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Summary

Summary of: Random Graphs with Correlation Structure
Author; David Binnie Penman

Thesis submitted in partial fulfillment of the requirements for the
Ph.D degree in the Probability and Statistics Section, School of
Mathematics, University of Sheffield in December 1997.

In this thesis we consider models of random graphs where, unlike in the
classical models G (n, p) the probability of an edge arising can be correlated
with that of other edges arising. Attention focuses on graphs whose ver-
tices are each assigned a colour (type) at random and where edges between
differently coloured vertices subsequently arise with different probabilities
(so-called RRC graphs), especially the special case with two colours. Vari-
ous properties of these graphs are considered, often by comparing and con-
trasting them with the classical model with the same probability of each
particular edge existing. Topics examined include the probabilities of trees
and cycles, how the joint probability of two subgraphs compares with the
product of their probabilities, the number of edges in the graph (including
large deviations results), connectedness, connectivity, the number and order
of complete graphs and cliques, and tournaments with correlation structure.
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1 Introduction

1.1 Summary

In this thesis we consider models of random graphs where, unlike in the clas-
sical models G (n,p), the probability of an edge arising can be correlated
with that of other edges arising. Attention focuses on graphs whose ver-
tices are each assigned a colour (type) at random and where edges between
differently coloured vertices subsequently arise with different probabilities
(so-called RRC graphs), especially the special case with two colours. Vari-
ous properties of these graphs are considered, often by comparing and con-
trasting them with the classical model with the same probability of each
particular edge existing. Topics examined include the probabilities of trees
and cycles, how the joint probability of two subgraphs compares with the
product of their probabilities, the number of edges in the graph (including
large deviations results), connectedness, connectivity, the number and order
of complete graphs and cliques, and tournaments with correlation structure.
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1.4 The basic notions in random graphs

This thesis aims to initiate the study of some models of random graphs with
a correlation structure. A graph G = (V,E) is a finite set V = V (G)
of vertices and a set E of edges between certain of these vertices; two
vertices with an edge between them are said to be adjacent. We do not
allow edges from a vertex to itself, so that there are no loops, and normally
forbid multigraphs where there can be multiple edges between two vertices.
Occasionally the edges will have an orientation, that is the edge between 2
and j is directed from ¢ — j or 7 — 1; this is a digraph.

One mechanism for generating random graphs occurs where the set E is
chosen by some stochastic mechanism, the set V having been fixed in advance.
(Randomness in the order of V is also possible, though less studied). It is
technically convenient (for counting arguments) to study labelled graphs
on V = {1,2,...n}, that is to distinguish between isomorphic graphs which
are not the same labelled graph. Then a model of random graphs is a rule
assigning probabilities to each of the 2""~1)/2 possible labelled graphs on n
vertices. There are obviously uncountably many ways in which one could
do this, and very little can be said in such generality. To make progress
one needs an amenable probability distribution; and it is clearly desirable
that interesting events should be independent, to facilitate calculations of
probabilities. Since the basic relation in the theory is adjacency, we might
guess the interesting events are whether or not each possible edge occurs;
these remarks show why much previous work on random graphs has been
on the model G(n,p(n)) (or Gy if n is clear; we shall describe this model
as the classical model), where each possible edge arises with probability
p(n) independently of other edges. (Often this is written G(n,p) taking the
dependence of p on n as read; we shall try to avoid this). Another common
model is G(n, M(n)), where M(n) of the n(n — 1)/2 possible edges occur,
all sets of M(n) edges being equally likely; the main reason why this model
is rather harder to study is that it has less good independence properties.
These models are studied extensively in the standard text [B] where many
results on the subject, whose study was initiated by Erdos and Renyi, are
presented in a unified way; we shall often refer to this book.

There are (at least) two main strands in random graph theory. The first
is proving the existence of graphs with some property p, by showing that, in
some model, P{G has p} > 0. A standard example is graphs with arbitrarily
high girth and chromatic number (this is noteworthy as a graph of large girth



looks locally like a tree, and trees have chromatic number 2). Arguments of
this type can in principle be replaced by counting arguments, but in practice
this is often impractical, so the probabilistic method yields new insight. In
fact it is often very hard to get graphs which are explicit examples, even if the
random graph argument indicates there are many such graphs; for example,
concerning graphs of high girth and chromatic number, no explicit examples
were known for many years after the probabilistic proof; the first construction
by Lovasz required ideas from multigraph theory, and ideas from other parts
of mathematics (the Weil estimates from number theory) were needed to get
the first reasonably intuitive examples (so-called Ramanujan graphs).

The second strand, studied more in [B], is asymptotic behaviour when
the number of vertices n is large; as exact enumerative formulae are usu-
ally intractable, we instead consider some family of probability spaces such
as {G(n,p(n))} for all n, or {G(n, M(n))}, and examine the proportion of
graphs in G(n, p(n)) having p as n — oo, by suitable approximations. We say
almost every (a.e.) graph in G (n,p) has p if limp00 P{G(n, p) has p} = 1.
We note that this terminology, though standard in random graphs, differs
from the use of a.e. in general probability theory; it is really a convergence
in probability notion.

Of great importance is the discovery that many interesting graph prop-
erties (but not all; see for example [T] and, to emphasise that the property
is of interest, [CO]) have a 0 — 1 law in the following loose sense; given p(n)
either a.e. graph in G(n,p(n)) has p or a.e. graph does not have p. Often
there is a threshold function, that is a function p*(n) such that

p(n)
n—o0 p*(n)

=00 = nll)l?b P{G, has p} =1,

p(n) _ , _
but lim ) 0= lim P{G, € p} =0

(p*(n) is not unique but this matters little). Indeed Bollobas and Thomason
show every monotone property has a threshold (p is monotone if and only
if, given subgraphs H and K of G, we have

(K < H<G) and (K has p) = (H has p);

if the property p is monotone then P{G, has p} is an increasing function of
p)-



1.5 A new model; our approach to its study

The assumption that the edges arise independently and equiprobably is
clearly desirable to facilitate probability calculus. However, quite apart from
the obvious purely mathematical desire to understand what happens in more
general circumstances, this assumption is clearly problematic in practice; for
example, we may know that the vertices are of different types and that the
probability an edge arises depends on the types of its two vertices. Thus
we want to consider models, generalising G (n, p(n)), where whether an edge
arises depends on the types of its two vertices. We chose to study such mod-
els because, while they are easily seen to differ from G, in many ways, they
retain a lot of independence to make calculations work, since conditional
on the types of the vertices, edges still arise independently, though not now
usually equiprobably.

The types are conveniently represented by assigning one of k different
colours to the vertices, provided it is clearly understood that these colourings
have nothing to do with proper colourings where we assign a colour to each
vertex so that no adjacent vertices are the same colour. We also emphasise
that the objects of study are graphs, not coloured graphs; theorems will
discuss the probability that a graph has some property, not that a graph
with some kind of colouring has it (although in proofs we will of course
consider the colours). Sloganising, we see things in monochrome.

A further question is whether one wants to specify the number of vertices
of each colour randomly or deterministically. There are arguments both ways,
but generally models where colours are assigned to each vertex independently
(in the cases we shall consider, from some multinomial distribution) have
better exchangeability properties, in that the probability that an edge arises
is the same for all edges, allowing us to compare the behaviour of graph
invariants in our model and a classical model with that probability, which
will be denoted by the good classical letter a. We shall call such graphs RRC
graphs, standing for random randomly coloured graphs, to reflect the
two levels at which randomness is present, and we shall talk about RRC
or new models, as opposed to the classical ones. In fact, we shall often be
comparing the behaviour of a whole range of new models, as the probabilities
of edges between vertices of given types vary, subject to the constraint that o
stays fixed, with a classical model with probability a. Of course, sometimes
we can only prove results for certain types of RRC models, for example, those

with just two colours.



1.6 What is already known about this subject?

On the subject of classical random graphs, a great deal is known; several
important developments have occurred since [B] appeared in the mid-1980s;
[B1] summarises some of these, but the subject is still evolving.

On the other hand, there seems, on the basis of a literature search and
a personal communication from A Thomason, to be no literature on RRC
graphs. There are scattered papers on the situation where the edge between ;
and j arises with probability p,;, independently of all other edges (the model
denoted G{n, (p;;)} in [B], I1.1); see [Ke], [Ko] and [Ju]. Thus, if we condition
on the colouring of the vertices, we can (and sometimes will) use their results.

Models closely related to some of ours have been studied in [AK], which is
basically concerned with the behaviour (for large n) of colouring algorithms
for graphs which consist of k£ (k constant) blocks of nearly equal size, no
edges between vertices in the same block and edges between blocks arising
independently with probability p = c¢/n for some constant c. However the
questions considered there are algorithmic and do not directly bear on this
material.

There has been some study of other models where edges are no longer
independent; for example, the so called random cluster model studied in
[BGJ], where, with n vertices, the probability that the set E of edges arises is
(up to a normalising constant to make the expression a probability function)
plEl (1 — p)"("~1/2-IEl (o(V.E) where ¢(V, E) is the number of components
of the graph G = (V, E). This model is motivated by ideas from statistical
physics. Another model, where one generates n independent random points
uniformly on [0, 1]¢ and says two points are adjacent if and only if their I
distance is at most some prescribed value z(n) € [0,1], has recently been
studied by Appel and Russo (see [AR] and references therein), who discuss
the rates of convergence or divergence, as n — oo and z(n) varies with n, of
the maximum and minimum degrees and the connectivity; other recent work
on this model has been done by Penrose and others. It is easy to see that
these models have a quite different correlation structure from ours.

Of course, there has also been study of models such as all r-regular graphs,
([B], I1.4), which in some sense have a correlation structure; however we shall
only consider models which assign a probability to every graph on n vertices
(except in Chapter 8). We mention also recent work by Ruczinski, Wormald
and others on graph processes with bounded maximum degree (see [RW] and
references therein); again the correlation structure there is very different from



ours.

In addition to the fact that there is a lack of previous literature on such
models, it is true that many probabilities (for example, the probability of
a cycle) which are trivial to work out classically, are less obvious in our
models. Hence some chapters consider such preliminary problems, and so
have a rather different flavour from much of the random graphs literature,
though later chapters contain results which look more like the usual theory.
Again due to the lack of previous knowledge, we sometimes get a feel for
the behaviour of invariants by simple simulation experiments (usually based
on FORTRAN programs); however, as the aim is always to get analytic
results, these are not critical, so we do not discuss them in detail. Also
we sometimes use MAPLE to simplify cumbersome algebraic expressions,
mostly in counterexamples to putative theorems rather than being critical
to the development. We have marked such equations by using some phrase
such as ’using computer simplification’; the technique is probably no more
unreliable than hand calculation, though we have usually tried to check some
simple cases of such formulae by hand. Similarily, some matrix computations
have been performed in MATLAB.

We mention one way in which our models will be harder to study than the
classical one. If p is a property of graphs with threshold probability a*(n)
in Go, and we have an RRC model with probabilities p;;j(n) then, setting
r(n) = min<; j<x{pi;(n)} and ¢(n) = maxi<i <k {pi;}, it is clear that

lim r(n) = 00 = lim P{G, has p} =1 but
n—oo a*(n) n—oo

lim tn) =0= lim P{G has p} = 0.
n—oco a*(n) n—o00

However in our situation, some of the p;;(n) will be larger than a*(n) and
others will be smaller, so the behaviour is less easy to predict.

1.7 Contents of the various chapters of this thesis

We now outline the areas examined in this thesis, discussing the main results
proved; these are all original results (so far as we know), though of course
some of them will depend for the proofs on the work of other authors. In the
first four chapters, we consider how the correlation structure is and is not

manifested in our models.
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In Chapter 2 we consider the probabilities of simple configurations of
edges, such as trees and cycles, arising, and see whether they are the same
as, greater than, or less than classically. The main original results are a
classification of when trees have the same probability of arising as classically,
several partial results towards the conjecture that the probability that any
tree arises is always at least as large as classically, formulae for the probability
of a cycle, and some consequences including the fact that the probabilities of
cycles distinguish between classical and new models except in trivial cases,
fairly precise results on when cycles are more or less likely than classically,
and an asymptotic estimate of the probability of a cycle.

This leads naturally to considering in Chapter 3 how the joint probability
of two subgraphs arising compares with the product of their probabilities of
arising. The main result is Theorem 3.1, stating that in a certain model G, ,
defined in section 1.8 below, provided p > g, the joint probability is always
at least as large as the product of the probabilities. Much of the rest of
the chapter consists of complements to and extensions of that result; what
happens if ¢ > p, a (partial) extension to some more general models, and
proving that certain putative extensions are not possible. We also discuss
the role of the FKG and Janson inequalities, which are used to study such
questions in the classical model; it is shown that these inequalities do not
hold in general in our setup, but that some at least of their consequences can
be recovered by different methods.

In Chapter 4 we forget about the pattern of the edges and concentrate
simply on their number, mainly by relating its moments in the new and old
models; results include comparison of the moments, especially the mean and
variance for all models, a stochastic dominance result for one class of models,
a discussion of properties generalising independence for the edges leading to
a central limit theorem and some discussion of Poisson approximation, and
an estimate of the maximum degree in G, 4 by exploiting results of Bollobas
on the classical model.

In Chapter 5, we study the more technical subject of large deviations in
the number of edges; a form of the Gartner-Ellis theorem is used to obtain a
complete result for Gy 4, despite some technical subtleties, some consequences
on the non-existence of martingales are noted, and some partial results for
general models are obtained by exploiting a link with the seemingly unrelated
area of ESS theory.

In Chapter 6 we study connectedness; G is connected if it has just one
component. Even if G is disconnected, we are interested in the number of

11



components and their orders. We also study the various related measures of
connectivity, that is how fragile the connectedness of a connected graph is.
The main results include theorems giving the probability of connectedness in
Gp,q for small values of p and g, a result (using a result of Juhasz) on one of
the various measures of connectivity in G,, and some consequences for the
other measures, and some results on the diameter of our graphs.

In Chapter 7 we study cliques; a complete subgraph of G is A C
V(G) with all possible edges between vertices in A existing in E; a clique a
complete subgraph contained in no other complete subgraph. Its order is the
number of vertices in it. We compare numbers and orders of cliques in our
and the classical model, and also discuss related topics such as independent
sets and chromatic numbers. The main results are formulae for the expected
numbers of these in our models, and some discussion of their asymptotic
behaviour, with partial results on the variability of the number of complete
graphs, and the fact that the distribution of clique sizes is often multimodal.
We also consider the evolving clique, a birth process to generate a complete
graph, and obtain some results comparing how it grows in our models with
classically.

So far we have discussed only simple graphs, but there are other models
where similar ideas could be useful. One such is tournaments, that is
complete graphs made into digraphs by orienting each edge 7 — j from  to j
or vice versa (not both). There is a classical model of random tournaments,
where the edge between ¢ and j goes ¢ — j or j — 1 equiprobably, with the
orientations of different edges being independent. Here, by analogy with our
models of undirected graphs, we make the orientation of an edge dependent
on the random colours of the two vertices involved. We investigate some
basic properties of such models in Chapter 8; main results include formulae
for the probability of a (directed) cycle and results on when it is more or less
likely than classically; comparison of the joint probability of two subgraphs
with the product of their probabilities in a certain model; results on the
number of (directed) 3-cycles and the probability of irreducibility; and the
outdegrees of the vertices, including large deviations.

Finally, in Chapter 9, we summarise where we have got to and give some
pointers to future topics meriting investigation. We also make some brief
remarks about applications and statistical questions related to the work.

12



1.8 Basics, especially notation.

The main purpose of this subsection is to introduce some notation which
will be used throughout the thesis. Much of it will be fairly standard. The
word positive means strictly greater than zero; non-negative means positive
or zero, with similar conventions for negative and non-positive. Similarily,
functions or sequences will be called increasing if they do so strictly and
non-decreasing if they are only increasing in the weak sense. [a,b] denotes
the closed interval a < z < b and (a, b) the open interval a < z < b. Vectors
will be written in boldface, for example s, and matrices will be denoted by
capital letters. Logarithms are to the base e, that is natural logarithms,
unless another base a is indicated as a subscript, for example log,(n). The
rth derivative of f(z) will often be denoted f()(z). The symbol ~ will be
used to indicate approximate equality, often where higher order terms of an
expansion are of little interest.

There will be no global numbering of equations; however (x), (&) and sim-
ilar markers will occasionally be used on equations which will be frequently
discussed within that chapter. The symbol e denotes the end of a proof (or
absence of one if the result is obvious in its context).

Graphs, as stated before, are finite, without multiple edges or loops, and
undirected (many authors call these simple graphs), except edges are directed
in Chapter 8. We consider labelled graphs on vertex set V = {1,2,..n}
throughout this thesis, unless explicitly stated otherwise; thus, if we talk of
the probability that some collection of edges arises, we mean the probability
that some particular collection of labelled edges arises, not that some graph
isomorphic to that collection arises. As mentioned before, this simplifies
counting arguments, but is a weakness in some situations where we really
want to examine unlabelled graphs. Classically this problem is controlled by
a theorem of Wright ([B], Theorem IX.3) which says roughly that, unless M
is extremely large or extremely small, the numbers of unlabelled and labelled

graphs on n vertices with M edges, Uy and Ly respectively, satisfy

Ly
Uy ~ —- as n — oo.
n.

(Uy > Ly /n! clearly; the main work the other way is showing a.e. such
graph has trivial automorphism group). A result for G, follows from the
theory linking the properties of Gu for values of M close to n(n — 1)a/2 to
properties of G ; see [B], Theorem II.2 for details. The link between G and
our models is more tenuous, however, and we have no corresponding result.

13



Given n and k, the number of colours, we specify a k-vector of probabilit-
ies s = (81, 52...5¢)T, where s; is the probability that a vertex receives colour
i,s0 that s; > 0Vi and %, s; = 1. We let A be the k-dimensional simplex
of such vectors; the support of s € Ay is {1 : s; # 0}.

We also specify a k£ by k matrix P where p;; is the probability that an
edge between a vertex of colour 7 and one of colour j arises. Of course we
must have the p;; € [0,1], and since our graphs are undirected P must be
symmetric; these are the only restrictions on s and P.

Definition 1.1 An RRC model of random graphs with parameters s
and P is any model of random graphs obtained in the above way. We will
denote it by I'(n, k,s, P).

We shall also often consider the family of such models as n varies, with
k, s and P fixed. (It may well be interesting to study the situation where
k, and hence s and P, vary with n in some structured way, but we shall not
do so in this thesis. We will however sometimes deal with the case when,
though s (and so also k) remain fixed, P varies with n).

As noted before, we will often compare the behaviour of some graph
invariant in the I'(n, k,s, P) model, or a family of such models, with a classical
model (or family of models) where edges arise independently with the same
average probability Yr_,;_; sis;pi; = @, so that any differences between the
two models or families of models are due solely to the correlation structure
in T(n,k,s, P). Since the events of interest are often that some collection
of edges arises, we are often comparing the probability of what is in some
sense the same event A in two different regimes; we shall usually describe it
as P{A in [(n,k,s, P)} or P{A in G,} to make it clear in what model the
calculation is being carried out.

Let N;(S), for S C V(G) be the number of vertices in 5 of colour i; when
S is the whole of V(G), we shall omit mention of it. Welet n = (N1, Na...Ny).
Of course N; ~ Bin(n,s;). Jointly, the N; have a multinomial distribution;

k

n ne

P{N1-——nl,N2=n2,...,Nk=nk}=( )Hsi"
=1

ny,Na,...Ng

An obvious special case, where better results are often possible, is when
k = 2, so that there are two colours, red and blue, and

P{visred} = s, P{visblue} =1 ~s, pu1 =p, pra =7, p12=pa = q.

14



Since such models often occur in this thesis, we introduce the special notation
sGpgq,r for them. Note that the first subscript after the G always refers to the
red-red edge probability, the second to the red-blue probability, and the third
to the blue-blue probability. We often specialise further to the case s = 1/2;
then we omit s and write G, ,,. If the red-red and blue-blue probabilities are
equal, we will write ,Gp 4 or Gp 4 Tather than ;Gpgp O Gpqp; thus if there are
only two subscripts on the right, we have p = r. Since G, is the simplest
RRC model other than the classical model, many of our results will be about
it. We have
a=sp+2s(1—8)g+(1—3)rin ;Gpgr,

a= (32 +(1- 3)2)p+2s(1 —8)qin ;Gpg,

p+2q+r . +q
a=——"—1
4
We often write P, {A} or P,{A} instead of P{A in Gpq}, or P{A in G,}.

Y4 .
n Gpgr and a = in Gpgq.

15



2 Manifestation of correlation structure in trees
and cycles

2.1 TID models

We introduced I'(n,k,s, P) in order to generate models with a non-trivial
correlation structure so our first task is to investigate how these correlations
are manifested in behaviour different from that of G,. We shall see that, at
least in families of RRC models, as n varies, correlation structure is always
manifested, except in trivial cases; however, it will be convenient to delay
the precise statement and proof until Theorem 2.17.

We saw in Chapter 1 that, by the definition of the corresponding classical
model, the overall probability that a given edge arises is the same in both
models. Thus the first question to address is when the probability of several
edges all arising is the same as classically. We first note the intuitively obvious
fact that collections of edges on disjoint vertex sets are independent. Note
that the events we are dealing with here are just the events that some given
edges arise; we say nothing about the other edges.

Lemma 2.1 Suppose that, in some RRC model, A is the event that some
collection of edges on vertez set U arises, B is the event that some collection
of edges on vertez set V arises, and that U and V are disjoint so there are
no common vertices or edges. Then A and B are independent events.

Proof. Writing ¢(U) and ¢(V) for possible colourings of U and V
P{AnB}= Y, P{ANB|cU),c(V)}P{c(U),c(V)}.
c(U).e(V)
Conditional on ¢(U) and ¢(V') the edges arise independently, so this is

S P{A|U),c(V)}P{B | c(U),c(V)}P{c(U),c(V)}
c(U)e(V)
= 3. P{A|(U)}P{B | c(V)}P{c(U),c(V)}
e(U).e(V)
since whether or not the edges in A (respectively B) arise depends only on
c(U) (respectively ¢(V)). Since U and V are disjoint, they are coloured

independently, so this is

>, P{AU)}P{B | c(V)}P{c(U)}P{c(V)}

c(U).e(V)
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and carrying out the two summations this is P{A}P{B} as required. e

Thus attention focuses on connected sets of edges. Often in graph theory
the simplest connected graphs are trees, that is connected subgraphs with
no cycles; a related notion is forests, graphs whose components are trees.
(A particular type of tree we shall often consider is a path, a tree whose
vertices can be renumbered 1, 2...n so that the edges are ¢ — (¢ + 1) for each
1 <i < (n —1); the length of this path is n — 1). Thus we ask when the
probability that the edges of a tree arise in one of our models is the same as
classically. Again note that we only ask whether or not the edges arise; we do
not ask anything about the other edges. We make the following definition;

Definition 2.1 An RRC model T'(n,k,s, P) is TID (for tree indiscern-
ible) if and only if, for all trees T on < n vertices, the probability that the
edges of T arise is equal to the probability that they arise in the corresponding
classical model.

Theorem 2.2 The model T' (n,k,s, P) is TID if and only if, for all i such
that s; # 0, 5, pijs; = .

Proof. Any tree T can be built up sequentially. The first edge arises with
probability o in both models. Thereafter, at each stage, we are at some
vertex v and know its colour; by the definition of tree, the next vertex w has
not yet occurred so its colour is unknown. Thus, taking T to be the path
1 — 2 — 3, we require that P{v — w | ¢(v)} = o for all colourings c(v) of v
which have a non-zero probability of occuring and all vertices v,w € V(G),
if the probability of this tree is to be the same as classically; that is, we need

k
3 pijsj = a V1 <4< ksuch that s; # 0.

=1

Conversely if this condition holds, the model is TID, as required. o

Note that Theorem 2.2 shows that whether or not a family of models is
TID can be tested on one particular tree, namely the path of length 2. Of
course it does not imply that the distribution of the number of trees which
arise is the same in the two models, as the joint existence of trees may be
correlated in the new model even when they are not in the classical model.
We discuss how the probability of trees compares with its classical value in
non-TID models in section 2.4; for now, we draw corollaries of Theorem 2.2.
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Corollary 2.3 The probability of all the edges of a given forest F arising in
G is the same in any TID model T (n,k,s, P) and in the G,.

Proof. Since the various components in a forest have neither vertices nor
edges in common, whether they arise or not is independent in both models,
by Lemma 2.1. Thus, in both models, the probability that all the edges
arise is just the product of the probabilities of the various components; the
components of a forest are trees, and Theorem 2.2 shows that the probability
of a tree arising is the same in the two models. The result follows. e

Theorem 2.2 also shows that there are lots of TID models. For example,
if all the s; are equal (so in particular none of them is zero) the model is
TID if and only if all row (or column) sums of P are equal (to ka); thus the
matrix is a scaling of a stochastic symmetric matrix, and even the number a,,
of symmetric permutation matrices (recall a permutation matrix has exactly
one 1 in each row and column, all other entries being zero, so they are a subset
of the symmetric stochastic matrices) satisfies a, ~ e~'/4n™/2evn="/2/2 by
[VW, p128]. More precise information about the structure of the convex set
of symmetric stochastic matrices may be harder to get since (for example) it
is not true that every symmetric stochastic matrix is a convex combination
of symmetric permutation matrices (in three dimensions, the four symmetric
permutation matrices are

010 0 01 1 00 1 00
A=|1 0 0| B=|0 1 0/C={010|D=|0 01
0 01 1 00 0 01 010
and then we have that M = M +uB+vC+(1—-A—p—v)D is
1—A—pu A 7
A uw4+v 1—-A—p—v
p l-A—p-v  A+v

and thus we have the constraint that mq2 > m3; however the matrix

0.3 0.2 0.5
0.2 04 04
0.5 04 01

though symmetric stochastic, does not satisfy this constraint.
Theorem 2.2 also allows us to completely classify when ,G,,, is TID;
analogous results for models with several colours would be more complex.
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Corollary 2.4 ,G,,. is TID if and only if s =0, 1 or (r—q)/(p+r—2q),
or p=r =q. In particular, G, is always TID.

Proof. The cases when s = 0 or 1 are easy, so we suppose s ¢ {0,1} Then
using Theorem 2.2 the model is TID if and only if

sp+2s(1=s)q+(1—s)r=sp+(L—s)g=(1-5)r+sq(x)

& s(sp+(1-s)g)+(1—s)(sqg+(1=s)r)=sp+ (1 —s)g=sq+ (1 s)r
& s(p—q)=(1-s)(r—q).

Hence, if p+7—2g # 0 we get s = (r—q)/(p+r — 2q) and thus calculate the
common value in (%) to be (rp—¢*)/(p—2g + 7). If p+r — 2¢ = 0 equation
(x) becomes 2s(q — r) +r = sp+ (1 — s)g = (1 — 8)r + sq and the previous
equality implies (as p + r — 2¢ = 0) r = ¢ and thus p = q also.

Finally, to see that G, 4 is TID, note that if p = r and p+r — 2¢ # 0
(r—q)/(p+r—2q)=1/2 as required. f p+r=2¢,p=r = g=palso. e

To close this section, we consider when, given a symmetric k£ by k matrix
P with p;; € [0,1], there exists s € A, such that I'(n, k,s, P) is TID. We
first note that we can always obtain degenerate TID models from old ones
by adding further colours which all arise with probability 0, and expanding
the matrix P by adding rows and columns, with any entries in [0, 1] we like,
subject to the symmetry condition on P, to correspond to these colours. Thus
we define ['(n, k,s, P) to be non-degenerate if s; # 0 for all 1 < i < k,
and note that we can restrict attention to non-degenerate models; now the
condition for tree indiscernibility in Theorem 2.2 is purely a system of linear
equations in the p;; and s;.

Certainly, even then there need not be such an s; for example if r = 0.3,
¢q=04,p=06,(r—q)/(p+r—2¢) =—-1¢[0,1] so no G,,, is TID, by
Theorem 2.4. More generally, if some row of P is a multiple # 1 of another,
Ps cannot be a constant multiple of 1 = (1,1,...1)T unless the multiplier
is zero, which is impossible if s and P are positive. For the matrix with
all entries equal to a however, any choice of s makes the model TID. We
summarise the main restrictions in the following theorem.

Theorem 2.5 Let s be a vector in Ay making ['(n, k,s, P) into a family of
non-degenerate TID models. If t is any vector in A, making T(n,k,t, P)
into a family of non-degenerate TID models, then Pt = Ps. Hence if P is
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invertible, there is at most one such s; there is such an s if and only if all
components of P~'1 are > 0.

If P is singular there is no such s if the equation Ps = A1 has no solutions
with s € Ax and A > 0, there is one solution if that equation is soluble and
3v with Pv = 0 and Y%, v; = 0; otherwise there are infinitely many such s.

Proof. By Theorem 2.2, a non-degenerate model is TID if and only if we have
Zfﬂ pijs; = aVi. This is if and only if Ps = A1 for some A; the left to right
implication is clear, and in the other direction, if Ps = A1, pre-multiplying
both sides by s and using the facts that sT Ps = o and that 5, s; = 1,
we have A = Zf‘jﬂ 5i8;pi; = a. Thus, if Ps = Asl and Pt = Ar1, we have,
as ):f;l si = 1, that Ay = sT Pt = t7 Ps by P symmetric; this is Ag by the
same argument, so Ps = Pt, and so if P is invertible s = t as stated.

Otherwise P is singular. Then if s # t both make the model TID, as
Ps = Pt by the previous paragraph we have s — t is in the kernel of P
and the sum of its components is zero. Conversely, if the kernel contains
such a vector z, adding a suitably small non-zero multiple of it to s, all of
whose components are positive since the model is non-degenerate, gives a
distinct vector t which still has positive components summing to 1 and for
which Pt = p1 for some p; then any convex combination of t and s will also
have these properties, so there are indeed infinitely many choices of s making
I(n,k,s,P) TID. e

2.2 Correlation structure in cycles in G,,.

In this section we consider cycles. It is clear that the argument of Theorem 2.2
fails for cycles, and we will show that this is not just an accident of the method
of proof; cycles do show up the correlation structure, except in certain trivial
cases. In this section, we deal with the case of G,, where an explicit result
is possible, before considering the general RRC model in section 2.3, where
the result is less explicit. The fact that cycles are important in manifesting
correlation structure in our models will be reinforced in chapters 3 and 4.
We first obtain the formula for the probability of a cycle in G, 4. In the
proof, for the sake of notational clarity, we describe the r-cycle whose edges
joinland2,2and3,..,(r—1)andr,andrandlasl -2 ... 5 r — 1,
but this should not be misinterpreted as meaning that the edges are oriented.
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Theorem 2.6

Pp,q{1—>2—>...—>r—>1}=a’+(‘t%) .

Proof. P{ll22 ... wr—>1}=P{1 52— ... 5 (r+1)| c(1) = c(r+1)}.

Set P, = P{1 52— ... - r | c(1) = ¢(r)}, so that the probability of the
cycleis Pryy,and @, = P{1 -2 — ... = r|c(l) #c(r)}. By conditioning,
and the fact that G, 4 is TID by Corollary 2.4, we have

T r Pr
o '=P{1o2—..51}= P—%Q?Qr=2{ar—l—7}(*)

Also, since the events that 1 — 2 — ... — r arises and that r — (r+1) arises
are independent conditional on ¢(1), ¢(r) and c(r + 1),

Pr r - r—
Pr+1=LQ_g:>Pr+1=Pr£___q_+qa 1.

2 2
by the formula (*) for @, and some manipulative algebra. But the solution
of the recurrence z, = az,_; + bc"~? with initial condition z, = d is

-2 r—2

T, =a""2d + chs——2 provided a # c.

So here, we see that ifa = (p — ¢)/2 # ¢ = a, as d = p and b = g, that
r— r—1 p—q\r-1 - r—1
p—q\"', a7 - (%) N (P—4 ,
which by some more manipulation is equal to the expression in the statement
of the theorem. Otherwise a = ¢, that is 252 = 254 50 ¢ = 0, and then the
only way the cycle can arise is for all the vertices to be the same colour,
which happens with probability 2-("~Y; conditional on this, the cycle arises
with probability p” so the probability of the cycleis ;B which is again easily
seen to be equivalent to the expression in the statement of the theorem. o

Corollary 2.7

P {1-2—.r]c(l)=c¢c(r)}= a4 (p—;—q>r_l and
P{1-2—-.r|cl)#c(r)}=a"" = (_
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Proof. The formula for P, was proved explicitly in the theorem; the one for
Q- follows from it and (*). e

The formulae in Corollary 2.7 will be used quite often in Chapter 3. In
Theorem 8.3 we will see a slightly different argument which can be modified
to give another proof of Theorem 2.6. A proof similar to Theorem 2.6 works
rather more generally; for example, in a model with k equiprobable colours,
all diagonal entries of P equal to p, and all off-diagonal entries g, it shows

P{an T‘—cycle} = (I#Eﬂ)r +(k— 1) (p_.]_c-_q>r

but as Theorem 2.12 will subsume this result, we omit the proof.

Corollary 2.8 The ezpected number of cycles of even length is larger in G, ,
than G, for all r. The ezpected number of cycles of odd length is larger in
Gp,q than in G, when p > q and smaller when p < q. In particular, the
probability is the same as classically if and only if p=q. o

This can be thought of informally as reflecting the fact that if ¢ > p the
graph is becoming more like a bipartite graph with classes the reds and the
blues. (Recall a bipartite graph can only have cycles of even length).

Note that these calculations for trees and cycles depend heavily on the
good exchangeability properties of our model. With predetermined numbers
of reds and blues, the probability of a tree or cycle would depend on the
colours of previous vertices making the formulae more complex.

2.3 The probability of a cycle in more general models

We now find the probability of a cycle in any I'(n, k,s, P). We first define a
non-negative symmetric matrix @ and a non-negative vector v by

Gi; = /Sipij/S; and v; = /s for 1 < 1,5 < k.

so that vIQv = a and (v,v) = 1, where (x,y) = ¥5_, 7,5 is the usual

inner product for k-dimensional real vectors. We shall often make use of the
elementary fact that @ has k real eigenvalues (counted with multiplicity),
and that there is an orthonormal basis of eigenvectors of Q. The trick of
working with @ rather than P is, since it depends on taking the square roots
of the s;, rather unnatural from a probabilistic point of view, but it clearly

works.
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The next theorem summarises the basic facts from the Perron-Frobenius
theory of non-negative matrices, which we shall use at various points in what
follows. Note that we deal mostly with symmetric matrices, making the
distinction between left and right eigenvectors redundant.

Theorem 2.9 Let A be a non-negative k by k matriz. Suppose that for every
pair i, of indices, 1 <1i,j < k there is a positive integer m(i, j) with A™()
having its (i, ) entry positive; we say A is irreducible. Then there ezists
an eigenvalue X (the mazimal, or Perron-Frobenius eigenvalue) of A with the
following properties;

1. X is real and positive.

2. With X can be associated positive right and left eigenvectors of A.

8. X >| 1 | for any other eigenvalue p # A. If the stronger condition than
irreducibility, that A is primitive holds (that is, there exists k > 0 with all
entries of A* positive) holds, then A >| u | for all other eigenvalues .

4. The eigenvectors associated with A, for any irreducible A, are unique
(up to constant multiples).

5. For any irreducible A, X is between the minimal and mazimal row
sums of A.

Proof. [Se] pp 1-6 and 20. e
We start by obtaining a general formula for the probability of an r-cycle.

Theorem 2.10
k
P152—..-r—1}=> X inT(n,k,s,P)
1=1
where \; are the k eigenvalues of Q counted with multiplicity.
Proof. Conditioning on the colours of the vertices of the r-cycle
k

Pl1os2—..or—1}= | Z Siy Sig---Siy PiyigDigis - Diriy

1,...0p=1

k
= Z Giyiy Qinis -+ Giviy

11,...tn=1
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using the definition of . We now sum out the variables one by one, each
such summation corresponding to a matrix multiplication, obtaining

k

k
Z (@), =tr(QT) =) _ X

=1
where tr denotes the trace; the last equivalence is simple linear algebra. e

We first check that this result includes the generalisation of Corollary 2.7
mentioned after that result, using the following easy lemma.

Lemma 2.11 Let I be the k by k identity matriz, and J the k by k matriz
all of whose entries are equal to 1. Then the eigenvalues of P = (p — q) I+qJ
are p+ (k — 1) ¢ with multiplicity 1 and p — g with multiplicity (k — 1).

Proof. Clearly 1 is an eigenvector with eigenvalue p + (k — 1)g. As P is
symmetric it has an orthogonal basis of eigenvectors, so any other eigenvector
v is perpendicular to 1; thus Jv = 0 and so Pv = (p — ¢)v as required. o

Theorem 2.12 Suppose we have a model with k equiprobable colours, with
all diagonal entries of P being p, and all off-diagonal entries q. Then

P{an r-cycle} = (E—%:L)g)r +(k-1) (p_;_q)' )

Proof. Since the s; are all equal, we willhave @ = +P. Now P = (p—q)I+qJ
and so the result follows from Lemma 2.11 and Theorem 2.10. o

It is interesting to note that the error term here is (for large r) smaller
when k£ > 2 than when k = 2; informally speaking, having many colours to

choose from dilutes the correlation structure.
The natural analogue for cycles of the notion of tree indiscernibility is

Definition 2.2 An RRC model T'(n,k,s, P) is cycle indistinguishable
(CID) if and only if the probability of every cycle (of whatever length) in
that model is equal to the probability of that cycle in the corresponding clas-
sical model.

Again, note that we are talking about the probability that the cycle arises,
possibly with some other edges, not that the cycle arises and nothing else.
We now show that the definition is a damp squib; any CID model with
n > 8 is essentially the same as the corresponding classical model. The proof
proceeds by first understanding the spectrum of @ in a CID model.
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Theorem 2.13 Suppose we have an RRC model T (n,k,s, P) with n > 8.
Then T (n,k,s, P) is CID if and only if Q has one eigenvalue equal to o and
all other eigenvalues are 0.

Proof. The case when @ = 0, or equivalently a = 0, is trivial, so we
assume () # 0 and so a # 0 for the rest of the proof. As the model is CID,
a” = Z;?:l A for all 7 < n by Theorem 2.10. In particular, o = ¥5 Af
and of = 3% | A\, Note that all terms in both of these relations are real and
non-negative. Squaring the first relation, and equating the two expressions
for a®, we have that the sum of all the cross-terms A!X} (z # j) must be
zero; as the cross-terms are themselves non-negative, each cross-term must
be zero, and this implies that all but at most one of the A\! must be zero;
thus all but at most one of the A; must be zero; then the remaining one must
be a.
The converse is immediate from Theorem 2.10. o

In fact, the additional restrictions on ) enable us to say quite a bit more.

Lemma 2.14 If I'(n,k,s, P) is a CID model with n > 8, the eigenvector of
Q with eigenvalue o (whose existence and uniqueness follow from Theorem

2.18) is v = (\/31, /32, --/3k)" -

Proof. Again the case when Q = 0 & o = 0 is trivial, so we assume a # 0
for the rest of the proof. As @ is symmetric, it has a basis of eigenvectors
{e;} for 1 < i < k which are orthonormal with respect to the standard inner
product (,); let e; be the eigenvector with eigenvalue . If v = Zle Ki€;,
then Qv = wae; = a = (Qv,v) = pla = p? = 1since a # 0. Also
(v,v)=1= Ek=1 #3 =1= p;=0for j >2s0v=ye; is an eigenvector
of Q with eigenvalue o, as required. e

Lemma 2.15 Let I'(n,k,s, P) be a CID model withn > 8. IfQ # 0, Q
consists (after re-numbering the colours) of anr by r block of positive entries
@; = NAjqu for 1 <i,j <r <k, with zeroes in the other k* — r* positions;
also, all the entries of the r by r block are positive.

Proof. If o = 0, then @ = 0 and the result is trivial. Otherwise o > 0. By
Theorem 2.13, Q has rank 1 so any two rows are linearly dependent. Thus if
two rows both contain a non-zero entry, either is a non-zero multiple of the
other. Renumber the colours so that the rows which do not consist entirely of
zeroes are the first < k rows. Thus (by symmetry) any non-zero entries are
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in the top r by r submatrix of @, which we shall call R; R inherits symmetry
from @, each row of R has at least one non-zero entry, and the i-th row of
R is a non-zero multiple A; of the first row; thus by symmetry also the i-th
column is ); times the first column. Thus ¢;; = Mig1; = M\i)\;q1;1 and so, since
some g;;, 1 <1,7 < r is non-zero, gy is non-zero and thus all the ¢;; > 0, as
claimed. o

We can now pull strings together.

Theorem 2.16 Let I'(n,k,s, P) be a CID model with n > 8. Then there
exists r < k such that after renumbering the colours, the support of s is the
first r components and P has an r by r block with all elements equal to a in
the top lefi-hand corner, the other k* — r? entries being arbitrary (subject to
P being symmetric with entries in [0,1]). In particular, the probability of any
set of m edges arising is o™ irrespective of the colouring, so that the model
is essentially a classical one.

