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Abstract

We investigate a class of noncommutative algebras, which we call connected quan-
tized Weyl algebras, with a simple description in terms of generators and relations. We
already knew of two families, both of which arise from cluster mutation in mutation-
periodic quivers, and we show that for generic values of a scalar parameter g these are
the only examples.

We then investigate the ring-theoretic properties of these two families, determining
their prime spectra, automorphism groups and some results on their Krull and global
dimensions. The theory of ambiskew polynomial rings and generalised Weyl algebras
is useful here and we obtain a description of the height 1 prime ideals in certain
generalised Weyl algebras, along with some results on the dimension theory of these
rings. We also investigate the semiclassical limit Poisson algebras of the connected
quantized Weyl algebras, and compare the prime spectra and Poisson prime spectra of
the corresponding rings.

We also show that the quantum cluster algebra without coefficients for an acyclic
quiver is simple, and extend this result to find a simple localisation in the case where
there are coefficients. Finally, we investigate quantum cluster algebra structures related
to the connected quantized Weyl algebras discussed earlier, and use these to illustrate

the previous result.
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1 Introduction

Informally, a quantum algebra is a family A, of noncommutative k-algebras with a pa-
rameter ¢ € k (where k is a field) such that A; is commutative. We say that A, is a
“noncommutative deformation” or “quantization” of the commutative ring A;. Such a fam-
ily A, induces a Poisson algebra structure on A;, known as the semiclassical limit Poisson
bracket. This Poisson algebra structure can be thought of as a “first order approximation”
to the noncommutative algebras.

The terminology (and only the terminology!) here comes from physics: in quantum
mechanics, position (z) and momentum (p) satisfy xp — pr = ih, where h is the reduced
Planck constant. If one “sends A to 0” - that is, increases the scale of z and p - one obtains
a commutative relation, which is the relation that holds in classical physics.

One particular class of commutative rings and their quantizations that we will be inter-
ested in is that of cluster algebras and quantum cluster algebras, which were introduced,
respectively, by Fomin and Zelevinsky in [11] and by Berenstein and Zelevinsky in [6]. These
are constructed by starting with a quiver and a set of generators for a (quantum) algebraic
torus, then using an iterative process known as seed mutation to produce more generators
for the cluster algebra. This gives the (quantum) cluster algebra a combinatorial structure
which can then be applied to algebraic questions (most famously the theory of total pos-
itivity and canonical bases in semisimple groups, which they were originally created for).
From an algebraic point of view, this process produces ring presentations with large num-
bers of generators and relations - often infinitely many generators even when the resulting
(quantum) cluster algebra is Noetherian - but very simple relations.

The definitions and already-known results described above, along with the other back-
ground material required, are found in Section 2.

The specific story of this thesis begins with the papers [14] and [13], the relevant aspects of
which are reproduced in Sections 8.2.1 and 8.2.2. In these papers Fordy and Marsh describe
a! Poisson algebra - a subalgebra of a cluster algebra, although they do not describe it as such
- with an automorphism of finite order under which the Poisson bracket is invariant. When
one passes to the analogous quantum algebra, one obtains an algebra with a generating set

such that every pair of generators generates a subalgebra isomorphic either to a quantum

'T say “a”, but actually this is a family of algebras, one for each odd positive integer, and the quantum
algebra C? is actually a family with two parameters, one running again over odd positive integers, the other

over the base field of the algebra.



plane or a quantized Weyl algebra. This ring we denote by C?, where n is an odd integer
and ¢ is a generic element of the base field k, and is the main object of study of the thesis.

The main focus of Section 4 is to classify the rings which share the property of C?
described above, that is, that they have a generating set such that every pair of generators
generates a subalgebra isomorphic either to a quantum plane or a quantized Weyl algebra,
and there are sufficiently many where it is a quantized Weyl algebra. It turns out that,
provided ¢ is sufficiently generic, there are very few such rings: there is another ring, which

we denote LY

m?

where m is a positive integer and ¢ is a generic element of k, such that L%,
embeds naturally into C¢ provided m < n, but these two are the only examples.

In the case when ¢ = 1 we also obtain a classification result; here any ring satisfying this
property is a polynomial ring over a Weyl algebra, making it a well understood ring.

In Section 5 we investigate various ring-theoretic properties of L% and C¢, for suitably
generic values of ¢. The main question is the prime spectrum of these rings, which for L turns
out to be relatively straightforward: if n is odd, the prime spectrum of L? is homeomorphic
to that of k[z], which is isomorphic to L{; while if n is even, the prime spectrum of L? is
homeomorphic to that of the quantized Weyl algebra, which is isomorphic to Li. For C¢,
the prime spectrum is more complicated: there is a central element €2, so {2 — A\ generates
a prime ideal for any A € k, but although this ideal is maximal for most values of A, for
countably many A, there is a single maximal ideal strictly containing (€2 — A)C?. Further, for
each a > 1, two of these maximal ideals are such that the uniform rank of the corresponding
simple factor of C'? equals a. We also determine the automorphism groups of LI and CY,
and the Krull and global dimensions of these rings and some of their factor rings.

For many of these results about C¢?, the technique is to pass to a localisation of C? which
has the structure of an ambiskew polynomial ring, prove a more general result, and then
pass that result back to C?. Ambiskew polynomial rings are a construction introduced by
Jordan in the 1990s which include many classic examples of noncommutative algebras, most
notably the enveloping algebra U(sly) and its quantization U,(sly). As the name suggests,
they are iterated skew polynomial extensions of a base ring in two variables, with a symmetry
between the two indeterminates.

The ambiskew polynomial rings we consider will be conformal, meaning they have a
normal Casimir element z. Factoring out a Casimir element from an ambiskew polynomial
ring gives a construction called a generalised Weyl algebra. These had been introduced by
Bavula prior to that of ambiskew polynomial rings; in fact, any ambiskew polynomial ring

can be presented as a generalised Weyl algebra, though we will not make use of this.



In Section 3, we prove the results about ambiskew polynomial rings and generalised Weyl
algebras which we need for Section 5, building on the work of Bavula, Jordan and Wells on
the simplicity of these rings and their dimension theory. Specifically, we give conditions for a
simple localisation of an ambiskew polynomial ring in the case of a central Casimir element,
and describe the unique maximal ideal of a generalised Weyl algebra in the case where one
condition of the simplicity criterion for generalised Weyl algebras developed by Bavula does
not hold.

In Section 6, we investigate the Poisson prime spectra of the semiclassical limit Poisson
algebras of the families (L%),.o and (CZ),20. These correspond to the prime spectra of
the corresponding noncommutative algebras, although in the case of C¥" there are only two
exceptional height 2 Poisson maximal ideals, as opposed to countably infinitely many in the
noncommutative case. (However, we note that setting ¢ = 1 in the formula that describes
the A such that (2 — A\)C? is not maximal gives only two distinct values for \.)

In Sections 7 and 8 we return to the cluster algebras where the story began. Section
8 describes a quantum cluster algebra structure on L? and determines a quantum cluster
algebra that contains C4. (It is not known whether there is a quantum cluster algebra
structure on C? itself, but it seems unlikely). Both these quantum cluster algebras arise
from acyclic quivers, and in Section 7 we produce a simple localisation for a quantum cluster
algebra arising from an acyclic quiver, extending a result of Zwicknag]l.

The reader may notice that the presentation in this introduction is not the same order
as the presentation in the thesis. The order in the thesis ensures that things build up
mathematically, so no result requires a result from later in the thesis, whereas the order in
this introduction is more-or-less chronological, showing the order in which the results were

developed and how they led to each other.



2 Background

The aim of this section is to set up the definitions, notations and standard theorems about

the various structures we will use.

2.1 Notation

Most notation is standard; the following are potential areas of confusion.

N denotes the natural numbers; we consider 0 to be a natural number. NT denotes the
strictly positive integers.

A C B denotes “A is a subset of B”; it does not imply A # B.

2.2 Noncommutative Noetherian rings

2.2.1 Basics

The books [18] and [33] provide a fuller introduction to this topic.

For us, a ring is unital and associative but not necessarily commutative.

A domain is a ring in which every non-zero element is regular, i.e. not a zero-divisor. (It
is not required to be commutative). A field is a commutative ring in which every non-zero
element has a multiplicative inverse (a noncommutative ring with this property is a division
ring). We will use the notation R* for the set of non-zero elements of a domain R.

For our purposes, a k-algebra is a ring R with a homomorphism & — Z(R), where Z(R)
denotes the centre of R. Generally k will be a field, in which case the homomorphism is
injective and we identify k with its image in R. If k is a field then a k-algebra is also a
k-vector space. Most of our rings will be k-algebras for some (arbitrary) field k. When we
talk of homomorphisms between k-algebras we will mean k-algebra homomorphisms unless

otherwise stated.

Definition 2.1. A two-sided ideal P of a ring R is a prime ideal of R if, for any two-sided
ideals A and B of R, AB C P implies A C Por B C P.
A two-sided ideal P of a ring R is a completely prime ideal of R if, for any elements
a and b of R, ab € P implies a € P or b € P - that is, if the factor ring R/P is a domain.
From now on, we will use “ideal” to mean “two-sided ideal”, and explicitly write “left

ideal” or “right ideal” when discussing one-sided ideals.



We denote the set of prime ideals of a ring R, which is called the spectrum of R, by
Spec R. For our purposes, we will think of this as a partially ordered set under inclusion,

though one can put various topologies on it.
Proposition 2.2. A completely prime ideal is a prime ideal.
Proof. This follows from [33, 0.2.3(i)]. O

Remark. In commutative algebra the definition given above for “completely prime ideal”
would normally be given as the definition of “prime ideal”. However, for a commutative ring

all prime ideals are completely prime, so there is no inconsistency.

Definition 2.3. A ring R is left Noetherian if it satisfies the ascending chain condition
on left ideals, that is, if Iy C Iy C I3 C --- is a chain of left ideals of R then there exists
n € N such that I,,, = I,, for all m > n.

Similarly a ring is right Noetherian if it satisfies the ascending chain condition on right
ideals.

A ring is Noetherian if it is both left and right Noetherian.

Proposition 2.4. (/18, Remark after Prop 1.2]). If R is a left (resp. right) Noetherian ring
and I is a two-sided ideal of R then R/I is also left (resp. right) Noetherian.

a—1

Definition 2.5. For a € N, ¢ an element of some ring R, define [a], :==14+q+ -+ ¢
If R is a field, then [a], = % and so if ¢* # 1, [a], # 0

2.2.2 Localisation

In commutative algebra, given an integral domain R and a prime ideal P of R, one can
localise R at P, constructing a ring Rp which contains R, but in which every non-zero
element of R\ P is a unit. There is then a one-to-one correspondence between ideals of Rp
and ideals of R containing P, which is crucial to the study of prime ideals in R.

In noncommutative algebra, a similar technique works, but more care is needed. In the
following definition, it is possible - with some extra work - to remove the requirement that X
only contains regular elements of R. However, we will not need this, so state the definition

in this form for simplicity.

Definition 2.6. ([33, 2.1.3]). Let R be a ring, and X a multiplicatively closed set of regular
elements of R - that is, if z,y € X then xy € X', and no element of X is a zero-divisor. Then

a (right) localisation of R with respect to X' is a ring extension () of R such that:
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(i) for all x € X, z is a unit in Q;
(i) forall g € Q, g = rz~! for some r € R, z € X.

Remark. The term “quotient ring” is unhelpful, as it can refer both to the above construction
and to the construction R/I where I is a two-sided ideal of R. We will use the terms

“localisation” for the first and “factor ring” for the second throughout.

Definition 2.7. ([33, 2.1.6]). A set X of elements of a ring R is called a right Ore set if

it is a multiplicatively closed set of regular elements of R and, for every r € R and x € X,

there exist " € R and ' € X such that r2’ = zr'.

Theorem 2.8. (/33, 2.1.12, 2.1.4]). Let R be a ring and X a multiplicatively closed set of
reqular elements of R. Then a right localisation of R with respect to X exists if and only if

X is a right Ore set. If it does exist, it is unique up to isomorphism and we will denote it
by R/\(.

One can similarly define left localisations and left Ore sets, and the analogue of the above

theorem holds; we denote the left localisation by xR.

Proposition 2.9. (/18, Proposition 6.5]). Let R be a ring and let X be a right and left Ore
set in R. Then yR = Ry.

A key technique in investigating the prime spectrum of a ring is to localise, investigate
the prime spectrum of the localisation and then pass back to the original ring. If the original

ring is Noetherian then passing between the two is straightforward:

Theorem 2.10. (/33, 2.1.16(vii)]). Let R be a Noetherian ring, and X a right Ore set in
R. Then there is a one-to-one inclusion-preserving correspondence between Spec Ry and
{P € Spec R: PNX =0} given by P P"NR, P+ PRy.

([18, Exercise 6C]). Furthermore, Ry is a Noetherian ring.

When R is not necessarily Noetherian we need to be more careful. We will need the follow-

ing two results, both of which are immediate from the previous theorem if R is Noetherian.

Proposition 2.11. Let R be a domain and X a right Ore set in R. If INX # 0 for any
non-zero ideal I of R, then Ry is simple. If in addition Ry is right Noetherian then the

converse holds.

10



Proof. Suppose first JOX # ) for any ideal J of R. If <Ry then INR<AR and I = (INR)Rx
by [33, 2.1.16(iii)],s0 I #0 = INR#0 = INRNX #0 = INX #(0 = [ = Ry.

Suppose now that Ry is simple and right Noetherian, and let I be a non-zero ideal of
R. Then IRy is a non-zero two-sided ideal of Ry by [33, 2.1.16(vi)], and so 1 € IRy; but
IRy ={is':iel,se X}, so INX #N0. O

The next result generalises [29, Lemma 3.1], where the Ore set ) is {y'};>1 for some

regular y € R.

Lemma 2.12. Let R be a ring and Y a right and left Ore set in R such that any two elements
of Y commute. If Ry is simple and I is a non-zero ideal of R then INY # 0.

Proof. Let J := {y~Yiz"':y,2 € Y,i € I} C Ry. We claim that J is an ideal of Ry. If
= yflilzfl € J and j; = y;lz’ngl € J then
itz =yt oy i
S e e T
= (y132) M (yai120 + yrinz1)(2120) since elements of ) commute.
This is an element of J since Y is multiplicatively closed and [ is an ideal of R.
If j=y izt € Jand c=rz~! € Ry where r € R, z € ), then
cj = rzr;’ly’liz’l
=y Wiz € J forsomey €Y, r € R since Y is right Ore.
Similarly if j = y~liz7' € J and ¢ = 27'r € R = Ry then jc € J, so we've shown our
claim.
So J is a non-zero ideal of the simple ring Ry, so 1 € J. Therefore 1 = y~1iz~! for some

y,z€ YV, i€lsoi=yzelN). O

2.2.3 Skew polynomial rings

One key construction of noncommutative rings for our purposes is that of skew polynomial
rings. These are rings whose additive structure is the same as that of a polynomial ring,
but where the multiplication has been “twisted” by an automorphism and a derivation of

the base ring. More formally:

Definition 2.13. Let R be a ring and « an automorphism of R. Then a (left) a-derivation
of R is a homomorphism of the additive abelian groups ¢ : R +— R such that

d(rs) = a(r)d(s) + d(r)s for all r,s € R

11



If R is a k-algebra then a k-algebra a-derivation additionally satisfies 6(\) = 0 for all
A€ k.

Remark. One can similarly define a right a-derivation, in which case various aspects of the
following definition are also reversed. The book [18] uses the same convention as we do,
while the book [33] uses the opposite convention. From now on, all a-derivations are left a-
derivations, but we will happily cite the latter book and trust the reader - with this warning

- to make the appropriate left /right changes.

Definition 2.14. ([18, p34]). Let R be a ring, a an automorphism of R, and ¢ an a-
derivation of R.
We write S = Rlz;«,d], and call S a skew polynomial ring over R if S is a ring

extension of R with an x € S such that:
(i) S is a free left R-module with basis {1,z, 22, - };
(ii) zr = a(r)x + (r) for all r € R.

If v is the identity automorphism or § is the zero a-derivation, then we omit them and
write S = R[z;d] or S = R[z; ] - or, if both if these, occur, then S is just a polynomial ring
over R and we write S = R[z].

We write S = R[z*!;a], and call S a skew Laurent polynomial ring over R if S is

a ring extension of R with an x € S such that:
(i) « is a unit in S;
(ii) S is a free left R-module with basis {--- 272 271, 1, 2,22, .-+ };
(ili) xr = a(r)z for all r € R.

Again, if « is the identity automorphism then S is just the Laurent polynomial ring over
R and we write S = R[z*!].

Remark. Tt is not actually required for this construction that o be an automorphism, but we
will not be considering more general skew polynomial rings, and the results below are easier

to state if a is always assumed to be an automorphism.

Proposition 2.15. Given a ring R, an automorphism « of R, and an a-derivation 6 of R,
the skew polynomial ring Rlx;«,d] exists and is unique.
Given a ring R and an automorphism o of R, the skew Laurent polynomial ring Rlx*'; o]

exists and 1s unique.

12



Proof. [18, Proposition 2.3| gives existence and [18, Corollary 2.5] gives uniqueness for skew
polynomial rings, while [18, Exercises 1M and 1IN, extending Lemma 1.11 and Corollary

1.12] give the results for skew Laurent polynomial rings. O
Proposition 2.16. Let R be a ring, o an automorphism of R, and d an a-derivation of R.

(i) Rlx;ca, 0] can also be described as the ring generated by R and x subject to the relations

ax = za(a) + 6(a) for all a € R.
(i1) If R is a domain then R[z;«,d] is a domain also.
(111) If R is right (resp. left) Noetherian then R[z;«,d] is right (resp. left) Noetherian also.
Proof. (i) See [33, 1.2.4].
(ii) See [33, 1.2.9(1)].

(iii) See [33, 1.2.9(iv)].

Proposition 2.17. Let R be a ring and o an automorphism of R.

(i) R[z*;a] can also be described as the ring generated by R and x*' subject to the rela-

tions ax = za(a) for all a € R, plus the relation zx~' =1 =z 1z,

(ii) If R is a domain then R[z*';qa] is a domain also.

(iii) If R is right (resp. left) Noetherian then R[x*'; ] is right (resp. left) Noetherian also.
(iv) The set X = {x' : i € N} is a right and left Ore set in R[z; o], and R[z*;a] = R[z;a]x.
Proof. (i) See [33, 1.4.3].

(i) See [33, 1.4.5].

(ili) See [33, 1.4.5].

(iv) See [18, Exercise 10D].

13



Definition 2.18. An iterated skew polynomial ring over a ring R is a ring of the form
R[l’l, o, 61][1;27 Ao, 52] e [xru (07°% 6%]

where each «; is an automorphism of R[xi;aq,d1] - [x;_1;;_1,0;,1] and each §; is an «;-
derivation of the same ring.

An iterated skew Laurent polynomial ring over a ring R is a ring of the form

Rlay"s an][ry s g - - [ ]
where each «; is an automorphism of R[z{;aq] - - - [z i 1].

Ezample 2.19. The quantum plane, sometimes denoted k, [z, y] or O,(k?), is the k-algebra
generated by x and y subject to the relation xy — qyxr = 0, where ¢ € k™ is some scalar.
This is an iterated skew polynomial ring k[z][y; a] where a(x) = gx. The name and notation
come from the fact that this is a quantization of the commutative ring k[x, y] - in the sense
that O;(k?) = k[z,y| - which in algebraic geometry is the coordinate ring of the plane k?
and so is sometimes denoted O(k?).

The (2-dimensional) quantum torus, sometimes denoted k,[z*!, y*!] or O,((k*)?), is
the k-algebra generated by %! and y*! subject to the relation zy — gyz = 0, where ¢ € k* is
some scalar. This is an iterated skew Laurent polynomial ring k[z*][y*!; a] where a(z) = qu.
In a similar fashion, this is a quantization of the commutative Laurent polynomial ring
k[z*, y*] = O((k*)?), the coordinate ring of the 2-dimensional torus.

Note that in the rest of this work, we will use a third different notation for the quantum
plane, the quantum torus, and their higher-dimensional analogues: see Section 2.2.4.

The first Weyl algebra, usually denoted A;(k) or just Aj, is the k-algebra generated
by x and y subject to the relation zy — yx = 1. This is an iterated skew polynomial ring
k[z][y; 6] where 6(z) = 1.

The first quantized Weyl algebra, usually denoted A{(k) or just A, is the k-algebra
generated by x and y subject to the relation xy — qyxr = 1 — ¢. This is an iterated skew
polynomial ring k[z|[y; «, §] where a(x) = gx and §(z) =1 — q.

Definition 2.20. If R is a k-algebra, z,y € R, q € k, we will sometimes write [z,y], :=
xy — qyz. This is called the g-commutator of x and y. If [z,y], = 0 then we say z and y
g-commute; we say = and y skew-commute if there exists some ¢ € k such that x and y
g-commute.

For instance, in the quantum plane O,(k?), [z, y], = 0 and z* skew-commutes with y® for

all a,b € N.

14



Remark. Often, the first quantized Weyl algebra is described as the k-algebra generated
by z and y subject to the relation xy — qyz = 1. Provided ¢ # 1, these two algebras
are isomorphic. We use the above convention for two reasons: firstly, the relation can be

! 1 giving a symmetry between x and y up to replacing ¢ by

rewritten yr — ¢ oy =1 —q~
g~ '; secondly, since the case ¢ = 1 is then commutative, this allows us to form a semiclassical

limit Poisson algebra as in Section 2.4.

Proposition 2.21. Let R be a k-algebra, a a k-algebra automorphism of R, and § a k-
algebra a-derivation of R. Suppose R is generated as a k-algebra by a set X C R. Then
Rlz; a, 8] can also be described as the k-algebra generated by R and x subject to the relations
ar = za(a) 4+ 0(a) for all a € X.

Let R be a k-algebra and o a k-algebra automorphism of R. Suppose R is generated
as a k-algebra by a set X C R. Then R[z*';a] can also be described as the k-algebra

+1

generated by R and x™' subject to the relations ax = xa(a) for all a € X, plus the relation

zxt=1=z"'z.

Proof. Let S denote R[z;«,d], respectively R[z*!;a], and let T' denote the k-algebra gen-

+1 subject to the relations az = ra(a) + 6(a) for

erated by R and z, respectively R and x
all @ € X (with the notational convention that 6 = 0 in the skew Laurent case). So by
Proposition 2.16 (i) or Proposition 2.17 (i) respectively, there is a surjection ¢ : T — §
which is the identity on R and sends x to .

We note that if a € R is such that, in T, ax = za(a) + 6(a) and b € R is such that, in
T, bx = xa(b) + §(b) then, again with calculations taking place in 7"

(a+b)z = ar + bxr = za(a) + za(b) + 0(a) + 0(b) = za(a+b) + §(a +b);

(ab)x = a(za(b) + 6(b)) = za(a)a(b) + 6(a)a(b) + ad(b) = xa(ab) + d(ab); and

(Aa)z = AMza(a) + d(a)) = zha(a) + Aé(a) = za(la) + 6(Aa) for any A € k.

Therefore, the set {a € R : ax = xa(a) + d(a) in T} is a subalgebra of R. But this
subalgebra contains X, and so equals R since X generates R.

So again by Proposition 2.16 (i) or Proposition 2.17 (i) respectively, there is a surjection
¢ : S — T which is the identity on R and sends x to x. But since they are both surjections,

¢ must be the inverse of the map v, and so they must be isomorphisms. Since they are both

the identity on R and send x to x, we can use these maps to identify S and 7. O

Proposition 2.22. Let k be a ring, X a set, I' the free k-algebra generated by X, I an ideal
of F' generated by a set Y, and o a function X — F. Using the universal property for F

we can extend a to a k-algebra homomorphism F' — F', which we can then compose with the
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natural map F — F/I to get a k-algebra homomorphism F — F/I. We claim this induces
a k-algebra homomorphism F/I — F/I if and only if a(I) C I. Further, if a defined an
automorphism of F and «(I) = I then the induced homomorphism F/I — F/I is also an
1somorphism.

If in addition to the above we have a function § : X — F, we can extend § to a k-algebra

a-derivation of F' using the definition of an a-derivation. We claim this induces a k-algebra
a-derivation of F/I if and only if 6(I) C 1.

Proof. Denote by 7 the natural map F' — F/I.

Define o* : F//I — F/I by a*(x) = w(a(z*)) where z* is such that 7(z*) = z. This is
well-defined since if 7(2*) = w(2*) = @ then z*—2* € I, so m(a(z*)) = 7(a(z*)+a(z*—z*)) =
m(a(x*)) = o (x) since a(I) C I. That o* is a homomorphism follows from the fact that o
and 7 are homomorphisms - for example, a*(z + y) = 7(a(z* + y*)) = ma(z*) + Ta(y*) =
a*(x) + a*(y).

If a(f) = I and « is a automorphism then a*(a) = 0 iff a(a*) € I iff a* € I iff a = 0,
and so o* is injective, while if @ € F/I, there exists b* € F' such that m(«(b*)) = a since «
is surjective, and so a*(mw(b*)) = a, so a* is surjective, and so an automorphism.

The same argument as in the first part lets us define 6* : F'/I — F/I by §*(z) = 7(d(z*))
where m(2*) = x. Then since §*(xy) = w(0(z*y*)) = 7(a(z*)0(y*) + 0(z*)y*) = a*(x)d*(y)

_l’_
5*(z)y, 6* is an a*-derivation. O

When applying this proposition to a k-algebra defined by generators and relations, we
will not formally pass up to the free algebra, but rather “check that all the relations are
preserved by «”, as in the following example. This is a shorthand, though — what we are

actually doing is what is described above.

FEzample 2.23. The quantum space with parameters g;; for 1 <14, j < n, where ¢;; € k and

¢ijq;i = 1, is the k-algebra generated by z1,. .., z, subject to the relations z;x; = ¢;;z,x; for
all ¢, j. This is an iterated skew polynomial ring k[z1][z2; co] - - - [ o] Where a(z;) = g5
for i < j.

Proof. We prove this by induction on n. If n = 1 this is trivial. For n > 1, the subalgebra
R, 1 generated by 1, ..., 2,1 is also a quantum space, and so by induction it is an iterated
skew polynomial ring. We check that «,, defines an automorphism of R,,_;: if 1 < j < n then
(2,2 — qT5%:) = QinQjnTi%j — ¢inGindT;Ti = ¢inqjn(z;x; — qz;2;), so by Proposition 2.22 a,
does define an automorphism of R,_;. Then by Proposition 2.21, R,_1[x,; ;] is indeed the

described quantum space. O]
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Ezxample 2.24. The second quantized Weyl algebra with parameter ¢ is the k-algebra
generated by x1, za, y1, and gy, subject to the relations x;y; = qu;x; for 1 = 1,2, x129 =
ToT1, Y1Y2 = Y1, and x;y; = y;x; for ¢ # j. This is an iterated skew polynomial ring
klx1][yr; aq, 01][xa][yo; g, 02 where «;(x;) = qu; for i = 1,2, ag(xy) = x1, ag(z2) = 9,
di(x;) =1 —qfori=1,2, 6o(x1) = d2(z2) = 0.

Proof. Certainly the subalgebra S of this second quantized Weyl algebra generated by 1, y;
and x5 equals k[z1][y1; a1, 61][z2]. We check that ay defines an automorphism of S: s (z1y; —
qr1r1—(1=q)) = 2191 —qu1v1—(1-9), a2(T122—2221) = q(T129—T271), and Qg (Y172 —T2y1) =
q(y1x2 — x2y1), so by Proposition 2.22 «,, does define an automorphism of S. Now we check
that Jy defines an ag-derivation of S: da(z1y; — gz — (1 — q)) = 0, da(x129 — To21) =
(21(1=¢q)+0) = (0+(1—q)a1) = 0, and da(y122 —22y1) = (y1(1 —¢)+0) = (0+(1—q)y1) = 0,
so by Proposition 2.22, §, does define an as-derivation of S. Then by Proposition 2.21,
Slya; aa, do] is indeed the second quantized Weyl algebra. ]

Definition 2.25. Let R be a k-algebra, and let X be some finite set of elements of R, with
some total ordering so that we can write X = {z1,...,x,}. Then the family (z{* - - %), en

is a PBW basis for R if it is a basis for R, that is, it spans R as a k-vector space and is

linearly independent over k.

Remark. This is a family, as in [35, 1.1 and 6.5.1], rather than a set, so it can have repeated

elements - but if it does, then it is certainly not linearly independent.

Proposition 2.26. Let R = kf[z1][x2; g, d2] -+ - [Xn; an, 0] be an iterated skew polynomial

ring. Then R has a PBW basis with respect to the set {x1,...,x,}.

We conclude this section with some results about prime ideals in skew polynomial and
skew Laurent rings. The first is a standard characterisation of simplicity in skew Laurent

rings.

Definition 2.27. Let A be a ring, and a an automorphism of A. Then A is a-simple if it
has no non-trivial a-stable (that is, «(I) C I) ideals.

Definition 2.28. Let A be a ring, and u € A a unit. Then a — v 'au is an automorphism

of A. Such an automorphism is called an inner automorphism of A.

Theorem 2.29. (/33, 1.8.5]). Let A be a ring, and o an automorphism of A. Then A[z*!; o]

is simple if and only if A is a-simple and no power of a is an inner automorphism of A.
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The next result follows the proof of [33, 9.6.9(i)], and in fact follows from that result, but

we prove it here to avoid unnecessarily setting up the machinery of tensor products.

Theorem 2.30. Let k be a field, let A be a simple k-algebra such that Z(A) =k, and let I
be an ideal of A[t]. Then I is generated by an element of k[t].

Proof. Consider the polynomials in I of minimal degree d. Their leading coefficients form
an ideal of A, so there must be some monic polynomial p in I of degree d. Then for every
a € A, ap — pa is an element of I of degree < d, so must be zero. Therefore each coefficient
in p must be central in A, so in k, that is, p € k[t].

Now consider the polynomials in I which are not in pA[t], and consider such a polynomial
q of minimal degree among such polynomials. If ¢ has leading coefficient a and degree e then
r = q— apt®? is an element of I of degree less than e, so by the minimality of e, r € pA[t],
and so q = apt®~? + r € pA[t], contradicting that ¢ ¢ pA[t]. Therefore no such ¢ exists and
I = pAlt]. O

Finally, we give a result that allows us to show that certain normal elements in a skew

polynomial ring generate completely prime ideals.

Lemma 2.31. (/27, Proposition 1]). Let o be an automorphism and § a o-derivation of a
domain A. Let R = Alx;0,6]. Let ¢ be a normal element of R of the form dx + e, where
dye € A and d # 0. Let 8 be the automorphism of R such that cr = B(r)c for all r € R.
Then B(A) = A, d is normal in A and ((a)d = do(a) for all a € A. Furthermore, if e is

reqular modulo Ad then R/Rc is a domain.

2.2.4 Quantum spaces and quantum tori

Definition 2.32. Let k be a field, let x = (z,),eq be a tuple indexed by some finite set @,
and let L = (Lyw)oweq, Where the L, are integers such that L., = —L,, for v,w € Q,
that is, L is a skew-symmetric integer matrix indexed by ). Then the quantum space
Sq(k,x,L) - which we will shorten to S,(x,L) if the base field is unambiguous - is the
k-algebra generated by the set x subject to the relations x,x,, = ¢"** 2,2, for all v,w € Q.

If we denote by W the set of all monomials in x within S,(k,x,L), we can define the
quantum torus 7,(k,x,L) - or as before, T,(x,L) if the base field is unambiguous - as
S,(k,x,L)y. Alternatively, this is the k-algebra generated by x*! := x U {z;! : v € Q},

subject to the relations z,x,! = 2,1z, = 1 as well as z,x,, = ¢z, for all v,w € Q.
If we have an ordering of the elements of () then we can give x the same ordering,

which allows us, by Propositions 2.21 and 2.22, to construct S,(k,x,L) as an iterated skew
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polynomial ring over k, and T;(k,x,L) as an iterated skew Laurent polynomial ring over
k. This gives a PBW basis for S,(x,L) or T,(x,L) consisting of monomials in x or in x*!

respectively.

In Section 2.2.3 we had the quantum plane, the quantum torus and the quantized Weyl
algebra. The above are higher-dimensional versions of the first two, which we will use
extensively. There are several higher-dimensional versions of the quantized Weyl algebra,
with the one found in (e.g.) [2, 1.4] being perhaps the most common, but the following

simpler version from [2, 1.5] is of more relevance to us:

Definition 2.33. Let k be a field, let n € NT, let A = (\;)1<ij<n be a multiplicatively
skew-symmetric n x n matrix of non-zero elements of k, and let q = (¢;)1<i<n be an n-tuple of
non-zero elements of k. Then the n'" quantized Weyl algebra A% is the k-algebra generated

by a set of generators {z;,y; : 1 <i < n} and relations, for 1 <i < j <n,
Ty = Nij T YiYi = NjiYiY
TiY; = NjiYii TYi = NijYit;
Tjy; = YT + 1

In [2, 1.5] it is also shown that A% is an iterated skew polynomial ring over k.

2.2.5 Uniform rank

For the purposes of this section, all modules are right R-modules.

Definition 2.34. ([33, 2.2.1, 2.2.5]). Let M be an R-module. An essential submodule of
M is a submodule N such that N N X # 0 for all nonzero submodules X of M.
A module M is a (right) uniform module if M is non-zero and every non-zero submodule

of U is an essential submodule.
The next result gives a useful characterisation of uniform modules.

Lemma 2.35. (/33, 2.2.5]). A nonzero module U is uniform if and only if, given uy,us € U

both nonzero, there exist ri,r9 € R such that uiry = usre # 0.

Definition 2.36. ([33, 2.2.10]). The uniform rank of a module M, (also variously called
the Goldie rank; the rank; the uniform dimension; the Goldie dimension; or the dimension
of M), is oo if M contains an infinite direct sum of non-zero submodules, or otherwise is
the unique n such that M contains an essential submodule which is a finite direct sum of n
uniform submodules.

The right uniform rank of a ring R is the uniform rank of R as a right R-module.
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The next result confirms that the uniform rank is well-defined.

Theorem 2.37. Let M be an R-module which does not contain an infinite direct sum of

non-zero submodules. Then:

(i) M contains an essential submodule which is a finite direct sum of uniform submodules,
with say n summands ([33, 2.2.8]);

(ii) any direct sum of nonzero submodules has at most n summands ([33, 2.2.9(i)]); and

(iii) a direct sum of uniform submodules of M is essential in M if and only if it has n

summands ([33, 2.2.9(ii)]).

Remark. Any Noetherian module - in particular, any finitely generated module over a

Noetherian ring - must have finite uniform rank.

Ezxample 2.38. ([33, 2.2.11]). Any right Ore domain has right uniform rank 1.
Let R = k[z,y]/(z,y)". Then R has right uniform rank n.
Let R = M,(S), where S has right uniform rank s. Then R has right uniform rank ns.

Remark. These examples illustrate that in some sense the uniform rank of a ring - at least

for Noetherian rings - measures how far the ring is from being a domain.

Lemma 2.39. (/33, 2.2.12(v)]). Let X be a right Ore set of reqular elements of a ring R.

Then Ry and R have the same right uniform rank.

2.2.6 Localisation under ring constructions

In the above, we have described a number of methods to construct new rings from an original
ring R. We will often have an Ore set in R and wish to pass this Ore set to the new ring we
have constructed. This section provides results that allow us to do this. First, we consider

factor rings by some ideal I of R.

Lemma 2.40. Let R be a ring, I a two-sided ideal in R, X a right Ore set in R such that
{r € R:rs €l for some s € X} = I. Then the image X of X in R/I is a right Ore set in
R/I, and there is a surjective map

0: Ry — (R/I)% such that O(rz™1) = 7z~ and ker 0 = I.

Thus we can identify (R/I)z with Rx/lx.
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Proof. First we check that X is a right Ore set in R/I. Let a € R/I,5 € X, and pick lifts
to a and s to R and X respectively. Then there exist x € X and r € R s.t. ax = sr. Then
az = sr and T € X, so X is a right Ore set in R/P.

