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Abstract 
 

The dynamics of Fabry-Pérot external-cavity laser diodes frequency-swept 

at a high rate using a tunable intracavity filter are investigated by travelling-

wave modelling. The effect of broad and narrow bandwidth filter properties 

and linewidth enhancement factor of the laser performance is assessed in 

this project. The phenomenon of self mode locking in a laser with a broad 

filter is discovered and analysed.  
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1 Introduction and background 
 

1.1 Introduction to OCT 

 

Optical Coherent Tomography (OCT) is a high resolution imaging tool which 

is capable of presenting cross sectional and three dimensional images [1]. It 

generates those images by analysing the time delay of reflections of 

penetrating light. 

 

 3-D OCT imaging technique is now widely used in medical practice, but the 

need to improve the resolution, penetration depth, and information 

acquisition rate means that it continues to be studied by a number of 

researchers. [2-6]  

 

OCT has been increasingly used in a variety of applications such as 

ophthalmology, cardiology and dentistry [8], as well as in breast cancer 

detection. [11] The OCT technique is based on shining near infrared light on 

semi-transparent object such as tissues. Although the biological tissue have 

light scattering properties which limits light penetration through the body 

tissue to 2 mm, this imaging depth is enough to provide valuable information 

about tissue structures. [7] 

 

                       

 Figure 1a OCT image of a house fly [9]             Figure 1b OCT image cross section of a tooth[9] 

 

Figure 1a shows an OCT image of a house fly and Figure 1b shows image of a tooth,  both 

of them are measured at  the wavelength 1300 nm by using rapidly tuned Fabry-Pérot lasers 

(RFPTL) [9] 
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Optical Coherence Tomography analyses interferences between light 

reflected from tissue and a reference reflector can be achieved by means of 

either time domain or frequency domain techniques. 

 

There are two main OCT approaches: Time domain and Frequency domain.  

 

Time-domain OCT is the simplest method of OCT technique. It uses 

broadband light source injected into an interferometer which includes a 

translating reference mirror. [12] The time delay is mechanically scanned. 

Unfortunately, the method is slow and has poor sensitivity. 

 

Frequency-domain OCT (FD-OCT) has advantages over the time-domain 

OCT (TD-OCT). The data acquisition time in FD-OCT is much faster than 

that in Time- domain as there is no mechanical scanning over the biological 

tissue. Signal-to-noise ratio (SNR) is improved considerably in FD-OCT 

[14]–[19]. The basic Spectral or Frequency-domain OCT includes 

interferometer, spectrometer, diffraction grating and detector array. 

 

Frequency-domain OCT techniques, in their turn, fall into two categories: 

Swept-source OCT and Fourier-domain OCT.  

 

Fourier-domain OCT utilises a diffraction grating and charge coupled device 

array to obtain the spectral interference pattern in the spectral domain. The 

depth structure is obtained almost at one time and the depth scan is not 

needed. The acquisition time is fast and is only limited by the readout speed 

of the charge coupled device which records the scattered light intensity in 

frequency not time. [13] 
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The swept-source OCT (SS-OCT) technique is another form of Frequency- 

domain OCT which has drawn a lot of attention recently from both 

researchers and practitioners. SS-OCT has a frequency-sweeping source 

and a single photo detector which detects the wavelength-resolved 

interference signal. In addition to the common advantages of the Frequency- 

domain method over Time-domain OCT, swept-source OCT has some   

advantages   over   the   Fourier-domain  OCT,   namely   faster   data 

acquisition, smaller and simpler system is practical as light is directly 

coupled to detector without dispersion by grating. [19] 

 

It is this technique that is the subject of this thesis. 

 

 

 

Figure 2 An example setup of forward-imaging SS-OCT system (A) with Optical 

characteristics of scanning system (B) [25] 
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Figure 2 shows the setup [25] of forward-imaging SS-OCT system.  Key to 

the success of the technique is the swept-source laser, which is the specific 

subject of the thesis. 

 

SS-OCT has a number of advantages. For instance, it can be realised 

inexpensively at wavelengths of 1060nm and 1300 nm where tissues are 

transparent.  Fourier-domain OCT is difficult at these wavelengths because 

the photodetector arrays that it requires are either very expensive or not 

available at all.  

 

However to realise the advantages of this technique, one needs a laser with 

a good performance.  A good laser performance, in turn, can be defined by a 

number of aspects: 

 

Firstly, broad tuning range is required for good resolution, typically greater 

than 100 nm tuning range for imaging resolution of < 15 µm. 

 

Secondly, a coherence length longer than 10mm is needed, to achieve the 

OCT imaging depth of greater than 5mm. The long coherence length Lc 

corresponds to a narrow dynamic laser linewidth , due to the well-known 

relation  


c

c
L  

 

c being the speed of light.  A value of 13.2 GHz (or <0.074 nm) has been 

quoted in literature [9]. 

  

Thirdly, fast scan rates are required for fast data acquisition. Typically, 20 – 

100 kHz scan rates are required.  From the tuning range and scan period, 
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we can estimate that the tuning speed should be up to a few GHz/ns, as 

illustrated schematically in Figure 3. 

 

 

Figure 3 Schematic of the frequency scanning, illustrating the relation between the scanning 

rate, tuning range, and tuning speed.  

 

The two peaks from horizontal direction represent the scanning period Tscan, 

which is the inverse of the scan rate.  The vertical axis is filter frequency or 

wavelength, from top to bottom represent the tuning range tuning  of the 

source (which is typically given by the tuning range of a tunable filter that the 

source uses). Then, the maximum tuning speed needed during each scan is 

estimated as  

2
f tuning

scan

d

dt T

 
  

 

If the tuning range is approximately 100 nm, central wavelength  1.06 m 

and scan rate is from 20 to 100 kHz, this means the tuning speed required is 

from d f/dt  1.2 to 6 GHz/ns. 

 

We refer to tuning towards shorter wavelengths/higher frequencies as blue 

tuning and to tuning towards longer wavelengths/lower frequencies as red 
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tuning, as illustrated Figure 4 (in the literature, the terms “positive and 

negative tuning” are sometimes used, but we find them potentially 

misleading as it is not quite clear whether they refer to frequency or 

wavelength). 

 

In addition, the laser construction needs to be compact. The reason for that 

is illustrated by Figure 4 below. 

 

 

Figure 4 Filter sweeping in modes 

 

The figure above shows a schematic example of how the filter is performing 

sweeping in a laser. 

