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Abstract

Classes of (left) restriction semigroups arise from partial transformation
monoids and form a wider class than inverse semigroups.

Firstly, we produce a presentation of the Szendrei expansion of a monoid,
which is a left restriction monoid, using a similar approach to Exel’s
presentation for the Szendrei expansion of a group. Presentations for the
Szendrei expansion of an arbitrary left restriction semigroup and of an
inverse semigroup are also found.

For our second set of results we look at structure theorems, or P-theorems,
for proper restriction semigroups and produce results in a number of
ways. Initially, we generalise Lawson’s approach for the proper ample
case, in which he adapted the one-sided result for proper left ample semi-
groups. The awkwardness of this approach illustrates the need for a sym-
metrical two-sided result. Creating a construction from partial actions,
based on the idea of a double action, we produce structure theorems
for proper restriction semigroups. We also consider another construction
based on double actions which yields a structure theorem for a particular
class of restriction semigroups. In fact, this was our first idea, but the
class of proper restriction semigroups it produces is not the whole class.

For our final topic we consider varieties of left restriction semigroups.
Specifically, we shall show that the class of (left) restriction semigroups
having a cover over a variety of monoids is a variety of (left) restriction
semigroups. We do this in two ways. Generalising results by Gomes
and Gould on graph expansions, we consider the graph expansion of a
monoid and obtain our result for the class of left restriction monoids.
Following the same approach as Petrich and Reilly we produce the result
for the class of left restriction semigroups and for the class of restriction
semigroups.
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Preface

Left restriction semigroups have appeared in the literature under various
names including function semigroups in [57] in the work of Trokhimenko,
type SL2 ~-semigroups in the work of Batbedat in [4] and [5], twisted LC-
semigroups in the work of Jackson and Stokes in [33], guarded semigroups
in the work of Manes in [39] and more recently as weakly left E-ample
semigroups. Restriction semigroups are believed to have first appeared
as function systems in the work of Schweizer and Sklar [54] in the 1960s.
We shall look at these appearances in more detail in Chapter 2. We shall
provide an abstract definition of left restriction semigroups and look at
how they are precisely the (2,1)-subalgebras of partial transformation
monoids, along with examples. We shall provide another definition for
left restriction semigroups as a class of algebras defined by identities.
In Chapter 2 we shall also give an introduction to weakly (left) ample
and (left) ample semigroups. We shall look at the natural partial order
on (left) restriction semigroups and the least congruence identifying the
distingished semilattice of idempotents associated with the (left) restric-
tion semigroup. We shall look at proper (left) restriction semigroups and
proper covers in subsequent chapters, but provide a brief introduction in
Chapter 2.

In Chapters 1 and 2 we provide background definitions and results from
universal algebra. In particular, we look at different types of algebras,
generating sets, morphisms and congruences. We also look at free objects,
categories and varieties. We present some results, which are generalisa-
tions from the weakly ample case, for which the proofs are essentially the
same.

After the introductory chapters we look at three different, but related,
topics. Our first, presentations of Szendrei expansions, will be looked
at in Chapter 3. Across Chapters 4, 5, 6, 7 and 8 we look at structure
theorems, our second topic. Our final topic, varieties, shall be considered
in Chapters 9 and 10 where we use two different approaches to prove the
same result.

The Szendrei expansion is one of two types of expansions we consider.
Expansions are used to produce a global action from a partial action,
but we shall not study this directly. As well as Szendrei expansions, we
also consider graph expansions. We use graph expansions in Chapter 9
as a tool to obtain the result that the class of left restriction monoids



having a proper cover over a variety of monoids is itself a variety of
left restriction monoids. In Chapter 3 we look at presentations of the
Szendrei expansion of various algebras. Looking first at the Szendrei ex-
pansion of a group, which coincides with the Birget-Rhodes expansion (as
pointed out in [56]), we consider the “expansion” of a group which Exel
described, via generators and relations, in [11]. Kellendonk and Lawson
later proved in [35] that Exel’s expansion is isomorphic to the Szendrei
expansion. We therefore have a presentation of the Szendrei expansion
of a group, which involves factoring a free semigroup by the congruence
generated by certain relations inspired by the definition of premorphism
for groups. By looking at the relevant definition of a premorphism, we
obtain a presentation for the Szendrei expansion of a monoid by factoring
the free left restriction semigroup by a congruence generated by certain
relations. Similarly we produce presentations of the Szendrei expansion
of a left restriction semigroup and inverse semigroup by factoring the
free left restriction semigroup and free inverse semigroup respectively by
congruences determined by premorphisms.

Looking at our second topic, we provide mainly background material
in Chapters 4 and 5. In Chapter 4 we present McAlister’s covering
theorem from [42] which states that every inverse semigroup has an E-
unitary cover, which is the important point behind his P-theorem. The
P-theorem from [43] is a structure theorem which states that every E-
unitary inverse semigroup is isomorphic to a P-semigroup, a structure
consisting of the ingredients of a group, a semilattice and a partially or-
dered set, and conversely that every such P-semigroup is an E-unitary
inverse semigroup.

In Chapter 5 we present covering theorems and structure theorems that
were prompted by McAlister’s work, for proper left ample, proper weakly
left ample and proper left restriction semigroups. In particular, we look
at a structure theorem from [12] for proper left ample semigroups based
on a structure (T, 2, %), where 2 is a partially ordered set, %
is a subsemilattice of 2" and T is a left cancellative monoid acting on
the right of 27, all subject to certain conditions. This was originally
defined in [12] with an alternative description of this structure presented
in [36] where it was named an M-semigroup. We look at a structure
M (T, 2, %), similar to an M-semigroup, presented in [19], known as
a strong M-semigroup. We present structure theorems for proper left
restriction semigroups [7] and for proper weakly left ample semigroups
[19] involving strong M-semigroups where we take 7" to be a monoid and
a unipotent monoid respectively. We also demonstrate that if you restrict
T to be a right cancellative monoid, we obtain a structure theorem for
proper left ample semigroups and how if we take T to be a group and alter
the definition of a strong M-semigroup we obtain a structure theorem for
proper inverse semigroups.

In Chapter 6 we start to consider two-sided results. We begin by looking
at how the one-sided structure theorem for proper left ample semigroups
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was adapted to obtain the two-sided result for proper ample semigroups
in [36]. We use this approach to obtain two-sided results for proper
restriction and proper weakly ample semigroups by adapting the one-
sided results from Chapter 5. However, the conditions imposed on the
strong M-semigroups are even more complicated, and like the structure
considered in the proper ample case, they do not reflect the natural
symmetry within the proper restriction, proper weakly ample and proper
ample semigroups. In Chapters 7 and 8 we present two attempts at
providing such a symmetrical structure theorem.

Based on the idea of a double action and adapted from a strong M-
semigroup, we present a structure .Z (T, 2, 2", %), where T is a monoid,
Z and 27 are semilattices and % is a subsemilattice of both 2 and
2. We show that it is proper restriction, and it can be made proper
weakly ample or proper ample by imposing conditions on the monoid.
We explain the approaches to try to prove the converse and present the
case that suggested that the converse was not necessarily always true.
We present work by Gould on the class of restriction semigroups which
are isomorphic to some .Z (T, 2", Z"', %), which are now known as extra
proper restriction semigroups.

In Chapter 8 we present another structure based on partial actions that
was adapted from the previous structure and still features symmetry.
The construction .# (T, %), where T is a monoid and % is a semilattice,
we believe is analogous to that of Petrich and Reilly in the inverse case
[48] and Lawson in the ample case [36]. We present proofs for a structure
theorem for proper restriction semigroups based on . (T, %), both using
the one-sided results and also directly. We also consider the relationship
between the partial actions and the original actions. By imposing condi-
tions on the monoid we also obtain structure theorems for proper weakly
ample and proper ample semigroups.

Moving on to our third topic, we look at the class of restriction semi-
groups that have a proper cover over a variety of monoids. As proved by
Petrich and Reilly in [47], the class of inverse monoids having a proper
cover over a variety of groups, V, is a variety of inverse monoids, which
is determined by

¥ = {@?

u:u=11isalawin V}.

In the left ample case problems were encounted when trying to use Petrich
and Reilly’s approach due to left ample semigroups forming a quasivariety
rather than a variety. A different approach was used by Gould in [23]
for left ample monoids which involved graph expansions. It is proved in
[23] that the class of left ample monoids having a cover over V forms a
quasivariety, where V is a subquasivariety of the quasivariety RC of right
cancellative monoids defined (within RC) by equations. Weakly (left)
ample semigroups also form a quasivariety, so similar difficulties would
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be encountered when trying to produce such a theorem, but as (left)
restriction semigroups form a variety we were able to use Petrich and
Reilly’s method. We also use the graph expansions approach in Chapter
9 to prove that the class of left restriction monoids having a proper cover
over a variety of monoids is a variety of left restriction monoids, where
this variety is determined by

Y={t"v=0v"u:u=0is alaw in V}.

Many of the proofs provided in this chapter are essentially the same as
the original results presented for left ample monoids in [20], [22] and
[23], but we are able to shorten a few due to the fact that left restriction
monoids form a variety.

In Chapter 10 we use Petrich and Reilly’s method to prove that the
class of left restriction semigroups having a proper cover over a variety
of monoids, V, is a variety of left restriction semigroups. Combining this
result with its dual we obtain that the class of restriction semigroups

having a proper cover over a variety of monoids, V, is a variety determined
by

Y ={utv=0v"u,uv* =vu": u=10is alaw in V}.
We also prove results on subhomomorphisms in the process and as an
addition to the original aim we present results for (left) restriction semi-
groups having E-unitary proper covers over a variety of monoids. We
explain why we cannot obtain the result that these semigroups form a
variety of (left) restriction semigroup in the way we have deduced for the
proper case.
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Chapter 1

Universal Algebra

We shall require some ideas from universal algebra. In this chapter we
present algebras and signatures, free objects, categories and varieties.
Our definitions and results are taken from [44] and [8].

1.1 Inverse semigroups

As restriction semigroups are a generalisation of inverse semigroups, we
shall introduce them first.

Let S be a semigroup. An element a € S is regular if there exists v € S
such that a = axa and we say S is reqular if every element of S is regular.

An element o' € S is an inverse of a € S if a = ad’a and o’ = d'ad’. If
each element a € S has exactly one inverse in S, then S is an nverse
semigroup. If e € E(5), i.e. an idempotent of S, and S is an inverse semi-
group, then clearly ¢/ = e. Inverse semigroups, which have interesting
structural properties, were first studied by Vagner in 1952 and Preston
in 1954 and have been used in many areas, for example, they have been
used to represent partial symmetries [37].

If S is an inverse semigroup, then it is clearly regular, but the converse
is not necessarily true. The following alternative characterisation for
inverse semigroups, which can be found in [37], provides us with a useful
alternative definition of an inverse semigroup.

Theorem 1.1.1. A semigroup S is inverse if and only if S is reqular
and the idempotents of S commute.

A generalisation of inverse semigroups could be found in many ways.
As we shall see, this can be done by relaxing the regularity condition
but still insisting that a given subset of idempotents must still commute.
Left /right restriction semigroups are the generalisation of inverse semi-
groups that we shall mainly consider, but we shall also look at left /right
weakly ample and left /right ample semigroups.

Green’s relations, originally defined by J.A. Green in [25], are equivalence



relations of mutual divisibility and a major tool in the study of regular
and inverse semigroups. Green’s relations for a general semigroup can be
found in [26], but we shall only require them for inverse semigroups.

Green’s relation R is defined on a semigroup by the rule that for a,b € .5,
aRb if and only if aS* = bS*.

This is a left congruence. We have the following alternative definitions
when we consider inverse semigroups.

Lemma 1.1.2. Let a,b € S where S is an inverse semigroup. The
following statements are equivalent:

i) aRb;

ii) a = bt and b = as for some s,t € S;

ii1) a = bb'a and b = ad'b;

i) aa’ = bb.

The second of Green’s relations is the L-relation, which is a right con-
gruence. For a,b € S where S is a semigroup,

a Lb if and only if S*a = S'b.

Alternative definitions of £ for inverse semigroups are obtained dually to
Lemma 1.1.2. In particular,

albsda=10b.

If S is an inverse semigroup, then the natural partial order relation < is
defined on S by

a <b< a=ebfor some e € E(S5).

As it coincides with the usual partial order on E(S), and is compatible
with multiplication, it is described as ‘natural’. We shall be considering
a natural partial order on restriction semigroups in Section 2.6.

We also have the Vagner-Preston representation theorem, which is the
analogue of Cayley’s theorem in group theory:

Theorem 1.1.3. Let S be an inverse semigroup. Then there exists a
symmetric inverse semigroup Lx and a one-to-one morphism

¢IS—>Ix.

A symmetric inverse semigroup Zy is the analogue of the symmetric
group Sx. It consists of one-to-one mappings between subsets of X,
under composition of partial maps. We shall explore partial mappings in
Section 2.3.



1.2 Types of Algebras

We shall consider semigroups, monoids and inverse semigroups as exam-
ples of universal algebras. We shall also consider morphisms, congruences
and generators in this context. We begin by looking at different types of
operations.

Definition 1.2.1. Let B, C be sets. A function f from B to C, denoted
by f: B — (| is a subset of B x C such that for each b € B, there
is exactly one ¢ € C such that (b,c) € f. Let n € N° and let A be a
set. An operation of rank n, or arity n, on A is a function from A™ to
A, where A™ denotes the set of all n-tuples of elements of A and A is a
one-element set.

We are familar with binary operations, such as addition and multiplica-
tion, which are operations of rank 2. Operations of rank 1 are called
unary operations such as the operation of taking inverses when studying
inverse semigroups. Operations of rank 0 are called nullary and effec-
tively a nullary operation f is determined by a constant, f(A°). In the
examples we consider the nullary operation refers to the identity.

Before defining universal algebras, we need to say what is meant by a
signature type.

Definition 1.2.2. Let I be a set and p : I — N° be a function; we write
ip as p;. Then (p;)ies is a signature type. If I is finite, say I = {1,--- ,n},
we may write (p1,- -, pn) for the signature type.

An algebra is a set equipped with a collection of operations:

Definition 1.2.3. Let A be a non-empty set and let F' = {F; : i € I}
be a set of operations on A. Then A = (A, F) is called an algebra, which
we shall also write as

A:<A,FIZ€I)

Let p : I — N° be given by i — p;, where p; is the arity of F;. Then
(pi)icr is the signature type of A. If p; = 0, then F; : A — A and so can
be associated with some q; € A.

So, an algebra has signature type (2) if it has a binary operation, (2, 1)
if it also has a unary operation, (2,1,0) if it also has an identity and so
on.

We shall refer to each F; as a ‘basic’ or ‘fundamental’ operation and [
as the ‘index set’ of A. Any operation ¢t on A made up from the basic

operations, projections and composition, is a term function of A.

A semigroup is an algebra of signature type (2) which can be written

S = (Sv ')7



where the 2 refers to the binary operation. A monoid is an algebra
M = (M7 E 1)7

with signature type (2,0), where the 0 refers to the identity nullary op-
eration and (M,-) is a semigroup. Similarly we can describe inverse
semigroups as algebras

I:(I7'7/)7

with signature type (2,1) where the 1 represents the inverse unary oper-
ation and we note that an inverse semigroup can also be regarded as an
algebra of signature type (2). A group is an algebra with signature type
(2,1,0), written as

G=(G,- "1

where the 1 in the signature type in this case refers to the group inverse.

An algebra of a certain signature type can be considered as an algebra
of another signature type. For example, a monoid can be considered as
a semigroup.

Definition 1.2.4. Let Y be a non-empty set, X a subset of Y and F' an
operation of rank r on Y. Then X is closed with respect to F if and only
if

]'7<a,07 A1y .nny CLTfl) e X

for all ag,aq,...,a,_1 € X.

Definition 1.2.5. Let A = (A, F, : i € I) and B = (B,G; : i € I)
be algebras. Then A is a subalgebra of B if and only if A and B have
the same rank function, B is a subset of A which is closed under each

fundamental operation of A and for each ¢ € I, G; is the restriction of
F; to B.

We also have different types of generators. Let A = (A, F; :i € I) be an
algebra and X be a subset of A. The subalgebra generated by X, denoted
by (X), is the smallest subalgebra containing X. If A = (X)) we say that
X is a generating set for A. Clearly (X) exists and is the intersection of
all subalgebras of A containing X. It can be shown that (X) is the set
of all elements that can be formed from elements of X by applications of
the basic operations, that is, (X) is the value of all the term functions of
A applied to the elements of X.

In particular, if X is a subset of a semigroup S5, then X is a generating
set of type (2) if

S ={x129.. 0, :n €N, x; € X fori € {1,2,...,n}}.

If X is a subset of a monoid M, then X is a generating set of type (2,0)
if
M = {x 7.2, :n €N’ 2; € X fori € {1,2,....,n}}.

We shall denote this by M = (X)) and make use of this kind of
notation in subsequent chapters.



We now introduce the notion of a morphism between two algebras of the
same signature type.

Definition 1.2.6. Let A = (A, F, :i € I) and B = (B,G; : i € I) be
algebras of the same signature type. Let f be a function from A to B.
Then f is a morphism if for any ¢ € I with p; = n,

(Fi<a1, as, ..., an))f = Gi(alf, a,gf, ceey CLnf)

Let A and B be algebras of type (p;)icr and t(z1, ..., x,) be a term func-
tion. Suppose # : A — B is a morphism and aq, ...,a, € A. Then

t(ay,...,a,)0 = t(a10, ..., a,0).

From now on, when considering morphisms, we shall assume they are
between algebras of the same type. A morphism 6 : S — T, where S and
T are inverse semigroups, is a (2, 1)-morphism if

(i) (ab)(00) = (ab)?;
(i) d'0 = (aB)’,
for a,b € S.

Lemma 1.2.7. Let A and B be algebras. If 0 : A — B is a morphism
and A = (X), then
A0 = (X)0 = (X0).

Similarly we can define different types of congruences, where a congruence
on an algebra A = (A, F; : i € I) has to preserve each of the operations.
Let i be an equivalence relation on A. Then p is a congruence if for each
el if p;=mn,ay, - ,an,b1,---b, € Aand a; pb;, then

Fi(ay, -+ ,a,) p Fi(by, - ,by).

For example, a (2, 1)-congruence p on an inverse semigroup S must sat-
isfy:

(i) (ap)(bp) = (ab)p;
(ii) a'p = (ap),
for a,b € S. In fact, in this particular instance, (ii) follows from (i).

If 41 is a congruence on an algebra A = (A, F; : i € I), we make A/p into
an algebra of the same signature type as A by defining operations F;, for
1€ 1, by p; =n,

Fi([al]v' o ?[anD = [Fi(alv"' 7an)]

and if p; = 0, the constant associated with F; is [a], where a is the
constant associated with Fj.



Definition 1.2.8. Let S be a semigroup and Eg a semilattice of idem-
potents of S. Then congruences p and p on S have the same trace on Eg
if p=pon Eg,ie pN(Esx Es)=pN(Fs x Eg).

Here we present a few definitions and results that will be used in subse-
quent chapters.
Let S be an algebra and suppose p is a congruence on S. Then we can

define a morphism p? : S — S/p by

spt = sp.

We have the following corollary of Lemma 1.2.7:

Corollary 1.2.9. Let S be an algebra such that S = (Y') and let p be a
congruence on S. Then S/p = (Y p).

Proof. As p*: S — S/p is a morphism, by Lemma 1.2.7 we have
Spf = (Y)p* = (Y ).
As pf is clearly onto,
Sp*=S/p
and the result follows. O

Proposition 1.2.10. Let A, B and C be algebras of the same type. Let
0:A— Bandy: A— C be morphisms where 1 is onto and ker ¢ C
ker 6. Then there exists a unique morphism ¢ : C — B such that the
following diagram commutes:

A

4 Q

C

Proof. As 1 is onto, all the elements of C' are of the form ai) for a € A.
Let us define ¢ : C'— B by

(a)p = ab
for ayp € C.

The function ¢ is well-defined since

a) = by = (a,b) € ker ¢
= (a,b) € ker 0
= af) = bl
= (a)p = (W)



It is also a morphism since for any n-ary function ¢ and aq,...,a, € A,
we have

t(ar1, ..., an)p = (t(ay, ..., a,))e
=t(ay,...,a,)0
= t(a19, .. ,anﬁ)
= t(a1vp, ..., apthp)

As ¢ = 6, the diagram commutes and it remains to show that ¢ is
unique. Suppose that p : C' — B is another morphism such that ¥ = 6.
Then ¢ = 1 and considering a € A, we have

(a))p = (a)p.

As every element of C'is of the form a1y, 4 = ¢ and so we have uniqueness.
O

Using the previous result, we have the following:

Corollary 1.2.11. Let S and T be algebras of the same type, ¥ : S —
T a morphism and p a congruence such that p C Ker 6. Then there
exists a unique morphism ¢ : S/p — T such that the following diagram
commutes:

T

Proposition 1.2.12. Let X be a set, M and N be algebras of the same
type, f: X — M and g : X — N be maps, M = (X f) and 0 a morphism
such that the following diagram commutes:

f

X M

Then 0 is unique.

Proof. Take t(zyf,-- ,x,f) € M. Note that all elements of M are of
this form as it is generated by X f. Suppose ¢ : M — N is another



morphism making the diagram above commute, i.e. fi) = g. Then

t(l’lf, o xnf)¢ = t(x1f¢, ,Inf¢)
=t(x19g, ..., Tng)
=t(x1f0,...,x,f0)
=t(xrf,...,znf)0.

Hence 6 = ¢ and consequently € is unique.

1.3 Varieties

In Chapters 9 and 10 we consider varieties of (left) restriction semigroups.

Definition 1.3.1. Let A; = (4, Fij .1 € I) be algebras of a given type,
where j € J for some indexing set J. Let A = HJEJ A; be the cartesian
product, where we denote an arbitrary element by (a;). For each i € I
with p; = n we define an n-ary operation F; on A by

Fi((@), s (a2) = (FP(al, .. a)).
Let F ={F;:i1€I}. Then A = (A, F) is the direct product of algebras
Aj;, where j € J.

Definition 1.3.2. A wvariety is a non-empty class of algebras of a certain
type which is closed under taking subalgebras, homomorphic images and
direct products.

The class of inverse semigroups forms a variety of type (2, 1), as do the
classes of groups and monoids. We also have another definition of a vari-
ety, which we shall make use of in Chapters 9 and 10, which is provided
by the HSP Theorem below. First we need a few definitions.

Definition 1.3.3. Let X be a countably infinite set and let (p;);c; be a
signature type. Let {f; : i € I} be a set of symbols. The set T'(X) of
terms of type (p;)ier over X is the smallest set such that

(i) XUC CT(X), where C ={f; : py =0},
(ii) if wy, -+ ,u, € T(X) and p; = n, then fi(uy, - ,u,) € T(X).

We emphasise that elements of 7'(X') are formal strings of symbols. How-
ever, each element of T'(X) has a natural interpretation as a term function
in any algebra A = (A, F; : i € I) with signature type (p;);er, where each
fi is interpreted as F;.

Definition 1.3.4. An identity or law of type (p;)i;cr over X is an ex-
pression of the form p = ¢, where p,q € T(X). Let A = (A, F; : i € 1)
be an algebra of type (p;)icr. Then A satisfies the identity

p(x17"' axn) = q(xla"' 7xn)



if

pA<a17 e 7an> - qA(al) e 7an)
for every aj,--- ,a, € A, where p®* and ¢* are the interpretations of p
and ¢ as term functions of A. If 3 is a set of identities, we say a class

of algebras K satisfies X if each member of K satisfies p = ¢ for every
identity p = ¢ of X. We shall denote this by

KEY.

HSP Theorem. The following are equivalent for a non-empty class of
algebras V' :

(1) ¥V is a variety;
(i1) V is defined by a set of identities.

A quasi-identity is an identity of the form

M= N App=qn) > D=q.

An algebra A satisfies the above quasi-identity if for every aq,...,a,, € A
such that

piA<a17"' 7am) ZQzA(ab'" aam)

for all i € {1,...,n}, then

pA(ab' ©e 7am) = qA(ala" : 7am)-

A quasivariety is a class of algebras of a certain type defined by quasi-
identities and identities. Such a class is closed under taking isomorphisms
and subalgebras, but are not necessarily closed under homomorphic im-
ages.

In Chapter 10 we prove analogous results on restriction semigroups to
Petrich and Reilly’s results in [47] for inverse semigroups, which work
due to the fact that restriction semigroups form a variety. However, left
ample semigroups, which we shall define in Chapter 2, form a quasivariety
and problems were encountered in the left ample case due to this, so a
different approach was used by Gould in [23] for left ample monoids
which involved graph expansions. Although this still did not produce
the originally desired analogous result, we apply the graph expansion
method in Chapter 9 for left restriction monoids. This provides us with
the same result that we go on to prove in Chapter 10. Although many of
the proofs are essentially the same as in the left ample case, in Chapter
9 we are able to shorten and alter some of them using the fact that we
have closure under taking homomorphic images when considering left
restriction monoids.

We now present a general result about varieties for use in later chapters.

We say that 7 is generated by % C ¥ if ¥ is the smallest variety



containing %. This is equivalent to every member of ¥ being obtain-
able from algebras in % via a sequence of taking homomorphic images,
subalgebras and direct products (H, S and P).

Theorem 1.3.5. A wvariety ¥ is generated by 2 < V¥ if and only if
every A € V is in HSP(W ), i.e. there exist U, € % and T € ¥, which
is a subalgebra of [[,cn Ua (where A is an indexing set), and an onto
morphism ¢ : T — A.

1.4 Free objects

We shall require the definition of a free object on a set X. First we shall
look at the general definition:

Definition 1.4.1. Let K be a class of algebras and X be a set. Then Fx
is a free object on X for K if F'x € K and there exists amap ¢ : X — Fx,
and for any T € K and map 0 : X — T, there exists a unique morphism
6 : Fx — T such that the following diagram commutes:

T

In particular, in Chapter 3 we shall consider the free inverse semigroup
on a set X:

Definition 1.4.2. Let X be a set. Then Fx is the free inverse semigroup
on X if Fx is an inverse semigroup and there exists a map ¢ : X — Fx,
and for any inverse semigroup 7" and map 6 : X — T, there exists a
unique morphism # : Fy — T such that the following diagram commutes:

T

Theorem 1.4.3. In a non-trivial variety or quasivariety, i.e. one that
contains algebras with more than one element, there is a free object on
X for each set X.

Further, we have the following result:

Proposition 1.4.4. Let ¥ be a variety and let % consist of the free
objects of V. Then ¥V is generated by U .

10



Proof. Suppose ¥ is a variety and % consist of the free objects of 7.
Let A be an algebra of ¥ and F,, along with map ¢ : A — F4, be the
free algebra in 7 on A. Then for any B € ¥ and map 6 : A — B,
there is a unique morphism 6 : F4 — B such that the following diagram
commutes:

Fy

B

In particular, let ¢ : F4 — A be the unique morphism making the
following diagram commute:

A

Ia

A

We have
a=aly=ap € Imyp.

So ¢ : F4 — A is an onto morphism. Using Theorem 1.3.5, ¥ is gener-
ated by % . O

We note the following result:

Lemma 1.4.5. Let K be a non-trivial variety or quasivariety of algebras
of a given signature type and let Fx, along with the map ¢ : X — Fx, be
a free object on X for K. Then

(1) Fx = (Xu);
(2) v is one-to-one.

Suppose X is a set and Fx, along with « : X — Fx, is a free object on
X. Forx € X, let 2 = [r] and X = {[z] : z € X}. By part 1 of Lemma
1.4.5, Fy = (X) and by part 2, X has the same number of elements as X
Now considering the inclusion map i : X — F, we have the following
diagram, where 7' is any algebra of the same kind as Flx :

X

Fx

11



Clearly 1 is the unique morphism making this diagram commute, so Fx
is also a free object the subset X of F.

1.5 Categories

Discovered by Eilenberg and MacLane in the early 1940s, category theory
allows us to compare many mathematical structures. These definitions
are from [55], [34] and [3].

Categories consist of objects and arrows, or morphisms, between these
objects. Unlike other areas of algebra, within category theory, arrows
between the objects are given equal importance to the objects themselves.

Definition 1.5.1. Let C consist of a class of objects, Ob(C), a class of
arrows, Mor(C), and two assignments, d and r, from Mor(C) to Ob(C).
For f € Mor(C) we indicate by

At B
that d(f) = A and r(f) = B. Let Morc(A, B) denote the set of arrows
between A, B € Ob(C).

Suppose that for each A € Ob(C), there exists an arrow 14 € Morc (A4, A).

Also, suppose that for A 1y Band B % C there exists a composite arrow
foge Morc(A, C)

If the following two axioms are satisfied for A, B,C, D € Ob(C), then C
is a category:

(i) if f € Morc(A4, B),g € Morc(B,C) and h € Morc(C, D), then
folgoh)=(fog)oh;
(i) if f € Morc(A, B), then Iqyo f = f and folp = f.

The arrows in general can be a number of things, such as continuous
maps, partial functions or linear transformations between the objects,
or even more abstract entities, depending of course on what the objects
themselves are. However, in subsequent chapters, we shall only require
arrows to be actual (homo)morphisms between objects. The two assign-
ments will correspond to the domain and range of the morphisms.

Definition 1.5.2. Let C be a category. Then an object T of C is a
terminal object if there is a unique morphism from A to T for any object

Ain C.

An initial object is defined dually.

Passing between two categories, functors are useful as they allow us to
compare categories.

12



Definition 1.5.3. Let B and C be categories. Let F' consist of the
following two assignments:

(i) F: Ob(B) — Ob(C), where
A AF,
(ii) F : Mor(B) — Mor(C), where

f=IF

which maps an element of Morg(G, H) to Morc(GF, HF):

G o GF
f fr
H .. HF

If F satisfies the following two axioms, then F' is a functor:
(1) if go f is defined in B, then (go f)F = (gF) o (fF);
(2) for A € Ob(B), 1AF = 1AF~

Another idea in category theory is that of an adjunction, which consists
of two functors and two assignments subject to certain conditions. An
adjunction describes a relationship between two functors and is a type of
generalised inverse.

Definition 1.5.4. Let C and D be categories and F' : C — D and
U : D — C be functors. Then F'is a left adjoint of U if for any objects
C € Cand D € D, there is a bijection

/\C,D : MOI‘D(OF, D) — Morc(C’, DU)
such that for ¢ € Morc(C’,C) and 6 € Morp(D, D'), the square

A
Morp (CF, D) ——<2

Morc(C, DU)
Mor (¢F, 6) Mor (¢, 0U)
Morp (C'F, D") —— Morc(C’, D'U)

c',D’

is commutative, where

Mor (¢F,0) : Morp(CF, D) — Morp(CF,D")

13



is given by
¥ Mor (¢F,0) = (¢F)y0

and

Mor (¢, 8U) : Morc(C, DU) — Morc(C, D'U)

is given by

¥ Mor (¢,0U) = ¢ib(8U).

14



Chapter 2

Restriction, Weakly Ample
and Ample semigroups

We shall define, and provide background information and basic results
for, restriction, weakly ample and ample semigroups. We shall provide an
abstract definition of restriction semigroups, look at when they were first
considered and highlight other names they have gone by. Left restriction
semigroups arise very naturally from partial transformation monoids in
a similar way to that in which inverse semigroups arise from symmetric
inverse monoids. We shall see that left restriction semigroups are pre-
cisely the (2, 1)-subalgebras of some partial transformation monoid on a
set X.

2.1 Background

Here we provide some background for left restriction semigroups, using
information from [21] and [29] as well as original papers. We shall give a
careful definition of left restriction semigroups in Section 2.2.

The terminology weakly E-ample semigroup was first used in [32]. In the
abstract definition of ‘ample’ the relations R* and L* were replaced by
the generalised relations Rg and Lg, where E denotes a subsemilattice
of idempotents of the semigroup in question. The term weakly ample was
used to refer to the special case when F is taken to be the entire set of
idempotents of the semigroup under consideration.

The terminology restriction semigroup has been adopted due to the con-
nections between semigroup theory and category theory:

Definition 2.1.1. [9] A restriction calegory is a category X such that for
every arrow f : A — B, there exists f : A — A such that the following
conditions hold (where composition is left to right):

(1) Ff = f for all J;

(2) fg=79f when domg = domf;

(3) fg

fg when domf = domg;
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(4) fg = fgf when codf = domyg.

Restriction semigroups, as studied by Cockett and Lack, were influenced
by the importance of categories of partial maps in theoretical computer
science and the work done to develop the theory of these categories.

As a relatively new topic, it is believed that restriction semigroups first
appeared as function systems in [54] in the 1960s. Throughout a series
of papers, [51], [52] and [53], Schweizer and Sklar studied systems of
functions in an attempt to characterise a class of algebras, before defining
a function system in [54]. The structure consisted of a non-empty set A,
an associative binary operation o and two unary operations, denoted by
L and R, such that the following conditions hold for all a,b € A:

(1) L(R(a)) = R(a);

(2) R(L(a)) = L(a);

(3) L(a)o = ao R(a);
(4) L{aob) = L(ao L(b));

(5) R(aob)= R(R(a)ob);
(6) L(a) o R(b) = R(b) o L(a);
(7) R(a)ob=0bo R(aob).

Left restriction semigroups first appeared as a class in their own right as
function semigroups in [57] by Trokhimenko in the early 1970s. A func-
tion semigroup is a set S with a binary operation o and unary operation
R such that S under o is a semigroup and for x,y € S:

(1) R(z)ox =u=;

(2) R(R(x)oy) = R(z) o R(y);
(3) R(x) o R(y) = R(y) o R(x);
(4) R(

) R(zoy)= R(zoR(y));
(5) xoR(y) = R(zoy)ox

Also, the representation theory of left restriction semigroups by partial
functions was first considered in this paper, specifically, the result that
allows us to conclude that the left restriction semigroups are precisely
the (2, 1)-subalgebras of some PT yx, where PT x is the partial transfor-
mation monoid on a set X. This is a concept which we shall look at in
detail in Section 2.3.

Left restriction semigroups have also appeared as type SL2 v-semigroups
in the work of Batbedat in [4] and [5] in the late 1970s to early 1980s.
They are a generalisation of inverse semigroups where the operation x
xx’ was replaced by a mapping v : S — S for a semigroup S. For the
semigroup S to be a type SL2 y-semigroup, v needs to satisy the following
conditions:

16



(1) v(S) is a subsemilattice of S;

(2) for each s € S, v(s) is the smallest y-element a such that as = s,
where a y-element is an element of v(.S);

(3) 2v(y) = y(xy)x for z,y € S.

It is proved in [29] that every left restriction semigroup is a type SL2
~v-semigroup and conversely that every type SL2 ~-semigroup is a left
restriction semigroup with distinguished semilattice v(.5).

Left restriction semigroups have arisen in the work of Jackson and Stokes
in 2001 in [33] as twisted LC-semigroups via a generalisation of closure
operations on a semilattice. Motivated by examples, they defined an
LC-semigroup to be a semigroup S with an additional unary operation
C such that for a,b € S:

(1) Cla)a = q;

(2) C(a)C(b) = C(b)C(a);
(3) €(Cla)) = Cla);

(4) C(a)C(ab) = C(ab)

A LC-semigroup S is called twisted if in addition the following condition
holds:

(5) aC(b) = C(ab)a.

As proved in [29], a left restriction semigroup S is a twisted LC-semigroup
with C(a) = a™ for a € S and conversely a twisted LC-semigroup S is
a left restriction semigroup with distinguished semilattice C'(.S), where

C(S) = {C(a) : a € S).

More recently, left restriction semigroups appeared in the work of Manes
as guarded semigroups in [39]. After the generalisation of inverse semi-
groups to left ample and weakly left ample semigroups, Manes generalised
inverse semigroups to guarded semigroups. The definition was obtained
by adapting the axioms for a restriction category. A guarded semigroup
is a semigroup with a unary operation x — T such that the following
conditions hold

(1) Te ==

() FF=77
3) Ty=27;
(4) zy=72yx
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2.2 Restriction and weakly ample semigroups

We wish to apply the techniques of inverse semigroup theory to wider
classes of semigroups having a semilattice of idempotents, but which need
not be regular. We shall introduce relations, which will provide us with
useful techniques to study non-regular semigroups. The definitions and
results in the remainder of this chapter have been compiled using [21],

[1], [16] and [36].

As mentioned, left /right restriction semigroups stem from studying par-
tial transformation monoids, but throughout this thesis we shall use the
abstract definitions which we shall present in this section.

Definition 2.2.1. Suppose S is a semigroup and £ a set of idempotents
of S. Let a,b € S. Then the relation Rp is defined by the rule that
aRgb if and only if for all e € E, ea = a if and only if eb = b.

It can easily be seen that ﬁE is an equivalence relation. Now let E be
a subsemilattice of a semigroup S, i.e. a commutative subsemigroup of
S consisting entirely of idempotents. We note that we can consider the
case when E = E(S), but E does not necessarily have to be the whole
of E(S). Note that if E = E(S), we use R instead of Rp.

Notation 2.2.2. If there is potential for ambiguity, we shall denote E
by Es to indicate that E is a subset of the semigroup S. However, if we
are only considering one such semigroup we shall omit the subscript.

Proposition 2.2.3. Let Ry be defined on a semigroup S, where E be a
subsemilattice of S. Then _
R C RE,

and

R=R
if S is reqular.

Proof. Let S be a semigroup and E be a subsemilattice of S. Suppose
aRb for a,b € S. Then a = bt and b = as for some s,t € S'. Then, for
eel,

ea=a=eas=as=eb=1>

and dually eb = b implies ea = a. Therefore aﬁE b.

Now suppose that S is regular and aRbfora,be S. Then, fore € E(S),
ea =a << eb=0".

As S is regular, a = axa and b = byb for some x,y € S. Since ax, by €
E(S), b = axb and a = bya. Therefore a R b. O

Proposition 2.2.4. Let a € S and e € E, where S is a semigroup and
E is a subsemilattice of S. Then aRge if and only if ea = a and for all
fEeE, if fa=a, then fe =e.
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Proof. Suppose that aRpe. We have for all feE,
fa=a= fe=e

and since e € F,
ee =e = ea = a.

Conversely, suppose that ea = a and for all f € FE,
fa=a= fe=e.
Suppose fe =e. Then
fa= fea=ea=a

and so a7:\;,E e. O

It turns out that if an element a of a semigroup S is R g-related to an
element of a subsemilattice F/ of S, then that element of F is unique.

Proposition 2.2.5. Let S be a semigroup and E be a semilattice of S.
Then a € S is Rg-related to at most one idempotent in E.

Proof. Suppose for e, f € E, aﬁEe and aﬁE f, so eﬁE f. Asee=c¢e
and ff = f, thenef = f and fe = e and so

e=fe=ef=Ff
O

Definition 2.2.6. Let S be a semigroup and E be a semilattice of S. If
every element of S is Rg-related to an idempotent in F, then S is weakly
left E-adequate. If E = E(S), then S is called weakly left adequate.

Let S be an inverse semigroup where a = axa for a,x € S. Then aﬁam,
using Proposition 2.2.4 as ax € E(S). So, if S is an inverse semigroup,
each R-class always contains an idempotent and S is therefore weakly
left adequate. However, if S is a non-regular semigroup, then there may
be a R-class that does not contain an idempotent.

Notation 2.2.7. In the case where S is weakly left E-adequate, each
element a € S is Rg-related to one idempotent in the subsemilattice
by Proposition 2.2.5, which we shall denote by a™. Note that for e € E,
et =e.

Suppose that S is weakly left E-adequate and let @ € S. Then by Propo-
sition 2.2.4, a™a = a. We also have the following alternative description

of ﬁE

Lemma 2.2.8. Let S be a weakly left E-adequate semigroup and let
a,be S. Then aRgb if and only if a™ = b™.

Definition 2.2.9. Let S be a semigroup and E be a set of idempotents
of S. Then S satisfies the left congruence condition with respect to £ if
R is a left congruence.
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The following proposition provides a useful alternative description of the
left congruence condition.

Proposition 2.2.10. Let a,b € S, where S is a weakly left E-adequate

semigroup. Then S satisfies the left congruence condition if and only if
(ab)t = (ab™)™.

Proof. Suppose that S satisfies the left congruence condition. Asb R bt,
we have abRgab™. By Lemma 2.2.8, (ab)™ = (ab™)*.

Conversely, suppose that (ab)™ = (ab™)* and let a Ry b for a,b € S. We
wish to show that ca Rgcb for c € S. As aRgb, a™ = b". Using our
assumptions and Lemma 2.2.8,

(ca)™ = (ca™)" = (cb™)" = (cb)",
ie. caﬁE cb. ]

We note the following useful result:

Lemma 2.2.11. Let S be a weakly left E-adequate semigroup such that
the left congruence condition holds. Then

a+b7§E bta
fora,beS.