To get existence of §, we note that the composition of natural maps R — R/I — (R/I) %
takes any element of X’ to an invertible element, and so the above map factors through Ry,

! which is clearly surjective.

giving 6 such that 0(rz~!) = rz~

We now need to consider ker §. Suppose 0(rz~!) = 0, that is, 727! = 0 in (R/I)%. By
[18, Lemma 10.1(c)], this holds iff there exists z € X such that 7z = 0 in R/I, i.e. iff there
exists z € X s.t. rz € I. But the condition {r € R : rs €l for some s € X} = I then tells

us that » € I. Thus ro~' € ker@ iff r € I, i.e. ker = Ix. O

Corollary 2.41. Let R be a right Noetherian ring, P a prime ideal in R and X a right Ore
set in R such that X N P = (). Then the image X of X in R/P is a right Ore set in R/P,
and we can identify (R/P)s with Ry /Px.

Proof. By [18, Lemma 10.19], (R/P) is X-torsionfree as an R-module, which is equivalent
to assp pX = {r € R:rs €P for some s € X'} = P, so we can apply Lemma 2.40. ]

Next, we consider skew polynomial extensions.

Lemma 2.42. Let R be a ring, a an automorphism of R, § an a-derivation of R, and X a
right Ore set in R such that a(X) = X. Then X is a right Ore set in R|x;«, ).

Proof. We note that if y is regular in R then y is regular in R[z; a, d], so X is a set of regular

elements in R[z;a,d]. Then the result follows from [15, Lemma 1.4]. O

Finally, we have a number of results describing the interactions between two Ore sets in
R.

Lemma 2.43. Let R be a ring, and X and Y two right Ore sets in R such that, for any
re X andy €)Y, there exists gy € k™ such that vy = qzyyx. Then X is a right Ore set in
Ry.

By symmetry, Y is also a right Ore set in Ry, and (Ryx)y = (Ry)x.

Proof. Let € X and r € Ry. We can write r = sy~! where s € R and y € ). Since

X is a right Ore set in R, there exist s € R and 2’ € X such that sz’ = xs’. Then

—1,./ 1 1 1

sy~ x = quyst'yT = quyas’y”

is a right Ore set in Ry.

, so defining 1" = ¢,,s'y™" we have ra’ = x1’. Therefore X

21



For the second part, (Rx)y is a right localisation of Ry with respect to X, since all x € X

-1

are units in (Rx)y, and (rz ')y~ = (g.ry~ 1)z, and so we're done by the uniqueness of

localisations. N

Lemma 2.44. Let R be a ring, X a right Ore set in R, and Y a set of reqular normal
elements in R such that for all y € Y, if o, is the automorphism defined by ry = yoy,(r),
then oy (X) = X. Then the multiplicative closure Z of X UY is a right Ore set in R also.
Further, Rz = (Ry)x.

Proof. Any element of Z is regular in R, since any element of X or ) is. Using the condition
on the automorphisms «,, any element of Z can be written xy where z € X and y is in the
multiplicative closure of V. Let xy € Z and r € R. Then since & is a right Ore set in R,
there exist ' € X, " € R such that rz’ = 21/, so ra'y = xr'y = zyo, (r'). Thus Z satisfies
the right Ore condition also.

Now (Ry)x~ is a ring extension of R such that any element of Z is a unit in (Ry)y, and

U'= r(zy)™! for some r € R, v € X,

that any element of (Ry)x can be written as ry ta~
y € Y. Therefore it is a right localisation of R with respect to Z, and so by Theorem 2.8 we

can identify RZ = (Ry);\{. ]

Lemma 2.45. Let R be a domain, and let X be a right Ore set in R. Suppose S is a ring
such that R C S C Ry. Then the right quotient ring Sx exists, and Sy = Rx.

Proof. We claim that Ry is a right quotient ring of S with respect to X as in Definition 2.6.
That is, since S is a domain and R C S C Ry, we need to show that for all x € X, = is a
unit in Ry, and that every element of Ry can be written in the form sz~! for some s € S,
r € X. Since Ry is a right quotient ring of R with respect to X, x is a unit in Ry for all
x € X, and every element of Ry can be written in the form raz~! for some r € R, x € X
- but since R C S, an element of this form is automatically of the form sz~! for s € S,
reX. O

Corollary 2.46. Let R be a domain and let X C Y be right Ore sets in R. Then Ry C Ry

in a natural way, and so (Ry)y = Ry.

2.2.7 Dimensions

Definition 2.47. ([33, 7.1.2, 7.1.8]). Let R be a ring. A right R-module P is projective if
there is a free module F' and a module M such that /= P & M.
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A finite projective resolution of length n of a right R-module M is an exact sequence
0O—-FP, = —=F—>M—=0

where each P; is projective.

The projective dimension of M, denoted pd M, is the minimal length of a finite
projective resolution for M, or oo if no finite projective resolution for M exists.

The right global dimension of R is rgld R := sup{pd M : M a right R-module}.

The left global dimension of R is defined analogously.

Definition 2.48. ([33, 7.1.3]). A right R-module [ is injective if, given a module M such
that I C M, there exists K C M such that M =1® K.

A finite injective resolution of length n of a right R-module M is an exact sequence
O—-M-—=Ih—---—1,—0

where each [; is injective.
The injective dimension of M, denoted id M, is the minimal length of a finite injective

resolution for M, or oo if no finite injective resolution for M exists.
Lemma 2.49. ([33, 7.1.8]). rgld R :=sup{id M : M a right R-module}.

Thus the global dimension of a ring in some sense measures how “complex” its modules

can get.

Theorem 2.50. Let R be a ring.
(i) If R is Noetherian then lgld R = rgld R.
(i) rgld M,(R) = rgld R.

(i1i) If x is a regular normal nonunit in R then either rgld R/xR = oo or rgld R/xR <
rgld R — 1.

(iv) If o is an automorphism of R and 0 is a o-derivation of R then

(a) rgld R < rgld R[z;0,0] < rgld R+ 1, provided rgld R < oo,
(b) rgld R[x;0] = rgld R+ 1;

(c) rgld R < rgld R[z**; 0] < rgld R+ 1, with equality in the second if o = 0.
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(v) If X is some right Ore set in R then rgld R > rgld Ry, with equality iff there is a
simple right R-module M with pd M =n and My # 0.

Proof. (i) See [33, 7.1.11].
(i) See [33, 3.5.10 (vi)].
(iii) See [33, 7.3.5 (ii)).
(iv) (a) See [33, 7.5.3 (i)].
(b) See [33, 7.5.3 (iii))].
(¢) See [33, 7.5.3 (ii, iv)].

(v) See [33, 7.4.3, 7.4.4].
[

Another method for measuring the “size” of a ring is its Krull dimension. For a
commutative ring R, this is defined as maximal length of a chain of prime ideals in R,
and is a key notion there. However, prime ideals are significantly rarer in noncommutative
algebra, due to the existence of simple rings that are not division rings. For a commutative
Noetherian ring, having Krull dimension 0 is equivalent to being Artinian, and so Krull
dimension describes “how far the ring is from being Artinian”, and it is this description that
the noncommutative Krull dimension maintains. We will not give technical details of the
construction, which can be found in [33, §6], but instead quote some results for calculating
Krull dimension.

We will denote the (right) Krull dimension of a ring R by K. dim R. If R is Noetherian
then this always exists by [33, 6.2.3].

Theorem 2.51. Let R be a right Noetherian ring.

(i) K. dim R > the classical Krull dimension of R.

(i1) If R is commutative then K. dim R = the classical Krull dimension of R.
(iii) K. dim M,(R) = K. dim R.

() If o is an automorphism of R and 6 is a o-derivation of R then

(a) K. dim R < K. dim R[z;0,d] < K. dim R+1, with equality in the second if § = 0;
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(b) K. dim R < K. dim R[z*';0] < K. dim R + 1, with equality in the second if

o=0.
(v) If X is some right Ore set in R then K. dim R > K. dim Rx.
Proof. (i) See [33, 6.4.5].
(i) See [33, 6.4.8].
(iii) See [33, 6.5.1 (ii)].
(iv) (a) See [33, 6.5.4 (i)].
(b) See [33, 6.5.4 (ii)].

(v) See [33, 6.5.3 (ii) (b)].
0

Lemma 2.52. Let R C S be rings, with R Noetherian, such that S is a faithfully flat right
and left R-module. Then K. dim R < K. dim S and rgld R < rgld S.

Proof. For Krull dimension, consider the map 6 : [ — IS = I ® S from right R-modules to
right S-modules. Since S is flat, this preserves inclusions and J @ S/I ® S = (J/I) ® S.
Since Sg is faithfully flat, J/I ® S = 0 iff J/I = 0, and so 6 preserves strict inclusions.
Therefore by [33, 6.5.3(1)], K. dim R < K. dim S.

For global dimension, this is [33, 7.2.6]. O

Lemma 2.53. Let R and S be rings. Then K. dim (R® S) = sup{K. dim R, K. dim S} (if
K. dim R and K. dim S ezist) and rgld (R ® S) = sup{rgld R, rgld S}.

Proof. For Krull dimension, we use [33, 6.1.14], noting that any left ideal of R @ S must be
of the form I @ J where [ is a left ideal of R and J is a left ideal of S.
For global dimension, this is [34, Exercise 157]. O

Theorem 2.54. ([8, Theorem A]). Let T = T,(x,L) be a quantum torus. Given a set of the
formy ={vy1, -+ ,Ym}, where each y; is a monomial in x, let S(y) denote the subalgebra of
T generated by y. Given a subalgebra S of T', let rk S = inf{|y| : S = S(y)}, where |y| is
the cardinality of the set'y. Then

rgld T = K. dim T = sup{rk S : S is a commutative subalgebra of T'}
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A third notion of “dimension” in noncommutative ring theory is that of Gelfand-Kirillov
dimension, usually known as GK dimension. This is a measure of the rate of growth of the
algebra with respect to (any) generating set. We will mostly use this as a tool, rather than

as a goal in itself.

Lemma 2.55. (/33, 8.2.2]). Let R and S be k-algebras. If S is a subalgebra or a homomor-
phic image of R then GK dim S < GK dim R.

Lemma 2.56. Let R and S be k-algebras which are Noetherian domains with GK dim R =

GK dim S, and let ¢ : R — S be a surjective homomorphism. Then ¢ is an isomorphism.
Proof. By [30, Corollary 3.16], the kernel of ¢ must have height 0, that is, ker ¢ = 0. O]

Theorem 2.57. ([1, Theorem 1.3.1]). Let A be a finitely-generated k-algebra, let o be an

automorphism of A and let § be an a-derivation of A. Suppose there is a finite dimensional

generating subspace B for A containing 1 such that 5(B) C B? and o(B) C B. Then

GK dim Alr;a,d] = GK dim Alx™;a] = GK dim A+ 1.

2.3 Ambiskew polynomial rings and generalised Weyl algebras

One particular class of iterated skew polynomial rings we will be interested in is that of
ambiskew polynomial rings. In the generality we will consider here, these are certain

iterated skew polynomial rings of the form R = Aly; a][z; a1, d].

Definition 2.58. Let A be a ring, a an automorphism of A, and v a central element of
A. Then we can extend o' to Aly;a] by setting a~!(y) = y, and we can construct an
a~t—derivation ¢ of Aly;a] by setting 6(A) = 0 and §(y) = v. (We use Proposition 2.22
to confirm that these constructions are valid: o '(ya — a(a)y) = ya~'(a) —ay = 0 and
d(ya — ala)y) = yd(a) + d(y)a — ad(y) — é(a(a))y = va — av = 0). Then the ambiskew
polynomial ring R(A,a,v) is the iterated skew polynomial ring Aly; a][x;a~t,d]. By
Proposition 2.21 this is the ring generated by A, x and y subject to the relations

ya = afa)y for all a € A;

ra=a '(a)x for all a € A;

TY —Yyr = 0.
It is clear from these relations that we could alternatively write
R(A, a,v) = Alzr; o [y; a, 7]
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where a(z) = z, y(A) = 0, v(z) = —v. The symmetry between the two iterated skew

polynomial rings is the source of the term “ambiskew”.

Remark. More general ambiskew polynomial rings - most notably, allowing v to be y-normal
in A for any automorphism ~ of A which commutes with « - can be constructed: see e.g.
29].

On the other hand, when ambiskew polynomial rings were first introduced, in [25], the

base ring was commutative and they were always what is now known as conformal.

Example 2.59. The first Weyl algebra is an ambiskew polynomial ring over k with a being
the identity on k and v = 1. Similarly, the n'" Weyl algebra is an ambiskew polynomial ring

over the (n — 1)™ Weyl algebra with o being the identity and v = 1.

Definition 2.60. Let A, «, v be as in Definition 2.58. Suppose there exists a central element
u € A such that v = u — a(u). Then z := 2y — u = yzr — a(u), which we call a Casimir
element, is central in R(A, «,v). In this case we call u a splitting element for R, and say
R is conformal or a conformal ambiskew polynomial ring; if no such u exists then we

say R is singular.

Proposition 2.61. If u is a splitting element for R and a € A is such that o(a) = a then

u — a s also a splitting element for R; conversely if u and v’ are splitting elements for R

then a(u —u') =u —u'.

In particular, if uw € A is a splitting element for R, R is a k-algebra and « is a k-

automorphism then u — X\ is also a splitting element for any A € k.

Theorem 2.62. ([29, Theorem 3.10]). Let R = R(A,a,v) be an ambiskew polynomial ring,
where A is a k-algebra for some field k of characteristic 0. Then R is simple if and only if:

(i) A is a-simple, that is, A has no a-invariant non-zero proper ideals;
(i1) R is a singular ambiskew polynomial ring;
(iii) for all m > 1, v0™ .= S Vol (v) is a unit in A.

Definition 2.63. Suppose R = R(A,«,v) is a conformal ambiskew polynomial ring with
splitting element u, and consider the ring R/z R where z := xy—u as before. Then ANzR =0
so we can identify elements of A with their images in R/zR, and denote by X and Y the
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images of x and y respectively in R/zR. So we find that R/zR is the ring generated by A,
X and Y subject to the relations

Ya=oa(a)Y for all a € A;
Xa=a'a)X for all a € A;
XY = u;

YX =a(u).

Given aring A, an automorphism « of A and a central element u of A, the ring T' = T'(A, v, u)
generated by A, X and Y subject to the above relations is called a generalized Weyl
algebra over A, following [3] and [4] (and subsequent papers). As for ambiskew polynomial

rings, this definition can be extended to the case where u is normal.

Remark. Given a generalised Weyl algebra T' = T'(A, v, u) one can construct the ambiskew
polynomial ring R = R(A, a,u — a(u)) which is conformal with splitting element wu, so T is

isomorphic to R/zR where z is the Casimir element.

Remark. Any ambiskew polynomial ring is isomorphic to a generalised Weyl algebra in the
following way: let R = R(A,a,u) be an ambiskew polynomial ring, and then construct
the generalised Weyl algebra T' = T'(A[xy|, o, zy) where « is extended to A[zy] by setting
a(zy) = xy — v. For proof, see [28, 2.6 Corollary].

Remark. If T(A, o, u) is a generalised Weyl algebra then there is a natural Z-grading on
T(A,a,u) with deg Y =1, deg X = —1, deg a = 0 for a € A.
Lemma 2.64. (/26, 5.2]). Let T(A, o, u) be a generalised Weyl algebra. Then

Xmym =T e~ (u) and YX™ =TI o (u).

Lemma 2.65. Let T(A, o, u) be a generalised Weyl algebra. If A is a domain then T(A, o, u)

1s a domain.

Proof. T(A,a,u) embeds into A[y*!;a] viaa s afora€ A,z uy tand y — y; if Ais a

domain then A[y*!;a] is also by Proposition 2.17 (ii). O

There is a simplicity criterion for generalised Weyl algebras similar to Theorem 2.62.

This result generalises to the case where v is normal ([29, Theorem 5.4]).

Theorem 2.66. (/5, Theorem 4.2]). LetT = T(A, a,u) be a generalised Weyl algebra. Then
T is simple if and only if
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(i) A is a-simple
(i1) « has infinite order
(111) w is reqular

(iv) uA+ a™(u)A = A for allm > 1

2.4 Poisson algebras and the semiclassical limit

The quantum torus, quantum plane, and quantized Weyl algebra are all examples of quan-
tum algebras - each is a noncommutative k-algebra with a scalar parameter ¢, such that
when ¢ = 1 the algebra is commutative. For example, if we consider the quantum plane,
O, (k?) = k[z,y], the commutative polynomial ring in two variables. (This is the classical
coordinate ring of the plane, hence the name “quantum plane”).

The semiclassical limit Poisson algebra of such a family is a way to put additional
structure on this commutative ring such that it “remembers” some aspects of the noncom-
mutative family it came from. This has the advantage that the semiclassical limit, being
commutative, is usually easier to work with, but preserves enough of the structure that in-
vestigating it still provides insight into the original quantum algebra. Sometimes, this link
can be made more formal, though currently these tend to be in quite specific cases. The
survey article [16] provides an excellent introduction and overview of this topic.

We now proceed with the formal definitions. We work over a fixed field k.

2.4.1 Poisson algebras

Definition 2.67. A Poisson algebra is a commutative k-algebra A together with a Lie
bracket {—, —} on A such that {a, —} is a k-algebra derivation of A for all a. That is, {—, —}:

(i) is k-bilinear;

(i) is antisymmetric;
(iii) satisfies the Jacobi identity, that is, {a,b} + {b,c} + {c,a} = 0 for all a, b, c € A; and
(iv) satisfies the Leibniz rule, that is, {a,bc} = b{a,c} + c{a, b} for all a,b,c € A.

Many of the techniques we use in noncommutative algebra have analogues for Poisson

algebras. Again, one of the most important is localisation.
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Lemma 2.68. Let A be a Poisson algebra, and let X be a multiplicatively closed set of

reqular elements in A. Then the Poisson bracket on A extends uniquely to Ax, with
{az™" by} = {a,b}ay ™! = {a,y}ba™ 'y — {z,b}ax "y~ + {x, y}abr "y~
where a,b € A and x,y € X.

Proof. That this defines a Poisson bracket is a straightforward check. The uniqueness follows

from using the Leibniz rule to determine {az~!, by~'} from the Poisson bracket on A. [

Definition 2.69. Let A be a Poisson algebra. Then an ideal P of A (as an associative
algebra) is a Poisson ideal if it is also a Lie ideal, that is {a,p} € P for alla € A, p € P.

A Poisson ideal P of A is a Poisson prime ideal if IJ C P implies either I C P or
J C P, where I and J are Poisson ideals of A. We denote by PSpec A the partially ordered
(by inclusion) set of Poisson prime ideals of A.

We say a Poisson algebra is Poisson simple if it has no non-trivial Poisson ideals.

The Poisson centre of a Poisson algebra A is Zp(A) :={a € A:{a,r} =0 forall r €
A}, If a € Zp(A) we say a is Poisson central in A.

A Poisson homomorphism between two Poisson algebras A and B is a ring homomor-
phism between A and B which is also a Lie algebra homomorphism. A Poisson automor-
phism of a Poisson algebra A is a Poisson homomorphism from A to A which is a bijection,

and therefore is a ring isomorphism and a Lie isomorphism.

Proposition 2.70. ([10, Lemma 3.3.2]). Let A be a Noetherian Poisson algebra (A is
Noetherian as an associative algebra) over a field of characteristic 0. Then an associative

ideal of A is Poisson prime if and only if it is both a prime ideal and a Poisson ideal.

Proposition 2.71. Let A be a Noetherian Poisson algebra over a field of characteristic 0,
and let X be a multiplicatively closed set of regular elements in A. Then there is a one-to-
one inclusion-preserving correspondence between PSpec Ay and {P € PSpec A: PNX =0}
giwen by P'— P'NA, P— PAy.

Proof. If P is a Poisson ideal of Ay then P’ N A is a Poisson ideal of A: if p € PN A and
a € A then {p,a} € P’ since P’ is a Poisson ideal of Ay and {p,a} € A since p,a € A;
similarly, if P is a Poisson ideal of A then PAy is a Poisson ideal of Ay, since if a € P,
z,y € X and b € A then all the terms in {az™! by~'} are in PAy.

Therefore, the one-to-one inclusion-preserving correspondence from Theorem 2.10 be-
tween Spec Ay and {P € Spec A: PN X = (} given by P’ — P'N A, P~ PAy restricts

to PSpec Ay and vice versa. O
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Definition 2.72. A Poisson maximal ideal in a Poisson algebra A is a Poisson ideal
which is maximal among Poisson ideals, that is, there is no Poisson ideal strictly containing
it other than A.

Proposition 2.73. A Poisson mazimal ideal is a Poisson prime ideal.

Proof. This is immediate from [10, Lemma 3.3.2]. O

2.4.2 The semiclassical limit

Definition 2.74. (See e.g. [9, II1.5.4]). Let R be a commutative k-algebra and let h € R.
(Normally, we will take R = k[t*'] and h =t or h = 1 —t). Let A be an R-algebra with h
regular in A such that A/hA is commutative. Then, for all a,b € A, ab—ba € hA, and since
h is regular in A, +(ab — ba) is well-defined. So define {a + hA,b+ hA} = (ab — ba) + hA.
We call A/hA with this bracket the semiclassical limit Poisson algebra of the family
(A/(h — Q)A)qek, h—gq not a unit in R-

In some sense this bracket gives a “first-order” impression of the noncommutative algebra:
if ab — ba = hxy + h®xe + -+ -, then {a + hA,b+ hA} = 1 + hA, but all further terms are

lost.
Proposition 2.75. The bracket on A is a well-defined Poisson bracket on A/hA.

Proof. If a + hA = a’ + hA then a — @’ = rh for some r € A; then +(a'b — ba') + hA =
+(ab—ba) + 3 (rhb — brh) + hA = 3 (ab — ba) + (rb — br) + hA; since A/hA is commutative,
rb—br € hA. Therefore {—, b+hA} is well-defined for all b; similarly or by the antisymmetry,
the bracket as a whole is well-defined.

It is a standard result that taking {a,b} := ab — ba defines a Lie bracket on any algebra
A, and this passes through to the bracket we have defined on A/hA.

Finally, {a + hA,bc + hA} = +(abc — bea) + hA = 5 (bac — bea) + (abe — bac) + hA =
bla +hA,c+ hA} + c{a+ hA b+ hA}. O

Example 2.76. Let A be the k-algebra generated by x,y, and ¢! such that ¢ is central, so A
is a k[t*!]-algebra, and ry — tyxr = 0. Let h =t — 1; then A/hA is commutative, while for
q#1, A/(h+1—q)A=A/(t—qA=O,k*). Then the semiclassical limit Poisson algebra
of this family is A/hA = k[z, y] with {x,y} = yx (since zy— (h+1)yx = 0 so xy —yx = hyzx).

Definition 2.77. Let x = (x,),e¢ be a tuple indexed by some finite set @), and let L =
(Lyw)vweq, where the L, are integers such that L,, = —L,, for v,w € @, that is, L

31



is a skew-symmetrix integer matrix indexed by ). Then the Poisson space, which we
denote Sp(k,x, L), or Sp(,L) if the base field is unambiguous, is the Poisson algebra whose
underlying associative algebra is the polynomial ring in the elements of x, with Poisson
bracket defined by {z,, Tw} = LywTyTw.

Also the Poisson torus, which we denote Tp(k,x,L), or Tp(x,L) if the base field is
unambiguous, is the Poisson algebra whose underlying associative algebra is the Laurent
polynomial ring in the elements of x, with Poisson bracket defined by {x,, z,} = Lyw@yTw.
Alternatively, Tp(k,x,L) = Sp(k,x, L)y, where W is the set of non-zero monomials in x.

Alternatively, Sp(k,x,L) is the semiclassical limit of the family (S,(k,x,L)),z0 while
Tp(k,x,L) is the semiclassical limit of the family (7,(k,x, L)) 0.

Theorem 2.78. (This is analogous to [32, Proposition 1.3]). Let Tp(k,x,L) be a Poisson
torus over a field of characteristic 0. Then TFAE:

(1) If (ai)icq is a tuple such that ), , Lija; =0 then a; =0 for alli € Q.

i€Q
(i1) Tp(k,x,L) is Poisson simple.
(ZZZ) ZP(Tp(k,X, L)) =k.

Proof. This is a direct consequence of [36, Lemma 1.2]; although the proof there is only

stated in the case k = C, it is still valid over arbitrary fields of characteristic 0. [

2.5 Quantum cluster algebras

2.5.1 Definition

This section follows the scope of the definition and much of the notation from [21, §2.3].
Results with proofs here were left as exercises in those notes. As discussed in the introduction,
quantum cluster algebras are defined by an iterative process known as seed mutation, and
create quantum algebras with large numbers of generators but relatively simple relations.
They were first introduced in [6] (although their classical counterparts were a few years
earlier in [11]).

We will use a less general setting than that which is set up in [6], in order to be able to
describe the combinatorics in terms of quivers, since all the examples we are interested are
covered by this setting; this also (hopefully!) simplifies the notation. Other than the Laurent
phenomenon, all the results of this section that we quote from [6] are straightforward checks
in the current setting.

Before we start, we fix a field £ and a non-zero scalar q € k.
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Definition 2.79. A quiver () consists of a finite set of vertices, which we also call @), and,
for each pair of vertices v, w € (), an integer B,,, representing the number of arrows from v
to w. If B,, is negative, then we interpret this as representing arrows from w to v, and so
we insist that B,, = —B,. We also require that B,, = 0 for all v € ), that is, there are no
loops in our quiver. (One could call this a directed multigraph without 1- or 2-cycles).

An ice quiver, or from now on just a quiver is a quiver (in the above sense) () whose
vertices have been partitioned into two subsets Qunu and Qg.,, known as mutable and
frozen vertices respectively. Pictorially, we represent this by putting a square around a
frozen vertex. We also require that if v and w are both frozen vertices then B,,, = 0. If we
restrict to looking at just Q. and arrows between vertices in Q¢ then we get a quiver
with no frozen vertices which we call the principal part of Q.

We note the conditions above mean that all the information about () is contained in the
integers (Byw)veQuweOm:- We can treat this as an integer “matrix” B with rows parametrised
by @ and columns by Q.. This matrix is skew-symmetric in the sense that the principal
part, that is, the restriction of B to Quut, is skew-symmetric.

It will be helpful at times to give the vertices of () an ordering, that is, we label the
vertices of @ by vy, ..., v,, where n = |@Q|. For convenience, we assume that vertices vy,
ey U € Quue and Vi1, ..o Uy € Qprog, Where m = |Quue|. We will then use the shorthand
Bij = By, for v; € Quu and v; € Q.

Remark. In [6], quantum cluster algebras are defined with the matrix B only required to be
skew-symmetrizable, that is, there exists some matrix D = (D, )yveq With Dy, = 0if u # v

and D, > 0 for all u € @), such that DB is skew-symmetric.

Definition 2.80. A (quantum) seed is a triple Q = (@, x,L) where @ is an (ice) quiver,
X = (z,)veq s a tuple - called a cluster - indexed by @, and L = (Lyy)yweq is a skew-
symmetric integer matrix also indexed by @, such that BTL = dI for some positive integer
d. Here I is the matrix with rows parametrised by Q..+ and columns parametrised by @
such that for v € Q and w € Quu, lvw = 1 if v = w while I, = 0 otherwise. This last

requirement is known as the compatibility condition.

Remark. Given a quantum seed Q = (@, x, L) one can form the quantum space S,(x, L) and
its localisation the quantum torus 7j(x,L). In the absence of any other ambient ring (see
Definition 2.91 later), we will work in 7,(x,L).

Remark. If @) is an ice quiver then the partition of () into mutable and frozen vertices
extends to x and then to L, with the obvious notation Xmut := (T4)veQuus Xfroz = (Tv)veQgo,

Lmut = (va>v,wEQmut and Lfroz = (va>v,w€eroz-
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Often the elements of x, are referred to as “coeflicients”.

Definition 2.81. (Quiver mutation) Let () be a quiver and v € @) a vertex. Then we can
construct a new quiver )', which we call the mutation of @) at v with the same vertex set

but different arrows. The arrows in Q)" are given by

B —Bw U=VOrw=2u
uw

Buo|Buw+Buv| B .
Buw—i—l u ”w; wiBuul  Gtherwise.

Alternatively, and possibly more informatively, this process can be described in three

stages:

e Reverse any arrows starting or ending at v.

e “Complete triangles”, that is, for every pair of vertices u and w and pair of arrows u

to v and v to w, add an arrow w to wu.

e Remove 2-cycles, that is, if we have arrows u to w and w to u, remove one from each

direction until they are all in the same direction.

Remark. Quiver mutation is a “local” process, i.e. when we mutate at a vertex v, the only
vertices that change are those that have arrows to or from v: if By, = 0, then B),, = Buw

for all w € Q.

Definition 2.82. (Seed mutation) Let Q = (Q,x,L) be a seed, and v € @ a vertex.
Then we can construct a new seed Q', which we call the mutation of Q at v, by saying
Q = (Q',x/,L/), where ()’ is as above and x' and L’ are defined as follows:

Pick an ordering on the vertices of @), with v, = v.

Let e; denote the ith basis vector in Z", where n = |Q|. Let

bz_ = —e€r + Z Bikei

Bir>0

b, = —e; — Z Bire;
B

k<0
For (ay,...,a,) € Z", define
1
)\(al, c. ,Cln) = 5 Z aiaiji
1<)
My, .., ay) = @)t ... g

Then define x' by 2/, = M(b}’) + M (b, ), and 2!, = z,, for u # v. Thus 2/, € T,(x, L) for all
u € Q.
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Proposition 2.83. z! is well-defined, that is, picking a different ordering on Q) gives the

same element of T,(x,L).
Proof. By [6, Lemma 4.4], M (a) is well-defined for a € Z". O

Remark. In the light of this, we can write b¥ for v € @Q, and M (bZ) is then well-defined.
A(bE) is not, but if we have picked an order on the vertices of ) then we will write A\(b)

to avoid having to identify k such that v, = v.

Proposition 2.84. ([6, Proposition 4.7] and [6, Proposition 4.9]). There exists a matriz
L' = (L, )uecq veqy such that:

(i) o' = q"wa! 2! for all u,w € Q; and
(ii) BTL = dI.
Therefore Q' = (Q',x',L’) is a seed with S,(x',L") C T,(x,L).

Remark. 1t is a straightforward check that L’ is given by L, =0, L, = > 5 BuwLuyw —
Ly forw #wv, L, =—L! ,and L = L., when u # v and w # v.

vw?

Proposition 2.85. ([6, Proposition 4.10]). Seed mutation is involutive, i.e. mutaling at

the same vertex v twice yields the original seed.

Definition 2.86. T'wo seeds are mutation equivalent if there exists a sequence of seed

mutations taking one to the other.

Remark. By Proposition 2.85, this is an equivalence relation.

Perhaps the most surprising property of cluster mutation is known as the Laurent phe-
nomenon: however many mutations you perform, you never leave the quantum torus gen-
erated by the initial seed. It would not be an understatement to say that this is the “funda-

mental theorem of (quantum) cluster algebras”.

Theorem 2.87 (Laurent phenomenon). (/6, Corollary 5.2]). Let Q = (Q,x,L) be a
seed, and let x; be a cluster variable from some seed which is mutation equivalent to Q.
Then x; € T,(x,L).

Definition 2.88. The quantum cluster algebra A,(Q) starting from a particular initial
seed Q = (@, x,L) is the subalgebra of T,(x, L) generated by the union of all the clusters

belonging to seeds mutation equivalent to the initial seed.
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2.5.2 Classical or commutative cluster algebras

Since the focus of this thesis is on noncommutative algebras, we have presented the quantum
side of cluster algebras first, but we will have use for a commutative - or “classical” version as
well. If one takes a quantum seed Q and sets the parameter ¢ to be 1, then the torus T (x, L)
becomes a commutative Laurent polynomial ring, and so the quantum cluster algebra A;(Q)
is a commutative ring too. But then the matrix L becomes irrelevant, so we remove the

requirement for it to exist. Formally:

Definition 2.89. A classical seed Q = (@, x) consists of a quiver ) and a set of cluster
variables (z,),cq-
The mutation of a classical seed at v € @ is the seed Q = (@', x’), where )’ is the

quiver mutation of () at v and x’ is given by
2, =x, ifv#£w

/ -1 bwv *bw'u
zy, =z, (U, >0my" + Hp,, <0m; ™)

Two seeds are mutation equivalent if there exists a sequence of seed mutations taking one
to the other.

Given a classical seed Q the classical cluster algebra A(Q) is the subalgebra of the
Laurent polynomial 77(x) generated by the union of all the cluster variables belonging to

seeds mutation equivalent to Q.
This definition makes sense, since the Laurent phenomenon still holds:

Theorem 2.90. (/11, Theorem 3.1]). Let Q = (Q,x) be a seed, and let x be a cluster

variable from some seed which is mutation equivalent to Q. Then x7 € T)(x).

Remark. As remarked earlier, from a historical point of view, this presentation is backwards
- commutative cluster algebras were introduced first, in [11], a few years before quantum

cluster algebras in [6].

Given a classical seed, one can create a quantum seed with the same quiver if and only
if there exists a skew-symmetrix integer matrix L indexed by ) such that the compatibility
condition BTL = dI holds. Since dI has rank equal to |Q |, which is the maximum rank of
B(Q), if the latter fails to have full rank then there is no quantum seed with the quiver Q.
For example, in the following quiver B(Q) has rank 2 whereas I has rank 3 so no quantum

seed with quiver () exists:
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If, however, such an L does exist, then it also induces a Poisson structure on the Lau-
rent polynomial ring 7' (x), given by {x,,z,} = LywZ,Ty. The matrix L mutates as in

the quantum case, with {z!, 2/ } = L! ! x!

vwloly, by essentially the same proof, meaning this

bracket extends to the cluster algebra A(Q). Such a bracket is sometimes known as a log-
canonical Poisson bracket. In this case, A(Q) with the log-canonical Poisson bracket is

the semiclassical limit of the family (A,(Q))qz0-

2.5.3 Some results on quantum cluster algebras

Definition 2.91. One frequent question regarding (quantum) cluster algebras is: what
(quantum) algebras can be given a quantum cluster algebra structure? Given a k-algebra A
which is a domain, a seed within A will be a seed Q = (@, x,L), such that S,(x,L) C A
- that is, the elements of x are pairwise skew-commuting elements of A, and L describes
those skew-commutators. Then we ask: if x7 is a cluster variable from some seed which is
mutation equivalent to Q, does ¢ € A? If it does, then A,(Q) C A, so does the set of all
such cluster variables generate A as a k-algebra? If it does, then A,(Q) = A, and we say
the initial seed Q describes a cluster algebra structure on A.

In this situation we will sometimes abuse notation to avoid naming the vertices of (), and

instead refer to them by the corresponding element of x.

Example 2.92. [Quantized coordinate rings of My(k) and SLs(k)] The quantized coordi-
nate ring of 2 x 2 matrices is the ring O,(My(k)) := (a,b,c,d : ab = gba, ac = qca,bd =
qdb, cd = qdc,be = ¢b,ad —da = (q— g *)be). This ring has a central element D, := ad — qbc,
called the quantum determinant; the factor ring O,(SLa(k)) := Oy(Ms(k))/(D,—1) is called
the quantized coordinate ring of SLy(k).

Both these rings have quantum cluster algebra structures. For O,(Mz(k)), one can the
following as the initial seed:

0 [8

[\

D,
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For O,(SLs(k)), one can take the following as the initial seed:

a +—— [b]

T

In both cases it is straightforward to check that the initial seed is indeed a seed (i.e. that
the skew-commutation matrix, which is determined by the relations in the respective ring, is
compatible with the quiver illustrated), and that a’ = d, so the seeds above describe cluster

algebra structures on the respective rings.

