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Abstract

Curve and surface intersection finding is a fundamental problem in computer-aided geo-
metric design (CAGD). This practical problem motivates the undertaken study into meth-
ods for computing the square-free factorisation of univariate and bivariate polynomials in
Bernstein form. It will be shown how these two problems are intrinsically linked and
how finding univariate polynomial roots and bivariate polynomial factors is equivalent to
finding curve and surface intersection points.

The multiplicities of a polynomial’s factors are maintained through the use of a square-
free factorisation algorithm and this is analogous to the maintenance of smooth intersec-
tions between curves and surfaces, an important property in curve and surface design.
Several aspects of the univariate and bivariate polynomial factorisation problem will be
considered.

This thesis examines the structure of the greatest common divisor (GCD) problem
within the context of the square-free factorisation problem. It is shown that an accurate
approximation of the GCD can be computed from inexact polynomials even in the presence
of significant levels of noise. Polynomial GCD computations are ill-posed, in that noise
in the coefficients of two polynomials which have a common factor typically causes the
polynomials to become coprime. Therefore, a method for determining the approximate
greatest common divisor (AGCD) is developed, where the AGCD is defined to have the
same degree as the GCD and its coeflicients are sufficiently close to those of the exact
GCD. The algorithms proposed assume no prior knowledge of the level of noise added
to the exact polynomials, differentiating this method from others which require derived
threshold values in the GCD computation.

The methods of polynomial factorisation devised in this thesis utilise the Sylvester
matrix and a sequence of subresultant matrices for the GCD finding component. The
classical definition of the Sylvester matrix is extended to compute the GCD of two and
three bivariate polynomials defined in Bernstein form, and a new method of GCD compu-
tation is devised specifically for bivariate polynomials in Bernstein form which have been
defined over a rectangular domain. These extensions are necessary for the computation of
the factorisation of bivariate polynomials defined in the Bernstein form.
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Chapter 1

Introduction

The calculation of the intersection points of curves and surfaces is one of the most funda-
mental problems in computer-aided geometric design (CAGD). The accurate representa-
tion of intersections is necessary in the construction of smooth, watertight surfaces. The
computation of points of intersection can be reduced to computing (i) the roots of univari-
ate polynomials and (ii) the factorisation of bivariate polynomials. This thesis develops
a robust method for solving these problems where the polynomials are given in Bernstein
form, since this basis is frequently used in CAGD. The method of root finding in this the-
sis preserves the multiplicity structure of the roots by first determining the polynomial’s
square-free factorisation and root multiplicity structure.

When considering intersections of Bézier curves and Bézier surface patches, the poly-
nomials associated with these intersections are in Bernstein form. It is therefore necessary
to derive robust methods native to polynomials in Bernstein form to avoid unstable con-
version to the power basis [25,26].

Smooth intersections are important in CAGD because they reduce high stresses at
sharp corners, which can cause an object to fracture when in operation. Smooth or
tangential intersections are associated with polynomials with roots of high multiplicity. It
is this type of root finding problem where standard methods typically fail. Singular roots of
high multiplicity can erroneously be computed as a cluster of roots, and this is equivalent
to a loss of smoothness at a tangential intersection point. The standard root finding
methods are more effectively applied by first determining the square-free factorisation of
a polynomial, then computing the simple roots of its square-free factorisation.

The first part of this thesis (Chapters 3 and 4) considers the computation of the
square-free factorisation and roots of a univariate polynomial in Bernstein form. Two
key components in this process are (i) the computation of a sequence of iterative greatest
common divisors (GCDs) and (ii) a structured polynomial deconvolution problem. Both
of these problems are highly sensitive to noise in the input data, and structured methods
developed in this work aim to overcome this limitation.

An approximate greatest common divisor (AGCD) of two inexact polynomials will
be defined, and the degree of the AGCD will be computed from a modified version of
the classical Sylvester matrix adapted for polynomials in Bernstein form. In this thesis
a set of three preprocessing operations is developed and applied to the polynomials in

order for the AGCD to be computed using the Sylvester matrix and the sequence of



subresultant matrices. It will be shown that the degree of the GCD is more reliably
determined from the set of preprocessed subresultant matrices and that approximations of
the cofactor polynomials and the AGCD can be several orders of magnitude more accurate
than approximations obtained without preprocessing.

Structured perturbations are also added to the inexact polynomials, and a low rank
approximation of the Sylvester matrix is determined. The coefficients of the cofactor
polynomials and the AGCD are approximated, and these approximations of the exact
polynomials are shown to be significantly better than those obtained by standard least
squares based methods.

The second part of this thesis (Chapters 5 to 7) focuses on several new extensions to
the work discussed in the first part. These extensions are necessary in the computation
of the factorisation of a bivariate polynomial in Bernstein form. The factorisation of a
bivariate polynomial reduces to the computation of a sequence of polynomial GCDs and
a set of deconvolution problems.

In this thesis two new forms of the Sylvester matrix are defined. These are used in the
computation of the GCD of three polynomials, also referred to as the three-polynomial
GCD problem. Initial experiments show that polynomial ordering in these forms must be
carefully considered. The definition of the Sylvester matrix in Bernstein form is generalised
to accommodate bivariate polynomials defined over either a rectangular or triangular
domain.

The method of computing the degree of the GCD of two or three bivariate polyno-
mials over a triangular domain follows from the univariate problems. A relatively simple
extension for the computation of the GCD of two or three bivariate polynomials defined
over a rectangular domain is then described, but experiments show that this method is
inefficient. A second, alternative and faster method which makes use of degree elevated
polynomials will also be presented. This method gives similar results to the first extension,

but with significantly reduced computational complexity.

Chapter 1 An overview of intersection finding algorithms is given. It will be shown how
a curve or surface intersection problem reduces to the factorisation of a univariate or
bivariate polynomial. For this problem a robust GCD finding algorithm is required

and several GCD finding methods are discussed.

Chapter 2 In the second chapter, the Bézier curve and Bézier surface patch represen-
tations are defined. The univariate and bivariate Bernstein polynomial forms are
also described and some basic polynomial arithmetic by structured matrix methods

is considered. These methods are pertinent to the work discussed in later chapters.

Chapter 3 The third chapter considers the computation of the degree and coefficients
of the GCD of two univariate polynomials f(z) and §(z) in Bernstein form. A
sequence of subresultant matrices is used to determine the degree of the GCD and
this is extended to the computation of the AGCD of two inexact polynomials f(x)
and g(x).

It will be shown how preprocessing the subresultant matrices yields improved re-
sults in the computation of the degree, ¢, and the coefficients of the GCD. The
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coefficients of the cofactor polynomials and the AGCD are approximated using a
low rank approximation of the tth subresultant matrix, and the results of this new
method, which will now be referred to as the univariate GCD (UGCD) method, will
be compared with a standard least squares approach. It will be shown that, given
the degree of the GCD is correctly determined, the low rank approximation method
yields improved approximations of the coefficients of the cofactor polynomials and

the GCD, particularly in the presence of noise.

Chapter 4 Having developed the univariate GCD (UGCD) method in the previous chap-
ter, this chapter describes the square-free factorisation algorithm due to Gauss. The
algorithm is used for the computation of multiple roots of a univariate polynomial in
Bernstein form and has two key components. The first part is the computation of a

sequence of polynomial GCDs and the second is a set of polynomial deconvolutions.

Modifications are made to the univariate GCD (UGCD) method, for use specifically
in the set of GCD problems arising in the square-free factorisation algorithm. Each
problem in the set of GCD problems { f;;1(z) = GCD(fi(x), §i(x)) has the structure
that §;(z) is the derivative of f;(x), and the Sylvester matrix and subresultant ma-
trices can be structured accordingly. A lower limit for the degree of the GCD in the
(1 + 1)th GCD computation can be determined from the ith GCD, so methods for a
more efficient and more reliable algorithm are described. These modifications give a
new GCD method called the modified univariate GCD (MUGCD) algorithm.

Polynomial division in the square-free factorisation algorithm is also discussed in this
chapter. Several matrix based methods are considered for the deconvolution problem
which arises specifically in the square-free factorisation algorithm. In particular, a
new matrix based method which exploits the structure of this problem is described,
and this gives significantly improved approximations of the set of polynomials when

compared with naive deconvolution methods.

The combination of the modified univariate GCD (MUGCD) method and the batch
deconvolution method gives a square-free factorisation (SQFF) algorithm which is
then compared with other existing root finding methods. The new composite algo-
rithm compares favourably with the alternative root finding methods, which fail to

retain a polynomial’s root multiplicity structure in the presence of noise.

Chapter 5 This chapter extends work in Chapter 3 and Chapter 4 to compute the GCD
of three univariate polynomials f(z), §(z) and h(z) and the AGCD of three inexact
polynomials f(z), g(z) and h(x). Two variants of the three-polynomial subresultant
matrix exist and these are analysed to determine the optimal form for computing

the degree and coefficients of the three-polynomial GCD.

Chapter 6 The extensions necessary to compute the GCD of two or three bivariate
polynomials defined over a triangular domain are considered. The definition of the
Sylvester matrix and subresultant matrices is extended to the two-polynomial and
three-polynomial GCD problems for bivariate polynomials. Results will again show
that preprocessing is required to reliably determine the degree of the GCD partic-

ularly in the three-polynomial problem where the row and column-partitions of the



subresultant matrices must be balanced. This particular set of GCD problems arises
in the computation of intersections involving triangular Bézier patches. More gener-
ally, these three-polynomial GCD problems arise in the square-free factorisation of

a bivariate polynomial defined over a triangular domain.

Chapter 7 This chapter considers the extensions necessary to compute the GCD of two
or three bivariate polynomials defined over a rectangular domain. These GCD prob-
lems arise in the computation of intersections between rectangular Bézier patches. A
simple extension of the previously developed UGCD method gives rise to the bivari-
ate GCD (BVGCD) method. However, this method has significant computational
cost associated with it. A second, more efficient method is also considered in which
the two-polynomial and three-polynomial bivariate GCD problem is solved in two
one-dimensional stages. It will be shown that this new method, bivariate dimension
reducing GCD (BVDRGCD), is significantly faster than the BVGCD method.

Chapter 8 This chapter concludes the work in the thesis. The key developments are

summarised and ideas for future research are presented.

The remainder of this first chapter considers the background material and sets of
alternative methods for (i) the curve and surface intersection problems, (ii) the polynomial
root finding problem, (iii) the square-free factorisation problem and (iv) the polynomial

GCD finding problem. The chapter has the following structure :

Section 1.1 This section describes the historical context of the curve and surface inter-
section problems within CAGD.

Section 1.2 Geometric representations of curves and surfaces are introduced.

Section 1.3 The curve and surface intersection problems are described and algorithms
for solving these problems are considered. Of particular interest are intersections
between Bézier curves and Bézier patches which reduce to computing the roots of a

univariate or bivariate polynomial in Bernstein form.

Section 1.4 A variety of classical methods for polynomial root isolation and root finding
are considered, some of which require that roots are first isolated with initial approx-
imations. These root finding methods typically fail to accurately compute roots of
high multiplicity (also referred to as multiple roots), yet it is this type of polynomial
which arises in the computation of the points of intersection between curves and

surfaces where the intersections are smooth.

Section 1.5 Univariate square-free factorisation methods are described. Given a square-
free factorisation, the roots of a polynomial are more easily computed by conventional

methods.

Section 1.6 The unstructured and structured condition numbers of a polynomial are

defined in this section.

Section 1.7 The pejorative manifold of a polynomial is defined. A pejorative manifold

gives a geometric interpretation of the conditions under which perturbations of the
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exact polynomial f () cause its multiplicity structure to break down. The inexact
polynomial f(x) either has simple roots or has the same multiplicity as the exact
form f(z).

Section 1.8 Polynomial GCD computation is one of the two fundamental components
of Gauss’ square-free factorisation algorithm described in Section 1.5. Several al-
gorithms for the computation of the GCD of two polynomials are considered. Of
particular interest are the matrix based methods such as the methods which utilise
the Sylvester or Bézoutian matrix to compute the degree and coefficients of the
GCD.

1.1 A Brief History of CAGD

The relatively modern development of CAGD has its origins in the automotive, shipbuild-
ing and aerospace sectors. As the design of ships and motorcars became increasingly
complex in scale and intricacy, the need for machine based construction techniques in-
creased. By the 1950s, numerically controlled machinery became available, which allowed
for the production of stamps and dyes for use in the manufacturing process. The introduc-
tion of CAGD and computer-aided manufacture (CAM) meant highly consistent products
could be manufactured from reproducible tools. The difficulty faced by the industry at
that time was in producing a numeric representation of the required shapes.

Early efforts focused on the laborious task of taking many thousands of individual mea-
surements from blueprints or clay models which were fed into a numerically controlled (NC)
machine from which the shape and surface geometry were approximated. Any changes in
design meant that this process had to be repeated over again at great expense. This lead
to the utilization of computers as part of the design process as well as the manufacturing
process, eliminating the need for hand crafted prototypes.

It was de Casteljau, while working for the car manufacturer Citroén, who first used
Bernstein polynomials to define curves and surfaces [18]. The Bernstein basis had been
developed some fifty years earlier, in the early 1900s, as part of a solution to a problem
in approximation theory. The work by de Casteljau was kept secret within Citroén, but
work by Bézier developed around the same time for rival manufacturer Renault had similar
results. This work was openly published and the resulting curves and surfaces bear his
name.

The Bézier curve allowed for intuitive flexible design, and despite initial resistance from
the design community, it became the industry standard. The control point based structure
meant that a designer could alter the shape of a curve or surface by simply dragging and
dropping control points.

Parametrically defined curves and surfaces such as Bézier curves and surfaces are used
to represent large free flowing surfaces with minimal amounts of low level detail. A car
body panel or aeroplane fuselage for example can be represented using Bézier patches,
and this requires significantly less data than an alternative polygonal based modelling
approach. Polygonal models, however, lend themselves to representing areas of low level
detail. Surfaces can repeatedly be subdivided for areas of localised detail and this is much

more difficult to achieve with Bézier patches. It is also difficult to produce sharp edges



using Bézier curves and surface patches. In comparison, sharp edges are easily achieved
in a polygonal based model.

The accurate computation of the points of intersection of parametrically defined sur-
faces is a real industrial problem [19]. Holes which appear in computer generated models
due to poor intersection approximations must be patched manually, and this can be a
laborious manual process. Dokken and Skytt offer an in-depth analysis of the difficulties
using floating point representations of curves and surfaces and the computation of points
of smooth intersection between curves and surfaces. The merits of various intersection
finding methods are considered in [19] such as surface triangulation, lattice evaluation,
marching, refinement and recursive subdivision. The authors also consider the method
used in this thesis where an intersection is reduced to a root finding problem by com-
bining the use of parametric and algebraic representations. For instance, the intersection
of two rational bicubic patches reduces to finding the zeros of a polynomial of bi-degree
(54,54).

While focusing on the GCD and polynomial factorisation problem, this thesis con-
siders methods for the computation of intersections of curves and surfaces defined either

implicitly or parametrically. These curves and surfaces are now defined.

1.2 Curves and Surfaces and Their Representations

This section introduces the explicit, implicit and parametric curve definitions. Typical
CAGD problems involve intersections of parametrically defined curves and surfaces, and
this thesis focuses on the computation of intersections between Bézier curves and surfaces.
It will be shown how these intersections reduce to the computation of the roots of a
univariate polynomial or the factorisation of a bivariate polynomial in Bernstein form. The
properties of different curve and surface representations and their respective applications

are discussed.

Explicitly Defined Curves and Surfaces

An explicitly defined curve is of the form y = f(z), where y is dependent on the variable
x. Similarly, an explicitly defined surface has the form z = f (x,y), and z is dependent on
the variables x and y. These only represent a subset of all curves and surfaces, and this is

due to the previously mentioned dependence between the variables x, y and z.

Implicitly Defined Curves and Surfaces

An implicit curve is defined as the set of all (z,y) coordinate pairs which satisfy the

equation

f(z,y)=0.

Similarly, an implicitly defined surface in three-dimensional space is given by

A~

f(z,y,2) = 0.
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The set of implicit curves in two-dimensional space can represent all possible curve shapes
and the explicitly defined curves of the form y = f (x) are a subset of implicit curves, which
can be written in the form f () —y = 0. The implicit curve in three-dimensional space is

the intersection of two implicitly defined surfaces and is given by f(z,y,z) N §(x,y, 2) .

Parametrically Defined Curves and Surfaces

The most frequently used representation within CAGD is the parametric curve or sur-
face. Occasionally trigonometric parametrizations are used, but more typically polynomial
parametrizations are used. Of particular interest to this work are the Bézier curves and
patches which will be defined later.

The parametric curve §(t) in two-dimensional space is defined by two functions in one

variable, t, called the parameter, and is given by

r=gi(t) and y=gt).

A rational parametric curve is given by

where w(t) is a weighting function.

A parametrically defined surface in three-dimensional space is given by

x:g1(57t)7 y:g2(87t)7 and Z:g3(8,t).

All parametric curves have an implicit representation which can be obtained by implici-
tisation, but typically an approximate implicitisation is used to represent a parametric
curve or surface since the exact implicit form is generally of high degree. A general trian-
gular patch of degree n has an implicit form f (7,y,2) = 0 of degree n?, while a general
tensor-product surface patch of degree (m,n) has an implicit representation f (z,y,2) =0
of degree 2mn. For example, a bicubic tensor-product surface has an implicit equation
f (z,y,2) = 0 of degree 18 with (18; 3) = 1330 coefficients [59]. A triangular cubic Bézier

patch has an implicit representation f (z,y,2) = 0 of degree 9.

Discussing the Curve and Surface Representations

The three representations have respective advantages and disadvantages when considered
within CAGD. In rendering for example, an image is generated from a two or three-
dimensional object. A parametric surface with parameters s and t is rendered by the
evaluation for a set of s; and t¢; parameter pairs. There is no equivalent method for
rendering an implicitly defined curve or surface, and generating the set of (z,y) or (z,vy, 2)
points required for rendering is much more difficult.

Given a point (z1,y1) in two dimensions or (z1, %1, 21) in three dimensions, it is easy
to determine whether that point lies on, inside, or outside of an implicitly defined curve
or surface. Simple substitution and evaluation of f (x1,y1) or f (z1,y1, 21) will reveal the

location of the point dependent on whether the evaluation is greater than, less than or



equal to zero.

Intersection problems are typically more easily solved with an implicit representation
of the curves or surfaces involved and a breakdown of these problems will be given in
Section 1.3.

1.3 Intersections of Curves and Surfaces

In this section methods for the computation of intersections between curves and surfaces
are briefly considered. Texts such as [19] contain a much deeper analysis of the possible
intersection problems. This thesis focuses on the set of problems which can either be
reduced to finding the roots of a univariate polynomial in Bernstein form or finding an
irreducible factorisation of a bivariate polynomial in Bernstein form.

In particular, this thesis focuses on problems where the roots of a univariate poly-
nomial are of high multiplicity, and these root finding problems are typically associated
with tangential intersection problems. Tangential intersections occur where two curves or
surfaces are near parallel at their intersection and perturbations of two curves or surfaces
with a tangential intersection can cause the intersection point to be lost. One possible re-
sult is that the perturbed curves no longer intersect, but instead have a distance € between
them. Alternatively, the perturbed curves or surfaces can overlap near to the intersection,
causing a cluster of intersections to occur, rather than a unique point. This section dis-
cusses the types of intersection problems encountered when using the various curve and
surface representations, and methods for their computation.

The first part of this section considers the computation of the intersections of two
implicitly defined curves or surfaces. These problems most readily reduce to polynomial
root finding (or factorisation finding) problems.

Secondly, the intersection of one implicitly defined object and a parametrically defined
object similarly reduces to a root or factorisation problem. This problem first requires a
substitution to obtain a polynomial whose roots are then computed.

Thirdly, the intersection of two parametrically defined objects (Bézier curves and sur-
faces, for example) are considered, but these problems require an implicitisation stage to
reduce them to a problem of computing the intersection of a parametrically defined object

and an implicitly defined object.

Implicit Curve and Surface Intersections

The following set of examples considers the intersection of two implicitly defined curves or
surfaces. These problems reduce to the computation of the roots of a polynomial fz(:v) =0
or the factorisation of a bivariate polynomial iL(:L‘, y) = 0. It will be shown how curves and
surfaces with smooth intersections reduce to polynomial factorisation problems where the

factors are of high multiplicity.

Example 1.3.1. Consider two implicitly defined curves given by

fay)=@@—-Dz-3)(z+1)(z+2) —y=0
§(z,y) = —3(x + 1) (z +2)(Tz + 11) —y = 0.
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Either f (x,y) = 0 or g(x,y) = 0 can be written explicitly, so let the first curve be written

A~

in the form y = f(z), and this is substituted into §(z,y) = 0 such that a third polynomial
h(z) = §(z, f(x)) = 0 is given by

hz)=(z+1)(z+2)((x —4)(x—3)— (—212—-33)) =0
=(xz+1)(x+2)(x+5)(z+9).

The real roots x; of h(z) determine the z coordinate of the points of intersection of f(x)

and §(x)
r1=-9, x90=-5 xz3=-2 and T4 = —1.

The intersection points are obtained by substituting the values z; into either f (x,y) =0
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(i) Plotting f(z,y) and §(z,y) over the (ii) Plotting f(z,y) and §(z,y) over the
interval [—10, 0] interval [—3, 0]

Figure 1.1: Plotting the curves f(a:, y) = 0 and g(z,y) = 0 and their intersection points
in Example 1.3.1

or §(x,y) = 0 and solving for y;, and are given by
($1,y1) = (*9, 8736), (.Ig,yz) = (*5, 864), ($3,y3) = (*2, 0) and (334,3/4) = (*1, 0) .

Figure 1.1i shows the four points of intersection in the interval [—10, 0], while Figure 1.1ii
shows only the two points of intersection in the interval [—3,0].
O

Example 1.3.2. Consider a modified version of Example 1.3.1, where the polynomials

fa(,y) and gn(,y) are given by

fa(wy) = (x =)@ = 3) (@ + (@ +2)" —y =0

Either fn(x, y) = 0 or gn(x,y) = 0 can be written explicitly, so the implicit equation
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N
N e b
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-1.5 -1 -0.5 0 -3 -2.5 -1.5 -1 -0.5 0

() n=1 (ii) n =9

Figure 1.2: The intersections of two curves f(x,y) = 0 and §(x,y) = 0 in the interval
[—3, 0] for various values of n in Example 1.3.2

~ ~

y = fu(z) can be substituted into gy (z,y) such that h,(z) = gn(x, fu(z)) = 0 is given by

hn(z) = (x+ 1) (x4 2)" ((z — 3)(x — 4) — (—21x — 33))
=(x+1)(x+2)"(x+5)(z+9).

The roots of Bn(x) are —1, —2, —5 and —9. The curves fg(m,y) = 0 and go(z,y) =0
are plotted in Figure 1.2i and the curves fg(x,y) = 0 and gg9(z,y) = 0 are plotted in
Figure 1.2ii. It can be seen that the intersection between the two curves fg(x,y) =0
and go(z,y) = 0 is significantly smoother than the intersection between fg(m, y) = 0 and
g2(z,y) = 0, and this smooth intersection gives rise to a polynomial root finding problem
with a root of high multiplicity.

O

The smoothness of the intersection of two curves is determined by the multiplicity of
the roots of B(x) = 0, where higher multiplicity in the roots is equivalent to smoother
intersections. Roots of high multiplicity are likely to be incorrectly computed when using
standard root finding methods so it is necessary to first compute the square-free factori-
sation, from which simple roots can be computed. The simple roots obtained from the
square-free factorisation are the roots of fz(x) = 0, and this algorithm is discussed in more
detail in Section 1.5.

A surface intersection problem similarly reduces to the computation of the factors of

h(z,y) =0, and factors with high multiplicity are associated with smooth intersections.

Example 1.3.3. Consider the two implicitly defined surfaces given by

flzoy,2) =@+ —1)"x (z+y+02) —2=0
gz, 2) = (2 + > = 1" x (y—0.2) — 2z =0.
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The intersections between the two surfaces are the factors of

hz,y,2) = (@ + 4> —1)" x ((z +y+0.2) — (y — 0.2))
= (22 +y®— 1)z —0.4)

so there is a circle of intersection given by (22 + y? — 1) = 0 and a line of intersection
given by = + 0.4 = 0. Larger values of n give smoother intersections around the circle

22 +y? —1 =0 as shown in Figure 1.3.

(i)n=1 (ii) n =10

Figure 1.3: The intersections of two surfaces f(z,y,z) =0 (M) and §(x,y,z) =0 (M) in
Example 1.3.3

O

Typically in real world applications the intersection of two surfaces P (Consisting of
bicubic patches P;) and @ (Consisting of bicubic patches @;) reduces to the computation
of any intersections of the F; and @); patches. Despite these patches being of modest
degree, such intersections involve zero finding of bivariate polynomials of significantly
higher degree. The focus of this thesis is to develop the matrix based GCD finding methods

and polynomial deconvolution necessary for such intersection problems.

Newton’s Method for the Computation of Intersections Between Two Implic-
itly Defined Curves

The intersections of two implicitly defined curves f(z,y) = 0 and §(z, y) = 0 are computed
using Newton’s method. Given an initial approximation, (zg,¥p), the iterative procedure

generates successive approximations (11, ¥;+1) given by
Tit1 | T 0x;
Yit1 Yi syi |’
where dx; and Jy; are given by

i s (s (i) ; (@)
[ alj(a;yz) 8{(@;,%) ] [ ox ] _ [ fxi, vs) ] .
89%&; i) Bg(g;,yi) Sy g, ;)

+
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The iterative process is terminated when a solution (x;,y;) satisfies the conditions that
’f (@i, ¥i)

of iterations has been reached.

< e and |§(z;,y;)| < € for some threshold value € or when a maximum number

An initial approximation of the point of intersection is required, and intersection points
can only be found one at a time. As with the root finding implementation of Newton’s
method, the method may be divergent, and termination can only be achieved when the
intersection is computed to within some threshold e of its exact value, and this threshold
must be predetermined. For these reasons, the implementation of the intersection method
based on Newton’s method is reserved for refining already approximated intersection points
obtained by other means.

The method is extended to the computation of the points of intersection of two im-

plicitly defined surfaces f(x, y,z) =0 and g(z,y,z) = 0. The intersection point (z;,y;, 2;)

is given by
f (i irzi)  Of (miwirzi)  Of (wiyyiz) oz ¢ (@)
o Dy Oz 5 _ f(xza Yi, zz)
0g(xi,yi,2:)  09(wiyi,zi)  0g(x4,Y4,2:) Yy 9(xi, i, %) :
pom Dy 2 52 iy Yis 2

This initial point on the intersection curve can then be used in a tracing based method

to compute the curve of intersection.

Implicit and Parametric Curve and Surface Intersections

The points of intersection between the implicit curve f (z,y) = 0 and the parametric curve

defined by equations x = §1(t), y = g2(t) are given by the following process:

1. The variables z and y in f (z,y) = 0 are replaced by the corresponding parametric
equations z = §;(t) and iy = go(t) such that a new equation h(t) = f(§1(t), j2(t)) = 0
is given. The roots {t;} of the univariate polynomial h(t) = 0 are computed and
these are substituted back into the parametric equations x = g1(t) and y = go(t) to

compute z; and y; pairs, which are the set of intersection points.

2. The intersections of the implicitly defined surface given by f (z,y,2) = 0 and the
parametric surface defined by x = §1(s,t), y = g2(s,t) and z = g3(s,t) can be com-
puted by the factorisation of the polynomial f(g1(s,t), ja(s,t), g3(s, t)) = h(s,t) = 0.

Intersections of Two Parametric Curves or Surfaces

The intersection of two parametrically defined surfaces Si(s,t) and Sa(s,t) requires that
one of the two surfaces is first implicitised. The implicitisation of the surface S;(s,t) of
degree (my,m2) has degree d = 2m;mgy and has (df’) coeflicients. For example, a bicubic
Bézier patch has an implicit form of total degree 18, and has 1330 coefficients. Having
implicitised one of the polynomials, the problem reduces to one of the set of problems
listed earlier in the section.

Implicitisation is the process in which, given a parametric curve or surface, an implicit
form is found. This is a simple process for curves and surfaces of low degree. However, as

the degree of the parametric surface increases, the number of coefficients of the implicit



Chapter 1. Introduction 13

representation increases. In the literature much work has been completed on the various
methods of finding local and approximate implicit forms [1,13,24,35,46,57,58,60].

Example 1.3.4 shows the implicitisation of a parametrically defined curve.

Example 1.3.4. Consider the parametrically defined curve C; which is defined by the

parametric equations

fi(t) = 0.1+ 0.8t — 0.1¢>
falt) = 1 — 3.4t + 3.5¢2.

The standard form of implicitisation by the Sylvester matrix based method [59, Section 4.1]

requires the construction of the 2n x 2n Sylvester matrix containing coefficients of

filt) =01+0.8t —0.1t> —x
folt) =1 — 3.4t + 3.5t —y

which is given by

o 0.8 —01 | =34 35
S (fl (t)v f2(t)> = (0'1 _ .%') 0.8 (1 - y) —3.4

0 (0.1 —x) 0 (1-y)
The implicit expression is given by the determinant of the above matrix

Moy = 2 Ty L e STST 1029 30069
z,y) = —a°+ —xy + —y° — x — .
Y =7 1077 " 1007 T 500 500 7 " 10000

Bézier Subdivision

This method can be utilized in computing the intersection of two Bézier curves. The
convex hull property can be used to determine whether two curves intersect [43]. An
absence of intersections of convex hulls can be used to exclude intersections of curves,
but an intersection of convex hulls does not guarantee curve intersections. The region
of intersection is reduced by subdividing and checking for intersections between the new
set of curves. Given that the convex hulls of two Bézier curves C'y and C intersect, the
intersection can be found by subdividing C7 into Ci e and Cy gight, and Cs into O3 refs
and C2 Righ-

The convex hulls in each pairing (i) Ci,reft and Co repe, (i) Cirepr and Ca gighe,
(ili) C1,Right and Co refr and (iv) C1 right and Co gignt are then checked for possible inter-
sections. Those which do not intersect are rejected while convex hulls which do intersect
may contain an intersection point. The curves are repeatedly subdivided and checked
for intersections until the subdivided curves can be approximated by straight lines. The
intersection of these lines gives an approximation of the exact intersection point.

An improvement to this algorithm is developed by Sederberg [61], which introduces the
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concept of fat arcs, and this method converges more quickly than the standard clipping
algorithm. One limitation of this algorithm is that a threshold is required to determine

when a curve is sufficiently flat to be approximated by a straight line.

In Section 1.3 several curve and surface intersection finding methods have been consid-
ered. It has been shown that the algebraic methods generally reduce to the computation of
the roots or factors of univariate or bivariate polynomials, and methods for solving these

problems are discussed in Section 1.4 and Section 1.5 respectively.

1.4 Polynomial Real Root Finding

This section considers the computation of the real roots of a univariate polynomial f (z).
Given f(x) of degree m, o € R is a root of f(z) if f(xz¢) = 0. Or, equivalently (2 — zo) is
a factor of f (z). The multiplicity mg of the factor (x — xg) is equivalently the multiplicity
of the root and a polynomial of degree m has at most m distinct real roots.

Roots of high multiplicity are of particular interest in the application of this work since
it is these polynomials which define smooth intersections in curve and surface intersection
problems. A multiple root of a polynomial f (x) is, however, sensitive to small perturba-
tions in the coefficients of f (), which can cause the root to break up into simple roots.
It is therefore necessary to consider methods which preserve the multiplicity structure of
the roots. Given that this structure is maintained, the roots are well conditioned.

The computation of the intersection of two curves was shown to reduce to root finding
problem. The intersection of two cubic Bézier curves requires that one curve is in para-
metric form while the other is in implicit form. The implicit form of a parametric curve
defined in terms of parametric equations of degree three, is similarly of degree three. The
intersection problem therefore reduces to finding the roots of a polynomial of degree nine.
The root finding and GCD finding problems in this thesis often involve polynomials of
degree 20 or more, and this is to highlight the robustness of the algorithms used.

Numerous methods have been considered for the computation of the roots of a polyno-
mial. Laguerre’s method [30,37] is an algorithm which always converges to a complex root
given any starting point. Other methods, such as Newton’s method and its variants [45],
require an initial approximation which is sufficiently close to a root, but the method may
still be divergent. Interval bisection based methods are slow to converge and may fail to
identify roots of even multiplicity. Other methods make use of properties of polynomials
in Bernstein form. For instance, the convex hull is used in clipping algorithms [3,45,47].
This section considers some of the classical algorithms and their suitability to the root
finding problem at hand.

Section 1.4.1 discusses some root isolation techniques for square-free polynomials, as
well as the determination of an interval containing all roots based on the polynomial
coefficients. Section 1.4.2 discusses the traditional polynomial root finding algorithms,
which are particularly useful when polynomials are of low degree and contain simple
roots, and these methods work best when roots have already been isolated. Section 1.4.3
discusses the difficulties in computing polynomial roots by a conventional method using

the MATLAB roots() function.
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1.4.1 Bounds on the Number and Size of Real Roots of a Polynomial
and Root Isolation Techniques

The fundamental theorem of algebra states that a univariate polynomial with complex
coefficients must have at least one complex root, and a polynomial f (x) of degree m has

m complex roots.

Descartes’ Rule of Signs

For polynomials in the power basis, Descartes’ rule of signs is used to determine an upper
bound for the number of positive roots. The number of positive roots, denoted n, is given
by

n=uv (f(ac)) — 2k

for some value of &k € Zy, and v (f(:r)) € Zy is the number of changes of sign in the
ordered coefficients of f(z).

Example 1.4.1. Consider the polynomial f (x) given by

f(z) =52 — 22" + 223 — 32% 4 22 — 5,

which has five changes of signs in its ordered coefficients. The number of positive real

roots of f(x) is given by
n=>5—2k for some k> 0.

O

The upper limit of the number of negative roots of f (x) is given by the number of

changes of sign in the coefficients of f(—x)

n=v (f(—:c)) — 2k for some k> 0.

Fourier’s Theorem

The Fourier sequence, denoted Fiq, is the set of (m + 1) polynomials
Freq(f(@)) = {f@), f @), fO@),.... f™ (@) } .

Let v(Feq( f(a))) denote the number of sign variations of the Fourier sequence evaluated
at « = a, and v(Fyeq(f(b))) denote the number of sign variations of the Fourier sequence

evaluated at © = b, then the number of real roots in the interval (a,b), where a < b, is

n =0 (Fug (f(@)) =0 (Fuq (F0))) = 2,

given by

where k € Z..



16

Sturm’s Theorem

Sturm’s theorem builds on Fourier’s theorem, but the sequence Fiq(f(z)) is replaced
by the sequence Seq( f (z)) which consists of remainders obtained by polynomial long
division. A Sturm chain can be used to compute the number of roots in a given interval.
By this method, roots can be isolated in ever decreasing intervals. The Sturm chain of a

polynomial f (x,y) is given by

fola) = f(a)
fi@) = fo(a)
folw) = —rem (fo(w), fi(x))

A~ A~

Let v(f(z)) be the number of changes of sign in the sequence fo(x), fi(x), ..., fm(x),

then the number of roots in the interval («, ) is given by
n=v(f(@)-v(f8).
For a polynomial f (x) of degree m, all of its roots are bounded by [—M, M|, where

M=1 + max{do,&l, e ,dm_l}

P )
where @; are the coefficients of f(z).

The roots of a polynomial can therefore be isolated using this method by subdividing
the interval [—M, M| until each subinterval contains at most one root. The computation
of the Sturm chain is, however, computationally inefficient and methods for root isolation

based on Descartes’ rule of signs are more effective.

Roots of Polynomials in Bernstein Form by Transformation

The polynomial in Bernstein form defined over the unit interval is given by

fr) = fjaiB;ﬂ(t) for 0<t<1
i=0
by the substitution ¢t = 1%: this can be written as
@ =, z \™U ox i
f(1+x):i:0ai(1_l+:c) 1+z

1 :
:7(1+$)m2dixl for 0<zx< oo
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This transformation is used in later sections to compare alternate methods with the method
developed in this thesis, and it is clear to see that the number of roots of f(t) in the interval
[0,1) is given by the number of changes of sign in the coefficients @; minus a nonnegative
even integer as described in the section on Descartes’ rule of sign. For roots t; of f (t)
approximate to 1, the roots in x, z; tend to infinity, and small perturbations in ¢; result

in large changes of ;.

Bounds on the Number of Roots of Polynomials in Bernstein Form by variation

diminishing property (VDP)

The upper bound of the number of roots of a polynomial f () in Bernstein form is given
by the number of intersections of its control polygon and the z-axis. This is due to the

VDP which states that a polynomial in Bernstein form is at least as smooth as its control

polygon.

1.4.2 Polynomial Root Finding Algorithms

Polynomial root finding is a classical problem with a long history and this section describes
some classical root finding techniques. The first two methods described are the interval
bisection method and the method of false position. Both make use of bounding intervals
which are known to contain a polynomial root. The bounding intervals are iteratively
shrunk until the root can be approximated by the intervals midpoint.

Newton’s method and the secant method do not utilise bounding boxes, and are said
to be ‘open’ root finding methods. This often results in faster convergence, but can also
lead to divergence away from the root, depending on the shape of the polynomial function.
Another method, Brent’s method, makes use of the bisection method, secant method and
inverse quadratic interpolation and offers the same reliability as the bisection method, but
with a faster rate of convergence.

The last two methods, Bézier subdivision and convex hull marching, are used specifi-
cally for finding zeros of Bézier curves because they make use of properties of Bézier curves

such as the VDP and the convex hull property.

Interval Bisection

The interval bisection root finding method, also known as interval halving or binary search,
is perhaps the most trivial of all root finding methods. Suppose a continuous function f ()
is given over a closed interval [a, b], where f(a)f(b) < 0, then f(x) has at least one root in
the interval. This result is a specific case of the intermediate value theorem and is called
Bolzano’s theorem.

The algorithm works by generating a sequence of intervals of decreasing size, {[ax, bx]},
in which a root of f(z) is known to be contained and proceeds as follows:

1. Set kK =0, a, = a and by, = b. The midpoint of the interval is given by ¢ = w.
2. If f (cx) = 0, then the root is found and the algorithm terminates.

3. If by — ar < 0, then the interval is sufficiently small and the polynomial root is

approximated as the midpoint c.



18

4. If f(ag)f(ck) < 0, then the root lies in the first half of the interval [ay,by]. The

algorithm is called again for the interval [agi1,br+1] = [ak, ck].

5. Otherwise, f(cx)f(bx) < 0 and the root lies in the second half of the interval, so the

algorithm is called again for the interval [ag41,bgt+1] = [ck, bi]-

A threshold value 6 is required to determine when the size of the interval [ay, by| is
sufficiently small for a root to be approximated by the interval midpoint.

The bisection algorithm is slow when compared with other methods, but other methods
do not always guarantee convergence. Given that a root is known to be contained within
an interval, it is either at the interval midpoint, or contained in one of the two interval
halves. Therefore, the algorithm will always converge. However, if the root is of even
multiplicity it may be missed completely. For example, let o be a root of the polynomial
f(x) with even multiplicity, then f(c — €) has the same sign as f(a4€). A lack of change
of sign within an interval means that the algorithm fails to spot that a root is contained,
and the root is therefore likely missed by the bisection algorithm.

Before the bisection algorithm can be applied, an interval [a, b] must be selected where

f(a)f(b) < 0, and this interval must isolate the root. Such intervals can be obtained by

root isolation techniques which were discussed in Section 1.4.1.

Regula Falsi / False Position

If the function f (x) is differentiable, a more appropriate root finding method is the method
of false position. As with the interval bisection method, the algorithm for false position
produces a sequence of intervals [ag, bg] of decreasing size, which contain the root a of the

polynomial f (). The algorithm proceeds as follows:
1. Two initial values of ag and by are chosen such that f(ao)f(by) < 0.

2. The value ¢ is given by the intersection of the straight line between the points

(ak, f(ar)) and (by, f(bk)).

3. If f (ck) is sufficiently close to zero, then the algorithm terminates and the root « is

equal to cg.
4. If f(ag)f(cr) < 0, then the root lies in the interval [aji1,bpr1] = [ag, ci) -
5. If f(ck)f(bk) < 0, then the root lies in the interval [ag11, bx+1] = [ck, bk]-
As with the bisection method, the method of false position keeps the root bounded and
always converges, but typically does so at a faster rate than the bisection method.

Newton’s Method

Perhaps the most famous of the classical root finding algorithms is Newton’s method.
Given an initial root approximation xg of f (), a new approximation x; is given by the
intersection of the tangent of f(z) at (o, f(x0)) and the z-axis. The (k+ 1)th approxima-
tion 41 is given by the intersection of the tangent of f(z) at (xy, f(z))) and the z-axis,
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so is given by

T4l = T — Jf(xk)

f(xe)

The algorithm terminates when the evaluation of f (z) is sufficiently close to zero, and
for this a threshold @ is required.

Newton’s method is not guaranteed to converge unless certain conditions are satisfied.
If any approximation x; is a stationary point, the derivative f’ (zx) is equal to 0, and
Zx11 is undefined. Also, some starting points may result in a sequence of approximations
which are cyclic. For instance, in a 2-cycle, the approximations xg = xo = x4 = -+ = T
and r1 = x3 = --- = x}11 and the approximations clearly fail to converge on the root.
However, choosing an alternative starting approximation can overcome this particular
problem.

When the algorithm does converges it does so at a quadratic or linear rate dependent

on whether the root is a multiple root.

The Secant Method

The secant method is similar to the method of false position, in that a straight line is
used to approximate a curve between two points xg and 1, where the interval is known to
contain the root. A new point is calculated at the intersection of the line and the z-axis.
However, the secant method is open and unlike the method of false position, the root is
not bounded. The secant method is a finite difference approximation of Newton’s method.
It converges more quickly than the false position method, but in some cases can fail to
converge. A straight line is constructed between two initial approximations, x¢ and x1.
The point of intersection between the straight line between xj_o and z;_1 and the z-axis

is denoted xx, and a new line between x; and xzj_; is considered.

Brent’s Method

Brent’s method [11], like the bisection method requires an initial bounding interval which
is known to contain the root which is to be approximated. This is a hybrid method
which makes use of the bisection, secant and inverse quadratic interpolation root finding
methods, to offer a reliable root finding method which typically converges more quickly

than the bisection method alone.

Bézier Subdivision (Schneider’s Algorithm)

This algorithm, described by Schneider in [34, Chapter 8.2], computes the roots of f (x),
a polynomial in Bernstein form, by repeatedly subdividing the curve. By the variation
diminishing property, a line which intersects the control polygon of f (z) n times intersects

the curve f () at most n times. In this algorithm, one of three possible scenarios arise:

1. If no intersections occur between the control polygon of f (z) and the z-axis, then

f(2) has no real roots in the interval.
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2. If there is more than one intersection between the control polygon of f (z) and
the z-axis, then the curve f (x) is subdivided at its midpoint and the algorithm is

recursively called for the two halves of the subdivided curve.

3. If there is only one intersection between the control polygon and the z-axis, and if
the control polygon is deemed “flat enough”, then the curve is approximated by a
line segment which passes through the bounding box of the control polygon. The
root is then given by the intersection of the approximating line segment and the

T-axis.

This method recursively subdivides the curve until all roots are isolated. However, the

algorithm relies on a threshold to determine whether the control polygon is “flat enough”.

Convex Hull Marching

The method of convex hull marching relies on the convex hull property of a polynomial
in Bernstein form, described in Section 2.2.1. All roots are approached from the left, and
cannot be skipped over. This method removes one root at a time, but the removal of
inexact roots can cause an accumulation of errors due to division.

Given a polynomial f () of degree m in Bernstein form, the first intersection of the
convex hull of f(x) with the z-axis, denoted z, is evaluated to determine whether it is
sufficiently close to a root a. If 29 # «, the curve is subdivided at the point (2o, f(z0))
giving two new curves, fios(z) in the interval [0,z0] and f;ight(:c) in the interval [zg, 1].
The left partition is discarded since it does not contain any roots. A new polynomial
fl (x) of degree m is given, which has a new convex hull. The process is iterated until the
intersection of the convex hull and the x-axis, given by zy, is sufficiently close to a root.

The root is removed from f (z) and the process begins again for the polynomial f ().

About Classical Root Finding Methods

The classical root finding methods such as the bisection method and Newton’s method are
typically only useful when determining a single root which has a good initial approximation

or bounding interval. These algorithms can be used in two ways:

1. The set of roots {r;} of fo(z) can be computed successively. The ith root r; is
computed given f;(x), which is deflated by dividing by the factor (z—r;) and the next
root is computed from fi+1(:1c). This repeated division can be unstable, particularly

when the computed roots are rough approximations of the exact roots.

However, this can be overcome using methods described in [52], where it is shown
that repeated deflation can be stable given sufficiently accurate root approximations
and each root is removed in an order dependent on the absolute value of the complete
set of roots [54, Section 9.5].

2. Alternatively, bounding intervals of each root r; of fz(m) are predetermined, and the
roots can be computed simultaneously as long as there is good separation between

the roots.
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Figure 1.4: The approximations of the roots of {f;(z) | i = 1,10} computed using
MATLAB roots() in Example 1.4.2

Neither of the approaches above can effectively compute polynomial roots of high multi-
plicity, and it is therefore advantageous to consider methods which first compute a fac-
torisation of f(z) resulting in a set of polynomials {w;(x)}, whose easily obtained simple

roots are the roots of fl(m) with multiplicity .

1.4.3 Roots Computed by MATLAB roots()

There are many difficulties in computing the real roots of a polynomial. Firstly, roots
of high multiplicity are not reliably computed by standard root finding methods as will
be shown in Example 1.4.2. The MATLAB roots() function computes the roots of a
polynomial f(z) which is a floating-point representation of f(x). The computed roots are

typically of multiplicity one.

Example 1.4.2. This example considers the set of polynomials { fi(z) | i=1,...,m }
given by

filz) = (z —7)",
where 7 = 7.123456789.

The roots of the set of polynomials {f;(x)} are approximated by MATLAB roots ()
and are plotted in Figure 1.4 and Figure 1.5 for ¢ = 1, 10, 15 and 20. The set of computed
roots of f;(x) are denoted by {r;; | 7 =1,...,i}. So, {rs;} is the set of five computed
roots of f5(x), while {r10,j} is the set of ten computed roots of fio(x).

The forward error is a measure of the distance between the roots of fz(:v) and the
computed roots {r;; | j = 1,...,i}. Let \; denote the average Euclidean distance
between the exact root 7 and the set of computed roots of { fi(x) | 7 = 1,...,i} such

that \; is given by

23:1 |7 — Ti,j

1

A =
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Figure 1.5: The approximations of the roots of {f;(z) | i = 15,20} computed using
MATLAB roots() in Example 1.4.2

From Figure 1.4 it can be seen that the radius of the computed roots {r;;} increases
(almost linearly) as the root multiplicity 7 increases, and the forward error )\; is plotted
in Figure 1.6i.

The backward error will be defined as the distance between the input polynomial fz(x)

and the polynomial f;(z), whose roots are given by the set {r;; | j =1,...,4}, that is,

file)=(z —r1)(x —1r2)...(x —1y).

The relative error between the vectors of the coefficients of the two polynomials fz(x) and

fi(z) is given by

Hf—fi

2

I

Hi = -
f

2

where f and f; are vectors of the coefficients of the polynomials f (z) and f}(m) In Fig-
ure 1.6ii it is shown that the backward error p; is consistently small.
As previously stated, the MATLAB roots() function computes the exact roots of a

floating point representation, f(z), of the exact polynomial f (x).
O

This example has shown how roots of high multiplicity tend to be incorrectly computed
as a cluster of simple roots. As root multiplicity increases, so too does the radius of
the cluster of computed roots. Secondly, when two roots of high multiplicity are close,
the clusters of computed roots overlap such that they are no longer separable. While
the MATLAB roots() function accurately determines the roots of the floating point
representation of f (z), methods which maintain the multiplicity structure of the roots of

the exact polynomial must instead be considered.



Chapter 1. Introduction 23

-15
25— ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 05 X107
2r 2k
15 15F
=
ir 1F
05| 0.5F
oy St L L L L L L 0 . . . . . . .
2 4 6 8 10 ) 12 14 16 18 20 5 10 15 20 25 30 35 AC
v i
(i) Forward error A; for i =1,...,20 in (i) Backward error p; for i =1,...,20 in
Example 1.4.2 Example 1.4.2

Figure 1.6: Forward error {\;} and backward error {u;} of the computed roots {r;} in
Example 1.4.2

1.5 Polynomial Factorisation Algorithms

It has been shown that a curve-curve intersection problem can be reduced to the determi-
nation of the square-free factorisation of a univariate polynomial, that is, a factorisation
such that f(z) is expressed as a set of square-free polynomials {w; ()}, each of multiplicity
i. The simple roots of the square-free polynomial w;(x) are computed and these are the
roots of f (z) with multiplicity ¢. This method gives better results than standard root
finding methods since the root multiplicity structure is preserved.

Several papers use a similar square-free factorisation method. Musser describes a set of
polynomial factorisation algorithms in [49], while [66,73,78] all use variations of the same
square-free factorisation algorithm which is described in Section 1.5.1. Yun refers to it as
being “due to Tobey and Horowitz” [76], however an earlier version of the algorithm is
found in [63] and it is believed to have originated from Gauss. In this thesis it is described
as “the algorithm due to Gauss” or “Gauss’ Algorithm”.

The square-free polynomial and square-free factorisation are now defined and the def-
inition from [33] is used with modified notation which is consistent with the remainder of
this thesis.

Definition 1. Let f(:n) € Rlx] be a primitive polynomial over a unique factorisation

domain R. Then f(ac) s square-free if it has no repeated factors, that is, if there exists no

b(z) with deg(b(x)) > 1 such that
b(x)| f ().

The square-free factorisation of f(m) is given by

fa) =[] wi(x),
=1
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where each w;(x) is a square-free polynomial and

GCOD (wi(z),w;(x)) =1 fori # j,

that is, each pair of polynomials in the set {w;(x)} are coprime.

It is convenient to define the polynomial f(z) as the product of the factors {w;(z)},
where each ; is the product of factors of degree i in f(x). If f(x) does not contain a

factor of multiplicity i, then w;(z) is set equal to a constant
Fo) =2 as(T) 02t = i) i) (1)

This factorisation is important for the understanding of the methods of Gauss and Musser,

which are now described.

1.5.1 Gauss’ Algorithm

Gauss’ algorithm [63] relies on the principle that if f (z) is a polynomial in a unique

factorisation domain and f (x) is square-free, then

GED (f(@), f'(2)) =1,

otherwise
GeD (f(@), f (@) = f*(@),

where f*(z) is given by the polynomial f(z) with all multiplicities of its factors reduced
by one. This property is used to compute the square-free decomposition of the polynomial
f(x). The outputs of the algorithm, denoted {iw;(z)}, are square-free polynomials where
each ; is the product of the factors of fo (z) with multiplicity .

Algorithm 1: Square-free factorization due to Gauss

Input fo(x) = iy (:U)w%( ). .. W (z)
1 eGCD( o(2), fol@)) = ta(2)bd(z) ... 0" (z)
2 hl( ) }”gi :wl(x)wQ(x)...wr(x)
3 1+ 1;

4 while h;(z) #1 do

5 | fii(@) & GOD (fila), fi(@)) = isa(@)d?g (@) .7~ (@)
6 iLi+1( ) fi(l(i) = W;(2)Wip1(2) ... 0 (2)

_hi(@)

7 Wi (x) )

8 14— 1+1

9 end
10 set ;(z) = hy(x)
11 return w;(x),wa(z),. .., wi—1(x)

The computation of the set of polynomials { f,(a;)} is independent of the computation
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of the sets {h;(x)} or {;(x)} so these can be determined first, followed by the set {h;}

and finally the set {w;(z)}, as shown in Example 1.5.1.

Example 1.5.1. Consider the polynomial f(z), whose factorised form is given by

f(z) = (x—0.2)"(x —0.3)!2
The set of polynomials {ﬁ(m) | i=0,...,12} is given by

fiw) = GCD (fia (@), fis (@)

(ac 0.3)12(z — 0.2)7 i=0,
J@-03)P (2 -02)"" i=1,...,6,
) @ —0.3)12- i=7... 11,

1 i =12.

The set of polynomials { hi(x) | i =1,...,12} is given by

i) (x—03)(x—02) i=1,...,7,
i() =
(z — 0.3) i=8,...,12.

Finally, the set of polynomials {w;(x) | ¢ =1,...,12} is given by

1 ie[1,6]U[8,11],
wi(r) = ¢ (x—02) i=T,
(x—0.3) i=12.

Therefore, the factors of f(z) are (z — 0.2) and (z — 0.3) with multiplicity 7 and 12

respectively.

1.5.2 Musser’s Polynomial Factorisation Algorithm

O

The algorithm due to Musser [49] given in Algorithm 2 is a more efficient version of the

algorithm due to Gauss. Both methods share the same intermediate values, however, all
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but the first polynomial differentiations are removed in Musser’s method.

Algorithm 2: Musser’s square-free factorisation algorithm
Input: fo(z) = b (x)wd(x) ... 0% ()
1 fil@) < GED (fo(w), fi(@)) =

311
4 while h;(z) # 1 do

5 | hisi(z) < GCD ( i), ﬁi(x)) = g1 (2)Biya(2) . .. Wy ()
; filw) _ - - ~r—ie
6 | firi(z) Fﬁ = W2 ()07 5(x) .. 0~ (2)
y hi(x) _ »
7 wi(z) (e = w;(z)
8 14 1+1
9 end
10 return : Wi (x),wa(x),. .., wi—1(x)

Given a general polynomial f (z) with k factors each of multiplicity myg, the ith GCD
computation is performed on a polynomial fl(x) and a square-free polynomial iLl(ZC)
If f(z) does not have a root of multiplicity i then h;,;(z), computed in the ith GCD

computation, is equal to hi(z). In which case
deg (iliﬂ(l‘)) = deg (ilz'(f’?)) .

This type of GCD problem (where the GCD is equal to one of the input polynomials)
is particularly problematic for the UGCD method developed in this work. The method
computes the degree of the GCD of two polynomials f (z) and g(x) by determining the
index of the last rank deficient subresultant matrix in the subresultant matrix sequence.

There are two cases for which this method fails:

1. The first is when the two polynomials are coprime, in which case all subresultant
matrices are nonsingular (full rank) and therefore a change in their numerical rank

does not exist.

2. The second is when the GCD of f(z) and §(z) is equal to §(z) (assuming deg(g(z)) <

deg(f(z))), in which case all subresultant matrices are singular or rank deficient.
In Musser’s algorithm it is the second exception which occurs frequently.

Example 1.5.2. Consider the exact polynomial f (), whose factorised form is given by

A~

f(z) = (z —0.2)3(x —0.7)°.
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The algorithm produces the following output

fo(z) = (z-0.2)%(x —0.7)3
(@) = GCD (fo(). fol@)) = (- 02)(@—07)
hy(z) = j};gi = (z-02)(z—0.7)
ha(z) = GCD (fl(a:),ill(x) = (2-0.2)(z—0.7)
@) = bt = @-o7
O

hs(z) = GCD (f%(x),ﬁg(x» - (z —0.7)
TR
ION el = @02
ha() = GCD (fa(a) ha(w)) = 1

w - M-

ig(z) = o = (x = 0.7).

Therefore, the factors of fo(x) are (x —0.2) and (z —0.7) with multiplicities two and three
respectively. O

Note on Square Free Factorisation and Root Finding

This work uses a square free factorisation method to approximate the roots of a polynomial
where the roots are of high multiplicity. Conversely, the computation of the roots of
the polynomials f™~(z), f=2(z),..., fU(z) can be used to compute the square-free
factorisation of f(z). The roots of the polynomial f("~2)(z) are found between the roots
of f»=1(z) and Fourier sign rule can be used to determine their locations. However,
this thesis assumes that the problem of root finding is hard and a method of square-free
factorisation must be employed to maintain the multiplicity structure of the polynomials
roots.

The complexity of the square-free factorisation problem is dependent on the multiplic-
ity structure of the polynomial roots. Smooth intersections are associated with polyno-
mials whose roots are of high multiplicity. The algorithm requires a sequence of GCD
computations for two polynomials.

As stated earlier, the intersection of two parametric curves whose parametric equations
are of degree three typically reduces to the computation of the roots of a polynomial of
degree nine. In which case the polynomial fy(z) and its derivative f[;(:v) are of degree 9
and 8 respectively.

Polynomials in subsequent GCD computations are of a lower degree and the algorithm
terminates when fi(z) and its derivative f; (z) are coprime, that is, when f;(x) is square-
free. Suppose r denotes the highest multiplicity of any of the roots of f (z), then r GCD

computations are required in Musser’s square-free factorisation algorithm.
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1.6 The Condition of a Multiple Root

The previous section considered the computation of the square-free factorisation of a
polynomial. Given the square-free factorisation, the polynomial’s multiple roots are more
easily obtained when using classical root finding methods. This section now considers the
structured and unstructured condition numbers of a polynomial’s roots. Further discussion
of the condition number of a polynomials roots can be found in [28].

The unstructured condition number of a root «, is defined by the addition of random
perturbations to the coefficients of f (x), in which case it can be assumed that the r roots
at a break up into simple roots.

The structured condition number of « is defined by the addition of structured pertur-
bations to the coefficients of f(x), such that the perturbed form of f(x) has a root (a+da)
of multiplicity r, that is, the value of the root changes, but the multiplicity structure is

maintained.

Theorem 1. Let the monic polynomial f(x) have coefficients a;,1 = 0, ..., m, with respect
to the basis ¢i(x) such that f(x) is given by

= aigi(x)

1=0

Now let the coefficients a; be perturbed to a; = a; + da;, where
|0a;| < elasl, i=0,...,m,

and where € is the upper bound of the relative error.

Let the real root o of f(m) have multiplicity r, and let one of these r roots be perturbed
o (o + da), where 6a) is the perturbation of the root due to the perturbations in the
coefficients a; as described above. The unstructured componentwise condition number of «
is defined in [65] and is given by

m

k() = max [9a]1 L F Z |a;di(a : (1.2)

|6a;|<elas) |Oé‘ 1—% |Oé| (r) Oé o

The structured condition number requires that f (z) be written in terms of its p distinct
roots, & = {a; | i = 1,...,p}, where each «; is a distinct root, and is of multiplicity m;.
The structured condition number is defined where the multiplicity structure of the roots

is maintained.

where, for example,

00(x, )

=1 1.
o (1.3)

O(z,an) = (. — )

Note that the notation da describes a perturbation of «, and not a product § X «
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for the power basis, and

00(x, )

Ox,ar) = (1—agp)y —ax (1 —1z), D, =-1 (1.4)
for the Bernstein basis.
The perturbed form of f(z,a) is therefore given by
P Poap o~
fla,a+6a) =[] (0 (2, 00 + 60a))™ =~ f(z,6) + > Wmi, (1.5)
i=1 i=1 !

to first order.

Theorem 2. The structured condition number of a root oy, p(ay), is defined as

_ 16(z, ai)|
plag) = W (1.6)
where
Aay orl s |0F@ )]
== = 9 A N f ) ~
plag) Af(z,a) 293 love] ( ) fz.a H
and 8 f(z,d) is calculated from (1.5).
Proof. It follows from (1.5) that, to first order,
L 90(z, ;)\ ™
flz,a+6a) = 1;[( :cal)—i-(%éi)
= 1T (0600 it o1 225 )
u e u . 1 00(x, o)
=[[6@ a)™ +> [ TI 0 )™ | mi@(z, )™ 5 ba;
i=1 i=1 \j=1,j#i ¢

hence

P oaf(. % p P
of (z,q) )y Z m;  00(x,0q) o
Z day oo = H z,05)) — O(z, ) Oy 0.

i=1 j=1

There are p condition numbers, one for each of the p distinct roots in the set {o; | i =

1,...,p}. The condition number of the root «y is obtained by specifying

0 i=1,...,k—1,k+1,....p
(5()éi =
5()%, i=k

and hence

Ofax Q) H 2, 0))"™ my  00(x, ) - flx, &) 00(x, ay)

Ok j=1 ‘9($,Oék) 60% N kQ(x,ak) 00%
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It therefore follows from (1.3) and (1.4) that for the power and Bernstein bases,

~ mk? A

of (z, ) = —mf(%&)%ék
and thus
[0, an)o (. a)|| = mi 1ol | £z, an)| (.7)
from which, the result (1.6) follows O

Note how the unstructured condition number () is a function of the upper bound of
the relative error in the coefficients €, while the structured condition number, p(ay), of a

root «y is independent of e.

Example 1.6.1. Consider the polynomial f () with one root a of multiplicity m, where

0 < a <1, given by
f(z) = (—a(l —z)+ (1 —oz)ac) = iz:%&i(i)(l —z)"

If m is sufficiently large, the unstructured condition number (1.2) is given by

1
O~ Tal

and a decrease in € causes an increase in k(a).

The structured condition number is easily obtained from (1.6) and

N |—=

[(—a(l —2) + (1 - a)z)™| (e*+(1-a)?)
m|al H(—a(l—x)—i—(l—a)a:)m_:l” N m|al

pla) <

assuming the two norm is used, and thus

1 < p(a) < 1
a PR
ﬂmoz_p - ma

for O0<a<l.

A decrease in €, that is, a decrease in the upper bound of the relative error in the coefficients
of b;, causes an increase in the unstructured condition number x(«). The bounds on the
structured condition number p(«) are independent of €, and as the multiplicity m increases
the bounds decrease. The two condition numbers k() and p(a) differ greatly and the

multiple root « is stable if the perturbation of f (z) preserves its multiplicity. O
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1.7 The Pejorative Manifold of a Polynomial

Let f () have p distinct roots «;, i = 1,...,p, each of multiplicity m;, such that f (x) can

be written as

flz) = z; Qs (T‘) (1 — @) igi =

(2

(i(l =) = (1 = aq)x)™,
1

p
1=

where

P p
ag = Hazmi, A = H (—(1—a;))™ and Zmz =m.

The pejorative manifold of a polynomial is defined by the multiplicities of its roots, and
it is convenient to consider the monic form §(z) of f(z). The polynomial §(z) is obtained

by normalising the coefficients of f () by ap and is given by

=1

gy =>"b (’7) (1—a)™ e =TT (1 —2) — Aa)™, (1.8)
=0 ;

where

CALi 1—0(1'

where «; # 0.

ag @

Equation (1.8) shows that there exists a set of functions { h;j(A1,...,Ap) | i=1,...,m;}
that define the transformation between the coefficients {b; | i = 1,...,m} and the set of

parameters { \; | i =1,...,p} given by

by = hl()‘lv' . '7)‘p)
by = ha(A1, ..., \p)

brn = hi (A1, -+ - Ap).

Definition 2. Let p = {mi,ma,...,mp} be the set of multiplicities of the polynomial
g(x). The pejorative manifold NN, C R™ is the set of real coefficients {31, . Bm} such

that g(x) has p distinct roots whose multiplicities are equal to f.

Example 1.7.1. The polynomial f(x) of degree m = 3 with roots ay, as and ag is given
by

= ajaz03 (g) (1-2)%— (anazfhy + OQ(O:}:;BI + a3015) G) (1-2)x
+ (18205 + 042(635’351 + @31 52) (2) (1—2z)x? — B15233 (g) 3,
2

where 3; = 1 — a;. There are two distinct pejorative manifolds for a cubic polynomial:

(i) A curve C defines the pejorative manifold of a cubic polynomial with one cubic root,

that is, a1 = as = as.
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(ii) A surface & defines the pejorative manifold of a cubic polynomial with one simple

root o1 and one double root as.

First suppose that the polynomial f(x) has a real triple root o = a1 = a9 = a3

3
f(@) = (a(l —2) = (1~ a)z)’ = Z(*l)ifﬁ_i(l —a)’ <3> (1—2)* s,

whose monic form is given by

g(z) = (3) (1—a) — A(i’) (1—a)%+ N2 @ (1— )2 — NP (g) 2,

where A = 1?70‘, «a # 0 and the curve C is therefore given by
C:(X(N),Y(N),Z(\) = (=X, A%, =A%),

Consider now the situation in which f (z) has a double root a; and a simple root ao

Oé2 — a1 —
f<x>—a%a2<§><1—w>3—(l(l QH(i?)l . 1))6))“‘9”)2"’“"
201(1 — 1) (1 — « as(1 — aq)?
| (2001 — o) @)2>+ 2 1>><§>(1_x>x2
3
—(1—)*(1 - ) (3):153.

The monic form of f (z) can be considered by defining A and p as

1-— 1-—
A= a1 and 0= oz27 a1, a9 # 0, (1.9)
o1 Q2

and thus the pejorative manifold & of a real cubic Bernstein basis polynomial that has

one simple root and one double root is given by

S ( X)) YOuu)  ZO,w) ) = (—(2A3+ 2 W;Q“), —W).

The Pejorative Manifold and the Square-Free Factorisation

Square-free factorisation methods such as the methods due to Gauss and Musser work to
first preserve the multiplicity structure of the polynomial f (z), equivalent to determining
the manifold on which the f(x) lies. The set of GCD computations and polynomial
deconvolutions (In this context meaning polynomial division, described in more detail in
Section 2.2.1) work to find where on the manifold the polynomial lies.

If the given polynomial f (x) is exact, then it is represented by a point on a manifold 771,
and GCD computations and polynomial deconvolutions are performed exactly. However,

if the coefficients of f(x) are inexact, it can be assumed that the roots are all simple and
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Figure 1.7: The curve C and the surface & as defined in Example 1.7.1
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(2) Computation of | Solutions of polynomial | Identification of the

root values equations w;(z) = 0, all | point on 77 that defines
of whose roots are sim- | the polynomial
ple

therefore do not lie on the manifold 771. In this case, the GCD computations project onto
a manifold 7177*.

This section has described the motivation for determining a polynomial’s square-free
factorisation. It has already been stated that a fundamental component of the square-
free factorisation algorithm is the polynomial GCD computation, and methods for this

computation are considered in the next section.

1.8 Methods for the Computation of the GCD and AGCD

It was shown in Section 1.5 that the algorithms for square-free factorisation require a
sequence of GCD computations. The computation of the GCD of two polynomials has
applications in many areas. For instance, one method involved in image deblurring con-
siders the pixel values in the rows and columns of an image as polynomials. An unknown
blurring function is computed by taking the GCD of the polynomial representation of two
rows of pixels [2,53,67]. GCD computations are also used for the decoding and error
correction of Reed-Solomon codes which are used to encode data on compact discs [31].
Algorithms for computing the intersection of two algebraic curves require that the
curves f and g be coprime before their resultant is computed, so the common factors must

first be removed. Similarly, computations on rational functions f(z) = % may require
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that the two polynomials a(x) and b(x) be coprime, with common factors removed, which
requires a GCD computation. For instance, this is required in the degree reduction of
rational Bézier curves.

The GCD problem is ill-conditioned, in that small perturbations in the input polyno-
mials give rise to large changes in the output GCD. Typically, if two exact polynomials
f(x) and §(z) have an exact GCD d(z), then it is highly likely that their perturbed forms
f(z) = f(z) +6f(x) and g(z) = §(z) + 6§(x) are coprime.

The GCD is defined for exact polynomials f(z) and §(x) only, and it is therefore
necessary to define an AGCD of two inexact polynomials. Methods for the computation
of exact GCDs which fail to compute the AGCD for inexact polynomials do not suit the
requirements of the inexact problem stated in this thesis. It is therefore necessary to

instead consider methods which can compute the AGCD of two polynomials.

Univariate Polynomial GCD Computation by Euclid’s Algorithm

The Euclidean algorithm for integer GCD computation can be extended to the compu-
tation of the GCD of two univariate polynomials [41]. FEuclidean division is replaced
by polynomial long division and the remainder sequence in the Euclidean algorithm is

replaced by the polynomial remainder sequence (PRS).

Example 1.8.1. Consider the exact polynomials f (z) and g(x) given by

f(@) = (z - 1)(z - 2)(z - 3)(z — 4)(z - 9)

= 2% — 192* + 1252% — 36522 + 4742 — 216
g(x) = (xr —1)(z - 2)(x = 3)(z — 5)(z — 12)

= 2% — 232% + 1732% — 55322 + 7622 — 360.

The first polynomial long division in the Euclidean algorithm is given by

f(x) =po(z)g(x) + ro(2),
where

f(z) = (1 x g(z)) + 2° — 232" + 17323 — 55322 + 762 — 360
ﬁo(ﬂ?) =1
fo(z) = 2° — 232 4+ 17323 — 55322 + 762z — 360.

The second and third polynomial long divisions are completed in the same way as the
first and are omitted from this text. The remainder 73(z) is zero, and thus the algorithm

terminates and the GCD is given by #1(z), that is, d(z) is given by
d(z) = —62° + 3622 — 662 + 36.
O

The extended Euclidean algorithm [14, Section 4.2 | also returns the cofactor polyno-

mials @(z) and (z) such that f(z)a(z)+§(z)o(z) = d(z). Despite the decreasing degree of
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the polynomials in the PRS, the coefficients of these polynomials are often large. Instead,
it is advantageous to consider the psuedo-PRS, which is generated by replacing polynomial
division with psuedo-division.

Repeated polynomial division in Euclid’s algorithm is equivalent to solving a linear
system whose coefficient matrix is ill-conditioned, and thus small perturbations in the
coefficients are magnified by the ill-conditioned problem. In [50] Noda and Sasaki note
the limitations of the Euclidean algorithm, namely that close roots and floating-point
numbers reduce the accuracy of coefficients in the PRS. Because of this, they developed a

modified algorithm in which regularization is applied [50], with improved results.

1.8.1 Polynomial GCD Computation Using the Sylvester Matrix

Many GCD finding methods make use of the singular value decomposition (SVD) of the
Sylvester matrix or its sequence of subresultant matrices [15,21], while others consider the
QR decomposition [16,77] and methods which use the structure of the Sylvester matrix in
the computation of the AGCD [5,6,44,79]. The Sylvester matrix and subresultant matrices
are briefly defined for two polynomials in the power basis, and this is later extended to
two polynomials in Bernstein form.

The Sylvester matrix, S(f(x), §(x)) € R™T7+2Xm+n of two polynomials f(z) and §(z)
of degrees m and n respectively, contains entries which are coefficients of the two polyno-
mials. The partitioned structure consists of two Toeplitz matrices T}, (f(x)) € Rimtn)xn
and T, (§(z)) € RO™7)xm and is given by

s (F@).5@)) = [ T (F@) | Tw(3()) |

The determinant of the Sylvester matrix is zero if the polynomials f (z) and g(z) have a
common root.

The sequence of subresultant matrices {Sk(f(z),§(z)) | k = 1,...,min(m,n)} are
obtained by the removal of a subset of rows and columns from the Sylvester matrix,
S(f(x),4(x)) = S1(f(x),§(z)). Each subresultant matrix Si(f(x), §(z)) € ROmFn—k+1)x(min-2k+2)
is given by removing the last (k — 1) rows and the (k — 1) rightmost columns from each of

the two partitions T}, (f(z)) and T5,,(g(z)) of Si(f(x),g(z)). The kth subresultant matrix

is therefore given by
Sk (f(a:),g}(m)) = [ T i (f(x)) ‘ Trk <§($)) } for k=1,...,min(m,n),

where T,_p(f(x)) € ROWn=kt)x(n—k+1) and T, 1 (G(x)) € ROmTn=ktD)x(m—k+1) are
Toeplitz matrices. Two polynomials have a common divisor of degree k if the kth sub-
resultant matrix has a zero determinant, therefore the sequence of subresultant matrices
can be used to determine the degree of the GCD.
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Singular Value Decomposition of the Sylvester Matrix

Many methods have been devised which make use of the SVD of the Sylvester matrix
S(f(x),§(z)). The SVD is useful in the determination of the numerical rank of a matrix.
In this thesis a matrix is described as being numerically rank deficient if it is sufficiently
close to a matrix which is exactly rank deficient, and this is typically indicated by a large
separation between two distinct subsets of singular values obtained by the SVD. This is a
purely heuristic definition.

The discussion found in [36] is sufficient to describe the appeal of the SVD, where
it is stated that “rounding errors and fuzzy data make rank determination a non-trivial
exercise”. Definitions of the SVD are frequently found throughout the literature. Here it
is defined in the context of the Sylvester matrix.

Let f (z) and g(z) be polynomials of degree m and n with a common divisor of degree
t, then the Sylvester matrix S(f(z),j(z)) € RMTM*(m+n) hag the SVD § = USVT,
where columns of U given by ui,...,unt, are the left singular vectors, columns of V
given by vi,...,Vy4p are the right singular vectors, and the diagonal matrix 3 contains

A~

the ordered singular values of S(f(z), g(z))
012022 2 Omtn—t—1 = Omtn—t = Omtn—t+1 = " = Omipn = 0.

However, in a floating-point environment, matrices can rarely be defined in terms of their
rank since it is highly unlikely that they have singular values which are exactly equal to
zero. Instead, it is necessary to consider the numerical rank.

Again, the numerical rank is defined in terms of the Sylvester matrix. The Sylvester

matrix is said to have numerical rank (m +n —t) if

o122 o1 2 [ SCF@),5@) | 2 Ot 2 Gminoii1 2 2 Omin,
where 11 is the machine precision. However, this assumes the matrix S(f(x), §(x)) is exactly
defined. Suppose the Sylvester matrix S(f(x),g(x)) of inexact polynomials is instead
considered, then the e-rank is considered. However, this is dependent on knowledge of the
size of the errors in the entries of S(f(z), g(x)).

The Sylvester matrix of exact polynomials f (z) and g(x) in row echelon form reveals
the GCD to within a constant factor [42]. This theorem is used by Corless et al. [15],
where the SVD of a Sylvester matrix is used to compute the degree of the AGCD of two
polynomials. Although it is numerically stable, the SVD is computationally inefficient.
Their method computes the GCD of f (z) and g(z) of degree m and n by determining the

A~
~

singular values of the Sylvester matrix S(f(x), g(z)), and the numerical rank is used to
determine the degree of the AGCD.

