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Abstract

In this thesis, we study the infrared behaviour of propagators in Friedmann-Lemaitre-
Robertson-Walker (FLRW) spacetimes, of which de Sitter is a special case. For the most
part, we are interested in the infrared behaviour of the graviton two-point function,
in FLRW spacetime. Naively, it is thought that the two-point function requires an
infrared cut-off in order to be well-defined. However, we find a gauge transformation
such that the two-point function can be rendered IR finite, for a large class of FLRW
spacetimes. The graviton two-point function also experiences an infrared divergence
when the separation between the two points is taken to be large. In de Sitter spacetime,
in the Landau gauge, this divergence is found to be logarithmic. However, it is found
that this logarithmic divergence can also be removed by means of a suitable non-
covariant gauge transformation. In finding the large-distance behaviour of the graviton
two-point function, we initially found it useful to find the large-distance behaviour of the
covariant massless vector propagator, in de Sitter spacetime. Through this calculation,
we were able to find a method which could be extended to the more computationally

complex case of the graviton two-point function.
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Structure of thesis

This thesis is a study of the infrared behaviour of propagators in cosmological space-
times. We are concerned with the infrared behaviour of graviton propagators in FLRW
spacetimes, with the main focus being their infrared behaviour in de Sitter spacetime.
Throughout this thesis, two-point function and propagator are used synonymously.

In Chapter 1, we motivate our interest in the study of propagators in curved space-
times. The relevant background material underlying the calculations for the rest of
the thesis is also introduced. First, General Relativity is briefly recapped. Quantum
field theory in flat spacetimes is then introduced, and the key differences between the
flat spacetime theory and curved spacetime theory are highlighted. We study the main
features of the cosmological spacetimes in which we work, before giving a background
on the theory of inflation, which is described by some cosmological spacetimes. The
chapter is concluded with a discussion of linearised gravity, in which we give a sum-
mary of quantisation in this theory, before reviewing the gauge freedom used in later
chapters.

In Chapter 2, we investigate the nature of infrared divergences for the free graviton
and inflaton two-point functions in flat FLRW spacetime. The graviton propagator in
this chapter is in the transverse, traceless, synchronous (TTS) gauge. These divergences
arise because the momentum integral for these two-point functions diverges in the
infrared. It is straightforward to see that the power of the momentum in the integrand
can be increased by 2 in the infrared using large gauge transformations. This is sufficient
for rendering these two-point functions infrared finite for slow-roll inflation. In other
words, if, in the infrared, the integrand of the momentum integral for these two-point

2 where p is the momentum, then it can be made to behave

functions behaves like p~
like p~2v*2, by the use of large gauge transformations. On the other hand, it is known
that if one smears these two-point functions in a gauge-invariant manner, the power

—2v+4 This fact suggests

of the momentum in the integrand is changed from p=2” to p
that the power of the momentum in the integrand for these two-point functions can be
increased by 4 using large gauge transformations. In this chapter, we show that this is

indeed the case. Thus, the two-point functions for the graviton and inflaton fields can



Structure of thesis

be made finite by large gauge transformations for a large class of potentials and states
in single-field inflation.

In Chapter 3, we study the large-distance behaviour of the covariant massless vector
propagator in the covariant gauge in n-dimensional de Sitter spacetime, where n > 4.
Specifically, the large-distance limit of the massless limit of the vector propagator in
the Stueckelberg theory - an extension of the Proca theory, with an additional gauge-
fixing term - is found. We work to leading order in the de Sitter-invariant Z, as the
large-Z limit corresponds to the large-distance limit of the propagator. In this limit, it
is shown that this propagator tends to a gauge-dependent constant, where the gauge
worked in is described by the Stueckelberg parameter £. In the Landau gauge, where
& = 0, this constant is found to be 0. This result is in agreement with the 4 dimensional
case discussed in [1].

In Chapter 4, the method described in the previous chapter is applied to a different
propagator: the large-distance behaviour of the graviton propagator in n-dimensional
de Sitter spacetime is found. For the remainder of the thesis, the graviton propagator
is in the covariant gauge. We start from the propagator found in [2], which is written
in terms of two gauge parameters « and [, and find the large-distance limit in the
case when 8 > 0. The propagator is then expanded in terms of the de Sitter invariant
Z, which is a measure of the spacetime distance between two points, as stated above.
The expected large-distance behaviour, discussed in [2], is found: in the Landau gauge,
when a = 0, the propagator has a logarithmic divergence, and, when o = Z—ﬂ, the
divergence is linear. Additionally, for n = 4 our result reduces to that found in [2]
and [3].

In Chapter 5, the logarithmic divergence present in the large-distance limit of the
propagator, in the Landau gauge, is studied. We show that a covariant gauge trans-
formation can not be used to remove this logarithmic divergence. Instead, it is found
that this logarithmic divergence can only be traded for a linear divergence identical to
the one present when a = Z—ﬂ However, if one uses a non-covariant transformation,
this logarithmic divergence can be gauged away, as is expected from the conclusions
of [4] and [5].

Finally, in Chapter 6, we summarise the results of the thesis, as well as discussing

some open problems in the area.
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Chapter 1

Preliminaries

In this chapter we motivate our interest in the study of propagators on cosmological
spacetimes. Additionally, we provide the mathematical background behind the calcu-
lations in this thesis. We first review General Relativity, before introducing quantum
field theory in curved spacetimes. Specifically, we highlight the differences found, and
problems encountered, when we no longer work in a flat spacetime. In the majority
of the thesis we work in de Sitter spacetime, so we give an overview of the historical
importance, and mathematical significance, of this spacetime. In this section we also
discuss a wider class of spacetimes in which we work, namely FLRW spacetimes, of
which the conformally flat chart of de Sitter is an example. Next, we provide a sum-
mary of inflation. We then turn our attention to the theory of the quantum fields
propagating on such cosmological spacetimes. We give an overview of linearised grav-
ity, the theory behind most chapters. The theory of massless vector fields, the other
propagator studied, is left to be introduced in Chapter 3. The infrared divergences
of all relevant propagators are then stated. We outline the gauge freedom present in
linearised gravity, before briefly explaining how gauge transformations can be used to
remove infrared divergences. Finally, a summary of the work presented in this thesis
is given.

In what follows, we will use the mostly plus metric convention, as well as natu-
ral units, so h = ¢ = 1. We also use the standard index notation, so that brackets
around indices denote symmetry, and square brackets denote antisymmetry. The in-
dices a, b, c,d, e denote spatial and time indices, whereas the indices i, j, k are purely

spatial.
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1.1. MOTIVATIONS CHAPTER 1.

1.1 Motivations for studying propagators on cosmological space-
times

As General Relativity is not a renormalisable theory [8], it has proven hard to find
a full quantum theory of gravity. A natural step towards a full quantum theory of
gravity is to consider a semiclassical theory: quantum field theory (QFT) in curved
spacetimes (CST). In this theory, we combine the curved spacetimes used in General
Relativity with the successful QFT used to describe the other three fundamental forces.
This is a semiclassical theory in which we treat the background spacetime classically
and quantise perturbations about it; gravitational perturbation is incorporated as a
perturbation around a fixed background. We also ignore the backreaction of these
perturbations on the background.

While this does not provide a full theory of quantum gravity, it is still of interest
to study. First, it is a theory which helps us understand what is fundamental in QFT,
as well as learn about the interaction between QFT and gravity. We also note that
we can describe the early universe and extreme astrophysical environments without a
full theory of quantum gravity, so QFT in CST can be a useful tool. Additionally,
other quantum gravity theories, such as string theory, require knowledge of the study
of quantum fields on CST, under certain conditions.

Throughout this thesis, we study propagators in de Sitter and the larger class of
FLRW spacetimes, some of which are inflationary. This is of physical interest as our
universe is believed to have experienced an inflationary period in its early stages of
development. Inflation as a theory of the early universe was proposed as a solution to
the flatness and horizon problems of the standard Big Bang model. Such a theory was
first considered independently by Guth and Sato, in [9] and [10], respectively, before
being modified by the authors of [11] and [12], amongst others. We will give more detail
in later sections of this introduction. The background spacetime for the inflationary
model is a spatially flat FLRW spacetime that expands exponentially. If the expansion
is exactly exponential, the spacetime is de Sitter spacetime. Studying the behaviour
of propagators on these backgrounds is therefore of interest in developing QFT in the

early universe.

1.2 General Relativity

In this section, we give a brief review of General Relativity. We start by looking at the
physical reasoning behind the theory, before giving a brief introduction to its mathe-
matical description. We describe the effect of a curved background on the transport of
vectors on a manifold, which leads to the definition of a covariant derivative. Next, we

define the Riemann tensor, which quantifies the curvature of the spacetime, and some
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CHAPTER 1. 1.2. GENERAL RELATIVITY

relevant contractions of this tensor. Then, we state Einstein’s equations, and discuss
some interesting consequences arising from them. We conclude with a short discussion
on geodesics. For more detail on the concepts discussed in this chapter, we direct the
reader to Carroll [13], amongst others.

Einstein proposed the theory of special relativity in 1905 [14]. The two postulates

of special relativity are that:
1. The laws of physics are the same for observers in different inertial reference frames,
2. The speed of light ¢ is constant in all inertial reference frames.

The next step was to try to incorporate accelerating frames into the theory. General
Relativity was proposed by Einstein in 1907 [15] and then from 1911 onwards in [16],
amongst other, to accomplish this. It is based on the equivalence principle: the effects
of a gravitational field are indistinguishable from the acceleration of a local inertial
reference frame. Hence, there is no way to experimentally find whether we are uniformly
accelerating in free space or feeling the effects of a gravitational field.
Mathematically, we describe General Relativity using the pair (M, g45). A manifold
M is a space that locally “looks like” R", and a metric tensor g, describes the geometry
of the manifold. At each point p on the manifold we define the tangent space T}, as
the space of directional derivative operators along curves through p. It is necessary to
compare vectors in 7, to those in T}, for two points p and ¢. To this end, we introduce
parallel transport: move £ € T}, from p to g along a curve 7 such that the norm of
& is constant, and it is oriented in the same direction. For flat space, if a vector is
transported from a point p along a closed curve back to the point p, it will be brought
back to the same vector. However, on a curved manifold, this is not necessarily the case.

For a pictorial representation of parallel transport, we direct the reader to Figure 1.1.

TNONNON N

Figure 1.1: Parallel transport of a vector in flat spacetime along a triangular path.
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1.2. GENERAL RELATIVITY CHAPTER 1.

We will define curvature of a manifold through the action of derivatives. First, we
must define a derivative, on a curved manifold. In the following, v® etc. are components
of a vector in a particular coordinate system. A derivative operator V, is a map from
the space of all (k,1) tensor fields to (k,l + 1) tensor fields satisfying the following

conditions:
1. Linearity: V, (owb + ch) = aV.0® + BV for o, f € R,
2. Leibniz rule: V, (vbwc) = V0l w4+ vb - Ve ,
3. Torsion free derivative: V[, Vy f = 0 for a smooth scalar field f,

4. Consistency with the notion of tangent vectors as directional derivatives acting
on scalar fields: v(f) = v*V,f, where v(f) = %, and v® is tangent to a curve
parametrised by A. As an aside, a derivative operator gives rise to the notion
of parallel transport: if u® is the tangent vector to the curve, then u*V,V? =0

implies that V? is parallelly transported along the curve.
5. Consistency with tensor contraction: V. 1%, = V. (T“bég) = (V.T%) 52 )

Due to the curvature of the manifold, we have lost the notion of a unique derivative

operator. Two derivative operators will agree on functions, by which we mean that
Vaof =0uf, (1.2.1)

for a smooth function f, and where the right-hand side is the partial derivative with
respect to the coordinates. This agreement is not necessarily true for a general tensor
T amy b, . We define the derivative operator on vectors and covectors by giving the
connection C? :

Vowy = Oqwp — CSpwe (1.2.2)

a

Vow® = 9w’ + Cow. (1.2.3)

Equation (1.2.3) follows from equation (1.2.2) by using property 2 of the derivative
operator, and equation (1.2.1). Due to the symmetry under exchange of the lower two
indices, which follows from the torsion free condition on the derivative, this connection
has % components. From these two relations, the generalisation to higher order

tensors is trivial:

b1ba-+-b b1ba-+-b b1 rdba---b
Y e kclcg-ucl =0, 17 kclcgmcl + CaéT 2 k0162"'cl +o

_d bibo-by

acy dea-cp T

(1.2.4)
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CHAPTER 1. 1.2. GENERAL RELATIVITY

In order to specify a unique derivative, we require the metric-compatibility, i.e.
Vegap = 0. (1.2.5)

We quantify the curvature of the manifold by introducing the Riemann tensor. This
can be defined as
2V, Ve = Ropeaw®. (1.2.6)

This tensor is antisymmetric under the exchange of a ++ b and ¢ < d, and is symmetric
under the exchange ab <> cd. Additionally, the Riemann tensor obeys the first Bianchi
identity:

Rajpeq) = 0. (1.2.7)

For completeness, we also mention the second Bianchi identity
VieRapea =0, (1.2.8)

which we use later to find some relevant conservation equations.
In a coordinate basis, the Riemann tensor is
R%ea = 0cLg, — 0Ly + Teel oy — T'g Ty » (1.2.9)

where the Christoffel symbols I'y, are components of the connection. These components

are defined as )
be = igad [Ob9cd + Ocgbd — Oagne] - (1.2.10)

From the Riemann tensor, we can form an additional tensor and scalar. The Ricci
tensor is the contraction
Rapy = Raeb s (1.2.11)

and the Ricci scalar is
R=g%Ry,. (1.2.12)

We can use the Ricci tensor and scalar to write the Riemann tensor as a traceless tensor
with all the same symmetries of the Riemann tensor. This is the Weyl tensor, and it
is given by

2

2
Cabed = Rabed — - [GafcRap — gpjcRaja] + mga[cgd]bR' (1.2.13)

In Chapter 2, we will use results relating to the linearised Weyl tensor.

Einstein’s equations, which describe how the curvature of the spacetime and matter

19



1.2. GENERAL RELATIVITY CHAPTER 1.

are related, are
1
Ry — §Rgab + Agab = 8nGT, R (1.2.14)

where G is the gravitational constant, A is the cosmological constant, g, is the symmet-
ric metric tensor, and T, is the stress-energy tensor, which describes the matter. Due
to the symmetry of all other tensors in Einstein’s equations, this tensor is symmetric.
It is also conserved:

VT, = 0. (1.2.15)

This can be seen by the following contraction of the second Bianchi identity, given by

equation (1.2.8):

gdbgce [veRabcd + VbReacd + VaRb(iCd] =0 )
= 2V°Ru. — VoR=0. (1.2.16)

In our statement of Einstein’s equations we have included the cosmological constant
term, which gives the vacuum energy of the universe. This cosmological constant term
was introduced as Einstein’s equations initially admitted no static solution, which he
believed would be necessary to accurately describe our universe [17]. However, as it
was later observed that the universe was expanding, there was no longer a need for
this term [18,19]. For this reason, Einstein considered his inclusion of the cosmological
constant as his ‘biggest blunder’’. However, the current accelerated expansion of the
universe implies that A is in fact non-zero and positive [20,21]. The de Sitter solution is
a solution of the vacuum Einstein equations with a cosmological constant A > 0, with
a physical interpretation, as will be discussed in later sections of the introduction. As
a final remark on this subject, let us point out that the cosmological constant problem
is an open problem in cosmology. This is a fine-tuning problem, where observations of
the vacuum energy of the universe, where A is of the order 1 cm~2 [22], are found to be
hugely inconsistent with the theoretical value predicted by QFT, where A ~ 10™%%cm 2
[23].

We conclude this section with a brief discussion on geodesics. These are curves
of zero acceleration, and timelike geodesics map out the path a freely falling body
would follow under no external forces. The geodesic distance between two points is
the extremised distance between them. Mathematically, a geodesic is a curve whose
tangent vector, £%, satisfies

§'Vat" = ag’, (1.2.17)

for a constant of proportionality «. In the case of an affinely parametrised geodesic

! According to phycisist George Gamow

20



CHAPTER 1. 1.3. QUANTUM FIELD THEORY IN CURVED SPACETIMES

a = 0. Geodesics can also be related to curvature, as a geodesic is a curve whose
tangent vectors remain parallel to each other if they are parallel transported along it.
Indeed, another way of describing curvature is through geodesic deviation: two initially
parallel geodesics can bend towards or away from each other as they propagate through

the spacetime.

1.3 Quantum field theory in curved spacetimes

In this section, we highlight the key points of QFT in CST. This theory combines
QFT in flat spacetime with the curved spacetimes considered in General Relativity.
We highlight the main differences between QFT in flat and curved spacetimes, before
concluding with a brief summary of correlation functions. For a review of QFT in CST,
we direct the reader to, for example, [24,25]. This section provides a summary of key
facts which can be found in [24,25], along with flat space results that can be found
in [26].

In order to extend QFT in flat spacetime to a CST background, we use the minimal

coupling prescription, so that

o = Va, (1.3.1)
n?® — g, (1.3.2)
d"z — /—gd"x, (1.3.3)

where 745 is the Minkowski metric, and ¢ is the determinant of the metric. Using this

new volume element, we define the action S to be
S = /E\/—gdnx, (1.3.4)

for a Lagrangian £. For a set of fields ¢(*) propagating in a curved spacetime with the
line element

ds? = gop(z)dzdab, (1.3.5)

we consider an action invariant under diffeomorphisms of the manifold:

Sl (@), V'¢/(2), gup(2')] = S[d(x), Vo(x), gap()] (1.3.6)

for two coordinate systems z and z’.

The majority of this thesis is concerned with the infrared (IR) behaviour of the
graviton two-point function, so for the remainder of this section we give a brief recap
of important features of two-point functions.

Correlation functions, of which the two-point function is a particular example, are

21



1.3. QUANTUM FIELD THEORY IN CURVED SPACETIMES CHAPTER 1.

the vacuum expectation values of products of field operators ® about a set of spacetime
points x;. In the following we state some interesting two-point functions for a field ®,
with arbitrary spin. We will specialise to the graviton two-point function at the end of
this section.

The two simplest two-point functions are the Wightman functions:

Q
_l’_

B

&\

~—
I

(0]@(z)®@(2")|0) | (1.3.7)

The Feynman propagator is the following time-ordered product of fields:
iGp(z,2') = (0|T (®(z)®(2)) [0) = Ot — )G T (z,2") + O’ — )G~ (x,a"), (1.3.9)

where the Heaviside step function is

o(t) = (1.3.10)

1 fort>0,
0 fort<O.

The notation G(z, ') is used as these are Green’s functions for an operator P(x), which
acts in the following way

P(z)®(z) =0, (1.3.11)

P(z)G*(z,2') =0, (1.3.12)
P(2)Gp(z,2') = =W (z — o). (1.3.13)

For the majority of this thesis, we consider the graviton two-point function, which

is the following Wightman function:
Gab:a’b’(xa I/) = <0|hab(x)ha’b’ (33/)’0> ) (1314)

for a metric perturbation hg, about a classical spacetime. In Chapter 3, we find the
large-distance behaviour of the covariant massless vector propagator. This is the fol-
lowing Wightman function:

(0]Aq(z) Ay (2)]0) (1.3.15)

where A,(x) is the vector potential.
We conclude by noting that propagator (Green’s function) and two-point function

(satisfying the homogeneous field equation without the delta function) have been used
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CHAPTER 1. 1.4. COSMOLOGICAL SPACETIMES

synonymously throughout this thesis because the large-distance behaviour and the IR

divergences are the same for these two quantities.

1.4 Cosmological spacetimes

In this section, we will introduce the two spacetimes in which we work for the rest
of the thesis: de Sitter and FLRW. Here we note that the conformally-flat chart of
de Sitter spacetime is an FLRW spacetime. The majority of this section focuses on
de Sitter, as all chapters, except for Chapter 2, use this spacetime. First, we discuss
the historical and physical significance of de Sitter spacetime. We then see how it is
described mathematically, and mention a few subtleties with definitions of coordinate
systems. We finish with a brief introduction of FLRW spacetime, and state a few
relations relevant to cosmology.

We begin by mentioning the physical and historical significance of de Sitter space-
time, which is the generalisation of Minkowski spacetime. Mathematically, de Sitter
is the maximally symmetric? solution to the vacuum Einstein equations, with a pos-
itive cosmological constant [27,28]. As such, it is of special interest to mathematical
physicists. This spacetime is of physical interest as it is an inflationary spacetime. Ad-
ditionally, some spacetimes in the more general FLRW class are inflationary. This will
be expanded on in the next section, so here we merely state that in de Sitter, inflation
is driven by the cosmological constant A, which motivates its inclusion in this chapter.

As we are now working in a curved spacetime, we have lost the concept of a unique
vacuum state. The SO(4, 1) symmetry of de Sitter spacetime, along with the Hadamard
condition, is such that we are able to define a natural vacuum state. Hadamard states
are generally taken to be physical states for linearised quantum fields on curved space-
times, for more detail see, for example, [29,30]. This state is called the Bunch-Davies
vacuum [31], or the Euclidean vacuum, as it is the natural extension of the flat space
vacuum to de Sitter in that the Feynmann propagator in this vacuum state is obtained
by analytic continuation of the Green’s functions on the sphere S™.

We now look at de Sitter spacetime in more mathematical detail. As previously

mentioned, it is the solution to the vacuum Einstein equations:
1
Rab — §gabR + Agab = Oa (141)

which is equation (1.2.14), with the stress-energy tensor T, = 0.
We can think of de Sitter as an embedding in R**!. In this embedding space, the

2A maximally symmetric spacetime admits the maximum number of Killing vectors, which, for a n
dimensional space, is @ Killing vectors satisfy the equation V.& + Vs&a = 0 [13].
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1.4. COSMOLOGICAL SPACETIMES CHAPTER 1.

metric, inherited by n-dimensional de Sitter spacetime, is

ds? = —dX7 +dX5 + - +dX2,,, (1.4.2)
subject to the condition that
1

for X = (X' X2,---, X", This describes a hyperboloid in (n + 1)-dimensional
Minkowski spacetime. The Hubble constant H gives the rate at which the universe is
expanding, and is defined by )

H = D (1.4.4)
where v is the recessional velocity - the speed at which an object moves from the
observer - and D is the proper distance from the object to the observer. This ratio is
constant in de Sitter spacetime, but the same is not true in FLRW spacetime.

This spacetime can be described by multiple coordinate systems, the most common
of such being the static, global, and conformal coordinates. These coordinate systems,
and their corresponding metrics, are valid on different patches of de Sitter spacetime.
Here, we briefly review the key features of these coordinate systems, using the notation
of [32]. In the latter paper H = 1, so for the following discussion we use this scaling.
We start from Euclidean de Sitter, which is the n-dimensional sphere S™. This is
represented by the metric

ds, = d02 = dv? +sin? 9dQ2_, (1.4.5)
for ¥ € [0, 7], and where d)2 is the metric of the n-dimensional sphere.