Other examples of rings with quantum cluster algebra structures include quantum Schu-
bert cell algebras ([19]), quantum Grassmannians ([22], [23]), and quantum double Bruhat
cells (conjectured in [6], proved in [20]).

Definition 2.93. The neighbourhood of a vertex v € @) is the subgraph of ) with vertex
set {v} U{w € @ : By, # 0} and all edges from @) between those vertices.

We remarked earlier that quiver mutation was a local process in the sense that if one
is mutating at v, and B,, = 0, then B] = B,, for all u € Q). So the only vertices that
are affected by the quiver mutation are the vertices in the neighbourhood of v. Therefore if
we have a description for a class of seeds that describes the neighbours of each vertex, and
wish to show that mutation remains in this class of seeds, one only needs to check that the

mutated vertex and its neighbours still satisfy the description.

Definition 2.94. A quiver @ is acyclic if it contains no cycles, that is, vertices vy, ..., v,

with vy = v, and arrows from v; to v;4; fort =0,...,n — 1.

Theorem 2.95. (/6, Theorem 7.5]). Let Q = (Q,x,L) be a seed such that the principal
part of Q) - that is, Q with the frozen vertices removed - is acyclic, and assume that q is

transcendental over Z. The A, (Q) is generated as a k-algebra by x U {x) : v € Qumut}-

Definition 2.96. A (quantum) cluster algebra is said to be of finite type if the set of

distinct seeds is finite.

Theorem 2.97. ([12, Theorem 1.4] in the commutative case; [6, Remark 6.3/, combining
[12, Theorem 1.4] with [6, Theorem 6.1], in the quantum case). A (quantum) cluster algebra
starting from initial seed Q is of finite type if and only if there exists some seed Q' which
is mutation equivalent to Q, such that the principal part of Q' is a disjoint union of finitely
many orientations of simply laced Dynkin diagrams (that is, Dynkin diagrams of type A, D
or E).
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Remark. Let Q = (Q,x,L) be aseed and let v € Q. Let X = x\ {z,} and L = L restricted
to x. Let A = S,(%,L) or T,(%,L), and let R be the subalgebra of T,(x,L) generated by
A, z, and z/. Then R can be presented as a generalised Weyl algebra with u normal (that
is, following the more general definition of [29] rather than the one given in Definition 2.63)

over A with z, and ] taking the roles of X and Y respectively.
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3 Prime ideals in ambiskew polynomial rings and gen-

eralised Weyl algebras

3.1 Simple localisation for ambiskew polynomial rings with central

Casimir elements

The aim of this section is to provide a simple localisation of the conformal ambiskew polyno-
mial ring R(A, a,v). The main result, Theorem 3.3, is analogous to [29, Theorem 4.7], and
follows a similar proof. That result uses a more general definition of an ambiskew polynomial
ring which does not require v to be central, which in turn implies that a Casimir element will
not be central either. If such a Casimir element exists then one can localise at the powers
of the Casimir element, and [29, Theorem 4.7] gives conditions for this localisation to be
simple. However, if v and the Casimir element z are central, then this localisation will not
be simple, since z — X is another central Casimir element for any A € k which will generate
a non-zero ideal in the localisation. So in this situation the natural localisation to consider

is the localisation at the set of non-zero elements of k[z].

Definition 3.1. Let k be a field, A a k-algebra, a a k-automorphism of A and v a central
element of A. Then define v(® := 0 and v™ := 5" 'al(v) for all m > 1.

Proposition 3.2. (/29, equation (2)]). Working in R(A, a,v), where A, a and v are as in
Definition 8.1, for all m > 0, xy™ — y™a = vMym1,

Proof. When m = 0 this is trivial; otherwise,
ay™ —y"e = ylay™ =y ) +oy™
(m—1), m

= yv Yy 4yt by induction
= (a(o"™ V) +v)y™!

_ ,U(m)ymfl. 0

Theorem 3.3. Let k be an algebraically closed field, A a k-algebra, o some k-automorphism
of A, and v a central element of A. Suppose also that {c € A : ¢ central in A and o(c) =
c} =k.

Let R = R(A,«,v) be the ambiskew polynomial ring defined by the above, and assume
that R is conformal with splitting element u - so z := xy — u is a Casimir element for R,

u+ A 1s also a splitting element for any A € k, and z — X is also a Casimir element for R

for any A € k. Let Z = k[z|* .= k[z] \ {0}.
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Then the ring S = Rz is simple if and only if the following hold:
(i) A is a-simple;
(ii) for all m > 1, o™ is not an inner automorphism of A;

(1i) for all m > 1, there exists a non-zero polynomial p (which may depend on m) over k

such that p(u) € v™ A.

To prove this, we use the following lemma which corresponds to, and uses the same proof
as, [29, Lemma 4.1].

Lemma 3.4. Let Y := {y' : i € N}. The ring S is simple if and only if Sy is simple and,

for all m > 1, there exists a non-zero polynomial p over k such that p(u) € VM A.

Proof. For the statement of the lemma to make sense, we must show that ) is a right Ore
set in S. Certainly ) is a right Ore set in Aly; «, since y is normal in that ring, then by
Lemma 2.42, since a~1(Y) = ), Y is a right Ore set in R, and hence by Lemma 2.43, ) is
a right Ore set in S. Similarly, ) is a left Ore set in R and in S.

Suppose that S is simple. Then Sy is simple by [18, Proposition 10.17(a)]. Let m > 1.
Let J be the k-subspace of R spanned by the elements of the form z'ay’, where 7,7 € N
and a € A, such that one of i > 0, j > m or a € v™A. We claim J is a right ideal of
R: certainly Jy C J, JA C J, and, using Proposition 3.2, z'ay’z € J if i > 0 or j > m.
Then using Proposition 3.2 again, ay/z = za(a)y’ — vWay’ ™', so ay’z € J if j = m or if
a € v'™A. So J is a right ideal of R. Let I := anng(R/J). This is a non-zero proper ideal
of R contained in J. (It’s non-zero because y™ € I). Since S = Rz is simple, there exists,
by Lemma 2.12, some element of Z N I. That is, there is some non-zero polynomial p such
that p(z) € I C J.

We note that x € J, and vzy = za(u")y € J for 0 < r < n. So since p(zy — u) €
Jp(—u) € J. But JNA=v"A sop(—u)e€v™A.

Conversely, suppose Sy is simple and that, for all m > 1, there exists some non-zero
polynomial p such that p(u) € v'™A. Let I be some non-zero ideal of S; then by Lemma
2.12 y™ € I for some m > 0. Choose the least such m and suppose m # 0. Then there exists
a non-zero polynomial p such that p(u) € v™ A. By Proposition 3.2, v™y™~! € I and so
™ Aym=t C I, 50 p(u)y™ ' € I. Assume that p has minimal degree such that p(u)y™ ' € I,
and assume that the degree of p is at least 1. So, since k is algebraically closed, factorise p

as p'(u)(u — \) for some A € k, where p/(u) necessarily has lower degree than p.
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Consider (z + A)p'(w)y™ ™" = p'(wzy™ — p'(u)(u — Ny = p'(w)zy™ — p(u)y™ " € I.
But z+ \ is invertible in S, so p/(u)y™ ! € I, contradicting the minimality of the degree of p.
Therefore p is a constant polynomial, and so y™ ! € I; but this contradicts the minimality

of m. Therefore m =0, 1 € I and so S is simple. n

Proof of Theorem 8.3. As in [29], Ry can be identified with A[y*';a][z]; also, by Lemma
243, (Ry)z = Sy.

Suppose (i) - (iii) hold. Then by (i) and (ii) and [33, 1.8.5], A[y*!; a] is simple. Further,
the condition {c¢ € A : ¢ central in A and «a(c) = ¢} = k is equivalent to Z(Afy*!;a]) = k.
So by Theorem 2.30, any prime ideal of Ry = A[y*!;a][z] contains an element of Z. Thus
by Proposition 2.11, (Ry)z = Sy is simple. Then by Lemma 3.4 and (iii), S is simple.

Conversely, suppose S is simple. Then, by Lemma 3.4, (iii) holds and Sy = (Ry)z is
simple. So by Lemma 2.12 any ideal of Ry = A[y*'; a][z] must contain an element of Z.

We claim this implies that A[y*!;a] is simple: if I is a non-zero ideal of A[y*!;a] then
Ik[z] is a non-zero ideal of Aly*!;a][2], so by the above contains some non-zero element of
k[z]; but this can only happen if 1 € I, so we’ve shown our claim.

Therefore, by [33, 1.8.5], (i) and (ii) hold. O
Showing condition (ii) is often straightforward.

Lemma 3.5. In the situation of Theorem 3.3, if &’™(v) # v for all m > 1, then condition

(i) holds. Further, if v is a reqular non-unit and condition (i) holds then this is always true.

Proof. v is central in A, so if o/ is inner then o (v) = v. So if the latter is not true for any
m > 1 then condition (ii) holds.

If v is a regular non-unit and o™ (v) = v then v---a™ '(v) is a central a-invariant non-
zero non-unit in A, and so generates a nontrivial a-stable ideal of A. So if condition (i) holds

and v is a regular non-unit then o™ (v) # v for all m > 1. O

Example 3.6. Let k be an algebraically closed field of characteristic 0. The universal en-
veloping algebra of sly, denoted U(sly), is the k-algebra generated by e, f, and h subject
to the relations he — eh = 2e, hf — fh = —2f, and ef — fe = h. This algebra has been ex-
tensively studied so the results of this section do not discover anything that was not already
well-known, but it is a useful example to illustrate the results of Sections 3.1-3.3. We will
see the example for which these results were developed in Section 5.4.

If A = k[h] and « is the k-automorphism of A defined by a(h) = h + 2 then U(sly) =
R(A,a, h) with x = eand y = f. This is a conformal ambiskew polynomial ring with splitting
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element u = = (h—1)? and associated central Casimir element z = ef+1(h—1)?. (The usual
Casimir element for U(sly), which is usually denoted Q = 2ef + 2fe + h? = def — 2h + h?,
satisfies Q = 4z — 1).

Since k is characteristic 0, the condition {¢ € A : ¢ central in A and a(c) = ¢} = k
holds and A is a-simple. Condition (ii) is also clear (or one can use Lemma 3.5). Finally,
0™ =m(h+m — 1) so taking p(t) = t + m?, we have p(u) = }(m+t—1)(m —t+1) and
so condition (iii) is satisfied. Therefore we can apply Theorem 3.3 showing that U(sls)x\0

is simple.

3.2 Height two primes in generalised Weyl algebras

In Theorem 2.66 we gave a simplicity criterion for generalised Weyl algebras. In this section,
we investigate what happens when one of the conditions from that theorem fails: specifically,
if uA + a™(u)A # A for some m > 1. The final result will assume that uA + a™(u)A = A
for all but one value of m, and in that situation uA + o (u)A will be a maximal ideal in A,

but some of the intermediate results will have weaker hypotheses.

Lemma 3.7. Suppose Au+ Aa™(u) = A. Let J be an ideal of T. IfY™ € J then Y™ € J;
if X™ € J then X™ 1 ¢ J.

Proof. It Y™ € J then uY™ ! = XY™ € J and o™ (u)Y™! = Y™X € J. So since
uA+am™(u) A=A Y"1 e .

Similarly, if X™ € J then YX™ = a(u)X™ ! and X™Y = o~ ™ VX™! ¢ J. Since
a(w)A+a~ ™ V(W) A =a M D (ud 4+ a™(u)A) = A, X e J. O

Corollary 3.8. Suppose Au+ Aa™(u) = A for 0 < m < n. Let J be an ideal of T, such
that either Y™ € J or X™ € J, for some 0 <m <n—1. Then 1€ J.

Definition 3.9. Let "= T'(A, a, u) be a generalised Weyl algebra such that, for some fixed
n € N:

1. Au+ Aa™(u) = A for 0 <m < n;

2. Au+ Aa™(u) # A.

For any ideal I of A containing Au + Aa™(u), we define
A fm>norm< —n
I =S a = D()N---nam™(I) if —(n—1)<m<0
a~=m(Nn-..nl f0<m<n—1
and then 7 := Sy (L, Y™ + I_, X™).
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Remark. This definition is X-Y symmetric in the following sense: we note that T'(A, a,u) =
T(A,a !, a(u)) where the roles of X and Y have been switched. If I is an ideal of A con-
taining Au+ Aa”(u), then J := a~"~(I) is an ideal of A containing Aa(u)+ Ao~ (u).
So we can define J,,, and J as in Definition 3.9. Then we have J,, = I_,, for all m, and so

J =1

Proposition 3.10. If m > 0, then I, C L1 and (1) C Ly, similarly, if m > 0 then
I wCI pyanda(I_,) CI 1.

Proof. This is immediate from the definition of I,,,. m
Lemma 3.11. Let T and I be as in Definition 3.9. Then T is a graded ideal of T'.

Proof. Since I, is an ideal of A for each m, ZA C Z and AZ C T.
For all m > 0,

(I, Y™)Y = L, Y™ C L, Y™

o Y(I,Y™) = a(l,) Y™ C [, , Y™,

(L X™X = Ly X" C Iy X

X(IpX™) = @ (1) X C T gy X

And for all m > 1,

(I, Y™X = L, Y™ a(u) = Lya™(w)Y™ ' € (I,na~=™(1)Y™ ' = [, Y™,
o X(I,Y™) = (aYL,)u)Y™ ' C (e Y (I,)N)Y™ =1, ;Y"1

(I X™)Y = [ X" = (I ™ V() X™t € (I Nam (1) Xmt =
Iy XY

V(I X™) = (a(I_pm)a(u)X™ ' C (a(l_p) Na~ D) X™ L =1, XL
Thus 7 is a graded ideal of T. O

Lemma 3.12. Let T, I, and T be as in Definition 3.9. Then Y X™A+1 = A for0 <m <

n— 1.
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Proof. We prove this by induction on m; when m = 0 the statement is trivial. So assume
m > 0, in which case
YTXMA+ T = (2ol (u) A+ 1
= (II"7'e’(uw) (@™ (u)A +uA) + I since u € I
=ymixmiA 4 since o™ (u)A +uA = A

=A by induction.
O

Corollary 3.13. Y" 'X" YA + [ = A, and so, since X" Y"1 = o~ (=D(yn-ixn-1)
Xmlyn=1A 4+ o~(=D(]) = A.

Definition 3.14. Let T" be as in Definition 3.9, and let x € T'. For m € Z, define x,, € A

to be the coefficient of Y™ (if m > 0) or X~ (if m <0) in z. That is, v =2_, X" +--- +

o+ +xsY?, for some r and s (which will always exist) such that x; =0 ift <7 ort > s.
If J is a subset of T then for m € Z define J,, := {x,, - x € J}.

Lemma 3.15. Let T be as in Definition 3.9. If J is an ideal of T then J,, is an ideal of A.

Proof. Given a € J,,, pick some y(a) € J such that y(a),, = a, which must exist by the
definition of .J,,.

If @ € J, and r € A then ry(a) € J, and (ry(a)), = ra, so ra € Jy,; similarly
y(a)a "(r) € J, and (y(a)a~"(7))m = ar, so ar € Jp,. If a,b € J,, then y(a) + y(b) € T,
soa+b=(y(a)+y(D))m € Jmn. Therefore J,, is an ideal of A. O

Lemma 3.16. Let T, I, and Z be as in Definition 3.9. If I is a maximal ideal of A, then T

is a maximal ideal of T'.

Proof. Let J be an ideal of T' with J D Z, and assume that J # T.

Suppose there exists © € J with =,y ¢ I,, 1 = I. Then, since I is maximal, J,, ; = A,
so we may assume that in fact x,,_1 = 1. Since Y™ € 7T C J for m > n, we may also assume
that z,, = 0 for m > n. Now consider y := X" 'z X' € J. Form > —(n—2), y, = 0, so
since X™ € J for m > n, this tells us that X*~'y"-1x"1 ¢ 7.

However, X" 'Y"1X" 1A 4+ o~ (=D([) X! = AX"! by Corollary 3.13, so since
a~(U()X"' ¢ T C J, this means X" ' € J, which is a contradiction since Corol-
lary 3.8 then implies 1 € J.

Therefore J,,_1 = 1,1 = 1.

Next, for any z € J, consider y := Y7/2Y" 7 for 0 < j <i < n — 1. This is an element of
J with y,_1 = a?(2,_1-4). So &/ (x,_1_;) € I, that is, x,_1_; € a7(I). Combining this for
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0 < j <1 and referring back to the definition of I,,_;_;, we get z,_1_; € I,,_1_;, and hence
Jn-1—i=1L,_1_;for 0 <i<n—1.

By the same argument with X and Y reversed, J_(,—1—s) = I_(n_1—y) for 0 < ¢ <n —1,
and so J = Z. Therefore 7 is maximal. O]

Lemma 3.17. Let T be as in Definition 3.9. Let I = Au + Aa™(u), and let T be as in
Definition 3.9. Then any prime ideal J of T containing X™ and Y™ must contain Z.

Proof. We claim first that if X® € J then Y"'X""!7 c J. We note that Y7 1X"!
commutes with elements of A, since by Lemma 2.64, Y™ ' X"~ = (II'_/ o/ (u)).

Firstly, Y '1X" € J, and so Y" ! X" 1[_ X" C J for all r > 1.

Secondly, Y"1 X" 1y = Y"1X"Y € J and Y" !'X" 1a"(u) = Y" la(u) X" ! =
Y" X" ¢ J; putting these two together, Y !X~ C 7, and since I, C I for all r > 0,
yn-lXn-lpyr ¢ J for all r > 0.

Combining these, we’ve shown our claim.

But now we know that TY" 1 X" 17 Cc 7, and TY" ' X" ! and T are both left ideals of
T. So, since J was assumed to be prime, either TY" !X ' Cc JorZ C J.

Suppose TY" 1 X"~! C J. Then we note that X"Y = o~ D(y) X" ! and YX" =
a(w)X™ 1. So a~ V()X c J and X" 'Y X" € 7, so by Corollary 3.13,
AX"™ 1 c 7. But this implies 1 € J by Lemma 3.8, which is a contradiction since J
is prime.

Therefore if 7 is prime and contains both X™ and Y, we must have Z C J. O]

Theorem 3.18. Let T = T(A, a,u) be a generalised Weyl algebra, with some n € Nt such
that:

(1) Au+ Aa™(u) = A for m >0 but m # n;

(11) M := Au+ Aa™(u) is a mazimal ideal in A;

(1ii) A is a-simple;

(1v) o™ is not an inner automorphism for any m > 1;
(v) w is regular.

Then we can define ideals M,, of A for m € Z as in Definition 3.9, and then the ideal
M of T in Definition 3.9. Then M is the unique non-trivial prime ideal of T.
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Proof. As remarked in [29, Notation 5.3], since u is regular, X = {X*:7 € N} and Y =
{Y? i € N} are left and right Ore sets in T with Ty = A[X*; a7l and Ty = A[Y*; ],
and with the assumptions we have on A and «, Ty and Ty are simple. So by Lemma 2.12
any non-zero prime ideal of 7" must contain some element of X and some element of ).

By Corollary 3.8 if an ideal of T' contains X" or Y for 0 < r < n it contains 1. By
Lemma 3.7 if an ideal of T' contains X" (resp. Y") for r > n it contains X" (resp. Y™).
Therefore any non-zero prime ideal of 7" must contain X" and Y. So by Lemma 3.17, any

non-zero prime ideal of 7" must contain M - but M is maximal by Lemma 3.16, so we’re
done. O

Ezample 3.19. Let k be an algebraically closed field of characteristic 0, and let A = k[h],
a(h) = h+2, and u = Z*(h — 1)?, as in Example 3.6, so R = R(A,a, h) = U(sly). There
is a central Casimir element z = xy — u, so for each A € k the factor rings R/(z — \)R are
generalised Weyl algebras T'(A, o, u + A).

Conditions (iii) - (v) of Theorem 3.18 are clearly satisfied. For (i) and (ii), A(u + \) +
Aa™(u+ A) = A iff the polynomials u+ A and o/ (u+ A) have no common roots. The roots
of u+ X are h = +(2\2 + 1); plugging these into a™(u + \) = L(h+2m — 1) + X gives
—m(i)\% + m). Since we only care about m > 0, there is therefore one root in common
if A = m? and no roots otherwise; in the terms of the theorem, A(u + \) + Aa™(u + \) is
maximal if A\ = m? and equals A otherwise.

Therefore, if A = m? then by Theorem 3.18 there is a unique maximal ideal of R strictly

containing (z — \)R, while otherwise, by Theorem 2.66, (2 — A)R is maximal.

3.3 Uniform rank

We recall that the uniform rank of a ring in some sense measures how far a ring is from
being a domain, and that for example the uniform rank of k[z,y|/(x,y)" = r for any r > 1.
We observe that, in the setting of Theorem 3.18, that, modulo M, X™ = Y™ = 0 but
X"l £ 0 # Y"1 and so one might expect the uniform rank of 7/M to be n. Since if
n=1T/M=A/M, we clearly need A/M to be a ring of right uniform rank 1, and we will
also assume that A/M is a domain; by the Remark after Theorem 2.37, this combination is
equivalent to A/M being a right Ore domain. We will remain in this setting for the rest of

this section.

Definition 3.20. Let T' = T'(A, a, u) satisfy the requirements of Theorem 3.18, with addi-
tionally the maximal ideal M = Au + Aa™(u) being such that A/M is a right Ore domain.
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Write M) := o~ (M), for r € N.

n—1
Let I .= ﬂM(’i) T 4+ M. This is a graded right ideal in T which contains M; so
=0

i;r
let J() := I /M, which is a graded right ideal in T/ M.
We aim to show that J@ @-..@J™Y = T/M, and that J™ is a uniform 7'/ M-module,

so therefore 7'/ M has right uniform dimension n.

Lemma 3.21. Let R be a ring, and let I and J be ideals generated by finitely many central

elements iy,...,1. and jq,...,Js respectively. Then IJ = JI.

Proof. Both I.J and JI are the ideal generated by the central elements {i,7, : 1 <a < 7,1 <
b < s} (noting i,Js = Jvia)- O

Lemma 3.22. Let R be a ring, and let I and J be right ideals in R such that [J = JI and
I+J=R. ThenIJ=1NJ.

Proof. For any right ideals, (I+J)(INJ) C JI+1J C INJ. If [+J = Rthen INJ = JI+1J
and if IJ = JI then JI + IJ = IJ, so if we have both then I NJ = 1J. O]

Lemma 3.23. Let T =T(A,a,u), n and M satisfy the requirements of Definition 3.20.
If0<i<j<nthen MCD 4+ MED = A,

Proof. M) + M©9) = Ao~ (u) + Aa""(u) + Aa™ (u) + Aa" (u)
= a7/ (Au+ Ac? ' (u)) + Aa"(u) + A" (u)

= A, since Au + Aa’""(u) = A by assumption.

Lemma 3.24. Let T = T(A,a,u), n and M satisfy the requirements of Definition 3.20.

Let i, 91, . .., 7, be distinct integers between 0 and n — 1 inclusive. Then
MED 4 HM(_jk) — A
k=1

Proof. We prove this by induction on r. When r = 1, this is immediate from Lemma 3.23,

so assume r > 1.
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MED 4 H M) — A0 a0 ppin) H WD)
k=1

— MY 4 Apin) by induction
=A by Lemma 3.23.

Lemma 3.25. Let T = T(A,a,u), n and M satisfy the requirements of Definition 3.20.

Let ji,...,J, be distinct integers between O and n — 1 inclusive. Then

- M(i) — - M)
=l

Proof. We prove this by induction on r. When r = 1 this is trivial, so assume r > 1.
r—1 r—1

Since H M) and M) commute by Lemma 3.21, and H M) 4+ M) = A by
i=1 i=1
Lemma 3.24, the conditions of Lemma 3.22 are satisfied, and so,

h M(—ji) — HM(—jz‘)) N M(—jr)
=1 i=1

r—1
= HM(_ji)> N M) by induction
i=1

r—1
= H M(ji)> M) by Lemma 3.22
i=1
— H M(*jz‘)'
i=1

Lemma 3.26. Let T = T(A,«,u), n and M satisfy the requirements of Definition 3.20.
For0<r<n-1,JOg...@ J" is a direct sum of right T/M-modules, and equals

((:lil M<i>> T + M) /M.

Proof. We prove these simultaneously by induction on r. The case r = 1 is just the definition
of J©,
We need to show two things: that (J©@ @ ... @ JC=Y)NJM =0, and that

n—1
(JO@ @ )40 = (( 11 M(i)) T+M) /M.

i=r+1
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For the first,

< (ﬁ MH)) T + M) nIo

n—1 n—1
- (H MU)) TN (HMW) T + M by definition of 1™

it
n—1
= (ﬂ M(_i)) T+ M by Lemma 3.25
=M by definition of M.
n—1
This is equivalent to (((H M(i)> T+ ./\/l> /M) NJM =0 as T/ M-modules, so

by induction, (J@ @ --- @ Jr-D)yn J0 = 0.

For the second,

(J(O) DD J(T—l)) + Jr)

n—1 n—1
= (H MH')) T + (HMH)) T + M) / M by induction
i=r i=0
i#£r
n—1 r—1
= < I1 MU)) (M”) + HMW) T+ M) /M
i=r+1 i=0
n—1
= H MEIT + M) //\/l by Lemma 3.24.
i=r+1
O]
Corollary 3.27. Takingr =n — 1, we get J© @ J) =T/ M.

Lemma 3.28. Let T =T(A,a,u), n and M satisfy the requirements of Definition 3.20.
Recall that J) is a graded right ideal of T/M. Let J = ]g)/Mm form € Z, so
JO =3, en(JO XM 4 JOY™Y. Then

ifm>n—rorm<-—r—1
g = i M /Hz—m ) f —r<m<0
m i#£r
[T, "M /H?:_ol_m ME) ifo<m<n—r—1.
\ i#£r
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Proof.
A fm>norm< —n
Recall that M, := ¢ [ M) if —(n—1)<m <0

1=—m

Hf*(}*m MED ifo<m<n—1

and that I HM + M,,. Then we apply Lemma 3.24, to get

2767’
(Mm tm>n—room<—r-—1
o QIS MED i —r <m <0
m i#tr
[ "MED ifo<m<n—r—1
\ iF#r
Then the result follows since J3 = I} [ M., O]

Lemma 3.29. Let T = T(A,a,u), n and M satisfy the requirements of Deﬁmtion 3.20.

Letm > 0. Ifb+M_,, is a non-zero element of JU),, then bX™Y ™+ M = bT1, o (u)+
M is also a non-zero element of J™)

Letm > 0. Ifb+M,, is a non-zero element of J3, then bY ™X™+ M = b, o (u)+M
is also a non-zero element of J).

Therefore, if a is a non-zero element of J™), then there exists m € N such that one of

aX™ or aY™ has non-zero coefficient in degree 0.

Proof. Suppose b+ M_,, is a non-zero element of J,m, sobe I m With b ¢ M_,,. Then
b¢ M7, Also, by Lemma 3.28, we must have 0 < m < r, so Hi:O a ' (u) ¢ M

We note that, by assumption, M is a completely prime ideal of A, and so M (") is also
a completely prime ideal of A for any r > 0.

Now bIIm, e i(u) ¢ M), since M) is completely prime. Therefore bY " X™ =
bI1, e i(u) ¢ My since My € M"). Therefore bY™X™ + M is a non-zero element of

J0 M

Similarly, suppose b + M,, € J is a non-zero element of JTS;), so b e I with b ¢ M,
and so b ¢ M. By Lemma 3.28, 0 <m <n—r—1,so0 [[[", o*(u) ¢ M. Therefore
bIIE, of(u) ¢ M), and so is not in My, and so bY™X™ + M = b[[, o'(u) + M is a
non-zero element of J.

For the final part, pick m such that a has non-zero coefficient in degree m or —m, and

apply the appropriate previous part. O
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Lemma 3.30. Let T =T(A,a,u), n and M satisfy the requirements of Definition 3.20.

Leta=a_, X"+ Fay+-+a,,Y" " €I soa+Mec J". Then al_[?;ola_i(u) +
i#£r
M = ao[[15 o~ (u) + M, which is non-zero in J iff ag ¢ M.
i#£r

Proof. For j > 0, the coefficient of X7 in a] [}y (u) is a_; ][}y @7 (u). Since 0 < j < r,
a~ =)= (u) = a7"(u) is one of the terms Z:: that product. lz;d since a_; € [[1 M9,
oy Tz ) € TT M0 = A, -

Similarly, for j > 0 the coefficient of Y7 in a[[/—y o (u) is a;[[}—y a/~*(u). Since 0 <
j<n—r—1 a0 (y) = a"(u) is one of Z?lze terms in thz;frproduct. And since
ajel_grlM( ajl_grl a~ i) e T2 MED = Mm;.

Therefore a] [}~y a~"(u) + M = ao[[=y @ *(u) + M. To complete the proof, we note that
if ay ¢ My then ergé M) and that 1_’[72’” Yo (u) ¢ M) also. Since A/M") is a domain,
ao[ 11—y o~ (u) ¢ M) > M,, and therzéf;re is non-zero in J. O

ir

Lemma 3.31. Let T' = T(A,«o,u), n and M satisfy the requirements of Definition 3.20.
Then J™) is a uniform T | M-module for each 0 <r <n —1.

Proof. We use Lemma 2.35, that is, J() is uniform iff for all non-zero ay,as € J™) /M, there
exist 1,79 € T/ M such that a;r; = agry # 0.
So let ay,as be non-zero elements of J™. By Lemmas 3.29 and 3.30, there exist 7/, 7}

such that a;7] and a1, are homogeneous of degree 0. Next:

J(r) 1757“ ~ A
0 Hn 1 M M(fr)

Since A/M(") = A/M, and the latter is a right uniform ring by assumption, A/M™")
is a uniform right A/M")-module. So Jér) is a uniform right A/M(")-module, and so
Jér) is a uniform right A/Mg-module. Therefore there exist r{, 7§ € A/Mj such that

ayrir! = agriyry # 0, and thus J) is a uniform 7'/ M-module. O
Theorem 3.32. Let T(A, o, u) be a generalised Weyl algebra such that, for some fizedn € N:
1. Au+ Aa™(u) = A for 0 <m < n and for n < m;
2. M := Au+ Aa™(u) is a mazimal ideal in A;
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3. A/M is a uniform ring and a domain.
Then the factor ring T /M has uniform rank n.

Proof. Each J) is a uniform submodule of T/M by Lemma 3.31, and J© @& --- @ J~1) =
T /M by Corollary 3.27. Therefore 7'/ M has uniform rank n. O

Ezample 3.33. The exceptional height 2 maximal ideals of U(sly) we found in Example 3.19,

which strictly contain (z — m?)U(sly), have uniform rank m.

3.4 Global dimensions

The aim of this section is to generalise the work of [25], predominantly §3, and [24], pre-
dominately §6 and 7, to the case of a noncommutative base ring sufficiently to be able to
determine the global dimensions of the rings we consider in Section 5. We could not obtain
a complete generalisation of those results in the general setting, but the results that are
available we present here.

The setup will be as follows: let k be an algebraically closed field, let K be a simple
ring with centre k, and let Z be a commutative finitely generated k-algebra which is an
integral domain. Let A = K ®; Z, let o be a k-automorphism of A such that a(K) = K
(we automatically have a(Z) = Z since Z(A) = Z), and let u € Z be such that a(u) # u.
So we can construct the ambiskew polynomial ring R = R(A, a,u — a(u)).

By [33, 9.6.9] the map I — K ® [ is a one-to-one correspondence between the ideals of
7 and the two-sided ideals of A, and this correspondence sends prime ideals to prime ideals.

We will at various times also assume that A is a-simple; we will state this when needed.

Write R, for the localisation of R at the set {z’ : ¢ > 1}, and similiarly R,. Note that
R, = Alz*';a7Y[z] and R, = Aly*'; a][z], where z = xy — u as in Definition 2.60.

Definition 3.34. An R-module X is z-torsion if, for all m € X, there exists r > 0 such
that 2"m = 0.

An R-module X is said to be zy-torsion if it is both z-torsion and y-torsion.
Definition 3.35. We will say A = K ®;, Z is nice if, in addition to the requirements above:

1. All maximal ideals of Z are isomorphic in the sense that, for any two maximal ideals
M, M’ of Z, there exists a k-automorphism ~ of Z such that v(M) = M’. Examples
of such Z include polynomial rings in finitely many variables over a field, and Laurent

polynomial rings in finitely many variables over a field.
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2. K is a constructible k-algebra as in [33, 9.4.12], that is, it can be obtained from k by
a finite number of ring extensions, each being either an almost normalising extension
([33, 1.6.10]), which includes skew polynomial or skew Laurent extensions), or a finite
module extension. In particular, this holds if K can be constructed as an iterated skew

polynomial or skew Laurent ring over k.

Lemma 3.36. Suppose that Z is finitely generated as a commutative k-algebra and K is a
constructible k-algebra. Then the only primitive ideals of A = K ®y Z are the ideals K @ M

where M is a maximal ideal of Z.

Proof. In the first case, by [33, 9.4.21], A satisfies the Nullstellensatz over Z. Then by the
primitive property ([33, 9.2.3]) and the correspondence above, the result follows. O

Definition 3.37. (cf. [25, 3.1]).

Let M be a maximal right ideal of A such that there exists A € k such that u — A € M.
(We note that this A must be unique). Let V(M) denote the following right R-module:

V(M) =D 5= Z(M as an A-module;

(a4 (M))y =aa) +a Y (M) for i >0, a € A;

(a+ a7 (M))x = ala)(a(u) — A) +a~ Y (M) for i > 1, a € A; and

(a+ M)x =0 for a € A.

(We note that a(a)a(u — ) € a(M), and so this last is consistent with the pattern from

)
-1

the previous line; however, we must define it separately since 0+ a(M) ¢ V (M)).

It is easy to check that this is a well-defined R-module structure.

Lemma 3.38. Let M be a mazimal right ideal of A such that there exists A € k such that
u—\€ M. Suppose M is such that «'(ZN M) ¢ o3(Z N M) fori,j >0 with i # j. Then
any non-zero submodule of V(M) must have the form

W, = @DHX ‘an where j > 0 is such that u — A € a~ I(M).

Proof. Firstly, we check that any such W is in fact a submodule. The only non-trivial check
is that (a + a9 (M))z € W, for a € A.
(a+ a7 (M))z = a(a)(a(u) — \) +a~U=D(M)
= (a(u) = Na(a) +a V(M)
=0+a U Y(M) as a(u) — A € o U=V (M),

since u — A € a7 (M).
So any such W; is a submodule of V(M). We note also that 1 + a7 (M) generates W

as an R-module.
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Now let V' be any non-zero submodule of V' (M).

Any element of V(M) can be written in the form X7 ,(a; + a~*(M)), for some a; € A
and n € N. Define the lower degree of an element of V' written in this form to be
inf{i : a; ¢ a~*(M)}, and define the length of an element of V written in this form to be
{i:as ¢ a=i(M)}].

Let p be an element of ¥V’ which has minimal lower degree amongst elements of V', and
call this degree j.

Now since M is a maximal right ideal of A, A/a (M) is a simple right A-module, so
there exists a € A such that pa = (14+a77/(M)) + X7, (a; +a~*(M)), for some a; € A and
n € N.

Considering paz = (a(u) —A+a~U=D(M))+- - -, since p has minimal lower degree among
elements of V', we see that a(u) — A € a=U=Y (M), and so u — A € a7 (M).

We now aim to show that 1 4+ a™/(M) € V'. Let p' := ¥ (a; + o *(M)) € V' be
an element of V' with lower degree 7, and suppose p’ has minimal length among elements
of V' with lower degree j. Suppose p’ has length > 1, that is, there exists k& > j with
ar, ¢ a~*(M). Then since a™(M) N Z # o ¥(M) N Z, there exists 2 € a™*(M) N Z with
z ¢ a/(M). Then since a /(M) is a maximal right ideal of A, there exists b € A with
2b+a (M) =1+a 7 (M).

