Cluster Groups: Groups with Presentations
Arising from Cluster Algebras

Isobel Webster

Submitted in accordance with the requirements

for the degree of Doctor of Philosophy

The University of Leeds

School of Mathematics

October 2019

The candidate confirms that the work submitted is her own and that appro-
priate credit has been given where reference has been made to the work of
others. This copy has been supplied on the understanding that it is copy-
right material and that no quotation from the thesis may be published with-
out proper acknowledgement.






Acknowledgments

I must begin by thanking my supervisor Professor Robert Marsh for his invaluable teach-
ing and advice. I will miss our regular meetings and his wonderful sense of humour. I
could not have asked for a better supervisor for my Ph.D study and cannot thank him
enough.

I am grateful to the University of Leeds for funding this research and for the inclusive
and supportive attitude of the faculty at the School of Mathematics which has fostered my
confidence and passion for Mathematics, from undergraduate to Ph.D.

Finally, I would like to thank Amit Shah and Dr Raphael Bennett-Tennenhaus. Writ-
ing this thesis would not have been nearly as enjoyable without their encouragement,

enthusiasm and companionship.

il



v

Acknowledgments




Abstract

Cluster Groups: Groups with Presentations Arising from Cluster Algebras
Isobel Webster

Each quiver appearing in a seed of a cluster algebra determines a corresponding group,
which we call a cluster group, defined via a presentation. Grant and Marsh showed that,
for quivers appearing in seeds of cluster algebras of finite type, the associated cluster
groups are isomorphic to finite reflection groups, thus are finite Coxeter groups. There are
many well-established results for Coxeter presentations and we are interested in whether
cluster group presentations possess comparable properties.

As for finite Coxeter groups, we can consider parabolic subgroups of cluster groups.
We prove that, in the type A, case, an isomorphism exists between the lattice of subsets of
the set of defining generators of the cluster group and the lattice of its parabolic subgroups.
Moreover, we show each parabolic subgroup has a presentation given by restricting the
presentation of the whole group. In addition, we provide a method for obtaining a positive
companion basis of the quiver.

For more general quivers, we prove an alternative exchange lemma for the associated
cluster group by showing that each element has a factorisation with respect to a given
parabolic subgroup. In the type A, case, we also consider elements whose reduced ex-
pressions all begin with a certain fixed generator and examine the form of these reduced
expressions.

Finally, we provide an alternative proof to the known fact that the length function on
a parabolic subgroup of a Coxeter group of type A, agrees with the length function on the

whole group and discuss an analogous conjecture for cluster groups.
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Introduction

Cluster groups arise from the theory of cluster algebras and are closely connected to finite
Coxeter groups.

A finite Coxeter group is an abstract group arising from a Coxeter presentation, a
group presentation whose relations are of a certain form. An outline of the rich history
of research of these groups is given in [7, Historical Note], where it is explained how
Coxeter groups evolved from the theory of finite reflection groups when [10] proved that
each finite reflection group can be defined by a Coxeter presentation. Conversely, [11]
later showed that every finite Coxeter group has a realisation as a reflection group, thus
classifying the finite Coxeter groups.

The finite reflection groups can be classified via the irreducible root systems and their
corresponding Dynkin diagrams [33, Chapter 2].

The applications of Coxeter groups are widespread throughout algebra [7], analysis
[27], applied mathematics [9] and geometry [20]. However, the many combinatorial prop-
erties of Coxeter groups make them an interesting topic of research in their own right (see
[4]).

Similarly, the article [37] discusses the tremendous growth of the relatively new theory
of cluster algebras which has resulted from the field’s connections with a wide range of
subjects. Relating group presentations to cluster algebras is one such recent development.

Cluster algebras were introduced by Fomin and Zelevinsky in order to construct a
model for dual canonical bases in semisimple groups [23]. However, their applications
have spread into numerous areas of mathematics such as combinatorics [24], quiver rep-
resentation theory [45] and Poisson geometry [26].

A cluster algebra is a subalgebra of the field of rational functions, F = Q(uy,u, ..., u,),
on a finite number of indeterminates. It is determined by an initial input known as a
seed, consisting of a free generating set of IF over (Q and an integral skew-symmetrizable
matrix, called the exchange matrix. When the exchange matrix is skew-symmetric, it is
represented by a quiver and the cluster algbera is called skew-symmetric. A combinatorial
process called mutation is repeatedly applied to the initial seed, yielding more seeds, and
from this process a generating set for the cluster algebra is produced. The elements of this

generating set are known as the cluster variables of the cluster algebra. A cluster algebra is
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of finite type if it has finitely many cluster variables. The classification of cluster algebras
of finite type [24, Theorem 1.9] shows that a skew-symmetric cluster algebra is of finite
type if and only if there is a seed containing a quiver which is an oriented simply-laced
Dynkin diagram. Moreover, it is shown that the cluster variables of the cluster algebra
are in bijection with the almost positive roots of the root system of the same Dynkin type.
Thus the classification of the cluster algebras of finite type demonstrates a connection

between Coxeter groups and cluster algebras.

This connection was further developed in [3], which associated to each quiver ap-
pearing in a seed of a cluster algebra of finite type a group presentation and showed that
the corresponding group is invariant under mutation. For oriented Dynkin diagrams, this
presentation is precisely a Coxeter presentation. Consequently, the group is isomorphic
to a finite reflection group of the same Dynkin type as the cluster algebra from which
the quiver arises. In addition, similar presentations have been defined for affine Coxeter
groups [19] and Artin braid groups, in the simply-laced case [28] and the finite type case
[29]. Considering the group presentation associated to each mutation-Dynkin quiver in
[28], together with the additional set of relations that specify that the square of each gen-
erator is equal to the identity, [28, Lemma 2.5] shows the resulting group is isomorphic
to the group with presentation defined by [3]. Thus, we obtain another presentation as-
sociated to any quiver appearing in a skew-symmetric cluster algebra of finite type that
gives a group that is isomorphic to a finite reflection group of the same Dynkin type. It
is this group presentation, based on the work done in [28], that is considered here. These
presentations make sense for any cluster quiver and so we are interested in considering
them more generally. Due to the context given above, we call the corresponding group a
‘cluster group’.

There is significant existing research into the fields of both cluster algebras and finite
Coxeter groups. The theory of cluster groups provides an interesting connection between
these influential topics. However, cluster group presentations have yet to be thoroughly
studied as an independent concept. This thesis aims to build a body of results for cluster
group presentations. In particular, it contains three main results which demonstrate that
certain properties of the Coxeter presentations of a finite reflection group are transferable

to the cluster group presentation.

As for Coxeter groups, we can define a parabolic subgroup of a cluster group to be
a subgroup generated by a subset of the set of defining generators in the cluster group
presentation. The first main result, given in Chapter 6, shows that there exists a lat-
tice isomorphism between the collection of subsets of the generators of a cluster group
presentation associated to quivers of mutation-Dynkin type A,, and the set of parabolic
subgroups of the cluster group. Chapter 6 also contains the second main result, that each

parabolic subgroup has a cluster group presentation given by restricting the presentation
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of the whole group. The final result appears in Chapter 7 and shows any cluster group
associated to a cluster quiver satisfies a property similar to the ‘Exchange Property’ for
Coxeter groups (see [4, Theorem 1.5.1]).

An outline of the thesis is as follows.

In Chapter 1 we will present the necessary background material for root systems, finite
reflection groups, and finite Coxeter groups. This includes details on the classification of
the finite reflection groups via root systems, Cartan matrices and the Dynkin diagrams as
well as a brief summary of the properties of finite Coxeter groups that will motivate some
of our lines of research into cluster groups.

Chapter 2 will set out the definition and classification of the cluster algebras of finite
type, including the interpretation of this classification for skew-symmetric cluster alge-
bras using the simply-laced Dynkin diagrams. An additional focus will be given to the
properties of quivers appearing in skew-symmetric cluster algebras of finite type A,. In
particular, we will show how a graph, known as the braid graph, can be associated to a
quiver of mutation-Dynkin type A,,.

Given n > 0, the finite Coxeter group of type A, is isomorphic to the symmetric group,
Y,+1 [7, Chapter VI, Section 4.7]. This property will be used to prove our first main
result: a lattice isomorphism theorem for cluster groups of mutation-Dynkin type A,. In
preparation, Chapter 3 recalls key definitions and results for set partitions, lattices and
lattice homomorphisms, as well as the Young subgroups of ¥, 1.

The focus of Chapter 4 is to formally introduce a cluster group associated to a cluster
quiver. Elementary results will be given for cluster groups, such as using results from
[28] to check invariance of the associated cluster group under mutation of the quiver.
Furthermore, we will give definitions of the length function and parabolic subgroups,
analogous to those in the theory of Coxeter groups.

Chapter 5 and Chapter 6 contain a study of the cluster groups associated to quivers of
mutation-Dynkin type A,. Chapter 5 shows how the braid graph can be used to construct
a group isomorphism between the associated cluster group and X, and to obtain a posi-
tive companion basis of the quiver. The first two main results of the thesis are established
in Chapter 6. Namely, we use results from Chapter 5 to prove that there exists a lat-
tice isomorphism between the collection of subsets of the generators of the cluster group
presentation associated to quivers of mutation-Dynkin type A, and the set of parabolic
subgroups of the cluster group. This result is achieved by associating a set partition to
each subset of the set of generators and constructing and composing lattice isomorphisms
between a lattice of set partitions, a lattice of Young subgroups and the lattice of parabolic
subgroups of the cluster group. In Chapter 6, we give cluster group presentations of the
parabolic subgroups of cluster groups of this type. We note that the results appearing in

Chapter 6, along with several results from Section 4.2 and Section 5.2, have been pub-
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lished in [52]

Finally, in Chapter 7 we consider cluster groups more generally and prove an ‘alterna-
tive’ exchange lemma for cluster group presentations. The proof relies on the existence of
a factorisation of a reduced expression of each element with respect to a given parabolic
subgroup. In this chapter we also further explore the format of reduced expressions of
elements in the cluster groups of mutation-Dynkin type A,. It is shown that there exists a
reduced expression conforming to a particular arrangement for elements whose reduced
expressions all begin in a fixed generator. The chapter concludes by giving a new ap-
proach to proving the known fact that the length function on a parabolic subgroup of a
finite Coxeter group of type A, agrees with the length function on the whole group. We
conjecture that the parabolic subgroups of a cluster groups possess the same property and

discuss a possible approach to proving this.



Chapter 1

Finite Reflection Groups

1.1 Introduction

The inter-play between root systems, Cartan matrices, finite reflection groups and finite
Coxeter groups is crucial in the study of cluster groups and so we begin by establishing
the definitions of these mathematical objects and summarising their classifications.

It is well known that the equivalence classes of the Cartan matrices of finite type
classify the irreducible crystallographic root systems of real inner product spaces, up to
isomorphism, via the Dynkin diagrams. Root systems, the concept of which originates
from Lie theory [17], are subsets of real inner product spaces whose elements satisfy
certain criteria.

Furthermore, each root system, ®, of a real inner product space, V, gives rise to
a finite reflection group, W, acting on V. This is done by taking W to be the group
generated by the set of reflections in the hyperplanes orthogonal to the elements of & [17,
Section 11.3.1]. In fact, every finite reflection group can be generated in this way [33,
Theorem 1.5]. Under this correspondence, the crystallographic root systems correspond
to the crystallographic finite reflection groups, which are known as the Weyl groups [33,
Section 2.9].

The theory of finite reflection groups is well-established and it has been shown that
each finite reflection group has a Coxeter presentation [33, Theorem 1.9], a group pre-
sentation with certain restrictions on the defining relations. Any group with a Coxeter
presentation is called a Coxeter group. Every finite Coxeter group can be viewed as a
(not necessarily crystallographic) finite reflection group on a real inner product space [33,
Section 5.3].

Any Coxeter group can be represented by its Coxeter graph, which defines the Coxeter
presentation of the group, and these graphs classify the Coxeter groups [7, Chapter VI,

Section 4, Theorem 1].
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In this chapter, we will give the key definitions of root systems, finite reflection groups
and Coxeter groups and look in further detail at the correspondence between Cartan matri-
ces of finite type, crystallographic root systems, finite reflection groups and finite Coxeter
groups. Where relevant, we will demonstrate how the Dynkin diagrams can be used to

represent these structures.

1.2 Root Systems

In this section we will define an irreducible crystallographic root system in a real inner
product space and a Cartan matrix of finite type. We will outline how the isomorphism
classes of the irreducible crystallographic root systems are in bijection with the equiv-
alence classes of the Cartan matrices of finite type, which are classified by the Dynkin

diagrams.

Let V be a real inner product space where the inner product of any a, 8 € V is denoted

by (a,B).

Definition 1.2.1. /7, Chapter V, Section 2] A reflection on V is a linear operator on 'V
which sends some o €V to —a and fixes the hyperplane, Hy, orthogonal to «. Such a

reflection is denoted by sq and is given by the formula:

(a,B)

(a, @)

sa(B)=B—2 o, Bev.

For any a € V, the reflection sy is an orthogonal linear transformation [40, Lemma

4.1.3]. That is, reflections preserve the inner product.

Definition 1.2.2. [33, Section 1.2] A root system in'V is a finite subset ® of V \ {0} such
that, for all o0 € ®, the following hold.

(1) The reflection sy, restricted to ® gives a bijection from ® onto itself (i.e. sq(P) =

D).
(2) PNRa = {xa}.

A root system, ®, of V is crystallographic if, for all o, B € ®, the following condition is

also satisfied.
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Remark 1.2.3. Some authors also require that & spans V [17] and, in the affine case,
the group generated by the corresponding reflections, given the discrete topology, acts
properly on V' [38, Section 1.2]. However, excluding these additional assumptions doesn’t

affect the development of the results cited in this chapter.

Let ® be a root system in V.

Definition 1.2.4. [17, Definition 11.7] If ® cannot be written as a disjoint union of two
non-empty subsets ®1 and ®, such that (a, ) =0 for all & € Oy, B € Py, then P is said

to be irreducible.

Definition 1.2.5. [17, Definition 11.19] The root system ®' of the real inner product space

V' is isomorphic to ® if there exists a vector space isomorphism ¢ : V. — V' such that

(@) = &' and 2{%E} = 28BELL, for all o, B € .

Definition 1.2.6. /33, Section 1.3] A subset I1 of ® is a simple system for ® if the follow-

ing conditions hold.
(1) Il is a basis for R® (as a subspace of V).

(2) Forall o € ®, o can be written as a linear combination of elements in I1 such that

the coefficients are either all non-negative or all non-positive.

Example 1.2.7. For n > 1, take V = R**! together with the dot product on V. Consider
the basis {ey,...,e,41} of V, where ¢; is the vector with 0 in every entry except the i'"

entry, which is equal to 1. We define:
b={F(ei—ej):1<i<j<n+1}CV
and
N={oi=ei—ei11:1<i<n} CP.

Then @ is a root system with simple system I1. To see this, we first show that, for each
o €D, s¢|p: P — Disabijection. Forany 1 <,i, j, k,l <n+1, where i # j and k # [,

we have

S(e,-—ej)(ek — 61) = (ek — el) - [(ekgei) - (elvei) - (ekaej) + (elaej)](ei - ej)'
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If i, j, k,[ are all distinct, then [(ek,ei) — (el,ei) — (ek,ej) + (el, ej)] =0, so S(e,-fej)(ek —

e;) = (ex—e) € D.

Ifi=k, j#lthens(, . (ex—e) = (ex—e) —(ex—ej) = (ej —e) € P.
Ifi#k j=1Ithensq, . )(ex—e) = (ex—e)—(ei —e)) = (ex —ei) € P.
Ifi=1, j#kthensg, . (ex—e) = (ex—e))+(e1—ej) = (ex—e;j) € P.
Ifi#l j=kthensq, . (ex—e) = (ex—e)+ (ei—ex) = (ei—e;) € P.

Ifi=kand j=/ori=1[and j =k then s(ei_e].)(ek—el) = (ek —el) :t2(€k —el) =

(el — ek) € o,

So 5¢(®) C D. As sq : V —> V is a bijection, s|e is injective. So s54(P) = P, as
required.

Clearly, {a,—o} C ®PNRa for all o € ®. Conversely, if B € PNRa then f = ra,
for some r € R, and B = £(e; — ej), for some 1 <i < j < n. Equating these, as « is of
the form +(e, —e,) for some 1 < p < g <n, it follows that r = 1 and & = (e¢; —¢;). So
B €{a,—a}. Thatis, {a,—a} = PNRa.

We now show that IT is a simple system. Foreach 1 <i < j<n+4 1, we have
(ei —ej) = (e,- — e,-+1) + (eH_l —e,'_|_2) + ...+ (ej_l — ej).

So every element of ® can be written as a linear combination of elements in IT (so II
spans R®) with either all non-negative or all non-positive coefficients.

Moreover, if X' ,ri(e; — eir1) = 0, for some r; € R, then 0 = X! ,ri(e; —eir1) =
riei + X, (ri—ri—1)e; — rpen41. Thus r = 0 and r,, = 0 and it follows that r; = O for all
1 <i < n. Thus the elements of II are linearly independent and so, as we have already

shown that IT spans R®, I1 is a basis for R®. So IT satisfies Definition 1.2.6.
Theorem 1.2.8. [33, Theorem 1.3(b)] Every root system has a simple system.

Definition 1.2.9. [17, Section 11.31] Let ® be a root system in a real inner product space,

V. We define a group associated to ® generated by reflections on'V by:
W¢:<Saa€¢>

When @ is crystallographic, we call W the Weyl group of .
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Lemma 1.2.10. [17, Lemma 11.12] (or [33, Section 1.2]) Let ® be a root system. Then

W is finite.

Remark 1.2.11. The proof of [17, Lemma 11.12] requires that ® spans the inner prod-
uct space. However, this requirement can be accommodated by considering & as a root
system of R®. Moreover, only crystallographic root systems are being considered in [17,

Lemma 11.12] but the proof continues to hold when it is generalized to all root systems.

Theorem 1.2.12. [17, Theorem 11.16] Suppose that I1 and II' are both simple systems of

®. Then there exists an element w € W such that II' = {w(a) : o € IT}.

In order to classify the irreducible crystallographic root systems, we need to define a

Cartan matrix of finite type.

Definition 1.2.13. /36, Section 1.1] A generalised Cartan matrix is an integral n X n

matrix, A = (a;;), such that

(a) Forall1l <i<n, a; =2.

(b) Foralli# j, a;j <O.

(c) Foralli# j, ifa;j =0 thenaj =0.
If A also satisfies the additional condition:

(d) [36, Section 4] The principal minors of A are positive.
then A is a Cartan matrix of finite type.

Definition 1.2.14. Two n x n Cartan matrices of finite type, A = (a;;) and A’ = (a;;), are

equivalent if there exists a permutation 6 of {1,2,...,n} such that A" = (a5 ;) o(;))-

It is easy to see that Definition 1.2.14 defines an equivalence relation on the set of
Cartan matrices of finite type. These equivalence classes are classified by the Dynkin

diagrams.

Definition 1.2.15. [36, Chapter 4] Given an n X n Cartan matrix, A, of finite type, the
Dynkin diagram corresponding to A, denoted by S(A), is the graph on n vertices where,
if |aij| # O, the vertices i and j are joined by |a;;| edges. Moreover, if |a;;| > |aji| and

|laij| > 1 then we add an arrow to the edges, pointing towards i.



10 Chapter 1. Finite Reflection Groups

Note that, up to relabelling of the vertices, the Dynkin diagram, S(A), determines the
Cartan matrix of finite type, A, up to equivalence. That is, S(A) = S(A’) if and only if A

and A’ are equivalent.

Definition 1.2.16. /36, Section 0.3] An n x n Cartan matrix, A = (a;;), is indecomposable
if there is no non-trivial subsets I,J C {1,...,n} such that INJ =0, IUJ = {1,...,n} and

ajj =0 whenevericl,jecJ.

Theorem 1.2.17. [36, Theorem 4.8(a)] If A is an indecomposable Cartan matrix of finite

type then S(A) is one of the following connected diagrams:

An;nzl —eo— - —0—0
Bn’nzz *r—o—  —0—6——9

Cn’nz:)) *r—eo—  —0—0=<—»

Dunzd e e

Es ., 1.,

Gy —=

We refer to the Dynkin diagrams A,,D,, E¢, E7 and Eg as the simply-laced Dynkin
diagrams and their corresponding equivalence classes of Cartan matrices of finite type as

the simply-laced Cartan matrices of finite type.

Definition 1.2.18. [7, Chapter VI, Section 1.5, Definition 3] Let ® be a crystallographic
root system in a real inner product space V with simple system I1 = {ay,...,a,}. The

Cartan matrix of ® is the matrix given by A = (a;j), where

((X,‘,OC]')

a,'j:2
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By Theorem 1.2.12, together with the fact that reflections preserve the inner product
of V, the Cartan matrix of a root system does not depend on the choice of simple system

(up to equivalence).

Example 1.2.19. Consider the root system & with simple system IT as given in Example

1.2.7. In the case n = 3, the corresponding Cartan matrix:

From Definition 1.2.15, the corresponding Dynkin diagram, S(A), will be of type Aj:

S(A) = A3,

In general, for n > 1, the corresponding Cartan matrix for the root system & will be the

7n X n matrix:

2 -1 0 O 0
-1 2 -1 0 ... O
A o -1 2 -1 0
o o o ... 2 -1
o o o ... -1 2

It follows that S(A) will be the Dynkin diagram of type Aj,:

Theorem 1.2.20. [34, Section 11.1] Two crystallographic root systems are isomorphic if

and only if their corresponding Cartan matrices are equivalent.

Theorem 1.2.21. Any Cartan matrix corresponding to an irreducible, crystallographic

root system is indecomposable and of finite type.

Therefore Definition 1.2.18 defines an injective mapping from the isomorphism classes
of irreducible, crystallographic root systems and the equivalence classes of indecompos-
able Cartan matrices of finite type. In fact, the following theorem shows that this mapping

is a bijection.

Theorem 1.2.22. [17, Section 13.2] Every Cartan matrix of finite type gives rise to a

crystallographic root system.
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1.3 Finite Reflection Groups and Coxeter Presentations

In this section we will see how every finite reflection group arises from a root system and

vice versa.

Definition 1.3.1. A finite reflection group is a finite group generated by a set of reflections

on a real inner product space.

Note that while a finite reflection group is necessarily generated by a finite set of
reflections, a reflection group which is generated by a finite set of reflections is not nec-
essarily finite [33, Chapter 4].

By Lemma 1.2.10, if & is a root system in a real inner product space, V, then Wy
is a finite reflection group. Conversely, given a finite reflection group, W, acting on a
real inner product space V, we can obtain a root system in V in the following way. For
each reflection so € W, consider the line, Ro, orthogonal to Hy,. Clearly, for all B € V,
B € Ra if and only if w(f) € Rw(a) for all w € W. Furthermore, we have the following

proposition.

Proposition 1.3.2. [33, Proposition 1.2] For any sq €W, s,,(q) €W forallw e W.

That is, each element of W permutes the set of lines L = {Ro. : s € W }. This, together
with the fact that reflections preserve the inner product on V, means that the collection of
all vectors of the same length lying on the lines in L, satisfies the definition of a root
system in V. Let ® represent this root system. By Theorem 1.2.8, we can fix some simple

system IT of &.

Theorem 1.3.3. [33, Theorem 1.5] For any finite reflection group, W, acting on a real

inner product space V, there exists a root system @ in'V such that W = Wep.

By Lemma 1.2.10, from each root system ®, we can define a finite reflection group
and, by Theorem 1.3.3, each finite reflection group arises from a root system. The finite
reflection groups arising from crystallographic root systems (i.e. the Weyl groups) are

also referred to as the crystallographic reflection groups (see [33, Section 2.8]).

Remark 1.3.4. Non-isomorphic root systems can give rise to isomorphic reflection groups.
For example, the root systems of type B,, and C,, give rise to isomorphic reflection groups

[33, Section 2.9].

In order to classify the finite reflection groups completely, we first need to define a

Coxeter presentation and its Coxeter graph.
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Definition 1.3.5. [44, Section 1.1] Let X be a set. A word on X is an ordered tuple of
elements in X UX ™1, where X! = {x~!: x € X} is a copy of X. We denote the tuple

w= (Wi, W2, ....,wr) by w = wiwy...w.

Definition 1.3.6. [44, Section 1.1] Consider the two words on a set X given by u =

ujuy...ujand w =wiwy...wy. The concatenation of u with w is the word uw = ujuy...ujwiwy...wi.

Definition 1.3.7. [44, Section 1.4] A reduced word on a set X is a word on X in which x
and x~' are never adjacent for any x € X. The empty word, denoted by e, is the unique

O-tuple of elements in X UX ! and is a reduced word.

Definition 1.3.8. [44, Section 1.4] Given a set X, the free group generated by X, denoted
by F(X), is the set of all reduced words on X under multiplication given by concatenation
of words, followed by deleting all pairs x~'x and xx~'. Note that this is well-defined as
two different reductions on a word will result in the same reduced word [44, Theorem

1.2].