This differs from the work in this thesis, wherein the singular values of the Sylvester
matrix and a set of subresultant matrices {S(f(z),§(x))} are considered in the deter-
mination of the degree of the GCD. The process of computing a sequence of matrices is
more costly, but often provides better results than the method described above. Several
examples will show that there is often no separation between the numerically zero and

~

non-zero singular values of S1(f(x), §(z)), particularly in the presence of noise.
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Elias and Zitko [20] similarly determine the degree of the AGCD by computing the
set of minimum singular values {¢; | i = 1,...,min(m, n)} and the corresponding singular
vectors {v; | i = 1,...,min(m,n)} for every subresultant matrix in the set { Sy.(f(z), j(z)) |
k=1,...,min(m,n) }. The degree t of the AGCD is given by the index of the largest entry
in the set of {&; | i =1,...,min(m,n) } such that o; < 6 for some predefined threshold
value #. The cofactor polynomials u(x) = % and v(z) = % are then extracted from
the vector vy.

This method is dependent on the determination of some threshold value 8, but the work
described in this thesis removes the necessity for threshold determination. Instead, this
thesis considers the point of maximal change in a set of values { py, | k= 1,...,min(m,n) }
to be indicative of the GCD degree, where pj is a measure of rank of the matrix and may
be obtained by SVD or QR decomposition.

Rank Revealing QR Decomposition

The rank of a matrix can also be determined by a rank revealing QR decomposition. Each
subresultant matrix Sy1(f(z), §(z)) in the sequence of subresultant matrices (where f(z)
and g(x) are in the power basis) can be constructed by row and column removals from the
previous matrix S (f(z), §(x)).

The matrix @ is orthogonal so the rank of the subresultant matrix S is equal to the
rank of matrix R. Since R is upper triangular, its diagonal entries can be used in place of
the set of singular values to determine the numerical rank of S;. Good numerical results
were shown in [9].

The QR decomposition, unlike the SVD, can be updated when rows and columns
are removed, with a quadratic rather than cubic cost. However, this thesis deals with
polynomials in the Bernstein form where the construction of the subresultant matrix
sequence requires row and column multiplication as well as row and column removal.
The QR update function can therefore no longer be applied.

A method of determining the coefficients of a GCD by QR decomposition of a matrix
denoted S} (a modified form of the Sylvester matrix) is given in [77]. A similar method
is used by Corless et al. in their QRGCD method implemented in the SNAP package of
Maple [16].

1.8.2 The Bézoutian Matrix

The Bézoutian matrix is used in the computation of the GCD of two polynomials. If f (x)

and g(x) of degrees m and n respectively have a common root at y then

F@)aly) — f(y)g(z)
(z—y)

=0.
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The Bézoutian matrix of f and ¢ defined in the power basis is given by

¢, ¢, --- Con-1
A 0 €&,1 --- Cin
B(f.o)=1 . . . ; (1.10)
i Cn’[) Cn71 . Cn,n |

where {¢;;} are the (m x m) coefficients of the bivariate polynomial h(x,y) of degree
(m—1,m-—1)

m—1m-—1 ; P

iz(a;,y) = Z Z Ci17i2xilyi2 _ f($)g(y) - f(y)g(az)

r—y

12=011=0

The determinant of the Bézoutian matrix is the resultant of the two polynomials f and g,
which is zero if and only if they have a common divisor. The degree of the GCD of two

polynomials f(z) and §(z) is therefore given by
t = max(m,n) — rank (B(f, g)) ,

that is, t is given by the rank loss of B(f, g).

The coefficients of the common divisor are given by the last non-zero row of entries of
the Bézoutian matrix in row echelon form. The extension of the Bézoutian matrix for the
computation of the GCD of two polynomials in Bernstein form is considered in [7,8] and a
Bézoutian matrix preprocessing operation is described in [74,75]. The method described

in [74] is used as a comparison for the methods developed in this thesis.

1.8.3 The GCD of Two Polynomials in Bernstein Form

The computation of the GCD of two polynomials is a well established problem, with several
different approaches. However, much less work exists in relation to the computation of
the GCD of two univariate polynomials in Bernstein form.

In [7,8] the Bernstein-Bézoutian matrix is used to compute the GCD of two polynomials
in Bernstein form, with applications in computing the intersections of rational curves.
The Sylvester matrix is also adapted for use in computing the GCD of two polynomials
in Bernstein form [9,10, 74].

Given an arbitrary polynomial, the roots will lie in the complex plane. In the Bernstein
basis only the roots in the unit interval are of interest, but a polynomial that arises from an
intersection problem will, in general, have roots in the complex plane. Outside thisinterval,
the Bernstein basis has no advantages with respect to the power basis. Examples in this
thesis will consist of GCD and root finding problems where the specified polynomials roots

both inside and outside the unit interval.

1.8.4 Bivariate Polynomial GCDs

A principal ideal domain is defined as an integral domain where every proper ideal can

be generated by a single element. While the univariate polynomials form a Fuclidean
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domain, the bivariate polynomials do not, since the ideal (x,y) is not principal. However
the bivariate polynomials do form a unique factorisation domain, and the GCD is still
defined.

The computation of the GCD of multivariate polynomials has received much less at-
tention than the univariate problem. Brown’s method for computing the GCD of two
bivariate polynomials with integer coefficients in [12] reduces the multivariate problem
to a simpler domain. The multivariate GCD algorithm requires a set of modular ho-
momorphisms and evaluation homomorphisms. An evaluation homomorphism reduces a
polynomial in Z[x1,...,xg] to a problem in Z[xi] by evaluating the polynomial at a set
of points for all other variables [z2,...,z;]. The Chinese remainder theorem is used to
determine the GCD in the original problem domain. Extensions of this are the sparse
GCD method due to Zippel [81,82] and the EZGCD algorithm developed by Moses and
Yun [48].

This thesis is mostly concerned with structured matrix based methods. The singular
value decomposition of the Sylvester matrix is used in the computation of the degree of
the GCD of two bivariate polynomials [15,79,80]. However, an extension of the Sylvester
matrix for use in the computation of the GCD of two bivariate polynomials in Bernstein
form does not seem to appear in the literature. Therefore, this form of Sylvester matrix
will be defined in the later chapters of this thesis.

1.9 Conclusion

This chapter has discussed a set of curve and surface intersection problems and a variety
of methods for their solution. Bézier curve-curve and surface-surface intersections were
shown to reduce to (i) the computation of the roots of a univariate polynomial or (ii) the
factorisation of a bivariate polynomial where polynomials are defined in Bernstein form.

The methods of Gauss and Musser were considered for the polynomial square-free
factorisation problem, and given the square-free factors of a polynomial, the multiple roots
are more easily obtained. These methods have the benefit of preserving the multiplicity
structure of the polynomial roots, and this structure is given by a sequence of GCD
computations. Two main components of Gauss’ and Musser’s algorithms are the set
of polynomial GCD computations and the structured set of polynomial deconvolutions.
Structured matrix based methods are used to solve both problems in the following chapters.

The two-polynomial GCD finding problem has been considered, and a significant por-
tion of this chapter was focused on methods using the Sylvester matrix. The UGCD
method defined in the following chapters will make use of the same structure for the
computation of the GCD of polynomials in Bernstein form.

In the next chapter the Bézier curve and surface patches are defined and some prop-
erties are explored. The relationship between Bernstein polynomial multiplication and
convolution matrices is described such that the computation of polynomial GCDs by ma-

trix methods is more easily defined in Chapter 3.
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Chapter 2

Curves, Surfaces and Polynomial

Representations

The Bézier curve and Bézier surface patches have been briefly introduced as means of
representing curves and surfaces in CAGD. This section defines the Bézier curve and Bézier
surface representations as well as univariate and bivariate polynomials in Bernstein form.
Some basic arithmetic will be discussed, focusing on univariate and bivariate polynomial
multiplication by matrix based methods. This gives insight into the development of the

Sylvester matrix and subresultant matrices described in the Chapter 3.

Section 2.1 In this section the Bézier curves, triangular Bézier surface patches and rect-
angular Bézier surface patches are defined and some properties of these curves and
surfaces are given. Of more interest to this work are the univariate and bivariate

Bernstein polynomials which define these curves and surfaces.

Section 2.2 The univariate polynomial in Bernstein form and the two bivariate exten-
sions required for the representation of the two forms of the Bézier patch are defined.
The representation of polynomials in matrix and vector form is considered and a
method is described in which a polynomial multiplication, h = fg, can be written
as a matrix vector product, where the matrix and vector contain the coefficients of
f and g respectively. Multiplication in Bernstein form is somewhat more involved
than the equivalent operation for polynomials in the power basis, particularly when

considering the multiplication of bivariate polynomials.

2.1 Bézier Curves and Surfaces

2.1.1 The Bézier Curve

The planar Bézier curve B(t) of degree m is a parametrically defined curve which is
uniquely determined by a set of (m + 1) coordinate pairs, {P; = (z;,y;) | i = 0,...,m}.
These control points define the shape of the curve which starts and ends at Py and P,
respectively. The intermediate control points act as a pull on the direction of the curve,
and these points may or may not be weighted to strengthen or relax this pull. In CAGD
software the control points of a curve or surface can easily be manipulated by a designer

to intuitively alter the shape.

41
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Figure 2.1: The cubic Bézier curve with control points
P() = (1,2), P1 = (25,5), P2 = (65,6) and P3 = (7,3)

A planar Bézier curve of degree m is defined by
B(t) =Y PBP(), (2.1)
i=0

where the set of (m + 1) basis elements { B]"(t) | ¢ =0,...,m} are given by

1

B{”(t):(@) (1—t)"""¢ where Zm:B;n(t)zL (2.2)
=0

The curve is defined parametrically and the defining functions z(¢) and y(t) are given as

w(t) =) @Bf(t) and y(t)=) uB().
=0 1=0

The non-planar Bézier curve of degree m is defined in a similar way. Its control points P;
are coordinates in three-dimensional space, and it is defined by three parametric functions
x(t), y(t) and z(t).

Bézier curves used in CAGD are typically limited to degree three curves, since a cubic
curve is flexible enough to allow the construction of most simple shapes. More intricately
shaped curves can be constructed by stitching cubic Bézier curves together in the form
of splines. A generalization of the Bézier curve is the rational Bézier curve, which can
represent a wider variety of curves, including conics, through the introduction of weights

w;. The rational Bézier curve is given by

> imowil B (1)
SitowiB(t)

It was mentioned in Section 1.2 that a parametric curve as described in (2.1) is rendered

B(t) =

by evaluation at a set of values t;. When rendering a Bézier curve it can be more compu-
tationally efficient to utilise the de Casteljau algorithm (Appendix A.3) for generating a

set of points which have the advantage of being evenly distributed along the curve.
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Properties of Bézier Curves

The properties of Bézier curves are well documented [23, Section 4.2] and the most im-

portant of these properties are now outlined:

End Point Interpolation : A Bézier curve with (m + 1) control points passes through
the points Py and P,,.

Convex Hull Property : The entire Bézier curve is contained within its convex hull.
Methods for computing the convex hull can be found in [51, Chapter 3], and the

convex hulls of two curves can be used to compute their intersection.

Degree Elevation : A Bézier curve of degree m can be degree elevated to a curve of
degree (m +r) for r € Z7.

2.1.2 The Rectangular Tensor-Product Bézier Surface Patch
The rectangular Bézier surface patch whose degree with respect to s and ¢ is given by my
and mo is given by

mz2 Mmi

=D > PuaBl(s)B2 (),

12=011=0
where

BI™M(s) = (”.“)(1 —s)™ g and  BI'2(t) = <”72
11 12

>(1 — t)m2 izl

are the univariate Bernstein basis functions described in (2.2).

Figure 2.2: A bicubic Bézier surface patch

The surface is defined by the set of (m; + 1) x (mg + 1) control points which form a

control mesh for the surface. The points P, ;, are the (m1+1) x (ma+1) three-dimensional
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control points given by
T . .
Pi i, = [ Titins Yiriss Zirio ] for i1 =0,...mq; i2=0,...,mo.

In CAGD the rectangular Bézier surface patch is typically limited to a bicubic patch, where
mi1 = 3 and my = 3 (as shown in Figure 2.2) and the control points of a bicubic Bézier
patch are given by a two-dimensional array of vectors. Similar to Bézier curves, bicubic

Bézier patches are often stitched together to form more complex shapes and objects.

2.1.3 The Triangular Bézier Surface Patch

An overview of triangular Bézier patches is now given, with its defining basis polynomials
being considered in the next section. A more detailed study of triangular Bézier patches
is given by Farin in [22] and more recently in [23].

m+2) — (m#1)(m+2)
2 /= 2
control points P;, ;, which form a triangular control net. A point on the surface is given

The triangular Bézier patch of total degree m is given by the set of (

by the function
m
S(s,t) = Z f)i17i2Binf,i2(87 t),
i1+12=0

where B[, (s,t) are the basis elements given by

B, (s,t) = (il ig) (1 —s—g)n gy for 0<i;+ia<m

and the trinomial coefficients

m m

= 2.3

(il,’i2> il!ig!(m—il —ig)! ( )
generate Pascal’s triangle.
Ps
Py Py
P Pio
Poo Py P2 Py3

Figure 2.3: Control points of a cubic triangular Bézier patch

The three edges of the control net, £, Fs and FEs3, are defined by a subset of control
points, where E; is defined by the set of points { Py, | i2 =0,...,m}, Ey is defined by
the points { P, 0 | 41 =0,...,m} and Es is defined by the points { P;, ;, | i1 +i2 =m }.
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All three of these edges are Bézier curves of degree m.

2.2 The Bernstein Polynomial Representation

Section 2.1 introduced the Bézier curve, the rectangular Bézier surface patch and the tri-
angular Bézier surface patch. These curves and surfaces are parametric representations
and their defining parametric equations are polynomials in Bernstein form. Basic arith-
metic of univariate polynomials in Bernstein form can be found in [29] and extensions to
bivariate polynomials are found in [4].

This section introduces the Bernstein polynomial representation for univariate and
bivariate polynomials. The bivariate polynomial in Bernstein form has two distinct forms,

which are described in Sections 2.2.2 and 2.2.3 respectively.

2.2.1 The Univariate Polynomial in Bernstein Form

In Section 2.1.1 the Bézier curve was introduced, and was defined by a set of control points
whose coordinates are the coefficients of two univariate polynomials in Bernstein form. A

univariate polynomial in Bernstein form f () of degree m is given by
m m m o
fl@)=> @B (=) =) a( : )(1 —x)" it (2.4)
i=0 i=0

The polynomial f (x) is said to be in scaled Bernstein form when the binomial coefficient
(T) is included with the polynomial coefficient a;, that is, f (x) in scaled Bernstein form

is given by
for =3[ (7)) (@ e, 25)

Properties of the Bernstein Basis Functions

Properties of the Bernstein basis functions are described by Farouki in [27], and as with
the properties of the Bézier curve, a subset of key properties associated with this thesis

are now described:

Non-Negative : The Bernstein basis functions B!"(t) are non-negative over the interval
[0,1], that is, B/*(t) > 0 for i =0,...,m, t € [0,1].

Partition of Unity : For any value ¢ in the interval [0, 1], the sum of the set of Bernstein

basis functions B"(t) for i = 0,...,m is equal to one, that is,
m
> BMt)=1 for tel0,1],
i=0

Symmetry : The Bernstein basis functions are symmetric, that is,

B™t)=B"_.(1—t) telo,1].

)
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Degree Elevation : In Chapter 7 the degree elevation of univariate and bivariate poly-
nomials will be considered in the computation of the degree of a bivariate GCD. A

simple method of degree elevation is described in Appendix A.1.

Vector Representation and Polynomial Multiplication

The coefficients of a polynomial f () of degree m can be arranged as a coefficient vector
f € R™*1, In this thesis the coefficients of a polynomial are ordered in ascending power,
i.e. the coefficient a; corresponding to basis element B]"(x) precedes a; 1 in the coefficient

vector. The vector of coefficients of the polynomial f(z) as described in (2.4) is given by

~ T
f=| a0, a1, ..., Gam (2.6)

and the vector of coefficients of the polynomial f(z) in scaled Bernstein form in (2.5) is

given by

o= [an(). anD). o an() ]

Algorithms for arithmetic operations on polynomials in the Bernstein basis are found
in [29]. The work in this thesis requires the multiplication of polynomials in Bernstein
form, and the method required is quite different from that required for the multiplication
of polynomials in the power basis.

The product of two polynomials f (z) and g(z) of degrees m and n respectively with
basis elements { B/*(z) | i =0,...,m} and { B(z) | i =0,...,n} is a polynomial h(z)
of degree (m + n) with basis elements { B"*™(z) | i = 0,...,m + n}. The polynomial

A~

f(z) is defined in (2.4) and g(x) is given by
() = Z": b ") (1 = 2yt
=\
The product h(z) in terms of the coefficients of f(z) and §(z) is given by

h(z) = ‘ ia[j (T‘) (”) (1 — g)mn—i=dgiti, (2.7)

which is ‘almost’ in Bernstein form, and multiplying each term in the summation in (2.7)

m+n
by Erfjﬂn% yields a polynomial in Bernstein form given by
i+j

h(z) = é ‘n aib; (EJZ; <m> (") (1 — qymtn—i=igiti
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The coefficients of ﬁ(x) are computed by the matrix-vector multiplication
h=C (f=) g
b= (DL, 70 (F@) @n) &, (2.8)

where C,(f(z)) is the nth order convolution matrix of the polynomial f(z) in Bernstein

form given by

Cu (@) = (DrlenTn (F2)) Qu) (2.9

This convolution matrix is the product of three matrices D;",,., Tn( f(x)) and Q,, where

the diagonal matrix D;,},, € RUmHn+l)x(min+l) g given by
-1 1 1 1 el ml _
Dm+n = dlag (mS—n)a (mi‘,—n)a (min) } y (2.10)

the Toeplitz matrix T),(f(z)) € R0+ consists of the coefficients of the polyno-

mial f(x) in scaled Bernstein form as defined in (2.5) and is given by

[ () '
a () ao(y)
a1 ()
T, (f(@)) = | ) (2.11)
am(y) a ()
am (1)
i im (i) |
and the diagonal matrix @Q,, € R(*TDx("+1) is given by
Qu=diag| (7). (). ... ()] (2.12)

The vector g € R in (2.8) is a column vector containing the coefficients of the polyno-
mial §(z) and is given by
SO . 1T
g = [ bo, bi. ..., by } € R,
Note that the product of the diagonal matrix (),, and the vector g is equal to a vector
of coefficients in scaled Bernstein form as described in Section 2.2.1, but in this thesis the
binomial coefficients are deliberately separated into the matrix Q.

The multiplication of two polynomials is commutative, that is, f(z)§(z) = h(z) and

§(z) f(z) = h(z), so the matrix-vector product can be written as either

D;}F”Tn (f(x)) Qng = h or D;ﬁi_nTm (g(:;;))@m%: fl,
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where Ty, (§(x)) € RO+ X(m+1) s 4 Toeplitz matrix of the coefficients of §(x) in scaled

Bernstein form, similar to (2.11), and Q,, € RDx(m+1) s similar to (2.12).

Example 2.2.1. Consider the polynomial f (x) of degree m = 2 which is given in Bernstein

form as
f(x) = 7B3(z) + 9.5B%(x) + 15B2(x),
and the polynomial g(x) of degree n = 1 which is given in Bernstein from as
i) = 1BY(z) + 3Bl (x).

The product ﬁ(x) of degree m + n = 3 is given by the matrix-vector product

é X - 7¢) 0 7
] 05() 7() [@) ”1]: 40/3

& 15() 95() OIE 2

ﬁ 0 15(3) 45

The resulting vector contains the coefficients of the polynomial ﬁ(:n) which is given by

h(x) = 7TB3(z) + 4—303%(33) + 24B3(z) + 45B3 ().

The multiplication of polynomials in Bernstein form is required in Section 3.1, where
it will be shown that the Sylvester subresultant matrix Si(f(z),§(z)) of two polynomials
f(z) and §(x) is a matrix consisting of two convolution matrices. The Sylvester matrix
and the sequence of subresultant matrices will be utilized in the computation of the degree

and coeflicients of the GCD of two polynomials.

Division

Polynomial division follows from its inverse operation multiplication, and is briefly de-
scribed here. In the problems described in this thesis, it is assumed that the polynomials
found in the division problems divide exactly with zero remainder, or, are inexact forms
of exact polynomials which divide with zero remainder. A Given two polynomials f (z)
and g(x) of degrees m and n respectively, the equation % = h(z) can be written as

g(z)h(z) = f(z), where h(z) is unknown. This can be written as the linear system

Conen (§(z))h =
(D;Llefn (Q(:E)) men) fl — %

which is solved for h by simple least squares. As with univariate polynomial multiplica-
tion, the convolution matrix Cy,—, (§(x)) is the product of three matrices and is given by
Crm-n (9(2)) = D, T (§(2)) Qu—n, where the component matrices D,.t, Tp—pn (9(z))
and Qm—n, are of the same structure as the matrices defined in (2.10), (2.11) and (2.12)

respectively.
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2.2.2 The Bivariate Bernstein Polynomial over a Rectangular Domain

In Section 2.1.2 the rectangular Bézier patch was introduced, and the defining parametric
equations for this patch are given by bivariate Bernstein polynomials over a rectangular
domain. The bivariate polynomial f(z,y) in Bernstein form of degree (my,ms) is given
by

mip  m2

=22 waBl (@B )
11=012=0
mi ma m m o o
_ Z Z all,zz( 1> <’L 2) (1 _ m)m1—21mz1(1 _ y)m2—12yz2‘ (2‘13)
11=012=0 2

The bracketed pair (mi,mg) describes the degree structure of a bivariate polynomial,
where deg, (f(z,y)) = m; and degy(f(x, y)) = mo. This notation is used throughout the
remainder of this thesis and can be extended to describe the degree structure of any n
variate polynomial with the vector | my, ms, ..., m, | containing the degree of the
polynomial with respect to each of the n variables.

As with the univariate polynomial, the bivariate polynomial can be expressed in scaled

Bernstein form which is given by

=352 o (20) (7)1t g,

11=012=0 2

where the set {a;, 4, (ml)( 2) | i1 =0,...,mq; 42 =0,...,ma } contains the (my + 1) x
(mg 4 1) coefficients of the polynomlal in scaled Bernstein form. The polynomial f (z,y)
can also be written as the product of a coefficient matrix and two vectors of basis elements

and is given by

ap,0 ... Q0m, By (y)
flz,y) = | By (x), ..., B (x) . (2.14)

CALml,O cee dml,mz Bmf (y)

Vector Representation and Multiplication by a Matrix Method

As with univariate polynomials, it is necessary to define a vector representation of the
bivariate polynomial in Bernstein form. The polynomial f (x,y) can be considered as a
polynomial in y whose coefficients are polynomials in z, that is, the (mg + 1) coefficients
are given by the set { fj(z) | 7=0,...,ma} and f(z,y) is given by

f@y) = (o) x B2 ) + (@) x BI*@)) +++-+ (fma (o) x Bi2(y)) . (2.15)

where each of the univariate polynomials in the set { fj () | 7=0,...,mz2} is given by

fi(w) =Y ai; B (x), j=0,...,ma
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and the coefficients of each polynomial fj(x) form the (j + 1)th column of the coefficient
matrix in (2.14).
The coefficients of the bivariate Bernstein polynomial f (z,y) are arranged to form the

vector € Rmi+1(m2+1)x1 ¢ follows:
A o ) T
f= an f17 ) fmz i| )

where each of the vectors f'j € R™*! for j = 0,...,my contain the coefficients of the

polynomial f](x) and are given by

T

ij[ao,ja rg, oo Qmy

An alternative ordering of the coefficients is given by considering f (z,y) as a polynomial
in the primary variable x whose (mj + 1) coefficients are polynomials in the secondary
variable y, but for the remainder of this work it can be assumed that the first ordering is
used.

Having defined a system for ordering the coefficients of the bivariate polynomial in
Bernstein form, the multiplication of two bivariate polynomials f (z,y) and g(z,y) is now
considered.  Let the bivariate polynomial f (x,y) with degree structure (mj, ms) be as

defined in (2.13) and let g(x,y) with degree structure (ni,n2) be given by

D=0 S b B B ).

i2=011=0

The polynomial §(z,y) can be thought of as a polynomial in y whose (ng + 1) coefficients

are each polynomials in z, each of degree nj, such that g(x,y) is given by

9(z,y) = go(x)By* (y) + G1(2) BY* (y) + - -+ + Gny (2) B2 (y),

where

1
= Z I;ithZl () for j=0,...,n9
i1=0
The product of f(z,y) and §(z,y) is given by h(z,y)
ma+ngz mi+ni

Z Z Cz,]Bmler )BZQJrnQ(y)'

i2=0 91=0

The polynomial ﬁ(m,y) is considered as a polynomial in y of degree (m2 + ng), where
the set of coefficients {ﬁz(x) | i =0,...,ma+ n2} are polynomials in z, each of degree
(m1 +nq)

h(z,y) = ho(z) By (y) + ha(2) By (y) + -+ + hungns (7) BI2 12 (y).

Alternatively, expressed in terms of the set of polynomials { f;(z) | i = 0,...,ms} and
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{gj(x) | j=0,...,n2}, il(ﬂ:,y) is given by

h(w,y) = fo(@)ao(@) BE™ () B3 (v) + (fo(@)a1 (2) By () By (v) + fi (2)do (@) B (1) By (v) )
+ (f2<m>go<x>B;"2 () B3> () + f1(@)31(2) BY™ () BI* (9) + fo(@)32(0) By () B3* ()
(o @) (0) B2 () B () (2.16)

and a general product from the summation (2.16) above is given by

A~

fo(@)3:(@) BY™ (y) B2 (y) = (BY(y) B{* () fs(2)ge(x)
) e

s+t

The expression (2.16) can be rewritten as

o) = By2(y) (fo@c)go( ) ((Z)fn ?)
—— o) (3) | )
JrBl ( ) (fo( ( zrm) ”2+n2) )
+ B£n2+n2 (y) (f (( 2) (TLOQ) ( 2) (nlz) ( ) ((m2)+(:2:)) >

g Ry
ma+na2
which can be written as a matrix-vector product
fl - Cnl,n2 (f('xa y)) g
h = <D;11+n1 m2+n2Tn1 ng (f(a:, y)) Qm,nz) g, (2.18)

where the matrix Cy,, ., (f(z, 7)) has the dimensions (m; +n1 + 1)(ma + ng + 1) x (ng +
1)(n2 + 1) and is the convolution matrix for two bivariate polynomials in Bernstein form

defined in the rectangular domain. The partitioned structure of Cy, ., (f(z,9)) is given
by

Oy (fo@) (0) (9) _
ng—ng
Cu(A@)(R)(E)  Cor (o) ()(2)
(mz-{”Z) (mQTM)
Oy (A1) ("2)("2)
(=)
: Coy (fo(2))("2) (22)
("2572) (2.19)
Cnl (fm2(m))(:g)("02) : Cnl(fl(ﬂ?))(wiz)(:g)
() e
Cony (fmn @) (2)("2)
(T3
oy (Frmg () (22) (22)
_ (matnz)

In (2.15) the bivariate polynomial f (z,y) was defined as a polynomial in y whose coeffi-



52

cients were polynomials in # which were denoted f;(z). The matrix (2.19) has a partitioned
structure and each matrix of the form C,, ( f](a:)) is the convolution matrix of a univariate
polynomial f](:c) expressed in Bernstein form, multiplied by a polynomial of degree n;.
These matrices have dimensions (mj +n; + 1) x (ny + 1) and have the same structure as
the univariate convolution matrix which is defined in (2.9).

The matrix (2.19) can also be thought of as the product of three matrices, D;L1+n17m2+n2,
Ty o (f (2, 9)) and Qp, .y, which are now described. The block diagonal matrix D;& 1 matns
of order (mji +ny + 1)(mga + n2 + 1) is given by

-1 s 1__p-1 1 -1 1__p-1
Dm1+n1,m2+n2_dlag[ (T2fr2) Tmitne (MaFna) Pmitny ©o () Tt |

~

where the diagonal matrix D! is given by (2.10). The matrix Ty, n,(f(z,y)) is the

m1+n1

Toeplitz matrix T}, p, ( f (z,y)) of a bivariate polynomial f (z,y) and is given by

[ T, gﬁ)(a:)g (72) ]
o )

: (2.20)

T, (fmzkx>) () |

where each matrix T, (f;(x)) is a Toeplitz matrix of the same structure as (2.11).
The block diagonal matrix Qp, n, € RU1HDX(2+1) of order (ny + 1)(ng + 1) is given by

Qua = divg [ Qu (), Qu (), Qu () |.

where each matrix @, is of the same structure as (2.12).

The vectors g and h in (2.18) are vectors of the coefficients of the bivariate polynomials
g(z,y) and h(z,y) and these vectors follow the format described in Section 2.2.2. The
vector g is given by

T ¢ RinatD)(mit1)x1

9

g:[g07 gl? LR gn2:|

where each vector g; contains the coefficients of the polynomial g;(z) of degree ny and is

given by
. . . T
gi = [ bO,jv bl,j sy bmJ ] € R™M*L
The vector h is given by

A~

i ~ ~ T
h= |: ho, hl, ceey hm2+n2 :| c R(m2+1)(ﬂ’7,1+1)><17
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where each vector h; contains the coefficients of the polynomial h;(z) of degree (my +n1)

~

T
= C G A mi+ni+1
hi - |: €y Cliy -+ Cmit+nii ] S

Example 2.2.2. Consider the exact polynomial f(z,y) with degree structure (2, 2) which

is given by

f(x,y) = TB3(x) B3 (y) + 4B(2) B (y) + 13 (2) B} (y) + 6B3(2) Bi (y)

+ 557 () Bi (y) + 2B§(2) B3 (y) + 3B3(2) B} (y) + 855 () B3 (y)
+ 55 () B (y)
71 2 B3(y
= | Bj(z) Bi(z) Bi(z) || 4 5 8 Bi(y)
6 3 9 B(y)

and the polynomial g(x,y) with relative degree structure (ny,ng2) = (1,1) which is given

9(x,y) = 2B; () By (y) + 381 (2) By (y) + 4By (2) Bi (y) + TB1 () By (y)

1
:[Bg(x) B%(M[; j §§§§§

The polynomial f(z,y) can be thought of as a combination of the three polynomials fo(z),
fi(z) and fa(z) and is given by

f(w,y) = B3 () fo(x) + Bi(y) fi(x) + B3(y) fo(x),
where

7B2(z) + 4B%(z) 4+ 6B (x),
fi(z) = 1B3(x) + 5B (x) + 3B3(x),
2B2(z) + 8Bi(z) + 9B2(x).

The polynomial §(z,y) is the combination of polynomials go(x) and g1 (z)
§(z,y) = 9o(x) By (y) + i () B (y),

where

The product iL(:c,y) is a polynomial of degree (3,3) and is the sum of four polynomials
ho(z), ..., ha(x). The coefficients of h(x,y) are computed by the matrix-vector multipli-
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cation

(2.21)

C1(H@)(6)

)
)

0)(o
(Do

[ C1(fo@)(
Ci(fi(x))

The convolution matrix Cy 1 (f(z,)) is given by

N O =N O|m ~N O O~ [o0 e = e~

| e [ N s iaela e Rl o

0~ O = Ofm 00 QI [ T [0

™ O O|m == Ofm & 0 O O == Ofm

O [ = o)~ QA N A N Ao

| = [ o) ) N

)~ | = [ 0 N A N (o

33333333333333333333

where the constant terms are the coefficients of the polynomial f (x,y). Vectors g and h

in (2.21) are given by

T

e=le & ] =[2 3[4 7]

T
63 } .

5 1
253 23 |8 26 49!

8 2
165 204 142

1
141

2
3

12 1810

1
8

{14 12

h
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The polynomial ﬁ(w, y) is therefore given by

14 102 4 8 B(y)

121 141 142 26 B}(y)
Bi(x), Bj(z), Bi(z), B3 R ;
| B, Bi@, B, 8@ || 02 s | | s

18 20 23 63 B3(y)

2.2.3 The Bivariate Bernstein Polynomial over the Triangular Domain

In Section 2.1.3 the triangular Bézier surface patch was introduced and the defining para-
metric equations are bivariate polynomials over the triangular domain. The bivariate

polynomial over the triangular domain f (x,y) of total degree m is given by

A~

m
f(x7y): Z &i17i2BzT,i2(x7y)

i1 +i2=0
m
R oL m 1 _ _ m—il—iz il ’i2 2 22
- Z a/7417742 Z Z ( T y) T y ? ( . )
11+12=0 1,%2

where the term (“”22

(m; 2) coefficients and is quite different from the bivariate polynomial over a rectangular

) is defined in (2.3). The bivariate polynomial in Bernstein form has

domain defined in (2.13). The polynomial f (z,y) can be considered as the sum of the set
of polynomials { fi(z,y) | i=0,...,m} and is given by

A~ N A A~

f(x7y) - fo(x7y) + fl(x7y) +ooe+ fm(x7y)7

where each polynomial in the set { fy(z,y) | k=1,...,m} is given by

k

N R m — e

Felzy) = an—j (k: y j> (1 =z —y)" Fah Iy, (2.23)
j=0 ’

Vector Representation and Multiplication

In Section 2.2.2 the vector representation and multiplication of bivariate polynomials over
a rectangular domain was considered, and now the representation and multiplication of
bivariate polynomials over a triangular domain is described.

The vector representation fe R("™7) of the polynomial f (z,y) is a column vector

given by

where each vector f;, € RF*! from the set of vectors {f; | k = 0,...,m} contains the

coefficients of fk(aj, y) seen in (2.23) and is given by

~ T
fk:[ak,o, b1, - ao,k] . (2.24)
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Consider the bivariate polynomials f (x,y) and g(z,y) in Bernstein form over the triangular
domain, of total degrees m and n respectively. The polynomial f (x,y) is defined in (2.22)
and §(x,y) is given by

n
= Y biB(z,y)
i+5=0

The polynomials f (z,y) and g(z,y) can be thought of as the sums of the sets of polynomials

{fj(a:,y) | 7 =0,...,m} and {gj(z,y) | j=0,...,n} respectively, where fj(x,y) is
defined in (2.23) and the polynomials g;(x,y) are given by

J
21]12j1xy)

1=0

such that

g(:l),y) = gO(xvy) + gl(xvy) +eeet gn—l(xa y) + gn(xvy)

The product h(z,y) = f(z,y)§(z,y) of degree (m + n) is given by
7 - N m+n m+n—i—j, i, j
ha,y)= > a0 |JA—z—y) Tty

and h(z,y) can be thought of as the sum of polynomials { aj(z,y) | j =0,...,m +n},

where

Expressed as a product of f(z,y) and g(z,y), h(z,y) is given as

w,y) = (folwmao@,n) + (folw )i (@, v) + fi (2, 9)oe.y) )
+ (Fol@,)do(w,9) + ful@, )1 (0,9) + fola,y)a(ey)) + ...

+ (Ful@)ga(a.y)) (2.25)

where one of the products of the form fs(:v, y)gi(z,y) in the summation in (2.25) is given
by

i+j, st+t—i—j 1—1x— m+n—s—t
]t ]<ZS—Z>(j,t—]> Yy ( y)

L I KPS

dzs [ ]f 7 m—+n . . . .
i+j,8+t—1 ]) ,L+J’S+t_l_‘7

Il
I > I
O
- u

")
wl\

a'7._,'b»,t_»(.m_,)( n )
= = ‘(” L 1)” LB o (2y). (2.26)
i=0 j=0 i+j,s+t—i—j
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The expression (2.26) can be written as the matrix-vector product
C(few) g o (DrlmenTt (Fi(29)) Qi) &0 (2.27)

The matrix Cy(fs(z,y)) is the convolution matrix of a polynomial fs(z,y) multiplied by
gt(z,y) and is the product of three matrices D;lin,sﬂ , Tt(fs (z,y)) and Qnt The diagonal

matrix D;}m’sﬂ e RsH+Dx(s++1) §g given by
N—1 T 1 1 o 1
Dplnsr = diog | iy () o @ | (229
the Toeplitz matrix T3(fs(x,y)) € REHFDXE+D) g given by
[ CAls,O (:6) |
ds—l,l (s—n{,l) &570 (;no)
&5*1»1 (sﬁ 1)
; da,O (;Tb)
1,51 (1,?11) &8*1’1(52,1) ) (2.29)
@, s ((ﬁ) a1,5-1 (1,?—1) :
dO,s (0775)
Q1,51 (1,s—1)
I dos(gs) ]
and the diagonal matrix th € R'*! is given by
Opy = diag [ () (n) s () } e RHDX(HD), (2.30)

The vector g, € R in (2.27) has the same structure as the vector of the coefficients of

f(z,y) defined in Equation (2.24) and is given by

. . aT
g = [ bot, big—1, ..., bio } . (2.31)

The entire expression (2.25) can be written as the matrix-vector product

Cy (f(:c,y)) g—h, (2.32)
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where the bivariate convolution matrix Cp,( f (z,y)) is given by

CO fAO(m7y)
Co(fi@y) (o)
: Ol ( Al (1'7 y))
N : Cn AO (Jf, y)
o] o) |y
Co (fnla.m) Cu (file,m)
I C (fm(%y)) |
and each partition C’t(fs (z,y)) fort =0,...,n; s=0,...,m, is a convolution matrix with
the same structure as (2.27).
The bivariate convolution matrix C,( f (x,y)) can also be written as
Culf@,y) = DRk T (F(@.1)) Qs (2:34)
where the block diagonal matrix D;ﬁm cR("Y (M) s given by
D;n%i-n = diag [ D%Ln,o, D??il—n,l’ ) D;L}Fn,ern
and each D;ﬁrnz for i = 0,...,m + n has the same structure as (2.28). The matrix
T, (f(z,y)) has a partitioned structure and is given by
[ TO fo(‘xa y) ]
T fl(xay) Ty ( Ao(f/ay))
Tl ( Al (.’L‘, y))
~ Tn AO (SC, y)
T, (f(z.y) = ( ) ) L (23)

TO (fm(xv y))

i

fm(,y)

where each of the non-zero partitions T} ( f;(z,y)) € REH+DXG+D are of the same struc-

ture as the Toeplitz matrix in (2.29). The block diagonal matrix @, € R(

given by

Qn = dlag Qn,07

n+2
2

n+2
2

)x(

)is

Qn,ly O} Qn,n (2'36)

I

where the matrices Qn,t for t = 0,...,n are of the same structure as the matrix in (2.30).
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The vector g in (2.32) is given by

3 ~ A~ N T n+2
g=1 8y &1, --- gn} G]R(z)’

where each g, € R*! is a vector with the same structure as (2.31) and the vector h

containing the coefficients of the polynomial iL(x, y) is given by

~

R . R T
h:|:h03 hlv sy h??"L-‘r-n:| €ER

("3,

(2.37)

Example 2.2.3. The polynomial f (z,y) of degree m = 2 is given in Bernstein form by

2
A~ N 2 i 9 —1—1
fla,y)= > ai,j<i j>$yj(1—$—y)2 !

i+j=0
= &0,038,0(% y) + dl,OB%,O(ajv y) + do,lBg,l(ﬂ% Y)
+ dQ,DB%o(% y) + &1,13%,1(55, y) + &0,233,2(% Y).

Alternatively, f(z,y) can be considered as the sum of the set of polynomials { fi(z,y) |
L= 07 172} and is given by f('rvy) = fO('rvy) + fl('rvy) + f2($7y)7 where

fote) = o 7 )0 = = 2

fl (1’7 y) = <&1,0 (12())13 + CAL071 <O21>y> (1 — T — y)7

. 2 2 2
fa(z,y) = asp (27 0) a® + a1, (17 1) Ty + ao2 (07 2> Y.

The polynomial §(z,y) of degree n = 2 is given by
2 2\ . . o
glw,y)= > by (Z ) ay (1 —x—y)* "
im0\

and is the sum of polynomials go(x, ), §1(z,y) and go(z,y), where

. A 2
dn(e.9) = b (7 ) 1= = o)

~ 7 2 b 2

gl(x7y) = <b170 (1’()).% + bo,l (07 1>y> (1 — T — y)a

A . ) 5 2 2 5 2 2
92(x7y) = b270 (1’()).% + bl,l (17 l)l'y + 60,2 <0,2>y .

The product h(z,y) is given in terms of the set of polynomials { fi(z,y) | i = 0,1,2} and

~ ~ ~

F ) % 4(w.9) = (Folw.y) + iz, 9) + fo(,9)) (d0(w,9) + 812, 9) + do(2,9) )

SO ﬁ(x,y) in terms of fo(x,y), fl(aﬁ,y) and fg(a:,y), and go(x,y), g1(z,y) and go(x,y) is
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given by

ha,y) = fow,)ga(,y) + (2@ 9)a(ey) + i@ is@.y)
+ (Fo@.)i0(,y) + fil@, )i (e.y) + folw,)ia(,v))
+ (A@pao.y) + fol,9)ar(2.9)) + fol. v)ao(.v).
This can be written as the matrix-vector product

Cz (f(z.y)) & =B,

o) by
Co (filz,y)) Ci(folz,y) &, hy
Co ( fo(z,y)) Ci(filz,y)) Col folw,y) g | =| h2

& (haw) ¢ (Awy) | Le h;

i Co f2(33’y) ] b

and h contains the ordered coefficients of h(z,y).

Example 2.2.4. Consider the polynomials f (z,y) of degree m = 2 which is given by
fla,y) =3B o(x,y) + 2B} o(x,y) + 2B3 1 (v, y) + 1B3 o(x,y) + 5BL (z,y) + 2B3 5(x,7)
and g(z,y) of degree n = 1 which is given by
9(x,y) = 1By o(,y) + 3Bi o(z,y) + 2B}, (z,y).
The coefficients of f (z,y) and g(x,y) are given in matrix form as

12=0 da=1 i9=2

19 = 9 =1
i1=0 3 2 2 0 ) 0
A . ’Ll
M(f)z i1 =1 2 5 , and M (g) =
11:1 3
11—2 1

The polynomial f(z,y) can be thought of as the sum of polynomials fo(z,y), fi(z,y) and
f2 (LL‘, y)

f(x,y) = fo(x,y) + fl(l',y) + fQ(xay)v
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where

~

f0($7y) = BB(%,O(J"’Z/):
fl(xvy) = QB%O(.I,Q) + 23(2),1(3573/))
f?(‘rvy) = 1B§70($,y) + 5B%,1($7y) + 2Bg,Q(x7y)

The polynomial g(x,y) is given by
g(l’, y) - gO(xu y) + gl(xv y)7
where

91(z,y) = 1Bgo(x,y)
gl(l'ay) = 3Bi0($ay) + ZBé,l(xyy)'

The product H(m,y) is given by
Dy Ty (f(arjy)) @18, (2.38)

where the diagonal matrix Dy L e R10%10 i given by

=g | HlEH T S
the matrix T1(f(z,y)) € R19%3 is given by
[ 3(,%) ]
2(2%) | 3(c%)
2(0?1) 3(020)
1” 221?03 (2)
n 5 1?1 2 021 2 120
T(fen) = | ) 2(,2)
1(,%)
5(5) 1(%)
2(0n) 5(,%)
_ 2(2) |

and the diagonal matrix Q; € R3*3 is given by

Q) = diag[ (0}0)’ (1%0)’ (0%1) } '

The matrix-vector product (2.38) is given by

~ N ~ T
D' (F(ey) Qua=[ 3] 2 w8 2 o] 3 2 5]
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and the matrix of the coefficients of ﬁ(w, y) is therefore given by

—
>
N—
1
o wln S w
| ol ol
w
]

Partial Derivatives

Differentiation of bivariate polynomials in Bernstein form is required for determining the
square-free factorisation in the extended version of Gauss’ algorithm, where the sequence
of polynomials {fl(:c,y)} is generated and each fi+1(ﬂf7y) is the GCD of f;(x,y) and its
partial derivatives with respect to x and y.

The partial derivative of f (x,y) defined in (2.22) with respect to x is given by

A

of (x,y)
ox

3
L

= m (aiy15 — aij) Bl (2, y)
+5=0

.

and the partial derivative with respect to y is given by

A~

of (z,y)
Jy

3
L

= m (@1 — ai) BlY (. ).
i+j=0

2.3 Conclusion

This section has introduced the Bézier curve, the rectangular Bézier surface patch and the
triangular Bézier surface patch. The polynomials that define these curves and surfaces
have also been discussed. It has been shown how the coefficients of the product of two
polynomials are generated by the multiplication of a convolution matrix and a vector of
coefficients. These definitions are used in the next chapter wherein the Sylvester matrix

and subresultant matrices of two polynomials in Bernstein form are defined.



Chapter 3

The Univariate Polynomial GCD -
The Two Polynomial Problem

The calculation of the points of intersection of Bézier curves reduces to a univariate polyno-
mial root finding problem. By using the square-free factorisation algorithm (Algorithm 1)
this reduces to a set of polynomial GCD problems and a set of polynomial deconvolu-
tions. Polynomial GCD computation and deconvolution methods are developed specifi-
cally for polynomials in Bernstein form as the conversion between bases is known to be
ill-conditioned [17,26,29].

In general it is unlikely that any two randomly chosen polynomials have a common
divisor. The computation of points of intersection between two curves or surfaces require
a sequence of GCD computations where, if the intersections are smooth, the polynomials
in each GCD computation are not coprime. The method of AGCD computation developed
in this thesis is a general method, and examples using arbitrary polynomials which are not
necessarily derived from intersection problems, i.e §(z) is not necessarily the derivative of
f(x), are considered.

This chapter focuses on the development of general-purpose algorithm for computing
the GCD of two arbitrary polynomials f (z) and g(x) in Bernstein form, and this method,
referred to as UGCD, is adapted in Chapter 4 for use in the specific GCD problem found
in the square-free factorisation algorithm, that is where §(z) is the derivative of f(z).
Examples in this chapter are defined such that f(z) and §(z) always have a common
divisor, but their inexact counterparts f(z) and g(x) are highly likely to be coprime.

The aim will be to determine the coefficients of the AGCD which is close to the GCD
of the exact polynomials. Since the problem is converted from a polynomial based problem
to a matrix-vector problem, closeness between two polynomials is to be defined in terms
of the distance between the vectors of their coefficients as described in Section 3.5. That
is, the distance between the exact GCD and AGCD will be defined as ||d — d||/||d]|.

Several polynomial GCD finding methods were discussed in Section 1.8 and this chap-
ter focuses on a method which uses the Sylvester matrix and the sequence of subresultant
matrices to determine the degree and coefficients of the GCD, specifically where polyno-

mials are defined in Bernstein form.

Section 3.1 It is shown how the computation of the degree of the GCD of two univari-

ate polynomials in Bernstein form reduces to the determination of the index of the
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last numerically singular subresultant matrix in the sequence of subresultant ma-
trices. Several variants of the subresultant matrix sequence are defined. It is also
shown how the set of subresultant matrices can be constructed by a series of matrix
transformations applied to the first subresultant matrix Sy (f(z), §(z)).

Section 3.2 Several methods are considered for the computation of the degree of the
GCD using either the SVD or QR decomposition of the sequence of subresultant
matrices. Despite being more computationally expensive, methods which use the
complete set of subresultant matrices to compute the degree of the GCD will be
shown to be more reliable than methods which consider only the numerical rank of

the first subresultant matrix.

Section 3.3 Given that several variants of the sequence of subresultant matrices have
been defined and methods for the computation of the degree of the GCD have been
considered, this section determines the optimal variant of the set of subresultant

matrices for use in the computation of the degree of the GCD.

Section 3.4 This section considers three preprocessing operations for each of the subre-
sultant matrices in the subresultant matrix sequence. It will be shown that the degree
of the GCD or AGCD is reliably obtained by analysis of the numerical rank of each
of the subresultant matrices containing the coefficients of preprocessed polynomials.
It will also be shown that approximations of coefficients of the cofactor polynomials
and the GCD are more accurate than those obtained from unprocessed polynomials.
Preprocessing does have a small but significant cost associated, however methods to

mitigate this cost will also be described.

Section 3.5 This section describes two methods for the computation of approximations
of the cofactor polynomials and the GCD or AGCD of two polynomials in Bernstein
form. A simple least squares based method is used given the tth subresultant ma-
trix S¢(f,g) and an alternative method is presented in which the coefficients of the
cofactor polynomials are approximated from a structured low rank approximation
of the tth subresultant matrix of preprocessed polynomials ft(w) and a;gy(w). This
method has previously been considered for computing the low rank approximation
of the tth subresultant matrix of two polynomials in the power basis [69,70] but is

now extended to polynomials in Bernstein form.

It will be shown that this second method compares favourably with the standard
least squares approach and that the approximations of 4;(x) and 0;(x) and the GCD

cft(:v) obtained by this method can be some orders of magnitude more accurate.

3.1 The Computation of the Degree of the AGCD of Two

Univariate Polynomials in Bernstein Form

The computation of the GCD of two polynomials f (z) and g(z) is an ill-posed problem,
in that the result is highly sensitive to perturbations in the input polynomials. That
is, small changes in the input polynomials result in large discontinuous changes in the

output. Consequently, the GCD is only defined for exact polynomials f(z) and §(z), and
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it is highly likely that the inexact polynomials f(x) and g(x) (obtained by the addition of
minimal noise to f(z) and §(x)) are coprime.

Integer GCD computations are similarly ill-posed. For example, the integers 54 and
24 have a GCD equal to 6, but it is highly likely that any small perturbations would cause
the inexact integers 54 + ¢ and 6 + ¢ to be coprime.

A polynomial GCD finding algorithm which requires exact inputs is not suitable for
the problems considered in this thesis, where polynomials are subject to errors. Instead,
a method which considers that f(z) and g(x) are close to two polynomials with a non-
constant common divisor is required. The UGCD method is developed in the following
chapter, which returns an AGCD whose coefficients are close to those of the exact GCD,
even in the presence of significant levels of noise.

Noise can come from many sources in computational mathematics, and some of these

are now considered:

1. The first source of error comes from round-off in floating-point representations. A
floating-point representation consists of a coefficient and an exponent. Therefore,
numerical accuracy is traded off against range. A subset of rational numbers have
an infinite decimal representation, but must be represented by a truncated and finite
decimal form. For example, £ has an infinite decimal representation and a truncated

floating-point representation.

2. The two polynomials whose GCD is to be determined may themselves be the output
of some earlier computation, which has potentially introduced computational and
round-off errors. For instance, the ith GCD computation in the square-free factori-
sation algorithm (Algorithm 1) computes the GCD of f;(z) and f;(z), where f;(z)
is the (i —1)th computed GCD. Since each computation is subject to round-off error

it is likely that the cumulated error after many iterations is significant.

3. In curve-curve and surface-surface intersection problems, the polynomial whose square-
free factorisation must be computed may be derived from an approximated curve or
surface. Or, the process of conversion from a parametric to implicit form may have
introduced errors. The implicitisation of bicubic patches produces implicit surfaces
of high degree, and it is standard practice to perform an approximate implicitisation
which minimises the degree of the implicit form. This approximation is generally
computed more quickly than an exact implicitisation, and consequently the polyno-

mial to be factorised will be inexact.

Since noise is seemingly inevitable in this type of problem, it is necessary to consider
defining the AGCD, d¢(x), of two inexact polynomials f(x) and g(x), whose exact coun-
terparts f(z) and §(z) have a GCD dy(z). The AGCD, dy(z), of two polynomials f(z)
and g(z) is defined to be correct when it is sufficiently close to the the GCD, dy(z), of two
polynomials f (z) and g(x) obtained by minimal perturbations of f(x) and g(x). A crucial
component of this definition is that the degree of the AGCD is equal to the degree of the
GCD dy(z). In [6] a more formal definition of a AGCD is given, which takes into account
the machine precision and in [56] the quasi-GCD is defined.

The method of computing the degree of the GCD, described in the following section,



66

is defined in terms of exact polynomials. However, the same methods are successfully

applied to inexact polynomials f(x) and g(x).

3.1.1 The Degree of the GCD by the Subresultant Matrix Methods

This section considers the computation of the degree of the GCD of exact polynomials
f (z) and g(x) by using the Sylvester matrix and the sequence of subresultant matrices.
A variation on this is used in the computation of the AGCD of two inexact polynomials.
It will be shown that computing the degree t of the GCD reduces to determining the
numerical rank of each matrix in the set of subresultant matrices { Sy(f(z),g(z)) | k =
1,...,min(m,n) }.

Consider two exact polynomials in Bernstein form, f(z) and §(z), of degrees m and n

respectively which are given by

and whose GCD czt(x) of degree t is given by
) t
dy = di;Bl(x).
i=0

There exists a set of common divisors of f(z) and §(z) denoted dy(z) for k = 1,...,t0.
Note that the GCD of f(z) and §(z) is unique to within a scalar multiplier, however the

common divisors of degree k =1,...,t — 1 are not unique.

Example 3.1.1. The two polynomials f (z) and g(x) given by

f@)=(@-D@-)@=-3) and  §la) = (@ — 1)z —2)(x —4)

have a set of common divisors of degree one given by {d(z)} = {(z — 1), (x — 2)} and a
unique GCD of degree ¢ = 2 given by dy(z) = (z — 1)(x — 2). O

By Bézout’s identity, there also exist cofactor polynomials { ax(x) | k=1,...,t} and
{op(z) | k=1,...,t} of degrees (m — k) and (n — k), which are the cofactors of dy(x),

and these are given by

<.
Il
=)
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hold for k =1,...,t, and

0y =0 for k=t+1,...,min(m,n),

=0 for k=t+1,...,min(m,n).

It follows from (3.2) that

A~

f(z)op(x) — g(x)ug(x) =0, for k=0,...,t

which can be written as the matrix-vector product

N R Vi
Sk (F(2).9(2)) [ ; ] -0, (33)
This has non-trivial solutions for £ = 1,...,t¢ and the solution vector consists of vectors
Vi € RP**1 and G, € R™*+1 which contain the coefficients of cofactor polynomials
U (z) and Ok (zx), given by

T T
Vi = | Ok0, Okl, -5 Uk,n—k} and uk:[ﬂk,o, U1y oy Ukm—k

The matrix Si(f(x), §(x)) € RUmEn—k+)x(m+n=2k+2) iy (3 3) is the kth subresultant ma-

trix and is given by

Si(f@),3@) = [ Car(F@)) | Cnr(3@) . (3.4)
where Cp_i(f(z)) and Cy,_1(§(x)) are the (n — k)th and (m — k)th order convolution
matrices (as described in (2.9)) of f(z) and §(z) respectively.

Since (3.3) has a non-zero solution for k& = 1,...,¢, the subresultant matri-
ces {Sp(f(x),g(x)) | k = 1,...,t} are singular, while the subresultant matrices
{Sk(f(x),§(x)) | k =t+1,...,min(m,n)} are nonsingular. The computation of the
degree t of the GCD cZ(ac) is therefore reduced to the determination of the largest k such

that Sk(f(x),g(x)) is rank deficient

rankSk<A(x),§(x))) < m+n—2k+2 fork=1,...,t,
rankSk(f(x),g(m)) = m+n—2k+2 fork=t+1,..., min(m,n).

The rank of the kth subresultant matrix Sy (f(z), §()) for the exact polynomials f(z) and
g(z) is unlikely to be equal to the rank of S (f(z), g(z)), whose entries contain coefficients
of inexact polynomials f(z) and g(x). It is probable that each subresultant matrix of the
set {Sk(f(z),g(x)) | k=1,...,t} is of full rank, since inexact polynomials f(z) and g(x)
(perturbed versions of exact polynomials f(z) and §(x)) are typically coprime.

Methods for determining the rank of a subresultant matrix are also inexact due to
round-off error in floating-point arithmetic. The theoretical rank loss of the ¢th subresul-
tant matrix S;(f(z), §(x)) (where f(z) and §(z) are known exactly) is one. However, it is
highly likely that the computed rank loss is zero, that is, the matrix is of full rank.

It is instead necessary to consider the numerical rank of the set of subresultant matrices
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{Sk (f(z),9(x)) | k=1,...,min(m,n) } when computing the degree of the AGCD of two
inexact polynomials.

The next section describes the Sylvester matrix and the matrices of the subresultant
matrix sequence (as seen in (3.3)) of two polynomials in Bernstein form. The variants

obtained by including or excluding diagonal matrices D;;s_n_ . and Qk are also considered.

3.1.2 The Sylvester Matrix and the Subresultant Matrix Sequence

Given the definition of the convolution matrix in (2.9), the kth subresultant matrix (3.4)

can be considered as the product of three matrices and is given by
Sk (F@),5@)) = Dok T (F(2),3(2)) Qi (3.5)

The diagonal matrix D}, € Rimin=ktl)x(min=k+l) iy (35) is of the same structure

as the matrix DL, defined in (2.10) and is given by

D_ =di [ m 1L— ) m 11— Yttty ﬁ . .
mA+n—k dlag ( +0 k) ( +1 k) (nL:::nfllz) (3 6)

The matrix Tj(f(z), §(x)) € RUmtn—ktl)x(m+n—-2k+2) ¢ongists of two partitions which are
both Toeplitz matrices, and is given by

T (f@).9)) = | Tos(F@) | Tui(3()) |

[ do(o) 30(0) ]

dl(T) Bl(?)
ao (7) A 1:70(3)
= | am 1( 1) d1(1) bn—l(nz) by (711) ’
i (I bu ()
Am, 1(m 1) i’njl(n:)
I am () bn(y)

where Tn—k:(f($)) c R(mAn—k+1)x(n—k+1) 5,4 Tm—k(g(x)) c R(m+n—k+1)x(m—k+1) Lave
the same structure as T,,(f(z)) (defined in (2.11)). The block diagonal matrix Qy, in (3.5)
of order (m + n — 2k + 2) contains binomial coefficients corresponding to the cofactor

polynomials 9y (x) and ug(x) and is given by
ka = diag[ anlm mek :| ) (37)

where the matrices Q,,_j € R TDx(=k+1) and Q,,_j € RM—k+)x(m=k+1) 416 diagonal
matrices with the same structure as the matrix @,, defined in (2.12), and are given by

Quox =ding [ ("3%), ("TH) o (i) ]
Quox=ding | ("), (7). (2D |

The Sylvester matrix S(f(z),§

(z)) is the first matrix in the subresultant matrix se-
quence and is also denoted Sy (f(z),§(z)). The matrices of the sequence Si(f(z),§(z)),

Sy(f(x),4(x), ..., Smin(m,n (f(:r),g(:n)) are of decreasing size, where each matrix
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Sk(f(x),g(x)) is of dimensions (m+mn —k+ 1) x (m+n — 2k + 2), and a method for the

computation of the matrices in this sequence is now described.

3.1.3 The Construction of the Subresultant Matrix Sequence

The subresultant matrices of polynomials in the power basis contain the same set of

non-zero entries and each subresultant matrix Si(f(x),§(z)) is easily obtained by the

A~

removal of a set of (k — 1) rows and (2k — 2) columns from Si(f(x), §(z)). However, the

~ ~
~

relationship between the two subresultant matrices Si(f(x),g(x)) and S;(f(z), g(z)) for

polynomials f(z) and §(z) in Bernstein form is non-trivial. Each of the non-zero entries

of Si(f(x),g(z)) consists of three binomial terms which are dependent on k, so entries of

each subresultant matrix in the sequence are distinct.

~

This section begins by developing the transformation to obtain Sk(f(z),g(x))

given Si_1(f(x),g(z)), and this is extended to the general transformation to compute

Sj(f(x),g(a:)) from Sk(f(x),g(x)) for any j, where k < j < min(m,n).

The matrix Si11(f(x),g(z)) is given by

St (F@),3(2)) = Amin-iSi (f(@),3(2)) B

where the matrix A, n_p € RMFn=k)x(min—k+1) 5 given by
S ;

mink 0

m4+n—~k 0

m+n—k—1
| ] (38)
+n—k

i |0

The block diagonal matrix By, € Rm+n—2k+2)x(m+n—2k) jg given by
@k = diag [ Br—ks Bm—k | > (3.9)

where the matrices B,,_j, € RVF+Dx(=k) and @, ;. € Rm—k+Dx(m=k) 46 oiven by

i
El
i
Eanl el

This transformation is extended such that the (k+j)th subresultant matrix S ;(f(x), g(x))
for 1 < j < (min(m,n)—k) can be obtained by the transformation of the kth subresultant

matrix.
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Sk+j ( A(IU),Q@)) = Amtn—k—j+1Amtn—k—j - - - Amtn—k X
Sk (f(fﬁ),fl(x» X BeBroy1 - - - Brajs (3.11)
where the matrices Aqn—k, ... Amgn—k—j+1 and @k, .. ,@k+]~ are of the same form as

the matrices defined in (3.8) and (3.9) respectively.

3.1.4 Variants of the Subresultant Matrices

In Section 3.1.2 the sequence of subresultant matrices was introduced, and this section
considers five variants of this sequence of matrices. These variants will be defined for the
kth subresultant matrix only, and the definitions are to be extended to all matrices in
the relevant sequence. The first four variants arise by including or excluding the diagonal

matrices D;@inf , and Qy, in the definition of the subresultant matrices and are given by:

() {Tk(f(z,9), 4(2,9)}

(i) {D 4 1 Te(f (2 9), (z,9))}
(i) {T3(f(2,9), (x,y))Qx}

(iv) {0, 1 Te(f (2,9), 9(2. 1)) Qr}

The orthogonal matrices D;Lin_k and Qp pre and post multiply 7 k( f (x),g(z)) re-
spectively, and the rank of the subresultant matrices is theoretically unaffected by
their inclusion. The fifth variant is constructed by the rearrangement of the variant
D;Iin_ka( F(x),§(x))Q such that divisors common to each of the non-zero entries of
the two partitions can be removed, which again does not theoretically affect the rank of
the subresultant matrix.

Binomial terms in each non-zero entry of the kth subresultant matrix variant may
cause the ratio of the entry of maximum magnitude to entry of minimum magnitude to be
large. This can cause numerical problems and as a consequence some variants are more
suited to further rank analysis than others. Of interest to this work, the singular values
of the kth subresultant matrix for each subresultant variant can be significantly different.

The first four variants of the kth subresultant matrix are now defined:

1. The first variant of the kth subresultant matrix is given by
Tk <f($)a§(l‘)) = [ ka(f@)) ‘ Tk (g(l‘)) ] :

Entries of the first partition T;,_( f (x)) are given by

Tok (f(x)>( = h

i+ +15+1) 0 otherwise,
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and entries of the second partition T}, (g(x)) are of the form

Tk (Q(@) =

(i+j5+1,5+1) 0 otherwise.

When the two polynomials f(z) and §(x) are of significantly different degree, entries
of the two partitions T},_;(f(x)) and T,,_z(§(z)) can be unbalanced due to the
binomial terms (T) and (?) as in Example 3.1.2. These binomial terms are referred

~

to as the coefficient multipliers of entries in T}, (f(x)) and Tp,—r(g(x)).

Example 3.1.2. Consider two polynomials f(z) and §(x) of degrees m = 20 and
n = 5 respectively. The non-zero entries in the first partition of Ty (f(z), §(x)) are
scaled between 1 and (fg) = 184756, while entries in the second partition are scaled
by at most 10. This difference in scaling over the two partitions can cause issues in

the computation of the numerical rank of the subresultant matrices.

O

2. The second variant of the kth subresultant matrix includes the diagonal matrix

D1 . and is given by D!

m-+n— m+4n—=k

D;im—an—k(f(x)) are of the form

A~

Ti(f(z),g(x)). Entries in the first partition

;ﬁﬂ)izowumuquuwn—h

itj

D1 Tk < F(x ) =
m4n—k= 1 f< ) (i+5+1,5+1) 0 otherwise

and entries in the second partition D;Ii_n_kTm_k(g(x)) are of the form

bi(3)
= ()

0 otherwise.

1=0,...,n; j=0,...,m—k,

Put ()
metn—kTm—k(9(2 (i+j+1,541)

The effect of the coefficient multipliers (") / (mjf;k) and (7)/ (mﬁ%k) is to scale the
coeflicients by a value between 0 and 1, but it is shown in Figure 3.3i of Example 3.3.1
that the scaling is not optimal and the entries in the middle columns of each partition

are disproportionately small.

3. The third variant of the kth subresultant matrix includes the matrix Qj, and is given
by T (f(z), §(z))Qk. Entries in the first partition T},_4(f(2))Qp_p are given by

(Zms (F@)) Qus) famesy i=oms =0k

(i+5+1,5+1) 0 otherwise,

and entries in the second partition T, (G(x))Qm—k are given by

G T B (L

b; (M) ("F) i=0,...,n55=0,...,m —k,
(i+7+1,5+1) 0

otherwise.
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For large values of m and n — k, the product (}') x (";k) is large when i ~ 3 and

j =~ %‘k The coefficient multipliers are therefore disproportionately large for entries
in the middle columns of C,,_j(f(x)), particularly around the middle rows. Entries
in the second partition C,,_r(g(z)) are similarly scaled, and this effect is seen in

Figure 3.3ii.

4. The fourth wvariant of the kth subresultant matrix is given by

Dmin ka(f(x),g(x))Qk, which has already been described in Section 3.1.2.

Entries in the first partition of the kth modified subresultant matrix are of the form

RGO
GO

R coom; 3=0,...,n—k,
C,\_
k <f(x)>(i+j+1,j+1)

0 otherwise,

and entries in the second partition Dm+n wLm—1(9(2))Qm—r are given by

O g
Cm,k(g(x)> — ¢ ’

gL+ :
(i +L+1) 0 otherwise.

coom; 3=0,...,m—Fk,

The effect of the coefficient multipliers is to scale the coefficients a; for i = 0,...,m
and b; for i = 0,...,n by a multiplier between 0 and 1. The scaling achieved by the
combination of these three binomial coefficients, shown in Figure 3.3iii, is an optimal

form of scaling when compared with the first three variants.

The scaling of the non-zero entries of these four subresultant matrix variants will be further
analysed in Section 3.3, and a set of examples will show which of the variants is optimal
for the computation of the degree of the GCD. However, a fifth variant, a modified form
of D;Hn ka(f(m),g(m))Qk, is first considered.

The Fifth Variant of the Subresultant Matrices

Each of the mnon-zero entries of the kth subresultant matrix given by
D! Lk ( f(x),§(x))Qp contains three binomial coefficients, two of which are functions

of k, and this presents two issues:

1. The computation of three possibly large binomial coefficients is necessary for each
entry of the kth subresultant matrix Sy (f(z), §()), so for the polynomials f(z) and
§(z) of degree m and n, the construction of the subresultant matrix Sy(f(z), §(x))
requires the evaluation of 3 x [(m 4+ 1)(n — k + 1) + (n 4+ 1)(m — k + 1)] binomial

coefficients.

2. Each of the subresultant matrices Sy (f(z),§(z)) for k = 1,...,min(m,n) requires
the evaluation of a different set of entries, since the (i, j)th entry of Sk( f(x),§(x))
differs from the (i, 7)th entry of Sy_1(f(z),§(z)).

This section introduces a manipulation of the three binomial coefficients of the en-
tries of Sp(f(z),g(z)). All three of the binomial coefficients for the non-zero entries in

Sk( f (x), g(x)) are functions of i or j, and are therefore dependent on their position within
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the matrix. It is shown that the entries of the subresultant matrix can be reduced to the
product of two binomial terms dependent on i or j in the numerator and a third constant

binomial coefficient in the denominator.
The kth subresultant matrix Si(f(z), g(z)) is given by

[ ao(5) (") bo(5)("0 ") T
("5 (T
a(7)("5") - b ()("0 ")
(" (*"*1" ) )
; ao('5) (hx) o bho(g)(mr)
(") ' )
a1 (7)(=n) : b1(5) (i)
() ) (5
an1(,"1)("5") : bn1(n”1)("o ") :
(") ()
am(m) (") L : b () ("0 )
() ' ("5 )
a1 (1) (3 75) o b () ()
(ninit) [y
am () (i 2k) b () (o r)
I (inh) (s

The non-zero entries of Cp_1(f(x)) can by manipulation of the binomial coefficients be

rearranged as

(P (k)

. L me i=0,...,m; j=0,....n—k
Cor (@) = ") (3.12)
(Hi+15+1) 0 otherwise
and by a similar rearrangement, entries of C),_x(g(z)) are given by
by () (ki » .
(’),(,LJr,Lﬁ;’ ) 1=0,...,n; 7=0,...,m—k,
Cri(9@) = (") (3.13)

1,j+1 ;
(i+7+1,5+1) 0 otherwise.

The kth subresultant matrix Sy(f(z),j(z)) € RmTn=k+x(mtn=2k+2) with rearranged
entries is given by

[ () ho(3) ("2 ~") '
(") (7

a@)(at) ()" )

") G A
~ (") (2) : ST
(™) | G
w () () : () ()
G . )

e () () : b (D) (") : |
(") ' (") /
() ; . ()()

") | ")
(”j))() M
("5 6) b (") (3)
_ G S

and this rearrangement of the binomial terms has following interesting properties:

1. Consider the non-zero entries in the first partition of the kth subresultant matrix
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with rearranged entries. The product of the first binomial coefficient in all of the
non-zero entries is equal to the product of the second binomial coefficient in the

numerator of all of the non-zero entries, that is,

This is of interest since the complexity of computing the geometric mean of non-zero
entries in the two partitions of the subresultant matrices is reduced. The computa-

tion of the geometric mean is described in Section 3.4.

2. A simple expression for the computation of the arithmetic mean is deduced from the

entries of the rearranged kth subresultant matrix. The sum of all non-zero entries

in Sk(f(x),g(x)), containing any specified coefficient a;, is given by

n—k ) (Z-l—]) (m—l—nn;l_sz—z—j) A (m+£__|_11€+1) A man— k1
> mAn—F) = ) “W\ T
Jj=0 m m

and a similar expression is derived for entries containing the coefficients b;. This

significantly reduces the effort required to compute the arithmetic mean of the non-

zero entries of Cp,_i(f(x)) and Cy,,—x(g(z)), which will be shown in Section 3.4.

The fifth variant of subresultant matrix is given by the removal of common denominators
(m+"_k) and (m+:_k) from the partitions Cp_j(f(z)) and Cp,_(§(x)) of the kth subre-

m

sultant matrix Sy (f(z), §(x)), and this is equivalent to scaling the polynomials f(z) and

g(x) by the non-zero constants mﬁl,k) and (mﬁ%k) . The GCD of these scaled forms is

equivalent to that of the original pglynomials, that is,

GCD ( f(ac),g(x)) — GCD ( (mﬁ?’f)’ (mgfgzk)> .

The subresultant matrix with denominators omitted is denoted by Si(f (), §(z))
8 (F@).5@) = [ Gk (J@) | Cun(3@)) | for k=1, min(m,n),

where the matrices Cp,_(f(z)) and Cp,_1(j(z)) are given by

G (7)) = ("7 1) x o (1)
Cnes(a0)) = ("5 F) o 0)

m—k

The rank of this new form of subresultant matrix Sj(f(z), §(z)) is theoretically equal to

the rank of Si(f(x),§(z))
rank (S’k (f(a:),g(a:))) = rank (Sk (f(x),@(x))) .

Five variants of the subresultant matrix sequence have been described, and the scaling
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of their entries has been considered. Poor scaling within the subresultant matrices is
known to give bad results when attempting to determine the degree or coefficients of
the GCD. The variant denoted D;lﬁrn_ka(f(x), §(2))Qy, has optimal scaling amongst its
entries, and numerical examples will show this in Section 3.3.

The rearrangement of the entries in the fourth variant of subresultant matrix reveals
some interesting properties of these matrices. A common divisor to all non-zero entries in
each partition is found, and properties which allow for fast methods of the computation
of the arithmetic and geometric means have been described.

A set of examples in Section 3.3 will determine which of the five variants of subresultant
matrix is optimal for computing the degree of the GCD. First, several methods for the

computation of the degree of the GCD using subresultant matrices are described.

3.2 Methods for the Computation of the Degree of the GCD

It has already been stated that the computation of the degree of the GCD of two exact
polynomials, or the AGCD of two inexact polynomials, reduces to the determination of
the last singular or numerically singular subresultant matrix in the respective subresultant
matrix sequences.

Alternatively, the degree of the GCD is given by the rank loss of S1(f(z), §(z)) or the
numerical rank loss of S1(f(z), g(z)), but this method is typically weaker than considering
all subresultant matrices.

This section describes several methods for the computation of the degree of the GCD or

AGCD of two univariate polynomials f and g, which may be exactly or inexactly defined.

3.2.1 The Degree of the GCD by Singular Values

This section considers two methods for the computation of the degree of the GCD by
methods which make use of the SVD of the Sylvester matrix and the set of subresultant
matrices. Again, polynomials f and g of degrees m and n respectively have a GCD of

degree t.

Degree Computation 1 (DC1) : The degree computation 1 (DC1) method for com-
puting the degree of the GCD utilises the singular values of the first subresultant
matrix, that is, the set {1, |i=1,...,m 4+ n}. A method which uses the singular
values of the Sylvester matrix was described in Section 1.8.1, but the method de-
scribed here does not require any thresholds or prior knowledge of the noise added

to the coefficients of f and g. Instead, a heuristic algorithm is used.

For exact polynomials, using infinite precision arithmetic, the Sylvester matrix has
the rank m + n — ¢, however, in a floating point environment, the Sylvester matrix
is typically of full rank, and has numerical rank m + n — ¢. The numerical rank,
as defined in this thesis, is defined based on a large separation between numerically
zero and non-zero singular values. This method is disregards the level of noise or

machine precision and is based on observations only.

Since the singular values are in descending order, the first (m+n —t) singular values

{o1;]i=1,...,(m+n —t)} are non-zero, while the remaining ¢ singular values
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{o1i|li=(m+n—-t+1),...,(m+n)} are numerically zero.

Since the magnitude of the minimum singular values are of interest, let p; be the log

of the singular value o1 ;

pi =logg(o1;) for i=1,...,min(m,n).

