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Nowadays, Computational Fluid Dynamics is employed on a daily basis, in various in-
dustrial settings, to approximate understand and anticipate the behaviour of varied and
alternate geometries. Despite the advancements in computational power and flow solver
developments, accuracy is still an issue. To overcome this, mesh adaptation could be a
solution, as it would, if correctly employed, allow to automatically and efficiently reduce
sources of error. However, this technology has found very limited use outside academia,
as to date, it still lacks the necessary robustness.

The most promising grid adaptation technique is based on adjont-error estimation, and
has consistently shown to outperform feature-related approaches. However, so far, it
has not been employed to reduce inaccuracies for turbomachinery cases. The objec-
tive of this research work, is to develop new adjoint-based processes to improve the
performance quantity estimates with respect to much finer grids and apply them to jet
engine components. Moreover, to reduce the cost of these procedures, novel and efficient
methods will be devised. The first, will use feature-based mesh movement to align the
grid edges, and then cell-based adjoint refinement. It will be shown that the first helps
improve dual-error accuracy while being inexpensive. The second approach will employ
mesh-adjoint-based mesh movement to cluster nodes towards the functional’s regions
of high sensitivity. It will be shown that this improves the quantity’s estimate while
aligning the grid with flow and dual complexities. Moreover, it will be proven that it
reduces the standard computation of the adjoint-error. Once the quantity of interest
has converged, mesh refinement will be used. Two different edgewise formulations of
the adjoint-error will be employed to adapt the grid. As will be seen, in all cases the

performance quantities improve significantly.
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Chapter 1

Introduction

1.1 Background

Over the last few decades, the use of Computational Fluid Dynamics (CFD) has steadily
grown as improvements in computer hardware, numerical accuracy and general reliability
have been accomplished. As a consequence, it is now employed on a daily basis in
industrial settings, such as Airbus, Boeing and Rolls-Royce (RR), in the design process

of a wide variety of components.
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Fairing Design

(B) Predicted CFD use for future Boeing
(A) CFD usage for Boeing 777 design. 737 design.

FIGURE 1.1: Examples of CFD usage at Boeing ﬂlﬂlj

As highlighted by [2], the simulation of steady, transonic/supersonic flows may be con-
sidered a solved problem, reason for which CFD is consistently utilised for preliminary
aerodynamic design. For example, [I} 2] report aircraft development cases where com-
puter simulations have or are predicted to aid the design process (see Figs. and .
In particular, the Boeing 777 case (fig. , CFD use was mainly related to the wing

'Reproduced with kind permission of Elsevier.



Introduction 2

at high-speed, fuselage and engine/wing interfaces. Interestingly, the cab design was
entirely carried out utilising computer simulations, and no further modifications were
required after wind-tunnel experiments. This meant that experimental testing would
be unnecessary for future cab design. Additionally, the authors state that the steady
increase in CFD simulations has allowed a consistent reduction in wind-tunnel testing in
an ever decreasing number of wing designs. These developments have therefore allowed

significant costs and time savings.
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F1GURE 1.2: Usage of CFD in commercial aircraft design ﬂZ]El

Concerning cases more relevant to this work, [3] describe the current status of the
usage of CFD on various components of a modern turbofan jet engine (figure . In
particular, the authors report a 50% reduction in experimental testing of high-pressure
compressors at Pratt & Whitney as a result of CFD simulations. Similarly, [4] shows

how a Reynolds Averaged Navier Stokes (RANS) study favoured the improvement of

293 American Institute of Aeronautics and Astronautics (AIAA) Computational Fluid Dynamics
Conference by AIAA. Reproduced with kind permission of ATAA in the format republish in a thesis/dis-
sertation.
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fan and low pressure compressor efficiency by 0.6% and 1%, respectively, with a saving

of 20M$ in rig testing.

Low Pressure

Turbine

Fan ) High Pressure
: Compressor

Low Pressure )
Compressor High Pressure

Turbine

Exhaust

FIGURE 1.3: Components in a modern turbofan engine B]El

However, despite the impressive enhancements, CFD technology does still present many
problems that require solving. According to [2], the main issues relates to the deficiency
of computer simulations to deal with conditions different from steady attached flow.
This is in agreement with [5]: in this case the authors also provide a detailed survey of

the reasons behind this important limit to CFD:

1. Reduced funding for methodology development.

2. Computational hardware progress requiring novel software coding approaches to

maximise benefits.
3. Lack of robustness outside the RANS realm.
4. Mesh generation, solution error estimation and grid adaptation.
5. Limited development of new algorithms to achieve higher-order accuracy results.
6. Simulation post-processing and data management.

7. Improved CFD solver reliability and automation for multi-disciplinary applica-

tions.

The 4'" item, i.e. error-estimation and mesh adaptation, concerns an unsolved problem
even for the case of steady attached flows. In fact, many are the published examples
of the successful application of a wide variety of approaches, but no evidence has been

provided of consistent automatic improvement of the solution on complex geometries,

3Reproduced with kind permission of ATAA.



Introduction 4

such as those used in industry [6].

Before considering grid adaptation techniques, it is necessary to produce evidence as to
why they are needed. Such an example is provided by [7] and shown in fig. Here
the authors gathered the 3¢ Drag-Prediction Workshop drag coefficient (Cp) estimates
from various codes using different turbulence models and meshes. As it can be seen,
there is a significant scatter of the estimates: a 2.5- 1073 variation in the predicted Cp
can represent up to plus or minus 100 passengers on a civil aircraft [7]. Additionally, they
highlight how the same CFD code employing the same turbulence model gave dissimilar

results in mesh independence studies starting from different grids.

T T T T T T T T T r
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FIGURE 1.4: Scatter of the predicted drag coefficient (Cp) of the DLR F6 wing (Mach

number 0.75, lift coefficient 0.5 and Reynolds number 5 million) with solution index

representing different codes, turbulence models and grids using data from the 3*¢ Drag-
Prediction Workshop [7]@

More recently, as highlighted by [6], it has been shown that the ability to replicate all
the physical features in a CFD solution has not yet been achieved. The authors give
a twofold explanation as to why this is the case. Firstly, the grid generation, having
always been an issue, has become even more intricate due to the greater complexity
of the geometries being modelled today. Additionally to the increased mesh generation
difficulty, this will also augment the burden on the flow solver, as many more smaller flow
complexities will start to appear. The second reason for CFD shortcomings is related
to the nonlinear nature of fluid flow and the model Navier-Stokes (NS) relations. For
these reasons the authors argue that multiple mesh independence studies are required to
achieve a reliable solution for a single case. In terms of time consumption, it should be
noted that a complete refinement of a grid will increase the simulation time sixteen-fold.
Therefore it can be concluded that the use of an automatic approach to modify a grid
to reliably compute the flow solution would solve the issue. Moreover, as pointed out by
[8], a successful mesh adaptation and error estimation technique would allow to reach
asymptotic convergence of the flow solution, and thus reliability, on coarser grids. This,
in turn, would have a positive outcome on a variety of aspects of a generic aerodynamic

design process, such as reducing user/expert interaction, improved final design due to

4Reproduced with kind permission of K. Fidkowski & D. Darmofal.
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more accurate solutions, decreased simulation time, increased widespread employment

of CFD and so on.

1.2 Mesh Adaptation Process Overview

There are two main branches concerning mesh adaptation. These are divided according
to the flow solution availability: a-prior: techniques do not utilise any data other than
the grid itself, while a-posteriori approaches will need an initial evaluation of the flow
solution. The former techniques concern mainly the geometric characteristics of the
mesh, such as cell aspect-ratio, skewness and size transition. Due to the fact that
important regions of the flow are unknown, it is not possible to add, remove or move
nodes strategically, reason for which these techniques have found limited use. On the
other hand, a-posteriori procedures have shown consistent solution improvement with
limited node addition, as they target the flow regions where most complex features
appear. For this reason, a wide variety of these methodologies have been devised to
improve the calculations and form the subject-core of this thesig’}

The overall mesh adaptation process can be considered as a classical closed-loop feedback
system as shown in fig. In fact, once the flow solution is evaluated, an error
estimation procedure follows. This is where the main diversity of the mesh adaptation
technology resides, with a large number of possible strategies being currently available
from published work. Once the error has been determined, it is employed to add,
remove or move nodes in the domain, and the procedure is repeated until the conclusive

calculation has converged to a fixed value.

adjoint
. . flow . error
initial grid . solution . .
solution . estimation
(optional)

1nterp91ate grid ' yes stop
solution mechanics

FIGURE 1.5: Generic grid adaptation process [8]

In general mesh adaptation can be seen as an automated control system to drive a car.
The fact that it has to remain within the carriage delimiters and avoid hitting the op-

posing traffic on one side or the pedestrian sidewalk on the other, represent the stability

SFrom this point onwards whenever speaking about mesh adaptation it will be assumed it is relative
to a-posteriori techniques unless specified.
SReproduced with kind permission of ATAA.
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limits of the flow solver. Repeated readings from the vehicle status, allow the control
algorithm to limit the car movement within the boundaries equidistant from each side,
with slight over- and under-shoots being corrected. Similarly, the iterative application
of the grid modification technique should achieve flow accuracy convergence, with the
solution oscillating within the limits of flow solver stability. Unfortunately, this last
point represents the intricacy encountered when employing mesh adaptation techniques.
In fact, often the initial flow solution is not in asymptotic range, i.e. it does not capture
all the physical features present in the flow (regardless of their sharpness). Grid mod-
ification in one region may cause new, previously undetected complexities to appear.
These may fall in portions of the mesh that are unsuitable for solver stability, therefore
impeding any further analysis. Unfortunately, this is not the only issue, as more often
than not, the error estimation procedures do not have a bound. Therefore, they may well
continue to target the same regions of the flow despite these having achieved satisfac-
tory resolution, causing over-refinement or even increasing the error. Additionally, the
grid modification strategies, such as refinement or coarsening, can cause very aggressive
oscillations that can result in poor convergence or even divergence.

Another important, generic aspect of CFD grid adaptation relates to the two most pop-
ular branches of error estimation techniques published. The oldest of these two methods
is the feature-based approach. In this case, the data of interest relates to physical values
of the nonlinear flow, such as density or static pressure, to capture shocks present in
the solution. Ideally, the best parameter to apply is one that allows to identify all the
flow intricacies, thus allowing node clustering to be located where they appear. On the
other hand, the chosen physical variable should also be able to identify where less nodes
are needed as the solution has a linear behaviour and thus be easily replicated using a
coarser grid.

The other main mesh error estimation approach concerns adjoint technology. Originally,
this technique was devised to optimise a geometry with an attenuated computational
effort with respect to (w.r.t.) other approaches, such as the Finite-Difference Method
(FDM). Once the nonlinear flow solution has been achieved, an adjoint solver is em-
ployed to determine the sensitivity of an integral quantity of interest (e.g. lift) w.r.t.
multiple design parameters. As the adjoint relations solution for each functional is only
carried out once, unlike other approaches, the reader can easily understand the advan-
tage. However, an intermediate step in the process, requires the evaluation of sensitivity
of the value of interest w.r.t. the flow residuals (this term is generally called flow ad-
joint). This quantity readily provides an indicator as to where solution imbalances are
most influent on the functional. If one were to multiply by the actual flow residuals, a
measure of the error of the integral value and the regions of the mesh causing it can be
identified.

At this point, it should be highlighted, that feature-based approaches will attempt to
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improve the overall flow solution, while adjoint techniques will only better the quantity
they were evaluated for. Naively, it is easy to conclude that the former approaches should
be pursed, as they are designed to modify the mesh to predict the overall flow solution
more accurately, not just a single value. Significant research has shown, however, that
adjoint approaches are more reliable and end up generating coarser grids (see for example
[9,10]). A more in-depth analysis of the overall technology will be provided in Chapter 2.
A final mention should be made regarding the difference between isotropic and anisotropic
approaches. Both words are derived the Greek language with the prefix iso- meaning
identical and ani- referring to different. The suffix -tropos translates to direction. There-
fore, in a mesh adaptation setting, the use of these words refers to the directionality of
the error estimation and the grid modification technique. In fact, isotropic mesh adap-
tation will have the same error in all the three directions, while an anisotropic technique
will be able to differentiate whether one direction has a greater error /requires more clus-
tering w.r.t. others. Again, it is easy to understand that the latter will be more efficient,

only refining/clustering nodes in the main direction, not in all.

1.3 Scope of the Work

The aim of this research is to devise anisotropic mesh adaptation methodologies related
to adjoint techniques and apply them to steady turbomachinery cases. As previously
mentioned, developing such approaches would allow a more efficient grid modification,
resulting in a coarser grid, while still maintaining the same level of accuracy. More-
over, as CFD has reached a certain level of maturity, as discussed in previous sections,
the application of anisotropic-adjoint technology and comparison with feature-based ap-
proaches may be applied to steady turbomachinery cases containing intricate geometry
and flow features modelled with RANS equations. This represents a step forward in the
implementation and development of mesh modification techniques as successful employ-
ment of such concepts would greatly benefit the application of everyday aerodynamic

computer simulations and the reduction of industrial production design costs.

1.4 Outline of the Thesis
The document is divided into the following chapters:

e Chapter 2: Mesh Adaptation Literature Review

In this part, a detailed analysis of the main adaptation techniques available in
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present literature will be carried out. This will include feature and adjoint ap-

proaches, along with grid modification strategies that may be employed.

e Chapter 3: Mesh Generation & Flow Solver Pre-Processing
An overview of the mesh generation process will be given, along with an insight
into the steps required before running the flow solver. In particular, emphasis will

be placed on the multigrid coarse grid generation.

e Chapter 4: Flow Solver
An in-depth analysis of Hydra will carried out with detailed description of the flux

reconstruction procedure, turbulence model, multigrid and time-stepping scheme.

e Chapter 5: Adjoint Solver
As the central theme of the mesh adaptation technology employed is related to the
adjoint, this chapter will provide the reader with the necessary information and

proofs to be able to understand its main characteristics.

e Chapter 6: Mesh Adaptation Tools
In this chapter the mesh adaptation software capabilities will be analysed. More-
over, detailed explanations of the various techniques implemented by the author

along with the novel error estimation procedures developed will be provided.

e Chapter 7: Combination of Feature and Adjoint Grid Adaptation
The first results chapter will focus on the integration of feature and adjoint-related
approaches to be able to combine their strengths and provide a valid approach for

grid modification.

e Chapter 8: Fully Anisotropic & Edgewise Adjoint Grid Adaptation
The second set of results concerns the use of varied efficient adjoint strategies to be

able to contain the cost of the approach but still maintain the relative advantages.

e Chapter 9: Conclusions and Future Work
A summary of the research findings along with a discussion of the improvements

required will be provided in the last chapter.

e Appendix A: Error Equidistribution Principle

Detailed mathematical proof of the principle defining the optimal mesh.

e Appendix B: Automatic Differentiation Example
Provides a simple but complete example of Automatic Differentiation related to

the discussion in Chapter 5.

e Appendix C: Feature-Based Mesh Adaptation Process applied to NASA
Rotor 37
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This appendix contains the results of the feature-based mesh adaptation applied

to the compressor case and used as a comparison.

e Appendix D: Feature-Based Mesh Movement Applied to a Fan Blade
The final part of the thesis gives an overview of the application of feature-based

mesh adaptation to the fan case of chapter
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Chapter 2

Mesh Adaptation Literature

Review

2.1 Introduction

The birth of mesh adaptation as an individual research thematic dates back to the early
Fighties, with the first conferences dedicated to this subject taking place in 1982 [11].
It consists of the automatic modification of a grid based on some sensor, to reduce the
discretisation error (de), without the need to refine the mesh uniformly. In fact, as
stated by [12] 13] this type of error is the most difficult to estimate and the main source
of inaccuracy in a CFD solution, with others being round-off, iterative and statistical
sampling errors. In a more general framework, [I4] also includes modelling inaccuracies,
input uncertainties and post-processing errors as causes of solution inexactness.

The de of a partial differential equation (p.d.e.) is defined as the difference between the
continuous analytical solution and that of the discretised system [I2]. The very same
author is able to show how this quantity acts as a local source of error that for the NS
relations, is then transported by the convection terms throughout the domain. To this
end, two different test-cases to show this behaviour are illustrated: in subsonic flow, the
de is propagated along the streamlines, while for hypersonic cases it is convected along
the Mach (M) lines.

Apart from the automated accuracy improvement with minimal node count, optimal
mesh adaptation can be beneficial in other aspects. As stated by [I5], without mesh
adaptation, the grid generation process is far too complex. In fact, if this is not em-
ployed in the overall CFD procedure, a significant amount of time has to be spent by
the engineer to generate an appropriate mesh. Moreover, unless the user has a basic

knowledge of the test-case aerodynamics and the flow solver’s numerics performance,
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the overall process can require iteratively modifying the grid and running the solver to
achieve an appreciable level of convergence of the parameters of interest and resolution
of the main flow features.

Despite the potential that mesh adaptation can produce in the overall computational
aerodynamic design, both in terms of efficiency and accuracy, it presents a significant
challenge, as despite 30 years of research, so far it has found limited use. It is not
uncommon, for these procedures to cause more problems without improving (or even
reducing) the solution accuracy [I5]. As an example, the author reports how an oscilla-
tory solution behaviour can trigger incorrect adaptation and thus increase error or cause
divergence. Therefore, to date, despite the significant improvements of the techniques,
they are still more of a research subject, rather than a means to automate and reduce
time in computational aerodynamic design processes.

The overall mesh adaptation process can be split into three components [11]:

1. optimal mesh determination
2. error estimation

3. adaptation mechanics

Each of these will be separately analysed in the following sections.

2.2 Optimality Criteria

To appropriately modify a mesh, it is necessary to be able to determine when it reaches
its optimal state. This means that the solution is sufficiently accurate no further change
is required. In fact, the user will generally not know when this point has been reached,
as the location and intensity of flow characteristics may only be guessed in either case,
requiring a significant amount of experience.

In general, all techniques do employ the so-called error-equidistribution principle. This
states that the optimal mesh is reached once the error sensor employed is equal over
all elements in the mesh [I6]. Here, the author also reviews the proof of this concept,
which is outlined in more detail in appendix[A] From a more intuitive point of view, [15]
expresses it as a mapping from the physical space, where cell sizes may have any value,
to a computational domain, where the grid elements have uniform size. During the mesh
adaptation process, a threshold is then determined to equidistribute the inaccuracies in
the grid, and once the statistical average error in the mesh has a relatively constant
behaviour it is possible to terminate the procedure (see for e.g. [17] for a feature-based

approach and [I8] for an adjoint-related case). The statistical analysis is not always
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employed, though. In fact, a final inaccuracy level may be determined starting with the
application of the equidistribution principle ([19]), while in other cases a limit on the

number of adaptation steps or final node count may be preferred.

2.3 Error Estimation

As discussed in the previous chapter, there are two main branches of mesh adaptation:
a-priori and a-posteriori. In the first case, the flow solution is not used and therefore
it is more complex to reduce inaccuracies in quantities of interest. Consequently, the
main focus of this work will concern the latter techniques and their state-of-the-art will
be discussed in detail.

A-posteriori error estimation methods, employ the current flow solution to determine
the grid error and it is therefore assumed that the current solution is relatively close to
the exact one. Effectively, [I1], explains how this is only valid for elliptic or parabolic sets
of relationships, as in hyperbolic cases, such as the NS equations, this assumption could
cause incorrect refinement. Nevertheless, it is reasonable to consider the flow solution
as sufficiently accurate to also determine an error for hyperbolic relations. The various
techniques to determine the sources of inaccuracies in a grid, may be grouped into three

categories [12]:

1. feature-based
2. adjont-based

3. truncation-error (te) based

While the feature and adjoint techniques will be discussed in detail as they were exten-
sively employed in this work, truncation-error based procedures will only be mentioned

in brief.

2.3.1 Feature Approaches

Possibly the most popular and simplest to implement, feature-related techniques attempt
to highlight as sources of inaccuracies solution complexities. Therefore flow quantities,
such as density or Mach number, are generally utilised as sensors. According to [11]
common feature-based approaches are differences of variables, Hessian matrix of flow
quantities or comparison of derivatives.

Effectively, though, the main issue regarding these techniques is the incapability of han-

dling complexities of different magnitude [I1, 15, 20]. In fact, there is no single flow
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quantity that has a significant variation over all possible features appearing. For exam-
ple, in a turbulent transonic flow the Mach number is able to capture the shock, wake
and boundary layer, but is unable to detect any strong gradient at the wall. On the
other hand, static pressure will highlight shocks and their propagation to the wall, but
will not vary across any wake, separation and boundary layer present in the solution.
To this end [T}, 15] suggest using multiple flow parameters with non-dimensionalisation
of each indicator. In particular [20], merges multiple flow quantities into a single mesh
metric with a local rather than global approach, while [2I] utilises the static pressure
and Mach number to capture all flow quantities. A similar approach is taken by [22] 23],
where shocks and wakes are extracted separately by employing a combination of velocity,
density, Mach number and static pressure.

One of the main characteristics of feature-based approaches, relates to the amount of
research that has been carried out to determine anisotropic error sensors. In fact, most
flow features display directionality, in the sense that variations of quantities across them
is far greater than in the tangential direction. Moreover, the ability to align the grid
with solution complexities such as shocks, will allow to satisfy the Rankine-Hugoniot
relationships, thus improving accuracy [21]. Being able to determine a directional error
estimator will allow to achieve a higher density of nodes where they are actually needed,
hence also improve the solution. On the other hand, isotropic approaches do not place
any relative importance on the error directionality. This is not a disadvantage in terms
of achieving an improved accuracy, but concerns the larger amount of nodes required to
achieve the same solution w.r.t. anisotropic approaches. It is therefore mainly a ques-
tion of efficiency of the resulting adapted grid, that has pushed the research community
towards these approaches. As discussed by [24], the concept of anisotropic mesh adap-
tation appeared towards the end of the Eighties in [25]. In this case, grid generation
was modified to be able to produce elements with different stretching in 2D. Three-
dimensional versions were developed a few years later, in [26] 27], but according to [24],
the visible anisotropy was minimal. A far more powerful approach to capture the flow
features directions was developed by [28]. In this case, the authors argued that the abso-
lute value of the Hessian matrix of a scalar quantity of the flow could be adopted to map
the edge length to a Riemannian metric. Obviously, the Hessian matrix represents the
error in the linear interpolation over an element [29]. Since this ground-breaking article,
this technique has been the source of significant research, and is nowadays considered
the most promising feature-based adaptation technique. This process was later on em-
ployed by [30] in a combined movement and refinement development. The fact that this
error estimator can be deployed to move the grid nodes and generate an anisotropic grid,
makes it suitable in a structured data setting, as no connectivity between the elements is
changed. Therefore, [29] made use of it to determine a new edge length that could be fed

into a spring-stiffness based mesh movement procedure, thus allowing equidistribution.
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One of the 2D cases analysed is shown in figure As it can be seen from the grid on
the lower-left-hand-side (LHS) image, the starting mesh has been significantly stretched

and clustered towards the main flow features shown on the right-hand-side (RHS).
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FIGURE 2.1: Riemannian-metric based mesh movement around a double ellipse at
hypersonic flow conditions (LHS mesh, RHS are Mach number contours) [QQ]E}

As previously mentioned, flow quantities are difficult to utilise on their own to adapt the
mesh successfully. Therefore [20] not only combined the metrics of multiple variables,
but also modified these at the wall and in its vicinity to have good orthogonality and
allow the user to select a certain wall distance. The finalised error was then used
in an edge swap, collapse, split and movement process. The same strategy in terms
of grid mechanics, but without any artificial modification of the Hessian matrix or
derived metrics, was employed by [17, B1H34]. In their work, they iteratively applied
the mesh adaptation process based on the Riemannian-metric and were able to show
how starting from different grids, the same final solution could be achieved. Moreover,
the final adapted grid produced the same answer when utilised by different flow solvers.
However, they did note that throughout the adaptation process, the solver settings had
to be changed to include higher artificial damping to allow satisfactory convergence on
the poor initial grids that were created. This requirement was then unnecessary on the
resulting grid. In particular, in [17], they show the initial and final error distribution over
the mesh. It is clear from the curves that this has been appropriately equidistributed over
the domain. Later, in [32], they actually employed the strategy they had devised for 3D
flows, yet were not able to show the same sort of improvement as for the 2D cases they
had analysed till then. One of the possible reasons behind the reduced performance

is the treatment of turbulent regions near the wall. In fact, as is generally the case,

'Reproduced with kind permission of John Wiley & Sons.
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wall functions are used and require a suitable grid spacing in order to appropriately
capture the entire velocity profile. This is generally not know during the grid generation
process, and therefore should be taken into account in the adaptation process. This
was the central aspect of the work in [35]. Here the authors propose to modify the
near-wall metric derived from the Hessian matrix in two different ways to accommodate
cases where wall functions are employed and cases where they are not. To this end
they devise two separate strategies. In the cases where the near wall velocity profile is
modelled, they force the near wall layers to have a spacing equal to that specified by the
user. In regions such as stagnation points, the y* requirement is neglected as it would be
too small, and the actual error metric derived is employed instead. For cases where the
wall functions are not used, e.g. fully tetrahedral grids, the wall metric is modified to
have the largest eigenvalue perpendicular to the surface, while the other two are aligned
tangent to the wall itself. Another approach employing the Riemannian-metric and
applying special modifications to the grid in the near wall region is discussed in [36, 37].
A different Riemannian-metric based approach to the refinement and movement was
proposed by [38, [39]. In fact, nodes are added while managing to keep the grid fully
quadrilateral (in 2D or hexahedral in 3D) without any hanging nodes, and deploying the
mesh movement to smooth out the overall grid. They employed the so-called pillowing
approach as described by [40] alongside the ideas of [41]. Examples of their strategy

applied to an unstructured and structured multi-block fully quadrilateral grid are shown

in figures and respectively.
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(A) Unstructured quadrilateral mesh. (B) Structured multi-block mesh.

FIGURE 2.2: Adapted grids for an unsteady viscous flow around NACA 0012 [39]

Given the successful results achieved employing Hessian-related metrics to adapt the
grids, mesh regeneration techniques based on this quantity started to be favoured. It
should be clear that two different approaches may be undertaken. The first flags do-
main features and attempts to build a fully quadrilateral/hexahedral block around it,
essentially treating it as a geometrical entity. The remainder of the computational field

may then be filled up with a combination of hybrid elements. Another approach which

2Reproduced with kind permission of John Wiley & Sons.
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appears to have gained more popularity, is the complete grid regeneration employing the
Hessian-metric to guide the location, size and orientation of tetrahedral elements. The
former technique, assures an improved feature resolution as the quadrilateral/hexahe-
dral elements allow perfect alignment of the grid with flow complexities (in the case of
shocks, as previously discussed, this allows to fulfil the Rankine-Hugoniot conditions).
Additionally, these elements are more efficient w.r.t. their simplicial counterparts, as
with a fixed number of nodes, the quantity of edges, faces and volumes are less. On the
other hand though, the triangle/tetrahedral flexibility consents the filling of a generic
complex domain in the easiest manner. For this reason these latter approaches have

been pursued further.

F1cURE 2.3: Example of quadrilateral block generation around boundary layer, wake
and shock of NACA 0012 mﬂ

Examples of mesh generation employing quadrilateral blocks where the detected flow
features are can be found in [2I], 42], whist a 3D extension of the work is reported in
[23]. One of the test-cases considered in [2I] is shown in figure As it can clearly be
seen, the grid has been regenerated with good quality quadrilateral blocks around the
aerofoil, wake and shock, while the remnant of the domain has been filled with relatively
smooth triangular elements.

Concerning the complete 3D mesh regeneration with tetrahedral elements, much work
has been carried out at the Institut National de Recherche en Informatique et Automa-
tique (INRIA, France), where significant developments to the methodology have been
researched. Following from the metric definition employing the Hessian matrix, they
managed to determine an upper bound to the interpolation error that is independent of
the problem at hand [43]. Moreover, they have related the anisotropic measure to the
shape, size and orientation of a tetrahedral element. However, the error field is discrete,
in the sense that it is only available at the points where the solution has been evaluated
by the flow solver. Given that regenerating the mesh to cluster points according to the

metric will place them in different locations, a continuous version of the field is required.

3Reproduced with kind permission of John Wiley & Sons.
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To this end [44] employs interpolation techniques to achieve this continuous representa-
tion, while in other publications, [45H47], rigorous mathematical derivations along with
applications are provided. Within the mesh regeneration process, an optimisation step
has been included to be able to produce a grid that minimises the linear interpolation
error for a given amount of nodes [4§].

One of the main characteristics of the Hessian matrix computation is the difficulty in
being able to achieve a smooth and accurate field. This is in part due to the test-case
complexity, along with the starting mesh resolution and the accuracy of the flow SOIVGIEl.
A comparison of various approaches to carry out the Hessian-matrix determination is
reported in [49] 50]. Nevertheless, it is often necessary to employ artificial strategies to
be able to smooth the derivatives or the metric itself. Examples of various techniques
are provided by [51H54].

Given the test-cases treated in this work, a final mention should be made concerning 3D
feature-based mesh adaptation applied to turbomachinery. The first tests were carried
out by [32], who adapted a hybrid prismatic-tetrahedral mesh for a viscous NASA Rotor
37 simulation, run with the k¥ — w turbulence model. They employed the relative Mach
number as their sensor to form the Hessian matrix. A combination of movement, edge
collapse, swap and split was used to adapt the grid. Despite improving the cluster-
ing towards the main features of the flow, the results were not completely satisfactory.
More recently, [48] considered the LS89 turbine blade in 2D and NASA Rotor 37 in 3D
and regenerated the mesh for both cases. In particular, in the latter case, the authors
employed prismatic elements in the boundary layer, that were left untouched by the
adaptation. The rest of the domain was filled up with tetrahedral cells, that were actu-
ally regenerated employing a Riemannian-metric. Of note, is also the fact that they did
not modify the periodic boundary of the starting mesh, that had a node count of 2.8M.
The resulting adapted meshes show how the main flow features are captured, however,
there is no indication of how the final grid performs in terms of quantities of interest

(such as efficiency or pressure ratio).

2.3.2 Adjoint Approaches

Adjoint error estimation and grid adaptation techniques appeared towards mid-90s (see
for e.g. [55,56]). They attracted particular interest, as unlike feature based approaches,
they allow the definition of an error threshold [57] and are more reliable in determin-
ing an accurate quantity of interest. In fact, feature-related techniques tend to cluster
nodes in parts of the flow such as shocks, shear/boundary layers and wakes, not taking

into account the error that may originate in other regions of the flow [58]. Moreover,

“Most FVM codes are 6(2) accurate, therefore the @(2) derivatives are on the limit of the flow solver’s
capability.
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the very same author, argued that even te procedures do not consider the relative local
effect that this may have on the global quantity. By including the adjoint weighting
into the error analysis, [58] showed that it is possible to relate the te in the solution to
that of the quantity of interest. In particular, the superconvergent property was proven
for Finite Element Techniques (FEM), by which the functional has double the rate of
convergence towards the exact solution w.r.t. the flow quantities. At a later stage, [59]
achieved superconvergence of the performance parameter for all types of discretisation:
FDM, FVM and FEM, for both linear and nonlinear problems.

The same approach of weighting the flow residuals vector by the adjoint solution was
later employed by [60]. This was applied to a 2D subsonic/transonic flow over NACA
0012 profile. In particular, they attempted to smooth out the flow residuals due to
checkerboard behaviour they had, by introducing a control volume gather and scat-
ter approach. Unfortunately, there appeared to be issues in deciding the amount of
smoothing iterations that may be applied, as too many caused solution degradation.
Nevertheless, they did show better performance of the adjoint weighted methods w.r.t.
feature and residual-only sensors, as these were incapable of detecting all sources of in-
accuracies in the domain.

In the meantime, in a series of articles [9, (19, 57, [61], the most popular adjoint-based
adaptation process to date was presented and applied to F'VM solvers. Their work was
based on that of [59], with the main difference being that the error on a grid with average
spacing H was evaluated on an embedded grid with spacing % They determined two
types of error: a computable correction and a non-computable correctiorﬂ Both of them
were evaluated on the embedded grid, with the former simply being the flow residuals
vector multiplied by the adjoint. The non-computable correction term is an estimation
of the remaining error due to the prolongation of the adjoint solution, instead of using
the exact quantity. They argued that, as the computable version could be reliably cal-
culated if the grid is in asymptotic range and used to improve the functional estimate,
the non-computable version should be employed for the actual cell-based refinement. It
is important to note that their non-computable sensor, is composed of the average of
both primal and dual computations of the remaining error, and therefore can be used
to reduce the duality gap, thus decreasing nonlinearities present in the flow. One of
the requirements to evaluate the error is the need to interpolate both flow and adjoint
solutions linearly and quadratically. In [9] they also proved significant benefits w.r.t.
Hessian-metric-based procedures for 2D inviscid flows. An example of their results is
shown in figure In an attempt to improve the drag evaluated on the lower aerofoil
of the configuration, it was proved how a pressure-sensor significantly over-refines
the grid trying to sufficiently resolve all the flow features, thus wasting valuable re-

sources. On the other hand adjoint-based processes (2.4a)) only flagged regions where

5For an in-depth analysis and derivation of these quantities the reader is referred to section m
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the functional was affected by errors. In particular they highlighted how the leading
edge (LE) of the two aerofoils was refined in a different manner by the adjoint error

estimate, but identically by the feature-based approach.

(A) Adjoint-based mesh adaptation. (B) Hessian of pressure mesh adaptation.

FIGURE 2.4: NACA 0012 tandem aerofoil configuration (inviscid flow conditions) mesh
adaptation to improve drag estimate on lower component as shown in [Q]ﬂ

In their final article concerning adjoint-adaptation ([19]), 2D viscous flow conditions
were considered. In their previous work, the mesh adaptation had been carried out by
regenerating fully triangular grids by determining each element’s size using the non-
computable term. In this case, they included anisotropy into the grid re-generation
procedure. This was done utilising the standard Hessian-based Riemannian-metric cal-
culation (see [20, 24} 25| [33] for examples of this error computation). In their case, they
employed the Mach number as the flow quantity of interest, to be able to determine the
stretching and orientation of the mesh cells. On the other hand, the element size was
computed by equidistributing the remaining error in the adjoint adaptation formulation.
One of the test-cases they employed was the RAFE 2822 in turbulent flow. They were
able to show the improvement of the devised methodology w.r.t. the pure Hessian-based
mesh re-generation. In particular, it was consistently proven that the quantity of inter-
est is better approximated with fewer nodes when taking the adjoint error into account.
Figure shows one of the test-cases analysed by the authors. The adjoint-related
processes were better at reducing the inaccuracies in the inviscid part of the flow, also
improving the wake resolution. It should be noted, that the latter clustering is probably
due to the combination of the Hessian with the flow solution residuals present in the re-
maining error. In fact, adjoint approaches do not tend to highlight downstream regions
as those requiring refinement. On the other hand, the lower image shows how the pure
Hessian technique tends to over-cluster the regions near the geometry, thus neglecting

any inaccuracy due to the rest of the domain.

SReproduced with kind permission of Elsevier-
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A similar approach was taken by [62, 63]. They employed a method to include the
adjoint error estimate as derived by [64] into a Riemannian metric formulated through
the Hessian for FEM solvers. They also managed to combine the metrics of different
quantities.

The first successful attempts in adapting the mesh based on the adjoint-error in 3D are
those of [65] for inviscid and [66] for viscous simulations. In [65], the author paid par-
ticular attention to the interpolation scheme employed to transfer the flow and adjoint
solutions from coarse to embedded grids. In fact, while the linear prolongation can be
carried out by simply averaging values along edges, faces or cells, the quadratic is more
involved. [19] had originally proposed local-least squares process with error minimisation
on the coarse mesh, thus achieving a discontinuous quadratic reconstruction. The em-
bedded node values were then determined by averaging the coarse grid parameters of the
points to which they were connected to. [65], instead proposed using a cubic-fit along
each edge employing the gradients determined with the Least-Squares (LSQ) approach
(see [67] on how the gradient is calculated). However, the main finding concerned the
effect that using the linear or high-order interpolation had on the computable error term.
In the test-case considered (ONERA M6), it was seen how using the lower-accuracy in-
terpolation for the correction factor would improve the functional estimate, but not as
much as using the quadratic operator.

In [66], anisotropy was merged with the adjoint error analysis as in [19]. This was done

"Reproduced with kind permission of Elsevier.
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by employing the Mach number Hessian and scaling the maximum eigenvalue of each
node’s second derivatives matrix by the adjoint sensor. Results for the ONERA M6
inviscid transonic case showed that this approach tends to converge to a more accurate
result sooner and with less nodes w.r.t. the procedure formulated in [65]. Comparison of
the starting and adapted meshes achieved employing the two adjoint error techniques to
better the wing’s drag estimate, are reproduced in figure[2.6] These confirm the improve-
ment obtained by combining the adjoint with the feature-based adaptation technique:
it is clear that figure is coarser than figure It is of interest to note, however,
that the inclusion of anisotropy has not caused any visible refinement where the shock
is, unlike the isotropic approach, where part of the shock structure is clearly visible. The
author suggested that the cause of this may be related to the shock location being more

important than its resolution to appropriately determine the functional of interest.

(A) Starting grid. (B) Anisotropic adaptation. (¢) Isotropic adaptation.

FIGURE 2.6: ONERA M6 transonic inviscid flow mesh adaptation as shown in Mﬂ

Concerning the viscous case analysed, this consisted of the extruded NACA 0012 with
the functional of interest being drag. In this case as well, the author was able to show
how the adjoint error combined with the anisotropic approach successfully reduced the
error in the performance quantity. However, it was observed that the computable cor-
rection evaluated on the fine grid was not as accurate as in the inviscid cases due to
oscillations in the interpolation that caused non-physical negative turbulent viscosity to
appear.

A detailed study on the effect of interpolation techniques relative to the adjoint solu-
tion for the computable and non-computable errors, was carried out in [68]. In their
simulation they employed an Embedded Boundary Cartesian method. They applied two
sets of interpolation techniques for the adjoint solution from coarse to fine grids: a
piecewise constant and a higher order reconstruction involving the gradients calculated
using a LSQ solver with a Barth-Jespersen limiter ([69]); the second procedure made
use of trilinear and triquadratic polynomials. Their results showed that using the bet-

ter interpolation approach (¢ricubic) improved the error correction estimate, but it was

8Reproduced with kind permission of ATAA.
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sufficient to use the linear interpolation to determine the adaptation parameter. Addi-
tionally, they also compared the error estimate using the adjoint solution solved on the
fine grid. From the data they concluded that the error correction is better estimated this
way, but the tricubic interpolation is close in terms of performance. Of note, is also the
fact that their refinement algorithm was cell-based and that they started the adaptation
process by adding a small amount of nodes progressively increasing the quantity. They
argued, that at the start the error will not be as accurate, therefore limiting the node ad-
dition will avoid wasting resources. To this end, the very same authors in [I8] employed
the varying threshold philosophy in an attempt to devise a robust and generic strategy.
Utilising a similar philosophy to [70], they were able to show, for an inviscid transonic
ONERA M6 simulation, that employing a varying threshold achieved the same accu-
racy of the final grid with 15% less nodes w.r.t. a constant threshold approach. In fact,
their technique attempted to equidistribute the error over the entire mesh by attacking
the highest sources of it in the first few adaptation steps. By gradually reducing the
value, more and more low error cells were split. This procedure also allowed to have a
relatively limited refinement in the beginning and only in the last few adaptation steps
would the node count substantially increase. An example of the validity of their results
is reproduced in figure It is clear how the changing threshold procedure always has
a lower node count w.r.t the constant valued procedure, still reaching the same error

level. This then results in a reduced run time as shown in figure
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FicUre 2.7: Effect of using a varying threshold for adjoint error adaptation applied
to ONERA M6 [13[]

As the complexity of the cases grew, there was the necessity to parallelise the adaptation
process. In fact, the need for an embedded mesh along with linear and quadratically
prolonged flow and adjoint solutions, requires significant computational memory capa-
bilities. To this end, [71] were the first to employ a parallel mesh adaptation code. In

particular, it is interesting to note that they modified the non-computable correction

9Reproduced with kind permission of ATAA.
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term to include the quadratically interpolated flow and adjoint solution residuals. Ac-
cording to the authors, this allowed a much more accurate error map, although at the
expense of the technique’s robustness. It is interesting to note that, as they did not have
fluz limiters available in the adjoint solver, the adaptation process had to be halted due
to poor convergence performance. Nevertheless, they applied the adjoint-procedure to
the DLR F6 case in turbulent flow. The drag adjoint error maps evaluated on starting
and two adapted grids are shown in figure As it can clearly be seen, the sensor
map is very noisy, but does in general present a combination of both, flow and adjoint

features.

