four nodes, O, A, B and P. The additional points within this element will be denoted by R
and subscripts indicating the joints to which they connect; the subscript M will denote the middle point. These
labels are shown in Figure 7.10. The relevant geometrical relationships and associated equations are first found;
a summary of the required procedure is given at the end of the section.

All possible regions with a fixed O and P are considered; by simple scaling and rotation, this may be applied
to any set of positions and so generality is not affected. For a given value of 𝑝 and a given inclination of the bar
RAP − 𝑃 , there are four possible degenerate extreme cases which occur when one or more edges of the layout
have a zero length. These are illustrated in Figure 7.11a-d. The locations of points A and B given by these
layouts form two cyclic quadrilaterals, A and B, with angles equal to those found in the mesh. A and B are
shaded in blue in Figures 7.11 and 7.12

These two quadrilaterals are rotational images of each other; specifically a rotation of 2𝑝 about a point
which will be referred to as M. Furthermore, any point A within the quadrilateral A permits the construction
of a permissible layout with the given values of 𝑝 and inclination of RAP − 𝑃 , resulting in point B lying in the
corresponding rotated location in B. This is shown in Figure 7.12a.
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? = 63.5? ? = 63.5?

(a) Extreme layout with lines O−R𝑂𝐴 and O−R𝑂𝐵

being infinitesimally short.
(b) Extreme layout with lines O−R𝑂𝐴 and R𝑂𝐵−B
being infinitesimally short.

? = 63.5? ? = 63.5?

(c) Extreme layout with lines R𝑂𝐴−A and R𝑂𝐵−B
being infinitesimally short.

(d) Extreme layout with lines O−R𝑂𝐴 and R𝑂𝐵−B
being infinitesimally short.

ee33

ff44

(e) Limit of ∠AOB ≤ 2𝜋 − 3𝑝 (f) Limit of ∠AOB ≥ 𝜋 − 𝑝 (g) ∠AZB ≤ 𝑝 where Z is on the
line OP and |PZ| = 𝐷(1 + cos(2𝑝)).

Figure 7.11: The range of possible layouts of the approximated four node region for a given value of 𝑝 = 63.5∘

and inclination of the line RAP − P. The shaded regions are A and B, cyclic quadrilateral with angles 𝑝, 𝜋2 , 𝑜

and 𝑝𝑖
2 , which contain all possible locations of the points A and B for the given parameters.

(a)-(d) The layouts corresponding to the corner points of the shaded regions.
(e)-(g) Limits which define edges of the shaded regions.
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? = 63.5?

s5
t5

a5

? = 63.5?

(a) Perpendicular bisectors of pairs
of A,B locations for extreme layouts
and pictured layout, intersecting at
the centre of rotation M.

(b) Locations of dimensions used
for calculation of 𝑝. The two solid
blue lines are parallel.

(c) Perpendicular bisectors of 𝑜 at
point O, and 𝑝 at P, are parallel and
intersect the line MC at J1 and J2,
on the circle with diameter OP.

Figure 7.12: Further relationships and quantities for a given value of 𝑝 and inclination of line RAPP. The
inner circle is centred on point C, the centre point of line OP.

The point M lies on a circle centred on the point C, the midpoint of the line OP. The circle has radius

|MC| = 0.5|OP| cos 𝑝 = |OC| cos 𝑝 (7.59)

As the chosen inclination of RAP − 𝑃 is changed, the point M moves around the circle.
It now remains to formulate these relationships as an equation which may be solved to find 𝑝 from the

locations of the points. A number of quantities are defined in Figure 7.12b, which may be easily obtained through
simple geometrical operations on the points O, A, B and P. The minimum distance from the perpendicular
bisector of AB to point C is denoted by 𝜏 , 𝑧 is the distance from the line AB to a parallel line through C. 𝑧 is

the distance from the same line through C to the point M. Also used are the distances |MC|, |AB|
2 and |OC|.

Consider the orange right angled triangle in Figure 7.12b, it has leg lengths 𝜏 and 𝑧. The hypotenuse of this
triangle has length |MC|. Thus,

𝑧 =
√︀
|OC|2 cos2 𝑝− 𝜏2 (7.60)

Next consider the green right-angled triangle with hypotenuse BM and leg lengths |AB|
2 and 𝑧−𝑧. The angle

marked in Figure 7.12b is equal to 𝑝. Therefore this triangle and equation (7.60) implyt

𝑧 − 𝑧 = 𝑧 −
√︀
|OC|2 cos2 𝑝− 𝜏2 =

0.5|AB|
tan 𝑝

=
0.5|AB| cos 𝑝

sin 𝑝
(7.61)

Square both sides and introduce the notation sin2 𝑝 = 𝑒 (therefore (1 − 𝑒) = cos2 𝑝) to simplify the equation.

𝑧2 − 2𝑧
√︀
|OC|2(1 − 𝑒) − 𝜏2 + |OC|2(1 − 𝑒) − 𝜏2 =

(0.5|AB|)2(1 − 𝑒)

𝑒
(7.62)

(︁
𝑧2𝑒+ |OC|2𝑒− |OC|2𝑒2 − |AB|

2

2
+ |AB|

2

2
𝑒
)︁2

=
(︁

2𝑧𝑒
√︀
|OC|2 − |OC|2𝑒− 𝜏2

)︁2
(7.63)

Expanding this gives a quartic equation in 𝑒.

𝑜4𝑒
4 + 𝑜3𝑒

3 + 𝑜2𝑒
2 + 𝑜1𝑒+ 𝑜0 = 0 (7.64a)

where

𝑜4 =|OC|4 (7.64b)

𝑜3 =2𝑧2|OC|2 − 2 |AB|
2

2|OC|2 + 2|OC|2𝜏2 − 2|OC|4 (7.64c)

𝑜2 = |AB|
2

4
+ 𝑧4 + |OC|4 + 𝜏4 + 2 |AB|

2

2
𝑧2 + 4 |AB|

2

2|OC|2 − 2 |AB|
2

2
𝜏2 − 2𝑧2|OC|2 + 2𝑧2𝜏2 − 2|OC|2𝜏2 (7.64d)

𝑜1 =2
(︁

|AB|
2

)︁2
𝜏2 − 2 |AB|

2

2
𝑧2 − 2 |AB|

2

2|OC|2 − 2 |AB|
2

4
(7.64e)

𝑜0 = |AB|
2

4
(7.64f)
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The value of 𝑒 found from equation (7.64) furnishes a value of 𝑝; some care may be required to ensure that
the correct root is chosen such that 𝑝 is real. Note that there will not always be real roots to this equation;
some combinations of locations do not produce a valid region of this type.

The value of 𝑝 is one of the initially fixed values, the other being the inclination of the line RAP − P. To
represent the inclination as a variable the value 𝜙 is used, which is defined as the angle between the line OP
and the angle bisector of 𝑝 at P, as shown in Figure 7.12c.

To calculate 𝜙, note that the ∠OCM = ∠OCJ1 = 2𝜙. The location of the point M may be calculated by

noting that it lies a distance of |AB|
2 tan 𝑝 away from the midpoint of a line AB, along its perpendicular bisector.

The angle formed by these three points may then be found by any suitable method. Alternative methods of
calculating 2𝜙 are possible, but note that the value of 𝜏 is frequently very small, so methods which use this can
lead to significant errors when limited precision is available.

The values of 𝑝 and 𝜙 found above may imply a layout in which one or more bars have a negative length.
To ensure that these are eliminated from consideration, the limiting values (where the bars have zero length)
must be considered. These occur when A and B lie on the edges of polygons A and B.

One such limit may be derived from the layout shown in Figure 7.11a, the angle ∠AOB for any possible
region must be less than the ∠AOB in this case, which is composed of the angles labelled in Figure 7.11e. The
lower limit on ∠AOB is derived from the angle highlighted in Figure 7.11f. Combining these gives

𝜋 − 𝑝 ≤ ∠AOB ≤ 2𝜋 − 3𝑝 (7.65)

A further limit is identified in Figure 7.11g. Two of the edges of A and B are parallel to RAP−P and RBP−P
respectively, and therefore that lines extended from these edges must meet at an angle 𝑝. The point at which
these lines meet will be denoted as Z and lies on the line OP such that |PZ| = |OC|(1 + cos(2𝑝)). Therefore the
angle ∠AZB must be less than or equal to 𝑝 for any feasible region.

The remaining edges (those closest to point O) of A and B do not form an angle with a static point, making
direct calculation of their equation complicated. However, note that as A and B are rotated images, these two
edges do not correspond to one another. Therefore we can eliminate these layouts by tightening the bounds on
the opposite edge using 𝜙. The required limit is the lower bound in equation (7.65). Thus,

∠AOP ≥ 𝜋 − 𝑝− 𝜙 (7.66a)

∠BOP ≥ 𝜋 − 𝑝+ 𝜙 (7.66b)

Once the values of 𝑝 and 𝜙 have been established, the internal lines and points can be easily calculated.

Summary of calculation method for geometry of discrete region

The overall procedure to calculate the geometry of a potential four node element from the positions of the
ground structure nodes therefore proceeds as follows:

∙ Calculate 𝑝 value

– Calculate distances |OC| and 0.5|AB| (as defined in Figure 7.12b).

– Calculate the positions of point C and midpoint of AB

– Find the lines: through C and parallel to AB
through the midpoint of AB and perpendicular to AB.

– Intersect these lines and calculate the values of 𝑧 and 𝜏 (as defined in Figure 7.12b)

– Find the coefficients of equation (7.64) and solve the quartic equation to find values for 𝑒 = sin2 𝑝.
If no real roots exist then discard the potential element.

– Find corresponding values of 𝑝. If no real values exist (e.g. 𝑒 < 0) then discard the potential element.

∙ Check the value of 𝑝 is in the range given by equation (7.65) and Figure 7.11e-f.

∙ Find point Z and check that the resulting angle ∠AZB ≤ 𝑝 (Figure 7.11g).

∙ Find 𝜙.

– Find the position of the point M

– Calculate the angle ∠OCM.

– Use expression 𝜙 = ∠OCM
2 from Figure 7.12c.

∙ Check strengthened versions of limits from equation (7.66).

∙ Calculate lines from nodes O, A, B and P to adjoining R points .

∙ Intersect relevant lines to find the location of ROA, ROB, RAP and RBP.

∙ Find lines connecting to these points going towards RM.

∙ Intersect to find the location of RM.
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Figure 7.13: Primal (static) derivation of a discrete approximated quad element.

7.5.2 Static derivation of constraints

The geometry obtained above is subjected to a force of magnitude 𝑞1 applied at the point P and aligned with
the bar PRBP. For convenience, the bars have been assigned names as shown in Figure 7.10a. The internal
forces in each bar have been calculated and are shown in Figure 7.13, where positive values denote a force of the
‘expected’ sense for that bar. The resulting forces at the nodes have also been calculated, and when converted
to global coordinates give
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(7.67)

where ΘB
P is the angle of the bar PRBP, (i.e. bar B5) to the global 𝑥-axis.

The volume can be calculated by simply summing the lengths and areas of each bar.
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A second independent force variable, which will be denoted 𝑞2, can be established by the use of similar
principles with the force 𝑞2 applied to the bar A5.

7.5.3 Example: Michell cantilever

Consider the simple Michell cantilever problem shown in Figure 7.14, the supports are a distance 2𝑑 apart,
and the force is applied at a distance of 5𝑑 from the line of the supports. The force has magnitude 2𝑄 and
the material has a limiting stress of 𝜎 in both tension and compression. The ground structure consists of 6
nodes, and the initial ground structure contains all possible straight bar elements connecting these points. This
problem was previously considered using mixed integer linear programming methods in Section 6.4.3, and the
theoretical minimum volume is calculated using expressions from Chan (1960) to be 𝑉𝑇 = 39.43𝑄𝑑

𝜎 .
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Figure 7.14: Michell cantilever: Iteration 1. 𝑉 = 1.056𝑉𝑇 . (a) output structure, (b) exploded view.

The output of the first iteration (using the fully connected ground structure of bars) is shown in Figure 7.14.
The structure consists of 8 straight bar elements, and has a volume of 41.62𝑄𝑑

𝜎 .
The dual solution of this problem gives a virtual displacement field; this is checked first to see if any potential

straight bar elements have a violated constraint. As all possible bars were included in the ground structure, all
such constraints were already considered by the solver and thus no new bar members are added.

As no violated bar members are found, potential fan region elements are now checked. Each triplet of nodes
is considered with respect to the constraint of equation (7.53). Two potential regions are found to violate this
constraint, both having a relative violation of 5.3%. These elements are therefore added to the ground structure,
and the solver is called on the new problem. The result of this second iteration is shown in Figure 7.15, and
consists of two discretely approximated fan regions and 6 straight bars.

Figure 7.15: Michell cantilever: Iteration 2. 𝑉 = 1.046𝑉𝑇 . (a) output structure, (b) exploded view.

The virtual displacement field from iteration 2 is now checked, first for violating potential straight bar
elements, of which there are none; then for potential violating fan elements, of which there are also none.
Therefore checks for four node regions are undertaken, using the dual of equations (7.67) and (7.68). One
violating region is found with a relative violation of 14.8% for both the 𝑞1 and 𝑞2 constraints.

This region is added to the ground structure, and the problem is again solved. The result of this third
iteration is shown in Figure 7.16. The solution consists of one quad region, two fan regions and four straight
bars. The volume of this structure is 40.05𝑄𝑑

𝜎 , in increase of 1.6% over the theoretical minimum volume. Observe
that this matches the result for a structure with 11 joints identified in Figure 6.20.

Finally, the virtual deflection field of the solution in Figure 7.16 is checked, but no bars, fans or four node
elements are found to violate a constraint. Therefore this solution is the overall optimum to the problem

Figure 7.16: Michell cantilever: Final (3rd) iteration. 𝑉 = 1.016𝑉𝑇 . (a) output structure, (b) exploded view.
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Figure 7.17: Michell cantilever: Result with bars and increased no. of ground structure nodes. 𝑉 = 1.016𝑉𝑇

including all bars, fans or four node elements connecting these 6 nodes.
It is somewhat challenging to interpret the meaning of bars A1, A2, B1 and B2 (see Figure 7.13) of the four

node region in this solution. These bars have been marked with grey dashed lines in Figure 7.16, with the line’s
thickness corresponding to the magnitude of the force as calculated using the relationships from Figure 7.13. To
provide a comparison, the five internal points of this element, as calculated using the geometrical relationships
in Section 7.5.1, are added to the problem. This is then solved using a fully connected ground structure of bars,
and no region based elements, and the resulting structure is shown in Figure 7.17.

The structures of Figure 7.16 and Figure 7.17 are identical in volume. Furthermore, the areas of all bars,
with the exception of A1, A2, B1 and B2, are identical in the two structures. In this case, the bars A1, A2,
B1 and B2 are co-incident with the bars of the adjacent fan region, but this will not be the case for arbitrary
nodal positions. The area of the bars in Figure 7.17 which are in the location of bars A1, A2, B1 and B2 have
an area which may be calculated as follows: take the area of the (dotted) member from the four node region,
and subtract it from the area of the co-incident bar from the adjacent fan region.

Whilst this allows us to construct the correct solution from the result of Figure 7.16, it is less clear how this
may be applied if there is not an exactly corresponding member (i.e. if the intermediate nodes based calculated
from the fans differ from those calculated from the four node element), furthermore, this does not provide a
satisfactory physical interpretation. To address this, derivations based on the kinematic form are presented in
Appendix C.3.5.

7.6 Discussion

This chapter has presented a novel method for numerically identifying Michell structures consisting of a number
of regions. This has allowed solutions with volumes within a fraction of a percent of known analytical values to
be obtained numerically. However, these results have thus far been limited to solutions with fan type regions.

A more general region, connecting four ground structure nodes, would allow the vast majority of problems
to be tackled. A discrete approximation of this region has been presented here, and tested on a simple Michell
cantilever problem.

Extensions of the method may also extend the usefulness of the results. When a sufficiently large design
domain is used, together with appropriate handling of numerical errors, the output could be altered to show
fully strained regions which have zero force. This would be helpful in suggesting potential strain fields which
could then be used in analytical solutions to prove their optimality.

Conceptually, this method is very simple to extend to problems with multiple load cases. This could be
achieved in a similar manner to the problem with straight bars; each element is assigned a force variable for each
load case, and an overall variable representing the maximum absolute force value (analogous to area variables
in the standard formulation). There is significant potential for benefits in multiple load case problems due to
the complex and overlapping nature of the forms. However, most known problems are too complex to be solved
using the elements developed to date.

Initial studies concerning the implementation of the remaining classes of regions may be found in Appendix
C. For regions of type 𝑇1 which have two boundary curves OA and OB given by circular arcs (as is very common
for regions of type 𝑇1 in the literature), it is found that normalisation in the manner of Figure 7.11 leads to a
similar rotational relationship to the one described in Figure 7.12. For implementation in this framework, the
𝑇1 region is the most important as it will be capable of closely approximating other regions, such as those of
type 𝑇2.
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Chapter 8

Discussion

In the previous chapters, several techniques have been proposed to address issues which could affect the uptake
of structural optimization methods in practice. This chapter will discuss how the proposed methods can be used
in combination, their applicability to real world problems, and potential further developments and refinements.

How the methods may be used in combination is first discussed in Section 8.1. Generally the approaches
described in the previous chapters may be used simultaneously, although there are some aspects in which care
must be taken. Section 8.2 discusses numerical issues encountered with the proposed formulations.

Many of the numerical issues associated with the MILP formulations could be sidestepped by use of a more
direct method. Section 8.3 directly studies the solution spaces of layout optimization problems in order to
develop such an approach. The importance of basic solutions is demonstrated, and vertex enumeration methods
are used in order to identify them. This approach has the potential to produce Pareto fronts showing the trade
off between efficiency and complexity in a single run. It is also shown that an algorithm designed to tackle
cardinality constrained optimization can be successfully adapted to handle a range of complexity measures.

Section 8.4 applies methods from the previous chapters to two case studies drawn from real world problems.
This shows how the methods can be used to answer the questions a designer may pose concerning the possible
efficiency of a number of typical forms, as well as intermediate solutions combining such designs. A fully three
dimensional example is also presented to show how these methods may be applied in such cases.
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8.1 Combined application of the proposed methods

8.1.1 Simplification of structures under self-weight loading

The use of integer programming to identify simpler versions of structures can be easily combined with the
distributed self-weight method for problems with a single load case. The curved and non-prismatic bars used in
the distributed self-weight method would increase the comparative complexity of the results identified, although
for everyday spans the difference in the geometry is negligible, and for slightly larger spans could potentially be
considered as part of the pre-camber.

The foundations and counterweights described in Chapter 5 would also be compatible with the addition of
constraints on complexity. When complexity is reduced, this generally has the effect of increasing the volume of
the structural members more than the magnitude of the reaction forces; as such it is likely that the addition of
complexity constraints will lead to a greater use of counterweights and anchorages when other parameters are
constant. A similar effect has been observed when the complexity was restricted by the use of a coarse ground
structure, see Appendix B. Furthermore, modified versions of the integer programming limits could be applied
to allow only a certain number of foundation points or counterweight locations.

Symmetry, complexity and self-weight

Issues that arise when simultaneously considering symmetry and complexity limits were discussed in Section
6.4, and a modified constraint was proposed which could ignore joints on the symmetry plane which connected
only two parallel members, such as the case shown in Figure 8.1a.

However, if the distributed self-weight method is also to be used, then these members would no longer be
perpendicular to the symmetry plane, and an additional member(s) would be required to ensure equilibrium, as
shown in Figure 8.1b. This problem is not specific to the distributed self-weight method, as Figure 8.1c shows,
the lumped self-weight force also requires the addition of another member. Note that this problem is generally
only encountered when both symmetry and a limit on the number of members/joints is required; otherwise the
additional member added in the layout optimization phase is will often simply be removed during geometry
optimization as the joint moves to the appropriate location.

(a) (b) (c)

Figure 8.1: Visualisation of issues caused by the interaction of self-weight modelling and symmetry conditions.
(a) Non-self-weight case. (b) Distributed self-weight method. (c) Lumped self-weight method.

For the distributed self-weight method, it is reasonably easy to calculate the location on the symmetry plane
that eliminates the need for an additional member. This is achieved by using the equations describing the
equally stressed catenary. The catenary connecting each node to its mirror image can be found, and a node
added a priori at the point that this curve intersects the symmetry plane. If these new nodes are connected only
to the node used to calculate their position, rather than being fully connected to the whole ground structure,
this would imply only a moderate increase in the size of the problem (𝑂(𝑛)), and could allow simultaneous
consideration of self-weight, symmetry and complexity constraints.

8.1.2 Regions in structures under self-weight loading

To combine the distributed self-weight method of Chapter 4 with the region based method of Chapter 7,
equations describing regions in known solutions subjected to self-weight would be required. Due to the lack of
known solutions in the present literature, it is unclear how much of a difficulty this presents. The numerical
results of Chapters 4 and 5 appear to show that structures identified using the distributed self-weight method
still consist of distinct regions. For example, see the central fan type region of the bridge forms of Figure 4.4
or the doubly curved 𝑇1-like regions of the Michell cantilevers in Figure 5.4; indeed the results for the extended
design domain begin to resemble the strain fields described by Hemp (1973, fig 4.19) or Lewiński & Rozvany
(2008b) in the layouts of regions, although the geometry of these is substantially altered.

Figure 8.2 shows layout optimization results of a simple problem using the distributed self-weight method.
A single point load, of various inclinations, is to be transmitted to a vertical line of support. The non-self-weight
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(a) (b) (c) (d)

Figure 8.2: Solutions for a simple cantilever problem under substantial self-weight loading and a single external
point load. (a) Point load vertical. (b) Point load at 45∘ to horizontal. (c) Point load at 22.5∘ to horizontal.
(d) Point load horizontal.

solution consists of either two orthogonal bars, in cases where the force is less than 45∘ from vertical, or a single
bar in line with the force in other cases. In Figure 8.2 it appears that a similar solution is obtained when the
force is close to vertical (8.2a and b) although in order to support straight members, a dense fibrous region
of variable thickness members is required. When the force is closer to horizontal, as in Figure 8.2c and d, it
is initially supported by a longer catenary member, until the point where that curve of that member reaches
approximately 45 degrees, at which point it again becomes a straight member supported by a fibrous region, as
in Figure 8.2a and b.

This suggests that optimal structures under self-weight may also consist of orthogonal families of members;
although the curvature of the finite length bars, and the influence of the underlying ground structure, may
obscure some subtle difference. Nonetheless, in the seemingly likely scenario that orthogonal curvilinear co-
ordinates are required, many relationships from Section 7.2.1 and Appendix C will still hold, and an extension
to self-weight seems plausible.

8.1.3 Discretisation of solutions from RAGS method

The RAGS method described in Chapter 7 has the potential to greatly simplify the manual rationalization
process, as the overall structure of the solution is much clearer. Considering how this may be automated is
somewhat more complex. A simple solution involving the addition of a fixed number of nodes along e.g. the
outer edge of a fan, may work well for some examples, such as the simply supported point load in Figure 7.8.

However such a strategy would be less effective when compatibility between several regions is required. For
example, in the multiple span problem of Figure 7.9, it would be logical to align the radial compressive members
of all the fans centred at a particular support, thereby producing solutions similar to the split pylon designs
from Chapter 4. However, for equilibrium with the connected straight bars, each fan would also require a
compressive member connecting to the corner point (A or P) of the fan. This would substantially limit how
simple the resulting solution could be.

The problem is further complicated if multiple load case problems are considered. Whilst the RAGS method
will be potentially even more valuable for interpreting results in these cases, it may be less suited to automatically
producing discretised versions of the solutions. As can be seen from the results of Chapter 6, and particularly
Figure 6.24, optimal structures in multiple load case problems no longer display a structure of overlapping layers
when complexity limits are imposed. Therefore methods based on discretising the component regions may not
be as effective.

Possibly the simplest approach for producing discretised solutions from the region based output of the RAGS
method is to use the result to automatically create a customised ground structure, which could then be used
with the integer programming methods of Chapter 6. In this way, fewer potential nodes and members would be
required, and better solutions may be possible. In single load case scenarios it may be possible to further refine
the nodal positions using rules similar to those describing the discretely approximated regions in Sections 7.3.3
and 7.5.
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8.2 Scaling and numerical issues

8.2.1 Member adding heuristics in distributed self-weight and RAGS methods

The order in which potential dual constraints are added in the member adding process can have significant
effects on the overall speed. In this thesis, the heuristics used for this have been based mainly on those of
Gilbert & Tyas (2003); however more effective options may be available when new features such as distributed
self-weight or region based elements are present.

RAGS method

For the RAGS method, it has generally been found preferable to consider different element types sequentially. As
a demonstration, the problem in Figure 8.3 has been solved using two different heuristics to choose the elements
to add. Firstly the single phase, potentially more intuitive, method is used in Figure 8.3a. All potential bar
and fan elements are checked every iteration, and up to 4 members (5% of number of members in initial ground
structure) and 5 fans with the highest violation are added. Using this method, 0.42s was required to find the
solution. When the nodal spacing was halved, the solution could be found in 21.2s and 15 iterations.

A seemingly more efficient alternative is illustrated in Figure 8.3b. In this, the member adding procedure
adds only bars until no further violation is found, i.e. the solution of the normal ground structure layout
optimization problem is obtained. Only then are the potential fan elements checked and added to the problem.
With this method, only 0.34s of CPU time was required for the problem in 8.3, and the problem with halved
nodal spacing was solved in 7.6s and 20 iterations.

It can be seen that the first method requires less iterations to obtain the solution; the presence of the fan
elements means that a more accurate virtual displacement field is obtained very quickly. Indeed, the problem
in Figure 8.3a required less iterations than the same problem using only bar members (equivalent to the first
seven iterations of Figure 8.3b). However, the overall CPU time required was lower when the strategy of Figure
8.3b was used, by almost two thirds for the finer nodal resolution. This is due to the reduced number of times
that all potential fans must be considered, as the number of potential fans is proportional to 𝑛3; this difference
could be expected to increase with problem size.

Future work may attempt to improve the speed of these checks. For example, parallel computing could
be used to check multiple potential elements simultaneously. Alternatively, heuristics to reduce the number of
potential elements checked at the early iterations may prove effective; logical candidates could include beginning
with fans centred at external loads or supports, or beginning with the largest or smallest elements. Providing
that in the final iteration all potential elements are checked, the use of such heuristics would not affect the
rigour of the solution.

(a)
Iteration no. 1 2 3 4 5 6

Volume 4.00 3.24 3.23 3.18 3.14 3.14
No. Members added 4 4 4 0 2

No. Fans added 5 5 5 5 0

(b)
Iteration no. 1 2 3 4 5 6 7 8 9

Volume 4.00 3.33 3.33 3.33 3.29 3.22 3.22 3.14 3.14
No. members added 4 4 4 4 4 2 0 0

No. fans added 0 0 0 0 0 0 5 1

Figure 8.3: Comparison of heuristics for member adding sequence. Solutions are shown after each member
adding iteration. (a) Fan constraints checked violation after every iteration. (b) Fan violation checked only if
there are no bar members to be added.
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Figure 8.4: A comparison of the effectiveness of the member adding method with light (teal) and heavy (orange)
materials. Plots show the range of values for the normalised violation of the dual constraints concerning the
members added in each iteration, plotted against the time at which that iteration occurs. The corresponding
structures for the points marked with dots are also shown.

Distributed self-weight method

When self-weight is significant, heuristics used in the member adding method are often less effective. Figure 8.4
shows the results for two problems, identical other than the unit weight of the material. The problem consists
of a point load, applied midway between a pair of simple supports a distance of 𝐿 apart. The material has a
strength of 𝜎 in tension and compression, and a unit weight of 0.012 𝜎

𝐿 in the lightweight case and 1.2 𝜎
𝐿 in the

heavy case.

Figure 8.4 shows the range of values for normalised violation of the dual constraints corresponding to the
members added in each iteration. The violations are normalised as in Gilbert & Tyas (2003), i.e. the normalised
violation is defined as the left hand side of the constraint divided by the constant on the right hand side; this
means that values above 1 imply the constraint is violated.

When the self-weight is insignificant (see the teal results in Figure 8.4) the final solution is obtained in 450.7
seconds, and requires 29 iterations. It can be seen that the final solution is very similar to the half bicycle wheel,
known to be the optimal solution when there is no self-weight. However, when the self-weight is substantial (see
orange results of Figure 8.4) the final structure is significantly altered; vertical towers above supports prevent
the radial tension members from dipping below the base of the design domain, and fibrous domains with two
families of members can be seen on the sides of the structure. This solution requires a computational time of
743.5s (65% longer than the lightweight case) and is obtained in 46 iterations.

In the lightweight case, the solution to the first iteration has a volume 27% above the final optimum, in the
heavyweight case this difference is 50%. This may explain why the violations of members in the heavyweight
case are so much larger than in the lightweight case.

In the lightweight case, and particularly in the early iterations, the range of violation values for the members
added is very small (i.e. there are many members with a similar level of violation). However, in the heavyweight
case, only a few members with the highest violations were found, and the ranges are much larger. This may be
due to the fact that in the lightweight case, there are many members which are (almost) co-linear, and therefore
likely to have similar violation values; in the heavyweight case these each have substantially different curvatures,
and therefore the relevant coefficients are more varied, leading to a wider range of violation values.
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8.2.2 Joint costs and ℓ1 norms

The use of the ℓ1 norm is a common mathematical technique to seek sparse solutions (Donoho, 2006; Bach
et al., 2011). Applied to the layout optimization problem, this would become

minimise l𝑇A + 𝜏 ||A||1 (8.1a)

subject to (Bq𝑘 =f𝑘)∀𝑘 (8.1b)
(︂
A−

(︂
𝑞+𝑘
𝜎𝑇

+
𝑞−𝑘
𝜎𝐶

)︂)︂

∀𝑘
≥0 (8.1c)

q,A ≥0 (8.1d)

where A is the member areas, q𝑘 are the member forces for load case 𝑘, B is the geometry matrix and f𝑘 is the
external loads for load case 𝑘. As A is entirely non-negative real numbers, ||A||1 =

∑︀
A, so the objective can

be written as

minimise
∑︁

∀𝑖
(𝑙𝑖 + 𝜏)𝐴𝑖 (8.2)

However, on inspection of results obtained using this method it seems that they are similar to those found
through the existing technique of joint costs developed by Parkes (1975), and used in Chapter 3. This is normally
thought of as an addition to the length due to the cost of manufacture of the node, meaning that the l matrix
is no longer [𝑙𝑖], but instead is [𝑙𝑖 + 𝑗𝑖𝑎 + 𝑗𝑖𝑏] where 𝑗𝑖𝑎 and 𝑗𝑖𝑏 are the joint lengths of the nodes at the start
and end of member 𝑖. Usually, the joint lengths for all the nodes are set to be equal to a single value 𝑗, so the
objective function can be written as

minimise
∑︁

𝑖

(𝑙𝑖 + 2𝑗)𝐴𝑖 (8.3)

Comparing this to equation (8.2) clearly shows that these formulations function in the same manner. Non-
etheless it is useful to be aware of both interpretations. The engineering description can assist in interpretation
and explanation of results, whilst the mathematical background provides confidence in the accuracy and efficacy
of the method. Similarly the member adding method (Gilbert & Tyas, 2003), has been shown to correspond
to the mathematical technique of column generation (Weldeyesus & Gondzio, 2018), and both interpretations
have proved useful in adapting and extending the method.

8.2.3 Large numbers in integer programming

For the integer programming formulations shown in Chapter 6, the big-𝑀 method was used to add flag variables
for members and nodes using the equation,

𝑀𝑤𝑖 − 𝑎𝑖 ≥ 0 (see 6.2)

for the flag variable 𝑤𝑖 which relates to member 𝑖. The equation

𝑀̂𝑣𝑗 −
∑︁

𝑖∈𝐽𝑗

𝑎𝑖 ≤ 0 (see 6.3)

was used for the flag, 𝑣𝑗 , relating to node 𝑗. See Section 6.1.2 for more details. 𝑀 and 𝑀̂ in these equations
represent large numbers. In this context, large means greater than the maximum cross section of any member
in the solution for 𝑀 , or larger than the sum of cross section areas at any joint for 𝑀̂ . If the values chosen are
too small, then the preceeding equations become limits on the values of the cross section areas, 𝑎. In Chapter
6, 𝑀 and 𝑀̂ were chosen, based on the imposed forces and material properties, using the relationships

𝑀 = 20
|f |∞

min(|𝜎𝑇 |, |𝜎𝐶 |)
𝑀̂ = 4𝑀 (8.4)

These are very conservative values, chosen such as to ensure they would not cause inaccuracies in the solution
for practical scenarios.

Considering the simple structure shown in Figure 8.5, the force in member 1 is given using the equation

𝑞1 = 𝑄

√︃
1 + 4

(︂
𝐿

𝑑

)︂2

(8.5)
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Figure 8.5: A simple example to demonstrate the limits of 𝑀 and 𝑀̂ .

For the value of 𝑀 given in equation (8.4) to be limiting in this example, 𝐿
𝑑 would need to be equal to

19.9; guidance for initial design (Ioannides & Ruddy, 2000) suggests 𝐿
𝑑 of 12 for steel trusses and 12 to 20 for

space frames. The example in Section 6.3 has a span to depth ratio of 13.1, whilst the example in Chapter 3
has a span to depth ratio of 5. From this it is seen that the value used in equation (8.4) is conservative, but
potentially not far beyond the range which may be encountered in practice.

The choice of 𝑀̂ as being 4 times the value of 𝑀 is based on the assumption that most joints will lie on the
intersection of two families of curves, as in a Michell structure. Naturally this will not always be the case, but
equally, it is very unlikely that all members connecting at a joint would be of the largest size possible.

For problems where the value of 𝑀 could be altered, this could have a significant effect on the speed with
which the solution is found. To test this, a simple two load case problem was solved subject to a limit on the
number of joints. The results are shown in Figure 8.6 for limits of 6, 10 and 12 nodes. For simplicity, crossovers
were not considered here.

Clearly it is possible for the value of 𝑀̂ to significantly affect the solution time, with the quickest results
generally being observed when 𝑀̂ is near to the limiting value. However, substantial increases in speed are also
seen if the value of 𝑀̂ is chosen too low, and in this case the solution is also sub-optimal. It is difficult to know
if the value of 𝑀̂ has influenced the solution based on only a single result. For this reason, the conservative
value from equation (8.4) seems reasonable for practical usage, even if better, more problem specific, heuristics
may be possible. In the future, more advanced methods to set𝑀 and 𝑀̂ may make use of the continuous layout
optimization result to adapt the value of 𝑀 to the problem.
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Figure 8.6: Variation in time required to solve two load case problem with 70 nodes using various values of
𝑀̂ . The number of joints in the solution was limited to 6, 10 or 12 respectively, without considering crossover
points. The vertical lines indicate the point where 𝑀̂ becomes active as an upper limit on the sum of bar areas
at a node; results with values of 𝑀̂ below this are inaccurate.
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Physically, the values of 𝑀 and 𝑀̂ have no obvious meaning, as is the case for the (non-integer) values
of the flag variables in the initial continuous relaxation of the problem. Overall, the initial relaxation is not
particularly intuitive and is also far from the final integer solution, particularly when the complexity constraints
are more restrictive. MILP problems usually perform badly when the continuous relaxation is far from the final
solution; for example see the rapidly increasing computational times in Figure 6.11 as more onerous minimum
area constraints are imposed. To avoid this issue, methods of identifying lightweight and simple structures can
be directly sought from the solution space of the original problem (i.e. without integer flag variables). In this
way the need for arbitrary parameters such as 𝑀 could be circumvented, and a more intuitive approach found.
The next section comprises an initial investigation into this possibility.

8.3 The solution spaces of layout optimization problems

Studies undertaken in this thesis, e.g. see Figures 3.7 and 6.24 and Table 6.1 have suggested the solution space
often contains many possible structures with volumes close to the optimal value. Many of these are likely to
provide attractive options for designers, and as such methods which can identify a range of different solutions
could be advantageous.

In Chapters 3 and 6 results have been presented as a Pareto front, illustrating the trade off between efficiency
and simplicity. This can allow informed decision making and better understanding. However, constructing these
diagrams is time consuming and cumbersome as each point has to be individually calculated. This necessitated
many, very similar, optimization problems being solved. This section will consider methods by which all of the
solution space may be investigated simultaneously, or as part of the same process. It is hoped that this will
reduce unnecessarily duplicated computations.

One such method, based on the genetic algorithm, is the multi-objective genetic algorithm (Balling, 2006).
This aims to identify a final generation of results widely spread along a Pareto front. However, as it is based
on genetic algorithms, it may not identify the true optima. In this section, more rigorous methods of mapping
the solution spaces are considered.

8.3.1 Degeneracy and determinacy

Consider the following formulation of the single load case layout optimization problem for 𝑚 members and 𝑛
nodes in the ground structure, and with 𝑠 supported degrees of freedom.

min 𝑉 =
l

𝜎+
q+ +

l

𝜎−q− (8.6a)

s.t. Bq+ −Bq− = f (8.6b)

q+,q− ≥ 0 (8.6c)

where q+ and q− are vectors of compressive and tensile member forces; other symbols are as previously defined.
The problem has 2𝑚 variables and 2𝑛− 𝑠 equality constraints (for the 2D case). For a non-degenerate basic

solution, it is therefore expected that there will be 2𝑛− 𝑠 basic (potentially non-zero) variables. If the ground

structure is fully connected then 𝑚 = 𝑛(𝑛−1)
2 .