Proof. Againif o = 0, Q = 0 and everything is trivial; thus we assume o # 0
and so Q # 0. By Lemma 2.15, after renumbering the colours, @ consists of
an r by r block, r < k, where there exist A; > 0 such that ¢;; = AiXjgi1 >0
for 1 < i,j < r and has its other k* — r? entries zero. Note that the trace of
this block must be a since this is the sum of the eigenvalues of the block, so

> /\fqu = a(x).
Jj=1

Also, v (renumbered at the same time as @ obviously) is the eigenvector of
() with eigenvalue o by Lemma 2.14. Using the fact that v7Qv = o, we have

r r Q
3 vikiqu)v; = a = > Aividju; = —.
ij=1 Hi=1 au
By the Cauchy-Schwarz inequality, we thus have
r r r k r

a 2 2 2 2 _ O
— = (o) SN <D v D A= —
a4 =1 j=1 =1 j=1 qn

Here we use the fact that ¥"5_; v? = 1 by the definition of v together with
the fact that v; = 0 for j > r, and the fact (*) above to evaluate the second
sum. Thus we have equality in Cauchy-Schwarz, which implies that \; = cv;

26



for all 1 < j < r, where c is some constant; in fact, c’q;; = a by use of (%)
again. Thus

ViDiV; = Gi; = Aidjqu = victquu; = viav; V1 < 4,5 <1

and as v; # 0 for 1 < ¢,7 < r we see p;; = a for these values of 7 and j (the
others are essentially arbitrary) and now all claims have been proven. e

That being CID is a highly demanding property is in keeping with the
remarks on the central role of cycles in showing up correlation structure made
after Corollary 2.7. Note that in particular, this shows that CID implies TID;
we will reprove this in section 2.4. Of course there are TID models which are
not CID; an example is G4 with p # ¢, by Theorem 2.6.

Theorem 2.16 makes it easy for us to show that correlation structure
is always manifest in families of RRC graphs except in the circumstances
described in the statement of Theorem 2.17, which we will henceforth refer
to as trivial cases (note that degenerate and trivial are distinct notions!).

Theorem 2.17 Let ['(n,k,s, P) be an RRC model with n > 8. Then the
edges arise independently with constant probability o if and only if all entries
of P which correspond to colours arising with non-zero probability are equal
to a.

Proof. If the edges arise independently with probability «, then the prob-
ability of any cycle is equal to its classical probability, so the model is CID
and hence of the form stated by Theorem 2.16. On the other hand, if the
model is as stated, we have, for any collection of edges, that the probability
that they all arise is equal to the probability that they arise conditional on
all vertices taking one of the colours which arise with non-zero probability,
by Bayes’ theorem, since the probability of any vertex taking another colour
is zero and the vertices are coloured independently. Since after this condi-
tioning the edges do arise independently with probability a, the edges do
indeed arise independently with probability c. e

It may be possible to get pathological behaviour for n < 7; this is certainly

possible for n = 3.
One aspect of Theorem 2.10 is that it gives the asymptotic rate of decay

for the probability of the cycle;

Theorem 2.18 Suppose C, denotes an r-cycle, and Ay > ... > A are the
eigenvalues of Q (which are all real as Q is symmetric). Then

. lOg P{C2r} _ . log P{C2r+l} _
rlgg — = log(A1) and rl_hrg il - log(p)
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where p1 1s the largest eigenvalue of Q for which —pu is not an eigenvalue with
the same multiplicity (or zero if the spectrum of Q is symmetric about the
origin).

Proof. By Theorem 2.10

k oyr
hm IOg P{CT} — llm log(zz=l /\1) (*)

r—=00 r r—00 r
r k ) r
r—00 r T

If r is even, this is log(1 + B)
.o
log(A) + lim —gr—
where 0 < B < k — 1, and the limit term goes to zero as r — oo giving the
claim.

Otherwise r is odd. Then for each eigenvalue n for which —7 is an ei-
genvalue of the same multiplicity, the rth powers of 7 and —» cancel in the
expression (x). For the largest eigenvalue u for which —u is not an eigenvalue
with equal multiplicity, 4 must have greater multiplicity than —x (consider
a large odd value of r in Theorem 2.10 and use the fact that the probability
of an r-cycle is non-negative). If the multiplicity of 4 is n; and that of —pu
is n2 < ny, we have by (x)

lim M — lim(log(nlr— n2)+log£u')+log(1 + E(/\i/rl‘i)r/(nl - nz)))
r—00 r r—oo

r—00 r r

where the sum is now over only those A; whose modulus is less than u; hence
by the same argument as before, the error term goes to zero, and the claim
is now proven. e

The case where the spectrum of @ is symmetric about the origin can
happen, for example in Go, where as observed before the probability of a
cycle of odd length is indeed zero. Of course if @ is primitive, \; = u
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2.4 Are trees more likely to arise than classically?

In the previous sections we discussed under what circumstances the probab-
ility that a tree or a cycle arises is the same as classically. We now ask how
such probabilities compare with the classical value when they are not equal
to it, and in particular when they are greater than or less than classically.
In this section we consider this problem for trees, and in the next section
we give results on the question for cycles, which will depend on one of the
results we prove in this section.

Initial calculations of the probabilities of some trees on small numbers
of vertices in some simple RRC models suggested that they are always at
least as likely to arise as classically, and this, after proving the result in some
special cases, eventually led us to make the following conjecture.

Conjecture. Let I'(n,k,s, P) be any RRC model, and let T be a tree.
Then the probability that all edges of T arise is at least as large as in the
corresponding classical model.

We do not offer the conjecture with any great confidence; we have no very
firm heuristic to make us believe it, merely the various special cases we have
proven. However, even if the conjecture is in fact false, the question of when
trees are more or less likely to arise than classically is likely to be of interest.

We again emphasise that we are talking about the probability that all the
edges of the tree are present, not the probability that these edges arise and
that no others do; the latter probability seems to be harder to talk about in
general. For example, even in the simple case of a graph on three vertices,
let A be the event that the edge 1 — 2 arises and neither 1 —3 nor 2 — 3 does,
and B be the event that the edges 1 — 2 and 1 — 3 arise but that 2 — 3 does
not arise; then a short calculation conditioning on the colours of the vertices

shows that

P{Ain G,,} — P{Ain Go} = (p—;—q)3 but

P{BinG,,} - P{Bin G.} = —(’“—g—q)3

which is positive for p > ¢ in one case and negative for p > ¢ in the other.
We first show that an obvious naive approach to proving the conjecture
does not work, at least in simplistic form. It is tempting to believe that we
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can argue along the following lines; consider some vertex v of degree 1 (recall
that the degree of a vertex is the number of vertices adjacent to it) in the
tree T (any tree has at least two vertices of degree 1), and let 7" denote T
with v removed; then, considering the colour of the vertex w adjacent to v
in T, we have that

P{T} = Xk: ( k p,-,-sj) $:iP{T" | ¢(w) = 1}

i=1 \y=

and it seems heuristically reasonable (since getting off to a good start ought,
other things being equal, to leave one ahead at the end) that the sequence
P{T' | ¢(w) = i} should be increasing with the ¥_5_; pi;s;; if this were true,
we would be done via the following standard inequality.

Lemma 2.19 Suppose s; > 0 with 5 s; =1 and 0 < a; < ay < ...ax and

0 < by < by <...bi are increasing sequences. Then

k k k
Z .S,‘a,'b,' Z Z S; a4 E S,‘b,’.
=1 1=1 i=1

If the a; are increasing and the b; are decreasing, we get

k k k
Z 3,~a,-b,- S Z S;Q4 z .S,'b,'.
=1 1=1 =1

Proof. This can be proven directly; in addition, it is immediate from the
FKG inequality (Theorem 3.14). o

However the heuristic step in the above argument is false. We can see
this by considering the case of a star, that is a graph on n vertices in which
n — 1 vertices have degree 1 and the other has degree n — 1; clearly stars are
trees. Then, letting v be the vertex of degree n —1 and w be one of the n — 1
vertices of degree 1, in ,Gp 4, With ¢ =1, p > r but both much smaller than

g, we have, conditioning on c¢(v), that
P{T | c(w) =red} — P{T | ¢(w) = blue}

(L-s)r)"

=sp(l—s+sp)" >+ (1 ~38)(s -8
(1—s)r)"

+
—s(l=s+sp)" =1 —5)r(s+
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=s(p-DA=s+sp)" "+ (1-s)(1-r)(s+(1—9)r

)n—2

_LprNr 1+r\" ]

—2<2) pD— +( —T)(l—_;;) 18—5
and because p > r this will be less than zero for sufficiently large n. Thus,
using the second part of Lemma 2.19, we see that in fact the probability of
the tree consisting of the above, with a further edge w — u, is less than the
product of the probability of the star and the probability of the edge. This is
of course not itself inconsistent with the conjecture, and indeed Theorem 2.24
will prove the conjecture for stars, but it does suggest that if the conjecture
is true, it will not be for entirely straightforward reasons; in the language of
dynamic programming, the problem is not a one-step problem.

(One might note that whilst the condition that the a; and b; are both
ordered the same way is sufficient for the inequality in the first half of Lemma
2.19, it is clearly not necessary, and ask what work has been done on exten-
sions of Lemma 2.19; but the only result we are aware of in this direction
[SS] is not helpful, partly because it is only stated for the case of equiprob-
able colours, but mainly because the condition given for the inequality to
hold cannot be checked without much more detailed knowledge of the prob-
abilities of trees conditional on the colour of one vertex than we have at
present).

We first prove the conjecture in the important special case of a path. To
do so, we first obtain a formula for the probability of a path in a general
RRC model, using ideas similar to those in Theorem 2.10.

Theorem 2.20 In an RRC model I'(n,k,s, P), with Q and v as before,

k

P{a path of length (r — 1)} = y (Q'_l)im Vs, =vIQ v

11,0, =1

Proof. The probability is

k
D i Siye8i PirisPigis---Pirrir

i ig-ir=1

which, introducing @ as in the proof of Theorem 2.10 for cycles is

k
}: V Si1 Qiyiz Qinig - Qi _yi\/Si,

11,120 =1
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and performing matrix multiplication again as in the proof of Theorem 2.10
this is indeed

k
= > VvE (@Y VE =vTQ " v.e

.= 1t
1,ir=1 i

In the case when the colours are equiprobable, the formula reduces to
k
1 )' 1
2 () (P
ij=1 (k ( )"J

which again is easily checked to agree with the known formula in G,,.
However this formula is less tidy than Theorem 2.10 since the lack of a
final edge back to the start leaves the weight /55" in the sum. More
importantly, this argument applies only to paths, not all trees.

The other main tool we shall use is the following inequality, motivated by
a problem in genetics, and due to Mulholland and Smith.

Theorem 2.21 Let w be a non-negative k-vector and A a non-negative k
by k symmetric matriz. Then

n-1 n
wlA™w (wTw) > (wTAw)
with equality if and only if n =1 or w is an eigenvector of A.

Proof. [MS]. e

Theorem 2.22 The probability that the path 1 — 2 — ... — n arises is always
ot least as large in T'(n, k,s, P) as classically. For n > 2, if there is equality,

v must be an eigenvector of Q.
Proof. The probability of the path is, by Theorem 2.20
vigQrlv
where v = (\/51,.../5k)T as usual. Taking the matrix A4 in the Mulholland-

Smith theorem to be @ and the vector w to be v, we rapidly see that all the
conditions of the theorem are satisfied, and so the above is

(vTQv)n_1 a1
= (vTv)"? -1 @
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with equality if and only if v is an eigenvector of Q. o

In Chapter 3 we use the fact that the path 1 —2 — 3 is at least as likely as
classically to show that the variance of the number of edges is no less than
classically in RRC models; this special case can easily be proven directly using
the Cauchy-Schwarz inequality. We discuss the implications of Theorem 2.22
for probabilities of cycles in section 2.5. It also gives new insight on when a
model is TID;

Lemma 2.23 A model is TID if and only if v is an eigenvector of Q (when
its eigenvalue is automatically o).

Proof. If the model is TID, the probability of a path of length r is a", so v
is an eigenvector of @ by Theorem 2.20 and Theorem 2.21. Conversely, if v
is an eigenvector of @, @v = pv for some p; multlplyxng on the left by v7 we
deduce p = a, and so writing the relationship out, ¥f—; \/3:pij$; = a/5; 50
if s; # 0, we have EJ=1 pi;8; = @, which is exactly the condition in Theorem
2.2 for tree-indiscernibility. o

In particular, this makes it clear that CID implies TID, by Lemmas 2.23
and 2.14 although of course Theorem 2.16 supersedes this result.

We next give the promised proof of the conjecture for stars.

Lemma 2.24 Let T be a star. Then P{T in T'(n,k,s, P)} > P{T in G.}.

Proof. Conditioning on the colour of the vertex of high degree, we see
P{T} = %, s:a?! where a; = Y-, pi;8; is the probability of an edge
conditional on the colour of one end being ¢, and so is non-negative. By
the convexity of the function z — z” for z > 0 and r > 1, this is at least
(Sk_ | s;a;)""! = o~ which is the classical probability of the star. o

ThlS argument works for any tree T consisting of several copies of some
other tree T' all joined (in the same way) to a single central vertex (so that
there is symmetry present), provxded that the probability of T is at least as

large as classically (for example, if T' is a path).

Our last piece of evidence for the conjecture is a theorem of Kingman,
which is a simplification and generalisation of an earlier proof by Atkinson,
Watterson and Moran of a matrix inequality; Kingman himself later gener-
alised his result to a version concerning Radon-Nikodym derivatives rather
than partial averages. We change his notation slightly to avoid confusion
with our use of the term «; in our application the numbers p;, g;,.. will all

be equal to s;.
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Theorem 2.25 Let a;jx.. be a set of non-negative numbers, and denote the
set of indices by k. If we have non-negatwe numbers pi, g;... with Y p; =

Y¢; =..=1,and k = BUB is a partition of x into two subsets, let
Dig;... = PK = QgQﬁ, and define the partial average of a. over 8’ to be
ﬁ) = z aang'
ﬂl

so that, if for ezample k = {i,5} and B = {1}, Ac(B) = Sy=) airsk, and if
B is empty, Ac(B) = a. Then, if the Ac(n), forn = 1,2, ... are some partial
averages of the aq, and )\, are non-negative, we have

ZGnP HA,\,. > al+2,\n

Proof. [Ki] e

This theorem allows us to show that the probability of a tree consisting of
two stars, which we then join by adding an edge between the two centres, is
at least as large as classically. More generally it shows that the probability of
some tree, with copies of itself attached at various points, is at least as large
as classically, taking a;jk.im = pij---Pim to be the product of the probabilities
of the various edges in the tree conditional on their colourings, and is thus
somewhat more general than the result about stars. The above suggests
(informally speaking) that any counterexample to the conjecture must have
a fairly high degree of asymmetry.

These various proof techniques amongst them are easily seen to imply
that any counterexample to the conjecture must have at least six vertices.
The simplest case which is not covered by any of the results is when the
tree has one vertex of degree 3, with one vertex of degree 1 joined to it, and
two paths of length 2. However one can check by a computation that the
probability of this tree arising in ,G, 4, is at least as large as classically.

Another obvious testing ground for the conjecture is when the matrix P
is of a special form. Suppose for example P has zeroes on the diagonal and
ones elsewhere. Then the probability that the tree arises is clearly equal to
the probability that the colouring is a proper colouring, in the sense of chro-
matic numbers. In the case when the colours are equiprobable, the model
is TID, and so, since a = 1 — 1/k clearly, this allows us to recover the fact
that the number of proper colourings (which is £™ times the probability that
a colouring is proper) is equal to k(k — 1)"~!, though of course this fact is
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more easily obtained in other ways. When the colours are not necessarily
equiprobable, so that a =1 — Zf’:l s?, the situation seems harder to under-
stand in general. However for k = 2 it yields easily to the arithmetic-mean
geometric-mean inequality. Indeed if £ = 2 we can write s = (s,1 — s)7
and consider whether some fixed vertex v is red or blue. Then note that the
colours must alternate for the tree to arise, and so the probability of the tree
is s°(1 — s)® + s®(1 — ), where a is the number of vertices at even (including
zero) distance from v and b the number of vertices whose distance from v is
odd, so that a + b = n. Thus

P{T in I'(n,k,s, P)} — P,{T}

=s%(1—s) +sP(1—5)" — (1 —s* — (1 — s)?)2tt!

> 2\/5“+"(1 — s)atb — (25(1 = 5))***"! by AM-GM inequality
— 23(0+b)/2(1 _ S)(a+b)/2(1 _ 2a+b—25(a+b)/2—1(1 _ S)(a+b)/2—-l

— 23(a+b)/2(1 _ 5)(a+b)/2(1 _ (43(1 _ S))(a+b)/2—1)

and this is non-negative since 4s(1 — s) <1 for s € [0,1] (either by calculus
or further use of the AM-GM inequality), and (a + b)/2 is positive.

It is natural to ask if we can deal with the case when T is an m-ary tree,
that is T has a vertex (the ancestor), joined to m other vertices (the first
generation), and for each vertex of the first generation there are m other
neighbours (the second generation), and so on for n generations. The cases
of one and two generations are covered by the above arguments; in general, it
is very easy to write down the following relations for the f,;, the probability
that an m-ary tree with n generations arising conditional on the root having

colour ; o
k
fri= (Z pijsjfn-l,j)
Jj=1

simply by conditioning on the colours of the vertices adjacent to the root;
this recurrence relation (whose initial conditions are fo; = 1Vi and f; =
(Zf-:l p,’ij)m) seems however to be intractable, at least partly because it is

non-linear.

Since we cannot at present prove the full conjecture, we make two spec-
ulative remarks which may provide some insight into an eventual solution.
Firstly, note that the proofs of Theorem 2.24 and Theorem 2.25 both use a
convexity inequality, and Theorem 2.22 can be shown to be a generalisation
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of a convexity inequality; is this a hint? Note finally that there is something
slightly peculiar about the fact that we can prove the conjecture at both ends
of a spectrum; namely, when the degrees of the vertices of the tree are as
equal as possible (a path) and when they are as unequal as possible (a star).
Does this remark contain the seed of a result?

Note that amongst the cases where the probability is greater than its
classical value, in at least some of them it is persistently greater, in the sense
that, as T varies in natural families, we have

lim log( P{T on n vertices }) S o

n—oo n

For example, in the simple case when k =2, s = (s,1 — s) with s # 1/2 and
P has zeroes on the diagonal with all other entries being one, it is easy to
check that for a path the above limit is

(log(s) + log(1 — s))/2 > log(1/2) > log(2s(1 — s)) = log(a)

where we have used the strict concavity of log and that 4s(1 —s) < 1 for
s # 1/2. Similarily, it is easy to check that this property holds for stars
as the number of vertices goes to infinity in this model. It is not clear how

generally this will hold.

2.5 Some further insight into the probabilities of cycles

In this section we show how the Mulholland-Smith theorem gives insight into
when cycles are more or less probable than classically.

Theorem 2.26 Let Q be a non-negative symmetric k by k matriz satisfying
vIQv = a, where a is a constant and v a fized non-zero non-negative vector
of norm 1. Then the Perron-Frobenius eigenvalue of Q is at least o.. There

is equality if and only if v is an eigenvector of Q.

Proof. We recall the standard fact of linear algebra that for a symmetric &
by k matrix @, we have, letting A > A2 > ...\« be the eigenvalues of @,

max vTQv =X\
v:vTv=1

where ), is the largest eigenvalue; there is equality if and only if v is an eigen-
vector of @. Indeed writing v = Zle ui€e; where the e; are an orthonormal
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basis of eigenvectors of @, so that Y% | u? =1, we have

k
VTQV = Z,U,?/\i <A\

since the p? are all non-negative. To get equality, we must have that the sum
of the u? for those \; which are equal to A; must be one; thus v is indeed an
eigenvector of (). Thus we have, since v is of norm 1,

a=viQv< max wiQw=X\

w:wTlTw=1

with equality if and only if v is an eigenvector of Q as required. o

Corollary 2.27 Ifr is even, the probability of an r-cycle is at least as large
as classically in any RRC model. Also, if there is an even r > 4 for which
the probability of an r-cycle is the same as classically, the model is trivial.

Proof. The first sentence is immediate from Theorem 2.10 and Theorem
2.26. For the second, we note that if the probability of an r-cycle is a", then
as the greatest term in Theorem 2.10 is A\™ > o and all the other terms are
non-negative, we must have A = o and all the other eigenvalues are zero;
thus the model is CID and so trivial by Theorem 2.16. o

The analogous statement for cycles of odd length is false; there are models
which are TID, give 3-cycles the same probability as classically, and are not
trivial. For example, with three equiprobable colours, if P satisfies p;; =
D23 = p3; = B € [0,1] and all other entries are zero; then the model is non-
trivial, the probability of a 3-cycle is (8/3)®> = o® since all vertices must
be colour 1 for the triangle to have a chance of forming, and the model is
TID since the colours are equiprobable and all row sums of P are equal. In
fact more generally, the probability of any cycle of odd length is the same as
classically by the same argument. Thus, whilst it is sufficient to check the
TID condition on the simplest tree imaginable (the path 1 —2 — 3), it is not
enough to check the CID condition on the simplest cycle imaginable. We can
generalise this example as follows.

Theorem 2.28 Suppose I'(n,k,s, P) is a family of RRC models where P
does not depend on n and the probability of any cycle of odd length is the
same as classically. Then there is at least one eigenvalue of Q equal to «,
and those of the other k — 1 eigenvalues of Q which are non-zero occur in
pairs of equal modulus and opposite sign. In particular, the rank of Q is odd.
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Proof. We again use the formula of Theorem 2.10. If the top eigenvalue
is greater than o it must have a matching eigenvalue of equal modulus and
opposite sign, as if all other eigenvalues are of smaller modulus it would
dominate the formula for large enough r, making the probability of the cycle
greater than classically; on the other hand, this eigenvalue cannot have mod-
ulus greater than the top eigenvalue as then the probability of long enough
cycles would be negative. Thus we pair off the top eigenvalue, and then
repeat the argument on the next largest eigenvalue greater than a (if any;
this eigenvalue may equal the top eigenvalue since @) is imprimitive). Thus
all unpaired eigenvalues are at most a. Thus we must have an eigenvalue «,
as otherwise all the eigenvalues would be less than a and for large enough r
their sum would not be as large as a”. For each further eigenvalue equal to «
there must be a matching one of opposite sign, to keep the total probability
of the cycle equal to o”. Now consider the eigenvalues less than «; as the
sum of their r-th powers is zero for all odd r by the above remarks, we see,
considering the largest of these eigenvalue(s) first, that each must have a
matching eigenvalue of opposite sign; we then apply the same argument to
the next largest eigenvalue, and so on. This gives the first statement of the
result, and the second is an immediate corollary. e

This allows us to deduce that the general @ with this property is a simple
generalisation of the one in the example above.

Theorem 2.29 Suppose a family of RRC models, with P not depending on
n, has the same probability of all cycles of odd length as classically. Then
there is an orthonormal basis e;, 1 <1 < k consisting of e; an eigenvector of
Q with eigenvalue a, the eigenvectors with eigenvalue 0, and the remaining
basis elements can be partitioned into pairs on which @ acts by a 2 by 2
matriz with zeroes on the diagonal and a positive constant 3 off the diagonal.

Proof. Let w and u be orthonormal eigenvectors of @ whose corresponding
eigenvalues are 8 > 0 and —3. Then

Q(w +u) = B(w —u) and Q(w — u) = B(w + u).

In other words, Q acts on the space generated by w + u and w — u by in-
terchanging the two vectors and dilating them, so that on this 2-dimensional
subspace it acts by the 2 by 2 matrix with zeroes on the diagonal and 3
elsewhere. Now by Theorem 2.28 all the eigenvectors other than one with
eigenvalue o and those with eigenvalue zero come in pairs like this, and so

38



with respect to the basis obtained from the earlier one by replacing each such
pair of eigenvectors w and u with (w + u)/+/2 and (w — u)/+/2, which it is
easy to check still form an orthonormal basis, we get the claim.

We now draw some more consequences of Theorem 2.26.

Corollary 2.30 If the model is not TID, the probability of any cycle of large
enough length is greater than classically. In particular, in G, 4, with r # p,
the probability of any long enough cycle is greater than classically (even when

g > max{p,r}).

Proof. Combining Theorem 2.26 with Lemma 2.23, we see that A > a, and
then the result follows considering large enough values of r the cycle length
by using Theorem 2.10. o

We emphasise that Corollary 2.30 is a result about long enough cycles,
not all cycles. We use the following lemma,;

Lemma 2.31
P{1=2-3—11in,Gpgr} —P{1-2-3—114nG,}
= $3p®+3s2(1—3)pg® +3(1—s)2srg* +(1-5)°r® — (s’p+2s(1—s)g+(1—s)*r)>.

Proof. This expression is obtained from a simple calculation, conditioning
on the eight possible colourings of the three vertices. o

Lemma 2.32 There ezist s,p,q and r for which ;Gp 4, has v not an eigen-
vector of Q, and a cycle whose probability is less than classically.

Proof. For the first part, Theorem 2.8 suggests that we should take (say)
p=1/2,r =11/20 and ¢ > max{r,p} as then it seems likely that, as p and r
are close, the probability will still be less than classically for suitably large gq.
And indeed taking s = 1/2, p = 1/2 r = 11/20 and ¢ = 7/10 in the previous
lemma, we clearly have that v is not an eigenvector and the expression in
Lemma 2.31 evaluates to about —0.000424 < 0 as required. e

Exactly how long a cycle of odd length has to be to guarantee that it is
at least as likely to arise as classically under the conditions of Theorem 2.30
will depend heavily on the nature of @ and v and seems difficult to say much

about in general.
The case of G,, with both p and ¢ positive so that @ is primitive but
g > p so that the probability of cycles of any odd length is less than classically
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by Corollary 2.8 shows that the restriction in Theorem 2.30 that v should
not be an eigenvector of @ is genuinely necessary and not just a restriction
of our method. Needless to say, having all odd length cycles no more likely
than classically is quite a demanding condition;

Corollary 2.33 Suppose the probability of an r-cycle, for all odd r, is less
than or equal to its classical value. Then the largest eigenvalue for which
there is not an eigenvalue of equal modulus and opposite sign is at most
a. If there is equality the eigenvalue of mazimum modulus amongst those
remaining must be non-positive.

Proof. This is very similar to Theorem 2.10 or Theorem 2.28. Again we
must have that any eigenvalue greater than « pairs off with one of opposite
sign and equal modulus. Thus if 4 is the largest unpaired eigenvalue, u < o;
again there is no unpaired negative eigenvalue of modulus greater than u as
otherwise the probability of the cycle would be negative, so u has the largest
modulus of the unpaired eigenvalues. If 4 = a, then the sum of the r-th
powers of the remaining eigenvalues is non-positive for all r odd, and so the
largest in modulus of them must be non-positive. o

The other question which demands attention is how much larger than
classically A can be. Theorem 2.9, part 5, gives an upper bound, namely
the largest row sum of the matrix @ (the lower bound in that theorem is of
course superseded by Theorem 2.26); it is not clear if one can significantly
improve this upper bound in our special circumstances.
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3 Joint probabilities of subgraphs and the role
of the FKG inequalities

3.1 The main theorem on joint probabilities

In the previous chapter we discussed how the probabilities of certain simple
kinds of subgraphs compare with their classical values, obtaining results
which held or were conjectured to hold, in wide generality. In this section,
we compare the joint probability of any two potential subgraphs arising with
the product of their individual probabilities (we shall often abbreviate po-
tential subgraph by subgraph if there is no danger of confusion); this is a
more general question, since the subgraph is now arbitrary, but our results
will work less generally. Our main result (Theorem 3.1) is that, in G, g, if
p > q, the probability that two subgraphs both arise is at least as large as
the product of their individual probabilities. Much of the rest of the chapter
consist of glosses on, extensions of and complements to Theorem 3.1, and
counterexamples to putative extensions. We also show that the so-called
FKG inequality, which experience of the classical model might suggest is an
appropriate tool for proving Theorem 3.1, will not give the result, and show
that various related notions of association do not apply either. Finally, we
consider what can be said for 3-cycles by doing exact calculations.

We shall write, if C is a graph on {1,2, ...n} (recall again that graphs are
labelled unless explicitly stated otherwise) P{C} for the probability that all
the edges in C arise (again, we do not ask about the other edges). We work
in G, until section 3.5, and will be comparing, for two subgraphs C; and Cy,
P, ,{CiNC,} with P, {C1}P,q{C2}; here P{C1NC>} means the probability
that the graph contains both the subgraphs C; and C,. In particular, note
that when C, C;, Cs and so forth are used in this chapter, they are not
arbitrary events; they are events of the form all the edges in some set arise.

Of course, if the two subgraphs have neither edges nor vertices in common,
Lemma 2.1 says that whether or not they arise is independent. This is also
true in G, if they have exactly one vertex v (and so no edges) in common,

since

P{C;NC, | c(v) =red P{C. N C, | c(v) = blue
Pcrn 0y = PLGNG L) = red) | PICIN Gy ) = bl

by symmetry (as the colours are equiprobable) the probability of each sub-
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graph conditional on ¢(v) is independent of the particular colour ¢(v); hence
P{Cl N 02} = P{C] N Cz | C(U) = red} = P{C] N Cg | C(’U) = blue}

so we write P{C; N C, | ¢(v)} for their common value, and note that in the
same way we can write P{C;} = P{C; | ¢(v)}. Then, using the fact that C,
and C; are independent conditional on ¢(v), we have

P{CiNCy} = P{CiNC; | ¢(v)} = P{C1 | c(v)}P{C: | c(v)} = P{C,}P{C,}.

However, the existence of two subgraphs with only vertices in common is
not in general independent in G, 4. A simple example is when C, is the path
1—2—3 and C; the edge 1 — 3; then by Theorem 2.4 P{C,}P{C>} = a® but
by Theorem 2.6 P{C, N C2} = ((p + ¢)/2)3 + ((p — q)/2)3. More generally
if we break any r-cycle up into two paths, Theorems 2.6 and 2.4 tell us that
(provided p > q)

+ r — Ynr p + q.\r
Pieincy =By + By 2 (557 = P{a PG},
Theorem 3.1 will show that this is an example of a general phenomenon. In
the proof, we shall mark two inequalities (&) and (*) to which we shall make
repeated reference later in the chapter. We shall also spell some points in
the proof out rather carefully to facilitate drawing corollaries later.

Theorem 3.1 Let C; and Cy be two potential subgraphs on n vertices. Then,

ifp>gq,
Pp,q{cl n C2} 2 Pp,q{cl}Pp,q{C2}-

Proof. First of all, we assume for convenience that g # 0, dealing with the

special case g = 0 separately later.
We assume to begin with that C; and C; have no edges in common, so

that they are edge-disjoint. Define S; to be the number of edges of C;
whose two end vertices are the same colour (call such edges non-switches)
and let n; be the number of edges in C;. Then, as C, and C are edge-disjoint

nirn2—o1— ny+n p
P{Cl N 02} =E (p5'1+.5'2q 1+n2—51 52) =gq 1+ 3 D) ((_(_I_)S1+Sg)

= g"t™E (69(51+52)) ’
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where § = log(p/q) which exists and is positive since p > ¢ > 0. Similarily
P{Ci} = ¢"E (¢") and P{C3} = ¢™E (e”%)

where 53 is the number of non-switches in C3, a copy of the colouring of C,
which has neither vertices nor edges in common with C,, so that $; and S3
are independent. Then we have

P{CiNCy}-P{C\}P{Cy} = Q"1+"’E( S‘””) "‘E( 51)) ”2E( 8(53) )
= g™ (E (60(51+52)) _E (60(51+S;)))
as S and S; are independent. Thus, as q # 0, it suffices to show
E (ea(sl+sz)) >E (eo(sl +S;))
for which it is sufficient to prove that the two Taylor expansions satisfy

OE((S1 4+ 5:))  SOE((S +53))

z r! 2 r!

r=0 r=0

(&).

Since as we noted above # > 0, this will follow if we can show that
E((S51452)") 2 E((51 +53)") vr.

Towards this, number the edges of C; and C; in any way, giving C; the
numbering induced by that on C3, and let S; = 3 I;, where I; is an indicator
of whether the i-th edge of C; is a non-switch, S; = }_J;, where J; is an
indicator of whether the j-th edge of C; is a non-switch and S3 = 3 J* where
J; is an indicator of whether the j-th edge of C; is a non-switch. Then,
considering the binomial expansions of E(($; + $2)") and E((S, + S3)7) for
all values of r, we see it suffices to show that

E (I Loy Tan b - I) 2 B (Lo Iy Loy T3 5 (¥)

for all choices of a;,...am and by,...b;. In fact we can restrict to the case where
m < ny and [ < ny as otherwise some /,J or J* occurs to a power higher
than 1, but because the I;, J; and J; are indicator variables this reduces to
the case m <n; and [ < ny.

Note that, in each component of the graph whose edges are those in-
volved in the expression (*), a product of indicators is 1 if and only if all
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the indicators are 1, i.e all the vertices involved are the same colour, and is
0 otherwise.

Suppose first m + [ < min(g(C), g(C2)) where g(C) is the girth of the
graph C, that is the length of the shortest cycle, so that no cycle in C;
and no cycle in C3 is present on the right-hand side of (*). Then the right-
hand side of the equation (*) is equal to the probability that the product of
indicators there is 1, which is the probability that all the I's and J*s involved
are equal to 1. As C; and C; have neither edges nor vertices in common,
all m + [ indicators are of different edges, and since there are no cycles, at
each stage when we check whether or not the next edge is a non-switch, we
know the colour of one of the vertices, and not that of the other; since we
are in Gp, they are the same with probability 1/2, so that the right-hand
side is (1/2)™* since m + [ is the number of edges being considered. If there
are no cycles on the left-hand side of the equation (*) we will get the same
value there; however there can be cycles on the left-hand side since C, and C,
interact with each other (for example if 1) is the edge 1 —2, I, the edge 2 -3
and J; the edge 3 — 1). Such cycles mean that the indicators are correlated;
in the example, if ;=1 and I,=1, J; is automatically also 1. However by
stripping away enough of the indicators (¢ of them, say) to reduce to the
indicators of a maximal forest in the collection of edges being examined we
regain independence of the remaining indicators, and the left-hand side of
(*) is (1/2)m+-t > (1/2)™H as required.

Next we drop the condition m + [ < min(g(C1), g(C2)) so thus there may
be some cycles in the two subgraphs C; and C, present. However any such
cycle present on the right-hand side of () will also be present on the left-
hand side, so the correlation effect appears, making an equal contribution,
on both sides; moreover, as in the preceding paragraph, there can be further
correlation on the left-hand side of (*) due to cycles forcing some of the
indicators to be 1, as illustrated with I;, I; and J; above, so again the result
holds.

Next we show that removing the edge-disjointness condition can only
increase P{CIOCQ}—P{Cl}P{Cg}. Since P{C;} and P{C>} will not change,
it suffices to show P{C; N C2} increases. To see this, note that the formula
for P{C, N C;} will now double count some of the edges so giving a larger
power of p or ¢ or both than is in fact appropriate, thus underestimating the
true value of P{C; N Cy, and P{C,} and P{C;} are of course unchanged.
Thus if suffices to show that () still holds; and the right-hand side of (x)
is not affected by the change, as C, and C; are disjoint by construction;
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however, on the left-hand side, additional correlation structure may increase
the expectation.

Thus it only remains to deal with the case ¢ = 0. Here the subgraphs
arise if and only if all the vertices in each component are the same colour.
But again, the correlation structure, through cycles, can force some vertices
to be the same colour when both graphs are present, when they are not forced
to be the same colour in the independent copies of the two subgraphs, and
so we get the required inequality. Alternatively we could just argue by the
continuity of the probability of C as a function of q.

Corollary 3.2 Let Cy, C,...Cy be k subgraphs. Then in Gp, with p > q
P{C;NCyN..NC:} > P{C,}P{Cy}...P{Ci}
Also if Cy, Cy,..C, are some of these subgraphs
P{C:NCyN...NC, | Cry1 N...NCi} > P{C1}P{C.}... P{C;}

Proof. The proof of the first claim is by induction on k. The case k = 2 is
Theorem 3.1, and as several subgraphs together are a subgraph, we have

P{CiNCyN..NCi} =P{(C:NC2N...N Ci—y) N Ci}
> P{C;NCyN...N Cr_1} P{Ci} by Theorem 3.1
> P{C,}P{C,}...P{C:i} by the induction hypothesis.
For the second claim, it is sufficient to show that
P{CiNCyn...NCk} > P{C1}P{C:}.. P{C,} P{Cr41 N ... N Ci}.
for which, by the first part of this corollary, it suffices to prove
P{C;NC;N..NCk} > P{CiNCe..N C.}P{C,11 N...NCi}.

However this is a consequence of Theorem 3.1 on noting that the graph
consisting of all edges in one or more of the graphs Cy, Cs...C; and the graph
consisting of all edges in one or more of the graphs C41, ...Ci are both

themselves subgraphs. e
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Theorem 3.3 Let S; be the number of edges of C; which are non-switches
as above. Then for non-negative integers r and s we have

E(515;) 2 E(S))E(S;).

Proof. This follows from expanding out the two expressions in the statement
of the theorem as sums of indicator functions, and making repeated use of
inequality () in the proof of Theorem 3.1. o

Corollary 3.4 In G,, with p > q all moments E(N") of N, the number
of cycles in the graph, are at least as large as the corresponding ones in
the corresponding classical model. The same is true for Ny the number of
k-cycles for any k > 3.

Proof. N is a sum of the indicators of whether each possible cycle arises.
Now expand out N" to get a sum of products of such indicators. Each such
product is 1 or 0, being 1 only if all the cycles are present. But by Theorem
3.1 the probability that they are all present is at least as large as classically,
and the result follows. The proof for N is identical. e

An argument similar to the argument in the proof of Theorem 3.1 will
be found in Theorem 4.12 below. Theorem 3.1 is closely related to a result
of Harris [Ha] in the theory of percolation on the two-dimensional integer
lattice where bonds (edges) are open (arise) with probability p and closed
(fail to arise) with probability 1 — p, independently of each other. However
the method of proof is quite different. We will show in section 3.8 that unlike
Harris’s result, ours cannot be put in the context of the FKG inequality.

Note that the argument does depend on the fact that p > ¢ in that it
uses § = log(p/q) > 0 to reduce proving the inequality between Taylor series
to an inequality between Taylor coefficients. If p < g, so that # < 0 this will
not work; for example, if C; is the path 1 — 2 — 3 and C; the edge 1 - 3,

+ — ptq

PRayp 4 (B30 < (5570 = PG} P{Ca).
On the other hand, it is not true that P{C1 N Cy} < P{C1} P{Cy} always
holds when ¢ > p either, because if r is even the probability of an r-cycle is
greater than classically by Theorem 2.6. We discuss the case p < ¢ in detail
in section 3.3.

If p = q of course P{C1 N C2} = P{C1}P{C:} if C; and C, are edge
disjoint, and P{C: N C3} > P{C1}P{C.} otherwise, with equality only if

P{CinCy} =(
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p = q = 0, as otherwise a’"*, where t is the number of common edges,
exceeds o,

Some special cases of Theorem 3.1 can be proven more directly; for
example, if two edge-disjoint cycles have r common vertices which can be
numbered so that there is exactly one arc of C; and one arc of C; between
m and m + 1 for each m (including of course arcs between r and 1 to close
the cycles) then a proof very similar to Theorem 2.6 gives the result, though
of course not all pairs of cycles are of this form.

Finally note that the fact that the colours are equiprobable is not needed
in Theorem 3.1. Indeed the probabilities of the colours only come into the
argument at the point where we have to prove inequality (*), namely that

E (L Loy Jap by ) > B (I Loy Ta T, . )

and remark that the right-hand side is (1/2)(™+) in the case when there are
no cycles present on the right-hand side (with obvious modifications for the
case where there are cycles on the right-hand side). However, all that matters
for this argument is that (assuming that the m + [ indicators on the right-
hand side form a connected component; if not, just argue componentwise)
the right-hand side is s™* + (1 — s)™*' where s is the probability that two
vertices are both red, whereas the left-hand side will be ™+~ 4 (1 — 5)m+i-t
for some ¢ > 0, and thus will be at least as large as the right-hand side.
However we shall see later, when we try to extend Theorem 3.1 to ,G,,,,
that the probabilities of the various colours do become important, at least
to our method of proof. The assumption that different vertices are coloured
independently is important, as otherwise it would be much harder to under-

stand the variables S;, 59, etc.

3.2 Detailed comparison of the joint and individual
probabilities
We now make a more detailed comparison of the two Taylor series in Theorem

3.1 (see equation (&)). We make the following definition.

Definition 3.1 The newgirth of two (labelled!) subgraphs C, and Cy is the
length of the shortest cycle in the graph whose edges are those of C, and those
of Cy which is not in either Cy or Ca. If no new cycle is introduced, we say

the newgirth is infinity.
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Theorem 3.5 Suppose the two subgraphs Cy and C, are edge-disjoint. Then
the two Taylor expansions in inequality (&) have coefficients which agree up
to and including the term in 89~1, where g is the newgirth of C, and C,. (If
the newgirth is infinity, the claim is that the two series are identical).

Proof. The terms of the two Taylor expansions in #* involve (writing the
S; as sums of indicators as in the proof of Theorem 3.1) only products of
at most k£ indicators. But the k£ indicators cannot be those of a new cycle
caused by putting the two subgraphs together unless ¥ > g, and having a
new cycle is the only way we get the Taylor series on the left-hand side of
(&) to be different from the Taylor series on the right-hand side of (&) as we
saw in the proof of Theorem 3.1. o

Corollary 3.6 S, and S; are uncorrelated if C, and Cy are edge disjoint.