Definition 1.3.9. [44, Section 1.2] Given a subset, R, of a free group, F(X), the normal

closure of R is the normal subgroup of F(X):

NR = {w rfwiwy 2w wy rw, s wi € F(X), 7 € R, & € {+1},n >0}

Taking an index set /, let R be a set of relations of the form x; = y;, where x;,y; € F(X),
for i € I. After replacing R with the subset {x;y; ' :i € I} of F(X), we construct NX as

given in the definition above.

Definition 1.3.10. /44, Section 2.1] Given a set, X, together with a set, R, of relations on
the elements of X, the group presentation (X|R) denotes the quotient group F(X)/N~.
We say that the group F(X)/NR (or any group isomorphic to F(X)/N®) has group pre-

sentation (X|R).

Definition 1.3.11. /33, Section 5.1] A group, W, is a Coxeter group if there exists a group
presentation of W of the form

(SIR)
where S = {s1,..,8,} is a non-empty set and R is the set of relations of the form (sisj)’"("’j),
forall s;,s; € S, where m(i, j) € NU{eo} with m(i, j) = 1 ifi = j, and m(i, j) > 2 other-
wise. If m(i, j) = oo then no relation occurs on s; and sj. The pair (W,S) is known as a

Coxeter system.
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Definition 1.3.12. [7, Chapter IV, Section 1.9] Given a Coxeter system, (W,S), the Cox-
eter graph of W is the graph on n vertices, labelled by the set {1,...,n}, where i and j are

joined by an edge when m(i, j) > 3. If m(i, j) > 3, the edge is labelled by m(i, j).

Definition 1.3.13. /7, Chapter IV, Section 1.9] A Coxeter system, (W,S), is irreducible if

the underlying graph of its Coxeter graph is connected.

Example 1.3.14. Consider the group, G, arising from the Coxeter presentation
(51,82 (sis)" "))

where
1 ifi=j
m(i, j) =
3 ifi#j
So

G ={e,s1,52,5152,5251,515251 }

and has Coxeter graph:

Theorem 1.3.15. [7, Chapter VI, Section 4.1, Theorem 1] Let (W,S) and (W',S) be ir-
reducible finite Coxeter systems. Then W and W' are isomorphic if and only if W and
W' have isomorphic Coxeter graphs. Moreover; if (W,S) is an irreducible finite Coxeter

system, the Coxeter graph of W is one of the following graphs:

Ap,n>1, O-O—0—0O—0—=0

4
B,n>2 o-0—0—0—0-0

D,, n>4, o---o—o—o—@<2
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H; o0—o—o0

H4oio—o—o

L(m) oo

Therefore, the irreducible finite Coxeter groups are classified by their Coxeter graphs.
In general, the Coxeter graph of a finite Coxeter group must be a disjoint union of the

graphs in Theorem 1.3.15.

Theorem 1.3.16. [33, Theorem 1.9] Let ® be a root system in a real inner product space

V. Then the finite reflection group, We, has a group presentation:
({5 : &0 € IT}|(sqsp)"™*P) = ¢)

where m(o, B) is the order of the element (sqsg) € Wa, for each o, 3 € I1.

That is, W = (s¢ : @ € IT) is subject only to the relations given above. As m(ct, o) = 1
and, for all a, B € I, m(, B) > 2 when a # f3, the finite reflection group associated to a
root system is a finite Coxeter group. Thus the isomorphism classes of the finite reflection
groups are also determined by the Coxeter graphs in Theorem 1.3.15. In fact, as we shall
see in Section 1.4, every finite Coxeter group can be viewed as a finite reflection group,
so the finite Coxeter groups and the finite reflection groups coincide.

In particular, we note that the Weyl groups have Coxeter presentations. We recall that
a finite reflection group, W, is a Weyl group if W = Wy for some crystallographic root
system ®. Consider the Dynkin diagram of ®. By replacing any double edge with a
single edge labelled by 4 and any triple edge with a single edge labelled by 6, we obtain
the Coxeter graph of W. Consequently, we are able to read the Coxeter presentation of
Wg from the Dynkin diagram of & [7, Chapter VI, Section 4.2].

Remark 1.3.17. It follows that the isomorphism classes of the Weyl groups are deter-
mined by the underlying graphs of the Dynkin diagrams. Moreover, by considering these
underlying graphs, we can conclude that the only non-isomorphic irreducible crystallo-
graphic root systems giving rise to isomorphic finite reflection groups are those of type
B,, and C,,. For all other Dynkin diagrams, the corresponding finite reflection groups are

pairwise non-isomorphic.

Example 1.3.18. Consider the root system & of type A,, described in Example 1.2.7,
whose Cartan matrix is give in Example 1.2.19. From the underlying graph of the Dynkin

diagram of type A,,, we see that the finite reflection group Wg has Coxeter presentation:
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)m(i7j)>

<Soc| 1Sy, "‘7san‘<saisaj

where
.

1 ifli—j|=0

m(i,j) =2 if|i—j|>1

3 ifi—jl=1

1.4 Properties of Coxeter Groups

Coxeter presentations give an insightful perspective into the Coxeter groups as they pos-
sess strong properties. Following [33, Section 5.3], we will provide a geometric inter-
pretation of a given finite Coxeter group, showing it can be viewed as a finite reflection
group. We will also outline some of the defining characteristics of finite Coxeter groups.

To begin, the following proposition shows that a finite Coxeter group has order at least

Proposition 1.4.1. [33, Proposition 5.1] Let (W,S) be a finite Coxeter system. There is a

unique surjective homomorphism

e:W— {£1},
e:5;— —1.
It follows that each generator s; € S has order 2 in W.

Given a finite Coxeter system, (W, S), we can view W as a finite reflection group on

the vector space V over R with basis {o; : 1 <i < n} and bilinear form

B(oy, o) = —2003( ﬂ : ) :

m(i, j)

For each s; € S, we define a linear transformation, o;, on V by

oi(B) =B —B(o;,B)a, Bev.

By calculation, it is clear that o; sends o; to —q;, fixes Hy, pointwise, preserves the
bilinear form and has order 2 in GL(V'). We note that V is now a real vector space with
bilinear form and each o; can be considered as a more general kind of reflection in the

hyperplane orthogonal to ¢;.
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Proposition 1.4.2. [33, Proposition 5.3, Corollary 5.4] There exists a unique, injective

homomorphism

o :W —s GL(V)

O :.s5i— O;

such that any element in the image of G preserves the bilinear form on V. Moreover, the

order of sisj in W is precisely m(i, j), for all s;,s; € S.

Using this geometric representation of W, we can view W as a finite reflection group

onV.

Theorem 1.4.3. [33, Theorem 6.4] If W is a finite Coxeter group then W is a finite reflec-

tion group.

As every finite reflection group has a Coxeter presentation, we have that the finite
reflection groups are precisely the finite Coxeter groups.
For ease, we will denote ¢ (w)( ;) simply by w(¢;), for each w € W. We define a root
system in V by
P ={w(oy):weW,1<i<n}CV

We call the elements of @ the roots of W. Each root, w(a;) € ®, can be written as some

linear combination of the basis elements, o;, with real coefficients:

If the coefficients, c;, are either all positive or all negative, we say w(¢;) is positive
and negative, respectively. The roots are a useful tool for proving results about Coxeter
groups. Before outlining some of these results, we require some key definitions.

From the definition of group presentations, any element w of W can be written as

—_ A1 a2 ar
w = Sil Siz "'Sir s

where 1 <i;<manda; = =1, forall 1 < j <r. Aseach generator is of order 2, it follows
that w can be written in the form

W = 8i,Siy.--Si,-

The length of w, [(w), is the smallest r such that w = s;,s;,...s;,, for some si; €S, and a
reduced expression of w is any expression of w as a product of /(w) elements of S [33,

Section 5.2].
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Theorem 1.4.4. [33, Theorem 5.4] For anyw € W and s; € S, if [(ws;) < 1(w) then w()

is a negative root and if l(ws;) > l(w) then w(¢oy) is a positive root.

This gives the following corollary.

Corollary 1.4.5. [33, Section 5.4] Any root @ € D is either positive or negative.

Thus {a; : 1 <i<n} is a simple system of ®. We call the elements of this set the
simple roots of W.

For any subset I C S, W; denotes the subgroup of W generated by /. Any subgroup of
W which can be obtained in this way is called a parabolic subgroup of W [33, Section
5.4]. Given any w € W}, we can also consider the length of w with respect to /. That is,

let /;(w) be the smallest r such that w = s, s, ...s;, for some si; € 1. We also define the set
Wi={wew:l(ws)>1(w) Vs;cl}.

Lemma 1.4.6. [4, Lemma 2.4.3] For any finite Coxeter system (W,S) and subset I C S,

w € WL if and only if no reduced expression of W ends in an element of I.

Proposition 1.4.7. [4, Proposition 2.4.4] For any finite Coxeter system (W,S) and subset

I CS, everyw € W has a unique factorisation
w = ab, forsomeaEWl,bEWI
such that [(w) = l(a) +1(b).

Theorem 1.4.8. [33, Theorem 5.5] For any finite Coxeter system (W,S) and I C S the
following hold.

(a) With the given values m(i, j), (Wy,I) is a finite Coxeter system.
(b) [ =1,.

(c) The collection of parabolic subgroups of W forms a lattice under inclusion and the
assignment I — Wy defines a lattice isomorphism between the lattice of subsets of

S and the lattice of parabolic subgroups of W.

(d) S is a minimal generating set for W.

A group, W, with generating set S, each of whose elements is of order 2, is said to

satisfy the Exchange Property if the following holds.



1.4. Properties of Coxeter Groups 19

If w = s7...5, is an expression of w € W and s € S is such that I(sw) < I(w)
then sw = s1...§;...s, for some 1 < j <.

The Exchange Property is a characterizing result for Coxeter groups.

Theorem 1.4.9. (The Exchange Lemma) [4, Theorem 1.5.1] A group, W, with generating
set S such that each element of S is of order 2 satisfies the Exchange Property if and only
if (W,S) is a Coxeter system.

It can be useful to reinterpret the Exchange Property as the Deletion Property:

If w = sy...s, is an expression of w € W and [(w) < r, then w = 57...5}...5]...5,
forsome 1 <i< j<r.

A group, W, with generating set S, such that each element of S is of order 2, satisfies
the Exchange Property if and only if it satisfies the Deletion Property [4, Theorem 1.5.1],
meaning either one can be used as an identifying property of a Coxeter groups.

Consider an expression w = s;,...s;, (not necessarily reduced) of an element w € W.
For each 1 < j <r, we define the root 8; = s, s;,_, eSify ((X,'j), where f3;, is interpreted as
¢o; . These roots provide insight into the given expression of w € W.

Lemma 1.4.10. /33, Section 5.6] Given an expression w = s;,...s;, of w € W, the following

hold.

(a) The expression s;, ...s;, is reduced if and only if B; # By forall 1 < j .k <r, j #k.

(b) The set of roots {Bj : 1 < j < r} C @ is precisely the set of positive roots sent to

negative roots by w.

(c) The length of w is equal to the number of positive roots turned negative by w. That
is, 1(w) = |{B;: 1< j < r}

By definition, each root a € @ can be written as o = w(¢;), for some w € W and

, Ifw=sj,...s;, is reduced.

1 <i < n. By considering the action on V, it can be seen that s = wsa,.w_l [33, Section

5.7]. Thus the following equality holds.

{sa: 00 e P} = U wSw L.
weW

Finally, we have the following useful results for the reflections in W.

Lemma 1.4.11. /33, Section 5.7] The assignment @ — sq defines a bijection between

the set of positive roots and the set of reflections in W.

Lemma 1.4.12. [33, Lemma 5.7 and 5.8] If a,B € ® and B = w(a) for some w € W,

then sg = wsgw L.
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Chapter 2

Cluster Algebras

2.1 Introduction

The topic of cluster groups arises from the theory of cluster algebras, which were intro-
duced by Fomin and Zelevinsky in order to construct a model for dual canonical bases in
semisimple groups [23].

A (skew-symmetric) cluster algebra [23, Section 2] is a subalgebra of the field of ratio-
nal functions, F = Q(uy,uy, ...,u,), on a finite number of indeterminates. It is determined
by an initial input, known as a seed, consisting of a free generating set of [F over QQ and a
cluster quiver i.e. a quiver with no loops or two-cycles. A combinatorial process called
mutation is repeatedly applied to produce more seeds. A generating set for the cluster
algebra is then given by the union of the seeds. The elements of this generating set are
known as the cluster variables of the cluster algebra. This notion of mutating, which
involves a local change in the quiver relating to a choice of vertex, is at the heart of the
definition of a cluster algebra.

A cluster algebra is of finite type if it has finitely many cluster variables. The classi-
fication [25] of the cluster algebras of finite type corresponds to the classification of the
finite crystallographic root systems via Cartan matrices and their corresponding Dynkin
diagrams. In this classification, it is shown that a skew-symmetric cluster algebra is of
finite type if and only if it has a seed containing a cluster quiver which is an orientation
of a (possibly disconnected) simply-laced Dynkin diagram. Thus, each skew-symmetric
cluster algebra of finite type contains a seed whose quiver defines a Coxeter presentation
giving rise to the reflection group of the same Dynkin type.

This correspondence suggests a connection between root systems and cluster algebras
of finite type. In fact, [24, Theorem 1.9] shows that the cluster variables of a cluster
algebra of finite type are in bijection with the almost positive roots of the corresponding

root system.

21
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In this chapter, we will recall the definitions of a quiver, quiver mutation and a cluster
algebra as well as how cluster quivers can be used to record the strong isomorphism
classes of the skew-symmetric cluster algebras. We will state the classification theorem
for cluster algebras of finite type via the Cartan matrices of finite type and examine the
role this classification gives to the skew-symmetric cluster algebras of finite type in the
theory of finite reflection groups.

In the final sections, we will outline some existing background theory relating to quiv-
ers appearing in the skew-symmetric cluster algebras of finite type that will be useful,
in later chapters, for proving results about cluster groups associated to these quivers.
Namely, we will recall how the quivers arising from cluster algebras of finite type A,,
for n > 1, arise from triangulations of polygons and how to obtain a graph, known as the
braid graph of the quiver, from these triangulations.

Finally, we will see the definition of a companion basis of a quiver appearing in the

skew-symmetric cluster algebras of finite type and recall some useful results about them.

2.2 Quivers and Quiver Mutation

In this section we define a vertex-labelled cluster quiver and the mutation of a cluster

quiver at a fixed vertex.

Definition 2.2.1. A quiver is a quadruple Q = (Qo, Q1,s,t) where Qg and Q1 are sets and
s: 01— Qoandt: Qi — Qq are functions. We interpret Q as a directed graph where
Qo is the set of vertices and Q is the set of arrows and the functions s and t are such
that s(o) € Qo determines the source of the arrow a € Q1 and t(o) € Qo determines the

target.

Example 2.2.2. The quiver given by Q = ({1,2,3},{a,},s,7) where s and ¢ are defined
by s(t) = 1,s(f) =3 and (o) =1(f) = 2 is interpreted as the directed graph:
a B

]l —2<—3
Definition 2.2.3. A cluster quiver is a quiver with no loops or 2-cycles.

Definition 2.2.4. Anisomorphism between two quivers Q = (Qo,Q1,s,t) and P = (P, Py,s',t’)

is a pair of bijections f = (fo, f1) where
fo:Qo— Ryand fi : Q1 — Py

satisfy
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fo(t(a)) =1'(fi()) and fo(s(a)) = 5'(fi(e)) for all ot € O
Two quivers are isomorphic if there exists an isomorphism between them.

Definition 2.2.5. A vertex-fixing isomorphism between two quivers is a quiver isomor-
phism f = (fo, f1) such that fy is the identity map. Two quivers are vertex-fixing isomor-
phic if there exists an vertex-fixing isomorphism between them.

We can partition the collection of all quivers into isomorphism classes where two quiv-
ers lie in the same isomorphism class if and only if they are isomorphic. An isomorphism
class of quivers can be viewed as a quiver in which the vertices and arrows are unlabelled.

Similarly, we can partition the collection of all quivers into vertex-fixing isomorphism
classes: two quivers lie in the same vertex-fixing isomorphism class if and only if they are
vertex-fixing isomorphic. A vertex-fixing isomorphism class of quivers can be viewed as
a quiver in which the vertices are labelled but the arrows are not. We may refer to such
quivers as vertex-labelled quivers.

Note that if two quivers lie in the same vertex-fixing isomorphism class, they will lie
in the same isomorphism class. Thus the vertex-fixing isomorphism classes partition the
isomorphism classes.

Going forward, we shall consider cluster quivers up to vertex-fixing isomorphism.
Thus our quivers will have labelled vertices but unlabelled arrows. For instance, Auslander-
Reiten quivers are of this type [50, Chapter 3]. In this way, we follow the cluster algebra

literature (for example, [40]).

Definition 2.2.6. Let Q be a cluster quiver with vertex set V. The mutation of Q at the

vertex v € V is the quiver W,(Q), which is obtained by applying the following steps:

(a) For each path in Q of length two passing through the vertex v, u —» v — w, add

an arrow u — w.
Note that this takes into account multiplicity of arrows, i.e. if there are x arrows
u — v and y arrows v — w there would be xy arrows added from u to w.

(b) Reverse each arrow adjacent to v.

(c) Repeatedly delete pairs of arrows forming 2-cycles until there are no 2-cycles.

Note that this operation is well-defined as, no matter which pairs of arrows we

choose to delete, the same number of arrows will be deleted in each direction.

Definition 2.2.7. Two cluster quivers are mutation-equivalent if there exists a finite se-

quence of mutations transforming one into the other.
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2.3 Cluster Algebras

The purpose of this section is to define a cluster algebra using both matrix and quiver
notation. We will discuss the classification of the cluster algebras of finite type and in-
terpret this classification for both types of notation. We remark that the formal definition
of cluster algebras includes frozen variables [40, Definition 2.1.1]. However, we consider
only the cluster algebras with no frozen variables (i.e. coefficient-free cluster algebras),

so these will not be defined.

Definition 2.3.1. An n x n matrix, B = (b;;), is skew-symmetrizable if there exists an
n x n diagonal matrix, D = (d;;), with d;; > 0, such that DB is skew-symmetric. That is,

Definition 2.3.2. For any 1 < k < n, the matrix mutation of an n x n skew-symmetrizable

integer matrix, B = (b;j), at 1 <k < n is the n x n matrix jig(B) = (b;;), where

, _bij ifi:korj:k
bij -
bij+ Ioulbej + b bix erlbkj i otherwise
Example 2.3.3.
0O 1 0 0 -1 1
B=| -1 0o 1 [, mB)= 1 0 -1
0O -1 0 -1 1 0

We note in the above example that the mutation of the skew-symmetrizable matrix B

at 2 is also skew-symmetrizable. In fact, this will always be the case.

Lemma 2.3.4. [25, Section 4] For any 1 < k < n, the matrix mutation, [ (B), of an n X n

skew-symmetrizable integer matrix B is skew-symmetrizable.

Fix a field F = Q(uy,...,u,) of rational functions in a finite number of indeterminates.

Definition 2.3.5. A seed in F is a pair, (x,B), where x = {xy,...,x,} is a free generating
set of F over Q and B = (bjj) is an n x n skew-symmetrizable integer matrix. The matrix

B is the exchange matrix of the seed while the set x is the cluster of the seed.

Definition 2.3.6. Two seeds, (x,B) and (x',B’), where x = {x1,...x,} and x' = {x,...x,},
are equivalent if there exists a permutation ¢ of {1,...,n} such that, for all 1 <k < n,

xc(k) = x;(, and Bl = (bc(i)c(j))'
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Example 2.3.7. Let F = Q(u;,uz). Then the seeds ({x;,x2},B) and ({x},x5},B’) in F,

where
0 1 ) 0 —1
B = y B —
-1 0 1 O
X1 = uy,Xxy = up and x| = up,x5 = u are equivalent via the permutation o = (12)
We extend the definition of the mutation of a skew-symmetrizable matrix B at 1 <k <

n, to the mutation of a seed (x,B) at k.

Definition 2.3.8. For any 1 < k < n, the mutation of a seed, (x,B), at k is the seed
Ux(x,B) = (x',B") where B' = ui(B) and x' = (x \ {x;}) U{x,}, where x| is the element

of I satisfying the following exchange relation:

n n
/ by —by;
XpX) = ij’—i— ij . 2.1
j=1 j=1
bkj>0 bkj<0

Example 2.3.9. Let F = Q(u;,u;,u3) and consider the seed ({x;,x,x3},B) where

0O 1 O
B=1 -1 0 1
0 -1 0

Then up ({x1,x2,x3},B) = ({xl,x‘t“,)g},B’) where

X

Definition 2.3.10. Two seeds, (x,B) and (x',B’), are mutation-equivalent if there is a

finite sequence of mutations taking one to the other.

Lemma 2.3.11. [40, Lemma 2.1.5] For every seed, (x,B), inF and 1 <k <n, /J,%(x,B) =
(x,B).

Definition 2.3.12. Given an initial seed (x,B) inF, let . be the set of all seeds mutation-
equivalent to (x,B). The cluster algebra, </ (x,B), over Q is the Q-subalgebra of F
generated by the union of the clusters appearing in the seeds of ..

We will refer to the elements of . as the seeds of the cluster algebra <7 (x,B) and

the elements of any cluster appearing in a seed in .# as cluster variables.
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0 —1 0 1 0 -1
M1 M2
1 0 -1 0 I 0
{Xl,xz} {H-xz X } {H—xz7 l—i;vllx—;-xz}
Iﬂz IN
0 1 0 —1 0 1
i H2
-1 0 1 0 -1 0
1+x 1+x1+x 14x I+x1+x 14x
{x, le} { xllx2 o le} { xllxz “am x12}

Figure 2.1: ~ denotes that seeds are equivalent.

Definition 2.3.13. /23, Definition 7.4] Given a cluster algebra, </ (x,B), the exchange
graph of </ (x,B) is the graph whose vertex set is equal to . with an edge between two

seeds if and only if there is a mutation transforming the seeds into one another.

Example 2.3.14. Let F = Q(u;,uy). Then Figure 2.1 represents the exchange graph of
the the cluster algebra <7 (x, B), where x = {x, x>} and
B—
1 0
It can be seen from the exchange graph that, up to equivalence, </ (x,B) has a finite
number of seeds.

In the cases when the exchange matrix of a seed (x,B) in F is a skew-symmetric
matrix, we can record B as a cluster quiver, Q(B), with vertex set Q(B)o = {1,...,n}, such
that there are b;; arrows from i to j when b;; > 0 and b ; arrows from j to i when b;; < 0.

Conversely, let Q be a cluster quiver on n vertices and define g;; to be the number of

arrows from vertices i to j in Q. Then the matrix B(Q) = (b;;) where
bij = qij — qji
will be an n x n skew-symmetric matrix. Moreover, Q(B(Q)) = Q.

Example 2.3.15.
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Lemma 2.3.16. [40, Lemma 2.3.1] The map Q — Q(B) defines a bijection between the

set of skew-symmetric integer matrices and the set of cluster quivers.

We note that the quiver mutation of a cluster quiver, Q, given by Definition 2.2.6
corresponds with the matrix mutation of B(Q), as given in Definition 2.3.2. Thus any
seed, (x,B), in I consisting of a skew-symmetric matrix can be equivalently recorded by
(x,Q), where Q = Q(B) is a cluster quiver. In this quiver notation, the exchange relation,

(2.1), becomes
n n
k) qj
s = [T+ [T
j=1 j=1

We refer to the cluster algebras whose seeds contain skew-symmetric matrices as the

skew-symmetric cluster algebras.
Definition 2.3.17. A cluster algebra is of finite type if it has a finite number of seeds.

Example 2.3.18. Let F = Q(u;,uy) and consider the seed ({xj,x2},Q) where Q is the
quiver:

1—=2

This seed is mutation-equivalent to an infinite number of distinct seeds [40, Section 2.5].

Definition 2.3.19. Take F = Q(uy,...,un) and F' = Q(u,...,u,). Two cluster algebras
o (x,B) CF and o/ (x',B') C ' are strongly isomorphic if there exists a field isomor-

phism, 6 : F — ', such that (o (x),B) is a seed of </ (x',B').

If a skew-symmetrizable matrix B appears in some seed, (x”, B), of the cluster algebra

</ (x' B’), then we can construct a field isomorphism

c:F—TF,

7
O Xy—>X,,

giving 6(x) = x’. Thus, &/ (x,B) and </ (x',B’) are strongly isomorphic if and only if B
appears in some seed of <7 (x’, B’). That is, if and only if B and B’ are mutation-equivalent.
So we can denote the strong isomorphism class of the cluster algebra </ (x, B) by < (B),
where 7 (B) = </ (B’) if and only if B and B’ are mutation-equivalent. For the skew-
symmetric cluster algebras, using quiver notation we denote the strong isomorphism class
of the cluster algebra <7 (x,Q) by </ (Q) where <7 (Q) = &/ (Q’) if and only if Q and Q'

are mutation-equivalent.
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The strong isomorphism classes of the cluster algebras of finite type were classified
by Fomin and Zelevinksy [24], who showed that the classification corresponds to the

classification of Cartan matrices of finite type.