From condition (1.4.3), we can define three further coordinate systems to describe

de Sitter spacetime. We perform a Wick rotation on the azimuthal angle, given by

1

tan ¢ = <2 (1.4.6)
such that
t=1i¢, (1.4.7)
for ¢t € R. From this, we find the metric in static coordinates:
dsZatic = — cos? 0dt? + d6? + sin? 0dQ2_, (1.4.8)
where
SR e "
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This metric is valid for 6 € [O, g), along with the earlier condition that ¢ € R.
Alternatively, we could have performed a Wick rotation of the polar angle, such
that

0=1i (19 - g) : (1.4.10)

for ©® € R. Additionally, one defines
tanT =sinh O, (1.4.11)
to give the metric in global coordinates:

dsgpar = sec T(—dT? + dy* + sin® xdQ;,_,), (1.4.12)

valid for T € (—g, %) In writing the metric in this form, we have written the metric

of the (n — 1)-sphere in terms of the coordinate x as
dQp_; = dy® + sin® xdQ2; _,, (1.4.13)
for x € (0, 7).

Finally, we consider the metric in conformal coordinates. This is the system that

will be used for the remainder of this thesis. Here, the metric is
1
dsgonformal = W (—dﬁ2 + dl’% + - dfﬂi_l) s (1414)

where the conformal scaling factor depends on the conformal time 7 € (—o0,0). We

can relate this coordinate system back to the global coordinate system by means of the

transformation
cosT
e 1.4.15
g sinT + cosx ’ ( )
sin y -
=— X, 1.4.16
sinT +cosy "’ ( )
with X
X; = +2 (1.4.17)

VX2 4+ (Xng1)?

Figure 1.2, below, gives the Penrose diagram of de Sitter spacetime, which sum-

marises the coordinate range where each system is valid.
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_|_

7

T=7/2
11
11 I

IV

T=-n/2
X=mn I X=0

Figure 1.2: Penrose diagram of de Sitter spacetime, using global coordinates. The static
patch is region I, and the conformal patch is made up of regions I and II. The future
and past spacelike infinities Z+ are at the T = +7, and the cosmological horizons are
T=+(-3%)

Region I is the static patch, and this is the only region in which static coordinates
can be used. In regions I and II, known as the Poincaré or conformal patch, conformal
coordinates are valid. Finally, as the name would suggest, global coordinates are valid
everywhere. Also of interest are the horizons in this diagram. The future and past
spacelike infinities, Z%, are given by T' = +7. Also of interest are the past and future
cosmological horizons. These are given by the lines T = + (X — %), defined by the
observer at § = 0. These horizons coincide with the coordinate singularity at 6 = 7.
For the remainder of the thesis, we work with H = constant, not necessarily equal to
1, in de Sitter spacetime.

For the remainder of the section, we give a brief introduction to FLRW spacetime.
We follow the notation of [13], where a more detailed explanation of FLRW spacetime
can be found. The idea behind such a spacetime follows from the Copernican principle:
that the universe essentially looks the same everywhere. This principle is related to
the concepts of homogeneity and isotropy. If a spacetime is homogeneous then it is
the same everywhere, so is translation invariant. If it is isotropic at a point, then, for
an observer at a particular point in spacetime, the spacetime will look identical in all
directions. If a spacetime has both of these properties, then it obeys the Copernican
principle. Finally, we note that if a spacetime is both homogeneous and isotropic it
is maximally symmetric at constant ¢, which means that it has the maximum number

of Killing vectors. As FLRW spacetimes are homogeneous and isotropic, the fact that
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they are also maximally symmetric follows trivially.
For the remainder of this section, we work in n = 4 dimensions. The class of FLRW
spacetimes are the solution to Einstein’s equations where the cosmological constant

term can be included in the stress-energy tensor, such that
1
Ry — iRgab = 8nGT,y, (1.4.18)

There are three different cases of FLRW spacetime. To represent these, we use the
parameter k, which takes three discrete values: 0,£1. It relates to the curvature of the

universe as follows:

+1 for a closed universe with positive curvature,
k= 0  for a flat universe, (1.4.19)

—1 for an open universe with negative curvature .

For the flat space case, we have a metric of the following form
g™ = a®(0)1han - (1.4.20)

We note here that the de Sitter metric in conformal coordinates, given by equa-
tion (1.4.14), had this form, where

a(n) = (_an)Q (1.4.21)

Other interesting values of this scaling factor are

win

amatter(t) x 3, (1422)

N

CLradiation(t) xt2, (1423)

for the time coordinate ¢, related to the conformal time coordinate 7, by

dt
n= /a(t) (1.4.24)

Indeed, for the remainder of this section, it is more convenient to work in terms of the

time coordinate t. The corresponding metric is
ds? = —dt? + a?(t)dz? . (1.4.25)

We conclude by introducing the Friedmann equations, which will be of use in the
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next section. To find these, we write Einstein’s equations in the following form:

1
R(zb =8nG <Tab - 2gabT> y (1.4.26)

where T = ¢®T,;,. As we consider a FLRW solution, we use the stress tensor of a

perfect fluid,
Tap = (p + p)ttaty + PYab » (1.4.27)

where p is the energy density, p is the pressure, and u, is the fluid 4-velocity. We
consider a comoving fluid, so that u* = (1,0,0,0). As this satisfies the condition

u®uq, = —1, the trace of the stress-energy tensor is
T=—-p+3p. (1.4.28)

The first Friedmann equation is found from setting a = b = 0 in Einstein’s equa-

N 2
o_ (@) _81G &k
H _(a) =5 (1.4.29)

tions, so that

where a dot represents the derivative with respect to the time coordinate ¢. To find the
second Friedmann equation, we must first find the continuity equation. This is found

from the conservation of the stress tensor Ty, and states that
. 3a
p+ ;(p—l—p) =0. (1.4.30)

By multiplying equation (1.4.29) by a?(t), differentiating the resulting formula and
substituting equation (1.4.30), this gives the second Friedmann equation:

a 4AnG
=+
a

3 (p+3p)=0. (1.4.31)

We use these relations at the end of the next section, in our discussion of a specific

inflationary theory.

1.5 Inflation

In this section, we introduce the theory of inflation. First, we motivate the theory by
explaining the problems it was introduced to solve. We then give an overview of the
initial theory of inflation, where a first order phase transition provided the mechanism
for the exponential expansion. There are some issues with this theory, so we look at a
modified theory: new inflation, which is a theory with a second order phase transition.

This is studied in the slow-roll approximation. We conclude with a brief discussion of

28



CHAPTER 1. 1.5. INFLATION

the role of the cosmological constant in inflation in de Sitter.
The theory of inflation came around in the late 1970s, and was proposed indepen-
dently by both Guth [9] and Sato [10]. It was introduced to solve the following problems

with the big bang model of the universe:
1. Horizon problem,
2. Flatness problem,
3. Monopole problem.

The horizon problem is that our universe is homogeneous and isotropic: there are
causally disconnected regions of space with the same approximate temperature. The
flatness problem is a fine-tuning problem. The density of our universe is approximately
that of the critical density required for a flat universe. Such a value is very unstable,
so a small deviation leads to a universe very dissimilar to our own. A small deviation
leads to either an open universe, which would result in a large decrease in density, or
a closed universe, which would have reached its maximum size in a period of time on
the order of the Planck time. Initial parameters, such as the Hubble constant, must
be very finely tuned for the universe we live in to have existed for this period of time.
Finally, the monopole problem is simply that there is no experimental evidence to
support the existence of magnetic monopoles. A physical theory should, therefore, be
able to explain why they have not yet been discovered.

We now discuss the mechanism by which inflation occurs, in the initial model,
discussed in [9] and [10]. Briefly, inflation states that there was a period of exponential
expansion in the early universe, which stops when a first order phase transition, through
a critical temperature T, occurs. At this temperature, one might expect that the
universe would transition from the false vacuum state, to the true vacuum state. Intead,
the universe supercools through this temperature to, say, a temperature Tg, orders
of magnitude lower than 7. This is a metastable false vacuum state. Bubbles of
true vacuum then nucleate and expand at the speed of light. Because this transition
occurs at the temperature Tg, instead of T, there is a huge change of entropy, so the
process is not adiabatic. The energy release associated with this phase transition is
such that the universe reheats to a temperature Tr, which is of the same order as T¢.
The inhomogeneities necessary for the formation of stars and galaxies are explained by
quantum and thermal fluctuations. Observations of such inhomogeneities in the cosmic
microwave background (CMB) can give information about the fluctuations predicted
by the inflationary model [33,34].

We now see how inflation solves the problems stated at the beginning of this chapter.

First, inflation explains the homogeneity of the universe, as all regions in the observable
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universe would have had contact with each other before the epoch of inflation. The
flatness problem is solved as, due to the rapid expansion of the universe, the density
post inflation approaches the critical density of a flat universe. For example, even if the
universe is closed, post-inflation this universe will be locally indistinguishable from flat
space. The solution to the monopole problem is that, before inflation, monopoles would
form. However, due to the rapid expansion of the space after inflation, monopoles will
be very spread out, meaning that it is not unlikely that one will not be present in the
observable universe.

There are, however, problems with this model. The main one is known as the
graceful exit problem, which is associated with the end of inflation [9]. Either inflation
does not end, or after reheating it gives a universe which does not describe the one we
observe. This is the case as, in order for the bubbles of true vacuum to thermalise, they
must collide with other bubbles of true vacuum. In this initial theory, there would not
be enough collisions to evolve into the universe that we observe today. In summary,
this model leaves the universe either too inhomogeneous, or too empty. Inflation also
fails to completely remove the fine tuning problem; in order for inflation to occur we
still need some exact initial conditions. In an attempt to solve these problems, we
move away from this first order phase transition theory of inflation, known as a false
vacuum theory, to that of a second order phase transition, as was considered in, for
example, [11] and [12].

We now discuss a specific theory of inflation, with a second order phase transition.
There are many such theories, but, for simplicity, we consider single-field inflation
[11,12]. For a more detailed treatment of the theory, we direct the reader to, for

example, [35,36]. We work in a 4-dimensional FLRW metric, which can be written as

dr?

1 — kr?

ds? = —dt* + a?(1) +r2dQ?| (1.5.1)
for a scaling factor a(t), where dQ? is the metric of the 2-sphere, and where k =
—1,0,1 for open, flat, and closed universes, respectively, as was stated at the end of
Section 1.4. In this section, we work with the time coordinate ¢, as opposed to the
conformal time 7 used for the rest of the thesis. The two coordinates are related
through equation (1.4.24).

In this model of inflation, the expansion is driven by a single scalar field, called the
inflaton field. The scalar field is minimally coupled to Einstein gravity, resulting in the

following action:

2
5= [y Dip Lty evi- Vi) (1.5.2)
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where .
M, = —— 1.5.3
vl V8TG ( )

is the Planck mass, and we consider a potential V' (¢) such as the one shown in Figure
1.3.

V(e)

slﬂ-roll

Figure 1.3: The potential of a scalar field which drives inflation. Inflation occurs when
the scalar field slowly rolls down the slope, and reheating occurs around the global

minimum, which is the true vacuum of the system.

As the scalar field slowly rolls down the slope of the potential, the exponential
expansion occurs. Finally, as the potential reaches its minimum, there is a period of
reheating, where the energy released during inflation thermalises the vacuum.

In order to discuss the dynamics of this system, we introduce the parameters

H= % (1.5.4)
¢ = —52, (1.5.5)
5= Hie (1.5.6)
n= _Iib (1.5.7)

where a dot denotes a derivative with respect to the time coordinate ¢. As mentioned
in the previous section, H is the Hubble parameter. Physically, € is related to the
slope of the potential, as will be seen later in equation (1.5.25), and ¢ is related to
its curvature. For the rest of this section, 7 is defined above by equation (1.5.7), as

opposed to denoting the conformal time. In order for inflation to occur, we require
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that
e<1, (1.5.8)
0] <1, (1.5.9)
| < 1. (1.5.10)

These approximations will be discussed in more detail in the following calculation.
We will work in the slow-roll approximation, which enforces conditions (1.5.8) -
(1.5.10). For the rest of this section, we will find the equations of motion, before
showing that slow-roll inflation is a valid inflationary model.
The equation of motion for the inflaton field ¢(¢), found from varying the action
given in equation (1.5.2), is
VeV +V'(¢) =0, (1.5.11)

which, as the inflaton field depends on time only, becomes
b+3Hp=—V'(¢). (1.5.12)

At the end of the previous section, we found the Friedmann equations, given by equa-
tions (1.4.29) and (1.4.31). When k = 0, and by using

Y HimE?, (1.5.13)
a

which can be seen by differentiating H, given by equation (1.5.4), it can be seen that

the Friedmann equations are

o= _P_ 1.5.14

Y ( )

H+ H? = Ve (p+3p), (1.5.15)
pl

where p and p are the energy density and pressure of a perfect fluid. They can be

expressed as follows:

p= %(;52 +V(¢), (1.5.16)
=3 -V(), (15.17)
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using the stress-energy tensor of a scalar field:

Tab = va¢vb¢ — Yab [;vc¢vc¢ + V(¢):| (1'5‘18)

and that of a perfect fluid, given in Section 1.4 by equation (1.4.27).

From the first Friedmann equation, we see that

1 1.
2 2
= — |= \% . 1.5.19
i |39+ V9 (15.19)
By differentiating this equation, and using the field equation (1.5.12), it can be seen
that )
. @2
H=—-—+ 1.5.20
2M2l ’ ( )
P
so, from the definition given in equation (1.5.5), we have that
¢'52

€= —F5— .
2M H?

(1.5.21)

Finally, taking the derivative of the logarithm of this equation, and using the definitions

given in equations (1.5.5) - (1.5.7), it can be seen that
§=2(c—n). (1.5.22)

This relation can be used to allow us to work in terms of € and ¢, and eliminate 7, as
will also be the case in Chapter 2.

We now use the slow-roll approximation to simplify these equations. From the
condition 7 < 1, we have ¢ < H¢, so the equation of motion, from equation (1.5.12),
becomes

3Ho ~ —V'(¢). (1.5.23)

The other necessary condition for slow-roll approximation, that ¢ < 1, is used to
simplify the first Friedmann equation. Applying this condition to the expression found
in equation (1.5.21) means we neglect the term in equation (1.5.19) corresponding to

the kinetic energy, so that

M2

(1.5.24)

We also note that by substituting the simplified equation of motion, given by equa-
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tion (1.5.23), into equation (1.5.21), we can write the slow-roll parameter

L Ve (V@Y
6N18M§ZH4 <V(¢)). (1.5.25)

The slow-roll approximation also allows us to find a simple expression for the length
of time over which the period of inflation occurred. In order to find the extent of
inflation, we use an e-fold, which is the expansion of space by a factor of e. The

number N of e-folds is given by

af ty
N= / dina= [ H()at, (1.5.26)
a; t;
which can be seen from the definition of H, given in equation (1.5.4). The boundary
values a; and ay are the values of the conformal scaling factor at the start and end
of the inflationary period, at times ¢; and ¢y respectively. As stated earlier, inflation
occurs when € < 1, so we use these values of € as our boundary values. Rearranging
equation (1.5.21):

¢

H=——— 1.5.27
vV 2€Mpl ( )
we see that this integral becomes
9 1 d
N = ¢ (1.5.28)

o \/im’

for ¢; and ¢y corresponding to the values of the field at the start and end of the
inflationary period. In order to solve the horizon problem, it is known that we need a
scalar field ¢ such that Noyp ~ 40 — 60 [37].

We conclude by returning to de Sitter spacetime, and the role of the cosmological
constant. In de Sitter, ¢ = 0, so V(¢) = constant, hence H is constant in time also.
As mentioned previously, inflation occurs in de Sitter spacetime, and is related to the
cosmological constant. The cosmological constant is the energy density of the vacuum.
In the scalar single-field model of inflation, this is the energy released during the second

order phase transition, which thermalises the true vacuum.

1.6 Linearised Gravity

As linearised gravity is the theory in which we work in most chapters, in this section
we study linearised gravity in FLRW spacetimes. The exception is Chapter 3, where
we study a massless vector field. We find the field equations for perturbations about

a background FLRW spacetime, and look at how the solutions of these equations are
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quantised. All results in this section also apply to de Sitter, when we take a specific

choice of the conformal scaling factor, and we look at the vacuum Einstein equations.
1.6.1 Field equations

We find the field equations for a perturbation about a background FLRW spacetime,
in the transverse, traceless, synchronous gauge. All results in this section can also be
applied to de Sitter spacetime, and any parts of the calculation that differ for each will
be highlighted. This calculation follows the method of [38].

We consider a perturbation about a FLRW background, g, such that

Jab = Yab + hab » (161)

for a symmetric perturbation h,,. We also assume that
dp =6p =du, =0. (1.6.2)

We want to write the perturbation as transverse, traceless, and synchronous:

Vo =0, (1.6.3)
h=0, (1.6.4)
Uhgy = hoa =0, (1.6.5)

where the last line follows since we consider a comoving fluid u* = (—1,0,0,0).

We start from Einstein’s equations, given by

I€2~

. 1. -
Rab - igabR = ? ab (166)
where k2 = 167G, and a tilde represents a quantity calculated using the full metric. In

this thesis, we consider two distinct cases of the stress-energy tensor:

T as = —Aav » (1.6.7)

Tay FLRW = (0 + P)UaUp + DJab » (1.6.8)

where the first case corresponds to de Sitter, and we use the second for FLRW. Here, we
use the stress-energy tensor for an ideal fluid. For the rest of this chapter, we take the
FLRW stress-energy tensor, as the de Sitter case clearly follows by setting p = —p = A.
We therefore drop the FLRW subscript for the remainder of this discussion.

We will work to linear order in the perturbation hg, in what follows. To first order
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in the perturbation h,;, we can expand to see
g = g™ — " + O(h?), (1.6.9)

VG =V L+ g+ 002), (1.6.10)

and, additionally, in the transverse, traceless, synchronous (TTS) gauge,

Tab = Tab +phaba (1611)
7% =T%+ O(h?), (1.6.12)
where
Tap = (p + p)tiatp + PYab - (1.6.13)
The Riemann tensor is
Ryea = Vel'§y — Val'g, + O(h?), (1.6.14)
where .
[f, = igad [(VoGed + Vegoa — Vadeel (1.6.15)

and V, is the covariant derivative with respect to the background metric. In general
(unless otherwise specified) indices will be raised / lowered with respect to the FLRW
background metric, which is consistent with the linear order to which we work. The

Riemann tensor is therefore given by

~ 1
Rabcd =R%q + B [chdhg + chbhg — V. Vg — Vdvchg — Vdvbhg + VdV“hcb]
o), (1.6.16)

The Ricci tensor is defined to be Ry, = Rca - Calculating this gives
~ 1
Rap = Rap + 5 [VeVoh + VeVahi — Ohap] + O(h?), (1.6.17)

where we have used the symmetry of the perturbation, and the fact that it is traceless,
in order to simplify the expression. Note also that covariant derivatives commute on a

scalar field. We must now compute the Ricci scalar which is given by:
R=§"Rg. (1.6.18)

Note that in this case we must use the full metric, g.p, to contract indices as R contains
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a term to order Rh° in the perturbation. Calculating this and implementing the gauge

conditions given by equations (1.6.3) - (1.6.5) gives:
R=R—Nh"™R, +O(h?). (1.6.19)

Using these expansions, Einstein’s equations (1.6.6) become

L9 vune + 2v.vne — Long, — LRhg + LguhelR —’izh (1.6.20)
9 cVally 9 c Vbl 9 ab 9 ab 2gab cd — 2]9 ab - 0.

In order to simplify this equation, we make use of the following expressions for the
Riemann tensor, Ricci tensor, and Ricci scalar, which here are quoted for general n for

later convenience:

R%ea = H* [9%9ba — 95 9be + €(u™tcgpq + uptigg? — uuggpe — upucgs)] (1.6.21)

Ray = H*[(n — 1 — €)gap + €(n — 2)uquy) , (1.6.22)
= n — n — Z€). .0.

R = H? 1 2 1.6.23

By evaluating the commutator of covariant derivatives, and imposing the TTS gauge

conditions, it can be seen that
vavchg = Rachg - Rdbachg )
= H?*(4 — €)hpe, (1.6.24)
where the second line follows by setting n = 4 in equations (1.6.21) and (1.6.22).

Additionally, in terms of the Hubble constant H and the slow-roll parameter €, in n

dimensions the pressure of the perfect fluid is
K*p = 2H?e(n — 2) — H*(n — 1)(n — 2), (1.6.25)

which is found the following component of Einstein’s equations:

1 2
Rii — 5giRt = %TZ (1.6.26)

using equations (1.6.22), (1.6.23), and where Tj; = pgi;, as can be seen from equa-
tion (1.6.13).
Using these relations, in n = 4 dimensions the field equations for the perturbation,

given by equation (1.6.20), can be written as

(O—2H?) ha, = 0. (1.6.27)
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In the next section, we see how we quantise the solutions to these field equations.
1.6.2 Quantisation scheme

In this section, we briefly review the symplectic method of quantisation detailed in [39].
We explicitly look at how the method is used for the tensor perturbations of linearised
gravity: the solutions to the field equation (1.6.27). This method of quantisation is used
in Chapter 2 to normalise the mode functions of both the tensor perturbations, and
the scalar field. It is also used in the construction of the graviton two-point function in
Chapter 4. We conclude by briefly mentioning how this is applied to solutions of the
Klein-Gordon scalar field.

We start from the action for a bosonic field ¢;, where the index I may represent
spacetime indices corresponding to, for example, a scalar field or linearised gravity.

This action is

S = /\/Tgﬁd”x, (1.6.28)

for a quadratic Lagrangian
- L1y
L= iK Va1V + 55 orog, (1.6.29)

where K%/ = [bJel and §17 = §/1. The conjugate momentum is

g oL
" = g (1.6.30)

= K0, (1.6.31)

for the Lagrangian above. The Euler-Lagrange equation of motion is

oL oL
\ (W) ~ 35 =0 (1.6.32)

which, for the Lagrangian given by equation (1.6.29), becomes
Ver — 8¢, =0, (1.6.33)

where the definition of the conjugate momentum, equation (1.6.30), has been used.

We assume that
(01,77 = (10 ). (1.6:34)

where 7 = 1,2, are solutions to the Fuler-Lagrange equations. For these solutions, we
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define the symplectic current to be
j(1,2)c — f[(l)p(Q)CI _ 1(2)p(1)cf . (1635)

From the definition of the momentum, given by equation (1.6.30), and the equation of

motion, given by equation (1.6.33) it can be seen that this current is conserved:

vcj(l,Q)c _ vcfj(l) _p(2)cl + f[(l) i vcp(Q)cI o vch(Q) _p(l)cI - fI(Q) . ch(l)cl7
_ (KchJ _ Kde> Vaf[(l)vbf§2) n (SIJ _ SJI) §l)f§2) ’

=0, (1.6.36)

where the last line follows from the symmetries of the tensors K%/*/ and S!7.

