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APPENDIX 1 

THE AJS/BBC DATA COLLECTION SYSTEM 

All tensile, notch sensitivity and three-point-bending tests described within this 
thesis were performed using an Instron 1122 material testing machine. This machine, in 

the configuration available for this work, has a single pen chart recorder. This 

arrangement was used for determining the load applied to the three-point-bending 

specimens. However, the inertia of the pen makes this system unsuitable for the tensile 
testing of brittle materials such as bone. 

During the initial stages of this thesis the mechanical responses of tensile 

specimens were recorded using a dual beam X-Y storage oscilloscope (manufactured by 
Tektronix). This was connected by way of amplifiers to load and deformation 

transducers (manufactured by Instron). This was the standard equipment and method 
used in this laboratory. This system permitted only limited amounts of data regarding the 

rate, or the time, of certain events to be recorded. (The method available was to record 
the stress and stain values on both traces, slightly displaced. One trace had an additional 
pulsed input of known frequency. This method was used by Currey (1975). ) The data 

were obtained from the oscilloscope in the form of a photograph, examples of which are 
shown in figure 1.011. Clearly this system is unsatisfactory if the extension of a 
specimen during a long term creep test is required, or the rate of application of stress or 
strain during a tensile test is needed. I therefore undertook the design and manufacture of 
a data collection system that would provide at least stress, strain and time data. ' I chose 
to build a digital data collection system for a number of reasons: 

a) The data can easily be stored (in a number of different locations). 
b) It is possible to use some degree of automated analysis. For example 

regression analysis can be used for the calculation of slopes. 
c) Storing the data in digital form permits different permutations of the data to be 

easily plotted and examined. Rates of change of stress and strain can also be examined 
with ease. The data plots can also be normalised and superimposed. 

d) At a more practical level it was perceived that building a digital system would 
be cheaper and easier than building an analogue one. For the same reasons the system 
was based around a BBC model B micro computer, which was available within the 
laboratory. 

'I would like to express my thanks to Brian Adamson for his assistance, especially for his 
suggestions of ways to reduce the noise in the system. 
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Load cell 
Output voltage AJS data conversion system 

Amp ADC 

BBC micro computer 

Data stored on disk 

Data converted to stress and strain values 

zzim 
Stress, strain and time values sent to 
mainframe computer for storage and analysis 

Figure A1.001 
The basic atages in the collection of stress data by-the BBC/AJS data collection aystem 

The data collection system has two main components the BBC microcomputer 
and the data conversion system that I designed and built. The basic design of the data 

acquisition system can be explained by considering the stages the data pass through. 
These are listed below, using the load signal (channel 2) as an example. (The signal from 

the extensometer is treated in the same way. ) This process is also shown 
diagrammatically in figure A1.001. 
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a) The load on the specimen is detected by a load cell. The change in the applied 
load is represented by a change in the output voltage of the transducer. 2 

b) The output voltage of the transducer is amplified so that its maximum expected 

range matches, or is less than, the maximum input voltage of the analogue-to-digital 
converter (ADC). 

c) The size of the voltage, relative to the input range of the ADC, is converted into 

a binary number. The value of this number is also dependent on the number of steps or 

quantisation levels that range is divided into. 

Output number = 
Voltage input 

x Number of quantisation levels 
Voltage range 

d) ADC is prompted to produce a number (representing the amplified output 

voltage of the transducer) at certain intervals during the test. This number is then stored. 

e) The stored numbers are converted into expressions of stress or strain. This is 

done by calibrating the system so that the size of the difference in the measured quantity 

represented by one quantisation level is known. This also requires that the first data 

points are recorded before any load is applied to the system, thus identifying one of the 

quantisation steps of the ADC as a zero level. 

fl The data is then transferred to a VAX mainframe for permanent storage. Using 

programmes written for that computer the data is examined and various quantities, such 

as ultimate stress, determined. 

The design of the AJS data conversion system is clearly more complicated than 
indicated in figure A1.0013 A number of design criteria were examined these can be 

summarised as. 

a) How many transducers, or other recording channels were required? 
b) How many quantisation levels should the ADC have? Normally the options are 

256 or 4096 levels (an 8 of 12 bit converter). 
c) How many ADCs were to be used: one for each transducer or a single one 

which sampled each of the transducers in turn? 
d) If a single ADC was to be used, how were the errors resulting from sampling 

the different channels at different times to be avoided? 

2Both the load cell and extensometers used in this work use strain gauges as the sensing 
elements, in the extensometer there are four active 120CI gauges arranged in a 
Wheatstone bridge. Information on the excitation and output voltages are available in the 
form of a data sheet published by Instron. 
3The initial design and prototypes were more complex than the system in the form it was 
used. Initially the gain of the amplifiers was under both manual and software control. 
When the input voltage to the ADC was approaching the maximum range of the chip the 
software instructed a multiplexer, which was in series with range of gain controlling 
resistors, to switch. However, the resistance of this system was not consistent. This 
resulted in unknown gains. The extra lines of programme slowed the data acquisition 
rate. Thus only pre-set gains where used in the final system. 

624 



e) If a single ADC was used, how would the multiplexer to be controlled? 
Similarly the ADC needs certain control signals. 

f) How was the number produced by the ADC going to be transfered to, and 

stored in, the BBC micro? 

The answers to these questions are interconnected. I needed at least two 
transducer inputs to the system, load and extension. I also wanted to record time data, 
but this was done by the computer, simply by noting the times at which the signals from 

the transducers were sampled. As part of my investigation was also to examine the 
optical changes in bone, and there was the possibility of using other transducers I decided 

to have four possible inputs built into the system. As the BBC micro is an 8 bit 

computer, the acquisition of data and its storage would be far simpler if an 8 bit ADC was 
used. However, this would give only 256 quantisation levels. Fortunately, an ADC 

supplied by Radio Spares (RS574AJ) can be used in a number of configurations, as a 
standard 12 bit or 8 bit converter or as a 12 bit converter wired so that only the upper 8 
bit or the lower 4 bits are enabled at once. In the last configuration a 12 bit number can 
be sent, read and stored as two 8 bit numbers .4 Later these numbers can be reconstructed 
to form the full 12 bit number again. I decided to use only one of this type of ADC, this 
decision was based on: the cost of the ADC; the more complex software control that 

would be needed to switch a digital rather than an analogue signal and the realisation that 

the time advantage of using a single ADC per channel was small. To avoid the problem 
of obtaining the values from the various transducers at different times a sample-and-hold 
chip was placed between the amplifier and the multiplexer for each channel. Thus the 
signal from each transducer could be sampled at the same (recorded) time. The voltage 
was maintained by the sample-and-hold chip until it had been converted to a digital 

signal. This requires that the sample-and-hold chips and the multiplexer were under the 

control of the BBC micro computer. I used the printer port for the outgoing control 
signals. The voltage level on a specific wire can be changed from high to low by writing 
the appropriate number to the memory location associated with the printer port. 
Similarly I used the computer's user port to read the digital output of the ADC. (As 

mentioned in a footnote above initially other control features were included, these are not 
reported here, but they did place further constrains on the design. ) The data was stored in 

the BBC micro computer by writing it directly to memory. To enable sufficient data to 
be stored the memory was expanded using a 32K ram extension board (supplied by 
Watford Electronics). 

4More accurately they are one 8 bit and one 4 bit number. However, they were both 
stored as individual bytes, or 8 bit numbers. 
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A schematic representation of the data conversion system is given in figure 

Al. 002, and a picture of the practical arrangement is given in figure A1.003. Some 

adaptations to this system were made during its use. The most important of these enabled 
the instant a photo was taken with a standard 35 mm SLR camera to be recorded 

alongside the stress, strain and time data. This involved the removal of the amplifier 
from the third channel, and its replace with a battery and capacitor. The capacitor 
became charged when it was connected across the battery. The switch used to make this 

connection was that normally controlling the flash guns The capacitor was in parallel 

with a resistor, hence it discharged slowly. The voltage across the capacitor was fed 

directly into the sample-and-hold chip of the third channel. When the output of this 

channel was plotted against time a clear spike marked each frame that was taken. 
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Plots of raw data obtained (up to the point of failure) obtained by the AJS/BBC data 
collection system. The data shown was obtained from a specimen of bovine femoral 
bone, 03/10/91/16. (This data is also used in chapter 8, where the spikes of figure d have 
been use to relate the photographic images with the mechanical behaviour shown in 
figures a, b and c. ) 

Figure A1.004 

Plots data-obtained 
-from the AJS/BBQ data collection h 

been converted to obtain data on the timing of photographic recording 

SI thank Dr Peter Zioupos for suggesting this very successful arrangement. 
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There is no point in including all the programmes that were used to calibrate, 
collect and analyse the data. This is because the exact way the numbers are read from, or 
written to, the input and output ports of the computer is determined by the position of the 

wires. A full wiring diagram is not given here as such detail is considered excessive. 
However, one of the data acquisition programmes is included as an example. The other 

programmes will be described briefly, in the same order in which they were used. 

The first programme used in a series of tests is the calibration programme. The 
aim of this programme is to determine the amount of the measured quantity that is 

represented by a quantisation level. This is achieved by a number of stages; 

a) The equipment is set-up in the arrangement in which it will be used in the test, 

the correct load cell, specimen grips, extensometer and so on. 
b) After the programme is started no further action is permitted for at least 10 

minutes. This permits the electronics and transducers to warm-up and stabilise. 
c) The operator is asked which channel is to be calibrated and its units. These. 

units are arbitrary. In this study consistent units were used, in the case of the load cell 

newtons and for the extensometer millimetres. The programme then displays a small 

region of high resolution screen where the value read from the ADC for that channel is 

plotted against time. 
d) The balance of the amplifiers is altered, if required, so the input value, shown 

pictorially on the computer monitor is in the required position. 

e) The programme asks for a key to be pressed when the zero level is set. When 
this occurs 10 successive values are obtained from the ADC. The mean and standard 
deviation of these values are calculated, displayed and stored. 

0 The operator is now asked to change the quantity measured by the transducer 
by a know amount. For example, more mass could be hung from the load cell. This 

amount is then entered into the computer in the units already chosen. The induced 

change was normally of a size that approach the full scale deflection. (The full scale 
deflection having already been set, by changing the gain of the amplifiers, to an 
appropriate level for the later tests by a similar process. ) 

g) On pressing another key, 10 values are obtain as in stage e. 
h) The size of the change applied to the transducer is divided by the difference in 

the two mean quantisation levels. This gives a value of units per quantisation level. 
i) Stages e to h are repeated five times. The zero level may be the same, by 

removing the mass, or increments in mass can be used (or the extension in the case of the 
extensometer). 

j) The results of the five calibrations are then presented together with an overall 
mean value. It is this mean value that is used as the calibration factor. (The values from 
the five cycles were examined for consistency and any signs of drift. ) All these results 
were then recorded. 
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The data acquisition programme used was dependant on the type of test and the 
number of channels that were in use. For example to get the maximum sampling rate the 

programme needs the minimum number of operations between successive samples. 
However, during a creep test such a high sampling rate would result in the memory 
becoming full before the tests had finished. (When two channels are sampled a 

maximum of about 2500 sets of data can be collected. With more channels in use the 

memory reaches its full capacity after storing fewer data sets. ) Two basic programmes 
were used for tensile testing. The programme normally used, shown in figure A1.005, 

contains a procedure by which the operator can reduce the sampling rate by pressing a 
key (lines 412 and 600). The other programme used had this procedure and some other 
lines removed to get the highest possible sample rate with this system, about 38 Hz. The 

programme used for creep testing initially collected data at the fastest possible rate, in 

one for-next loop. The programme then collected data using a second programme loop, 

containing a delay that increased exponentially with each cycle. (The power term used 

was 1.001. ) 

The programme given in figure A1.005 is that used in the majority of the tensile 
tests described in this thesis. Lines 10 to 75 set-up the system, the graphics mode of the 

monitor (line 10) and the area of the screen this mode applies to (line 20). Within this 

region the output from the transducers is later plotted. Only part of the screen is used to 

reduce the amount of memory required to run the programme. The main body of the 

programme is in lines 90 to 415. This is a loop that is repeated 'FOR N% = 10000 TO 

30450 STEP 8'. (The integer number N% is not only used as a step counter, but also 
indicates the memory location at which the numbers are stored. ) The sample-and-hold 
chips, the multiplexer and ADC are triggered by line 120. Line 130 is a loop that repeats 
until the ADC signals that it has completed the conversion. The 12 bit number is then 

read and stored in two parts by lines 140 and 160. (Line 150 signals the ADC to supply 
the second number. ) This process, bar the sampling, is now repeated for the second input 
in lines 170 to 210. Line 400 instructs the computer to store the time, starting at memory 
location N%+4. The time requires 4 bytes of storage space. (Hence the loop being in 

steps of 8 bytes. ) Line 410 plots the point on the screen, channel 1 is used as the X-axis 

and channel 2 as the Y-axis. Line 411 prints the number of points that have been stored 
(this line was removed in some cases to increase the speed of the programme). Line 412 

checks if a key has been pressed. The programme pauses at this line for T% multiples of 
0.01 seconds. If no key has been pressed the programme is returned to the start of the 
loop by line 415. If the space bar has been pressed (ASCII value 32) the programme is 

stopped, a zero value is recorded in the byte where the next time value was to be placed 
(line 710). This zero is used by the programme the converts the data to stress and strain 
to mark the end of the data set. If'1', '2', '3', '4', '5', '6', '7', '8', or'9' are pressed then that 
number of hundredths of a second is added to the time the programme waits in line 412. 
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If '0' is pressed the sample frequency is returned to its original rate. When this loop is 
finished the execution of the programme moves onto line 580, and then to line 585. The 
latter line instructs the data stored in the computer's memory to be saved onto a disk, for 
later retrieval and convention. 

10 MODEO: T%-0 
20 VDU24,19; 19; 501; 501; 
30 MOVE19,19 
40 PLOT21,19,501: PLOT21,501,501: PLOT21,501,19: PLOT21,19,19 
60 TIME-0 
70 ? SFE6C-14 
75 *FX 15,1 
90 FOR N% - 10000 TO 30450 STEP 8 

120 ? &FE61-1:? &FE61-65:? &FE61-1:? &FE61-65 
130 REPEAT: UNTIL? &FE6D-8 
140 ? (N%)-? &FE60 
150 ? &FE61-192 
160 ? (N%+1)-? &FE60 
170 ? &FE61-9:? &FE61-73:? &FE61-9:? &FE61-73 
180 REPEAT: UNTIL? GFE60-8 
190 ? (N%+2)-? &FE60 
200 ? &FE61-192 
210 ? (Na+3)-? &FE60 
400 ! (N%+4)-TIME 
410 PLOT69, (? (N%)-4.5)*2.5, (? (N%+2)-4.5)*2.5 
411 PRINT TAB(0,0) "DATA SET NUMBER "; (N%-10000)/8 
412 U%-INKEY(T%) 
415 IF U%- -1 THEN NEXT ELSE GOTO 600 
580 PRINT"END OF DATA COLLECTION" 
585 *SAVE DATA1 2710 7710 
590 END 
600 T%-T%+U%-48 
605 *FX 15,1 
606 IF U%-48 THEN T%-0 
610 IF U%-32 THEN GOTO 700 
620 NEXT 
700 FOR I-8 TO 16 
710 ? (N%+I)-0 
720 NEXT I 
730 GOTO 580 

Figure A1.005 
The data collection programme used for tensile tests were stress. strain and time data 

were req d 

The data retrieval and conversion programme essentially works in reverse to the 
data collection programme. First the data is transferred back from disk to the memory 
locations it came from. Then the memory locations are read in order, the full numbers 
are reconstructed and the number associated with the initial zero level subtracted from 

them. These numbers are then multiplied by the calibration factors appropriate for the 
required output. This calibration factor is requested by the programme. If the values 
obtained from the calibration programme are used directly the output (in this case) will 
be expressed in units of Newtons and millimetres. Therefore, the calibration factor is 

corrected (by the dimensions of the specimen recorded at the time of testing) to produce 
data in the form of stress and strain. This is explained to the operator by the opening 
lines of the programme, shown in figure A1.006. 