Now consider p'zb = (a; + a™/(M)) + ¥}, (2a;b + o~*(M)). This has smaller length
than p/, since zayb € a~*(M), which is a contradiction to the minimality of the length of p'.
Therefore p’ has length 1, and so 1+ a7(M) € V', and we obtain V' = W;. m

Corollary 3.39. Let M be a maximal right ideal of A such that there exists X € k such that
u—\N€E M. If M is such that o«'(ZNM) ¢ o?(Z N M) fori,j >0 withi # j, then V(M)
has a unique simple quotient, determined by the least 7 > 0 is such that u — X € a7 (M).
We denote this simple module by L(M).

We note here that if z = zy — (u — ) with u — A € M, z annihilates V(M) and so also
L(M).

Lemma 3.40. (c¢f. [25, 3.10]). Suppose every maximal ideal of Z has infinite order under
a, i.e. if N is a mazimal ideal of Z then o'(N) # N for all i > 1. Let X be a simple
right R-module which is xy-torsion. Then X is isomorphic to L(M) for some M such that
L(M) # V(M).

Proof. This is proved as in [25, 3.10]. O
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Lemma 3.41. Suppose A = K ®y Z is nice in the sense of Definition 3.35, and rgld A = d.

Then for any maximal ideal M C Z, there exists a mazximal right ideal J of A such that
pd A/J =d and M C J.

Proof. By [33, 1.6.14] and [33, 1.1.3], K is (left and right) Noetherian, so by the Hilbert
basis theorem, A = K ®; Z is Noetherian. Then by [7, Prop 1.1], there exists a maximal
right ideal J of A such that pd A/J = d.

By Lemma 3.36, anny(A/J) = K ® M, for My some maximal ideal of Z, and so M, C J.
Then by assumption, there exists a k-automorphism ~ of Z such that v(My) = M. Then
M C (y®idg)(J) and pd A/(y®idg)(J) = d. So (y ®idk)(J) is the ideal we require. [J

Theorem 3.42. Suppose A = K Qi Z is nice in the sense of Definition 3.35, Z is a-simple,
and rgld A =d. Then if \ € k and j € N are such that:

1. A(lu — A) + Aa™(u— ) = A for 0 <m # j;
2. Alu— N+ Ad? (u — \) = M is a mazimal ideal in A.

Then there exists a mazimal right ideal J of A containing M such that L(J) has projective
dimension d + 2 (as an R-module). Therefore, rgld R = d + 2.

Proof. By Lemma 3.41, there exists a maximal right ideal J of A containing M such that
pd (A/J)4 = d. Since Z is a-simple, o’(Z N M) # Z N M for all M and all i # 0, and we
know u — X € a7 (M), so by Corollary 3.39, L(J) is finitely generated over A. Furthermore,
as an A-module, L(J) = @’_) A/a~*(M), and so p.d. L(J)4 = d. Therefore by [33, 7.9.16]
(twice), pd L(J)gr = d + 2, and so rgld R > d + 2.

On the other hand, by [33, 7.5.3(i)], since rgld A = d, rgld R < d + 2, and so rgld R =
d+2. [

We now turn our attention to the factor rings T'(u) := R/zR, where z = zy — u.

Lemma 3.43. Suppose we know that rgld R, = rgld R, = d + 1. Let X be a simple right
R-module which is not xy-torsion. Then pd Xr < d+ 1.

Proof. Either X, # 0 or X, # 0, so wlog X, # 0. If pd Xp =d + 2 thenrgld R=d + 2 >
rgld R, contradicting Theorem 2.50 (v). O

Theorem 3.44. Suppose A is nice and Z is a-simple, and also that rgld T'(u) # oo. Then
rgld T'(u) = d + 1 iff there exists a mazimal ideal N of Z containing both u and o’ (u) for

some j > 1.
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Proof. Firstly, we note that by Theorem 2.50 (iii), rgld 7'(u) < d + 1, since rgld R < d + 2.
If there exists such an NV, then by Theorem 3.42, there exists a maximal right ideal M of
A containing N such that pd L(J)r = d + 2 and z annihilates L(.J). Then by [33, 7.3.5(i)]
pd L(J)p@) = d + 1, since we cannot have pd L(J)p@) = 0o. So rgld T'(u) = d + 1.
Conversely, if there doesn’t exist such an IV, then for any maximal ideal M of A containing
u, L(M) = V(M). So by Lemma 3.40, any simple R-module X annihilated by z - that is,
any simple T'(u)-module - is not xy-torsion. So by Lemma 3.43, pd Xg < d+ 1, and by [33,
7.3.5(1)] pd Xrp@ < d. Finally, by [7, Prop 1.1], it suffices to check the global dimension of
T'(u) on simple T'(u)-modules. O

Lemma 3.45. Let J be a right ideal of A such that o(J) = J and pd (A/J)a = r. Then
rgld T(u) > r+ 1 for all u.

Proof. Define a right R-module W, in a similar fashion to before: as an A-module, W,, =
A/J, and

(a+ J)y =a(a) + J for a € A;

(a+ J)x =a(a)u+ J for a € A.

Again, it is easy to check this is a well-defined R-module structure. And a(xy—u) = 0 for
all a € A, so W, is a T'(u)-module. Applying [33, 7.9.16] twice, pd (W,)r = 7 + 2, then by
33, 7.3.9], either pd (W,)rew) = oo or pd (Wy)rw) = r+1; either way, rgld T'(u) > r+1. O

Note that this implies that we must always have rgld T'(u) > 1.
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4 Connected quantized Weyl algebras - definition and

classification

4.1 Definition and first properties

Recall the higher quantized Weyl algebras A%A of Definition 2.33. These have the following
property: they are generated by a finite set of elements X, together with a relation of the
form 2y — g, yx = 1., for each pair z, y of elements in X. (For A®? X = {x;,y; : 1 <i <n},
and r,, = 0 unless {z,y} = {z;,y;} for some 7).

We ask the question: what other rings have this property? A first observation is A%4
is built up of several copies of A (for different values of ¢), with any two generators from
different copies of A skew-commuting, so we should first investigate those rings which cannot

be split up in this fashion. More formally:

Definition 4.1. Let R be a k-algebra, where k is a field, and X C R be a finite generating

set for R. We say X presents R as a quantum space with Weyl relations if:

1. for every two elements x and y of X, they satisfy a relation of the form xy — g, ,yz = 4y,

where ¢, € k™ and ry, € k;

2. R has a PBW basis with respect to X, that is, we can write X = {zy,...,z,} (putting
an ordering on X) such that the set of monomials of the form z{*---z% form a basis
for R.

Definition 4.2. If X presents R as a quantum space with Weyl relations then we can form
the associated graph G(R, X) of this presentation as follows: let the vertex-set of G(R, X)
be X, and say that =,y € X have an edge between them iff r,, # 0.

A connected quantized Weyl algebra is a quantum space with Weyl relations whose

associated graph is connected.

Example 4.3. The first quantized Weyl algebra is a connected quantized Weyl algebra. Higher
quantized Weyl algebras are quantum spaces with Weyl relations, but not - at least with

respect to the normal presentation - connected quantized Weyl algebras.

Proposition 4.4. Let R be a k-algebra, and suppose X C R presents R as a quantum space
with Weyl relations. Then

(1) qyz = q;yl and 1y, = —szq;yl for all x,y € X, that is, the relations vy — QuyT = T4y

and yr — qyzTY = 1y, are the same relation;
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(1)
(iii)
(iv)

[fl’»y;Z € X wzth Twy 7é 0 then qzxq,zy — 1;
If x,y,z € X with ryy # 0 and ry, # 0 then ¢uy = Gy = Gou;

R is generated by X with respect to the relations {xy — quyyr =14y : v,y € X};

(v) If Y C X and S is the subalgebra of R generated by Y, then'Y presents S as a quantum

space with Weyl relations.

Proof. (i) We have 2y — quyyx = 14y, SO YT — q;ylxy = —q;;rwy.

But we also have yx — quexy = 7y

Subtracting these two equations, we get 2y(qye — @u)) = Tya + Gy Toy- I Gy # a3
then this violates the PBW basis condition, so we must have g, = q;yl, in which case

we also get 7ye + ¢y Ty = 0.

Pick an ordering of X, and let a < b < ¢ be elements of X. Consider cba € R. We
can write this in terms of this basis in two ways, by writing it first as (cb)a or as c(ba).

These give us, respectively:
Cba = QqucaQbaabC + Tep@ + 7ﬁcaqcbb + TvaqcbqcaCs
cba = GpaGeaqeb@bC + T4aC + TeaQoab + TebqbaGea .

Comparing coefficients of a gives us rg(1 — gpagea) = 0 (1), comparing coefficients of b
gives us e (e — @pa) = 0 (2), and comparing coefficients of ¢ gives us 74 (¢ep@ea — 1) = 0
(3). Relabelling appropriately, these three give us the desired result in all cases (when
combined with (i)). For example, if z < y < z then we take a = x, b =y, ¢ = z; by
(i), ryy # 0 implies r,, # 0, so (3) implies ¢,,q., = 1 as desired.

From parts (i) and (ii), 7, # 0 implies ¢,, = ¢, and r,, # 0 implies ¢,y = @2z

Pick an ordering on X such that R has a PBW basis with respect to that ordering. Let
F be the free k-algebra on X, and let I be the ideal of F' generated by {zy — ¢, yzr =
Tey T,y € X}. These relations show that the monomials in X form a spanning set
for F//I, so the natural surjection F'//I — R must be an isomorphism, since it maps a

spanning set for F'/I to a basis for R.

Order Y by restricting our order on X to Y. Relations between elements of Y of the
appropriate form hold in S because they hold in R. As in (iv), this shows that the

monomials in Y span S, while the monomials in Y are linearly independent since the
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monomials in Y are a subset of the monomials in X which form a basis for R, so are
linearly independent.
m

Proposition 4.5. Let R be a k-algebra, X C R a generating set, and let g,y € k™, 14y € k,

each for x,y € X, be such that q,, = q;yl and ry, = rzyq;yl. Then the following are equivalent:

1. X presents R as a quantum space with Weyl relations, with vy — quyx = 14y for

z,y € X.

2. We can write X = {xy,...,x,} such that R = R, = klx1|[za; ag, 0o - - - [T an, 1],
where «; is the k-automorphism of R;_y = k[x1] - [1;-1; a1, 0;—1] given by a;(x;) =
Quic;; 1 < j < i —1, and d; is the as-derivation of Ri_1 given by 6;(7;) = Tu;,
1<j<i—i

Proof. 2 = 1: By Proposition 2.21, the definitions of the «; and 9; show that R, has the
appropriate presentation, and R, has a PBW basis with respect to the same ordering of X
by 2.26.

1 = 2: We must first show that the given «; and §; do extend to valid automorphisms
and «;-derivations respectively on R; ;. By Proposition 4.4(iv) and Proposition 2.22 it
suffices to check that a;(z)a;(y) — quyai(y)ai(x) = 14y and 6;(x)y + i (x)0:(y) — quydi(y)x —
Qoyi(y)0;(z) = 0 for all x,y € X. The first of these becomes ¢u,4qs.y(TY — GuyyT) = oy,
equivalently ¢;,,¢.,, = 1, which holds by Proposition 4.4(ii); while the second becomes
Twiwl + QuaToy® — QoyTay® — QuyQuy sy = 0, which again follows from Proposition 4.4(ii).

So we have shown that R; exists for all i. Now we claim by induction that R; equals the
subalgebra of R generated by xi,...,x;. For ¢ = 1 this is trivial, and for higher ¢ it follows
direct from the definition of R; 1[x;; o, d;] given the choices of «; and §; and the PBW basis
condition, which guarantees that the subalgebra of R generated by x1, ..., z; is free as a left

module over R;_;. O
Corollary 4.6. Any quantum space with Weyl relations is a Noetherian domain.
Corollary 4.7. Let X present R as a quantum space with Weyl relations. Then

GK dim.R = | X|
Proof. This follows from Proposition 4.5 by repeated application of Theorem 2.57. O]

Proposition 4.8. Let X present R as a quantum space with Weyl relations. Then R has a
PBW basis with respect to any ordering of X.
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Proof. Given an ordering on X, the relations that hold in R show that any element of R can
be written as a sum of monomials in X with respect to that ordering, so those monomials
span X.

Now suppose that the monomials in X with respect to our ordering are not linearly
independent, and let p be some non-trivial sum of monomials in X which equals 0 in R.
Pick z and y € X which are adjacent in our ordering, and consider a new ordering on X
which has x and y switched. Then the relation yr = gy ,xy + ry, allows us to rewrite p
with respect to the new ordering, and there is a one-to-one correspondence between the
monomials of highest total degree in p and the monomials of highest total degree in our
rewriting of p, so p is still a non-trivial sum of monomials. So the monomials in X with
respect to our new ordering are not linearly independent. But since the symmetric group
on n elements is generated by the transpositions of adjacent numbers, this means that the
monomials in X with respect to any ordering are not linearly independent, a contradiction

to our assumptions. O

Corollary 4.9. Let X present R as a quantum space with Weyl relations, and write X =
{z1,...,2,} for any ordering of the elements of X. Then R can be written as an iterated
skew polynomial ring R[x1][xe; g, 0a] -« - [Xn; vn, 0n], where the oy and §; are automorphisms

and a;-derivations respectively of the appropriate rings, as in Proposition 4.5.

4.2 Classification

Definition 4.10. The ring L?, where n € N and ¢ € k*, is generated by X, = {zy,...,2,}
with relations

TiTir1 — qTir; =1—¢q, for 1 <7< n—1;

riv; —qre; =0, fori<j, j#i+1,j—i=1 mod 2;

ziw; —q e =0,fori<j, j#i+1,j—i=0 mod 2.

Definition 4.11. The ring C?, where n is an odd positive integer and ¢ € k>, is generated
by Y, = {z1,...,x,} with relations

TiTir1 — qrimr; =1—¢q, for 1 <iv<n—1;

TpX1 — qr1T, = 1 — ¢;

rix; —qrye; =0, fori<j,j#i+1,7—i=1 mod 2;

viw;—q tajr;=0,fori<j,j#i+1,j—i=0 mod 2, (i,7) # (1,n).

Proposition 4.12. Provided ¢ # 1, LY and CZ are both connected quantized Weyl algebras

with respect to the generating sets X,, and Y, respectively.
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Proof. The main part is to show that they are quantum spaces with Weyl relations with
respect to these generating sets; if they are, then the associated graphs are an n-vertex path
for L and an n-vertex cycle for C4, which are both connected. (It is here that the condition
q # 1 is required, since L} and C! are commutative polynomial rings. It is possible to use
relations of the form z;x; — gx;x; = 1 rather than z;z; — qv;z; = 1 — ¢, in which case Ll
and C! are indeed connected quantized Weyl algebras; however, many of the calculations
are easier in the form we use, and as we shall see later, the case ¢ = 1 is not our primary
concern anyway. )

By induction and Proposition 4.5, it suffices to show that the maps «,, and §,, of Proposi-

q

tion 4.5 define valid automorphisms and «,,-derivations on L;,_,,

and so by Proposition 2.22
it suffices to show that they preserve the defining relations of L! ;.
We first consider the automorphism and derivation of L! ;| required for L. Define
() = ¢~
For1<i:<n-2,

ZT;.

on(Timi1 — iz — (1= q)) = ¢ @i — qriar) — (1-q)
=(1-qg)—(1-g9
= 0 as required.

Fori<j—1<n-—1,

(i — ¢ ) — DO (i — YT )
= 0 as required.

These combine to show that «, is a k-automorphism of L! ;.

Now define 6, (z,_1) =1 —¢ ', and §,(x;) = 0 otherwise.

For v <n — 2,

Oon(Tixiv1 — qriviz; — (1 —q)) = 0 as required.

Considering i =n — 2,

On(Tpo0Tpn 1 — qTn1Tpo— (1—¢q)) =an(r, o)1 —q¢ ') —q(l—qg )z, o

= ( as required.

Fori<j<n-—1,

Op (T — q(’l)j_ma:jxi) = 0 as required.
For+<n—1,
On(TiTp—1 — q(_l)nilimfﬂi) = (z;)(1 — ¢ i — q(_l)nﬂ.(l —q Nz

= 0 as required.
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These combine to show that d,, is an a,,-derivation of L{ ;. So L% is indeed a connected

quantized Weyl algebra.

Now let n be odd. We note that the automorphism of L! | required for C? is the same
a,, defined above. Define v, (z1) =1 — ¢, Yu(zn_1) =1 — ¢, and 7, (z;) = 0 otherwise.
(@122 — quazs — (1= ¢q)) = (1 —q)a2 — gan(z2)(1 —q)
= (1—q)zs—qq 'z2(1—q)
= 0 as required.

For2<j<n-—1,

(—1y—1

ziz)) = (1—q)z;— (1 - )¢ an(z)

Yu(T175 — ¢ (1
(1—q)z; — (1 —q)qq™V" V" g
= (1—q)z;— (1—q)qq"""
0 as required.

(1 - q)xn 1+ O‘n(xl)(l - qil)

- Q(l - q_ )33'1 - qan(ajn—l)xl

5n($1117n71 - qxnflml) =

= (1—q)zp1+qri(1—q¢ ) —q(l — ¢ a1 — qq ' apn

= 0 as required.
These, together with the fact that ¢, (z;) = vn(x;) for i # 1, show that 7, is an «,-

derivation of L ;. So C? is indeed a connected quantized Weyl algebra. [

Remark. The associated graph of (L4, X,,) is an n-vertex path:

X o) Tp—1

The associated graph of (C4,Y},,) is an n-vertex cycle (depicted for n = 5):

x1 X2

/ AN

X5 xs3

~

Xy

Proposition 4.13. Let X present R as a connected quantized Weyl algebra. Then there
exists q € k> such that quy € {q,q" '} for allz #y € X.
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Proof. We prove this by induction on n = | X|. When n = 1 or n = 2 this is trivial. When
n > 2, pick x € X such that removing = from G(R, X) does not disconnect the graph, and
let S be the subalgebra of R generated by X \ {z}. Then by Proposition 4.4 (v), X \ {z}
presents S as a connected quantized Weyl algebra, so by induction, there exists ¢ € k* such
that g,. € {¢,¢" '} for all y # z € X \ {z}.

Now since G(R, X) is connected, there exists y € X such that r,, # 0. So by Proposition
4.4 (ii), for all z € X \ {z,y} we have ¢., = q,. € {¢,¢'}. Finally since n > 2 and
G(S9,X \ {z}) is connected, there must be t € X \ {x,y} such that r, # 0, and so by
Proposition 4.4 (ii) we have g, = ¢+ € {q,q¢" '} O

Definition 4.14. Let X present R as a quantum space with Weyl relations, and let ¢ € k*.
We say (R, X) is a ¢-quantum space with Weyl relations, or ¢-gswr for short, if
Gy € {q,q '} forall z #y € X.

If X in fact presents R as a connected quantized Weyl algebra then we say (R, X) is a

connected ¢-quantized Weyl algebra, or ¢-cqwa for short.

Remark. Not every quantum space with Weyl relations is a ¢g-qswr, but by Proposition 4.13,
any connected quantized Weyl algebra is a g-qcwa for some q € k.
Remark. Any g-gswr (resp. ¢-qcwa) is a ¢~ l-qswr (resp. ¢~ '-qcwa).

The next result, which is a basic result from graph theory, will allow us to prove results
on connected quantized Weyl algebras by induction: using this and Proposition 4.4 (iv), if
X presents R as a connected quantized Weyl algebra, then there exists v € X such that
X \ {v} presents the subalgebra S of R generated by X \ {v} as a connected quantized Weyl
algebra, so we can apply induction to (S, X \ {v}).

Proposition 4.15. Let G be a connected graph. Then there exists v € G such that G \ {v}

15 still connected.

Proof. Any connected graph has a spanning tree (i.e. a subgraph with the same vertices but
possibly fewer edges which is connected and acyclic); any tree has a leaf (a vertex of degree
1). Removing this leaf leaves the spanning tree connected, so must leave the original graph

connected. O

We will be aiming to show that a ¢-cqwa is always isomorphic to one of our known
examples (when ¢? # 1, these are L4 and C?). To perform the induction described above,
we will want to replace (S, X \ {v}) by our known example in such a way that adding v
back in gives us a g-qswr again. The following definition turns out to be what we need, as

Proposition 4.20 shows.
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Definition 4.16. Let R be a k-algebra, ¢ € k™, and X and Y be generating sets for R
such that (R, X) and (R,Y’) are both ¢g-gswrs. (We note that we must have |X| = |Y| by
Proposition 4.7). Then we say that Y is g-compatible with X if, given any ring extension
T D R and z € T such that, for all x € X, there exists ¢,. € {¢,¢7'}, 7. € k such that
TZ — Qu 2T = Ty, then, for all y € Y, there exists ¢,. € {¢,¢"'} and r,, € k such that
Yz = qyzRY = Ty

If X is g-compatible with Y and Y is g-compatible with X then we say X and Y are
g-compatible.

Suppose further we have a bijection ¢ : X — Y. We say Y is graph-g-compatible with
X if: for x € X and 2’ € X, 7(z)g(2) Is nonzero if and only if r,,/ is nonzero, and ry(y). is
nonzero if and only if r,, is nonzero. If X is also graph-g-compatible with Y then we say
X and Y are graph-g-compatible. If this is the case, G(R, X) and G(R,Y’) are isomorphic
graphs (but this is a stronger condition than that).

Proposition 4.17. Let R be a k-algebra, ¢ € k*, and X, Y and Z be generating sets for
R such that (R, X), (R,Y) and (R, Z) are all g-qswrs. If X and Y are q-compatible and Y
and Z are g-compatible then X and Z are q-compatible; the same is true if “q-compatible”

15 replaced by “graph-q-compatible”.
Proof. This is immediate from the definitions. ]

Definition 4.18. Let (R, X) and (S,Y) be ¢g-gswrs. We say a ring isomorphism ¢ : R — S
is a g-qswr isomorphism if ¢(X) and Y are g-compatible. If ¢(X) and Y are graph-g-
compatible then we say ¢ is a graph-¢g-qswr isomorphism while if ¢(X) =Y then we say

¢ is a strong ¢-qswr isomorphism.

Remark. If (R, X) and (S,Y) are strongly ¢-gswr isomorphic g-qswrs, and Y is another
generating set for S such that (S,Y”) is a ¢-gswr, then (R, X) and (S,Y’) are (graph-)g-
isomorphic if and only if Y and Y’ are (graph-)g-compatible.

Proposition 4.19. Let (R, X) and (S,Y) be q-qswrs. If ¢ : R — S is a (graph) q-qswr
isomorphism then ¢~ is also a (graph) q-qswr isomorphism.
Let (R, X), (S,Y), and (T, Z) be q-qswrs. If ¢ : R — S and ¢ : S — T are (graph)

q-qswr isomorphisms then o ¢ : R — T is a (graph) q-qswr isomorphism.

Proof. Since ¢(X) and Y are (graph) g-compatible, their images X and ¢~*(Y) under ¢
must be (graph) g-compatible also.
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Since ¢(X) and Y are (graph) g-compatible, their images 1) o ¢(X) and ¥ (Y") must be
(graph) g-compatible; therfore since 1(Y') and Z are (graph) g-compatible, by Proposition
4.17, ¢ o ¢(X) and Z are (graph) g-compatible. O

Proposition 4.20. Let (R, X) be a q-qgswr. Let Y C X and let S be the subalgebra of R
generated by Y, so by Proposition 4.4 (v), (S,Y) is a g-qswr. LetY' be a generating set for S
such that (S,Y") is a q-gswr and Y and Y’ are g-compatible. Finally let X' :=Y'U (X \Y).
Then (R, X") is a g-qgswr and X and X' are q-compatible.

The same is true if “g-compatible” is replaced by “graph-q-compatible”.

Proof. Certainly, X’ generates R, since Y’ generates S and S U (X \ Y) generates R. Also,
relations of the form zy — ¢, yx = 14y, with ¢, = ¢*! if z # y, hold for all z,y € X': if
z,y € Y or z,y € (X \Y) then this follows from (S,Y”’) or (R, X) (respectively) being
g-gqswrs; while if z € (X \ V) and y € Y or vice versa, this follows from the g-compatibility
of Y and Y”, the fact that R is a ring extension of S, and the fact that (R, X) is a ¢g-qswr.

To show that R has a PBW basis with respect to X', let m = |S| and n = |R],
and order X such that Y = {xi,...,2,,}; then by Corollary 4.9, R can be written as
STma1; Cmats Omit] * - - [Tn; i, 0y]; meanwhile, if we write Y/ = {y;,...,yn} for any order-
ing then S = k[y1] - [Um; m, Om]; putting these together, and applying Proposition 4.5,
we're done.

To show that X’ is g-compatible with X, let " D R be a ring extension of the appropriate
form, and let z € X'. If x € Y’ then ¢g-compatibility of Y and Y’ gives a relation of the
required form, while if x ¢ Y’ then 2 € X, so a relation of the required form already holds.
The same proof shows that X is g-compatible with X', so X and X’ are ¢-compatible.

To show that X and X’ are graph-g-compatible if Y and Y’ are graph-g-compatible, let
¢ : Y — Y’ be the designated bijection, and extend ¢ to a bijection X — X’ by setting
¢(x) = x. Then for z,2" € X, ry@)p@) is nonzero if and only if ry, by the graph-g-
compatibility of Y and Y’ if at least one of x and 2’ is in Y, or because ¢(x) = z and
¢(2") = 2’ otherwise; while for x € X, z € T where T is a ring extension of R of the
appropriate form, 74(,), is nonzero if and only if r,. is nonzero by the graph-g-compatibility
of Yand Yifz € Y, or by = ¢(z) if not. O

A lot of the above is unnecessary if we are only considering g-qswrs with ¢ # 1: here
we only need to rescale elements of our generating set by non-zero scalars, in which case
we get graph-g-compatibility. However, when we consider the case ¢ = 1 later we will get

g-compatibility without graph-g-compatibility.
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Lemma 4.21. Let (S,Y) be a q-qgswr, and let y' = \yy for all y € Y, where each A, € k*.
Then Y’ :={y :y € Y} is graph-q-compatible with Y.

Proof. First we must show that (R,Y’) is a ¢-qswr. Certainly Y’ generates R, and any
monomial in Y’ is a scalar multiple of one in Y, so if the monomials in Y form a basis
for R then the monomials in Y’ do so too. Next, if z,y € Y with zy — ¢,yyxr = r,, then
'Y — Qo' = AgAyryy, SO setting gy = quy and 1y = ApAyry,, we have o'y’ — gy y'a’ =
T2y as required, and further, r,,, is nonzero if and only if r,, is.

Let T be a ring extension of S and let z € T be such that, for all y € Y, there exists
4y € {¢,q '}, ry» € k such that yz — q.2y = ry,. Then y'z — g2y = A\yryz, and so Y is
g-compatible with Y’; the reverse holds by symmetry. Further, r,, = Ayry., so r,/ is nonzero

if and only if r,, is; O]

Our aim is to show that, for ¢* # 1, any g-cqwa is either L¢ or, if n is odd, C%. There
will be two parts: first, show that, up to graph-g-qswr isomorphism, these are the only
possibilities whose associated graphs are the associated graphs of LI or C¢ (which are an
n-vertex path and an n-vertex cycle respectively); second, show that those associated graphs

are the only possibilities for a g-cqwa.

Lemma 4.22. Let ¢ € k* be such that ¢* # 1.

(i) Let (R, X) be a q-qswr such that G(R, X) is an n-vertex path. Then R is graph-q-qswr

isomorphic to LY.

(i1) Suppose our base field k has square roots, and let (R, X) be a q-qswr such that G(R, X)

is an n-vertex cycle, where n is odd. Then R is graph-q-qswr isomorphic to CY.

Proof. (i) We prove this by induction on n. We will find a set X’ which is g-compatible
with X such that (R, X’) is strongly ¢-qswr isomorphic to LZ.

When n = 1, (R, X) is strongly g-gswr isomorphic to L{ since they are both polynomial

rings in one variable over k.

When n = 2, we can write X = {z,y} such that R is generated by z and y subject
to the relation zy — qyxr = r for some r # 0. Letting ¢/ = (1 — ¢)r 'y, X' := {z,y}
is graph-¢g-compatible with X by Lemma 4.21, and zy’ — qy’x = 1 — ¢ so (R, X’) is
strongly g-qswr isomorphic to Li.

When n > 2, let z be one of the end vertices of the path, and let S be the subalgebra
of R generated by Y := X'\ {z}, so by Proposition 4.4 (v), S is a g-qswr. By induction,
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q
n—1

S is graph-g-qswr isomorphic to L so let Y’ be a generating set for S such that
(S,Y") is strongly g-qswr isomorphic to L! | and Y and Y’ are graph-g-compatible.
Then let X’ :=Y'"U{z}, so (R, X’) is a ¢-gswr and X and X’ are graph-g-compatible
by Proposition 4.20. In particular G(R, X’) is an n-vertex path with z being one of

the end vertices.

Let z € X’ and y € X' be the two vertices nearest to z, that is, r,, # 0 and r,, # 0.
Either ¢,, = q or ¢, = ¢"'; since LI | = Lf:l and all g-qswr properties are invariant

under switching ¢ for ¢=!, by switching ¢ and ¢! if necessary we can assume ¢, = q.

Set 2/ := (1 — q)r,}z and set X" :=Y' U {2}, so (R, X") is a g-qswr and X" and X
are graph-g-compatible by Proposition 4.20.

By Proposition 4.4 (iii), ¢,» = ¢z = ¢, and then by Proposition 4.4 (ii), ¢.; = q‘;‘/l for
t ¢ {y, z}; therefore g,. = ¢, = ¢ and ¢,y = qy_t1 for t ¢ {y,z}. Also r,, =1 — ¢ and
T = 0 fort € X” with t # y. Checking this with the definition of LZ (Definition 4.10),
(R, X") is strongly g-gswr isomorphic to L?, and so since X” is graph g-compatible

with X, we're done.

When n = 1, R is strongly ¢-gswr isomorphic to C{ since they are both polynomial

rings in one variable over k.

Otherwise, let z € X, and let S be the subalgebra of R generated by X \ {z}, so by
Proposition 4.4 (v), S'is a g-gswr. By the previous part, S is graph-g-gswr isomorphic to
ng—la

to LI, and Y and Y’ are graph-¢g-compatible. Then let X' := Y" U {z}, so (R, X’)
is a ¢-gswr and X and X' are graph-g-compatible by Proposition 4.20. In particular

so let Y’ be a generating set for S such that (S,Y”) is strongly ¢g-gqswr isomorphic

G(R,X') is an n-vertex cycle.

There are two pairs (z,y) with z,y € X’ such that r,, # 0 and r,, # 0; consider the
pair such that ¢,, = ¢. By Proposition 4.4 (iii), ¢,, = ¢.. = ¢, and then by Proposition
4.4 (i), g = qy’t1 for t ¢ {y, z}.

Let w € X' be such that w # y but r,,, # 0. Relabel the elements of Y’ with y := y;,
T =Y, ..., W= Yp_1, 50 ¥; and y;4q are always adjacent in G(S,Y”). ry,.., =1—¢q
but ry,, = 0if |i —j| > 1, while r := r,,, # 0 and s := ry,_, # 0 but r,,, = 0
otherwise.

Let . := ry; if ¢ is even, y. := sy; if ¢ is odd, and 2’ := (1 — ¢)z. So X" :={y. : 1 <
i <n—1}U{2'} is graph-¢g-compatible with X', ¢y, = qu, for t,u € X'. If t,u € X’
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then 7y, = 0 if r, = 0, and otherwise we have r.,, =ry,,., =7, _,. = (1 —¢q)rs.

Finally let ¢/ := (rs)~2t for t € X", so X" := {t' : t € X"} is graph-¢g-compatible with
X" and so with X, and (R, X") is strongly ¢g-qswr isomorphic to C4.
L]

Lemma 4.23. Let X present R as a connected quantized Weyl algebra with ¢2, # 1 for some
a,b € X, and let v € X. Then there are at most two elements y € X such that ry, # 0, that
is, no vertex of G(R, X)) has degree greater than 2.

Proof. Suppose there are three such elements, y, z, and w. Then by Proposition 4.4 (iii)
applied three times, ¢z = ¢z: = Quz = ¢y and so qu = 1, contradicting Proposition 4.13

and the assumption. O

Theorem 4.24. Let k be a field with square roots, and let (R, X) be a q-cquwa with ¢* # 1.
Then if n is even, (R, X) is graph-q-qswr isomorphic to L%, while if n is odd, (R,X) is

graph-q-qswr isomorphic to either L1 or C1.

Proof. We prove this by induction on n := |X|. When n =1 or n = 2 then G(R, X) is an
n-vertex path, so we're done by by Lemma 4.22.

So suppose n > 2. Let x € X be such that x does not disconnect G(R, X), and let S be the
subalgebra of R generated by Y := X \ {z}. Then by induction, there is Y’ such that (S,Y”)
is a g-gqswr, Y and Y are graph-g-compatible, and (S,Y”) is strongly ¢g-gswr isomorphic to
either L1, or CY_,  with the latter only possible if n is even. Let X’ := Y’ U {z}, so by
Proposition 4.20, (R, X') is a ¢-gswr and X and X’ are graph-g-compatible. In particular,
G(R, X') is isomorphic to G(R, X)) and so is connected.

Suppose first that n is even and (.S, Y”) is strongly ¢g-qswr isomorphic to C!_,. Then there
must exist y € Y’ such that r,, # 0, but such a y would then have degree 3 in G(R, X'),

contradicting Lemma 4.23.

T T2

/ AN

r — Ts T3

~ 7

Xyq

Here x5 contradicts Lemma 4.23.

So (S,Y’) must be strongly g-qswr isomorphic to LI ;. Let u and v denote the two
elements of Y’ of degree 1 in G(S,Y”’), that is, the end vertices of the path. If y € Y,
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y ¢ {u,v} then r,, = 0, since if not then this y has degree 3 in G(R, X’), contradicting
Lemma 4.23.

X

Here x5 contradicts Lemma 4.23.

So since G(R, X') is connected, at least one of r,, and r,, must be nonzero. If only one is,
then G(R, X') is an n-vertex path, and so by Lemma 4.22 (i), (R, X') is graph-¢-isomorphic
to L2, while if both are non-zero and n is odd then G(R, X') is an n-vertex cycle and so by
4.22 (ii) (R, X') is graph-g-isomorphic to C¥.

u =T i)

I

T

Tp—1

Here (R, X') is graph-g-isomorphic to LI by Lemma 4.22 (i).

There remains one case: if n > 2 is even and both r,, # 0 and r,, # 0. In this case,
let w € Y’ be such that r,, # 0, as the diagram below illustrates. Then Proposition 4.4
(iil) gives ¢py = quw and Proposition 4.4 (ii) using r,, # 0 gives ¢, = Guy- But checking the
definition of L! |, qu., = g2, since u, v, and w correspond to z1, ¥, 1, and xy respectively.

This contradicts the assumption that ¢? # 1, so this case cannot arise.

U =T

W = Iy Tp_1

T

When n is even, this fails (as described above) since ¢ # 1.
[

So we have completed the classification of g-cqwas in the case ¢® # 1. The classification
when ¢? = 1 is very different. On the one hand, one can construct a g-qswr generated by a
set X given any choice of values of r,, for z,y € X (providing r,, = rxyqajyl); on the other,
when ¢ = 1, it turns out that any 1-qswr is in fact isomorphic to a polynomial ring over a

Weyl algebra.
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Theorem 4.25. Let X be a finite set, let ¢ = £1, and let v, € k for x,y € X be such that
Tyz = QTzy. Let R be the ring generated by X subject to the relations xy — qyx = 14y for each
x,y € X. Then X presents R as a quantum space with Weyl relations.

Proof. We show this by induction on | X|. Let {z1,...,x,} be an ordering of X with respect
to which R has a PBW basis. Let S be the subalgebra of R generated by Y = {x1,..., 2,1}
By induction and Proposition 4.5, it suffices to check that the automorphism of S given by
a(x;) = qr; and the a-derivation of S given by d(z;) = rs,., are well-defined, that is, by
Proposition 2.22, that they preserve the defining relations of S.