With the singular values ordered in decreasing size, a large negative change in mag-
nitude from o7 ; to 01,41 indicates that o1 ; is non-zero while oy ;41 is numerically

zero. Let 6p; denote the magnitude of change between o1 ; and o1 ;41 given by

0pi = Pi — Pit1
= logyg(01,i) — logio(01,i41)
— logyq ( I > for i—1,...,(min(m,n) — 1) (3.14)
01,i+1

In this particular set of problems it is unlikely that any o;; is exactly equal to
zero, since computations are performed in a floating-point environment and the
polynomials f and g are inexact. Instead, a large negative change is expected between
Pm+n—t (a non-zero value) and pp,4n—¢+1 (2 numerically zero value). Therefore, dp;
in (3.14) is large and positive for i = m +n —t. The numerical rank of the Sylvester

matrix is given by

m+n—t=arg;max{dp; | i =1,..., (min(m,n) — 1)}

gy
= arg, max < log;, —
K3

and so t, the degree of the GCD, is given by

gq
tzm—i—n—argimax{logm( )}
Oi+1

While this heuristic method works for many examples, it is possible that a maximum

dp; is used to incorrectly identify the degree of the GCD. The term large is used
within the context of all other §p;, and while one of these values is necessarily larger
than the others, it may be the case that its significance is exaggerated, and the degree
of the GCD is incorrectly determined. In such cases it would be necessary to define
some threshold to determine whether max{dp;} is significant. These exceptions are

described in more detail in Section 3.2.5.

Degree Computation 2 (DC2) : The degree computation 2 (DC2) method utilises

the set of minimum singular values {6} | K = 1,...,min(m,n)} of the sequence of
subresultant matrices {Si(f,¢) | £ = 1,...,min(m, n)}, where & is the minimum
singular value of the kth subresultant matrix Si(f, g). Again, the magnitude of these

values is of interest so let pi be defined as

pr =logyp(6x) for k=1,..., min(m,n) (3.15)
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and let dp; denote the change in magnitude between ¢; and 6,41 given by

0pi = Piv1 — pi
= logyo(pi+1) — logyo(pi)
= logy, <0;+41> . (3.16)

2

The kth subresultant matrix Sk(f, g) is numerically rank deficient for k = 1,... ¢, or

of full rank for k = (¢ + 1), ..., min(m,n). Therefore, the minimum singular values
0k in the set {6} | k = 1,...,t} are numerically zero, while the minimum singular
values in the set {d | Kk = (¢t +1),...,min(m,n) } are non-zero. A large positive

change between p; and py4+1 is expected, therefore dp, is expected to be large and

positive.

The degree of the GCD is therefore given by

t = arg; max{0p; }

= arg; max{pit1 — pi}
= arg; max {loglo ( ,Ji )} . (3.17)
Oit+1

3.2.2 The Degree of the GCD by QR Decomposition

The computation of the degree of the GCD by SVD is computationally expensive for
polynomials in both the power basis and Bernstein basis. Instead, a method which utilises
the QR decomposition can be used to similar effect, but with the advantage that updating
and downdating can be applied for polynomials in the power basis. This does not extend
to polynomials in the Bernstein basis, however this discussion is saved for Section 3.2.4.

The QR decomposition of the kth subresultant matrix is given by

Ry
Op—1

9

where the matrix Qi) € RMFn=h+D)x(min=k+l) js orthogonal, the matrix Ryj €
R(mtn—ktl)x(m+n—k+1) jg ypper triangular and 05, € RE-Dx(mtn—k+1) i5 4 zero ma-
trix.

Since the rank of Si(f,g) is equal to the rank of R;j, two methods for the compu-
tation of the degree of the GCD can be derived from the entries of the upper triangular
matrix Ry . Firstly, if a diagonal entry of R j is zero, then the matrix is rank deficient.
However, in the context of floating-point computations and inexact polynomials it must
be determined whether a value 0 + € (for some minor perturbation €) is numerically zero
or non-zero. Secondly, a zero-row in R is indicative of rank deficiency in both R j and
Sk(f,g). Again, it must be determined whether the rows of R; j are numerically zero, in

which case Ry, is rank deficient, or non-zero, in which case Ry is of full rank.

(i) Qr is not to be confused with Qk used in the definition of the kth subresultant matrix

D;ﬂ_n_ka (f, g)Qk or the diagonal matrix @, used in polynomial convolution.
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The two methods for the computation of the degree of the GCD derived from the QR

decomposition are now described:

Degree Computation 3 (DC3) : The degree computation 3 (DC3) method makes
use of the diagonal entries of 1 ;. The ratio of the maximum diagonal entry of Ry
to the minimum diagonal entry of Ry is given by

_ max{ |Ry x(i,9)| | i=1,...,m4+n—2k+2} )
=1 : fork=1,... .
Pr °g10<min{|R1,k(z‘,z‘)| i=1,....m+n—2k+2}) & -+, min(m, n)
The value pj is finite when R;j is nonsingular, since min{ Ry y(i,i) | i =
1,...,m+n —k+ 1} is non-zero. However, when R; is singular, pj is infinite,

since min{ Ry ;(4,7) | ¢ = 1,....m+n—k+ 1} = 0. When the polynomials f
and g are inexact and the QR decomposition is computed in a floating-point en-
vironment, it can be assumed that none of the matrices R;, are exactly singular.
Instead, a large value py, is indicative of R; ; being numerically singular and the two
polynomials having a common divisor of degree k. When py is small then Ry is

nonsingular.

Let
0pi = Pi — Pi+1 for ¢=1,...,min(m,n)— 1.

The maximum positive change occurs between p; and py41 since g is an infinite (or
very large) value and p;y; is a finite (or significantly smaller) value. The degree of
the GCD is therefore given by

t = arg; max{0p; }

= arg; max{p; — Pi+1}-

Degree Computation 4 (DC4) : The degree computation 4 (DC4) method considers
the norms of the rows of R; in the computation of the degree of the GCD. Let
Ry 1,(7,:) denote the set of entries of the ith row of the matrix R; ;. The ratio py
is defined as the ratio of the maximum 2-norm to the minimum 2-norm of the rows
Ry ;(7,:), that is, py is given by

. max{ [|[Rix(i,:)|ly [ i=1,...,m+n—2k+2}
P = logy | — — —
min{ ||Ry x(i,2)|[, | i=1,...,m+n—-2k+2}

> , fork=1,..., min(m,n).
If a row of Ry} is numerically zero, then p;, is large since

lim 1 = 0.

lim_logg(x) = oo

Therefore, the matrix Ry, is classified as numerically singular if p; is large and

nonsingular if jy is significantly smaller than infinity. Let

0pi = pi — Pi+1 for ¢=1,...,min(m,n)— 1.
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It follows that ¢ is given by

t = arg; max{dp; }

= arg; max{p; — Pi+1}.

For two polynomials in the power basis, the QR decomposition of each of the subre-
sultant matrices is obtained in a more computationally efficient manner than the singular
values by SVD. The QR decomposition of the first subresultant matrix is computed at a
cost of n?, and the QR decomposition of each subsequent subresultant matrix only requires
two QR downdate operations at a cost of n?, since each subsequent subresultant matrix is
given by the removal of two columns and one row from the previous matrix. However, this
does not extend to subresultant matrices of polynomials in Bernstein form since the entries

in D;llJrn_ka(f, g)@k are different to the entries found in DT;];‘y-n—k—lTk+1(f7 g)QkH.

3.2.3 The Degree of the GCD by Residuals

It has already been stated that the computation of the degree of the AGCD reduces to
the determination of the index of the last numerically rank deficient subresultant matrix.
When a subresultant matrix is rank deficient there is at least one column which lies in the
space spanned by the remaining columns, and when a matrix is numerically rank deficient
a column lies in the space spanned by the remaining columns with a minimal residual.
Since this work deals with inexact polynomials defined in a floating-point environment,
it is assumed that the subresultant matrices are never rank-deficient, but a subset are
numerically rank deficient.

If the kth subresultant matrix Si(f, g) is numerically rank deficient, a column ¢y, of
Sk(f,g) lies in the space spanned by the remaining columns and the subresultant matrix

with the gth column removed is denoted Ay, 4(f, g).

Degree Computation 5 (DC5) : The degree computation 5 (DC5) method uses a
set of residuals associated with the subresultant matrices to determine whether they
are singular or nonsingular. The residuals { 74; | i=1,...,m+n—2k+2 } are

computed by the least squares solution of the approximate linear algebraic equations
Api(f,9)xpi~cp; for i=0,....m+n—-2k+1
and are given by
Thi = ||Cki — Ak (f,9) Xp4l| for i=0,...,m+n—2k+1. (3.18)

An efficient method for the computation of x;; utilises the QR decomposition of

Sk(f,g), which can be updated for the removal of each column cy ;.

The minimum residual 7 associated with the kth subresultant matrix is given by

fr=min{ry,; |i=0,....m+n—2k+1} k=1,...,min(m,n). (3.19)
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If 7 is large, then the columns of Si(f,g) are linearly independent and Si(f,g) is
of full rank (nonsingular). Alternatively, if 7 is numerically zero, then there is a
column in Si(f, g) which is nearly linearly dependent on the remaining columns and

Sk(f,g) is numerically singular.

Let pr denote the log of the minimum residual 7
pr = logyo (k) for k=1,...,min(m,n)
and let

0p; = Pix1 — Pi

= logyg (fi+1) — logyg (771)

= log;, <Ti+1> for k=1,...,min(m,n)— 1,

7

then the degree of the GCD is given by

t = arg; max{dp;}
= arg; max {fi+1 — pi}

= arg; max {10g10 (Fig1) — logy (Fz)}

= arg; max{TiN+1 |i=1,...,min(m,n) — 1} . (3.20)
T

i

That is, t is equal to the value of k£ for which the change between 7 and 741 is
maximal, as this indicates that Si(f,g) is numerically singular while Sgy1(f,g) is

nonsingular.

Several methods for the computation of the degree of the GCD of two univariate
polynomials have been considered. These measures are based on the SVD and the QR
decomposition of the Sylvester matrix or the set of subresultant matrices. Examples will
show that methods which make use of the complete set of subresultant matrices give better
results than methods which only consider the Sylvester matrix. However, these methods
are typically more computationally expensive.

It was stated that methods which make use of the QR decomposition are faster than
computing the SVD for each subresultant matrix. This is due to the ability to update a
QR decomposition to take into account row and column removals. It will now be shown
why QR updating is not applicable to the sequence of subresultant matrices of polynomials

in Bernstein form.

3.2.4 The QR Decomposition of the Sequence of Subresultant Matrices

Methods for computing the degree of the GCD based on the QR decomposition are pre-
ferred over methods based on SVD. This is because the QR decomposition can be updated
to account for row and column deletion, whereas the SVD must be computed from scratch.
Many algorithms for QR decomposition exist, such as Gram-Schmidt, Householder and
Givens. These algorithms are described in detail in [36, Chapter 5.2]. The work in this
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Algorithm 3: The degree of an AGCD of two polynomials using the method of
residuals
Input: Two polynomials f(z) and g(x)
1 begin
2 for k=1,...,min(m,n) % for each subresultant Sk(f,g) do
3 Perform any preprocessing on the subresultant matrix
4 for j=1,....m+n—2k+2 % for each column j of the subresultant
Sk(f7 g) do
5 Define the removed column cy, ; < Si(f,g) x M;
6 Define the matrix of the remaining columns of Si(f,g) as Ay ;(f,g)
7 Calculate the residual 7, ; by the least squares solution of (3.18)
8 end
9 Get minimum residual 7, of the set {7y ;}
10 end
11 Using the set of minimal residuals {7} compute the degree of the GCD
12 end
Output: ¢ the degree of the AGCD of f(z) and g(x)

thesis uses the standard MATLAB qr() function which makes use of Householder trans-

formations.

~

The QR decomposition of Si(f(z),g(x)) can be updated for row and column dele-
tion, and this is typically faster than computing the QR decomposition from scratch.
This is advantageous when considering the QR decomposition of the sequence of subre-

sultant matrices containing coefficients of two polynomials in the power basis, and where

A~ A~

Sk+1(f(2),g(x)) is given by the removal of two columns and one row from Sk (f(z), §(x)).

The entries of the subresultant matrix Si(f(z),g(x)) for two polynomials in Bernstein

A~
~

form differ from the entries of Si1;(f(x),g(x)), and it was described in Section 3.1.3 how

the matrix Si11(f(x), §(z)) can be obtained by a transformation of Si(f(x),g(x)).

A~

The QR decomposition of Sk11(f(x),§(z)) reduces to the QR decomposition of
st+1RSk+1 = ﬂernkak (f(x)? g(l')) @]ﬁ (321)

where A,4n—r and @k are defined in Section 3.1.3. Given the QR decomposition of

A~

Sk(f(z),g(x)) = Qs, Rs,,, the QR decomposition of (3.21) should be simpler to compute
than the QR decomposition from scratch.

Let the matrix A, n—r be written as

*

Amtn—k = ﬂernfkgA

[ mtn—k T
m+n—k

m+n—~k
m+4n—k—1
- . Im—l—n—k,m—l—n—k Om+n—k,1 ’

m+n—=k

where A*

i € R(mtn—k)x(m+n—Fk) i oiven by

* - m+n—~k m+n—~k m+n—~k
m+n—k — dlag m+n—k’ m+4n—k-1> " 1
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Let @k be written as

By = IpB;
In—k,n—k On—k,m—k
@n—k . Ol,nfk Ol,mfk B;;_k
- )
CBm—k Omfk,nfk Imfk,mfk B;_k
Ol,n—k Ol,m—k

where B _, € R(m—k)x(m=k) and By i € R(=k)x(n=k) are given by

* - m—k m—k—1 1
@m—k - dlag |: m—k° m— 9 sy m—k ] I

* — i n—k n—k—1 1

o = diag [ o T e R } .

Then (3.21) is written as

(3.22)

* @n—
ﬁm—i—n—kgAQSkRSkgB [ b

~

J4 and Ip have the effect of removing one row and two columns from Si(f(x),§(x)),
so the QR decomposition of J4Qs, Rs, Ip can be obtained by QR update and the QR

decomposition with updates is defined as

Q2R = (94Qs, Rs, IB) .

The expression (3.22) is therefore reduced to
A in—rkQ2RoBy.

Since Bj is orthogonal, the matrix product Q)2 Rz B;; is given by Q2 R3, where R3 is upper
triangular and the ith column of R3 is given by the ith column of Ry multiplied by the
ith diagonal entry of B;

A sn—cQ2Rs.

This is almost in the form of a QR decomposition. However, the pre-multiplication by

A*

m-+n—

puted from scratch. This proves that the problem of determining the ranks of the sub-

, must be considered and the QR decomposition of A} . Q2R3 must be com-

resultant matrices of two polynomials in Bernstein form is much more involved than the

equivalent problem for two polynomials in the power basis.

3.2.5 Exceptions to the Method of Computing the Degree of the AGCD

The degree of the GCD of two polynomials can be computed by the five methods DC1 -
DC5. Four of these methods, DC2 - DC5, are similar, in that each computes the degree
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of the GCD as
t =arg;max{dp; | i=1,...,min(m,n) — 1}, (3.23)

where dp; is defined for each of the methods. Under the following two conditions under
which the degree of the GCD cannot be computed by these methods and it is necessary

to employ alternative methods:

1. When the two polynomials f and g are coprime, the degree t of the GCD is equal to
zero. However, the computed value of ¢ given by arg; max{dp;} and this is limited

to the range 1,...,min(m,n) — 1.

In the square-free factorisation algorithm (Algorithm 1), the GCD of a polynomial
and its derivatives is required. Only when f; is square-free are the polynomials f;

and fZ/ coprime, at which point the algorithm terminates.

2. The second condition under which the described methods fail to compute the degree
of the GCD occurs when the GCD, cf(x), is equal to one of the input polynomials to

within a scalar multiplier, and ¢ = min(m,n).

This can occur in the square-free factorisation algorithm when f; of degree m; has

only one root of multiplicity m;. The GCD of f; and its derivative f; is equal to f .

These two situations can often be anticipated in the square-free factorisation algorithm,
since bounds on the degree of each GCD can be determined before each computation. This
will be described in more detail in Chapter 4.

For the computation of the GCD of two arbitrary polynomials, a threshold ¢ could

instead be used such that

if max . {opr} < ¢

k=1,...,min(m,n)—

then t=0 or t=min(m,n).

It must then be determined whether all subresultant matrices {Si(f,g)} are singular
(t = 0) or nonsingular (¢ = min(m,n)), and this would require a threshold 7 such that ¢

is given by

. 0 If max{pgp} <7

min(m,n) otherwise.

It is possible that the degree ¢ of the GCD cannot be determined by any metric de-
scribed in this section, even with polynomials in preprocessed form. The set of values
{pr | & = 1,...,min(m,n)} may span several orders of magnitude, with the first, p1,
indicative of a singular subresultant matrix and the last, pyin(m,n), indicative of a nonsin-
gular matrix. If there is no significant change between any two values py and pgy1 then it
is not possible to determine if a subset of the subresultant matrices are singular. In these
cases, it may be necessary to consider a threshold 7, such that if py > 7, then Sk(f,g) is

nonsingular.
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The methods described above are all derivative of either the QR decomposition or
the SVD of the set of subresultant matrices. In the following example, the singular values
{oki| k=1,...,min(m,n); i =1,...,m+n—2k+2} and the diagonal entries { Ry j(i,1) |
k=1,...,min(m,n); i =1,...,m+n— 2k + 2} will be considered. It will be shown how
both methods generally give the same result, but a different pattern amongst the two sets

of values is observed.

Example 3.2.1. Consider the Bernstein form of the polynomials f(x) and §(z) of degrees

m = 39 and n = 42 respectively, whose factorisations are given by

f(z) = (x — 5.8265747784)7 (x — 1.2435487954)° (z — 0.85487987)(x — 0.26)>
(z — 0.217612343)3 (2 — 0.157981)%(x + 0.27564657)5 (2 + 1.56)"

g(z) = (z — 1.2435487954)5 (x — 0.99102445)° (x — 0.4579879)% (x — 0.217612343)>
(z — 0.157981)%(x + 0.12)*(z + 1.56)".

The GCD of f(z) and §(z), di(z) of degree t = 24, has a factorised form given by

di(z) = (z — 1.2435487954)° (x + 1.56)7 (x — 0.217612343)3(x — 0.157981)°.

Noise is added to the coefficients of f(z) and §(z) such that the coefficients of the inexact
polynomials f(x) and g(x) are given by

a; = a; +ryia;ep; and b = Z;j + ng'lsjeg’j, (3.24)
where {rf; | i=0,...,m} and {ry; | j =0,...,n} are uniformly distributed random
variables in the interval [—1,1], and {es; | i =0,...,m} and {¢g; | 7 =0,...,n} are

uniformly distributed random variables in the interval [10_12, 10_10]. The polynomials
f(z) and g(x) are preprocessed by methods which are described in a later section. The co-
efficients of the unprocessed polynomials f(z) and g(x), and the preprocessed polynomials

fi(w) and i (w) are plotted in Figure 3.1. The singular values {o},;} of the preprocessed

10
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i : Coefficient Index
Figure 3.1: The coefficients of both the unprocessed polynomials f(x) (M) and g(z) (+)
and the preprocessed polynomials fi(w) (M) and ;g1 (w) (o) in Example 3.2.1
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subresultant matrices {Sy(f1(w), @1§1(w))} are plotted in Figure 3.2i. Diagonal entries of
the matrices {R; s} are plotted in Figure 3.2ii, where R; ; is obtained by the QR decom-
position of the kth preprocessed subresultant matrix. Both methods reveal the degree of
the GCD as t = 24, but have significantly different sets of values.
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(i) The singular values {oy;} of the (ii) The diagonal entries of the matrices
preprocessed subresultant matrices {R1} obtained by the QR decomposition of

{Sk(fr(w), argr(w))} subresultant matrices { Sk (f(w), argr(w))}

Figure 3.2: The singular values of {S;} and the diagonal entries of {R; ;} from the QR
decomposition of {Sk} in Example 3.2.1

O

This section has considered methods for the computation of the degree of the GCD
(or AGCD) of two univariate polynomials in Bernstein form. Several methods based on
either the QR decomposition or the SVD were considered.

In Example 3.2.1 there is a clear separation between the numerically zero and non-
zero singular values in the decomposition of each subresultant matrix Sy for k =
1,...,min(m,n) in the subresultant matrix sequence. However, there is not a distinct
separation between the numerically zero and non-zero diagonals of the matrices {R; }
for K = 1,...,12. The remainder of this thesis makes frequent use of the singular value

decomposition for the computation of the degree of the AGCD of two inexact polynomials.

3.3 The Optimal Variant of the Subresultant Matrices for
the Computation of the Degree of the GCD

Five subresultant matrix variants were considered in Section 3.1.4, and methods for the
computation of the degree of the GCD were considered in Section 3.2. Now, by a set of
examples, it will be shown that D! e L ( F(x),§(x))Qp is typically the optimal variant
of the subresultant matrix for use in the computation of the degree of the GCD and the
approximation of its coefficients. The chosen examples are non trivial and include poly-
nomials whose coefficients span many orders of magnitude, and are of signifcant degree.
However, the examples included are not exhaustive, and the stated optimality is in relation

to the examples shown, and should no rigorous proof of optimality is given.
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Theoretically, the rank of each variant is equal, that is,

vank (D), T (F(2),9(2)) Qu ) = rank (DL, T (A(x),é(x)))
= rank (Tk ( (z ) Qk
= rank (Tk ( J(x ))

= rank (Sk (f(x),f}(x))) .

However, in practical problems, the numerical rank of these matrices can differ, and in
this set of examples some variants are better suited to the computation of the degree of
the GCD. This does not discount the other variants which under preprocessing and with
infinite precision, are equally valid choices.

Example 3.3.1 considers scaling the coefficients of the polynomial f (x) in the first par-
tition of each subresultant matrix variant due to their coefficient multipliers. The scaling
effect of the coefficient multipliers across both partitions of the subresultant matrices are
then considered in Example 3.3.2, where heat maps of the entries of f(z) and §(x) for
each of the subresultant matrix variants are plotted. Finally, Example 3.3.3 considers the
singular values of the set of subresultant matrices for each subresultant matrix variant as

a method for the determination of the degree of the GCD of two polynomials.

Example 3.3.1. Let f(z) and §(z) be polynomials of degree m = 5 and n = 11, and
consider the scaling effect on the polynomial coefficients a; due to the coefficient multipliers
found in the entries in the first subresultant matrix for all variants. This example considers
the scaling of six coefficients a; for ¢ = 0,...,5, in each of the eleven columns {¢; | j =
0,...,10} of the four subresultant matrix variants. The first variant given by T,_(f(z))
is omitted in this example since the coefficient multiplier of entries containing a; is equal for

all columns. The four variants considered are (i) Dm}m an_k(f(x)), (1) Ty (f () Qs

1 —
(iii) D;.Y Tk (F(2))Qng and (iv) D;.} . To g (£(2))Qns.
In Figures 3.31 to 3.3iv the ith plotted line represents the scaling of coefficient a; due
to coefficient multipliers across each column of the four subresultant matrix variants. For

instance, Figure 3.3i plots the coefficient multipliers which multiply any one coefficient a;

in D_ Tn_k(f(x)), that is, the coefficient multipliers { (mgg)k) | j=0,...,n— k:}
i+j
are plotted for each a;. From Figure 3.3i it can be seen that tﬁe entries in the middle

m+n k

columns are of significantly smaller magnitude than those in the surrounding columns,
while in Figure 3.3ii the opposite is true and scaling due to the coefficient multipliers in
the middle columns is significantly larger than in the remaining columns.

The optimal form of scaling is given by the coefficient multipliers in the variant
D,
unit interval.

T f (2))Qn—k as seen in Figure 3.3iii, where coefficients are scaled over the

Example 3.3.2. This example considers the scaling (due to the coefficient multipliers)
of the coefficients of f(z) and §(z) in the entries of the fifth subresultant matrix for each
of the four variants. In this example the arbitrary polynomials f (z) and g(z) of degrees
m =5 and n = 15 are considered.

Heat maps of the coefficient multipliers in the entries of the fifth subresultant ma-

trix of the sets (1) {Tx(f(2), 5(x))}, (i) {D,, L,k Tu(f(x), §(2)}, (iii) {Tk(f(2), §(2))Q}
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Figure 3.3: Scaling of the coefficients {a; | i =0,...,5} in the first partition of four
subresultant matrix variants where k£ = 5 in Example 3.3.1

and (iv) {D;lin_ka(f(a:),g(ac))Qk} are plotted in Figure 3.4 In Figure 3.4i the co-
efficient multipliers in the second partition are significantly larger than the coefficient
multipliers in the first partition for the variant Ty (f(z), g(x)), since n >> m. The coeffi-
cient mulAtipliers in Aboth partitions are of similar magnitude for D;ﬁm_ka( f(x),9(x))
and Tg(f(z),§(x))Qk, but Figure 3.4ii and Figure 3.4iii show that some entries in
D;nin_ka(f(z),g(x)) and Ty, (f(z), §(x))Qp are subject to more scaling than others be-
cause their coefficient multipliers are larger.

From Figure 3.4iv it can be seen that the optimal form of scaling is achieved by the
subresultant matrix variant given by Dr_n{i-n— oL ( f(x), §(x))Qp, where non-zero entries in

both partitions are equivalently scaled.

Example 3.3.3. Consider the Bernstein forms of the exact polynomials f (z) and g(z) of
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Figure 3.4: The magnitude of the coefficient multipliers in the fifth subresultant matrix
of the four subresultant matrix variants in Example 3.3.2

degrees m = 25 and n = 17, whose factorised forms are given by

(z) = (z — 1.46)2(z — 1.37)3 (2 — 0.82)3(z — 0.75)%(z — 0.56)%(z — 0.1)3(2 + 0.27)3
§(x) = (x — 2.12)(x — 1.37)3(z — 1.2)3(x — 0.99)*(z — 0.75)3(z — 0.56)8(z — 0.1)?

>

and whose GCD d(z, y) of degree ¢t = 16 is given by

d(z) = (z — 1.37)%(x — 0.75)3(z — 0.56)%(x — 0.1)2.

Random noise is added to the coefficients of f(z) and §(x) such that the coefficients of the
inexact polynomials f(x) and g(x) are given by (3.24), where {ry; | i =0,...,m} and
{rgj | 7 =0,...,n} are uniformly distributed random variables in the interval [—1,1],
and {ef; | i =0,...,m} and {¢g; | j = 0,...,n} are uniformly distributed random
variables in the interval [10_12, 10_10].

The singular values {oy; | & = 1,...,min(m,n);i = 1,....m +n — 2k + 2}
of the sets of subresultant matrices (i) {Tx(f(x),g(z))}, (i) {D;lin_ka(f(x),g(:v))},
(iii) {Tp(f(x),g(x))Qx} and (iv) {D;Iin_ka(f(:c),g(m))Qk} are plotted in Figures 3.5
to 3.51v.

Two methods, DC1 and DC2, can be used to determine the degree of the AGCD



Chapter 3. The Univariate Polynomial GCD - The Two Polynomial Problem 89

5 10
5
NI H”””H!
e SRR R R R R R R — :::::::o....:3::::°‘
,\Q" oooooooooooooooo &-5'.'..."::: oooooo
3—10’ ................ 73 f::!:zzz,..::"
= N EEE R = R 1
20 N o0-10f + t eyt .
9 I I i tes g
-15¢ e ., 4 c., .
!233.0: t:16 _157...'
t=16
—20‘:::~. 20t -
-25 : : : ‘ -25 : ‘ : :
5 10 15 20 5 10 15 20
k k
(1) {7k (f(x),9(x))} (i) {T% (f(2), 9(z)) Qr}
0 0
SNRRRRNRRER i e Es
H“i!ii!ii‘!‘j....
N EEEEEEEE R R R EERREEED
g :::::.l..'..
~—-15¢
o
—
g ojiiiiiiiiiiiiety
L IR N
i . s "20'::::.,:.'
R EEESIEE t=16 e
SRR PREE t=16
-30+ E (R
-35 ‘ : : : -30 : ‘ ‘ :
5 10 15 20 5 10 15 20
k k
(iii) {Dy}, Tk (f(2), 9(2))} (iv) {D,} 1Tk (f(2), 9(2)) Qr}

Figure 3.5: The singular values {0} ;} of each subresultant matrix for each of the four
subresultant matrix variants in Example 3.3.3

from the SVD of the set of subresultant matrices in this example. These methods were
described in Section 3.2.1. From Figures 3.5i to 3.5iii, the degree of the AGCD cannot
be determined by either of the DC1 or DC2 methods and there is no clear, discernible
separation between the non-zero and numerically zero singular values of theses subresultant
matrices. However, in Figure 3.5iv the non-zero and numerically zero singular values of the
subresultant matrices {Si (f(x),g(z))} are shown to be well separated and the degree of
the AGCD is correctly determined as t = 16 by DC1 due to the separation of the singular
values of the first subresultant matrix.

In this example, the degree of the AGCD is not correctly determined by the DC2
method when only considering the set of minimum singular values {pp = log (%)}
of any of the four variants, since max{dpy} (defined in (3.16)) is small for all k =
1,...,min(m,n) — 1.

O



90

Example 3.3.4. This example is similar to the previous example, but here the degree m

of f(x) is significantly larger than the degree n of §(z), where f(z) and §(z) are given by

f(x) = (x — 1.46)(x — 0.82)3°(z — 0.7515678)%(x — 0.37)° (2 — 0.10122344) x
(z + 2.27564657)%°
G(x) = (x — 1.2222222)(z — 0.99102445)° (z — 0.7515678)*(x — 0.37)(z — 0.12)5,

which are of degrees m = 59 and n = 18 respectively. The GCD cit($) of degree t = 7 is
given by

~

di(z) = (z — 0.7515678)(x — 0.37)5.

Noise is added to the coefficients of f(z) and §(z) as in (3.24), where {€i | i=0,...,m}
and {€¢; | j = 0,...,n} are uniformly distributed random variables in the interval
[10719,1079].

The singular values of each of the sets of subresultant matrices (i) {Tx(f(x), g(z))},
(i) (DL Telf (), 9())}, (i) {T(F(2), g(2))Ox} and (iv) {DL, W Tk(F(x), 9(2))Qx)
are plotted in Figures 3.6i to 3.6iv.

The singular values of the set of subresultant matrices {T%(f(z), g(x))} are plotted in
Figure 3.6i. From the set {o}; | k£ =1,...,min(m,n); i =1,...m +n — 2k + 2}, this
variant is ill-suited to the purpose of computing the degree of the AGCD by analysis of the
set of singular values. There is a clear separation between a subset of large singular values
of magnitude in the interval [10°, 10'°] and the remaining singular values of magnitude less
than one. However, this separation is due to poor scaling of the two partitions C,,_(f(x))
and C,,—r(g(z)), and is not indicative of numerical rank deficiency in all of the subresultant
matrices.

There is however some suggestion of separation between the numerically zero and non-
zero singular values of the set of subresultant matrices {D;Lin_ka( f(z),g(x))} seen in
Figure 3.6ii. Recall from the DC2 method that the degree of the AGCD is given by the
index of the maximum change in magnitude of the minimum singular values, that is, the
index of the maximum entry of the set {Jp; i = 1,...,min(m,n) — 1}. Where each ép;,
defined in (3.16), is given by dp; = pi+1 — pi and p; = log (). The maximum entry of
the set {0p;} is given by dp7. Therefore, the degree of the AGCD is correctly determined

to be t = 7. However, dp7 is only marginally larger than the other entries in the set {dp;}.

-1
m+n—k

with a more significant separation found between the set of non-zero and numerically zero

The subresultant matrices in the set {D Tr(f(x), g(2))Qr} have singular values
values {o;; | k=1,...,min(m,n); i =1,...,m+n—2k+2}. These singular values are
plotted in Figure 3.6iv.

The set of minimum singular values can be used for the computation of the degree
of the GCD as described in the DC2 method. The minimum singular values are denoted
{6k} The maximum entry in the set {dp;} is given by dp7 and the degree of the AGCD
is given by ¢ = 7. There is also a separation between the numerically zero and non-zero
singular values of the first subresultant matrix S;(f(x),g(z)). By the DC1 method, the
degree of the AGCD is given by the numerical rank loss of S1(f(x), g(z)), which also gives
the degree of the AGCD as t = 7. The degree of the AGCD can therefore be determined
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by several methods which use the singular values of this set of subresultant matrices.

Finally, approximations of the coefficients of the cofactor polynomials 4, (z) and 0;(x)
and the AGCD d;(z) are computed from the tth subresultant matrix for each subresultant
matrix variant. The errors between the approximations w(x), vi(x) and di(x) and the
exact polynomials @i (), 9;(x) and dy(x) are given in Table 3.1. These approximations
are obtained by the least squares solution to a system of equations derived from the tth
subresultant matrix, a method which is described in Section 3.5. Given that the degree
of the AGCD is correctly computed, both the variants of subresultant matrix given by
Dﬂ_qinftTt(f(x),g(x)) and D;inftTt(f(x),g(a:))Qt return approximations which are of
similar accuracy.

| Method || T(f.9) | DR Tu(f.9) | Tu(f.9)@Q: | DRY,  Ti(f.9)Q: |

Error 4;(x) - 4.616148e — 08 - 4.615582¢ — 08
Error ¢(z) - 1.749660e — 07 - 1.749654¢ — 07
Error dy(z) - 1.988072¢ — 07 - 1.988315¢ — 07
Average Error | - | 1.399782¢ —07 | - | 1.399843¢ — 07

Table 3.1: Error in the approximations of @ (x), o (z) and dy(z) in Example 3.3.4

Some precision has been lost when compared to the noise of the input polynomials, but
methods such as preprocessing the polynomials and computing the low rank approximation
of the subresultant matrix will yield improved results in later sections.

O

The five variants of the set of subresultant matrices are given by:
() {Tk(f (), 3(2))},
(i) {Tk(f (), 3(2)Qx}

(ii)) {D;%,—y T(f(2), 3(x))}
(iv) {0 i Ti(f (@), 3(2))Qn}
V) A Te(f (@), () Qn}

for k=1,...,min(m,n).

The SVD of the subresultant matrices of any of these variants can, in theory, be used
to determine the degree of the GCD or AGCD. In practice, however, there are three
situations in which some of the variants fail. These are (i) when noise is added to the
coefficients of f(z) and §(x), (ii) when the degrees of one or both of the polynomials are
large and (iii) when the coefficients of f(z) and §(x) span different ranges of magnitude.

It was shown in Example 3.3.3 that the optimal variant of the subresultant matrix
sequence is given by {D; ! e Lk ( f(x),§(x))Qx} due to the coefficient multipliers being of
similar magnitude across all entries in both partitions of each of the subresultant matrices.
This variant also exhibited the best separation between the numerically zero and non-zero

singular values of its SVD.
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Figure 3.6: The singular values {0} ;} of each subresultant matrix for each of the four
subresultant matrix variants in Example 3.3.4

The ratio of the entry of maximum magnitude to the entry of minimum magnitude in
the matrices of the subresultant matrix sequence {D;imfka(f(aj), §(2))Qx} may still be
large. This could be caused by the coefficients of one polynomial being much larger than
the coefficients of the other. Alternatively, the degree of one polynomial may be signifi-
cantly larger than the other. It is therefore advantageous to preprocess the subresultant

matrices and methods of preprocessing are considered in the next section.

3.4 Preprocessing the Subresultant Matrices

The previous section described how it is advantageous to compute the degree of the GCD
of two polynomials f(z) and §(z) from the sequence of subresultant matrices of the form
{Sk(f(z),4(z)) = DL, Te(f(2),3(2))Qk}. The polynomials f(z) and j(z) are pre-
processed for use in each subresultant matrix, which typically results in a more reliable
computation of the degree of the GCD and its coefficients with minimal additional com-
putational complexity.

In this section three preprocessing stages are developed and applied to the polynomials
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used in the subresultant matrices. These preprocessing operations have previously been
developed for the subresultant matrices of two polynomials in the power basis in [69,70,72,
73], where preprocessing is only required once since the entries of each subresultant matrix
are equal. However, the subresultant matrices Si(f(x), §(x)) for k = 1,...,min(m,n) of
two polynomials in Bernstein form have entries which depend on k, and the preprocessing
of each subresultant matrix is considered independently [9,74]. This section summarises
the cited work, as well as taking further steps to reduce computational complexity.

The method of preprocessing in this section is defined for exact polynomials f () and
g(z), but these same preprocessing operations can also be applied to inexact polynomials
f(x) and g(z), as in the examples at the end of the chapter.

The three preprocessing operations are now briefly described before being considered

in more detail:
1. Normalisation by Mean of Non-Zero Entries of the Subresultant Matrix

The coefficients of f (z) and g(x) may span many orders of magnitude, and the en-
tries of the partition Cp,_(f(x)) may be much smaller or larger than the entries
of Cp—k(g(z)). It is therefore necessary to scale the polynomials by the arithmetic
or geometric mean of their entries in their respective partitions of Si(f(z),g(z)).
The choice of normalisation method is discussed in [71], where the arithmetic mean,
geometric mean and 2-norm are considered. Division of non-zero entries by their
geometric mean is preferred, particularly in cases where the coefficients of the input
polynomials span many orders of magnitude. On first inspection, the geometric mean
and arithmetic mean of the non-zero entries in the partitions of the subresultant ma-
trices have a significantly more complicated expression than an equivalent Sylvester
matrix of two polynomials in the power basis. However, simplified expressions can
be derived. The polynomials normalised by the mean of the non-zero entries in the

kth subresultant matrix are denoted fi(z) and gi(z).

Since the polynomial GCD is defined within scalar multipliers, the GCD of the

normalised polynomials is equal to the GCD of the original forms:

GCD (f(@), 4(2)) ~ GCD(fu(a), gu(x) )
where ~ is an equivalence to within a non-zero scalar multiplier.

2. Scaling the Partitions of the kth Subresultant Matrix
The polynomial GCD is defined to within a scalar constant, so GCD(f(z),j(z)) ~

GCD(f(z),ag(x)). Similarly,

rank (Sk (fx(2), ge(z))) = rank (Sk (fi(2), age(2))),

so both forms can be used in the computation of the degree t of the GCD. However,
typically better results are obtained in the version where the two partitions are bal-
anced due to the inclusion of an optimised « for k = 1,..., min(m,n). The optimal
value ay, is chosen such that the non-zero entries in C,_(fx(2)) and Cy,_1(crgr(z))
are of a similar order of magnitude. The computation oy requires the solution of a

linear programming problem for each subresultant matrix.
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3. Change of Independent Variable

The independent variable x is replaced by the independent variable w using the sub-
stitution = fw . The non-zero parameter € R is optimal when the coefficients of
the polynomials fj,(w) and i (w) are of similar orders of magnitude, and the differ-
ence between the entry of maximum magnitude and entry of minimum magnitude
in the kth subresultant matrix is minimised. As with a4, the optimal value of 6
is given by the solution of a linear programming problem, and both aj and 6 are

therefore computed simultaneously using a combined linear programming problem.

3.4.1 Normalisation
The Arithmetic Mean of the Non-Zero Entries of the Subresultant Matrices

Preprocessing the polynomials f (z) and g(z) in each subresultant matrix in the sequence

Sk(f(x),g(x)) is computationally expensive, but it is necessary since the entries of each

subresultant matrix S ( f (x),g(x)) are dependent on k. This section therefore focuses on
efficient methods for of computing the arithmetic mean of non-zero entries contained in
the two partitions of the subresultant matrices.

Let Ay (f(z)) denote the arithmetic mean of the non-zero entries in the first partition

of the kth subresultant matrix, that is, the (n — k)th convolution matrix of the polynomial

~

().

Proposition 1. The arithmetic mean of the non-zero entries in the first partition, Cp_(f(z)),

of the kth subresultant matriz is given by

At (@) = 1 IPIRALER (3.25)
nok (m+1)(n—k+1) & (minh ‘
j=0 i= i—j
and this can be simplified to the form
R m+n—~k+1 S
Aner (f(2)) = m+ 12—k +1) Z_ga (3.26)

Proof. The (n — k + 1) entries of the (i + 1)th diagonal of the matrix are of the form

(A (k)
a; (m+n—k)

m

The sum of these entries along each diagonal is given by

Z i m+n—k = mtn—k Z i 7 m—1
N G " &

m m
m+n—k+1
m+1

= Gy ’
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and therefore the computation of the arithmetic mean in (3.25) is simplified to

. 1 " o m+n—k+1
ﬂk<f(w))(m+1)(n—k+1)zz:az m+ 1
__mtn—k+1 <~
(m+1)2(n—k+ )Z « v

O]

The expression (3.25) requires the evaluation of three binomial coefficients for each of
the (n—k+1) x (m+1) non-zero entries, and this can have significant computational cost.

This is reduced significantly by utilising the new expression for A,_(f(z)) in (3.26).

Corollary 1. The arithmetic mean of the non-zero entries in the first partition, C’n_k_l(f(:c)),
of the (k + 1)th subresultant matriz Sy1(f(x), §(z)) is given by

(m+n—k)
(m+1)2(n—k+1)

Ms

An—k-1 (f(@) =

=0

Alternatively, given A,_i(f(x)) the arithmetic mean A,_ip_1(f(x)) is given by

Aucics (F0) = Gy gy * ot (7).

Corollary 2. Given JA(f(x)), the arithmetic mean of the non-zero entries of the first
partition of the (k + p)th subresultant matriz is given by

Aocaes (F0) = G ) * s (7).

which significantly reduces the complexity of computing the set of arithmetic means
{ Au_i(f(x)) | k=1,...,min(m,n)} and { Ap_r(§(z)) | k=1,..., min(m,n)}.

The Geometric Mean of Non-Zero Entries of the Subresultant Matrices

The first preprocessing operation normalises the polynomials f (z) and g(x) by the geo-
metric means Gn_x(f(2)) and Gp_r(G(x)) of their entries in the kth subresultant matrix.
This can be computationally expensive, since the geometric mean must be computed for
each subresultant matrix, the entries of which are unique compared with any of the other
subresultant matrices. For completeness, and in the pursuit of efficiency, a simplified ex-
pression for the computation of these geometric means is derived. An expression of the
geometric mean of the non-zero entries in a partition of a subresultant matrix is given
in [74], and this is now developed further.

The non-zero entries in the first partition, C,_4(f(x)), of the kth subresultant matrix

Sk(f($),g(x)) are given by
(PN e |am )

i B G B iy
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and their geometric mean as given by [74] is computed using the expression

Gn— k< ) H H m+n k) ) (3.27)
=0 7=0 i+j

which is simplified to

oy (e e (| T
gn k (f( )) = H Hn—k (m—l—n—k;

J=0\ itj

The two partitions of the rearranged form of the kth subresultant matrix, defined in
(3.12) and (3.13), give rise to a new, more efficient method of computing the geometric
means of the non-zero entries of Cy,_4(f(x)) and Cp,_x(§(x)) .

The absolute values of the non-zero entries of Cp,_(f(z)) in the rearranged form are given
by

i (z‘fl) (m—i—n—k—i—l) ’

ai ("N () |

7 m—i
Fn—k , Fnk ERRE Tnk
G G G
Proposition 2. The geometric mean Gn_i(f(x)) of the non-zero entries of Cp_p(f(2))

s given by

m n—k g, (l+j) (m+nfk7ifj)‘ m
m—i
Gur (F@) = (TTT1 - 525,
1=0 7=0 ( m )
and is reduced to the more computationally efficient expression
L (Hz 0 |az|)m7 {H Hz 0 (Z+J)] (n— k+1)(m+1)
gn—k (f(.%’)) - m+n—k .
(™)
Proof. The geometric mean in (3.28) can be considered in three parts. Let G, ( f( ) b
given by

Gn—k (f(@) = A X By x Cg,
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where

m n—k GEDTD . .
=0

i=0 j=0

1
(n—k+1)(m+1)

= (OIL(C) (050 ) e

i=0 j=0
m n—k 1 ("*k+11)(m+1) 1

¢o= 11 7mm = ek (3.31)
i=0 j=0 ( m ) ( m )

The expressions A and Cj are simplified above in (3.29) and (3.31), and the binomial
terms in B have the property that

’ﬁ“ﬁ i+ :’ﬁ“ﬁ m4n—k—i—j

i\ J N il m—1 ’

j=0 i= j=0 i=
such that (3.30) is simplified and given by

2
n—-k m ,. ny (n—k+1)(m+1)
i
By = HH( , > : (3.32)

Therefore, the geometric mean in (3.28) can be simplified to

m diﬁl n—k 11 i+j m—fwfw
G (f(@)) = e {Hj(_nfgk; ) . (3.33)

m

Similarly, the geometric mean of the entries of C,,_r(g(z)) is given by

o |bi w mo R T, (P ARG
gm_k(g(gg)) _ (leo b ) <H](:r?+3_[k)0 (3 )) |

n

The computation of the geometric means G,,—x(f(x)) and Gp,—r(g(x)) of each of the

subresultant matrices is required for the preprocessing of the polynomials { fk(af) | k=

1,...,min(m,n) } and {gp(z) | & = 1,...,min(m,n)}. Computing G,_r(f(x)) and
Gm—k(g(x)) using the expression in (3.27) is computationally expensive, and the rearrange-

ment developed in this section goes some way to reducing the complexity. An expression

is now derived for the computation of Gn_,_1(f(z)) given the component parts of the

geometric mean G,_(f(z)), and this further reduces the computational complexity.
Proposition 3. The geometric mean gn_k_l(f(x)) is given by

1

mad) e Tz e, (1 (==
Gn—k—1 (f(x)) = iz @ [HJ(:JJrnl;[l)o (' )] |

m
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Given A, By and Cy, defined in (3.29,3.30,3.31), the geometric mean Gn_p_1(f(z)) can

be expressed as

n—k+1

(m+n—k)AXxB,"" xC
.
(=) (T (35 77

Gn—k—1 (f(fc)> =

Proof. The geometric mean G, 1 ( f (z)) is given by

Gn—k—1 (f(ﬂﬁ)) = A X Biy1 X Cpy1-

Firstly, By11 is given by

9

2 2
n— m —k L+ (n—k)(m+1)
n—k—1 m . ) (n—k)(m+1) B {H?:o H:‘io (P]rj)}
- 2
i+n—k\ | (n—k)(m+1)
17 (59|

which in terms of By (defined in (3.32)) is given by

n—k-}{c—l
B,"
Bii1 = { —* } — (3.34)
H?;() (z-l—l?z;k) (n—k)(m+1)
Secondly, Cr41 is given by
1
Crv1 = (Gl
which when written in terms of Cj (defined in (3.31)), is given by
m+n—k
Cry1 = —— Cy. .
=R (3.35)
Given (3.34) and (3.35), Gn_r—1(f(z)) is given by
n—k+1
N m+n—k)AxB. """ xC
Gt (f(x)) - ( | : R
m  (i+n— n—k)(m+1
(n—k) (Hi:o ( J;Lfk ))
O

This rearranged form is computationally more efficient than the previously described
approach. The geometric means of the non-zero entries of the two partitions of the kth

subresultant matrix are denoted G,,_x(f(x)) and G,,,—x(g(z)) respectively. The coefficients

of polynomials in the kth subresultant matrix are replaced by the coefficients of normalised
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polynomials f(z) and g (), where

3.4.2 Computing the Optimal Values of o and 0

Having reduced the complexity of the first preprocessing operation, the optimal values of
«a and 0 from the second and third preprocessing operations are now computed by solving
a linear programming problem.

The second preprocessing operation scales the entries of the second partition of the kth
subresultant matrix by aj and the third preprocessing operation replaces the independent
variable z with 6w, where w is a new independent variable. Values of « and 6 are optimally
chosen such that the ratio of entry of maximum magnitude to entry of minimum magnitude
in the matrix Si(fx(w), ardr(w)) is minimised.

The three preprocessing operations yield the polynomials

where a and 0 are to be optimised.

The general expression for a non-zero entry of the first partition, Cp_y(fi(6,w)), of

~

the subresultant matrix Si(f(z), g(x)) is given by

(D) ()
me(ﬁxaao> - )

(i4j+1, 5+1) 0

i=0,...,m; j=0,...,n—k,

otherwise,

and the general expression of a non-zero entry in the second partition, Cy,_r(agx(6,w)),

is given by
Bzel ’L+J m+n7kfi7j . i
. - (er)l-(kn—kn_l ) Z:O)"'an; j:O’,..,m—]@
Con—k <C¥9(97W)> o N (")
(i+5+1, j+1) 0 otherwise.

It is convenient to define the sets of non-zero entries in the two partitions as #; ;(#) and

P (v, ) respectively, where

@it (9) (")

Py (0) = (m+n_;’)“i | i=0,...,m, j=0,....,n—k
bt () (" k)|
«@2,]@(&,0): ’l:O, 7n7j:07 7m_k

(")
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The minimisation problem described above can be written as

Py (0 P, 0
et — ang s d PP (0)), max( D (0.6)}) 556
a0 | min{min{®; 1 ()}, min{P, . (a,0)}}
for each subresultant matrix Sy for £ =1,..., min(m,n).
The minimisation (3.36) can be written as
Minimise —
v
Subject to
71_91' z+7 m+n—k‘—i—j ) )
U > 2.0 (" 7)11(%712"72 ) 1=0,....m; 7=0,....,n—k,
b0 (19 mernfkfifj . .
u > [abi0( ’,%n_k"*l ) 1=0,....n; j=0,...,m—k,
a,01 (14 mn+n—k'—i—j
v < i (12,&”,,2”_1 ) 1=0,....m; j=0,...,n—k,
Bioi (1 (mtn—k—ij (3.37)
I L (,,)LEM) ) i=0,....n; j=0,...,m—k,
v > 0,
ag > U,
ek > )
and using the set of transformations
U =logyy(u), V =log(v), ¢=1logp(0), p=1log(a),
’ai (F7) (ki) ’ by (7H) (ki) ’
_ i m—i — j n—i
m n
can be written as
Minimise Uu-V
subject to
U —ig > Q 1=0,....m; j=0,....,n—k,
U —i¢p —i > Bij i=0,...,n; j=0,....m—k
Z(? M — BZ,;] Z ) 7n7 b 7m ) (3.38>
-V +i¢ > —a;; 1=0,...,m; j=0,...,n—k,
—V +i¢p +i > —Bij i=0,....,n; j=0,....,m—k.

Since j only appears on the right-hand side of these inequalities, the values 77_’1171 and m1
are used to denote the maximum and minimum entries in the set { &; ; | j =0,...,n—k}.
Similarly, mQJ and mg ; are used to denote the maximum and minimum entries in the set

{Bij}for j=0,...,m—k and are given by

mu = man:O,...,n—k{O_éi,j} for 1=0,...,m,
Mmy,; = maszow.’m_k{@,j} for 1=0,...,n, (3.39)
my; = ming—g_ n,-rp{®;} for i=0,...,m,
ma; = minj—g . m—r{Bi;} for i=0,...,n.

The location of the maximum entry of each coefficient @; in the kth subresultant matrix
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is given by (i +j + 1,7 + 1), where j is given by

) [ n—k}
j=|ix )
m

The location of the minimum entry of the coefficient a; is given by (i +j+1,j+ 1), where

0 i< (%],
J=q0orn—Fk i=1%,
n—k otherwise.

Given this, the determination of 11y ;, My ;, m1; and ma; is of reduced complexity since
the locations of the maximum and minimum entries are already known. The minimisation

problem in (3.38) can now be written as

Minimise Uu-vVv

subject to
U _ZQZ_) > ml,i ? 07 , M,
U _Zé —H > m?,i 7 07 -5 T,
-V —|—Z¢_) > —my; 1=0,...,m,
~V +i¢ +p > —mg; i=0,...,n
In matrix form, this is given by
U U
o |4 . Vv
Minimise [ 1 -1 .00 - subject to A | _ > b. (3.40)
Pk Pk
Pk Pk
The matrix A € RGm+2n+49x4 4y (3 .40) is given by
_ _ T
A=| A, A, a1, a ] ;
where matrices A; and @; € R(™+D*4 are given by
(10 0 0] [0 -1 0 0]

—_
o
|
—_
o
o
|
—_




102

and Ay and @y € RHD*4 are given by

(10 0 —1] [0 -1 0 1]
10 -1 -1 0 -1 1 1
Ap= |10 =2 1|, g=|0 -1 21
|10 —n 1| 0 -1 n 1]

The vector b € R?"+2n+4 in (3.40) is given by
) ~ ~ ) T
b = |: m1707 ey ml’m ‘ 7722,0, ceey mg’n ‘ —myo, ..., —Mim | —M20, ..., —M2p ] R

where 171; ; and m; j are defined in (3.39).
The optimal values oy, and ), are given by 10 and 109 respectively, and the resulting

preprocessed polynomials are given by

fu(w) =) ait) <m> (1 —0pw)™ "W, where a; = &717
n . [;Z

ardr(w) = o Y bibh (n) (1-— ka)"ﬂ' W', where bj=——+ .

The following examples consider the scaling of the coefficients of two preprocessed polyno-
mials, and consequently the scaling of the entries of the sequence of subresultant matrices.
The computation of the degree of the GCD is also considered in these examples, by
analysing the singular values of each subresultant matrix for (i) unprocessed and (ii) pre-

processed polynomials.

Example 3.4.1. This example considers the effect of preprocessing on the coefficients of
the polynomials f (z) and g(z), whose preprocessed forms are given by I (w) and aggr(w).
The scaling of entries in the first unprocessed and preprocessed subresultant matrix is also
considered.

Consider the Bernstein form of exact polynomials f () and g(z) of degrees m = 4 and

n = 4, whose factorised forms are given by

f(z) = (x+0.1)%(x 4+ 0.2)(z 4+ 0.3)
§(x) = (x — 0.2)(z 4+ 0.1)*(z +0.2),

and whose GCD czt(x) of degree t = 2 is given by

~

di(z) = (z +0.1)2.

Noise is added to the coefficients of f(z) and §(z) to give the inexact polynomials f(z)
and g(z), whose coefficients are given by (3.24), where {ry;} and {ry;} are uniformly
distributed random variables in the interval [—1, 1], and the set of values {e¢;} and {4 ;}
are uniformly distributed random variables in the interval [10_12, 10_10].

The polynomials f(z) and g(x) are preprocessed such that the preprocessed polynomi-
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0.5

log1y(R)
logy, (%)

% 1 2 3 s % 1 2 3 4
i : Coefficient Index i : Coefficient Index
(i) Coefficients of f(z) () and fi(w) (M) (ii) Coefficients of g(z) () and a1 g1 (w)
(M)

Figure 3.7: The coefficients of both the unprocessed polynomials f(r) and g(z) and the
preprocessed polynomials fi(w) and «1g1(w) in Example 3.4.1
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-Inf
Inf
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(i) Entries in S;(f(x),g(x)) (ii) Entries in S;(f1(w), a1d1(w))

Figure 3.8: The absolute values of the entries of the (i) unprocessed and (ii)
preprocessed Sylvester matrices in Example 3.4.1

als are given by fl (w) and a1 (w) where ay = 0.6408 and 6, = 0.1362. The coefficients of
the unprocessed and preprocessed polynomials are plotted in Figure 3.7, where it can be
seen that the coefficients of the unprocessed polynomials span four orders of magnitude

while the coefficients of the preprocessed polynomials only span one order of magnitude.
The overall effect of this scaling is seen in Figure 3.8, where heat maps of the log of
the entries of the (i) unprocessed and (ii) preprocessed Sylvester matrix are shown. It is
observed that the non-zero entries in the preprocessed subresultant matrix (Figure 3.8ii)
span many fewer orders of magnitude than the unprocessed Sylvester matrix (Figure 3.81).
O

Example 3.4.2. This example considers the scaling of the polynomials f(z) and g(x),
and the computation of the degree of the GCD by minimum singular values of the (i
unprocessed and (ii) preprocessed subresultant matrices.

Consider the Bernstein form of the exact polynomials f(z) and §(z) of degrees m = 21
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and n = 20, whose factorised forms are given by

(z) = (x — 1.46)%*(z — 1.37)%(z — 0.82)%(x — 0.75)*(z — 0.56)*(z — 0.1)3(z + 0.27)3
§(x) = (x — 2.12)(x — 1.37)3(z — 1.2)*(z — 0.99)*(z — 0.75)3(z — 0.56)* (2 — 0.1)2.

>

The GCD d(x) of degree t = 12 in factorised form is given by

A~

d(z) = (x — 0.75)% (x — 0.1)* (z — 0.56)* (x — 1.37).

Noise is added to the coefficients of exact polynomials f(x) and §(z) such that the coeffi-
cients of the inexact polynomials f(x) and g(x) are given by (3.24), where the set of values
{rs:} and {ry;} are uniformly distributed random variables in the interval [—1,1], and
{eri} and {eg;} are uniformly distributed random variables in the interval [107'2,10719].

The polynomials f(z) and g(z) are preprocessed for each of the k subresultant matrices,
thereby producing the sets { f;(w) | i =1,...,20} and { a;gs(w) | i = 1,...,20} such that
the preprocessed subresultant matrices are given by { Si.(fx(w), agr(w)) | k=1,...,20}.

Coefficients of the unprocessed polynomials f(z) and g(z), and preprocessed polyno-
mials fi(w) and a1§(w) are plotted in Figure 3.9. The coefficients of the unprocessed
pair of polynomials span = 12.5 orders of magnitude, while the coefficients of the pair of

preprocessed polynomials only span = 7 orders of magnitude.

10

T @)~ () o (@) - 9(a)

L L L L L L L L L \7
2 4 6 8 10 12 14 16 18 20
i : Coefficient Index

-15
0

Figure 3.9: The coefficients of both the unprocessed polynomials f(z) (e) and g(x) (*)
and the preprocessed polynomials fi(w) (e) and a1§1(w) (e) in Example 3.4.2

The degree of the GCD is computed using DC2, that is, the method of degree com-
putation using minimum singular values described in Section 3.2.1. The sets of minimum
singular values {d | K =1,...,20} of the (i) unprocessed and (ii) preprocessed subre-
sultant matrices are plotted in Figure 3.10i and Figure 3.10ii respectively.

The degree of the GCD can with confidence be determined from the minimum singular
values of the preprocessed subresultant matrices (Figure 3.10ii). There is a clear separation
between the set of values { p; = logg(d;) | ¢ = 1,...,12} and the set { p; = log;o(6:) |
i =13,...,20}. The two separate sets of numerically zero and non-zero minimum singular

values are indicative of rank deficient and full rank subresultant matrices respectively.
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The maximum change in the set {px} occurs between k = 12 and k = 13, that is, dp12 is
maximal in the set {dp; | i = 1,...,min(m,n) — 1}. The degree of the GCD is therefore
correctly identified as t = 12.

However, there is not a clear separation amongst the minimum singular values {p, =
logig(6x) | K = 1,...,20} of the unprocessed subresultant matrices {Sk(f(x),¢g(x))} in
Figure 3.10i. By the same method, the index of maximum change in {p;} is given by

i = 12, but the value dp12 is not significantly larger than the other entries in the set {dp;}.

log (&)

logy (Gr)

T T T T T T T T SO T S
E 1 S T S S Y N T SO S S
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

k k
(i) The minimum singular values {d} of (ii) The minimum singular values {¢y} of
the unprocessed subresultant matrices the preprocessed subresultant matrices
{Sk(f(2),9(x))} {Sk(fr(w), ke (w))}

Figure 3.10: The minimum singular values {6y} of the (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 3.4.2

O

Example 3.4.3. This example considers the scaling of the polynomial coefficients and
the computation of the degree of the GCD using the complete set of all singular values for
the (i) unprocessed and (i) preprocessed subresultant matrices. The degrees of f(x), §(z)
and d(z), given by m = 42, n = 39 and ¢ = 28, are significantly larger than in previous
examples.

Consider the Bernstein form of the exact polynomials f(z) and §(x), whose factorised

forms are given by

f(x) = (x —5.56)%(x — 1.46)* (2 — 1.37)3(z — 1.2435487954)%(x — 0.82)3x
(z — 0.7515678)'% ( — 0.10122344)* (z 4 2.27564657)*
g(x) = (z — 5.56)%(x — 2.12) (x — 1.37)3(z — 1.2435487954)% (x — 1.2222222)%x
(z — 0.99102445)* (2 — 0.7515678)15,
and whose GCD d(z) of degree t = 28 is given by

d(z) = (z — 5.56)%(z — 1.37)3(x — 1.2435487954)%(x — 0.7515678)*.

Random noise is added to the coefficients of f(z) and §(z) in the same way as in the
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previous example, and {es;} and {¢, ;} are uniformly distributed random variables in the
interval [10712,1071].

0 5 10 15 20 25 30 35 40
i : Coefficient Index

Figure 3.11: The coefficients of both the unprocessed polynomials f(x) () and g()
(e) and the preprocessed polynomials fi(w) (e) and ;i (w) (o) in Example 3.4.3

In Figure 3.11 the coefficients of the unprocessed and preprocessed polynomials f(z),
g9(z), fi (w) and «a1g1(w) are plotted. The coefficients of the unprocessed polynomials
f(z) and g(x) span approximately 20 orders of magnitude, while the coefficients of the
preprocessed polynomials f; (w) and a1g1(w) only span & 10 orders of magnitude.

In Figure 3.12 the two complete sets of singular values of the (i) unprocessed and
(ii) preprocessed subresultant matrices are plotted. It is not possible to determine the
degree of the AGCD from the singular values of the unprocessed subresultant matrices
{Sk(f(x),g(z))} shown in Figure 3.12i. There is no clear separation between the numeri-
cally zero and non-zero singular values. Both DC1 and DC2 fail to compute the degree of
the GCD.

However, in Figure 3.12ii there is a clear separation between the numerically zero
and non-zero singular values of {S(fr(w), ugr(w))}. By both methods DC1 and DC2,
the set of subresultant matrices { Si(fi(w), wgrn(w)) | k = 1,...,28} are identified as
numerically singular, while the remaining subresultant matrices { Sg(fi(w), arde(w)) |
k=29,...39} are full rank. The degree of the AGCD is therefore correctly determined
to be given by t = 28.

Results using the sets of singular values from the Sylvester matrix and the sequence
of subresultant matrices are now compared with the singular values of the preprocessed
Bézoutian matrix B(f, g) obtained using the method described in [74]. The degree of the
GCD of two polynomials is given by the rank loss of the Bézoutian matrix B(f, g).

In Figure 3.13 the normalised singular values {o;/o1 | i = 1,...,max(m,n)} of the
Bézoutian matrix are plotted on a logarithmic scale. The degree of the GCD can be
computed by a method similar to DC1. The SVD of the Bézoutian matrix B(f, g) has
max(m, n) singular values. The rank of B(f, g) is given by the number of non-zero singular
values and the degree of the GCD is given by max(m,n) — rank(B(f, g)).

The degree of the GCD cannot, however, be determined from this set of singular values.

Since it is known that the degree of the GCD is given by t = 28, a large negative change



Chapter 3. The Univariate Polynomial GCD - The Two Polynomial Problem 107

35 . . . . . . . 10 I I I I I I I
5 10 15 20 25 30 35 5 10 15 20 25 30 35

k k
(i) The singular values {0y ;} of the (ii) The singular values {oy ;}. of the
unprocessed subresultant matrices preprocessed subresultant matrices
{9k(f(x), g(x))} {Sk(fe(w), arge(w))}

Figure 3.12: The singular values {0y, ;} of the sets of (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 3.4.3

k=14

Bezout matrix with § = 2.3746

-30
0 5 10 15 20 25 30 35 40

{
Figure 3.13: The normalised singular values {o;/01} of the Bernstein-Bézoutian matrix

B(f,9)

would be expected between log,(c14/01) and log;,(015/01) to indicate that o4 is the last

numerically non-zero singular value.

O

Example 3.4.4. In Example 3.3.3 it was shown that D;Lin_ka(f(x),g(x))Qk was the
optimal variant of subresultant matrix for the computation of the degree of the GCD. The
polynomials f(z) and g(x) for this example are given by adding noise to the coefficients

of the Bernstein form of the exact polynomials f (z) and g(z) defined in Example 3.3.3

(z) = (z — 1.46)*(z — 1.37)3(x — 0.82)*(x — 0.75)*(z — 0.56)%(z — 0.1)3(x + 0.27)3
g(x) = (x —2.12)(z — 1.37)3(z — 1.2)*(z — 0.99)*(z — 0.75)3 (2 — 0.56)%(x — 0.1)2.

>

Again, {es,} and {¢, ; } are uniformly distributed random variables in the interval [10~!2,1071].

The inexact polynomials f(z) and g(x) are preprocessed to produce the sets of polynomials
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{fr(w) | k=1,...,min(m,n)} and { oggp(w) | k=1,...,min(m,n)}.

The singular values {0y, ;} of the (i) unprocessed subresultant matrices {S;(f(z), g(x))}
and (i) preprocessed subresultant matrices { S (fi(w), axgr(w))} are plotted in Figure 3.14i
and Figure 3.14ii respectively. In Figure 3.14i there is a clear separation between the nu-
merically zero and non-zero singular values of each subresultant matrix. However, the
last numerically zero singular value of Si(f(z),g(z)) is similar to the smallest non-zero
singular value of S17(f(x),g(x)), that is, p1g =~ p17 where p; = logy(;).

This is easier to see in Figure 3.15, where only the minimum singular values of each
subresultant matrix are plotted. Consider the use of the the method DC2 for the com-
putation of the degree of the GCD by the set of minimum singular values as described in
Section 3.2.1. Let dp; be the change between any two consecutive p; and p;+; as defined
in (3.16). Since the degree of the GCD is given by ¢ = 16, theoretically, max{dp;} is given
by dp16. While this is true, dpig is not significantly larger than all other §p; in the set
{pi}, that is, the change between pis and p17 is not significantly larger than the change
between any other consecutive p; and p;y1.

This is in contrast to the clearly defined separation between the rank deficient and full
rank preprocessed subresultant matrices whose singular values are plotted in Figure 3.14ii
and whose minimimum singular values are plotted in Figure 3.15ii. The degree of the GCD
can be computed by (i) the set of singular values of the first subresultant matrix, (ii) the
maximum change in magnitude of the minimum singular values of each subresultant matrix

or (iii) observation of the complete set of singular values of all subresultant matrices.

15
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(i) The singular values {oy ;} of the (ii) The singular values {oy ;} of the
unprocessed subresultant matrices preprocessed subresultant matrices
{Sk(f(x), 9(x))} {9k (fr(w), kgr(w))}

Figure 3.14: The singular values {0 ;} of the (i) unprocessed and (ii) preprocessed
subresultant matrices in Example 3.4.4

Example 3.4.5. Consider the Bernstein form of the exact polynomials f () and g(x) of
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logy (dk)

1 3 5 7 9 11 13 15 17 19 21 23

k
(i) The minimum singular values {d} of the  (ii) The minimum singular values {¢}} of the
unprocessed subresultant matrices preprocessed subresultant matrices
{Sk(f(2), 9(x))} {Sk(fr(w), onge(w))}

Figure 3.15: The minimum singular values {6y} of the (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 3.4.4

degrees m = 35 and n = 31, whose factorisations are given by

f(@) = (x —1.46)%(z — 1.37)3(x — 0.82)3 (2 — 0.75) " (z — 0.56)%(z — 0.1)%(z: 4 0.27)3
§(x) = (x — 2.12)(z — 1.37)3(z — 1.2)3(x — 0.99)*(z — 0.75)1%(x — 0.56)% (z — 0.1)>.

The factorised form of the GCD d(z) of degree t = 23 is given by

d(z) = (z — 1.37)3(z — 0.75)*%(z — 0.56)%(z — 0.1)%.

Noise is added to the coefficients of the exact polynomials f (z) and g(x), and the coef-
ficients of the inexact polynomials f(z) and g(x) are given by (3.24), where {es;} and
{€g,;} are initially set equal to 10712 and in the second experiment set equal to 1074, The
sets of values {r;;} and {ry;} are uniformly distributed random variables in the interval
[—1,1].

This example shows that the degree of the GCD of two polynomials can be computed
by analysis of the singular values of the set of subresultant matrices, and that in the
presence of noise this computation is less likely to succeed. However, preprocessing the
polynomials typically allows for the recovery of the degree of the GCD where the use of
unprocessed polynomials would otherwise fail.

The sets of singular values of each subresultant matrix of the (i) unprocessed and
(ii) preprocessed polynomials are computed at two noise levels. The singular values of
the subresultant matrices {Si(f(z),g(z))} containing the coefficients of the unprocessed
polynomials are plotted in Figure 3.16. Meanwhile, the singular values of the set of
subresultant matrices { Sy (fr(w), xgr(w))} containing the coefficients of the preprocessed
polynomials are plotted in Figure 3.17. From these graphs, it can be seen that the singular
values of the subresultant matrices of preprocessed polynomials give a clearer indication of

the degree of the GCD even at the highest noise levels, while there is minimal separation
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between the non-zero and numerically zero singular values of the subresultant matrices of

unprocessed polynomials even at low noise levels.
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(i) {esi} = {eg;} = 107"
The singular values {o};} of the unprocessed subresultant matrices

{Sk (f(x),9(z))} for noise at levels (i) 1072 and (ii) 10~* in Example 3.4.5

() {eri} = {eg} = 1071

Figure 3.16
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(ii) {eri} = {eg 5} =107*

The singular values {0y ;} of the preprocessed subresultant matrices

() {eri} = {eg i} = 10712

Figure 3.17

{Sk(fr(w), awgr(w))} for noise at levels (i) 10712 and (ii) 10~* in Example 3.4.5

The singular values of the preprocessed Bézoutian matrix B(f,g) are plotted

{eg.i}

The Bézoutian matrix has max(m,n) singular values, where the subset { oy

in Figure 3.18, where f and ¢ are inexact polynomials with {ef;}

10~4.

.max(m,n)}

.,max(m,n) —t } are non-zero and the subset {0} | max(m,n) —t+1..

1,..

are numerically zero. The degree of the GCD is therefore given by the rank loss of B(f, g)

t = max(m,n) — k*, where k* is the index of the last non-zero singular value.

Since it is known that the degree of the GCD is given by ¢ = 23, it would be expected

that the last non-zero singular value would be 12 and the first numerically zero singular

value would be o13.
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As in earlier examples, let the change in magnitude of the log of the singular values be
denoted {6p; = pi — pi+1 |7 =1,...,max(m,n)}, where p; = log;o(0;). Then the degree
of the AGCD is given by

arg; max{ dp; | i =1,...,max(m,n) } (3.41)

While the change between the 12th and 13th singular value, §pi2, is significant, a larger
change is given between the 2nd and 3rd singular values (dp3), that is dpa > dp12. Conse-
quently, the degree of the AGCD is incorrectly determined.

| \k_2

-10 -

logy (Ui/Ul)

a2k

Bezout matrix with 6 = 2.0604

5 10 15 20 25 30 35

k

Figure 3.18: The normalised singular values {0;/01} of the preprocessed Bézoutian
matrix B(f,g) in Example 3.4.5

-14

O

Example 3.4.6. Consider the Bernstein form of the exact polynomials f(z) and j(x),

whose factorisations are given by

flz) = (z —3.4)3(x — 2.5)%(z — 0.8)%(z — 0.7)%(z — 0.5)%(z — 0.3)(z — 0.1)*
g(z) = (z — 1.1)3(x — 0.9)*(z — 0.85)*(z — 0.8)%(z — 0.1)3

and whose GCD d(z) has the factorisation

~

d(z) = (z — 0.8)*(z — 0.1)3.

Variable noise is added to the coefficients of f(z) and §(x) and the inexact polynomials
f(x) and g(x) have the coefficients given by (3.24), where {€s;} and {4 ;} are uniformly
distributed random variables in the interval [107'%,1071%], and {r;;} and {ry;} are uni-
formity distributed random variables in the interval [—1,1].

The set of minimum singular values {d; | i =1,...,16 } of the subresultant matrices
of the unprocessed polynomials { Sk(f(z),g(z) } are shown in Figure 3.19i. From this set
of values, the degree of the AGCD is incorrectly computed by DC2, which identifies the
degree of the AGCD as t = 2. However, better results are obtained from the preprocessed
subresultant matrices. The set of minimum singular values {4} of the subresultant ma-
trices of the preprocessed polynomials, {Sk(fx(w), ardr(w))}, are shown in Figure 3.19ii.

There is a distinct separation between the numerically zero and non-zero minimum sin-
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logy (6%.)
logyg (6%)
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(i) The minimum singular values {d} of (ii) The minimum singular values {6} of
the unprocessed subresultant matrices the preprocessed subresultant matrices
{Sk (f(x),9(2))} {Sk(fr(w), argr(w))}

Figure 3.19: The minimum singular values {¢y} of the (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 3.4.6

gular values. The degree of the GCD is given by max({dp;}) and is correctly identified as
t=05.
O

Section 3.4 has considered the computation of the degree of the GCD of two polyno-
mials, f(z) and §(x). Three preprocessing operations have been introduced, and efficient
methods for their computation have been developed.

The numerical rank of each matrix in the set of subresultant matrices of two prepro-
cessed polynomials has been shown to be better defined than the numerical rank of each
of the subresultant matrices of the equivalent unprocessed polynomials.

It has been shown by Example 3.4.2 and Example 3.4.3 that preprocessing inexact
polynomials allows the recovery of the AGCD degree by analysis of the preprocessed sub-
resultant matrices, where the subresultant matrices of the equivalent unprocessed polyno-
mials would otherwise fail.

The methods described in this work have been compared with a method which makes
use of the Bézoutian matrix [72], which has typically failed for examples with high levels
of noise.

The second stage of computing the AGCD of two polynomials is to compute its co-
efficients. Using the tth subresultant matrix, the coefficients of the cofactor polynomials
iy (x) and 9 (x) and the coefficients of the GCD d;(z) can be approximated. Methods for

the computation of these approximations are described in the next section.

3.5 The Coefficients of Cofactor Polynomials and Matrix

Low Rank Approximations

The previous section focused on the computation of the degree ¢ of the AGCD of two

univariate polynomials, f(z) and g(x), and showed that satisfactory results are obtained
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when the correct subresultant matrix variant is considered and the polynomials are pre-
processed. This section now considers an initial approximation of the coefficients of the
GCD from the subresultant matrix S;(f;(w), e (w)).

3.5.1 The Coefficients of Cofactor Polynomials by Least Squares

The rank of the tth subresultant matrix S;(f(z), §(z)) € ROHn—tHD)x(min=2t+2) for the
exact polynomials f(z) and §(z) is equal to m 4+ n — 2t + 1, that is, the matrix has a
rank loss of one. Therefore, there is exactly one column of the matrix which defines the
linear dependence of all other columns. However, this property does not extend to the
tth subresultant matrix of the inexact preprocessed polynomials S;(f;(w), o §s(w)), which
is of full rank. Instead, Si(fi(w), ag¢(w)) is considered to be numerically rank deficient,
and one of its columns lies in the space spanned by the remaining columns with minimal
residual.