We define the symplectic product

<f(1)’f(2)>symp — i/zdzc [fl(l)p@)cl _ fI(Q)pu)cI 7 (1.6.37)

where a bar denotes complex conjugation, for a Cauchy surface ¥., which is a subset
of the spacetime which is intersected exactly once by every inextendible timelike curve.

As the integrand of this is the conserved current j(:2)e

, the symplectic product is
independent of the choice of Cauchy surface 3.. We therefore make the choice ¥y = d3z.

For a coordinate system where the metric component gg; = 0, we have the standard
equal-time commutation relations for the components of the tensor perturbation and
their covariant conjugate momenta. These are defined in [40], and we state here for

completeness:

[01(t, %), 05(t,x)] = [WOI(t,X),Tf‘OJ(t,X/)] =0, (1.6.38)
[61(t, %), 7% (t,x")] = 676"V (x,x), (1.6.39)

where the delta function is defined such that

/ F(x)6 D (x,x') /g DA x = f(x), (1.6.40)

(n=1) is the determinant of the spatial metric.

where ¢

For the remainder of this section, we relate the symplectic product to the equal-time
commutation relations defined above, in order to find a new quantisation condition. In
what follows, we assume that p®/ # 0 for any I. At the end of this section we discuss

the case 7% = 0.
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To find such a relation, we first show that

(f(l)a ¢I)symp7 (¢J> f(Q))sympi| — (f(l), f(2))symp s (1.6.41)

under the assumption that ¢; is a Hermitian field. This follows from the definition
of the symplectic product, given in equation (1.6.37), and the commutation relations,
given by equations (1.6.38) - (1.6.39):

LHS = [(f(l)a¢1)sympv(d)Jaf(Q))symp} 5
= /d("_l)xwg("1)(t,x)/d(”_1)xl gD (t,x") x
{1700 (1030, 040.2)] 92 1.%)
() [1(t), 7 (1,%)] £7(8,%)}

= Z/Edzc |:fl(1)p(2)01—f1(2)p(1)01:| ,

= (f(l)a f(Q))symp s
— RHS. (1.6.42)

We now take a more schematic approach to find another expression for the com-

mutator [(f(l)7 O1)symps (&7, f(Q))Symp]. We write the following mode sum:

=S A1 @) =3 AL @), (1.6.43)

where the second equality holds as we consider a Hermitian field. Using this mode

expansion, the commutator becomes

(£, 60)mp (@1, £ ey = ZZ[ (5 <a>)symp7 At (59, f(p)>symp]’
- Mo [AU, A;} MP (1.6.44)

where

M = ( 7@, f<ﬂ>) . (1.6.45)

symp
By combining the two equivalent expressions for the commutator, given by equa-
tions (1.6.41) and (1.6.44), we have that

MoP = Moo [Aa, AH M, (1.6.46)
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which, if the matrix M°? is invertible, implies that
-1
A0 4] = (7). (1.6.47)

In summary, we have derived relation (1.6.47) from the equal-time commutation
relations, and we now adopt this expression as our commutation relation. In practice,
we expand our fields as the mode sum given in equation (1.6.43), calculate the matrix
M?P given by equation (1.6.45), before imposing condition (1.6.47).

In Chapter 2, we will calculate expression (1.6.47) and use the resulting relation
to normalise mode functions. To demonstrate that this method gives the standard
commutation relations, we take the example of a Klein Gordon scalar field. For a

scalar field, we have, from evaluating the symplectic product,

( F®), fa)) YL (1.6.48)
symp
for the modes f*) defined in equation (1.6.43), which gives the expected commutation
relations
[ak,aﬂ - (1.6.49)

We also look at the scalar field in more detail in Chapter 2, as here we will normalise
the mode functions for a massless, minimally coupled (MMC) scalar field.
We conclude this section with a discussion on the case when 7% = 0, when the

matrix M°” is not invertible. This is the case in linearised gravity, where the mode
F9 = V.6 + Vié, (1.6.50)

is symplectically orthogonal to all modes, meaning that the symplectic product is de-

generate:

<f<g>7f<l>) ~0. (1.6.51)

symp
To use the method of quantisation outlined in this section, we must impose a gauge
condition to make the matrix M?? invertible. In the case of linearised gravity in FLRW
spacetime, imposing the T'TS gauge condition is sufficient. Alternatively, a gauge-fixing

term can be added to the Lagrangian, as is the case in Chapter 4.

1.7 Problematic behaviour of propagators

In this thesis we are interested in two kinds of infrared divergence: the requirement
of an IR cut-off to ensure that a propagator is well-defined, and the divergence which
occurs when separation between points grows. Both of these issues tend to manifest

themselves in the same way, as a term of the form log(ar), where r is the separation
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between points, and « is an IR cut-off.

In this section, we clarify which of the propagators studied exhibit which type of
IR divergence, and finish by detailing where in the thesis each type of divergence is
studied. Throughout this thesis, we are mainly concerned with the IR divergences of
the graviton propagator, but we briefly discuss the MMC scalar field, and the covariant
massless vector propagator, for reasons we detail below.

We start with the MMC scalar field. Our main interest in this theory is due to
its relevance for our later study of the graviton field. It can be seen that, in the TTS
gauge, the graviton field satisfies the same field equation as the MMC scalar field in
FLRW spacetime. The MMC scalar field in de Sitter space, and other spatially flat
FLRW spacetimes, has a two-point function which is divergent in the IR [38]. Hence,
if the scale factor and the state are such that the MMC scalar field has an IR-divergent
two-point function, then the graviton field will have one also [41]. The MMC scalar
field exhibits both IR problems discussed in this section [42], which naively suggests
that the graviton two-point function, in the TTS gauge, will also suffer from both [43].
Indeed, for the single-field inflationary model, the two-point functions for the scalar
and tensor perturbations are IR-divergent in a similar manner.

We now briefly discuss the covariant massless vector propagator. We are interested
in this propagator as the study of its IR divergences will help with our calculations
of the IR divergences of the covariant graviton two-point function. The covariant
massless vector propagator does not require an IR cut-off to be well-defined. As points
approach infinite separation, this propagator approaches a constant in the non-Landau
gauge and it falls off in the Landau gauge [44]. Finding the large-distance behaviour
of the covariant massless vector propagator will be seen to be useful in finding the
large-distance behaviour of the graviton propagator.

We now explore the IR divergences of the graviton propagator, which was the main
aim of this section. In this thesis, we work with two different kinds of graviton two-
point functions. First, in Chapter 2, we study the propagator in the TTS gauge, where

(n—2)(n—1)—2
2

the gauge degrees of freedom are totally fixed, and we have polarisation

states. In Chapters 4 and 5 we study the graviton two-point function in the covariant
gauge, where a gauge fixing term is added in the Lagrangian, so that there are %
polarisation states. The covariant graviton propagator does not require an IR cutoff.
From the aforementioned correspondence between the field equation for the MMC scalar
field and that of the graviton field in the TTS gauge, one might initially assume that
the graviton propagator suffers from both kinds of IR divergence, in the TTS gauge.
This, however, is found to not be the case. In de Sitter spacetime, it was shown that
there is, in fact, no need for an IR cut-off. Instead, a gauge transformation can be

found to remove this IR divergence, suggesting that this divergence is merely a gauge
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effect [43]. In this thesis, we find a gauge transformation to show this result is true in
FLRW spacetime also. As for the second type of IR divergence, the covariant graviton
propagator does suffer from large-distance growth [2]. However, in de Sitter spacetime
it will be seen that this divergence can also be removed, by means of a suitable gauge
transformation, as was previously seen for the n = 4 dimensional case [4].

For the majority of this thesis, we study the graviton propagator. In Chapter 2, we
work in the TTS gauge and use a gauge transformation to show that this propagator
does not need an IR cut-off to be well-defined. In Chapter 3, we study the large-
distance behaviour of the covariant massless vector propagator. In Chapter 4, we look
at the large-distance behaviour of the graviton propagator, in the covariant gauge.
In Chapter 5, we use a gauge transformation to show that these non-vanishing large-

distance terms can be written in pure gauge form.

1.8 Gauge freedom in Linearised Gravity

In this section we review the gauge freedom in linearised gravity. We discuss the form
of this gauge freedom, and discuss the physical relevance of it. We mention that there is
debate over whether the IR divergences in the graviton two-point function are physical
or merely a gauge artefact, and give some justification of the calculations performed in
Chapters 2 and 5.

For the majority of this thesis, we work in the framework of linearised gravity. We
start this section by mentioning that we work in the TTS gauge, given by conditions
(1.6.3) - (1.6.5) in Section 1.6.1, everywhere except for in the latter half of Chapter 2.
Here, we have the additional complication of a scalar (inflaton) field coupled to gravity.
In these sections, we work in the gauge where the scalar perturbation is equal to O.
More detail on this gauge will be given in Section 2.5.

In linearised gravity, the gauge freedom is a result of the invariance of the metric
under diffeomorphisms of the manifold. If one considers the following infinitesimal
change of coordinates, parametrised by £ such that, for two coordinate systems z¢
and 2%,

L (1.8.1)

the perturbation hgp, which is the solution of the field equation given in Section 1.6.1,

changes like
5éhab = écacgab + (aagc)gcb + (abgc)gac ) (1.8.2)

which is equivalent to equation (1.6.50). For the specific example of a FLRW metric we

used in the previous section, given by equation (1.4.20), we see that, after the following
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rescaling:
hap = a”(n)Hay 1.8.3
o = a*(n)&a, (1.84)
we have
5§Hab = 8@&; + &,fa — 2Ha77ab§0 , (1.8.5)

where the Hubble parameter H is defined in terms of conformal time 7, as

(1.8.6)

where a prime denotes a derivative with respect to conformal time.
In the TTS gauge, the only non-zero components of the perturbation hy;, are those

that are purely spatial, so it is natural to set £y = 0, and see that

O¢Hij = Vi€ + Vi, (1.8.7)
= 0i&; + 0i&i (1.8.8)

as all Christoffel symbols FZ = 0 in Minkowski spacetime. This is the familiar form
of the gauge freedom for linearised gravity in flat spacetime. We will use this gauge
freedom to remove the IR divergence of the graviton two-point function.

As mentioned in the previous section, the physical significance of the IR diver-
gences of the graviton propagator has been studied over the past several years (see,
e.g. [45-68]). There is some debate over the use of ‘large’ gauge transformations [69,70],
i.e. gauge transformations that do not become identity at spatial infinity, to remove
the IR divergence of the graviton two-point function. In de Sitter spacetime, the IR-
divergent piece of the two-point function can be written in pure-gauge form [3,71]. It
was noted that these divergences can be gauged away by linear gauge transformations
that correspond to global shear transformations [43], which are large gauge transfor-
mations. In this paper, it is argued that it is legitimate to use large non-compactly
supported gauge transformations if one is interested only in local physics. Briefly, this
is because a large gauge transformation can mathematically be made to be compactly
supported, without changing local physics, by multiplication with a smooth compactly
supported function which is equal to 1 in the local region of interest and turned off
smoothly outside. Then the two-point function will be IR finite if the two points are
in the region where this compactly supported function is 1, which is the region of
interest, though it is IR divergent elsewhere. In this thesis, we follow the approach

of [43] and apply a specific large gauge transformation to each mode function rather
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the corresponding momentum component of a single gauge transformation. In [69] the
Aharonov-Bohm effect is listed as an example where gauge-dependent quantities might
play a role. However, since the IR divergences in the graviton (or inflaton) two-point
function are not a topological effect, this does not serve as a good example for argu-
ing against using large gauge transformations to gauge away IR divergences. We also
point out that the distribution of gravitational fluctuations in momentum space is un-
changed by these large gauge transformations; only the mode function for each value

of the momentum is modified.

1.9 Summary

In this chapter, we have provided motivation behind our interest in the study of propa-
gators in cosmological spacetimes, along with a mathematical basis for the calculations
carried out in the rest of this thesis.

The plan for the rest of the thesis is as follows: in Chapter 2, we work in FLRW
spacetime, and find a gauge transformation such that the IR divergence of the graviton
two point function can be removed, for certain values of the slow-roll parameter e.
In Chapter 3, we work in de Sitter spacetime, as will be the case for the rest of the
thesis. We find the long-distance behaviour of the covariant massless vector propagator
in n-dimensions. The method involved in this calculation is then used in Chapter 4,
where the n-dimensional large-distance behaviour of the graviton propagator is found.
In Chapter 5 this large-distance divergence is written in pure gauge form. Finally, in

Chapter 6, we discuss open problems related to the work in this thesis.
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Chapter 2

Infrared divergences for free quantum

fields in cosmological spacetimes

In this chapter, we study the IR divergence of the graviton two-point function in FLRW
spacetime, and find a large-coordinate gauge transformation such that this divergence
can, for a large class of FLRW spacetimes, be removed. Mathematically, IR divergences
in the two-point function arise because, for small p, the power of the momentum p in the
integrand of the p-integral is negative and too large for it to converge. Large coordinate
gauge transformations, such as global shear transformations and dilation, render the

two-point functions IR finite for the tensor and scalar perturbations in slow-roll single-

v —2v+2

field inflation by increasing the power of p in the IR by 2, from p~2¥, say, to p
It was shown recently that, if one smears the IR-divergent graviton and inflaton two-
point functions in a gauge-invariant manner, then the power of p mentioned above is
changed from p~2¥ to p~2*% [72,73]. This suggests that there should be large gauge
transformations that change the small-p behaviour of the mode functions of the graviton

—v+2

and inflaton from p™ to p so that it changes in the integrands of the two-point

—2v+4_ In this chapter we find such gauge transformations.

functions from p~2 to p
We discuss these gauge transformations first for the tensor perturbations, as they are
universal for any FLRW spacetime. We then discuss the case of single-field inflation

with the emphasis on the scalar perturbations.

2.1 Tensor perturbations of the FLRW metric

We consider the gravitational tensor perturbations around a background FLRW metric
in n dimensions. We let n > 4 throughout this chapter. For definiteness we assume that

the matter consists of a perfect fluid. There are several actions proposed to describe a
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perfect fluid in General Relativity [74-76]. The action due to Schutz [75] is

I= /d":n[,, (2.1.1)
where )
L= ?\/—gR—F\/—gp(,u, S). (2.1.2)
The quantity S is called the specific entropy, and u and V, are defined by
e AT (2.1.3)
Vo=Vaebd+aV,B+0V,S. (2.1.4)

The positive constant  is related to Newton’s constant G by x? = 167Gx. The
independent variables are ¢?°, a, 3, ¢, 6, and S. The most relevant fact here is that the
pressure p depends on the metric through equation (2.1.3). By using the relation [75]
0
o _PEP (2.1.5)
ou I
where p is the energy density, one readily finds the standard Einstein equations with a

perfect fluid:
2

1
Rab - 7gabR =

K
2 5 [(p+p)uaus + pgas] (2.1.6)

where
Ug = p 1V, (2.1.7)

where the perfect fluid model is used to model the radiation and matter phases of the
early universe.

As is well known, the metric of the form

Gab = @*(N)Tap » (2.1.8)

where 74 is the metric of flat spacetime, is a solution of (2.1.6) if u, = t,, where

£ = a(n) <§n>a , (2.1.9)

48



CHAPTER 2. 2.2. QUANTISATION OF THE TENSOR PERTURBATION

and if

K2 p=(n—1)(n-2) (al>2, (2.1.10)

" I\ 2
Kp=—-2(n—-2)— — (n—2)(n—5) <2) : (2.1.11)
a
Equation (2.1.11) was derived in Section 1.6.2, and equation (2.1.10) is found in the
same way. A metric of the form in equation (2.1.8) describes a FLRW spacetime.
We consider the tensor perturbation hgp, which is a rescaling of the perturbation

considered in Chapter 1 such that hg., — a? (n)hqap. The metric is therefore written as

Gab = a2(77) (nab + hab) ) (2112)

where hgy, is synchronous, transverse, and traceless. That is, we require that h,, have
no component in the direction of u?, i.e. hg, = 0, and that its spatial component
be transverse, 07 hi; = 0, and traceless, 54 hi; = 0, where 0; is the spatial derivative
operator in flat space, and where the index is raised by Kronecker’s delta, §. We
write the space components of hy, after choosing this gauge as h;; = H;;. From
equation (2.1.6) it is clear that the perturbations described by H;; do not mix with
perturbations of any other fields at first order. We find that H;; satisfies the following
equation to first order [41]:

1 0 5 0 1
—(a"*=H;; | - 5AH;; =0, 2.1.1
a™ on <a on ) a? i=0 ( 3)

where A = §% 0;0; is the Laplacian on flat space. This equation is equivalent to the
field equation (1.6.27), derived in Section 1.6.2.
2.2 Quantisation of the tensor perturbation

In order to quantise the field H;; representing the tensor perturbations, we first expand
the Lagrangian (2.1.2) to second order in Bab = a’hg, with the conditions Vaiz“b =0
and fL‘; = 0. Thus, we find (up to a total derivative) the quadratic Lagrangian relevant

to the tensor perturbations is as follows:

2
2(n—2)
+ RMecq v heal . (2.2.1)

(P - p)ilabﬁab + Rabhacﬁg

— 1 . s
Lp=Y_9|_ 5vahbcvWC—

K2
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where p, p, R, and R ¢ are the background quantities. By substituting (2.1.10),
(2.1.11), and using the formula

Rabcd - H2 [gacgbd — GadY9be + 6(tatcgbd + tbtdgac - tatdgbc - tbtcgad)] ’ (222)

where, as defined in Chapter 1,

H = = (2.2.3)
Hl
€ = ~ (2.2.4)
we can simplify L as
1 g g
£r = a2 (Y 4 1, 0 1Y) (225)

where H{j is the partial derivative of H;; with respect to conformal time 7 and where
A\ = 0i0 is the Laplacian on flat space.
The quantisation of the field H;;(n,x) is standard, as has been discussed in Sec-

tion 1.6.2. It is expanded in terms of the mode functions 'y(s’p)

i (n,x) and their complex

conjugates as

d"'p s 5.p)
5020 = [ e 3 [ephP 30 +aler P ] . 226

(s;p)

The mode functions v, J (n,x) are given by

1P (1,%) = €7 (p) fp(m)e™™, (2.2.7)

(%)(

where the polarisation tensors €;; p) are traceless, satisfy egj)(p)pj =0, and

e} ) (p) =57 (228)
ij
The functions f,(n), where p = |p|, satisfy

1 d

200 dy {a“(n)jnfp(n)} +0°fp(n) =0, (2.2.9)

which, of course, agrees with (2.1.13). Since the equation of motion (2.2.9) implies

d | n- oo Afp(n)  dfp(n) B
dn{a *(n) |:fp(77) T fp(n)”—oj (2.2.10)
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it is possible to choose the normalisation of f,(n) such that

oo Afp(m)  dfp(n) o 2ik?
fy(m) 577 - §77 fp(n) = =IOk (2.2.11)
With this choice we find
[as(p)> a’il (p/)] = (27T)n_15$s’5n_1(p - p,) . (2212)

We can reach the normalisation condition, given by equation (2.2.11), by considering
the quantisation scheme detailed in Section 1.6.2. We consider the symplectic product

given by equation (1.6.37), repeated here for clarity:

M, 0 = (f("%f("'))symp =i / ax [ f7rpleer — plnbe (01 (2.2.3)

From Section 1.6.2, we have the following relation between the symplectic form and

commutation relations:
(M), = las(P),al, ()], (2.2.14)

)

which we use to impose a normalisation condition on the mode functions. By writing
this symplectic form in terms of the mode functions v;; and their respective conjugate
momenta, and using the commutation relation (2.2.12), the relation (2.2.14) can be

evaluated:

B / 4" xy/=g |18 (0, %) 00T (5, 5) — 905 TR) ()4 P (g, %)

_ 655’(27r)n—16(n—1)(p N p/) )
(2.2.15)

Computing the right hand side of this expression for the modes (2.2.7) gives the con-

dition yic?
W(fs: fo)n) = EPTT (2.2.16)
where the Wronskian is defined as
d d
W(f1, f2)(n) :== fi(n) - d*nf2(77) - d*nfl(ﬁ) - fa(n) . (2.2.17)

This is exactly the relation (2.2.11) found earlier in this section.
As mentioned in Chapter 1, working in a curved spacetime means we lose the
notion of a unique vacuum state. In FLRW spacetime however, one can define the

vacuum state |0) by requiring that as(p)|0) = 0 for all s and p. Thus, the choice
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of the function f,(n) satisfying (2.2.11) determines the vacuum state. The two-point

correlation function for H;;j(n,x) can be found using (2.2.12) as

Aijiivr(n,x3n', %) == (0| Hyj(n, x)Hy (0, x)]0)

dn—lp . o
_/(27[-)11—1 Zvﬁj’p)(n,x)’yﬁj’,") (n',x'). (2.2.18)

It will be useful for later purposes to examine the solution fy,(n) for small p. If

p = 0, equation (2.2.9) becomes

1
a"2(n)

d 9, . d

— |a" — =0. 2.2.1
& | <o (2:2.19)
Two independent real solutions fo(n) = Fél)(n) and FO(Q) (n), can be chosen as

Fm) =1, (2.2.20)

dn
FP ) = / 2.2.21

0 (77) a”‘Q (n) 9 ( )
where the constant of integration is chosen suitably in (2.2.21). From rescaling equa-

tion (2.2.16), we see that two independent real solutions, Flgl)(n) and F;E2) (n), can be
found such that

dF" () ARy () 1
ESD () =222 — =2 P () = 2.2.22
p (1) a a (n) 20 ( )
and that

FD () = By () + 0% , (2.2.23)

for I = 1,2. This is because the p-dependence in (2.2.9) is through p?. The solutions
fp(n) can be expressed as

fon) = 1A ) ED () + B (p) EP () - (2.2.24)

The functions Fzgl)(n) and FI@ (n) are finite in the limit p — 0, and the source of

IR singularities is the singular behaviour of A()(p) in this limit. After choosing the

real solutions F(M(n) and F()(n) it is always possible to choose AT)(p) and B (p)

to be real. This is done by first choosing B(")(p) to be real with adjustment of the

phase factor, and then absorbing any imaginary part of A(T)(p) with the redefinition
of

F@ () = FO () + [1m AD (p) /B ()] FD (1) (2.2.25)
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Then, equations (2.2.11) and (2.2.22) imply
24D (p) BT (p) = k2. (2.2.26)

Changing the exact form of the functions A)(p) and B™)(p) alters the function
fp(n), and hence its complex conjugate fp (). This in turn alters the mode functions
%(]S -P) (n,x) and 7§§’p)*(n,x), respectively. From their definition in equation (2.2.7), it
can be seen that these mode functions determine the positive- and negative-frequency
solutions. Hence, the choice of the functions A)(p) and BT)(p) determines the
positive- and negative-frequency solutions. In most of important applications, such

as slow-roll inflation, the ‘positive-frequency’ solution f,(n) is chosen such that

mez%, (2.2.27)
p
for v > 0. Then, by (2.2.26), we find B)(p) ~ p” for small p.
We note that there is some freedom in distributing the p-dependence between
AT (p) and Flgl)(n) and between B)(p) and FISQ) (n). We allow this freedom be-
cause in many cases there are standard functions to be chosen as Flgl)(n) and F1§2) (n).