Definition 2.3.20. [40, Section 5.1] Given an n X n integer matrix B = (b; j), the Cartan

counterpart of B is the n x n generalised Cartan matrix A(B) = (a;j) where a;j =2 ifi = j
anda,-j = —‘bij‘ lfl;lé ]

Theorem 2.3.21. [24, Theorem 1.4] Every cluster algebra lying in the same strong iso-
morphism class is simultaneously of finite or infinite type. There is a canonical bijection
between the Cartan matrices of finite type and the strong isomorphism classes of cluster
algebras of finite type, where the Cartan matrix, A, of finite type is mapped to the strong

isomorphism class </ (B) such that A(B) = A.

Definition 2.3.22. Let A be a simply-laced Dynkin diagram. Any vertex-labelled orienta-
tion of A is called a cluster quiver of Dynkin type A. Following [22], we call a connected
Dynkin diagram indecomposable and a disconnected Dynkin diagram decomposable,
where the type is determined by specifying each type of the connected (thus indecom-
posable) components. The decomposable Dynkin diagram that is the disjoint union of the

Dynkin diagrams Ay and A, is denoted by Aj LIA,.

Definition 2.3.23. A cluster quiver is of mutation-Dynkin type A if it is mutation-equivalent

to a cluster quiver of Dynkin type A.

We remark that any mutation-Dynkin quiver has a unique type [25, Theorem 1.7].

Proposition 2.3.24. (a) [22, Proposition 4.14] Any full subquiver of an indecompos-
able quiver of mutation-Dynkin type is a disjoint union of quivers of mutation-

Dynkin type.

(b) [32, Theorem 1.1] Any full subquiver of a mutation-Dynkin type A, quiver is of

mutation-Dynkin type A,, Ll ...LUA,, for somer > 1.

We consider a skew-symmetric cluster algebra of finite type, <7 (Q), where Q is a
cluster quiver. From the definitions, under the canonical bijection, A = A(B(Q)) will be
the corresponding Cartan matrix of finite type.

Suppose that Q is mutation-equivalent to an orientation, X of the simply-laced Dynkin

diagram, A = S(A), where A is a simply-laced Cartan matrix of finite type. Then <7 (Q) =
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ﬂ(X) Clearly, A(B(X)) = A. So, by Theorem 2.3.21, 27(Q) is a cluster algebra of
finite type.

Conversely, suppose <7 (Q) is of finite type. By Theorem 2.3.21, «7(Q) = &/(Q')
where A(B(Q')) is a Cartan matrix of finite type. So S(A(B(Q'))) is a simply-laced Dynkin
diagram of type A and Q' is some orientation, X, of A. Thatis, &7 (Q) = o (X) and so Q
is mutation-equivalent to X Thus, for skew-symmetric cluster algebras, Theorem 2.3.21

is equivalent to the following.

Theorem 2.3.25. Let Q be a cluster quiver. The skew-symmetric cluster algebra, </ (Q),
is of finite type if and only if Q is mutation-equivalent to an orientation of a simply-laced

Dynkin diagram.

Thus, by Theorem 2.3.21, up to strong isomorphism, the skew-symmetric cluster al-
gebras of finite type are classified by the simply-laced Dynkin diagrams. We say that
o/ (Q) is of finite type A if Q is mutation-equivalent to an orientation of the simply-laced
Dynkin diagram A.

In Chapter 2, we saw that the Weyl groups are the finite reflection groups arising from
crystallographic root systems. For a Dynkin diagram, A, we say that the Weyl group, W,
is of type A when it corresponds to the crystallographic root system of type A. As the
Cartan matrices classify the cluster algebras of finite type, to each strong isomorphism
class, &7 (B), we can associate the Weyl group of the same Dynkin type.

Recall that the Dynkin diagrams define Coxeter presentations of the Weyl groups.
Thus, when A is simply-laced, Q is a cluster quiver and <7 (Q) is a skew-symmetric cluster
algebra of finite type A, there exists a seed of <7 (Q) whose quiver defines a Coxeter

presentation of the Weyl group of type A.

2.4 Quivers of Mutation-Dynkin Type A,,

In this section, we will consider only the quivers of mutation-Dynkin type A, for n > 1.
These particular quivers arise from triangulations of polygons [22]. We will give the
formal definition of a triangulation of a polygon and outline how to obtain a quiver of
mutation-Dynkin type A, from a given triangulation. We will also define the braid graph
of a given triangulation which, in later chapters, will be used to contruct an isomorphism

between a cluster group of mutation-Dynkin type A,, and the symmetric group, ¥, 1.

In a convex polygon, P, a diagonal is a line in the interior of P which connects two
non-adjacent vertices and only touches the boundary of the polygon at its endpoints. A

triangulation of P is a decomposition of the polygon into triangles by a maximal set of
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non-crossing diagonals. We remark that every triangulation of a convex n-gon has exactly
n — 2 triangles and n — 3 diagonals.
Every triangulation, .7, of a convex (n -+ 3)-gon gives rise to an indecomposable

quiver of mutation-Dynkin type A,,, denoted by Q & [8].

Definition 2.4.1. [21, Section 4] For a triangulation 7 of a convex (n+ 3)-gon, Q7
is the quiver whose vertices are in bijection with the diagonals of 7. Moreover, there
exists an arrow from the vertex i to the vertex j in Q o if and only if the corresponding
diagonals d; and d; bound a common triangle, where d; immediately precedes d; in the

anticlockwise orientation of the triangle.

Theorem 2.4.2. [8, Lemma 2.1] (and also from [21, Example 6.6]) For a triangulation 7
of a convex (n+3)-gon, Q 7 is of mutation-Dynkin type A,. Conversely, every quiver Q of
mutation-Dynkin type A, is of the form Q & for some triangulation, 7, of an (n+3)-gon.
A flip along the diagonal d; is defined in the following way. Suppose d; = XY where
X and Y are distinct vertices of P. Then d; is adjacent to two triangles, XYA and XY B
where A and B are vertices of P, distinct from X and Y. A flip along the diagonal d;
consists of deleting d; and adding the new diagonal d/ = AB to form a new triangulation
[21, Definition 3.5].
As mentioned in [21, Proposition 3.8], the articles [30], [31] and [46] give the follow-
ing proposition.
Proposition 2.4.3. [30], [31], [46] Any two triangulations of a polygon are connected by

a sequence of flips along diagonals.

Proposition 2.4.4. [8, Lemma 2.1] Let 7 be a triangulation of a convex polygon and
let ' be the triangulation obtained by flipping .7 along the diagonal d;. Then Q 71 =
wi(Q7).

The following gives a neat summary of the above which can be found in [49]. Let
T be the set of all triangulations of the (n+ 3)-gon P and .7, be the set of quivers of

mutation-Dynkin type A,,. Define a function
y:T — A,,

Y: 7 +— Q.

This map is surjective as every indecomposable quiver Q of mutation-Dynkin type A,,
arises from a triangulation of an (n+3)-gon. We define the following equivalence relation

onT:
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T ~ Z"if and only if .7’ can be obtained from .7 by a clockwise rotation of P.

The map ¥ induces a surjective map y: T / ~ — M.

Theorem 2.4.5. [49, Theorem 3.5] For n > 2, the map y7: T / ~ — M, is bijective.

Suppose that Q is a quiver of mutation-Dynkin type with connected components
01,...,Q, of types A,,,...,A,,, respectively, where ny,...,n, € Z" and n = Y ni, with
r > 1. From the above, it follows that Q arises from a triangulation of the disjoint union of
Py,...,P. where P, is a convex (n; 4+ 3)-gon for each 1 <i < r. Moreover, any triangulation
of this disjoint union of polygons admits a quiver of mutation-Dynkin type A,, L...LIA,, .

This correspondence between triangulations of polygons and quivers of mutation-
Dynkin type A, allows us to consider the possible local configurations of a given vertex

in a quiver of mutation-Dynkin type A,,.

Definition 2.4.6. Let Q be a quiver of mutation-Dynkin type. A chordless cycle in Q is a
cycle in the underlying graph of Q such that there is no edge in the full subgraph on the

vertices of the cycle that does not lie in the cycle.

Proposition 2.4.7. [32], [23, Proposition 9.7] In a quiver of mutation-Dynkin type, all

chordless cycles are oriented.

Lemma 2.4.8. [32, Theorem 1.1] (and also [42, Lemma 5.5]) In a quiver of mutation-
Dynkin type A, the only cycles are 3-cycles. Moreover, any two 3-cycles share at most

one common vertex.

By the local configuration of a given vertex i in a quiver, we mean the vertices in-
cident to i. By [32, Theorem 1.1] (and also [42, Section 5]), any vertex i in a mutation-
Dynkin quiver of type A, has valency between 1 and 4 and must have one of the following
local configurations:

If i has valency 1:

i—J or <]
If 7 has valency 2:
k«—i—j O k«+—i<—j o k—i+—j or igj\Hk
If i has valency 3:

l%igjsk or l%ig—j:k
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If i has valency 4:

K TS p g

Remark 2.4.9. Theorem 2.4.2 gives an alternative proof of Theorem 2.3.24(b) since
taking a full subquiver of a mutation-Dynkin type A,, quiver is equivalent to cutting along
a set of diagonals of the corresponding triangulation of an (n+ 3)—gon to obtain a disjoint
union of triangulations of smaller polygons.

We now define the braid graph of a given triangulation. These graphs will, in later
chapters, be a useful tool for studying cluster groups of mutation-Dynkin type A,,.
Definition 2.4.10. [28, Definition 3.1] Let 7 be a triangulation of a convex (n+ 3)-gon,
P. The braid graph of 7 is the graph T = (V7 ,E 7 ) where V4 are the vertices of V
and E 7 are the edges, defined in the following way. The vertices V4 are in bijection with
the triangles of 7 in P and there exists an edge between two vertices if and only if the

corresponding triangles share a common diagonal in 7.

Remark 2.4.11. The braid graph described in Definition 2.4.10 is more commonly known
as the dual graph of a triangulation [14].

For each .7,.7" € T with .7 ~ .7, it is clear that I & is isomorphic to I" 5.
Let Q be a quiver of mutation-Dynkin type A, ...,An,, Where nj,...,n, € Z* and n =
i ni, with r > 1, and take a triangulation, .7, giving rise to Q. As I' > is independent
of the choice of the triangulation giving rise to Q, it makes sense to refer to I' 5 as the
braid graph of Q. Thus we will denote it by I'p.
Moreover, I'g is a connected tree on n+r vertices and, as each triangle can be bounded

by between 1 and 3 diagonals, the valency of each vertex is equal to 1, 2 or 3.

Example 2.4.12. Let Q be the quiver

Then J and I are:
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FQZ

2.5 Companion Bases

In Section 1.3, we saw how results can be proved about a Weyl group by examining
the action of its elements on the corresponding root system. Fixing a simple system,
{a,...,a,}, of the corresponding root system, we also established that the Dynkin dia-
gram of a given simply-laced Weyl group allows us to read off the inner product values of

pairs of simple roots. As

2, when there is no edge between i and jin A

m(OCl', (04 j) =
3, when there is an edge between i and j in A
we have
0, when there is no edge between i and j in A
(aj,0) = —2cos [ ——— | =
m(0t, 0) —1, when there is an edge between i and j in A

That is, {a; : 1 <i<n} is a companion basis of the Dynkin diagram. Companion bases
are Z-bases of the integral root lattice of a root system of a simply-laced Dynkin diagram

and were implicitly constructed in [2].

Definition 2.5.1. [42, Definition 4.1] Let Q be a mutation-Dynkin quiver and ® be the
root system of the same Dynkin type. A companion basis for Q is a subset C = {y: 1 <

i <n} of ® such that C is a Z-basis for Z® and for all 1 <i# j<n,

(%:,7;)| equals the
number of arrows between i and j in Q.
Let Q be a mutation-Dynkin quiver on n vertices with companion basis C = {7;: 1 <

i<n}Co.

Theorem 2.5.2. [42, Theorem 6.1] The set C' = {y/ : 1 <i<n} C ® given by

y sy (%), when there is an arrow from i to k in Q;
l- puy

Y, otherwise
is a companion basis for L (Q), for any 1 <k <n.

It follows from Theorem 2.5.2 that a companion basis exists for all quivers of mutation-
Dynkin type. The following lemma provides another way of obtaining a companion basis

of a mutation-Dynkin quiver from an existing one, which will be useful in Section 5.3.
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Lemma 2.5.3. [42, Lemma 4.2] Take any subset I of {1,...,n}. The subset C' ={y/ : 1 <

i <n} C D where

Yio figl
%:
—% lflGI

is also a companion basis of Q.

For the following results, we take Q to be any quiver of mutation-Dynkin type A,,. Let
C = {7 :1<i<n} beacompanion basis of Q. By definition, C is a Z-basis for Z®,
meaning each o € ® can be written as a unique linear combination of elements of C with

coefficients in Z:
n
o =Y cf'y, c* e Z.
i=1

A path in a graph is a sequence of pairwise distinct vertices with the property that
each vertex in the sequence is joined by an edge to the subsequent vertex. For a cluster

quiver, Q, an unoriented path is a path in the underlying graph of Q.

Definition 2.5.4. For each a € ®, we define the support of o with respect to C to be the
set Suppce(a) = {i: ¢ #0} C {1,2,...,n}. If the elements of Suppc () are precisely the

vertices of an oriented path, p, in Q then we say o has support p.

The unoriented paths in Q give information on the coefficients ¢{* for each @ € ®*.

The next result follows from the structure of the quiver, as described in [42, Lemma 5.7].

Lemma 2.5.5. [32, Theorem 1.1] For any two vertices i and j of Q, there exists a unique
shortest unoriented path in Q between i and j.

We say that a path p in Q is a shortest unoriented path if it is the unique shortest
unoriented path in Q between i and j for some vertices i and j. Note that no shortest
unoriented path will follow two sides of a 3-cycle.

Given a shortest unoriented path, p, in Q, the following propositions give a way of

finding a positive root with support p.

Proposition 2.5.6. [42, Proposition 5.10] Let p be an unoriented path in Q along the
vertices iy,i1,...,im. Forany 1 < j < m, we have
m . k
SijSijil...Sjl(%()) =%, t+ Z(_l) H(’yila’yilq) Yii-
k=1 I=1
Lemma 2.5.7. [42, Lemma 5.8] The number of shortest unoriented paths in Q equals the

number of positive roots in P.
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It follows that every positive root has support p for some shortest unoriented path p in

0.

Proposition 2.5.8. [42, Proposition 5.11] There is a bijective correspondence between
the unoriented paths in Q and the set of positive roots in ®, where each unoriented path

p in Q corresponds to the unique positive root that has support p.

Corollary 2.5.9. [42, Theorem 5.3] Let Q be a quiver of mutation-Dynkin type A, and
suppose C = {v; : 1 <i < n} is a companion basis of Q. Each o € ® can be written as a

unique linear combination of elements of C with coefficients in {0,£1}:

n
=Y cf'y ¥ €{0,+1}
i=1
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Chapter 3

The Symmetric Group and Young
Subgroups

3.1 Introduction

In this chapter we will consider the finite reflection groups associated to root systems of
type A,. We will recall some definitions and results that will be useful for studying the
cluster groups of mutation-Dynkin type A, and see that a finite reflection group of type
A, 1s isomorphic to the symmetric group on n + 1 elements, ¥, [47, Proposition 3.4].
We will provide a group presentation for X, |, defined by a graph on n edges, and define
the Young subgroups of X, ;. We will also give the definitions of a lattice and a set
partition and demonstrate how the set of Young subgroups of X, | and the collection of

set partitions of {1,2,....,n+ 1} are isomorphic as lattices [5].

3.2 The Symmetric Group

Take V = R"t! with basis {e1,...,ent1}, for some n > 1, and consider the root system
d={ej—e;j:1<i# j<n+1}inV. By Example 1.2.7, ® is a root system of type A,
and we have a simple system IT= {a; = ¢; —e;11 : 1 <i<n} C ®. Recall that the finite

reflection group We has Coxeter presentation:

)m(i,j)>

(SoysSos s Sa | (sal.saj

37
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where
1 ifli—j|=0

m(i,j) =<2 if|i—j|>1
3 ifli—jl=1
Lemma 3.2.1. [7, Chapter VI, Section 4.7] Let ® be a root system of type A,, for some

n > 1. Then there exists a group isomorphism

o:Wop — Xpi1,

O :8q — (i,i+1).

Remark 3.2.2. The proof of Lemma 3.2.1 observes that each generator, sq,, of W per-

mutes the set of basis elements B = {ey, ..., e, }. Specifically,

e ifj=i+1

S(Xi(ej): €i+1 lf]:l

&, otherwise.

It is then possible to construct a group homomorphism

0 :Wp — Xp,
G 5o, — (e eit1)-
By composing ¢ with the group isomorphism between Xp and X, which maps e; to i,

we obtain the isomorphism o : W — X, 1. It follows that for any w € W and o; € I1,

we have

w(ow) =w(ei —eir1) =w(ei) —=w(eit1) = () (i) = €o(w)(i+1)-

Definition 3.2.3. /41, Section 1.2] A graph is a tree when it is connected and contains no

cycles.
Remark 3.2.4. There exists a unique path between any two vertices of a tree.

Definition 3.2.5. [41, Section 1.3] A graph is planar if it can be drawn in the plane so

that no two edges intersect except at a common endpoint.

We note that every tree is planar. Let I' be a tree. We denote by X the symmetric

group on the vertices of I'. That is, the group of permutations of the set of vertices of I.
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Proposition 3.2.6. [47, Proposition 3.4] For a tree I, the group Xr is generated by the

set Xr = {0 : 0 is an edge of T'} subject to the relations:
(1) 6% =eforall 6 € Xr.
(2) If 01,0, € Xr are disjoint then

010> = 070].

(3) If 61,0, € XT have one common vertex then

010201 = 020107.

(4) If 01,0,,03 € Xr have a single vertex in common and lie in clockwise order, then

01020301 = 02030103.

Remark 3.2.7. By [3, Lemma 4.1], (4) is equivalent to the following relation.
(4*) If 01,07, 03 € Xr have a single vertex in common and lie in clockwise order, then
01020301 = 02030102 = 03010203.

An additional relation is given in [47] for when I is not a tree. However, we will only

require the four relations given in Proposition 3.2.6.

Remark 3.2.8. Given the relations (1) — (3), [28, Lemma 2.5] shows the relations given

in (4) are equivalent to the cycle relation given in the group presentations defined in [3].

In [47], a version of Proposition 3.2.6 is given for the braid group, in which an edge
o is interpreted as a braid which twists the strands corresponding to the endpoints of
the edge. In the context of the symmetric group, we view o as the transposition which
interchanges the endpoints of the corresponding edge. As noted in [47, Remark 3.4], the
proof that the statement is true for the symmetric group is similar to the proof given for

[47, Proposition 3.4] for the braid group.

3.3 Lattices, Set Partitions and Young Subgroups

In this section, we recall some key definitions and examples of lattices and set partitions.
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Definition 3.3.1. /12, Definition 2.4] A lattice is a partially ordered set in which every

two-element subset has both a least upper bound (the ‘join’) and a greatest lower bound

(the ‘meet’). For any two elements X and Y of a lattice, we denote the join of X and Y by

X VY and the meet of X andY by X \Y.

We give three examples of lattices which will be useful in later chapters.

Example 3.3.2. (1.) Let X be a set. The power set of X forms a partially ordered set

(2)

under inclusion which is a lattice.

Recall that a set partition p of a non-empty set X is a collection of non-empty

subsets of X such that

(@ X=Up

(b) a; Moy =0 for all distinct pairs a1, 0p € p.

We call the elements of a partition p the parts of p. When p = {ay,...,04} is a

k
partition of a set X we employ an abuse of notation by writing p = | | a;.

j=1
The collection of set partitions of a set X forms a partially ordered set under the

refinement ordering. That is, for each pair of partitions p,p’ of X,

p < p’ < every part of p is a subset of some part of p’.

Moreover, [43, Theorem 5.15.1] outlines how the meet and join of any two parti-

tions of the same set are obtained, which we describe below.

The partitions of X are in bijection with the equivalence relations on X. So for each
k
partition p = | | a; of X we have a corresponding equivalence relation, R, on X
j=1
where for each x,y € X,

XRpy < x,y € aj for some 1 < j <k.

From any two equivalence relations R; and R; on a set X, we construct new equiv-
alence relations, denoted by Rj MR, and 7(R; UR;), in the following way. For any

x,yeX,

(a) x(RyNRy)y if and only if xR,y and xR,y
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(b) x(t(Ry URy))y if and only if there exist zg, ..., 2, € X such that x = 79,y = zj,
and either z;Rz;11 or ziRyz; 1 forall 0 <i<m—1.
Note that #(R) UR,) is the transitive closure of the binary relation R; UR; on X.
Given two partitions py, pa of the set X, p; A pa is the partition corresponding to Ry N

R, and p; V p; is the partition corresponding to (R} UR;) [43, Theorem 5.15.1].

(3.) Let G be a group. Then the set of subgroups of G forms a partially ordered set
under inclusion. This forms a lattice and, for any subgroups G1,G, of G, G{V G, =

(G1UGy) and G1 A G, = G NGy.

Definition 3.3.3. [12, Definition 2.13] Let L be a lattice. A non-empty subset K of L is a

sublattice of L if, for every x,y € K, xVy,x \y € K.

Definition 3.3.4. [12, Definition 2.16] Let L and K be lattices. Amap ¢ : L — K is a
lattice homomorphism if for all x,y € L, ¢(xVy) = ¢(x)V §(y) and §(x \y) = ¢(x) A

0 (y). Moreover, ¢ is a lattice isomorphism if it is a bijective lattice homomorphism.

Proposition 3.3.5. [12, Proposition 2.4(ii)] Let L and K be lattices. For any map ¢ :

L — K, ¢ is a lattice isomorphism if and only if ¢ is an order-isomorphism.

Definition 3.3.6. [35] For some n,k € N, let p = {ctj : 1 < j < k} be a set partition of

{1,...,n}. The subgroup of ¥, given by

Yog X Loy X oo X Xg
where Lo; = {0 € X, : 6(m) =m,Vm ¢ a;} is called the Young subgroup corresponding
to p and is denoted by Y (p).

Given a set X = {1,...,n}, let & be the lattice of set partitions of X and let % =
{Y(p) : p € &}. The following result is well-known (see e.g. [5]), but we include a

proof for the convenience of the reader.

Proposition 3.3.7. The set % is a lattice under inclusion and there exists a lattice iso-

morphism

v: 7 —Y,

v:p—Y(p).
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Proof. Let . be the set of subgroups of X,. Thus .¥ is a lattice under inclusion. We

begin by showing there exists an injective lattice homomorphism

v: Y —
y:ipr—Y(p).
As % = im(y), we will then be able to conclude that % is a sublattice of . and that y

induces a lattice isomorphism between & and %'

In order to show that v is a lattice homomorphism, we must show that for any p,p’ €
Z,y(pVvp')=w(p)Vy(p’)and y(p Ap') = y(p) Ay(p’). Thatis,
Y(pvp')= (¥ (p)UY(p")),
and
Y(pAp') =Y (p)NY(p").

To do this, it will be useful to show that v is order-preserving. That is, for any p,p’ € 22,

a b

if p <p’then Y(p) CY(p'). If p <p’, where p = || @j and p' = || o/, then by
j=1 j=1

definition, every part a; of p is a subset of some part ¢ of p’. Thus for some 1 <

I <b,Lg; C Xy for every 1 < j < a, giving Y(p) CY(p’). By [12, Proposition 2.19],
it follows from the fact that y is order-preserving that for all p,p’ € 2, y(p Vv p') 2

v(p) vV y(p’) and y(p Ap’) Cy(p) Ay(p'). Thatis,
Y(pVvp') 2(Y(p)ur(p),
and
Y(pnp') CY(p)NY(p").

So it remains to show that

Y(pVvp') S(Y(p)ur(p)),

and
Y(pAp') 2Y(p)NY(p").
Recall that p A p’ is the partition corresponding to the equivalence relation Ry N Rp.
IfoeY(p)NY(p')theno € (lfll Zg)N (jfll Za}), where p = ilill o; and p’ = jlill o. That
1s,

0 = 010....0, = 0]03....0},
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where o; € X4, and Gj/- eZa;, foreach1 <i<agand1<;<bh.

C
LetpAp' = l|_|1 B;. For a vertex x of I'p, we have
X e o

and

xe o,

forsome 1 <i<aand 1< j<b. In particular, x € ;"N oc;-. Thus
o(x) €

and

o(x) € Oc;-

giving o(x) € ;N ;. So o € Zaina-
Clearly, for all u,v € o; N (X} we have uRpv and vR,v. So, by definition, u(Rp ﬁRp/)v,

meaning there exists some 1 </ < ¢ such that o; N Oc} C B;. This gives
o€ Zaiﬂa; < ZB; CY(p /\P/)~

SoY(pAp") =Y(pr)NY(ps).
a b
Next, we show that Y(p v p’) C(Y(p)UY(p')). Let p= || oy, p' = || &} and
i=1 j=1

pVvp' = |i| B;. We consider any 1 </ < cand show Xg C (Y (p)UY(p")).