(A) Hand generated medium (B) Adapted medium mesh of (¢) Adapted fine mesh of 9.4M
mesh of 3M nodes. 3.7M nodes. nodes.

FIGURE 2.8: Symmetry plane and surface mesh adjoint error on the DLR F-6 config-
uration along with a mid-span grid cut as shown in [IE]}H

Investigations into methods to reduce the noisiness of the sensor map were carried out
by [72]. In particular, the cases of interest were the ONERA M5 and M6, simulated
with an Fuler solver. Concerning the adaptation procedure chosen, they employed the
computable error correction due to the extra burned that computing the fine grid adjoint
residuals would cause in terms of memory consumption. This was combined with its
standard deviation to determine an error threshold. The interpolation parameters from
coarse to fine grid were those employed by [65]. The actual refinement was carried out by
marking nodes with high error on the fine mesh and consequently any cell on the coarse
mesh containing them. There were two interesting aspects reported by their research.
Firstly, they employed the volume weighted gather and scatter approach used by [60]
to smooth out the flow residuals, as high frequency noise due to the interpolation were
present. This allowed them to improve the computable correction estimate. Their main
result is reproduced in fig. where it can be seen that there is an optimal number
of residual smoothing iterations: too few and the high frequency interpolation will dom-
inate the computable error, too many and the smoothing will dampen it. Additionally,

they also showed that using multiple refinement steps to generate the grid onto which

0Reproduced with kind permission of ATAA.
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to interpolate and evaluate the error helps achieve a more accurate solution. The result
confirming this is shown in fig. where the error calculated using linear or quadratic

prolongation, with or without smoothing is always improved by using multiple layers of

refinement.
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FIGURE 2.9: Effect of smoothing and multiple refinement levels on the computable
error correction [72]B

Despite their very promising findings, the same authors were unable to show the same
improvement for viscous flow computations [73]. The performance quantity of interest
for their study was drag for the ONERA M6 case, simulated with the Spalart-Allmaras
(SA) turbulence model. The main finding of this work concerned the use of the residuals
smoothing approach. In fact, they stated that even one iteration of it will significantly
dampen the error map and remove significant features that are necessary for appropriate
adaptation.

Adjoint mesh adaptation procedures related to the technique developed by [64], require
the starting grid to be in asymptotic range of the exact solution. This requirement is
necessary due to the interpolation to the embedded mesh (just as for Richardson extrap-
olation process [16]). While this requirement is true in a strict sense, [74] was able to
show that the process will work even when the starting mesh is too coarse. In particular,
they employed the strategy outlined by [64] to adapt a 3D FEuler flow around various
conical configurations to accurately predict the pressure signal at a certain location in
the domain. Despite starting from a grid with limited node count, the authors were able
to successfully adapt it. What is interesting, is that they always found that the first
few adaptation steps would have relatively strong oscillations of the error. The reason
behind this, they claim, relates to the starting mesh not being in asymptotic range w.r.t.
the correct solution, and therefore the calculated error will not decrease monotonically

as in [9, [19, [61].

"Reproduced with kind permission of H. Kim.
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A detailed comparison of feature and the adjoint-based error estimation (as developed
by [64]) in 3D inviscid/viscous flows can be found in [I0]. The main change w.r.t. the
approach of [64] was the calculation of the interpolated solution to the fine grid: this
was done using a Moving Least Squares Approach (for e.g. see [75]). Additionally, they
did not employ mesh-regeneration but isotropic refinement, as each primal volume was
marked to be split if the average of its nodal adjoint error values was greater than the
threshold. Their work showed how the adjoint adaptation procedure consistently out-
performed that using the feature related approach. Moreover, they also discussed how
the latter is much more sensitive to the starting grid w.r.t. the adjoint-related tech-
nique.

Similarly, [76] analysed inviscid flow around the NACA 0012, ONERA M6 and DLR
F6 wing-nacelle-pylon configuration with the DLR flow solver TAU, and reached the
same conclusions. In particular, they showed how the technique proposed by [57] with
the interpolation suggested by [65] outperformed feature-based approaches, in terms of
accuracy and final node count. As in [I0], they too concluded that adjoint techniques
are far superior if the starting mesh is very coarse. Additionally, they compare the com-
putable and non-computable errors effectiveness for the adaptation. In particular, they
removed the adjoint residuals multiplied by the difference of interpolated flow quantities
in the non-computable correction evaluation. From their results they concluded that the
non-computable correction is the best option for the grid refinement, as it consistently
created coarser meshes to match the desired accuracy.

The burden of time and memory usage of adjoint adaptation techniques described by [9]
was considered by [77]. In their work they devised two strategies to be able to overcome
this issue. The first consisted in what they call adaptation sub-iterations. These were
employed within the overall mesh improvement process by alternating them with the
standard and more accurate technique. The error for the sub-iterations was evaluated
using the approximate flow and adjoint solution of the adapted mesh. As usual, these
are then interpolated to an embedded grid, where the adjoint quantities are smoothed
using a block-Jacobi process. The sensor formulation they considered was that consist-
ing of the flow residuals multiplied by the difference of low and high order prolonged
dual solutions. While the smoothed adjoint formed the lower accuracy term, the other
is constructed in a different manner. In fact, for every complete error estimation step as
per [9], they actually solved the embedded grid adjoint to remove the remaining error.
This expensive solution, is then recycled and interpolated to the following adaptation
step’s embedded grid, to be used as the high order term. This cheaper technique was
successfully applied to a 2D and 3D extruded NACA 0012 case, simulated using a Dis-
continuous Galerkin (DG, see [78] for an overview of the methodology) steady solver.
In all cases they were able to show the gain in terms of time without any final loss in

accuracy.
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The second method they proposed to reduce time and memory consumption consisted
in modifying the process of [64] by interpolating from the starting grid to a coarser one.
For their work they utilised a lower order interpolation state rather than coarsening the
physical mesh. The test-case used was an unsteady 2D advection Gaussian wave with
inflow on the lower and LHS of a quadrilateral domain. This was simulated using the

Active-Fluz methodology ([79]) and showed positive results.

A separate mention is required for cases where the base strategy of [9] was modified. [80]
combined the use of adjoint error techniques with a defect error correction approach.
While the former employed flow and adjoint solutions, duly interpolated to a fine grid, to
increase the functional accuracy by one order of magnitude, the latter would attempt to
improve the overall flow solution. To be able to employ the defect correction approach,
a reconstructed flow solution was required (in this case they employed cubic splines),
that was then fed into an iterative process to determine the base solution’s accuracy
or improve the functional’s estimate. However, coupling the two techniques allowed to
achieve a higher order of accuracy w.r.t. the reconstruction procedure. In particular
they proved this concept for linear and nonlinear quasi-1D and 2D inviscid problems.
[81], studied the effects of using a continuous or discrete formulation of the adjoint solver
in the grid error calculation proposed by [57]. They showed that the presence of shocks
is negligible on the mesh adaptation process, for both continuous and discrete adjoint
formulations. Concerning the performance of the two different dual solver formulations,
they concluded that the discrete approach was possibly the best option, as unless the
grid was suitably fine, the continuous counterpart would under-perform.

[82] attempted to overcome the issue of having different errors occurring when perturb-
ing the input, thus allowing to produce insensitive grids. This is particularly important
for uncertainty quantification purposes, as these require varying the system parameters
to be able to carry out a statistical analysis. Their procedure consisted in modifying
the techniques of [9], by introducing unknown perturbations. Therefore minimising the
error equations, would also allow to reduce the discretisation error variability. Again
the refinement process was cell-based.

Finally, [83] considered the effect of constraints in the error reduction of a functional
of interests, while [84] managed to combine the errors of multiple functionals and [85]

employed adjoint error estimation techniques with the k£ — w turbulence model.

Till this point, methods and applications related to the work of [9, 19, 57, 59] have been
outlined. In fact, their techniques have proven time and time again to consistently pro-
duce accurate results with minimal node addition. Nevertheless, as pointed out by the

literature, it is an expensive process due its need of an embedded grid, two interpolation
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operators, two flow and adjoint solutions with their relative residuals. A few attempts
have been made to try and reduce the burden of it, as previously described, however,
other researches devised completely different adjoint-based error estimators.

One of the most original techniques is that developed by [86, 87]. In this case, the
error indicator was based on the idea that artificial dissipation can be the cause of
up to 90% of the error in a functional of interest [87]. The analysis was based on
the Jameson-Schmidt- Turkel (JST, [88]) flux reconstruction scheme, where the k(?) and
k™ coefficients dampen the higher-order terms where the shock switch detects a flow
complexity. In fact, where strong variation of quantities or discontinuities appear, the
inclusion of high-order terms causes oscillations that can eventually lead to instability
and divergence of the solution. Apart from the error reduction, this procedure presented
other advantages, such as avoiding the generation of a fine grid and the consequent in-
terpolation onto it. However, not all flow solvers have a JST flux discretisation, and
actually there are more accurate schemes w.r.t. this, questioning the main idea behind
the error formulation [87].

To avoid the necessity to run the adjoint solver and have separate adaptation processes,
[89] devised a method involving the entropy variables. In their work, they showed that
these satisfy an adjoint relation, able to target regions with numerical dissipation. The
procedure to actually determine the error is equivalent to that of the computable correc-
tion calculated by [57], however, given the flow solver nature (DG), the embedded mesh
interpolation was substituted by the injection of the solution into a higher-order state.
Once the error had been computed, cells were marked for refinement, with all their edges
being split. The procedure was tested on a NACA 0012 case, with low Mach number in
either inviscid or viscous conditions. In both cases improvement of the flow solution was
shown, especially w.r.t. traditional adjoint techniques. In particular, the entropy-adjoint
approach refined the grid in a noticeably different manner w.r.t. the other adjoint cases.
Issues did arise when they adapted the same test-case run in transonic flow conditions.
In fact, the shock presence caused problems in terms of entropy production, as it was
no longer conserved. To be noted, is the fact that their traditional adjoint adaptation
cycles showed oscillatory behaviour, and in some cases, they had difficulty adapting the
wake, due to the adjoint weighting.

[90, 9] attempted to devise a process to be able to achieve anisotropic adjoint mesh
movement. Firstly, they defined the functional error as the difference between the coarse
value and the corrected embedded grid one, as calculated in [64]. To be noted is the
linear interpolation they employed for the prolongation of quantities from coarse to fine
mesh. Following this, they formulated a Lagrangian relationship, containing both the
error value and the NS eq. as the constraint. Minimising this w.r.t. the grid coordinates,
allowed it to be combined with the original error equation, thus producing a modified

adjoint relation. The result of this, may then be utilised in a steepest descent search
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algorithm to minimise the overall mesh error by moving the nodes. The procedure they
devised included also global refinement if the change in the fine grid estimate was suf-
ficiently small. They successfully applied it to a 2D Poisson problem and an inviscid
subsonic diverging nozzle. The procedure appeared to have greater difficulty when the
case is transonic, with the authors arguing it was due to the shock presence. Neverthe-
less, apart from the functional of interest’s adjoint, the process required an additional
adjoint solve for the error sensitivity w.r.t. the mesh coordinates, and a steepest descent
algorithm for each adaptation step.

In the series of articles, [92H97], the first use of the mesh adjoint output was employed
to adapt a grid. In [92], the functional sensitivity w.r.t. the grid coordinates was mod-
ified, by removing the normal components to the surface of integration of the quantity
of interest. The authors claimed that this was required to avoid unnecessarily strong
clustering in this region. Moreover, they also forced to 0 the sensitivity at sharp ge-
ometrical corners, but leaved the value in the remainder of the flow untouched. They
showed the validity of their approach by optimising a grid for the Poisson equation with
a steepest descent algorithm. Interestingly, from their first tests they realised that there
was a need for smoothing of the overall sensitivity, as nodal relocation at the LE of
the inviscid NACA 0012 test-case proved to be erratic. Despite only allowing relocation
of small parts of the domain, the authors showed how the functional sensitivity to the
mesh reduced after the adaptation. Shortly after, in [93], refinement of the grid was
added into the overall adaptation by adding nodes where the mesh adjoint output was
strongest. Again, as in the previous case, the flow was set as inviscid, but most impor-
tantly, as the adaptation progressed, they were able to confirm their previous finding,
i.e. a reduction in the mesh sensitivity once the grid had been adapted. In a later stage,
[94] employed the previous findings to develop a structured mesh regeneration strategy
based on the mesh adjoint sensitivity. In particular, once the functional derivative w.r.t.
the mesh coordinates had been modified according to [92], this was multiplied by the
edge length to determine a quantity that would be fed into the elliptic mesh generation
algorithm. Finally, [96] was able to apply the method that had been developed to un-
structured grids and showed the results for an inviscid NACA 0012 case. Interestingly,
the comparison of the final adapted grid with those obtained by [9, 87] proved that their

grid regeneration strategy was able to produce clustering in the same regions of the flow.

Given the test-cases considered in this work a separate discussion is required for adjoint-
error turbomachinery applications. In fact, apart from [98], [99] which refer to the results
of the work related to this thesis, only two examples of adjoint mesh adaptation for
these cases exist.

The first is that of [I00]. The authors modelled a 2D laminar compressor cascade and
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run the procedure for entropy generation and total pressure losses. The grids were all
triangular and adapted by applying a combination of movement/smoothing and refine-
ment all based on the adjoint error. The movement approach consisted in a weighted
modified Laplacian algorithm developed in [I01] that would equidistribute the adjoint
erTor.

A more recent attempt was that of [I02] who calculated an adjoint-related error on a
3D viscous turbomachinery component in the Hydra ([103]) flow solver. In this case,
the authors modified the adjoint weighting of the residuals by replacing the latter with
a truncation error formulation. Instead of being evaluated on fine grid, this was calcu-
lated using the coarser multigrid levels residuals. Restriction and prolongation of the
error was then carried out using the flow solver’s multigrid interpolation operators. The
authors consistently found the need to apply pseudo-Laplacian smoothing to remove the
oscillatory behaviour, appearing due to the truncation-error calculation. No adaptation

on the turbomachinery component using this sensor map was performed.

2.3.3 Truncation Estimation Approaches

In general, the te is defined as the difference between the continuous p.d.e. and the
discretised version [I3]. It may be determined by employing the Taylor-Series expan-
sion, but this can be quite complicated and long-winded, unless the p.d.e. at hand is
relatively simple [I04]. To this end, [105] [106] employed the Taylor-Series to derive ex-
pressions relating mesh quality and truncation error for typical 2D and 3D CFD grids.
Despite the validity of the technique elaborated, it is relatively complex even in its 2D
formulation.

The te effect, was studied in detail by [12]. In his work, the author showed how this
quantity is actually a source of error that is then transported by the NS relations to
other regions of the domain. To this end, the Continuous & Discrete versions of the
Linear Error Transport equation were derived. The first truncation error estimation
approach suggested by the author would either require the exact continuous solution
or, in its absence, a Richardson Extrapolation. The second technique necessitates the
construction of the continuous operator. While this process is feasible for the case of
FEM discretisations, for FDM and FVM the procedure is more involved as it would
require a curve fitting process.

Another example of te-base error estimation procedure is the so-called 7 methodology
[107], related to multigrid approaches [104]. In the latter publication, the authors sug-
gested using a te calculated using the fine grid flow solution residuals on the coarsest
grid of the multigrid scheme. To be able to achieve a reliable quantity, a high-order

interpolation scheme is required, but as in their case the coarse mesh nodes coincide
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with the fine grid ones, it is unnecessary. This feature also allows to achieve consistency
of the te as the two meshes will have the same characteristics (as would be required in a
Richardson Extrapolation [13]). The quantity obtained is then employed in a sensor con-
taining information concerning the order of the discretisation and each element volume.
This is then smoothed employing a Laplacian operator and compared to a user-defined
threshold. Finally the coarse mesh is refined in a cell-based manner, and instead of
applying a similar process to the finer mesh of the multigrid, the adapted coarse grid is
refined uniformly and is used as the fine grid in the next flow solver calculation.

For other material concerning te-based approaches, the interested reader is referred to
the references in [108], while other examples relating the te to adjoint adapted techniques
can be found in [109].

2.4 Adaptation Mechanics

According to [I1], there are mainly 4 grid modification approaches:

r-methods = movement;

h-methods = refinement and coarsening;

p-methods = order enrichment;

m-methods = regeneration.

An overview of these methods will be discussed in the sections that follow.

2.4.1 r-Methods

As discussed [110], a mesh movement algorithm has three components:

1. monitor function = quantity driving the node relocation, in general the computed

error;
2. mesh equations = map between computational and physical domain;

3. interpolation = estimate solution at the new position of the nodes.

The monitor function may be determined in three ways: a-priori, a-posteriori and based

on physical arguments [I11]. In the case of an isotropic movement, the node relocation
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driving quantity is a scalar, as it does not have any directionality information. On the
other hand, to achieve anisotropy a matrix-valued quantity is required. Once the mon-
itor function has been determined, it is necessary to equidistribute it over the physical
domain. This can be achieved in different manners, i.e. geometric conservation laws, op-
timal transport or moving mesh p.d.e.s [I11]. The resulting equation is then discretised
and can be solved simultaneously with the physical problem at hand. Alternatively, it
can be evaluated sequentially. It is clear that it is the latter approach that requires
interpolation of the flow field. Once the movement equation has been solved, it will
either produce the node velocity or location for the adapted mesh.

As described by [112], an alternative approach to equidistribution to derive the mesh
equations, is that employing error direct minimisation. By formulating the minimisation
in terms of node locations and p.d.e. variables, an extra equation may be solved simul-
taneously to those of the problem at hand. This adds a further unknown to the overall
system, i.e. the node position. This technique is generally known as Moving FEM.
One of the most successful mesh movement methods employs a spring-stiffness approach.
In this case the grid edge lengths are the spring-stiffness, while the error can be seen
as the potential energy at each node [29]. In this case, the equidistribution is achieved
by determining the node locations to achieve system equilibrium. The spring potential
energy equations are solved separately to that of the NS relations and in an iterative
fashion. Therefore they will require interpolation of the flow solution or error quantity.
According to [11], there is a further r-adaptation approach: once the error has been
determined, this may be employed in an optimisation approach determining the node
location minimising the error. An example of such a method is that employed by [91].
A final mention should be made for the mesh movement/deformation methods devised
to account for geometry changes. In fact, this may apply in the case of an optimi-
sation, or in an unsteady simulation with moving items (e.g. to study fluid-structure
interaction). Examples of these techniques are the linear spring method and elasticity,
Laplacian smoothing and procedures using the interpolation analogy [I13]. The very

same authors also provide an overview and classification of the various methodologies.

2.4.2 h-Methods

Possibly the most popular mesh adaptation approaches, refinement and coarsening meth-
ods have found widespread use in the CFD community. A while back, [114] summarised

the advantages of h-adaptation as:

1. physical conservation of quantities;

2. robustness;
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3. parallelisation.

In their study on tetrahedral meshes, only 3 refinement patterns were allowed, that
would be even more constrained in subsequent splitting of the resulting elements. This
with the aim of maintaining mesh quality. On the other hand, for the coarsening, they
allowed more possibilities, independently of whether adaptation had been previously
applied to the cells. An interesting point concerning their work, is the effort to try
and reduce the amount of information stored from the previous grid, in an attempt to
minimise the memory burden.

Again employing tetrahedral grids, [115] studied the refinement effect on the resulting
element’s quality, and showed that regardless of the amount of adaptation steps, a lim-
ited set of similar tetrahedra can be created.

Shortly afterwards, [116] attempted to refine fully tetrahedral grids in an isotropic fash-
ion to improve control over mesh quality. One of the author’s conclusions relates to
the difficulty in employing refinement of simplicial elements while achieving alignment
with the flow anisotropy. Therefore they deducted that hexahedral elements would be
better suited for this purpose. Moreover, in a later article ([117]), they claimed that
by using these cell types, there is a gain in terms of accuracy and resulting grid qual-
ity. In this work, an anisotropic h-refinement strategy was developed: edges below a
user-defined threshold would be removed (coarsening), while those above it would be
split (refinement). It should be noted, that coarsening of the grid was only carried out
on elements marked to be removed that appeared as a consequence of previous adap-
tation steps’ refinement. This means that, no parts of the mesh were coarser than the
starting grid. Additionally, to avoid hanging nodes, hybrid elements were employed at
the interface between finer and coarser regions of the mesh. If these elements required
subdivision in future refinement steps, they were removed and the starting hexahedra
would be split instead. An important mention concerns the refinement propagation into
undesired regions: in fact, it was noted that extra edges would be marked in an attempt
to fulfil the splitting templates available. To avoid this issue, unless the edge marking
allowed hexahedra to be split into smaller hexahedra, the cell was split into 6 pyramids
by placing a node at its centroid.

As for the previous case, [118] used a hierarchical approach requiring template-splitting
definition. Concerning tetrahedral volumes, only three valid configurations were chosen:
each of these cell types could only be refined once without splitting it in an isotropic
fashion. A similar approach was chosen for hexahedral elements, these could only be
split into smaller cubes, unless they formed the interface between fine and coarse mesh
zones. In total the refinement algorithm allowed 8 possible subdivisions of hexahedral

and pyramidal cells, while 9 were permitted for prisms. The actual code implementation
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consisted in splitting each volume into its faces and determining the new cells accord-
ing to the face marking combinations. To avoid coding repeated templates for different
orientations of each cell, rotation of their connectivity data was applied.

As mentioned in section m [38, B9] developed a methodology to be able to refine a
fully hexahedral mesh without introducing new types of cells, yet maintaining the grid
conformal. This was an extension of the approach discussed in [40, 41]. The process
consisted in splitting each edge of an hexahedra into three and applying a ”shrinking” of
the hexahedral layers. In a final step, the grid connectivity would be updated. Shortly
afterwards, [I19] extended the method just outlined by allowing local refinement of ei-
ther nodes, edges, faces and cells, thus increasing the flexibility. As a progression of this
work, [120], included the possibility of coarsening, maintaining a conformal grid with
solely hexahedral elements. Two ways of doing this were proposed, the first one, a global
process, consisted in removing a sheet of connected cells. However, given that this could
cause issues further away from the actual coarsening region, they also devised a local
operation. [121] further improved the sheet-refinement algorithm of [I19] by including
the element-by-element enrichment approach of [41].

The issue relating to the generation of hanging nodes and different levels of refinement
when employing fully hexahedral grids, was also discussed by [122]. As in previous cases,
the interface elements between finer and coarser regions were never refined: in subse-
quent adaptation steps they would be removed to minimise poor quality. Moreover,
the authors managed to reduce the amount of possible transition cases between the two
different mesh density regions.

The effect of over-refinement due to the error directionality not being parallel to the cell
faces was recently discussed by [122]. In this case, the refinement templates were defined
by their edges, but the constraints on the possible combinations would be governed by
the faces. For e.g., in their case they allowed a quadrilateral to have all 4, 2 parallel or
2 adjacent (i.e. sharing a node) and a single edge to be marked, but not 3, in this case
the fourth would be forced to be split, propagating the refinement. Again, as in previ-
ous articles, the authors decided to remove any interface element between the refined
hexahedral and the coarser mesh regions at the start of the next adaptation step.

A final publication of interest is [I23]: here a discussion of the differences between split-
ting edges of a fully hexahedral mesh into 2 or 3 sub-edges is explored, with particular
attention to the parallel implementation of the former. In fact, once the domain has
been split, it is difficult to achieve the same refined mesh regardless of how the parallel

division is carried out.
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2.4.3 p-Methods

This type of mesh adaptation, sometimes called order-enrichment, consists in the in-
crease or reduction of polynomial order in the flow solver. From an intuitive point of
view, it is a “flow solver refinement” process as no change is applied to the the physical
grid. These techniques are not applicable to FDM /FVM discretisations, but only to
high-order methodsIEl, such as FEM or related methods (such as DG or Spectral Ele-
ments). For this reason, according to [11], they have found limited use in CFD, as in
general higher-order solvers have greater complications in terms of monotonicity near
discontinuities and in turbulent flow. Additionally, the author states that they are more
difficult to code as there are more possible templates for each type of cell. Nevertheless,
in more recent years, much of the flow solver-related research has been carried out with
high-order methods, meaning that p-adaptation techniques have started to gain more

and more momentum. Examples of the use of order enrichment can be found in [7, [14].

2.4.4 m-Methods

Mesh regeneration is now considered the best choice for grid adaptation, as it allows
the greatest freedom, flexibility and accuracy in achieving a suitably modified mesh for
a given amount of nodes. As discussed by [42], there are several paths one may take.
The simplest approach consists in a partial regeneration of the grid. Once features have
been detected, portions of the starting mesh are removed and filled with good quality
elements, ideally aligned with the feature. An example of such an approach is provided
by [124]. In their work, the authors employed a sensor to determine the feature location
and then locally reconstructed the mesh around it using an advancing front approach.
Effectively, extracting flow complexities and defining them as geometrical entities, allows
this information to be employed in a complete mesh regeneration process. Therefore,
the procedure may consist in placing a good quality, aligned quadrilateral /hexahedral
mesh around the flagged complexity. The rest of the domain can then be filled with
any combination of hybrid elements, as long as no hanging nodes{E or negative volumes
appear. As previously mentioned when discussing feature-based error estimation tech-
niques (see section , examples of mesh regeneration treating the flow features as
geometrical entities and regenerating the entire mesh are [21H23].

Over time, fully triangular/tetrahedral approaches to mesh regeneration have started to
gain popularity due to the shape flexibility in handling very complex solutions and the
feasibility in coding such methods. Unlike the previously mentioned techniques, these

do not require any pseudo-geometrical information identifying the location of shocks,

2In general high-order methods have an order greater than 2, i.e. that of standard FVM approaches.
131t should be noted that flow solvers able to deal with hanging nodes are more frequent nowadays.
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wakes ..., they simply employ a continuous metric field, as was described in section
In this approach, given an amount of nodes, the distribution of the elements may
be optimised to allow alignment and clustering towards the regions of interest. For a

detailed, up to date analysis of these techniques the reader is referred to [24] [125].

2.5 Summary

Within the literature’s detailed analysis in the previous sections, the following points
should be highlighted:

e Feature-based approaches:

— flow complexities are anisotropic thus allow more efficient adaptation if this

is considered in the error calculation;

— throughout several decades of research, it has consistently been found that
the best approach relates the second derivatives of a flow quantity to a Rie-
mannian metric, thus achieving directional grid shrinking and stretching ac-

cording to the local anisotropy;

— Hessian-based techniques are sensitive to noisiness, particularly in the bound-
ary layer, and may require artificial smoothing/eigenvector modification to

remove this behaviour;

— they do not provide any real stopping criteria to optimise the grid as flow
complexities will continue to attract resources, regardless of whether they

have been appropriately resolved or not;
— they may attempt to adapt to spurious behaviour resulting in increased error;
— a unique flow parameter is generally unable to target all flow features;

— they are well suited for mesh movement and regeneration.
e Adjoint-based techniques:
— consistently outperform their feature-based counterpart in minimising the

error of a single quantity of interest with reduced number of nodes;

— they increase solver run time per adaptation step as they require fully con-

verged flow and adjoint solutions;

— the most successful method devised (i.e. [64]) is expensive in terms of memory
requirements, interpolation noisiness and has not been applied to turboma-

chinery cases;
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— there has been limited effort in attempting to devise an adjoint error to be

employed with mesh movement techniques;

— refinement strategies have generally made use of cell-based splitting algo-
rithms without attempting to extract any error directionality from the adjoint

quantities;

— anisotropy has been included into the adjoint error estimation by simultane-

ous combination with a flow quantity’s second-order derivative matrix.
e Adaptation mechanics:

— mesh movement has been successfully combined with feature error estimation

techniques while keeping the node count constant;

— grid refinement is the most widespread technique and various different strate-
gies have been devised to achieve anisotropic splitting of hexahedra while

minimising the presence of hybrid elements;
— local order enrichment is only applicable to high-order solvers;

— complete mesh regeneration is possibly the most promising area of research,
however it is limited to tetrahedral elements and is far more complex to code

w.r.t. other techniques.

From these considerations, the first part of the research carried out in this work, focussed
in combining the strengths of feature and adjoint based approaches. In fact, Hessian-
based Riemannian metric, has shown good robustness when employed in mesh movement
strategies and does not require any adjoint solution or even a perfectly converged flow
field. However, possibly the main advantage of these techniques w.r.t. adjoint error
estimation approaches, relates to their capability in attempting to improve the entire
flow field, not only where a functional may be affected. On the other hand, adjoint
adaptation may be useful in targeting unexpected regions of the domain and allow to
achieve greater accuracy of the quantity of interest.

The second part of the work concentrated in attempting to include anisotropic infor-
mation into the adjoint error estimation technique. In fact, this has not been achieved
without the inclusion of feature-based error calculations. To this end, it would be in-
teresting to be able to devise methodologies to be employed in mesh movement and

edge-based grid refinement algorithms, thus improving the overall efficiency.
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Chapter 3

Mesh Generation & Flow Solver

Pre-Processing

3.1 System Overview

The ensemble of software utilised in this research project along with their order is shown
in fig. [B.1] The overall system is very similar to what would be expected, however
a breakdown of the capabilities and characteristics will be provided in this chapter

(mesh generation and pre-processing) and following ones (flow and adjoint solvers, mesh

adaptation software).

Grid generation
(PADRAM)

Solver pre-processing Nonlinear flow solver

Depending on

user choice

& multigrid generation (Hydra nonlinear)

Mesh adaptation &

Flow & mesh
adjoint solvers
(Hydra adjoint)

solution interpolation

(MeshPost)

FiGURE 3.1: Overview of the CFD software employed.
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3.2 Mesh Generation

The RR in-house meshing tool is PADRAM, short for PArametric Design and RApid
Meshing for turbomachinery configurations [126]. The main characteristic of this soft-
ware is the employment of templates to define various geometries present in a jet engine.
Therefore a geometry will be divided into pre-defined blocks and consequently meshed
in a structured, conformal manner. This procedure has the advantage of containing the
user’s effort in grid generation and additionally has a low run time. On the other hand,
this method does reduce the overall flexibility of the software. Throughout its history,
various configurations found in a typical jet engine have been added to the list of avail-
able templates, such as fans, compressors, turbines, cooling holes and many others. An

example of a multi-block structured mesh at blade mid-span generated using PADRAM
is shown in fig.

AN

LSRN

S

AR

TR

_, e
S

SR 5
S

FIGURE 3.2: Example of blocks for NASA Rotor 37 at mid-span with periodic repeats.

In general, a rotational turbomachinery component will present the most complex flow
features in the tip-gap region. Reason for which PADRAM is equipped with varied
options to mesh this region of the domain. Examples of some choices available applied
to a compressor blade are given in fig. [3.3]

The user has control over settings that would allow to change the location or smoothen
the interfaces between blocks. In particular the grid smoothing algorithm employs the

following equation:

T =2 e ) (-7 (3.1)

j€neighbour

Where 2% and 77! are the node’s positions at the current and next iteration, w is a
weighting factor, neighbour is the set of all neighbouring cells and @7 are the cell cen-

troids. Effectively this is a primal volume mesh smoothing algorithm, with the weighting
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An example of the algorithm’s

(B) H topology.

wall layers.

(c) Polar topology.
NASA Rotor 37.

(A) No smoothing applied.
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(A) OH (butterfly) topology.

FiGURE 3.3: Example of the various tip-gap mesh options in PADRAM applied to

effectiveness is clearly visible by comparing Figs. [3.4al and |3.4Db|

being reduced in regions such as the near

Smoothing on.
37 grid.

)

FicURE 3.4: Example of PADRAM smoothing effect at mid span of a NASA Rotor

B

(

, parametrisation of the geometry using tri-cubic splines allows

PADRAM has also been designed to have the capability to be employed in an automatic

optimisation loop. In fact
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the user to modify the design by using varied techniques such as Free-Form Deformations
(FFD) [127] or Hicks and Henne bumps [12§].

3.3 Solver Pre-Processing

This step in the overall simulation process consists in converting the grid from a structured-
multi-block data format to an wunstructured one, setting up boundary conditions, flow

initialisation and multigrid coarse mesh generation.

3.3.1 Unstructured Data Conversion

The structured multi-block data imported from the mesh generator will contain informa-
tion about block connectivity, boundary surface groups as well as the grid coordinates.
It should be noted that for turbomachinery cases, a periodic angle is required, as the
full annulus will be split into a single periodic repeat to be able to minimise simulation
time. The flow pre-processor will convert the data to an unstructuredﬂ fashion, where
extra information will be generated in order to determine the neighbouring nodes to a
point in the mesh, for example. While this process will increase the grid files size, it
is necessary to achieve a more flexible and generic approach. In the first part of the

process, the connectivity is determined, as such:

1. cell=node

2. edge—rnode

3. boundary node—node

4. boundary node— boundary type

5. boundary face—mnode

Once all the necessary connectivity arrays are determined, the mesh metrics may be

computed:

1. median-dual control surfaces

!Often, the term unstructured grid is incorrectly employed to indicate a wide variety of meshes that
are not fully hexahedral. However, in this work, it will refer to the way data is stored.
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2. median-dual control volumes
3. median-dual boundary control surfaces

4. wall distance

The output grid file will be written in HDF5 (Hierarchical Data Format 5 [129]) as per
the CGNS (CFD General Notation System [130]) guidelines.

3.3.2 Flow Initialisation & Boundary Conditions Setup

The boundary conditions and initial flow estimate files employed by the flow solver
are determined by the pre-processing software using experimental data. In general this
consists of a series of radial samples of axial, tangential and radial velocities along with
static pressure and temperature taken at four stations along the domain: inlet, blade
leading-edge (LE), trailing-edge (TF) and outlet. The flow is assumed turbulent to start
with, while its intensity and length scale may be set by the user or determined by ” best-
practice” guidelines. The initial flow file estimate is computed by a linear interpolation
of the experimental data provided. An initial flow file example for National Aeronautics
and Space Administration (NASA) Rotor 37 is shown in fig.

Ficure 3.5: Example of density distribution in the initial flow file guess at mid-span
of NASA Rotor 37.

3.3.3 Multigrid Mesh Generation

The coarser grid generation required for the employment of this kind of technique is
that described by [I31HI34], generally known as edge-collapsing. The idea behind it is
quite simple, i.e. if an edge is marked, then remove it along with its nodes and place a

new point halfway between the original nodes. An example of this procedure is shown

in fig. [3.6]
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Stored as 8 different nodes Stored as 8 nodes (2 repeated)

Edges to be collapsed

Stored as 8 nodes (4 repeated) Stored as 8 nodes (3 repeated)

s

FIGURE 3.6: Example edge-collapsing applied to an hexahedron.

In the software employed to generate the coarsened grids, the resulting cells obtained
from collapsing are stored in memory with repeated node indices where original points
have been removed. This means that, for e.g., collapsed hexahedra will still be stored
as having 8 nodes in memory, but may have identical indices in more than one position.
Whilst this will increase the file size, it does allow much simpler and generic code im-

plementation. An example of the resulting grids is given in figure

(A) 1%t grid level, user generated. (B) 274 grid level, 1%¢ coarsening step.

c) 3™ grid level, 2" coarsening step. (D) 4" grid level, 3" coarsening step.

F1GURE 3.7: Example of multigrid generation using edge-collapsing on a NASA Rotor
37 multi-block structured grid at blade LE and mid-radius height.
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The original implementation of this kind of technique had limited success, because of the
struggle to cope with geometry conservation, non-simplex shapes, anisotropic boundary
layer grids and poor quality cell generation [132, [133]. To improve the methodology,
[134] proposed a modified version: as in the case of the original algorithms, an edge
collapse was allowed if the resulting edges did not exceed a certain length and generated
cells had positive volume. Additional constraints concerning the maximum number of
nodes collapsible into a single one (8 for 3D) and the requirement for a full set of paral-
lel edges of an element to be removed, were included. Therefore instead of the shortest
edge, the cell with the smallest primal volume was removed. It should be noted that the
neighbouring cells to those collapsed will have had nodes removed, hence the resulting
grid will contain unorthodox volumes. For this reason the nodes belonging to a collapsed
volume have their identity replaced with the repeated index of the new point, thus al-
lowing a more generic and simple implementation of the mesh metric functionality.

To be able to deal with anisotropy typically present in grids employed for RANS calcula-
tions, a modification to this procedure is required. Firstly, to detect the boundary layer
grid, the fact that edges normal to the wall are short and aligned with each other as one
moves away from the surface, while having longer sides connected to their nodes, is used.
Additionally, a further constraint is added: if a short edge is marked to be removed, any
of the long edges connected to its vertices must be kept. Once the stretched region of the
grid has been dealt with, the rest of the domain is treated with the isotropic algorithm.
A final remark should be made concerning the mapping between the fine and coarse
mesh nodes. In fact, at this stage, extra data should be stored in the grid files to be

able to map the coarse mesh nodes containing the fine mesh control volumes.
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Chapter 4

Flow Solver

4.1 Introduction

The flow solver employed is Hydra [103], parallelised utilising the Ozford Parallel Library
for Unstructured Solvers (OPLUS) as described in [I35HI37] and coded in Fortran 77
with memory allocation handled by C. It is a FEM-based FVM scheme [138] discretising
the grid by means of a median-dual approach belonging to the category of vertex-centred
solvers. The data is stored in an unstructured fashion, and to improve its efficiency op-
erations are carried out in an edgewise manner. The flux reconstruction is determined
by means of the JST with matriz dissipation approach [I39]. The discrete equations
are solved by marching in time employing an explicit Runge-Kutta (RK) technique, pre-
conditioned using block-Jacobi. The reason behind choosing an explicit approach rather
than an implicitE] one to solve the flow relations is incidental to the memory consump-
tion. In fact, as described by [140], despite the latter having better stability, it does
require larger memory storage, it is more demanding in terms of Central Processing
Unit (CPU) usage and more complex to parallelise. The same reasoning may also be
applied to the preconditioner choice: [141] showed that point-implicit block Jacobi can
aid convergence issues, however it is also subject to increased memory requirements.
The next sections will describe the main aspects of the solver settings employed in this
work, such as the spatial discretisation, flux reconstructions, parallelisation, and so on.
In particular, as the work carried out in the thesis deals with the RANS equations, only
the steady solver along with the Spalart-Allmaras (SA) turbulence model are described

in detail. The choice of the SA model, is related to the adjoint code having a consistent,

Tt should be noted that the latest release of Hydra has a semi-implicit scheme option to solve the
NS relations. However, due to the adjoint code having only an explicit alternative, in order to have a
consistent discretisation between the two solvers, the improved version was not considered.
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stable and reliable discretisation of it.

4.2 Flow Equations

The NS equations can be written as the following system [I31]:

0Q B
o TV F=0

The vector Q contains the flow variables in conservative form:

while F represents the flux vector, that may be split into x,y and z components:

Q=1p pu pv pw pE]"

U
pu2 + P — Ty
PUV — Tyz

PUW — Ty

pU
PUV — Tay
pv? + P — Tyy

PUW — Toy

pw
PUW — Ty,
PUW — Ty,

pw2 +P -7

| (PE + P)v — uTpy — 0Ty — WTy —

| (PE + P)w — uTy, — 0Ty, — W,y —

| (PE + P)u — uTyy — UTyz — WTag — /k\:g—g_

~

~

or
kafy_

k,a

or
0z J

(4.2)

(4.3a)

(4.3b)

(4.3c)



Flow Solver 49

where p is the density, [u,v,w] the velocity vector, P and T the static pressure and
temperature, respectively, % is the coefficient of thermal conductivity and FE is the total

internal energy. The shear stresses 7 are symmetric and formulated as:

Tex Txy Taxz

T= |Tye Tyy Tyz| = (4.4)
Tzx Tzy Tzz
MG+ MG+ 5+ 3 (g + %) (g + 5
0 0 0 V2., o 0 0 o)
15y + 57) 2pg, + Moz + 5, + 57) 1o + )
(G + 52) (G + 5) 202+ MGe + 50+ 52)
6.3 ~
with the molecular viscosity p = 1.467}_31#’ as per Sutherland’s law, A\ = —%/L being

the bulk viscosity defined by Stoke’s hypothesis.
A further relation is required to relate the density and pressure: in Hydra this is done
through the ideal state gas lauﬂ

p=pRT = (v~ p(E — J(u? + 2 +u?)) (4.5)

with R being the ideal gas constant and ~ the specific heat ratio. Due to the use of this
relation, the flow solver falls into the density-based category.
The final relation required is that to achieve complete closure of the system and is

provided by the SA turbulence model.

4.3 Grid Discretisation

In FVM discretisations the quantities are evaluated in each control volume (where they
are constantEI), however, the way these are constructed varies according to where the
values are stored. Hydra accumulates flow variables at grid nodes, thus making it a
vertez-centred solver, needing to compute extra mesh data (mesh metrics) to determine
the control volumes and surfaces for each node. Vertez-centred techniques have various
methods of computing these quantities, in this case the median-dual approach is em-
ployed. In this type of discretisation, the volumes around each node are determined by
considering the edge, face and cell centroids that are then joined up. An example of this
procedure for a 2D case is shown in fig.