Any such defining relation is of the form w;2; — qvja; = 1. Noting that ¢* = 1,
a(ziv; — quja;) = oy — Prjr; = vivy — qujr; = Ta.; as required, while 0(x;x; — qr;2;) =

qQTiT2pz; + Topa; Tj — q2x]~r$n$i — QTz,2;7; = 0 as required, so we're done. O

Lemma 4.26. Let (R, X) be a 1-gswr. Let z,y € X, p € k*, and A € k. Define 2’ :=
uxr — Ay, and define X' := {2’} UX \ {z}. Then X and X' are 1-compatible.

Proof. First, using Proposition 4.21 to replace  with uz, we may assume p = 1.

First we need to check that (R, X’) is a l-gswr. Certainly X’ generates R. Given
z € X\{z}, vz — 22 =r,, and yz — 2y = ry,, so 2’z — za’ = ry, — Ary,. So the elements of
X' satisfy relations of the appropriate form.

Order X with z and then y first, and order X’ the same way but with x replaced by z'.
Then we know the monomials in X’ span R; we need to check they are linearly independent.
Suppose they are not, so p is some non-trivial sum of monomials in X’ that equals 0 in R.
Then we can use 2’ =  — Ay together with zy — yx = r,, to write p as a sum of monomials
in X, and by considering the terms of highest degree in 2’ in p, which correspond exactly
with the terms of highest degree in x in our rewriting of p, this is still a non-trivial sum.
But then p cannot be 0, since the monomials in X are linearly independent, so we have a
contradiction.

Now let T be a ring extension of R and let z € T be such that, forallw € X, wz—zw = r,,
for some r,,, € k. Then 2’z — 22’ = r,, — Ary,. So X’ is 1-compatible with X; the reverse is

also true by symmetry. O

Theorem 4.27. Let (R, X) be a 1-qswr. Then there exists X' such that (R, X") is a q-qswr,
X and X' are 1-compatible, and G(R, X') is isomorphic to a disjoint union of 2-vertex paths
and single vertices, and so (R, X) is 1-gswr isomorphic to a polynomial ring over a Weyl

algebra.
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Proof. Pick any z € X, let Y = X \ {z}, and let S be the subalgebra of R generated by Y.
Then by induction, there exists Y’ such that (S,Y”) is a 1-gswr, Y and Y are 1-compatible
and G(S,Y’) is isomorphic to a disjoint union of 2-vertex paths and single vertices. Let
X" =Y'"U{x}, so by Proposition 4.20, (R, X’) is a 1-qswr and X and X' are 1-compatible.

A typical example of the setting.

Suppose y, z € Y are such that r,, and r,, are nonzero - so by the properties of G(S,Y"),
rye =0=ryforallt € X'\ {z,y, z}. (Butr,, may be zero or not.) Then let 2’ = 1,2 —1,,2,
and let X” = Y" U {2'}, so by Lemma 4.26 X’ and X" are 1-compatible. We note that
Tary = Taylay — Taylay = 0 and ry, = 7,7y, while for t € X'\ {z,y, 2}, ron = ry. So

replacing x by 2’ reduces its degree in the associated graph by 1

I\

Here we can replace © by ©' = r,,@ — r,,z; the new graph is then:

O

\

O O

(0]

Now we can replace =’ by " = r,,x — r,,y; the new graph is then:

x// \
z @) o)

We can similarly remove the leftmost edge.

o

Therefore, we may assume that all of the neighbours of z in G(R, X’) are isolated vertices
in G(S,Y”’). Suppose there are two such neighbours y and z, that is, r,, and r,, are nonzero
but r,; = r,; = 0 for all other t. Let y = 7.,y — 17y2, and let X" = {y'} U X"\ {y}, so by
Lemma 4.26 X’ and X" are 1-compatible. We note that 7, = 13,75y — ryyrz. =0, 7y, = 0,
and r,y = 0 = ry, otherwise. So replacing y by v’ reduces the degree of z in the associated

graph by 1.
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Here we can replace y by y' = r,,y — r4,2; the new graph is then:

©) O O ©) Yy 4

So we may assume that x has at most one neighbour in G(R, X’). But then G(R, X') is
of the required form.

Finally we note that if  and y are such that r,, # 0, by Proposition 4.21 we may replace
z by @' :=rglx, 50 147, = 1. Therefore if G(R, X') is of the described form then (R, X) is

1-gswr isomorphic to a polynomial ring over a Weyl algebra. O]
Theorem 4.28. Let r > 1, s > 0 be integers. Then A,[z1,. .., zs] is 1-gswr isomorphic to a
1-cqua.

Proof. Let G be the associated graph of A,_1[z1,..., 2zs+1], and let G' = GU {z}, where z is
adjacent in G’ to every vertex of G. Then by Theorem 4.25, there exists a 1-qswr (R, X') with
G(R,X) = @', which is therefore a 1-cqwa since G’ is connected. Then following through
the proof of Theorem 4.27, one sees that G(R, X) is 1-qswr isomorphic to A,[z1,..., 2. O

Remark. This does not hold for r = 0 and s > 1, since any 1l-cqwa with more than 2

generators is noncommutative, but Aglzy, ..., 24| is a commutative polynomial ring.

Remark. The classification of —1-cqwas is harder, since neither Lemma 4.23, restricting the
possible associated graphs, nor Lemma 4.26, allowing us to change generators to modify
the associated graph, applies. One might conjecture that —1-cqwas - indeed —1-gswrs - are
classified by their associated graphs, but even this seems unlikely: consider a —1-cqwa whose
associated graph is a 4-cycle, so ry9, 123, 134 and r4; are non-zero. If one attempts to rescale

the generators using Lemma 4.21, the quantity 7“127"2_317“347“4_11 is invariant.
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5 Connected quantized Weyl algebras - ring-theoretic

properties

5.1 Normal elements in LY

We note that there is a natural embedding L¢ < LI for m < n by extending the natural
embedding X,,, — X,,, and similarly a natural embedding L — C? for m < n by extending
the natural embedding X,, — Y,,. We will use these embeddings implicitly from now on.
We define an automorphism 6 : C? — C? by extending the map z,, — z1, z; — z;14
otherwise. If m < n then the restriction of # to L gives a partial function, which we also call
0, defined on L? ,, whose range 6(L?

m—1 m—1

) is the subalgebra of L generated by za, ..., xp,.
Furthermore, this definition of 6 (as a partial function L? ; — LI ) is independent of the
choice of n, as is the definition of 6(z;)

To reduce the number of calculations we need to make, recall the opposite ring of a ring
R, usually denoted R°P, which has the same elements and additive structure as R, but the
product of two elements in R°P is their product in the opposite order in . When discussing
this we will continue to suppress multiplication in R, using -°® to denote multiplication in
the opposite ring, so a -°? b = ba.

This is useful because there is an isomorphism x*,, : LI — (L4 )°P given by extending the

map x; — Tpyy1—;. We note that whenever they are both defined, *, = 6" o x,,.
Definition 5.1. Define elements 2, € LI recursively by setting 21 = 0, zp = 1, and for
n>0, 2z, =2,_1Ty, — Zn_9.
Proposition 5.2. We describe some basic properties of these elements.

(i) 2 = 210(2,_1) — 0*(2,_2) for all m > 0.

(i1) *,(2n) = 2y for allm > 0.

(111) xiz = znw; (for 1 <i<mn,n>0 odd);

i—

TiZy = q(_l) 1zn3:i (for 1 <i<mn, n>0 even).

Thus, z, ts normal in L1, and central if n is odd.

1, if max{i,j} is odd or both i,j even,
(iv) zz; = qij2i%, where q;; = | q, if i odd, j even, i < j;

gt ifi even, j odd, i > j.
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(v) If1 <i+r<j, withi>1andr >0, 0"(z)z; = pijrz;0"(2), where

1 if 7 1s odd or i is even;
Dijr = 4 ¢ if 7 is even, 1 is odd and r is even;
q ' if j is even, i is odd and r is odd.

(vi) zix; = ;2 (fori even, i +1<j);
zix; = q W a2 (fori odd, i +1 < j).
Proof. (i) We prove this by induction on n.
When n =1, 210(2,_1) — 0*(2,_2) = 21 = 21 as required.
When n =2, 210(z,_1) — 0*(2,_2) = 2105 — 1 = 2y as required.
When n > 2,
Zn = Zn-1Tn — Zn_2
= 210(2n—2)Tn — 0% (2p—3) Ty — 210(2n_3) + 0*(2,_4) by induction
= 210(2n_1) — 0*(2p_2).
(ii) We prove this by induction on n. When n = 0 or n = 1 this is trivial, so assume n > 1.
i (2n) = #n(210(20-1) — 0% (2,—2))
=%, (21) P #,0(20_1) — *#,0%(2n_2)
=Ty Pk 1(2n-1) — *n—2(2n—2) since *, = 0" o x,,
=2, P Zp_1 — Zn_2 by induction
= Zp 1Ty — Zn_o
= 2n as required.
(iii) We prove this by induction on n. When n = 1 this is trivial, since z; = ;.
For the case n = 2,
T129 = T1T1Ty — T
= z1(qrory +1—q) — 21
= (qT1X2%1 — 4Ty
= q2911.

ko (To20 — q7122«7€2) = 21 —q T2y by (ii)

=0 by the previous calculation.
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Therefore since 5 is an isomorphism, xs2s — ¢ 12025 = 0, and we've proved the result

when n = 2.

If nis even and 7« < n — 2 then

Tizn = Ti(Zn_1Tn — Zn_2)

71)7171

= 2, 1T;Typ — zn,gq( T; by induction

-1 i—1 1 i—1
= q( ) “n—1Tndi — Q( ) Zn—2T4

_ 0

If i > 2 and n is even then
(~1yi-

Zndi.

S

*n(xizn —q anz) = ZnTp—i+1 — (4 Tn—it+1%n by (11)

=0 by the previous calculation.
Meanwhile if n is odd and ¢ < n — 2 then
Lien = xi(zn—lxn - Zn—2)

_1)—1 . .
(=1) Zn1TiTn — Zn_o%; by induction

=q
= Zn 1Tp%; — Zp_ok;
= ZpT;.
If + > 2 and n is odd then
sk (Ti2n — ZnT;) = ZpTp_is1 — Tniz12n by (ii)
=0 by the previous calculation.
We are almost done, but there remains the case when n = 3 and ¢ = 2, which is not

covered by any of the above:
ToZ3 = XTol1Tol3 — Tol] — Tol3
= ¢ 'mwamans + (1 — ¢ wgws — ¢ 'mwy — (1 — q7") — @93
= 21223%2 + ¢ (1 — Q)z120 — ¢ ' wawy — ¢ 'was — (1 — ¢ )
= 21 Xpw3Ty — 21Ty — 3ty — ¢ (1 —¢) — (1 —q ")
= 23T5.
(iv, v) (iv) is a special case of (v). For j odd this is immediate from part (iii).

For j even, we prove this by induction on ¢ for fixed 7. When ¢ = 0 this is trivial, while

when ¢ = 1 this is immediate from part (iii).
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For all odd i > 1, 0"(2;)z; = 0" (zi—1)Tiprzs — 0" (2im2)2;
= ¢V (zim1) @i — ¢V 207 (2i2)
= ¢ 20" (zim) i — ¢V 2507 (2i2)
= q(_l)rzjzi.
Meanwhile, for all even i > 1, 0"(2;)z; = 0" (2zi—1)Tiyrzj — 0" (2i—2) 2
= ¢ (2 ) 2wy, — 207 (210)
= 20" (zi—1)x; — 20" (2-2)
= 2;0"(2;).

(vi) We prove this by induction on ¢. When ¢ = 0 this is trivial and when ¢ = 1 this follows

from z; = x; and the definition of L{.

When ¢ > 1 is even and 5 > i+ 1,

Zilj = Z2i—1TiXj — 2j—2Xj

(~1

=q 2i 1T — TjZi—2 by induction and the definition of L}

= q(_l)'j_iq(_l)jszi_lxi — xj%;—p by induction
= ;% since 7 1S even.
When ¢ > 1isodd and j > 7+ 1,

Zilj = Z2;—1X;Xj — Z;—2X;

= q(*l)j_i_lzi,lxjxi — q(’l)j:z:jzi,g by induction and the definition of LY
= q(_l)jfiflszi_lxi - q(_l)jszi_g by induction
= q(—l)jszi since 7 is odd.

Proposition 5.3. For allv > 1,
(i) zixiv1 = xi12i + (1 — q)zi—1 (if i is even);
(11) ziwis1 = qriv1zi + (1 — q)ziq (if i is odd);
(iii) x10(z;) = 0(z;)x1 + (1 — q)0%(2i_1) (if i is even);
(iv) x10(2;) = q0(z)x1 + (1 — q)0%(zi_1) (if i is odd).

Proof. (i) For all even i > 1,
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ZiTin1 = Zi_1TiTis1 — Zi_2Tis1 by definition of z;
=z 1(qrip1xi + 1 — q) — zi2%i1 by the definition of L2
= Ti412i1%; — Tip1%Zi—2 + (1 — ¢)z;—1 by Proposition 5.2 (vi)
=iz + (1 — @)z
(ii) For all odd i > 1,
ZiTit] = Zi_1TiTist1 — Zi—2Tis1 by definition of z;
=zi1(qrip1x; + 1 — q) — zi2%i by the definition of LI
= qTi12i1%; — qTi12i-2 + (1 — q)z;_1 by Proposition 5.2 (vi)
=qrit1zi+ (1 —q)zi1.
(ili) For all even ¢ > 1,
kip1(210(2;) — 0(2)x1) = 201 — Ti12 by Proposition 5.2 (ii)
= (1 —q)zia by (i)
= *ir1((1 = @)0°(2i-1))-
Since ;.1 is an isomorphism, z160(z;) = 0(z;)x1 + (1 — q)0%(zi_1).
(iv) For all odd i > 1,
kir1(210(2;) — q0(2)x1) = Ziip1 — Qi1 2 by Proposition 5.2 (ii)
= (1 —q)zi by (i)
= #i11((1 = ¢)0°(2i-1))

Since *;,; is an isomorphism, z10(z;) = q0(z;)z; + (1 — q)0?(2;_1).

Corollary 5.4. For allt > 1,

(1) xiv12i = qziwign + (1 — @)z (if @ is even);
(11) quit12 = qzixign + (1 — @)ziya (if 1 is odd);
(iii) 0(zi)r1 = qu10(z;) + (1 — @)z (if i is even);
(1v) q8(z;)x1 = q210(2:) + (1 — @)z (if i is odd).

Proof. (i), (ii) Subtract (1 — q)(2zi11 + zi-1) = (1 — ¢)z;x;51 from both sides in Proposition

5.3 (i), (ii).
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(iii), (iv) Subtract (1 — q)(0*(zis1) + zi—1) = (1 — q)x10(2;) from both sides in Proposition

5.3 (iii), (iv).
0

Corollary 5.5. For alli > 1,
(i) 28wi1 — 2128 = (1 — q)[a)~1zi1207" (if i is even);
(1) 28wy — @ winzf = (1= q)lalgzia2{ " (if i is odd);
(iti) 2zl — a2z = (1 — q)algziaziy] (if i is even);
(v) zixiy — ¢l 2z = (1— Q)[a}qzi—lx;'tll (if i 1s odd);
(v) 210(zi) — 0(zi)2f = (1 — q)laly2{"0%(zi1) (if i is even);
(vi) 240() — *0(z2)ag = (1 — q)[al @816z 1) (if i is odd).
Proof. In all cases, this is by induction on a, and a = 1 comes from the appropriate section
of Lemma 5.3. We note that [a — 1], + ¢*~' = [a], and ¢[a — 1], + 1 = [d],.
(i) For all even i > 1,
2w = 20 w2+ (1 — )20 2y by Proposition 5.3 (i)
= (ri12f '+ (1 —q)la—1];-12i1287%)2 by induction
+(1—q)g Vg 207!
= zin17 + (1= g)lalg-12i127
(ii) For all odd i > 1,
2ixi = q2t ez (1— )2t i by Proposition 5.3 (ii)

= q(¢" w2+ (1= @)[a — 1],2.1287%)2 by induction

+(1—q)zi207"
= ¢"zinz! + (1 - g)lalgzi12f ™
(iii) For all even ¢ > 1,
ziwd o = vzt + (1= q)zizdy) by Proposition 5.3 (iii)

= zim(2fizi+ (1 —q)la—1],zimi2f7) by induction
+(1- q)zi_lx‘;;ll
= 95?+1zi + (1 - Q)(Q[a - 1](1 + 1)21‘—196?;11

=iz + (1— q)[a]qziflxﬁf.
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(iv) For all odd i > 1,

ziwd o = quiniziviy + (1 — Q) zioxd by Proposition 5.3 (iv)
= qrin(¢* "2t s+ (1 — g)fa — 1)yzim12f7]) by induction

+(1- Q)Zi—ﬂﬁf

= "2z + (- g)(gla — Uy + D2zl
= q*zfz + (1= @)lalgziazfiy
(v) For all even i > 1,
ki1 (290(2;) — 0(2)x]) = zixd,, — a8 2 by Proposition 5.2 (ii)
= (1= @)lalyzi2iy) by (iii)
= i1((1 = )[alg2™ 0% (2i-1)
Therefore, since #;,; is an isomorphism, x¢6(z;) — 0(z)z¢ = (1 — q)[al, 27 '0%(2 ).
(vi) For all odd i > 1,
ki1 (210(2;) — q"0(2)2y) = zixl | — ¢"xf % by Proposition 5.2 (ii)
= (1= @lalgziaaiyy by (iii)
= #i1((1 — q)[algi ™ 0% (2i-1)

Therefore, since #;,; is an isomorphism, x$6(2;) — ¢*0(z)x$ = (1 — q)[a],x5 0% (2_1).

]

5.2 The central element () in C?

Recall that C? is a skew polynomial ring over L? ;. So the elements zi,..., 2, 1 are all
elements of C. However, the element z, 12, — 2,_2 of C? is not normal in C¥, so we need
a replacement.
Lemma 5.6. In C%, z, 12, = 2,21 + (1 — ¢)(2n—2 — 0(2n—2)).
Proof. zp_1Tn = £10(2p_2)xn — 0*(2n_3)Tn

= 210(2n—2Tp_1) — 0*(2n_37p_2)

= 210(q@p 1202+ (1 — @) 2pn_3) — 0*(xn_22p3+ (1 — @Q)2n_4)

= qr12,0(2n—2) + (1 — Q)210(20_3) — ,0%(20_3) + (1 — q)0*(2n_4)

= (2021 — (1= 0))0(20-2) — 220°(20-3) + (1 = @)z

=Tpzn1+ (1= q)zno— (1 —q)0(z,_2).
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Definition 5.7. In C?, define 2, = 2, 17, — 2,2 — q0(z,—_2). In general we will shorten

this to €2 unless the context makes the ambient ring unclear.
Lemma 5.8. () = (.

Proof. 0(Q) = 0(zp_12,) — 0(20—2) — ¢0*(24_2)
= O(zpzn—1+ (1 — q)(2n—2 — 0(2n-2))) by Lemma 5.6
— 0(20-2) — ¢0°(20-2)
= 210(201) — q0(2n—2) — (20 2)
= 110(2p_2)Tp — 210(2,_3) — 0*(2p_3)x, by definition of z;
+ 0% (20-4) — q0(2n_2)
= Zp 1Ty — Zn—o — q0(2p_2) by Proposition 5.2 (i)
= Q.

Theorem 5.9. ;2 = Qu; for 1 <1 <n.

Proof. 1t suffices to check that z;€2 = Quz; for one valid i, using the automorphism 6 and
Lemma 5.8.
When n > 3, 2oQ = 292, 17, — T22y_2 — qx20(2,_2)
= ¢ 2 1T0Tn — Zn_oTs — qO(2p_2)To
= Zy 1%Ly — Zn_2To — qO(z,_2)To
= Qux,.
When n = 3, 1102 = z1212003 — 2121 — qx129 — T123
= 21(qroz1 + 1 — @)23 — 1101 — qO179 — 1173
= QU1XT2T1T3 — T1T1 — qT1To — T1T3
= $1$2($3$1 — (1 - C])) — 1Ty — qT1T2 — qT1x3
= T1X2X3T1 — T1T1 — T1T2 — T1T3
= 11227371 — 1171 — qT21 — (1 — q) — w321 + (1 — q)

= Q.l’l.

5.3 Prime ideals in LI

Definition 5.10. Denote by z, the set {z1,...,2,}
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0, if max{i,j} is odd or both i,j even
Let Aj; =<1, ifiodd, jeven, i< j

—1, ifieven, jodd, i<y
Let A, be the matrix (A;;)

quantum space S,(z,, A,) is naturally contained within L.

This corresponds with Proposition 5.2 (iv), so that the

n
t,j=1"

Lemma 5.11. (i) Let X, denote the set of non-zero monomials in z, and their non-zero
scalar multiples. This is a right Ore set in LY and (L), = T,(k,2z,, Ay).

(i) (L) x, | = Ty(ky Zn1, Ap_1)[2n; an] where a,(2;) = ¢ iz (If n is odd then «, is the

identity automorphism).

Proof. (i) We show that X, is a right Ore set in LZ by induction on n. When n = 1,
X1 = k[x]*, which is an Ore set in L{ since the latter is commutative. So by induction,
suppose we know X,,_; is a right Ore set in L!_,. We recall that L? = L [x,;0,,0,]
where o,(x;) = ¢, for each i. Since 0,(X, 1) = X,_1, by Lemma 2.42, X, is a
right Ore set in L¢. Now A, is the multiplicative closure of X,,_1 U{z,}, so by Lemma

2.44, X, is a right Ore set in LI also, since z, is normal in L.

Since Sy(k, zn, A,) C LY and Sy(k, 2, Ay)x, = Ty(k, 20, A,), we have Ty(k,z,, A,) C
(L%)x,. Then, since z; = 2z, (2; + 2;_2), we have z; € T,(k,z,, A,,) for 1 <i < n, and
so Ty(k, zn, Ay) = (L) x,.

(ii) We have already shown that X, is a right Ore set in L. By the same argument as in
(i), Ty(k, Zpn1, Ap_1)[2n; n] C (L9)x, ,, and then the calculation z; = 2| (2; + 2i_2)
shows x; € Ty(k,zn—1, An_1)[2n; o] for 1 < i < n, and so T,(k,zn—1, Ap_1)[2n; an) =
(L%) -

O

Lemma 5.12. Let K be a field, and ¢ € K be such that q is not a root of unity. Then
T,(K,z,, A,,) is simple if and only if n is even.

Proof. Given integers my, ..., m,, we say property (*) holds if Ay;mq +---+ Apjm, = 0 for
j=1,...,n. By [32, Proposition 1.3], T, (K, z,, A,,) is simple if and only if the only n-tuple
ma, ..., m, which satisfies property (*) is m; =---=m, =0.

If n is odd then A,; = 0 for all j, so taking m; = --- = m,,—; = 0 and m,, non-zero
means (*) holds, so T,(K, z,, A,) cannot be simple. (Alternatively, we can observe directly

that z, is then a central non-unit, so generates a non-trivial two-sided ideal).
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If n is even, suppose myq, ..., m, are such that property (*) holds. Considering j = 2
tells us that m; = 0, since A;5 = 0 unless ¢ = 1 and A;5 = 1. Then considering j = 4 tells us
that ms = 0, since A;4 = 0 unless i = 1 or ¢ = 3, and both A4 and A3y = 1; since my; = 0 we
must also have mz = 0. Continuing similarly, my; = 0 for all odd k. Similarly, considering
j =n —1 tells us that m,, = 0, since A4;,,_1 = 0 unless ¢ = n, and A,,,,_1 = —1, and then
considering 5 = n — 3 tells us m,,_» = 0, and continuing similarly m; = 0 for all even k.

Thus my, = 0 for all k, and so by the cited proposition, T,(K, z,, A,) is simple. H

Lemma 5.13. Let I be a (two-sided) ideal in some ring extension R of L1 (e.g. R = L4,
m>mn, or R=C9, odd m > n), and assume that q is not a root of unity.

Let w € R be such that wx; = q"'x;w for 1 < i < n, where r; € Z for each v, and let
t; € N for each 1.

) tn—
Suppose I contains t = zi* - 2"}

i w. Then I contains w.

Proof. For any element u of the form u = 2" - 22" 7'w, define c(u) := X0 "u;. Let t € 1

n—1
be such that ¢(t) is minimal among elements of I of this form. If ¢(¢) = 0 then ¢ = w and so
w € I as required, so suppose ¢(t) > 0. Then there exists some ¢ < n such that t; # 0. Take
the biggest such ¢ and consider tx;,1. By Corollary 5.5 (i), (ii), together with Proposition
5.2 (vi), there exist m, m’ € Z such that

txiv1 = zil e zfiwx,;ﬂ

" ' i+l =1 e
= q"xi12 2w+ ¢ (1= )t 120t - 2T 2E T w, if i is even, or
— St %

triv1 = 21 - 2 WTip

= w2 w4 g (1= ) [t g2t - 2 2w, i s odd.
Since ¢ is not a root of unity, [t;],-1 and [¢;], are both non-zero, so in either case, we can
define ¢/ := 21 ... 2l T2ty € 1, and then ¢(t) < ¢(t), contradicting the minimality of

t. [

Corollary 5.14. Recall the set X,_1 from Lemma 5.11, of non-zero scalar multiples of

monomials in z, 1, and let I be a proper ideal of LL. Then INX,_1 = 0.

Proof. A generic element of &,,_; is of the form )\z? o2 where A € kX and t, € N;

n—1>
if such an element is in I, then taking w = A\, we can apply Lemma 5.13 to get A € I, a

contradiction since [ is proper. O
Proposition 5.15. Any prime ideal of LY is completely prime.

Proof. This follows from [17, Theorem 2.3]. Conditions (a) and (b) are clear. For condition
(c), note that 0;c(z;) = a;0i(z;) = 0if j < i — 1. If 7 is odd then, by Proposition 5.3,
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diai(zii1) = (1 — @)zice = ¢ tadi(2i_1), while if 4 is even, d;a;(zi-1) = q(1 — @)z =
qa;0;(zi—1). Then condition (d) and the condition on the subgroup of k* generated by the
Aij - which is just the subgroup of k* generated by ¢ - follow from the fact that ¢ is not a
root of unity. m

Lemma 5.16. If n is odd, (z, — \)L% is a completely prime ideal of LY for each X € k.

If n is even, z,L% is a completely prime ideal of LY.

Proof. We show this by induction using Lemma 2.31; the case n = 0 is trivial. If n > 0 and
then in the setting of that Lemma we have ¢ = z, — \; d = z,_1; and e = —z, o — A, where
A =0if niseven and A € k if n is odd. By induction, z, ;LY | is a completely prime ideal
in L! ,. Since z, 1 has degree 1 in x,_; but e has degree 0 in x,_1, e is non-zero, and so
regular, modulo z, ;L! ;. Therefore we can apply Lemma 2.31, and c¢L? is a completely

prime ideal in L. [

Theorem 5.17. Let n be odd, assume that k is algebraically closed, and assume q is not a
root of unity. Then the prime ideals of L4 are 0 and the ideals (z, — ALY for each X € k.

Proof. We know that L? is a domain, so together with Lemma 5.16, the given ideals are all
prime ideals of L.

By Lemma 5.11, (L%)~, , = T,(k, 2,1, Ay—1)[2s). Let I be a non-zero ideal of (L%)x, ,.
By Lemma 5.12, T,(k,2,_1,A,_1) is a simple ring, so we can apply Theorem 2.30, so [ =
p(L:)x, ,, where p € k[z,]. Since z, is central and k is algebraically closed, if I is prime
then p = 2z, — A for some \ € k.

We recall Theorem 2.10: there is a one-to-one correspondence between {P € Spec LY :
PNX, 1 =0} and Spec (L%)x, _, given by P — P(L%), _,. Since (z, — \) L% maps to (z, —
A)(L2)y, , under this correspondence, using the fact that this correspondence is bijective
we therefore have {P € Spec L : PN X, 1 =0} = {(z, — A\ L% : X € k} U{0}.

But by Corollary 5.14, {P € Spec L : PNX,_; =0} = Spec L%, and so we're done. [J

Lemma 5.18. Let n be even, A € k™, and define Py := 2, L% + (2,1 — A\)LL. Then P, is an
ideal of LY with L%/Py isomorphic to LY | /(z,—1 — N)L_1; in particular Py is a completely

prime ideal of LY .

Proof. Firstly, z,_; is central modulo z, LY, since it commutes with x; for 1 <¢ <n—1, and
by Corollary 5.4 (ii) p2,-1 — 2n_1%n € 2, L. Therefore Py is an ideal of L.
Secondly, since x,, = A"'2,_5 modulo Py, L%/Py is generated by 7,...,T, 1. So there

are homomorphisms LZ/Py, — LI _,/(z,—1 — A\)L!_, and vice versa given by &; — &; for
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1 <i<n—1 (it is easy to check that these are well-defined), and these are inverses to each

other, and so isomorphisms. ]

Theorem 5.19. Let n be even, and assume k is algebraically closed and q is not a root of

unity. Then the prime ideals in LY are 0, z,L% and (z,—1 — \) L% + z, L% for each \ € k*.

Proof. We know that L is a domain, so together with Lemmas 5.16 and 5.18, the given
ideals are all (completely) prime ideals of L.

By Lemma 5.11 (L) x, , = Ty(k, Zn—1, An_1)[2s; a] for an appropriate automorphism .
Let T = T,(k,2n_1,An_1)[2n; a] and consider the prime spectrum of 7. The set U = {2} :
i € N}isan Ore set in T', and Ty, = T,(k, z,,, A,,), which is simple by Lemma 5.12. Therefore
any ideal of T" must contain some power of z,; since z, is normal in 7', any prime ideal of T’
must contain z,,.

The ideal 2,7 is a completely prime ideal of T', since T'/z,T = T,(k, Z,—1, A,—1) which is
a domain. Also, T,(k,zn 1, An_1) = Ty(k,Zn_2, A, _2)[25",], which is a Laurent polynomial
ring over a simple ring by Lemma 5.12, so we can apply Theorem 2.30: any ideal I of
T,(k, 201, A1) is of the form pT,(k, 2, o, A,_») with p € k[z',]. Since k is algbraically
closed, if I is prime then p = z,_1— A for some A € k*, and in this case T},(k, 2,1, Ap—1)/] =
T,(k,2zy—2, An_2), which is simple, so such an / is maximal.

Therefore the prime spectrum of 7" consists of: 0; z,7; and 2,7 + (2,_1 — A)T, for each
A€ kx.

Now we apply Theorem 2.10, recalling that 7' = (L%)x, ,: there is a one-to-one corre-
spondence between {P € Spec LI : PN X,_; = 0} and Spec T given by P — PT. Since by
Corollary 5.14, {P € Spec L% : PN X,,_1 = (0} = Spec L%, this correspondence is between
Spec LI and Spec T'. But this correspondence sends the known prime ideals of L4, as listed

above, to the prime ideals of 7', and therefore those ideals are the only prime ideals of LZ. [

5.4 Prime ideals in C!

In this section, we will always assume n is odd, so C¢ exists.
We begin by summarising for easy reference the results of Proposition 5.3, Corollary 5.4

and Lemma 5.6.

Proposition 5.20. Fori<n —1,
2iTiv1 = iz + (1 —q)zi_1 (if i is even) (1);
2iTiv1 = qrigizi + (1 —q)zio1 (if i is odd) (2);
Tiv12; = qziTig1 + (L — @) ziv1 (if 1 is even) (3);
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qTi+12 = qziTip1 + (1 = q)zipa (if i 1s odd) (4);
110(2;) = 0(2)x1 + (1 — q)0%(zi1) (if i is even) (5);
210(z2;) = q0(z)x1 + (1 — q)0*(2i-1) (if i is odd) (6);
0(z)r1 = qu10(z;) + (1 — q)zip1 (if © is even) (7);
q0(z)x1 = qr10(z;) + (1 — q)zip1 (if i is odd) (8);
Zn-1Tn = Tpzn—1 + (1 — q)(2n—2 — 0(2n—2)) (9).

Lemma 5.21. Fori <n—1,
q0(zi)zi — 0(zi—1)ziv1 = q0(zi—1)zi1 — q0(zi—2)z; (if @ is odd); or
0(z1)zi — 0(2i-1)ziy1 = q0(2i1)zio1 — 0(2i2)z: (if i is even).
Proof. When 1 is odd:
q0(2i)z — 0(2i—1)zim1 = q0(zi1)2ir12i — q0(2i-2)2 — 0(2i-1) 2T
+0(zi-1)zi—1
= q0(zi-1)Tir12 — q0(zi—2)zi — q0(2i-1)Ti12;
—(1=q)0(zi_1)zi1 +0(zi-1)zi1 by 5.20 (2)
= ¢0(zi—1)zi—1 — q0(zi_2)z;.

When 17 is even:
0(zi)zi — 0(zi-1)zipr = 0(zi1)Tiv12i — 0(2i2)zi — 0(2i1)ziTia

+0(2i—1)zi—1
= 0(zi—1)Tit12i — 0(zi—2)zi — 0(2zi—1)Tir12;

— (1= @)0(zi-1)zi-1 + 0(2i-1)zi—1 by 5.20 (1)
= q0(zi—1)zi—1 — 0(zi_2)z.

O
Corollary 5.22. In L, for 0 <i<m—1, 1 odd, q0(z;)z; — 0(zi_1)zip1 = g .
In L9, for 0 <i<m—1, i even, 0(2;)z; — 0(zi—1)zi41 = qz.
Proof. When 7 = 0, this is trivial, and otherwise it follows by induction using Lemma
5.21. -

1

Lemma 5.23. 07 (2, 1)70 1 = q2010 (20 a) + (1 - )(0"F — g22.,).
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Proof. 0~ (zp—1)zn—1 = 0 (2n—1)Zn—2@n-1 — 0 (20-1) 203
= q2p20" " (2n-1)Tn-1 — 2030 (2n_1)
= @2n-2Tn-10" (2n-1) + @Zn—2(1 — Q)0 (2n_2) — Zu_2)
— qzn—30" (2n 1) — (1 — @) 2n_30" (2,—1)

= 20107 (201) + (1= ) (@020 (20-2) — 20307 (20-1) — @7_)
= gzun6 () + (1= 9)(0F — g2 ).

(The last equality is by Corollary 5.22, which gives ¢f(z,—2)zn—2 — 0(2n—3)2n—1 = q%).

O

To describe the prime ideals in C we will use the more general results we proved in
Section 3. We cannot apply these results directly to C?, but we can apply them to a

localisation of C¥ and then pass back to C{.

Lemma 5.24. Let A = (L )x. ,, v = (1 —q)(¢"= 2, 5 — 20_2), and let o be the auto-
morphism of A given by a(x;) = ¢V ;.
Define ¢ : R(A,a,v) — (Cx,_, by ¢(a) = a for a € A; ¢(x) = 071 (z,_1); and

é(y) = 2, 52, 1. Then ¢ is an isomorphism.

Proof. By Lemma 5.11, &), 5 is a right Ore set in L! ., then by Lemma 2.42 (applied twice)
it is a right Ore set in CZ, so (C4)y, , exists.
We check ¢ is well-defined, i.e. it preserves the defining relations of R(A, a,v):
dya) = 2, yz10 = aa)z, 121 = ¢lala)y);
$(wa) =07 (zn-1)a = a” (@) (za-1) = d(a” (a)z);
$lay) = 07" (zn-1)25 20201
=q 210 (20 1) 201
= 2oz 107 (zn1) + ¢ 2 (1 - Q)(q%l —qz )
= 22920107 (2n1) = (1 = @) (202 — ¢ T Znls)
= o(yz +v).
Thus ¢ is well-defined.
Since 7,1 = 2, 5 (2n_1—2n_3) and x,, = (07 (2,_1)—0(2n_3))2, 15, the k-algebra (C9) ., _,
is generated by A, z,_1, and 071(2,_1), and therefore ¢ is surjective.