For example, if a(n) = 1, which corresponds to flat space, then we can choose

E{M(n) = cospn, (2.2.28)
FI§2) (77) _ p—l sinpn, (2.2.29)
with n € R, and )
1K
70 m) = <= ED ) + /PP ), (2:2.50)

VP
so that C = k and v = 1/2.

Note that if v > (n—1)/2, then the two-point correlation function A,y (1, x;1',x’)
is IR divergent because then the integrand in (2.2.18) will behave like p~2, where
2v>n-—1.

In the next section we show that large gauge transformations can be used to make
the integrand less singular in the small p limit, so that, in many applications, the IR

divergences can be eliminated by large gauge transformations.

2.3 The gauge transformations for the tensor perturbations

As discussed in Chapter 1, the linear gauge transformation for kg, = a?Hyp is

5€~hab = gcacgab + (aagc)gcb + (81750)9(16 ) (2'3'1)
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which can be given, with the definition £, = a?(n)&, as
0¢Hap = 0apy + Op€a — 2H angp&o - (2.3.2)

We show in this section that one can choose £, for each mode function fyl-(;’p) (n,x)
such that the integrand for the two-point function Ay (n,x;1’,x’) has the power of

p reduced by 4 for small p. That is, if

n—1 n+3
<
5 srv< 5

(2.3.3)

then, although the graviton two-point function is IR divergent with the mode functions
yi(;’p) (n,x) behaving like p~" for small p, it will be IR finite with the gauge-transformed
mode functions.

The gauge transformation we use is given by

=0, (2.3.4)

i s . 1 (s mo | -
&= —5ADME M) |6 () (1+1p-x) - Sef) (P)ala™pi | e 7, (23.5)

where the factor e_”2p2, with p a positive constant, has been inserted in order not to

introduce spurious ultraviolet divergences. The polarisation tensors egj-)(p) have been

defined before [see the sentence containing (2.2.8)]. Notice that they depend only on
the direction of p and not on its magnitude. The part of order p° inside the square
brackets represents the global shear transformation used in [43]. The part of order p
was obtained by determining the coefficients o and S in the general ansatz

acly) (p)a'p - x + Bels) (p)ala™p; (2.3.6)

(s)
ij (

in the sense that & does not tend to zero as |x| — co. In fact it diverges in this limit.

which is linear in ¢, (p) and p; and quadratic in 2¢. This is a large gauge transformation

Now,

5957 (1, %) = 0i€; + 046
= —AD (p)el (p)(1 + ip - x)e 77, (2:3.7)

where we used Fél)(n) = 1. Notice that 572-(‘-3’p) is transverse and traceless. Thus, this
gauge transformation does not violate the gauge conditions we have imposed, though

the transformed field no longer has a non-singular Fourier transform. We find the
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transformed mode functions as

P = e )P —iAD ) (p)(1 +ip - x)e
= i) @{AD®) [FD ) - £ )| (1 +ip )

+AT) (p)FZEl)(n) (eip'x —1-ip-x)
—AD @)1 +ip-x)(e 7 = 1) + BO )P (e}
= ) [AD ) x 0 + BT () FP ()] | (2.3.8)

where we have used (2.2.23). Suppose that, in the small p limit, AD (p) = Cp, for

v > (n —1)/2, so that the graviton two-point function is IR divergent. As a result,

due to (2.2.26), B (p) ~ p” for small p. Then, the original mode function 'y-(?’p) (n,x)

7
behaves like p™ whereas the transformed mode function ﬁ/-(;’p) behaves like p~¥*2.

(3
Thus, if
n—1 n+3

< , 2.3.9
5 v<— ( )
then the original graviton two-point function A;ji (0, x;n',x’) given by (2.2.18) is IR

divergent, whereas the transformed one with fyz(j 'P) (n,x) replaced by ’yi(‘-s’p) (n,x) is IR
finite. Thus, for this range of v, the IR divergences of the graviton two-point function
can be removed by large gauge transformations.

Below, we apply the general observation described above to the particular case with
the conformal scaling factor a(n) = (—n/no) ™", where 19 and \ are positive constants,

and where 7 runs from —oo to 0. In this case the field equation (2.2.9) becomes

! B A /
s+ S22 )+ ) =0, (23310)
A solution to this equation is
Fo(n) = CT(p)(—pn)”HM (—pn) (2.3.11)
Y= % [+ (n—2)\ . (2.3.12)

where HV (z) is the Hankel function of the first kind. The constant A can be related
to the slow-roll parameter € defined by (2.2.4) as

=1—-—. 2.3.13
e=1-5 (23.13)

We note that both the radiation phase and matter phase correspond to fixed values of

e [77]. Since € is time independent, the slow-roll parameter §, introduced in Section 1.5,
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is ,
€

- 2Hae

=0. (2.3.14)

The mode functions 'yz(js ') (n,x) defined by (2.2.7) transform under the scaling (n,x) —

(am, ax), where « is a positive constant, as

7P (o, ox) = fla)y s (n,%), (2.3.15)

where

CT
1) = Griagy

Thus, if one defines the vacuum state |0) in Section 2.2 by adopting the function f,(n)

(2.3.16)

defined by (2.3.11), then it respects the scaling symmetry (n,x) — (an,ax). This
state is the natural vacuum state in this sense and is generally adopted for the slow-roll
inflationary models, for example. (The derivatives of the graviton two-point function
that are IR finite acquire a constant factor under this scaling for slow-roll inflation [73].)
For this reason we study this case below.

The normalisation constant C'(2) (p) can readily be found up to an overall phase

factor by using the large n limit of (2.2.11) with

HD(2) ~ \/ %ei(z‘g”‘%) . (2.3.17)

We find
cD(p) = YT (2.3.18)
V2(pmo)¥
Thus, for small p,
CT)(p) ~p" = p2ll+(n=2A (2.3.19)

We can write fj,(n) in the form (2.2.24) with

EV(n) =~ QVF(V)( )Y (=pn), (2.3.20)
E?) () QV( 1F(;;Z (—pn)” Ju(—pn) (2.3.21)
AD (p) = K\/TW : (2.3.22)
B0 = 1T (2.8.29

where J,(z) and Y, (z) are the Bessel functions of the first and second kinds, respec-

tively.
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In Section 2.2, we stated that Fél)(n) — 0(1)(77) = 0@, ifv > (n—1)/2, ie. if
the original two-point function is IR divergent. We now show that this is, indeed, the

case. We define
Gu(z) :=2"Y,(2), (2.3.24)

as, for z = pn, we have Flgl)(n) x G, (z). All we need to show is that G, (z) — G, (0) =

O(2?) for small z. If v is not an integer, then we have

2V (2) = —Sin(lﬂy)z”J_V(z) +cot(m)2", (2) | (2.3.25)
where - i
Jy(z) = g lﬁ!I‘((_—l—l)1—|—1/)22k+y . (2.3.26)

The second term in (2.3.25) is O(2?”). The original two-point function is IR divergent

2V whereas the

if v > (n — 1)/2 because the power of p in the integral for small p is p~
integration measure is dp p"~2. Thus, for n > 3, if the original two-point function is IR
divergent, then the second term in (2.3.25) is O(z?) or higher, which can be neglected.

Then since

I () = i iz% (2.3.27)
- KDk +1-v)" "

it is clear that G,(z) — G,(0) = O(2?).

If v = N is a positive integer, then

N-1

2 z 1 z\ 2k
k=0
1NN O(k) + S(N + k) (2)2+2N
_ - —1)k z 2.3.28
Wkgo [( ) ( ENN + k)! (2) ’ ( )
where ¢(p) = >F_, % Therefore, as the power of z increases in increments of 2 in the

first sum, the same argument as above holds and we conclude that Gy (z) — Gn(0) =
O(2?%), which concludes our discussion.

Returning to our discussion of slow-roll, from (2.3.9) we find that, if

n+ 2

1<A< ,
n—2

(2.3.29)
then the two-point function (2.2.18) is IR divergent, but that the two-point function

formed from the mode functions acted on by the large gauge transformations, given by

(2.3.5), is IR finite. In terms of the slow-roll parameter €, this condition can be written
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as

4
Ce< ——, 2.3,
0<e<— (2.3.30)

the case ¢ = 0 being the de Sitter limit. Interestingly, the spacetime with ¢ < 0
(0 < A < 1) (Big Rip spacetime [78]) causes no IR problems.

The case A = 0 gives Minkowski space, so we neglect this, and, instead, briefly
discuss the case with A < 0. Here, we have a(n) = (/n0)* and the variable 7 runs
from 0 to +oo in order to have an expanding universe. The function f,(n) that we can

adopt in this case is

A<0) (1Y T v (2
<0 () = —C T (p)(pn)”HP (p) , (2.3.31)
where CT)(p) is given by (2.3.18) and where v = 2[(n —2)A +1|. In a way similar to

the positive A case, we find that the two-point function (2.2.18) is IR divergent but can
be rendered IR finite by the large gauge transformations given by (2.3.5) if

2 —

<e<?2 2 (2.3.32)
e<2——. 3.
n+4 n

Combining this case and (2.3.30) for positive A, we find that the two-point function

(2.2.18) is IR divergent if

2
0<e<2— 2, (2.3.33)

n

but the gauge transformations (2.3.5) render it IR finite unless

4<<2 0

< — . 2.3.34
n—+2 ¢ n-+4 (2.3.34)

It is known that the two-point function for the linearised Weyl tensor, which is a
local gauge invariant, is also IR divergent if and only if [69]
4 6
<e<

\E\

2——,
n+2 n—+4

(2.3.35)

for the vacuum state chosen here. This implies that it is impossible to render the
graviton two-point function IR finite by any gauge transformations outside this range
of values for € because the linearised Weyl tensor is invariant under any gauge trans-
formation, large or otherwise.

For 0 < € <« 1, i.e. for slow-roll inflationary FLRW universe, our result clearly shows
that the IR divergence of the two-point function for the tensor perturbations can be
eliminated by large gauge transformations. In the next section we show that we can

do the same for the scalar perturbations in this spacetime.
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2.4 Scalar perturbations in single-field inflation

We now consider inflationary FLRW spacetime such that the inflation is driven by a

scalar, inflaton, field

é(1,x) = ¢(n) + $(n,x) (2.4.1)
with the background field ¢(n) depending only on conformal time 1. The linear gauge

transformations are given by (2.3.1) on the gravitational field and

0 = Lo = E0uth, (2.4.2)

is the transformation of the perturbation v of the inflaton. We start by considering
the parts of the components of the graviton h,, and inflaton ¢ invariant under local
gauge transformations and then write down the action in terms of those gauge invariant
variables. It is only after writing down the action that we make a gauge choice.

The components of the gravitational field h, can be written in terms of 4 gauge
invariant quantities. There is one gauge invariant tensor, Hy;, which is the transverse
traceless part of hy;. Additionally, we have one gauge invariant transverse vector,
denoted V. We have two gauge invariant scalars, labelled S and ¥; we shall see later
that there is only one dynamical gauge invariant scalar, which is a linear combination
of S and X. (For full details of this decomposition, see [79].) Writing the components

of the perturbation hg, in terms of these quantities gives

hoo = S + 2X6 +2HaXy, (243)
how = Vie + X}, + 0k X0, (2.4.4)
hi = Hyp + 02 + 28(le) —2Hadp Xy . (2.4.5)

In this form the gauge transformation (2.3.1) can be attributed to that of the fields
Xg:
0Xy=¢&q - (2.4.6)

We similarly write the perturbation 1 of the inflaton in terms of this vector X, and

another gauge invariant scalar ¥ as
Y=V — Xog¢'. (2.4.7)

In fact, this equation defines the scalar W.

Now, we consider the Einstein-Hilbert action, along with the action for a minimally
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coupled scalar field @,
1 - 1 - - -
I= 5 [RV=ada - 5 [ V=5 [5@.0)0d) + VD) (2.4.5)

for some potential V(¢). One expands this action to second order and substitutes
(2.4.3)-(2.4.5) and (2.4.7) into the resulting quadratic action. Varying the action with

respect to Vj, and S results in the following constraint equations [79]:

Vi =0, (2.4.9)
S=(n-3)%. (2.4.10)

Here we are working in the space of functions where the Laplacian A is invertible.
Then, by introducing the Sasaki-Mukhanov variable [77],

2Ha
(b/

which describes the scalar perturbations, and the non-dynamical variables S and Vj
through equations (2.4.9) and (2.4.10), one finds the following action [79]:

Q= v -3, (2.4.11)

1 —21n n—2 n—2n
7@ - / [Hj, Hyy + HyAHy] a"2d"z + 1 / Q7 + QAQ] ea"*d"x
2
H' ~y
n—2 (Az_ﬁ ) 2
n—2qn,. 2.4.12
+ Ar2 /(n—l—e)H2a2a d ( :

Lagrange’s equation for ¥ is the constraint equation:
AY = —eHaQ' . (2.4.13)
After this constraint is imposed, the field equation for () takes the following form:
Q"+ (n—2+25)HaQ —AQ =0, (2.4.14)

where the slow-roll parameter ¢ is given by (2.3.14).

The tensor perturbation Hy; here can be treated in exactly the same way as in
Sections 2.1 and 2.2 and the results obtained there will apply for single-field inflation
as well. The Sasaki-Mukhanov variable () can be quantised in the standard manner.
One finds

n—1 )
Qn,x) = / éﬂﬂa(p)qp(n)emx + h.c., (2.4.15)
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where the function g,(n) satisfies
qy(n) + (n— 2+ 28) Hagy(n) + p°qp(n) = 0. (2.4.16)

We now follow the method from Section 2.2. By considering the Wronskian for this

equation, we find that we can require

* / _ */ _ 21"/”'2
@y (m)dp(n) — ap(n)g’ (n) = CEDEOrE0R (2.4.17)
The operators a(p) and af(p) then satisfy
[a(p), a’(p)] = 2m)" 18"} (p — P). (2.4.18)

Defining the vacuum state |0) by requiring that a(p)|0) = 0 for all p, we find the

two-point function for Q(n,x) as

A(’% X3 77,’ X/) = <0‘Q(777 X)Q(T//? X/) ’O>

dnilp * (N P (x—x)
= qu(n)qp(n Je . (2.4.19)

Now, we analyse the solutions g,(n) for small p. For p = 0, the equation of motion
(2.4.16) becomes
g, (n) + (n —2+28) Hag,(n) = 0. (2.4.20)

Two independent real solutions go(n) = Q(()l)(n) and Q(()z) (n) can be chosen as

P =1, (2.4.21)
QP () = / 6(17;371(77)7 (2.4.22)

where the constant of integration in (2.4.22) is suitably chosen. As in the tensor case,

two independent solutions Ql(;l)(n) and Ql(f)(n) can be chosen for nonzero p such that

dQY' () 4@ () 1

Q;(zl)(n) dn dn Q;(;Q) (n) = a2’ (2.4.23)
and
Q) = Q" () + 0, (2.4.24)

for I = 1,2. Again, in most applications, such as slow-roll inflation, the solutions g,(n)
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are chosen as

ap(n) =iA9 (p)QY (n) + B (p)QP (n) (2.4.25)
such that ,
A9y~ < (2.4.26)

where C’ and v/ are positive constants, for small p. As in the tensor case, we can let
B®)(p) ~ p” asp — 0. If v/ > (n — 1)/2, then the two-point function A(n,x;7’,x’)
given by (2.4.19) is IR divergent. The IR divergences of the two-point functions for the
tensor perturbations and Sasaki-Mukhanov variable are reflected in those for the gravi-
ton hgp and the inflaton 1. In the next section we shall see that these IR divergences

can be gauged away by large gauge transformations if v/ < (n + 3)/2.

2.5 IR divergences in single-field inflation

In this section we show that, even if the two-point functions for the tensor and scalar
perturbations are IR divergent, one can eliminate these divergences by large gauge
transformations, as long as they are not very severe. Since the mechanism for the
IR-divergence elimination has been discussed already for the tensor perturbations in
Section 2.3, here we focus on the scalar perturbations.

We start with the graviton field in the gauge where the perturbation ¢ in the scalar
field is set to 0. Due to equation (2.4.6), the gauge is fixed by choosing the fields X,.

We choose them as follows:

v
Xo= 5 (2.5.1)
X, =0. (2.5.2)
Then we find, from (2.4.3)-(2.4.5), that

hoo = —Q (2.5.3)

00 — Ha ) v
h —18 iQ— ATLQ (2.5.4)

ok = 5% | 7,4 € ; 0.
hi = Hypl — 0@ (2.5.5)
Y=0. (2.5.6)

We now sketch how the latter expressions are derived. We start from the expressions
for the components of the metric perturbation given in terms of quantities that are
invariant under local gauge transformations. These are given by equations (2.4.3)-
(2.4.7). Using the gauge condition (2.5.1), and the definition of the Sasaki-Mukhanov
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variable given in equation (2.4.11), we find

v

Xo= 5 =5, @+%). (2.5.7)

Taking the derivative of this with respect to 7, we find

X !

O:E(Q—FE)/—F%(G—D (Q+3), (2.5.8)

and we recall that X = 0 for all k.
Let us first consider the hgpy component. Equation (2.4.3), given here again for
convenience, is
hoo = S + 2X{) + 2HaXy . (2.5.9)

Using (2.5.7) and (2.5.8) and the equation of motion for the gauge invariant scalars, S
and X, given by (2.4.10) and (2.4.13), we find

hoo = —eHa(n —3) A~ Q' + % (Q—eHa AN Q) +e(Q—eHa ' Q) ,

_ %Q’ — AT Q" + (n— 2+ 20) HaQ' — AQ]

1 /
= — 2.5.1
—qQ' (2:5.10)

where the quantity in the square brackets vanishes because of the equation of mo-
tion (2.4.14) for Q. The component hqy, is

hor = Vi + X, + 0k X0,

1 1 )

where the last line follows from the gauge conditions (2.5.1) and (2.5.2), and equa-
tions of motion (2.4.9)-(2.4.13). The expression for hy; also readily follows from these

conditions:

hi=Hy+ 0 [2—(E+Q)],
— Hy — 60 . (2.5.12)

The expressions for hy, given in equations (2.5.10), (2.5.11), and (2.5.12), are exactly
those given by equation (2.5.3) - (2.5.5).

This gauge corresponds to imposing the following conditions on the components of
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the graviton and scalar fields:

Note that the condition (2.5.13) states that the traceless part of hy; is transverse. Thus,

the field components hy;, can be expressed as

5kl<5”hw> (2.5.13)
(0

(2.5.14)

n—1

hoo(n, %) :/(;171_)” a(P)v®) (n, %) + h.c., (2.5.15)
n—1

hOk(%X)_/(;lW)n —a(p )P (1, %) + hec., (2.5.16)
d?’L

hkz(n,X)z/(%)n_ [( )1 (n, x +Zas p)y P (), )] ePX 4 he., (2.5.17)

where fy,(j’p) (n,x) are defined by (2.2.7), and where

Yo (1, %) = H(n;a(n)qﬁ,(n)eip"‘, (2.5.18)
W0 = 5 ) + L) e, (25.19)
W (1, %) = ~Gragp(n)eP. (2.5.20)

The space components of the two-point function of hg,, are

dn 1 .
(Ol (1, %) s (1, 7)[0) = / [mi?)(n,xmﬁ%’ﬁ (o, %)

(2m)m=
+Zv(5p XS x| . (2.5.21)
The other components are given by
;o d""'p _(p) ()
(Olhab(n, x)haryy (1, x)|0) = (@)1 Nab (1, %) Ygry (1, %) (2.5.22)

where at least one of the indices a, b, @’ and ¥’ is the time index 0. The IR properties
of these two-point functions are determined by the small-p behaviour of the integrand
for the p-integral.

Assuming the properties of ¢,(n) stated in Section 2.4, in particular that for small
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p one has
ap(n) =149 (p) [1+0(p")] , (2.5.23)
with
A (p) ~p, (2.5.24)
B (p) ~p”, (2.5.25)

for v/ = (n —1)/2, it is clear that the small-p behaviour of the derivative, g, (n), is
better by a factor of p?, i.e. qp(n) ~ 1/p”' =2 for small p. As a result, we find

Yo (1, %) ~ 1/p" 72, (2.5.26)
YD (%) ~ 1/p" 7, (2.5.27)

for small p. We now show that large gauge transformations similar to those given
by (2.3.5) can be used so that all functions *y((llg)(n, x) and ’y((lf,’p) (n,x) are modified to
behave like 1/p”' =2 rather than 1/p”.

Let us define

oW () =pl (W), (2.5.28)

and we note that the function Qél)(n) = limy,o Q](gl)(n) is well defined because
i (n) = O(v?). Then,

(P) (1 ) ~ ! 2 AG) (p)OW) ()elPx 2.5.29
1 ~ o

W0 (%) ~ =5 A () | QD () + e QFY ()| P, (2:5.30)

W) (0, %) = —id A () QL (n)eP™, (2:5.31)

for small p. The tensor modes are modified as described in Section 2.3. For the scalar

modes, we make the large gauge transformation with & = 0 and

& =5 A0 )y () [(1 +ip - X)z; — ;pia@]

+ 54w [ an (@) + el )] e (2:5.32)

The first line was obtained in a way similar to the method used in Section 2.3. The sec-

ond line gauges away the O(p) term in 7(2) (n,x). Then the two-point functions (2.5.21)

0
and (2.5.22) are modified in such a way that the tensor mode functions 'y,(j’p)(n, X) are

replaced by %S’p) (n,x) given by (2.3.8) and that the functions 7((15) (n,x), given by
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(2.5.18) - (2.5.20), are replaced by

30 n,x) = A8 (n,%), (2.5.33)
W% = o A00) [0 ) - o m)] - 1B @R ()

—5PAD @) [Q ) + eV )] (@Px ), (2534)
W) = —iou{A9E) Q) - Q6" (m)] (1 +ip-x)

+AD QY () (P~ 1~ ip-x)
—AS )1 +ip - x) (7 — 1) 1B () QP (e}
(2.5.35)

Thus, all components of '?(5

that, although the two-point function for the metric perturbation is IR divergent if

g)(n, x) behave like p*’' 2 or better for small p. This implies

n—1
2 b

max(v, V') > (2.5.36)
the two-point function modified by the large gauge transformations given by (2.3.5)
and (2.5.32) is IR divergent only if

n+3

max (v, ) > 5 (2.5.37)

We now return to our explicit slow-roll example universe. If the slow-roll parameter
¢ (> 0) is constant, i.e. if the scale parameter takes the form a(n) = (—n/no)~*, then the
tensor perturbation H, satisfies the same equation as in Section 2.3, so the functions
Fél)(n), FISQ)(U), and the constants AT)(p), BT)(p), are given by (2.3.20), (2.3.21),
(2.3.22) and (2.3.23). As for the scalar perturbation @, the function g,(n) satisfies the
same equation as fp(n). Taking into account the normalisation condition (2.2.11) we
find

ap(n) = C9 (p)(—pn)”HV (—pn) (2.5.38)

where v = [1 + (n — 2)A]/2 as before, and

) (p) = YT (2.5.39)
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Then we can let

Q) = =gy (P Vo =), (2.5.40)
v—1 v

Q) = -2 g ), (2.5.41)

A®) (p) = & m__ 2 2I) (2.5.42)

O (p10)”
B (n —2)eno 2v=3T(v) (2.5.43)

As an aside, the discussion that Q,(,l) (m)— 81) (n) = O(p?) for constant € or for slow-roll
inflation is almost identical to the one presented earlier in Section 2.3.