Recalllzt;lat p V p' is the partition corresponding to the equivalence relation z(R, URy).
That is, for any x,y € {1,...,n}, x and y lie in the same part of p V p’ if and only if there
exists zg,...,zm € {1,...,n} such that x = zp,y = z,,, and, for all 0 <i < m— 1, either
ZiRpziy1 or ZiRpzi+1. Equivalently, z;,z;+1 lie in the same part of p or z;,z;+ lie in the
same part of p’. Choosing any 1 <[ < ¢, we can write B; = {p1,...,pq} C {1,...,n}. So
Lg = X, by an isomorphism v — p,. Since X, is generated by the set {vyv+1):1<
v < q—1}, Xp is generated by the set {(py, pyy1) : 1 <v<g—1}.

We show that (p,, py11) € (Y(p)UY(p')),forany 1 <v<g—land1<I<c.

As p, and p,1 lie in the same part of p VV p’, there exists p, = 20,21,...,Zm = Pvi1 €
{1,...,n} such that, for all 0 <i < m— 1, z;,z;+1 lie in the same part of p or z;,z;+ lie in

the same part of p’.
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In the case when z;,z;1 lie in the same part of p, (z;,z;+1) € Y(p). In the case when
Zi,Zi+1 lie in the same part of p’, (z;,zi+1) € Y(p'). So (zi,zi4+1) € (Y (p)UY (p’)) for all

0<i<m—1. Thus

(pvs Pv+1) = (Pv,21)(21522) - (Zm=25Zm—1) (Pv+15Zm—1) (Zm—1,2m—2)---(z2,21) (21, Pv)

e(Y(p)ur(p).

As the generators of Xg all lie in (Y (p) UY (p')), it follows that Xg C (Y (p)UY (p")),
forall 1 <I<c,andsoY(pVp') C(Y(p)UY(p')). ThusY(pVp')=(Y(p)uY(p)).
The map vy is therefore a lattice homomorphism.

a
Finally, we show that v is injective. Suppose Y (p) =Y (p’) for some p = | | aj and
j=1

b
p'= L o} SoY(p) CY(p'). Thus forany 1 < j<a, Lo CY(p) CY(p'). Every
j=1
o € Y(p') can be written in the form ¢ = 0}...0, where o; € Za;. By definition of
Za}, oj(m) = m for any m ¢ a}. Thus o(m) € & for all m € a;. Suppose there exists
1 < p#q<bsuchthat ajN e, # 0 and o; N oy, # 0. So we can choose x € a; N,
and y € aj N @ and take 6 = (x,y) € Xo;. Thus 6 = (x,y) € Y(p) but x € a, and
o(x) =y € @, contradicting that, for all 1 < j <b and 6 € Y(p) o(m) € o] for all
me OC}. Thus ; C o for some 1 </ < b and so by definition p < p’. AsY(p) =Y (p’),
we also have that Y (p’) C Y(p) so, by the same argument, p’ < p, meaning p = p’.

As % = im(y), we conclude that ¢ is a sublattice of . and
V.Y —Y,
v:p—Y(p)

is a lattice isomorphism. 0



Chapter 4

Cluster Groups

4.1 Introduction

Let Q be a cluster quiver. In previous chapters we saw that the cluster algebra .27 (Q) is
of finite type if and only if Q is mutation-equivalent to a orientation of a simply-laced
Dynkin diagram. Moreover, as the Cartan matrices of finite type classify the cluster alge-
bras of finite type, Q cannot be mutation-equivalent to two oriented simply-laced Dynkin
diagrams of different type. We say that <7 (Q) is of finite type A if Q is of mutation-
Dynkin type A, for a simply-laced Dynkin diagram A. That is, when there is a seed of
</ (Q) whose quiver is an orientation of A.

We also saw that the Dynkin diagrams define Coxeter presentations giving rise to finite
reflection groups. In the simply-laced cases, these finite reflection groups will be pairwise
non-isomorphic. Thus, when &7 (Q) is of finite type A, there is a seed of 27 (Q) whose
quiver defines a Coxeter presentation of the finite reflection group of the same Dynkin
type.

The article [3] associates to each mutation-Dynkin quiver a group presentation and
shows that the corresponding group is isomorphic to a finite reflection group. Moreover,
this reflection group is of the same Dynkin type as the cluster algebra from which the
quiver arises.

Several subsequent publications have built on this work. The article [19] provides
similar presentations for affine Coxeter groups while [28] and [29], independently of one
another, extended the results of [3] to provide presentations for Artin braid groups in the
simply-laced case and the finite type case, respectively. Moreover, it is shown that the
groups corresponding to both of these presentations are invariant under mutation of the
quiver.

Considering the group presentation associated to each mutation-Dynkin quiver in [28],

together with the additional set of relations that specify that the square of each generator
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is equal to the identity, [28, Lemma 2.5] shows the resulting group is isomorphic to the
group with presentation defined by [3]. Thus, we obtain another presentation associated
to a mutation-Dynkin quiver that gives a group that is isomorphic to a finite reflection
group. It is this group presentation based on the work done in [28] that is considered here.
The consequence of this result is that we are able to define a group presentation associated
to the quiver appearing in any seed of a skew-symmetric cluster algebra of finite type A,
that gives rise to the finite reflection group of type A. These presentations make sense for
any cluster quiver and so we are interested in considering them more generally. Due to
the context given above, we call the corresponding group a ‘cluster group’ with the aim
of exploring its properties in general.

As outlined in Section 1.4, there are many well-established results for Coxeter pre-
sentations and we are interested in which of these properties hold for cluster group pre-
sentations.

In this chapter, we will define the cluster group associated to a cluster quiver and verify
that, for quivers appearing in seeds of skew-symmetric cluster algebras of finite type, the
cluster group is invariant under mutation of the quiver and thus isomorphic to the finite
reflection group of the same Dynkin type. Finally, we will give definitions of the length
function and parabolic subgroups for cluster group presentations, which are analogous to

those appearing in the theory of Coxeter groups.

4.2 The Cluster Group Associated to a Cluster Quiver

We begin by defining the cluster group associated to a cluster quiver, which is based on
[28, Definition 2.2]. We will use [28, Proposition 2.9] to establish that, for quivers of
mutation-Dynkin type A, the corresponding group is isomorphic to the finite reflection

group of type A.

Definition 4.2.1. Let Q be a cluster quiver. Following [19], if i and j are vertices of Q

which are joined by a single arrow, then we call this arrow simple.

Definition 4.2.2. Let Q be a cluster quiver with vertex set Qo. The cluster group as-
sociated to Q, denoted by G, is defined to be the group with group presentation (T |R)

where
T={ti:i€Qo}

and R is the following set of relations:

(a) Foralli€ Qo t? =e.
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(b) The braid relations: For all i, j € Qy,

(i) t;tj =t;t; if there is no arrow between i and j in Q.

(ii) titjt; =1t;tit; if i and j are joined by a simple arrow in Q.
(¢) The cycle relations:

L tiptiy-- B Biy By, = Lty B 0 T T

for every chordless, oriented cycle
i1 — i) — i3 —...— I, — 1]
in Q, in which all arrows are simple.

Remark 4.2.3. By [28, Lemma 2.4], the relations given in (c¢) are written in minimal

form but could be replaced by the following, more symmetric, relation.
(c*)
[FI 3N PR PN PR PR £ PN S 0 39 SN

= liy.. L b Ly Uig iy - 0,

=1 b\ tiy iy i Biy - By
for every chordless, oriented cycle
i1 —> i — i3 —> ... —> i, —> i
in @, in which all arrows are simple.

We also note that the relations (b)(ii) and (c) are defined in order to be compatible
with the group presentations associated to diagrams of finite type given in [28] and the
group presentations associated to diagrams of affine type given in [19].

Moreover, given the relations (a) and (b), [28, Lemma 2.5] shows the relations given
in (c) are equivalent to the cycle relation given in the group presentations defined in [3].

We note that for general cluster quivers the corresponding cluster group is not neces-
sarily invariant under mutation of the quiver [19, Section 7].

Suppose that Q is a decomposable cluster quiver with connected components Q1 ..., Q,.

Consider the cluster group presentation associated to each connected component of Q.
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Theorem 4.2.4. [6, Theorem 1] Let G| and Gy be groups with group presentations
(X1|R1) and (X3|Ry), respectively. Then G x G has presentation (X; UX,|Ry UR, UB)

where B is the set of relations {x1x; = xox1 : x] € X1,% € Xp}.

Lemma 4.2.5. If Q is a decomposable cluster quiver with indecomposable components

01, ..,0Qy then
GQ = GQ1 X GQ2 X ... X GQr'

Proof. Let Q be adecomposable cluster quiver with indecomposable components Q1 .., Q,.
Consider the cluster group, Gy, arising from the cluster group presentation (7'|R) defined
by Q.

For each 1 <i# j <r, let T; be the set of generators of G, and R; the set of relations.

We define the set of relations
Bij={titj=tt; . t; € T;,t; € Tj}.
By Theorem 4.2.4,
Go, X Gg, X ...xGg, = (N1 U...UT|R1U...UR,UB)

-
where B= J( U Bjj).
J#i
As the Q; are the connected components of Q, no edge exists between any two vertices

lying in different components. Noting that 7 = 77 U ... UT,, it follows that R =R U ... U
R,UB, meaning (T U...UT;|R; U...UR,UB) is precisely the cluster group presentation
of Q, <T‘R>. Thus GQ = GQ1 X GQ2 X ... X GQr'

It is easy enough to prove the following lemma.

Lemma 4.2.6. If Q and P are isomorphic cluster quivers, then Gg = Gp.

In the light of Lemma 4.2.6, we note that G only relies on Q up to isomorphism and
so, without loss of generality, we can suppose the vertex set of Q is the set {1,...,n}. The
cluster groups associated to more general cluster quivers will be isomorphic to the groups
associated with these quivers.

As discussed previously, [28, Lemma 2.5] shows the cluster group associated to a
mutation-Dynkin quiver is isomorphic to the group with the group presentation defined

in [3]. In fact, [28, Lemma 2.5] shows that the cycle relations appearing in the cluster
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group presentations for mutation-Dynkin quivers are equivalent to those appearing in the
group presentations defined in [3]. Moreover, [3, Theorem 5.4] shows that the groups
arising from these group presentations are invariant under mutation of the quiver. It fol-
lows that the cluster groups associated to mutation-Dynkin quivers are invariant under
mutation. Alternatively, as we have done below, by a simple extension of the proof of
[28, Proposition 2.9] it can be shown directly that when Q is a mutation-Dynkin quiver,

the corresponding cluster group will be invariant under mutation of Q.

Lemma 4.2.7. Let Q be a cluster quiver of mutation-Dynkin type. If Q and Q' are

mutation-equivalent then Go = Gy.

Proof. We prove the result first for indecomposable quivers of mutation-Dynkin type.
Let Q and Q' be mutation-equivalent indecomposable cluster quivers, on n > 1 vertices,
of mutation-Dynkin type.

Suppose Q' = . (Q) for some 1 < k < n. Let the defining set of generators for G and
Gy bedenotedby T = {r;: 1 <i<n}and T’ = {r] : 1 <i < n}, respectively, and denote
the identity elements of by e and ¢’, respectively. Furthermore, let Fp and Fy denote the
free group on T and T”, respectively.

We can define a group homomorphism
()3 FQ — GQ/7

(tt/t;), when there is some arrow in Q from i to k
o(t;) =
1, otherwise.

We claim that ¢y induces a group homomorphism

O : GQ — GQ/.
To show that @ is well-defined, we must show that the @ (¢;) satisfy the defining relations
of Gy For all 1 <i <n, we have:

(t;#/})?, when there is some arrow in Q from i to k

()2, otherwise
(
(t;)?, when there is some arrow in Q from i to k

(t/)?, otherwise
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By [28, Proposition 2.9] (using [28, Lemma 2.4]), the ¢(#;) satisfy the remaining
defining relations of G/. Thus @y is well-defined.

It remains to show that @ has an inverse. We can define a group homomorphism
Y - FQ/ — GQ,

/) (fxtitx), when there is some arrow in Q' from k to i
Vi(t;) =

ti, otherwise.

Note that, by Definition 2.2.6(a), there exists an arrow from i to k in Q if and only if
there exists an arrow from k to i in 1 (Q) = Q'.

In an analogous way, it can be shown that y; induces a well-defined group homomor-
phism

lifk . GQ/ — GQ.
We show that y is the inverse of ¢:

For each 1 <i < n, we have
(

o Oc((ntity)),  when there is some arrow in Q' from k to i
Pro Yi(t;) =
(1), otherwise

\
(

Il (1ol o] : : / .
(ttititit;),  when there is some arrow in Q' from & to i

t! otherwise

17

\

=1

(
o o @, '((#it/t})), when there is some arrow in Q from i to k
Similarly, ¢, " o @ (t;) =

¢ (1), otherwise
\

/

(tx(txtity )tx), when there is some arrow in Q from i to k

ti, otherwise

\

=1.

Thus @ is an isomorphism and so Gg = G, (g)- By the transitivity of isomorphisms, if

Q' is any mutation-equivalent cluster quiver to Q then Gp = Gy.
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Suppose that Q is a decomposable cluster quiver with connected components Q1, ..., Q,.
By Lemma4.2.5, Gg = Gg, X ... X Gg,. Fixing any 1 < k <n, the vertex k lies in an inde-
composable component Q;, for some 1 < j <r, and u(Q) = Q1 U...U i (Q;)U...UQ,.

By Lemma 4.2.5, Gy, (o) = G, X ... X Gy ;) X --- X Gg, and by the above, G, (o)
Gg;- Thus

Glik(Q) = GQ1 X ... X G,uk(Qj) X ... X GQr

o GQ] X ... X GQj X ... X GQr = GQ.

By the transitivity of isomorphisms, if Q' is any mutation-equivalent cluster quiver to

0 then GQ = GQ!. O

As discussed in Chapter 1, the crystallographic root systems are classified by the
Dynkin diagrams and each of these root systems gives rise to a finite reflection group,
which is a finite Coxeter group. Let A be a simply-laced Dynkin diagram. In this case, the
Coxeter presentation of the corresponding finite reflection group, Wj, is obtained from A
in the following way.

Take a vertex labelling of A by the set {1,..,n}. Let W) be the group with group
presentation (S|R) where S = {s1,...,s,} and R is the set of relations {(s;s;)"(/) : 1 <

,i, j <n}, where

o 2, when there is no arrow between i and j in A;
m(i, j) = . ‘
3, when there is an arrow between i and j in A.

Fix some orientation, A, of A. As A contains no cycles, the cluster group presentation
of G is given by:
2 N
G =ttt = (1)) = )

where

when there is no arrow between i and j;

2,
pli,j) =
3, when there is an arrow between i and j.
= m(i, j)

In this case, G does not depend on the orientation of A, so we denote it simply by

Ga. Comparing these group presentations, it is easy to see that

O : GA — Wh,

Q:ti—s
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defines an isomorphism between G and Wy. If Q is of mutation-Dynkin type A, then O
is mutation-equivalent to some orientation of A. By Lemma 4.2.7, Gg = G = Wj. Thus,
when Q is a quiver of mutation-Dynkin type, the associated cluster group is isomorphic

to the finite reflection group of the same Dynkin type.

Theorem 4.2.8. [3, Theorem 5.4], [28, Lemma 2.5] When Q is a quiver of mutation-
Dynkin type A, then Gg is isomorphic to the finite reflection group arising from the root

system of type A.

Remark 4.2.9. By the definition of the cluster group associated to a quiver Q, there is
a surjective map from the set of vertices, V, of Q to the set of defining generators, T, of
Gg. In general, it is not clear that this map is injective. That is, it may be that #; = 7;
in Gg for distinct i, j € V. However, from the proof of Lemma 4.2.7, if Q is a quiver of
mutation-Dynkin type A then the set of defining generators, T, of G is a subset of the set
of reflections in the Coxeter system (W,,S). Moreover, by Theorem 4.2.8, T generates
Wh. Tt is well known that W cannot be generated by fewer than |S| reflections (for a proof
of this, see [18, Lemma 2.1]). As |S| = |T|, the map between V and T must be injective.

This gives the following result.

Lemma 4.2.10. Let Q be a quiver of mutation-Dynkin type and consider the associated

cluster group, Gg. Then t; # tj in G for any two distinct vertices i and j of Q.

The following result is analogous to Proposition 1.4.1 for Coxeter groups.
Proposition 4.2.11. For a cluster quiver Q, there is a surjective homomorphism
€:Gg — {1}
€. ti— —1.
It follows that the order of each generator t; € T of Gg is 2.

Proof. As in the proof of Lemma 4.2.6, we define a map from Fyp and show this induces

a group homomorphism on Gp. We begin by defining a group homomorphism:
£: FQ — {:l:l}
€:t;—> —1.

where {11} is considered as a multiplicative group. To show that & induces €, we must

show that each relation in the cluster presentation of Gy lies in the kernel of €.
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(a) Forall 1 <i<n,&(t?)=(-1?=1.

(b) For all 1 <i,j <mn,i+# j, such that i and j are not connected by an edge in Q,
g((t:itj)*) = (=1)*=1. Forall 1 <i,j <n, i j,such that i and j are connected

by an edge in Q, &((1:t;)%) = (-1)° = 1.
(c) For every chordless oriented cycle of length r:

i1 —ip — i3 —> ... —> i —> ]

é((tiltizti3mti,ti1~~tir,2)(tir,1~--ti3ti2ti1tirmti3ti2)) = (—1)2(2}’72) =1.

Thus ¢ is a surjective group homomorphism. As -1 has order 2 in {41}, each generator,

ti, of G is of order 2. O]

Remark 4.2.12. It can be seen from the proof of Proposition 4.2.11 that such a surjective
homomorphism exists for any group arising from a group presentation whose relations

are all of even length (and so the generators of this group will have even order at least 2).

4.3 The Length Function

In [33, Section 5.2], the length function for a Coxeter group is defined along with five
basic properties. Below, we adapt the definition of the length function for cluster groups
and show that these properties still hold.
Let Q be a cluster quiver. By definition of the presentation of a group, any element w
of Gg can be written as
ai le ar

W:ti, l‘l2 el

where 1 <i;<nanda;==+1,forall 1 < j<r. As ti2 =e, for all 1 <i < n, it follows
that w can be written in the form

w =1 t,...t.
Analogous to the Coxeter group case, we make the following definitions. The length of

w € Gg, [(w), is the smallest r such that w = 1;,t;,...t;, for t;; € T and a reduced expression

of w is any expression of w as a product of /(w) elements of T'.

Lemma 4.3.1. For all wi,w> € Gg and t; € T the following properties hold.



54 Chapter 4. Cluster Groups

(1) L(wi) =1(wih).

(2) lw))=1<w eT.

(3) Lwiwa) <1(w1) +1(wa2).

(4) L(wiwz) > 1(w1) —1(wy).

(5) L(wi) =1 <l(witi) <I(wi) + 1.

(6) l(Wlt,‘) 75 l(Wl) and l(tiwl) 7§ l(W])

Proof. Using arguments similar to those in the Coxeter case [33, Section 5.2] we have the

following.

(1) If I(wy) = r then there exists an expression wy = f;,t,...t;, with #;; € T for each
1< j<r Thusw;'=tt,..t;, and so [(w; ') <I(wy). Similarly, I(w; ') > I(w})

giving I(wy) = [(w] ).

(2) Ifi(w;) =1, then there exists an expression w; =f; for some t; € T, meaning wy € T'.
By Proposition 4.2.11, each generator #; has order at least 2 (in fact, the order is
equal to 2). Thus #; # e for all 1 <i <n. So the converse, that /(z;) = 1 for all

1 < i< n, also holds.

(3) If I(wy) = ry and [(w2) = r, then there exist expressions wy = f;,t;,...t;, and wy =

1

tjlj,---1j,, and so there is an expression wiwy = tiyliy-ti, j1j,...1j, , meaning I(wywy) <

r +n.

(4) Note that w; = wlwzwgl, sol(wy) = l(wlwzwgl). By (3) and (1), l(wlwzwgl) <

I(wiw) +1(wy ') = I[(wiwy) +1(w2). Rearranging gives [(wiwy) > [(wy) —I(wy).

(5) Applying (3) and (2), we have [(wit;) < I(w1)+1(t;) = I(w1)+ 1. Applying (4)
and (2), we have l(Wlti) > l(Wl) — l([i) = l(Wl) —1.

(6) Using the group homomorphism € : Gy — {£1} defined in Proposition 4.2.11,
we have g(w) = (—1)!™) for all w € Gp. If [(wi#;) = [(w1) for some w; € G and
t; €T, then S(Wl) = (—l)l(wl) = (_1>l(w1t,~) = E(Wltl‘) = £(w1)e(t,~) = —S(Wl). As

€(wy) € {£1}, this is not possible. By similar reasoning, I(f;wy) # [(wy).
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]

Remark 4.3.2. In general, the length of an element w in a group with group presentation
(X|R) is given by the length of the shortest expression w = x;...x, where x; € X UX 1 [44,
Section 1.1]. Taking this definition of length, the properties (1), (3) and (4) in Lemma
4.3.1 hold for a group with arbitrary presentation.

It is easy to see that (2) and (6) fail for the trivial group given by the presentation

(t|t = e). However, the property
") wi €XUX ' =1(wy) <1

holds for any group with group presentation (X |R). We can then apply (2*), (3) and (4)
to prove that (5) holds for a group with arbitrary presentation.

The proofs of (2) and (6) rely on the fact that the order of each generator is at least 2
and Proposition 4.2.11, respectively. Thus, by Remark 4.2.12, we have that Lemma 4.3.1
will hold for any group arising from a group presentation whose relations are all of even

length and whose generators are of order 2 (with (1), (3), (4) and (5) holding for every
group).

Definition 4.3.3. Let Q be a cluster quiver. For an expression w =t;,...t;, of w € Gg (not

necessarily reduced), we call the set {t;,,...,t; } the support of the expression.

4.4 Parabolic Subgroups

For a Coxeter group (W, S), a parabolic subgroup is a subgroup generated by the elements
of some subset I of § and such a group is denoted by W;. We consider such subgroups for
cluster groups, defined in an analogous way.

Definition 4.4.1. Let G; denote the subgroup of Gg generated by the elements of the
subset I of T. A (standard) parabolic subgroup of Gg is a subgroup of the form Gp for

somel CT.

Lemma 4.4.2. Let Q be a quiver of mutation-Dynkin type and consider the associated

cluster group Go. Foranyl € ., GiNT = 1.

Proof. Clearly, I C G;NT. Conversely, ift € T\Iandr € G, then T \ {¢} is a generating

set for Go, contradicting Remark 4.2.9. Thus G;N{ty,..,t,} =1I.
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We have seen, in Section 1.4, that the finite Coxeter groups have some useful proper-
ties. For example, Proposition 1.4.7 gives the existence of a unique coset representative
for a parabolic subgroup, Theorem 1.4.8 shows that each parabolic subgroup is a finite
Coxeter group in its own right and defines a lattice isomorphism between the set of sub-
sets of the defining generators and the collection of parabolic subgroups and Theorem
1.4.9 establishes the Exchange Lemma. In the next chapter, we begin to explore if cluster

group presentations possess properties comparable to those for finite Coxeter groups.



Chapter 5

Positive Companion Bases

5.1 Introduction

In this chapter, we will consider only the cluster groups associated to quivers of mutation-
Dynkin type with connected components Q1,...,Q, of types Ay, ,...,A,,, respectively,
where ny,...,n, € Z* and n = Y n;, with r > 1. First, let Q be a quiver of this type
with r = 1. In previous chapters, we saw that G is isomorphic to the finite Coxeter group
of type A, and so is isomorphic to the symmetric group, X, ;. We have also seen how
a triangulation, 7y, of an (n+ 3)-gon arises from Q and how the braid graph of Q, I'p,
is obtained from 7. Furthermore, these results can be extended to the case when r > 1.

These properties provide useful tools with which to study the associated cluster groups.

We recall from Section 1.4, that each finite Coxeter system, (W,S), can be viewed as
a finite reflection group of the real vector space V, with basis {a, ..., &, }, where the set
® = {w(y) : we W,1 <i<n} forms a root system of V. Moreover, each root, & € P,
can be written as a linear combination of the o; whose coefficients are either all positive
or all negative. This property is a useful resource for proving results about the finite
Coxeter groups. For example, Theorem 1.4.4 means that foreachw e W and 1 <i <n,
the positivity of w(a;) provides information concerning the length of ws;. Lemma 1.4.10
demonstrates how the set of positive roots turned negative by w € W can be established
from a reduced expression of w and is directly linked to the length of w. These roots can

also be used to determine whether a given expression of w is reduced or not.

In this chapter, we aim to build an analogous theory of roots for cluster groups of
mutation-Dynkin type A,,, ...,A,,. To begin, we will show that the braid graph, defined in

Section 2.4, defines an isomorphism between Gy and a Young subgroup of X, .