We use a GK dimension argument to complete the proof. By repeated application of

Theorem 2.57, GK dim R(A, a,v) = n, while by Corollary 4.7, GK dim C¢ = n. Therefore
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by two applications of Lemma 2.55, GK dim R(A, a,v) > GK dim (C9)y,_, > GK dim CY,

and so GK dim (C?%)y, , = n also. Therefore, by Lemma 2.56, ¢ is an isomorphism. O
From now on we will identify R(A, a,v) and (C?)y,_, via this isomorphism.

Lemma 5.25. R(A,«,v) is a conformal ambiskew polynomial ring with splitting element
u = an_Szg_lz + A+ qzn_o for any A € k. The corresponding Casimir element is equal to

Q — A, and thus R(A,a,v)/(2 — N R(A, v, v) is a generalised Weyl algebra.

Proof. By definition, u is a splitting element for R(A,«a,v) if © — a(u) = v. For u =
q"T_?) 21+ A+ q2,_2, we have
u—o(u) = q"T 2 + At qzaca — 0 T 23ty — A= Zac
n=3 _
=(1-q)(q7 225 — 20-2)
= v as required.
The Casimir element is given by xy — u:
n—3
vy —u=0"(20 1)z, 921 — (¢ 2 2,0+ X+ qzn2)
_ _ _ _ n=3 _
=0 1<Zn—1)zn_122n—2$n—1 -0 1<zn—1)zn—122n—3 - (q 2 Zn—12 + A + qzn—2)
= 0_1<Zn—1)xn—1 - q_IZ;_IQZn—BQ_l(Zn—l) - (an_?)Z;_lQ + A + an—Q)
=0 + eil(znf2) + qzpn—2 — qilZT:EQaniieil(anl) - (anigzrjfl2 + A + qzn72>
1 _ _ n-1
=0-A + (q - q)zan + q lzn_12(qzn726 1(2n72) - Zn739 1(27171) —q 2 )
=Q -\

Recall that by Corollary 5.22, q0(z,—2)zn—2 — 0(2n—3)2n—1 = q%, which gives the last
equality after applying 0. O

Lemma 5.26. Let A € k, let u = an_:sz,iQ—l—)\—i—qzn,Q, let A and « be as in Lemma 5.24, let q
be not a root of unity, and let m > 1. Then Au+Aa™(u) = A unless A = j:q%ql_Tm(qm—i-l),

in which case Au + Aa™(u) is a mazimal ideal of A.

Proof. First, we note that A = T,(z,_3, A,,_3)[2-",], and by Lemma 5.12, T,(z,_3, A,,_3) is
simple. Therefore the maximal ideals of A are of the form (z,_2 — A)A, for A € k*, and these
ideals are completely prime.

We also recall that a(z,_2) = ¢ 'a(z,_2).

Now suppose Au + Aa™(u) is proper. Then there exists some maximal ideal M of A
such that Au € M and Aa™(u) C M. By the above, there exists p € k* such that
M = (z,—2 — n)A. Then, since u = 0 = o' (u) modulo M, we obtain

an%,u*l + A+ qu=0; and

88



T A+ =0,

Eliminating !, we get (¢™ — 1)A + (¢™™ — ¢'=™)u = 0, that is, A = —¢"™™(1 + ¢"™)p,
since ¢™ — 1 # 0 by assumption; in particular, since pu # 0, A # 0 also.

Substituting back in, we get

q"Tf?’ql_m(l + ™A = (1 4+ ¢MA+ g™\ =0

g7 g (14 ") - AQ =0

Therefore A = +¢ 7 ¢ 2" (1 + ¢™).

Conversely, if A\ = eq™ 7 qT(l + ¢™) with e = £1, then

= (1+eq" T ¢"F 2,%)(qza2 +€¢"T ¢ 2"); and

a™(u) = (1 +eg™q"T ¢"F 2,%,)(¢"" "ne €T g )

Therefore Au+Aa™(u) C (zp_g+eq T T gz )A and in fact, since (qz,_o+eq T

: 'Q
QO [\V)

(1+eq™q™ n=3,* Elz;_12) generate distinct prime ideals of A, Au+Aa™(u) = (2,_2+€q 7 q¢ 2 ),

which is maximal. OJ

Lemma 5.27. Let R be a simple ring with centre k, let A = R[t*!], and let a be an
automorphism of A such that a(t) = A, where X € k* is not a root of unity. Then A is

a-simple.

Proof. First, by Theorem 2.30, any non-zero ideal I of A is generated by a non-zero element
of k[t*1].

Let I be an a-stable ideal of A, and let p(t) be an element of I N k[t*!] that, among
non-zero elements of I N k[t*!], has the minimal number of non-zero terms. If p(¢) has only
one non-zero term then p(t) = a,t" for some r € Z and a, € k*, which is a unit in A and
so I = A. Otherwise, p(t) = >_7_| a;t", where s > 1, the integers r; for 1 < i < s are all
distinct, and a; € k* for 1 <4 <s. Then p(t) — A" a(p(t)) = > i (1 =N )a;t". If i # s,
1 — A" £ 0 since r; # s and A is not a root of unity. So p(t) — A" «(p(t)) is an element

of I N k[t*] with s — 1 non-zero terms, a contradiction to the minimality of p(t). O

Lemma 5.28. Work in the Laurent polynomial ring k[t']. Suppose \i, p; € k fori=1,2,
with each p; # 0. Let u = Mt~' + \ot and v = it~ + pot. Then there exists a polynomial
p(x) € klz] such that p(u) € vk[tF].
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Therefore p(x) = 2 — a is a polynomial such that p(u) = <2—?t‘1 + :—%t) v € vk[ttY]. O

=2 M\ —

Lemma 5.29. For any A € k, (2 — X\)CY is a completely prime ideal in CJ.

Proof. We show this using Lemma 2.31. In the setting of that Lemma, we have R = CY,
A=L1 1, e=Q—XNd=2z,1and e = —z, 5 — ¢0(z,_2) — X\. By considering total degree,
we cannot have e € dR, and so, since by Lemma 5.16, R/dR is a domain, e is regular modulo
Ad. Therefore we can apply Lemma 2.31 to show that R/cR is a domain, that is, (2 —\)C?

is a completely prime ideal in CY. n
Theorem 5.30. The prime ideals of C1 (n odd) are: 0; (2 — X\)C4, for all X € k; and
for A =4¢"T ¢ T (¢ +1) (1 < a € N), mazimal ideals Py strictly containing (2 — X\)C4
corresponding to the ideals found in Theorem 3.18. Further, C%/Py has uniform dimension

a.

Proof. First, we describe the prime ideal structure of the ambiskew polynomial ring R =
R(A,a,v) = (C%)y,_,, where A, @ and v are as in Lemma 5.24.

We note the following properties of A, o and v:
(i) A is a-simple;
(ii) for m > 1, @™ is not an inner automorphism of A;
(iii) in particular, for m > 1, o™ # 1;
(iv) u is a regular element of A.

Of these, (i) is given by Lemma 5.27; (ii) holds since z,_» is central in A but not fixed
by any power of a; and (iv) holds since A is a domain.

We claim that R(A, «,v) is of the form required for Theorem 3.3 to apply. Conditions
(i) and (ii) of that Theorem are points (i) and (ii) above. Condition (iii) follows from

Lemma 5.28, recalling u = anfszg_z + qzpo and v = (1 — q)(anfsz;EQ — Zn_2), so for all
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m, u and v™ = Z:Z)l o'(v) are of the correct form to apply that lemma with v(™ in the
role of v. Finally, the condition {¢ € A : ¢ central in A and a(c) = ¢} = k is clear since
Z(A) = k[z,)], a(zn—2) = ¢ ' 2n_2, and ¢ is not a root of unity.

By Lemma 5.25, €2 is a central Casimir element for R(A, o, v). So applying Theorem 3.3,
Ryjq) is simple, and so any non-zero prime ideal of R must contain some element of k[Q2]*.

Since k is algebraically closed any such element can be written as a product of linear
terms, and since 2 is central, any prime ideal must therefore in fact contain a linear term,
i.e. Q — A for some A. Further, by Lemma 5.29, (2 — A\)R is a completely prime ideal of R.

Lemma 5.26 gives the conditions on Au+Aa™ (u) required for Theorem 2.66 and Theorem
3.18 to apply; the other conditions for those theorems are given by points (i) to (iv) at the
start of the proof. So if A = j:anfaq’a%(q“ + 1) for some integer a > 1, then by Theorem
3.18 there is a unique non-zero prime ideal Sy of R strictly containing (2 — \)R; while if
A # ian_Sq_aT_l(qa + 1) for any integer a > 1 then by Theorem 2.66, R/(£2 — \)R is simple.

Therefore, the prime ideals of R are: 0; (2 — AR, for each A € k; and for each A\ of
the form A\ = j:anigq*aTil(q“ + 1), where a > 1 is an integer, a maximal ideal S\ containing
(Q—NR.

Next, we note that by Lemma 5.13, {P € Spec C¢: PNX,_5 = ()} = Spec C4, and so by
Theorem 2.10 there is a 1-1 correspondence between Spec C and Spec R given by P — PR,
P — P'NCL

By Lemma 5.29, for any A € k, (2 — A\)C? is a prime ideal of C?, and this is sent to
(2 — AR under the correspondence above. So the prime ideals of C? are: 0; (2 — \)CY
for any A € k; and for each A of the form \ = :l:anfgq’anl(q“ + 1) for some integer a > 1,
maximal ideals P\ corresponding to the maximal ideals Sy of R, with Sy D (2 — A)R and so
Py D (2= N)CY.

By Theorem 3.32, R/S) has right uniform rank a when A = j:q%q_a%l(q“ + 1). So,
since by Corollary 2.41, (C¢/Py)x-, = (C)x,_,/(P\)x,_, = R/Sx, and by Lemma 2.39, the
right uniform ranks of (CZ/Py)x-, and C?/P, are equal, C¢/P) has right uniform rank a

when if A = +¢"T ¢~ 7 (¢* + 1). O

5.5 Automorphism groups of L! and C!

We have already met the k-automorphism 6 of C¢ defined by 0(x,) = x1, 0(x;) = zin
otherwise. It is clear from the defining relations of C that there is a k-automorphism ¢ of
C4 defined by ¢(z;) = —x; for each i.

Similarly, it is clear from the defining relations of L that for each v € k* there is a
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k-automorphism ¢, of L¢ defined by «(z;) = v(-1'z; for each i.
To show that these are the only automorphisms of C?, respectively L%, we will need the

following observation about the elements z, and €.

Lemma 5.31. For each n > 0, the element z, of L1 can be written as xy---x,+ smaller
terms, where the smaller terms have degree at most 1 in each x;, 1 < i < n.
For each odd n > 1, the element ) of C can be written as 1 ---x,+ smaller terms,

where the smaller terms have degree at most 1 in each x;, 1 <1 < n.

Proof. Let us say that a balanced term of degree < n (with respect to a PBW basis of
monomials in elements xi,...,x,) is a (scalar multiple of a) monomial of total degree < n
with degree at most 1 in each zq, for 1 <i < n.

We show the first part by induction; certainly this is true for n = 0 (where the statement
is vacuous) and n = 1 (since z; = z7). For n > 1, by induction, 2, 1 = x1---x,_1+
balanced terms of degree < n — 1, so z,_1x, = x1---x, + balanced terms of degree < n.
Also, by induction, all the terms of z, 5 are balanced terms of degree < n, so, recalling that
Zn = Zn_1%Tn — Zn_g9, We can write z, = x1 - - - x,, + balanced terms of degree < n, as required.

Similarly, in C?, by the previous part 2, 1z, = x; - - - ©,+ balanced terms of degree < n,
and all the terms of z, o and ¢f(z, o) are balanced terms of degree < n, and so recalling
that Q = 2z, 12, — 2,2 — ¢0(2,—2), we can write = x; ---z,, + balanced terms of degree

< n, as required. O

Theorem 5.32. (i) Let C,. denote the cyclic group with r elements. The k-automorphism
group of C? is isomorphic to C,, x Cy, with generators by 0 and ¢. Since n is odd we
therefore have Aut,C1 = Cy,.

(ii) The k-automorphism group of L1 is isomorphic to k™ via k > v +— 1, € Auty(L2).
Proof. (i) For this part, to simplify notation let x,; = x;, or alternatively consider the

indices on the z; modulo n.

Firstly, we note that 6. = 0 and that 6" = > = 1, so the subgroup of Auty(C9)

generated by ¢ and ¢ is isomorphic to C,, x Cj.

Let ¥ : C? — C? be a k-automorphism. We note that ¢ must send height 1 primes to
height 1 primes, and so since the only elements that generate (2 — \)C? are non-zero

constant multiples of 2 — A\, we must have () = uf2 — A for some u € k*, X € k.

By Lemma 5.31, 2 = x; - - - &, +terms of degree < n, where the terms of smaller degree

have degree at most 1 in each x;. If p is such a term of degree < n, then v (p) must have
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total degree less than the total degree of ¥)(x;---x,). Therefore, the total degree of
¥(Q) equals the total degree of ¥)(x; - - x,), which equals the sum of the total degrees
of ¥(x1),...,¢¥(x,). Since we've already observed that the total degree of ¥(2) is n,
each of ¥(z1),...,¢(x,) must therefore have total degree 1 (noting that they cannot
have total degree 0).

Suppose i # j, and that ¢(x;) and ¢(z;) both have non-zero degree in zj, for some k.
Then o (x;)(z;) — ¢ (z;)(x;) = ¢(1—¢*)zi+ other terms, where ¢ € k*; however,
we note that for any ¢ # j, one of z;2; — gx;z; and x;z; — qz,x; has total degree < 0, so
applying 1, one of ¥ (z;)(z;) — q(x;)¢(x:) and Y(z;)(z;) — P (x:)Y(2;) must have
total degree < 0. This is a contradiction, and therefore ¢(x;) and ¢ (x;) cannot both

have non-zero degree in z;, for any k.

Therefore the sets {r : ¢)(x;) has non-zero degree in z,} for 1 < i < n form a partition
of {1,...,n}; since each of them has at least one element and there are n of them, they

each have precisely one element.
That is, there exists a permutation m of {1,---,n} such that (z;) = pr@)Tr@) + Ar)
for some p; € kX, \; € k. But we can apply [31, Proposition 2.1] to show that A; =0

for each 1.

Let 1 <4 <n,andlet a = 77 (i), b = 7 1(i +1). So one of z,7, — qryT, and

TaZy — ¢ T, must be an element of k.

U(atty — ¢ T2a) = pliptivr (Titiv — ¢ @)
= pilti (T — ¢ 2T + ¢ (1 — Q))

Therefore z,2, — ¢~ 'y, cannot have degree < 0, and so x,2, — gy, equals either 0
or 1 —gq.
U(Tay — qTpTa) = fifti1(TiTit1 — qTi11T;)

= (1 — Qpiftita
We cannot have ;11 = 0, so we must have p;p; 1 = 1, and 771(i) + 1 =7"1(i + 1)
modulo n.
Since n is odd, p;p; 11 = 1 for each ¢ implies either p; = 1 for all ¢ or u; = —1 for all 7.
Therefore there exists € {£1} and r € Z such that, for 1 <i <n, ¢¥(x;) = px;p,. If
=1 then ¢» = 0" while if 4 = —1 then ¢ = 10". Therefore Aut,(C?) is generated by

0 and ¢, as required.

(ii) Let v : LY — L4 be a k-automorphism. As in part (i), since 1 sends prime ideals of
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height 1 to prime ideals of height 1, and the same is true of their generators, ¥(z,) =
1z, — A for some p € kX, A € k. Then by the same argument using Lemma 5.31 and
[31, Proposition 2.1] as was applied to  in part (i), applied here to z,, there exists
pi € k*, for 1 <i < n, and some permutation = € S, such that (z;) = pr)Trq) for
1< <n.

Again in a similar fashion to part (i), by considering the images under v of the skew
commutators between x,-1(; and z-1(;41), we must have pp;p = 1for 1 <i<n-—1
and (i + 1) = 7(i) + 1 for 1 <i <n — 1. Therefore 7 (i) = 1.

Thus ¢(z;) = pz; for some p; € k>, fixed r € Z, such that pp; 1 = 1for1 <i <n-—1.
But then we have 1 = ¢,,.

Finally, k% 3 v — 1, € Autg(R) is clearly an injective homomorphism £* — Auty(L%),

and is surjective by the above, and so an isomorphism.

[]

5.6 Krull and global dimensions in LI

Many of these results hold for both Krull and global dimension; in this case dim means
either. For paired references the first reference is for Krull dimension and the second is for

global dimension.

Definition 5.33. Let I' € {—,+}""!. Then z,_;r is the (n — 1)-tuple of elements of L&
defined by:

) Zn—1 if r,_,=-
(1) (Zn-1r)n1 = ;
0(271,1) if anl =+

(ii) for 1 <i<mn—2,if (z,r)it1 = 0" (zi41) then (z,r); = )
O t(z) if T, =+

If 1 <m < n—1, then z,,r is the m-tuple of elements of L? with (z,,r); = (2,—1r); for
1 << m.
For 1 <m <n —1,let A,,r be the m x m matrix such that, for all 1 <i,7 <m,

(Am,r)ij(

(Zm,I‘)i(Zm,I‘)j =4q Zm,l")j(zm,l")i

(This exists by, and can be found from, Proposition 5.2 (v)).
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With this definition, for any 1 <m <n —1, Sy (2, A1) C L.
Finally, for 1 < m < n — 1 let &}, r denote the set of non-zero monomials in z,, r and

their non-zero scalar multiples.

Example 5.34. If ' = (—, —,--- ,—) then z,,_1 v = (21, 22, . . ., Zn—1) = Zp_1.

We will need the following generalisation of Lemma 5.11.

Lemma 5.35. Let n > 1. Let T € {—,+}""!. Then:

(i) Xn_1r is a right Ore set in LE and (L)x, o = Ty(k, 2n—1, Ap_1)[2n; an] where oy, is
the automorphism of Ty(k,z,_1, An_1) given by a,(07(z)) = ¢V 4niz. (If n is odd

then «y, is the identity automorphism,).

(11) If Ty = —, then X,_1r is a right Ore set in L!_,, while if T',,_y = +, then X,_1r is

a right Ore set in O(L}_,); either way, the localisation equals Ty(Zp-11, An—11)-

(iii) If n is even then X,_1r is a right Ore set in Cl, , and (C} )x,_, v is an ambiskew
polynomial ring R(A,a,u). If (Ty_1)p1 = — then A= (L} _)x,_,p, u= anfsz;_lg +
At q2no, © = 0 Yz 1), and y = 2, 5z, 1, while if (Tp_1)n_1 = + then A =

(Q(L;]L*l))‘){nfl,r? U = an_SQ(Z;fIQ) + A+ q9<zn—2)7 T = Zp-1, and Y= e(zn—2>710(zn—1)'

Proof. (i) We show that &,,_; r is a right Ore set in L¢ by induction on n. When n = 1,

X = kX, which is an Ore set in L.

So by induction, suppose we know A,,_o A is a right Ore set in L{ ; for any A €
{—,+}"2. This tells us that X, _or is a right Ore set in L _; for any T € {—, +}"*
such that I';,_; = —, while X, o is a right Ore set in §(L?_,) (that is, the subring of
L% generated by s, ..., x,) for any T € {—, +}""! such that T,,_; = +.

There are two cases depending on the value of I',,_;. If I';,_; = —, then &,,_; p is the
multiplicative closure of X,,_or U{%,-1}, so by Lemma 2.44, X,,_; r is a right Ore set
in L?

I, since z, is normal in L!_,. Then we recall that L = L!_,[x,;0n,d,] where

on(x;) = ¢l for each i, so since 0,(X,_11) = X,_11, by Lemma 2.42, X, r is a

right Ore set in L.

If ',y = +, the proof is similar, using Corollary 4.9 to show that LI is a skew

polynomial extension 6(LY_,)[x1; 0,0] for appropriate o, 4.

Since Sy(k, Zpn—11, Ap_11)[20; @] C LI and
Sq(k‘, Zp—1,1s An—1,r)Xn_1,r [2n; Q) = Tq(k‘, Zp—1T An—1,r)[2’n; )
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we have T,(k,Zp—1r, An_11)[2n-1,0m] C (L2) Then, using powers of 6 ap-

anl,l"'
plied to the relations z; = 2 ' (2 + zi_2) and 21 = 0(z;_1) (2 + 0%(2;_2), we have
z; € Ty(k,Zn—1,0, Ap_1r) |25 ) for 1 < i <, and so Ty(k, zp—1r, An—10)[2n; o] =

(L%)anl,r'

(ii) We showed in (i) that A},_; r is a right Ore set in the appropriate ring, and the second

part is proved as in (i).

(iii) If T,y = —, this follows from Lemma 5.24 and localising both sides at X,_sp. If
I',_1 = +, then the same is true but we must apply 6 before localising.
O
. n/2 if n is even
Lemma 5.36. Let T € {—, +}""'. Then dimT,(z,r,A,1) =
(n+1)/2  ifn is odd
Proof. Assume first that n is even. We will aim to apply Theorem 2.54.
If b € Z" is a row vector, write zP 1. := [\, (Zn,p)7"
If a,b € Z", then 23 1 and 2z} . commute if and only if aA, rb” = 0.
Suppose 7 is a positive integer such that there exists a set B = {by,--- ,b,} of r linearly

independent integer vectors such that the subalgebra S(B) of T,(z,r, A, r) generated by
{ZB?’P : 1 <i <r} is commutative. Then let B be the matrix with rows by, ba,...b,. Since
the b, are linearly independent, rank(B) = r, and since S(B) is commutative, BA,, rB? = 0.

We recall the following standard properties of rank (where the matrices are such that the

products are defined):

(i) if Y is an n x n matrix of rank n then rank (XY) = rank (X) and rank (Y Z) = rank
(2);
(i) rank(XY) + rank(Y'Z) < rank(Y) + rank(XY Z).

Taking X =B, Y = A,,r, Z = BT, and noting that A, r has rank n, we get 2r < n.

Finally we note that since all the elements of {(z,r); : ¢ odd} commute, we can achieve
equality, and thus dim T, (z, r, A, r) =n/2.

Now, if n is odd, let I € {+, —}""2 such that I, =T; for 1 <7 <n — 2. Then

T (anl,I"u Anfl,I")[Zn] if Fn = -
Tq(zn,I‘a An,l") = !

Tq(e(znfl,r’)a Anfl,I")[zn] if r,=+
Therefore, by Theorem 2.51 (iv) (b) or Theorem 2.50 (iv) (c¢), dim T (z,r,A,r) = (n —
/241 =(n+1)/2. 0
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Corollary 5.37. LetT' € {—,+}""'. Then:

(i) dim(Ly | p)x, ,r = (n—2)/2 if n is even.

(i4) dim(Ly_)x,_,p = (n—1)/2 if n is odd.
(iii) dim(L{)x, . = (n+2)/2 if n is even.

(iv) dim(L2) =(n+1)/2 if n is odd.

Xno1r

Proof. (i), (ii) By Lemma 5.35 (ii), (Ly_1)x,_,r = T4(Zn—1,r, An_1r), so apply Lemma 5.36.

n—1

(iii), (iv) By Lemma 5.35 (i), (L)x,_, r = T4(Zn-1,0; An_1,r)[2n; o] for some (possibly iden-
tity) automorphism « of T,(z,_1, A,_1), so apply Lemma 5.36 together with Theorems
2.51 (iv) (a) and 2.50 (iv) (b).

O
Lemma 5.38. Fori>1,
2i0(z) = q0(z)z + (1 — q)qigl if i is odd;
2i0(z) = ¢0(z)z + (1 — q)q% if i is even.
Proof. 1f i is odd,
2i0(z;) = z0(zi-1)Tip1 — 2:0(2i—2)
= 9(21'71)21’%#1 - 9(21‘72)2’2‘
= q0(zi—1)Ti—12; + (1 — @)0(zi—1)z;i—1 by Proposition 5.3 (ii)
—q0(zi-2)zi — (1 — @)0(2i-2)2
= q0(zi—1)z + (1 — q)q% by Corollary 5.22.
If 7 is even,
2i0(z;) = z0(zi—1)Tiy1 — 2:0(2i—2)
= q0(2i-1)2iTi1 — 0(zi2)2i
= q0(zi—1)xis12i + (1 — q)q0(zi—1)zi—1 by Proposition 5.3 (i)
—q0(zi2)zi — (1 — q)0(zi-2)2
=q0(z)z + (1 — q)q% by Corollary 5.22. O

Corollary 5.39. Fora > 1 and i>1,
290(z) = ¢°0(2) 20 + (1 — q)q'2 [alg2"" if i is odd;

220(2) = ¢"0(2) 2" + (1 — q)q2[a],227"  if i is even.

1
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i—1

(1—q)g= ifiisodd

Proof. Let s(i) = , 50 20(2;) = q0(z:)z + s(i). Then we proceed

(1—q)g2  ifiis even
by induction, with the case a = 1 being the just-stated equality. For a > 1,
200(z) = qz010(2) 2 + s(i)z0 7t

= q"0(2)z + qs(i)[a — 1],2¢ " + s(i)2¢~" by induction
= ¢"0(z1)2] + s(i)[alg2 O

Lemma 5.40. Assume q € k is not a root of unity.
Let R be a prime factor ring of LL (including R = L2), or let R be a factor ring of Cy .,
(including R = Cy, ). Then

dim R = sup{dim(Ry, ,.): T € {—, +3H

Proof. The proof is the same in both cases.

For j =0,...,n—1, define V, r to be the set of non-zero monomials in {(z,_1r); : n—j <
i <n—1}. Asin the proof of Lemma 5.35, repeated application of Lemma 2.44 and Lemma
2.42, using Corollary 4.9, together with Lemma 5.13 and Corollary 2.41 if R is neither L%
nor Cy ., shows that V;p is a right Ore set in R.

We say a j-fold localisation of R is a localisation of the form Ry, . for I' € {—,4+}""".
The only 0-fold localisation of R is R itself while V;r = X1 so our aim is to show that
dim R = sup{dim S: S a (n — 1)-fold localisation of R}.

Given a j-fold localisation S of R, there exist two (j + 1)-fold localisations of R which
contain S, which we denote S_ and S,. (One of these is Ry, . and the other is RV]-+1,1~/
where IV = T' except that F;’L—(j-l—l) = —T+1)). I (Zp_1r)n-j = 0"(2,—;), then S_ =
Sor (e i)
set {y' 11 € N}.

We claim that S; & S, is a faithfully flat extension of S. Let M be an S-module which
is 0"(z,,—;)-torsion and 6" *(z,_;)-torsion. If M # 0, let a € N be minimal such that there

y and Sy = Sgr1(, where for y € S, S, denotes the localisation of S at the

n—(j+1))

exists m € M nonzero with 6"(2¢_)m = 0 and 6""!(z,,_;)m = 0, and suppose a > 1. Then

<)
by Corollary 5.39, s(i)[a],0" (2¢~")m = 0, where s(i) is as Corollary 5.39. Both s(i) and [d],
are non-zero scalars, so 0" (2 ')m = 0, contradicting the minimality of a. Therefore a = 0
and m = 0, so M = 0. Therefore S; ® 5, is a faithfully flat extension of S.

Therefore, by Lemmas 2.52 and 2.53, dim S < dim(S; ® S;) < sup{dim S_,dim S, },
while by Theorems 2.51 (v) and 2.50 (v), dim S_ < dim S and dim S, < dim S. Therefore

dim S = sup{dim S_, dim S }. Combining this for all S, we’re done. O
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Theorem 5.41. (a) If n is even,

(i) dim LE = (n+2)/2;
(ii) dim LY /2, L% = n/2;
(#ii) dim L2 /((zp—1 — A\)LE + 2, L2) = (n — 2)/2 for all X\ € k*.

(b) If n is odd,

(i) dimLg = (n+1)/2;
(ii) dim LY /(z, — \)LL = (n —1)/2, for all X € k.

Proof. We combine Lemma 5.35 and Corollary 2.41 to localise at &), r for any I', Lemma
5.37 to determine the dimension of the localisation and Lemma 5.40 to pass back to the

original ring. |

5.7 Global dimensions in CY

We aim to apply the results of Section 3.4 to determine the global dimension of C'? and some
of its factor rings. Fix n odd and fix ¢ € £* such that ¢ is not a root of unity.

If T € {—,+}"2, assume without loss of generality that T, o = —. (If I',_o = + we
apply 07! to all that follows). Then define S = (C?)y

._»r- Lhen we recall that by Lemma

5.35 (iii), S'is an ambiskew polynomial ring with A = (L _5)x, ,p, = "7 2 A+ gz s,
= 0" (21), and y = 2,1,2,.1. Letting K = (L!_y)x, .. or K = (0(L%_3))x, ,p as
appropriate, and Z = k[sz_lQ], we have A = K ®; Z, and this K and Z satisfy the conditions
of Lemma 3.41, with rgld A = (n —1)/2; also a(2,_2) = ¢ *2,_2, s0 Z is a-simple.

As in Section 3.4, write T'(u) := S/(xy — u), so T'(u) is a generalised Weyl algebra over
A, and write d = rgld A.

Corollary 5.42. rgld S=d+2= (n+3)/2.

Proof. We apply Theorem 3.42. The existence of appropriate A and j is shown in Lemma
5.26, while by Lemma 5.37 rgld A=(n—1)/2,sorgld S=(n—1)/2+2=(n+3)/2. O
Corollary 5.43. rgld T'(u) = oo iff u has a repeated irreducible factor.

Proof. Consider the ambiskew polynomial ring S" = R(Z, a,u — a(u)), and write T"(u) =
S"/(zy —u)R. We note that z1,. .., z,_3 commute or skew-commute with z,y and z,_, and
each other, so T'(u) can be written as a iterated skew Laurent extension of T"(u). So by
Theorem 2.50 (iv) (c), rgld T'(u) = oo iff rgld T"(u) = co. And by [24, 7.8] rgld T"(u) = oo

iff u has a repeated irreducible factor. O

99



Corollary 5.44. rgld T(u) > d = (n —1)/2 for any u.

Proof. Let v .=z, op (so if I'; = — for all i, v = z,_5), and let J be the right ideal of
A generated by {(va — 1, vy — 1, ..., v,_3 — 1}. Clearly, a(J) = J. Let C denote the
(commutative) subalgebra of A generated by {vi,vs,...,v,_2}. We note that, as a (right)
C-module, A/J = C, and so is finitely generated and free. (To see this, it’s clear that as an
C-module, A/J is a quotient of C, but if x is a non-zero element of J it must have non-zero
degree in some vy;, and so J N C = {0}).

Then by (n — 3)/2 applications of [33, 7.9.16], we have pd (A/J)4 = (n — 3)/2, and so
by Lemma 3.45, rgld T'(u) > (n — 1)/2 for any w. O

Corollary 5.45. Let u = an_3 2+ AN+ q2,_o. Then there are three cases:

a—1

(i) \=+q"T ¢ "2 (¢* + 1) for some integer a > 1, in which case T(u) is not simple and
rgld T(u) =d+1=(n+1)/2;

(i) A = £2¢"T , in which case T(u) is simple and rgld T(u) = co. (We note that this is
the case a =0 from (i));

(iii) otherwise, T'(u) is simple and rgld T(u) =d = (n —1)/2.

Proof. (ii) u = anfs z 1+ A+ qz,_o. By the quadratic formula, u has a repeated irreducible
factor iff A2 — 4an_1 =0,ie A= i2an_l. So the result follows by Corollary 5.43.

(i), (iii) There exists a maximal ideal N of Z containing both u and o/ (u) iff Au+ Aa?(u) #
A. By 5.26, this occurs iff A = :I:an%q*anl(q“ + 1) for some integer a > 1 (which then
equals 7), so the result follows by Corollary 3.44. This also shows that rgld T'(u) < d

otherwise.

[
Corollary 5.46. (a) rgld C1 = (n+ 3)/2.

(b) Let R = C2/(Q2— X)C%. Then there are three cases:

n

a—1

(i) A= :l:anfg’q’T(q“ +1) for some integer a > 1 in which case R is not simple and
rgld R=(n+1)/2;
(i) A= :I:QQW%1 in which case R is simple and rgld R = 0o;
(i11) otherwise, R is simple and rgld R = (n —1)/2.
Proof. This is immediate by applying Lemma 5.40 to the previous results from this section.

O
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5.8 Krull and global dimensions in Cf

We apply the results of [24] to (C1),, by considering it as an ambiskew polynomial ring as
in Lemma 5.24. By Lemma 5.40, dim((C49)/I),, = dim(C¥%)/I, for any prime ideal I of CY,
where dimdenotes either Krull dimension or right global dimension.

Write R = Cf and S = (CY).,,.
Lemma 5.47. K. dim S/I =2 — ht I.

Proof. Tt ht I =2, S/I is finite dimensional over k, and thus Artinian, so K. dim S/I = 0.

By [24, 5.4], if ht [ = 1 then K. dim S/I = 1.

When I = 0 we use [25, 5.6] to show that all finite dimensional right S-modules are
semisimple; then by [24, 3.7], we have K.dim S = 2.

The condition in [25, 5.6] is that for every maximal ideal M of A there is at most one
positive integer d such that u—a‘(u) € M, and if such an integer exists, M?+(u—a®(u))A =
M.

For the first part, u — a®(u) = gz1(1 — ¢~%) + 271(1 — ¢%). By the quadratic formula
(assuming char k # 2) this has roots

L V40— ) — ¢
2¢(1—q7)
If two roots of this form are equal then we must have (1—¢%)(1—¢~%) = (1—¢ 4 (1—¢*) =

q¥%(q* —1)(¢~* — 1) for some d, s € N. Thus ¢¢~* = 1 and so since ¢ is not a root of unity,
d = s. The requirement M? + (u — a?(u))A = M simply requires that u — a?(u) doesn’t

have a repeated root, which again since ¢ is not a root of unity is the case. O
Corollary 5.48. K.dim R/I =2 — ht I.
Corollary 5.49. (a) rgld R = 3.

(b) Let I = (2 — X\)R. Then there are three cases:

—1

(i) A = +q~ "7 (¢* + 1) for some integer a > 1 in which case R/I is not simple and
rgld S/1 = 2;

(ii) A = £2q2 in which case S/I is simple and rgld R/I = oo (we note that this is
the case a =0 from (i));

(#i) otherwise, R/I is simple and rgld R/I = 1.
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(c) If I is a height 2 prime in R, rgld R/I = 0.
Proof. (a), (b) This is immediate from Corollary 5.46, or by applying the results of [24].

(c) If I is a height 2 prime ideal in S, S/I is simple Artinian, so by the Artin-Wedderburn
theorem it is a matrix ring over a division ring, and so by Theorem 2.50 (ii), rgld S/I =

0; then we apply Lemma 5.40 to get rgld R/I = 0.
0
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6 Poisson algebras associated to connected quantized

Weyl algebras

For each positive integer n, (L%),2o is a family of noncommutative algebras in the sense of
Definition 2.74, with L! commutative, so we can construct the semiclassical limit Poisson
algebra, which we denote LZ. As a commutative ring, LY = k[xy, -+, x,], with Poisson
bracket given by

{zizi} =1+ xqx; for 1 <i<n;

{z;,z;} = xjz; ifl<i<i+1l<j<nandj—1iisodd;
{zi,2;} = —xjz; ifl1<i<i+1l<j<nandj—1iiseven.

Similarly, for each odd positive integer n, (Cf),.0 is a family of algebras in the sense of
Definition 2.74, with C'! commutative, so we can construct the semiclassical limit Poisson
algebra, which we denote C'. As a commutative ring, CF = k[xy, -+ ,z,], with Poisson
bracket given by

{zixiq} =1+ x2; for 1 <i<n;

{p, 21} =1+ 212,
{zi,x;} = xjz; ifl<i<i+l<j<mnandj—1iisodd;
{z;,z;} = —xjx; ifl1<i<i+1l<j<n,j—iiseven, and (i,5) # (1,n).