Proof. For any a,b € S,
atbRpatht =btat Rybta
since ﬁE is a left congruence. O

We are now in a position to provide the definition of a left restriction
semigroup. Taking the semilattice under consideration to consist of all
the idempotents of the semigroup, we have the same definition for a
weakly left ample semigroup.

Definition 2.2.12. Suppose a weakly left F-adequate semigroup S sat-
isfies the left congruence condition with respect to E. Suppose that it
also satisfies the left ample condition that for all a € S and e € F,

ae = (ae)ta.

Then S is left restriction (formerly weakly left E-ample) and if E = E(S),
then S is weakly left ample.

In other words, to check that a semigroup S is left restriction with respect
to £ C E(S), we need to check:

(i) E is a subsemilattice of S

(i) every element a € S is Rg-related to an element of £ (denoted by
a®);
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(iii) R is a left congruence;
(iv) the left ample condition holds.

We shall refer to E as the distinguished semilattice associated with the
left restriction semigroup S. We have dual definitions and results if
we consider the relation Lz on a semigroup S. We can define right
restriction semigroups and weakly right ample semigroups, where the
unique idempotent in the £g-class of a € S is denoted by a*. A semigroup
is restriction if it is both left and right restriction with respect to some
distinguished semilattice F/, and weakly ample if it is both weakly left
and weakly right ample.

A left restriction or weakly left ample semigroup is an algebra with sig-
nature type (2, 1), written as

S = (Sv '7+)7

where T is the unary operation. Dually a right restriction or weakly right
ample semigroup is an algebra with signature type (2, 1), written as

S =(S,-").

A restriction or weakly ample semigroup is an algebra with signature
type (2,1,1), written as
S = (57 '7+ 7* )

and a restriction or weakly ample monoid is an algebra with signature
type (2,1,1,0), written as

S = (Sv '7+ 7* ; 1)

Let S and T be left restriction semigroups. A (2, 1)-morphism 6 : S — T
preserves both the binary operation and the unary operation *. For
e € Eg, we have el € Er as

e =etf = (eb)".

Writing the binary operation as juxtaposition, left restriction semigroups
are algebras defined by the following identities presented in [27], which
first appeared in the work of Jackson and Stokes in [33]:
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Therefore the class of all left restriction semigroups is a variety of alge-
bras. We note that these identities imply T2t = 2 and (z7)" = 2™
and so these identities are not required in the definition.

In Section 2.3, we shall also provide the alternative definition of left
restriction semigroups as precisely the (2,1)-subalgebras of the partial
transformation monoid on a set.

We note that weakly left ample semigroups are a special type of left
restriction semigroups, which are defined by the addition quasi-identity

P=r—or=z"

and so weakly left ample semigroups form a quasivariety.

From Definition 2.2.12 we can see that an inverse semigroup is a weakly
ample semigroup, but we shall see later from examples that a weakly
ample semigroup need not be inverse.

Proposition 2.2.13. Let S be an inverse semigroup. Then S is a weakly

ample semigroup, where

at = ad

and

foraeS.

Proof. As S is an inverse semigroup, E(S) is a semilattice. We have
ad’a = a and for f € E(9),

fa=a= fad = ad.

So aR ad'. Dually, a Lda Tt follows from Proposition 2.2.3 and the fact
that R is a left congruence, R is a left congruence. Dually Lisa right
congruence.

Take a € S and e € E(S). We have

(ae)Ta = (ae)(ae)a
= aeed a
= ad aee

= ae.

Dually the left ample condition holds. ]

An inverse semigroup is an algebra of type (2,1) where the unary oper-
ation is taking an inverse, but considered as a weakly ample semigroup
it is an algebra of type (2,1) where the unary operation is *. When
considering a congruence on an inverse semigroup, it transpires that we
do not need to be too careful about the signature. To show this we need
a consequence of Lallement’s lemma:
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Lallement’s Lemma. Let p be a congruence on a reqular semigroup S
and ap be an idempotent in S/p. Then there exists an idempotent e in S
such that ep = ap.

Corollary 2.2.14. Let S be an inverse semigroup. Then the following
are equivalent:

(1) w is a semigroup congruence on S;

(1i) w is a (2,1)-congruence on S, where 1 corresponds to taking an
INVETSE;

(1i1) pis a (2,1)-congruence on S, where 1 corresponds to the * unary
operation.

Proof. (i) = (ii): As p is a semigroup congruence and S is an inverse
semigroup, we have

(ap)(a'n)(ap) = (ad'a)p = ap

so that S/pu is regular, and

(@' p)(ap)(a'n) = (d'ad’ ) = a'p.

It remains to show that the idempotents of S/u commute. If bu,cu €
E(S/u), then by Lallement’s lemma,

bu =ep and cu = fu

for some e, f € F(S). As S is an inverse semigroup, its idempotents
commute and so

(bp)(ep) = (ep)(fr) = (ef)p = (fe)u = (fu)(en) = (cp)(bp).

Therefore S/p is an inverse semigroup and (ap)’ = da’p.

(ii) = (iii): By Proposition 2.2.13, an inverse semigroup can be consid-
ered as a weakly ample semigroup where a™ = aa’ for each element of
the inverse semigroup. We have

+

)" = (ap)(ap)' = (ap)(a'p) = (ad’)p = a’p.

(ap

(ii) = (iii): Clear.
[

The following result gives us a standard form for elements of a left re-
striction monoid with a given set of generators. This is a generalisation
of Lemma 4.1 from [22] for left ample monoids with a set of generators.
The proof is the same as the use of the ample condition is key in both
cases but we provide it for completeness.
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Lemma 2.2.15. Let M be a left restriction monoid and suppose M =
(Y). Then any a € M can be written as
)t

a:(m%...le,(l))Jr...(xT...xgEm) Y1 UYn

for some m,n € N® where o, yp € Y,1 <0 <m,1<j <p(i),1 <k <n.

Proof. The elements of Y are of the required form. We make the in-
ductive assumption that ¢ € N° and all elements of M obtained from
the elements of Y by less than ¢ applications of fundamental operations
have the required form. Suppose that a € M is obtained from Y by q
applications of fundamental operations.

We need to consider 3 possibilities for a:
(i) Suppose a = 1. Putting m = n = 0, a has the required form.

(ii) Suppose a = b where b is obtained from Y in ¢ — 1 steps. By the
inductive hypothesis,

for some m,n € N°, 2%, yp € V,1 <0 <m,1 <j < p(i),1 <k <.
Now b* = (ey; ...yn)" where e = (21 .. .x}g(l))* oo (x
element of Ey;, so that by Proposition 2.2.10, a = b* =e(y; ... y,)" and
a has the required form.

m
1

(iii) Suppose a = bc where b and ¢ are obtained from Y in fewer than ¢
steps. By the inductive hypothesis

and

+ +

c:(z%...z;(l)) (B ) Ty

for some m,n,s,t € N° where xé,yk eY1<i<m,1<j<p@),l<
kgsandz;-,wk6Y,1§i§n,1§j§q(i),1§k§t.

If s =0 or n =0 then a = bc has the required form as there is no “last
part” of b or “first part” of ¢. Suppose that s # 0 and n # 0. Put
y=1vy...ys and for 1 < 7 < n put ¢; = (zi...zé(i))+. As M is left
restriction we have

) (yen)T

yel...en:(yel)+y62...en:--~:(yel Y.

Now for any ¢ € {1,...,n},

(yei)™ = (y(zi e Z;(i))+)+ = (yzi e Z;(i))Jr:

using Proposition 2.2.10. It follows that a = bc has the required form.

24



We therefore have the result by induction. O]

We shall require the definition of the free left restriction semigroup and
free left restriction monoid on a set X in subsequent chapters:

Definition 2.2.16. Let X be a set. Then Fx is the free left restriction
semigroup (monoid) on X if Fx is a left restriction semigroup (monoid)
and there exists amap ¢ : X — Flx, and for any left restriction semigroup
(monoid) T and map 6 : X — T, there exists a unique morphism 6 :
Fx — T such that the following diagram commutes:

X

Fx

T

2.3 Partial transformation monoids

We shall consider how left restriction semigroups arise very naturally
from partial transformation monoids in a similar way to how inverse
semigroups arise from symmetric inverse monoids.

A partial transformation on a set X is a function from A to B where
A, B C X. We let

PTx={0:0:A— B,A,BC X}.
We can compose «, 5 € PT x by taking

dom(a) = [im(a) N dom(8)Ja"",

1

where ™ is the preimage under «, and

z(af) = (za)B

for x € dom(af3). The set PT x, under this composition, is a monoid
known as the partial transformation monoid on X.

Let us consider a set of idempotents of PT x, namely
EprX = {IZ 1 4 Q X},

i.e. those idempotents which are identities on their domains. We note
that PT x may have other idempotents. We define the unary operation
*on PT x by

Oé+ = [dom(a)
for « € PTx. It is proved in [21] that PT x is left restriction with
distinguished semilattice Ep7,. As left restriction semigroups form a
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variety they are closed under taking subalgebras. Consequently, every
(2,1)-subalgebra of PT x is also left restriction.

Conversely, if S is left restriction, then we have the analogue of the
Vagner-Preston representation theorem.

Theorem 2.3.1. Let S be a left restriction semigroup. Then there exists
a partial transformation monoid PT x and a one-to-one morphism

¢S—>PTX

As proved in [21], we take the partial transformation monoid P7T ¢ and
¢: S — PTg is given by s¢ = pg, where dom ps = Sst and xpg = xs
for all x € dom pg.

To obtain the definition of a right restriction semigroup we need to con-
sider the partial transformation monoid P7T x with composition from
right to left.

2.4 Ample semigroups

(Left) ample semigroups also generalise inverse semigroups. They are
weakly (left) ample (and hence (left) restriction) semigroups, but there
are weakly (left) ample semigroups that are not (left) ample. We shall
now introduce some more relations, which are relations of mutual can-
cellability.

Definition 2.4.1. Let S be a semigroup and let a,b € S. Then a R* b if
and only if for all z,y € S*,

xa = ya < xb = yb.

If S is a left restriction semigroup, then we can just check the above
condition for z,y € S rather than for z,y € S*.

Proposition 2.4.2. Let S be a left restriction semigroup with distin-
gquished semilattice E and suppose that a Rgb for a,b € S. If

ra =ya < xb=yb
forxz,y €S, then a R*b.
Proof. Let xa = ya < xb = yb for x,y € S. Then

a=ya=ata=ya

=atb=yb
= bt = yb
= b= yb.
Hence za = ya < xb = yb for x,y € S*. O
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Proposition 2.4.3. Let S be a semigroup and suppose that a € S and
e € E(S). Then aR* e if and only if ea = a and for all x,y € S*,

ra = ya = xre = ye.
Proof. Let us first suppose that a R* e. It is immediate that for all z,y €
Sl

ra = ya = xre = ye.

We also have
re = ye = xra = ya

for all z,y € S*. We have
le =ee = la =ea = ea = a.

Conversely, if ea = a and for all z,y € S*,

ra = ya = xre = ye,
it remains to show that

re = ye = ra = ya
for all =,y € S*. Suppose that e = ye and so

xra = rea = yea = ya.
O

Proposition 2.4.4. Let a € S and E(S) be a subsemilattice of S. Then
a 18 R*-related to at most one idempotent.

Proof. Suppose for e, f € E(S), aR*eand aR* f,so eR* f. Asef =e
and fe = f, we have

e=cf=fe=Ff
m

Definition 2.4.5. Let S be a semigroup. If F(S) is a subsemilattice of
S and each R*-class contains an idempotent, then S is left adequate.

By Proposition 2.4.4, if S is left adequate, then every R*-class contains
a unique idempotent. For a € S we shall denote the unique idempotent
in the R*-class of a by a™.

We have the following alternative description of R*:

Lemma 2.4.6. Let S be a left adequate semigroup and let a,b € S. Then
aR*b if and only if a™ = bT.

Proposition 2.4.7. Let S be a semigroup and let E be a subsemilattice
of S. Then L
RCR*"CRCRE.
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Proof. Suppose a Rb for a,b € S. Then, a = bt and b = as for some
s,t € S'. Suppose that for some z,y € S!, za = ya. Now, xb = zas =
yas = yb. Dually, zb = yb implies za = ya, so a’ R* b. Now suppose that
aR*b and e € E(S). Then by letting © = e and y = 1 in the definition
of R*, we see that aRb. Now suppose aﬁb, i.e. ea = a if and only if
eb =0 for e € E(S). If E is any subsemilattice of S, then this condition
will hold for e € E and so a R b. O

We note that the proposition above holds for any semigroup S. Following
from Proposition 2.2.3, R = R* = R for an inverse semigroup. The
relations R* and R also turn out to be equal on a left adequate semigroup.

Proposition 2.4.8. If S is left adequate, then

R*=TR.
Proof. From Proposition 2.4.7,
R* CR.

If ™ and b* are the unique idempotents in the R*-classes of a and b
respectively and a R b, then

atR*aRbR*bt.
So a* Rb*. Therefore a* = b* and hence a R* b. O

As a consequence of the previous result, a left adequate semigroup is a
weakly left adequate semigroup. We shall now provide the definition of
a left ample semigroup:

Definition 2.4.9. Let S be left adequate. For a € S, let a™ denote the
unique idempotent in the R*-class of a (as it coincides with the unique

idempotent in the R-class of a). If S satisfies the left ample condition
that for all a € S and e € E(S),

ae = (ae)ta,

then S is a left ample (formerly, left type A) semigroup.

We note that we do not need to show that R* is a left congruence as we
can easily show that it is a left congruence regardless of the semigroup
we are considering. The definition of £* on a semigroup S and the
results obtained are dual, allowing us to define right ample semigroups
in the same way. A semigroup is ample if it is both left and right ample.
Examples can be found in [29].

We note that a left ample semigroup is a weakly left ample semigroup
and have the following useful connection between weakly left ample and
left ample semigroups:

Corollary 2.4.10. [21] Let S be a weakly left ample semigroup. Then S
is left ample if and only if R* ="R.
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A left ample semigroup is an algebra with signature type (2,1), written
as

S = (Sa '7+)7

where * is the unary operation. Dually a right ample semigroup is an
algebra with signature type (2, 1), written as

S=(5,-7).

An ample semigroup is an algebra with signature type (2,1, 1), written
as
S = (Sa '7+ 7* )

and an ample monoid is an algebra with signature type (2, 1,1,0), written
as
S = (Sa '7+ 7* ; 1)

The symmetric inverse semigroup on a set X, Zx, is a left ample semi-
group and it is deduced in [21] that left ample semigroups are precisely
the (2, 1)-subalgebras of some Zx.

2.5 Examples

As left restriction semigroups are precisely the (2, 1)-subalgebras of some
PT x, we can find examples of left restriction semigroups by considering
subsets of PT x for some set X that are closed under the binary and
unary operations.

Example 2.5.1. Let S be the subset of PT 9y given by

S:{a7&+7/876+78}7

where ¢ is the empty transformation and o and ( are given by

oz:(i ?) andﬁz(; i)
a’ (i ;) and6+:(i i)

It can be easily seen that the multiplication table of S is

Then

B at BT e
a |l e a e a €
BB e B e ¢
ot a e at e ¢
Brle B e BT e
ele € € € €

Clearly S is closed under composition and *, so S is a (2, 1)-subalgebra
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of PT{12). As discussed in Section 2.3, S is a left restriction semigroup
with distinguished semilattice

ES = {Oé+7 /6+) 8}'
Example 2.5.2. Let S be the subset of PT 234y given by
S: {a7a+’/87777+75’6+’€}7

where ¢ is the empty transformation,

_(r23 4) g (1234
“Tl2 1 x x)'7"7\x 23 4)
1 2 3 4 1 2 3 4
7_(2 X X x) andd_(x 1 x x)'
We have 81 = 83,
1 2 3 4 1 2 3 4 1 2 3 4
+_ + _ + _
@ _(1 2 X ><)’7 _(1 X X x) and ¢ _(x 2 X x)'

It can be easily seen that the multiplication table of S is

a B at vy 4T & 07 €
alat v a 6F 5 AT 4 €
Bl1o6d B 6 e e & 0T €
at |l a 0T at 4 AT 5 0T €
Yyt oy v e e At oy €
Yy e v oy v e e €
b |6F e & 6N 5 e e e
ot o 6% 6t e e & o6 ¢
ele € € € € € € ¢

As S is closed under composition and T, S is a (2,1)-subalgebra of
PT 1234y and so S is a left restriction semigroup with distinguished

semilattice
ES = {a+7 ﬁ? ’Y+7 5+7 5}'

We shall now look at examples which are not directly derived as (2,1)-
subalgebras of partial transformation monoids. As we have seen in Propo-
sition 2.2.13, inverse semigroups are weakly ample semigroups. However,
there is another familar type of semigroups that are not obviously re-
striction semigroups. The following example is key for many of the major
results in later chapters:

Example 2.5.3. Let M be a monoid with identity 1 and E = {1}. Let
m*=1andm"=1

for all m € M. Then M is a restriction semigroup with distinguished
semilattice of idempotents E. We shall refer to such a restriction semi-
group as reduced restriction.
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As a monoid may be regarded as a left restriction semigroup it can be
regarded as an algebra of type (2,1) or (2,1,0). It follows that we have
the following result generalised from [22]:

Lemma 2.5.4. Let S be an arbitrary monoid. A subset X of S is a set
of generators of S as an algebra of type (2,0) if and only if it is a set of
generators of S as an algebra of type (2,1,0).

If M and N are monoids and ¢ : M — N is a monoid morphism, then
¢ is a (2,1,0)-morphism. This is because

mTe=1p=1= (mp)"

for m € M.

Before looking at our next example, we need a few definitions.

Definition 2.5.5. Let X be a set and S be a monoid. Then S acts on
X on the left if there exists a map S x X — X, (s,y) — s -y such that
Vy € X and Vs,t € S we have

1-y=y and

st-y=s-(t-y).

If in addition, X is a semigroup and
s-ab=(s-a)(s-b)
for s € S and a,b € X, then we say S acts by morphisms on X.

An action via morphisms on a semilattice X is order preserving, but the
converse is not necessarily true.

We note that in the case when we are considering a group G acting on

the left of a set X, which is defined in the same way, an element g of

the group acts by a bijection and the inverse bijection maps x € X to
-1

g -xeX.

Definition 2.5.6. Let X be a semilattice and let S be a monoid such
that S acts by morphisms on X via -. A binary operation is defined on
X x S by

(I, S)(ya t) - (CL’(S ' y)u St)
for (z,s),(y,t) € X x S. Then X xS, with underlying set X x S and
binary operation as described, is the semidirect product of X and S.

Example 2.5.7. Let X x.5 be the semidirect product of a semilattice X
and monoid S. Then X x S is a left restriction semigroup with (z,s)* =
(x,1) for all (x,s) € X % S.

Firstly, let (z,s), (y,t) € X *S. Then as s-y € X, we have z(s-y) € X.
Therefore the binary operation is closed.
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For (z,s), (y,1), (z,u) € X %5,

(@, 8)[(y, t)(z,w)] = (z,5)(y(t - 2), tu)

using the fact that S acts on X via morphisms. Hence X * S is a semi-
group.

We wish to show that X % S is a left restriction semigroup with distin-

guished semilattice
E={(e,1):e€ X}.

It can easily be seen that each element of F is an idempotent and

(e, D(f,1) = (e(1- ), 1)
= (ef1)
= (fe, 1)
= (f(1-¢),1)
= (£, (e, 1)

since X is a semilattice. Therefore E is a subsemilattice of X * S.

We claim that B
(e,8)RE (e, 1)

for (e,s) € X % .S. We have

(e,1)(e,s) = (e(1l-e),s)

and for (f,1) € E,

(f;)(e,s) = (e,s) = (f(1-€),8) = (e;8)
= (fe,s) = (e, s)

= fe=e

= (f,1)(e,1) = (fe, 1) = (e, 1).

Therefore B
(e,8)RE (e, 1)

for (e,s) € X xS.

We wish to show R is a left congruence. First we note that for (e, s), (f,t) €
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X xS,

(e,5) R (f,1) & (e,5)" = (f,0)*
< (e,1) = (f,1)
Se=f.

For (e, s),(f,t),(g,u) € X xS, we have

(e,9)Rp (fit)=e=f
= g(u-e) =g(u- [)
= (g(u-e),us)Re (g(u- f), ut)
= (g.u)(e,s) R (g, u)(f.1).

So Rp is a left congruence.

It remains to show that the left ample condition holds. Take (e, s) € X*S
and (f,1) € E. Then

[(e,5)(f; D] (e,5) = (e(s - f),8) " (e, )
= (e(s- ), 1)(e,s)
= (e(s- fle,s)
= (e(s-f),s)
= (e,8)(f 1),

Therefore X * S is a left restriction semigroup with distinguished semi-
lattice E.

The following example is a special case of Definition 2.5.6:

Example 2.5.8. Let S be a left restriction monoid. We shall show that
S acts by morphisms on Eg via s -e = (se)*. We have

l-e=(le)f =et =¢
for e € Eg. Using Proposition 2.2.10,

s-(t-e)=s-(te)" = (s(te)")" = (ste)" =st-e

and

s-ef = (sef)" = ((se)"sf)" = (se)"(sf)" = (s-€)(s-[)

for s,t € S and e, f € Es.

The semidirect product T'= Eg * S, with binary operation

(e,5)(f,1) = (e(s- [), )



where (e, s), (f,t) € Eg xS, is therefore a left restriction semigroup with
distinguished semilattice

Er ={(e,1): e € Es}.

Here we present a special case of Example 2.7.3 in [29]:

Example 2.5.9. Let M be a monoid, I a non-empty set and P the I x [
identity matrix. Let
M= M°(M;1,1;P)

be a Rees matrix semigroup, i.e. a Brandt semigroup B°(M;I), which
consists of the set
S=(IxMxI)u{0}

and binary operation defined by

. . 1,ab, )  if A=
(27a>/\)<]7b> M) = ( ) . .
0 if A #£ 7.

and
(1,a,A\)0 =0(i,a,A\) =00=0
for (i,a,\), (j,b, ) € S.

Idempotents of M are of the form (i, e,i), where i € [ and e € E(M). As
M is a monoid, it is a restriction semigroup with distinguished semilattice
of idempotents {1}. It follows that M is a restriction semigroup with
distinguished semilattice of idempotents

Es={(i,1,4):i e I} U{o}.

Our next example is the Bruck-Reilly extension of a monoid determined
by a morphism:

Example 2.5.10. Suppose M is a monoid and 6 : M — H; is a monoid
morphism, where H; is the group of units of M. We shall let " denote
n applications of  and ¢° denote the identity map. Let S = BR(M;0)
consist of set

S=N"x M xN°

with binary operation defined by
(a,m,b)(c,n,d) = (a —b+t,md""nd"° d—c+1),
where ¢t = max{b,c}, for (a,m,b),(c,n,d) € S. As proved in [31],

BR(M;0) is a semigroup and the idempotents are of the form (a,e,a),
where a € N? and e € E(M).

Let us consider
Es={(a,1,a):a € N°}.
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We wish to show that BR(M;#) is a restriction semigroup with distin-
guished semilattice of idempotents Eg. We shall show that BR(M;0) is
left restriction, with the proof that it is right restriction being dual.

The elements of Fg commute as, for a,b € N°, we have

(a,1,a)(b,1,b) = (¢,160""16""" ¢), where t = max{a, b}
= (t,1,1)
= (b,1,b)(a, 1,a).

We wish to show (a,m,b) R, (a,1,a) for (a,m,b) € S. We have

(a,1,a)(a,m,b) = (t,md"*,b—a+1t), where t = max{a,a} = a
= (a,mf",b)

= (a,m,b).
For (¢,1,c) € Es,

(c,1,¢)(a,m,b) = (a,m,b) = (t,m0"* b—a+t)=(a,m,b),
where ¢t = max{a, c}
=t=a
= (¢,1,¢)(a,1,a) = (a,1,a).

So (a,m,b) R, (a,1,a) and we shall let (a,m,b)" = (a,1,a).

Now we wish to show that ﬁEs is a left congruence. For (a,m,b), (¢,n,d) €

S,
(a,m,b) ﬁEs (e,n,d) & (a,m,b)" = (¢,n,d)*

< (a,1,a) = (¢, 1,¢)
S a=c.

So

(a,m,b) R, (¢,n,d) = a=c

= max{l,a} = max{l,c}, for | € N

=k —1l+max{l,a} =k — | +max{l,c}
for any k,1 € N°

= [0k 2, D)@, m, B = [(k,py (e, &)
for any (k,p,l) € S

= (k,p,)(a,m,b) Rp (k,p,1)(c,n,d)
for any (k,p,l) € S.

Therefore ﬁES is a left congruence.
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It remains to show that the left ample condition holds. We have for
(a,m,b) € S and (¢, 1,¢) € Es,

[(a,m,b)(c, 1,¢)] (a,m,b) = (a —b+t,md" " t)"(a,m,b)
where ¢t = max{b, c}
=(a—b+t,1,a—b+1t)(a,m,b)
=(s,m0°* b—a+s)
where s = max{a —b+t,a} =a—b+1
= (a—b+t,mo"t)
= (a,m,b)(c, 1,c).

As the left ample condition holds, BR(M;#) is a left restriction semi-
group with distinguished semilattice of idempotents Fg.

Before we look at our next example, we need the definition of a strong
semilattice of monoids, which we have adapted from the definition for
semigroups in [30].

Definition 2.5.11. Let S be a semigroup which is a disjoint union of
monoids M, where the indices a form a semilattice Y suppose that for
all a, €Y, MMz C M,s. Then S is called a semilattice Y of monoids
M, where a € Y. This can be represented in the following way.

M

Now consider «, 8 € Y where ao > 3. Let ¢, 5 : M, — Mz be a monoid
morphism such that:

(1) Yaa = In, forall a € Y;

(2) for o, B,y €Y, where a > 8 > 7, Yas9sy = Pay-

Then ¢, g is called a connecting morphism. The second condition can be
illustrated as follows:
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Let us consider the set S = U M, and define a binary operation * on
acY

S by
a*b=(aPaas)(bPs.as),

where a € M, and b € Mp. These morphisms are illustrated in the
diagram below, where we shall let ¢ = (a@q.a8)(09s.053)-

Then S = [Y; My; ¢ap] is called a strong semilattice Y of monoids M,
where a € Y with connecting morphisms @, g.

It can be proved that S, along with binary operation *, forms a semi-
group and that a x b = ab where a,b,ab € M, and we write the original
binary operation in the monoid M, as juxtaposition. Moreover, S is a
semilattice Y of monoids, M,, where a € Y. We shall show that if we
take S to be a semilattice of monoids such that their identities form a
subsemilattice, then S = [Y'; M,; ¢ ] is a restriction semigroup.

Example 2.5.12. Let S be a strong semilattice of monoids [Y'; M,; @4 5)-
We shall denote each identity by 1, and its corresponding monoid by
M,. We shall show that S is left restriction, with the proof that it is
right restriction being dual. We put Es = {1, : « € Y}. Notice that
Es C E(S9).

The elements of Eg commute under the binary operation * as, for 1,, 15 €
Eg, we have

1, * 1[8 = (]-a()oa,aﬁ)(lﬁgoﬁ,&ﬁ)

= laglag = lag
= (1ppp.a8)(1aPaas)
= ]_5 * ]-a'
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We wish to show aﬁES 1, for a € M,. We have
l,xa=1,a=a
as ly,a € M,. For 15 € Fg,

Igxa=a= (13ppa)(0Papa) = a
= aff =«
= lgxly =145 =14

as above. Therefore a?%ES 1, for a € M, and we shall let a™ = 1,.

Now we wish to show that ﬁES is a left congruence. For a,b € S, where
aEMaandbEMg,

aRpsbeat =bt
<:>1a:1ﬁ
S a=/f.

So, the ﬁES—classes are the semigroups M, where o € Y. It is then clear
that R, is a left congruence.

It remains to show that the left ample condition holds. We have, for
a € M, and 15 € Eg,

(ax15)" x a = [(apa,as)(1sps, aﬁ)] *a
= [(aaap)lap]” *
= (aa,ap)" *a
=lag*xa
= (lapPap.apa)(@Pa,apa)
= 10&6(6“904,&/3)
= 0Pq,ap
=ax 1.

As the left ample condition holds, S = [Y; M,; pa. ] is a left restriction
semigroup with distinguished semilattice of idempotents Fgs.
2.6 The natural partial order

As in inverse semigroup theory we shall define the relation <. Let S be a
left restriction semigroup with distinguished semilattice of idempotents
E. We define < on S by

a<b<& a=cbforsomeeeckE.
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If S is a right restriction semigroup with distinguished semilattice of
idempotents E, we define < on S by

a<bsa=0f for some f € F.

However, we note that if S is a restriction semigroup, then these two
definitions are in fact equivalent by the ample conditions.

In fact, we can be more specific about the idempotents e and f in the
above definitions:

Proposition 2.6.1. Let S be a restriction semigroup. Then for a,b € S,
where S is a left restriction semigroup,

a<bea=atb
and if S is right restriction,

a<b&a=0ba".

It can be easily checked that these relations are partial orders. For a left
restriction semigroup S with distinguished semilattice of idempotents F,
the relation < is clearly right compatible with the multiplication of S
and it can be seen that it is left compatible using the left ample condi-
tion. Dually, < is compatible with multiplication of a right restriction
semigroup.

When considering a left restriction semigroup with distinguished semi-
lattice of idempotents E, we have for a,b € S,

at <b" s at =athT,
which is the usual order on F, and

a<b=>a=a"b=a" =a"b" =a" <b".

We note the following useful lemma, the proof for which in [14] for left
adequate semigroups can be easily adapted for left restriction semigroups.

Lemma 2.6.2. Let S be a left restriction semigroup. Then
(1) (ab)* = (ab™)T for all a,b € S;

(2) (ea)t =ea™ foralla € S ande € E;

(3) (ab)*™ < a* foralla,be S.

We return to the partial transformation monoid on a set X. All left
restriction semigroups are embeddable into some P7T x. The natural
partial order defined on PT x is

agﬁﬁa:ﬁ ‘dom(a)v

which restricts to the usual partial order on idempotents in the distin-
guished semilattice.
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2.7 The least congruence identifying £

In this section we introduction the relation ¢ on a semigroup S and
consider o on left/right restriction, weakly ample, ample and inverse
semigroups.

Definition 2.7.1. [18] Let S be a semigroup and E be a set of idempo-
tents contained in S. Then for a,b € S, the relation o is defined to be
the least (semigroup) congruence on S identifying the elements of F.

If £ = E(S), then we may write o for o and if S is either left or right
restriction we shall denote op, by og, where Eg is the distinguished
semilattice of S. Notice that if S is left restriction, then og is actu-
ally a (2, 1)-congruence, hence the least (2, 1)-congruence identifying the
elements of Fg.

The left ample condition ensures the following result, as proved in [21]:

Lemma 2.7.2. Let S be a left restriction semigroup with distinguished
semilattice E. Then for all a,b € S,

aosb < ea = eb for somee € F.

Proposition 2.7.3. Let S be a left restriction semigroup with distin-
guished semilattice E. Then for all a,b € S,

aogb < ea= fb for somee, f € FE.

Proof. If aogb, then clearly ea = fb for some e, f € E. Conversely
suppose that ea = fb for some e, f € E. Then

(ef)a = eefa= ef(ca) = ef(fb) = (ef)b.
So aogb. O

Proposition 2.7.4. If S and T are left restriction semigroups and 6 :
S — T is a (2,1)-morphism, then

aocgb= ab or bl

fora,beS.
Proof. We have

aogb = ea = eb for some e € Eg
= (ea)d = (eb)f for some e € Eg
= (ef)(al) = (ed)(bf) for some e € Er.

]

The following result is straightforward and is dual to the results in Lemma
2.7.2 and Proposition 2.7.3.
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Lemma 2.7.5. Let S be a right restriction semigroup with distinguished
semilattice E2. Then for a,b € S the following are equivalent:

(Z) CLUsb;
(i) af =bf for some f € E;
(i1i) ae = bf for somee, f € E;

Proposition 2.7.6. Let S be a restriction semigroup with distinguished
semilattice 2. Then for a,b € S the following are equivalent:

(1) aosb;

(1i) ea = eb for some e € E;
(iii) af =bf for some f € E;
(iv) ae =bf for somee, f € E;
(v) ea = fb for somee, f € E;
(vi) ea = bf for somee, f € E.

Proof. As we know (i), (ii), (iii), (iv) and (v) are equivalent, we shall
show that (ii) implies (vi) and that (iv) implies (v).

Suppose ea = eb for some e € E. As eb = b(eb)*, we have
ea = b(eb)*,

where e, (eb)* € E. Now suppose ea = bf for some e, f € E. Using the
same argument,

ea = (bf)"b.
As e, (bf)" € E, all the statements are equivalent. H

If S is a left restriction monoid, S/og is a monoid that can be regarded
as an algebra of type (2,1,0) by the comment preceding Lemma 2.5.4.

Lemma 2.7.7. Let S be a left restriction semigroup. Then eog f for all
e, f € E. Further, if e € E, then eog is the identity on T = S /0g.

Proof. We shall consider a left restriction semigroup S with distinguished
semilattice F. If e € F and xog € T, then ecsx™t. So

(60’5)(1‘0’5) = (Q?Jras)(l'(fs)
= (z7x)os

= X0g
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and

[]

Corollary 2.7.8. If S is a left restriction monoid, then ag : S — S/og

defined by

SO'Aug — SO0g

is a (2,1,0)-morphism.

Proof. 1t can easily be seen that ag : S — S/og is a monoid morphism.
For s € S, we have

5*02 =sT0g=1g/ps = (502)*.

The following results are shown in [45] and [37]:

Proposition 2.7.9. If S is an inverse semigroup, then T =S /o is a
group, so that o is the least group congruence on S.

Proof. From Lemma 2.7.7, ec is the identity of T" for any e € E(S). We
wish to show the existence of inversesin T'= 5 “o. Let s € S. We know
(ss')o = (§'s)o is the identity of T" and clearly

(so)(s'o) = (ss')o = (s's)o = (s'0)(s0).

Hence, T'= S/ is a group and (so)~! = s'o. [l

The dual of the following result is shown in [12] in the case where S is a
monoid.

Proposition 2.7.10. If S is a left ample semigroup, then T =S /o is
right cancellative, so that o s the least right cancellative congruence on

S.

Proof. We wish to show that T is right cancellative by showing for
a,b,ce S,
(bo)(ao) = (co)(ao) = bo = co, ie. boc.

Using the fact that fo acts as the identity of T' for any f € E(S), we
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have

(bo)(ac) = (co)(ac) = (ba)o = (ca)o
= (ba) o (ca)
= eba = eca for some e € E(S)
= eba® = eca™

= e(ba™)*b = e(ca™) ¢ by the ample condition

= bo = co by Proposition 2.7.3.

Therefore, T is right cancellative. By Definition 2.7.1, o is the least right
cancellative congruence on S. O]

The first part of the following result is proved in [20] in the case where
S is a weakly left ample monoid and the latter is from [2]. A wunipotent
monoid is a monoid with only one idempotent.

Proposition 2.7.11. If S is a weakly left ample semigroup, then T =
S /o is unipotent, so that o is the least unipotent monoid congruence on
S, i.e. a congruence on S such that S,/ o is a unipotent monoid.

Proof. Let ac € E(T). Then (ac)(ac) = (ac), i.e. a’c = ao, which
implies eaa = ea for some e € E(S). We have

(eae)? = eaecae
= e(ae)ae
= e((ae)ta)ae
= e(ae)aae
)+

= (ae) " eaae

= (ae)teae as eaa = ea
= e(ae)Tae

= eae.

Therefore, eae € E(S).

Let g = eae(ae)™ € E(S). We have

g(eae) = eae(ae) eae
= caee(ae)e(ae)a
= cae(ae)ta
= ga.
Therefore a o eae and so T' is unipotent. [l

Proposition 2.7.12. When S is a left restriction semigroup with dis-
tinguished semilattice of idempotents E, og is the least congruence on S
such that its image is reduced left restriction.

Proof. For any zos € S/ 0g,
(.%‘0'5)+ = JI+O'S = 15/(,5,
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so S/ og is reduced. Conversely, let p be a (2, 1)-congruence on S such
that S 7p is reduced. Then if e, f € E, we have

ep=cp=(ep)" = (fp)" =fTp=fp,

so B x E C p. Hence gg C p. [

2.8 Proper restriction semigroups

We shall provide a brief introduction to proper restriction semigroups.
The background to this topic will be further explored in Chapters 4 and
5.

Definition 2.8.1. A left restriction semigroup S with distinguished
semilattice of idempotents F is proper if and only if

7%3 Nog =1
and dually a right restriction semigroup is proper if and only if
Z pMog = L.
A restriction semigroup is proper if both these conditions hold.
Proper weakly ample semigroups are defined similarly.
Definition 2.8.2. A left ample semigroup is proper if and only if
R'No=1
and a right ample semigroup is proper if and only if
L'No =1t
An ample semigroup is proper if both these conditions hold.

Example 2.8.3. Let X xS be the semidirect product of a semilattice X
and monoid S. Then X * .S is a proper left restriction semigroup.

Asin Example 2.5.7, X*S is a left restriction semigroup and for (e, s), (f,t) €
X xS, B
<€7S)RE<f7t) ~e= f

We shall show
(e,8)os (f,t) & s=t.
We have
(e,8) o5 (f,t) = (g, 1)(e,s) = (g, 1)(f,t) for some (g,1) € E

= (ge,s) = (gf,t) for some (g,1) € £
= s=1.
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Conversely, suppose that s = ¢t. Then considering (ef, 1) € E,

and so (e, s)os (f,1t).
We have

(e,s) (ReNas) (f,t) = (e,8) R (f,t) and (e, s) o5 (f, 1)
=e=fand s=t

= (e,s) = (f,1).
Therefore X * S is a proper left restriction semigroup.
We have the following lemma for proper left restriction semigroups.

Lemma 2.8.4. Let S be a proper left restriction semigroup with distin-
guished semilattice of idempotents E. If a,b € S, then aogb if and only
if bta = a™b.

Proof. Suppose that S'is proper and a,b € S. By Lemma 2.2.11, a™b R bta.
If aogb then, as bT oga™t, we have btaoga™b. Now 03 N'RE = ¢ so that
b"a = a*b. The converse is clear. H

The following result is a corollary of Lemma 2.7.7.

Corollary 2.8.5. If S is a proper left or right restriction semigroup,
then Eg is a og-class.

Proof. We shall consider a left restriction semigroup S with distinguished
semilattice E, with the argument being dual for right restriction semi-
groups. Following Lemma 2.7.7, it remains to show that if a € S and
aose, then a € Fs. If a € S and aoge, then aog a™ by Lemma 2.7.7.
By definition, a R, a™ and since S is proper, a = a™. O

Within a variety we have closure under taking subalgebras, homomorphic
images and direct products with respect to the fundamental operations,
but we see that if we consider a class of proper left restriction semigroups
then subalgebras and direct products are also proper. The following
two propositions are stated in [23] for left adequate monoids, the first
originally appearing in [49], but we require the more general versions.

Proposition 2.8.6. Let M be a weakly left E-adequate semigroup and
let N be a subalgebra of M. Then

(1) the subalgebra N is weakly left E-adequate and for all a,b € N,

a ﬁEN b if and only if a ﬁEM b;

45



(2) if M is left restriction, then N is left restriction;

(3) if M is proper left restriction, then so is N and for a,b € N,

a oy b if and only if a oy b.

Proof. (1) For a,b € N, we have

aRpybeat =btin N
sat=b"in M

~ CL’]:\;,EM b.

(2) As left restriction semigroups form a variety, they are closed under
taking subalgebras. Therefore, if M is a left restriction, then so is V.

(3) First, we note that a oy b implies that a oy b for a,b € N as

aoyb= ea =eb for some e € En
= ea = eb for some e € Ey as Eny C Ey

= aopb.
Along with (1), it follows that

a(ﬁEN Noy)b= aﬁENb and aon b
= aﬁEMb and aop b
= a(Rg,, Nowu)b
=a=0,

so that N is proper. Using Lemma 2.8.4, we have
acybeatb=bTa< aoyb
for a,b € N. O

Proposition 2.8.7. Let M;, where i € I for some indexing set I, be
proper left restriction semigroups. Let M = [].., M;. Then

(1) for (a;), (b;) € M,

(a;) R (b:) if and only if a; ﬁEMi b; for allie I,

el

where E =1,.; Em,;

iel
(2) M is a left restriction semigroup;

(3) M is proper left restriction and for (a;), (b;) € M,

(a;) oar (b;) if and only if a; op, b for alli € 1.
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Proof. (1) The result follows from (a;)™ = (a;") for (a;) € M.

(2) As left restriction semigroups form a variety, they are closed under
taking direct products. Therefore, as each M; is left restriction so is M.