We will then prove that there exists a companion basis, C = {y;: 1 <i <n}, of Q such
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that, for all 1 <i# j <n, we have:

1, ifiand j are joined by an arrow in Q
(% 7)) =
0, ifiand j are not joined by an arrow in Q.
We call such a companion basis a positive companion basis of Q. We will show how a
positive companion basis, C, can be constructed explicitly from the braid graph of O and
that every root, @ € ®, can be written as a linear combination of the elements of C, where
the non-zero coefficients have absolute value 1 and alternate in sign.
Finally, motivated by Lemma 1.4.10, we will define the associated roots of a given

expression of w € G and explore what information these associated roots yield about the

set {w(7:) : w € Gg,1 <i <n} and the structure of Gg.

5.2 The Braid Graph Isomorphism

Let Q be a quiver of mutation-Dynkin type with connected components Qy, ..., Q, of types
Ay, ,...,Ap,, respectively, where ny,...,n, € ZT and n = X! n;, with r > 1. In Section 2.4,
we saw that the diagonals of the triangulation .7 are in bijection with the vertices of Q.
The braid graph, I'p, is obtained from .7 by taking a vertex for every triangle of 7
where an edge exists between two vertices if and only if the corresponding triangles share
a common diagonal in .7). It follows that the edges of the braid graph of Q are in bijection
with the diagonals of 7. We fix a labelling of I'p by the set {1,2,...,n+r} and denote
the endpoints of the edge, E;, of I'g corresponding to the vertex i of Q by x; and y;. Le.
E; = {xi,yi}.

By Theorem 4.2.8, we know that G¢ is isomorphic to the finite reflection group of
the same Dynkin type and so, by transitivity, G¢ is isomorphic to X, .. We will use the
above labelling of I'g to define a direct isomorphism between Gg and X, ;..

First, we will show that when r = 1, the braid graph defines an isomorphism between
Gp and X, 1. We will then extend this to the case when r > 1.

Given a tree, I', Proposition 3.2.6 gave a group presentation for X, the permutations
of the vertices of I. As I'p is a tree with vertex set {1,2,...,n+ 1}, Proposition 3.2.6

yields a presentation of ¥, which we will use to prove the following lemma.

Lemma 5.2.1. Let Q be a quiver of mutation-Dynkin type A, and consider the braid
graph, T'g. For each vertex i of Q, let x;,y; € {1,2,...,n+ 1} denote the endpoints of the
edge E; in g (so x; # y;). There exists an isomorphism

o - GQ — Zn+1,

g :tj— (xi,yi).
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Proof. By Proposition 3.2.6, there exists a group presentation of ¥, | with generating set
{(xi,yi) : {xi,yi} is an edge in I'p } subject to the relations (1) — (4). As these correspond
to the relations in the cluster presentation of G¢ (see Remark 3.2.8 and Remark 4.2.3) via
the bijection between the vertices of Q (and so the set of defining generators of Gp) and
the edges of the braid graph, it is clear that 7y is an isomorphism. [

Next, we consider the case when r > 1. Let P be the disjoint union of Py, ..., P., where
each P; is a convex (n; + 3)-gon for each 1 <i < r. As previously discussed, there exists
a triangulation .7; of P; giving rise to Q; for each 1 <i <r. Let .7 be the collection of
these triangulations. Thus .7 will be a triangulation of P giving rise to Q. It follows that
I'p will be the graph that is the disjoint union of I'g , ....,I'g,. Note that I'p will contain
n edges and n + r vertices, each with valency 1, 2 or 3 (as the only cycles occurring in
quivers of mutation-Dynkin type A, are 3-cycles).

For each 1 <i < r, choose any labelling of the vertices of I'p, by the set N; =
{(Zin)) +i,, (T nj) + i}, taking Ny = {1,2,...,ny + 1}

Consequently, the vertex sets of the connected components of I'p define the parts

of a set partition, pg = |—|§':1Nja of the set {1,...,n+r}. We show that there exists an

isomorphism between G¢ and the Young subgroup corresponding to pg.

Lemma 5.2.2. Let Q be a quiver of mutation-Dynkin type A,, ... UA,, and consider the
braid graph of Q, I'g =T'g, U...UT'g,. For each 1 <i <, choose any labelling of the
vertices of T, by the set N; = {(Z;;llnj) +iyenny (Eé-zlnj) +i}, taking Ny = {1,2,...,n1 +
1}. Take the set partition pg = U;_N; of {1,....,n+r} and, for each vertex i of Q, let
xi,yi € {1,2,...,n+r} denote the endpoints of the edge E; in T'g (so x; # y;). There exists

an isomorphism
7o : Go — Y (po),
7ot ti — (xi,)i).
Proof. By Lemma 4.2.5, we have that
Go = Gg, X ... xGy,.

By Lemma 5.2.1, for each 1 < j <r and any labelling of I'g; by {1,...,n; + 1}, there
exists an isomorphism

7'L'Qj : GQj — an—i-la

T, ti — (Xi,)1),
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where x; and y} are the endpoints of E;, for some distinct x,y} € {1,...,n;+ 1}. Let p; :
Yy,+1 — Xy, be a relabelling of I'g; to the induced labelling by I'g. So the following
map is an isomorphism:

pjomg; : Gg, — En;,

pjoTng; ti— (xi,51),
where x;,y; € Nj C {1,2,...,n+r} are the endpoints of E; in the chosen labelling of I'¢.
So we can define an isomorphism

o - GQI X ..o X GQr —)ZNI X ..o X ZNr

by ﬂ!GQj =pjomgy,, foreach 1 <j<r.
Noting that Ggp = Gg, X ... X Gg, and Y (pg) = Ln, X ... X Ly,, we have obtained the

desired isomorphism.

]
Example 5.2.3. Let Q be the quiver
1 /2\ 3 4 5 «—6
So Q is a quiver of mutation- Dynkin type A4 LI A, with braid graph:
FQ: L T — ]

Let us take the following labelling of I'¢ by the set {1,2,3,4,5,6,7,8}.

13 7] 15 te

gy
3 4 5 6 7 8
5]
2

FQI

With respect to this labelling, pp = {{1,2,3,4,5},{6,7,8}} and 7y is the isomor-

phism:
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7o :Go — Y (po),
mp it — (1,3),
mp it — (2,3),
T itz — (3,4),
mp ta — (4,5),
mp its — (6,7),

mp te — (7,8).

5.3 Positive Companion Bases

As described in Section 1.4, a finite Coxeter system, (W,S), can be viewed as a finite
reflection group on the vector space, V, over R with basis IT= {¢; : 1 <i < n} together
with a bilinear form. In particular, the set ® = {w(e;) : w € W, 1 <i < n} forms a root
system in V in which every root can be written as a linear combination of the elements
in I, where all the coefficients are either all positive or all negative. This property of &
makes it a useful tool for studying the finite Coxeter groups.

Suppose that Q is mutation-equivalent to an orientation, X of the simply-laced Dynkin

diagram, A. By Lemma 4.2.7, there exists an isomorphism
O GQ — W,

where W is the finite Coxeter group of type A. Under this isomorphism, the defining
generators of Gg are mapped to elements of the set of reflections, {wswl:weW,s; €
S}, of the Coxeter system (W, S). This means we can study how the elements of G act
on V. However, for each 1 < i < n, the reflection ¢(;) is defined according to the finite
sequence of mutations transforming Q into X and, in general, we do not know the exact
sequence of mutations. This motivates us to make a change of basis for V that will allow
us to more easily examine how Gg acts on V, rather than via the isomorphism ¢. In
particular, we would like to find a companion basis for Q.

In Section 2.5 we recalled the definition of a companion basis for Q and that, by The-
orem 2.5.2, a companion basis exists for any quiver of mutation-Dynkin type. Moreover,
Theorem 2.5.2 provides a method of obtaining a companion basis for Q from II, via the

. .
sequence of mutations taking A to Q.
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Given a companion basis C = {7y : 1 <i <n} of Q, we define the set:
P ={w(y):we Gp,1 <i<n}.

By definition, C C ®. So for each 1 < i < n, there exist w; € W and 1 < j < n such
that % = w;(a;). Note that w;(a;) = ¢! (w;)(e;) for all w; € W and 1 < j < n. Thus,
for any w € Gg, w(¥%) = w(@ 1 (wi)(aj)) = @(w)wi(a;) € P, meaning ¢ C P for any
companion basis C of Q. Therefore, we will still refer to the elements of ®¢ as roots and
we will call the elements of C the simple roots of the cluster group Gg.

Recall from Section 2.5 that each root Y € ®¢ can be written as a unique linear com-
bination of the form y =}, ¢;¥;, for some ¢; € Z. In order to restrict the possible values
of a given c¢;, we look to find a companion basis for Q which always yields a non-negative

value when taking the inner product of any two of its elements.

Definition 5.3.1. Let Q be a quiver of mutation-Dynkin type with companion basis C =
{vi: 1 <i<n}. IfCis such that, for all 1 <i# j <n, we have (¥;,7j) > 0 then we call

C a positive companion basis of Q.

In this section, we will prove the existence of a positive companion basis of Q, in the
case when Q is a quiver of mutation-Dynkin type A,, L...LUA,,, for some n; € Z* where
n=X;_n;. We will give a method for obtaining such a basis from the braid graph of Q

and examine the linear combinations of the roots in ®.

Let Q be a quiver of mutation-Dynkin type A, U...LUA, , for some n; € Z" where
n=XI_n;. As quivers of mutation-Dynkin type A,, LI...LJA,, are simply laced, given a

companion basis C = {¥; : 1 <i<n} of Q we remark that, for all 1 <i=# j <n, we have

1, ifiand j are joined by an arrow in Q
(s ¥l =

0, 1ifiand j are not joined by an arrow in Q.
By Corollary 2.5.9, any root y € ®¢ can be written as a unique linear combination of the

form y=Y" , ¢;%, for some ¢; € {—1,0,1}.

Lemma 5.3.2. [2, Proposition 1.4] Let Q be a mutation-Dynkin quiver with companion

basis C = {v;: 1 <i<n}. For every chordless, oriented cycle
i1 — i) — i3 —> ... —> i — 1

in Q, the following holds:

m

H ’ylj’/ylﬂrl modm) < 0
j=1
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Remark 5.3.3. As Q is of mutation-Dynkin type A,, LI...LIA,, , by Lemma 2.4.8, every
oriented cycle in Q is a 3-cycle. By Lemma 5.3.2, for any companion basis C = {y;: 1 <

i <n} of Q and every 3-cycle
i1 — i — i3 —> 1

in Q, either (%;,7%,) = 1 for all pairs (j,k), with 1 < j,k <3 and j# k or (¥%;,%,) =1

holds for exactly one pair, with the remaining two inner products equal to —1.

Proposition 5.3.4. If Q is a quiver of mutation-Dynkin type A, Ul...UA, , where n =

Y |nj, then there exists a positive companion basis of Q.

Proof. By Theorem 2.5.2, there exists some companion basis C={y;: 1 <i<n} C P of
Q. Moreover, as Q is of mutation-Dynkin type A,, Ul...UA,, , C is such that, for all i # j,
we have

+1 ifiand j are joined by an arrow in Q,
(%, %) =

0 if i and j are not joined by an arrow in Q.

We will use C to construct a new companion basis of Q, C= {7;:1 <i < n}, such that,

for all i # j, we have

o 1 ifiand j are joined by an arrow in Q,
(% Yj) =
0 if i and j are not joined by an arrow in Q.

To begin, we label each edge in the underlying graph of Q, with respect to the com-

panion basis C, as follows:
For an edge with endpoints i and j, label the edge with “+ " if (%,7;) = 1
and “—"if (y,7)) = —L.

If all edges are labelled “+-”, then C is a positive companion basis. So we assume that
there exists an edge with endpoints i and j labelled by “ — . It follows i and j lie in the
same connected component, Q;, of Q and that (;,7;) = —1.

Using the possible local configurations identified in Section 2.4, and taking into ac-
count Remark 5.3.3, we consider the local configuration of i in the underlying graph of

Q; with this labelling.

(1) If i has valency 1 then the local configuration at i must be:
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—J

(2) If i has valency 2 then the local configuration at i must be one of the following:

(a) J—i—k b) Jj—i—k
. i
O i Zi=r @ ik

(3) If i has valency 3 then the local configuration at i must be one of the following:

+ -

(@) J—= z—/k}kz ) ik =k
+ -

() J—= iﬁq\sz (d) ki — i_/j\+k2

(e) lel‘_/J?kZ (f) ki —i—J]—k
+

(g) klji_/j\sz

(4) If i has valency 4 then the local configuration at i must be one of the following:

+ - - -
(a) klf/j\_ij/lzz\fh (b) klj/j\_ij/lzz\flﬁ
+ - - -
(c) klf/j\fi_//;z\:h (d) klj/j\_i_/lzz\:h
+ + - +
@ Wi =iThok () ko) =it kok
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By Lemma 2.5.3, we can replace any 7; € C with —7; and obtain a companion basis of

In the cases of (1),(2b),(2d),(3b),(3d) or (4d), replace ¥ with ¥/ = —7; to obtain a
new companion basis C’.
In the cases of (2a), (2¢), (3a), (3g) or (4e), replace y; with ; = —7; to obtain a new

companion basis C’.

In the cases of (3c¢), (3f) or (4f), replace ¥; and %, with ¥; = —y; and ¥, = —%, to
obtain a new companion basis C’.
In the cases of (4a), replace y; and J, with ’)/J = —%; and )/,23 = —%, to obtain a new

companion basis C’.

In the case of (3e) or (4c), replace ¥ and ¥, with ¥/ = —¥ and 3, = —¥, to obtain a
new companion basis C'.

In the case of (4b), replace ¥; and ¥, with ¥/ = —7% and }{Q = —%, to obtain a new
companion basis C’.

For all other elements of C', take ¥, = ¥,, defining a new companion basis C' = {, :
1 < g <n} such that (y/,79,) > 0 forall g #i.

Now, assuming that we are able to, pick a vertex i’ of Q; such that:
(%) i’ is incident to i and there exists some ¢ 7 i’ such that (¥),7,) < 0.

Note that ¢ cannot lie in the local configuration of i as otherwise (y),%) > 0 by our
previous step. We consider the local configuration of . It cannot be that i’ has valency 1

as it is incident to both i and ¢, for i # g.
(1) If i has valency 2:

ki —i —i

(2) If I has valency 3:

+

RS
I R
ki — i +z+k2

(3) If I has valency 4:
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(a) le/kZ\Tl./@]M or (b) ki _ky—i ks ks

In the cases of (1),(2), replace y with 3/ = —7,, to obtain a new companion basis
c’.
In the case of (3a) , replace ¥, with 7} = —¥_ to obtain a new companion basis C".

In the cases of (3b), replace y with 3 = —y, and ¥, with 3| = —%,_ to obtain a

new companion basis C”.

For all other elements of C”, take ¥, = ¥,, defining a new companion basis C" = {1’ :
1 < g < n} such that, in the labelling of the underlying graph of Q with respect to C”,

every edge with an endpoint equal to either i or i’ is labelled by “+ .

Repeat this process for every vertex incident to i that satisfies the condition (x). This
will yield a companion basis such that, in the labelling of the underlying graph of Q with
respect to this companion basis, every edge with an endpoint equal to either i or any 7/
incident to i is labelled by “ 4. Once this is complete, or if there is no vertex incident to
i satisfying the condition (x), repeat the process above for every vertex lying in the local

configuration of each i’ incident to i, and so on.

As ny is finite, eventually we will obtain a companion basis C such that in the labelling
of the underlying graph of Q with respect to C, every edge in the connected component
Q; is labelled by “+ . After repeating this process for each connected component of Q,

we obtain the required companion basis. O

Remark 5.3.5. Proposition 5.3.4 can also be proved using existing results of [2], [42] and

[48] as outlined below.

By Theorem 2.5.2, there exists a companion basis, C = {71,..., %}, of Q. Let A = (a;)
be the matrix given by a;; = (¥,7;) foreach 1 <i, j <n. Then A is a positive quasi-Cartan
companion of B(Q) [42, Definition 3.2]. Moreover, (according to the the definition of
an admissible quasi-Cartan companion given in [48, Section 1]) A is admissible, by [2,

Proposition 1.4].
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Next, let A" = (a;;) be the matrix given by

/

2 ifi=j,

a;j =41 ifiisconnectedto jin Q,

\0 if i is not connected to j in Q.

As Q is simply-laced, A’ will be a quasi-Cartan companion of B(Q). Moreover, as the
only oriented cycles in quivers of mutation-Dynkin type A,, are 3-cycles (Lemma 2.4.8),
for every oriented cycle in Q there will be an odd number of edges {7, j} such that a/ ;>0.
Le. A" is admissible.

By [48, Theorem 1.4], A’ can be obtained from A by a sequence of simultaneous sign
changes in rows and columns. This defines a corresponding sequence of sign changes to
elements in C (where a sign change in the i’ row and column corresponds to replacing ¥;
by —7:), giving a set C' = {7,,...,7,}. By Lemma 2.5.3, C’ will be a companion basis of
Q. Moreover, d, = (7, }/J) for each 1 <i,j < n. Thus, C’ is a positive companion basis
of 0.

The proof of Proposition 5.3.4 describes the sequence of sign changes in C that give

C’, according to the configuration of the quiver.

From here onwards, take C to be a positive companion basis of Q.

Remark 5.3.6. We cannot define ‘positive’ and ‘negative’ roots with respect to C, as we
can for the simple system I1. This is because the linear expansion of a root Y € ®¢ does
not necessarily have all positive or all negative coefficients, as shown in the following

counter-example.

Example 5.3.7. Take Q to be the following quiver of mutation-Dynkin type A4:

Taking C = {¥;: 1 <i <4} tobe a positive companion basis of Q, we have 71 () = — 7.

Note that as & C P, each y € ¢ can be written as a linear combination of the
elements of the simple system II, so will still be positive or negative in the conventional

sense.
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Lemma 5.3.8. Let Q be a quiver of mutation-Dynkin type A, U...UA, , where n =X]_ n;,
with positive companion basis C = {y; : 1 <i < n}. Then each y € ¢ can be written in
the form

Y=Y =Y T Yo =TV

where ig, i1, ...,1y is the unique shortest unoriented path in Q between iy and i,,.

Proof. By Proposition 2.5.6 and Proposition 2.5.8, each y € d¢ can be written in the

following way:

m k
Y=Y+ Z(_l)k (H(%/>%/1)> Yies

k=1 =1
where ig, iy, ..., 1s the unique shortest unoriented path in Q between iy and i,,. As Cis a

positive companion basis of Q, and Q is a quiver of mutation-Dynkin type A,, UI...LA,,,

it follows that, for each 1 <k <m, (y;,,%,_,) = 1 forall 1 <[/ <k. So,

y:%o_%1 +%2_"'i%m'
[

Remark 5.3.9. Note that, for w € Gg and 1 <i < n, we still have the property that for any
Y € ®¢, the reflection Sw(y) is equal to the element wtw™ ! e Go. This can be calculated
directly, as for the Coxeter case in [33, Section 5.7], by considering wt,-w_1 (1) for some

AevV.

Next, we show that when Q is a quiver of mutation-Dynkin type A,, U... LA, , we can
explicitly obtain a positive companion basis for Q directly from the braid graph of Q.

Take V = R"*" with basis {e1,...,e,+,}. We have seen in earlier chapters that the set
b =7, U...UP,, where

Oy ={ei—e; T m+k<i#j<Er m+k}

(taking @1 = {e; —ej: 1 <i# j<nj +1})is aroot system in V of type A, U...UA,,
and has simple system IT = IT; LI... UII, where

II, = {OCL' =e—ejq] :le:l]nk+k§ i< Zé;lnk—i—(k— 1)}

(taking IT; = {e; — ;11 : 1 <i<n;}). To explicitly construct a positive companion basis

C C @ of Q from the braid graph of O, we need to establish the following.

Definition 5.3.10. [, Section 1.2] Let ? be an oriented graph. For a vertex, v, of ?

the in-degree of v, denoted by deg™ (v), is the number of arrows in ? whose head is v.
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Similarly, the out-degree of v, denoted by deg™ (v), is the number of arrows in ? whose

tail is v. If deg~ (v) = 0, v is called a source and if deg™ (v) = 0, v is called a sink.

Lemma 5.3.11. Foranyn € N, n > 2, every tree, I, on n vertices has an orientation, ?,

such that every vertex is either a source or a sink.

Proof. We proceed by induction on n. If " is a connected tree on two vertices, v and v/,
joined by an edge E, choose an orientation of I such that E has tail v/ and head v. So V' is
a source and v is a sink in this orientation.

Suppose I' is a tree on k € N vertices and that every tree on fewer vertices has an
orientation in which every vertex is either a source or a sink.

By [51, Corollary 4.3], as I is a tree it contains a vertex, v, of degree one.

Consider the subgraph, I, of I" obtained by deleting the vertex v and the adjacent
edge. By induction, this subgraph has an orientation, F’>, in which every vertex is either a
source or a sink.

As v is of degree one, there is a unique vertex v/ of I" such that v and V' are joined by
an edge, E. We take ? to be the orientation induced by F/) together with the following
orientation of E. If V' is a source in F’>, orientate E with tail v/ and head v. So V' is a source
and v is a sink in ? If v is a sink in F/>, orientate £ with head v/ and tail v. So V' is a sink
and v is a source in ? Thus ? is such that every vertex is either a source or a sink.

O]

Let I'g be the braid graph of Q with some fixed labelling of the vertices by {1,...,n+
r}. As T'g is a disjoint union of connected trees, by Lemma 5.3.11, we can choose an
orientation, ?Q, of I'p such that every vertex is either a sink or a source. By construction,
the arrows of ?Q are in bijection with the vertices of Q. Let E; = (x;,y;) be the arrow
of ﬁQ corresponding to the vertex i of Q, where x; € {1,...,n+r} is the tail of E; and
vi € {1,...,n+r} is the head of E;. The following lemma describes how to obtain a
positive companion basis, C = {y; : 1 <i < n}, for Q, where each 7; is defined by the
endpoints of the arrow E; in ?Q.

Lemma 5.3.12. Let Q be a quiver of mutation-Dynkin type A, U...LUA,,, where n =
Y \n;, and let ?Q be an orientation of the braid graph of Q with a fixed labelling of the
vertices by the set {1,....n+r} such that every vertex is either a sink or a source. Let

E; = (x;,yi) be the arrow in ?Q corresponding to the vertex i of Q, where x; is the tail of
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E; and y; is the head of E;. Then
C={yi=e,—e,:1<i<n}
is a positive companion basis of Q.

Proof. For C = {y;=ey, —e,, : 1 <i<n} tobe a positive companion basis of 0, we need

to show that C satisfies three conditions:
(1) CC .
(2) Forall 1 <i## j<n,

1 if i and j are joined by an arrow in Q,
(% 7)) =

0 ifiand j are not joined by an arrow in Q.
(3) Cis a Z-basis for ZP.

Take 1 <i < n and consider the arrow E; = (x;,y;) in ?Q. As x; and y; are joined by an
arrow, they lie in the same connected component, ?’é, of ?Q. Thus x;,y; € {Zé:ll n;+
k,..., Z;‘Zl nj+k}. So £(ey, —ey,) € P C P, meaning y; € P forall 1 <i<n. Socondition
(1) is met.

Suppose 1 < i # j < n are connected by an arrow in Q. By construction, the arrows
in Q are in bijection with the vertices of ?Q. Let v be the vertex in I'g corresponding to
the arrow joining i and j in Q. Then v is either a sink or a source in ?Q. Supposing v is a
sink, then E; = (v;,v) and E; = (v;,v) where v, v;,v; are pairwise distinct vertices of ?Q.
Thus % = ey, —e, and ¥; = e,; — e, and so (%, ;) = 1.

Supposing v is a source, then E; = (v,v;) and E; = (v,v;). Thus ¥, = e, —e,, and
Yj =ev—ey; andso (¥, ) = 1.

Suppose 1 < i = j < n are not connected by an arrow in Q. Then the edges E; and
E; share no common vertex and so ¥; = e,, —e,, and ¥; = ey, — ey, for pairwise distinct
vertices v, u;,vj,uj. So (%,7;) = 0. So condition (2) is met.

As |C| = n, to show that C is a Z-basis for Z® we only need to show that C spans Z®.
That is, every element of ® can be written as a linear combination of elements in C with
integer coefficients.

For ease of notation, suppose that » = 1. For any w € W and 1 <i <n, w(o;) =

€s(w)(i) — €o(w)(i+1), DY Remark 3.2.2.
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So o(w)(i) = xp and o(w)(i+ 1) = x,, for some distinct xo,x,, € {1,...,n+ 1}. So xo
and x,, are vertices in the braid graph of Q and there exists a unique shortest path between
them. Suppose this path is given by the sequence of vertices xp,X1,X2,...X—1,Xn. For
each 0 </ <m— 1, denote the edge {x;,x;11} inTp by Ej,.