Proof. 5,5, is a sum of products of pairs of indicators, and a pair of edges
cannot define a cycle, so by the previous result

E(5,5;) = E(5,5}) = E(S1)E(S;) = E(S1)E(S2). 0

However the two variables are not independent; for example, suppose C;
and C, are both cycles so of length n (so they pass through each of the n
vertices of the graph); then if S; is n, all the vertices are the same colour so
S» must also be n.

The difference between the first two distinct coefficients in the two power
series in Theorem 3.5 can be quite large. For example, if C is a (2n+1)-cycle
1-2—-3—..—(2n+1)—1and C; is also a (2n + 1)-cycle 1 —3 — 5 —
..... (2n+1) —2—4—...(2n) — 1, we see that there are a full (2n + 1) triangles
introduced; this is the maximum number possible since the edge with the
lowest number can be chosen in (2n + 1) ways and everything else is then
forced; in this case thus the difference between the two Taylor coeflicients is
(2n +1)(1/4 — 1/8) = (2n + 1)/8 since the probability that three edges on
the right-hand side of (&) are all non-switches is 1/8 but on the left-hand
side if two of them are non-switches so is the third, so the probability is 1/4.
Presumably taking two long cycles, we can get arbitrarily large newgirth but
still have the difference between the coefficients growing linearly with n.
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3.3 Comparison of joint and individual probabilities
when ¢ > p

We now consider what can be said in the harder case when ¢ > p.

Theorem 3.7 Suppose ¢ > p, and that C, and C, are edge-disjoint. Then
there is a neighbourhood q € (o, a +¢€) where P{C,NCy} — P{C,} P{C,} > 0
or 18 < 0 according as the newgirth is even or odd.

Proof. By the argument in Theorem 3.5, the coefficients of the two Taylor
series agree for powers of # less than g, where g is the newgirth of the two
subgraphs, so we concentrate on the coeflicient of #9. By the argument of
Theorem 3.1, each product of g indicators on the right-hand side of equation
(*) in the proof of Theorem 3.1 is at least as large as the corresponding
product on the left-hand side, and since we have taken the term in 9, there
is at least one collection of indicators for which the left-hand side is actually
greater than the right-hand side. As § < 0, ¢ > 0 if g is even and is < 0
otherwise; thus, taking 4 sufficiently close to 0 we see that there is a region
g € (o, + €) (where € will depend on p, ¢, C) and C3) in which we have
P{C,NC,} — P{C,}P{C,} >0 if gis even and < 0 if g is odd. e

Note that this, coupled with Theorem 3.1 for p > g shows that for edge-
disjoint subgraphs with even newgirth, p = o is a local minimum of the
expression P{C; N C;} — P{Ci}P{C,}.

This shows that if the newgirth is odd P{C, N C2} < P{C,}P{C,} for
q € (a,a + €); however, whilst the inequality sometimes then holds for all
q > a (as putting two paths together to make a cycle of odd length in Gpq
shows, using Theorems 2.4 and 2.6) it does not always do so. We will show
this by considering the case of two cycles Cy and C; with three vertices and
no edges in common. This is the simplest case of edge-disjoint cycles where
there is any chance of a counterexample, as if C; and C; have at most one
vertex in common we saw before Theorem 3.1 that they are independent, and
if the two cycles intersect in exactly two vertices, with no edges in common,
the following result implies there is no change of sign in the interval (e, 2a).

Theorem 3.8 Suppose the cycles Ci and Cy have ezactly two vertices a and
b (and no edges) in common. Then P{CyN Cy} < P{C1}P{C,} if and only
if p < q and the following statement holds for the two paths making up one
of the two cycles, and does not hold for the two paths making up the other

cycle;
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Both the paths between a and b in the cycle are of odd length, or the longer
of these two paths is of even length and the shorter of odd length.

Proof. The case p = ¢ = 0 is trivial, so we assume at least one of p and ¢
is strictly positive for the rest of the proof. C; consists of two arcs between
the two common vertices; let them be P; of length : and P, of length j,
and similarily let C; consist of P; of length k£ and P, of length I. To keep
notation under control, we will write a for (p + ¢)/2 and S for (p — q)/2;
then, conditioning on the possible colourings of the two common vertices,
and using Corollary 2.7 to find the probabilities of the various paths, we see,
using computer simplification, that P{C; N Cy} — P{C1}P{C,} is

(akﬁ'+ﬁka') (aiﬂj+ﬁiaj) )

which is < 0 if and only if exactly one of the two factors is. Clearly neither

g K+
factor can be negative if 8 > 0; if # < 0 then, dividing by (%‘1)
p + ¢ > 0, the first factor is negative if and only if

k !
(p—q) N (p—q) <o
p+aq Pty
which in turn holds if and only if ¥ and [/ are both odd or the smaller of them
is odd and the larger even. The statement of the theorem is now clear. e

We can now proceed to the promised counterexample. Take two edge-
disjoint cycles which have three vertices a, b and ¢ in common. Let C consist
of the paths Pi, P, and P; and C) of the paths Py, P5 and Fs, with P; and
P, going from a to b, P, and Ps from b to ¢ and P; and Ps from c to a; let the
lengths of Py,...Ps be i,j,k,7,s and ¢ respectively. Conditioning on the eight
possible colourings of a,b and ¢, and again using Corollary 2.7 to find the
probabilities of a path conditional on the colour of its end vertices, computer

simplification gives

as

P{C; N Cy} — P{C1}P{C;}
_ ﬂi+j+tak+r+s + Bi+j+r+sak+! +ﬁi+k+saj+r+t + ﬂi+k+r+taj+s
+ai+j+tﬂk+r+s + ai+k+r+t[3j+s + ai+k+s'8j+r+t + ai+rﬁj+k+s+t

+ai+3+tﬁj+k+r + ai+j+r+sﬂk+t + ﬂi+s+taj+k+r + ﬁi+raj+k+s+t
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The result then follows considering the case when i = 2,7=2k=1,r=1,
$ =2, t = 3, when the formula becomes (reverting to p and ¢ now)

3p11 B p9q2 B 9p7q4 15p5q6 B 17p3q8 3pq10

o012 512 256 256 912 912

and putting g = zp and removing the factor p'!, the resulting polynomial in
z 18
3 22 9z 1526 1728 3210
512 512 256 ' 256 512 T 512
which has roots at (amongst other places) z = v/3, which is about 1.73; at
z = 1.7 the polynomial is negative but at z = 1.8 it is positive. It may well
be possible to get, with more complicated C; and C,, cases where the set
of g (for fixed @) such that P,o{Ci N Ca} > Ppe{Ci1}Pp,{C2} has several

connected components.

3.4 Detailed comparison for non-edge-disjoint subgraphs

We saw in Theorem 3.1 that when the cycles are not edge-disjoint, we have
(for p > q) P{C, N C2} > P{C,} P{C,}. It is arguably more appropriate in
this case to take account of the fact that the cycles are not edge-disjoint, and
so that edges will be counted twice, and see if any more detailed result can
be proved. One naive idea along these lines uses the following definition;

Definition 3.2 The intersection number i(Cy,C,) of two subgraphs C,
and C; 1s the number of common edges of the two subgraphs.

We might then consider just how small we can take «, independent of the
choice of C; but depending on p and g, such that

Kli(Cl ’02)P{Cl N 02} > P{Cl}P{C2}

k = 1 is clearly possible by Theorem 3.1; in G, we can take k = ¢ as is easy
to see. One result to improve on k =1 is easy;

Theorem 3.9 Let C; and C» be subgraphs in Gp,, with p > q. Then if

Kk = p, we have .
Kiz(cl'cz)P{Cl N Cz} Z P{Cl}P{CQ}
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Proof. Recall that in the last paragraph of the proof of Theorem 3.1 we saw
that, because the two subgraphs have edges in common,

P{Cl N Cz} Z E (pSI +S')qn1+n2_sl _52)

since the right-hand side counts the common edges of the two subgraphs
twice. Now for each of these t edges, we get an extra factor q or p on the
right-hand side of the inequality. Since p > ¢ the extra factor is at most p
in each case, so in fact if we put a similar factor on the left-hand side we do
not invalidate the inequality, and this gives the required result. e

One might hope to be able to get a « less than p, since (loosely speaking)
about half the edges to be double counted are same-different. One obvious
guess would be that k = a is possible, but this is not true. Indeed if the two
subgraphs have an r-cycle (for some r) amongst their common edges, as the
probability of that cycle is greater than its classical value, a compensation
factor of « is likely not to be enough; this gives the simple counterexample
of taking C; and C, to be the same triangle; then i(Cy, C2) = 3 but

BPICING) = o (03 + (’i;—q)g) < (af* " (%3)3) - P{C}P(CL).

This still leaves the possibility that we can take x = a when the two
subgraphs have no cycle amongst their m common edges. Attempts to prove
this along the lines of Theorem 3.1 seem not to work, since we now need a
further random variable S5 the number of non-switches which are in both
subgraphs; then of course 53, defined in the obvious way, will be zero, and
so we need to show that, with = log(p/q) > 0 as before, that

(1 + eo)meo(sl +52-53) > H(S1+53)
— z

and this seems harder to handle than the previous expression; for example,
we cannot just ignore the factor (1—*;—{)m > 1 since if we could, that would be
saying that we could take K = ¢ which we shall see in a minute is impossible,
and comparison of each coefficient of the two Taylor series looks daunting.
Nonetheless, brute force methods, similar to those used in section 3.3 to show
that the set of ¢ where the joint probability of subgraphs exceeds the product
of their probabilities need not be connected, enable us to prove the claim in
several cases when C; and C; are cycles with small numbers of vertices and

32



edges in common, namely the following;

1. exactly one path (and no other vertices) in common

2. exactly two non-incident edges in common

3. one path and one other vertex in common

4. one path and two other non-adjacent vertices in common.
However it is not clear how to proceed in general, and so we offer an

Open Problem. Is it true that if C; and C, are two subgraphs, and the
graph of their m common edges is cycle-free, then for p > ¢

o™ P o{C1 N Ca} > P, o{C1} P o{C2}?

Note that we certainly cannot do better than k¥ = o. Indeed if C; is the
subgraph 1 — 2 — 3 and C, the subgraph 2 — 3 — 4, P, ,{C:} = a? in both
cases, but P, ,{C; N Cy} = o® so we must have £ > a.

3.5 Several colours but only two edge probabilities.

We next consider what can be said when there are more than two colours
involved. In the special case where there are k colours (not necessarily equi-
probable) and all same-same probabilities are equal to p and all same-different
probabilities are ¢, an argument entirely analogous to Theorem 3.1 shows that
P{CyNC,} > P{C,}P{C,} for p > g; S; is defined as before to be the num-
ber of edges in C; both of whose ends are the same colour, and the argument
runs through. More generally, given k colours and all edges arising with
probability g except those between two vertices both of colour i (1 <: <),
where r < k, then P{C; N C;} > P{C}P{C:} for p > g by imitating the
proof of Theorem 3.1 with the modification that S; is now the number of
edges of C; between two vertices which are both the same colour j, for some
1 < j <r, and the various indicator variables undergo an obvious analogous
change of meaning. When we get to proving the analogue of (x) it is enough
to note that the product of indicators on the right-hand side (x) is 1 if and
only if for each edge involved both ends have the same colour out of the set
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{1,2..r}, and that as before some of the J; may be forced to be 1 in cycles
by the correlation structure whilst the J are not forced to be 1.

One might try to develop these ideas by introducing, given an RRC model
with k colours and only two edge probabilities p and g, a (probably looped)
graph, the structure graph, on the k colours as vertices with an edge
between vertices ¢ and j if and only if edges between a vertex of colour 3
and one of colour j arise with probability p, and asking for which structure
graphs we have that P{C, N Cy} > P{C,}P{C,} for p > q. So for example
the case just discussed is the special case where the structure graph consists
of loops at some vertices and no other edges. If, for example, the structure
graph is complete (where now we insist a complete graph must include a loop
at each vertex, unless it has only one vertex, when it either can or cannot
have such a loop), the result holds rather trivially; if the components of the
structure graph are all complete graphs, the property holds, essentially just
by identifying all the colours in each complete graph; this works because
in a graph all of whose components are complete, if ¢ is connected to j, 7 is
adjacent to j. However it seems rather harder to take this circle of ideas much
further. The simplest structure graph not covered by the above observations
is one with two equiprobable colours 1 and 2 with the only edge being 1 — 2
(and no loops); this is (in light disguise) a Gp, model with ¢ > p and by
Theorem 3.5 we can have P{C, N Cy} < P{C1}P{C,} in this case.

3.6 The situation in ;G-

In general with more than two parameters matters are more complex. We
first note that we cannot prove a statement analogous to Theorem 3.1 in
Gpqr With 7 > p > ¢ > 0 by the same method; for, letting S be the number
of red-red edges in C, T) the number of blue-blue edges in C;, and defining
Sy, T, S3 and T; in the obvious analogous manner, the joint probability
is again a two variable generating function evaluated at §; = log(p/q) and
9, = log(r/q), which exist and are positive by the assumptions, we reduce as

in Theorem 3.1 to showing that
E (((0151 + 02T1) + (0152 + 92T2))r)

> E(((0151 + 6:Th) + (60155 + 0,T7))) .

Now let S; = ¥t I; where I; is an indicator of whether the i-th edge of C,
(with respect to some numbering of the edges of C}) is red-red,
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Sy = 32, J; where J; is an indicator of whether the j-th edge of C, (in
some numbering of the edges of C,) is red-red,

53 = X2, J; where J; is an indicator of whether the j-th edge of C (in the
numbering induced by that on C,) is red-red

Ty = 332, Li where L; is an indicator of whether the I-th edge (in the same
numbering as for S; above) of C; is blue-blue,

T3 = 35221 M., where M, is an indicator of whether the m-th edge of C, (in
the same numbering as for S; above) is blue-blue,

Ty =372, M} where M} an indicator if the n-th edge of C; is blue-blue.

Then, to get the obvious analogue of the previous argument to work, we
would have to prove that

E(Lsy-Taioy ooy Ly - LeeMay - May) > Ly oo Lo Jg oo J Ly o Lo M3, M)

for all choices of the subscripts, but it is clear that by judicious choice of C;
and C; and the edges we can make the left-hand side zero but the right-hand
side positive; for example, if C; and C, are cycles which intersect in two
vertices a and b only, where there is an edge of C between ¢ and b, and
a path of length two in C, between them, in the case where the indicators
under consideration are those of whether the edge of C) is blue-blue, and the
two edges in C; are both red-red; then clearly the left-hand side is zero, but
the right-hand side is ;.

To get round this in ,Gpqr Where r > p > g, define S to be the number
of edges in C| which are non-switches, as before, and S, and S} similarily,
but now define T} to be the number of blue-blue edges in C; and T; and T
to be the number of blue-blue edges in C; and C3 respectively. Then

P{Cl N C2} =E (rT1+T2p51+Sz—T1—qun1+n2_51_52)

Tv+T, S1+52
o
Y4 q

r/p and p/q are > 1 by the assumptions, and it now seems reasonable that
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powers of the T; and the S; are non-negatively correlated. However, as the
actual statement of the theorem shows, some caution is required.

Theorem 3.10 Let C, and C; be two fized graphs on vertez set {1,2,...n}.
Then in 4Gy gy, if 7 > p > q and s < 1/2 we have P{C1NCy} > P{C,} P{C,}.

Proof. As in Theorem 3.1, we treat ¢ = 0 as a special case, so assume for
the moment that ¢ # 0. We have

T1+T, 51452
P{CI N 02} = q"1+"2E (C) (E) = g™ tm R (601 (T +T2)+62(S1 +Sz))
p q

where 6; = log(r/p) and §; = log(p/q) exist and are > 0asr >p > ¢ > 0.
Similarily

P{Cl} =¢"E (601T1+0251) and P{Cg} = ¢E (691T5+9255)

where S is the number of non-switches in C;, a copy of the colouring of C,
which has neither vertices nor edges in common with C; (so that S; and S
are independent), and T is the number of blue-blue edges in C3. Hence

P{C, N C3} — P{C1}P{Ca}
— qm+n2E (801 (T1+T2)+02(S1+S2)) _ qﬂlE (691T1+0251) qﬂzE (691T2'+0255)
— qﬂ1+n2E (601 (T1+T2)+62(5) +52)) _ qn1+n2E (691 (T1+T;)+02(51+S;))

since S and S} are independent and Ty and T3 are independent. Hence
(again by ¢ # 0) it is enough to show that

E (601 (T1+T2)+92(51+52)) >E (691 (T1+T;)+02(Sl+55)) ;

expanding both sides out as bivariate Taylor series, this would follow from

© 6105 B((Ty + To) (51 + So)"™" > iz 6165 "E(Ty + T5) (S: + S5 )

> 2 i(r —1)! o s i(r—1)!

r=01=0

As 6, > 0 and 8, > 0, this will follow if we can show that

E((Ty+ T2)"(S1+ 82)") 2 E((T1 + T7)™ (51 + 53)") Vm, n.
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Towards this, number the edges of C; and C; in any way, giving C5 the
numbering induced by that on C,. Then let

Ty = X I, where I; is an indicator of whether the ith edge of C; is blue-
blue

S1=X. J; where J; is an indicator of whether the jth edge of C, is a non-
switch.

T>=% Li, where L; is an indicator of whether the lth edge of C; is blue-
blue

S2=3 My, where M, is an indicator of whether the mth edge of C, is a
non-switch.

T3 = 3" L}, where Lj is an indicator of whether the /th edge of C; is blue-blue

S2=3 M, where M, is an indicator of whether the mth edge of CJ is a
non-switch.

Then, considering the binomial expansions of E((S1+52)*) and E((Ty +T3)"),
etc, for all values of r, we see it is enough to show that

E(la. To, Ly, -- Loy Joy - Jo; My . Ma,) > E(Lay o da Ly, - Ly Jey T MG, M) (@)

for all possible choices of the suffices. In fact we can restrict to the case
where no indicator occurs to a power higher than the first, since the variables
involved are indicators.

As before, each expectation of a product of indicators is 1 if and only if
all the indicators are 1. This happens if all the vertices in each component
of the graph whose edges are indicated by the random variables involved are
the same colour when the indicators involved are all Js, Ms or M*s, and if
all the vertices are blue if all the indicators involved are I's Ls or L*s. Note
also that if a component of the graph formed by the edges indexed by the
Ms and Js has any vertex (or edge) in common with any component of the
graph formed by the edges indexed by the Is and Ls then for both products
of indicators to be 1 every vertex of both components must be blue. Hence,
since s < 1/2, we see that the joint probability of the two events A, that all
the edges in some component of the graph indexed by the Is and Ls are 1,
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and the event B, that all the edges in some component of the graph indexed
by the Ms and Js are 1, is at least as large as the product of the probability
of A and the probability of B. For if the edges involved in the events A
and B have neither edges nor vertices in common, the result follows from
Lemma 2.1; otherwise, since they have common vertices, all the vertices in
both components are forced to be blue, and if £ is the number of vertices in
the component indexed by I's and Ls, [ the number in the component indexed
by the Js and Ms, and ¢ > 1 the number in both components,

P{ANB} = (1—s)*'"t > (1 -3s) +s)(1 - s)f = P{4}P{B};

the inequality works because the extreme case is when £ = 1 when the in-
equality asserts that (1 — s)!~!' > ' + (1 — s)' VI which is equivalent to
(1-s)-1>s'iethat s < 1.

We can now prove (@). As in Theorem 3.1 we first suppose C; and C,
are edge-disjoint. Using the remarks in the previous paragraph, we have that

E(L,... L, Loy ... Loy ey - Joy My .. My,

> E(la, .. Ja Loy oo L) E(Joy oo Je; My .. Ma,,).

By the argument in Theorem 3.1 in turn, using the fact that there can be
cycles on the left-hand side not on the right-hand side, and that in such a
cycle an indicator can be forced to be same-same, or blue-blue, because all

the other edges in the cycle are, we see that this is
> E(Lyy .. 1o Ly, . L)) E(Jey . Je; Mg, .. MG ).

Finally, it remains to pass from this back to the expression we want to have
at the end of the proof, namely

E (L, T Ly o Ly Jer ey M3y M3, )

but of course on the surface the argument of the previous paragraph sug-
gests that this may be somewhat greater than the last quantity considered.
However, we will be able to get round this if we can show that

E(Ia1 --Ia;Lbl --Lb¢ ']61 --Jc_,- My, --Mdm) — E(Ia1 --Ia.-Lbl --Lb,)E(Jcl --Jc_,- Mdl --Mdm)

> B(lay.Jai Lty L Jor e My M3, ) =B (Lo, L Ly Ly (S, T M, M, ).
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To prove this, recall we have just shown that P{AN B} > P{A}P{B} when
a component of the graph indexed by the Is and Ls intersects a component
of the graph indexed by the Js and Ms, and note that this will happen more
often when the Ls and Ms are present than when the L*s and M™ are, as
then there will be more intersections between C; and C;.

The final step is to show that removing the edge-disjointness condition
can only increase the difference. We used edge-disjointness to obtain the
formula for P{C; N Cy} — P{C1}P{C,}. However if they are not disjoint,
the true value of P{C; N C,} will be at least as large as that suggested by
the formula before, since that formula now double counts some of the edges
and so includes a larger power of p,q or r than is in fact appropriate, so
giving a value of P{C, N Cy} — P{C,}P{C:} lower than the correct one. So
it suffices to show that (@) still holds. However the right-hand side of (@) is
not affected by dropping the requirement that the subgraphs be edge disjoint,
since C; and Cj are disjoint by definition and on the left-hand side there may
still be additional correlation structure arising from cycles as before which
will increase the expectation.

The case ¢ = 0 is also handled by an argument similar to that used in
Theorem 3.1. o

The proof may admit further generalisation. For example, it seems likely
that if there are k colours, with same-same probabilities p1; < pa2 < ...pex
and all same-different probabilities g, where ¢ < p;;Vs, and where we look
at the random variables S the number of same-same edges, T the number of
edges between two vertices of the same colour from s, ...8¢, U the number of
edges between two vertices of the same colour from ss,...8x, and so on, that,
provided a string of inequality conditions on the s; hold, so as to ensure that
when components of the graphs indexed by different types of indicators meet,
the joint probability is at least as large as the product of their individual
probabilities, we will get an analogous result. However we have not studied
this in detail. Note that as soon as we let the same-different probabilities
differ, the situation becomes more complex.

The argument of Theorem 3.10 depends on the assumption that s < 1/2.
It is natural to investigate whether there is a simple example with r > p
and s > 1/2 for which the result fails, to see if the condition is genuinely
necessary, as opposed to just being a limitation of our method. However
such an example does not seem entirely straightforward to find. Of course
the above proof will fail, since some colourings will give the wrong inequality
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in (@) but it is not clear if these might be outweighed by the cases where the
inequality goes the right way. The simplest possible example, by the results
in Chapter 2 and earlier in this chapter is when we join a path of length one
to a path of length two in the middle.

Lemma 3.11 In ,G,,,, the probability of this configuration is always at
least as large as the product of the individual probabilities.

Proof. This is a simple exercise in conditioning on the colours of the vertices;
we have that the joint probability minus the individual probabilities is (by
computer simplification and factorisation)

(1 —s)s(r(l—s)+q+sp)(q—r+rs—2sq+5p)2

which is clearly positive as required. o

Also, if we look at C; = 1 —2 —3 and C; = 1 — 3, then it seems
on the basis of numerical trials that in any ,Gpgqr with p,7 > ¢ we have
P{C, N Cy} > P{C,}P{C,}, though we do not have a complete proof here.
Similarily a 4-cycle is not less likely than its individual edges by Theorem
2.27; and again numerical experiments suggest it is not less likely than the
two paths of length 2 either. Lacking a clear method with which to attack
this question in general, we leave it open.

3.7 Several colours, switches likelier than non-switches

We next consider what happens when there are several colours and the same-
different probabilities are large but the same-same probabilities are small.
The heuristic here is that with many colours there should be few same-
same edges in both cycles and so it seems possible that we might yet get
P{C1 N Cy} > P{Ci}P{C:}. However we shall show that some care will be
needed over the statement of any such result, using the following lemma.

Lemma 3.12 Suppose we have o path of length (n — 1), 1 -2 — ... —n
and have k > 2 colours. We assign to each of the vertices one of the k
equiprobable colours, ezcept that we insist that 1 and i + 1 are of different
colours at each stage, so that vertices 2,...n are effectively being assigned one
of k — 1 colours equiprobably. Then the probability that the vertices 1 and n

are the same colour 1s

(k= 1= = ()"
k(k—1)m2
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Proof. Let a, be the probability in question. Then by conditioning on the
colour of vertex (n — 1) we have the obvious recurrence relation

1- Qn-1

n — Un- .0
a An-1.0+ L — 1

S (k—1an+an-y =1,
with initial condition a3 = ﬁ It is then easy to check that the formula
given is the solution of this recurrence. o

Theorem 3.13 Suppose we have an RRC model with k equiprobable colours,
with all same-same probabilities equal to p and all same-different probabilities
equal to q, where p < q. Then there is a neighbourhood g € (a, a+¢€) in which
P{CiNCy} < P{C\}P{C:} if the newgirth of the two subgraphs is odd, and
P{C, N Cy} > P{C1}P{Cy} if the newgirth of the two subgraphs is even.

Proof. Let S; be the number of edges of C; where the two end vertices are
of different colours, and S, and S; be similarily defined for C; and C;. By
arguments similar to those in Theorem 3.5 and 3.7, it suffices to prove

E(Ly, Ly Lo, Iy, dn) > Bl Ly o Jg o 5

for all choices of the I;, J; and J;; here the I; are indicators of whether the
ith edge of C, is a switch, the J; indicators of whether the jth edge of C,
is a switch, and the J} indicators of whether the jth edge of C; is a switch.
Again the expectatlon of a product of indicators is equal to the probability
that the indicators are all 1, that is, that there is a switch of colour at each
stage, and again correlation structure arises only if there are cycles amongst
the indicators.

As in the proof of Theorem 3.5, we look at the first term for which the
two sides differ, which is that term of the Taylor series where the power of
f is the newgirth of the two subgraphs, and then take § small enough to
obtain the statement of the theorem. We thus look at cycles whose length
is the newgirth; then there is some cycle on the left-hand side which is not
present on the right hand side. On the right-hand side, the probability all
the indicators are 1 is (1 — —) since there is no cycle there and so at each
stage the only question is whether the next vertex is a different colour from
the present one. On the other hand, on the left-hand side, where there is a
cycle, we must use Lemma 3.12 to close the cycle, and so we see that the

(-0 (-
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hence the left-hand side is greater than the right-hand side if and only if

() > 03)
(k=12 = (-1
(k — 1)n-2

&1 > & 1 is even

giving the result. e

Again it may be that the assumption of equiprobable colours can be
relaxed at the expense of introducing more complex formulae. Of course the
above result only describes behaviour in a neighbourhood of p = g; it may
be true that, for g sufficiently greater than p in some sense and sufficiently
many colours, the inequality P{C; N C3} > P{C:}P{C,} holds; however it
is not clear what such a statement should be.

3.8 The role of the FKG inequalities.

We now turn as promised earlier to the question of how Theorem 3.1 ties up
with the FKG inequalities and related matters. We first recall a definition
which will allow us to state the FKG inequality;

Definition 3.3 A function f from the subsets of a finite set to the real num-
bers is non-decreasing if A C B = f(A) < f(B), and an event is non-
decreasing if its indicator function is non-decreasing.

Thus, for example, the event that all of some specified collection of edges
arises in a RRC graph is clearly an increasing event.

Theorem 3.14 Suppose that p is a probability measure on the subsets of
some finite set S, satisfying the inequality

p{zUytp{z Ny} > p{z}u{y}Vz,y € L

(such a p is said to be log-supermodular). Then if f and g are non-
negative non-decreasing functions on ve

3 u(@) f(2) Y m(z)g(z) < D () f(z)g(z).

zel z€L zel
That is, E(f(2))E(g(z)) < E(f(z)9())-
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Proof. This is standard; see e.g {B2], Theorem 19.5.
Log-supermodularity is often satisfied, as the next example shows;

Lemma 3.15 Suppose s = (s1,82,...5¢) with 5 s; = 1 and s; > 0Vi.
Define, for A C {1,2,...k} u(A) = ILicasilliga(l — si) so that elements
of {1,2,...k} are in A independently, with P{i € A} = s;. Then u is log-
supermodular; more precisely, pn{ AU B}u{AN B} = u{A}u{B}.

Proof. This is again standard, and easy to see by considering the contribu-
tion of each element 7 of {1,2...k} to both sides. o

We first explain how the FKG inequality is used classically to obtain the
analogue of Theorem 3.1.

Theorem 3.16 Suppose u is a measure for which the FKG inequality holds
(e.g 11 is log-supermodular). Then, if A and B are events whose indicator
functions are non-decreasing, we have

P{An B} > P{A}P{B}.

and if C is an nondecreasing event and D is a nonincreasing event (that is,
the indicator function of D is nonincreasing) we have

P{C n D} < P{C}P{D}.

Proof. This again is standard; the first claim is proven by applying the
FKG inequality when f is the indicator function of A and g is the indicator
function of whether the set contains all the elements of B (so that f and g
are clearly non-negative and increasing), and noting that the expectation of
an indicator variable is the probability that it is 1.

For the second part, let f be the indicator function of C' and g the indic-
ator function of D, so that f is nondecreasing and g nonincreasing; then f
and h = sup,¢.(g9) — g are both nondecreasing and positive. Applying the
FKG inequality to them and tidying up we get that P{CNnD} < P{C}P{D}
as required. e

The result of Harris which was mentioned in the remarks after Theorem
3.1 is an immediate corollary of Theorem 3.16 since the event that all the
edges in some set arise is clearly an increasing event.

We now show that the FKG inequality fails for y the probability measure
in Gpq with p > ¢. Thus, although P{C, N Cy} > P{C,}P{C,} still, by
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Theorem 3.1, the classical method of proof cannot be used. More precisely,
we shall exhibit three subgraphs Cy, C, and Cj for which, although p > g,

P{C3n (C1U Cy)} < P{C3}P{C1 U Cy}.

(Note in passing that if it were not for the fact that we only consider events
of the form "all edges in a certain set arise” in Theorem 3.1, the previous in-
equality would hold more generally. Indeed we would have, using repeatedly
the easy fact that Cy U C; = (C5 N C5)<,

P{C3N(C1UC2)} = P{Cs} — P{CsN CT N C5}

< P{C3} — P{C5}P{C: N C5} by Theorem 3.1
= P{C3}P{C; N C3}).

Let C; be the graph on vertices 1,2, 3,4 with edges 1 — 2 and 2 — 4, C;
be the graph on these vertices with edges 1 — 3 and 3 — 4, and Cj be the
edge 2 — 3 (note these three subgraphs are edge-disjoint). We note a lemma
which will be used again in section 3.11.

Lemma 3.17 Let A be the triangle 1 — 2 — 3 — 1 and B be the triangle
1-2—4—1. Then in G,q, with a = (p+¢q)/2 and B = (p — q)/2 as before,
P{ANB} = 1;;—7(1)4 +2p°¢" + 4pg° + ¢*)

_ (a4 B)(@+8)’ + (a—f)(a* = B
= 5 .

Proof. Considering whether 1 and 2 are the same or different colours, and

using Theorem 2.6, we have

() (57) 307 (49)

and this is easily checked to be equal to both expressions. e
Then in G,, using Theorems 2.4 and 2.6 it is easy to see that

P{C;n{C,UC:}} = P{C3N C1} + P{C3N Ca} — P{C1 N C2 N C3}

+q\3
:2(132(1) —‘18—)(p4+2p2q2+4pq3+q4).
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However

P{Cg}P{Cl U CQ} = P{C;}} (P{Cl} + P{Cg} — P{Cl N C2})

- - (- (5Y)

whence it is easy to show that

2 3
P{Cs N (CLUGy)} — P{Cs}P{CLU Gy} = —BF Q)Ié” —9" gforp>q.
In particular, the measure is not log-supermodular. Similar more general
examples along the same lines could be constructed by considering a rhombus
with all sides paths of length k, letting C consist of two adjacent sides of
the rhombus and C, consist of the other two sides, so that Cy N Cj is the
rhombus, and letting C3 be a path of length [ between two opposite vertices,
one of them in C; and the other in Cj; in this case similar reasoning shows
that

P{C3U (C:NCy)} — P{C3}P{C1UC,} = — (p+ q)%(én — g)2k+

which again is negative for p > ¢q. So the phenomenon is not purely one
that is restricted to small subgraphs. It seems likely that it has more to
do with the fact, that if C; and C, are present, this implies that there is a
high probability that the two end vertices of C3 are the same colour and so
P{C;NCyNCy} is larger than one might otherwise expect, since the presence
of Cj is positively correlated with the presence of C; and C».

Note that the failure of the FKG inequalities must reflect the lack of
independence in our models, as Lemma 3.15 makes it clear that, for these
models, inhomogeneity alone is not an obstruction to the results. That the
FKG inequality can fail when independence no longer holds has been noted
before; for example, in [ASE] it is noted that if Ais a fixed subset of {1, 2, ...k}
and A;, 1 < i < m are random subsets of {1,2,...k} where P{l € 4;} = p,,
then

P{ANA; #0Vi} > H P{ANA; # 0}

1<i<m

but that this can fail if instead the A; are random r-subsets of {1,2,...k}.
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3.9 Some remarks on the Janson inequality

A consequence of the FKG inequality which is commonly used in the classical
theory is the so-called Janson inequality:;

Theorem 3.18 Suppose {A;} fori € {1,2,..n} are events in a probability
space such that, for S C {1,2,...n}, we have

l‘v’zandSwzthz ¢ SP{A, | ﬂjgsAj} S P{A,}

2.Vi# jand Swithi,j ¢ S P{A: N 4; | Nees A} < P{A; N A}

Let M =TI, P{A{}; then, if P{A;} < Vi and A = ¥ P{A; N A,} where
the sum is taken over pairs of events which are dependent but not identical,

we have a
M < P{N, A} < MeD

In particular, if e = o(1) and A = o(1) we get the asymptotic formula
P{NA} ~ M.

Proof. [ASE] gives a proof due to Boppana and Spencer, which is somewhat
more elementary than Janson’s original one. o

In our applications, of course, the events A; will be that some set of edges
arises. In particular, they will be increasing events, so both conditions in the
Janson inequality would follow if the FKG inequalities held, since if A; is an
increasing event A¢ is a decreasing event. However our counterexample to the
FKG inequalities above implies that even the first condition in the Janson
inequalities does not hold in our models. Indeed recall that we exhibited

three subgraphs such that

P{C3N (CU Cy)} < P{Cs}P{C, U C,}.
Now, by elementary probability theory, we have

P{C3N (CyUCy)} < P{C3}P{C, U Cy}

& P{C5N(CLUCy)°} > P{C3}P{(C1U C,)°}
& P{C3N C7N C3} > P{C3}P{C; N C5}
& P{C;3 | CI N C3} > P{Cs}.
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and so for the C; as in the previous section, the first condition in the Janson
inequalities fails to hold for any p > q.

The failure of the Janson inequalities in our setup is is a pity since in
the classical model this theorem is an important tool for estimating joint
probabilities of events. For example, since we lack a tool to prove that the
probability of all of some collection of events is close to the product of their
probabilities, if we have some random variable which is a sum of identically
distributed indicators, we will have difficulty proving that the r-th moments
of the sum are close to the r-th powers of the mean we want to converge
to; this suggests that the Poisson paradigm (which means essentially the
idea that the probability of rare events can be approximated, for large n
by a Poisson distribution) may be less widely applicable in our models than
classically.

Of course in practice the Janson inequalities are often used as an asymp-
totic tool, and the above argument does not rule out the possibility that it
may still be possible to get good approximations to the probability of an
intersection of events by the product of their probabilities; and we shall see
some partial evidence to support this idea in the section 3.11. However a
more sophisticated argument than classically will be needed, and it is not
clear how generally such ideas can be got to work.

3.10 Are S; and S, associated random variables?

We begin by recalling the following definition.

Definition 3.4 Random variables S and T are associated if
E(f(S)g(T))>E(f(S)E(g(T))

for all bounded increasing functions f and g.

This inequality is (rather confusingly) sometimes called the FKG inequal-
ity; we will call it FKG(2) to distinguish it from what we called the FKG
inequality. Recall that in Theorem 3.3 above we showed that

E(5153) 2 E(S))E(S3).

This suggests the possibility at least that the random variables Sy and S,
are associated, but this too turns out to be false. To get a counterexample,
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note that Theorem 3.3 implies the special case of FKG(2) where f and g are
both of the form z ~ z"; consequently, it holds for any pair of increasing
functions f and g which can both be expressed as a limit of polynomials
with non-negative coefficients. However this does not cover all increasing
functions; for example, any such function, being a limit of a series whose
terms are convex functions is itself a convex function. Thus we try non-
convex functions to get a counterexample and in fact some simple ones work.
For example, if C; is the cycle 1 -2—3—-4—-5—-1and C; = 1-3-5-2-4-1,
and f(z) = g(z) = 1 — e~* which is clearly bounded and increasing but is
concave we have

E(f(51)£(52)) > E(f(S))E(f(S2)) & E (e761#%)) > E (%) E (%)

on simplifying. Considering the following cases;
1. All five vertices the same colour (2 of the 32 cases): S; =5, So = 5.
2. All vertices except one are the same colour (10 cases): S; =3, Sz = 3.

3. Three vertices are one colour, two vertices which are adjacent on C,;
are the other colour (10 cases): then S; =3, S2 = 1.

4. Three vertices are one colour, but the other two vertices, which are not
adjacent on C are the same colour (10 cases); S1=1, 5»=3.

we see that
~10 5e=6  Fe—4
—(S1+52)\ _ —(514S52) — = € ~ (0.012
E(¢"®+%)) = 3 aP{e™™ =Tt ts 224
whereas
-5 -3 -1
_ _ S _ a2 (& 0T SeT
E(e Sl 52 E'T‘P{e 1 = I}) = ( 16 -+ 3 + 16 ) ~ 0.0214

as required. In fact we can do a similar calculatlon for the same two cycles
with the functions f and g both being r — z¥ and we again find that the
random variables S, and S; are not associated.

The above discussion leaves open the possibility that FKG(2) might
still hold if we only look at bounded increasing convex functions f and
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g. However it is fairly clear that not all increasing convex functions arise
as limits of polynomials with positive coefficients (for example, those with
bad differentiability properties), so something more would have to be said.
The notion of association arising when we restrict the increasing functions f
and g to be convex does not seem to have been studied in the literature on
association, and it is far from obvious if such a property would be useful.

3.11 Some exact results on numbers of 3-cycles

It is of some interest to do some exact calculations for N3 the number of
3-cycles. This section is partly motivated by the failure of the Janson in-
equalities discussed above, since in the classical model they are a standard
tool for estimating the probability that a graph is triangle-free (see [S]). Some
of our results will be seen to offer some support for the notion that, although
the Janson inequalities fail in simplistic form, something similar seems to
work at least some of the time. We start by giving exact formulae for the
expectation and variance of the number of 3-cycles.

Theorem 3.19 Let N3 be the number of 3-cycles in Gpq. Then
_(n p+q)3 (p—q)3>
EN; = (3) (( 9 + 5
and Var(N3), the variance of N3 is equal to
pn(n — 1)(n — 2)(18np*¢® — 24npg® — 6ng* — 6np* — 12np¢®)

96
pn(n — 1)(n — 2)(27npq* + 3np® — 48p°¢® — 4p® — 12¢%)
- 96
pn(n — 1)(n — 2)(72pg® + 36p°¢* — 8p° + 18p" — 72pq" + 18¢")
- 96

For sufficiently large n, Var(Ns) is greater than or less than its classical value
according asp > q or < (.

Proof. Since N3 is the sum of indicator variables of whether or not each
3-cycle is present, using the formula for the probability of a cycle in Theorem
2.6 and the linearity of expectation, we have

o= (5) ()" (479
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For the variance, we need to obtain E(N?). Now Nj is a sum of indicator
variables of whether the potential cycles arise. If two 3-sets have no vertices

in common, as (g) (";3) of the (3)2 pairs of 3-sets do, or one element in

common, as 3(;‘) (";3) do, the existence of the two cycles is independent by
Lemma 2.1 and the remarks before Theorem 3.1. If they are the same, as
(g) pairs are, the joint probability is the probability of one of them. The
only other case is if they have one common edge when by Lemma 3.17 the
joint probability is p(p* + 2p?q® + 4pq® + ¢*)/8. Thus

£(8) = (5) (') +o("2) (59" (59)
+3<§) (n ; 3)p(p“ + 2p2q28+ 4pg® + ¢*) N (1;) ((]%)3 s (p%q)s) |

as (3% +3(75%) = (3) -3("%) -1 = (5) - 3n = 8), we have that
(temporarily using a and § to simplify writing the expressions)

Var,4(N3) = E(N2) — E(N;)?

=<Z>2( +8°)* - (3n - 8 )a + 6% (2)2(a3+53)2
+3(n>(n— )(a+ﬂ)(a +6%)? + (a — B)(a? — %) (3>(a3 5

8)
|

3/\ 1
—(3n - n) (® + 3%)?
3
2)\2
13" 3\ (a+ B)(a® + B%)’ + (o = B)(a* = %) N (n) (0" + 57
3 1 3
pn(n — 1)(n — 2)(18np%¢* - 24npq® — 6ng* — 6np* — 12np?q?)
- 96
pn(n — 1)(n — 2)(27npg* 4 3np® — 48p°¢* — 4p* — 12¢°)
- 96
pn(n — 1)(n — 2)(72pg® + 36p°¢* — 8p° +18p* — 72pq* +18¢")
- 96
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by computer simplification. Thus

384(Varp 4( N3) — Var,(N3))
n(n —1)(n - 2)(g — p)?