(3) Using Lemma 2.8.4, we have

(a;) oar (bi) = (i) (ai) = (w;)(b;) where (u;) = (u;)" = (")
= ufa; = u;b; for alli €
= a;op, b forall i € 1
= alb; =bla; foralli € I
= (@) (b;) = (b:) " (as)
= (a;) op (b).

Consequently, along with part (1), we have
(a;) (Re N o) (b) = (a;) R (b;) and (a;) oar (bs)
= a; ﬁEM,L‘ b; and a; op, b; for all ¢ € 1

= q <7§EM1 No,) b forall i € 1
= a; =b; for all i € I.

We consider the semidirect product considered in Example 2.5.8

Example 2.8.8. If S is a left restriction monoid and S acts by mor-
phisms on Eg via s-e = (se)™, then the semidirect product Fg* S is a
left restriction semigroup and by Example 2.8.3 Eg % S is a proper left
restriction semigroup.

Let

N

S={(e,s):e<s'}C EgxS

with binary operation

(e,8)(f,t) = (e(s - f), st)
= (e(sf)", st)

where (e, s), (f,t) € S. We shall show that S is a proper left restriction
monoid.

Take (e,s),(f,t) € S. Then e < st and f < t*. As e(sf)" € E and
st € S, it remains to show that

e(sf)" < (st)"

to show the binary operation is closed. As the action of S on FEg is by
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morphisms it is order preserving. Hence
(sf)" < (st™)" = (st)"

and so
e(sf)F < (sf)f < (st)".

Since e <1, S is closed under T and so S is a (2, 1)-subalgebra of Eg* S.
Therefore S is a left restriction semigroup with distinguished semilattice
E={(e,1):e € Es}.

Take (1,1) € S and (e,s) € S. Then e < s*. We have

(e,5)(1,1) = (e(s-1),s)
= (es™,s)

=(e,s) ase < st

and

So S is a monoid with identity (1,1).

As S is a (2,1)-subalgebra of Eg % S and Fg * S is proper, then S is
proper by Proposition 2.8.6.

Definition 2.8.9. Let S be a left restriction semigroup with distin-
guished semilattice of idempotents E. A morphism, ¢ : M — N, is
E-separating if for e, f € F, we have

ep=fr=e=]

A proper left restriction cover of S is a proper left restriction semigroup
U together with an onto (2,1,0)-morphism ¢ : U — S, which is E-
separating.

The techniques in the following theorem are ‘folklore’ and appear in
several papers including [18]:

Theorem 2.8.10. Let S be a left restriction monoid. Then S has a
proper left restriction cover.

Proof. Let R
S={(e,s):e<s} CEsgxS

be the proper left restriction monoid in Example 2.8.8. Suppose ¢ :Ag —
S is defined by (e, s)¢ = es for (e,s) € S. Taking (e, s),(f,t) € 5, we
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have

[(e,s)(f,1)]d = (e(sf) ", st)o
= e(sf)tst
= esft using the left ample condition

= (e,5)0(f,1)0.

We also have

(e, 5)0]" = (es)”

= €S+

—case<sT
= (e, 1)¢
= (e,s)"¢

and clearly (1,1)¢ = 1. So ¢ is a (2,1, 0)-morphism.
Considering s € S, there exists (st,s) € S such that
(sT,8)p =sTs=s.

Therefore ¢ is onto. If (e, 1), (f, 1) € Eg such that (e, 1)¢ = (f,1)¢, then
e = f. So ¢ is Eg¢-separating. Therefore S is a proper left restriction
cover of S. H
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Chapter 3

The Szendrei expansion

3.1 The Szendrei expansion of a monoid

3.1.1 Definitions and background

We shall begin this section by defining the Szendrei expansion of an ar-
bitrary monoid. We shall summarise the background working, including
the fact that the Szendrei expansion of a group coincides with the Birget-
Rhodes expansion (as pointed out in [56]), and some universal properties.

Definition 3.1.1. Let M be a monoid and let &2;(M) denote the col-
lection of finite subsets of M that contain the identity. We shall define
the Szendrei expansion of M to be

Sz(M)={(A,g): Ae P}(M),g € A}
together with the binary operation given by
(4,9)(B,h) = (AU gB, gh)
and unary operation
(4.9)" = (A1)
for (A, g),(B,h) € Sz(M). The action of g € G on a subset B is given
by gB = {gb: b € B}.

This is a subsemigroup of a semidirect product; note that the Szendrei
expansion of a group coincides with the Birget-Rhodes expansion, as
pointed out in [56]. Szendrei showed in [56] that this expansion had some
universal properties, regarding F-inverse semigroups, which are inverse
semigroups where every o-class has a greatest element under the natural
partial order. Here o is the least group congruence as defined in Section

2.7.
For a monoid M with identity 1, the Szendrei expansion of M, Sz(M),

is also a monoid with identity ({1}, 1) [16] and is left restriction [28] with
distinguished semilattice

E={(A1): Ae 2;(M)}.
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A monoid with exactly one idempotent is called a unipotent monoid. If
M is a unipotent monoid, E(Sz(M)) = E and so Sz(M) is a weakly left
ample monoid [17]. Let M be a monoid and let a,b,c € M. Then M is
right cancellative if for a,b,c € M,

ab=cb=a=c.

A right cancellative monoid is unipotent. If M is a right cancellative
monoid, then Sz(M) is a left ample monoid [16], and if M is a group,
then Sz(M) is an inverse monoid [6], [56].

In [11], Exel describes, via generators and relations, an “expansion” of
a group G [11]. It was unknown to Exel that this presentation was one
for the Szendrei expansion. In [35], Kellendonk and Lawson proved that
Exel’s construction was isomorphic to the Szendrei expansion.

Exel took a set of generators, G = {[g] : ¢ € G}, and the following
relations for s,t € G:

(1) [s~lsllt] = [s™st];
(1) [s]fe]fe="] = [st][t™'];
(iif) [s][1] = [s];
(iv) [1][s] = [s].

It was shown in [35] that the Szendrei expansion of G is isomorphic to
the free semigroup on G factored by the congruence generated by these
relations.

We shall construct similar presentations for the Szendrei expansions of
other types of semigroups.

3.1.2 Premorphisms

We shall define the premorphisms that provided the inspiration for pre-
sentations, via generators and relations, for the Szendrei expansion of a
monoid.

Definition 3.1.2. Let S and T' be monoids, where T is left restriction.
Then the function 6 : S — T is a premorphism if for s,t € S,

(i) (s0)(t0) < (st)b;
(i) 16 = 1.

A premorphism is equivalent to a partial action [28], which we define as
follows:

Definition 3.1.3. Let X be a set and T" a monoid. Suppose we have a
partial function e : X x 7" — X, where (x,t) — x ot and we write Jx o ¢
to mean that the action of ¢ on x is defined. If the following conditions
hold for z € X and s,t € T"
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(i) forallz € 2, drel and ze1 = x;
(i) if 3z e s and I(z @ s) ot, then Jr e st and (r e s) @t = x @ st;

then e is a partial right action of T on X. A partial left action of T on
X is defined dually.

We shall consider this type of partial action in Chapter 8.

Definition 3.1.4. Let S and T be monoids, where T is left restriction.
Then the function 6 : S — T is a strong premorphism if for s,t € .9,

(i) (sO)(t0) = (s0)" (st)8;
(i) 16 = 1.

A strong premorphism is equivalent to a strong partial action [28], which
we define as above, but with an alternative second condition:

(i) if 3z @ s, then [I(x e s) e ¢ if and only if Jx e st|, in which case
(ros)et=uxest;

The following result follows from Theorem 4.1 in [28] by putting § =
Is.(ny in the latter part, but we shall prove it directly.

Proposition 3.1.5. Let M be a monoid. The map v : M — Sz(M)

given by
= ({1’ m}> m)
s a strong premorphism.

Proof. (i) For s,t € S,

(se)(te) = ({1, s}, 5)({1, £}, ¢)
= ({1,s} Us{l,t}, st)
= ({1, s, st}, st)

= ({1,s} U{1,st},st)
= ({1,s},1)({1, st}, st)
= ({1,s},5) " ({1, st}, st)
= (s1)"(st)e.

(ii) We have

1= ({1,1},1)
= ({15 1).
0

Proposition 3.1.6. /28] The Szendrei expansion of a monoid M is gen-
erated as a (2,1)-algebra by elements of the form mev, where v : M —
Sz(M) is defined above.
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The presentations we shall present in the next section were inspired by
the fact that any strong premorphism 6 : S — T, where S and T are
left restriction semigroups, factors as 10, where ¢ : S — Sz(9) is a strong
premorphism and @ is a morphism uniquely determined by 6 [24].

Proposition 3.1.7. [28] Let S and T be monoids, where T is a left
restriction monoid. For every strong premorphism 6 : S — T there is a
unique (2,1,0)-morphism 0 : Sz(S) — T such that the following diagram
commutes:

T

Conversely, Zf? :Sz(M) — S is a (2,1,0)-morphism, for some monoid
M, then 6 = 10 is a strong premorphism.

3.1.3 Presentations via generators and relations

We shall exhibit a presentation for the Szendrei expansion of a monoid,
using a similar approach to Exel’s. Instead of factoring the free semi-
group, we factor the free left restriction semigroup. Noting that the
Szendrei expansion of a monoid is a left restriction monoid, our method
is as follows.

Let M be a monoid and let F' be the free left restriction semigroup on
the set M. As discussed in Chapter 1, we can consider F' as the free
left restriction semigroup on M, where M = {[m] : m € M} is a set of
generators having the same number of elements as M. We consider the
following relations for s,t € M:

(i) [s][t] = [s]"[st];
(ii) [s][1] = [s] ;
(iii) [1][s] = [s];
(iv) [ =[]

p = (([sllt], [sI™[st]), ([s][L], [s]), ([][s], [s]), ([, [1]) = 8,8 € M), (%)

i.e. the congruence generated by the relations (i)-(iv). Note that we
are using Exel’s original notation where [s] denotes a generator and [s]p
denotes the p-class of [s].

Proposition 3.1.8. Let M and T be monoids, where T is left restriction.
Let F' be the free left restriction semigroup on M. Let 6 : M — T be a
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strong premorphism and 0 : F — T be defined on the set of generators of
F by B
[m]6 = méb.

Then 0 is a morphism such that p C ker 0.

Proof. The map 6 is a well-defined morphism since F' is free on M.

We have for [s], [t] € M,

and

Similarly, ([s][1])0 = [s]f. We also have

(170 = ([1]0)" = (10)" =1 =10 = [1]0.
It follows that p C ker 6. O]

Omitting consideration of the identity element in the proof of Lemma
2.2.15 and comments at the end of Section 1.4 we have the following
result.

Proposition 3.1.9. Let M be a monoid and F' the free left restriction
semigroup on M. Then any element of F' is of the form

el etwr . w,
where ef = ([z1]... [z,)])Fs . eh = (27 20T and w1 = [y,

T yn) for some m,n € N® where [2], [yx] € M,1 <i<m,1 <
j<pli)1<k<n.

Proposition 3.1.10. Let M be a monoid and F' be the free left restriction
semigroup on M. Then F/p is a monoid with identity [1]p.

Proof. Due to the closure and associativity of the binary operation in
F, F/p is a semigroup. It remains to show that it has identity [1]p. If
a € F, then it has the form

+

+
81 ...gmwl...wn7
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as in Proposition 3.1.9. To show that (ap)([1]p) = ap, we need to consider
2 cases. Firstly, if n # 0, then

(wnp)([1]p) = ([yalp)([1p) = ([ynl[1))p = [ynlp

and it follows that (ap)([1]p) = ap.

Secondly, if n = 0 and m # 0, then a is of the form

We have
(Emp)([p) = (([27"] - - - [250m)]) ") ([1]p)

= (([#1"] - [2m]) T 0) (1] T p)
= (([21"] - [ ]) T )
= (([7"] - [z T[T )
= ([[=7"] . .. [2p(m]) Tp by part 3 of Lemma 2.6.2
= ([a1'] - - [2pm)]) TP
= Epp-

This implies that (ap)([1]p) = ap.

Using the fact that elements of Fr commute, we can similarly deduce
that ([1]p)(ap) = ap. If m # 0, then

(W)l em)p= ()l . em)p= (el .. en)p([1]Tp)

and we can apply the argument above. If m = 0 and n # 0, then
([1p)([y1]lp) = ([y1]p) implies ([1]p)(w1p) = (w1p) and our result follows.
Therefore F'/p is a monoid with identity [1]p. O

In fact, F'/p is isomorphic to the Szendrei expansion of the monoid M:

Proposition 3.1.11. Let M be a monoid and F' be the free left restriction
semagroup on M. Then

Ffp=S5z(M),
where p is defined by ().

Proof. We note that M generates F.

Let 7: M — F/p be given by m7 = [m]p. Then,
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(i) for s,t € M,

(ii) we also have
Ir = [1]p=[1]"p = 15/,

Therefore 7 : M — F/p is a strong premorphism. As F' is the free left
restriction monoid on M, F/p is also a left restriction monoid. So, by
Proposition 3.1.7, there is a (2,1,0)-morphism 7 : Sz(M) — F/p such
that the following diagram commutes:

L

M

Sz(M)

F/p

For the monoid M, Sz(M) is a left restriction monoid and by Proposition
3.1.5, v : M — Sz(M) is a strong premorphism. By Proposition 3.1.8,
i:F — Sz(M) defined by

[m]e = mu,
for [m] € M, is a morphism such that p C ker 7.

As p* : F — F/p is an onto morphism with kernel p, by Proposition
1.2.10, there exists a unique morphism ¢ : F//p — Sz(M) such that the
following diagram commutes:

U

F

Sz(M)
Ph %

F/p

We note that
(Up)r=[1r=1c=1,

so ¢ is a monoid morphism. Considering M, we have the following dia-
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gram:

F Sz(M)
P O
Flp—" M

We check that the lower triangle commutes. For m € M, we have

Sl

(m7)e = ([m]p)
[m]e

= mu,

so we have the following commutative diagrams:

M— e Sa(M) M— oM
T « T //\)
F/p F/p

where ¢ and 7 are strong premorphisms and 7 and ¢ are morphisms.

For m € M, we have

(mu)Te = m(aj")f

= mi.

As mu generates Sz(M) by Proposition 3.1.6, 77 is the identity on Sz(
ie.
TL= Igz(M).

As mT = [m]p, for [m] € M,

(Im]p)it = (m7)i7
= m(70)T

= nuT

= [m]p.

M),

As {[m] : m € M} generates F as a semigroup, we have that {[m]p:m €

M} generates F'/p as a semigroup and so

lf7_' - IF/p-
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As 7 and 7 are mutually inverse,
F/p=S5z(M).

]

3.2 The Szendrei expansion of a left re-
striction semigroup

3.2.1 Definitions and background

We can extend the work in Section 3.1 by looking at the Szendrei expan-
sion Sz(S) of a left restriction semigroup S. Left restriction semigroups
have a natural unary operation, denoted by T, so we shall take the sig-
nature of left restriction semigroups to be (2,1).

Definition 3.2.1. [24] Let S be a left restriction semigroup. The Szen-
drei expansion of S is the set

S2(S) = {(A,a) € P7(S) xS :a,a” € Aand A C (Rg).},

where 2/(S) denotes the collection of all finite subsets of S and (Rg),

denotes the Rg-class of a, together with binary operation
(A,a)(B,b) = ((ab)* AU aB,ab)
and unary operation
(4,0)" = (4,a")
for (A,a),(B,b) € Sz(S).

We can also regard an arbitary monoid M as a left restriction semigroup
by taking the semilattice of idempotents as {1}. The definition of the
Szendrei expansion of a left restriction semigroup simplifies to the defi-
nition for a monoid presented in Section 3.1.

Proposition 3.2.2. [2/] If S is a left restriction semigroup with dis-
tinguished semilattice E, then Sz(S) is a left restriction semigroup with
distinguished semilattice

By = {(F.f) € 52(5) : [ € B},

3.2.2 Premorphisms

As in Section 3.1, the definition of a premorphism provided inspiration
for presentations.

Definition 3.2.3. Let S and T be left restriction semigroups. Then the
function 6 : S — T is a strong premorphism if for s,t € S,

(i) (s0)(t0) = (s0)" (st)0;

o8



(i) (s0)" < s16,
where < is the natural partial order on 7.

Again, this type of strong premorphism is equivalent to a strong partial
action [24]:

Definition 3.2.4. Let X be a set and T a left restriction semigroup.
Suppose e : X xT'— X is a partial function. If the following conditions
hold for z € X and s,t € T"

(i) if 3z e s, then [3(z e s) e ¢ if and only if Jx e st], in which case
(res)et=uest;

(i) forallz € Z',Jr el and r o1 = x;
then e is a strong partial right action of T on X.

The following result follows from Theorem 5.2 in [24] by putting § =
Is.(s) in the latter part, but we shall prove it directly.

Proposition 3.2.5. Let S be a left restriction semigroup. The map
L:S — Sz(S) given by
st=({s",s},5)

1S a strong premorphism.

Proof. (i) For s,t € S,

(se)"(st)e = ({s™, s}, s) " ({(st)", st} st)

st s}y, sT)({(st)T, st} st)

stst)® {s ,stUsT{(st)", st}, st st)

(st)"s™, (st) s, 57 (st)", st}, st)

(st)Tst, (st)Ts, st} st)

(st)*st, (st)Ts,stT,st},st) (as stt = (stT)ts = (st)"s)
st) {st, s} Us{tt, t},st)

S+’S} )({t+7t}vt)

st)(te).

(ii) We also have

(s1)"(sTe) =

(
=({s"
= ((s*
=({
=({
=({
= ((
= ({
= (

sT,stsT)({sT}sh)
)+{s ,sPUsT{sT}, sTs™)

({s"
((s™
= ({sTsT,s,sTsT}, sT)
= ({s"
= (s

st s}, sT)
)"

Therefore (s¢)* < (s*¢) and hence ¢ is a strong premorphism.
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Proposition 3.2.6. [24] The Szendrei expansion of a left restriction
semigroup S is generated as a (2,1)-algebra by elements of the form s,

where 1 : S — Sz(S) is defined above.

Proposition 3.2.7. [2/] Let S and T be left restriction semigroups. For
every strong premorphism 6 : S — T' there is a unique (2,1)-morphism
0:Sz(S) — T such that the following diagram commutes:

L

S

Sz(S)

T
Conversely, if § : Sz(S) — T is a (2,1)-morphism, then § = 10 is a
strong premorphism.

3.2.3 Presentations via generators and relations

We shall describe, via generators and relations, the Szendrei expansion
of a left restriction semigroup S.

Let F be the free left restriction semigroup on S, where S = {[s] : s € S}
is a set of generators of F' having the same number of elements as .S, as
in Section 3.1. We take the following relations for s,t € S:

(i) [sl[t] = [s]"[st];
(i) [s]" = [s]"[s"].

Let
& = (([s][t] [s] " [st]), ([s]*, [s] " [s7]) = s, € S). (1)

Proposition 3.2.8. Let S and T' be left restriction semigroups. Let F
be the free left restriction semigroup on S. Let 6 : S — T be a strong
premorphism and 0 : F' — T be defined on the set of generators of F by

[s]0 = s0.
Then 8 is a morphism such that § C ker 6.

Proof. The map @ is a well-defined morphism since F is free on S.

We have for [s], [t] € S,



We also have

Hence § C ker 6. O

Proposition 3.2.9. Let S be a left restriction semigroup and F' be the
free left restriction semigroup on S. Then

F/o = 5z(S),
where § is defined by (1).
Proof. We note that S generates F.

Let 7: S — F/0 be given by sT = [s]0. Then,

(i) for s,t € S,

(i) we also have

Therefore 7 : S — F/§ is a strong premorphism. As F' is the free
restriction semigroup on S, F /4§ is also a left restriction semigroup. So,
by Proposition 3.2.7, there is a (2, 1)-morphism 7 : Sz(S) — F/é such
that the following diagram commutes:

L

S

Sz(S)

F/s
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For a left restriction semigroup S, Sz(S) is a left restriction semigroup
and by Proposition 3.2.5, ¢ : S — Sz(95) is a strong premorphism. By
Proposition 3.2.8, 7 : F' — Sz(S) defined by

[s]t = s,
for [s] € S, is a morphism such that § C ker 7.

As 6 : F — F/6 is an onto morphism with kernel §, by Proposition
1.2.10, there exists a unique morphism z : F//§ — Sz(S) such that the
following diagram commutes:

F L

Sz(S)

% A

AV

F/s

Considering S, we have the following diagram:

|

F

F/s S

We check that the lower triangle commutes. For s € S, we have

so we have the following commutative diagrams:

L L

S Sz(S) S

Sz(S)

F/s F/é

where ¢ and 7 are strong premorphisms and 7 and ¢ are morphisms.
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For s € S, we have

(st)Tt = S(Lj')f

= St.

As su generates Sz(S) by Proposition 3.2.6, 7t is the identity on Sz(S),
ie.
TL= ISz(S)-

As s7 = [s]d, for [s] € S,

([s]0)er = (sT)iT
= s(T0)T

= SLT

= [s]d.

As {[s] : s € S} generates F', we have that {[s]0 : s € S} generates F'/§
and so
f7_' - [F/é

As 7 and 7 are mutually inverse,
F/o = 5z(S).

]

3.3 The Szendrei expansion of an inverse
semigroup

3.3.1 Definitions and background

We note that inverse semigroups are left restriction semigroups. We shall
specialise to an inverse semigroup S and obtain a presentation for the
Szendrei expansion of an inverse semigroup.

Note that the free inverse semigroup is an algebra of type (2, 1), but in
this case the unary operation is a — o’ rather than a — a™.

We have the following definition which is a special case of Definition
3.2.1.

Definition 3.3.1. [38] Let S be an inverse semigroup. The Szendrei
expansion of S is the set

Sz(S) = {(A,a) € 27(S)x S :a,ad’ € Aand AC R,},

where 2/(S) denotes the collection of all finite subsets of S and R,
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denotes the R-class of a, with binary operation
(A, a)(B,b) = (abb'a’ AU aB, ab)
for (A,a),(B,b) € Sz(S).
Proposition 3.3.2. [38] If S is an inverse semigroup, then Sz(S) is an

muverse Semigroup.

3.3.2 Premorphisms

Considering inverse semigroups as left restriction semigroups, we adapt
Definition 3.2.3 to obtain the following:

Definition 3.3.3. Let S and T be inverse semigroups. Then the function
0 :S — T is a strong premorphism if for s,t € S,

(i) (s0)(t0) = s6(s0) (st)b;
(i) (s0)(s0) < (ss)0,
where < is the natural partial order on 7.

We note that this is not the standard definition of a premorphism be-
tween inverse semigroups. The usual definition of a premorphism, which
appears as a dual prehomomorphism in [38], between inverse semigroups
S and T'is a function 6 : S — T that satisfies the following conditions:

(i) (s0)(t0) < (st)0;
(i) (s0) = 0,
for s,t € S.
Proposition 3.3.4. Let S be an inverse semigroup. The map ¢ : S —
Sz(S) given by
st = ({55, s}, 5)
s a strong premorphism.

Proof. Considering S as a left restriction semigroup where st = ss’, we
can deduce that ¢ is a strong premorphism using Proposition 3.2.5. [

Proposition 3.3.5. ([38]) The Szendrei expansion of an inverse semi-
group S is generated as a (2,1)-algebra by elements of the form s, where

L: S — Sz(S) is defined above.

Proof. As S and Sz(S) are inverse semigroups, they are left restriction
semigroups with distinguished semilattices

Es = E(S)

and

Es.sy = E(Sz(5)).
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Notice that in any inverse semigroup 7', we have at = aad’ for t € T. By
Proposition 3.2.6, Sz(.5) is generated as a (2, 1)- algebra by elements of
the form

st = ({s¢', s}, 9),

where 1 in the signature denotes the unary *-operation.

However, by the remark above, we see that Sz(.S) is generated as a (2, 1)-
algebra by elements of the form s¢, where 1 in the signature represents
the unary operation of taking inverses.

O

3.3.3 Presentations via generators and relations

We shall describe, via generators and relations, the Szendrei expansion
of an inverse semigroup S. Here our strategy is the same as in Section
3.2, but some of the details are different.

Let F be the free inverse semigroup on S, where S = {[s] : s € S} is
a set of generators of F' having the same number of elements as S as in
Sections 3.1 and 3.2. We take the following relations for s,t € S:

(i) [s][t] = [s][s]'[st];
(i) [s][s]" = [s][s]'[ss'].
Let
= (([s][t], [s][s)'[st]). ([s][s]', [s][s]'[ss]) = s, t € S). (1)

Proposition 3.3.6. Let S and T be inverse semigroups. Let F be the
free inverse semigroup on S. Let 0 : S — T be a strong premorphism
and 0 : F — T be defined on the set of generators of F' by

[s]0 = s0.
Then 0 is a morphism such that p C ker 0.

Proof. The map @ is a well-defined morphism since F is free on S

We have for [s], [t] € S,
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We also have

Hence p C ker 6. [

Proposition 3.3.7. Let S be an inverse semigroup and F be the free
inverse semigroup on S. Then

F/p= 52(5),
where 1 is defined by ().
Proof. We note that S generates F.

Let 7: S — F/u be given by s7 = [s]u. Then,

(i) for s,t € S,

(ii) we also have,

Therefore 7 : S — F/u is a strong premorphism. As F' is the free
inverse semigroup on S, F /p is also an inverse semigroup. As inverse
semigroups are left restriction semigroups and the Szendrei expansion of
a left restriction semigroup is a generalisation of the Szendrei expansion
of an inverse semigroup, we can use Proposition 3.2.7 to deduce that there
is a (2,1)-morphism 7 : Sz(S) — F/u such that the following diagram
commutes:
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L

S

Sz(9)

F/u

By Proposition 3.2.7, the morphism 7 preserves the ™ unary operation,
but by Corollary 2.2.14 it also preserves the unary operation of taking
inverses. So we have a morphism of the correct type.

For an inverse semigroup S, Sz(S) is an inverse semigroup and by Propo-
sition 3.34, ¢ : S — Sz(S) is a strong premorphism. By Proposition
3.3.6, 7: F — Sz(S) defined by

[s]t = s,
for [s] € S, is a morphism such that u C ker 7.

As pf : F — F/u is an onto morphism with kernel y, by Proposition
1.2.10, there exists a unique morphism ¢ : F//u — Sz(S) such that the
following diagram commutes:

F/p

Considering S, we have the following diagram:

Sl

F

1 4 L

F/p

We need to check that the lower diagram commutes. For s € S, we have

so we have the following commutative diagrams:
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L

S

Sz(S)

G

F/p

L

S

Sz(S)

F/u

where ¢ and 7 are strong premorphisms and 7 and ¢ are morphisms.

For s € S, we have

(st)Te = s(tT)

S
STL
S

L.

As st generates Sz(S) by Proposition 3.3.5, 7¢

ie.
TL= ]SZ(S)‘

As s7 = [s]u, for [s] € S,

([s]p)er = (sT)T
= s(T0)T

= ST

= [s]p.

is the identity on Sz(.5),

As {[s] : s € S} generates F', we have that {[s]u : s € S} generates F/u

and so
T = ]F/M'

As 7 and 7 are mutually inverse,

F/u=S5z(S).
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Chapter 4

Background: McAlister’s
P-Theorem

McAlister’s P-theorem [43] is a structure theorem for a class of inverse
semigroups known as E-unitary, which are important due to McAlis-
ter’s other major result that every inverse semigroup S has an E-unitary
cover, i.e. there exists an E-unitary inverse semigroup U and an onto,
idempotent-separating morphism ¢ : U — S [42]. The P-theorem states
that an object known as a P-semigroup, which is constructed from a
group, semilattice and partially ordered set, is an E-unitary inverse semi-
group and, conversely, that every E-unitary inverse semigroup is isomor-
phic to a P-semigroup. This theorem for E-unitary inverse semigroups
provides us with a useful structure theorem as it determines the structure
of all proper E-unitary inverse semigroups and it has many important
consequences, such as O’Carroll’s embedding theorem [46].

4.1 E-unitary inverse semigroups and McAl-
ister’s covering theorem

We shall begin the section by defining E-unitary inverse semigroups and
E-unitary covers. We shall highlight the importance of E-unitary inverse
semigroups by looking at McAlister’s Covering Theorem [42].

An inverse semigroup S is E-unitary if for all a € S and all e € E(.5), if
ae € FE(S), then a € E(S). We note that this definition is not one-sided
due to the following proposition, which is true for a general semigroup,
but we shall provide the result for inverse semigroups.

Proposition 4.1.1. An inverse semigroup S is E-unitary if and only if
ea € E(S) implies a € E(S) for e € E(S).

Proof. Suppose that S is E-unitary and let e, ea € E(S). Then
ea = eaa'a = ad ea,

where a’ea € E(S). This implies that a € E(S) by the assumption. The
converse of the argument is dual. O]
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The class of E-unitary inverse semigroups are important as many natu-
rally arising inverse semigroups are E-unitary.

Example 4.1.2. Let B = N° x N° and for (a,b), (c,d) € B,
(a,b)(c,d) = (a —b+t,d—c+t), where t = max{b, c}.

Then B is a semigroup and is known as the bicyclic semigroup. It can
be shown that B is an inverse semigroup and E(B) = {(a,a) : a € N°}.

Let (a,b) € B and let (¢,c¢) € E(B). Now suppose (a,b)(c,c) € E(B).
Then
(a,b)(c,c) =(a—b+t,c—c+t)=(a—b+t,1t),

where t = max{b,c}. Since (a,b)(c,c) is an idempotent, it must equal
(u,u) for some u € N°. This implies that a — b+t = w and t = u, so
a—b+t =t. Hence a = b and therefore (a,b) € E(B). So B is E-unitary.

Definition 4.1.3. An inverse semigroup is proper if and only if RNo = .

When we consider inverse semigroups, the definition of proper is equiv-
alent to £ N o = ¢, and to that of being E-unitary [31]. However, the
analogous conditions for other classes of semigroups, such as restriction,
are not necessarily equivalent.

Definition 4.1.4. A morphism, v : M — N say, is idempotent-separating
if for e, f € E(M), we have

e = fip=e=f.

Let S be an inverse semigroup. An E-unitary cover of S is an E-unitary
inverse semigroup U together with an onto, idempotent-separating mor-
phism ¢ : U — S.

For any inverse semigroup S, we can find an E-unitary inverse semigroup
S and an onto morphism

0:5—5
where 6 is one-to-one on the set of idempotents of S [42]. This is McAl-
ister’s Covering Theorem:

Covering Theorem. FEvery inverse semigroup has an E-unitary cover.

4.2 P-semigroups and McAlister’s P-theorem

We shall define a P-semigroup and state McAlister’s P-theorem [43],
explaining its importance and stating consequences.

McAlister’s P-theorem shows that every E-unitary inverse semigroup
is isomorphic to a P-semigroup, the ingredients of which are groups,
partially ordered sets and semilattices. This provides us with a struc-
ture for all E-unitary inverse semigroups. However, before defining a
P-semigroup, we need to have a look at a couple of definitions and ideas.
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Definition 4.2.1. A group G acts on a partially ordered set .2~ by order
automorphisms if G acts on 2 and for a,b € 2,

a<bsg-alg-b.

Definition 4.2.2. Let 2" be a partially ordered set and % a semilattice
which is a subset of Z°. Then % is an order ideal of 2 if for a € X
and b € ¥,

a<b=ac?.

We shall now define a McAlister triple and shall proceed to define a
P-semigroup.

Definition 4.2.3. Let G be a group and let (2, <) be a partially ordered
set where GG acts on 2" by order automorphisms. Let % be a subset of
2. Suppose that the following conditions are satisfied:

P1) % is a semilattice under <;

P2) G¥ = Z;

P3) % is an order ideal of 27,

P4) for all g € G, g% N + ().

Then (G, 2", %) is called a McAlister triple.

Definition 4.2.4. Let (G, 2", %) be a McAlister triple. The set
PG, Z,%)={(A,g9)e¥ xG:g'AcH},
along with the binary operation defined by
(4,9)(B,h) = (AN gB, gh)

for (A,g),(B,h) € P(G,Z,%), is called a P-semigroup.

We not only have that a P-semigroup is an E-unitary inverse semigroup,
but for every E-unitary inverse semigroup we can find a P-semigroup
which is isomorphic to it. This is McAlister’s P-theorem:

P-Theorem. [/3] Let P be a P-semigroup. Then P is an E-unitary
inverse semigroup. Conversely, any E-unilary inverse semigroup s iso-
morphic to a P-semigroup.

This theorem has many important consequences such as O’Carroll’s em-
bedding theorem which states that every E-unitary inverse semigroup
can be embedded into a much simpler structure than a P-semigroup.

Embedding Theorem. [46] Let S be an inverse semigroup. Then S is
FE-unitary if and only if S can be embedded into the semidirect product of
a semilattice and a group.

Structure theorems are always desirable for a class of algebras, as provid-
ing a general structure for a wide class of semigroups is very useful and
has many important consequences. Further, one of the main approaches
to structure theory for inverse semigroups is to use E-unitary inverse
semigroups. The P-theorem for E-unitary inverse semigroups prompted
work on structure theorems for larger classes of semigroups, for example
proper left ample semigroups.
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Chapter 5

Background: One-sided
P-theorems

There are theorems for proper left ample, proper weakly left ample and
proper left restriction semigroups analogous to McAlister’s covering the-
orem and P-theorem. In the proper left ample case, instead of a P-
semigroup, a structure called an M-semigroup is introduced, and in the
proper weakly left ample and proper left restriction cases, a structure
known as a strong M-semigroup is considered.

5.1 Definitions and covering theorems

We shall remind the reader of the definition of ‘proper’ for various classes
of semigroups and state covering theorems for left restriction [7], weakly
left ample [18] and left ample semigroups [36].

Definition 5.1.1. A left restriction semigroup S is proper if and only if
ReNos = ¢, a weakly ample semigroup is proper if and only if RgNo = ¢,
and a left ample semigroup is proper if and only if R* No = «.

The definitions for proper right restriction, weakly right ample and right
ample are defined dually.

Definition 5.1.2. Let S be a left restriction semigroup with distin-
guished semilattice of idempotents E. A proper left restriction cover of S
is a proper left restriction semigroup U together with an onto morphism
Y : U — S, which is F-separating.

The definitions for proper weakly left ample and proper left ample covers
are defined similarly:

Definition 5.1.3. A proper weakly left ample cover of S is a proper
weakly left ample semigroup U together with an onto, idempotent-
separating morphism ¢ : U — S. A proper left ample cover of S is
a proper left ample semigroup U together with an onto, idempotent-
separating morphism ¢ : U — S.

Proper left ample and restriction semigroups are important due to the
following theorems:
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Theorem 5.1.4. [12] Every left ample semigroup has a proper left ample
cover.

Theorem 5.1.5. [19] Every weakly left ample semigroup has a proper
weakly left ample cover.

In fact, we have the following result.

Theorem 5.1.6. [19] Every weakly left ample semigroup has a proper
left ample cover.

Theorem 5.1.7. [7] Every left restriction semigroup has a proper left
restriction cover.

5.2 M-semigroups and P-theorem for proper
left ample semigroups

We shall define an M-semigroup and state the structure theorem for
proper left ample semigroups [12].

In [12], the idea of a P-semigroup is generalised to the case of a semigroup
which is not necessarily regular but in which the idempotents commute.
A structure Z (T, 2Z°,%') known as a McAlister monoid is presented,
where 2 is a partially ordered set, % is a subsemilattice of 2" and T
is a left cancellative monoid acting on the right of 27, all subject to
certain conditions. It is shown that such a structure is a proper right
ample semigroup and conversely every proper right ample semigroup is
isomorphic to a McAlister monoid.

We shall switch back to actions on the left. A different description of a
McAlister monoid is provided in [36] and re-named as an M-semigroup,
as we shall define. We note that a subset % of a partially ordered set .2
is a subsemilattice of 2" if the meet of any two elements of % exists.

Definition 5.2.1. Suppose that 2" is a partially ordered set, % is a
subsemilattice of 2" and there exists ¢ € 2" such that a < ¢ for all
a € %, ie. e is an upper bound of #'. Let T be a right cancellative
monoid which acts by order endomorphisms on the left of 2", i.e. T acts
on the left of 2" and for all a,b € 2 and t € T,

a<b=t-a<t-b
Suppose that the following hold:
(A) T#® = 2, where ¢ = % U {e};
(B) forallt € T, 3b € # such that b <t-¢;

(C) ifa,be @, anda<t-e, thenaAt-be ¥;
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(D) ifa,b,c € % and a <t-ecand b < u- e, then

(ant-D)Ntu-c=aNnt-(bAu-c).

We call the triple (T, 27, %) a left admissible triple.

Definition 5.2.2. Given (T, 2", %) as above, we define an M-semigroup
MT, X, %)={(a,t) e ¥ xT :a<t-c},
with binary operation
(a,t)(b,u) = (a At-b,tu)

for (a,t), (b,u) € M (T, 2, %).

We have the following structure theorem for proper left ample semi-
groups, with the theorem for proper right ample semigroups being dual.

Theorem 5.2.3. [12] An M-semigroup, 4 (T, Z ,%), is proper left am-
ple, where (a,t)™ = (a,1) for (a,t) € A (T, Z,%). Conversely, a proper
left ample semigroup is isomorphic to an M-semigroup for some left ad-
missible triple (T, 2", %).

Note that when we are considering a proper left ample semigroup S and
we construct an M-semigroup, we take 7' = S/o and # to be isomorphic

to E(S).

The existing result in the two-sided case involves that for the one-sided
case with the addition of extra conditions. We have attempted to prove
an alternative structure theorem for proper ample semigroups using the
idea of a monoid acting doubly on a semilattice with identity [18], which
we shall explore in Chapter 7.

5.3 Strong M-semigroups and P-theorems
for proper left restriction and proper
weakly left ample semigroups

We shall define strong M-semigroups and state the structure theorem for
proper left restriction semigroups [7] and for proper weakly left ample
semigroups [19]. We will also specialise this theorem to proper left ample
semigroups and proper inverse semigroups.

Another similar structure to an M-semigroup, .Z (T, 2", %), is presented
in [19] and is called a strong M-semigroup, where T is a monoid, both 2
and % are semilattices and the conditions are simplified, but a desirable
property of # is lost, namely Condition (A) in Definition 5.2.1. It is
shown that every proper left restriction semigroup is isomorphic to a
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strong M-semigroup and conversely, a strong M-semigroup is a proper
left restriction semigroup.

Definition 5.3.1. Let T be a monoid and let 2" be a semilattice. Then
T acts by morphisms on the left of 27, via -, if T" acts on the left of 2
and for all a,b € & and t € T,

t-(anb)=t-aNt-b.

Dually, T acts by morphisms on the right of 2", via o, if T" acts on the
right of 2 and for all a,b € 2 andt € T,

(anb)ot=aotANbot.

Lemma 5.3.2. Let 2 be a semilattice and T a monoid, such that T
acts on the left of 2 via morphisms. Then for u,v € % andt €T,

u<v=t-u<t-v.

Proof. Suppose T acts on 2 by morphisms. Letting u,v € 2 and
t €T, we have

u<v=uANv="u
=t-(uAv)=t-u
=t-uNt-v=1-u
=t-u<t-v.

The following structure has been taken from [19]:

Definition 5.3.3. Let 2" be a semilattice and % a subsemilattice of
Z . Suppose ¢ € 2 is such that a < e for all a € #. Let T be a monoid
which acts by morphisms on the left of 2~ via -.

Suppose that the following also hold:
(A) for all t € T, there exists a € # such that a <t -¢;

(B) foralla,b e # and all t €T,

a<t-e=aANt-bliesin ¥ .

The triple (T, 2", %) with the properties above shall be called a strong
left M-triple.

Taking 2 to be a semilattice rather than just a partially ordered set
means that we may no longer have T%° = 2" as in [36]. However, we
gain something, as semilattices are easier to work with than partially
ordered sets.
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Definition 5.3.4. Given a strong left M-triple (T, 2", %), we define a
strong M-semigroup,

MT, 2, %)={(a,t) e ¥ xT:a<t-c},
with binary operation
(a,t)(byu) = (a ANt-b,tu)
and unary operation
(a,t)" = (a,1)
for (a,t), (b,u) € # (T, Z,%).

Dually, we can define a strong right M-triple (7', 27, %), where 2" is a
semilattice, % a subsemilattice of 2, ¢’ is a lower bound for % and T
acts on the right of % via o. Its corresponding strong M-semigroup is

M (T, 2" %)={(t,a) eT x ¥ :a <& ot}
with binary operation
(t,a)(u,b) = (tu,aou Ab)

and unary operation
<t7 CL)* = (1, CL)
for (t,a), (u,b) € A (T, 2", %).