2While many cases are indeed run assuming the gas as ideal, more sophisticated approaches mimic
more complex cases, such as gas exiting the combustion chamber, are available, however out of this
thesis’ scope.

3The values actually represent the average across the cell.
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Control Surface for the Edge
between Nodes 7 and j = 2 is
the sum of segments AB and BC
4

. Primal Grid Nodes
J =

»| Centroid

------- @ Primal Grid Edges

. =0
' p
J=3 Beeo . .

a” Contfol Volume for Node i
Face Centroid

J=4 J=5

FIGURE 4.1: 2D Median-Dual Control Volume.

As it can be seen, the red lines form the control volume around node 4, and are generally
referred to as the dual mesh, while the original, user-generated grid is the primal grid.
At this point it should be noted that the reason behind the choice of the edge-based

information handling of the solver, is due to its vertez-centred nature ([67]).

4.4 Navier-Stokes Discretisation

Now that the grid has been split into distinct control volumes, the flow relations may
be discretised between them. In this section, the same approach as that in [131] will be

followed. Considering the NS equations with source terms:

9
a—f +V - F(0,V0) = S§(Q,Va) (4.6)

Time averaging and integration of the above relations over a generic control volume (V)

with bounding surface (.5) yields:

R = Héwﬁ,a,v&ms — /Vo?(@,m)dv} =0 (4.7)

Where the Green-Gauss or Divergence Theoremﬂ was employed to modify the integration

of the fluxes over a volume into one over the bounding surfaces. The L.H.S. term is the

/V~%dv:¢y-ﬁds
\% S

4This is defined as:
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residual, i.e. the error due to imbalances of the effect of the fluxes and source terms.
The flux integration may be discretised employing the control surfaces computed over
all the edges to which a node is connected to (see also figure {4.1):

559(7,@,%‘)(15 ~ :F(ﬁij,@,vcg)\l(ma)mij (4.8)
S : 23
JEE;

With the summation being carried out over all the edges connected to node ¢ and As;;
being the control surface halfway along edge 7. The source term is obtained by simply

multiplying its contribution by the actual volume size. Therefore may be written as:
1
R; = Vz< Z(FijASi]’) -S; V2> (4.9)
JEE;
In the case node ¢ sits on one of the domain’s boundaries:
JEE; J€EB;

The second accumulation is evaluated over the median-dual boundary faces to which the
node belongs. Finally, it is possible to split the inviscid (F!) and viscous contribution
(FV) of the fluxes:

1
JEE;

The next sections will describe in detail the computation of F! and FV.

4.5 Flux Discretisation

4.5.1 Inviscid Fluxes

The starting point for the scheme developed for Hydra is the first-order upwind inviscid
flux discretisation approach of Roe [142] (part of the fluz difference-splitting or Riemann
class), where a Riemann problem is solved at the control surface interface between two

nodes:

B = L (1000 + F(Q) — 1451 - Q) (012
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With 9715(@2) being the inviscid flux contribution of node i along edge connecting nodes
i, 7, while |A] is the inviscid flux Jacobian matrix evaluated using the geometric average
of states of nodes 7, j with the absolute value of the eigenvalues. The procedure actually
consists in a linearisation of the Jacobian matrix based on the characteristic variables,
reason for which an entropy-fiz is required [143].

To be able to improve the accuracy of the method, the state values may be reconstructed

using their higher order interpolation from the nodes to the control surface splitting them

[26] (fig. [4.2):

Convection
Direction

Qi _, Q Q7 iQ @ o, Qn

. LU . H . LU -
7 —1 7 Control 1 ] J +1
Surface s
Interface
/L /L
- /B o o [/ -
Ax Ax Az

FIGURE 4.2: Flux reconstruction for edge 4, j.

Fj; = §<«%§<@r> +F5Q)) — 1Ay (QF —Q)IQf — Q) (4.13)

The higher order reconstruction is provided by the Monotone Upwind Scalar Conserva-
tion Law (MUSCL) approach of van Leer [144) [145]:

Q=0+ 1(0-M@- Q)+ 1+0Q-Q)) (@

@ =~ 1((- 0@ - Q)+ +0@Q - Q) (@

Where  is a constant that determines the scheme employed (see Table [4.1]).

Scheme | upwind | semi-upwind (Fromm) | central differencing | upwind 0(3)

1
K -1 0 1 :

TABLE 4.1: MUSCL scheme types according to the different values of « [146].
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1

In the case of Hydra, the value of k = & was chosen, thus Q% and Q~ may be written

2

as:

Qf =Qi+ i((l — /) (Qi — Qi—1) + (1 +K)(Q5 — Qi)))

=Qi+ i(;(@i —Qi—1) + S(Qj - Qi)))

= Qi+ (3@ 200~ Qi) (4.154)
1/1 3
Qf =Qi— 7 <2(Qj+1 — Q) +5(Q; — Qi)))
= @~ (@1 +20; - 3Q) (1.15b)

At this point, [I31], states that to speed up the overall algorithm, the &, terms and

the Jacobian matrix, should be evaluated using the nodal quantities W1thout any recon-
struction of Q1 and Q. Therefore equation is written as:

Fl = o (F5(Q0) + F5(Q) - [451(QF - @Q))) (4.16)

N | =

Substituting the results of |4.15al and [4.15b| into |4.16f

( (QZ) + 9:1 |AZ]|(Q’L "‘ SQ] - 2Qz Qi—l) - Qj + é(Qj-H + 2Qj - 3QZ))
( i (QZ) + '/'zj Q] |AZ]|( (Q]-i—l + 5Qj - 5@1 Qi—l))
(F4Q0) + FH(Q5) ~ 144 ;(Q]H 30,4 3Q: — Qi)

l\D\l—l[\D\l—l[\D\l—\

(4.17)

At this point, it is possible to introduce the discrete Laplacian operator of @Q; and @Q;
into In general, for node 4 this is defined as:

L(Qi) = nolE > Q- Q) (4.18)
" jER;

Where the summation of the difference in values is carried out over all the edges to which

nodes 7 or j are connected to and then averaged. It should be noted that this operator
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is linearity preserm'nglﬂ and indicates the mean difference of values in the neighbouring
region to ¢. For the stencil shown in Fig the Laplacian operators of Q; (L(Q;)) and
Q; (L(Qj)) are defined as:

L(Qj) L(Qi)

(Qi — Qj) + (Qj41 — Qj)) — %((Qj - Qi)+ (Qi-1 — Qy)) (4.19)
(—Qi—1 +3Q; —3Q; + Qj11)

L(Qj) — L(Q:) =

N =N =

As it can be easily seen, the resulting expression is four times that multiplied by the

Jacobian matrix in equation [4.17] Therefore:

—_

Pl = 2(F5Q0) + @) — (1 - mIAIL@) - L@)  (4.20)
It is important to comment on the resulting formulation of the scheme. The first term
on the R.H.S. is a central difference of the fluxes, while the Jacobian multiplication
by the Laplacian terms, can be seen as a smoothing term. Effectively, it is the lat-
ter that provides the upwinding treatment to the centred difference of inviscid fluxes
[139, 147]. Original formulations of the centred scheme did not contain any informa-
tion regarding the flow direction, and therefore generally had poor resolution in regions
where shocks appeared. On the other hand they significantly outperformed the fully
upwind discretisations in terms of simulation time (roughly by a factor of two [139]).
In an industrial environment, flow solver speed is of crucial importance and therefore
the centred scheme justified a significant effort. For this reason, a hybrid scheme was
developed by [139], generally indicated as JST with Matriz Dissipation. The former is
recovered from equation by including the JST switch terms (®) along with second

order differences:

Fourth-Order
Differences

£l = 5 (5@ + @) - 14l (e @ - @) —Ju- 9@~ L@) )) 42

Second-Order
Differences

5This is easily proved considering the continuous 2D Laplacian operator:

for any linear variation the second derivative is by definition 0. Additionally, this operator is also zero
for constant functions, i.e. there is no average difference of quantities around point i.
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Where the dissipation switch is defined as:

P — P,
Pj—i-Pi

2
® = min (e<2) : 1) (4.22)

With P; being the static pressure at node i and ¢?) a constant, generally taken to be
8 [I31]. The switch will be triggered once a shock is detected, i.e. where substantial
differences in static pressure appear. This will remove the Laplacian difference effect
(i.e. O(4) terms) increasing the weight of second-order terms multiplied by the Jacobian
matrix, in turn reducing the scheme accuracy to O(1) (i.e. satisfying Godunov’s theo-
rem). This will allow a smooth capturing of the flow discontinuity. On the other hand,
when the behaviour is close to linear, the opposite will happen. This has the aim of
removing any spurious oscillations due to the higher than first-order terms.

A final comment should be made regarding the matriz-dissipation treatment. In fact,
upwinding is provided by the scaling of each equation’s dissipative term by their relative
inviscid flux Jacobian eigenvalues. Furthermore, an additional modification is required
to avoid issues at sonic or stagnation points, where entropy condition may be violated.
In fact, according to characteristic propagation of information (at the heart of Roe’s
scheme) at these points, an eigenvalue will approach 0. This will produce no artificial
viscosity rendering the scheme unstable and any solution inconsistent (i.e. expansion
waves appear). To overcome this, [148] proposed the following modification of the eigen-

value employed for the edge flux computation:

Al = maz(|A], 2AX) (4.23)

Where \ is the original eigenvalue, while A is the relative variation of the values across
each edge. No flux limiting function has been included into the Hydra scheme, thus it
is not Total- Variation-Diminishing (TVD). This means that it will generate new local
minima/maxima within the solution.

A final point about this scheme relating to aspects of mesh refinement concerns its
stability. In fact as discussed by [149], the centred scheme can become unstable when

applied to unstructured hybrid grids.

4.5.2 Viscous Fluxes

The viscous fluxes computation is carried out by approximations at mid-edge points.

For their evaluation the gradients halfway between the nodes are required. A simple
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averaging of the nodal values (i.e. centred difference) to determine them will cause os-
cillatory behaviour, particularly in the boundary layer, where viscous terms will have
the strongest influence. That is, it does not guarantee positivity. Therefore [I31] imple-

mented the following modification to determine the mid-edge derivative values:

AT AQij ) AT (4.24)

1 1
VQij = i(in +VQj) — <2(in +VQj) - AT AT ) ATy

Where VQ); is the nodal gradient determined using a Green-Gauss (GG) approach, Ax;;
is edge 4j’s length vector and AQ;; = Q; — Q.

4.5.3 Gradient Evaluation

Hydra computes the gradients employing a GG computation. This is based on the

divergence or Gauss’ theorem, namely:

//VVadV:#qa-ndS (4.25)

This states that the flux of quantity a, in the surface normal direction n, across the
closed, bounding surface S of volume V' (RHS of equation , is equal to the gra-
dient of @ integrated over the volume (LHS of equation . Considering the surface
discretisation shown in fig. [150]:

///v@dvzzai-nisi@///Vadvzzaisi (4.26)
14 i 14 i

where 7 is the discrete bounding surface index. In a F'VM process, the value at each node
is assumed to represent the average of that quantity over the relative control volume.
Therefore, it is possible to move the gradient term on the LHS of outside the

integration:

Va ///V dv = Za .S (4.27)

As the reader will have noticed, the integral is the cell control volume V:

VaV:Zai-niSi:Va:Zic‘l;'Si (4.28)

(2
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This states that the gradient, in a F'VM-sense, is equal to the sum of the value of interest
over the surface of element ¢, multiplied by the control area vector and divided by the
control volume.

For the case of an edge-based unstructured flow solver, utilising a median-dual control

volume formulation, an efficient implementation is displayed algorithm

Algorithm 1 Gradient computation for edge-based unstructured solvers

1: procedure GREEN-GAUSS GRADIENT

2 for Each grid edge do

3 Extract edge’s node 1 and 2 indices

4 Extract edge’s dual area vector S

o a|r,Mid—edgeSx = %(QQ - al)Sx

6 a|y7Mid—edgeSy = %(GQ - al)Sy

7 a|z,Mid—edgeSz = %(QZ - al)Sz

8 Accumulate contribution for each node
9

end for
10: for Each boundary node do
11: Extract boundary area vector
12: a|x,Boundarybe = apShe
13: a|y,BoundarySby = abSby
14: a|z,Boundarysz = apSp:
15: Accumulate contribution for each boundary node
16: end for
17 for Each grid node do
18: Divide accumulated value by control volume
19: end for

20: end procedure

4.5.4 Linearity Preserving Laplacian Operator

The careful reader will have noticed that eq. is a modified version of the discrete

Laplacian relation, the exact one being:

LQ) =Y (Q— Q) (4.29)

JEE;

The summation being carried out over all the edges to which node ¢ is connected. As
described by [I51], the additional averaging by the number of edges is helpful to remove
grid dependencies, particularly where nodes are within uneven cell conformations.

[131], [151], also state that further modifications are necessary to avoid first order terms
appearing in their discretisations for unsmooth grids. Considering a 3D Taylor-Series

expansion of @Q; around Q; [151]:
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. ) 1 282Qj 282Qj 262Qj
Q,QJ+A7~VQJ+2<Ax 55 T Ay % + A28
GZQ' 82Q- GZQ'
AzA I+ AzA I+ AyA J AT 4.
AT y@x@y AT * 9102 + Ay Zay(?z +0( @ ) (4.30)
Therefore:
1
L(Q;) = L, Z(Qj — Qi)
JEE;
1 ) (4.31)
= ( > AT -VQ;+0(AT?) + @(AY?’))
GJEE; oo

© 6(1) terms

As it can be seen, first order terms do appear in the Laplacian operator computation.
The modification applied by Hydra to avoid this issue is simply to subtract the prob-

lematic term from the overall operator computation [131]:

LP(Qs) = Li(@Qi) — L(T) - V@i (4.32)

the suffix Ip stands for linearity preserving while L(?,) is eq. applied to the edge
length vectors to which node i is connected to (i.e. this will result in a Laplacian in x,
y and z). At the boundaries, this approach will cause convergence issues, as the whole
term may approach zero. Therefore the Ip alteration is limited by modifying the L(T)
at the boundaries [I31]:

LYT) = L() — (L(T) - )7 (4.33)

With bnd indicating boundary node and w being the surface normal at that node. This
may cause the lower order terms to re-appear in the flux dissipative term computation,
however the contribution will be negligible at smooth surfaces.

Further issues in the computation of the Laplacian terms may materialise when the grid
is stretched, e.g. in the boundary layer. In these cases the L(?) may cause the gradient
term included to have a larger contribution w.r.t. the 0(2) terms. To overcome this
issue L(Q;) is changed to [131]:

1 - Qj — Qi
- (e e 30

JEE;
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4.6 Time-Stepping Approach

Hydra utilises a 5-step, low—storagdﬂ RK explicit iterative scheme to reach convergence
(although 3 and 7-step algorithms are also available). In general, this approach can be

written as [152]:

Q" =q
Q)" = Q" — a®ALRI V=1, .5 (4:35)

Q§n+l) _ Q§5)

With k representing the Runge-Kutta step, an) the flow solution at node j for iteration
n, a a multiplier between 0 and 1, At; the local time-step for point j and Ré? the residual
evaluated at step k of the iterative scheme comprising all fluxes. By splitting the residual
evaluation into convective (C) and dissipative (D) terms, it is possible to avoid updating
the entire R;? vector at every iteration, thus reducing the memory burden of the scheme
[131]. This kind of approach is known as Additive Runge-Kutta, initially developed by
[153], and employed in Hydra. Here the residual is modified as follows:

RV = ¢l gl (4.36)

Where ngfl) is a combination of the dissipative residuals of the current and previous

step:

B = D"V 4 (1 B (4.37)

Like «, 8 also represents a coefficient between 0 and 1: the complete set of values of

both for every Runge-Kutta iteration can be found in table

Step 1 2 3 4 5

o 0.25 0.375 | 0.5 1

[

B 1 0] 056 | 0 | 044

TABLE 4.2: 5-step Runge-Kutta coefficients

5This means that memory requirements are reduced, but the scheme is only 0(2) accurate [138].



Flow Solver 60

The reduced number of evaluations of the dissipative fluxes is due to the values of
being 0 at the 2"¢ and 4" steps of the scheme, therefore only the effect of the k — 2

previous iteration will be accounted for.

4.7 Multigrid Cycle and Interpolation

The multigrid process in Hydra is based on the work of [I31] and falls into the Full
Approximation Storage (FAS) category. The preprocessing software will perform the
edge collapsing algorithm to generate the coarser grids as discussed in section [3.3.3
With reference to the numerical implementation of the procedure, this is performed
in two steps: a restriction and a prolongation process. In the first part, solution and
residual vector are interpolated from fine to coarse grids. The reason for also considering
the residuals, is to allow their high-frequency modes to be damped out and to maintain
the finer grid accuracy. For these reasons, a conservative approach is required, i.e. the
residuals of each node are weighted by the control volume size (V') such that their value
increases along with that of the cell [67]. Indicating as h and H the fine and coarse grid

spacing, respectively, the restricted residuals R for node j can be written as:

Yiex, VI'RY
R = s . (4.38)
maz(Vi®, 3 ek, Vi)

with the summation being carried out over the set (K;) of all the fine grid control
volumes contained within the coarse one. The denominator is modified to be able to
consider discrepancies between the sum of the fine mesh control volumes and the coarse
mesh volume containing them, with consideration that, non-negligible effects may occur
particularly at the boundaries [I31]. In general, [67] states that it is better to apply O(1)-
accurate solvers on the coarse grids as they provide reduced simulation time, increased
robustness and damping properties, while not affecting the finer grid solution accuracy.
This is confirmed by [I31], as only in certain cases did ©(2) accuracy on the coarser
levels allow to achieve convergence sooner.

The second part of the procedure is that of interpolating quantities back from coarse
to fine mesh, i.e. the prolongation. In this case the difference between the starting and
final solutions on the coarse grid are prolonged, generating a correction for the fine grid
flow variables [131]:

AQ) = AQY + (x —xI)v(AQM); (4.39)
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where the gradient of the solution variation on the coarse grid is computed using a GG
approach and is multiplied by the distance between the fine and coarse mesh nodes, with
the former belonging to set K.

It should be pointed out that both the interpolation processes are linear. There is, in

fact, no need for an increased accuracy scheme, as according to [154], their order should
fulfil:

(14 Op + Or) > O (4.40)

i.e. the sum of the order of prolongation (Op) and restriction (Og) operators plus one
should be greater than the order of the derivatives of the p.d.e. being modelled (Og) to
avoid introducing errors.

To be able to further speed up the convergence process, the multigrid V- or W-cycles are
generally employed (fig. . These require multiple coarsened grid levels where the flow
equations are resolved. Their difference relies on whether the solution is interpolated
from fine to coarse and vice-versa (V) or whether sub-multigrid iterations are used,
employing only the coarse grid levels (W). In general, the former is better for super-

and hypersonic flows, while the latter is more suited for transonic flows [67].
V-cycle W-cycle

Restriction
\ Solution evaluation

Fine grid hy
Coarse grid 1 hy

Coarse grid 2 hg

Coarse grid 3 hg /
Prolongation

Grid spacing: hg < hy < hy < h3

Inner cycle
over coarse grids

FIGURE 4.3: V- (LHS) and W- (RHS) multigrid cycles.

4.8 Turbulence Model

In this work, the SA turbulence model was applied to provide an approximation to the
Reynolds Stresses in the steady, compressible NS conditions. The reason behind this
choice is twofold: it has proven to be a more robust approach and the adjoint solver has

a complete and stable linearisation of it.
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This technique is based on a single transport equation to determine the eddy viscosity

v and was originally developed by [I55]. [67] summarises its advantages as follows:

good prediction of turbulent separated flows with adverse pressure gradient;

e at any one point its evaluation is independent on other nodes, simplifying the

implementation;

good robustness and convergence behaviour;

limited near-wall grid resolution requirements.

The transport relation for this model is written as [I31]:

o o ov o 1 ) -
== - hi — == . )V Y 4.41
5t + us- + vﬁy + weo = <V (v +D)VD] + (VD) > + S (4.41a)

~ Source Term

Advection Term Diffusion Term
Destrjliction
° & Ch1 7\
S = Cb1SI; - <Cw1fw - /\th2> <> + ftlA'LLQ (441b)
—— R dw —
Production Trip
with the turbulent viscosity being defined as:
—— (4.42)

and v is the molecular kinetic viscosity. The production and destruction variables are

summarised in table while those for the trip evaluation may be found in table

3 ~
— X i R,
f’Ul - X3+C§;1 X v fv2 — 1 1+Xf’u1
Fo=3( 2% )" | G =74 cunl® - 7) F= oL
w §6+Cg)3 w2 SEQd%U

S=S+dmhn |S=y(Gr -3+ (-3 + (% -5

TABLE 4.3: SA turbulence model production & destruction terms [131].

It should be noted that d,, and d; are the distance of the node from the closest wall and

the wall trip location, respectively, S; is the vorticity at the trip location, Au and Az
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(—c st [d2,+ 2d2])
tQ(A )2 w9t %

u

fiu =cuagee

_ 2 . A
fio = cize™ X | gy = min (0-17 &A@)

TABLE 4.4: SA turbulence model trip terms [I31].

are the velocity and coordinate difference with that at trip, while the remaining terms

are constants and are displayed in table Finally, at the wall 7 = 0.

1 =0.1355 | p=10622| o=3% |cu="71

cor =B+ | =03 | cu3=2 | =041

Ct1 — 1 Cp = 2 Ct3 — 1.2 Ctq4 — 0.5

TABLE 4.5: SA turbulence model constant terms [I31].

In the code implementation, the trip contribution is not included, as for turbomachinery
applications it can be assumed that the entire flow is turbulent [I3I]. For situations
where this is not the case, s may be multiplied by a coefficient increasing linearly from
0 to 1 in the region where turbulent transition is expected to appear. Additionally,
complications may arise when discretising VI - VI present in the diffusion term, as
inconsistent (negative) values of the turbulent viscosity appear. For this reason the
procedure in [I55] was followed by [I31], i.e. a conservative discretisation of this term,

assuming that v is constant, was applied:

> {v (WVP) + V- (5VD) + cw(va)ﬂ -

(4.43)

g

1
v [(y +(1+ CbZ)ﬁ)Vﬂ] — P25y

The convective part is in non-conservative form, due to the presence of the flow velocity
term preceding of the eddy viscosity derivative. For this reason, the turbulence model

flux discretisation is different to that of the NS p.d.e.s [I31]:

/V u-Vily,dV = % > (i n) (754 53)] — [wi i [ { (1= 0) (L (57) — L (3)) + ¢(7 — ) Ay (4.44)
@ J€EE;

where V; is the control volume, the summation is carried out over all edges E; con-
nected to node 1, Lép is the linearity-preserving pseudo-Laplacian term applied to the
eddy-viscosity, As;; is the control surface belonging to edge ij and ¢ is the artificial

dissipation switch. It should also be noted that the |‘g—§ ‘ term will dominate the relation
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in the boundary layer regions: this is useful to aid coarser grids turbulence resolution in
the multigrid scheme.

Further issues concerning negative values of turbulent viscosity appear due to the solu-
tion updating scheme. Firstly, the SA source term may cause the turbulence to decay
too quickly, therefore the time step for node i was modified to achieve an implicit for-

mulation [I31]:

Implicit
time step
At ! (4.45)
2‘/1 7 1) 1] o ‘Xj _ Xi| v

JEE;

Explicit time step

with a lower limit set by the Harten-entropy fiz proposed in [I56]. It is also necessary
to limit the turbulence quantities update provided by the RK scheme to avoid any
unphysical behaviour [131]:

. AD, AP <0,
V)i =
i (Dn_ﬁmin)Aﬁ A~ > 0

where Upin = Uso-

4.9 Boundary Conditions

4.9.1 No-Slip Wall

In all simulations run in this work, no-slip was the default choice for walls. This simply
consists in enforcing Dirichlet conditions for the u,v and w velocity components: the
values are zero except for cases where rotating components are present. Due to the
simulation being in the relative frame of reference, surface static parts will be moving
with the same velocity magnitude but in the opposite direction w.r.t. real configuration.
Along with the primitive variables, the wall residuals must be enforced. For viscous cases
utilising the SA model, the momentum along with the turbulence p.d.e.s are always set

to zero. If a wall temperature is set then the energy relation’s residuals are also zero.
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4.9.2 Periodic Boundary

The use of periodic boundaries is very helpful in turbomachinery flow simulations. In
fact, this allows partitioning of the computational domain into equal sections each con-
taining a blade. It thus follows that there is a significant reduction of simulation time
and the resulting file’s size. As specified in [67], Hydra makes use of rotational periodic
boundaries. This means that data transferred from one side to the other will require
rotation of all vectorial quantities, such as the gradients or momentum terms through

the following matrix:

1 0 0
R= 1[0 cos(d) sin(6) (4.46)
0 —sin(f) cos(0)

where 6 is the blade’s periodic angle. Therefore, for e.g., any vector quantity accu-
mulated across the periodic boundaries would have the y and z components coupled.
A final point should be made: the developments within this research, have shown the
necessity to enforce equality between the values determined on each side. This means
that it is preferable to rotate the quantities on one side, accumulate them with those
on the other, and finally rotate them back. Alternatively, if the values are determined
separately, small numerical errors can surface. Where iterative schemes are applied,

repeated accumulation of these can result in significant noise or even divergence.

4.9.3 Symmetry Plane

Symmetrical boundary conditions are not often enforced within turbomachinery test-
cases, however some clarification should follow. As in the case of periodic boundary
conditions, their application relates to a reduction in the simulation domain and thus a
faster turn-around time is achieved. It follows that their employment, requires a state
of no flux across the symmetry surface. Assuming such a boundary is set-up in the zz

plane, the following should be zero [67]:

e v-velocity component;

e y-component of the gradient of a scalar quantity;

ou __ Ow __ (.
°87y*8y*0’

ov _ Ov __
.Bim_az_o'



Flow Solver 66

4.10 Preconditioning

Despite the effort to stabilise the simulation and reduce run time through the appli-
cation of multigrid techniques, convergence rate is still unsatisfactory [I3I]. For this
reason preconditioning techniques are employed to aid solver performance. The idea is
to be able to cluster eigenvalues of high frequency modes (in the NS residuals) as far
as possible from the origin [I57, [158], where RK approaches struggle the most [I141]. In
particular for an explicit time-stepping technique, the aim is relocate these modes where
they may be effectively damped by the scheme itself [140]. Specifically, there are two
main approaches for the implementation of such a process. The first is that proposed
by van Leer (for e.g. see [I59]), where a preconditioner matrix is created to reduce the
ratio of the largest to the smallest eigenvalue of the Euler equations coupled with an
optimal RK scheme. However, this approach is only suited for structured meshes with
cells having an aspect ratio close to O(1) and is not straightforward to extend to the full
NS relations [157]. While this procedure is developed starting from the analytic equa-
tions, other approaches are constructed by considering the discretised relations along
with the scheme employed. One of such schemes is the block-Jacobi method as shown
by [157, [160].

T B T T
! I
! I
8y | by |
LH | HH | mxn
! I
I I
| |
wrf-—--—-—--- m—— /2 fmm b — —
| | |
| I 2x3
! 1 |
LL | HL F—_t == =
! g
| L—a
|
- /2 0, L 0 /2 9, g

(A) Splitting of high (H) & low (L) 2D fre- (B) Damped 2D frequency errors in Fourier
quency errors in Fourier space. space by an explicit multigrid method.

FIGURE 4.4: Fourier domain of the error modes [141]E

Before proceeding any further, it is important to specify the relationship between the
multigrid procedure and the low/high frequency errors. In 2D, for instance, the finest
grid employed will have a low (0 < #< |+ F|) and a high (| + 5| < 0< | £ 7|) frequency
mode in each direction. Therefore one ends up with four possible combinations of errors:

high in both directions (HH), high in one and low in the other (LH, HL) and low in

"Reproduced with kind permission of AIAA.
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both (LL), as shown in fig. The coarsening strategy generally employed in the
multigrid system will produce meshes where the lower frequency errors will become high
frequency and therefore may be easily dealt with by the RK method. On the other
hand, the highest frequencies will be aliased, i.e. they will not be resolved and therefore
damped as required to increase the convergence rate. This has to be the case for the
three components containing at least a high frequency mode in one direction. Explicit
methods, such as that utilised in Hydra, are problematic in handling the LH or HL
components [I41]. For e.g., if one considers an explicit multigrid sequence where the
finest mesh is size m X n and each coarsened level is obtained by removing every odd
node, the frequency spectrum covered will result in that of fig. This issue relates
to the alignment of fluxes with the coarse mesh edges, thus causing a strong coupling
in their direction, whilst generating a weak coupling normal to the edge itself. Any
high frequency occurring in the latter direction will not be damped out by the multi-
grid procedure, potentially causing significant convergence issues [I141]. This behaviour
generally occurs in the tangential direction to the viscous wall, where the grid has large
spacing and is usually perpendicular to the surface. The problem may also materialise
in regions where convective terms of the NS relations align with the mesh. Contrary
to expectation, [I61] states that the discretisation of the turbulence model can be dealt
with by an explicit multigrid approach without affecting convergence.

In Hydra, the preconditioning procedure employed is the block-Jacobi ([131 140} 158
161]), coupled with an appropriate multigrid generation procedure, and it is able to han-
dle boundary layer cases where combinations of HL or LH modes may appear [161]. In
this procedure a residual linearisation is performed w.r.t. the node in consideration. The
block diagonal matrix is then formed by considering only terms containing the node of
interest. The approach followed is that of [131], i.e. of splitting the inviscid and viscous
residual terms and then re-combining them to achieve the overall matrix. The solver’s

inviscid flux is computed employing relation A local linearisation yields:

8Ffj_1
0Q 2

(45 + 450, - 1451 (2@ - @) - 0 - BE@) - 2@ )

With AZ»Lj being the linearised Jacobian matrix. Summing over all the edges connected

to node j, as previously done for the residual accumulation (eq. [4.11)):

P =4 3 5 (AhQ a5Qs 141 (2(Qi- @) - 51-B)L(Q) -LQ))) ) Ay

J 1€E;

Neglecting all the terms different from j:
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P =3 3 5 (450 - 1451 - Qe+ - 912@) )ass

ZEIE

Noting that ZZE]E A Q] = 0, as it is a constant integrated over a closed volume and

removing the nodal value dependencies:

B =35 <|Au|<<1>+3< 2)As;

7 icE;
V g}; ‘AZJ‘ (1+20))As;; (4.47)
1
7 e,

As noted in [I31], there is a difference in the value according to the switch intensity ®,
although it is argued that forcing its contribution in the preconditioner to 1 will only
have the effect of reducing the local time step.

For what concerns the viscous contribution, simplifications are required. Firstly, the
nonlinear terms Mu% are linearised by assuming constant dynamic viscosity g and
velocity u. Additionally, the gradients evaluation is approximated by a finite-difference

along an edge neglecting any cross-derivatives. In particular, this my be written as:

d i
% ?—HJ @ ’—> (4.48)

With 77 being the unit-edge vector. The full contribution of the viscous components is

determined by linearising the viscous Jacobian matrix (Z) [162):

L 9ZdU

= 5050 (4.49)

Where U represents the vector of primitive variables. This is then employed to modify

the residual equation evaluation:

Z ZL |As” (4.50)
Vi icE;

With the edge vector having been included into the matrix Z%. The overall precon-
ditioner is then formed by adding the two components and multiplying by the resid-
ual’s contribution at every step of the RK process. It should be clear that at M = 0
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(stagnation points) and M = 1 (shocks) Harten’s entropy fix [156] is required to avoid

instabilities.

4.11 Parallelisation

The main objective behind the OPLUS library is to minimise the code modifications to
achieve a complete parallelisation, thus simplifying development, as no knowledge of the
CPU-to-CPU communication is required. Originally coded for Reduced Instruction Set
Computer (RISC) architectures, it has been generalised to deal with any. The library’s

main characteristics concern [136]:

e the ability to deal with multiple types of data structures, such as cell or edge-based

e the increased efficiency by transferring data only when modifications have occurred

and the overlap transition between computations/messages

e no requirement to have a separate serial program, thus allowing a unique version

of the code simplifying development

OPLUS makes use of a generic manner of dividing the unstructured data [136]:

1. Sets = nodes, edges, cells ...

2. Data on sets = numerical values associated with the sets, such as grid coordinates

for the nodes.
3. Pointers between sets = grid connectivity, for e.g. edge to node mapping.

4. Operations of sets = calculations performed on the numerical values (loops, matrix

products and so on).

The domain is split between processors as shown in fig. [£5] As it can be seen, each
processor owns all data regarding the mesh portion it has received, thus each partition
will execute all the operations needed on each separate group of nodes. However, an
issue arises at interfaces between the domain split. Here, the developers of OPLUS
opted for the operations on these nodes to be repeated between processors rather than
having their values computed and then transferred, thus reducing the message passing

burden. The actual parallelisation process divides itself into the following steps [130]:
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Recursive bisection algorithm
splitting domain

---@ o o ®---
® > <> >
® <> <> >
---@ < < ®---
Red processor /\ Green processor
——o9----- ° S ——+o
—o------ 4 0 ------ —+o
—o------ ® 0 ------ —o
——o------ ° 6 ------ —o
¢ 4

Shared nodes

FIGURE 4.5: 2D Example of parallel domain splitting (note: colouring is only for
visualisation purposes).

1. Partitioning = The first part consists in a recursive bisection algorithm followed

by the application of connectivity data to split the domain.

2. Import/export maps = Determine identity of nodes required by current processor

outside its partition (import) and of those needed by other CPUs (export).

3. Local renumbering = To reduce memory allocation the data held by the processor
is all re-catalogued locally, while maintaining the global ordering to write the final
solution. Additional information is then required to determine whether imported

data is needed.



Chapter 5

Adjoint Solver

5.1 Introduction

Adjoint technology dates from Lions ([L63]), who first applied it to optimal control the-
ory in the early 70s. Shortly afterwards, Pironneau ([164]) employed it for aerodynamic
design, then Jameson (late 80s to early 90s, [I65H167]) managed to systematically mod-
ify a geometry to improve certain designated values of interest. Since then, research
relative to adjoint techniques has become widespread, mainly related to design optimi-
sation, but in smaller part, also to mesh adaptatiorﬂ

In the past, the main technique for the determination of the gradient of a performance
quantity of interest w.r.t. a design parameter perturbation, was the FFDM. This approach
did present issues in terms of numerical inaccuracy. In fact, as described by [16§], the
step size chosen is critical: too large and te terms will start to dominate, too small and
subtraction inaccuracies will affect the calculation. A significant improvement to this
process was the introduction of the complex-step method. The only difference with the
FDM technique, is the substitution of the R-step with an & one in the Taylor-Series
expansion. This avoids the need for subtraction in the gradient calculation and there-
fore any cancellation errors [168]. FDM-related processes require a CFD run for every
design parameter change, and therefore can not be considered an efficient optimisation
technique, particularly in industrial settings, where time is a crucial factor of the devel-
opment.

In a component design process, such as a wing’s aileron or a jet engine’s high-pressure
compressor, the engineer is concerned with discerning how critical data, for e.g. lift or
drag on the aerofoil surface, may be optimised w.r.t. the design space available, such

as camber or chord. It is more common than not, for the performance quantities to be

1t should be noted that in other areas of research, adjoint procedures are employed for other purposes,
such as data fitting.

71
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fewer in number w.r.t. the design variables. Therefore, in an optimisation problem it will
be more efficient to compute the sensitivity of performance values to the design space
based on perturbations in the quantity of interest, rather than perturbing each design
variable independently. In other words, to optimise a system with a smaller number of
outputs than inputs, it is cheaper to determine the sensitivity of outputs to inputs by
perturbing a selected output and tracing the effect in reverse (or adjoint mode) back to
the inputs, rather than varying a single input to see how it affects all the outputs in a

forward manner (or direct mode), as shown in figure

Design Perfomance
Variables System Model Quantities
g ——» Nawvier-Stokes Eq. |——wm
R(Q)=0

Direct Solver

5 7 Single Functional
(4 Perturbation
Adjoint Solver
Single Design ljoint 5 5f
Variable Perturbation J

FIGURE 5.1: Direct and adjoint solver schematic.

Both methods are based on a linearisation of the p.d.e. modelling the system (in this case
the NS relations). Depending at which stage the linearisation takes place, the resulting
sensitivity equations may fall into the continuous or discrete category. In the first case,
the analytical NS eq. are linearised and equations for the functional of interest derived.
These are then discretised, without necessarily employing the same strategy as that
chosen for the flow solver. In general this approach is the least preferred, as for every
performance quantity of interest new equations must be determined. Additionally, the
boundary conditions derivation is non-intuitive and, in some cases, non-physical [168].
On the other hand, discrete implementations consist of a linearisation of the discretised
flow solver. This means that both must have the same underlying procedure of solving
the equations. Omne of the most complicated features of this method relates to code
consistency between NS solver and the direct/adjoint codes. By consistency it is meant
that as the grid resolution is increased, the NS and direct/adjoint solvers will tend
towards the exact solution. To achieve this condition it is not uncommon for the NS
code to be modified to achieve consistency of the linearised codes. Implementations of
the direct or adjoint solvers may be simplified by applying algorithmic or automatic
differentiation (AD) of the source code, thus significantly reducing the developer’s task.
On the other hand, though, they can be slower w.r.t. their continuous counterparts.

In the sections that follow the derivation of adjoint relations, together with a description

of other main aspects of it will be provided. After the general treatment of the topic, a
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more in-depth analysis related to the actual implementation of the discrete version will

be carried out.

5.2 General Adjoint Equations

As discussed by [168], every functional of interest (f; j=1,..,N f)EI in an optimisation
problem, has a dependency on the system’s state (Q) and Np design variables (q; i =

1,..,Np). Therefore, in a generic way it is possible to write:

fi = fi(ai, Q(ay)) (5.1)

Indicating the system’s equations, in this case the NS relations, as R(Q) = 0:

R(a;, Q(ai)) =0 Va (5.2)

As can be seen, the state variables depend implicitly on @;. The first step in the direct
and adjoint procedures, is determining the total derivative of the functional of interest

w.r.t. the design variables [168]:

dfy _ 9f;  9f;dQ
da; o6, T 9Qda (5-3)

While the partial derivatives can be simply evaluated perturbing the denominator and
determining how the numerator varies, the total derivatives, specifically the —Q term,
are more complex to evaluate. At this point, one can introduce the total derlvatlve of

the NS relations w.r.t. the design parameters, as this will be 0 regardless (eq. :

IR _0R  ORdQ
da;  0a; = 0Qda;

=0 (5.4)

Noting that the problematic term is present in both relations:

dfi _ 0f; , 0f;dQ H= (5%) &= 4, of 8fj<8R>_18R

- 9Q\aQ ) aa;

dal N 6&1 BQ dOzZ d&z N 804Z GQ (5'5)

At this point, it is possible to differentiate between direct and adjoint methods. This is

determined by which combination of quantities present in the last term are employed.

2These may also be indicated as scalar integral quantities of interest.
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If (g%)_lg—g: is solved, the direct, or tangent solver, has been chosen. In this case,
for every different design parameter, a new solution would be required. However, the
equations have no dependence on the functional of interest. Therefore, this procedure
would efficiently determine the sensitivity for all quantities to be optimised w.r.t. one
design variable.

On the other hand, opting to solve the term formed by g—g(g—g)_l, the opposite is
true: i.e. a single solution to this relation can be used to determine the sensitivity of a
parameter of interest w.r.t. any design variable. This can be easily verified by noting the
direct dependence on the functional of interest, but no presence of the design variables.

At this point it is possible to define the adjoint vector ¥, utilising the reasoning that

has just be outlined:

R T__(97f
Q" ~aq

5.3 Duality: An Alternative Viewpoint

Often, the direct and adjoint relations are cast in a more generic framework, see for e.g.
[14, T69HI7T]. As this formulation is of interest to clarify certain aspects of the adjoint
methodology, it will be briefly discussed here as well.

Considering a perturbation §Q in the flow solution Q, it possible to linearise the depen-
dency of a quantity of interest f; (e.g. lift) on Q and then determine its change due to

the perturbation:

_ 9

= 50°Q =01 (5.7)

Ofj

With 4 being the perturbation and ¢’ the gradient. Linearising the flow relations, the

primal system of equations may be determined [170]:

Li=p (5.8)

The dual form consists in computing 97 p, where ¥ corresponds to the adjoint vector

and is evaluated as follows:

L=y (5.9)

It is now necessary to prove the identity 97p = ¢” u:
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p=9"Li=IT")"a=¢"a (5.10)

From a physical point of view, it can be seen that the adjoint term ¥ indicates the effect

of changes of the source term p on the quantity of interest.