 

The space between the two dots represents intermodal interval  , and the 

bell-shaped curve schematically shows the spectral selectivity of a tunable 

filter. When the filter is sweeping past laser modes, each mode exists in the 

spectrum for a time interval which can be estimated as the ratio of filter 

bandwidth to tuning speed. 

 

During this time, the mode must build up in the spectrum. Otherwise, no 

mode will be caught by the filter bandwidth. The formation of the mode itself 

needs the light to undergo several round-trips within the laser cavity to build 
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up. For this reason, the round-trip needs to be as short as possible which 

means the laser cavity needs to be as short as possible. An estimate with 

the parameters we have is a few centimetres in air and this is the 

construction that our industrial contacts have developed. This construction 

will be discussed below.  
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2 Literature review  
 

2.1 The experimental and modelling work on ring lasers 

 

The previous work on semiconductor lasers for swept-source OCT used a 

wavelength-swept ring laser. It has been studied for faster image acquisition 

rates and higher spatial resolution. Generally, it requires fast repetition rates 

of greater than 15 kHz, broad tuning ranges of longer than 50 nm and 

narrow instantaneous linewidths of smaller than 0.1 nm. [20] 

 

A theoretical investigation of this construction has also been conducted [20]. 

 

Figure 1 is a schematic of the ring laser model used in [20]. It has a 

Semiconductor optical amplifier section to be the gain medium followed by a 

linearly tuned optical filter, then an output coupler and a fiber cavity. The 

long cavity length is 7.4 meters.  

 

 

Figure 5 Schematic diagram of the model of a wavelength swept semiconductor 

ring laser incorporating a tunable intracavity filter. [20] 

 

A noticeable feature that found in a ring laser was that there is a dramatic 

power loss in negative tuning which was defined as sweeping in the 

direction of wavelength decreasing (blue tuning, in our notations),  and only 

positive or increasing wavelength tuning (red tuning, in our terms) could be 

achieved steadily. Therefore, the wavelength tuning is practically limited to 

positive wavelength tuning which is increasing wavelength tuning. This sort 
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of asymmetric behaviour was attributed to the four-wave mixing in SOAs as  

there is a negative frequency shift while the light pass through the SOA and 

it was reported in [21] previously. [20] 

 

This asymmetric behaviour is an important feature of fast swept lasers and 

has been investigated in our work as well, as will be reported below. 

 

The numerical method used in [20] was a travelling-wave laser model with a 

Langevin spontaneous noise source. 

 

 

 

 

gl being the linear gain, in the terminology of the authors of  [20]  

g0 the small-signal gain coefficient determining the unsaturated gain due to 

pumping 

s the carrier lifetime (assumed linear), 

 Esat the saturation energy,  

vg the group velocity inside the SOA, 

  the linewidth enhancement factor, 

 int the waveguide losses,  

h0 the single photon energy,  
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and nsp the population inversion factor.  

g=gl /(1+E/2) is the nonlinear gain, where  is the nonlinear gain 

suppression parameter.  

N(t ,z) is a spontaneous-emission noise  

 

 

 

Figure 6 Laser output power versus scanning speed [20] 

 

The main features obtained in this investigation on wavelength-swept SOA 

ring laser are that lower scanning speed gives the higher output power and 

the power decays as the scanning speed increasing. However, positive 

tuning speed is not dropping as fast as the negative ones.  It drops to almost 

zero at -2000nm/ms but remains just under 4mW at same speed of 

2000nm/ms. 

 

This asymmetric dropping in power is what we need to investigate in our 

work, though using a different construction, as discussed below.  
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2.2. The Fabry-Pérot fast tunable laser construction and measurements 

 

The subject of our modelling is the compact reflective Fabry-Pérot tunable 

laser (RFPTL) similar to a construction proposed recently by a US firm, 

Axsun Technologies. This semiconductor laser with external cavity uses a 

novel, recently developed silicon Micro-Electro-Mechanical System (MEMS) 

tunable Fabry-Pérot filter which works in a reflective, rather than 

transmission, operation mode. [8] The structure of the laser is shown 

schematically in Figure 7.  

 

 

Figure 7 Reflective Fabry-Pérot tunable laser RFPTL configuration. [8] 

 

The reflective Fabry-Pérot tunable laser (RFPTL) construction can have 

shorter laser cavities or longer laser cavities. With a shorter laser cavities 

(10 –30 mm), the second cavity mirror is inside the laser package whereas 

the longer laser cavities (5-100cm and greater), the second cavity mirror is 

on the fiber outside the laser package. [9]  

 

We simulate a laser cavity about several centimetres long in our model. A 

too-short laser cavity can only have one single longitudinal mode fit in the 

filter passband envelope. We want laser can tune both single and multi 

modes.  Generally speaking, it is still a relative short laser cavity compare to 

the ring laser which has a laser cavity of a few metres longs as described 
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earlier. So it is a simpler and more compact Fabry-Pérot construction used 

in our model and in [8]. 

 

The most important component device of the RFPTL laser is the silicon 

MEMS tunable Fabry-Pérot (FP) filter [10], as shown schematically in 

Figures 8 (general view) ans 9 (structure), reproduced from [8]. The 

construction of the filter includes a HR coated flat mirror and a HR coated 

curved mirror on tethered membrane, which is electrostatically actuated. 

The filter forms one of the two mirros of the Fabry-Pérot cavity. This MEMS 

filter has scan rates that exceed 100 kHz and its tuning range can range 

from 40nm to 350nm and can be varied by changing the design. [8] 

 

This means that the filter is capable of very fast tuning speed, up to several 

GHz/ns 

 

 

Figure 8 Silicon micro-electro-mechanical system (MEMS) tunable Fabry-Pérot 

filter. [8] 
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Figure 9  MEMS Fabry-Pérot Filter structure [9] 

 

 

The performance of Axsun filter is illustrated in Figure 10, reproduced from 

[10], 

 

Figure 10 Performance of Axsun Gap + Si F/P Filter [10] 
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Unlike a plane Fabry-Pérot filter, which has narrow spectral transmittance 

peaks and broad reflectance maxima, this novel convex Fabry- Pérot MEMS 

filter has a sharp filter reflectance peak as well as the sharp trasmittance 

peak. The filter bandwidth can vary from 2 to more than 20 GHz/ns 

depending on the construction and the voltage on the MEMS filter.  