+ (—8¢° — 72pg® + 18¢* — 24p”q + T2pq — 8 + 54p* — 24p%) ().

For the last claim, note that the coefficient of n on the right-hand side is
always non-positive as

= (95" + 3¢° + 27pg* + 9p%q — 18p* — 6¢° — 24pq) n

9p° + 3¢% + 27pg® + 9p%q — 18p* — 6¢* — 24pq

=9(p° - p*) +9(p*¢~p*) +3 (¢ — ¢*) + 24 (pa* - pa) + 3(pe” — ")

and each individual bracket is clearly non-positive (they can all be zero if
p=q=1o0rp=q=0, but then of course the constant term is also 0).
Thus for n sufficiently large, the variance with p > ¢ is always greater than
or equal to its classical value, and for p < g it is always less than or equal to
its classical value. o

Note that whilst Theorem 3.4 says that E, , (N3) > E, (N3) for p > g, this
of course does not imply Var,,N3 > Vara V3 for p > ¢. Indeed if p = 0.999
and g = 0.998 the right-hand side of (x) is —0.08376616n + 8.1790642 which
is only negative for n > 98. However, this does show that with p > ¢ the
variance is greater than classically for large enough n.

Theorem 3.19 has implications for the question of when a random graph
is triangle free that is, there are no triangles (3-cycles) present.

Theorem 3.20 In G, g4, letp ~ c/n and g~ d/n where ¢ and d are constant.

Then
_!c3+3cd2!
lim P{G is triangle free} = e~ 2 .

n—oo

Proof. We first notice that the relevant probability is the probability of
the two events A that there is no monochrome triangle and B that there is
no polychrome triangle. Next note the probability that the event happens
equals the probability that it happens conditional on the number of reds and
blues both being n/2 + o(nl/ 2+¢) | since the latter happens with probability
tending to one. Given the numbers of reds and blues, of course, the events A
and B are independent, and do not depend (in the limit) on the variability

in the numbers of reds and blues.
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We estimate A first. Recall that the classical calculation of the probability
that Ga is triangle-free is fairly robust to the exact form of the probability
(see [S] for discussion of this); in particular, as it depends only on the fact
that a ~ £, it is not sensitive to the slight variability in the number of reds
and blues and so

2
lim P{no monochromatic triangle} = (nll}r?o P{N; (G (E 2_a>) = O})

n—oo 2’ n

3

a 2 3
= (e‘T) by the classical calculation = e 2@ as ¢ = 2a.

Thus it suffices to show that P{no polychromatic triangle} ~ e=#"/8,

We use the Janson inequalities. Each potential polychromatic triangle
arises with probability pq?. The two assumptions required for the Janson
inequalities hold for the potential polychromatic triangles, since we have
conditioned on the number of reds and blues, so we need only show that (in
the terminology of Theorem 3.18) A and ¢ are o(1) and that M ~ e=<%/8,

To do this, note first that as p and ¢ are both ~ cx/n for some constant
%, we have € = o(1) as required (indeed it is O(n=3). To show that A is
0(1), we need only consider the case when the two polychrome triangles have
one edge in common, as otherwise they are independent or identical. In this
case, there are about (n/2)* choices of the vertices in the two triangles, and
since the probability of the two triangles arising is some constant divided by
n® we get that A = o(1) as required.

Finally, to apply Theorem 3.18 we note that, since if the first vertex is
from the about n/2 reds the other two vertices are chosen from the about
n/2 blues, and similarily if the first vertex is blue; again the slight variability
in the numbers of reds and blues is not important, and thus

cd?

M= (1 _ __3)2.n/2.("£2) —~ G—Cd2/8- °
n

It may be possible to use similar techniques to obtain insight into the
probability that the graph contains no subgraph isomorphic to some fixed
graph H for at least certain other types of H, and possibly other questions
which are classically solved with the Janson inequalities. However, we have

not examined this in detail.
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4 Manifestation of correlation structure in the
number of edges

4.1 The number of edges; introductory remarks

In the previous two chapters we concentrated primarily on questions about
the probability of particular patterns of edges, such as trees or cycles. In this
chapter and the next we instead consider the simpler random variable £, the
number of edges in the graph (we shall sometimes write &, or &, , if we wish
to emphasise the model in which we are working). We also consider some
closely related random variables, such as the degrees of the vertices. Often
we shall compare moments E(£7) in the new and classical models, or look at
several moments simultaneously via a generating function. In Chapter 5 we
shall continue this general line of enquiry by looking in some detail at large
deviation principles for our models (which depend on all moments through
the moment generating function).

In the classical model & ~ Bin(n(n —1)/2,a), and it is consequently
as well (or ill!) understood as such random variables are. However in our
models the distribution will usually be more complex. For example, even in
Gy, the probability function is the following rather messy expression which
does not seem to have any simplification. We adopt the convention that any
binomial coefficient (‘;) is zero unless a > b are non-negative integers).

Lemma 4.1 P{£,, = k} is given by

3 ( * I D) g e (e qk_j(l‘q)i("_i)_k+j(z':;r»)'

i=0 3=0 J

Proof. Conditional on their being ¢ reds, which happens with probability
(:') /2", there are i(n — i) same-different edges and hence n(n—1)/2—i(n —1)
same-same edges. Thus to get a total of k successes, we must have, for some
0 < j < k, k — j successes in the i(n — i) independent trials with success
probability ¢ and j successes in the n(n —1)/2 —i(n — 1) independent trials
with probability ¢; the result follows from the form of the probability function
of the binomial distribution. e

The analogous formulae in more complex RRC models would be even
worse. Thus we concentrate on other aspects about which rather more can

be said.

73



4.2 Generalisations of independence for the edges.

Of course £ = ¥ cicjcn Xi; where X;; = 1 if edge i — j is present and 0
otherwise (we put X;; = 0Vi). Classically the X;; are independent, but
Theorem 2.17 shows that this will be true here only for trivial models. We
thus ask what properties generalising independence the X;; have.

We first note that the X;; are not exchangeable. Recall discrete random
variables X, ..X,, are exchangeable if and only if for all n and permutations
7 of {1,2...n} we have

P{X) = 11,..Xn = 2o} = P{Xaq) = 21, Xn2) = T2, e Xa(n) = Tn}

and that an infinite such sequence is exchangeable if and only if all its finite
subsequences are. For example, i.i.d random variables are exchangeable. See
the survey [A] for more information about exchangeability.

Lemma 4.2 Suppose the indicators X,; of the edges in an RRC model are
ezchangeable. Then there are at most three vertices or the model is trivial in

the sense of Theorem 2.17.

Proof. If there are at least four vertices and the model is not TID, then
letting 1,2, 3,4 be some of the vertices, the events A, that the edges 1 —2 and
3 — 4 both arise, and B, that the edges 1 — 2 and 1 — 3 arise, have different
probabilities, contradicting exchangeability. Thus we now assume the model
is TID. If there are more than four vertices, we consider the events A that
the cycle 1 — 2 — 3 — 4 — 1 arises, and B that the tree 1 —2 -3 -4 -5
arises. By exchangeability and TID, these both have probability a*; but by
Theorem 2.27 if a cycle of even length has the same probability as classically,

the model is trivial as required.
On the other hand, it is easy to check that for three vertices or less, the

X;; are exchangeable in all RRC models. Thus it only remains to show that if
the indicators are exchangeable when there are four vertices and the model is
TID, then the model is trivial. For this, we note that exchangeability implies
that the probability of a 4-cycle is equal to the probability of a 3-cycle C
with an extra edge attached to one vertex v say; this probability is

Y siP{C|c(v) =1} Z:Pijé’j = aP{C}

1<i<k

since the Y-5_, pi;s; are equal when s; # 0 by the TID assumption; it also
implies that P{C} = ¢, since the latter is the probability of the path
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1 — 2 — 3 — 4 by exchangeability and the fact that the model is TID. Hence
together these assumptions force the probability of a 4-cycle to be the same
as classically, and again the result follows from Theorem 2.27. o

Lemma 4.2 is unsurprising since De Finetti’s theorem, a key result in
exchangeability theory says that an infinite sequence is exchangeable if and
only if it is a mixture of i.i.d sequences ([A], section 2); that is, conditional
on some (possibly vector-valued) parameter, the variables are i.i.d. However
here, whilst independence arises conditional on the colours of all the vertices,
they are not then identically distributed unless the model is trivial. The Xj;
do however have the property that forall1 <:,7<n

P{Xriiyn() = i Vi, 5} = P{Xij = zi; Vi, j};

informally, permuting the labels of the vertices leaves the distribution of
the degrees unchanged. This property is termed weak exchangeability
in [A]; the general structure theorem 14.21 proven there, namely that any
weakly exchangeable array is of the form X;; = g(¥,&;,&;, Ai;), where g is
any function such that g(a,.,.,d) is symmetric for any (a,d) and ¥, & and
Ai; are uniform on (0,1), says nothing in this particular case which is not
already obvious, but the property will be useful when we consider a central
limit theorem for £, when this property will be seen to be equivalent to a

property we will require then. .
Another direction in which one can generalise the notion of independence

is to dissociated random variables [BHJ];

Definition 4.1 For a collection T' of k-subsets ¢ = {i1,...ix} of {1,2,...n},
random variables I; for i € T are dissociated if the subsets of random

variables
(I;, i € A) and (I;, 1 € B)

(Y)Y -

For k = 1 dissociation is the same as independence of the I;, but for £ > 2
it is (much) more general. Of course for us k = 2, the set I' consists of all
n(n — 1)/2 potential edges of the graph, and the indicators are dissociated
by Lemma 2.1. In fact a stronger property will sometimes hold;

are independent whenever
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Definition 4.2 A dissociated family (I;, j € T) of random variables, indezed
by the edges of a graph T is strongly dissociated if also, VH C T

| N Vieni |= 1= I; is independent of (I;: i € H).

Lemma 4.3 An RRC model is TID if and only if the indicators of the edges
are strongly dissociated.

Proof. If the model is TID, consider P{I; = 1 and I; = 1¥i € K C H}.
If the i € K and j have no common vertex, the events are independent by
Theorem 2.1; otherwise there is one vertex, v say, in common and

P{I,~=1andI.-=1\7’i€KCH}

k
=Y P{l;=1and ; =1Yi€ K | c(v) = l}s,.
=1

= zk: P{I;=1|c(v)=1}P{L;=1Vi€ K | c(v) = [},
=1

But as the model is TID, P{l; = 1 | ¢(v) =1} = a if P{c(v) =1} # 0 by
Theorem 2.2, and so this is P{I; = 1}P{l; = 1Vi € K} as required.
Conversely, if the indicators are strongly dissociated, the probability of
the path 1 — 2 — 3 is (treating 2 as the common vertex between j the edge
1 — 2 and ¢ the edge 2 — 3) the product of their probabilities which is its
classical value; and as in Theorem 2.2, this implies the model is TID. o
Note that in general there are dissociated families of pairwise independ-
ent random variables which are not strongly dissociated. Dissociated and
strongly dissociated variables are widely used in Poisson approximation the-
ory ([BHJ]) and will be useful in our discussion of that topic for £ later.

4.3 Expectation and variance of the number of edges.

We first consider the expected number of edges of £, which is very easy to
relate to its classical value.

Theorem 4.4 EE, = E£ in an RRC model T'(n,k, P, s).
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Proof. Immediate from € = 33, ¢,,<, Xij, the fact EX;; = a and linearity
of expectation. e

We next consider the variance Var(£). Since the variance of a sum of n
independent Bernoulli random variables is maximised, as their probabilities
pi vary with Y., p; = na fixed, when all the p; are equal, we might naively
guess that Var(€) will be smaller in RRC models than classically. However
it transpires that the correlation structure at least cancels out this effect.

Lemma 4.5 Let X; (1 < i < n) be identically distributed and pairwise in-
dependent. Then Var(X, X:i) = nVar(X;).

Proof. Expanding, and using that the X; are identically distributed,

Var( Y. Xi)=Cov( Y. Xi, D Xi)
1<i<n 1<i<n 1<i<n
= nCov(X;, X;) + n(n — 1)Cov(Xi, X;) = nVar(X;) + n(n — 1)Cov(X, X;);
where j # ¢; but Cov(X;, X;) = 0 as the X; are pairwise independent so this
is nVar(X;) as required. o

Theorem 4.6 In any TID RRC model I'(n, k, P, s), Var(€) depends only on
a =3 88;Dij-

Proof. £ = Y <icj<n Xij- Since the model is TID the X,; are pairwise
independent with the same distribution. The result follows by Lemma 4.5
taking the Y; to be the indicators in the corresponding classical model. o

A similar argument bounds Var(€) below for any RRC model;

Theorem 4.7 In any RRC model T, Var(&r) > Var(€,) with equality if and
only if the model is TID.

Proof. As in Theorem 4.5 Var€ = Zlgi,j,k,lSn COV(X,'J',XH). The covari-
ances where X;; and Xy have no vertex in common, or are the same edge,
are the same as classically, so we need only consider the cases where there is
one common vertex. Then the two edges form a tree so by Theorem 2.22 the
joint probability is no less than classically, with equality if and only if the
model is TID. The result follows. e

One can of course prove Theorem 4.6 in other ways, e.g by considering
the probability generating function (see section 4.4 below).
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We now turn attention to higher moments, which, even in a TID model,
will not be the same as classically because some of the sets of 3 edges we
consider in the expression for E(£?) are cycles and so the probability that
they arise will be different from classically (unless the model is trivial). Of
course similar remarks apply to higher moments. However, we would expect
(informally speaking ) that most sets of r edges, where r is small compared
to n, would contain few cycles, and so that, if the model is TID so that the
probability of the other r-sets arising is the same as classically, the difference
between E(£7) in the new and classical models would not be very large. To
make these ideas more precise, if I'(n, k, s, P) is TID the only sets of indicators
which do not contribute the same amount to the new and classical moments
are those which contain a cycle; thus if f(n,r) is the probability that a graph
with r edges chosen at random is a forest (that is, it has no cycles), then
E(&L) — E(€r) will be a sum over the (n(n — 1)/2)"(1 — f(n,r)) cases where
there are cycles present of some non-zero quantity; thus some insight into
the difference between the two can be had by understanding f(n,r).

Theorem 4.8 Of the ("("'rl)/ 2) total possible choices of r distinct edges on
n labelled vertices,

n n—r -
Kk
S () T

ki+...kn—r=n i=1

are forests. If we choose r edges, with replacement, from a set of n(n —1)/2
edges, with all choices being equiprobable, then the probability that the edges

selected form a forest is

St nsmnkist (o) TIS R T2 5 0(=1)7 (3) (s — )"
finr) - 3 Bt k(nzn—l)/2)' 0 '

s=0
Proof. A forest on n vertices with r edges has [, 1 <[ < n, components,
which are trees. Thus if a component has m vertices it has m —1 edges. Thus
if k;, 1 < i < are the numbers of vertices in the ! components, we have
Y ki =nand ¥l (ki —1) =rsol =n—r. Since the number of trees
on m labelled vertices is m™~2 by Cayley’s theorem the first claim follows
considering the various ways to select the vertex sets of the components and

the tree within them.
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For the second statement, we have, writing A, for the event that r edges
chosen randomly with replacement form a forest, we have

P{A,} =) P{A| s distinct edges } P{we get s distinct edges}
=0

= ) P{s distinct edges form a forest}p, .,
s=0

r Zk1+...kn_,=nk.‘21 (kl,,.,ljc,,__s) H:,";ls k_:c,-_z

(n(n—l)/a) Dnrs

s

s=0

by the previous paragraph, where p,,, is the probability that, in taking a
sample of size r with replacement from a population of size n(n —1)/2, we
get s different elements in our sample. This is clearly equal to the probability
that in putting r balls into n(n — 1)/2 cells with each ball equally likely to
go in each cell so that there are (n(n — 1)/2)" possible outcomes, we get
n(n —1)/2 — s empty cells, which by formula 11.7 on page 60 of [Fe] is

("= 07) Sao(=1Y () (s — g
(n(n—1)/2)

and the result follows cancelling ("("_31)/ 2) top and bottom. e

This formula is of course rather intractable. For doing asymptotics, it may
be worth noting that the number of ways to select r edges without replace-
ment is ("*7"/?) which provided r stays fixed as n — o, is asymptotically
the same as the total number of ways of selecting r edges with replacement
namely (n(n —1)/2)"/rl.

The above discussion also makes it clear that whether the first moment
which is not the same in the new and classical models (the r-th moment,
say) is greater than or less than classically will depend on whether r-cycles
are more or less likely than classically; the techniques of Chapter 2 can be
applied to this question.

If the model is not tree-indiscernible, even the second moment will differ
from classically, considering two incident edges; by Theorem 4.7 it will be
larger than classically.

To illustrate all this, consider G, 4. Elementary calculations (which we in
fact did on the computer using the generating function of &) give

E (53.4) =E (53) +n(n—1)(n—-2) (g_;_g>3
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and thus the skewness S = E g((é' - ,u)/a)3) where p and o are the mean
and standard deviation of £, depends on p and g, rather than just their
average; it is greater than classically if p > ¢ and less if ¢ > p. Similarily to
the calculation for skewness, we see that

E(&,) ~E(£)

_(P—a\’n(n—1)(n-2)
B ( 2 ) 2
so the kurtosis K = E((£ — p)/o)?) depends on both p and ¢ rather than
just their average; for n > 3, the right hand bracket is positive so the fourth
moment is greater than classically if p > g and less if ¢ > p. We shall expand
on these observations in section 4.5.
Note that in the above examples we have that (for r = 3,4)

_E(&,)
I FE)

(@2n4+1)(n-3)+2n+7)(n—-3)p+12)

=1+0(n7?).

If we allow r to vary with n, it is unrealistic to expect this to be true in
general; for very large values of r, for example, most collections of r edges
will contain several cycles, and so the difference will be greater. We do not
know if some such statement does hold if we insist that r stay fixed.

4.4 Normal approximation of the number of edges

In the previous section we showed that in TID models E(€) and Var(£)
depend only on a. One obvious question to ask next is whether there is
asymptotic convergence of £ to a normal distribution, if the p;; do not depend
on n; of course in the classical situation this is true by the De Moivre-Laplace
theorem. We now show that it is also true here provided the model is not
TID; we comment briefly on the situation when the model is TID below. In
section 4.7 we shall discuss the situation where the probabilities are small for
large n and where Poisson approximation is more appropriate.

The technique is Silverman’s central limit theorem for exchangeable dis-
sociated random variables. This requires some notation to state. Define an
m-tuple to be an ordered set of m distinct positive integers J = {ji,...jm},
and let P(m) be the set of all m-tuples and P(m,n) the set of all m-tuples
whose elements are drawn from the set {1,2,...n}. (In our application m = 2
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and the 2-tuples are the edges of the graph). For J € P(m) and 7 a permuta-
tion of the integers, Jm is the m-tuple (ji7,...jm7), and a rearrangement
of J is an m-tuple K with {j € J} = {k € K}.

Hme will denote an array of random variables X; indexed by all J €
P(m). We will say that the array is dissociated if and only if the random
variables in it are dissociated, in the sense of section 3.2.

A dissociated array is exchangeably dissociated if and only if for any
finite sequence J,...Z of m-tuples and any permutation = of the integers,
(Xs,..Xz) and (Xja,...Xzx) have the same distribution. Thus for m = 2
a dissociated array is exchangeably dissociated if and only if it is weakly
exchangeable in the sense we defined in the discussion after Lemma 4.2.

Finally, note that H,,, is symmetrical if and only if, whenever the m-
tuples J and K are rearrangements of each other, we have X; = Xy a.s.;
this will be true in our application as the edges are undirected. We can now
state a weakened form of the theorem (it is easy to generalise the theorem to
non-symmetrical exchangeably dissociated arrays, but we will not need this).

Theorem 4.9 Suppose H.e 13 a symmetrical exchangeably dissociated array
of real random variables with finite variance and zero mean. For each positive
integer n let Spn = 3 jep(mn) Xs- Then

Shn 9
ey - N (O,m p)
in distribution as n — oo, where p = Cov(X;, Xk ) for any two m-tuples J
and K with ezactly one element in common.

Proof. [Si]. e

Theorem 4.10 In any RRC model which is not TID, £ has an asymptotic-
ally normal distribution.

Proof. We need only note that S, = 2(€ — n(n — 1)a/2) so that Var(S,) =
4Var(€). Thus the result follows from the fact that p above is non-zero
because the model is not TID. e

If the model is TID, Silverman’s theorem is of course still true, but as then
p = 0 we have that this normalisation of £ converges to a degenerate normal.
A moment’s thought shows that, since Var€ is the same as classically by
Theorem 4.5, namely n(n —1)a(l —a)/2, if we want (€, —n(n—1)a/2)/(n")
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to converge to a non-degenerate distribution, we must have x = 1. We
suspect that if the model is TID, this will converge, but do not have a proof
at the moment.

It may well also be possible to imitate a more traditional method of proof
of this fact, by showing that the moment generating functions m,(6) of €
as n varies, suitably normalised in the usual way, converge to the moment
generating function of a normal with mean 0 and variance 1. Indeed the
generating function of £ is easy to obtain;

Theorem 4.11 In any RRC model I'(n,k, P,s), €, has moment generating
function my,, (8) given by the following formula, with the sum taken over all
integers ny,...ny such that n; >0 for all © and 3>, n; = n;

k
Z (TL " n ) H‘g?l H (prseg +1 _prs n,n H p,,e +1- Prr )nr("r—l)ﬁ_
1y-.-Nk r=1

=1 1<r<s<n

Proof. This is a simple argument conditioning on the numbers of vertices of
each colour and using the well-known fact that the moment generatmg func-
tion of a single Bernoulli trial with success probability a is ae +1 a. Indeed
if we get n; vertices of colour i (with probability (m m",_“nk) ‘185 ) there
are n;(n; — 1)/2 potential edges between vertices of colour i, each of which
arises independently with probability pi; and nin; potential edges between
vertices of colour 4 and colour j, which arise with probability p;;. e
However, whilst it is probably possible to get the result this way, some of
the details of convergence do not look altogether pretty. However, Theorem

4.11 will be useful in Chapter 3.

4.5 Stochastic dominance questions

In section 4.3 above, we obtained partial results on how close the moments
of £ are to their values in the classical model. A related question is to
ask whether the moments are larger or smaller than their classical values.
For the first moment which is not exactly equal to its classical value (the
second moment if the model is not TID, and the third moment if the model
is TID) we noted that the answer was straightforward; however, for higher
moments, the answer is in general less clear; for example, in Gp¢ with ¢ > p
the contribution from cycles of odd length will be less than classically by
Theorem 2.6, but the contribution from 4-cycles will be more than classically,
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and it is not obvious what the overall effect will be. However if we restrict
attention to a smaller class of models, we can use techniques from Chapter 3
to attack the question. Our first result is the argument similar to Theorem
3.1 which was promised in the remarks after that theorem.

Theorem 4.12
E(E],) > E(E)Vr if p>a

Proof. We consider each of the n(n — 1)/2 possible edges in the random
graph on n vertices, letting K,, denote the set of all possible edges on these
vertices. We take for each such edge a random variable U, ~ Un[0,1] and
assume the various U, are all independent as e varies. We describe the
number of edges in the two models in terms of these variables and indicator
variables I.; two different ways of generating the I, will give the two different
models. Firstly, if we let I, ~ Bin(1,1/2), independently of each other and
the U,, then defining

£=Y (I{U. < q} +II{q< U. < p})

e€Kn

we see that the edge e contributes to the sum with probability ¢ when I, =0
and with probability p — ¢ conditional on I, = 1, so the overall probability
that it contributes is ¢ + (p — ¢)/2 = (p + ¢)/2, and the differing edges are
independent, so the resultant random variable £ is the number of edges in
the G, model.

On the other hand, we can define I, to be 1 if and only if e is a same-
same edge with respect to the random colouring of the vertices, and to be 0
otherwise; then as the edge in question contributes with probability ¢ if I, is
zero, and with probability p if I. is 1, we clearly get the G,, model. (Note
that this is effectively a coupling of the two distributions).

Now we work out E(E") in both models. We will get a sum of expecta-
tions of products of r indicators (some of them possibly repeated) as in the
inequality denoted (*) in the proof of Theorem 3.1. Again as in that theorem,
such a product is 1 if all the indicators involved are 1, and is 0 otherwise. As
in Theorem 2.1, we note that if the I, are defined by the first approach, the
distinct I. are independent, whereas in the second there may be correlation
structure induced by cycles forcing an I, to be 1 because the indicators of the
other edges in the cycle are 1, so again if we can strip away edges to reduce
to a maximal forest within the relevant subgraph, and see that the value of
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the expectation in the case when the I, are correlated with p > ¢ will be at
least as large as when they are not correlated. o

Corollary 4.13 If p > q, then mg, (6) > me,(8) for 8 > 0.

Proof. Apply theorem 4.12 recalling that

mx(ﬁ) = E)WO

Again it is natural to ask what happens if ¢ > p. The analogue of the
formula above is £ = Y ¢k, [{U. < p} + [.I{U. € (p,q)} but now to get the
Gp,q model we must say that I. = 1 if and only if e is a red-blue edge, and
so the nature of the correlation structure is more complex. As

3
E(£,)=E (&) +n(n-1) (-2 (52
we see that for ¢ > p there is a neighbourhood 6 € (—¢, 0) in which mg, () <
me, by arguments similar to those used in Theorem 3.6.
It is natural to ask if we can generalise Theorem 4.12 to models other
than G, ,, for example in the same sort of way as Theorem 3.10 generalises
Theorem 3.1, and this turns out to be true.

Theorem 4.14 If ¢ < p < r we have
E(£) in Gpqr > E(E7) in G, Vr.

Proof. This is similar to Theorem 4.12 and 3.10. This time, we have for
each potential edge e two random variables U, and V., where the U, and
V. are all independent of each other, and all have a uniform distribution on
[0,1). We also have for each edge two indicators I. and J.. We will show
that under two regimes for generating the I. and J. the numbers of edges in
Gpqr and G, are given by

E=3 (IUe<q)+LI(gSUc<p)+ JI(p < U, <71)) (%)
e€Kn

and will use this to compare the moments in the two regimes. Firstly, we let

1 1 1
I.=I(V. < %) ~Bin(1,§) and J. = I(V, < 35 <V < g)rvBin(l,%)
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so that the I, and J, are independent. Then in the formula (*) we can only
get one term on the right-hand side contributing for each edge as before, and
a given edge does contribute with probability
p—q T—p p+2q+rT
Tt T4
with the edges contributing or not independently of each other; thus this
regime gives the model G,.

Secondly, we consider the colouring in G, 4, and let I, be an indicator of
whether or not the edge in question is same-same, and J. be an indicator of
whether the edge is blue-blue. Then again each edge contributes either 1 or
0 on the right-hand side of (). If the edge is red-blue, the contribution is
1 with probability ¢. If the edge is red-red, I. = 1 and J. = 0 so the edge
contributes 1 with probability ¢ + (p — ¢) = p. If the edge is blue-blue, it
is automatically same-same, and so the probability that it contributes 1 is
g+ (p—q)+(r —p) = r. Hence under this regime we do generate the number
of edges in G, ,,.

We now compare moments of £ in the two regimes. As in the proof
of Theorem 3.10, expanding out and considering the various terms being
summed on each side, it is enough (as the indicators I(U, < q), I(g¢ < U, < p)
and I(p < U. < r) are the same on both sides) to prove that the expectation
of any product of I.s and Jes in the G, 4, regime is at least as large as the
corresponding product of I.s and Jes in G,. The argument for this is the
same as that in Theorem 3.10; after taking account of any extent to which
a component of the I, and the J. intersect, and are thereby forced to be
blue-blue rather than just same-same, the edges of a maximal forest in the
G, regime are independent, but on the other side the existence of cycles may
force some indicators to be 1 automatically. e

As in Chapter 3, some further generalisation of the result may well be
possible, but we have not investigated this.

4.6 Correlation structure and the degree sequence

Another possible manifestation of correlation structure is the extent of de-
pendence of the degrees X; of vertex ¢ in some RRC model such as G, .
(Recall that the degree of a vertex in a graph is the number of vertices
adjacent to that vertex). Of course in any RRC TID model, each X; is a
Bin(n — 1,a) random variable, but the degrees are dependent and so we
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consider which aspects of that dependence structure manifest the differences
between the two models. We first note that the pairwise correlation of the
degrees is the same as classically.

Theorem 4.15 The pairwise correlation of degrees in any TID RRC model
is 1/(n — 1); in particular, it does not depend on the model.

Proof. The X; satisfy ", X; = 2€ and have the same distribution (being
an exchangeable sequence) so we have (for i # j)

E (znj X,~)2 = E (4¢?)

=>n(n—-1)E +nE(X,2)—2n (n—1)a(l-a)+(n(n-1)a)?

= E(X:X;) = o(l — &) + ((n — 1) @)* since E(X}?) = na(l — ) + n?a?.

E(X:X;) -EX:EX; 1
JVar(X)Var(X;) — n—1

as required. o

So we must look at more complex interactions to show up distinctions.
Recall that the degree sequence of the graph is the set of degrees re-
arranged in non-increasing order, dy > d2 > .... 2 dp; of particular interest
are the minimal degree ¢ (G) = d, and the maximum degree A (G) = d;.
In the classical model, a great deal is known about the degree sequence; we
summarise what we will need.

= corr (X;, X;) =

Theorem 4.16 1. Ify is a fized real number with

lim P{A < an +/2a(1 ~ a)nlog(n)f(y,n)} = e

n—o00

where

loglog(n) logv2r y
fly,n) = (1 ~ alog(n)  2log(n) | 210%(")> |
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2. Suppose m = m(n) = o(n) but m(n) — oo, and that w(n) = oo arbitrarily
slowly. Define z by 1 — ®(z) = m/n, where ® is the distribution function of
a standard normal. Then a.e. G, satisfies

|4 — an = 2/a(1 = an |< win),| 2L

log(n/m)’

3. Suppose m = o((a(1—a)n/log(n))'/?), but lim, 0 m(n) = co. Then a.e.
Go s such that for any function w(n) tending to zero as n — oo,

di — dip1 > \/a(l — a)n/log(n)w(n)/m? if i < m.
Also, if m and w(n) go to infinity with n, a.e. G, has

w(n)y/a(l —a)n
m2\/10g(n)

50 that the lower bound on the gaps is essentially best possible.

d;i —dipy <

for somel <i<m

Proof. Part Iis [B], Theorem III.3’, page 61. Part 2 is [B] Theorem III.12,
page 67. The two statements in part 3 are [B] Theorem IIL.15 (page 68) and
Theorem III.16 (page 69) respectively. o

We now turn to our models. For the rest of this section, we work with Gp,
with p and ¢ independent of n; it may well be that some at least of our results
work more generally, but we have not checked this. Initially, unsure what
behaviour of A and é to expect, we considered computer simulations of the
maximum and minimum degrees, generating 25 graphs on 1000 vertices in
Gp,q With p+g = 1. These suggested (informally speaking) that the maximum
and minimum degrees do not change much as the difference between p and
q increases, until we reach a certain point (for our graphs, near to p = 0.85)
where the maximum degree seems to become noticeably smaller and the
minimum degree larger; that is there is a suggestion that the values become
more tightly concentrated around the mean. This of course would imply,
since the variance of € is the same in the two models by Theorem 4.6, that
there must be more vertices of moderately high or moderately low degree in
Gpq to compensate for the lack of vertices of very high or low degree.

We now try to turn these observations into mathematics. Note first that
the minimum degree of a G,, has the same distribution as the maximum
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degree of a G114 subtracted from n — 1; hence, for the level of analysis we
will carry out, we need only look at the maximum degree. We start with the
easy observation that the distribution of A in G, with o < 1/2 will differ
from the distribution in G,.

Lemma 4.17 The distributions of the mazimum degree in Go and Gaq o are
different for any a < 1/2.

Proof. Suppose first a < 1/2, so that both o and 2« satisfy the technical
condition in Theorem 4.16 part 1. If p = o, by Theorem 4.16, again recalling

that loglog(n) 1
oglog(n og\2m y
oy = (1- 2080 _ogvEr, V)
4log(n)  2log(n) 2log(n)
we have

lim P{A < an + (2nlog(n)a(1 - a))'? f(y,n)} = e,
On the other hand, if p = 2« and ¢ = 0 (possible by a < 1/2), no red-blue
edges arise, so the maximum degree is just the larger of the maximum degree
of the reds and the maximum degree of the blues; letting m be the larger of
the number of reds and the number of blues

lim P{A < 2am + (4a(1 — 2a)mlog(m))"/*f(y,m)} = e*

n—oo

The new upper bound for A minus the old one has first few terms

2am + \/4a(1 — 2a)mlog(m) — (an + (2nlog(n)a(l — a))1/2)-

Since m = n/2 + cn'/?, where ¢ > 0, this is dominated by the term

(nlog(n))/*(y/2a(1 — 2a) — /2a(1 — a))

which is negative unless a = 0; thus the distribution of A differs from clas-
sically, with smaller values being more likely.

Next we consider what happens when a = 1/2; then the technical con-
dition in Theorem 4.16 no longer holds, so it does not give the behaviour of
A when p = 2a. However, if p = 1 and ¢ = 0 the maximum degree is one
less than the greater of the number of reds and the number of blues, so is,
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for any function w(n) which goes to infinity with n, < n/2 + o(v/nw(n)) with
probability tending to 1 as n — oo, including

w(n) = (lgg(_n))% (1 _ loglog(n) 10g((27r)%)

2 4log(n) 2log(n)

so with overwhelming probability A is smaller than when p = ¢ = 1/2. o
Of course, if @ > 1/2 we cannot consider Goq g, but then in Gaa-1.1

A ~n/2+n/2(2a — 1) +4/2(2a — 1)(2 - 2a)n/210g(n/2)

~ na + \/2(2a —1)(1 — a)nlog(n)

which will be different from the classical maximum degree (unless a = 1).

This much, which uses only a crude estimate of A in G, shows that
A does depend on both p and ¢ rather than their average. However, we
really want some kind of estimate for A in all G,,. We will get one by
exploiting the more detailed results in Theorem 4.16. The proof will depend
on understanding the maximum degree of a vertex in the graph of vertices
its own colour and the maximum degree of a vertex in the bipartite graph of
red-blue edges. We shall show that both these are tightly concentrated; and
that the number of vertices of high degree in the graph of vertices their own
colour is small, so that they do not have high degree in the bipartite graph
also, whereas the vertices that do have high degree in the bipartite graph
have low degree in the graph of vertices of their own colour.

The information on the maximal degree of a vertex in the graph of ver-
tices of its own colour, and how many vertices have degrees close to A, was
given in Theorem 4.16. We thus need to understand the maximum degree in
a bipartite graph whose two vertex classes are a (judiciously chosen) subset
of the red vertices, and the (about n/2) blue vertices, and each edge arises in-
dependently with probability ¢; in fact we will be considering the red vertices
only, so need only consider, for each of the vertices of one colour, the number
of edges to the opposite colour; thus the problem is to find the distribution of
the maximum of some number f(n) of independent random variables X,,,
each of which is Bin(n,g). This question can be tackled using the following

form of the DeMoivre-Laplace theorem;

Theorem 4.18 Suppose 0 < h = z1/q(1 — g)n = o((g(1 — q)n)*/3). Then,
if Y, ~ Bin(n,q), we have P{Y, > gn + h} ~ 1 — ®(z) where ® is the
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distribution function of the standard normal. In particular, if x — co with n

—1'2/2

P{Y,>qn+h}~ S
2wy
Proof. [B] Theorem 1.6 o

We shall also use a form of the product formula for the exponential;

Lemma 4.19 Let a, be a sequence of real numbers. Then

. . a -
lima, =a= lim(l - =)"=¢e"
n-0o n—oo n
Conversely, if

a
. _Zryvn 0.1
lim (1 -—n) c€[0,1)

n—o0
exists, then
c€(0,1) = a, — a € (0,00).

Proof. The first claim is standard, see [D] p112. For the rest, let a =
—log,.(¢) > 0. Then, for any € > 0,

lim(l—a+6)":e"“”‘<c
n—oo
and so
(l+fn Un\p
- <=7

for all large enough n, that is an, < @ + €. Similarily a, > a e for all large
enough n. e
This allows us to approximate the maximum degree in the bipartite graph.

Theorem 4.20 The mazimum of |n®] independent Bin(n,q) random vari-
ables (where q is constant and 0 < 6 <1)is qn+\/25q(1 — q) log(n)n +smaller
order terms.

Proof. Note that, taking = y/k log(n) in Theorem 4.18, we have

P{ max Y; < gn + y/klog(n)y/a(1 — g)n}

1<ign?

= P{Y; <qn+ \/k log(n)\/Q(l —g)n}"
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=(1-P{Y1>qgn+ \/k'log \/q 1—g)nh)™
and so we must have, by Lemma 4.19, that

nP{Y1>qn+\/klog \/ql—qn}—>a

for some a € (0, 00), if we are to get a non-degenerate distribution. But then
n® times any quantity asymptotically equivalent to the probability must also
tend to a; by Theorem 4.16, Theorem 4.18 and the fact that lim,, ,. z = 0o
we must have

e—k log(n)/2 s 1

lim n =n
noree 2rklog(n) 2k log(n)nk/?
and this expression will go to infinity as n goes to infinity if £ < 26 and to
zero if k > 24, giving the required result. o
We can now pull strings together. The idea will be to consider vertices in
(say) the reds which are between the n®~th and n*th in the degree sequence
within the reds - we shall refer to these, for convenience, as these vertices. We
will then consider the value of § which maximises the implied upper bound
B+ f(e€) on the maximum degree amongst these vertices for small values of e,
using Theorems 4.16 and 4.20; and will then show that the actual maximum
degree of these vertices is at least B + g(e) where 0 < f — g — 0 as e — 0;
we will then show that the degree of the mth vertex in the degree sequence,
where m < n®=¢ or m > n®t¢ cannot compete with the degree obtained

above.

Theorem 4.21 In G,, a.c. graph has mazimum degree (where dots denote
higher order terms)

A =an +/p(L—p) + (1 — g)y/nlog(n) +

Proof. We first note we can suppose that we have n/2 reds and n/2 blues,
since the above arguments show that the slight variability in the number of
reds and blues is unimportant. Again by the symmetry, we need only look
at (say) the red vertices, since the top degree in the blues will be the same.
By Theorem 4.16 part 2, in a.e. G, we have, if m is o(n/2) but goes
to infinity with n/2, we get (see the proof of Theorem III.12 in [B] for the

assertion about z)

dm — pn/2 ~ z4/p(1 — p)n/2 where z ~ /2log(n/2m)
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where d,,, is the degree of the vertex in the subgraph of vertices of its own
colour. Thus if m = (n/2)5 for1 >¢ >0, 7 ~ \/2(1 — d)log(n/2). Thus,

for these vertices, z is about \/2(1 —d)log(n/2) and the maximum internal

degree amongst these vertices is thus about pn/2 + \/p(l — p)(1 — d)nlog(n).

Also, by Theorem 4.20, the probability that the maximum degree of these
vertices in the red-blue graph is less than gn/2 + \/qu(l —q)(n/2)log(n/2)
is, for large values of n about

1 ~ e-klog("ﬂ) ("/2)5-1-5_(71/2)6_c

y/4mdlog(n/2)

_ 1 n/25+‘—(n/2)6_€'
\/4rdlog(n/2)(n/2)

Since, for large enough values of n, n®*¢ — né=¢ > (1 — n)nd* for any n > 0,
by an obvious modification of Theorem 4.20 we see that this expression will
gotolasn — ooif d +€ < k and to 0 if § + ¢ > k. Consequently, the
maximum red-blue degree amongst these vertices is about (letting n go to
infinity and e to zero)

an/2 + /bq(1 ~ g)nlog(n)
hence the overall top degree amongst these vertices is bounded above by
an + (y/6g(1 = q) + /(1 = O)p(1 — p))y/nlog(n) (x).

We choose the value d,p; of 6 which maximises this expression; for this, we

have
f(z) = Vala(l —q) + /(1 — 2)y/p(1 - p)
= T i = g - - 2T )
so the unique turning point is when (1 —2z)g(1 —¢) = zp(1 — p), that is when

q(1 - q)
q(1 —q)+p(1 - p)

and at this value of z, the second derivative of f is easily checked to be
negative, so this is a maximum; and at this value of = we see easily that

f(z) = /p(1 - p) + ¢(1 - g
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(note this if p = g, p = 2a or p = 0 this upper bound agrees with the exact
value in Theorem 4.16).

Next we show that this upper bound is attained (to within €,/n log(n)) by
these vertices. For this, with do, = g(1—¢)/(g(1 —g)+p(1—p)), the internal
degrees amongst these vertices are all about pn/ 2+\/ (1 — p)(1 — dopt)nlog(n)
on letting € go to zero. By the same variant on Theorem 4.20 as before, the
maximum red-blue degree amongst these vertices is still (letting ¢ — 0) about

qn/2 + \/dopq(1 — g)nlog(n)

and so looking at whichever of these vertices has maximal red-blue degree,
we do indeed get a vertex whose degree is within ey/nlog(n) of the upper
bound (x).