Proposition 5.3.5. [7] If (T, Z°,%) is a strong left M-triple, then the
strong M-semigroup M = M (T, X", %) is a proper left restriction semi-
group where

(e,8)t = (e,1) for (e,s) € M,
Ey={le,)):ec@}y =% and M /0.4 =T.

If T is a unipotent monoid, .Z (T, Z ,%/) is a proper weakly left ample
semigroup [19] and if 7" is a right cancellative monoid, .Z (T, 2", %) is a
proper left ample monoid.

Theorem 5.3.6. [7] A semigroup is proper left restriction if and only
if it is 1somorphic to a strong M-semigroup for some strong left M-triple

(T, 2, %).

Corollary 5.3.7. [19] A semigroup is proper weakly left ample if and
only if it is isomorphic to a strong M-semigroup for some strong left
M-triple (T, Z", %) where T is a unipotent monoid.

As in the proper left ample case, when we consider a proper left restriction
or proper weakly left ample semigroup S and construct a strong M-
semigroup, we take T'= S/og and % = E.

Before looking to find symmetrical structure theorems for proper weakly

ample and proper ample semigroups, we wish to specialise Theorem 5.3.6
to proper left ample semigroups and proper inverse semigroups.
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Corollary 5.3.8. A proper left ample semigroup is isomorphic to a
strong M-semigroup, M (T, Z,%) say, where T is right cancellative.
Conversely, a strong M-semigroup A (T, 2", %), where T is right can-
cellative, is proper left ample.

Proof. Let S be a proper left ample semigroup. As S is a proper weakly
left ample semigroup, S is isomorphic to a strong M-semigroup, say
M(T, 2, %), where T is a unipotent monoid and T = S o as noted
after Corollary 5.3.7. By Proposition 2.7.10, T" is right cancellative.

Conversely, let # (T, 2", %) be a strong M-semigroup, where 7' is a right
cancellative monoid. As T is right cancellative, it is a unipotent monoid.
So (T, Z ,%) is a proper weakly left ample semigroup by Corollary
5.3.7.

It remains to show that .Z (T, 2", %) is left ample since Corollary 2.4.10
ensures that the proper condition holds. We shall show that

(a,t) Z" (a,1)

for (a,t) € # (T, 2 ,%). As (a,t) % (a,1),

(a,1)(a,t) = (a,t).
We have

(z,y)(a,t) = (z,w)(a,t) = (x Ay -a,yt) = (z ANw - a,wt)
=xANy-a=zAw-aand yt =wt
=2 ANy-a=zAw-aand y=w

as T is right cancellative
= (rAy-a,y)=(zAw-a,w)
= (z,y)(a,1) = (z,w)(a, 1)

and
(1,1)(a,t) = (z,w)(a,t) = a=2zAw-aand t = wt
=a=zAw-aand w=1
= (a,1) = (zAw-a,w)
= (L)@ 1) = (2 w)(a, 1)
Therefore, (T, Z , %) is proper left ample. ]

We shall also specialise the result to proper inverse semigroups, which
requires more than insisting that 7" be a group.

Definition 5.3.9. Let (7, 27, %) be a strong left M-triple, where T is a
group and Condition (A’) is satisfied:

(A') forevery t € T, Ja € # such that a < t-cand t™'-a € ¥.
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Given (T, 2", %) as described, let us define
N, %) ={(a,t) € xT:a<t-et ' -acH}

Theorem 5.3.10. A proper inverse semigroup is isomorphic to some
N (T, Z,%). Conversely, N/ (T, Z ,%) is a proper inverse semigroup,
where

(a,t) =t -a,t™h)

for (a,t) e N (T, Z,%).

Proof. Let S be a proper inverse semigroup. Then S is a proper left ample
semigroup, so S is isomorphic to a strong M-semigroup, (T, 2", %),
where T is a right cancellative monoid by Corollary 5.3.8. By Proposition
2.7.9, T is a group.

Let t € T. We know there exists a € % such that a < t-e since (T, 2", %)
is a strong left M-triple. So (a,t) € #(T, Z°,%). As S is an inverse
semigroup, there exists (b,s) € 4 (T, 2",% ) such that

(a,t)(b,s)(a,t) = (a,t) and (b, s)(a,t)(b,s) = (b, s),
ie.
(ant-bAts-a,tst) = (a,t) and (DA s-aAst-b,sts) = (b,s).
As T is a group,
tst =t and sts =s = s=1".
We also have
ant- DAt a=aand bAt T -antT b=,

ie.
aANt-b=aand bAt ' -a=>,

le.
a<t-band b<t!-a.

We also have

a<t-b=t'.a<t 't b
=t1.a<b
=t1t.a=0
=ttl.aew.

So Condition (A’) is satisfied and A4 (T, 2", %) = N (T, Z",%).
Conversely, consider

NTX, %) ={(a,t) € xT:a<t-et ' -acH}
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We wish to show that A (T, 2, %) is a proper inverse semigroup. First,
it is non-empty due to Condition (A’).

Take (a,t),(b,s) € N/ (T, 2 ,%). Then a,b,t™ ' -a,s - be# t,seT,
a<t-egand b <s-e. By Condition (B), aAt-kbAs-k e ¥ forall
k € % . We wish to show

(ant-b,ts) e (T, Z,%).
We need only show that (ts)™' - (a At-b) € Z. We have

(ts) - (ant-b)=sans b
=st-(t'a)Ast-bwheret ' -ae ¥,

Therefore,

shb<stle=st bAs ke forkew
=stbAsH (ta) e
= (ts) ' - (aNt-b) €.

Let (a,t) € /(T, Z,% ). We wish to show (t'-a,t7') € /(T, 2 ,%).
Ast ™t a e # andt'-a <t l-g, it remains to show (1)~ (t71a) € ¥,
but (¢~ (t7 a) =t-(t7'a) € ¥ =a € X . Therefore, (t7-a,t™!) €
N(T, X, %).

We see that

and

As E(A) = {(a,1) : a € ¥} = &, the idempotents of .4 commute
and therefore A (T, 2", %) is an inverse semigroup where (a,t)’ = (t7! -
a, t™1).
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We have for (a,t), (b,u) € /' (T, 2, %),

(a,t) % (b,u)

Considering A (T, Z, %) as a subalgebra of (T, 2°,% ) that shares
the same set of idempotents, we have

(a,t) o (byu) in A(T, 2 ,%) if and only if (a,t) o (b,u) in 4 (T, Z,%).

Within (T, Z°,%), (a,t) o (b,u) if and only if t = u, so (T, 2", %)
is a proper inverse semigroup. ]
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Chapter 6

Two-sided P-theorems

We shall explain how the one-sided structure theorem for proper left
ample semigroups was adapted to obtain the two-sided result for proper
ample semigroups [36]. Taking Theorem 5.2.3, the left-right dual of the
theorem in [12], Lawson showed how to modify this (by his own ad-
mission, rather artificially) to get the two-sided result. He considered
what additional conditions would be required on the triple to produce a
structure theorem for proper ample semigroups.

6.1 Definitions and covering theorems

As in the one-sided case, we shall define ‘proper’ and state covering the-
orems for two-sided ample, weakly ample and restriction semigroups.

Definition 6.1.1. A restriction semigroup is proper if it is a proper left
and proper right restriction semigroup. An ample semigroup is proper if
it is a proper left and proper right ample semigroup.

Proper ample and restriction semigroups are important due to the fol-
lowing theorems:

Theorem 6.1.2. [36] Every ample semigroup has a proper ample cover.

In [18], the proof of the following result is given for monoids, but in
Section 9 the authors explain how to deduce the corresponding proof for
semigroups.

Theorem 6.1.3. FEvery weakly ample semigroup has a proper weakly
ample cover.

As shown in [18], every restriction semigroup has a proper ample cover,
which implies that we have the following result. We note that the proof
is provided for monoids and it is later explained how to deduce the corre-
sponding results for semigroups. In our joint paper, [10], we give a direct
proof which we shall provide in Section 8.6.

Theorem 6.1.4. Fvery restriction semigroup has a proper restriction
cover.
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6.2 Structure theorem for proper ample semi-
groups

From Section 5.2, we know that given a left admissible triple (7', 27, %),
its corresponding M-semigroup is proper left ample by Theorem 5.2.3.

Definition 6.2.1. Let (T, 2", %) be a left admissible triple and suppose
M (T, 2, %) is an M-semigroup. The triple (T, 2", %) is called an ad-
massible triple if T is a cancellative monoid and the following conditions
hold:

(A) thereisa (unique) element [a,t] € # for every (a,t) € A4 (T, 2, %)
such that a <t-a,t] and Ve, d € ¥/,

aANt-c=aAt-d=[a,t]\Nc=]a,t]Nd;

(B) fore e @ and a € # witha <t-¢,

aNe=aNt-[eNa,tl;

(C) for a,b € & with a,b<t-¢, [a,t] =[b,t] = a=0b.

With the extra conditions, we have the following theorem. However, hav-
ing a more symmetrical two-sided structure theorem would be desirable.

Theorem 6.2.2. [36] Let S be a proper ample semigroup. Then S =
M(T, 2, %) for some admissible triple (T, X, %). Conversely, every
admissible triple gives rise to an M-semigroup which is proper ample.

6.3 Structure theorem for proper restric-
tion and proper weakly ample semi-
groups

We use Lawson’s approach to obtain the analogous two-sided result for

proper restriction semigroups from Theorem 5.3.6 and consequently the

result for proper weakly ample semigroups. However, again the strategy

is to modify the one-sided construction in a rather forced way; the result
is not a construction that has a natural two-sided appearance.

Let (T, Z°,%) now be a strong left M-triple and .Z (T, 2", %) its cor-
responding strong M-semigroup from Section 5.3. By Theorem 5.3.6,
M (T, X, %) is proper left restriction.

Lemma 6.3.1. For (a,t), (b,u) € 4 (T, Z,%),

(a,t).,i/ZE(b,u)@VeE@,[aﬁt-e@bgu-e].
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Proof. We have

(a,t) L (b,u) & Ve, 1) € Ep09),
[(a.t)(e,1) = (a,t) & (b,u)(e,1) = (b, u)]
& Ve l) € Eyrawm,
[

(ant-et)=(a,t) < (bAu-e,u)=(bu)
esVee ¥ [aNt-e=a<bAu-e=1
eVee ¥ a<t-ecsb<u-e.

Considering elements in E 4 (1,2 %), we obtain the following lemma.

Lemma 6.3.2. For (a,t) € #(T, 2, %) and (e,1) € E (1,27 2),
(a,t).,%(e,l)@agt-e andVf e X ja<t -f=e<f]

Proof. We have

(a,1) Zg (e, 1) & (a,t)(e,1) = (a,t) and V(f,1) € B2 @),
[(a,)(f,1) = (a,t) = (e, 1)(f, 1) = (f,1)]
S (ant-et)=(a,t) and Y(f,1) € E y1.2°2),
[(ant-f.t)=(a,t)= (e [f,1)=(f1)]
SalNt-e=aandVfeX [aNt-f=a=eNf=Ff]
sSa<t-eandVfe X [a<t -f=e<f]

O

It follows from the lemma above that we can deduce a condition for a
strong M-semigroup to be weakly right E-abundant, i.e. such that every
element is Zg-related to an idempotent.

Proposition 6.3.3. A strong M-semigroup # (T, 2, %) is weakly right
E-abundant, where E = {(a,1) : a € %}, if and only if there is a
(unique) element |a,t] € & for every (a,t) € M (T, X, %) such that

Ali) a<t-la,t];
AG) Vfe X a<t-f=lat] <f.

If the above conditions hold, (a, )Df ([a,t],1). Consequently, we have
(a, t)cfE(b u) if and only if [a,t] = [b,u] for (a,t), (byu) € (T, Z,%).

In the proper ample case, Z* and Z* are left and right congruences

respectively, but Zg and £g are not necessarily so. Using Lemma 6.3.1,
we have the following result.

Proposition 6.3.4. The relation ,5?]/5 s a right congruence on the strong

M-semigroup A (T, Z",%) if and only if for all (a,t),(b,u), (z,y) €
M(T, 2,%),
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(B)

Vee X [a<t-esb<u-e

implies that

VieX jlant-x<ty-febAu-x<uy- f]

Now we can consider which strong M-semigroups are right restriction.

Proposition 6.3.5. Let # (T, 2, %) be a strong M-semigroup which
satisfies Conditions (A(i)), (A(ii)) and (B). Then A (T, 2", %) is right

restriction if and only if it satifies the following condition:

(C) Ve e % and a € ¥ witha <t-¢,

alt-leNa,t] <aAe.

Proof. Let M = # (T, Z ,%) be a strong M-semigroup satisfying Con-
ditions (A(i)), (A(ii)) and (B). Then

A is right restriction < for all (a,t),(e,1) € A,
(e, 1)(a,t) = (a,t)(e, 1)(a, 1)]*
1

t

1
& for all (a,t), (e, 1) €
(e Na,t) =
), (e1

M,
t)(e Na,t)*

M,

(e ANa,t], 1)

%7

(a,
& for all
(a
(ant-leNa,t]t)
t.

(a,1), (e, 1) €
(e Aa,t)

& for all (a,t),(e,1) €
(eNa,t
S

& for all (a
e le A a,t].

a,t), (e, 1)
Na=al
Consider (e, 1)(a,t) € A, ie. (eNa,t) € #. By Condition (A(i)), there
is a unique element ([e A a,t],1) € .# such that e Aa < t-[e A a,t].
Therefore

eNa<aAlt-[eNa,t]
and so . is right restriction if and only if a At-[eAa,t] <ane. O

Proposition 6.3.6. Let 4 (T, 2 ,%) be a strong M-semigroup satisfy-
ing Conditions (A(i)), (A(ii)), (B) and (C). Then M = # (T, %, %)

1s proper right restriction if and only if the following condition holds:
(D) fora,be % with a,b<t-¢, [a,t] =[bt] = a=0.
Proof. Suppose that Condition (D) holds. We wish to show
(a,t) (LN oy (bu) < (a,t) = (bu).
We already know that (a,t) o4 (byu) &t =u asin Chapter 5. Suppose

we have (a,t) (Zr N o.y4) (b,u), which implies (a,t) Zg (b,u) and t =
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u. We can deduce that this implies [a,t] = [b,¢] and so a = b by our
assumption.

Conversely suppose Z (T, 2", %) is a proper restriction semigroup. Let
a,b € % with a,b < t-e and suppose [a,t] = [b,t]. As A (T, X, %) is
proper, .

(a,t) (ZLrNoyg) (byu)= (a,t) = (bu)

and so we have

[a,4] = [b,t] = (a,t) (LeNoy) (b1
= a=0>.

O

We shall call a triple (T, Z°,%) a strong M-triple if it is a strong left
M-triple and Conditions (A(i)), (A(ii)), (B), (C) and (D) are satisfied.
We can now generalise Theorem 6.2.2 for proper restriction semigroups.

Theorem 6.3.7. Let S be a proper restriction semigroup. Then S is
isomorphic to a strong M-semigroup M (T, X , %) for some strong M-
triple (T, Z°,%). Conversely, every strong M-triple (T, 2", %) gives rise
to a strong M-semigroup M (T, Z , %) that is proper restriction with
distinguished semilattice

E//(T”gg’g) = {(6, 1) ee @}

Proof. Let S be a proper restriction semigroup. Since S is proper left
restriction, S = Z (T, Z,%) by Corollary 5.3.7, where (T, 2, %) is a
strong left M-triple. As S is proper right restriction, Conditions (A(i)),
(A(ii)), (B), (C) and (D) hold. So (T, 2", %) is a strong M-triple.

Conversely, # (T, 2", %), where (T, Z", %) is a strong M-triple, is proper
left restriction due to Corollary 5.3.7 and is proper right restriction due
to Conditions (A(i)), (A(ii)), (B), (C) and (D). O

We can also produce a two-sided theorem for proper weakly ample semi-
groups:

Corollary 6.3.8. Suppose that S is a proper weakly ample semigroup.
Then S = # (T, Z°,%) for some strong M-triple, where T is a unipo-
tent monoid. Conversely, every strong M-triple, where T is a unipotent
monoid, gives rise to a strong M-semigroup that is proper weakly ample.

Proof. Let S be a proper weakly ample semigroup. Then S is a proper
restriction semigroup and so S = .Z (T, Z", %) for some strong M-triple
(T, Z,%) by Theorem 6.3.7. By Proposition 2.7.11, T is a unipotent
monoid.

Conversely, let (T, 2,%) be a strong M-triple where 7' is unipotent.
By Theorem 6.3.7, .# (T, 2", %) is a proper restriction semigroup with
distinguished semilattice E 41,2 2) = {(e,1) : e € #}.
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Consider (a,t) € E(A (T, Z°,%)). Then (a,t)(a,t) = (a,t), i.e. (a A
ta,t*) = (a,t). So t* = t. As T is a unipotent monoid, ¢ = 1 and
so By ooy = E(A(T, 2 ,%)) when T is a unipotent monoid. So
AM(T, 2, %) is a proper weakly ample semigroup.

]
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Chapter 7

Construction based on double
actions

Work in this chapter is taken from a joint paper [10].

7.1 Double actions

We shall provide the definition of a double action and explain why this
idea was used in attempting to create symmetrical two-sided structure
theorems.

The existing structure theorems for proper ample, proper weakly ample
and proper restriction semigroups are, as we have remarked, artificial
adaptations of those in the one-sided case. We wish to produce a struc-
ture theorem which is genuinely two-sided. Inspiration arose from the
definition of a double action from [18] which consists of left and right
actions of a monoid acting on a semilattice with identity along with
compatibility conditions.

Definition 7.1.1. A monoid T acts doubly on a semilattice Y with
identity 1 if T" acts by morphisms on the left and right of ¥ and the
compatibility conditions hold, that is,

(A) (t-e)ot=(1lot)e;
(B) t-(eot)=ce(t-1)
forallt € T and e € %'

It is proved in [18] that if 7" is a monoid acting doubly on a semilattice
% | the set
S={(e,t):e<t- 1} CH T (1)

is a proper restriction monoid such that (e,t)™ = (e,1) and (e, t)* =
(e ot,1). It is also shown that if 7" is unipotent, S is proper weakly
ample and if T is cancellative, then S is proper ample.

Let M be a proper ample monoid and U be a submonoid of M. Taking
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Y = E(M), we obtain that U acts on the left of Y by morphisms via
u-e= (ue)"

and on the right of Y by
eou = (eu)”.

Given that the free ample semigroup is proper and has a structure as in
(1), this suggests that we could use the idea of a double action to produce
a structure theorem for proper ample semigroups.

We would like symmetrical two-sided P-theorems for proper restriction,
proper weakly ample and proper ample semigroups. We shall look at a
construction .Z (T, 2", Z"', %) that is proper restriction.

7.2 Construction

We shall define the construction, . (T, 2, 2", %), which is adapted
from a strong M-semigroup as defined in Chapter 5, and show that it is
proper restriction. We will obtain constructions that are proper weakly
ample and proper ample by imposing further conditions.

Definition 7.2.1. Let 2 and 2 be semilattices and % be a subsemi-
lattice of both 2" and 2. Let ¢ € 2" and &’ € 2" be such that a < ¢, ¢’
forall a € %.

Let T be a monoid with identity 1, which acts by morphisms on the left
of 2" via - and on the right of 2", via o.

Suppose that Vi € T and Ve € %, the following hold:
(A) e<t-e=eote,
B) e<éot=>t-ec,
(C) e<t-e=t-(eot)=c¢
(D) e<é’ot= (t-e)ot=ce;
(E) for all t € T', there exists a € # such that a <1t -¢.
We shall call (T, 2", Z"7, %) a strong M-quadruple.

Definition 7.2.2. Given a strong M-quadruple (T, 2", 27, %), let us
define

M=HMT, 2, X' %) ={(a,t) e xT:a<t-e},
with binary operation
(a,t)(b,u) = (a At-b,tu)
for (a,t), (byu) € # (T, 2, X', %).
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Let t € T. Note that for a,b € 2, if a < b, thent-a <t-b by Lemma
5.3.2. By its dual, for a,b € 27, if a < b, then aot < bot. We also have
the following propositions.

Proposition 7.2.3.
Let (T, 2, Z",%) be a strong M-quadruple. Then Condition (E) is
equivalent to the following:

(F) for allt € T, there exists b € % such that b < ¢’ ot.

Proof. Taking t € T, by Condition (E), there exists a € % such that
a < t-e. By Condition (A), aot € # and by the above note, a < ¢’
implies a ot < ¢’ ot. The converse is dual. O]

Proposition 7.2.4. Let (T, 2", Z', %) be a strong M-quadruple. Then
(T, 2, %) is a strong left M-triple.

Proof. It remains to show for a € # and t € T,
a<t-e=aANt-be X foranybe ¥.
Suppose a <t-e. Soaot € % by Condition (A). Let b € #. We have
bAaot<aot<eot,
so by Condition (B), we have
t-(bA(aot)) e¥.
SoaAt-be ¥ since

t-(bA(aot))=t-bAt-(aot)
=t-bAa by Condition (C).

]

Proposition 7.2.5. Let (T, 2", 2", %) be a strong M-quadruple. If T is
an arbitrary monoid, then M = M (T, X, X", %) is a proper restriction
semagroup such that

(e,t)t = (e,1) and (e,t)" = (eot, 1)
for (e,t) € A . Consequently,
Ey={(le,)):ec@}y=% and M /0.4 =T.
Proof. If (T, 2, Z",%) is a strong M-quadruple, then by Proposition
724, (T, Z ,%) is a strong left M-triple. So then by Proposition 5.3.5,

M is a proper left restriction semigroup where (e, s)™ = (e, 1),

Ey={el):ec@}=% and A /0.4 =T.
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By Proposition 7.2.3 and the dual of Proposition 7.2.4, (T, Z”7,%) is a
strong right M-triple. By the dual of Proposition 5.3.5,

M =T, 2", %)={(t,a) eT x¥ :a < ot},
with multiplication
(t,a)(s,b) = (ts,ao s A\ D),

is a proper right restriction semigroup where

(s,€)" = (L,e)
for (s,e) € A" and E 4, = {(1,e) : e € #}.
We shall show that .# is isomorphic to .#’. Let us define

O: M — A Dy (e, s) = (s,e0s)

for (e,s) € .. This is well-defined since if (e,s) € 4, eos € # by
Condition (A) and eos < & os, so (s,eos) € #'. It is clear that
0k, : Ex— E 4 is an isomorphism where (e,1)0 = (1, e).

Consider (e, s), (f,t) € .4 and suppose (e,s)0 = (f,t)0, i.e. (s,eo0s) =
(t,fot). Then clearly s=t and eot = fot. Ase, f <t-e, we have by
Condition (C),

e=t-(eot)=t-(fot)=f.

So 6 is one-one.

Consider (u, g) € #'. We have g < &’ ou, so by Condition (B), u-g € %
and as u- g < u-¢e, we have (u - g,u) € 4. By Condition (D),

So 6 is onto, and hence a bijection.

To see that 6 is an isomorphism, let us consider (e, s),(f,t) € .#. Then

(6’3)0(f>t>9 = (8,608)(t,f0t)
(st,eost A fot)
= (st,(eosA f)ot).

We have eos A f <eos <& osand so

eosNf = (s-(eosAf))os

(s-(eos)As-f)os
= (eNs-f)os.
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We can now deduce that

(e,9)0(f, 1) =

so that 6 is an isomorphism as required.

It follows that .# is proper left restriction with distinguished semilattice
E, hence proper restriction. Moreover, for any (e, s) € A,

(6,8)9:(8,608)%ﬂ, (l,eos) = (eos, 1),

so that in .Z,
(e,s)" =(eos,1).
[

Considering T" to be a unipotent monoid, we obtain the following corol-
lary:

Corollary 7.2.6. Let (T, 2, 2", %) be a strong M-quadruple and T be
a unipotent monoid. Then H# = M (T, X, 2", %) is a proper weakly
ample semigroup.

Proof. By Proposition 7.2.5, .# is a proper restriction semigroup with
distinguished semilattice £ , = {(e,1) : e € #'}.

Using the same argument in Corollary 6.3.8, £ , = E(.#) when T is a
unipotent monoid. So . is a proper weakly ample semigroup. O

We note that this result also follows from Corollary 5.3.7 by considering
the strong quadruple (T, 2", 2", %) as left and right strong M-triples.
Similarly, restricting T' to be a cancellative monoid, we can obtain the
following proposition using Corollary 5.3.8, but we shall prove it directly.

Corollary 7.2.7. Let (T, 2, 2", %) be a strong M-quadruple and T be
cancellative. Then M = M (T, 2, X", %) is a proper ample semigroup.

Proof. As T is cancellative, it is unipotent and so by Corollary 7.2.6, .#
is a proper weakly ample semigroup.

As in the proof of Corollary 5.3.8,
(a,t) Z" (a,1).
It can be deduced from the previous results that

(a,t) L* (aot,1),
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but we shall show it directly. Suppose (a,t)(c,y) = (a,t)(d,w) for
(¢,y),(d,w) € A . Then

(ant-cty)=(aNt-dtw)=aAt-c=aAt-dandty =tw
=aAt-c=aAt-dand y=w

as T is left cancellative. By Condition (A), aot € # and so
aotANc,aotNdeX.
We also have
aotAc,aotANd<aot<e ot.
We have
t-(aotANc)=t-(act)At-c
=aAlt-c
=aAt-d
=t-(aotANd).
Using Condition (D),

t-(actANc)=t-(actANd)=[t-(actANc)ot=][t-(aotANd)|ot
=aotAc=aotANd.

So (a,t)(c,y) = (a,t)(d,w) implies that (aot,1)(c,y) = (aot,1)(d, w).
Therefore (a,t) Z* (aot,1) and so .# is an ample semigroup. It follows
from Corollary 2.4.10, and its dual, that it is a proper ample semigroup.

Therefore .# is a proper ample semigroup when 7' is a cancellative
monoid.

]

Corollary 7.2.8. Let (T, 2, 2", %) be a strong M-quadruple and T be
a group. Then M = H (T, 2, 2", %) is a proper inverse semigroup,
where

(a,t) = (" a,t™)

for (a,t) € .

Proof. As a group is a cancellative monoid, .# is a proper ample semi-
group by Corollary 7.2.7. Therefore the idempotents form a semilattice.

We wish to show that ./ is regular. Let (a,t) € .#. We require (¢~ -
a,t™') € M. As (a,t) € M, a <t -c. We have

a<t-e=aote# andt-(aot)=a
=aote€ X andaot=1t""-a
=ttl.aew.

Clearly, t71-a <t '.g 50 (t7'-a,t71) € .#. As in the proof of Theorem
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5.3.10,
(a,t)(t - a,t7)(a,t) = (a,t).

So . is regular and hence is an inverse semigroup. As

tta,t HYa, )t at) =" a,t7Y)(a, 1)
tta,t™h),

we have (a,t) = (t71-a,t7!).

By Proposition 2.2.3, R =R as . is inverse. So . is a proper inverse
semigroup. L]

7.3 Converse to the structure theorem

We will explain why we do not necessarily have the converse to the struc-
ture theorem; our construction does not yield the whole class of proper
restriction semigroups.

We would ideally like to show that every proper restriction semigroup is
isomorphic to such a structure. We have tried the following approaches
to prove the converse:

(Attempt 1) Starting from the one-sided constuction, let the partial right
action of T on % be defined by

Jyem < y < m-e, in which case, y e m = [y, m].

We have not managed to show that this is a strong partial right action, as
defined in [29]. If it was, we would be able to globalise to obtain a right
action. Instead, we can show that this action is a partial right action
of T"on %, where T preserves the partial order and the domain of each
element of T is an order ideal. From this we can produce a structure
theorem (see Chapter 8).

(Attempt 2) Take the left and right actions as defined for the proof of
Theorem 5 from [12]. Conditions (C) and (D) hold provided (A) and (B)
hold, but if S is finite, (A) and (B) hold if and only if S is a proper finite
inverse semigroup. On the other hand, we know from the results of [1§]
that the free ample monoid will have this structure. This gave us the
clue to prove the following (in which we do not assume that the actions
are as in [12]).

Proposition 7.3.1. Let S be a finite proper ample semigroup. Suppose
that S is isomorphic to M = (T, 2", 2", %) for some (T, 2, 2", %)

where T'=S/o. Then S is inverse.

Proof. As T is cancellative, it is a group. If we let (a,t) € #, then
a<t-candsoaot € #. As in Corollary 7.2.8, we have a =t (a ot)
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and a =t-(t7'-a) and so
aot=t"a.
Ast™ta<ttg (t7a,t7!) € 4 and

(a,t)t " -a,t 1) (a,t) = (a,1)(a,t) = (a,t).

So . is regular and since F(.#) is a semilattice, ./ is an inverse semi-
group. O

We shall present precisely when a proper restriction semigroup S' is iso-
morphic to some A (T, Z°, Z', %), where T = S/og. These results from
[10], are due to Gould, and so we do not give full proofs.

Definition 7.3.2. Let S be a restriction semigroup. Then S is extra
proper if is satisfies (EP), which is the conjunction of (EP)" and its dual
(EP)!, where (EP)" is defined as follows:

(EP)": for all s,t,u € S, if sogtu then there exists v € S with t*s = tv
and vogu.

Lemma 7.3.3. Let S be an extra proper restriction semigroup such that
E is a o0g-class. Then S is proper.

Proof. Let a,b € S and suppose that a (,@E Nog)b. Then aog bb* so that
with @ = s,b = t and u = b* in (EP)" we have that bTa = bv for some
v € S with vogb*, sov € E. But b" = a™ and so a = bv = (bv)"b =
atb =b. Dually, P Nog is trivial. O

The proof of the following result can be found in [10].

Theorem 7.3.4. Let S be a proper restriction semigroup. Then S is iso-
morphic to some M (S /o5, X', X", %) if and only if S is extra proper.

Example 7.3.5. Every inverse semigroup has (EP). For, if s,¢,u are
elements of an inverse semigroup S with sotu, then tTs = tt~1s and
tlsott luou.

Example 7.3.6. Every reduced restriction semigroup has (EP). For, if
s, t,u are elements of a reduced restriction semigroup S with s og tu, then
s=tuand tTs = s = tu.

Less trivially, free ample monoids have (EP).

Example 7.3.7. Let FRM(X) be the free restriction monoid on a non-
empty set X. We use the characterisation of FRM(X) as a submonoid
of the free inverse monoid FZM(X) on X, given in [18].

Let FG(X) be the free group on X, and regard elements of FG(X) as
reduced words over X. Let

Y={ACFG(X):1<|A| <oo,A is prefix closed}.
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Then
FIMX)={(A,w): AeY,we A}

with
(A, w)(B,v) = (AUwB, wv) and (A, w)~! = (w4, w™).
From [18], FRM(X) is the submonoid of FZM(X) given by
FRM(X) = {(A,w) € FIM(X) :w € X*}
and for any (A4, w), (B,v) € FRM(X), we have that

(A, w)" = (A1) and (A, w) orrMmx) (B,v) if and only if w = v.

Suppose that (A, w), (B,v), (C,u) € FRM(X) with
(A, w) orrMmx) (B, v)(C,u).
Then w = vu and
(B,v)"(A,w) = (B,v)(B,v) (A, w) = (B,v)(v"'B,v" ") (4,w) =

= (B,v)(v 'BUv'A,vw) = (B,v)(v ' BUv A, u)

and as (v!BUv A u) € FRM(X), Condition (EP)" holds. Dually,
(EP)! holds.

Finally in this section we give an example of an infinite proper ample
semigroup without (EP), also showing that a proper ample semigroup
can be a (2,1, 1)-subalgebra of a proper inverse semigroup, yet not itself
be extra proper.

Example 7.3.8. Let X be a set with at least two elements, and let
X; ={w;:x € X} for i € {0,1} be sets in one-one correspondence with
X. Let S be a strong semilattice Y = {1,0} of cancellative monoids
S1 = X7 and Sy = FG(Xp), with connecting morphism ¢; given by
$1¢1,0 = ZXo.

It follows from [13, Theorem 1], that S is ample, with R* = £* = H*-
classes S7 and Sy. As the connecting morphism is one-one, it is easy to
see that S is proper.

Let z,y be distinct elements of X. Then

eot1 = To = Yo(Yy o) = €oy1 (¥ ' o)

so that x1 oy (yy '@o). If yi 21 = 1w for some w € S we would have that
x1 = yyw, which is impossible.
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Chapter 8

Construction based on partial
actions

8.1 Partial actions

To produce two-sided P-theorems for proper restriction, proper weakly
ample and proper ample semigroups, we need to consider partial actions
as in Definition 3.1.3.

When considering the partial right action, we say the domain of each
t € T is an order ideal if the following condition holds for all y,z € X
and t € T

(iii) if y < z and Jz e ¢, then Jy e ¢.

The dual can be defined for partial left actions.

Suppose now that T acts partially on the right of a partially ordered set
X. We say T preserves the partial order if the following condition holds
fory,ze X andteT:

(iv) if y <z, Jyet and Iz et then yeot < 2 et.

The definition for partial left actions is dual.

8.2 Construction based on partial actions

We shall define a construction, .# (T, %), which has been adapted from
AM(T, 2, 2, %) and is based around partial actions. The construction
is analogous to that of Petrich and Reilly in the inverse case [48] and
Lawson in the ample case [36]. However, our proofs will be new. The
structure we shall present is a proper restriction semigroup and conversely
every proper restriction semigroup has its structure.

Definition 8.2.1. Let T be a monoid, acting partially on the right and
left of a semilattice %, where ® and ® are right and left partial actions
of T on % respectively. Suppose that T" preserves the partial order and
the domain of each ¢ € T" is an order ideal.
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Suppose that for e € % and a € T, the following hold:
(A) if Je®@ a, then Ja ® (e @ a) and a © (e ©® a) = ¢;
(B) if Ja®e, then 3(a®e)®a and (a®e) ® a = ¢;
(C) for all a € T', de € # such that Je © a.

Then (T, %) is called an strong M-pair.

Definition 8.2.2. Let us define

M(T, %) ={(e,a) € ¥ xT:3e®a}l,
with binary operation given by

(e,a)(f,0) = (a®© ((e@a) A [), ab)
for (e,a), (f,b) € (T, %).

We show in the proof of Theorem 8.3.1 that the binary operation is
closed.

Proposition 8.2.3. If (T, %) is a strong M-pair, then for all t € T,
de € % such that Ja © e.

Proof. By Condition (C), for all ¢ € T, there exists e € # such that
Jde ® a. By Condition (A), 3a ® (e ® a), where e® a € ¥.. O

Our main result requires use of the following proposition.

Proposition 8.2.4. Let T be a monoid, © be a partial right action and
® be a partial left action of T on a semilattice %, such that T preserves
the partial order and the domain of each t € T is an order ideal.

(1) If de ® a and 3f © a, then I(e A f) ©® a and
e@alNf@a=(eNf)@a.
(2) If Ja® e and Ja © f, then 3a ® (e A f) and

a®eha® f=a®(eNf).

Proof. Suppose de@a and 3f @ a. Asde@aand e f <e, e f)Oa
since the domain of each element of T is an order ideal. It follows from
© being order preserving that (e A f) © a < e ® a and similarly we have
(e N f)@®a< f©a. Therefore

(eNfl@a<e®@aA fOa.

As de ® a, Ja © (e ® a) by Condition (A). Ase@a A fe@a<e®aand
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Jda®(e®@a), Ja® (e@aA f©a) since the domain of each element of T’
is an order ideal. Since ® is order preserving,

a®(e@aN foa)<a®(e®a),

le.

a®(e@aN foa)<e.
Similarly,

a®(e@aNnfoa)<f
and so

a®(e@aNfoa)<eAf.

We know da® (e@aA f@a), so by Condition (B), Ja®(e@aA f@®a)|®a
and
e@aNfoa=a®(e@aA fO®a)Oa.

Asa®((e@a)AN(foa))<eAf,
a@(e@an foa)ea<(eNf)@a
since © is order preserving. Hence e @ a A f ® a < (e A f) ® a and so

e@aNfeoa=(eAf)®a.
The proof of (2) is dual. O

8.3 Symmetrical two-sided structure theo-
rem for proper restriction semigroups

We will prove how this construction allows us to produce a symmetrical
two-sided P-theorem for proper restriction semigroups, proven from the
one-sided results.

We have the following P-theorem for all proper restriction semigroups.

Theorem 8.3.1. If (T,%) is a strong M-pair, # = M (T,%) is a

proper restriction semigroup with distinguished semilattice
Es={el):ec@} 2%
and M o4 =T, where
(e,a)" = (e,1) and (e,a)" = (e®@a, 1)

for (e,a) € M. Conversely, every proper restriction semigroup S, with
distinguished semilattice %', is isomorphic to some M (T, %) where

S/O‘S =T.
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Proof. We shall first show that .#(T,% ) is a proper restriction semi-
group.

Let (e, a),(f,b) € 4. We wish to show (a ® ((e ® a) A f),ab) € .4 . By
Condition (A), 3a ® (e ® a) since Je®@ a. As (e@a) A f < e®a and
the domain of each element of 7" is an order ideal, Ja ® ((e ® a) A f), i.e.
a®((e@a)N f) e #. Clearly, ab e T.

We wish to show that I[a®((e@a)A f)]@ab. We have Ja®((e@a)A f), so
by Condition (B), 3[a®((e@a)Af)|@a and [a®((e@a)Af)|@a = (e@a)A
f. By showing 3((e@a) A ) ©b, we have I([a® ((e@a) A f)]|@a) ®b. So,
from Condition (ii) for a partial action, 3[a® ((e®@a) A f)]@ab. Using the
fact that the domain of each element of T is an order ideal, (e@a)A f < f
and 3f © b imply that I((e@a) A f) ©@b. So Fa ® ((e ® a) A f)] © ab.
Therefore the binary operation is closed.

Suppose (e, a), (f,b),(g,c) € A4 . Then

(e;a)[(f,0)(g, )] = (e;a)(b® ((f @ b) A g), be)
=(a®(e@a)NbO ((f@b)Ag)),albc))
=(a®(e@a)NbO ((f@b)Ag)),(ab)c).

AsTFbo ((feb)Ag), b ((f®b)Ag))®b by Condition (B). We have
(e@a) NbO((f@b)Ag) <bO((f@b)Ag),

SO

J(e@a) NbO((f@b)Ag) @b

since the domain of each element of 7" is an order ideal. So, by Condition
(A),
o ((e@a) NbO ((f@b)Ag))@Db)

and

bo (((e@a) AbO((f@b)Ag)@b)=(c@a) ANb® ((f ®b) A g).

So

(e,a)[(f,b)(g;c)] = (a® ((e@a) NbO ((f @b) A g)), (ab)c)
=@ bo ((e@a) N\b® ((f@b) Ag)) ©b)), (ab)c)
= (@b o (((e@a)ANbO((f@b)Ag))) @b),(ab)c)

We also have (f@b)Ag < f@b, IO (f @b) and, due to Condition (A),
bO(f@b) =f. So

bo(feb)rg) <bO(fob) =/,
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since © is order preserving and hence

O((feb)rg <f=0o((febArg)Af=bo((f@b)Ag).
Using Proposition 8.2.4,
(e@a) ANbO((f@b)Ag))@b) = ((c@a) A fA(O((f@b)Ag))) @b =

((e@a) A [)@b) A((bO((f@b)Ag))@b) = ((e@a) A f)@bA(f@b)Ag
So

(e;a)[(f,0)(g,¢)] = (ab® (((e@a) NbO (((f @D) A g)) @b)), (ab)c)
=(abo (((e@a)Nf)@bA (f@Db)Ag),(ab)c).

By Proposition 8.2.4,

(e@a)Nf)eob)A(fe@b)=((ec@a)NfAf)Ob
=((e@a)ANf)@b

As (e,a)(f,b) € A, Ja ® ((e ® a) A f) and so by Condition (B), 3(a ®
))@aand (a® ((e@a)A f))@a=(ec@a)A f. So

(e@a)Nfleb)A(feb)rg=((e@a)Af)@b)Ag
=(((eo((e@a)rf))@a)@b)Ng
=((a® ((e@a)A f)) @ab) Ag.

Hence
(e;a)[(f,0)(g,0)] = (ab©® (((e@a) A f)@bA(f ©b)Ag),(ab)c)
= (ab® (((a® ((e@a) A [)) @ab) A g), (ab)c)
=(a® ((e@a)A f),ab)(g,c)
= [(e;a)(f,b)](g, ).

Therefore . is a semigroup.
Let E = {(e,1): e € #}. We note that for e € %', de ©® 1 and

(e,1)(e,1)=(1®(e@1) Ae, 1)
(eNne, 1)

(e, 1).