Assuming the vertex x is a source in the oriented graph ?Q, we have

Yio = €xo — €x
Yii = €x, —éx

Yi» = €x; — €x;

ex, | — €x,, ifmisodd
'yjmfl =

ex, —ex, ,,» ifmiseven

Then

w(0y) = ex, — ey, = (ex, —ex,) — (ex; —ex,) +... £ (ex, , —ex,,)

:'}/jo_7j1+7/j2_"'i'}/jm—1'

If the vertex xo is a sink in the oriented graph ?Q, then w(og) = =%, + 7, — ¥, +

...x7j,,- Thus C spans Z®. ]

Remark 5.3.13. As Cis a companion basis we have that C C ® and so ®¢ C ®. Moreover,

as tj, ,--1j, (}/jo) =Y =Y + Y — £, (and —1; .1}, (%’0) = YotV — Vit
... %j,,), the proof of Lemma 5.3.12 demonstrates that ®¢ = P.

5.4 Associated Roots

Let w be an element of the finite Coxeter system (W,S). In Section 1.4 we defined a set
of roots {B;: 1 < j <r} associated to a given expression w = s;,...s;,, where f8;, = ¢o;, and
B = SiySiy_y++Sijy (a,-j) foreach 1 < j <r—1. Lemma 1.4.10 showed how these roots
provide an insight into the given expression of w € W. For instance, the expression is
reduced if and only if B; # B for all 1 < j,k < r. Moreover, [(w) = |{B;: 1 < j <r}|.
In particular, it can be shown that this set of roots is precisely the set of positive roots, o,
such that w(a) is negative. It follows that the set {f; : 1 < j < r} remains the same no

matter which expression we take forw € W.
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In this section we will use the positive companion basis established in the previous
section to define a similar set of roots associated to an expression of an element, w, of a
cluster group of mutation-Dynkin type A, LI...LIA, . We will show that the set of these
roots can vary depending on the expression of w and that if a given expression is reduced,
then the associated roots will be distinct. However, we will provide a counterexample to

demonstrate that the converse of this statement is not true.

Definition 5.4.1. Let Q be a quiver of mutation-Dynkin type A,, U...UA, with the positive
companion basis, C = {y; = ey, —ey 1 <i< n}, shown to exist in Lemma 5.3.12. For

w € Gy, the roots associated to the expression w = t;,...t; are the roots

B; = titi,_, elijg (%-")’
foreach 1 < j <k, where B; =. We denote the set {:Bij S TSk E P by Dl 4y

In general, the associated roots will vary over the expressions for w, as shown in the

following example.

Example 5.4.2. Take Q to be the following quiver of mutation-Dynkin type Ay:

As t% = e and 113ty = t113111, by the cycle relation, we have that:
13 =t It 13lly = 111 I3t 1) = 131011 1).

However, taking t1t,t1t3 we have

Bi=nun(n)=r—-"n
B=tt1(n)=r-mn
Bs=ts(n)=r-n
Bs=1

So @(tirtit3) ={B—1, =1, 3— N, ¥}, while ®(130112) = {2, "1 = V2, =", 15 }-

Proposition 5.4.3. Let Q be a quiver of mutation-Dynkin type A, U ...UA, and take

w € Gg. If w=t;,..t;,_is a reduced expression, then |®(t;,...t; )| = k.
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Proof. Suppose w = t;,...t;, is a reduced expression of w € Gg. If |®(t;,...t; )| # k then
ﬁij = f3;, for some j # [. Without loss of generality, we can assume that j < /. By defini-
tion, this means #;,t;,_,...ti, | (%) = titiy_-tipy (v;;) which implies ¥, =t;,..t;;,, (7%:;)-

By Remark 5.3.9, we have t;, = (t,...t;; )i (ti)-- ti )1, giving tiitisey oty = tipy-tip:
Thus
ety = iyt (Lo iy i = By i Byt
contradicting that ;, ...t; was a reduced expression. O

To show that the converse of Proposition 5.4.3 is not true, we provide the following

counterexample.

Example 5.4.4. Take Q to be the following quiver of mutation-Dynkin type A4:

Consider the roots associated to the following reduced expression w = tf,t1#3¢t;. This is
not a reduced expression, as we saw in Example 5.4.2 that t,#,t,13 = t312t1t, and so (using
that 1 t1t, = t11t] and tlz = e) we have w = 1t 13t = B3t 11t = 131112111 = t3t11p, SO
l(w) < 3. However, CD(lltzl‘ll}tl) = {’)/1,}/3 —-MN, =Y, — ’}’2}, SO |q><t1l2t1t3l1)| =5>
3>1(w).

Let w € Gg and take any expression w = f;, ...t; . We define the transposition

0 = (Tt tiy_,) (1)), Mgty i) (v7))-

By Remark 3.2.2, we have that f3; = €r;(x,) — €1y As shown in the following
j .

)’ij)'
proposition, the product of these transpositions over 1 < j < k yields the permutation

mto(t;, .-t ). This result is analogous to [4, Section 1.3].
Proposition 5.4.5. 7wy (t;,...t; ) = T...T1.

Proof. We proceed by induction on k. For ease, we will denote 7y by 7. If k = 1 then
n(ti,) = (xi,¥i, ), so w(t;,) = (xi,,yi,) = 1.

Now suppose k > 1 and that the statement is true for all expressions of shorter length.
Consider w' = wit;, =t;,..t;,_, =1t 1y, where K'=k—1andi;=ijforeach 1 <j<K.

To distinguish between the expressions, for 1 < j <k —1 let

T} = (n(ti;(,"'ti_’ifl)(xij)an(ti;(,-"ti;;l)(yij)) = (n-(tikfl'“tij—l)('xij)7n(tikfl"'tij—l)(yl.j))
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and, foreach 1 < j <k,

T = (ﬂ(fikmtij,l)(xij)? n(tik“'tijfl)(yij))’

. /
Comparing 7; and 7;, we have

Tj = (A(titi; ) (xi;), (i ti ) (Vi)
= (n(ty)m(ty_,tiy ) (%), m(ti )7ty ti ) (Vi)
= ((Xi Vi) iy otiy ) (X)) (K Vi )ty -t ) (Vi)
— (i i) (i )60, T (8ot ) ))) (R vi)

= n(”k)fj'n(tik)

By induction,

n(til "'tik—l) - T]i_] T{

Thus, noting that 7 = (x;,,y;,) = 7(t;,), we have

TTho1.-T1 = Gl Tp_y- T T (83,) = e (ti) Tty . t;,_ ) T(23,)
2
=nt,)nt,)w(t,..t;,_ )7w(ty) = n(tik)n(til...tikiltik)

= 775(1‘,‘1 "'tik—ltik)'

So by the principle of mathematical induction, the statement holds for expressions of any
length.
[

Remark 5.4.6. An alternative proof for Proposition 5.4.5, using an argument analogous to
[4, Section 1.3] in the Coxeter case, can be given as follows. Given an expression ¢, ...1;,,

1 .
define t} =wjt;;w; , wherew;=t;,...t;; , foreach I < j<k. Thust;...t;, = t{ktlfk_l .1, and

t/

SO ﬂQ(til...tik) = 7'L'Q(t/ t! i

il -ti) = mo(t )mo(t; | )...mo(t],). Forany 1 < j <k, we have

that TCQ(ti/j) = EQ(thijW;]) = EQ(WJ'Xxijvyij)”Q(W;l) = (ﬂQ(Wj)(xij)7EQ(Wj)(yij>) =

7;. Thus Proposition 5.4.5 follows.

Example 5.4.7. Let Q be the quiver
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So Q is a quiver of mutation-Dynkin type A4. Let us take the following labelling of I'p
by the set {1,2,3,4,5}.

FQI

So there exists a group isomorphism

:Go — Y(po),
it — (1,3),
T — (2,3),
73— (3,4),
Tty — (4,5),

Take w =t 1trt113 € GQ. Then 7'L'(W) = (1,3)(2,3)(1,3)(3,4) = (1,2)(3,4).

Moreover,

71 = (m(t31102) (1), w(131112) (3)) = (4,2)
7 = (w(1311)(2), ®(1311)(3)) = (1,2)

73 = (7(13)(1), 7(13)(3)) = (1,4)

7y = (3,4)

So 1Ty = (4,2)(1,2)(1,4)(3,4) = (1,2)(3,4) = m(w).
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Chapter 6

A Lattice Isomorphism Theorem

6.1 Introduction

Suppose Q is a quiver of mutation-Dynkin type with connected components Qy, ..., Q, of
types Ay, , ...,Ay,, respectively, where ny,...,n, € Z* and n = XI_n;.

Let .# denote the set of subsets of the generating set, T, of Gp. Given a cluster quiver
Q and I € .#, we use Gy to denote the subgroup of the cluster group Go generated by /
and we call any subgroup of G obtained in this way a (standard) parabolic subgroup. In
this chapter, we will prove two main results about parabolic subgroups of cluster groups

of mutation-Dynkin type A,, U...UA,, . In the first section, we will prove the following.

Theorem. (Theorem 6.2.9) Suppose Q is a quiver of mutation-Dynkin type with connected
components of mutation-Dynkin type A and consider the associated cluster group Gg =

(T|R). There exists a lattice isomorphism

b7 9,

d:1— Gy,

where .7 is the collection of subsets of the set of defining generators T and 9 denotes
the collection of all the parabolic subgroups of Gg (i.e. subgroups generated by a subset

1CT)

In the case when the quiver is an oriented simply-laced Dynkin diagram, A, the associ-
ated cluster group presentation is precisely the Coxeter presentation of type A. By [3] and
[28, Lemma 2.5], the cluster group presentations associated to mutation-Dynkin quivers
give groups which are isomorphic to finite reflection groups and thus are finite Coxeter

groups. Alternatively, as shown in Lemma 4.2.7, this can also be shown directly by a

77
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simple extension of [28, Proposition 2.9]. Under this isomorphism, the defining genera-
tors of G are mapped to elements of the set of reflections, {wsiw™l 1w e W,,s; € S}, of
the Coxeter system (Wjy,S). Thus for any I C T, the parabolic subgroup Gy is isomorphic
to a reflection subgroup of Wj. Reflection subgroups of Coxeter groups are themselves
Coxeter groups [15].

Each finite Coxeter group has an associated root system and conversely each root
system defines a Coxeter group (see [33]). Suppose A is a Dynkin diagram of type A, and
W, is the corresponding Coxeter group with root system ®. For any reflection subgroup
W' of Wy, the subset

Y={o:s5q€W}CD

is a subsystem of ® and W' is the Coxeter group defined by ¥ [16]. By [16, Corollary
1], the Dynkin diagram of ¥ will be of type A,/ for some n’ < n. Thus W’ will be of type
A,y. It follows that, when Q is of mutation-Dynkin type A,, each parabolic subgroup of
G is isomorphic to a cluster group associated to a quiver of type A,, for some n’ < n.
In fact, our second main result shows that each parabolic subgroup has a cluster group
presentation given by restricting the presentation of the whole group.

Given any I C T, let Oy denote the full subquiver of Q on the vertices corresponding
to the elements of /. To distinguish between the defining generators of Gg and Gg,, we

label the generators of the cluster presentation of Gy, by ¢/, for each 1; € I.

Theorem. (Theorem 6.3.1) Suppose Q is a quiver of mutation-Dynkin type with connected
components of mutation-Dynkin type A and consider the associated cluster group Gg =

(T|R). For any I C T, there exists an isomorphism

GQ, — G[,

1 — t,

where Gy denotes the subgroup of Gg generated by I and G, is the cluster group asso-
ciated to Qyj, the full subquiver of Q on the vertices corresponding to the elements of I,

where the generators of the cluster presentation of Gg, are labelled by t], for each t; € I.

This theorem is our second main result of this chapter, and will be proved in the second
section.

There are many well-established results for Coxeter presentations and, as previously
discussed, we are interested in whether cluster groups possess properties comparable to
those of Coxeter groups. Theorem 6.2.9 is analogous to the following theorem for Coxeter

groups.
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Theorem 6.1.1. [33, Theorem 5.5(c)] Let (W,S) be a Coxeter system. The assignment
I — Wy defines a lattice isomorphism between the collection of subsets of S and the col-

lection of parabolic subgroups Wy of W.

Similarly, analogously to our second main result, any parabolic subgroup of a Coxeter

group has a Coxeter presentation [33, Theorem 5.5(a)].

6.2 A Lattice Isomorphism Theorem

In [33], the proof of Theorem 6.1.1 examines how an element of the finite Coxeter group
acts on the corresponding root system. We approach the problem of proving an analogous
lattice isomorphism theorem for cluster groups of mutation-Dynkin type A, U... LA, in
a different way. Our method will require the definitions and results of set partitions and

Young subgroups provided in Chapter 3.

Suppose Q is a quiver of mutation-Dynkin type with connected components Qy, ..., O,
of types Ay, ...,Ay,, respectively, where ny,...,n, € Z* and n = X/_ n;. Take 7 to be a
triangulation of the disjoint union of (n; 4+ 3)-gons giving rise to Q and consider the braid
graph, I'p, of Q. Fix a labelling of I' by the set {1,...,n+r}. By construction, there is a
bijection between the set of generators of Gg and the set of edges of I'g and recall that E;
represents the edge in I'g corresponding to the vertex i of Q for each 1 <i < n. Moreover,
from the chosen labelling of the braid graph, we obtain a set partition p of {1,....,n+r}
by taking the parts of p to be the vertex sets of the connected components of I'g. Suppose
E; has endpoints x;,y; € {1,2,...,n+r} (with x; # y;). Then, by Lemma 5.2.2, there exists

an isomorphism

mo:Go —Y(p),

g 1 li— (x,',y,').

Thus, as shown in Lemma 4.2.10, the edges of the braid graph are in bijection with the
defining generators of Gp. Moreover, t; # t; for any distinct vertices i and j of Q. That is,

there is a bijection between the vertices of Q and the defining generators of Gg.

Let .# be the power set of T = {t1,...,1,}. This is a lattice under inclusion. Moreover,
let ¢ be the set of subgroups of G¢ (so ¥ is a lattice under inclusion) and let G = {G;:
le 7}, ie. < is the collection of parabolic subgroups of Go. Let & be the collection
of set partitions of {1,...,n+r} and ¢ the set of Young subgroups of X, ;,. By Example
3.3.2, & is a lattice under the refinement ordering. By Proposition 3.3.7, the set % is a
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lattice under inclusion and there exists a lattice isomorphism

yv: L —Y,
yvipr—Y(p).

Definition 6.2.1. Given I € .% we obtain a set partition p; € & in the following way.
Let I'; be the graph obtained from T'g by deleting all edges E; such that t; ¢ I. As Tp
is a connected tree, I'; will consist of some connected components, 1"},1"%, ...,F’I‘, each of
which is a full subgraph of I'g. We define p; = I_Ilj‘.:1 oj where o is the vertex set of the

connected component I'}.

Let Z ={p;:1c.}and ¥ = {Y(p):p € Z}. In this section, we will show that

there exists a lattice isomorphism:

¢ JLem627@’

o:1—Y(pr).

To do this, we will show there exists an order isomorphism:

Lem 6.2.2
—

¢1:j ’@7

01 :1— py

and prove that 2 is a sublattice of 22 under the refinement ordering. Thus, by Proposition
3.3.5, ¢; will be a lattice isomorphism. We will further show that % is a sublattice
of % under inclusion and use Proposition 3.3.7 to show the following map is a lattice

isomorphism.

Lem626
209y

Y

¢
¢ pr—> Y (pr).

By composing ¢; and ¢, we obtain the desired lattice isomorphism between .# and % .

This approach is summarised in the following diagram.

Lem 6.2.7

W\

7 Lem622 33 Lem626 >@~

Lem 6.2.3 & Cor 6.2.4 Lem 6.2.5

Prop 3.3.7
—y &y
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Finally, we will show that, for each I € .#, the parabolic subgroup Gy is isomorphic to
the Young subgroup Y (p;) and use this to prove that a lattice isomorphism exists between
7 and 9.

Lemma 6.2.2. There exists an order-isomorphism.

(]512%—)@,

¢1:Ir—)p1.

Proof. To show that ¢; is an order isomorphism, we must show that for any /,J € .7,
I C Jif and only if p; < pj.

Suppose I C J. Then I'; is a subgraph of I';, meaning the vertex set of each connected
component of I'7 is a subset of the vertex set of some component of I'; and so p; < py.

If p; < py then each part of py is a subset of a part of p;, meaning the vertex set of each
connected component of I'7 is a subset of the vertex set of some component of I';. Recall
I'; is obtained by deleting all edges of I'p corresponding to all #; ¢ I. If there existed
some t; € I'\ J, then E; would lie in a connected component of I';, so the vertex set of this
component would contain the endpoints of E;. However, as #; ¢ J, E; would not lie in any
connected component of I';. Thus the endpoints of E; would lie in separate connected
components of I', contradicting the fact that the vertex set of each connected component

of I'7 is a subset of the vertex set of some component of I';. Thus I C J.

We go on to show that & is a lattice and so ¢y is a lattice isomorphism.
Lemma 6.2.3. The set & is a lattice under the refinement ordering.

Proof. We prove that 2 is a lattice under refinement by showing that it is a sublattice of
2.
By definition, to show that 2P is a sublattice, we must show that for any I,.J € .7,

PV ps,prAps € P. We show that

pins = Pr\py, (6.1)

pP1us = prVpy- (6.2)

For ease of notation we will write Rk for the equivalence relation corresponding to

the partition px € &. Noting Example 3.3.2 (2.), we need to show that p;n; is precisely
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the partition corresponding to the equivalence relation Ry N Ry and pjy is precisely the
partition corresponding to the equivalence relation #(R; URy).
Let py =1L¢ 04, py = l_llj’-zla} and pjny = LS_,B;. First, we show that for all x,y €
{1,..,n+r},
xRy < x(RfNRy)y.

Recall that for any K € .#, pi is obtained by deleting the edges in I'g corresponding to
the #; not in K then taking the parts of px to be the vertex sets of the connected components
of this resulting graph, denoted by I'k.

As INJ C1,J and as I'p is a tree, for any two distinct vertices x and y lying in the
same connected component of I'jn;, the unique path from x to y in I'p must consist only
of edges corresponding to some #; € I NJ. Therefore there exists a path from x to y in
both I'; and I';. Thus a connected component in I';; is a subgraph of some connected
component in both I'; and in I';. So xRjnyy implies x(R; N Ry)y.

Conversely, suppose two distinct vertices x and y lie in the same component in I'; and
the same component in I'y. Then there exists a path in I'p between x and y consisting only
of edges corresponding to some #; € I and a path between x and y consisting only of edges
corresponding to some #; € J. However, I'g is a tree, meaning any existing path between
x and y is unique. Thus the edges in the path between x and y in I'y consist only of edges
corresponding to some ¢; € I NJ, giving that x and y lie in the same connected component
of I'jny. So x(RyNRy)y implies xR;Ayy.

As the equivalence relation corresponding to pjny is precisely Ry N Rj, it must be that
Piny = Pr /APy, so (6.1) is shown.

Finally, we show that for all x,y € {1,...,n+r},
xR1u7y < x(t(RfURy))y.

For any x,y € {1,...,n+r},xRy_;y if and only if x and y lie in the same connected
component of I'y ;. This occurs if and only if there exists a unique path in I'g between x
and y consisting only of edges corresponding to elements of /UJ. That is, if and only if
there exists distinct zo, ...,z € {1,...,n+r} such that x =79,y =z, and forall 1 <i<m
either 1; € I or t; € J, where 1; corresponds to the edge in I'g with endpoints (z;_1,z;). In
other words, there exist distinct zg, ...,z € {1,...,n+ r} such that x = zp,y = z,,, and for

all 1 <i<m— 1 either z;R;z;+1 or ziR2zi11. S0 xRjuyy < x(t(RfURy))y.
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Hence both (6.1) and (6.2) are shown, so p; \V py,pr Aps € P forall I,J € .7 and so

A is a sublattice of L. O

From Lemma 6.2.2 together with Lemma 6.2.3 and Proposition 3.3.5 we conclude the

following.

Corollary 6.2.4. The set & is a sublattice of & isomorphic to ..

We now show that % is a sublattice of %'
Lemma 6.2.5. The set % is a sublattice of % .

Proof. Foralll,J € .7,

Y(pr) VY (ps) =w(pr) vV v(ps)

prV py) by Proposition 3.3.7

W (
v (prus) by Lemma 6.2.3
=Y(py) €¥

and

Y(pr) NY (pr) = w(pr) ANw(pr)

y(pr A\ py) by Proposition 3.3.7

v (pins) by Lemma 6.2.3

=Y (pm _]) cev.
Thus % is a sublattice of %' O]
Lemma 6.2.6. There exists a lattice isomorphism

(])2:@—)@,

¢ :pr— Y (pr).

Proof. 1t follows from Proposition 3.3.7 that

l//|97 : @—)@,

Y|z pr—Y(pr)
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is an injective lattice homomorphism. As % = im(y| ;), we conclude that y| 5 induces

the lattice isomorphism:

¢2:@—>@~,

¢z pr— Y (pr).

]
Thus % is a sublattice of % isomorphic to & and so isomorphic to .#.
Lemma 6.2.7. There exists a lattice isomorphism
0: I —X,
o:1—Y(pp).
Proof. Let
0: I —%
be the composition ¢ = ¢, o ¢;. Then
o(1)=Y(p1)
forall/ € .#. By Lemma 6.2.3 and Lemma 6.2.6, ¢ is a lattice isomorphism. 0

Recall that ¢ is the set of subgroups of Gy (so ¢ is a lattice under inclusion) and
¢ = {G;:1 € F} (the set of parabolic subgroups of G). Our next aim is to show that g

is a sublattice of ¢ . For this we need the following lemmas.

Lemma 6.2.8. For I € .7, the map

ﬂfQ |G1 : G] — Y(p]),

o Gyt ti — (xi, 1)
is a group isomorphism. That is, Gy =Y (py).

Proof. For ease of notation, we write 7 |; in place of 7y |,

Clearly, im(m |;) C Y (py) as for each ; € I, E; = {x;,y;} lies in some connected com-
ponent 1"{ of I';. It follows that x;,y; € aj and so 7 |7 (t;) = (x;,¥i) € Lo, C Y (pr)-

Since mp is an isomorphism, 7 |;: Gy — Y (py) is injective. Hence it is enough to

show that im(x |;) = Y (py) in order to show that 7 |;: Gy — Y (py) is an isomorphism.
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Let p; = I_IIJ‘.Zlaj. For any 1 < j <k, aj = {my,...m,} C {l,....n+r}, we have
Xq; = X, induced by the map
T:l—my
As the set of elementary transpositions {(/,/+1): 1 < j <u— 1} generates X, the set
{(my,myy 1) : 1 < j <u—1} generates Ly, For any 1 <1 < u— 1, there exists a unique
path in F{ between the vertices m; and m; | (as m;,m;1 € Q;):

Eil Ei2 E,‘3 Eip—l
m; = xq X2 X3 Xp = My

and

(my,mypr) = (x1,22) (02,3).. (Xp-2,%p 1) (Xp-1,%p) (Xp -2, Xp—1)
e (X2, 23) (x1,x2)
=7 (tiltiz...tipiltiptipfl...tiztil)
where 7;, € I for each 1 < g < p, as each edge E;, lay in F}. Thus 7 |; is surjective and so

Gy gY(pl). ]

Theorem 6.2.9. Suppose Q is a quiver of mutation-Dynkin type with connected compo-
nents of mutation-Dynkin type A and consider the associated cluster group Gg = (T |R).
Then the collection of parabolic subgroups of Go, denoted by 9, is a sublattice of the set

of subgroups of Gg under inclusion and there exists a lattice isomorphism
&5 —9,
D 1— Gy,

where ¥ is the collection of subsets, I, of the set of defining generators, T, and Gy is the

subgroup generated by I.

Proof. Suppose Q is a quiver of mutation-Dynkin type with connected components Qy, ..., O,

of types Ay, , ..., An,, respectively, where ny, ...,n, € Z* and n = XI_n;. Let Sub(Z,,) de-

note the set of subgroups of ¥, ,. The group isomorphism
(ﬂQ)il . Zn+r — GQ
induces a lattice isomorphism

Sub(Zn+r) — g,

H — (mg) ™' (H).
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Note that, by Lemma 6.2.8, (m9) "' (Y(ps)) = G; for each Y (p;) € %. Thus ¥ is the
image of the sublattice % under this induced lattice isomorphism. It follows that ¢ is a
sublattice of ¢ and that taking the restriction of the induced lattice isomorphism to the

sublattice % of Sub(X,,) yields the following lattice isomorphism
Y — 9,
Y(pl) — Gy.

Composing this map with ¢ (Lemma 6.2.7) will give the desired lattice isomorphism

P. ]

6.3 Cluster Group Presentations of Parabolic Subgroups

Suppose Q is a quiver of mutation-Dynkin type with connected components Qj, ..., Q, of
type Ap,, ...,An,, respectively, where ny,...,n, € Z* and n = X!_ n;. In this section, we
prove that the parabolic subgroups of the cluster group Go have presentations given by
restricting the cluster group presentation of the whole group.