Any member, 𝑖, of the ground structure which vanishes in the optimal solution will have 𝑞+𝑖 = 𝑞−𝑖 = 0.
Furthermore, in an optimal solution, all members which remain present can be expected to be fully stressed,
i.e. to have either 𝑞+𝑖 = 0 or 𝑞−𝑖 = 0. So, if we denote the number of members in the final structure as 𝑚̄, we
can say that we expect the optimal solution to have 𝑚̄ non-zeros. Therefore we know that

𝑚̄ ≤ 2𝑛− 𝑠 (8.7)

and that this relationship will be satisfied as an equality at non-degenerate basic solutions, and as a strict
inequality at degenerate solutions. If the resulting structure is statically determinate (as is usual for single load
case problems), then we can say

𝑚̄+ 𝑠 = 2𝑛̄ (8.8)

where 𝑛̄ is the number of joints in the final structure.
If we assume that the resulting structure uses all nodes of the ground structure, i.e. 𝑛̄ = 𝑛, then equation

(8.8) is the equality form of equation (8.7), and the solution is non-degenerate. However, from experience, it
is very rarely the case that all nodes of the ground structure are present in an optimal solution, and when
additional simplification is undertaken this generally has the effect of reducing the number of nodes used even
further. As such it should be assumed that all layout optimization problems are likely to be degenerate, and
that seeking the most degenerate solutions is potentially a valid strategy for reducing complexity.
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8.3.2 Mapping complexity throughout the solution space

Consider a simple problem, as shown in Figure 8.7a. For simplicity assume that the applied force is of unit
magnitude, the material may be subjected to a unit stress, and the design domain is a unit square. The ground
structure consists of 6 nodes, and is fully connected but with overlapping members removed. Self-weight is
assumed to be negligible.

The solution space of this problem is unbounded; an unstressed member of arbitrarily large volume could
be present at any of the potential locations of the ground structure. However, more interesting are the basic
feasible solutions of the problem, three of which are shown in Figure 8.7b-d; these correspond to three vertices
of the solution space for this problem. These three points can be used to define a plane, a 2D face of the solution
space, which will now be used to allow illustration of some interesting features.

(a) (b)

(c) (d)

(e)

Volume = 4

Volume = 3.5

Figure 8.7: Square cantilever - 6 node: (a) Problem specification and ground structure. (b) Minimum volume
solution, volume = 3.5. (c)-(d) Other basic feasible solutions, volume = 4. (e) A face of the solution space,
coloured according to volume, with examples of basic and non-basic solutions.

The points on this plane are non-basic feasible solutions of the problem, formed by a linear combination
of the three basic solutions. The volume of any non-basic solution is found by linearly interpolating between
the vertices, as shown in Figure 8.7e. However, measuring the complexity of the different solutions is less
straightforward.

Figure 8.8 shows the face coloured according to several possible measures of complexity, where paler colours
are less complex. Figure 8.8a and 8.8c are based on simple measures of the complexity using only the number of
members with non-zero area variables, and the number of nodes to which those members connect. Figure 8.8b
and 8.8d use more sophisticated measures, in which crossover nodes and nodes which join only two co-linear
members are correctly handled, i.e. two intersecting ground structure bars imply a total of four members in
Figure 8.8b, and an additional crossover joint in Figure 8.8d; a joint which connects only two co-linear members
is not counted in Figure 8.8d, and the two connected members are counted as one in Figure 8.8b. Figure 8.8e
is similar to the angle measure used in Section 6.4; although in this case considering angles formed between
crossing members did not lead to any results worse than those at the nodes.

Figure 8.8f shows the complexity based on the minimum cross-section area of any member in the solution.
This differs from the other measures as it is not constant over each line segment or region. The minimum area
becomes infinitesimal as any line is approached from within the central 2D region, or as a point is approached
along an edge line. Furthermore, there are additional local minima at some non-basic solutions. Therefore this
measure of complexity has the potential to cause significant additional difficulties to any simplification method
based on traversing the interior of the solution space.

For the different measures shown in Figure 8.8, the location of the simplest structure is not consistent,
this corroborates previous findings e.g. Figure 6.12. However, it can be observed that the simplest (palest)
structure always lies on a node. This suggests that a productive approach may be to consider methods of
directly identifying basic solutions, i.e. vertices of the solution space.
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Figure 8.8: Square cantilever - 6 nodes: A plane of the solution space as shown in Figure 8.7, coloured
based on six different measures of complexity. Paler colours represent less complex structures, and darker
colours represent more complex structures. Edge lines and circles represent the 1D and 0D edges and vertices
respectively and have been enlarged for visibility. Units for results on the vertices are the same as for the edges
and face on the relevant sub-figure. The basic feasible solutions for each vertex are also shown.
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8.3.3 Vertex enumeration methods and layout optimization

The vertex enumeration problem and its dual, the facet enumeration problem, are well studied problems in
mathematics. They concern the conversion between two different representations of a polytope.

ℒ = {x ∈ R𝑑 : Ax ≥ b} (8.9a)

ℒ = {x ∈ R𝑑 : x = Vz for some z where z ≥ 0,
∑︁

∀𝑠
𝑧𝑠 = 1} (8.9b)

where ℒ is the polytope concerned, A and b contain coefficients for a number of halfspaces of R𝑑, and V
contains the coordinates of each vertex of ℒ.

The description in equation (8.9a) is essentially that given as the constraints in a linear programming
problem. The description in (8.9b) represents ℒ as a convex combination of its vertices. The vertices, i.e. the
basic feasible solutions of the linear program, are represented by the rows ofV, and z gives a convex combination
thereof. The vertex enumeration problem is to computeV givenA and b, whilst facet enumeration is the reverse,
although they can be shown to be mathematically equivalent.

There are two broad categories of algorithm. The first category is graph traversal algorithms (e.g. Avis
& Fukuda, 1992), which move from one vertex to an adjacent one in a similar way to a simplex pivot; the
facet enumeration equivalent is the gift wrapping algorithm (Chand & Kapur, 1970). The second category
is incremental algorithms, which start by constructing a simplex which contains the required polytope, and
sequentially considering each half-space and using it to cut off vertices (Motzkin et al., 1953; Fukuda & Prodon,
1995).

For some algorithms, a closed polytope is required. A logical way in which this can be ensured for a layout
optimization problem is to add a constraint on the maximum total volume. As the volume is a positive linear
combination of all variables (for a formulation in the form of equation (8.6c)), and the variables are constrained
to be non-negative, this will always give a closed space.

Example mapped solution spaces

To construct the solution spaces for some small scale problems, the double description method (Motzkin et al.,
1953; Fukuda & Prodon, 1995) has been used. This method was chosen due to its success at dealing with
degenerate problems (Avis et al., 1997) such as those from layout optimization. For the full formulation used
see Appendix D.

A version of the problem in Figure 8.7, but containing a ground structure of only 4 nodes, will first be
considered. The volume of the optimal layout optimization solution of this problem will be denoted by 𝑉0. A
volume limit of 10% over 𝑉0 has been imposed. The vertices of the solution space have been identified using
the double description method, and are illustrated in Figure 8.9, along with the connectivity of the solution
space polytope. The vertical position of each point is based on the volume of the associated structure; here all
vertices have a volume of either 𝑉0 or 1.1𝑉0 (the upper volume limit). The horizontal positions of the points
have been chosen for visual clarity.

Illustrations have been added to certain points to show the corresponding solutions. The two equally optimal
structures are illustrated at the bottom. Each of these have seven adjacent points which lie on the upper volume
limit (if the volume limit was not imposed these would be unbounded rays). Six of these correspond to increasing
the size of a single bar of the ground structure without increasing the force in it. The seventh adjacent point
is formed by uniformly scaling up the relevant optimal structure, including its internal forces, and adding an
appropriately and inversely scaled version of the other optimal structure to ensure equilibrium at the bottom
right node.

The problem of Figure 8.7 with all 6 nodes will now be considered. The minimum volume found for layout
optimization in this case will be denoted by 𝑉1. A volume limit 20% above 𝑉1 has been enforced. The vertices
of the solution space are shown in Figure 8.10. Points (a) and (b) are similar to the solutions of the problem
with four nodes, although due to the lack of overlapping members in the ground structure they contain 4
members rather than three. Point (c) is the solution to the layout optimization problem. Note that the triangle
connecting these three points is the face considered in Figure 8.8.

The remaining points in Figure 8.10 lie on the plane of the upper volume limit. They have been horizontally
arranged based firstly on which of the points (a)-(c) they are connected to (note that each is connected to
only one of these points). This gives three densely connected groups of nodes. There are far fewer connections
occurring between groups; each point has at most one connection to each group of which it is not a member.

The vertices are arranged such that points with the same numbers of members in their corresponding
structures form a ring. Each group has 14 points in total in the inner two rings; these correspond to the
relevant labelled point (a)-(c), plus one result for each of the 13 members in the ground structure, where that
member has been increased in volume with no change in force.
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Figure 8.9: Square cantilever - 4 nodes: All vertices of simple 4 node problem with the volume constrained to
a 10% increase over the minimum volume from layout optimization. Selected vertices are illustrated with their
corresponding structures, in these grey elements carry no load. Vertices and edges are coloured based on the
number of non-zero area variables of the corresponding solution.

Point (d) is based on structure (c), combined with a version of (a) with the force direction reversed. This is
somewhat similar to what was observed in Figure 8.9. However the substantial difference is that the size of the
bottom members is smaller in point (d) than point (c); this indicates that if there was not a volume limit this
would not be an unbounded ray - it would instead form another basic solution when the bottom members had
zero area.

There are few basic solutions in Figure 8.10 with 6 or 7 members. The solution created by combining one
of points (a)-(c) with an additional unstressed single bar, generally cause structures with fewer members than
this. Other modifying rays/edges must therefore change the internal forces, although they clearly cannot alter
the external equilibrium. As such, they generally correspond to the addition of a structural segment which is
in a state of self-stress; these involve a certain level of complexity. Points (e) and (f) show two such examples,
where point (a) is modified by a rectangular self-stressed component. Note that either sense of the forces is
possible; here, (f) would be an unbounded ray if there was no volume limit, but (e) would eventually form a
new basic solution when the bottom member had zero area.

Equation (8.7) may appear to suggest that the number of members in a basic solution could be at most
2𝑛 − 𝑠 = 2 × 6 − 3 = 9. This is not the case, as the addition of the volume limit increases the number of
constraints, and therefore basic variables, by one, allowing for basic solutions corresponding to structures with
10 members. However, clearly the number of nodes in the ground structure has not changed; thus the solutions
of the outer ring, such as point (g), are statically indeterminate.

Each edge in Figure 8.10 has an equal or larger number of members in the structure than the vertices at each
end; there are no vertices, only edges, corresponding to structures with 11 members. This further demonstrates
the principle seen in Figure 8.8, that complexity is smallest at the basic solutions.

Overall, there are 147 vertices shown on Figure 8.10, of which only three (i.e. 2%) are likely to be of practical
interest. Much computational effort is expended to identify points lying on the upper volume limit, despite
their lack of usefulness.
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Figure 8.10: Square cantilever - 6 nodes: All vertices of the solution space of the problem of Figure 8.7, with
a volume limit of 1.2𝑉1. Two views of a 3d representation; where the vertical axis represents the volume of
the solution and the horizontal positions are chosen for clarity. The triangle visible in the perspective view is
the facet considered in Figure 8.9. Selected vertices are labelled with their corresponding structures, (a)-(g).
Vertices and edges are coloured based on the number of non-zero area variables of the corresponding solution.



146 CHAPTER 8. DISCUSSION

Partial vertex enumeration

Using a pivoting style vertex enumeration algorithm, feasible solutions are found continuously throughout the
running of the algorithm. Therefore, it is possible to terminate the process early and still obtain a gallery of
feasible solutions. Through this it may be possible to observe characteristics of the solution space of a problem,
even if the computational demands would be too great to allow all vertices to be found.

Complexity measures for non-overlapping ground structures Recall that the optimal solutions from
Figure 8.9 were presented as being more complex (having more members) in Figure 8.10; this is not ideal for
accurately representing the complexity of structures. Two different complexity measures will be used here to
ameliorate the effect of removing the overlapping members from the ground structure. Instead of number of
members, the total length of members will be used. This is calculated using the expression

Length of members = l𝑇g (8.10)

where l is a vector of the lengths of each member in the ground structure, and g = [𝑔1, 𝑔2, ..., 𝑔𝑚] is a vector

representing the topology of the solution, where 𝑔𝑖 =

{︃
0 if 𝑎𝑖 = 0

1 if 𝑎𝑖 > 0
.

Instead of joints and/or angles between members, we will use a measure of the joint complexity, defined by

𝐾 = gKg𝑇 where 𝑘𝑖,𝑗 =

{︃
0 if members 𝑖 and 𝑗 do not meet
𝜋
𝜃 − 1 if members 𝑖 and 𝑗 meet at a node

(8.11)

where 𝐾 is the joint complexity score, g is as defined previously, 𝜃 is the angle formed by the two members 𝑖
and 𝑗, in radians, in the range 0 to 𝜋. Note that this means that 𝑘𝑖,𝑗 = 0 if members 𝑖 and 𝑗 are in line with one
another, and therefore nodes which are only connecting two members in a straight chain make no contribution
to the score.

Example Again consider an example similar to that in Figure 8.7. The ground structure here consists of 25
nodes and is fully connected, but with overlapping members removed (resulting in 200 members in the ground
structure). A pivoting type approach is used (see Appendix D.2 for further details) starting from the solution
to the layout optimization problem. Solutions with a volume greater than 4.2 (= 1.2𝑉1) have been discarded,
and the process is terminated once a total of 200 basic solutions were produced. The basic solutions were then
evaluated using the complexity measures described in equations (8.10) and (8.11), and a constraint on minimum
cross-section area. Non-basic solutions formed by the combination of two basic solutions along an edge which
had been traversed have also been evaluated by these measures.

Figure 8.11 shows a plot of volume against complexity for each measure with the Pareto optimal points
marked; Figure 8.12 shows the structures corresponding to these points. Most of the structures identified are
significantly more complex than even the minimum volume solution. The graphs in Figure 8.11 show the pivot
steps taken between the structures; generally there are several pockets of simple structures, divided by structures
with higher complexity. Some examples of the more complex solutions are available in Figure D.5.

Due to these high ‘walls’ between the regions of simple solutions, there is not an obvious heuristic for
choosing the next direction to search. The algorithm managed to find some solutions on the Pareto fronts
quickly (4th and 6th pivot), but many of the others were only identified much later (169th and 176th pivot).
Several structures which are easily manually identified to be on the Pareto front were not identified within the
200 solutions at all, such as the three member solution similar to that of Figure 8.7c. Overall, this type of
method wastes significant computational resources in identifying overly complex structures.

8.3.4 Complexity constrained enumeration of structures

Rubin (1975) proposes a modification to the double description method to handle cardinality constrained linear
programs, i.e. linear problems with an additional constraint on the number of variables which may be non-zero.
The method is based on the observation that the cardinality of a non-basic solution created by combining two
basic solutions, must be equal to or greater than the cardinality of each of the two basic solutions. Therefore
any vertex which violates the cardinality constraint, cannot be combined with any other vertex to produce a
solution which will satisfy the cardinality constraint. Thus any solution violating the cardinality constraint
which is found by the double description method can be immediately discarded.

From Figure 8.8, it has been shown that many measures of complexity obey a similar relationship; indeed
the number of active ground structure members is simply a cardinality constraint, applied to only the variables
representing member areas. It is therefore possible to implement methods similar to Rubin’s to directly limit
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(a)

(b)

(c)

Figure 8.11: Square cantilever - 25 nodes: Complexity of 200 basic solutions found by pivoting type method.
Left, scatter plots of volume against complexity; some points are co-incident in these plots. Right shows the
graph of the points and the traversed edges, coloured using the same scale. The complexity measures used are:
(a) Total member length. (b) Joint complexity, 𝐾, defined in equation (8.11). (c) Minimum cross-section area
(for graph edges, the colour is based on the point at which the maximum value is obtained).
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Volume 3.222 3.278 3.278 3.350 3.417 3.417 3.500 4.000
Total Length 4.74 4.69 4.69 4.45 4.36 4.36 3.73 3.41

Joint Complexity 41.1 34.5 34.5 34.3 29.2 29.2 16.9 14.0
Minimum Area 0.46 0.33 0.33 0.36 0.50 0.50 0.50 1.00
Sequential ID 1st 4th 6th 169th 58th 63rd 176th 72nd

Figure 8.12: Square cantilever - 25 nodes: Structural forms for points on the Pareto fronts in Figure 8.11.
Values for complexity measures which are given in italics indicate that point does not lie on the Pareto front
for that measure.

the complexity (see Appendix D.3). Multiple limits on different measures can be set simultaneously, and adding
more limits or tightening existing limits will reduce the computational cost as more intermediate points will be
discarded.

An obvious level at which to initially set the complexity constraints is at the level of complexity of the
minimum volume layout optimization solution. From Figure 8.11 it can be seen that this will remove a large
quantity of potential solutions. This was applied to the problem considered above with a ground structure of
nine nodes; the complexity limit was set based on limiting the total member length to less than 3.943 (the total
length of members in the layout optimization solution). The results are shown in Figure 8.13a. A limit on the
number of members was also tested; this was more complicated to compute and thus took longer to run. The
results are shown in Figure 8.13b.

The method is effective at removing the structures with high complexity. However, a number of solutions
with high volume were identified. These could be removed by the addition of a maximum volume constraint,
but this is likely to add many new unwanted solutions. These solutions are somewhat more interesting than
the spurious solutions identified by the pivoting algorithm in Figure 8.11; as the complexity is limited the
structures are at least reasonably comprehensible. For example, in Figure 8.13b, structures with a volume of 9
are identified which resemble tensegrity structures (if the influence of cross-over is ignored). Whilst this structure
is far from the optimal volume, it may be of interest for reasons such as deploy-ability or aesthetic preferences.
Such additional value seems far less likely to occur in structures of moderate volume but un-necessarily high
complexity.

This section presents only a very preliminary investigation into the potential for applying vertex enumeration
methods to layout optimization. It is known that the double description method can be very sensitive to the
order in which constraints are added. A wide range of layout optimization specific heuristics for choosing this
may be possible; for example, beginning with members with high virtual strains or which directly connect to
external loads. These could have the potential to substantially increase the computational speed.
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Figure 8.13: Square cantilever - 9 nodes: Results of modified double description method implementing com-
plexity limits on (a) total member length or (b) apparent number of members (not considering crossovers).
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8.4 Simplification and interpretation in practice

To test the developed methods, two real world case studies have been considered. The first focuses on the
interpretation of results to assist the design team in decision making. The second is a fully three dimensional
example to demonstrate the additional opportunities and challenges that brings.

8.4.1 Two span footbridge, Problem specification

The first case study considers the design of a two span footbridge of total length 90m. The project was in the
very early stages of design, and the design team were considering three classes of solutions:

∙ Cable stayed bridge, with a single central tower rising up to 18m above the high point of the deck.

∙ Tied (network) arch bridge, with a height of approximately 12m above the deck, a network arch was
also under consideration to better resist the effects of pattern loading.

∙ Truss bridge, with a height above the deck of 2-4m, most likely to be Warren truss style

Two design domains were derived from the specified project geometries and are shown in Figure 8.14. Figure
8.14a relates to the designs of the cable stayed or arch forms, whilst Figure 8.14b is based on the geometries
of the truss bridge designs. Symmetry along the centreline is desired for aesthetic reasons. For simplicity, the
problem is to be optimized in 2D, although some modifications to create a full 3D design would later be needed.

(a)

1:20 slope

Symmetry enforced

45m 45m

3m

6m ≤ ℎ ≤ 18m

4m

(b)

1:20 slope

Symmetry enforced
45m45m

3m

3m ≤ ℎ ≤ 6m

4m

Figure 8.14: Two span footbridge: Design domains. (a) For cable stayed and arch type designs. (b) For truss
designs.

The bridge is to be designed to carry a dead load of 5kN/m2 over a 4m wide strip (20kN/m), and a live
load of 5kN/m2 over a 3m wide strip (15kN/m); with loads factored favourably or unfavourably according to
the Eurocode factors, leading to a total load of 49.5kN/m in unfavourable regions, and 20kN/m in favourable
regions. Four loading cases (some of which have an associated mirror image case which is handled implicitly)
have been identified for the initial design phase:

∙ Case 1 - All loading factored unfavourably.

∙ Case 2 - One span loaded favourably and one un-favourably.

∙ Case 3 - Outer halves of each span factored un-favourably, and inner halves factored favourably.

∙ Case 4 - Inner half of one span loaded un-favourably, other loads factored favourably.

The bridge was to be supported on a central piled foundation, capable of resisting vertical, horizontal and
moment loading. At the ends, it was to be supported only vertically to allow for the presence of a movement
joint. It is to be constructed from S355 steel, and the allowable compressive strength was taken to be half
the allowable tensile strength. No further consideration was made for buckling in the optimization as it was
assumed that two 2D structures would be connected at high level to improve out of plane buckling resistance.

Minimum weight results

It is common in very early stages of structural design to consider only the dominant load case explicitly. For
example, cable stayed, suspension and arch structures are all primarily designed for a uniform loading. The
minimum volume structure for the uniform loading case is shown in Figure 8.15a and b. This includes loading
from self-weight; both the distributed and lumped methods were tested, producing volume increases of 0.886%
and 0.882% respectively over the case where self-weight was taken as negligible. The layouts for the two different
methods of modelling self-weight are minor here; longer spans would increase the disparity.

The single load case optimum resembles a combination of arch type regions with a fan/cable stayed type
region providing continuity over the central support. Notice that this is substantially different to the results
for infinitely many spans considered in Chapter 4, and much more closely resembles forms found for bridges of
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(a)

(b)

(c)

Figure 8.15: Two span footbridge: Single load case results. (a) Minimum volume structure with distributed
self-weight. (b) Minimum volume structure with lumped self-weight. (c) Bending moment diagram of a beam
under the same loading and support conditions (projected to a horizontal line).

(a)

(b)

Figure 8.16: Two span footbridge: Multiple load case results. (a) Minimum volume structure for load cases
1 and 2. (b) Minimum volume structure for all load cases (1 to 4).
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finite length in Chapter 5. The bending moment diagram for a horizontal beam subject to the same loading and
support conditions as the deck of the bridge is shown in Figure 8.15c. The point of zero moment approximately
corresponds to the point at which the arches overlap with the topmost of the cable stays; this could provide a
useful and intuitive rule of thumb to adapt this hybrid design to other scenarios.

In the single load case problem of Figure 8.15, each point under the arch region is supported by a fan
of cables. These fans are narrow, and generally do not interact with adjacent fans until they reach the outer
compressive members. Figure 8.16 shows the minimum volume structure for multiple load case scenarios. When
more load cases are added, the fans of cables become wider and begin to overlap; the structure now begins to
resemble a network arch. The arch also deepens, particularly in the central half, generating pseudo-bending
resistance.

The addition of the pattern load cases requires a volume increase of only 3.89% and 4.98% respectively for
the solutions in Figure 8.16a and b when compared to the solution of 8.15b.

8.4.2 The spectrum between traditional designs

To evaluate the efficiency of the different categories of structures under consideration by the design team,
additional constraints are added to push the result towards the desired solution.

The initial minimum weight structure appears most similar to the arch type, although the height used is
closer to that of the cable stayed design. Additionally, the optimized design has additional continuity over the
central support; if this continuity is removed, the volume increases by 16%, and the resulting design is shown
in Figure 8.17 (note that this solution makes use of members on the symmetry line, but that these do not allow
force to pass between the two halves).
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Figure 8.17: Two span footbridge: Intermediate structures between truss and arch designs.

Arches and trusses

To test how efficiency changes between the optimized, arch and truss designs, a parametric study of the height
of the available design domain was performed. All four load cases were included, and the two geometries of
Figure 8.14a and b were used for arch and truss results respectively. Results for two separate arches, without
allowing continuity over the central support, were also calculated.

The results can be seen in Figure 8.17. It is evident that the shortest truss solutions are over twice the
weight of the optimal structure. However, the tallest truss has a volume comparable to those of the separated
arch solutions. Indeed, a continuous truss of 6m height has almost the same volume as two arches of 9m height.

Cable stays and arches

To find a progression between cable stayed type structures and the optimized arch type form, integer program-
ming was used to impose a limit on the number of joints. A fan type cable stayed bridge has only a single joint
which is not located on a joint or external force (i.e. essential node locations).
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This limit was initially imposed on the problem using all four load cases, resulting in the structure shown
in Figure 8.18b. Whilst this initially appears to be a cable stayed bridge, closer inspection reveals that the
outer ‘cables’ are actually long struts. This is driven by the forces in load case 2 (where only a single span
is loaded), and the internal forces relating to one such force in this load case are illustrated on Figure 8.18b.
The force is carried up the cable to the top of the tower; the vertical load is then transmitted directly to the
central foundation, but the horizontal component remains. It may seem logical for this to be dealt with using
a tensile tie to make use of the increased strength in tension; this is shown using dotted arrows in Figure 8.18b.
However, the horizontal force cannot be supported at the outer ends, and would result in a compressive force
being transmitted the whole way through the deck. The optimal result actually balances the horizontal force
using a compressive strut, on the same side as the applied load, this puts a tensile force into the deck, although
over a much shorter distance.

(a)

(b)

Figure 8.18: Two span footbridge: Structures with one non-essential node. (a) Single load case result, note
that no cable connects to the outer support. Overlaid with the load path of one pair of imposed loads. (b)
Resulting structure from optimization with 4 load cases, overlaid with load path of one of the loads applied in
load case 2 (only one span loaded). The dotted arrows show an alternative, non-optimal load path.

In the single load case scenario, the simplest possible structure is indeed a self-anchored cable stayed type
structure, shown in Figure 8.18a. When only the symmetrical loading case is condsidered, the loads balance
at the top of the tower, and the deck forces are purely compressive. In this case, the outer supports are not
connected to the structure at all, meaning that the structure is inherently unstable as a pin jointed truss and
would rely on the bending resistance of the central tower. However, this does allow for a gallery of designs
showing the transition from a cable stayed type design to an arch type design. This is shown in Figure 8.19.

Both the standard fan cable stayed form and a split pylon fan variant are identified for low numbers of joints.
At higher numbers of joints, connected arches are again found, with many cables connecting to the arch at a
single point. These results contain less noise and fewer overlapping members than the results of Figure 8.16;
this improves the intuitiveness of the structures. However, solutions where many cables need to be connected
at a single point may come with their own practical issues.
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Figure 8.19: Two span footbridge: Intermediate structures between cable stayed and arch designs.

8.4.3 Three-dimensional example

Most the methods presented in Chapters 4, 5 and 6 are, at least conceptually, trivial to extend to 3D cases.
In truly three dimensional problems (i.e. those which are not simply an assemblage of planar structures)
interpretation of the results can be very challenging. To demonstrate this, an example problem has been
developed from a real world project.

The project concerns the design of a canopy roof. The majority of the roof consists of a series of parallel
planar trusses. In one section these are essentially tied arches of span 64m. In the adjacent section, the columns
are moved closer, giving a 42.7m central span, and cantilevers of 10.6m off each side. The section shown in
Figure 8.20 shows the area where the form changes between these two regions; this is the region which will be
considered here. The design is loaded by the cladding purlins at the points indicated. The loading applied to
each region is as given in Table 8.1.

The structure is to be symmetrical about the plane marked in Figure 8.20; this implicitly considers the
reflected versions of the load cases described in Table 8.1. The layout optimization result using a ground
structure with 64 nodes in one half of the domain is shown in Figure 8.21a, this solution is very complex and
presents difficulties for both interpretation and construction. Limits on the number of joints will be imposed
using the MILP method in Chapter 6 to achieve simpler and possibly more interpretable designs. To avoid the
issues illustrated in Figure 8.1, self-weight of the truss was not considered.

Figure 8.21b shows the resulting structure when only 18 joints are permitted (i.e. only the loaded or support
locations) and crossover members were prevented using the lazy constraints method from Section 6.4 . It broadly
consists of two arches (red), balanced by an external tension ring (pale blue). The two long slender members
crossing the base of the design domain (dark red) are in compression, allowing the outermost forces to cantilever
out.

Figure 8.21c shows the optimal structure containing 19 joints; as this is only a single extra joint, it clearly
must lie on the symmetry plane. When 22 joints are permitted, the optimal structure is as shown in Figure
8.21d. Both Figure 8.21c and d can be broadly interpreted as mainly comprising two inclined tied arches (red
and pale blue), with the outer loads cantilevering from this (dark red and blue), and transverse struts (pink)
to ensure equilibrium of the inclined arches.

The volumes of each of the structures is shown in Figure 8.21e, compared to the volume of the layout solution
of the same problem, which contains 69 joints. It can be seen that the simplest solution has a substantial volume
penalty, whilst by adding only four additional joints, a solution within 7% of the layout optimization solution
is obtained. This solution is also far simpler to interpret than the that found using layout optimization.
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Figure 8.20: 3D transfer truss example: Design domain

Left third Central third Right third

LC1 7.04kPa 5.69kPa 6.29kPa All loading unfavourable
LC2 7.04kPa 0.65kPa 1.40kPa Left unfavourable, central and right favourable

Table 8.1: 3D transfer truss example: Load case definitions.
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Figure 8.21: 3D transfer truss example: Solutions with limited numbers of nodes, manual colouring based on
a possible conceptual interpretation of the structure. Limited to (a) 18 joints, (b) 19 joints, (c) 22 joints.
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8.4.4 Observations

In this section, the methods proposed in this thesis have been applied to real-world problems. This has led to
a number of observations which may provide guidance for future users.

The example shown in Section 8.4.1, has spans of 45m, this would be a fairly long span in the context of
building design, although within the context of bridge design it would likely be considered to be a short or
medium span length. In this case, the inclusion of self-weight made only a small difference to the overall volume
of the resulting structure (<1%). The difference between the distributed and lumped self-weight approaches
was even smaller (0.004%). This suggests that explicit consideration of self-weight may be necessary only for
long span bridge design. However, as increasing levels of rationalization will increase the magnitude of the
self-weight loads, explicit self-weight modelling may become necessary at later design stages for a wider range
of problems.

A fan type cable stayed bridge was identified as the optimal result when a severe restriction on the number
of joints was imposed. Difficulties were encountered when applying this to the multiple load case problem; this
is due to the fact that traditional forms are often designed for a single primary load case, and would resist
secondary load cases by the use of bending resistance. Pseuso-bending resistance was observed in standard
layout results in Figure 8.16, but the associated increase in complexity means this is not possible when limited
numbers of members are permitted. Clearly, adding moment resisting members and joints would increase the
difficulty of construction; although how this increase compares to the complexity caused by including additional
members is difficult to quantify. Therefore, for practical application, it may be useful to compare a number of
models with different assumptions to obtain a more complete understanding of the potential solution and to
improve confidence in the proposals.

Interpretation of 3D problems still requires some manual interpretation. This is additionally complicated by
the lack of truly 3D examples of traditional structural forms. Nonetheless, as shown in Figure 8.21, structures
simplified through the use of integer programming constraints are far easier to interpret than those of simple
linear layout optimization.

Although many problems in structural design are three-dimensional, they are often divided into essentially
two-dimensional sub-problems. This can be seen in all the real world projects considered in this thesis, the
problem of Chapter 3 was split along planes defined by internal walls, the problem in Section 8.4.1 was pre-
dominantly one way spanning and therefore to be formed from two planar structures. Although the problem
considered in Section 8.4.3 was volumetric, the solution was primarily found to consist of two inclined arches;
additionally, the remainder of the project was mainly formed of repeated planar trusses. Therefore, with ap-
propriate decomposition of the design problem, the challenges of application to 3D cases may be mitigated due
to the small scale of regions which will be considered in a truly three dimensional manner.
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Chapter 9

Conclusions

This study has focused on delivering powerful layout optimization-based design tools that enable practitioners
in structural engineering design to make informed decisions and obtain candidate design solutions that are both
efficient and feasible.

1. For scenarios based on real world problems, it has been found that designs similar to those used in practice
may require up to 2.3 times as much material as the theoretical minimum volume design. Even when
simplified designs, developed from the benchmark, are considered, the more traditional design for the
considered problem still requires 65% more material.

2. A novel method of accurately modelling the self-weight of a structure has been developed. This elimin-
ates the non-conservative errors that are caused by the standard lumped self-weight method. The new
method uses ground structure members in the form of equally stressed catenaries, with arching compress-
ive members and sagging tension members. In this way, the self-weight is modelled as a distributed loading
throughout the structure, allowing accurate benchmark results to be obtained for any span length.

3. The distributed self-weight method has been applied to the conceptual design of a very long span bridge.
The benchmark designs obtained are significantly different to the standard cable stayed and suspension
forms generally used in practice. It was found that, for a span of 5km, a cable stayed form required at
least 38% more material than the benchmark, whilst suspension forms required at least 70% more material
(potentially significantly more for the geometries typically used in practice).

4. Due to the complexity of the benchmark designs, they have been used as inspiration for simplified designs.
These novel layouts make use of split pylons instead of the standard vertical pylons used in suspension
and cable stayed designs. The proposed layouts typically require only around 5%-10% more material than
the benchmark result.

5. The layout optimization method has also been extended to allow modelling of unstressed point masses.
This approach can be combined with the distributed self-weight formulation to accurately model long
span structures incorporating counterweights, anchorages or abutments.

6. To usefully model designs where anchorages or abutments are used, a support type based on frictional
planes has been proposed. This allows for comparisons to be made between ground anchored and self
anchored solutions. Application to the design of a simplified bridge problem demonstrated that for very
long spans it is likely to be advantageous to make use of ground anchorages, rather than to adopt a self
anchored design.

7. A number of different combinations of vertical and frictional supports were tested, and rationalized designs
were again manually produced. These novel forms included an asymmetric split pylon layout, and a
hybrid tied arch and split pylon layout. These forms provided a compromise between the very high
volumes required for self anchored designs, and the large horizontal reaction forces required for fully
ground anchored designs.

8. Manually producing simplified structures is time consuming. Therefore integer programming has been
used to impose constraints designed to increase buildability. When limits were imposed on the minimum
member cross-section area or on the number of joints in a structure, low correlation was found between
these two measures of complexity. However, good correlation was observed between the number of joints
and number of members in a structure; this is particularly useful as limiting the number of members was
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amongst the most computationally challenging approaches, whilst limiting the number of joints was one
of the most computationally inexpensive.

9. When limiting the number of joints, or limiting the angles between connected members, it is necessary
to consider the joints formed by intersecting members in order to produce meaningful results. The use of
so-called lazy constraints was found to be efficient in tackling such problems within an MILP framework,
and reduced the required CPU time by a factor of 20.

10. For very simple structures with few nodes, it is possible to exhaustively consider all possible solutions. It
was shown that for such structures multiple solutions may be equally optimal, and the optimal solutions
can form a non-connected set. However, in most of the simple cases considered, the non-convexity of the
problem was low in the vicinity of the optimal solution (i.e. among solutions with similar nodal locations).

11. The MILP approach was combined with a geometry optimization post processing step. In many cases this
allowed results to be obtained that agreed with analytically derived results from the literature.

12. It was found that presentation of results as a Pareto front of complexity against material usage provided
an effective means of assisting designers in making informed decisions. This allows easy visual comparison
between options and can also be used to estimate which structures are likely to be optimal in terms of
cost. However, each point along the Pareto front requires a separate optimization run.

13. It has been demonstrated, for a number of common measures of complexity, that the simplest structures
occur on vertices of the solution space. As such, many potential structural options can be considered
simultaneously by using vertex enumeration methods, which give the ability to rapidly generate complexity
vs. efficiency Pareto fronts in a single run. Furthermore, it is possible to directly impose complexity
constraints within a modified double description algorithm, and within this framework the computational
difficulty is reduced when adding more complexity constraints.

14. A novel method for producing more easily interpretable results has also been proposed. The Region based
Adaptive Ground Structure (RAGS) method produces structures that are described in terms of regions,
similar to the outputs of analytical methods. When this method is employed the solutions are likely to
be easier to interpret, this will also simplify communication between members of the design team. It also
suggests how the optimal family of discretised structures should be formed, greatly simplifying the manual
rationalization process.

15. The RAGS method has allowed numerical results to be obtained that are within a fraction of a percent
of known optimal volumes. This will be beneficial in validating analytical results, as will the suggestion
of the forms of regions that should be considered. As such this method can be useful for both academics
and practitioners.
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Suggestions for future work

A number of potential avenues that would merit further investigation have arisen during this study.

Self-weight with multiple load cases The distributed self-weight method introduced here is limited to
the consideration of single load case problems. Extending the method to treat multiple load cases is however
not straightforward as, unlike when self-weight is negligible, members that are unused in a particular load case
are still required to carry a load: the bending from their own weight. Indeed, the load case where no external
loading is applied anywhere can be an important concern when self-weight is significant.

A further extension could be to allow multiple scenarios where the self-weight loading acts in different
directions. This would be most obviously relevant to aerospace applications, but could also have uses in designing
buildings to resist horizontal accelerations from earthquake loading.

More accurate geotechnical modelling of supports The frictional supports proposed here have demon-
strated that the use of typical pin and roller supports can produce unrealistic results. However the frictional
supports are still rather simplified, and greater benefits may result from more accurate modelling of the ground
conditions. The DLO method (Smith & Gilbert, 2007) could provide such a modelling capability within a linear
programming framework, preserving the computational efficiency of the layout optimization method. This could
also allow for modelling of more complex foundation types such as piles.

Further complexity measures A range of constraints have been considered to reduce the complexity of the
structures identified. However, there is still scope to consider alternative complexity measures. For example,
some manufacturing or assembly methods will lead to specific constraints, which may often be possible to
consider using the methods described in Chapter 6 or Appendix D; close collaboration with manufacturers is
likely to prove valuable.

The use of lazy constraints was shown to be particularly effective when first limiting the number of active
ground structure nodes and then using lazy constraints to limit crossover joints. In this case, the initial limit
on the number of active ground structure nodes significantly reduced the number of lazy constraints which were
required, leading to a reduction in computational time. This logic could be extended to apply several types
of constraints simultaneously, using only the computationally simplest constraints initially, and adding more
complex constraints only as required. This would ameliorate the increase in computational requirements caused
by adding more, method specific, constraints.

Crossover joints in 3D The use of lazy constraints to correctly consider crossover joints has here been
applied only to 2D problems. The method could be immediately applied to 3D problems if a crossover point
is deemed to occur whenever two members’ centrelines lie within a predetermined tolerance. However a more
realistic model would be to consider a crossover to occur when the outer faces of members intersect.