The columns of Sy(fi(w), g:(w)) are given by the set of vectors
{ctj | 7=0,....om+n—2t+1}

such that the tth subresultant matrix is given by

Ctn—t+1, ---5 Ctmin—2t+1 ] .

S (ft(w),atgt(w)) = [ Ct0, ---» Ctn—t

To determine which column lies in the space spanned by the others with minimum error,

each column is removed in turn to form the set of approximate equations
{At,j (ft(&)), Odtgt(w)) Xt,j ~ ct,j | ] = 07 e m +n— 2t + 1 }7

where Ay ;(fi(w), aug¢(w)) is the tth subresultant matrix S (f;(w), ag¢(w)) with the column

ct,; removed, and the associated residuals are given by
T = Hcm — Ay <ft(w),oet§t(w)> Xt’jH for j=0,...,m+n—2t+1.

The set of residuals associated with these approximate equations is denoted {7:; | j =

0,...,m+n—2t+1}. Let ¢ be the index of the column removed with minimal residual
g=arg;min{ry; | j=1,...,m+n—2t+2},

then it is the column c; ; which is most likely to be nearly linearly dependent on the other
columns. The approximate equation of interest for the low rank approximation problem

is therefore given by
A (Filw), aue(@) ) %10 ~ e (3.42)
Let M, be defined as

M :[el, €2, ..., €g—1, €g41, ...y Cmin_2t42 y
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where e; € R™T"~242 ig the th unit basis vector, then the approximation (3.42) can be

written as
(Dl (Fiw)sude@) ) Q) Myxeg ~ (Dl T (Filw) cudi(@)) ) g (343)
The vector x;, € RU™7=241) i (3.42), given by

T
o m+4n—2t+1
Xt,q — |: o, X1, vy Tm4n—2t :| < R )

is obtained by a simple least squares based method.

The insertion of ‘—1" into the gth position of the vector x;, gives the vector x; €
R(m+n—2t+2)

T
Xi = [ o, L1, ...y Lg—2, _17 LTg—1, -+-5 Tmtn—2t+1

such that

St (ﬁ(w), atﬁt(“)) x¢ ~ 0.

The vector x; contains the coefficients of the cofactor polynomials 9;(w) and ;(w)

| = 5 - —t = = . —t
Xt = | Vg, 010, ..., Up_0"7" | =g, —U10, ... —Up_10™

Having computed approximations of the coefficients of the cofactor polynomials o;(w)
and U (w), the coefficients of the polynomial dy (w) are approximated as the least squares

solution of the system of equations

Dt 0
0 Dt

and the vector d; € R'*1 is given by

&t:[do, 46, ... dtet]T,

where d;#" are the coefficients of the polynomial dy(w).

The least squares solution only gives an approximation of the polynomials @;(w) and
¢ (w) since f;(w) and ay g, (w) are subject to noise. However, structure can be added to the
subresultant matrix S;(f;(w), a:gs(w)), such that a low rank approximation is obtained.
The polynomials f;(w) + 8 fi(w) and §;(w) + 6§;(w) are obtained by perturbing f;(w) and
G¢(w) such that S;(f; + 0fs, ar(Ge + 0G:)) is a low rank approximation of Si(fy(w), i)
This added structure results in improved approximations of the cofactor polynomials and
the coefficients of the GCD. This method of determining the low rank approximation is

now described.
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3.5.2 The Coefficients of Cofactor Polynomials by STLN

A structured low rank approximation can be obtained by structured total least norm
(STLN) algorithms [55], specifically applied to the Sylvester matrix [40,44,68]. In [69]
the linear problem of computing minimal perturbations of the coefficients of f and g is
transformed to a non-linear problem by also considering perturbations of a; and 6; which
have previously been determined to be the optimal values in preprocessing of the tth
subresultant matrix.

In this section a method of structured non-linear total least norm (SNTLN) is de-
veloped for the computation of a low rank approximation of the tth subresultant matrix
Si(fi(w), age(w)), from which the coefficients of the cofactor polynomials i (w) and 7y (w)
are computed.

The approximate equation (3.42) is replaced by an exact equation given by the addition

of a structured matrix By, and vector hy 4, such that an exact equation is given by
(At,q + Bt7q) Xt,q = Ctq + ht,q- (344)

The matrix By, and vector hy 4 are structured in the same way as A; , and c; 4 respectively,
and contain coefficients of polynomials to be added to the polynomials f;(w) and a;g(w).
The matrix B;, and vector h;, are not unique, since there are infinitely many sets of
perturbations such that the polynomials f;(w) + 0 fi(w) and §:(w) 4 6g+(w) have a non-
constant polynomial GCD. It is therefore necessary to constrain the problem to find the
minimal perturbations & f (w) and 6g(w) and the problem is solved by least squares with
equality (LSE)

min{||Beq||> + lhegl*}  such that (Agq + Big)Xeq = Crg + hig. (3.45)

As stated above, the solution to (3.44) is not unique, but (3.45) ensures that the polyno-
mials ft(w) and g¢(w) are perturbed by the minimum amount to induce a common divisor

of degree t, such that the problem has a unique solution.

The Subresultant Matrix, Structured Perturbations and a Low Rank Approx-
imation Method

The polynomials ft(w) and «;g;(w) are highly likely to be coprime, and these are perturbed
to induce a non-constant common divisor in their perturbed forms. The polynomials added

to fi(w) and oy g (w) are given by

m
§t(w) = Z Zl’igbi (m> (]. — gbw)m_iwi
=0 t
and  Bt(w) =7 Z zz,iqﬁl< > (1—guw)" "W
=0 L
respectively.
The matrix Bi(¢,3,2z) is used to describe the structured matrix containing the co-

efficients of the polynomials §(¢,w) and Bt(¢,w), which is equivalent in structure to
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Si(f(¢,w), BG(¢,w)) and is given by

Bt (/6; ¢’ Z) — -Df,:linftFt (B, ¢7 Z) Qt e R(m+n—t+1)><(m+n—2t+2)‘

The matrices D,},,,_, € RUmtn=0x(min=t) anq @, ¢ ROm+n=2042)x(m+n=2042) ape already

defined in (3.6) and (3.7) respectively, and the matrix F;(f3, ¢,2) is given by

Ft(ﬂvqsaz) =

210(5)

2110("7)

Zl,m¢m (Z)

20()

2110' (7)

2nd™ ()

: Tn—t (§(¢,CL))) ‘ Tm—t (55((?,(0)) :|

Bz20(3)
ﬁzz,lcf)(?)

BZQ,n ¢n (Z)

Bz20(3)
ﬁz2,1¢1 (Tf)

Baand” ()

The perturbation of the coefficients of f(¢,w) and ay§(¢,w) implies that the equation
(3.44) is given by

(D’;m}&—n—t (T: + Ft) Qt) My xtq = (D;ﬁrn—t (Tt + Ft) Qt) eg. (3.46)

A change in notation is required since (3.46) is a non-linear equation solved iteratively,

and the variables to be determined are 3, ¢ and z. The initial values are given by

6(0) = oy, qﬁ(o) =0, and z© = 0tnt2- (3.47)

These variables are now included in the arguments of the vectors and matrices in the

expression (3.46), which is now given by

(Dikoncs (1 (B, 0) + Fy (B, 6,2)) Q1) MigXig = 014 (8,6) + b (B,6,2),  (3.48)
where
Ct,q(ﬂ7 ¢) = D;”L{‘,—n—tj’t (57 (b) Qteq and ht,q(ﬂ7 ¢7 Z) - D;Li-n—tFt (57 ¢7 Z) Qteq-

The variable 3 is included in the arguments of ¢;, and hy 4, but it is possible that these
vectors may not be functions of 3. The remainder of this section assumes that c; 4 is a
column removed from the second partition of the tth subresultant matrix, and n —t+4+1 <
g <m+n—2t+ 1. Alternatively, if ¢; 4 is from the first partition and 0 < ¢ <n — ¢, the

dependence of ¢; 4 and h; 4 on /3 is removed

Ct,q = ct,q(¢) ht,q = ht7q(¢,Z) lf 0 S q S n—t
Cg=Crq(B,0) hyg=hy(B,¢,2) f n—t+1<g<m+n—-2t+1.

Equation (3.48) is non-linear and is solved by using the Newton-Raphson method. The
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residual associated with an approximate solution of this is given by

r (/Ba¢axt,Q7Z) - th (B)¢) + ht,q (/Bv¢’ Z)
(Dm%i-n t (Tt (57 d)) + Ft (57 (Z)v Z)) Qt) Mt,qxt,q (349)

and the computation of the vectors z and x;, and 8 and ¢ such that r(5, ¢,x;4,2) =0
yields an LSE. The residual r is defined by

f‘:r(ﬁ—i_éﬁv ¢+6¢7 Xt,q+6xt,qv Z+5Z)

=cq (B+0B, ¢ +0¢) +hy g (B+ B, ¢+ 96, 2+ 02)
- (‘D;linft (Tt (/B + 5ﬁ7 ¢ + 5¢) + Ft (5 + 665 ¢ + 5¢7 z + 62)) Qt) Mt,q(xt,q + 5Xt,q)7

which to first order is given by

N ~ oT, OF, 9 ohy,
=r @0 - (Daha (G + 5 ) @t = (55t ) ) o0

_ 0Ty OF, 0 oh
_ <Dm1+nt <8ﬁt + 8ﬁt> Qi My g% 4 — <8(; + 8gq>> 68

m+n—+1 8h
_ t
(Dm+n t (Tt + Ft) QtMt q) 6Xt»q + Z A

5

m-+n—+1

_ OF

_ (Dmin . —azt )QtMt Xt.q- (3.50)
i=0 v

The terms %, %—l;f, 6;—;;‘1, 82—;"1, %—?, %—Ig, 8;;“ d aggq are easily computed.

The final two terms in (3.50) first require some manipulation. Firstly, a matrix-vector

product which defines h;, is found, and secondly, due to the commutative nature of
multiplication, the product Bi(3(w), 8t(w))X¢4 is rearranged as a matrix containing the

entries of the vector x;, and a vector containing coefficients of the polynomials 5(x) and

t(z).

Expressing h; , as a Matrix-Vector Product

A column hy; for j = 0,...,m +n — 2t + 1 of the structured matrix B;(f3, ¢,z) can be
written as a matrix-vector product, where the matrix consists of entries containing ¢* and
the vectors s and t contain the coefficients of the polynomials 5(x) and ¢(z).

If j is in the interval [0, n — t], then the vector hy ; is a column in the first partition of
the structured matrix By(5, ¢,z) and is of the form

= m\[(n— = m(m)[(n— T
SR I T ey R W 1 JN
S A ) I ) I G |

which can be written as

_ -1
htvj - Dm+n7tPt

) ] . (3.51)

The diagonal matrix D, ', , € RUm+n=tH)x(min—t+1) haq the same structure as (2.10)
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and the matrix P; is given by
0; 0,
n—t B Jmt ¢m Qm
jjt = . Im—i—l,m—i—l Om—i-l,n-i-l s
J Pn @n
Onftfj, m+1 Onftfj, n+1

where Iyi1mp1 € RUPEDX0HD) 5g the (m + 1)th identity matrix I,4; € ROPFD>x0m+1),
The matrices ¢, € RMTDX(m+1) and ¢, € ROHTD*(+1) are diagonal matrices given by

gbm:diag[l, b ... ¢m] and ¢, =diag| 1, ¢, ..., ¢ .

The vectors § € RO and t € R+ contain the coefficients {2 ;} and {Z,;} respectively

and are given by

T
_ m+1
s = [ Z1,0 21,1 --- Rlm } eR )

T
t= |: 220 %221 --- Z2n :| S R

Example 3.5.1. This example considers the expression of a column of the structured ma-
trix B(f, ¢,z) as a matrix-vector product, where the vector contains the set of coefficients
of 5(x) and t(z).

Consider the system where m = 3, n = 5 and t = 2. The third column of the matrix

B3(ﬁa ¢’ Z) is given by

T

_ 20()@)  2100)D) 226000 2 (D))
ho2=10 0 =75 © ) o

and can be written as the matrix-vector product
S
t )

11 1 11 1

Dt =ding| B T T B O O O

The matrix Py € R7%10 is given by

-1
C22 = D6 P2

where the matrix Dy L e r7*7

o 0 0 0 [00000O0O0
0o 0 0 0 [00000O0O0
@ o 0 0 |000O0O0O0
P2—<;’>>< 0o e o0 0 |00O00O0O0],
0 0 (3¢* 0 |0 00000
0 0 0 ()¢*lo 00000
L0 0 0 0 |0000O0 0
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and s € R* and t € RS are vectors of coefficients given by

T T
S=| 210, 21,1, 212, 213 and t=| 200, 221, 222, %23, 224, 225

O

Now suppose instead that the jth column which lies in the second partition of the

subresultant matrix is removed. The vector h;; has the form

ht,j: 0j7 /BZQ,OW7 522’1(1)%@7 ERE) 522,n¢n%;?t))a Om—t—j )

and can be written as the matrix-vector product

[l IO

The matrix P; is given by

05 05
Pt = j+ 1 0n+1,m+1 In+1,n+1 an Qn

)

m—t—j, m+1 Om—t—j, n+1

where I, 1 41 € ROTDX(MH1) §g the (n+1)th identity matrix. The vector hy ; € R™+n—t+1

is given by

ht = ﬂDil PtZ.

m—+n—t

The penultimate term in (3.50) can therefore be rearranged as

m+n+1
ohy, _
; aziq 8z = BD, Y, Pz

The Matrix-Vector Product Rearrangement

The last term in (3.50) is also simplified by noting that the matrix-vector product
D;}m,tFtQtMath,q can be written as a matrix-vector product D;}mfth(mt’q)z. The

equation given by

Si (£(). 83() ) Mugxeq = erq

or

m—t

- 7 . Qn—t
Dm}‘rn—t [ Tn*k (f(w)) ‘ Tmfk (BQ(CU)) ] [ " Q Mt,qxt,q = Ctq (3.52)
can be written as a matrix whose non-zero entries contain {z; | ¢ =0,...,m+n — 2t} and
a vector in terms of f(z) and g(z).

The matrix-vector product My x4 in (3.52) is denoted X and is given by inserting a zero
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into the gth position of x; 4, that is, x € R™T~242 ig given by
T
X = |: )_(1; XZ ] )

where either X; or Xy contains the introduced zero entry. Assuming that ¢ < m —t 41,

the vectors X1 and Xy are given by
X1 = |: o T1 ... Xg—1 0 Tg - Tm—t—1 :|T e RmiHL
Xg = |: ITm—t—1 Tm—t --- Tmin-—2t :| e R*HHL

For simplicity, vector X is now redefined as

_ il - - ~ T m+4n—2t+2
x:[_ ]Z[a;o T1, oevy Tam—t, eR ,

j(;m—t-i-l) i'm—t—l—Q? ey im-l—n—?t—f—l

where the entries {Zo, ..., Zmin—2t+1} are the set of entries {x, ..., Tmin—2t} With a zero
inserted.
The matrix-vector product in (3.52) can be written as the product of a matrix which has

entries containing coefficients {Z;} and a vector containing coefficients of the polynomials
f(x) and g(z)

DL, { T (71) ‘ Ty, (B, T2) } [ o On ] [ o @n ] [

Q1 =hl
| S

The matrix Ty, (Z1) € REFDX(m+D) g given by

r jO (mo—t)
B0V ()
n (Y
T (11) = | 7,0y (") : 2o("y ")
Tm—t (Z:f) T (ml_t)
i Fmt () |
and T}, (3, Z9) € READX(+D) i5 given by
[ ﬁi‘m—t-',-l (nat) ]
BEm-rs2("7")  BEm—era ("))
: BT —t42 (nft)
T0 (B,%2) = | BFpmin_oii1 (»h o BEm— ()
ﬁ-im-‘,-n—Qt-‘rl (Z:i) ﬁjm—t-i-l (n;t)
L BEmsn—2e41(077) |
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Given the rearrangement above, the expression

Dm1+n t ( ( ) Bt( )) @tMt,th7q (353)

is similarly rearranged, so that the final term in (3.50) can be written in an alternative

form

D;z}i-n—t |: Tm (jl) ‘ Tn (/8552) } [ ¢m gb ] [ Qm Q ] [ : ] = ht,q7 (354)

and the matrix Y; (Z1,Z2) is given by

Y; (%1, 22) = [ T (Z1) \ T, (22) } [¢m %] [Qm 0 ]

The differentiation of (3.54) with respect to z yields

m+4n—+1 8Ft
Dm}&—n t (67 ¢7 Xt,q) 0z = Z <82’ ) QtMt qXt,q
i=0 ’

and thus (3.50) simplifies to

] ~ oT, OF d oh
=r (B? gbaxt,q; Z) - (Dm}knt (a¢t —+ (;) QtM Xt,q ( aC;q + &Z])) 5¢

_ oT; OF, Ocy, ohy,
_ (Dmint (E)ﬁt + Bt> Q: M, qXtqg — ( 8;‘1 + 8;(1)) o

- (D;Linft (T: + Ft) QtMtq) 0Xt,q — Dn_”iknft (Y: — B) oz

to first order. The jth iteration in the Newton-Raphson method for the calculation of 3,
¢, Xt,4 and z is obtained from
5z (4)
| 6 -
H, Hy, Hy Hy| | 00| =1, (3.55)
»qd 5/8
0

where r0) = r0) (5, b, Xt.q,2)

H D;H-n ; (Y't . Pt) c R(m+n—t+1)><(m+n+2)’
th y D;H-n . (Tt + Ft) QtMt,q c R(m-ﬁ-n—t-ﬁ-l)x(m-ﬁ-n—?t—i—l)’

_ oT; OF; 8Ct, 8ht’ matn—
= Datec (G + 5 ) Qs = (Tt it ) e

— aﬂ 8Ft act7 8ht’ mtn—
H¢ = Dm{&-n—t <a¢) + oo > QtMt,thq < 6¢q + (%ﬁq> e R™F 1
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The values 3, ¢, x; 4 and z at the jth iteration are given by

. &) 5. (7)
YO = gD gy | B | g gy = 5;‘;"1’ (3.56)
¢ 09

The initial value of z is the zero vector z(*) = 0, since z is the vector of the perturbations
of the coefficients of the inexact polynomials f (w) and g(w), and the initial perturbations
are zero. The initial values of ¢ and 3 are given by ¢(© = 6, and 89 = ¢y. Finally, the

initial value of X;Oq) is calculated from (3.49), where r =h;, =0 and F; =0

xty = argmin | (D}, T (a0, 00) QiMig ) W = cqlao, 00)]l-

Equation (3.55) is under-determined and has infinitely many solutions. It can therefore

be written as
Wyl = ¢
where CU) is given by

. )
CcY) =| H,, Hx, Hs Hy .

It is necessary to seek the solution such that the values 6z, §3 and d¢ are all minimised,
that is, where the vector dy(/) is minimised. The magnitude of difference between y)

and the initial estimate y(© is given by

(20 — 2©) 1Y 5200 20 261
j 0 0 1
(xty = x1y) E; R R A
() — 0) ald) a0 oli—1)
(9(]’) — 9(0)) §(0) pli-1)
which is of the form
H(;y (v - yu—l))H _ H(;yu) —p® H 7 (3.57)
and the minimisation problem is given by
Minimise
H(;y(j) —p® H (3.58)
subject to

(4) » )
[Hm Hy,,, H;, H¢:| 5y(3):r(3).

This problem can be solved by QR decomposition at each iteration [36], where dy),

CW, plY) and r¥) are updated between iterations.
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If the iterative procedure converges and the residual is minimised, then the vector of
perturbations z7 ; for i = 0,...,m and z3; for i =0,...,n, and parameters 3* and ¢* can

be recovered from the vector y¥). The updated polynomials are therefore given by

flw) = z; ai ()" (’?) (1—¢*w)" "’ where @ = (a;+ 2}, (3.59)
B*g(w) =p Z bi (¢*) <TZ> (1 —¢*w)" 'w® where b; =b;+ %545 (3.60)

:zt: <> (1—¢*w) "Wl (3.61)

These updated polynomials satisfy the equations

iy (w)dy (w) = f(w) and oy (w)dy(w) = Bg(w),

where 1 (w) and v;(w) are obtained by the least squares solution x; 4 of (3.48) with g = g*
and z = z*. Having obtained 7 (w) and @;(w), the coefficients of the polynomial di(w) are

obtained from the matrix equation

D—l
D—l

n

T, (i . f
! (Ut(W)) Qtdt = ¥ - )
578
where the matrices D;;! € R(?+)x(m+1) and -1 € R(+H1DX(+1) are matrices of binomial

coefficients with the same structure as (2.10) and are given by

The matrices T} (i (w)) € ROPHDXUHD) and Ty (0,(w)) € ROFDX(+D) are tth order uni-
variate Toeplitz matrices of the polynomials u:(w) and v;(w). These matrices have the
same structure as the Toeplitz matrix in (2.11). The diagonal matrix Q; € REFD*(+1)
has the same structure as @, in (2.12) and consists of binomial coefficients corresponding

to the polynomial d(w)

@ =diag[ (), (), . ()]

The vector d is a vector of the coefficients of the polynomial d(w) and the vectors f and g

are vectors of the coefficients of the corrected polynomials f(w) and §(w)

. T

f= |: ap, a19*, ..., m ] S Rm+1,
g = |: 607 61¢*’ . n :| Rn-i—l’

. . . T

d:[do, did*, ..., t] € R,
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where the coefficients a; (¢*)", b; (¢*)" and d; (¢*)" are defined in (3.59), (3.60) and (3.61).

A set of examples now shows that the determination of the low rank approximation of
the subresultant matrix, by addition of minimal perturbations, yields improved results in

the approximation of coefficients of cofactor polynomials 4 (z) and 04(x).

Example 3.5.2. Consider the Bernstein form of the exact polynomials f (z) and g(z),

whose factorisations are given by

f(z) = (& — 1.46)%(x — 1.37)%(z — 0.82)3(z — 0.75)3(x — 0.56)%(z — 0.1)3(x + 0.27)*
G(x) = (x — 2.12)(z — 1.37)3(z — 1.2)3(z — 0.99)*(z — 0.75)3 (2 — 0.56)%(x — 0.1)?,

and whose GCD is given by
d(z) = (z — 1.37)3(x — 0.75)3(z — 0.56)%(z — 0.1)2.

Noise is added to the coefficients of f(z) and §(x), and coefficients of the inexact polyno-
mials f(x) and g(z) are given by

a; = a; + ’r‘fJ‘CALiEf,i and bj = Z)j + Tg,ji)jeg,jv (362)

where {ry;} and {ry;} are uniformly distributed random variables in the interval
[—1,1], and {es;} and {ey;} are uniformly distributed random variables in the interval
[10719,107°].

Figure 3.20 shows the normalised singular values of the Sylvester matrix of four pairs of
polynomials (i) f(z) and g(z), (ii) f(w) and ag(w), (iii) f(w) and ag(w), and (iv) f(z) and
g(z). The numerical rank of the Sylvester matrix of unprocessed polynomials S(f(z), g(z))
cannot be determined from its singular values as there is no distinct change between any
singular value o; and the proceeding o;41. That is, there is no d&; which is significantly
larger than all other {do;}. However, the numerical rank of the Sylvester matrix of prepro-
cessed polynomials f;(w) and oy (w) is clearly defined and is equal to 33. The separation
between non-zero and numerically zero singular values is more clearly defined for perturbed

polynomials S(f(w),8g(w)), and similarly for S(f(z), g(x)).
O

The following examples consider three methods for the approximations of the GCD
triple (), 9(2) and d(z) given the inexact polynomials f(z) and g(z), whose coefficients

are given by
a; = a; + ’I”f’Z'CALin’,‘ and bj = i)j + ’I“gyjIA)ngJ', (363)

where {€7,} and {e,;} are uniformly distributed random variables in the interval [er, ey/],
and {r¢;} and {ry;} are uniformly distributed random variables in the interval [—1,1].

The following three methods call all be used to compute the approximations of 4 (z),
by (x) and dy(z):
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£ st
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=20
5, (f(a), @)
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= 51(F(w), i) LR

30 . . . . . .
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k

Figure 3.20: The normalised singular values {o;/01} of the Sylvester matrices

S(f(x),g(z)) (before preprocessing) (M) , S(f(x), §(z)) (with structured perturbations)

(W) , S(f(x),g(x)) (with preprocessing) (M) and S(f(w),8¢(w)) (with preprocessing and

structured perturbations) (M) in Example 3.5.2

1. The least squares solution x; 4 of Ay 4(f(2), g(x))x¢,q = ¢4 contains the coefficients of
the approximations us(z) and v(x), from which, the coefficients of the approximation
of di(x) are easily determined. The distances between these polynomials and their

exact counterparts (), o (z) and dy(z) are given by

and € (di(z)) = ‘dtc‘it

(3.64)

[0 — w| [Ve — vi|

€ (ur(2)) = o e(u(z)) =

[ Il d,

. The least squares solution x;, of Ay 4(fi(w), v §i(w))xs 4 = crq contains the coeffi-
cients of 4 (w) and ¥4(w), and by a final simple least squares problem, the coefficients

of the approximation d;(w) are computed.

By the substitution w = x/6;, polynomials @ (), ¥;(z) and dy(z) are obtained and
the distances between these and the exact polynomials @ (z), 9;(x) and dy(z) are

given by

and € (di(z)) = dt(‘it

(3.65)

A~

d;

. The solution x4 of Az q(fi(w) + dfi(w), (v + devr) (Ge(w) + 6G¢(w)))Xt.q = Ct.q + hit g
contains the coefficients of i (w) and ¥;(w), from which dy(w) can be computed. By

the substitution w = x/6, the polynomials (), ©;(x) and dy(z) are obtained, and
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the distances between these and the exact polynomials are given by

and € (di(z)) = Hdtdt

(3.66)

[0y — ] ¥ — V4|

€ (u(z)) = o E(u(z)) =

o] INdll d;

The condition number of each of the matrices (i) Ay 4(f(x),g(x)), (ii) Arq(fe(w), arge(w))
and (iii) Ay 4(fi(w), Bege(w)) are also recorded.

Example 3.5.3. Consider the Bernstein form of the exact polynomials f(z) and §(z),

whose factorisations are given by

flz) = (x —3.4)3(x — 2.5)%(z — 0.8)%(z — 0.7)%(z — 0.5)%(z — 0.3)%(z — 0.1)*
§(z) = (x —1.1)3(z — 0.9)*(z — 0.85)*(z — 0.8)%(z — 0.1)3,

and whose GCD of degree t = 5 is given by

d(x) = (z — 0.8)*(z — 0.1)3.

Noise is added to the coefficients of f(z) and §(x), and the inexact polynomials f(x)
and g(z) have the coefficients {a;} and {b;} given by (3.62), where {es;} and {4 ;} are
uniformly distributed random variables in the interval [1072,107'°] and {r;;} and {ry;}
are uniformly distributed random variables in the interval [—1, 1].

Figure 3.21i shows the singular values of three Sylvester matrices (i) Si(f(x),g(z),
(ii) S1(fi(w), oede(w)) and (iii) Si(fi(w), Bigs(w)). The computation of the degree of the
GCD of two polynomials can be reduced to the determination of the number of numerically
zero singular values, and a significant change in the ordered singular values is indicative
of moving from the non-zero set to the numerically zero set.

There exists a significant change in the size of the singular values of the unprocessed
subresultant matrix S1(f(z), g(z)), where {01, | ¢ =1,...,33} are large and the remain-
ing values 034 and o35 are numerically zero. The numerical rank is incorrectly determined
as 33, hence the degree of the GCD is incorrectly given as two.

By the same metric, the numerical rank of the Sylvester matrix of the preprocessed
polynomials f;(w) and oy gs(w), given by S;(fi(w), i (w)), is equal to 30, and the degree
of the GCD is correctly given as t = 5.

Similar results are obtained by analysis of the singular values of the Sylvester matrix
of the perturbed polynomials fi(w) and Big¢(w), but here the separation of the numeri-
cally zero and non-zero singular values is several orders of magnitude larger than the the
separation of singular values of S1(fy(w), v ge(w)).

In Table 3.2 the error between the exact GCD triple ( @;(z), #(z) and dy(z) ) and the
polynomials obtained by three methods of approximation are given. Also included in this
table is the condition number of the matrix denoted Ay, from which the approximations
were computed. Note that the first column of Table 3.2 is left blank, since the degree of
the GCD was not correctly computed and the approximations of @ (z), 9;(z) and dy(z)

were not computed.
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-10 -

logyg (0i/o1)
Iogm Residual

20715 (f(2), (=)
5 (f(w), ag(w)
=5 (f(w), B9(w)
-25 : : : ; ‘ : -17 ‘ ‘ : ‘ : ; ‘ : ‘
5 10 15 20 25 30 35 20 40 60 80 100 120 140 160 180 200
i Iterations
(i) The normalised singular values {o;/01} of (ii) Residual at each iteration of the LSE
Si(f(x),g(x)) (W), Si(fe(w),uge(w)) (W) problem

and S;(f;(w), Big:(w)) (M) in Example 3.5.3

Figure 3.21: Low rank approximation of the Sylvester matrix in Example 3.5.3

The computation of the low rank approximation of the tth subresultant matrix yields
the improved approximations 1 (z), ¢;(z) and dy(z) of the GCD triple @ (x), 0;(z) and

czt(x), which appear to be one order of magnitude better than the approximations obtained
by preprocessing alone.

Unprocessed Preprocessed Perturbed
ug(x) , ve(x) , we(z) g(x) , 0e(x) , We(z) () , 0e(x) , we(z)
k(Ap) - 1.1183e + 11 1.5510e + 09
e(u(zx)) - 6.605633¢ — 07 5.524534e — 08
e(v(z)) - 1.092723e — 07 8.380987e — 09
e(dy(x)) - 1.225898e — 06 9.373335¢ — 08
| Average ¢ || ] 6.6524¢ — 07 | 5.2453¢ — 08

Table 3.2: Error in the approximations of i (z), 9;(z) and d;(x) in Example 3.5.3

O

Example 3.5.4. Consider the Bernstein form of the exact polynomials f (z,y) and g(x,y),
whose factorisations are given by

f(x) = (x — 9.7515678) (z — 5.56)%(x — 1.46)(x — 1.37)(z — 1.2435487954) x
(z —0.82)(z — 0.10122344) (z + 2.27564657)?

§(x) = (x — 9.7515678)(x — 5.56)%(z — 2.12)(x — 1.37)(x — 1.2435487954) x
(z — 1.2222222)(x — 0.99102445)

and whose GCD Jt(x) of degree t = 5 is given by

~

d(z) = (z — 9.7515678)(x — 5.56)%(z — 1.37)(z — 1.2435487954).
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Noise is added to coefficients of f(z) and §(z) as described in (3.63), where e =
le — 6, eg = le — 5. The three sets of approximations of the GCD triple given by
(ug(x), ve(x), de(x)), (G(x), 0p(x), dy(x)) and (i (z), 9 (x),di(2)) are computed and their

respective errors are given in Table 3.3.

Unprocessed Preprocessed Perturbed
ug(x) , ve(x) , de(z) G (x) , 0(x) , dy() () , 0p(x) , di(x)
k(A¢) 1.9970e 4 04 3.6460e + 03 2.4476e + 03
e(u()) 5.952614¢ — 04 1.731751e — 04 7.321304e — 05
e(ve(x)) 1.957345e — 04 7.402057e — 05 2.468431e — 05
e(dy(z)) 1.863888¢ — 04 6.582286¢ — 05 2.311860¢ — 05
| Average ¢ || 3.2579¢ — 04 | 1.0434¢ — 04 | 4.0339¢ — 05

Table 3.3: Error in the approximations of @ (), o;(z) and dy(z) in Example 3.5.4

Again, the approximations obtained from the structured low rank approximation of
the tth subresultant matrix are an order of magnitude better than the approximations

obtained by least squares of the preprocessed tth subresultant matrix. ]

Example 3.5.5. Consider the Bernstein form of the exact polynomials f (z,y) and g(x,y),

whose factorisations are given by

A~

f(x) = (z — 1.600548798) (x — 1.2435487954)(z — 0.76549843)* (z — 0.7165792) x
(z — 0.5465444984) (x — 0.37987984) ( 4 2.27564657)%(x + 5.103579)?

§(z) = (x — 1.2435487954) (z — 1.229876852) (x — 0.9916546598)

(z — 0.76549843)* (z — 0.54987) (z — 0.37987984) (x + 5.103579),

and whose GCD of degree t = 8 is given by

d(z) = (z — 1.2435487954) ( — 0.76549843)* (z — 0.37987984) (2 + 5.103579)>.

Noise is added to the coefficients of f(x) and §(z) as in (3.63) and the sets of values
{esi} and {ey;} are uniformly distributed random variables in the interval [1071%,1078].
Polynomials (u (), ve(x), dy(x)), (G (2), 5 (x), dy () and (i (x), 9 (x), dy (2)) are computed
by the methods described above and errors in these approximations are given in Table 3.4.
In this example the approximations are improved by two orders of magnitude by consid-

ering the low rank approximation of the tth subresultant matrix.
d

This section has considered the computation of a low rank approximation of the tth
subresultant matrix to obtain improved approximations for the coefficients of the cofactor
polynomials @ (), () and dy(z). The original problem of computing the AGCD of two
inexact polynomials f(x) and g(z) was reduced to the computation of the rank of the sub-
resultant matrices Sy,(fi(w), axgr(w)). By the computation of a low rank approximation of

the tth subresultant matrix, the GCD of the corrected polynomials f;(w) and fB;g;(w) was
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Unprocessed
u(x) , vi(x) , di(x)

Preprocessed
’Ilt(ﬂ?) ) 77t(x) ) dt(l‘)

With Perturbations
ug(z) , ve(x) 5 di(x)

4.5106e + 05
6.900070e — 07
4.896091e — 07
2.053205e — 07

5.4676¢e 4 04
9.694460e — 07
6.915281e — 07
2.962297e — 07

3.3417e 4 04
1.025432¢ — 08
8.980188e — 10
5.693964e — 10

e |

4.616455e — 07

6.524013e — 07 |

3.907244e — 09

Table 3.4: Error in the approximations of 4 (z),

y(x) and dy(x) in Example 3.5.5

computed and shown to be an improved approximation over the standard least squares

based method.

3.6 Conclusion

This chapter has considered the computation of the GCD of two univariate polynomials

in Bernstein form and the main points of this chapter are now summarised:

The Sylvester Matrix :

GCD Degree Computation :

Preprocessing :

The Sylvester matrix and subresultant matrices for two uni-
variate polynomials in Bernstein form were defined and several variants containing
different combinations of binomial coefficients were discussed. The optimal variant
of the kth subresultant matrix was given by Dm+n ka(f(x),g(:E))Qk, which had
both optimal scaling amongst its entries and the best separation between the numer-
ically zero and non-zero singular values in its SVD. It was shown in Example 3.3.3
that this variant gave the best separation between the numerically zero and non-zero

singular values in the SVD of the set of subresultant matrices.

Several methods for the computation of the degree of
the GCD were considered, and SVD based methods, DC1 and DC2, were compared
with QR decomposition based methods, DC3 and DCA4.

Example 3.4.5 has shown that in some instances, the set of minimum singular values
{61} is not sufficient to determine the degree of the GCD, whereas observation of
the complete set of singular values {0} ;} reveals a clear separation between numer-
ically zero and non-zero singular values and the degree of the GCD can correctly be
identified. In the same example in Figure 3.17i it can be seen that DCI is not the
optimal method for determining the degree of the GCD.

A method which uses the SVD of the Bézoutian matrix was also included for com-
parison purposes, however this method failed to reliably determine the degree of the

GCD in most cases where polynomials were inexactly defined.

The two polynomials were preprocessed to minimise the ratio of the
entry of maximum magnitude to the entry of minimum magnitude for each subresul-
tant matrix. Examples have shown that the degree of the GCD of two polynomials is
more reliably determined when the subresultant matrices contain preprocessed poly-

nomials. Some efficient methods for the preprocessing operations were developed.
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Coefficient Computation : Two methods were considered for computing approxima-
tions of the cofactor polynomials @i (z) and o(z) and the GCD dy(x). The first
method was a simple least squares approach and the second method computed a
structured low rank approximation of the tth subresultant matrix, from which coef-

ficients of the cofactor polynomials were computed.

The low rank approximation based method was shown to give better results than
the least squares method and the errors in the approximations are typically within

the range of the initial input error.

Developing a robust method for the computation of the GCD of two univariate polyno-
mials in Bernstein form is the first part of developing a method for polynomial square-free
factorisation. The next chapter discusses modifications to this general purpose GCD
finding method for use specifically in the square-free factorisation algorithm. The next
chapter also considers methods for polynomial deconvolution and examples of polynomial

root finding will be presented.



Chapter 4

The Univariate Polynomial

Factorisation Algorithm

Chapter 3 discussed the UGCD method for the computation of the degree and coefficients
of the GCD of two exact polynomials and the AGCD of two inexact polynomials in Bern-
stein form. Variants of the subresultant matrices were considered and various methods
(DC1 - DC5) were considered for the computation of the degree of the GCD (or AGCD).
It was also shown that a low rank approximation of the tth subresultant matrix typically
yields improved results in the computation of the coefficients of the GCD.

GCD computation is only one part of the square-free factorisation algorithm (Algo-
rithm 1), and the general purpose UGCD method developed in Chapter 3 can be specialised
further for the problem found in square-free factorisation. In this chapter, the MUGCD
method is developed, which is a refined version of UGCD and is used specifically as a part

of the square-free factorisation algorithm.

Section 4.1 In this section the UGCD finding algorithm is modified for use in the square-
free factorisation algorithm (Algorithm 1). This method, called MUGCD makes use
of prior knowledge obtained from previous iterations of the square-free factorisation

algorithm in order to quickly and reliably determine the degree of the ith GCD.

Section 4.2 This section considers the second part of the square-free factorisation algo-
rithm. Several matrix based methods are considered for the deconvolution of the set
of polynomials {f;(z)}. These deconvolution methods exploit the structure of the

set of polynomials fZ(JJ) to give improved approximations of the set of polynomials
{hi(2)}-

Section 4.3 In the final section of the chapter, the MUGCD method and the appropri-
ate deconvolution method will be used to form a complete square-free factorisation
algorithm, square-free factorisation (SQFF), and this method will be compared with
other appropriate root finding methods. Some examples of univariate polynomial
root finding will be given, and it will be shown that this method returns good re-

sults even in the presence of significant noise.
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4.1 Modifications to the GCD Computation

The GCD computations in the square-free factorisation algorithm are structured such
that polynomial g(z) is the derivative of f (z), so the general purpose GCD finder UGCD
can be modified such that the degree of the GCD is more reliable computed, and in a

computationally more efficient way.

4.1.1 Bounds on the Degree of the GCD of a Polynomial and its Deriva-

tive

This section describes how an upper and lower limit, Kyp and K p respectively, can be
determined such that the degree ¢ of the GCD of a polynomial and its derivative is known
to be contained within the interval [Kyp, Kyp| prior to its computation. The method for
determining the upper and lower bound is now described.

Let fo (z) be a univariate polynomial of degree My, with a set of dy distinct roots given
by {r; | i=1,...,dy}, where each root r; is of multiplicity m;. The polynomial fo(x) is

written in terms of its factors as

A~

folw) = (@ =)™ (@ = r)™ .. (2 — ra))"™
and its degree My is given by

Mo =mq +ma+---+my,.
The derivative of fo(z) is given by

dfo (SC

O _ fota) = (@ = m)™ 7w = )™ g™ x (),

where ko(x) is a polynomial of degree (dyp — 1).
As seen in Algorithm 1, the polynomial f; (z) is defined as the GCD of fo(x) and its

derivative f(/] (x), and is given by
fi(@) = GCD (folw). fol@)) = (@ = r)™ (w127 (@ = gy "0

which has degree M; = My — dp.
Suppose now that fo is given in terms of its coeflicients rather than its factorisation.

The number of distinct factors dy is therefore unknown but can be determined by
do = Mo — My,

where My and M are the degrees of fo(:c) and fi (x) respectively.

More generally, the number of distinct roots d; of any of the polynomials in the
set {fi(x) | i =1,...,mq} is a function of its degree M; and the degree of fir1(z) =
GCD(fi(x), f;(x)), and is given by

d; = M; — M; 1.
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The number of distinct roots of f;(z) is only known after the computation of fi1(x). This
can be used to determine a lower bound for the degree of the GCD(f;(x), f; (z)) for any
1=2,...,Mg,.

Since the number of distinct roots of fi+1(:c) is less than or equal to the number of
distinct roots of fz(x), that is, d;+1 < d;, then the lower bound of the degree of fiH(x) is

given by
Mi+1 ZkLB:Mi_difl for i = 1,...,md0. (41)

This lower bound is only defined in the computation of the degree of fs (z)y.. oy fm do ().
The degree of fo(z) given by My is already known and the degree M of fi(z) is
computed with knowledge of the upper bound only, that is M; < My — 1. The degree
computation for all subsequent fz(a:) is bounded by krp and kyp as defined in (4.1).
In the case that d;_1 = 1, then fi,l(x) has one distinct root, and the degree M; of
filx) = GCD (fir(@), fiy (@) is My =1,

There are two aims of determining an upper and lower bound:

1. The first aim is to reduce the number of subresultant matrices which must be con-

structed, preprocessed, and have their numeric rank analysed.

When computing the degree of the GCD of two arbitrary polynomials, f(z) and §(z),
the algorithm described in Chapter 3 requires that min(m, n) subresultant matrices
be constructed and their numeric rank evaluated. In the univariate square-free
factorisation algorithm a set of GCD computations are required, and the construction
of the complete set of subresultant matrices for the computation of the GCD of each

fi(z) and its derivative fi(z) is a time consuming process.

Rather than constructing and analysing the rank of each subresultant matrix
Sp(f(x), f (x)) for k = 0,...,min(m,m — 1), a lower bound kzp is determined
such that it is only necessary to consider a subset of the sequence of subresultant
matrices, the set {Sy(f(x), f () | k = krp, ..., min(m,m —1)}.

2. Alternatively, krp can be used to define a threshold in the computation of the
degree of the GCD. Since it is known that all subresultant matrices Si(f(z), §(z)) for
k=0,...,krp—1 are numerically singular, the set of values {py | k =1,...,krp—1}
can be used to determine whether pi for k = krp,...,min(m,n) is indicative of

Sk(f(x),g(x)) being a numerically singular or nonsingular subresultant matrix.

Example 4.1.1. Consider the Bernstein form of the exact polynomial f (z), whose fac-

torisation is given by

~

f(z) = (z — 1.5)"(z — 0.17523547)° (2 — 0.1)3(z 4+ 0.75)1%(z + 1.2354)3.
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(i) The minimum singular values {d} of the  (ii) The minimum singular values {6} of the
subresultant matrices subresultant matrices

{Sk(fo’k(w), ao,kgovk(w))} fork=1,...,27 {Sk(flﬁk(w), al,k§/17k(w))} fork=1,...,22

Figure 4.1: Computing the degree of the first and second GCD in the square-free
factorisation of f(z) in Example 4.1.1

The exact polynomials {ﬁ(m) | i=0,...,10} are given by

(x — 1.5)""(z — 0.17523547)5 (x — 0.1)37*(z + 0.75)107¢(z + 1.2354)3~% i =0,1,2,
(x — 1.5)7%(x — 0.17523547)° ¢ (z + 0.75)10~¢ i=3,4,

fi(x) = { (z — 1.5)7(x + 0.75) 10— i=5,6,
(z 4+ 0.75)10- i=1,8,9,
1 i = 10,

where each fiy1(x) is the GCD of fi(z) and f; (x). The degrees of the set of polynomials
{fl(m)} are given by {m;} = {28, 23, 18, 13, 10, 7, 5, 3, 2, 1}. Random noise is added
to the coefficients of f(z) such that the perturbed polynomial f(x) has coefficients a; =
a; + €;a;r; for i =0, ..., m, where {¢;} are uniformly distributed random variables in the
interval [107'2,1071°] and {r;} are uniformly distributed random variables in the interval
[—1,1].

In the ith GCD computation, polynomials f;(z) and f;(x) are preprocessed as de-
scribed in Section 3.4 and the degree of the GCD f;;1(x) is computed by analysis of the
set of minimum singular values of {Sy(f; x(w), @ixdix(W)) | k=1,...,m; —1}.

The notation ﬁ-,k (w) denotes the ith polynomial in the set {f;(z)} (computed by the
square-free factorisation algorithm) having been preprocessed in the kth subresultant ma-
trix. Also, the preprocessed form of fi’ (x) is denoted «; g, x(w) since the preprocessed
polynomial is not necessarily the derivative of f;(w).

Figures 4.1 to 4.3 show the minimum singular values of each subresultant matrix
Sk(fir1x(w), ai+17kfi/+1’k(w)) in the computation of each GCD. The vertical dashed red
lines in each of the figures indicate the computed upper and lower bound, kyg and krp

respectively, for the degree of the GCD.
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{Sk(f4,k(w),a4yk§4,k(w))} fork=1,...,9 {Sk(f5.6(w), a57k§5yk(w))} fork=1,...,6

Figure 4.2: Computing the degree of the third, fourth, fifth and sixth GCD in the
square-free factorisation of f(z) in Example 4.1.1

O

In this section a lower bound Kpp was derived for the computation of the degree of
the ¢th GCD. This lower bound can be included in a fast version of the GCD finding
algorithm used specifically in square-free factorisation, which can be significantly faster
than UGCD. This depends on the multiplicity structure of the polynomial for which the

square-free factorisation is computed. This fast method is referred to as MUGCD.

4.1.2 Bounds for Numerical Rank Determination

In the computation of the degree of the GCD of two arbitrary polynomials f (z) and g(z),

a metric pg of Si(f(z), g(x)) is derived by one of several methods described in Section 3.2.
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Figure 4.3: Computing the degree of the seventh and eighth GCD in the square-free
factorisation of f(z) in Example 4.1.1

The value of p gives an indication as to whether the kth subresultant matrix is singular
or nonsingular, and when the complete set { px | £ =1,...,min(m,n) } is considered, the
degree of the GCD can be computed from a maximum change in the set of values.

In the square-free factorisation algorithm, suppose t; is the degree of fz(:r) =
GCD(fi_1(x), f;_,(x)), then py, is indicative of a numerically singular matrix while py, 1 is
indicative of a nonsingular matrix. These two values can be used as threshold values, ¢; .5
and ¢; yp respectively, in the computation of the degree of fir1 = GCD(ﬁ-(a:), f; (z)). It
is typically observed that ¢;p and ¢;yp closely approximate py, , and py, ,+1 in the

subsequent GCD finding problem as shown in the following example.

Example 4.1.2. Consider the Bernstein form of the exact polynomial f (z) of degree

m = 11, whose factorisation is given by

f(z) = (z —0.5)*z +0.75)".
The polynomials fo(:z;), cel f7(:1:) are given by

(r —0.5)4 (2 +0.75)7% i=0,1,2,3,
fi(x) = (z +0.75)"* i=4,5,6,
1 i=1,

where each fi11(z) is the GCD of f;(z) and its derivative f; (x), the degrees of which are
given by {M;} = {11,9,7,5,3,2,1,0}.

The degree of fi(z) = GCD(fo(z), fo(x)) is determined by analysis of the minimum
singular values {&4} of Sk(for(w), a0,kJo x(w)), and the set of values {p; = log;o(dy)} are
plotted in Figure 4.4i, from which the degree of fo(z) is given by ¢; = 9.

Since t; = 9, the ninth subresultant matrix Sg(fo,g(w),ao’ggo’g(w)) is singular while
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Figure 4.4: The minimum singular values {d%} in the first and second GCD
computation of the square-free factorisation problem in Example 4.1.2

S10(fo10(w), @0,1090,10(w)) is nonsingular, so the values pg = logy,(d9) ~ —11 and
p10 = logg(610) =~ —1 are used as threshold values in the subsequent GCD computa-
tion. That is, ¢o B = p9 and ¢y = pio- These are used in computing the degree
of fo(x), where fo(z) = GCD(f1(z), fi(z)). The minimum singular values of subresul-
tant matrices Si( ka(w), a1 kg1,k(w)) are plotted in Figure 4.4ii and horizontal red dot-
ted lines indicate the values of ¢oyp and ¢ . These values closely approximate the
values p7 = log;y(67) and pg = logyq (d3) respectively, and it is determined that the
subresultant matrix S7(f17(w), @17§1,7(w)) is numerically rank deficient while the matrix
Sg(ng(w), a1891,8(w)) is of full rank. The values ¢1 15 and ¢ yp are therefore given by
p7 and pg respectively.

Values ¢1,1,8, ¢1,UB, ¢2,L.B and ¢2 yp are similarly computed and used in the compu-
tations of the degree of f3(z) and f4(x) in Figure 4.51 and Figure 4.5ii respectively. The
entries of the set {¢o rB,...,¢3 B} are approximately equal, as are the entries of the
set {¢o.uB,...,¢3uRB}, and this is typical for many examples. This approximation of a
numerically zero singular value is particularly useful when in the jth GCD computation
dp; is insignificant for all values i = 1,...,min(m;, m; — 1) and it must be determined
whether all subresultant matrices are numerically rank deficient or of full rank.

In Figure 4.6, given the horizontal red dotted lines, the minimum singular values o
and &9 of the subresultant matrices Sl(fN471(w), Qg f;l(w)) and Ss (044,2f472(w), f;z(w)) are
both deemed to be numerically zero and therefore the degree of f5(z) is given by t5 = 2.

[l

This section has considered methods to adapt the UGCD method developed in Chap-
ter 3, such that the GCD of two polynomials can be computed in the specific case where
g(z) is the derivative of f (z) and forms a part of the square-free factorisation problem.
Refinements to the GCD finding method were discussed, specifically for the GCD problems

which arise in the square-free factorisation algorithm (Algorithm 1). These modifications



138

0 I 0
2+
4
g B
10
-12 ¢
-14 : : : : -14 : : : :
1 2 3 4 5 6 1 15 2 25 3 35 4
k k
(i) The minimum singular values {1} of (ii) The minimum singular values {1} of
the subresultant matrices the subresultant matrices
{8k (for (W), 02,5Gs (W)} {8k (fo0 (W), 3,573 (W)}

Figure 4.5: The minimum singular values {d%} in the third and fourth GCD
computation of the square-free factorisation problem in Example 4.1.2

give a significantly more efficient and reliable algorithm.

In the MUGCD method, only a subset of subresultant matrices,
S(fy9); -5 Smin(mm) (f,9), are required, since it is known that the degree of the
GCD lies in the interval [krp, min(m,n)]. In the square-free factorisation of a polynomial
with few roots of high multiplicity, this can be significantly faster than considering all
subresultant matrices S1(f,g), -, Smin(m,n)(f,g) for each iteration of the algorithm.

The MUGCD method is also more reliable. It is known that the subresultant matrices
Si(f,9), ..., Sre(f,g) are singular, and therefore the ranges of numerically zero and
non-zero singular values can be approximated for the singular values of Spp+1(f,9), ...,
Stain(m,n) (f,9)-

The second stage of the square-free factorisation algorithm, deconvolution, must now

be considered.
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4.2 Deconvolution in the Factorisation Algorithm

The previous section discussed modifications to the general purpose GCD finding method
for use in the square-free factorisation algorithm (Algorithm 1). The second stage of
this algorithm is the computation of the set of polynomials {h;(x)} by a set of divisions
over the polynomials ﬁ(m), where each h; is given by fi_1 / fi. Rather than the exact
polynomials f;(z), the inexact polynomials {f;(z)} must be deconvolved. It is assumed
that these polynomials are inexact since they are outputs of a sequence of non-exact GCD
computations performed in a floating-point environment. The GCD computations are
iterative, so errors are likely to propagate.

This section develops a robust matrix based method for the computation of approxima-
tions of the set of polynomials {h;(x)}, which utilises knowledge of the number of distinct
roots of the set of polynomials {f;(z)}. Five methods of polynomial deconvolution by

matrix methods are considered and are given as follows.:

1. Separate Deconvolution (SD) : In Section 4.2.1 each of the deconvolutions
f}%x) for ¢ = 1,...,m are performed independently and the approximations of

{hi(z)} are obtained by simple least squares.

2. Batch Deconvolution (BD) : In Section 4.2.2 the polynomial deconvolutions
are performed simultaneously using a structured matrix method. Each polynomial
in the set {h;(z)} is given by hi(z) = %1;)1)7 so each fi(x) is the divisor in the
ith division and the numerator in the (i + 1)th. The method described as batch

deconvolution takes advantage of this structure.

3. Batch Deconvolution with STLN (BDSTLN) : It is likely that the polynomials
fi(x) in the set { f;(x)} are inexact, and in Section 4.2.3 the method of deconvolution
is extended to include the computation of minimal perturbations ¢ f;(z), such that
fi(x) + 6 fi(x) ~ fi(z) and the polynomials {h;(x)} are approximated with minimal

error.

4. Constrained Batch Deconvolution (CBD) : In Section 4.2.4 further structure
is added to the set of deconvolutions. By the degree structure of the set of poly-
nomials {f;(z)} and the number of distinct roots in each fij(z), certain subsets of
the polynomials {h;(z)} are equal and the matrix deconvolution method is altered

accordingly.

5. Constrained Batch Deconvolution with STLN (CBDSTLN) : It is likely
that the polynomials in the set {f;(z)} are inexact, and in Section 4.2.5 polynomi-
als 6 f;(x) are computed such that the polynomials h;(z) are approximated by the
deconvolution of the set {fi(z) + dfi(x)} using the batch constrained method.
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4.2.1 Separate Deconvolution (SD)

Each polynomial iLZ(CE, y) can be computed by an independent separate deconvolution. Let

the ith polynomial in the set of polynomials fl(x, y) be given by
file) =Y i, <m> (1—z)™igd, (4.2)
: J
Jj=0

where m; is the degree of the polynomial fl(m) The polynomial ﬁl(m) of degree n; =

m;_1 —m; is given by

hi(z) = fif () for i=1,..., 0.

fi()

The polynomial division can be written in matrix form as

Co, (fila)) halw) = Fir, (4.3)
where Ch, (fi(x)) € R7i-1+1D)x(i+1) ig the matrix given by
Ch; (fz(x)) = D;zi_le (ﬁ@)) Qn,; -

The matrix Dl € R(mi-1+D)x(mi-1+1) §g given by

D;l :diag[ oy ey o o ] , (4.4)

0

the matrix T}, (fi(z)) € ROMi-1+Dx(i+1) jg given by

0
@i (1) aio('5’)
s 7)
; aimi—1(,0"" ) : aio()
T, ( fi(z)) = S m m; (4.5)
(#) @i () @it () @i ()
&1 my (m
&i,mi—l (mnfil)
L Qi,m, (2,‘) .
and the matrix Q,,, € R +1)x(i+1) i5 oiven by
Qn, = diag[ ), -, (Zz) } : (4.6)
The vector h; € R™*! in (4.3) is given by
. . A . T
hi = |: hi,O, hi,17 L) hi,ni :| ) (47)

which contains the coefficients of the polynomial iLz(.%) and is computed by a simple least

squares method. The vector f; consists of the coefficients of the polynomial f,(x) and is
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given by

T
fz‘Z[&z‘,m a1, -, &i,mi] . (4.8)

4.2.2 Batch Deconvolution (BD)

In the previous section the deconvolution problem was considered as a set of independent

problems in which the coefficients of each polynomial f@(:ﬁ) fori=1,...,u—1 appear in a

convolution matrix in the ith deconvolution and a vector in the (i+1)th deconvolution. The

coefficients of the polynomial fo (z) only appear as a vector in the first deconvolution, and

the coefficients of fu (x) are only contained in a coefficient matrix in the u** deconvolution.
The values M and N are defined as

M = (mo+ 1)+ (m1 4+ 1)+ -+ (my—1 + 1)
=mo +my 4y

N=m+1)+Mne+1)+-+(n,+1)
=ni+ne+---+n,+ (u—1)

and these assist in the description of the coefficient matrix for the set of deconvolutions.

The set of deconvolutions can be written in matrix form as
C<f1(:c),...,fu(x))f1:f (4.9)
The matrix C(f1(x), ..., fu(z)) € RM*N is given by
D, T, (fl(ﬂf)) Qn,
Dyl Ty (f2(2)) Qus

DL T, (£4) Qn,
or alternatively the coefficient matrix is given by
C(fi@), fo@)so s ful@)) = DT (fi@), ol@), o Ju@) Q. (4.10)
The block diagonal matrix D~ € RM*M s given by

D! = diag { Dl DL Dl

mo? mid my—1 i|7

(4.11)

where each partition on the diagonal D;i € ROmit1)x(mi+1) has the same structure as the
matrix defined in (4.4). The block diagonal matrix T(f(z), fa(z), ..., fu(z)) € RM*N is
given by

diag [ Ty <f1(x)) , T, (fg(w)) N (fu(w)) ] , (4.12)

where each T, (fi(z)) is of the structure defined in (4.5). The block diagonal matrix
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Q € RV*N is given by
Q = diag Qn:[? QTLQ’ R Qn# Y (4‘13)

where each Q,, € R +TDx(+1) ig defined in (4.6).

~

A partition D)t Ty, (fi(2))Qn, has the structure

[ a0 (6 (%)
(")
ain () (F)  ano (6 ()
) )
a2 ()(E) @ (1Y) aio("5) (1)
("5 ) ()
: ai2 (") () aia (") (i)
) (=)
aimy () () : ai2("y) (31)
(i) (s T v2)
aim; () (%) :
(1) '
aim, (i) (1)
i (mi-1)

The vector £ € RM*1 in (4.9) is given by

A~

%: [ %07 f‘17 sy fu—l )

where the vectors f; € R(™i+1)%1 are defined in (4.8). Similarly, the vector h € RVN*! in

(4.9) is given by
S . . 1T
[RIT R TR T

where the vectors h; are of the form (4.7).

As with the first method described in Section 4.2.1, this problem is also solved by
simple least squares.

Computations on polynomials whose coefficients vary widely in magnitude may be
unreliable, and preprocessing the set of polynomials { f;(x)} which are defined in (4.2) is
necessary. The substitution x = fw is considered, and the optimal value of 0 is determined
by a linear programming problem such that the ratio of maximum entry of the preprocessed
D'T(fi(w),..., fu(w))Q to the minimum entry of D~'T(f1(w), ..., fu(w))Q is minimal.
The polynomials in the set { f'k(G,w)} are unoptimised in the independent variable w and

are defined by
fe(0,w) = deﬁ] ( k) [(1 - Qw)m’“ﬂwk} for k=0,...,pu. (4.14)
i=0 !

A general expression for a non-zero element in the first (n; + 1) columns of
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D7'T(fi(x), ..., fu(z))Q, that is, in the block DTy, (f1(8,w))@n,, is

a146' (") (")
mo

Ch, (fl(e, w)) = (119)

(i+5+1,5-+1) 0

1=0,....,my; 5=0,...,n1,

otherwise.

More generally, the kth block Dr_ni_lTnk (fr(0, w))Qn, contains entries of the form

ag ;07 (k) (" . .

. _ W> i=0,...,m; j=0,...,m,

an (fk(&(d)) il iel) B
(i+j+1,7+1) 0 otherwise.

It is convenient to define the sets P, (0) for k = 1,..., u, where

o () (%)
@k(@): (mk—l)] | 1=0,....m; J=0,...,nk ¢,
i+j

such that the minimisation problem to determine the optimal value of 6 is written as

max{ P (0) | k—l,...,u}}
min{ P(0) | k=1,...,u} )"

Oy = arg mein {
This problem can be written as

. t
Minimise -

s
Subject to
a0 (") ()
t ("?k'il) E=1,...,u5 1=0,...,mg; 7=0,...,n,
i+j
ari0" (") ()
s < (mkil) k=1,...,u5 t=0,....,mg; 75=0,...,ng,
i+j
s >0,
6> 0.

By the transformations

) ) s () ()
T =1logyy(t), S=logyy(s), ¢=log() and ag;;=logy W
i+j




Chapter 4. The Univariate Polynomial Factorisation Algorithm 145

the constrained minimisation problem can be written as

Minimise T-S5

subject to

T —ZE) > Q1 1=0,....,my; 7=0,...,n1,

T —i& > 0_62’7;’3' 1=0,...,mo; j=0,...,n9,

T —z'g?) > Quij 1=0,...,myu; 7=0,...,n4, (4.15)
-S +]¢ > _dl,i,j 1=0,....,m1; j=0,...,n1,
-S +j($ > —5[272'7]' 7= 0, e, Mg j = 0, ce,NY,
—S +jo > —au; i=0,....,mu j=0,...,n,

Since the counter j only appears on the left hand side of the inequalities, let S\k,i and @Z_)/“
be defined as

My; = max{ag;;|i=0,...,0,...,nk} k=0,...,0 i=0,...,my (4.16)
my; = min{ak;;|j=0,...,nk} k=0,...,u; i=0,...my, '
then the above minimisation problem (4.15) can be written as
Minimise T — S5
subject to
T _Z(Zg > ml,i 1= 07 , M
T —ig > My; i=0,...,m
T —i¢p > My, i=0,...,my,
-8 —l—’LQE > —my; 1=0,...,m .
-8 —i—i(i > —mg; 1=0,...,m9
—S +ip > —my,; i=0,...,my,
The minimisation problem can be written in matrix form as
T T
Minimise [ 1 -1 0 ] S| Subjectto A| S| >b. (4.17)
¢ ¢
The matrix A € R(mtmat-+mu)x3 in (4.17) is given by
T

A:[ﬂl, Az, ..., Ay, ai, a2, ..., au ,
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where the matrices Ay, aj € RMet1)x3

10 0
1 0 -1
Ay, = : : ;
10 —(mp—1)
| 10 —my ]

The vector b in (4.17) is given by

b:[ml, My, ..., M,

where the vectors My, m;, € R™*! are given by

mk = |: mk,o, mk,l?

are given by

_ T
) mk,mk ] y M = |: n_Zk,Oa 17_2]971,

0 -1 0
0 —1
ag=|: :
0 —1 (mgx—1)
| 0 -1 mp ]
T
—-mi, —ma, ..., *ﬁlu] ,
T
ce ﬁzk,mk} .

The linear programming problem returns the value 6 and it follows that the set of

preprocessed polynomials are given by

ﬁ(w) = Zdw% (TZLZ> [(1 — How)mi_jwj] , 1=0,...,pu.
7=0

Assuming now that ﬂ(w) are preprocessed forms of the inexact polynomials f;(z), the u

deconvolutions of the preprocessed polynomials { ﬁ(w)} can be written in matrix form as

DT (fl(w),fg(w), . ..f#(w)) Oh~

(4.18)

The block diagonal matrix D~! is already defined in (4.11). Similarly, the block diagonal

matrix @ is defined in (4.13), and the matrix T'(f;(w), fo(w), .. - fu(w)) is given by

The vectors h and f are given by
- - - _ a7
h=|hy hy ... hu}

where f; € R™+1 is given by

5 (1)
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The vectors h; containing the coefficients of the polynomials {h;(w)} are computed by

least squares solution of (4.18).

4.2.3 Batch Deconvolution with Structured Total Least Norm (BD-
STLN)

The previous section considered the computation of several linked deconvolutions using
a structured matrix based method. The polynomials were preprocessed such that the
entries in each of the partitions were scaled to minimise the ratio of the entry of maximum
magnitude to entry of minimum magnitude. This section extends the previous work by
computing structured perturbations of the polynomials fi(w), resulting in the improved
approximation of the set of polynomials {iLZ(JE)} The described method is somewhat
similar to that used in the computation of the low rank approximation of the subresultant
matrix in Section 3.5.2.

The coefficient matrix in (4.9), given by D~'T(f1(w), ..., fu(w))Q, is of order M x N.
It is assumed that the coefficients of the polynomials are inexact, and thus (4.9) does
not possess an exact solution. It is therefore necessary to add a structured matrix to the
coefficient matrix and a structured vector to the right hand side vector of this equation.

Let G;(w) be the polynomial added to fi(w), and let G; € R™*! be the vector of

perturbations added to f;. Let the vector g contain all perturbations of each vector f;

B N B B T
q= |: q07 qla R qu ] )
where
~ r +1
qo = [ 20, 210, ..., Zm,0™ ] € R™MoT
~ T mi1+1
q; = |: Zmo+1, Zm0+297 R zmo—i—mrﬁ-lHTn1 ] € R™ )
- T +1
q, = |: Zym,  ZM+10, ... Zlelem“ } e R™eT,

A matrix of structured perturbations is added to each of the matrices Tj(f;(x)) for i =
1,..., 1, and thus the coefficient matrix in (4.9) is replaced by

DT (A@) o Jul@)) + T (@) Gu())] @

€ RM*N ig a block diagonal matrix whose

where the matrix T'(q1(w), G2(w), . . ., qu(w))
diagonal partitions are of the form T}, (§;(w)) € Rt Dx(ntl) 5 — 1y,

Consider now the vector on the right hand side of (4.9), the perturbed form of which
is

fo + ap fo do fo
fi+q fi d; fi
= oo || =] 1 |+ Pa
£, 0+ q,—2 £, o q,—2 £, o
i ~u—1 +q,-1 | L Nufl i | Q-1 L Np—l ]
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where

. [ It | Oarm, ] € RM*M:,

It follows that the corrected form of (4.9) is

1 <T(f1,...

where

h=[ By oo B, By | €BY and B=[ R o B

pu—1,

)

Ju) +T (@ ,d,)) Qh =T+ Pg,

The residual due to an approximate solution of (4.19) is

r=r@=(f+pra) -

,fﬂ<w)) LT (W), ...

-1 (T (fl(w), o

and the first order Taylor expansion of 7(q) is given by

7(a+dq) = (f+ P(q+da))

_p! (T(fh...,f“) +T (@ +5(]1,...,qu+5qu)) (h—|—6h>

= (@ +Psa— D (T (fieo fu) + T (@, 1d)) Q

0
(45)

(4.19)
- T
2, f,u—l ] S RM.

Gu())) @B, (4.20)

— DT (¢ g,) Qh. (4.21)
There exist matrices Y;(h;(w)) € RMi-1+Dx(mi+1) for j =1, ... pu, such that
Dk Ty (4()) Quibi = Dy Yo, (hilw)) Qi
and thus
Dyt 0T, ((w) Qui = D4 Yon, (Ri@)) Q0
from which it follows that
DT (G1, -+, G,) Qh =
C s
Dyt Yo, (1 (@) Qm, 5611
2
Dmi QYmu—1(ﬁu—1(w))QmM71 ~ 5(~1
Dyt Vi, (hyu(w))Qm,, 5’51
.
[ 0 D;léle(ill(w))le ]
0
- 5q
0 Dk Y (s () Qi ~
L 0 Dyt Yo, (hu(w)@m,, |
-D 1Y(h1, .,ﬁ#) 0.4, (4.22)
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and an element of a partition of this matrix, D,,} YV, (h(w))Qm, , has the form

(O ,
h;”HO Ty 1=0,...,n4 5=0,...,my;
<Dmk 1 (hk( )) ka>(i+j+1,j+1) +J

0 otherwise.

The substitution of (4.22) into (4.21) yields
r(q—i_(s(i) :T((l) _D_l (T (f17"'7fu) +T(dlaaQM)) Qdﬁ_ (D_ly (Bla"'7i"u) QZ _P) 5€1a
and thus the Newton-Raphson method requires the iterative solution of

Sh

-0

| D (T f) + T 23)) @ (DY (e, Ry)Q: = P) |
which is an under-determined equation, and the coefficient matrix is given by
[ DT )+ TG 03)) @ (DY (o h)Qs = P) | € RIXOVEM,

If fl(o) and (](0) = 0 are the initial values of h and q respectively in the Newton-Raphson

method, then the (j + 1)th iteration requires the minimisation of

—(fl(j) _ B(O))
5q(J —qW

. €]
[ D! (T (fl,...,f#) +T(f§1,...,cju)>Q Dy (/317...,@) 0.-P ](J) [ (;2 ] — ),

(G+1) B(O) ()+(5h

h

q(JH)

subject to

where the initial value of h is calculated from (4.9)
0 ) _ Nt
8 = (DT(fiw), @), -, ful@))@) E
This gives rise to an LSE problem

min, ||F'y — s|| subject to Gy =t,

where
F=1Inym
G=|D" (T(fl,...,fu>+T(Q’1,...,Q’M)>C) D—IY(ﬁl,...,fzu>Q —P} € RM*(N+M1)
[ o (4)
I I e
sq)
~ ()
h©® _ L) h h
s = () = L - N c RN+M
. —qY dp q
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and t = rU) € RM,

4.2.4 Constrained Batch Deconvolution (CBD)

The previous two sections have considered the batch deconvolution (BD) method and
the extension to the batch deconvolution with STLN (BDSTLN) method. In the batch
deconvolution with STLN (BDSTLN) method, structured perturbations are computed
such that the residual associated with (4.19) is minimised. In this section further con-
straints are applied to the problem, and these are derived from the multiplicity structure
of the factors of fo(x). Given the multiplicity structure, certain subsets of the polynomials
{hi(z) = fis1(x)/fi(x)} are equal, and this constraint can be added to the structure of
the deconvolution problem.

For the development of the theory in this section, it is assumed that the polynomials
to be deconvolved, fz(fv), are in the exact form. The factorisation of the exact polynomial

f(x) is given by

~

fo(z) = wl(a:)wg(x)z cowg ()t

where {w;(z)} are square-free polynomials of multiplicity i. Let {wyg,(x)} be the subset of

{wi(x)}, such that each wy, in a non-constant polynomial. The set is given by

{wg,} = {wiz) [ wi(z) # 1},

where ki,..., k; are integers of increasing size. The polynomial f (x) has at least one factor

of multiplicity k; for i = 1,...,¢, where ¢t denotes the size of the set of wy,.

Example 4.2.1. Consider the polynomial f (z) given by

A

f(z) = (z —0.2)%(z — 0.3)5,
then
wp =1, we=(x—-02), wg=1, wyg=1 and ws=(zr—0.3)
so k1 =2 and ky = 5. O

The set of polynomials {h;(x)} can therefore be split into the subsets {ho, h1,. .., hg, },
{Pky 1y -y Py by o v ey {hjkt_lJrl’”.’hkt}, where the polynomials contained within a subset
are all identical. Let the set of polynomials {p; | j =1,...,t} be given by

ﬁ]($) = i]’kj—l(x) = il’k]‘—ﬁ-l(I) == ilkj (LU),

where the degree of p;(x) is given by o0j. The polynomials { p;(z) | i =1,...,t} form the

solution vector of the system

C(fi@),... ful@)p =t (4:23)
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where the matrix C(f1(z), ..., fr,(z)) is given by

DT, (fl(ff)) Qo
Dy To, (fkl (@) Qo,
D;L}CITOQ (fklﬂ(w)) Qo,

Dy To, (sz (ﬂf)) Qo,

Dyt T (Friin (@) Qo,

Dy To, (fk, (x)) Qo,

The vector p is given by
X R R T
b= |: P, P2, ---5 Pt }

and the vector f is given by

o “ T
| B

sz? ey fk’g—la

i':|:i:07 ey E.761—17 %kla ceey f‘kz—la

Assuming now that polynomials {f;(z)} are defined inexactly, the approximations p;(x)

are computed from the least squares solution of

C(fl({l,‘), fg(l’), Ceey fkt (l’))p ~f. (4.24)

Example 4.2.2. Consider the Bernstein form of the exact polynomial f (z), whose fac-

torisation is given by
f(z) = (z—0.3)(z—0.2)%
The polynomials { fi(z) | i =0,...,7} are given in factorised form by

R (r—0.3)"%z—-02)3"% i=0,...,3,
filz) = .
(x —0.3)7" i=4...7

and the polynomials { h;(z) | i=1,...,7} are given by

fi(z)
where the polynomials {hi(z),...,hs(z)} are equal, as are the polynomials

{hy(z),..., h7(z)}. Therefore, the set of polynomials {h;(z) | i = 1,...,7} can be
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computed by defining p;(x) and po(x) as

C(fi(z)) fo

C(fal)) fi

C(fs(x)) ) 6 ?2
C(fa(x)) [ 151 ] =15 |,
C(f5(55)) 2 ﬂ
C(fﬁ(m)) f5

I C(fr()) | | B |
then solving to find vectors p; and py. O

As with the batch deconvolution method, preprocessing the polynomials can be con-
sidered, and typically best results are obtained by the inclusion of preprocessing. Since the
matrix partitions in the batch constrained problem are identical to the partitions found

in the unconstrained problem, the linear programming problem is unaltered.

4.2.5 Constrained Batch Deconvolution with STLN (CBDSTLN)

In the constrained batch deconvolution with STLN (CBDSTLN) method, the low rank
approximation of the matrix in (4.24) is computed. Minimal perturbations are added to
the polynomials { f;} much in the same way as in BDSTLN but with the added constraints
introduced by the CBD method. Given the inexactly defined set of polynomials {f;(x)},
perturbations {¢;(x)} are computed such that

C(f17f2w--afu)+B(Q1,QQ7-~-,QN)P:f‘f‘q (4'25)

and the vector p contains the coefficients of the set of polynomials {p;(z)}.

4.2.6 Results

Three distinct approaches to the deconvolution problem have been considered: (i) separate
deconvolution (SD), (ii) batch deconvolution (BD) and (iii) constrained batch deconvo-
lution (CBD). Both the batch deconvolution (BD) and constrained batch deconvolution
(CBD) methods may include the computation of structured perturbations. The following
examples will consider the computation of approximations of the polynomials {fzz(x, y)}
given the inexact polynomials { ﬁ(m, y)} for each of the described methods.

