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ABSTRACT

In this thesis, we shall consider nonlinear systems of the form
z(t) = A(=(t))z(t) + B(x(t))u(t)

together with a standard quadratic cost functional and replace the system by a
sequence of time-varying approximations for which an optimal control problem
can be solved explicitly. The basic system is, £(t) = A(z)z + B(z)u, which can be
approximated by a sequence of systems of the form #U1(¢) = A(zl=1(2))zl(t) +
B(zl=1(¢))ull(t). We then show that the sequence converges. Although it may
not converge to a global optimal control of the nonlinear systems, we also consider
an approximation sequence for the equation given by the necessary condition
of the maximum principle and we shall see that first methods gives solutions
very close to optimal solution in many cases. We shall also extend the result
to partially observable nonlinear stochastic systems which can be written in the
above form with additive Gaussian white noise. Some examples are shown to

illustrate this theory.
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Chapter 1

Introduction and Basic Results

1.1 Introduction

Engineering is concerned with understanding and controlling the materials and
forces of nature for the benefit of human kind. Control system engineers are
concerned with understanding and controlling parts of their environment, often
called systems, in order to provide useful economic products for society. In order
to control a physical system it is necessary to obtain a good mathematical model
of the system. Usually, all physical systems are inherently nonlinear. Thus, all
control systems are nonlinear to a certain extent. Nonlinear control systems can
be described by nonlinear differential equations. However, if the operating range
of the control system is small, and if the involved nonlinearities are smooth, then
the control system may be reasonably approximated by a linearized system, whose

dynamics are described by a set of linear differential equations.

Control system design has been studied from the classical systems theory point

of view and gradually evolved to meet more complex problems by using modern
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systems technology. Classical control design is generally a trial and error process
in which various methods of analysis are used iteratively to determine the design
parameters of an acceptable system. Acceptable is generally defined in terms
of time and frequency domain criteria such as rise time, settling time, peak over
shoot, gain and phase margin, and bandwidth. However, complex multiple-input,
multiple-output systems are required to meet the demands of modern technology.
For example, the design of a spacecraft attitude control system that minimizes
fuel expenditure is not amenable to solution by classical methods. A new and
direct approach to the synthesis of these complex system, called optimal control

theory, has been made feasible by the development of the digital computer.

The objective of optimal control theory is to determine the control signals
that will cause a process to satisfy the physical constraints and at the same time

minimize some performance criterion.

Furthermore, new theories of optimal control have been developed by L.S.
Pontryagin in former Soviet Union and R. Bellman in the United states. As a
result the control engineer may have a new mathematical tool for the analysis

and design of a control system in the time domain.

For the time domain analysis, the optimal control law of linear quadratic op-
timal control problems can be obtained by solving the matrix Riccati equation,
or by determining the transition matrix of the Hamiltonian system [4, 35, 38].
However, for a general nonlinear optimal control problem, it is not possible to
obtain the exact feedback control solution analytically. Never the less subopti-
mal feedback control can be obtained by using either the power series expansion
method [40, 26, 27, 28, 42, 55]) or neighbouring optimal control method ([18,
37, 44]). In addition, the optimal feedback control can be obtained using Bell-

man’s [13] dynamic programming method, but this method suffers from the curse
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of dimensionality.

Since general nonlinear systems are extremely difficult to deal with and most
results which can be obtained are of an approximate nature, many authors have
considered bilinear systems [1, 10, 5, 17, 30]. It is in a sense, a simple nonlinear
system for which one can write explicit formulae for calculation of the kernels.
However, it has some drawbacks; one has to compute a large number of terms in
order to get a reasonable approximation. Control of processes governed by bilinear

systems, including optimal control, has been studied previously by numerous

authors (see, eg [1, 10, 5, 30]).

Hofer and Tibken [30] proposed a sequence of approximations to finite time
bilinear optimal control problems in which they calculated the gain matrix itera-
tively from the Riccati differential equation. This method has the advantage that
one can use linear optimal control law for each sequence of approximations; how-
ever, a disadvantage for on-line process control is the computational overhead.
Aganovic and Gajic [1] introduced a new approach that instead of calculating
the gain matrix iteratively from Riccati differential equation, computed the time-

varying Lyapunov equation for each sequence of approximations.

Banks and MaCaffrey [8] applied the same idea ( a sequence of approxima-
tions) to nonlinear parabolic systems. In this research a sequence of approxima-

tions to nonlinear optimal control problems has been proposed.

The thesis is organized as follows: Basic results of linear control theory, linear
optimal filtering and functional analysis needed in the work are presented in

Chapter 1.

In Chapter 2, a sequence of approximations to a nonlinear quadratic optimal

control problem is introduced and shown to converge under certain conditions.
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The type of system which is considered is a nonlinear one of the form z(t) =

A(z)z(t) + B(z)u(t) which can be approximated by a sequence of systems of the
form £U(t) = A(zl-1(2))l(2) + B(2l=1(2))ull(2).

In Chapter 3, a sequence of approximations is introduced in order to find a
global optimal control for nonlinear systems, using Pontryagin’s minimum princi-
ple. This will replace the nonlinear systems by a sequence of two-point boundary

value problems which is shown to converge under certain conditions.

In Chapter 4, a sequence of linear filtering equations is applied to nonlinear
stochastic systems in order to estimate the state, which is corrupted by state

excitation noise and measurement errors.

Practical applications of the theory developed in the previous chapters will
be given in Chapter 5 and Chapter 6, using models of an inverted pendulum, an

F-8 fighter aircraft and the Van der Pol oscillator.

Finally, in Chapter 7, conclusions and topics of further research are suggested.

1.2 Linear Optimal Control Theory

In this section, some of the results concerning linear control theory, namely, linear
quadratic regulator problems and their application to deterministic and stochastic

systems, are reviewed.

The linear regulator problem is a classical problem of optimal control theory
and may be treated as a continuous or discrete problem. In the interest of brevity
the remarks will be confined to the continuous version of the problem. The proof

of these results and further details can be found in {4, 14, 16, 32, 35, 38].
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A linear time-varying system of the form:
z = A(t)z(t) + B(t)u(t), z(0) = zo (1.1)

is considered, where z € R™, u € R™, A and B are n X n, n X m dimensional ma-
trices respectively. It is assumed that the complete state z(t) can be accurately
measured at all times and is available for feedback. A stabilizable time-invariant
linear system can always be stabilized by a linear feedback law. Since the closed-
loop poles can be located anywhere in the complex plane, the systems can be
stabilized. By choosing the closed-loop poles far to the left in the complex plane,
the convergence to the zero state can be made arbitrarily fast. However, increas-
ing the closed-loop poles too far to the left requires a large control input. In
any practical problems the control input cannot be increased beyond some value.
These considerations lead quite naturally to formulation of an optimization prob-
lem, where one takes into account both the speed of convergence of the state to
zero and the magnitude of the input amplitudes. To introduce this optimization

problem for the linear systems (1.1), a quadratic cost functional (J) is formed:
min J = —:cT(tf Fz(t;) + / { (t)Q(t)z(t) + uT (t) R( }dt (1.2)

where F' and Q are symmetric positive semi - definite matrices, R is symmetric
positive definite, and ¢; is some fixed time. As this optimization problem is a
regulator problem, only the transient situation is considered where an arbitrary
initial state must be reduced to the zero state. The problem formulation does
not include a disturbance or a reference variable that should be tracked. These

analyses lead to the following theorem:

THEOREM 1.2.1 The optimal input for the deterministic optimal linear regulator
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is given by a linear control law:

where T(t) = R7'BT(t)P(¢),
which minimize the cost functional in equation (1.2). The symmetric positive

semi - definite matriz P(t) satisfies the matriz Riccati equation:

—P(t) = Q(t) + AT()P(t) + P(t)A(t) — P()B(t)R™'(t) BT () (1),
with the terminal condition

P(ty) = F.

REMARK 1.2.1 The weighting factor F' penalizes the system at the specified
terminal time t;. The weighting factors @ and R apply penalties for trajectories
of the state z(¢) and the control u(t) over the time span [to,ts]. It can be seen
that if @ is large and R small, then optimal system will apply a large control
effort and force the system to zero rapidly in order to avoid a large penalty due
to large Q. On the other hand, if Q is small and R large, the control effort will
be smaller, and the system will converge to zero slowly. Clearly, a wide variety

of situations can be accommodated within this formulation.

1.2.1 Pontryagin’s Maximum Principle

In order to find the optimal control u(¢) which minimizes the cost functional J
subject to the constraints given by equation (1.1), the Pontryagin maximum

principle is used. This principle provides the necessary conditions for optimality,
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resulting in a set of adjoint equations that may be treated as two-point boundary
value problems. The proof of Pontryagin’s principle is given by Pontryagin et

al [45] and Fleming and Rishel [25]; it may be written in the following form.

THEOREM 1.2.2 Pontryagin’s Mazimum Principle

Consider the problem of minimizing the cost functional
J = 00alt)tn) + [ alt),ult) i

subject to the constraint
#(t) = f(2(t),u(t),t), =z(to) = o

and assume that (Yo, zo) is fired. Suppose, moreover, that t; is free and that z(ty)

is constrained to the terminal manifold defined by the equation
N(z(ts),ts) =0

and finally that u is constrained to belong to some closed set ) C R™. Then

necessary conditions for a minimum of J at z*,u* are given by:

H(z*(t),u*(t), M(t),t) < H(z(t),u(t),A(t),t), V t, u, z

and
OH __ _ 08 8aNT
oH _ _ 88, (3NT
M o= N -H = Z+ (&)

where H denotes the Hamiltonian defined by

H=¢+ATf
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and A\, v are Lagrange multipliers.

REMARK 1.2.2 To find the optimal control, H is minimized among the admis-
sible controls with values in ; strictly speaking one has therefore stated the
‘minimum’ principle. Lagrange multipliers A are often called the costate (adjoint

or dual) variables and the differential equation of A is called the costate or adjoint

equation.

EXAMPLE 1.2.1 For the linear regulator problem the Hamiltonian function H 1is

given by:

H = % (z"(1)Q(1)a(®) + uT () R()u(?)) + AT(t) (A(t)(2) + B(t)u(t))

Applying the minimum principle one can obtain the following conditions:

B — i = A(t)z(t) + B(t)u(t)
B = _\ = Q) + AT(t)M)
8 - 0 = Ru + BTA=0

u(t) = =R~ (¢) BT(t)A(?)

For A = Pz with A(t;) = Fz(ts), one can obtain the matrix Riccati differential

equation

—P(t) = Q(t) + AT(t)P(t) + P(t)A(t) — P(t)B(t)R™\(t)BT(t)P(¢).
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1.3 Linear Optimal Filtering

In the previous section it is assumed that the complete state vector can be mea-
sured accurately for the regulator problem. This assumption is often unrealistic.

The most frequent situation is that for a given system
z = A(t)z(t) + B(t)u(t), z(to) = zo

only certain combinations of the state, denoted by y, can be measured:

The quantity y, which is assumed to be an m- dimensional vector, with m usu-
ally less than the dimension n of state z, will be referred to as the observed or
measured variable. Estimating the state vector of a linear system on the basis of
observations of the output variables is treated as a vector random process due to

measurement errors and stochastic disturbance of the variables.

Theoretically, it is an estimator for what is called the linear quadratic Gaus-
sian problem, which is the problem of estimating the instantaneous “state” of
a linear dynamic system perturbed by Gaussian white noise - by using mea-
surements linearly related to the state, but corrupted by Gaussian white noise.
Mathematically, the filter problem is treated by using probability theory and
the theory of stochastic process in order to find optimal state vector for linear

dynamical systems (linear optimal or Kalman-Bucy filter).

A historical account of the derivation of the so-called Kalman-Bucy filter is
given by Brammer and Siffling [14]. The Kalman-Bucy filter can be regarded

in discrete or continuous time and here the continuous version of the problem is
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considered. The proof of this results and further details can be found in [4, 14,
16, 19, 25].