A number of features can be determined by simple examination of the raw data 
(represented in table A1.001). For example, the specimen failed between 1.15 and 1.18 
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seconds after the start of data collection. To obtain more measurements of certain 
mechanical properties the data was transferred to a VAX mainframe. There it was 
analysed using a programme linked to the Simpleplot graphics package .6 This 

combination of programme and graphics package permits the data to be plotted and 
simple analysis performed. The main stages of this analysis are shown by a number of 

screen dumps presented in figures A1.007a to A1.007n. The raw data can also be 

imported into other plotting packages, or for data analysis? 

10 MODEO: @%-&1040A 
20 PRINT "IF YOU ENTER THE CALIBRATION FACTOR FROM THE CALIBRATION PROGRAM THE DATA " 
30 PRINT "WILL BE CONVERTED TO THOSE UNITS. THUS IF THE STRAIN AND NOT THE EXTENSION 

IS,, 
40 PRINT "REQUIRED THE CALIBRATION FACTOR SHOULD BE DIVIDED BY THE GAUGE LENGTH, " 
50 PRINT "LIKEWISE FOR OTHER INPUTS, LOAD/STRESS etc. " 
70 PRINT "THE FIRST 4 POINTS ARE USED FOR FINDING THE ZERO LEVEL" 

120 INPUT "COMMENTS . ."C 130 INPUT "WHAT IS THE CALIBRATION FACTOR FOR INPUT 1 ?" CF1 
140 INPUT "WHAT IS THE CALIBRATION FACTOR FOR INPUT 2 3" CF2 

Figure A1.006 

As each set of data is converted (in this example) to stress, strain and time it is saved onto 
disk as a text file. Table A1.001 contains a full set of data (for specimen 01/11/91/44, the 

results from which are contained in data set TB I. This example is used because the 

specimen was tested at a higher than normal cross-head speed thus the number of data 

points is small). The data is arranged in six columns in order they contain: strain 
(unitless), stress (in MPa), the third input (sometimes used for camera timing data, but 

not used in this example), fourth input (not used in this example), time (in seconds) and 
the last column indicates the row number. 

6Produced by Bradford University Software Services Ltd. 
7For example the one within the word processing programme used to write this thesis, 
Word for Windows 2 (Produced by the Microsoft Corporation). Most of the plots obtain 
from digital data obtain by the system described here that are presented in this thesis are 
plotted with this package. The data has also be read into Minitab for the fitting of 
mathematical models. 
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5.074E-2 2.62250 -1,000E0 -1,00050 1.70050 60 
5,070E-2 2.71250 -1,000£0 -1.00050 1.73050 61 
5,090E-2 2.80350 -1,00050 -1.00050 1,760E0 62 
5.070E-2 2.80350 -1.00050 -1.00050 1.790E0 63 
5,070E-2 2.71250 -1,000EO -1.00050 1.810E0 64 
5.074E-2 2.62250 -1,00050 -1.00050 1.840E0 65 
5.061E-2 2.62250 -1,00050 -1.00050 1.870£0 66 
5.061E-2 2,62250 -1,00050 -1.00050 1.900E0 67 
5.061E-2 2.62250 -1.00050 -1.00050 1.930E0 68 

-1.880E-2 -1.44251 -1.00050 -1,00050 -2.000E-2 69 

All the data sets sent to the VAX take the same format the two data columns not used 
here are filled w ith values of negative unity. This arr angement of data is that prod uced 
by the data conversion programme. The six columns of data in the order they are 
shown contain: strain, stress, camera timing data (not used here), fourth input (not used 
here), time in se conds, data line number. (Specimen 01/11/91/44, data stored as 
VID077. DAT 

Table A1.001 
The full set of data as stored in the VAX fora specimen of bovine femorral bone 
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Graph 3 
30/9'91 

FILENAME? VID077 ,d 

The data analysis programme 
(called Graph 3) asks for the 
name of the file where the data 
to be analysed is stored. In this 
example the data set used is that 
shown in table A1.001: VID077. 
(The date refers to the date of 
the last modification made to the 
programme. ) 

VID877 The first plot produced is a 
stress-strain plot, and the axis 

140 labels are contained within the 
120 programme. The data values 

, 
given are: the maximum stress, 

108 

the strain and time when it 
VIOa77 = 

80 occurred, the maximum strain, MAX STRESS- 
1469000 W the time when it occurred, the STRAIN- 

2.4470000E-02 
ac 60 

'a last and first rows of data used TIPE  

'"'S800e 40 and finally the area under the 
M STRAIN' 

S 1580001E-02 5 stress strain plot (by the 
. MAX TINE- 

20 

1.930000 
........,...,,,.,....... trapezium rule). RO6 

68.00000 0,2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 

R04MIN TIPS S 
1.000000 

AREA as 
3.217153 

<RET> TO CONT b) 

lot is a strain-time plot This VID877 . p 
. The data values given are the .,, .,...,,., 0.05 

same as those above. This graph 
shows that these values have 

0.04 

been obtained from the full data' 
set and thus are not a true VID977 0'03 
reflection of the mechanical 

MAX STRESS- 
146.9880 behaviour, 

AIN 
2. 

STR4470006E 
0EA0-82 0.02 

Tim. 
1.158000 

MAX STRAIN- 0.01 
5.1580001E-02 

MAX TL'E  
1.930000 

R06.00000 
688.8 0.2 0.4 0.6 0.8 1.0 1.2 1,4 1.6' 1.8 

ROLMIN TIME S 
1.000800 

AREA a" 
3.217153 

<RET> TO CONT 
C) 

Figure 1.007 Continued below 
Images of the computer screen at various stages of thgdata analysis programme 
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The This is a stress-time plot VI°0� . 
same comments made for the 

140 strain-time plot apply. 
129 Examination of the data 

obtained after the failure of the 
100 specimen can help to pinpoint UID077 

$a errors. For example if the MAX STRESS- 

145 000 . recorded load value was greater - 2.4470000E-02 ! 60 
Ln than that which could reasonably TIME 

'" 150800 49 be attributed to that transmitted 

MAX STRAIN- 
5.1580001E-02 %, 20-. via the extensometer, the 

4 AX T11%, 
1.9300 

"' validity of the data would be 
ROWMAX 

68.00000 0.01 0.02 0.07 0.94' 0.05 
STRAIN questioned. R04MIN 

1.000080 
AREA ss 

3.217153 
<RET) TO CONT d) 

VI 077 The last plot automatically D 

produced by the programme on ,. ee 
the full set of data shows the 

0'75 output of the third channel. This 
8.50 channel is not used in this case 

0.05 so all the values are set to -1. 
"I°87' When it is in use for recording MX SRESS 0.2 0.4 8.6 0.8 1.8 1.2 1.4 1.6' 1.8 

TINE s the timing of photographs it STRAIN- 
2.4476666E-02 -0.25 contains the number obtained 

TIPI- 

1.150000 -0.50 from the ADC for that channel. 
MAX STRAIN- 

5 15&0081E-02 (See figure A1.004 for an . MAX TIME; 
a 

75 
example of its use. ) RDIr'X -1.60 68.00000 

RDLMIN 
1.000000 

AREA ss 
3.217153 

<RET> TO CONT e) 

The programme now enters an VID077 

' 
interactive stage or terminates 

1.09 

depending on the operator's 
0''6 response, 'Y' or'N'. If the 
2.50 operator enters 'Y' then the 
0.05 programme responds with a 

request for the lower and upper 
9'2 6'4 0'6 °'' '2 1'4 1'6 i'9 IME ' times of the data that are to be 

T s 

-0.25 examined, in this case 0 and 

-0.50 1.16. The programme also asks 
if regression analysis is to be 

-0 76 
conduced on this data. 

REDUCED DATA SET -x"00 

CONTINJE7 Y'N Y 

LOWER TIME LIMIT70 
UPPER TIME LIMIT71 . 16 
REGRE587 N 

Figure 1.007 Continued from above and continued below 
Images of the computer screen at various stages of the data analysis program 
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This is a stress-strain plot of the 
VID277 

reduced data set. The data 
149 values quoted and the area under 

the loading curve can now be 
129 

interpreted as the correct values 
Else of these mechanical quantities. 

UID677 i 

80 
MAX STRESS- 

146 * sees 
STRAIN- 60 

2.4470000E-02 
TIME. 

1.150000 4 

MAX STRAIN- 
2.4470080E-0Z 20 , MX TIPE- 

1.15809 
R0 

41 . 00: 18 41. 0.005 0.010 0.015 0.020 
ROLMIN STRAIN 

2.000800 
" AREA "s 

3.134392 
<RET> TO CONT 

VID077 Strain-time plot. 

0.0225 

0.0200 

6.0175 

VID077 = 
0.0158 

MAX STRESS- 0.0125 
146.9000 

STRAIN- 0.0100 
2.4470000E-02 

TIME- 0.0875 
1.150000 

MX STRAIN- 0.0050 

2.4470000E-82 
VAX TIKE- 0.0025 

1.150000 
ROW'IAX 8,2 0.4 8.6 0.8 1.0 

41.08000 rIPE S 
ROLMIN 

2.000000 
AREA es 

3.134392 
<RET> TO CONT h 

Stress-time plot. 
VID97? 

140 

120 

100 
UID077 

s0 
MAX STRESS- 

146.9000 
STRAIN- 60 

2.4470000E-82 
TII'£- 

1.158888 40 

MX STRAIN- 
2.4470000E-92 20 

MAX TIME- 
1.150000 

ROLF X 
41. e0000 9.2 0,4 0.6 0.814 

R06MIN TuE S 
2.888006 

AREA so 
3.134392 

<RET> TO CONT 1 

Figure 1.007 Continued from above and continued below 

Image s of the c omputer screen at various s tages of the data analysis programme 
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Channel 3-time plot. VID077 

1.00 

0.75 

0.50 

0,25 VID077 
0 

MAX STRESS- 2 0.2 0.4 8.6' 0.8 1.8 
146.9088 a TIME S 

STRAIN- 
2.4470000E-62 -0.25 

TIME- 
1.158000 

-Q, 50 

MAX STRAIN- 
2.4470080E-02 

-0,75 MAX TIME- 
4.150080 

ROLMIX -1,00 
41.00800 

ROLMIN 
2.000888 

AREA as 
3.134392 

(RET) TO CONT 
1 

- The next interactive stage in VID077 

reached. (The programme has 
,. eo looped back to the same line as 
e'75 figure A1.007f. ) In this case a 
0.50 smaller range of data is 

examined that from 0.2 to 0.7 
0,25 

seconds into the test. Again the 
Q. 

9.2 a" TI, 5° 8 1.0' operator is asked if regression 
-8.25 analysis is required. In this 

-0.50 example the response is 
affirmative. 75 

REDUCED DATA SET -1, BB 

CONTINJE7 Y'N Y 

LOLER TIME LIMIT9, 2 
UPPER TIME LIMIT). ? 
REGRESS? Y k) 

This is a stress-strain plot for the VIDR77 
reduced data set. The regression 

12a equation given is 
Y=3.677368 + 

108 27250.86523438*X. This 
Y. 3,677368" 

27258.86523438tX 88 implies that the material 7 VIM? 
= ýr stiffness of this specimen is 

MAX STRESS- 

138.4888 ' se 25086523438 GPa 27 STRAIN STRAIN- . . ,. 873 1 -83 N ed for the l h H . TIME 40 ues us e va owever, t 
0.6900800 

analysis of the differences 
MAX STRAIN. 4.8730001E-83 20 between specimens was that MAX TIME- 

8.6900080 given rounded to the nearest RO 
25.00 000 25,8 0,001 0,002 0.003 8,001 l 

Reu4IN STRAIN ay 

9.000000 
AREA "s 

0.3433741 
<RET> TO COHr 1 

Figure 1.007 Continued from above and continued below 
Images of the computer acre en a various stages of the data analysis progr 
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VID277 The plot shown here is a strain- 
time plot. Therefore the slope of 

45E-4 the regression line is the average 
40E-4 strain rate exhibited by the 
3SE-4 gauge length during the period 

Y. -8.002500. 9.91939559"X 38E-4 of the test examined. In this VID077 M 
12SE-4' 01 s" th i t0 t b MAX STRESS- 

. e ra ou . case e sa 130.4800 
STRAIN- 20E-4 

4.8730001E-83 
TIME- ISE-4 

8.6900000 

MX STRAIN- 
10E-4 

4.8730001E-03 
MRX TIK- 5E-4 

8.6900000 
ROU' X 

25 68006 
0.3 0.4 8.5 0.6 

TIME S 
ROWMIN 

8.000000 
AREA "s 

8.3433741 
<RET) TO CONT 

m) 
VID877 This plot shows the values of 

stress plotted against time. Thus 
i2Q the slope of the regression line is 

the rate at which the stress was 
18e applied. This is related to the 

Y. -64.86311 
133793"s)( 284 . 187 80 stiffness of the specimen and the UID07J 

cross-head speed used. MX STRESS- 138.4600 66 this value was not However 
STRAIN- , 4.8730881E-03 

TIME- 
u. 

used in the analysis presented 4e e. 69eeeee here, although it did provide a 
X STRAIN. 4.8730001E-03 20 check for the stiffness data that MX TIM- 

6.6300000 was used R025 
88800 as8e80 1.3 0.4 0.5 0.6 . 

ROLMIN TIME S 
8.000000 

AREA "s 
8.3433741 

CO TINUE7 Y'N 

n 
Figure 1.007 Continued from above 

Images of the computer screen at various stages of the data analysis programme 
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APPENDIX 2 

SPECIMEN PREPARATION FOR TENSILE, CREEP AND 
NOTCH SENSITIVITY TESTS 

The specimens of bone and antler were prepared in a similar way. The main 
difference was that the initial sectioning of the antler was done in the dry state in which 
the antler was received, whereas the bovine bone was kept wet (or frozen) during all 

stages of the operation. In this description the photos show the preparation of specimens 
from a bovine femur. Where there is a variation between the methods of preparation or 

used for the antler specimens and that used for the bovine ones, this will be stated in a 
footnote. These differences normally arise from the different geometries of the two types 

of bone. Variation between the methods used for preparing the different types of 

specimens will also be included, either in the main text or in footnotes. At all stages of 
the operation and between operations the test material was immersed in water. The 

cutting operations, for which it had to be removed from the water bath, were completed 

as quickly as possible. Water was applied to the surface of the material with a pipette if 

there was no obvious dampness on the surface of the material. 

The bovine bones (normally femurs) were obtained from local butchers. The 
butchered animals were normally 18 months old. The specimen preparation process was 

either started immediately or the material was stored in a freezer for preparation at a later 

data. ' The preparation of the specimens will be described in a number of stages. 

a) The first task was to clear, measure and draw the bone. The diaphysis was 
cleaned back to the first hard surface, and the epiphyses were exposed to the level of the 

articular cartilage. A line was drawn on the surface of the diaphysis and represented on 
the drawing. 

b) Using a De Walt 3501 band saw with a'skip tooth' blade (approximately 6tpi) 
two napkin rings of bone were removed from the central section of the diaphysis. (Figure 
A2.001) These napkin rings were about 50 mm in length. These were labelled and the 

more distal end marked? Both ends of the napkin rings were then drawn round and the 

position of the line drawn on the side of the bone was marked on the drawing. A sketch 
of one side view of the napkin rings was also made. 

c) The head of the femur was sectioned to examine the state of the epiphyseal 
plate: fused or unfused. (In all cases this was found to be unfused. )3 (Figure A2.002). 