 

The measured laser performance is illustrated in Figure 11.  The optical 

power vs. wavelength is shown for two scanning speeds.  

 

 

 
 

Figure 11  The measured tuning curves of the RFPFL [8] 

 

The above diagram gives a picture of tuning range with complex 

dependence of power on wavelength, tuning speed.  
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As can be seen from the figure above, red tuning has a broader tuning 

range than the blue tuning. In addition, private communications from 

experimentalists say that the optical power for red tuning is more regular 

than that of blue.  
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3 Objectives of study 
 

Based on the overview above, the objectives raised to our modelling are: 

 to analyse further the blue-red asymmetry, to find out to what extent the 

power asymmetry seen in the ring lasers is reproduced in Fabry-Pérot 

ones 

 To analyse the laser dynamic regimes and see why the red tuning is 

more regular than blue tuning. 

 To study the effects of laser and filter parameters on the performance. 
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4 Developing the model 
 

4.1 Introduction to LasTiDom  

 

The LasTiDom [23] software has been used in simulating passive or active 

devices such as resonators (passive) and lasers or amplifiers (active) for 

producing pulsed output. For instance, mode-locked or Q-switched lasers or 

amplifiers with pulsed input can be used. In this work, we adapt it to 

simulate lasers with an intracavity filter. 

 

The model is to some extent similar to that used by the previous authors 

[20], the main differences being that: 

 Firstly, bidirectional (forward and reverse) propagation is taken into 

account as usual for a Fabry-Pérot structure, whereas the model of [20] 

is for a unidirectional ring laser. 

 Secondly, the model is somewhat more realistic, taking into account 

carrier-dependent recombination rates and gain dispersion. 

 Thirdly, the model is entirely time-domain, as will be discussed below. 

  

4.2 The Model as used in this work 

 

The model used in this report is one dimensional. Only the propagation in 

the longitudinal direction is studied in detail; it is assumed that the laser 

waveguide is strong enough that any variations of carrier density and light 

distribution in the lateral and transverse directions have only minor effects 

on the laser performance.  The cavity length which consists of gain and 

passive sections can be from 1 to 10 cm adjustable. 
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The filter is assumed to act as the reflecting mirror on one end; the filter 

model will be considered in more detail below.  

 

The gain section is assumed to be a Multi-Quantum Well (MQW) 

semiconductor laser amplifier with typical parameters taken from literature. It 

is well known that an MQW gives a better optical performance and compact 

laser design over many conventional laser diodes [24]. Therefore, we used 

logarithmic gain-carrier density dependence, typical in modelling quantum 

well lasers, and a relatively small value of the linewidth enhancement factor 

(αH= 2) which is typical for quantum well materials. 

 

The laser has two mirror effect surfaces that situated at both end of the laser 

cavity. External cavity laser diode is used in the model. The light travels 

inside the laser in forward and reverse direction due to the reflecting surface 

and forms the optical waveguiding in the laser cavity. See figure below. A 

mode is formed during the time light travels back and forth within the laser 

cavity. The mode needs a few roundtrips to build up, but each mode only 

lases for a few roundtrips.   

 

 

Figure 12 Schematic of Lorentzian laser diode with gain and passive section. 
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We use a travelling wave model, which includes Light propagation, Gain, 

with parabolic dispersion. Self-phase modulation and spontaneous noise to 

start the model. 

 

The model of the laser, in its main features, is not new. It has been used for 

many laser constructions before (see for example [23] as an overview). The 

new part is the filter, as discussed below. 

 

For the gain-current density relation, we follow [27] in using a two-parameter 

logarithmic fit  

0

0

( , ) ln
1

G N
g N S

S N



, 

(1) 

 

 

(where N0 and G0 are the transparency carrier density and gain constant 

respectively, and  the gain compression factor) for both QW and bulk active 

layers, with parameters taken from [ 27 ].  

 

We use a travelling–wave model LasTiDom [27，28] which includes one-

dimensional propagation, along the longitudinal coordinate z, of slow 

amplitudes ER,L of right- (forward) and left- (reverse) travelling light : 

 

, ,

, ,

1
( ) ( ) ( , )

2

gL R L R

i L R th L R spont

g

E E
g a E i g g E F z t

z t

 
 

 


     



v

v
 

(2) 
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Here, g and i  stand for the optical gain and the internal dissipative loss，  

is the Henry linewidth enhancement factor, gth  is the threshold gain,  and 

Fspont is the Langevin spontaneous (random) source that ensures self-

starting of the model and introduces noise.  The operator nature of g


 

represents gain dispersion; in the model version that we used, the operator 

simulates a Lorentzian curve using an integral relation,  

, ,( , ) ' ( , )exp( )R L R L

o

g E g N S E z t d   


  
 

(3) 

 

with =’+j’’ being the complex gain curve parameter whose real and 

imaginary part represent the gain curve width and position respectively (the 

latter is taken as ’’= ’’N(N-Nth) to model the shift of the gain peak with 

carrier density). Furthermore, g(N,S) is the peak gain value, determined by 

the local carrier density N(z,t) and photon density  

 
2 2( , ) ( , ) ( , )R LS z t E z t E z t 

 

At the laser facets standard reflection/ transmission boundary conditions are 

imposed on ER,L.   

 

The field propagation equations are coupled with co-ordinate-dependent 

rate equations for the carrier density:  

2 * *

2

( , ) 1
( , ) Re

1
g L L R R

nr

d J z t BN
N z t N CN E g E E g E

dt ed B N 

    
        

   
v

 

 

(4) 

 

Here, J/ed is the pumping term, with J the current density (with 

homogeneous pumping, J=i/WLact , i being the current and w and Lact, the 

stripe width and length; carrier capture dynamics can be taken into account 
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in the model, but we verified that it is not too important for the relatively long 

pulses generated),  e the elementary charge, d the active layer thickness,  

nr  the non-radiative recombination time, and C the Auger recombination 

coefficient (both negligible as we consider a GaAs/AlGaAs structure). The 

last term is the stimulated recombination, with the slow wave amplitudes 

EL,R  measured in units of square root of photon density.  The output power 

is calculated inform the photon density at the output facet:  

2
( )  (1 ) (0, )g L L

a

dw
P t R E t 


v   

where the left (output) facet (with an intensity reflectance RL) is assumed to 

be at z=0. 