1.3.1 Formulation of the Filter Problem

A linear system is considered in which the state vector z(¢) is stochastically dis-
turbed and the output measurements y(¢) contain stochastic errors. The system

is described by:
z = A(t)z(t) + v(t)
y(t) = C(t)z(t) + w(t)

The state vector z(t) to be estimated is n-dimensional. Let its initial value z(¢o)

be a random vector with zero expectation and given covariance matrix P(to) = FPp:

E{[z(to) — E{x(to)}]la(to) — E{a(t)}]"} = Py | (1.3)
The measurement variable y(¢) has m components and the matrices A and C are

known continuous functions of time ¢.

The disturbance v(t) € R™ and the measurement error w(t) € R™ are white

noise with given covariance matrices:

E{x(t)}
E{w(t)}

0 E{o(t)o"(r)} = Q)8(t-r)

’ (1.4)
0 E{wt)w(r)} = R@)é(t-17)

where 8(t — 7) is the Dirac § function. Q and R are symmetric, Q is positive semi

definite, but R must be positive definite.
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Let the initial state, the disturbance process and the measurement process be

mutually uncorrelated:

il
=

E{z(to)v™ (1)}
E{z(to))w™(®)} = 0 (1.5)
E{v(t)w"(r)}

Il
=

A linear unbiased estimate of z(t) based on the sample function y(7),to <7 <t

is formed. This estimate is denoted by #(t). The estimation error is defined as:
z(t) = z(t) — 2(1).

For unbiased estimation E{Z(t)} = 0, its covariance matrix is defined by
B(t) = E{z()z7(¢)}.

The estimate must be optimal in sense that the components of the estimation

error have minimum variance. This is equivalent to the requirement
trace P(t) — minimum
The optimal covariance matrix P(t) is found using the following theorem.

THEOREM 1.3.1 Kalman-Bucy filter
(i) The linear unbiased minimum variance estimate for the state z(t) of the

continuous-time stochastically disturbed system

#(t) = A(Da(t) + v(t), E{z(to)} =0
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for which the sample function y(7), to < 7 < t, and a priori knowledge according
to (1.3)-(1.5) are available, is given by the differential equation:

b(t) = AR + K(O{y() - CEDY, (to) = 0. (16)
(it) The gain matriz is given by
K(t) = P()CT(t)R7'(2). (1.7)

(iii) The covariance matriz of the estimation error obeys the matriz Riccati dif-

ferential equation

P(t) = Q@)+ AQ)P() + P(1)AT(t) — PQ)CTORI(CH)P,  (1.8)
P(to)

I
s

P(t) is positive semidefinite and symmetric matriz.

1.3.2 Extended Kalman Filter

The Extended Kalman filter is similar to a linearized Kalman filter except that
the linearization takes place about the filter’s estimated trajectory rather than a

the pre-computed trajectory.

Consider the equation

£(t) = f(z,t) + (1),
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together with the measurement
y(t) = h(z,1) + w(t),

and suppose that E{v(t)vT(t)} = Q(¢) and E{w(t)wT(t)} = R(t). Expand f and

h in Taylor series to first order. Then,

for some nominal trajectory z;(t). Then if

r(t)
s(t)

flzr,t) — Az, t)z(?)
h(.’ll],t) - C(Jll,t)il)](t)

> e

the equations become

(t) = Az, t)z(t) + r(t) + v(t)
y(t) = Clzn)z(t) + () + w().

These equations are now linear and one may apply the Kalman filter equations

to obtain the estimation equations:

() = Az, t)#(t) + (1)
- + ~(t)CT(wu VR (1) [y(2) — s(t) — Clzn, 2)a(t)] | (1.9)
P(t) = Qt)+ P(t)AT(z1,1) + A(z1,1) P(t)

— P@)CT(z1,t)R™1(t)C(z1, 1) P(2) ‘

The linearized estimation equations (1.9) with z; = & constitute the ertended

Kalman filter.
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1.3.3 Separation Principle

Stochastic separation is of central importance for the optimal synthesis of linear
stochastically disturbed control loops. This class of problem is largely solved
by decomposition into deterministic linear control and stochastic linear filtering

which both have a fully developed theory.

In continuous time, the linear stochastic control problem is formulated as

follows:

8(t) = A(t)z(t) + B(t)u(t) + v(t), (1.10)
y(t) = C(H)=z(t) + w(t),

where z(to) is normally distributed random vector with E{z(t0)} = £, v(t) and
w(t) are vector valued Gaussian random processes. Estimation error is defined

by:

(1) = 2(t) — &(t). - (1.11)
Then by substitution of (1.10) into (1.11), one may obtain

(t) = A(t)z(t) — BT (0){z(t) — £(t)} + v(2),

since u(t) = —I(t)Z(t), ['(t) = R~'(¢t)BT(t)P(t) and optimal feedback gain ['(t)

is obtained by solving the deterministic optimal control problem.

From equation (1.11) and (1.6) :

3(t) = {A() ~ K(CWY(2) + v(t) — K (£)w(?)
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Writing these equations as a combined differential equation yields

T A-BI' BT T I
L= + v+
[i} [ 0 A-KC 5;} ll]

REMARK 1.3.1 Equation (1.12) is known as the separation theorem or separa-

0

w (1.12)
-K

tion principle. Here as well the dynamics of the error #(t) is completely decou-
pled from the dynamics of the state z(t): & is influenced neither by z nor by I
The characteristic motions of z, conversely, are only determined by A, B and
', while BI'Z and v merely act as external excitations. These considerations

motivate the following theorem.

THEOREM 1.3.2 (i) The linear unbiased minimum variance estimate for the state

z(t) of the system

z(t) A(t)z(t) + B(t)u(t) + v(t) E{z(te)} =¢
y(t) = Cb)a(t)+wl(t)

for which the sample function y(1) and the input variable u(t), to < 7 < t, and
a priori knowledge according to (1.8)-(1.5) are available, is determined by the

differential equation
2(t) = A()E(t) + B(t)u(t) + K (t){y(t) - C()2(t)}  #(to) = ¢

(ii) the gain matriz K(t) is given by equation (1.7) and the covariance matriz of

the estimation error obeys the matriz Riccati differential equation (1.8).
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1.4 Functional Analysis

In this section some elementary functional analysis which will be needed later is
presented. This will include subjects like, normed vector space, Banach spaces

and measure of matrix. More details of this material can be found in [31, 43].

1.4.1 Normed Vector Space

A vector space is a purely algebraic object, and if the processes of analysis are
to be meaningful in it, a measure of distance must be supplied; the distance is
known as normed in this context. Intuitively one expects distance to be a non-
negative real number, to be symmetric, and to satisfy the- triangle inequality.

These consideration motive the following definition.

DEFINITION 1.4.1 Let X be a set. Associate with each pair of elements f,g € X

a non-negative number d(f, g) such that for all f,g,h € X:

(i) d(f,g9) =0 iff' f=g
(1) d(f,9) = d(g,f) (symmetry)
(131) d(f,g9) < d(f,h)+d(h,g) (triangle inequality)

d is called a metric on X, and X equipped with a metric is known as a metric

space.

1if and only if
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DEFINITION 1.4.2 Let V be a vector space, and suppose that to each element

f € V a non-negative number || f|| is assigned in such a way that for all f,g € V

(1) | £ 0 iff f =0
(22) lefll = |ellif]l for any scalar o
(112) IIf+gll < fIl+llgll (the triangle inequality)

The quantity || f|| is called the norm of f, and V is known as a normed vector space.
A metric d is obviously obtained on setting d(f, g) = || f — g||, so all normed vector
spaces are metric spaces. A vector space may often be equipped with more than
one norm, the associated normed vector spaces are regarded as different unless

the norms are same.

DEFINITION 1.4.3 Assume that a vector f € V and a number r with 0 < r < oo
are given. The sets of points S(f,r) ={g: ||f — ¢|| <} and
S(f,r) ={g: |If — gll < r} are called respectively the open and closed balls with

centre f and radius r.

DEFINITION 1.4.4 A subset S of V is said to be bounded iff it is contained in
some ball (of finite radius). If S is bounded, its diameter is the diameter of the
closed ball of smallest radius containing S. The distance, written dist(f,S), of a

point f from S is the number infes || f — g]].2

EXAMPLE 1.4.1 Let V = R". Define the Euclidean norm of f = (fi,..., fa) to
be

il = {}_:lff}’

?Inf and sup (abbreviations for infimum and supremum) denote the greatest lower bound

and least upper bound respectively.
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If n = 3 the norm is of course just the usual distance in R3.

DEFINITION 1.4.5 Let (f,) be a sequence in V. The sequence is said to converge
iff there is a vector f € V such that lim||f, — f|l = 0. f is called the limit of the
sequence, and it may be written as f, = f or lim f, = f. The limit is unique,

for if f, = f and f, — g, by triangle inequality

\f=gll=If - fat fo—gll <If = Full +Ifn =gl

and the right-handed side tends to zero as n — oo, whence f = g.

DEFINITION 1.4.6 Let 2 be a subset of R™, and suppose that f is a complex
valued function defined on 2. Then f is said to be continuous at the point x4 € 2
(1) for each € > 0, there exists § > 0, such that | f(z) — f(z0)] < € whenever z € Q
and |z — zo| < ;

(ii) for each sequence (z,) in @ with limit zo, lim f(z,) = f(zo). f is said to be
continuous iff it is continuous at every point of Q;

(iii) f is said to be uniformly continuous on § iff for each ¢ > 0 there exit a
8 > 0 such that |f(z) — f(zo)| < € whenever z,z¢ € Q and |z — zo| < 4, i.e. €,6

are independent of z,.

DEFINITION 1.4.7 Let ) be a subset of R™. The vector space of bounded con-
tinuous complex valued functions defined on € is denoted by £(2).

(i) The space £(Q) may be normed in a number of ways. Set first

IFll = sup [ f(z)]
zeq

Then |f(z) + g(z)| < [f(2)| + |g(z)| for each z, and it follows that ||f + g|| <
£l + llgll. Evidently therefore || - || is a norm on ().
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(ii) Let f denote C™ (m-dimensional complex space) valued function fi,..., fm
where for each j, f; is a bounded continuous complex valued function defined on

a subset © of R™. The set of such functions with the laws of combination

(f+9) (@) = (h(@)+0(@)..., fn(z) + gn(2)),
(af)(z) = (afi(e),...,afm(e)) (a€C),

is a vector space, which will be denoted by £(2,C™); £(f2, R™) of course denotes

the corresponding real space of R™ valued functions. The sup norm is defined by

Il = max sup|f;(<)|

1<;<m z€QN

1.4.2 Banach Space

A set S in a normed vector space V is said to be complete iff each Cauchy sequence
in S converges to a point of S. V itself is known as a complete normed vector
space or a Banach space B iff it is complete. The simplest Banach spaces are R

and C" - with any norm.

DEFINITION 1.4.8 Let V be a normed vector space. A sequence (f,) in V is said
to be Cauchy iff

lim "fn - fmll =0,

m,n—o00

that is, iff for each ¢ > 0 there is an ng such that ||f, — fm|| < € whenever

m,n > np. It is an obvious consequence of the inequality

Wfo = fmll = fo = f+ F = Full < Wfo = AUl + L fm = FIL,
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that if (f,) is convergent it is Cauchy.

DEFINITION 1.4.9 Lipschitz Condition
Let B be Banach spaces and let D be a subset of B. Operator A is said to satisfy
a Lipschitz condition on D with Lipschitz constant ¢ iff there is a ¢ < oo such

that

|Af — Agll < qllf —gll (f,g €D).

In one dimension a function which satisfies a Lipschitz condition is absolutely
continuous, and hence differential almost everywhere. It is convenient to have
the following terminology available when D is unbounded.

(i) A will be said to satisfy a Local Lipschitz condition iff for each bounded
S C D, A satisfies a Lipschitz condition on & with Lipschitz constant ¢, (which
may depend on §).