We also have for (e, 1),(f,1) € E,

(e, D(f, 1) =(enf,1) = (fArel)=(f1)(e1),
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so E is a semilattice, which is isomorphic to %.
We wish to show that for (e, a) € 4,

(e,a) R (e, 1).
First we have

(e,1)(e,a) =(1O ((e@1) ANe),a) = (e, a).
We also have for all (f,1) € E,

(f;D)(e.a) = (e;a) = (LO(f Ae),a) = (e,a)
= (fANe,a) = (e,a)

= fAe=c¢e

= (f> 1)(67 1) = (67 1)7
as % is isomorphic to E. So (e,a) R (e,1) and we shall put

(e,a)t = (e, 1).

We also wish to show that for (e,a) € .,
(e,a) Lg (e ®a,1).
We have

(e,a)(e®@a,1)=(a® ((e@a)A(e®a)),a)
=(a®(e®a),a)

= (e,a)
by Condition (A). Also, for all (f,1) € E,

(e,a)(f,1) = (¢,a) = (a © ((e

Therefore, (e,a) Lg (¢ ® a,1) and we put
(e,0)" = (c@a,1).
We note that for (e,a),(f,b) € A,

(e,a)ﬁE(f,b)ﬁe:f
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and B
(e,a) Lp(f,b) & e@a=f®b.

We wish to show that R is a left congruence. Let (e, a), (f,b), (g, c) e M
and (e,a) Rg (f,b). We wish to show

(970)(e7a) ﬁE (gac)(fa b)a

- (O ((g@c)Ae)ca) Ry (c® ((g@c) A f),cb),

which is equivalent to showing
coO((goc)rne)=cO((g®c)Af).

But, as (e,a) Rg (f,b), we have that e = f and so it is clear that the
above equation holds and hence Ry is a left congruence.

We also require £z to be a right congruence. Suppose (e,a) Lp (f,0), ie.
e®a= f©b. We wish to show

(e7a)(g7c) ZE <f7 b)(g,c),

- (@O (coa)Ag)@ac= (b (f@b) Ag)) ® be.
Since Ja ® ((e ©® a) A g), it follows that (e ® ((e® a) A g)) © a and

(@o((e@a)Ng))@a=(e@a)Ng.

Similarly,
Lo ((feb)rg)eb=(fob)Ng.

Ase@a=fob,
(a®((e®@a)Ag)®@a= b (feb) Ag)®b.

Notice that e@aANg= f@bAg < gand Jg©c, so that I(e@aNg)©c
and hence I((a® ((e@a) Ag)) @a) ® c. By definition of a partial action,

(a®((e@a)Ahg)@ac=((a®((e@a)Ag))©a)®c
and we deduce that
(a@((e@a)rNg))@ac=(bO ((f®b)Ag))® be.

Therefore L is a right congruence.

We shall show that the ample conditions hold. For (e,a) € .# and
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(f,1) € E, using Condition (A) and Proposition 8.2.4 we have

and

Therefore, .4 is a restriction semigroup with distinguished semilattice
E=F,.

If (e,a)o. 4 (f,b), there exists (g,1) € E 4 such that

(g, )(e,a) = (g,1)(f,b),

1.e.
(gNe.a)=(gAfD)

and so a = b.

We wish to show (e,a)o., = (f,b)o. 4, when a = b. Consider (e A f,1) €
E . We have

(e f,1)(e,a) = (e N fAe,a)

= (

= (eAf.a)
=(eNfAFD)
= (e f,1)(f,b),

so (e,a)o.4 = (f,b)o. 4 when a = b. Hence

(e,a)o 4(f,b) if and only if a = b.

Now, we wish to show that

(e,a) (ﬁEﬂ No. ) (f,b) if and only if (e,a) = (f,b)

103



and _
(e,a) (L, No.y)(f,b) if and only if (e,a) = (f,b).

We have

(e,a) (Re, N o) (f,b) < (e,a)Re, (f,b) and (e,a) o4 (f,b)
Se=fanda=0>

< (e,a) = (£, 0).
We have
(e;a) (Lp, Nog)(f,b) < (e,a)* = (f,b)" and a = b
& (e@a,l)=(f@a,1)and a =10
Se@a=f@aanda=0>
Sa0(e@a)=a0 (f@®a)anda=>

Se=fanda=0>

< (e,a) = (f,b).

Hence .# is proper restriction.

We also wish to show M/o , = T, where
M/O-//l = {(6,&)0’(/// : (6,@) € %}

We shall define 0 : # /o, — T by [(e,a)0.4]0 = a for (e,a) € 4. Since
(e,a)o.4(f,b) if and only if a = b for (e, a),(f,b) € A, it follows that 6
is a well-defined, one-to-one morphism.

To show 6 is also onto take a € T. By Condition (C), de € % such that
Jde ® a. So (e,a) € A and [(e,a)0. 4]0 = a. So 0 is an isomorphism and

Conversely, suppose we have a proper restriction semigroup S with dis-
tinguished semilattice Eg. By Theorem 5.3.6,

S=2HMT,Z,%)={(e,a) e ¥ xT:e<a-c},

where T is a monoid with identity 1, 2" is a semilattice, % is a subsemi-
lattice of 27, ¢ is an element of 2" such that a < ¢ for all « € # and
T acts by morphisms on the left of 2" such that the triple (T, 2", %)
satisfies the following properties:

(A) for all @ € T, there exists e € % such that e < a - ¢;

(B) foralle,f € % and alla € T,

e<a-e=eANa- fliesin ¥.
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Taking the left-right dual of the theorem,
ST, 2", %)={(a,e) €T x ¥ :e <e oal,

where T is a monoid with identity 1, 2" is a semilattice, % is a subsemi-
lattice of 27, &’ is an element of 2™ such that a < &' for all a € % and

T acts by morphisms on the left of 2™ such that (7', Z”, %) satisfies the
following properties:

(A) for all @ € T, there exists e € % such that e <&’ oq;

(B) foralle,f € % and alla € T,

e<eoa= foaAeliesin #.

Note that, from looking at the proof, there is no need for a separate
monoid 7" and subsemilattice 2 since they are taken to be the same in
each of the left-right cases as T = S/og and % = Fj.

Proposition 8.3.2. There is an isomorphism,
O0: 4T, %,%)— M (T,Z' %),

such that (e,a)0 = (a,z), for some v € %, and (e,1)0 = (1,e) for
(e,a),(e,1) e (T, Z,%).

Proof. As in the proof of Theorem 5.3.6, there is an isomorphism ¢ :
S — M (T, Z,%) defined by

rp = (21, 20%).

Taking the dual, there is an isomorphism ¢ : S — #'(T, 2", %) defined
by
r¢p = (vog,x").

So there exists an isomorphism
0= ¢ MT, X, %)= M (T, Z' ).

Let us consider (k,xog) € A (T, Z",% ). Then there exists an element
of S, s say, such that

sp = (k,wog) = (s, s05).
We have

(k,205)0 = (k,z05)¢" "¢

= (s%,505)p "¢
= 5¢

= (805, 5")

= (zog,s").
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Now let us consider (e,1) € E 4. We note that 1 = eog for any e € Eg.
So, in particular,
ep = (67 1)

and hence

Similarly there is an isomorphism,

V=0T, X' %)~ M(T, X, %),
such that (a,e)y = (z,a), for some z € #, and (1,e)y = (e, 1).
Let us denote A (T, Z°,%) by M and 4" (T, Z"',% ) by A

As S is a left restriction semigroup, for each (e,a) € A4 (T, 2", %), there
is a unique idempotent in its Lg ,-class, which we shall denote by

(e,a)" =(e®@a,l).

As S is also right restriction, for each (a,e) € 4" (T, Z",%), there is a
unique idempotent in its Rg ,-class, which we shall denote by

(a,e)" = (1,a ®e).
Proposition 8.3.3. For (e,a) € 4 (T, Z",%),
(e,a)0 = (a,e ® a),
and for (a,e) € A (T, 2", %),
(a,e) = (a®e,a).
Proof. Let (e,a) € 4 (T, Z ,% ) and (b, f) € 4"(T, Z"',%). We have
(e;a) L, (e®a,l)

and

(b, f)Le,, (1, ).
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We know (e, a)f = (a,z), for some x € % and

(e,a) Ly, (e®a,l)

Hence, (e,a)f = (a,e ® a). Dually, (b, f) = (b® f,b). O

As (e,a)t and (b, f)* are the unique idempotents in the ﬁE%—class of
(e,a) € A (T, Z,%) and the Lg ,-class of (b, f) € 4" (T,Z' %),
respectively, it follows that

Je@aifand onlyife <a-e

and
A fif and only if f <& ob.

One of the properties of the triple (7, 2", %) is that for each a € T,
de € % such that e < a-e. So fort € T, de € % such that Jde ® a.
Hence, Condition (C) is satisfied.

Proposition 8.3.4. As defined above, ® and ® are right and left partial
actions on % respectively such that T preserves the partial orders and
the domain of each t € T is an order ideal.

Proof. (i) We shall show that ©® is a right partial action on %. Let
y€e . Asy <e, then dy © 1. We also have

1) Lp, yolLl)=yel=y
by uniqueness.

(ii) Suppose that Jy ® s and I(y © s) @ t, where s,t € T. So (y © s,t) €
AT, Z,%). We wish to show that 3y ® st and y © st = (y © s) © t.
We have

(y75) EE/// (y@571) = (yv S)(y@sal) = <y73)
= WAs (y@s),s) = (y,s)
=yNs-(yo©s)=uy.

As £ , is a right congruence,

= (,5)(y©s,t) L, (y©s,1)(y©®s,t)
= (yAs-(y©s)st) Lu, (y@sAy©s,i)
= (y,5t) L, (y @ s,1)
= (y@st,l)/jEﬂ (y@s)©@t,1) since Jy ® st
=yost=(yo@s)ot.

(yv S) EE//J (y © s, 1)
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(iii) Now suppose that y < z and 3z@m, ie. y < zand z <m-e. As <
is a partial order, y < m - ¢ and so dy ® m. So the domain of each t € T’
is an order ideal.

(iv) We now wish to show that T preserves this partial order. Let y, z €
% and m € T. Suppose that y < z, 3y © m and 3z © m. We have

(y,m)(z@m,1) = (y Am-(z@m),m)
= (y,m) since y < z<m- (2 ©@m) as in (ii).

So by the definition of Ly »
(yom,1) < (z@m,1),

which implies that y © m < z © m. Therefore, T' preserves the partial
order.
Dually we can show that ©® is a left partial action on #. m
We can see that the compatibility conditions (A) and (B) hold.
Proposition 8.3.5. Fora €T ande € ¥,

(A) if Je®a, then Ja® (e®a) and a ® (e ® a) =

(B) if Ja®e, then I(a®e)®a and (a®e) ©® a = e.

Proof. (A) Suppose 3e@a. Then e < a-¢ and hence (e,a) € 4 (T, X ,%).
We have (e,a)d € #"(T, 2", %), ie. (a,e@a) € A (T,Z",%). So
e@a<eoa,ie Ja® (e®a). Also,

(6,@) = (6,@)02/}
= (a,e®a)y
= (a©(e@a),a),

so a ® (e ® a) = e. Dually, (B) holds. O
We also have the following result.

Proposition 8.3.6. Leta € T ande € %, If Je®@a, then a®(e®@aNf) =
eNa- f for feX.

Proof. Suppose de © a and f € %. We have

(e7a)(f71) = (6/\a-f,a),

but we also have

(e,a)(f,1)

[(e;a)(f, 1)]0Y
[(a,e @ a)(L, )l
=(a,e@aA )
=(a®(e@aA f),a)
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and so

eNa-f=a®((e@a)Af).

We have shown that .Z (T, %) = {(e,a) : 3e ® a} exists and that
S HMT, 2, %)={(e,a):e<a-c}
and as a set
MT, 2, %) ={(e,a): Je®a}.

Now, the binary operations defined on {(e,a) : e < a -} and {(e,a) :
Je@a} are (e,a)(f,b) = (eAa-f,ab) and (e, a)(f, b) = (a®((e@a)Af),ab)
respectively. By Proposition 8.3.6,

eNa-f=a®((e@a)Af)
when Je © a and so
S=H(T,%).
Hence, every proper restriction semigroup is isomorphic to some .Z (T, %).

]

However, we believe this is the same structure presented in Section 4 of
[36], but with a different proof and it elucidates the fact there are four
actions at play. Although we did not obtain the desired result of having
the converse of Proposition 7.2.5 concerning a double action, we showed
that a proper restriction semigroup is isomorphic to a structure that does
not involve a semilattice 2~ and is based around partial actions, which
have the following relationship with the original actions:

Proposition 8.3.7. LetT, %, -, o, ® and ® be defined as in the converse
proof of Theorem 8.3.1. Fora €T and e € ¥,

(a) if Je®a, thene®a < eoa;
(b) ifJaGe, thena®e<a-e.

Proof. Let a € T and e € %'.

(a) Suppose Je ® a. Then

(e,1)(e,a) = (e,a) = (e,1)8(e,a)d = (e,a)d

= (1,e)(a,e®a) = (a,e ®a)

= (a,(eca) AN (e®@a)) = (a,e® a)
= (eca)\(e@a)=eOa

=eo0a<eoaq.

The proof of (b) is dual. O
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8.4 Structure theorems independent of one-
sided results

We shall produce different proofs of the structure theorem in Section 8.3
reminiscent of that of Munn in the inverse case [45] that will not require
use of the one-sided results in the proof.

Here we shall present an alternative proof of the converse of Theorem
8.3.1:

Theorem 8.4.1. Every proper restriction semigroup S is isomorphic to

some M (T, % ).

Proof. Let S be a proper restriction semigroup. Take % = FEg and
T = S/og. Then % is a semilattice and 7" is a monoid. We shall define
a partial action of T on the right of % by

Jeomog < Is € S with e = s and mog = sog,

in which case

eomog = s osog = s*.

This is well-defined since S is proper.

(i) For st € &, 3st o1, i.e. 3sT 0 sT0og and

+

s OS+0'5:(S+)* +

=57,
(i) Suppose 3sT o sog and (st o sog) o tog with

st osog =s*

and
(st osog)otog = s* otog.

So there exists u € S such that s* = u* and uog = tog. Hence Ju™ ouog

and

+

(st osog)otog =ut ouog = u*.

We wish to show that Jst o (st)og and s™ o (st)og = u*. We have
(su)™ = (su™)t = (ss*)" = s and similarly (su)* = u*. So

u* = (su)* = (su)" o (su)og = st o (st)og
as required. Therefore o is a partial right action.

(iii) We shall show that the domain of each ¢ € T is an order ideal. Take
yt,zt € % and zog € T. Suppose y© < 27 and 3zt o zog, where
2T o zog = z*. We wish to show Jy* o zo5. We have

(y*2)os = (yTos)(205) = 205
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and
(' 2)" =y et =y"
asym <zt Sod(yTz)T o (yTz2)og, i.e. JyT o zog. Hence the domain of

each t € T under o is an order ideal.

(iv) We shall show that T preserves the partial order o. Let y*, 2T € &
and mog € T be such that y* < 27, Iyt o mog and 2+ o mog. So we
can assume that mog = yog = z05. We wish to show that

yTomog < 2zt omog,
1.e.
yToyog <zt ozog,

ie.
Yyt <z

Making use of Proposition 2.6.1, we have

z=zty as S is proper
2=y as 2ty =2Tyty=yty =y

Yyosz = Y
=

=

= Y=y
= *

=

Hence T' preserves o.

Let us define a partial left action of T on % by
dmog - e < ds € S with e = s* and mog = sog,

in which case

mog-e=s0g-5 =s".

The proof that - is a partial left action where T preserves the partial
order and the domain of each ¢ € T is an order ideal, is dual to the right
case.

(A) Suppose Jeomog. Then e = st and mog = sog for some s € S and
eomog = s o sog = s*. Then Imog - (e o mog) and

mog - (eomog) = sog- (sT 0sog) =s05-s" =s" =e.
Condition (B) holds dually.

(C) Let mog € T. Then m € S and as S is a restriction semigroup,
m* € Eg. So 3m™* omog. Hence (T,%/) is a strong M-pair.
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Let 6 : S — #(T,%) be defined by
s0 = (sT,s05).

Then
im 0 = {(s",mog) : IsT omog} = (T, %).

Taking s,t € S, we have

s0t) = (sT,so5)(tT, tos)

= (so5 - ((sT o sog)th), sostos)

= (sog - (s*tT), (st)os).

To show that 6 is a morphism, we need to show (st)* = sog- (s*t1). Let
u = stT. Then
ut = (st")" = (st)",

ucs = (st™)og = sosttog = sog

and
u' = (sth) = (s"th)" = s*tT.

Asut = uog-u*, we have (st)™ = sog-(s*t"). Therefore 6 is a morphism.
Note that 6 is one-to-one since

s =t0 = (s*,s05) = (t1,tos)
= s" =t" and sog = tog
= 5 =1,

since S is proper. Also,
st = (st,sT0g) = (s7,1) = (s, 805)" = (s0)"
and
s*0 = (s*,5%0g) = (s*,1) = (sT 0 50g,1) = (s, 505)" = (s0)*.

Therefore ¢ : S — im 6 is an isomorphism and so S = .Z (T, %).
[

8.5 Symmetrical two-sided structure theo-
rems for proper weakly ample, proper
ample and proper inverse semigroups

We will adapt the structure theorem for proper restriction semigroups to
produce symmetrical structure theorems for proper weakly ample, proper
ample and proper inverse semigroups.

Corollary 8.5.1. If T is unipotent, # = M (T,%) is a proper weakly
ample semigroup. Conversely, every proper weakly ample semigroup S is
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isomorphic to some M (T, %), where T is unipotent.

Proof. By Theorem 8.3.1, . (T,%') is a proper restriction semigroup
with distinguished semilattice

Ey={(e):ec}.
Considering (e,a) € E(.# (T, %)),

(e,a)(e,a) = (e,a) = (a® ((e®a) Ae),a?) = (e, a)
= a’=a.

Since T is unipotent, a = 1 and so E(AZ (T, %)) = {(e,1) : e € ¥}.
Therefore # (T, %) is a proper weakly ample semigroup.

Conversely, let S be a proper weakly ample semigroup. As S is a proper
restriction semigroup, by Theorem 8.3.1,

S=4(T.Y),

where T is a monoid and S/o = T'. As in the proof of Corollary 6.3.8, T
is a unipotent monoid. O]

Restricting T" to be a cancellative monoid, we also obtain a structure
theorem for proper ample semigroups.

Theorem 8.5.2. [36] If T is cancellative, # = M (T, %) is a proper
ample semigroup. Conversely, every proper ample semigroup S is iso-
morphic to some # (T,% ), where T is cancellative.

Proof. If T is cancellative, it is unipotent and so .Z (T, %) is a proper
weakly ample semigroup, where .# /o = T, by Theorem 8.3.1.

We wish to show that for (e,a) € 4 (T,%),
(e,a) Z" (e, 1).
We have for all (z,¢), (z,d) € 4 (T, %),

(x,c)(e,a) = (z,d)(e,a) = (c® (r@cNe),ca) =(dO (z@dANe),da)
=cO(re@che)=do (z2@dAe) and ca = da
=cO(xoche)=dO(z@dANe)and c=d
= (cO(x@che),c)=(do(z@dAe),d)
= (z,¢)(e,1) = (z,d)(e, 1).

Since (e,a) Zg (e, 1), by Proposition 2.4.2 we have

(e,a) %" (e,1).
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We also wish to show that for (e,a) € 4 (T, %),
(e,a) " (e®a,l).
For all (z,c¢), (z,d) € 4 (T, %),

(e,a)(x,c) = (e,a)(z,d) = (a@(e®@aAz),ac) = (a® (e®aA z),ad)
=a0(e@aNzr)=a0® (e@aAz)and ac = ad
=a0(e@aNzr)=a®(e@aANz)and c=d
=a0(e@anz))@a=aO®(e@aNz)|@a

and ¢ =d
=e@alNr=e@aNzandc=d
= (e@aNz,c)=(e@aAzd)
= (e®@a,1)(z,¢c) = (e®@a,1)(z,d).

By the dual of Proposition 2.4.2; (e,a) Z* (e®a, 1) as (e, a) L (e@a,l).
So A (T,%) is ample and it follows from Corollary 2.4.10 and its dual
that it is a proper ample semigroup.

Conversely, a proper ample semigroup S is isomorphic to some . (T, %)
where 7' = S/o due to Theorem 8.3.1. It follows from the fact that S is
ample that T is cancellative as in Corollary 5.3.8.

O

Definition 8.5.3. A group G acts partially on the right of a set X if it
acts partially as a monoid and if, in addition, for any g € G and = € X,
if 3z 0 g, then I(xrog)og 't and (rog)og™ ! =u.

Whenever we talk explicitly of groups acting partially, we will assume
the partial action is subject to this extra condition.

Theorem 8.5.4. [48] If T is a group, # = M (T, %) is a proper inverse
semigroup. Conversely, every proper inverse semigroup S s isomorphic
to some M (T,%), where T is a group.

Proof. If T is a group, it is a cancellative monoid and so by Corollary

8.5.2, M (T, %) is a proper ample semigroup and M /o = T.

From Definition 8.5.3, 3(e ® a) ©® a™! as Je ® a, and so it follows that we
have (e ® a,a™') € M (T,%).

We have
(e,a)(e®@a,a ') (e,a) = (a®(e®@aNne®a),aa*)(e, a)
= (a© (e@a),1)(e,a)
= (e,1)(e,a)
= (e,a).
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So A (T,%) is regular and as F(S) is a semilattice, .Z(T,%) is an

inverse semigroup.

Before showing (e ® a,a™!) is the inverse of (e, a), we note that
a®(e@a)=canda® (a'Ge) =
which exist since de © a and 31 ® e. So
a®(e®@a)=a® (a”' ®e).
Hence a'a® (e@a)=a'a® (e ®e), le. e@a=a'Oe.
Therefore we have

a'®(e@aa Ne),1)(e@a,a™t)
aloel)e®a,at)
al®Gerne@aat)

©@a,at).

(e®@a,a )(e,a)(e®@a,at) = (
= (
= (
= (e

So (e,a) = (e ® a,a™!). Tt follows from Proposition 2.2.3 and Corollary
8.5.2 that S is proper.

Conversely, let S be a proper inverse semigroup. Then S is a proper
ample semigroup and so is isomorphic to some .# (T, %) where T' = S/o
is a cancellative monoid, by Corollary 8.5.2.

It remains to show that T is a group and T acts partially as a group on

E(S). Taking e € E(S),
(ec)(ao) = aoc = (ao)(eo),
for any a € S. So ec = 17 for any e € F(S). Taking s € S, s’ € S and
(so)(s'o) = (ss'0) = 17 = (§'s0) = (s'0)(s0).
So (so)™! = (s'0). Hence T is a group.

Notice that if 3to - e, then to = so and e = s* = s~ s for some s € S.
Now to - e = so - s* = st = ss7!. We have (to)™! = (so)™! = s o,
and (s 1)* =ss ! =5, s0d(to)! - (to-e) =sto- (s = (s1)T =

s71s = e. The dual argument finishes the proof.

[]

8.6 A covering theorem
Since every restriction semigroup has a proper restriction cover by Theo-

rem 6.1.4, we can deduce the following result using Theorem 8.3.1. How-
ever we now give a direct proof.
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Theorem 8.6.1. Every restriction semigroup S has a proper restriction
cover of the form (T, %), where (T, %) is a strong M-pair, and % =
E.

Proof. First we shall consider a restriction monoid S. We define ‘partial’
left and right actions of S on E by

Js - e if and only if e < s*, in which case s-e = (se)™
and
Je o s if and only if e < s*, in which case eo s = (es)*

foree F and s € S.

Foree F,31-ease<1*=1,and 1-e = (le)t = e" = e. Similarly
Jeoland eol =e. Let s,t € S and e € E. Suppose ds-e and 3t - (s-e).
Soe<s* s-e=(se)f, (se)t <t*and t-(s-e) = (t(se)")". We wish
to show Jts-e and t- (s-e) =ts-e. We have

(ts)*e = (tse)*
= (t*(se)Tse)*
= ((se)tse)* as (se)t <t*
= (fe)*
_ e as et < s*.

Hence dts - e. We also have
t-(s-e)=t-(se)t = (t(se)")" = (tse)" =ts-e.
Hence - is a partial left action and similarly, o is a partial right action.

Let e, f € E and s € S. Suppose e < f and ds - f, so f < s*. We have
e < f < s* so ds-e. Similarly we have the dual for the partial right
action, so the domain of each element of S is an order ideal.

Let e, f € Eand s € S. Suppose e < f, ds- f and ds - ¢, so f < s* and
e < s*. We wish to show s-e < s- f, ie (se)t < (sf)". We have

(se)™(sf)" = ((sf)Tse)" = (sfe)” = (sf)"

Hence s-e < s- f. Similarly for the partial right action. So the action
of S preserves the partial order in F.

Let e € E and s € S. Suppose ds-e. Soe < s* and s-e = (se)™. We
wish to show J(s-e)os, ie. (se) < st and (s-e)os=e. We have

(se)"s™ = ((se)"s)" = ((se)"s)" = (se)".
So J(s - e) os. We also have
(s-e)os=(se)tos=((se)"s)" = (se)*s*e =e.
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Dually Condition (A) holds.

For s € S, st € E which implies 3s o s, so (S, F) is a strong M-pair
and we can construct the proper restriction semigroup

M= M(S,E)={(e,s) e ExS:TFeos}={(e,s) EExS:e<sT},
with binary operation given by

(e,5)(f,t) = (s - ((eo5) A f), st) = ((s(es)"f) ", st)
for (e, s),(f,t) € .

Let us define 0 : .#4 — S by (e,s)0 = es for (e,s) € A . For any s € S,
(st,s) € A and (s*,s)0 = s, so 0 is onto. We also have

((e,8)(f,1)0 = (s(es)* f)Tst = s(es)" ft = esft = (e, s)0(f,1)0
for (e, s),(f,t) € #. For (e,s) € M,
(e,8)T0 = (e,1)0 = e =es™ = (es)" =[(e,5)0]"

and
(€,8)*0 = (eo0s,1)0 =eos=(es) = (e, s)0]".

Clearly 6 is E ,-separating, so .# is a proper cover of S.

Now consider a restriction semigroup S with distinguished semilattice F.
As S' is a restriction monoid with distinguished semilattice E*,

M = M(STE)={(e,s) € E' x ST :e < s}

is a proper restriction monoid and 6 : .Z’ — S!, as defined above, is a
covering morphism. Let

N ={(e,s) e ExS':Feos}={(e,s) € Ex S :e<sT}yC. 4.
Then 4 is a (2,1, 1)-subalgebra of .Z" as, for (e, s), (f,t) € A,

(e,8)(f,1) = ((s(es)"f) ", st) € A,
(e,8)t =(e,1) e N

and

(e,8)" =(eos,1)e N

as eos = (es)* € S. Hence ./ is a restriction semigroup with distin-
guished semilattice £, = {(e,1) : e € E}. As .#' is proper restriction,
it follows that .4 is also proper. As 6 restricted to A4 is a (2,1,1)-
morphism and

s=(s",s)0 e N0
for any s € S, 4 is a proper cover for S. n
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Chapter 9

Graph expansions

In this chapter we generalise results from [20], [22] and [23]. Although
many of the proofs are similar, we provide them for completeness, in
parts using the existing work as a template. We shall show using graph
expansions that the class of left restriction monoids having a proper
cover over a variety of monoids is a variety of left restriction monoids.
We shall also produce the results for restriction semigroups, as well as
for left restriction semigroups, in Chapter 10 using Petrich and Reilly’s
approach.

9.1 Definitions

Taking a strong partial action, it is possible to produce an action through
the expansion of a monoid [29]. We have already seen one such expansion
of a monoid, the Szendrei expansion. We shall consider another known
as a graph expansion. To define a graph expansion we require a number
of steps.

Let X be a set, S a monoid and f : X — S such that X f generates S
as a monoid. Following the usual, but non-standard terminology in this
area, we call (X, f,S) a monoid presentation.

We shall define the graph expansion of a monoid presentation, but first
need some definitions.

We let I' = I'( X, f, S) be the Cayley graph of (X, f,.S). This has vertices
S, denoted V(I') = S. The set of edges is denoted by E(I') and consists
of triples (s, z, s(xf)) where s € S and x € X. The edge (s, x, s(zf)) has
initial verter s, terminal vertexr s(zf) and is represented pictorially by

T

o——

s 5(; )

We denote the initial and terminal vertices of an edge e € E(I") by i(e)
and t(e) respectively.

Let A be a graph such that V(A) C V(I'), E(A) C E(T") and the initial
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and terminal vertices of an edge in A are those of the edges in I'. Then
A is a subgraph of the Cayley graph T

We say there is a path between a,b € V(I'), where a is the initial vertex,
if there is a sequence of edges, labelled by x1, xs, ..., z,, such that

T T Tn

@ eceecertntininniiecninnnns o————©0

a alenf) alwf)(r) b
where b = a(x1f)(xof)...(xnf).

A subgraph A is said to be a-rooted if there is a path in A from the vertex
a € S to every other vertex in the subgraph. In particular, a subgraph is
1-rooted if there is a path from 1 to every other vertex in the subgraph;
we shall denote a path from 1 to a, where a is an element of S, by P,
where it exists. Note that P, is not necessarily uniquely determined by
a.

A monoid S acts on a graph I" on the left if S acts on V(I') and E(T)
such that
i(se) = si(e) and t(se) = st(e).

We shall define an action of the monoid S on I' by t - v = tv for t € S
and v € V(A) and an edge (s,z,s(zf)) is taken to (ts,z,ts(zf)), i.e.
the edge

T
o— { ]
s s(xf)
becomes
T
o———— { ]
ts ts(zf).

Note that the action of S takes subgraphs to subgraphs and a-rooted
subgraphs to sa-rooted subgraphs.

Let A and X be two finite subgraphs. Then their union is the subgraph
created by taking vertices V(AUX) = V(A)UV(X) and edges E(AUY) =
E(A)UE(X).

Definition 9.1.1. Let I'; be the set of finite 1-rooted subgraphs of I'.
Then the graph expansion of (X, f,S) is defined by

M=M(X,f,5)={(A,s) : AeTyseV(A)}
with binary operation

(A, 5)(3,t) = (AU s, st)
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and unary operation

(A, S>+ = (Au 1)
for (A, s),(X,t) € M.

Generalising results in [22] we can deduce the following result:

Proposition 9.1.2. Let (X, f,S) be a monoid presentation. Then M =
M(X, f,8) is a proper left restriction monoid, where

(A, ) Rp(S,t) & A=Y

and
(A,s)om (B,t) & s=t

for (A, s), (X, t) € M.

Proof. 1t is shown in [22] that M = M(X, f,S) is a monoid, but we
shall verify this in detail.

Taking (A, s), (X,t) € M, we know A and ¥ are 1-rooted finite subgraphs
of I where s € A and t € 3. We wish to show that (A, s)(X,t) € M,
i.e. that (AUsY, st) € M. Clearly AUsY is a finite subgraph of I'. For
v € V(A) there is a path from 1 to v. For each v € V(sX) there is a path
from s to v since ¥ is 1-rooted as s¥ is s-rooted. We also note there is
a path in A from 1 to s since s € A and A is 1-rooted. Therefore there
is a path from 1 to v for each v € V(A U sX) and so A U sX is 1-rooted.
Ast e V(X),st € V(AUsX). Hence the binary operation defined on M
is closed.

By consideration of vertices and edges, we can see that
s(XUBO) =sXUsO

for all ¥,0 € T’y and s,t € S. The binary operation defined on M is
associative since for (A, s), (3,t), (0,u) € M,

(A, s)(Z,0)](0,u) = (AU s, st)(O,u)
(AU sY) U stO, (st)u)

(
(
= (AUS(ZUO), s(tu))
(
(

A, s) (X ULO, tu)
A, 8)[(2,0)(0,u)].

Taking (A, s) € M, we can see the identity of M is (eq,1), where o; is
a subgraph consisting of only the vertex 1. Since 1 and s are vertices of
A,

(o1, 1)(A,s5) = (e UA,s)
=(4,s)
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and

(A, s)(e1,1) = (AU seq,s)
=(AUegs)
=(A,s).

Therefore M is a monoid with identity (e, 1).
Let E={(6,1):(0,1) € M}, ie.

E ={(©6,1): 0 is a finite 1-rooted subgraph of the Cayley graph}.
Every element of E is an idempotent, since for (0, 1) € E, we have

(0,1)(6,1) = (0UO,1) = (6,1).

Taking (0, ¢) € E(M), we have

(0,€)(0,¢e) = (O,¢e) = (OUeO, ) = (0,¢)

= e’ =e,
but we cannot deduce that e = 1 without further restrictions on S.
As

(A 1)(5,1) = (AU, 1)
— (SUA, 1)
= (Ev 1)(A7 1)7

we have that F is a semilattice.
For (A, s) € M, we have (A, s) Ry (A, 1) since

(A D)(A)s) = (AUA,s) = (A,s)
and for all (X,1) € E,

3, D(As) =(Ays) = (BUAs) =(4A,s)
=YUA=A

= (ZUA 1) = (A1)

(A1

= (X,1)(A)1) = ).

Therefore, (A, s) Rg (A, 1).
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Before showing that Rp is a left congruence, we note that

(A, 8)RE (5,1) & (A, s)F = (2, )*
s (A1) =(3,1)
S A=3.

Let (A, s) Rg (3,t). Then A = 3. We wish to show that for any (0, u) €
M, N
(@7 u) (Aa 8) RE (67 U)(Z, t)7

le.
(O UuA, us) R (O Uul, ut).

We have © UuA = © Uud since A = ¥ and so by the previous result
R is a left congruence.

The left ample condition holds, since for (A, s) € M and (3,1) € E,

(A, 5)(S, 1) (A, 5) = (AU ST, 5)* (A, 5)
= (AUsE, 1)(A,s)
=(AUSXUA,s)
= (AUsY,s)

= (

A, s) (2, 1).

We conclude that M is indeed a left restriction monoid. As (A, s) R (, 1)
implies A = 3, it remains to show that (A, s)o (2,%) if and only if
s =t. We have

(A,s)opm (2,1) < (0,1)(A,s) =(0,1)(%,t) for some (0,1) € £
S (OUAs) = (U
for some finite 1-rooted subgraph ©
= s=1.

Conversely, if we suppose s =t we obtain (A, s) o (2, ) by considera-
tion of (AU X, 1) € E. Therefore, M is proper. ]

Imposing the condition that S is unipotent, gives us one direction of the
following result:

Proposition 9.1.3. [20] A graph expansion M(X, f,S) is a weakly left
ample monoid if and only if S is a unipotent monoid.

Restricting S further gives us one direction of the following result that
gives us a necessary and sufficient condition for a graph expansion to be
left ample.

Proposition 9.1.4. [22] A graph expansion M(X, f,S) is a left ample
monoid if and only if S is right cancellative.

Let (X, f,G) be a group presentation of a group G as defined in [40)].
The definition of M(X, f, Q) is slightly different from that for monoids
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due to the consideration of inverses. An edge

Yy
o——— [ ]
g 9y f)
can also be considered as
1
[ { ]
g 9y f).

As defined and proved in [40], M(X, f, G) is an inverse monoid.

9.2 The categories PLR(X) and PLR(X, f,S)

We shall define the categories PLR(X) and PLR(X, f, S), where PLR
is the class of proper left restriction monoids, and continue to generalise
results by Gomes and Gould in [20], [22] and [23].

Definition 9.2.1. [22] Let X be a set and A a class of algebras of a
given fixed type. Then A(X) is the category which has objects pairs
(9,A) where A € A,g: X — A and (Xg) = A; a morphism in A(X)
from (g, A) to (h, B) is a morphism 6 : A — B such that

commutes.

Proposition 9.2.2. In the category A(X), each morphism is unique and
18 onto.

Proof. Let (g, A) and (h, B) be objects in A(X) and suppose ¢ and ¢’
are both morphisms from (g, A) to (h, B). Then

(xg)0 = xh and (zg)0' = xh

and so
(29)0 = (zg)0'".

Since afl = af’ for all a € X g, where Xg is a set of generators for A, we
have 6 = ¢'.

We wish to show that 6 is onto. Consider b € B. As B = (Xh),
b=t(xih,...,x,h)
and
t(xih, ...,z h) = t(x190, ..., v,90) = t(x19, ..., v,9)0 € AS.
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So there exists a € A such that a8 = b. O]

Definition 9.2.3. Let M(X) be the category where M is the class of
monoids and let PLR(X) be the category where PLR is the class of
proper left restriction monoids.

Suppose (X, f,.S) is a monoid presentation of a fixed monoid S. As
in [22], we shall define the subcategory PLR(X, f,S) of PLR(X). An
object (g, M) of PLR(X) is an object in PLR(X, f, S) if the diagram

X
<

g

M S
Opm

commutes, where J?M is a morphism with kernel ;. As remarked above,

o, must be unique and onto. By Corollary 2.7.8, o2, is a (2,1,0)-

morphism.

Proposition 9.2.4. Let (X, f,S) be a monoid presentation of a monoid
S. Then (f,S) is a terminal object in PLR(X, f, S).

Proof. As S is a monoid, S can be regarded as proper reduced left re-
striction. Since we also have f : X — S and X f generates S as either
a monoid or left restriction monoid, (f,S) is an object of PLR(X). As
(f,S) is an object of PLR(X), Ig is the unique morphism from S to
S such that fIs = f in Definition 9.2.1. So ag = Ig and clearly the
following diagram commutes:

X

S S

o

Therefore (f,S) is an object in PLR(X, f, S).

As O’?M is a unique morphism from any object (g, M) of PLR(X, f, S) to
(f,S), then (f,S) is a terminal object in PLR(X, f, 5). O

Lemma 9.2.5. If0 € Mor ((g, M), (h,N)) in the category PLR(X, f, S)
then
mb € Ey implies m € Ey,

124



and all the triangles in the following diagram commute.

X

|
;

ON

Proof. We shall begin by showing that all the triangles in the diagram
commute. Due to the definition of PLR(X), g0 = h and due to the
definition of PLR(X, f,S), hJE\, = f and ga?w = f. So it remains to
show that the following diagram commutes:

N S
ok

Take x € X. Then xg € M. We have

(zg)00%, = xgho’, = xho’, = xf = xgo’, = (zg)0’,.
As M = (Xg) and 0% and o%, are (2,1,0)-morphisms by Corollary

2.7.8, «90?\, = 05\4. Therefore all the triangles are commutative.

Let m € M and mf € Ey. Since U?w is a morphism, 1M‘75\4 =1g. So we

have

1y0%, = 1g = mbo’, = mo',

and hence 1,,0ym. As M is proper, E); is a oy-class by Corollary 2.8.5.
Som € Eyy. O]

If (X, f,S) is a monoid presentation of a monoid S, let us define 7, :
X - M(X, f,S) by

T
TTp = <I—' a:.f’xf>

for x € X. Then we have the following proposition:

Proposition 9.2.6. Let (X, f,S) be a monoid presentation of a monoid
S. Putting M = M(X, f,5) we have M = (X1p) and (Tp, M) is an
object in PLR(X, f,S).

125



Proof. Let (A,s) € M. If A = ey, i.e. the trivial graph, then as s is
a vertex of A, we have s = 1 and (A, s) = (e, 1) is the identity of M.
Hence (A,s) € (X7pr). Suppose now that A is not trivial. Then there
is an edge

x

o—

€= u u(xf)

in A. By definition, A is 1-rooted, so there is some path

X1 X2 Tn

1 nf  (f)(waf) (@1f) - (wnf) = u
from 1 to w in A, so that

I T2 I X

is a subgraph of A, which we shall denote by P.. Note that

(P.,1) = (2170 (227pd) - - - (TnTag) (2700)) T € (XT0)

as we shall demonstrate. We have

T
T1TM = b * axlf
1 l'lf

and so

(@1780) (w2700) = | ] x:fwlf) (I x;f,x2f>
=1 nfYnf (@) @f) (wlf)(xzf>>
- T Iff (xlff(fo)’ <x1f)(x2f)> '

We can see by induction that (x17a)(22Tam)...(2nTaq) 18 equal to

1 ) T
o @ @ vovresususesacasarususaone o— » @ u
1 $1f w’ )

where u = (z1f)(x2f)...(x,f). Therefore,

(170 (2Tp) o (T TA) (2T00) = (Poyu(xf)) € (X7pq).

So, (P.,u(zf))* = (P,,1), i.e.

(170 (ToTpn) - (i) (2T00)) T = (P, 1).
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Hence (P, 1) € (XTum).