 

4.3 Including the filter in the model 

 

The new feature that had to be added to LasTiDom for the purpose of this 

research is a model of the tunable Fabry-Pérot filter. Since the convex filter 

is a substantially two-dimensional structure, we could not model it from first 

principles in our one-dimensional model.  

 

The measured performance of the Axsun filter can be approximated by 

either a Lorentzian (in blue dashed lines) or Gaussian curve (in red dashed 

lines). They have the same shape around the top but different FWHM can 

be noticed. In [20], the Gaussian filter was used, so the authors had to 

simulate the light propagation in time domain and the filter of their ring 

construction in frequency domain. 

 

As regards the construction we are simulating, it can be seen that neither 

the Lorentzian curve nor the Gaussian curve fit the spectral response of the 

Axsun filter exactly, but we choose Lorentzian filter approximation which 
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with only a small inaccuracy compared to the measured filter reflectance [22] 

and it can be implemented in the digital filter more easily as was done in [23]. 

This helps keep our modelling is fully in time domain.  

 

 

Figure 13 Comparisons of measured filter reflectance curve [22] to Lorentzian and 

Gaussian filter approximations. Measured data from: D. C. Flanders, W. A. Atia, B. C. 

Johnson, M. E. Kuznetsov, C. R. Melendez, “Optical coherence tomography laser with 

integrated clock, “US Patent Application 2009/0290167 A1  

 

As we can see from the graph, the Lorentzian approximation for the filter is 

reasonably accurate and presents good approximation to the measured filter 

reflectance curve, particularly near the top, which is the important bit in 

practice. It can be easily implemented in time domain as a convolution 

similar to those used for gain spectrum. In frequency domain, the (complex) 

Lorentzian reflectance spectrum is written as 
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which in time domain corresponds to 

 max ( )exp ( )r f f f f f

o

E E E t j t d        


      
 

 

  

(6) 

 

 

The filter bandwidth is 2filter filter  , and the swept peak 

frequency  detuning is ( ) 2 ( )filter filtert t   

 

We focused on geometries with gain section of a length Lact 500 m and 

passive section of an equivalent length in a semiconductor of 15000 m, or 

1.5 cm (in air, the length needs to be multiplied by the refractive index of the 

semiconductor). The construction is an external resonator one, with the filter 

placed at the end of the laser construction, the filter is separated from the 

active section by the passive section.   

 

We assumed the refractive index is of 3.5, the round-trip period can be 

calculated using the usual formula  

22 g

rt

n LL
T

c
 

gv
 

where L is the total length of the cavity, including both the gain section and 

the passive section,  n is the refractive index in the semiconductor material, 

therefore nL is the total length in air (as usual, in travelling wave models 

there is no difference between phase and group refractive index),  is the 

group velocity, c=3.108 m/s  is the speed of light.  
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In our construction, the length is L=500 m+15000m, the refractive index 

(phase and group) is n=3.5,  

Hence we have  
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 The intermodal interval is then νmod =1/Trt   2.77 GHz. 
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5 Simulation results 
 

5.1 General features. 

 

We knew from our contacts in industry that there were two types of laser 

resonator corresponding to different dynamics: a short resonator and a long 

resonator. The short resonator corresponded to the case of the filter 

bandwidth being comparable or smaller than, the intermodal interval; and 

the long resonator, to the case of the filter bandwidth significantly greater 

than the intermodal interval. Rather than change the resonator length, we 

initially implemented these different situations by changing mainly the filter 

bandwidth. We started with analysing the case of a narrow filter bandwidth; 

the chosen value of 2GHz is smaller than the intermodal interval of 2.7GHz 

interval, but of the same order. Then, we analysed a filter with a broader 

bandwidth of 20 GHz.  

 

Under tuning, the filter central frequency is fast changed. In a real 

experimental situation, the frequency tuning is  in the form of scanning, 

which means that  the filter central frequency is changed sinusoidally at a 

speed much slower than the typical time scales of laser dynamics (at a 

frequency of 50-100 kHz, as shown in Figure 3. This takes too long to 

simulate; therefore, following the work by the previous researchers [20] we 

model, not  the periodic scanning, but sweeping of filter frequency with a 

given constant speed: dfilter/dt =const. This is actually close to what 

happens during more than half of the scanning period, when filter tuning 

speed dfilter/dt is approximately constant (Figure 3).  
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5.2 Dynamics of a laser with a narrowband filter 

 

The programme is set to start registration at 10 ns and the filter tuning is set 

to start after 20 ns; therefore, before the time 20 ns, laser gives a constant 

CW output power. 

 

In this steady state, the filter is tuned to one of the cavity modes, this mode 

is taken as the reference frequency of the model and its spectral location is 

exactly at the peak of the gain spectrum.  For definiteness, we number it 

mode 0; in this case,  

0-ref =0, 

where  is optical frequency and  is reference frequency of the model  

 

From 20 ns onwards, the filter starts to tune the laser. Initially, this leads to 

the output power dropping dramatically to nothing (from 20 to 35 ns) as the 

original laser mode (mode 0) is no more within the filter band and the new 

modes have not yet formed. 

 

The subsequent intensity dynamics is discussed below. 
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5.2.1 Intensity dynamics  

 

 

 

Figure 14 Transient power output of a swept source under blue (a) and red (b) tuning. 

 

It is the left part of the graphs in which t< = 20ns a continuous wave 

(CW ) simulated singlemode output can be found which is in agreement with 

experimental observations (Figures 14, left hand side of the curves) 
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We can see from both the blue (0.5GHz/ns) and red (-0.5GHz/ns) tuning a 

periodic or quasi periodic behaviour have formed after initial transient. This 

period of these variations  is determined by intermodal interval/tuning 

speed, using the simple relation 

 

 is the intermodal interval in GHz and  dfilter/dt  is the filter tuning 

speed in GHz/ns. 

 

Qualitatively, similar behaviour is observed for both red and blue tuning. 

However, the average output power is noticeably lower at blue tuning than 

at red tuning, corresponding to a blue-red tuning asymmetry, similar to that 

obtained in the experiments and also in the simulations with ring lasers as 

discussed above. The origin of this asymmetry becomes clearer if we 

compare the power graph (Figure 18) with that of the corresponding 

instantaneous frequency which will be shown later. 

 

This periodic dynamics has been found up to dfilter/dt=-0.7 GHz/ns. But the 

periodic behaviour is gradually disappearing at higher tuning speed.  