(ii) A will be called a contraction iff it satisfies a Lipschitz condition with Lips-

chitz constantg < 1.

1.4.3 Measure of a matrix

The measure u(A) of a matrix A is a mapping from R™*" into R [15, 21, 22],
which is in some ways analogous to a norm but which leads to a sharper estimate

of convergence than norms, principally because y(A) may take negative values.

DEFINITION 1.4.10 Let A be a n x n matrix and || - || be an induced norm for

matrices. The measure p(A) of the matrix A is defined by

o _HH+RAj-1
) = fig, = L=
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One can think of £( A) as being the one-sided directional derivative of the mapping
|- |l: R**™ = Ry at the point I (the n x n identity matrix), in the direction of A.

LEMMA 1.4.1 Brauer [15]

Every solution z(t) of the linear system
z(t) = A(t)z(t)
obeys

ool < Nzl exp ([ o(A(sN)ds) [t 2 o],

where o(A) denotes the largest eigenvalue of the symmetric matriz 3(A + AT).

Also, o(A) can be calculated from the relation

zT Az

Tz

o(A) = sup

1.4.4 Gronwall Inequality

One of the most useful results used in differential equations or control engineering

is the Gronwall inequality. It is stated as follows:

THEOREM 1.4.1 Gronwall Inequality
Let K be a non-negative constant and let f and g be continuous non-negative

functions on some interval to <t <ty satisfying the inequality

JOSK+ [ [9)9(e)ds forta<t<ty. Then

f(t) < Kexp (/t:g(s)ds) for to <t <ty.



Chapter 2

Optimal Control of Nonlinear

Systems

2.1 Introduction

The optimal control of general nonlinear systems of the form
¢ = f(z,u)

with the quadratic cost function
min J = zT(t;)Fz(ts) + /otj(:cTQz + uT Ru)dt

can be solved, in principle, by the use of Lie series and infinite dimensional systeins
theory (3, 6, 10]. However, the solution is complex and difficult to implement.

For this reason we consider nonlinear systems of the form

&t = A(z)z + B(r)u
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together with a quadratic cost and introduce a sequence of (time-varying) linear-
quadratic approximations to the nonlinear problem. Similar methods have been
applied to bilinear systems and distributed parameter systems [1, 8, 30}, see also

for a related freezing technique [9].

In section 2.2, the approximating sequence to the nonlinear systems is in-
troduced, and in section 2.3 the proof of convergence of this sequence in an

appropriate space is given.

2.2 The Approximating Sequence

Consider the nonlinear systems

t = A(z)z + B(z)u, z(0) = =, (2.1)
together with the quadratic cost function

J=a"(tFalt) + [ 7 (& Qx + uT Ru)dt. (2.2)

Here, z and u are vector functions with n, m components respectively. A is
an n X n matrix function and B is an n X m matrix function; Q and F are real

symmetric positive semi-definite matrices, R is a real symmetric positive definite

matrix and ¢y is some fixed time.

We introduce the following sequence of approximations to the problem of

minimizing the cost ( 2.2) subject to the dynamics ( 2.1):

i = A(z0)z! + B(zo)u, 2%(0) = z,

JO = GO Pall) 4 /Ut’(xIOITQmIOI+u[0]"Ru[0])dt
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and for k > 1,

= A(x[k‘ll(t))m[k] + B(x[k'”(t))u[k], a:[k](O) =z

t
JE = W) Pty + / (M7 Q¥ + 1" Ryl dt (2.3)
0

Since each approximating problem in ( 2.3) is linear (time-varying), quadratic we

can write the optimal control in the form
ulfl = — R~ BT (glk=1(2)) P (1)
where Pl is the solution of the usual Riccati equation

PH(t) = -Q— PHA(!(1)) — AT (2P 1(2)) P
+ PHB(* ()R BT (aP1)(2)) PH (2.4)
PH(t,) = F

and the kth dynamical system becomes

&M = A(alF-1(2))a¥(t) — B(alF-1(2)) R BT («lF-1(t)) P M (¢) (2.5)

2.3 Proof of Convergence

In this section we shall prove that the sequence of coupled equations ( 2.4) and
( 2.5) converge under certain conditions on A(x) and B(z) and for small enough
horizon time t; (or small enough initial conditions z;). To do this we first
note that if ®¢-1(¢,4,) denotes the transition matrix generated by A(zl-1(t))
then [15], we have

"d)[f-ll(t,to)" <exp [/t u(A(z[“‘](r))dT]

t
1]
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where p(A) is the logarithmic norm of A. We next require an estimate for

pli-1] _ pli-21.

LEMMA 2.3.1 Suppose that u(A(z)) < p for some constant u and for all z that
IA(z) = AWl < alle —yll, V o, y € B

Then

"<I>["‘1](t,t0) oli-4 (¢,to) “ < aetlt- t°)(t— to) sup " - 1] - x[i'zl(s)|l
s€lto,t]

Proof: ®li-11 ®[-2] are solutions of the respective equations
z= ANz, 2(to) = 1
w = Az (i~ 2]( t)w, wite) =1

Hence,

2z~ w) = AFI)( — w) + A1) — A1) v

and so

r—w= [ 8F(t,5) [AE)(s) = A(ab=U(s))] w(s)ds

to

e —wl < [ ean ([ ua@ENr)dr) ezp ( [ wAGE-A)ar)
a |x["'l](s) — zli=2(s) " ds

< ae/t(t—to)(t — to) q:&?q "x[' 1] z[f—zl(s)"_ m]
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We first consider the more general equation

() = A(zo)zl(t) + C(z0)z(t), z[0) = =
) = A(N2l@) + C(FD2l(t), 290) =20, i>1 (2.6)
In order to prove the sequence zll(t) converges to a solution, one need to show
that ||zl1(2) — zt-1(¢)|| — 0 as i — oo. It follows that
2l(t) — -y = [Q[“ll(t, 0) — ®l-2(t, 0)] To
t . , , .
+ / 3li-1(¢, 5)C(2l(s)) [m['](s) - z["ll(s)] ds
0
L . . .
+ [ 8t,5) [Cal(s)) - C(al-(s))] 2t (s)ds
0

+ /0 t @612, 5) — B2 (2, 5)] C (2t~ (s)) 2l (s)ds

For uniform convergence, the following conditions are assumed.

(A1) wu(A(z)) < p VzeR"
(A2) JlA(z) - AWl < alle-y|| Vz,yeR"
(43) |IC@=)-Cyll < Bllz—yll Yz, yeR
(A%) C ()] < v YzeR"

Also, €l(t) is defined as

&i(t) = sup ||zt(s) — 21(s))|

s€fo,4}

ity < ater ()] x|
t o lt=s) el b olt=s) geli=1] 0 (h)s
[ e tyels)ds + [ esti=0 geli=(s)ele4 3 ds

t .
+ [ atert=e N gy yeltDe | ds
0
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since
@)l < ||
from (2.6). Hence, if ¢t € [0, T

(1 -7 /0 ' e“‘“”dS) €W(2) < a Ter€t1(1) o)

+el-1(2) {/0 179 Mg ds + /0 ol e““‘*"ve“‘*”’llwollds}

The above equation may be written as
(e) < Ap)e-1(e)

where

_ et - ]l + el ao]

/\(t) [1 + Z-(l - e“t)]

and so, if |A(t)] < 1 for some small zo and small t € [0, 7] and 7 = oo it follows
2(t) = z(t) on C ([0,T], R™)

Moreover, it can easily be checked that

1

sup |lz(t)|| < 6[2] t) + sup |[zM(¢ .

te{ﬂ%}ll O < 7€) te[o?ﬂll M (2.7)
where

v = sup JA(1)

telo,7T)
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LEMMA 2.3.2 Under the assumptions Al — A4 we have
@) < ez
and

la(e) = a0l < (el 4 ) o)

26(”"'”””%”

IA

where ji = p(A(2%(t))). Since i < p
Proof: This follows from Gronwall’s lemma and inequality
IlzB(@)] < e¥*+zofl. O

COROLLARY 2.3.1 Under the assumptions Al — A4 we have

2
sup [le(0)l < (= +1) 0¥zl
tef0,T} -V

Proof: This follows directly from the above results. O
REMARK 2.3.1 Ifu +v <0, then from corollary (2.3.1), it follows

2
sup (@)l < (7= +1) llzol
tef0,T) v

Hence, although the conditions Al — A4 for all z € R™, it is clear that only these

conditions are required to hold in the ball

2
B, = {m Hlell < (1—__7 + 1) ||$0||}-
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This means that the results apply to polynomial systems which, of course, do not

satisfy Al — A4 on the whole of R™.
In the case of the controlled sequence (2.5) we have
C(at=1(8)) = —B(=t"(t))R™ BT (a11(2)) PYI(2)
and so
C@ =Nl < IBEEIENI® IR IPR ).

The following lemma provides a bound on ||Pl(t)]| directly from (2.4) (and a
bound on || P¥l(t) = PE-1(2)|| follows in a similar way).

LEMMA 2.3.3 Let P[‘](t) = P[i](tf —1), satisfying the Riccati equation (2.4), and
p(t) = || PY()||, such that PIY(0) = F, then

p(t) < 1+ cap + esp?, p(0) = || F||

for some constants ¢, cz,c3 > 0. Hence, for some v € [0,t;), let p(t) < ||Fll+¢
fort € [1,ty] for any e > 0, and so on [r,ty],

p(t) < a+ (2 + (|| F|l +¢))p

so that

p < e(°2+¢3(||F||+€))t“ F| + g f(f eleatea(lIFll+e))(t=3) 4 g
|PUR) < elertal@FIFDE =) Bl 4 ¢ [} elcatealliFil+elts=o)ds

and so for small enough t; ( or small c3,c3) it follows that P["](t)is bounded on
[ 0, tf]'
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Proof: For any sequence Pl(t),

Pl = Q+ PIO)AEH) + AT(e5(0) PGy

PR(4) B(<F11(2)) R BT (28 1(2)) PYI(2)
Pi(0)=F
Integrate the above equation from [0, ¢],

iy . s . to .
Py = @l-1"(¢ 0)Pt(0)®F-1(2,0) + /O ol-1" (¢ )Qal-1(z, s)ds

o T o : . o
+ /0 ol (¢, 5) () B(zl~(s)) R~ BT (21~ (s)) P (s)ds
Taking the norm both side of the equation, we will obtain

1P < 186, o) IPE©)] + [ 186, o) Qlds

+ [ 126, o) IPEI? IB(EE) I | R ds

If we assume the condition ||Q]| = ¢, |[R™'|| =r and ||B(z)| <b, V£ € R",

using the assumption A, we have
o(0) < e I+ [ [o+ rbp(e)?] e-ds,
Differentiate the above equation, then we have
p(t) < 2up(t) + q + rb?p(t)".
Which may be written as

p(t) < a1 + cap + cap’,
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where ¢; = q, c; = 2u, and ¢3 = rb?. It is a nonlinear equation in p(t). So if the

solution p(t) < | F|| + ¢ for small ¢ (or small c;,c3), then

IA

p(t) ¢ + (e+a(lFll+e)p
p(t) < elataliFl+aDt R 4 ¢ [ elcateatliFl+e)(t-0) g

PR < elrtsWPIFNC | F|| 4 ¢ [ elcatasliFi+el(t=s)gs O

From lemma (2.3.3), it is shown that PUl(t) is bounded by small interval time
t € [0,2s] (or small ¢;,c3). Hence, one should determine within this interval
whether PU(t) is satisfying the Lipschitz condition. To this end, the following
lemma explain that Pll(t) is satisfying the Lipschitz condition on [0,#;].

LEMMA 2.3.4 Let matriz PU)(t) is satisfying the Riccati equation of (2.4). Such
that PY(t) = YH() XEI7'(t), Yl(t;) = F and XU)(t;) = I. Then,

() XU@) = A@b-U@)xM@e) - Bl-1())R-1BT (2l-1(t)YH()
@) Y@ = -QxBg) - AT@EN@e)YHE),

(iti) PY(t) satisfies the Lipschitz condition; provided that
A(z=1(t)) and B(zl-')(t)) satisfies the Lipschitz condition.