By using the recursion formula for the Bessel functions,

d
P 2V T, (2)] = 2" Ty—1(2), (2.5.44)
and similarly for Y, (z), we find
AW () — " w1 _
p (77) 2”F(l/)( Pﬁ) Yufl( P77) ) (2545)
- 2" 1T (v o
PR () = —M(—pn) "1 (=pn) . (2.5.46)

The function Q;S)l)(n) is non-singular as p — 0 as concluded from the general discussion.
The range of the parameter € for which the IR divergences can be gauged away is the
same as that for the tensor perturbations and given by (2.3.29) or, equivalently, by
(2.3.30) if A > 0. The discussion for the case A < 0 is also exactly the same as the
tensor-perturbation case.

The scale factor corresponding to the slow-roll inflation can be written as
a(n) = (—n/ng) " T T Imn/m0), (2.5.47)

where € > 0, and ¢, || < 1, in a range of n where € and § can be treated as constants’.
We work to first order in € and §. One readily finds that the slow-roll parameters
agree with the parameters € and § in (2.5.47) to lowest order. The discussion of the
IR divergences for the tensor perturbations will be exactly the same as in Section
2.3 except that here the slow-roll parameter € is assumed to be much smaller than 1.

The discussion for the scalar perturbations is changed slightly if 4 # 0. Noting that

!One cannot write a(n) in this form over the long range of 5 for which variations in 7 and 6 need
to be taken into account.
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Ha = —[(1 —¢€)n]~! to first order, one finds that equation (2.4.16) becomes

qp (1) + (n = 2)(1; )+ 25%,0(77) +p?gp(n) = 0. (2.5.48)

By comparing this equation with (2.2.9), we find that two independent solutions can

be chosen as
ap(1) o< (—pn)” HY (—pn) (2.5.49)

and its complex conjugate, where
, 1
v =g+ (n=2)(1+e) +24]. (2.5.50)

The normalisation constant can be found from (2.4.17). By noting that we can write

e(n) = eo(—n/m0) ™%, (2.5.51)
to next leading order in € and §, where ¢j is a constant, we find
ap(n) = C (—pn)” H) (—pn), (2.5.52)
where
O (p) = —=— YT (2.5.53)

2(n — 2)eo(pmo)”’

The functions Q](Dl)(n), and QZ(DZ) (1), and the constants A (p), and B®)(p), are given
by replacing v by v/ and € by ¢ in (2.5.40)-(2.5.43).

2.6 Discussion

In this chapter we studied the nature of IR divergences in the free two-point functions
for the tensor perturbations in general FLRW spacetime, and the scalar perturbations
in single-field inflation. These IR divergences occur because for small momentum p, the
mode functions behave like p~™ with v > (n — 1)/2, in n dimensions. We pointed out
that global shear transformations and dilation can increase the power by 1, i.e. from
p~" to p~¥T!, and showed that in fact there are large gauge transformations which
increase the power of p in the IR limit of the mode functions by 2. This implies that
the two-point functions for the tensor and scalar perturbations can be made IR finite by
large gauge transformations in a larger set of FLRW spacetimes (for the scale-invariant
vacuum state) than previously thought. Our focus was on the slow-roll inflation, but
the reduction of the power of p in the IR in the p-integration is valid for any potential

V(¢) including those leading to bouncing cosmologies [80].
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Our findings are consistent with the fact that the graviton and inflaton fields
smeared in a gauge-invariant manner are equivalent to the linearised Weyl tensor and
another tensor whose p-dependence is less singular than the original fields by a factor
of p? [72,73] (see also [81]). This is because the latter work indicates that the terms of
order p°, as well as those of order p, are of pure-gauge form, and this is what we have
verified.

Unlike the global shear transformations and dilation, we have not found a simple
geometric interpretation for the large gauge transformations that gauge away the terms
of order p in the mode functions, which is an extension of the global shear transforma-
tions and dilation. It would be interesting to find a geometric picture of these gauge
transformations. We note that, in this context, that the vectors &; specifying these
gauge transformations are hypersurface orthogonal.

It would not be straightforward to incorporate interactions in the method of gauging
away IR divergences presented in this chapter, for example, to discuss three-point
functions relevant to non-Gaussianities. The obvious drawbacks are its non-locality and
lack of manifest translation invariance. It would be interesting to investigate whether
these difficulties could be overcome to construct perturbation theory for inflationary
models that were manifestly IR finite.

We return to this result in Chapter 5. However, for the next couple of chapters we

are concerned with the large-distance behaviour of propagators.
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Chapter 3

Large-distance behaviour of the covari-
ant massless vector two-point function

in de Sitter spacetime

In this chapter, we study the large-distance behaviour of the covariant massless vector
propagator in de Sitter spacetime. To this end, we will consider the massless limit
of the Stueckelberg theory [82], a theory of a massive vector field, with an additional
gauge-fixing term. A useful summary of this theory is provided by Ruegg and Ruiz-
Altaba [83]. The massless limit of the Stueckelberg theory, with finite Stueckelberg
parameter &, is equivalent to the massless vector theory, with covariant gauge-fixing
term.

The large-distance behaviour of the covariant massless vector propagator in de
Sitter spacetime is well-known [1,44]. For points with large (spacelike or timelike)
separations, the vector propagator tends to a non-zero constant in 4 dimensions, for
¢ # 0 [1], where we clarify that by large spacelike separation we mean when the
conformal spacelike distance between two points becomes large. We show that the
propagator behaves in the same way for general n dimensions, for n > 4, in order
to verify that this behaviour is not unique to 4 dimensions. Knowledge of the long-
distance behaviour of the vector propagator in n dimensions is also useful in calculations
involving dimensional regularisation. We are also interested in establishing a method
of finding the large-distance limit of a propagator in de Sitter spacetime so that we can

apply it to the case of a graviton propagator.

3.1 Preliminaries

We consider the Stueckelberg theory [82], which is an extension of the Proca theory,
with an additional gauge-fixing term. We give a brief description of the Stueckelberg
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theory in this section, and further details necessary for the calculation will be provided
throughout the chapter. The Stueckelberg theory for massive vector fields would usually
include a scalar of the same mass, which transforms under a gauge transformation such
that we have a gauge symmetry, even in the massive case [84,85]. In the massless case,
the vector field alone possesses a gauge symmetry, so we ignore the scalar field in what
follows.

The Stueckelberg Lagrangian for a massive vector field is given by

L= —%\/Tg FFy + 2m? A, A + z (VaA™)?| | (3.1.1)
where the field strength tensor Fy, = V,Ap—VAp, and £ is the Stueckelberg parameter.
Different values of this parameter correspond to different gauges. For example, £ =0
corresponds to the Landau gauge, and ¢ — oo gives the unitary gauge. We take the
massless limit of this theory, which corresponds to the standard massless vector theory,
with a covariant gauge-fixing term. As is the case for the rest of this thesis, we work
in de Sitter spacetime, described by the metric

ds? = —dn* 4+ dz?) , (3.1.2)

—Hp? |
where H is a positive constant, and the conformal time 7 € (—o0, 0).

In order to find the large-distance behaviour of the propagator, we will work in terms
of the de Sitter invariant Z. This invariant arises through embedding n-dimensional
de Sitter spacetime in (n + 1)-dimensional Minkowski spacetime. In this way, de Sitter
spacetime is thought of as the set of points X* in Minkowski spacetime such that
X -X = ﬁ The de Sitter invariant of two spacelike separated points, x and 2/, is
defined in terms of the geodesic separation of two points, denoted o(x,z’), as

Z(z,2") = cos [Ho(z,2')] , (3.1.3)

where the geodesic separation is defined to be

1
! 0x®(\) 0xb(\) ]2
N —
a(m,a:)—/o {gab B\ B\ dA, (3.1.4)

where x(0) =  and z(1) = 2/. For spacelike separated points, |Z| < 1. For timelike
separated points, where Z > 1, it is defined through analytic continuation. There is no
geodesic connecting two points in the region where Z < —1.

We work in conformal coordinates, so, for two points X and X', Z is defined in this



CHAPTER 3. 3.1. PRELIMINARIES

coordinate system as

le — /|| = (n—1)

2
2’ '

Z:X-X’:1—|

(3.1.5)

The parameter Z is a measure of the geodesic distance between two spacetime points
X and X', and the large-distance limit corresponds to the limit |Z| — oo. To see this,
we study both the large spacelike and timelike separations, as follows. First, when
||lx — x/|| = oo - when the spatial distance between the two points is large - it can
be seen from the definition of Z given above that Z — —oo. Second, when 7’ is held
fixed and n — 0, which corresponds to future infinity in our coordinate system, the de
Sitter invariant Z — oo. Hence, it is consistent to take the limit |Z| — oo to find the
large-distance behaviour of the propagator.

We work in a basis of products of the following tensors: ng(z,z’), ng(z, ),
gab(z, ), gy (2'2"), and guy (z,2’), which are defined below. In the following, un-
primed indices refer to the point x, and primed indices refer to the point 2/, so we can
omit the arguments of these tensors without ambiguity. Indices are raised and lowered
using the metric tensors g, and gup, for unprimed and primed indices, respectively.
By definition, as can be found in [86], for example, the parallel propagator guy is the

unique solution to

Veo(z,2" )V egay (z,2") = 0. (3.1.6)
Additionally
lim Gab’ (.%', .%'/> = gab(xa 1') : (317)
' —x
The unit vectors
ng =Vo(z,z'), (3.1.8)
Ny :vb/U(:C, QZ/) y (3.1.9)

are tangent to the geodesic at the points x and 2/, respectively. These vectors have

opposite direction to each other, so that
g ng = —n . (3.1.10)

The massless limit of the vector two-point function, as found by Fréb and Higuchi
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[44], is
H" 4 [n—-2 1
- (2)]0) — © , oy ,
Jim (O14u0) A0 (0] = | EZ2 10200002 + 51 2)(0,2)002)
n—1 ~
i G 3) 0a0y NZ) (3.1.11)
where I‘( 2) Ly
10z =" =2 g9 T2 1.12
( ) T (%) 24’1 | s Ly 2; 2 y (3 )

and 2F(a, b; c; z) is the hypergeometric function. Additionally, we have defined

- ' o
AZ) == lim =g (B2 (Z) = Bma(=1)) (3.1.13)
where o
Ap2(Z) = =1.(Z), (3.1.14)
(4m)F
and
D(2t 4+ )T (2L —p n—1 n—1 n 1+2
IM<Z) — ( 2 F)(n)( 2 ) 2F1< 5 +N72_,U«§2;2> , (3.1.15)
2
for

(n—1)2 m
4 H?®

We here note that & = 0 corresponds to the massless vector two-point function found by

= (3.1.16)

Tsamis and Woodard [87], and the massless vector propagator for £ = 1, when n = 4,
was given by Allen and Jacobson [88].

We now calculate the relevant derivatives of Z to express the propagator in a more
convinient form. These derivatives are calculated by Allen and Jacobson [88], and we
present them here for later use. No approximations are made in these calculations, so

the following results are exact. From the definition of Z, given by equation (3.1.3), one

obtains
Oy Z = —HN\'1— Z2ny , (3.1.17)
o)
(0,2)(0y Z) = H*(1 — Z*)nany , (3.1.18)
and
OuOy Z = H? [gab’ + (1 — Z)nanb/] R (3119)

where the results of Allen and Jacboson [88] have been used to evaluate dyng, which

74



CHAPTER 3. 3.1. PRELIMINARIES

we quote here for completeness:

Oyna = — (3.1.20)

H
ﬁ(%b' + ngny ) -

The results (3.1.18) and (3.1.19) are frequently referred to in the rest of this chapter.
The final term of the propagator, given by equation (3.1.11), is 9,0y A(Z). We
want to write this in terms of derivatives of Z. We use the chain rule, along with the

results of this section, to express this term as

0.0y DN Z) = (8a0y 2) D (2) + (99 2)(8.2) A" (2),
= H2 [gay + (1 — Z)nany] N (2) + HX(1 — Z2ngny A" (Z),  (3.1.21)

where the derivatives of the function A(Z) will be found later in the chapter.
Using these expressions, we split the propagator into gauge-independent and gauge-

dependent parts, and write it as
L (0] a(2) A (2)[0) = (0] 4a ) Ay (2)]0)c1 + (0] Aae) Ay () 0)gp,  (3.1.22)

m
where the first term is made up of the gauge-independent terms of the propagator, and

the second term comprises of the gauge-dependent term. Explicitly, from, equation
(3.1.11), we have

(0|44 (2) Ay (21)|0Ya1 = Aci(Z)gay + Bar(Z)nany (3.1.23)
<0|Aa($)Ab/ (l‘,)’O>GD = AGD(Z)gab/ + BGD(Z)TLanb/ s (3.1.24)

where

H"2np—2
Aai(Z) = 4mEn =3 ©0)(z), (3.1.25)
Aap(Z) = H? <g -2 ;) Az, (3.1.26)
and
_HMP =2 oy L g2y o

Bai(2) e [n — 3(1 2)19(2) + n_3(1 7210 (Z)] , (3.1.27)

n—1

Bep(Z) = H? (5 -2 3) (1-2)A

/

(Z)+(1— ZZ)A”(Z)] . (3.1.28)

The leading order behaviour of the functions Agr(Z) and Agp(Z) is different to that
of Bgr(Z) and Bgp(Z); we therefore find A;(Z) and B;(Z) separately.
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As different methods are used to find the large-distance behaviour of the gauge-
independent and gauge-dependent terms of the propagator, we find the large-Z be-
haviour of the gauge-independent and gauge-dependent parts separately. Derivatives
of Z appear in all terms of the propagator, so we start by finding an explicit expression

for these.

3.2 Large-distance limit of the gauge-independent terms in the
propagator

In this section we find the |Z| — oo limit of the gauge-independent part of the propa-
gator, given by equation (3.1.23). As we have already found 0,0y Z and (0,2)(0y Z),
it only remains to find the large-Z behaviour of I(°)(Z) and I(°)(Z), which is the focus
of this section.

First, we find the large-distance behaviour of 1(0(Z), defined in equation (3.1.12),
and repeated here for clarity:

109(2) = P(n—2) o Fy (n—2,1;

r(3)

This function is proportional to the hypergeometric function, which can be written as

s HZ) . (3.2.1)

27 2

the following series expansion:
ab 9
oFi(a,byc;2) =1+ —2z+ 0(29), (3.2.2)
c

defined for |z| < 1. In order to study the behaviour of 1(0)(Z) in the limit |Z| — oo,

we use the well known transformation property [89]

ey _LOT(b —a) a . 1
oF(a,b;c;2) —m(l—z) oF1 <a,c—b,a—b—|—l71_z>
+ IF“EZ))?((Z — 2 (1-2)" R (b, c—asb—a+1; 1;) o (3.2.3)

as we can use the above series expansion of the hypergeometric function to write

2F1 <0/, b, C, 1—1Z) — 1+ O (Z_l) . (324)
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Using the transformation (3.2.3), it can be seen that

- . . —(n—2)

-y 2
) legenZ) o

We note that, despite the apparent singularity due to the integer n case of the I'(3 —n)
factor in equation (3.2.5), the result of this section is well-defined. This is because the
singular terms combine with singular terms which occur at higher orders in the expan-
sion of the hypergeometric function second line of equation (3.2.5), to give a well-defined
contribution in the n — integer limit. This term behaves like [(1 — Z)/2]~ =2 log Z,
which is still suppressed in comparison with [(1 — Z)/2]~1.

We now take the |Z| — oo limit of equation (3.2.5), where we work to O (Z72),
which is valid as the neglected terms have no effect on the large-distance behaviour of
the propagator. This can be seen most clearly from the explicit expressions for Ag(Z)
and Bgy(Z), given by equations (3.1.25) and (3.1.27), respectively. In Bgr(Z), 10(Z2)
appears when multiplied by a factor of (1—Z), and in Agr(Z), I(0)(Z) appears without
being multiplied by any function of Z, so terms of order Z~2 can be neglected in the
|Z| — oo limit.

Expanding the hypergeometric function in the first term of the right hand side of

equation (3.2.5), it can be seen that, in the large-Z limit, the leading order term is

_ _n _ —(n—2)
T(n —2)T(3 )(1 Z) | 5.26)

r2-3) 2

which, for n > 2, is of lower order than Z~2. As we consider n > 4, we are free to ignore
the first hypergeometric function from the transformation given by equation (3.2.3).
Details of n = 2,3, 4 cases are described by Frob and Higuchi [44].

We therefore need only consider terms originating from the series expansion of the
second hypergeometric function in equation (3.2.5). Taking the large-distance limit, it

can be seen that

L(n—3) (1—2\" ~
I<0>(Z)—>F(g_1)( 5 > +0(z272). (3.2.7)

Therefore, in the |Z| — oo limit, we find,

10(2)8,0y Z — 2H? F(’Z )

ngny + 0 (Z71) . (3.2.8)
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We now find the large-distance behaviour of the function I®V(Z). In order to

calculate 1(9(Z), first note that the derivative of the hypergeometric function is

d b
e oF 1 (a,byc;2) = % oF(a+1,b+ ;¢4 1;2). (3.2.9)

The derivative of 1(0)(Z), defined by (3.1.12), is therefore

d

1(z) = L10(z),
~T(n—-1) 1+7Z
o 2F1( ~1,2 % Do : > . (3.2.10)

We now use the same method used above to find the large-distance behaviour of 1(0)(Z).

In the following, when taking the large-Z limit of the series expansion of hyperge-
ometric functions, we work to O (Z‘3). It can be seen that this is valid as I(0/(Z2)
only appears in the propagator in the function Bg7(Z), given by equation (3.1.27). It
appears here multiplied by a factor of (1 — Z?2), the contribution of I(O)’(Z) to Bgr(Z)
from terms proportional to Z~3 and higher are vanishing in the large-Z limit.

Again, using transformation (3.2.3),

F(n -1)I'@—=n) (1-Z (n=1) n 2
(0) 12 _1p_9 =
"'z = (2 n) 5 oF1 [ n—1, > 1in —2; 1

N 2?(( 5) <1;Z>_22F1 (2,2— 3;4—11; 1—22> . (3.2.11)

As in the previous calculation, the integer n singularity from the I'(3 —n) factor in the

following equation is cancelled by higher order contributions from the expansion of the
second hypergeometric function in equation (3.2.3).

The leading order term in the expansion of the first line of equation (3.2.11) is

~(n-1)
F(n— DI —n) (1 - Z) ' 7 (3.2.12)

2r(2-3) 2

which, for n > 3, is O (Z_S), so we neglect contributions to I(O)’(Z) from the first

hypergeometric function in equation (3.2.11).

In the large-Z limit, it can be seen that

- -2
192z) — 2r(( i) <1 22) +0(z7%), (3.2.13)

which is found from the leading order contribution of the series expansion of the hy-
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pergeometric function on the second line in equation (3.2.11). As quick check we note
that the same result for the large-distance of (0’ (Z) can be attained by differentiating
the large-Z limit of 1(9(Z), found in equation (3.2.7).

For large-Z, we therefore see that

I Z)(8,2)(8y Z) — —H? L(n —3) nany + 0 (271, (3.2.14)

r(E-1)
as, in the limit |Z| — oo,

1-22 1427
1-22 1-Z

—-1+0(z7"). (3.2.15)

Finally, we combine the results for the large-distance behaviour of (%) (Z), given by
(3.2.8), and I"(Z), given by equation (3.2.14) with the results of Section 3.1, to see

that the large-distance behaviour of the gauge-independent terms of the propagator is

H" 2 T(n - 1)

1
0| A, (x)Ay ()]0 =
O A0 = (i g

ngny +0 (Z271) | (3.2.16)

|3

where the prefactor involving gamma functions has been written in a slightly different

form, for later convenience.
3.3 Large-distance limit of the gauge-dependent terms in the prop-

agator

A different approach must be used to find the large-Z behaviour of the gauge-dependent
term of the propagator, given by equation (3.1.24), as it has a different form to the
term discussed in the previous section. Specifically, we must find the limit as |Z| — oo
of

- Hn—2
NZ) =— = lim — ([,(Z) —I1,(-1)), 3.3.1
(2) =~ 17 Jim, i ((2) = (1) (3:3.1)

where
I‘(L_l—i—u)f‘(”—_l—u) n—1 n—1 n l+27
1,(Z) =—-2 . F — s 3.2
/J«( ) F(%) 2 1< 2 +//J, ) ,LL’27 2 >7 (33 )
(n—1)2 m?

= 1 L (3.3.3)

as defined in Section 3.1, repeated here for convenience. Additionally in Section 3.1, we
wrote the function A(Z) in terms of the functions A/(Z ) and A”(Z ), and derivatives
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of Z. For convenience, we repeat this expression here:

00y DNZ) = (0,09 Z) D (2) + (09 2)(0.2) A" (2),

= H?[gay + (1= Z)nany) A'(Z) + H2(A = Z)nany A (Z) . (3.3.4)

It therefore only remains to find the large-distance behaviour of the functions A/(Z )
and A”(Z ).

We first calculate the large-distance limit of the first and second derivatives of A(Z).
The large-distance behaviour of the functions A,(Z ) and A”(Z ) are then calculated,
using the same method. To find A/(Z) and AH(Z), we first differentiate A(Z), defined
in equation (3.3.1), once with respect to Z, to find that

~ H" 2 0 d d
ANzy = -2 1tim -2 (=2 - =1,(-1)),
( ) (47‘()5 méIEO 0m2 <dZ H( ) dz ,u( )>
o Hn—2 - o r (n—2|-1 _‘_M) T (n—2i-1 _ 'u)
2(47‘(‘)% m2—0 Om2 F(%—l—l)
n+1 n+1 n 1+Z72
X ol'1 ( 2 +M7 92 M3 92 + 3 92 > 9

(3.3.5)

where elementary properties of the gamma function are used to simplify the prefactor.
The second term in the first line of the latter equation, proportional to I,,(—1), vanishes,

as this has no dependence on Z. Similarly, we see that

AN'(z) = H O <dzl (2) @, (-1)),

(47)% m2—0 Om2 \dz2 """/ dz2*
T o RN G DR G bl )
4(47) 2 m2—0 Om? I(%+2)
n+3 n+3 n 1+Z7
><2F1< 5 TH —u;2+2;2>
(3.3.6)

In order to find the large-distance limit of A/(Z ) and A”(Z ), given by equations (3.3.5)
and (3.3.6) respectively, we first find the large-Z limit of the hypergeometric function,
which appears as a factor in both functions. We then find the derivative with respect
to m? of this, before taking the limit m? — 0.