Finally we have to show that if m < ndr~¢ or m > nr+< then the
degree of that vertex is not large enough. For this, we note that the upper
bound on the degrees in equation (%) still applies; and so, as that upper
bound has a unique maximum at § = dop, for such m the maximum degree
will be less than the upper bound on the maximum degree which will be less
than the value it attains near dop;. ®

Corollary 4.22 The minimum degree is mazimised when p = a.

Proof. It is a simple exercise in calculus to show that the function p —
\/p(l —p) + (2a — p)(1 — 2a + p) has its unique turning point at p = a,
which is a maximum by considering the second derivative. o

Our techniques do not yield as detailed an approximation to the maximum
degree as in the classical model; this would need much more work. Note
that the result makes it clear that the symmetry between p and ¢ which we
observed is genuine and not just an accident.

Theorem 4.21 also explains the observation that the maximum degree did
not vary much until p or q took fairly extreme values, as the map r — z(1-1)
is known to be fairly flat around z = 1/2; note however that this does depend
on p+ g =1 so that 1/2 is the average value.

Note that the next term in the estimate of the maximum degree is harder
to get; it seems likely to be dominated by the variability in the numbers of
reds and blues which is of order \/n.

One might be tempted to believe that the vertex, v say, which is of top
degree in the subgraph of vertices of whichever of the reds and the blues are
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more numerous, might be likely to be the vertex of top degree in the whole
graph if p > ¢q. However it seems unlikely that this will be true in general.
Indeed since the gaps between the degrees in Theorem 4.16 part 3 are only
o(n'/?) there seem to be a reasonable number of vertices whose degrees can
overtake v when the bipartite degrees are added on.

Some more detailed statements which are possible about degrees and
numbers of edges in the classical model will not hold here. For example, a
result, whose importance for developing much of the theory is emphasised in
[B] Chapter I1.3 states (crudely speaking) that, for a wide range of values of
a, most G, have all vertices of about the same degree and all not too small
subsets of the vertices have similar numbers of adjacent vertices.

Theorem 4.23 1. Suppose 0 < a(n) < 1/2. Then for a.e. Go, ifU C V(G)
with | U |= u, u > 252logen we have, writing E(U) for the set of edges
between the elements of U

| E(U) - a"(uz_ D < (7010967»)% (;)

u

2. Letec€ (O, %) ,a(n) < i Then for a.e. Go, VW C V(G) st | W |>

[ —29—6’: <2 writing T (2) for the set of vertices adjacent to z) we have

12logen

eV WA T()NW |-a| Wz al W[} |s =2
Proof [B] page 44. o

Clearly these statements cannot be true in our models. Indeed, taking U
first to be a large set of reds in a Gpqr With 7 # p and then a large set of
blues (such sets exist with overwhelmingly high probability) the analogue of
the first statement fails. To see that the analogue of the second statement
fails consider G,, with p large, ¢ very small, W a large set of reds; then for
z a blue vertex we have

IT()NW [ —a|W]xa[W][>e|W|

and in ,Gp 4, (p # ) it is not even true that all vertices have about the same
degree.
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4.7 Poisson approximation and total variation distance

Earlier in this chapter we showed that, in the circumstances where the num-
ber of edges is approximated by a normal classically, this continues to be true
in our models (unless they are TID). The other classical situation where one
obtains a good approximation to a binomial is when the probability is small
and we can use a Poisson approximation, and in this section we discuss how
well we can do this for £,, and &,, whose laws we denote by £,, and L,
respectively. Our measure of closeness will be the following;

Definition 4.3 The total variation distance between two probability laws
taking values in {0,1,2...} is

dry (A u) = sup{| A\(A) —u(A) |: AC N}=%le\{j}—u{j}|

720

Theorem 4.24 Let (I ;, {i,7} € E(G)), be a strongly dissociated family of
Bin(1, a) random variables, indezed by the N edges of graph G. Let d; ; be the
manimum of the degrees of i and j, W = ¥4 iyep() Li; and A = EW = Na.
Then

D=

ijyer dij VB(L—e) )
drv (L (W), Po(N) < (1 —e)2a (—Z—{—;V—F———%) < (Ne ) :

In particular, if T and (I; ;) vary so that A = A and N — oo, keeping
(I.,) strongly dissociated and equidistributed, W converges in distribution to

a Poisson with mean A .
If the I, ; are merely dissociated rather than strongly dissociated, and

E(I ;L) = ao for all i,j and k, we have

1—e?
dry (,C (W) ,Po (/\)) < E—/\——)-(Na(" + Z(d, + dj — 2)(aa' + az))
{i.5}
(0 +a) X di(d; — 1)
N )
where d; is the degree of vertez i in the graph.

=(1-eM(a+

Proof. The first paragraph is [BHJ] Theorem 2.0. The second is [BHJ]
Corollary 2.N.1. e
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[BHJ] gives an example (2.3.4) to show that the strong dissociation prop-
erty is needed to get the full power of this result.

In our situation G is the complete graph on n vertices, so all vertices have
degree n — 1 and N = n(n — 1)/2, and the variables are strongly dissociated
if and only if the model is TID as remarked in Section 4.1. Thus we have the
following corollary.

Corollary 4.25 If we have a TID model, then if £ is the law of the number
of edges, then we have

drv (E (W) ,PO(/\)) < (1 - e"'\) 2o (n - g)

so for any a = o(n™!) we get a Poisson approzimation result. For non-TID
models, the result becomes

(1 - 6_'\) (n(n - 1)a?

; 4 Y (20— 4)(a0 + a?))

{i.3}

drv (L(W), Po(})) <

=(1-e)(a+(0+a)2(n—2)).

so that & = o(n™') and 0 = o(n™') suffices for convergence to a Poisson
distribution, though with a less powerful constant.

Proof. Clear from the above. o
It is not clear whether we can improve significantly on this by exploiting

additional structure in our indicators.
Note that the condition ¢ = o(n™!) is in fact not needed; we must have

max p;; ~ a, and since EI; ;I;x < max{p;,;}* by a monotonicity argument,
we have that ¢ < max{p;;}*/a and this is of the same asymptotic order as

a, as required. '
More generally we can ask about the total variation distance between the

laws of £, , (say) and &,. When Poisson approximation is sensible, which as
we saw above is when p and ¢ are o(n~!) we have

drv (Lpgr Lo) < d1v (£pg, Po (X)) + drv (Po(X), La)

by the triangle inequality; Theorem 4.25 and the Prohorov estimate ([BHJ],
page 2) of the distance between Bin(n,p) and Po(na) then yield an upper
bound on the total variation distance, but that bound is likely to be very
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weak. We can bound the total variation distance from below by the prob-
ability of any configuration of edges whose probability varies a lot from its
value in the classical model; as different probabilities require cycles, and
the probability of a triangle differs from its classical value most, namely by
((p—q)/2)3, we can consider /3 independent triangles to get a lower bound
n((p — q)/2)%/3; again this is not very powerful.
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5 Large deviations in the number of edges.

5.1 Probability theoretic background.

In this chapter, as promised in Chapter 3, we consider the probability of a
large deviation in £ the number of edges in our models. In general, if S,, is
a sequence of random variables and S, = Y., X,, where the X; are random
variables each with mean u, a large deviation principle is an estimate of
P{S, > n(u + ¢€)} for € # 0. Of course some kind of law of large numbers
will usually ensure that this probability tends to 0 as n goes to infinity, but
we aim to understand the rate at which it does so; in practice this usually
means finding a suitable normalising function f(n) for which

. logP{Tr, X:i>n(p+e)}
nll)rg f(n) o

where ¢ # 0 is a constant; this is (unsurprisingly) more difficult.

The relevance of this to random graph theory is that there we often
want to show that if some result leads to something interesting happening
with small failure probability, then if we apply the result exponentially many
times, the failure probability remains small (note that a polynomially small
error probability could still blow up if we applied the result exponentially
many times). So, for example, historically, it was not possible to improve the
estimate that for a.e. G, (0 < a < 1) the chromatic number x(G) is at most
(14 o(1))n/(2logyn) (here d = 1/(1 — @)) to a proof that this bound is the
correct asymptotic value, until it had been proven that the probability that
the independence number of a graph is unexpectedly small is exponentially
small; see [B1], Chapter 4 section 1 for more details of all this.

The basic case of large deviation theory is when the X; are i.i.d. It will be
helpful to recall the basic theorem, to illustrate how the moment generating
function relates to the large deviation probability;

Theorem 5.1 Let X; be i.i.d with mean 0. Suppose the moment generating
function M(t) of X is finite in some interval around 0. Then if a > 0 and

P{X; > a} >0,

. - /In _ -a
lim P{; X; > na}'/" =inf (e 'M(t))

t>0

where the ezpression on the right-hand side is € (0,1).
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Proof. This is standard; see e.g [GS], Theorem 5.11 o

We note that some work has already been done on generalisation of the
upper bound (which is usually the easier part of a large deviations principle
to prove) to the case where the X; are not identically distributed, but are
still independent; the following theorem is an example.

Theorem 5.2 Let X;i,...X,, be independent Bernoulli mv’s with E(X;) = p;,
P=3" pi/nand Q@ =1— P. Then, for all 0 <t < Q, we have

P{iz:;XiZn(P_*_t)}S((%)PH (_QQ__t)Q_t)n

Proof See [McD]. o

In our models, if the X; 1 < i < n{(n —1)/2 are (dependent) indicators
of whether or not each edge is present, Theorem 5.1 and a monotonicity
argument show that, with pmax = max; ; pi;,

n(n—-1)/2

P{ > X;=
7=1

(pmax + e)n(n - 1)
5 }

is exponentially small in n(n — 1)/2, and putting pmin = min, ; p;;, there is of
course a similar result for P{E;-'i'i_l)/ 2 X; < (Pmin — €)n(n —1)/2}. However,
quite apart from the fact that this does not give the exact rate of decay, it
does not tell us anything about what happens for values between pmi, and
pmm’(I‘hus we want a large deviation principle which allows for some degree
of dependence amongst the X;. An appropriate framework for the kind of
problems we will study here is that of the so-called Gartner-Ellis theorem.
(Not all large deviation principles can be obtained in this way; for example
[O] gives a large deviation principle for the order of the giant component of
a G, where the rate function (see below) is not convex so cannot arise from
the Gartner-Ellis theorem). General discussion of Gartner-Ellis theory can
be found in for example [DZ]. Let us merely note that such theorems are in
general quite delicate and some care is needed in stating the exact form of the
theorem needed for a particular situation. The particular form we use here,
which is designed to cope with the difficulties arising when the rate function
is not differentiable at the origin, was first used by Biggins and Bingham
[BB]. Since their proof was omitted there, we give it here.
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Before the proof proper, it will be helpful to make a few observations
about convex functions. Suppose ¢ is a convex function which is differentiable
at §, which is in the interior of the set where ¢ is finite, and that y = ¢/(4).
Then, defining

I(y) = Sgp(yﬂ — ¢ (u)

we have
I(y)=yb—-¢(0)
and for any € > 0
I(y+e¢)—1I(y)—6e>0.
This is almost obvious; in detail, note first that, as ¢ is differentiable at 6,
it is finite in some neighbourhood of 4. Clearly I(y) > y8 — ¢(6). If we had
I(y) > yf — #(h), then, by the definition of supremum, there would exist a u
with
yp — d(u) > y8 — ¢(8) = y(u — 0) > ¢(u) — ¢(6).
But, since ¢ is convex, we know that n(u) = (¢(p) — #(8))/(p — 0) is a
nondecreasing function of u by [We, 5.1.2]; hence in particular, if u > 6, we

have
) > lim 2= 910)
x—0 T — 0
giving a contradiction; and a similar argument deals with the case when
i < 8. Thus I(y) = y8 — ¢(6) as required. For the second claim,

Iy+e)—1I(y) = sgp(y + €)u — d(u) — yb + ¢(6)

=Y

> (y+ )8 — 9(0) — yB + 9(6) = ef.
It remains to show that we cannot have equality. If we did, we would have

(y+e)pu—o(p) < (y+e)f—d(@)Yu = ¢u) —¢(0) > (y+e)(p—0)
— o8
= ?%Z >y+eVu>0
Hence, if € > 0, this would imply

giving the desired contradiction. A similar argument, considering 1 < 6 deals
with the case € < 0. We now proceed to the theorem proper.
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Theorem 5.3 Suppose we have a sequence of random variables S, and a,,,
a sequence of positive numbers tending to infinity. Define

_ log(E(e""))
===t

n (9)

We assume that

lim ¢, (6) = 4(6)

ezists pointwise (we allow ¢ and the ¢, to be infinite; note it is the assumption
of the existence of this limit, in analogy to what would happen if the S, were
sums of i.i.d variables, when of course ¢, = ¢ for all n, that limits the
dependence. Note also that ¢, being a limit of convexr functions, is convez).
We define the rate function I(y) by

I(y) = sup (Ly — & (n)) -

For any function ¢, define Dy = {z : §(z) < oo} and when Int(Dy) is non-
empty, define ¢, and ¢_ to be the right and left derivatives of ¢ (which ezist
as ¢ is convez. Since ¢ is convez so is Dg). Then if 3s > 0 € Dy, we have

lim jnf 1085 22D 5 1oy vr s g (0)

n—+00 Uy

If in addition y = ¢ (8) for some 8 € Int(Dy), so ¢ is differentiable at 6,
then
Vr <y.

- P{S5, > a,
lim sup log(P{ 4n2}) <I(y)

n—»00 an

Proof. By Markov’s inequality,
P{Sn 2 any}e” < B¢’ = ¢#¢n0)
provided & > 0; hence

_log P{S. > an
lim i T8 P Z @b o o g ().

n—oo an u>0

Thus if y > ¢, (0) the concave function yu — ¢ (1) is increasing at y = 0 and
so the final bound is indeed I(y).
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In the other direction, if ¢, is the measure corresponding to S,, we define
the conjugate probability measure

Cz (du) = e9u—an¢n(9)P{Sn € du},

with associated random variables S%. Then, denoting the ball of radius e
around a point y by B, (y), we have for small ¢ that

P{S. > a.(y —€)} > P{S. € a.B. (y)}

an¢n(9)—9yan / fya,—0u ~0 d
€ € o (du
anBe(y) C ( )

> londn(@-Ouan)g~bean prgo oy B (1)),

As I(y) = yf — ¢ (8), the proof will be completed (taking logarithms, letting
n go to infinity and finally letting € go to zero) if we can show that

P{5y € a.B.(y)}

converges to 1 sufficiently quickly.
For this, note that we have

889
o log(B(e')

n—oo an

= ¢n (s +0) — éa (6)

(s being the dummy variable in the generating function). Since by assump-
tion # € Int (D), and the derivative of ¢ (s + 8) — ¢ (8) with respect to s at
s = 0 is y by the remarks before the theorem, we can apply the first part of
the theorem to the random variables S? to obtain that

- 6 >
hmmf IOg P{Sn Z Qn (y + 6)}

n—o00 an

2 Ily+te)+o(0)—0(y+e)
= I(y+e)—I(y)— e

Since I(y) is a convex function, with derivative 8 at y, the remarks before
this theorem imply this bound is positive, and so

P{5; > an(y +€)}

goes to zero like the sequence e~ for suitable § > 0. The same argument
applied to the sequence —S shows that

P{Sg <a, (y—e)}
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goes to zero like e~?"7 for suitable v > 0. Hence

log P{S% € anB, (y)} 108 (1 —2¢7°)

Gn Qn

0> -0

completing the proof. e

An obvious irritation here is that there are two separate statements for
the liminf and the limsup, when we would prefer to have a statement about
the limit. In general, this cannot be guaranteed, but mild assumptions will
give such a statement.

Corollary 5.4 Suppose s > 0 € Dy. Then, Vy € Int{y : y = ¢ (1)} for

some |, we have
P{S, >
1 log (P{S. > a.y})

n—oo an

=1I(y).

Proof. This is an immediate corollary of the previous theorem, since in the
interior of the region where ¢ is finite, the rate function is continuous; see
e.g [BB] Corollary 1.

The link with our situation of course arises by taking S, to be the sum
of the n(n — 1)/2 X; so that we must take a, = n(n —1)/2.

5.2 A large deviations principle for &, ,.

In this section we will prove a large deviations result for the model G, , giving
full information on what happens in that model. In the following section we
shall give a partial result valid for any RRC model.

The first step, of course, is to obtain the function ¢ in the statement of
Theorem 5.3. A key role in our derivation will be played by the following
lemma, which will occur again in later chapters.

Lemma 5.5 For0 <z <1,

S ——
lim

with the error term being O (%) For -1 <z <0,
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- 2log (2“" Y (:.‘)(1 4 g)(n-m)/2=itn=i) (1 _ x)i(n—-')) _log(1 =%

with the error term again being O (i) For x = 0, the ezpression (and so its
limit) is 0.

Proof. The statement for z = 0 is trivial. Suppose z > 0. We have

2l0g(27" i (1) (1 + 2)(7=)/27i =0 (g — gyt

n(n —1)
2log (2—n (1 + -7?)("2_")/2 Z?:O (1:) (L_-_;)i(ﬂ—i))
B n(n—1)
i(n—1)
2log (¥, 27" (%) (152
=log(1+2)+ ( 0n(n (_)1)( ™ )

which, since 0 < (1 —z)/(1+z) <1,is

2log (Zio2"(5))

n(n —1) = log(1 + )

<log(1+z)+

since of course Y1 ,27" (':) = 1. This gives an upper bound; to get a lower
bound, we note that, just considering the : = 0 term, we have

210 (T 277(7) (L 4+ )/ (1 — g
n(n — 1)

210g (27 (3) (1 + )" )"2)
= n(n —1)

2nlog(2) 1
aln—1) =log(l+2z)+0 (;)

as n — 0o, and the result follows.

=log(l+2)—
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Finally if -1 <z < 0 so that (1 - z)/(1 + z) > 1 we have

2log (10 2 (7)1 4 2)( /203 (1 o)
n(n —1)

2log <(1 + ﬂf)("z—n)/2 Yo" (?) (%;_;) %J)
<
= n(n—1)

since the function i(n — 7) is maximised as : ranges over (0,n) when i is as
close as possible to n/2. The above expression is asymptotically

nlog(}jr—’) 1 1—2 (1) _ log(1 - 2?) 1
log (1 + .’L‘)+m = log(1+z)+-2—10g(1 n .’13)+0 -] = —“2—4'0(5)

This gives the upper bound; to obtain a lower bound, this time, rather than
looking at the case when ¢ is as small or large as possible, we look at the
term when ¢ = |n/2], observing that

2log (2?=0 2-n (’:) 1+ Z)(,.2_,;)/2—.'(n—.') (1— z)i("“))
n(n —1)

21 (1472 ) (152) )

>
- n(n—1)
Now by Stirling’s formula,
(L%J) o1 o1
2" Vamn T V/in

for sufficiently large n, so then the above is

nlog (133) | 2log (47)

log (1 +z)+ 3n—1) Y PR
~ log(1L+2) + 5 logls ) + O(+) = =) oL,

as n goes to infinity, so that the result again follows. e
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It is worth noting that the lemma uses estimates which are in some sense
very crude; in both cases, note that one of the bounds is obtained by ignoring
all but one term in the summation, however which term varies (dramatically)
between the two cases. We shall comment more on this later.

We can now obtain the function ¢ (6) in the Gartner-Ellis theorem;

Theorem 5.6
_ 6 . L (p—a)(e® = 1)
¢ (0) = log (pe +1 p) if @ —1)+1 > 0,
o e (e +1-p) +log(ee?+1-0) (o)’ -1)
¢(6) = 2 ’ a(e? —1) +1
and is 0 otherwise.
Proof. We have
2log (E (ees"))
w0 = oD
n?-n}/2-i(n—i) i(n—i
2log ( 2" (’:) (pe" +1- p)( ) (qe" +1- q) ))
- n(n —1)
n2—n : . . -
log (£2627(7) (1 +2) 77070 (1 - 2)9)
=log(aea+1—a>+ nn—1)

where z = ((p — a)(e® — 1))/(a(e® — 1) + 1); we use here the fact that
(pef +1—p)/(ae® +1—a) = 1+ and that (ge +1—q)/(ae’ +1-a) =12
which is easily checked from the definitions. Also, as 1 + 2z and 1 — z are
both positive, we can apply Lemma 5.5, together with the fact that

(p—a)(e’ —1)
ae? +1—a

log(ae9+1—a)+log(1+ )=10g(pe"+1—p)

to obtain the first statement of the theorem. For the rest, we have

log (aee +1- a) + %log (1 — <(P ;(C;z(iol_) 1)) )
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= log (aeg +1— a) + llog ((a(ea ~1D)+1)?—((p—a)(e - 1))2)

2 (afef —1)+1)2
_ log(p(e? — 1) + 1) + log(g(e® — 1) + 1)
B 2
on factoring the difference of squares on the top of the right-hand side and
simplifying.
Finally, the statement when z = 0 is clear. o

Corollary 5.7 If p > q,
¢(8) =log (pe” +1—p) if§>0,0if§ =0 and

log(pe® + 1 — p) + log(ge? + 1 — q)
2

if 6 < 0.
Ifp<a,
¢(8) =log (pe’ +1—p) if8 < 0,0 if § =0 and

log(pe® + 1 — p) +log(ge’ +1 — g)
2

Proof. This is immediate from the previous theorem (5.6) on unwinding the
condition on z = (p — a)(e? — 1)/(a(e® — 1) + 1) into one on 6. e

Note that this result is compatible with Corollary 4.13 showing that when
p > g we have mg, (t) > meg,(t) for £ > 0 and that 3¢ > 0 such that
me, (1) < me,(t) for t € (—¢,0).

Given ¢, it is easy to complete the derivation of the rate function;

if 8> 0.

Corollary 5.8 When p > g, the rate function I(y) is the mazimum of
sup (Hy —log (peo +1 —p)) , 0 and
>0

( log(pe? + 1 — p) + log(qe® + 1 — q))
sup | Oy — 5 i
6<0

When p < q, the rate function is the mazimum of

313)) (0y —log (pea +1- p)) , 0 and

(0y _ log(pe® +1 —p) +log(ge’ +1 — q))

sup

9>0 2
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Proof. This is immediate from the previous corollary. e

Thus different rules govern large deviations above and below the mean.
Note that if y > p > a the rate function is the same as in independent
Bernoulli trials with probability p, as if p > ¢ so that pel +1—p < qgef+1— q
for 8 < 0, we have

(0y _ log(pe® +1 —p) +log(ge’ +1 — q))

< §1<110) (0y — log (aeo +1- a)) .

sup
<0

2

A similar argument will of course work when y < p < a.
In the classical case, when the rate function is

I{y) = s%p (6y - log (aea +1- a))

it is easy to show by elementary calculus that the supremum on the right-
hand side is attained for § = log(y(1 — a)/((1 — y)e). For the range of values
for which the rate function is an average of the rate functions for p and ¢
we can in principle differentiate, solve a quadratic equation in e’ and take
logarithms to find the value of 8 at which the function has a turning point
(which is a maximum by concavity of the rate function). Unfortunately, the
expression obtained is very intractable. Calculations suggest the value of 4
for which the rate function is maximised is slightly greater than classically if
y > a and smaller if y < a but even this does not seem easy to prove.

The relationship between this analysis and the question of how close
the moments of the number of edges in the new model and the classical
model are merits brief comment. Recall that we have shown that ¢ (8) #
log (ae” +1-— a) although they would have been equal if there had not been
the correlation structure. Since the left-hand side is the limit of the norm-
alised cumulant generating functions of £ in our model, and the right-hand
side is the limit of the normalised cumulant generating function in the clas-
sical model, and the cumulant generating function is well-known to be closely
linked with the moments of the distribution, one might naively imagine that
the fact that the two limits are different would mean that the moments of the
two distributions £, , and &, cannot be very close to each other. However the
link with the moments depends on differentiability of the functions at =0,
and since we have seen that this does not hold for the limiting function, the

situation is not too clear.
There is a subtlety which produces some complications;
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Lemma 5.9 If p > q ¢(h) is differentiable Vh # 0 and takes all values in
(p,1) and (0, '%‘1), but is not differentiable at h = 0.

If ¢ > p ¢(h) is differentiable Vh # 0 and takes all values in (3}’1, 1) and
(0,p), but is not differentiable at h = 0.

Proof. Only the statement about behaviour at h = 0 requires proof. Assume
p > . At h =0 we have

lim (¢(h)‘0) ~ lim (log(p(e"— 1)+ 1))

hs0+ h h—0+ h

«w—n mwﬂw+J=p

h h
and by an analogous argument

Tim (d)(hz—O) _ (p;rq)’

proving the claim. The argument for p < « is similar. e
Thus, whilst the above result coupled with Corollary 5.8 shows that we
get a meaningful estimate of

. —log(P{S, > "nlz))
A, we1)
for z € (p,1) and (O, B‘;—‘l) ifp > ¢, and for z € (L“;‘i, 1) and (0,p) if ¢ > p,
we do not get any meaningful lower estimate of the probability for values of
z between p and (p + ¢)/2; the above limit will just be degenerate.
This raises the question of whether there is a real rate function for the
missing gap; for example, it might be the case that in that interval

- log(B(ef))

n—o0 ne

= lim
h—0+

exists and is non-trivial for some choice of 0 < £ < 2. The right choice turns
out to be k = 1, as the following theorem shows.

Theorem 5.10 Suppose ¢ is between p and a. Then
. log (P{£, > =(z=1})
im
n—o0 n

where pu(c) = clog(c) + (1 — ¢)log(1l — ¢) + log(2)

= u(c)
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Proof. There are three disjoint ways in which such a large deviation can
arise;

1. There is a large deviation in the number N; of reds, and then a num-
ber of edges asymptotically equivalent to the number we would expect to
arise, conditional on the number of reds, do arise; then Ny ~ (1/2 + €)n for
some € # 0 and the number of edges is of order of magnitude

P (Nl(Nl - 1) 4 (n - Nl)(n— Nl - 1)

5 2 ) +qN1(n—N1)

2. There is a large deviation in the number of reds, and then there is a
large deviation in the number of edges arising, which however is not asymp-
totically the number we would expect given the large deviation in the number
of reds; then Ny ~ (1/2 + €)n for some € # 0 but the difference between the

number of edges and

p (N‘(NQ‘ it B e Nl)(’;— M- U) +qNi(n — )

is of order of magnitude cn? for a suitable constant

3. There is no large deviation in the number of reds, but there is a large
deviation in the number of edges arising; then Ny ~ n/2 but £ ~ ‘“—“)i;ﬁ"—“ll

for some € # 0.

We shall show that the first case occurs with probability which is expo-
nentially small in n, whereas the other two occur with probability which is

exponentially small in n?.
We first consider the case where the large deviations in the number of

reds is above the mean. Concerning the first way of getting a large deviation,
recall that N; ~ Bin(n,1/2) where N} is the number of reds. By the classical

theory, (using Theorem 5.1)
1
P{N; > an} = e ™M@+ for 5<a< 1

for I(a) = alog(a) + (1 — a)log(l — a) + log(2); the main point is that
this expression is exponentially small in n, rather than in n?. Now, since the
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function z — z(1—z) is monotone increasing for z € [0,1/2] and is monotone
decreasing for z € [1/2,1], if we have at least an reds and so at most (1—a)n
blues, we have at most a(1 — a)n?® potential red-blue edges and so at least
(n* —n)/2 — a(1 — a)n? potential same-same edges; thus, conditional on this
large deviation in the number of reds, we get at least

((n* = n)/2 = a(1 - a)n*)p + a(1 - a)n’q) + o(n(n — 1)/2) (x)

edges if p > ¢, and at most (x) edges if ¢ > p, with probability tending
to 1 as n goes to infinity. (Note that as a ranges over [0,1], the expression
((n?—n)/2—a(1—a)n?)p+a(l —a)n?q) takes all values between n(n —1)p/2
and n(n—1)a/2 by continuity, and no other values; this is why this argument
works for all ¢ between p and o and not for any other ¢).

However, by contrast, if we are in the second situation, and so get an
reds but some asymptotic number of edges other than (*), then that requires
a large deviation in the number of red-blue edges or the number of same-
same edges in addition to the large deviation in the number of reds; and
as the number of same-same edges and the number of same-different edges
are both of order n? in n, the probability of this is asymptotically e=*** for
some X\ > 0. (This claim is clear if the number of reds and the number of
blues are both of order n; even if one of them is so small that it is of order
o(n), then the number of vertices of the other colour must be > (1 — €)n for
any 1 > € > 0, so the large deviation in the number of edges still requires
a large deviation in the number of edges between two vertices of the other
colour, which will occur with the stated asymptotic probability). Hence the
probability of getting asymptotically (*) edges is (by the previous remarks
about the monotonicity of g) equal to e~™(@)+o(m),

The only other case to consider is the third one, that is the probability of
a large deviation in the number of edges when there is no large deviation in
the number of reds; then there are asymptotically n/2 reds and blues, and so
there are asymptotically n?/4 red-blue edges and n?/4 same-different edges
and so the large deviation in the number of edges requires a large deviation
in at least one of the number of same-same or the number of same-different
edges, which will happen, again by the classical theory, with probability
e~ +o(n®) for some v > 0 and this gives the required result.

Finally, observe that the argument for the case when the large deviation
in the number of reds is below the mean is identical. e

We can now clarify the intuitive picture of what is going on here. For
c in the range between p and (p + ¢)/2, we can get large deviations more
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cheaply than usual just by allowing a large deviation in the number of reds
(with probability exponentially small in n) to make a large deviation in the
number of edges highly likely; and to get a larger deviation, the cheapest
thing to do is just modify the numbers of reds and blues further. However,
outwith that range, since we can push the number of reds or blues no further,
we have to get the large deviation by the more traditional and harder method
of getting a large deviation in the number of edges, which has probability
negative exponential in n?. This also illuminates why, in Lemma 5.5 our
estimates relied on the seemingly crude procedure of just considering one
term (that corresponding to a monochrome colouring for p > ¢, and that
corresponding to as close as possible to equinumerous reds and blues for
g > p); for the above shows that being in this state is in fact necessary for
the exponential in n? probabilities to control the large deviation probability.

The above shows that we can have, in a reasonably natural situation,
n(n — 1)/2 trials where the probability of a large deviation is only exponen-
tially small in y/n(n — 1)/2, rather than the usual n(n—1)/2. It is natural to
ask if we can use this potential for getting large deviations in the number of
edges more easily than we would do normally, for ¢ between p and (p+q)/2,
to prove purely graph theoretic results. This is not clear; it is often stated
that we want exponentially small bounds on the probability that a graph
does not have some property, but in fact it seems that often at least only
exponentially small in some power of n will do.

Recall that classically, one way to prove the upper bound in such large
deviation inequalities is by using a martingale inequality.

Definition 5.1 A sequence of random variables S, is a martingale with
respect to a sequence X, of random variables if and only if E | S, |< co for
alln and fO’f’ (Lll k 2 1 E(Sk.H | Xl,Xg, Xk) = Sk-

Recall the following upper bound on the probability of a large deviation;

Theorem 5.11 Suppose Sy, is a martingale with respect to the X;, and that
there ezists a sequence of real numbers c; such that P{| S; — S;,_, |[< ¢} =1
for all i. Then for z > 0 we have

2

T
P{| Sa— S0 |2 2} < 28XP(—2—m)-

Proof. [GS] Theorem 12.2 (3). ®
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For example, in the classical model, with X;; = 1 if the edge 7 — j arises,
0 otherwise, and Y;; = Xi; — a, EY;; = 0 and the Y;; are independent, so
defining S, = ¥1<icj<n Yij, we easily see that S, is a martingale and that
| S5 — Saz1 |< max{a,1 — a}. Hence, by Theorem 5.11, we get

a’*n?(n —1)?
b<2exp (_ 4n(n — 1)c? )

where ¢ = min{a,1 — a}. However we know that for large enough n, no
such inequality can hold in G, 4 for a between p and a, as the probability of
a large deviation is exponentially small in n rather than n?. Of course, for
the X;; themselves, this is because the next indicator is in general no longer
independent of the previous one, which can be shown more elementarily, e.g
by Theorem 2.17; however what our argument proves is the slightly stronger
fact that there is no martingale Y,, which converges to the number of edges
minus the expected number. It seems likely that similar slight imbalances
between the numbers of reds and blues will stop us applying martingale
techniques in various similar circumstances.

It is clear that we can use the ideas of this section to get random graph
models where the probability of a large deviation in the number of edges is
negative exponential in arbitrarily small powers of n by having a hierarchy
of correlation structure. For example, if n = m? we might generate m?
independent random variables, taking values 0 and 1, indexed by ordered
pairs (4,7), 0 <1 < m—-1and 1 < j < m, and then say that vertex
k is red if both entries of (7,7), where k£ = im + j, are zero or both are
one, and is blue otherwise; then a large deviation in the number of the is
(say) which are 1, which will happen with probability exponentially small in
m ~ (n(n—1)/2)"/4 will give a large deviation in the number of reds or blues,
and so a large deviation in the number of edges with that probability; and
the idea can obviously be iterated to get arbitrarily small powers of n. Note
of course that this setup would not have the good independence properties
of our models; in particular the colours of the vertices will be correlated.

One thing we have not confirmed yet, strictly speaking, is that the cases
which lead to large deviations above are the only cases which lead to large
deviations; some more insight into this will follow in the next section, when
we consider what happens for general RRC models.

an(n — 1)
S —_ 7
P{S, > 5
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5.3 Large deviations; the general case

We next consider how generally the argument for the large deviations above
can be made to work. Crudely speaking the same argument, considering a
monochrome colouring to get one bound, and a colouring with as close as
possible to the expected number of vertices of each colour to get the bound
in the other direction, will still give a rate function, but this function is
unfortunately much less explicit than in the previous argument, and we will
not be able to take the argument much beyond that point; however some
partial insights will be possible.

Theorem 5.12 In a ['(n,k, P,s) RRC model, considering the probability of
a large deviation in the number of edges, the function ¢ (8) in the Gartner-
Ellis theorem is the mazimum of the quadratic form

k
> sisjai; where a;; = log (p;,-eo +1- p,-,-)
1,7=1
over the simplez
k
A, = {(s1,...5x) such that s; >0 for alli and > si=1}.

1=0

Proof. Recall that in I'(n, k, s, P), by Theorem 4.11 the moment generating
function of &, is

S (" )Tt T (o +100) ™ T (o 1= p0)

Jis .- 1=1 1<r<s<k T

Ir(Gr—1)/2

the sum being over j;, 1 <1 < k, such that 5; > 0 forall ¢ and j; +...+jx = n.
Let a,, = log (p”e” + 1 — p,s), we have

2log(E(e"))
0=

2log (E (.75 ) TIsi T (proe +1 = Prs)””" T (prre® +1 = p,,)"""'“‘)”)

B n(n —1)
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the sum being over the same indices as last time, the first product from the
left being over [/ ranging from 1 to %, the second over 1 < r < s < k and the
last over 1 <r < k. This is

== k . ra 'T '8
= 210g(Xj, +..4jx=n (,~1 "Jk) i1 st Thercsck €777 Thi<rck €
n(n - 1).

Clearly the quadratic form f(z) = Zﬁ =1 TiT;a; attains its maximum on the
compact set Ay = {(zi1,...2x) : z; > 0V, Y%, z; = 1} at some point m
(which may well be far from unique). We now show that the function ¢ is
intimately tied up with such maxima.

Writing j for (j1,...Jx), we have that the above is

ﬂrr]'r!jr—ll
)

PG =328 rarr
2

_ 210g(¥j 4. 4s=n (j,7,) T si'e
- n(n—1)

2 k .
.on f(m)—z _yJdrarr
n k Jt =l
2log (2j1+...+jk=n (jl,--Jk) [li=isre )

n(n — 1)
n 'i lo 8 _ %
g (m) | 2B T sien (5,1) )

n(n —1) n(n —1)
n*f(m) 2log(h")
- n(n—1) n(n—1)
where A is the multivariate moment generating function of a multinomial
distribution with k equiprobable colours, evaluated at © where

i = 108 | Si WA
in particular it is independent of n and so the logarithm of A" is order of

magnitude n and so is comfortably killed by the n(n — 1) denominator. Thus
we have shown that

<

lim sup ¢a(f) < f(m).

n—oo

In the other direction, we can take the term with j. as close as possible to
nm, subject to the restriction 3 jr = n. Then j, and nm, are asymptotically
the same; hence, for n sufficiently large,

E(ea£n) > (J n ] ) Hs{zef(m)ﬂ2(1+o(l))
1y--Jk
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= liminf¢, > f (m)

since Stirling’s formula shows that the logs of the multinomial probabilities
are of order of magnitude n at most, so that they are killed by the n? term
on the bottom. e

We are thus clearly interested in questions about the maxima over A,
of sT As. There are two aspects of this; one is trying to find out what this
maximum is, and the second is asking which colourings lead to this maximum.
We start with the first question. It is not clear how to simplify the expression
for ¢ in Theorem 5.12; however one observation can be made.

Theorem 5.13 Suppose A is a symmetric k by k matriz, so that its eigen-
values are real. Then maxgea, s’ As < py.

Proof. By the symmetry, A has a basis of eigenvectors {e;}1 < i < k,
which are orthonormal with respect to the usual inner product (,) which
satisfy Ae; = p;e; where yy > po... > pix. Let m be an vector in A which
gives the maximum (which is attained as A, is compact); then, for some
choice of \;, we have

k k k
m= Z)\,-e; = Am = Z/\iﬂiei = m’ Am = ; )‘?ﬂi-

=1 =1
But also, again by the orthonormality of the eigenvectors, we have that

k

k
Y M =(mm)=) mi<1
=1

i=1

since m € A,. Hence we have

k k
m? Am = Z’\?”‘ < Z )\? (ma.x [Lj) < max u; as required.
=1 J J

=1

In fact we need only consider the submatrix of A corresponding to those
rows and columns ¢ for which m; # 0. By the interlacing lemma of linear
algebra, if A is a symmetric matrix, B is A with the ith row and column
omitted, and Ay > Ag... > Ap and gy > pa... > pe- are the eigenvalues of A
and B respectively, then A1 > py > Ay 2> pa... > o1 > pe—1 > Ar

It is natural to ask for a lower bound also, but no good bound of this
type is obvious.
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We next address the question of when the upper bound is attained. To
get % M?u; = 1 when % A2 < 1 we must have that A\; = &1 with all
the other A; being zero; as A; > 0, it is 1. Then e; = (ey,...ex)T must satisfy

* e, =1asitisin A, and 5, e? = 1 as it is an orthonormal vector;
thus 3% e;(1 —e;) = 0; as 1 > ¢; > 0 for e; in Ay, we deduce that one ¢; is
1 and the rest are zero.

We now consider questions of which colourings give rise to the maximum.
This is the subject matter of much of ESS theory, the basic definitions from
which we recall.

Definition 5.2 Let A be a real k by k matriz. Then an evolutionarily
stable strategy (ESS) of A is an p = (p1,...pc) € A such that

1.pTAp > qTApVq € A,.
2. Ifq# p € A, and pT Ap = qT Ap then pT Aq > q7 Aq.

The curious name arises from game theory in biology; if two populations com-
pete for limited resources, with a finite number of different pure strategies
each individual can adopt, and if an individual of the first population playing
strategy ¢ against an individual from the second playing j receives a payoff
a;j, then an ESS s is a deployment of the population which maximises the
overall payoff; we can think of s; as the probability that an individual should
play pure strategy k in any particular conflict. We will consider how many
and what kinds of ESSs A can have. Note that there are matrices with no

ESSs and others with several ESSs.

Definition 5.3 The support R(s) of s€ Ag is {i:s; #0},1 <i < k.

The pattern of ESSs for A is the set of supports of all the ESSs of A
(o subset of the power set of {1,2,...k}). A set of subsets of {1,2,...k} which
is the pattern of ESSs for some matriz A is an attainable pattern.

Example 1. If there is some j such that a;; > a;;Vi # j, then the j-th
pure strategy is obviously an ESS; in fact, it is the only ESS with s; > 0.
Such a strategy is said to be diagonally dominant.

Example 2. If A is symmetric, an ESS of A is just a maximum of the
quadratic form represented by A on the simplex. For example, in genetics,
with k alleles A, ... Ax and genotype A;A; having viability a;;, classical theory
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shows that, if the allelic frequency is s in one generation and s’ in the next,

where
3{ _ S.'(AS),'
' sTAs
the mean fitness V = s” As is non-decreasing from one generation to the
next, and is constant only at an equilibrium point; one proof of this uses
Theorem 2.25. Hence for a symmetric matrix, if we start from an s all of
whose components are positive, the process converges to a local maximum,
and every such vector is a locally stable equilibrium of the equation above.
Note that thus if '(n, k,s, P) is a TID model, s’ = s as s; # 0 = (Ps); =
0; so s is an equilibrium point of the system. However it need not be a
maximum, as s = (1/2,1/2)T and G, with p > ¢ makes clear.
Theorem 5.12 shows that it is of interest to determine what patterns of
ESSs a matrix can have. There are some simple combinatorial restrictions;

foralll <i<k

Lemma 5.14 Let p and q be ESSs of A, R(p) be the support of p and
S(q) = {m € Ay : mTAp = pTAp} so that R(p) C S(p). Then R(q) ¢
S(p) and R(p) ¢ S(q). In particular, for ESSs p # q of A, R(q) ¢ R(p).