'The antlers were stored in laboratory conditions. 
21n the case of antler the more proximal end was marked. 
3There is not equivalent sectioning operation for antler. However, the antlers were 
examined for evidence of velvet and casting. This gave some indication of maturity. 
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d) The napkin rings were sectioned longitudinally, and the marrow was removed. 
(Figure A2.003a. ) They were then placed on top of the drawings of their outlines, and 
the internal detail added. 4 

e) The half napkin rings were sectioned longitudinally, producing rods of cortical 
bone. The distance between successive cuts was about 10 mm, but this depended on the 

size, radius of curvature and quality of the rings. (Figure A2.003b) The channel for the 
blood vessel noted in figure 1.001 can be seen in one of the sections shown in figure 

A2.003. Rods obtained from areas containing obvious blood vessels or muscle insertion 

points were rejected. 
f) One edge of each rod was ground off so after further sectioning the orientation 

of the pieces of bone would be known. This edge was that seen in the bottom left-hand 

corner when the surface closest to the periosteum is viewed, and the bone is in its natural 

vertical (proximal-distal) orientation. Therefore I refer to this orientation as the natural 

orientation. (Figure A2.004a) Thus for bovine bone this edge is more distal .5 
g) The external surface of the rods was then ground flat using carborundum paper. 

(Figure A2.004b). One of the adjoining surfaces was then ground flat and at 90° to the 
first. (Figure A2.004c. ) 

h) Slabs about 1.5 mm thick were then cut from the rod using the ground flat 

surface as a datum. These cuts were performed using a small table top band saw. (Figure 

A2.005. ) The position of these slabs in the original bone was recorded by noting their 

position on the pictures of the napkin rings. Thus the positions and orientation of each 

specimen within the original structure are known. (However, this information has not 
been fully utilised in the work presented in this thesis, although during some of the initial 

analysis this variable was included. ) 
i) The slabs were then ground by hand, while immersed in water, using 

progressively finer carborundum paper until they were approximately 7 mm x 1.25 mm x 
45 mm. If it was required to do so the datum corner was reground. (Figure A2.006. ) 

j) The rectangular slabs of material were tested in three-point-bending using an 
Instron 1122 machine (see figure A2.007). The specimen to be tested was positioned so 
it straddled a machined hole in a metal block, mounted centrally on an Instron 

compression load cell. The specimen was totally submerged in tap water. The 

compression surface was that which had been closest to the external surface of the 
original bone or antler. 

k) The specimens were loaded to approximately 2 N. The cross-head speed used 
varied from test to test. The values are given in the main text. The load was recorded on 
the Instron's chart recorder, which was running at an appropriate speed to produce a line 

of suitable slope. 

4The centre of the antlers contains a dense cancellous bone structure. This can not be 
remove in the same way that marrow can. 
5For antler this edge is more proximal. 
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1) The straight portion of the loading curve (after the so-called bedding-in section, 

or initial non-linearity) was extrapolated to give the total deflection due to a load of 2 N. 6 

This deflection comprises the sum of the deflection of the specimen being tested and the 
deflection of the loading equipment. 

m) To account for the machine deflection, the system was loaded without a 

specimen and the recorded deflection (assumed to be due to the machine only) was 

subtracted from the measured deflections before the calculation of material stiffness was 

undertaken. 
n) The equation used to calculate the material stiffness was that used to calculate 

the Young's modulus of a uniform rectangular beam of elastic material in three-point- 
bending. This equation is available in such books as Howatson et al. (1985). 

_PL Eb 
4Sb 

Ca) 

where: P is the load (in Newtons), L is the length of gauge section or the distance 
between the supports (in metres), 8 is the vertical deflection at the centre of the gauge 
length (in metres) and Eb = Bending modulus, for an elastic material this is Young's 

modulus (in MPa) 

o) The slabs of test material were machined into the familiar dog-bone shaped 

specimens. The waisted sections being of 4 or 5 mm in width. This operation was 
performed using an engraving machine with a milling tool. The tool is guided by a 
manually operated jig follower, thus with the appropriate jig specimens of different 

shapes, sizes or widths can be reproduced. See figures A2.008 to A2.010. 

p) If the specimen was to be used in a tensile or creep test the preparation was 

completed by a final grind with a very fine carborundum paper and an inspection for any 
production induced flaws. If the specimen was to be used for notch sensitivity tests then 
there are a few more stages to be completed. 

q) Two types of notch have been used in this study: ones with drilled tips and 

ones with cut tips. If a drilled tip was required then this operation was conducted first. A 

variety of drill sizes were used, but all at speeds of about 105 rad s" [1000 rpm]. (Figure 

A2.011. ) 

r) The notch was completed by cutting a slot from the edge of the specimen to this 
hole. (Figure A2.012. ) 

s) The final stage of the preparation was to give the specimen a slight grind on 

very fine carborundum paper to remove any burrs. 
t) Before testing the dimensions of the notch were measured using a travelling 

microscope (with a graduated eye piece for the smaller dimensions). These 

measurements were performed on both sides of the specimen? 

6Total deflection = (distance on the chart) x (speed of cross-head/speed of chart) 
71n some of the initial tests on antler these measurements were made on one side only. 
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Figure A2. (}Ü8 

The engraving machine used to produce the waisted section of the specimens 

Figure ýý_'. 1111ý) 

Detail of milling, of the specimens 



---- F- --ý 
1K'zs K 

45 

20 ; -ý- ,ý4 or 5 

14 
Radius 4, see note 

Datum corner 

All dimensions in mm 

Note: This is not a true radius, as the flare at the reduced cross-section is more gradual. 
The specimen is viewed in its natural orientation, the largest surface seen here was that 
closest to the surface of the original bone. 

Figure A2.010 
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Drilling the tip radius of the notch 

Figure A2.0I2 

Cutting the notch using an Exakt diamond hand saw 

t)47 
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APPENDIX 3 

CALCIUM DETERMINATION 

The calcium content of the specimens was determined using a colorimetric 

method. This method is essentially the same as that which has been used in the 

laboratory for Professor John Currey for a number of years. For example see Currey 

(1988a). However, for the results presented in this thesis the final stage of calcium 
determination was performed using an automated analysis system. ' It was considered 

that such a system would remove some of the variability due to human error. 

The stages in the determination of the calcium content of bone are presented 
below. The term bone will be used, but the method equally applies to antler. 

a) A small drill was used to obtain fine particles of bone. The holes were drilled 

in the material on the datum side of the fracture. (Thus the material was always more 

proximal than the fracture for the antler specimens, and more distal in the case of the 

bovine specimens. ) During this operation the specimen was placed on a piece of 

weighing paper, so that the dust could be collected. Most of the material was obtained 
from the shoulder region of the specimen. Care was taken not to drill through the full 

depth of the specimen (and thus into the paper). The paper, drill and surrounding area 

were cleaned between the drilling of each specimen. 
b) The dust was placed in clean flat bottom glass tubes, appropriately labelled. 

c) To remove any fat the bone particles were tumbled in about 2 ml of a 

chloroform and methanol mixture. This was done at room temperature for 12 hours. 

d) The tubes were left to stand for a few minutes so that the bone particles could 

settle. The solution was then pipetted off. 
e) The 'remaining bone particles were then dried at about 40°C for 5 hours. 

f) Approximately 0.006g of the dust was weight out and transferred to a new 

clean glass tube, appropriately labelled. 

g) Approximately 1 ml of N/1 HCl was added to the tube. The tube was then 

stoppered and left for at least 12 hours (normally over night) to allow the bone to 

decalcify. 

h) All the contents of the tube were transferred to a 50 ml volumetric flask. The 

tube was rinsed into the flask several times using deionised distilled water. The flask was 

then filled to approximately 15 ml using more deionised distilled water. 

'I would like to thank Peter Humpherson and Kevin Brear for their assistance in setting 
up and calibrating the MIRA analysis system used in this study. 
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i) N/1 NaOH was added to the flask until the solution was neutralised. 
Neutralisation is signified by the formation of a cloudy precipitate. The amount of NaOH 

needed is approximately the same as the amount of HCl previously added. 
j) HCl is added drop be drop. The flask is agitated between each addition. This 

process continues until the precipitate just clears. 
k) The solution is made up to 50 ml using more deionised distilled water. 
1) The tubes are then stoppered, or the solution transferred to other tubes for 

storage until it is analysed. 
m) The concentration of calcium in the solution was determined by using o- 

cresolphthalein complexone. This was obtained in the form of a calcium testing kit from 

Boehringer Mannheim. The manufactures of this kit and Currey (1988c) refer to a paper 
by Sarkhar and Chauhan (1967) for the method. Basically this chemical forms a violet 
complex with calcium. The amount of this violet complex reflects the amount of calcium 

present. 
n) The amount of the violet complex is determined by using MIRA analysis 

system. At the heart of this system is a photometer. Light is emitted from a flash tube 

and passes through an interference filter. The beam of light is then split. About 10% of 

the light falls directly on one photodiode, while the remaining 90% passes through the 

cuvet holding the sample solution before falling on another photodiode. The machine 
then compares the readings of absorbency obtained in this way with a previously stored 

calibration curve. 

m) Once the concentration of the test solution has been obtain it is a simple matter 
to calculate the concentration of calcium in the mass of material from which that solution 

was made. The calculation is based on that in the instructions of the calcium 
determination kit and the mass of the bone from which the solution was made. In this 

case the calculation is simple: the reading from the MIRA divided by 20 times the mass 

of bone, will give the calcium content in mg g". 

It should be noted, as it was by Currey (1988a), that'this process gives an estimate 

of the calcium content of dry bone; no attempt was made to measure the water content of 
bone'. 
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APPENDIX 4 

HOW TO OBTAIN THE DATA SETS ANALYSED IN THIS 
THESIS 

It is a capital mistake to theorise before one has data. 

Sir Arthur Conan Doyle 

Scandal in Bohemia 

Data 

set 

Main contents Number of specimens 

IA1 Impact energy, red deer-an er 8 

IB1 Impact energies, bovine femur 7 

MAI Calcium content, reindeer antler 78 

MA2 Calcium content, red deer antler 110 

MB 1 Calcium content, bovine femur 37 

TAI Tensile test data, red deer antler 27 

TB1 Tensile test data, bovine femur 30 

CAI Creep test data, reindeer antler 36 

CBI Creep test data bovine femur 33 

CA2 Reduced data set from CAI 20 

CB2 Reduced data set from CB1 15 

NA1 Preliminary notch data, red deer antler 13 

NA2 Preliminary notch sensitivity test data, (containing some tensile data), 

red deer antler 

23 

NA3 Notch sensitivity data (containing some resilience and tensile data), 

red deer antler 

93 

NA4 Notch sensitivity test data (whitened zone size), red deer antler 30 

NA5 Notch sensitivity test data (cross-head sed , red deer antler 19 

NB1 Notch sensitivity test data (containing some resilience and tensile 
data), bovine femoral bone 

42 

NB2 Notch sensitivity test data, bovine femoral bone 16 

NB3 Notch sensitivity test data (containing some resilience and tensile 
Jdata), 

bovine tibial and femoral bone 

65 

Table A4.001 
Summery of the contents of the data sets usedin this thesis 
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Due to the large size of the data sets used in this thesis I do not include lists of the 

raw data here as this would require many pages. However, I am happy to supply the data 

on disk (3.5 inch or 5.25 inch, MS-DOS) or in printed format. I suggest that the easiest 

way to contact my will be in writing, sending a blank disk if required, by way of one of 

the following addresses. 

The Department of Biology 
University of York 
Heslington 
York 

93 Wainsford Road 
Pennington 
Lymington 
Hants 

YO15DD SO41 8GG 
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APPENDIX 5 

THE MATHEMATICAL REPRESENTATION OF 
VISCOELASTICITY 

There are a number mathematical approaches that may be used to give a 
representation of linear viscoelastic behaviour for multiple step or non-step changes in 

stress or strain. One of which is based on the solution of the constitutive equations, 
giving the stress-strain-time relationships for step changes in stress or strain. These are 
then combined using Boltzmann's superposition principle. This approach enables the 
stress-strain-time relationship to be determined for a material subjected to a number of 
step changes, or differentiable non-step changes, of stress or strain. Another method is to 
obtain a direct solution of the equations for the loading conditions of interest. The 

application of this second approach is relatively easy for a limited range of loading 

conditions. The solution of the equations for step changes in stress or strain (as required 
by Boltzmann's superposition principle) and ramp changes by the second approach will 
be briefly outlined below. Further explanation of these approaches can be found in books 

such as that by Findley et al. (1989). Boltzmann's superposition principle is not 
examined in this thesis. This is because the stress-strain relationships for the loading 

conditions of interest here can be obtained directly. 

The constitutive equation of a linear viscoelastic material may be expressed as a 
linear function of stress, strain and their time derivatives (as in equations 2.009 and 
2.012). This can be represented by the following general expression, where ß= Cr (t) 

the variation of stress with time, and similarly E=£ (t) describes the variation of strain 

with time. (The dots indicate the derivatives with respect to time. ) 

f(a, a, 6,6',...; c, e, e, e,... ) =0 

This is commonly expressed in the more compact form of 

Pa=Qe 

(A5.001) 

(A5.002) 

Where P and Q are linear differential operators with respect to time, Findley et al. 
express these mathematically as 

b P= pr air 
Q 

rj 
qT 

iait 

rm0 

The differential operator form is expressed by the following equation 

(A5.003)) 
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Pa=Poa+PlQ+P2ä+... +P1 
a=; ý 

at 

F. QE qoE+q1E+q2+... + ab 
qb atb 

(A5.004) 

There is no loss of generality if po = 1. Taking the Laplace transform of the above 

equation results in the following equation. ' 

P(s) ä(s) _ (Po + P, S+ P2 s2 + ... + pa s`) ä(s) 

_ (qo + q, s+ q2 s2 + ... 
+ qb Sb) E(s) = Q(S) E(s) 

(A5.005)) 

where s is the transform variable. From this equation a more simple form of relationship 

can be expressed as follows. 

Q(s) 
_ 

ä(s) (A5.006) 
P(s) E(s) 

For the linear case pr and q, are, by definition, independent of stress and strain. By 

substituting the correct values into the terms in the above equations a description of 

idealised viscoelastic properties can be obtained. For example taking the simple three- 

element solide the creep compliance J(t) (and the relaxation modulus Y(t)) can be 

calculated (remembering po = 1) as follows 

a+p1a = q0c+q1 (A5.007) 

This is the operator equation for the three parameter solid, changing this to the Laplace 

form gives the following equation 

ä(s) + P, s G(s) = 90 £(S) + q1 s e(s) (A5.008) 

Thus 

'The application of a Laplace transform moves the differential equation from the time 
domain into a functional domain, in which it is expressed as an algebraic relationship. 
Use of algebraic manipulations permit the application of an inverse transformation, 
which returns the problem to the time domain, but in such a way that the original 
differential equation has been solved. 
2The three-element solid is the mathematical representation of a Kelvin solid in series 
with a spring. I chose it as an example as it is commonly used to model bone: Sedlin 
(1965), Tennyson et al. (1972) and Tanabe et al, (1991a, b and c). 
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ei(s) (1 + P, s) = C(s) (qo + q, s) (A5.009) 

From the above equation it follows that 

and 

G(S) _ £(s) qo + G1 s (A5.010) 
l +pls 

9(s) = ä(s) 
[1ýp1s] 

(A5.011) 
4o+qi$ 

From this second equation the strain response to a step input of stress can be determined. 
This situation is the ideal creep test. The expression for the Laplace equivalent of a 
Heaviside step input of stress is given in equation A5.012. These and other equivalents 
are provided in standard tables. For example the books by Howatson et al. (1985) and 
Findley et al. (1989). 

Co H(t) ßo 

s 
(A5.012) 

(Remembering that Qo is a constant and not a function of time. ) Substituting this 

equation into equation A5.011 results in the following expression, which is for the strain 
during a creep test expressed in the functional domain. 

C(s) = 
ao 1+ PIS (A5.013) 
s qo+qts 

This equation is then expressed in partial fraction form, to enable the reverse transform to 
be completed (by use of the standard tables mentioned above). 

e(s) = ao +q pI (A5.014) 
q, s 

(qý 
,+ 

S) qi(< + s) 

Using the convolution form of the inverse Laplace transform for two fractions of the right 
hand side of the equation, which are given below (equation A5.015), the strain response 
can be obtained. 