This would introduce a dependency on the chosen shape of the cross section and, depending on the chosen
cross section, the relaxed problem may no longer be linear. Implementation of this is likely to also necessitate an
additional integer variable at each crossover joint, indicating whether the members fill the space between their
centrelines; an intersection would only be implied if this additional variable, and both flags indicating member
existence, were equal to 1. This would lead to a requirement for a huge number of additional integer variables,
unless these were also implemented using a pool type approach, as was used here for the implementation of
variables to count crossover nodes.
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Obtaining simple structures by vertex enumeration Minimising volume subject to limits on common
measures of complexity implies identifying a particular basic solution of the layout optimization problem, i.e. a
particular vertex of the solution space. A preliminary investigation into the application of vertex enumeration
algorithms to problems of layout optimization has been performed; it has been shown that they have the
potential to simultaneously identify and evaluate many options for a given problem. Further studies are required
to establish the most appropriate algorithms, the best performing heuristics and other strategies for improving
performance.

Elements representing additional region types A number of region types have been implemented and
tested within the RAGS framework. However, a number of other regions commonly found in Michell structures
known in the literature remain to be implemented. Some initial results for these may be found in Appendix C.
Perhaps the most critical region type on which further studies should focus is a general region of type 𝑇 with
two families of curved coordinate lines (i.e. 𝑇1).

Further studies into possible heuristics for the order in which regions are checked and added in the member
adding phase may also be effective in reducing the computational requirements of this method. For example,
fan regions are usually observed connecting to externally loaded or supported points. Provided that all possible
regions are checked at the final iteration, such heuristics will not affect solution quality.
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Appendix A

Numerical analysis of regions in known
optimal solutions

This appendix collects regions which appear in Michell structures known from the literature. In order that
they may be more readily compared, the series expansions of the functions defining the Lamé coefficients are
given. The values of the series expansion coefficients are plotted for comparison. It is observed that the relative
magnitudes of the series expansion coefficients are frequently similar across different region types.

A brief description of the form of the region or the solution from which it is drawn accompany each result,
although detailed problem descriptions are beyond the scope of this section and the interested reader is referred
to the relevant original works. Several of the results in this chapter are discussed in more detail in Appendix C.
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A.1 Definitions of functions and constants

To simplify the expression of Lamé coefficients in several regions Lewiński et al. (1994a) define the following
function,

𝐺𝑛(𝛼, 𝛽) =

(︂
𝛼

𝛽

)︂𝑛
2

𝐼𝑛(2
√︀
𝛼𝛽) (A.1)

where 𝐼 is the modified Bessel function of the first kind. Lewiński & Rozvany (2008b) further defines the
function 𝑇𝑛, given below. Here this function will be denoted as 𝐻𝑛 to avoid possible confusion with regions of
type 𝑇1 etc.

𝑇𝑛(𝛼, 𝛽) = 𝐻𝑛(𝛼, 𝛽) = 𝐺𝑛(𝛼, 𝛽) +𝐺𝑛+1(𝛼, 𝛽) (A.2)

It is also useful to note from these definitions that 𝐺𝑛(𝛽, 𝛼) = 𝐺−𝑛(𝛼, 𝛽) and 𝐻𝑛(𝛽, 𝛼) = 𝐻−𝑛−1(𝛼, 𝛽).

A.1.1 Type 𝑇2 regions

A region of type 𝑇2 consists of one set of straight lines and one set of curves. The coordinates are then the
distance along the straight lines for 𝛼, and 𝛽 is the angle turned through by the curves, i.e. 𝜑 = 𝛽. The region
is then defined by the functions 𝐴(𝛼, 𝛽) = 1 and 𝐵(𝛼, 𝛽) = 𝛼 + 𝐹 (𝛽). The coefficients of the series expansion
of 𝐹 will be termed 𝐷𝑛 and will be defined for integers 1 ≤ 𝑛 ≤ ∞ such that

𝐵(𝛼, 𝛽) = 𝛼+ 𝐹 (𝛽) = 𝛼+

∞∑︁

𝑛=0

𝐷𝑛+1

𝑛!
𝛽𝑛 (A.3)

Table A.1 shows the expressions for 𝐵(𝛼, 𝛽) and the values of 𝐷𝑛 for a number of regions of type 𝑇2 in solutions
in the literature. The values of 𝐷𝑛 for some of these are plotted in Figure A.1. It is shown that the values of
𝐷𝑛 rapidly become small as 𝑛 increases for all the regions considered.

A.1.2 Type 𝑇1 regions

Regions of type 𝑇1 are those with two sets of curved coordinate lines containing no inflexions. The coordinates
𝛼 and 𝛽 are then defined as the angles turned through by the coordinate axes, the angle of the 𝛼 line to the
local 𝑥 axis is 𝜑 = −𝛼+ 𝛽.

The functions which define a region of type 𝑇1 can be expressed as a series expansion with coefficients 𝐶𝑛,
for all integer values of 𝑛 from −∞ to ∞. This is discussed in detail in Appendix C.3.1. Here we simply note
that these constants give the functions 𝐴 and 𝐵 with either the relationship,

𝐴 =

∞∑︁

𝑎=0

∞∑︁

𝑏=0

1

𝑎!𝑏!
𝐶𝑏−𝑎𝛼

𝑎𝛽𝑏, 𝐵 =

∞∑︁

𝑎=0

∞∑︁

𝑏=0

1

𝑎!𝑏!
𝐶𝑏−𝑎+1𝛼

𝑎𝛽𝑏 (A.4)

or, equivalently,

𝐴 =

∞∑︁

𝑛=−∞
𝐶𝑛

(︂
𝛽

𝛼

)︂𝑛
2

𝐼𝑛(2
√︀
𝛼𝛽) 𝐵 =

∞∑︁

𝑛=−∞
𝐶𝑛+1

(︂
𝛽

𝛼

)︂𝑛
2

𝐼𝑛(2
√︀
𝛼𝛽) (A.5)

where 𝐼 is the modified Bessel function of the first kind.

Table A.2 gives details of the functions 𝐴(𝛼, 𝛽) and 𝐵(𝛼, 𝛽) for a number of regions of type 𝑇1 known in the
literature, the associated values of the coefficients 𝐶𝑛 are also given. The values of 𝐶𝑛 are also plotted in Figures
A.2 and A.3. Figure A.2 shows the results for the regions of type 𝑇1 in the exterior of a square problem, and
for the region of equiangular spirals; these are both problems with the whole plane as design domain. Figure
A.3 presents results for regions drawn from problems constrained to a long, narrow design domain, note that in
this case the values of 𝐶𝑛 may be negative.
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Region Type Analytical Function for 𝐵 (𝐴 = 1) Power series

Michell (1904)
Figure 2 Circular fan 𝐵(𝛼, 𝛽) = 𝛼 𝐷𝑛 = 0

Chan (1963)
Fig 4, DCEF

Simply supported
cantilever

𝐵(𝛼, 𝛽) = 𝛼+ 𝑟
(︁
𝐼0(

√
2𝜋𝛽) +

√︁
𝜋
2𝛽 𝐼1(

√
2𝜋𝛽)

)︁

= 𝛼+ 𝑟𝑅0(𝜋
2 , 𝛽)

𝐷𝑛 = 𝑟
(︁

(0.5𝜋)𝑛−1

(𝑛−1)! + (0.5𝜋)𝑛

𝑛!

)︁

= 𝑟
(︀
(𝜋
2 )𝑛−1Ξ(𝑛) + (𝜋

2 )𝑛Ξ(𝑛+ 1)
)︀

Lewiński & Rozvany
(2007) Fig 6, CDB′

1G1

Exterior
of a trapezoid 𝐵(𝛼, 𝛽) = 𝛼+ 𝑟0 (𝐻0(𝜃, 𝛽)) 𝐷𝑛 = 𝑟0

(︀
𝜃𝑛−1Ξ(𝑛) + 𝜃𝑛Ξ(𝑛+ 1)

)︀

Lewiński & Rozvany
(2008b) Fig 4, D1HH1O

Exterior
of a square 𝐵(𝛼, 𝛽) = 𝛼+ 𝑟

(︀
𝐻0(𝜋

2 , 𝛽) +𝐻0(𝜋
4 , 𝛽 + 𝜋

4 )
)︀ 𝐷𝑛 = 𝑟

(︀
𝐼𝑛(𝜋

2 ) + 𝐼𝑛−1(𝜋
2 )

+(𝜋
2 )𝑛−1Ξ(𝑛) + (𝜋

2 )𝑛Ξ(𝑛+ 1)
)︀

Lewiński & Rozvany
(2008b) Fig 4, H′′

1SJ′′
1S′′

1

Exterior
of a square 𝐵(𝛼, 𝛽) = 𝛼+ 𝑟

(︀
𝐻0(𝜋

2 , 𝛽 + 𝜋
4 ) +𝐻0(𝜋

4 , 𝛽 + 𝜋
2 ) +𝐻0( 3𝜋

4 , 𝛽)
)︀

𝐷𝑛 = 2
𝑛−1
2 𝐼𝑛−1(

√
2𝜋
2 ) + 2

𝑛
2 𝐼𝑛(

√
2𝜋
2 )

+0.5
𝑛−1
2 𝐼𝑛−1(

√
2𝜋
2 ) + 0.5

𝑛
2 𝐼𝑛(

√
2𝜋
2 )

+( 3𝜋
4 )𝑛−1Ξ(𝑛) + ( 3𝜋

4 )𝑛Ξ(𝑛+ 1)

Table A.1: Details of selected known regions of type 𝑇2. Values of 𝑟, 𝑟0, 𝜃 and ℎ refer to geometrical parameters of the original problem classes. Ξ is the reciprocal
gamma function (see Section C.3.4).

(a)

1 2 3 4 5 6 7 8 9 10
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0.5

1

𝑛

𝐷𝑛

𝐷1

𝜃 = 𝜋
2 (Chan, 1963, DCEF)

𝜃 = 3𝜋
8

𝜃 = 𝜋
4

(Lewiński & Rozvany,

2008b, CDK1G1)

𝜃 = 𝜋
8

𝜃 = 0 (extended fan)

(b)

1 2 3 4 5 6 7 8 9 10
0

0.5

1

𝑛

𝐷𝑛

𝐷1

CDK1G1 (nearest to support)

D1HH1O

H′′
1SJ′′

1S′′
1 (furthest from support)

Figure A.1: Normalised values of the coefficients 𝐷𝑛 for selected regions of type 𝑇2. (a) Regions adjacent to type 𝑇1 regions based on circular arcs subtending
angle 𝜃 (i.e. Lewiński & Rozvany, 2007, Fig 6 CDB′

1G1). (b) Regions in the exterior of a square problem (Lewiński & Rozvany, 2008b, Figure 4).
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Region Type Analytical Function Double power series

Michell (1904)
Figure 1

Equiangular
spirals 𝐴(𝛼, 𝛽) = 𝐵(𝛼, 𝛽) = 𝑟 exp(𝛼+ 𝛽) 𝐶𝑛 = 𝑟

Chan (1960)
Fig 13, OADB Arc-Based

𝐴(𝛼, 𝛽) = 𝑟

(︂
𝐼0(2

√
𝛼𝛽) +

√︁
𝛽
𝛼𝐼1(2

√
𝛼𝛽)

)︂

𝐵(𝛼, 𝛽) = 𝑟
(︁
𝐼0(2

√
𝛼𝛽) +

√︁
𝛼
𝛽 𝐼1(2

√
𝛼𝛽)

)︁ 𝐶𝑛 =

{︃
𝑟, if 𝑛 = 0, 1

0, otherwise

Sokół & Lewiński
(2010) Eqn. (2.4)
Fig 2, ACDB

Arc-Based
(unequal radii)

𝐴(𝛼, 𝛽) = 𝑟1𝐼0(2
√
𝛼, 𝛽) + 𝑟2

√︁
𝛽
𝛼𝐼1(2

√
𝛼𝛽)

𝐵(𝛼, 𝛽) = 𝑟2𝐼0(2
√
𝛼, 𝛽) + 𝑟1

√︁
𝛼
𝛽 𝐼1(2

√
𝛼𝛽)

𝐶𝑛 =

⎧
⎪⎨
⎪⎩

𝑟1, if 𝑛 = 0

𝑟2, if 𝑛 = 1

0, otherwise

Hemp (1973)
Figure 4.15

Cycloid
𝜑 = 𝛼+ 𝛽

𝐴(𝛼, 𝛽) = 2ℎ cos(𝛼+ 𝛽)

𝐵(𝛼, 𝛽) = 2ℎ sin(𝛼+ 𝛽)

𝜑 = −𝛼+ 𝛽
𝐴 = 2ℎ cos(𝛼− 𝛽 + 𝜋

4 )

𝐵 = 2ℎ sin(𝛼− 𝛽 + 𝜋
4 )

𝐶𝑛 =

{︃
ℎ
√

2, if 𝑛 mod 4 = 0, 1

−ℎ
√

2, if 𝑛 mod 4 = 2, 3

Lewiński et al.
(1994a), Fig 4a DHJG

Symmetrical
cantilever

𝐴(𝛼,𝛽)
𝑟 = 𝐻−1(𝛼, 𝛽) −𝐻0(𝛼− 𝜃, 𝛽 + 𝜃) −𝐻−2(𝛼+ 𝜃, 𝛽 − 𝜃)

𝐵(𝛼,𝛽)
𝑟 = 𝐻0(𝛼, 𝛽) −𝐻1(𝛼− 𝜃, 𝛽 + 𝜃) −𝐻−1(𝛼+ 𝜃, 𝛽 − 𝜃)

see Dewhurst (2001)

Lewiński & Rozvany
(2008b) Fig 4, B1D1HD′

1

Exterior
of a square

𝐴(𝛼, 𝛽) = 𝑟
(︀
𝐻−1

(︀
𝛼+ 𝜋

4 , 𝛽
)︀

+𝐻−1

(︀
𝛼, 𝛽 + 𝜋

4

)︀)︀

𝐵(𝛼, 𝛽) = 𝑟
(︀
𝐻0

(︀
𝛼+ 𝜋

4 , 𝛽
)︀

+𝐻0

(︀
𝛼, 𝛽 + 𝜋

4

)︀)︀
𝐶𝑛

𝑟 =
(︀
𝜋
4

)︀𝑛
Ξ(𝑛+ 1) +

(︀
𝜋
4

)︀𝑛−1
Ξ(𝑛)

+
(︀
𝜋
4

)︀1−𝑛
Ξ(2 − 𝑛) +

(︀
𝜋
4

)︀−𝑛
Ξ(1 − 𝑛)

Lewiński & Rozvany
(2008b) Fig 4, OH1SH′′

1

Exterior
of a square

𝐴(𝛼, 𝛽) = 𝑟
(︀
𝐻0(𝛽 + 𝜋

4 , 𝛼+ 𝜋
4 ) +𝐻0(𝛽, 𝛼+ 𝜋

2 ) +𝐻0(𝛽 + 𝜋
2 , 𝛼)

)︀

𝐵(𝛼, 𝛽) = 𝑟
(︀
𝐻0(𝛼+ 𝜋

4 , 𝛽 + 𝜋
4 ) +𝐻0(𝛼+ 𝜋

2 , 𝛽) +𝐻0(𝛼, 𝛽 + 𝜋
2 )
)︀

𝐶𝑛

𝑟 = 𝐼𝑛
(︀
𝜋
2

)︀
+ 𝐼𝑛−1

(︀
𝜋
2

)︀

+
(︀
𝜋
2

)︀𝑛
Ξ(𝑛+ 1) +

(︀
𝜋
2

)︀𝑛−1
Ξ(𝑛)

+
(︀
𝜋
2

)︀1−𝑛
Ξ(2 − 𝑛) +

(︀
𝜋
2

)︀−𝑛
Ξ(1 − 𝑛)

Table A.2: Details of selected known regions of type 𝑇1. Where alternative choices of origin points were used in the original form, these are shown in grey and an
appropriate transformation is used to find comparable expressions. Values of 𝑟, 𝑟1, 𝑟2, 𝜃 and ℎ refer to geometrical parameters of the original problem classes. Ξ is
the reciprocal gamma function (see Section C.3.4).
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OH1SH1 (furthest from support)

Equiangular spirals

Figure A.2: Normalised values of the coefficients 𝐶𝑛 for regions of type 𝑇1 within the solution of Lewiński &
Rozvany (2008b) for the exterior of a square problem.
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Figure A.3: Normalised values of the coefficients 𝐶𝑛 for a region of type 𝑇1 consisting of a series of cycloids
Hemp (1973, figure 4.15), and for the first four 𝑇1 type regions in a long cantilever constrained to lie within a
parallel sided strip (Dewhurst, 2001, table 2), i.e. where the ‘first boundary extension’ result is equivalent to
the result of Lewiński et al. (1994a, fig 4a, DHJG).
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Appendix B

Further applications of counterweights

This appendix presents some further examples using the counterweight modelling approach discussed in Section
5.3.1. The focus is on scenarios where counterweights are used in practice, the first example is based on a
simplified crane design, and the second concerns gravity balanced cable stay bridges.

A number of additional characteristics are observed; firstly that two load case problems using this method
do not appear to be entirely approachable using the superposition method. Secondly that counterweight loading
may be treated as analogous to transmissible loads with regards to the angles of supporting bars.

The formulation for frictional supports from Section 5.3.2 is also extended to cases where the frictional plane
is not horizontal. This provides a more realistic physical interpretation of the larger values for the coefficient of
friction which were used in Chapter 5.
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B.1 Crane structure example

A real world application which frequently makes use of counterweights is the design of cranes. Tower cranes in
use today use a wide variety of structural forms, as shown in Figure B.1. However, most designs make use of
some form of counterweight, frequently in the form of pre-cast concrete sections.

(a) (b) (c)

Figure B.1: A variety of designs of tower crane in use.

The simplified design problem considered here is illustrated in Figure B.2. For this scenario, a span of 60m
is required, and a back-span of up to 30m from the front of the tower may be utilised. A point load of 22kN
must be supported at the far end of the span.

The crane is to be supported on a 4m wide tower. It will be initially assumed that the tower’s load carrying
capacity is not governed by the loading from this case, but instead by other load cases such as wind loading
during survival conditions. Therefore the initial problem will be independent of the total height of the crane.

20m

22kN
60m

4m

26m

Figure B.2: Crane example: Problem specification. The shaded area is the considered design domain.

The structure is initially assumed to be constructed from a material with a unit weight 𝜌𝑔 = 80 kN
m3 , a tensile

strength, 𝜎𝑇 , of 300MPa and a compressive strength, 𝜎𝐶 , of 150MPa. The cost of this material is 3645 $
m3 . Also

available is a cheaper material, which has no strength, but has a unit weight of 23 kN
m3 and a unit cost, 𝑝𝑈 , which

varies between 0 and 60 $
m3 .

Combining these two materials allows the force to be equilibrated in a number of ways, including using
a balancing counterweight placed within the back-span, or a moment developed between the two supports.
Layout optimization has been performed using a dense nodal grid (0.5m spacing, allowing for almost 26 million
potential truss members) for a range of values of 𝑝𝑈 and the results are shown in Figure B.3.

Both the total cost of the structure (i.e. the optimal objective value) and the cost of the structural elements
are plotted. When the counterweight material is relatively expensive, the total cost and the cost of the bars
are identical. In this region, no counterweights are used and the force is supported entirely by means of the
moment generated at the two supports.

Similarly to the cantilever problem in Figure 5.5, the change from a counterweight based solution to a
moment supported solution happens abruptly. However, the solutions where counterweights are present are not
purely balanced structures except in the case where 𝑝𝑈 = 0, this is evidenced by the presence of a fan of tension
members from the back support. Instead, these structures are a hybrid, consisting of an outer area of structure
which forms a balance about a point within the main span. This balance point is then supported by the inner
structure, which is reminiscent of the classical michell cantilever.

B.1.1 Influence of structural complexity on counterweight use

The results shown in Figure B.3 make use of a complex structure, as is common in michell type problems.
However, for practical usage, simpler structures are generally required. Simplification of these structures will
increase the material usage of the truss bars. However it will make little difference to the required counterweight
volume, if the location is kept constant.

To investigate the impact that this structural rationalization has on the results, the same problem has
been investigated using coarser nodal grids. Figure B.5 shows the results of layout optimization using a nodal
grid with 2m spacing. Figure B.4 shows the results of layout optimization using a 4m nodal grid, followed by
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Figure B.3: Crane example: Results of layout op-
timization with 0.5m nodal grid.
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Figure B.4: Crane example: Results of layout op-
timization using 4m nodal grid followed by geometry
optimization.
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Figure B.5: Crane example: Results of layout op-
timization using 2m nodal grid.
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rationalization using geometry optimization. Figure B.6 shows the results of layout and geometry optimization
using a ground structure with nodes at the loads, supports and the points (0m,20m), (25m,10m) and (50m,20m).

The results in Figures B.3-B.5 display similar values for the total costs throughout the cost range investigated,
this is particularly pronounced at lower values of 𝑝𝑈 . It can be seen that all cases show a sudden jump where
the use of the counterweight becomes advantageous. However, the value of 𝑝𝑈 at which this jump occurs is
quite variable, even when the total costs on each side of the jump are very similar.

The optimal cost when counterweights are not used provides an upper bound for the global optimum for
any value of 𝑝𝑈 . In Figures B.4 and B.6, i.e. the results which use geometry optimization, it can be seen that
local optima have been identified in the region where the change to counterweight use occurs. Therefore, for
practical usage with low resolutions and geometry optimization, it may be useful to solve a problem both with
and without permitting counterweights to ensure the correct solution is identified.

However, the impact of structural complexity is significant. This can be seen clearly in Figure B.6. The
critical value at which the optimal solution changes from a counterweight based form to a moment support form
is requires the counterweight material price to be approximately 40% greater than the critical value for a high
complexity structure, such as in Figure B.3.

B.1.2 Variations in counterweight cost and material strength

A series of scenarios were considered using layout optimization with a nodal grid of 0.5m spacing. As previously,
the scenarios varied in the values of the unit cost for unstressed material, 𝑝𝑈 . The values of material strength,
𝜎𝑇 and 𝜎𝐶 , were also varied, although the ratio 𝜎𝑇

𝜎𝐶
was kept constant and equal to 2. The volume of material

used in the counterweight is shown in Figure B.7a. When unstressed material is expensive and the available
material is strong, counterweights are not used, and a form similar to that shown in Figure B.7b is identified.

As seen in Figures B.3-B.6, the change in form to make use of counterweights is abrupt. The change appears
to occur approximately on a line with the form 𝑝𝑈𝜎𝑇 = constant. Beyond that line, there is a gradual increase
in the volume of the optimal counterweight as either 𝑝𝑈 or 𝜎𝑇 are reduced. As this happens, the location of
the counterweight moves horizontally towards the support, as can be seen in the forms shown in Figure B.7c-f.

The positions of the counterweights for results with 𝜎𝑇 = 100MPa, 200MPa, 300MPa, 400MPa and 500MPa
have been interpolated and the resulting bezier curves are plotted in Figure B.7g, along with the positions of
the counterweights for the layouts in Figure B.7c-f. It can be seen that all results follow very similar lines, this
demonstrates that points in Figure B.7a with the same colour have very similar layouts.

B.1.3 Inclusion of tower structure

However, the layouts in Figure B.7 require a variety of different support conditions. If the design of the tower
is governed by the currently considered load case, it would be preferable to include this in the formulation.
Therefore Figure B.8 shows results where a tower of height 60m is also included. Note that, in this case, the
unit cost of the counterweight material must be significantly (by approximately a factor of 10) increased before it
ceases to be advantageous to make use of a counterweight. Structures which do not make use of counterweights
are as seen in Figure B.7b.

When a counterweight is used, the form is generally as shown in Figure B.8b. This layout, using only one
support and also using the full permitted back-span, is not seen in Figure B.7. When the cost of the tower
members is included, it is preferable to make use of the largest permitted back-span in order to reduce the
mass of the counterweight and therefore the force which must be transmitted by the tower. The same layout is
observed throughout the paler blue area of Figure B.8a, with the only minor change being that the volume of
the counterweight should balance the increased structural mass when lower material strengths are used. This
results in an increase of only 7% between the results with 𝜎𝑇 = 500 and 𝜎𝑇 = 100.

Within the transition region in Figure B.8 there is evidence of structures similar to that of B.7c (e.g. Figure
B.9a), however the range of cases for which these intermediate structures are optimal is relatively small.
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Figure B.7: Crane example: Effect of variations in material strengths and costs on the use of counterweights
in the optimal structure. Layout optimization results with 0.5m nodal spacing.
(a) Total volume of unstressed material in optimal structure for a range of material strengths and unit costs of
counterweights.
(b)-(f) Optimal layouts for 𝑝𝑈 and 𝜎𝑇 as marked in (a).
(g) Magnified view of portion of design domain shown darker in (f), the grid shows the spacing of the ground
structure nodes. Counterweight positions for layouts (b)-(f) are shown. Also, bezier curves for 𝜎𝑇 =100, 200,
300, 400 and 500MPa have been interpolated from the positions of the counterweight in all relevant results from
(a), these have been coloured using the same colour scale as in (a).
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Figure B.8: Crane example: Effect of variations in material strengths and costs on the use of counterweights
in the optimal structure, when the cost of the material in the tower is included.
(a) Total volume of unstressed material.
(b) Optimal layouts for 𝑝𝑈 = 200 $

m3 and 𝜎𝑇 = 200MPa, as marked in (a).

B.1.4 Multiple load cases

The structures in Figures B.7f and B.8c make use of only one of the support points. Clearly this would be
unstable if the external load was removed. Figures B.7c-e use both supports, but would still be unlikely to
withstand the loading of the counterweight if the point load was not present.

To test this, a two load case problem will be studied, consisting of the original case plus an additional case
containing no external loading, but still considering the weight of the counterweight. This result is shown in
Figure B.9d. Due to the limitations of the distributed self-weight modelling, this result neglects the self-weight
of the structural members, and for comparison the single load case result under these assumptions is given in
Figure B.9c.

The result of the two load case problem shows a layered structure, as is usual for standard multiple load case
problems (i.e. without counterweights or self weight). In such problems, the superposition approach is often
used to obtain the solution to the multiple load case problem, from the solutions to two related single load case
problems, the sum and difference problems respectively. It may therefore be interesting to consider the results
of similar logic to this problem.

If the force imposed by the counterweight is considered as an external force (present in both load cases) then
the component load cases used in the superposition principle can be found. The sum load case would consist
of the load of the counterweight (at full magnitude) and the external load at half magnitude. The difference
load case would consist of only the half magnitude external force, whilst the load from the counterweight would
cancel to nothing. Thus, it may be expected that the solution would consist of the result from B.9c combined
with a form similar to that of Figure B.9b.

Qualitatively, this seems to be roughly accurate, but closer inspection reveals some differences. For example,
in the back span of B.9d, there does not seem to be evidence of the central region of straight lines as seen in
B.9. Furthermore, the counterweight in B.9d is only 40% of the volume of the counterweight in Figure B.9c.
This suggests that there may be more factors influencing the two load case situation.



B.1. CRANE STRUCTURE EXAMPLE 189

⇓

⇒

⇒

(a) (b)

(c) (d)

With self-weight
Total cost, 𝐶 £1566

Structural vol. 0.170m3

Unstressed vol. 1.722m3

Structural cost £620
Counterweight cost £706

Without structural
self-weight

Total cost, 𝐶 £1475
Structural vol. 0.211m3

Unstressed vol. 1.285m3

Structural cost £769
Counterweight cost £706

With two load cases
Total cost, 𝐶 £1483

Structural vol. 0.330m3

Unstressed vol. 0.510m3

Structural cost £1203
Counterweight cost £280

With self-weight,
Counterweights forbidden

Total cost, 𝐶 £1614
Structural vol. 0.443m3

Unstressed vol. 0.000m3

Structural cost £1614
Counterweight cost £0

Figure B.9: Crane example: Cases with 𝜎𝑇 = 200MPa, 𝑝𝑈 = 550 $
m3 and tower height of 60m.

(a) Single load case - as in Figure B.8. Counterweight is 9.5m above the top of the tower.
(b) As in (a) but with counterbalances not permitted.
(c) As in (a) but with self-weight of structural members neglected. Counterweight is 8m above the top of the
tower.
(d) As for (c) but with the addition of a second load case containing no external loads. Counterweight is 8m
above the top of the tower.
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B.2 Counterbalance bridge example

Another famous example of a structural layout based on the use of counterweights is the Alamillo bridge, a
gravity balanced cable stayed bridge design by Santiago Calatrava. This unusual design has received substantial
attention, however it is generally considered to be a very inefficient design, e.g. Croll (2019) state a value of 3.5
to 5.8 times the material required for a comparable harp type cable stayed bridge, whilst Guest et al. (2013)
find that the pylon weight is over 10 times that of a cable stayed form, and also compare overall cost with a
bridge of a more standard cable stayed design and substantially longer span, finding that the Alamillo bridge
has almost twice the cost per m2.

Despite this, it may still be possible that there are certain scenarios for which this design is preferred. One
such example is shown in Figure B.10a-c, where a span is pin supported at one end, and has only a horizontal
support force at the other. The material has equal strength in tension and compression of 𝜎, and the loaded
span has a length of 0.16 𝜎

𝜌𝑔 (approximately 1km with realistic material values such as in Chapter 4).

The results in Figure B.10a-c show cases where the counterweight material ranges from close to the same
price as the structural material, to having no cost. These structures show a number of designs ranging from
counterweights located very close to the supports, to structures making use of the whole of the permitted
backspan. A very simplified form of these could be imagined where all radial members except the deck and a
single outer pylon were eliminated, this would then be very similar to the Alamillo bridge.

In all three cases, the counterweights are supported by pairs of members at ±45∘. Similarly in Section B.1,
all counterweights are supported by members at approximately the same inclinations, although as that case
does not have equal tensile and compressive strengths they are not at ±45∘. This property is related to the
observation of Lu et al. (2018) that equal strength tension and compression members which meet a pre-existing
member (or equivalently a transmissible load) should to so at angles of 45 degrees. The counterweight force is
in many ways similar to a transmissible load; in that its location is controlled by the optimization algorithm,
although clearly it differs in that its magnitude can also vary.

The structure in Figure B.10c has a total material cost of almost double that of Figure B.10a. However, in
the far more likely case that a vertical support could be used at the right end, an arch type form becomes far
more efficient (Figure B.10d), with a total material cost of just over a quarter of that in B.10a, i.e. around an
eighth of the cost of Figure B.10c.

(a) (b)

(c) (d)

Figure B.10: Cantilever bridge example: Resulting structures.
(a) Counterweight cost, 𝑝𝑈 = 0. Total cost = 𝑐′

(b) Counterweight cost, 𝑝𝑈 = 10% of structural material costs. Total cost = 1.15𝑐′

(c) Counterweight cost, 𝑝𝑈 = 99% of structural material cost. Total cost = 1.96𝑐′

(d) With pin supports on both sides. Total cost = 0.26𝑐′.
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Figure B.11: Reaction and counterweight forces acting on a frictional foundation node.

B.3 Foundations on inclined frictional planes

B.3.1 Formulation with inclined frictional supports

This section describes an extension to the proposed formulation for frictional foundations to handle cases where
a structure is supported on a non-horizontal frictional plane. The angle between the surface and horizontal will
be notated as 𝜓, as shown in Figure B.11.

The equilibrium constraint (5.9b) will be modified by changing the coefficients of C and D such that, for a
single supported node 𝑗, equation (5.9b) becomes

B𝑗q + 𝜌𝑔

[︂
0
1

]︂
𝑟𝑗 +

[︂
cos𝜓𝑗

sin𝜓𝑗

]︂
𝑠𝑗 +

[︂
− sin𝜓𝑗

cos𝜓𝑗

]︂
𝑡𝑗 =

[︂
𝑓𝑥𝑗
𝑓𝑦𝑗

]︂
(B.1)

where B𝑗 represents the rows of B relating to node 𝑗, and 𝜓𝑗 is the inclination of the frictional plane at joint 𝑗.

B.3.2 Equivalent values of 𝜇 and 𝜓

Consider a scenario where the frictional force 𝑡𝑗 is known to act in one (positive) direction, and where the volume
of the counterweight, 𝑟𝑗 , is selected so as to ensure that the foundation just resists slipping. Then equation
(5.9c) will be satisfied by equality, and the resultants of 𝑡𝑗 and 𝑠𝑗 in the 𝑥 and 𝑦 directions can be written as

𝑡𝑗(𝜇 cos𝜓 + sin𝜓) = 𝑓𝑥 (B.2a)

𝑡𝑗(𝜇 sin𝜓 + cos𝜓) = 𝑓𝑦 (B.2b)

A set of modified values 𝜇* and 𝜓* will produce identical behaviour if they result in the same values of
𝑓𝑥 and 𝑓𝑦 for some value 𝑡*𝑗 . By equating original and modified versions of equation (B.2), and eliminating
𝑡𝑗
𝑡*𝑗
, a relationship between the original and modified values is found. After some rearrangement, this may be

conveniently stated as

𝜓* + arctan𝜇* = 𝜓 + arctan𝜇 (B.3)

For example, a foundation plane where 𝜓 = 20∘ and 𝜇 = 0.4 where the structure applies a force which pulls
the node uphill, could be equivalently represented by a flat surface, 𝜓* = 0 with 𝜇* ≈ 0.9.

Note however, that the conditions which have been used to derive this equivalence are rather onerous, and
provide little scope for consideration of alternate loading cases or construction stages. The example of the
previous paragraph would be equivalent to a flat surface with 𝜇* ≈ 0.03 if the horizontal force was such that
the frictional force changed direction. Additionally, the stability of the sloped plane itself must be taken into
consideration.

For these reasons, equation (B.3) is unlikely to be of practical application. This relationship is not incor-
porated within the optimization formulation, and is instead presented here to provide some element of physical
interpretation whilst allowing for investigation of cases where the support conditions approach a pin support,
i.e. with large values of 𝜇.
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Appendix C

Derivation of further region types for
RAGS method

This appendix discusses potential extensions to the Region based Adaptive Ground Structure (RAGS) method
to incorporate the other region types which may be found in Michell structures. These include type 𝑅 and
𝑆 regions, and further regions of type 𝑇 . The latter are again discussed using the special coordinate systems
defined by Chan (1960). It is possible to imagine curvilinear coordinate systems that do not fall into any of these
three categories, for example regions consisting of two families of curves which contain inflexions. However, such
coordinate systems would be more difficult to model than the well defined classes considered here, also it is
likely to be reasonable to model such regions as multiple smaller regions. As such the focus here is limited to
the cases denoted as 𝑇1, 𝑇2 and 𝑇3.

The majority of this chapter is concerned with regions of truss-like continua, these would allow the identific-
ation of the mot accurate benchmark structures. Discretised structures, similar to those considered in Section
7.5 are briefly discussed where relevant.
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C.1 Type 𝑇3 regions

Regions of type 𝑇3 consist of two sets of orthogonal straight lines, the coordinates 𝛼 and 𝛽 are the distances
along each set of lines from the origin O. In these regions, 𝑑𝜑

𝑑𝛼 = 𝑑𝜑
𝑑𝛽 = 0, i.e. 𝜑 is constant. The corner points

of this region, and their associated local displacements illustrated in C.1a and given by

A(𝑙OA, 0) : 𝑢̇𝛼A = 𝜀𝑙OA 𝑢̇𝛽A = 𝜔O𝑙OA (C.1a)

B(0, 𝑙OB) : 𝑢̇𝛼B = −𝜔O𝑙OB 𝑢̇𝛽B = −𝜀𝑙OB (C.1b)

P(𝑙OA, 𝑙OB) : 𝑢̇𝛼P = 𝜀𝑙OA − 𝜔O𝑙OB 𝑢̇𝛼P = −𝜀𝑙OB + 𝜔0𝑙OA (C.1c)

These regions are mostly considered trivial cases; and indeed it seems unlikely that there would be a need
to consider them explicitly within the framework of the RAGS method as they may be modelled well using
the existing straight bar elements. However, as a demonstration of the importance of appropriate selection of
constraints, they will be briefly discussed here. Two different means of cancelling 𝜔O from equations (C.1) will
be compared.

Using 𝑢̇𝛼B from equation (C.1b) to find 𝜔O, and substituting into the equation (C.1c) for 𝑢̇𝛼P, gives

𝑢̇𝛼P ≤ 𝜀𝑙OA + 𝑢̇𝛼B

(𝑢𝛼P − 𝑢𝛼O) − (𝑢𝛼B − 𝑢𝛼O) ≤ 𝜀𝑙OA

𝑢𝛼P − 𝑢𝛼B ≤ 𝜀𝑙OA (C.2)

Then duality principles are used to give the static form as

[︂
−1
1

]︂
𝑞 =

[︂
𝑓𝛼B
𝑓𝛼P

]︂
, 𝑉 =

𝑙𝑂𝐴

𝜎
(C.3)

This can be easily seen to be equivalent of a straight bar element from B to P, as shown in Figure C.1b.
Conversely, if the expression for 𝜔O is found from equation (C.1a),

𝜔0 =
𝑢̇𝛽𝐴
𝑙OA

𝑢̇𝛼P ≤ 𝜀𝑙OA − 𝑙OB

𝑙OA
𝑢̇𝛽A

(𝑢𝛼P − 𝑢𝛼O) +
𝑙OB

𝑙OA
(𝑢𝛽A − 𝑢𝛽O) ≤ 𝜀𝑙OA (C.4)

Converting this into the primal (static) form gives

⎡
⎢⎢⎣

−1

− 𝑙𝑂𝐵

𝑙𝑂𝐴
𝑙𝑂𝐵

𝑙𝑂𝐴

1

⎤
⎥⎥⎦ 𝑞 =

⎡
⎢⎢⎣

𝑓𝛼O
𝑓𝛽O
𝑓𝛽A
𝑓𝛼P

⎤
⎥⎥⎦ , 𝑉 =

𝑙𝑂𝐴

𝜎
(C.5)

This set of forces is illustrated in Figure C.1c, note that this cannot be easily resolved into a feasible set of
internal forces. This illustrates the care that must be taken when formulating constraints from these regions.