The aim of this section is to determine the Poisson prime ideals of Lf and CZ'. For the
former, they precisely correspond with the prime ideals in the corresponding noncommutative
algebra (at least for generic ¢), but for the latter they do not. (Since CF has prime ideals

which are not completely prime, this is unsurprising).

6.1 Analogues of the normal elements in L and C?

Definition 6.1. As in the noncommutative case, L? embeds naturally into LY and CF if
m < n. Then again as in the noncommutative case, we define zy = 1, z; = x1, and for n > 3,
define 2, € LY by 2, = 2, 12, — 2p_2.

Similarly, we define 0 : C — C? to be the Poisson automorphism given by x; — ;1
for 1 <i<mn-—1and z, — 21, and then we define CF > Q, 1= 2z, 12, — 22 — 0(2,_2).

(As before, if the context is clear then we will write just ).

Remark. If we treat LY and L for ¢ # 0 as factor rings of a larger algebra A as in Definition

2.74, then the z; € LY are images of the same elements of A as the z; € L4 are, and so we
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can read off brackets involving the z; from calculations of commutators in L. The same is

true for Q,, € CP.

0 if 7 1s odd;
Proposition 6.2. (i) For 1 <i<j, {x;, 2} = { z;2 if 1 is odd and j is even;

—x;2; if i 1s even and j is even.

y ‘ —2Zi1 if 1 15 even;
(ii) For all1 <1, {z,xiy1} =
Zilir1 — Zi—1 Zfl 18 odd.

—0%(z;_1) if © is even;

(11i) For all 1 <1, {z1,0(z)} =
110(2;) — 0*(21) if i is odd.

(iv) Denote by z, the set {z1,...,2,}
0, if max{i,j} is odd or both i,j are even
Let Aij =11, ifi odd, j even, i < j )

—1, if1 even, 7 odd, j <1
and then let A, = (Aj;)7;=;. (This is the same as in Definition 5.10).

Then for 1 <i < j, {z,2;} = Aijzizj, s0 Sp(zy, A,) C LY.

(v) For1 <i<n, {z;,Q,} =0.

(vi) In CT {2z, 1,20} = 2p_2 — 0(2,_2).

(vii) In CP {07 (20-1), 201} = 0 (2n1) 201 — 1+ 22 .
Proof. (i) This comes from Proposition 5.2 (iii).

(ii) This comes from Proposition 5.2 (iv).

(iii) This comes from Proposition 5.3 (i), (ii).

(iv) This comes from Proposition 5.3 (iii), (iv).

(v) This comes from Theorem 5.9.

(vi) This comes from Lemma 5.6.

(vii) This comes from Lemma 5.23.
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6.2 Poisson prime ideals in L

Lemma 6.3. (This is analogous to Lemma 5.11). Let X,, denote the set of non-zero scalar

multiples of non-zero monomials in z,, and for n odd, let ), denote the multiplicative closure
of X1 U k[z,]*.

(i) (LPYx, . = Tp(k,2n_1, Ay_1)[2a] where {z;,2,} = Ainzizn. (We note that if n is odd

then z, is Poisson central in this ring).
(ii) Forn odd, (LY)y, = Tp(k(2,), 201, An_1).

Proof. (i) Let B denote Tp(k, 2,1, An,_1)[z,]) with the given Poisson bracket. Then we
have B = Sp(k,2n, Ayn)x,_,, and since Sp(k,z,, A,) C LY, B C (L')x,_,, and the

n—1) n—17

calculation x; = 2, % (2; — z;_») shows z; € Bfor 1 <i<mn,so B= (L)), _,.
(ii) Sp(k,zn, Ay)y, = Tp(k(zn),2n-1,A,_1), and so as before Tp(k(2,),2Zn_1,An_1) C
(LP)y,, and x; € Tp(k(2n),2Zn-1,An_1) for 1 < i < n, so Tp(k(zn), Zn_1,An_1) =
O

Lemma 6.4. (This is analogous to Lemma 5.12). Let K be any field of characteristic 0.

Then Tp(K, z,, A,,) is Poisson simple if and only if n is even.

Proof. The matrix A,, and the condition from Theorem 2.78 are the same as in Lemma 5.12,

where we already showed that A,, satisfies that condition. O

Lemma 6.5. (This is analogous to Lemma 5.13). Let I be a Poisson ideal in some Poisson

algebra R D LY (e.g. R=LE m >n, or R=CL, m >n and m odd). If I contains z; for

m?’

some 1l <i<n-—1, then I contains 1.
Proof. By Proposition 6.2 (ii), if z; € I then z;_; € I, so by induction, since zp = 1,1 € I. O

Corollary 6.6. (This is analogous to Corollary 5.14). Let I be a prime ideal of LY. Then
INX,_,=0.

Proof. Suppose I contains an element of X,,_;. Then since [ is prime, I contains z; for some

1 <7< n-—1, and so by Lemma 6.5, I contains 1, a contradiction. O

Lemma 6.7. (This is analogous to Lemma 5.16). If n is odd, (z,— X)L is a Poisson prime
ideal of LY for each \ € k.

. P . . . . P
If n 1s even, z,L, 1is a Poisson prime ideal of L, .
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Proof. First, by Proposition 6.2 (i), for n odd (2, — ) is Poisson central in L', so (2, —\)L”
is a Poisson ideal of LY while for n even {z,, L} C z,LY so z,LY is a Poisson ideal of LY.
Therefore, if we can show these ideals are prime ideals then we’re done by Proposition 2.70.

We show this by induction using Lemma 2.31; the case n = 0 is trivial. If n > 0 and
then in the setting of that Lemma we have ¢ = 2z, — \; d = 2,_1; and e = —z,,_o — A\, where
A= 0if nis even and \ € k if n is odd. By induction, 2, ;L% | is a completely prime ideal

in Lf_l. Since z,_; has degree 1 in z,_; but e has degree 0 in x,_1, e is non-zero, and so

P

regular, modulo z, ;LY . Therefore we can apply Lemma 2.31, and cL? is a completely

prime ideal in L7 . ]

Theorem 6.8. (This is analogous to Theorem 5.17). Let n be odd, and assume k is alge-
braically closed and characteristic 0. Then the non-trivial Poisson prime ideals of LY are

the ideals (2, — N\)LE for X € k.

Proof. We know that L% is a domain, so together with Lemma 6.7, the given ideals are all
Poisson prime ideals of L’

By Lemma 6.3 (i), (LY)x, , = Tp(k,2n_1,Ay_1)[2:]. By Lemma 6.4, Tp(k,z, 1, A, 1)
is a simple Poisson algebra, so (2, — A)(LY)x, |
each \ € k.

Also, by Lemma 6.3 (ii), ((LY)x, 1)k = (LE)y, = Tp(k(zn),Zn—1, A1), which is
simple by Lemma 6.4, so any Poisson ideal of (L), must contain an element of k|[z,]*.
Therefore PSpec (L) x,_, consists of 0 together with (z, — ) (L) x,_, for each X € k.

n—1

is a maximal Poisson ideal of (L) _, for

By Proposition 2.71, there is a one-to-one correspondence between {P € PSpec L% :
PNX,, =0} and PSpec (LY)x,_, given by P +— P(LF)x _,. Since (2, — \)LY maps
to (2, — A\)(LE)x,_, under this correspondence, using the fact that this correspondence is
bijective we therefore have {P € PSpec LY : PN X, = 0} = {(2, — ALY : X € k} U {0}.

But by Corollary 6.6, {P € PSpec LY : PN X,_; = 0} = PSpec LY, and so we're

n?

done. 0

Lemma 6.9. (This is analogous to Lemma 5.18). Let n be even, A € k*, and define
Py = 2,LY + (2,_1 — N\)LE. Then Py is a Poisson ideal of LY with LY /Py isomorphic to

LY /(zn_1 — N)LE_|; in particular Py is a Poisson prime ideal of LY .

Proof. Firstly, z,_; is Poisson central modulo z,L’, since it Poisson commutes with z; for

n?

1 <4 < n—1, and by Proposition 6.2 (i) {zn,_1,Tp} = 20 1Tp — 2n_2 = 2, € 2, LY. Therefore

P, is a Poisson ideal of L4.
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Secondly, since x, = A7'z,_o modulo Py, LY/P, is generated by #,...,%,. So there
are homomorphisms L2 /Py — LY | /(z,_1 — ALY _, and vice versa given by &; — &; for
1 <i<n-—1 it is easy to check that these are well-defined), and these are inverses to each

other, and so isomorphisms. O

Theorem 6.10. (This is analogous to Theorem 5.19). Let n be even, and assume k is

algebraically closed and characteristic 0. Then the prime ideals in LY are 0, z,LF and
(21 — N LP + 2, LY for each \ € k*.

Proof. We know that L is a domain, so together with Lemmas 6.7 and 5.18, the given ideals
are all (completely) prime ideals of L9.

By Lemma 6.3 (i) (LY)x, , = Tp(k,2n_1, An_1)[2). Let T = Tp(k, 2,1, An_1)[2,] and
consider PSpec T. The set U = {2 : i € N} is an Ore set in T, and Ty, = Tp(k, z,, A,),
which is Poisson simple by Lemma 6.4. Therefore any Poisson ideal of 7" must contain some
power of z,, so any Poisson prime ideal of T" must contain z,.

Further, the ideal z,T" is a Poisson prime ideal of T, since T'/z,T = Tp(k, 2,1, An_1)
which is a domain. Also, Tp(k,Z, 1, Ap_1) = Tp(k, 2,2, Ap_2)[2-",], which is a Laurent
polynomial ring over a Poisson simple ring by Lemma 6.4, so as in the proof of Theorem 6.8,
the Poisson prime ideals of Tp(k, 2,1, A,_1) are 0 and the ideals generated by (z, — A) for
A€ kx.

Therefore the prime spectrum of 7' consists of: 0; z,7; and 2,7 + (2,1 — A)T, for each
A€ kx.

Now we apply Proposition 2.71, recalling that T = (L), _,:
correspondence between {P € PSpec LY : PN X, ; = 0} and PSpec T given by P +— PT.
Since by Corollary 6.6, {P € PSpec LY : PN X, | = 0} = PSpec L4, this correspondence is

there is a one-to-one

between PSpec LY and PSpec T. But this correspondence sends the known prime ideals of
LP

n

ideals of LY. O

as listed above, to the prime ideals of T', and therefore those ideals are the only prime

6.3 Poisson prime ideals in CF

Lemma 6.11. Let I be a Poisson ideal of Cf containing 107 (z,_i_o) + p2zi, where 0 <
i<n—2andu; €k fori=1,2. Then I also contains pu0°%(z,_i_3) + pozis1-
Therefore, if I contains p160(z,—2) + pe, I also contains py + poz,—o.

Proof. When i is odd, using Proposition 6.2 (ii) and (iii),
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{10 (zniza) + piozi, i1} = — 010" (zni—2) i + a0 (2nmiss) — piazia

= — (0™ (znmiz2) + p2zi)Ti

0 (20miog) + poziig — pozio

= — (10" (2niz2) + p22:)Tis1 + 110" (Zaizs) + p2zis1.
Therefore 110" (2,_;_3) + p2zi41 € I as desired.
When i is even, again using Proposition 6.2 (ii) and (iii),
{M19i+1(2n—i—2) + pozi, Tig1 } = M19i+1(zn—i—3) + M22iTip1 — H2Zi-1

07 (2 s g) — piazint.
Therefore 110" (2,_;_3) + p22i41 € I as desired.
The second part follows by repeated application of the first. n

Lemma 6.12. Assume k is algebraically closed. Let I be a Poisson prime ideal of CT which

contains z,_1. Then I contains 2 — X for some X\ € k.

Proof. If I = CF this is trivial. Otherwise, by Proposition 6.2 (vi), 2z, 2 — 0(2,_») € I. But

P

then I N LY | is a nontrivial Poisson ideal of LY ; strictly containing z, ;LY |,

and so by
Theorem 6.10, I N LY | must contain some non-unit element of k[z',]. Then since I is a
prime ideal, it must contain z,_o — p for some p € k.

Putting these together gives z, 1z, + zn_o — 0(2,_2) — 2(2,—2 — p) € I, and therefore

Q+2uel. m

Lemma 6.13. Let I be a nontrivial Poisson ideal of CT which contains z,_1 and Q — X for
some A € k. Then A = £2.

Proof. By Proposition 6.2 (vi), 2,2 — 0(z,_2) € I, while by the definition of Q, —z, o —
0(zn_2) — A € I. Putting these together, —2z, o—\ € I and —26(z,,_5) — X € I; therefore, by
Lemma 6.11, —2— Xz, 5 € I. But thenif A # +2, I = C” contradicting our assumption. []

Lemma 6.14. (i) Let Z, denote the multiplicative closure of X,,_1 U k[Q]*.
Then (Cf)gn = Tp(kﬁ(Q), Zp_1, An—l)-

(ii) (CPVx, , = Tp(k, 2,1, A, 1)[Q], where Q is Poisson central.
(iii) (CP)x, , = Tp(k, 202, Ay _9)[2n_1][07 (20_1)], with appropriate Poisson bracket.
Proof. For the first two, as in the proof of Lemma 6.3, Sp(k,z,_1,A,_1)[Q)] C CF, giving

Tp(l{}(Q), Zp—1, Anfl) C (Cf)gn and TP<k7 Zp_1, Anfl)[Q] C (CrILD)Xn—l
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Then x; = 2 *(2iy1 + 21) gives x; € Tp(k,2Zn_1, An_1)[Q C Tp(k(), 2,1, A1) for
1 < i < n—1; this then gives 0(z,_2) € Tp(k,2Zn_1, A1), and so x, = z,',(Q +
Zn—o + 0(z,-2)) € Tp(k,2z,-1,A,—1)[Q], giving equality in the two equations in the previous
paragraph.

For the third, Sp(k, Z,_2, Ay_2)[2n-1][071)(2,-1)] C CF, so
B :=Tp(k, 2,2, An_2)[z01][07") (2n-1)] C (CF)x,_,; the relation x; = 2!~} (z; + 2z;_2) gives
x; € Bfor 1 <i <n—1, while the relation z,, = 2, ', (07 (2,_1) +0(2,_2)) gives z,, € B. [
Lemma 6.15. (This is analogous to Lemma éfomegaminuslambdaiscp).

For any A € k, (2 — X\)CT is a Poisson prime ideal in C¥.

Proof. Since Q — X is Poisson central in CZ' (Q — X\)CF is a Poisson ideal of C¥

n

so, if we
can show that it’s a prime ideal then we’re done by Proposition 2.70.

We show this using Lemma 2.31. In the setting of that Lemma, we have R = C7,
A=1L1

1 ,c=0=\d=z,1and e = —z, 9—60(2,_2) — A. By considering total degree, we

cannot have e € dR, and so, since by Lemma 5.16, R/dR is a domain, e is regular modulo
Ad. Therefore we can apply Lemma 2.31 to show that R/cR is a domain, that is, (2 —\)CF

is a prime ideal in C7. O

Theorem 6.16. (This is analogous to Theorem 5.30). The Poisson prime ideals in CL (n
odd) are: 0, (2 — \)CFP

", and two exceptional Poisson mazximal ideals containing €2 +£ 2.

Proof. By Lemma 6.14, (CF)z, = Tp(k(Q),2n_1,An_1), which is simple by Lemma 6.4.
Therefore any Poisson prime ideal P of C'¥ must contain some element of Z,, and so either
) — X for some A\ € k, or some element of z,_;. If z,_; € P then there exists A € k such
that Q1 — A € P by Lemma 6.12, while if 2; € P for 1 <i <n—1, then 1 € P by Lemma 6.5.
Therefore any Poisson prime ideal of C must contain 2 — ), and since, by Lemma 6.14,
(CPYx, , = Tp(k,2n_1,A,1)[Q], (2= X)(CP)x,_, is a Poisson maximal ideal in (CF)y, .

Therefore by Proposition 2.71, noting that by Lemma 6.15, (22— \)C? is a Poisson prime
ideal in CF', we obtain {P € PSpec CF': PN X, 1} = {0} U{(Q—\N)CF: X €k}

By Lemmas 6.5, 6.12, and 6.13, the only situation in which a Poisson prime ideal of CF
can have non-empty intersection with X,,_; is if it contains 2 + 2 and z,_.

Let A = +2, and I be a Poisson prime ideal of C¥ containing Q — X and z,_,. Then
applying the logic of the previous paragraph to 6~1(C?), I must also contain 67*(z,_5). And
by the proof of Lemma 6.13, I must also contain 2z,_ + A.

Therefore any Poisson prime ideal of CI" strictly containing (2 — A)CY must contain

Zn_1, 071 (2,_1) and 22, 5 + A\. Therefore the same must be true of any Poisson prime ideal

of (CP)y,_, strictly containing (2 — \)(CD)x,_,.
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By Lemma 6.14, (CP)x, _, = Tp(k, Zn_2, Ay _2)[20-1][0 7 (2,_1)], with appropriate Poisson
bracket. Let I be the ideal of (CF), _, generated by 2,1, 071(2,_1), and 22, 5+ A. Thisis a
Poisson ideal: the only non-trivial check is that {07 (2,_1), 2p_1} = 07 (2n_1)2n_1—1+22_, €
I, but this holds for either value of A since 22 , — 1 = (2,_9 — 1)(2,_2 + 1). Therefore
(CPx, /I = Tp(k,2, 2, A,_3), which is Poisson simple, and so I is a Poisson maximal
ideal in (CF)y, ,. Further, I contains  — )\, and we've already shown that is the only
Poisson prime ideal of (C?)y, _, strictly containing (2 — \)(CF)x, ..

Therefore, by Proposition 2.71, {P € PSpec CF' : PN X, _5 = ()} consists of the ideals
described in the statement of the Theorem. But by Lemma 6.5, { P € PSpec CY : PNX,,_, =
0} = PSpec CF and so we're done. ]

Remark. There is a general conjecture that, given a family of quantum algebras A, paramet-
rised by a scalar ¢, and the semiclassical limit Poisson algebra A of that family, then there
should be an inclusion-preserving bijection between Spec A,, for suitably generic ¢, and
PSpec A. (The bijection is inclusion-preserving if and only if it is a homeomorphism with
respect to the Zariski topologies on Spec A, and PSpec A).

When n is odd, provided ¢ is not a root of unity and the base field %k is algebraically
closed and characteristic 0, by Theorems 5.17 and 6.8, there is a bijection between Spec L
and PSpec L sending 0 to 0 and (z, — A)L? to (2, — A\)LY and this bijection is inclusion-
preserving. Similarly, when n is even and under the same conditions, by Theorems 5.19 and
6.10 there is an inclusion-preserving bijection between Spec L¢ and PSpec L~

There is not, however, an inclusion-preserving bijection between Spec C? and PSpec CF,
since the former has infinitely many height 2 prime ideals whereas the latter only has 2
such. The natural map is a surjection from Spec C? to PSpec C¥": the values of X for which
exceptional height 2 primes exist in C{ are all such that, when one sets ¢ to 1, they equal
+2, so the countably many exceptional height 2 prime ideals in C each map under this
surjection to one of the two exceptional height 2 Poisson prime ideals in CF.

There is, however, an inclusion-preserving bijection between PSpec CI and the set of
completely prime ideals in Spec C{; since for a Noetherian ring no Poisson prime ideal can

fail to be completely prime, this is perhaps the best we can hope for.
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7 Acyclic quantum cluster algebras and prime ideals

Throughout this section we only consider quantum cluster algebras starting from an acyclic
initial seed Q.

The aim of this section is to find a minimal multiplicatively closed set S such that A,(Q)s
is simple. In the case where there are no coefficients, it turns out that A,(Q) is itself simple;
this result had already appeared in [37, Theorem 5.1], with the peculiar-looking additional
condition .

> (B7)ij(max(B;;, 0), min(B;;,0)) # 0 for 1 <i < n.
j=1

First, we find a minimal multiplicatively closed set S such that S,(x,L)s is simple.

7.1 Simple localisations of S,(x, L)

Definition 7.1. Let Q = (Q,x,L) be a (quantum) seed.

Define W to be the set of monomials in x with nonnegative degree in each variable, so
T,(x,L) = Sy(x, L.

Define X := {zw € S,(x,L) : z € Z(T,(x,L))\{0},w € W}, and Y := XNS,(Xtrz; Lifroz)-

Proposition 7.2. (/6, 11.2]).
Write T' = T,(x, L), and assume q is not a root of unity.

(i) The monomials in x that are central in T form a k-basis for Z(T).

(i) I — IT and J — J N Z(T) define a one-to-one correspondence between the two-sided
ideals of Z(T) and the two-sided ideals of T.

Proposition 7.3. (i) The localisation S,(x,L)x is simple Noetherian.

(1) Z(Ty(x, 1)) C Ty (Xgroz: Lifroz) -
Proof. (i) Since W C X, S,(x,L)x = T,(x,L)».

Let I be a non-zero two-sided ideal of T,(x,L). By Propostion 7.2 (ii), / contains an
element z € Z(T,(x,L)). Let w € W be such that zw € 5,(x,L); such a w exists
by taking w to be the product of the denominators of terms in z. Then zw € I, so
I'NX # (). Since this holds for any I, by Proposition 2.11, T, (x, L) x is simple, and so
Sq(x, L) x is simple.

Since S,(x, L) is Noetherian S,(x, L)y is also Noetherian.
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(ii) Let x* be a monomial in Tj(x,L). Then x* is central if and only if La = 0, so if
x2 is central then BTLa = 0, so by the compaitibility condition from Definition 2.80,
there exists an integer d > 0 such that dla = 0. That is, for any mutable u € @,
da, = 0, and so a, = 0. Therefore x* € T,(Xfoz, Lfroz); S0 by Proposition 7.2 (i),
Z(Ty(x,L)) C Ty(Xfron, Lifroz)-

O

Lemma 7.4. Let Q = (Q,x,L) be a seed, and X be as above. Then A,(Q)x ezists and
equals Sy(x,L)x. Therefore any prime ideal of A,(Q) contains an element of X.

Proof. We recall the Laurent phenomenon (Theorem 2.87), which tells us that S,(x,L) C
4,(Q) € T,(x L),

With W as above also, we have YW C X, so by Corollary 2.46, T,(x,L) C S,(x,L)x~.
Thus S,(x,L) C A,(Q) C S,(x,L)x, so we can apply Lemma 2.45 to get that A,(Q)x exists
and equals S,(x,L) .

Since S,(x, L)~ is simple Noetherian, we can apply Lemma 2.11 to show that any prime
ideal of A,(Q) contains an element of X O

Lemma 7.5. Let Q be an acyclic quiver. Then @) contains a sink.

Proof. Suppose not. Pick a vertex v; € @), then define recursively a sequence of vertices
vy, Vs, ... such that there is an arrow v; — wv;4q for all ¢ > 1. This is possible since each
v; is not a sink. Since @ is finite, there must exist ¢ and j such that v; = v;. But then

V; = Vig1 — -+ — v = v; is a cycle in @), a contradiction. O

Lemma 7.6. Let Q be an acyclic quiver. Then there exists an ordering of the vertices of @,

U1,..., Uy, such that there are no arrows from v; to v; for j > 1.

Proof. By the previous lemma, @ has a sink. Call this vertex v,. Then by induction (the
case where () has one vertex is trivial, and a subgraph of an acyclic graph is still acyclic),
there exists an ordering of @) \ v, with no arrows from v; to v; for n > j > 4. And since v,

is a sink, there are no arrows from v, to v; for j < n. O

Lemma 7.7. Let Q = (Q,x,L) be a seed and let v € Q). Then there exists s € Z and A € k*
such that

! s, ./ —B
T, —¢’r,x, =N I x, v
vty vy Buw<0 ¥

Remark. The precise value of scalar A does depend on the ordering on (), but its existence

does not.
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Proof. By definition of x/, there exist non-zero scalars p; and p_ such that

Byw
w

x) xu+HxB”w+xu I x,

Byw<0

Using the skew-commutation relations between x, and the other z,,, we get
—LywBow > LvwBuvw

x, = u+q3“w>° || B Pt

Bpw<0 ¥ v
Byw>0

Thus, setting s = > LywByw, We get

va>0
’ s 1 B Z Ovava B Z Ovava _B
— vw
Tply — @ Ty Ty = ph_ | 1 — gPow< qPvw> H Ty
Byw<0
Z vava B
— _ €Q —Doyw
- M— 1 qw H xw
Byw<0
— 1 _ q H x va
Byw<0

In this d is the integer such that BTL = dI, which is strictly positive and so A := pu_(1—¢?)

is a non-zero scalar. O

Corollary 7.8. With s and X\ as above, and a > 1,
l,g qasx;x )\q (a— 1)8 H ,I’ Uw a—1
Uw<0
In particular, if q is not a root of unity, there exists a non-zero scalar pu such that
xgxfu as/ uHvawal
Byw<0

Proof. We prove this by induction on a; if a = 1 then this is immediate from the previous

Z *vava
lemma. Write x_ := A [] %, and note that z,x_ = gPvw<o X_T,. So write
By <0
t:= > — LywByw. With this notation,

By <0

gtz = ¢ Vg o 207 4 glom U[a—l]tsxvx r?

_qasl,/ +q(a l)sx xal sa ]tqu,Ial

[
[ 1

_qasx/ +q(a 1)sx xa 1 Sa—l] . sq Sy xa

— qasx/ +q(a—1)5[ ] q Sy xa 1.
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Theorem 7.9. Let Q = (Q,x,L) be a seed such that the principal part of @ - that is, Q
with the frozen vertices removed - is acyclic. Assume that q is not a root of unity. Let ) be
as in Definition 7.1. Then any non-zero ideal of A,(Q) contains an element of ).

Conversely, any element of Y is normal in Ay(Q), so generates a non-trivial ideal of
A,(Q). Ify € Y is irreducible, that is, there do not exist y',y" € Y \ k™ such that y = y'y",
then y generates a prime ideal of A,(Q).

Proof. Let I be a non-zero ideal of A,(Q), so, by Lemma 7.4, I must contain some element
of X.

Order the mutable vertices of @ using Lemma 7.6. Let @t = {mutable vertices of
Q} U {0}. Order QT by extending the order on the mutable vertices of @) by saying 0 < v
for all v. (‘0" will represent being an element of ).

For y € X define m(y) € Q" to be 0 if y € ), and otherwise m(y) is the maximal vertex
v such that y has non-zero degree in x,.

Let v € @ be minimal such that m(y) = v for some y € INAX. If v = 0 then we're done.
Otherwise, let z € INX have minimal degree in z, among elements of {y € INX : m(y) = v}.
Write z = yllzlvzd", where y € V.

Now sincué x, skew-commutes with x,, for all w # v, and commutes with y for all y € ),,
by Corollary 7.8 there exists an integer ¢t and a non-zero scalar v such that

/ t . a —B ay—1
2T, — QT 2 = VY (wl;lvxww> < I =z, ““> x4

Byw<0

Ay if By >0
But B,, <0 = w < v, so writing a,, = , we get
Gy — Byw if By <0

/ to o a; ay—1
2T, — @ T,z = VY ( IT xww> Ty
w<v

Therefore, za! — ¢'zlz € INX, and if a, > 1 then m(zz), — ¢'x}2) = v and zz!, — ¢'x 2
contradicts the minimality of the degree of x, in z. If a, = 1 then m(zx] — ¢'zl2) < v
contradicting the minimality of v. Either way we have a contradiction, so we must have had

v = 0 and [ contains an element of V. O]
Corollary 7.10. In the setting of Theorem 7.9, A,(Q)y is simple.

Proof. Every element of ) is normal in A4,(Q), so Y is a right Ore set in A,(Q) and the

localisation exists. Now apply Lemma 2.11. O]
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Corollary 7.11. Let Q = (Q,x,L) be a seed with no frozen variables such that Q is acyclic.
Then A,(Q) is simple.

Having described the height 1 primes, a natural question is whether there exist quantum
cluster algebra structures on the factor rings. In the case of a central coefficient, there exists

a natural candidate:

Conjecture 7.12. (/21, Proposition 3.3]). Let Q = (Q,x,L) be a seed with v € Qpp, such
that L., = 0 for all w, so x, is central in A,(Q). Then removing v from Q gives valid initial

data for a quantum cluster algebra; it is conjectured that this is a quantum cluster algebra

on A,(Q)/(z, —1).

7.2 Examples

We use the standard notation that frozen vertices are represented by boxes.

Ezample 7.13 (The first quantized Weyl algebra). The first quantized Weyl algebra A‘f2 =

k{z,y:zy — ¢°yz = 1 — ¢*) has a quantum cluster algebra structure given by

r — q_lz

where 2z := zy — 1 is the normal element in A?Z, and mutation at x turns out to give y.
So Theorem 7.9 recovers the fact that the prime ideal generated by z is in fact the only
height one prime in A‘{Q.
Example 7.14. We recall that O,(M;(k)) has a quantum cluster algebra structure with the
following as the initial seed:

o ——[8]

[\

D,
1

Here the centre of the quantum torus is the Laurent polynomial ring in D, and bc™", so

the set ) consists of non-zero polynomials in b, ¢, and D, which are homogeneous in b and c.
Similarly, we recall that O,(SLs(k)) has a quantum cluster algebra structure with the
following as the initial seed:

PR 1y

T
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Here the centre of the quantum torus is the Laurent polynomial ring in bc™!, so the set
Y consists of non-zero homogeneous polynomials in b and c.

We note also that since O, (SLy(k)) = O,(Ma(k))/(Dy—1), the quantum cluster structure
on O,(SLsy(k)) is an example of Theorem 7.12.

We will see further examples in Section 8.
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8 Quantum cluster algebra structures on connected

quantized Weyl algebras

8.1 A quantum cluster algebra structure on L?LQ

We aim to give a quantum cluster algebra presentation of the ring L?f. The initial seed will
be the following, where Z; is a non-zero scalar multiple (the precise value to be defined later)

of z; for all 7.

21 > Zo >z,{,1—>

Proposition 8.1. Let Q = (Q,x,L) be a seed, and v € Q a verter.

Let Q be the seed formed by taking Q and adding an extra vertex w, any arrows from
w to other vertices of Q) that we choose, and a central cluster variable x,,. We can mutate
this seed at the vertex v, giving a seed Q'. Now construct a seed Q from Q' by replacing all
instances of T, in z, by 1, removing w and any arrows to or from it from Q’', and removing
Ty from X'. Then the seeds Q' and Q' are identical.

Informally, “adding vertices labelled by 1 doesn’t change anything”.

Proof. If u and t are vertices in () then By depends only on But, B,, and Btv, which are
all equal to their counterparts in B, and so B’y = B.,. Thus By, = B/, for any u, t € Q/,
and since Q’ and (' have the same vertex set, these quivers are identical.

If we pick an ordering on the vertices of Q then we note that A(b¥) = X\(bE

Luw = 0 for all u, and so M (b¥) = :cg%)”M(bf). Thus 2/, = !, as elements of T,(x, L), and

so x' = X' as subsets of T,(x, L), and so also L/ = L. O

), since

j/2 if 7 is even
(j—1)/2 if jis odd

Define z; := q_t(j)zj, that is, a rescaled version of z;, where z; € L? is as in Definition
5.1.

Consider the following picture, where 0 < k < j—1 and i+ 7 < n. If any of the variables

Definition 8.2. For integers j > 0, define ¢(j) :=

associated to vertices are 6" (zp) for some r - that is, if k = 0 or kK = j — 1 - then we remove
that vertex and any arrows to or from it. When j =1, and so k =0 and k = j — 1, then we

remove both those vertices, leaving just the vertex labelled by 6°(Z;) = x41.
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9i+k+1 (Zj:kfl )

0 (%)
We say that the vertex labelled #'(Z;) has a smaller neighbourhood, while the other

two vertices each have a larger neighbourhood.

A L% -seed is a seed contained within L¢ with n vertices in the quiver and

1. the variable associated to each vertex is 6%(%;) for some 0 < i, j with i + j < n;
2. it has precisely one frozen vertex, with associated variable 2,;

3. each unfrozen vertex has a smaller neighbourhood and a larger neighbourhood, and no

arrows to or from it otherwise;

4. the frozen vertex has a smaller neighbourhood and no arrows to or from it otherwise.

Lemma 8.3. The neighbourhood of any mutable vertez in a Lf -seed 1s one of the following:

(i)

Qrriti+2 (ZAk)

T

6)r+i+1 (ij) or (Zi+jfi—k+2)

\/

HT(ZH}H)
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(ii)

9r+i+k+2 (éj)

T

O (2,0

/\

0 (%) 0" (2itj4h+2)

/

where i, 7, k > 0 are such that 1 + j + k + 2 < n, and the vertex we are considering has

0 (

0" (zi4j41) associated to it.
If any of i, j, or k equal O then some of the vertices in this diagram will not be present,
but we can use Proposition 8.1 to add vertices “labelled by 17 in their place to make the

netghbourhood of this form.

Proof. The vertex must have both a smaller neighbourhood and a larger neighbourhood;
the two cases arise from there being two vertices in Definition 8.2 which have a larger

neighbourhood. O

Lemma 8.4. Suppose i, j, k > 0 are such that i+ j+ k+2 < n, and we have a vertexr with

Zifj+1 associated to it, such that its neighbourhood is the following:

T

671 (2)) Zitj k42

\/

Ritj+1

0i+j+2(zAk)

A

<
Then 211, i-e. the new variable obtained by mutating at ziy 1, equals 0 (25 41).
As before, if any of i, j, k are 0 then some of the vertices in this diagram will not be
present, but we can use Proposition 8.1 to add vertices “labelled by 17 in their place without

changing anything.
To show this we will need the following calculation:
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Lemma 8.5. For all non-negative integers i, j, k, and also for k = —1, the following holds:
Zij 1107 (2 k1) = 07 (2)) 2 jnre + @ 20712 (21) (if § is even);
Zirj 107 (2jks1) = 07N (2)) ziprhre + @ T 2072 (2) (if @ and j are both odd);
Zir i 10T (2jk11) = PO 2 zi ke + T 20T (21) (if @ is even and j is odd).
Proof. We consider first the case when k = 0. In this case we wish to show
Zini107 (zj01) = 071 (2)) 2i 00 + ¢ 2 if 7 is even;
Zinj10 T (240) = 07 (2)) zinjee + ¢ T2 if § odd and i odd;
J+ g,

Zigi107 (zj51) = PO (2) 2002 + q if j odd and i even.

We note that, by Proposition 5.2 (v), 071 (z;)zi4j42 = ¢*9 241201 (2;), with

0 if j is even;
sij =40 if i+ j is odd;
1 if ¢ and j are both odd.

These skew commutators allow us to rewrite the relations slightly, so that we wish to show
Zi+j+18i+1<zj+1) = Zi+j+20i+1(zj) +¢'z if j is even; (1)
Zig 07 (2j51) = Crigal T () + ¢ if jis odd. (2)
We show these by induction on j. If 7 = 0 then (1) becomes just z;4112;42 = 2zi12 + 2;, 1.€.
the definition of z;,,.

If 7 > 0 is even then

Zi+j+19i+1(2j+1) - Zi+j+29i+1(zj)
= 210 (25)Tirjh = Zipgaini20 T (25) = 2107 (2501) + 207 (25)
= 2i 10 (2) v — Zzip 107 (2)) T4
+(1— q2>Zi+j+19i+1(zj—1) - Zi+j+19i+1(zj—1> + Zi+j‘9i+1(zj>
(since iy 420" (25) = 07 (2j4125) = 077 (25w — (1 — ¢°)z;_1)) by Proposition 5.3

'ei—i—l

= 230 (%) — i 107 (2501)

= ¢’z by induction.
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If 7 > 0 is odd then

Zig 10 (25501) — iy a0 (2))
= Zipj10 (2) Tivjae — @ zirjnTing 207 (25) = 20 (25m1) + P07 (25)
= Zi+j+19i+l(zj)xi+j+2 - Zi+j+19i+1(zj)xi+j+2
+ (1= ¢H)zipj10 1 (221) = 210 (2j21) + 20 (25)
(since iy ;120" (25) = 07 (252501 — (1 — ¢*)z;_1)) by Proposition 5.3
= (214507 (%) = 251107 (25-1))
= ¢*¢°'2 by induction

_ g+l
=q¢ " z.