5.4 Continuous vs. Discrete Adjoint

As previously mentioned, the continuous and discrete adjoint difference is due to the

order in which they are derived w.r.t. the discretisation, as illustrated in fig. [5.2]

Continuous
Governing
Equations

Continuous
Cost
Function

Continuous
Adjoint
Equation

Discrete
Governing
Equations

Discrete
Cost
Function

Discrete

@ Continuous

Discrete
Adjoint
Equation

FIGURE 5.2: Continuous & discrete adjoint derivation process Mﬂ

In the first case, the flow equations are linearised and applied to determine the func-
tional of interest through the use of a Lagrangian formulation, for example. The dual
analytical equations along with the boundary conditions are thus determined and may
be discretised with an appropriate scheme. It should be clear that the procedure em-
ployed may not necessarily be that of the flow solver. This allows a greater degree of
freedom that results in a computationally more efficient code. Moreover, the final so-
lution will determine the desired gradient, i.e. the sensitivity of the functional w.r.t.
the design parameters, without the need of further steps. Finally, it does offer better
physical insight due to the direct relation with Green’s functions [I70]. However, great
part of the derivation has to be repeated for every different functional or for changes in
the location where they are evaluated (for e.g. in a full aircraft configuration it may be
necessary to compute drag on the wing and the horizontal tail-plane separately).

On the other hand, in the discrete adjoint approach the discretised nonlinear NS equa-
tions are used. In this case, the first step consists in differentiating, i.e. linearising, the

flow solver’s code. This may be done by hand or automatically through AD software

3Reproduced with kind permission of Springer.
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TABLE 5.1: Continuous vs discrete adjoint: advantages & disadvantages

packages. In the first case, the developer will have to go through the code line by line
and determine the necessary instructions. As one can imagine this process can easily be
subject to error, hence extremely time consuming. Moreover, any change to the nonlin-
ear flow solver must be propagated to the linearised codes as well. On the plus side, this
allows a faster code w.r.t. the AD way of deriving it. On the other hand, AD provides
the easiest way of maintaining the differentiated code. In fact, during compilation time,
the code will be differentiated automatically in forward or direct way and in reverse or
adjoint manner, thus being able to generate the source code for both solvers in a single
action. Therefore, any change in the nonlinear code will be immediately disseminated
to the linearised counterparts. One of the main complications that may occur, is repre-
sented by the code consistency, i.e. changes to the nonlinear flow solver may be required
to ensure that as the grid spacing approaches 0 they both tend to the analytical answer.
This issue is avoided in the continuous counterpart, as the solvers are separate. Finally,
the discrete code will have the advantage of having its boundary conditions determined
automatically, whilst in the other case dealing with them is non-trivial.

A summary of the main variations between discrete and continuous adjoint versions is

given in table
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5.5 Continuous Adjoint: Boundary Conditions, Time &

Convection Reversal Example

Adjoint techniques are well known for reversing the flow convection direction, but also
the pseudo- and physical- time stepping. One of the most common features of this
characteristic is the so-called reversed-wake as shown on the RHS of fig. It is clear
from the comparison with the NS wake (LHS in fig. that they propagate in opposite

directions.

Adj Momentum Magnitude

FIGURE 5.3: Comparison of flow velocity magnitude (LHS) with that of adjoint mo-
mentum equations (of mass averaged adiabatic efficiency between inlet/outlet, RHS)
at mid-span for NASA Rotor 37.

This behaviour of the dual solution is effectively indicating that a perturbation in the
reversed-wake region is going to have a greater effect on the functional of interest (adi-
abatic efficiency in the case shown in fig. than anywhere else in the domain. To
understand the reason behind this behaviour, the simplest explanation employs the con-

tinuous adjoint operator definition as defined by [173]:

/aia Qo = [...]|6Q+/af*@ Q) (5.11)
Q Q

Where integration by parts has been employed. Considering the 1D linear convection-

diffusion equation [I70], with constant velocity a:

-~ di _d*%
Li=——

Subject to the boundary conditions %(0) = u(1) = 0, one may determine the dual or

adjoint formulation as:
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. L dv __du
I e
0

—/1’@‘%@:— aa‘m—a/ﬁ/d”{l— LN
0 dx dx dr], Jo  da?

1

o Jo iz dz ™’ (5.13)

L Tdv  _d*v __du S~
= —/0 u{dx—kadxz]dx—avdx 0: (L*v,u)
The adjoint operator L* can therefore be expressed as:
~ d d?
L'=———-a— 5.14
dr  dz? (5.14)
With adjoint boundary conditions:
o du . du
0)—(0) —v(1)—(1)| =0 5.15
a|(0) - (0) = 9(1) () (5.15)

Which allow the adjoint p.d.e. to be homogeneous. By enforcing v(0) = v(1) = 0 the
boundary conditions are fulfilled.

By comparing the primal operator L= % — a% with the dual one, it is clear that odd
derivatives will have the sign inverted, unlike their even counterparts that will maintain
their direction. This simple example has allowed to demonstrate the mathematical
reason behind the reversal in space and time of the adjoint solver w.r.t. the original
p.d.e.. In fact, considering the full NS equations, the reader will easily recall that the
time and convective terms space derivatives are all first order, thus being reversed by
the adjoint operator.

From an intuitive point of view, the reason behind directionality reversal is trivial to
understand. In fact, considering a typical subsonic CFD simulation, the adjoint solution
is indicating that the highest sensitivity is located in the upstream part of the domain, as
values in these regions are then convected downstream. Therefore, in general, perturbing
a quantity at the inlet will have a greater effect on the functional than applying this to

the outlet.
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5.6 Explicit Runge-Kutta Scheme with Preconditioning

As previously mentioned, the continuous adjoint operator can be determined from the
primal one by applying integration by parts. The procedure was shown for the linear
diffusion equation in section [5.5] and it has been proven that any odd derivative has its
sign reversed. This results in time and convection having opposite direction in the lin-
earised NS dual relations. The discrete counterpart of integration by parts is summation
by parts [174):

n—1 n-1
Do a BT —b) = a"b" — a0 = 3 (@~ al)pf (5.16)
=0 1=0

Where a and b are two generic quantities. This equation will be used to show how an
explicit RK scheme is changed to be employed appropriately in a steady discrete adjoint
SO]VGIEl. To be able to determine how this time-marching scheme should be used for the
dual solver, [174] first determines the duality equivalence introducing extra terms into

the continuous formulationPt

(5.17)

Therefore to fulfil the duality requirement L*% — g=0.

The discrete unsteady primal problem may be formulated as:

a"t =" + R(p— L) (5.18)

Where R is an operator defined by the RK scheme and the preconditioning employed.
The functional is thus computed at the last time step N;, such that f = (g,u™*) with
2’ = 0. Employing the technique previously outlined in and setting & as the

unsteady adjoint variable, the last relation may be expanded as:

4This derivation follows the ideas of [I74], unlike the publication, in this case a detailed explanation
of every step is provided to aid the reader’s understanding.
5This is effectively the Lagrangian formulation with linear algebra notation.
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N1
f :<g’ aNt) _ Z (an-&-l7 vt g R(p _ Lan))

n=0

Ne—1 Ne—1 .
=(g. @) = Y@@ A - Y (@, -R(p- L) 22

n=0 n—0 by parts

0 Ne—1
:(g’ aNz) _ (@NtﬂNt _Q%‘OS _ Z (_Z\un—&-l + an’ an)_
n=0
Ne—1 Ne—1
_ Z (ET@n—H, _ﬁ) - Z (ETﬁT@n—&-l’ ﬂn)
n=0 n=0
N1 Np—1
=(g, aNt) B (@Nt,aNt) _ Z (—QnJrl + o™+ ETRT&\)nJrl’ ) + Z (ET@nJrl?ﬁ)
n=0 "0
el Ni—1
=(g—oM, @) + Y @ -o" - LRI @) + Y (RT, )
n=0 -
(5.19)
For this relation to have the same form as the following must holdﬂ
o = o - T RI g (5.20

along with the adjoint boundary condition @™* = ¢g. Employing these, the objective

becomes:

Ny¢—1

f=> (R"a"" p) (5.21)

n=0

To be able to link the unsteady adjoint to the steady version, 0™ is defined as:

Ni—1
"= > R'@™'  Vn<N, (5.22)
m=n

with 2™ = 0 so that the objective function may be written as:

f=@"p (5.23)

Finally, it is possible to remove the dependency of ¥ on & and determine its full equation:

5Time reversal has also occurred.
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~n o__ Nit—1 BT ~m+1
vt = Zm:n Rw

~n+l _ \~MNi—1  pT~m+1
v - Zm:n—l—l R*w

SO = = Rt (5.24)

Consequently:

Ng—1  ~ i~ ~
il Tl SNCL gm_gm g _gn+
o — ,Un—l—l — RTwn—i—l m=n

Ne—1 ~Nyp_
— RT <6J\Nt _ Z (am—i—l _am)) w t—g
m=n+1
Ni—1

:sz(g— > (@m+1—am)> LR, (5.25)
m=n+1

—RT (9— > (ETETQerl)) oy AT

As the matrices R and L are only transposed w.r.t. the primal equation, the same rate
of convergence may be expected.

Having gone through the general idea behind the dual solver’s time-stepping approach,
it is possible to derive the detailed relations for the RK scheme [174]. The linearised NS

equations may be split between the dissipative D and convective C operators:

Li=Cu+ Du (5.26)

As is the case in a partial updating RK explicit time stepping scheme. A generic version

of such schemes may be written as:

P =0
a0 = on

d" = BpDum™ ! + (1 — By)d™ !

am = 0+ anP(p— Camt — dm)

— (5.27)
m = 1 to M stage RK

an+1 — aM

Where a,, and 3, are the M -stage RK coefficients while P is the block-Jacobi precon-

ditioning matrix and d is the dissipative contribution. [I74] then defines the residuals
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of the primal solver as r = p — Lu and perturbations to the dissipative and convective

terms as:

d" =d™ — D" . d"™ =d™ + Da"

(5.28a)
(5.28b)

Effectively, these represent the updates to the quantities provided by the RK scheme.

In other words they are system perturbations in forward mode. Employing these in a

generic RK scheme:

A" = B D™ +7") + (1 — ) (d™! + Du®) — D" =
= B Dum ! + BT + ™ + DT — Bd™ ) — BDTT — DT =
= B DU 4 (1= B)d™

i =3+ o P(p— Cum = — Cu" — d™ — Du") — " =
= ay P(~Cm=! — d™ + p— (Ca" + Di")) =

hd
=r

= amﬁ(r —Cam1 — de)

an-l—l =" + aM

As it can be easily seen, the convective term update is equivalent to the form
" + R(p — La). Therefore:
" = P(r — Ca™ ' — d™)
= amPr — an P(Ca™ ' = d™) .-,

" + ap P(CT™ ' + d™) = ap Pr

untt =

(5.29)

(5.30)

By employing this relationship and that for the perturbed diffusive terms, it is possible

to write the system as:
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I 0 of |at o P

~BD I 0 0 |da2 0

042]36 04213 I 0 2 a2]3
0 —1+8; —pD I 0 of-|a|=] 0 |-r (531
0 0 —1+85 —BgD I 0 M 0

i 0 «o M\ﬁé o 1\7]3 I | _ﬁ]\?_ & ]\713 |

with I being the identity matriz. The system has now been cast as the preconditioned

primal residuals weighted by the respective a;,. To determine the forward RK operator

R:

ut a1 P

e 0

u? a2]3

B|l=B1| 0 |-r (5.32)
dM 0

ﬂﬁ aﬂﬁ

] [0, P |
e 0
u? Oégﬁ
00 - 0 I}- a3 =[0 0 -~ 0 I|-B| o |-r (5.33)
dM 0
171\7 04]\713

therefore:
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ﬁz:[o 0 oo o0 Il-BY| 0 (5.34)

ol

As normal, transposing the primal operator produces the adjoint one:

~

RT=|aPT 0 apP” 0 - 0 aﬁﬁT}-(éT)—l- (5.35)

Setting w as the dual RK working variable and recalling the time reversal, it is possible

to write v" as:

—

i M
o =l + Z OémPTCNUm o — ol — Z OszT(:}m (536)
m=1

m=1

that is, the updated adjoint variable is equal to the update accumulated onto the next
value. Recalling equation the last becomes:

i
> amPTe™ = R (g — L") (5.37)
m=1

substituting the dual RK operator as derived in relation [5.35
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_ - _
52
(,NUQ
[alﬁT 0 anPT 0 aﬁﬁT}. B =
C“lﬁ
cal (5.38)
0
[alﬁT 0 o pT .0 a]/\/[\ﬁT:| .(B\T)—l' '(g_ETan-i-l)
0
re-arranging:
ol - -
2 .
(52
ET J?’ _ S (g B ET@\n—H) (5‘39)
J’J\Z
oM - -
the matrix BT is written as:
1 —ByDT s CTPT 0 0 ]
0 I a2]3T 53 —1 O O
0 0 I —B3DT  a3CTPT 0 0
gr_ |0 Y 0 I asPT  Bi—1 0 0
0 0 I *B5ET aﬁéTﬁT
T
0 I a]\A/[P
0 0 I

Therefore, it is possible to write the adjoint RK scheme as:
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v
dV = —azPToM
om = *OlerlcTPT(:)m—H 4 ﬁm+1DTdm+1

m = M stage RK to 1 (5.40)

d™ = —p PTE™ + (1 — Bppyq )d™ 1

M
=" Y, P
m=1
As suggested by [174], changing v = PT&™ the scheme may be re-written as:

oM _ ﬁT(g B ET@'rHrl)
M _ ~M
d” = —az;v

T = ﬁT — C\T:Jm—&-l + ,B ﬁT(':z'm+1 -
~ am ~m+1 ) m = M stage RK to 1 (5.41)
T = —apd™ + (1~ )"

M
o :@\n—i—l + § :am%}m
m=1

where once again, the time reversal, in the form of backward marching, is clearly visible.

5.7 Flux Evaluation

Given the nature of Hydra, i.e. a vertex-centred flow solver, most calculations are com-
puted employing edge-based data structures. Therefore, viscous and inviscid routines to
replicate the propagation of information across the control boundary surfaces are called
for each edge in the mesh. A similar procedure is employed by the adjoint code. The

overall dual residuals at each grid node can be written as:

L"5-p=0 (5.42)
The term p or —% T (i.e. functional sensitivity w.r.t. flow state) is evaluated at the
first adjoint solver iteration by applying the final flow solution in the routine for the
functional differentiated in reverse w.r.t. Q. This can be considered as a constant
source term at each grid node. In particular, this will be non-zero only on the surface
of integration of the objective function. The quantity that is actually updated at every

iteration is LT% or g—g‘T\Il. As previously demonstrated, transposing the flow solver
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operators in order to determine the adjoint ones, reverses their order. As expected, this
is also the case of the gather and scatter steps in the edgewise flux evaluation [I71].
In the nonlinear and direct solver functions, the states of two nodes of an edge are the
inputs, while the actual edge residual is the output, meaning that information is first
gathered to the edge and then scattered to the nodes. On the other hand, for the adjoint,
the difference between dual variables is first calculated. This is then employed in the
flux routine and multiplied by the linearised Jacobian of the edge. The end output is
then the left and right residual as separate values. This effectively reverses the gather

and scatter operations.

INPUT E INPUT
Qr - Qr
O ; O
(SLTTPLIT E ()L'TPL':F
W is the dual of R, i.e. how
INPUT the edge residuals
affect the functional
vy E Vp
O ; O
GR‘T N - E . OR ’T U
=5l YL Sutrur | “oumur gl YR
aQ ouTpPUT .  OUTPUT 8Q
Adjoint LHS Residuals Adjoint RHS Residuals

FiGURE 5.4: Difference between flow and adjoint solver of the gather and scatter
operations.

By the same reasoning for the derivation of the various adjoint operators from those of
the discrete flow solver, it is also possible to define the order of the calls to the viscous
and inviscid flux functions. In fact, while in the NS solver the dissipative flux routine is
called before convective/inviscid one, their order is reversed in the dual code. This was
proven in section and may be verified by comparing equations and i.e. the
flow and adjoint RK schemes, respectively.

A final point concerning the flux evaluation, relates to the dissipative function. Writing
the overall flux contribution as in eq. the linearised viscous routine may be split
into [I75]:

Di=VGi (5.43)

where G is the gradient and pseudo-Laplacian operator, while V is the actual dissipative

flux computation. The adjoint operator will transpose relation [175]:



Adjoint Solver 88

D5 =G"v"% (5.44)

Therefore the gradients and pseudo-Laplacian terms will be evaluated once the viscous

fluxes have been computed.

5.8 Multigrid

As described by [174], the multigrid procedure for the adjoint solver requires modifica-
tion. In simple terms, the transposition of the operators is used to derive it. The flow

solver multigrid process may be indicated as:

where:

cp, is the fine grid correction

1 ,{{ is the restriction from fine to coarse grid

S is the solution evaluated on the coarse mesh

1 I}_} is the prolongation from coarse to fine of the correction

Taking the transpose of this relation yields:

o = I ShIh|" (5.46)

meaning that the adjoint prolongation is the transpose of the flow solver restriction and
vice-versa. In the NS solver, the restriction operator will determine the coarse mesh

values utilising those of the fine mesh as described in detail in section [£.7] This operator

was written as (eq. [4.38)):

RH _ ZiGK]‘ ‘/ZhR’iL
7 o max(VEL ek, VI

As shown in [I76], the matrix version of operator I} izﬂ

" Assuming that the denominator term is always the coarse mesh control volume.
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- V.h Vih -
0 V;H VF 0
v o e
Rlg = | %' 2" | [R] (5.47)
vh vh
1!

where No and Np are the coarse and fine number of mesh nodes, respectively. The only
non-zero entries are for fine mesh points contained in the relative coarse mesh control
Volumeﬂ It is clear that, this matrix has dimensions of Ng-by-Np, i.e. the number of
rows is equal to the coarse mesh nodes, whilst the number of columns is that of the fine

grid. Transposing:

_ 0 v Vi T
vH vﬁc
0 Az
V]\Ifc
h
r_ | v 0 r
[R(®)n|" = vh [R(Y)]m| (5.48)
it
v
0
Vh
|0 0
L

At this point the number of rows is equal to the number of fine mesh nodes and vice-
versa for the columns. A similar idea applies to the restriction operator, that may be
achieved by transposing relation

5.9 Boundary Conditions

The discrete adjoint requires extra care at solid walls, both for inviscid and viscous flow
components [I75, [177,[17§]. In this work the full NS equations were considered, therefore
its adjoint formulation for wall boundary conditions will be discussed. As described in
section at solid surfaces, the momentum fluxes and turbulence model, along with
all velocity components and turbulent viscosity, are forced to Zerdﬂ This can be cast in

matrix format as follows [178]@

81n the matrix of eq. the non-zero values are only indicative.
9This corresponds to a Dirichlet or strong boundary condition.
9The following derivation is a much more detailed version of that proposed by [I78].
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00 0O0O0°O P 0
01 0 00O 0
001000 v 0
. = (5.49a)
000100 w 0
00 0O0O0°O0 P 0
000O0O0T1 vy 0
L 1 L7 L~
B U
1 00000 [0000O0 0] [ R(continuity) | [0]
01 00 00O 01 00 00O R(x-momentum) 0
001000 001000 . R(y-momentum) _ 0 (5.49D)
000100 000100 R(z-momentum) 0
0000 10 0000 0O R(energy) 0
000001 [0000 0 1] |Rtubulencemode)| |0]
1 B R(U)
or in short:
BU =0 (5.50a)
(I - B)R(U) =0 (5.50D)

While eq. forces to zero the velocity components and turbulent viscosity,
indicates that the only relations that are going to the be solved are continuity and energy,
with the momentum and turbulence model residuals being discarded. Linearising the

last two relations allows to determine the direct solver strong BC"

Bu=0 (5.51a)
(I-B)(Lu—p)=0 (5.51Db)

Combining this result yields:

(I =B)L+ B)i= (I — B)p (5.52)



Adjoint Solver 91

At this point to determine the dual operator, the terms pre-multiplying © have to be

transposed:

~ ~ ~ nT_n ~ ~ ~
(L"(I" = BT) + BT)o = g =2 (L"(I - B) + B)i = g (5.53)
IT=]
B and I being symmetric matrices may not be transposed. [178] splits between the
components of ¥ and g that lie in the null space of B (v) and g”) and those that are
orthogonal to this (v, and g, ). Put into simple terms, the null space quantities of B are

those on which the matrix acts on, the orthogonal ones are independent of it. Therefore:

G=0,+70=Bo+(I-B) (5.54)
as:

v, =B0 (5.55a)
o =(I - B)d (5.55b)

Similarly for g:

- - g1 =By
g=gL+g =Bg+(-DB)g= _ (5.56)
gy=(—DB)g

Pre-multiplying equation by (I — E)

[(I - B)L"(I - B)+ (I - B)BJi = (I — B)g
(I - B)L"(I - B)o+ (I — B)Bo = g
(5.57)

SN T~ = g ety Bis idempotent
(I - B)L"%| + (B — BB)v = g ———=
BB=B

(I=B)L"%) =g

One can then determine the adjoint wall boundary condition that is solved iteratively

as:

"This simply means that Eﬁll =0or Egu =0.
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(I-B)LT5; =g

- (5.58)
Bijj =0

The orthogonal term v, is then calculated separately. The equation for this is derived

using the same philosophy as except pre-multiplying by B instead of (I — E)

(BL(I - B) + BBJo = By Ziiimpotent
BB=B
[BL™(I - B) + Bl = By 550
BL"%) + 91 = g1

/27J_ =g| — EET@\”

From this information it is possible to determine the functional of interest as:

a _ of 0@  of
da ~ 0Q da ' oa
N N~
g7 u
_Of OR  Of
~ QR 0a ' oa
——
T b (5.60)
. Of
_ T YJ
=V Pt 5
" ~ of
_ =T o ZJ
=o' (I B)ﬁ]+8a
. Of
_ AT
=P %a

where in the penultimate step the RHS of eq. was applied.

5.10 Mesh Adjoint

One of the main differences between the continuous and discrete formulation of the ad-
joint procedure concerns the so-called mesh adjoint. In the first case, the functional
sensitivity w.r.t. the geometry surface is directly evaluated. On the other hand, its dis-
crete counterpart employs a flow solver linearisation and transposition, thus determining
how f varies w.r.t. the flow residuals, generally indicated as the flow adjoint (¥ f)H

This does not indicate how the geometry surface perturbations will affect f. For this

127411 now it has been indicated as ¥ for generality purposes. However for the discrete version of the
adjoint it is now necessary to differentiate between the flow component (¥y), and as discussed in this
section, the mesh counterpart (¥y).
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reason, there is a need to "map” the evaluation of ng{ onto the geometry surface.
To be able to understand how this extra step is computed and the advantages pro-
vided by the mesh adjoint (¥,) procedure, the derivation outlined by [179] is described.

Considering a Lagrangian formulation (&) of a functional f to be optimised:

2(@,Q,X, %) = f(8,Q,X) + ¥TR(a, Q, X) (5.61)

Where @ is a design variable, X are the grid coordinates/mesh metrics and the adjoint
vector Wy is acting as the Lagrangian multiplier of a quantity that is zero (i.e. the NS
relations that may be seen as a constraint). Differentiating (i.e. linearising) w.r.t. the

design variable a:

(5.62)

~9a  0Qda 9Xda 9 "9Qda " 9Xda

dz of  0f dQ 6de+‘I’ OR ORdQ ORdX
da 0Q da = X da !

To be able to remove %, i.e. the most expensive quantity to evaluate, its multipliers

are grouped:

d _0f | 0f dX af \IITaR aQ T 87R+87R@ (5.63)
da ~ 0a ' 0X da aQ FoQ f\oa " oX da ‘
As W is arbitrary, it may be formulated as:
T T
L (5.64)

as seen in section The term that allows to map the flow sensitivity to that of
the design variables is %. To determine this parameter it is necessary to know how
perturbations of the surface mesh influence the entire grid. To determine this quantity

a spring-stiffness mesh movement can be employedﬁ

KX = Xqut (5.65)

Where K is the stiffness matrix and Xgy,s is the surface grid. Linearising this relation

about a:

dX dXsurf
K&
da ~  da

13This is the same process utilised for the surface reconstruction in section

(5.66)
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The term on the R.H.S. indicates how the design variables influence the surface mesh.
This quantity is generally determined by analytically differentiating the geometry parametri-
sation w.r.t. & and is a straightforward computation. The ‘% term has a design variable
dependency and therefore ought to be computed for every different one. As shown in
[180], this procedure is time consuming and computationally expensive. For this reason,
[179] devised an alternative way of calculating the mesh sensitivities. In eq. an
extra adjoint term, called mesh adjoint (¥4), multiplying the linear elasticity eq. was

introduced:

2(@,Q, X, ¥, ¥,) = f(a,Q,X) + VIR(®,Q,X) + W[ (KX — Xue) (5.67)

Again, linearising this relation w.r.t. the design variables and grouping the terms as

before:

iZ of  0fdQ  of dX aR ORIQ ORdX iX X
ia oa 9Qda Toxaa TV 9Qda toxda) " i da
0
of ofdX [0f .0 OR _ORdX iX  dXour
_ 97 97 dRr  (O] | GrIBYIQ g1 g7 (KOS B
96 " oXda +¥70q ) da TV \ea Toxda i da
of  Of dX IR ORdX iX  dXour
_ 97 o ol (K2 .
96 T oXda f<a toX da ) ( &~ da > (5:68)

To be able to remove % the same idea as for the flow adjoint is used, i.e. group the

terms multiplying it and set ¥, accordingly to force them to O:

dZ¢ of [(0f _,sOR o \dX 2 OR _pdXgus
— == =+ K| —+4+T - 5.69
i~ oa (ax+ rox TYe )@t Yrea Y Taa (5:69)
Defining;:
K'v,=——2| - | ¥ .
The term in the brackets is forced to 0 and the full sensitivity equation becomes:
2 X

da 8a foa 9 da

Therefore, as required, the mesh adjoint removes the dependency of the mesh sensitivities

to the design parameters, and thus it is only necessary to evaluate it once. Within the
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final sensitivity chain it is then multiplied by the geometry parametrisation differentiated
by @, a relatively inexpensive calculation.

As previously discussed, within Hydra, the adjoint code is a discrete formulation achieved
by employing AD. To be able to determine quantities such as %T the routine developed
to compute f is differentiated in reverse mod@E w.r.t. the mesh metrics, such as control
surfaces and volumes of each dual cell and the coordinates [I8I]. Therefore the chain

differentiation for this term is:

ﬁT_ 8fT+ adeMT
oX  9X. OM dX.

(5.72)

where X, are the grid coordinates and M are the mesh metrics that will depend on
X.. Similarly, the NS flux and source term routines are run through the automatic
differentiation software in reverse mode, again w.r.t. the grid metrics and coordinates
as for eq. [5.72[ [I8I]. Once the flow adjoint vector for each node, g—){ and g—% have
been calculated, ¥, may be determined. Equation is solved setting up the stiffness
matrix K as the inverse of the grid’s edge lengths and applying a conjugate gradient
solver to the system [I81]. The terms on the R.H.S. of relation can be seen as
the source terms of the system, while the mesh adjoint indicates how the information
from each grid node propagates to the geometry surface. During the iterative process
to solve the relation, all wall displacements are forced to zero. Once the system has

converged, the surface geometry quantities are reconstructed from those of the entire

domain employing the procedure outlined in section [1R1].

5.11 Automatic Differentiation

Automatic or algorithmic or computational differentiation consists in applying the chain
rule of calculus to the source code of the software of interest [168]. For every code, it is
possible to define independent variables as the inputs to it and the dependent ones as
those calculated throughout along with the outputs. By grouping these together a set
of m variables is achieved, from here on denoted as t;. Therefore, assuming the code
has two inputs and outputs, tAl and fg will be the inputs, while fm and fm,1 will be the
outputs. The intermediate variables will span from i = 3 to ¢ = m —2. It is now possible

to define the chain rule applied to the source as [168]:

~ =1 o~ o~

ot; ot; Oty .

ot; kz_: oty Ot ! (5.73)
=J

“Duye to the transposition being present.
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where d;; is the Kronecker delta, i.e. 1 when 7 = j, 0 otherwise. If the forward mode of
differentiation is chosen, the summation is carried out by differentiating each instruction
in the order in which they appear till the last. In the previous example, if variable m—1,
i.e. the first output, were to be differentiated w.r.t. the first input, then i = m — 1 and
j=A{13,...,m — 2} (where 2 and m have been omitted as they represent the other
input and output, respectively). As all the derivatives are computed in a sequence
w.r.t. that particular input, little extra effort is required to be able to compute all the
output sensitivities w.r.t. that input [I68]. On the other hand, if the reverse mode
of differentiation had been selected, then index j will span from the output index of
interest to the desired input. So in the previous example j = {m—1,m—2,....,3,1}. As
opposed to the forward mode, this technique allows the determination of the sensitivity
of a single output w.r.t. all inputs with a few extra computations. Nevertheless, it is
the most expensive of the two approaches memory-wise as all the intermediate variables
ought to be stored [168].

An example of the forward and reverse differentiation process is reported in appendix
where a similar procedure to that in [I68] is proposed.

A final note concerns the software employed in Hydra to be able to obtain either the
direct or adjoint solver code from the original NS source. This is done utilising the
TAPENADE package provided by INRIA [182].



Chapter 6

Mesh Adaptation Tools

6.1 Introduction

The software chosen for this work is MeshPost (MP), a RR in-house error estimation
and mesh adaptation code. It is a hybrid software written in C' and Fortran 77, with
the C' part forming the bulk of it, and the Fortran sections being inherited from the
solver pre-processing software. The latter mainly comprises of routines to determine
connectivities, such as face-to-cell, or grid metrics, i.e. control surfaces and volumes.
The computation of error sensors, mesh movement and refinement are carried out in
C. As part of this work the code was upgraded to HDF5 ([129]) data format to match
that of the latest versions of Hydra. Additionally, the program was also extensively
debugged/cleaned. The mesh movement previously implemented and integrated, was
appropriately corrected. To be able to have a smooth reconstruction of the Hessian field,
an improved gradient calculation was devised along with ghost nodes implementation
on the geometry boundaries, this to reduce any noisiness appearing. Moreover, adjoint
error estimation was successfully developed, along with the smooth coarse-to-fine and
vice-versa interpolation routines required to compute this quantity. Attempts were made
to code processes to reconstruct the surface to allow nodal movement on the geometry
and for its refinement. Unfortunately these techniques are still under development at
the moment of writing. Lastly, novel anisotropic adjoint-error estimation capabilities
were devised and successfully implemented into the code. In the sections that follow,

the main characteristics of the software will be described in detail.

97
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6.2 Grid Error Calculation

6.2.1 Feature-Based Approaches

These kind of techniques employ values computed by the flow solver to determine vari-
ations along edges or derivatives. In particular, the value selected for error estimation
is crucial. Certainly, a flow variable may be able to detect different flow features w.r.t.
another. For e.g., the static pressure allows to capture shocks till the geometry surface,
but not the boundary layer. The velocity magnitude gradient, instead, varies within the
boundary layer but is zero at the wall. There are a variety of quantities that may be
employed, and mostly depend on the case analysed. However, it is generally accepted
that the Mach number is likely be the best choice. This because it is able to capture

most of the flow features and relates to the fluid compressibility.

6.2.2 Gradient & Hessian Values Computation

In general, there are two main approaches pursued in the literature to compute the
second-order derivatives of a scalar flow parameter of interest. Both stem from the
computation of gradients within the flow solver, meaning that one may use GG or LSQ
methods. In either case, the Hessian matrix is obtained by repeating the operation
twice, i.e. first to calculate the gradient, second to determine the necessary derivatives.
Before proceeding to discuss in more detail the procedure undertaken by the author, an
important correction needed for rotating elements simulated with a periodic boundary
must be made. In fact, in this case the treatment of these requires a rotation matrix:
assuming z as the axial direction (i.e. the blade’s centre of rotation), and periodic
boundary planes present on each side of the aerofoil, the y and z component are coupled.
In the particular case of vertex-centred schemes, the values will be stored on nodes
forming the periodic surfaces, meaning that (approximately, for a fully hexahedral grid)
half the dual control volume will be on one side, the remainder on the other. Therefore,
for all periodic nodes, all quantities require an addition between the two matching points.
For the case of a vectorial quantity, such as a the gradient of a scalar parameter g,

assuming the periodic angle is 6:

Total
vq|Pgriaodic side 1 :vQ|Periodic side 1 T R(Q) . vQ|Periodic side 2

Total T
vQ|P(e)riaodic side 2 =R (9) . vq‘Periodic side 1 T vq‘Periodic side 2

where the rotation matrix R(#), as show in section is:
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1 0 0

RO)=1| 0 cos(6) sin(8) (6.1)

0 —sin(f) cos(0)

Expanding:
Total Total
8q ota. aq ota, 8q aq
oz " o "o i
Periodic side 1 Periodic side 2 Periodic side 1 Periodic side 2
T
dq|"" dq dq g
90 =5y + cos(@)a— + Sln(ﬁ)a—
Y | Periodic side 1 Y | Periodic side 1 Y | Periodic side 2 Z | Periodic side 2
Total
oq | dq dq . 0q
— =— + cos(0)— — sin(f) —
ay Periodic side 2 6y Periodic side 2 Y | Periodic side 1 0z Periodic side 1
Total
Oq| dq . dq 0q
% - ~sin(@) X +cos(0)
0z Periodic side 1 0z Periodic side 1 ay Periodic side 2 0z Periodic side 2
Total
oq|" dq . 0q dq
= = + sin(0) — + cos(0)—
0z Periodic side 2 0z Periodic side 2 8y Periodic side 1 0z Periodic side 1

At this point it should be stressed that computing the complete ¥ and z components

separately on each side can generate numerical errors that iteratively grow. Therefore,

an alternative approach that enforces equality of the two sides should be used instead:

Total

0 0 0 . 0
87‘1 :afq + Cos(&)a—q + sm(&)a—q

Y |Periodic side 1 Y |Periodic side 1 Y | Periodic side 2 Z | Periodic side 2
8q Total o Total . o Total
— =cos(f)— — sin(f) —
ay Periodic side 2 Y | Periodic side 1 0z Periodic side 1
— =— —sin(f)— + cos(0)—
0z Periodic side 1 0z Periodic side 1 8y Periodic side 2 0z Periodic side 2
8(] Total Total Total
— =sin(0)— + cos(0)—
0z Periodic side 2 8y Periodic side 1 0z Periodic side 1
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Finally, for second order derivatives, H(q), computed applying the gradient operator to

the Vg terms:

Total o T
H(9)| periodic side 1 =HD [periodic side 1 T ROH@) |perioqic sige o~ (0) (6.2)
Total _pT Total
H(q) Periodic side 2 =R (Q)H(q) Periodic side 1R(9) (6.3)

In general unstructured flow solvers, for the GG case, the gradients are computed by
looping around the edges to which a node belongs to and accumulating the variation
across each one, as detailed in section The LSQ approach instead [I83] [184], is
subject to a Taylor-Series with matrix inversion. As the latter approach only requires
the distance and variable variation between any two nodes, it is fairly straightforward to
include into each node’s derivatives computation multiple layers of neighbouring nodes,
i.e. grid points that are connected to the neighbours and not directly to the node itself.
In this work, in an attempt to smooth out the derivatives computation and increase ac-
curacy, three layers of neighbouring points were considered. This, significantly increased
the number of values in play to compute the derivatives for each node: approximately
50 for the boundaries and 100 for the rest (in a typical structured multiblock mesh).
This means that the matrix relative to the LS computation has a sufficient amount
of entries to directly calculate the first and second order derivatives (thus achieving a

third-order accurate Taylor-Series):

N
ox
9q
9y
9q
0z
[ ] 102 i 1
Az Ay Az (Awy)® AzgAyyy AwgAayg ApgAa; (Ayg)? Apgdzy AzgAzyy AzgAyy  (Azy)? 305 Aqy
9
A"L‘Z]‘ Ayg,]' AZg,j (A]}QJ)Z AQL‘Q.]‘A?]Q.]‘ AIQ.]‘AZQ,]' AyZ,jAflfz,j (Ayg’]‘)Q AyQ’jAZZ]‘ AZ‘ZJA.TQJ AZQJAZ/Z]' (AZZ,J')Z dll(;[y Aqg.]‘
9%q
dxoz _
9%q -
dydx
19%
- q q ‘,)2
| Atng Ayng Azny (Azng)? AznjAyn; AtpjAzng AynjAzng (Ayng)? AyniBzn; AzejAzn; Azpjlyn; (Dzag) | | g5 | Agny |
9%q N———
Ax 020 Aq
9%q
920y
19%
L 2022 ]
—_———
Vg;

Where j is the node about which the derivatives are computed and 1 to n are the neigh-
bouring points considered in the calculation. Additionally, the terms indicated in red,
represent the quantities that may be computed directly by including additional neigh-

bouring nodes.
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At this point, it should be noted that the Weighted-LSQ version was adopted. This
includes a weighting matrix in front of both, the spatial distance and the variable dif-
ference matrices. It is generally employed to deal with high aspect-ratio cells [42]. It is

formulated as:

1
\/(Awl,j)2+(Ayl,j)2+(A21,]’)2 0 EECI oo O
0 - 0o ... 0

V(Azs )2+ (Ays )2+ (A2 5)2

0 ... 0 1

V(Azp )2 4(Ayn )2+ (Dzn )% |

It should be obvious that this matrix represents the inverse of the Fuclidian distance
between node j and any one of the others considered in the calculation. Therefore, the
full formulation of the Weighted-LSQ i}

Vg,

= (W-Ax)"'.W-.A 6.4
H(g), ( ) q (6.4)

From the coding viewpoint, the periodic boundaries require significant change in the
data structures: in fact the previous rotation procedure can not be adopted, as both the
first and second order derivatives are computed simultaneously. Instead, the variable
arrays are increased in size. This to store the rotated and non-rotated values for all
the nodes needed to compute the derivatives across periodic boundaries and the three
neighbouring layers.

A final remark, concerns the computational effort for the above calculation. In fact, the
LSQ procedure will require a larger memory storage with respect to the G G-techniqueﬂ
that is further augmented due to the greater number of neighbours considered. Moreover,
extra arrays containing the neighbouring indices need to be evaluated and stored. As
this approach is only applied to the mesh adaptation procedure, and hence evaluated
only once, the increased time and memory do not place a burden on the entire process,

but allow an improvement of the derivative smoothness.

1Tt should be noted that the Ax matrix is not invertible as it is not square. This will be handled by
the QR factorisation as described in the next section.

2The QR-factorisation needs to be computed and stored for every node, while for the GG-approach,
only the volume and area elements of each element need to be determined and saved to memory.
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6.2.2.1 QR Factorisation

Once the LSQ matrices have been determined, a QR factorisation with Modified Gram-
Schmidt decomposition may be brought into play to solve the system of equations [185].
In particular this was necessary because it was an over-determined system and the matrix
to be inverted was non-square. The algorithm consists in determining an orthonormal
matrixﬂ Qqr that has the same dimensions as Ax along with an upper triangular matrix
Vg;

] , that may be easily inverted. The
H(q);

Ror, with dimensions equal to the rows of [

overall algorithm is shown in listing

Algorithm 2 Modified Gram-Schmidt QR Factorisation

procedure QR_DECOMPOSITION

1:

2

3 % % Determine the diagonal elements of Rgr and normalise Qgr
4: fori=1:ndo

5 RQR(Zv 7’) = (Z] A.I(], 2)2)

6 for j =1:mdo

7 Qqr(j,1) = (Afﬁ(jvi)/RQR(i’ i))

end for
10: % % Determine non-diagonal terms of Rgr and orthogonalise Qgr
11: for j=i+1:ndo
12: for k=1:mdo
13: RQR(i’j) = RQR(ivj) + Az (k, j) - QQR(kvi))
14: QQR(kvj) = QQR(k,j) - RQR(i7j) ) QQR(kvi))
15: end for
16: end for
17 end for

18: end procedure

Once the Ax matrix has been decomposed, the following can be shown:

3All columns are normalised and orthogonal w.r.t. each other.
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v .
Ax @ = Aq
H(q), i
SR
Qor - Rgr - 7 | =Aq
H(q); | (6.5)
I [ Vg, | '
T j T
Q5rQGR - Ror - =Qur - Adq
H(Q)J i
i Vg, ] -1 T
—RgkL-Qhr-Aq
H(q); N

To validate the process, samples of the LS@ matrices relative to a few nodes were
outputted to a text file and imported to MATLAB®. Employing the [Qor;Rgr| =
qr(Ax,0) command [I86] it was possible to compute the QR factorisation and compare

it with that evaluated in MP.