Proof:

Py = YU@)XU @), Y@ = F, XW(t,) = 1.
PO(t) = YH@)XH™ () - YH@©) X7 () X19(0) X197 1) (28)

The equation (2.8) is satisfying Riccati equation (2.4). Hence,

- (X7 - YO X7 0 X0 X087 0) = @ + P A1)
+ AT ) PA(E) - PH () Bt~ (t)) R~ BT (o1 (1)) PH(1)
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The above equation may be written as

-yt - Yl xE x6 = gx6 + y[ilxli]“A(z[i—ll(t))X[i]“
+AT (261 (t)) YW - YEL X7 B(li-1)(2)) R-1 BT (zli-1(¢)) Yt

The above equation is coupled with X!(¢) and Y["](t). So if they are separated

from the equation, thus

X[i](t) — A(mli—l](t))X[i](t) - B(x[i—l](t))R—lBT(m[i—l](t))Y[il(t)’
vi() = -QxU() - AT(H(@)) Y ().

XU(t) and YU(t) are differentiable, therefore, they are satisfying the Lipschitz
condition. Now, we want to show that Xt (t) satisfies the Lipschitz condition.

It follows

X7 (0) = XU @) = X7 1) (7 - X80 X7 )
“X[‘]-l(tl) (X[i](tz) - X["](tl)) X[i]—l(t2)||
< IXET @) IXET @) 1X8 () ~ XH()

< il =2l ' (2.9)

where i (= 11| X" (2)]|?) is the Lipschitz constant for X¥1™'(¢) and v, is the
Lipschitz constant for XU(t). From the equation (2.9), we can say X017 () also
satisfies the Lipschitz condition. Since YUI(¢) and X7 (¢) satisfy the Lipschitz

condition, PV(t) also satisfies this condition O.
REMARK 2.3.2 PU(t) = PU(¢, 2[-11(2)), therefore

1PE @) — Pyl = 1P, o6 1()) — PE-1(e, ali-2gey))|

IN

rallet =1 () - 2= ()|
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Hence, from the equation (2.6), if we take norm on ||C(zl=1(t)) — C(zF-3()))|, thus

IC(=-1ty) — ¥ 2Aenll < IRTNIBT =F1 @) - BT (262 )| PP 2))|

+ |IR7NBT =A@ PE (2) - PE-Y(e))l.

If the sequence given by equation (2.5) is to converge we need a additional

condition for B(z) in which it should satisfy the Lipschitz condition.

THEOREM 2.3.1 Ift; (or xo) is small enough, then under the conditions A1 — A2

and

(A3) ||B(z)-By)| < Bllz—y|| Yz, yeR"

(A4)/ |1 B(2)| < 7 VzeR"

approzimation zll ull converge (in C (0,t;;R") ) to function z(t),u(t) which
minimize (2.2) over the set of feedback controls of the form —BR™'BTP(z)z O

Proof: The theorem is proved by lemmas (2.3.1-2.3.4).

2.4 Conclusions
In this chapter the optimization problem

min J = 2T (t;)Fe(ty) + /()t’(mTQx + uT Ru)dt
subject to the constraint

&= A(z)r + B(z)u, z(0) =
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has been considered. A new method which minimized (J) over the interval [0, /],

for some fixed t; is proposed.

The idea was to transform the original nonlinear optimal control problem into
a sequence of linear optimal control problems, so that for each sequence one may

obtain a linear time-varying differential equation of the form
il = A1)zl + B(F-1())uld, 2[(0) = 2z,
with cost functional
J = 27 () Fall(e,) + /0 7 (217 Q) 4 1" Rul)at
We have shown for small ¢y (or zo) the approximation of :c["],.u["] converged to the

function z(t), u(t).

The method used is promising and simple to implement. It consists of nu-
merically solving the matrix Riccati differential equation and linear differential
equation for each sequence. The results are very useful and some examples are

given to illustrate the theory in chapter 5.

So far it has been shown that under some conditions, z!, ul converge to
z(t), u(t) respectively and J is minimized in the interval [0,¢;]. Is this minimum

a global minimum?

To this end, we will analyse the same methodology from different point of
view, using Pontryagin’s minimum principle. This yields the Hamiltonian which

will provide the necessary conditions for optimal control.

This will be considered in the next chapter.



Chapter 3

Global Optimal Control of

Nonlinear Systems

3.1 Introduction

In the previous chapter we studied nonlinear systems of the form
tr = A(z)z + B(z)u,
with a quadratic cost functional
1 7 | QL T
J = 5-13 (ty)Fz(ty) + 5/ {z"Qz + u" Ru}dt.
to

In order to find the optimal control for such nonlinear systems, we introduced a

sequence of linear quadratic approximations.

In this chapter, Pontryagin’s minimum principle is used to find an optimal

control for nonlinear systems. This method involves computing the Hamiltonian

35



Chapter 3: Global Optimal Control of Nonlinear Systems 36

function which provides the necessary and sufficient conditions for optimality.
From the necessary and sufficient conditions, one can form 2n nonlinear homoge-
neous differential equations. This leads to a nonlinear two point boundary value
problem which has to be solved by iterative numerical techniques such as steepest

descent, variation of extremals or quasi-linearization [35].

Here, a new approach is introduced that will transform the nonlinear two
point boundary value problem into a sequence of linear two pbint boundary value
problems. Since this is linear, the missing initial conditions to the sequence can
be found by using the method of adjoints. Similar methods have been applied
in order to obtain approximate solutions to the time-invariant Hamilton-Jacobi-
Bellman equation [12], which arises in optimal control when plant is modeled by
nonlinear dynamics, bilinear systems and distributed parameter systems; see [1,

8, 30].

This chapter is organized as follows: In section 3.2, the mathematical descrip-
tion of the problem is introduced. In section 3.3, adjoints method which will
find the set of missing initial conditions for the linear two point boundary value
problem is presented. The proof of convergence of the sequence will be discussed

in section 3.4.

3.2 Problem formulation

In this section, we shall consider the optimization problem

1 t
min J = é—mT(tf)F'm(t/) + 5/’ !{xTQa: + uT Ru}dt
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with state equation
T = A(z)r + B(x)u z(0) = xo.

Here, @, R, and F are symmetric and positive definite and ¢; is some fixed time.
Also z and u are vector functions with n, m components respectively. A is an

n x n matrix function, B is an n X m matrix function.

The Hamiltonian of the problem is
H = %{ITQ.T + uTRu} + AT (t){A(z)z + B(z)u}.

Therefore, the necessary conditions for optimality are:

8 = & = A(z)r+ B(z)u
BH = _) = Qr+ 2 (A()e)" At)+uTZ (B(z))" M)
#H = 0 = Ru+ BT(2)A

so that

u=—R'BT(z)A(t)

From these equations, 2n-dimensional -coupled two-point boundary value prob-

lems are obtained:

& = A(z)r - B(z)R'BT(x)),
A = —Qz+ B(z,\),

where

B(r,\) = _-a"i (A(x)e)T - i (z)T.

xr ozr
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We introduce the following sequence of approximations to the above equation:

0 = A(zo)el(t) — B(zo)R7'BT(20))A(t), z(to) = zo

AL = —Qzlt) 4+ B(wo, Fzo)AO(2), NOl(ty) = Fao

and k>0
= Ak - Bk-1() R BT (1)) AR(y), |
() =z,
. k ) (3.1)
A = @zl + B(alk-1(), A1) AK 2),
ARy = Fele=lty).

Also, a sequence of approximations to the control input, which minimizes the

cost function, is given by:
ulfl(t) = =R B(z-1(¢)) A (2)

Let z = [z, A]T, then from equation (3.1) one can write:
M) = AE*0):M(e), M(e) = [2P(), W)

where

A(et=1(t)) ~B(a¥=1(t) R BT (2l 1(2))

/i [k—llt =
(z*1(2)) _Q B(alk-1(2)), AlE-11(2))

Hence z*(t) becomes set of 2n linear, homogeneous, differential equations for
which n initial and n terminal conditions are known. Thus our initial problem
has been transformed into linear two point boundary value problem. To determine
unknown initial conditions the shooting method is used. This will be discussed

in the following section.
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3.3 Linear Two Point Boundary Value Problem

In this section one of the shooting methods, namely, the method of adjoints,
is discussed. For the linear two point boundary value problem the method of
adjoints finds the set of missing initial conditions in one pass through the process;

for more details see [47].

Consider the set of 2n linear ordinary differential equations with variable

coefficients

A(t) = 2n x 2n matrix

z(t) = 2n x| vector
The initial conditions are:

zi(to) =6, 1=1,2,...n; (3.3)
and the terminal conditions are

zin(ty) = Cimy m=12,...(2n —n). (3.4)
The adjoint system of equation (3.2) is defined as

y=-AT(t)y
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Hence

2n

S (wizi + iz) = 0,

=1
Above equation may also be written as

n d

T \WYizi) = 0

; 7 (Wizi)
or as

d 2n

- izi) =0 .

o i=l(y ) (3.5)
On integrating equation (3.5) over [to,ts], we have

'/ d 2n
T4 dt =

/t ., { 7 - Z(y )} 0
or

Zy.(tf)z. tf Zy;(to 24 tO =0 (36)

Now, if we set terminal conditions for adjoint equation, that is

(m) 1 1=1,
v (L) = o m=12,...,(2n —n)

i

where the superscript m refers to the m th backward integration of the adjoint

equations and i,, refers to subscript on the specified terminal conditions y;,,(¢y)

n (3.4).
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Since by (3.3) the initial conditions are given for z;(%0),7 = 1,2,...,n, equation

(3.6) can be written as

y.( ™) (ts)zim(ty) Zy )(to )zi(to) =

sinlt) = 2outa)ai(t0) = 3oy (ta)sito) 3.)
i=1 i1=n+1

In matrix form we have, for (3.7),

Z"(tj) 21—1 y| (to)z (to)

Zin(t) = 20y 9™ (ko) i(to)

Yot (to) yn+2(t ) .. yg:z)(tt)) zn41(to)
: : : (3.8)
v (o) wialte) .. 2 || it
The set of missing initial conditions is found by solving (3.8):
Zn41(to) yf.'lx(to) y..+z(to) yﬁ.’(to)
z3n(t0) yg-?l (to) yn+2(t0) y2n)(t0)
ziy(tr) — Xim y. (to)z.(to)
X : ' (3.9)
Zin(t) = Lt 4" (t0)i(to)
provided, of course, the inverse exist.
S\
va\\!\f;\;\e\.u
oF S
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In our case, we have
() = A(F1(2))2M(2) (3.10)
where |
A(t) = [H(2), WM ()"

The initial conditions of z/*/(¢;) and terminal conditions of Al¥(¢,) (see the equa-
tion (3.1)) are known. So one can find the missing initial conditions for each

sequence of Al¥l using the method of adjoints.

Having determined all the initial conditions in (3.10), the differential equation

becomes an initial value problem and can be solved numerically.

The sequence of approximate solutions z[¥)(t) is developed by the process
#8 = A(zl*-1)z[¥ which converges to the solution of the original problem under

certain conditions. The convergence will be discussed in the following section.