(a)

𝑙OB

𝑙OA
𝑞

𝜀𝑙OA

𝜔O𝑙OA

−𝜀𝑙OB

−𝜔O𝑙OB

𝜀𝑙OA − 𝜔O𝑙OA

𝜔O𝑙OA − 𝜀𝑙OB

O

A

B

P
(b)

𝑙OB

𝑙OA
𝑞

𝑞

𝑞

O

A

B

P
(c)

𝑞
𝑙OB

𝑙OA
𝑞

𝑞

𝑙OB

𝑙OA
𝑞

O

A

B

P

Figure C.1: Type 𝑇3 region. (a) Virtual deflections. (b)-(c) Possible static forms from duality principles.
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Figure C.2: Type 𝑇2 region: Definitions of points and angles.

C.2 Type 𝑇2 regions

Special coordinate system from Chan (1960), contains one set of straight coordinate lines and one set of curved
lines. The 𝛼 coordinate is defined as the distance along the straight lines from the curve through point O and
the 𝛽 coordinate is the angle turned by the curved coordinate lines from the line OA. This region exists only
when |OA| = |BP|; all 𝛼-lines then have a length equal to this. Thus, exact regions of this type are unlikely to
be of significant use in layout optimization, where precisely placed nodes are not common.

The red lines in Figure C.2 are the tangents to the coordinate curves at the nodes, thus they are perpendicular
to the lines OA or BP. Therefore it is easy to see that the angle turned through by the coordinate curves in
this region will be equal to the angle between the lines OA and PB.

The limits on the coordinates within the region are given by

0 ≤ 𝛼 ≤ |OA| = |BP| 0 ≤ 𝛽 ≤ 𝜃 = 𝜉𝐵 (C.6)

where 𝜉𝐵 is defined as the angle between the lines OA and BP. These values are easily found from the positions
of the four nodes.

The geometry functions for a general region of type 𝑇2 are

𝜑 = 𝛽 𝐴(𝛼, 𝛽) = 1 𝐵(𝛼, 𝛽) = 𝛼+ 𝐹 (𝛽) (C.7)

where 𝐹 (𝛽) is a non-negative, monotonically increasing function.

C.2.1 Examples from literature

The most common types of 𝑇2 region in the literature are the fan elements already discussed in Section 7.3.
For these, 𝐹 (𝛽) = 0 and therefore 𝐵(𝛼, 𝛽) = 𝛼. It may be of interest to be able to construct a similar region
of radial bars without them reaching the central points. For such a ‘doughnut’ type region with circular arcs,
𝐹 (𝛽) = 𝑟B where 𝑟B is the radius of the innermost arc between O and B. In these cases 𝜈OB = 𝜈BO and
𝜈AP = 𝜈PA.

A number of examples of type 𝑇2 regions drawn from the literature are examined in Table A.1. Generally,
these bridge small gaps between adjacent regions of type 𝑇1. In these cases, the curved 𝛽 lines generally have
zero thickness, this may lead to challenges in implementing these as part of the RAGS method, as it may be
difficult to distinguish these regions from those of type 𝑅 when a limited level of precision is available.
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Figure C.3: A discrete approximation of a region using a 1 × 2 cell mesh. The blue curve through P shows
the locus of possible points for the given locations of A, B, and O.

C.2.2 Discretised geometry

Discretised geometries following the same rules as Section 7.5 can be defined for 1 × 𝑛 grids of mesh cells. In
some ways these resemble regions of type 𝑇2; two opposing pairs of corner points are connected by straight lines,
whilst the other pair are connected by an approximation to a curve. However these regions cannot be defined
for points in general position. When three points are fixed, the fourth may only lie on a 1D locus. Figure C.3
shows an example where points O, A and B are fixed, point P may then only fall on the indicated curve. The
curve is generated by altering the value of 𝜉𝐵 , i.e. by moving the intersection point along the dashed line.

Furthermore, these regions cannot be usefully defined for regions where |OA| = |BP|, i.e. for any set of
points for which a true 𝑇2 region could be defined. This can be seen by examining Figure C.3, note that lines
OROB and RAPP are parallel (as both are perpendicular to ROBRAP). Line OROB must lie inside the line OB
(i.e. be concave) whilst line RAPP must lie outside of AP (i.e. be convex). The only case in which all of the
above and |OA| = |BP| can hold is if all the angles in the quadrilateral OABP are 90∘, i.e. the region becomes
effectively type 𝑇1. This is true for 1 × 𝑛 grids of mesh cells regardless of the value of 𝑛.

Overall, it seems unlikely that specific implementation of type 𝑇2 regions will be effective in the RAGS
method. Recall that this was similarly the case for the exact fan region in Section 7.3.1; a more effective
implementation was to derive offset fan elements 7.3.2, which became equal to the exact region in the case
𝜄 = 0. In the examples shown, the geometry optimization phase proved effective at converging to solutions
where 𝜄 was indeed equal to 0. A similar approach is likely to be fruitful here; either the more generalised form
could be explicitly derived, as for the fan element, or a type 𝑇1 region where one set of curves turns through
only a very small angle may be sufficiently accurate to approximate these regions.
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Figure C.4: Type 𝑇1 region: Definitions of points and angles. (a) Local Cartesian 𝑋 and 𝑌 axes, and the
curvilinear 𝛼 and 𝛽 axes, if each of the four corner points was to be chosen as the origin O. (b) The bounding
coordinate curves of a region of type 𝑇1 (grey), and the corresponding quadrilateral OAPB (dark blue). The
lines of the quadrilateral have been extended (light blue) to their points of intersection. The red lines are the
tangents to the coordinate curves at each point. Angles of interest are marked.

C.3 Type 𝑇1 regions

Chan (1960) defines special case 1 of a 𝑇 type region to be a where both sets of coordinate lines are curves,
and do not contain any points of inflexion. The region is then parametrised using the angles turned through
by each set of coordinate curves. This gives four possible expressions for 𝜑, differing in the signs of 𝛼 and 𝛽.
These four cases correspond to choosing each of the four corners of a region (as defined here, i.e. bounded by
coordinate curves) as the origin of the local coordinate system. This is illustrated in Figure C.4a, where the
points a-d correspond to the cases of Chan (1960, fig. 2). Here, we use point 𝑐 as the origin, this gives results
which are easily comparable to many known solutions. Therefore the expression for 𝜑 is given as

𝜑 = −𝛼+ 𝛽 (C.8)

Assigning the labels O, A, B and P as described in equation (7.5), gives the positions shown in Figure C.4b.
This also defines a number of useful angles. The interior angles of the quadrilateral OABP are defined as 𝑂̂,
𝐴,𝐵̂ and 𝑃 , and the angles between opposing sides are 𝜉𝐴 and 𝜉𝐵 . Angles between the sides of the quadrilateral
and the tangents to the coordinate lines at that point are denoted by 𝜈, with subscripts denoting the point at
which the angle occurs, and the point it faces towards. The total angles turned through by the coordinate lines
in this region are defined by 𝜃𝐴 and 𝜃𝐵 , meaning that the limits for the coordinates 𝛼 and 𝛽 are

0 ≤ 𝛼 ≤ 𝜃𝐴, 0 ≤ 𝛽 ≤ 𝜃𝐵 (C.9)

Following the methodology of Chan (1960), the derivatives of equation (C.8) can now be used with the
equation (7.2), to give

𝑑𝐴

𝑑𝛽
= 𝐵,

𝑑𝐵

𝑑𝛼
= 𝐴 (C.10)

and hence

𝑑2𝐴

𝑑𝛼𝑑𝛽
= 𝐴,

𝑑2𝐵

𝑑𝛼𝑑𝛽
= 𝐵 (C.11)
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C.3.1 Numerical approximation methods

A general solution to the system (C.10) can be written as a double series expansion to reveal a useful pattern
in the results.

𝐴 = 𝐶0 +
𝐶−1𝛼 + 𝐶1𝛽 +

1
2𝐶−2𝛼

2 + 𝐶0𝛼𝛽 + 1
2𝐶2𝛽

2 +
1
6𝐶−3𝛼

3 + 1
2𝐶−1𝛼

2𝛽 + 1
2𝐶1𝛼𝛽

2 + 1
6𝐶3𝛽

3 +
1
24𝐶−4𝛼

4 + 1
6𝐶−2𝛼

3𝛽 + 1
4𝐶0𝛼

2𝛽2 + 1
6𝐶2𝛼𝛽

3 + 1
24𝐶4𝛽

4

...
...

...
...

...
. . .

...
...

...
...

...
(C.12a)

𝐵 = 𝐶1 +
𝐶0𝛼 + 𝐶2𝛽 +

1
2𝐶−1𝛼

2 + 𝐶1𝛼𝛽 + 1
2𝐶3𝛽

2 +
1
6𝐶−2𝛼

3 + 1
2𝐶0𝛼

2𝛽 + 1
2𝐶2𝛼𝛽

2 + 1
6𝐶4𝛽

3 +
1
24𝐶−3𝛼

4 + 1
6𝐶−1𝛼

3𝛽 + 1
4𝐶1𝛼

2𝛽2 + 1
6𝐶3𝛼𝛽

3 + 1
24𝐶5𝛽

4

...
...

...
...

...
. . .

...
...

...
...

...
(C.12b)

where 𝐶𝑛 are any set of coefficients. Visually verifying that this satisfies equation (C.10) is simple, noting
that in this layout, differentiation with respect to 𝛼 will result in each coefficient moving up and right, whilst
a differentiation with respect to 𝛽 results in each coefficient moving up and left (plus multiplication by the
appropriate exponents). More concisely, this relationship can be expressed as

𝐴 =

∞∑︁

𝑎=0

∞∑︁

𝑏=0

1

𝑎!𝑏!
𝐶𝑏−𝑎𝛼

𝑎𝛽𝑏, 𝐵 =

∞∑︁

𝑎=0

∞∑︁

𝑏=0

1

𝑎!𝑏!
𝐶𝑏−𝑎+1𝛼

𝑎𝛽𝑏 (C.13)

Furthermore, by collecting the terms in each column of equations (C.12), it can be expressed as

𝐴 =

∞∑︁

𝑛=−∞
𝐶𝑛

(︂
𝛽

𝛼

)︂𝑛
2

𝐼𝑛(2
√︀
𝛼𝛽) 𝐵 =

∞∑︁

𝑛=−∞
𝐶𝑛+1

(︂
𝛽

𝛼

)︂𝑛
2

𝐼𝑛(2
√︀
𝛼𝛽) (C.14)

where 𝐼 is the modified Bessel function of the first kind (note that for integer 𝑛, as occurs here, 𝐼−𝑛(𝑧) = 𝐼𝑛(𝑧)).
The values of 𝐶 are closely linked to the values used in other numerical methods for approximating Hencky-

Prantl nets. For instance, the values 𝑎𝑛 and 𝑏𝑛 of Ewing (1967); Dewhurst & Collins (1973); Dewhurst (2001)
are equivalent to 𝐶−𝑛 and 𝐶𝑛−1 respectively. However, the combination of these into a single set of coefficients,
not only highlights the coupled nature of 𝐴 and 𝐵 but also allows for continuous patterns to be observed in
several known regions (see Appendix A).

C.3.2 Examples from literature

One of the earliest known solutions for a region containing two sets of curved lines is a region of equiangular
spirals, given by Michell (1904) as the solution for a cantilever supported on a circular boundary. This consists
of two families of equiangular spirals in opposing directions. For such a region, functions 𝐴 and 𝐵 are generally
given (e.g. Hemp, 1973) as

𝐴(𝛼, 𝛽) = 𝐵(𝛼, 𝛽) =
√

2𝑟0𝑒
𝛼𝑒𝛽 (C.15)

where 𝑟0 gives the radius of the point (𝛼, 𝛽) = (0, 0) from the center of the spirals. With this form, both
families of spirals form an angle of 𝜋

4 with radial lines from the central point. Regions with other values for these
angles are rarely mentioned in the literature. Hemp (1958) briefly discusses their applicability in supporting
circles which simultaneously provide a torque and a normal pressure, although the examples shown still all have
zero normal pressure. These regions are defined by

𝐴(𝛼, 𝛽) = 𝑞𝑝𝑒𝑝𝛼𝑒
𝛽
𝑝 (C.16)

𝐵(𝛼, 𝛽) = 𝑞𝑒𝑝𝛼𝑒
𝛽
𝑝 (C.17)
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where𝑞(=
√

2𝑟0) is now the global scaling factor, whilst 𝑝 controls the angle of the spirals relative to their
centres. From this, the coefficients 𝐶𝑛 can be written as

𝐶𝑛 = 𝑞𝑝1−𝑛 (C.18)

The commonly found region supporting pure torque occurs when 𝑝 = 1, in this case all values of 𝐶𝑛 will be
equal to 𝑞.

A number of other regions found in the literature are listed in Table A.2, along with the associated values
of 𝐶𝑛. The next section discusses what is perhaps the most common region of type 𝑇1 in known solutions.

C.3.3 Circular based regions

A case very commonly found in the literature occurs when the curves OA and OB are circular arcs, whose
radii will be denoted by 𝑟A and 𝑟B respectively. In this case, the boundary conditions that 𝐴(𝛼, 0) = 𝑟A and
𝐵(0, 𝛽) = 𝑟B may be combined with the system of equations (C.10), to find the expressions for 𝐴 and 𝐵 are:

𝐴(𝛼, 𝛽) = 𝑟A𝐼0

(︁
2
√︀
𝛼𝛽
)︁

+ 𝑟B

√︂
𝛽

𝛼
𝐼1

(︁
2
√︀
𝛼𝛽
)︁

(C.19a)

𝐵(𝛼, 𝛽) = 𝑟B𝐼0

(︁
2
√︀
𝛼𝛽
)︁

+ 𝑟A

√︂
𝛼

𝛽
𝐼1

(︁
2
√︀
𝛼𝛽
)︁

(C.19b)

where 𝐼 is the modified Bessel function of the first kind. Alternatively this can be defined by the series expansion
coefficients to give

𝐶𝑛 =

⎧
⎪⎨
⎪⎩

𝑟A, if 𝑛 = 0

𝑟B, if 𝑛 = 1

0, otherwise

(C.20)

From this it can be seen that a circular based 𝑇1 region is fully defined by the values of 𝑟A, 𝑟B, 𝜃𝐴 and 𝜃𝐵
(plus some global translation/rotation). As 5 parameters are required to define the relative positions of 4 nodes,
it appears that this problem may be overdetermined and such regions may not be possible for four points in
general position. It be shown that this is indeed the case.

In the circular based case, the triangles formed by the red lines in Figure C.4b and the lines OA and OB are
isosceles triangles. Therefore 𝜈OB = 𝜈BO = 𝜃𝐵

2 and 𝜈OA = 𝜈AO = 𝜃𝐴
2 . Then, by considering the angle ∠AOB it

can be found that

𝜃𝐴 + 𝜃𝐵 = 2𝑂̂ − 𝜋 (C.21)

In this case, once the angle 𝑂̂ is defined, the sum of 𝜃𝐴 + 𝜃𝐵 is fixed. Furthermore, when one of these is set
(implicitly giving the value of the other), the radii of the arcs OA and OB can also be easily calculated by

𝑟A =
|−→OA|

sin(0.5𝜃𝐴)
𝑟B =

|−→OB|
sin(0.5𝜃𝐵)

(C.22)

where |−→OA| and |−→OB| are the lengths of straight lines from point O to points A and B respectively.
Thus the parameters which must be set to find the form of a circular based region can now be stated as 𝑂̂,

|−→OA|, |−→OB| and 𝜃𝐴 (or 𝜃𝐵).

Possible regions for fixed points O, A and B

Setting the values of 𝑂̂, |−→OA| and |−→OA| is equivalent to defining the relative positions of the three points O, A
and B. Once this has occurred, only the value of 𝜃𝐴 must be given to fully define the functions 𝐴(𝛼, 𝛽) and
𝐵(𝛼, 𝛽) in (C.19) and thus the geometry of the region. This single degree of freedom implies a 1D locus along
which the point P must lie. As an example, Figure C.5 shows the outlines of regions under these assumptions
for fixed O, A and B across the valid range of 𝜃𝐴.

Each value for 𝜃𝐴 has been given a different colour, ranging from red for small values, to green for the largest
possible values (𝜃𝐴 = 2𝑂̂ − 𝜋). In Figure C.5a the coordinate curves 𝛼 = 0, 𝛼 = 𝜃𝐴, 𝛽 = 0 and 𝛽 = 𝜃𝐵 (i.e.
the outline of the region) have been plotted. The locus of the points P can be seen to form an approximately
(but not quite) circular arc. The interior angles of the quadrilateral OAPB are shown in Figure C.5b. Clearly
𝑂̂ is constant by definition, however it is interesting to note that 𝑃 changes by only 0.07 radians (≈ 4∘) over
the whole of the possible range.
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Figure C.5: The range of possible regions for a region of type 𝑇1 where the coordinate lines 𝛼 = 0 and 𝛽 = 0
are both circular arcs, and the positions of O, A, and B are fixed. (a) outlines of the potential regions, showing
the locus of possible locations for P, each possible region is drawn in a different color. (b) internal angles of
the quadrilateral OAPB.
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Figure C.6: Relationship between different regions constructed from two arcs, where 𝜃𝐴 = 𝜃𝐵 = 𝜃, for varying
𝑟A
𝑟B
. Regions are normalised such that O = (0, 0) and P = (1, 0).

(a) results for case 𝜃 = 𝜋
2 . The locations of points A and B for 𝑟A

𝑟B
= 0.1 (brightest green), 0.2, 0.5, 1, 2, 5,

10 (darkest green). The perpendicular bisector of AB for each result is also shown in the corresponding colour.
Points A and B for a region of equiangular spirals are shown in blue. Point M is the intersection of all the
perpendicular bisectors. Coordinate curves for 𝑟A

𝑟B
= 1 are shown for context.

(b) Position of point M for a range of values of 𝜃, given as distance from point O (along the line OP.
(c) Position of point M for a range of values of 𝜃, given as the internal angle at M of the isosceles triangle
between M and any pair A and B from the circular based results. Negative values occur when the point M is
located behind point O.



C.3. TYPE 𝑇1 REGIONS 201

(a)

0 0.2 0.4 0.6 0.8 1

−0.4

−0.2

0

0.2

0.4

M

P
O

B

A

(b)

(c)

0 𝜋
4

𝜋
2

3𝜋
4

𝜋
0

𝜋
4

𝜋
2

3𝜋
4

𝜋

𝜃𝐴

𝜃𝐵

Legend

PO

Figure C.7: Relationship between different regions constructed from two arcs OA and OB with varying values
of 𝜃𝐴, 𝜃𝐵 and 𝑟A
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. Regions are normalised such that O = (0, 0) and P = (1, 0)

(a) Results for case 𝜃𝐴 = 𝜋
2 and 𝜃𝐵 = 𝜋

4 . The locations of points A and B for 𝑟A
𝑟B

= 0.1 (darkest green), 0.2, 0.5,
1, 2, 5 and 10 (brightest green) are shown. The perpendicular bisector of AB is al shown in the corresponding
colour. Point M is the intersection point of all these perpendicular bisectors. The points A and B are also
shown for the region of equiangular spirals (blue) however the bisector of AB (dashed) in this case does not
pass through M.
(b) Position of point M relative to points A and B, indicated by angle of the isosceles triangle between M and
a pair of points A and B. Results calculated for values of 𝜃𝐴 and 𝜃𝐵 from 0 to 𝜋.
(c) Position of point M for values of 𝜃𝐴 and 𝜃𝐵 from 0 to 𝜋. The colour of the point corresponds to a position
relative to points O and P as indicated in the legend. Colours with full brightness are located on the circle
through O and P, black is in the centre of the line OP and distant colours are increasingly pale.

Possible regions for fixed O and P

A quad region can be normalised such that point O lies at the point (0,0) and point P = (1, 0) by global
translation, rotation and scaling. It is therefore possible to consider such points with no loss of generality
(the scale factor can be factored into to the Lamé coefficient functions to restore the global scaling as a post-
processing step). This is similar to the process used to calculate the geometry of the discretised approximation
to this region in Section 7.5 and Figure 7.11.

First, regions where 𝜃𝐴 = 𝜃𝐵 = 𝜃 will be considered. The normalised positions of A and B for 𝜃 = 𝜋
2 and a

number of ratios 𝑟A
𝑟B

are shown in Figure C.6a. The perpendicular bisector of AB for each of these points passes
through the point labelled M. A similar exercise has been undertaken for a range of values of 𝜃 from almost
0 to 𝜋, and and it was again found that all bisectors passed through the common point M, which always lay
on the line OP. Figures C.6b and c show how the location of M changes as 𝜃 varies. Two different methods of
expressing the position are used, Figure C.6b shows simply the normalised 𝑥 coordinate of M, while C.6c shows
the angle formed by a corresponding pair of points A and B and the point M. Recall from Figure 7.12a, that
the corresponding angle in the discretised case was given by 2𝑝.

There is a discontinuity in Figure C.6b which occurs when all the bisectors of AB are parallel. This would
correspond to the point at which the angle in Figure C.6c passes through zero, by linear interpolation this is
found to occur when 𝜃 ≈ 0.6005𝜋, and certainly within the range 0.6𝜋 ≤ 𝜃 ≤ 0.62𝜋.

This approach can be extended to cases where 𝜃𝐴 ̸= 𝜃𝐵 . For example, Figure C.7a shows the case where
𝜃𝐴 = 𝜋

2 and 𝜃𝐵 = 𝜋
4 . The perpendicular bisectors of AB for regions with circular arcs still meet at a common

intersection point M. This point is now located away from the line OP. The perpendicular bisector of AB for
the region of equiangular spirals no longer passes through M however.

Calculating the location of M over a range of values for 𝜃𝐴 and 𝜃𝐵 furnishes Figures C.7b and c. Figure
C.7b shows the angle through which point A should be rotated about M to give the corresponding point B (i.e.
similar to Figure C.6c). Figure C.7c shows the position of M identified for each pair of values for 𝜃𝐴 and 𝜃𝐵
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tested. For example, the result corresponding to the case in Figure C.7a is circled on the plot. The location of
point M for this case has been circled in the legend, relative to the indicated positions of points O and P. The
colour at the centre of the circle in the legend gives the colour of the point in the main plot.

From this it can be seen that there is a distinct line of discontinuity where the point M tends to an infinite
distance away, this is shown by the white points in Figure C.7c, and the points at which the angle in Figure
C.7b are close to zero (i.e. the perpendicular bisectors of AB are parallel for any values of 𝑟A

𝑟B
.

This section has shown that it there may be relationships which could lead to a method for identifying a set
of parameters 𝑟A, 𝑟B, 𝜃𝐴 and 𝜃𝐵 defining a circular based region from a given set of corner points. However,
as shown in the previous section, it could not be possible to find such a set for points in general position, this
would be a significant obstacle to implementing such regions within a layout optimization based method. It is
therefore of interest to consider how this could be expanded to a wider range of possible regions.

C.3.4 Fields extended from circular arcs

It seems that we cannot expect to be able to construct a region from circular arcs for a general set of four
points. However, due to their ubiquity in known results, it will be useful to ensure that the chosen means of
identifying regions is capable of selecting these circular based regions when they are required.

This suggests a possible extension which could provide a wider and more useful range of regions. These
regions could be cut from an infinitely extended field built from circular arcs.

Consider a field defined by equations (C.24) ranging all the way from 𝛼, 𝛽 = 0 to 𝛼, 𝛽 = ∞. Sections of
such fields are shown in Figure C.8. Note that portions of these fields do overlap (see the bottom left corners
of Figure C.8 particularly), however it is still feasible to consider a range for 𝛼 or 𝛽 in a single layer of the
overlapping region. Fields where the ratio of 𝑟A to 𝑟B is the same will be uniformly scaled up or down in size,
however cases where this ratio vary will produce different fields, as shown in Figure C.8.

To aid in the evaluation some additional notation will be introduced. In the case where 𝑟A = 𝑟B = 𝑟, then
equation (A.2) can be used to simplify equation (C.19) to give 𝐵(𝛼, 𝛽) = 𝑟𝐻0(𝛼, 𝛽)). To extend this to the
more general case, we now define

𝐻𝛾
𝑛(𝛼, 𝛽) = 𝐺𝑛(𝛼, 𝛽) + 𝛾𝐺𝑛+1(𝛼, 𝛽) (C.23)

where 𝐺 is as defined by Lewiński et al. (1994a), and in equation (A.1) of the present work. Thus 𝐻𝑛(𝛼, 𝛽) =
𝐻1

𝑛(𝛼, 𝛽). Using this notation, equation (C.19) becomes

𝐴(𝛼, 𝛽) = 𝑟A𝐼0

(︁
2
√︀
𝛼𝛽
)︁

+ 𝑟B

√︂
𝛽

𝛼
𝐼1

(︁
2
√︀
𝛼𝛽
)︁

= 𝑟B𝐻
𝑟A
𝑟B
−1 (𝛼, 𝛽) (C.24a)

𝐵(𝛼, 𝛽) = 𝑟B𝐼0

(︁
2
√︀
𝛼𝛽
)︁

+ 𝑟A

√︂
𝛼

𝛽
𝐼1

(︁
2
√︀
𝛼𝛽
)︁

= 𝑟A𝐻
𝑟B
𝑟A
0 (𝛼, 𝛽) (C.24b)

Integration of equation (C.24) can be used to find the geometry of any region cut from this field, not just
those regions with the base at (𝛼, 𝛽) = (0, 0). These regions will not be bordered by circular arcs. If we say
that the ranges for the angles are denoted by the subscripts − and +, then we can express the Lamé coefficients
of these fields as either

𝐴(𝛼, 𝛽) = 𝑟B𝐻
𝛾
−1(𝛼, 𝛽), 𝛼− ≤ 𝛼 ≤ 𝛼+, 𝛽− ≤ 𝛽 ≤ 𝛽+ (C.25a)

𝐵(𝛼, 𝛽) = 𝑟A𝐻
𝛾
0 (𝛼, 𝛽), 𝛼− ≤ 𝛼 ≤ 𝛼+, 𝛽− ≤ 𝛽 ≤ 𝛽+ (C.25b)

or as

𝐴(𝛼, 𝛽) = 𝑟B𝐻
𝛾
−1(𝛼+ 𝛼−, 𝛽 + 𝛽−), 0 ≤ 𝛼 ≤ (𝛼+ − 𝛼−), 0 ≤ 𝛽 ≤ (𝛽+ − 𝛽−) (C.26a)

𝐵(𝛼, 𝛽) = 𝑟A𝐻
𝛾
0 (𝛼+ 𝛼−, 𝛽 + 𝛽−), 0 ≤ 𝛼 ≤ (𝛼+ − 𝛼−), 0 ≤ 𝛽 ≤ (𝛽+ − 𝛽−) (C.26b)

where 𝛾 = 𝑟A
𝑟B

and 𝛾 = 𝑟B
𝑟A
. The form of equation (C.25) will be used when comparing different possible fields

with the same corner points, whilst (C.26) will be useful for comparing the series expansions of regions cut from
these fields with other known results.
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(a)

(b)

Figure C.8: Two fields of curvilinear coordinate lines based on circular arcs. (a) The case where 𝑟A = 𝑟B.
(b) The case where 𝑟A = 5𝑟B. (The marked regions have the same ranges of 𝛼 and 𝛽 in both images.)
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Uniqueness of regions derived from circular based fields

A region which has been cut from a portion of an infinite field constructed from two arcs may be determined
using 6 parameters: the upper and lower bounds on the coordinates 𝛼−, 𝛼+, 𝛽− and 𝛽+; and the two radii of
the base arcs 𝑟A and 𝑟B. Comparing this with the 5 parameters to describe the relative position of the four
nodes suggests that it may be possible that multiple regions could be selected for the same four points.

To test this, an example problem has been investigated. Four nodes, O, A, B and P have been defined as
the corner points of the region where 0 ≤ 𝛼 ≤ 1, 0 ≤ 𝛽 ≤ 0.5, 𝑟A = 1 and 𝑟B = 2, this region is shown in Figure
C.9ai. The aim was to perturb the parameters, and then use an optimizer to minimise the error in the positions
of the points O, A, B and P. This would then have the potential to identify alternative sets of parameters
resulting in the same extreme points.

A non-gradient based search algorithm of Lagarias et al. (1998), implemented in MATLAB’s fminsearch
function, was used due to convergence issues with the gradient based alternative. Perturbing of the problem
was achieved by rotating the target nodes through different angles (keeping the local Cartesian coordinate
system of the field constant). The objective function of the optimization was to minimise the RMS (root mean
squared) error in the absolute distance between the (rotated) target nodes, and the corresponding corner point
of the current solution.

The optimized values output by the solver are shown in Table C.1, along with the final objective value, the
associated layouts of coordinate curves are shown in Figure C.9. The top row of Table C.1 is a verification run,
where the un-perturbed target nodes were used, as expected this achieves a very low error in the node positions,
and identifies the parameter values which were originally used to select the target nodes. This result is shown
in black in Figure C.9.

The trials with increasingly perturbed targets do show a wide range of parameter values. The major changes
are increases in the values of 𝛼− and 𝛼+ and a correlated decrease in the radius 𝑟B. All the solutions still have
a value 𝛽− = 0, i.e. the coordinate curve through O and A is still a circular arc of radius 𝑟A; the values of 𝑟A
also have only minor changes. Perhaps most interestingly, the range of 𝛼 is almost constant throughout all the
results. This seems to suggest that, even if multiple regions are possible for the same points, the angles turned
through in each region may be defined by the positions of the points.

It is difficult to definitively conclude from Table C.1 whether the different parameter sets truly correspond
to identical nodal positions. The RMS errors are all low, however there is a definite increasing trend as the
target points are increasingly perturbed from the exact values. Furthermore, the zoomed in views around
each extreme point in Figure C.9 show that the errors are not randomly spread; the regions with larger errors
(in red) consistently have points A and B located further outwards, and point P located further inwards. It
may therefore be that these different parameter sets are not merely insufficiently converged, but do describe
marginally different points.

Limits at infinity

The series expansion approach described in Section C.3.1 can be applied to examine the behaviour of regions
cut from these fields, by expanding the equations (C.24) about a suitable point. This point will become the
location of O, the curvilinear coordinates of this point (in the curvilinear coordinate system of the field) will be
defined as (𝜒, 𝜆).

Initially, attention will be focused on the field where 𝑟A = 𝑟B for simplicity. The geometry when both base
curves are circular arcs (i.e. (𝜒, 𝜆) = (0, 0)) is given by

𝐴(𝛼, 𝛽) = 𝑟𝐻−1(𝛼, 𝛽)
𝐵(𝛼, 𝛽) = 𝑟𝐻0(𝛼, 𝛽)

→ 𝐶𝑛 =

{︃
𝑟, if 𝑛 = 0, 1

0, otherwise
(C.27)

Expansions about an arbitrary point O When the point O lies on either the 𝛼-axis or the 𝛽-axis, one
coordinate curve will be an arc and the other will not. Thus the region may be defined using

𝐴(𝛼, 𝛽) = 𝑟𝐻−1(𝛼+ 𝜒, 𝛽)
𝐵(𝛼, 𝛽) = 𝑟𝐻0(𝛼+ 𝜒, 𝛽)

→ 𝐶𝑛 =

⎧
⎪⎪⎨
⎪⎪⎩

0, if 𝑛 < 0

𝑟𝜒
𝑛

𝑛! , if 𝑛 = 0

𝑟
(︁

𝜒𝑛

𝑛! + 𝜒𝑛−1

(𝑛−1)!

)︁
, if 𝑛 ≥ 1

(C.28)

𝐴(𝛼, 𝛽) = 𝑟𝐻−1(𝛼, 𝛽 + 𝜆)
𝐵(𝛼, 𝛽) = 𝑟𝐻0(𝛼, 𝛽 + 𝜆)

→ 𝐶𝑛 =

⎧
⎪⎪⎨
⎪⎪⎩

𝑟
(︁

𝜆1−𝑛

(1−𝑛)! + 𝜆−𝑛

(−𝑛)!

)︁
, if 𝑛 ≤ 0

𝑟 𝜆1−𝑛

(1−𝑛)! , if 𝑛 = 1

0, if 𝑛 ≥ 2

(C.29)
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0 0.5 1 1.5 2

𝛼 range

0 0.25 0.5

𝛽 range

0.5 1 1.5 2

𝑟𝐴 and 𝑟𝐵

𝛼− 𝛼+ 𝛽− 𝛽+ 𝑟A 𝑟B RMS error
0.000 1.000 0.000 0.500 1.000 2.000 3.246e-5
0.102 1.100 0.000 0.500 1.004 1.848 1.816e-3
0.203 1.201 0.000 0.501 1.005 1.699 3.589e-3
0.305 1.302 0.000 0.502 1.006 1.554 5.229e-3
0.406 1.403 0.000 0.503 1.007 1.413 6.736e-3
0.507 1.503 0.000 0.503 1.008 1.276 8.112e-3
0.608 1.604 0.000 0.504 1.009 1.142 9.356e-3
0.709 1.704 0.000 0.505 1.010 1.012 1.047e-2
0.809 1.805 0.000 0.505 1.010 0.886 1.146e-2
0.910 1.905 0.000 0.506 1.011 0.763 1.232e-2

Table C.1: Test of uniqueness of areas cut from circular based fields: Resulting optimized parameter values
and corresponding (objective) value of RMS error of positions of points O, A,B and P.

(i) (ii) (iii) (iv) (v)

(vi) (vii) (viii) (ix) (x)
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Figure C.9: Test of uniqueness of areas cut from circular based fields: Resulting layouts of coordinate curves.
(a) Ror each individual test, where (i) is the originally given parameters. (b) For all tests overlain (after post
processing to rotate target points to be co-incident); details at each corner point are also shown.
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Note that 𝜒𝑛

𝑛! is equal to 1 when 𝑛 is equal to 0, similarly 𝜆1−𝑛

(1−𝑛)! is equal to 1 when 𝑛 is equal to 1. Thus

the appropriate coordinate axis is still a circular arc with radius 𝑟.
We denote the reciprocal gamma function using Ξ, i.e. Ξ(𝑛) = 1

Γ(𝑛) . The gamma function is equal to

Γ(𝑛) = (𝑛− 1)! for positive integers, and tends to a value of ±∞ when approaching zero and negative integers.
Thus, Ξ(𝑛) = 1

(𝑛−1)! if 𝑛 is a positive integer and Ξ(𝑛) = 0 if 𝑛 is a negative integer or zero. This can be used

to simplify the expressions above.

𝐴(𝛼, 𝛽) = 𝑟𝐻−1(𝛼+ 𝜒, 𝛽)
𝐵(𝛼, 𝛽) = 𝑟𝐻0(𝛼+ 𝜒, 𝛽)

→ 𝐶𝑛 = 𝑟
(︀
𝜒𝑛Ξ(𝑛+ 1) + 𝜒𝑛−1Ξ(𝑛)

)︀
(C.30)

𝐴(𝛼, 𝛽) = 𝑟𝐻−1(𝛼, 𝛽 + 𝜆)
𝐵(𝛼, 𝛽) = 𝑟𝐻0(𝛼, 𝛽 + 𝜆)

→ 𝐶𝑛 = 𝑟
(︀
𝜆1−𝑛Ξ(2 − 𝑛) + 𝜆−𝑛Ξ(1 − 𝑛)

)︀
(C.31)

For a region cut from the field with the point O at an arbitrary point with (𝛼, 𝛽) = (𝜒, 𝜆), neither base
curve will be an arc. The series expansion in this case is

𝐴(𝛼, 𝛽) = 𝑟𝐻−1(𝛼+ 𝜒, 𝛽 + 𝜆)
𝐵(𝛼, 𝛽) = 𝑟𝐻0(𝛼+ 𝜒, 𝛽 + 𝜆)

→ 𝐶𝑛 = 𝑟

(︂(︁𝜒
𝜆

)︁𝑛
2

𝐼𝑛

(︁
2
√︀
𝜆𝜒
)︁

+
(︁𝜒
𝜆

)︁𝑛−1
2

𝐼𝑛−1

(︁
2
√︀
𝜆𝜒
)︁)︂

(C.32)

Comparison to regions in the literature: Equiangular spiral The equations describing the equiangular
spiral region given in (C.17) can also be expanded about an arbitrary point (𝛼, 𝛽) = (𝜒, 𝜆). This gives

𝐴(𝛼, 𝛽) = 𝑞𝑝𝑒𝑝(𝛼+𝜒)𝑒
𝛽+𝜆
𝑝

𝐵(𝛼, 𝛽) = 𝑞𝑒𝑝(𝛼+𝜒)𝑒
𝛽+𝜆
𝑝

→ 𝐶𝑛 = 𝑞𝑝1−𝑛𝑒𝑝𝜒𝑒
𝜆
𝑝 (C.33)

Note that 𝑒𝑝𝜒 and 𝑒
𝜆
𝑝 are constants over all values of 𝐶𝑛, this implies that the equiangular spiral region changes

by only a global scaling factor when the origin is moved. Thus we could rewrite this equation by redefining the
value of 𝑞 instead. Alternatively, we could normalise the values of 𝐶𝑛 relative to the value of 𝐶0 to remove the
global scaling factors completely. For this case, this gives

𝐶𝑛

𝐶0
=
𝑞𝑝1−𝑛𝑒𝑝𝜒𝑒

𝜆
𝑝

𝑞𝑝1 𝑒𝑝𝜒𝑒
𝜆
𝑝

= 𝑝−𝑛 (C.34)

Normalising the values from equation (C.33) in the same manner, gives

𝐴(𝛼, 𝛽) = 𝑟𝐻−1(𝛼+ 𝜒, 𝛽 + 𝜆)
𝐵(𝛼, 𝛽) = 𝑟𝐻0(𝛼+ 𝜒, 𝛽 + 𝜆)

→ 𝐶𝑛

𝐶0
=
(︁𝜒
𝜆

)︁𝑛 𝐼𝑛(2
√
𝜆𝜒) +

(︀
𝜒
𝜆

)︀− 1
2 𝐼𝑛−1(2

√
𝜆𝜒)

𝐼0(2
√
𝜆𝜒) +

(︀
𝜒
𝜆

)︀− 1
2 𝐼1(2

√
𝜆𝜒)

(C.35)

To examine the behaviour of regions cut from this circular field at points far from the base circles, set 𝜆 = 𝜐𝜒
and let 𝜒 tend to infinity:

𝐶𝑛

𝐶0
=

(︂
1

𝜐

)︂𝑛
𝐼𝑛(2𝜒

√
𝜐) +

√
𝜐𝐼𝑛−1(2𝜒

√
𝜐)

𝐼0(2𝜒
√
𝜐) +

√
𝜐𝐼1(2𝜒

√
𝜐)

(C.36)

lim
𝜒→∞

𝐶𝑛

𝐶0
= 𝜐−

𝑛
2 (C.37)

which can be compared with equation (C.34).
Therefore, we can approximate any region of equiangular spirals arbitrarily well by the method of cutting

a region from a field extended from two arcs. The region should be chosen such that the origin point, O (with
coordinates (𝛼, 𝛽) = (𝜒, 𝜆)), lies far from the origin curves of the field. As the coordinate values of the origin

point increase, the region becomes close to the equiangular spiral region with 𝑝 =
√︁

𝜆
𝜒 . To approximate the

most common type of equiangular spiral region, where an angle of 𝜋
4 is formed to the radius by both families,

the point O should lie on the line 𝛼 = 𝛽.
This poses a question however, we have now found that all equiangular spiral regions can be approximated

from just the field where 𝑟A = 𝑟B, i.e. where the two base arcs have equal radii. Therefore the distant regions
of fields where 𝑟A ̸= 𝑟B must either duplicate this result, or produce some new form.