 

At the tuning speed of -0.8 GHz/ns the output power gives almost nothing at 

all on the dynamics graph.  The laser suddenly switches off, as shown in 

Figure 15.  
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(a) 

 

(b) 

Figure 15 The absence of lasing output at high filter frequency tuning speed (red tuning). 

Note that a small change in the sweeping speed produces a large change in behaviour. 

  

This sudden switching off also happened to positive tuning (Figure 16) to 

with a similar value of tuning speed at 0.7 GHz/ns given that filter bandwidth 

is 2GHz and alpha factor is 2. As we can see at the speed of 0.67 GHz/ns, 

the laser is still producing a periodic waveform although a similar output 

power vanishing from start as the red tuning. 
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 (a) 

 (b) 

 

Figure 16 The absence of lasing output at high filter frequency tuning speed (red tuning) 

 

5.2.2 Instantaneous frequency vs. time 

To make clearer the nature of laser dynamics, we have plotted the dynamics 

of instantaneous light frequency during red and blue tuning. 
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Figure 17 Time-resolved operating frequency of a swept source during the process of 

Figure 14 (filtered for clarity). Dashed lines: filter reflectance peak; horizontal dash-dotted 

lines: cavity modes. 

 

The instantaneous frequency of the laser output can be expressed as  

 

 where  is the slow amplitude of output light generated by the model. 

 

The instantaneous frequency graph shows (after the time of about 40 ns) 

the same frequency intervals that can be seen in the quasi-periodic 

behaviour of the output power. Namely, we can clearly see that, although 

the output during each intensity variation period in laser dynamics Figure 14 

is never exactly single-mode at this relatively high tuning rate, there is still 

one dominant mode during each period (the instantaneous frequency during 

most of each period is approximately following a horizontal line, which is 

close to the dash-dotted line which was drawn to represent the dominant 
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mode for every interval). The laser tuning is achieved in the form of mode 

hopping from one mode to another.   

 

The two dashed lines are filter reflectance peaks for blue and red tuning, 

which the hopping instantaneous frequency is broadly following. 

 

Since the filter bandwidth is 2 GHz, if the filter is not swept, the laser output 

in our output has a relative frequency of within about 2 GHz of the reference 

frequency. But since the start of the sweep of the filter, even though at each 

moment in time the wavelength is within 2 GHz (the filter bandwidth) of the 

current filter peak, on the whole a very broad range can be tuned.  This is 

true for both blue and red tuning; however, we see that the position of the 

dominant mode stays closer to the filter reflectance peak, in the case of red 

tuning than in the case of blue tuning.  

 

If is worth noting that, when the tuning speed is decreased, then the inter-

hop period T will be longer and the laser behaviour between frequency 

hops becomes nearer to true single-frequency operation. This means that 

both the power and the instantaneous frequency during the middle of each 

of the inter-hop periods are nearly constant, and the frequency is that of the 

mode.  

 

Next, we proceed to calculate the dependence of the average power on the  

tuning speed, that is, producing a curve similar to that of Figure 6, but for the 

case of a Fabry-Pérot laser.  

 

The output power was calculated by time averaging the output power at 

every tuning speed over a significant length of time.  It must be noted that 
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choosing the time interval for such averaging is not trivial. In our calculations, 

we ignored the unstable periods at the beginning, the average power was 

calculated by averaging over an integer number of periods in the laser 

dynamics while they become stable.  At very small tuning speed, only one or 

two periods have been generated. This could lead to a slight inaccuracy 

when taking the mean power. At higher tuning speed some regular periods 

will appear, taking average power from those periods does not have any 

obstacles and will be somewhat more precise than in the case of the lowest 

tuning speed values.       

 

Figure 18 shows this dependence from our simulations. As in the case of 

ring lasers, and as can be expected from Figure 14, the asymmetry between 

the power for red and blue tuning can be clearly seen, with the average 

power being always higher for red tuning. Also as in ring lasers, the intensity 

falls with the tuning speed. In fact, above a certain critical tuning speed 

value, the laser does not switch on at all within the simulation span of 1 s.  

The power drops quickly at small tuning speed then falls gently while the 

speed increases. When the filter is swept too fast passing the modes, there 

is no time for the modes to build up, the output power suddenly drops to 0.  

 

This is what happens at each end of the diagram. So in that case, the laser 

does not switch on at all. It happens at the tuning speed range of 0 to 0.8 

GHz/ns. This is in agreement with an estimate of up to ~ 1 GHz/ns from the 

simple consideration of each mode needing a few roundtrips to build up in 

the spectrum.   
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           Figure 18 Tuning speed dependence of the output power. 

 

The asymmetry as present in the above figure is associated with the 

asymmetric mode interaction due to the nonzero linewidth enhancement 

factor in the laser. This behaviour was found in the case of ring laser as well. 

[20] The origin of asymmetry is the asymmetric mode interaction due to 

Henry factor, sometimes called the Bogatov effect.  It was first studied by 

Bogatov and co-authors in 1975. [26]. It is a result of carrier pulsations due 

to mode beating, which lead to periodic oscillations of the optical properties 

of the material. The asymmetric nature of this modal interaction is due to 

linewidth enhancement factor or Henry factor 
H
.  In the process of modal 

interaction, a weak mode next to the powerful mode is helped if it is on the 

red side, and suppressed if it is on the blue side.  So with red tuning each 

old mode helps the new mode to be build up, whereas with blue tuning, the 

old mode tries to suppress the new mode.  
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Figure 19 Schematic representation of asymmetric mode interaction due to linewidth 

enhancement (Henry) factor H; for two modes, strong and weak 

 

According to their results [26], the correction to the gain of the weak mode 

due to the presence of the strong mode can be expressed as: 

 

 

 
0 2

2

1

1

H strong weak recombination

weak X strong

strong weak recombination

g g P
   


  

 
  

 
 

 

where X is the gain cross-compression coefficient due to population 

pulsations, recombination is the total (stimulated and non-stimulated) 

recombination time of carriers, and the strong and weak are the optical 

frequencies of the strong and weak modes, P is the optical power, and g0 is 

the small-signal gain. 
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Figure 20 Tuning speed dependence of the output power in the presence and in the absence 

of self-phase modulation. 

 

The previous curves of output power against tuning speed (Figure 18) have 

been calculated with 
H
=2; Figure 20 shows the same curve alongside the 

similar result of zero Henry factor, 
H
=0. Similar procedures were made 

when calculating the mean output power for every tuning speed that is 

available in dynamics. We found that the data in output files for red and blue 

tuning are exactly the same. As a result, the curves of the two tuning speed 

becomes completely symmetric.  