6.2.2.2 Ghost Nodes

One of the main issues with the derivative computation are their evaluation at walls.
This is particularly true for median-dual-vertexr based systems, as the value of each
flow parameter will be stored on the boundary. Considering a GG formulation of the
gradient, it can be easily understood that any value at the wall will have half the size of
the control Volumeﬁ w.r.t. the first layer of nodes off it, as displayed in figure This
means that, if slight numerical errors are present, when computing the wall derivatives,

these can double in magnitude when applying the control volume division.

Primal Grid Edges 15 Layer of Off-Wall Nodes

1 1 1
L] L] L] L]
! Ay A
: H PR
B R .

Wall Nodes
N

Dual Control Volumes

- -, L} - -y-y
¢ s R
AR A A R A A A
’ ’ ’ ’ \/\/ 11 ’ ’ ’ ’ ’ ’ ’ ’
¢ 2 s s IR A AT AR AR A4 4

FIGURE 6.1: Wall and near-wall control-volumes.

Additionally, if different types of cells are present at these boundaries, anti-symmetry in
the wall tangential direction can appear, thus causing large oscillations in the derivative

values. Employing these without care when interpolating, can cause negative viscosity

4 Assuming a perfectly quadrilateral grid with no cell-size variation.
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or density. On the other hand, these effects tend to be attenuated by the cell-centred
FVM formulation as the control volume size, in the case shown in figure [6.1, would not
be halved.

While the problems described have been reduced by the use of multiple layers of neigh-
bouring points, along with a higher order derivative calculation scheme, the issue of
having a one-sided gradient computation would further reduce accuracy. Therefore the
concept of ghost-nodes was introduced, i.e. any near wall node is reflected w.r.t. the
surface node it is connected to. This means that the non-tangential coordinates are
mirrored about the wall, whilst vectorial quantities will have their sign reversed. An
example of the effect of mirroring of near-wall nodes w.r.t. the surface points is shown
in figure [6.2

Reall Off—\’\’alll Nodes

' '
' '
IR g

Mirrored/Ghost Nodes

o o o o o

FIGURE 6.2: Mirroring of near-wall nodes to determine ghost-nodes.

Due to the use of LSQ-formulation for the derivative computation with three layers of
neighbouring nodes, three rows of points off the boundary were mirrored. To achieve
this, a list of nodes within the 3-layer distance from the wall was created and then
appended to the original list of nodes. Furthermore, their values were determined by
copying (in the case of scalar quantities) the variable of interest to the ghost-point IDs.
An extra array storing the ghost index of each node was createdEl, thus simplifying the
overall neighbouring point determination. It is important to note that the mirroring
of each point was computed by determining the nearest wall node and reverting the

coordinates about this using the surface normal and distance between the two points.

5If the node did not have a ghost node it would be flagged with 0.
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6.2.3 Riemannian Metric Computation

Once computed, the Hessian matrix of second derivatives may be employed to adapt the
mesh in an edge-based manner as described by [211,29],42]. In a FVM discretisatiorﬁ, the
error in each element can be approximated as the product of its characteristic length and
the second order derivatives. As was discussed and proven in appendix [A] by splitting
the grid error equally between all its elements, the optimal mesh may be achieved (i.e.
principle of equidistribution). Therefore by being able to redistribute in an homogeneous
manner the Hessian matrix multiplied by the characteristic length, an improved mesh
may be obtained. As stated by [21], this quantity can be identified as a Riemannian
metric for each edge. However, to accomplish this it is first necessary to decompose the

Hessian matrix H into its eigenvalues and eigenvectors:

H=v\v’ (6.6)
where H is defined as:

%q  9%q  9q
Ox2 O0zxdy Oxdz
— | 9%¢ 98¢ 9%q
H= Oxdy  Oy2  Oydz (67)
0%q 9%q @
0x0z Oyoz 022

with ¢ being any scalar flow quantity of interest. A Riemannian metric requires a
positive-semi-definite formulation of H [64], therefore the absolute value of the eigenval-

ues is necessary:

H=v[\v! (6.8)

Effectively, to achieve equidistribution of the error, each edge should have unit length

in the Riemannian metric [14):

d’Hd =1 (6.9)

where d is the edge length. In 3D this corresponds to a unit sphere, (i.e. the error is
identical in the three directions), representing an ellipsoid in physical space, as shown
in figure It is important to note that each axis is stretched by an amount equal

to h = %, i.e. the inverse of the square-root of each eigenvalue of H. On the other

5The reasoning behind this approach is also valid for FEM codes.
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hand, the axis rotation corresponds to the eigenvectors of H. It is this characteristic
that allows to align in an anisotropic manner the grid edges with the flow features, thus

clustering nodes strategically and efficiently.

A / -

FIGURE 6.3: Riemannian metric in physical space [46]|ﬂ

The actual anisotropic edge length in 3D is obtained as:

d* = VdHd (6.10)

where d* is the new, anisotropic edge length in each direction, while d represents the
original spacing. As a final remark on the method, it is important to note that the
edge-length is inversely-proportional to the error, i.e. the larger the latter, the shorter
the edge, as this would be necessary to improve the solution resolution.

In general the most successfully parameter choice for g is the Mach number, or relative
in the case of turbomachinery. This because it allows to capture the wakes and shocks,

that are in general the most complex parts of the flow.

In figures [6.4a) [6.4c| and [6.4€] the diagonal components of the Hessian matrix as re-

constructed using eq. are shown for the starting mesh of NASA Rotor 37 at mid

span. As it can clearly be seen, shock and wake are strongly highlighted by the error
map. In figures[6.4D)] [6.4d] and [6.4f] the same value is shown but after applying the mesh
movement algorithm (described in detail in section [6.5.3)) 50 times to equidistribute the

error. The grids in question are reported in figure It is obvious that the procedure
has clustered the nodes at the sources of error, thus allowing an improved resolution.
In fact, carefully looking at the final grid of the adaptation process in figure the
shocks and wake are clearly visible.

The experienced reader will have noticed an issue employing such an approach: flow

features such as shocks are in fact complexities with very high gradient across therrﬁ

"Reproduced with kind permission of the Society for Industrial and Applied Mathematics (SIAM).
8This is for the full NS relations case, where viscosity will cause the shock to have a finite gradient.
When simulating Euler’s relations, the gradient is effectively infinite.



Mesh Adaptation Tools 107

For this reason, regardless of the amount of clustering present, they will keep attracting
nodes even if unnecessary. This is one of the reasons behind the improved efficiency of
the adjoint-related techniques, since they do not tend to over-refine, but only add the

necessary number of nodes to minimise the error in that cell.

2000 4000 6000 8000 it 2000, 4000 6000 8000 r
W L/ o,
T

de 09 y TeA0%

(®)

FIGURE 6.4: Reconstructed Hessian matrix of relative Mach number obtained using
eq. [6.8|for the starting mesh (LHS) and the same grid moved 50 times (RHS) of NASA
Rotor 37 at mid-span.

6.2.4 Adjoint-Related Techniques

The most popular and robust adjoint mesh adaptation technique is that developed by
[9,19, 57, 16T, [64]. It has never really been shown to consistently improve the estimation of
the functional of interest for turbomachinery cases. The reason behind this is threefold:
firstly, the flow generally presents many complexities that change shape, intensity and
interact throughout the blade height. Secondly, there is limited flexibility to adapt the
mesh due to geometrical constraints being present on all sides (periodic boundaries,

casing and hub, with the last two having different rotational speeds). Finally, there
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Defining a flow solution on a coarse mesh, Qpg, the fine grid perturbation can be seen
as the difference between the solution obtained by interpolating the coarse flow onto the

finer mesh, Qf}{, and the exact one, Qp:

5Qn = Qf — Qn (6.13)

with Q}}{ =1 l’EIQ o, where 1 JIEI is the prolongation operator. In general, the interpolation
should be of the same order of accuracy as the flow solver [61], however, [86] indicates
that second order accuracy is the minimum requirement.

Replacing [6.13]into [6.11] and |6.12] results in:

Fn(Qlp) = fu(Qn) + gé’; o (QFr = Qn) + - (6.14)
Ri(@f) = Ra(Q) + Gt | (@~ Q)+ (6.15)

to avoid computing the fine grid solution, it is necessary to assume that its flow residual
is 0:

. h ~ 8Rh:|_1 h
@@~ gar]  m@) (6.16)
this is utilised in [6.14k
erny Ofn oR, ]! L
Q) = 1@~ | [th]%Rh@H) (6.17)

Hence it is clear where the flow adjoint solution comes into play. In fact, the two terms
multiplying the fine grid residuals of the interpolated C'FD solution form the flow adjoint

vector obtained by way of the interpolated coarse-mesh flow quantitiesﬂ :

R, 1" 8fh]T
— Uplan = | —— .

While the application of a coarse-mesh interpolated adjoint is not necessary, it is con-

venient in order to avoid its fine-grid computation:

9The minus sign in front of the R.H.S term has been omitted, this is considered when including the
effect of computable error correction in equationm
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@lqn ~ Ol =Ihwy (6.19)

Finally, by this relationship, it is possible to define an enhanced functional evaluation:

£(Q) ~ Q) — THI"RA(QY) (6.20)

As it can be seen, the improved estimate does not require any fine grid computation,
relying only on the interpolated flow and adjoint solutions from the coarse grid. The term
that is subtracted from the functional computed on the fine mesh, using the interpolated
coarse solution, is generally indicated as computable correction.

The very same authors, in [9, 19, 57, [61} [64], argue that the previously derived error
should not be employed for the mesh adaptation, as it may be easily calculated and used
to achieve an improved estimate of the functional of interest. Instead, they derive the the
non-computable correction formulation, that is nothing else other than the inaccuracies
introduced into the computable correction by the use of an interpolated adjoint solution.
Before formulating the mesh adaptation error indicator they developed, the derivation
of it should be considered, as shown in [64]. From the definition of the adjoint relations,

its residual vector R(W¥) can be written as:

T T T T
Ry 9f :>R(‘Il):gg \If+gé (6.21)

Again, it is possible to use the interpolated adjoint solution to form a perturbation of

the exact fine mesh one:

0P =0l — W, (6.22)

Formulating the fine mesh adjoint residuals utilising the interpolated values and assum-
ing R(¥,) =0:

Ry, T ofy *
R(UY) = =2 (W, +6P,,) + —=>
(%) 2Q, (P, h) 9Q,

0

(BT o (omyT
‘M * (th ‘5‘“) (6:23)

oR,;, T
=" 5w
oQy, 4
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Hence, using the exact fine mesh adjoint ¥, it is possible to formulate the functional

perturbation as:

5fn ~ U,|"RL(QY)

R, (Q} )z%(;Qh
= (T — 50,)| TR, (Qly) =—=22
h T h 7Ry,
~ Wyl Rn(Qpy) — 0% Qs 0Qp (6.24)
—— —
eq. [6.20] o

~ ¥ |"RA(QY) — R(¥IT6Qy,
N e

non-computable
error correction

As the derivation in [6.24] has shown:

5L "RA(QY) = R(L)T6Qy (6.25)

This shows the duality present between the flow and adjoint solvers. It should be noted,

however, that this is true only where nonlinear terms are negligiblﬂ

Defining high- and low-order interpolation functions, from coarse to fine grids, as T and

v, respectively, the error sensor (e) proposed by [9, 19, 57, 61], 64] is:

€ = % Z {‘[R(U‘PH)h]JT[TQH —vQpul;

J

+ '[T‘I’H — U‘I’H]?[R(UQH)}L]]‘

} (6.26)

Where i is the coarse mesh node index and the summation is carried out over all fine mesh
nodes contained in the " coarse control volume. The averaging of the two versions of
the non-computable error correction aims to include any non-linearities and the different
prolongation operators are used to mimic a higher and lower order solution. In particular,

the latter replaces the perturbation in the flow and adjoint solutions:

19This is due to the previous linearisation:

ORy,

6Rh%87(gh

oQn

and

Ofn

R TN

0Qn
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0Qn=TQu —vQu (6.27)

§U, =TWy — vy (6.28)

To calculate these mesh error estimation techniques, modifications to flow and adjoint
solvers are required so their residuals may be written out to file. More importantly,
though, linear and quadratic interpolation processes are required. While the computable
correction needs the latter to be estimated more accurately, the non-computable version
would require both kinds of prolongation operators so that the deviation from a linear
behaviour on the fine grid may be determined. Once the sensor is computed on the fine
grid, a restriction operator is required to determine the coarse mesh error map and be
able to adapt the relative mesh. The three interpolation operators will be the topic of
section

Examples of the computable and non-computable error maps are shown in figure It
is clear that there are similarities between the two. As in the case for the reconstructed
Hessian matrix in figure the shock and its interaction with the boundary layer are
highlighted. However, in the non-computable case, the shocks are not the highest region
of error. In fact, strong emphasis is on the interaction of these with other parts of the
flow. In particular, its intersection with the adjoint reversed wake and the region where
separation occurs have the largest error. Effectively, any flow feature that crosses regions
of high sensitivity, as indicated by the adjoint, should be well resolved to improve the
functional estimate. It is also interesting to note the low error present on the pressure
side of the blade. Both adjoint sensor maps are in agreement, unlike the Hessian-
based case that does highlight a small layer on the pressure side of the blade wall. A
characteristic that has been noted throughout this work relates to the wake. Neither
type of adjoint-related quantity will strongly highlight this region of the flow. This
is due to the nature of the adjoint convection, as discussed in section In fact,
from a intuitive point of view, errors caused upstream will be convected downstream
by the NS relations. These may then be amplified further, but not due to local grid
issues. Therefore targeting the upstream inaccuracies in the flow will aid capturing the
downstream features. A final note concerns the computable-correction in figure In
fact, a change is clearly identified in blue/red colour where the error is high. This is
due to the nature of Hydra. In fact, it is not a TVD scheme, and small under- and
over-shoots will appear across discontinuities and therefore in the flow residuals that are
selected to calculate this sensor map. On the other hand, these are not visible in
as in eq. as the absolute value of the two components is preferred.
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(A) Computable Correction

on Computable Correction

2e-6 4e-6 6e-6 8e-6

1e-05

(B) Non-Computable Correction

FI1GURE 6.6: Adjoint error maps at mid-span of NASA Rotor 37 for mass averaged
adiabatic efficiency evaluated between inlet and outlet.

6.2.5 Smooth Flow & Adjoint Interpolation

The first point to be noted is that the fine grid will be formed by completely refining
the coarse mesh. Therefore it will have approximately 8-times the number of nodes of
the original grid, with every new point either splitting a coarse edge, face or cell. The
linear interpolation technique is straightforward: for every coarse mesh edge mid-point
simply average the end node values. For face and cell centroids, similar averaging is
carried out. This process avoids any oscillatory behaviour and is perfectly monotone.
On the other hand, the quadratic interpolation is more involved. In fact, the coarse
mesh gradients must be computed to include their contribution in the prolongation onto
the fine mesh, as shown in figure This is done employing the same process as in
section [6.2.2] thus allowing a smoother derivative evaluation.

The procedure employed to determine the mid-edge values is an Hermitian interpolation,
as used by [65] [72]. For what concerns quadrilateral face and hexahedral cell centroids,
multidimensional Lagrangian elements were adopted ([I87]). It should be noted, that

in this case the ghost nodes procedure was not utilised, as the code is sequential and
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increasing further the memory requirements can cause issues with finer grids.

@2

Node 2
Edge centroid

Q1
Node 1

Qmid—edgﬁ = %(Ql + QQ) + é(VQ1 . AI’VQQ . A”E)

FIGURE 6.7: Quadratic flow and adjoint variable interpolation along an edge.

Unfortunately, though, there is still a degree of noise in the gradients that cause negative
density or turbulent viscosity to appear. This is particularly real in the near wall regions
where there is a strong curvature, such as the LE and TFE of the blade. To avoid non-
physical values appearing, a limiter was inserted in the code. This would check if any
of the fine mesh node values was greater or smaller than all the coarse mesh nodes
parameters determining them, and if this was the case it would reduce the interpolation
to linear. Interestingly, it was noted that in general, the adjoint quadratic interpolation
always requires less corrections w.r.t. that of the flow. The reason behind this behaviour
is thought to be due to the order of magnitude of the adjoint variables: more often
than not they are greater than 102 ~ 10% unlike the flow parameters and therefore
any numerical noise will have lesser impact. Another important observation concerned
the gradient computation approach described in section [6.2.2} in fact employing this
method rather than GG reduced the number of nodes requiring lower order correction,
thus indicating the increased smoothness achieved.

Finally, the restriction was carried out by adopting a control volume weighted approach.
However, unlike the procedure employed in Hydra and discussed in section [£.7] the fine
mesh control volume portion contained in the coarse grid one was also taken account of.
This means that, for e.g., the contribution of a value belonging to a coarse mesh edge
centroid, would be halved before being added to the edge’s end points, since its control

volume is shared between them.
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6.3 Novel Anisotropic & Edgewise Adjoint Grid Error Cal-

culation

6.3.1 A Simplified Adjoint Edgewise Computable & Non-Computable

Error Refinement

As described in section [2.3.2] the adjoint adaptation technique is cell-based. In fact, once
the error is evaluated nodewise on the fine grid, this is generally restricted to the coarse
mesh points (as sketched in figure . This quantity is then adapted in a cell-based
refinement algorithm. While this is not the most efficient grid modification strategy,
it does have the advantage of having a smoother error map for the adaptation, as in

general restriction will help in this sense.

Fine Grid
Spacing h

Linear & Quadratic
Prolongation
Flow & Adjoint

Linear Error
Restriction 9

Coarse Grid
Spacing H

FIGURE 6.8: Original adjoint error estimation process schematic.

As the fine grid is effectively obtained by splitting all coarse grid edges/faces/cells, part
of the fine mesh points will match coarse grid edges, as shown in figure Therefore,
once the error has been evaluated according to eq. or (depending on which one
is chosen for the refinement), each fine mesh node will have a value associated to it. For
this reason it is feasible to map the coarse mesh edge ID with the fine grid node index
splitting it in half. Consequently, it will be possible to consider the error evaluated
on the latter to decide whether or not to refine that edge. This modification to the
procedure actually allows to employ an edge-based refinement algorithm to adapt the
mesh. Apart from being able to apply an efficient grid enrichment strategy to modify
the mesh, this also averts the necessity to compute the actual restriction of the error

between grids.
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-- . Identical Nodes

Fine Mesh Only
‘(',‘oarst\ Mesh Edge Centroids

‘ Fine Mesh Only
Coarse Mesh Face Centroids

Coarse Mesh
Edge Centroids

FIGURE 6.9: Matching of the coarse mesh edges with the fine grid nodes.
6.3.2 Efficient Adjoint Edgewise Error Estimation

One of the main issues with adjoint error estimation and adaptation techniques concerns
the amount of data and process complexity required to be able to modify the mesh. In
fact, for FVM flow solvers, a fine grid must be obtained by uniformly refining the initial
one and a linear and quadratic prolongation of both the flow and adjoint solutions
are needed. Moreover, the NS and dual solvers need to be run on the fine grid to
determine the linearly and quadratically interpolated flow residuals along with those of
linearly estimated adjoint solution. Once these are available, the error may be computed
and restricted to the coarse grid where the refinement will take place. The process is
particularly problematic for multiple functional error estimation, as separate processes
are required for each. To avoid the burden of having to compute the error in the manner
described in section in this work an approach to mimic it without adopting any
fine grid was devised.

Firstly, to be able to carry out an efficient process, the error would have to be computed
in an edgewise manner and remain smooth. To do so, eq. would be replicated by
employing edgewise residuals of the coarse mesh flow and adjoint solutions, instead of
fine grid nodal values. Additionally, to substitute the difference between linearly and
quadratically prolonged flow and adjoint quantities, interpolated values along an edge
would be used, that is a process similar to that described in section [6.2.5] Therefore,
eq. can be re-written as:

1

= {[Re@n e - vaiy

Florwn - owTR@u} 629
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where:

€e 18 the coarse mesh edgewise error;

R is the flow or adjoint edgewise residuals operator;

T is the quadratic interpolation along an edge;

v is the linear interpolation along an edge;

Qg is the coarse mesh flow solution at each node;

W is the coarse mesh flow adjoint solution at each node.

An interesting point concerns the way these edgewise quantities are evaluated. For the
NS case, only an extra variable would be required in the source code to store the residual
contribution due to viscous and inviscid quantities along an edge. Effectively, these
correspond to edge fluxes evaluated employing the techniques described in sections[4.5.1
(inviscid contribution) and (viscous quantities). For what concerns the adjoint,
things are different. In fact, as discussed in section[5.7] the gather and scatter operations
are reversed. Therefore in this case, the edge residual contribution is different for each

node:

T

R(‘I’)L = gIQ{ ‘I’L (630&)
oR”

R(¥)g = 7 Up (6.30b)

i.e. the right and left nodes of the edge would have a different update for every iteration.
For this reason, the edgewise contribution of the adjoint was considered to be the average

of the two, thus allowing extra degree of smoothing.

6.3.3 Riemannian Metric for Adjoint Functional Sensitivity to Grid

Coordinates

The discrete adjoint solver requires also a mesh adjoint to map the grid sensitivities
to the actual geometry surface. As previously discussed in detail in section this
process will compute ¥, = j—{(, i.e. the functional sensitivity to the grid coordinates.
This quantity is effectively indicating where in the grid the functional is most sensitive

to coordinate perturbations. As part of a mesh adaptation procedure to improve the
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estimate of a performance quantity, better estimates can be achieved if nodes are clus-
tered in regions where the most significant variations are present. For this reason, the
mesh adjoint quantity was employed in the procedure outlined in section [6.2.3] That is,
the Hessian matrix of second order derivatives was determined by applying the gradient
operator to %. This allowed to determine a Riemannian metric that could then be
employed in the spring-stiffness approach (described in detail in section to cluster

the nodes in most important regions relative to that functional.

xx xx
200 400 600 800 i ¢ 200 400 600 800

100 le+03

Yy
200 400 600 800

FIGURE 6.10: Reconstructed Hessian matrix of == of mass averaged adiabatic efficiency
between inlet and outlet obtained using eq. [6.8| for the starting mesh (LHS) and the
same grid moved 50 times (RHS) of NASA Rotor 37 at mid-span.

Examples of the reconstructed Hessian matrix at mid-span, for adiabatic efficiency eval-
uated between inlet and outlet, for NASA Rotor 37 are shown in figure In partic-
ular, figures [6.10a], [6.10c] and [6.10¢€] represent eq. relative to the starting grid shown
in while figures [6.10D] [6.10d] and [6.10f are the reconstructed Hessian matrix diag-
onal components of the mesh shown in [6.11D] achieved by applying 50 mesh movement

iterations. As it can be clearly seen, there are a variety of adjoint and flow features
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the efficiency will have a

for example,

as,

)

being highlighted. This is to be expected

the flow wake is not strongly

higher sensitivity to the shock resolution. Interestingly,

highlighted: the adjoint effect is that of weighting the upstream regions that cause cer-

it will target the shock/boundary

)

tain features to form downstream. For this reason

layer interaction generating separation, rather than the wake itself. As expected, the

adjoint reversed wake shows high sensitivity. This is indicating that perturbing node

coordinates in this region will cause a stronger change in efficiency. Moreover, it can be

seen how this high adjoint sensitivity region upstream interacts with the propagation of

the shocks. The main part of the domain highlighted by all three components is the LE.

In fact, at this point the shock actually forms and propagates in both directions. When

this hits the suction side of the adjacent blade

it will interact with the boundary layer

)

and cause flow separation. This too is strongly visible in all components of figure [6.10

it can clearly be seen how the nodes

i

Comparing the starting grid with the adapted one

have been relocated towards the parts of the flow showing highest sensitivity. Moreover,
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the second derivatives evaluated on the adapted grid show a much sharper capturing of

the main flow and adjoint features.

6.4 JST Switch Edge-Based Adaptation

As discussed in detail in Chapter Hydra is a flow solver employing the matriz-
dissipation version of the JST flux reconstruction scheme. Therefore along each edge a
switch is determined in order to blend second and first order solutions to reduce oscil-
latory behaviour. This quantity does provide a very interesting parameter to be used
for an edge-based refinement algorithm. In fact, by storing the edge computation of the
switch while running the code, it would be possible to determine along which of these
the solution does not have a second order reconstruction. In other words, it allows to
identify in a simple manner where part of the flow discontinuities are. According to the
formulation in equation this is devised to detected features such as shocks, and
therefore would be inadequate for turbulent flows as those present in turbomachinery
cases. However, it was noted that for the SA turbulence model equation, Hydra has a
different formulation. In this case, it not only contains static pressure differences along
the edge, but also relative to the turbulent viscosity. This allows the switch to contain
extra information on the location of some of the main discontinuities present in the flow.

On the down side, the boundary layer is not captured unless it is turbulent.

TurbJST Switch

0.2 4 044" 06 0.8

0.837

FIGURE 6.12: SA turbulence model JST switch at mid-span for NASA Rotor 37.

An example SA-JST switch is shown in figure [6.12] As it can be seen, it highlights
important regions of the flow such as the shock along with its propagation and the
interface between the wake and the bulk of the flow. While this represents an interesting
parameter to employ in a mesh adaptation strategy, it may only be utilised in flow solvers

containing this particular flux reconstruction scheme.



Mesh Adaptation Tools 121

6.5 Mesh Adaptation Grid Mechanics

6.5.1 Mesh Refinement

In this work, the main refinement strategy employed is edge-based, apart from the
combined feature and adjoint error estimation procedure where a cell marking strategy
is used. The reason behind choosing an edge-based refinement is straightforward: it is
the most efficient w.r.t. cell and face related strategies.

The refinement algorithm employed in MP started by splitting all cells into triangular
or quadrilateral faces forming them and consequently marking all edges meeting the
error threshold. The code would repeatedly loop over faces determining whether edges
belonging to them had to be split, and if so it would divide the face according to one of

the templates as shown in figure [6.13

Coarse Face  Refinement Coarse Face Refinement

| e Face centroid — No hanging nodes

= Split edge — Meets error threshold

-------- Refinement edges

Intial mesh edge

FIGURE 6.13: 2D face refinement templates.

As it can be seen, while triangular faces are more flexible, quadrilateral ones will cause
a degree of over-refinement. In fact, when two edges sharing a node or three edges in
a face are marked, all four will be split. This is consistent with directional refinement,
as in either case the error is indicating that both directions of the face need to be
refined. This process is also advantageous in coding terms as it simpler to implement
and relatively robust. Finally, the faces of each cell are re-assembled with the new
connectivity determined if a matching cell-splitting template is available, otherwise extra

edges would be marked. An example of hexahedral edge-based refinement is shown in

figure [6.14]
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1. Mark edges 2. Split cell into faces 3. Check face templates

£ / £ /
/ /
< Uf %
/. /.
High error L._/ L._/

Added to meet template

5. Re-assemble and 6. Split and

4. Propagate marking cjo i cef] template determine connectivity

P TR
-~

[ S

Z /
/|
/. /

Added face centroid

FIGURE 6.14: Example of edge-based cell splitting.

An issue that presented itself when adopting this approach, concerns the over-refinement
of hexahedral cells. In fact, due to geometry constraints and many 3D flow features
present in turbomachinery, it is very easy to incur in situations where a small amount
of marked edges will propagate the nodal addition, unless grid edges are perfectly
aligned with the flow anisotropy. This problem will mainly present itself in early adap-
tation stages, as the mesh will be very similar to the user generated one, who will
have little knowledge of the flow features exact location. To overcome this issue, the
feature/adjoint-based mesh movement can be employed. This will allow grid smoothing
and alignment towards complex flow regions.

One of the biggest problems encountered when refining hexahedral grids and avoiding
hanging nodes, relates to the interface patches between finer and un-refined regions. In
fact, to match the connectivity, tetrahedra, pyramids and prisms need to be introduced.
These can cause severe problems in the adaptation procedure, in terms of poor conver-
gence, due to abrupt change in cell size and flux directionality, or even negative cells in
later refinement steps. The former point is particularly real if the hybrid cells appear
in the vicinity of complex flow regions. Hence, the over-refinement issue previously dis-
cussed can be helpful in pushing these patches further away from important flow areas.
Finally, a brief description of the cell-based refinement introduced in the combined fea-
ture and adjoint adaptation is due. The simplest cell division approach was not adopted
in this case. The reason behind this is the poor quality cells that would result. In fact,
the simplest and most economical way of splitting an hexahedron is to place a node at

its centroid and then form six pyramids, as shown in figure [6.15
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Refinement edges ........

Initial mesh edges
Initial mesh nodes @
(0]

FI1GURE 6.15: Example of the simplest form of cell splitting applied to an hexahedron.

In this work, cell splitting was performed by marking all edges belonging to a cell
meeting the error threshold, thus employing a subset of the edge-refinement templates.

The resulting possible combinations are shown in figure [6.16

Split tetrahedra into: Split pyramid into:
2 pyramids 6 pyramids
4 tetrahedra 4 tetrahedra

Split prism into:
8 prisms

) Split hexahedron into:
Refinement edges ........ 8 hexahedra

Initial mesh edges

Initial mesh nodes @
(0]

FIGURE 6.16: Cell splitting templates.

The careful reader, will have noted that cells not marked for refinement may have edges

needing to be split if one of the neighbouring cells is going to be refined. In these
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cases, the previously described algorithm for edge refinement can be employed to form
interfaces between the initial coarse mesh and the refined patches.

An additional capability in the code is that of propagating wall-normal refinement by
enforcing extra prismatic or hexahedral elements (figure . The number of off-wall
layers forced to prisms or hexahedra is set by the user. Due to the unstructured data
format, the code determines the number of off-wall layers requiring special treatment

using the cell to face connectivity.

2 wall edges marked for refinement
-------- Refinement edges

Intial mesh edges

(<) Initial mesh nodes
(@)

FIGURE 6.17: Wall normal refinement propagation.

6.5.2 Surface Reconstruction

The approach devised in order to improve the geometry approximation after refinement
is based on the work of [I88]. The first step is to determine the normals of all surface
elements, that [I88] assumes to be triangular. For such cases, the area vector is deter-
mined by using the cross product of two edges, making sure the order is correct so the

vector is pointing out of the surface, as shown in figure |6.18

A
C

— _ ABxAC
A A= [[ABxAC|

B

FIGURE 6.18: Triangle norm calculation.
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Every node’s norm will be determined by accumulating all surface vectors of the triangles

they belong to:

NOtri —
doim1 Wi (6.31)

Wa= ==l
Netri —
1225t 7l

A=

An important modification to the area vector determination process is required at ridges.
In fact, at these points, multiple norms may have to be stored once they have been
identified. As shown in figure at the discontinuity between the compressor pressure
side and tip, two different norms must be computed to appropriately reconstruct both

surfaces.

FIGURE 6.19: Ridge example: NASA Rotor 37 geometry discontinuity.

To identify locations where extra care must be taken, each surface element norm was
compared against the neighbouring one. If the dot product between the two element’s
vectors was greater than arccos(20°) then the two were marked as being at a discon-
tinuity. The choice of 20° was determined by tests that were carried out during the
development process.

In this work, the grid was fully hexahedral to start, with triangular elements appearing
only once refinement had taken place. Therefore it would be necessary to determine
the norm of quadrilateral elements. These are more complicated than their triangular
counterpart, since two surface vectors may be defined. These could be quite different
(and possibly wrong) according to the diagonal chosen to split the element into two
triangles. An example of such a situation is reported in figure [6.20] To start with, it
was assumed that all the surface quadrilaterals were sufficiently smooth to be able to

arbitrarily choose the same splitting diagonal for all elements.
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Norms determined with diagonal 1-3

FIGURE 6.20: Surface quads norms ambiguity.

Before moving onto the next step of the geometry reconstruction, an important subtlety
has to be mentioned. The periodic boundary will have part of the surface elements
connected to a node one each side of it, therefore correct computation of the norm
should account for all their contributions, including the effect of the rotation matrix
(see section . Additionally, checks for ridges appearing across these boundaries
should be carried out.

Finally, the node projection onto the geometry surface can be evaluated. This is done
employing the quadratic approach suggested by [188]. First of all the edge curvature is
determined by way of (see figure :

ﬁl X ((?2 — 71) X
1771 x (T2 — 1) x

7= (22— 7)) (6.32)

Edge curvature

FIGURE 6.21: Edge curvature reconstruction.

The determined vector for each end of the edge is employed in an Hermitian polynomial:

T =(1-21420T1+61-*T1+ 2320721 -OT,  (6.33)
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As the refinement will place the point mid-way across the edge £ = 0.5, therefore equation

[6.33] becomes:

7= é(?l + 7o) + é(?l —79) (6.34)

Once the process has been carried out, negative volume treatment will be necessary as
the boundary layer mesh is so thin in the wall normal direction that projected refinement
nodes will intersect it. In this case a linear spring mesh perturbation was applied. The
perturbation is actually the displacement of the wall node from the mid-edge point to
the curvature-approximated position. For this reason, methods devised for optimisation
strategies or moving geometries for unsteady simulations may be employedE In this
case a linear-spring stiffness approach was adopted, similar to that devised by [189]. As
described by [113], this maps the grid to a spring network, where the spring coefficient
K, is equal to the inverse of the edge length. Indicating as A, the displacement of

every node, it is possible to write the force exerted on every grid point as:

Fi = Z RU(A{L‘] — A$1) (6.35)

JEE;

Where the summation is carried out over neighbours of node ¢ as determined by the
edge connectivity. Consequently, the system is solved in an iterative fashion to achieve
static equilibrium at each node (i.e. ?Z =0 Vi). Therefore, the iterative relation to be

solved is:

0= Z IA{”(A.I] - AI‘%)

JEE;
E %Z‘J'Al‘j = E E”Aa:z
JEE; JEE;
' ' (6.36)
E Iiiijj = ALL’Z E Rij
jEE; J€EE;
_jcE, Rij AT,
sz' = =oet VT =
> jeE; Rij

In this work, the functionality to perturb the mesh employed had been initially coded
in Hydra to be able to determine the mesh adjoint required in the full sensitivity chain.

The conjugate gradient iterative scheme is employed to solve the system.

1T an optimisation loop the geometry will be perturbed several times. Therefore the grid requires
either re-generation or modification in the appropriate regions so it may be simulated again.
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(A) Starting grid.

(B) Refined with no surface reconstruction.

(€) Refined with surface reconstruction.

(D) Linear spring mesh expansion about the refined surface with reconstruction.

FIGURE 6.22: Surface reconstruction for refinement at the LE of NASA Rotor 37.
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An example of the overall process is shown in figure [6.22] where the grid around the
leading edge of NASA Rotor 37 is highlighted. The original mesh refinement strategy
(figure , places the new node at the edge mid-point (figure , thus providing
no approximation of the blade’s original curvature. By applying the procedure outlined,
the point is positioned off the original edge and intersects the boundary layer mesh (fig-
ure , and thus the resulting grid is invalid. Therefore the linear spring-stiffness
approach must be employed. This will perturb the nodes by an amount approximately
equal to the relocation vector of the surface node, thus expanding the grid lines (figure
6.22d)).

A) Negative primal volumes after surface reconstruction.

W

(B) Negative primal volumes after linear spring mesh expansion: LE fillet (LHS) and LE mid-
span (RHS).

FI1GURE 6.23: Negative primal volumes appearing after surface reconstruction.

The linear spring-stiffness effect on the overall grid is significant: in the mesh used in
figure there were 10862 negative primal volumes after the curvature approximation
(displayed in figure . After the application of the mesh smoothing this number was
reduced to 16. Unfortunately, this still causes the grid to be invalid. Therefore further
work is required to solve the issue and allow the software to improve the refinement
by replicating the geometry being analysed. In particular, given the location of these

problematic volumes (i.e. LE/TE, fillet/hub interface where the inter-block-boundaries
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are), it is possible extra conditions ought to be added in the code. It is believed that
area weighting of each face’s norm contribution to the nodal wall-perpendicular vector
ought to be taken into account. In fact, the possibility of having larger surface elements
next to smaller ones was not considered. This issue was particularly obvious between
the rotor LE/TE and the suction/pressure side (i.e. where the strong curvature ends
and meets the blade side). Additionally, at the hub/fillet interface, this problem was
exasperated due to the intersection of the fine near-wall mesh of the hub and that of the
fillet. In the particular case of the mesh analysedEL these had a significantly different
spacing, indicating that weighting the surface element’s norms by their area could help
remove the issue. Once this problem will have been solved, it will be possible to finalise
the code by including the curvature reconstruction along the geometric discontinuities

such as that shown in figure [6.19

6.5.3 Mesh Movement

The grid movement strategy is based on the work of [29]. This is a relatively simple

explicit spring-stiffness analogy approach as displayed in figure [6.24]
Spring stiffness analogy

Node 1 Node 1

Node 2 ode 2

Node 5

Node 3

Node 5 Node 3

Node 4

/ Ko4

Spring Stiffness

FIGURE 6.24: Grid spring stiffness analogy.

As described in section the anisotropic mesh movement will compute a Riemannian

edge length dfj given the original one and the positive semi-definite Hessian matrix

*

along the edge between nodes ¢ and j. The value of dj;, i.e. the edge-based error, is thus

employed to determine a spring stiffness &;;:

d*.
~ i
Rij = TEoZi i (6.37)

12This grid was not employed for any of the results presented, it was only used to develop the code.
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Where the denominator is original edge’s Fuclidian length. By considering the overall
grid as a system of springs, it is possible to formulate the potential energy (%;) acting

on each node as:

1 N°E
Pi=5 > (Ti= 7))y (6.38)

J=1

Where the summation is carried out over all the edges connected to node i. It is now

possible to minimise this quantity:

0P N°E
ming’i = ﬁi = Z(?Z — ?J)%U =0 (639)
7 =1
Therefore:
SCE (T )
= W (6.40)
=1 Kij

However, each grid node has to be smoothly relocated towards the optimum point
through a series of iterations to be able to allow other nodes to move without generat-
ing invalid elements. Therefore, instead of determining the new location, the difference

between the current one and that of the next step may be evaluated:

N°E ?old ?old ~
1d Z’:l ( i ) )"{’LJ

s = - BRI
j=1 Hij

(6.41)

Finally, the updated coordinate is evaluated as:

2V = 7o L AT, (6.42)

Where a relaxation factor w = [0, 1] is included to have a smooth update to each grid
coordinate.

An issue that appears with this algorithm is the node order biasing. In fact, the reader
can imagine that when the code loops over all nodal indices in the same sequence, the
first will have more freedom of movement w.r.t. the last. This is even more real if
constraints, such as cell volume and skewness, are introduced. Therefore, in this work,

the order was changed in groups of four, as shown in the following image:
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[teration Node ID

P-4 nl n2 | o %_1 % %4_1 ..... N
(i-4)+1 N | - B B B B B R n2 nl
(i-4)+2 o 5-1f - n2 nl N | - T+1
(i-4)+3 | F+1] - N nl n2 | e Y1 &

FIGURE 6.25: Node order change for mesh movement.

Where N is the total number of nodes present in the mesh and 7 is the iteration.
An example of the resulting node clustering and improved flow feature resolution is
shown in figure While the initial mesh overestimates the flow feature thickness,

the repeated application of this technique overcomes the issue without any node addition.

g

FI1GURE 6.26: Example of node relocation around a shock at LE for NASA Rotor 37
at mid-span.

6.5.4 Surface Grid Relocation

The technique employed to be able to move surface mesh nodes, yet maintaining the
geometry definition, is that described by [190]. This adopts a bilinear representation of
the boundary grid, that may be composed of triangles or quadrilaterals as reproduced
in figure [6.27] In this case the nodes were moved according to a geometry optimisation

algorithm and then projected onto the closest surface element.
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A= Ay+ A1+ Ay 0<s0,81<1

si=AifA, 0<s; <1 x = (z,9,2)

So+si+sy=1 = (1—sp)(1—s1)x0+

x = (z,9,2) o(1 — s1)%1 + sps1x
= 8oXp + $:X1 + X2 (1 —sp)s1xs

FIGURE 6.27: Bilinear triangular and quadrilateral representation from [mm

In this work, however, the node movement had been determined through the spring
stiffness approach, driven by Hessian eigen-decomposition. Following the unconstrained
point relocation, a gradient search to minimise the Fuclidean distance to the closest
starting mesh surface element was employed. This means that it would start searching
from the node’s original location on the grid and consequently check the surrounding
quadrilateral /triangular areas. For points on ridges their movement would either be
forced to 0, if they were on corner points, or along a line. Again, as in section [6.5.2
the location of these peculiarities was determined by calculating their norm vectors and
checking that the scalar product of adjacent surface normals was smaller than cos(20°).