The values of 𝐶𝑛 for a region where 𝑟A ̸= 𝑟B are

𝐴(𝛼, 𝛽) = 𝑟B𝐻
𝛾
−1(𝛼+ 𝜒, 𝛽 + 𝜆)

𝐵(𝛼, 𝛽) = 𝑟A𝐻
𝛾
0 (𝛼+ 𝜒, 𝛽 + 𝜆)

→ 𝐶𝑛 = 𝑟A

(︂(︁𝜒
𝜆

)︁𝑛
2

𝐼𝑛(2
√︀
𝜒𝜆)

)︂
+ 𝑟B

(︂(︁𝜒
𝜆

)︁𝑛−1
2

𝐼𝑛−1(2
√︀
𝜒𝜆)

)︂
(C.38)
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where 𝛾 = 𝑟A
𝑟B

and 𝛾 = 𝑟B
𝑟A
.

If these values for 𝐶𝑛 are normalised as previously, and the relationship 𝜆 = 𝜐𝜒 is again used, then a region
cut from a distant portion of this field is also described by the coefficients,

lim
𝜒→∞

𝐶𝑛

𝐶0
= 𝜐−

𝑛
2 (C.39)

This is independent of the ratio of 𝑟A to 𝑟B. In other words, it has now been shown that at points distant from
the base curves, the form of the region is less affected by the base curves’ relative sizes.

Comparison to regions in the literature: Square line support Another set of regions of type 𝑇1 which
are known from the literature are those present in the solution of Lewiński & Rozvany (2008b). This solution
contains 3 different regions of type 𝑇1, with only the first being a circular based one. This section will discuss
whether these may be well modelled by the use of regions cut from circular based fields.

These regions are symmetrical, and thus will be best modelled by regions cut from the field where 𝑟A = 𝑟B,
and where the point O lies on the line 𝛼 = 𝛽. The values of 𝐶𝑛 for such regions are shown as grey and white
lines in Figure C.10 for cases where the point O = (𝛼−, 𝛽−) lies at (𝜋

8 ,
𝜋
8 ), (𝜋

4 ,
𝜋
4 ), ..., (𝜋, 𝜋). The values of 𝐶𝑛

for the regions in the exterior of a square have been overlain.
This shows that the coefficients from the regions in the exterior of a square do not precisely follow those

from a region cut from a circular based region. For example, the region B1D1HD′
1 has values of 𝐶2 and 𝐶−1

close to those of the region with O = (𝜋8 ,
𝜋
8 ); yet the values of 𝐶4 and 𝐶−3 are closer to those corresponding to

the region where O = (𝜋4 ,
𝜋
4 ).
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Figure C.10: Normalised coefficients of the functions defining regions from the exterior of a square (Lewiński
& Rozvany, 2008b, region labels refer to figure 4), and regions cut from the field based on circular arcs with
equal radius, where the point O lies on the line 𝛼 = 𝛽 (i.e. equation (C.32) with 𝜒 = 𝜆).

C.3.5 Discretised geometry - kinematic constraints

The example of Section 7.5.3 showed the results of a Michell cantilever problem solved using a discrete approx-
imation to a type 𝑇1 region. The solution obtained by this method (Figure 7.16) is reproduced in Figure C.11a.
To obtain the bar thicknesses on the border between the fan region and the 𝑇1 region, the thickness of the
dotted lines of the 𝑇1 region must be subtracted from the thicknesses of the coincident bars of the fan regions.

(a) (b)

Figure C.11: Michell cantilever: Results. (a)With bars, (approximated) fan elements and approximated four
node elements, 𝑉 = 1.016𝑉𝑇 . (b) With bars and four node elements only, 𝑉 = 1.039𝑉𝑇 .
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Figure C.12: A four cell approximated element. (a) In the physical plane, with labels for each mesh cell. (b)
The associated circles of relative displacements; the poles of the circles relating to each mesh cell are labelled.

Figure C.11b shows the result of this problem where fan elements are not considered. The straight bar
between these nodes is has increased in size to accommodate the forces imposed by these lines, as shown by
the increased volume of Figure C.11b compared to Figure C.11a. However, there is now no member directly
underlying the grey dotted lines and it is therefore unclear how this should be interpreted into a feasible
structure. To seek a clearer derivation, the kinematic setting will now be considered.

To derive the kinematic constraint for the discrete approximation of a 𝑇1 region, the circles of relative
displacement (see Figure 7.4) are again used. Figure C.12 shows the form and associated circles of relative
displacement for an approximated quad element. The four mesh cells are labelled using double struck letters,
and the pole of the relevant circle is indicated in the same way. The circles relating to the mesh cells L and M
are co-incident, although the poles are at different locations.

As the strains should be mesh-wise constant, the points representing each bar must lie on the lines 𝜖 = ±𝜀.
Additionally, bars which are orthogonal in the physical plane will form the diameter of the circle of relative
displacements. Therefore the centres of the circles will lie on the line 𝜖 = 0.

It is then simple to calculate, using an isosceles triangle formed by two adjacent points and the centre of the
circle, that

∆𝜔 =
2𝜀

tan 𝑝
(C.40)

where ∆𝜔 is the change in rotation, as defined in Figure C.12b.

The virtual strains and rotations of each bar are now known. Therefore the virtual displacements of each
point may be found by stepping through the layout, calculating the displacement added by each bar. These
displacements are shown in these are shown in Figure C.13.

Calculating the displacements is simplest through the sequence of bars B1, B3, B4 and B5 as shown in Figure
C.13, as these bars are orthogonal and therefore extension and rotation coefficients may be easily summed. The
total displacements at point P are shown in black, and the limits which they imply on the relative deflected
position of P are shown in thin black lines. Calculating the appropriate limits from the sequence of bars A1, A3,
A4, A5 is also possible, the limit lines calculated in this way are shown in orange. The solid limit lines represent
those parallel to the bars B5 and A5 respectively, whilst the dashed lines are those calculated perpendicular to
the relevant bar. It can be seen that the solid lines are the tightest limits, suggesting that these would be the
most useful to implement, and that the limits shown in dashed lines may be redundant.

Additionally, Figure C.13 also shows the limits on virtual displacements from straight bars OA, OB and OP.
It can be seen that the limiting virtual displacements from this region are tighter than the relative constraints
from bars OB and OA.

This is likely to link to the aforementioned issue concerning the interpretation of the dotted lines in Figure
C.11b, as they both concern the connections between points O and A, and O and B. Further work is required to
establish the physical meaning of these results. Numerically, it seems likely that an additional primal variable
will be required for each pair of nodes OA and OB (corresponding to the dual constraint between O and either A
or B as shown in Figure C.13). A possible static interpretation could be a 2D area of solid structure connecting
the space from the edge of the 𝑇1 region and the line of the straight bar/the edge of the fan region. All these
connected elements would contribute to the force distribution in the region, although the contribution from the
𝑇1 region would likely be negative (as is the contribution from the dotted bars in equation (7.67)). It would
then be simple to add a constraint that the overall volume of this solid area could not be negative. However,
further studies are required to establish if this hypothesis is correct.
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C.4 Type 𝑅 regions

Regions of type 𝑅 are distinguished by the presence of a principal strain that is strictly less than the limiting
values. Strict less that constraints are challenging to incorporate in continuous mathematical optimization
problems, and are generally not implemented by commercial software packages or well known algorithms. If
the interior point method is used, then the solution will generally not satisfy any constraints with equality, the
amount of variability being set by various problem parameters.

For these reasons, type 𝑅 regions (and similarly, type 𝑂 regions) are unlikely to be effectively implemented
as explicit regions in the RAGS framework. However, in the absence of body forces such as self-weight, the fact
that a type 𝑅 region has members only in one direction means that these members will always be straight. As
such regions of type 𝑇2 (or approximations thereof) may be able to accurately model regions of type 𝑅 simply
be having some of the relevant kinematic constraints satisfied strictly.

C.5 Type 𝑆 regions

Type 𝑆 regions are those where the limiting strain is reached in all directions. In these regions there are not
defined trajectories along which structural members should lie, instead there are infinitely many equally optimal
layouts. This can be advantageous, the volume of these regions can often be found quite accurately using the
layout optimization method. However, it can also lead to unclear solutions where many bars are superimposed.
In layout optimization this can also occur when a triangle of bars of the same sense are present, this is usually
observed within regions which are theoretically of type 𝑅, but where the resolution of the numerical method
does not allow this to be sufficiently accurately modelled, e.g. Figure C.14. In these cases, a specific region of
type 𝑆 could make the solution clearer.

Explicit addition of a type 𝑆 region would be most practical as a triangular region connecting three nodes,
as this results in fewer potential members to check. Unlike the fan region, each of these nodes would be equal,
further reducing the number of checks by a third. However, such a region would be functionally identical, in
terms of both equilibrium and volume, to simply using the three corresponding existing bars. Furthermore,
any valid combination of the three nodes concerned and other nodes within their convex hull is also equivalent.
Thus, these 𝑆 regions would likely be of use only when joint costs or similar are implemented.

Figure C.14: When nodal resolution is limited, apparent regions of type 𝑆 can appear, where the theoretical
result would give a region of type 𝑅.



Appendix D

The solution spaces of layout optimization
problems

One of the advantages of linear programming is the wide range of results which may be employed to gather
further information on the characteristics of the problem. Here, two methods of exploring the solution spaces
of layout optimization problems will be investigated.

Sensitivity analysis (Section D.1) explores the consequences of changes to the original problem, and how this
may affect the optimal solution. This has the potential to suggest how resilient the resulting structure is, with
minimal computational cost.

Vertex enumeration (Sections D.2 and D.3) is a method for converting between representations of a polytope
(such as the solution space of a linear programming problem). Applied to truss optimization, this allows all
possible solutions to be generated as combinations of the basic solutions. From this, Pareto fronts of efficiency
vs. complexity could be obtained in a single step.
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D.1 Sensitivity analysis of layout optimization problems
Sensitivity analysis, or post-optimal analysis, refers to methods by which additional information can be obtained
from the output of the linear programming solver. This is often used to answer ‘what if’ questions about the
original problem scenario. Three main categories of information are generally considered; the rate of change of
the objective when the right hand sides of the constraints are altered, the range over which this rate is constant,
and the range over which changes in objective coefficients lead to a constant rate of change in the objective.

These results can be obtained from standard commercial linear programming solvers, however these results
can be unreliable, particularly in cases with degenerate optimal solutions, such as most layout optimization
problems. Here the optimal value method (Jansen et al., 1997) is used to obtain accurate values.

The optimal value, as a function of a particular right hand side value or objective coefficient of the original
problem, is piecewise linear, consisting of a number of linearity intervals and breakpoints. Sensitivity analysis
generally provides a description of the linearity interval(s) in which the optimal solution lies, and their associated
breakpoints.

D.1.1 Sensitivity analysis for changing forces

Perhaps the most obvious ‘what if’ type question with regards to structural optimization problems is: What if
the external forces are different to expected? Future change of use, accidental loading or modelling assumptions
regarding choice of loading patterns could cause problems. Whilst the field of robust optimization aims to tackle
this rigorously (Guest & Igusa, 2008; Lee et al., 2019), the added computational and conceptual difficulty may
discourage everyday use. Sensitivity analysis may be of use to provide simple checks and information when the
level of variability is reasonably low.

Sensitivity analysis of constraints produces a ‘worth per unit’ (Taha, 2007) and a range over which this is
valid. The worth per unit is the rate of change of the objective function relative to the change in the right hand
sides. By the strong duality theorem,

optimal value of primal = cTx = bTy = optimal value of dual (D.1)

where c are the primal objective coefficients (i.e. the dual right hand sides), x are the primal variables, b are
the primal right hand sides (i.e. the dual objective coefficients) and y are the dual variables.

Applied to the layout optimization problem, this implies that the value of the optimal structure for a
perturbed problem will be the volume of the original structure plus the change in value of the force times
the original virtual displacement at that point. If the direction of the force pertubation opposes the virtual
displacement, the volume will decrease. However if the added force is in the direction of the virtual displacement,
the optimal volume will increase, implying that the original structure would be non-conservative. This is a
particular concern if the force perturbation acts to reduce the magnitude of an applied force.

Scaling in structural design codes

Structural design codes generally classify loads into different categories, such as live loads (those expected to
change frequently, e.g. weight of people and furnishings) and dead loads (those expected to remain mainly
constant such as self-weight of the supported structure) (CEN, 2002; ASCE, 2003). These loads have factors
applied to give a design value; the factors differ depending on whether a load is favourable or unfavourable.

Identifying which loads are favourable and unfavourable is reasonably easy when the design is fixed, par-
ticularly for common layouts. However, for layout optimization, the loads must be factored before the design
is found, this can cause issues if the incorrect combinations are chosen. Sensitivity analysis could provide a
simple means of highlighting potential issues with the chosen patterns of loading. Any load which acts in the
opposite direction to its virtual deflection is likely to be having a favourable effect on the structure, and should
be factored as such. This has the advantage of being a simple and relatively intuitive check,Simultaneous sens-
itivity analysis of different combinations should ideally also be considered, although the number of different
possible cases would increase rapidly with the number of applied loads.

Modelling approaches for sensitivity analysis of applied forces

There are a number of modelling approaches which may be chosen, each of which may result in somewhat
different conclusions being drawn from the sensitivity analysis. The simple problem shown in Figure 8.9 has
been used to test three different approaches, and the results are shown in Figure D.1 for sensitivity analysis of
all 5 free degrees of freedom.

The most straightforward approach is to simply solve the problem as initially posed, e.g. in the case of
Figure D.1 to solve a single load case problem, and then to obtain the sensitivity information from this. The
results of this are shown in Figure D.1a.
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Figure D.1: Square cantilever - 4 node: sensitivity analysis for external forces. Orange cross shows initially
analysed case. Black results show those available by sensitivity analysis, gray results have been separately
calculated for context. (a) perturbation applied to original load case, (b) perturbation applied to duplicate
alternate load case, (c) perturbation applied to factored alternate load case. (d) comparison of results for
vertical load at top right.
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Note that this problem has two equally optimal solutions, and the illustrated relationships between volume
and force perturbation are independent of which solution is illustrated. For example, see the plot relating to
horizontal force at the lower right node, an additional force to the left would result in a reduction in volume.
However, the shown structure clearly could not support such a load, instead the equally optimal triangular
structure (see Figure 8.9) should be used, and the bottom member could then be appropriately reduced in size.
It may be possible to obtain more practically useful, if less mathematically rigorous, results through the use of
optimal basis methods.

The results using this method may be very impractical; for example a vertical unit load applied upwards
at top right causes a drastic decrease in the volume, this breakpoint corresponds to a structure consisting of a
single bar connecting the two applied forces, and not connecting to the support at all. Thus it may be more
appropriate to consider the perturbed loads as acting in a second load case, the results of this are shown in
Figure D.1b.

Now, the structure will never decrease in volume, as the original load case must also be carried. Some
linearity intervals which are returned are now horizontal, these intervals are of particular practical interest, as
they represent alternative load combinations which could be carried by an optimal solution. However, most
points lie on a breakpoint, this is likely to cause substantial errors and inaccuracies in the data returned from
commercial packages.

A similar approach is shown in Figure D.1c, in this case, the first load case is unchanged, but the second load
case halves the magnitude of the original forces. The optimal values now do not lie on breakpoints, which can
simplify application. This now gives reasonably useful ranges of possible alternate loads, for example the original
structure designed for a downwards load of 1 at the lower right, is also capable of supporting a downwards load
of 0.5 at the bottom right concurrently with a rightwards load of 0.5 at the top right.

Figure D.1d compares the results of these three approaches. It can be seen that when the perturbed loads
are applied to a duplicated load case (D.1b), this simply removes areas where the single load case result (D.1a)
would drop below the original value. Using a factored load case (D.1c) translates the results of Figure D.1b
towards the direction of increasing volume from Figure D.1a.

D.1.2 Sensitivity analysis for member costs

The other major use of sensitivity analysis is the investigation of changes in the coefficients of the objective
function. This may not seem immediately applicable to layout optimization as variability in the costs of material
and thus members is most likely to affect all members equally. However some interesting results can be obtained.

The linearity ranges for the objective coefficients give the range of costs for a particular member over which
a current optimal form remains optimal. From the breakpoints at the ends of the linearity interval, the new
objective value obtained when the form changes is obtained. This can be used as a measure of the ’importance’
of a certain member of the solution.

Single load case For example, Figure D.2a shows the layout optimization result for the single load case
problem shown. Sensitivity analysis is used to investigate the influence of increasing the cost of the horizontal
member at the top left. The upper end of the linearity interval is calculated to occur when the objective value
is increased by 1.7%. Solving the perturbed problem then gives the result shown in Figure D.2b.

Similar investigations have been undertaken for each member present in the initial structure, resulting in
the forms in Figure D.2b-f as indicated. Note that the results are not exactly symmetrical about the diagonal
axis of symmetry; result D.2c is obtained for only one member, whilst result D.2e is obtained for two. This is
because structures D.2b and c and D.2e and f have identical volumes, and are therefore equally optimal if no
relevant coefficients have been changed.

The volume increase given by the indicated structure is the minimum volume increase possible by reducing
that member. This could make a simple means of guiding a designer during a manual rationalization process
such as the one described in Chapter 3, as members could be coloured by the result of the sensitivity analysis.

Multiple load cases The method works equally well for multiple load cases, as shown in Figure D.3, where
the two loads are applied in separate load cases. However, these results, particularly D.3 show a potential issue
whereby a member may be replaced by a set of almost identical members. This also demonstrates why it is
important to remove colinear members for sensitivity analysis and vertex enumeration methods, otherwise the
members could simply be replaced by a different set of colinear members.

Although the idea of ‘removing’ the member may appear to imply that this method could lead to simpler
structures, this is not the case, for example solutions in D.3e-f are substantially more complex than Figure D.3a.
These results do show the importance of the vertical bar on the right in this problem.
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Figure D.2: Square cantilever - 25 nodes: Sensitivity analysis of cost coefficients of active members. (a) layout
optimization result, each member present is labelled with the new solution found when its objective coefficient
is increased just outside of the associated linearity interval. (b)-(f)Minimum volume structures with individual
members removed, and associated volume increase.
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Figure D.3: Square cantilever - 25 nodes, 2 load case: Sensitivity analysis of cost coefficients of active members.
(a) layout optimization result, each member present is labelled with the new solution found when its objective
coefficient is increased just outside of the associated linearity interval. (b)-(i) Minimum volume structures with
individual members removed, and associated volume increase. It can be seen that elements forming the bar on
the right of the structure imply a much higher volume increase when they are removed.
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D.2 Vertex enumeration by pivoting methods

The sensitivity analysis process described in Section D.1.2 generates new basic solutions to the layout optim-
ization problem. These new solutions are adjacent to the optimal solution. Furthermore, the solutions are
guaranteed to be distinct from the optimal solution, i.e. not just an alternative basis representation of the same
point.

Repeated application of the method to the results produced will generate further new structures. This
effectively becomes a pivoting type vertex enumeration algorithm (similar to those of Chand & Kapur, 1970;
Avis & Fukuda, 1992). The obtained solutions, and the graph of the edges traversed to reach them can be
stored, and usefully output at any time during the solver operation. The method handles degeneracies well,
and is logical and intuitive in its progression.

A number of extra issues must be considered. Firstly, at each iteration after the first, multiple possible
solutions will exist and a decision must be made concerning which is to be checked next. Here, the very simple
heuristic of choosing the unchecked solution with the lowest complexity (defined as total length of members)
was used. The second issue is that loops may occur, this is dealt with by checking the uniqueness of the set
of non-zero variables. Any solutions found which duplicate already known bases are discarded, and the new
connection is added to the graph. Additionally, any solutions which produced a structure with a volume greater
than 4.2 (=1.2𝑉1) were discarded.

This method is applied to the square cantilever problem of Figure D.2 using a ground structure of 25 nodes.
The process was terminated when 200 solutions had been obtained. The graph of the basic feasible points and
the edges traversed is shown in Figure D.4, and a number of solutions of interest are shown in Figure D.5. The
solutions adjacent to point 1 are the same solutions as those identified in Figure D.2.

The layout of the graph was calculated using the force based method of Fruchterman & Reingold (1991),
implemented within MATLAB. A moderate level of symmetry in the graph is observed. This is due to the
diagonal axis of symmetry in the problem, for example compare results 4 and 6 or 58 and 63. Symmetrical
structures, such as solutions 1, 2 and 72, lie along the central line of the graph.

The vertices of the graph in Figure D.4 are coloured according to the volume of the corresponding structure.
At least two pockets of low volume structures can be seen, one in the vicinity of point 1 and the other in
the vicinity of point 169. The route that was taken between these two pockets went via results 135, 157 and
168 (shown in Figure D.5). These intermediate results have much higher volume, and higher values for most
complexity measures. As the graph in Figure D.4 shows only the edges traversed, there may be an alternate
route. However, as lowest complexity was used as the selection heuristic, any alternative route will also cross
solutions of high complexity.
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Figure D.4: Square cantilever - 25 nodes: Volumes of 200 basic solutions found by pivoting type method. The
sequential ID numbers of the solutions illustrated in Figures 8.12 and D.5 are indicated.

Volume 3.222 3.278 3.278 3.350 3.417 3.417 3.500 4.000
Total Length 4.74 4.69 4.69 4.45 4.36 4.36 3.73 3.41

Joint Complexity 41.1 34.5 34.5 34.3 29.2 29.2 16.9 14.0
Minimum Area 0.46 0.33 0.33 0.36 0.50 0.50 0.50 1.00
Sequential ID 1st 4th 6th 169th 58th 63rd 176th 72nd

Volume 3.300 3.278 3.278 3.750 3.833 4.000 4.000 3.467
Total Length 5.27 4.87 4.87 4.22 5.54 5.18 5.23 4.43

Joint Complexity 59.7 50.8 50.8 28.1 110 64.5 94.8 40.3
Minimum Area 0.36 0.31 0.31 0.40 0.24 0.50 0.22 0.24
Sequential ID 2nd 3rd 5th 21st 135th 157th 168th 177th

Figure D.5: Square cantilever - 25 nodes: Structural forms for points labelled in Figure D.4.
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D.3 Vertex enumeration by incremental algorithms

D.3.1 Formulation

For the double description method described in Section 8.3.3, it is required to have the problem formulated
using non-negative variables. However, variables for the area are also needed; thus the standard single load case
formulation is not ideal. Instead, the following formulation was used.

minimise l𝑇a (D.2a)

subject to B(a𝜎𝑇 − p) = f (D.2b)

a(𝜎𝑇 + 𝜎𝐶) − p ≥ 0 (D.2c)

a ≥ 0 (D.2d)

p ≥ 0 (D.2e)

where p is a variable representing the force state of the member, members fully stressed in tension have 𝑝 = 0
and members fully stressed in compression have equation (D.2c) satisfied with equality.

For the double description method, the constrains should all be inequalities. This is achieved by using
Gaussian elimination to reduce the dimension of the problem before applying the algorithm. It may also be
achieved by converting each equality constraint into a pair of opposing inequality constraints, although this is
likely to be less efficient.

D.3.2 Method heuristics

The speed of the double description method is known to be very sensitive to the order in which the constraints
are considered (Fukuda & Prodon, 1995). Here, the dynamic ordering of Rubin (1975) was used to decide the
next constraint to be added; the next row to be added is the row with the minimal value of 𝑈 , where 𝑈 for
each row is found using:

𝑈 = 𝑃 + 𝑍 + 𝑃𝑁 (D.3)

where 𝑃 is the number of points on the positive side of the constraint, 𝑁 is the number of points on the negative
side of the constraint, and 𝑍 is the number of points lying directly on the plane of the constraint. The value
of 𝑈 is an upper bound on the number of points/rays which may be present at the end of this iteration, if all
pairs of points checked produce a new point. The value 𝑃 + 𝑍 is a lower bound, assuming no new points are
produced.

Figure D.6 shows the number of points and rays at each iteration during the solution of the problem of Figure
8.13. The black lines at each point represent the upper bound (i.e. 𝑈) and lower bound (i.e. 𝑃 + 𝑍) on the
possible number of points and rays in the next iteration. It can be seen that neither bound is particularly well
correlated with the resulting number of points/ray. This may suggest that better adding orders are possible.
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Figure D.6: Number of points and rays at each step of complexity constrained double description method.
Also shown are the upper and lower limits of the number of points and rays at the next step, for the chosen
constraint.
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Appendix E

Additional contributions to the literature

This appendix provides copies of additional material which has been published as part of this study. Note that
in addition to the contributions below, Chapters 4 and 5 are each drawn from a paper, see the prefaces of the
relevant chapters for more information.

Sections E.1 and E.2 are based on the real world case study of Chapter 3. These sections use the case
study to present the opportunities of layout optimization to a wider audience of researchers and practitioners
respectively.

Section E.3 describes an initial study which eventually led to the frictional foundations described in Chapter
5. This initial study uses a simpler model where the horizontal reaction forces are limited without reference to
the vertical reaction force at the point.

Sections E.4, E.5 and E.6 relate to the integer programming methods described in Chapter 6. Sections E.4
and E.5 compare different possible complexity measures, with E.5 extending this to 3D cases. Section E.6 covers
the use of lazy constraints to improve the computational efficiency of the MILP problem, and the derivation of
benchmarks for validation.
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221



222 APPENDIX E. ADDITIONAL CONTRIBUTIONS TO THE LITERATURE

E.1 Application of layout optimisation for building structures

The material in this section was prepared for the Young Researchers’ Conference 2017, hosted by the Institute of
Structural Engineers. This conference brings together PhD researchers from all areas of structural engineering
research. This section contains the submitted abstract, and the poster which was presented at the conference.
The was awarded first prize in the poster category at the conference.

This primarily concerns the case study considered in Chapter 3, although the constraints of the poster format
mean that only the major results are discussed.

† Fairclough, H., (2017) Application of layout optimisation for building structures. In Proceedings of the 19th
Young Researchers’ Conference. The Institute of Structural Engineers, (pp. 44-45).
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Application of Layout Optimization for Building Structures 

  

Helen Fairclough 

University of Sheffield  

  

Introduction 

Reducing the volume of material used in building structures is becoming increasingly important. There are many 

reasons why this may be a priority: reduced carbon emissions from material production, easier transportation and 

erection of lighter components, or to limit the loads imposed on existing structures or earthworks. However, the 

forms of almost all structures are still designed by engineering judgement and past experience, often using forms 

identified many centuries ago. This makes it difficult to establish whether the proposed solutions are efficient, or 

whether significant savings may be made by considering alternatives. 

 

The problem of finding a minimum weight structure to transmit loads to supports has been the subject of significant 

academic study. Pioneering work by Michell (1904) allowed manually derived exact solutions to be obtained for 

simple problems. Later, computational methods, such as those derived by Dorn (1964) and Bendsøe (1989), 

allowed approximate solutions for more complex scenarios to be obtained. However, many issues remain which 

prevent widespread application of these methods in daily design practice in the field of structural engineering. 

 

Project objectives and goals  

The aim of this project is to identify the most critical issues preventing widespread application of structural 

optimisation methods in the field of structural engineering. Various methods of tackling these issues will be 

developed, including modifying the basic methods and post-processing the solutions obtained to increase their 

practicality.   

 

This study uses a number of optimisation methods, combined with manual interpretation, to produce a series of 

structures ranging from theoretical benchmarks to typically used forms. This results in a family of potential forms, 

and their associated volume costs, and allows for informed decisions to be made on the impact of the design 

choices involved. The case study chosen for this is drawn from a real industry project, and through close 

collaboration with engineers at Expedition Engineering, it is ensured that a wide ranging and realistic set of 

construction and architectural constraints are considered. From this, limitations in both the process and the results 

can be identified and addressed. 

 

Description of method and results 

For this study, a ground structure based layout optimisation method, similar to that described by Pritchard et al. 

(2005) is used. This identifies structural design solutions in the form of line-element models which are well suited 

to construction using a series of individual elements. This method also has superior performance when compared 

to continuum optimisation methods for problems where the structure occupies only a small fraction of the available 

design domain. 

 

The basic problem is to minimise the total volume, with constraints on the maximum permitted stresses and 

equilibrium enforced under all load cases. This is implemented as a linear program, which allows the use of efficient 

gradient based methods, and eliminates the risk of finding local optima.  

 

Analysis of initial case studies has established three key areas in which improvements to the classical layout 

optimisation methods are necessary: 

- Accurate and efficient modelling of buckling.  

- Appropriate rationalisation of complex forms. 

- Assessment of robustness of the solutions found.  

 

A number of possible solutions have been identified for each issue. Choosing the most appropriate method to 

tackle each of these will require evaluation of the method’s effectiveness, computational efficiency and ease of 

application.  

 

Potential for application of results 

Layout optimisation has the potential to be applied to a wide variety of structural types; case study problems looked 

at so far include transfer structures in tall buildings, roofs and bridges. In each of these it has been found that 

improvements in structural efficiency are possible, with the most savings found when there is significant freedom 

of form.  
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Figure 4: Resulting structures for example problem from most complex theoretical structures to increasingly constrained forms.

Layout Optimisation for Building Structures
Helen Fairclough, Department of Civil and Structural Engineering, University of Sheffield

Introduction
In structural design, the overall shape and layout of a structure is most 

commonly chosen based on the precedents of existing structures and 

the engineer’s past experience. Additionally, often, little is done to 

assess how material-efficient a structure could theoretically be or to 

assess the impact each decision made by the design team has on 

structural weight.

The main aims of this project are to:

• Establish benchmarks to inform how efficient a structure is,

• Provide tools to help designers understand the implications of 

each design choice on structural weight,

• Offer methods to rationalise the designs produced by 

optimisation methods to comply with fabrication constraints.

Here initial findings made on a real-world case study are presented.

Results
Figures 3 and 4 show the resulting potential structures found for the 

current problem. In figure 3 they are separated into optimised and 

regular layout. This allows a visual representation of the significance of 

the different design choices.

Figure 4 shows the changes in form and volume as additional 

constraints are added. Note that with the chosen cross section and 

modelling type (i.e. pin jointed) lines 4(a) to 4(c) are not resistant to 

buckling. Further work will be required if a benchmark which does not 

depend on design decisions is desired. 

Rows 4(f) and 4(g) of show some of  the structures produced during the 

iterative rationalisation process described in figure 5. Row 4(h) shows 

the chosen design which was used for the studies to reduce the 

numbers of cross sections, and is shown in figure 6. The proposed 

method allows flexible interpretation of fabrication constraints, and this 

is just one of many potential designs available to the designer.

This case study has shown that these methods can produce a wide 

range of structural options for a design team, with the potential for 

significant material savings, even once fabrication constraints are 

considered. This will allow informed decisions to be made when 

considering design choices, and may provide additional options which 

make use of highly efficient structural forms which are not yet 

commonly considered. 
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(a)
Reference solution, minimum volume possible for force 

equilibrium at ultimate limit state.

(b)
+ Nodes restrained out of plane by being located on slab 

lines

(c)
+ Compressive strength reduced according to effective 

length of members, to account for member buckling.

(d)
+ Pattern Loading, using load case where one of the 

larger (~30MN) loads is factored as being favourable

(e)
+ Penalty applied to optional (i.e. non load or 

support) nodes, representing weight of the joint.

(f )
+ Manual removal of members and optimisation 

of node positions

(g)
+ Optimisation using all possible connections 

between existing nodes.

(h)
+ Manual removal of members and 

optimisation of node positions

(i)
+ Only 4 different cross sections 

permitted
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( j )
Nodes only at top and bottom of domain, on loaded points 

or supports (incudes pattern loading and member buckling)

(k)
+ No out of plane buckling restraint provided to members 

where they cross interim slab lines

(l)
+ Only 4 different cross sections permitted

(m)
+ Topology restricted to Warren truss type

(n)
+ Only 4 different cross sections permitted

(o)
+ Continuous cross section along top and bottom 
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Figure 3: Chart comparing optimised and traditional forms at various levels of rationalisation. Blue steps relate to the modelling of buckling, Yellow 

refers to pattern loading, green to rationalisation of form and orange to section/size rationalisation.
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Details of optimisation methodology 
The method of optimisation used is called Layout Optimisation. In this, 

the design domain (Figure 2a) is filled with nodes (2b), which are then 

connected in all possible pairings to give a ‘ground structure’ of 

potential truss members (2c). Linear programming algorithms are then 

used to find the globally optimal set of these members (2d) to support 

the loads. 

Figure 2: The stages of the layout optimisation process.

The output of this technique applied to the current case study with 

nodes at 0.25m spacing (32 million possible members) is shown in 

figure 4 row (a). The complexity of this structure is common in the 

outcomes of optimisation processes, this is a major factor in the low 

uptake of optimisation techniques in structural design practice  

Figure 6: Rationalised truss using optimised topology (dark grey), showing 

supporting walls (mid grey) and main loading sources (light grey)

A practical case study
The case study considers the design of a steel transfer structure with 

a 50m span, which needs to fit within a 10m deep design domain. The 

structure is to be constructed from hollow square sections, fabricated 

from S355 steel.

Figure 1: Problem description, loading values un-factored. 

The structure must resist the loads shown in Figure 1, and comply with 

an increasingly restrictive set of constraints designed to increase its 

buildability. 

The structure is modelled as a pin jointed truss. As it is a planar truss, 

resistance to out-of-plane buckling must be provided. This is available 

at the floor slabs.

50m
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3m

3m

4m~30MN

~0.6MN

~3MN

Design domain

Floor slabs, out of 

plane restraint

Simple supports

Details of rationalisation methods
The complex structures in figure 4, row (d) and earlier are simplified 

using an iterative procedure combining optimisation techniques with 

manual intervention using the Limistate:Form software developed at 

Sheffield University. This procedure is described in figure 5.

Figure 5: Rationalisation method incorporating manual intervention. The loop in 

orange is carried out as many times as required to produce a solution which satisfies 

all desired fabrication constraints.

After this process, forms using a limited number of different cross 

sections are found. This is currently done as a post processing step and 

the node locations and topology are not changed. 

Engineer selects members 

to remove.

Non-Linear optimisation 

moves nodes to minimise 

volume.

All possible connections 

between nodes form new 

ground structure.

Optimisation penalising 

shorter members to 

simplify result.

Ground structure created 

from regularly spaced 

nodes.

Layout optimisation finds 

minimum weight set of 

members.

Allows creation of regular 

designs, (warren truss) for 

comparison.

Chosen design taken 

forward for detailed 

checks and design.
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guide/inspiration
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E.2 Optimisation-driven conceptual design:
Case study of a large transfer truss

This section contains an article† which has been accepted for publication in The Structural Engineer, the
magazine of the Institute of Structural Engineers. The aim of this article was to demonstrate, to practitioners,
what can be achieved through the use of currently available optimization methods.

The article considers the case study considered in Chapter 3, although the focus here is on the strengths
and opportunities the methods present, rather than on identifying issues to be addressed.

† Fairclough, H., Gilbert, M., Thirion, C., Tyas, A., & Winslow, P. (in press) Optimization-driven conceptual
design: Case study of a large transfer truss. The Structural Engineer.
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Introduction
Recent advances in affordable computing power 
mean that optimisation techniques, once primarily 
the preserve of aerospace and high-end automotive 
designers, are becoming accessible to the wider 
structural design community. The most general 
forms of structural optimisation are topology 
optimisation or, for frame structures, layout 
optimisation. Both of these involve starting with a 
blank space, the design domain, and generating a 
geometry for the structure based on mathematical 
rules. These techniques have the potential to 
achieve the most materially efficient designs 
possible, but are not currently commonly used in 
structural engineering practice, partly due to the 
complexity of the forms they generate. 

For example, consider the 50m span basement 
transfer truss required for a hotel development 
project (Figure 1). A range of designs for the 
problem are presented in Figure 2. Fig. 2a shows 
the basic truss structure derived manually, which 
resembles a Warren truss. In contrast, the solution 
shown in Fig. 2c, obtained using numerical layout 
optimisation, would in theory consume much 
less material. However, this comprises many thin 
members, each of different length and cross-
section. This is a close approximation to the true 
theoretical solution for this problem, which can be 
obtained based on the principles set out by Michell 
in 19041, and which includes an infinite number of 
infinitely thin members.

Application of new manufacturing methods 
has the potential to remove some barriers to 
fabrication. For example, additive manufacturing, 
or ‘3D printing’, techniques are being developed 

for a range of materials, including concrete2 and 
steel joints3. Alternatively, steel joints cast using 3D 
printed moulds can provide a means of avoiding 
issues with scale and certification. The use of 
3D printing in the production of joints for a truss 
may reduce the costs associated with unusual 
joint configurations and may ultimately allow more 
tailored designs to be considered.