Consider a subset I C T. Let Q; denote the full subquiver, Q;, of Q on vertices cor-
responding to the elements of /. Consider the group with presentation given by taking
the defining generators to be the set / and the set of relations to be all the corresponding
defining relations of the cluster presentation of G that consist only of elements of 1. The
group corresponding to this presentation is a cluster group of mutation-Dynkin type as it
is precisely Gg,. By Proposition 2.3.24, Q; will be a disjoint union of quivers Q,...,Q/,
of mutation-Dynkin type An/1 , ""A"/r/’ respectively, for some 1 <n! <nandr > 1.

Consider the parabolic subgroup, Gy, generated by /. From Lemma 6.2.8, Gy is iso-
morphic to Y (py). We will show that there exists an isomorphism between Gy, and Y (py)
and so, by transitivity, the parabolic subgroup Gy has a cluster group presentation associ-
ated to Qj.

In particular, we will show that this isomorphism gives the following commutative

diagram. G — Gy

| o]
Y(p) — G,
To distinguish between the defining generators of Gg and Gg,, we label the generators

of the cluster presentation of Gy, by 7, for each ; € I.

Theorem 6.3.1. Suppose Q is a quiver of mutation-Dynkin type with connected compo-

nents of mutation-Dynkin type A and consider the associated cluster group Gg = (T |R).
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For any I C T, there exists an isomorphism
Go, — G,
!/
ti — ti,

where Gy denotes the subgroup of Gg generated by I and G, is the cluster group asso-
ciated to Qy, the full subquiver of Q on the vertices corresponding to the elements of I,

where the generators of the cluster presentation of G, are labelled by t!, for each t; € I.

Proof. Suppose Q is a quiver of mutation-Dynkin type with connected components Q1 ..., Q,
of type Ay, ...,Ap, for some ny,...,n, € 7. We show that there exists an isomorphism
GQI — Y(P1)7
ti/ — ﬂ[(li).

We begin by considering the braid graphs I'g and I'g, and show that I'; =I'p,.

Let .7 be a triangulation giving rise to Q. As discussed in Remark 2.4.9, a triangula-
tion .7 giving rise to Q; can be obtained from .7 by cutting along each of the diagonals
lying in the set {d; : t; ¢ I}.

We consider the braid graph, I'g, of Q;. We remark that in obtaining .7, no triangle
of .7 will have been deleted. Thus the number of vertices of I'p, equals the number of
vertices in I'g, which equals the number of vertices in I';. Moreover, all triangles in .7 !
will have the same orientation as in .7 except those which were bounded by a diagonal
that was ‘cut’. As one diagonal of .7 bounds exactly two triangles, the set of edges in
I'p, will equal the set of edges in I'p minus the set of edges which correspond to one of
the ‘cut’ diagonals. These are precisely the edges corresponding to all elements of 7'\ 1.
Thus I'p, is equal to the graph obtained from I'g by deleting the edges corresponding to
the #; ¢ I, which is precisely I';.

The fixed labelling of I'g induces a labelling on the vertices I'p, from which we obtain
a set partition p’ of {1,...,n+r}. As I'p, = I'y, this set partition is precisely p; meaning
Y(p") =Y (pr).

By Lemma 5.2.2, there exists an isomorphism

7L'Q1 : GQI — Y(p/),

Ty, le-/ — ()C,'7y,')
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where x; and y; are the endpoints of the edge in I'g, corresponding to /. Moreover, as

I'g, = I'; and applying by Lemma 6.2.8, the following map is an isomorphism.

7o |1: G1 — Y (pr),
o |1 ti — (xi,yi)-

As Y(p') =Y (py), we can define 7 := (7 |;) ! o mp,, which will be the desired isomor-
0 Or

phism,

o |I_1 oTly, : GQ/ — Gy,

—1 Y
/%) |I oTlp, : L, — 1.



Chapter 7

An Alternative Exchange Lemma for

Cluster Groups

7.1 Introduction

In this chapter we will examine the properties of cluster groups associated to cluster quiv-
ers more generally.

Recall that for a finite Coxeter system, (W,S), by Proposition 1.4.7, for any I C S
there exists a unique factorisation of each element w € W of the form w = ab such that
I(a) +1(b) = I(w), where a € W! and b € W;. This factorisation is unique as, by an
application of the Deletion Property, it can be shown that a is the unique element of the
set wW; N W [4, Proposition 2.4.4]. Further, a is the unique minimal length element of
the coset wWj [4, Corollary 2.4.5]. Additionally, by Lemma 1.4.6, W! consists of the
elements of W whose reduced expressions do not end in elements of / and Theorem 1.4.4
stated that the length function on W; equals the length function on W. Finally, by Theorem
1.4.9, known as the Exchange Lemma, each finite Coxeter group satisfies the Exchange
Property and the Exchange Lemma states that this is, in fact, a characterizing property for
finite Coxeter groups.

In this chapter, we aim to prove results for cluster groups that are analogous to these
properties. In particular, we will prove a result for cluster groups associated to any cluster
quiver which is analogous to Proposition 1.4.7. However, in this case the factorisation
will not necessarily be unique. We will then use the existence of this factorisation to
prove an alternative exchange lemma for cluster groups. We will then restrict once more
to cluster groups associated to quivers of mutation-Dynkin type A, and, motivated by
Lemma 1.4.6, we consider the possible forms of reduced expressions of similarly defined

subsets of cluster groups. In the final section, we study the length function restricted to a

&9
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parabolic subgroup.

7.2 Cluster Group Exchange Lemma

Let Q be a cluster quiver and consider the associated cluster group, Gp. Analogous to the

Coxeter case, for each I C T we define the following sets.
G ={weGy:lwt)>1(w) ¥V t,€l}
IG={weGg:ltw)>1(w) V t;cI}

Proposition 7.2.1. Let Q be a cluster quiver and consider the associated cluster group,

Gg. Forany I C T, every w € Gg has a factorisation
w=ab, forsomeaEG’,bEGI
such that [(w) = l(a) +1(b).

Proof. We proceed by induction on [(w). If [(w) = 1 then w = #;, for some 1 < i < n.
If #; € 1, then we choose a = e,b =1;. If t; ¢ I, then we claim that I(z;z;) > I(¢;) for all
tx € I and so we choose a =1;,b = e. Taking any 1 € 1, if [(t;t;) < [(#;) then (t;t;) = 0, by
Lemma 4.3.1 (5), as [(#;) = 1. Thus #;#; = e. It follows that #; = ;, € I, contradicting that
ti ¢ 1. As I(t;ty) # 1(t;) by Lemma 4.3.1 (6), it must be that [(z;t;) > [(t;).

Suppose /(w) = r > 1 and that the statement holds for every element of G of shorter
length. If w € G! then we choose b = ¢ and a = w. Similarly, if w € Gy then we choose
a=eand b = w. So we need only consider the case when w ¢ G/ and w ¢ G.

Asw ¢ G, there exists t;, € I such that [(wt;) < [(w). By Lemma 4.3.1 (5), it follows
that /(wty) = I(w) — 1 < r. By induction, there exists ' € G/ and b’ € G; such that
wiy = a'b’ and

I(wty) =1(w)—1=1(a")+1(b).

Let a =a' and b = b'ty. Then ab = a'b'ty = (wiy)ty = wt7 = w. It remains to show that
I(P'te) =1(b)+ 1, giving l(a) +1(b) = 1(d) +1(b'ty) = 1(d") +1(B)+ 1 =1(wy) + 1 =
I(w).

We assume, for a contradiction, that [(b't;) < I(b’). That is, by Lemma 4.3.1 (5),

1(b'ty) = 1(b') — 1. We have already established that wt, = a'b’, so w = d'b'ty, and that
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I(wty) =1(d")+1(D"). Thus

I(w) = (1) < 1(d) +1(B't)
—1(d)+ (1) = 1)
— () +1(b)) —1
=1l(wie) — 1

< l(Wl‘k),

contradicting that I(wt;) < I(w). Since [(b'ty) # (V') by Lemma 4.3.1 (6), we have
I('t,) > I(b') and so [(b'1y) = (V') + 1 by Lemma 4.3.1 (5). Therefore, I(w) = [(a) +
I(b). Finally, we note that a = a’ € G' and, as 1,0’ € Gy, we have that b € G;. Thus we

have obtained the required factorisation of w. [

Example 7.2.2. Let Q be the quiver

T,

1 2 3

We consider the braid graph of Q with the following labelling.

15}
I3 3
FQi

With respect to this labelling, 7y is the isomorphism:

/(%) IGQ —>Z4,
%) > (1,2),
mp it — (2,3),

g 13 — (2,4).

Take I = {t1,12} C T and consider w = ft311t, € Go. By Proposition 4.2.11, to show
that this expression of w is reduced, we only need to show that there exists no expression
of w of length 0 or 2. To do this, we can show that my(w) # mp(w') for any w' such

that /(w') € {0,2}. The computation and comparisons of the permutations 7y (w) and
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mp(w') were performed using Maple”™ ([39]). The exact code for this example is given
in Appendix A.1.

Take a = trt3 and b = t11;. Clearly, b € Gj. It remains to show that a € G! and so we
have a factorisation of w as given in Lemma 7.2.1. To show a € G', we show that 131
and n13t are reduced expressions in Gp. Again, by Proposition 4.2.11, we only need
to show that there exist no expressions of these elements of length 1. As mg(ft3t;) =
(2,3)(2,4)(1,2) = (1,4,3,2), it is clear that my(t213t1) # mp(t;), meaning ntaty # tj, for
all 1 < j < 3. Similarly, as mp(rt3t2) = (2,3)(2,4)(2,3) = (3,4), tatstp #tj forall 1 <
j<3.Thusac G

Remark 7.2.3. The proof of Proposition 7.2.1 relies only on Lemma 4.3.1 holding for
the cluster group. Thus, by Remark 4.3.2, we have that any group arising from a group
presentation whose relations are all of even length will have the factorisation property

given in Proposition 7.2.1.

As stated in Proposition 1.4.7, in the Coxeter case this factorisation exists but is fur-
thermore unique. The element in the factorisation lying in the set W/ is shown to be the
unique element of wW; of minimal length [33, Proposition 1.10]. The uniqueness of these
minimal length elements distinguish them as coset representatives and they are referred to
as the minimal coset representatives [33, Section 1.10]. Thus the set wW; N W/ contains
only one element, namely the minimal coset representative of wW;. The uniqueness of
the factorisation for elements of Coxeter groups is a consequence of the Deletion Prop-
erty and is not a property that is transferable to the factorisations of elements of cluster

groups shown to exist in Proposition 7.2.1.

Proposition 7.2.4. There exists a cluster quiver Q and I C T such that an element w € Gg

has distinct factorisations of the form
w=ab,
where a € G',b € Gy and I(a) +1(b) = I(w).

Proof. Let Q be the same quiver considered in Example 7.2.2, along with the same la-
belling of I'g. Once more, take [ = {t;,12} C T and w = tr13t11, € Go. We saw in Example
7.2.2 that this is a reduced expression of w and that by taking a = tpt3 and b = t1t, we

obtain a factorisation of w as described in Lemma 7.2.1.
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Note that we can apply a cycle relation to w to obtain the expression w = t1t213t]. As
this is of length 4, it is also reduced.

Let @’ = t1trt3 and b’ = 11. As this expression for @’ is a subexpression of a reduced
expression of w, it must be reduced. Moreover, we claim that @’ € G!. Asw=d't; and
I(w) =1(a") + 1, it must be that [(a't;) > I(d’), otherwise w = t1t,13t; would not be a
reduced expression.

So it remains to show that [(a't,) > [(a’). By Proposition 4.2.11, we only need to show
that there exists no expression of a't, of length 0 or 2. As 7y (a'ty) = (1,2)(2,3)(2,4)(2,3) =
(1,2)(3,4), we can conclude that @'ty # e. The computations required to verify that
l(d'ty) # 2 were performed using MapleTM ([39]) and the exact code for this is given
in Appendix A.2.

Finally, we verify the factorisations are distinct by observing that 7y (b) = (1,2)(2,3) =
(1,2,3) # (1,2) = mp(b'), so it must be that b # b’. Furthermore, if a = &’ then it would
follow that b = &/, so this cannot be the case either.

Thus, we obtain the factorisations w = ab = a'b’ where I(w) = [(a) +1(b) = I(d) +
I(b') for distinct a,a’ € G' and distinct b, b’ € G;. O

The counterexample given in the proof of Proposition 7.2.4 demonstrates that for a
cluster group Gy, it is possible for the set wG; N G' to have more than one element for
some I C T and w € Go.

To strengthen Proposition 7.2.1, it could be further investigated whether the set wG; N
G'! contains any distinguishing elements, such as a unique element of minimal length.

However, Proposition 7.2.1 is still useful without uniqueness and can be used to prove a

result for cluster groups which is comparable to the Exchange Property.

Lemma 7.2.5. Let Q be a cluster quiver. For anyw € Gg and t; € T, if [(tjw) < I(w) then

the following hold.
(a) There exists a reduced expression of w beginning with t;.

(b) There exists a reduced expression w = 1, ...t;, such that t;t;, i =t L for

some 1 < j<gq.
Proof. Let Q be a cluster quiver and suppose [(t;w) < [(w) for some w € Gp andt; € T.

(a) If I(t;w) < I(w) then I(w™'t;) < I(w™"). Let I = {#;} and consider the parabolic

subgroup G; = {e,t;}. By Proposition 7.2.1, there exists a factorisation w=! =
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ab where a € G',b € Gy and I(a) +1(b) = I(w). As [(w™'t;) <I(w™!), we must

have that w! ¢ G, meaning b # e, thus b =¢;. That is, w~ !l = at; where a €

G' and I(w™') = I(b) + 1. Taking a reduced expression a = t},...t; , we obtain a
1

: —1 _ 4 /g : PV ARV B :
reduced expression w™' = f; ...1; 1;, meaning w = ft; ...t; is a reduced expression

of w beginning with #;.

(b) We can easily see that such an expression by taking reduced expression w = t;,...1;,

such that #;, = #;, which exists by (a), and choosing j = 1.
0

Remark 7.2.6. (a) By Remark 7.2.3, this ‘alternative exchange lemma’ will hold for
any group arising from a group presentation whose relations are all of even length.
This is because the proof of Lemma 7.2.5 relies only on the fact that Proposition

7.2.1 holds for cluster groups.

(b) An analogous proof for part (a) of Lemma 7.2.5 can be used to show that if I(z;w) <

[(w) then there exists a reduced expression of w ending with ;.

It only takes a small step to extend this result to one resembling the Exchange Lemma

for Coxeter groups.

Lemma 7.2.7. Let Q be a cluster quiver and take any w € Gg. If t; € T is such that
I(tiw) < I(w) then there exists a reduced expression w = ti,..-.tj, such that tiw = t; ...fij...tik

for some 1 < j <k

Proof. Take any w € Gp and suppose #; € T is such that [(f;w) < [(w). By Lemma

7.2.5 (b), there exists a reduced expression w = t;,...t;, such that litiy - By = iy iy b

for some 1 < j <k. Thatis, t; =¢;, i Biglis gty Thus

Lw = (til ---tijfltijtijfl ...li1>li1 iy
= til-'jij,ltijﬂmtik

= til---fij“-tik

The following result is a consequence of Lemma 7.2.5.
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Lemma 7.2.8. Let Q be a cluster quiver on n vertices and fix any 1 <i < n. Take I =
T \{ti} and w € G such that w # e. Then w € IG if any only if all reduced expressions

of w begin in t;.
Proof. If I =T \ {t;} then
IG={weGy:ltw)>1(w) ¥V j#i}.

If w € Gg is such that every reduced expression of w begins in #;, then w € IG. This is
because, if there existed j # i such that /(zjw) < I(w), then, by Lemma 7.2.5, there would
exist a reduced expression of w beginning in #; where j # i, a contradiction. Conversely,
suppose w € /G and w # e. If w has a reduced expression beginning in ¢ ; for some j # i
then [(t;w) < I(w), contradicting that w € /G. Thus every reduced expression of w must
begin in 7;. We conclude that any element of Gp not equal to the identity element lies in
!G if and only if all of its reduced expressions begin in t;.

]

Whilst Lemma 7.2.7 is comparable to the Exchange Property, the Exchange Property
holds for any given reduced expression of an element of a Coxeter group. Thus Lemma
7.2.7 is not as strong as a condition. However, it would be further strengthened if the

following conjecture could be proved.

Conjecture 7.2.9. Let Q be a cluster quiver and take any w € Gg. If t; € T is such
that /(f;w) < I(w), then given any reduced expression w = t;...t;, there exists a reduced

expression of #;w whose support is equal to the set {#;,, ...,fij, ...,t,-q}, for some 1 < j <k.

Remark 7.2.10. By Remark 7.2.6(a), we can see that Lemma 7.2.7 will hold for any
group arising from a group presentation such that the square of each generator gives the

identity and whose relations are all of even length.

7.3 Reduced Expressions of Elements in ‘G

In this section we will only consider quivers of mutation-Dynkin type A,, U...LIA,, , where
ni,...n, € Z" and n =Y, n;, with r > 1. Let Q be a quiver of this type and recall in
Section 7.2, for I C T, we defined the set

IG={weGy:l(tw)>1(w) ¥ t; €I}.
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For I =T\ {t;}, by Lemma 7.2.8, we have that any element of G not equal to the
identity element lies in /G if and only if all of its reduced expressions begin in ;. In this
final section of the chapter, we consider the forms of the reduced expressions of elements

lying in /G, for a subset I = T \ {t;}, for some 1 <i < n.

To begin, we establish some notation. For 1 <i+# j <nsuch thati and j are connected
by an edge in Q, let 1“5- denote the set of #,, € T such that m # j (so t,, # t; by Lemma
4.2.10) and there exists a path between j and m in the underlying graph of Q that does not
pass through i or any k # j such that i and k are connected by an edge in Q.

Example 7.3.1. Let Q be the quiver

Then F% = {14,15} but F% =0.

Remark 7.3.2. Note that ¢; ¢ Fé- for all 1 < j < n. Moreover, as Q is of mutation-Dynkin
type A,, U...UA,,, the underlying graph of Q has no cycles of length greater than 3, by
Lemma 2.4.8. It follows that each element of F; will commute with every element of
T\ (T U{n))

Let W(FE.) represent a reduced expression of a general element in Gy whose support

is contained in I'. By the above,

Hw(I5) = w1y (7.1)
forallf € T\ (T U {1;}).
Lemma 7.3.3. Let Q be a quiver of mutation-Dynkin type on n vertices with connected
components of type A and consider the associated cluster group, Gg. Forany 1 <i<n

and w € G, if there exists a reduced expression w = t;,t;,...t; where ti; Z£t; forall 1 <

Jj <k, then w has a reduced expression of the form:

N N
(H w(r’ju)) (Htjcw(r’j,v )) , (7.2)
where the vertices j, are distinct for all 1 <u < N and j, and j|, are connected to i in Q,
foralll <u<Nand1<v<N'.
Moreover, this reduced expression can be obtained from the expression w = t; t;,...t;,

by applying a sequence of commutations.
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Proof. Let Q be a quiver of mutation-Dynkin type A, U...UA,, , where ny,...,n, € ZF and
n =Y _,n;, with r > 1. Note that by Lemma 4.2.10 we can assume that, for all vertices
iand jof Q, t; #t; if and only if i # j. We proceed by induction on /(w). Suppose that
I(w) =1and w =1, for some t;, € T where i; # i. If i; is connected to i by an edge in
Q then this reduced expression is of the form (7.2) by taking N =0 and N’ = 1. If i is
not connected to i by an edge in Q, then t;, € F;M for some j, connected to i and so this
reduced expression is of the form (7.2) by taking N =1, N' =0 and t;, = W(Fz-l ).
Suppose I(w) = k > 1 and any element with a reduced expression of shorter length
containing no #; terms has a reduced expression of the form (7.2). If there exists a reduced
expression w = t;,f;,...t; such that ti; # t; for all 1 < j <k, then we consider w' = tiw=
ti,...tj, . Clearly, this is an element of shorter length with a reduced expression containing

no ¢; terms. By induction there exists a reduced expression of the form:

N _ N .
W = (I:IIW(F 3;,)) (Htj(vw(rlj@)> )

containing k — 1 terms, where j, and j@ are connected toiin Qforall1 <u<N,1 <y <N’
and the j, are distinct over 1 < u < N. Moreover, this reduced expression can be obtained

from 7;,...t; by applying a sequence of commutations. Thus

N , N .
w=t (I;IIW(FIJM)> (I;Iltj(»w(rlj'v)> )

which consists of k terms and so is a reduced expression. If ij is not connected to i by an

edgein Q, thent;, € F; for some p connected to i and so we take jo = p. Thus W<F§'o) =1

N . N’ .
W= (H}WF}Q) (I:IIUVW(F}V))

which is of the form (7.2) (after relabelling).

and

It remains to consider when i; is connected to i by an edge in Q. In this case, if i1 = j,
for some 1 < u < N then we can commute #;, through and extend the first appearing
w(I7},). By Remark 7.3.2, W(F’jul )W(F‘juz) = W(F}@)W(F’M) for all j,, # ju, meaning
we can assume, without loss of generality, that i; = jy. Moreover, as the j, are distinct,

Ju# 1 forall 1 <u <N — 1. Consequently, tiIW(Fi-u) = W(F;M)til forall l <u<N-—1.
Thus

N—1 , , N .
o= (Mot st (Iemc )
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By absorbing #;, into the second product, we obtain

N—1 . N’ .
w= <H| W(%)) (Hot,-;W(F’j;)) )

where jj, = i; and W(F;., ) = e. After relabelling, this gives an expression of the required
0

form. As the only relations we have applied were legal commutations, this expression

contains k terms, thus is reduced.

If iy # jy, forany 1 <u < N, then tilw(l“;u) = W(F;u)til, forall 1 <u <N. Thus

<
I
—_

where jj, = i;. After relabelling, we obtain an expression of the form (7.2). Again, as the
only relations we have applied were legal commutations, this expression contains k terms

and so is reduced. O]

Example 7.3.4. Let Q be the quiver

With respect to this labelling, 7y is the isomorphism:

Y/[%0) ZGQ — X,
g (1 —— (1,3 ,

g ) — (2,3 ,

)
)
mp 13— (3,4),
mp ts — (4,5),

)

g 5 —— (4,6 .
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Takei=1. So T} =0 and l“% = {t4,15}. Consider the element w = 13t5513t4 € Gg. To
show this expression is reduced, by Proposition 4.2.11, we only need to show that there
exists no expression of w of length 1 or 3. The computations required to verify this were
performed using Maple”™ ([39]) and the exact code for this example is given in Appendix
A.3. So we may assume the expression is reduced.

By applying the commutation #,t5 = t5tp, we obtain the expression

w = 1315021314,

which is a reduced expression of the form (7.2) where N = 0 (so the j, are trivially
distinct) and N’ = 3 with ji =13,/5 =1t and j; =13 and W(F},) = s, W(F},) = e and
1 2

Proposition 7.3.5. Let Q be a quiver of mutation-Dynkin type on n vertices with con-
nected components of type A, and consider the associated cluster group, Gg. For any
I <i<nandw e Gg, by applying a sequence of commutations, from any reduced ex-

pression w = t;,1;,...tj, we can obtain a reduced expression of the form:

i) ) o)) o

where jy, Ji, and jpq are connected to i by an edge in Q, forall1 <u <N, 1<v <N/,

I<p<Mandl<q<N,.

Proof. Let Q be a quiver of mutation-Dynkin type A,, LI...LUA,,, where ny,....n, € Z"
andn =Y, n;, with r > 1. Fix 1 <i <n and suppose w € G has a reduced expression
W=t b, B,

If ti; #t;forall 1 < j <k then, by Lemma 7.3.3, there is a sequence of commutations
that can be applied to the reduced expression f;,1;,...t; to obtain a reduced expression of
the form (7.2), which is of the form (7.3) (by taking M = 0). Assuming this is not the
case means that there exist 1 < py < ... < p, <k such thati, =iforeach1 <b <aand

ic#iforallc ¢ {pi,...,pa}

Therefore, we can write this reduced expression as the factorisation

w= W()t,'Pl Wlfip2W2~~fipaWa = wotiw1tiwa...tiw,
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where wog = t;,...t; with i; #Ziforall 1 < j<p;—1, and, for 1 <b<a, w, =

rp—1°

lipy 10 withi; #iforall p,+1 < j < ppy1—1 (taking po1 — 1 =k).

tipb-H"'

By Lemma 7.3.3, we can apply a sequence of commutations to wy =t;, ,...tj, t0

obtain a reduced expression of w, of the form:

N , N’ .
W = (HW(FZ'M)) (HZJLW(F’JQ) :

where j, and j|, are connected to iin Q, forall | <u<Nand 1 <v <N

As t,-W(F?M) = W(F;M)t,- for each 1 < u < N, we have a reduced expression

N N’
fiWa = <HW(T3M)> t (H%W(F’j@)> :
u=1 v=1

Asw,_1 (H{Ll W(Fﬂ-)) has no terms equal to #;, we can then repeat this same process
for w,_1 <HLV:1 W(F‘ju)> and so on, in descending order for each 1 < b <a—1. The

resulting expression, after relabelling, will be of the form

N M Np .
wo <I—[1W(Flju)> <IIlti [I_IIijqW(Flqu)]) .