As A'is 1-rooted, A = |J ¢ pa) Pe, where E(A) denotes the set of edges
of A, and we have that

(A,l): H (Pe,l),

e€E(A)

so (A1) € (X7pm). Thus if s = 1,(A,s) € (X7p). Suppose s # 1.
Then as s € V(A) and A is 1-rooted, there is some edge e € E(A) with
terminal vertex s. Then s is a vertex of P, so that (P,.,s) € (X7p). We
have

(A, 1)(Peys) = (AUP,s) = (4A,s).
So (A, s) € (X7Tr) as required. Therefore M = (X7).
The above shows that (7aq, M) is an object in PLR(X). To show that

(Tpm, M) is an object in the subcategory PLR(X, f,S) we must show
that

X
s
TM
M S
&

commutes, where Uﬁw is a morphism with kernel o . Defining 05\4 M=

S by (A,s)a/uw = s it is clear that aﬁM is a morphism. By Proposition
9.1.2, Ker 03\4 = o p; clearly TMUB\,[ = f. O

Theorem 9.2.7. Let (X, f,S) be a monoid presentation of a monoid S.
Then putting M = M(X, f,S), the pair (Tpm, M) is an initial object in
PLR(X, f, S).

Proof. We need to show that for any object (h, N) in PLR(X, f, S),
|Mor((7aq, M), (h, N))| = 1.

From Proposition 9.2.2; this is equivalent to showing that
Mor((7pr, M), (h, N)) # 0.

Let (h, N) be an object in PLR(X, f,S). So N = (Xh) and

X

h el

N S
o

commutes, where J?V is a morphism with kernel oy.
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Let us define § : M — N by
(zi7pg .. .x;(l)TM)JF co (@A .x;'zm)TM)erlTM e YsTam)O

= (21h.. .:11:]})(1)h)Jr (@) Tyh b

where m,s € N’, 2%,y € X,1<i<m,1 <j<p(i)and 1 <k <s. As

M is a left restriction monoid and M = (X7,), by Lemma 2.2.15 all its
elements are of the form above. Similarly for N as it is a left restriction
monoid and N = (Xh). However, we need to show that € is well-defined.

Suppose that

1 1 + +
(@1 Ta - Ty Ta) T (T T ) TM) TYLTAM - - Ys T

= (217Tp - z;(l)TM)+ (2T zg(n)TM)+w17'M o weTp ()

where m,n,s,t € N 2%y, € X, 1 <i<m,1<j<p(i),1<k<sand
Zhwp € X,1<i<n,1<j<q(i),1<k<t
We aim to show

(z1h.. .x;(l)h)J“ o (@Theap h) Tyheyh

= (z1h. . zgyh) " (2P gy h) Fwih L wgh ().

Note first that if m = s = 0 then the left hand side of (%) is the identity
(e1,1) of M. It follows from the definition of 7, the multiplication in
M, and the description of T in Proposition 9.1.2, that also n = ¢t = 0.
Clearly (#x) holds in this case.

To continue, we need a result which we shall state as a lemma.

Lemma 9.2.8. Letay,...,as,by,...,b; € X (where s ort may be 0) and
suppose that

alf...asf :blf---btf7
where the empty product is taken to be 1. Then

(alh Ce CLsh> ON (blh .. bth)
Proof. 1f s # 0 and ¢ # 0 then

(ar1h ... ash)ag\, = alhaﬁv . ashagv
=af...asf
—bif.. . bf
= biho'y .. bihot,
= (byh...bh)ok,
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as U?v is a morphism and ha?v = f. So the result is true in this case.

If s 20 and t = 0 then
(arh...ash)o’ =1 =10%,
sothat ajh...ash oy 1. It follows that the result is true in every case. [J

Returning to the proof of Theorem 9.2.7, suppose that m and s are not
both 0 and n and t are not both 0, so we are not just considering the
identity. Applying JL to (), we obtain

(7™M - YsTi) O (W1TA - Wi Tm)
as xtop = (xopy)t =1 for any © € M. We have

uif - Ysf = 1 (Tmom) - Ys(Tamom)
= (1T -+ - YsTM)OM
= (V1T - WTM )M
= (W1TM -+ - WTAM)O M

=wif...wf.
By Lemma 9.2.8,
(y1h ... ysh) on (wih ... wh).
Now Lemma 2.8.4 gives us

(wih ... wh) yh . oysh = (yih .. ysh)Ywih .. wih.

Let us write

_ m+1 _ .m+l1
Y1 =2 a"-ays_xp(m+1)
and
_ n+l _ n+l
'LU]_—Zl ,...,wt—Zq(n+1).

With the usual convention for empty products we put

E = (z1h...xypyh)™ . (@h. . ap,,h)T,

p

m+1 m+1
Y = 2" h...xp(:;H)h
F=(zh... Zgmyh) T (PR ZymyM) T

and

W =2t 2t .

We still aim to show (%), which is now

LY = FW.
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We have shown
WY =Y W.

Our next aim is to show that EY T = FIW ™.

Let i € {1,...,n+ 1} (where ¢(i) # 0) and write
2=z, .,zé(i) = 2.

Lemma 9.2.9. With notation as above,

EY*t < (zh...z,h)".

Proof. If A denotes the graph that is the first coordinate of (), then
from the expression for (x) we know that

21 Z9 Zu
° @b @rereerrerrrenneneenenns o—» °
1 2 f (Zlf)(z2f) (z1f) - (zuf)
is a subgraph of A for a particular 7. It follows that there exist i1, ...,1, €

{1,...,m+ 1} and ji,...,J, with jx € {1,...,p(ix)} for k € {1,...,u}
such that

— el i1
21 o where zi'f... ]1 =
_ 2 i2 —
zp = where z?f... D J = zlf
— 03 i3
zy=x where aPf... 2% | f=zfznf
i i i _
Zy = xjt where xy'f. ...z f=z2f. . zalf

From Lemma 9.2.8 we have

i1 i1
rith...xj jhoyl

Since N is proper, Ey is a oy-class by Proposition 2.8.5 and so we have

z'th .. zi _1h € Ey. Using Lemma 2.6.2 we deduce that

EY T < (29'h.. ll)h)+ ((xPh.. @ h)zh(a? b .xil(il)h))+

< ((@ih .2l h)zh)t = @ h)(2h) < (2h)

Assume for induction that for 1 < v < u,

EY+ S (Zlh ce th)+
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and put t = v + 1. We wish to show
EY™T < (z1h...zh)".
We have

EY*t < (zith.. h)t = ((ah. .2l _ h)(zh) (@ b 2l h)T

(u) Lp(ir)

which together with Lemma 2.6.2 and the induction hypothesis gives

EY™T < (zh...2,h) ((zh.. h)(z:h))*.

]—1

We know that 4
af oz f=affo 2l f

So
(z1h...z,h) on (zih. .. 2% | h)

Lji—1
by Lemma 9.2.8. By Lemma 2.8.4,

(z'th .. Y z1h. .. 2z,h = (z1h. .. z,h) Talth h.

Jtl ]tl

Now as R, is a left congruence,

(z1h ... zh)F((zih . h)zh)t Ry (z1ih ... zoh) T (zith .. h)zh

Jtl jtl

= (zih.. W zih .. zohzh R, (28h .. ) (zih. .. zh)T.

Jtl Jtl

As each REN—class contains only one element of Ey,

(z1h ... 2,h) (2 h. .. 2% h)(zh)T = (2h..

Jt

h)+(21h e Zth>+.

Jtl

So

EY™T < (z%h.. Y (zih. . .zh)t < (z1h. .. zh)7.

le

By finite induction,
EY™T < (zih...z,h)"

as required. O

Since Lemma 9.2.9 holds for any i € {1,...,n + 1} with ¢(i) # 0 we
obtain EY ™ < FW™. The dual argument gives FW* < EY ™ and so
EY* = FWT. Then

EY =EYTY = FW'Y = FYTW
since WTY =Y TW. From EY T = FIWT we also have that
YTFWt=YTEYT=EY"T=FW™.

So
EY =FY™W™W = FW*W = FW.

Therefore 6 is well-defined.
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It remains to show that # is a morphism. By definition, 1 = 1 and from
Lemma 2.6.2 we see a6 = (af)™ for any a € M. Take b,d € M such
that

b= (a;. ..al(l))+ (Al ag () TOr D

and
d= (c%...cé(l))J“...(c?...cgn))erl...dt

(
where m, n,s,t € N’ a}, b € X,1 <i<m,1<j<p(i),1 <k<sand
cj.,dk € X,1<i<n1<j<q(i),1<k<t Wehave, using the proof

of Lemma 2.2.15,

S
SH
I
—~
Q
[y
S
=

=
N~—
+
—~

)
=3

S

. sz))+(b1 e bSC% . C;(l))—i_

(b b )by by d

It is then clear that 6 preserves multiplication and so is a (2,1,0)-
morphism.

Finally, for any x € X we have
xTpm0 = zh

so that 6 is the unique morphism in Mor ((7x, M), (h, N)). This com-
pletes the proof that (7pq, M) is an initial object in PLR(X, f,5). O

Definition 9.2.10. A graph morphism ¢ from a graph I' to I consists
of two functions, both denoted ¢, such that

0 : V()= V(') and ¢ : E(T) — E(I"),
where for any e € E(I),

i(e)p = i(ep) and t(e)p = t(ep).

Proposition 9.2.11. Let (f,S) and (g,T') be objects in M(X) and sup-
pose that 0 € Morvx)((f,S),(9.T)). Then the map 0" : I'(X, f,S) —
I'(X,g9,T), given by actions

s8" = s

and
(s,2,8(xf))0" = (s0, 2, sOxg)
on vertices and edges respectively, is a graph morphism.

Proof. Considering a typical edge of I'(X, £, 5), say (s, z,s(zf)), i.e.

T
[ ] L]

5 sz f),
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we wish to show that this is mapped to (s6, x, [s(z f)]0), i.e.

X

o— { ]

s6 [s(zf)]6.
Under ¢”, it is mapped to (s6,z, s0(xg)):

T

o———©0

s s6(zxg).

We have
s0(xg) = s0(xf0) = [s(xf)]0

as 0 € Mormx)((f,5),(g,T)). Therefore, #” is a graph morphism.
[

Proposition 9.2.12. Let 05 : M(X, f,S) = M(X,g,T) be defined by
(A, 5)0% = (AF”, s0).
Then 0% is a (2,1,0)-morphism such that
0% € Morprr(x)((Tam(x,1,5), M(X, £, 9)), (Tamx 1), M(X, 9, T)).
Proof. Let (A,s),(3,t) € M(X, f,S). We have

(A, $)(X,1)]0% = (AU sX, st)0%
= ((AUsX)0”, (st)h)
= (Af" U (sX)0", s6th)

and

[(A, 5)05][(3,1)0%] = (AG", s0)(26",10)
= (A0" U 550", s0t0).

Looking at the definition of 6",
(s3)0" = s0%0"

and so 0" is a morphism. This can be seen by considering an edge of X:

o« v o 0" o T . Action o ¥
a ar " af (af)(z6) 59) (s0)(al)  (s0)(ab)(x0)
= (sa)0 (sax)0 -

133



We have

and

(.1, 1)6?{ = (.19”, 19)

so 0% is a (2,1,0)-morphism.

It remains to show that the following diagram commutes:

X
N A
% G
> G2
M(X },8) ———— M(X,g,T)
X

Considering = € X,

Xz
xTM(X,f,S)Qg( = 1 .Z'f’xf> Qg(

= LTM(X,g,T)-

So

0% € Morprr(x)((Tam(x,1.9), M(X, £,9)), (Tmx,g1), M(X, 9,T)).

]

We shall use the previous result to prove the following theorem on free
left restriction monoids:

Theorem 9.2.13. Let X be a set and let v : X — X* be the canonical
embedding. Let M = M(X, 1, X*). Then T : X — M is an embedding
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and M is the free left restriction monoid on X 7.

Proof. Consider z,y € X and let x7y = y7a¢. Then

)5

and so x = y. Therefore 74 : X — M is an embedding.

Let M be a left restriction monoid and g : X — M a function. By
Theorem 2.8.10, there is a proper left restriction monoid P and an onto
morphism ¢ : P — M. For x € X, there exists xg € M and as ¢ is onto
there exists p, € P such that p,¢ = xg. So such a p, exists for each
x € X. For each x € X choose p, € P such that

ngQb = xg.

Let h: X — P be given by zh = p, and @ = (Xh). Then @ is a proper
left restriction monoid as P is a proper left restriction monoid and @ is
a subalgebra of P.

Let S = Q/og, so S is a monoid. We have
S = Qo}y = (Xhyol, = (Xho)

since S = {qog : ¢ € Q} = {qag :q € Q}. Let us consider (X, hag, S).
We know X is a set, S is a monoid and hag : X — S is such that S =
<Xh022>. So (X, hag, S) is a monoid presentation and N' = M(X, hog, S)
is a proper left restriction monoid due to Proposition 9.1.2.

Let us extend hUE2 : X — S to a morphism 6 : X* — S in the usual way
by

(@1...2,)0 = (21h0}) . .. (z,h0fy)
for ...z, € X. We have that (L,X*),<h0'22,5) € Ob M(X) since
X* and S are monoids, ¢ : X — X*, hahQ X = S, (X)) = X* and
<Xhag> = S. Also, 6 is a morphism from (¢, X*) to (hag,S) as 0 :
X* — S and,

X* S

commutes as hahQ was extended to (). From Proposition 9.2.12,
0% € Mor prLrix)((Ta, M), (Tar, N))

so that 6% : M — N is a (2,1,0)-morphism and the following diagram

135



commutes:

X
/ X
M N
0%
Now, (h, Q) is an object in PLR/(X, hag, S). By Theorem 9.2.7, (7ar, N)
is the initial object in this category. So there is a morphism ¢ : N — @

such that
X
/ \
N
7 Q

commutes. We note that ¢ : N'— @Q C P and that we can regard 65
as a morphism from M to P. Hence 0%v¢ : M — M is a morphism and
for any x € X,

LTV = 2T YO = Tho = py¢ = xg.
As Tm0% Yo = g, the following diagram commutes:

X

o &

M
M P
By a similar argument to that in the proof of Proposition 9.2.2, 651¢ is
the unique morphism making this diagram commute since M = (X 7).
As M = M(X,t, X*) is a graph expansion of a monoid, it follows from
Proposition 9.1.2 that M is a left restriction monoid. Hence M is the
free left restriction monoid on X7,. O]

9.3 The Functors F°, 7, Iy and F¥%

In this section, we shall generalise results from [20], [22] and [23] on
functors between the categories we have been considering. These results
are not required for the main aim of this chapter, but we shall provide
them for completeness. Initially, we shall construct functors F¢: M —
PLR and F? : PLR — M. The functor F° is not a left adjoint of F'7,
but we shall look at two different ways to adapt these functors to obtain
a left adjunction.
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We shall begin by constructing the functor £ : M — PLR. Suppose
that S is an object of M, so S is a monoid. The triple (S, Ig,S) is
certainly a monoid presentation of S, where Ig : S — S is the identity
map. We put

SF¢ = M(S,Is,95).

By Proposition 9.1.2, M(S, I, S) is a proper left restriction monoid. So,
F* is a function from the objects of M to the objects of PLR.

Let us consider objects S and T"in M and let 6 : S — T be a morphism
between S and T'. Let us define a map

0 :T(S,Is,S) — D(T, I, T)

by
vl = v

for any vertex v of I'(S, Is, S) and
(s,x,s2)0 = (s0, 20, s6z0)

for any edge (s, z,sx) of I'(S, Is, S). Thus the edge

x
[ ] { ]
s ST
is mapped to
x0
o—— 0
s0 (sx)b,

where (s6)(z) = (sx)f. Clearly 6 is a graph morphism. So, 6’ maps
subgraphs to subgraphs and paths to paths. As 10 = 1, 8 maps 1-rooted
subgraphs to 1-rooted subgraphs. So we can define 6 F° by
OF° = 6°,
where 6¢: SF°¢ — TF*° is given by
(A, 5)0° = (A, s6).
For any subgraph A of I'(S, I, S) and s € S, we have
(sA)0 = sOAF'.

Proposition 9.3.1. For objects S and T in M,

0¢ € MorpLr(SF*¢,TF°).

Proof. Consider objects S and T"in M. Then SF*¢ and T F*° are objects
in PLR, i.e. M(S,Is,S) and M(T, Ir,T) are objects in PLR. Consider
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(A,s),(2,t) € M(S,Ig,S). We have

(A, 5)(,0)]0° = (AU Y, st)6°

=
((AUsD)f, (st)0)

= (A0"U (s5)0', (s0)(10))

= (A0"U (s0)(26"), (s0)(t0))
=

=

A, s0)(20', t0)
A, $)0°(S, )6,

We also have

and
(.17 1)06 = (.19/7 16) = (.197 1) = (.17 1)

Hence 6° is a (2,1, 0)-morphism and so
0° € MOI‘PLR(M(S, Ig, S), M(T, Ir, T)),

ie.
NS MOFPLR(SFe, TFe).
L]

We note that F© associates each object of M with an object of PLR. It
also associates a morphism of M with a morphism of PLR. We have the
following proposition:

Proposition 9.3.2. As defined above, F¢ is a functor from M to PLR.

Proof. Let us consider Ig : S — S, where S is an object of M. Then
IsgF¢ =1I5.

Considering (A, s) € SF¢ ie. (A,s) € M(S,Ig,S), we have

(A, s)[sF° = (A, s)I5
= (AI&,SIs')
=(A,s).

So,
IgF° = Igpe.

Consider p € Morp(S,T) and 6 € Mory (T, U), where S, T and U are
objects in M. Consider (A,s) € SF¢, ie. (A,s) € M(S,1s,S). We
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have, using a symbol for composition of functions for the sake of clarity,

(A, 8)(pod)F = (A,s)(pod)e
A(pod),s(puod))
(Ap)d", (sp)d)

= (
= (
(
= (A, sp)o°
[
[
(

(A, 5)pc]o°
(A, s)uF]oF°
A, s)(uF® o dF°).

Hence
(Lo d)F® = uF°®odF°

and F is a functor between M and PLR. O

In fact, F° is an expansion in the sense of Birget-Rhodes [56]. We can
regard M as a subcategory of PLR.

Definition 9.3.3. We say that a functor F': M — PLR is an ezpansion
if for any object S of M there is an onto morphism

Ns € MOI‘PLR(SF, S)

such that
(i) for each 6 € Morp (S, T), the following square commutes

0F
SE TF
Ns nr
S T
0

and
(ii) if 8 € Morp(S,T) is onto, then OF € Morprr(SF,TF) is also
onto.

Proposition 9.3.4. The functor F¢: M — PLR is an expansion.

Proof. Let S and T be objects of M. We wish to show there is an onto
morphism ng € MorprLr(SF*¢, S) such that for each morphism 6 between
S and T, the square

06
SF* TEF®
Ns nr
S T
0
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commutes, and if 6 is onto then so is 6 F*.

Let us define ng by
(A, s)ns = s.

Clearly 7ng is an onto monoid morphism and (A, s)tns = ((4A, s)ns)™.
Hence
Ns € MOFPLR(SFe, S)

Considering # € Morm (S, T) and (A, s) € SF€ ie. (A,s) € M(S,Is,S),
we have

(A, 8)0nr = (AY, s0)nr = s6 = (A, s)nsb.

So the square commutes.

Now suppose that 6 is onto. By Proposition 9.2.6, M = (T'tp), where
M = M(T, IT,T), i.e.

(1) seer}

generates TF°. As 0 is onto, for t € T there exists s € S such that
t = s6. So,

t s6 s
o—— ) o——— ° o———— 0
(1 t’t>:<1 50’59>:(1 8’S>

So, as #° is a morphism by Proposition 9.3.1, 6° is onto if # is onto. [

We shall define another functor
F°:PLR — M

as follows. Let the action of F'% on objects be given by M F7 = M /oy,
for an object M in PLR. As M /o) is a monoid, F'” maps an object of
PLR to an object of M. Considering 6 € Morprr (M, N), we put

OF = 0°,

where

[m]6° = [m#)].
Proposition 9.3.5. For objects M and N in PLR,

67 € Mory(MF?, NF?).

Proof. First let us show that 07 is well defined. If m,m’ € M such that

then m oy m’ and so em = em/’ for some e € E);. Therefore
(ed)(mb) = (ef)(m’'0)
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and hence (mf) oy (m'0) as e € Ey. We have [mb] = [m’0], i.e.
[m]67 = [m']6°.
So 07 is well-defined.

Let us consider [m], [n] € M/oy. We note oy is a (2,1, 0)-congruence.
We have

We also have

and
1M/UMQJ = [1M]00 - [1M0] = [1N] = ]'N/O'N'

So 67 is a (2,1, 0)-morphism. O

We note that 7 is a morphism within M and so we have the following
proposition:

Proposition 9.3.6. As defined above, F is a functor from PLR to M.

Proof. Let M be an object of PLR and consider MF?, ie. M/oyy,.
Taking [m] € M /oy, we have

[m]In 7 = [m]17;
= [m].
So,
Iy F° = Iypo.

Now consider v € Morprr(S,T) and ¢ € MorpLr(T,U), where S,
T and U are objects in PLR. Considering [m] € M/oy;, we have the
following. As in the proof of Proposition 9.3.2, we use the symbol o to
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denote the composition of functions for clarity:

[m] (1 0 @) F7 = [m] (¢ 0 ¢)°
= [m(¢ o p)]
[(my) ]
= [map]e?
(Im]y7)e?
([mJY F7)pF?
= [m](YF? o pF7).

3

Hence
(Vo) F? =F7 o pF?
and so F7 is a functor between PLR and M. O

Ideally, we would like to show that F° is a left adjoint of F'. However,
this is not the case. We present two alternative approaches to give us
the desired result. Our first method is analogous to that in [40] for X-
generated proper inverse monoids and that in [22] for X-generated proper
left ample monoids. Our second is analogous to that in [23] for proper
left ample monoids, where we alter our functors to F'* : M — PLR? and
F° : PLR® — M, where PLR? is the category of proper left restriction
monoids equipped with an extra unary operation, which we shall define.

For the first method, we fix a set of generators for the monoids under
consideration and define functors

F% : M(X) — PLR(X)
and
FZ : PLR(X) — M(X),
where M(X) and PLR(X) are defined in Section 9.2. We shall show

that F'% is an expansion and a left adjoint of F§.

First we shall define F'§ : M(X) — PLR(X). Suppose that (f S) is an
object in M(X). From Proposition 9.2.6, (Tam(x, ), M(X, f,5)) is an
object in PLR(X). Let

([, S)Fx = (Tmex.p.9), MIX, £,.9))-

If (g,T) is another object in M(X) and 6 € Mormx)((f,S),(9,T)),
then we define a map, denoted by 6", from I'(X, f,S) to I'(X,g,T) by
the obvious action on vertices and action on edges given by

(s,z,8(xf))0" = (s0, z, s0xg).

Then #” is a graph morphism as in Section 9.2. Hence, #” maps subgraphs
to subgraphs and paths to paths. In particular, 6’ maps a l-rooted
subgraph of I'(X, f,S) to a 1-rooted subgraph of I'(X, g,T) and so we
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can define

by
(A, 5)05% = (AF”, s0).

By Proposition 9.2.12,

0% € MorpLr(x)(Tm(x.1.9), M(X, [, 9)), (Tmixgm), M(X, 9,T)))
for objects (f,S) and (g,7T") in M(X) and so
0% € MorpLrx)((f, 5)Fx, (9, T)Fx).
Let us put
OFy = 6%.
We have the following result.

Proposition 9.3.7. As defined above, F5 is a functor from M(X) to
PLR(X).

Proof. First we note that F'§ associates each object of M(X) to an object
of PLR(X) and a morphism of M(X) to a morphism of PLR(X).

Let (f,S) be an object of M(X) and let us consider (f,S)F§, ie.
(Tmx.1,9), M(X, f,S)). As in the proof of Proposition 9.3.2, considering
(A, s) € M(X, f,S5), we have

l5Fx = I(1.5)F¢ -

Considering 1 € Mormx)((f, S), (9,7)) and d € Mormx)((9,T), (h,U)),
where (f,S), (¢9,7) and (h U) are objects in M(X), we have y: S — T
and 0 : T — U. As in the proof of Proposition 9.3.2, considering

(A, s) € TMm(x.1.5)
(o d)Fy = pFxodFk

and F'§ is a functor between M(X) and PLR(X).
[

As we did for Definition 9.3.3, we regard M(X) as a subcategory of
PLR(X) and have the following definition:

Definition 9.3.8. We say that a functor /' : M(X) — PLR(X) is an
expansion if for any object (f,S) of M(X) there is an onto morphism

N,y € MOTPLR(X)((f» S)F,(f,5))

such that
(i) for each 8 € Mormx)((f,S5),(g,T)), the following square com-
mutes
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(s)F L gy F

N(f,9) N(g,T)

(f,5) (9,7T)

0

and
(i) if 6 € Mory(x)((f,S), (9,7')) is onto, then

OF € MOI‘PLR(X)((f, S)F, (g,T)F)

is also onto.
Proposition 9.3.9. The functor F§ : M(X) — PLR(X) is an expan-

S10M.

Proof. From Proposition 9.2.2, if ¢) : A — B is a morphism in PLR/(X),
then 1) is unique and is onto if it exists. It is therefore enough to show
that

MOTPLR(X)<<-]C7 S)F;, (f7 S)) 7& @,

where (f,S) is an object of M(X), to show that F§ is an expansion. If
this mapping exists, we shall denote it by 7). We note that if this
mapping exists, Condition (i) would hold as 0 Fgn, ) and ns,s)0 would
both be morphisms from (f,S)F% to (g,7), and by uniqueness they
would be equal.

Let us define
NS - M(Xv f?S) — S

by
(Aa S)n(f,S) = S.
Then 7s,s) is a (2,1, 0)-morphism and for z € X,
x
[ ] L ]
TTMX,1,9)T1,S) = | 1 xf.,xf n,s) = Tf.

So
s € MorpLr(x) ((Tmex.r.s), M(X, £,9)), (f,9))
1.e.
n(r,s) € MorpLr(x)((f, S)F¥, (f,9))-
Il

We now define the functor F'§ : PLR(X) — M(X) and show that F§ is
a left adjoint of F'§.

The action of F'§ on objects of PLR(X) is given by
(F, M)FS, = (foly, M/ow)
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where ¢, : M — M/oy is the natural morphism. As (f, M) is an
object of PLR(X), M is a proper left restriction monoid, f : X — M
and (Xf) = M. As M/oy is a monoid, fo, : X — M/oy and, by
Corollary 1.2.9, <Xf0§w> = M /o, so that (foy,, M/oy) is an object in
M(X). Suppose now that (f, M) and (g, N) are objects in PLR(X) and
6 € MorprLr(x)((f, M), (g, N)) so that

X

M N

commutes. Let us define
0% : M/oy — N/on

by
[m]0% = [md].

Proposition 9.3.10. If (f, M) and (g, N) are objects in PLR(X) and
we have § € Morprr(x)((f, M), (g,N)), then

0% € Mormx)((f, M)F%, (9, N)F%).

Proof. As in the proof of Proposition 9.3.5, 6% is a (2,1, 0)-morphism.
For x € X,

2f03,0% = [0 f10% = [¢f6] = [xg] = wgoly.
So, 0% € MorM(X)((foL,M/UM), (go%, N/oy)), ie.

0% € Mormix)((f, M)F%, (9, N)F).

Let us put 0F% = 0%.

Proposition 9.3.11. As defined above, F$ is a functor from PLR(X)
to M(X).

Proof. Let (f, M) be an object of PLR(X). Let us consider (f, M)F¥,
ie. (fol,, M/oy). Considering [m] € M/oy;, as in Proposition 9.3.6 we
have

I X = Iigrg.-
Let 1/1 S MOIPLR(X)((]C, M), (g, N)) and S MOIPLR(X)((Q; N), h, P)),
where (f, M), (g, N) and (h, P) are objects in PLR(X), v : M — N
and ¢ : N — P. As in Proposition 9.3.6,

(Vo) FY = I o pl%
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and so F'§ is a functor between PLR(X) and M(X). O
Theorem 9.3.12. The functor F% is a left adjoint of the functor F¥.

Proof. We have to show that for any objects (f,S) in M(X) and (g,7T)
in PLR(X) there is a bijection

)\(f,S),(g,T)i MOYPLR(X)((ﬁS)F)%»(%T)) - MOTM ((f7 ) ( )FU)

so that for ¢ € Mornmx)((f', "), (f,S)) and 0 € Mor pLr(x)((9,T), (¢, T")),
the square

A
Morprrcx)(f, S)F%, (9, T)) —Z21 o Moy (. S), (9, T) FZ)
Mor (¢%,0) Mor (¢,0%)

Morprr(x)((f', S")F%, (¢, T"))

h\ MorM(X)((f,a‘S/)a (g,7T/)F§(.)
(f",8").(g",1")

is commutative. Here
Mor (¢%,0) : Morprr(x)((f, S)F%. (9. T)) = MorpLrco)((f',S")F%, (¢, T"))

is given by
¥ Mor (¢%,0) = (¢5)v0
and

Mor (¢,6%) : Mornmx)((f,5), (9, T)F%) = Mormex)((f', ), (¢, T') F)

is given by
¥ Mor (¢,0%) = ¢v (%)
Let

(i) a € MorpLr(x)((f, S)F%, (9. T));

(i) 5 € MorpLrix)((f, S)F%, (9, 17);

(iii) ~ € Mornmx)((f,5), (9, T)FR);

6 € Mormx)((f',5"), (¢, T") FR).

Then o : M(X, f,S) = T, : M(X, f,5) =T, ~v:S — T/or and

0 : 8" — T'/or are such that the following diagrams commute:
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X
%)
+ o &
%
M(X, f,5) T T
o
X X
/ K { &éf
S T/or S’ T o7
v )
The following diagrams also commute:
X
AN Nt
$ %
M(X, f,S) T/or 07 T |or
X

We note that the morphism sets of PLR(X) and M(X) contain at most
one element. As ¢S af : M(X, f',S’") — T" is such that

T/
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Similarly, as ¢y0% : S — T" /o is such that
X

&/
3 ¥

s 0% T'/or
X

commutes, we have

v Mor (,0%) = 0.

It remains to show that for any objects (f,S) in M(X) and (¢,7") in
PLR(X),

Morprr(x)((f, S)Fx, (9, T)) # 0
if and only if

Morm(x)((f,5), (9, T)F%) # 0.

First suppose that
0 € MorpLr(x)((f,5)Fx, (9, T)).
Since F§ : PLR(X) — M(X) is a functor, we have
OFF = 6% € Moty ((f. S)F3 FE. (9, T)FY).
Now, writing M = M(X, f, S), we have
(f, S)FSFS = (Ta0, MYFS = (Tpa0, M0 01)

and (¢, T)Fg = (g90%,T/or). So 0% : M /oy — T/or and the following
diagram commutes:

X
SN
» <
S S
Mo T/or
0%
By Proposition 9.2.6, (7, M) is an object in PLR(X, f,S), so
X
s
TM
M S
i

commutes, where Uﬁvz is a morphism with kernel o,s. As remarked in
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Section 9.2 a/ﬂ\,l is onto, so S is isomorphic to M /o and we can define
g8 — M/O'M

by

For any m,m' € M,

maﬁw = m'aﬁw if and only if m o m/,
so [ is well defined. It is easy to check that 3 is a (2,0)-morphism. For
any r € X,

xff = .TTMO'BV[ﬁ = [xT(m] = xTMUEM

so the following diagram commutes. The interior triangles commute by
the above. Therefore the exterior triangles commute also.

S

M/UM —>T/UT

Therefore

pO% € Mormx)((f,5), (9, T)FX)-

Conversely, suppose that
Y € Mormx)((f,S), (9, T)F%).
Since F'g : M(X) — PLR(X) is a functor,
vy = ¢ € MorpLrex)((f,5)Fx, (9, T)FX Fx).

Now (g, T)Fg = (9o, T/or) so that (X, go5, T/JT) is a monoid presen-
tation of the monoid T'/oy. Putting M = M(X, go%, T'/or), we have

(g’T)Fg(F)C} - (TMaM)‘

By Proposition 9.2.6, (7, M) is an object in PLR(X, gahT, T/or). As

X
&
g &
T T/O'T
o7

certainly commutes, (g,T) is an object in PLR(X, gauT, T/or). By The-
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orem 9.2.7, (Tp, M) is an initial object in this category, so there is a
morphism
¢ € MorpLr(x)((T:m, M), (9,T)),

i.e.
¢ € MorPLR(X)((gaT)F;(.F)%a (97 T))
As w% € MOTPLR(X)((fa S)F)C;W <g7T)Fg(F)%)7

V¢ € Morprrix)((f, 5)F%, (9, 7))

and therefore Morprr(x)((f, S)F%, (9, 1)) # 0. Hence F% is a left adjoint
of the functor F%. ]

We shall now return to the functors F¢ and F° and look at how to adapt
these so that F© is a left adjoint of F'?. To do this, we shall consider
proper left restriction monoids as having an extra unary operation. The
category PLR? has as objects proper left restriction monoids given an
added unary operation ° such that for any proper left restriction monoid

S the following hold:
(i) sog s for all s € S;

(i) {s°: s € S} is a cross-section of the og-classes, i.e. each og-class
contains exactly one element of {s°: s € S}.

The morphisms of PLR? are the morphisms between objects regarded
as algebras of type (2,1, 1,0).

For a proper left restriction monoid, there are many choices for °©. We
note that if S is a monoid regarded as a reduced left restriction monoid
with distinguished semilattice Eg = {1}, then for a,b € S,

aogb < ea = eb for some e € Eg
S a=bas Eg = {1}.

Hence the only way a monoid S can be made into an object of PLRP?
is if s° = s for all s € S. Let M° denote the category of monoids with
the extra unary operation °. We know F*: M — PLR is a functor. We
shall choose ° such that F° is a functor between M° and PLRO.

For a monoid S, let us define ® on SF* = M(S, Is,S) by

(Z7S)OZ<I ;,S),

ie. (3,5)° = sTp where (3, 5) € M(S, Ig,S). By Proposition 9.1.2, this
definition satisfies Conditions (i) and (ii) and SF¢ is an object in PLRY.

Let S and T be objects in M? and 6 € Morpo (S, T), so 6 : S — T. We
know
0° € MOIPLR(SFG, TFe)
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and we also have
S
(A, 5)°0° = (I—’—;,s> 0°

s0
o———0
— 11 s@’ 59>

(A, 50)°
(A, 5)6°)°.

So 6°: SF°* — TF¢is a (2,1, 1,0)-morphism and hence
OF°® =0° e MOI‘PLRO(SFE, TFE).
Therefore F* is a functor from M° to PLRP.

As 5° = s for all s € S, where S is an object in M°, §7 preserves o and
hence F is a functor from PLR? to M. We have our desired result:

Theorem 9.3.13. Regarded as functors between M° and PLR®, F¢ is
a left adjoint of F°.

Proof. We must prove that for any object 7" in M° and object S in
PLRY, there is a bijection

ar.s : Morprro(TF¢,S) — Morywo (T, SF)
such that for any 7" € Ob M°, S” € Ob PLR?, ¢ € Morpw (77, T) and
0 € Morprgro(S,S’), the square

Morprro(TF*,S) 0TS Morpgo (T, SF?)

Mor (¢¢, ) Mor (¢, 07)

Morprro(T'F¢, S") —— Moryp (T, S'F7)
o

commutes. Here
Mor (¢°,0) : Morprro(TF¢,S) — Morpyroe(T'F°¢,S")

is given by
¥ Mor (¢°,0) = ¢4

and
Mor (¢,607) : Morpo (T, SF?) — Morpo (17, S'F7)

is given by
¥ Mor (6,67) = ¢u8°.

Let T be an object in M?. In view of Proposition 9.1.2, we define an
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isomorphism o7 : T'— TF¢/o, where 0 = orpe, by

t
(I ;,t)] = [(%,1)]

for any (3,t) € TFe. If S is an object in PLR? then we define

tO‘T =

ar.s : Morprro (TFe, S) — Morpo (T, SFU)
by
Yar.s = orp?
as Y7 : TF¢/o — SF?, where 0 = oppe.

We first show that the above diagram commutes. Let ¢» € Morppro(TF*, S)
and ¢ € T". Then

t'(Yar.s Mor (¢,07)) =t/ (¢ppar.s07)
=t'(¢ory?07)
= [(Z,¢'¢)]y76”
= [(2,t'¢)0]

for any (X,t'¢) € TF*. We also have

t/<'¢ Mor (¢e, G)OéT/;s/)

t (¢e¢0QT/;S/)
t'(or (¢°90)7)
[(A, 1)](¢00)7
[
[

(A, )¢ 40
(A, t'p)10]

for any (A,t') € T'F°. For any (X,t'¢) € TF¢ and (A,t') € T'F*¢ we
have (3,t'¢), (A¢',t'¢) € TF® and by Proposition 9.1.2,

(Z, t/¢) OTFe (A¢/, t/¢)
Then by Proposition 2.7.4,
(2,£0)00 or (AY, ¥6)10.

So Yar.s Mor (¢,67) and 1 Mor (¢°, 0)ar.g are the same maps and
hence the diagram commutes.

It remains to show that ar.s is a bijection. We shall use earlier results
to construct an inverse (7.¢ of ar.s.

First consider v : S/og — S defined by [s]y = s°,s € S. Then for any

[s] € S/os,
[slvos = s°0 = [s°] = [s] = [s]Ls/0s
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and hence the following diagram commutes:
S / gs

%
“o
<>

S

S/JS
o

Let K = ((S/os)y). So K is the (2, 1,0)-subalgebra, or equivalently, the
(2,1,1,0)-subalgebra of S generated by {s° : s € S}. It follows from
Proposition 2.8.6 that K is a proper left restriction monoid and so K is
an object of PLRY. Certainly

S/O‘S

%
"o
<>

K

S/O’S

commutes, where ¢ is the restriction of crkhg to K. By Proposition 2.8.6,
Ker 0 = og. Therefore the pair (v, K) is an object in the category
PLR(S/0s,Is/ss,5S/sg). By Theorem 9.2.7, (7pq, M), where M =
M(S/os,1s/64,5/0s), is an initial object in PLR(S/0g, Is/og, S/ 0s)-
Here 7p( : S/og — M is the map given by

.—[f]—.
[slT;m = (1 [s] [3]> :

So there is a unique (2, 1,0)-morphism 7 : M — K such that

S/O'S
TM &
M K
™

commutes.

We note M = (S/og)F¢. Regarding M and K as (2,1, 1,0)-algebras we
then have

s
(. [s])°m = (;ﬁ ol [s]) 7 = [slrm = [shy = 5°
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for any (¥, [s]) € M. As 7 is a (2,1,0)-morphism,
(X, [shm o (5, [s])°,

(5, [shm)> = (5, [s])°)7° = (s°)° = s = (5, [s])°m.
Therefore 7 is a (2,1, 1, 0)-morphism.

We now define
ﬁT:S : MOI'MO (T, SFU) — MOI‘PLRO (TFe, S)

by
VYPr.s = Yo

where we regard 7 as a morphism from M to S.

We wish to show Sr.sar.s is the identity map in Morypo (7, SE?). Let
Y € Morppo (7T, SF?). From the definitions,

YPr.sar.s = Yirars = op(YPom)°.

Let t € T. Then

i t
e (D

[ t
-1(s f)or]
- "
= I t:/},tw> 71'] :
We have t1) = [s] for some s € S and so
[;] ) [3]> W]
)=

s
tPr.sars = [(I
[s]

]
= [[slrmr] = [[sh] =
— 1),

Thus ¥ fBr.sar.s = ¥ and fr.sar.g is the identity map in Morygo (7', SF?).

It remains to show a7.g0r.s is the identity map in Morprro(T'F*,5).
Consider ¢ € Morprro(TF*¢,S). Again from the definitions,

var.sPr.s = o Pr.s = (or?)m.

From Proposition 9.2.6, TF* = (T'Tamr,1p,1)), SO is generated as a (2,1, 0)-
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t
o——— L]

algebra by elements of the form | § ot where t € T'. Thus

to show that Yar.sf7r.s = 1, it is enough to show that for any ¢t € T,

t t
<I ;,t) (o) = (I—' ;,t) 1.

Let t € T. We have
.—f { ] .—[f]—.
(1 tﬂf) (ory?)°m = (1 [5]7[3]> T

t
where [s] = topy? = [(I ; ; t) (G

. Thus, for M = (S/os)F*,

t
(I—_Z 7’5) (o797)° = [slryam = [}y = &°

t o
o—— { ]
using the fact that ¢ is a (2,1, 1,0)-morphism. As
t ° t
® L ] [ ] { ]
<1 t’t> :<1 t’t>’
we have

t t

o——— O o\e ® { ]

<1 tat>(UT¢)7T:(1 t7t>w

as required. Therefore F¢ is a left adjoint of F' when regarded as functors
between M°? and PLRP. O

9.4 A construction of M(X, f,S)

We shall continue to generalise results in [23] in preparation for the next
section.