11 (1 
- e'at) and 

1- 
> e, at (A5,015) 

s(a+s) aa+s 
Setting qo/q, = a, the strain response is expressed as follows 

C(t) = 64 
11 qI (1 

- e' q. , /q, + pt, e 90, I4, 
q, qo q1 

(A5.016) 
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Consequently the creep compliance, E(t)/ao , for a three-element solid is expressed as 

J(t) =1 (1 
- e' ao tie, ) + Pi e- qo t/a, 

qo qi 
(A5.017) 

Tables of such expressions for the creep compliance and relaxation modulus (and 

complex compliance) of a few simple models are provided in standard text books such as 
Findley et al. (1989) and Flügge (1975). 

Taking equation A5.010 in place of A5.011 a similar procedure can be used to 
find the relaxation modulus. This process will result in the following equation 

Y(t) = 
[qo 

- 4o e-/Pt + qt 
Pi 

e uvº (A5.018) 

Equation A5.017 for the creep compliance and equation A5.018 for the stress 

relaxation modulus, can be expressed for the general case of a multiple parameter linear 

viscoelastic material. This could be achieved by using the same method on equation 
A5.005 or in place of equation A5.008. However, the solution is readily available in 

texts on the subject. The creep compliance and relaxation modulus can be expressed as 
follows; creep compliance is given by 

J(t) _ 
£(t) 

= Co + Cj P'-«11 + C2 e""'` + ... (A5.019) 
Co 

The relaxation modulus is given by 

Y(t) = 
(t) 

= Ao + Al c(-"") +A1 e412) +... (A5.020) 
Co 

The basis for the derivation of the latter equation A5,020 can be found in Findley et al. 
These authors point out that experimentally it is usually easier to find the values of the 

coefficients (given above as A0, A, and so on) rather than p, and qi. The coefficients in 

this equation can easily be derived for a linear viscoelastic solid, from stress and strain 
measurements taken during a stress relaxation or creep test. It is this approach, the 
experimental determination of the coefficients, which permits the mathematical 
representation of the behaviour of real materials. These equations can then be used to 

predict the material's behaviour under loading conditions, which are more likely to be 

encountered in real life. 

Creep and stress relaxation are two aspects of the same behaviour. Therefore one 
is predictable from the other. This prediction is made possible by using the Laplace 
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transform of these quantities. In the function domain these two quantities are simply 
related by equation A5.021.3 

a(s) 
=s Y(s) =sJ () (s) 

(A5.021) 

It was implied above that the determination of the coefficients of equation A5.019 
or A5.020 from creep or stress relaxation tests is not a useful exercise in its own right. 
To benefit from this procedure these results need to be manipulated, to enable the 

prediction of the material's behaviour under more general or realistic loading histories. 
One such method for linear viscoelastic materials is Boltzmann's superposition principle, 
in which an irregular loading pattern is visualised as being made of distinct step changes 
in stress or strain. (If the loading pattern is differentiable the step size becomes infinitely 

small. ) However, as mentioned above the Laplace transform method can also be used in 

situations other that the Heaviside step function. Thus if the values of the coefficients p; 
and qj have been determined for a material, (or a specific model, which incorporates a 
limited number of coefficients, is being tested) a prediction of behaviour under various 
loading conditions can be made. As a demonstration of this method the same material as 
used above, the three-element solid, will be subjected to a ramp input. In the first case 
the ramp input will be stress and in the second a strain. (These inputs can be viewed as 
idealised tensile tests. ) 

If the stress is applied at a constant rate v the stress at any time is described by 

ß(t) =at, where t is the time measured from the start of the load application. The 

appropriate Laplace transform for such a ramp function is given below. 

dt-6 
s2 

(A5.022) 

Taking equation A5.011, and substituting equation A5.022 (in the same way as above), 
results in the following equation. 

c(s) =6 
[-qo 

+qis 
(A5.023) 

This can be expanded to 

3This form of analysis was the basis of an experiment I undertook before this study. The 
coefficients of Y(t) were obtained for a specimen of bovine bone and used to predict 
those of J(t). Predictions of strain during a creep test were then compared with 
experimentally obtained data. The difference in the strain values was < 5%. The 
coefficients were approximately AO = 15 GPa, A1= 0.5 GPa, A2 = 0.6 GPa, zl = 1400 
and tie = 170 where time was in seconds. 
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£(s) =ß1+ 
pl S (A5.024) 

s2 ýq0 + qi s) s2 (q0 + qi s) 

This equation may then be expressed in partial fraction form as 

e(s) =Q11+s (A5.025) 
q, s2 

(q/ 
+ s) 9, s2 

(q,, / 
q+ s)i 

Returning this equation back to the time domain gives 

e(t) -ß12, 
t- (ql 1-i (1 

- e' ea Ala, + P1 q1 (1 
- e- ao ý1aý 

qi qo 4o qi 

(qo 

which simplifies to 

(A5.026) 

E(t) =t+ 
Pi 

- -2L 
(1 

- e' as tia4) (A5.027) 
qn 

(qo 

qo 

or 

ý(t) _ 
6(t) + qo p, 2 qi (1 

- e'got ) (A5.028) 
qo 90 

Clearly for a fixed stress rate the deviation from the time-independent linear response, 

E(t) = ß(t)/qa, increases with time (the value of the term in the extreme right hand 

parentheses changes from 0 at t=0, to 1 at t= oo). Similarly if some value of stress is 

considered, a,, then the strain exhibited by this solid can be shown to be dependent on 

the stress rate; in the following way. 

EI =6 +p goPt-q1 
2) 9o q0 

(1-eß) (A5.029) 

where ß=- q0 al 
er q, 

(by virtue of t=a, /ß). As the stress rate increases the term 

within the extreme right hand parenthesis of equation A5.029 will tend towards zero. 
Thus at the highest stress rates the viscoelastic component of the deformation is very 
small. Obviously the exact proportion of the deformation that is time-dependent under 
such fixed conditions will be governed by the magnitude of the constants p,, and qtt. A 

4By using -- 
1 

c* 
t- 12 (1 

- e- and 
1a1 (1 

- e- 
s' (a + s) a a, s (a + s) a 
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value of the secant compliance could be obtained from this equation, but this will not be 

done here. 

The same approach (as used above for constant stress rate) can be used for a 

constant strain rate input e(t) =6t. In this case the substitution is into equation A5.010. 

a(s) _2 
qo + q1 s=E qo + q1 S 

s1+ pt s s2 (1 + p1 s) 

which becomes 

_ 
qo qi s 

6ýsý ^e s2 (1 + Pi Sý 
+ 

S2 (1 + PI S) 

Then representing this equation in partial fraction form gives 

G(S) 
qo 1+a, s 
P, s 

(Y1 
+ s) Pi s2 

\P1 
+ s/ 

Returning to the time domain gives 

(A5.030) 

(A5.031) 

(A5.032) 

bit) _e- i(pt)2 e) +I 
(i (1 

- 
Pi Pi J 

(A5.033) 
Equation A5.033 is the same as 

a(t) °E 
[(qo t- qo p1 (1 

-e VPI )) + q1 (i -e' VPI )l (A5.034) 

Thus 

a(t) =E (qo t +, (q, - qo Pi) (1 
- e')] . (A5.035) 

Using the relationship of time and strain rate gives 

a(t) = £(t) qo -ý 
(qo p, - ql) (1 

- e-Vv, ) (A5.036) 

In this case the higher the strain rate the closer the relationship is to the time-independent 

one. Similar statements to those made above, regarding the departure from linearity, can 

also be applied to this equation. 
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APPENDIX 6 

CREEP FRACTURE IN BONES WITH DIFFERENT 
STIFFNESSES: A PAPER BY MAUCH, CURREY AND 

SEDMAN 

Erratum: Since the publication of this paper I have found that we made a typographical 

error in the preparation of the manuscript. Examination of the data shown in figure 2 and 
the values of the coefficients given in table 1A show a discrepancy in the results for 

specimens of bovine ulna. This discrepancy arises from the value of A being given as 
15.5 when it should have been given as 11.5. As I reported in section 3.3.3, this 

erroneous value was then used to obtain the predictions of the time-to-rupture under a 

creep load of 100 MPa. The correct prediction is 1260 seconds, in place of 
12.6 x 106 s. Thus giving a time that is about the same fraction of an hour as that 
previously given is of a year. 
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CREEP FRACTURE IN BONES WITH DIFFERENT 
STIFFNESSES 

MARIANNE MAUCH, JOHN D. CURREY and ANDREW J. SEDMAN 

Department of Biology, University of York, York YO1 5DD, U. K. 

Abstract-Creep fracture experiments were used to examine the differences in time to fracture of bones with 
very different Young's moduli (bovine bone and red deer antler) and the implications of these differences for 
the ̀ cumulative-damage' model of Caler and Carter U. Biomechanics 22,625-635 (1989)) for bone fracture. 
Using normalised stress as the explanatory variable, the slopes of the distributions agreed quite well with 
that of Caler and Carter for human bone. However, antler took far longer to fracture at any given 
normalised stress than did bovine bone. Using stress alone as the explanatory variable, the relationships 
within each bone type almost disappeared. Within any bone type strain is the important determinant of time 
to fracture, but less mineralised bone takes much longer to fracture at any given strain, or normalised stress, 
which seems not to be in accord with the cumulative-damage model. The rate of damage accumulation in 
lightly mineralised bone at high strains (> 1 %) is much less than that occurring in more heavily mineralised 
bone. 

INTRODUCTION 

Bone is not a completely brittle material. The tensile 
load-deformation curve of well-mineralised bone has 
two rather distinct parts: a nearly linearly elastic 
region, followed, after a short and quite well-defined 
transition zone, by a region in which the load increases 

rather little while the strain increases to about 2%, 

which is more than three times the strain at yield 
(Fig. IA). An understanding of the fracture behaviour 

of bone requires an understanding of the processes 
occurring in the relatively long post-yield region. 

Most metals, if they are unloaded and reloaded after 
they have undergone post-yield deformation, have a 
modulus of elasticity effectively the same as that they 
showed initially (Wyatt and Dew-Hughes, 1974). In 
bone, however, it seems that post-yield behaviour is 

characterised by microdamage in the form of tiny 
cracks which, at least initially, do not spread through 
the bone (Currey and Brear, 1974). 

In 1985 Carter and Caler proposed a cumulative- 
damage model for the fracture of bone, derived from 
tests in cyclical fatigue loading, and also in monotonic 
tensile loading. Their idea was that bone fractured 
when it had suffered a certain amount of damage, and 
that the rate of damage accumulation was related to 
some high power of stress. According to their model, 
under constant stress, failure occurred at time To, 
where Tjl-Aa'e, A and B being empirically deter- 
mined constants. The rate of damage accumulation 
dD/dt is given by 

will be available at a higher stress rate. Thus, low stress 
rates will produce lower strengths. Carter and Caler 
(1983,1985) derived the following equation for the 
ultimate strength a,,,,: 

a [A(B+1)]u(e+*)d Iß+u, 

where Q is the stress rate. The parameters A and B 
were determined from creep tests. Using six specimens, 
they determined the values of A and B for human 
femur at 36°C to be 3.02 x 1035 and 17.95, respectively, 
where stress is expressed in megapascals, and time in 
seconds. From this they estimated the stress rate 
dependence of bone strength to be given by 

a,, u 87ä°. °1a 

If bone is assumed to be a linear material with a 
Young's modulus of 17 GPa, the above relationship 
translates approximately to a,,,, ffi1470.055 (Carter 
and Caler, 1985). These predictions, resulting from 
creep tests, were found to be a fairly good fit to the 
results of strain rate experiments (Carter and Caler, 
1985; Currey, 1989). 

STRESS/M 

dD/dc =1/(Ac' B). 

It follows that in a test involving monotonic loading 
to fracture, a low stress rate allows more time for 
damage to accumulate, at any particular stress, than 

Fig. 1. Typical stress-strain curves. (A) 'Standard' bone such 
Received in final form 12 June 1991. as is found in young cattle. (B) Antler. 
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In a later, somewhat more extended test, using II 
specimens and a greater range of time to rupture, 
Caler and Carter (1989) did not use stress (er) but 
`normalised' stress, which is stress/Young's modulus 
(c/E). For specimens loaded in the linear region only, 
this is equivalent to strain. Caler and Carter found the 
exponent B to be about 16 for human cortical bone, 
that is, the rate of damage accumulation was propor- 
tional to (o/E)16 

An important implication of this model is that after 
yield the stress should not increase very much before 
failure. Because of the high value of B, the rate of 
damage accumulation is negligible at low stresses, but 
becomes very high once damage starts to accumulate 
at a measurable rate. If B is 16, and the damage 
accumulation rate is assumed to be unity at the stress 
at which the curve begins to bend over (which we 
arbitrarily call the yield stress), then the damage 
accumulation rate at 80% of yield stress is 0.03, at 
90% it is 0.19, at 110% it is 4.6, and at 120% it is 18. 
Clearly, the specimen will fail very quickly as the stress 
rises above the level at which damage, as indicated by 
the bending over of the stress-strain curve, becomes 

apparent. 
In 1989 Currey showed that reindeer antler (whose 

bone has a rather low degree of mineralisation and, 
therefore, a low Young's modulus) had a strain rate 
dependence of ultimate strength very similar to that 
found by Carter and Caler in human bone. It was 
reasonable, therefore, to assume that Carter and 
Caler's cumulative-damage model was applicable to 
antler as well as to cortical bone, and perhaps by 

extension to all compact bone. 
However, there remained the difficulty that in antler 

there was a considerable increase in stress after the 
point of yield, the stress at failure being considerably 
greater than the stress at yield (Fig. 111). For the 
reason given above this finding is difficult to accom- 
modate with a model giving a value of 16 for the 
exponent B. A possible explanation would be that 
`yield' in highly mineralised bone is a different phe- 
nomenon from `yield' in antler. The difficulty men- 
tioned above would disappear if yield in antler did 
not indicate the initiation of damage occurring at a 
high rate, but were some non-linear elastic or visco- 
elastic phenomenon. Then, of course, an explanation 
would be needed for the process of yield in antler 
itself. 

The experiments of Currey (1989) showed that 
human bone and antler behaved similarly in regard to 
strain rate. However, there is a clear difference be- 
tween antler and ordinary bone in their post-yield 
behaviour. 

The purpose of this paper is to compare the creep. 
rupture behaviour of more and less highly mineralised 
bone (bovine and antler, red deer antler in this case) to 
determine whether they fall into the same general 
pattern, as would be implied by Carter and Caler's 
model and, if they differ, to determine what are the 

important variables affecting the creep-rupture beha- 
viour of different types of bone. 

MATERIALS AND METHODS 

The specimens of bovine bone were obtained from 
ulnae that had been stored deep-frozen. The speci- 
mens were taken from the mid-shaft of two bones, and 
were taken from sites all round the bone. The antler 
specimens were taken from the base and from the tips 
of a normal hard antler of a red deer (Cervus elaphus). 
They had been stored dry. Drying and rewetting seems 
to have little effect on the mechanical properties of 
bone (Currey, 1988a). (Hereafter the specimens of 
bovine bone will be called `bone, the bone from the 
red deer antler will be called 'antler'. ) 

It must be emphasised that antler is, in most 
respects except that it is lightly mineralised, like 
ordinary bone (Watkins, 1987). Although it grows 
extraordinarily quickly, it is not made of woven bone. 
It shows the standard fibrolamellar pattern character- 
istic of rapidly produced bone such as is found in the 
long bones of large herbivorous mammals (like bo- 
vines), and dinosaurs (Currey, 1987). That is, there are 
widely separated struts of parallel-fibred bone, with 
the space between filled in with highly oriented lamel- 
lar bone. Vincent (1990, p. 186) shows this very clearly. 
[Watkins (1987) uses the term 'osteonic' when describ- 
ing antler, by this term he is referring to primary 
osteons, and not secondary osteons, or Haversian 
systems as they are often called (Currey, 1982). ] Antler 
is also highly anisotropic, the general grain of the bone 
being along the length of the antler. Although some 
antler is highly porous, the specimens used in this 
study were nearly fully dense bone. 