Moreover, as only legal commutations have been applied, this expression is reduced. Fi-
nally, by Lemma 7.3.3, we can apply a sequence of commutations to obtain a reduced
expression of wg (HZV: | W(Fj-u)> of the form (7.2). Substituting this into the expression
above, the resulting expression of w will be reduced and of the form (7.3) (after rela-

belling). [

The next result follows immediately from Lemma 7.2.8 and Proposition 7.3.5.

Corollary 7.3.6. Let Q be a quiver of mutation-Dynkin type on n vertices with connected
components of type A and consider the associated cluster group, Go. For any 1 <i<n,
take w € 1G where I = T\ {t;} (i.e. all reduced expressions of w begin in t;). By applying
a sequence of commutations, from any reduced expression of w we can obtain a reduced

expression of the form:

M Np )
w=[Ta|[Tt,wT;)], (7.4)
p=1 [g=1

where j,q is connected to i by an edge in Q for all 1 < p <M and 1 < g < N), where

M,N,eZ*.
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Example 7.3.7. Let Q be the quiver

FQZ

With respect to this labelling, 7y is the isomorphism:
o :Gg — X7,
mp it — (1,2),
mp it — (2,3),

)
)
mp 13— (3,4),
mp ita — (4,5),
)
)

Consider w = 130r14t5t6t3tst11p € Gg. To show this expression is reduced, by Proposition
4.2.11, we only need to show that /(w) ¢ {1,3,5,7}. The computations required to verify
this were performed using Maple” ([39]) and the exact code for this example is given in
Appendix A.4, alongside a code that shows that any reduced expression of w begins in #3.

By taking i = 3, this is a reduced expression of the form (7.4) where M =2 and N} =3
with ji; =2, jiz =4, ji3 =35 and w(I3 )

=Ww(I3 )=e, w3 )=tsand N, = 3 with
j21 =5, j22 =1, j23 =2 and W(I—?zl) = W(I—?zz) = W(F3 ) =e.

J12 J13

We note that the reduced expressions given in these results are not necessarily unique.
In the next section, we give a possible motivation for considering the forms of reduced

expressions of elements lying in the set /G where I = T \ {t;}, for some 1 <i < n.

7.4 The Length Function on Parabolic Subgroups

Section 1.4 outlined many key properties for Coxeter group presentations and we have

shown that several comparable results exist for cluster group presentations. For example,
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Theorem 1.4.8 stated that a parabolic subgroup, W, of a finite Coxeter group, W, is a
finite Coxeter group in its own right. Moreover, the length function on W, considered
as a finite Coxeter group, agrees with the length function on the whole group, where we
consider Wy as a subgroup of W. That is, [ = [;.

Analogously, we have shown that the parabolic subgroups of the cluster groups as-
sociated to quivers of mutation-Dynkin type Ay, U...UA,,, where nj,...,n, € Z" and
n =Y ;n; with r > 1, are also cluster groups in their own right. Motivated by Theo-
rem 1.4.8, a natural next step would be to study the length function on these parabolic

subgroups.

Definition 7.4.1. Let Q be a cluster quiver. For w € Gg and I C T, we define l;(w) to be

the smallest r such that w = t;,...t; where li; € Iforall1 <j<r.

In this section we will discuss existing proofs for the theorem that the length function
on a parabolic subgroup of a finite Coxeter group agrees with the length function on the
parabolic subgroup considered as a Coxeter group in its own right. We also provide an
alternative proof for this theorem in the type A, case, not yet published in any existing
literature. Finally, we will discuss a conjecture that, if proved, could be used to show that
the same statement is true for cluster groups associated to quivers of mutation-Dynkin

type A, U...UA, , where ny,....,n, € ZT andn=Y!_ n;, with r > 1.

7.4.1 The Coxeter Case

In this section, we consider the following theorem.

Theorem. [33, Theorem 5.5] Let (W,S) be a Coxeter system and take any subset I C S.
Forw e Wy, if w = s;,...sj, is a reduced expression then s;; € I for all 1 < j < k. It follows

that | = 1.

The proof of this theorem is achieved in [33, Theorem 5.5] by examining the co-
efficients of the simple roots in the linear expansion of the roots appearing in the set
{w(oy) :w € Gy,1 <i<n}. In particular, recall that Theorem 1.4.4 stated the following.

Forany w € W and s; € S, if [(ws;) <I(w) then w(e;) < 0 and if [(ws;) > I(w)
then w(oy) > 0.

This difference in sign of the coefficient of ¢; in the roots w(a;) and oy, when I(ws;) <
I(w), is key in proving that [ = [; for the Coxeter case. The same result can be proved
using the Tits representation [13, Corollary 4.1.5].

After establishing some groundwork, we will provide a different perspective, not yet

published in any existing literature, proving [33, Theorem 5.5] for the type A, case.
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Let (W,S) be a finite Coxeter group system of type A,, where S = {s,...,s,}. By
Lemma 3.2.1, we can consider each element of W as a permutation, ¢(w) € X, |, where
o is the group isomorphism:

oW —ZX,.1,
O s, — (i,i+1).

Given an expression x;...x;, where x; € SU{e} for each 1 <i < k, we define a sequence

a(xy...x), of length k, consisting of (n+ 1)—tuples in the following way.

a(xy..xg) = (a(xy..xg)o, a(xq..Xp) 1y ooy a(xy..x8)g) = (a(xl...xk)p)f,:o,
where a(xl...xk)p = (a()q...xk)p,l,a(xl...xk)pyz,...,a(xl...xk)p,nﬂ) = (a(xl...xk)qu)Zi},

for each 0 < p < k and a(x;...xx)p 4 = O(x1...xp)(q) for each 1 < g < n+1, where
a(xi..xc)oq = o(e)(q) =g

Remark 7.4.2. As a(x1...x;)o,4 = 0(e)(q) = g, it follows that a(x;...x¢)o = (1,2,...,n+1)
for any expression xj...x;. Moreover, as o (s;) = (i,i+ 1) for each s; € S, the difference
between a(x;...xx), and a(xj...xx)p+1 When x,41 = s, is a swap of the entries in the m

and m + 1 positions of a(x;...x),, with no difference if x,; | = ¢, foreach0 < p <k—1.

Example 7.4.3. Let W be the Coxeter group with Coxeter graph

51 52 53

and take w = 51525352 € W. Then

a(sys2s3s2) = ((1,2,3,4),(2,1,3,4),(2,3,1,4),(2,3,4,1),(2,4,3,1)).

It is clear to see that if w,w’ € W have reduced expressions w = S, ---8i, and w =

k
f— / 1 1 . . —
Sig 51, then w = w' if and only if a(s;, ...si )k = a(sy ...Sl-;(/)k/.

Given any 1 < j < n, we define the sets
X;= {1,,]} and Y; = {]—|— l,...,n+1}.

Using these sets, for an expression xj...x;, we obtain a new sequence, a;(xj...xg), from

a(xj...x;) by defining

aj(xr..xp) = (aj(x1..x%)0,a; (X1 X0 ) 150 @ (X1 X0 k) = (aj(xl...xk)p)];:(),

where a;(x1..x¢)p = (@(X1..x%) p,1,a(X1.. Xk) p 2, -y A(X1 o XE) pg1) = (aj(xl...xk)pg)gi}

is obtained in the following way. Let

X.
aj(xr..xg)p’ = (alx1.. %) pr s ...,a(xl...xk)ij),
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where r; < ... < rj are such that a(xy...x¢),,,, is an entry of a(xj...xx), lying in X; for all

1 <1 < j. Clearly, there are j such entries. Similarly, let

Y.
aj(xi..xe)p = (a(x1..xc) p "'7a(x1"'xk)p,r,’1+1,j)7

where 7} <... <r,,,_;are such that a(x;...x;) , » is an entry of a(x...x), lying in ¥; for

all 1 <I<n+1—j. Clearly, there are n+ 1 — j such entries. We take

aj(xr..xe)p = (@(X1-X) pory s oy X1 Xk) pyrj A(XT 0 X0) p "'va(xl"'xk)mrﬁ,“_j)'

Thus the order that elements of the set X; appear in each of the tuples a(x;...x;), are

preserved in the tuple a;(x;...x;),. Similarly for Y.

Example 7.4.4. Let (W,S) be the finite Coxeter group given in Example 7.4.3 and recall
that
a(sysas3sz) = ((1,2,3,4),(2,1,3,4),(2,3,1,4),(2,3,4,1),(2,4,3,1)).

Let j=2,s0X;={1,2} and Y; = {3,4}. Then
ax(s1s28352) = ((1,2,3,4),(2,1,3,4),(2,1,3,4),(2,1,3,4),(2,1,4,3)).

Lemma 7.4.5. For every expression xi...xy, where x; € SU{e}, a;(x1...x¢) = a(x]...x},),

where x; € SU{e}, foreach 1 < j <k.

Proof. To show this, we show that the difference between the two tuples a(x;...x), and
a;j(x1...xg) p+1 is a swap between two neighbouring entries or no difference at all, so x; 1
is equal to s;, for some 1 <[ < n, or the identity element.

Consider a;(x;...x¢)p and a;(x1...x;) p+1 for some 0 < p <k — 1. For ease, we write

a(xl...xk)p = (ap71,...,ap7n+1) and a(xl...xk)p+1 = (ap+171,...,ap+1,n+1). Ifxp_H =e, by
Remark 7.4.2, a(xy...x¢) p = a(x1...x¢) p+1 and 50 a(x1...xk ) p = @ (x1...x¢) p+1. Thus x7, |

is the identity element. So we suppose xj, 11 = s, for some 1 <m < n. So
a(xl---xk>p+1 = (ap,ly <5 Apm—1,8pm+1,%p,m,Ap m+2, ---aap,nJrl)'
We consider each case when
(1) apm,apm+1 €X;.
@) apm,apm1 €Y.

3) apm € Xj,ap7m+1 € Yj.
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For cases (1) and (2) we consider a;(xy...xx), = (awl,...,ap7rj,ap7r/1,...,aN;Hij), where
Ap,rys---apr; € Xj and Appiseslpr €y;.
(1) Thenm =r;,m+1=r; for some 1 </ < j— 1. Moreover,
aj(x1..x5) pr1 = (ap,rw"‘7aP,rl—1’aP»rIH7aP,rl7anrl+2"'7aP,rj7a[J,r/17"'7ap,r:1+17j)‘
Sox. . =s
p+1 N
(2) Thenm=r;,m+1= r;H for some 1 <[ <n— j. Moreover,
aj(xrxi)pr1 = (@pr; o porjsAprss “‘ap,rfq’aPJ?H’ap,rf’apvrhz'“’apar;ﬂ—j)'

o
For cases (3) and (4) we consider a(x1...xx) p = (ap.1, -, Apm—1,8pms Ap ms1,Apm+2s -3 Ap nt1)-

(3) Then a(x1...Xk)p+1 = (@p.1, -, 8pm—1,8p m+1,8p m,Apm+2,---,dppt1). Clearly all
entries which lie in X; lying to the left (respectively, right) of a,, in a(x;...x¢),
still lie to the left (respectively, right) of a,, », in a(x...xx)p+1. Similarly for entries
which lie in Y; lying to the left (respectively, right) of @, u+1. Thus a;(x;...x¢), =

aj(X1..Xk) p1 SO X, =e.
(4) Similar to (3)
[

We are now able to give an alternative proof that the support of a reduced expression
of a parabolic subgroup, Wy, of a finite Coxeter group of type A, is contained in /, for any
ICS.

Theorem. [33, Theorem 5.5] Let (W,S) be a Coxeter system of type A, and take I C S.

Forw € Wy, if w = s;,...si, is a reduced expression then s;; € I for all 1 < j <k.

Proof. For a Coxeter system (W,S), let I C S and w € W;. Take a reduced expression
W = sj,...8;,. Suppose there exists some 1 </ < k such that s; ¢ I. Note that i; = j, for

some 1 < j < n. We will show that a;(s;,...si, )k = a(si,...Si, k-
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Ass; 1 a(siy...si)k = (a1, ---Ar 1) Where ag 1,...,ar j € Xjand ag ji 1, ..., 0k py1 €
Y;. From the definition, it follows that a;(s;, ...s,-k)fj = (a1, -..a ) and a;(s;, ...sik)ij =
(ke jt1, -k 1) and 0 a;(si .85 )k = (k15 s Ok j> Ak jr 15 --os Alpt1) = A(Si; 80, -

By Lemma 7.4.5, aj(sj, ...s;,) = a(x}...x},) for some expression x]...x; where x; € SU
{e}. In particular, we can see from the proof of Lemma 7.4.5 that x; =e. Letting w' =
X)...x, € W, it follows that [(w') < k. However, as a;(s;,...s;, )x = a(x}...x})r, we must

have that w' = w. So I(w') = I(w) = k, contradicting that [(w') < k. O

7.4.2 The Cluster Group Case

As highlighted previously, it is the difference in sign of the coefficient of ¢ in the roots
w(a;) and ¢, when [(ws;) < I(w), that is key in proving that [ = [; in the Coxeter case.
We hoped to find a similar property for the cluster group, Gy, associated to a quiver, Q,
which appears in a seed of a cluster algebra of finite type A,. In particular, we wanted to

show the following holds for a positive companion basis C = {y;: 1 <i <n} of Q.

If I(wt;) < I(w) for 1 <i<nandw € Gy, then the coefficient of ¥ in the root
w(7;) is less than or equal to 0.

However, we can provide a counterexample to show that this is not the case. First, it is
useful to introduce some notation. Let Q be a quiver of mutation-Dynkin type A,, U ... U
Ay, where ny,...,n, € ZT and n=Y!_;n;, with r > 1, and let C={y;: 1 <i <n} be
a positive companion basis of Q, shown to exist by Lemma 5.3.4. For each y € ®¢ and
1 <i<n, we write Cl?/ to denote the coefficient of 7; in y. Note that, by Lemma 5.3.8,
Che{~1,0,1} forall 1 <i<nandye Pc.

Example 7.4.6. Let Q be the quiver

and consider the element w = t30214t5t6t3t5t 1 12131413 € Gg. To show this expression is
reduced, by Proposition 4.2.11, we only need to show that /(w) ¢ {0,2,4,6,8,10}. The
computations required to verify this were performed using Maple’™ ([39]) and the exact
code for this example is given in Appendix A.5.

We can see that [(wt3) < I(w), however

wB)=B—-"r+7%.

That is, Cy ™) > 0.
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However, the following conjecture, which has yet to be disproved, would be equally
useful, if proved, for adapting the proof of [33, Theorem 5.5] to show that the length
on a parabolic subgroup agrees with the length on the cluster group, for cluster groups

associated to quivers appearing in the seeds of a cluster algebra of finite type A,,.

Conjecture 7.4.7. Let Q be a quiver of mutation-Dynkin type A, U ... A, where
ni,...,n, € Z* and n =Y!_ n;, with r > 1, and let C = {¥; : 1 <i < n} be a positive

companion basis of Q. Forany w € Gg and 1 <i <n, if

w(r)) —1 ifi= joriand jare connected by an arrow in Q
Cy "

0 if i and j are not connected by an arrow in QO
then I(wt;) < 1(w).

A possible proof for this conjecture is by induction. In the induction step, for w € G,
the result follows easily so long as there is a reduced expression w = t;,...t;, such that
t;, # t;. The difficulty occurs in completing the induction step for elements whose reduced
expressions all begin in ;. That is, w € /G, where I = T \ {t;}. By studying the forms
of the reduced expressions of the elements in this set, we hope to find some insight into

proving Conjecture 7.4.7.
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Appendix A

The computations in the following sections were performed using Maple’¥ ([39]). Maple

is a trademark of Waterloo Maple Inc.

A.1 Example 7.2.2

To show the expression t3t1#; is reduced, we perform the following computations us-
ing Maple”™ ([39]). To begin, we define the permutations t [i] to be 7y(t;), for each

1 <i<3,and w = mp(rt3t112).

> with (GroupTheory) ;

> t[l] := Perm([[1, 211);
> t[2] := Perm([[2, 3]]);
> t[3] := Perm([[2, 4]1);
> w := PermProduct (t[2], t[1l], t[3], t[2]);

The following code will check that no product of any two of these three permutations

equals mo(w). That is, we check that w has no expression of length 2 in Gy.

> for i from 1 to 3 do
for j from 1 to 3 do
if not(i = j) then
if PermProduct (t[i], t[Jj]) = w then
print (i, 3J)
fi
fi

od
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od;

We remark that we include the instruction “if not (i = j) then” to reduce the

number of computations, as for each 1 <i < 3 we know that z‘l-2 =e.

A.2 Proposition 7.2.4

To show the expression #1135 is reduced, we perform the following computations us-
ing Maple”™ ([39]). To begin, we define the permutations t [i] to be mo(t;), for each

1<i<3,andw= EQ(Z1l2t3l2).

> with (GroupTheory) ;

> t[1l] := Perm([[1, 211);
> t[2] := Perm([[2, 3]]);
> t[3] := Perm([[2, 411);
> w := PermProduct (t[1], t[2], t[3], t[2]);

The following code will check that no product of any two of these three permutations

equals w. That is, we check that w has no expression of length 2 in Gg.

> for i from 1 to 3 do
for j from 1 to 3 do
if not(i = j) then
if PermProduct (t[i], t[]j]) = w then
print (i, 3)
fi
fi
od

od;
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A.3 Example 7.3.4

To show the expression 3trt5t3t4 is reduced, we perform the following computations us-
ing MapleTM ([39]). To begin, we define the permutation t [i] to be 7rQ(t,-), for each

1<i<5,andw= 7EQ(l‘3t22‘5l3l‘4).

> with (GroupTheory) ;

> t[1l] := Perm([[1, 311);
> t[2] := Perm([[2, 3]]);
> t[3] := Perm([[3, 411);
> t[4] := Perm([[4, 5]]);
> t[5] := Perm([[4, 6]]);
> w := PermProduct (t[3], t[2], t[5], t[31, t[4]);

The following code will check that w # ¢; for all 1 <i < 5.

> for i from 1 to 5 do
if PermProduct (t[i]) = w then
print (i)
fi

od:

The following code will check that no product of any three of these five permutations

equals 7p(w). That is, we check that w has no expression of length 3 in Gg.

> for i from 1 to 5 do
for j from 1 to 5 do
if not(i = j) then
for k from 1 to 5 do
if not(k = j) then
if PermProduct (t[i], t[j], tl[k]) = w then
print (i, Jj, k)
fi

fi
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od

od
od:

A.4 Example 7.3.7

To show the expression f3tt4t5t6t3t5t 12 is reduced, we perform the following computa-

™

tions using Maple 39]). To begin, we define the permutation t [1] to be my(#;), for

each 1 <i <6, and w = mp(tatatatstetststita).

> with (GroupTheory) ;

> t[1] := Perm([[1, 211);

> t[2] := Perm([[2, 3]]);

> t[3] := Perm([[3, 4]]);

> t[4] := Perm([[4, 511);

> t[5] := Perm([[4, 6]11);

> t[e] := Perm([[6, 7]]);

> w := PermProduct (t[3], t[2], t[4], t[5], t[6], t[3], t[5], tI[l],
tl21);

The following code will check that w # ¢; forall 1 <i <6.

> for i from 1 to 6 do
if t[i] = w then
print (i)
fi

od:

The following code will check that no product of any three of these six permutations

equals mp(w). That is, we check that w has no expression of length 3 in Gy.

> for 1 from 1 to 6 do

for j from 1 to 6 do
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if not(i = j) then
for k from 1 to 6 do
if not(k = j) then
if PermProduct (t[i], t[j]l, tl[k]) = w then
print (i, Jj, k)
fi
fi
od
fi
od

od:

The following code will check that no product of any five of these six permutations equals

mo(w). That is, we check that w has no expression of length 5 in Go.

> for i from 1 to 6 do
for j from 1 to 6 do
if not(i = j) then
for k from 1 to 6 do
if not(k = j) then
for 1 from 1 to 6 do
if not(l = k) then
for m from 1 to 6 do
if not(m = 1) then
if PermProduct (t[i], tIl3j], tlk], t[l], tlm]) = w then
print (i, J, k, 1, m)
fi
fi
od
fi
od
fi
od

fi
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od

od:

The following code will check that no product of any seven of these six permutations

equals p(w). That is, we check that w has no expression of length 7 in Go.

> for 1 from 1 to 6 do

for j from 1 to 6 do

if not(i = j) then

for k from 1 to 6 do

if not (k

j) then

for 1 from 1 to 6 do

if not (1 = k) then

for m from

1 to 6 do
if not (m 1) then
for n from 1 to 6 do
if not(n = m) then

for 0 from 1 to 6 do

if not(n = o) then

if PermProduct (t[i],
then

print (i, Jj, k, 1, m, n, o)
fi
fi
od
fi
od
fi
od
fi
od
fi

od
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od

od:

The following code will show that no products of any nine of these six permutations,

for which the first term in the product is not equal to t [ 3], is equal to mp(w). That is, all

reduced expressions of w begin in #3.

>for i from 1 to 6 do

tlal)

if not (i 3) then
for j from 1 to 6 do
if not(i = j) then
for k from 1 to 6 do
if not(k = j) then
for 1 from 1 to 6 do
if not(k = 1) then
for m from 1 to 6 do
if not (1 = m) then
for n from 1 to 6 do
if not(n = m) then
for o from 1 to 6 do
if not (o = n) then
for p from 1 to 6 do
if not(p = o) then
for g from 1 to 6 do
if not (g = p) then
if PermProduct (t[i], t[3j], tlk],

= w then
print (i, 3j, k, 1, m, n, o, p, 9)
fi

fi

od

fi

od

fi
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od

fi
od
fi
od
fi

od

A.5 Example 7.4.6

To show the expression t3tyt4t5tet3tst 12131413 s reduced, we perform the following com-

putations using Maple’™ ([39]). To begin, we define the permutation t [1] to be mo(ti),

foreach 1 <i<6,and w= 7L'Q(l‘3t21‘4l5l‘6l‘3l5t1l2t3l‘4l‘3).

> with (GroupTheory) ;

> t[1l] := Perm([[1, 2]1);
> t[2] := Perm([[2, 3]11]);
> t[3] := Perm([[3, 411);
> t[4] := Perm([[4, 5]]);
> t[5] := Perm([[4, 6]]);
> t[6] := Perm([[6, 711);

The following code will check that no product of any two of these six permutations

equals mp(w). That is, we check that w has no expression of length 2 in Gy.
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> for i from 1 to 6 do
for j from 1 to 6 do
if not(i = j) then
if PermProduct (t[i], t[Jj]) = w then
print (i, 3J)
fi
fi
od
od;
The following code will check that no product of any four of these six permutations

equals 7p(w). That is, we check that w has no expression of length 4 in Gy.

>for i from 1 to 6 do
for j from 1 to 6 do
if not(i = j) then
for k from 1 to 6 do
if not(k = j) then
for 1 from 1 to 6 do
if not(k = 1) then
if PermProduct (t[i], t[J], tlk], t[l]) = w then
print (i, Jj, k, 1)
fi
fi
od
fi
od
fi
od
od;
The following code will check that no product of any six of these six permutations

equals 7p(w). That is, we check that w has no expression of length 6 in Gy.

>for i from 1 to 6 do
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for j from 1 to 6 do

if not(i = j) then

for k from 1 to 6 do

if not (k

j) then
for 1 from 1 to 6 do
if not(k = 1) then
for m from 1 to 6 do
if not(l = m) then

for n from 1 to 6 do

if not (n m) then

if PermProduct (t[i],
print (i, j, k, 1, m, n)
fi
fi
od
fi
od
fi
od
fi
od
fi
od
od;

The following code will check that no product of any eight of these six permutations

equals mp(w). That is, we check that w has no expression of length 8 in Gy.

>for i from 1 to 6 do

for j from 1 to 6 do

if not(i = j) then

for k from 1 to 6 do

if not(k = j) then

for 1 from 1 to 6 do

if not (k

1) then
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for m from 1 to 6 do

if not(l = m) then

for n from 1 to 6 do

then

if not(n = m)
for o from 1 to 6 do

if not (o = n) then

for p from 1 to 6 do
if not(p = o) then
if PermProduct (t[i], j tlol, tlpl)
= w then
print (i, 7,
fi
fi
od
fi
od
fi
od
fi
od
fi
od
fi
od
fi
od

od;

The following code will check that no product of any ten of these six permutations equals

mo(w). That is, we check that w has no expression of length 10 in Go.

>for i from 1 to 6 do
for j from 1 to 6 do

if not(i = j) then
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for k from

if not(k =
for 1 from
if not(k =
for m from
if not (1l =

for n from

if not (n

for o from
if not (o =
for p from
if not(p =
for g from
if not (g =
for r from

if not (g =

1 to 6 do
j) then
1 to 6 do
1) then
1 to 6 do
m) then
1 to 6 do
m) then
1 to 6 do
n) then
1 to 6 do
o) then
1 to 6 do
p) then
1 to 6 do

r) then

if PermProduct (t[i],

tlr]) =

print (i, 7,

fi

fi

od

fi

od

fi

od

fi

od

fi

od

fi

od

fi

od

w then

k, 1, m,

Appendix A.
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fi
od
fi
od
od;