It is also possible to rationalise optimum forms 
to make them easier to fabricate. Previous studies 
have shown that simplified structures that are 
similar in form to the optimal layout have the 
potential to retain a significant level of material 
efficiency with much lower complexity4. This is 
explored here. One such simplified structure is 
shown in Fig. 2b; this has a weight which is little 
higher than the identified optimum form, and less 
than half that of the manually derived truss (Fig. 2a).

Based on this observation, the method described 
here involves first finding a minimum-weight 
structure without imposing limits on complexity, 
and then gradually rationalising the design by 
accounting for practical considerations. Here, 
the term ‘structural complexity’ is used to refer 
to a range of features; considering minimum-
weight structures, the number of members and 
the number of different cross-sections are both 
commonly identified as major issues. Therefore, the 
method progressively removes members and/or 
standardises cross-sections, to lead to a gallery of 
candidate designs.

However, it is unlikely to be possible to find forms 
that are both very simple and very lightweight. 
Instead, a choice will need to be made concerning 
the trade-off between material efficiency and 

SYNOPSIS
This article describes the use of structural optimisation at the conceptual 
design stage to identify materially efficient solutions which incorporate 
buildability considerations. In the proposed approach, a minimum-weight 
solution is first identified, providing a benchmark against which other designs 
can be judged.

However, as this solution will often be complex in form (and effectively 
impossible to construct in practice), additional constraints are then gradually 
introduced to rationalise it, and to explore the regions of the solution space 
which separate it from simpler, more familiar solutions. This enables the 
designer to balance material efficiency and complexity in a more informed 
manner.

The efficacy of the approach is demonstrated via application to a case study 
of a transfer truss design.
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complexity (Figure 3). A demonstration of this 
will be provided, using the hotel basement 
transfer structure problem already referred to, 
from a project by Expedition Engineering.

To achieve this, a number of numerical 
layout-optimisation methods developed at the 
University of Sheffield are employed. These 
methods are implemented in the commercially 
available LimitState:FORM5 design-optimisation 
software. A feature of the software is that the 
user can manually remove or modify individual 
structural members during the optimisation 
process. The study demonstrates the potential 
to achieve greater material efficiency through 
exploration of the solution space, the set of all 
possible feasible solutions to a problem.

It is found that a wide range of possibilities 
lie between the mathematically optimal, but 
impractical, forms at one extreme, and the 
forms typically used in practice today at the 
other extreme. This allows the design team to 
make informed decisions on the implications of 
using a less conventional layout and to indicate 
where an investment in more complex detailing 
may be justified. Conversely, it will also indicate 
when benefits are marginal, and therefore when 
a more standardised design is likely to provide 
the most economical choice.

Available optimisation techniques
Heuristic optimisation methods, such as 
genetic algorithms, have proved popular in 
recent years, largely due to the ease with which 
a non-specialist user can include real-world 
constraints; a description of several such 
approaches and their application has been 
given by Debney6.

However, these methods have severe 
drawbacks. For example, the starting points for 
these methods are usually randomly generated, 
or based on intuition, but will often influence the 
final output, likely leading to a suboptimal design 
being obtained (i.e. corresponding to a ‘local 
hollow’, which may be much higher than the 
‘valley bottom’ shown in Figure 4). 

Additionally, with these methods, there is 
no way of knowing how much further benefit 
is possible once a solution has been found. 
This may lead either to unnecessarily inefficient 
designs being accepted, or alternatively to 
substantial effort being wasted attempting to 
improve on a design which is already optimal or 
near-optimal.

Here, an alternative two-step optimisation 
approach is proposed. In the first step, the 
problem is simplified so that only the essential 
physics is modelled; in this case, meaning that 
only equilibrium and stress limit considerations 
remain. This allows a reference solution to 
be obtained, providing a lower bound on the 
structural volume (or weight). The second step 
is to apply various methods to move through 
the solution space to locate promising solutions, 
if possible in close proximity to the reference 
solution (Fig. 4b).

For the identification of minimum-weight 
structures, continuum-based topology-
optimisation methods are commonly used. 
These routines are now included in many 
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general-purpose finite-element software 
packages, and are widely used in the aerospace 
and automotive industries.

However, they are less obviously useful in the 
design of building structures. This is because 
a typical building structure comprises a sparse 
assembly of discrete elements, with a very low 
associated volume fraction (the proportion of 
original design domain which is occupied by 
structure after the optimisation), beyond the 
normal working range of continuum topology-
optimisation routines. Figure 5 shows an 
example continuum optimisation result for 
the present case study, produced using the 
freely available MATLAB script developed by 
Sigmund7.

For building frames, it is more appropriate 
to instead work with discrete structural 
elements, as is proposed here. In this case, 
numerical layout optimisation employing a 

ground structure8 can be used, in which the 
design domain is populated with nodes, 
then interconnected by potential members 
(Figure 6). Mathematical routines can then 
be used to identify the subset of members 
which form, for example, the structure which 
consumes the minimum amount of material.

In the low-resolution example shown in 
Fig. 6, this resembles a deep Warren truss; at 
higher resolutions, the minimum-weight solution 
closely resembles a bicycle half-wheel, with a 
semi-circular compression member and many 
radial ties. This demonstrates key characteristics 
of minimum-weight structures: members are 
axially stressed and bending is eliminated; 
furthermore, compression and tension members 
are approximately orthogonal and lie along lines 
of principal virtual strain.

Here, the optimisation problem considered 
throughout is to minimise the volume of material 
consumed, subject to equilibrium and strength 
constraints, using a plastic multiple-load-case 
formulation9. The mathematical optimisation 

problem is linear, which ensures 
that the global optimum for the 
given problem can be found, 
and the availability of efficient 
solvers allows problems with 
millions of potential members 
to be solved in seconds on an 
ordinary desktop computer. A 
Python script implementing the 
ground structure-based layout-
optimisation method is freely 
available10.

Case study: basement transfer truss
The case study concerns the conceptual design 
of a steel transfer truss providing a 50m clear 
span between the retaining walls on opposite 
sides of a deep basement (Fig.  1). This carries 
the loads from a five-storey building and a 
garden at ground level. It also supports a pair 
of 50m span transverse trusses which apply 
a substantial load at the bottom of the design 
domain. The permitted structural depth is 10m, 
covering three levels below ground-floor level. 
The intermediate floors can be used to provide 
out-of-plane bracing against buckling of the 
truss elements.

This provides an ideal application for 
optimisation methods. The combination 
of loading from the transverse trusses and 
the building above provides a specific and 
unusual configuration, meaning that the 
minimum-volume solution may not be familiar 
or immediately intuitive. Also, because the 
basement levels through which the truss passes 
are primarily plant and ‘back of house’ spaces, 
there are far fewer constraints on the locations 
of structural members than in more visible 
areas of the project – although the approach 
described is equally applicable to arbitrary 
design domains. Finally, the structure is to be 
constructed using fabricated hollow square 
sections, constructed from S355 steel plate.

The LimitState:FORM software was used to 
undertake the optimisation study described; 
this implements the ground structure-based 
layout-optimisation procedure described in 
the previous section. The software also allows 
deflection limits to be specified and irregularly 
shaped design domains to be defined, as well 
as permitting some further basic structural 
analysis internally and allowing export to 
external software (e.g. Oasys GSA11) to enable 
more detailed analysis and design to be 
undertaken.

THE AVAILABILITY OF 
EFFICIENT SOLVERS 
ALLOWS PROBLEMS WITH 
MILLIONS OF POTENTIAL 
MEMBERS TO BE SOLVED  
IN SECONDS
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FIGURE 4: Methods of treating real-world, non-convex 
design problems

FIGURE 5: Basement transfer truss: continuum topology 
optimisation solution
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For the purposes of this exploratory study, 
the permissible strength in compression was 
reduced to approximate the effect of member 
buckling; the value of limiting compressive 
strength varied from 95% of the yield strength 
in the shortest members, to zero in members 
unrestrained for over 19m. Both uniform and 
pattern loading (with the transverse truss on 
one side only factored favourably) cases were 
considered, resulting in three load cases in the 
optimisation problem.

Using layout optimisation, the structure 
is usually modelled as a pin-jointed truss; 
therefore, any node which is not supported 
out-of-plane by a floor plate or support will 
be unrestrained against buckling. It would be 
possible to resist this form of buckling by using 
nodes/joints with moment capacity. However, 
in order to ensure all designs were comparable, 
in this study, joints were permitted to lie only 
on floor levels and up the sides of the design 
domain. 

Although deflections are often critical in the 
design of long-span structures, for the sake of 
simplicity, in the present study, only the ultimate 
limit state was considered initially (i.e. stress 
constraints). However, the software used can 
also account for deflections, and deflection-
governed problems actually offer greater 
potential savings with the use of optimisation 
methods; this is discussed later in the article.

Interactive rationalisation of 
structure
The LimitState:FORM software allows the 
engineer to interactively edit an optimised 
solution, e.g. to make it easier to build. This 
forms the second step of the two-step process 
outlined in Fig. 4, i.e. moving from the solution 
of the simplified problem to a design that is 
a feasible solution for the real-world problem 
(Figure 7).

Following a manual edit, a secondary 
optimisation problem is solved to ensure 
the edited structure is both stable and as 
lightweight as possible. This uses the same 
volume-minimising objective function and 
equilibrium/stress constraints as the initial 
problem; however, the reduced ground structure 
used in the manual editing stage allows simpler 
structures to be produced. This process can be 
repeated a number of times if desired.

Each secondary optimisation problem 
includes linear size optimisation and non-linear 
geometry optimisation steps, where the latter 
allows joint positions to be adjusted. Each of 
these optimisation problems can be solved very 
quickly, in just a few seconds for the problems 
shown here, permitting rapid exploration of the 
solution space.

In the interactive step, the designer can 
individually choose members to add or remove 
from the structure (Figure 8), with the influence FIGURE 7: Proposed two-step process (where step 2 may involve several iterations)
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      AND SUPPORTS

(C) POTENTIAL MEMBERS FORMING
      THE GROUND STRUCTURE

(B) POTENTIAL NODES
 

(D) RESULTING OPTIMISED 
      (MINIMUM VOLUME) LAYOUT

Step 2: Move to identify practical 
solution, applicable to real-world 
problem

Manual rationalisation used to take 
account of complexity constraints, 
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connected members)
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FIGURE 6:  Stages in numerical layout-optimisation method

Step 1: Identification of global 
optimum for simplified problem

Numerical ground structure-based 
layout-optimisation method used to 
find minimum volume, considering 
stress and equilibrium constraints
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of such edits on the required volume of material 
to form the structure clear at all times. The 
designer can choose their modifications based 
on any potential criteria, such as minimum 
angles between members, total numbers of 
joints, etc., but is free to break rules if they wish. 
This allows for a flexible definition of complexity, 
which may be specific to the problem at hand 
or vary as the designer reacts to solutions 
identified by the optimiser.

Results
The results of the proposed approach are 
presented in Figure 9 with an increasing 
number of constraints applied to the structure.

The output of the layout optimisation 
technique is shown in Fig. 9a. These results use 
a grid of nodes at 0.25m spacing, which results 
in 32 million possible members. This provides a 
numerical approximation to the Michell truss for 
this problem. While this structure would clearly 
be challenging to construct, it provides a close 
approximation of the lower-bound reference 
solution, which uses the minimum possible 
amount of material to carry the applied load.

In Fig. 9b, the nodes are restricted to lie 
only on the slab lines where lateral restraint is 
provided; in Fig. 9c, the permitted compressive 
strength is reduced to account for member 
buckling. At this point, the structure can be 
said to be physically possible – although 
unlikely to be buildable using currently available 
technology. Fig. 9d shows the result when the 
pattern loading cases are considered.

Fig. 9e shows the results of automatic 
rationalisation using the joint-length method12. A 
series of designs following manual rationalisation 
steps are shown in Figs. 9f–h. After this, 

forms using a limited number of different 
cross-sections are found; the result with four 
cross-sections is shown in Fig. 9i. This is 
currently performed as a post-processing step 
with the node locations and layout remaining 
unchanged.

Fig 9j shows the results of layout 
optimisation where nodes are only 
permitted to lie at loading points 
and at the top and bottom of the 
supports; Fig. 9k shows the case 
where these members are not 
restrained from buckling in the out-
of-plane direction by the floor plates 
that they pass through. In Fig. 9l, the 
number of different cross-sections 
used in this case is limited to four. 
The manual rationalisation method 
can be used to force the structure 
to take on easily recognisable forms, 
such as the Warren truss like form 
shown in Fig. 9m.

For cases where the number of 
different cross-sections is further 
limited, the outcomes are shown 
in Figs. 9n–p, with the design in 
Fig. 9n allowing four cross-sections 
in any configuration, the design in 
Fig. 9o having equal cross-sections 
along the top and bottom chords, 
and the design in Fig. 9p also 
having a single cross-section for all 
diagonals.

The options presented in Fig. 9 
provide the designer with the 
information needed to quickly 

appraise the trade-off between complexity 
of form and weight of steel required for this 
particular design problem.

Another way of thinking about the journey 
through the solution space is to consider the 
outcome at each step following a given design 

FIGURE 9: Basement transfer truss: derived concept designs

FIGURE 8: User interface – red members 
manually marked for deletion
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decision; this is illustrated in Figure 10 for the 
basement transfer truss case study. This means 
that the engineer can take an informed view 
on the consequence of each design decision. 
For example, moving to a familiar Warren-like 
truss layout leads to a significant increase in the 
required steel tonnage, even when compared 
with other solutions with the same number of 
joints (e.g. the structure shown directly below 
has the same number of joints).

Commentary
The proposed method provides a quick way of 
finding a number of possible design concepts. 
This allows the impact of different design 
decisions on the overall structure to 
be evaluated, informing the decision-
making process.

As with all optimisation methods, it 
is important that the problem passed 
to the optimiser accurately represents 
the real demands on the design. For 
example, a structure optimised only 
for a uniformly distributed loading may 
not be able to resist pattern loading 
cases, if these are not also included in 
the problem specification at the outset. 
While post-optimisation checks can 
identify such issues, better solutions will 
generally be obtained if these are included in the 
initial model.

As a relatively long-span structure, deflections 
are also likely to be important. Therefore, 
an understanding of how the stiffness of 
the optimised designs compares to more 
traditional layouts is of interest. It has been 
previously demonstrated that for single-load-
case problems, the optimal truss layout will be 
the same irrespective of whether the design is 
governed by stress limits or deflection limits13.

This is based on a minimum-weight truss 
structure for a single load case being statically 
determinate and fully stressed. This means that 
the constituent truss members will be uniformly 
strained and, therefore, that the internal strain 
energy will be proportional to the volume of 
material used. Since the external work done by 
an applied load is proportional to the deflection 

of that load, and as external and internal work 
must be equal, the layout of the lowest-volume 
design with stress limits will correspond to 
the layout with the lowest deflection (when all 
members are subjected to a given stress).

To move between the stress-based solution 
and the deflection-based one, all cross-section 
areas in the solution can be scaled by an 
appropriate factor. As the minimum volume 
layout has both the least material and the 
highest stiffness, it produces the minimum 
volume result for a given deflection when scaled 

(this can be interpreted as the stiffest structure 
for a given volume). As rationalisation moves 
a design further from the optimum, its volume 
increases and also its stiffness reduces. For 
deflection-governed designs, these effects 
compound and cause even greater differences 
in volume.

However, this is not generally the case in 
multiple-load-case problems. While this study 
does have multiple load cases, the fully loaded 
case dominates the design. The top row of 
Figure 11 shows stress-based designs; the 
Warren-like truss (right) has both a 40% higher 
volume than the optimised structure (left) and 
also a 32% higher deflection.

If a range of mid-span deflections is imposed 
in the fully loaded case (Fig. 11), for each of 
the deflection-governed cases, the Warren-like 
truss now requires around 64% higher steel 

tonnage than the optimal value. The volume 
penalty on the rationalised form also increases 
slightly; however, it still offers an increased 
saving compared with the Warren-like truss. 
This shows that the potential advantages of 
layout optimisation are further magnified when 
the design is governed by deflections.

Seeking the minimum volume of material is a 
clear quantifiable goal for use in the optimisation 
process. This value can potentially be used 
as a surrogate for other quantities, such as 
embodied carbon or material cost, although in 
reality both of these will also be influenced by 
other factors, including the complexity of the 
structure.

In addition to complexity, the 
manual rationalisation method also 
allows concerns such as construction 
sequence and aesthetic considerations 
to be addressed intuitively. Therefore, 
it may be necessary to maintain some 
element of manual control even when 
more automated methods are used. 
This also provides the designer with 
more freedom to explore the design 
landscape than when using traditional 
optimisation methods, which output 
only a single design solution.

The truss-based nature of the layout-
optimisation method means that interaction 
with solutions should be fairly intuitive to 
anyone familiar with more conventional frame 
analysis programs. Developing a feel for the 
best members to add or remove comes with 
practice. This intuition may be obtained through 
experience, although it will be informed by 
knowledge of the fundamental features of 
minimum-weight structures (such as preferring 
the use of purely axially loaded members, and 
noting that tension and compression members 
should ideally intersect at close to 90° in 
problems dominated by a single load case).

In our increasingly resource-conscious 
society, the training of future structural engineers 
should foster a culture of inquisitiveness 
around optimisation and a desire to improve 
the efficiency of our structures, making use of 
effective software tools to facilitate this.

FIGURE 10: Basement transfer truss: volume increases 
due to imposed design constraints
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DEMANDS ON THE DESIGN
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Conclusions
Structural optimisation techniques have the 
potential to help structural engineering designers 
to realise significant savings in material usage, 
embodied carbon and/or cost. While it is 
important that care is taken in formulating a 
design problem, and in performing detailed 
checks on design solutions generated, the 
case study described here, of a 50m span hotel 
basement transfer truss, clearly demonstrates 
the usefulness of optimisation, and that available 
tools are now becoming sufficiently mature for 
use in engineering practice at the conceptual 
design stage.

The two-step optimisation approach 
presented addresses some of the major 
concerns that have previously limited uptake of 
optimisation in practice. Using this approach, 
a wide range of structural options can be 
generated, helping the design team to make 
informed decisions on the balance to be struck 
between complexity and material efficiency. The 
results show the potential for significant material 
savings, even once fabrication constraints are 
accounted for. This provides an opportunity for 
designers to explore options derived from highly 
efficient structural forms, which may not initially 
be obvious.
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E.3 Optimization-driven conceptual design of long span bridges

This section contains a paper prepared for the symposium of the International Association of Bridge and
Structural Engineers. This paper was presented to an audience which consisting of both practitioners and
academics within the fields of bridge design.

This paper describes an initial study into the feasibility of including novel support types within the layout
optimization formulation. However, unlike the study of Chapter 5, here the supports may carry a fixed horizontal
load, which is not affected by the value of the vertical reaction. This is a simpler, albeit less realistic approach.
The approach is also combined with the distributed self-weight method described in chapter 4.

† Fairclough, H., Gilbert, M., Tyas, A., Pichugin, A., (2018) Optimization-driven conceptual design of long span
bridges. In IABSE symposium, Nantes 2018 Tomorrow’s Megastructures, report, (pp. S13-67 - S13-74).
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5.4 AUTOMATIC IDENTIFICATION OF LAYOUTS WITH LIMITED COMPLEXITY 243

E.4 Automatic identification of structurally efficient layouts with lim-
ited complexity

The material in this section was prepared for the Young Researchers’ Conference 2018, hosted by the Institute of
Structural Engineers. This conference brings together PhD researchers from all areas of structural engineering
research. This section contains the submitted abstract, and the poster which was presented at the conference.

This section primarily concerns the case study considered in Section 6.3, and focuses on the comparison
between different measures of complexity.

† Fairclough, H., (2018) Automatic Identification of structurally efficient layouts for building structures. In
Proceedings of the 20th Young Researchers Conference. The Institute of Structural Engineers, (pp. 46-47).
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The problem of finding a suitable arrangement of elements to form a building is fundamental to structural design. 

Increasing resource scarcity drives us to search for structures which can provide the required levels of strength 

and comfort whilst consuming as little material as possible. This is known as the problem of topology or layout 

optimisation. However, the resulting optimal structural forms can be complex and here the focus is on identifying 

practical, near-optimal, forms. 

 

Background 

Various well established methods allow us to find the absolute minimum weight structure capable of transmitting 

a given set (or sets) of loads to supports. Analytical methods, such as those developed by Michell (1904), allow 

exact solutions to be found for simple problems, such as the cantilever analysed by Chan (1960). Later, numerical 

and computational methods such as those derived by Dorn (1964), and Bendsøe (1989), allowed solutions for 

more complex scenarios to be approximated using discrete (truss based) or continuous models respectively.  

 

However, whichever method is used to find a minimum weight structure, we find that they display similar, and 

generally undesirable, characteristics. In all but the most trivial cases, the theoretical solution will consist of a ‘truss-

like continuum’: this is a structure which is made up of an infinite number of infinitesimally thin and short bars. 

Clearly this is impractical for real world construction. 

 

There is still value in identifying these minimum volume structures however. Prager (1974) has shown that trusses 

with a fairly low number of bars/joints can, when arranged correctly, require an increase of only a few percent over 

the minimum possible volume. However, manual methods such as his cannot easily be applied to more complex 

problems such as those found in real world design situations. 

 

Project objectives and goals  

This project seeks to use numerical and computational methods to produce structures which can feasibly be 

constructed using current (or near-future) methods, whilst still retaining significant material savings. 

 

Description of method and results 

In this study a ground structure layout optimisation will be employed, similar to that described by Pritchard et al. 

(2005). This method allows for easy conceptual interpretation of the solutions into a series of truss members 

connected at joints. It is also a convex optimisation problem, which eliminates the risk of falling into a local optimum.  

 

In order to reduce the complexity of the structures, the integer programming optimisation method will be used. This 

allows limits or penalties to be set for a range of key real-world constraints, such as: 

- Number of members, 

- Number of joints, 

- Complexity of joints (i.e. number of members which meet at a given joint), 

- Minimum cross-sectional area. 

 

In this study, we will apply these constraints to a case study derived from a real world project, chosen in 

collaboration with engineers from Expedition Engineering. Our case study is a 21m roof truss, subjected to two 

load cases, a uniform and a pattern load case, the loading is applied via secondary beams at 6m spacing. The 

original optimised design for the problem is shown in Fig 1; this is also the design corresponding to the uppermost 

(lowest volume/most joints) point in Fig 2.  

 

 
Fig 2 Results from layout optimisation of the case study problem with high complexity permitted. 
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Each type of constraint will produce a family of possible structures, providing different trade-offs between the 

complexity of the structure and the volume of material required. This is valuable to a designer as it allows them to 

make an informed decision on the implication of various design decisions. The options can be shown in the form 

of a Pareto front, a common presentation method in the field of multi-objective optimisation. This involves plotting 

the best solutions found against two objectives (here: volume and complexity), showing the desired edge of the 

feasible region. An example of a Pareto front based on the number of nodes is shown in Fig 2. 

 
Fig 2 A range of possible designs for the case study of varying complexity.  

 

Potential for application of results 

 

The method is capable of handling both 2D and 3D problem and multiple load cases. It has potential for application 

to a wide variety of structure types. Initial studies show that the greatest savings are in spanning structures, as 

opposed to tower type structures. Case studies so far have included transfer structures, roofs and bridges.  
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Comparison of complexity measures
For each of the forms found above we can now easily calculate the
values of any of our complexity measures. The number of joints and
the minimum cross-section area for each of the forms are plotted
against each other to determine the level of correlation between the
two measures.

This shows that when one complexity measure is limited, there is
minimal effect on the other complexity measure. Generally, the forms
are fairly complex in the measure they were not restricted in. Indeed,
sometimes tightening the restriction on one measure causes in
increase in complexity of the other, as for form (E).
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Conclusions
Integer programming has been shown to provide a possible extension
to the layout optimisation method to allow buildability constraints to
be imposed.

Various quantitative values have been used to approximate the
complexity level of a structure, and these affect the computational
difficulty of the integer programming problem. Limiting the number of
joints has been shown to be much easier than that of limiting the
minimum cross-section area. However, the different complexity
measures are generally quite independent, so simultaneous application
of limits to multiple complexity measures may be required.

Overall, the computational difficulty of integer programming means
that it is only possible to use it for relatively simple problems.
Therefore it may be of more use for benchmarking alternative methods
than as a practical design tool.

Automatic identification of structurally efficient 
layouts with limited complexity

Introduction
Various well established methods allow us to find the absolute
minimum weight structure capable of transmitting a given set (or sets)
of loads to supports. However, these structures are too complex to be
suitable for practical usage.

Here, we seek to identify structural forms which are as lightweight as
possible, whilst additionally requiring that they are simple enough that
they could be constructed with current or emerging technologies.

Previous work in this area has generally been quite ad hoc or required
significant manual intervention. Our method uses Integer
Programming, which guarantees global optimality and does not require
any user input once the problem is set up.

What is Complexity?
The complexity of a given structural scheme is difficult to precisely
define, and may vary by project. Generally, the key considerations are
anything which impacts on the cost or speed of the construction. A
range of quantifiable characteristics can be used to approximate the
complexity, for example:

• Number of joints

• Number of members

• Number of members meeting at a joint

• Angles between members meeting

• Minimum cross-section area

• Number of different cross-section areas

• Number of different member lengths

It is possible to conceive structures which are simple by some
measures, but complex by others. However, we hope that limiting any
of these characteristics will produce a reduction in complexity. Here we
compare two measures, number of joints and minimum cross-section
area to see if limiting one also affects the other.

Example Problem
Our example problem consists of a transfer truss, with;

• Span 21m

• Maximum 1.8m depth.

• Loading from 6 evenly spaced beams above

• Simply supported at the ends of the top chord

• S355 steel, (with 75% reduction in compressive strength assumed to
account for buckling)

For this loading, the theoretical minimum weight solution would be a
tied arch. However, the design domain here is rather restricted and
therefore the optimal form (below) is more compact, although the
ends of the domain do still show a curved reduction in depth.
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Layout Optimisation
Layout optimisation is a numerical method which seeks to identify the
minimum weight structure for a given problem. The steps required are
illustrated here:

As this is a linear programming problem, high resolutions can be
computed relatively quickly. These produce good at approximations
for volumes and forms of minimum weight structures. These forms are
very complex, like the benchmark solution below.

Geometry Optimisation
At low to medium resolutions the results of layout
optimisation (with or without integer programming)
can be improved by geometry optimisation.

This involves moving the joint positions and altering
cross section areas to further reduce the volume of
the structure. This may also include merging nodes
which become close together.

This is a non-convex problem, so may not find the
globally optimal solution.

Integer Programming
Integer programming can extend the layout
optimisation method to allow us to impose limits
or penalties on our quantifiable measures of
complexity. It is very computationally expensive
and can only be used on low resolution problems
(<50 nodes).

The different measures have different levels of
difficulty, with limiting the number of nodes being
the least computationally difficult.
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To obtain the most appropriate and simplest structures
imposing constraints on multiple complexity measures
may be required. This is likely to further increase
the computing time required.
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E.5 Balancing complexity and structural efficiency in the design of
optimal trusses

This section contains a paper† which was presented at the symposium of the International Association for
Shell and Spatial Structures. This paper was presented to an audience of researchers, practising engineers and
practising architects, mainly specialising in the design of shell structures or frameworks of complex geometry.

This paper includes the case study considered in Section 6.3, and also includes as three dimensional example
problem to demonstrate the efficacy of the method in 3D.

† Fairclough, H., Gilbert, M., Thirion, C., & Tyas, A. (2018). Balancing complexity and structural efficiency
in the design of optimal trusses. In Proceedings of IASS Annual Symposia 2018: Creativity in Structural
Design. International Association for Shell and Spatial Structures (IASS)
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Balancing complexity and structural efficiency in the design of 
optimal trusses 
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*aDepartment of Civil and Structural Engineering, University of Sheffield 
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Abstract 
Attempts to apply topology or layout optimization methods at the conceptual design stage can be 
hampered by the complex and impractical nature of the forms which are often generated. Here, the 
standard truss layout optimization formulation is extended to allow introduction of constraints designed 
to increase buildability and reduce fabrication costs. Specifically, means of controlling the numbers of 
joints and eliminating overly thin members in the resulting structures are investigated, although the basic 
method presented can be extended to incorporate a range of other constraints. Through application to 
both 2D and 3D examples it is shown that it is possible to find forms that are almost as lightweight as 
the corresponding theoretical optimums, but are far simpler to construct. These forms are presented 
graphically, allowing the designer to make informed decisions on the appropriate level of compromise 
between material consumption and buildability. 

Keywords: Layout optimization, MILP, conceptual design, transfer truss, buildability, Pareto front, topology optimization  

1. Introduction 
In a world increasingly driven by resource scarcity, optimization based design methods have the 
potential to offer significant benefits in fields such as structural engineering. However, uptake of such 
methods in practice can be derailed by the complexity of the structures identified, which would often be 
economically prohibitive to construct using current methods.  

Minimum weight structures generally take the form of truss-like continua, comprising an infinite number 
of infinitesimally thin members [1]. Although such forms can be rationalized (e.g. as in [2]), they may 
often still be challenging to construct. Prager [3] demonstrated that significant material savings can be 
maintained in simplified variants of optimum solutions, though he only considered small problems.  

Here, solutions to a range of larger problems are found by using mixed integer linear programming 
(MILP) constraints added to the standard truss layout optimization formulation. The simplicity of the 
proposed formulation permits far more complex problems to be treated than has hitherto been possible 
(e.g. [4]), permitting layout optimization, rather than just size optimization, problems to be considered. 

2. Example problem: transfer truss 
In this paper, the methods will first be tested using a case study drawn from a real world project. The 
case study concerns the identification of a structural layout for a transfer truss of 21m span, as shown in 
figure 1. The truss is to carry 6 equally spaced column loads of equal magnitude in the Ultimate Limit 
State (ULS) load case, and a pattern load case is also included. The structure is to be constructed from 
S355 steel, giving a maximum stress of 355MPa in tension, reduced to 266MPa in compression to 
approximate the effects of buckling. The symmetry of the problem is exploited to require only half the 
design domain to be modelled. 
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Figure 1. Transfer truss - problem description (ULS load case shown) 

3. Minimum volume trusses with high complexity 
Many methods are available for the identification or approximation of minimum volume structures 
without restrictions on complexity. Here, ‘ground structure’ based layout optimization is used, after 
Dorn [5]. This method been extended to allow inclusion of additional considerations (e.g. see [6]) and 
to improve the computational efficiency (e.g. see [7]). The method is outlined in figure 2. This method 
is ideal for structural engineering applications as the results are discrete truss forms which can be 
produced at large physical scales much more easily than the solid forms produced by continuum 
topology optimization methods such as [8]. The method is also ideal as it allows intuitive post processing 
methods (e.g. [9]), or further analysis using familiar truss or frame based methods. 

 
Figure 2. Layout optimization: (a) specification of design domain, loading and supports; (b) design domain 
discretized using nodes; (c) each pair of nodes connected by potential truss member; (d) optimal set of truss 

members with non-zero areas identified by solving the linear problem in equation 1. 

The layout optimization method uses linear programming to identify the optimal member areas and 
internal forces for each load case. For a multiple load case problem with a ground structure containing 
𝑚 potential members and 𝑛 potential nodes, to be constructed from a material with allowable tensile and 
compressive stresses of 𝜎ାand 𝜎ିrespectively, the linear programming problem is stated as: 

           min             𝑉 =  𝒍்𝑨 (1a) Objective function: minimize total volume. 

subject to        (𝑩𝒒௞ = 𝒇௞)∀௞  (1b) Equilibrium constraint at all nodes, for each load case. 

                 (𝜎஼𝑨 + 𝒒௞ ≥ 0)∀௞  (1c) Compressive stresses in each load case are allowable. 

            (𝜎்𝑨 − 𝒒௞ ≥ 0)∀௞ (1d) Tensile stresses in each load case are allowable. 

                      𝑨 ≥ 0 (1e) Member areas must be non-negative. 

where 𝑉 is the total structural volume, 𝑨 is a vector containing variables representing member cross 
sectional areas [𝐴ଵ, 𝐴ଶ, … , 𝐴௠]், 𝒍 is a vector of member lengths, 𝒒௞ contains the variables representing 
the internal member forces in load case 𝑘 (with tensile forces positive), 𝒇௞ is a vector containing external 
forces in load case 𝑘, and 𝑩 is a suitable 2𝑛 × 𝑚 equilibrium matrix. 

As the resolution of the ground structure nodes is increased, this method produces good approximations 
to both the form and weight of the theoretical minimum volume structure. The efficiency of linear 
programming solvers means high resolution problems can be solved on standard desktop computers. For 
example, the structure shown in figure 3 is calculated from a ground structure of over a million potential 
members (in the modelled half of the domain), and was solved using the Limitstate:FORM software [10] 
running on an i7-6700HQ CPU in under 4 minutes. This structure requires 2.73t of steel; this will be 
used as the benchmark value against which the weights of simplified structures can be compared.  

 
Figure 3. Transfer truss - numerical approximation of minimum volume truss - steel weight 2.73t 
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4. Minimum weight trusses with low complexity 
For trusses where very low complexity is desired, there are only limited options for possible forms. For 
a structure to be a true truss (i.e. with no bending stresses) it is necessary to ensure that a node is present 
at each applied load and support. Simply connecting these essential nodes will often provide a ground 
structure which is suitable for use to identify the minimum volume truss with fewest possible nodes. 

4.1 Trusses comprising 9 nodes  

For our case study, all the loads and supports are co-linear. Therefore, at least one additional node is 
required to form a feasible truss structure. To ensure symmetry, this node should be located on the central 
symmetry plane of the problem. Also, to create the lightest structure, this node should be placed to 
maximize the depth of the truss, as shown in figure 4.  

 
Figure 4. Transfer truss - minimum weight design when 9 nodes are permitted - steel weight 6.19t  

The form shown in figure 4 has a weight over double that of the benchmark truss shown in figure 3. For 
practical design purposes, structures which provide a compromise between these extremes are desired. 

4.2 Trusses comprising 11 nodes 

To provide a lower weight, a pair of additional nodes will be added to the design. As this adds only two 
degrees of freedom (the horizontal and vertical location of the new nodes), it is possible to enumerate 
the minimum structural volume for each possible position, see figure 5. A 25mm spacing between 
adjacent locations was used, resulting in 27,365 structures analyzed in a total time of 7 minutes. The 
optimal location is shown in the lightest blue, and illustrated in figure 5d. 

 
(a) 

(b) 

(c) (d) 

(e) (f) 

Figure 5. Transfer truss - possible structures with 11 nodes: (a) total structural volume for each position of the 
newly added pair of nodes within the design domain; (b) positions of the newly added nodes within the design 

domain, showing regions where the minimum volume topology is uniform, and locations of added nodes for the 
sample layouts shown. The central (darkest) region represents where the additional nodes were ignored and the 
structure in figure 4 was identified as optimal, the remaining unmarked regions represent where extra members 
from the top nodes to the central node are added to the main topologies; (c) – (f) show sample layouts for the 

main 4 topologies identified, total volumes 42%, 13%, 34% and 62% greater than the benchmark value 
respectively. 

(c) (c) 

(d) (d) 
(e) (f) (e) (f) 
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4. Minimum weight trusses with intermediate complexity 
As more nodes are added to the structure, the dimensionality of the problem quickly makes testing every 
location impractical. For example, adding one more pair of nodes to the previous problem will square 
the number of points which must be checked, leading to an expected computational time of 19 weeks. 
The non-convexity of the solution spaces of these problems (as shown in figure 5a), means that more 
refined methods based on further sequential development of the problem (such as [11]) become 
problematic, leaving them susceptible to identifying local optima (e.g. see [2]). 

Instead a mixed integer-linear programming (MILP) formulation based on the layout optimization 
problem is used here; this allows additional constraints to be imposed, such as restrictions on the total 
number of nodes in the final structure. The formulation involves using binary variables to represent the 
presence of each node in the ground structure, and is formed by adding the following constraints to the 
problem in equation 1: 

  ൫𝑀𝑣௝ − ∑ 𝐴௜∀௜∈௝ ≥ 0൯
∀௝

  (2a) 
The active node indicator 𝑣௝ for node j is 1 if sum of 
attached member cross section areas is > 0, or 0 otherwise. 

  ∑ 𝑣௜ ≤ 𝜂∀௜   (2b) The sum of all 𝑣௝ values must be within the specified limit. 

 𝒗 ∈ [0,1] (2c) Active node indicator variables may only take binary values. 

where 𝒗 is the vector of active node indicator variables [𝑣ଵ, 𝑣ଶ, … , 𝑣௡] and 𝑀 is a large positive value, 
chosen such that it is larger than the maximum sum of member areas at any node, but sufficiently small 
to prevent scaling issues. It should be noted that adding a contribution from the 𝑣 variables to the 
objective function will allow this to be converted from being used to limit the number of nodes to being 
an added cost according to the number of nodes.  

MILP solvers are guaranteed to find the global optimum of the given problem; i.e. the solution of a high 
resolution problem formulated as equation 2 will give the globally minimum volume truss with the 
required number of nodes. However, MILP problems have greatly increased computational demands 
compared to standard linear problems. This necessitates the use of lower resolutions, which restricts the 
possible solutions. Here, a ground structure comprising 36 nodes and 666 potential members is used. 
Figure 6a shows the result of standard layout optimization at this resolution; this structure is 4% heavier 
than the benchmark, and the form is quite restricted by the underlying Cartesian grid of nodes.  

To counter this, the resulting solutions of the layout optimization and MILP problems are subject to a 
second optimization stage. This involves using the geometry optimization procedure developed by He 
and Gilbert [2], where the layout is fixed and the nodal positions and member areas are varied. This 
method is also applied to the low resolution layout optimization result, both with and without the 
merging of nearby nodes. This produces simpler solutions, with lower weights (shown in figures 6b and 
6c), although there is little control over the level of simplification required, and some regions of the 
forms may still be challenging to construct. 

 
(a) 

 
(b)  (c) 

Figure 6. Transfer truss - optimized structural forms obtained using a coarse nodal grid: (a) layout optimization 
solution - 3.0% heavier than benchmark; (b) layout optimization and geometry optimization - 2.4% heavier; (c) 

layout optimization and geometry optimization with node merging - 2.5% heavier. 