All test specimens were oriented so that their long 
axis was along the length of the bone or antler from 
which they came. The specimens were kept wet at all 
times during machining and until after testing, which 
was at room temperature. First, each specimen was 
rough-machined with a bandsaw, and then ground 
with medium and fine grit to a size of about 1.8 x7 
x 55 mm. At this stage the Young's modulus of elas- 
ticity of the specimen was determined by three-point 
bending in an Instron 1122 table testing machine, 
using a gauge length of 45 mm. Young's modulus was 
calculated from the deflection of the mid-point, the 
deflection itself was determined from crosshead travel, 
allowance being made for machine compliance. Defor- 
mation rate was I mm min''. During this procedure 
great care was taken to ensure that the specimens were 
loaded only in the elastic region. We have found that 
there is a close relationship between Young's modulus 
as determined in bending and in tension (Currey, 
1988b). 

In this paper Young's modulus of elasticity is dis- 
cussed as if it were a constant for a particular material. 
In fact, bone, like many other materials, is viscoelastic 
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and so the measured value of Young's modulus in- 
corporates a viscous component and is to some extent 
a function of strain rate. However, the variation in 
strain rate in our experiments is small and will have 
had a negligible effect on the estimated values of 
Young's modulus. 

The specimens were then machined into conven- 
tional tensile specimens, with 7 mm wide ends, leading 
by rounded. shoulders to a central gauge length of 
13 mm and a cross-section of 2.0 mm by 1.5 mm. After 

machining, the specimens were stored briefly in a 
refrigerator. They were allowed to reach room temper- 
ature before testing. 

Creep fracture 
The specimens were clamped by their expanded 

ends. Water-soaked tissue paper was wrapped round 
the specimens, and was itself wrapped round by 

adhesive tape. This prevented evaporation, only very 
occasional addition of water being needed. All speci- 
mens were found to be completely wet after fracture. 
Specimens were tested at room temperature, which 
varied from 20°C to 22°C in different experiments. 

The load was applied to each tensile specimen by 

raising the crosshead of the tensile testing machine, 
which in turn caused the specimen to lift a pre- 
determined weight via a lever. A preliminary set of 
tests indicated the values of o/E to which the bones 

could be loaded without breaking immediately. There- 

after, four specimens were excluded from the results, 
one because it was found to have a large internal flaw, 

and three because they did not break (these are 
indicated in Figs. 2 and 3). 

The stresses to which the specimens were subjected 
were chosen so as to obtain a wide range of times to 
fracture. The time course of the loading was followed 
by a pen recorder; the load on the specimen always 
increased smoothly. When the load was fully sup- 
ported the crosshead was stopped. The time from the 
start of loading to full load varied slightly around 
6s, implying a strain rate of about 0.002s-1. 
Thereafter the load was constant, although it was 
monitored to ensure that it was so. The time to 
fracture, which did not include the loading time, was 
determined from the chart or, for longer-lasting ex- 
periments, from a digital clock activated by a micro- 
switch. The set-up used in this experiment did not 
allow the determination of strain. 

Since the loading to full load took about 6 s, 
times to fracture from the moment that the 
final load was reached were necessarily affected by any 
damage occurring during the loading period. How- 
ever, as is shown above, it is improbable that much 
damage takes place until close to the final load. To 
allow for this initial damage to some extent, the time 
to fracture was taken to be the time from the moment 
the crosshead stopped, plus one second. 

After fracture little holes were drilled in the central 
section of the specimens and the bone material so 

13 

obtained was used to determine the calcium content of 
the specimens using the colorimetric method of 
Sarkhar and Chauhan (1967). Fracture surfaces of 
various specimens were examined in a scanning elec- 
tron microscope. 

RESULTS 

Time to fracture as a function of stress 
Figure 2 shows the results of the present ex- 

periments when stress (o) is used as an explanatory 
variable. Clearly, there is no overall relationship be- 
tween time to fracture and o. The linear regression 
equations for the different bone types are given in 
Table IA, along with equations from the human bone 
investigated by Cater and Carter. [Cater and Carter 
(1989) did not give the data that allow this analysis to 
be performed, and we are extremely grateful to Dr 
Dennis Carter for giving us a copy of their laboratory 
notebook to make the analysis possible. ] The relation- 
ships for the non-human bone are very weak, and only 
that for antler base is significant. However, the dis- 
tribution for the different types of bone (bovine and 
antler) are somewhat different, the points for the 
bovine bone lying to the right of those for the antler. 
That implies that, at any stress, the bovine bone will 
take longer to fracture than will the antler. Taking the 
regression equations at face value, they imply that if 
loaded to a stress of 100 MPa, the bovine bone would 
fracture in 12.6 x 106 s, the antler base in 63 s, and the 
antler tip in 8 s. 

Time to failure as a function of alE 
The results from the present experiments, and from 

Cater and Carter's experiment, are shown in Fig. 3. 
The linear equations describing the results are given in 
Table 113. A test for homogeneity of slope gave no 
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Fig. 2. Time to fracture as a function of stress. Symbols 
(which are repeated in the later figures): open circles: bovine; 
solid circles: antler base; solid lozenges: antler tip. The arrows 
indicate specimens that had not fractured after 100,000 s. 
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Table IA. Values of the coefficients in the equation log (time to failure) -A+B log (stress), time 
being measured in seconds, stress in M Pa. s is the standard error of the estimated coefficients of the 
slope. Values for coefficients with non-significant t values in parentheses. The values for Caler and 
Carter's human bone experiment are derived from their published work (Caler and Carter, 1989) and 

from data made available to us by them 

Tissue N A B s t P R' 

Human femur 11 31.4 -15.2 0.75 6.55 <0.001 80.7 
Bos ulna 14 15.5 (-4.2) 1.39 0.66 0.52 0.0 
Antler base 10 31.6 -14.9 1.11 2.92 0.019 45.5 
Antler tip 5 42.9 (-21.0) 0.85 1.39 0.211 27.4 

Table 1B. As for Table 1A, except that the explanatory variable is (stress/Young's modulus), not 
stress alone 

Tissue N A B s t P R2 

Human femur 11 -36.3 -16.3 0.40 13.29 <0.001 94.1 
Bos ulna 14 -34.6 -16.7 0.96 3.81 0.003 50.9 
Antler base 10 -47.8 -26.9 1.08 3.06 0.015 48.2 
Antler tip 5 -39.3 -21.0 0.33 5.83 0.010 89.2 

toe. "g4j Table 2A. Test for difference of slope. This was applied to all 
four regressions in which (stress/Young's modulus) was the 

explanatory variable 
o" 

101 CO g HO: Same slope (different intercepts) 
o°. H1: Different slopes (different intercepts) 

TIME/s 00" RSSHO-23.7, RSSH1=22.1 
° dfHO=35, dfH, =32 

102 0°"" Test statistic: ((RSSHO-RSSHl)/(dfHO-dfH1))/(RSSH1/df H1) 

00" "ý «. =0.77; 95% critical values F3,32=2.9 
00 There is no evidence that the slopes are different. 

°o°" Residual analysis suggests that normality assumptions are 
100 0o valid. 

0.004 0.005 0.01 0013 
STRESSTE 

Fig. 3. Times to fracture as a function of (or/fl. Open lozen- 
ges: human bone, data of Caler and Carter. The arrows 
indicate the value of (r/E) of specimens that had not fractured 

after 100,000 s. 

evidence that the slopes are different from each other 
(Table 2A). 

Comparing the results of Cater and Carter from the 
human femur with ours from the bovine bone, it is 
clear that the bovine ulna specimens took, at any 
particular value of alE, a much longer time to fracture 
than the human specimens. However, this difference is 
not important. Compared with the experiments of 
Carter and Cater, our experimental methods involved 
different specimen temperatures; whereas the experi- 
ment of Cater and Carter was carried out near body 
temperature, our experiments were carried out at 
room temperature. It would be surprising if the frac- 
ture process were not in some way temperature- 
sensitive. 

. 
Of course, apart from temperature there are several 

other differences between Cater and Carter's methods 
and ours: the geometry of the specimens was some- 
what different, Young's modulus was determined by 

Table 2B. Test for difference of intercept. (The results of 
Caler and Carter are not included in this part of the analysis) 

HO: Same intercepts (same slopes), 
HI: DifTerent intercepts (same slopes), 
RSS,,, a 43.9 RSSIj, _ 21.9 

df110-27 df -25 
Test statistic: as above 

-6.8; 99% critical value F2,33"5.57 
Reject HO, the intercepts are different. 
The intercepts, having been forced all to have the same slope 
are: 

Bos ulna: 17.55 
Antler base: 24.29 
Antler tip: 22.00 

The test for the differences between the intercepts was based 
on Sheffe's multiple confidence intervals for all contrasts. All 
intercepts were significantly different from each other at the 
0.01 level. 

different methods, and the strain rates used for initial 
loading were different. Whether these factors pro- 
duced any further differences between the results is 
difficult to say. It is not perhaps important, because 
our results showed the same general relationships as 
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shown by Carter and Caler, and the purpose of the 
present experiments is not to compare our results with 
theirs, but to attempt to assess the significance of our 
own results for an understanding of fracture in bone. 

All our experiments were carried out at virtually the 
same temperature. The regression analysis provides 
no good reason for supposing that the slopes are 
different. Nevertheless, although the scatter about the 
lines for the bovine ulna and the antler base is rather 
large, the differences in their position are real, that is, 

all three sets of points are differently placed along the 
X-axis (Table 2B). 

The difference between the relatively highly miner- 
alised, high Young's modulus bovine bone and the 
antlers is striking. For example, if a loading of oJE of 
0.006 is applied to the bones, the equations predict 
that the bovine ulna will fail in about 320 s, the antler 
tip in 260 d, and the antler base in 29,000 yr. These are 
much larger differences between the bones than those 
seen when stress alone was the explanatory variable; 
furthermore, it is now the antler which has the greater 
predicted fracture time. 

Figures 4(a) and (b) show the scatterplots for the 
data of Caler and Carter using a and o/E as explana- 
tory variables. The fit is less good in the former case 
(R2 = 80.7 and 94.1% for the two explanatory vari- 
ables, respectively), but the negative relationship is still 
clear. 
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Cater and Carter (1989) examined the fracture sur- 
face of some of their specimens. In general, specimens 
that had been loaded to a low normalised stress, and 
which therefore took a long time to fracture, showed a 
rough fracture surface at a fine level, but a macroscopi- 
cally rather flat surface. Specimens that bore a high 
load, and fractured within a second or so, showed a 
flatter surface at all levels of magnification (Cater and 
Carter, 1989, Figs 4 and 5). Our bovine specimens had 
an appearance similar to those of Cater and Carter, 
although some of our specimens that failed after a long 
time had two regions, one extremely rough, and the 
other much smoother. Presumably, the rough region 
is where the specimen started to fail, over a long time, 
and the smoother region is where the crack travelled 
much more quickly immediately prior to failure. 

In marked contrast, the antler specimens were 
always very rough, whether they had fractured at once 
or after many hours. There was no obvious difference 
between the surfaces of the specimens at each end of 
the time scale. In general, antler fracture surfaces were 
much rougher at higher magnifications than were the 
bovine specimens, whatever the time before fracture. 
Although this roughness is likely to be associated with 
toughness, it does not in itself give insight into the 
creep behaviour of antler as opposed to bovine bone. 

Figure 5 shows the values of Young's modulus and 
calcium content of the specimens, and also the rela- 
tionship between them. The antlers have both a lower 
Young's modulus and lower calcium content than the 
bovine bone. The relationship between the two prop- 
erties is in accord with the general relationship re- 
ported previously by Currey (1988b). In particular, 
rather small differences in calcium content are associ- 
ated with very large differences in a mechanical pro- 
perty. Variation in Young's modulus is to a very large 
extent determined by variation in calcium content or 
mineral. 
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Fig. 4. (a) Human bone, time to fracture as a function of 
stress. Data of Carter and Caler. (b) Human bone, time to 

fracture as a function of (a/6). 

8M 25: 1-8 

Fig. S, Young's modulus as a function of calcium content 
(milligrams of calcium per gram of dry bone). The lower set of 
points are all antler, the upper set all bovine. Note the 

strongly non-proportional relationship. 
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DISCUSSION 

M. MAucH et al. 

These results show that there are great differences in 
the creep-rupture properties of red deer antler com- 
pared with `ordinary' bone. All types of bone and 
antler show a reduction in the time to failure as alE is 
increased. The relationships are not clean, and there is 
no evidence that the slopes of the lines are different. 
Naturally, the fact that there is no statistical evidence 
that the slopes are different does not mean that they 
are the same; indeed, the relatively high values of s (the 
standard error) and low values for R2 imply that the 
calculated values for the slopes should be treated with 
reserve. However, whether the slopes are or are not 
different, their positions certainly are. Antler takes far 
longer to rupture at any given value of alE than does 
bone. On the other hand, if stress is taken as the 
explanatory variable, the evidence for a negative rela- 
tionship between time to failure and stress is much 
weaker, and disappears in the case of bovine bone. 

Figure 2 shows that, in bones taken as a whole, there 
is no relationship between stress and time to fracture. 
There is, however, a clear indication that the more 
highly mineralised bone survives longer at any stress 
than the less mineralised antler bone. Since the data of 
Caler and Carter for human bone, and our own data 
for each separate type of bone, show that there is 
indeed a clear relationship between time to fracture 
and a/E (which is effectively some measure of the 
initial strain) the problem is: why is there no relation- 
ship overall? At the moment there is no answer to this. 
However, a probable explanation may relate to the 
nature of the changes taking place in bone and antler 
during large strains. We propose that the relatively 
highly mineralised bovine bone is incapable of under- 
going strains of more than about 0.005 without 
suffering damage. If the load producing such a strain is 
maintained, more damage is continually incurred. On 
the other hand, the more lightly mineralised bone 
found in antler seems able to undergo considerably 
larger strains before significant damage starts to accu- 
mulate (albeit at lower stresses than those causing 
irreversible changes in bovine bone). 

Observations in our laboratory indicate that this is 
indeed the case. On loading bovine bone to a strain of 
about 0.005 the yield point is reached. If the bone is 
loaded further, then on reloading after unloading the 
compliance is found to have increased, indicating that 
damage has occurred. In contrast to this, antler can be 
loaded to a strain of about 0.02 before increased 
compliance is detectable on reloading after unload- 

ing. It may be that the antler undergoes 'damage' of 
some kind that heals on unloading. 

The cumulative-damage model of Caler and Carter 
supposes that damage accumulates as some high 
power of stress or, assuming that the material is linear, 
of strain. The experiments reported in this paper show, 
first, that it is strain, not stress, that is the important 
variable and, second, that bones of different degrees of 
mineralisation show markedly different responses to 
strain: strain that would cause a highly mineralised 
specimen to accumulate damage at a very high rate 
leaves less mineralised bone unaffected. Although the 
cumulative-damage model is in many ways very 
satisfactory, to be comprehensive it needs to take into 
account the markedly differing responses to strain of 
bones of different degrees of mineralisation. Experi- 
ments on bone material with mineralisation inter- 
mediate between those of antler and bovine bone 
should give insight into this phenomenon. 

Acknowledgement-AJS was supported by an SERC Stud- 
entship. J. Byrne, of the University of York Computer 
Service, provided statistical advice. 

REFERENCES 

Caler, W. E. and Carter, D. R. (1989) Bone creep-fatigue 
damage accumulation. J. Biomechanics 22,625-635. 

Carter, D. R. and Caler, W. E. (1983) Cycle-dependent and 
time-dependent bone fracture with repeated loading. J. 
biomech. Engng 105,166-170. 

Carter, D. R. and Caler, W. E. (1985) A cumulative damage 
model for bone fracture. J. orthop. Res. 3,84-90. 

Currey, J. D. (1982)'Osteons' in the biomechanical literature. 
J. Biomechanics 15,717. 