In each of the following examples a polynomial f (x) is defined in terms of its factors
and each of the subsequent polynomials ﬁ(m) for i = 1,...,p are given such that each
fir1(x) is the GCD of fi(x) and its derivative f;(z). Noise is added to the coefficients of
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each fk(:c) and the perturbed polynomials fi(z) have coefficients
mi m
fr(z) = E ak7i< _ )(1 — )™yt where ay; = ag,; + 0ay,.
i
i=0

The noise introduced in these examples does not necessarily give an accurate represen-
tation of the noise in the polynomials { f;(z) | ¢ =0,...,u } computed by the square-free
factorisation algorithm (Algorithm 1). In fact, it would reasonably be anticipated that
each polynomial f;(x) would have a larger error than f;_i(z). That is, f;(x) has more
error in its coefficients than f;(x) for j > 4. This is due to the iterative nature of the
square-free factorisation algorithm. However, for simplicity, these examples assume noise
is random and defined within a given interval.
fi—1

Approximations of the polynomials {izz($) = QE;U) | i=1,...,u} are computed by

k3

the five methods (i) separate deconvolution (SD), (ii) batch deconvolution (BD), (iii) batch
deconvolution with STLN (BDSTLN), (iv) constrained batch deconvolution (CBD) and
(v) constrained batch deconvolution with STLN (CBDSTLN), which were described in
Section 4.2.

For each method, two variations are considered :

1. The inexact polynomials { f;(x)} are deconvolved to obtain the set of approximations
{hi(x)}. The error between the approximated polynomials {h;(z)} and the exact
polynomials {h;(z)} is given by

|~ b,
& (h) = L1l

- for i=1,...,p, (4.26)
h;

where h; € R™*t! is the vector of coefficients of the exact polynomial h(x) and

h; € R™%*! is the vector of coefficients of the computed polynomial h;(z).

2. Preprocessing the polynomials {f;(x)} gives the set of preprocessed polynomials
{fi(w) | i =0,...,u} which are deconvolved to obtain approximations { h;(w) |
i=1,...,u}. The errors between the set of exact polynomials {ﬁz(x)} and the set

of corresponding approximations { Bz(x) } are given by

for i=1,...,u, (4.27)

where h; is a vector of the coefficients of h;(z) and the polynomials { h;(z)} are
given by a change in the independent variable where w = %. That is, the polynomials

{ﬁ,(m)} are given by
- i s o J
hi(w) =3 hi o7 @) (1 — Bw)" 7 wi x (;)
§=0

ni > . .
= Z hi <m> 1—x)" 72l for i=1,...,pu.
=0 N
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The values €4,y and €qy¢ are defined as the averages of the sets {¢; | i =1,...,u} and
{& |i=1,...

examples included in this section, it will be shown that €4, is typically smaller than €sy4.

, 1}, where ¢; and €; are defined in (4.26) and (4.27) respectively. By the

Example 4.2.3. Consider the Bernstein form of the exact polynomial fo (z), whose fac-

torisation is given by

fo(z) = (z — 0.56897)3(z 4 0.56921)? (z + 1.24672)°.

The polynomials { fi (z),..., fg(:c)} are computed by a sequence of GCD computations
such that fiy1(z) = GCD(fi(z), f;(x)), and each f;(z) is given by

( (z — 0.56897)B3~9) (z 4 0.56921) 0= (z + 1.24672)6—)  §=0,1,2,

(z 4 0.56921)0~9) (z 4 1.24672)(6—7) i=3,4,5,
(z 4 0.56921)—) i=6,7,8,
1 i=9.

Random noise is added to the coefficients of each f;(z), such that the coefficients of the

inexact polynomials { fi(z) | i =0,...,9} are given by

a;; = Q;j +1ija; €5, for i=1,...,u j=0,...,m (4.28)
where r; are uniformly distributed random variables in the interval [—1,1] and €; are
uniformly distributed random variables in the interval [10*10, 10*8].

The five deconvolution methods are considered for (i) the set of unprocessed inexact
polynomials {f;(z)} and (i) preprocessed inexact polynomials { f;(x)}, and the errors {e;}
and {&} for i =1,...,9 are plotted in Figures 4.7i and 4.7ii respectively.

The average errors €,y and €44 for each of the five methods are given in Table 4.1.

Batch with STLN
Batch Constrained
Batch Constrained with STLN

4.490187e — 08
5.651231e — 08
2.246971e — 08

Method Unprocessed Prepfocessed
€avg €avg

Separate 4.545356e — 08 | 4.545356e — 08

Batch 4.545355¢ — 08 | 8.423505e — 09

6.783958¢e — 09
6.708721e — 09
3.199323¢ — 09

Table 4.1: Error in the approximations of the polynomials {h;(z)} in Example 4.2.3

0

Example 4.2.4. Consider the Bernstein form of the exact polynomial f (), whose fac-

torised form is given by

A~

fo(x) = (z — 6.5432)" (x — 2.1234565487) (x — 1.589212457)* (x — 0.7213)'% (2 + 0.72)°.
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Figure 4.7: Error in the approximations of {h;(z)} by five deconvolution methods (i)
excluding and (ii) including preprocessing in Example 4.2.3

The polynomials { fi(z) | i =1,...,20} are given by

(z — 6.5432)7(x — 1.589212457)*%(x — 0.7213)107%(z 4+ 0.72)20~7  =1,2,3,

(z — 6.5432)7"¢(z — 0.7213) 197 (2 4 0.72)20~* i=4,5,6,
fi(z) = < (z — 0.7213)10-(z + 0.72)20-i i=1,8,9,

(x4 0.72)20-1 i=10,...,19,

1 i = 20.

Let the coefficients of each f;(x) be denoted {a;; 1 7=0,...,ma}. Noise is added to the
coefficients of the polynomials { f;(z)} such that the coefficients of the inexact polynomials
{fi(x)} are given by (4.28), where {r; ;} are uniformly distributed random variables in the
interval [—1,1] and {¢; ;} = 1075.

The sets of polynomials { hj(z) | @ = 1,...,20} and {hy(z) | i = 1,...,20} are
approximations of {h;(z)} and the distances between the exact polynomials {h;(z)} and
the approximations are given by {¢;} and {€;} respectively, which are plotted in Figure 4.8i
and Figure 4.8ii. The average errors denoted € and € of the sets {¢;} and {&} for each

deconvolution method are given in Table 4.2.

Method Unprocessed Prepfocessed
€avg €avg
Separate 3.431876e — 07 | 3.431876e — 07
Batch 3.431876e — 07 | 5.974866e — 09
Batch with STLN 3.090918e — 07 | 5.856129¢ — 09
Batch Constrained 2.624582¢ — 07 | 3.912796e — 09
Batch Constrained with STLN || 2.490096e — 07 | 1.767510e — 09

Table 4.2: Error in the approximations of the polynomials {hz(x)} in Example 4.2.4
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Figure 4.8: Error in the approximations of {ﬁl(:v)} computed using five deconvolution
methods (i) excluding and (ii) including preprocessing in Example 4.2.4

Example 4.2.5. Consider the Bernstein form of the exact polynomial f(z), whose fac-

torisation is given by

~

f(z) = (x — 2.16547697898)%(z — 1.589)*2(x + 0.2789)%.

By the square-free factorisation algorithm (Algorithm 1), the exact polynomials { f;(z) |
i=0,...,30} are given by

( . . .
(z — 2.16547697898)2( — 1.589)121(z + 0.2789)%0~7 =0, 1,

i) (z — 1.589)127%(x 4 0.2789)30~ i=2,...,11,
i) = ,
(z +0.2789)30~1 i=13,...,29,
1 1 =30
and the exact polynomials iLZ(ﬂf) for i =1,...,30 are given by

(z — 2.16547697898) (x — 1.589)(x + 0.2789) i =1,2,
hi(x) = < (z — 1.589)(z + 0.2789) i =
(z +0.2789) i=13,...,30.

This example proceeds in the same way as Example 4.2.4, and the coefficients of each
inexact polynomial f;(z) are given by (4.28), where ¢; ; in this case is set equal to 1079.
The distance between the two sets of approximations {h;(z)} and {h;(z)} and the exact
polynomials {Bl(:c)} is measured and plotted in Figure 4.9. The average errors in these

two sets of approximations are denoted €4,y and €4, respectively, and are given for each
method in Table 4.3.
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Method Unprocessed Prepfocessed
€avg €avg
Separate 1.233120e — 06 | 9.979658e — 07
Batch 1.233120e — 06 | 4.675257¢ — 06
Batch with STLN 1.228831e — 06 | 4.469532¢ — 06
Batch Constrained 2.836729e — 07 | 1.311885e — 06
Batch Constrained with STLN || 1.027127e — 07 | 2.867082e — 07

Table 4.3: Error in the approximations of the polynomials {}A‘LZ(:L')} in Example 4.2.5
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Figure 4.9: Error in the approximations of {h;(z)} computed using five deconvolution
methods (i) excluding and (ii) including preprocessing in Example 4.2.5

O

Example 4.2.6. Consider the Bernstein form of the exact polynomial f; (), whose fac-

torised form is given by

N

fo(z) = (z — 3.654132475632154) 1 (z — 1.589) % (2 + 0.278912456789)°.
The polynomials { fi(z) | i =1,...,40} are given by

(v — 3.654132475632154) 10~ (2 — 1.589)12%(z + 0.278912456789)40~% i =1,...,9,

£(a) (z — 1.589)127(x 4 0.278912456789)40—i i = 10,11,
i\&L) = )
(2 + 0.278912456789)40— i=12,...,39,
1 i = 40.

Noise is added to the coefficients of each of the polynomials in the set { f; | i=1,...,40},
where the coefficients of the inexact polynomials are given by (4.28), where {r;;} are
uniformly distributed random variables in the interval [—1,1] and {¢; ;} = 1075.

The approximations {h;(x)} are computed from the unprocessed inexact polynomials

{fi(x)} using five deconvolution methods. The error in the approximation of each polyno-
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Figure 4.10: Error in the approximations of {ﬁl(x)} computed using five deconvolution
methods (i) excluding and (ii) including preprocessing in Example 4.2.6

mial h;, given by ¢, is plotted in Figure 4.10i. The polynomials {ﬁz(x)} are computed by
the deconvolution of the preprocessed inexact polynomials { f;(w)} and the errors in these
approximations, given by &, are plotted in Figure 4.10ii. The average errors, denoted €

and €, are given in Table 4.4.

Batch with STLN
Batch Constrained
Batch Constrained with STLN

Method Unprocessed Prepfocessed
€avg €avg

Separate 1.071075e — 04 | 4.889416e — 05

Batch 1.071075e — 04 | 6.134607¢ — 07

8.844553¢ — 05
5.383393¢e — 05
1.116176e — 05

6.082674e — 07
5.283715e — 08
2.641052¢ — 08

Table 4.4: Error in the approximations of the polynomials {h;(z)} in Example 4.2.6

0

This section has described several methods of polynomial deconvolution using struc-
tured matrix methods, given the synthetically inexact polynomials { f;(z)}. The examples
in this section have considered five methods (i) separate deconvolution (SD), (ii) batch
deconvolution (BD), (iii) batch deconvolution with STLN (BDSTLN), (iv) constrained
batch deconvolution (CBD) and (v) constrained batch deconvolution with STLN (CBD-
STLN) for division of the polynomials {f;(x) | ¢ =0,...,u}. It has been shown that first
preprocessing the polynomials, such that the block partitions of the coefficient matrix are
relatively scaled, yields improved results in the approximation of {h;(z)}.

The methods batch deconvolution (BD) and constrained batch deconvolution (CBD)
can give significantly smaller errors in the approximations of ﬁ(:ﬁ) when compared with
separate deconvolution (SD), particularly when the polynomial fo (x) is of high degree and
has few roots of high multiplicity.
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The next section combines the work so far and considers examples where the square-

free factorisation of a univariate polynomial in Bernstein form is computed.

4.3 Univariate Root Finding Results

This section now considers results of the square-free factorisation algorithm, and these
results are compared with the standard MATLAB roots () method, as well as multroot ()
by Zeng.

The first stage of the square-free factorisation algorithm (Algorithm 1) requires the
computation of the polynomials {f;(z)}, where each f;(x) is the GCD of f;_1(z) and its
derivative. In the following examples, given a perturbed fy(x), two sets of approximations

of {fi(z)} are computed by two different methods which are outlined below:

Method 1 : This method employs the standard least squares based method (described
in Section 3.5) for the computation of the coefficients of the sequence of GCDs. This
gives the set of approximations {f;(z)}.

Method 2 : In this method each f;(z) in the set of polynomials {f;(z)}, generated by
a set of GCD computations, has its coefficients computed using a low rank approxi-

mation of the ¢;th subresultant matrix, where ¢; is the degree of f;(x).

The errors between the exact polynomials { fz(x)} and the two sets of approximations
{f(z)} and {f(z)} are given by Equation (3.65) and Equation (3.66) respectively.

Example 4.3.1. This example considers the two methods of computing approximations
of the polynomials {f;(x)} and five methods of deconvolution. No other root finding
methods are considered for this example.

Consider the Bernstein form of the exact polynomial f(x), whose factorised form is

given by

~

f(z) = (z —0.101)*(z — 0.1)*(x + 0.5)2.

This example considers the computation of the square-free factorisation, and roots of the
inexact polynomial f(x). Noise is added to the coefficients of the polynomial f (z) such
that the coefficients of the inexact polynomial f(z) are given by a; = a; + r;a;e;, where

{r;} are uniformly distributed random variables in the interval [~1,1] and {¢;} = 1075.

The polynomials {f;(x)} are given by

(x —0.101)2=%(z — 0.1)2°=%(z + 0.5)>7" i=0,1,
filx) = { (z — 0.101)20~% (2 — 0.1)20* i=2,...,19,
1 i = 20.

The first stage of the square-free factorisation algorithm computes approximations of these
polynomials. Figure 4.11 shows the error between exact polynomials {f;(z)} and the
two sets of approximations {fi(z)} and {f;(x)} obtained by Method 1 and Method 2

respectively.
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Figure 4.11: Error in approximation of { f;(z) | i =1,...,20} by (i) Method 1 (M)
and (ii) Method 2 (M) in Example 4.3.1

Given the set of approximations fl(as) obtained by Method 2, the second part of the
square-free factorisation algorithm computes approximations of the polynomials {ﬁl(aj)}
The five deconvolution methods are used in this problem and are compared. In Figure 4.12
the error in each approximation h;(z) is plotted and it is clear to see that the best approx-
imations are obtained by the constrained batch deconvolution with STLN (CBDSTLN)
method.
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Figure 4.12: Error in the approximations of {h;(x)} computed using five deconvolution
methods in Example 4.3.1

0

In the following examples two methods are considered for the square-free factorisation

problem :

Method 1 : The first method used in the following examples proceeds as follows:

1. The approximations { f,(m)} are computed by the GCD finding method which
makes use of least squares approximation in Section 3.5.1.

2. The polynomials {h;(x)} are approximated using the separate deconvolution
(SD) method, that is, the approximations {h;(z)} are given by f;_1/f as de-

scribed in Section 4.2.1.
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3. The polynomials {w;(z)} are given by deconvolution of the set {h;(z)} where
the batch deconvolution (BD) method is used.

Method 2 (SQFF) : The second method considered in the following examples is given

the name square-free factorisation (SQFF) and proceeds as follows :

1. The approximations {f;(x)} are computed by the GCD finding method which
makes use of the low rank approximation of the tth subresultant matrix as seen

in Section 3.5.2.

2. The polynomials in the set { f;(2)} are deconvolved using the constrained batch
deconvolution with STLN (CBDSTLN) method as described in Section 4.2.5
to obtain the approximations {h;(z)}.

3. The approximations {w;(x)} are computed by batch deconvolution (BD) of the
polynomials {h;(z)} as described above.

Example 4.3.2. Consider the Bernstein form of the exact polynomial f(z) of degree

m = 45, whose factorisation is given by

~

f(z) = (z — 3.216789879) "3 (x — 1.23456)° (x — 0.75)" (z — 0.4)'%(z + 0.12687)%.

Noise is added to the coefficients of f(x), and the coefficients of the inexact polynomial
f(x) are given by a; = a; + a;r;e;, where {r;} are uniformly distributed random variables
in the interval [—1,1] and {¢;} are uniformly distributed random variables in the interval
[10719,1078].

Figure 4.13i plots the errors in the sets of approximations { f;(z)}, {hi(z)} and {w;(x)}
and Figure 4.13ii plots the errors in the approximations {f;(z)}, {hi(z)} and {w;(x)},
where the two batches of approximations are obtained by Method 1 and Method 2
(SQFF) respectively. The roots {r;} computed by Method 1 and Method 2 (SQFF)
are shown in Table 4.5 and Table 4.6 respectively.

These indicate that the errors in approximations obtained by Method 2 (SQFF) are
smaller than those obtained by Method 1, while both methods correctly identify the root

multiplicity structure.

Computed Root Error Root
T |7 — 74 Multiplicity
—0.126869586179687 | 4.1382¢ — 07 2
1.234560435234715 | 4.3523e¢ — 07 5
0.399988340390411 | 1.1660e — 05 10
3.216453021241865 | 3.3686e — 04 13
0.750002359901100 | 2.3599¢ — 06 15

Table 4.5: Roots and root multiplicities computed by Method 1 in Example 4.3.2
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Computed Root Error Root
r; |7 — i Multiplicity
—0.126870364702462 | 3.6470e — 07 2
1.234560309624994 | 3.0962¢ — 07 5
0.400000368352912 | 3.6835e — 07 10
3.216807497210620 | 1.7618e — 05 13
0.750000508265343 | 5.0827e — 07 15

Table 4.6: Roots and root multiplicities computed by Method 2 (SQFF) in
Example 4.3.2

The average errors in the approximations of {f;(z)}, {hi(z)} and {u;(z)} for each
of the methods are given in Table 4.7. The errors in the approximations {f;(z)} com-
puted by the simple least squares based method are typically larger than the errors in the
approximations {f(z)}.

’ H Method 1

€avg {fi(x)} || 2.560914e — 06
€avg {hi(z)} || 1.068434e — 05
€avg {Wi(x)} || 9.773989¢ — 06

Method 2 (SQFF) |

7.997036e — 07
9.474574e — 07
6.944887e — 07

Table 4.7: Error in the approximations of the sets of polynomials {f;(2)} , {hi(z)} and
{w;(z)} in Example 4.3.2

Results from Method 2 (SQFF) are compared with the MATLAB roots() method
and Zeng’s multroot (). Both MATLAB and Zeng’s methods fail to retain the multiplicity
structure of the roots of f (z) in the presence of noise. Consequently, clusters of roots are
computed in complex conjugate pairs and these surround the exact roots (see Figure 4.14).
The errors in the approximations of the roots by these two methods are significant, but
their respective backward errors are small. However, Method 2 (SQFF) retains the

multiplicity structure.

Example 4.3.3. Consider the Bernstein form of the exact polynomial f (z) of degree

m = 11, whose factorised form is given by

f(z) = (z — 0.5z +0.75)".

Noise is added to the coefficients of f (x) such that the coefficients of the inexact polynomial
f(x) are given by a; = a; + a; x 7; x 1078, where {r;} are uniformly distributed random
variables in the interval [—1,1].

Approximations of the sets of polynomials {f(z)}, {hi(z)} and {i;(z)} are computed
by Method 1 and Method 2 (SQFF) and the errors for both of these methods are
plotted in Figure 4.15i and Figure 4.15ii respectively. The average errors are then given in
Table 4.8. The sets of roots approximated by Method 1 and Method 2 (SQFF) and

their respective errors are given in Table 4.9 and Table 4.10 respectively.
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Figure 4.13: Average error in the approximations of {f;(z)}, {hi(z)} and {w;(z)}
approximated by (i) Method 1 and (ii) Method 2 (SQFF) in Example 4.3.2
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Figure 4.14: Roots of f(z) as approximated by (i) SQFF, (ii) MATLAB roots() and
(iii) multroot () in Example 4.3.2

|

| Method 1 | Method 2 (SQFF) |

€avgLfi(x)} || 3.140354¢ — 09
€avg{hi(z)} || 1.182284¢ — 08
€avg {0i(2)} || 9.779087¢ — 09

4.731169¢e — 09
1.584437e — 09
8.945724e — 10

Table 4.8: Error in the approximations of {fi(z)} , {hi(z)} and {w;(z)} in

Example 4.3.3
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Computed Root Error Root
5 |7i — 7l Multiplicity
0.499999994397712 | 5.6023e — 09 4
—0.750000030281793 | 3.0282¢ — 08 7

Table 4.9: Roots and root multiplicities approximated by Method 1 in Example 4.3.3

Computed Root Error Root
T |7; — 74 Multiplicity
0.499999999796249 | —2.0375e — 10 4
—0.749999994991544 | —5.0085¢ — 09 7

Table 4.10: Roots and root multiplicities approximated by Method 2 (SQFF) in
Example 4.3.3
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Figure 4.15: Average error in the approximations of {fi(z)} , {hi(z)} and {w;(z)}
approximated by (i) Method 1 and (ii) Method 2 (SQFF) in Example 4.3.3

0

Many other combinations of preprocessing, low rank approximation methods and de-
convolution methods can be considered, but generally best results are obtained by methods
which :

1. Preprocess the polynomials in the GCD problem
2. Exploit structure preserving low rank approximation methods

3. Make use of constrained deconvolution methods

4.4 Conclusion

This section has considered the computation of the factorisation of a univariate polyno-

mial in Bernstein form. Gauss’ algorithm was used in the computation of the square-free
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Figure 4.16: Roots of f(z) as approximated by (i) SQFF, (ii) MATLAB roots() and
(iii) multroot () in Example 4.3.3

factorisation, which makes use of a sequence of GCD computations and two sets of poly-
nomial deconvolutions. The simple roots of the square-free polynomials {w;(x)} are the

roots of f(z) of multiplicity .

The MUGCD Method : The modified univariate GCD (MUGCD) method was de-
veloped in this chapter and modifies the standard univariate GCD (UGCD) method
developed in the previous chapter. This method is significantly faster when deal-
ing with the type of GCD problem found in the square-free factorisation algorithm
(Algorithm 1). Using this method, fewer subresultant matrices must be constructed

and preprocessed. This also reduces the number of required SVD operations.

The Deconvolution Problem : Several deconvolution methods were considered and
the best approximations of the set of polynomials {h;(z)} were shown to be obtained
using the structured matrix methods of batch deconvolution (BD) and constrained
batch deconvolution (CBD).

The Square-Free Factorisation Problem : Results from the square-free factorisa-
tion (SQFF) method developed in this chapter compare favourably with MATLAB
roots() and Zeng’s multroots() methods. The multiplicity structure is generally

preserved in SQFF where the other methods fail. This can be seen in Example 4.3.2.

The extension of the square-free factorisation algorithm (Algorithm 1) to determine
the factorisation of a bivariate polynomial will be described in Section 6.1. This algorithm
requires the computation of the GCD of three bivariate polynomials. First, the UGCD
method described in Chapter 3 is extended to compute the GCD of three univariate
polynomials. Following this, a simple extensions to compute the GCD of three bivariate

polynomials is derived.
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Chapter 5

The Univariate Polynomial GCD -
The Three Polynomial Problem

Chapter 3 described the UGCD method for the computation of the GCD of two exact
polynomials f(x) and §(x) or the AGCD of two inexact polynomials f(z) and g(z), where
the polynomials were defined in Bernstein form.

For the factorisation of a univariate polynomial, the square-free factorisation algorithm
(Algorithm 1) generates the set {fi(z)}, where fiy1(x) = GCD(f;(x), f;(x)) as discussed
in Chapter 4. An extension of the above mentioned algorithm allows for the computation
of the square-free factorisation of a bivariate polynomial f (z,y). In this algorithm the set

of polynomials {f;(x,y)} is generated, where each fiy1(x,y) is given by

fia(r.y) = GOD (ﬁ-«c,y» Aa) S ”) .
Therefore, it is necessary to develop a robust method for the computation of the GCD
of three bivariate polynomials. This introduces two new problems. They are the com-
putation of the GCD of three polynomials and the computation of the GCD of bivariate
polynomials. This chapter first extends the univariate GCD (UGCD) method to compute
the GCD of three polynomials, f(x), §(z) and h(z), using similar structured matrix meth-
ods. Subsequent chapters will discuss the extension to compute the GCD of two or three
bivariate polynomials.

One approach to the problem is to first compute the GCD (ia(x) of any two of the
three polynomials, say f(z) and §(z), then compute the GCD of the result and the third

polynomial h(z). That is,

d(z) = GCD ( f(@), ), h(x)) — GCD <GCD ( f(2), g}(w)) ,f}(m))

— GCD (GCD ( F(2), h(x)) , g(g:))

— GCD (GCD (g(g;), h(x)) , f(x))

Let p(z) be the GCD of f(z) and §(x), then it may be that the GCD of p(z) and h(x),

that is di(x), is also equal to p(x), and therefore all of the subresultant matrices in the set

{Sx(p(x), h(z))} are singular. However, it is this type of problem which forms one of the
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exceptions to the univariate GCD (UGCD) finding algorithm discussed in Section 3.2.5.
The AGCD of any two of three polynomials may be less well defined than the AGCD

of any other pair. That is to say, by the method described in Chapter 3, the AGCD is

not recoverable by analysis of the numerical rank of the subresultant matrices. However,

another pairing may avoid this problem. For example, f(z) and g(x) may have a poorly
defined AGCD but g(x) and h(z) may have a well-defined AGCD such that

AGCD(AGCD (f(2), g(z)) ,h(:n)) £ AGCD ( (), AGCD (g(2), h(z)) ) — d(z).

When computing the AGCD of three inexact polynomials, f(z), g(x) and h(z), the
AGCD of dy(z) <the AGCD of f(z) and g(:c)) and h(x) can become coprime, since the
first AGCD computation moves the result p(z) away from the point which would represent
the AGCD of all three polynomials.

Improved results are obtained by utilising a method where the GCD of all three poly-
nomials is considered simultaneously, and for this a new structured matrix based method is
considered. The new set of three-polynomial subresultant matrices extends the definition
of the two-polynomial subresultant matrices to a form consistent with the three-polynomial
problem.

The bivariate or n-variate Sylvester matrix and sequence of subresultant matrices is
covered in a small number of publications [32,39,53,79]. However, significantly less work is
found on the Sylvester matrix of three polynomials in Bernstein form, and this is addressed

in this chapter.

Section 5.1 The determination of the degree of the GCD of three polynomials reduces
to the computation of the numerical rank of a set of subresultant matrices. This
is similar to the method already seen for the computation of the degree of the
GCD of two polynomials in Chapter 3. There are two variations of the subresul-
tant matrices for the three-polynomial problem, namely {S;(f(x), §(x), h(z))} and
{Se(f(x),§(x), h(x))}, which have (2 x 3) and (3 x 3) partitioned structures respec-

tively, and the structure of these matrices is discussed.

This section also considers the optimal ordering of polynomials f (x), g(x) and lAz(a;)
for inclusion in the (2 x 3) partitioned subresultant matrix, where each ordering gives
rise to a set of subresultant matrices of different dimensions. The entries of these
matrices can be of significantly different magnitudes, and their numerical ranks are

not consistent.

Section 5.2 The optimal variant of the two-polynomial subresultant matrix sequence was
described in Section 3.1.4 and was given by the set of subresultant matrices of the
form {D;ninika(f(x), §(x))Qx | k=1,...,min(m,n)}. This section considers the
optimal variant of the three-polynomial subresultant matrix sequence.

Section 5.3 Preprocessing the two-polynomial subresultant matrices was considered in
Section 3.4, and it was shown that the degree ¢ of the AGCD was more reliably
computed from the subresultant matrices of preprocessed polynomials. The prepro-
cessed tth subresultant matrix also gave improved approximations of the coefficients
of the GCD. This section extends the preprocessing, such that the (2 x 3) and (3 x 3)
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partitioned subresultant matrices of three polynomials are preprocessed. It will be
shown that the preprocessing of these three-polynomial subresultant matrices has
similar benefits in the computation of the degree of the three-polynomial GCD with
similar results. It will also be shown how poor scaling can arise amongst the row-
partitions, should the polynomialsf (z), g(x) and g(z) be of significantly different

degree.

Section 5.4 Approximations of the cofactor polynomials ;(x), v¢(x) and W (x) and the

GCD d}(x) are computed by least squares and the method is described in this section.

Section 5.5 This section presents a set of examples in which the degree of the GCD of
three polynomials is computed using the subresultant matrices of unprocessed and

preprocessed polynomials.

Approximations of the coefficients of cofactor polynomials and the GCD are com-
puted from the ¢th unprocessed and tth preprocessed subresultant matrix and it is
shown that approximations from the preprocessed subresultant matrix are signifi-

cantly better.

5.1 The Degree of the Three-Polynomial GCD

The three polynomials f (z), g(x) and ﬁ(:z:) of degrees m, n and o respectively, have a
common divisor di(z) of degree k if and only if there exist cofactor polynomials (),

Ok (z) and wy(x) of degrees (m — k), (n — k) and (o — k) respectively, such that

= di(z), 9(z) = di(x) and

are simultaneously satisfied.

As with the two-polynomial GCD problem, these equations can be written in matrix
form. There are two variations of the three-polynomial subresultant matrices with (3 x 3)
and (2 x 3) partitioned structures respectively. The (2 x 3) partitioned subresultant matrix
takes three different forms, dependent on which two of the three equations are considered.
These variations will be defined later in this section, but first the (3 x 3) partitioned
subresultant matrix is defined.

The three equations (5.1, 5.2, 5.3) can be written in matrix form as

Si (f@). 3(@), b)) xi = 0, (5.4)
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which has non-trivial solutions for £ = 1,...,¢ and the solution vector x; is given by

A~

T
Xk = | Vg, W, _ﬁk} ; (5.5)

where vectors Vi, Wi and 0 contain the coefficients of the cofactor polynomials 0 (z),
wy(z) and dy(z) respectively. The matrix Si(f(x),§(x), h(z)) in (5.4) is the (3 x 3)

partitioned subresultant matrix and is given by
S (F(@).9(@),hi@)) = Dy i (F(@),g(2), hiz)) Qr. (5.6)

The block diagonal matrix 13,;1 of order (2m + 2n + 20 — 3k + 3) is given by

-1 _ 1. 1 1 1
'Dk‘ = dlag[ D~ m+n—k’ Dm+0 ko Dn+o k i| )

where Dm+n ;. is defined in (3.6) and the matrices Dm+0 , and Dn+o ;. share the same
structure. The matrix Ty (f(z), §(x), h(z)) is given by

T, & ( f(@) T, (§(2))

where each partition of the form Tp-_j(f*(z)) is the (n* — k)th order Toeplitz matrix as
defined in (2.11). The block diagonal matrix @y, of order (m +n+ o — 3k + 3) is given by

Qk = diag [ Qn-t, Qot, Qm—k |, (57)

where Qp_g, Qm_r and Q,_p have the same structure as the diagonal matrix @, €
RHDX(+1) defined in (2.12).
The kth subresultant matrix of three univariate polynomials is therefore given by

Rox Cumi (f@) Con-r(9(a))
S (f@).a().h@)) = | Row | = Cot (F(@)) oo (b)) | (5:8)
Re,k Coe (h(x)) —co,k(g(x))

where each partition C,,_j(f(x)) = Dmi_n an_k(f(az))Qn_k is a univariate convolution

matrix as defined in (2.9) and Rg , Ry and Ry, are the row-partitions given by

Rk = [ Chnk (f(x)) Omtn—k+1,0-k+1 Cm—k (Q(fﬂ)) ] ; (5.9)
Ry, = [ Omto—tktin—k+1 Co—k (f(@) Crn—k (71(96)) } ; (5.10)
Ry = [ Cn_k(h(a:)) - O_k(g(:c)> Onto o Lot 1 } (5.11)

Having defined the (3 x 3) partitioned subresultant matrix, the (2 x 3) subresultant
matrix is now defined. Two of the equations (5.1, 5.2, 5.3) are sufficient to describe the

system of equations, and the third equation can be derived given the first two. This is
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equivalent to solving two of the GCD problems simultaneously
GCD (GCD ( f*(@).5"(2)) ,GCD ( (@), ﬁ*(x))) 0 (5.12)

The three variations of the (2 x 3) partitioned subresultant matrix are defined by the

three ways of choosing two of the above equations. Variation 1 : Equations (5.1) and

(5.2) can be written in matrix form as

S ( f(2), (), ﬁ(x)) Xp1 = 0, (5.13)

which has a non-zero solution for £ = 1,...,¢, and the solution vector xj; in (5.13) is
equal to the solution vector xj defined in (5.5). The (2 x 3) partitioned subresultant matrix
Sp(f(x), g(z), h(z)) in (5.13) is of dimension (2m +n+o0—2k+2) X (m+n+o0— 3k +3)

and is given by

ma,k
Ry k

Cori ( f(a;)) Crn—i(9(2)

Comte (F(2)) Crnms(Ba)

where R, 1, and Ry, are row-partitions defined in (5.9) and (5.10) respectively. Variation

2 : Equations (5.1) and (5.3) are written in matrix form as

A~

I (g(x), F(2), f}(x)) Xp2 =0, (5.14)

which has non-zero solutions for & = 1,...,¢, and the vector xj o is a rearrangement of

the component vectors of x;, 1, given by
T
XE2 = [ u, Wi —Vi } .

The subresultant matrix Sy (§(z), f(z), h(z)) is of dimension (m +2n+ o0 — 2k +2) x (m +
n+ o — 3k + 3) and is given by

cm_k(g(x)) Coi (f(2)
co,k(g(x)) Cri (A()

where Ck%k and (kc’k are rearranged row-partitions R,y and R.p. Variation 3 : The
equations (5.2) and (5.3) give rise to the system
S (h@), 3(x), f(@)) x5 =0, (5.15)

which has non-zero solutions for k = 1,...,¢, and the solution vector xy, 3 is a rearranged

OWhere * indicates that f(z), §(x) and h(z) can be considered in any order.
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form of x;; which is given by

o AT

Xk,g = Vi, U, —Wg ] .
The subresultant matrix Si(h(z), j(z), f(z)) in (5.15) of dimension (m + n + 20 — 2k +
2) X (m +n + o — 3k + 3) is the third variation of the (2 x 3) partitioned subresultant

matrix. It can be written as

Coi (ﬁ(m)) Co i g(x))
Cm,k(fz(x)> Co i f(x))

)

where j{b,k and (]Qc,k are rearranged forms of Ry, and R .

Since there are three variations of the (2 x 3) partitioned subresultant matrix, the
notation Sy(f*(x), §*(z), h*(x)) is used to denote that polynomials f(z), §(z) and h(z)
can be considered in any order, where each ordering gives one of the three variations of

subresultant matrices.

Computing the Degree of the Three-Polynomial GCD

The different systems of equations (5.4, 5.13, 5.14, 5.15) only have non-trivial solutions

when k is the degree of a common divisor of polynomials f(z), §(z) and h(z), therefore

rank(Sk (f(g;),g(x),i}(x)))< om+2n+2 —3k+3 for k=1,...,t

rank (5}(1:6),5}(1’),%(36)))2 2m+2n+20—-3k+3 for k=t+1,...,min(m,n,o),
rank(S*k (f*(x),g*(x),h*(x)>>< Im* +n* 40" —3k+3 for k=1, .t
rank(é’k (f*(x),@*(:v),h*(x))): 2m* +n* 4+ 0" —-3k+3 for k=t+1,...,min(m,n,o).

As with the two-polynomial GCD problem, poorly scaled three-polynomial subre-
sultant matrices can lack the desired property of having clear separation between the
zero and non-zero singular values in their SVD. One source of poor scaling in the two-
polynomial problem came from a large difference in the entries in the two column-partitions
Cr—i(f(x)) and Cpy_x(§(x)). This remains true for three-polynomial subresultant matri-
ces, but poor scaling amongst the row-partitions must also be considered. It will be shown
that poor scaling of this type can lead to erroneous GCD degree computations.

The following examples consider the effect of poor scaling amongst the row-partitions.
First, however, it is necessary to define the pairwise GCDs for each pair of the three

polynomials f(z), §(x) and h(z). Let the pairwise GCDs be defined as

o(w) = GCD(f(2), §(x)), (5.16)
Iy() = GCD(f (), h(=)), (5.17)
Io(x) = GCD(§(x), h(x)), (5.18)

where dy(z), dy(z) and d.(z) are of degree t4, t, and t, respectively.
The row-partition R,y in (5.9) is singular for £k = 1,...,%,, Ry in (5.10) is singular
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for k=1,...,t, and R, in (5.11) is singular for k = 1,...,¢.. Since the three-polynomial
subresultant matrices consist of various arrangements of these row-partitions, the compu-
tation of the degree of the GCD is affected by poor scaling amongst them. The following
theoretical example shows how poor scaling can cause the degree of the GCD to be deter-

mined incorrectly.

Example 5.1.1. Consider the three polynomials f(x), j(z) and h(z) of degrees m, n
and o respectively. All three polynomials have a GCD cit(x) of degree t and the pairwise
GCDs of degrees t,, tp and t. are defined in (5.16, 5.17, 5.18). For this example, assume
that f(z), §(z) and h(z) are polynomials in the power basis since this avoids scaling in
the subresultant matrices due to binomial terms. The polynomials f(x) and §(x) are both
scaled by 10° and h(z) is scaled by 107°

f(x) = f(z) x 10°, g(x) = g(x) x 10° and  h(z) = h(z) x 107°.

The system of equations

Vi
Sk (f(x),9(z), h(x)) | wy | =0 (5.19)
has non-zero solutions for k& = 1,...,t. However, the kth (2 x 3) subresultant matrix

Se(f(x), 9(z), h(x)) contains the partition Cy,_i(h(x)), whose entries are approximately
zero relative to the large entries of the partitions containing the coefficients of f(z) and

9()

Cor (f(2)) Crn—rk (9(2))

Coek (f(2)) Con-r (9()) ] N
Coi(f@) 0

Cot (f(2))  Crmi (h(2))

Therefore, the second row-partition Ry is approximately full rank, so the rank loss of
Si(f(z), g(z), h(z)) effectively reduces to the rank loss of

| Cok (f@) | Coi (9)) |-

Since

[ Cok (@) | G (9@)) | [ o ] -

has non-trivial solutions for &k = 1,...,t,, the degree of the three-polynomial GCD, dt(:n),

is erroneously computed to be equal to t,.
O

Each of the three combinations of row-partitions in the three (2 x 3) partitioned sub-

resultant matrices theoretically have the same rank

rank (S, (£(@).9(2), h(2)) ) = rank (i (3(2), (), h(x) ) ) = rank (S (h(@).§(), f(@)) ),
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but in practice, as shown by the Example 5.1.1, polynomials whose coefficients span signif-
icantly different orders of magnitude or polynomials of significantly different degree (when
in Bernstein form) can give rise to three subresultant matrices of different numerical rank

and a numeric example is now given.

Example 5.1.2. This example shows the difficulties in the computation of the degree of
the three-polynomial GCD where two of the three polynomials f(x), §(z) and h(z) have a
GCD of degree t,, which is greater than the degree t of the GCD of all three polynomials.

The polynomials f(z), §(z) and h(z) are considered in the power basis, to eliminate
scaling due to binomial terms in the entries of the subresultant matrices. Also, no noise
is added to their coefficients. The polynomials are instead multiplied by scalars such that
their GCD is unaltered but their subresultant matrices are badly scaled.

Consider the exact polynomials f(x), §(z) and h(z) of degrees m = 17, n = 13 and

o = 14, whose factorisations are given by

f(x) = (z — 4.65)%(z — 1.5)%(z — 1.26)*(z — 1.1)3(z — 1)*(z + 3)?
(z) = (x — 4.99)3(z — 4.65)%*(x — 2)(z — 1.26)*(z — 1.1)?
(z) = (x — 4.65)*(z — 3.2)*(z — 1.26)*(z — 0.71)*(z + 1.75)?,

o> @

and whose GCD d}(.ﬁE) of degree t = 6 is given by
d(z) = (x — 1.26)*(x — 4.65)>.

The GCD of f(z) and §(z) is denoted d,(z) of degree t, = 9 and is given by

dy(z) = (z — 4.65)%(z — 1.26)*(z — 1.1)3.
The GCD dy(x) of f(x) and h(z) is equal to the GCD de(z) of §(x) and h(z) and
GCD (f(2), h(x)) = GCD (3(x), h(z)) = GCD (f(2), 3(x), hiz)) = di(x).

As in Example 5.1.1, the polynomials f(z), §(z) and h(z) are scaled by 10°, 107
and 1075 respectively such that f(z) = 10° x f(z), g(z) = 10° x j(z) and h(z) =
107° x h(z). The SVDs of the sets of subresultant matrices (i) {Sk(f(z), g(x), h(z))},
(i) {Sk(f(2),9(x), h(x))}, (ii)) {Sk(g(x), f(z), h(x))} and (iv) {Sk(h(z), g(x), f(x))} are
computed, and the singular values are plotted in Figures 5.1i to 5.1iv. In Figure 5.1ii
and Figure 5.1iii the large separation between the numerically zero and non-zero singular
values suggests that the degree of the GCD of f(x), g(x) and h(z) is given by ¢ = 9, but
this is an incorrect result, and is due to the magnitude of the entries in the row-partition
R being significantly larger than those in the row-partition Ry ..

The system of equations

[ Ch—k (f($)) ) 0(m+n—k+1),(o—k)a Crn—k (g($)) Xk,1 = 0

has a non-trivial solution for k = 1,...,9 and the row-partition R, j is rank deficient for

k=1,...,9. The entries of the rows contained in this row-partition are significantly larger
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than the entries in the coefficient matrix of

[ Omto—k+1),(n—k+1)s  Co—k (f(2)), Cmi (h(z)) }Xk,l =0,

which only has non-zero solutions for £ =1, ...,6.
Let rq i, 7y and 7. i, be the ratios of entry of maximum magnitude to entry of minimum
magnitude in the row-partitions R, x, Ry and R, respectively. The ratios in the first

subresultant matrix Sy,(f(z), g(z), h(z)) are given by

_ max{Ron} max{Ch i (f(@) COmilo@)} _

Tol = i {Rea} T PO kU O latan)  — L180983e+06 - (5.20)
_ max{Rp1}  max{Cp s (f(2) Cnos(h(@)}  _

TS in{Rea} | MMCe kTN O ity TA3T6Be 15 (521)
_omax{®Re1} max(Co (9(2).Co r(h(z)} _

Tl S n{Ren} | Mo xoD) Co ey}~ A3T6%e +15. (5.22)

The subresultant matrix Sy (h(x), g(x), f(x)) consists of the row-partitions Ry, and Re.p.
The ratios of entry of maximum magnitude to entry of minimum magnitude of Ry and
Re1 are given by 1,1 = 7.437698e+15 and r. 1 = 7.437698e+ 15 respectively, and :i—i =1.
This indicates that the row-partitions are ideally scaled for the computation of the degree
of the GCD. However, the entries of the two non-zero partitions in each of R, 1 and Ry
are unbalanced. Preprocessing the subresultant matrices yields improved results and will
be considered in Section 5.3. This example is then repeated for preprocessed polynomials
in Section 5.5 (Example 5.5.1), where it will be shown that preprocessing has eliminated
the poor scaling and the degree of the GCD is correctly identified.

O

Example 5.1.3. Consider the Bernstein form of the exact polynomials f (), g(z) and

iL(.%') of degree m = 29, n = 19 and o = 18 respectively, whose factorisations are given by

f(x) = (x — 9.2657984335)%(x — 1.2657984335)* (2 — 0.41564897)% (2 — 0.21657894) x
(z — 0.0654654561)%(x + 0.7879734)% ( + 1.654987654)% (2 + 1.932654987) x
(z + 2.3549879)?
§(z) = (z — 9.2657984335) (z — 1.75292)(z — 1.2657984335)* (2 — 0.99851354877)" x
(z — 0.21657894) (z — 0.0654654561)%(z 4 0.1654988136)* (x + 1.654987654)>
h(z) = (z — 9.2657984335)%(z — 1.2657984335)* (x — 0.564987986958)" (x — 0.21657894) x
(z — 0.0654654561)%(z + 0.778912324654)2( + 1.654987654)2(z + 1.75)>

and whose GCD czt(x) of degree t = 11 is given in factorised form by

dy(z) = (z — 9.2657984335)2(x — 1.2657984335)* ( — 0.21657894) x
(z — 0.0654654561)%(z + 1.654987654)2.

Noise is added to the coefficients of f (), §(x) and h(x) such that the coefficients of inexact
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Figure 5.1: The singular values {0} ;} of the unprocessed subresultant matrices (i)

{Sk(f(2), g(x), h(@))}, (i) {Sk(f(x),g(z), h(2))}, (i) {Sk(g(@), f(x), h(x))} and (iv)
{Sk(h(x),g(z), f(z))} in Example 5.1.2

polynomials f(x), g(x) and h(z) are given by
a; = i + diepryi, bp =0+ bjeg gy and ¢y =+ Epenprhg, (5.23)

where {rs;}, {rg;} and {r,p} are uniformly distributed random variables in the interval
[—1,1] and {es;} = {eg;} = {enp}t =10 for i =0,...,m, j=0,...,nand p=0,...,o0.
In Figure 5.2 the coefficients of f(x), g(x) and h(x) are plotted. The degree of f(x) is
significantly higher than the degree of g(z) and h(x) and the span of the magnitude of the
coefficients of f(z) and g(x) is greater than the span of the magnitudes of the coefficients
of h(x).

The singular values of the sets of (2 x 3) and (3 x 3) subresultant matrices
() {Sk(f(@),g(x),h(x))}, (i) {Su(f(2),9(x), h(2))}, (i) {Sk(9(x), (=), f(z))} and
(iv) {Sk(h(z),g9(x), f(x))} are plotted in Figures 5.3i to 5.3iv. The singular values
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Figure 5.2: The coefficients of the polynomials f(z), g(x) and h(z) in Example 5.1.3
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Figure 5.3: The singular values {0} ;} of the subresultant matrices
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(iv){Sk(h(x), g(x), f(z))} in Example 5.1.3
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of the subresultant matrices {Sy(g(z), f(z), h(x))} (Figure 5.3iii) and to a lesser ex-
tent, those of {Si(h(x),g(z), f(z))} (Figure 5.3iv) can be used to correctly deduce the
degree of the GCD. The optimal variation of the subresultant matrices, with maxi-
mal separation amongst the numerically zero and non-zero singular values, is given by
[$x(g(@), f(@), h(2))}.

The singular values of the (3 x 3) subresultant matrices (Figure 5.3i) reveal the degree
of the GCD with a significant separation between the zero and non-zero singular values.
However, the separation is far less significant than the separation of the singular values of
{Sk(g(zx), f(x), h(z))} in Figure 5.3iii.

The three pairwise GCDs are now considered, and the analysis of these gives
some insight as to why certain variations of the (2 x 3) partitioned three-polynomial
subresultant matrices cannot be used in the computation of the degree of the GCD.
The computation of the degree of the pairwise GCDs (i) d,(z) = GCD(f(z),g(x)),
(ii) dp(x) = GCD(f(z),h(x)) and (iii) d.(x) =  GCD(g(z),h(x)) are
now considered. The singular values of the subresultant matrices
() {Sk(f(@),9(2) | k= 1,...min(m,n) }, (i) {Se(f(2), (@) | k = 1,...,min(m,0)}
and (iii) { Sk(g(z),h(x)) | k=1,...,min(n,0) } are plotted in Figures 5.4i to 5.4iii. The
degree of the GCD is correctly determined from the singular values of {S(g(z),h(x))}
in Figure 5.4iii, due to a large separation between the zero and non-zero singular values.
There is a small but significant separation between the numerically zero and non-zero
singular values of {Sk(f(x),g(z))}, such that the degree of the GCD can be recovered.
Yet in Figure 5.4ii the separation between the zero and non-zero singular values is
indicative of the degree of the GCD being given by t = 14, but this is incorrect and is
possibly due to a factor of f(z) which is similar to a factor of g(x).

These three pairwise GCDs reveal why the degree of the GCD can be obtained using
one variant of the (2 x 3) subresultant and why another variant returns an incorrect result.

For instance, the kth subresultant matrix in the set of (2 x 3) partitioned subresul-
tant matrices {Sy(g(z), f(z), h(x))} contains the row-partitions R, and Rc k- These are
derived from the two-polynomial subresultant matrices used in the computation of the
degree of the GCD of f(x) and g(z), and the degree of the GCD of g(x) and h(z).

From Figures 5.4i and 5.4iii, these GCD computations are well defined and the nu-
merically zero and non-zero singular values are well separated. However, the degree of the
GCD of f(z) and h(x) is incorrectly determined and therefore the (2 x 3) partitioned sub-
resultant matrices which include the row-partition Ry, are less reliable in the computation
of the GCD degree, as shown in Figure 5.3ii.

O

In this section the optimal ordering of the three polynomials in the (2 x 3) partitioned
subresultant matrices has been discussed. It was shown by example that good scaling
of the row-partitions is necessary to reliably compute the degree of the GCD of three
polynomials. Examples have shown that it is possible that the degree of the GCD can be
correctly computed from one variation of the (2 x 3) subresultant matrix sequence while
being incorrectly computed from an alternative ordering of polynomials f(x), g(z) and
h(z).

The GCD of three polynomials has also been considered by computing pairwise GCDs,
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Figure 5.4: The singular values {0} ;} of the unprocessed subresultant matrices (i)

{Sk(f(2), 9(x))}, (i1) {Sk(f (), h(x))} and (iii) {Sk(9(x), h(x))} in Example 5.1.3

and it was shown by example that for three polynomials f(z), g(x) and h(z) with a
common divisor d(z), the computation of the degree of the pairwise GCD of f(z) and
g(z) may return an incorrect result where computing the degree of the GCD of all three
polynomials simultaneously returns the correct result.

It has also been shown that in the computation of the degree of the GCD of three poly-
nomials it is only necessary to consider two of the three equations (5.1,5.2,5.3). Therefore,
the (2 x 3) partitioned subresultant matrices are sufficient to describe the complete system

of three equations, but these two equations must be chosen with consideration.
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5.2 Optimal Variants of the (2 x 3) and (3 x 3) Partitioned

Subresultant Matrices

In Section 3.1.4 the five variants of the two-polynomial subresultant matrices were consid-
-1
m-+n—

Qk. In this section the optimal variant of the three-polynomial subresultant matrices must

ered, where each variant was defined by the inclusion or exclusion of matrices D i and
be considered. These are defined in a similar way to the variants of the two-polynomial
subresultant matrices in Section 3.1.4, but each of these variants must be considered for
both the (2 x 3) and (3 x 3) partitioned variants.

The variants of the kth (3 x 3) partitioned subresultant matrix, given in (5.6),
are defined in terms of matrices D,;l, Tiw(f(x),§(2),h(z)) and Q.  Therefore,
the four variants are given by (i) Tx(f(z),§(x), h(z)), (i) Dy'Ti(f(x),d(z), h(z)),
(i) T(f(2), §(x), h(x))Qx and (iv) Dy 'Ti(f(2), §(x), h(2))Qk = Sk(f (), §(x), h(x)).

The kth (2 x 3) partitioned kth subresultant matrix has a similar definition and is

given by
Sk (F@).3(), (@) = DD (F (@), 3(2), h(w)) G- (5.24)
The block diagonal matrix 15,;1 of order (2m +n + o — 2k) is given by

Dyt =diag | Dy, 4 Dol x| (5.25)

where matrices D;l_s_n_ i and D;f_s_ o) are of the same structure as the matrix in (2.10).
The matrix Tj(f (z), §(z), h(x)) is given by

>

Thk (f(ﬂﬁ)) Tm—k:(

(x))
Tok (f(ﬂﬁ)) Tk (

(x)) , (5.26)

>

where the partitions of the form T}, _j(f(z)) € R"+n=k)x(n=k+1) are Toeplitz matrices

and have the same structure as the matrix in (2.11). The matrix Qy in (5.24) is given by

Qn=diag| Qu ks Qo Qs |-

Similar to the (2 x 3) partitioned matrices, the (2 x 3) partitioned subresultant matrices
have four variants defined by the inclusion or exclusion of lA),;l and Qk, and these are given
by () {Tx(F (@), 3(2), (@)}, (i) (D5 T (@), (@), @)}, (i) {74(F(2), (), b)) Qe
and (iv) {0} ' Th(f(2), § (), b)) Q-

The following example shows how the sets of coefficient multipliers in the different
variants of the subresultant matrices can cause significant scaling issues amongst the row

and column-partitions.

Example 5.2.1. Consider the polynomials f(z), §(z) and h(z) of degrees m = 5, n =
15 and o = 7. This example considers the scaling effect of the coefficient multipliers
for the (2 x 3) and (3 x 3) partitioned subresultant matrices S3(f (), §(z), h(z)) and
S3(f(2), §(x), h(x)).

Figures 5.51 to 5.5iv show heat maps of the coefficient multipliers (on a logarithmic
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scale) of the entries of the four (2 x 3) partitioned subresultant matrix variants. First
consider the coefficient multipliers in the variant given by Ti(f(x),§(z), h(z)) shown in
Figure 5.5i. The non-zero entries of the top right partition are significantly larger than
the entries in the three remaining non-zero partitions. This is because the degree of §(x)
is significantly larger than the degree of f (x) or ﬁ(x), so coefficients of g(x) appearing in
the top right partition T}, (g(x)) are multiplied by () = (11.5
(175) = 6435, while the coefficient multipliers of T},_r(f(z)) and Tp,_x(h(x)) are at most
equal to (g) = 10 and (;) = 35.

Scaling due to coefficient multipliers is also unbalanced in Ty (f(z), §(x), h(z))Qy as

), which has a maximum of

shown in Figure 5.5iii. The coefficient multipliers in the second row-partition Ry are of
significantly smaller magnitude than those in the first row-partition R, s, and again this
is due to n being significantly larger than m and o.

The variant ﬁ;lfk( f(x),§(x), h(z)) also suffers from poor scaling. The top left parti-
tion of this subresultant matrix contains entries in its middle rows which are significantly
smaller than those in the other rows.

Figure 5.6 shows a heat map of the coefficient multipliers in the entries of the four
subresultant variants where the subresultant matrix has a (3 x 3) partitioned structure,
and again the same arguments are used to suggest that the optimal variant is given by
D TW(f (@), 3(), b))y

O

Example 5.1.2 showed that poorly scaled polynomials give incorrect results for the
computation of the degree of the GCD. The combination of binomial terms in the non-
zero entries of the sets of subresultant matrices T, D;lTk, T Q. and D;lTka(ﬁ), for
both (2 x 3) and (3 x 3) partitioned forms, can cause further scaling problems. As such, it
is necessary to consider the variant which has the optimal scaling amongst its entries. The
heat maps of the entries of the matrices Sy (f (z), §(2), h(z)) = D ' Tu(f (), §(x), h(x))Qx
and Si(f(x), §(x), h(z)) = D;lfk(f(x),ﬁ(x),ﬁ(m))ék suggest these variants are optimal
for the (2 x 3) and (3 x 3) subresultant matrices respectively. This outcome is consistent
with the variants of the two-polynomial subresultant matrices.

By Example 5.2.1 it is shown that the optimal subresultant variant of the (2 x 3) subre-
sultant matrices is given by f);lfk(f(:n), g(z), h(x))Qk, where 15,;1 and Qy, have the effect
of dividing the rows and multiplying the columns by binomial terms such that the entries
in the partitions of the subresultant matrices contain the coefficients of f (), §(x) and h(x)
multiplied by a scalar in the unit interval. Similarly, the variant f),;lfk( f(x),9(z), h(z))Qx
is the optimal variant of the (3 x 3) partitioned subresultant matrices.

As seen in Example 5.1.2; the entries in the set of subresultant matrices of the form
{D; ' T},Qy} for both (2 x 3) and (3 x 3) variants may still be badly scaled. Preprocessing
the thee-polynomial subresultant matrices goes some way to mitigating the effect of poor

scaling and this will be discussed in Section 6.4.

() These are loosely defined terms which refer to the four subresultant matrix variants.
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Figure 5.5: Heat map of the coefficient multipliers in the entries of the four (2 x 3)
subresultant matrix variants in Example 5.2.1

5.3 Preprocessing the Three-Polynomial Subresultant Ma-

trices

In Section 3.4 it was shown that preprocessing the set of two-polynomial subresultant
matrices yields improved results in the computation of both the degree and coefficients
of the GCD. These preprocessing operations can be extended to preprocess the three-
polynomial subresultant matrices which have been defined in this section.

Firstly, the polynomials f(z), j(z) and h(x) are normalised by the geometric mean of
their respective entries in Sy(f(z), §(z), h(x)) or Sk(f(z), §(x), h(z)). When normalising
f(x), g(z) and h(z) by the geometric mean of their entries in the (3x 3) partitioned matrix,
all three polynomials are normalised by the geometric mean of the non-zero entries in two

partitions each. The normalised polynomials fi(z), gr(x) and hy(z) are given by

o) @ 8@ ()
f(z) Qk( , 9(@) Ak< d h(z (B )
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Figure 5.6: Heat map of the coefficient multipliers in the entries of the four (3 x 3)
partitioned subresultant matrix variants in Example 5.2.1

where
A n—kmAmnk: OkmA,m)ok) m
g (f > HH m+n k HH m+o k) . (5'27)
j=01i=0 i+j p=01i=0 i+p

The new notation G (f(x)) is used to denote the geometric mean of the polynomial f(z)
in the two partitions Cp_j(f(x)) and C,_j(f(x)).

In the (2x3) partitioned subresultant matrices Sy (f (), §(x), h(x)) only the coefficients
of the polynomial f (z) appear in two partitions, namely, C;,_( f (z)) and C,_g( f (z)), and
the geometric mean of the non-zero entries in these two partitions is given by Gy (f(z))
which is defined in (5.27). Coefficients of the polynomials §(z) and h(z) are normalised
by Gm—i(9(x)) and Gn_i(h(x)) respectively, where these expressions are of the same form
as (3.33).
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5.3.1 The Minimisation Problem

The second and third preprocessing operations described in Section 3.4 scaled the second
partition of the kth two-polynomial subresultant matrix by «j and replaced the indepen-
dent variable x with 0pw, where o and 6 were optimally chosen to minimise the ratio
of entry of maximum magnitude of entry of minimum magnitude in the kth subresultant
matrix.

The method for preprocessing the (2 x 3) partitioned three-polynomial subresultant
matrix S (f(z), §(x), h(z)) is now described, and this is easily extended to consider the two
other variations Sy (j(z), f(z), h(z)) and Si(h(z), §(x), f(z)) given by alternative polyno-
mial orderings.

The independent variable z is again replaced by 6w and polynomials f (z) and fz(m)
are scaled by A and p respectively. The optimal values of A\, p and 0 are to be determined
for each subresultant matrix.

The polynomials which are to be optimised are given by
. m . m . .
M(w,0) =A> a6 . |(1—0w)™ ",

ey =23 e (7)o
n - . (n .

j(w,d) = b;0" 1—6w)" "W,

§(w,0) ; (l>( w)"w

and ph(w, 0) = pz c;0° <0> (1 — fw)° "W (5.28)

i=0 !

The unprocessed (2 x 3) subresultant matrix is given by

o ) ) [ G (A f'(e,@) 0 Cm_k(g'(G,w)>
Sk(Af(0,w),3(0,w), ph(0,w)) = 0 c ()\f(97w)) C (pﬁ(@,w))
(5.29)

The optimal values Ag, pr, and 0y of A, p and 8 are sought such that the ratio of entry of
maximum magnitude to entry of minimum magnitude is minimised in the kth subresultant
matrix.

It is convenient to define the sets of all non-zero entries in each of the partitions
CotANf(0,0)), Coie(§(0,w)), Cor(Af(0,w)) and Cp_i(ph(6,w)). Let the sets of non-
zero entries of these partitions be given by P ,(X,0), P2 1(6), P31 (N, 0) and Py (p,0),
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where

Pr i (N 0) { )\al(e;(j?%]k) i=0,...
o)
(mzt:—ljik)

{Awm@vcﬁ>

Doy (0

@3k )\ 0 (m+0—k)

i+]

e )]
(")

‘@41€ pa

such that the minimisation problem is given by

{ max{max{®; (A, 0)}, max{P, 1 (0)}, max{Ps (A, 0)}, max{Ps r(p,0)}} } .

(A, pr, O) = arg min min{min{®; x (A, 0)}, min{Ps (0) }, min{Ps (A, 0) }, min{P4 1 (p,0)}}

A,p,0

The optimal values A\i, pr and 0y are computed as solutions of the linear programming
problem which is similar to that used for preprocessing the two-polynomial subresultant
matrices in Section 3.4. A full description of this linear programming problem is found in
Appendix C.1.1 and the preprocessed polynomials A fk(w), Jr(w) and pkﬁk(w) are given
by

pkhk = kacﬂk( > (1 — Opw)° Wt

A trivial extension is required to compute the optimal values A\, pg, and 0, for prepro-
cessing the polynomials of the (3 x 3) subresultant matrices. The sets #; (), 0), P2 1(6),
P3 (X, 0) and Py (p, 0) are defined above. Now, the sets Ps 1.(p, ) and Pg ;,(0) are defined
to account for the additional row-partition in the (3 x 3) partitioned subresultant matrices.

These are given by

pc0 () ("7Y)]
(")

0 () (5]

(")

‘@5,16 (/\7 9) =

Ps i (0) =
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The extended minimisation problem is written as

(A& pr, Ox) = arg min

{ max {max{®; (A, 0)}, max{Ps 1,(0)}, max{Ps (A, 0)},
A,p,0 A

min {min{® (X, )}, min{Ps ()}, min{Ps (A, 6)},
max{Py r(p,0)}, max{Ps x(p, 0) }, max{Ps 1. (0) } } }
min{ Py i (p, 0)}, min{Ps i (p,0)}, min{Ps (0)}} |’

where the optimal values of g, pg, and 6y are the solutions of a linear programming
problem similar to the one defined for the (2 x 3) partitioned subresultant matrix, with
an additional set of constraints.

The degree and coeflicients of the GCD are more reliably approximated from the
sequence of the preprocessed subresultant matrices {Sg (A fx(w), Gr(w), prhi(w))} than the
unprocessed forms due to improved scaling of the entries. Examples will show that due
to the inclusion of preprocessing, the separation between the zero and non-zero singular
values is increased, and the approximations of cofactor polynomials are significantly better.
Examples are given in Section 5.5, but first the method of approximating the coefficients

of cofactor polynomials and the GCD is considered.

5.4 Approximating the Coefficients of Cofactor Polynomials
and the GCD

In Section 3.5.1 the computation of approximations of the cofactor polynomials ;(z)
and ,(z) and the GCD dy(z) was considered. This section describes the computation of
approximations of the three cofactor polynomials 4 (x), 0¢(z) and w:(z) and the GCD
dy(z) using a similar least squares based method.

In this section the definitions of polynomials f, g and h are deliberately not specified
as they may represent (i) inexact polynomials f(x), g(z) and h(z) or (ii) preprocessed
polynomials A\ f;(w), §i(w) and phy(w).

The tth (2 x 3) subresultant matrix S;(f, g, k) and the tth (3 x 3) subresultant matrix
St( f,9,h) are numerically rank deficient, and therefore there exist non-zero vectors x;

and x; such that
Sy (f,g,h) % ~0 and S, (f,g,h)% ~0. (5.30)

One of the columns of each of the subresultant matrices S;(f, g, ) and S;(f,g,h) lies in
the space spanned by the remaining columns (with a minimal residual) and these columns

are denoted ¢; ; and ¢; 4 respectively. The remaining columns are denoted zzlm( fyg,h) and

At,q(fv g, h)
At,q(fa g, h)it,q ~ Ctq and At,q(fa g, h)f(t,q ~ Ctq,

where the vectors x;, and X; 4 can be computed by the standard least squares method.
The vectors x; and %X; in (5.30) are given by the insertion of ‘—1" into the gth position of
both }N(t,q and )A(t7q.

The vectors x; and X; contain the coefficients of the polynomials u;, v; and w; and are
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given by
~ . T
Xt =X = [ Vi, Wi, —U¢ ] .

The coefficients of the approximation of the AGCD are given by the solution to

Ct (ut)
Ci(vy) |de= | g |- (5.31)
Ct (wt) h

It was stated that f, g and h were deliberately not specified, and different definitions

of these polynomials give different approximations:

1. If f, g, and h represent the unprocessed polynomials f(z), g(z) and h(x), then the
vectors ug, vy, wy and dy contain the coefficients of the approximations u(z), v(x),
wi(x) and dy(x).

2. Otherwise, if f, g and h represent the preprocessed polynomials f;(w), §:(w) and
hi(w), then the vectors uy, v;, w; and d; contain the coefficients of @i (w), ¥ (w), Wy (w)
and d;(w) from which the polynomials @ (z), 7 (x), W (x) and d(z) are obtained by

a change of variable w = x/6.

The errors in the approximations u:(z), vi(x), wi(z) and di(z) obtained from the
unprocessed polynomials f(x), g(x) and h(x) are defined in (3.64), while the errors in the
approximations @ (x), 7 (z), w;(z) and dy(z) obtained from the preprocessed polynomials
fi(w), §i(w) and hy(w) are defined in (3.65).

5.5 Results

Example 5.5.1. This example returns to the set of polynomials f(z), g(x) and h(x)
defined in Example 5.1.2. Scaling was introduced such that the degree of the AGCD was
incorrectly determined. The polynomials f(z), g(x) and h(z) are now preprocessed to
obtain the sets of scaled polynomials {\; fx(w)}, {gr(w)} and {pphy(w)}. The coefficients
of the unprocessed and preprocessed polynomials A1 fi(w), §1(w) and p;hi(w) are plotted
in Figure 5.7. The coefficients of the unprocessed forms span many orders of magnitude
(due to the scaling introduced at the beginning of the example), while the coefficients of
the preprocessed polynomials all span a similar range.

Preprocessing is applied to the three sets of (2 x 3) partitioned subresultant matrices
and the single set of (3 x 3) partitioned subresultant matrices. These sets are given
by (i) {8k(/ (@), g(2), h@))}, (i) {Sk(g(@), f(@), h@)}, (i) {Se(h(2),g(x), f(z))} and
() {5k (F(@). g(x), h())}.

The SVDs of the subresultant matrices of the preprocessed polynomials are
computed, and the sets of singular values {oj;} of the three subresultant ma-
trix variations (1) {Sk(Aefr(w), Gr(w), prhr(@))}, () {SeMefi(@), Gr(w), prli(w))},
(iii) {Sk(gr(w), \efr(w), prha(w))} and (iv) {Sk(prhi(w), gr(w), \efr(w))} are plotted in
Figures 5.81 to 5.8iv. The separation of the numerically zero and non-zero singular values

indicates that the degree of the AGCD is given by ¢ = 6 for each of the three variations
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= F (@) -g(@) < h(e) A (@) =) = prh()]

2 14 16 18

6 8 10 12
i : Coefficient Index

Figure 5.7: The coefficients of both the unprocessed polynomials f(x), g(z) and h(z)
and the preprocessed polynomials A; fi(w), g1(w) and pihi(w) in Example 5.1.2

of the (2 x 3) partitioned subresultant matrices and the (3 x 3) partitioned subresultant

matrices.

0
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Figure 5.8: The singular values {0}, ;} of the (3 x 3) and (2 x 3) preprocessed

subresultant matrices in Example 5.1.2
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Example 5.5.2. Consider the Bernstein form of the exact polynomials f (z), g(x) and

h(z), whose factorised forms are given by

f(x) = (z — 0.5654654561)° (x — 0.21657894)'%(x — 0.01564897)2 x
(z +1.234)3(z + 1.2468796514)3

§(x) = (z — 0.99851354877)3 (x — 0.5654654561)° (2 — 0.21657894)10x
(z +1.2468796514)3 (z — 1.75292)4

h(z) = (z — 0.5654654561)° (z — 0.21657894)0(: 4 0.778912324654) x
(z 4 1.2468796514)3(x + 1.75)*

and whose GCD ci(:z) of degree t = 18 is given by

~

d(z) = (z — 0.5654654561)° (2 — 0.21657894)'% (2 4 1.2468796514)>.

Noise is added to the coefficients of f(z), §(z) and h(z) such that the coefficients of the
inexact polynomials are given by (5.23), where {rs;}, {ry;} and {7y} are uniformly dis-
tributed random variables in the interval [—1, 1] and {es;}, {€,;} and {€s p} are uniformly
distributed random variables in the interval [10_8, 10_6] fort=0,...,m,5=0,...,nand
p=0,...,0. The inexact polynomials f(z), g(x) and h(z) are preprocessed and the coef-
ficients of the (i) unprocessed and (ii) preprocessed polynomials are shown in Figure 5.9.
In Figure 5.10 the complete sets of singular values of each subresultant matrix are
plotted. From Figure 5.10i, there is no clear separation between the numerically zero
and non-zero singular values, and therefore the degree of the AGCD cannot be accurately
determined by this method. However, the zero-like singular values of the preprocessed
subresultant matrices {Sg(Arf(w), §(w), prh(w))} are clearly separated from the non-zero
values in Figure 5.10ii, and the degree of the AGCD is correctly determined to be t = 18.
The set of the minimum singular values of the (i) unprocessed (ii) preprocessed sub-
resultant matrices are shown in Figure 5.11. There is a large change in the minimum
singular values of the preprocessed subresultant matrices, and it is seen that 19 >> d1g,
so the degree of the AGCD is correctly identified. However, this is not the case for the

unprocessed subresultant matrices.
O

Example 5.5.3. Consider the Bernstein form of the exact polynomials f(z), §(z) and

h(z), whose factorisations are given by

f(x) = (z — 0.5654654561)° (2 — 0.21657894)(x — 0.01564897)2 x
(z 4 0.2468796514)3 (z + 0.7879734)

G(x) = (x — 0.99851354877)7 (x — 0.75292)% (2 — 0.5654654561)° x
(z — 0.21657894) (z + 0.2468796514)3

h(z) = (x — 0.5654654561)° (z — 0.21657894) (: 4 0.2468796514)° x
(z 4 0.778912324654)* (x + 1.75)2,
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Figure 5.9: The coefficients of both the unprocessed polynomials f(x), g(z) and h(z)
and the preprocessed polynomials A1 f1(w), §1(w) and p1h;(w) in Example 5.5.2
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Figure 5.10: The singular values {oy;} of the (i) unprocessed and (ii) preprocessed
subresultant matrices in Example 5.5.2

and whose GCD dt(x) of degree t = 9 is given by

~

d(z) = (z — 0.5654654561)° (z — 0.21657894)(x + 0.2468796514)3.

Noise is added to the coefficients of f(z), §(z) and h(z) such that the coefficients of the
inexact polynomials f(x), g(x) and h(x) are given by (5.23), where {€f;}, {€,,;} and {ep p}
are uniformly distributed random variables in the interval [le —7, 1e —4]. The polynomials
f(x), g(z) and h(z) are preprocessed to obtain the sets {\;f;(w)}, {gi(w)} and {pihs(w)}
and the coefficients of i f1(w), §1(w) and pihy(w) are plotted in Figure 5.12 alongside
their corresponding unprocessed forms f(x), g(z) and h(z).

The singular value decomposition of each of the subresultant matrices
{Sk(f(x), g(x), h(x))} and {Sk(Akfr(w),dr(w), prhr(w))} is computed, and the sets
of singular values of the unprocessed and preprocessed subresultant matrices are plotted

in Figure 5.13i and Figure 5.13ii respectively. There is no distinct separation between
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(i) The minimum singular values {d} of the (ii) The minimum singular values {6} of the
unprocessed subresultant matrices preprocessed subresultant matrices
{Sk(f(2), 9(x), h(x))} {9k Ak fro (W), G (w), prhie(w))}

Figure 5.11: The minimum singular values {¢} of the (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 5.5.2

the zero and non-zero singular values of the unprocessed subresultant matrices. However,
there is a clear separation between the zero and non-zero sets of singular values of the
preprocessed subresultant matrices shown in Figure 5.13ii.

0

Example 5.5.4. Consider the Bernstein form of the exact polynomials f(z), §(z) and

h(x), whose factorisations are given by

>

(z) = (x — 1.46)*(z — 1.37)3(x — 1.2)(z — 0.82)3(z — 0.75)°(x — 0.56)*(x — 0.1)*(x + 0.27)*
(z) = (z — 0.99)*(z — 0.12)*(z + 0.2)%(x — 0.1)*(z — 0.56)*(z — 0.75)%(x — 1.37)*
(z) = (x — 1.37)3(z — 0.75)5(z — 0.72)8(z — 0.56)*(z — 0.1)*(z + 0.75)>

> Q@

and whose GCD cZ(x) of degree t = 14 is given by

~

d(z) = (z —0.1)%*(z — 0.56)*(x — 0.75)3(z — 1.37)3.

Noise is added to the coefficients of f(z), §(x) and h(z), where {€s;}, {e;;} and {ep,}
are all uniformly distributed random variables in the interval [10~4,1076].

The inexact polynomials are preprocessed, and the optimal values A, p and 6 for
the polynomials in the first subresultant matrix are given by A\; = 1.4804, p; = 2.3823
and 07 = 1.5543. The coefficients of the unprocessed polynomials f(x), g(x) and h(x)
and the preprocessed polynomials A; f1(w), §1(w) and pih;(w) are plotted in Figure 5.14,
where it shown that the coefficients of the preprocessed polynomials span many fewer
orders of magnitude than the unprocessed polynomials. The singular values {oy;} of the
(i) unprocessed and (ii) preprocessed subresultant matrices are plotted in Figure 5.15.
In Figure 5.15i there is no clear separation between the numerically zero and non-zero

singular values. However, in Figure 5.15ii there is a clear separation between these two
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Figure 5.12: The coefficients of both the unprocessed polynomials f(z), g(x) and h(z)
and the preprocessed polynomials A1 f1(w), g1(w) and p1h;(w) in Example 5.5.3
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Figure 5.13: The singular values {0} ;} of the (i) unprocessed and (ii) preprocessed
subresultant matrices in Example 5.5.3

sets of values and the degree of the GCD can effectively be determined by (i) the set of
singular values of the first subresultant matrix given by {o1,;} by DC1 and (ii) the set
of minimum singular values of the set of subresultant matrices {3} by DC2. From this
figure, the degree of the GCD is well defined and is given by t = 14.

Since analysis of the singular values of the unprocessed subresultant matrices fails
to reveal the degree of the GCD, the coefficients of the approximations w(x), vi(x),
we(z) and di(x) cannot be determined and so the corresponding column of measured
errors in Table 5.1 remains blank. However, the tth preprocessed subresultant matrix
Si(Aefe(w), Gi(w), pehi(w)) is used to approximate the coefficients of iy (z), 0 () and ().
Polynomials 4 (w), 04(w) and wy(w) are computed by least squares (5.30) and the coef-
ficients of Jt(w) are given by the solution of (5.31). Replacing the independent variable
w = x/0, the polynomials @;(x), 0¢(x) and wy(x) are approximations of . (x), 04(x) and
w¢(x) and the errors in these values are shown in Table 5.1.