We first apply the transformation of the hypergeometric function used in previous

sections, given by equation (3.2.3), and use the series expansion of the hypergeometric
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function, given by equation (3.2.2). This gives

5 2 I (& —p)T(2 _z\ 5w
Nzys-2" 82(21“)(“)<1 Z) 2
2(4m)% msodm? T (L+p) 2
+0 (Z—(”T“’—W) , (3.3.7)

which is the leading order term in the expansion of the second hypergeometric function
in equation (3.2.3). In this expression, we have neglected terms from the first hyper-
geometric function in equation (3.2.3), which we now justify. In the limit m? — 0,
which corresponds to pu — "T_l, the large-Z expansion of the first hypergeometric func-
tion in equation (3.2.3) has a leading term of order (1 — Z)™". As is seen in equation
(3.1.21), in the propagator, the function A'(Z) is multiplied by a factor of O(Z). Any

contribution to the propagator will therefore vanish, for n > 2, in the large-Z limit.

Similarly,
. n—2 (23 — ) T(2 _ o\ (2w
A”(Z)—>— 1 = lim 82 & 1 ) TG <1 Z> 2
4(4m)2 m2—0 Om INEES 2
+O (Z*"T*S*ﬂ)) . (3.3.8)

Again, this term is the leading order term in the expansion of the second hypergeometric
function in equation (3.2.3). We now justify why we can neglect terms originating from
the first hypergeometric function in equation (3.2.3). In the large-Z and m? — 0 limits,
the expansion of the first hypergeometric function in equation (3.2.3) gives a leading
term of order (1 — Z)~(™*1)_ As is seen from equation (3.1.21), in the propagator the
function A”(Z) appears when multiplied by a term of O(Z?). Any contribution to the
propagator will therefore vanish, for n > 2, in the large-Z limit. As we look in the case
when n > 4, we work to the order of Z given in equations (3.3.7) and (3.3.8).
Equations (3.3.7) and (3.3.8) have the same basic structure. We therefore define

_ —g(p)
(1. 2) = lim [f(u) <1Z> ]fﬂ‘; (3.3.9)

where
, (3.3.10)
glp)=1—p. (3.3.11)

Equation (3.3.9) gives the leading order behaviour of equations (3.3.7) and (3.3.8), for
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l = "TH and [ = ”T‘*'S, respectively, up to an overall multiplicative constant. From the

definition of u, given by (3.1.16),

ou 1
S? = "2 (3.3.12)

and we see that, as already mentioned, as m? — 0, u — "Tfl The function x(u, Z),

given by equation (3.3.9), becomes

_ _ —g(p)
X 2) =~ i i, [(f/(u) — F()g/ () log (122> ) (122) ]
(3.3.13)

It now remains to find f/(u) and ¢'(u). As f(u) consists of gamma functions, we start

by noting that the derivative of the gamma function is given by
I'(x) = '(z)yo(x), (3.3.14)

where the digamma function 1p(n) has the following value at x = n € N,

n—1
1
vo(n) ==+ — (3.3.15)
k=1
and, for a half-integer argument,
W —i—1 = — —212+zn: 2 (3.3.16)
o\ntg)=-7 n k:12k_1, 3.

where 7 is the Euler-Mascheroni constant. We therefore find that

) = [—r’(z — wl(2p) + 200 — p)I'(2p) T =T (5 +p)
T (3+n) (T (3+n) 7
=—f(WQ), (3.3.17)
where we define
QW =w (1= "5 ) ~ 2= 1)+ w0 (3) (33.18)
We also find, trivially, that
g (n)=-1. (3.3.19)

By evaluating the functions f(u), g(u), f(1), and ¢'(u), given by equations (3.3.10),
n—1
2

(3.3.11), (3.3.17), and (3.3.19), respectively, at u = , and substituting into equation
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(3.3.13), we see that

0=y e ()] (55
(3.3.20)

We can now use this expression for x(u, Z), given by (3.3.20), to find A,(Z) and A”(Z),
as defined in (3.3.7) and (3.3.8) respectively. Remembering to include the n-dependent

constant prefactor, and to put in the corresponding values of I, we find

< _ H"' T(n-1) n+1\ 1-Z 1 s
Ala) = (4m)z(n—1) T (%) [Q< 2 > 1g< 2 ) 1—Z+O(Z )
(3.3.21)
and
o __HY' T(n-1) n+3\ . (1=% 1
£a) = (4m)zi(n—1) T (%) [Q< 2 > lg< 2 ) (1—2)2
+0(27%). (3.3.22)

To see why we work to these orders of Z in AI(Z) and A//(Z), we refer back to the
gauge-dependent terms in the propagator, given by equation (3.1.24). As the function
A/(Z ) appears in the propagator through Agp(Z), given by equation (3.1.26), and
through Bgp(Z), given by equation (3.1.28), when multiplied by (1 — Z), all non-
leading order contributions to the propagator from equation (3.3.21) vanish, so we
are free to neglect these terms. The function A”(Z ) only appears in the propagator
through Bgp(Z), where it is multiplied by (1 — Z2). The only contribution to the
propagator from A”(Z ) therefore comes from this leading order term, so we are free to
neglect terms of order Z~3 and higher.

These expressions for the large-Z behaviour of A/(Z ), given by equation (3.3.21),
and A”(Z), given by equation (3.3.22), can now be combined with the results of Section
3.1 to see that the large-Z behaviour of 9,0y A Z, given by equation (3.1.21), is

~ H”le“(n -1) 1
a /A n allp! 5 0.
a0y N(Z) — e (%)n ny +0(Z71) (3.3.23)
where we have used the fact that
1 3
Q("5) (") = i) - v = 1. (3.3.24)
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The latter follows from the definition of Q(l), given by equation (3.3.18), and the
representation of the digamma function given by equation (3.3.15).

In the limit that |Z| — oo, the gauge-dependent term in the propagator, as defined
in equation (3.1.24), is therefore

n— 1) ( H' 2T -1) o (Zz71) . (3.3.25)

(01 4a(2) Ay (2)|0)cp = (f S n=3) (4m)E(n-1)r(3)
2

We will now combine this with the result of Section 3.2 to find the propagator in the
|Z| — oo limit.

3.4 Large-distance behaviour of the propagator

We now combine the results of the previous sections to find an expression for the
|Z| — oo limit of the propagator. Using definitions from Section 3.1, it can be seen
that

ml%IBO<O|Aa(m)Ab/(x,)|O> = [Ac1(Z) + Acp(Z)|gay + [Ba1(Z) + Baplneny , (3.4.1)

for Aqr(Z), Aap(Z), Bgi(Z), and Bgp(Z) defined by equations (3.1.25) - (3.1.28).
As equations (3.2.16) and (3.3.25) both have no terms proportional to g, we find
that
Aci(Z)+ Acp(Z) - 0 (Z71) | (3.4.2)

as |Z| — oo. Additionally, combining terms proportional to n,ny in equations (3.2.16)
and (3.3.25), we see that

H'2T(n — 1)

Bgi(Z)+ Bap —
c1(Z) GD 547r2f()n—1

+0(z7Y). (3.4.3)

as |Z| — oc.
We therefore see that, in |Z]| — oo limit, the propagator is proportional to ngny,

and tends to

H"2[(n ~ )

:T(35) (n

which is a non-zero gauge-dependent constant. Hence, in the limit |Z| — oo, the two-

1i2m0<0|Aa(x)Ab/ (2')]0) — & nanb/ +0 (Z_l) , (3.4.4)
m2—

point function vanishes in the Landau gauge, but tends to a non-zero constant in a
general gauge where £ # 0. Our result reduces, for n = 4, to the result found by
Youssef [1], which is that

ik

Bl2) = o

(3.4.5)
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3.5 Discussion

In this chapter, we have found the large-Z behaviour of the covariant massless vector
propagator in n-dimensional de Sitter space. As in the n = 4 case discussed by Youssef
[1], in the large-Z limit, it was found that the propagator tends towards a gauge-
dependent constant. It was found that this constant is equal to zero in the Landau
gauge, where £ = 0.

A method similar to the one used in this chapter to calculate the long-distance
behaviour of the covariant massless vector propagator could be used to find the long-
distance behaviour of the graviton two-point function, although it is expected that
there will be additional difficulties associated with this calculation. For example, we
will have to work to higher orders of the de Sitter-invariant Z, as the graviton two-
point function exhibits a linear divergence in Z. Additionally, the graviton two-point
function, found by Frob, Higuchi, and Lima [2], for example, has a larger number of
terms than the vector two-point function. Both of these facts mean that the calculation
of the large-distance behaviour of the graviton two-point function becomes far more
lengthy than the calculation carried out in this chapter. This calculation will form the

next chapter of this thesis.
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Chapter 4

Large-distance behaviour of the covari-

ant graviton propagator

In this chapter we find the large-distance behaviour of the covariant graviton propaga-
tor, in de Sitter spacetime. Although the large-distance behaviour of this propagator
is known for the 4-dimensional case [3], for calculations involving dimensional regular-
isation knowledge of that of the n-dimensional graviton propagator is necessary. It is
therefore of interest to study the large-distance behaviour of such a propagator. In the
previous chapter, the large-distance behaviour of the covariant massless vector prop-
agator was found, so we use this as a basis for the calculation. We follow the basic
method set out in that chapter, but extend this to the more computationally complex
case of the graviton propagator. Specifically, it is no longer sufficient to work to just
leading order in the series expansions used in the previous chapter, and the graviton

propagator has a more complex, tensor, structure than that of its vector counterpart.

4.1 Preliminaries

We consider perturbations h,, about de Sitter spacetime, which can be represented by

the metric

Gab = a2(77)77ab + Khap (4'1'1)
where 74, is the Minkowski metric, the conformal time 7 € (—o00,0), and the confor-
mal scale factor a?(n) = ﬁ, for H constant. Here we scale the perturbation by

the constant kK = /16mGy. As in previous chapters, we use the mostly plus metric
convention.
As can be seen in [2], the Lagrangian density is written as the following sum of

terms:
L~ Ly + ng. (4.1.2)
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The first term of the Lagrangian density is found from the Einstein-Hilbert Lagrangian
density:
Loray = Lﬁgg(}? —24). (4.1.3)

This is expanded to second order in the perturbation to give

Liny = —L;g [vchabv%ab — V. VCh 4 2V h®Vph — 2V@he, Viphte

+2H? (habh“b + ”2_3h2) ] . (4.1.4)

The most general quadratic covariant gauge fixing term involving two derivatives is

added to the Lagrangian density. This term has the form

1
Lot = —%Gbi\/—g, (4.1.5)
for )
Gb = Vahab - —;Bvbh . (4.1.6)

Different values of the parameters « and § correspond to different gauges. Of particular
interest to us is the Landau gauge, which corresponds to the limit o — 0.

We start from the graviton propagator found in [2]. Here, a Fierz-Pauli mass term:

2
Linass = _mT\/ —g (habhab - h2> s (417)

which was introduced in [2] as an IR regulator [90]. The massless limit was taken after
the propagator was found. We will find the large-distance limit of the propagator found
after the massless limit has been taken.

As in Chapter 3, we work with a propagator found using the Bunch-Davies vacuum
state. In [2], the tensor perturbation is divided into two parts: the tensor-vector and
scalar parts, denoted hgw) and hgg), respectively. Following this method, we write

the metric perturbation the following sum:
hap = ootV 1 p5) (4.1.8)

The propagator formed from these modes contains no cross-terms, i.e. terms of the
form <O|h((£v) (x)h jb)/ (2')|0) = 0, so we are free to consider the scalar and tensor-vector
parts independently. When 8 > 0, it can be seen that, in the large-distance limit,
the contribution to the propagator from the scalar modes vanishes. This result is

straightforward, as will be seen in Section 4.3. In all other sections of this chapter,
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we consider the propagator in the tensor-vector sector only, so the remainder of this
section will introduce the propagator in this sector.

As in the previous chapter, in order to find the propagator in the large-distance
limit, we work in terms of the de Sitter invariant Z. We initially introduced this

invariant in equation (3.1.3), which we repeat here for convenience:
Z(z,2") = cos [Ho(z,2")] . (4.1.9)

Again, we work in a basis of tensors constructed from gup, ga't's Ga’t, "a, and ngs, which
are defined in Section 3.1.

The graviton propagator in the tensor-vector sector, as found in [2], for example, is

M |:G(TV,1) (Z)gabga’b’ + G(TVQ) (Z)[gabna’nb’ + ga/b/nanb]
+ GTY3(Z)nanpnamy + 4GV (Z)nugp)@m)

+ 2G(TV’5)(Z)ga(a/gb/)b:| s (4110)

where the functions G(TV%)(Z) in equation (4.1.10) are made up of polynomials in Z

multiplied by linear combinations of the functions

I'(agr + k)T (a- + k) n 1+Z
10 (Z) = == F koa_ +kj— +k—— ), 4.1.11
u() ri(%—F/{I) of 1 | ay + a_ + 2+ 9 ( )
and L 8
I"Zz)y=-——_—1W"(z 4.1.12
(2)= ~5- 2 10(2), (11.12)
where )
ay = ”; +u, (4.1.13)
with = "Tﬂ in the tensor-vector sector.

Before stating the explicit expressions for the functions G(TV"¥)(Z), we quote some
results from [2], which are used throughout the calculation. We make use of the fol-
lowing relations between I ﬁk)(Z ) and I P(Lk)(Z ):

(1 -2 1F2(Z) - (n+ 2k) 21D (2)
[ 2 (n — 1)2

+ |1t = kR 1) IM(z)=o, (4.1.14)

(1= Z)IF2(Z) — (n+2k) 21 (2)
o =D 0] i) = 19z 4.1.15
+M—T—(”+—)M()—u()- (4.1.15)
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In addition, for more specific values of I ,Sk)(Z ),

(1— 2912, (2) - nz1D, (2) = FPEZ)) , (4.1.16)
2 2 5
—71® n @ (- Ln+2)
(=22~ (221 (2) = it (4.1.17)

Using these equations, the functions IEL+)1 (2), Ifﬁl (2), Igizl (2), f(3) (Z), and I% (Z2)
can been eliminated from the expressions for G(TV3)(Z ) and G(TV4)(Z ) given i2n [2].
The resulting expressions are given below.

For ease of notation, we suppress the argument of the functions I,(LIC)(Z)7 jzﬁ(tk)(Z),
and G(TV'%)(Z), so in the following, unless otherwise stated, all functions are assumed
to be functions of Z. The functions GTV%) are as follows. First, the coefficient of the

Jabga’'yy component of the propagator is

—9 1 ~ ~ 2 —1T'(n -1
GV % @) 4 221D 4z — 2 g _n=llln-1)
n—1|n— N =z T on—-2 "3 n-2 TI(})
ni 1 [_1ZI$1421 + 2ZI£12+)1] : (4.1.18)

The coefficient of the gupneny + garprnamp component of the propagator is found to be

2 1 1
(TV,2) _ _ oo | ®) _ 7f® ~(2) 2)
G n71(1 Z )[ nizlnﬂ zry), (n+1)I"21 nQJT]
o« 2 G (3)
— 1(1 7?) [n_ ! el +2In+1] . (4.1.19)
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The coefficient of the n,nynyny component of the propagator is

1
arve) — 2 [ 20+ 1)(1 = 2)2+ (n+2)(n+4)2] 1),
n—l ’TL—2 2

+{n+Dn+2) +4n+1)Z — (n-2)22 12,

+2n(n+1) —n(n—2)2] IV, +2[Z +n + 111V,

2 2
n-1 I'(n—1)
gy )
+n_2[2(n+1)Z+n(n+ )] T
JrnOé1[2(1—22)[2Z+(n+2)]f5?+)1+4(1—Z)[Z+n+1]j§?+)1
- 2 :
: 24 (n? (2)
7 (427 + (0 2+ )2 ) 1Y)
B 2

I'(n—1)

r(3)

+(n+1)(2Z +n+2)

(4.1.20)

The coefficient of the n,gy)a'mt) component of the propagator is

2 1 n+1
(Tvi4) _— _ 7)2 )
G n—l[n—?[ 5 (1-2) 4—(7’L—|—2)Z]In;1

2

—1 ~ 1 -1
_ 2 Hn<n )(1—Z)+n}lﬁ})l+[n+ + 2 Z]Inl)1
2

+ [n ; Ltz - ”;‘122] fﬁf’)l]

n—1 2 5 p— g
ol L(n—1)
T _g) (P T DZ+ 2] T )
o |0 2= 2L+ (1= 2) [+ 1+ 2T
@ _ntl T(n—1)
+m [Z(1+Z)+n}1% +2(Z+1)(g)] -
(4.1.21)
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Finally, the coefficient of the g,(q’ gy, component of the propagator is

2 3 2

2 1 n+1 n—
(TV,5) _  _ (2
¢ n—1[n—2ZI"“+[ 2

ZQ} o =) 50

n—1_.a  nn-1)TIh-1)
—Z1
+n—2 "Tfl_l_ n—2 T(2)

a 1 (2) 2\ #(3) ~x2)  n+1l(n-1)
zZ1 -z}, —nZI _— .
+n—1[n—1 iy + (1= 2Ty 2L + Sy

(4.1.22)

As the tensor-vector sector of the two-point function is traceless, only three of these

coefficients are independent: G(T'V3) and GTV:5) can be written in terms of the other

functions GTV%) in the following way:
GTV3) = 4G(TVA _ TV (4.1.23)
TV _ _gGav,l) _ %Gchz) . (4.1.24)

The first equation is manifest when equations (4.1.14) - (4.1.17) are used to remove

I &, I &, and 1, [2 ) , from GTV:2) and G(TV4), and the second can similarly be seen

2 2
when equations (4.1.14) - (4.1.17) are used to remove Ifle, f&, and ISZ )1,
2

GTV:2) | Equations (4.1.23) and (4.1.24) can be used later as a consistency check for
(TV,k)

from

the large-distance behaviour of the functions G

4.2 Large-distance behaviour of I,(f)(Z) and f,(f)(Z)

In this section we find the large-distance behaviour of the functions [ ff“) and I, F(Lk), which
will then be used in later sections to find the large-distance behaviour of the graviton
propagator.

As I,Sk) is proportional to the hypergeometric function, we consider the series ex-
pansion used in the previous chapter, which states that

ab  ala+1)b(b+1) 22
gFl(abcz)—l—l—— et ) o

+0(2%), (4.2.1)

which is defined for |z| < 1. In order to find an expression for 2 i (a, b; ¢; z) which is valid
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in the large-Z limit, we must first use the well-known expression, see, for example, [89],

oy LT —a) —a _ 1
oFi(a,b;c; 2) 7m(1_7;) o Fy <a,c—b,a—b+1,1_z>
+£8§¥iﬁ§u—zrbﬂa(ac—mb—a+hliz>, (4.2.2)

which we also made use of in Chapter 3.

From the definition of ;(Lk), given in equation (4.1.11), we have the following values

a=ay+k, (4.2.3)
b=a_+k, (4.2.4)
c:g+k, (4.2.5)

where ay is defined in equation (4.1.13). Singular terms in the first line of equa-
tion (4.2.2) arise from a gamma function taking a negative integer value, i.e. as
b—c = —2u = —(n £ 1). However, these combine with singular terms, which oc-
cur at higher orders in the series expansion in the second line of equation (4.2.2),
to give a well-defined contribution in the n — integer limit. This term behaves like
[(1—2)/2]~(»=D/2=1=Fog Z, which is still suppressed in comparison with [(1—2)/2]~'.

As stated in the previous section, the parameter y = ”Tﬂ For these values of
W, ay > a_, where ay is defined in equation (4.1.13). Therefore, after we apply
the above transformation, we neglect the first term on the right hand side of equation
(4.2.2), which we claim contributes a term to the propagator which vanishes in the limit
|Z| — oo. It can be seen that we are justified in neglecting this term by expanding it as
the series given in equation (4.2.1). To leading order, it is proportional to Z —(5 utk),
From the expressions for the functions G(TV"*) given in equations (4.1.18) - (4.1.22), it

can be seen that the factors in G(TV:%)

that arise from this neglected hypergeometric
function are, at most, of order Z~". As these vanish in the limit |Z| — oo, (for n > 0),
we neglect the first term in the transformation given by equation (4.2.2) for the rest of
the calculation.

We write the second term of equation (4.2.2) as the series given by equation (4.2.1),

)

and use this to write [, ,Sk , defined in equation (4.1.11), as

~
~
S
=
Il

Jlgk) + J/Sk+1) + (’) <ng(;u7k+2)> , (426)

where

2 g(p:k)
ﬁ“—f@%)() : (4.2.7)
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and

P (%5 — it k) T2
2T (n+3)

1
—p+k. (4.2.9)

f(:uvk) =

(4.2.8)

g(luv k) :n —

As seen in equation (4.1.12), I ,3’“) is proportional to the derivative of I ,Sk), so writing
the function [ Lk) in the form given by equation (4.2.6) gives a useful expression for I lsk).
In order to find this expression, we first find the derivative of J,Sk) . We use the results

of the previous chapter to see that

— 9(p.k)
oI = 1ty Qe e1oe (15 2)] (25) (4.2.10)

where
Q) == ("5 — et k) + 2002 — o (14 3 ) (42.11)

and ¢g(z) is the digamma function, the derivative of the logarithm of the gamma
function. Series expansions for integer and half-integer arguments of the digamma
function are given by equations (3.3.15) and (3.3.16) respectively, in Section 3.3.

To the order presented in equation (4.2.6) we have

0 k 0 k 0 k+1 —g(p,k+2
@Iﬁ)zajé>+%J£+>+@(zg<u +>),

=f(n, k) [Q(u, k) + log <1 - z)} <1 _2 Z)g(u,k)

e [

+0 (ng(“’]“?)) +0 <Z79(“’k+1) log Z) ,

_ g(p,k+1)
fomo (5220 ()

+O (Z‘g(“’k”)) +O (z—gw”ﬁl) log Z) , (4.2.12)

where we have used the recursion relation

1
g, k)

Qlu,k+1) =Q(u, k) — (4.2.13)
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which can be seen from the following recursion relation for the digamma function:

Yo(n + 1) = do(n) + % , (4.2.14)

Combining this expression for the derivative with equation (4.1.12), we see that the

large-distance behaviour of [ ,(f) is

- 1 1-Z 1 f(uk+1) [ 2 kD
k) _ _ 1 =23\ o LI
i 24 [Q(M’ ) +log < 2 )] Wt g \1-2

+0 (Z‘g(“’k“)) +0 (Z—g(“»k“) log Z) , (4.2.15)

(k)

where, in the latter equation, and for the rest of this section, I uk is valid up to the order

presented in equation (4.2.6). We have now found the |Z| — oo limit of I, ,Sk), given by
equation (4.2.6), and f,ﬁ’“), given by equation (4.2.15). We use these expressions to find
(TV,k)

the large-distance behaviour of the functions G .