So we have shown the result in the case k = 0. We note that with the convention z_; = 0,
the result makes sense for £ = —1 as well. and in that case is simply the skew-commutation
relation between z;, ;11 and 6°*(z;) from Proposition 5.2 (v).

¢*> if j is odd and i is even

Now we show the general case by induction on k: if A =
1 otherwise
¢ if 7 is even ) )
and pu = 4 (note that these are independent of the value of k) then, just
¢t if jis odd
using the definition of z, for various r and reordering,

Zigj10 T (Zjk) — /\9i+1(2j)zi+j+k+2 — 2l (2)
= 2ip 10 () Ty ra2 — Zopn 07 (250000
- )\(QH_I(Zj>zi+j+k+lxi+j+k+2 - 9i+1(zj)zi+j+k)
- N(2i9i+j+2(2k71)xi+j+k+2 - 21‘9“#2(%72))
= (Zipg 10" (z0k) = M2 20k — 0207 (2 1)) Ty
— (2i4j 10 (Zjn-1) — Mz zip ok — p2i0 7 (2122))

= 0 by induction.
O

Proof of Lemma 8.4. We choose the following ordering on the vertices of the neighbhourhood

of our vertex:
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giti+2 (ZAk)

T

i+1( 2 A
0" (%)) Zitjh+2
2 \ / ’
Zit+j+1

/ 1
Zi

4

T T
Thereforebf:(—l 110 0) andbl_:(—l 001 1>.
The table below calculates A(b]) and A(b;), depending on the parity of i, j and k.

[ J k| Lia | L13 | Log | L1a | Lis | Las | A(bT) | A(by)
even | even | even | 0 2 0 0 0 0 1 0
even | even | odd | 0 0 0 0 -2 0 0 -1
even | odd |even | 2 0 0 0 0 1
even | odd | odd | 2 0 -2 0 0 2
odd | even | even | 0 0 0 -2 0 0 0 -1
odd | even | odd | 0 0 0 -2 0 2 0 -2
odd | odd | even | 0 2 2 0 0 0 0 0
odd | odd | odd | 0 0 0 0| -2 | -2 0 0

We now calculate U+t M (b}) and ¢*U+++1) M (b)), since we want to show
M(by) + M(by) = g~ UHEDO (2,514)

We know ¢'UHHOM (b)) = ¢z 107 (2)) i g4 ksa, Where a = A(b]) + (i +j 4+ 1) —
t(j)—tli+j+k+2)+t(j+k+1). The following table calculates a, again depending on
the parity of ¢, j and k:
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i J Eo|Ax®)) | ti++1) | —t() | —tli+j+k+2) | t+Ek+1) | a
even | even | even i+if2 —if2 —(i+j+k+2) /2 J+k/2 0
even | even | odd 0 i+if2 —if2 —(i+j+k+1) /2 Jtk+1/y 0
even | odd | even 1 i+j+1/s —(i=1)/2 —(i+j+k+1) /2 Gkt 92
even | odd | odd 2 i+j+1/s —(-1)/2 —(i+j+k+2) /2 itk/o 9
odd | even | even 0 i+j+1/a —if2 —(i+j+h+1) /2 i+k/o 0
odd | even | odd 0 i+i+1/o =i/ —(i+j+k+2) /2 Jtkt1/y 0
odd | odd | even 0 i+i/2 ~(-1/2 —(i+j+k+2) /2 Jtkt1/ 0
odd | odd | odd 0 i+if2 —(=1)/2 —(i+j+k+1) /2 it/ 0

Similarly, we know ¢' UM (by) = ¢°z; L 20772 (2,), where b = A(by) + (i 4 j +
1)—t(j)—tli+j+k+2)+t(j+k+1). The following table calculates b depending on the

parity of 7, 7 and k:

i J k| Aby) | t@+7+1)| —t@) | —tk) |tG+Ek+1)| Db
even | even | even 0 i+if2 ~if2 —k/a J+k/o J
even | even | odd -1 i+if2 =iy | ~(k=1)/y Jtkt1/y J
even | odd | even +it1/o ~i/2 —k/a Jtkt1/y j+1
even | odd | odd +j+1/a —ifs | —(k=1)/y Jt+k/a Jj+1
odd | even | even | -1 i+j+1/a —@=D/f2 | —k/a J+k/2 J
odd | even | odd -2 i+jtl/o (=1 /y | —(k=1)/5 Jtk+1/o J
odd | odd | even 0 +if2 —@=D/f2 | K[y Jtk+1/y j+1
odd | odd | odd 0 i+if2 —(i=1)/p | —(k=1)/3 tk/a j+1

Combining these together, we get

s O () sk + P50 () (f even)

qt(j+k+1)

~

Rit+j+1

/7

i O (2) zi kv + T 2072 (21)

% (@POTH(2) 2y nre + P 2072 ()

So by Lemma 8.5 we get 2; 511 = 0" (2 041), as required.

Lemma 8.6. Any mutation of a L?f -seed yields another L,qf -seed.

Proof. If we have an L?f—seed and a mutable vertex in it, then the neighbourhood of our
vertex will be of one of the two forms from Lemma 8.3. Suppose first that the neighbhourhood

is of the first form. By applying an appropriate power of 6 to all the calculations involved,

we may assume r = 0, so the neighbourhood is:
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giti+2 (2})

T

0+1(2)) Zitjth+2

\ 2o —

Zi
Lemma 8.4, together with an easy check of the quiver mutation, shows that mutating at

zi+j+1 gives the following local picture:

6)i+j+2 (Z‘Ak)

/

61 (2;) Zit k2

\ /

0 (254 k11)

Furthermore, if all the vertices in the picture satisfied the requirements of Definition 8.2
before the mutation, they continue to do so after the mutation: the four vertices (including
the one we mutate at) that started with larger neighbourhoods in the picture still have larger
neighbourhoods in the picture, while the two vertices that started with smaller neighbour-
hoods in the picture still have smaller neighbhourhoods in the picture, and there are no
other arrows that have not been accounted for in the above. So if the previous seed was an
L?f—seed, then the mutated seed is too.

Further, the neighbourhood is now in the second form from Lemma 8.3; since seed mu-
tation is involutive, starting from a vertex whos neighbourhood is of the second form within
a Lgf—seed gives a L?f—seed with the neighbourhood of the mutated vertex being of the first
form.

Either way, if we start with an Lgf—seed and mutate it we get a L?f—seed. O

Theorem 8.7. Let the following diagram describe a seed Q within L‘}f :

21 > 2o >z,[_1—>
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Then A,(Q) = LY

.
Proof. The initial seed is clearly an Lf—seed, so all seeds mutation equivalent to it are Lf—
seeds also. So all the cluster variables are all elements of Lff, so the quantum cluster algebra
is a subalgebra of L‘TILQ. And the new cluster variable obtained by mutating at z; equals ;14
for 1 <7 < n—1, so together with z; = x; we have all the generators of L‘ff. So the quantum

cluster algebra does in fact equal L‘}LQ. ]

Corollary 8.8. The commutative cluster algebra with initial seed

21 > 2o >Zn—1—>

1s 1somorphic to a polynomaial ring in n variables.

Proof. Take q = 1. m

Remark. 1 have no idea whether this is already known.

We can use this, together with Theorem 7.9, to recover some of the results of Section 5.3.

Corollary 8.9. If n is even, k is algebraically closed, and q is not a root of unity, then any
prime ideal of L1 contains z,, while if n is odd, any prime ideal of L1 contains z, — A\ for

some A. Further, if n is odd then L% /(z, — 1) is simple.

Proof. Let Q = (Q,x, L) denote the initial seed described above. If n is even, Z(T,(x,L)) =
k, while if n is odd, Z(T,(x,L)) = k[2£']. So the set Y of Definition 7.1 is {2} : ¢ > 0} if
n is even and k|[z,]* if n is odd. The result then follows by Theorem 7.9, together with the
algebraic closure of k allowing complete factorisation of elements of k[z,] into linear terms.

Theorem 7.12 tells us that LZ/(z, — 1) has a quantum cluster algebra structure with

initial seed

21 > 29 Yoo — 20

By Corollary 7.11, this quantum cluster algebra is simple, so L%/(z, — 1) is simple. [

8.2 A quantum cluster algebra containing 032

In Section 4 we defined connected quantized Weyl algebras in terms of their generators and
relations. However, the ring C? (and so by extension its subring L2) first arose in the work
of Fordy and Marsh in [14] and [13], as a subalgebra of a cluster algebra arising from certain
mutation-periodic quivers. The next two subsections provide an exposition of the parts of
this work relevant to our topic, first in the context of commutative Poisson algebras, following

the example of the papers just mentioned, and then the analogous quantum algebras.
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8.2.1 Mutation-periodic quivers

Definition 8.10. Let () be a quiver with vertices vy, ..., Vp_1.

Let ¢(Q) be the quiver with the same vertex set as @ but with ¢(B)y,; = By, jv, 1,
where the latter indices are taken modulo n - that is, if we draw the vertices in a circle
labelled clockwise, then ¢(Q) is @) rotated one place clockwise.

Let Q® denote the quiver obtained from ) by mutating at v, then vy, and so on up to
V1 -50 Q@ =Q0 and Q' = QW.

We say - following [14] - that () is mutation-periodic with period s if ¢*(Q) = Q.

Ezample 8.11. The quiver Pél), depicted below, is mutation-periodic with period 1 with the

ordering given:

Vg — U1

.

V2

|

U3

<+ L
Up—1 < Un—2
since the quiver obtained by mutating at vy is
Vg —— Uy
U2

i o
|

U3

-
Up—1 < Un—2

Definition 8.12. Given two quivers (), ()o with the same vertex set, with arrows given by
B: and B, respectively, we can add these quivers by defining )1 + () to be the quiver with

again the same vertex set and arrows given by (B )uy := (B1)uw + (B2)ue-

Definition 8.13. Let R,(f), 1<k< ng denote the quiver with n vertices, ordered vy, ...,
Un_1, and a single arrow from vy to vg.
If @ is a quiver with vertices vy, ..., v,_1, let ¥(Q) denote the quiver with the same

vertex set as () but any arrows at vertex vy reversed.
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Let P = Y0 i (RED) =0 ¢1(BAY), for | <k < %, and P = Y7 ¢i(RIY)
if k=2

Proposition 8.14. Pn(k) s a mutation-periodic quiver of period 1.

") %o or from vertex 0 are R’ and —¢"F(RY).

Proof. The terms which give arrows in Pé
Both of these are arrows away from PT(Lk), so mutating at vertex 0 simply reverses these

arrows. Thus:

pH = p® _oRE) 1 ogn=k(RM)
n—k—1
= ( > w‘(RS{“)) — R 4+ ¢" (R - ( > #(RD) ) +¢" M (RY) — ¢"(R)
=0 i=n—k
n—k n
=Y VRO - > FRY)
=1 i=n—k+1
= o(P)
O

It turns out that every mutation-periodic quiver of period 1 is made up of quivers of this

form:

Theorem 8.15. [14, Thm 6.7] Let b; € Z for 1 < i < r. Then ., biP,Ei) is mutation-
periodic of period 1 iff the b; all have the same sign; however if it is not mutation-periodic
then one can add “correction terms” to make it mutatz’on-pem’odic: that 1s, there exist e, ; € 7
such that Q = 3, b P + SIS e quk( N 2k) is mutation-periodic. Furthermore,

every period 1 mutation-periodic quiver is of this form.

Given a mutation-periodic quiver of period 1, one can form a (commutative) seed simply
by associating to v; the variable w; in the function field F' = k(wy, ..., w,_1). Then seed
mutation at vy gives a new seed, with quiver isomorphic to the initial quiver, but “rotated”
one place and with a new element wj € F' at vy = ¢(v,—1). This seed mutation extends
¢ to F, with ¢(w;) = w4y for 0 < i < n—1 and ¢(w,—1) = wjy. With this in mind,
we define w,, := w(. Repeating this process - this time, of course, mutating at v; instead
- we get w,_1 = w), and so on, giving a sequence (w;);en of rational functions from F -
actually, by the Laurent phenomenon, Laurent polynomials in the w;. Since seed mutation
is involutive, we can also go in the other direction - so starting by mutating the initial seed
at v,_1, extending the sequence w; to ¢ € Z. And with this choice of nomenclature, for each

i the map ¢ : F' — F maps (w;, ..., Wn1i—1) t0 (Wit1, ..., Wpii)-
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Remark. If we pick initial values for wy, ..., w,_1 then this sequence of functions becomes a
sequence of rational numbers defined by a recurrence relation of the form w,, ;w; = II; + 15,
where the II; are monomials in w;;1,..., Wy4—1. If we take wy = --- = w,_1 = 1 then by
the Laurent property, we get the surprising result that w; € N for all 4.

For example, the Somos 4 sequence defined by w;w; 14y = w;1w;rs + wz»2+2, Wy = Wy =
w3 = wy = 1, always takes integer values, since it arises from the following mutation-periodic

quiver:

B

X

.

8.2.2 The quiver P75+)1
1)

If n is an odd integer, then we form a commutative seed with quiver P,(L /1, which we denote

(Péi)l, w). in the following natural fashion:

Wy — Wy

Wa
~ L
Wy < Wp—1
Proposition 8.16.
0 if i + J is even
Let Ly, =41 ifi+jisodd, 0<i<j<mn
—1 ifi+jisodd, 0<j<i<n
Then L s compatible with Pn+17 and so P,y = (P,E+)1,W L) is a quantum seed. In

addition, any other integer matriz compatible with p +1 s an integer multiple of L.
If we mutate P, at vertex wgy, so P,Ei)i = ¢(Pny1), then L;s(y Sw) = Lyw: therefore,
there is a well-defined map ¢ : T,(w,L) — T,(w', L") given by w; — w41 for 0 <i<n—1,

Wy, > Wy.

Proof. (BTL)j, =>", Buw, Loy, = Bo,_ 1oL, 1o, + By v Loj 1 vy,, where addition of subsub-

scripts is taken modulo n + 1.
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If 0 < j < n then (BTL);;, = Ly, 1o — Loy 1o,

gives (BTL),;, = 0 when j # k and (BTL);; = 2.
If 7 =0 then (BTL);, = —Ly,», — Ly, this equals 0 when &k # 0 and 2 when k = 0.
If j =n then (BYL);, = Ly, ,u, + Lugw,; this equals 0 when &k # n and 2 when k = n.
Thus BTL = 2I,,;; and L is compatible with the above quiver.

Checking this with the definition of L

Let A be such that BTA = MI,,,, for some non-zero scalar X. Then by uniqueness of
inverses for square matrices, A = ’%L; A is then an integer matrix only if A € 2Z, and the
uniqueness of L is shown.

If neither v nor w equals v, - so neither ¢(v) nor ¢(w) equals vy then Lj .\ =
Lyyp(w) = Luw directly from the definition of L. Otherwise, the definition of seed mu-
tation give us wj = wy ' + quwy 'wiw,. From this we get that ws;w) = wjw; if i is even and

0 ifiiseven

w;wy = quow; if i is odd, and so L, = f il so L, . = Ly,_,v, as desired. [
1 ifiiso

With this in mind, we will write wy,41 := wy{, so the mutated seed P/, is given by:
Wp41 S Wy
W2

: .
|

w3

L
Wy < Wp—1

Furthermore, the rule for defining the skew-commutators holds with this notation, that
0 if 1 4+ 7 is even
is, L' is given by L}, = ¢ 1 ifi+jisodd, 1<i<j<n-+1
—1 ifit+jisodd, 1<j<i<n+]1
Repeating this process, as in the commutative case, by mutating P;,_, at v; and so
on, we get a sequence of cluster variables w; for all i € N, defined recursively by w; :=
w; g+ quil,_winwiy.
Similarly (or using the involutive property of seed mutation), mutating P, at v, gives
¢ H(Ppy1), with w_y := w!, = w,; ' + ¢~ w, 'wow,_1, and repeating this lets us define w_;
for all 7 € N.

As in the commutative case, we extend the map ¢ to the quantum seeds, so ¢(w;) = w;41.
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Definition 8.17. Next we consider what happens when we mutate P, ., at some other
vertex. If we mutate at v; then

T = w) = q%(wowfl + wy tws).

Similarly if we mutate P, 1 at v; for 1 <i < n —1 we get a mutated variable

z; = w, = q2 (wi_yw; " + w wiyy).

If we mutate ¢(P,,11) at v, - so mutating first at vy and then at v, - then we get

Ty =W = @2 (Wo_w " + W W),

(The following proposition explains the notation ;).
Proposition 8.18. (i) x4 = ¢(z;), for 1 <i<n—1.
(ii) ¢(xn) = 1.
(111) (a) v129 = Paozy + (1 — ¢7).
(b) x17; = ¢*x;xy for 1 <i < m, i even.
(¢c) x17; = q 2z for 1 < i <m, i odd.

(iv) The elements x1, ..., x, of T,(w,L) satisfy the defining relations for o,

Proof. (i) ¢(x;) is obtained by mutating first at vy and then at v;1, so when i = n — 1,
xir1 = ¢(x;) follows directly from the definition. If 1 < i+ 1 < n, mutating at vy does

not change v;;; or any of its neighbours, so cannot change w;, |, so ¢(;) = Ti41.

.. 1 _ _
(11) ( ) =q2 Wy nJlrl + wnilwn—i-?)

||
N:\»—t

Wl ty + 4 Wopoty )

||
mH

wn(wy' + qug wiw,) T+ (¢ + w wawg )wy )

(
q(
q*(
¢ (wn (1 + quiw,) " wo + ¢~ wi (1 + quiw,) ™ wo + wy tws)
q(
q*(
q*(

||
I\J\b—'

||
M\»—t

+ quiwy,) " wawo 4+ ¢ (1 + quiw,) T wi M we 4wy ws)

l\‘:h—t

(1
(1 + quiw,) ™ (wowy 4+ ¢~ wy 'wo + wi ' ws)
(]- + qwlwn) 1(qU}ﬂUn + 1)'w0u)1_1 + w1_1w2)

- -1
= WoW; —|—w1 Wy
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(iil) (a) @129 = g(wowy " + wi 'ws) (wywy ' + wy Mws)

2 2, —1 -1 —1, 1 2, —1 -1
q wiwy wowl "+¢ Wy W3WW  + Wiwy Wy Wy + ¢Ewy w3zwy  wWa)

q(

-1, 1 ~1 —1 -1, -1
q(wowy ' wywy !t + wowy M wy Mws + wi M wawwy 4wy wawy Mws)
q(

2

1, —1
= ¢*rory + q(1 — wiwy w tw,
-1, —1
= ¢*7om1 + (1 — ¢*)wyw; 'wy wsy
2 2
=q w1+ (1 —¢q°)
(b) For 1 < i <mn, i even,
_ —1 -1 -1 -1
217 = q(wowy  +wy wo)(wiw;  +w; Wiy1)
—1 -1 —1, —1 -1 -1 .
= q(wowl W;—1W; + WoW, " W; " Wit1 + Wy WaW;—1W,; + Wy W, wiﬂ)
2 —1, =1 2 1 -1
q(q wi—1w; wowy + ¢ W; Wiy 1wow,
2 ~1, —1 2 1 —1
+ W w; Twy Wy + W, Wi Wy wz)
2
=4q Ti%1.
(c¢) For 1 <i<n,iodd,
_ ~1 -1 -1 -1
112 = q(wow; +wi w2)(Wimw; + w; wits)
—1 -1 -1, ~1 -1 -1 T
= q(wow; Wi 1w; T + WoW; W; Wip1 + Wy WoW; W, 4 Wy Wl Wiy1)

—2 ~1 1, 2. -1 -1
q(q “w—qw; wowy T + ¢ Cw; Wi Wowy

-2 -1, -1 -2 -1 —1
+ ¢ Wi w; Wy we + ¢ W Wi wy W)
-2
=q T;Tli.

(iv) This follows directly from (iii) together with the properties ¢(z;) = z;41 and ¢™(x;) =
Z;.

]

Remark. The subalgebra of A,(P,+1) generated by the x; is therefore a factor ring of C’ff -
it might not be the full ring.

Remark. This raises the question of whether there might be a quantum cluster algebra
structure on C? itself. Although proving non-existence of such structures is in general hard,
it seems unlikely here given what we know about the prime ideal structure of C¢: firstly,
quantum cluster algebras tend to be more well-behaved than C¥, with no prime ideals that
are not completely prime; second, we know by Corollary 7.10 that if the quiver is acyclic -
and most quivers are mutation-equivalent to an acyclic one - £ — X must be a frozen cluster
variable, and the only one, which limits the possibilities for an initial seed quite considerably.

Extending the results of Section 7 might give an approach to settling this question.
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8.2.3 The set of cluster variables

The aim of this section is to show that any cluster variable of the cluster algebra A,(P,,1)
is one of the w;, i € Z, or is of the form 6(%;), where 0 <i<n—1,1<j <n-—1, and
Z; is as in Definition 8.2. As just remarked, we might not actually have 6"(Z;), we may have
its image in some factor ring of C’gQ instead, but we will abuse notation slightly and write

6'(%;) anyway.

Definition 8.19. To do this we claim that any seed obtained by mutating the initial seed

is of the following form, which we call a C%*-seed:

r G

In this diagram:
represents a LZQ-Seed, as in Definition 8.2, except that we do not freeze 2, and instead
the arrows to or from the are drawn to or from 2.
9“() is similar but with 6% applied to every variable of the LZQ—seed.
r is an integer between 0 and n—1, and s =19 <1 < - -+ < 1, < 1,41 = n+ s are integers.
If 7, = 7,1 + 1 then we would get a which we remove.

If » = 0 then we interpret this as follows:
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)

-~

Wn+s
where the double-headed arrow represents an arrow of weight 2.

We call w, a quasi-source, w, s a quasi-sink, and the other w; link nodes.

We note that since there are b vertices in the quiver for a 0“(LZZ)—seed, there are n + 1

vertices in a quiver of this form, as there should be.

We also note that applying ¢ to every vertex of a C’ff-seed yields another C’;{Z-seed.

Proposition 8.20. The neighbourhoods of a vertex (the vertex we are considering is circled

in the diagrams below) in a Cﬁf—seed take the following form, up to translation by ¢, and

removing vertices labelled by 0'(%) for some I:

(i) A
0" (2 1)

Z{l\ @ /
wo/ \wj

where 0 < 1 < j < n, wy can be a quasi-source or a link node, w; s a link node, and

w; can be a quasi-sink or a link node (but since j < n at least one of wy and w; must
be a link node).

(i)

Zi:l < Hi(zjﬁi_l)
Wo > W;

where 0 < j < n, 0 <1 < j, wy can be a quasi-source or a link node, and w; can be

a quasi-sink or a link node (but since j < n at least one of wy and w; must be a link

node).
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(iii)

wn $—— (9

N

W;

where 0 <1 < n, wy 1S a quasi-source, w, is a quasi-sink, and w; is a link node.

(iv)

wo —— ()

I

67:(,2'”:@',1)

where again 0 < i < n, wy 1S a quasi-source, w, s a quasi-sink, and w; 1s a link node.

/
\

Wo <

~

Wr, » Zn i— 1)

\/

where again 0 < i < n, wy 1S a quasi-source, W, s a quasi-sink, and w; 1s a link node.

(vi)

Wo Zi—1

Wnp, 2n i— 1)

where 0 <3 <n—1.

\/
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(m'i)

\an

N /
(viii)

Wy, < Zne1

(In the last three it is clear that wy is a quasi-source and w,, is a quasi-sink.)

(iz)

01+]+2( )

S

H—l > ~
61 () Zitjtk+2

e

where 0 < 4,5,k andi+j+k+2<n—1.

(z)

9i+k+2<ZA)
where 0 < 1,7,k andi—i—j—i—k—i—QSn—l.

N
|

Zi

gkﬂ( ) Zz+J+k+2
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Proof. Every vertex in the pictures in Definition 8.19 has a neighbourhood that is in one of

these forms, whatever the value of r in that definition. O

Proposition 8.21. The skew commutation relations involving the x; and the w; are:

ww; = wiw; if i+ 7 is even, 1 < j;

ww; = quiw;  ifi+ 7 is odd, 1 < j;

wir; = qrjw; if i+ 7 is even, i < j;

wir; = q ‘zpw; if i+ is odd, i < j;

TW; = qW;T; if 147 is even, 1 < j;

zw; = q 'wir; if i+ is odd, i < j.

So, fori < j, we have:

wit (z) = 07 (z)w; if k is even;

wit (z) = ¢t (z1)w;  if k is odd and i + j is odd;

wit (z) = ¢~ 07 (z1)w; if k is odd and i + j is even.

While for k < i, we have:

2pW; = W;Zg if k is even;

ZpW; = q_lwizk if k is odd and i is even;

2pW; = qW; 2k if k is odd and v is odd.
Proof. For the relations involving w; and z;, we use z; = q%(wi_lw; '+ w; w4 1), and then
check that the relations hold in T,(w, L). For example, if i < j and i+ j is odd, w; commutes
with w;_; and wji;, and wiwj_l = q’le_lwi, so since x; = q%(wj_le_l + wj_leﬂ), WT; =
¢ 'xjw;. The remaining cases are similar.

The remaining relations follow, either by induction on k£ or by considering the numbers

of x, of each parity in each term of z. O

Lemma 8.22. Suppose the circled vertex has the following neighbourhood:
9’(,2]_}_1)

Z{l\ @ /
wo/ \wj

where 0 <@ < j <mn, wy can be a quasi-source or a link node, w; is a link node, and w;

can be a quasi-sink or a link node (but since j < n at least one of wy and w; must be a link

node).
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Mutating at the circled vertex gives

ZiA_l < gi(Zj_Ai_l)
Wy > Wj

where wy and w; are of the same type (quasi-source, quasi-sink or link node) they started

as.

Proof. The quiver mutation is easy to check. For the variable mutation, label the vertices

as follows:
Zi:1 0
1 \
Wy
/ 3 \

Wo W

2 5
T

T
Thereforeb?z(l 0 -1 0 1> andb§=<0 1 -1 1 0).
A(bg)

(25 5i1)
4

We know w) = ¢*P3) 2 jw;  w; + ¢ wgw; 107 (2; 1), and we wish to show w] = 2},
so we wish to show z;_1 = ¢z _w; 'w; + ¢Pwow; '0'(z;_;_1), where a = t(j — 1) + A(b3) —
ti—1)and b=1t(j — 1)+ X(by) —t(j —i—1).

The following table calculates A(b3), depending on the parity of i and j:

i J | Lis | Lis | Lgs | Loa | Lo | Lsa | AM(b7) | A(b3)
even | even | 1 1 0 -1 0 -1 0 0
odd | even | 0 0 1 0 1 0 1 1
even | odd | 1 -1 1 0 0 0 -1 0
odd | odd | 0 0 0 1 1 -1 0 -1

The following table calculates a and b, depending on the parity of ¢ and j:
i j t(-1) | -t(i-1) | A(bg) | -t(j-i-1) | A(b3) a b
even | even | (j-2)/2 | -(i-2)/2 0 -(j-i-2) /2 0 (
i-1)/2 | 1/2 | -(Gi-1)/2| 1/2 | (

i-2)/2 | -1/2 | -(j-i-1)/2 0 (

-1)/2 | -(i-1)/2 0 -(j--2)/2 | -1/2 | (

even | odd

odd | odd

(]

odd | even | (j-2)/2 | -
(]
(]




So we wish to show:
zj1 = qU0 22w w4 ¢ Pwew; 0N (2 )
We prove this by induction on j; the base cases needed are j = ¢, which is clear, and

j =1+ 1, which we prove by induction on 7. Here the base case is i = 1, where the RHS is

¢"?wi twy + ¢ Pwew;t = 1 = 2z, which equals the LHS.
For the induction step,
q1/2zi_2wi__11wi + q(i_lwwowi__l1 =2z by the induction hypothesis

g2z ow; + ¢V Pwg = 2wy
ql/QZi—lwi_lwi—i-l + qi/Qwowi_1 = Zi1T; — ql/QZi—lwi—lwi_l + C]i/QUJOUJ,-_1
= 212 — ¢ (¢ P zisow; + ¢V Pwe)w; !t + ¢ Pwew; !
= Zi—1%; — Zj—2
=z
Now the induction step for the induction on j:
g2z w;  w; 4 ¢ Pwew; M0 (25 1)
= ¢V 2w (g Py — 47 wg0) + g Pwow; (0 (2mim0) a1 — 0(25-m3))
= (V2w w4 ¢ Pwgw 0 (25 0))a
(@I g+ g Pwew 0 (2 y))
= 2j_oxj_1 — Zj_3 by the induction hypothesis

Corollary 8.23. Suppose the circled vertex has the following neighbourhood:

/
N

Wo

.
|~

W, » 0'(2,01)
where 0 < 1 < n.

Mutating at the circled vertex gives
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~

Wo Zi—1

\ / .
RN

Wy, Hi(znﬁi,l)

Proof. The quiver mutation is as usual easy to check. To check the variable mutation we note
that the calculations in Lemma 8.22 hold for 7 = n, and are precisely the calculations needed

here (since the “extra” arrow from wy to w, does not affect the variable mutation). O

Lemma 8.24. Suppose the circled vertex has the following neighbourhood:

~

Zi—1

wn (g

N

Wi
where 0 <1 < n, sow, is a quasi-sink, wy 1 a quasi-source and w; is a link node.

Mutating at the circled vertex gives

Zi—1

wn
wy;

where w,, 1s a link node, w,y; 1S a quasi-sink and w; is a quasi-source, and so the seed
. 2 . . . ; .
remains a C -seed, since this is ¢' applied to

Qn_i (ZZA_l)

"

bt 0 @

/

Wo

Proof. The quiver mutation is easy to check. For the variable mutation, label the vertices

as follows:
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Thereforebfz(—l 01 1>Tandb1_:<—1 1 0 0>T.

We know w,, = q’\(b;)walz[,l + qA(bg)wo’lwnwi, and wish to show w/, = w,,4;, so we wish
to show wy,y; = ¢ wy zi—1 + ¢*wy 'w,w;, where a = A(by) —t(i — 1) and b = A(bz ). The
following table calculates a and b:

i Lis | Ly | Ly | Lz | A(b]) | A(b3) | -t(i-1) | a b
even | 0 1 -1 ] -1 0 0 -(i-2)/2 | 1| -(-1)/2
odd | 1 1 0 0 2/2 0 -(i-1)/2 | 1| -(-1)/2

So we wish to show:
Wpti = q*("*l)mwo—lzi_l + qwo_lwnwi
We prove this by induction on i. The base cases are ¢ = 0, which is clear, and i = 1,
which becomes w,,+1 = wy Ly qugy Lw,w; which is the definition of wy,11. For the induction
step:
¢ Y 2wg 2+ qug twnw
= ¢ T Pug (2w — 2im3) + qug 'wa (g Pwis @i — ¢ wi)
= q_1/2<q_(i_2)/2w0_12i—2 + quy M ww; )Ty — q_l(q_(i_?’)/zwo_lzi—s + wy ' wnw; o)

~1/2 -1 . :
=q / Wpti—1Tnti—1 — ¢  Wpii—2 by induction and x; = x,;

= Wn+4

Corollary 8.25. Suppose the circled vertex has the following neighbourhood:

Wy, < Zn—1

Mutating at the circled vertex gives:

> ZnA— 1

%
&
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which is ¢" applied to

Wo > Zn—1

N S
@

Proof. The quiver mutation is as usual easy to check. To check the variable mutation we

note that the calculations in Lemma 8.24 hold for « = n, and are precisely the calculations
needed here. O

Theorem 8.26. Mutating a Cq‘f -seed gives a (Jgf seed.

Proof. Proposition 8.20 gave 10 cases for the neighbourhood of a vertex in a C’gz—seed.
Lemma 8.22 shows that (i) mutates to (ii), and vice versa since seed mutation is involu-
tive; Corollary 8.23 shows that (iii) mutates to (iv) and vice versa; Lemma 8.24 shows that
(v) mutates to (vi) and vice versa; Corollary 8.25 shows that (vii) mutates to (viii) and vice
versa; and Lemma 8.6 shows that (ix) mutates to (x) and vice versa. So all the cases are

. 2 . 2
covered, so any mutation of a C -seed gives another Cf -seed. [

Remark. The above all still holds in the commutative case. Further, in the commutative
case one can take n to be even, since there is no requirement for there to exist a compatible
matrix L, and the above all still holds.

8.2.4 Some ring-theoretic properties

For ease of notation, fix n odd and ¢ a non-zero scalar in k£ which is not a root of unity, and
then write @ := Ay (P41).

Proposition 8.27. Q is generated by {wo; x1, X2, ..., Tp}.

Proof 1. By Theorem 8.26 and the definition of a quantum cluster algebra, @) is generated
by {w; : i € Z}y U{6'(z;) : i € Z,1 < j < n —1}. The definitions of the z; and the fact
that 6" = 1 allow us to reduce this to {w; : i € Z} U {xy,...,z,}. The relations of the

1

form z;w; — qu;x; = q%(cf1 — q)w;y1 and x;w; — ¢ wT; = q%(l — ¢ ?)w;_, then allow us to

remove all but one of the w; from the generating set, wlog wy. O

Proof 2. By Theorem 2.95, @ is generated by {w_1, ..., wyi1;21,...,2,1}; if we add z,
this is still true, then we apply the same argument as in Proof 1 to reduce this generating

set to {wo; 1, o, ..., Tn}. O

141



Theorem 8.28. () is simple.
Proof. The quiver P}f)l is acyclic, so this follows directly from Corollary 7.11. O

Theorem 8.29. () is Noetherian.

Proof. We construct an iterated skew polynomial ring in n + 2 generators that surjects onto

Q.

We start with Ry := k[v1][va; aq], where aq(vy) = quy.

Define Ry := Ro[yy; B, 01] where By(v1) = ¢ 'v1, Bivs) = qua, 81(v1) = ¢~ 2(q — ¢~ ")ws,
and dy(vg) = 0.

Define Ry := Ri[yz; B2, 6] where fy(v1) = ¢~ vy, Ba(v2) = qua, Ba(y1) = ¢*y1, 2(v1) = 0,
82(v2) = ¢ 2(1 — ¢*)vy and Sy (y1) = 1 — ¢

qu; if 1 + 7 is even
For 3 <i <n —1, define R; := R;_1[y;; B;, 0;], where S;(v;) =
g tv; ifi+jis odd
2y, if i+ jis odd
for j = 1,2; Bi(y;) = T J for 1 < j < 6;(v;) =0 for j = 1,2 and
q%y; ifi+jiseven
1<j<i—1;8(y)=0for1 <j<i—1;and &(y;—1) =1 — ¢
) qu; if n 4 7 is even .
Finally define R,, := R,_1[Yn; Bn, 6n), where ,(v;) = for j =
¢ 'v; ifn+4jisodd
2y; ifn+jis odd
1,2; Buly;) = T J for 1 < j <i; 6,(v;) =0 for j =1,2; 9,(y;) = 0 for
q%y; ifn+jiseven

1<j<n—1;0,(yp1) =1—¢% and §,(y1) =1 — ¢ 2

At each stage it is straightforward to check that §; is an automorphism of R; ; and ¢; is
a [-derivation of R;_ ;. (It suffices to check that §; and ¢§; preserve the defining relations of
R;_1).

Then we define v : R, — @ by v(v;) = w; for i = 1,2, and y(y;) = x; for 1 < i < n.
It is straightforward to check that v is well defined, i.e. that the defining relations of R,
are all satisfied by their images in ). And + is surjective, by Proposition 8.27. So @ is a

homomorphic image of R,,, which is a Noetherian ring, and so is Noetherian itself. O
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