Proof. This result is in [BC]. e

Definition 5.4 A set S of subsets of {1,2,...n}. is a Sperner family if
ABeSandA#B=>A¢ Band B¢ A.

For example, the previous result makes it clear that an attainable pattern of
ESSs is a Sperner family.

Theorem 5.15 Let 3 be a Sperner family of subsets of {1,2,...n}. Then

9= (LJ)

Proof. This is Sperner’s theorem; see [B2] or [A] for much discussion. e

Of course by Stirling’s formula the upper bound on the size of | § | is
about 2" /v/2rn = o(2") as n —+ co. In fact further restriction on attainable
patterns exclude certain Sperner families; for example, the triangle exclusion
rule [CV] says that if X D {1,2,3} then not all of X — {1}, X — {2} and
X — {3} can be supports of ESSs. [BCV] gives further information on this,
and the maximum number of ESSs there can be in a pattern, including the
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fact that it grows exponentially with k at a rate between 30!/9 ~ 1.459... and
2 (note these results are for symmetric matrices).

We next check that Theorem 5.12 agrees with Corollary 5.8 and Theorem
5.10 for G, ,. Puttings = (s,1—s), and maximising f(s) = s7 4s by calculus,
we find (for p # ¢, the only case of interest) fI(s) = 0 & s = 1/2 for
s € (0,1), and that f®)(s) = 4((pe® +1—p) — (g’ + 1 — q)) is negative if and
only if (p—q)(e? —1) < 0; for 6 > 0 this is if and only if p > ¢, and for § < 0 if
and only if p < ¢; thus in these cases the maximumisfors =1—-s=1/2. In
this case we easily check that s” As = ae? + 1 — a. Otherwise the maximum
occurs at s = 0 or 1; whichever we take we get ¢ = pe’ + 1 — p as required.

We can approach the result when p > ¢ in another way;

Theorem 5.16 Suppose 31y such that p,y,€®+1—p,yr, = max (p,,eo +1-— p,s)
in U(n,k,s,P). Then ¢(0) = log (p,oroeo +1- p,oro).

Proof. This is very reminiscent of Lemma 5.5. We have

#n (8) = log (proroea +1- proro)

+210g(2 (.7 50) T 87 Thicrens (RriiRes ‘)M T (Retpbhzees—) o

Prorg € +1-Pr0 o Prgrg€ +1—Pr0 L)

n(n —1)

the sum again being over non-negative integer values of ji,...jx such that
Y% | ji = n. By the multinomial theorem and the fact that log is monotonic,
this is

< log (pro'oeo +1- proro) :
In the other direction, taking only the term with all vertices of colour rq

210g((3)s"°)
0 2/ 07
Patrn) ot () > log (p'o’oe +1- p'°'°) * n(n = 1)

which tends to .
108 (proroe + 1 - proro)

as required (again exploiting Stirling as in the above proofs to show that the
logarithm of the binomial coefficient is only order of magnitude n). o

Yet another proof for p > ¢ uses the fact that the maximum corresponds
to an ESS and the fact that p > g implies A is diagonally dominant.
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Again note that the argument shows up one way in which large deviations
are overwhelmingly likely to arise, i.e through a monochromatic colouring.
However it is clear that in general, the possibility of multiple ESSs means
that there may be many colourings which give the maximum.

Another question is how the patterns of ESSs change under perturbation
of the coeflicients of the matrix A (both perturbations from changing 8 and
changing the entries of P whilst preserving o). Note that the entries of A are
a nice smooth function of §. Broom (personal communication) has initiated
the study of how the pattern of ESSs can change as the matrix varies over the
space of k by k matrices, but the technical restrictions required for his ideas
to work (namely, that the two regions of the space of matrices giving rise to
the two different patterns should have a common boundary of codimension
1) are inconvenient for us since we see no reason to suppose that they hold.

It is more or less obvious that here, as in Gp, getting large deviations
in the number of vertices of some colour will provide large deviations on
the cheap in the number of edges, and thus that the rate function will be
uninformative for certain ranges of the parameter values. Indeed in general
there will be several such intervals where this problem, and the associated
one of the function ¢ not being differentiable arise. This is likely to lead to

further complications.

120



6 Connectedness and connectivity in RRC graphs

6.1 A formula for the probability of connectedness

In this chapter we discuss when random graphs in our models are connected,
and if so, what their connectivity is. We first illustrate briefly how one
could obtain an exact formula for the probability of connectedness. We
then consider the threshold in the classical model, and use knowledge of the
classical model to estimate the probability of connectedness in G, if one of
p and ¢ is small. Then we discuss connectivity.

There are two ways of computing exactly the probability of connectedness
in the classical case. One, due to Takacs [Ta] solves the more general problem
of finding the distribution, for a random graph G(n,p) with a given set S of
vertices, of the number of the n vertices in the component of a vertex in S,
by turning the problem into one about queuing theory. This approach seems
hard to generalise to our models, since key independence properties are lost.
Thus we examine the other approach, an iterative one, mimicking the fol-
lowing theorem of Gilbert, which is easily proven considering the probability
that the component containing the vertex 1 has order k.

Theorem 6.1 Let p be given, and P, = P{G(n,p) is connected}. Then

n— n— k(n—k
Po=1-5t ()P (1 p) .

Proof. [B], p177, Exercise 1. o
The result has already been generalised to the case of independent edges
arising with possibly different probabilities;

Theorem 6.2 Let p;; = P{the edge i — arises} i a graph on n labelled
vertices, and P, be the probability that such a graph is connected. Then

P,=1- S P{Gon{1,2..n}\Y connected} II (1—pyj)
Y c{1,2,.n}\k i€{1,2,.n}\Y, je¥

where k is any element of {1,2...n}.

Proof. See [Ke]. o

(If all the p;; are equal to p this formula reduces to Gilbert’s). This
shows that we can calculate the probability of connectedness in our models
by conditioning on the various possible colourings and applying this formula
for each case arising. This is a daunting task however, even when we have
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noted that only the numbers of vertices of each colour are really important,
especially if the number of colours k is large. Thus good asymptotic results
are even more necessary here than classically.

6.2 Variability in P{G,, connected}.

We first give a simple example to show that the probability of connectedness
may vary substantially in our models as compared with the corresponding
classical model. The following simple example illustrates this.

Theorem 6.3 P{G,, connected} takes all values in [2=("=1D) 1 _2-("-1)] 44
p and q vary with p+q = 1.

Proof. If g = 0 and p = 1 then G is connected if and only if all n vertices are
the same colour, which happens with probability 2=(*~1). If p = 0, = 1, each
vertex is adjacent to every vertex of the opposite colour so the probability
of connectedness is the probability that the graph is not monochrome, which
is 1 — 2=(=1) The result follows by the intermediate value theorem, since
P{G,, is connected} is a polynomial in p and ¢ so a continuous function. e

This suggests very different behaviour for large p and large q. However,
we now prove a result limiting the extent of asymmetry between p and q.

Theorem 6.4 Let A C V(G), 0 # A # V(G). Then, if E(A, B) is the set
of edges between the two sets of vertices A and B

P{E(A, A°) = 0 in G,o} > P{E(A, A%) = 0 in G,}.

and the expression on the left-hand side is symmetric between p and q. There
is equality if and only if p=q or | Al or| A°|is L.

Proof. If | A |= i, then P{E(A, A°) =0 in G, 4}

= 3 P{E(4, 4% =8| Ny (4) = 5} P{M: (4) = j}

=0

1 1 ) e . ini ﬂ—i(i‘)
— “(1-p)’1-¢ 7 +(1-¢ 1 =p)" ~3Z
S(za-mra-o7+a-aa-n7) 3

since if there are j red vertices in A, then for any element not in A, if it is
red the probability that it is joined to no element of A is (1 — p)?(1 — q)'~’
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and if it is blue the probability is (1 — ¢)’(1 — p)*~?. This expression is
symmetric between p and g as required. To prove the inequality, recall that
since f (r) = z"* is a strictly convex continuous function of z, for a; > 0
with % a; = 1, we have f (X7, a;iz;) < ¥, aif (z:) with equality if and
only if f is linear or the z; take only one value. The result follows noting

that () s
LG (-9’1~ 7+ (-9 (1-p)
(£ z )

. _ i(n—1) . .
— (lz_p + 1_2(1) =(1- a)‘("") as required. o

Note that the symmetry depends on the fact that we only consider two
sets; with three non-empty disjoint sets A, B, C involved, it is easy to show
that P{E (A, B) = E(B,C) = E(A,C) = 0} is asymmetric between p and
q. Also it is clear that asymmetry between p and ¢ enters into the formula
only through the probability that G,, has > 3 components; for, by the
inclusion-exclusion formula, we have

P{G connected} =1 — > P{E (A, A°) = 0}
ACV(G),V(G)£A#£0
+ > P{E(A,A°) = E(B,B°) =0} — ...

A#BCV(G) V(G)#A,B#0
The first non-constant term is symmetric by Theorem 6.3 so P{G,, is connected}
is asymmetric between p and ¢ only if some higher term in the formula is
non-zero. This means we must have at least three components since if
P{E(A,A°=E(B,B)=0}>0with A#BCV(G),V(G)# A, B+

at least three of AN B, AN B°, A°N B and A°N B¢ must be non-trivial.

6.3 Asymptotics for P{G,,} connected.

We now recall the following result, which describes the asymptotics of the
probability of connectedness in the classical case.

Theorem 6.5 Suppose o = (log(n) +c+ 0(1)) /n. Then

lim P{G, is connected} = e~

n—oo
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Proof. See [B], Theorem VII.3 e.

Thus log(n)/n is the threshold for the probability of connectedness. Some
remarks on the proof will enable us to introduce ideas which will be useful
in the sequel. The main point is that, for o sufficiently large, a.e. graph
consists of a so-called giant component and some isolated vertices. Thus
the probability of connectedness is, in the limit, the probability that no
vertex is of degree 0. As we have already seen, the degrees are dependent,
even in the classical model; however, for a as in the theorem, they behave
asymptotically as if they are independent in various ways; in particular, the
standard extreme value analysis for the minimum of n independent binomials
is applicable, which is why we get the familiar distribution on the right hand
side.

Note that some insight into the analogous problem for random graphs
where edges arise independently but with possibly differing probabilities can
be had from the following result;

Theorem 6.6 Let p;; be the probability of the edge i — j in a random graph
on {1,2,...n}, the various edges being independent. Let q;; = 1 — p;; and
Qir = MaX;, <. ju_, Gij Gijo--ijn_r GNd X = 31 Qio S0 that X is the expected
number of isolated vertices. If

(2 Q)

. . _ . =1 vir/] [ XA _
Jim, rmax Qo =0 and Ji A = o and Jim 50 S==ms - (- 1) =0
then a.e. such graph consists of a giant component and isolated vertices,
whose number converges in distribution to a Po()o) random variable.

Proof. [Ko] e

It is not easy to check the conditions of the theorem, especially the last
one, though that condition holds if every p;; = (log(n) + O (1)) /n [B, p177].
A problem with attempting to apply Kovalenko’s result in our situation is
that we get different models according to the random number of vertices of
each colour and it is not clear how to put the results together.

Note that the expected number of isolated vertices in G, is the same as
the number in Ga, as a vertex is isolated if and only if the tree comprising
all edges out of that vertex arises in the complement of the graph, so the
probability of the event is the probability of that tree in G;_,1-, which,
as Gp, is TID is the same as classically; now use linearity of expectation.
However other moments will differ from classically.
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To clarify the notion of giant component, we quote the following theorem.

Theorem 6.7 For a.e. graph with at least |(n/2) + 2log (n) n?3| edges,
there is a unique giant component with at least n*/3 vertices, all other com-
ponents having at most n*/3/2 vertices.

Proof. [B] Theorem VI.1 e

In our models, it is quite possible that we do not have a unique giant
component; for example, with k colours, if the p; (1 < i < k) are large
enough to ensure there is a giant component amongst the vertices of colour
i, there can be several large components if all p;;, i # j are small enough.

We now move towards a generalisation of Theorem 6.5 to G,,, when
a = (log(n) +c¢)/n and q is sufficiently small. The proof will be heavily
dependent on the above results on the structure of the random graph in the
classical model. We first note that in our circumstances we can refine the
result on existence of the giant component.

Theorem 6.8 If a = (log(n) + ¢+ o(1)) /n, then a.e. G, consists of a giant
component and isolated vertices, whose number converges in distribution as

n goes to infinity to a Po(e°) random variable.

Proof. The first statement is demonstrated in the course of the second proof
of Theorem VIIL.3 in [B] (page 151). The second sentence is Theorem V.3 in
[B] (page 94) in the special case k = 1. o

For the next lemma, it will be helpful to recall the generalisation of the
product formula for the exponential in Lemma 4.19.

Lemma 6.9 Let ¢, > 0 be a sequence tending to c. Then

n _ 2\i(n—1) n
3o )

Proof. We first note that, as i(n — i) < [%J for 1 <i < n, the quantity to
be evaluated is

n2
> lim (1 — c,./n2)lTJ = ¢~/ by Lemma 4.19.
— n—o00
In the other direction, since for any 1/2 > € > 0, the number of reds 7 satisfies
lim, 0 P{i(n — 1) > (n2 (1/2 - 6)2)} =1 and hence

ol (1= co/n?)ind (n
Jm 2 - '; G)
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n— _ 2\n2(1/2-¢)? (n
<lim 3 (L= c/n) () _ o—c1/2-c)?

™ n—oo 4 on
i=1

by Lemma 4.19. Letting € go to zero now gives the result. o
We can now go to our main result.

Theorem 6.10 Suppose we are in G, ,, with

p= 2log(n) + ¢1 + o(1) and 1 — 2log(n) + c2 + 0(1)

ond g = —
n n 1 n

where the c¢; are constants. Then

Jim P{Gpqr is connected} = e~ 1/2(em1 P 4eme2?) (1 - 6—63/4) :
Proof. We first note that with probability tending to 1, the numbers of reds
and blues are both n/2 + o(n!/?*¢) for any € > 0. Hence by Theorem 6.8,
again with probability tending to 1, the reds consist of a giant component
and isolated vertices, and the same is true of the blues. Because of this, the
event that the graph is connected is (up to an error probability which tends
to zero) the disjoint union of the following two events;

1. The number of components in the reds is one and the number of compon-
ents in the blues is one, and there is an link between these.

2. There is at least one vertex which is isolated in the reds or the blues
but is joined to the other vertices by adding red-blue edges.

We first claim the probability of the second event tends to zero as n goes
to infinity. Indeed for any particular red vertex, the probability that it is not

joined to any of the blue vertices is

€5\ n(1/2+0(1))
b-2)
n

which clearly goes to 1 as n goes to infinity. Thus the overall probability of
the second event is a sum, over the Poissonly distributed numbers of vertices
isolated in their own colour, of events with probability tending to 0 with n,

and so itself tends to zero.
We may thus concentrate our attention on the first event, A say. It itself

is the intersection of three events; the reds being connected, the blues being
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connected, and there being a red-blue edge. We consider the limit, as n
goes to infinity, of the probabilities of each of these three events in turn;
as we will see, given that there are n/2 + o(n'/2*¢) reds, the answers do not
depend on the exact number of reds, and so, since the events are independent
conditional on the number of reds, it is enough to work out the individual
probabilities and multiply them together. We start with the probability that
the reds are connected. We have

p= 2log(n) + c1 +0(1) _ log(n/2) +log(2) + c1/2 + o(1)
B n B n/2

_ log(n/2 + o(n'/**)) + log((n/2)/(n/2 + o(n'/**))) +log(2) + c1/2 + o(1)
B n/2

_log(n/2 + o(n'/?*<)) +log(2) + ¢1/2 + o(1)

- n/2

 log(n/2 + o(n'/**) +log(2) + /2 + o(1)

= n/2 + o(nl/2+e)

where we use the fact that lim,_, log(n)/n® = 0 for any x > 0 to mop up
the extra terms caused by the above changes into the o(1) term. Hence by

Theorem 6.5

—e—(log(2)+<1 /2) _ —cy /2
lim P{the reds are connected} = e™* — -l/2emal?

n—oo

The proof that the

lim P{the blues are connected} = e~}/2™*”
n—oo

is identical. Hence it remains to get a good estimate of the probability that
there is a red-blue edge, conditional on the numbers of blues and reds being
as above. But we have just seen that this varies from the exact probability
that there is a red-blue edge by at most an error term tending to zero as n
goes to infinity. Hence we may approximate it by the exact answer, which is

P{there is a red-blue edge} = 1 — P{no red-blue edge}

n (1 —c3/n?)n=0("
i=0
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and hence we can apply Lemma 6.9 to see that
Jim P{a red-blue edge} =1 — g8/,
Consequently, putting all the strands together,

lim P{G,,, is connected} = e-1/2e751/2 —1/2e=2/2 (1 . e—ca/4)

n—oo

= AT (] el

In fact we have shown rather more. Since the event described as 2 in
the proof has probability tending to zero, with probability tending to one we
have that the number of isolated vertices is the sum of the number of vertices
isolated in the reds and the number of vertices isolated in the blues. As

p= log(n/2) + log/(g) +¢1 + 0(1) and = log(n/2) + 105/(5) + ¢+ 0(1)

these are asymptotically Poisson with parameters e~ /2 and e~“?/2 respect-
ively, by Theorem 6.8, and the numbers of isolated vertices in the reds and
blues are asymptotically independent, we have that the total number of isol-
ated vertices is asymptotically Poisson with parameter (e=* + e2)/2.
Note the correlation structure does show up, for the corresponding clas-

sical probability is e~ *?""* since, as ¢ = c3/n? = o(1),
g PH2tT log(n) + (c1 + c2)/4 + o(1)
- 4 - n )

The argument fails in its present form if the colours are not equiprobable;
indeed if s < 1/2, we have

(2log(n) + c+0(1)) _ 2slog(sn) +d +o(1)
n - sn

where d is a constant whose exact value is immaterial; thus p is less than the
critical probability log(sn)/sn by about (1 — 2s)log(sn)/n, which is more
than any particular ¢/n; hence, again by Theorem 6.5, the probability that
the reds are connected is in the limit zero, and the probability that all the
red vertices are joined to a blue one (the blues will, by contrast, be connected
with probability tending to 1) will also tend to zero, and so the probability
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of connectedness will tend to zero. However we can remedy this by breaking
down a between p and r in a more appropriate way. Clearly we want, if there
are about sn reds and (1 — s)n blues, to have

_logom)tatoll) . log((1=s)n) +er+o(1)
P= sn andr= (1—3s)n

for suitable choices of ¢, and ¢, to get the above argument to work. However
then, recalling that ¢ = o(1/n), we have

a=s2p+2s(1—s)g+(1—3s)r

_ slog(sn) +sc; + (1 — s)log((1 — s)n) + (1 — s)c2 + o(1)
n
so we must have sc; + slog(s) + (1 — s)log(l —s) + (1 — s)ca = ¢. Then an
analogous argument to that above will give us the non-degenerate limit

lim P{,Gp,4r is connected}.
n—oo

It is natural to ask how far these techniques may be used to investigate
the probability of connectedness for other values of the probabilities. We
consider the case where the classical graph is sparse, that is we have a = ¢/n
where ¢ is a constant. The following result of Erdos and Renyi shows that
the behaviour of such graphs with respect to their number and order of
components is critically dependent on the size of c.

Theorem 6.11 Ifc¢ > 1, in a.e. G(n,c/n) the largest component has order
N, . such that | No. — (1 — t(c))n |< w(n)y/n where
0o kk—l(ce—c)k

He)= 'lc'z Kl

k=1

so that s(c) = ct(c) is the unique root of se™* = ce™ in (0,1]; and the other
components have orders X such that (| X — (log(n) — 5loglog(n)/2) |) /7 <
w(n) for any w(n) tending to infinity with n, where 7 = ¢ — 1 — log(c).
However, if c < 1 all components are small, having orders which are O(log(n)).

Proof. The first sentence is [B] Theorem VI.11; the rest is implied by [B]
Chapter V and stated explicitly in the introduction to chapter VI. o
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This so-called double jump phenomenon was one of the earliest ex-
amples in random graph theory of a radical change in the structure of the
random graph arising from a slight change in the parameter. Much more de-
tailed results are now known about how the transition occurs, see e.g [JKLP).

We now suppose we are in Gpq with p+ g = 2e/n and p = ¢/n, ¢ = d/n,
or perhaps p = 2a/n — f/n?, q = e/n? what is the behaviour here? Of
course if @ < 1/2 then both ¢ and d are less than 1 so we will only get
small components, but (for example) if ¢ > 1 the red and blue sets will a.s.
have large components and there is interest in firstly whether the two giant
components will join up and if so how much else will join up with them.

The first question is approachable. Indeed a.e such graph has a giant
red component C; with about w (c¢)n vertices, and a similar component C,
of blues. Thus the probability that there is no edge bet2ween them will be,
by an argument based again on Lemma 6.9, (1 — q)“’(c) (n?+e(n*)) which by
the product formula for the exponential will go to 0 as n goes to infinity if
q = c/n, but will go to e=/“©’ if g ~ f/n?.

It seems harder to understand the probability of full connectedness here.
Of course it is obvious that this probability will tend to zero, from the nature
of the threshold probability for connectedness, but one might hope to under-
stand the rate at which it goes to zero, show that this is the same rate at
which the the probability of no isolated vertex goes to zero, and deduce
something about the asymptotic form of the probability of connectedness.
However O’Connell [O] has recently shown that, if o = a/n, the properties
of being connected and of having no isolated vertices no longer have the same
asymptotic probability in the classical model; more precisely, he shows that,
for any ¢ > 0, defining a > 0 uniquely by 1 —e™® = c/a,

log(P{G(n,c/n) is connected})

m(e) = lim . ~ log(1 - ¢7),
. log(P{G(n,c/n) has no isolated vertex}) ¢, (c—a)?
g(c) = lim - = log(a) o

and one can show that g(c) > m(c)¥c > 0.

6.4 The limiting probability of connectedness; small p

The other extreme is when p = 0, ¢ = 2(log(n) + z + o(1))/n, when with
probability tending to one the graph is bipartite, with classes the red vertices
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and the blue vertices. The probability that a random bipartite graph is
connected seems to have first been addressed by Palasti [Pa}; further results
were proved by Klee, Larman and Wright [KLW], and later by Saltyakov
(Sa]. The techniques used in all these papers are similar; in particular, a key
step in each proof is to prove an analogue of the result of Erdos and Renyi
that connectedness is essentially the same as having no isolated vertex. We
now give the result of [KLW] and show how it solves our problem.

Theorem 6.12 Suppose we have a random graph with vertez classes whose
orders are ny < ny respectively, where n = ny + na. Let g be fized and v be
bounded, and suppose there are £ = ny(n; — (ny — v)e~108M2)/n1) edges, qll
such graphs being equally probable. Then, if B = (ny —ni)log(n)/n — b and
v — g as n — oo, we have that the probability that the graph is connected
tends to e¢~(1+e™"),

Proof. [KLW] (some notation has been changed to avoid confusion). e

Theorem 6.13 Ifp = 0, ¢ = 2(log(n)+z)/n, limy P{G,q is connected} =

Proof. First note that without loss of generality the blues are at least as
numerous as the reds; then there are Ny = n/2 — o(n'/2*<) for any € > 0.
Thus 8 = o(n<"!/?log(n)) so § — 0 with n.

Next note that the number of edges will, with probability tending to 1 as

n — 0o, be 2(log(n) + 2)
og(n)+z .
£ = n1n2-£—g—n——(1 + o(n71)).
Indeed there will be nn, independent trials, and with probability tending
to 1 n; < n/2 + /nw(n) and ny > n/2 — y/nw(n) for any w(n) tending to
infinity with n, we see that the standard deviation of the number of edges
produced is a constant times n minus smaller order stuff, which gives the

claim. This expression is in turn equal to

(log(n/2) + log(2) + 1)

nin2 n/2 (1 + O(nf—l))

log(ng) + log(2) + x(

n

L+0(n"/2)) = ny(log(na) + (log(2) +)) +0(n2)

=nin2
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replacing n/2 by n, and n; respectively, and noting for example that the
series for log(1 + z) implies log(n/2 + cy/n) = log(n/2) + O(n=1/2).
By Theorem 6.12 it will suffice to show that this is equal to

na(ny — (ny — 7)6—(108("2))/'11) (%)
where v — z +log(2). To see this, note that (%) is
= n2n1(1 _ e—log(nz)/m) + n27e_l°g("2)/"l

= nylog(n2) + O((log(ns))?) + nay + O(log(n2)) = nalog(ne) + nay + o(ns)

using the Taylor expansion of the exponential; and the last line is the required
expression. e

In particular, in the limit the probability of connectedness is the same
as in the classical case. This in turn begs the question of how the limiting
probability of connectedness varies as ¢ varies in the range from « to 2q; for
example, is it constant? The question does not seem easy to approach using
the kind of technology we have developed, since it is possible for the whole
graph to be connected without the reds being connected, and possible for
the whole graph to be connected without the bipartite graph on the reds and
blues being connected.

6.5 Connectivity properties of RRC graphs

In the previous sections, we have seen that we have to work quite hard
to get the correlation structure showing up in the limit in our models for
connectedness. In this section we deal with connectivity, that is the strength
of connectedness for a connected graph, where as we shall see rather more

satisfactory results seem to be possible.
There are various measures of connectivity. They include the following;

Definition 6.1 The vertex-connectivity « (G) is the minimum order of
a set of vertices whose removal renders G disconnected.
The edge-connectivity A (G) is the minimum order of a set of edges

whose removal renders G disconnected.
(Fiedler’s) algebraic connectivity u(G) is the second smallest eigen-

value of the Laplacian matriz V (G), where we recall that V(G) = D — A
where D is the diagonal matriz with the degree of vertez 1 in the ith position
and A is the adjacency matriz of G, defined by a;; = 1 if the vertices 1 and
§ are adjacent in G and a;; = 0 otherwise.
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Another commonly used measure of connectivity is the minimum degree
d(G). Closely tied up with connectivity is the diameter of the graph;

Definition 6.2 The diameter d(G) of a graph G is the mazimum, over all
pairs T # y € V(G), of the lengths of the shortest path in G from = to y (we
put d(G) = oo if G is not connected).

It is not hard to see that 6 > A > k > u. Given § > A > & positive integers,
it is possible to exhibit a graph with minimal degree 4, edge-connectivity
A and vertex-connectivity &, but this behaviour is atypical in the classical
model, as the next result makes clear.

Theorem 6.14 Let a G, evolve, by adding one edge at each time 1,2,...,
and let k = k(n) be any function from {1,2,..n} to {1,2,...(n —1)}. Then in
a.e. G, the vertez-connectivity (which is a non-decreasing function of time)
first becomes k at the same time as the minimum degree first becomes k. In
particular, for a.e. G,, § = k.

Proof. [B], Theorem VII.4 e

(We will see in Theorem 6.15 below that in G, with a constant, 4 is clas-
sically of the same order of magnitude as é and k). However the analogue of
Theorem 6.14 cannot be true in general in G, g; for if ¢ is very small (order of
magnitude 1/n?) there will tend to be at least two monochromatic compon-
ents which may however (e.g if p is constant) have large minimum degrees.
Similarily, the fact that in the classical model a.e. graph has a Hamiltonian
cycle as soon as it has minimum degree at least two ([B], Theorem VIIL.9),
cannot be true in such a G, 4 model; for although the minimum degree will
be (as we have seen in Chapter 4) at least as large as before, the fact that
there is no connection between the reds and the blues means there can be no
Hamiltonian cycle. This at least suggests that the measures of connectivity
are more spaced out in our models; we explore this notion.

The only previous result relating connectivity in our situation is the fol-
lowing, for which a preliminary definition is required.

Definition 6.3 A sequence X, of random variables is said to be o(n") in
probability if V6 > 0 and K > 0 3no such that

Xn
n>n0=>P{|;1-|>K}<6.
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Theorem 6.15 Let a, p, ¢ and r be constants. Then given € > 0, we have
© = an + o(n***%) in probability in G,.

If we have 1 reds and n—1 blues, with red-red edges arising with probability
p, blue-blue edges with probability r and red-blue edges with probability q, then

1/2+e)

p==0n+o(n in probability, where

6 = min{q, P+ qr(ln — z), qi + rr(ln — z)}.

In particular, if ¢ < min(r,p) p = qn + o(n/?*+¢).

Proof. [Ju] e
We now use this result to obtain a result for our model.

Theorem 6.16 In ,G,4,, Ve> 0,
= Bn+o(n'/?*¢) for a.e. graph, where § = min{q,q(1—s)+ps, gs+r(1-s)}.

Proof. Given ¢ > 0 a.e. ,Gp,, has between sn — n'/>*</2 and sn 4 n!/2+¢
red vertices. Hence
pitan=i) g(1 = s) + o(n™"/**) and
n
qi +r(n—1)
n
Hence, for a.e. ;Gpq,r,

= gs + (1 — 8) 4+ o(n~1/2*e),

. t+qn—1) g +pln—1
9=mm{q,p qy(l ), r(z )}

= min{g,q(1 — ) + ps,gs + r(1 — 8)} + o(n~1/2%),
Since o(n~1/?*¢/%)n is o(n'/?*<) the result follows. e
Hence, for example, in Gpg if p > ¢, 0 = gbut if ¢ > p, § = (p + q)/2;
again there is different behaviour for p > g and q¢ > p. It is easy to see,
simulating graphs in Gp4 on 500 vertices, that the observed behaviour of y

is close to that described by the above theory; in fact, this yields the further
insight that the connectivity seems to continue to be an increasing function
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of ¢ (though less rapidly) for ¢ > p; whereas for ¢ < p it increases linearly
with g, here it only increases with the square root of g roughly; this will be
caused by the slight imbalance in the numbers of reds and blues (which is of
course of size order y/n); causing one of (pi+q(n—1))/n and (gi+r(n—1))/n
to be slightly smaller than the other.

Juhasz remarks that his article was motivated by the idea that x manifests
the extent to which the graph is breakable into two blocks, so that a similar
result holds in our models is unsurprising,.

It seems likely that there is a generalisation to several colours, with the
weakest link again controlling the size of z, but we have not formalised this.

What can we say about the other two measures? We start with A, using
the following lemma.

Lemma 6.17 If a graph has A\ < § then its diameter is > 3.

Proof. [P]] e

This suggests the diameter may give us a grip on when A # 4. For this,
we shall require information on the diameter.

Theorem 6.18 Suppose ¢ > 0 is real, that d > 1 is an integer, and that

2
d,_d-1 n ; an _
a’n =lo (—) and lim (———————) = 0.
5\ ws \ (log (n))?

Then
lim P{d(G,) = d} = e™* and lim P{d(G,)=d +1} =1-¢".

In particular, iflim,_, p*n = 00 and lim, ,o pn—2log (n) = 00 a.e. G(n,q)
has diameter 2.

Proof. [B], Theorem X.10 and Corollary X.11 e
This allows us to deduce something about the behaviour of A;

Theorem 6.19 A.e. G, with p and q non-zero and constant has A = 6.

Proof. By Theorem 6.18 a.e. G, with a constant and non-zero has diameter
2. Clearly the diameter of our G, 4 is bounded above by that of Gpin(p,q) and
below by that of Gmax{pq}; Since both these are 2 for a.e. graph, a.e. G,,
has diameter 2. Hence, by Lemma 6.17, a.e. such graph has A = 4. o
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Hence, using Corollary 4.22 and the fact that the minimum degree of a.e
Gpq is n — 1 — A where A is the maximum degree, A will be larger than
classically for a.e graph. (Of course when ¢ = 0 a.e. G, is disconnected and
s0 has A = 0 but will still have large . Also note the result is for p and ¢
constant; if ¢ = ¢/n? with ¢ constant, clearly A will be close to ¢/2 but § will
still be large).

x seems to be rather harder to say much about; however it seems highly
likely that it will like 6 and A be of about the same order of magnitude
as classically, since in a.e. graph every vertex will have about an + o(n)
neighbours.

We close this section with some more remarks about the diameter. We
saw in Theorem 6.18 that the case when a = ¢/+/n is where the result on
where the diameter being 2 breaks down, so let us analyse what happens
then somewhat more closely. Suppose

aad—a+ba,nd—a_b
P= e T e

where of course —a < b < a. Let ¢ # j be two vertices, and consider
Hn (paq) = P{d(l,]) > 2 iIl GP»']}‘

Now conditional on whether or not the vertices 7 and j are the same colour,
the event d(i,5) > 2 is the two independent events that ; and j are not
adjacent, and that for all other vertices £ € {1,2,..n} — {i,5} the path
i —k — j is not present; thus

a =

H,(p,q) = %(l—p) (1—%) ) +%(1—q)(1_pq)n—2

so that

-(02+b2) n e_(az_b2)
lim H, (p,q) = ¢ 5 = e~ cosh (bz)

n—oo

which is symmetric in p and ¢ (unlike Hy), is uniquely minimised by b = 0 for
fixed a, and we can get H, to be arbitrarily close to 1/2 by taking b as close to
a as we like. (Note that a.e. graph with these probabilities is connected, by
Theorem 6.5). Thus the behaviour of the diameter at this critical probability
distinguishes between G, and G,4. Again the symmetry is misleading for
the more general question of the probability that two vertices are at distance
at least k£ from each other.
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6.6 Isoperimetric inequalities and the concentration of
measure.
A consequence of the fact that 4 is small in G, for small values of q is that,

crudely speaking, the graph G will have less good expanding properties. To
formalise this, we have the following definition;

Definition 6.4 A graph G on n vertices is said to be an (n,c)-magnifier
for some ¢ > 0 if, letting N(X) denote the set of vertices adjacent to the
vertices in X,

VX C V(G) such that |X|§gwehavc INX)-X|>c|X|.

(An inequality of the type mentioned in the definition, or more generally one
relating the number of points at distance at most k from sets A to the order
of A is called an isoperimetric inequality). This notion is then used in
Theorem 6.20 If G is an (n, c)-magnifier, then

2

c
> .
w2 i
Proof. [Al]. e
Sharper results are possible for special classes of graphs, e.g regular
graphs.

Theorem 6.16 above on x4 in our models thus implies that the graph will
(for p > q) be a less good expander than classically. Our results also imply
that certain functions on the graph will be less tightly concentrated than
classically. This we formalise through the following definitions and theorem.
It will be helpful to turn G into a probability space by putting the uniform
distribution on its vertex set; then a function on G can also be thought of as
a random variable.

Definition 6.5 1. A function f: V(G) — R is said to be Lipschitz if
| f(z) = f(y) I< d(z,y) Vz,y € V(G)

where d is the graph distance.
2. If f is a random variable, a Levy mean for f (which need not be
unique) is a number My such that

P{fZMf}Z%andP{fSM,}Z%
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Theorem 6.21 Let G be a graph such that whenever f is a Lipschitz func-
tion on G with Levy mean My, we have P{| f — M; |> t} < a. Then for any
subset A of V(G) with P{A} > 1/2, we have, letting Ay denote the set of
points at distance at mostt from A in the graph metric that P{Ay)} > (1—a).

Proof. [Le|, Theorem 6. o

So if we have a worse isoperimetric inequality, the concentration of these
functions cannot be as tight as it would have been in the classical model.
Another simple reason why various invariants are less tightly concentrated
in our models is that usually there will be a slight imbalance between the
numbers of reds and of blues, so that the value of the invariant on the reds
and on the blues are slightly different (despite the fact that red-red and blue-
blue edges arise with the same probability). This ties up with our remarks
in Chapter 5 on the failure of the martingale inequalities in our models.
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7 Complete graphs and cliques

7.1 Introduction

In this chapter we discuss the closely related subjects of cliques, chromatic
numbers and independent sets in our models. Here again there is an extensive
theory for the classical model, and many of the results have been sharpened
substantially since the appearance of [B]; see [B1] for a summary of some of
the progress, much of which is concerned with obtaining tighter concentration
results by the use of martingale inequalities. We recall the basic definitions;

Definition 7.1 A complete subgraph of order r in a graph G isC C V,
with | C |=r with all r(r —1)/2 edges between these r vertices present in G.
A clique is a complete subgraph of G which is mazimal with respect to
the inclusion partial order on subsets of V', so that it is contained in no other
complete subgraph.
The clique number w (G) of a graph G is the order of the largest clique
n it
There is no uniform terminology in the literature; some authors use the term
clique for what we have described as a complete graph. Cliques arise in
many applications, including design of sequential logic networks in electrical
engineering, Bayesian statistics for expert systems in medicine and artificial
intelligence, and in taxonomy. There is also a link with ESS theory via the

following result;

Theorem 7.1 Suppose A is an n by n real symmetric matriz with a;;=0 for
i=j, otherwise a;j = 1. Define a labelled graph G(A) on {1,2,..n} with an
edge between i and j if and only if a;;=1. Then there is a bijection between
the set of supports of ESSs of A and the set of cliques of the graph G(A).

Proof. See [CV]. o

There is thus considerable interest in finding all cliques of a graph. Whilst
some effort has been made to get good algorithms for the problem, it is
intrinsically difficult; for example, ascertaining whether a graph on n vertices
has a clique of order > k is an NP-complete decision problem. (A decision
problem is a question to which the answer is "yes” or "no”; an instance of
it is any object to which the question is addressed; a decision problem is in
NP if, given an instance for which the answer is ”yes”, there is a certificate
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verifying the fact which can be checked in polynomial time; in the case of the
clique for example, by checking that all edges between the r > k vertices are
present, and that no other vertex in the graph is adjacent to all r vertices.
A subclass of the NP-problems are the problems in P, which is the class of
decision problems for which there exists a polynomial time algorithm which
solves every instance of the problem in polynomial time. It is not known
if NP is a larger class than P, but the two classes are widely believed not
to coincide. The NP complete problems are a subclass of the NP problems;
if any one NP complete problem could be solved in polynomial time, then
every problem in NP could be solved in polynomial time. See [ShTa] for more
on this; for our purposes, we need only note that it means that the problem
is hard). Thus it is of interest to study random behaviour. We summarise
the basic facts about the likely numbers and orders of cliques in the classical
model;

Theorem 7.2 In G,, for a constant andb=1/a, given0 < e < 1/2 a.e. G,
has no clique of order less than (1 —€)log,(n) or greater than (2 + €) log,(n),
but at least one clique of each order r between (1+¢€)log,(n) and (2—¢)log,(n).

Proof. [B] Theorem XI4. o
Dual in some sense to the notions of complete graph and clique is the
notion of an independent set;

Definition 7.2 A independent set of order r in a graph G is a set of r
vertices where none of the r(r —1)/2 possible edges amongst those v vertices
are present. The independence number i(G) of G is the order of the
largest independent set in G.

Since a complete graph in G is an independent set in its complement (the
graph which has the same vertices as G and an edge between two vertices
if and only if the corresponding edge is not present in GG) we see that the
probability that some set of vertices form a complete graph in I'(n, k,s, P)
is equal to the probability that the same vertices form an independent set in
I'(n,k,s,J — P) where as before J is the k by k matrix of ones; this allows
us to translate many statements about the random behaviour of cliques into
ones about the behaviour of independent sets, and vice versa.

Definition 7.3 The chromatic number x(G) is the smallest number of
colours with which we can assign a colour to each vertez of G in such a way
that no two adjacent vertices have the same colour.
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We re-iterate that these proper colourings have nothing to do with the
notion of colouring which underlies our models.

Theorem 7.3 In G,, with a constant, we have, with d = 1/(1 — a),

X (Ga) = (%—i—o(l)) for a.e. G,.

loga (n)
Proof. [B1l] Chapter 4, Theorem 5. o

It is easy to see that x(G) > w(G); the previous result makes it clear that
in general it is substantially larger.

7.2 Expected numbers of cliques and complete graphs

We now consider what can be said about expected numbers of cliques in
our models; the method will also give the expected number of complete
graphs and independent sets. Let the random variables X, , Y; and Z, be the
number of cliques of order r, the number of complete graphs of order r and
the number of independent sets of order r respectively; if we need to make
it clear in which model, we will do so.

Theorem 7.4 In I'(n,k,s, P),

i<3

where the ni, 1 < i < k satisfy ni > 0 and $f_; ni =r, and (with the same
notation)

E(Yr)=(:f) 12 (nl’ )HS Hp"‘"’tl;llpt(:”t)

Ny, Nk =1 1<y

Proof. We give the argument for X, and then comment briefly on the modi-
fication needed for ;. First note that by linearity of expectation, considering
each r-subset of V(G) separately, the answer is (:) times the probability that
r particular vertices form an r-clique. This event in turn consists of these r
vertices forming a complete graph and, for each of the other n — r vertices it
being untrue that that vertex is joined to all of the r vertices. Observe that
whether or not each of these n — r vertices are joined to all the r vertices
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happens independently conditional on the colours of the r vertices. Thus,
conditioning on the colours of the r vertices, and each of the n — r other
vertices, we see that, letting n; be the number of the r vertices which are of
colour 7 so that 35, n; =7,

E(Xr)':(n) an (nl’ )Hs EPMJEP‘(‘?) (1—§sagp25)"_r.

For Y, the only modification required is that we no longer need to worry
about whether the other n — r vertices are or are not joined to the complete
graph and so the formula becomes

o= (") () e T I

1<

Corollary 7.5 The number of independent sets of order r, Z,, satisfies

E(Z,) = (") mz (nl,' )Hs ]’[ 1 — pij)™™ ﬁ (1 - pur) (¥

r Ve Tike 1<J t=1

Corollary 7.6 In G,, we have
n d r{r— —t(r—1 L] r—1 ptqr—' + q’pr_' T
(R ===

E (K) _ (n) A" (:) pr(r—l)/z_.‘(r._,')q,"(,._i)

and E(Z,) = (Z) Z (2") (1 _ p)r(r—l)/2—i(r—i) (1 _ q)i(r—;’) .