The amount of additive noise is reduced and the values of {ef;}, {€4;} and {e,}
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Figure 5.14: The coefficients of both the unprocessed polynomials f(z), g(x) and h(x)
and preprocessed polynomials A f1(w), §1(w) and p1hq(w) in Example 5.5.4

Unprocessed Preprocessed
u(z), ve(x), wi(z), | w(@), ve(x), we(x)
and d¢(x) and d¢(x)
Error 4 (x) - 1.744320e — 05
Error 0:(x) - 8.334257e — 05
Error w(z) - 3.447570e — 05
Error dy(z) - 8.504447e — 06
| Average || - | 3.643007e — 05 |

Table 5.1: Error in the approximations of @ (z), 0¢(x), w(z) and dy(z) with {e;,},
{€g,;} and {€p} in the interval [le — 6, le — 4] in Example 5.5.4

are now set to be uniformly distributed random variables in the interval [10719,107¥].
The degree of the GCD can now be determined from the sets of singular values of the
unprocessed and preprocessed subresultant matrices.

Two sets of approximations of the cofactor polynomials and the GCD can now be

computed as stated in Section 5.4:

1. The approximations u;(x), v¢(x), wi(x) and dy(x) are computed from the tth unpro-

cessed subresultant matrix.

2. The approximations @y (z), ¥(z), W (z) and dy(x) are computed from the tth pre-

processed subresultant matrix.

The errors in these approximations are given in Table 5.2, from which it can be seen that
the approximations (@ (z), ¥y (z), W (), dy () are significantly better than the approxima-

tions (u¢(z), ve(x), wi(z), de(z)).
O
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Unprocessed Preprocessed
w(@), vi(z), w(z) | w(x), vu(z), W)
and d¢(x) and dy(z)
Error () 4.230783e — 06 1.789312e — 09
Error 94(x) 1.588693e — 05 8.260332¢ — 09
Error w(z) 1.111483e — 06 3.481161e — 09
Error dy(x) 1.448698¢ — 06 7.129575¢ — 10
| Average || 7.188802e—06 [ 3.587534e —09 |

Table 5.2: Error in the approximations of @ (), (), @y (x) and dy(x) with {er.4},
{€g,;} and {€pp} in the interval [le — 10, le — 8] in Example 5.5.4
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Figure 5.15: The singular values {oy;} of the (i) unprocessed and (ii) preprocessed
subresultant matrices in Example 5.5.4

5.6 Conclusion

The two-polynomial GCD finding method was extended to compute the GCD of three uni-
variate polynomials in Bernstein form. Initial investigations into this problem revealed two
variations of the three-polynomial subresultant matrices. These variations were defined
in a way which extended the two-polynomial subresultant matrix. The first of these new
forms was the (2 x 3) partitioned structure which had three alternate variations given by
Sp(f(x), g(x), h(x)), Sp(g(x), f(z), h(z)) and Sk(h(z),g(x), f(x)), and it was shown that
these forms may have different numerical rank dependent on the ordering of the three
polynomials.

Some further conclusions based on the work in this chapter are :

1. Each subresultant matrix variation is equivalent to solving two pairwise GCD prob-
lems simultaneously. Suppose the pairwise GCD of f(z) and g(z) is poorly defined,
then the two (2 x 3) partitioned subresultant matrix variants containing the row-
partition R, i (see (5.9)) are also poorly defined. The GCD is therefore most reliably
computed from the third (2 x 3) partitioned subresultant matrix variant containing
row-partitions R and R ((5.10), (5.11)).
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2. Poorly scaled row-partitions give bad results in the computation of the degree of the
GCD. Suppose f(z) and g(z) have a GCD of degree t,, which is greater than the
degree t of the GCD of f(x), g(z) and h(z), then the best results are obtained from

the subresultant matrix where the row-partition R, is not included.

3. Preprocessing goes some way to mitigating the effect of poorly scaled row-partitions.

The next chapter will extend the two-polynomial and three-polynomial GCD find-
ing method to compute the GCD and AGCD of two and three bivariate polynomials in

Bernstein form defined over a triangular domain.



Chapter 6

GCDs of Bivariate Polynomials

over a Triangular Domain

The previous chapter discussed the extension of the UGCD method for the computation
of the GCD of three univariate polynomials in Bernstein form. This chapter now considers
another extension to compute the GCD of two and three bivariate polynomials in Bernstein
form where the polynomials are defined over a triangular domain. The factorisation of
a bivariate polynomial over a triangular domain requires the extension of the square-free
factorisation algorithm (Algorithm 1).

The methods in this chapter for solving the two-polynomial and three-polynomial GCD
problems are similar to the methods described in Chapter 3 and Chapter 5 respectively.
However, the structure of the subresultant matrices is significantly different, and the total

degree of the bivariate GCD is sought.

Section 6.1 The first section of this chapter describes the method of computing the
square-free factorisation of a bivariate polynomial by extension of the square-free
factorisation algorithm for univariate polynomials (Algorithm 1). Similar to the
univariate polynomial factorisation, this reduces to the computation of a sequence

of three-polynomial GCD problems and a set of deconvolutions.

Section 6.2 The second section considers the computation of the degree of the GCD
of two or three exact bivariate polynomials and the AGCD of two or three inexact
polynomials in Bernstein form. The method described in this section uses a sequence
of subresultant matrices in a similar way to the UGCD method defined for the

computation of the GCD of univariate polynomials.

Section 6.3 This section considers the variants of the two and three-polynomial sub-
resultant matrices for bivariate polynomials defined over a triangular domain. As
with the subresultant matrices of univariate polynomials, there exist several vari-
ants of the subresultant matrices of bivariate polynomials. The trinomial terms in
the entries of the subresultant matrices can cause the entries to span many orders
of magnitude. Experiments will consider which of the variants is optimal for the

computation of the degree and coefficients of the GCD of two or three polynomials.

Section 6.4 Preprocessing of the two-polynomial and three-polynomial subresultant ma-

trices for bivariate polynomials over a triangular domain is described, and some

197
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results are shown.

Section 6.5 This section considers the computation of the coefficients of cofactor poly-
nomials in the two-polynomial and three-polynomial GCD finding problem. The
simple least squares based method will be used to the compute coefficients of the

cofactor polynomials given the tth subresultant matrix.

Section 6.6 Results using the methods developed in this chapter are presented. It will
be shown how the degree of the GCD of two or three bivariate polynomials is re-
liably computed from the set of preprocessed subresultant matrices in cases where

unprocessed subresultant matrices otherwise fail.

6.1 The Bivariate Polynomial Square-Free Factorisation Al-

gorithm

This section describes an extension to the square-free factorisation algorithm for univariate
polynomials (Algorithm 1), such that a bivariate polynomial can be factorised into its
irreducible factors in = and y and non-separable factors of both = and y. Let pg(x) be the
product of all factors of the bivariate polynomial f (z,y) only in & with multiplicity k. Let
m, denote the highest multiplicity of any of these factors in f (z,y) such that all factors
are contained in the set {pi(z) | £ = 1,...,my } and pg(z) = 1 if there is no factor of
multiplicity k.

Similarly, let gi(y) be the product of all factors of f(z,y), which are polynomials in
y with multiplicity £, and let m, denote the highest multiplicity of any of these factors
in f(z,y) such that all factors are contained in the set {gu(y) | k = 1,... ,my } and
gr(y) = 1 if there is no factor of multiplicity k.

Finally, let 7x(x,y) be the product of all factors of f (z,y), which are non-separable
with multiplicity %k, and let m,, denote the highest multiplicity of any of these factors
in f(z,y) such that {fy(z,y) | k=1,..., Mgy } and 7 (x,y) = 1 when no non-separable
factor of multiplicity k exists.

To compute a factorisation of f (z,y), first consider the polynomial as a product of the

polynomials p;(x), ¢;(y) and 7i(x,y) fori =1,...,mg, j=1,...,myand k=1,...,my,

folz,y) = (pr(@)p3(x)p3(@) . .. o= (2)) (W)@ W)EB W) - - - dm (1)) x

(P (2, y)P5 (2, )73 (2, ) - e (2,)) -

The partial derivative of fo(x, y) with respect to x is given by

afoa(i’y) = (Po(@)p3(x) ... D=~ () (G (W) W) (WY) - - dme (y)) x

AMgy—1

(ol )@ iy (@,9)) * ko),
where k;(z,y) is a bivariate polynomial whose degree is such that W is of the same
degree as fo(x, y) in y and has degree of one less than fo(x, y) in z. Details of the degree

structure of k;(x,y) need not be known for the purpose of this algorithm.
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The partial derivative of fo(:v, y) with respect to y is given by

D) (5, @) @pi) ... 51 @) (R)EW) . d " )

dy
(o, ) () iy~ @) X hy (),

where ky(x,y) is defined in a similar way to k;(x,y). Its degree structure is such that

%;’y) has the same degree as fo(x, y) in = and has degree one less than fo(x, y) in y.

The polynomial f)(z,y) is given by

fi(z,y) = GCD (fo(%y), Ofo(z,y) 3f0(x7y)>

x Oy

= (ha(@)B3() - @) () BW) -3z W) (Felwr ) ) 7~ ()

The sequence of polynomials { fk(x, y)} is generated, where fx is given by computing the
GCD of fy_1(x,y) and its derivatives with respect to z and y

fk(f,y) = GCD (fk;—l(l’,y), 8fk—1(33,y) 8fk_1(x,y)>

Ox ’ Oy
A ~2 mp—k 5 ) smy—k
= (b @R 2(@) - Bz @)) (Ges T2 0) -Gy~ )
~ ~ Mgy —k
(e @ 9)itaa(@, ) iz (@ 0) |
which terminates when fj, is square-free and f (z,y) and its derivatives are coprime.
Suppose that m, > m, > mg,, then:

1. The polynomials in the set {fu(z,y) | k= 0,..., (mazy — 1)} can be written as the
product of polynomials of the form p(z), ¢(y) and #(x,y).

2. The polynomials in the set {f.(z,y) | k = may, ..., m, — 1} can be written as the
product of polynomials of the form p(z) and §(y).

3. Finally, the polynomials in the set {fi(z,y) | k = m,,...,my — 1} are all univariate

in x and are written as the product of polynomials of the form p(z).

As with the univariate polynomial factorisation algorithm, the set of polynomi-
als {hi(z,y)} is given by a series of deconvolutions of the set of f;(x,y) and each
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hi(ZUa y) = ﬁ',l(ﬂf,y)/ﬁ(iv, y)

h1($7y) = %

hQ(may) = %

R Py —1(2,y)
b, (@) = T
~ f7nry7 (I7 )
b, (wy) = TRt
B, (z,y) = %

(B1(2)p2(2)p3(x) - - Pm,.) (@1()2(y)d3(Y) - - - Gim,, (1))
X (H(Hf,y)fz(%y)f?)(%y) "TAm;);y(x7y))
(D2(2)p3(2) - - - Pin, (2)) (@2()d3(Y) - - - Gom,, (1))

(ﬁmwy (-'L')ﬁmwarl (.1‘) N ﬁml (:L‘)) (dmw (y)quwy+1 (y) s quy (y>)

X (rmm,y (.’ﬂ, y))
ﬁmy (x)ﬁmzﬂrl(x) < Pm, ()

D, (T).

The set of polynomials { w;(z,y) | i =1,...,mg } is given by w; = hi(z,y)/hiz1(x,y)

Wi, (2, )

7»sz (l'7 y)

hl(xy

ha(z, y; = p1(@)@(y)fi(z,y)

h2(:v Y) A R .

ha(zy) p2(z)G2(y)P2(z,y)
gy (29)

hmzy-‘—l (ac,y) = ﬁmmy (x)quTy (y)/ﬁmry (x7 y)

fzmy (z,y) A~ X
ilmy+1(l?,y) Pm,y (x)me (y)

Each polynomial in the set of square-free polynomials {w;(z,y)} contains the irreducible

factors of f(x,y) which have multiplicity i in f(z,y).

Example 6.1.1. Consider the exact polynomial f(x,) given by

flz,y) =

(22 + 4% —0.2)%(z 4+ 0.5)3(y — 0.7)%

The partial derivative of fo(x, y) with respect to x is given by

8f0 (.Z', y)
ox

=22+ 9% —0.2)(z +0.5)%(y — 0.7)* x 7(—0.0857143 + 0.285714x + % + 0.42857132)

and the partial derivative with respect to y is given by

8f0(x, y) — (
dy

22+ 9% —0.2)(z 4+ 0.5)3(y — 0.7) x 4(—0.2 + 2% — 0.7y + 2¢°).

The polynomial f; (z,y) is the GCD of fo(x, y) and its partial derivatives, and is given by

fi(z) =

(2 + % — 0.2)(z 4+ 0.5)%*(y — 0.7)3.
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The partial derivative of f; (z) with respect to x is given by

8f1(.%',y)

e (z +0.5)(y — 0.7)% x 2(—=0.2 4+ 0.5z 4 222 + y?)

and the partial derivative with respect to y is given by

o7
‘fl(,()z’y) = (z+0.5)%(y — 0.7)% x 3(—0.2 + 2% — 0.466667y + 1.66667y?),

SO fg(a:,y) is given by

8]61(56’ y) 8f1(x7y)

fQ(xay) = GCD (fl(xvy)a O 8:1/

) = (z+0.5)(y —0.7)%

The partial derivatives of fg (z,y) with respect to x and y are given by

8f2(x,y) _ (y_07)2 and 8f2($,y)

=2 . — 0.
e 9y (x 4+ 0.5)(y — 0.7),

and f3(x,y) is the GCD of fy(x,y) and its partial derivatives so is given by

A~

fs(@,y) = (y = 0.7).
Finally, the partial derivatives with respect to x and y are given by

6f3(.1‘, y)
ox

8f3($7 y)

oy =1

=0, and

and the GCD of f3(z,y) and its derivatives is given by f4(z,y), where

f4($a y) =1

The set of polynomials {h;(z,y) | i =1,...,4} is given by

ha(z,y) = 29 2209y 105y — 0.7)
.]il($>y)
o, y) = 2HEY) 2209y 105y — 0.7)
fAQ(x>y)
hs(z,y) = sz:z; = (x+0.5)(y — 0.7)
ha(w,y) = (o) _ (y —0.7).
4({E,y)
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and the set of polynomials { w;(x,y) | i =1,...4} is given by

l(xv y)
lUl(Jf,y) - 2 =1
h2($7 y)
wa(z,y) = ?2(:6’34) =22+ 9% - 0.2
hg(l', y)
h
w3(z,y) = Ag(:v,y) =405
h,4(.’L', y)
wa(z,y) = ha(z,y) =y — 0.7
The polynomials {w;(x,y)} are the factors of f (z,y) of multiplicity i. O

The factorisation of a bivariate polynomial has been reduced to a sequence of three-
polynomial GCD problems followed by a set of deconvolutions. In the remainder of this
chapter the two-polynomial and three-polynomial GCD finding problems are considered

for Bernstein polynomials defined over a triangular domain.

6.2 The GCD of Two or Three Bivariate Polynomials in

Bernstein Form over a Triangular Domain

In Section 3.1.1 and Section 5.1 the two-polynomial and three-polynomial subresultant
matrices were defined for univariate polynomials. These subresultant matrices were used
in the computation of the degree and coefficients of the GCD of two or three univariate
polynomials respectively.

The determination of the degree of the GCD of two or three bivariate polynomials
is similarly reduced to the determination of the numerical rank of each matrix in a se-
quence of two-polynomial or three-polynomial subresultant matrices defined for bivariate

polynomials.

6.2.1 The Degree of the GCD of Two Bivariate Polynomials

The bivariate polynomial in Bernstein form defined over a triangular domain was defined
in Section 2.2.3. Consider two bivariate polynomials f (z,y) and g(z,y) of total degree m

and n respectively, which are given by

m n
f(x,y) = Z &ihizBiT?,ig (‘7773/) and Q(m,y) = Z bil,isz'nl,ig (.CC, y)'
i1+i2=0 i1+i2=0

If they have a GCD a?t(ac,y) of total degree t, then there exist cofactor polynomials of
degrees (m — t) and (n — t) such that

f(a,y)
at(l‘a y)

Nail

@Y) _ Gy, y), (6.1)

=d x, and
t( ) t(xay)

(w8}
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where czt(:z:,y) is defined to within a scalar constant. There also exists a set of common
divisors {dg(z,y)}V of degree k = 1,...,t such that

F (@, y)on(2,y) — gz, y)iw(z,y) =0 for k=1,...,t. (6.2)

Equation (6.2) can be written in matrix form as

S (£ 9).9(@. ) xi = 0, (6.3)
which has a non-trivial solution for k = 1, ...t and the solution vector x; in (6.3) is given
by

T
sz[{’t, *ﬁt} ’

R (n7k+2) R (m7k+2) . .
where v; € R\ 2 and ; € RV 2 are vectors containing the coefficients of the

polynomials 4 (z,y) and 0(x,y).
The matrix Sy(f(z,y),§(x,y)) in (6.3) is the kth order subresultant matrix for two

bivariate polynomials in Bernstein form and is given by
S (Faw.ay) = | Coi (F@) | Coi(3(29) | (6.4)

where Cy,_i(f(x,y)) and Cp_1(§(z,y)) are bivariate convolution matrices as defined in

(2.33). Alternatively, the kth subresultant matrix is given by

Sk (F(z. ), 8w.9)) = DL (T (F,9),9(2)) Qe

The matrices D +n e T ( f (z,y),9(x,y)) and Q. defined here are different from those
used in the definition for the subresultant matrices of univariate polynomials. The block

diagonal matrix D, “n_y, Of order (s k+2) is given by
Dyt =ding | ("5 | () R [ | Gt e i) |- 69)

The matrix T (f(z, ), §(z,y)) € RO )+(2) s given by

T (f.9)0.9) = [ T (Fe.9) | Tur(962.9) ]

m+n—k+2)><<n—k+2 m+n—k+2
2

~ m—k+2
where T, _(f(z,y)) € R( ") and T,y (G(z,y)) € RO )X have
the same structure as the matrix defined in (2.29). The block diagonal matrix Qy, of order
((n_§+2) + (m_2k+2)) is given by

Qr = diag [ Qn—k, Qm—rk ] ;

where Q,,—x and @,,_j are of the same form as the matrix @,, defined in (2.36).

The degree of the GCD of two bivariate polynomials over a triangular domain can

fi)Note that there is more than one polynomial ds, (z,y) of degree k which satisfies (6.2) and the set
{dx(x,y)} should be read as {{di(z,y)},{d2(z,y)},. .., de(x,y)}.
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be computed in a similar way to the univariate two-polynomial problem (Section 3.2).
Suppose that f(z,y) and §(x,y) have a GCD dy(x,y) of degree t, then

m+n—k+2
2

rank Sy <f(:c,y),g(m,y)) _ <m—|—n2— k+2

rank Sj, (f(a:,y),g(x,y)) < < ) fork=1,....¢,

) for k =t,...,min(m,n).

Therefore, the degree of the GCD is given by the index of the last numerically rank
deficient subresultant matrix.

t+1)
2

Alternatively, the first subresultant matrix S ( f (z,9),g(x,y)) has ( numerically

zero singular values and any two-polynomial subresultant matrix S;—,( f (z,9),49(x,y)) for
p <t has (p ;2) numerically zero singular values. Therefore, the degree of the GCD can be
computed by the numerical rank loss of the first (or any subsequent) subresultant matrix.
It has, however, been shown for univariate polynomial GCD problems that consideration
of the numerical rank or each subresultant matrix in the sequence gives a more reliable
method of GCD degree determination. A method for the construction of the sequence of
subresultant matrices is described in Appendix B.2.

Having described how the degree of the GCD of two bivariate polynomials can be

computed, an extension to the three-polynomial problem is now described.

6.2.2 The Degree of the GCD of Three Polynomials

Suppose now that f(z,y), §(z,y) and a third polynomial h(z,y) have a common divisor

czk(:c,y) of degree k, then

>

f(z,y)

'&k('xvy)

(2, y)
wk(:nay)

This gives rise to three equations, where the first is given in (6.2) and two new equations

:dk(wvy)a :CZk(IE,y) and :dk‘(may)

are given by

The set of three equations (6.2, 6.6, 6.7) can be written in matrix form as

S (£, 3w, y), i) x. = 0, (6.8)

which has a non-trivial solution for £ = 1,...,t and the vector x; contains coefficients of

the cofactor polynomials 4 (x,y), Ux(x,y) and wg(z,y) and is given by

T
X = { Ve Wi, — ] . (6.9)
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The matrix Sp(f(z,y), §(z,y), h(z,y)) is the (3 x 3) partitioned kth subresultant matrix

of three bivariate polynomials in Bernstein form and is given by
Sk (F(e.w). 5(w,9), hiw,y)) = DM (£, 9). 4,9, hiw,9) ) Q.

The block diagonal matrix Dk_l of order ((m+”2_ k+2) + (m+02_ k+2) + (”+O;k+2)) is given
by

Dt = diag[ D1 D!

m-+n—Fk’ m-+o—k’ D

n+ok]’

where D;i_n_k is defined in (6.5) and D;Li-o—k and D;j_a_k are of the same structure.
The matrix Ty (f(z, ), §(x,y), h(x,y)) is given by

T (f(z.9) Tt (3(2.9)
i (f@.9)  Tur(hew) | (6.10)

Tt (b)) ~Toi(a(a.)

where the matrix partitions of the form T}, _1(f(z,y)) are Toeplitz-like and have the same
structure as (2.35). The block diagonal matrix Q of order (m +n + o — 3k + 3) is given
by

Qk = diag Qn—ks Qo—k, Qm—k ] ) (611)

where the partitions Q,_, Qo—r and @Q,,_ are diagonal matrices of the same structure
as the matrix @), defined in (2.36).
The kth (3 x 3) partitioned subresultant matrix Si(f(z,y),§(z,y), h(z,y)) can be

written in terms of its row-partitions and is given by

R Coor (F,9) Con- (9(2,1))
R | = Cor (F@y))  Cni (b)) | (612)
Re.k Cor (ha,y)) ~Comr(3(a.))
where each of the row-partitions are defined accordingly
Rag = [ Cnk (f(ﬂc y)) Omen—rt2) (o-ki2) Crm—k (Q(%?ﬂ) } ; (6.13)

[ meto—k+2) (n—k+2) Co—k (f(%?J)) Con—k (iz(x,y)) }, (6.14)
[ < ) - 0—k<§(xay)) O(n+o;k+2)7(mf2k+2) ] (6.15)

The matrices Cp_j(f(x,y)) in (6.12) and T,,_(f(z,y)) in (6.10) are related by the equa-

tion
Cor (F@,9)) = Drl kT (F@1)) Quos (6.16)

and C,_1(f(z,y)) was originally defined in (2.33).
Alternatively, two of the three equations (6.2, 6.6, 6.7) are sufficient to describe the



206

system completely and the third can be derived given the other two. This gives rise to

three variations of the (2 x 3) partitioned subresultant matrices.

Variation 1 : The equations (6.2) and (6.6) can be written in matrix form as

Si (Fla.m).a(w,9), i) xi = 0, (6.17)

which has non-zero solutions for £ = 1,...,t and the vector x;, ; is of the same structure
as xi, defined in (6.9). The matrix Si(f(z,v), §(z,y), h(z,y)) is given by

Coci (Fla0) Con- Eamy)g ]

Comr (F@,9)  Conei (hlay)

ma,k
R,

where R, i, and Ry, are the row-partitions defined in (6.13) and (6.15) respectively.

Variation 2 : The two equations (6.2) and (6.7) are written in matrix form as

Sk’ (g(xvy)vf(xvy)>h($ay)) XE2 = 07 (618)

which has non-zero solutions for £ = 1,...,¢ and the vector xy » is given by reordering the
row-partitions of xj,

A

T
Xk,2 = |: U, Wg, —Vg ] .

The matrix Si(§(x,y), f(x,y), h(z,y)) is given by

ma,k

mc,k

Cr—k (9(% y)) Cnk (f(fl% Z/))
Cor(9(@.))  Coi (i)

and @a,k and j%c’k are variations of R, ; and R,y defined in (6.13) and (6.15).

Variation 3 :  Equations (6.6) and (6.7) can be written in matrix form as

Sk (B(xay)vg(xuy)vf(xvy)) Xk 3 = 0’ (619)
which has non-trivial solutions for k = 1,...,¢ and the vector x; 3 is given by reordering
the row-partitions of xy, 1

. A T
Xk’g = [ ur, Vi, —Wg ] .

The matrix Sk(h(z,v),§(z,y), f(z,y)) is the third variation of the (2 x 3) partitioned

subresultant matrix and is given by

Cr—i (iz(x,y)) Co—k f(x,y))
Coci (b)) Coi(3(a,m)

)

where R, 1, and R, are variations of R, and R, respectively.
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Since there are three variations of the (2 x 3) partitioned subresultant matrix, the no-
tation S’k(f*(x, Y), 5" (x,y), h* (x,y)) is used to denote that the polynomials f(x, y), §(x,y)
and fL(:z:, y) can be considered in any order. Each ordering gives one of the three variations

of subresultant matrix already discussed.
The degree t of the GCD is given by the index of the last rank deficient subre-
sultant matrix in the sequence of subresultant matrices Si(f(z,y),g(z,y), h(x,y)) and

Sk:(f(xa y),é(x,y), il(xa y))

rank (Si(f(2.0). 3(2.). h(z.v))) < <m+n—k+2> ) (m+o—k+2> . <n+o—k+2>

2 2 2
for k=1,...,t,
A A R N m+n—=~k+2 m+o—k+2
rank (37 (e, o) o) < (ST (MO 0EE2)
fork=1,...,t.

The pairwise GCDs of the polynomials f(:r, y), g(x,y) and iL(l‘, y) are defined as

daf,y) = GCD (f(2,1), 3(x,))
dy(w,y) = GCD (f(z, ), h(z,))

de(z,y) = GCD (é(wvy), ﬁ(w,y))

and each of the matrix equations (6.17, 6.18, 6.19) can be thought of as simultaneously
solving two of the three pairwise two-polynomial GCD problems.

Problems due to scaling of the three-polynomial subresultant matrices for univariate
polynomials carry over to the bivariate problem. This is exacerbated by the trinomial
terms found in the subresultant matrices of bivariate polynomials, as shown in the following

example.

Example 6.2.1. Consider the Bernstein form of the exact polynomials f (z,y), §(x,y)
and fl(x,y) of degree m = 14, n = 14 and o = 14 respectively. The factorised forms of
f(z.y), §(z,y) and h(z,y) are given by

flz,y) = (z — 0.72)(z — 0.52)%(z + 0.75)(y — 0.75)*(y — 0.15)(y* — 1.7)(z +y — 0.5)°
(z,y) = (z — 0.72)(x — 0.52)%*(x — 0.192)(y — 0.15)(z + y — 0.5)°(y* — 1.7)(2* + y* + 0.7)
(z,y) = (z — 1.91987)* (z — 0.72) (y — 0.15) (y* — 1.7)(2® + y* — 0.34),

= Q>

whose GCD czt(x, y) of degree t = 4 is given by
di(z,y) = (x — 0.72)(y — 0.15)(y* — 1.7).

The polynomials f(z,y) and §(z,y) have a GCD dq(z,y) of degree t, = 11 which is given
by

do(z,y) = (2 — 0.72)(y — 0.15) (4% — 1.7)(z — 0.52)(z + y — 0.5)°

and dy(x,y) = do(x,y) = di(z,y). The coefficients of the exact polynomials f(z,v),
g(z,y) and ﬁ(m,y) are multiplied by 10°, 10° and 10~ respectively. Noise is added to
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the coefficients of f(x,y), g(z,y) and ﬁ(m,y) such that the coefficients of the inexact
polynomials f(x,y), g(x,y) and h(x,y) are given by

Qi i = Qiy o T Qiy ig €F i1 in T'F i1 2 for 41 +1i=0,...,m,
bjhjz = bjlva + bjlyjz €g.91.92 T'g,31,32 for j1+j2=0,...,n, (6'20>
Cp1ps = Cpipa + Cpips €gp1ps Thyprpe 10T p1+p2=0,...,0,

where {€f, .} {€g,j1,j} and {enp, p,} are uniformly distributed random variables in the
interval [1078,1075]. The values {r¢, i, }, {rg.jr.jo } and {rpp, p, } are uniformly distributed
random variables in the interval [—1,1]. The coefficients of the inexact polynomials are
plotted in Figure 6.1, where it is shown that the coefficients of h(z,y) are significantly
smaller than those of f(x,y) or g(z,vy).

i T ] ]

.’\, ] . A
I/ \ /‘r:aj\‘ VJ\”A\V‘LJ\\V’“AW,‘]\[ A W

|

.h\'\"/j

'
N

logyo ()

—f(z,9)|]
g(z,y)
——h(z,y)

10 . . . .
0 20 40 i 60 80 100 120

Figure 6.1: The coefficients of f(x,y), g(z,y) and h(z,y) in Example 6.2.1

The singular values of the three variations of the (2 x 3) partitioned sub-
resultant matrices (i) {Sk(f(2,y),9(z,9),h(z,9))}, () {Sk(g(z,), f(z,9), hlz,9))}
and (iii)) {Sk(h(x,y),9(z,y),h(x,y))} and the (3 x 3) subresultant matrices
{Su(f(z,y),g(x,y), h(x,y))} are plotted in Figures 6.2i to 6.2iv.

There is a large separation between the numerically zero and non-zero sin-
gular values of the subresultant matrices {S(f(z,),g(x,y), h(x,y))} (Figure 6.2i),
{Sk(g(x,y), f(x,y),h(z,y))} (Figure 6.2i)) and {Sk(f(z,y),g(x,y),h(z,y))} (Fig-
ure 6.2iv). The numerically zero singular values span the interval [1071%, 107] while the
non-zero singular values span the interval [1072,10%]. The results in both graphs suggest
that the 11th subresultant matrix is the last singular matrix, and therefore the degree of
the AGCD is given by t = 11. However, this is incorrect and is due to the coefficients
of f(x,y) and g(x,y) being significantly larger than the coefficients of h(x,y) such that
the matrices Cy,—x(h(z,y)) and C,,_r(h(x,y)) appear to be zero-like in the subresultant
matrices when considered next to the matrices containing the coefficients of f(x,y) and
9(z,y).

The degree of the AGCD is given by t = 4, which is correctly determined by the
minimum singular values of {Sy(h(z,y), g(z,y), f(z,y))} (Figure 6.2iii). There are two
separations amongst the singular values for this set of subresultant matrices. The first

separation defined by the interval [1071} 10712] correctly identifies the separation of the
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Figure 6.2: The singular values {0}, 1, } of the unprocessed subresultant matrices

o OLSK(f (), g, y), b, )}, (D){Sk(g(, y), f(x,9), Az, )},
(i) { Sk (h(x,y), gz, y), f(x,y))} and (iv){Sk(f(z,¥),9(z,y), h(z,y))} in Example 6.2.1

numerically zero and non-zero singular values. The second separation between 10~* and
1072 arises due to poor scaling of the columns within the row-partitions. This example is
revisited in Section 6.6 (Example 6.6.3), where it is shown that the degree of the AGCD
is correctly identified by analysis of the singular values of the preprocessed subresultant

matrices.

O

6.3 Variants of the Subresultant Matrices

6.3.1 The Two-Polynomial Subresultant Matrices

Several variants of the sequence of subresultant matrices of two univariate polynomials
were described in Section 3.1.4. Now, the variants of the subresultant matrices of two
bivariate polynomials are considered with similar results. The entries of these variants

differ from the univariate subresultant matrices and entries for the first partition of each
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variant are now described:

1. The first variant of the kth subresultant matrix is given by T3 (f(z,v), §(z,y)) and
the non-zero entries of the first partition 7, _( f (x,y)) are given by

A m . .
iy iy (Zl 12> for i1 +i2=0,...,m
)

for each column j; + jo =0,...,n — k.

2. The second wvariant of the kth subresultant matrix is given by

Dmin ka(f(x,y),g(fv,y)) and the non-zero entries of the first partition

Dmin k (f(%y)) are given by
) .
ﬁ for iy +i2=0,....m; j1+7j2=0,...,n—k.
i1+J1,i2+72

3. The third variant of the kth subresultant matrix is given by Tj( f (z,9),4(x, y))@k
and the non-zero entries of the first partition T,_x(f(z,y))Qn_ are given by

m n—=k . ) . .
a11,12< )( > for i1 +1i9=0,...,m; j1+j=0,....,n—k.
01,72 J1, 72

4. The fourth subresultant matrix variant is given by - +n ! Te(f (2, ), §(x,y))Qr
and the non-zero entries of the first partition D +n o Ln—r( F(#,9))Qn_r are given
by

Qi )2 (117,22) (ZTJI;)
(i1 Tj—il_z;tjz)

for i14+1i2=0,...,m; j1+j2=0,...,n—k.

As with the variants of the two-polynomial subresultant matrices for univariate polyno-
mials, the rank of the kth subresultant matrix for each variant is theoretically equal.
However, scaling due to the presence of potentially large trinomial terms can cause nu-
merical issues, and the entries of the partitions of the kth subresultant matrix may be of
significantly different magnitudes. This can cause spurious results in the analysis of the
SVD.

6.3.2 The Three-Polynomial Subresultant Matrices

The partitioned structure of the kth (3 x 3) subresultant matrix was described
in Section 6.2.2 where it was defined as the product of three matrices, [),;1,
Tk(f(a:,y),g(a:,y), ﬁ(m,y)) and Qj,. The four variants of the kth (3 x 3) partitioned sub-

resultant matrix are therefore given by
(i) {Tk(f(xv y): g(%‘, y): iL(J}, y))}
(i) {Dg " Tr(f(2,9), §(,y), h(z,v))}
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(IV) {Dlzlfk(f(xa y),g(f, y)’ iL(I, y))@k}

The kth (3x3) partitioned subresultant matrix consists of six non-zero partitions and three
zero partitions as defined in (6.12). The entries contained in the six non-zero partitions
of these subresultant matrix variants have an equivalent structure to the variants defined
for the two-polynomial subresultant matrices in Section 6.3.1.

The (2 x 3) partitioned subresultant matrices Sy (f (z,y), §(x,y), h(x,y)) are similarly
defined

S (£ ). 3. ). hiw,y) = D (f(0.9). 3(,9) b)) Qr.

The block diagonal matrix b,;l of order ((™*"; k+2) + (n+05k+2)) is given by
~N—1 - 1 _
Dk _dlag[Dm—i-n k’ Dm+ok:|'

The matrix Ty (f (x,v), §(x,y), h(x,y)) consists of Toeplitz matrices and is given by

Tn—k (f(fﬁay)) T
(f@w) Toi(hiay)

and the block diagonal matrix Qj of order ("7;‘3“) + (07?2) + (m}k”) is given by

Qr = diag | Qu ks Qokr Qs |-
The variants of the (2 x 3) subresultant matrices are therefore given by
() {Tk(f (2, ), 3(2,9), b2, )}
(i) {05 Te(f (2,9), (. ), h(2, )}
(ifi) {T%(f (z,9), (2, ), h(z,9))Qe}
(iv) {Dg"Tu(f (2, ), 3(x,y), h(2,9)) Qi)

30

The entries in the partitions of these variants are of the same structure as those found in
Section 6.3.1.

Example 6.3.1. In this example, the singular values of the two-polynomial sub-

resultant matrix variants (i) {Tx(f(z,9),9(z,9))}, (i) {D;}._+Th(f (@), 4(z,y))},

(i) {T5(f(2,9), 9(2,9))Q} and (iv) {D,,}, (Te(F(2,9), 5(z,9))Qx} are analysed to de-
termine the optimal variant for use in the computation of the degree of the GCD.

Consider the Bernstein form of the exact polynomials f(z,y) and §(z,y), whose fac-
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torisations are given by

flz,y) = (x — 1.126479841321)° (2 — 0.8365498798)3 (z + 0.145487821) "
(y — 0.2564878)% (z + y — 0.16546978321)?(z + y + 1.5679814354)>
(2 + % — 0.46549871232156)
g(z,y) = (x — 1.126479841321)° (x — 0.8365498798)3(y — 0.45489789123123)
(z 4y — 0.16546978321)2(z + y — 0.35648979126321) (z + y + 1.5679814354)3
(z® + % — 0.46549871232156),

and whose GCD th(x, y) of total degree t = 15 has the factorisation given by

di(z,y) = (z — 1.126479841321)° (2 — 0.8365498798)%(x + y — 0.16546978321)2
(x4 y + 1.5679814354)3 (22 + y? — 0.46549871232156).

Noise is added to the coefficients of f(x, y) and g(z,y) such that the coefficients of the

inexact polynomials are given by
— A A o =5 R ST S o =5
Qi iy = Uiy ip T Qiy o (Tf,n,lz x 10 ) and b]lm - b]ldz + bjl,Jz (rg,]hm x 10 ) )

where {7¢;, i,} and {74, j,} are uniformly distributed random variables in the interval
[—1,1].

The SVD of the set of subresultant matrices for each of the four variants
() {T6(f (2 ), 9oy ) D5 W Th(F sy, gla p))}, (i) {Th(F (), 90, 1)) Qk)
and (iv) {Dm+n WL (f(x z,9),9(z,4))Qr} are computed, and the singular values {0} of

each variant are plotted in Figures 6.3i to 6.3iv. The following observations can be made:

1. In Figures 6.3i and 6.3iii there is no discernible separation between the numerically

zero and non-zero singular values of the subresultant matrices {1y (f(z,v), 9(z,v))}
and {Ty(f (2, ), 9(x,y))Qx}-

2. In Figure 6.3iv there is a significant separation between the numerically zero and non-
zero singular values of S1o(f(x,v), 9(z,v), ..., S15(f(z,y), g(x,y). From Figure 6.3iv,
the degree of the AGCD is correctly determined to be equal to ¢t = 15.

3. In Figure 6.3ii a similar pattern emerges amongst the singular values {oy;} of
{D m+n—k

have the required separation between their numerically zero and non-zero singular

Ti(f(z,v),9(z,y))}, but fewer of the subresultant matrices in the sequence

values. For subresultant matrices where this separation is present, it is consider-
ably smaller than the separation found between the numerically zero and non-zero

singular values of the subresultant matrices {Dm+n Tk(f (), 9(2, ) Q)

4. There is no distinct separation between the numerically zero and non-zero singular
values of the first subresultant matrix of any of the four variants. Thus, the degree of

the AGCD cannot be determined from the rank loss of the first subresultant matrix.

The coefficients of the cofactor polynomials 4. (x,y) and v(x,y) and the GCD (ft(x, Y)

can be approximated by a least squares based method that will be described in Sec-
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Figure 6.3: The singular values {0} ;} of the unprocessed subresultant matrices in
Example 6.3.1

tion 6.5. This method is a trivial extension of the method described for the univariate
problem. The distances between the exact polynomials and the two sets of approxi-
mations obtained by the least squares method using (i) D;Lin_tTt(f(x,y),g(w,y)) and
(ii) Dfn}m_tTt(f(% y), g(x, y))@t are computed and given in Table 6.1. Note that the ap-
proximations of 4, Uy and d; were not computed from the tth subresultant matrix of the
form Ty (f(z,y), g(x,y)) or Ti(f(z,y),g(x,y))Qk since the degree of the AGCD was not
correctly determined from the corresponding sets of subresultant matrices.

The table shows that the sets of approximations return errors which are of the
same order of magnitude as the initial noise added to the exact polynomials, but
D;LinftTt(f(fL'a y), g(x, y))Qt offers slightly better results.
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| | Tu(f.9) | D, i Te(£.9) | Telf.9)Qn | DL, 1 Th(f.9)Qk |

Error 4 (x,y) - 7.397585e — 05 - 1.704812e — 05
Error 04(x,y) - 4.069999¢ — 04 - 1.245633e — 04
Error dy(z,y) - 1.574557¢ — 04 - 9.827083¢ — 05
| Average || - | 1.679890c — 04 | - | 5.931488¢ — 05

Table 6.1: Error in the approximations of @ (x,y), v:(z,y) and d}(m, y) in Example 6.3.1

O

In Example 6.3.1 the set of subresultant matrices {Dm+n ka(f(x, y),9(z,y))Qr} had
the largest separation between the numerically zero and non-zero singular values and
this result is typical for many examples. Therefore, this is the most appropriate set of
subresultant matrices for the computation of the degree of the AGCD. This variant and the
variant Dm+n ka(f(az, y), g(x,y)) also gave the best approximations of the coefficients of
cofactor polynomials and the GCD.

As the upper bound of the noise is increased, the separation between the numerically
zero and non-zero singular values decreases. However, preprocessing the polynomials in
each subresultant matrix typically allows for higher levels of noise to be applied before the

separation can no longer be identified. These preprocessing operations are now considered.

6.4 Preprocessing of the Bivariate Subresultant Matrices

In Section 6.3 it was shown that the sequences of subresultant matrices
(D Th(f (@), 8(2,9))Qx} and (D}, Th(f(2,9), §(x,y), h(z,y))Qx} exhibited
the best relative scaling of the entries in their partitions when compared with the other
variants of two-polynomial and three-polynomial subresultant matrices. These variant
also had maximum separation between their numerically zero and non-zero singular val-
ues which were used in the computation of the degree of the GCD. However, the ratio of
the entry of maximum magnitude to entry of minimum magnitude in these subresultant
matrices may still be large.

As in Section 3.4, preprocessing the polynomials f (z,y) and g(z,y) will be shown to
yield improved results in the computation of the degree and coefficients of their GCD.
The three preprocessing operations were defined in Section 3.4 and modifications are now

considered.

Normalisation by Arithmetic or Geometric Means in the Two-Polynomial Sub-

resultant Matrices

The geometric means of the non-zero entries in Cp_1(f(z,y)) and Cy,_x(§(x,y)) are de-

noted Gp_1(f(z,y)) and Gp_1(§(x,y)) respectively.
The geometric mean of the non-zero entries of C,, _x( f (x,y)) is given by

m \ (n—k W
Goi (F(23)) = H H ( zl,iQE“;ﬁTE”'j;fQ;)( A (6.21)

J1+72=0141+1i2=0 11+71,02+]2
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and a similar expression is given for G,,,_«(g(z,v)).

Methods for the fast computation of the arithmetic and geometric means of the non-
zero entries in the (n — k)th order convolution matrix, Cy,_x(f(x)), are given in Ap-
pendix C.2.1 and Appendix C.2.2 respectively and the normalised polynomials f(x,%)

and gi(z,y) are given by

m ~
r —_ _ a/ ’.
fila,y) = Z ai17i2Bz7'711,i2 (z,9) where Qi iy = S
i1+ia=0 Coi (f(x,y))
s _ -
ar(z,y) = Z bi1,igBZ,i2 (z,y) where biyis = *
i1+ia=0 Gk (g(:c,y))

Normalisation by Geometric Means in the (3 x 3) Partitioned Subresultant

Matrices

Normalisation of the polynomials f(z,y), §(z,y) and h(z,y) in the (3 x 3) partitioned
subresultant matrices of the form Sy (f(z,y), §(,y), h(z,y)) is given by a simple extension
of the method described for the normalisation of two polynomials in the two-polynomial
subresultant matrices.

Since each of the three polynomials appear in two partitions, the normalised polyno-
mials are given by

(z,y)

P L C2Y') R ¢ and B (a.y) = @Y
fe(z,y) k(f(x,y))’ ge(z,y) Qk( d hy(z,y) Qk(il(ﬂf,y)>’

where G, (f(x, y)) is given by

m n—k o—k m a m o—k

3 p e i di17i2(i1,i2)(j1,j2) ilaiZ(il,ig)(jl,jg) i
G (f(a:,y)) - ( H H (R H H (,moF ) (6.22)

J1+Jj2=011+12=0 i1+71,92+]2 J1+J2=01i1+i2=0 i1+J1,i2+72

and

o (m+tn—k+2\(n—-k+2 nd _(mto—k+2\[o—k+2
r= 9 5 a c= 5 5 .

Normalisation by Geometric Means in the (2 x 3) Partitioned Subresultant

Matrices

The coefficients of the polynomials g(z,y) and fz(:c,y) appear in one partition each of
the (2 x 3) partitioned subresultant matrix Sy(f(x,v),d(x,y), h(z,y)). The geomet-
ric means of the non-zero entries containing the coefficients of §(z,y) and h(z,y) in
the kth subresultant matrix are given by Gk (§(z,y)) and Gpm_r(h(z,y)) respectively.
These follow from (6.21). However, the coefficients of f (x,y) appear in two partitions of
ﬁk(f(x,y),g($,y), B(m,y)) and therefore f(x,y) is normalised by the geometric mean of

its entries in both partitions.
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The normalised polynomials f, (z,y), g,(z,y) and h, (z,y) are given by

h(z,y)
Gm—k (il(l‘, y)) ,

9(z,y)
Gm—k (g(x, y))

gz, y) = and  hy(z,y) =

f(a,y)
fiul@,y) = —F——=,
where G (f(x,y)) is defined in (6.22).

The Optimisation Problem for the Two-Polynomial Subresultant Matrix

The GCD of two polynomials is defined to within an arbitrary scalar, so the polynomial
fr(x,y) is multiplied by the scalar A € R, where the optimal value of \, denoted A,
is determined for each preprocessed subresultant matrix Si such that the magnitude of
entries in both partitions is similar.

The two independent variables x and y are replaced by x = #;wq and y = 0ows, where
wy and wo are the new independent variables and 61,602 € R are optimally chosen to
minimise the ratio of entry of maximum magnitude to entry of minimum magnitude in
the kth subresultant matrix .Sj.

Let Af (601,02, w1, ws) and §(61, 02, w;,ws) denote the unoptimised polynomials given by

m

M0 Oar00) =AY a0

> (1 = Oy — Oawn) ™ 72 W2 (6.23)
i1+12=0

11,12

n
Gr(01, 02, w1,00) = D by i, 07105 ( " ) (1 — Oy — Bown) 20l (6.24)
.= 11,12
i1+12=0

Let the sets of non-zero entries in the first and second partitions of the kth unprocessed
subresultant matrix be denoted @ i,(A, 01, 602) and P51, (61,62), which are given by

P w0103 () G20
‘@1,k(>\301792): erni}: = |i1+i2:07"'3m; j1+.j2:O7--~7n_k
(i1+j17i2+j2)
(6.25)
Bihiz 9? 932 (i ni ) (mik)
@27]@(91,6‘2): m+n1—,k2 ) | i1 +i2=0,...,n; j1+J2=0,...,m—k,.
(i1+j1,i2+j2)
(6.26)

The optimal values A, #; and 0, are given by solutions of the minimisation problem

{ max{max{@17k(A, 01, 02)}, max{@gvk(&, 02)}} }
min{min{@l,k()\,91792)},min{@2’k(91,92)}} '

()\ka 01,k‘7 02,k) = arg min
101,02

This minimisation is solved by a linear programming problem described in Ap-
pendix C.2.3. It follows that the subresultant matrices of the preprocessed polyno-
mials, given by S\ fr(w1,ws), G(wi,ws)) = D;Lin_ka()\kfk(wl,wg),gk(wl,wg))Qk for
k=1,...,min(m,n), are used to compute the degree of an AGCD of the inexact polyno-
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mials, where

m

~ _ m m—i1—1

Ak (Wi, wa) = A Z a;y, 129“ 9§2k< ; ) (1 — 0 gy — O pw2) ™12 Wit w?
z‘1+iro 172

n .

Z Z n—i1—1 7 7

gk (w1, w2) § biy 10149 22/<;< ; ) (1 =01 pw1 — O pw2)" "2 witwy’.
11+1i2=0 1, %2

The Optimisation Problem for the Three-Polynomial Subresultant Matrix

The second and third preprocessing operations for the (2 x 3) partitioned subresultant
matrix follow directly from the second and third preprocessing operations for the two-
polynomial subresultant matrices. A new variable p is introduced, which scales the poly-
nomial E(m,y) The unoptimised polynomials fk(01,02,w1,w2) and g (61,02, w1, ws) are
defined in (6.23) and (6.24) respectively, and the unoptimised polynomial Ay (61,02, w1,ws)

is given by

(0]
. . . O . . B .
- X3 X3 0—111—1 3 (A
hi (61,02, w1,w2) = E Ciy,in 0705 ( . ) (1 = b1wi — bowa)” " " wilwy?.
L 01,72

i1+i2=0

The kth unoptimised subresultant matrix is given by

Chk (Af}c(91,92,w1,w2)) Crn—rk (ﬁk(91,92,W1,W2))
Comte (M1, 02,01,02) ) Conmie (phic (01, 02,01, 02))

The optimal values 01, 03, A\ and p; minimise the ratio of entry of maximum magnitude
to entry of minimum magnitude in the kth subresultant matrix.

The sets of non-zero entries in the first two partitions, denoted @ ;(A, 01, 62,) and
P2 1,(61,02), are already defined in (6.25) and (6.26). The sets of non-zero entries in the
third and fourth non-zero partitions are given by @5 1,(X, 01, 62) and Py (61, 62), where
A 0705 () ()

iv,i2) \j1,52
()

PCiy ir 07 05 (“012) (Z_gf)
()

P31 (N, 01,02) =

’il—i-iQ:O,...,m; J1+72=0,...,0—k

Pay (p,01,02) =

|i1+i220,...,0; ji+jo=0,....,m—k

such that the minimisation problem can be written as

(Aks pi, 61, 02) = arg min

max {max{@17k(k, 91, 92)}, maX{g@ka(el, 92)},
A,p,01,02

min {min{@lvk()\, (91, 92)}, min{@zk(ﬁl, 02)},
max{®s (A, 01,02) }, max{Py x(p,01,02)}} }
min{Ps (A, 01, 02) }, min{ Py x(p, 01,02)}} |

(6.27)

The minimisation problem for determining the optimal values of X, p, #; and 65 in the

(3 x 3) partitioned subresultant matrices is a simple extension of the (2 x 3) partitioned
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subresultant matrix problem.

Cn—k (/\fk(91, 92,w1,W2)) Cr—k (ék(eh 92,&11,0«12))
Cok <)\fk(91,92,w1,w2) Crn—k (pkk(91,92,w1,w2)>
Cnk (Ahk(91,92,w1,w2)) - o—k<§k(91,92,w1,w2)

The sets of non-zero entries in C,,_y ()\ﬁk(Ol,Hg,wl,wg)) and Cy_ (Gx (01, 62, w1,w2)) are
given by P5(p, 61,02) and P(01,602), where

Peiin 0705 (%) (0 0)
@5,k(p,91,02):{ 2( M’,f)] P i iy =0,...,0, 1442 =0,....n—k

t1+j1,i2+72

i1, 011912 (zlnz )( )
‘@6716 (01’02) = { - ( n+077kz ) Lo

|i1+i2:0,...,n; j1+j2:0,...707k .
t1+j1,i2+ 72

The minimisation problem (6.27) is extended to

max {max{@lyk()\, 91, 92)}, max{@g,k(ﬁl, 92)},
min {min{(@lﬂk()\, 91, 92)}, min{g’g,k(el, (92)},
max{@g k(A 01, 92)}, max{@z;,k(p, 91, (92)}
min{@g k()\ 91, 92)}, min{@47k(p, 91, (92)}
max{@g, k:( 91, 02)}, max{@ﬁ,k(ﬁl, 92)}} }
min{ % i (p, 01,02) }, min{Ps (01, 62) } }

A 01,05) =
(Aks Py 01,02) = angglo}lf,l%{

This minimisation problem is reduced to a linear programming problem which is described
in Appendix C.2.4 and the values A, pg, 01 1 and 0}, are retrieved from the solution of
this linear programming problem. The preprocessed polynomials Ay fx (w1, w2), gr(wi,w2)

and phy(wr,ws) are therefore given by

m
~ m i
)\kfk(wl,wg) = >\k Z au,wglllke?k( >(1 - 6)1 kW1 — 92 kw2)m " wwilwézv

1 'L
i1+i2 0 1,%2
Bir,in01 02, (") (1= 01 peor — O )20
gr(wi,w) = i1k | ( w1 — O pwo) wiwk?,
11+1i2=0 I, %2

(o]
= X4 X2 —11— (3 (A
prhi(w, wa) = py E Cir,in 01 k02, <z ; >(1 — b1 pw1 — b2 kw2)" T Wi wy’.
£ AV P
i1+12=0

This section has considered preprocessing of the polynomials f (x,y) and g(x,y) in the
two-polynomial problem, and f (z,9), g(x,y) and ﬁ(:v, y) in the three-polynomial problem.
The corresponding preprocessed subresultant matrices contain entries where the ratio of
entry of maximum magnitude to entry of minimum magnitude is minimised. Preprocessing
gives greater separation between the numerically zero and non-zero singular values of the
set of preprocessed subresultant matrices when compared with equivalent unprocessed
matrices.

As with the univariate GCD problem, improved approximations of the cofactor poly-
nomials are also obtained when preprocessed polynomials are considered. Results will be

saved until after the discussion on methods used to approximate the coefficients of the
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cofactor polynomials.

6.5 Approximating the Coefficients of the Cofactor Polyno-
mials and the GCD

Computing Coefficients of the Cofactor Polynomials and the AGCD in the

Two Polynomial Problem

Given t, the total degree of the AGCD, the coefficients of the cofactor polynomials @ (x, y)
and 0y (z,y) can be approximated from the tth subresultant matrix and this is similar to the
equivalent problem for two univariate polynomials in Section 3.5.1. The tth subresultant

matrix is near rank deficient, so
Si(f9)x¢ ~ 0 (6.28)

has a non-zero solution vector x;. The definitions of f and g are deliberately not specified
as this method applies to both (i) the unprocessed inexact polynomials f(z,y) and g(x,y)
and (ii) the preprocessed polynomials fi(wi,ws) and oy gi(wi,ws). Since Si(f,g) has a
rank deficiency of one, a column c; 4 of S;(f,g) nearly lies in the space spanned by the

remaining columns. That is,

Arq(f,9)%tq & Cq. (6.29)

The vector x;, can be computed by the least squares solution of (6.29), and the vector
x; in (6.28) is given by the insertion of '—1" into the gth position of the vector x;,. The

vector x; contains coefficients the of the polynomials u; and v;. That is, x; is given by
T
Xt:[Vu _ut] )
(n—t+2) (m—t+2) . . .
where v, €¢ R\ 2 Jandu; € R\ 2/ are vectors of the coefficients of the approximations

v; and uy. An approximation of the coefficients of GCD cZ(ac, y) can then be computed as

the least squares solution of

Ct (Ut)

C (uz) ] d, ~ [ t ] . (6.30)

Given that the coefficients of the approximations wus, v; and d; are computed, they can
be compared with the coefficients of the exact polynomials i (z, ), 0(x,y) and dy(z,y).
This comparison is dependent on the definition of f, g and h.

Suppose that f and g represent unprocessed polynomials f(z,y) and g(x,y), then u,,
vy and d; represent the approximations u(x,y), v¢(x,y) and di(x,y). The error in these
approximations is given by

€u = W(2,y) — wy(@,y), € = bi(w,y) —vi(z,y) and e, = di(w,y) — di(,y).

(6.31)
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Suppose now that f and g represent the preprocessed polynomials fi(wy,ws) and
ot gi(wi,w2) then the approximations u;, v; and d; represent polynomials w(wy,ws),
Ut (w1, wz) and Jt(wl,wg). By the substitutions w; = x/6; and wy = y/f3, the polyno-
mials 4.(z,y), 0(x,y) and Jt(ar,y) are given and the error in these approximations is
given by

€a, = U (x,y) — Uy(,y), €5, =bi(z,y) — 0(x,y) and €5 = dy(x,y) — di(,y).

(6.32)

Computing the Cofactor Polynomials and the GCD by Least Squares in the

Three Polynomial Problem

By extension of the method described above, the coefficients of the polynomials 4 (z,y),
¢(x,y), wi(x,y) and dy(x,y) can be approximated. The three variations of the (2 x 3)
partitioned subresultant matrices and the (3 x 3) partitioned subresultant matrix are

numerically rank deficient, so
Si(fr9,h)xe =0 and  Sy(f,g,h)x; ~0 (6.33)

have non-trivial solutions. The columns ¢;, and ¢; 4 almost lie in the space spanned by
the remaining columns of S't( fyg,h) and S't( f,g,h) respectively, with a minimal residual,

SO
Ad(f g, W)X q~ €y and  Ai(f,g,h)Xeq = Crg,

where x; , and X; 4 are found by simple least squares. The vectors x; and X; are given by
the insertion of ‘—1’ into the gth position of x; , and X; 4 respectively, and the coefficients

of ug, vy and wy are contained within the vectors

T
Xt =X = Vi, Wi, —Wy

Given an alternative variation of the (2 x 3) partitioned subresultant matrix, either
St(g, f,h) or St(h,g, f), the order of the vectors vy, wy and u; would be rearranged ac-
cording to either (6.18) or (6.19).

Toefficients of the approximation d; are given by the least squares solution of

Ct (ut)
Ci(vg) |dem | g
Ct (wt) h

The errors in the approximations wus, v, wy and d; are computed according to the error
measure defined in (6.31) and (6.32).

The method of SNTLN was used in Section 3.5.2 for the computation of the low rank
approximation of the tth subresultant matrix of two univariate polynomials in Bernstein
form. From the low rank approximation, approximations of the coefficients of cofactor
polynomials and the GCD were considerably more accurate than the approximations ob-

tained by the least squares based method. It is expected that an equivalent method would
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give better approximations of the cofactor polynomials in the bivariate two or three-
polynomial problem. However, the approximations obtained by the least squares based
method are sufficient to show how preprocessing the subresultant matrices yields improved
results when compared with unprocessed subresultant matrices.

The extension of the SNTLN method would require a significant amount of new work,
more suited to future research. The main focus of this chapter was the computation of
the degree of the GCD of two or three bivariate polynomials in Bernstein form, with
experiments in variations of the subresultant matrices. These extensions are significantly
more interesting than extensions of methods for the computation of the coefficients of the
GCD.

6.6 Results

Examples of the two-polynomial problem will now be considered, followed by examples
for the three-polynomial problem. These results will show that the numerical rank of each
of the preprocessed subresultant matrices is better defined than those of the equivalent
unprocessed subresultant matrices. The separation between the numerically zero and non-
zero singular values of the preprocessed matrices is typically larger than the separation of

the singular values of the unprocessed subresultant matrices.

Two-Polynomial Problems

Example 6.6.1. Consider the Bernstein form of the exact polynomials f (z,y) and g(x,y),

whose factorisations are given by

flz,y) = (& — 0.46549)° (z + 0.11156)5(z + 0.16551)*(y — 0.24687)% (2% + > — 0.16579)*
g(x,y) = (z — 0.35465)3(z 4+ 0.11156)5(y — 0.46546)(y — 0.24687)>

and whose GCD dy(z,y) of degree ¢ = 15 given by
d(z,y) = (x — 0.46549)° (z + 0.16551)* (2% + y* — 0.16579)>.

The coefficients of f(:z:,y) and g(z,y), given by a;; and lA)i,j, are perturbed to give the

inexact polynomials f(x,y) and g(z,y) whose coefficients are
iy iy = Qiy iy + QiyinT fi1,i0€inio and bjijo = Ujigo + bj1,jaTg,51,52 €1 2> (6.34)

where {rf;, i,} and {rg;, j,} are uniformly distributed random variables in the interval
[—1,1] and {€f7i1,i2} = {EngJz} =107F.

The inexact polynomials f(x,y) and g(x,y) are preprocessed as described in Sec-
tion 6.4 to give the polynomials A\ fl (w1, wsz) and g1 (w1, w2). In Figure 6.4 the coefficients
of f(x,y) and g(x,y) span approximately 15 orders of magnitude, while coefficients of
the preprocessed polynomials \; fq (w1, wsz) and g1 (w1, we) span approximately 5 orders of
magnitude. Also note that the sets of coefficients of Alfl(wl,wg) and §1(wi,wsy) are of

similar magnitude.
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Figure 6.4: The coefficients of both the unprocessed polynomials f(z,y) and
g(x,y) and the preprocessed polynomials A; f1(w1,ws) and g1 (w1, ws) in
Example 6.6.1

The DC1 and DC2 methods can be used to compute the degree of the AGCD using
the singular values of unprocessed and preprocessed subresultant matrices.

The sets of singular values of the (i) unprocessed and (ii) preprocessed subresultant
matrices are plotted in Figure 6.51 and Figure 6.5ii respectively and the following obser-

vations are made:

1. The degree of the AGCD can be computed using the minimum singular values of
the unprocessed subresultant matrices (by DC2), which are plotted in Figure 6.5i.
Let dp; be defined as in (3.16), then dp15 = p16 — P15 is maximal in the set {dp; | i =
1,...,min(m,n)}. The degree of the AGCD is computed as t = 15.

2. The maximal change §p15 amongst the minimum singular values of the unprocessed
subresultant matrices is significantly smaller than the maximal change §p15 amongst

the minimum singular values of the preprocessed subresultant matrices.

3. When considering the complete set of singular values, there is no clear separation
between the numerically zero and non-zero singular values {oy, ;} of the unprocessed
subresultant matrices {Si(f(z,v),9(z,y))}. However, there is a significant sepa-
ration between the complete set of numerically zero and non-zero singular values
{01} of the preprocessed subresultant matrices {Sg(Afr(wi,ws), Gr(w1,ws))} in
Figure 6.5ii, and by observation of the complete set, the degree of the AGCD is
determined to be given by ¢ = 15.

Given the degree of the AGCD, the coefficients of the cofactor polynomials and
the GCD are approximated as described in (6.29) and (6.30) respectively. The unpro-
cessed subresultant matrix S;(f(x,y), g(z,y)) yields the approximations of the GCD triple
(ug(z,y),ve(x, y), di(x,y)) and the preprocessed subresultant S;(\;f;(wi,ws), §i(wi,ws))
yields the approximations (ﬁt(wl,wg),17t(w1,w2),dt(w1,w2)). The respective errors are

measured as per (6.31) and (6.32) and plotted in Table 6.2, where it can be seen that
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there is significantly less error in the approximations obtained by first preprocessing the

polynomials.
Without Preprocessing With Preprocessing
ur(z,y), vi(z,y) and dy(w,y) | @(z,y) , Bi(x,y) and di(z,y)
Error 4 (x,y) 9.999988¢ — 01 2.259597e — 05
Error 0:(x,y) 9.080576e — 01 3.505760e — 05
Error cft (z,y) 1.309569¢ + 01 2.289066e — 05
| Average || 2.282515¢ + 00 | 2.627184¢ — 05 |

Table 6.2: Error in the approximations of @ (x, ), 0;(2,y) and dy(z,y), where {€ririn}
and {eg j, j,} are set at 1075 in Example 6.6.1

The level of additive noise is reduced such that {ef;, ,} and {egj, j,} are uniformly
distributed random variables in the interval [1e — 10, le — 8] and the approximation errors

are given in Table 6.3.

Without Preprocessing With Preprocessing
up(z,y), ve(w,y) and de(z,y) | delx,y) , Bi(z,y) and dy(x,y)
Error i (z, ) 1.003175€ + 00 2.938467¢ — 07
Error oy(z, 1) 4.176566e — 02 2.996180e — 07
Error dy(z,v) 4.499127¢ — 02 3.076126e — 07
| Average || 1.235307¢ — 01 | 3.003062¢ — 07 |

Table 6.3: Error in the approximations of @ (x,y), 0;(2,y) and dy(z,y), where {€f,i1,ia}
and {e,j, j,} are in the interval [1071%,1078] in Example 6.6.1

At both noise levels, the approximations obtained from the tth preprocessed subre-
sultant matrix are significantly better than those from the fth unprocessed subresultant

matrix.

O

Example 6.6.2. Consider the Bernstein form of the exact polynomials f (z,y) and g(x,y),

whose factorisations are given by

(2 4y +1.12)° (z + y + 0.0124)°

(z+y+1.12)% (2 +y + 0.4512)°

f(z,y) = (x +0.56) (2% + y* +0.51)
§(z,y) = (z + 0.56) (22 + y* + 0.51)

[\

and whose GCD dy(z,y) of degree t = 8 is given by
dy(x,y) = (x4 0.56) (2% + 4% + 0.51)% (z + y + 1.12)*.

Noise is added to the coefficients of f (z,y) and g(x,y) such that the inexact polynomials
f(z,y) and g(z,y) have coefficients given by

@iy in = iy ip T iy ig (Ti11i2€f) and bj17j2 - bj17j2 + bj17j2 (Tg,jlyjéeg) )
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Figure 6.5: The singular values {0}, ;} of the (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 6.6.1

where {7¢;, i,} and {7y, j,} are uniformly distributed random variables in the interval

[—1,1] and €7 = ¢, = 1071°.

From Figure 6.6, it can be seen that the coefficients of f(z,y) span approximately 14
orders of magnitude, whereas the coefficients of the preprocessed polynomial \; fl (w1,w2)
span only 4 orders of magnitude. Both g(x,y) and §;(w1,w2) span approximately 4 orders

of magnitude, but the coefficients of §;(w1,ws) are of the same order of magnitude as the

coefficients of /\1f1 (w1, w2).
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Figure 6.6: The coefficients of both the unprocessed polynomials f(z,y) and g(z,y)
and the preprocessed polynomials A1 f1 (w1, ws) and g1 (w1, w2) in Example 6.6.2

The singular values of the subresultant matrices of the unprocessed and preprocessed
polynomials are plotted in Figure 6.7i and Figure 6.7ii respectively. There is no clear
separation between the numerically zero and non-zero singular values of the unprocessed

subresultant matrices, however the separation between the two sets of singular values is

clearly defined for the preprocessed subresultant matrices.
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Given that the degree of the AGCD is computed, approximations of the coefficients of
cofactor polynomials and the GCD are computed and their errors are given in Table 6.4.
Note that approximations were not computed from the unprocessed subresultant matrices

since the degree of the AGCD was not correctly determined.
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Figure 6.7: The singular values {0} ;} of the (i) unprocessed and (ii) preprocessed
subresultant matrices in Example 6.6.2

Without Preprocessing With Preprocessing
w(z,y) , vi(z,y) uy(x,y) , 0i(z,y)
and dy(z,y) and dy(z,y)
Error 4 (x,y) - 9.005377e — 10
Error v(z,y) - 7.410582¢ — 10
Error dy(z,y) - 3.090752¢ — 10
| Average || _ | 5.008439c —10 |

Table 6.4: Error in the approximations of 4 (x,y), v(z,y) and Jt(m, y) in Example 6.6.2

The amount of noise is reduced such that €7, i, = €4.5,.j, = 107, and the degree of
the AGCD is correctly determined by both the sets of unprocessed subresultant matrices
and preprocessed subresultant matrices. Given the tth unprocessed and preprocessed
subresultant matrices, the approximations of @ (x,y), g:(x,y) and (ft(x,y) are computed
and the respective errors are given in Table 6.5. It can be seen that approximations
obtained from the tth preprocessed subresultant matrix are significantly better than the

approximations obtained from the tth unprocessed subresultant matrix.
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Without Preprocessing With Preprocessing
Ut(x,y) ) ?)t(x,y) ’l],t(-’E,y) ) ’F)t(x7y)
and di(z,y) and dy(z,7)
Error . (z,y) 5.582028e — 09 9.895789¢ — 14
Error v:(z,y) 4.480417¢ — 09 8.115812e — 14
Error dy(z,y) 4.293959¢ — 09 3.681717¢ — 14
| Average || 4.753237¢ — 09 | 6.662097c —14 |

Table 6.5: Error in the approximations of @ (x,y), 9:(x,y) and dy(z,y) with reduced
upper bound of noise in Example 6.6.2

Three-Polynomial Problems

Example 6.6.3. In this example, the polynomials from Example 6.2.1 are reconsidered.

The SVD of the sets of preprocessed subresultant matrices
(i) {Sk(Mnfi(wr,wa), Gu(wi, wa), prhs(wi, w2))}

(ii {Sk: )\kf (W17w2) w1, w2 w1, w2 )}

) {Sk(

) {Sk( k( ), prh( )
(i) {Sk(prdr(wi,w2), fr(wr, wa), prha(wi, w2))}

) {Sk( ( ) M ( )

(iv) {Sk(prhi(wi,ws), Gk (wi,wa), A fis(wi, w2))}

are computed and plotted in Figure 6.8. There is a clear separation between the non-zero
and numerically zero singular values for all four sets of subresultant matrices. This is in
contrast to the singular values of the unprocessed subresultant matrices in Example 6.2.1
(Figure 6.2). From this example it can be seen that the ordering of the polynomials, which
gives rise to the three variations of the (2 x 3) subresultant matrices, is irrelevant when

polynomials are first preprocessed.
O

Example 6.6.4. Consider the Bernstein form of the exact polynomials f(a:,y), g(z,y)

and iL(x, y) of degrees m = 23, n = 11 and o = 10, whose factorisations are given by

f(z,y) = (z + 2.21657951321) (x> + 3 + 0.5679814324687)2 x

(x4 y + 42.46578784351654)% (x + y + 0.0124)5 (2 — 0.554687987932164654)>
g(z,y) = (x + 2.21657951321) (2% + y* + 0.5679814324687)2 x

(z 4y + 42.46578784351654)% (x + y + 0.4512)3
hz,y) = (z + 2.21657951321) (2% 4 y% + 0.5679814324687)2 x

(z 4 y + 42.46578784351654)3 (1222 + 3 — 52.34)

and whose GCD th(x, y) of degree t = 8 in factorised form is given by

di(z,y) = (z +2.21657951321) (22 + 32 + 0.5679814324687)2 x
(z + y + 42.46578784351654).
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Figure 6.8: The singular values {0} ;} of the preprocessed subresultant matrices in
Example 6.6.3

Noise is added to the coefficients of the exact polynomials f(z,y), §(z,y) and h(z, y), where
the coeflicients of the inexact polynomials are given by (6.20) with {7, iy}, {7910}
and {7pp, p,} being uniformly distributed random variables in the interval [—1,1] and
{€f,i1,i2}s {€g,i1,60 } and {ep 4, 4, } being uniformly distributed random variables in the inter-
val [1076,1074].

The sets of singular values of the unprocessed subresultant matrices
{Sp(f(z,y),9(z,y),h(x,y)) | k = 1,...,min(m,n,o0)} are plotted in Figure 6.9i,
but the degree of the AGCD cannot be computed from these values as there is no
separation into numerically zero and non-zero singular values. However, the degree of
the AGCD can be computed from the singular values of the preprocessed subresultant
matrices {Sk()\kfk(wl,wg),gk(wl,wg),pkﬁk(wl,wg))}, which are plotted in Figure 6.9ii,
and the degree of the AGCD is correctly determined to be t = 8.
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Figure 6.9: The singular values {0} ;} of the (i) unprocessed and (ii) preprocessed
subresultant matrices in Example 6.6.4

Approximations of the cofactor polynomials and coefficients of the GCD are computed
where possible. The SVD of the subresultant matrices of the inexact unprocessed polyno-
mials f(z,y), g(x,y) and h(x,y) cannot be used to determine the degree of the AGCD and
so the coefficients of the cofactor polynomials and GCD cannot be approximated. Errors

in the approximations of @ (x,y), 0:(z,y), w(z,y) and di(z,y) are given in Table 6.6.

Without Preprocessing With Preprocessing
Method ur(2,y), ve(,y), we(w,y) | Wz, y) , v(,y) , oz, y)
and dy(z,y) and dy(z,7)
Error 4 (x,y) - 5.890669e — 04
Error 04(x,y) - 6.053376e — 04
Error w(z,y) - 4.344286e — 04
Error dy(z,y) - 5.718709¢ — 04
| Average || - | 5.5018¢ — 04 |

Table 6.6: Error in the approximations of u(
1

Y), Oz, y), Wz, y) and dy(z,y), where
{€ri} and {¢4;} are in the interval [10~

x?
[1075,107%] in Example 6.6.4

The noise level is reduced such that € ;, ;,, €45, j, and € g, k, are uniformly distributed
random variables in the interval [1078,107%], at which point the degree of the AGCD is
correctly determined from the SVD of both the unprocessed and preprocessed subresultant
matrices. The errors in the approximations of the coefficients of the cofactor polynomials
and the GCD are given in Table 6.7
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Without Preprocessing With Preprocessing
Method u(z,y), ve(x,y), we(w,y) ut(z,y), vz, y), we(z,y)
and di(z,y) and dy(z,7)
Error a4 (x,y) 1.682191e — 04 5.375237e — 06
Error 0y(x,y) 1.477191e — 04 5.579333e — 06
Error w(z,y) 1.268452e — 04 3.991345e — 06
Error czt(x, Y) 1.582510e — 04 5.214778e — 06
| Average || 1.494456¢ — 04 | 4.998432¢ — 06 |

Table 6.7: Error in the approximations of i (z,y), 0¢(z,y), W (x,y) and dy(x,y), where
{es:} and {4 ;} are in the interval [1078,107%] in Example 6.6.4

6.7 Conclusion

This chapter has considered the computation of the degree and coefficients of the GCD of
two or three bivariate polynomials in Bernstein form. The main findings of this chapter

are outlined below:

The Bivariate Subresultant Matrix : This chapter has extended the definition of
the Sylvester matrix and the set of subresultant matrices. These were defined for
the two-polynomial and three-polynomial GCD finding problems where the bivariate

polynomials are in Bernstein form defined over a triangular domain.

Variations of the Subresultant Matrices : Several variants of the (2 x 3) and (3 x
3) subresultant matrices were defined. It was shown that the computation of the
degree of the GCD of poorly scaled polynomials can return erroneous results due to
unbalanced row-partitions in these subresultant matrices. In particular, when two
of the three polynomials, f(x, y) and g(z,y), have a GCD c?a(a:, y) of degree greater
than the degree of the GCD of all three polynomials, poor scaling can result in
the GCD of f(x,y) and §(z,y) being incorrectly identified as the GCD of all three

polynomials.

Preprocessing : The poor scaling was addressed by adapting the preprocessing oper-
ations described in Section 3.4. Examples have shown that improved results are
obtained from preprocessed polynomials. Example 6.6.1 and Example 6.6.2 have
shown that the degree of the GCD can be computed by analysis of the singular val-
ues of the set of preprocessed subresultant matrices, where analysis of unprocessed

subresultant matrices would otherwise fail.