Examples of successful nodal relocation are shown in figure [6.28] where the red and

i,

black edges represent the moved and starting grid, respectively.
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FIGURE 6.28: Surface mesh movement with bilinear reconstruction at the hub/blade
interface of NASA Rotor 37. Red and black edges represent the moved and starting
grid, respectively.

13Reproduced with kind permission of Elsevier-
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It is unfortunate that the surface mesh movement was developed prior a correction
to the relocation of periodic boundary nodes, coded by previous developers. In fact,
in the original code, the periodic boundary Hessian matrix had not been determined
correctly (i.e. the rotation described in section had not been implemented). For
this reason, the movement along the periodic sides was constrained to the tangential
direction. When the surface relocation was being implemented, the wall nodes shared
with a periodic boundary were also enforced to move in the tangential direction. Once
the correction to the Hessian matrix calculation at these boundaries had been carried
out, thus allowing to remove the constrained tangential movement along the periodic

sides, inconsistencies appeared in the resulting grid.



Chapter 7

Combination of Feature and
Adjoint Grid Adaptation

7.1 Introduction

Within the CFD community, it is generally known that adjoint mesh adaptation proce-
dures tend to be more accurate and robust than their feature-based counterparts (see
for e.g. [10]). However, they are costly to execute. This because running the dual solver
doubles the overall simulation time. However, the time factor can be even more relevant,
as for automatically differentiated, discrete, adjoint solvers, the flow Jacobian matrix
at each computational time step may need to be computed, to avoid storing very large
amounts of data, thus lengthening run-time.

The adjoint error estimation approach, has shown in the past that counter-intuitive and
unforeseen flow regions may require adaptation to improve the functional of interest. On
the other hand, the feature related methods will always tend to ameliorate the resolution
of flow complexities, such as shocks, wakes and boundary layers. Careless use of these
techniques will cause over-refinement in these parts of the flow, thus resulting in finer
grids. Nevertheless, often there is an overlap between the high error regions that they
highlight. In fact, good resolution of the main flow complexities can be helpful in deter-
mining the correct functional sensitivity. To prove the validity of this assumption, some
examples of feature and adjoint error maps are shown in figures and [7.4al where the
sensors are shown at mid-span of NASA Rotor 37 at design point, for the 0.67M grid
shown in figure In the first case, the absolute value of the relative Mach number
Hessian diagonal components, highlight the shock, its propagation and interaction with

the boundary layer along with the wake. It is clear that, the grid has a relative poor

!These should be compared with the 0.67M grid flow solution displayed in figure

135



Combination of Feature and Adjoint Grid Adaptation 136

| Hessian xx |
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(A) zz-component.
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(C) zz-component.

FIGURE 7.2: Diagonal terms of the positive semi-definite Hessian of relative Mach
number at 50% span of NASA Rotor 37.
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resolution of these flow complexities: in particular the passage shock between the LE of

a blade and the suction-side of the adjacent one is, qualitatively, very thick.
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(B) Adapted grid.

FIGURE 7.3: Comparison of the starting NASA Rotor 37 0.67TM node mesh at mid-
span along with the adapted one achieved employing 15 relative Mach number mesh

movement steps.

highlights similar

upstream parts of the domain

the computable error correctionﬂ in figure

)

On the other hand

due to adjoint nature,

9

regions of the flow. As expected

the poor resolution of the flow complexities noted

will also be accentuated. Nevertheless,

in the feature-based approach is also visible in this case. Therefore being able to ap-

propriately capture these should aid limit the regions where adjoint mesh adaptation

repeated relative Mach number Hessian-based mesh

)

is required. To prove this point

such as mass averaged

9

movement were applied till the performance values of interest

adiabatic efficiency (n) evaluated between inlet and outlet, stopped changing. The grid

the resulting mesh being shown

9

employed in figure [7.38] was therefore adapted 15 times

in figure Once the final grid

s adjoint of adiabatic efficiency had been run, the com-

9y

-span in figure [7.4b] It

and is displayed at mid

)

putable error correction was recalculated

is clear that in comparing this result with that of figure [7.4a] the sensor map is shown

to be much more accurate in indicating which regions require further adaptation. In

2A subtlety the reader will have noticed that the adjoint computable correction maps show, is the
intermittent nature of the error. This is due to the flux scheme reconstruction, i.e. JST with matriz dis-

sipation. This behaviour represents the residuals slight over- and under-shoots around flow complexities,

as the flow solver is not T'VD.
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(A) Starting grid.

(B) Adapted grid.

F1GURE 7.4: Computable correction at mid-span of NASA Rotor 37 for mass averaged
adiabatic efficiency evaluated between inlet and outlet.

particular, the shock propagating between the LFE and suction-side of two neighbouring
blades is significantly thinner. This is the result of edge alignment and node clustering
towards the main features of interest: they are now significantly better resolved, thus
allowing a much more accurate computation of the adjoint-based error.

While it is possible to conclude that feature-based methods may be helpful in better
resolving flow complexities that may sharpen the adjoint error map, they do not, nec-
essarily, improve the functional w.r.t. which the dual solver has been run. In fact,
they tend to improve the flow accuracy globally, rather than being tailored for a single
quantity of interest. On the other hand, adjoint techniques weight the residual by %.
This means that only parts of the flow where the functional is most sensitive and NS
imbalances are high, will be flagged as problematic. Therefore it is easily understandable
that this technique will be far more efficient at targeting the error in a single quantity.
Nevertheless, as previously mentioned, employment of adjoint error estimation is expen-
sive due to the extended run-time they require. Additionally, every different functional
will need its own adaptation loop, thus if n performance quantities are to be accurately
determined, n adaptation runs will be needed. This represents an issue, unless large
amounts of CPUs and storage are available. On the other hand, feature-based methods

are global, therefore only one adaptation procedure is required. The two approaches
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may thus be employed in a complimentary fashion: to start with, flow-based grid modi-
fication strategies may be applied to improve the grid alignment and feature resolution
so that the adjoint error may be able to better estimate the regions requiring modifica-
tions. Moreover, to start with a single adaptation process may be run for all values of

interest, rather than one for each functional.

7.2 Combined Feature and Adjoint-Based Adaptation

As stated in the previous section, the flow-related grid modification strategy is employed
to start with. This consisted in a relative Mach number Hessian-based node relocation,
that is fully anisotropic. Starting with r-adaptation, will allow to equidistribute the
initial grid error by aligning its edges at no extra cost. Moreover, the author noticed
that mesh movement strategies are generally much more robust to employ. In fact, using
them will not change the connectivity and thus the cell types, but only their shape and
size. This is generally dictated by the flow solver’s solution, and if carried out carefully
can produce a reliable technique. On the other hand, node enrichment, is much more
complex to handle in a repeated mesh adaptation process. In fact, any error estimation
will only indicate whether an edge/face/cell ought to be split, and does not carry any
information on how any resulting new connectivity in the grid may affect the flow solver.
This is best explained with an example. It is often the case that an initial mesh has the
shock location incorrectly resolved (albeit by a small amount). Careless refinement in
this region will target exactly where the discontinuity has been placed, as no informa-
tion on whether this is correct or not is available. In the case of conformal solvers, the
refinement patch placed around the shock ought to be closed to avoid hanging nodes.
The next time the flow solver is run, given the increased spatial resolution provided by
the refinement, the shock may move onto the region closing the finer patch or in an
unrefined zone, causing oscillatory convergence. If further refinement is applied, very
distorted elements will appear in the interface patch between the fine and coarse mesh,
or even worse, gaps between two finer grid portions. Hence, unless sophisticated refine-
ment algorithms are applied, it is necessary to start all-over again, thus conflicting with
the requirement for the process to be automated. On the other hand, mesh movement
strategies are better suited to cope with these kind of issues. For this reason, no feature
based mesh refinement was applied, it was instead employed when switching to adjoint-
based adaptation.

The overall process consisted in repeating the feature-based mesh movement to improve
the grid alignment, till the values of interest had converged. Consequently, adjoint-based
node enrichment would be carried out. In particular, primal cell refinement based on the

non-computable correction was applied, where the volume would be marked if the cell’s
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average nodal error was greater than the selected threshold. The reason behind choosing
this sensor, relates to the standard adjoint adaptation process developed by [64], as it
has shown that the non-computable correction term is better suited for the adaptation
w.r.t. the computable correction. The error formulation consisted of all terms as in
equation [6.26] On the other hand, the computable correction was adopted to determine
the enhanced fine grid functional.

In this work, it was decided to refine a mesh based on the amount of nodes added, and
not according to a user-defined threshold. In an industrial setting, many simulations
may have to be run and thus only a limited amount of refinement would be possible to
reduce the burden in terms of memory consumption and run-time. The reason behind
choosing 0.3 ~ 0.4M as the range of possible added nodes is due to the fact that it
represents approximately half of the starting mesh count (i.e. 670°056), and would limit
the size of the embedded mesh needed for adjoint-based adaptation steps. A final note
concerning the refinement at the wall region is due. As described in section the
adaptation software has the capability of extending the edge splitting in the normal di-
rection to the surface, by a number of layers set by the user. After a wide range of trials,
it was concluded that setting the propagation to 10 wall perpendicular layers allowed
the best robustness without causing too much over-refinement. Finally, it was decided
to apply two adjoint-based refinement steps after the sequence of feature-related mesh
movement iterations. This is because no surface reconstruction was employed, and
therefore multiple refinement steps may introduce increasingly growing errors due to
geometry inaccuracies (this is particularly true when the embedded grid is generated
to estimate the adjoint error). Moreover, when employing mesh movement, cells may
become significantly distorted. Consequent refinement may then produce negative vol-
umes, particularly in the boundary layer mesh, at the blade’s LE and TE.
Figure[7.5]shows a schematic flow chart representing the procedure taken. This indicates
that the adjoint-based process should be carried out till functional or computable correc-
tion have converged. However, this has been included for completeness and generality,
but as previously discussed, in this work, only two refinement steps were allowed.

To the author’s knowledge, very few attempts have been made to adapt a 3D jet engine
component, including turbulence, utilising adjoint error estimates. Even fewer examples
exist of an improvement to the functional of interest using either the computable cor-
rection ([98]) or the non-computable one ([99]). Moreover, adjoint error techniques have
been combined with Hessian-metric based mesh regeneration to achieve anisotropy (for
e.g. [64]), but they have not been employed in a sequential fashion to move the mesh
prior to the dual error use.

In the following sections the procedure just outlined in detail will be applied to the
NASA Rotor 37 at aerodynamic design point. Following a description of the test-case,

the approach validity will be shown for adiabatic efficiency (n), absolute total pressure
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ratio (Pr), both of which were mass averaged and evaluated between inlet and outlet,
and finally mass flow (), area averaged and integrated over the exit plane. All values
will be compared against a 47TM hand-generated mesh.

Additionally, to carry out a more complete analysis, a fully feature-based mesh adap-
tation process will be used as a comparison. This will consist in repeatedly moving
mesh, just as in the combine feature and adjoint process, followed by the JST-edgewise
switch based refinement. For an in-depth description of this approach and the results,

the reader is referred to appendix [C]
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FIGURE 7.5: Combined feature and adjoint adaptation flow chart.
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7.3 NASA Rotor 37 Compressor Blade

7.3.1 Physical Aspects

N° Blades 36
Leading-Edge Tip Diameter 0.5074m
Leading-Edge Hub Diameter 0.3576m

Rotational Speed 1800.006836724
Tip Solidity 1.288
Tip-Clearance 0.356mm
Tip-Speed 454147
Pressure-Ratio 2.106
Mass-Flow 20.19%¢
Blading Multiple Circular Arc

TABLE 7.1: NASA Rotor 37 characteristics at aerodynamic design point as in [191]

NASA Rotor 37 is an axial transonic compressor blade. It represents the main bench-
mark for turbomachinery analysis for 3D flow solvers [191], therefore appropriate for
testing and validating mesh adaptation techniques. The main characteristics at the
aerodynamic design point are given in table

In order to achieve an accurate solution to be used as a comparison for coarser grids and
determine what kind of flow features needed to be replicated, a 47M-node mesh was
run. Span-wise cuts of the results at 50% and 99% span are displayed in figures
and respectively. A shock forms just off the blade’s LE due to its blunt geometry.
This propagates in both directions: counter-rotationally, this feature spreads further
whilst being smoothed out, till it hits the (computational) inlet plane. In the direction
of rotation it impacts the suction-side of the adjacent blade. At this point, the adverse
pressure gradient causes flow separation that forms a wake extending beyond the rotor
TE. The lambda shape of the shock, where it interacts with the boundary layer, had
not been predicted by the experimental results displayed by [191l 192]. As stated by
[191], the laser anemometer did not measure the flow behaviour near the suction-side of
the blade, and was therefore unable to capture the separation as well as the shock-root
structure. Furthermore, in the author’s experience, the grids required to simulate this
behaviour need to be relatively fine (> 3M nodes) if they are not aligned with the shock.
At 99%-span, the flow features get more complex: flow from the pressure side moves
across the tip-gap and forms a jet on the suction-side of the blade. This then impacts
the shock forming a vortex. The increased boundary-layer thickness at this height can
be attributed to the tip-gap flow adding momentum in the circumferential direction.
As hinted by [191], a corner separation forms in the hub vicinity, on the TE-suction-side

of the blade. Again, unfortunately, the experimental data was not evaluated this close

3Reproduced with kind permission of Springer.
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(A) 50%-Span.

(B) 99%-Span.

FIGURE 7.6: 47M mesh span-wise cuts displaying the relative Mach number variation
at aerodynamic design point.
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FIGURE 7.7: Suction-side surface streamlines.



Combination of Feature and Adjoint Grid Adaptation 144

to the rotor, and the many simulations reported by [I91] were unable to predict this
behaviour. On the other hand, Hydra is able to capture this phenomenon, as shown in
figure

In general, in the tests described by [191], the main difficulty of this compressor is
presented by the boundary layer capturing and the consequent wake forming, as this is

related to the turbulence model.

|:|Experimem Error’
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FIGURE 7.8: Comparison between experiment and 47M mesh exit plane radial plot
profiles for NASA Rotor 37 (experimental data taken from [193]).

Given the availability of experimental data in the form of outlet (w.r.t. inlet) radial
profiles, a comparison between these results and those of the 47M grid is carried out
in figure [7.8] The experimental values were achieved measuring the rotor performance
at 98% mass flow w.r.t. choke [I9IHI94]. Therefore, in the CFD simulations, the first
step was to determine the mass flow at choke and then modify (by trial and error)
the exit capacity to achieve 98% of the estimated value. It should be noted that the
47M grid calculated choke mass flow matched that of the experiments at 20.93 kg/s.
Once the correct operating conditions had been determined, the exit plane (w.r.t. inlet)
radial profiles of adiabatic efficiency, absolute total pressure and temperature (7'r) ratios
could be computed. As stated by [192], mass-flow circumferential averaging of the
total pressure and temperature should be used to determine their respective profiles.
Adiabatic efficiency is then calculated utilising [194]:

221

_Pr -1

_ iy~ 1
T | (7.1)

As it may be seen from figure all three parameters follow the experimental data trend
relatively well. Below 10% span, both temperature and pressure ratio show a difference

w.r.t. the experimental data. This over-prediction is quite common in CFD results and
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has been attributed to the presence of hub leakage flow upstream of the blade [195].
Another region that is generally poorly resolved by steady-RANS simulations is the tip,
as the unsteadiness due to tip-leakage-shock interaction is not appropriately predicted
[196]. This issue is clearly visible in the total temperature ratio profile. The total
pressure ratio is underestimated in the region between 60 to 90% span. This is believed
to be caused by the turbulence model under-predicting the velocity profile across the
wake. To prove the validity of this assumption, a comparison with the experimental

relative Mach number at 70% span and 115% chord downstream of the blade is reported

in figure
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FIGURE 7.9: NASA Rotor 37 relative Mach number pitch-wise profile at 70% span
and 115% chord (experimental data from [197]).

Not only does the simulation produce lower values at the wake core, but its thickness is
also over-predicted. This will cause a reduced velocity at the outlet, that will result in a
smaller total pressure. An interesting behaviour that may be noticed from figure is
the presence of an over-shoot on the wake’s pressure-side. This is caused by Hydra not

being a T'VD solver: if a gradient limiter were used, this feature would disappear.
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FIGURE 7.10: NASA Rotor 37 relative Mach number profile between —50% and 100%
chord along the mid-pitch line at 70% span (experimental data from [197]).

4To appropriately assess the difference, the position of minimum relative Mach number of the 47M
grid has been aligned with that of the experimental data.
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Another interesting comparison between CFD and experiment is reported in figure [7.10]
where the relative Mach number profile at 70% span along the mid-pitch line is plotted.
The sets of data are clearly very similar, with the 47M grid following the correct trend.
Around bow and passage shocks over- and undershoots are again caused by the Hydra
not being a T'VD solver.

Following this analysis, it can be concluded that the 47M grid is appropriately capturing
the flow features and the data trends within the limits of CFD modelling accuracy.

7.3.2 Case Setup

Periodic Surfaces
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FIGURE 7.11: NASA Rotor 37 setup: flow is from left to right.

The computational domain is shown in figure The surface geometry can be divided
into two: rotating parts, i.e. the blade and the hub section immediately beneath it, and
static, i.e. the casing and hub up- and downstream sections. While figure shows
the wall rotational speed in the absolute frame of reference, the flow solver employs the
relative frame. For example, this means that the casing will be rotating with a speed of
1800@ in the opposite direction w.r.t. the real situation. To reduce the computational
amount of effort and time required only one blade is simulated by splitting the domain
along the passage, at the periodic boundary.

All the starting grids were multi-block structured, generated utilising PADRAM (de-
scribed in section . The coarsest grid that was adopted in this work had a 0.67M
node count and was generated with the desire of having a low number of nodes, while
maintaining a good approximation of the blade LE and TEﬂ Span-wise cuts at 50%
and 99%, being shown in [7.12a) and [7.12b}, respectively. Both have the block boundaries
along with the periodic surfaces highlighted. Despite the meshing software being capable

of generating good quality grids quickly, the complication lies in aligning the passage

5This was particularly important as any consequent refinement step would not be able to appropriately
capture any strong curvature.
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block-boundaries with the surface normal of the rotor. This is due to the presence of the

periodic boundary and the changing twist of the blade throughout its height. A crucial

gap resolution. In this case a polar-mesh

point when generating these grids is the tip

was chosen (figure(7.13)), as this allows to have a larger number of nodes on the blade LE

and TE, thus capturing the geometry curvature better, while allowing a smooth, coarse

grid in the rest of the gap.

two times) doubling the

(

The 47M grid was achieved using PADRAM by repeatedly

node count in every direction for each block of the 0.67M case. Additional refinement

was applied to be able to achieve a smooth transition between the blocks.

The boundary conditions for all cases were set to subsonic at inflow, while at the outflow

subsonic radial equilibrium was imposed. The latter, consists in setting a single static

pressure value mid-height of the exit plane and uses the flow’s swirl to determine the full

the static pressure

I

[198]. In this case

as given by the experimental data

)

outflow profile

this corresponds to the

(

value was determined by setting a capacity value of 0.01824

aerodynamic design point).
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FIGURE 7.12: 50% & 99%-span cuts of 0.67M grid with block boundaries.
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FIGURE 7.13: NASA Rotor tip-gap polar-mesh.

7.4 Combined Mesh Adaptation

7.4.1 Part I: Feature-Based Adaptation

To start with, the feature-based mesh movement was iteratively run with a fully auto-
mated script. The fact that the connectivity was not changed throughout the process
meant that the previous step’s flow solution could be employed as a starting point for
Hydra, thus speeding up the overall procedure. The only extra requirement would be
the multigrid generation. In fact, not only have nodes changed their positions, but the
adaptation software produced a file without any mapping between the multigrid levels.
For this reason, it was necessary to regenerate all the grids, which in this case were tW(ﬂ
It should be mentioned that a possible future improvement could consist in adapting all
the multigrid’s levels. This would probably improve the whole adaptation process, as
the anisotropy would be taken into account throughout the entire multigrid. In fact, as
discussed in section the original edge-collapsing algorithm is isotropic and there-
fore not tailored to coarsen an adapted mesh.

To be able to get an idea of how the parameters of interest changed throughout the adap-
tation, and check the process robustness, the mesh movement was iteratively applied
without any pre-set stopping criteria. In this case it managed to reach 123 iterations,
after which it was user-terminated. The performance quantities behaviour is shown
in figure Apart from the adapted grid’s values (blue), the starting (red), target
(black) and adaptation process average (green dashed) are plotted for comparison. It is
immediately obvious that all three values have closely related behaviour. In fact they
set-off by improving (first 3 steps), then steadily decrease to a minimum (between 20"

to 30" step) and finally slightly increase and oscillate around the average. Clearly, this

SIf the fine grid is included, the total is 3.
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FIGURE 7.14: NASA Rotor 37 evolution of n, P, and 7 throughout the repeated
relative Mach number mesh movement process.

indicates the strong relationship between the quantities of interest. This reinforces the
idea that feature-based mesh adaptation can be helpful in avoiding large amounts of
separate adjoint-based grid modifications for each functional of interest. Nevertheless,
careful observation shows that after roughly the 15 iteration, variation in the quan-
tities of interest is so small, that it can be considered negligible. Moreover, it would
be difficult to claim any possible benefit in choosing one over the other. In this case it
was decided to opt for the 15" iteration, as it is the first where all three performance
parameters are below the average, with very little difference with the results that follow.
To prove this point, the maximum variation in 1, Pr and m between the value at the
15*" step and all the following ones is reported in table Clearly, any variation is
minuscule, and the only possible gain would be the improved edge alignment and node
clustering. However, avoiding the grids produced by later adaptation steps, will reduce
the chance of generating negative volumes due to the lower degree of distortion (this is

particularly true on the suction-side boundary layer mesh) .

Functional | max(A)
n (%) | 0.0224

Pr 0.000568

i (B2™) ] 0.00368

TABLE 7.2: NASA Rotor 37 maximum change in quantities of interest after the 15"
feature-based mesh movement step.

A glance at figure remarks how the performance quantities are deteriorating as the

adaptation is carried out. It can be concluded that the starting grid estimates were closer
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(A) Starting Grid.

(B) 15 feature-based mesh movement steps resulting grid performance.

F1GURE 7.15: Comparison of relative Mach number at mid-span for the starting and
feature-adapted grids of NASA Rotor 37.

to that of the target. Therefore one could argue that the overall process is unnecessary
or even incorrect. Effectively, this is not the case. In fact, the starting grid is not in
asymptotic range w.r.t. the target. To this end a qualitative comparison between the
47M mesh (figure and the starting grid (figure [7.15al), is necessary. There are a
number of features that are poorly resolved. The main one is the shock: this forms at
the blade LF and then propagates several times throughout the domain. It is obviously
badly captured due to its thickness spanning several cells, but more importantly, its
interaction with the boundary layer on the blade suction-side is not correct. Additionally,
as discussed earlier, the adjoint reverses flow directionality, indicating high sensitivities
in the upstream region. This means that errors generated here will have a greater
impact. To this end, it is clear that the upstream propagation of the shock requires
much more clustering. Comparing the relative Mach number behaviour at mid-span
between the starting and adapted grid (ﬁgure, it is obvious that the mesh movement
has improved the resolution of the overall shock. In fact, the shock/boundary layer

interaction has the correct lambda-shape, the discontinuity thickness across the
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FIGURE 7.16: NASA Rotor 37 resulting grid after 15 feature-based mesh movement
steps at mid-span.

passage is sensibly reduced, and it propagates further in the upstream part of the do-
main. Interestingly, the wake location and thickness has changed by a small amount.
This is probably due the starting grid having a suitable alignment in this region.

As was discussed in section [2.3.1] anisotropic adapted grids show the flow features in the
mesh lines. This is the case for the resulting grid, displayed in figure The shock
clustering is visible, particularly along the passage. This spreads out where it interacts
with the boundary layer, causing the separation and thus the wake. The interface of
the latter feature with the bulk of the flow is also shown by the location of the grid
lines. Finally, waviness in the upstream part of the domain proves the nodal relocation
towards the shock propagation.

Another interesting characteristic of this test-case is the tip gap flow and its interac-
tion with other flow features. Careful analysis of figure shows how the adapted
grid’s entropy has increased at the vortex core, also larger in size. This appears on the
blade suction-side and propagates onto the pressure side. Moreover, on the downstream
position of the blade suction-side, where the separation occurs, the boundary layer has
thickened, with an entropy increase. Concerning the grid in the tip vicinity, figure [7.18
shows the nodal relocation in this region. Upstream, (figure , prior the shock loca-
tion, the suction-side movement has mainly pushed nodes towards the blade and tip-gap.
A greater relocation in the casing direction has occurred on the pressure side due to the
tip-gap flow propagation across the periodic boundaries. Further downstream (figure
, the movement on the suction-side is much more determined. The separation has
occurred and the mesh lines have attempted to align with the boundary layer. A similar

relocation of the nodes has happened towards the casing along the entire passage mesh.
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(A) Starting grid.
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(B) Feature-adapted grid.

FIGURE 7.17: NASA Rotor 37 axial cuts for entropy comparison.

(A) 1%t axial cut.

(B) 2" axial cut.

FIGURE 7.18: NASA Rotor 37 axial cuts of the starting (LHS) and feature-adapted

(RHS) grids.
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(D) Feature-adapted relative Mach number.

FI1GURE 7.19: NASA Rotor 37 periodic boundary of the starting and adapted meshes.
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A conclusive discussion relative the periodic boundary plane is due at this point. In
fact this is a smooth and continuous plane in both initial and moved grids. Compar-
ing the meshes in figures [7.19a] and [7.19d], clustering of the mesh lines towards the two

strongest shocks cutting the plane is clearly visible. On the other hand, the discontinu-

ity propagation upstream is less aggressively captured by the node clustering. Another
region where the mesh density has considerably increased is in the vicinity of the casing,
downstream of the passage shock. This is due to the tip-gap propagation. The adapted
mesh’s resulting flow field is displayed in figure Comparing this to that of the
starting grid (figure , the shock is stronger, with its resolution having significantly
improved. On the other hand, the upstream propagation of this feature is not as crisp,
nevertheless bunching up of the contour lines is still visible. Again, despite the signifi-
cant nodal relocation in the tip-gap, particularly downstream of the passage shock, the

resulting flow does not seem to have significantly changed.

7.4.2 Part II: Adjoint-Based Cell Refinement

Following the repeated feature-based adaptation steps, from then onwards cell-based
non-computable correction refinement was employed. The computable correction was
used to improve the functional estimate of the embedded mesh required to evaluate the
error maps. Each refinement step added roughly 300 ~ 400k of nodes, and the wall

normal refinement propagation was set to 10 layers.

7.4.2.1 Adiabatic Efficiency (Mass Averaged)

Starting from the 15" feature-based adapted grid, both types of adjoint error were de-
termined on this grid. The resulting sensor maps at mid-span are reported in figure
The two are very different, in fact the computable correction, appears to have highlighted
all the flow and adjoint features. Shocks, separation and wake are clearly visible, with
the parts having been attacked by the previous feature-based adaptation being smaller in
size. On the other hand, the usual adjoint upstream weighting is present, and is partic-
ularly strong where the reversed wake intersects the shock propagation. It is interesting
to note that the inter-block boundaries between the upstream and passage blocks are
clearly visible in the sensor map. While this error indicates where the functional is
linearly affected by the residuals, the non-computable correction is indicating where the
nonlinear sources of inaccuracies are. In this case the blade LE, where the shock forms,
the location of the separation and the reversed wake. Again, for what concerns the latter,
it is highest where it intersects the shock propagating across the periodic boundaries.

Interestingly, the surfaces of integration of the quantity of interest seem to be subject
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to a considerable measure of error. This is due to the adjoint residuals weighting, and
arguably should have been filtered out. However, in this case it was left untouched.

An important point concerns the blade’s LE error. In fact it is very high in this regions
for both types of sensors. Close inspection of this zone of the mesh shows that the inter-
block boundary corner point on the pressure side is very stretched causing a significant
amount of numerical dissipation (see figure . This is then propagated downstream.
The feature based approach has not been able to remove this fake feature present in the
starting mesh (figure [7.21b]). Actually, careful comparison shows that it has possibly
enhanced the numerical viscosity in this region. Effectively, feature-based adaptation is
unable to detect whether flow complexities, such as this, are real or generated by mesh

distortion. The adjoint process, on the other hand, has successfully flagged this on the

15t step (figure [7.21¢)).

(A) Computable Correction.

Non Computable Correction

(B) Non-Computable Correction.

F1cURE 7.20: Adjoint error at mid-span after repeated feature-adaptation applied to
NASA Rotor 37 .

By applying the refinement based on the non-computable correction, the grid in figure
[7.22] was obtained. The regions previously identified as having larger error have been
marked. The suction side of the blade, starting from the LE to the initial part of

the wake, has been refined. Moreover, it can be seen how it slightly extends along
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(B) Feature adapted grid (LHS) and relative Mach number (RHS).

Non Computable Correction

I
le-06 le-05

(c) Feature adapted mesh non-computable-correction.

FI1GURE 7.21: NASA Rotor 37 LE mesh highlighting corner point issue.

the passage shock. The reversed wake flagged regions have also been targeted for the
adaptation. Slight refinement has occurred at the wake just upstream of the outflow,
but more significantly at the inlet plane. It is interesting to note that the blade pressure
side and the majority of the wake are left untouched by the process. In the first case,
this is indicative of the fact that there is a lower adjoint sensitivity in this regions. In the
second case, the starting grid and consequent mesh movement seem to have sufficiently

resolved the wake.



157

Combination of Feature and Adjoint Grid Adaptation

A\

A ARRAN

X
= .
.
%//%W/////////W%%%%W%%%gg
T T OGS,
ARNN—_.,._.—_—__—_—
M.

N\

ML

AN
N ////////N/MW//W/W
NN

NN
!fr////llwﬂﬂ///”%

iy
AN

ey

SRR

N ——
——

N
N

N
N
=S
—
N NS
=

NS

S
////////////ﬂ////ﬁﬂ///ﬂ/ﬁ//ﬂ/ﬂﬂWMﬂMﬂﬂ”ﬂ”/ﬂ”
NS
N

X S
NS

N

FIGURE 7.22: NASA Rotor 37 grid at mid-span after the 15* n-adjoint refinement step.

As mentioned earlier, there is a significant amount of error at the blade’s LE due to

grid stretching. This had been highlighted by the non-computable correction map. The

resulting grid and flow field in this region are reported in figure [7.23] By comparing the

relative Mach number on this mesh with that of figure there has been a reduction

in this erroneous behaviour. Even so, it is clear that further refinement is necessary to

appropriately remove this source of inaccuracies.

i

17

Y
Y,
////,I"

LHS) and relative Mach number

adjoint refinement step grid (
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FIGURE 7.23:

).

(RHS

adjoint refinement step, a qualitative discussion con-

Finally, for what concerns the 15

where [7.244] is

9

cerning the flow field is necessary. To this end figure is proposed

span after the feature adaptation as in figure

the relative Mach number at mid

is the

relative Mach number at the same location for the flow solution achieved on the 15

This has been reproduced a second time to simplify comparison. Figure

adjoint-refined grid. Careful inspection shows how the lambda shape of the shock where

, the flow at

it interacts with the boundary layer has improved in resolution. Moreover

the blade LE is visibly better captured. Concerning the upstream block of the mesh, it
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can be seen how the contour lines around the shocks propagate slightly less w.r.t. the

final feature-adaptation step.

(A) Feature-adapted grid.

(B) 1% n-adjoint-adapted grid.

F1GURE 7.24: Comparison of relative Mach number at mid-span between feature- and
1%¢ p-adjoint-adapted grids for NASA Rotor 37.

The resulting adjoint error maps are shown in figure[7.25] The first noticeable change, is
the significant reduction in error where the refinement patches have been applied. The
boundary layer on the blade suction side, LFE and portions of the reversed wake, have
all been subject to a decrease in the inaccuracies. Concerning the parts of the domain
that are still highlighted as requiring refinement, a similar discussion to that relating to
the previous adjoint error maps can be made. In fact, the computable correction will
highlight the flow and adjoint features, while on the other hand, the non-computable
version will flag limited regions of the flow. This is indicative of the fact that there is a

reduction of the nonlinearities affecting the functional of interest.
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(a) Computable Correction.

Non Computable Correction

(B) Non-Computable Correction.

FIGURE 7.25: Adjoint error at mid-span after 1% n-adjoint refinement step for NASA
Rotor 37.
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As discussed, there is still the blade LE issue due to the corner point stretching in-
between the block boundaries. Figure shows how, after refinement, the non-
computable correction has sensibly reduced in the region where sources of inaccuracies

are generated. Nevertheless, there are still two patches that need a finer grid. One of
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them corresponds to the corner point, while the other is due to the shock requiring extra

Combination of Feature and Adjoint Grid Adaptation

resources to be appropriately captured.
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The resulting adapted grid is reported in figure Clearly, the adaptation has joined
all the previous refinement patches in a continuum. In fact the finer patch starts from
roughly halfway along the inlet block and then propagates towards the blade LE, onto
the suction-side, till the first portion of the separation, just downstream of the shock.
The cell marking has clearly increased the node density at the interface between shock
and boundary layer. This is also the case for the discontinuity propagation at the blade
LE in the counter-rotational direction. The refinement benefits are clearly visible at the
problematic region at the blade LE (figure . The numerical viscosity has now been
visibly reduced. The issues related to mesh distortion in this region are now minimal.

LHS) and relative Mach number

(

(RHS).

adjoint refinement step grid

FIGURE 7.28: 274 p
To be able to see the improvements from a qualitative point of view, the flow at mid-span

for starting, feature-adapted and both adjoint-refined grids is proposed in figure [7.29
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(A) Starting grid.

(B) Final feature-adaptation.

(c) 1% adjoint refinement.

(D) 2" adjoint refinement.

FI1GURE 7.29: NASA Rotor 37 evolution of the flow field throughout mesh adaptation
for 1 improvement.
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The main flow complexities are much better resolved at the final step, with shock prop-
agation contours being tightly bunched-up where it is strongest. An increase in the
strength of its propagation into the upstream regions is also visible. More importantly,
though, the shock/boundary layer interaction structure is better resolved, with both
branches of the discontinuity being visible, unlike in the starting mesh where no sign of
this particular conformation is visible. Moreover, the numerical diffusion at the blade
LE has been significantly reduced and minimised during the last adaptation step. Not
much change could be noted at the wake w.r.t. the starting grid. As previously men-
tioned, this is attributable to relatively good resolution/alignment of the starting grid,
with any inaccuracy being dealt with by the mesh movement. In fact, careful analysis
showed a slight thinning of it after the nodal relocation. This is confirmed by the adjoint
error maps that show limited error in this region.

To complete the analysis, the adjoint solver had to be run on this grid to determine
the computable correction and see where the remaining sources of inaccuracies were.
The two adjoint sensors resulting from the latest adapted grid are shown in figure [7.30
The computable correction had a larger amount of higher inaccuracies w.r.t. the non-
computable counterpart. This is still the case, however, as in the previous step, where
the refinement has occurred, the error has been sensibly reduced. To this end, it is clear
how no inaccuracy is flagged on the blade suction-side and LE. On the other hand, the
other type of sensor map in figure has been clearly decreased with only a few
points being visible.

To see how the large issues at the blade LFE have decreased, a highlight of the mesh and
non-computable correction is reported in figure No significant error can be seen,
apart from two straight bands outside one of the refinement patches. By comparing this
result with that in figure the improvement is clear.

The most important discussion concerns the adiabatic efficiency computation after each
step and at the overall process’s end. In table the quantity is reported for the
starting, 15" feature-based moved, the two adjoint-based refined and the target grids
performance up to 4 decimal places in accuracy. Additionally, the value obtained from a
fully-feature based approach is included (this is discussed in detail in appendix . The
third column is the n value computed on the mesh by running Hydra to convergence.
Additionally, the fourth column contains the corrected value. This is achieved by gen-
erating an embedded grid and quadratically interpolating the flow and adjoint solutions
onto it. Consequently a single flow solver iteration is applied with a Courant-Friedrichs-
Lewy (CFL) number of 0.0 to determine the functional value and the residuals. Once
these have been evaluated the computable correction can be calculated by multiplying
these by the interpolated adjoint. This is then subtracted from the performance quantity
computed on this embedded grid.
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(a) Computable Correction.

Non Computable Correction _

(B) Non-Computable Correction.

FIGURE 7.30: Adjoint error at mid-span after 2"4 n-adjoint refinement step for NASA
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FIGURE 7.31: 274 n-adjoint refinement step grid (LHS) and non-computable correction
(RHS).

1

As previously discussed, the feature-based mesh movement deteriorated the quantity’s
value. This was attributed to the starting grid not being in asymptotic range, due to the
numerous regions in the flow that were inappropriately replicated (e.g. shock resolution

and its interaction with the boundary layer), but also by numerical dissipation such as
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Grid N°Nodes | 1 (%) | Corrected n (%) Pr | m (kg;m)

Start 670056 | 84.4100 | — — — — — — — 2.0815 | 20.0191

Final Feature Moved 670056 | 84.1287 84.2834 2.0729 | 19.9638
15t n-Adjoint Adapt. | 1017847 | 84.6963 84.8354 2.0934 | 20.1338
28 Adjoint Adapt. | 1392622 | 84.9296 84.9945 2.1004 | 20.1911
Fully Feature Adapt. | 2694775 | 84.3509 | — — — — — — — 2.0805 | 20.0289
Target 46763130 | 84.9950 | — — — — — — — 2.0963 | 20.1756

TABLE 7.3: NASA Rotor 37 evolution of mass averaged adiabatic efficiency between
inlet and outlet throughout the feature and adjoint combined adaptation process.

0.5

-e-Adjoint Relative Error

2.5 -6~ Adjoint Corrected Relative Error
-e-Feature Relative Error
= -O(1) Slope
- -O(2) Slope

-3.5

1 2 3
Adaptation Step

FIGURE 7.32: 7 error convergence of the final (15'") feature-based moved and two
adjoint refined grids along with respective corrected values. As a comparison the result
of a fully-feature-based approach has been included.

the inter-block boundary on the blade’s pressure-side LFE. While the former could be
improved by the relative Mach number mesh movement, the latter was attacked and
reduced by the adjoint-based refinement. Moreover, the alignment of the grid’s edges
with the flow natural anisotropy paid-off when the adjoint procedure was employed
since the inaccuracies were limited in size. For this reason, the adjoint-refinement is
able to remove the effect of nonlinearities significantly improving the functional value.
By including the computable correction to the embedded grid’s estimate, the efficiency
sensibly improves and matches that of the target grid up to two decimal positions. As
the computable correction effectively indicates where the flow residuals linearly influence
the functional, the reason behind the corrected value being so accurate, is due to the
fact that nonlinearities have been minimised. Nevertheless, even the value on the final
adapted grid showed significant improvement and is not far off the target. It should be
noted that these results have been achieved starting from a relatively coarse grid ([48]
started their adaptation from a 2.8M mesh) and achieved very satisfactory accuracy by
doubling the node count. Unfortunately, the fully feature based approach has performed
quite poorly. While it was expected to have a worse efficiency estimate, such a large

difference, particularly given the large amount of nodes, was unexpected. It is thought,
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though, that further adaptation steps would significantly reduce the variation.

To be able to see the error rate of convergence the plot in figure [7.32] is provided. The
error values are determined by subtracting the adapted or embedded mesh estimate
from the target performance. The grid achieved by adjoint-based refinement, has an
approximately first order convergence of the functional error per adaptation step. On the
other hand, the corrected one has a slightly better initial rate of convergence, that then
visibly improves beyond second order. As discussed, the fully feature-based technique

is visibly under-performing. A description of the reasons behind this is provided in

appendix [C|

7.4.2.2 Absolute Total Pressure Ratio (Mass Averaged)

The second functional employed for adjoint-based adaptation is the mass averaged ab-
solute total pressure ratio between inlet and outlet. The evolution of both error maps
at mid-span evaluated on the last feature-adapted grid and the two consequent refined
meshes are shown in figure[7.33] The reader will have immediately noticed that the there
is a significant change in the order of magnitude of the inaccuracies w.r.t. that of the
efficiency case. The adjoint solver is dimensional, and therefore the dual solution of the
efficiency will have dimensions of %, i.e. two orders of magnitude greater than that of
the pressure-ratio, that is a dimensionless quantity. Therefore, for the efficiency, errors
are simply scaled by a factor of 100. Concerning the starting computable correction, this
is effectively very close to that of the n-case. In fact both flow and adjoint features are
highlighted with a similar weighting. This is not the case for the non-computable ver-
sion. In fact, for the Pr, all zones of inaccuracies are stronger in magnitude. Moreover,
there appears to be a slightly larger sensitivity in the passage region. This is the reason
behind the extended refinement off the blade suction-side towards the passage, as shown
in figure Apart from this characteristic, the previously analysed functional had a
very similar refined grid after the 15 adjoint adaptation step.