(k)

In most cases, we need only work to leading order in the expansion of [, #k given in

equation (4.2.6), as contributions from higher order terms vanish in the limit |Z| — oc.
Specifically, all factors in GTV"D G(TV:2)  and G(TV:%) that arise from non-leading order

terms in the expansion of I ,Sk) vanish in the limit |Z] — oo. In these cases, we can just

consider
(k) 2 \7h (k)
¥ = f(p, k) <1Z> +0(z ). (4.2.16)
so that
~ 1 1-7
(k) — __— (k) —g(p,k+1)
I 2 [Q(u, k) +log< 5 )] M+ o (Z ) . (4.2.17)
In order to find an expression for I,S’Hl) and f,S’““), we make use of the following
relations:
1
g(p,k+1) = g(p, k) + 1, (4.2.19)

which follow from the definitions of f(u, k) and g(u, k), given by equations (4.2.8) and
(4.2.9) respectively. Using these relations, and the recursion relation for Q(u, k) found

earlier in equation (4.2.13) we find

gty 1

p 9 I + 0 (Z*g(“v’“”)) , (4.2.20)
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and

N 1 g(u,k) 1-Z 1 B

kt1) _ 29Uk _ (k) g(p,k+2)
& -7 2 [Q(“’k”log( 2 > g(u,k)]l“ ro(z ).

(4.2.21)
where the second expression is especially useful in the calculation of GIV:D  GTV:2),

and G(TV:3),

4.3 The scalar sector

We now have the information necessary to justify the omission of the graviton propa-
gator in the scalar sector from the rest of this chapter. As in [2], we write the graviton

propagator in the scalar sector as

n—2
(S) _H (S.k)
Aa,b a’b/(x J} E Fab b (431)

n
2

A

where

Floriy = FSD gaygany (4.3.2)
Fél;gf’)b’ = H ?F5?) (gabZ;a’Z;b’ + ga’b'Z;aZ;b) ) (4.3.3)
Fél;gﬁ)b' = H'F5Y ZiaZipZiw Ly (4.3.4)
Fézf;)b/ = H*FSYZ (Zyyw Zyy (4.3.5)
Fa(f;’)b’ =2H" 2F(S 5)Z;a(a’Z;b’)ln (4.3.6)
where A =2(n — 1) — (n — 2)a, and we use the standard notation Z,, = V,Z.
The functions F(5%) are
A 2n 4+ A8
F(S’l) _ ZZI(Q) ZI(l) LA Z2I( ) ZI( )
(n—l)z(n—Q)( st S>+(n—1)(n—2)< +219)
4 (1
o 4L 4.3.
(n—1)n-2°"5" (4.3.7)
A 2n + \B - -
(82) — _ (3) (2 T AD (3) (2)
E (= 1)2(n—2) (718" +21) (n—1)(n—2) (718" +217)
2 (2)
—1 4.3.
R CE (4.3.8)
1 A4 ~(4
FO = D=y [n 1+ @20 )} ) (4.3.9)

96



CHAPTER 4. 4.3. THE SCALAR SECTOR

1 A =
PO iy [ 0 10
1 A ~
PS5 _ R [n - 1fg2> +(2n+ Aﬁ)[fqﬂ . (4.3.11)
We follow the notation in [2], and define ék) =1 /812)7 and [ ék) =1 L];), where
—1)2
lig = \/(”4)—(71— 1)3. (4.3.12)

We now investigate the large-distance behaviour of the components Félfjb)" The

tensor structure consists of combinations of the derivatives of Z, so we first find the
large-distance behaviour of these derivatives. From Section 3.1, we have, to leading

order in Z,

Zqx Zng + 0O (2°) (4.3.13)
Zoay X Zngny + O (Z°) . (4.3.14)

We now find the large-distance behaviour of the functions I ék) and I ék) . We need

only consider leading order behaviour of the expansions [ flk) and T ;(Lk) found at the end

of Section 4.2. From equation (4.2.6), we see that
1) o z= 3 s~k L 0 (Z—"T’lﬂbs—’f—l) , (4.3.15)
and, from equation (4.2.17), we have
P o log (1_22) P +0 (Z—"T_lﬂ‘s—’f) . (4.3.16)

From rearranging equation (4.3.12) for S:

(n—1)8= (’1;1 +Ms> . <”;1 —us) : (4.3.17)

it is clear that if 8 > 0 then
n—1

2
From the definitions of F(5*) given by equations (4.3.7) - (4.3.11), and the large-
distance behaviour of the derivatives of Z, given by equations (4.3.13) and (4.3.14), it

can be seen that all components Fa(f ’ak,)b, have the same leading order behaviour in the

[s — <0. (4.3.18)
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large-distance limit:

n— 1-Z n— 1-Z n—
absf%f x Z'STF log <2> Cc(bif/)b/%—(’) <Z"“S_23 log <2>> +0 (Z“S_Tl) .

a
(4.3.19)
(S.k)

for constant tensors C;” 7. From inequality (4.3.18) we see that, as |Z| — oo,

FOR 0 0 (27 10g(2)) | (4.3.20)

a
for some constant tensor Cgi)a,b,. This was the result we expected from the conclusions
of [2], [4], and [91]. For the remainder of this chapter, we are therefore free to focus on

the propagator formed from the tensor-vector modes.

4.4 Large-distance behaviour of the covariant graviton propagator

We now find the large-distance behaviour of the propagator. From [2] and [3], where the
large-distance behaviour of the graviton propagator was found for n = 4 dimensions,
we have some idea about the kind of behaviour to expect. It is found that, along with
constant terms, in the large-distance limit the propagator has terms proportional to
both Z and log Z. In the Landau gauge, o = 0, we expect to find no linear divergence.
Additionally, the logarithmic divergence is known to vanish when o = Z—ﬂ We find
the large-distance behaviour of the functions G(T'V:F) separately, before combining these
results to find the large-distance behaviour of the propagator.

Due to their relative simplicity, we first find the |Z| — oo limit of the functions
GV GTV2) - and GV, These functions are given in terms of I;(Lk) and Il(Lk) in
Section 4.1 by equations (4.1.18), (4.1.19), and (4.1.22), respectively. We use the large-

distance expansions of [, Lk) and I ;(Lk) given in Section 4.2. As we take the limit |Z]| — oo,

we need only work to leading order in (1 — Z)~! in the expansions of I ,Sk) and I, ,Sk).
Hence, we use equations (4.2.16) - (4.2.21), as higher order terms present in the more
general expansions, given by equation (4.2.6) and equation (4.2.15), give vanishing
contributions to GTV-D GTV:2) and GTV:5) in this large-distance limit.

The method involved in finding each function GTV:F) | for k = 1,2,5, is the same:
we write the relevant function GTV*) in terms of the functions I, ,Sk) and I ;(Lk), as is
presented in Section 4.1. Using the relations from Section 4.2, given by equations
(4.2.17) and (4.2.21), the function fﬁk) is eliminated from the expression for the large-
)

Z behaviour of G(TV%) We then evaluate the remaining terms, involving I ,(ﬁ only, in

the limit |Z| — oc.
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Using this method, we find that

qavy _ 2 Tn-1) {_2n3+Q<n171>+10g<12z>}

n—1 I‘(%) n—1 2
a I'n-1)[ n—3 n—1 1-Z
+n+1 F(%) [—n_l—l—QQ(Q ,1>+2log<2 )]
+0(ZHY4+0(Z g 2), (4.4.1)

(TV,2) _ 2 F(n—l) _2n—3 L_l ﬂ
T et e (7))
a T'(n—1)[3n—-5 n—1 1_7
e et e () e (50)
+0(ZHY+0(Z g 2), (4.4.2)

vy Fn—1)[ 2n-3 n—1 1-z
G - F(%) [ n_1 +Q< 5 ,1>+log< 5

i ey () e (50)

+0(Z Y +0(Z 1 og Z), (4.4.3)

where the following recurrence relations for Q(u, k), defined by equation (4.2.11) in

Section 4.2, have been used to simplify the expressions:

Qb +1) = QUuk) = s

n+1 n—1 2

As a check, it can be seen that the logarithmic divergence does indeed vanish when
a = 2L Additionally, it can be seen that Q (%, 1) = 2, which is used to verify that,

n—1"

(4.4.4)

when n = 4, our result is in agreement with the result of [2].

The calculation of the large-distance behaviour of the remaining two terms in the
propagator is slightly more involved. This is for a couple of reasons. First, as can be
seen by equations (4.1.20) and (4.1.21) in Section 4.1, G(TV:3) and G(TV4) are more
complicated than the other three functions. Second, we must work to higher than
leading order in the series expansion of the hypergeometric function. This is because the
functions [ l(Lk) and T, ;(Lk) are multiplied by third and fourth powers of Z, so contributions
from the higher order terms in the expansions of 1 ,(ﬁ) and I ,(f) , given by equations (4.2.6)
and (4.2.15), respectively, no longer vanish in the limit |Z| — oco. We therefore use
equation (4.2.15), in order to write I, ,Sk) in terms of I, ,Sk), instead of the simpler relations
used in the calculation of the large-distance behaviour of GIV:D), G(TV:2) and GT'V:H),
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We follow the same basic method as outlined earlier: we write the relevant function
GTV:) in terms of the functions I, ﬁk) and T ,S’“), as is presented in Section 4.1. Equation
(4.2.15) is used to rewrite all terms involving I, ﬁk) in terms of I lsk) only. The limit

|Z| — oo is taken, to see that

GTV:3) 2(”—2)“”;1) [_2n—3+Q<n;171>+log<1—2Z>]

n—1 1"(5) n—1
200 T'(n—1) n? 4+ —10 n—1
Tl T () [(”_I)Z_ 2(n—1) _(”_2)Q< 2 ’1>

—(n —2)log (1;Z> } +0(Z HY+0(Z g 2),

(4.4.6)
GV _ F;n(g)l) {_ 2:_—13 P (“;1 1> +log (1_22>}

it i gy e () e (57

+O0(Z Y4+ 0(Z 1 og 2) , (4.4.7)

where equations (4.4.4) and (4.4.5) have been used to write the large-distance limits in
this form. As was found for GTV:D G(TV:2) and G(TVH) | the logarithmic divergence
vanishes for a = Z—ﬂ, and the linear divergence vanishes in the Landau gauge, o = 0.
When n = 4, our results agree with [2].

Using the large-distance limits found for all functions G(T'V'F) it can be seen that
the relations between the functions G(TV*¥) in Section 4.1, given by equations (4.1.23)
and (4.1.24), also hold in the |Z| — oo limit.

In summary, the large-distance behaviour of the propagator is found to be

2A n—1
Dapay = n—1 1- an +1 [ — JabJa’t’ + [GabNar My + Gart MaMi)
+(n = 2)ngnyngny + 2(n — 1)1, 98 ()
1-7
(1 = 1)ga(a o) log <2>
2aA(n —1
+TL(+1) [nanbna’nb’ + n(agb)(a’nb’)] Z + ACupary
+0(ZHY+0(Z g Z), (4.4.8)
where )
H" *T'(n-1
A= (n—1) (4.4.9)
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and the constant tensor

2n — 3 n—1 2
Cab:a’b’ = |: n—1 - Q < 9 71>:| |:7”L 1 [gab.ga’b/ - [gabna/nb’ + ga/b’nanb“
2(n —2)
— T NaTbNa My — AN (a9b) (' M)
_2ga(a’gb’)b:|
o' n—3 n—1
- 2 ]_ N
+n_|_1 |: n_1+ Q( 2 7>:|gabgab
[3n —5 n—1
+ - 2Q a8 1 [gabna’nb/ + ga’b’nanb]
| n—1 2
r.,2
n — 10 -1
- n—’_inl + 2(” - 2)@ (n27 1):| NaTpNq Ty
n J—

+ (n—5)—2(n—1)Q<

n—1

71)] 270 9b) (2T +ga(a’gb’)b]] :

(4.4.10)

In equation (4.4.8), we have grouped terms according to their dependence on Z, which

will be of use in the next chapter.

4.5 Discussion

In this chapter we have found the large-distance limit of the covariant graviton propa-
gator in de Sitter spacetime. The propagator is found to be linearly divergent in this
limit, in a general gauge such that o # 0. It is logarithmically divergent in the Landau
gauge, which corresponds to @ = 0. From the conclusions of [2], these results were
expected. In the next chapter, we look to find a gauge transformation to render the

graviton two point function IR finite.
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Chapter 5

Pure gauge form of the covariant gravi-

ton propagator

In this chapter we focus on the logarithmic divergence of the covariant graviton two-
point function in the Landau gauge. As in the previous chapter, we work in de Sitter
spacetime. We expect that this divergence can be written in pure gauge form. We
attempt to use a covariant gauge transformation to remove this divergence, and al-
though we find this not to be possible, it leads to the interesting conclusion that the
logarithmic divergence can only be traded for a linear one. It is, however, possible to
remove this divergence if a non-covariant gauge transformation is used, and we find
such a transformation at the end of the chapter. From the results of [5], where the
physical graviton two-point function was found to be well behaved in the IR, we expect
to be able to find such a gauge transformation. In n = 4 dimensions, the growing large-
distance contribution of the graviton propagator has been written in pure gauge form,
in [4]. In order to show that this is not merely a feature of the n = 4 dimensional field
theory, and is not specific to the T'TS gauge, we explicitly find a gauge transformation

such that the large-distance growth of the covariant graviton propagator vanishes.

5.1 Preliminaries

In this section we state the large-distance limit of the propagator, in the Landau gauge.
Additionally, we review the form that the gauge freedom, originally seen in Chapter 2,
takes. As in the previous chapter, unless otherwise stated, all functions are assumed
to be functions of Z.

In the Landau gauge, the large-distance limit of the propagator, which is found by
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n—1

5.1. PRELIMINARIES
setting a = 0 in equation (4.4.8), is
Agpay = Alog (1_22> [n i 1 [T 9ab9ay + gavntamy + garnatuo]
Mnanbna/nb' + 4An(a9p) (@ M) T 29a(a’9b)b
(5.1.1)

+AC) 027 +0(Z2  ogZ) .
The n-dependent constant A is defined by equation (4.4.9) in the previous chapter, and
(5.1.2)

is repeated here for completeness:
H

[gabga’b’ [GabMar My + Garty TaTs)

and the constant tensor
2n —3 n—1 2
— 1 =
()] [
—nanbnamb/} — 4N (0 9p) (@' ')
(5.1.3)

1
C(gb:)a’b’ = I: n—1
_2ga(a’gb’)b:| .

As discussed in Chapters 1 and 2, we use a gauge transformation which corresponds
(5.1.4)

to the following change in the quantum operator
hab = hab + Va&p + Vila,

where &, is also a quantum operator. As an aside, we note that, since the change in
the gauge alters the mode functions, when multiplied by the annihilation (or creation)
(5.1.5)

— azhg)) +ay (Vaglgl) + ng(g)) ,
Then the two-point

(1)

operator, as
a[hab

the transformation vector £, above is an operator in general.

function changes as:
(0lhab () hary (27)10) = (0[hap(2) hariy (2)]0) + 2V (4(01&p) (2) harir (2)]0)
+ 2V (0l hap (2) &) (2)]0) + 4V (o V (0 (01&p) (2) &) (27)10) ,
:<O|hab(x)ha’b’ (ml)‘0> + QV(aGb)a’b’ (.T, x/) + QV(G/Gb/)ab(SU, l‘/) ,
(5.1.6)
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where

Gaay (2,7') = (0[€a(@)harry (27)]0) + V(o (08 ()& (2)]0) - (5.1.7)

This transformation leaves the two-point function of a local gauge-invariant tensor, for
example the linearised Weyl tensor, invariant, but leads to the following transformation
of the propagator:

Aayary = Dabearty = Gabarty » (5.1.8)

where

gab:a’b/ = 2V(aGb)a’b’ + 2v(a’Gb’)ab . (519)

The tensor Gpapy is symmetric under the exchange of a’ <+ ¥, and we initially require
that g“,b,Gaa/b/ = 0. In the following section, we find the only transformation of this
kind that could remove the logarithmic divergence, which leads to some interesting
consequences.

We conclude this section with a brief review of the de Sitter invariant Z. This is
originally defined in conformal coordinates in equation (3.1.5), which we repeat here

for convenience: "o ,
=2 - —n)
2

As discussed in Chapter 3, Z — —oo when the spacelike distance between two points

2
Z=1 . (5.1.10)

is large, and at large timelike separations Z — oc.

5.2 Covariant gauge transformation to remove logarithmic diver-
gence

In this section, we show that it is not possible to use a covariant gauge transformation to
remove the logarithmic divergence present in the large-distance limit of the propagator,
in the Landau gauge. Specifically, we show that it is not possible to find a covariant
gauge transformation of the form described in the previous section such that Aab:a/b/
tends to, at most, order Z° as | Z| — oo.
The gauge transformation is given by equation (5.1.9), which we repeat here for
clarity:
Boaparry = Davay — Y Gy (5.2.1)
i

where we now consider a sum of terms of the form given in equation (5.1.9). We require
that

g((zz):a’b’ = 2V(aGl(7Z)21/b/ + 2v(a/GgL;ab ) (522)
where
Gy = 1)y (5.2.3)
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and g“/b/T b(;?b, = 0. Additionally, as discussed at the end of the previous section, we
require that Ggi),b, is symmetric under the exchange of a’ <+ b’. We now show that there
is no transformation of this form such that the logarithmic divergence of the graviton
propagator is removed.

The only bitensors with the symmetries described in the previous paragraph are

9a'b'May MaNa My, a0 go(qrMyyy- The most general combination of these is
Té;)/b/ = Qiga'tyNa + PifaNa My + YiGa(a' W) > (5.2.4)

for «;, B;, and ; constants. In order to ensure that we have a traceless tensor, we

impose the additional condition
ain+ i —v =0. (5.2.5)

From the definition of gfj} 21> given in equation (5.2.2), we see that it is useful to

denote the fully symmetric combination of the derivative of the tensor Téi),b, to be

@ (i) (i)
7:1b:a’b’ - QV(aTb)a/b/ =+ ZV(GITb’)ab' (526)

Using Ta(i),b,, as defined in equation (5.2.4), we find this to be

E(Z:)a’b’ :4aiAgabga’b’ + [QA(_O% + Bz - '71) - 2720] [gabna’nb’ + ga’b’nanb]
+46i(2C — A)ngnpngny + [88:C — 4y Aln gy @y + 4%iCa(a Gy

(5.2.7)

where the following relations from [88] have been used:
Vany = A(gap — namp) , (5.2.8)
Vany = C(gar + nanyy) , (5.2.9)
Vagee = _(A + C) (gabnc’ + gac’nb) ) (5210)

for
HZ
A=——2 5.2.11
,/1 _ ZQ ( )
H

C=-——" (5.2.12)

V1-22’

where, again, we suppress the argument of these functions. The gauge transformation,
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defined by equation (5.2.2), is
G =—2H\1- Z22f0( [n(aTb(Q,b, + Ty | T TV L F(Z),  (5.2.13)

which, from the definition of T( )

Loy given by equation (5.2.4), can be seen to be
gab abt — —2H V1— ZQf [az GabMa' My + ga’b’nanb] + 2ﬁznanbna’nb’
+ 2')/Z-n(agb)(a/nb/ + Tb a’b’f (Z) . (5214)

Using the expression for ’T ‘v Siven by equation (5.2.7), we find that the gauge trans-

formation, in terms of the functlons @ and the constants, o, §;, and ~;, is

Gy == 2 [HVT = 220,/ (2) + [ai(n + 1) A + %C] O] [gapmarny + gaymam)
+4p; [ H\/ﬁf +(2C — A)f( )} NaMbTa/ Ty
a[-HV1- ZQ%f(“'(Z) + 28:C = %ALFD | oy @
+ 47C D go gy + 40 AF D gapgary - (5.2.15)

We now have a general transformation of the form in equation (5.2.2). We now find
the transformed propagator, as given in equation (5.2.1). We look to find functions
f (i)(Z ), along with values of the constants «;, 3;, and ~;, such that the divergence in
the propagator, given in equation (5.1.1), is removed.

It is immediately obvious that any contribution proportional to gasga’ty OF ga(a’Jb)b
must come from the final term in equation (5.2.14). We first write the logarithmic
divergence of the coefficient of the g, gy), term in the propagator in pure gauge form.
Comparing the coefficient of g4, gy), in the above equation with the coefficient of

Ya(a’ 9y I equation (5.1.1), we see that we must set

fW(z) = _7\/ﬁ1Og ( ) (5.2.16)

2vH
a; =0, (5.2.17)
pr=1, (5.2.18)
v =1, (5.2.19)

The constants «y, 81, and ~; are consistent with the condition, given by equation

(5.2.5), imposed to ensure that the transformation G,qp is traceless. The transforma-
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tion is

1+ 7 1-Z
Gty =AN [— —  Tlog <2>] [Ny My + N0y (@ M)

1-7
+ AlOg (2> [7[9abna’nb’ + ga’b’nanb] + ga(a’gb’)b} ) (5220)

which changes the propagator as follows:

X _ 1)
A(;Lb;a’b’ - Aab:a/b’ _gab:a’b’ )

A 1-Z
= log | —— [ — 29ab9a’ty + (1 + 1)[gapna Ny + ot Nami)

n—1 2

n 1-Z7
+2A [(1 +7Z)— — log < 5 )] napNa My + 201 + Z)n09p) (@ )
+0(z7N)+0(z ' 0g2) . (5.2.21)

We now use the same method to write the logarithmic divergence of the coefficient
of the gupgqy term in the propagator in pure gauge form. As the transformation
described by equation (5.2.20) has no term proportional to gugap, We are free to just
compare the coefficient of ggpgq/y in equation (5.2.15) with the coefficient of ggpgq/y in

equation (5.1.1). From this, we see we must set

@y A vI-22  (1-Z
f®(z) = Sonn ~DH Z log | —— ) » (5.2.22)
B2 = —nag, (5.2.23)
Y2 =0. (5.2.24)

Again, aq, 1, and v, are consistent with condition (5.2.5), which imposes the traceless

condition. In the limit |Z| — oo,

A 1-Z
Gy = 2108 (57 ) [~ 20t + 0+ Dlgwnans + o]
—2nnanbna/nb/}
HACS y +O(Z7) + 0 (27 0g Z) (5.2.25)
and . )
n
Cc(l,i:)a’b’ = _m[gabna’nb/ + Gartrnane] + (n— 1)nanbna/nb’ . (5.2.26)
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In the large-distance limit, the transformed propagator then becomes

Aab:a’b’ = Dapa'ty _g[(lll,;)a/b/ - g((z?z?a’b’ s
=2AZ[nanpnany + 1)@ My)] + AC’ﬁ?a,b, + 0O (Z_l) + 0O (Z_1 log Z) ,
(5.2.27)
where
2  _ 1 (5)
C’ab:a’b’ - Yaba'b C’ab:a’b” (5228)

and the constant tensor Cc(zll):)a’b’ is defined in equation (5.1.3).