3.4 Proof of Convergence

The equation (3.1) is integrated over [to,ts]. Thus

M(t) = BL-N(t,to)zo + [y, @2, ) B(cl11(7)) A (r)dr
M) = (e, — t 4+ to, to) Felt-1(¢t)) (3.11)
+ ‘I’E\k_“(t, —t+to, b5+t — 7)QzM(t; + to — T)dr

where B(zl*-1)(t)) = —B(z*-1(t)) R~ BT (zl*-1(t)), ®*~1(¢,1,) is a transition
matrix of A(zl*-(t) and Qlf"'](t 7 —t+1to,to) is a transition matrix of

B(z*-11(t), A-11(2)).
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REMARK 3.4.1

e From equation (8.11), one can say that A¥(t) and zM(t) is bounded by

small t; or zo.

e Since each sequence consists of linear time-varying systems, one may solve
a two point boundary value problem (bup) for each k explicitly using the
equation (3.9). .

o Having found the missing initial conditions for each k for A¥(t), then this

two point bup becomes an initial value problem.
e Then in equation (8.10), all the initial conditions are known.

o Therefore, using the theorem developed in Chapter 2, we can show the equa-

tion (3.10), 2M(t) = A(2*-1(t))2¥(t), converges in C(to,ts; R™).

THEOREM 3.4.1
Under the conditions Al, A2, A3, and A4l of theorem 2.8.1 ( Chapter 2), the
sequence of the systems given by (3.1) converges (in C(to,ty; R") for sufficiently

small t; or xo.

3.5 Conclusions

In this Chapter, a new method has been proposed in order to find a global optimal
control for nonlinear systems of the form & = A(z)z + B(z)u. This method first
finds the Hamiltonian function and using the Pontryagin’s minimum principle the

necessary conditions for optimality are found. This provides a set of 2n first order
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nonlinear ordinary differential equations in which n initial and n terminal condi-
tions are known. We have transformed the nonlinear two point boundary value
problem into a sequence of linear two point boundary value problems. Since it is
linear, the set of missing initial conditions can be found by using equation (3.9).
It is shown here that this sequence converges (in C(o, ts; R™) for sufficiently small

ty or zo.

However, there are some disadvantages in this method where in practice one
finds that sometimes, even though the adjoint equation is integrated backward
with a set of n linear independent terminal vectors, the initial vectors are not
numerically independent. In particular, this can happen when the matrix A(t)
in (3.1) has eigenvalues widely separated in value. As a result the inverse matrix

in equation (3.9) becomes singular.

To illustrate this theory some examples are given in Chapter 5.



Chapter 4

Nonlinear Optimal Filtering

4.1 Introduction

In the previous chapters, it was assumed that all the states of the nonlinear

systems of the form
2(t) = A(z)x(t) + B(z)u(t) (4.1)

are available for complete measurement. This assumption is often unrealistic and

only certain nonlinear combinations of the state, denoted by y, can be measured:
y(t) = Clz)=(t) (4.2)

The purpose of this chapter is to present a method of estimating the state vector,
or finding approximations to the state vector, from the measured variable. For
linear systems, this theory is well developed. The estimated state is then used

to control the nonlinear system given by equation (4.1). The main contribution

45
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of this chapter is to derive an optimal control for a nonlinear stochastic system
of the form 4.1 - 4.2, using the framework of linear filtering, separation principle

and linear regulator control theory.

Usually, many dynamical systems contain noise and measurement errors which
are considered as stochastic phenomena. Therefore, when considering the esti-
mation of the state a certain degree of filtering of the noise is implicitly involved.
In a sense, estimating the state of the systems is a filtering problem and choosing

an optimum filter is essential.

The first landmark contribution to optimum filtering ( or Kalman filtering)
was made by Kalman [34], who formulated a recursive solution to the optimum

linear filtering problem using a state-space model for dynamical system.

Kalman and Extended Kalman filters have been applied to satellite and flight

navigation and mathematical modelling (see [19, 29, 49]).

This chapter is organized as follows: In section 4.2 a new method is proposed
to obtain an optimum filter for a nonlinear stochastic system. In section 4.3,
the proof of convergence of this method is given. Finally, the application of the

filtering problem to control is introduced in section 4.4.

4.2 Proposed Solution

Consider the general nonlinear dynamical system whose state z(t) evolves in time

according to the following differential equation:

&= A(z)z +v(t), z(to) =20, t21to (4.3)
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where

z(t) € R" is an n dimensional state vector,

A(z) is an n x n real matrix function,

zop € R is an n dimensional Gaussian random vector with E{zo} = %, and,
Cov(xo, Xo) 2 E{[x0 — %o][X0 — %0]T} = P,

P, is a positive semi-definite and symmetric matrix,

v(t) € R" is an n dimensional white noise with E{v(t)} = 0 V¢ > ¢, and,
E{v(t)o7(7)} = Q()8(t = 7)), E{zov"(t)} =0,

Q(t) is a positive semi-definite and symmetric matrix.

Also, consider the measurement process y(t) to be given by
y(t) = C(z)z + w(t) (4.4)

where

y(t) € R™ is an m dimensional state vector,

C(z) is an m X n real matrix function,

w(t) € R™ is an m dimensional white noise with E{w(¢)} = 0 V ¢ > ¢, and,
E{w(t)wT(r)} = R(t)8(t — 7)), E{zowT(t)}=0,

R(t) is a positive definite and symmetric matrix.

A sequence of approximations is introduced to the equations 4.3 and 4.4 which

has the following form:

() = A(Zo)z(t) + v(t), ot) = 3o
yo(t) = C(20)2P)(t) + w(t)
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and for k > 1, k - iteration index

M) = AGHI)ME) + o), Jc[k](t(,)=:7:0} “s)

yH) = CEFI))ME) + w()

The estimate £¥(t) of z[*(2) is given by a Kalman filter which has the following

expression:

M) = AEk-N@)2Me) + KME) [iHe) - cEr-10)aHEe) )
KM = PH@CT@-1()R )
B = 0+ PHATER-1() + Ak () () |
- PR()CT(elk-1(0) R ()C(-1(1) PH )
PH(to) = P '
&l¥l(to) = 2o

(4.6)

J

For k = 0, above equations become:

2 = A@)2) + KO [10) - C(@0)a o)
K9(t) = PPI)CT(z0)R7'(2)
Bty = Q)+ PUAT(2,) + A(z0)PU(2)
~  PU()CT(z0) R~ (£)C(20) PYN(2)
p[ol(to) = P,

f:(o](to) = I

4.3 Proof of Convergence

In this section equations 4.5 and 4.6 are proved to converge under certain con-

ditions on A(z) and for small enough horizon time T'( or small enough initial
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conditions z,). To do this, the bound on ||®F-1(t,t,) — ®-2(1,1,)|| has to be
estimated. Therefore the following lemma is presented. This lemma is already -

presented in Chapter 2 (section 2.3) but for easy reference it‘ is given again here.

LEMMA 4.3.1 Suppose that u(A(z)) < p for some constant u and for all z that
|A(z) - AWl < allz - yll, V 2, y € R"

Then

o - 540 10] < g 1)

where
L = ae*=")(t — t,).

Since white noise v(t) is the derivative of the Wiener process W}, v(t)dt can be
replaced by dW,. Also, the state zl)(¢,w) is replaced by xg'](w) where w €
(probability space) is a random parameter appearing indirectly in equation 4.5.

On integrating equation 4.5 over [tq,t] one can get following solution:
. .
2 = o=1(¢, to)z0 + ./;o ®b=(¢, s)aw, (4.7)

In order to prove the sequence zE" converges to a solution one needs to show that

E||zl - 2|2 - 0 as i - co. First, note that

o = [0 1) ~ 91 )] 26
t , N
+ [ [oF0(t,0) - 253, 5)) aw,
0
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The following conditions are assumed in order to show that zl' converge uni-

formly:
(A1) p(A(z)) < po VZER®
(A2) E||zol® < c
@3 1186-(t,t0)ll < exp[f n(A(E-(r))dr]

Under these assumptions and by virtue of the inequality ||a+b}|? < 2(]|a}|2+|{3]|?),
it follows that

Bl - 22 < 2B |96t 10) — @F-U(t, )| e
t . . 2
4 9 /‘o E|@t-1(¢,s) - 962, s)| " ds (4.8)

Using the lemma 4.3.1 and defining,

d;= sup_ E|i2f! - 271

to<tS

it follows from equation 4.8 that

d.' S le"_l where
Ll = 2L2[C+(T—to)]

By induction d; satisfies
d; < Li™'d; (4.9)

The value of d; can be calculated from the equation 4.7 and using the assumptions
Al — A3, therefore

i - t .
Bllel® < 288t t)e +2 [ 1861t o))Pes < Ly
0
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Ly = 2ewl=ig g Lt _ gy
7
Hence,

d < 2E|z)? + 2E))?
d < 4L,

therefore from equation 4.9
d; < 4L, L5,
So, if |L1] < 1 for t € [to, T] and i — o0, it follows

lim E|zf - =0, ac - Jim o = z,.

REMARK 4.3.1 ¥ converges to E‘{zy’”ygk][to,t]} for each k = 0,1,...,1 by the

[+ .

Kalman filter algorithm on (C[to, T'], R"). Since each sequence z;" is linear time-

varying stochastic process, state estimation can be done using a Kalman filter.
However, .1:[ ] converges to z; as ¢ — 0o. Therefore, lim;_, ., :E,'] = E{z:|y[to,t]} on
(C[to, T), R™). Since 2 2 converge, it is obvious that the sequences K1¥(¢) and
P™ will converge to the solutions K(t) and P(t), by methods similar to those

presented in chapter 2.

THEOREM 4.3.1
Using the conditions A1 —A3, if T (or z,) is small enough and small enough P,

then the approzimate sequences zE ],zy’] converge on (Clto, T), R™) to function z,

defined by equation 4.5.

*almost certainly
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4.4 Stochastic Optimal control
In this section, nonlinear stochastic systems of the form

z(t) = A(z)z + B(z)u + v(t), z(to) = zo, E{z0} = %o
together with the nonlinear measurement equation

y(t) = C(z)z + w(t).

are considered, where B is an n x p matrix, u is an p x 1 matrix and A, C, v, w,
and y have been defined in the previous section. Since these are nonlinear sys-
tems, there are no analytical solutions to the above equations. Therefore, before
analyzing the nonlinear stochastic systems, linear stochastic systems are consid-

ered in order to solve the nonlinear problem.

Consider linear stochastic systems
5(t) = A(t)e + B(t)u+v(t), (to) = 0, B{o} = €
with the measurement equation
y(t) = C(t)z + w(t).

It is well known by Kalman Filtering that the observer to the system is given by

B(t) = A()&(t) + K(t) [y(t) - C()&(t)], #(to) =¢
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The observation error is defined by #(t), £ = z — %, where it has differential

equation of the form
i(t) = [A(t) - KQ)C()|3(2) + v(t) — K(t)w(t), F(to) = zo — &

The only difference in stochastic control systems is that the feedback control law

is connected to the estimate of the state rather than state itself. Thus,
u(t) = -T3(t), T =R (®)BT(R)P(2),

where, P is obtained by solving the Riccati equation with P(t;) = F. So, one
may obtain combined differential equation of z(¢) and Z(¢) of the form:
z(t) A(t) — B(t)I'(t) B(t)I'(t) z(t) + I ®
. = v
z(t) 0 A(t) - K(@)C(t) (1) I

-

+ 0 ] w(t)

L

Using this linear stochastic system theory, a sequence of approximations is applied
in order to tackle the nonlinear stochastic problem. This will be demonstrated in

the following section.