The MILP problems have been solved using the Gurobi solver whilst the non-linear geometry 
optimization step was solved using the IPOPT solver, via the Limitstate:FORM software [9]. The 
problems were solved as previously, with the MILP solutions shown in figure 7 requiring CPU times of 
between 27 and 195 seconds.  
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(a) 

(b) 
 

(c) 
  

(d) 
 

(e) 
  

(f) 
 

(g) 
 

(h) 
  

 (i) (ii) 
Figure 7. Transfer truss - results for limiting the number of nodes permitted: (a) volumes for forms in figures 6 

and 7; (b)-(h) forms identified by (i) MILP and (ii) MILP plus geometry optimization for each limit value.  

From figure 7 it can be seen that the solution identified for 11 nodes after geometry optimization is 
identical to that illustrated in figure 5d. It has also been successfully verified that imposing a limit of 9 
nodes produces the form shown in figure 4.  

The Pareto front shown in figure 7a provides a powerful tool for designers, allowing them to choose the 
appropriate level of compromise between complexity and lightness required for a given project. It also 
places the options in context, both against each other and against the theoretical benchmark solution. 
The resulting structures from standard layout optimization with geometry optimization and node 
merging are seen to have similar volumes compared with the MILP results at similar complexities.  

5. Alternative member-based complexity measure 
Limiting the number of joints in a structure is a simple means of increasing likely buildability, but the 
MILP method can be used to impose a wide range of other potential limits, including: 

 Total number of members. 
 Number of members meeting at a joint. 
 Minimum cross section area. 
 Elimination of members which cross/pass close without a joint. 
 Minimum angle between members meeting at a joint. 
 Number of different member lengths within the structure. 
 Number of different cross sections within the structure. 
 Member cross sections restricted to known (e.g. catalogue) sections. 

Note that the final two constraint types are formulated in a slightly different manner, which would 
require additional integer variables, similar to the approach in [12]. For most of the remaining types, 
they are formulated in a similar manner to equation 2; however, instead of requiring the 1 × 𝑛 vector 𝒗, 
a 1 × 𝑚 vector containing an active member indicator for each potential member is required, denoted 
by 𝒘. As the MILP problem must be posed with all possible members present, 𝑚 will be roughly 
proportional to 𝑛ଶ. This will dramatically increase the computational expense of the problem. As an 
example, a limit will be imposed on the minimum cross section area of members in the solution. 
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To impose a limit on the minimum cross section area of a member, the following constraints should be 
added to the problem in equation 1: 

  (𝑀𝑤௜ − 𝐴௜ ≥ 0)∀௜  (3a) 
The active member indicator 𝑤௜ for member i is 1 if the member 
cross section area is > 0, or 0 otherwise. 

  𝑀(1 − 𝒘) + 𝑨 ≥ 𝛼  (3b) If the active member indicator = 1, the member area must be greater 
than the limit 𝛼. 

𝒘 ∈ [0,1] (3c) Active member indicator variables may only take binary values. 

where 𝒘 is the vector of active member indicator variables [𝑤ଵ, 𝑤ଶ, … , 𝑤௠], and 𝑀 is still a large positive 
value, although now it is only necessary to ensure that it is larger than the value of any single area value. 
Initial tests have shown this to be among the quickest to solve of the constraint types listed previously, 
likely due to the decoupled nature of these constraints. Nonetheless, when solved under the same 
conditions as previously, the forms shown in figure 8 required up to 11 hours to solve on a desktop PC. 

 
(a) 

(b) 
  

(c) 
 

(d) 
  

(e) 
  

(f) 
 

(g) 
  

 (i) (ii) 
Figure 8. Transfer truss - results for limiting the minimum cross section area: (a) volumes of forms in figures 6 

and 8; (b)-(g) forms identified by (i) MILP and (ii) MILP plus geometry optimization for each limit value. 

As the computational demands of producing the structures in figure 8 are so much higher than that of 
figure 7, it would be desirable if the limit on number of nodes could be used as a surrogate for other 
measures of complexity. However, figure 9 shows the values of both investigated complexity measures 
for each of the structures identified, and it can be seen that the correlation, particularly for the MILP 
based results, is low.  

 
Figure 9. Transfer truss - comparison between the measures of complexity for forms in figures 4, 5b, 6, 7 & 8. 
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6. 3D canopy example problem 
The method is also applicable to 3D problems, although the size of problems that can be solved is 
limited. Nonetheless, a simple problem has been modelled; this concerns a design for a canopy supported 
at its bottom corners, and loaded in 4 symmetrical locations as shown in figure 9a. The symmetry of the 
problem has been exploited so that only one eighth of the domain needs to be modelled.  

A reasonably high resolution layout optimization (with 336 potential nodes, 56280 potential members) 
was performed to establish a benchmark volume. To enable MILP to be used a coarser ground structure 
(45 potential nodes, 990 potential members) was used; see figure 9a. For this, the minimum volume 
structure is shown in figure 9c, and has a volume 6.7% above the benchmark. It is likely to be possible 
to reduce this increase by the use of geometry optimization, although this has not been investigated here. 

The MILP method has been used to restrict the number of joints in the considered segment. Most of the 
results are shown in figure 9b. Additionally, the optimal structure with 4 joints per segment was shown 
to have a volume 57% above the benchmark and it was found that no structure with ≤3 joints per segment 
was possible. The structures shown in 9d and 9e are respectively 1.1% and 2.7% heavier than the 
structure shown in figure 9c, whilst the reduction in complexity is significant.  

 
  

(a) (b) 

   

   

   
(c) (d) (e) 

Figure 9. 3D canopy example – complexity study: (a) design domain showing the four symmetry planes and low 
resolution ground structure; (b) volumes of optimal structures with various numbers of joints; (c) optimal form 
with no complexity constraint; (d) optimal form with 8 joints in the analyzed region; (e) optimal form with 5 

joints in the analyzed region. 

-50% of joints 

+1.1% volume 

-40% of joints 

+1.6% volume 
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7. Discussion and conclusions 
The addition of MILP constraints to the standard layout optimization problem formulation has been 
shown to provide an effective means of including buildability constraints for low to medium resolution 
truss topology optimization problems in 2D or 3D. The method is flexible, allowing a wide range of 
possible measures of complexity to be controlled, either in the form of limits or additional costs.  

The most severe drawback associated with the use of MILP constraints is computational cost, which 
limits the nodal resolutions that can be used. This restriction can be mitigated somewhat via the use of 
geometry optimization as a second phase. For the simple structures investigated herein this was found 
to allow identification of the globally optimal design.  

The method allows exploration of areas of the design space between simpler structures, of the sort that 
may be postulated by designers, and the considerably more complex structures which result from 
application of classical optimization methods. It thus enables designers to make more informed decisions 
on the compromises that can be struck between material usage and structural complexity.  
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E.6 Layout optimization of simplified trusses using mixed integer lin-
ear programming with runtime generation of constraints

This section contains a paper which has been accepted for publication† in the journal Structural and Mul-
tidisciplinary Optimization.

This paper concerns the application of lazy constraints within the layout optimization problem. Much of
the material herein has also appeared in Chapter 6.

† Fairclough, H. & Gilbert, M. (in press) Layout optimization of simplified trusses using mixed integer linear
programming with runtime generation of constraints. Structural and Multidisciplinary Optimization
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Abstract Traditional truss layout optimization em-
ploying the ground structure method will often generate

layouts that are too complex to fabricate in practice.
To address this, mixed integer linear programming can
be used to enforce buildability constraints, leading to

simplified truss forms. Limits on the number of joints
in the structure and/or the minimum angle between
connected members can be imposed, with the joints
arising from crossover of pairs of members accounted

for. However, in layout optimization the number of con-
straints arising from ‘crossover joints’ increases rapidly
with problem size, along with computational expense.

To address this here crossover constraints are dynami-
cally generated and added at runtime only as required
(so-called ‘lazy constraints’); speedups of more than 20

times are observed whilst ensuring that there is no loss
of solution quality. Also, results from the layout op-
timization step are shown to provide a suitable start-
ing point for a non-linear geometry optimization step,

enabling results to be obtained that are in agreement
with literature solutions. It is also shown that symmet-
ric problems may not have symmetric optimal solutions,

and that multiple distinct and equally optimal solutions
may be found.
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1 Introduction

Reducing the volume of material consumed in construc-

tion projects is a challenge of increasing importance.
The theory of minimum volume structures is well estab-
lished (Michell, 1904) and can provide benchmark val-

ues to help evaluate the structural efficiency of proposed
designs. However, for practical usage, the truss-like con-
tinua generated by classical methods are often challeng-
ing or impossible to construct in practice. Whilst novel

construction methods may allow more complex designs
to be realized in the future, more immediate benefits
may arise through the use of optimization methods ca-

pable of generating less complex solutions.

Numerical topology and layout optimization meth-
ods allow structurally efficient forms to be identified.
These methods can be divided into continuum based

approaches and discrete truss / frame based methods.
Perhaps the best known of the continuum based ap-
proaches is the SIMP method (Bendsøe and Sigmund,
1999). This uses penalization to drive the solution to

a distinct structural form. A number of extensions to
the SIMP method have been suggested to control the
complexity of the forms identified. For example, min-

imum length scale (Zhou et al, 2015) and maximum
perimeter length (Park et al, 2018) constraints have
been proposed. However, the quantities involved are not

intuitive when considered in the context of a typical
structural engineering design problem. More generally,
interpreting solutions from a continuum topology opti-
mization in a structural engineering context will often

be challenging, and is likely to necessitate considerable
manual post-processing effort. Furthermore, the frac-
tion of the available design space occupied by structural

members in a typical building or bridge structure will
generally be very small, such that very high numerical
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resolutions are required to achieve accurate results (see
e.g. Aage et al, 2017).

Here, attention is therefore focussed on methods
that directly represent the structure as a frame or
truss composed of a series of discrete members. The

most well known numerical method of this type is the
ground structure layout optimization method (Dorn
et al, 1964), in which an optimal set of members are

chosen from a dense initial ground structure. The com-
monly used plastic design formulation gives rise to a
problem that can be solved using linear programming,
allowing problems involving large numbers of potential

members to be solved rapidly.

One potential method for limiting the complexity
of a truss structure was suggested by Parkes (1975).
This involves adding a volume penalty to represent
the material required in the connections joining each

member in the structure, known as a joint cost. The
penalty is linearly related to the member volume, allow-
ing this method to readily be integrated with numerical

ground structure based layout optimization methods,
whilst retaining computational efficiency. However, as
this method penalizes short members, rather than the

number of members, its efficacy is problem dependent.

Another, similar concept was presented by Prager

(1977); however, here the cost of a joint was assumed
to be constant. With Prager’s approach minimum vol-
ume trusses with fixed numbers of joints are first found,

with the ranges of costs for which they are optimal later
established. The minimum volume trusses are based on
use of a mesh-wise constant strain field, furnishing a
set of geometrical rules for the joints. Mazurek et al

(2011) identify the same rules by direct optimization
of joint positions for simple structures, building on the
principles of graphical statics. These rules imply that

the angles between members at every unsupported joint
should be identical. Prager (1978) extends these rules
to the case where σT 6= σC , where σT and σC are re-

spectively the limiting stress in tension and compres-
sion. Each of the aforementioned authors applies their
approach to three-force problems, such as the classi-
cal Michell cantilever problem (where two of the three

forces are support reactions).

Of these approaches, only the linear joint cost
method is applicable to multiple load-case problems.
When multiple load-cases are present, the optimal so-
lutions for elastic and plastic design problems diverge.

The plastic problem gives rise to the simplest numerical
formulation and is accepted by many structural design
codes so will be considered here.

Optimality criteria for multiple load case plastic de-
sign problems were first given by Prager and Shield

(1967). For scenarios with two load-cases, it is possible

to use the superposition principle derived by Nagtegaal

and Prager (1973) to split the problem into two single
load-case problems that can then be superimposed. The
superposition principle was later extended to problems

with more than two load-cases by Rozvany and Hill
(1978), although this has a restricted range of appli-
cability. However, numerical results for various prob-
lems demonstrate the ‘overlapping’ nature of many of

the optimal layouts identified. In such cases, manually
identifying the layout of a discretized structure becomes
challenging.

Various means of characterizing the complexity of
a given structure are possible. However, whatever the

chosen complexity measure, it generally results in a
non-smooth problem that can be challenging to solve
numerically. Conceptually, the simplest measures of

complexity are the numbers of joints or members in a
given structure. Additionally, significant attention has
been devoted to limiting the numbers of different cross
sections present in a given solution.

Kanno and Fujita (2018) limit the number of joints

in solutions whilst minimizing the compliance of the
structure, considering both a heuristic method and a
mathematical programming formulation including inte-
ger variables. However, although the resulting mixed in-

teger second order cone programming (MISOCP) prob-
lem could solve problems with up to 1500 potential
members reasonably quickly (in a time of 112 seconds),

conditions were not imposed to prevent intersecting or
overlapping members. Therefore, many of their results
contain members that cross, which would likely be in-

terpreted as additional joints by practitioners, therefore
limiting the usefulness of the results obtained.

A similar approach based on plastic design prin-
ciples with volume minimization was used by Park
(2013), resulting in a mixed integer linear programming

(MILP) problem. Here, complexity was reduced by im-
posing limits on the numbers of members in the solu-
tion; he also used a similar approach to identify tenseg-
rity forms.

Tensegrity forms were also identified by Kanno

(2013), using another MILP formulation considering
both compliance and stress constraints, as well as a
number of practical considerations. This formulation
prevents the inclusion of intersecting members, by in-

cluding constraints for every intersecting pair of poten-
tial members in the ground structure. As the problems
considered are limited in size (with ground structures

containing up to 18 nodes and 99 potential members),
the number of potential intersection points is small
(≤ 32). Nonetheless, the problems took up to 67,000

seconds to solve, and the number of intersection points
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and the time required would rapidly increase at higher
resolutions.

The great majority of work on truss based optimiza-
tion methods with discrete constraints has focused on
restricting the cross sections of each member to be cho-

sen from a given list of catalogue sections. A compre-
hensive review of methods for approaching this prob-
lem can be found in Stolpe (2016), covering both deter-

ministic (e.g. integer programming) and meta-heuristic
methods. In this it is observed that complex formula-
tions generally restrict the size of problems, such that
these fall within the realm of ‘size optimization’ rather

than true layout or topology optimization. Identifica-
tion of global optima (deterministic methods) gener-
ally has a high computational cost; for example when

Achtziger and Stolpe (2007) identify the global opti-
mum for a problem with 131 potential members and
6 possible cross sections, the associated computational
time is 488,592 seconds.

Heuristic methods are simple to implement and are

therefore popular with many researchers (e.g. Ahrari
et al, 2015; Mortazavi and Toğan, 2016; Gonçalves
et al, 2015). However, the number of independent design

variables is limited (� 100). Therefore these methods
generally employ very low resolution and/or restricted
ground structures, often tailored to individual prob-
lems.

The Moving Morphable Components (MMC)

method, developed by Guo et al (2014), combines a con-
tinuum level-set model and explicit description of geom-
etry. Although this does not obviate the need to employ
high resolutions, this does allow complexity to be con-

trolled in intuitive ways. For example Hoang and Jang
(2017) limit the thickness of members, and Zhang et al
(2017) limit the number of ‘effective components’ (≈
number of members). However, the problem is highly
non-linear and prone to identification of local optima;
there are also issues treating problems with low volume

fractions.

Identification of local optima is also an issue for

ground structure based methods involving continuous
non-linear approximations, such as those of Asadpoure
et al (2015) and Torii et al (2016), which are usually

non-convex. Leng and Duan (2012) use a continuum
approximation based on the Heaviside function to pre-
vent intersecting bars; however, only problems with up
to 68 potential members are considered, and there is no

indication of the associated computational cost.

Ohsaki and Katoh (2005) also include a constraint
on member intersection, as well as nodal stability and
stress constraints. They use non-linear programming

(NLP) and MILP in combination to provide both upper
and lower bounds on solutions; problems solved have a

maximum of 72 bars, and the ground structure is such

that very few members can intersect. Times of up to
3000 seconds are reported.

Ohsaki (2016) also considers the truss topology op-
timization problem with discrete cross-sections, and ad-
ditionally considers the problem of combined topology

and geometry optimization of trusses, i.e. where the
nodal locations are also included as design variables. In
this, it is noted that these problems may be both non-
convex and non-smooth, and therefore solving them is

very difficult. A number of other means of addressing
this are also possible, such as the implicit programming
approach of Achtziger (2007), and the post-processing

method used by He and Gilbert (2015).

MILP formulations have also been used to incor-

porate a range of other constraints, including buck-
ling (Groenwold and Stander, 1997; Mela, 2014), stress
constraints (Kanno and Guo, 2010), and the require-
ments of real world design codes (Van Mellaert et al,

2018). Complex real world and design code constraints
have also been studied using meta-heuristic methods
(e.g. Koumousis and Georgiou, 1994; Villar et al, 2016;

Huang and Xie, 2007). However, for both MILP and
metaheuristic methods the additional complexity that
these cause limit their applicability to size optimiza-

tion or very low resolution layout optimization (up to
around 200 potential member) problems.

Most numerical approaches in the literature that
consider buildablilty constraints can therefore be seen
to fall into one of the following categories: (i) those
that present topology optimization problem formula-

tions of such complexity that only trivial scenarios can
be solved; (ii) those that present solution algorithms
that produce structures with no guarantee or measure

of optimality. The methodology presented in this paper
seeks to extend the scale of truss layout optimization
problems with basic buildability constraints that are
solvable, so as to provide a potentially useful conceptual

design tool for practitioners. To this end, an MILP for-
mulation is used to find a globally optimal solution for
a ground structure of finite resolution. The main con-

tribution of this paper is to substantially increase the
speed by which problems can be solved, and hence also
the scale of problems solvable. This is achieved through

the runtime generation of some constraints (so-called
‘lazy constraints’), as part of a two stage design pro-
cess. The MILP problem forms the first stage, followed
by an optional second non-linear refinement stage. Ap-

plication of the developed procedure to a range of prob-
lems allows observations to be drawn on the nature of
the structures identified as optimal under the imposed

buildablilty constraint, with results compared with an-
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alytical solutions in the case of one of the problems
considered.

The paper is organized as follows: Section 2 de-
scribes the layout optimization formulations that will
be employed in the present study; Section 3 describes
the non-linear geometry optimization stage; Section 4

describes application of the methods described to a
range of numerical example problems; conclusions from
the study are then drawn in Section 5.

2 Truss layout optimization formulations

2.1 Linear programming formulation

The well known plastic layout optimization formulation

for volume minimization of trusses subject to stress con-
straints (Dorn et al, 1964) is used herein; the process
involves setting up a ground structure (figure 1) and
solving the following linear programming problem:

minimize V = lTa (1a)

subject to (Bqk = fk)∀k (1b)

(σTa− qk ≥ 0)∀k (1c)

(σCa + qk ≥ 0)∀k (1d)

a ≥ 0 (1e)

where V is the total volume of all members, l is a vec-

tor of all potential member lengths, a is a vector of
all potential member areas. B is a suitable 2m × 2n
equilibrium matrix (for planar problems), where n is

the number of nodes and m the number of potential
truss members in the ground structure. qk is the vector
of member internal forces, and fk is the externally ap-
plied loading, in load-case k. σT and σC are the limiting

stresses in tension and compression. Note that in this
formulation, buckling of members may be considered
only in a highly simplified manner, by reducing σC .

Note that when limitations on structural complex-
ity are imposed (see section 2.2) it is useful to include

overlapping members in the ground structure. For ex-
ample, considering the problem shown in figure 1, if
it is required that the solution contains no more than
four joints (or members), it is evident that the structure

shown in figure 1d is not feasible, whereas the structure
shown in figure 1f is feasible, where these structures
were generated respectively without and with overlap-

ping members in the ground structure. In the former
case this would result in an alternative, suboptimal, so-
lution being generated. Thus overlapping members are

included in the ground structures of all problems con-
sidered herein.

?
(a) (b)

⇒

(c) (d)

⇒

(e) (f)

Fig. 1: Truss layout optimization: (a) problem specification
(applied load(s), supports and design domain); (b) discretiza-
tion with nodes; (c) ground structure without overlapping
members; (d) unique optimal solution associated with (c);
(e) ground structure including overlapping members (as used
herein); (f) alternative optimal solution obtainable only when
using (e).

2.2 MILP formulations

2.2.1 Addition of discrete flag variables

The previous formulation can be extended using mixed

integer linear programming (MILP) to provide a flex-
ible method capable of imposing a wide range of con-
straints, including constraints designed to increase the

practicality and buildability of a truss structure. In this
formulation a new set of binary variables are added that
represent e.g. the existence of a given potential member

or node. The member flag variables are set based on the
cross section areas:

Mw − a ≥ 0 (2a)

wi ∈ {0, 1} i= 1, 2, ...,m (2b)

where w = [w1, w2, ..., wm]T is the vector of flag vari-
ables for each potential member in the ground struc-

ture. M is a large number, which becomes effectively
an upper bound on the cross section areas and must
therefore be larger than any required cross section in

the final solution. However, if M is too large, numerical
issues can arise; here M was pragmatically chosen to
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be 20 times the maximum magnitude of any point load
divided by the minimum limiting stress.

To provide flag variables to represent the existence
of a joint, the sum of all members linked to the relevant

node is used:

M̂vj −
∑

i∈Jj
ai ≥ 0 j= 1, 2, ..., n (3a)

vj ∈ {0, 1} j= 1, 2, ..., n (3b)

where Jj is the set of member indices for all members
connected to node j. v = [v1, v2, ..., vn]T is the vector of

flag variables, such that vj is relevant to the presence of
node j. M̂ is another sufficiently large number. In this
case M̂ should be bigger than the total area of members

connected to any node; here M̂ was pragmatically taken
to be 4 times M .

The modelling of equation (3a) is similar to that
found in the literature (e.g. Kanno and Fujita, 2018)

when only the number of nodes are limited. However
in light of the presence of integer flags for member ex-
istence in the present formulation, an equivalent for-
mulation whereby v and w are linked is possible. This

was found to produce inferior performance compared to
equation (3a); for more details see appendix A.

These flag variables can then be used to form con-
straints to increase the practicality of the forms pro-

duced.

2.2.2 Limits on the number of joints, including
‘crossover joints’

Due to the much lower number of nodes compared to
potential members (∝ n instead of ∝ n2), imposing a
limit on the number of nodes is comparatively compu-
tationally efficient. The simplest method to limit the

number of joints to some given value η is to add the
following constraint

n∑

j=1

vj ≤ η (4)

and constraints (3) to the problem given in (1).

However, this formulation may produce a struc-
ture which contains members which intersect each other

partway between their ends. These ‘crossover joints’ will
appear to be additional joints from the point of view of
the designer, but will by default not be counted as such
in the formulation.

To prevent this, constraints can be added for each
pair of intersecting members, preventing both of them

from being present in the solution at the same time:

n∑

j=1

vj ≤ η (5a)

(wh + wi ≤ 1)∀{h,i}∈X (5b)

where X is a set containing unordered pairs of indices,
{h, i}, for each pair of intersecting elements.

However, the size of X increases at a very high rate
(∝ n4), meaning that the full form of this problem
will be extremely computationally expensive to formu-

late and solve. Fortunately, since only a small subset
of these constraints are likely to be used, these can
instead be generated on-the-fly, during the running of

the solver. Most commercial solvers, including CPLEX
(IBM Corp., 2015) and Gurobi (Gurobi Optimization
LLC, 2018), are capable of implementing these so-called
‘lazy constraints’ by allowing user defined code (often

referred to as a callback function) to be called at in-
tervals during a single run of the solver. As any inter-
mediate solution which violates one or more potential

constraints will be eliminated, this methodology does
not alter the final solution, which remains identical to
the solution of the full MILP problem containing all
constraints from the beginning.

Lazy constraints have previously been used when

solving the travelling salesman and related problems
(Dantzig et al, 1954), where they have been shown
to provide significant advantages in terms of compu-
tational efficiency. More recently Haunert and Wolff

(2010) have applied them to the simplification of build-
ing outlines for maps. Here it is shown that, when ap-
plied to truss structures, the use of lazy constraints en-

ables true topology optimization problems to be solved,
i.e., layout optimization problems utilizing fully con-
nected, non-problem specific, ground structures to iden-
tify optimal topologies under various different con-

straints.

The problem is initially provided to the solver with-
out the constraints of (5b) (see appendix B for the full
problem statement). In the initial problem, all member
flags in w can be assumed to be equal to 1 without vi-

olating any of the initial constraints. This can be used
as a partial warm start, although the speed advantage
in explicitly doing so was found to be modest. When a

feasible solution is found, the set of members with non-
zero areas are identified and each pair from this set (of
which there are several orders of magnitude fewer than
all pairs of potential members) is checked to see if a

crossover joint is produced. If a crossover is found, then
an appropriate constraint of the form of equation (5b)
is added to the problem, and remains present in the

active problem until the final solution is found.
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Note also that for multiple load-case problems, opti-
mal solutions are often made up of multiple, almost in-
dependent, forms overlain on top of each other. There-
fore it is preferable to allow crossovers in the solutions,

and to take account of them when computing the total
number of joints. i.e. equation (5) becomes:

n∑

j=1

vj +

b∑

g=1

v̄g ≤ η (6a)

(wh + wi − v̄ ≤ 1)∀h,i∈X (6b)

where v̄ = [v̄1, v̄2, ..., v̄b]
T is a vector of flag variables

representing the existence of each possible crossover be-

tween members of the ground structure. The length of
v̄, denoted by b, will be approximately proportional to
n4, although it will also depend on the exact positions
of the ground structure nodes.

The constraints of equation (6) describe the case

where two lines overlap. A similar constraint could be
derived for a point where three or more lines intersect.
However, identifying these points becomes reliant on

the tolerances used in the calculations, and such cases
are unlikely to occur in practical situations. As such,
this extension will not be considered further in this pa-

per. Note that the general case of three members in-
tersecting at three points (i.e. forming a triangle) is
handled correctly by the constraints of equation (6).

When the constraints of equation (6) are imple-
mented using lazy constraints, the size of v̄ can be

greatly reduced. v̄ becomes a pool of variables, which
are assigned to crossovers as required. The pool size
should be chosen to be larger than the number of lazy

constraints expected to be added, but small enough to
not require excessive memory. For the problems shown
here, a pool size of 100 was found to be sufficient. In
this case, the variables in v̄ can be set to zero without

affecting the optimality of the problem as initially pro-
vided; this affects the problem in a similar manner to
the variables in w.

Initial tests suggested that it was more advanta-

geous to check and impose these lazy constraints each
time a feasible integer solution was identified, rather
than each time a continuous relaxation was solved. This
also reduced the number of times the check was per-

formed, and meant a smaller pool of constraints could
be used. This approach has therefore been adopted
here. As the solution is not changed by the proposed

method, these heuristics impact only the speed with
which the solution is obtained, and not the solution it-
self.

The procedure used to dynamically generate these

constraints is shown in figure 2 and algorithm 1. The
process to instead forbid crossovers is similar, except

Setup initial problem:
minimize V = lT a

subject to (Bqk = fk)∀k

(σT a− qk ≥ 0)∀k

(σCa + qk ≥ 0)∀k

Mw − a ≥ 0

M̂vj −Σi∈Jjai ≥ 0

Σnj=1vj +Σbg=1v̄g ≤ η
a ≥ 0

w,v, v̄ ∈ {0, 1}

Branch and cut
MILP solver

Find the set of bars
present in this solution

K = {i : ai > 0}

Mark all pairs of bars
in K as unchecked

Do any
unchecked pairs

remain?

Select an unchecked pair
of bars, {p, q}, in K.

Mark pair as checked.

Do bars
p & q intersect?
(Not end points)

Identify v̄r, the next
unused variable in v̄.

Add a new lazy
constraint:

wp + wq − v̄r ≤ 1

Any lazy
cons. added?

Solution rejected

Solution becomes
upper bound

Solver terminates
successfully

Solver terminates
unsuccessfully

(increase size of v̄)

Feasible, integer
solution found

Optimality gap
reduced to ≤ 0.01%

yes

yes

No elements of
v̄ are unused.

no

yes

no

no

Fig. 2: Procedure for runtime constraint generation. Prob-
lem shown involves imposing a limit on the number of joints,
including ‘crossover joints’. The steps in the shaded region
are performed within the callback function which is called by
the MILP solver (e.g. Gurobi).
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Algorithm 1 Callback function to limit number of
joints, including ‘crossover joints’ (pseudocode).

# Values from solver for newly found solution:
list of bar member areas, areas
# Data stored from problem setup:
nodes attached to each member, connectivity
coordinates for each node, nodeLocations
list of pointers to v̄ variables, variablePool
list of pointers to w variables, flagVars
# Persistent data throughout an optimization run:
index of most recently used value of v̄, r = 0
pairs of members for each lazy constraint, poolPairs = [ ]
# Function called periodically during solver execution:
function callback( )

if new integer solution identified then
realBars ← {i|areas(i) > 0}
for each pair {p, q} from realBars do

# Calculate if bars p and q intersect using
data from connectivity and nodeLocations:
if p and q intersect & {p, q} 6∈ poolPairs then

r = r + 1
# Add the constraint:
flagVars[p]+flagVars[q]+variablePool [r] ≤ 1
append {p, q} to poolPairs

end if
end for

end if
# If no lazy constraints added, the solution is
accepted as incumbent

end function

that all references to v̄ are removed, and the newly
added lazy constraint is instead wp + wq ≤ 1.

In the procedure, once a constraint has been added
to the current reduced problem, it will not be removed.
This ensures that the solution obtained by successively

adding dynamically generated constraints will converge
to the globally optimal solution for the original full
problem (i.e., the problem that includes all constraints

from the outset). This will occur when the solution for
the current reduced problem, comprising only a sub-
set of all possible constraints, is also found to be fea-

sible for the original full problem. For continuous lin-
ear optimization problems a similar principle underpins
the cutting plane method (Kelley, 1960) and analogous
column generation method (Dantzig and Wolfe, 1960),

which has been successfully used by Gilbert and Tyas
(2003) to develop a computationally efficient ‘member
adding’ procedure for large-scale truss layout optimiza-

tion problems.

Finally, note that the optional geometry optimiza-
tion post-processing step (see section 3) is not shown

in figure 2 and algorithm 1, and is performed following
a successful termination of the solver.

2.2.3 Imposing symmetry

For a given problem with symmetrical design domain,
loads and supports, it is known (Stolpe, 2010) that

truss optimization with discrete cross sections may have
an optimal solution that is not symmetrical; it will be
shown that this is also the case when the MILP prob-

lem formulation proposed here is used to impose limits
on the number of joints in the structure.

However, it is useful to consider how a requirement

for a symmetrical solution can be imposed as an addi-
tional constraint, since symmetry will often be preferred
for reasons of standardization or aesthetics. It also al-

lows problem size to be significantly reduced, as only
half of the design domain needs to be explicitly mod-
elled. To impose a symmetry condition, each symmetri-
cal pair of members is assigned only a single area vari-

able. Additionally, only one integer flag is added to each
symmetrical pair of members or nodes. Members that
cross the defined line of symmetry, or ‘mirror plane’,

are not included, as they can be approximately mod-
elled using nodes that lie on the mirror plane, as shown
in figure 3. Thus the number of potential members (and

therefore variables) will be reduced to approximately a
quarter of the initial number.

To achieve this some modifications to the con-

straints are needed. A node which lies on the mirror
plane, and which is connected only to members which
are perpendicular to the mirror plane will not appear

to be a joint in the final design. Therefore for nodes
lying on the mirror plane, equation (3a) is replaced by

M̂vj −
∑

i∈J′j

ai ≥ 0 j = 1, 2, ..., n (7)

where J ′j is the set of member indices for members

connected to node j, but not including those members
which are perpendicular to the mirror plane.

(a) (b) (c)

Fig. 3: Approximation of members crossing a mirror plane in
part of a layout optimization solution: (a) members crossing
the mirror plane (shown as a dash-dotted line) permitted,
noting that the crossover joint will be counted due to equation
(6); (b) members crossing the mirror plane not permitted,
with a node on the mirror plane used to approximate (a); (c)
geometry optimization used improve (b), with the node on
the mirror plane in this case moving to the same location as
in (a).
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The constraint on the total number of joints must
also be modified such that joints that are formed by
crossovers or nodes lying remote from the mirror plane
are counted twice in the computations.

2.2.4 Limits on the angle between members

A feature that can make Michell structures difficult to
manufacture is the presence of small angles between
adjacent members, especially in fan-type regions. To
prevent this, integer constraints can be added in the

layout optimization stage as follows:

(wh + wi ≤ 1)∀{h,i}∈D (8)

where D = {{h1, i1}, {h2, i2}, ...} is the set containing
unordered pairs of indices for all pairs of members that
form an angle that is smaller than µ, the minimum per-

mitted joint angle. Note that this angle may be formed
either at a node which is common to both members or
at a point where the members intersect, partway along
one or both of their lengths.

Again, the full formulation is very time consuming
to compute as the number of these constraints is ap-
proximately proportional to n4. These constraints are

therefore also implemented as lazy constraints. The pro-
cedure is similar to that outlined in figure 2; however
references to v̄ are removed, and the check on each pair
of members, p & q, is to identify if they form an angle

(either at a crossover point or at an end node) which is
outside the permitted range.

3 Geometry optimization post-processing step

Once the integer programming stage has been com-

pleted, the resulting structure can be further refined
by the use of the geometry optimization (GO) post-
processing rationalization method developed by He and
Gilbert (2015). This adds the nodal positions of the

structure as design variables, resulting in a non-linear
and non-convex problem. This stage is optional as the
structure generated by solving the MILP problem will

satisfy all the specified design constraints. However it
is attractive as it further reduces the volume and may
allow results which match analytically derived solutions
from the literature to be obtained.

As the geometry optimization problem is non-
convex, it is not generally possible to solve this to a
guaranteed globally optimal solution, thus this method

relies on the starting point provided by the topology op-
timization being sufficiently close to the optimal point.
A finding of this paper is that the solution of the MILP

problem may successfully be used as the starting point
for geometry optimization.

(a) (b)

Fig. 4: Detail of a layout, showing the importance of con-
verting ‘crossover joints’ to standard joints between the MILP
and geometry optimization post-processing stages when im-
posing a limit on the total number of joints: (a) before geom-
etry optimization, containing 3 joints in this region; (b) after
geometry optimization, containing 4 joints in this region.

During the geometry optimization stage, it will be
important to ensure that the solutions continue to be
feasible with respect to the practical constraints im-

posed in the previous sections. The remainder of this
section will outline the required modifications to the al-
gorithm proposed by He and Gilbert (2015). Note that

the original buildability constraints, involving integer
variables, need not be included at this stage, as the
overall topology is generally not significantly changed.

Instead the buildability constraints are reformulated as
constraints on the nodal positions, leading to a non-
linear but continuous problem.

When a limited number of joints are permitted, no
additional constraints will be required in the geometry

optimization stage. This is because the number of joints
in the problem generally remain constant, or will reduce
due to joint merging, or due to all connected members
at a joint vanishing.

The only possible means by which new joints can

appear is if the topology is changed by a member pass-
ing over another joint, as shown in figure 4. However,
this situation can easily be avoided by converting the

topology between the MILP and GO stages such that
all ‘crossover joints’ become standard joints.

When a limit on the angle between members has
been imposed, this must be converted to a continuous
constraint on the joint coordinates. This will be in the

form:

−→
CA · −→CB

|−→CA||−→CB|
≤ cos(µ) (9)

where C is the joint common to two members, A and
B are the other joints of each member, and µ is the
imposed minimum angle. Note that this requires point
C to be a standard joint; therefore ‘crossover joints’

must again be converted to standard joints before the
geometry optimization stage.
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(a) (b)

(c) (d)

Fig. 5: Detail of area containing branched members during
the geometry optimization post-processing step: (a) initial
branched member topology; (b) joints moving closer together,
though as the bottom and middle member do not meet, the
angle between them is not checked; (c) joints are merged,
but the bottom and middle members now have an angle con-
straint, which is violated; (d) the feasibility restoration phase
finds a point at which all constraints are satisfied, but the
geometry is now quite different to the MILP starting point.

In some cases where a minimum angle is imposed,
additional parameters may be required for the geometry
optimized results to be meaningful. For example, when

a branch type form (as shown in figure 5a) is identi-
fied as the optimal solution of the integer programming
problem, the branch joint tends to move towards the

‘root’ joint, as in figure 5b. The joint merging phase
will then combine the two joints, and there then may
be pairs of members which violate the angle constraint,

figure 5c. If the permitted movement radius of the joints
is sufficiently large, the feasibility restoration phase of
the non-linear solver is likely to be able to find a new
feasible solution using the new topology, figure 5d.

This new form may now be notably different from
the initial starting point, and therefore potentially in-
efficient. However, simply eliminating the joint merg-

ing step would result in a final design where two joints
were infinitesimally close together. A minimum member
length constraint can be added to prevent this, i.e.

|−→AB| ≥ lmin (10)

where A and B are the end points of the member, and
lmin is the minimum permitted length. This constraint

is only explicitly required in the geometry optimization
stage, since during layout optimization short members
can simply be omitted from the ground structure. Here,

length limits have generally been added only in the ge-
ometry optimization stage, with lmin being set at or

P1

d

Q

θ

P2

Q

π
2
− θ

(a) (b)

Fig. 6: Simple cantilever: details of applied load cases, (a)
P1, and (b) P2.

below the nodal spacing of the original ground struc-

ture.

Within the examples of this paper, it has been ob-
served that the geometry optimization procedure did
not need to make use of several considerations of He and

Gilbert (2015), due to the simplified nature of the start-
ing structures. For example, new cross-over joints were
added only at the initialization geometry optimization.

Also, the joint merging procedure was triggered only in
the cases with branching type structures. From this, it
can be seen that the structures produced by geometry

optimization are generally topologically very similar to
the solutions obtained at the end of the initial MILP
stage.