By comparison of coefficients in the logarithmically divergent terms of the prop-
agator with coefficients of equation (5.2.15), we see that the only possible form that
the functions f(V(Z) and f*)(Z) can take are those given by equations (5.2.16) and
(5.2.22). We conclude that, when using a gauge transformation of the form given by
equation (5.2.1), we can only trade the logarithmic divergence for a linear one. In-
terestingly, this is the same linear divergence that appears when one considers the

n+1
-1

large-distance limit for the propagator when o = 5. Hence, we can apply any con-

clusions reached about the large-distance behaviour of the propagator in the Landau

n+
n—1"

In the next section, we show that there is no covariant gauge transformation of the

gauge to the large-distance behaviour of the propagator in the gauge where a =

form described by equation (5.1.8) that removes the linear divergence in the propagator,
given in equation (5.2.27), shown in this section to be equivalent to the logarithmic

divergence in the propagator, given in equation (5.1.1).

5.3 Covariant gauge transformation: No-go theorem

In this section we show that the linear divergence in the transformed propagator, found
at the end of Section 5.2, can not be written in pure gauge form by using the covariant
gauge transformation outlined in the previous section. This suggests that the linear
and logarithmic divergences can be traded, but not simultaneously removed.

We consider a transformation of the form given by equation (5.1.9), where we take

the general tensor
Gaa’b’ = d(Z)ga’b’na —+ B(Z)nana/nb/ + :y(Z)ga(a/nb/) , (531)

and no longer require that this tensor is traceless - so we no longer require the functions
a(Z), B(Z), and 7(Z) to satisfy equation (5.2.5). The fully symmetric combination of
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covariant derivative of this tensor, introduced in equation (5.1.9), is

Gararr = AAGZ)gargury + |2A(=a(Z) + B(Z) = 3(2)) - 203(2)
~2H/1 = 226(2) | [gamarny + ganam)
[ (2C — A)B(Z) — 4HN1— 223 (7 } Mg Tl My
+ [8C3(2) — 443(2) — 4H V1= 227(2) | n(agiy @)

+4C§(Z)ga(a’gb’)b ’ (532)

where the functions A and C' are defined in the previous section, by equations (5.2.11)
and (5.2.12), respectively.

We now find the transformed propagator
Aab:a’b’ = Aab:m’b — Gab:a'vy 5 (5.3.3)

where A, is given by equation (5.2.27). It is convenient to rescale the functions
3(2) =a(Z), B(Z), or 4(Z), such that

H
Vi-22

By differentiating the above equation, it can be seen that

9(2) = 3(2). (5.3.4)
H\1-22(2)=(1-2%¢'(Z) - Zg(Z) . (5.3.5)
In terms of the scaled functions, equation (5.3.2) becomes

gab :a’b! =4Z« Z)gabga/b/
(

(

[Z /8 Z)) + V(Z) - (1 - ZQ)O/(Z)] [gabna’nb’ +ga/b’nanb}
—4[28(2) — Z%)B(2)] nanpnany

—-4[28(2) — Z)B(2)] niagy) @y — 4 Z)Ga(a 91 )s - (5.3.6)

We now show that there are no functions a(Z), 5(Z), and v(Z) such that the

transformed propagator A ;.. is, at most, of order Z in the limit |Z| — co. Requiring

that A, is constant in Z is equivalent to the condition that, as |Z| — oo,

gab:a’b’ — Aab:a’b/ + Cab:a’b’ ) (537)
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for a constant tensor

Cab:a't =C19abGa’t’ + C2[gabNa/ My + Garty MaTp) 4 C3NGMpN Yy + CAN(a9b)(a’ W)

+ C59a(a’ b )b t oz, (5.3.8)

where ¢; are constants. Looking at equation (5.3.7) component-wise, we see that we

must simultaneously satisfy the following equations:

Za(Z) = e, (5.3.9)

Z(B(Z)—v(2) +v(Z) - (1 - Z*)d(Z) = ¢, (5.3.10)
—26(2) - (1 - 256 (Z) — %AZ +c3, (5.3.11)

—28(Z2) — (1 - Z°)Y(Z) — %AZ + ¢4, (5.3.12)

Y(Z) = c5. (5.3.13)

We now show that equations (5.3.9) - (5.3.13) can not simultaneously be satisfied.
By subtracting equation (5.3.11) from equation (5.3.12), we see that, as |Z| — oo,

(1—=2Z%B(2Z)—+(2)) = c4—c3. (5.3.14)

Integrating this, before taking the limit |Z| — oo, gives

VA C4 — C3 'Z—i—l
lo

6(2)—7(2)—><c4—c3)/ T A gZ_1‘+c6—>c6, (5.3.15)

where cg is a constant of integration. Using the expression given for v(Z) given in

equation (5.3.13), we conclude that
B(Z) = c5+c6. (5.3.16)

We now use this limiting value for the function 8(Z) in equation (5.3.12) to find a
contradiction with equation (5.3.13). Equation (5.3.12) becomes

(Z2 = 1)y (Z) — 2MZ + ¢4 + 2(c5 + c6) - (5.3.17)

Integrating this gives

Y(Z) = Alog(Z* — 1) + (ca + 2(c5 + ¢6)) /Z —— — ANlog(Z% — 1) + ¢, (5.3.18)

where c¢7 is another integration constant. This is in contraction with the limiting value
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of v(Z) as found in equation (5.3.13). We therefore conclude that it is not possible
to find a covariant gauge transformation to remove the logarithmic divergence of the
propagator. However, in the next section, we show that this divergence can be gauged

away non-covariantly, as is expected from the results of [4].

5.4 Non-covariant gauge transformation

In this section we show we can write the logarithmic divergence of the graviton prop-
agator in the Landau gauge in pure gauge form, in a non-covariant manner, for large
spacelike and timelike separations separately.

Before we look at such a non-covariant gauge transformation, we write the propaga-
tor in a more convenient form. This is achieved by using a covariant gauge transforma-
tion of the form given by equation (5.1.8) in Section 5.1. As in the previous section, we
relax the traceless condition, so no longer require equation (5.2.5) to hold, and consider

1-Z

) [ga’b’na + (2n — 3)nana/nb/ + 2(n — l)ga(a/nb/)] ,

//:71
Caat' =5 = 1) Og( 2

(5.4.1)

for A defined by equation (4.4.9). In the notation of Section 5.2, to find the gauge

transformation Ggp../py We substitute

1) = 2¢H(1$ — 1y 108 <1 3 Z) ’ (5:42)
a=1, (5.4.3)
B=(2n—3), (5.4.4)
v=2(n-1), (5.4.5)

into equation (5.2.15). In the limit |Z| — oo, this gives

1 1-Z
Gabarr =2 nf [_gab.ga/b’ + (2n - 3)nanbna’nb/] + 2n(agb)(a’nb’):| log <>

1 2
+ACH y +0 (27 +0(27 0g Z) (5.4.6)
where
2 4(2n — 3
Ctgl?;:)a’b’ = m[gabna’nb’ + ga’b’nanb] + (n_l)nanbna’nb’ + 8n(agb)(a/nb/) . (547)
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The transformed propagator is

A gparty = Dabiarty —Gabsartr
1-Z (4) 1
:2A[—nanbna/nb/ —+ ga(a’gb’)b] log T =+ Acab:a'b’ + O (Z )
+0(Z2'og 2) , (5.4.8)
where A gp.qp 1S the graviton propagator in the Landau gauge, given by equation (5.1.1),

and
4 1 3
C(Sb:)a/b’ = C(Eb:)a/b’ - C(Eb:)a/b/ ) (549)

where the constant tensor C'Sx)a

We now write this propagator in terms of conformal coordinates, (7,x), before

. is defined in equation (5.1.3).

finding a non-covariant gauge transformation to remove the logarithmic divergence. In
what follows, we neglect terms of order Z°, as the constant term, Céi?a,b, has no effect
on the final result. We therefore neglect it for the rest of the section. Purely spatial
indices are denoted by 1, j, k, and the index 0 refers to conformal time.

The propagator, given by equation (5.4.8), is composed of the bivectors n, and ggq/,

defined in Section 3.1. These can be expressed in terms of Z as follows:

1

o(1,2') = —————=0,2(x,2'), 5.4.10

nal ) = = = ga e d @) (5:4.10)
no_ 1 no_ 1 A /

Jaa' (T, 2") = 72 0.0y Z(x,x") 1+Z($’x/)8a2(:c,x) OuZ(x,x')| .  (5.4.11)

Equation (5.4.10) is found from the definitions of Z and n,, given by equation (3.1.5)
and equation (3.1.8), respectively. The expression for g, (z,2’) can be found using
equation (5.2.9), repeated here for clarity:

Vg = — (5.4.12)

H
V78 e el

Combined with the latter result for n,, this gives equation (5.4.11). We now write these

bivectors in terms of the conformal coordinates, and define r? = ||x —x'||%, r; = x; — ],
and ry =z, — x;, so that ry = —r;. In terms of these quantities,
2 7\ 2
r = (=)
Zp,r)y=1- "1~ 1) 5.4.13
(0. n (5.413)
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and it can be seen that

2 42 — g2
Z(n,r) = —s—— 5.4.14
( ) 277277/ ( )
2?4
Ov 7 = 5.4.15
0 (777 T) 2777]/2 9 ( )
1
0iZ(n,r) =—0pZ(n,r) = —Fri. (5.4.16)
Additionally,
r2 42 4
8080/2(7], 7’) = —W s (5417)
000y Z(n,r) = —Wn, (5.4.18)
1
0i0y Z(n,7) = ekl (5.4.19)
1
8201-/2(77, 7’) = Wéuf . (5.4.20)
It can then be seen that the components of the tangent vector are
2 4 n? — 2
=" 2,72 222\ (5.4.21)
Hu/4P? — (2 + 112 = 12)
2?42
= T T, 2,2 ,2)2) (5:4.22)
Hif /4?0 — (i + 12 — 12)
2 .
n; = i , (5.4.23)
H\/477277’2 _ (772 4 7]/2 _ 7«2)2
Ny = — 2 : (5.4.24)
H\/477277/2 _ (772 + 77/2 _ 7"2)2
and the components of the parallel propagator are
1+ +n)°
Joor = — ; (5.4.25)
H2m' (n+n')? —r?
2 T’Z‘Tj 1
- + Siir s 5.4.26
Wy (- )E =2 Hoy Y (5:4.20)
2 n+n
) = — T s 5427
O Ty e = (5420
2 n+n
o = ;. 5.4.28
W e = (54.28)

We use these components to find the propagator, defined by equation (5.4.8), in the

large-distance limit.
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We first scale the graviton mode functions hyp such that

hab = @~ () hap, (5.4.29)
where, for de Sitter spacetime, a?(n) = ﬁ This rescales the propagator in the
following way:

A;b:a’b/ (:L‘a :E/) = H477277,2 Dap:arty (;E, 13/)(13; l‘/) s (5430)

so in the following all scaled propagators will be denoted by a prime. We consider the

following diffeomorphism of the rescaled mode functions, as discussed in Section 1.8,
Oe (v hab (2, 2") = Da&p (2, 2") + Dpa(x, ") — 2Hanapéo(z, 2", (5.4.31)

which transforms the rescaled propagator, given by equation (5.4.30), in the following

way,
Ailb:a’b’(x7 .ZL'/) = A;b:a’b’(x7 x/) — Babarvy (CU; 1'/) ) (5.4.32)

where

2
Bapar (7, 2") =20 Apyary (2, 2") + 200 Apyan (¢, ') + 577abA0a’b’(x7 ')
2
+ Wna/b’AO’ab(xv 33',) ) (5433)
for

Aparty = Oar (01 ppi&0)|0) + Ha(1') (0|&&or 10y 0) (5.4.34)

where Aguy = Agpra- The components A,y will be given later in this section. We note
the similarity between this non-covariant gauge transformation, and the one considered
in the covariant case, defined by equation (5.1.9).

We first find the transformed propagator in the Z — —oo limit. As stated in Section
3.1, this limit corresponds to the limit » — oco. In the large-r limit, the propagator,
given by equation (5.4.8), has only two non-vanishing components: Agw,j/ (x,2'), and
A;j:k,l,(a:, 2'). By this, we mean that all other components are of order, at most, O(r°).

These two non-vanishing components are

iy (@,0') =40 logr 4 2863y logr + O(r%) + O (" log(r)) (5.4.35)
~ TR Ty 57, riry 5i’ o é‘ Ty 5'/ T
A;’j:k/l/(Sﬂ,x/) :161\%10@4 AN KTy 0T 4; ke TiTy O TiTy log r
r T
+2A [5““’53'1’ + 5il’5jk’] logr + 0(7’0) +0 (r’l log(r)) . (5.4.36)

We now find a transformation Bgy.qpy such that we can write these components in pure
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gauge form. To do this, we take

Ajprv(z,2') = —2ATjZk2lrl/ logr — %A (65 logr + dpm logr] (5.4.37)
Ajpo (z,2") = 200" —n) 7"37‘”7;1« logr — A(ny' —n)djx logr, (5.4.38)
Aopry (z,2') = 2A17rk71§l/ logr, (5.4.39)
Ajyo (2,2') = Apwo (2,2") = Aoy (2,27) = 0 (5.4.40)

It can be seen, from the definition of By, given by equation (5.4.33), that

Boworyr (2, 2') =AM Jog r + 2065 log (5.4.41)
r
Y s ! I 5 ! y ’ 6' 7 ¥ ! 5 ! y ! 5’/ y !
Bij:k/l/(ﬂ?,m/) :16A7mrﬂ}C i logr + 4A ih' T3+ O Ty 4; g/ Ty F OjTiT log r
r r
+ 2A [5ik’5jl/ + 5il/5jk’] log 7 + Acij.pn (x, :L‘/) , (5.4.42)
where
T ST ST e St P b s T
oo (@, ') = —sTELITRTY Wt 0Tl £ OwTyTy £ ORI 5 4 g3
r r
Hence
BOi:U’j/ (.T, JI,) = Agizo’j/ (xa xl) + O(ro) +0 (Til log(r)) ) (5444)
. B
Bijpr (2, 2') = Dy (z,2") +O(°) + 0O (r 1 log(r)) ) (5.4.45)

We conclude that we can write the divergent components of the propagator in pure
gauge form. We now show a transformation of this form does not introduce additional
divergences in other, formerly vanishing, components of the propagator. It can be seen
from the definition of B.q.p that

Boo.oor (z,2") = Boo.orir (2, 2") = Boioor (,2') = Bog.irjr (2, 2") = Bijoo (@, 2") = 0.
(5.4.46)
The final two components are non-zero, but as

BOi:i’j’(x7 CL'/) = Bij:i’()’ (1’, Jfl) =0 (7"71 IOg(T')) s (5447)

no new divergences have been introduced.

In summary, in the limit Z — —oo, we find the transformed propagator, from
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equation (5.4.32), to be

—_ ~ / _
A:117111’12’(1'7 .iU/) = Aab:a’b’ (.f, $l) - Bab:a’b’ (.ﬁU, 'T/) - Cab:alt! (5448)

for the tensor ¢, ., = O(r?), and for the components of Bgy.qy (2, ') given by equa-
tions (5.4.44), (5.4.45), (5.4.46), and (5.4.47).

Finally, we find the transformed propagator in the Z — oo limit. As stated in
Section 3.1, this limit is equivalent to the limit n — 0, for fixed 7/, which corresponds
to future timelike infinity. For simplicity, we take this limit when x; — zy, giving
the additional condition that r;,ry — 0. Without loss of generality, the two points
can be arranged so that x; = z; using the de Sitter transformation if the two points
becomes separated by infinite timelike distance. In this limit, the propagator, defined

in equation (5.4.8), has only two logarithmically divergent components:

~ 7 1
Aoy (2, 7') = S5 logm + O(1°) + O log ), (5.4.49)
~ 1

1
Aij:k’l’ (JZ, x’) = —5 (6ik’5jl’ + 5il’5jk’) IOg’I’] + O(T]O) + O(T] IOg 7’]) . (5450)

Again, we find a transformation Bygp.qpy such that we can write these components

in pure gauge form. Taking

Ajpr(z,2') = é [8iry + i) logn (5.4.51)
Ao (z,2') = —%rk/ logn, (5.4.52)
Ajiy (z,2") = Ajop (z,2") = Agpry (2, 2") = Agyor (z,2") = 0, (5.4.53)
we find that
Boirjr(,2') = Dosryo(, ') + O(0°) + Olnlogn), (5.4.54)
By (@,2') = Doy (x,2) + O(n") + Oy log ), (5.4.55)

as required. We now check that no other components of Byy.qp introduce divergences.

As most components of A, are equal to zero, we immediately see that

Boo.oror (2, 2") = Boo.irje (x,2") = Bijoo(z,2') =0, (5.4.56)
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identically. The remaining components of Bgp.q/p are

1 1
Boo.orir (z,2") = —%W + %n/ logn — 0, (5.4.57)
1
Boioor (x,2') = 5,7"ilogn =0, (5.4.58)
n
1
Boi.jw (, a') = % [51']‘/7"19/ + 5ik’rj’] — 277,5]‘%’7“1; logn — 0, (5.4.59)
1
Bijwo (z,2') = —?5ijrk' logn — 0, (5.4.60)
n

where the final equalities are true as r;, 7y — 0, as we work in the case when z; — z;.
In conclusion, we have not introduced any additional divergences to the transformed
propagator AL, . (x,2') by using a transformation of this form.

In summary, in the limits » — oo and n — 0, we find the transformed propagator,
from equation (5.4.32), to be

~ <1
A;b:a’b’ (117, .’El) = Aab:a’b’ (LU, .’13/) — Bab:alb/ (.’B, {13/) — c:_b:a/b/ y (5461)

for the tensor c:b: oy = O(n"), and for the components of Byt (7, 2') given by equa-
tions (5.4.54) - (5.4.60).

In this section we have shown that the logarithmic divergence in the Landau gauge,

n+1

or indeed the linear divergence in the gauge where o = 7=,

can be removed using a

non-covariant gauge transformation.

5.5  Discussion

We expected that the logarithmic divergence of the graviton propagator, in the Landau
gauge, could be written in pure gauge form using a covariant gauge transformation.
However, when a transformation of this kind is used, the logarithmic divergence could
only be traded for a linear divergence identical to the one present in the large-distance
limit of the propagator in the case when o = Z—J_rl It was then shown that this linear
divergence could not be written in pure gauge form covariantly. However, as shown in
the final section, it is possible to non-covariantly gauge away the logarithmic divergence
in the Landau gauge. We note that this chapter provides consistency with the results
of [4], where a gauge transformation was found to remove the logarithmic behaviour of

the covariant graviton propagator in n = 4 dimensions.
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Conclusions and QOutlook

In this thesis, we studied the IR divergences of propagators. Two different types of
IR divergences were investigated: when the propagator requires an IR regulator to
be well-defined, and when the propagator grows at large separations. Both types of
IR divergence manifest themselves in the same way, in that they tend to give a term
proportional to log(ar), for a separation r and an IR cut-off «. We summarise below
how we treated each type of divergence, before giving more detail on the results found
in each chapter of this thesis. Finally, a number of open problems relevant to the work
presented in this thesis are discussed.

Although it would appear to be necessary to introduce an IR cut-off to define the
graviton propagator in the TTS gauge, a gauge transformation was found such that it
was possible to render it IR finite, in a large class of FLRW spacetimes. Such a regulator
was therefore found not to be necessary. Indeed, there is no need for an IR cut-off to
define the covariant two-point function coming from the Euclidean propagator. To show
that the covariant graviton propagator experiences the second type of IR divergence
in de Sitter spacetime, whereas the covariant massless vector propagator does not,
we found the large-distance limits of these propagators. In the case of the graviton
two-point function, a gauge transformation was found to remove this divergence.

In Chapter 2, we studied the IR divergences of the graviton two-point function in
FLRW spacetime.In this chapter we initially consider the two point function in the
TTS gauge. Later in the chapter, when single-field inflation is incorporated, we work
in the gauge where the scalar perturbation vanishes. The two-point function was found
from the tensor and scalar perturbations in slow-roll single-field inflation. The tensor
and scalar, perturbations were written as a mode sum, where each mode function

v

was proportional to p™, in the IR limit. From a power counting argument, the two-

point function was found to be IR divergent for v > ”771, which is the case for most

applications. However, due to the equivalence between the graviton two-point function
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and the linearised Weyl tensor, in FLRW spacetime, it was expected that the terms in
the mode functions of order p° and p could be written in pure-gauge form. It was shown
that this was indeed the case. Using a large-coordinate gauge transformation, we were
able to transform our mode functions such that they were proportional to p~*+2. The
resulting two-point function is only IR divergent for v > ”T*'?’, which is the same range
of values for which the linearised Weyl tensor is IR divergent. Hence, the graviton
two-point function was found to be IR finite for a larger range of FLRW spacetimes
originally thought. To give an example of its use, this gauge transformation was applied
to a slow-roll inflationary universe. This transformation is equally applicable for an
arbitrary potential V(o).

In Chapters 3 and 4, we focussed on the IR divergences resulting from the large-
distance separation of propagators, in de Sitter spacetime. In Chapter 3, the large-
distance behaviour of the covariant massless vector propagator was studied. In this
limit, the propagator is equal to a gauge-dependent constant. In the Landau gauge,
this constant vanishes. This method was extended, in Chapter 4, to find the large-
distance limit of the covariant graviton two-point function. This propagator was found

to experience both linear and logarithmic divergences. In the Landau gauge, the diver-

n+1
n—1"

the divergence is linear. There is, however, no value of the parameters «, 3, such that

gence was found to be purely logarithmic, and in the case when the parameter o =

these divergences simultaneously vanish.

Finally, in Chapter 5, we found a gauge transformation to remove the IR divergence
of the graviton propagator. In the previous chapter, it was found that the propagator
was, in the large-distance limit, logarithmically divergent, in the Landau gauge. By the
use of a covariant gauge transformation, it was found that this logarithmic divergence
can be traded for a linear one, but that it could not be removed. However, a non-
covariant gauge transformation was found such that the logarithmic divergence could
be removed.

We conclude by suggesting a number of open problems which might be of interest to
the reader. The first couple of these concern the results of Chapter 2. As mentioned at
the end of this chapter, there is no geometric explanation for the gauge transformation
used to remove the term proportional to p in the graviton mode functions. Finding
such an interpretation might give some reasoning on why our transformation takes the
form it does. Finally, it would be of interest to find a physical explanation as to why,
in Chapter 5, it was not possible to find a covariant gauge transformation to remove

the logarithmic divergence.
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