 

From the figure we can see that the average power for red tuning is above 

the 
H
=0 curve and below the zero Henry factor curve for blue tuning. It is 

also an indication of the Bogatov effect. 

 

We believe the results presented above show a fairly comprehensive picture 

of the behaviour of the laser with a narrow filter bandwidth. However, as the 
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analysis is numerical rather than analytical, it is not obvious to what extent 

the behaviour of a construction with a broader filter bandwidth will be similar.   

 

5.3 Dynamics of the laser with a broadband filter 

 

We analyse next the case of filter bandwidth of 20 GHz, and the alpha-factor 

of 2 holds,    

int mod20 GHz  > 2.7 GHzf er al     

 

so that the filter bandwidth is broader than the intermodal interval which is 

2.7GHz and 10 times broader than the previous narrow filter bandwidth. 

This might give a good comparison in the later investigations.    

 

 

Figure 21 Power output profile for a broadband filter; the tuning speed is -0.022 GHz/ns 

 

When filter bandwidth is greater than intermodal interval. At very small 

tuning speed, -0.022GHz/ns we see only 3 to 4 periods are emerged within 
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the tuning span of 1s, which means only 3 or 4 modes are tuned by the 

filter. This small number of variation periods can be explained by the 

previously-stated relation showing the period of quasi-periodic oscillation to 

be equal to, or near, the intermodal interval/ tuning speed ratio (and 

independent on the filter bandwidth), where the intermodal interval  is 

fixed at 2.7 GHz. 

 

It can be observed that the mode hopping dynamics is similar to narrowband 

filter and the number of modes is increasing as filter tuning speed increases. 

At tuning speed of -0.05GHz/ns, more modes can be seen. 

 

 

Figure 22 Power output profile for a broadband filter; the tuning speed is -0.05GHz/ns 

 

As the tuning speed increases, the number of modes increases too, some 

irregular multimode dynamics appears in the output of the laser. (Figure 23) 
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Figure 23 Power output profile for a broadband filter; the tuning speed is -0.2GHz/ns 

 

As filter tuning speed continue to increase to -0.6GHz/ns, under some 

conditions the powers experience considerable transient variations, 

decreasing almost to zero before 150 ns and then increasing dramatically 

from 50 mW to over 100 mW, but back to 50 mW after 150ns.  From time 

200 ns in this case, peak powers of laser dynamics stay in a line at around 

50 mW (Figure 24 a) 

 

It is this steady part of the graph that is indicative of the laser behaviour 

during tuning; we therefore take a close look at it, as shown below in (Figure 

24 b). A regular structure of laser dynamics appears here; a similar periodic 

structure was noticed at a broad interval of high tuning speed of red tuning. 

The repetition period was found to be half of the round-trip time of laser 

cavity; in other words, there are two pulses for each repetition period. 
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(a) 

 

 

 

(b) 

Figure 24 Power output profile for a broadband filter; the tuning speed is –0.6 GHz/ns 
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Figure 25 Power output profile for a broadband filter; the tuning speed is –1 GHz/ns 

 

So there are 2 pulses with almost the same peak power within one round 

trip in the previous figure 24.  

 

If we increase the tuning speed further to -1GHz/ns (Figure 25), we see 

“period doubling” in the laser dynamics compared to that of -0.6GHz/ns 

(Figure 24).  There are still two pulses in one round trip time, but one of the 

two pulses becomes weakened, so there is one pulse smaller than the other 

which sits next to it. 

 

With a further increase in tuning speed, those smaller pulses are gradually 

disappearing, leaving only one pulse per period. 
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 (a) 

 

 

 

 (b) 

Figure 26 Power output profile for a broadband filter; the tuning speed is –4GHz/ns 
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Figure 27 Power output profile for a broadband filter; the tuning speed is –4GHz/ns 

 

At very high tuning speed of -4GHz/ns, up to -6GHz/ns, the period doubling 

compared to the situation considered above is complete; the weaker pulses 

in each period have completely disappeared, leaving only the stronger 

pulses, therefore a regular short pulse train is generated in this occasion.   

 

The repetition period at high tuning speed -4GHz/ns as shown is the round 

trip time of laser cavity. (Figure 26 (b)) 

 

Thus at very high tuning speed, a sequence of short pulses (with a full width 

half maximum (FWHM) of 38 ps in the case simulated above) has been 

found at the round trip repetition rate. 

 

On a long time scale, there is noticeable decay in pulse amplitude in Figure 

26 (a), eventually rolling down to zero. This is due to the fact that the laser is 

detuned away from the gain peak, effectively reducing the current over 

threshold (see more detailed discussion below); when the current dips 
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below threshold for the instantaneous detuning value, the laser switches off.  

If there was no gain dispersion in the model, the laser output intensity 

(power) behaviour would be ideally periodic.  

 

 

Figure 28 Eye diagram of 100 short pulses for tuning speed of -6 GHz/ns 

 

This type of laser operation (periodic emission of short pulses, with the 

period equal or near the cavity round-trip) is usually called mode locking 

behaviour. Since our laser has no saturable absorber and no resonant 

modulation is applied, it would have to be classified as self mode locking.  

 

In order to check that the intensity variation of this regime is really periodic 

(a feature of mode locking), we have plotted (Figure 28) an eye diagram of 

100 short pulses for tuning speed of -6 GHz/ns. The pulses are taken from 

the start of the tuning curve (running time < 100 ns), so the effect of 

detuning from the gain maximum is not yet visible. The eye diagram is found 

to be quite open, which shows the intensity behaviour is quite periodic and 

can indeed be described as (self)-mode-locking. 
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But this mode-locking is somewhat unusual.  Not only is it self-mode locking 

instead of the more usually observed active or passive mode locking. There 

is another important difference. In ordinary mode locking, not only is the 

intensity variation periodic with the round-trip period, the phase behaviour of 

the laser is periodic as well. In our case, however, the pulsating behaviour is 

caused by tuning, so the phase behaviour of each pulse (the instantaneous 

frequency during the pulse) is different from the previous pulse.  