4.4.1 The Approximating sequence

Consider the nonlinear system

i(t) = A(z)xz + B(z)u + v(t), z(to) = 2o, E{zo} = Zo
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together with the nonlinear measurement equation
y(t) = C(z)z + w(1).
The control u(t) is to be chosen so as to minimize the cost functional

¢
min J(u) = E {zT(t Fs(t)) + /‘ ! (sT(H)Qx(2) + uT () Ru(t)) dt} .
0
A sequence of approximations to the above equations is introduced. Thus

() = A@E*I)ME) + BEFI()uH(E) + u(2)
zM(te) = zo, E{zo} = Zo
ulfl(t) = —TH()zH()
r¥) = R'(t)BT("(t))PH(2)
-PH() = Q@+ PH()AEH1(t)) + AT(H 1 (2)) PH(2)
- PM()B(a*(t)) R BT (2% (1) PH(t), PM(ty) = F
yH(t) = CE*(e)2M(t) + w(t)

For k = 0, the above equations become

20(t) = A(F0)2P(t) + B(z0)ul)(t) + v(t)
2%(t)) = zo, E{zo} = Fo
W) = () 20(¢)
rf) = R'(t)BT(20)PP(t)
—-PO(t) = Q+ PO (t)A(zq) + AT(20) P(2)
— PO t)B(zo)R™' BT (30) P(t), PO(t;)=F
Y1) = C(20)21(1) + w(t)
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The estimate of £¥(¢) of z[*(¢) is given by the Kalman filter algorithm which has

the following expression:

M = @) + BE0)e)
+ KM(0) [y¥(0) - o)) (ko) = 2o
KW@) = PH@CT@E0)R ()
Pl = 0w+ PHOATER) + A1) PH()
- PHCTEr )R 00 0) P

~

PH(t) = P

For k = 0, the above equations become

1 = A@)2(2) + B(Zo)ul() + K1(2) [yP(2) — C(20)20)(1)]
i(to) = %o
KO(t) = BPU#)CT(z0)R-\(t)
B = Q) + PO)ATZo) + Azo) PO(2)
—  PO)CT(z0) R (t)C(30) PUY(2)

-~

Plo](t) = B
The sequence of observation errors #*I(t) is defined by
#M(t) = 2¥(2) — 2¥(2)

and the combined differential equation of z!*!(t) and I(t) is of the form:
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¥ (2) _
My |

A@E-1(8)) - B(ak-1(2))rtH(e) B(&t-11()) ¥
0 A1) - KH()C@-1()
z¥(¢) I 0
X () + ; v(t) + _ Kl w(t) (4.10)

The advantage of the equation 4.10 is that the Z[*¥l(¢) is completely decoupled
from the dynamics of the state z!*I(t). Therefore, #*(t) is influenced neither
by z!*)(t) nor I'®l(t). The characteristic motions of zl¥)(t), conversely, are only
determined by A((*-1(t)), B(&*-1(t)) and I'™(¢), while B(zlF-11(¢))I(¢)z(¢)
and v(t) merely act as external excitations. The algebraic sei)aration principle is

therefore also valid here.
REMARK 4.4.1 The equation 4.10 may be written as
XW(e) = A(xB-N(e) XH() + v(2),

where V X, V € R™, k = 0,1,...,i and 4 € R* x R*. So, under the
theorem 4.3.1 X1(t) will converge to X(t) as i = oo.

4.5 Conclusions

In this chapter, the problem of developing optimal filter for nonlinear system has

been introduced using a new approach. Basically, it consists of a sequence of
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approximations to the nonlinear systems combined with optimal filtering based
on the approximate systems. A numerical experiment to test the performance of

the developed filter was conducted and the results will be shown in chapter 6.

Also, a technique for studying nonlinear stochastic control problems by re-
placing their defining equations by sequence of time-varying systems has been in-
troduced. Each sequence may be approached by classical means. The sequences

are shown to converge under mild assumptions.

A numerical example is shown to illustrate this theory in chapter 6.



Chapter 5

Practical Applications for

Deterministic Systems

5.1 Introduction
In the previous chapters the control problem for nonlinear system in the form
t = A(z)z + B(z)u (5.1)

have been studied. A new algorithm to determine a suitable control input u
that will stabilize the nonlinear systems within a finite time has been introduced.
This control law is global optimum over the trajectories and minimizing the cost

functional within a final time. That is minimizing the J, where

J = T(t;)Fa(t)) + /‘: ' (27Qz + uT Ru) dt.

58
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The above equation can be replaced by a sequence of linear time varying systems

of the form,

) = A () 2t) + B (2F1(2)) ut(2)
ulfl(t) = R B(l-U())T PO (t)zl(2)

It has been shown that as 1+ — 0o, this equation is uniformly converging to (5.1).

That is,
i 2l(3) =
il_l’rg:c (t) = =(t)
im ull(?) =
‘I_!.Tou (t) = u(t)

The first approximation is calculated from the initial conditions. Second and sub-
sequent approximations are based on the previous approximation. The iteration
procedure will be stopped when the convergence criterion, ||z13(t) — zt—(t)|| < €,

is met; c is a positive number and close to zero.

In this chapter, some example nonlinear systems will be used to demonstrate
the practical aspects of the techniques introduced in this research. These systems

are the inverted pendulum and F-8 fighter aircraft.

5.2 Inverted Pendulum

In this section the proposed control technique will be used to solve the control
problem of the inverted pendulum on a moving cart. The objective of the problem
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is to keep the pole upright position; This has to be done only by movement of

the cart along the horizontal axis.

Balancing an inverted pendulum using an automatic controller is a popular ex-
ample in control engineering classes. It is simple enough for educational purpose,
and at the same time demonstrate the usefulness of certain design techniques in

modern control theory.

Different approaches have been used to solve this problem; Jorgensen [33]
reduced the above nonlinear model of the system to a linear one. But this ap-
proach only work for small angles in the range of (0 — 12°). This idea of using a
linear model have been used by many authors; see( [20]Jand [41]). Many other
attempts have been carried out using the techniques of Neural Networks; see for
an example( [2]). There are other approaches like Fuzzy control systems, see
( [51]), also applied to solve this problem. The method proposed here is able to

solve the problem for large angles in the range (0 — 60°).

5.2.1 Description of the Model

The system consists of a pendulum connected to a horizontal cart by a pin joint
as shown in Figure 5.1. A control force u is applied to the cart. Let m the mass
of the pendulum, M the mass of the cart, r the distance from the pivot to the
center of mass of the pendulum, z the horizontal displacement of the cart and the

0 the angle of inclination of the pendulum to the vertical direction. The equation

of motion are (see [50])

(M+m)i+mr5m0—mré’sin0 =u

icosf+rf—gsind =0
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Figure 5.1: Inverted pendulum on a cart, including notation

If 2y, z3, z3 and x4 represent state of the systems z, z, 6 and 0, then the state

space form of

the equations are:

z'. = I3
. _ mrzisinzg mg sin 2z3 u
2 = M+msnlz 2(M + msin®z3) * M + msin’z,
Ty = I,
£ = (M + m)gsinzs max3sin 2z3 U COS T3

r(M + msin®zs) 2(M +msin’z3) r(M + msin’ z3)

The above nonlinear equations representing the dynamics of the systems are

rearranged to

be of the form:

i = A(z) + B(z)u

with

A(z) =

o1 0 0
0 0 ay(z) a3(zx)
00 0 1
0 0 as(z) aq(z)

and B(z) =

bi(z)

ba(2)

(5.2)
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where

a(z) = Fiimadny ®@) = grams,

M i ——mzysindzy
ax(z) = :;(,'(u%nlﬁ'f%' au(z) = Foremsmie:
h(z) = m, bi(z) = Miman' )’

5.2.2 Simulation Results: Method I, Sequence of Approx-

imations

In this section numerical results are presented to demonstrate the performance
of the method described in chapter 2. The method is basically a sequence of

optimization policies.

The first approximation (2% = A(z)z!% + B(zo)ul%) is calculated from the
initial conditions of the nonlinear systems represented by state space form & =
A(z)z + B(z)u. In this case the matrices A and B are constant. After the
first approximation the matrices A and B are time-varying. It has been shown
that under certain conditions the nonlinear systems can be represented as sys-
tems of linear differential equations (z!™ = A(zt*~1)zl"l 4+ B(zl*~U)ul")) which
will converge to the original nonlinear systems. The sequence of control laws
(ufY = =R~ BT(zI*-11) Plrlzl) is calculated by numerically integrating the ma-

trix Riccati equation backwards in time for each iteration.

The values of the parameter g, m, M and r are given in table 5.1. By changing
the values of the weighting matrices F, @ and R in the cost functional the shape
of the response can be optimized. The design matrices F, Q and R have been
chosen to obtain a good response. Their values are F = I, Q = diag(1,1,100,1)
and R = 1. Initial conditions are x(0)=z, = [0, 0, 8, 0] and final optimization

time t;=10 seconds. The simulation results are presented in Figure 5.2 - 5.4 for
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Parameter Value
Acceleration due to gravity (g) 9.8 m/sec?
Mass of the pendulum (m) 0.1 kg
Mass of the cart (M) 1.0 kg
Distance from pivot to center of mass of pendulum (r) 0.5 m

Table 5.1: Model Parameters

6 = 20°, 30°and 50°. Simulation results demonstrate that the controller is able to

balance the pendulum within 3 seconds. The dotted-dash line represents the first

approximation, dashed line for second approximation and solid line represents

the third approximation. It is evident that the sequence converges quickly and

after the second iteration a good approximation to the solution is reached.

5.2.3 Simulation Results: Method II, Sequence of Two

Point Boundary Value Problems

Here the algorithm developed in chapter 3, which is a sequence of two point

boundary value problems, is applied to an inverted pendulum in order to illustrate

this method.

The optimization problem,
=Ll 1, r T
J = 53T (t))Fz(t) + 3 /‘0 {«7Qz + uT Ru}dt,
shall be considered, subject to the constraint

z = A(z)x + B(z)u.
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(b) Sequence of control input ul’(t), ulll(t) and ul(t)

Figure 5.2: Response of the states of the inverted pendulum to the initial angle

# = 20°, using the method(l), sequence of approximations.
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(b) Sequence of control input ul(t), ull(t) and uld(t)

Figure 5.3: Response of the states of the inverted pendulum to the initial angle

# = 30°, using the method(l), sequence of approximations.
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(b) Sequence of control input ul®(t), ul(t) and ul¥(t)

Figure 5.4: Response of the states of the inverted pendulum to the initial angle

# = 50°, using the method(I), sequence of approximations.
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The Hamiltonian of the problem is
= %{zTQ:c + uTRu} + MT[A(z)z + B(z)u;

where, A is Lagrange multiplier. Therefore the necessary conditions for optimality

are:

t = & = A@2)z + B(z)u,

X T

Ao= M - Q@ 4+ (24@a)T) 4 4T (2BE)7),
% = Ru + BTN = 0.

If we rearrange above equation, it will be

A(z)r — B(z)R'BT(z)),

A= -Qzr + B(z, M),
where
T T
B(z,\) = - (a—(%:—)ﬂ) + AT B(z)R™ (____agf))

If z is vector containing # and A which are n x 1 matrices, then we have the set

of 2n nonlinear homogeneous differential equations

[ ] [A(:c) —B(z)R“BT(z)][ ] 653
-Q B(z,)) A

or we may write 3 = A(2)2. A is a 2nx2n matrix. For inverted pendulum,
analytic functions A(x) and B(z) are defined in equation (5.2). The analytic
function B(z,)) is derived from differentiating ﬂ-’%‘f’-’-’- and %ﬂ.
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B(z, ) has the form:

[ 17 r -T
61 0 0 00 0 0
_ 0 0 a(z) az(=z 0 0 bi(z) O
B(z,)) = - @) @l@) | rppn 1(<)
00 O 1 00 0 O
| 0 0 a(z) au(2) | |0 0 By(z) O]
where
a(2) = oty {msin? 225 — 2(M + msin’ 23) cos 273}
+ W—:';:‘;W{(M—msin’za)cosxa},
az) = Feumsy,
= M4+m)(M~-main3 r. .z
03(.’3) = 4 r)((M+mlin’:ca) ===
+ —"7_72(M+::::n =5 {msin2 2z3 — 2(M + msin® z3) cos2:c3},

= — —max4 sin 2z,

04(1) = (M4msin? z3)°

3 _ —-msin 3z

b(z) = Gimastoy

52(3) — (M4+msin? z3) sin 734m sin 223 cos s
- r(M<+main® 23) :

Sequence of approximations to equation (5.3) are introduced:

] , (5.4)

() | _ [ A1) -B ()R BTE) | | o
M || -9 B(at-1)(t), =111 A

It is a 2n dimensional linear time-varying differential equation in which n initial
conditions and n terminal conditions are known. The terminal conditions for

each iteration Al(¢;) is given by
A9(ty) = Fal='l(ey)

For the first iteration step i = 0, the value of AP)(¢) is given by A%(t,) = Fz,.