Let us write 7pq for Taq(x,f,5), Fx for M(X, e, X*) and 7 for muqx ., x+)-
By Theorem 9.2.13, Fx is the free left restriction monoid on X7. So
there is a morphism 0 : Fx — M(X, f,S), for any monoid presentation
(X, f,S), such that 760 = Tp4.
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In this section, we shall find a congruence p on Fyx such that the pair
(7p%, Fx/p) is an initial object in the category PLR(X, f,S). As the pair
(Trm, M(X, f,S)) is also an initial object in this category by Theorem
9.2.7, uniqueness will give us M(X, f, S) = Fx/p and Ker 6 = p.

Before looking at the congruence, we need a few small results concern-
ing Fx. By Proposition 9.2.6, (7, Fx) is an object in the category
PLR(X,:, X*) and so

X

X*

Fx n
Oy

commutes, where a?wx is the onto morphism with kernel o, given by

f . . .
(3, 7)op, = T. We can lift the maps 7 and ¢ to monoid morphisms
T:X*—= Fyand 1= Ix+: X" — X" in the usual way.

Lemma 9.4.1. c.f. [15] With T defined as above, the diagram

X*
-
7 I
Fxy —— X
UFX

commutes and Im T is isomorphic to X*. Further, if e(zT) = g(yT) for
e,9 € Ep, andx,y € X*, then® =7.

Proof. Clearly 1?0&,}( = 1Ix-. Now take z;zs...x, € X*. Then
(x123 . . .xn)?agx = (:Bl?ag;xx)(:vg?ag;x) . (xn?ag;xx)

= (z10)(zat) . . . (20t)

Then

L —
uTOp, = VTOp , L.e. u=1v

as ?agx = Ix-. So T is one-to-one on X* and so 7 is an isomorphism
between X* and Im 7.
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Suppose e(zZ7) = g(yT), e,9 € Ep, and T,§ € X*. Then

(e(27))ory = (9(5T)) 0T -

Using Proposition 2.8.5 and FJﬁFX = Ix+, we have

(e(x7))0hy = (9(57)0%, = (€05 )(@T0%) = (905, ) (FT0%,)
= (270}, ) = (§70%,)
=T =7.

Proposition 9.4.2. Any element of Fx can be written as e(ZT) for some
e€ Ep, andw € X*.

Proof. By Proposition 9.2.6, Fxy = (X7). Then by Lemma 2.2.15, a €
Fx can be written as

a:(:C}...mll,(l))Jr...(m’ln...x;rfm))+y1...yn
for some m,n € N° where %,y € X7,1 <7 < m,1 < j < p(i),1 <
E<n. Asy,ys...,yn € XT, Yy1y2...Yn € X*7. So a = e(Z7T), where
e € Ep, and 7 € X*. O

For a € Fx, we shall define the positive part p(a) of a € Fx by p(a) =T
where a = ¢(z7), where e € Ep, and T € X*.

Lemma 9.4.3. The function p : Fx — X* is a monoid morphism.

Proof. Suppose a € Fx such that a = e¢(z7) and a = h(27) where e, h €
Ep, and 7,z € X*. Then by Lemma 9.4.1 * = Z and consequently
p(e(z7T)) = p(h(z7)). Therefore the function p is well-defined.

Let a,b € Fx where a = e(z7) and b = ¢(y7) for e,g € Ep, and
T,y € X*. Using the ample condition,

ab = e(z7)g(y7) = e(x79) 27YT = e(279) T (T Y)T
S0
pla)p(b) = Zy = p(ab).
Clearly, p(1) = 1, so p is a monoid morphism. [

Note that p : Fix — X* can also be viewed as a (2,1, 0)-morphism as X*
is cancellative.

Let (X, f,S) be a monoid presentation of a monoid S. Let f denote the
extension of f to a monoid morphism from X* to S. Let

H = Hxys) =
{((ur)" o7, (v7)Tu7) € Fx x Fx :u,0 € X* and af = vf}

157



and let p = p(x 1,5 be the (2,1, 0)-congruence on Fx generated by H.

In the following result we use the fact that left restriction monoids form a
variety. In [23], the analogous result is proved for the case when (X, f, 5)
is a monoid presentation of a right cancellative monoid S. Throughout
that paper, left ample monoids are encountered. These form a quasiva-
riety which as such is not closed under homomorphic images, a property
of varieties which we shall use.

Proposition 9.4.4. With p defined as above, Fx/p is a proper left re-
striction monoid.

Proof. As left restriction monoids form a variety, we have closure under
homomorphic images. So Fx/p is a left restriction monoid and it remains
to show that F'x/p is proper.

Let ap,bp € Fx/p and suppose that
ap (ﬁEF Nor) bp,

where F' = Fx/p. So ap ﬁEF bp and ha p hb for some h € Ep, as
hp = (hp)" =h'p

for hp € Er. From ap ﬁ,EF bp we obtain

atp=(ap)" = (bp)" =b"p

so that
at pbt. (9.1)

We wish to show that ha p hb implies that p(a)f = p(b)f. First we show

that H C Ker afpr. Let 4,7 € X* and @f = ©f. Then by Lemma
9.4.1, taking ((u7)*07, (v7)*uT) € H, we have ((u7)"o7, (v7)"u7) €
Ker afvx f because

(@r)*or)oh, [ = 070} [ =0f = uf = wrol, [ = ((07) ar)op, f.

So H C Ker aﬁx f. We note that prx is a (2, 1,0)-morphism by Corollary
2.78. As f: X* — S is a monoid morphism it is a (2, 1,0)-morphism

by the comments after Lemma 2.5.4. It follows that crlﬁpx f:Fx — Sisa
(2,1,0)-morphism. So p C Ker Uiﬁx f.

Suppose ¢, d € Fx such that ¢ p d. We wish to show that ple)f = p(d)f.
Since ¢ p d, we have (¢,d) € Ker afwxf and hence

calﬁwx f = dai&x f .

As ¢,d € Fy, then ¢ = e(Z7) and d = ¢(y7) for some e,g € Ep, and
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T,y € X*. So we have

le(@P))ot f = l9@)ok, f.
As any idempotent in Er, must be mapped to 1 in X,
JITU%X]? = gfafmxf

and since U%X f = Ix+, we have

rf =yf.

Hence ¢ p d implies p(c)f = p(d) f.
In particular, if h € Ep, such that ha p hb, p(ha)f = p(hb)f. As
a,b € Fx, then a = j(wT) and b = k(27) for some j,k € Ep, and
w,z € X*. We have ha = hj(wT) and hb = hk(zT), where hj, hk € Ep, .
So

p(ha) = p(a) and p(hb) = p(b)
and therefore p(a)f = p(b) f.

It remains to show that a p b. We have

(p(0)7) p(a)7 p (p(a)7)*p(b)7.

As a™ p bT, we have

Therefore Fx/p is a proper left restriction monoid. n
Lemma 9.4.5. The pair (7p%, Fx/p) is an object in PLR(X, f, S).

Proof. First we note that Fx/p is a proper left restriction monoid by
Proposition 9.4.4. Now 7 : X — Fy and p* : Fx — Fx/p, so 7p° :
X — Fx/p. We also have Fx/p = (X7p") as Fx = (X7) by Proposition
9.2.6 and Fxp* = (X7)p" implies Fx/p = (X7p?) by Corollary 1.2.9. So
(7p% Fx/p) is an object in PLR(X, f, S).

Suppose n : Fx/p — S is defined by (ap)n = aafvxf for ap € Fx/p.
The function 7n is well-defined since p C Ker O‘E;X f as in the proof of

Proposition 9.4.4. As prxf is (2,1, 0)-morphism, also discussed in the
proof of Proposition 9.4.4, n is a (2, 1, 0)-morphism.
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Let x € X. Then

xr
zrpin=| 1 xfﬁ) p'n

=zf
=uxf.

So the following diagram commutes:

X

T,oh

S

Fx/p

It remains to show that Ker n = o, where F' = Fx/p. Consider a,b €
Fx and suppose a = e(z7),b = ¢g(y7) € Fx where e,g € Ep, and
z,y € X*. Let ap op bp. Then ha p hb for some h € Ep,. So by the
proof of Proposition 9.4.4, f = gf. As fafpx = Ix+, we have

and as ea%x = gagﬂx =1, we have

ie. B -
aagﬂx f= bag;xx f
By the definition of 1, (ap)n = (bp)n and hence o C Ker 7.

Now suppose that (ap)n = (bp)n. By definition of 7, aag;xf = baiﬂx f,ie.
(@)%, [ = [9(57)0%, -
Using the same arguments as above, we have Zf = 7 f and so
(z7)"y7 p (y7)" 7T,

Therefore ap op bp in Fx/p as haphb for h = eg(z7)*(y7)* € Er,. So
Ker n C or and hence Ker n = op. O

Before our next result we note the following lemma:
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Lemma 9.4.6. Let (¢,U) and (h,V) be objects in M(X) and 6 a mor-

phism such that
X
/ X
U V
0

commutes. If §: X* — U and h : X* =V denote extensions of g and h
to monoid morphisms respectively, then the following diagram commutes:

X*
/ X
U Vv
0

Lemma 9.4.7. The pair (1p% Fx/p) is an initial object in PLR(X, £, S).

Proof. We need to show that if (g, V) is an object in PLR(X, £, 5), then
| Mor prr((70%, Fx/p), (9, N)) |= 1,
i.e. by Proposition 9.2.2, we need to show

Mor prr((10%, Fx/p), (9, N)) # 0.

If (g, N) is an object in PLR(X, f,S), then N is a proper left restriction
monoid, g : X — N, (Xg) = N and

X
el
g
N—H" g

commutes, where p : N — S is a morphism with kernel on. We must
show that there is a (2, 1,0)-morphism ¢ : Fx/p — N such that

X

/\ §
" N

Fx/p

commutes.
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Since Fx is the free left restriction monoid on X7 there is a (2,1,0)-
morphism ¢ such that

X

Fx N
¢

commutes. We claim that p C Ker ¢. Let us extend g to a monoid
morphism g : X* — N, so that gu = f and 7¢ = § by Lemma 9.4.6. Let
T,y € X* with Zf = ¢f. Then Zgu = ygu, so (2g,yg) € Ker p. Since
Ker = oxn and N is proper, it follows from Lemma 2.8.4 that

(z9) 99 = (99) " zg.
AsTo=3,

(779) y7¢ = (yT¢) 77T,
1.e.

[(z7) " 57)¢ = [(y7) " 27]¢
as ¢ is a (2, 1,0)-morphism. So

((z7)*y7, (y7)T27) € Ker ¢.

Hence H C Ker ¢ and so p C Ker ¢.

We can thus define a (2, 1,0)-morphism ¢ : Fx/p — N by (ap)y = ag,
for a € Fx, which is well-defined since p C Ker ¢. For z € X,

wrp* = ((7)p)) = 27¢ = g

so that diagram (x) commutes as required. So therefore (7p% Fx/p) is
an initial object in PLR(X, f, S).
[l

We now have the desired result of this section:

Theorem 9.4.8. The proper left restriction monoid Fy /p is isomorphic
to M(X, f,S). If 0 is the (2,1,0)-morphism making the diagram

X

: 2,

Fx M(X, f,S)

commute, then Ker 6 = p.
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Proof. By Theorem 9.2.7 and Lemma 9.4.7, both (7, M(X, f,S)) and
(Tp% Fx/p) are initial objects in PLR(X, f,S). Since initial objects in
PLR(X, f,S) are unique up to isomorphism,

M<X7f7$) gFX/IO

As (tp, M(X, f,.9)) is an initial object, there exists ¢ : M(X, f,S5) —

Fx /p such that
M(X, f, 5

Fx/p

commutes. It follows from the definition of initial objects that ¢ is an
isomorphism.

Considering ¢! = : Fx/p — M(X, f,S), the following diagram com-

/ 3

Fx/p M(X, f,5)

As Tp") = 7o, we have 0 = ph by uniqueness within the definition of
free objects. We also have

ah = bl < ap*p = bp'h < ap® = bp* < apb.

Therefore Ker 6 = p. O

9.5 Proper covers and varieties

An inverse semigroup S has a proper cover over V, where V is a variety of
groups, if S has a proper cover S such that S /o € V. Groups and inverse
monoids form varieties and it is proved in [47] that the class of inverse
monoids having a proper cover over V is a variety of inverse monoids.
This variety is determined by

Y={w*=u:u=1isalawin V}.

When trying to prove an analogous result for left ample monoids, techni-
cal issues are encountered due to left ample monoids forming a quasiva-
riety rather than a variety. It is proved in [23] that the class of left ample
monoids having a proper cover over V forms a quasivariety, where V is
a subquasivariety of the quasivariety RC of right cancellative monoids
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defined (within RC) by equations.

Weakly (left) ample semigroups also form quasivarieties, so similar dif-
ficulties would be encountered when trying to produce such a theorem.
However, (left) restriction semigroups form a variety, so it is possible to
prove such a theorem for (left) restriction semigroups.

By Theorem 5.1.7, any left restriction monoid has a proper cover. Let
V be a variety of monoids. Denoting the class of left restriction monoids
by LR, we have the following definition:

Definition 9.5.1. A left restriction monoid has a proper cover over V
if it has a proper cover M such that M /oy € V. We put

V= {N € LR : N has a proper cover over V}.

We shall show that the class of left restriction monoids having a proper
cover over V, where V is a variety of monoids, is a variety of left restriction
monoids, showing that this variety is determined by

Y={t"v=0v"u:u=0is alaw in V}.

Using the techniques based around graph expansions in [23], we shall
deduce this result for left restriction monoids. In Chapter 10, we shall
use the method in [47] to deduce the result for restriction semigroups.

9.6 A class of left restriction semigroups
having a cover over a variety of monoids

We shall generalise the results in Section 5 of [23] with the alteration
that we are considering varieties instead of quasivarieties. In particular,
the following result uses ideas from the proof of Proposition 5.2 in [23].
Throughout we shall continue to let } denote a variety of monoids.

Proposition 9.6.1. Suppose M is a left restriction monoid that has a
proper cover over V and let  : M — N be an onto (2,1,0)-morphism,
where N is also a left restriction monoid. Then N has a proper cover
over V.

Proof. As M has a proper cover over V, there is a proper left restriction
monoid P and an onto (2,1,0)-morphism ¢ : P — M such that ¢ is
Ep-separating and S = P/op € V. Putting ©» = 96 : P — N, we have
that ¢ is an onto (2,1,0)-morphism. We also note that % : P — S is
an onto (2, 1,0)-morphism.

As N is a left restriction monoid and S is a monoid, which can be regarded
as a left restriction monoid, N x S is also a left restriction monoid as LR
is a variety. We have for (n,s), (m,t) € N x S,

(n,s) Zp,., . (m,t) if and only if n Zg, m
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as

<n7 S) @Ez\ms (m7 t)

We note that Eyys = Ey x {1}.

We wish to show that
K ={(n,s) € N xS : there exists p € P with pt) = n and po’, = s}

is our required cover for N. We have that K is a subalgebra of N x S
as we shall show. Take (n,s),(m,t) € K. Then there exist p,q € P
with pip = n,pogj = s,q¢ = m and qahp =t. As 1) and 033 are (2,1,0)-
morphisms,

nm = (pY)(q¥) = (pg)¥

and
st = (po)(a0p) = (pa)o.
So (nm, st) € K since pq € P. Considering (n, s) € K where ptp = n and
pa?D = s for some p € P, we wish to show (n,s)" € K, ie. (n*,1) € K.
We have
nt = (pp)" =pt

as 1 is a (2, 1,0)-morphism. We also have p*agg =1 as p™ € Ep. Hence
(n,s)™ € K. Now, as P is a monoid, 1p € P and since ¢ and 053 are
(2,1,0)-morphisms, 1p1) = 1y and 1PJ§D = 1g. So (1y,15) € K. Clearly
Ex C E; x {1}. Considering (n™,1) € Ey x {1}, we have pyp = nt
as 1 is onto. As ¢ is a (2,1,0)-morphism it follows that pt¢ = n'.
As ptoh = 1, (n*,1) € Ex. Therefore Ex = Ey x {1} and K is a
subalgebra of N x S and so K is a left restriction monoid with respect
to the distinguished semilattice Ex x {1}. So for (n,s), (m,t) € K,

(n,s) Zg, (m,t) in K if and only if n Zg, m in N.
Suppose that (n, s), (m,t) € K and
(n,s) (Zp, Nok) (m,t).
So (n,s) Ze, (m,t), (n,s) ox (m,t) and (e,1)(n,s) = (e,1)(m,t) for

some e € Ey. Therefore n™ = m™, noym and s = t. Take p,q € P

such that py = n,pa?; = s,q» = m and an; =t. As s =t we have that

pop qand so ptq = ¢*p by Lemma 2.8.4. We have

(rTa) = (¢ p)v,
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1.e.
() qp = (q) oo

as ¥ is a (2,1,0)-morphism. So n™m = m*n. As n™ = m™, we have
m=mtm=n"n=n.

So (n,s) = (m,t) and hence K is proper.

Since 1) is onto it follows that the morphism v : K — N, where (n, s)y =
n for (n,s) € K, is also onto as if n € N, there exists p € P such
that piy = n since 9 is onto. Considering s = pop, paf; = pop and so
(n,pop) € K such that (n,pop)y = n. Finally, v is Ex-separating as

(n" Dy=m" )y=n"=m" = (n",1)=(m",1)
for (n*,1),(m™*,1) € Ek. So K is a proper cover of N.

It remains to show that K/ox € V. AsV is a variety of monoids, we shall
show K/ox € V by showing it is a homomorphic image of P/op € V.
Note that this method could not be applied in [23].

Let us define p: P — K by
pi = (pv, pot)
forpe P and 0 : P/op — K/ok by
(por)d = (pv, pop)ox
for pop € P/op. First we shall show that § is well-defined. Suppose that

popq for p,q € P. We note pagg = anD and ptq = ¢Tp since P is proper.
We wish to show that (pw,pafp) ox (qu, qagp), ie.

(e, 1)(p, pos) = (e, D(qe, o)
for some e € Ey. As pafp = qafp, this is equivalent to showing that
e(py) = e(qy), ie. pyponqy

for some e € En. We have

popq= fp= fq for some f € Ep
= (fp)¢ = (fo)v
= (fO)(pY) = (f¥)(q¥)
= pYon qy.

So (pv, pUED) ok (qV, qagg) and hence 0 is well-defined.

Now, using the fact that ¢ and 053 are (2,1,0)-morphisms, we have for
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(pO'p), (QO'p) S P/Upv

pqop)d

(Pa)¥, (pa)op)ow

(P, po) (g, qop))oxc
P, o) o (qi, qo'h) ok
pop)d(qop)d

((por)(gor))d

= (
(
(
= (pv
= (po
and

JrU)

+

(pop)™d = (p
= (p™,ptob)ox
()", Do
= (pt,poy) ok
(
(

(py, pUP)UK)+
(pop)o)™.

Considering 1p/,, = 1pop, we have

(1pop)d = (1p, 1PJ?D)JK

= (1n, ls)ox

=lgog

= Lr/ox
so ¢ is a (2, 1,0)-morphism.
We shall now show that ¢ is onto. Considering (a,b)ox € K/ok, we
know @ € N and b € S and there exists p € P such that pyy = a and
pa?g =0b. So

(a,0)0k = (pv, pop)oc

Asp € P, pop € P/op and we know

(pO'p)5 = (CL, b)O’K

Hence § is onto. So K/of is a homomorphic image of P/op. Since
P/op € V, we have K/ox € V as V is a variety of monoids. Hence K is
a proper cover for N over V. [l

The following result shows that the class of left restriction monoids having
a cover over a variety of monoids is a variety of left restriction monoids.

Theorem 9.6.2. Let V be a variety of monoids. Then
={NeLlR:NEX}

where
Y={uv=0v"u:u=0vis alaw in V}



for (2,0)-terms u and v.

Proof. Suppose first that N € V. So N is a left restriction monoid and
N has a proper cover over V, i.e. there is a proper left restriction monoid
M such that M/oy € V and an onto (2,1,0)-morphism ¢ : M — N
which is Fj/-separating. If 4 = v is a law in V then since M is proper
and M/oy € V, M E a'v = vtu by Lemma 2.8.4. As ( is onto,
N Euatv=vtaand so N | X.

Conversely, suppose that N is a left restriction monoid and N = 3. Let
X be a (not necessarily finite) set of generators for N, that is, there is a
map g : X — N such that (Xg) = N. Let S be the free object in V on
X and let f : X — S denote the canonical embedding of X into S, so
(Xf)=Sand (X, f,S) is a monoid presentation of S.

Since F is the free (proper) left restriction monoid on X7 with canonical
embedding 7, there is a morphism 6 : F'y — N such that

X

Fx 0 N

commutes. We shall show that p C Ker 6. Let u and v be (2,0)-terms
in the free term algebra on a countably infinite set Y. Say

u=351,...,yn) and 0 = t(y1,. .., Yn).

Suppose that

s(x1, . ) f =ty un) f-

For any T'€ V and aq,...a, € T, define g : X — T by z;g = a;. Then
there exists 6 : S — T such that

X

commutes. As

it follows that

s(x1f0,...,x,f0) =t(z1f0,...,x,[0),

ie.
s(ar,...,an) =tlay,...,a,).
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It follows that & = v is a law in V.

Let g denote the lifting of g to a monoid morphism from X* to N. Since
N |= ¥ we have

s(x1g, ..., 209) (19, ..., x0g) = t(119, ..., 209) " s(T19, ..., T0g).
Since g = 70 and 0 is a (2, 1,0)-morphism, we have
((@r)"o7)f = ((v7)"ur)o
so that H C Ker 6, where
H = Hx ;s = {((ur)" o7, (v7)"a7) € FxxFx : 4,0 € X" and uf = vf}.
As H generates the congruence p we have p C Ker 6.

By Corollary 1.2.11 it follows that there is an onto (2,1, 0)-morphism
¢: Fx/p— N, defined by

(ap)¢ = ab),
so that the following diagram commutes:

Fx
o
Fx/p N

We wish to show ¢ is onto by considering n € N. As N = (Xg), 70 = ¢
and 0 = pf¢, we have

= t(x19,...1,9)

= t(z170, .. anQ)
= t(xy7,. .. 2,7)0
= (217, ... 2,7) PP

So ¢ is onto and hence is an onto (2,1, 0)-morphism.

From Proposition 9.4.4, Fx/p is a proper left restriction monoid. As
Fx/p is proper, it has itself as a proper cover. It remains to show that
Fx/p € V. From the proof of Lemma 9.4.5, 1 Fx/p — S defined by
(ap)n = aafwx f, forap € Fx/p, is a (2,1,0)-morphism and 7p'n = f. By
Proposition 9.2.2, n is onto since (f,S) and (7p° Fx/p) are objects in
PLR(X, f,S). Hence 7 is an onto (2, 1,0)-morphism and Im n = S.

Also by the proof of Lemma 9.4.5, Ker n = op, where F' = Fx/p. By
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the fundamental theorem of semigroup morphisms,
F / op = S .

Since S € V, F/op € V. Hence F = Fy/p € V. As Fx/p € V,
¢ : Fx/p — N is an onto (2,1,0)-morphism and N is a left restriction
monoid, N has a proper cover over V by Proposition 9.6.1. O]

Theorem 9.6.3. Let V be a variety of monoids. Let X be a set and
(X, f,S) the canonical monoid presentation of the free object in'V on X.
Then M(X, f,S) is the free object in ¥V on X with canonical embedding

M-

Proof. Take N € ﬁAand let g : X — N be a map. We wish to show
that M(X, f,5) € V, that T\s : X — M(X, f,9) is a one-to-one map
and that there is a unique morphism ¢ : M(X, f,S) — N such that the
following diagram commutes:

X

™

M(X, 1,8) SN
Let Fx be M(X, ¢, X*) so that Fy is the free left restriction monoid X7

where 7 : X — Fy is as in Theorem 9.2.13. So there is a morphism
0 : F'x — N such that

X
/ \
Fx 7 N
commutes. As in the proof of Theorem 9.6.2 we have p C Ker 6 so that
there is a unique onto morphism v : Fx/p — N such that p%) = 0. Also
from the proof of Theorem 9.6.2, we have Fx/p € V. As in the proof
of Theorem 9.4.8, there is an isomorphism ¢ : M(X, f,S) — Fx/p such

that Tyq¢ = 7p%. Let & = @) so that & : M(X, f,S) — N is a morphism.
For any x € X we have

TTME = TTMPY = x7p™) = 270 = 1¢
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so that the following diagram commutes:

X
% \&\
N
§

M(X, f,5)

By Proposition 1.2.12; £ is unique. As M(X, f,S) = Fx/p, we have
M(X, f,S) € V and by Proposition 9.2.6, X7, generates M(X, f,5).

Let us suppose that z7y; = y7uq, SO

o—»x ° o—»y L]
() - ()

As the edge (1,z,xf) equals (1,y,yf), then © = y. Therefore T\ is a

A~

one-to-one map. Thus M(X, f,5) is the free object on X in V with
canonical embedding 7. O
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Chapter 10

Varieties of restriction
semigroups

10.1 Proper covers and varieties

We shall consider a variety of restriction semigroups and provide alter-
native conditions for when such a variety has proper covers by proving
an analogue of a result by Petrich and Reilly [47].

First of all, we shall look at a relation, pyn, the dual of which is defined for
a right ample semigroup in [15]. We shall define pp,;, on a left restriction
semigroup S.

Definition 10.1.1. Let p be a (2,1)-congruence on a left restriction
semigroup S. Then we define py,;, on S by

@ Pmin b if and only if ea = eb and epa™ pb™ for some e € Eg

for a,b € S.

Proposition 10.1.2. (¢f. [15]) Let p be a (2,1)-congruence on a left
restriction semigroup S. Then pmm is a (2,1)-congruence on S and

Pmin g pP-

Proof. Let S be a left restriction semigroup. Suppose a@ ppinb. Then
there exists ¢ € Fg such that ea = eb and epa™ pbt. We have

epat = eapata=eapa
and dually e pb* implies ebpb, so apb. Hence puin C p.
We wish to show, for a, b, c € S, that the following hold:
(1) apmin a;
(i) a pmin b = b pmin a;
(iil) @ prmin b, b Pmin € = @ Prin G
)

(iV) @ Pmin b = €@ prmin €b;
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(V) @ pimin b = ac puin be;

(Vi) @ pminb = a® pmin b7

(i) Let @ € S. Then at € Eg; also ata = a’a and a* pa™t pa™ since p is
a congruence. SO @ ppin a for all @ € S.

Part (ii) is clear.

(iii) Suppose @ pmin b and b pyi, ¢ Then there exist e, f € Eg such that
ea=¢eb,epat pbt, fb= fcand fpbt pct. Considering fe € Eg,

fea= feb=-cfb=efc= fec.
Asepb® and fpbT, we have ep f. Also,

epf=ceepfe=cepfe,

so we also have fepa™ pct and hence a pyy c.

SO pmin 1S an equivalence relation.

(iv) Suppose @ ppin b, with ea = eb and e pa™ pb™. We have
ea = eb = cea = ceb = (ce) ca = (ce)tch

using the ample condition. We also have

epat pb™ = cepcat pcbt
= (ce)" p(ca™) " p(cb™)"
= (ce)™ p(ca)” p(cb)"

using Proposition 2.6.2. Therefore, ca ppiy cb.
(V) Suppose a puin b, with ea = eb and e pa™ pb*. First we note
ea = eb = eac = ebc = e(ac)Tac = e(be) be.
AS pmin € p, apb and we have
apb=acpbc= (ac)” p(be)" = ep(ac)t p(bc)*.
It remains to show that e(ac)™ p (ac)™. We have
epa’ = e(ac)t pat(ac)t = (ac)”
using Lemma 2.6.2. So e(ac)™ p (ac)™ and therefore ac ppyin be.
(vi) Suppose @ pmin b, with ea = eb and e pa™ pb™. We have
ea’t @Es ea = eb@Es ebt,
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so eat = ebt. Since ep(a™)T p(a™)T, a™ puind™ and so puin is a (2,1)-
congruence.

O

The following proposition tells us that p.,;, is the least congruence on a
left restriction semigroup S with the same trace as p.

Proposition 10.1.3. (¢f. [15]) Fore, f € Eg,

e pmin [ if and only if ep f.

If v is any congruence on the left restriction semigroup S with the prop-
erty that for e, f € Fg,

ew fif and only ifep f,
then Pmin g K-

Proof. As in the proof above, pnin € p. Now suppose e, f € FEg with
epf. We have ef € Fg and efe = ef f. We also have

epf=efpff
=efpf
=efpetpf*.

S0 € pmin f and hence we have the first part of the required result.

Now suppose that p is a congruence on S with the property that for
€, f S E57
ep fif and only if ep f

and that appni, b for a,b € S. Then there exists ¢ € FEg such that
ga=gband gpat pb™. Therefore gua™ ub* as g,a™,b" € Eg. As p is
a congruence,

gpat = gapata= gapa
and dually ¢ b implies gb pub. Since ga = gb, a 1b and therefore py;, C
L. O

As in [15] for right ample semigroups, we define the (2, 1)-congruence
Prin ON & right restriction semigroup:

Definition 10.1.4. Let p be a (2, 1)-congruence on a right restriction
semigroup S. Then we define p/; on S by

apl, bif and only if af = bf and f pa* pb* for some f € Eg
for a,b € S.

As discussed in [18] for ample semigroups, note that if p is a (2,1,1)-
congruence on a restriction semigroup S, then pn, and pl . are both
defined on S. So, by Proposition 10.1.3 and its dual, we have the following
result:
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Corollary 10.1.5. If S is a restriction semigroup and p is a (2,1,1)-
congruence on S, then

Y
Pmin = Pmin-

Proof. Let a,b € S. Then

a pmin b = ea = eb and epa™t pb" for some e € Eg
= a(ea)* = b(eb)* and eapata
= a(ea)” = b(eb)" and eapa
= a(ea)” = b(eb)* and (ea)* pa”.

We have (ea)* = (eb)* as ea = eb. Similarly we can deduce (eb)* pa*
and hence a p! ;. b. Dually ap! . bimplies @ pyinb. SO pmin and pl .. are
(2,1, 1)-congruences.

We have

epminf <~ epf g ep;ninf
for e, f € E, by the first part of Proposition 10.1.3 and its dual. By the
second part of Proposition 10.1.3 and its dual,

Pmin & p;nin and pJ/rnin C Pmin-

Therefore puin = Pmin-
O

Here we begin to look at analogues of results by Petrich and Reilly in
[47] for restriction semigroups. The following result, a generalisation of
Theorem 3.3, gives us alternative conditions for a variety of restriction
semigroups to have proper covers.

Theorem 10.1.6. Let ¥ be a variety of restriction semigroups. Then
the following are equivalent:

(1) ¥ has proper covers;
(ii) the free objects in ¥ are proper;
(111) ¥ is generated by its proper members.

Proof. (i) = (ii) Suppose that ¥ is a variety of restriction semigroups
and that 7" has proper covers. So for every S € ¥ there is a proper cover
of S'in 7.

Let F', with map ¢ : X — F', be the free restriction semigroup on X in
VY. As F is in the variety ¥, there exists a proper restriction semigroup
S € ¥ and there is an onto (2,1, 1)-morphism ¢ : S — F which is
Es-separating.

We note that for u,v € S,we have uKerpwv if and only if up = vyp. Let

T be a cross section of Kery, i.e. let T' consist of a representative from
each Ker ¢ class.
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Let us define a map ¢ : X — T by a¢p =t it ¢ € T and t¢ = xe. Since
F is free, there is a unique extension of ¥, namely ¢ : F' — S, such that

L

X F

v %

S

commutes. We note that for x € X,

(z)dp = vy = 1.

We have morphisms ¢ : ' — S and ¢ : S — F,so ¢y : F — F is a
morphism which restricts to the identity map on X¢.

However, as X is the set of generators of F | so it follows that )¢ is the
identity map on F.

Recall that if ¥ is one-to-one, then ¢ is one-to-one. Since g is the
identity map on F', it is one-to-one and so ¥ : F' — S is a one-to-one
morphism.

We have U = F) is a subalgebra of S. By Proposition 2.8.6, U is proper
since S is proper. As F' = F), I is also proper.

(ii) = (iii) By Proposition 1.4.4, a variety is generated by its free objects,
so ¥ is generated by its proper members.

(iii) = (i) Suppose that ¥ is a variety of restriction semigroups and that
¥ is generated by its proper members. We wish to show S € 7 has a
proper cover in 7.

By Theorem 1.3.5 in Section 1.3, there exist proper restriction semigroups
T, € ¥, arestriction semigroup 7' € V which is a subalgebra of [] . T
(where A is an indexing set), and an onto (2,1, 1)-morphism ¢ : T — S.

As each T, is proper, []
a subalgebra of []

aca To 18 proper by Proposition 2.8.7. Since T' is

wen Lo, T is also proper by Proposition 2.8.6.

Let p be the congruence on T induced by ¢, so p = Ker ¢ and
apb< ap =bp < (a,b) € Ker ¢

for a,b € T. Let ppin be defined as in Definition 10.1.1. So py, is the
least congruence on 7' with the same trace as p, by Proposition 10.1.3,
and is also equal to pf ., by Corollary 10.1.5.
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As ¢ : T — Sis an onto (2,1, 1)-morphism,
T/ Ker ¢ =8

and so there is an isomorphism @ : T'/p — S such that (ap)p = ayp for
acT.

Let 7 : T/ pmin — T'/p be defined by

(tomin)T = tp

for t € T, which exists due to Proposition 1.2.10 as pui, C p. Clearly 7
is an onto (2, 1)-morphism.

So we have the following commutative diagram of onto (2, 1)-morphisms:

T

phmin @

T

T/pmin T/p

We wish to show that T'/pu, is a proper cover of S. We know that
T/pmin 18 a restriction semigroup as 7' is a restriction semigroup, and
that T/ pmin € 7 as we have closure under homomorphic images.

Let E denote the subsemilattice associated with T'/pyi, which is equal
to

{€pmin : € € Er}.

Let us consider the onto (2, 1)-morphism 7@ : T'/pmin — S. For e, f €
Er, we have

(epmin>7— = (fpmin)T = ep = fp = €Pmin = fpmin

by Proposition 10.1.3, so 7 is F-separating. As 7 is F-separating and
is one-to-one, 7Y is E-separating.

We shall show that T'/pmi, is proper. We will prove @E N OT/pmin = b

where o7/, .. is defined on T'/ pin. Suppose that for a,b € T', a pmin (Z£N
0T/ pmin) U Pmin- We wish to show that @ pmin = b pmin. Let us denote a pin
by [a] for a € T.

We have [a] Zg [b] and [d] OT/ pin 0], 5O
[a™] = [b"]

and



for some e € Er. We have ea pyi, eb, so there exists f € Ep such that
fea = feband fp(ea)® p(eb)™. We note that

Fp(ea)™ p(eb)™ = fepe(ea)” pe(eb)*,

As at puin 0T, there exists g € Er such that ga™ = gb™ and gpa™t pb™.
We have

fea= feb=aorb
= gaor gb.

As ga™ = gb*, (ga)T = (gb)" and so
ga@ET gb.

As T is proper, we have ga = gb. As gpa™ pb*, we have @ pmin = b prin-
Therefore Zr N 07/ppn = t- AS pmin = Py, the dual argument gives
XE N OT/pmin — -

[

10.2 Subhomomorphisms

We shall introduce the definition of a subhomomorphism for restriction
semigroups, which was previously defined for inverse semigroups, and
generalise results by Petrich and Reilly [47]. The definition of a subho-
momorphism is as follows in the inverse case, which we shall define as an
inverse subhomomorphism to distinguish them.

Definition 10.2.1. [47] Let S and T be inverse semigroups. Then a
mapping ¢ : S — 27 is an inverse subhomomorphism of S into T, if for
all s,t €S,

(i) sp # 0;
(il) (se)(te) C (st)e;
(ili) s'¢ = (sp),
where for any subset A4 of T, A’ = {a’ : a € A}.

Adapting this definition for left/right restriction semigroups, we have
to take the following definition of subhomomorphisms. These are also
known as relational morphisms as in the left ample case [50]:

Definition 10.2.2. Let S and T be left restriction semigroups. Then a
mapping ¢ : S — 2T is a left subhomomorphism of S into T, if for all
s, t €S,

(i) sp #0;
(ii) (s@)(te) C (st)yp;
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(ii) (sp)" C 5T,
where for any subset A of T, AT = {a™ : a € A}. Dually, we define a
right subhomomorphism to be a map ¢ such that Conditions (i), (ii) and
(sp)* C s*p hold. If S and T are restriction semigroups, ¢ : S — 27 is
a subhomomorphism if it is both a left and right subhomomorphism.

A left or right subhomomorphism is said to be surjective if Sp = T,
where S = U{sp : s € S}.

As an inverse semigroups is a restriction semigroups with distinguished
semilattice £(S), we have the following connection between the defini-
tions of inverse subhomomorphism and subhomomorphism:

Proposition 10.2.3. Let S and T be inverse semigroups. If ¢ is an
inverse subhomomorphism of S into T', then ¢ is a subhomomorphism of
S into T.

Proof. Suppose ¢ is an inverse subhomomorphism of S into 7" and s € S.
Then as s'¢ = (s¢)’, we have

(s)" = {uu' : u € sp}
C (sp)(sp)
= (s9)(s'p)
C (ss')p
= sto.

Dually, (sp)* C s*p.
[

Note that we shall state and prove results for left restriction semigroups
and left subhomomorphisms. The dual, and hence the two-sided, corre-
sponding results hold true as well.

Proposition 10.2.4. Let ¢ be a left subhomomorphism of S into T,
where S and T are left restriction semigroups. Then Sy s a left re-

striction semigroup with respect to the distinguished semilattice Eg, =
U{(sp)" : s € S}.

Proof. As S C T and Sy # 0, we just need to check closure under the
binary and unary operations.

Considering u,v € Sp, we have u € sp and v € tp for some s,t € S. So
wo € (sp)(tp) C (st)p,
where st € S. Hence uv € So.

Let a € Sp. So a € sp for some s € S. Then at € (sp)t C sty. As
ste S, at e Sp.
]
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We shall generalise Proposition 2.2 in [41].

Proposition 10.2.5. Let S and T be left restriction semigroups and let
¢ be a (surjective) left subhomomorphism of S into T. Then

(S, T,p) ={(s,t) e SX T : t € sp}
is a left restriction semigroup (which is a subdirect product of S and T ).

Conversely, suppose that V' is a left restriction semigroup which is a
subdirect product of S and T'. Then ¢, defined by

sp={teT:(st)eV},
is a surjective left subhomomorphism of S into T. Furthermore, V =
(S, T, ).

Proof. To show that II(S, T, ) is a left restriction semigroup, we shall
show that I1(S, T, ¢) is a subalgebra of S x T. As the class of left restric-
tion semigroups forms a variety, if S and 7" are left restriction semigroups,
then S x T is a left restriction semigroup with respect to distinguished
semilattice Egyr = Eg x Ep. If I1(S, T, ¢) is a subalgebra of S x T', then
this would imply that II(.S, T, ¢) is a left restriction semigroup.

First note that I1(S, T, ¢) is non-empty as for s € S, sp # 0. To show
that I1(S, T, ¢) is a subalgebra of S x T'; we need to show closure under
the binary and unary operations.

Take (s,t), (u,v) € II(S,T,¢). So s,u € S, t,v €T, t € spand v € up.
We have tv € (s¢)(up) C (su)p, and so tv € (su)p. Therefore

(s,u)(t,v) = (su, tv) € II(S, T, ).
Hence the binary operation is closed.

Let us consider the semilattice
EH = {(S,t) S ES X ET . (S,t) S H(S, T, QD)} - ES X ET-

Take (s,t) € TI(S,T, ). Within S x T, (s,t)* = (s*,¢"). We require
(st,t%) € En. We have

(s,t) e II(S, T, ) =t € sp
=tT € (sp)t
=t esty
= (s7,t7) e II(S, T, »)
= (s,t") € Fn.

So I1(S, T, ) is a left restriction semigroup with distinguished semilattice
Erq.
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Suppose now that ¢ is surjective. We wish to show that II(S, T, ¢) is a
subdirect product of S and T (i.e. the coordinate maps are onto) if ¢ is
surjective. Let py : II(S,T,¢) — S and py : II(S, T, ) — T be defined
by (s,t)p1 = s and (s,t)ps = t for (s,t) € II(S,T,¢p). Take s € S.
Then as sp # (), there exists u € s and so (s,u) € (S, T, ). Take
t € T. As @ is surjective, t € S and so t € vy for some v € S. Hence
(v,t) € II(S, T, ¢). Therefore p; and ps are onto and so II(S, 7, ¢) is a
subdirect product of S and 7.

Let V be a left restriction semigroup which is a subdirect product of S
and T, so V C S x T. We shall show that sp = {t € T': (s,t) € V}isa
surjective left subhomomorphism of .S into 7.

(i) Take s € S. As p; is onto, there exists (s,v) € V such that (s,v)p; =
s. So v € sp and hence s # ().