Proof. These formulae are immediate substituting the relevant parameter
values into the general formulae in the preceding theorem. o

The above formulae require interpretation if any of the p;; is zero, as then
problems about the value to assign to 0° arise; we note that the interpretation
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0° = 1 is appropriate here. In particular, in G, if ¢ = 0 r vertices form a
clique if and only if they are all the same colour, all edges amongst themselves
exist and for each of the other n — r vertices, not all the edges to the r-set

exist, so that
r(r-1)/2 r\ n—r
ny\p 4
E(X,) = _.__)
(Xr) (r) 2r-1 (1 2

and if p = 0 so that there are no triangles and so no complete graphs of order
> 3, we see that (since any edge is now a 2-clique)

E(X,) = w and E (X1) = n (1 - g)"_l.

We first use this to get an estimate of the actual number of independent sets,
using Lemma 5.5.

Theorem 7.7 In G,,, E(Z,) is asymptotically, as r and hence n go to

r

and (n) ((1 —a) - (p— a)2) A ifp<a.

r

Proof. We have

E(Z)= (n) Sr‘_‘ Q (1- p)f(r—l)/2—i(r—i) (1- q)i(r—i) .

"
r)o 2

. n _ r(r-1)/2 . Q 1 r(r—1)/2—i(r—1) 1—2 i(r—i)'
—(r)(l oy (1) (1-2)

where z = (a —p)/(1—a) has | z |< 1. Consequently we may apply Lemma
5.5 to conclude that

210g ( r Q (1 + z)r(r—l)/2—i(r—t') (1 _ Qt)i(r_i))

1=0 9r

rli{& r(r —1) = log (1 +z)

if 0 < z < 1, that the limit is zero if z = 0 and that it is

_log(1—2%) i

5 f-1<z<0,
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the error term being O (1/r) in each case. Hence if r goes to infinity with n,
we see that

3 -(él (14 ) D= (gD - (14 gy D200 40 < 4 < 1,
1=0

r(r-1
and (1—:):2) ( )/460(') if —1<z<0

and is 1 if z = 0. Hence the expected number of independent sets of order r
in Gp 4 if r goes to infinity with n is

- r(r—1)/2
(:) (1- 04)'('_1)/2 (1 + %) P ifr e (0,1) & p> q,

— P\ 2
(") (1—a) D2~ (a——p) Jrr=D/M00) if e (~1,0) & p < a
r l-a
and is of course equal to its classical value otherwise. This gives all the claims
on simplifying the formulae. o
Note that, as in Lemma 5.5, the implied constant in the O statements

will depend on p as well as a.

Corollary 7.8 The expected number of complete graphs on r vertices in G, ,,
as r goes to infinity with n, is

r(r—1)/4 .
(n)p'(’_l)/2eo(') ifp>aand (:) (a2 —(a —P)2) ( e ifp<ae
r

For p > a the error term in Corollary 7.8 always reduces the expectation,
as the probability of the complete graph is clearly bounded above by its
probability in G,.

It is worth considering the implications of Corollary 7.8 for the situation
where we consider the probability of some sequence of events B,,, where each
B, is that some collection of edges containing a complete graph of order
g(n), where lim,_, g(n) = 00, arise. The corollary says that for large n this
probability is close to the probability of B in G,, in the sense that

1

144



so the bound Ppe{B,} < B,{B,} is less crude than one might imagine.

Another case where we can say something about the probability that some
set of n vertices form a complete graph is when both p and ¢ are of order
n~%. We shall require again the slight generalisation of the usual product
formula for the exponential in Lemma 6.9.

Theorem 7.9 Suppose p = c/n?, q=d/n®. Then
11{2, P{n vertices form an independent set} = e~
In particular the limit depends only on c+d rather than c and d individually.

Proof. The expression to be evaluated is

- Q _ pyp(n=1)/2=i(n=i) (1 _ yiln—i)
nll)r{}og on (1-1p) ( q)

n i(n—1)
n i 1 —
= lim (1—p)""""" lim 3° —(,,) (——)

n—o0o =0

(since, as we shall see, both limits exist)

n [ _ i(n—1)
= lim (1-p)""Y” lim 3~ (—) (1 + p—q)

n—oo i=0 n 1- Y4

n i(n—i)
eyntn-vz o (7) c—d )
— 1 _ 14— .
= lim (1 n2> "li’%mo o + I 5)

1n—00 .

By the lemma, the the first limit is e~%. As in the proof of 6.9, the second
limit is esI—d, and the result follows multiplying the two limits together. e.

The result for p and ¢ constant above suggests that the number of com-
plete graphs of order r looks, ignoring the small order term, lilfe a monotqne
increasing function of p (in G, subject to fixed a), for r going to infinity
with n. It is natural to ask if more generally the number of complete graphs
of order r is a non-decreasing function of p. (The case of r = 2, when the
expected number of complete graphs of order 2 is the expected number of
edges, which by linearity of expectation is a constant function of p, makes
it clear that it is not always a strictly increasing function). Note that this
claim is consistent with the fact that the complete graph is more likely to
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arise than classically if p > ¢ (which follows from Theorem 3.1) and is less
likely to arise than classically for p in some neighbourhood (a —¢,a) if p < ¢
(by Theorem 3.7, since the newgirth of several edges put together to make a
complete graph is of course 3). To investigate the question, we start with the
formula in Corollary 7.5 for EY; in G, 4. Setting z = (p — a) /e, and taking
out the term in a™("~1/2 we see that it is enough to show that the function

fale) = an () (1+ )" D2 (1 gyitn=i) (4

1=0 2"

is an increasing function of z for z € [-1,1].

Initial investigations using the computer to expand out the right-hand
side of the formula for f,(z) for several values of n, as a polynomial in
z, YD g et suggests that the coefficients a; are always non-negative
integers; if this is true, it would imply the function is increasing for z € [0, 1].
It also seems that if the large power of 1 + z dividing f, is factored out, the
coefficients of the quotient have alternating signs, which would imply that
f. has no roots in (—1,0] so has the same sign in the whole interval; since
fa(—=1) = 0 and f,(0) = 1 that sign must be positive, so f, is increasing on
[—1,0] also. However proving this seems harder. Note that

n 2 (%) fn(n -1)/2 —i(n - i)) [yi-i (i(n - i))
m_ggw( . = (1

(where again any (:1) where n < m or either n or m is negative, is taken

to be zero). It may be worth noting that not all of the summands in the

summation are integers. It seems likely that the a,, are in fact counting some

quantity, but we do not see how to prove this.

Note that in any interval (a,b) where f, is convex and f{!(a) > 0, f is
increasing; for convexity implies that f?)(z) > 0Vz € [q,b] so f(z) is an
increasing function; since f{"(a) > 0, this shows that f{!)(z) > 0Vz € [a, b]
and so f, is increasing on that interval. However the function is not always
convex. Indeed for any n, as a2 = 0 by essentially the same calculation as
shows Var€,, = Var&,, we have f®(z) = n(n — 1)(n — 2)z + ... which is
< 0 for z € (—¢,0) for some ¢ > 0 so f, is not convex there. In fact our
computer calculations suggest that f(* > 0 except in some interval (an,0)
where a, < 0 and a, — 0, but again this seems harder to prove.
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Note that for n odd the polynomials are symmetric, that is if we write
them as f, = Z?z('(')_l)/2 a;z', Un(n-1)/2—i = a;. For indeed this is equivalent to
(as is easily checked) z**~1/2f(1/1) = f(z) for all non-zero z, and it is easy
to check that this holds (using the fact that, as n is odd, i(n — 1) is even for

all values of i, so that (—1)"=") =1 in all cases).

7.3 Clique, chromatic and independence numbers

We now try to obtain at least an estimate of the variance of the number of
complete graphs of order r. We are motivated by the notion of using method
of moments ([B], page 4) to estimate the probability that there is at least
one complete graph of order r; this method is powerful classically, see [B,
section XI.1]). We have just seen that

EX, = (n) i @pf(r—l)ﬂ—i(r—i)qi(r—i)'
r] iz 2

Now suppose we have two r-subsets of V(G) which have s vertices in common;
note that there are ('r‘) (’) ("") such pairs of r-subsets. If we condition on

8 r—s

there being i reds amongst the s common vertices, j reds in the r — s vertices
which are only in one of the two sets and k reds in the r — s vertices which
are only in the second set, we see that the number of red-red edges (all of

which of course must arise for us to get two complete graphs) is

(GG = 1) +i(i— 1) + k(k = 1))/2 + 1) + ik,
the number of blue-blue edges is
((r=s=r—s—j=1+(=Ds=i=1+—s=k)r—s=k=1)/2

F(r—s—j)s—i)+(r—s—k)s—i),
and the number of same-same edges is thus the sum of the above two numbers

: .8l s .
fG, g krs) = j2+ kP i+ 20f +2ik 47" —rj = = =4 S 4 si—rk—2ir

and hence we get that E (X?) is given by

r $ r—8r—s f(i,j,k,r,s)
@) OO0 ==
‘;Z(:]]z:%kz.—_-;)q (q i J k r S r—g ) Qr—s
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The messy nature of this expression hardly needs emphasising!

Since the numbers of complete graphs of different orders are clearly cor-
related (for example, the existence of a complete graph on r vertices implies
the existence of at least r complete graphs on r — 1 vertices) it would be
harder to get a good grip on the variability of the total number of cliques.
However it seems intuitively likely that in the cases where the number of
cliques has a multimodal distribution - which, as we shall see shortly, is quite
common in our models - the variance of the total number of cliques will be
higher than classically.

We close this section with some remarks on the clique number. In G,
w(G) is almost determined,;

Theorem 7.10 Given natural numbers n > r, let ro be the positive real

t
number such tha b1 /2pr0(r0_1) /2

Var(n — ro)rrori/arg 2

(note the lefi-hand side is the ezpression for EX,, with the factorial replaced
by its Stirling approzimation). Then, for a.e. Go there is a constant mo(G)
such that for n > mo(G),

=1

log,, logy(n) r log,, log,(n)
[ro(G) — 2_log_,,(_n)—J <w(G) < [ro(G) + 2—10gb(n)

where b= 1/a, and
e 3
| w(G) — 2logy(n) + 2log, log,(n) — 2logb(§) -1|< 5

Proof. [B] Corollary XI1.2. e

We now consider what happens in our case. The typical variation in the
number of reds or blues will be n/24 K+/n, so that, if ¢ is much smaller than
p, so that the largest clique order is likely to be determined by the largest

red clique and the largest blue clique, we will have

w(G) ~ 2log,(n/2 £ K+/n) — 2log, log,(n/2 £ Kv/n)

K K
= 2logy(n/2) + 2log(1 £ =) — 21ogy(108(n/2) +logy(1+ )
=~ 2logy(n/2) — 2log, log,(n/2)
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where now b = 1/p; and so, in this case at least, we again see that the clique
number is close to being determined, though it seems unlikely that it will be
as tightly determined as in the second inequality in the previous theorem.
Of course this approach gives no insight into the case when ¢ > p.

We now make a few remarks about the closely related subject of the in-
dependence number. Since the largest clique is, for o fixed, asymptotically
of order 2log(n)/log(1/a) in the classical model, the largest independent
set is asymptotically of order 2log(n)/log(1/(1 — «)), and if p,q are con-
stant and non-zero, this implies, since the probability that r vertices are an
independent set is bounded below by (1 — max{p,q})""~1/2 and above by
(1 — min{p, q})""~1)/? that the size remains of order of magnitude log(n).
However, if we pass to asking about the order of the largest independent
set in a random bipartite graph (this is defined in the same way as before,
and is still denoted by i(G)), the situation changes dramatically; the largest
independent set becomes of order a constant times n. That this is the ap-
proximate order is clear, since if p = 0 there are no red-red edges, so the
about n/2 reds are such an independent set. This suggests that our models
may be a suitable context in which to understand the transition of the size
of the largest independent state from being of order about c; log(n) to order
about con. However it is not clear how to proceed in detail with this idea.

We next make some remarks on the chromatic number as p and ¢ vary
with their sum fixed. If ¢ = 0,p = 2«, and n is large, there will be two
components of order about n/2, which we can colour separately; thus, by

Theorem 7.3
Goa) ~ (4 o(1)) L2
X(Gpgq 9 logl/l—Qa(n/z)

N (l +o(1)) n 1081/(1—a)(n/2) .
~ 9 108} /(1-)(12/2) 21081/(1-24)(n/2)
Since the first fraction is approximately the chromatic number of G, we see
that the value here divided by the classical value is approximately
108, (1-a)(/2)
2 lOgl/(l_za)(n/2)

which using the formula log,(b) = log(b)/log.(a) to put all logarithms into
the natural base e, and simplifying (recalling that log(1/z) = —log(z)) is

log.(1 — 2a) a o 3ot
OB T2 2y
2log. (1 — a) 2 + 2 + 4 +
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which is close to, and slightly greater than, the classical value. On the other
hand, if ¢ = 2o and p = 0, the graph is close to being bipartite and so its
chromatic number will be close to 2. It would be interesting to know exactly
where the maximum value is.

7.4 Asymptotic theory on expected numbers of cliques

In this section we address questions about asymptotic numbers of cliques and
choosing parameter values to maximise them.

The argument for how to maximise the expected number of r-cliques as a
function of « in the classical model is easy but I do not know a reference. We
differentiate EX, = ( ) rr=1/2(1 — a")"~" with respect to o; a is a turning
point & a" = (r—1)/(2n—r—1); thus there is only one turning point which
is a maximum as f(a) > 0 on [0,1] and is zero at both ends. At this value

of a,
Bx. — ™ ( r—1 )(f“)”( 2n — 2r )"—'
r)\2n—r—-1 2n—r—1

which by Stirling’s formula is asymptotically

( r—1 >(r 1)/2( o — 2r )"—' (n/e)*V2mn

on—r—1 2n —r —1 (r/e)V2rr((n —r)/e)*r+/2n(n — 1)
(T' _ 1)(r—1)/22n—rnn

9rr(n — r)/nrr(2n — r — 1)n=(+1)/2’

In particular, if n = ar for some constant a > 1, this is

(£=L)r=1)/2( ety [ aQal)

(2a-1)=-1/2 2n(a-1)r
((2(2;'1)1'):1)(a—1/2)r—1/2

which by the product formula for the exponential is asymptotically

a®2®! e | 0(20—1)
(o) "N oo
(2a - 1) 2m(a — 1)r
maximised for ((a*2°~1)/((2a—1)*"1/2))/¢ maximal; its logarithm is log(a)+
(1—1/a)log(2) — (1 —1/2a)log(2a — 1) which has its unique turning point at
a = 2.5, when the expected number of r-cliques is about 1.6287(1.25)" /\/n.
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A somewhat trickier calculation [CV] shows that the expected total num-
ber of cliques E(X) = Y.r_, E(X,) satisfies

/ e=/2 (6—712 (1- e-w))" s
z=0 \/27r:1: 1-1) z%(1 —z)l-=

where ¥ = —nlog(a) which is maximised for @ = 275/, when it is about
1.126(1.25)". For this value of o, the maximal value of E(X,) is asymptot-
ically the same as that obtained in the previous paragraph, when we set out
only to maximise E(X,).

We now consider what can be said in G, ,. We again start by considering
the case of constant p and q.We have

r

: n i) rre1)/2mi(rmi) i(r—i i S A
E(X,)in Gpq = ( ) E (5')—1) (r=1)/2=i(r=3) il )(1 _ ; )
1=0

Putting ¢ = 2a — p and expanding about p = a on the computer, we see that
the coefficients in (p — @) and (p — a)? are zero, and that the one in (p — )3
is

r(r—1)(7) (1 = a") e’V (@(2r — 30+ 2) +7 - 2)

6a3

and consequently

Theorem 7.11 In G, , with p and q constant, p = o 1s a point of increasing
or decreasing inflezion according as a"(2r — 3n + 2) + r — 2 is positive or
negative. ®

In particular, if 7 < (3/2 — €)n for some € > 0 when n is sufficiently large,
p = a is a point of decreasing inflexion.
Another case in which we can say something is when we put

— ¢ and — _d—
P=Tn =y T Ty

Then, for fixed r, using the product formula for the exponential for each
value of 7, we have

(n — r)('_l)/2EXr r c'("l)/2—i(f—i)di(r—i) (:)B_Ld"l;d‘_c"_'

A @) 2 o

T
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Thus we put d = 2a — ¢ and look at the ratio of this to its classical value

EX, in G
(c.) = Jim X0 Cra
g(c;0) = lim oo

L (r) i r—iy r—i i 2a — ¢ ; N C . ,
= A (0T o= (' (2a—¢) T 4" (2a-)) /2 £ T TNi(r—i)  Zyr(r=1)/2~i(r—1)
2 5 (e (=) .

For r = 1, this expression is equal to 1 clearly, so that the expected number
of isolated vertices is (in the limit) independent of ¢; of course this can be
proved, without taking limits, as in Chapter 6. For r = 2, we have

g2(c,a) = 6“2(e‘(°2+(2“'°)2)/2(c/2a) + e (20=9¢2*/2(2g — c)/2a)/2

= (e_(c_“)2/2(c/2a) + ele=/2(2¢ — ¢)/2a)/2
which is €**/? if ¢ = 0 and e~/ if ¢ = 2a. We might well expect that this is
a decreasing function of ¢. To prove this, note that

dg, e‘(c‘“)2(1 —2¢% + 2ac) + e(c“’)2(6ac —4a? - 2¢* - 1)
de ~ 8a
202 —2ac—1 2(a—c)2
— = *
0©6ac—4a2—2c2—1 ¢ (*)
which certainly holds for ¢ = a; to see that there are no other solutions, note
that the numerator on the left-hand side of (%) is less than zero if and only if

a—Va?+2 a+\/a2+2)
2 ’ 2

but this covers all values of c of interest as ¢ € (0, 2a); thus, as the right-hand
side of () is > 1, we thus must have

c € (

—1—2ac+ 2 < 6ac—4a?—2¢* — 1 & 4c> —8ac+4a> <0

which implies that ¢ = a as before. We next show that f(?) is zero at ¢ = a
so this is a point of inflexion; we check (on the computer)
d*g, (€79’ (4a — 8ac + 4a’c — 6c + 4¢%)
dez 8a
+e(°“’)2(—4c3 + 16ac? — ¢(20a? + 6) + 8(a® + a))
8a
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so if (x) holds we can substitute for e2(c-2)* and thus

—4e™(9" (g — ¢)(8ca® — 20c%a? + 6a? + 16ac® — 6ac + 4c* + 3)
2a(6ac — 4a? — 2¢? — 1)

which of course is again 0 at ¢ = a. It is also easy to check in the same way
that

@, _ =3 _,
!]2 lc:a a <

and so ¢ = ¢ is a point of decreasing inflexion.
The next case is r = 3, when

Be3a() 4 3(¢3 — dac? + 4a’c)esle—<)
g93(c,a) = 12

isOatc=0,1atc=aand 2¢73 if c = 2a so has at least one maximum
in (0,2¢) if a > (E2)1/3 = 0.613623.... We can compute the first few

derivatives at ¢ = a (on the computer) and deduce that

3(a® - 2)
2a

(3a3 —1)

gs(c,a) =1— —'—aa—(c’- 0)3 + (c— a)“ + ...

s0 ¢ = a is a point of increasing inflexion if @ < (1/3)!/3, and of decreasing
inflexion if a > (1/3)!/3; if a = (1/3)'/3 the fourth derivative is negative and
$0 it is a maximum. Since ¢ = a is only a point of inflexion in general, the
actual maximum must be elsewhere; use of the implicit plotter in MAPLE
suggests, that, for small values of a there may be several values of ¢ which
give a turning point, and it is often not too hard to get the computer to give
a solution ¢ # a for a particular value of a but it seems harder to comment

mathematically on these roots.

7.5 Bimodality of the expected number of cliques
We know that, in the classical model, for given a, there is an essentially
unique value of r which maximises E(X,). Indeed

E(Xr-H) (,-I]) a(r+1)r/2(1 . ar+l)n—r—1 B (n _ r)a’(l _ ar+1)n—r—l

E(X,) (’r')a("l)'ﬁ(l —ar ) (Pl —a)r
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which is a strictly decreasing function of r, and so either there is some value
of r for which E(X,) = E(X,4) are the two maximum values of the expect-
ation (for example, if n = 3, @ = 1/v/2, E(X;) = E(Xy)), or the maximum
is unique. [CV] shows that if o is constant, this modal clique order is asymp-
totically log,(n) — log, log, log,(n) where b = 1/a. In fact of course, in the
classical model, we also know that the distribution of clique orders is tightly
concentrated around the mean.

In our models, however, numerical investigations rapidly make it clear
that E(X,) often has several maxima. The idea is clear; in G, a.e. graph
has complete graphs of all orders less than w(G) =~ 2logy(n). Now with
probability tending to 1 there are n(l + o(n"))/2 reds and blues, for any
k € (—1/2,0], and so the largest complete graphs in the reds or the blues
are of order about 2log,/,(n); the argument is now that if ¢ is sufficiently
small, the prospects of a multicoloured clique with large numbers of vertices
of both colours, of order near 2log;/,n are very small. However a precise
result on just how unlikely this is seems rather harder to come by.

Note also that our computations suggest that with several colours it is
possible to have several modes.

7.6 The evolving clique in Gp,.

Another approach considers a given clique evolving in time. (For another
kind of evolution, see [W)). In the classical form of the evolution we consider,
we start at time 1 with one vertex, and expand to a clique of order 2 at time
2 with probability o, else staying at 1; if we eventually get to a chque of order
2, we then might get to a clique of order 3 with probability o? at each trial,
etc. Thus the evolution of X,., the order of the clique of the initial vertex (we
are not interested in any other cliques) is a discrete-time pure birth process
with P{Xpp1 =r+ 1| Xa=rt=0 and P{Xpp1 =7 | Xn=r}=1-0"
This is in many ways a more realistic model for the applications to ESSs,
since it better reflects the way that, in reality, strategies are added to those
already known. This process was studied by Cannings and Vickers [CV]. The
main problem, of understanding the distribution of X, is rather intractable;
indeed, if N, is the time spent in state j, clearly P{N; = 1} = (1- of )l fOr
1> 1and the N, are independent so P{X, = r} is the sum over all partitions
of n into r strictly positive integers of the P{Ny = i1,...N,_y = i,_1, N, > 4, }.
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This probability is

I1((1 - ) @2)(1 = ") = a2 [ (1 = )i~

= P{X,=r} =) oD/ I - )i
=1
the summation being over
{t1,..i, such that 1; > 1V1 < j<rand i) +...+1, =n.}

and this expression is is not too easy to work with. Thus attention switches to
asymptotic results on E(X,,); these are also discussed in [CV] where the fact
that, for large n, E(X,) ~ log,n where b = a™! is stated (without proof) to
follow from results of Grimmett and McDiarmid [GM] on the clique number
of random graphs in G,. In fact the result can be obtained more easily, with
some information about the error; we sketch the argument.

Lemma 7.12 For any € > 0, P{X, > n'/**¢} is exponentially small in
some positive power of n for large enough n.

Proof. The probability is clearly (writing m = n!/2t¢) < (;)2‘m(m‘1)/2
since m(m — 1)/2 edges must have formed. Now as n —m(m —1)/2 is about
—nd for some § > 0 for n large, and the binomial coefficient is less than 2",

the result follows. e
The estimate is very crude and could probably be improved.

Theorem 7.13 E(X,) ~ log,(n).

Proof. Let Y; be the time at which we enter state r+1. Thus ¥, = ¥°7_, N;,
where N; is (as before) the time spent in state 7; the V; are geometric with
parameter o' and so mean o' — 1. Thus

T, 1—qat!

E(Y;) = Z(O‘_’ -1)=——-r.

a” — artl
Now E(X,) is that r such that
E(Y,) < n < E(Y41) (¥).
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The inequality on the right thus gives that (n + r)(a” — a™*!) < 1 — o™*!;
this implies that 4" > (n+r)(1 —a)+a and so that r > logy(n +r) +log,(1 —
a+a/(n+r)). Since r < n'/**¢ with probability tending to 1 by the lemma,
log,(n + 7) = log,(n) plus a smaller order error term. Similarily, the lower
bound in (*) shows that r — 1 < log,(n + r + 1), and again by the lemma
log,(n) is close to r. e

The argument also suggests that the variability of X,, for large n should
be small; this is supported by simulations.

We next consider the version of this process analogous to G, , where each
vertex, having been thrown down, is randomly coloured red or blue, and then
same-same edges arise with probability p and red-blue edges with probability
g, so that states of the system are pairs (i,7) with ¢ is the number of reds
and j the number of blues, though we shall sometimes still use the notation
P{X, = r} for the probability that the total number of vertices is r if this
is not confusing. Then, in ;G, 4,

P{Xn=(i,§) | Xoc1 = (i,))} =1 = P'¢)s + (1 — ¢'r)(1 - s)
P{X, = (1,5 +1) | Xoz1 = (,5)} = (1 = 8)g'r”
P{X.=(i+1,5) | Xn-1 = (4,5)} = sp'¢’
Setting Fi(z,y) = Yi<ijcn P{Xn = (i,7)}2'y’, s0 that
' 1 &F,
PUXo =1} =D o iy Gaiy T w0

1=0

we see that the polynomials F,(z,y) satisfy the recurrence
Fu(z,y) = Fac1(z,y) + s(z = 1) Faci(p2,qy) + (1 = 8)(y — 1) Fo_i(gz, )

with Fi(z,y) =sz+ (1 — 8)y; however, it does not seem obvious how to get
even good estimates of the solutions of these equations.

Whilst it is obvious that log (n) < E(X,) < logy(n) where ¢ = 1/ min{p, q}
and d = 1/ max{p, ¢}, it is not clear where in this range it will be in general.
However if ¢ = 0 and p = 2a (s0 a < 1/2) the evolving clique will be mono-
chrome so we would expect X, to be roughly the same as in the classical
evolving clique with n/2 vertices and probability 2a, whence

logl/a(n’) - 10g1/0(2) .
1+10g1/a(1/2) k

EX, ~ logl/za(n/Z) =

156



since a < 1/2, 1 + log,,(1/2) € (0,1) so EX,, is larger than classically. If
p = 0 the largest clique has order 2. This suggests that the order is an
increasing function of p for fixed a.

One feature that emerged from simple simulation experiments is that
there is a tendency, when p > g, for only a few vertices of the opposite colour
to the initial vertex to be in the clique; we will call such a vertex entering the
clique an infiltration. On the other hand, if there is infiltration, the growth
rate of the clique is reduced substantially; this suggests that the variability
will be much larger in our models. We are thus lead to study the number
of infiltrations. We start by considering the event A,, that no vertex of the
opposite colour to the initial vertex is absorbed into the clique whilst it has
n or fewer vertices, and their intersection A.

Theorem 7.14 In G,,, if p > g P{A} >0, but if p < ¢ P{A} = 0.

Proof. Let B, ; be the event that no infiltration occurs when the clique has
i vertices of the initial colour, and j of the opposite colour. Then

P{B;;} = P{Bi; N we leave state (i,7) after r trials}.

r=1

Of course B; ; and a vertex being absorbed on the rth trial during that state
is the event that a vertex of the initial colour is absorbed on the rth trial. In
each such trial, independently, the probability that the vertex is the initial
colour is 1/2 and the probability that such a vertex is absorbed is p'q’; thus

&P, P4y PP 1
P{B"’J'}"Z; 2 1 2 ) Treter 1+l

= P{Ai} = Jlj; P{Bjo} = };Il pkﬁ_ q* - ,;I‘;‘[l(l B 1_‘5'2(%)

5 A= 0 - 1800 > Mo - () mp >

However it is well-known that for 0 < 2 < 1, the function J]52,(1 — 2%) is
convergent to a non-zero limit (recall the product of the (1—a,) for a,, € [0, 1]
is non-zero if and only if 32, a; is finite).
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On the other hand, if p < g, then, setting aside the trivial case p = ¢ = 0
we have jth factor in the product for P{A,;} is

¥ (1) <1/2 = P{A} =£l£)P{A,»} =0ifp<q.e

In fact, if p = ¢ by symmetry the number of vertices of the initial colour
is Bin(n —1,1/2) distribution when there are n vertices in total; and if ¢ > p,
let S, be the number, from the n vertices in total, of the initial colour minus
the number of the opposite colour; thus S, is a Markov chain. If S, = r
there are (n + r)/2 vertices of the initial colour and (n — r)/2 of the opposite
colour, and so, using the formulae for P{B; ;} and simplifying

(p/q)"/*
(p/q)/* + (q/p)/?

(a/p)""?
(p/q)* + (q/p)/?

so (as g/p > 1) the chain tend to drift back towards zero when away from it,
and in state zero, it is equally likely to go in either direction. This suggests
that the chain should settle down, spending most of its time close to state
zero; to formalise this, we show it has a stationary distribution whose terms
are exponentially small in n for large n. Indeed the process is a mixture of
two birth and death processes, one of them being what happens for r > 0,
the other for r < 0. The standard analysis ([D, p301]) shows that each of
these has a stationary distribution, which for r > 0 is given by

HP{S,,+1—k|S —k-1}
L P{Spp1 =k — 1| S = k}

: (p/q) D/ (¢/p)*"* + (p/q)*
= 11 (p/q) k=172 + (q/p)*k-1/2 (g/p)*/*?

11[ (p/q)®*=Y"((q/p)*"* + (p/q)*/?)
w0/ D 4 (gfp) -/

P{Spt1=r+1|S,=r}=

P{Spy1=r—1|S,=r}=

Since ¢ > p, these terms are indeed small for large values of i, since then
the fraction in the product is approximately (p/q)*~? which is small for
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large values of k. The stationary distribution for r < 0 is very similar, and
the stationary distribution for the whole process is the average of the two
stationary distributions.

Thus we now concentrate on the case p > g, and let £t = ¢/p € [0,1).
Whilst we have shown P{A} > 0, our estimate of it is rather crude. This
suggests that we might get some understanding by investigating the prob-
abilities of other small numbers of infiltrations, to see if a pattern emerges.
We start with the probability of exactly one infiltration.We have, using the
above formula for P{B, ;}, that

P{one infiltration up to state n} = > P{infiltration in state 7 only}
=1

NI P |

1]_1p1+q’ P +q .+1p’q+q’p

1 - —L ya- 7 H(l—.—qJL)(*).
i=1 j=1 P+ P+a S Pq+@p

S0 1 (D E) ) L I A 2L

]__
po e p (1—(q/p))p+q ,-=1,1 p pz'—fI’

n n _ n+1 n+1 .
> S fla- @0 - o - )20 = T -

it converges as before to a non-zero limit. In fact similar arguments will show
that, for any fixed r, the probability that at most r infiltrations occur will,
when ¢ > p, tend to a non-zero limit.

To evaluate the limit, it seems to be easier to consider ¢;(n), the ratio of
the probability of exactly ¢ infiltrations when the clique has exactly n vertices
to the probability of none, with ¢; = lim, o gi(n). Then, setting t = ¢/p,
we have

=2

Th 7.15
sorem #(1 4 ¢71)(1 — tn)

aln) = =54

and
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(1= ) (1=t )(1+ ) (1 4 9

a(n) = 2(1 - 12)?

Proof. We have

Pq/(Pa+ ¢’p))
21’ HP’“/ (p+! + ¢7+1)

B q_ n q(q_1+1+pg+l n t1+t1+1)
gpg (pg + pig) ; ,U i+t

ti

n n—11+t]+1 )
1+¢")(1 417
L+E04 0 Y e

=,§t 1471

so it suffices to prove by induction that Vn > 2

=

o t 1=
Z (14+t-D)(14#) 21 —#)(1+tn)

1=1

().

The case n = 2 is a short calculation and if the claim holds for n, then

& t 1=t i+l
1; (L+t-D)(1+¢) 20 —-t)1+t")  (14n)(1+tn+)

A=)+ ) 2 (1 - 1)

T 21— )1+ tm)(1 + tntl)
and a short calculation shows that the numerator of this last fraction is equal
to t(1+¢")(1—¢"*!), giving the required result. (In particular, letting n — oo,
we see that py = ¢/(2(1—t)), which is a monotone increasing function of ¢ and
is less than 1 if and only if ¢ < 2/3). For the second claim, as the probability
of two infiltrations up to time n is (writing the expression in terms of ¢)

- n i—1 1 ti Jj—1 ¢ ) tj—l f[ 2
;; Ic1-111+tk)1+t‘(11-‘+[- t-f—tll t11+t _]+1t2+tm—2'
I 1) P+ ) A 21+t

=>p2(n)= Z t H (t+t1_1)) -1 4 ¢ it $2 4 ¢m-2

i=1 j=i+l  I=i4l

"Z_f z"; ti(’ﬁ t(1+t’))tf‘1(1+ti) oo P+
prerrt S S B 2 kAR A o APl (o )
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n-1 n Jj—1 { —2 1
; 148 t=“(1+¢ n 1+4¢m
, t'(TI LA il

pr et et B Zor T N e R T O
S R} S e
k=n-3 = (L1 + 1) joip1 (L+878)(1 4 ¢9-2)
n n—1 i n-2 1
t tJ
= 1+4¢* : . . .
=nH_3( ) ; (1+t-1)(1 + ¢ ].2,2._1 1+ -0 (1 + &)
But we can replace the double sum by (using (%) for n > 2)
2-: t ( t(1 -1t 1= )
S+ +E) 20+t (1 —¢)  2(1+ #-2)(1 —¢)

B t2(1 _ tn—l)(l _ tn—2) nil ti+l(l _ ti—2)
T 4(1 4 mm2)(1 4 1) (1 — )2 S21+t)(1 4+t + )1 —¢t)
We prove by induction that, for n > 6, we have the identity

d tH(1 -2 =1 —?)
{V—: 20+ YA+t +#-2)(1 —t) — 21 +tm)(1 +tm1)(1 —¢2)?

The case n = 6 is a tedious calculation, and if the relation holds for n,

n+1 ti+1(1 - ti—?)
Z; 20+ t)(1+t-H)(1+t-2)(1-¢t)

B #1(1 — "= 1)(1 - ¢ 2) $n+2(1 — ¢n-1)
2(1+tm) (1 + 1) (1 —¢2)2 21 + ¢+ (1 + ) (1 + 1) (1 =)
At A =) ) + (L - D) (1 - )(1 )2
- 2(1 +tm)(1 + tn1)(1 + t+1)(1 — #2)2
so the result follows from a short calculation to check the identity

A1 =" = "H A ) P — (1 = 1)(1 4 ¢)?

=t 1 -1 —t"H( + .
Consequently we have that the double sum under consideration is

A ki [¢ St ) N & 0 Sk 2 [ ¢ et ) t?

AT+t (1 — (1= 0F 201+ D) (1 + 21— 22 T 414 2)2
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the last term being to allow for the i = 1 term of the summation; the i = 2
term is of course zero. Thus the double sum simplifies further to

(1 —t")(1 -t
2(1 — £2)2(1 + tn-2)(1 4 ¢n-1)’

Thus )
1=t = )A + ) (73
() = 2(1 — $2)e.
In particular, letting n — oo
t2
©= 50 )

which is again a monotone increasing function of ¢ € [0,1]; ¢ < 1 if and only
if 2¢* — 5¢2 + 2 > 0, which for ¢ € [0,1] is true when t < 1/v/2.

By similar arguments, it is easy to show that gs(n) is given by
tk—4(1 +tk) n 1+ #

H tr—6+1

r=k+1

O (R L LTy S L
14+¢-27 $-241 tm-t 417 1 4kt

I=i+1 m=3+1

the sum being a triple sum over therange 1 <1 <n-2,14+1<j <
n—1and j+1 < k < n, and it is now obvious how to write down the
formula for ¢.(n) in principle. However it is not possible to simplify this
expression, even for gs(n), since a certain associated triple sum lacks any
obvious simplification. However we have not shown that a simple closed
formula does not exist, and there may well be one. Note that one obvious
guess, that g3(n) = t3/(2(1 — *)3), can be shown to be untrue.

One might be tempted to speculate that the probability of only finitely
many infiltrations is (for p > ¢) one in the limit. However this will not be
true. Indeed if the second vertex is an infiltration we will have one red and
one blue; thus if the claim were true, this would with probability one end
up with only finitely many reds, and also with only finitely many blues, so
would be finite, which is nonsense.

One might also be tempted to try to study pi(n), the probability that
when we have n vertices in total there have been 7 infiltrations via the obvious
relation . . .
_pimiln=1)p " pi(n — 1)pritigf

pi—lqn—i + qi—lpn—i pn—l—iqi + qn—l—ipi :

pi(n)
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If we set F(u,v) =¥, pi(n)u'v", and t = q/p as before, then, purely form-
ally, this implies

Fluyv) = wv S (1) F(ut?, vt7) + v 3 (1) Fut=, vt)
=0 =0

but it is unclear how to solve this functional equation, and there would be
serious issues of convergence to deal with.
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8 Tournaments with correlation structure

8.1 Introduction.

By a tournament T we mean a complete graph where the edge between
vertices a and b is oriented a — b or b — a (not both). As the name
suggests, the simplest way to think about them is in terms of the results
of a tournament where each player plays each other with no draws, a win
for ¢ against j corresponding to an edge : — j. [M] is a basic reference
for material on tournaments. They arise in practice in experimental design
where paired comparisons are carried out, with an arrow ; — j if treatment
i is preferable to treatment j, and in the study of dominance relations in
biology, with an arrow going 7 — j if the individual 7 dominates (in whatever
sense) individual j.

As the above two examples suggest, often an interesting problem is trying
to determine the real underlying strengths of the players. Since a cycle, i.e
a sequence of distinct edges @ — b — c...z — a shows an apparent inconsist-
ency in the ordering, numbers of cycles are closely tied up with this question
(though there are also other arguably more sophisticated measures available,
such as the top eigenvector of a suitable adjacency matrix associated with
T; see [M, Chapter 18]). (Some authors call what we have called a cycle a
directed cycle, using the term cycle for any set of edges which are a cycle in
the undirected graph but may not be in the directed one).

The usual notion of random tournament arises when each edge goes a — b
or b — a equiprobably and independently. Here some reasonable theory has
been developed on the distribution of numbers of cycles and the probability
that the tournament is irreducible, i.e that there is no partition of the
vertex set into two non-empty sets A and B with all the edges between A
and B going in the same direction, so that a reducible tournament is one
with two groups of players, with each member of one group stronger than
all members of the other. In fact ([M], page 13), a tournament is irreducible
if and only if it has at least one cycle of length n if and only if it has at
least one cycle of each length r such that 3 < r < n, so there is a close link
between reducibility properties and cycles.

In this chapter, we will seek to develop a theory of tournaments where the
orientation of the edges depends on the random types of the distinct vertices,
and discuss how techniques from previous chapters can be modified to give
some insight into the behaviour of the model. The form of inhomogeneity
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suggested by the above examples is one where there are subgroups of players
of about equal standard who are as likely to win as to lose in matches amongst
themselves, but tend to lose or win against other groups. So we have;

Definition 8.1 An RRC tournament model 7 (n,k,s, P) is one where
each of n vertices is independently assigned one of k colours, receiving the
J-th with probability s; (so s = (s1,...5x) € Ag) and then an edge between a
vertez of colour 1 and colour j goes 1 — j with probability p;; and j — i with
probability p;; (so that P is a k by k real matriz).

Two consistency conditions forced on us by the definition are that
1., .
Dis = EVZ and pi; = 1-— Dji VZ,].

Note that in any 7 (n,k,s, P) model, the overall probability that an edge
goes ¢ — j and the probability that it goes 7 — 7 are both still equal to 1/2;
the differences from the classical model are due to correlation structure.

In fact, we shall also sometimes consider partial tournaments, where
some of the edges may not exist. For convenience, we restrict to the case
where we continue to insist that all edges between vertices of the same colour
arise. Then we have

P{colour i — colour j} = p;; and P{colour j — colour i} = pj;

where (since we continue to insist that there is at most one edge between any
two vertices) we must still have p;; + p;; < 1, but we do not now insist that
pij = 1= psi.

Again we shall often be concerned with the case of two colours red and
blue, with edges between a red vertex and a blue one going from red to blue
with probability p; if vertices are red with probability s we shall denote the
model ,7, and if s = 1/2 we shall shorten this to T,. We shall also use the
partial tournament model T, , where ¢ < 1 — p is the probability that the

edge goes from blue to red.
It is clear that the distributions of most random variables of interest are

invariant under the transformation

(p,S) - (1 _pal - 5) in sTP'
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8.2 Probabilities of paths and cycles.

We first obtain the probability of an r-cycle. The arguments are similar to
Theorems 2.6 and 2.10; again there is a result for any 7 (n,k,s, P) which
unfortunately is not too explicit, and a more direct argument for the special
case of T, which gives more information. This time we deal with the former

case first.

Theorem 8.1 Define Q by gi;; = \/3:pij/3; and v by v; = /5] as before.
Then the probability of an r-cycle in any model of random partial tournaments
is equal to (letting \i, 1 < i < k be the eigenvalues of Q) 5 L.

If v is not an eigenvector of Q, the probability of any cycle of sufficiently
large length is always less than classically.

In a model of tournaments, if v is an eigenvector, cycles of length con-
gruent to +1 (mod 4) have the same probability as classically, those of length
congruent to 2 (mod 4) are less probable, and those of length congruent to 0

(mod 4) are more probable.