Coefficient Computation : It has also been shown that the approximations of both
the cofactor polynomials u:(z,y), 0¢(z,y) and w(x,y) and the coefficients of the
GCD d}(x, y) obtained from the ¢th preprocessed subresultant matrix are consider-
ably better than the approximations obtained by the same method applied to the

tth unprocessed subresultant matrix.
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Having extended the GCD finding method to solve the two-polynomial and three-
polynomial problem for bivariate polynomials defined over a triangular domain, the more
difficult extension to the two-polynomial and three-polynomial problem for polynomials

defined over a rectangular domain is described in the next chapter.



Chapter 7

GCDs of Bivariate Polynomials

over a Rectangular Domain

The previous chapter considered the computation of the degree and coefficients of the
GCD (or AGCD) of two or three bivariate polynomials in Bernstein form defined over a
triangular domain. This chapter considers the computation of the GCD of two or three
bivariate polynomials defined over a rectangular domain, which is a problem that arises
in the computation of intersection points involving tensor-product Bézier surfaces.

The bivariate polynomial defined over a rectangular domain is given in terms of its
relative degree with respect to z and y, and the computation of the degree (t1,t2) of the
two-polynomial or three-polynomial GCD reduces to computing the numerical rank of a
two-dimensional array of two-polynomial or three-polynomial subresultant matrices.

The first of two methods developed in this chapter, described as the BVGCD method, is
a simple extension of the UGCD method, but has considerable computational complexity.
A one-dimensional search for the degree ¢t in an interval [1, min(m,n)] is replaced by a
two-dimensional search for (¢1,t2) in an array of (ki, ka) pairs for k; = 0,...,min(my,n;)
and k2 = 0,...,min(msg, ng).

Suppose that m; ~ mg ~ ni ~ ng, then there are approximately m? subresultant
matrices which must be evaluated. Each matrix in the m? array must be preprocessed
and its SVD must also be computed. The computation of the degree of the GCD is the
most expensive component of this method.

The second method presented in this chapter, BVDRGCD, overcomes the cost asso-
ciated with the computation of the degree of the GCD. The developed method is faster,

has similar intermediate results, and the same outputs as the BVGCD method.

Section 7.1 This section describes the first approach to the method of computing the
degree of the GCD of two or three bivariate polynomials in Bernstein form defined
over a rectangular domain. It will be shown that the problem reduces to the de-
termination of the index (ki,k2) of the last numerically rank deficient subresultant
matrix. The two-polynomial and three-polynomial subresultant matrices are defined

and their respective structures are discussed.

Section 7.2 Variants of the two-polynomial and three-polynomial subresultant matrices

are considered for bivariate polynomials defined over a rectangular domain. The

231
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binomial terms included in the entries of some of these variants are shown to cause

poor scaling amongst the matrix partitions.

Section 7.3 Preprocessing of two-polynomial and three-polynomial subresultant matri-
ces has been considered for univariate and bivariate polynomials over a triangular
domain. This section extends the set of preprocessing operations defined in earlier
chapters so that the subresultant matrices of two or three bivariate polynomials

defined over a rectangular domain can be similarly preprocessed.

Section 7.4 This section develops two methods for the computation of the degree of the
GCD of two or three bivariate polynomials in Bernstein form. The first method,
BVGCD, is a simple but computationally expensive extension of univariate GCD
(UGCD). The second method, bivariate dimension reducing GCD (BVDRGCD),
aims to reduce the problem to a one-dimensional set of subresultant matrices by a
sequence of degree elevations such that the degree of the GCD is computed in two

stages but using a significantly faster algorithm.

Section 7.5 Approximations of the coefficients of the cofactor polynomials and the GCD
are computed by a least squares based method for the two-polynomial and three-
polynomial problem. Examples will show that the best approximations are given

when polynomials are first preprocessed.

Section 7.6 This section considers a set of examples of the computation of the degree and
coefficients of the GCD of two bivariate polynomials. Both the methods of BVGCD
and BVDRGCD will be considered in these examples.

7.1 The GCD of Two or Three Bivariate Polynomials in
Bernstein Form Defined over a Rectangular Domain

Consider the two polynomials f(z,y) and §(z,y) of degrees (my, my) and (n;, ny) respec-
tively, which are given by

mo ma
Z Z G, iy B Bmg( ) and Z Z blth”l B"Q( ).
L2—0 1= =0 12—0 L1—0
Suppose they have a GCD citl,tQ (z,y) of degree (t1,t2) which is given by
1 2
dtutz Z Z d'Ll Z2Bt1 Btz( )

’Ll =0 22 =0

then there exists a set of cofactor polynomials ay, x,(x,y) and Ok, k,(z,y) such that

f($7y){}k1,k2(x7y) - g($7y)ak1,k2(x7y) =0 (71)
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holds for ky = 0,...,t;; ko = 0,...,t3. The cofactor polynomials 4y, ,(z,y) and

Oky i (2, y) are given by

no—ke n1—k

/Ukhk2 z,y) Z Z Ut,]Bnl h )BiT;Q_kQ(y)a
12=0 41=0

mo—ko mi1—k1

gy ko (2y) = Y D s BT (@) B ().

i2=0 i1=0

Equation (7.1) can be written in matrix form as

Sk’1,k2 <f($,y),g($7y)) Xk,ka = 07 (7'2)

which has non-trivial solutions for k1 = 0,...,%1; k2 = 0,...,%2. The solution vector x, r,

contains the coefficients of the polynomials g, k,(x,y) and O, r,(z,y) and is given by

T
Xk17k2 = |: Vk1,k:2> _uk’l,kz i| )

where the partitioned vectors Vi, r, and Uy, i, are given by

T T
Vkl,k‘g — |: Vi, V2, ...y Vpo_ ks ] and uk‘l,kz — [ ui, U2, ..., Umg—ky ] )
the partitions of which, {v;} and {0;}, are given by

T T
Vi:{vo,i, Ul,ia PN vm1—/€1,i} and ui:{uo,i ul,i ceey un1—/€1,i} .

The matrix Sk, i, (f(x, y), g(x,y)) is the (k1, k2)th two-polynomial subresultant matrix,

where the number of rows r and columns ¢ are given by

r:(m1+n1—k1+1)(m2+n2—k2+1)
C=(ml—k1+1)(m2—k2+1)+(n1—k1+1)(n2—]{:2+1).

In a similar manner to other versions of the subresultant matrices, the (ki, k2)th subre-

sultant matrix Skh;m(f(x, y),§(x,y)) can be defined as
Skiks = | Cny—kyna—ks (f(%?/)) ‘ Crmy—k1,ma—ks (Q(fﬂ,y)> } ;

where the first partition Cy,, g, ny—k, (f(2,9)) is a bivariate convolution matrix of the same
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structure as the matrix defined in (2.19). The matrix Cy, g, no—ko (f(x,y)) is given by

Cy =iy (fo @) (") ("25"2)

motng
Ony oy (@) (02)("26") Gy (Fo@)) () ("212)
(m2+7127k2) (7712+712 ko )
Oy =iy (h@)) (72) (21 72)
(m.2+n2 k2)
Cny = (fo(@) (") (33 °33)
(m2+n2k k2)

c 7 mo (ng—ko Y ng—ko
ny—ky (f’"2(w))(m2)( 0 ) . "1 k1 (fl(m )( )(712—192)
(7712+n2—ls',2) . (Ww:-%—ﬂz k2)

ma ng—ko+1

oy =i (fns (@) (12) ("12)

()

Cry—ky (Fmy () (22) (22252)

(mz Frng— k2)
L matng—ka _

Alternatively, the (k1, k2)th subresultant matrix can be written as

Sk (F@.9):9.9)) = Dol iyt Tiks (), 3(2,9)) Qs o

The block diagonal matrix D i of order (my+n;—k1+1)(ma+ng—ka+1)

m1 +n1 k1,

is given by

. - 1 1 1 1 1
dlag[ Dy, o Y Dm1+n1—klw7 R - k(T2 T) }, (7.3)

ma+tng—ko

where the diag?nal matrix D;&er_kl of order (my +ny — k1 + 1) is defined in (3.6). The
matrix T, 1, (f(2,y), §(x,y)) is given by

[ Ty —kino—ko (f(%y)) ‘ Ty —kyma—ko (@(967?/)) } ;

where the partitions are of the form (2.20). The block diagonal matrix le,kg is given by

le,kz = diag [ Q?’Ll—]ﬂ,ﬂz—kg, le—kl,mg—kg ] ’

where both of the matrices Qp, —k; ny—k, and Qi —k; mo—k, are themselves block diagonal
matrices given by

infkl””a*kz = dla‘g |: in_kl (n28k2)5 Qn1—k1 (nzIkQ)7 MR Qn1—k‘1 (22:22) :|

le—k17m2—k2 = diag { Qm1fk1 (m2(;k2)a leflm (m2;k2)7 sy Qm1fk1 (22:22) ]

and Qp,_j, € RM=F+Dx(m=ki+) and Q,,, _x, € RUM—ki+D)x(m—ki+1) are of the same
structure as the matrix partitions shown in (2.12).
From equation (7.2) the (k1, k2)th subresultant matrix of two bivariate polynomials in

Bernstein form is numerically rank deficient for k; = 0,...,¢; and ke = 0,...,ts, while
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the remaining subresultant matrices are of full rank

rank (Sk, k,) < (m1+n1 — k1 +1)(mg +ng —ka + 1)
for kl :0,...,t1; kQZO,...,tQ
rank (Skl,]@) =(mi1+n1 —ki+1)(ma+ng —ka+1)

for k1= (t1+1),...,min(my,n1); ko = (t2 +1),..., min(mg, ny).

The computation of the degree of the GCD therefore reduces to the computation of

the last numerically rank deficient subresultant matrix Sk, x,(f(z,v),9(x,y)), where
Sy 1. (F(2,9), 3(2, ) and Sk, g1 (F(2,9), §(,y)) are both of full rank. Having reduced
the two-polynomial problem to the determination of the last numerically rank deficient

subresultant matrix, the three-polynomial problem is considered.

7.1.1 The GCD of Three Bivariate Polynomials in Bernstein Form over
a Rectangular Domain

Suppose f(x, Y), §(z,y) and a third polynomial ﬁ($, y) have a GCD of degree (t1,t3), then

there exist common divisors of degree (ki, k2) such that

f(‘/l"’y) _ Czkl,kz(xyy); g(ﬂj,y) }Al(x>y) 7

Uk ko (z,y) Vky, ko (7,y) o Wy ko () o

for k1 =0,...,t1 and ko = 0,...,ts. This gives rise to three equations, the first of which

is defined in (7.1) and the remaining two equations are given by

f(x7y)wk1,k2 ($7y) - il(l’,y)’&kl’kz (l‘,y) =0 (74)
iz(:c, y)ﬁkl,kz (33, y) - Q(:c, y)wk17k2 (JI, y) =0. (75)

The three equations (7.1, 7.4, 7.5) must be simultaneously satisfied and can be written in

matrix form as

gkl,kg (f(xvy)vg(xvy)v h(az,y)) Xki,ko = 07 (76)
which has a non-trivial solution for k; = 0,...,¢1; and ky = 0,...,t2 and the solution
vector is given by

. A . T
Xk‘l,k2 = [ Vk1,k27 Wkl,kza _ukl,kg j| 1) (77)

where Vi, k,, Wk, k, and Gy, , are the vectors of the coefficients of polynomials iy, k,(x, ),

/{}khkg (l‘) y) and uA)kl,kQ (SU, y)
The matrix S, 1, (f(z,y),d(x,y), h(z,y)) in (7.6) is the (ki,k2)th (3 x 3) partitioned

subresultant matrix of three bivariate polynomials. It can also be written as

Skth (f(a:,y),g(a:,y),ﬁ(x,y)) = b];ll,kQTkth (f(m7y)7g(x7y)7;l(x7y)> Qk (78)
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The block diagonal matrix f),;le is given by

D;l,, = diag { D! D! D! ,

my+ni—ki,ma+na—ke’ mi+o1—ki,ma+o2—ka’ ni+o1—ki,na+o2—ko

. .- . -1 .
where the matrix partitions are of the same form as the matrix Dm1 Sy —kymatng—ky 11

(7.3). The partitioned matrix Tk, x, (f(z,v), §(z,y), h(z,y)) is given by

Tn1—k1,n2—k2 (]E(xv y)) Tm1—k1,m2—k2 Q(OC, y)

T017k1,027k2 <f<l', y)) Tm1 —k1,mo—ko il(l', y) )
Tnlfkhnszz <ﬁ($> y)) _T017k1,027k2 (5}(1‘, y))

where the partitions Tnl_kly%_@(f(x,y)) are of the same form as (2.20). The block

diagonal matrix Qkth is given by
Qk17k2 = dla‘g |: infkl,ngfkga Q017k1,027k27 lefkl,mgfkg :| * (79)

The matrix S, k, (f(:c, y), §(x,y), hiz, y)) can be defined in terms of row-partitions

ma,kl,kg Cnl*kl,nzflw (f(xvy)) Cm17k17m27192 g(x,y)
mb,kl,kg = CO1—k‘1,O2—k2 (f(xv y)) Om1—k‘1,77l2—k2 h(I, y) )
mc,khkz Cn1—k17n2—k2 (iL(I, y)) 7Col—k1,02—k2 (g(l‘, y))
where
ma,kl,kg = [ Cnl—kl,ng—kz (f(JU,y)) Oa le—kl,mg—kg (Q(:z:,y)) } ) (710)
mb,k’l,kz - |: Ob Col—k1,02—k2 (f($, y)) Cm1—k1,m2—k:2 (h('iv? y)) i| ) (711)
mc,kl,kg = |: Cnlfkl,ngsz (}Al(xa y)) _Colfkl,oszz (g('x? y)) OC :| . (712)

The matrices 0,4, 0y and 0. in (7.10, 7.11, 7.12) are appropriately sized zero matrices,
where 0, is a zero matrix of size (my +ny —k1)(mo +ng — k2) X (01 — k1 +1)(02 — ka + 1),
the matrix 0y is of size (m1 + 01 — k1) (ma + 02 — ko) X (m1 — k1 + 1)(mg — k2 + 1) and the
matrix 0. is of size (n1 + 01 — k1)(n2 + 02 — ka) x (my — k1 + 1)(ma — ko + 1).

An alternative definition of the three-polynomial subresultant matrix has a (2 x 3)
partitioned structure. Two of the three equations (7.1, 7.4, 7.5) are sufficient to describe
the system, which gives rise to the (2 x 3) partitioned subresultant matrices whose row-
partitions are a subset of the row-partitions of the (3 x 3) partitioned subresultant matrix.

The subresultant matrices of this form have already been described for use in the three-
polynomial GCD problem where polynomials are either univariate or bivariate and defined
over a triangular domain. In this section only one variation of the (2 x 3) subresultant
matrix is considered and the other two variations are easily derived.

The equations (7.1) and (7.4) can be written in matrix form as

S’khk’Q (f(l’,y),g(l‘,y),il(ﬂf,y)) X1,k = Oa
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which has non-trivial solutions for k1 = 0,...,%1; and k3 = 0,...,t2, and the vector xy, r,
is given by (7.7).

The matrix Skl,kg (f(z,9),9(z,y), h(z,y)) is the (2x 3) partitioned subresultant matrix
and is given by

Cny—kyny—ks (f(l”’ y)) Crm,—kymy—kz ( 9(2,Y)
Co,—k1,0,—ko (f(ﬂf, y)) Crny—kyymy—k» 7

maJﬂJCz _
R ey ko

where Rg i, k, and Ry g, k, are row-partitions as defined in (7.10) and (7.11).

7.2 Variants of the Subresultant Matrices

The Two-Polynomial Subresultant Matrices

As with the other forms of subresultant matrix of two polynomials in Bernstein form, the
sequence of subresultant matrices of two bivariate polynomials have several variants given
by

) {Tky o (f (2, 9), 92, 9))}
(1) {Dp, s, T ko (F (2, 9), ()}
(1) { Ty o (F (2, 9), (2, ) Qry 1}
(V) D%, Do b (F (), 6(2, ) Qi 1o}
for ky = 0,...,min(my,n1); ks =0, ..., min(msy, na).

1. The first variant of the (kj,k9)th subresultant matrix is given by

Thoy ko (f(2,9), g(z,y)), and entries in the first partition are of the form

P <m1> (m2> ile,...,ml;
itz | ; .
11 12 10 =0,...,ma.
The entries of this subresultant variant can span many orders of magnitude when

my or my is large. Each coefficient of f(,y) appears in each of the (n; — k1 4 1) X
(ng — k2 + 1) columns of the first partition.

2. The second variant of the (kj,ko)th subresultant matrix is given by

D,;{kQTk17k2 (f(x, y), g(x,y)) and entries in the first partition are of the form

o m1 mo . . . .
a11712(7j1)(i2) Z1:07"')m17 ]1_07“'7n1_k17
mi+ni—k1) (ma+nz—ko S P _
( i )( iyt ia ) i9=0,....ma; Jjo=0,...,n2 — ko.

3. The third subresultant matrix variant is given by Tk, ,( f (z,9), 4(x, y))@kl’kz and

entries in the first partition are of the form

. <m1) (mg) <n1—k1> <n2—k2> ilzo,u‘,ml; jlzoa---anl_kﬁ
(7 . . . .
o gy io J1 J2 19=0,...,m9; Jo=0,...,n9 — ko.
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4. The fourth variant of the (ki,k2)th subresultant matrix is given by
D,;ll’k2Tkl7k2(f(m, Y), §(,y))Qr, &, and the first partition contains entries of the form

Qi iy (Tznll> (n:;) (mj_lkl) (an_ng) i1=0,...,m1; j1=0,...,n1 — Fk1;
(mljl_j_;l_kl) (mQZ—;—j_?;kQ) i0=0,...,mg; jo=0,...,n0 — ko.

The Three-Polynomial Subresultant Matrices

The (k1, k2)th (3 x 3) partitioned subresultant matrix was defined in (7.8) and the variants

of the (3 x 3) partitioned subresultant matrices are given by
) {Thy ko (f (2, 9), §(2, ), R (2, )}

(1) { D,y Tor ko (F (,9), 9, 9), (2, )}

(1) {Tky o (f (2, 9), 9, 9), B, ) Qs 1o}

(V) { D5 e, Tor o (F (), 32, 9), (2, )) Qs i }

for k1 =0,...,min(mq,ny,01); ko =0,..., min(msz,ng,02).

The variants of the (k1, k2)th subresultant matrix contain partitions of the same form
as the partitions of the two-polynomial subresultant matrices described in (7.2), but the
second row-partition is now included, which contains two additional non-zero partitions.

The (K1, k2)th (2 x 3) partitioned subresultant matrix is given by
S’kl,kg (f(IE, y)a g(ﬁ, y)’ iL(Iﬂ, y)) = b];{szkl,kz (f(.ZE, y)a g(._’E, y)v iL(.ﬁE, y)) le,k‘Q'
The matrix D k is given by

Dily, = diag | D! o

my+ny —k1,mqy+ny—ko? m;+o; —k1,my+0,—k2 } )

where the matrices on the diagonal are of the same form as the matrix defined in (7.3).

The matrix Tkth(f(a:, y), §(z,y), h(z,y)) is given by

T, —kyny—ks (f(%@/)) Ton)—k1my—ks (@(90, y))
Ty, —ky 0,k (f(%y)) Loy —ky my—ks (h(%y)) ’

where the partitions are of the form (2.20), and Qg, 4, is already defined in (7.9).

The variants of the (2 x 3) partitioned subresultant matrices are therefore given by:
() {Tkr ko (f (2 9), 3, y), ()}
(i) {Dy T (f (2,), 9, y), ()}
(i) {Thy o (F (2:9), 8, 9), R, 9)) Qs o }

(IV) {D];{kQTkhkg (f(ﬂf, y)’ 9(337 y)’ iL(fE, y))@kl,kg}

for k1 =0,...,min(mq,ny,01); ko =0,..., min(msz, ng, 02).
Again, the partitions of these matrices follow from the definitions of the two-polynomial

subresultant matrix variants but six non-zero partitions are contained rather than two.
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(iii) Ty, Jk2 (f(LE, y)7 g(fﬂ, y))le,kz (iV) Dk_117k2Tk1,k2 (f(l‘, y)’ g(l‘, y))@h,kz

Figure 7.1: Heat map of the coefficient multipliers in the subresultant matrix variants
where k1 = 1 and ko = 1 in Example 7.2.1

Example 7.2.1. Consider the polynomials f (z,y) and g(x,y) with degree structures
(mq, mg) = (10,15) and (n1,n2) = (9,6). Figure 7.1 shows heat maps of the scaling effect
of the coefficient multipliers in each entry of the first subresultant matrix for each of the
four the subresultant variants (i) Tkl,kz(f(m,y),g(fv,y)), (ii) D];ll’szkl,kz (f(z,y),g(x,y)),
(i) Thy o (F (2, 9), §(2,9)) Qo and (iv) Dty Ty ks, (f(2,9), 52, 9)) @by o, Where by = 1
and ko = 1.

In Figure 7.1i the entries in the first partition are significantly larger than the entries

in the second due to the presence of the binomial terms ("'*) ('), which are significantly

(51 12

"1) (7.‘2). The largest of the coefficient multipliers in the first par-

larger than the terms (il i

tition is equal to (150) (175) = 1621620, while the largest in the second partition is equal
to (2) (g) = 2520. In Figure 7.1ii the entries in the second partition are still significantly

smaller than entries in the first partition. In Figure 7.1iii entries in the second partition
ml—k1) (m2—k2
J J2
) in the coefficient multipliers of the

are much larger due to the presence of the binomial terms (

nlj—lkl ) (77,2]'—2 ko

), which are
much larger than the binomial terms (
first partition.

As with the univariate subresultant matrices, optimally scaled entries are given in the

variant of the form D;;lleTkLkz (F(z, ), §(x,y))Qky ky, Which can be seen in Figure 7.1iv.

Example 7.2.2. Consider the Bernstein form of the exact polynomials f (x,y), §(x,y)
and ﬁ(m,y) of degrees (17,13), (20,19) and (10, 13) respectively, whose factorised forms
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are given by

F(z,y) = (z — 0.554687987932164654) (z + 0.21657951321) (z + y — 0.46578784351654)°

(z 4y +0.0124)% (2% 4+ y* + 0.5679814324687)* (7.13)
g(z,y) = (z +0.21657951321)(x + y — 0.46578784351654)3 (x + y + 0.4512)°

(2% 4 4 — 0.00104751807)% (22 + y* 4 0.5679814324687)> (7.14)
h(z,y) = (z + 0.21657951321) (y — 0.2465879841351465498)* (x + y — 0.46578784351654)*

(1222 4 y? — 0.348798) (z* + 4 + 0.5679814324687)*. (7.15)

The polynomials f(z,y), §(z,y) and h(z,y) have a GCD Jtm (x,y) of degree (8,7), which
is given by

d(z,y) = (z + 0.21657951321) (2% + > + 0.5679814324687)2 (z + y — 0.46578784351654)°.

Noise is added to the coefficients of f(z,v), §(x,y) and h(z,y) such that the coefficients
of the inexact polynomials f(z,y), g(x,y) and h(z,y) are given by

Qiyiy = Qiyiy + €f1,inQitin T frinin  fOr 41 =0,...,mq; i2=0,...,ma,
bj1,j2 = bi1,i2 + eg,jl,ijjl,j2rg,j1,j2 fOI‘ 11 = 0, ey Ny 19 = 0, ..., N9, (7.16)
Cprps = Cpips T €hprpaCprpaThprpe fOr 41 =0,...,01; 42=0,...,092,

where {€¢;, i}, {€g,51.jo} and {ep p, p, } are uniformly distributed random variables in the
interval [10712,1071% and {rs, i, }, {g.j1.jo } and {rnp, p,} are uniformly distributed ran-
dom variables in the interval [—1,1]. The coefficients of f(x,y), g(z,y) and h(x,y) are
plotted in Figure 7.2, where it can be seen that the coefficients of f(z,y) and g(z,y) span
many more orders of magnitude than those of h(x,y).

Heat maps of the coefficient multipliers in the variants of the subresultant matrices

are plotted in Figure 7.3 and the following observations are made:

1. Figure 7.3i plots the magnitude of the coefficient multipliers in the entries of

Thy ko (f(@,9), g(x,9), h(z,y)). Tt can be seen that the top right partition, whose
n
i
than those in the remaining three non-zero partitions.

entries are of the form bil,ig( )(722), has entries of significantly larger magnitude

2. Figure 7.3iii plots the magnitude of the coefficient multipliers in
Ty ko (F(2,9), 9(2,9), h(2,9)) Qrey o - The first row-partition of this matrix,
Ra k1 ko» contains coefficient multipliers which are significantly larger than the

coefficient multipliers of the second row-partition Ry i, k.-

3. Figure 7.3iv  plots the magnitude of the coefficient multipliers in
D,;{k2fkl7k2(f(x,y),g(x,y),h(a:,y))@kh;m, which appears to have the optimal

form of scaling.

The minimum singular values of the subresultant matrices

(1) {Tk’l,kQ (f(xv y)7 g(:Ea y)? h(l‘, y))}

(11) {D];ll,kgj—‘/ﬂ,kz (f(l'v y),g(x, y)7 h(ﬂj‘, y))}
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Figure 7.2: The coefficients of the polynomials f(x,y), g(z,y) and h(z,y) in
Example 7.2.2

(iii) {Tkl,kz (f(.%', y)v g(x, y)v h($, y))@khkz}
(iV) {D];%kQTkl,kz (f(l'a y)v g($a y)7 h(l’, y))@k‘l,kQ}

for k1 = 1,...,min(my,n1,01); ko = 1,...,min(me, ne,02) are computed and plotted
in Figures 7.4i to 7.4iv. From these sets of minimum singular values, it is clear that
{ﬁ,;{k;f’khb (f(x,9),9(x,y), h(2,9))Qk, £, } is the optimal subresultant matrix sequence
for the computation of the degree of the AGCD since the separation between the numeri-
cally zero and non-zero minimum singular values is more pronounced.

The results in this example can be further improved by preprocessing the three-
polynomial subresultant matrices and this will be considered in Section 7.3. This ex-
ample is extended in Example 7.6.4 to consider higher levels of noise and the effect of
preprocessing on the computation of the degree of the AGCD.

O

The results in this section are consistent with earlier results for the two-polynomial and
three-polynomial problems for univariate and bivariate polynomials defined over a rectan-
gular domain. Despite D,;{ ko L1 ko @y ki, Deing the optimal variant of the four subresultant
matrix variants, the ratio of entry of maximum magnitude to entry of minimum magni-
tude is still likely to be large and again preprocessing the three polynomials polynomials

is considered.

7.3 Preprocessing

The three preprocessing operations have been discussed for the two-polynomial and three-
polynomial subresultant matrices of both univariate and bivariate polynomials where the
bivariate polynomials were defined over a triangular domain.

The equivalent three preprocessing operations are now considered for the two-
polynomial and three-polynomial subresultant matrices for bivariate polynomials defined
over a rectangular domain. In this section the two-polynomial and three-polynomial pre-

processing stages will be considered simultaneously, since the extension from preprocess-
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(i) Dty Ty o (F (2, 9), 9(2,9), Az, 1))

(lli) Tk1,k2 (f(xa y)a 9(117, y)a h(IIZ, y))Qkukz (iV) ﬁlzll,kQTkl,kz (f($, y)’ g(xa y)v h(:]], y))leJw

Figure 7.3: Heat map of the coefficient multipliers (using logarithmic scale) in the
variants of the subresultant matrices in Example 7.2.2.

ing the two-polynomial subresultant matrix to the three-polynomial subresultant matrix
is easily derived.

The three preprocessing stages developed in Section 3.4 are adapted for the com-
putation of preprocessed two-polynomial and three-polynomial subresultant matrices of

bivariate polynomials in Bernstein form.

Normalisation by Geometric Means in the Two-Polynomial Subresultant Ma-

trices

Polynomials f(z,y) and §(z,y) are normalised by the geometric mean of their non-zero

~

entries in the matrix partitions Cy, _k; ny—ko (f(2,y)) and Chyy—ky ma—ke (§(x,y)) respec-
tively. The geometric mean of the non-zero entries in Cy, g, no—k, (f(2,y)), denoted

N

gnl—kl,ng—kz (f(.']f, y))7 iS given by

na—ksni—ki ms  mi (i1+j1)(m1+n1—k1—i1) (i2+j2)(m2+n2—k2—i2) e

~ i1 ni1—ki—i1—j1 2 na—ka—iz—j2
H H H H Ay iy (m1+n1—k1) (m2+n2_k2) y (717)

ja=0 j1=0 i3=01i,=0 ny—k1 ng—ka
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Figure 7.4: The minimum singular values {&y, x,} of each subresultant matrix for each
of the four subresultant matrix variants in Example 7.2.2.

where
r=(my+1)(ma+1) and c=(n1—ki+1)(ng—ka+1)

and a similar expression for G, —k, ms—k, (§(,y)) can be derived such that the normalised

polynomials f, k, (%, y) and gk, x,(z,y) are given by

fk1,k2(xay) = f(x7y)A s
in —k1,n2—k2 (mv y))
Gy (51) = 9(z,y)

Gy —k1,ma—ks (Q(ﬂf, y)) '

An efficient method for the computation of the geometric mean is given in Appendix C.3.1

which extends the method seen in Section 3.4.
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Normalisation by Geometric Means in the (2 x 3) Partitioned Subresultant

Matrices

The polynomials f (x,y), §(z,y) and iL(l’, y) are normalised by the geometric mean of their
entries in the (k1, k2)th subresultant matrix S’kth (f(q:, y), g(x,y), ﬁ(x, y)), where the coef-
ficients of f(z,y) appear in two partitions, Cp, &, ny—ks (f (#,%)) a0d Co, ky.0p—ks (F (2, %)),
and the coefficients of g(z,y) and ﬁ(m,y) only appear in one partition each. These are

Crny—k1,ma—ks (G(2,y)) and Cry, —gy mo—ks (R(x,y)) respectively. The normalised polynomi-

als are therefore given by

fk17k2 (xay) = f(xly) ’
le,kz <f(l’, y))
G (1) = foy)
gml—kl,mg—k’z (g(l‘, y))
Bkl,kz (z,y) = Mz, y) )

le—k17m2—k2 (il(x’ y))

where  Giny gy mo—ks (9(z,y)) and gm1*k17m2*k2(ﬁ(wvy)) are given by (7.17), and
Qkh,@ (f(m,y)) is the geometric mean of f(x,y) in two partitions of the (ki,ks)th sub-

resultant matrix.

Normalisation by Geometric Means in the (2 x 3) Partitioned Subresultant

Matrices

In the (3 x 3) subresultant matrix, all three of the polynomials f(z,y), §(z,y) and h(z,y)

appear in two partitions each, and so the normalised polynomials are given by

A~

f_kil,kz(xay) = = f(xly) )
le,kz (f(xv y))

gk1,k2(xvy) = Ma
gkhkz (g(l’,y))

Bkl,kz (l',y) = h(x’ y)

le,kz (B(x, y)) ’

where Gy, 1, (f(,y)) is the geometric mean of f(x,y) in two partitions of the (ki,k)th

subresultant matrix.

The Two-Polynomial Subresultant Matrix Optimisation Problem

To scale the two partitions of the two-polynomial subresultant matrix, the second partition
is scaled by A and the independent variables x and y are replaced such that z = 61wy and
y = Bowo. The optimal values of A, #; and 05 are computed such that the ratio of entry

of maximum magnitude to entry of minimum magnitude in the (kj, k2)th subresultant
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matrix, given by
Cnl—k1,n2—k2 ()‘f(elu 025 w1, WQ)) ; Cm1—k1,m2—k2 (g(ela 027 w1, WQ)) i| 3

is minimised. The unoptimised polynomials Af (61, 62, w1, w2) and §(01, 0o, w1, ws) are given
by

mo M1
)\f(ﬁl, 02, w1, ws) = A Z Z ai,, 129“912 <m1> ( ; )(1 - 91W1)m1_i1(1 - 92wz)m2_i2wilw;2
120=011=0 2
§(01, 02,01, w0) = DY by, 4, 0160% (;) <ZQ>(1 — 0101)" (1 = Bouw) 220w W2
12=011=0

Let the sets of all non-zero entries in the first and second partitions of the (ki,k2)th
subresultant matrix be denoted ®; , k, (X, 01,02) and Po i, , (01, 02) respectively, where

P . ‘)\a’ll 22011912(“)(22)("1]:k1)(n2];k2) il = 0,...,m1; jl = O,...,’I’Ll —k‘l,
1,k1,k2 (m1:iljl kl)(m27:7-:-2j;k2) 19 = 07"'am2; j2 :0,...,TL2 _kQ;
(7.18)
@ . b117120l1922 (nl)(zj) (mlj:kl)(ijg]w) il = O,...,nl; jl :07...,m1 —kl,
ke (ml:;i‘lh kl) (m2;;izj;k2) iQ = 0, RN jg = O7 ey, Mo — kg.
(7.19)

The optimal values of A\, 6; and 6> are given when the ratio of the entry of maximum
magnitude to entry of minimum magnitude is minimised. The minimisation problem can
be written as

()\k'l k2> 61 Jk1,k2s D) k1, k2) = arg min

{ max{max{@lﬁkl’h ()\, 91, 02)}, max{@lkhb (91, 02)}} }
A 01 02

IniIl{HliIl{(@l)kh]€2 ()\7 491, 92)}, min{@27k17k2 (491, 92)}}
(7.20)

The minimisation problem is detailed in Appendix C.3.2 and the optimal values Ag, k.,
01,k1,k, and 0O, 1, are given as the solution of a linear programming problem such that
the preprocessed polynomials Mg, g, fi, ke (w1, w2) and G, k, (w1, w2) are given by

ma My

£ — E E P i1 i2
Ny kg fho o (wi,w2) = Ag, k2 a’ihizgl,kl,kz 92,]@17192

19=0121=0
mi—1t mo—1 7 7
(1= 01 &y yw1)™ 7 (1 = O 1y gy w02)™ ™ 2 w01 w0y

Z niy—1i1 no—is, i1, 12
gkl»h w1, wa) E : E :b71712 1,k1,k2 05 k1, kz( - 91,1617/?2) (1- 92,1617/?2) Wy Wy
190=017,=0

The Three-Polynomial Subresultant Matrix Optimisation Problem

The (2 x 3) partitioned subresultant matrices have the two additional non-zero parti-
tions Co,—ky 00—ke (f(2,y)) and Cpy gy mo—ko (R(x,y)).  The sets Py g, 1y (A, 01,02) and
P2 k1 ks (01,02) are already defined in (7.18) and (7.19), and the sets of entries in the
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additional partitions denoted @3 i, 1, (A, 61,62) and Py, k,(p, 01,602) are given by

«@3k X ()\ 01 92) _ Aailj?ailo?(zl)(ZQ)(Olj_lkl)(ozj_ng) 7;1 :Ow"aml; jl :07"‘701 _kh
M T (mliti;:kl) (m2i<:i?;k2) 7:2 = 07 <y 23 j2 = 07 ceey, 02 — k27
(7.21)

Dr o (p0n. o) = I CDED ) () | in = 0,0y =0 =,
e ’ , (mli—ri}?kl) (mzii‘i?;kz) ig = 0, ce.y 025 jQ = O7 ceey,Mo — kg.
(7.22)

The minimisation problem for the (2 x 3) partitioned subresultant matrix can be written
as an extension of (7.20) and is given by

: max {max{ P i, k, (A, 01,02)}, max{Ps j, ,(01,02)},
A ) 1279127912: ar, min - - 1,2 : yki,k2
( ki,k2s Pk k 1,k1,k 2,k1,k ) g)\,p,91,92{ min {IIllIl{P)Lkhk2 ()\,01,02)},111111{P27k.17k2 (01’92)}7
max{Ps , k, (A, 01,02)}, max{Pu g, r,(p,01,02)}} }
min{'@?),khkz ()‘791’92)}7min{@4,k17k2 (p, 91,92)}} ’

where the linear programming problem for determining the optimal values of A, p, 61 and
0 is detailed in Appendix C.3.3.

The method of minimising the (2 x 3) subresultant matrices can be extended to min-
imise the (3 x 3) partitioned subresultant matrix, and values A, p, 6; and 6y are given by
the minimisation of

{max {max{@l,kth ()\, 91, 92)}, max{@g’khk,z (91, 92)}7
min {min{® x, k, (A, 61, 02)}, min{Ps , x,(01,602)},
max{Ps ky ko (A, 01,02)}, max{Py , 1, (p,01,02)}
min{@g,khkz )\, 91, 92)}, min{@47k1,;€2 (p, 91, 92)}
,01,02)}, max{P , r,(01,02)}} }

) ’

()\k11k2 » Pky k2> 91,/6171627 02,k17k2) = arg min
A,p,01,02

(
max{@&khh(
(

p
min{Ps r, x, (p, 01, 02) }, min{Pg 1, r, (61,62)}}
where
~ i i —k —k . .
Bt i (00 00) = pCini 0102 (7) (52) ("5 (L) L i =0, 015 1= 0. my —ky,
(001 CIE ) im0 s =0 ma ks

(7.23)

biy i 0105 (52) (52) (1 5) (72F2)
(e )

i1 =0,...,n; jlzoa"'vol_kl;

@G’khk?’ (01702) - ig = O no; j2 = 0 09 — kQ

(7.24)

The preprocessed polynomials )‘k1,k2fk1,kz (Wi,w2), Gk ko (Wi, w2) and pkh;@ﬁ(wl,wg) are
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given by

22 m m
i1 12 1 2
N o o o (@1, 02) = Mgy D D iy in07Ly, 4,05 kl,k2< ) ( : )X

1
12=011=0 2

(1= 01 gy oo 1) ™ (1 — O gy w2) ™ 200} w0

ng Ny n n
i1 12 1 2
gkl,kg wlaw2 § § b’Ll,’Lgel K1,k 2 K1,k ( ) < . ) X

7
190=011=0 2

1 _Hlk o W1 n1—1i1 1 _92k o W9 nz—izwilwm
yR1,R2 ,R1,R2 12

02 01
= _ ; ; o1\ (02
_ . ph io
pkl,k‘zhkl,l% (wlvo‘)?) = Pky,ko E , E , C'Lly1291,k1,k292,k17k2 <11) < > X

7
i9—0i1—=0 2

(1= 01y kyw1) (L = Oo gy pw2) ™ 2wl wi?.

This section has presented the extensions necessary to preprocess the subresultant
matrices of two or three bivariate polynomials in Bernstein form. It will be shown in
Section 7.6 that preprocessing the polynomials in the two-polynomial and three-polynomial
subresultant matrices yields improved results for the computation of the degree of the GCD
and approximations of its coefficients.

Preprocessing the subresultant matrices has a significant cost due to the repeated use of
linear programming. In the two-polynomial problem the solution of a linear programming
problem gives the optimal values (01, #2, A). Similarly, in the three-polynomial problem,
the solution of a linear programming problem gives the optimal values (61, 02, A, p). A
new linear programming problem must be considered for each subresultant matrix in a
two-dimensional array.

Methods have been considered for the efficient computation of the geometric means
of polynomials f(x,%), §(z,y) and h(z,y) in the sequence of subresultant matrices (Ap-
pendix C.3.1). Despite offering a clean and efficient expression for these geometric means,
the reduction in complexity of the complete algorithm is minimal.

The cost of the algorithm is still significant due to the repeated use of the singular
value decomposition for each of the subresultant matrices in a two-dimensional array. The
next section considers a new method for the computation of the degree of the GCD of
two bivariate polynomials in Bernstein form. This method still makes use of a sequence
of subresultant matrices, but reduces the computational complexity by reducing the two-

dimensional array of subresultant matrices to a one-dimensional problem.

7.4 Methods for the Computation of the Degree of the GCD

In Section 3.2 the degree of the GCD of two or three univariate polynomials was reduced
to the determination of the last singular matrix in the subresultant matrix sequence. The
method was extended to the computation of the degree of the GCD of two or three bivariate
polynomials defined over a triangular domain, where the numerical rank of a sequence of
subresultant matrices Si(f(,y),§(z,y)) for k =1,...,min(m,n) was considered.
Bivariate polynomials defined over a triangular domain are defined in terms of their

total degree, and the subresultant matrix sequences associated with the two-polynomial
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and three-polynomial problem in this form are one-dimensional. However, bivariate poly-
nomials over a rectangular domain are defined in terms of their relative degree structure
with respect to x and y. By extension, the subresultant matrix sequences associated with
the two-polynomial or three-polynomial GCD problems form two-dimensional arrays.

This section develops two methods for the computation of the degree of the GCD of
two or three bivariate polynomials in Bernstein form. The methods are described for two
polynomial problems and the extension to the three-polynomial problem is trivial.

The first method, BVGCD, is a simple extension of the univariate GCD (UGCD)
method, while the second method, BVDRGCD, uses degree elevated polynomials in the
sequence of subresultant matrices. The BVGCD method follows directly from earlier work

and is considered first.

BVGCD

The set of subresultant matrices of two bivariate polynomials defined over a rect-
angular domain forms the two-dimensional array {Sk, , (f(x, v),q(x,y)) | k1 =
0,...,min(my,n1); ko = 0,...,min(me,n2)}. As with the univariate subresultant ma-
trices, a measure of the rank of the (ki, k2)th subresultant matrix is denoted py, k,. For
the remainder of this thesis only the minimum singular value of each subresultant matrix
is considered. That is, pg, k, = 10810(0k, k,). Since { pi, 4, | 11 =0,...,min(my,n1); iz =
0,...,min(mg,n2) } is a two-dimensional array, the degree of the GCD is determined by

the maximum change dp;, ;,, where

. . ) i1 =0,...,min(my,ny) — 1;
5Pi1,i2 = Pir+1lia+1 — Piyia for . .
io9 =0,...,min(mz,ng) — 1.

Therefore, the degree of the GCD is given by
(t1, t2) = arg;, ;, max{0pi i, }-

This comes with the constraint that §p;, 4, is only defined for ¢; = 0,..., min(mq,n1) — 1
and i3 = 0,...,min(me,n2) — 1, so the degree of the GCD is only determined when
0 <t1 < (min(my,n1) —1) 0 <ty < (min(me,n2) — 1).

Despite offering interesting insights, the computation of the degree of the GCD of
two bivariate polynomials using the described method is computationally expensive.
Constructing, preprocessing and analysing the singular values of (min(mi,n;) + 1) X
(min(mae,n2) + 1) subresultant matrices is inefficient, and instead methods for reducing

this to a one-dimensional problem should now be considered.

BVDRGCD

The BVDRGCD method reduces the computation of the degree structure (¢,%2) from a
two-dimensional problem to a one-dimensional problem with two stages. The first stage
determines a value t* such that either ¢ or to can be deduced. Then, given either ¢ or to,
the second stage computes ty or t; from the set of subresultant matrices { S, k, | k2 =

0,...,min(mg,ng) } or { Sk, 4 | k1 =0,...,min(my,nq) }.
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The first stage of the algorithm requires the degree elevation of the polynomials f (z,9)
and §(z,y) and methods for degree elevation are found in [29]. The effect of degree
elevation on the computation of the degree of the GCD of the two univariate polynomials
f(x) and §(z) is considered first. This is then extended to the computation of the GCD
of two bivariate polynomials which have been arbitrarily degree elevated, before finally
considering the degree elevation necessary to reduce the computation of the degree of the

GCD to a one-dimensional problem.

Example 7.4.1. Consider the univariate polynomials f(z) and §(x) of degrees m and n

respectively, which have a GCD dt(x) of degree ¢. Then

f(x) =t (x)dy(z) and g(z) = 0(z)de(x),

where 4y (z) and v;(x) are of degrees (m — t) and (n — t) respectively. By elimination of

dy(z), the two equations can be written as

which can be written in matrix form as

S, ( F(2), Q(w)) x; = 0. (7.25)

This has a unique solution defined to within a scalar multiplier.
The pair of polynomials f(z) and §(z) are degree elevated to degrees m* and n*
respectively, where m* = m + p and n* = n + p. The degree elevated polynomial f* (x)

can be written as
fH(@) =45 (x)d; ,_;(x) for i=0,...,p

for a set of (p+1) possible polynomial pairs iy ;(z) and dA;fk,pfi(x) fori=0,...,p. The first
subscript of these polynomials is indicative of the degree of the GCD and is consistent
with notation used so far in this thesis. The second subscript is indicative of the number of

~

degree elevations of the polynomial. For instance, the polynomials {4} ()} and {d;,_;(z)}

are sets of degree elevated forms of @, (z) and dy(x) respectively, where
deg (a;i(x)) —m—t+i
deg (d;‘p_l(x)) =t+p—1i for i=0,...p.

Therefore, the polynomial f*(z) has a divisor d;‘p(x) of degree (t + p), which is a degree

elevated form of czt(x) Similarly, the polynomial §*(z) can be written as the product
5 () = 07, (@)df (@) for i=0,....q
(z) are degree elevated forms of

The (¢ + 1) possible polynomial pairs 9;,(z) and dA;qfi
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by(x) and dy(z) respectively and

deg (@Zi(x)> —n—tti

deg (cifq_l(x)> =t+q—1i for i=0,...q.

So ¢*(z) has a divisor ciij(a:) of degree (t + ¢), which is a degree elevated form of dy(x).
Therefore, polynomials f*(z) and §*(z) have a GCD cft7min(p7q)(x) of degree (t+min(p, q)),
which is a degree elevated form of d;(z), and the modified form of (7.25) is given by

S (f* (), 4% (@))%, = 0,

which has non-trivial solutions for ¥ = 1,..., (¢ + min(p, ¢)) and has only zero solutions
for k = (t + min(p,q) + 1),..., min(m*, n*).
O

This is now extended to consider the effect of degree elevation on the degree of the
GCD of the two arbitrarily degree elevated bivariate polynomials f(z,y) and §(z,y), given
that the degree of the GCD of the polynomials without degree elevation is known.

Example 7.4.2. Consider now the two bivariate polynomials f (z,y) and g(z,y) of degree
(m1,m2) and (n1,n2) respectively, with a common divisor a?tl’tz (z,y) of degree (t1,t2).
Suppose f(x,y) and g(x,y) are degree elevated by (p1,p2) and (g1, g2) respectively.

The polynomial f*(z,y) can be written as the product

* ~ 7 . Lo
f ($7y) = utl,tg,il,iz(x’ y)dtl,tz,l)lf’h,pzfiz for 11 = 07 -y P1; 12 = 07 -y P2,

where the polynomial 4y, 1, i, is a degree elevated form of i, s, which has been degree
elevated by (i1,i2), and the polynomial dt17t27p1_i17p2_i2 is a degree elevated form of dtm

which has been degree elevated by (p1 — i1, p2 — i2)
deg<at1,t27i1,i2 (x,y)) = (m1 —t1 +i1,ma — ty +ia)
deg (dtl,tmpl—il,pz—h (z, y)) = (t1 — p1 — 1,2 — p2 —i2).

The polynomial f*(:p,y) has a divisor of degree (t; + p1,t2 + p2), which is the degree

elevated form of dy, 4, (x,y). Similarly,

g*(:v,y) = Dty ta,i in (xa y)dtlth,(Il*ih(D*iZ(x?y) for i1 =0,...,q1; 12=0,...,q.

The GCD of f(x, y) and g(x,y) is therefore given by dt17t27min(p17q1) min(ps,g0) (T, y) of degree
(t; +min(p1, q1), t2 + min(pa, g2)), which is a degree elevated form of dy, +,(,y). The third
and fourth subscripts denote the number of degree elevations of the original cztth (z,y),

and

Skuks (F*@),5" @) Rey s = 0

has non-trivial solutions for k; = 0,..., (t1 + min(p1,q1)) ; k2 = 0,..., (t2 + min(p2, q2))
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and only trivial solutions for k; = (t; + min(p1,q1) + 1),..., (min(m*,n*)) ; ko = (t2 +
min(pe, ¢2) + 1), ..., (min(m*, n*)).

Suppose now that f(z,y) and §*(z,y) are degree elevated such that f*(x,y) is of
degree (m*,m*) and §*(z,y) is of degree (n*,n*), where m* = max(mi, mg) and n* =

max(nl, TLQ).

Consider now the bivariate subresultant matrix Sy (f*(z,v),9"(x,y)). If

~

Skk(f*(x,y), " (x,y)) is rank deficient, then the following conditions hold:

k <t; + min(p1,q1) and k < to + min(pa, q2). (7.26)

Suppose t is defined such that S;;(f*(z,v),9*(z,y)) is rank deficient but

A~

Sti1t41(f*(z,y), §%(z,y)) is of full rank, then one of the conditions given above in (7.26)
no longer holds. Therefore, one or both of the following hold:

t =t +min(p1,q1) (7.27)
or t = to + min(pa, g2). (7.28)

Three possible scenarios must now be considered:

1. The first equation (7.27) holds and t; is therefore given by
t1 =t —min(p1,q1)
and t9 must be determined. The set of equations

Siva (F(.).9(2.9) ) X0, = 0

have non-trivial solutions for k9 = 0,...,%t2 and only trivial solutions for ko =

ta + 1,...,min(mg,n2), and t2 can therefore be determined by analysis of the

numerical rank of the set of subresultant matrices {St, k,(f(z,y),4(z,y)) | k2 =

0,...,min(mg,n2)}.

2. The second equation (7.28) holds, and ¢ is therefore given by
to =t — min(p2, ¢2).
Then ¢; must be determined by analysis of the set of subresultant matrices
Sk to <f(m, Y), §(x, y)) ky =1,...,min(my,ny).
3. Both equations hold, in which case

t1 =t —min(p1, q1) and to =t — min(p2, ¢2).

Given t, it is not known which of the two equations (7.27, 7.28) holds, so both sets of sub-
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resultant matrices {Sy, i, (f(z,y),d(z,y))} and {Sk, +,(f(z,y),4(z,y))} are constructed
and two possible candidate pairs (¢1,t2) are computed. The degree of the GCD is the

maximum of these two pairs.

The following worked example aims to highlight the differences between the BVGCD
and BVDRGCD methods described in this section.

Example 7.4.3. Consider the polynomials f(x,y) and g(z,y) of degrees (mi,m2) =
(16,12) and (n1,n92) = (14, 10) respectively

f(z,y) = (x4 y+ 0.0124)°(x + 0.56)* (2 + 3> + 0.51)%(z + y + 1.12)*
§(z,y) = (x 4+ y 4 0.4512)3(z + 0.56)* (z® + 3? + 0.51)3(z + y + 1.12)3,

whose GCD in factorised form is given by
d(z,y) = (x +0.56) (2 + y? + 0.51)%(z + y + 1.12)3.

Noise is added to the coefficients of f(z,y) and §(z,y) such that the coefficients of the
inexact polynomials f(x,y) and g(z,y) are given by
Qi iy = &2'171'2 + rf,il,izah,izef,il,iz for i1 =0,...,mq; 19 =0,...,mo,

N N ¢ ) o (7.29)
bir iy = biyjia + Tg,j1,j2bin i €gin i or j1=0,...,n1; j2=0,...,n9,

where {vail,iZ} = {fg»jl,b} =107°%.

The bivariate GCD (BVGCD) algorithm proceeds by preprocessing the polynomi-
als f(z,y) and g(x,y) for each subresultant matrix {Si, &, | k&1 = 0,...,min(my,n1) =
14; ko = 0,...,min(mg,n2) = 10} and computing the minimum singular value of each
subresultant matrix {Sk, ky (fiy ke (W1, W2)s Qky ko Gy ke (W1, w2)) }. The two-dimensional set
of minimum singular values {o, r,} are plotted in Figure 7.5 from which the degree of

the AGCD is correctly identified as (11, 7), since the maximum of the set {dp;, 4, } is given
by 0p11,7-

Figure 7.5: The minimum singular values {¢, k, } of the preprocessed subresultant
matrices { Sk, ko (Aky ko fh1 ko (W15 W2), Gk ko (W1, w2))} in Example 7.4.3

The BVDRGCD method is now considered. In the first stage of the BVDRGCD
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method, the polynomials f(z,y) and g(z,y) are degree elevated to (m*,m*) and (n*,n*)
respectively. That is, f(x,y) and g(z,y) are degree elevated by (p1,p2) = (0,4) and

(q1,92) = (0,4) respectively.
The minimum singular values of the set of subresultant matrices

S].y«,k* ()‘k*JC* ']E]z:k (wl,wg),glﬁ’k (wl,wg)) for k= 1, e ,min(m*, n*) (7.30)
are computed and plotted in Figure 7.6i, from which, ¢t = 11. Given t = 11, either

t;1 =t —min(py,q1) = 11
or to =t —min(pg,q2) =11 -4 =7.

In this instance, both ¢; and ¢, are correctly identified. However, assume that only ¢
is correctly determined, then the degree of the AGCD with respect to x, that is ¢y, is

computed from the minimum singular values of the set of subresultant matrices

Skl,tg <)\k1,t2fk1,t2 (wl,WQ),gkth (wl,UJQ)) fOI‘ k’l = 1, ey min(ml, nl),

which are plotted in Figure 7.6ii. From the set of minimum singular values {&y, +, | k1 =
1,...,min(my,n1)}, the degree of the AGCD with respect to x is determined to be equal
to t; = 11.

In this example, the bivariate GCD (BVGCD) algorithm required the evaluation of
140 subresultant matrices, whereas the bivariate dimension reducing GCD (BVDRGCD)

method required the preprocessing and evaluation of only 28 subresultant matrices.

/;;711 /:; i
o =
%0 14 _qu )
1 2 3 4 5 6 7k*8 9 10 11 12 13 14 kl
(i) BVDRGCD Stage 1 : (i) BVDRGCD Stage 2a :
The minimum singular values {1} of The minimum singular values {dy, +, } of
{9k Nk fr e (w1, w2), Gk (W1, w2)) } {10 Mkt Floy 2 (W15, 02)5 Gy 1, (W1, w2))

Figure 7.6: The minimum singular values of the preprocessed subresultant
matrices in the BVDRGCD algorithm in Example 7.4.3

O

In this section, a method (BVDRGCD) has been developed which allows for the fast

computation of the degree of the GCD of two bivariate polynomials in Bernstein form
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which are defined over a rectangular domain.
Other methods were considered for dimension reduction. One proposed method pro-

ceeds as follows :

1. Fix kp to an arbitrary value k7 which is known to be smaller than ¢;, the degree of
the GCD with respect to .

2. Determine the numerical rank of all subresultant matrices { Sk: k,(f(2,9), (2, y)) |
ky = 0,...,min(mg,n2) } and ty is given by the index ko of the last subresultant

matrix Sy, x, which is numerically rank deficient.

3. Having determined ¢y, compute t; from the set of subresultant matrices

~

{Skhtz(f(xvy)?g(x’y)) ’ k1 = 17 <o 7min(m17n1)}'

Though this method is theoretically correct, since Si, k, (f(x,v), §(x,y)) is rank defi-
cient for all k1 = 0,...,min(mi,n1); k2 =0, ..., min(mg, ng), numerical results suggest it
should not be utilised. Not all choices of k] < t; are ‘good’ choices. Consider Example 7.4.3
and the minimum singular values plotted in Figure 7.5. A choice of k7 from the interval
[0, 6] fails to reveal the degree of the GCD with respect to y, since there is no maximal
change in the minimum singular values of {Ski’kQ(f(a;, v),9(x,y)) | k2 =0,...,min(m,n)}.

In this method, only a subset of possible (ki,k2) pairs are considered, however the
BVDRGCD method considers all possible (k1, k2) pairs in degree elevated forms.

Another similarly proposed method proceeds as follows :

1. Compute the minimum singular values of the set of subresultant matrices

{Spx(f(x),d(x)) | k=1,...,min(min(my,n;), min(mg,ng))}.

2. Determine the value t given by the index of the last rank deficient subresultant

matrix.

3. Since Sy ;(f(x,y), §(x,y)) is rank deficient and St+1,t+1(f(:c, y), §(x,y)) is of full rank,
then either t; =t or t9 = t.

4. Suppose that t; is correctly identified, then ¢y is given by the index ko of the last
numerically singular matrix in the set {S, x, | k2 = 0,..., min(ma,n2)} to give the

candidate pair (¢1,t2).

5. Suppose that t9 is correctly identified, then ¢; is given by the index k; of the last
numerically singular matrix in the set {Sk, +, | k1 = 0,...,min(m,n;1)} to give the

candidate pair (¢1,t2).
6. Given the two candidate pairs, determine the degree of the GCD.

However, in Example 7.4.3 the set of minimum singular values of all subresultant
matrices S, k, are plotted in Figure 7.5, from which it can be seen that the maximum
change in singular values between ¢11,7 and &125, that is, 6117, is maximal in the set
{06k, k,}- This result is not included when only considering the subresultant matrices

Ski(f(z,y),4(x,y)) and only {465, | i =1,...,min(m,n1,ma,n2)} are considered.
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Suppose my &~ mg ~ m and ni = ng =~ n, then the standard method BVGCD requires
the construction of a two-dimensional array of n? subresultant matrices, but BVDRGCD

reduces this to approximately 3n subresultant matrices.

Only the two-polynomial GCD problem has been considered in this section. The
necessary theoretical development to extend the BVDRGCD method for the computation
of the degree of the GCD of three-polynomial problem is a trivial extension. Examples
are given in (7.6.2).

The next section considers the computation of the coefficients of the cofactor polynomi-
als given t; and t9, and this least squares based method is independent of whether BVGCD
or BVDRGCD is used in the computation of the degree of the GCD. The coefficients are al-
ways computed using the (¢1,¢2)th subresultant matrix. More results comparing BVGCD
and BVDRGCD are given in Section 7.6.

7.5 Approximating the Coefficients of the Cofactor Polyno-
mials and the GCD

The Two-Polynomial Problem

This section considers the approximation of the coefficients of the GCD triple
(ﬁt17t27@t1,t2?dt17t2)' Approximations can be computed from the (¢1,%2)th subresultant
matrix of (i) the unprocessed polynomials f(z,y) and g(x,y) or (ii) the preprocessed
polynomials A, t, f1, 4, (w1, ws) and §(wi,ws2). The respective approximations are denoted
(tty.1 (2, ), Uty 1 (2, 9), iy 1 (2, 9)) and (Tt 1, (2, Y), Bty 1 (2, Y), diy 12 (2, 1)

Given that the degree of the GCD has been computed and is given by the pair (¢1, t2),
then

Stl,tz (fvg>Xt17t2 ~0

has a non-trivial solution and a column ¢y, ¢, 4 of St, 1, (f, g) lies in the space spanned by

the remaining columns Ay, 4, 4 such that

At1¢2¢1(f,g)xt1,t27q R Ctyta,q-

The vector x4, 4, is given by the insertion of ‘—1" into the gth position of x;, 1, 4.

The coefficients of the approximations of the polynomials @y, +,(z,y) and 04, 4, (x,y) are
given by the vector Xy, 4,, where the first (n; —t1 +1) x (ng —t2+ 1) entries are coefficients
of the approximation of vy, +,(x,y) and the remaining (m; —t; 4+ 1) x (mg —t2 + 1) entries

are the coefficients of the approximation of 1, +,(z,y).

The Three-Polynomial Problem

The (2 x 3) and (3 x 3) subresultant matrices Sk, , and Sk, x, are numerically singular

for k1 =0,...,min(mq,ny,01); ko =0,..., min(msz,ng,02) so

S’klka (f7g7 h) Xk’l,kz ~ 0 and S’kl,kQ (f797 h‘) Xk17k’2 ~ 0 (731)
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have non-trivial solutions. A column of St, 4, (f,g,h) and S, +,(f,g,h) lies in the space

spanned by the remaining columns with minimal residual, so

Aty s (F19,0) Rty ta,g B Ctitag and  Ap b, (f,9,0) Xty 10,0 = €ty tarq

The vectors Xy, 4, and Xy, 4, in (7.31) are given by the insertion of ‘-1’ into the vec-
tors Xy, t,,4 and Xy, 1, 4, and contain approximations of the coefficients of the polynomials
Uty 1o (X, ), Oty 4o (2,y) and Wy, 4, (2, y).

Methods for computing the structured low rank approximation of the (t1,¢2)th sub-
resultant matrix could be used to compute more accurate approximations of the cofactor
polynomials and the GCD. However, this theoretically small extension would require a
significant amount of work to implement, and this chapter focuses more on methods for

the computation of the degree of the GCD rather than its coefficients.

7.6 Results

This section presents results of the two developed methods in this chapter. Examples will
consider the computation of the GCD of two bivariate polynomials using the standard
BVGCD method, where the minimum singular values of unprocessed and preprocessed
subresultant matrices are compared. The following examples also consider the computa-
tion of the degree of the GCD using the bivariate dimension reducing GCD (BVDRGCD)
method.

7.6.1 Examples of the Two-Polynomial Problem

Example 7.6.1. Consider the Bernstein form of the exact polynomials f(z,y) and j(, y)
of degrees (17,10) and (17, 11) respectively, whose factorisations are given by

flz,y) = (z — 1.39872512)*
(z + 0.268721020)>
g(z,y) = (= — 1.39872512)?
(z + 0.268721020)>

x — 0.5354788154)%(x — 0.44455421)10x
y — 0.96543321)%(y + 5.45492341)*

— 0.5354788154)% (x — 0.155224776)""
y — 0.96543321)%(y — 0.22341321)°.

—~

(
)

—_— T

The polynomials f(z,y) and j(z,y) have a GCD of degree (7,6) which is given by
d(z,y) = (x — 1.39872512)3 (z — 0.5354788154)2 ( + 0.268721020)%(y — 0.96543321)°.

Noise is added to the coefficients of f(z,y) and §(x,y) such that the coefficients of the

inexact polynomials f(x,y) and g(z,y) are given by

Qirsio = iy + TfiirioGirin€lin e AN bjy gy = bjy o + Tg,51,5abj1 j2 €951 g2 (7.32)
where {7y i, | 91 =0,...,my; i2 = 0,...,mo} and {7y, 5 | j1 = 0,...,n1; jo =
0,...,n2} are uniformly distributed random variables in the interval [—1,1], while
{Ef,il,ig ’ il = 0,...,m1; iz = O,...,mQ} and {Gg,jth ‘ j1 = 0,...,n1; jg = O,...,nz}

are uniformly distributed random variables in the interval [10_12, 10_10].
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The inexact polynomials f(z,y) and g(z,y) are preprocessed, and the coefficients of
the (i) unprocessed and (ii) preprocessed forms are plotted in Figure 7.7. The coefficients
of f(z,y) and g(z,y) span approximately 20 orders of magnitude, while the coefficients
of the preprocessed polynomials Aj 1 fl,l(wl,wg) and §1,1(w1,w2) span approximately 10
orders of magnitude.

1S == A 1 (Wi, w2) ‘ T TR I B
——g1,1 (w1,w2) ' )
—g(z,y) i

20 40 60 80 100 120 140 160 180
i : Coefficient Index

-20

Figure 7.7: The coefficients of the unprocessed polynomials f(z,y) and g(x,y) and the
preprocessed polynomials Aq 1 f1,1(w1,w2) and §11(w1,w2) in Example 7.6.1

Using the BVGCD method, the SVD of each of the (i) unprocessed or (ii) prepro-
cessed subresultant matrices are computed, and the minimum singular values {dy, x,} of
the unprocessed and preprocessed subresultant matrices are plotted in Figure 7.8i and
Figure 7.8ii respectively.

The degree of the AGCD cannot be determined from the minimum singular values
of the subresultant matrices of unprocessed polynomials f(x,y) and g(z,y) (Figure 7.8i).
However, by observation, it is clear that the degree of the AGCD with respect to y is given
by to = 6, but the degree with respect to x in unknown.

The minimum singular values {6y, x,} of the subresultant matrices
{Sky ko My o Foy e (W15,W2)5 Gy ko (W1, w2))} of  the  preprocessed  polynomials
Ny ks fkl’;@ (wi,w2) and Gg, ky (w1, ws) are plotted in Figure 7.8ii. From this, it can
be seen that the of the AGCD is correctly identified as (t1,t2) = (7,6).

The BVDRGCD method is now considered. The polynomials f(x,y) and g(z,y) are
degree elevated by (p1,p2) = (0,7) and (¢1,92) = (0,6) respectively to obtain the de-
gree elevated polynomials f*(z,y) and ¢g*(x,y) of degrees m* = 17 and n* = 13 respec-
tively. The minimum singular values {d1 5 | k = 1,...,17} of the subresultant matrices
{Skk()\kkf,jk (w1,w2), gj, (w1,w2))} are plotted in Figure 7.9, from which the degree of
the AGCD is given by t = 7. Given t, either

t1 =t —min(p1,q1) =7 or to =t —min(py,q2) =7—6=1.

The second stage of the BVDRGCD requires the computation of the sets
of the minimum singular values of the preprocessed subresultant matrices

{St1,/€2()\t1,k2.ﬁt1,k2(wlaw2)7gt1,k2(w15w2)) | ko = 0,...,min(mg,n2)} and the pre-
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10g10 (é’khh )

kp oo s kp o s

(i) The minimum singular values {dx, &, } (ii) The minimum singular values

of the unprocessed subresultant matrices {6k, k, } Of the preprocessed subresultant
{1 ko (f (2,), 9(2,9))} matrices

{Sk17k2 ()‘kth fk17k2 (wl ) w2)7 gkl,kz (W1, wg))}

Figure 7.8: The minimum singular values {&y, x,} of the (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 7.6.1

logy, (dk*,k*)

L L L L L L L L L L L L L L L
102 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
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Figure 7.9: BVDRGCD Stage 1 :
The minimum singular values of the preprocessed subresultant matrices

{Sk sk Mk f7 g (w1, w2), Jf 4 (w1, w2))} in Example 7.6.1

processed subresultant matrices {Sk, ,(Mk; .t fkl,tz (W1, w2), Gy o (W1, w2)) | k1 =
0,...,min(mq,n1)}, which are plotted in Figure 7.10i and Figure 7.10ii respectively.

It can be seen that if the candidate t; = 7 1is correct, then to is given
by the index of the last numerically rank deficient subresultant matrix in the set
{Stl’kz()\tl,kQﬁl’kQ(wl,wg),gtl’kQ(wl,wg)) | k2 = 0,...,min(mg,n2)}. The minimum sin-
gular values of these subresultant matrices are given by {dy, 1, | k2 = 1,...,min(ms,n2)}
and these values are plotted in Figure 7.10i. The computed degree of the AGCD with
respect to x is given by to = 6 The candidate pair for the degree of the AGCD is therefore
given by (t1,t2) = (7,6).

Alternatively, if the candidate to = 1 is correct, then t; is given by
the index of the last numerically rank deficient subresultant matrix in the set

{Sk1 ta Ny it fkl,tz (Wi, w2), Gy o (W1,w2)) | k1 =0,...,min(mq,n1)}. The minimum singu-
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lar values of the set of subresultant matrices are denoted {6y, +, | k1 = 1,...,min(my,nq)}
and are plotted in Figure 7.10ii. The computed degree of the AGCD with respect to x is
given by ¢; = 7 and the candidate pair is therefore given by (¢1,t2) = (7,1).

Since the candidate pair (7,6) is greater than (7,1), the degree of the AGCD is given
by (t1,t2) = (7,6).

4 T T T T T T T T 4

§ 2 t2 = 6
=
a0
=
ko k1
(i) BVDRGCD Stage 2a : (ii) BVDRGCD Stage 2b :
The minimum singular values of the The minimum singular values of the
preprocessed subresultant matrices preprocessed subresultant matrices
{St ks | k2 =1,...,min(me,no)} {Skits | k1 =1,...,min(mq,nq)}

Figure 7.10: BVDRGCD Stage 2 : The minimum singular values of the preprocessed
subresultant matrices.

In this example the BVGCD method required the evaluation of)180 subresultant

matrices while BVDRGCD required the evaluation of only 32 subresultant matrices.
O

Example 7.6.2. Consider the Bernstein form of the exact polynomials f (z,y) and g(z,y)
of degrees (13,12) and (11, 10) respectively, whose factorised forms are given by

(z,y) = (x + 0.56)(z + y + 0.0124)° (z + y + 1.12)3(2® + 3 + 0.51)*
Gz, y) = (. +0.56) (z + y + 0.4512)3(x + y + 1.12)3(2® + y? + 0.51)2.

>

The GCD of f(z,y) and §(z,y), of degree (t1,t5) = (8,7), is given by
di(z,y) = (x4 0.56) (2% + > + 0.51)%(z + y + 1.12)3.

Noise is added to the coefficients of f (z,y) and g(z,y) and the coefficients of inexact
polynomials f(x,y) and g(x,y) are given by (7.32), where {rs; i} and {rg; j,} are
uniformly distributed random variables in the interval [—1,1] and {ef;, i, } and {€gj, jo }

are uniformly distributed random variables in the interval [10710 1078].

() The term “evaluation of” is used here to mean “construction of, preprocessing of and singular value
decomposition of”.
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From Figure 7.11 it can be seen that the coefficients of f(x,y) and g(x,y) span ap-
proximately 14 orders of magnitude, while the coefficients of the preprocessed polynomials

>\1,1f1,1(w1, wg) and g(w,we) span less than 6 orders of magnitude.

4

logyg (R)

---f(z,y)
=X fi (wi,w2)] |
---g(z,y)

1 (w1, w2)

L L
120 140 160 180

. . .
20 40 60 . 80 . 100
i : Coeflicient Index

Figure 7.11: The coefficients of both the unprocessed polynomials f(z,y) and g(,y)
and the preprocessed polynomials A1 1 f1.1(w1,w2) and g1,1(w1,we) in Example 7.6.2

This example begins by considering the BVGCD method for the computation of
the degree of the GCD of two bivariate polynomials. The BVGCD algorithm pro-
ceeds by computing the minimum singular values {6y, &, | k1 = 0,...,min(mq,n1), k2 =
0,...,min(mg,n2)} of either the set of unprocessed or preprocessed subresultant matrices.

In Figure 7.12 the minimum singular values {¢y, 1, } of both the (i) unprocessed and
(ii) preprocessed subresultant matrices are plotted. In Figure 7.12i there is no distinct
value pg, i, = logg (Ok, k,) such that 6py, , is significantly larger than any other {dp; ;}.
Therefore the degree of the is not correctly identified. However, in Figure 7.12ii there is
a clear separation between the numerically zero and non-zero minimum singular values
of the preprocessed subresultant matrices { Sk, ko (Mey ko fry o (W15 W), Gy ki (W1, Wa)) }, and
0657 is the the maximum entry of the set {dc; ;}, that is, the maximum change in the
minimum singular values occurs between ¢g7 and dg9g . The degree of the AGCD is
therefore correctly determined as (t1,%2) = (8,7).

The BVDRGCD method is now considered. The polynomials f(z,y) and g(x,y) are
degree elevated to f*(z,y) and g*(z,y) of degree m* = 13 and n* = 11 respectively, where
the number of degree elevations of f(z,y) and g(z,y) are given by (p1,p2) = (0,1) and
(q1,q2) = (0,1) respectively.

The minimum singular values {6 1 | kK = 1,...,min(m*, n*) = 11} of the preprocessed
subresultant matrices {S ()\k,kf,:k(wl, w2), gy, . (w1,w2))} are plotted in Figure 7.13. The
degree t is given by the index of the last numerically rank deficient subresultant matrix

in {Sk,k(/\hkf,:k(wl,wg),g;; k(W1,WQ))} so t = 8. Therefore, either
t1 =t —min(p1,q1) =8 or to =t —min(p2, q2) = 7.

Suppose that the candidate t; = 8 is correctly identified, then ¢ty is
given by the last numerically rank deficient subresultant matrix in the sequence

{4, ks Mty e iy ke (W1, w2), Gty ey (W1, w2))}. The minimum singular values of this set of
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‘ 1Og1o (dk1,k2)

k1
(i) The minimum singular values of the (ii) The minimum singular values of the
unprocessed subresultant matrices preprocessed subresultant matrices
{Sk1,k2 (f(x,y),9(x, y))} {Sk17k2 (Akhkz Th ko (w1, w2), Tkey s (wi, WQ))}

Figure 7.12: The minimum singular values {¢, x,} of the (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 7.6.2
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sk

1ogyo (or 4)

Figure 7.13: BVDRGCD Stage 1 :
The minimum singular values {6k} of the preprocessed subresultant matrices
{ Sk (N i fi g (w1, w2), G (w1, w2)) } in Example 7.6.2

subresultant matrices are plotted in Figure 7.14i, from which it can be seen that the de-
gree of the AGCD with respect to y is given by t2 = 7, so the candidate pair is given by
(t1,t2) = (8,7).

Alternatively, suppose that the candidate to = 7 is correctly identified, then t;
is given by the last numerically rank deficient subresultant matrix in the sequence
{Sky ts Nk s fkl,tz (Wi, w2), Gy ts (Wi, w2))}.  The minimum singular values of this set of
subresultant matrices are plotted in Figure 7.14ii, from which it can be seen that the
degree of the AGCD with respect to x is given by ¢; = 8, so the candidate pair is given
by (t1,t2) = (8,7). The candidate pairs are equal so the degree of the AGCD is given by
(t1,t2) = (8,7).

Approximations of @, 4, (2, ), 0, 4, (2, y) and dy, 4, (x,y) are computed from the subre-

sultant matrix of the preprocessed polynomials Sy, 1, (Ay 4 ft1 .4 (W1, Wa), Gty 42 (W1, wa)) and
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65 =17 ' e? t1 =8
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(i) BVDRGCD Stage 2a : (i) BVDRGCD Stage 2b :
The minimum singular values of the The minimum singular values of the
preprocessed subresultant matrices {Si, k,}  preprocessed subresultant matrices {Sk, ¢, }

Figure 7.14: BVDRGCD Stage 2 : The minimum singular values of the subresultant
matrices (i) {S¢ x, } and (ii) {Sk, +,} in Example 7.6.2

the relative errors between the exact polynomials and the approximations are given in
Table 7.1. Note that the first column is left blank since the degree of the AGCD was not
computed from the subresultant matrices of the unprocessed polynomials.