Currey, J. D. (1987) The evolution of the mechanical proper- 
ties of amniote bone. J. Biomechanics 20,1035-1044. 

Currey, J. D. (1988a) The effects of drying and rewetting on 
some mechanical properties of compact bone. J. Bio- 
mechanics 21,439-441. 

Currey, J. D. (1988b) The effect of porosity and mineral 
content on the Young's modulus of elasticity of compact 
bone. J. Biomechanics 21,131-139. 

Currey, J. D. (1989) Strain rate dependence of the mechanical 
properties of reindeer antler and the cumulative damage 
model of bone fracture. J. Biomechanics 22,469-475. 

Currey, J. D. and Brear, K. (1974) Tensile yield in bone. 
Calciif Tissue Res. 15,173-179. 

Sarkhar, B. C. and Chauhan, U. P. S. (1967) A new method 
for determining micro quantities of calcium in biological 
materials. Anal. Biochem. 20,155-156. 

Vincent, J. (1990) Structural Biomaterials. Princeton Univer- 
sity Press, Princeton, NJ. 

Watkins, M. R. (1987) The development of a tough artificial 
composite based on antler bone. Ph. D. thesis, University 
of Reading, U. K. 

Wyatt, O. H. and Dew-Hughes, D. (1974) Metals, Ceramics 
and Polymers. Cambridge University Press, Cambridge. 

665 



APPENDIX 7 

THE NON-CONSTANT STRAIN RATE EXHIBITED BY AN 
OPEN LOOP MATERIALS TESTING MACHINE 

In a number of sections of this thesis I have stated that the measured value of 
various mechanical properties and the rate at which stress and strain are applied to the 

specimen could be determined to a small degree by what I have referred to as a machine- 

specimen interaction. I have attributed this interaction to the use of an open loop testing 

machine. 1 Due to the very nature of such a control loop there is no mechanism by which 
the machine can monitor the difference between the required testing rate and that 

experienced by the specimen. The main contributory factors to this error are the 
deflections that occur outside the gauge length of the specimen. I will now explain the 

effect of such machine deflections on the quantities investigated in this thesis. This 

explanation will be based of the examination of an analogy of a tensile test. Some 

comments of how this effect may effect other forms of test are presented at the end of this 

appendix. 

For the experiments conducted for this thesis an Instron 1122 materials testing 

machine was used. This is an open loop, screw-driven, machine. The main elements of 
this type of machine are shown in figure A7.001. The specimen is clamped in one fixed 

and one movable jaw. A load monitoring system is placed between one of the jaws and 

the main frame of the machine. The movable jaw is that which is fixed to the cross-head. 
The cross-head is supported by two stout screw threads. When the screw threads are 

rotated the cross-head will move relative to the fixed jaw. Hence the specimen will be 

stretched or squashed. The load is monitored during this deformation process. By 

rotating the screw-threads faster or slower the rate at which the cross-head moves can be 

altered. The Instron 1122 machine is provided with a number of pre-set speeds of these 

screw threads. 

I stated above that the Instron 1122 test of machine uses open-loop control. From 

comments within the main body of this thesis it will be inferred that this machine may 
not give a constant extension under load or extension rate, because the machine defects. 
(The load-cell deforms, the jaws stretch, the cross-head bends, the screw threads shorten 
and all the joints between these parts open or close depending on the direction of the 
load. ) Clearly the load experienced by the specimen gauge length is also transmitted 

'In a closed-loop, or feed-back, control system the deformation rate is measured, using an 
extensometer for example. The measured rate is compared with the 'required rate. The 
machine then speeds-up or slows-down according on the error between these two values. 
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through all the structures outside the gauge length? Thus the degree to which these 
structures deform will depend on how stiff they are, and on the size of the applied load. 
A machine that deforms only a small amount is commonly referred to as a hard machine 
and one that deforms a lot as a soft machine. The consequences of machine deflections 

can be explained by using a spring model (similar to that by Freudenthal, 1950). I will 
examine a static case first where an extension has been applied to the system, one turn of 
the screw thread for example. The gauge length of the specimen, LS, is modelled by one 

spring and all the structures outside it by another, see figure A7.002. 

Figure A7.001 

In figure A7.002 two images of the same model are shown one with the system 
unloaded and the other with it loaded. The lengths of the various parts are given the 
following symbols: Lw is the length of the whole analogue system, LM is the length of 
the machine analogue and Ls is the length of the specimen analogue. Rotating the screw 
threads (by say one revolution) will extend the whole system by ALW : As a result of this 

extension a force, P, will be experienced by the specimen and the machine (and in the 

21n this initial analysis all structures outside the gauge length are considered as being part 
of the testing machine. Later the effect of the portion of the specimen that falls between 
the gauge length and the machine will be included in the analysis. 
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real machine monitored by the load cell). This force will result in extensions of the 

specimen and (deflections in) the machine, expressed as ALS and ALM. 

LM Ls 

LW 

a) An analogue spring model of the machine and specimen in an unloaded state 

III, IN IIIN 11111 11111 

i-V 

LM ALM Ls ALS 

LW QLw 

b) An analogue spring model of the machine and specimen in a loaded state 

Figure A7.002 

The various deflections of the spring analogies in figure A7.002 can be related 
mathematically. If the stiffnesses of the springs are expressed as the load experienced by 
the spring divided by the extension that load causes, then the stiffness of the machine can 
be expressed as 

KM =pP (A7.0O1) 
M 

and that of the specimen as 

Ks Pý 
(A7.002)) ALS 
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The deflection of the whole system can be expressed as 

ALw = AL. M + ALs (A7.003)) 

Thus 

ALW =P+P (A7.004) 
KM Ks 

Since the load on both parts of the system is the same equation A7.004 can be re- 

expressed as 

ALW ^ 
P(KS + KM) 

(A7.005) 
KM KS 

Thus from equation A7.002 

ALS = (Ks 
KM) (A7.006) 

SM 

Therefore if the stiffness of the specimen is infinite the specimen will not extend and all 
the deflection will be in the machine. Similarly if the specimen is infinitely compliant 
(its extension requiring no load) the machine will not deform and all the extension will be 

experienced by the specimen. The effect of a harder machine is perhaps made clearer by 

rearranging the above equation. 

ALS KM 
AL 

W (KS + KM (A7.007) 

This expression shows that if a stiffer test machine was used the extension of the 

specimen would be close to that recorded for the full system. If the test machine were 
infinitely rigid, the extension of the specimen could be calculated directly from the cross- 
head movement. However, no machine is infinitely rigid. There are a number of ways to 

circumvent the problem with the type of machine used here. First, the deflection of the 

machine can be determined and this value subtracted from the recorded deflection of the 

whole system. (This method was used in the three-point-bending tests performed for this 

thesis. ) Second, a direct measuring device, such as an extensometer can be used. (This 

method of measuring the extension of tensile specimens was used in this work and is the 

standard procedure within the lab where they were performed. ) Thus the extension of the 

specimen can be obtained without the error due to machine deflection. However, 

machine deflections have another effect: a non-constant extension rate. 

A more realistic case can be considered, where the screw threads are turned at a 
constant rate, rather than a single step. The extension rates can be derived in a similar 
way to the deflections above. Giving the following equation 
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d Ls 
__ 

d Lw, KM 
dtdt (KS + KM 

where 

(A7.008) 

d LW 
is the extension rate of the system, determined by the screw-thread speed, dt 

dis 
is the extension rate of the specimen's gauge length. 

Thus from equation A7.008 it can be seen that the more compliant a specimen is the 

closer its extension rate is to the machine's. The extension rate is clearly dependent on 
the specimen stiffness. Specimens may exhibit different stiffnesses for a number of 

reasons, two of which are 
a) Size: a specimen that has a larger cross-sectional area will be stiffer, and thus 

deform more slowly. 
b) Variation in material properties: this variation may be between specimens or 

within the same specimen at different times. Specimens made of different materials may 
have different stiffnesses. The more compliant one will be extended more quickly. 

The first reason for different specimen stiffnesses can generally be avoided. It is 
this second point that is a cause of concern in this study, as antler is a more compliant 
material than bone. However, what is of more significance is the variation in the 
specimen's stiffness during a test. In this study I am concerned with the processes that are 
occurring in the material as it enters and passes through the knee region of the tensile 
loading curve. Unfortunately it is when the material enters this phase of the test that it 
becomes more compliant. If the spring analogy is accepted this would imply that the 

strain rate experienced by the specimen after the knee region is greater than that before it. 
This is clearly demonstrated by the results I obtained using the AJS/BBC data collection 
system, an example of which is shown in figure A7.004. 

So far I have referred to extension or deformation rates, whereas the literature 

refers to strain rates (see chapter 3). The reason for my wording is that the strain rate is 
dependent on a number of other variables. It will be remembered that strain is a 
normalisation of extension (I consider only engineering strain here). Thus an extension 
of 0.1 mm in a gauge length of 10 mm gives a strain of 0.01, but in a length of 15 mm it 

will give a strain of 0.0067. Therefore the strain rate obtained when using an open loop 
controlled machine is also dependent on the length of the specimen. Using the above 
equation this can be expressed as 

£_ 
AI's 

= 
AL, KM 

Ls Ls(Ks+KM (A7.009) 
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If it can be assumed that the strain rate is uniform over the full length of the specimen, 
then 

=d 
Ls 

=d 
LW KM 

(A7.010) 
' Lsdt dt Ls(Ks +KM) 

It can be seen that the strain rate, like the extension rate, is a function of the machine and 
specimen stiffnesses. There is no simple way to overcome this interaction in an open 
loop machine. 

Unfortunately this situation is further complicated when the method used to 

measure strain is considered. Commonly an extensometer or strain gauge is placed 
across part of the reduced cross-section of the specimen. This situation is demonstrated 
in figure 7,003. 

Length of extensometer, L$ 

10 

LM ALM Ls A'S-E ALE 

LW ALW 

Figure A7.003 
A spring analogue of the specimen and testing-machine. showing the gauge length over 

which the extension is measurers 

By considering figure A7.003 considering the previous analogies and discussion, 
two points are raised: first, if the machine is assumed to be hard, then the strain rate 
should be approximated using the whole length of the specimen and the cross-head speed, 
rather than the length over which strain is measured. This is because some extension will 
occur out side the measured length, AL.... Second, the smaller the gauge length is, in 

proportion to the length of the specimen, the more compliant the machine will appear to 
be. (This can be visualised by dividing the specimen's spring analogue into two sections. ) 
Thus the extension rate in the gauge length is smaller than that for the whole specimen, 
but its nominal strain rate is the same. 
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Figure A7.004 
Stress-strain (a)_ stress-time (b) and strain-time (c) relationships for pecimen of bovine 

femoral bone 

The observation that the extension rate of a specimen is dependent its own 

stiffness, has implications when examining time-dependent properties. One of the 

properties of bone that has been used as a basis of a description of its visco-elastic nature 
is the observed increase in material stiffness with strain rate. However, with the machine 
specimen interaction described here such an increase in material stiffness will result in a 
lower strain rate. Thus the true effect is likely to be greater than the one observed using 

such an open-loop machine. 

Figure A7.004 clearly shows that the strain rate does change when the specimen 
stiffness changes. (This plot shows one of the more extreme cases, where the reduction 
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in the specimen's stiffness is quite severe. ) This results shows that it is incorrect to assign 
a single extension, loading or strain rate to such a test conducted on such an open-loop 
machine. The change in strain rate may also affect on the shape of the knee region. 
From examination of the model I constructed based on a statement made by Fondrk et al. 
(see section 3.3.3.2) the effect of the non-constant strain rate on the shape of the knee 

region can be postulated. As the strain rate increases, on the specimen entering the knee 

region, the load required for it to attain the flat region of the curve is slightly increased. 
This may produce a more gentle curve. 

So far in this appendix I have stated (and shown) that the open loop test machine 
used in this study in unable to produce a constant stress or strain rate during a tensile test 
in which the specimen exhibits an increase incompliance. I have also proposed a model 
to explain this fact. I would now like to consider the effect this may have on some of the 

other properties measured in this and other types of test. 

a) Failure in a tensile test or fracture in a notch sensitivity test is likely to be 
accelerated, due to the energy stored within the test machine. This energy storage is a 

result of its deflection under load. (See chapters 5 and 6. ) 

b) The strain rate at the notch tip in a SEN specimen will be greater than that 
measured over the gauge length of about 10 mm. The reduced section has an effect 
similar to introducing a small but more compliant spring into the analogy presented in 
figure A7.003. 
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APPENDIX 8 

THE J INTEGRAL 

The J integral is a technique used in EPFM, but it has a basis in the ideas of 
NLEFM. As pointed out by Atkins and Mai (1988), there may not be a difference 

between the curvature induced in the loading section of a load extension plot, produced 
by irreversible plastic flow and that produced by non-linear elasticity. The variation 
caused by the different physical processes only becomes apparent on unloading the 

material. This technique is included as an appendix, because although not used in this 

thesis, with hindsight I consider that this technique is appropriate for the determination of 
fracture parameters for both antler and bone. This method can account for plastic 
deformation assuming that the material is not unloaded. Therefore as there is no apparent 
difference between a plastic and damage response until the material is unloaded, this 

situation is also encompassed by the J integral. 

In section 5.2.2.2 (on the modem interpretation of the energy approach) the 

following equation was introduced: 

U, =Uo+Ue+U, -F 

where 
Ut = The total energy of the system 
Uo = The elastic energy of the loaded system without a crack 
UO = The energy released due to the crack 
U, = The surface energy due to the crack 
F= The external work supplied to the system. 

(A8.001) 

In the analysis presented in that section linear elastic behaviour was considered. 
However, (as pointed out by Ewalds and Wanhill) equation A8.001 remains valid for as 
long as the behaviour remains elastic (linear or non-linear). An important consequence 
of this is that under certain conditions non-linear elastic behaviour can be used to model 
the plastic behaviour of a material. This condition is that no unloading may occur in any 

part of the body (that is not behaving elasticity). If the material is not unloaded it is 
irrelevant if the energy supplied to it is recoverable (elastic) or not (plastic). 

Assuming that the above equation remains valid, it will be possible to derive the 
conditions for instability. In the LEFM case this derivation produces the potential energy 
release rate, G, (see equation 5.014) the equivalent in the case considered here is J. 
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Atkins and Mai refer to this as the potential energy release rate for non-linear elastic 
cracking. This process results in the equation 

J= dU° 
da 

(A8.002) 

Ewalds and Wanhill (1986) use a slightly different nomenclature and derivation, as they 

group the potential energy terms together, Up = Uo + Ue - F, and do not assume the 

external work is zero. Thus their equation 

J= - 
dUP 
da 

(A8.003) 

contains 'all the energy terms that may contribute to nonlinear elastic behaviour'. 

Ewalds and Wanhill note that during crack growth the region around the newly 
formed crack is unloaded, and thus (for the reasons given above) it may be expected that 
J is only applicable up to the point of fracture initiation in a situation where plasticity 
occurs. However, they report that some success in using the J integral to characterise 
crack growth has been claimed. They then present a more detailed examination of this 

approach, this will be passed over here. 