(ii) Consider u € sp and v € tp. Then (s,u), (t,v) € V. Then (st,uv) €
V and hence uv € (st)y, so that (sp)(te) C (st)p.

(iii) Let u € sp and consider ut € (sp)™ = {u™ : u € sp}. Asu € sp,
(s,u) € V. We have

(s,u) €V = (s,u)t €V

= (sT,u") eV
=ut st

Hence (s¢)™ C sto.

Take t € T. We wish to show that ¢t € sp for some s € S, i.e. there
exists s € S such that (s,t) € V. As py is onto, t € T implies there exists
(u,t) € V so that t € up. Hence T'C Sp. Since Sp C T, Sp =T.

Considering (s,t) € S x T,

(s,t) e II(S, T, p) &t € sp
& (s, t) € V.

Hence V =1I(S, T, ¢).

We shall now generalise Theorem 4.3 from [47].

Theorem 10.2.6. Let R, S and T be left restriction semigroups. Let
a: R — S be an onto morphism and  : R — T a morphism. Then
© = a '8 is a left subhomomorphism of S into T and every such left
subhomomorphism is obtained in this way.

Proof. If R, S and T are left restriction semigroups, a : R — S an onto
morphism and 8 : R — T a morphism such that ¢ = a7 is a left
subhomomorphism of S into 7', then this will be represented as
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Considering left restriction semigroups R, S and T" with onto morphism
a: R — S and morphism 3 : R — T, we wish to show that ¢ = o713 is
a left subhomomorphism of S into 7. We need to show for s,t € S,

(i) s(a™'B) #0;
(i) (s(a™'8))(t(a™'B)) C (st)(a™'B);
(ii) (s(a™'p))* S sT(a™'P).

(i) Take s € S. As « is onto, there exists € R such that ra = s. So
r € sa”t. Put rB=t. So

t=rBecs(a'p)
and hence s(a™!3) # 0 for all s € S.

(ii) Let t; € (s1(a™1B)) and ty € (s2(a!f)). So

tits € (s1(a™'B))(s2(a'B)).

There exist r;,79 € R such that 8 = t;, r8 = to, 1 € 570 and
re € s, We have

r e sla_l,TQ € szoz_l = i = S1,T2(x = So
= (ra)(ra) = 515
= (rr9)a = s189

= 779 € (3132)04_1.

We therefore have tity = (r13)(ro3) = (ri72)5 and as riry € (s182)a™ 1,
tity € (8182)(04_1B).

(iii) Consider t € s(a™'8) and tT € (s(a™'B))" = {tT : t € s(a™'B)}.
We wish to show that ¥ € sT(a713), i.e. that there exists p € R such
that p € sta™! and p3 = tT. We have

tes(a'pB)=rcsatandrf =t for somer € R
= s =ro
= st =(ra)t =rta

=rtestal.
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As tt = (rB)T = r*j3, we have t7 € sT(a™'3). Hence (s(a'8))" C
sT(a™1B) and so ¢ = a™1f is a left subhomomorphism of S into 7T'.

Conversely, let S and T be left restriction semigroups and let ¢ be a left
subhomomorphism from S into T". Let

R=TI(S,T, ).

Then R is a left restriction semigroup due to Proposition 10.2.5. Let
a:R— Sand f:R— T be defined by (s,t)a = s and (s,t)5 =t. We
see that o and 3 are clearly morphisms. If s € S, then as sy # (), there
exists t € T such that t € sp. Hence there exists (s,t) € R such that
(s,t)a = s and so « is onto.

We have (s,t) € R if and only if ¢ € sy, by the definition of R, so we
have

tes(a'p) e (u,v)B =t and (u,v) € sa~* for some (u,v) € R
< v =tand (u,v)a = s for some (u,v) € R
&< v =tand u = s for some (u,v) € R
& (s,t) €ER
St e sp.

Hence ¢ = a™14.
O

Proposition 10.2.7. Let ¢ be a left subhomomorphism of S into M,
where S is a left restriction semigroup and M a monoid. ThenI1(S, M, )
is proper if and only if @ satisfies

apNbp #0,a(Re, Nog)b=a=b, (S1)

fora,b e S. If  is a right subhomomorphism of S into M, where S is a
right restriction semigroup and M a monoid, then I1(S, M, ) is proper
if and only if p satisfies

apNbp #0,a(Lg, Nog)b=a=b, (S2)
fora,be S.

Proof. Let ¢ be a left subhomomorphism of S into M, where S is a
left restriction semigroup and M a monoid. Suppose that I1(.S, M, ¢) is
proper, so N

(s,t) (Rey Non) (u,v) = (s,t) = (u,v).

Suppose that sp Nup # @ and s (ﬁES Nog)u for s,u € S. We wish to
show s = u.
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We have

spNup # 0 = m € sp,up for some m € M
= (s,m), (u,m) € II(S, M, ¢)

and

sRpsu= st =ut
= (s7,1) = (u",1)
= (s,m)" = (u,m)"

= (s,m) ﬁEn (u,m).

If we consider e € Eg, then e € S and so ep # (). So there exists m € M
such that m € ep. Hence (e,m) € II(S, M, ) and so (e,m)" = (e, 1) €

L. So we have

sogu = es = eu for some e € Eg
= (e,1)(s,m) = (e, 1)(u,m) for (e,1) € Ep

= <37 m) on (U, m)
Since II(S, M, ¢) is proper,

(s,m) (Rg, Non) (u,m) = (s,m) = (u, m)
= S = U.

Therefore Condition (S1) holds.

Conversely, suppose that ¢ satisfies Condition (S1), i.e.
apNbp #0,a(Rg, Nog)b=a=b,

for a,b € S. We wish to show that

(s,1) (R Non) (u,0) < (s,t) = (u,v)

for (s,1), (u,v) € II(S, M, ¢). Suppose (s,t) (Re, Nomn) (u,v). We have

(5,8) Ry, (u,0) < (s,8)7 = (u,v)*
& (T 1) =(u",1)
s st =ut
<~ 87:\;,]_«75 U
and

(s,t)on (u,v) < t =v and es = eu for some e € Fg

< t=wvand sogu.

It remains to show s = w.
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As (s,t), (u,v) € II(S, M, p), t € sp and v € up. Ast =v,t € sp Nup
and so s Nug # 0. So, by Condition (S1), s = u. Hence (s,t) = (u,v)
and II(S, M, ¢) is proper.

[

Proposition 10.2.8. Let ¢ be a left subhomomorphism of S into M,
where S is a left restriction semigroup and M a monoid. Then I1(S, M, )
is Er-unitary if and only if ¢ satisfies

1 €syp,es € Eg = s € Eg, (S3)

forse€ S and e € Eg.

Proof. Suppose I1(S, M, ¢) is E-unitary, i.e. (e, 1), (e,1)(s,t) € By im-
plies (s,t) € En. Suppose 1 € sp and es € Eg for s € S and e € Eg.
Then (s,1) € TI(S, M, ) as 1 € sp. We have (es, 1) € Ey as es € Eg.
So

(e,1),(e,1)(s,1) = (es,1) € B = (s,1) € En
= s € Fg.

Conversely, suppose that Condition (S3) holds. Taking (e, 1), (e, 1)(s,t) €
FEn, we wish to show (s,t) € En. We have es € Eg and t = 1. As
(s,t) € II(S, M, ), t € sp, i.e. 1 € sp. By Condition (S3), s € Eg and
so (s,t) = (s,1) € Ey. O

As a proper left restriction semigroup S is Eg-unitary, we have the fol-
lowing;:

Proposition 10.2.9. Suppose ¢ is a left subhomomorphism of S into
M, where S is a left restriction semigroup and M a monoid. Then

(S1) agoﬂbgo%@,a(ﬁEsﬂas)bia:bfora,beS
implies
(S3) 1 € sp,es € Es = s € Eg fors€ S and e € Fg.

Dually, Condition (S2) implies Condition (S3).

We shall consider conditions on subhomomorphisms that will allow us to
generalise results in [47]. Conditions (S1) and (S2) give us conditions for
I1(S, M, ¢) to be proper. We shall introduce Conditions (S4) and (S5)
which will allow us to generalise Proposition 5.5 in [47] in the proper
cases. We note that Condition (S4) is the left proper condition from [50].

apNbp #0 = a*b=1>b"a, (S4)

for a,b € S;

ap Nbp # 0 = ab™ = ba”, (S5)
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for a,b € S.

We shall also introduce Conditions (S6) and (S7), which we will show to
be equivalent to (S4) and (S5) respectively:

apNbp #0,a" =b" = a=0, (S6)
for a,b € S;

apNbp #0,a* =b"=a=0b, (S7)
for a,b € S.

Proposition 10.2.10. Let ¢ be a left subhomomorphism of S into M,
where S is a left restriction semigroup and M is a monoid. Then the
following are equivalent for a,b € S:

(S4) apNbp #0 = atb=">b"a;
(S6) apNbp #0,a™ =bt = a=0b.

Dually, if ¢ is a right subhomomorphism of S into M, where S is a
right restriction semigroup and M is a monoid, then the following are
equivalent for a,b € S:

(55) ap Nbp # 0 = ab* = ba*;
(S7) apNbp #0,a* =b* = a="b.

Proof. Suppose ¢ is a left subhomomorphism of .S into M, where S is a
left restriction semigroup and M is a monoid. Let Condition (S4) hold,
apNbp # ) and a* = b". As apNbp # (0, a™b = bta by Condition (S4).
So

a=aa=bta=atb=0"b=0.

Conversely, suppose that Condition (S6) holds and ap N by # O for
a,b e S. We note
atbt =btat = (a+b+>+ — (b+a+)+ = (a+b)+ — (b+a)+

by Proposition 2.6.2. Suppose m € ap Nby. Then m € M such that
m € ap and m € bp. Hence m™ € (ap)™ and m* € (bp)T. So 1 € atyp
and 1 € bTp. Asm € by,

m = 1m € (a*)(bp) C (@ b)p.
Similarly m € (b%a)y. Therefore
m € (atb)p N (b7 a)ep.

As (a™b)p N (bTa)p # 0 and (a™b)* = (bTa)*, a™b = bTa by Condition
(S6).

Dually, Conditions (S5) and (S7) are equivalent. O
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Condition (S3) is the condition required for II(S, M, ¢) to be E-unitary
and will be used to prove Proposition 10.3.3 in Section 10.3. We shall
introduce Condition (S8), which is the unitary condition in the inverse
case in [47]:

1 €sp=s¢€FEs, (S8)
for s e S.

Clearly, Condition (S8) implies Condition (S3):
1 €sp,ese Eg=se€ Fg, (S3)

for se S and e € Eq.

We shall consider Condition (S9), which is required when we consider
covers in both the proper and E-unitary cases:

apNbp #0 = aogb, (S9)
for a,b € S.

We see that in the inverse case Condition (S8) implies (S9):

Proposition 10.2.11. Let ¢ be an inverse subhomomorphism of S into
G, where S 1s an inverse semigroup and G a group. Then

(S8) 1 € sp = s e E(S), forse S,
implies
(S9) spNte #0 = sogt, for s,t €S.

Proof. Suppose ¢ is a subhomomorphism of S into G, where S is an
inverse semigroup and G a group. Let Condition (S8) hold and m €
sp Ntp. Then m € s and

mt e (sp)t =5
Therefore
L=m"'m e (s'p)(tp) C (s')p.
By Condition (S8), s't € E(S) as 1 € (s't)p. We have (ss')t = s(s't),
where ss’, 't € E(S). By Proposition 2.7.6, sog t. [

In the restriction cases, we shall see that Conditions (S4) and (S5) both
imply Condition (S9), but Condition (S3) does not necessarily imply
Condition (S9) as we see from the following example:

Example 10.2.12. Let S be a reduced left restriction semigroup with at
least three distinct elements, so along with the identity there are at least
two other elements. Plenty of such examples exist as we can consider any
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monoid with three or more elements. Let 7' = {0,1} where 01 = 10 =
00 = 0 and 11 = 1. It can easily be seen that 7' is also a reduced left
restriction semigroup.

Let us define ¢ : S — 27 by
1 ifa=1
o [0
{0} ifa#1.
Clearly ap # 0 for a € S. We have

{1} ifa=0b=1
{0}  otherwise.

(a)(bp) = {

and

() = {{1} ifa=>b=1

{0}  otherwise,
so (ap)(bp) = (ab)p for a,b € S. As
(ap)" ={1} =lp=a’y

for any a € S, ¢ is a left subhomomorphism of S into 7. Condition (S8)
holds as
lesp=>s5s=1=s¢c Es.

We note that in S,

aogb < ea = eb for some e € Eg
S a=bas Eg = {1}.

Let a,b € S such that a # b and neither are equal to 1. Then
ap Nbp = {0} N {0} = {0} # 0,
but a # b, so Condition (S9) does not hold.

Proposition 10.2.13. Let ¢ be a left subhomomorphism of S into T,
where S and T are left restriction semigroups. Then

(S4) apNbp # 0 = atb=>b"a, fora,be S,
implies
(S9) apNbp #0 = acsb, fora,be S.

Dually, if ¢ is a right subhomomorphism of S into T', where S and T are
right restriction semigroups, then

(S5) ap Nbp # B = ab* = ba*, for a,b € S,
implies
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(S9) apNbp # 0= aogh, fora,be S.

Proof. Suppose ¢ is a left subhomomorphism of S into 7', where S and
T are left restriction semigroups and Condition (S4) holds. Suppose
ap Nbp # (). Then by Condition (S4), a™b = bta. By Proposition 2.7.3,
aogb. Dually, Condition (S5) implies Condition (S9). O

In fact, we have the following result:

Proposition 10.2.14. Let ¢ be a left subhomomorphism of S into T,
where S and T are left restriction semigroups. Then the following are
equivalent for a,b € S:

(i) (S4) apNbp # 0= atb="0b"a;
(ii) (S6) apNbp #0,at =b" = a=0b;
(iii) Conditions (S1) and (S9),
where
(S1) apNbp #0,a(Re, Nog)b=a=>b and
(S9) apNbp #0 = aocsb.

Dually, if ¢ be a right subhomomorphism of S into T, where S and
T are right restriction semigroups, then the following are equivalent for
a,bes:

(i) (S5) ap Nbp # 0 = ab* = ba*;
(ii) (S7) apNbp #0,a* =b* = a=b;
(11i) Conditions (S2) and (S9),

where (S2) ap Nbp # 0,a (L, Nog)b=a=Db.

Proof. Suppose ¢ is a left subhomomorphism of S into 7', where S and
T are left restriction semigroups. We have already shown Conditions
(S4) and (S6) are equivalent in Proposition 10.2.10 and that Condition
(S4) implies Condition (S9) in Proposition 10.2.13. In the presence of
Condition (S9), Condition (S1) becomes

a@ﬂb¢#@,a7€Esb:>a:b,

for a,b € S, i.e.
apNbp #0,a" =b" = a=0b,

for a,b € S, which is Condition (S6). It is clear that Condition (S6)
implies Condition (S1). Therefore, Condition (S4) is equivalent to both
Condition (S6) and Conditions (S1) and (S9) combined. Dually, Condi-
tion (S5) is equivalent to both Condition (S7) and Conditions (S2) and
(S9) combined. O
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The conditions we require to prove results in Section 10.3 are Conditions
(S4), (S5) and (S8). We note the following relationship between them.

Proposition 10.2.15. Let ¢ be a left subhomomorphism of S into M,
where S is a left restriction semigroup and M a monoid. Then

(S4) apNbp #0 = ath="b"a, fora,be S,
implies

(S8) 1 € sp =s € Eg, forseS.

If ¢ is a right subhomomorphism of S into M, where S is a right restric-
tion semigroup and M a monoid, then

(S5) ap Nbp # O = ab* = ba*, for a,b € S,
implies
(S8) 1 € sp=s€Eg, forseS.

Proof. Suppose ¢ is a left subhomomorphism of S into M, where S is
a left restriction semigroup and M a monoid, and that Condition (S4)
holds. Suppose 1 € sp. Then

1t e (sp)t C st

So

1€spnsto.
As spNsty # 0, by Condition (S4), sTst = sTs,i.e. st =s. Sos € Es.
Dually, Condition (S5) implies Condition (S8). O

Before looking at results similar to the last part of Theorem 4.3 in [47],
we need to distinguish the two definitions of kernel and the two interpre-

tations of
Ker g C Ker a,

where o : R — S and f : R — T are morphisms between restriction
semigroups R, S and T'. We shall let

Ker a = {(a,b) € R X R : aa = ba}
and take the corresponding definition for Ker 5. We shall let
ker o« ={a € R:aa € Eg}

and take the corresponding definition for ker 5. We note the following
proposition which shows the connection between the two definitions when
considering restriction semigroups:

Proposition 10.2.16. Let R, S and T be left restriction semigroups.
Leta: R— S and B : R — T be morphisms. Then

Ker B C Ker a implies ker 3 C ker a.
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Proof. Suppose Ker f C Ker a and a € ker . Then af € Er, ie.
af = e for some e € Er. So

(af)T =et, ie. aTB=e.

Hence aff = a™ (3. So (a,a™) € Ker 3. Hence (a,a’) € Ker a and so

ac = ata = (ac)™.

Hence aa € ker o and so ker 8 C ker «.
O

Note that by Theorem 10.2.6, if R, S and T are left restriction semi-
groups, then ¢ = a~!'f is a left subhomomorphism, where o : R — S
is an onto morphism and § : R — T" a morphism, and every left subho-
momorphism is in this form. In Section 10.3, we will need to consider
Conditions (S4) and (S5). We have the following result that is similar to
the last part of Theorem 4.3 in [47], which provides an alternative con-
dition for a left subhomomorphism to satisfy Condition (S4). However,
we need a slightly weaker condition than Ker 5 C Ker a.

Proposition 10.2.17. Let R, S and T be left restriction semigroups.
Let a: R — S be an onto morphism and 3 : R — T a morphism. Then
the left subhomomorphism ¢ = a3 satisfies

apNbp #0=a*b="b"a, (S4)
fora,be S, if and only if
sB=1t8= (s"t)a = (t"s)a, (*)
for s,t € R.
Proof. Suppose Condition (S4) holds and s = tf for s,t € R. Let
sp=t8=meT,

sa=p and ta = q

for some p,q € S. Then m € pp and m € qp. So pp Nqp # () and by
Condition (S4), ptq = q™p, i.e.

(sa)Tta = (ta)tsa
and so

(sTt)a = (t*s)a.

Conversely suppose that Condition (*) holds and apNby # @ for a,b € S.
Then there exist m € T such that m € aa™!8 and m € ba~13. So there
exists u,v € R such that

ua = a and uf = m,
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va=b and v5 =m.
Hence uf = vB. By (*), (uTv)a = (viu)a, ie.

(ua) Tva = (va)tua

and so
ath=b"a.

We shall also state the dual of this proposition:

Proposition 10.2.18. Let R, S and T be right restriction semigroups.
Let a: R — S be an onto morphism and $: R — T a morphism. Then
the right subhomomorphism ¢ = o~ 13 satisfies

ap Nbp # O = ab* = ba*, (SH)
fora,be S, if and only if
sB=1t8= (st")a = (ts")a, (**)

for s,t € R.

We can make the following connections with the condition Ker g C
Ker a. Note that we could consider either left or right restriction semi-
groups and obtain the same result.

Proposition 10.2.19. Let R and S be left restriction semigroups and
let T be a monoid. Let a: R — S be an onto morphism and f: R — T
a morphism. Then the left subhomomorphism ¢ = o~ satisfies

apNbp £ 0= a=0,
fora,be S, if and only if
Ker B C Ker a.

for s,t € R.

Proof. First suppose that if ap Nbp # @, then a = b. Let (a,b) € Kerf,
ie. af = bp. We wish to show aa = ba. As a,b € R, af,bp3 € T and
ac,ba € S. Let

af = c and acc = m,

bp = c and ba = n.
Soc € ma~!'f and ¢ € na™'B3, ie. ¢ € my and ¢ € ny. Hence ¢ €

me N ne. Therefore m = n, i.e. aa = ba.

Conversely, suppose Ker 8 C Ker a and that ap Nbp # O for a,b € S.
So there exists ¢ € T such that ¢ € aa™'3 and ¢ € ba~'3. There also
exist r,s € R such that

r = cand ra = a,
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sf =c and sa = b.
Since rf = sf, we have (r,s) € Ker 5. Hence (r,s) € Ker a and so

ra = sa, i.e. a =b. O

The corresponding result when considering Condition (S8) is more like
the result in the inverse case. We state and prove the result for either
left or right restriction semigroups. The proof is identical in both cases.

Proposition 10.2.20. Let R and S be left/right restriction semigroups
and T a monoid. Let a«: R — S be an onto morphism and 5 : R — T a
morphism. Then the left/right subhomomorphism ¢ = o~ '3 satisfies

lesp=seFEg, (S8)
for s € S, if and only if
ker 8 C ker a.
Proof. Suppose Condition (S8) holds and a € ker 5. As T is a monoid,

ker f={a€R:af € Er}={a€ R:ap =1}

and so af = 1. Let aa = b for b € S. So 1 € by and by Condition (S8),
b € Eg. Hence aa € Eg.

Conversely, suppose that ker g C ker a, i.e.
a8 =1= aa € Fg for a € R.

Suppose 1 € bp. Then aff = 1 and ace = b for some a € R. As aff = 1,
we have aae € Eg, ie. b € Eg. O

We end this section by generalising Proposition 4.4 from [47]:

Proposition 10.2.21. Let 6 be a subhomomorphism of a restriction
semigroup S into a restriction semigroup T. Then there exist a free

restriction semigroup F, an onto morphism « : F' — S, and a morphism
B:F — T such that 0 = o 1.

Proof. Suppose 6 is a subhomomorphism of a restriction semigroup S
into a restriction semigroup 7. By Theorem 10.2.6 and its dual, there
exist a restriction semigroup R, an onto morphism v : R — S and a
morphism 6 : R — T such that § = ~v~16.

Let Fg, along with the map p : R — Fg, be the free restriction semigroup
on the set R. Let m : Fr — R be the unique morphism making the
following diagram commute:
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So we have um = Ir. Therefore w is onto. As7: Fr - R, v: R— S
and 0 : R — T, let us define morphisms «: Fr — S and g : Fg — T by

a=mnvand f=md

respectively. As v and 7 are onto morphisms, « is also onto. We have
the following diagram:

T

7 0=

It remains to show that § = a™'3. Let z € S. If y € 26, then x = 27y
and y = 20 for some z € R. We have

x = (zum)y = (zp)7y = (2p)

and
y = (zum)d = (zp)mé = (z20) 3,
where zp € Fr. Hence y € z(a™'3) and so § C o™ !.

Conversely, let y € z(a~'3). Then x = za and y = 23 for some z € Fx.
So
x = (zm)y and y = (27m)0,

where zm € R. Therefore y € z(y719), i.e. y € 20. Hence § = a™13. [

We note that we also have the result for left restriction semigroups and
dually for right restriction:

Proposition 10.2.22. Let 6 be a left subhomomorphism of S into T,
where S and T are left restriction semigroups. Then there exist a free left

restriction semigroup F', an onto morphism o : F' — S, and a morphism
B:F — T such that = o~ 1.

10.3 Proper covers and varieties

We shall show that the class of restriction semigroups having a proper
cover over a variety of monoids U is a variety of restriction semigroups.
A left restriction semigroup has a proper cover over U if it has a proper
cover P such that P/op € U. If S is a left restriction semigroup, then
also we say that P is a proper cover of S over M if P is a proper cover
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such that M = P/op. We begin by looking at analogous results to
Proposition 3.2 from [41], which is proved in the left ample case in [50].

Proposition 10.3.1. Let R be a left restriction semigroup and M a
monoid. Let ¢ be a surjective left subhomomorphism of R into M such
that

apNbp # 0= ath="b"a, (S4)

fora,b € R. Then
I(R,M,¢)={(r,m) € Rx M :m € ro¢}
is a proper cover of R over M.

Conversely, let P be a proper cover of R over M along with (2,1)-
morphism o« : P — R. Let the induced morphism ¢ : P — R X M
be defined by

Y = (pa, ),
where pB8 = pop for p € P. Then ¢, defined by

sp={g€ M:(s,g) € Py},

for s € R, is a surjective left subhomomorphism of R into M such that
Condition (S4) holds and

P =TI(R, M, ).

Proof. Suppose R is a left restriction semigroup, M is a monoid and ¢
is a surjective left subhomomorphism of R into M such that Condition
(S4) holds. We wish to show the following:

(i) TI(R, M, ¢) is a proper left restriction semigroup;

(ii) there is an onto (2,1)-morphism ¢ : II(R, M,¢) — R which is
Er-separating;

(iii) TI(R, M, ¢)/om = M.

(i) A monoid can be regarded as a left restriction semigroup with dis-
tinguished semilattice {1}. By Proposition 10.2.5, II(R, M, ¢) is a left
restriction semigroup. By Proposition 10.2.7, II(R, M, ¢) is proper if
and only if Condition (S1) is satisfied. However, by Proposition 10.2.14,
Condition (S1) is implied by Condition (S4) and so II(R, M, ¢) is proper.

(ii) Let us consider p; : I[I(R, M, ¢) — R where

(Sat)pl =S

for (s,t) € II(R, M, ). As in the proof of Proposition 10.2.5, p; is an
onto (2,1)-morphism. Now, considering (s, 1), (u,1) € FEp, we clearly
have

(s, )p1 = (u, 1)py = (s,1) = (u, 1)
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and hence p; is Ey-separating.
(iii) Let us consider py : II(R, M, ¢) — M defined by

(87 t)pQ =t.

As in the proof of Proposition 10.2.5, ps is also an onto (2, 1)-morphism.

Let (s,t), (u,v) € II(R, M, ¢). We wish to show that (s,t) oy (u,t) if and
only if t = v. If t = v, we have

(s,t), (u,t) e I(R, M, ¢) =t € s¢ and t € ugp
=tespNuo
= sTu = u"s by Condition (S4)
= (u,1)(s,t) = (s*,1)(u, 1)
= (s,t) onr (u,t) by Proposition 2.7.3.

Conversely if (s,t) or (u, v), then (e,1)(s,t) = (e,1)(u, v) for some e € E.
Hence (es,t) = (eu,v) and so t = v. We have

(S>t)7 (u7 U) € Ker D2 < (57t)p2 = (U,U)p2
<st=v
Ang (S7t) on (U,U>.

Therefore TI(R, M, ¢)/op is isomorphic to M and so II(R, M, ¢) is a
proper cover of R over M.

Conversely, let P be a proper cover of R over M. So P is a proper left
restriction semigroup, o : P — R is an onto (2,1)-morphism which is
Ep-separating and P/op = M. Let §: P — M be given by p = pop
forpe P. Let ¢ : P — R x M be the induced morphism given by

py = (pe, pfB) = (pa, pop)
for p € P.
We wish to show that ¢, defined by
s¢p={m e M : (s,m) € Py},

for s € R, is a surjective left subhomomorphism of R into M such that
Condition (S4) holds. As « is an onto morphism and /3 is a morphism,
then by Theorem 10.2.6, '3 is a left subhomomorphism. As

m € s¢ < (s,m) = (pa, pp)
e mesa B,

¢ = a~ ' and hence ¢ is a left subhomomorphism. It remains to show
Rp =M and sp Ntp # 0 = stt =tTs for s,t € R.
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We wish to show that Rp = M, where R¢ = {r¢ : r € R}. Take u € R¢.
Then u = r¢ for some r € R and hence u € M. So Rp C M. Conversely,
consider m € M. Then as P/op = M, m = pop for some p € P. We
also have pa € R. So

(pOé,pO'p) S Pl/)
Therefore m € (pa)p, where pa € R. So m € Rp. Hence M C R¢ and
so M = Ro.

Suppose s¢ Ntep # (). We wish to show st = tTs. Let m € M be such
that m € sp Ntp, i.e. m € sp and m € t¢. We have

(s,m) = (pa, pB) and (t, m) = (qo, 4)
for some p,q € P. So
s =pa,t =qa and m = pop = qop.
As popq, we have

(¢ p)or (pTq).

As in the proof of Proposition 10.2.10, pT¢™ = ¢*p™ implies (¢*p)* =
(pTq)T. Hence ¢*p = pTq as P is proper. So

Therefore ¢ is a surjective left subhomomorphism of R into M such that
Condition (S4) holds.

It remains to show that P = II(R, M, ¢). Consider ¢ : P — R x M. We
have
(r,m) € Py merg < (r,m) e ll(R, M, o).

So ¢ : P — II(R, M, ¢) is an onto morphism. Consider p,q € P such
that py = qip. We have

pY = qp = (pa,pop) = (qa, qop)
= pa = qa and popq
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and
pa = qa = (pa)” = (qa)*

=pra=qa

= pT = ¢" as a is Ep-separating

=D ﬁEp q.
As P is proper and p (ﬁEPﬂap) q, wehave p=¢q. So¢ : P — II(R, M, ¢)
is an isomorphism and hence P = TI(R, M, ¢). O
Combining Proposition 10.3.1 with its dual, we get:

Proposition 10.3.2. Let R be a restriction semigroup and M a monoid.
Let ¢ be a surjective subhomomorphism of R into M such that

apNbp #0=a"b=>b"a, (S4)

and
ap Nbp # 0 = ab™ = ba”, (S5)

fora,be S. Then
I(R,M,¢) ={(r,m) € Rx M :m € r¢}
15 a proper cover of R over M.

Conversely, let P be a proper cover of R over M along with (2,1,1)-
morphism o : P — R. Let ¢ : P — R x M be the induced morphism
defined by

pY = (pa, ),
where pB8 = pop for p € P. Then ¢, defined by

sp={g€ M:(s,g) € P},

for s € R, is a surjective subhomomorphism of R into M such that

Conditions (S4) and (S5) hold and
P =T1I(R, M, ).

Proposition 10.3.3. Let R be a left/right restriction semigroup and M
a monoid. Let ¢ be a surjective left/right subhomomorphism of R into
M such that

lesp=seEg (S8)

and

spNtp# D= sogrt, (S9)
for s,t € R. Then

I(R,M,¢) ={(r,m) € Rx M :m € ro¢}

is an E-unitary cover of R over M.
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Conversely, let P be an E-unitary cover of R over M along with (2,1)-
morphism « : P — R. Let the induced morphism ¢ : P — R x M be
defined by

Y = (pa, ),
where pB = pop for p € P. Then ¢ defined by

sp={g€ M:(s,g) € Py},

for s € R, is a surjective left/right subhomomorphism of R into M such
that Conditions (S8) and (S9) hold.

Proof. Suppose R is a left restriction semigroup, M is a monoid and ¢
is a surjective left subhomomorphism of R into M such that Conditions
(S8) and (S9) hold. We wish to show the following:

(i) II(R, M, ¢) is an E-unitary left restriction semigroup;

(ii) there is an onto (2,1)-morphism ¢ : II(R, M,¢) — R which is
Er-separating;

(iii) TI(R, M, ¢)/om = M.

(i) As in Proposition 10.3.1, TI(R, M, ¢) is a left restriction semigroup.
By Proposition 10.2.8, II(R, M, ¢) is E-unitary if and only if Condition
(S3) is satisfied. However, Condition (S3) is implied by Condition (S8)
and so II(R, M, ¢) is E-unitary.

(ii) As in Proposition 10.3.1, py : II(R, M, ¢) — R where

(87 t)pl =S

for (s,t) € II(R, M, ¢), is an onto morphism that is Ey-separating.

(iii) Let us consider py : II(R, M, ¢) — M, where (s,t)ps = t. Suppose
(s,t), (u,v) € II(R, M, ¢). We wish to show (s,t) op (u,v) if and only if
t =v. If t = v, we have
(s,t), (u,t) e I(R,M,p) =1t € s¢ and t € u¢p
=>tespNue
= sogru by Condition (S9)
= es = eu for some e € Fy
= (e,1)(s,t) = (e,1)(u,t) for some (e, 1) € Ey
= (s,t) om (u,t).
Conversely if (s,t) op (u,v), then ¢ = v as in Proposition 10.3.1. Also, as
in Proposition 10.3.1,

(s,t), (u,v) € Ker py & (s,t) o (u,v).
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Therefore, 0 : TI(R, M, ¢)/on — M and hence II(R, M, ¢) is an E-unitary
cover of R over M.

Conversely, let P be an E-unitary cover of R over M. So P is an E-
unitary left restriction semigroup, o : P — R is an onto (2, 1)-morphism
which is Ep-separating and P/op = M. Let f : P — M by given by
pB =pop forp e P. Let ¢ : P — R x M be the induced morphism given
by

pY = (pa, pB) = (pa, pop)
for p € P.

As in Proposition 10.3.1, ¢, defined by
sp={me M : (s,m) € Py},

for s € R, is a surjective left subhomomorphism of R into M. It remains
to show that Conditions (S8) and (S9) hold for s,t € R:

1€ sp=s € Ep; (S8)

spNtp#0 = sopt. (S9)

(S8) Suppose that 1 € s¢. We wish to show that s € Er. As 1 € s¢, we
have (s,1) € Piy. So there exists p € P such that (pa,pop) = (s,1). As
popl, we have p € Ep by Proposition 2.7.7 and 2.8.5. Hence p = p*. So

pa=s=pta=s= (pa)t =s= s € Ep.
Therefore Condition (S8) holds.

(S9) Let s,t € R and let u € M be such that u € s¢ Ntp. We wish to
show sogt. We have

u€spNteg = u € sp and u € to
= (s,u), (t,u) € Py
= (s,u) = (pa, pop) and (t,u) = (qo, gop) for some p,q € P
= s =pa,t =qa and u = pop = qop
= s = pa,t = ga and ep = eq for some e € Ep
= s =pa,t = qa and (ep)a = (eq)a
= s = pa,t = qa and (ea)(pa) = (ea)(qa)
= (ea)s = (ea)t

= sort as ea € Fp.

Therefore Condition (S9) holds. Thus ¢ is a surjective left subhomomor-
phism of R into M such that Conditions (S8) and (S9) hold.
O

Using Proposition 10.3.1, we have our desired result. We note that the
first part of the result is the same as for Theorem 9.6.2, but we shall
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state it for completeness.

Theorem 10.3.4. Let S be a left restriction semigroup and U a variety
of monoids. Then the following are equivalent:

(1) S has proper covers over U;

(2) if u =0 is a law in U, then uto = v a is a law in S, where u and
v are (2,1)-terms.

Proof. Suppose S has a proper cover over U. Then there is a proper left
restriction monoid 7" such that T'/or € U and an onto (2, 1)-morphism
¥ T — S which is Ep-separating. If u« = v is a law in U/ then since T is
proper and T'/or € U, T = a0 = v7u by Lemma 2.8.4. As 1) is onto,
SEutv=0v"uand so utv =0 u is a law in S.

Conversely, suppose that (2) holds. Let Fg, along with p : S — Fj,
be the free left restriction semigroup on S. Suppose « : Fg — S is the
unique morphism making the following diagram commute:

So « is defined on the set of generators of Fg sending su to s. Clearly, «
is onto. Let M, along with the map § : Su — M, be the free monoid in
U on the set of generators Su. As pu: S — Fsand 0 : Sy — M,

o S — M.

As M is reduced left restriction, there exists a unique morphism
B:Fs— M

such that the following diagram commutes:

S M

Fg
1)
H D

M

Set # = a~!3. This is a left subhomomorphism of S into M by Theorem
10.2.6. Let m € M. As (Su)d generates M,

m = (s10)...(Sppd)
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for some s;i...s, € S. So we have

m = (sluﬁ)...(snuﬁ) = ((Slﬂ)--'(sn,u))B’

where sip...s,14 € Fs. So 3 is onto. As (3 is onto, 6 is surjective. We wish
to show that 6 satisfies Condition (S4). By Proposition 10.2.17, this is
equivalent to showing that

sB=tB= (sTt)a= (t*s)a
for s,t € Fs. We have

s = h(S1fty .., Sppt) Tk(S1pt, .., Snft)

and
t = p(sfty oo Sut) " q(S144, ooy Spft)

by Lemma 2.2.15 where h, k, p and ¢ are n-ary functions and h and p
are products of terms of the form (zy...z,)". Suppose s = tf. Then

h(‘Sl/’LB? ceey Snll’ﬁ)Jrk(Sl,uﬁ? s Snﬂﬁ) = p(slu/@7 ceey Sn/l,ﬁ)JFQ(SLMﬁ, sy Snluﬁ)
Therefore
h(slu(57 sy Snu6)+k(81u67 sy Sn,LL(S) = p<81/1’57 teey Sn/'l’é)Jrq(Sl,u’é’ ce Sn:u(s)

and so
k(s1p00, ..., $ppd) = q($1140, ..., Sppd).
For aq,...a, € M, define v : S — M by

SU = a;.

As M is the free monoid on Su, there exists a morphism 6 : M — M
making the following diagram commute:

S M

v N

M
As

k(s110, ..., sppd) = q(s1140, . . ., Sppid),
we have
k(s1100, . .., $,100) = q(s1100, . . ., $,1100),

ie.

k(ay,...,a,) =q(ay,...,a,).
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It follows that ¢k = kTq is a law in S by (2) and so

stt=(h"k) pTq
= h+k+p+q
= h+p+k+q
=hTpTqtk
=('a)"h'k

=tts.
Therefore st =t*s is a law in S. Hence (s*t)a = (t7s)a.

As 0 is a surjective left subhomomorphism of S into M such that Condi-
tion (S4) holds, TI(.S, M, 0) is a proper cover of S over M by Proposition
10.3.1. Therefore S has proper covers over U. O]

Combining the previous result and its proof with the dual, we have the
following result:

Theorem 10.3.5. Let S be a restriction semigroup and U a variety of
monoids. Then the following are equivalent:

(1) S has proper covers over U;

(2) if u =17 is a law in U, then v = v and uv* = va* are laws in
S, where w and v are (2,1)-terms.

We would ideally like to have a similar theorem for E-unitary semigroups.
However, in Proposition 10.3.3 we need both Conditions (S8) and (S9)
for

I(R,M,¢) ={(r,m) € Rx M :m € r¢}

to be an E-unitary cover of R over M. In Proposition 2.2 in [41], which
is used to prove the covering result for inverse semigroups in [47], only
Condition (S8) is needed. This is due to Condition (S9) being a con-
sequence of Condition (S8) in the inverse case as proved in Proposition
10.2.11. The requirement of the extra condition poses problems when
trying to deduce such a theorem in the restriction case.

We have two ways to show that the class of left restriction monoids
having a proper cover over a variety of monoids U is itself a variety of
left restriction monoids, where this variety is determined by

Y={u"v=0v'u:u=0visalawin U}.

Firstly, in Chapter 9 we used graph expansions to obtain our desired
result using techniques that were used when considering the class of left
ample monoids which form a quasivariety. Unlike the left ample case we
were also able to apply the techniques of Petrich and Reilly to obtain the
result using left subhomomorphisms. In both methods the proof that if
a left restriction monoid S has a proper cover over U then S satisfies X
is the same.
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In our method involving graph expansions in Chapter 9 we considered
the free left restriction monoid on X7, namely Fy = M(X, ¢, X*), and
p which was the (2,1, 0)-congruence on Fy generated by

H = {((ur)" o7, (v7)Tu7) € Fx x Fx : 4,0 € X* and uf = vf}.

Assuming the left restriction monoid S satisfied > we showed that S had
a proper cover over M = F/op, where F' = Fx /p. The proper cover was
given by

K ={(s,m) €S x M :3ap e Fx/p with (ap)¢ = s and (ap)o’, = m},

along with morphism v : K — S defined by (s, m)y = s in Proposition
9.6.1 and Theorem 9.6.2. We have ¢ : Fix/p — S defined as (ap)¢p = ab,
where 0 : Fx — S is the morphism which exists due to F'x being the free
left restriction monoid on X 7.

Assuming the left restriction monoid S satisfied ¥ we can show S has a
proper cover over U using the subhomomorphisms method. Instead of
taking Fg to be the free left restriction semigroup on S, we take the Fg
to be free left restriction monoid on S in the proof of Theorem 10.3.4.
Considering o : Fs — S and 8 : Fs — M, which both exist due to Fy
being the free left restriction monoid on S, we consider the left subho-
momorphism 6 = o~ '3 and show that S has a proper cover over U. The
proper cover is given by

II(S,M,0) = {(s,m) € S x M : m € s0}.

By the monoid version of Proposition 10.3.1, the proper cover K of S
over M = F'/op from Chapter 9, is also of this form. Let ¢ : K — Sx M
be the induced morphism given by

pY = (py,pB),

where v : K — S is given by (s,m)y = s and § : K — M is given by
(s,m)p = (s,m)ok for (s,m) € K. So we have

(Svm)w = (57 (87 m>0K)'
Then ¢, defined by
sp={me M :(s,m) e K},

for s € S, is a surjective left subhomomorphism of S into M, represented
as:
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Furthermore, Condition (S4) holds and

K =~ T1I(S, M, ¢).
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