The upper bound of noise is reduced to 1074, and the degree of the AGCD is correctly
determined from both the sets of unprocessed and preprocessed subresultant matrices.
The coeflicients of the cofactor polynomials are computed by the least squares method
described in Section 7.5. The approximations u¢, 1, (2, y), Vs, 4, (2,y) and dy, 4, (z,y) are
obtained from the (t1,%2)th unprocessed subresultant matrix, and the approximations
ity 1 (T, Y), Bty 1o (2, y) and dy, 4, (,y) are obtained from the (t1, t2)th preprocessed subre-
sultant matrix.

The approximations derived from the preprocessed subresultant matrix are signifi-

cantly better than those derived from the unprocessed subresultant matrix.

Without Preprocessing With Preprocessing
Uty ,to (‘Ta y)v Uty ,to (:C, y) and at17t2 (xv y) ) f)thtz (1'7 y) and
dt17t2 (377 y) dt17t2 (.’E, 3/)
Error 4y, +,(z,y) - 2.101474e — 05
Error vy, ¢,(z,y) - 3.082401e — 05
Error dy, 1, (,y) - 2.037024¢ — 05
| Average I - \ 2.4070e — 05 \

Table 7.1: Error in the approximations of i, 1, (), 0t,.4,(2,y) and d, 4, (x,y), where
{€f.iri} and {egj, j,} are in the interval [10719,1078] in Example 7.6.2
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Without Preprocessing With Preprocessing
Uty ,to (x7 y)? Uty,to ($7 y)? and at17t2 (x? y), ’Dthtz ($7 y) and
dt17t2 (‘T’ y) dtlth (:C, y)
Error ty, ¢,(x,y) 3.018324e — 06 1.226623e — 11
Error vy, ¢,(x,y) 5.014151e — 06 1.751399¢ — 11
Error dy, 4, (x,y) 2.815919e — 06 1.160994e — 11
Average | 3.616131e — 06 | 1.379672¢ — 11 |

Table 7.2: Error in the approximations of iy, 1, (,y), 0,4, (2,y) and dy, 4, (x,y) with
upper bound of noise €y = ¢, = 10~ in Example 7.6.2

O

Example 7.6.3. Consider the Bernstein form of the exact polynomials f (z,y) and g(z,y)
of degrees (29, 15) and (20, 17) respectively, whose factorisations are given by

f(z,y) = (x — 0.8365498798)> (z — 0.145487821)'%(x — 0.126479841321)° x
(z +y — 0.16546978321)%(2 4 y + 0.5679814354)3 (z + y? — 0.2564878)" x
(2 + y? — 0.46549871232156)
G(z,y) = (z — 0.8365498798) (z — 0.126479841321)° (y — 0.45489789123123)5 x
(z +y — 0.35648979126321)3 (x + y — 0.16546978321)2 (. + y + 0.5679814354)3 x
(2% + % — 0.46549871232156) (2 + > — 0.45489789123123).

The polynomials f(z,y) and §(z,y) have a GCD c?tl,tz (x,y) of degree (t1,t2) = (15,7)
which is given by

diy 1o (2,y) = (x — 0.8365498798)% (- — 0.126479841321)°(x + y — 0.16546978321)?
(z +y + 0.5679814354) (2% + y* — 0.46549871232156).

Noise is added to the coefficients of f(z,y) and §(z,y) as in (7.32), where {€f,i1,i,} and
{€g,j1 ..} are uniformly distributed random variables in the interval [le — 11, 1e — 10], and
the sets of values {rs;, s, } and {ry;, j,} are uniformly distributed random variables in the
interval [—1, 1].

The inexact polynomials f(x,y) and g(x,y) are preprocessed for each subresultant
matrix Sk, g, for ki = 1,...,min(my,n1); k2 = 1,...,min(ma,n2). The coefficients of
both the unprocessed and preprocessed polynomials f(x,y) and g(x,y), and preprocessed
polynomials Aq q le(wl, wz) and g 1 (w1, ws) are plotted in Figure 7.15. The coefficients of
the polynomials f(z,y) and g(x,y) span approximately 18 orders of magnitude, while the
coefficients of the preprocessed polynomials span approximately 6 orders of magnitude.

The BVGCD method is considered first. The minimum singular values {dy, , } of the
(1) unprocessed and (ii) preprocessed subresultant matrices are plotted in Figure 7.16i and
Figure 7.16ii respectively.

The minimum singular values {&y, r,} of the unprocessed subresultant matrices

Sy ks Ny ey Fioy e (W1, W2, Gy iy (w1, w2) are plotted in Figure 7.16i. From these values it
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Figure 7.15: The coefficients of both the unprocessed polynomials f(z,y) and g(,y)
and the preprocessed polynomials A1 f1,1(w1,w2) and g1.1(wi,w2) in Example 7.6.3

is clear to see that the degree of the AGCD cannot be determined, by the DC2 method,
from the set of minimum singular values (an arrow points to the location of the last theo-
retically rank deficient subresultant matrix Sy, +,). However, the degree of the AGCD can
be determined from the minimum singular values of the preprocessed subresultant matri-
ces by the DC2 method. There is a significant change between pi157 = log;((d15,7) and
'ri.zol(;,g = logo(d16,8) and dpi5.7 is maximal in the set dp; j, so the degree of the AGCD is
given by (t1,t2) = (15,7).

logio (k)
‘ 19819 (ékl,kz)

(i) The minimum singular values {ox, x,} of  (ii) The minimum singular values {4, k,} of
unprocessed subresultant matrices preprocessed subresultant matrices

Figure 7.16: The minimum singular values {d%, i, } of the (i) unprocessed and (ii)
preprocessed subresultant matrices in Example 7.6.3

Alternatively, the BVDRGCD method can be used to compute the degree of the
AGCD. The polynomials f(z,y) and g(z,y) are degree elevated by (p1,p2) = (0,14) and
(q1,92) = (0,3) respectively such that the degree elevated forms f*(x,y) and ¢g*(z,y) are
of degrees m* = 29 and n* = 20 respectively.

The minimum singular values of the set of preprocessed subresultant matrices

{Skvk()\k7kf,;",k(w1,wg),gz,k(wl,wg))} are plotted in Figure 7.17, from which, the degree



Chapter 7. GCDs of Bivariate Polynomials over a Rectangular Domain 265

of the AGCD is identified as ¢ = 10. Therefore, either

t; =t — min(p1,q1) = 10 or ty =t —min(p2,q2) = 7.

nglo (ék*,k*)

I I
0 2 ) 6 8 12 14 16 18 20

Figure 7.17: BVDRGCD Stage 1 :

The minimum singular values of the preprocessed subresultant matrices
{Sk()\k,kf]:,k (wl,wg),gz,k (wl,wg))} in Example 7.6.3

Suppose the candidate t; = 10 is correct, then the corresponding candidate ts is
given by the index of the last numerically rank deficient subresultant matrix in the set
Sty ks Nty e i e (W15 @2), Gy ey (W1, w2)). The minimum singular values of these subresul-
tant matrices are plotted in Figure 7.18i, from which, the degree of the AGCD with respect
to y is given by to = 7.

Alternatively, if the candidate ¢t = 7 1is correct then ¢; is given by
the index of the last numerically rank deficient subresultant matrix in the set
{8k £ Ak o fk1,t2 (W1, w2), Gy to (W1, w2))}. The minimum singular values of these subre-
sultant matrices are plotted in Figure 7.18ii, from which, the degree of the AGCD with
respect to x is given by t; = 15. The degree of the AGCD is therefore given by either
(10,7) or (15,7), so (t1,t2) = (15,7).

The coefficients of the GCD triple @y, 1, (2, y), Uy 1, (2, y) and d¢, 1, (x,y) are approxi-
mated by the method described in Section 7.5 and the errors are given in Table 7.3.

Without Preprocessing With Preprocessing
Uty 15 (2, Y), Ut 1, (2, y) and Uty 1o (X, Y) 5 Uty 1, (2, y) and
di 15 (7, y) Jtl,tQ (z,y)
Error ty, ¢,(x,y) - 1.455132e — 06
Error vy, ¢,(x,y) - 5.197778e — 06
Error dy, 1,(z,y) - 2.548405¢ — 06
Average | - | 3.0671e — 06 |

Table 7.3: Error in the approximations of ¢, +,(z,y), Ut +,(x,y) and CZtl,tz (z,y) in
Example 7.6.3
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‘ 1O.gl() (dtl,kQ)
10g10 (Cky t2)

(i) BVDRGCD Stage 2a : (ii) BVDRGCD Stage 2b :
The minimum singular values of {5, 1, } The minimum singular values of {Sg, +,}

Figure 7.18: The minimum singular values of the subresultant matrices in the second
stage of the BVDRGCD method in Example 7.6.3

7.6.2 Examples of the Three-Polynomial Problem

Example 7.6.4. This example uses the same set of polynomials as Example 7.2.2, in
which it was shown how the optimal variant of the (ki, k2)th three-polynomial subresul-
tant matrix was given by DTQU. However, in this example, more noise is added to
the coefficients of f(z,y), §(x,y) and h(z,y) such that the degree of the AGCD of the
inexact forms is not recoverable from the set of unprocessed subresultant matrices. In
Example 7.2.2 only the BVGCD method was considered in the computation of the degree
of the AGCD, but in this example both the BVGCD and BVDRGCD methods are used.

The polynomials f(z,y), §(z,y) and h(z,y) were defined in (7.13), (7.14) and (7.15)
respectively and noise is added to their coefficients such that the inexact coeflicients are
given by (7.16), where {rf;, i, }, {rg,j1.j.} and {rpp, p,} are uniformly distributed random
variables in the interval [—1,1] and {€f;, i, }, {€g,1,5o} and {€np, p,} are uniformly dis-
tributed random variables in the interval [1071°,1078]. This represents a small increase
in the noise over Example 7.2.2, but this is sufficient for the computation of the degree of
the AGCD to fail if the same methods are applied again.

This example begins by considering the BVGCD method. The two-
dimensional array of minimum singular values {o, x,} of the set of unpro-
cessed subresultant matrices {Sk, x,(f(,9),g(x,y), h(z,y))} are plotted in Fig-
ure 7.19i. The minimum singular values of the preprocessed subresultant matrices
{ Sk ka (Nes o sk (W1, 002) G oy (@1, W2), Py sy oty ey (w1, w2) )} are plotted in Figure 7.19ii.

There is no significant separation between the numerically zero and non-zero singular
values of the unprocessed subresultant matrices, and the degree of the AGCD cannot
reliably be determined. However, there is a distinct separation between the numerically
zero and non-zero minimum singular values of the preprocessed subresultant matrices and
the degree of the AGCD is correctly determined and is given by (t1,t2) = (8,7).

() Where DTQ refers to either the (2 x 3) partitioned subresultant matrix Sk, kg O the (3% 3) partitioned
subresultant matrix Sk, &, -
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1OgIO (dk17k2 )

2 2
D I A ky
(i) The minimum singular values {dk, k,} of  (ii) The minimum singular values {&y, &, } of

the unprocessed subresultant matrices the preprocessed subresultant matrices

Figure 7.19: The minimum singular values {dy, i, } of the (i) unprocessed (ii)
preprocessed subresultant matrices in Example 7.6.4

Alternatively, the new BVDRGCD method is used. The polynomials f(x,y), g(x,y)
and h(z,y) are of degrees (17,13), (20,19) and (10, 13) respectively and these are degree
elevated such that the polynomials f*(z,y), ¢*(z,y) and h*(z,y) are of degrees m* = 17,
n* = 20 and o* = 13. The number of degree elevations of f(z,y), g(z,y) and h(z,y) are
given by (p1,p2) = (0,4) , (q1,q2) = (0,1) and (r1,72) = (3,0).

The minimum singular values of the set of preprocessed subresultant matrices
{gk,k()\hkf,:’k(wl,wg),gl’;’k(wl,wg),pk,kﬁzyk(wl,wg))} are plotted in Figure 7.20, from

which the value t is computed and is given by ¢ = 7. Given t, either

ty =t —min(py,q1,71) =7 or  t; =t =min(p,q,m1)="7.

2k
3k
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—~ *
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2 4 6 8 10 12
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Figure 7.20: BVDRGCD Stage 1 :
The minimum singular values of {Sj ;} in Example 7.6.4

Suppose that the candidate t; = 7 is correct, then the degree of the AGCD with
respect to y is given by the index of the last numerically rank deficient subresultant
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matrix in the set Sy, k, (M ko St kos Gty ko Pty ko Pty k). The minimum singular values of
these subresultant matrices are plotted in Figure 7.21i, from which, the degree of the
AGCD with respect to y is given by to = 7.

Alternatively, suppose the candidate to = 7 is correct, then the degree of the AGCD
with respect to x is given by the index of the last numerically rank deficient subresultant
matrix in the set S, g, (M ko Fry ke (W15 W2)s Gty ko (W15 W2 ), Pty kp Pty ey (W1, w2)).  The mini-
mum singular values of these subresultant matrices are plotted in Figure 7.21ii, from
which, the degree of the AGCD with respect to = is given by t; = 8. The two candidate
pairs are given by (t1,t2) = (7,7) and (¢1,t2) = (8,7) so the degree of the AGCD is given
by (8,7).

-1 T T T T T T 2

2F

3k

lOglO (Oh-tlsk’rz)
logy (é-kl,tQ)

]{32 ' kl

(i) BVDRGCD Stage 2a : (ii) BVDRGCD Stage 2b :
The minimum singular values {dy, k, } of the The minimum singular values {Jy, +, } of the
preprocessed subresultant matrices {Si, k,}  preprocessed subresultant matrices {Sk, ¢, }

Figure 7.21: BVDRGCD Stage 2 :
The minimum singular values of (i) {St, r,} and (ii) {Sk, +, } in the second stage of the
BVDRGCD method in Example 7.6.4

The BVGCD method required the evaluation of 150 subresultant matrices while the
BVDRGCD method required the evaluation of only 36 subresultant matrices. This repre-

sents a significant reduction in computation time.

O

7.7 Conclusion

This chapter has considered extensions of the univariate GCD (UGCD) method to compute
the GCD or AGCD of two or three bivariate polynomials in Bernstein form, where the
polynomials are defined over a rectangular domain. The first method, BVGCD, was a
simple extension of the UGCD in that the method computes the maximal change in a rank-
related metric given over a two-dimensional array rather than a one-dimensional array.
However this method was considered to be inefficient. The second method, BVDRGCD,
uses degree elevation to reduce the number of subresultant matrices which require analysis,

thus reducing the problem from a two-dimensional problem to a one-dimensional problem.
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This means that it performs significantly faster than BVGCD.

Some further conclusions are outlined below :

The Subresultant Matrices : The Sylvester matrix and sequence of subresultant ma-
trices have been defined for two or three polynomials in Bernstein form which are
defined over a rectangular domain. A transformation used in generating this se-

quence is given in Appendix B.3.

Preprocessing : A simple extension of the preprocessing operations described in ear-
lier chapters allows for the preprocessing of the two-polynomial and three-polynomial
subresultant matrices where the polynomials are bivariate and defined over a rect-

angular domain.

Examples have shown that the degree of the GCD or AGCD of two or three bivariate
polynomials is more reliably recovered from the array of subresultant matrices of pre-
processed polynomials rather than the array of subresultant matrices of unprocessed

polynomials.

Computational Complexity : The cost associated with constructing, preprocessing
and computing the SVD of each subresultant matrix in a two-dimensional array is
considerable. Instead, a method which makes use of degree elevated forms of f (z,9)
and §(x,y) (and h(z,y) in the three-polynomial problem) reduces the problem to
one dimension. Many examples have shown that this method has a significantly

reduced computational cost with equally well defined results.

Degree elevation is useful in the computation of the degree of the GCD. However, the
coefficients of the cofactor polynomials and the GCD are always computed from the
(t1,t2)th subresultant matrix of preprocessed polynomials which are not in degree
elevated form, thus giving the coefficients of the GCD in its base form{)  and

preventing any error magnification which may occur as a result of degree elevation.

() Where the “base form” of a polynomial is defined as the non-degree elevated form.
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Chapter 8

Conclusion

8.1 Thesis Conclusion

The main result of this work is a complete square-free factorisation algorithm for univariate
polynomials, and the development of methods required in the computation of an irreducible
factorisation of a bivariate polynomial in Bernstein form. The thesis has mostly focused
on a variety of univariate and bivariate GCD finding methods for the computation of the
GCD of two or three polynomials in Bernstein form.

The key developments in this thesis are now outlined:

The Univariate Sylvester Matrix : A robust method for the computation of the de-
gree and coeflicients of the GCD of two polynomials in Bernstein form was presented
in Chapter 2. The analysis of the singular values of the sequence of subresultant
matrices gave rise to a rank-related metric which was used to compute the degree of
the GCD. This eliminated the requirement of a threshold value.

Extensions of the Sylvester Matrix : Two extensions of the Sylvester matrix and
subresultant matrices have been presented in this work. Firstly, the three-polynomial
Sylvester matrix was defined for univariate polynomials in Bernstein form and was
used in the computation of the degree and coefficients of the GCD of three univariate
polynomials. Secondly, the Sylvester matrix was extended for the computation of
the GCD of two or three bivariate polynomials defined in Bernstein form. Both the
triangular and rectangular domain were considered for the bivariate extensions. The
Sylvester matrices associated with these two problems were of significantly different
structure, and the methods for computing the degree of the GCD were significantly
different. The optimal structure of these subresultant matrices has been carefully
considered. Experiments have shown that the ordering of the three polynomials
in the three-polynomial subresultant matrices can have a significant effect on the
ability to determine the numerical rank, and as a consequence, in the ability to
determine the degree of the GCD. It was shown how the different orderings related
to computing different GCD pairs, and how less well-defined GCDs can also affect

the numerical rank determination.

In addition, a previously developed set of preprocessing operations for univariate two-

polynomial subresultant matrices has been extended to the new forms of Sylvester
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matrix described in this thesis. It has been shown that the degree of the GCD of
two or three polynomials is more reliably obtained when the subresultant matrices

contain the coefficients of polynomials which have been preprocessed.

Efficient methods of constructing the sequence of subresultant matrices are described
in the appendices of this thesis. Given the kth subresultant matrix, methods for
computing the (k + 1)th subresultant matrix of (i) three univariate polynomials in
Bernstein form (Appendix B.1.1), (ii) two or three bivariate polynomials in Bernstein
form defined over a triangular domain (Appendix B.2) and (iii) two or three bivariate
polynomials in Bernstein form defined over a rectangular domain (Appendix B.3)

are described.

GCD Coefficient Computation : In Section 3.5 methods for computing approxima-

tions of the GCD of two univariate polynomials were considered. A standard least
squares based method and a structure preserving low rank approximation method
were used to approximate the coefficients of the cofactor polynomials 4 (z) and oy (x)
and the GCD dy(z). When using the second method, the addition of structured per-
turbations to the tth subresultant matrix gave a rank deficient subresultant matrix
from which better approximations of the cofactor polynomials and GCD were ob-

tained.

The MUGCD Method : The univariate polynomial square-free factorisation problem

was considered in Chapter 4, and refinements of the univariate GCD (UGCD) al-
gorithm were included in the modified univariate GCD (MUGCD) method, which
was used specifically in the square-free factorisation problem. This thesis has shown
that by using the modified univariate GCD (MUGCD) method, the degree of the ith
GCD was reliably computed when upper and lower bounds were first determined,
where these bounds were derived from the structure of the (i — 1)th GCD problem.
Given the upper and lower bounds, the MUGCD method was shown to be consid-
erably faster than the UGCD method. It was shown that the amount of speed up
obtained was dependent on the multiplicity structure of the roots of the polynomial
whose square-free factorisation was sought. The algorithm which made use of the
MUGCD method was significantly faster than the algorithm which made use of the
UGCD method when the polynomial f (x) was of high degree and had few roots of
high multiplicity.

Deconvolution in the SQFF Problem : Methods for solving the set of deconvolution

problems in Gauss’ square-free factorisation algorithm were developed in Section 4.2.
The problem was shown to have a significant amount of structure in that (i) each
fi(z) is the divisor in the ith deconvolution problem and the numerator in the (i+1)th
and (ii) certain subsets of the set of polynomials {h;} are equal and the coefficient
matrix can be structured accordingly. The structure of the deconvolution problem
was exploited to yield methods which were shown to give improved approximations
of the set of polynomials {h;(z)}.

Univariate Square-Free Factorisation : The root finding method developed in Chap-

ter 4, SQFF, made use of the MUGCD method and the structured matrix based de-
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convolution method. This was shown to give improved approximations of polynomial
roots when compared with Zeng’s multroot () and MATLAB roots(), which typi-
cally fail for polynomials whose roots are of high multiplicity and whose coefficients

are defined inexactly.

Bivariate Square-Free Factorisation : The square-free factorisation algorithm due

to Gauss (Algorithm 1) was extended to compute the square-free factorisation of
a bivariate polynomial in Bernstein form, and it was shown that this problem re-
duced to (i) the computation of the GCD of three bivariate polynomials and (ii) the

computation of a sequence of polynomial deconvolutions.

Three Univariate Polynomial GCD Computation : An initial investigation into

The

the structure of the three univariate polynomial GCD finding problem was com-
pleted. Several variations of the subresultant matrix were considered. It was shown
both theoretically and by example that it is important for row-partitions of the
(2 x 3) partitioned three-polynomial subresultant matrices to be relatively scaled.
In addition, it was shown that if the pairwise GCD of two of the three polynomials
is poorly defined, then the (2 x 3) subresultant matrix which uses the other two

pairwise GCDs is optimal.

Computation of the GCD of Two or Three Bivariate Polynomials over
a Triangular Domain : The problems of two-polynomial and three-polynomial
GCD computation, where the polynomials are bivariate and defined over a trian-
gular domain, follow from the equivalent univariate problems. The definitions of
the Sylvester matrix and subresultant matrices were extended for this particular
problem type. The preprocessing operations which yielded improved results for the

univariate problems were also extended and gave similarly improved results.

The Computation of the GCD of Two or Three Bivariate Polynomials over a

Rectangular Domain : The problems of two-polynomial and three polynomial
GCD computation, where the polynomials are bivariate and defined over a rectan-
gular domain, follow from the equivalent univariate problems. However, it has been
shown that the extensions required are significantly different to those necessary in

the GCD computation for polynomials defined over a triangular domain.

Two extensions for the computation of the GCD of bivariate polynomials were con-
sidered. The simple extension, BVGCD, was shown to be computationally expen-
sive since it necessitates the computation of a two-dimensional array of subresultant
matrices. Each of these subresultant matrices requires preprocessing and the com-

putation of an SVD.

The second new method, BVDRGCD, makes use of bivariate polynomial degree
elevation to reduce the two-dimensional array to a one-dimensional array. Therefore,
it has been shown to be more computationally efficient than the BVGCD method

while giving equally accurate results.
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8.2 Suggestions for Future Research

The QR Decomposition of a Subresultant Matrix in Bernstein Form : The
QR decomposition of a subresultant matrix can also be used in the computation
of the degree of the GCD. The QR decomposition of the subresultant matrices
of two polynomials in the power basis can make use of updating and downdating
since each Si is obtained by the removal of rows and columns from Si_;. This
is computationally less expensive than QR decomposition from scratch. However,
the subresultant matrix Sy of two univariate polynomials in Bernstein form has
entries which are dependent on k and the transformation to compute Sii1 given
Sy is described in Section 3.1.3. It is therefore not possible to make use of QR
updating and downdating methods since the entries of each subresultant matrix
are unique. The transformation described in Section 3.1.3 gives Si4+1 by pre and
post multiplication of Sy by orthogonal diagonal matrices. Further work could
exploit this to derive a fast method for the QR decomposition of Sy41 given the QR

decomposition of Sj.

This could be extended to the decomposition of a subresultant matrix of two bivariate
polynomials in Bernstein form defined over a rectangular domain. The development
of a method in which the QR decomposition of S, r, is updated to give the QR
decomposition of Sy, 41, is particularly appealing. As previously discussed, the
computation of the SVD of each subresultant matrix in the n xn array has significant
cost associated, and alternative methods must be sought. One approach to a more
efficient bivariate GCD finding method is given by the BVDRGCD method which
was described in Section 7.4. Despite BVDRGCD being significantly faster than
BVGCD, the method would still benefit from a QR update based method.

The Factorisation of a Bivariate Polynomial in Bernstein Form : The square-
free factorisation of a bivariate polynomial is considered in Section 6.1, where it
is shown that the problem reduces to a sequence of three-polynomial GCD problems
followed by a set of deconvolutions. In this thesis, methods have been developed
for the computation of the GCD of two or three arbitrary bivariate polynomials in
Bernstein form. The bivariate deconvolution problem is omitted from the thesis but

follows directly from the univariate deconvolution problem in Section 4.2.

The Intersection of Bézier Curves and Surfaces by Structured Matrix Methods :
This thesis has described a set of methods necessary to compute the factorisation

of univariate and bivariate polynomials in Bernstein form.

Although the problems of computing points or areas of intersection between Bézier
curves or surfaces have not been fully addressed in this thesis, fundamental compo-
nents of an algorithm which would solve such problems have been investigated with
promising results. The implementation of these components could be used in future

work as part of a composite algorithm for solving these intersection problems.

Other Generalisations : A method for the computation of the degree and coefficients

of the GCD of two univariate polynomials in Bernstein form has been considered.
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This was extended to compute the GCD of three univariate polynomials in Bern-
stein form. A second extension was to compute the GCD of two or three bivariate
polynomials in Bernstein form. This is sufficient for the computation of the points of
intersection of two curves or surfaces, however the work can theoretically be extended

further to compute the GCD of n polynomials in m variables.
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Appendix A

Polynomials in Bernstein Form

A.1 Degree Elevation

A.1.1 The Degree Elevation of Univariate Polynomials in Bernstein

Form

Degree elevation is unique to polynomials in Bernstein form and degree elevated polyno-
mials can cause computational problems when determining the degree of a polynomial
GCD. Methods for the computation of a degree elevated polynomial are discussed by
Farouki [27,29], and a deeper analysis of degree elevation techniques and their complexity
is found in [62].

The univariate polynomial f (z) of degree m can be degree elevated to an equivalent
polynomial f* of degree (m~p) by multiplication with a polynomial §(z) of degree p whose
coeflicients are equal to one. Multiplication of polynomials in Bernstein form is described
in Section 2.2.1, and multiplication by a Bernstein polynomial whose coefficients are all

equal to one is equivalent to multiplication by one.

Example A.1.1. A polynomial f (x) of degree m = 2 given by
f(z) =7B3(z) + 9.5B}(x) + 1583 (=)

is degree elevated to a polynomial f *(x) of degree (m—+p) = 4 through multiplication with

the polynomial
G(x) = 1B3(z) + 1B(z) + 1B3(z) =1 for all z.
The matrix-vector product is given by
h = D;'Ts (f()) Q.

where D4_1 € R5*% is given by

pit=dins| e O )
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the matrix To(f(z)) € R®*3 is given by

and the diagonal matrix Qs € R3*3 is given by
. 2 2 2

Q@ =diag[ (). (). ©) |-

The vector g is given by
T
g = [ 1,1, 1 }
and the computed product h is given by
T

[ 7, 825 10, 12.25, 15 } ,

so the degree elevated polynomial is given by
f*(x) = B3 () + 8.25B1(x) + 1083 (z) + 12.25B3(x) + 15B4(x).

A.2 Conversions Between the Bernstein Basis and Power

Basis

The conversion from power to Bernstein form and vice versa are ill-conditioned and should
be avoided [26]. Methods of conversion between the power and Bernstein bases are devel-

oped in [64]. In this section a simple conversion method is considered.

A.2.1 Basis Conversion for Univariate Polynomials

The univariate polynomial f (x) given by the power basis representation

f(az) = Z a;xt
=0

can be converted to a polynomial in Bernstein form over the interval [mlow,xhigh] by

substituting
L= (1 - t)l'low + tThigh
which yields

~

f(t) = a; (1 = t)xi0w + tThign) -
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Given a polynomial expressed in the power basis with the coefficients A4; for i =0,...,m,
the coefficients of the equivalent polynomial in Bernstein form a; for i = 0, ..., m are given
by

=0 (J

Q>
Il

= (5)
Similarly, the transformation from Bernstein form to power form is given by

- )

Example A.2.1. The polynomial f(:v) = 23 + 722 + 522 + 2 can be converted to a

polynomial in Bernstein form by the transformation matrix T'
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and the vector of coefficients of f(z) in Bernstein form is given by
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so the polynomial in Bernstein form is 2B3(x) + %B%(x} + %B;’(J:) + 15B3(x).

A.3 De Casteljau’s Algorithm

The de Casteljau algorithm is an algorithm for the evaluation of a point on a Bézier curve.
It is also used to subdivide curves and is useful for the intersection of curves and Bernstein
polynomial zero finding. The de Casteljau algorithm is described throughout the relevant
literature [23, Section 3.2] [46, Section 6.8] [38, Section 4.1] [24, Section 4.2.3].

Given the set of (n+ 1) control points of a curve C; of degree n, and a parameter value ¢,
the algorithm splits the curve at ¢ into two curves, C i and C rigns both of degree n.
The de Casteljau algorithm is a numerically stable method of evaluating a Bernstein poly-
nomial or Bézier curve at a given parameter value.

The repeated application of the de Casteljau algorithm produces an approximation of
the Bézier curve, in which the curve is approximated by the control polygons of compos-
ite curves. This is useful in rendering, computing Bernstein polynomial roots and more

generally computing intersections of Bézier curves.



282




Appendix B

Subresultant Matrix Sequences

B.1 The Subresultant Matrix Sequence for Univariate Poly-

nomials in Bernstein Form

In Section 3.1.3 a transformation was described such that given the kth subresultant matrix
of two univariate polynomials in Bernstein form, the (k 4 1)th could easily be obtained.

This is now extended to the three polynomial subresultant matrix.

B.1.1 Constructing the Three-Polynomial Subresultant Matrix Se-

quence

The (2 x 3) partitioned subresultant matrix Sy41(f(z), §(), h(z)) with dimensions (2m +
n+4o0—2k) x (m+n-+o—3k) can be computed by a transformation of S41(f(z), §(x), h(z))
whose dimensions are (2m +n+ o0 — 2k 4+ 2) x (m +n+ o — 3k + 3). The transformation

is given by
St (F(@), 3(@) h(@)) = A x Sy (f(@), 5(@), hw)) x By.
The block diagonal matrix A, € RZm+nto=2k)x(@2mtn+o-2k+2) ig oiven by
Ay = diag [ Amin—ks Amtok } ;
where Apyin_p € RMEn=k)x(mtn—k+1) g defined in Equation (3.8) and the matrix

Agot, € RUMFo—R)x(mtn—k+1) jg gimilarly defined. The block diagonal matrix B €

R(mAnto=3k+3)x(m+nto-3k) ig oiven by

By, = diag | Bog, Bok, Bk |- (B.1)

where B,,_j and B,,_j are defined in Equation (3.10) and B,_j is similarly defined.
By a minor extension, the (k+ 1)th (3 x 3) partitioned three-polynomial subresultant

matrix is given by

Sk (F@),9(0), h(@)) = A x 8, (F(2), 9(2), (@) x By,

283
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where the block diagonal matrix Aj, e R2m+2nt20-3k)x(2m+2n+20-3k+3) i5 given by
Ak = dlag ﬂm—&-n—k’y ﬂm—i—o—k» ﬂn—}—o—k )

and the matrix By, is defined in (B.1).

B.2 The Subresultant Matrix Sequence for Polynomials in

Bernstein Form Defined over a Triangular Domain

Constructing the Two-Polynomial Subresultant Matrix Sequence

The (k + 1)th subresultant matrix is given in terms of the kth subresultant matrix by

Siet (F(@9). 9(@,9)) = Amni x Sk (Fl@,9), () x Be. (B.2)

m4n—k+1 m4n—k+2
The matrix Ap,1pn_ € RO i given by

m+n—=~k Il

min—Fk Ol,ernkarl

m4+n—k—1 I 0
mitn—k 2 2,m4+n—k+1
ﬂm+n7k: = . . ? (B3)

1 71 0
min—kimtn—k m+4n—k,m+n—k+1

where I; € R7*J is the jth identity matrix and 0jm+n—k+1 is a zero matrix of size j x
(m+n—Fk+1).

The matrix @k is a block diagonal matrix given by

@ = diag [ Br—ky, Bm—k |-

n— n— m—k m—k
where the matrices B,,_j, € RO 2775 and Bk € RS are given by

w=ih
B,y = , (B.4)
g In—k
| On—kt1,1 On—kt12 - On—pgin—r |
and
m=ih
Tk 2
B = (B.5)
e Lk
| Om—kt1,1 Om—gt12 -or Om—pgim—i |
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Constructing the Three-Polynomial Subresultant Matrix Sequence

The (2 x 3) partitioned three-polynomial subresultant matrix Sy1(f(z,y), §(z, y), h(z,y))
is similarly derived from the kth subresultant matrix and is given by

Seir (F(@,9),9(0,9), hw,y)) = A x Si (Fl), 5(@,9), hz.y)) < B

The matrix Ay, is a block diagonal matrix given by

ﬁk = diag [ ﬂm—&-n—k» ﬂm—&—o—k } )

where the matrix A4,k is already defined in (B.3), and A,,4,— has an equivalent

structure. The matrix By, is a block diagonal matrix given by
@k = dlag[ @nfky @Ofka Bin—k } ) (BG)

where the matrices B,,_; and B,,_j are defined in (B.4) and (B.5) respectively, and B,_x

has an equivalent structure.
Given the kth (3x3) partitioned subresultant matrix, an extension of the above method
allows for the computation of the (k + 1)th (3 x 3) partitioned subresultant matrix

S (F@). 9@ ) hw,w) = A (@9, 5(@,9), hz.y) ) B

where A is the block diagonal matrix given by

A = diag [ Amin—tks Amto—ks Antok }

and By, is given in (B.6).

B.3 The Subresultant Matrix Sequence for Polynomials in

Bernstein Form Defined over a Rectangular Domain

Constructing the Two-Polynomial Subresultant Matrix Sequence

The subresultant matrix Skl,kﬁl(f(a:,y),g(x,y)) is given by

Skl,kz-i-l (f(%y),@(%y)) = ﬂmg—i-nz—kg X Skl,kg (f(%?ﬁ;ﬁ(%?ﬁ) X @kg‘

The matrix Ay, 4n,—k, € RF1F2+1X7k1k2 g given by

mao+no—ko
mfmﬁ—nl—kﬁ—l Om1+n1—k1+1

mo+na—ko—1
,,3124,2272]@2 Im1+n17k1+1 0m1+n17k1+1

1 7 0
Matng—ky tmitni—ki+1 mi+n;—ki+1

where I; € R/*J is the jth identity matrix and each partition Opyin,—k 41 €
ROmatni—kitl)x(mitmi—ki+1) g 5 zero matrix.
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The block diagonal matrix @;Q € R%1.k2 XCk1.k2+1 ig given by

~

B, = diag | Bry—pyy Bmo—ks } ;

where B,,,_, is a diagonal matrix of order (n; — k1 4+ 1)(na — k2 + 1) given by

© o -
To—ko In17k1+1

’I’Lz—kz—l
anlfk1+1

@’I’LQ —k)z =

1
A=l I =k 41

Ony—ky+1 Ony—ky+1 s Ony—ky+1

and where 0, _,+1 is a zero matrix of dimensions (n; — k1 + 1) x (ny — k1 + 1). The
diagonal matrix By,,_x, of order (mi — ki +1)(ma — ko + 1) x (m1 — k1 + 1)(mg — ka) is
given by

© ko -
Mo —ko Im17k1+1
mo—ko—1
mo—ko Im1—k}1+1
@7n2—k2 =
1
Pzl I~k +1
L Oml—k1+1 Oml—k1+1 cee Oml—kl—f—l

Constructing the Three-Polynomial Subresultant Matrix Sequence

The (2 x 3) partitioned subresultant matrix S’khkﬁl(f(x, Y), 9z, ), h(z,y)) can be written
as a transformation of Sk1,k2 (f(x,v),9(z,y), h(z,y)) and is given by

Skl,kg-‘rl (f(-f,y),g(-f,y),il(x,y)) = Akz X gkl,kz (f(xay)vg(xvy)vh('rvy)) X Q}ky

where the block diagonal matrix ﬁkQ is given by

A~

ﬂkz = dlag [ ﬂmg-l—ng—kg? ﬂm2+02—k2 :|

and the block diagonal matrix @kz is given by

By, = diag [ Bro—kas Bos—kss Bmo—ko } : (B.7)

By a simple extension, the (3 x 3) partitioned subresultant matrix

gk17k2+1(f($,y),g($,y),iL(l‘,y)) can be written in terms of Skl,kQ(f(:l:,y),g(x,y),ﬁ(m,y))
and is given by

gkl,k2+1 (f(x,y),g(x,y),il(x,:’J)) = ﬁkz X Skl,k‘g (f($7y)7g(m7y)7il(x7y)> X @kgv

where the block diagonal matrix ﬁk2 is given by

Ap, = diag [ Amotns—kyy Amator—ksy Anstor—ks }

and By, is given by (B.7).
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Preprocessing

C.1 Preprocessing the Subresultant Matrices of Univariate

Polynomials in Bernstein Form

C.1.1 Preprocessing the Three-Polynomial Subresultant Matrices

This section considers the computation of the optimal values of A\, p and 6 such that the
ratio of entry of maximum magnitude in S, (Af (0, w), §(8,w), ph(#,w)) to entry of minimum
magnitude in Si(Af(#,w),§(0,w), ph(h,w)) is minimised. This problem is described in
Section 5.3 and the optimal values Ag, pr and 0y are given by the solution of a linear

programming problem. The minimisation problem is stated as

U
Minimise —

v
Such that

Aagt (M) (noF

% 1=0,...,m; j=0,...,n—k,

e

> w i=0,...,n; j=0,...,m—k,
(i+j )k

)\—701m o~

M i=0,...,m; j=0,...,0—k,
(" )k

72'97‘.(,) m=

> w i=0,....00 j=0,. . .m—k
(i+j )k
)\71‘91.m ne
% i=0,...m; j=0,... 10—k
(™)

b0 (M) (TR

v < %ﬂ 1=0,...,n; j=0,....m—k,
(" )k

Afieim o=k

M i=0,...,m; j=0,... 0—k
)

o ()

— ("Ljf;k)
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Given the transformations

U = logyg(u), V' =log;o(v), ¢ =logy, (0)
fin = logyo (A), . 2 =logy, (p)

ai(7) ("5

b (")

@iy =logio | —Fmmin | Bij =logi | — i
S W R ] W e
] ai(7) ()] ] a() (")
Ci,j = logyg 7(m+o_k) ) D;,j = logyg 7(m+o_k) ;
itj i+j

the minimisation problem can be written as

Minimise U-VvV

subject to

U —i¢p —[ih > @ i=0,...,m; j=0,...,n—k,

U —ig > Bi,j 1=0,....,n; 7=0,....,m—k,

U —i¢p  —[ih > Gy i=0,....,m; j=0,...,0—k,

U —ig —ly > C_Di,j 1=0,...,0; 7=0,....m—k,
-V +ip +iy > —@;; i=0,...,m; j=0,...,n—k,
-V +id > _Bi,j 1=0,....,n; 7=0,....,m—k,
-V +ip +iy > Gy i=0,...,m; j=0,...,0—k,
) tiy > D i=0,...,0; j=0,....,m—k.

Since j only occurs on the right hand side, the sets

My;=max{a;; | 7=0,....,n—k}, my;=min{a,; |j=0,....,n—k} i=0,...,m,
My;=max{Bi; | j=0,....m—k}, mo;=min{B;|j=0,....m—k} i=0,...,n,
Ms; =max{C;; | j=0,...,0—k}, g, =min{C;; | 7=0,...,0—-k} i=0,...,m,
My;=max{D;; | j=0,....m—k}, my;=min{D;; | j=0,....m—k} i=0,...,0

are defined, such that the conditions of the minimisation problem can now be written as

U —ip  —i > My; i=0,...,m,
U —ig > My; i=0,...,n,
U —i¢p —[i1 > My, i=0,...,m,
U —i¢ —jis > My; i=0,...,o0,
-V +ip 4+ > —m; 1=0,...,m,
-V +’i(Z) > —mg; 1= 0,...,n,
-V +i¢ +1iq > —m3; 1=0,...,m,
~V  +ig +p2 > —mg; 1=0,...,0



Appendix C. Preprocessing

289

The minimisation problem can therefore be written in matrix form as

Minimise 1 -1 0 0

0]

o< g

[y

= =
no

subject to A

= =
[N}

The matrix A € RA4m+2n+2048)x5 45y (C.1) is given by

_ _ _ _ T
A=A o A Tylar a @ as |

where the matrices A; and @; € R(™1DX5 contain rows of the form

ﬂ‘lz[l 0 —i —1 0], qu[o -1 4 1 0}7 for

the matrices Ay and as € R™+DX5 contain rows of the form

ﬂ_g:[l 0 —i 0 0}, s

[0 —17;00}, for i

and the matrices A3 and ag € ROTD*5 contain rows of the form

;%3:[1 0 —i 0 —1]

The vector b in (C.1) is given by

where

and
[ mi
m; = [ 1,’—27:70

[ m; 0

, a3 =

m; 1
m; 1

m; 1

[0 140 1}, for

T

mim } eR™ Q=13
T 1 )

17_21'7” i| (S Rn+ 1 = 2,

T . _
mi } € Rot i = 4.

The optimal values A\, pi, and 6, are given by 102, 10** and 10#2.

o< g

—

(C.1)
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C.2 Preprocessing the Subresultant Matrices of Polynomi-
als in Bernstein Form Defined over a Triangular Do-

main

C.2.1 The Arithmetic Mean of the Non-Zero Entries of the (n — k)th

Order Convolution Matrix

This section simplifies the expression used for the computation of the arithmetic mean of
the non-zero entries in the (n — k)th order convolution matrix of the polynomial f(z,y).
Given the simplified expression, an expression is derived such that the arithmetic mean of
the (n—k —1)th order convolution matrix can be determined with minimal computational

cost.

Proposition 4. The arithmetic mean of the non-zero entries in the first partition,

Co_i(f(z,y)), of the kth subresultant matriz is given by

R (m+n2—k+2) m
-k (f(xay)) TN TN a; 2
(m;?) (n ]2€+2> 11+12=0 v

Proof. Each of the (m; 2) coefficients of f(x,y) appear in each of the (”_§+2) columns of

Cr_i(f(x,y)) so the arithmetic mean is given by

m 11+j1 i2+j2\ (m+n—k—i1—ia—j1—j2

An-k (f(x,y)) :(m;g)(ln“g) Z Z amz( h )( i2 )(E?anr;—n—z‘g )

2 11+i2=0 j1+j2=0 n—k

(C.2)

The sum of the entries containing any given a;, ;, is given by

(uZh) (i2;;j2) (ernfl;;iillii?;ﬁ*jz) o (m+n2—k+2)
Z all,l2 (m+n—k) - all,l2 (m+2)
Jj1+j2=0 m 2

P (m+n—k+1)(m+n—k+2)
oo (m+1)(m +2)

and therefore (C.2) can be reduced to the significantly less complex expression

~ (m+n k+2) (m—H’L k+2)
—k (f(:L’, y)) = a2y m—kt2y Z @iy i (m+2> T a2 n k+2 Z Qiy i+
( )( 2 )’L1+ZQ =0 ( 2 ) 2 11"1‘22 0
(C.3)
]

Proposition 5. Given the arithmetic mean ﬂn,k(f(x,y)) of the non-zero entries in the

(n — k)th order convolution matriz, the arithmetic mean An__1(f(x,y)) given by

(m+nfk+1) m

nk1<f( )):(m+2)22(n_k+1) Z iy iy

2 2 i1+i2=0
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is more simply given by

(m+n—Fk)(n—k+2)
(n—k)(m+n—k+2)

An-rr (F(2y)) = A (1))
Proof. The arithmetic mean of the non-zero entries in the first partition of the kth subre-
sultant matrix are given by (C.3) and the arithmetic mean of the non-zero entries in the

first partition of the (k + 1)th subresultant matrix is given by

R (m+n;k+1) m
Ap—k—1 (f( )) =5t Qi iy -
(") (") wdmso

The expression z such that A,_j_1(f(z,y)) = 2An_i(f(x,y)) is given by

(m+n7k+1) m
2 ) N Py _ 9., R
(m;—Q)Q(n—éH—l) Zu+zz_0 11,22 (m+n2 k+1) (m;r2) (n 12c+2) i iy

== m+n—k+2 — -
( ) Z;?+i2:0 &i1,i2 (m;—Q) (n ]2€+1) (m+n k+2)

(m+n—k+1)(n—k+2)
(n—k)(m+n-k+2) ~

Qiy ,ig

so the arithmetic mean of the entries in the first partition of the (k + 1)th subresultant in

terms of A,_(f(x,y)) is given by

(f( )>X(m+n—k+1)(n—k+2)

Anir (flo.9)) = A (n—k)(m+n—k+2)

A similar expression is easily obtained for A,,_r—1(g(x,y)) . O

C.2.2 The Geometric Mean of the Non-Zero Entries of the (n — k)th
Order Convolution Matrix

This section considers the computation of the geometric mean G,y ( f (z, y)) of the non-

zero entries in the (n — k)th convolution matrix of the polynomial f(x,y). Each of the

(m;rQ) coefficients a;, ;, occur in each of the ("7]2“2) columns of Cp_(f(z,y)), the first

partition of Sy (f(x,y), §(x,y)). The geometric mean G,,_, (f(x, y)) of the non-zero entries
in Ch_i(f(2,y)) is given by

m n—=k +
i1,42/ \41,j (M) (" k“)
Gn— k:( ) H H ( ngW) 2 ) ©4)

J1+72=01i1+i2=0 (@'1+j1,¢2+j2)

Proposition 6. The geometric mean of the non-zero entries of C’n_k(f(:z:,y)) is written

as

) di1,i2 (112;]1) (12;1;]2) (m+n_51_j;1_jz?2_Jl_J2) (m2+2)(n7§+2)
Gni (f(a H I1 o

J1+j2=0141+i2=0 ( n—=k )
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and this can be simplified to

3

1 TmFEY (n—FFT)

. 1 mo ") i1+ (") ("2)

s (0) = g (T o) 7 (0T (717) -
( n—k ) i1+i2=0 i1+i2=0 j1+j2=0

Proof. The proof proceeds by considering the computation of ,, ( f (:r,y)) in three parts

A (f(x,y)) — A x By, % Cp.

Firstly, the geometric mean of the coefficients a;, ;, is simplified as

A = H H iy iy :< H dil,b)

11+12=0 j1+j2=0 i1+i2=0
Secondly, let B; be given by
1
i +]1 g+ J2\ (m+n—k—i—ix—ji1—j2 ()2
By, = H H ) .
J2 m—11 — 12
i1+1i2=0 j1+j2=0

and notice that
—k . . . .
]._.[ H (Z1+J1>_ ﬁ 3 <12+]2> ﬁ (m+n— —11—22—J1—.72>
B — iy — iy '
i1+12=0 j1+7j2=0 i1+12=0 j1+7j2=0 J i1+12=0 j1+7j2=0 1

so B, reduces to

W

s (11T (*1)

11+12=0 j1+72=0

Finally, the denominator of each of the non-zero entries in the first partition of the subre-

sultant matrix is constant and

Cr = H H (m-‘rnk) NEE0)

J1+j2=0141+i2=0 n—k

S0, Gp_1(f(x,y)) can be written as

3
m+2 —

A 1 ki i GRIGE
gn_k<f<x,y>>=M< 11 a>( T <1+]1> |

n—k 11+i2=0 i1 +12=0 j1+7j2=0

C.2.3 Preprocessing the Two-Polynomial Subresultant Matrices

This section addresses the minimisation problem in preprocessing the subresultant matrix

of two bivariate polynomials in Bernstein form defined over a triangular domain. Variables
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A, 01 and 6 must be optimised such that the ratio of entry of maximum magnitude to entry
of minimum magnitude in the kth subresultant matrix is minimised. The minimisation

problem staged in Section 6.4 is reduced to the form

U
Minimise —
v
subject to
Aa; i 9i10i2 i 3 . . .
w o > ‘ L m+51k2)(3“2)‘ i1+i0=0,...,m; j1+7jo=0,...,n—k,
)
biy in 01057 (5, . . . .
u > 12( m+n1k2)”]2 7'1+7’2:07~'7n; jl+]2:07"‘7m_k)
‘ 11+J1 (12+J2 ( )‘
Ay i 01052 (, ™ . . ) )
v o 12( 7n+n1k2)]1j2 7’1+1’2:Oa--'7m; Jl+]2:07"'7nik7
~ i1+71,02+72
iy 1,000 (0 ]2)’ . ' ' ' (C.5)
v < ( mtn—Fk ) Zl+Z2:07--'7n; ]1+]2:07"'7m_k7
i1+71,i2+52
voo> 0,
0, > 0,
02 > 0;
A > 0
By the transformations
U =logyy(u), V =logy(v), ¢_71 = logy, (61), (52 =logyq (02), fi1 = logyo (N) (C.6)
_ —k 7 —k
B @iy iy (i;ﬂiz) (Jnl ,j2) bil’iQ (i:iz) (;’I,jz)
Qg yin,j1,j2 = 1OgIO mtn—F« ) ﬂil,izyh’b = 10glO mtn—Fk ’ (07)
(i1+j1,i2+j2) (i1+j1,i2+j2)
the minimisation problem (C.5) can be written as
Minimise Uu-V
Subject to
U —ilqgl —ig(&g -1 = Qi1 in, g1 o 11+12=0,...,m; J1+7J2 =0,...,n—k,
U —i1¢1 —Z'2¢2 Z ﬁilﬂé’jl»h il +22 = 0,...,n; jl +j2 = 0,...,’171—]{?7
=V di191 iy i > —Qyisgige 1 Ti2=0,...,m; ji+j2=0,...,n—k,
-V +Z'1d)1 +i2¢2 > —5i1’i2’j1’j2 11+1i=0,...,n 71+ g2 =0,...,m—k.
(C.8)

The counters j; and jo

appear only on the right hand side of these inequalities, thus

77”[172-17,-2, m277;17i2, M1 4y io and msa i, i, Can be defined as

~ max {di17i27]‘17j2} for i1 +1i3=0,...,m,
J1+j2=0,...,n—k
. max {/Bihi%jl»]'z} for i1 4+1i2=0,...,n,
]1+]2:07"'7m_k
~ min {di1,i2,j1,j2} for i1 +1i=0,...,m,
]1+]2:0,...,TL—]€
. in {Bi17i27j1,j2} for iy +i2=0,...,n,
J1+7j2=0,....m—k
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and the minimisation problem (C.8) can be written as

Minimise Uu-vVv
subject to
U —i1g1 —iede —f1 > My, G1+i2=0,...
U —i1p1  —i2¢a > m27i17i2 11+12=0,...
-V +id1 Hiepe +pr > —1M1 4y is 114+12=0,...
=V +i1¢1 +iage > —mg i, 11+i2=0,...
which in matrix form is given by
..
%
Minimise 1 -1 0 0 0 subject to A | ¢; | > b.
b2
o
m—+2 n+2
The matrix A € RC("27)+2("2%))*5 iy (C.13) is given by
_ _ T
A=| A, A a1 as )
. - _ ("+2) x5 .
where the matrices A; and a; € R\ 2 are given by
10 o —1 ] [0 -1 0 0 1
1 0 -1 -1 o -1 1 0 1
1 0 0 -1 -1 0O -1 0 1 1
1 0 -2 0 -1 0o -1 2 0 1
~ 1 0 -1 -1 -1 o -1 1 1 1
Ai=110 0 -2 —-1|, @a=|0 -1 0 2 1
1 0 —m 0 -1 0 -1 m 0 1
(10 0 -m -1| (0 -1 0 m 1
. = — (n+2)><5 .
and the matrices A2 and ao € R\ 2 are given by
10 0 0 0] [0 -1 0 0 0]
1 0 -1 0 O 0 -1 1 0 O
1 0 0 -1 0 0O -1 0 1 0
1 0 -2 0 O 0O -1 2 0 0
- 1 0 -1 -1 0 0 -1 1 1 O
A2=110 0 -2 0] @=|0 -1 0 2 0
1 0 —n O O 0 -1 n 0 O
L 1 0 0 —n O ] i 0 -1 0 n O ]

I

I

3

S

s 3

(C.13)
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m-+2

The vector b € R(2("2°)x2("3%)) in (C.13) is given by

T m n
b=[ M, My . —my | e RECTIRCP),

where

— r _ _ _ — m+2

m;=| Moo, Mi1o, Mips, .., Miom } er("") (C.14)
— r _ _ _ — n+2

My = | Moo, Maip, Mao1, ..., Maon } e r("?) (C.15)
N , )

my = | mio0, M1,1,0, M1,0,1, ---, ™M10m :| e R\ 2 (016)
5 = | "4

my = | m20,0, M21,0, 1201, ---, M20n } eR\ 2/, (017)

The optimal values A, 61 and 65 are given by 10/1, 101 and 1092 respectively, such that
the optimally preprocessed polynomials for use in the kth subresultant matrix are given

by Apfr(wi,ws2) and gy, (wr,ws).

C.2.4 Preprocessing the Three-Polynomial Subresultant Matrices

In this section the preprocessing of the three-polynomial subresultant is considered, where
the three bivariate polynomials are defined over a triangular domain. This extends the

work in Appendix C.2.3. The minimisation problem (C.5) is extended, with the additional

constraints
‘)‘&il 20005 (i, )(?7"6)‘
? 5 J15J N > . y oy —
v= ( m+o_1k2)12 i1+i2=0,...,m; j1+j2=0,...,0—k,
i1+71.92+72
by 0102 (," ) ()| (C.18)
" i1,i2/\j1,] . . X . .
v S ( m+n£k2)12 21+12:05""n) jl+]2_07"'7mik'
i1+71,i2+752

By the set of transformations (C.6) and (C.7) and additional transformations gz = log;, (p)

and

Qi i ( " )(Oik)‘

B 12 \iq ,in ) \jq .50 ; o = ;o 2 =

Gi1,i21j17j2 = 1Oglo ( mto—F i1+i2=0,....,m; Jji+j2=0,...,0—k,
i1+J1,i9+d2

B —k

_ Ciqyig (il?iz)(;qyjz)‘ ; ) . ]

Dirinirge = logi (7o i1+i2=0,...,00 j1+7j2=0,....,m—Fk,

i1+J1,%2+72
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the extended minimisation problem can be written as

Minimise
Subject to
U —i1¢1
U — i1
U —i1p1
U — i1

—V +i1¢1 + 22 + i
~V 411 + iag

=V +i1¢1 +iage + [
—V +i1¢1 +i2de + fio

The sets 1M1y, Ny, m; and mo

Uu-V
— iago — [in
— l2¢2
— i — [i1
— lo¢2 — [i2

IV IV IV IV IV IV IV IV

Ny, ms and my are given by

such that the minimisation problem

Tflg,ilh manlJer:O’m’o,k{éil’i%jhjz} for i1 +i2 =0,...
M g, MaXj, 4 jo=0,....m—k{Diniajr g} fOr i1 +1i2=0,...
m3 i1 io minj1+j2=0,...,0—k{éi1,iz,jl,j2} for i1 +i2 =0,...
My iy = minjl—i-jg:O,...,m—k{@il,i27j1,j2} for iy +i0 =0,...

iy iz 1,52
BZ& 182,J1,J2
Gil 112,722
@Z& 112,J2,J2
— iy in 1,52
_Bil,iz,jlﬁé
_Gh,iz,jl,jz

_@il 112,J1,J2

Minimise Uu-Vv
subject to
U  —i1g1 —isgs —fin
U  —i1p1 —i2g
U  —i1¢1 —ia2 —fin
U  —i1¢1 —iago —[lia
=V +i1¢r Fiage  +ig
=V 4191 +i2go
=Vt Fiage +in
=V Fiig1r +iogr  Hpio
This can be written in matrix form as
Minimise
U
v
I 10000]|®
o2
1
| M2

i1 +12=0,...,m;
11+1t=0,...,n;
i1+12=0,...,m;
11+1i2=0,...,0;
i1 +12=0,...,m;
11+1t=0,...,n;
i1 +12=0,...,m;
11+1i2=0,...,0;

IV IV IV IV IV IV IV IV

(C.19) can be written as

Tfllﬂ-l@, i1+1i2=0,...
Tflul,h 11+t =0,...
mgﬂ'l,lé 11+1i2=0,...
77_24,1-1,7;2 11+1t2=0,...
=M 4y, 11+ l2 = 0,...
—1M25; s 11+1t2=0,...
—Mm3 414, 11+ 12 = 0,...
—1M4 5y g 11+1t2=0,...

subject to A

J1tje=
J1tj2=
tj2=
J1tj2=
n+tje=

J1+ Jj2

J1t+J2=
J1+j2 =

é1
P2
1
)

(C.19)

are already defined in (C.9, C.10, C.11, C.9) and now 13,

o 3

3

o

ERE

S 3

ERE

o 3

(C.20)
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where the matrix A is given by
A:[ﬁl ﬁQ jl ﬁg‘&l as ai 53}.

_ m—+2
The rows of matrices A; and a1 € R("™ %6 are given by

szlz[l 0 —iy —iy —1 0}, &1:[0 1 iy iy 1 0],

for i1 + 49 =0, ...,m. The rows of Ay, as € R(n;rQ)XG are given by

ﬂ2:[10—z’1 —@00}, 62:[0 14 moo},
o _ (°+2)x6 )
for i1 +i9 = 0,...,n. The rows of A3, ag € R\ 2 are given by
Jfg,:[lo—il —i20—1}, é3:[01i1 2'201}.
The vector b in (C.20) is given by
_ _ _ _ T
b:[ml m, ms; m4‘—1721 —mo —ms3 —1724} .

The vectors My, My, m1 and my are already defined in (C.14, C.15, C.16, C.17) and the

vectors M3, My, m3 and My are similarly defined as

ms = | Mzo0 Msio Mszor ... Mzom ] er("), (C.21)
m, = | Moo Maro Maor ... Mag, } e ("), (C.22)
g = | ifigp0 st 301 ... M30m ] er("), (C.23)
My = | fy00 Mato Mao1 ... M40 ] e R(2), (C.24)

The optimal values A, p, 01 and 05, are given by 101, 10#2, 10%* and 10%2.

C.3 Preprocessing the Subresultant Matrices of Bivariate

Polynomials Defined over a Rectangular Domain

C.3.1 The Geometric Mean of the Non-Zero Entries of the (n — k)th
Order Convolution Matrix

Proposition 7. The geometric mean Q’m_klm_b(f(a:,y)) of the non-zero entries of

~

Cry—kina—ke (f(,9)) is given by

H H H H i1 n1—ki1—i1—j1 i2 na—ko—iz—ja

J2=0 71=0 2=01%1=0 (m1+n17k’1) (m2+n27k2)

1
na—kani—ki ma my (h-‘r]&) (m1+n1—k1—i1) (i2+j2) (m2+n2—k2—i2) (mi+ D) (ma+1)(ny -k +1)(ng—ko+1)
dilﬂé

‘I’L]—k]

nz—kz
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and can be simplified to

1
1 m2 M1 (m1+1)(ma+1)
(m1+n1—k1) (m2+n2—k2) H H @iy io
n1—k1 na—ka i2=0141=0

_ L,

T (0 +J1 e T T I i2 +32 (mz+1)(ny—ka+1)

x H Il « 11 11 .

=0 i1= 72=0 i2=0

Proof. The geometric mean Gy, &, ny—k, (f(2,4)) can be considered as the product of four

parts
A X @kl X Gk2 X @k17k2’
Firstly,
na—kani—ki mo my
A = H H H H Qi iy <m1+1)<m2+1)<n1 I (2~ k2 +1)
j2=0 j1=0 i2=017;=0
my My eSSy
= (11 11 @
i2=011=0
Secondly,

— 1
“ no—kani—k1 me my i +]1 mi+ny —ky —iq — J1 (m1+1)(mg+1)(ny—k1+1)(ng—ko+1)
W= 10 Il .
' ny—ki—n

Jj2=0 j1=0 i2=0141=
k . X 1
o Hl ﬁ <<11 + j1> (ml +ny —ky —i — j1>> (m1+1)(n1—k1+1)
frte ny — k1 — Jj1
and since
ni—k1 mq ni—k1 my . .
H H<11+]1> H H<m1+n1—k1—11—21>
ny—ki—j ’
J1=0 i1=0 J1=0 i1=0 1 1=n

Bj, can be written as

—k1 ma

H H <11 +]1> (e

71=0 1=0

Thirdly, by a similar deduction, the geometric mean of the second set of binomials in the

numerator can be given by

no—ks mo

H H <Z2 +]2> DR D)

J2=0 i2=0
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Finally, the terms in the denominator are constants

1
no—keni—ki ma2 my 1 (m1+1)(ma+1)(n1 —k1+1)(ng—kay—1)
®k17k2 - H H H H (m1+n1—k1) (m2+n2—k2)
72=0 j1=0 i2=041=0 ni1—ki no—ko
1
o (m1+n1—k1) (m2+n2—k2) :
nl—k‘l ng—kz

A similar expression for G, gy .ny—k, (f(,)) can be derived.

The Arithmetic Mean of the Non-Zero Entries of the (n — k)th Order Convo-

lution Matrix

This section considers the fast computation of the arithmetic mean of the non-zero entries

in the (n — k)th order convolution matrix of the polynomial f(x,y) The sum of the

~

non-zero entries in Cy,_x(f(z,y)) containing any one coefficient a;, ;, is given by

na—ka n1—k1 (ilji-j1) (izji-jz) (m1+n1—k1 f(il-i-jl)) (m2+n2—k2f(i2+j2))
~ 1 T mi1—1t mo—1t

Z Z iy yig : : (m1+n1—1k1)1(m2+n2—k2) — ’

Jj2=0 j1=0 mi m2

and this expression reduces to

mi1+ny —kp+1 Xm2+n2—k32+1
m1—|-1 m2+1 '

iy ig

C.3.2 Preprocessing the Two-Polynomial Subresultant Matrices

This section considers the determination of the optimal values of A, #; and 65 such that the
ratio of the entry of maximum magnitude to entry of minimum magnitude in Sk, ,(f, 9)
is minimised. This problem arises in Section 7.3, and the values Mg, k,, 01k, ko and 02 1, &,
are given by the solution of a linear programming problem. The minimisation problem is

written as
Minimise ~ —
v

subject to
i1 =0,...,m1; j1=0,...,n1—k1;

u > P ks (A 01, 02) B o
7/2_03"'7m2a JZ_Oa"'anQ_k%
ilzoa"'anl; j1:O7"'7m1_k1;

u > Pog ok, (01,02) o o
ig =0,...,n9; ]2_07"'7n2_k27
ilzoa"'vml; jlzoa"'anl_kl;

v < P ke (A 01, 62) i Myt =0 e — &
.2 07"'7 2, ‘2 0)"'7 2 k27 (025)
i1=0,...,n1; =0,...,m — ki;

v S @2,k17k2(91,92) .1_ ) ) 1? ‘7-1_ ) 1 1
i =0,...,n9; .72_07"'7m2_k2a

v > 0,

0, > 0,

92 > 0,

a > 0
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Given the set of transformations

U= logm (’LL) )

and

V =logq, (v),

Qiy iz, j1,J2

Bil»i%jlan

Q_Sl = 10%10 (91) ’

= logy

= logy

s, (1) () (5) (72,1)

¢_>2 = log

10 (02) )

(ml +ni1—k 1) (m2+’ﬂ2—k2)

the minimisation problem (C.25) can be written as

Minimise Uu-Vv
Subject to
U —i1p1  —iad2 —[i1
U —i11  —i2¢o
V. 4irg1 tizdy +in
-V +iid1  +iago

Y]

v

>

i1+J1 i2+]2
Ban (32) () (7. (75,)
(IR )
Qi iz 1.2 ’L:l:O’-.-’mly 3:1:0’“.
g1 i =0,...,ma; joa=0,...
. i1=0,...,n1; j1=0,...
i1,42,01,52 2 =0,...,n92; Jja=0,...
_Oféihm’jrh 1:1:0,...,72’11, ]:1 :0,...
’ 10 =0,...,m9; Jjo=0,...
_B. o ilzo,...,nl; jlzoa"'
11,62,J1,J2 i2=0,...,n9; Jo=0,...

fin =logo (A)

(C.26)

(C.27)

The counters j; and jo appear on the right hand sides only of these inequalities, and thus

if ml,h@, m%l,iz, 1M1 41 o and ma i, i, are defined as

My,
mQ,il,iz
m1,iq ig

M2y iz

. max {ailin:ijQ} i1 =10,...,m,
71=0,...,n1—k1
J2=0,...,n2—ks

max {611,i2,j1,j2} i1="0,...,n1,
J1=0,....m1—k
J2=0,.. m2*k2
. min {ai17i27j1’j2} 11 =0,...,m,
1=0,...,n1—k;
J2=0,...,n2—k2
. Omln {/811,7«27]17]2} i1 =20,...,n1,
J1=
J2=0,...,;n2— kz

the constraints of the minimisation problem above can be

U —i1¢1
U —i1¢1
-V —H'lggl
-V +i1h

—ighy  —fi1
—igs
+iagy +ii1
+i26

IV IV IV IV

M i
My, i,
—M1 iy io

—1M2 iy in

i1=0,...
i1=0,...
i1=0,...
i1=0,...

Z2:Ov , M2,
22_07' , 12,
’52:()) , M2,
ZQZO , N2,
written as
, 115 ig :0,...,m2,
;13 7:2:07"'7”27
, 115, 12 ZO,...,mQ,
, 115 i2:0,...,n2.

(C.28)

(C.29)

(C.30)

(C.31)

(C.32)
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The minimisation in matrix form is given by

U U
% V
Minimise [ 1 100 0] Subject to A | & | =b.  (C.33)
b2 2
L M1 L M1
The matrix A has the structure
_ T
A= |: A1 Ao | a1 ao ] ,
where the matrices A; and @, € R TDMm241)x5 gre oiven by
(1 0 0 0 -1 [0 -1 o0 0 17
1 0 0 —mo —1 0 -1 0 mo 1
1 0 -1 0 -1 0 -1 1 0 1
FA : - oo :
1 0 -1 —mg -1 0 -1 1 mo 1
1 0 —my 0 -1 0O -1 m 0 1
L 1 0 —mi —Mmy -1 | L 0 -1 mi; Mmoo 1 ]
and the matrices Ay and @ € R TDM2+1)x5 gre given by
(1. 0 0 0 0] [0 =1 0 0 0]
1 0 0 —ngy 0 -1 0 mno O
1 0 -1 0 0 -1 1 0 O
A= | : e oo
1 0 -1 —me O 0 -1 1 mng O
1 0 —m 0 0 0 -1 ny 0 O
1 0 —niy —N2 0 0 -1 ny n2 0

The vector b in (C.33) is given by

_ T
b:|:m1 msy | —m; —1722] s
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where the vectors My, My, m; and my are given by

r T
e% % % 1 1
m, = mLo’o - m17m17m2 :| c R(m1+ )(ma+ ),
My =| My ... Maopym, } e Rm+D(n2+1),
_ T ¢ Rima+1)(mat1
my = 100 - 1y :| e Rimit ) (ma+ )
: T ¢ Ru41)(na+1)
my = | Mmoo ... M2pqn, :| € R™ n2T,

(C.34)
(C.35)
(C.36)

(C.37)

The optimal values Ai; k,, 01 k, ko and 02 1, , are given by 1041, 10%* and 1092 respectively.

C.3.3 Preprocessing the Three-Polynomial Subresultant Matrices

This section considers the preprocessing of the three-polynomial subresultant matrices and

extends the minimisation problem in Appendix C.3.2. The minimisation problem (C.25)

now has the added constraints

11 =0,...,mq; 1 =0,. — k1;
(T ‘@3,191,/@ ()‘7 01; 62) ,1 ’ T ].1 ’ b
ip="0,...,m2;  J2=0,...,02 — ko,
il =0,. 01, j1 =0,. —]{31'
(A @4,k1,k2(Pa 01,(92) . ’ T . ’ ,
22:0,. , 02, ]2:0,. .,mg—kQ,
11=0,...,mq; i =0,. — kq:
v < Pap(N0,6) - T e a
2 =U,...,M9; J2 = ,...,02—]{32,
i1 =0,...,01; J1=0,. — ka;
v < ‘@4,.1431,]62 (pa 915 62) . ’ ’ 7 . ’ ,
12:0,...702; jQZO,...,mQ—]{)Q.

Consider the same set of transformations in (C.26) and (C.27) with additional transfor-

mations logo(p) = pe and

G/Ll,lz (ml) (7722) (Olj_lkl) (02]__2k2)
(mli-fj-ljl_kl) (mzi-gizj;k’z)
éil,iz (311) (?22) (mlj:01) (m2jg02)

Dy iz 41,52 = 10810 ( (m1+01—k’1)(m2+02—k2) ) .
11471 i2+J2

Ciy is,j1,52 = 10819 (
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The extended minimisation problem can therefore be written as

Minimise Uu-Vv

subject to
. . _ i1:0,...,m1; j1:0,...,n1—
U _Zqul _Z2¢2 —H1 > Uiy i, 51,52 . .
22207 -5 23 .]2:()’ '7”2—k27
. . = i1:0,...,n1; j1:0,...,m1—k:1;
U  —ip1 —izgo > Biyizgrge . .
’LQ:O,...,RQ; ]2:0,...,77127]%‘2,
. . = i1:0,...,m1; j1:0,...,01—]€1;
U —irgr —ieg2 —p1 = Ciiygygo . .
ZQZO,...,mQ; ]220,...,02—k2,
. . = i1:0,...,01; j1:O,...,n1—k1;
U _Zl¢1 _22¢2 —H2 > ®i1,i2,j1,j2 . .
ig =0,...,09; j2:o7"'7n2_k27
. . _ i1:0,...,m1; j1:0,...,n17
=V 4igr Hiegr +p1r = —Qyiggige . .
ig =0,...,mg; ]2:07"'7n2_k2a
. . = i1 =0,...,n1; J1=0,...,m1 — ki;
=V tiigr Fiag 2 Bivizgrvi :
22:0,...,77,2; ]2:0,...,m2—k‘2,
. . 5 i1 =0,....,m1;  J1=0,...,01 — ky;
=V Fiigr Fisde Apr > —Cilig e

yeee 015 jlz

yee ey 023 J2 =

. . - i1 =
=V 41 Aisgr pe > _®i17i27j17j2 i
9 =

ey, —

0 0

io =0,...,m3; jo=0,...,00 — ko,
0 0
0 0

,...,TLQ*]CQ.

The sets {77_”117,-1,1-2 | il = 0,... NI ’iz = O,...,mQ} and {mz’il,h | il = 0,.. ., N1y i2 =
0,...,n2 } are already defined in (C.28) and (C.29) respectively. Now M3 ;, ;, and My, 4,

are defined as

m37i171‘2 = max{ Gil,i27j1,j2 | jl = 0, ey 01 — kl; j2 = 0, ey 09 — kQ}
for i1:07...,m1; iQZO,...,mQ
m4’i1,i2 = max{ ®i1,i2,j1,j2 | j1 = O,. Lo, Mmy — kl; j2 = 0, ey MMo — ]{72}

for il 207...,01; i2 :0,...702.
The sets my 4,4, and mg;, i, are already defined in (C.30) and (C.31)

M3, i, = min{ Gy iy 5y, | J1=0,...,01 —k1; jo=0,...,00 — ka}
for ’il :O,...,ml; ’iQ :0,...,777,2
M3, iy = min{ Dy, iy 55y | J1=0,...,m1 — k15 jo=0,...,ma — ka}

for i1 =0,...,01; i2=0,...,09.
The minimisation problem can now be written as

Minimise Uu-Vv
subject to
U  —i1d1 —isds —py
U  —ird1 —izgo
U  —iigr —iads —
U  —iigr —iago —ia
-V 4irdr 4iade 4l
-V +irgr  Fiads
-V 4irgr 4iade 4+l
-V +iid1 +iags +io

mg’il,iz i1:O,...,n1; i2:0,...,n2,

7714%1»2 7;12 yee-5013 iQZO,...702,

—17722,,‘171'2 i1:O,...,n1; ig:O,...,ng,

VIV IV IV IV IV IV IV

—17_24,,'171'2 ilz(],...,ol; iQZO,...,OQ.

m172‘17i2 i1:0,...,m1; iQZO,...,mz,
i1,i9 7,1:0,...,7711; ’LQZO,...,THQ7
—17_2112'1’1'2 21:0,...,m1; ZQIO,...,m27

_’ﬁ3,i1,i2 Z'1: yeee s TS 7;2:0,...,777,27

(C.38)

(C.39)

(C.40)
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which in matrix form is given by

h Bl
Vv Vv
o 1 : 1
Minimise 1 =10 0 0 0 - Subject to A | _ >b. (C.41)
b2 ®2
H1 Ha
| M2 ] | M2 ]

The matrix A is given by
_ _ _ _ T
A:[ﬂl Az A ﬂ3‘&1 as ai &3} )
where the matrices A; and a@; € Rm1+D(m2+1)x6 ¢ontain rows of the form
A=[10 ~ii —i 1 0], @=[0 -1 i i 1 0]

for iy =0,...,mq; i3 = 0,...,ms, the matrices Ay, @y € RM+1(2+1)x6 contain rows of
) b ) ) b b )

the form

ﬂ2:[1 0 —i; —iy 0 0}, 62:[0 1 iy iy 0 0}

for i1 = 0,...,n1; ia = 0,...,ny and the matrices A5, az € ROTD(©2+)x6 contain rows
) ) ) b bl b

of the form

for 11 :0,...,01; 12 ZO,...,OQ.
The vector b in (C.41) is given by

_ _ _ _ T
b:|:m1 my, Mms; m4‘—n‘21 —my —m3 *17_24:| ,

where My, My, m; and my are already defined in (C.34, C.35, C.36, C.37) and M3, My,

m3 and m4 are given by

ms = _ Mioo - Mimym, }T € RimHmaty), (C.42)
my = _ m2,0,0 mQ,mﬂz }T < RWH)(MH)’ (C.43)
my = | mie,0 - Mimims ]T € RimHhimetD), (C.44)
fy = [ 200 - M2, }T € Rm+1)(na+1). (C.45)

The optimal values A, kys Pk kos 01k ko and 02k, p, are given by 1041, 1042, 10%* and
10?2,
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