So the missing initial conditions for A(to) for each iteration can be found by
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using the method of adjoints. Having found the missing initial conditions the
differential equations (5.4) will be integrated to find the response. This procedure

will continue until the sequence of approximations converges.

The same conditions which were used in section 5.2.2 are now applied to cal-
culate the response of the inverted pendulum for method II. They are the weight-
ing matrices F, @ and R, and their values are F = I, Q = diag(1,1,100,1)
and R = 1. For different 6 (20, 30, 50) the simulation results are plotted in
Figures 5.5 - 5.7. As before the dotted-dash line represents the first approxima-

tion, dashed line for second approximation and solid line represents the third

approximation.

5.2.4 Comparison of Method I and II for the Inverted

Pendulum

In this section it is shown that solving a sequence of Riccati equations ( Method I)
provide control policies which determine global optimum control for nonlinear
systems. To this end, the second method, sequence of two point boundary value

problems, is used.

The converged sequence is taken to calculate the cost functional for both
methods under the same conditions. These conditions are weighting matrices F,
@, R and fixed horizon time. The cost functional for the inverted pendulum was

calculated for 3 seconds for both methods.

Table 5.2 shows values for the cost functional for different value of §. From
the values of the table 5.2 it is understood that both methods provide similar cost

to the system. Therefore, intuitively, one can say the method I which is solving
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(c) Sequence of state AL(t), Al(t) and ABI(t)

Figure 5.5: Response of the states of the inverted pendulum to the initial angle

0 = 20°, using the method(Il), sequence of two point boundary value problems.
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(¢) Sequence of state AP)(t), All(t) and ALA(t)

Figure 5.6: Response of the states of the inverted pendulum to the initial angle

# = 30°, using the method(Il), sequence of two point boundary value problems.
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Figure 5.7: Response of the states of the inverted pendulum to the initial angle

0 = 50°, using the method(11), sequence of two point boundary value problems.
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0 Sequence of two point Sequence of Riccati
value problems, Method II | equations, Method 1

10 3.6069 3.6239

20 13.8844 13.9462

30 29.2620 29.3158

40 47.4336 47.0833

50 64.9688 63.8404

Table 5.2: Cost of the Inverted Pendulum

the sequence of Riccati differential equations provide optimal control solutions to

the nonlinear system.

5.3 F-8 Fighter Aircraft

As a second example, a nonlinear model of the F-8 fighter aircraft is considered
here. Modern high performance aircraft operate in flight regime where nonlin-
earities significantly affect the dynamic response. In such situations dynamic
response may be improved if controller design is based on nonlinear rather than

linear models of the aircraft dynamics.

The objective of the control problem is to apply control theory to design of
flight control system which can provide acceptable dynamic response over the

entire range of angle of attack.

In an attempt to solve the control problem for the fighter aircraft, several
techniques have been used. Starting with a linearized version of the nonlinear

model of the aircraft, Garrard and Jordan [27] computed a linear control law using
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linear quadratic regulator theory. This linear control has been shown to work only
for small angle of attack. In order to overcome this limitation of the linear control
law which was based on a linear model, Garrard and Jordan introduced system

nonlinearities in their model so that it is written in the form:
& = Az + Bu + ¢(z),

where ¢(z) is an analytic vector function representing the system nonlinearities.

Then feedback control for the above system is [27]:

u= -13-'BT9-‘1

2 ox’

where v(z) satisfies the Hamilton-Jacobi partial differential equation:

a7 T 1007 | r00T .
—é?A:c + -5;¢(m) - 4-~5}—BR B 'y 4+z'Qzr=0, v(0)=0.

This equation cannot be solved analytically; perturbation procedures are used
to obtain approximate solutions. Although by introducing this nonlinearities in
their model, Garrard and Jordan [27] increased the flying range of the angle of
attack for the aircraft. But this approach for the determination of the nonlinear
control is very laborious and it becomes very complicated as one implements
higher order control terms. It was found that as angle of attack approach 34.5°,

it cannot recover from stall.

Another approach to the problem has been carried out by Desrochers and
Al-Jaar [23]. In their method they design a controller for a reduced order or
simplified nonlinear model of the nonlinear plant. Compared with that of [27]

this technique is less complicated but on the other hand it was shown to work only
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for small angle of attack even less than that of the third order control introduced

in [27).

To improve the aircraft performance a number of different approaches have
been described recently using nonlinear control methods which are: Global Non-
linear Control Design and Extended Linear/Nonlinear Control Design. Global
nonlinear design methods are used to design nonlinear feedback control laws that
guarantee stability and acceptable responses of the closed-loop system over the
entire state control space. In Banks and Mhana [9], it is shown that solving
the infinite-time linear quadratic optimal control problem, pointwise on the state
trajectory, results in global stability, near optimal quadratic control policy for
nonlinear systems. Their method may be classified into this category and the

application of this approach to aircraft control has been reported [9)].

Extended linear control design methods are used for designing nonlinear con-
trol laws that ensure closed-loop stability and acceptable response in a region
that consists of neighborhoods of all operating points. This method of designing
on family of constant operating points, eg extended/pseudo-linearization [11, 46).
Application of the extended linear/nonlinear control approach to flight controller
design for F-8 aircraft has been presented in Wang et al. [52, 53]. In their meth-
ods, at the high speed (243.84 m/s) trim condition, it was found that initial
perturbation of angle of attack 33°, extended linear controller shows diverging
response. Extended nonlinear flight controller captures the aircraft even up to an

initial perturbation of angle of attack 37.5°.

The method which we proposed here is able to control the F-8 aircraft, at the
high speed (243.84 m/s) trim condition, for larger angle of attack even up to 43°.
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5.3.1 Mathematical Model

Under many circumstances the equation of motion of an aircraft naturally decou-
ples into longitudinal modes and lateral modes. The longitudinal mode comprises
the forward velocity, angle of attack ( the angle the velocity vector makes with
the wing ), pitch rate and flight path angle (the angle the velocity vector makes
with the horizontal ). The lateral modes comprises the side velocity, the roll rate,

and the yaw rate.

The longitudinal mode of the F-8 aircraft dynamics are considered here to
demonstrate the theory introduced in this research. The equation representing

the dynamics of the aircraft are [27]:

& = 0-—a*f—0.088af —0.877a + 0.47c? + 3.846a° — 0.2154, + 0.286.a’
+ 0.4782a + 0.636° — 0.0196°

6 = —0.3960 — 4.208c — 0.47a® — 3.564a° — 20.9676, + 6.2656.a + 4647
+ 61.46°

where a is the angle of attack in radians, @ the pitch angle in radians, 8 the pitch
rate in radians per second and 4, the tail deflection angle. The above dynamical
equation have been put in state space form where z,, z3, and z; represent the

states a, 9, and ] respectively and the control §, by u. So that

£ = —0.877z, + z3 — 0.088z,23 + 0.47z% — 0.01923 — ziz; + 3.84623

— 0.215u + 0.282z%u + 0.47z,u* + 0.63u°

I3

—4.208z, — 0.396z3 — 0.47z3 — 3.564z3 — 20.967u + 6.265z3u

2

z3

+ 46u? + 61.44°
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Above equation may be written in the form :

z = A(z)z + B(x)u

where
—0.877 + 0.47z — z,z3 + 3.84623 —0.019z, 1 — 0.088z,
A(z) = 0 0 1
—4.208 — 0.47z; — 3.56427 0 ~0.396
and
—0.215 + 0.28z?
B(z) = 0 (5.5)
—20.967 + 6.26522

Terms involving nonlinearities in u are eliminated as the approach here can not
account for nonlinear control terms. However, these terms have only a small effect

on the dynamics as shown in [27].

5.3.2 Simulation Results: Method I, Sequence of Approx-

imations

The response of the aircraft to the controller derived in chaptér 2 was tested. The
time response for several initial values of angle of attack (35°,43°) are shown in
graphical form in Figure 5.8-5.9. In Figures, dotted-dashed line represents the
first approximation, dashed line for second approximation and solid line represents
the third approximation. After the second iteration a good approximation to the

solution is reached. The weighting matrices F, @ and R have been chosen for
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obtaining a good response. Their values are: F = I, Q = diag(50,1,1) and
R=1.

5.3.3 Simulation Results: Method II, Sequence of two

point boundary value problems

Here the algorithm developed in chapter 3 is applied to the dynamics of the F-8
aircraft as a second example. To find a global minimum for the quadratic cost

functional Hamilton’s equation has been used.

The Hamiltonian of the problem is:
H= %{zTQz + uT Ru} + AT[A(z)z + B(z)u);

where, ) is the Lagrange multiplier. Therefore the necessary conditions for opti-

mality are:

]
)
S
|

= A(r)z + B(z)u,
= Qs+ (2492)7h 4 T (2BE2)7),

z
A 8z
8 - Ru + BTA

2
l

8z
0.

|
|
u

The above equations may be rearranged to form a set of nonlinear homogeneous

differential equation as introduced in equation (5.3). For easy reference, this

equation is given again here:

z z) —-B(z)R™! Tz x .
[.]=[A()_B()R B()” ] 56
A -Q B(z,)) A
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Figure 5.8: Response of the states of the F-8 aircraft to the initial angle of attack

a(0) = 35°, using the method(I), sequence of approximations.
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Figure 5.9: Response of the states of the I-8 aircraft to the initial angle of attack

a(0) = 43°, using the method(l), sequence of approximations.
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where A(z) and B(z) are defined in equation (5.5) and B(z, ) has the form:

- T
-0.877 4 0.94z, — 22323  —0.038z; —z?+1-0.088z,

+11.538z2 - 0.088z3

B(z,A) = -
0 0 1
| —4.208 - 0.94z — 10.6922? 0 ~0.396
T
0.56z; 0 0
+ ATBR™! 0 00
12532, 0 0

A sequence of approximations is introduced into equation (5.6). Since we have
known initial conditions for the state  and terminal conditions for A, the original
differential equation (5.6) is transformed into sequence of linear (time-varying)
two point boundary value problems. The missing initial conditions may be found
for Al(to) using the method of adjoints. The terminal condition of Al (2,) for
each iteration are approximated by All(t;) = Fzl=1(t;). For the first iteration
step i = 0, the value of A)(¢;) is given by ALl(t;) = Fzo.

The same conditions which were used in method I are now applied to obtain
the response of the aircraft for method II. They are the weighting matrices F,
Q and R and their values are: F = 1,Q = diag(50,1,1) and R = 1. For the
different values of the angle of attack (35°,43°) the simulation results are plotted
in Figures 5.10- 5.11. In the Figures the dotted-dashed line represents the first
approximation, dashed line for second approximation and solid line represents

the third approximation.
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Figure 5.10: Response of the states of the F-8 fighter aircraft to the initial angle
of attack a(0) = 35°, using the method(II).
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Figure 5.11: Response of the states of the I'-8 fighter aircraft to the initial angle
of attack a(0) = 43°, using the method(II).
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5.3.4 Comparison of Method I and II for the F-8 Aircraft

As discussed in section 5.3.2, another example (F-8 aircraft) is shown in which
Method I is used to determine an optimal control solutions for the nonlinear

systems. The converged sequence is taken to calculate the cost functional for both

Angle of attack Sequence of two point Sequence of Riccati
a value pfoblems, Method II | equations, Method 1
20 1.1580 1.1435
25 1.9688 : 1.9443
30 ‘ 3.1876 3.1513
35 5.1255 5.0950
40 - 8.5848 8.7378

Table 5.3: Cost of the F-8 aircraft

methods under the same conditions. These conditions are weighting matrices F',
@, R and fixed horizon time. The cost functional for F-8 aircraft was calculated
for 1 second for both methods. Table 5.3 shows the values of the cost for different

values of angle of attack a. It is understood that both methods provide similar

cost to the system.