 

To illustrate this, we have plotted as dots the relative instantaneous 

frequency calculated at every pulse peak from 0 to 150 ns.  It is clearly seen 

that, as can be expected, the central frequency of those pulses change 

gradually from pulse to pulse. As time is passing, the central frequency of 

pulses decreases from 0 to near -800 GHz, since waves only within the 

band of 20 GHz around the filter maximum are reflected back. These 

frequencies follow the filter reflectance peak and we observed so as well, 

see figure (29) below. The blue dashed line is the filter reflectance peak. It 

can be seen that the 100 pulses cover about 36 ns and their centre 

frequencies are tuned over time. 
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Figure 29 Instantaneous frequencies at the peak of “self mode locking” pulses (red dots) as 

function of the tuning time. The blue dashed curve is the position of the filter peak.  

 

5.4 Properties of the “mode locked” type pulses 

 

Figure 30 shows that in the right-hand-side the spectrum of a single pulse, 

say pulse number N, is the single pulse taken from one of the mode locking 

dynamics at 6GHz/ns.  

 

Figure 30 single pulse spectrum of number N and N+50 
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The spectral width of this pulse (measured as Full Width at Half Maximum, 

FWHM) is 12GHz. In this regime, we use this spectral width as an estimate 

for the instantaneous linewidth that relates to the coherence length in OCT 

which determines the scan imaging depth in the tissue:  

 

 

As we move to the next pulse which is 50 pulses away from pulse Number N 

(left-hand-side of the figure), it can be seen that the single-pulse spectral 

width keeps constant (as does the lineshape), so the single-pulse spectrum 

from pulse to pulse is the same. However, the single pulse spectrum shifts 

in central frequency, as can be seen from the Figure (30), it shifts about 100 

GHZ to the left, following the filter tuning.  

 

The spectrum is not exactly symmetric because of the chirp (the 

instantaneous optical frequency shift during the optical pulse); the chirp is 

known to lead to a significant broadening of signal linewidth. In this case, 

the time-bandwidth product is 0.45. However, it is not too far from transform-

limited with H=2. As we found from simulations setting H=0 (discussed in 

more detail below), the time-bandwidth product for unchirped pulses of this 

shape is 0.39, so 0.45 is not much greater, therefore, the chirp is not strong 

for the relatively modest Henry factor of H=2 that we use in our simulations.  

 

5.5 Blue tuning for 20GHz filter bandwidth H=2 

 

We then investigated the case of blue tuning of a broadband filter operated 

laser, to see if there are significant differences from red tuning.  
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Figure 31 Power output profile for a broadband filter; the tuning speed is 0.022GHz/ns 

 

At a very slow tuning speed of 0.022GHz/ns, only two notable modes are 

forming; this is similar to the red tuning case.  

 

 

Figure 32 Power output profile for a broadband filter; the tuning speed is 0.08GHz/ns 
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With the increasing tuning speed, it can be seen from the above, figure 32 a 

variation period is forming, also not too different from the red tuning; the only 

relatively modest difference is that the power within the period is decreasing 

while pulses for red tuning at small tuning speeds it tends to stay roughly 

constant for each nearly-single-mode period.  

 

At higher tuning speed of 1 GHz/ns, we find that the laser behaviour 

acquires a pulsating nature. In the case presented below, there are 3 broad 

“pulses” (corresponding to 2-3 modes in the instantaneous spectrum) in one 

round trip time of 361 ps.  However, unlike the case of red tuning, these 

“pulses” are not stable, there is clearly some envelope dynamics. 
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 (a) 

 

 

 

 (b) 

Figure 33 Power output profile for a broadband filter; the tuning speed is 1GHz/ns 
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Figure 34 Power output profile for a broadband filter; the tuning speed is 3GHz/ns; current 

I/Ith=2.2 

 

 

 

  

Figure 35 Power output profile for a broadband filter; the tuning speed is 3GHz/ns, current 

I/Ith=3.2 
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The main difference is seen as the blue tuning speed increases further still, 

to values of several GHz/ns. In this case, we see no regular sequence of 

short pulses; the light output is in the form of irregular bursts rather than 

regular pulse stream. Thus, for blue tuning with nonzero Henry factor, the 

dynamics is irregular, there is no self mode locking behaviour of the type 

observed for the same high speed at red tuning. 

 

 

Figure 36 detailed Power output profile for a broadband filter; the tuning speed is 3GHz/ns, 

current I/Ith=2.2 

 

5.6 Dynamics with broadband filter: effect of linewidth enhancement 

 

We then analyse the behaviour of the construction with a filter bandwidth of 

20GHz and H=0. 

 

We find that in this case, there is an area of self-mode locking type 

behaviour and the power transients of negative and positive tuning are 

exactly the same with tuning speed of different signs; in other words, the 

power output against tuning speed is completely symmetric.  
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The pulses look periodic at -1/1 GHz/ns, regular pulses appear the repetition 

period is half of the round trip time of laser cavity. 

 

 

Figure 37 Power output profile for a broadband filter; the tuning speed is -1/1 GHz/ns 

 

The laser switches off at large detunings (in this case, about 2.4 THz) due to 

the effects of gain curve. 
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Figure 38 Power output profile for a broadband filter; the tuning speed is -1/1 GHz/ns 

 

 

Figure 39 Power output profile for a broadband filter; the tuning speed is -1/1 GHz/ns 
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The laser dynamics for this high tuning speed are periodic with the period 

equal to round trip time. The mode-locking type regime are present also at 

Henry=0 as for Henry=2 for 20 GHz filter bandwidth. At all tuning speeds, we 

found that the blue and red tuning are exactly symmetric as expected. 

 

 

                                    (a)                                                                        (b) 

Figure 40 Single-pulse shape (a) and spectrum (b) for a broadband-filter laser, in the 

absence of self phase modulation (H=0). 

 

The spectrum of a single pulse at tuning speed of -3 GHz/ns or 3 GHz/ns 

(they have the same spectrum) is quite symmetric for the case of no alpha 

factor, which is indicative of little or no chirp. However, it can be seen from 

the pulse profile, Figure 40) that pulse shape itself is still noticeably 

asymmetric.  The time-bandwidth product is =0.39, which we take to be 

the transform limit for this pulse shape, compared to 0.31 for Gaussian 

unchirped pulses.  
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Figure 41  Filter bandwidth dependence on the pulse amplitude and instantaneous linewidth. 

Red tuning speed -3 GHz/ns; linewidth enhancement factor H =2, 

 

To study the characteristics of output power pulses further, a broad range of 

filter bandwidths has been investigated for a fixed tuning speed.    