4 Numerical examples

All numerical example problems were run on an In-

tel Core i7-6700HQ CPU @ 2.60GHz, with 16GB of
RAM. Gurobi 7.0.1 (Gurobi Optimization LLC 2018)
was used to solve the MILP problems, with 4 physical
cores available for use. All problems mentioned were

solved to a 0.01% optimality gap (the default value
when using Gurobi). For practical usage, this level of
accuracy may not be required, and a higher value can

be used to reduce computation time. All other Gurobi
parameters were set to their default value. The compu-
tational times reported are wall clock times, and include

the time taken to set up the problem.

4.1 Simple cantilever

The first example involves the setup shown in figure 6.
This consists of two load-cases denoted as P1 and P2.
These each contain a single point load, which are both

applied at a given angle θ to the horizontal at point
(d, 0), and have magnitude, Q.
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Derivations of the minimum volume structures,
both unconstrained and with a maximum of 3 joints,
can be found in appendix C. The optimal member sizes
and support locations are shown in figure 8.

It can be seen that even for this very simple prob-

lem, the behaviour is quite complex and unintuitive.
The rationalized structures are not closely linked to
the equivalent un-rationalized form, which may make

such structures difficult to obtain by intuitive or math-
ematical post processing. The volume penalty caused
by imposing the three joint limit is at most 20.3%.

Table 1 shows the difference between the theoreti-
cal and numerical results for this example. The MILP

results were found with nodes permitted only along
the support, at 0.02d spacing over −1.5d ≤ y ≤ 1.5d
(i.e. 152 nodes, including the loaded node). As none of

the members in the ground structure crossed, crossover
constraints were not required. Geometry optimization
(GO) was also performed to further refine the results.

The numerical and analytical volumes can be ob-

served to be in close agreement. At θ = θ2 a discon-
tinuity occurs, where two distinct results are equally
optimal (see appendix C.2.3). Here, the MILP solver
identifies one of these solutions. Then, use of the interior

point method for the GO stage perturbs this solution,
resulting in identification of the alternative solution.

When a limit on the angle between members is im-
posed, solutions may be more complex in form, involv-

ing members that do not simply directly connect the
loaded point and a point on the support. Therefore nu-
merical solutions for joint angle limits have been calcu-
lated using a 5×13 grid of nodes, and a fully connected

ground structure (m = 2080).

Figure 7 shows results for the problem with angle
θ = 3π

8 , i.e. as shown in figure 8e and 8i. The scenario

is subjected to limits on the minimum angles between
members of 35◦ and 45◦. The unusual topologies iden-
tified demonstrate the difficulty in trying to identify
optimal solutions for this problem analytically or man-

ually.

The problem was solved firstly by imposing all angle
constraints from the outset (‘basic formulation’), and
then by implementing the angle limit (i.e. equation (8))

using lazy constraints. Both implementations produced
identical final results; however it can be seen that the
use of lazy constraints reduced the time required by
approximately a factor of 20.

Figure 7 also shows the result of applying geome-

try optimization post-processing. Despite the different
topologies identified in the MILP stage, similar topolo-
gies are found after geometry optimization. Addition-

ally, it can be observed that the volumes after geometry
optimization are both lower than the three joint form

shown in figure 8i, demonstrating that the more com-

plex topology is beneficial, albeit only by 3.6% and 2.8%
respectively. This suggests that, although the geometry
optimization process is non-convex and therefore can-

not be proven to identify a global optimum, the starting
points provided by the MILP formulation appear to be
sufficient to provide good results.

4.2 Michell cantilever

4.2.1 Problem specification

The proposed methods are now applied to a classical
Michell cantilever problem, as shown in figure 9. The
theoretical minimum volume can be found using equa-

tions derived by Chan (1960) to be VT = 39.43Qd. Dis-
cretized versions of this problem have been studied by
Prager (1977) and Achtziger and Stolpe (2007). In both
cases, the topology of the optimal structures was man-

Minimum angle 35◦ 45◦
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Fig. 7: Simple cantilever: numerical results for problem with
specified minimum angles between members (load inclination
θ = 3π

8
).
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Fig. 8: Simple cantilever: theoretical results, (a) volumes of optimal structures with unlimited complexity (light grey) and
maximum 3 joints (dark grey) for values of θ between 0 and π

2
; (b) locations of support points for optimal structures with

unrestricted complexity (light grey) and maximum 3 joints (dark grey), with line width proportional to the area of the member
which connects there (forms (e) and (h) shown for context); (c)-(f) forms of optimal structures with unlimited complexity for
θ = π

4
, θ2,

3π
8
, π
2

; (g)-(j) forms of optimal structures with only 3 joints for θ = π
4
, θ2,

3π
8
, π
2

.

Table 1: Simple cantilever: comparison of theoretical and numerical methods for problem with 3 joints. (Where yA and yb
refer to the vertical distance between the height at which the point loads are applied, and the upper and lower support locations
respectively. θ2 is as marked in figure 8b. For more information see appendix C.)

θ
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2Q

5d

2d 4d

Fig. 9: Michell cantilever: problem specification. (Fully con-
nected ground structure used.)

η = 6 η = 8 η = 11

⇓ ⇓ ⇓

Fig. 10: Michell cantilever: Results after MILP (top) and
GO (bottom) stages. The volume difference between MILP
and GO solutions is 1%, 1.4% and 1.6% respectively.

ually inferred from the continuum form; however their

observations are useful for comparative purposes.

A fully connected ground structure of 99 nodes is
used here; this contains 4851 potential members. The

solution to the standard layout optimization problem
at this resolution has a volume of 40.45Qd, an increase
of 2.6% over VT , although this reduces to +0.8% after

GO is applied, and the resulting solution has 20 joints.

4.2.2 Limiting the number of joints

To set up the problem with all crossover constraints
from the beginning requires checking 11,763,675 pairs
of members, of which 2,795,779 produce a constraint.

(Simply performing these checks was found to take
nearly 20 minutes with the C++ code used here.)

Alternatively, using lazy constraints, the problem
can be set up almost instantly, producing an initial
problem with 14,553 variables and 14,844 constraints.
The problem was first solved using lazy constraints to

prevent crossovers but without limiting the number of
joints. This produced a structure with 12 joints, and
required 240 lazy constraints, around 0.01% of the full

number. This is shown as the 12 joint result in table 2
and figure 11.

The problem was then solved with limits imposed

on the maximum numbers of joints, η, from 3 to 11.
The results can be seen in table 2 and figures 11 and
10, with further details available in Online Resource 1.

Note that the longest time taken to solve any of these
problems was under 5 minutes, around a quarter of the
time needed just to formulate the full problem.

It may be observed that the forms for 3, 6, or 11
joints agree with those found by Prager (1977)1. Addi-

tionally the solution with 8 joints corresponds to similar
ones mentioned by Mazurek et al (2011, fig 22).

4.2.3 Other related problems

Prager extended his results to postulate a solution to
the related problem of minimizing total cost, compris-

ing a material cost and a fixed cost per joint. It is possi-
ble to reformulate the integer programming problem to
consider this directly, by changing the objective func-
tion to be of the form

minimize lTa + cjv (11)

where cj is the normalized cost of a joint.

However, (11) may alternatively be expressed in the
form of an equation, plotted as a straight line on figure

11. The example objective function shown on figure 11,
is a line of constant cost when the joint cost, cj , is
equal to the cost of a volume increase of 0.7% of the
minimum volume, VT . In this case, the solutions with

6 and 8 joints are equally optimal. However, the 7 joint
solution has a higher cost; it is therefore not optimal
for any objective function in the form of equation (11).

Prager’s solution to this problem over a range of
values for cj consisted of only the 3, 6 and 11 joint

solutions. From figure 11 this can now be extended to
add solutions with 4, 5, and 8 joints. The ranges of joint
cost cj for which each solution is optimal is shown in

the final column of table 2.

Limiting the number of members in a solution is

another concern for ensuring practicality. As this is a
single load-case problem, and due to the Simplex solver
used to solve the LP sub-problems of the MILP prob-

lem, the optimal structures identified are all likely to
be statically determinate, meaning that the number
of joints is directly linked to the number of members

(number of members = 2η − 4). Therefore this method
can also be used as a proxy for limiting the number of
members.

1 Note that Prager (1977) gives a volume of 36.41Qd for
the 11 joint solution; this can clearly be seen to be incorrect,
as it is lower than the minimum value from the equations of
Chan (1960). However, the form given by Prager is correct.
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Table 2: Michell cantilever: results with limits imposed on the total number of joints.

Permitted Number of Lazy Timea Volume after Optimal for
no. of joints constraints added (s) MILP MILP+GO joint costs

3 0 10 +31.9% +31.9% 15.11% ≤ cj ≤ ∞
4 0 16 +17.4% +16.8% 6.25% ≤ cj ≤ 15.11%
5 3 74 +10.7% +10.5% 6.24% ≤ cj ≤ 6.25%
6 4 72 + 5.3% + 4.3% 0.69% ≤ cj ≤ 6.24%
7 4 117 + 4.9% + 3.9% N/A
8 0 257 + 4.3% + 2.9% 0.45% ≤ cj ≤ 0.69%
9 3 291 + 3.9% + 2.8% N/A
10 9 196 + 3.6% + 2.6% N/A
11 17 133 + 3.1% + 1.6% 0.09%b≤ cj ≤ 0.45%

12c 240 44 + 3.0% + 1.5%
20d — 4 + 2.6% + 0.8%

a Elapsed time for MILP stage.
bAssumes next optimal design is the continuous layout optimization solution; designs with 13-19 joints may increase this value.
cResult of preventing crossovers without limiting the total number of joints.
dContinuous layout optimization result, after crossover generation.

1 2 3 4 5 6 7 8 9 10 11 12 13
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Example objective function:
C = V + 0.69%× nJ

Number of joints, η

V
o
lu

m
e

p
en

a
lt

y,
V

MILP results
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Fig. 11: Michell cantilever: results with limits imposed on the total number of joints. (Volume shown as percentage above
theoretical minimum volume, VT = 39.43Qd. Forms shown after MILP and GO. An example cost function is also shown where
each joint has a constant cost, equal to an increase in volume 0.7% of VT .)

4.2.4 Limiting the angles between members

Solutions for the same Michell truss problem, but with
imposed minimum angle limits, from 15◦ to 45◦ are
shown in table 3 and figure 12, with further details
provided in Online Resource 2. It can be seen that the

topologies shown in figure 12 are symmetrical, and sev-
eral are distinct from those shown in figure 11.

In the layout optimization stage only a limited num-

ber of member angles are available; therefore the struc-
tures identified do not have a minimum angle that ex-
actly corresponds to the limit. Generally, once the ge-
ometry optimization post-processing step has been ap-

plied, the angle limits become active, although this is
not always the case (e.g. in the case of the 20◦ limit). In
some cases, such as the 40◦ and 45◦ solutions, the same

initial result is identified for multiple angle limits, and
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Table 3: Michell cantilever example: results with limited joint angle. (Volume shown as percentage above theoretical minimum
volume.)

Permitted angle Number of lazy After MILP After MILP+GO
between members constraints added Time (s) Min. angle Volume Min. angle Volume

45◦ 3462 2341 47.7◦ +6.3% 45◦ +5.4%
40◦ 1415 2009 47.7◦ +6.3% 40◦ +4.6%
35◦ 805 234 37.9◦ +5.1% 35◦ +4.2%
30◦ 1377 537 33.7◦ +5.0% 30◦ +2.5%a

25◦ 665 344 26.6◦ +4.4% 25◦ +1.8%
20◦ 349 91 22.8◦ +4.3% 21.9◦ +1.6%
15◦ 73 21 18.4◦ +3.8% 15◦ +1.3%

a GO with a length limit of of 0.5d (i.e. equal to shortest length in ground structure) gives volume of +2.51%, GO without a
length limit and after joint merging and subsequent feasibility restoration gives a volume of +2.55%.
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Fig. 12: Michell cantilever: results with limited joint angle. (Volume given as percentage above theoretical minimum volume.
Forms shown after MILP and GO. For branched forms, results both with and without a length limit are shown.)

the solutions only diverge in the geometry optimization

stage.

Most results in figure 12 are shown after geometry
optimization with no length limit imposed. However,
for the limit of 30◦, a branching form similar to that

shown in figure 5 was identified. During the geometry
optimization stage for this result, the merging of the
‘root’ and ‘branch’ joint occurred, leading to a signifi-
cant change in topology. The solution reduces in volume

as the distance between the branching joints approaches
zero, but then increases again in order to restore feasi-
bility of the new angle constraint.

A length limit was therefore imposed to produce

more meaningful results. For practical purposes, this

is likely to be defined by the same manufacturing pro-

cess that dictates the minimum angle between mem-
bers; here lmin will be set at or below the length of the
shortest member in the ground structure (0.5d). When

lmin = 0.5d, the new volume was only slightly smaller
(+2.51% vs. +2.55%). However, for small values of lmin
the volume reduced to +1.9%; this is shown as a dotted
line in figure 12. Both the result with no length limit,

and with lmin = 0.5d, are illustrated in figure 12.

By comparing the results in table 2 and 3, it can

be seen that the angle limits require a greater number
of lazy constraints to be added, leading to correspond-
ingly longer execution times. This is likely to be due to

the fact that, when a limit on the number of joint is
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imposed, the initial constraints significantly reduce the
number of feasible integer topologies before any lazy
constraints are required. However, the maximum num-
ber of lazy constraints added in table 3 was at most

0.3% of the total number possible (for the 45◦ limit),
showing that the advantage of using lazy constraints is
still very significant.

4.3 Spanning example

A more complex, two load-case problem is now consid-

ered. This consists of two point loads which are applied
separately, and transmitted to a pair of pinned sup-
ports; the problem specification is shown in figure 13.

This is a symmetrical problem, and therefore the
minimum volume structure is also symmetrical when
no discrete buildability constraints are imposed. The
minimum volume solution, VT , is given by Sokó l and

Rozvany (2013) as 3.44363Qdσ . The design domain is
discretized using a grid of 90 nodes. The layout and
geometry optimization solution for this resolution had a

volume 1.2% greater than the theoretical optimal value.
The problem was first solved without imposing a

requirement for a symmetrical solution. Solutions with

maximum numbers of joints, η, ranging from 5 to 9 were
found. Solutions with odd numbers of joints were found
to be symmetrical, and were equal to the corresponding
results shown in figure 15 and table 4. However, the so-

lutions with 6 and 8 joints were asymmetric, as shown
in figure 14. Note that the 8 joint example approxi-
mately consists of one half from each of the topologies

with 7 and 9 joints.
Due to these findings, and the general preference in

practice for symmetrical designs, the model was mod-

ified to explicitly impose a symmetry condition about
the centre line, using equation (7) and the method out-
lined in section 2.2.3. Solutions were again sought for 6
and 8 joints; however, the optimal solutions were found

to be identical to the solutions for 5 and 7 joints respec-
tively. This demonstrates the lack of a symmetrical op-
timal solution, a characteristic previously noted in the

solutions of truss optimization problems with discrete
cross sections, is also a characteristic of the problem
with continuous cross sections when limits are imposed
on the numbers of joints.

Results for various numbers of joints are given in
table 4 and figure 15, with further details provided in
Online Resource 3. The use of the constraints from

equation (5) (to prevent ‘crossover joints’) and equa-
tion (6) (to include ‘crossover joints’ in the total num-
ber of joints, to be limited), have both been tested.

When ‘crossover joints’ are not permitted, only struc-
tures with up to 17 joints can be identified; results in

Q Q

d

0.7d

√
2

1+
√

2
d

Fig. 13: Spanning example: problem specification, after
Sokó l and Rozvany (2013). (The two point loads are applied
separately. Grey shading shows the area modelled when the
symmetry condition is imposed.)

Maximum 6 joints Maximum 8 joints
Volume: +16% Volume: +6.8%

Time: 425 seconds Time: 6658 seconds

Fig. 14: Spanning example: results after MILP and GO
showing asymmetric optimal solutions.

the range 17 < η < 45 can only be identified by allow-

ing ‘crossover joints’ and explicitly including them in
the total limit.

The problem of including the ‘crossover joints’ is

a more relaxed version of the problem where ‘cross-
over joints’ are prevented. Therefore solutions from the
MILP problems that take account of crossovers must

be at least as good as solutions found when these are
prevented. However, the geometry optimization stage
is non-linear, and therefore local optima may result,

depending on the initial point provided. It can be seen
that for the 15 and 17 joint solutions, local optima have
been identified; both methods appear to be suscepti-
ble to this. However, the volume difference is less than

0.2%, demonstrating that at this point multiple options
are available of similar volume and complexity, any one
of which would likely be suitable for practical applica-

tion. Many commercial solvers (e.g. IBM Corp. 2015;
Gurobi Optimization LLC 2018) provide the ability to
record a pool of nearly optimal solutions, which may be
of use in addressing this issue.

As a multiple load case problem, the solutions iden-
tified are generally not statically determinate and there-

fore there is not a direct relationship between number
of members and number of joints. However, figure 16
shows that there is still a very strong correlation be-
tween the number of members and the number of joints.

Therefore, for practical purposes, this method is still
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likely to produce useful results when structures with
few members are desired.

4.4 Commentary

The numerical examples described here have

demonstrated the applicability of the method to single

and multiple load case problems in 2D. The method de-
scribed could also be immediately applied to 3D prob-
lems, if crossovers are considered to occur at points
where the centrelines of two members intersect exactly,

or to within some predefined tolerance. Some modifica-
tion of the approach described would be necessary in or-
der to prevent the outer faces of members intersecting,

taking into account the chosen member cross-section

Table 4: Spanning example: results with symmetry condition imposed and limits on numbers of joints. (Bold values highlight
when the two methods produce different results.)

Permitted Counting ‘crossover joints’ Preventing ‘crossover joints’
number No. of lazy Timea Volume after No. of lazy Timea Volume after
of joints cons. added (s) MILP MILP+GO cons. added (s) MILP MILP+GO

5 0 7 +59.5% +58.1% 0 6 +59.5% +58.1%
7 0 56 +8.8% +8.4% 0 31 +8.8% +8.4%
9 7 52 +5.9% +5.1% 14 77 +5.9% +5.1%
11 26 345 +5.2% +4.1% 33 154 +5.2% +4.1%
13 24 528 +4.5% +3.3% 154 446 +4.5% +3.3%
15 28 436 +3.5% +2.7% 48 184 +3.7% +2.5%
17 40 504 +3.4% +2.3% 444b 455b +3.5% +2.4%
19 76 8150 +3.1% +2.4%
21 68 6833 +3.0% +2.0%
31 90 138265 +2.7% +1.8%

45c – 6 +2.3% +1.2%

a Elapsed time for MILP stage.
b Refers to forbidding crossovers with no limit on number of joints, which produces a structure with 17 joints.
c Layout optimization result, which produces structure with 45 joints.
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MILP, counting crossover nodes + GO results

MILP results, counting crossover nodes

MILP results, preventing crossover nodes

MILP + GO results, preventing crossover nodes

Fig. 15: Spanning example: results with limited numbers of joints. (Volume shown as percentage above theoretical minimum
volume. Forms shown are after MILP and GO, with symmetrical solutions required. Results preventing crossover joints are
shown only where they differ from the result of counting the crossover joints.)
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Fig. 16: Spanning example: number of joints and members
in solutions where the number of joints has been limited, also
showing best fit line. (R2 = 0.997).

form. As is generally the case with layout optimization
methods, a greater number of nodes would be required

to fill a 3D domain to a similar density compared to a
2D domain, increasing the computational requirements.

The method has proved effective at identifying sim-

ple truss structures. However, from a practical point of
view, the simplest structure may not be a truss. For
example, in the case of the spanning example consid-
ered in section 4.3, a single beam along the base of the

domain would generally be considered to provide a sim-
pler, albeit less efficient, solution. When bending is in-
volved the chosen cross-section form needs to be taken

into account, and the associated numerical formulation
is somewhat more complex. However, many of the prin-
ciples described herein are will still be applicable in this

case.

5 Conclusions

It was found that the use of dynamically generated
lazy constraints can significantly reduce the computa-
tional time required to solve layout optimization prob-

lems with discrete buildabilty constraints. Specifically,
the use of lazy constraints permitted ‘crossover joints’
to be dealt with in a computationally efficient man-
ner. Improvements in speed of over a factor of 20 were

observed for relatively small problems; this difference
is likely to increase further as problem size increases.
This allows the proposed method to be used for prob-

lem sizes that would be intractable using the standard
formulation.

Rationalized structures with limited numbers of
joints or limited angles between adjacent members have

been identified for a range of problems, including those

with multiple load cases, using a two stage process in-

corporating a layout optimization stage and a geome-
try optimization stage. Using this process, results were
found to agree with analytically derived results from the

literature, suggesting that the proposed separation of
topology and geometry/shape optimization is effective,
and that MILP solutions are suitable starting points for
a non-linear optimization stage.

The rationalized structures were often found to have
a volume within a few percent of the corresponding min-
imum volume Michell structure, whilst being far more

feasible to construct. A number of interesting features
of these solutions have been observed:

– Symmetrical problems do not always have symmet-
rical optimal solutions when limits on the numbers

of joints are imposed. Therefore, the decision to use
symmetry to reduce the computational expense of
a problem should be made with care.

– Multiple optimal or near optimal solutions are possi-

ble. Many numerical methods, such as geometry op-
timization, will identify only one of these, although
there may be many which would be acceptable for

practical use.
– When the angle between adjacent members is lim-

ited, ‘branching’ type structures may occur. This

may then require the addition of a minimum length
constraint to produce practical results.

– When the number of joints is limited, it was found
that the number of members in the solution was

strongly linked to the number of joints. This may
provide a computationally efficient proxy problem.
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A Comparison of problem formulations

Several equivalent formulations are possible to ensure that the
variables v accurately represent the existence of each node.
The method that is used within this paper links the value
of vj to the sum of the members connected to node j using
equation (3a), reproduced here:

M̂vj −
∑
i∈Jj ai ≥ 0 j = 1, 2, ..., n (12)

This formulation will be referred to as formulation A.
An alternative formulation, which may be considered to

be more standard in the general integer programming com-
munity, is to link the value of vj to the flag variables of the
members connected to node j:
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Nvj −
∑
i∈Jj wi ≥ 0 j = 1, 2, ..., n (13)

In this formulation, the arbitrary large number, M̂ , is
replaced by N , the maximum number of members which will
be permitted to connect to any node. This formulation will
be referred to as formulation W.

For both A and W, the remainder of the formulation is
as described in section 2.2. The two formulations produce
identical solutions; however the computational requirements
may differ.

To investigate this, both formulations have been used to
test the Michell cantilever problem with a limit imposed on
the number of joints. Full results using form A were given in
table 2. A comparison of the speed of the two formulations is
given in table 5.

It can be seen that formulation A takes roughly half the
time to solve the problems compared to formulation W. This
is as expected if the characteristics of the two formulations
prior to the addition of any lazy constraints is considered.
Formulation A initially begins with all the member flags, w,
unconstrained; i.e. they may all be set equal to 1 without
making any potential solution infeasible. It only becomes nec-
essary to begin to branch on any variable wi once the member
i is part of an added crossover constraint.

In contrast, formulation W couples all integer variables
from the outset, leading to a much more challenging initial
problem. This outweighs the potential benefits of eliminating
M̂ .

Formulation A has therefore been used to generate all
results contained in the main body of the present paper.

Note that the findings in this section apply only to prob-
lems where the number of joints is limited, as limiting the an-
gle between members does not require the presence of member
flags, vj .

B Full problem statements

For clarity, full problem statements for the problems solved
in this paper are given here. Symbols are as defined in the
main body of the paper, and are also summarized in table
6. Firstly, the problem to restrict the number of joints in a

Table 5: Speed comparison between formulations for defining
the node flag variables, v. Problem is the Michell cantilever
with limited number of joints, as shown in table 2 and figure
11.

Permitted Formulation A Formulation W
number No. of lazy Time No. of lazy Time
of joints cons. added (s) cons. added (s)

3 0 10 0 14
4 0 16 0 58
5 3 74 8 137
6 4 72 0 95
7 4 117 7 222
8 0 257 0 686
9 3 291 1 571
10 9 196 10 376
11 17 133 17 224

solution, whilst preventing crossover nodes is given by:

minimize V = lT a (14a)

subject to (Bqk = fk)∀k (14b)

(σT a− qk ≥ 0)∀k (14c)

(σCa + qk ≥ 0)∀k (14d)

Mw − a ≥ 0 (14e)

M̂vj −
∑

i∈Jj
ai ≥ 0 j = 1, 2, ..., n (14f)

n∑

j=1

vj ≤ η (14g)

(wh + wi ≤ 1)∀{h,i}∈X (14h)

a ≥ 0 (14i)

wi ∈ {0, 1} i = 1, 2, ...,m (14j)

vj ∈ {0, 1} j = 1, 2, ..., n (14k)

The problem initially supplied to the solver is as above
but excluding the constraints of (14h), which are generated
as required during the running of the solver.

The problem to count ‘crossover joints’ as contributing to
the limiting number of joints is fully stated as:

minimize V = lT a (15a)

subject to (Bqk = fk)∀k (15b)

(σT a− qk ≥ 0)∀k (15c)

(σCa + qk ≥ 0)∀k (15d)

Mw − a ≥ 0 (15e)

M̂vj −
∑

i∈Jj
ai ≥ 0 j = 1, 2, ..., n (15f)

n∑

j=1

vj +
b∑

g=1

v̄g ≤ η (15g)

(wh + wi − v̄ ≤ 1)∀h,i∈X (15h)

a ≥ 0 (15i)

wi ∈ {0, 1} i = 1, 2, ...,m (15j)

vj ∈ {0, 1} j = 1, 2, ..., n (15k)

v̄g ∈ {0, 1} j = 1, 2, ..., b (15l)

When implemented using lazy constraints, the constraints of
(15h) are omitted from the initially provided problem, and
generated generated as required during the running of the
solver. In addition, b may be reduced to a value less than the
total number of potential crossover points.

The problem of eliminating small angles between mem-
bers can be stated as:

minimize V = lT a (16a)

subject to (Bqk = fk)∀k (16b)

(σT a− qk ≥ 0)∀k (16c)

(σCa + qk ≥ 0)∀k (16d)

Mw − a ≥ 0 (16e)

(wh + wi ≤ 1)∀{h,i}∈D (16f)

a ≥ 0 (16g)

wi ∈ {0, 1} i = 1, 2, ...,m (16h)
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Symbol Description
a = [a1, a2, ..., am] Vector of member cross sectional areas

B Matrix of member direction cosines
b Total number of intersections between potential members
D Set containing all pairs of potential members which form an angle of less than µ
fk Vector of external forces at nodes in loadcase k
g Index of a potential ‘crossover joint’
h, i Indices of potential members
j Index of ground structure node
k Index of load-case

l = [l1, l2, ..., lm] Vector of member lengths

M , M̂ Large numbers
m Number of potential members in the ground structure
n Number of nodes in the ground structure
qk Vector of member internal forces in loadcase k

v = [v1, v2, ..., vn] Vector of flags indicating existence of ground structure nodes
v̄ = [v1, v2, ..., vb] Vector of flags indicating existence of joints at crossovers

w = [w1, w2, ..., wn] Vector of flags indicating existence of members
X Set containing all pairs of potential members which intersect

σT , σC Allowable stress in tension and compression respectively
η Number of joints permitted
µ Minimum permitted joint angle

Table 6: Symbols used in problem statements.

When implemented using lazy constraints, the problem
is initially provided to the solver omitting constraints (16f),
which are generated as required during the running of the
solver.

C Derivation of global solutions for simple
cantilever problem

C.1 Minimum volume solution

To provide a global solution for validation, a simple problem
is considered. This consists of 2 load-cases denoted as P1 and
P2. These each contain a single point load, which are both
applied at the point with coordinates (d, 0), and with the
same magnitude, Q. The two loads are applied orthogonally,
and the load in P1 is at an angle of θ to the horizontal (figure
17a-b), cases where 0 ≤ θ ≤ π

2
will be considered. Two special

cases of this, with θ = 0 and θ = π
4

, were studied by Rozvany
et al (2014).

First the component load-cases are calculated, the sum
component load-case2 P∗1 = (P2 + P1)/

√
2 contains a point

load of magnitude Q and inclined at an angle of θ− π
4

(figure

17c). The difference component P∗2 = (P2 − P1)/
√

2 is also
of magnitude Q and inclined at an angle of θ − 3π

4
(figure

17d).
The solution for P∗1 consists of a single member inclined

at the same angle as the force (figure 17e), i.e. connecting
to the support at y = −d tan(θ − π

4
). The member has an

internal force of −Q. The length of the member is d
cos(θ− π

4
)
.

Therefore the component volume is

V ∗1 =
Qd

σ cos(θ − π
4

)
(17)

2 Note that here we use the component load form of Roz-
vany and Hill (1978) which allows for generalizations to more
than two load cases.

For P∗2 the external load is again of magnitude Q and its
direction varies by π

4
either side of vertical, the solution to

this was given my Rozvany et al (1995). This consists of 2
symmetrical, orthogonal members, which connect to the sup-
port at heights y = ±d (figure 17f). The length of each mem-
ber is d

√
2. The internal force in the top member is Q sin θ

and in the bottom member is Q cos θ. Therefore the volume
in this component is

V ∗2 =
Qd

σ

√
2 cos θ +

√
2 sin θ (18)

By the superposition principle, these two component solu-
tions are combined to give the optimal design (figure 17g-h).
The total volume is given by:

V =
V ∗1 + V ∗2√

2
=
Qd

σ

(
1√

2 cos(θ − π
4

)
+ cos θ + sin θ

)
(19)

As there are no co-incident members, the final member areas
are given by dividing the component areas by

√
2.

C.2 Limited complexity solution

C.2.1 Internal member forces

It is now required to find the minimum volume solution to the
same problem, but with the additional constraint that only
3 joints are permitted. This permits only a single topology;
two members reaching from the point of application of the
forces to the support line. Therefore all potential solutions to
this problem can be enumerated using 2 degrees of freedom,
the vertical locations of the two support points, which will be
denoted yA and yB (figure 17i-j).

The two component load-cases are identical to the pre-
vious section. The lengths of the members are given by
lA =

√
y2A + d and lB =

√
y2B + d respectively.
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Fig. 17: Simple cantilever: problem specification and component load-cases, (a)-(b), imposed load-cases; (c)-(d), component
load-cases; (e)-(f) component solutions with unlimited complexity; (g)-(h) final optimal solution with unlimited complexity;
(i)-(j) component solutions with only 2 members. (k)-(l) final solution with only 2 members.

The member forces are found from equilibrium equations
at the loaded point. In P∗1 the member forces in members A
and B are

qA1 = Q
(sin(π

4
+ θ)yB − cos(π

4
+ θ)d)

√
y2A + 1

d(yA − yB)
(20)

qB1 = Q
(− sin(π

4
+ θ)yA + cos(π

4
+ θ)d)

√
y2B + 1

d(yA − yB)
(21)

In P∗2 the member forces are

qA2 = −Q
(− cos(π

4
+ θ)yB − sin(π

4
+ θ)d)

√
y2A + 1

d(yA − yB)
(22)

qB2 = −Q
(cos(π

4
+ θ)yA + sin(π

4
+ θ)d)

√
y2B + 1

d(yA − yB)
(23)

The superposition principle is again used to find the over-
all design (figure 17k-l), and define the total volume as:

V =
V ∗1 + V ∗2√

2
=

(|qA1 lA|+ |qB1 lB |) + (|qA2 lA|+ |qB2 lB |)
σ
√

2

(24)

By inspection of the graph for all values of 0 ≤ θ ≤ π
2

(see examples in figure 18), it can be seen that the minimum
volume solution falls within or on the border of the region
where the member forces in P∗1 are in the same direction, and
the member forces in P∗2 are in opposing directions. Based
on this, the expression for V is re-written without using the
absolute value operator, using the sign convention that tensile
stresses are negative.

V =
−qA1 lA − qB1 lB − qA2 lA + qB2 lB√

2
(25)

Additionally the cusps of the plots in figure 18 must be
considered, these define the limits of the region within which
equation (25) is valid. They are given by:

qA1 ≤ 0 qA2 ≤ 0 (26)

qB1 ≤ 0 qB2 ≥ 0 (27)

For a given value of θ, these equations each define a ver-
tical plane. Equations (26) are planes with constant yB , and
equations (27) are planes with constant yA.



5.6 LO OF SIMPLIFIED TRUSSES USING MILP & RUNTIME GENERATION OF CONSTRAINTS 277
Layout optimization of simplified trusses using MILP with runtime generation of constraints 21

Fig. 18: Simple cantilever: volume of two member truss with for 0 ≤ yA ≤ 2d and 0 ≤ yB ≤ 2d for various force inclinations, θ.
(The solid region shows where qA1 < 0, qB1 < 0, qA2 < 0 and qB2 > 0, the blue cross shows the globally minimum volume/design
to resist each set of forces.)

C.2.2 Optimal values in each region

The equations which describe the optimal solution vary de-
pending upon the value of θ. Three regions are possible, and
each of these are considered separately.

When θ > θ2 (where θ2 is a critical value, approximately
equal to 0.9), the minimal value is found on the cusp of the
volume function defined by qA1 = 0. The optimal point lies on
the minima of the cusp line, i.e. where the partial derivative
VyA = 0. In this region, the optimal values of yA and yB , and
the optimal volume V are given by:

yA =
1

tan(π
4

+ θ)
+

√
2

sin(π
4

+ θ)
(28a)

yB =
−1

tan(π
4

+ θ)
(28b)

V =

√
2
(

sin(θ + π
4

) + 2
√

2 + 3 cos(θ + π
4

)
)

2 sin2(θ + π
4

)
(28c)

Similarly, for values of θ ≤ θ1 (where θ1 ≈ 0.65), the
minimal value is found on the intersection of VyB = 0 and
qB1 = 0. This gives

yA =
1

tan(π
4

+ θ)
(29a)

yB =
−1

tan(π
4

+ θ)
+

√
2

sin(π
4

+ θ)
(29b)

V =

√
2
(

sin(θ + π
4

) + 2
√

2− 3 cos(θ + π
4

)
)

2 sin2(θ + π
4

)
(29c)

In the inner region, where θ1 ≤ θ ≤ θ2, the minimum
volume structure is found at the local minima of equation
(25), i.e. where VyA = 0 and VyB = 0. In this region, values
for pairs of yA and yB are given by the equation:

0 = y4B

− 2y2Ay
3
B +2yAy

3
B

−2y3Ay
2
B +4yAy

2
B

+2y3AyB + 4y2AyB +4yAyB − 2yB

+ y4A −2yA − 2

(30)

To calculate the corresponding value of θ for such a pair,
the values of yA and yB are simply substituted into either

VyA = 0 or VyB = 0. For this region, it is quite difficult to
begin with a value of θ and calculate the optimal values of
yA and yB .

C.2.3 Boundaries between regions

The final task is to establish the boundary values, θ1 and θ2
between the outer and inner regions. To do this some points
of interest must first be defined. The point C is defined as the
minimum volume point lying on the cusp qA1 = 0, this is the
point given by the equations (28), and is the optimal value
when θ ≥ θ2.

Next, the stationary points of equation (25) are consid-
ered, these lie on the line defined by equation (30). There are
at most 2 stationary points in the region in which this func-
tion is valid. To characterize these, the discriminant of this
function, ∆ = VyAyAVyByB −(VyAyB )2 is calculated. The sta-
tionary point at which ∆ > 0 is defined as point M, this is a
local minima, and additionally represents the optimal value in
the central region (θ1 ≤ θ ≤ θ2). The stationary point where
∆ < 0 is defined as S, this is a saddle point of the function.
The critical value θ2 is the point at which the optimal value
switches from point C to point M.

Table 7 gives values of yA, yB and V for these three points
at notable values of θ. Additionally it provides illustrations
of the topography of the volume function in the vicinity of
C, M and P; these illustrations show the approximate profile
the volume function at the bottom of a ‘valley’ which runs
roughly parallel to the plane yA + yB = 1. This valley may
also be observed in the plots in figure 18, particularly when
θ = π

4
When θ < 0.900110, the point S is outside of the valid

region for equation (25). Point S enters the valid region
when the relations from equations (28a-b) are substituted
into equation (30), giving θ = 0.900110. Here, points S and
C are co-incident and have a volume which is 0.005% greater
than the optimal value at M.

At the point where VyA = 0, VyB = 0 and ∆ = 0 a
single degenerate stationary point is formed as points S and
M become co-incident. This occurs when θ = 0.900874, and
the volume at points S and M is 0.0008% higher than the
volume at C. Therefore the value θ2, at which points M and
C are equally optimal must lie in the region 0.900110 ≤ θ2 ≤
0.900874.

The value of θ2 is found at the point where VyA = 0,
VyB = 0 and the right hand side of equation (28c) is equal
to the right hand side of equation (25) (where the values of
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Table 7: Simple cantilever: behaviour of volume function in
vicinity of optimal values for force inclinations in the vicinity
of θ2. (Point M is a local minimum, point S is a saddle point,
and point C is the minimum value along the cusp at line
qA1 = 0. Values in boldface are the optimal points for that
problem, note that when θ = 0.90068 two equally optimal
solutions exist.)

θ Point yA yB V

0
.9

0
0
1
1 C

1.30835 0.11521 2.49230

M

CS
S

M 1.19519 0.19318 2.49217

0
.9

0
0
6
8 C 1.30786 0.11580 2.49136

M

S
CS 1.27886 0.13492 2.49138

M 1.22241 0.17384 2.49136

0
.9

0
0
8
7 C 1.037709 0.11599 2.49106

M

S

CS
1.25026 0.15444 2.49108

M

yA and yB refer to the point M). From this it is found that
θ2 = 0.9006836427. By a similar logic, θ1 = 0.6701126839.

It has been shown that within the the region 0.900110 ≤
θ ≤ 0.900874, the range of volumes is small (< 0.005%) over
a wide range of possible values for yA and yB (of up to 0.1d).
This may cause problems for numerical methods if accuracy
levels are not set high enough. Additionally, when θ = θ1 or
θ2, two distinct solutions are equally optimal.

Replication of Results

A detailed derivation of the analytical results mentioned in
the paper can be found in appendix C.

Details of the results found by the proposed numerical
method and shown in figures 11, 12, 14 and 15 are available
in the Online Resources.

Implementation of the proposed numerical method was
undertaken using the C++ interface of Gurobi
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