5.4 Conclusions

Two control methods developed in Chapter 2 and Chapter 3 have been applied

to two physical systems, an inverted pendulum and F-8 fighter aircraft.

In the case of the inverted pendulum, the Method I (sequence of approxima-

tions) and Method II ( sequence of two point boundary value problems) provided
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a controller which is able to balance the pendulum provided that the initial angle
is less than 60°. However, if the initial angle beyond 60° these methods would
only work for very short time. For example, if the initial angle is 160°, these
methods only converge for the first 0.5 seconds of the simulation. One may con-
sider this 0.5 second as the horizon time used in the receding horizon philosophy
where every 0.5 second interval is considered as a new optimization policy in
which method I may be applied with new set of initial conditions, resulting in
global (sub optimal) control for nonlinear systems. These ideas will be considered

as future development.

The theory of Method II provides global optimal control for nonlinear systems
but has some computational disadvantages. The set of initial vectors is deter-
mined from a set of linear independent terminal vectors by backward integration.
However, due to numerical computation errors, the initial vectors may form a set
of linear dependent vectors. As a result the inverse matrix at the initial time may
become singular. This causes this method II to diverge very quickly. However,
there are ways one can apply techniques such as orthonormalizing the matrix
each time whenever these vectors become linear dependent. By applying these
techniques to method II, the simulation can be run for long a period of time.

These ideas will be considered for future developments of this work.

For F-8 fighter aircraft, both methods are able to recover from stall when the

angle of attack is up to 43°.



Chapter 6

Practical Applications for

Stochastic Systems

6.1 Introduction

In this chapter some applications of the theory developed in Chapter 4 are inves-

tigated.

For partially observable system with linear dynamics and quadratic integral
cost criteria the separation principle is well known (see [54]). The important
feature of the separation principle allows for solving the state estimation problem
first, by explicitly characterizing the conditional mean of the state process given
the measurements, and then solving the control problem which is completely

observable and has a new state, the conditional mean ( Kalman-filter estimator).

Using this linear filtering and regulator control theory a sequence of approx-

imations to nonlinear filtering and nonlinear stochastic control problem is in-

86
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troduced and shown to converge under mild assumptions in Chapter 4. The
converged sequence provides almost optimal control solutions for the nonlinear

stochastic control problem.

For the nonlinear stochastic control problem, the traditional design method
involves linearizing the nonlinear systems at the equilibrium point. This method
has some drawbacks in that the performance may be poor when the system is

operating far away from the equilibrium point.

The linearization and design of gain scheduled control of nonlinear systems

have been discussed by many authors, see [36, 39, 48].

In this chapter nonlinear systems such as the Van der Pol oscillator and in-
verted pendulum have been chosen to examine the nonlinear filter problem and
the nonlinear stochastic control problem. The results show that the proposed
method provide a controller which is able to control the nonlinear stochastic
system over large operating range and in the case of the inverted pendulum,

the controller has been able to balance the pendulum over large angles in the

range 0 — 60°.

6.2 The Van der Pol Oscillator

The Van der Pol oscillator is characterized by the following differential equa-

tion [24]:
i —ex(t)(1—z*(t))+z(t)=0

which describes a dynamical system with state-dependent damping coefficient

€(1 — z%(t)), € is a positive parameter. The damping in the system goes from
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negative to zero to positive values as the value of z2(¢) changes from less than to
greater than unity. The oscillator’s response is characterized by a limit cycle in
the z(t), £(t) plane (phase plane). The limit cycle approaches a circular shape as
¢ becomes very small, and it has a maximum value of z(t) equal to 2.0 irrespective
of e. This type of oscillation occurs in the electronic tubes, which also exhibit

what is known as thermal noise.

If ; and z, represent state of the system x and &, then the state space form

of the Van der Pol equation becomes:

2')1 0 1 Ty 0
= < +
T -1 €¢(1 —2z3)) T2 vy
Also suppose that the following measurement is taken:

y(t) = (1+ 2})z1(t) + wn(t),

where v;, v, and w; are white noise. Values for noise statistics are shown in the
table 6.1. Also € is taken to be 0.2. R is a positive value, Q is a (2 X 2) positive

semi-definite matrix and B, is also a (2 x 2) positive semi-definite matrix.

~

Figure | B

-~ -~

Case Qn Q12 | Qn sz R
Vander Pol 1 | 0.5 0.5 4 6.1 0.11
0.

Vander Pol 2 | 5.0 5.0 | 10.0 6.2 0.11

0 0
0 0

Table 6.1; Noise statistics
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6.2.1 Numerical Experiment

In order to illustrate the algorithm developed in Chapter 4 (Bank-Dinesh ap-

proach), the nonlinear filtering is investigated using a Van der Pol oscillator.

In the figures, the following symbols are used:

EKF = Extened Kalman Filter algorithim
B—-D = (Banks— Dinesh) approach.

In B-D approach, the converged sequence has been taken to compare the response
with EKF for the case Vander Pol 1 and Vander Pol 2 which are shown in the
figure 6.1 and 6.2 respectively.

6.3 Stochastic Control

In this section a continuous time partially observed nonlinear system is considered

as a regulator problem. For a system represented by differential equation
& = A(z)r + B(z)u+v(t), z(to) =z0, E{z0} = o,

together with the nonlinear measurement equation given by'
y(t) = C(z)z + w(t),

stochastic optimal control is found so as to minimize the cost

min J(u) = F {:cT(tf)Fz(t;) + /t:f (:vTQ:v + uTRu) dt} .
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State x1
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TIME (sec)

(a) First state and estimate by B-D, EKF

6 B
TIME (sec)

(b) Second state and estimate by B-D, EKF

Figure 6.1: Response of the states of the Van der Pol oscillator to the case Vander
Pol 1. ’
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State x1

1 !
6 8 10 12 14
TIME (sec)

(a) First state and estimate by B-D, EKF

6 8
TIME (sec)

(b) Second state and estimate by B-D, EKF

Figure 6.2: Response of the states of the Van der Pol oscillator to the case Vander

Pol 2:
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The noisy inverted pendulum is considered in order to illustrate the stochastic
control problem. The dynamics of the pendulum are given in Chapter 5 Also

suppose that the following measurement is taken:

@) ] (1420 0 0} [a@®] [w@)
_ z2(1) + :
] ya(t) ] | 0 0 z3 0] z4(1) ] ] ws(t) j

where 1, 5, z3 and x4 represent the state of the system z, &, 6 and 4.

For the inverted pendulum, the stochastic control problem has been considered
with the presence of small enough Gaussian white noise v(t) and w(t) in the state

z(t) and measurement y(t) respectively.

6.3.1 Controller Design

For linear system, the solution of the continuous time stochastic control prbblem
as determined by the separation principle is given by the deterministic control
law and the stochastic optimal filter law. For the nonlinear stochastic control
‘problem as has been investigated in Chapter 4 a sequence of approximations
is introduced. Each sequence consists of a stochastic linear system, therefore,

separation principle may be used to solve the control problem.

The design parameters are chosen as follows:
the deterministic control parameters ) = diag(1,1,100,1), R =1, F = [ and
the filter parameters Py=0.01I, R=21 and Q = 101,
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6.3.2 Simulation results -

g

The simulation results are presented in Figures 6.3 - 6.5 for 6 = 20°, 30°, and
50°. The dotted line represents the first approximation, dashed line for second
approximation and solid line represent the third approximation and the converged

solution. The method is seen to converge rapidly to provide very effective control.

6.4 Conclusions

In this chapter a new technique for the control of partially observable stochastic
nonlinear systems has been presented. For the sample problems considered, the
procedure was seen to offer substantial improvement in systems performance as
compared to linearization at equilibrium point. The resulting control is almost

optimal.

Possible applications besides those already discussed might include, for ex-
ample, optimal guidance and navigation policies for space and terrestrial vehicles

and optimum closed loop process controllers.
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(b) Sequence of control input ul’l(t), ull(t) and u?(t)

Figure 6.3: Response of the estimate states of the inverted pendulum to the initial

angle 0 = 20°.
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Figure 6.4: Response of the estimate states of the inverted pendulum to the initial

angle 0 = 30°.
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Figure 6.5: Response of the estimate states of the inverted pendulum to the initial

angle 0 = 50°.
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Chapter 7

Conclusions and Further

Research

Lineer control is a mature sub ject with a variety of powerful methods and a leﬁg
history of successful applications. Linear control relies on assumptions of small
range operation for the linear model to be valid. Nonlinear controllers, on the
other hand, may handle the nonlineaiities directly. Since many types of nonlinear
- systems do not fall into a general class, each may have to be treated individually.
Therefore, it has attracted many research workers during the last thirty years.
An overview of the literature on the subject is becoming a major task. However,
the different mathematical technique used in the analysis of these systems can be

recognized.

* In this work we have considered the nonlinear sys‘tern of the form

i(t) = Al@)e(t) +B(@)u(t), a(to= o,
y(t) = C(z)a(t).

97
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i

It has been analyzed from the deterministic and stochastic points of view.

For the deterministic case, in chapter 2, a sequence of approximations to the
nonlinear system has been introduced. It is shown that if ¢; or(zo) is small enough
this sequence converges uniformly (in C[to, t5], R") to function z(¢) and u(t). The

converged sequence is the solution to the nonlinear problem.

It should be noted that the method proposed here may easily be generalized

to the case of nonlinear cost functional of the form

min J(u) =.%$T(tf)‘F(L'(tf) + %/t:f {:cT(t)Q(w)a:(t) + uT(t)R(;c)u(t)}.

It would be another interesting area for future development.

In chapter 3, in order to vel;ify that the proposed method in chapter 2 is an
optimal control for a nonlinear system, the same problem has been considered
with Pontryagin’s minimum principle. It has provided a nonlinear two point
boundary value problem (bvp). We have transformed the nonlinear two point
bvp into a sequence of linear two point bvps and have shown it to converge
~(in Clto, t5], R™) for small t; or(zo). Since this method requires the determination
of an inverse matrix, which may sometimes contain linearly dependent vectors due
to numerical error, a singﬁlar matrix may result. In particular, this occurs when
the matrix A has widely separated eigenvalues. Further research is required to
ensure the linear independence of the vectors of the matrix c;btained by using

orthonormalization procedure. -

In chapter 5, two examples are considered to demonstrate the controllers
developed in chapter 2 and chapter 3. Having calculated the cost functional
for the two methods under the same conditions, it is shown that both methods

have similar costs for the nonlinear system. Therefore, the method developed in
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chapter 2 provides almost optimal control for a nonlinear system.

This method (in chapter 2) has many advantages:

e In fact, any nonlinear problem for which the corresponding problem for

time-varying linear system can be solved is amenable to this method.

e This method may be applied using receding horizon philosophy for real time

applications. This is another interesting topic for further research.
e It provides almost optimal control for nonlinear systems.

¢ Numerical experience shows that after a few iteration steps a good approx-

imation to the solution is obtained.

o Using receding horizon philosophy, this method may be extended to obtain

global control for a nonlinear system. This is another area for development.

" In chapter 4, the nonlinear stochastic control problem has been considered. Using
the same method, optimum filter and almost optimal control to the nonlinear

‘stochastic system has been obtained.

In chapter 6, the performance of the filter and controller has been examined.

The results show substantial improvement in systems performance.

Another promising area of research is the use of distributed p‘arameter systems
to extend the results obtained in this work. This can be done by writing the

partial differential equations in the state-space form on some Hilbert space (

see [7]).

Finally, note that the nonlinear system & = f(z,u) when written in the form

& = A(z)z + B(z)u does not have a unique representation. Then there are many
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different matrix functions A(z) and B(z) which are possible. Future research
may include the theories developed here can be applied to the system (inverted
pendulum, F-8 aircraft) for different forms of A(z) and B(z), and whether all

possible state-space forms are produced the same results.
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