 

 Figure 41 shows the single pulse spectrum is in a trend of declining when 

filter bandwidth increases. The pulse duration is getting wider with the 

increasing filter bandwidth. A bandwidth narrower than 6GHz will give no 

pronounced pulsing behaviour in the output power transient for the case of   

-3GHz/ns filter tuning speed.  

 

We proceed with plotting the curves of average output power vs. tuning 

speed, in the same manner as did earlier for the narrowband filter.  The 

results are plotted in Figure 42 (solid lines), with the results for a laser 
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with a narrowband filter plotted alongside, for comparison, as dashed 

lines. 

 

 

Figure 42  The tuning speed dependence of the average optical power. Solid curves with 

symbols: broadband filter. Doted curves: narrowband filter (for comparison). Filled 

symbols: with self phase modulation (Henry factor H =2). Empty symbols: no self phase 

modulation (Henry factor H =0). 

 

Comparing the results for the narrowband and broadband filter, we find that 

the characteristic filter tuning speed df/dt at which the laser power drops 

scales roughly proportionally to the filter bandwidth f, as expected. It is 

however not exactly ten times since mode interactions are different in the 

case of a broadband filter from the case of a narrowband filter, and mode 

interactions affect the possible tuning speed. The laser switches off at less 

than +/-1 GHz/ns with a 2 GHz filter bandwidth and the same situations 

happens at +/-8 GHz/ns for a 20 GHz filter bandwidth. 
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If αH>0, laser tuning is asymmetric. It has also concluded that the range of 

tuning speed for red tuning is broader than that of blue tuning.  

 

Finally, we address the issue of the total tuning range in terms of optical 

frequency, briefly mentioned before. We find that this range is roughly 

similar for blue and red tuning, and for all tuning speeds.  However, there 

are modest but noticeable differences depending on the tuning speed and 

direction.  As shown in the figure 42 below, the red tuning range for H=2 is 

of the order of about 3.2 THz, the blue tuning range slightly smaller, about 

2.3 THz, which is also close to the red and blue tuning range of a laser with 

H=0, as discussed above. 

 

Wavelength tuning range with broadband filter 

 

 

Figure 43 The tuning range of the laser with a broadband filter, calculated by a combination 

of red and blue sweeping. The light coloured curves show the time-averaged power  
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The probable explanation for this behaviour is as follows.  

 

The tuning range in terms of optical frequency is determined coarsely by 

linear effects and finely by nonlinear effects 

 

The linear effects are gain spectrum and operating current. When we detune 

the laser too much from gain peak the threshold current increases and then 

the pumping current becomes below threshold.  The laser then switches off 

approximately when the condition 

 

I  Ith(), 

 

is satisfied, as illustrated in the figure below.  However, in practice this is 

slightly modified by the nonlinear effects.  

 

 

 Figure 44 Schematic illustration of the main physical reason of laser power decay and 

eventual switch-off with detuning. 
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The nonlinear effects of interest here are the modal interactions, which lead 

to the mode locking type behaviour and are different for different Henry 

factor values and tuning direction and speed. Because the small correction 

that makes the tuning asymmetric comes from mode interaction, the red 

tuning range becomes longer than the blue tuning. 

 

5.7 Dynamics of a long laser cavity 

 

To get a more general view of the dynamics of a long laser cavity, we 

increase the cavity length by a factor of 5, while setting the filter bandwidth 

to 4GHz, in order to ensure the same number of modes within in the filter 

bandwidth as the initial simulations with a 20 GHz filter bandwidth. 

 

 

Figure 45 Power output profile for a broadband filter longer laser cavity; the tuning speed is 

-0.2 GHz/ns 
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With a laser cavity length of 5 times longer than the initial length 1.5498 cm 

in semiconductor material, we can still see the quasi-stationary, “self mode 

locking” behaviour; however, we did not observe true short pulse generation, 

only broader structures of the type shown in Figure 45. 

 

 Similar structures, though less regular and even less reminiscent of mode 

locking pulses, have been observed previously in a ring laser which has a 

much longer resonator [20].   
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6 Conclusions 
 

The following conclusions can thus be made from our simulations:  

 Simulations show that the experimentally observed asymmetry in the 

behaviour of the FP laser is the result of asymmetric mode interaction. 

This is similar to the conclusions made by previous authors [20] on 

ring lasers. 

 For more symmetric tuning behaviour, it would be necessary to 

reduce the (effective) alpha factor of the laser. Some methods of 

doing so have been proposed by the authors of , [20]  and involve the 

use Quantum Dot/Dash lasers near threshold, when the alpha-factor 

is low, On  the other hand, the alpha-factor of QD lasers is known to 

increase with bias, so this is no very reliable method. It may be also 

attractive to use multisection lasers, for example with saturable 

absorbers, where the self phase modulation in the gain and absorber 

section can cancel each other. Such a laser may operate in a mode-

locked regime for both blue and red tuning.  

 The dynamics of short and long cavity (or narrowband and 

broadband filters, which is more or less the same) have been shown 

to be quite different, in general – though the broadband filter for very 

slow tuning is similar to the narrowband filter.  

 The difference in the regularity of tuning in red and blue directions 

has been shown to be due to qualitatively different dynamic regimes. 

A new dynamic regime has been observed under fast red tuning with 

a broadband filter: self mode locked type behaviour with periodic 

intensity but swept central frequency.  
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7 List of abbreviations  

 

continuous waveform (CW) 

Fabry-Pérot (FP) 

frequency- domain OCT (FD-OCT) 

high-reflection (HR) 

           full width at half maximum (FWHM) 

Micro-Electro-Mechanical System (MEMS) 

Multi-Quantum Well (MQW) 

           Optical Coherent Tomography (OCT) 

quantum dot (QD) 

reflective Fabry-Pérot tunable laser (RFPTL) 

           semiconductor optical amplifier (SOA) 

           signal-to-noise ratio (SNR) 

           swept-source OCT (SS-OCT) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

http://en.wikipedia.org/wiki/Quantum_dot_laser
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9 Appendices  
 

List of variables and values 

                       
 
Active layer thickness (cm), d                                                      0.03d-4                                     

Auger recombination coefficient, C                                              1d-29                              

Gain compression factor,                                                           1d-17                                         

Non-radiative recombination time, nr                                             10d-9 

Optical confinement factor                                                            0.02 

Refractive index, n                                                                        3.5 

Spontaneous emission factor                                                        0.3d-5 

Transparency carrier density, N0                                                   1.7d18                
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