The error maps evaluated on this grid show a similar behaviour as that of the previous
performance quantity. As desired, where the refinement has occurred, the inaccuracies
magnitude has significantly decreased, creating a void in the overall sensor field. Never-
theless, while the computable correction highlights the strongest parts of shock and wake,
the non-computable counterpart, shows high inaccuracies are forming at the adjoint re-
versed wake. Moreover, unlike the efficiency case, there are high residuals occurring
around the refinement patches, particularly outside that on the suction-side. These can

be attributed to the interface between fine and coarse grid regions.
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(A) Computable correction 15" feature-moved (B) Non-computable correction 15" feature-
moved mesh.

/Ion Computable Correctioi
2e-8 4e-8 6e-8 8e-8
.

1e-08

(c) Computable correction 1% adjoint-refined (D) Non-computable correction 1% adjoint-
refined mesh.
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(E) Computable correction 2"¢ adjoint-refined (F) Non-computable correction 2"? adjoint-
mesh. refined mesh.

FIGURE 7.33: Evolution of the mass averaged absolute total pressure-ratio adjoint
errors at mid-span of NASA Rotor 37 after the feature- and Pr-adjoint-based mesh
adaptation.

In fact, not only will the control volume size abruptly change, but also the presence of
hybrid interfaces to remove hanging nodes causes issues, in terms of size, shape and ori-
entation of control surfaces. Unfortunately, there is no way of knowing where interface
patches ought to be placed to avoid causing issues in the following flow solution.

In the next adaptation step, the cell marking algorithm has created a straight block of
refinement in the upstream parts of the mesh (figure . The passage fine block has
also been stretched towards the flow wake. Finally the blade LE shock has also been
targeted. As in the efficiency case, no nodes have been placed on the pressure side of
the passage, as well as most of the wake.

Evaluation of the adjoint-based errors on this grid shows how they have been sensibly
decreased (figures [7.33¢l and [7.33f] ). Again, voids in the maps are clearly visible where

the refinement patches are. Moreover, as was previously noted, the computable correc-

tion shows a larger amount of error, that unfortunately has increased downstream of the

shocks. This is also the case in the non-computable version. This is probably due to the
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possibly unsuited for the task, as these hybrid elements will be split causing increasingly
distorted shapes (negative volumes may also appear). For this reason, the computable

correction term will not be as accurate as in the previous case.
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FicUrRE 7.36: Evolution of the blade LFE error and solution during the Pr-adjoint
adaptation.

Qualitatively, figure [7.35] shows the final grid’s solution at mid-span. Comparing with
the starting point, i.e. the last result of the feature-based mesh movement in figure
improvements are clearly visible. In fact, as in the efficiency case, the refinement
has allowed a better resolution of the shock, particularly at the blade LE. Moreover, its
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Grid N°Nodes | Pr | Corrected Pr | n (%) | m (kg;m)
Start 670056 | 2.0815 | — — — — —— 84.4100 | 20.0191
Final Feature Moved 670056 2.0729 2.0843 84.1287 | 19.9638
15t Pr-Adjoint Adapt. | 1009019 | 2.0960 2.0958 84.7770 | 20.1516
27 Pr_Adjoint Adapt. | 1395880 | 2.0977 2.0909 84.8468 | 20.1648
Fully Feature Adapt. 2694775 | 2.0805 | — — — — —— 84.3509 | 20.0289
Target 46763130 | 2.0963 | — — — — —— 84.9950 | 20.1756

TABLE 7.4: NASA Rotor 37 evolution of mass averaged absolute total pressure ra-
tio between inlet and outlet throughout the feature and adjoint combined adaptation
process.

interaction with the boundary layer on the suction-side and the propagation towards
the upstream regions is also improved. Another point that was previously mentioned,
concerned the stretching of the LFE inter-block boundary corner point on the blade
pressure side. As shown in figure the non-computable correction based on the
Pr-adjoint solution immediately flags the entire regions as being problematic. As in
the previous functional’s case, the last refinement step significantly reduces any issues
caused in this region, as shown by the error map in figure [7.36b| and the resulting flow
field shown in image

Finally, the most important part of the analysis concerns the evolution and improvement
of the quantity of interest. As shown in table the adjoint-refinement step sensibly
improves the functional w.r.t. the last feature-based movement. Effectively, the quantity
is so close to target that the difference between the adapted mesh and the corrected
quantity is 2 - 1074, Unfortunately, the following refinement step, as discussed, causes
errors to appear at the interfaces between refined and coarse mesh regions. These not
only reduce the Pr accuracy, but also increase the nonlinearities present in the flow.
Therefore the computable correction term is not as accurate as expected. Nevertheless,
the outcome is again much better than that of the fully-feature based process (see
appendix |C]), with roughly half the amount of nodes.

The error relative to the target performance of the adapted grids is shown in figure
The 15 point relates to the last feature-based mesh movement iteration. The
resulting grid is then employed in both the fully feature (green line) and combined adjoint
(blue line) processes. The last curve (red) represents the corrected functional using the
embedded grid process. While the values obtained employing the standard adjoint-
adaptation procedure visibly reduced the error to start with, as discussed, the second
refinement step unfortunately inverted the trend. Nevertheless, it can be concluded that

they consistently outperform the feature-based procedure.
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FIGURE 7.37: Pr error convergence of the final (15'") feature-based moved and two
adjoint refined grids along with respective corrected values. As a comparison the result
of a fully-feature-based approach has been included.

7.4.2.3 Mass Flow (Area Averaged)

The final quantity of interest was the area averaged mass-flow evaluated on the exit
plane. As for efficiency and pressure-ratio, the starting point was the 15" feature-based
mesh movement step.

The resulting adjoint-error maps are displayed in figure Similarly to previous quan-
tities of interest, the computable correction values are representative of the combination
of both flow and adjoint features. Moreover, the regions of error are more spread out
w.r.t. that of the non-computable version. In particular, the latter again highlights
sources of inaccuracies upstream of the blade, along with the suction-side of it. Com-
paring the starting error fields in figures[7.38a] and [7.38b] with those of the pressure-ratio
in images [7.33al and [7.33b| the two closely resemble each other (apart from the adjoint

dimensions being different). Strong similarities of these with the values computed in the

case of the efficiency are also clearly visible (see figures [7.20a] and [7.20b]).
Concerning the 15 refinement step, the grid shown in has the finer mesh patches

appearing along the blade suction-side and the high sensitivity regions of the reversed

wake. As in the case of the pressure-ratio, the refinement has been pushed further into
the passage, indicating a higher sensitivity w.r.t. the shock. At the blade LFE there is a
continuous refinement patch, unlike efficiency and pressure-ratio cases.

The adjoint errors evaluated on this grid, shown in figures[7.38c and [7.38d], show how the

refinement has successfully removed the main sources of inaccuracies, with voids appear-

ing in both fields. Having said that, the issue with the hybrid interface patches seems to
have appeared. In fact, looking at the computable correction, the error thickness around
the strongest parts of the shock seems to have increased. This issue is also present,

to a smaller extent, in the non-computable version. For this reason, in the following
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adaptation step (see figure , the LFE discontinuity propagating towards the inlet
has been refined. As in previous cases, the upstream adjoint line of high sensitivity, has
attracted a considerable amount of nodes. Moreover, as for the pressure-ratio, a small
fine patch has appeared downstream of the separation, where the previous refinement
ended. The error maps evaluated on this grid are reported in figures [7.38¢| and [7.381

Despite removing the error present before any refinement had been carried out, there

are some relatively high inaccuracies appearing around the hybrid patches between the

fine and coarse mesh. This is particularly true where flow features appear (for instance

/Ion Computable Correction
—

at the wake).

(A) Computable correction 15" feature-moved (B) Non-computable correction 15" feature-
mesh. moved mesh.

(c) Computable correction 1% adjoint-refined (D) Non-computable correction 1% adjoint-
mesh. refined mesh.

/Von Computable Correction

(E) Computable correction 2" adjoint-refined (F) Non-computable correction 2"¢ adjoint-
mesh. refined mesh.

FiGURE 7.38: Evolution of the area averaged mass-flow adjoint errors at mid-span of
NASA Rotor 37 after the feature- and m-adjoint-based mesh adaptation.

To be able to prove that hybrid elements required to maintain a conformal mesh are
causing significant issues, non-computable correction thresholds of 5-10~7 and 1- 1077
were applied over the entire domain of the final mesh error. The result can be seen in
figure[7.40] As expected, the main sources of inaccuracies are in the upstream block and

on the suction-side. Moreover, these are concentrated around blade mid-span, not
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so much near the casing and even less in the hub vicinity. This is due to the convective
terms being stronger further away from these. Extracting the cell types from these
figures, it is possible to verify that hybrid elements are sources of errors. The results
for a threshold of 5 - 10~7 are reported in table m while those for the lower value
of 1-1077, may be found in table Both contain the individual contribution of
tetrahedra, pyramids and prisms, along with the combined one (”hybrid” row). To be
able to get a feel for the overall percentage of the various cell types in the final grid,
table has been included. In the case of the highest sources of error over the entire
domain, it is clear that the hybrid cells dominate the contribution with more than 87% of
them not being hexahedra. Reducing the threshold five-times, their contribution is still
far greater than that of the hexahedra, with the former representing 2/3 of the overall
high-error elements. Nevertheless, it should be noted that most of these cells actually
neighbour each other, and therefore it is often the case that the error is generated in one
and propagated to the other. Given that the hybrid elements are many more, it may be
concluded that without these the overall error would be much less. By comparing the
quantity of most inaccurate cells w.r.t. the overall count, shows that they are actually
a minority. In fact, for a threshold of 5 - 1077 they represent 0.2%, while in the case of
a threshold of 1- 1077, they are only 2.2% of the total number of cells.

N° cells Error > 5e — 7 | % w.r.t. Total
Grid total 2682 100
Tetrahedra 1107 41.275
Pyramids 1206 44.966
Prisms 33 1.230
Hexahedra 336 12.528
Hybrid Elements | 2346 87.472

TABLE 7.5: Final rh-adjoint refined grid statics for cells with non-computable correction
value greater than 5-1077.

N° cells Error > 1e — 7 | % w.r.t. Total
Grid total 27009 100
Tetrahedra 8817 32.645
Pyramids 7532 27.887
Prisms 1747 6.468
Hexahedra 8913 33.000
| Hybrid Elements | 18096 | 66999 |

TABLE 7.6: Final rh-adjoint refined grid statics for cells with non-computable correction
value greater than 1077,
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N° cells | % w.r.t. Total
Grid total 1221333 100
Tetrahedra 109044 7.365
Pyramids 106328 7.180
Prisms 44161 2.982
Hexahedra 1221333 82.474
Hybrid Elements | 259533 17.526

TABLE 7.7: Final rh-adjoint refined grid cell type statistics.

To conclude the discussion, the mass flow quantity evolvement throughout the process is
reported in table[7.8] The error relative to the target quantity of the adapted, embedded
and fully-feature based grids is shown in figure As for the case of the pressure-ratio,
the functional sensibly improves once the adjoint-refinement is employed. Unfortunately,
the accuracy deteriorates slightly in the second adaptation step. According to the author,
on the basis of the detailed analysis provided, the issue is due to the presence of hybrid
elements causing an increase of the error quantities. Unfortunately, further refinement
would not bring justice to the process, as continuous splitting of these elements in a
bid to reduce the inaccuracies, would cause others to appear. As a remedy to this, the
refinement strategies proposed by [116, [118] are suggested. These exploit a technique
that would remove any hybrid elements requiring refinement and replace them with

refined versions of the original grid’s hexahedra.

Grid N°Nodes | m (kng) Corrected m (kng) n (%) Pr
Start 670056 200191 | ——————— 84.4100 | 2.0815
Final Feature Moved 670056 19.9638 20.0469 84.1287 | 2.0729
15 1i-Adjoint Adapt. 999530 20.1455 20.1589 84.7572 | 2.0951
289 i Adjoint Adapt. | 1337205 | 20.1339 20.1509 84.7216 | 2.0928
Fully Feature Adapt. 2694775 200289 | ——————— 84.3509 | 2.0805
Target 46763130 | 20.1756 | — —————— 84.9950 | 2.0963

TABLE 7.8: NASA Rotor 37 evolution of outlet area averaged mass-flow throughout
the feature and adjoint combined adaptation process.

7.4.2.4 Comparison of other performance quantities

The evolution of quantities other than the one central to the adaptation were included
in tables [7.4] and As it can be seen, the three parameters are improved re-
gardless of which one is subject to optimisation. This is effectively consistent with the
error maps shown for each one. In fact by comparing their both their computable and
non-computable error maps they all highlight very similar regions (neglecting the order

of magnitude difference). This resulted in similar adapted meshes with small differences
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FIGURE 7.41: 1 error convergence of the final (15'1) feature-based moved and two
adjoint refined grids along with respective corrected values. As a comparison the result
of a fully-feature-based approach has been included.

concerning the propagation of the refinement into the passage. One of the reasons for
this resemblance relates to surface of integration being the same for all cases (i.e. out-
flow). Additionally, both adiabatic efficiency and total pressure ratio are mass averaged,
meaning that this ought to be correctly predicted in order to improve their accuracy.
Finally, the adiabatic efficiency value is computed employing equation and therefore
total pressure and temperature ratios, as well as mass flow, must be accurate in order

to reduce its error.

7.4.3 Process Time Consumption

The adaptation process speed is compared with that of the 47M in table

Case Minutes | Seconds
15 Mesh Movement Adapt. 145 51
2 Adjoint Adapt. 6150 13
| Complete Adapt. | 6295 | 4 |
| A7TM Grid | 7233 | 1 |

TABLE 7.9: Raw CPU timings for the combined feature and adjoint adaptation process.

It is clear that there is a gain in time, but unfortunately, this is not as significant as
hoped. This is primarily due to the adjoint adaptation process. In fact, as may be
calculated from the table, the feature based mesh movement requires only 2.31% of the
overall adaptation time to run. One of the issues with the adjoint-based part relates to
the perfect convergence that ought to be achieved to compute the errors accurately: in

fact, the consequent interpolation to an embedded grid will amplify the flow and adjoint
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residuals and thus hinder the calculation of the correction factor. This is not the case
for the mesh movement iterations, as the best convergence is only required in the last
step. A second issue that appears only in the adjoint-part of the procedure, relates to
the refinement reducing the convergence slope. This problem is even more accentuated
in the final grid, having been modified by 2 refinement steps. As was mentioned in
chapter 4| when discussing the flux reconstruction, [149] states that centred schemes,
such as that implemented in Hydra, can have extra stability problems when employed
with hybrid grids generated by the refinement. Therefore, the reduced convergence rate
can be expected. It should be noted that stopping the process after a single adjoint-
adaptation step would reduce time consumption by 64%. The main issue that slows
down the procedure, relates to the adjoint code not storing the flow solution’s Jacobian
matrix, that ought to be computed at every step, and the application of AD software,
that does not produce an optimised code, thus causing a significant time increase in the
process.

To decrease the wall clock requirements of the overall adaptation, tests would be required
to determine what is the maximum convergence level needed to reliably compute the
adjoint errors. In fact, if the computable correction were not required, it is possible that
higher residual levels would not affect the non-computable correction evaluation, as for
this to be employed in a refinement algorithm, only the relative weight of each cell in the
overall value should be sufficient to determine whether to add nodes or not. Finally, there
would also be the possibility of choosing the Generalised Minimum Residual (GMRES)
adjoint solver that is available in Hydra, as this could help reduce the time consumption.
A final comment that should be made concerns achieving the solution on the 47M grid:
apart from the mesh generation, case pre-processing and CPU time consumption, it is
very time consuming to determine which flow solver settings manage to achieve reliable
convergence. In fact, in general it is more difficult to minimise the residuals with finer
grids as any unsteadiness in the flow will start to affect the convergence. Added onto
these issue is the amount of memory required to store the data and time needed for the
post-processing. Moreover, unlike the adaptation process, the values presented in table

do not consider the time required to achieve the 47M grid adjoint solution.

7.5 Conclusions

Summarising, the first adjoint-based mesh adaptation process has been applied to tur-
bomachinery test-cases. It has been shown that by employing a repeated, feature-based,
mesh movement strategy, the grid significantly improved the alignment, thus yielding a
better estimate of the computable and non-computable corrections. While other feature

and adjoint combined procedures employed them simultaneously ([19]), in this case they



Combination of Feature and Adjoint Grid Adaptation 177

are used in a sequential manner. Therefore, before any adjoint solver simulation, the
grid has already been improved to better capture flow features that will affect the adjoint
error. Two refinement steps based on the non-computable error were performed. These
produced excellent results for what concerns the adiabatic efficiency evaluated between
inlet and outlet. In fact, the node enrichment process was able to reduce the nonlineari-
ties affecting the functional, therefore allowing the computable counterpart to produce a
much improved estimate. For the absolute total pressure ratio between inlet and outlet
and the mass flow evaluated at the exit plane, significant benefits were obtained in the
first adaptation step with a decrease in error. Unfortunately, in the following one, the
presence of hybrid elements closing the refinement patches proved to be too problem-
atic. In fact, despite reducing the error previously present, new sources appeared caused
by the diverse types of cells. As a remedy to the issue, and have the ability to reliably
reduce the overall sources of inaccuracies, the author recommends refinement techniques
that will remove any hybrid cell marked to be split, and replace it with a refined version

of the original grid’s hexahedra.
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Chapter 8

Fully Anisotropic & Edgewise
Adjoint Grid Adaptation

8.1 Introduction

Adjoint mesh adaptation techniques have been employed either on their own, or in a
combination with feature based processes. In the latter case, this is to capture flow
anisotropy, i.e. be able to cluster nodes in the flow direction, thus aiding adjoint error
estimation, as shown in chapter However, no technique to improve the grid to cap-
ture the adjoint anisotropy has ever been applied. In fact, if it were possible to modify
the mesh to be able to align the grid edges with the regions of high sensitivity of the
functional, the process would be more efficient. This would be feasible if there were a
functional-related quantity to be adopted to determine a Riemannian metric that could
be employed in the mesh movement process outlined in section [6.5.3] Moreover, having
an edge-based error estimation for the refinement, would allow to add to the effectiveness
of the overall procedure.

Such techniques have been devised in this work, and will be applied to a typical fan
case with a splitter found on a modern jet engine and NASA Rotor 37. It will be shown
how the mesh relocation employing the mesh adjoint quantity is capable of clustering
and aligning the grid not only towards the important flow features for the functional of
interest, but also to its high sensitivity regions. Comparison with feature-based mesh
movement will prove the novel technique’s benefit, in terms of functional estimation and
convergence properties.

With regards to the refinement, the first edge-based grid enrichment strategy, was de-

signed to completely remove the need to create an embedded grid and thus any extra

179
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flow/adjoint run that may be required, as described in section m This allows a sim-
pler process, not only more efficient in terms of time consumption, but also achieves a
huge reduction in memory usage. In the non-computable correction term, differences
between the quadratically and linearly prolonged flow and adjoint solutions are needed.
This requires 4 different quantities to be evaluated and then stored. These are sub-
stituted by the subtraction of interpolated quantities along a coarse mesh edge, thus
avoiding the need to create a fine grid. Moreover, if the error is computed by the adap-
tation software as in this case, they do not need to be stored. In the sensor devised
by [64], the embedded mesh flow and adjoint residuals are required for the linearly in-
terpolated quantities. Thus, extra runs of the respective solvers are needed, along with
storage of the nodal residuals. To avoid this, the fine grid NS and adjoint imbalances
were substituted by those along each edge of the coarse mesh. Although this procedure
does not allow to accurately calculate the non-computable correction, it does produce
a smoother error map that mimics its behaviour on the embedded mesh employing the
prolonged quantities. Additionally, the error will be fully edge-based. Therefore the

requirement of an efficient refinement process has been achieved.

#¢ Non Gomputable Correction

4e-8 6e-8 8e-8
- TN
le-07

(A) Standard calculation. (B) Novel edgewise calculation.

FIGURE 8.1: Mass averaged absolute total pressure ratio non-computable correction
evaluated at mid-span of NASA Rotor 37: comparison of standard and new techniques.

A comparison between the non-computable correction calculated as in chapter [7] with
that using the modification just outlined, is reported in figure As it can be seen,
very similar regions are highlighted by the two techniques, the main difference being the
intensity with which they are flagged. In fact, the standard calculation of figure [8.1a
shows a strong weighting of the adjoint. All the upstream, suction side and reversed
wake are clearly the strongest sources of inaccuracies. On the other hand, the shock
propagation, along with the wake have a lower level of error. In chapter [7] it was shown
that, as the adaptation progressed, the refinement mainly targeted the upstream block.
On the other hand, this new formulation of the error, does not have the same rigorous
mathematical formulation. However, it is clear that it highlights the same regions as
error sources, but more importantly, it manages to weigh equally the flow and adjoint
quantities. This can be helpful in improving the adaptation process, as the refinement

will not only add nodes in the upstream regions.
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Concerning the second grid-enrichment technique, this is based on a simple adjustment
employing the non-computable error devised by [64], and described in section m
Firstly, it was noted that once the flow and adjoint quantities had been interpolated to
an embedded grid to evaluate the error, this is also calculated for each coarse mesh edge.
In fact, in the fine grid, there is a node splitting each edge of the parent mesh. Em-
ploying this quantity to determine whether to refine or not the coarse mesh edge, allows
to achieve a fully edge-based adaptation algorithm. Another benefit resulting from this

modification, is the elimination of error restriction from the embedded to the parent grid.

8.2 Combined Adjoint-Based Movement & Refinement

Just as in chapter |7 the adaptation process will start with mesh movement. However,
in this case the node relocation will be driven by the functional sensitivity to grid
coordinates. This will be repeated until the functional of interest has converged. This
first part will allow grid clustering in regions where the performance quantity is most
affected. The second part will consist of repeated mesh refinement. Once the grid has
been aligned with the features affecting the functional, adjoint-error calculations will
be more accurate, thus allowing a more targeted and efficient refinement. Two different
processes will be run: the first will add nodes based on the non-computable correction as
determined employing the edge residuals on the coarse mesh. The second procedure will
use the original adjoint-error calculation on the embedded grid, but will mark the coarse
mesh edges, rather than the entire cell. In both cases, the refinement will be applied to
the grid achieved through repeated mesh movement based on the functional sensitivity
to the node coordinates. The overall approach is summarised in the flow chart of figure
8.2

In this work, as no geometry reconstruction was carried out, the refinement would have
to be limited. Moreover, given the experience accumulated with the results outlined in
chapter [7] it was decided to apply a single refinement step to minimise possible issues
caused by hybrid elements appearing. In fact, these could partially mask benefits of the
novel approaches.

A final mention should be made concerning the refinement settings. In fact, as in chapter
the number of nodes added was approximately half that of the starting grid. This

also included the wall normal refinement propagation, that was set to 10 layers.
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Adjont Solutions
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Mesh Adjoint
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FIGURE 8.2: Anisotropic edgewise adjoint adaptation flow chart.

8.3 Fan Blade

8.3.1 Physical Aspects & Computational Setup

Close to the operating point, the fan blade of interest proved to produce a very stable
flow with limited features. At choke, on the other hand, more intricate behaviour was
observed. For this reason, it was decided to run the flow and adjoint solver at these
conditions. As in the case of NASA Rotor 37, the target performance was provided
by a very fine mesh of approximately 87M nodes achieved by refining two times in
every direction the starting grid of 1.3M nodes. Extra points were added in-between
the block boundaries to provide satisfactory grid quality. As for the NASA Rotor 37
test-case of the previous chapter, the starting and ultra fine grids were generated by
way of PADRAM, described in section These proved to be high quality structured
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shows the block composition around

lar block structure as for the NASA Rotor 37 can be seen, i.e. O-

The inter-block boundaries have been highlighted with white lines. In figures
a simi

mesh around the blade, two passage blocks split between pressure and suction side and
inlet /outlet components. The only difference is the downstream block divided into two.

multi-block meshes. An example of the coarse 1.3M mesh at mid-span is reported in
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figure|8.3

The periodic cut on the pressure side in figure
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To be noted is the

Vi

In the absolute frame of

Concerning inlet, bypass and engine outlet, these were set to subsonic inflow and radial
equilibrium subsonic outflow, respectively. To enforce choke conditions, the bypass exit
reference, the blade and upstream part of the hub were rotating with the same speed.

The splitter was static, as were the casing and the downstream hub section.

change can also be noted along the periodic boundary in figure

boundary setting was changed to a static pressure outlet.

limited flow complexity near the splitter.
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For the adjoint mesh adaptation the quantity of interest was the mass averaged adiabatic

efficiency evaluated between inlet and bypass (npp) and inlet and engine outlet (ngy).

(A) Mid-span. (B) 75% span.
Rel M
-
1.0
MinI
(¢) 99% span. (D) Periodic boundary.

FIGURE 8.4: Fan blade relative Mach number distribution on the 87M grid.

8.3.2 Part I: Adjoint Riemannian Metric Mesh Adaptation

To start with, only the % mesh adjoint quantity will be repeatedly employed to adapt
the mesh for two quantities mentioned in the previous section. This will be used to
compute a Riemannian metric indicating the anisotropy of the functional sensitivity.
This will be employed to drive the mesh movement algorithm described in section [6.5.3
The overall process will be repeated until the functional estimation stalls to a fixed
value. To be able to show the mesh adjoint %-based node movement validity, this
will be compared with the results obtained by a relative Mach number mesh relocation

strategy (described in appendix D).

8.3.2.1 Adiabatic Efficiency between Inlet & Bypass Exit (Mass Averaged)

One of the main quantities of interest to a fan designer, is the adiabatic efficiency
evaluated between inlet and bypass outlet. Comparing the target performance and that
of the starting, 1.3M grid, at choke, it was seen that the latter over-estimated it by
over half a percent. Therefore, it would be interesting to see if applying the procedure
described in section [6.3.3] along with the spring stiffness mesh movement would improve

the functional estimation (no refinement being carried out at this point). The overall
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and 75% span reported in figure The magnitude of the mesh adjoint % is shown in

number of adaptation steps was 45, with highlights of the evolv
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By comparing the latter with the flow features seen in figure [8.4] it is clear that the
the case of NASA Rotor 37, a reversed wake of relatively high magnitude forms in the

shocks and flow wake are high sensitivity regions for the functional. However, as in
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df/dx Mggnitude

(E) After 20 mesh adaptation/movement steps (F) After 20 mesh adaptation/movement steps
at mid-span. at 75% span.

0.0

ws

(G) After 30 mesh adaptation/movement steps (H) After 30 mesh adaptation/movement steps
at mid-span. at 75% span.

FIGURE 8.6: Evolution of the mesh adjoint % magnitude throughout the mesh adap-
tation process for npp.

upstream block. As the shock propagation is bounded within the passage, the upstream
sensitivity is far less w.r.t. the compressor case in chapter[7] This allows a simpler mesh

adaptation procedure.
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As it can be seen from the grid evolution, as the adaptation steps progress, the clustering
and alignment improve with the sensitivity features, regardless of whether they appear
in the flow solution or not. As one would expect, after a while the mesh movement

0th iteration

starts to reduce its influence. For this reason no grid is shown after the 3
step. However, by looking at figures and both at mid- and 75% span, the
flow wake and the shock locations are clearly visible in the grid lines. This is also the
case for the dual reversed wake. It is interesting to note that at mid-span, a strong
curvature of the grid lines occurs on the blade LE on the suction side. By analysing the
functional sensitivity in this region, it is clear that there is a relatively large difference
between the passage values and those immediately upstream (the legend’s threshold
is too high to see it). For this reason, the arc at the LE has materialised. As the
mesh adaptation progresses, it can be seen that the sensitivity maps change. In fact,
while the shock region appeared to be quite thick for the starting mesh, at the end it
significantly reduces in size. Also, the wake is not entirely highlighted as a region of
high sensitivity, only its interface with the bulk of the flow. The evolution of % is not
only important to achieve an improved grid for the functional of interest, but it is a
crucial parameter in the discrete adjoint optimisation process. Therefore achieving a
more accurate estimation of this quantity can play a significant role in appropriately

improving the test-case performance.

(A) Relative Mach number at mid-span for the (B) Relative Mach number at mid-span after
starting 1.3M mesh. 30 mesh adaptation/movement steps.

(¢) Relative Mach number at 75% span for (D) Relative Mach number at 75% span after
the starting 1.3M mesh. 30 mesh adaptation/movement steps.

F1cURE 8.7: Comparison of the starting mesh flow with that obtained after 30 mesh
adaptation steps for ngp.

Figure 8.7 shows how the flow resolution has changed between the starting grid and the
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one achieved through 30 mesh adaptation/movement steps. While the wake has had
minimal change, the shocks mid- and 75% span are clearly better resolved. The reason
for the minimal change in the downstream wake is caused by the initial mesh appropriate
alignment in this region. It should be noted that no nodal addition has been carried
out, therefore the final adapted grid still has the same node count as the starting coarse
mesh. Nevertheless, by carefully analysing the 87M node mesh in figure [8:4] there are
still some differences. In fact, at both span-wise locations reproduced in images
and the root of the shock on the suction-side is still not appropriately captured.
Moreover, at 75% span, the discontinuity is still, qualitatively speaking, quite thick.

It is well known that the main attraction towards adjoint-related mesh adaptation strate-
gies is their capability to minimise errors in the grid related to the functional of interest.
Therefore, for this case it is essential to be able to show improvement of the npp, as
otherwise it will loose any real significance as a grid modification strategy. To this end,
figure [8:8 has been included, showing the variation of absolute difference between the

adapted mesh and the target value achieved with the 87M grid.

06 Inlet-Bypass Oulet 7

=—Mesh Adjoint Movement 1.3M Grid
0.55 —Rel M Movement 1.3M Grid

0 5 10 15 20 25 30 35 40 45
Adaptation Step

F1GURE 8.8: Variation of the difference of ngp between adapted and target grids during
the adaptation process.

Clearly, the mesh adjoint node movement outperformed the feature based approackﬂ in
terms of estimation of the functional and number of adaptation steps. In fact, the rela-
tive Mach number related process, stopped converging to pre-defined user level after the
26" adaptation step. Moreover, the flow solver settings required changing throughout
the process. On the other hand, the use of % calculated by the mesh adjoint is far more
robust. In fact, no variation to the solver settings were required for either the flow or
adjoint codes. Furthermore, it reached the 45 iteration converging to the same level,
and would have been able to continue, but the very small improvement in the functional
negated any real benefit. The reason behind this robustness is believed to be related to

the formulation of the mesh adjoint relation. By looking at equation [5.70] it is possible

!The reader is referred to appendix D for an overview of the resulting grid and flow obtained using
this process.
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to see that there the %—f term is present. This, multiplied by the flow adjoint produces
a contribution to %, that is then outputted as the overall mesh adjoint quantity and
used in the adaptation procedure. Despite being a linearisation of the flux functions
w.r.t. the mesh coordinates, it still has the effect of including the residual behaviour in
the overall sensitivity. Moreover, as discussed by [96], adjoint-based mesh adaptation
techniques actually include the effect of the flux Jacobian-matrix, and therefore contain
system stability information.

In figure the reader will have noted that the feature process was performing better

w.r.t. its adjoint counterpart, then around the 15

step, things changed with the dual
process rapidly reducing the functional estimation towards the target performance. Dur-
ing various tests conducted by the author, it was found that sometimes the % quantity
can be slightly noisy in regions of very low sensitivity. The Hessian matrix calculation
procedure relies on a GG operator applied to the mesh adjoint output. During this
process, it is possible for the noise to be amplified, and therefore cause a degree of er-
ratic movement in the grid. For this reason, in the process employed above, edge-length
weighted Laplacian smoothing was applied to the sensitivity magnitude to even out the
overall field. This was done for the first 15 adaptation steps causing a visible reduction
of the rate of change of the efficiency. However, in this case, it was found that after

this number of iterations, the smoothing was not required anymore. This is the reason

behind the abrupt change in the convergence history of the objective.

8.3.2.2 Adiabatic Efficiency between Inlet & Engine Outlet (Mass Aver-
aged)

In parallel to the adaptation process for mass averaged adiabatic efficiency calculated
between inlet and bypass exit, the same value across inlet to engine outlet was also
applied in a separate process. This to be able to see if changing part of the integration
surface would cause any differences. Moreover, it was found that while the coarse mesh
was over-estimating npp by roughly half a percent point, ngpy was underestimated by
a fifth of percent point. Therefore, it was interesting to see if the mesh movement
employing ngx’s mesh adjoint would be able to increase the value and, given the limited
difference, stall in the vicinity of it.

Figure shows how the functional absolute difference between adapted and fine grids
varies using the feature-based approach and the mesh adjoint technique. Clearly, the
latter is not only able to correctly increase the value, but stalls by approximately 0.025%
relative to the result of the much finer grid, thus indicating the procedure reliability.
Moreover, it outmatches the relative Mach number mesh movement, as this tends to

decrease the functional as a result of the adaptation. Given that the main sources of
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error for the feature-technique are in the upper half of the span, the regions causing
inaccuracies at lower radius have not been appropriately targeted. This is where ngn
was seen to have the highest sensitivity w.r.t. the grid coordinates. To check the
validity of this assumption, the non-computable error as in eq. [6.26] was computed. The
maximum value of this over the entire domain of the starting grid is shown in figure

3. 10)

Inlet-Engine Oulet 7

03¢

025/

- 1
=150 —Mesh Adjoint Movement 1.3M Grid
a —Rel M Movement 1.3M 1
0.1+ -
0.05
ol
0 5 10 15 20 25

Adaptation Step

F1GURE 8.9: Variation of the absolute difference of ngy between adapted and 87M
grids during the adaptation process.

F1GURE 8.10: Maximum non-computable correction for ngy over entire domain of the
starting mesh (suction-side LHS, pressure-side RHS).

(

F1GURrE 8.11: Maximum non-computable correction for ngp over entire domain of the
starting mesh (suction-side LHS, pressure-side RHS).

Clearly, the functional is most sensitive around the blade surface, particularly on the
suction-side, where the estimated shock location iﬂ Additional high sensitivity regions

are the wake, but mainly the lower span region. The latter is to be expected, as the

2The word estimated is used as the starting mesh does not have an accurate resolution of the shock.
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performance quantity integration surface is below the splitter, at the outflow towards
the engine. Comparing the error map with that of the npp for the starting mesh (figure
, it can clearly be seen that the two are almost complementary, with only a minimal
superposition of high inaccuracy regions. Therefore, the feature-based approach is able
to improve the value of npp, but not that of ngy, due to the fact that flow features
at higher span are much stronger and are better resolved. Additionally, these have a
greater impact on the functional evaluated over the bypass exit rather than closer to the
hub.

As npn appeared to stall, with very small oscillations, after the 10"

adaptation iteration,
the non-computable correction (calculated with eq. map at this step is compared
to that of the starting grid in figure [8.12] As it can be seen, the error has decreased
throughout the adaptation process. The magnitude has clearly been reduced on the

blade suction side, but also at both reversed and flow wakes.

(A) Non-computable correction at 10% span (B) Non-computable correction at 10% span
for the starting 1.3M mesh. after 10 mesh adaptation/movement steps.

FIGURE 8.12: Comparison of the starting mesh ngx non-computable correction (cal-
culated as in chapter Ij) with that obtained after 10 mesh adaptation steps for ngy.

A final note concerns the smoothing. As previously mentioned, this was adopted for
the npp case to smoothen out the sensitivity field for the first 15 adaptation iterations.
This was the case for ngy as well. Clearly, the smoothing has not impeded the process

from sensibly improving the functional and relative non-computable error.

8.3.3 Part ITA: Efficient Edgewise Adjoint Mesh Refinement
8.3.3.1 Adiabatic Efficiency between Inlet & Bypass Exit (Mass Averaged)

It was shown in section that the mesh movement based on the mesh adjoint
quantity % significantly and reliably helped improve the estimate of the functional of
interest. This was proved for the mass averaged adiabatic efficiency evaluated between
the inlet and the two outlets (bypass and engine) separately. Concerning ngy, the
final result was close to the target performance of an 87M and therefore no refinement

was considered as this would increase the cost for very little gain in accuracy. On
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the other hand, for npp, the mesh movement was able to significantly reduce the gap

between coarse and fine mesh, but the final difference was still approximately half that

of the staring one. For this reason, it was decided to apply the refinement to the 30"

This was done utilising the modified

adaptation step mesh achieved in section 8

Once the flow and adjoint

adjoint non-computable correction devised in section [6.3.2

the edgewise residuals/fluxes for

)

solutions had reached the desired level of convergence

each were appended to their respective files by the solvers. As for the NASA Rotor 37

case analysed in chapter [7] it was decided to add approximately half the starting mesh

nodes.

at mid and

13

S.
The main sources of inaccuracies are bounded in the passage

The resulting error employed for the refinement is displayed in figure

75%

with the

)

span.

ion being the interfaces between the wake and the bulk of the flow in the

only except

downstream region. Interestingly, no upstream adjoint weighting is visible, possibly

indicating that the mesh movement clustering towards the reversed wake has achieved

the desired resolution. The highest error, is at the shock and the separation, just before
the blade TFE. At 75% span, due to the reduced movement towards the shock in the

vicinity of the pressure side, a wider high error band is present.
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FIGURE 8.13: npp edgewise non-computable correction after 30 mesh movement adap-

tation steps.
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FIGURE 8.14: Resulting adapted grid after the edgewise non-computable error adapta-

tion.

By applying the refinement according to the error maps just discussed, the grid in figure

4| was obtained. Due to the inaccuracies being spread out over the passage without
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any real directionality, nodes are added in an isotropic manner. This is not the case at
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LSSt M S —

————
———————
TRy

MRS SS————

the wake. In fact, as its error is purely anisotropic, the procedure is able to detect this

behaviour and only split edges in the normal direction to the wake itself, as shown in
figure At 75% span, the refinement directionality is visible in the vicinity of the

blade LE with propagation across the periodic boundary.

(A) Downstream wake refinement at 50% (B) LE /periodic-boundary refinement at 75%

span.

span.

FIGURE 8.15: Resulting anisotropy after refinement using the edgewise non-computable

error adaptation.

75% span.

)

B

(

A) 50% span.

(

F1cURE 8.16: Relative Mach number after the edgewise non-computable error-based

refinement.

[R.16h] are provided. By comparing these with figures and

To be able to see if the process has had any improvement on the flow feature resolution,

figures [8.16a] and

<
Nl |
0
| 0| m | S
= S| & | F
| 9 2] a9
S| o ©of o
<
—~
A,
N o | o
S| B o | S
4| o 2| D
S| S| S| =
S I
3
~
<
N | | »
al W | » | B
M| Q| | <2
S| o ©| o
<
n
[}
B2 =2 =2
Zz | R R @
- | |
=
—
Q
)
.-1
= 5| ¢
2B 9
s| S ¢ B
mwmbom
or— 0
I
e N
o | &
n| S| &
=
Q
~

the only noticeable difference is the bunching up of the contour lines at the shocks.

TABLE 8.1: Absolute difference between the adapted and target grids of mass averaged

adiabatic efficiency evaluated between inlet and bypass outlet.
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The main interest is the functional estimation. To this end table[8.1]is provided. Clearly,
the refinement process and the overall combination with the functional-based mesh move-
ment, have had the desired effect of reducing the difference between the starting mesh
and a significantly finer one, by approximately 0.5%. The resulting grid could be em-
ployed in a blade optimisation strategy for npp and yield a more reliable final result.

In table 8] the change in efficiency evaluated over the engine outlet is also reported.
After applying the npp-based mesh movement, this quantity has improved as well, albeit
by a smaller amount w.r.t. that seen in section As was shown in figures
and the high error regions for these two values are almost complementary as they
are integrated over different outlets. However, in the ngp map, there is a lower degree
of error just above the hub, around the blade surface, that was also highlighted by the
mesh adjoint sensitivities. This causes a smaller amount of clustering when the mesh
movement is employed, thus improving the accuracy of the other functional. On the
other hand, table shows the npp refinement process worsening the accuracy of ngy.
Again, this behaviour can be attributed to the smaller degree of error present at lower
radius. In fact, the ngp-based mesh adaptation will add a small refinement patch in
this region. However, this is not sufficiently large to cover the high-error region of gy,
meaning that hybrid cells closing the refinement will fall where the error was already

high, further increasing its effect.