The original test method to find JIc was a graphical one. Ewalds and Wanhill 

(1986) illustrate the method with diagrams similar to figures A8.001 to A8.003, presented 
here. The procedure is as follows: 

a) Load-displacement diagrams are obtained for a number of specimens pre- 
cracked to different lengths (figure A8.001). The area bounded by the load-displacement 

curve and the displacement axis, represents the energy supplied to the specimen (per unit 
thickness, as a thin specimen will require less load for the same displacement as a thick 

one). If the system is assumed to be elastic this is the same as the potential energy within 
the specimen. 

b) The value of energy determined from figure A8.001 is recorded for each 
specimen at a number of constant values of displacement. These energy values are then 

plotted against crack length, see figure A8.002. 

c) The negative slopes of the energy-crack length curves of figure A8.002 are 
plotted against displacement for the various crack lengths in figure A8.003. This 
represents the required quantity, as 

- 
dUp 

=J da (A8.004) 

d) If the displacement at crack initiation is known for a particular initial crack 
length, this can be plotted of the graph (figure A8.003) and the corresponding value of 
the potential energy release rate for non-elastic cracking obtained. Ideally the values 
obtained from the various initial crack lengths should be identical. Lack of consistency 
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in the graphical obtained values of Jrc could imply that this quantity is an inappropriate 

criterion for crack extension for the material concerned. However, there are many 
possibilities for errors in this method of its derivation. Ewalds and Wanhill (1986) report 
some of these possible errors. 

ai 
CA I tIn 

v a2 

ate 

,a 
o 

Vi Va 'V3 

Displacement, v 

Idealised load-displacement diagrams for specimens containing different crack lengths a1, 

a2 and a3, from which the energy per unit thickness (area under the curve) is determined 

at various displacements v, , v2 and v3 

Figure A8.001 After Ewalds and Wanhill (1986) 
Idealised load-displacement diagrams for specimens containing different crack lengths 
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Displacement at which 
the crack propagated, 
for each crack length 

"vI : v2 : 
V3 

Displacement, v 

Figure A8.003 After Ewalds and Wanhill (1986) 
Determination of the potential energy release rate for non-linear elastic cracking 
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APPENDIX 9 

TABLES OF REGRESSION EQUATIONS FOR CHAPTER 4 

This appendix contains the regression equations of the tensile and creep data that 
is used as the basis of chapter 4. The data sets are presented in appendix 4. The 

equations are presented in the form in which they were obtained from Minitab, the 

statistical package used for the analysis. The Student's t values of the constant and 
variables are presented below the appropriate quantity. (An explanation of quantities in 

parentheses or square brackets is given in chapter 4. ) The R2 values quoted is that 

adjusted for the degrees of freedom as supplied by Minitab. Appendix 12 contains a table 

relating the value of Student's t to the degrees of freedom and the probability or level of 
significance. However, were appropriate this information has been given for the specific 

equations referred to in chapter 4. 

To assist with the correlation of the tables presented here and the text and figures 
in chapter 4 each table is numbered, it also contains the number of the figure in which the 

main variables are plotted. To the same ends this appendix is divided into sections using 
the same titles as in chapter 4. These titles are preceded by the section number (in 

parentheses) that corresponds to the relevant section in chapter 4. 
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(4.2.6.5. ) RESULTS: THE EFFECT OF CROSS-HEAD SPEED ON MATERIAL 
STIFFNESS 

Type of Regression equations and t values of the data shown in R2 % 

specimens f ure 4.010. (Data sets TA 1 and TB 1 

27 Antler Et = 6.85 - 0.1071n(ic) 0.0 

t" 4.34 - 0.74 (8.0) a 

27 Antler Et 0.52 + 0.061 In(i) + 0.814 Eb 51.2 

t: - 0.30 0.59 5.30 (60.1) b 

27 Antler 
1n(Ej) = 1.85'- 0.01941n(x) 

0.5 
(8.4) c 

t: 9,14 - 1.06 
27 Antler 

1n(E, ) 6.72 + 0.00361n(ic) + 1.15 ln(Eb) 
55.3 

(63.3) d 
-144 0.28 5.63 

30 Bone Et = 30.8 + 0.8191n(x) 34.1 

t: 14.08 400 (33.8) e 

30 Bone 
Et = 13.5 + 0.6011n(x) +0.731 Eb 

64.5 
(64.2) f 

t: 3.55.3,84 00 
30 Bone 

1n(E, ) = 3.47 + 0.03651n(ic) 
32.6 

1.5 3 () g 
t' 34.54 3.87 

30 Bone 
1n(E, ) = 1.31 + 0.02651n(X) + 0,6811n(Eb) 

65.6 
5.2 6 h 

t: 3.17 . 78 5,28 
Uni Et, GPa. z, m s''. Eb. GPa. 

Table A9.001 
Regression equations of the relationship of the material stiffness in tension for specimens 

of antler and bovine bone to the cross-head speed of the test 
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(4.2.6.6. ) RESULTS: THE EFFECT OF CROSS-HEAD SPEED ON KNEE 
STRESS 

Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.012. (Data sets TAI and TB1 

27 Antler 
ßK = 103 + 3.331n(z) 32.2 

t: 10.21 3.65 (29.8) a 

27 Antler 
aK = 54.4 + 4.44 in(x) + 5.35 Eb 69.8 

t: 5.01 6.94 5.67 (68.6) b 

27 Antler 
ln(aK) = 4.67 + 0.0447 In(i) 

27.7 

(24.9) c 
t: 31.30 3.31 

27 Antler 
ln(cy) ý - 2.74 + 0.06231n(X)+ 0.877 ln(Eb) 

70.6 
(69.4) d 

t: - 8.35 6.86 6.13 
30 Bovine 

ßK = 179 + 6.23 In(*) 42.7 

bone 
t" 2 82 4 (42.5) e 

30 Bovine 
ßK = 60.5 + 4.73 ln(x). + 5.03 Eb 73.6 

bone (73.5) f 
2.68 

30 Bovine 
ln((YK) = 5.27 + 0.0527 In(i) 

38.8 
bone (38.1) g 

t: 41.31 4.41 
30 Bovine 

ln(aK) = 2.39 + 0.0393 In(*) + 0.909 ln(Eb) 
72.2 

bone (72.1) h 
4.81 4.69 5.89 
1 Uni s" vK, MPa. z, m s'. Eb, GPa. 

Table A9.002 
The relationship of knee stress to the cross-head speed of the test for specimens of bone 

and antler. 
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Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.012. (Data sets TAI and TB1 

27 Antler 
ln(aK) = 3.63 + 0.05561n(ic)+ 0.560 ln(E, ) 

68.0 
(70.3) a 

t: 17.58 6.05 5.71 
27 Antler 

1n(ax) = 2.94 + 0.00612 1n(x)+ 0.291 ln(E, ) + 0.5441n(Eb) 
74.6 

1 
9.23 24 2.18 2.68 t: 

(74.6) b 

30 Bovine 
ln(a,, ) = 1.91 + 0.0173 ln(x) + 0.9681n(Eý ) 

73.5 
bone (72.6) c 

t: 3.44 1.78 6.13 
30 Bovine 

ln(aK ). = 1.61 + 0.0237 In(k) + 0.590 ln(E, ) + 0.5071n(Eb ) 
78.1 

bone 
t: 3.13 2.58 2.89 2.60 

(77.6) d 

Units: 0K, MPa. i, m s'1. Et , GPa. Eb, GPa. 

Table A9.003 
The relationship of knee stress to the cross-head speed and the tensile stiffness 
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Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.012. (Data sets TAI and TBl 

27 Antler 
ßK = 61.3 + 31552 is 48"9 

t: 27.32 5.09 (46.8) a 

27 Antler 
ßK = 12.9 + 34609 x+4.24 Eb 74.3 

t: 1.33 7.80 5.07 (73.3) b 

27 Antler 
ßK = 34.7 + 29089 k+3.37 Et 66.7 

t: 4.80 5.76 3.79 (68.0) c 

27 Antler 
ßK = 14.1 + 33558 x+0.80 E, + 3.59 Eb 73.7 

t: 1.41 7.02 0.64 2.72 (73.1) d 

30 Bovine ßK _ 104 + 49924 x 54.3 
bone 

t: 30.46 5.95 (52.7) e 

30 Bovine 
ßK = 18.4 + 36216 X+4.29 Eb 74.1 

bone 
t: 1.01 5.22 4.75 (73.2) f 

30 Bovine 
ßK = 19.7 + 24309 X+4.02 Et 73.6 

bone 
t: 1.08 2,89 4.65 (72.6) g 

30 Bovine 
6K =-0.8 + 25809 x+2.43 E, + 2.70 Eb 78.1 

bone 
t: - 0.04 3.35 2.42 2.54 (77.2) h 

' 
-Und s" aK, MPa. A, m s'. Et, GPa. Eb, GPa. 

Table A9.004 
Knee stress and cross-head speed: non logarithmic relationships 
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(4.2.6.7. ) RESULTS: THE EFFECT OF CROSS-HEAD SPEED ON ULTIMATE 
STRESS 

Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.013. (Data sets TA1 and TB1) 

27 Antler 
ßUlt = 167 + 6.311n(z) 

47.2 

t: 11.84 4.92 
(45.6) a 

27 Antler 
cult = 106 + 7.701n(x) + 6.76 Eb 

70.5 

(69.4) b 
t: 6.22 7.66 4.56 

27 Antler 
ln(ß,,, ) = 5.20 + 0.05751n(*) 

44.2 

. 4) (42 c 
t: 38.09 4,65 

27 Antler 
In(Q ,, 

) = 3.57 + 0.07231n(, ) + 0.739 ln(Eb) 
72.0 

v (71.0) d 
t: 10.70 7.83 5.08 

30 Bovine 
6., = 182 + 6.491n(X) 

42.6 

bone 
12.53 

(43.0) e 

30 vine cult = 54.7 + 4.871n(x) + 5.42 Eb 
75.8 

bo 
t: 2.43 5.27 6.28 (76.2) f 

30 Bovine 
1n(ß.,, ) = 5.29 + 0.05421n(z) 

38.7 
bone (38.4) g 

t: 40.19 4.39 
30 Bovine 

ln(aýý, ) = 2.24 + 0.04001n(*) + 0.9631n(Eb) 
74.0 

bone (74.4) h 
4 480 625 

Re-analysing using the material stiffness during the test 
27 Antler 

ln(a,,, ) = 4.30 + 0.0669 In(, )+ 0.488 ln(E, ) 
72.2 

(72.5) i 
21.32 7.50 5.11 

27 Antler 
1n(ß,, 1) = 3.75 + 0.07131n(ic)+ 0.281 In(E, )+ 0.4171n(Eb) 

74.6 
(74.6) j 

11.50 8.20 2.05 2.00 
30 Bovine 

1n(ß, 11) = 1.80 + 0.01751n(z) + 1.001n(E ) 
73.8 

bone 1 (73.1) k 
t: 3.17 1.76 6.21 

30 Bovine 
ln(a, ) = 1.48 + 0.02461n(z) + 0.583In(E, ) + 0.566In(Eb) 

79.4 
bone (79.2) 1 

2,86 2.68 2,85 2.90 
' ßß, t, MPa. x, m s'. E1, ON. Eb, GPa. 

Table A9.005 
Relationships of the ultimate stress to the-cross-head speed and material stiffness 
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Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.013. (Data sets TA 1 and TB 1 

27 Antler 
ßWt = 89.0 + 58522 x 67.9 

t: 31.0 7.48 (66.5) a 

27 Antler 
Qwt = 33.2 + 62045 x+4.89 Eb 81.0 

t: 2.51 10.21 4.27 (80.2) b 

27 Antler 
ßult = 60.9 + 55917 X+3.57 Et 75.3 

t: 6.15 8.08 2.92 (75.4) c 

27 Antler 
aWt = 33.5 + 61864 x+0.14 El + 4.77 Eb 80.2 

t: 2.43 9.36 0.08 2.62 (79.3) d 

30 Bovine 
ßlat = 104 + 52818 x 56.0 

bone 
t; 29.84 6.16 (54.6) e 

30 Bovine 
awt = 12.0 + 38047 x+4.63 Eb 77.4 

bone. 
t: 0.68 5.63 5.25 (76.8) f 

30 Bovine 
Cult = 16.9 + 26289 x+4.17 Et 75.2 

bone 0.91 3.08 4.75 (74.2) g 

30 Bovine 
6w, 6.5 + 28002 x+2.35 Et + 3.09 Eb 80.8 

bone 
t: - 0.36 3.72 2.39 2.98 (80.1) h 

ni s" ß, ßt, MPa. x, m s'`. E1, GPa. Eb, GPa. 

Table A9.006 
Non-logarithmic relationships of the ultimate stress to the cross-head speed and material 

stiffness 
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(4.2.6.8. ) RESULTS: THE EFFECT OF CROSS-HEAD SPEED ON KNEE 
STRAIN 

Type of Regression equations and t values of the data shown in R2 % 
specimens figure 4.015. (Data sets TA 1 and TB 1 

27 Antler 
EK = 0.0121 + 0.0004171n(X) 37.6 

t: 10.72 4.08 
(44'8) a 

27 Antler 
cK = 0.0163 + 0.000320 In(i) - 0.000468 Eb 

57.7 
(64.2) b 

t: 10.88 3.63 - 3.59 

27 Antler 
In(CK) 4.32 + 0.0544 In(i) 

37.7 
(45.3) c 

t: - 29.42 4.09 
27 Antler 

In(eK) 2,94 + 0.0418 ln(k) - 0.629 ln(Eb) 
56.1 

( 63.4) d 
-6 0 39 

30 Bovine 
£K = 0.00576 + 0.000076 In(i) 9.8 

bone 
t: 14.49 2.04 (6.9) e 

30 Bovine 
P- K 0.00457 + 0.000061 In(i) - 0.00005 Eb 

12.9 
bone 

t: 4.92 1.60 1.42 
(9.8) f 

30 Bovine 
ln(EK) ý-5.16 + 0.01431n(ic) 

9.0 
bone (6.1) 9 

t: _ 66.26 1.97 
30 Bovine 

ln(eK) 5.75 + 0.01161n(z) + 0.1851n(Eb) 
11.5 

bone (8.4) h 
t: - 12.95 1.55 1.34 

27 Antler 
ln(EK) 3.31 + 0.0438 In(i) - 0.5461n(E, ) 

71.8 
(72.1) i 

t: - 16,07 4.79 - 5.59 
27 Antler 

n(c .)=-3.30 
+ 0.0437 ln(*) - 0.5441n(E1) - 0.005 ln(Eb) 

7ý O 
) j 

t: - 9.09 4.53 - 3.57 - 0.02 

30 Bovine 
ln(cK) =-4.96 + 0.0165 ln(k) - 0.059 ln(E, ) 

6.2 
bone (3.2) k 

t: - 9.49 1.79 - 0.39 
30 Bovine 

n(EK) 5.22 + 0.02221n(ic) - 0.4001n(E1) + 0.4571n(Eb) 
20.9 

bone (19.2) 1 
t: - 2.05 

Units: EK, unitless. x, m s". Et, GPa. Eb, GPa. 
Table A9.007 
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Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.015. (Data sets TAI and TB1 

27 Antler 
£K = 0.00720 + 2.22 X 15.3 

t: 21.38 2.39 (25.4) a 

27 Antler 
CK = 0.0137 + 1.82; i - 0.000565 Eb 47.7 

t: 8.47 2.46 - 4.06 (55.9) b 

27 Antler 
EK _ 0.0125 + 2.72 z-0.000675 Et 70.3 

t: 15.69 4.88 - 6.88 (69.9) c 

27 Antler 
£K 0.0127 + 2.68 i-0.000656 Et - 0.000027 Eb 69.1 

t: 10.05 4.44 - 4.19 - 0.16 (68.8) d 

30 Bovine 
EK = 0.00483 + 0.640: k 14.9 

bone 
t: 46.00 2.47 (11.8) e 

30 Bovine 
£K = 0.00407 + 0.518 is + 0.000038 Eb 15.1 

bone 
t: 5.48 1.82 1.03 (11.9) f 

30 Bovine 
eK = 0.00562 + 0.881k - 0.000038 E, 15.4 

bone 
t: 7.60 2.58 - 1.08 (12.2) g 

30 Bovine 
eK ý 0.00484 + 0.937 x-0.000098 E, + 0.000102 Eb 27.5 

bone 
t: 6.37 2.95 - 2.36 2.34 (24.7) h 

ni " CK, unitless. X, m s''. E,, GPa. Eb, GPa. 