Proof. Conditioning on the colours of the r vertices, we have that

k
P{1 5 2.7 51} = D 8i8i8i,PiyigPigig - Piia

], =1

By the definition of @, this implies

k
P{lo2-5 . 5r-o1}= Z Qiriz Qigis - Gipiy -

f1,..4r=1

and we can now sum out the variables one by one, each such summation
corresponding to a matrix multiplication. Doing this, we get

by general matrix theory, as required.
To get the remaining assertion, we deal only with the case when the model

is of tournaments rather than partial tournaments, as the probability of a
cycle in the partial tournament is always less than or equal to the probability
of it in a model of tournaments obtained by adding a little on to some entries
so as to have p;; + p;; = 1. Then, because we have a tournament, there is a
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skew symmetric matrix T' such that, letting J be the k by k matrix of ones
as before,
1
2
so S is still skew symmetric.

We first show that the top eigenvalue of @ is at most 1/2. We note that A

is symmetric, so it has an orthonormal basis of eigenvectors e;, for 1 < i < k.
Also A has rank 1. In addition we have that

1
P=_J4+T= Q = A+ S where a;; = 5,/8,‘31' and Sij = ,/S;Sjt,'j

k1 1
(Av)i =) 5,/5.'31-\/3_1- = 5\/(§T=> Av = %v
3=1

so v = e; without loss of generality and thus the other e;, 2 < ¢ < k all have
eigenvalue 0.

Now () is a non-negative matrix so has a non-negative eigenvalue, A say of
maximum modulus; if w is a corresponding eigenvector, normalised to have
modulus 1, we have

A=wlQw=wlAw
since as S is skew symmetric x7 Sx = 0 for all vectors x. Now writing w =
}:?zl k;ej, where the k; are real since the eigenvector is, we have Zle nf =1,
and so

(%]

T ki _ 1
w Aw = 5 < 5
with equality if and only if k; = +1, i.e only if w = v, as required.

Thus if v is not an eigenvalue, all eigenvalues have modulus less than 1/2
and so for sufficiently large r the above probability is less than (1/2)", giving
the first claim of the second paragraph of the theorem.

If however v is an eigenvector of @, it must have eigenvector 1/2 as
vIQv = 1/2 and v is a unit vector. Thus, as Av = 1/2v also, we see
Sv = 0; thus SAv = 0 and as A kills all the other e; we infer that SA = 0;
a short calculation shows that (SA)T = —AS and so AS = 0 also; thus,
expanding out (A + S)" by the binomial theorem, and using AS = SA =0,
this is

tr(Q") =tr((A+ 8)") =tr(A") +tr(S") = (1/2)" + tr(S")

(the last equation holds as the spectrum of A is 1/2 with multiplicity 1 and 0
with multiplicity £ — 1). Thus the cycle is more or less likely than classically
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according as ¢r(S") is more or less than zero. Now S is skew so its eigenvalues
are purely imaginary, and occur in conjugate pairs, which are thus negatives
of each other; thus the sum of their odd powers is zero, the sum of their
(4r + 2)th powers is negative but the sum of their 4rth powers is positive;
thus cycles of length divisible by 4 are more likely than classically but those
of length congruent to 2 mod 4 less likely. o

As an explicit example for the theorem, if

1
P12
P=lro 1 d
1 1
1 503

and s = (1/4,1/4,1/4,1/4)T so that Q = P/4, it is easy to check that the
eigenvalues of @ are 1/2, 0, 1/4 and —i/4 where 1 is a square root of —1; thus
the sum of their fourth powers is easily checked to be 9/128 which is greater
than the classical probability 1/16. (Compare the congruence condition mod
4 for being more or less probable than classically in Theorem 8.1 with the
one mod 2 in Theorem 2.6; what classes of combinatorial structures give
congruences mod other values r?)

We will see shortly that in the case with two equiprobable colours, these
problems do not arise; cycles are always no more likely than classically, with
equality if and only if we are in the classical situation.

Note also that if v is not an eigenvector, there can exist short cycles which
are more likely than classically, so that the restriction in our theorem that
the cycles be sufficiently long is genuinely necessary. Indeed if

1 3
139
p=|t 11
4 2
10 3

and s = (1/3, 1/3,1/3)T, it is easy to check, using Theorem 8.1, that the
probability of a cycle of length four is 0.0657 > 0.0625 = (1/2)*. However,
we did not find an example where, with the top eigenvalue less than 1/2, a
cycle of odd length is more likely than classically; however, we do not see
how to prove or disprove the possibility of this.

Note that here, unlike in Chapter 2, as @ is not symmetric it need not
be conjugate to a diagonal matrix or have real eigenvalues. We have already
illustrated the second point; for the first, in T, with p = 0 it is easy to
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check the eigenvalues of @ are 1/2 with multiplicity 2, but of course Q is not
conjugate to I/2 where I is the identity matrix.

Corollary 8.2 The rate of decay of the probability of an r-cycle C is given,
when @Q is primitive, by the top eigenvalue A of Q, in the sense that

r—00 r

0g(A).

Proof. As @ is primitive, by Perron-Frobenius theory (Theorem 2.9) Q
has a positive eigenvalue whose modulus is greater than that of any other
eigenvalue, and the result follows as in Theorem 2.18. (No complication
arises from possible complex eigenvalues; the sum of powers of eigenvalues is
still real, since the complex roots occur in conjugate pairs). e

If @ is imprimitive this argument fails, and T, with p = 0 shows that @
certainly can be imprimitive; however, in T, with p = 0 the result still holds,
as is easily checked. Finding an example where the result fails seems to be a
little more difficult.

We now turn to the more explicit argument for T,, (which is easily
checked to give the same answer as Theorem 8.1). We will use a very easy
lemma, note however there seems to be no simple analogue in ,T},.

Lemma 8.3 If X; : 1 <1 < n are independent Bin (%) random variables,
and S, =|{i: 2<i<n,X; # X1} | then

(")

P{S,=r}= ot ®

Theorem 8.4 Let u = \/4dpq. Then, in T, 4, the probability of an r-cycle is
given by

1 u+1 r—1 1—u r—1 p+q (u+1)r—1 (1—’!1. r—1
5((4>+(4))+2u<4 4) '
In addition

P{152-3.-or|c(l)=c(r)}= (u1-1)r—1 . (lzu)r—l

P{1 5253 or|c(l)£c(r)} =222 ((“Il)r—l - (1;“)'_1) .

u
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Proof. Say that there is a switch between two vertices ¢ and : + 1 with
1 <7< n—11if the colours of 7 and ¢ + 1 differ. Then we have

-1 r—1
P{152-3.>r}= ZP{1—>2—>3 —>r|zsw1tches}(2rl)
1=0

by Lemma 8.3 and conditioning. We need to distinguish between odd and
even 1. If 1 = 2k (O <k< 5—;—1§ the pattern of transitions gets back to the
colour it started at; hence, as there are r — 1 — 2k non-switches this case

contributes .
L§J r (l>r—1—2k r—1 1
& P23 % o1
If : = 2k + 1 we finish with the opposite colour; RBRB.....B and BRBR...R
are equiprobable by s = %, the first and second cases contributing
k k+1 k+1 0k
p4q and pq
2 2

respectively; hence together these terms contribute

1552

I\ r—1Y) 1
k k [+
(p+a) 2, 7 (2) (2k+1) or-1

1=0

I.r;lJ . & 1 r—-1-2k r—1 1
=>P{1—>2—>3...—>r}=§)pq(-2-) (2k)2'_—1

I.TJ al k 1 r—2-2k 1
+
+2 Z P (2) (2k+ 1)
l —'2— k kil (E)T—Q-—?k r—1 1
t3 L P03 2% +1) 21

=] r—1\ 1 f \/_ 2k+1 r—1\ 1
= 4pq)* —
oo (3 ) (25 505) & v (5 o
which, using the more convenient notation of u, is

2r1

1=0

_lMJuzk r—1\ 1 +P+‘1L%—Ju2k+1 r—=1)y 1
T % Ja1T Tu & % +1) 41
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since it is easy to check that

vP V4 _ Pty
207 205 u
As o
E P (m) _ (p+g"+(g-p"
2 2l 2
and

m-1
[ijp2l+lqm—2l—l m \ _ (p+q"—(¢g—p)"
2 o +1 2

the above expression is equal to

1(u+l)m+(1—u)'"+1(u+1)"'—(1——u)"'.

2 4m 2 4m

The first claim is now clear, and the other two claims are immediate on
noting that we have kept the terms arising from even and odd numbers of
switches separate throughout the proof. e

Corollary 8.5 The probability of a cycle in T, is

1\ 1 —u\"
P{1—>2—>..—>r—+1}=(u1_ ) +( 4u)

Proof. We note that
P{152-23.-29r—>1}=P{1->2-=23.-(+1)]cl)=c(r+1)}

and the result follows from Theorem 8.4. o

Note the formula agrees with what we know in the case u = 1 and also
when u = 0 so that the cycle arises only if there is only one colour, with
probability (1/2)"~! and then all the edges go the right way; there are two
possible orientations, each of which arises with probability (1/2)".

Corollary 8.6
P{l1—=2. -2r—1}

is mazimised, for p ranging over [0,1], at p=1. Hence the ezpected number

of r-cycles is mazimised, for all3 <r <n, atp= % also.
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Proof. We use the fact that, if a and b are non-negative, then (a + b)" >
a" + b, with equality if and only if at least one of @ and b is 0. Applying
this to the formula for the probability of a cycle in the previous corollary,
with @ = (1 + u)/4 and b = (1 — u)/4 we see that the probability of a cycle
is at most 1/2" with equality if and only if u = 1. The last sentence is an
immediate consequence, by linearity of expectation. e

It is interesting to compare Theorem 8.4 with Theorem 2.6, giving the
probability of an undirected cycle in Gp4; there the error term was simply
added on to the classical value, but here it is of a different form. In view of
the link between existence of cycles and irreducibility noted above, and the
obvious fact that T, is more likely to be reducible than the classical model,
Corollary 8.6 should not be surprising.

8.3 Joint probabilities of cycles

Again one ultimately wants to understand the distribution of numbers of
cycles, and for this needs to understand joint probabilities of cycles. It is
natural to try to apply the techniques in Theorem 3.1 to compare joint prob-
abilities with products of individual probabilities here. The same basic idea
will give some insight; however, the result we prove here will be less useful
than Theorem 3.1.

We deal first with the simpler case of edge-disjoint cycles. Asin Chapter 3,
we use for the rest of this section the notation P{C} to denote the probability,
in whatever model of tournaments we are considering, that the tournament
contains all the edges of C, that is to say the edges in question are all oriented
in the way implied by the description of C.

Theorem 8.7 Let Cy and C; be two cycles which have no edge in common.
Then in Ty 4, we have

P{C: N Cy} > P{C1}P{C:}.

Proof. As in the proof of Theorem 2.1, let S; be the number of edges of C;
which are non-switches, i.e whose two vertices are the same colour, and let
n; be the number of edges in C;, so that there are n; — S; switches in C;.
Because the numbers of red-blue edges and blue-red edges in a cycle must be
equal, there are (n; — S;)/2 red-blue edges, which arise with probability p,
and the same number of blue-red edges which arise with probability ¢. Thus,
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using the fact that C; and C; are edge-disjoint we have

1 5145,
P{CiNC} =E ((5) \/p—q"1+n2—sl—52)

Since 4pq < 1, we can rewrite this as

\/p_q"l tmp (60(51 +Sg))

where

(This is where we use the fact that we have insisted that the same-same edges
should all still arise. In fact we could make do with the weaker condition
that the probability that same-same edges arise is greater than ,/pg.) Also

P{C;} = 5i"E (6°).

Again as in Theorem 3.1 we set up a copy C; of Cy with neither vertices
nor edges in common with C; and let S5 be the number of edges in Cj3
which are non-switches. Then, as in Theorem 3.1, considering the formula for
P{CyNC,y}—P{C,}P{C,} and using the fact that S; and S, are independent,
we need only show that

Eef51152) 5 EfS Eef%.

Now we are in exactly the same situation as we were in the proof of Theorem
3.1 since only the colouring and the number of non-switches matter. Hence
the result follows by exactly the same argument as in Theorem 3.1. o

A more important respect in which the situation differs from that in
Theorem 2.1 is that the situation for cycles with edges in common is more
delicate here; for clearly

P{(1—52-3-1)N(4—>3—>2—4)}=0.

This suggests the following fix.

Definition 8.2 In a tournament, two subgraphs C, and Cy are consistent
if all common edges are oriented the same way in both subgraphs.
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Then the proof above runs through for consistent cycles, using the same
argument as in the last paragraph of the proof of Theorem 3.1. We record
this formally;

Theorem 8.8 Let C, and C; be two cycles in T,, which are consistent.
Then
P{Ci N Cy} > P{C1} P{C;}. o

Again, as in the discussion in section 3.4 we may ask whether if consistent
C: and C; have ¢ edges in common, there exists some constant x < 1 such
that
I‘Eth{Cl N Cz} Z Pp{Cl}Pp{Cz}

In this case, an argument similar to that in Theorem 3.9 will show that we
can take k = max{p,1 —p}. Again we may speculate as to whether we could
sharpen this to k = 1/2; this sharpening holds for the simplest case, of two
triangles with one common edge, but we do not see how to tackle the general
question.

In Corollary 3.4 we noted that

Epq(N7) 2 Eq(N7) for p>q.

when N is the number of cycles or k-cycles for some given k. We cannot
make the analogous claim for directed cycles or directed cycles of given length
here; by Theorem 8.5 no such inequality holds for the first moment, and the
consistency requirement makes it hard to argue about joint probabilities and
so understand higher moments.

Perhaps the most important difference between this argument and that
in Theorem 3.1 is that the argument there applied to any subgraphs C; and
C,, but the argument here applies only to cycles, in order to ensure that
we have equal numbers of red-blue and blue-red edges. This is not only a
limitation of the method of proof, as the following example in T, shows. We
let the first subgraph of the tournament, C;, consist of the two edges 1 — 2
and 2 — 3, and the second subgraph C; be 3 — 1. (The motivation for
choosing this example is that one might expect that the fact that 1 — 2 and
2 — 3 are present will tend to mean that, if red-blue edges go from red to
blue with probability p > 1/2, then 1 is likelier to be red than blue, and so
that the chances of 3 — 1 existing are less than they would be without prior
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information). Then, considering the eight possible colourings of the vertices,
we see that
P{C, N C,} — P{C}P{C,}
_1/4+3p(1—-p) (1/2+p+q+2pg)(2+2p+2q)
B 8 64
which is —0.060025 when p = 0.99 and ¢ = 0.01.

In fact we can also consider the subgraphs C; consisting of two edges
1 — 2 and C; consisting of 2 — 3, when

1 —2p>2

P{CiNC;} — P{C\}P{C3} = — ( -

which of course is < 0 provided p # 1/2. These two examples together
suggest that there is no easy generalisation of the result for cycles to more
general subgraphs.

8.4 Numbers of 3-cycles.
Theorem 8.9 Z, the number of (directed) 3-cycles in T, has

and

- )

(n —2) (n —1)n(—26u’n — Tu'n + 33n + 18u* — 94 + 924?)
512

Var(Z) =

Proof. By Theorem 8.5 and linearity of expectation we know that
n u+1)3 (l—u)3 _(n\3u*+1
E(Z)'z(:s) (( 7 ) P\7) )= \3) 16

since there are (g) 3-tuples and two possible orientations, namely 1 — 2 —
J—landl1 22231

For the variance, we need E (Z?). Now Z is a sum over indicator variables
of the possible cycles. If two 3-tuples have no vertices in common, or have
only one vertex in common, the existence of the two cycles is independent.
If they are identical, as (g) choices are, the joint probability is 0 if the

two orientations are inconsistent and is the probability of one of them if
the orientations are the same. The only other case is when they have one
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edge in common; then, of the four possible pairs of cycles (each triangle
being orientable two ways) only two are consistent and for each consistent
pair the joint probability is (using Theorem 8.4 and conditioning to get the
expression)

2
1(1/4+pq 1, p, Q. 17 —10u? 4+ u?

50, combining the terms by computer simplification, E(Z?) is
(n —2)(n —1)n(n3(1 + 6u? + 9u?) — n?(27u* + 18u? + 3))
9216

(n — 2)(n — 1)n(n(596 — 456u® — 108u*) + 324u* + 1656u? — 1692)
9216
= Var(2) = E(2*) - (EZ)’
(n —2)(n —1)n(—26un — 7Tu'n + 33n + 18u* — 94 + 92u?)

N 512

For u = 1 this is n(n — 1)(n — 2)/32 agreeing with [M] Theorem 10.

Corollary 8.10 E(Z2) is always less than classically. If u=1 Var(Z) takes
its classical value; if n = 3 and u < 1 it is smaller than classically; else it is

greater than classically.

Proof. The assertion about the expectation is immediate from 8.6 and
linearity of expectation. By the above calculations, the variance is greater
than classically if and only if

(n—2)(n — 1)n(—26u’n — Tu'n + 33n + 18u* — 94 + 92u°) S n(n —1)(n — 2)
512 - 32

& n(33 — 26u® — Tut) + 18u* + 92u® — 110) > 0.
& (1 —u?)(n(33 + Tu?) — (18 + 110)) > 0.

and since (1 —u?) > 0 for u # 1, this will then be positive for n > 4 as is
easily seen. If n = 3 the expression is (1 — u?)(3u? — 11) < 0 with equality
only if u = 1; thus in this case the variance is always smaller than classically
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(unless u = 1); this case could of course be deduced from the fact that the
function z — z(1 — z) is increasing for z € (0,1/2). o

For u = 0, for example, the variance is n(n — 1)(n — 2)(33n — 94)/512
which in particular is a good deal larger than classically for large n, though
the method of moments estimate P{X = 0} < 6?/(o% + p?) still shows that
the probability of no such cycles tends to 0 as n — oo.

The fact that there is no general inequality to the effect that joint prob-
abilities exceed the product of probabilities here makes it very unlikely that
the FKG inequalities or related machinery have any insight to offer here.

8.5 Estimates of the probability of irreducibility

As noted above, our models will often be more likely to be reducible than
classically. It is natural to try to estimate that probability in our models.
As in Chapter 6, the probability that the tournament is irreducible is only
affected when the probability that red-blue edges go the one way rather than
the other is very large (or very small);

Theorem 8.11 Suppose p or 1 — p is ¢/n?, ¢ constant. Then
Jim P{T is irreducible} = 1 — e~/

Proof. This is very similar to Theorem 6.10. We first note that without loss
of generality p = c¢/n?. Next, observe that with probability tending to one
as n goes to infinity, there are n/2 + o(n) reds and blues; in particular, with
probability tending to 1, the numbers of reds and blues go to infinity with n.
Now we know that a.e. tournament in the classical model is irreducible ([M,
Theorem 5]). Thus, with probability tending to 1, the reds are irreducible and
the blues are irreducible. Thus, with probability tending to 1, the tournament
as a whole being irreducible is equivalent to not all the red-blue edges being
in the one direction, as then we can indeed get from any vertex to any other.
This last probability is, by the assumption,

LR (02T )

Clearly only the sum
()

n i(n—1)
F(1-5)
1=0 2 n
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will contribute in the limit, by our assumption on p. But we saw in Theorem
6.9 that the value of this is e=</4, and the result follows. e

The possibility, implied by Theorem 8.1, that sometimes many cycles can
be more likely than classically means that we have little intuition about what
will happen in more general models.

8.6 The degree sequence in tournaments

Here we study the outdegrees X; of vertex iz, that is the number of vertices
j # 1 where the edge between ¢ and j is oriented from : to j. We start by
obtaining the probability distribution and the probability generating function
of the outdegree of a single vertex.

Theorem 8.12 In T, we have that P{X; = k} is given by

. . n—1 n—l—j— -
"Z":IE": n-1-4\("7") (P -p) Bl )
Soi=o k-1 2n-1 27 YA
and the probability generating function of X; is

(G997 (6D D7)

Proof. We have

P{X;=k|iisted} P{X;=k|iis blue}
2 + 2

P{X; =k} =

n-1 n ‘l
=Y P{Xi=k]|iis red, j reds in {1,2,...n}\z’}(2’—n)
3=0

n—1 (ﬂ 1)
+ 30 P{X; = k | s blue, j reds in {1,2, .n}\i} "Lt

=0

3
—

iP{Bln],1 =land Bin(n —1—-j,p) =k - I}D

7=01=0 on
n—-1 k 1 (n—.l)
+3 > P{Bin(j,1 —p) =l and Bin(n — 1~ j,5) =k~ [}-L~.

1=01=0
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The binomials involved are independent, so this is
_ . . n-1 _ ne]—j— -
"Zli n=1-3\(7) (#a=p - p)
=0 1=0 k-1 2n-1 2 92(n-1-j3) :

For the second statement, the probability generating function is

n-1
> P{Xi =k}t
k=0

ety ooy

wEEEO)C) (e 7

k=0 =0
1 13 (J) (n -1 —j) (" - 1) k-1 net—jm(k=0) (1Y 4
- = @) T =-p)t (‘) t
P3Ny | G | U L Ol i >
1 n-1n-1 k& (])(n-l-])(n—l) - ! 1 n—-1—j ki
+on . t(l - (—) ¢k-
= o (1) () rea-nr (g
which, shifting the variable in the innermost summation of the top line from
ltok—1is
ln—lnl nel-j n—1 1 jI
)=

1

S

which is, summing out the [ variable,

= zi,.i (pt+1—-p)" ' (" - 1) (1_-;1)’

§=0 J
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which, simplifying further and tidying up is

1 14yt 144y
2—ﬂ((pt+1—17+—2—) +((1—p)t+p+—;—) )

(G- (G D gD

as required. o

Since for each pair 4,5 P{¢ = j} = 1/2, we have that E(X;) = (n —1)/2;
it is easy to check that this is also the first derivative of the above generating
function evaluated at 1. Similarily, the variance can be obtained from the
probability generating function; it is

(n—DA +4p(1 —p))  nln—1){ —4p(1 —p))
8 16 '

Thus the variance grows like n? rather than n as soon as p ceases to be
exactly 1/2; this is as one would expect, since there will then be a bimodal
distribution of the outdegrees, with the reds tending to have outdegrees near
to (n — 1)(p/2 + 1/4) and the blues tending to have outdegrees near to
(n — 1)(3/4 — p/2), so most vertices will have degree away from the mean
degree by about | (1/2—p)n |, rather than about /7 in the classical situation.

Knowledge of the moment generating function also allows us to under-
stand the probability of a large deviation in the degree of a vertex. This is
again an application of the Gartner-Ellis theorem, although the details here
are somewhat easier than in Chapter 4. We shall only work it out in the case
when p > 1/2; this is no real loss of information as we have noted already,
and it will save having to write out some cumbersome formulae which could
in any case be derived by exactly the same techniques as we use.

Lemma 8.13 InT,, p > 1/2, letting ¢, be the cumulant generating function
of the outdegree of a vertez, and ¢ = lim, o Pn/7,

¢(0)=log((g+%)eo+%—g) for 8 >0,

¢(0)=log(<%—‘-§)eo+§+i) if9 <0

and 1is zero if § = 0.
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Proof. We first assume that § > 0, so that ¢ > 1 and so it is easy to check

that ] 3 3 1
p 6 p P\ o P
— 4 - ——=>-=Z —+=2>0.
<2+4)6+4 2—(4 2>e+2+4—0
since p > 1/2. In our previous notation, we have
¢
¢ = lim —=

— tim L1oe (L (((2 4+ 1) 0 §__£)"‘* ((E..e) 0, P 1)"“1
_nl%nlog(z(<(2+4)e+4 s) t\\z73)e 1371

.. —log2 n-1 1//(p 1)9 3 g) )
~'1h—'12> n + n log(§((2+4 e+4 2 (1+2n)

where 0 < z, < 1 by the assumption, and z, — 0 as n — oco. Thus, taking
the limit, we see that

o0 -e((§+1) 43

The other case is when # < 0 so that

P 1\ 4 §_2<(§_£)a p. 1
0§(2+4)6+4 s=\172)¢ T3ty

(again by p > 1/2); then the obvious analogous argument yields
_ 3_2)0 p l)
¢(€)—log((z 5)€ +2+4 .o

Again we must investigate the differentiability properties of ¢.

Lemma 8.14 ¢ is differentiable away from the origin, and the derivative
takes every value in [0,3 — 2] and [ + 8, 1].
Proof. Only the assertion about non-differentiability at § = 0 requires
comment. We have
i £8) = 2(0)
im ——————
604 8
i
(-8 e+ E+)
T 650 6
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i log ((% - g) (ea - 1) + 1)
60 é

which, using the expansions of the exponential function and log(1 + z) is

i GO )4 (-9 O+ ) 4
6—0 a -

NI
I
N RS

and an identical argument shows that the left derivative is 1/4 + p/2. The
result follows. o

So, as in Chapter 5, unless p = 1/2, there is some interval where the
rate function gives no information about what is happening. We would
again guess that in that region, the rate function is obtained by dividing
the probability of the large deviation just by the constant 1. For, noting
that (p/2 +1/4) > a > (3/4 — p/2), we see that if the vertex is red (which
happens with probability 1/2), its degree will be about (1/4 4+ p/2)(n — 1)
with probability tending to 1, so with probability tending to 1 a red vertex
has degree greater than an; on the other hand, a similar argument shows
that with probability tending to 1, a blue vertex has degree less than an. We

summarise all this;

Theorem 8.15 Let X; be the outdegree of a vertez in T,, where without loss
of generality p > 1/2. Then, for a € [0,(3/4 — p/2)] or [(1/2 + p/4),1], we
h
we . log (P{X: > an})
lim

n—+0o n

is the mazimum of

1
sup (0y—log ((Z—— 12—)) eo+g+ Z)) , 0 and

>0
3 1
sup (dy 105 (3 -2) +5+7)).

6<0

For other values of a, 1
lim P{X; > an} = =

1n— 00

Proof. This is clear from the Gartner-Ellis theorem (Theorem 5.3) and the
foregoing remarks.
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It is desirable to understand the rate function somewhat more explicitly.
By elementary calculus, the function

3 p p 1
FO)=0y—log({3~5)e+5+7
has its unique turning point at

_ y(1+ 2p)
9‘bgﬁ1—w@—am>

and this is a maximum; the value at which the turning point occurs is positive
if and only if y > (3 — 2p)/4; if that holds, we get

_ E__E) o, P l))
%3%’(9"’ 1Og((4 5)¢ T3ty

= ylog(y)+ylog(142p)—y log(1—y)—ylog(3—2p)+log(4(1~y)) —log(1+2p).

Similarily the function

0=ty (3 2+¢(3-2)

has its unique turning point at

_ y(3 — 2p)
o‘bgﬁl—mu+am)

and this is a maximum too; the value at which the turning point occurs is
negative if and only if y < (1 + 2p)/4, and if this holds we get

1 Py e,3 ., p
sup (fy —lo ((—+—>e +—+—))
o>§(y E\\1 72 473

= ylog(y)+ylog(3—2p)—ylog(1-y)—ylog(1+2p)+log(4(1~y))—log(3—2p).
As with the degrees in G,4, the outdegrees in T, do not show up the
correlation structure in their pairwise correlation.

Lemma 8.16

-1
CO'I‘T'(X,‘,XJ') = m n Tpr € [0, 1]
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Proof. We have i .
Yo Xi= nin—1) constant
~ 9

and so, taking variances on both sides and using the fact that the outdegrees
are exchangeable, for any ¢ # j we have
n (TL - 1) Cov (X.',Xj) + nVar (X,) =0
-1
n—1

= Corr (X,', XJ) =

as required. o

It is thus again natural to ask what we can say about the maximum or
minimum outdegree in our models. Classically, Theorem 29 of [M] shows
that it is near to

(n —1)/2 +/(n — 1) log(n — 1)/2.

We show how to give an upper and lower bound on this quantity in our
models. We can suppose p > 1/2 without loss of generality; thus the max-
imum degree occurs, with overwhelming probability, in the red vertices. We
first try to bound the maximum outdegree below. If we consider a vertex of
maximum red-red degree, we get a lower bound of

(n/2-1)/2 + \/(n/2 —1)log(n/2 —1)/2 + pn/2 + lower order terms

= (p/2 + 1/4)n + /nlog(n)/4 + ...

and if we consider a vertex of maximum red-blue degree, that is the maximum
of n/2 independent Bin(n/2, p), we get, as in Chapter 4

/2 + \/2p(1 - p)log(n/2)n/2 + (n/2)/2 + lower order terms

= (p/2+1/4)n + \/p(1 — p)nlog(n) + ...
and so (as p(1—p) < 1/4) it is the first of these which gives the better bound.
The same argument shows that an upper bound is

(p/2 + 1/4)n + y/nlog(n)(1/2 +\/p(1 —p)) + ...

but we are not aware of any detailed information on the rest of the outdegree
sequence, and so cannot produce as precise a result as in Theorem 4.21. Note
that as 1 — p gets close to zero, the term is close to the maximum red-red
degree, as one would expect; but in general, the classical case suggests that
neither bound is terribly good.
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8.7 A random variable related to the orientations of
the edges

In Chapters 4 and 5 we considered the number of edges in undirected graphs.
Because in a tournament all n(n —1)/2 edges are always present, the number
of edges is a rather boring random variable. However we can instead consider,
since our tournaments are labelled, the number Z of pairs of verticesi < j for
which the edge goes : — j (more generally, we could consider any n(n —1)/2
pre-defined directions; in our models, the answer would depend on the choice
of directions, as we shall see below, although classically of course it would not
do so0). Thus Z could be seen as measuring how far some labelled tournament
is from a certain model; for example, we might be comparing a student’s
rankings of some objects with those of an established expert. Classically Z
is a sum of n(n — 1)/2 indicators of independent Bernoulli trials so standard
theory applies. In T, the random variables are again each 1 or 0 equiprobably,
but are now dependent; for example a short calculation shows that with
three vertices, the probability that the edges go1 —+ 2,1 —» 3 and 2 — 3
is 1/8 + (1/4 — p(1 — p))/8 which is always at least as large as its classical
value 1/8. If however we had instead asked for the probability that the
edges go 1 — 2,2 — 3 and 3 — 1, it would be, by Theorem 8.4, equal to
(12p(1 — p) + 1)/32 which is smaller than classically. Note however that
relabelling the vertices does not affect matters.

We henceforth deal only with the ordering where we ask how many edges
go from 7 to j where ¢ < j. We already know E(Z). What is its variance?

Lemma 8.17

n(n—1)
4

Proof. Z = ¥ i<icj<n Xij, where X;; = 1 if the edge between ¢ and j goes

1 — j. Hence

Var(Z) in T, = independent of p.

Var (Z) = Cov (Z, Z) = Cov ( Z X,'j, Z Xkl)

1<i<y<n 1<k<i<n
= Z Z Cov (X,'J‘,Xkl).
1<i<j<n 1<k<i<n

Now X;; and Xy are independent (and so have covariance zero) unless they
have one or more vertices in common. The cases to consider are
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1. X;; and X;; with (5 # [), of which there are in total

nifz'(n—i)(n—i— 1) = (n+1)n(n1; 1)(n —2)

i=1

cases and the covariance is (2p — 1)?/16 in each by a short calculation.

2. Xi; and Xj; with ¢ # k; again there are (n + 1)n(n — 1)(n — 2) cases
in total by a similar argument, with covariance (2p — 1)2/16 in each case.

3. Xi; and X with ¢ < 7 < k, of which there are in total

:Z;;J'(j ~)(n—j) = (n + 1)n(n12— 1)(n — 2)

cases, and here the covariance is easily checked (as in the calculations illus-
trating that Theorem 8.8 is limited to cycles) to be —(2p — 1)%/16.

4. X;; and X, with k < ¢ < j; again there are (n + 1)n(n — 1)(n — 2)/12
cases, each with covariance —(2p — 1)2/16.

5. X.; and X;;; in each of the n(n — 1)/2 cases we have

1
Cov (X,'j,X,‘j) = EX,'J' —-E (X,")2 = -

We thus see that cases 3 and 4 cancel out cases 1 and 2, leaving us with
variance n(n — 1)/8 which is also the variance of n(n — 1)/2 independent
Bernoulli trials with probability 1/2, as required. o

This result is analogous to Theorem 4.5, though the method of proof is a
little different. Again higher moments will be different from classically.

It seems likely that any study of large deviations in Z will depend heavily
on how many of the first few vertices are coloured red, with a large deviation
in them giving rise to a large deviation in the number of edges going from
the lesser label to the greater (assuming p > 1/2), and as in Chapter 5 we
will again get this less expensively than usual. However this situation seems
less amenable to exact results than the previous one.
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9 Epilogue

9.1 Summary and directions for future work

In this short chapter we briefly review what has been achieved in this thesis
and indicate some possible directions for future work.

We mentioned in the introduction that there seems to be no previous
literature on the subject; thus the results are new (except of course, where we
quote standard facts or results of previous authors). Three main limitations
of the results merit comment. First, as mentioned in the introduction, much
of Chapters 2-5 is in some sense results preliminary to developing a theory of
our random graphs, with the corresponding questions for the classical model
being trivial or easy, and so this material has a different feel from classical
random graph theory. Second, some of the results (for example, the material
on the maximum degree in Chapter 4 and the result on the probability of
connectedness in G,, with ¢ small in Chapter 6) rely heavily on exploiting
much more detailed information about what happens in the classical model,
to get a result for our model which is often substantially less precise. Thirdly,
note that often we have only proved results for a limited range of values of
the parameters; for example, the material in Chapter 4 on the maximum
degree was only developed for p and ¢ constant, but the classical results on
which we relied work in far greater generality. Some of these extensions may
be pretty easy; others likely will not.

In Chapter 2, we discussed the probabilities of trees and cycles in our
models, and how they compare with the corresponding classical values. A
reasonably satisfactory solution was obtained in many respects; the main
remaining problem is of course to resolve whether or not trees are always at
least as likely to arise as classically, and if not to understand as far as possible
when they will be more likely and when less likely. If the conjecture that
they are always at least as likely as classically turns out to be false, it seems
too much to hope for a simple categorisation of when they are more probable
than classically, but one would hope that more general partial results than
we have at the moment might be possible.

In Chapter 3, we discussed when the joint probability of two subgraphs
arising is greater or less than the product of their individual probabilities.
There is some scope for seeing how much more generally we can get the tech-
nique of Theorem 3.1 to work; but probably more important in the long term
is working out to what extent some result similar to the Janson inequalities
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is applicable in our models.

In Chapter 4, perhaps the most interesting features are the work on the
maximum degree in graphs. There is scope for considering how far these
techniques can be generalised to deal with, say, non-constant values of the
parameters p and ¢, or indeed more general parameters.

In Chapter 5, the main priority for future work is to see whether we
can get a more detailed understanding of the large deviations theory in the
general case, the G, 4 case now being fairly fully understood. There may well
be some fairly substantial problems with this.

In Chapter 6, one topic which merits investigation is understanding, for
o the threshold probability for connectedness, the behaviour of the limiting
probability of connectedness, and in particular whether it is constant (in
G,,4) for ¢ > p. Another such is the topic of the eigenvalue distribution for
adjacency matrices in our models; classically this subject is well understood;
see for example [B] Theorem XIV.12 and XIV.13, but it is not clear what
will happen in here.

Chapter 7 is, as we observed in it, a rather more experimental chapter
than some of the others, and there is plenty scope for further work on the
topics in it, including precise results on when the distribution of clique sizes
is multimodal.

In Chapter 8 again there are some questions about generalisation of the
results, but perhaps more important is to start moving beyond the techniques
we employed, which as we said are in general primarily modifications of
techniques in earlier chapters, to prove results which in some cases are more
in the spirit of traditional random tournament theory.

9.2 Applications and statistical questions

We have paid scant regard to the various possible applications, but there is
plenty of scope for work on these too. One such project would be to use
suitable random graphs from models of our kinds to generate patterns of
ESSs, in the manner implied by Theorem 7.1, to investigate whether or not
certain patterns of ESSs are attainable.

Another such is the modelling of the spread of infectious diseases. Various
models have been considered (see e.g [B], Chapter XIV, section 5). Another
model is discussed by Barbour and Mollison [BM] who show that the classical
model G(n, p) is essentially equivalent to the so called Reed-Frost model, a
standard elementary epidemic model consisting of a Markov chain with states
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{(z;r): t,7 > 0,i4+r < n} where,for 0 < j<n—i—r,
) .1 n—ti-r i\ ifn—t—r—j
P{(z,r)—>(y,z+r)}=( ; )(1_(1_,,) ) (1= pyin=i=r=9)

where ¢ is the number of infected individuals, r the number removed. The
construction is as follows; we take one or more vertices as the initial infected
individuals, numbering ¢(0); their neighbours in the graph are the i(1) in-
fectives at time 1, and then the infectives at time 0 are removed. In general,
i(t + 1) is the number of neighbours of the i(¢) infectives at time ¢ who have
not previously been infected. Note that this set-up emphasises the role of
individuals, and the lists L, of those infected by a particular individual a.
This process on the surface of things corresponds to a digraph; however we
note that in an epidemic, just one of the two events a infects b and b infects a
occurs, so that it makes no difference to the process to make the events that
b€ L, and a € L, dependent, provided the probability of the event remains
unchanged, and that the events remain independent of all other events. Thus
we need only consider events that a infects b or b infects a, which still hap-
pen independently with probability p, and so we can ignore the orientations
of the edges, and so we arrive at the (undirected) random graph G(n,p).
Similarily the number and orders of components of a graph in G(n,p) can
be constructed using a Reed-Frost epidemic model. The interaction between
the two subjects goes both ways; for example, an old result of Daniels to the
effect that the number of survivors in an epidemic is asymptotically Poisson
is here seen to be an easy consequence of the result on the number of isolated
vertices in G(n,p), and in the other direction one can recover the asymptotic
order of the giant component of G(n,p) when p = ¢/n from the so-called
branching process approximation to
P> _i(t) > n(l —1/c) | i(0) = 1}.
t>0

Barbour and Mollison remark that the connections developed in their pa-
per lead naturally to the conjecture that the distance from a randomly
chosen vertex in the giant component to one of the vertices furthest from
it is klog(n) + O(1) with variability confined to the O(1) term, a conjecture
which had not been obvious from purely random-graph-theoretic considera-
tions. They also show that other more detailed information about the order
of the giant component can be obtained from more detailed study of the
Reed-Frost epidemic.
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In all the above models, it will be noted that we have treated all indi-
viduals as being equally likely to catch and transmit the disease. However,
this assumption is patently unsustainable in practice; for a simple example,
sexually transmitted diseases pass primarily from one sex to the opposite
one, and this suggests that some model along our lines might yield a better
approximation to what is going on here.

It is clear that I'(n, k, s, P) corresponds to a multitype Reed-Frost model,
where, before the process starts at all, we independently assign one of k
types randomly to each individual, and then states of the process are given
by having, for each 1 < [ < k, numbers ¢; of infectives of type ! and r; of
removed individuals of type ! (so that the number of susceptibles of type [,
which we will here denote z to avoid confusion with the s;, the probabilities
that a vertex is of colour [, is equal to n; — 4, — r;) and then the system
changes states with probabilities given by

‘J(t)

m?r

2i(t + 1) ~ Bin(z(t),

=l

with
u(t+1)=2z(t) — alt+ 1) and #(0) = my, 51(0) = ny.

Again of course we are looking at the situation in monochrome, so we would
want to add up the 7; etc. over all values of . A minor irritation here is that
strictly speaking we cannot insist in advance that we have some number m; of
colour [ infectives, since of course the colouring process may in principle not
give us that many vertices of that colour. This will present no problems if the
idea is to start with a certain number of infectives, and then let them take
types randomly, which is closer to the spirit of only looking at the situation
in monochrome, but sometimes in practice we may have prior information
about what kind of individuals set the process in motion. We may well
be able to get round this problem for many asymptotic arguments, if the
11(0) are fixed or only grow slowly while n goes to infinity by some kind of
argument replacing the process with an approximation to it which always
has at least #;(0) vertices of colour ! and proving that the differences between
the two processes are, in the limit, negligible. The analogous situation for
given m;(0) and n;(0) has been studied by Scalia-Tomba [ST], who obtains
asymptotics for the final size of the epidemic. Extensions of this work have
been carried out by Andersson, and Ball and Clancy.
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We have also considered only probabilistic questions. However there are
natural statistical questions arising, as to how best to estimate the paramet-
ers of an RRC model given a sample of (labelled as usual) graphs which we
believe to be from some such model (and which we see in monochrome). Clas-
sically this is just estimating the success probability in independent Bernoulli
trials, and any amount of theory says that the obvious estimate is in any
number of ways the best one; but in our case, it is easy to see that the full
likelihood of getting some particular graph can only be written as a sum over
all the possible colourings, which makes maximum likelihood estimation (for
example) a rather daunting prospect. Naive estimators also present some
difficulties; for an (over)-simple example, if we believe a sample of one graph
has arisen from a G, , model, and try to estimate p and ¢ by counting the
number A of edges and the number B of triangles, and then solving the
equations ('2') (p+4q)/2 = A and (g) (p® + 3pg®)/4 = B, then if the sample
consists of the graph on three vertices with edges 1-2 and 1-3, but not 2-3,
we would get from the second equation that p = ¢ = 0 contradicting the first
equation. In summary, there is scope for development of sensible methods

for addressing these problems.
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