8.3.4 Part IIB: Embedded-Grid Edgewise Adjoint Mesh Refinement
8.3.4.1 Adiabatic Efficiency between Inlet & Bypass Exit (Mass Averaged)

In this case, the standard non-computable correction was employed. However, the re-
finement process was modified by using the embedded mesh error to mark edges on the
coarse grid. The resulting sensor map at 50% and 75% span is shown in figure [3.17
Comparing this with that calculated in the previous section, significant differences ap-
pear at mid-span. In fact, while both do highlight the blade suction-side, in the previous
case flow features clearly stand out. On the other hand, the current error map, flags
the near-wall region. At 75% span, both show strong inaccuracies at the shock root and
wake, however, visible differences occur in the rest of the passage. It is thought that this
behaviour results from the adjoint stronger weighting in the standard non-computable
correction calculation. This is believed to be caused by the dual residuals on the em-
bedded mesh being determined using the interpolated flow and adjoint solutions, rather

than the exact ones.

Employing the error displayed in figures [8.17a] and [8.17b| to add approximately half the
initial mesh nodes, resulted in the grids of figure Unfortunately, due to the limited
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w.r.t. the one employing the coarse mesh edgewise flow and dual residuals, is believed
to be due to the extra adjoint weighting. Clearly, the improved resolution of the shock
throughout its propagation is not necessary to be able to achieve an accurate estimate

of the bypass efficiency.

Case # Nodes | Anpp(%) | Logio(Angp) | Anpn (%)
Starting Grid 1.3M 0.5548 —0.2559 0.2085
30" move iter. 1.3M 0.2315 —0.6354 0.0931
Refined 30" move iter. | 1.9M 0.050 —1.3037 0.2408

TABLE 8.2: Absolute difference between the adapted and target grids of mass averaged
adiabatic efficiency evaluated between inlet and bypass outlet.

A final note concerns the estimated value of ngy on the refined mesh. As in section
the value is worsened by the node enrichment. This is due to the same reason, i.e.
the refinement at lower radius being too little to cover the error region for this quantity
as well. This causes cell-size variations and hybrid elements to appear where the error

is already high, thus increasing the inaccuracies.

8.3.5 Process Time Consumption

The raw CPU time required for the process, including nonlinear, flow adjoint and mesh
adjoint solvers, is reported in table

Case Minutes | Seconds
30 Adjoint Mesh Mov. 4589 21
1 Adjoint Ref. 277 21
Complete Adapt. 4866 42
87M Mesh 9489 10

TABLE 8.3: Fan blade npp full adaptation timings: 30 mesh movement and 1 refine-
ment steps.

There is a clear advantage in terms of wall clock time w.r.t. the much finer mesh, as
the adaptation process would require half the time. However, in this case the mesh
movement process is much slower. This is due to the adjoint code: during the mesh

movement process running the flow solver took an average of 6 minutes and 23 seconds,
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the adjoint solution was achieved in 141 minutes and 2 seconds and the mesh adjoint
required only 44 seconds. It should be noted that for the mesh movement process,
perfect convergence of the solvers is only required for the last step. Therefore the overall
mesh movement process was run reducing the convergence of the adjoint solver by two
orders of magnitude: this change decreased the average time consumption by half an
hour (110 minutes and 30 seconds).

As previously mentioned, the extra timing requirements of the adjoint could be reduced
by employing the GMRES solver, or by relaxing its order of convergence requirements.
Additionally, it may be possible to reduce the amount of mesh movement steps required

by increasing the algorithm’s relaxation factor w or the amount of iterations of eq.

8.4 NASA Rotor 37

8.4.1 Part I: Adjoint Riemannian Metric Mesh Adaptation

The mesh movement based on % alongside the edgewise-adjoint refinement was also
applied to the compressor case employed in chapter [l The same setup was utilised:
670k node starting grid run at aerodynamic design point with the same boundary con-
ditions (see also section for the test-case description and for its setup). The
performance quantities of interest were the same, i.e. adiabatic efficiency (n), absolute
total pressure ratio (P,), both mass averaged and evaluated between inlet and outlet,
and area averaged mass flow (1) integrated over the exit plane.

Unlike the fan case analysed in section [8.3.2] no smoothing appeared to be necessary for
the functional sensitivity to the grid coordinates, as the erratic node movement in the
low sensitivity regions was minimal.

Throughout the analysis of the previous chapter, it was noted that this mesh is not in
asymptotic range w.r.t. the target grid performance. In particular it was shown that
all functionals require good shock and upstream region resolution. Moreover, the mesh
has poor quality inter-block corner points that cause numerical dissipation to appear
and create fake flow features. Unlike the previous fan case, where the error of both
performance quantities was consistently reduced by the mesh-adjoint based movement,
for this grid, they started to improve and then slowly reduced in value. This is to be
attributed to the starting mesh nature, just as in the case of the feature-based mesh
movement in section [[.4.1l

The quantities of interest evolution over the three separate mesh-adjoint-based r-adaptation
processes are shown in figure[8.20] As a comparison, the values obtained with the feature-

based grid movement are also included. Clearly, there is a large difference in terms of
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FI1GURE 8.20: Evolution of the performance quantities of interest throughout the mesh-
adjoint-based node relation. Behaviour of the same functionals using the relative Mach
number mesh movement of chapter El is also provided.

performance. The adjoint-related technique is again showing much better results. In
fact, despite the starting grid issues, the final value is slightly closer to that of the target
performance w.r.t. the hand-generated mesh. On the other hand, the relative Mach

number approach almost doubles the error relative to the 47M mesh performance.
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F1GURE 8.21: Functional sensitivity to grid coordinates at mid-span for the starting
and adapted cases.

For all three quantities of interest, the process was repeated 25 times, meaning a total
of 75 flow and adjoint simulations were required. Although, given that the nodal con-
nectivity did not change, it was possible to employ the previous steps’ solutions as a
starting point for every adapted mesh, thus reducing time consumption.

The grid selected for each functional as the refinement starting point, was based on
how the quantity behaved, rather than the number of adaptation iterations or being
the first mesh with minimal node movement. In fact, repeatedly applying r-adaptation,
can sometimes produce poor quality meshes, particularly in the boundary layer region.
Moreover, consequent refinement may cause negative volumes. Concerning efficiency,
the mesh resulting from the 23" iteration was chosen, as its value was approximately
the average of all iterations following the 15", On the other hand, for pressure-ratio, the
215 grid was selected, as beyond that point, it appeared to oscillate periodically. Finally
for mass flow, the mesh movement only affected the 3' decimal figure after the 17t
step. By looking at the evolution of the various performance quantities in figures [8.20]

it is clear that after the 15" iteration, the changes appear to be minimal. Therefore,
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mesh and its resolution improved by the adaptation. An additional characteristic that
should be mentioned is the downstream region. In fact, the starting grid mesh adjoint,
shows a limited sensitivity around the wake and more vigorous variation at the outflow
plane. Node movement in these regions has clearly dampened this behaviour that is not
present in any of the adapted grid’s sensitivity map. This is not to mean that they have
disappeared: by reducing the range, it could be seen that they were still present. There-
fore the adaptation’s effect has been that of improving the functional sensitivity map,
thus yielding a more accurate estimation of it in an optimisation process. Of course this
will aid the adjoint error estimation, in fact, as was also shown for the fan case, there
will be less inaccuracies.

The grids resulting at mid-span, along with the starting and feature-adapted ones are
reported in figure [8.22] Clearly, the mesh-adjoint based movement has targeted the
strongest parts of the shock, as these have been appropriately clustered. The grid’s be-
haviour is very similar to that of the feature-based technique. However, differences occur
at the inlet block. In fact, the relative Mach number mesh movement has attempted to
cluster nodes towards the shock’s upstream propagation. On the other hand, the adjoint
process has moved nodes towards the reversed wake. A further difference may also be
seen where the wake forms on the blade suction side and throughout its propagation. In
fact, the feature-based approach has targeted the entire propagation, clustering nodes
towards the interface between this and the rest of the flow. On the other hand, in
the adjoint-process, nodes have been moved towards the first portion of the wake, just
downstream of the separation. Relocation has also occurred at the interface between
this feature and the bulk of the flow, however it appears to be weaker w.r.t. that of the
feature-case.

A final mention concerns the adapted grid’s flow. To this end the relative Mach number
behaviour at mid-span is provided in figure [8.23] All the adapted grids show a very
similar behaviour, and have mainly improved the strongest parts of the shock. In fact,
the lambda structure of it’s interaction with the boundary layer is now clearly visible.
Unfortunately, the adjoint-based node movement has not been able to improve the blade
LE issue: the corner point numerical dissipation is still clearly visible due to the shock’s

increased thickness.
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(A) Starting grid. (B) 158 relative Mach number moved grid.

(c) 23* 5 mesh adjoint moved grid. (D) 215 Pr mesh adjoint moved grid.

() 17*" 77 mesh adjoint moved grid.

FicURrE 8.23: Relative Mach number at mid-span for starting and r-adapted meshes.

8.4.2 Part ITA: Efficient Edgewise Adjoint Mesh Refinement

The second step in the process consisted of refining the selected r-adapted mesh adding
a fixed amount of nodes in the region of 300 ~ 400k. Therefore, the error on the moved
grids was determined employing the efficient edgewise non-computable correction (as
discussed in section [6.3.2)). These maps at mid-span, for the three quantities of inter-
est, are shown in figures [8.24a], [8.24d and [8.24¢] As in previous adjoint-based errors, in

this case too the difference between them is due to the functional dimensions. In fact,

other than that, they are very similar highlighting the same regions that were seen in
chapter [7} However, in this case the flow and adjoint components of the error appear
to be more evenly weighted, as the wake has a higher error intensity w.r.t the standard
non-computable correction calculation. On the Pr sensor field, the careful reader will
have noticed a small region of high inaccuracy just downstream of the blade pressure
side. This is actually a patch where noise strongly affected the very low sensitivity mesh

adjoint map causing erratic movement (see figure for the relative mesh).
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FiGURE 8.24: Efficient edgewise non-computable correction error map after the re-
peated mesh movement and the first refined step at mid-span.

The resulting grids at mid-span, obtained by refining the moved meshes using sensors in

figures [8.24a], [8.24c| and [8.24¢] are shown in figures [8.25a] [8.25d and [8.25¢], respectively.

The differences between the three performance quantities are now strongly visible. Un-

fortunately, it is difficult to quantify how the movement has affected the refinement.
In fact, looking at the pressure-ratio case, this has a more efficient alignment in the
upstream block w.r.t. efficiency, despite the former having had two r-adaptation steps
less. This does not mean that the movement does not bring valuable advantages: in

fact, as shown in sections [8.3.2.1] and [8.3.2.2] the node relocation allowed an improved

estimation of the error sources. An important difference with the adapted meshes of
the previous chapter, concerns the refinement of flow features. In fact, it was previously
shown how the nodes were added at the reversed wake and entire suction side of the
blade, with very limited adaptation being spread along the passage and downstream
of the rotor. In this case, the stronger parts of the shock have attracted considerable

attention, with the refinement placing large blocks along the passage. This results from
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FIGURE 8.25: Resulting adapted grids using the efficient edgewise non-computable
correction along with relative solution at mid-span.

the modified adjoint-error for refinement, equally weighting flow and dual solutions.

The most significant difference between the three adapted grids concerns the wake re-
finement. While for efficiency and mass-flow this has spread over its entire propagation,
for the pressure-ratio it has stopped at the blade TFE. By looking at the relative error
maps in figures [R.24al, [8.24cd and [8.24¢], it is clear that the efficiency and mass-flow error

have approximately the same weighting upstream and downstream of the blade, this is

not the case for the pressure-ratio. In fact, the reversed-wake magnitude is far stronger
than the physical wake’s one.
The resulting error on these meshes is shown in figures [8.24D] [8.24d] and [8.241} In all

three cases, this has sensibly decreased as all the inaccuracies have now disappeared or

are very low in magnitude. In particular, for the pressure-ratio and mass-flow, the scale
range had to be decreased to be able to see where any sources of error were.
As for previous cases, it is also interesting to analyse the resulting flow. To this end,

the relative Mach number at mid-span for the three adapted grids is shown in figures
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[R.25Db] [R.25d| and [8.251, They all present nearly identical behaviour, with the only visible

difference with the flow resulting from the previous step movement, being the shock res-

olution along the passage and around the blade LF. In particular, the lambda structure
contours where it interacts with the boundary layer are improved.

A final note regarding the error is the high numerical dissipation region at the blade LFE.
To this end, figure [8:26] has been included to show the grid, flow and sensor evolution
throughout the refinement for the efficiency, with other quantities having a very similar
behaviour. In all cases, the problematic region is highlighted and targeted for refine-
ment. The consequent flow solution shows an improvement, narrowing the erroneous
behaviour. Nevertheless, as in chapter [7] further refinement is necessary to completely

remove the issue.
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FIGURE 8.26: Blade LFE numerical diffusion issue for the efficiency adaptation process.

To prove the edgewise nature of the refinement process devised, figures and
have been included. As it can be seen, nodes have only been added to the edges
normal to the wake propagation, thus achieving anisotropic refinement.

As for all adjoint-related adaptation processes, the most important characteristic con-
cerns the performance quantity estimate of the resulting grids. The evolution of effi-
ciency, pressure-ratio and mass-flow are reported in tables and In all cases,

the refinement improves the functional, pushing it towards the target 47M mesh.
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FIGURE 8.27: Refinement anisotropy at the blade TFE at mid-span.

As stated in chapter[7] the accuracy of efficiency, pressure ratio and mass flow are tightly
coupled. This because they all share the outlet as one of the surfaces of integration and
n and Pr are determined by mass averaging. Moreover, as efficiency is computed us-
ing equation [7.1] the pressure ratio ought to be accurately predicted. Therefore, the
improvement in one of the quantities will generally aid that of the other two. This is
consistent with the behaviour seen in tables [8.4] 8.5 and [8:6] In particular, considering
all three quantities, it may be seen that more mesh adjoint-based r-adaptation steps al-
low better functional estimates. Similarly for the refinement, the more nodes are added,

the better is the prediction of all three quantities.
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Case # Nodes | 7 (%) | Logio(An) Pr | m (kng)
Starting Grid 670056 | 84.4100 —0.2328 2.0815 | 20.0191
237 move iter. 670056 | 84.4708 —0.2807 | 2.0843 | 20.0567
Refined 23" move iter. 966687 | 84.7412 —0.5952 2.0938 | 20.1332
Target Mesh 46763130 | 84.9950 — 2.0963 | 20.1756
TABLE 8.4: Mass averaged adiabatic efficiency between inlet and outlet comparison.
Fourth column represents the difference in performance w.r.t. that of the target grid.
Case # Nodes |  Pr | Logio(APr) | n (%) | m (kng)
Starting Grid 670056 | 2.0815 —1.8297 84.4100 | 20.0191
215" move iter. 670056 | 2.0835 —1.8928 84.4590 | 20.0482
Refined 215" move iter. | 1010220 | 2.1014 —2.2914 85.0284 | 20.2081
Target Mesh 46763130 | 2.0963 — 84.9950 | 20.1756
TABLE 8.5: Mass averaged absolute total pressure between inlet and outlet comparison.
Fourth column represents the difference in performance w.r.t. that of the target grid.
Case # Nodes | m (kng) Logio(Am) | n (%) Pr
Starting Grid 670056 20.0191 —0.8055 84.4100 | 2.0815
17" move iter. 670056 20.0469 —0.8904 84.4414 | 2.0834
Refined 17** move iter. | 1083435 | 20.1771 —2.8239 84.9221 | 2.0980
Target Mesh 46763130 | 20.1756 — 84.9950 | 2.0963

TABLE 8.6: Area averaged mass flow over the outlet comparison.

Fourth column

represents the difference in performance w.r.t. that of the target grid.
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8.4.3 Part IIB: Embedded-Grid Edgewise Adjoint Mesh Refinement

Starting from the selected r-adapted grids, in this case the mesh error was determined
in the same manner as the standard procedure devised by [64]. However, the refinement
process was modified by marking edges on the coarse mesh based on the embedded grid

non-computable correction.

Non Computable Correction Non Computable Correction

le-7

3e-07

(E) 71 error map on 17" r-adapted grid. (F) i error map on 15 refined grid.

F1cURE 8.28: Embedded non-computable correction error map after the repeated mesh
movement and the first refined step at mid-span.

The error map at mid-span is displayed in figures [8.284], [8.:28¢ and [8.28¢] Unlike the non-

computable correction evaluated in the previous chapter, the range had to be reduced to

be able to appropriately highlight the regions with high inaccuracies. This is the case
for all performance quantities, indicating that the mesh-adjoint r-adaptation has been
more successful in reducing errors w.r.t. the feature-based approach, as expected. On
the other hand, the same regions of the domain are flagged as having a high error, and as

previously discussed, these appear mainly in the upstream parts where adjoint weighting
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is stronger. An interesting characteristic that appears only in the pressure-ratio non-
computable correction map, is the high error spot just downstream of the blade TFE on
the pressure side. This is due to noise in the mesh adjoint causing a limited region of

erratic movement, also highlighted by the sensor discussed in the previous section.
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FIGURE 8.29: Resulting adapted grids using the embedded non-computable correction
with edge-based marking along with relative solution at mid-span.

The resulting grids achieved by refining based on the sensors shown in figure
[R.28¢| and [8.28¢] are reported in figures [8.29a] [R.29c and [8.29¢l The first characteristic

that may be noted is the limited refinement that efficiency and pressure-ratio require

w.r.t. mass-flow. While in the previous case it was not possible to conclude whether the
extra grid movement steps for the  and Pr processes had any beneficial effect, in this
case it is obvious. In fact, the mass-flow refinement at mid-span propagates further into
the passage. It is thought that in the previous section, the stronger contribution of the
flow features to the overall error masked part of the movement’s impact. A significant
difference with the results in the previous chapter concerns the reversed wake. In fact,

the node enrichment is rather limited upstream of the rotor, indicating that either the
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movement has reduced its contribution to the overall error, or that it uncovered an area
of high inaccuracy elsewhere.

The non-computable correction evaluated on the refined grids are reported in figures
[8:28D] [8.28d] and [8.281l As in chapter [7] the regions where the refinement has been
introduced have caused the insurgence of low error voids. Again, the range of the sensor
fields had to be reduced to be able to see where the sources of inaccuracies still occurred.
To this end, comparing these maps with those of the previous chapter, it can be seen how
the non-computable correction range has been decreased for every quantity of interest.
This is indicative of the fact that the mesh-adjoint-based r-adaptation has worked better
than its feature counterpart in reducing the sources of inaccuracies.

In terms of the resulting flow benefits, figures [8.29b] [8.29d] and [8.29f show improvement
of the resolution of the shock/boundary-layer interaction and the LE behaviour. To this
end figure has been included to display the evolution of shock capturing and error

minimisation at the inter-block boundary. As in previous cases, further refinement is

required to completely eliminate the numerical dissipation.
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Fi1GURE 8.30: Blade LFE numerical diffusion issue for the efficiency adaptation process.

As in section despite the refinement being carried out where the edgewise error
met the threshold, the resulting grid shows very limited anisotropic node enrichment.
In this case, this behaviour is thought to be due to the combination of typical over-

refinement caused by the adaptation software and the shape of error regions, which are
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(A) Blade LE. (B) Suction-side near TE.

F1GURE 8.31: Examples of edge-based refinement.

relatively regular blocks. Nevertheless, limited examples of directional edge refinement
are provided in figure [8.31

Concerning the performance quantities of interest, these are reported in tables
and Comparing these with the values obtained in section there is no clear
better approach. While efficiency employing the embedded-grid error estimation sensi-
bly outperforms that using the edgewise residuals, for pressure-ratio they seem to have
similar accuracies, while for mass-flow the situation reverses. Nevertheless, for all quan-
tities of interest, using either approach has improved the accuracy.

As in the previous analysis, it is clear that once again the adaptation of one of the three
quantities of interest has improved them all. This was related to the functional’s surface
of integration being the same for each one, the dependence of n and Pr on mass flow

and that of efficiency on pressure-ratio.

Case # Nodes | n (%) | Logio(An) Pr | m (kng)
Starting Grid 670056 | 84.4100 —0.2328 2.0815 | 20.0191
237 move iter. 670056 | 84.4708 | —0.2807 | 2.0843 | 20.0567

Refined 23"% move iter. | 1091344 | 84.9558 —1.4089 2.1015 | 20.2048

Target Mesh 46763130 | 84.9950 — 2.0963 | 20.1756

TABLE 8.7: Mass averaged adiabatic efficiency between inlet and outlet comparison.
Fourth column represents the difference in performance w.r.t. that of the target grid.
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Case # Nodes Pr | Logio(APr) | n (%) | m (kng)
Starting Grid 670056 | 2.0815 —1.8297 84.4100 | 20.0191
215" move iter. 670056 | 2.0835 —1.8928 84.4590 | 20.0482
Refined 215" move iter. | 995568 | 2.1003 —2.3979 84.9462 | 20.1933
Target Mesh 46763130 | 2.0963 — 84.9950 | 20.1756

TABLE 8.8: Mass averaged absolute total pressure between inlet and outlet comparison.
Fourth column represents the difference in performance w.r.t. that of the target grid.

Case # Nodes | m (kng) Logio(Am) | 1 (%) Pr
Starting Grid 670056 20.0191 —0.8055 84.4100 | 2.0815
17" move iter. 670056 20.0469 —0.8904 84.4414 | 2.0834
Refined 17" move iter. | 1040010 20.1429 —1.485 84.7644 | 2.0942
Target Mesh 46763130 | 20.1756 84.9950 | 2.0963

TABLE 8.9: Area averaged mass flow over the outlet comparison.
represents the difference in performance w.r.t. that of the target grid.

8.4.4 Process Time Consumption

Fourth column

Estimated raw CPU time consumption for the adaptation process including 23 mesh-

adjoint based mesh movement steps and a single refinement are reported in table

Case Minutes | Seconds
23 Adjoint Mesh Mov. 3081 16
1 Adjoint Ref. 453 49
Complete Adapt. 3535 5
47M Mesh 7233 1

TABLE 8.10: NASA Rotor 37 n full adaptation raw CPU timing: 23 mesh movement
and 1 refinement steps.

Again, the adaptation process is faster w.r.t. the 47M grid, with the latter requiring over

50% more time. However, by comparing the results with table [7.9] it is clearly visible
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that the feature-based mesh movement process is much faster, albeit less accurate. Again
this can be traced back to the adjoint solver as on average the nonlinear took 5 minutes
and 47 seconds, the dual solver 127 minutes and 18 seconds and the mesh adjoint 38
seconds. As previously discussed, speed improvements may be achieved by relaxing the
convergence requirements of the adjoint solver. Moreover the use of the GMRES option
or increasing the node movement for each adaptation step could also be beneficial.

Finally, concerning the refinement, by comparing its timing with that achieved in chapter
and factoring in the reduced number of adaptation steps, it may be seen that there is
a significant gain in time consumption. In this case, the flow solver was run one time
less, while the adjoint code two times less, thus avoiding the issues arising with hybrid

elements and shortening time consumption.

8.5 Conclusion

Two different cases were analysed: a typical fan blade with splitter simulated at choke
and a compressor case run at aerodynamic design point. Both cases present interesting
flow features that complicate the adaptation process and require relatively robust flow
and adjoint solvers.

New adjoint-based mesh adaptation techniques were developed and applied to either
geometry. The first approach consisted in an r-adaptation employing the mesh adjoint
output to appropriately cluster and align nodes in the regions of interest. By applying a
GG operator to the mesh sensitivities, it was possible to determine the Hessian matrix.
By splitting this into eigenvalues and eigenvectors, shrinking and orientation of edges
in the direction of greatest variation of the functional could be achieved. By repeatedly
applying this approach, it was shown that for different performance quantities, the tech-
nique consistently outperformed the feature-based mesh movement utilised in chapter [7]
Additionally, clustering and alignment towards flow and adjoint complexities was clearly
visible in the adapted grids.

Two different refinement strategies were employed to further enhance the functional
accuracy. In the first case, the original non-computable correction formulation of [64]
was modified by substituting flow and adjoint residuals evaluated on the embedded grid
with the edge fluxes of the coarse mesh. The aim of this modification was to achieve a
fully edgewise adjoint error. For both fan and compressor cases, this technique always
showed an improvement of the quantity of interest, most importantly though, managing
to refine in a directional manner. Comparison of this calculation with the standard
non-computable correction showed that the adjoint weighting is weaker, thus allowing

to better highlight flow complexities.
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The second refinement approach consisted in a simple modification of the standard pro-
cedure devised by [64]. In fact, once the error was calculated on the embedded grid,
rather than restricting it to the coarse mesh, it was employed to mark edges on the
parent grid. Despite being an edge-based refinement process, it was noted that direc-
tionality is difficult to achieve due to over-refinement typical of the algorithm employed
and the limited regions of error in the domain. Nevertheless, the process aided the over-
all estimation of the functional of interest in all cases analysed. Again, it was noticed
that the main refinement occurred upstream where the adjoint variables are typically

strongest.



Chapter 9

Conclusions and Future Work

The main aim and novelties of this work relate to the development of efficient and robust
adjoint-adaptation methods, for application to turbomachinery grids. Most adjoint er-
ror estimation processes utilised to date have mainly been concerned with the procedure
devised by [64]. This technique either employs cell-based refinement or complete mesh-
regeneration. Moreover, the geometries generally considered are either 2D (e.g. NACA
0012) or 3D (e.g. ONERA M6) external flows, with very little effort to adapt grids for
turbomachinery cases. In fact, to the best of the author’s knowledge, no adjoint mesh
adaptation technique has been successfully applied to jet engine components. Being able
to automatically and reliably improve grid accuracy for more complex test-cases, would
allow these techniques to be considered in an industrial setting.

The first approach devised employs well-known technology to modify a coarse starting
grid for NASA Rotor 37. It consists of a sequential combination of feature-based Hessian
mesh movement and cell-based adjoint refinement. Although, the two mesh adaptation
strategies have been successfully combined before, this has been done simultaneously, by
modifying the Hessian matrix to include adjoint error scaling. Moreover, this quantity
has been employed to regenerate the entire mesh. In this case, the feature-based mesh
movement has been used to improve the initial grid’s alignment, thus avoiding the need
to run the dual solver and separate adaptation processes for each functional. Once the
quantities of interest converged, cell-based mnon-computable correction refinement was
applied. It was shown that better alignment allows a more accurate representation of
the adjoint error, thus improving the overall process’s efficiency. The estimated accuracy
of the three quantities of interest was improved, except for errors caused by repeated re-
finement of hybrid elements appearing to avoid hanging nodes. While the starting mesh
movement step was fully automated, the refinement process was arbitrary. In fact, half
the starting mesh nodes were added at each adaptation step, in an attempt to control

the overall size of the embedded grid required by the adjoint-error estimation process.
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Comparison with a fully feature-based approach showed significant benefits in using the
combined process devised.

The second mesh adaptation approach, was fully adjoint-based and employed node move-
ment and edge refinement to improve the grid accuracy. The r-adaptation strategy
used the mesh adjoint output to determine the Hessian matrix of second derivatives.
By decomposing this into its eigenvalues and eigenvectors, it was possible to determine
stretching and directionality of the functional sensitivity. By relocating the nodes appro-
priately, the regions strongly impacting the performance quantity were better resolved.
This process on its own showed consistent improvement of the functional estimates for
a typical fan and a compressor blades. While in the former case improvements were
clearly visible, for the compressor these were less obvious as the starting grid was not in
asymptotic range w.r.t. the target grid. Additionally, in either case, the grid-sensitivity
mesh movement significantly outperformed the case using relative Mach number.

Two different adjoint-based mesh refinement strategies were devised. Considering the
non-computable correction, in the first case, embedded grid flow and adjoint residuals
were substituted with edgewise ones on the coarse mesh. This allowed to define the
error sensor on each coarse mesh edge. Additionally, it removed the need to generate an
embedded mesh. Refinement based on this quantity showed a consistent improvement
of the functional of interest for both fan and compressor cases. Moreover, directional
refinement was clearly visible at the downstream wake. Interestingly, this error eval-
uation appeared to weight more evenly the flow and adjoint components of the sensor
w.T.t. the standard computation on the embedded grid. This is believed to be due to the
convergence level of the two fields on the coarse mesh: here they will have both reached
numerical precision accuracy. On the other hand, when using the embedded grid, neither
interpolated quantity is converged, meaning that the adjoint solution would be deter-
mined using an inaccurate flow field to determine the Jacobian matrix, additionally to
the adjoint approximate quantities.

The second refinement strategy consisted in a simple modification to the standard non-
computable correction adaptation strategy. In fact, it was noted that once the error
had been evaluated on the embedded grid, this will be defined for nodes splitting the
coarse mesh edges as well. Therefore, rather than restricting the sensor map onto the
parent mesh, it is possible to mark for refinement coarse mesh edges if the fine grid
nodes splitting them meet the desired threshold. Despite managing to achieve an edge-
wise adaptation procedure, the resulting refinement formed finer patches without any
real directionality. This was attributed to the combination of the adaptation algorithm,
causing a degree of over-refinement, and the error being high in fairly regular blocks.
Nevertheless, this approach showed consistent improvement of the quantities of interest.
To summarise: a variety of efficient adjoint-based methods to adapt grids for turboma-

chinery cases have been developed, and positive improvements have been recorded.
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9.1 Future Work

Concerning the mesh movement techniques employed, questions still remain as to the
amount of mesh movement iterations that one may reliably carry out. In fact, while the
quantity of interest may stall after a certain number of steps, the grid alignment contin-
ues to improve, albeit at extra expense in terms of simulation time and reduced mesh
quality. Additionally, issues in terms of smoothness of the computed field were noticed.
For example, in the case of the mesh adjoint movement, noise in the very low sensitivity
regions could cause erratic movement that may be detrimental in terms of accuracy
and convergence. Moreover, in the author’s experience, when computing the Hessian
matrix for any quantity, noise will generally affect the near wall regions. Therefore, it is
necessary to devise a standard smoothing approach that may be reliably utilised in all
cases. Once such a technique has been created, it will be possible to finalise the surface
mesh movement, thus allowing all the mesh nodes to relocate to the optimal position.

Another necessary enhancement to the process concerns the implementation of alterna-
tive hexahedral refinement algorithms. In fact, it was seen that the increase in hybrid
elements and their consequent refinement, caused significant errors in terms of accuracy.
Therefore, it is suggested to introduce techniques from existing publications that re-
move hybrid elements marked for refinement (these would have been added by previous

adaptation steps), and replace them with regularly split hexahedra.
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Appendix A

Error Equidistribution Principle

In this section, the principle of equidistribution will be demonstrated following the same
philosophy as [16]. The validity of it depends on whether the grid is in asymptotic range,
i.e. the local error in each mesh cell scales with its size. In other words, all the physical
features have been captured, but consequent reduction in mesh spacing will allow better
resolution. If a grid does meet this requirement, it is possible to write the point-wise

error B! of cell i as:

Ey = (b} (A.1)

Where it has been assumed that within the control volume ( is a constant and h is the
local spacing. The exponent p represents the solver’s scheme order. As the domain’s
volume (V') can be written as a sum of the local mesh spacing (h) cubed (3D domain),

the average error becomes:

avg 1 P 1.3 avg 1 p+3
Erg_vzi:ghih ;»Erg_vzi:ghi (A.2)

To minimise the overall error with a constant volume, it is possible to determine the

following Lagrangian form:

L = E™¢ + AV (A.3)

With A being the Lagrangian multiplier. As min (& = ghi =0):

S
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Where Ny is the number of grid nodes. Therefore:

S EL —3AV

Ny p+3

Meaning that E;*® = E!, i.e. to minimise the overall error, the individual cell one must

be equal throughout the mesh [16].



Appendix B

Automatic Differentiation

Example

In section the main characteristics of automatic differentiation have been described.
In this appendix a simple example will be provided to be able to clearly show how it is
carried out (this is a more detailed version of that found in [168]), however, for more
examples and in-depth analysis, the reader is referred to [199].

Considering the set of equations:

-

The set of m variables is defined as:

x%+x2 ]

3x1 + sin(z2)

tl =T

N Inputs

to = To

B2

ty = . .
A Intermidiate variables
s = taty

te = sin(ta)

ﬂ=m=%+%
R L Outputs
fs = 29 = 15 + 15

Then forward and reverse differentiation based on #; and #7, respectively, can be written

as:
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From this derivation, it should be observed that, in forward mode, the quantity g—% is
determined with little extra effort:

dts Ot Ot Ol fﬁAO

t ts dts Ot ts Ot

f:ffi+ﬁ;‘/£93/:t4:3

6t1 8t5 8t1 8t1 6 atg 8t1
while, on the other hand, in reverse mode g—? is easily computed. For what concerns

2

the rest of the quantities, forward mode on t5 is computed as:
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while reverse mode on tg is:
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Appendix C

Feature-Based Mesh Adaptation
Process applied to NASA Rotor
37

As discussed in chapters [7] and [§], a fully feature-based procedure was employed as a
comparison for the processes applied to NASA Rotor 37. This will be described in this
appendix.

5t relative Mach number-

The starting point for feature-based refinement was the 1
based moved grid extensively described in section At this point the functionals
of interest had converged, therefore refinement would be applied to further improve the
grid accuracy. The sensor employed here is the edgewise JST switch as determined by
the flow solver. The author applied a simple modification to Hydra’s source code to
output the switch value for every equation for all edges. This was then read into the
mesh adaptation software. The user can select whether to employ the JST switch of
one of the NS p.d.e.s or the turbulence model. The distinction between the two possible
choices, relates to the presence of differences of turbulent viscosity terms in the switch.
A user defined threshold or range between 0 and 1, allows the edge marking process to
be carried out, as described in section [6.4]

The JST value is 0 where flow has 2" order accuracy. This is generally the case for
smooth parts of the flow. On the other hand, to avoid very large oscillations where flow
complexities occur, it will be 1, corresponding to 15 order accuracy. Therefore, to be
able to have the most accurate solution, most edges should have a switch value of 0,
unless a complex feature is present, where it should be 1 to dampen any oscillatory be-
haviour. Values in-between are not, strictly speaking, necessary, and should be targeted

for refinement.
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FiGure C.1: NASA Rotor 37 mid-span cuts of the turbulence model JST-switch.
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Feature-Based Mesh Adaptation Process applied to NASA Rotor 37
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its value varies very smoothly across the flow complexities

55. Given that the adjoint
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based on JST values of the turbulence model equation, results
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along with the embedded mesh approximations, the feature-based
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itch value evolution from starting grid to that of the last mesh movement

FIicure C.2: NASA Rotor 37 mid-

can be seen in figures

i

been able to cluster nodes appropriately. In fact, the sensor variation is constrained to
a narrower region for the strongest features. It is interesting to note that the lambda
process has mainly targeted the wake, which has been refined in an isotropic fashion. The
the blade span. This will cause the edge marking process to spread out between the

the strongest regions of the discontinuity are improved
reason behind this is a combination of flow characterist
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in the mesh shown in figure
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periodic boundaries throughout the rotor height. The refinement algorithm will then
attempt to form new cells with edges meeting the error threshold. Unfortunately, this
will cause a degree of over-refinement due to the limited templates available in the code.
In fact, the edge-marking will start to propagate to meet the requirements. The other
part of the flow targeted by the adaptation algorithm is the shock, particularly where it

is strongest. The over-refinement is less accentuated, but still visible in the passage.

(a) 15" feature-mesh-movement step.

(B) 1°! refinement step.

(c) 2" refinement step.

FIGURE C.3: NASA Rotor 37 mid-span cuts of the relative Mach number after feature-
based refinement.
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Comparing the flow field with that of the last feature-mesh movement step (figures
and , clearly, the wake refinement has brought no visible improvement. However,
the shock resolution is slightly better. The benefits can be seen in the JST switch map
in figure The high values are now constrained to very thin lines. Unfortunately,
the upstream section is still suffering from a smoothly varying switch, indicating that
further adaptation is needed to capture the complete shock propagation.

Adopting the JST parameter calculated for the turbulence model, has not brought great
benefits by refining the downstream parts of the domain. Therefore, to be able to target
the regions necessitating further refinement, the NS equations switch was used instead.
The resulting grid at mid-span can be seen in figure As desired, the adaptation
has targeted the upstream region, neglecting the wake. Unfortunately, though, over-
refinement is clearly visible. In fact, a finer square block has been placed around the
blade LE. This behaviour is typical of the adaptation algorithm: it can be seen how the
hybrid patches closing the refinement follow the original mesh lines. Nevertheless, there
is further improvement in the resolution of the stronger parts of the shock, as shown in
the relative Mach number and JST switch fields in figures and respectively.
More importantly, though, its variation in front of the blade LFE and on the suction side
has tightened up.

A final point of interest concerning the flow field is the blade LFE numerical dissipation
caused by a significantly stretched inter-block boundary corner point in the starting grid.
The different flow field behaviour at this location on the two grids obtained employing
the refinement, are shown in figure[C.4] Even though it has decreased in size, the prob-
lematic patch is still present, thus causing error to occur. Despite applying significantly
more refinement w.r.t. the adjoint case, it has not been removed.

The values of mass averaged adiabatic efficiency and absolute total pressure ratio be-
tween inlet and outlet, along with the area averaged mass flow evaluated over the exit
plane are summarised in table Unfortunately, the feature-based refinement has
had little impact in improving the values of interest. As discussed in section the
starting grid manages to compute a reasonable estimate of the performance quantities
by chance, as it is not appropriately replicating the flow field. Therefore, the consequent
relative Mach number-based mesh movement, is able to improve the feature resolution,
at the expense of reducing the performance values. While the adjoint-based adaptation
showed increased accuracy for all the quantities of interest, hindered only by the pres-
ence of hybrid elements, the fully feature process is not able to show the desired benefit.
Of course, part fo the issue is due to the over-refinement, as if this were less aggressive
nodes could be placed in more important regions of the flow. Nevertheless, it does help
future adaptation steps, as fewer hybrid element templates mean better grid quality in

following refinement steps.
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(A) 1%* refinement step.

(B) 2" refinement step.

F1GURE C.4: NASA Rotor 37 blade LE grid (LHS) and relative Mach number (RHS).

Grid N°Nodes | n (%) Pr | m (kgs'm)

Start 670056 | 84.4100 | 2.0815 | 20.0191

Final Feature Moved | 670056 | 84.1287 | 2.0729 | 19.9638
15t JST Refinement | 1373112 | 83.9633 | 2.0704 | 19.9341
27d JST Refinement | 2694775 | 84.3509 | 2.0805 | 20.0289
Target 46763130 | 84.9950 | 2.0963 | 20.1756

TABLE C.1: NASA Rotor 37 evolution of functionals of interest throughout the feature
adaptation process.
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In figure [D.I], the main features of the flow have been captured, as they are clearly
visible by simply observing figures and Shock and wake have been attracting
a considerable amount of nodes, as well as the boundary layer around the blade and,
in particular, the LE. As expected, there is no clustering in regions where the adjoint
sensitivity is high. In particular, the upstream mesh, presents a very smooth movement

with nothing of particular relevance being visible.

Analysing the resulting flow at mid- and 75% span, in figures [D.2b| and [D.2d} it can

clearly be seen that there is a strong improvement in the shock resolution as expected.
By comparing these images with those produced by the equivalent adjoint process (see
figures and , the two produce a very similar resolution of the flow complexities,
however, by careful analysis, the feature-based technique seems to slightly outperform

the other process.

(A) Relative Mach number at mid span for the (B) Relative Mach number at mid span after
starting 1.3M mesh. 26 mesh adaptation/movement steps.

(¢) Relative Mach number at 75% span for (D) Relative Mach number at 75% span after
the starting 1.3M mesh. 26 mesh adaptation/movement steps.

FIGURE D.2: Comparison of the starting mesh flow with that obtained after 26 mesh
adaptation steps.

The error driving the mesh relocation has also been included, as its evolution is inter-
esting to analyse. At mid-span, in figure the staring mesh diagonal terms of the
Hessian matrix show limited resolution of the shock present in the vicinity of the blade
TE. In fact, only the xz-component actually highlights the presence of the physical fea-
ture. On the other hand, the starting mesh seems appropriate to resolve the wake with
good accuracy: this is strongly highlighted by the yy and zz components. Concerning
the final mesh obtained through the adaptation process, it is clear that the shock is now

visible in all terms and is slender, indicating good resolution. Moreover, the wake error
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Ficure D.3: Comparison of the diagonal terms of the Hessian matrix of relative Mach
number at mid-span of the starting mesh after positive-semi-definite reconstruction.

has also reduced in size, showing its shrinking in the flow field.

A similar overall performance can be noted at 75% span, where the shock is present in
all components of the starting mesh error, albeit with very poor intensity. Additionally,
its structure seems to comprise of two elements, however repeated adaptation has cor-
rectly managed to merge them into a single, thin discontinuity. The other region of high
derivatives, is again the wake. Little change has occurred with hardly any improvement,

with all diagonal terms managing to capture it well even on the staring grid.
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FIGURE D.4: Comparison of the diagonal terms of the Hessian matrix at 75% span of
the starting mesh after positive-semi-definite reconstruction.
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