Table A9.008 
The relationship of knee strain to cross-head speed 
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(4.2.6.9. ) RESULTS: THE EFFECT OF CROSS-HEAD SPEED ON ULTIMATE 
STRAIN 

Type of Regression equations and t values of the data shown in R2 % 

specimen s fi ure 4.016. (Data sets TAI and TB1 

27 Antler 
cult = 0.148 + 0.00609 In(i) 66.9 

16.06 7.32 (67.2) a 

27 Antler 
cult = 0.126 + 0.006581n(z) + 0.00237 Eb 70.2 

(703) b 
t: 8.94 7.93 1.94 

27 Antler 
ln(cu, t 

)=-1.71 + 0.07611n(i) 
66.0 

(66.1) c 
t: - 14.59 7.18 

27 Antler 
ln(E.,, ) 2.33 + 0.0818ln(x) + 0.283 ln(Eb) 

68.2 

(68.2) d 
t: - 5.95 7.57 1.66 

30 Bovine 
Eßt = 0.0354 + 0.00181 In(i) 

11.4 
bone 

t: 3.99 2.17 
(9.9) e 

30 Bovine 
cult =-0.0083 + 0.00126 In(i) + 0.00185 Eb 

25.2 

bone (23.4) f 
t: - 0.43 1.58 2.49 

30 Bovine 
ln(eu,, ) 3.36 + 0.09351n(it) 

7.7 

bone (4.9) g 
t: - 6.21 1.84 

30 Bovine 
ln(sý, ) _- 10.9 + 0.0600ln(x) + 2.27 ln(Eb) 

22.9 

bone . 4) (20.4) h 
- 3.70 1.25 2.56 

Units: cult, unitless. it, m s". Et, GPa. Eb, GPa. 

Table A9.009 
The relationship of the ultimate strain to the cross-head speed and the material stiffness 

measured in bending 
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27 Antler 
ln(c ) 1.85 + 0.07761n(x) + 0.0761n(E1) 

65.2 

(64.8) a 
t: - 7.49 7.07 06 

27 Antler 
1n(E., `) 2.43 + 0.0823ln(k) - 0.1491n(E, ) + 0.453 ln(Eb) 

7.9 6 

( 0 . 0) b 
t: - 5.93 7.57 - 0,87 1.74 

30 Bovine 
,, 

) 5.97 + 0.0660 ln(x) + 0.751n(E1) in(e 
6.1 

bone , (2.9) c 
t" 1.66 1.04 0.73 

30 Bovine 
8.04 + 0.1111n() - 1.921n(E1) + 3.581n(Eb) in(e,, ) = 

26.2 
bone = (24.5) d 

t" 2.46 1.90 1.48 2.89 
Units: ew,, unitless. x, m s'1. Et, GPa. Eb, GPa. 

Table A9.010 
The relationship of the ultimate strain to the cross-head speed and the material stiffness in 

bending and tension 

688 



(4.2.6.10. ) RESULTS: THE EFFECT OF CROSS-HEAD SPEED ON THE FINAL 
SLOPE 

Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.019. (Data sets TA1 and TB1 

27 Antler S=0.533 + 0.005461n(x) 0.0 

t: 7.63 0.86 (0.0) a 

27 Antler S=0.480 + 0.00667 In(*) + 0.00583 Eb 0.0 

t: 4.20 0.99 0.59 
(0.0) b 

27 Antler In(S) 0.652 + 0.01001n(i) 0.0 

t: - 4.60 0.76 (0.0) c 

27 Antler 
ln(S) 0.951 + 0.01271n(ic) + 0.1361n(Eb) 

0.0 
(0.0) d 

t: - 1.92 0.93 0.63 
II Bovine S=0.467 + 0.01901n(i) 0.0 

bone 
" t 1.28 0.59 (0.0) e 

11 Bovine 
S=0.601 + 0.01571n(z) - 0.0082 Eb 0.0 

bone (0.0) f 
t: 0.93 0.43 - 0.26 

11 Bovine In(S) = 0.17 + 0.1751n(z) 2.6 
bone 

t: 0.10 1.13 (5.2) g 

11 Bovine 
In(S) _-0.55 + 0.1801n(i) + 0.261n(Eb) 

0.0 
bone (3.1) h 

t: - 0.06 1.02 0.08 
ni " S, GPa. i, m s'' . Et , GPa. Eb, GPa. 

Table A9.011 
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27 Antler 
In(S) 1.18 + 0.01551n(ic) + 0.2851n(E, ) 

11.7 

(8.8) a 
t: - 4.28 1.2 2,18 

27 Antler 
h(S) 0.612 + 0.01091n(x) + 0.5051n(E, ) - 0.443 ln(Eb) 

16.0 
6 16. ) b 

t: - 1.32 0.88 2.60 - 1.50 

11 Bovine 
In(S) = 7.5 + 0.1741n(x) - 2.411n(E ) 0.0 

bone 1 (18.1) c 
t: 0.68 1.09 --0,67 

11 Bovine 
In(S) = 6.2 + 0.2201n(*) - 4.041n(E1) + 2.26 ln(Eb) 

0.0 
bone (6.5) d 

t: 0.52 " 1.20 - 0.87 0,58 
Units: S, GPa. i, m S*'. Et, GPa. Eb, GPa. 
Table A9.012 
The relationship of the final stiffness to the cross-head sand the material stiffness in 

bending and tension 
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(4.2.6.11. ) RESULTS: THE EFFECT OF CROSS-HEAD SPEED ON ULTIMATE 
DAMAGE 

Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.021. (Data sets TAI and TB1 

27 Antler 
Dt = 0.835 - 0.00053 in(i) 

0.0 

t: 31.51 [22.68] - 0.22 [- 1.22] 
(15.3) a 
[1.81 1 

27 Antler 
Dt = 0.742 + 0.001591n(x) + 0.0103 Eb 25.1 

t: 20.38 [15.91] 0.74 [- 0.08] 3.26 [5.17] 
(42.7) b 
51.6 

27 Antler 
ln(D ) 0.181 - 0.000741n(x) 

0.0 

, (14.9) c 
t: - 5.69 [- 5.20] - 0.25 [- 1.22] 1.9 

27 Antler 23.9 
ln(D, ) 0.468 - 0.00187 In(i) + 0.1301n(Eb) (41.8) d 
t: - 4.96 [- 7.12] 0.72 [- 0.02] 3.17 [5.19] 51.8 

30 Bovine 
Dt = 0.805 + 0.0256ln(z) 

2.7 
bone 

t: 3.96 [24.20] 1.34 [30.5] 
(0.0) e 
30.5 

30B Bovine 
Dt 0.263 + 0.0121 In(i) + 0.00452 Eb 

20.6 

t: - 0.60 [9.45] 0.68 [3.50] 2.70 [5.23] 
(17 6) f 

.2 
30 Bovine 

) 0.331 + 0.04481n(z) ln(D 
0.0 

bone 1 (0.0) g 
t: - 0.58 [- 4.17] 0.84 [3.62] 29.4 

30 Bovine 13.2 

bone ln(D, ) 7.48 + 0.0115 In(i) + 2.26 ln(Eb) (10.0) h 
t: - 2.44 [- 6.27] 0.22 [3.45] 2.37 [5.34] 64.4 

n' s" D1, unitless. x, m s''. Eb, GPa. 

Table A9.013 
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27 Antler 49.9 
In(D1) =-0.395 + 0.00150In(x) + 0.116In(E1) (53.4) a 
t: - 8.55 [- 27.58] 0.73 [- 0.78] 5.27 [19.81] [94.11 

27 Antler 47.7 
1n(D) 0.389 + 0.001451n(ic) - 0.1181n(E, ) - 0.00491n(Eb) (51.8) b 
t: - 4.77 0.67 3.46 - 0.09 [93.9] 

[- 15.51] [- 0.77] [12.85] [- 0.151 

30 Bovine 
)_-3.62 + 0.0101 ln(*) + 0.95 ln(E ln(D ) 

0.0 
bone 1 1 (0.0) c 

t: - 0.96 [- 33.81] 0.15 [- 0.96] 0.88 [30.48] 97.9 

30 Bovine 13.6 
bone ln(D1) 5.52 + 0.05101n(, ) - 1.491n(E, ) + 3.27 In(Eb) (10.5) d 

t: 1.54 0.80 - 1.05 2.41 [97.91 
[- 32.73] [- 0.75] [20.69] [0.60] 

Units: D1, unitless. x, m s'1. Et, GPa. Eb, GPa. 

Table A9.014 
The relationship of the ultimate damage to the cross-head speed and the material stiffness 

in bending and tension 
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Type of Regression equations and t values of the data shown in R2 % 

specimens figure 4.022. (Data sets TA 1 and TB 1 

27 Antler 
Db = 0.888 - 0.000101n(x) 

0.0 

t: 56.06 - 0.07 
(0.0) a 

27 Antler 
Db = 0.838 + 0.001051n(x) + 0.00553 Eb 

18.5 

t: 36.94 0.78 2.81 (15.6) b 

27 Antler 
ln(Db) 0.119 - 0.000101n(x) 

0.0 

6.66 0.0ý 
27 Antler 

ln(Db) 0.261 + 0.001191n(x) + 0.06481n(Eb) 
16.9 

(14.1) d 
t: - 4.74 0.78 2.70 

30 Bovine Db = 0.655 + 0.01561n(x) 0.0 
bone 

t: 2.68 0.68 (0.0) e 

30 Bovine 
Db =-0.701 - 0.00151n(x) + 0.0574 Eb 

19.4 

bone 
- 1.36 0 2.90 (16.4) f 

28 Bovine 
ln(Db ) 0.161 + 0.05971n(x) 

1.0 
bone (0.0) g 

t: 0.28 1.13 
28 Bovine 

ln(Db) 8.27 + 0.01361n(z) + 2.521n(Eb) 
21.5 

bone (18.7) h 
t: - 2.81 0.27 2.79 

Units: Db, unitless. x, m s''. Eb, GPa. 

Table A9.015 
The relationship of the ultimate damage to the cross-head speed and the material stiffness 

in bending 
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27 Antler 
ln(Db) 0.136 + 0.000081n(x) + 0.00931n(E1) 

0.0 

0.0) a 
- 3 60 0.05 0.52 

27 Antler 
In(D, ) 0.297 + 0.00138 In(i) - 0.05301n(E, ) + 0.1261n(Eb) 

30.9 

t. - 5.67 100 - 2,42 7 
(3 8.4) b 

30 Bovine 
ln(Db) =-3.88 + 0.0199 ln(x) + 1.071n(E1 ) 

1.3 
bone (0.0) c 

- 1.07 104 
30 Bovine 

in(Db) 6.22 + 0.05641n(x) - 1.801n(E1) + 3.83 ln(Eb) 
14.0 

bone (20.8) d 
t: - 1.90 0.96 - 1.34 2.91 

Units: Db, unitless. i, m s". Et, GPa. Eb, GPa. 

Table A9.016 
The relationship of the ultimate damage to the cross-head speed and the material stiffness 

in bending and tension 
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(4.2.6.12. ) RESULTS: THE EFFECT OF CROSS-HEAD SPEED ON WORK 

INPUT 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.023. (Data sets TA 1 and TB 1 

27 Antler W= 16.2 + 0.8961n(i) 60.2 

10.43 6.36 (60.5) a 

27 Antler W=9.44 + 1.051n(x) + 0.748 Eb 78.1 
(78.3) b 

t: 5.05 9.56 4.62 

27 Antler ln(W) = 3.20 + 0.1301n(x) 66.6 

t: 14.27 6.40 (60.8) c 

27 Antler 
ln(W) = 0.688 + 0.1531n(x) + 1.14 Eb 

77.8 
(78.2) d 

t: 1.18 9.52 4.51 

30 Bovine W=5.09 + 0.3191n(x) 18.6 
bone 

t. 4.13 2.76 (18.6) e 

30 Bovine W 1.63 + 0.2341n(x) + 0.284 Eb 35.0 
bone 

t: _ 0.62 2.18 2.84 (34.5) f 

30 Bovine ln(W) = 1.79 + 0.1621n(x) 12.3 
bone 2.34 2.25 (9.7) g 

30 Bovine 
ln(W) 10.2 + 0.1061n(x) + 3.781n(Eb) 

33.5 

bone (31.3) h 
- 2.64 1.63 3.15 

Units: W, MJ m'3 , i, m S-1. Eb, GPa. 

Table A9.017 
The statistical relationship between the work or area under the curve and the cross-head 

speed of the tensile test on specimens of bone and antler 
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27 Antler 
ln(W) = 2.03 + 0.142 ln(i)+ 0.6331n(E, ) 

72.3 
(71.1) a 

t: 5.18 8.17 3.40 
27 Antler 

ln(W) = 0.790 + 0.1531n(k) + 0.1521n(E, ) + 0.9701n(Eb) 
77.2 

(77.2) b 
t: 1.29 9.34 0.59 2.48 

30 Bovine 
ln(W) 4.69 + 0.09341n(x) + 1.871n(E1) 

14.5 
bone (11.5) c 

t: - 0.94 1.06 1.31 
30 Bovine 

In(W) =-7.63 + 0.1571n(ic) - 1.931n(E1) + 5.09 ln(Eb) 
34.0 

bone (32.1) d 
t" - 1.20 1.96 - 1.08 2,99- 

Units: W, MJ m-3. ��ms'. Et , GPa. Eb, GPa. 

Table A9.018 
The statistical relationship between the work or area under the curve and the cross-head 
speed of the tensile test on specimens of bone and antler. with reference to the material 

stiffness in tension 
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The following tables are for the regression equations derived from the data 

obtained from creep tests on specimens of bone and antler. The equation presented is that 

obtained from analysis of either data set CA2 or CB2. The former contains antler data 

and the latter that from bovine bone. These data sets are comprised of a core of data from 

samples for which values of nearly all the variables examine are available. The R2 

values in parentheses are those obtained when the same regression was performed on the 
full set of data the number of specimens examined in this case is also presented in 

parentheses. 

(4.3.7.1. ) LOGARITHMS OF CREEP STRESS, in(ßo ), AND TIME-TO- 

RUPTURE, ln(tR) 

Type of Regression equations and t values, for the data shown in R2 % 

s ecimens figure 4.034. ( Data sets CA2 and CB2 CAI and CB1 ) 
CA2 

In(tR) = 45.4 - 9.35 In(ao) 
36.0 

20(28) (43.8) a 
t: 3.98 - 3.42 

CA2 
ln(tR) = 45.0 - 9.06 1n(ß0) - 3.16 ln(E) 

50.4 
, 12 (16) 4) b 

t: 2.51 - 2.08 - 1.80 
CA2 

ln(tR) = 27.5 - 9.661n(ß0) + 3.61n(Ca) 
32.4 

20 2g (43.5) c 0.33 - 06 0.22 
B2 

ln(tR) = 25.1 - 4.28ln(ao) 
15 (2) (4.7) ) d 

t: 1.17 - 0.91 
CB2 

In(t. ) = 26.5 - 5.49 ln(ao) + 1.32 ln(Eb) 
0.0 

1S (25) 6 .5 e 
1.20 - 1103 0.53 

CB2 
ln(tR) = 26.4 - 4.35 ln(o0) + 0.261n(E1) 

0.0 
15 ) f 

1.02 - 0.85 0.06 
CB2 

ln(tR) _- 136 - 6.11 In(a0) + 30.51n(Ca) 
0.4 

15 (25) (0.7) ) g 
- 0.92 - 1.23 1 11 

Units: tR, s. ßo, MPa. E,, GPa. 
, 
Eb, GPa. Ca, mg g" 1 

Table A9.019 
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(4.3.7.2. ) CREEP STRESS, cso, AND TIME-TO-RUPTURE, ln(tR) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.036. (Data sets CA2 and CB2 CAI and CB1]) 

1n(tR) = 15.4 - 0.137 ßo 
33.2 

20(28) (41.4) a 
t: 5.49 - 3.23 

CA2 
ln(tR) = 17.8 - 0.137 co - 1.87 E, 

45.3 

12(16) (53.3) b 
t: 4.46 - 2.15 - 1.66 

CA2 
ln(t. ) = 14.8 - 0.138 csa + 0.0034 Ca 

29.3 

20(28) (40.3) c 
t: 0.95 - 2.88 0.04 

B2 
ln(tR) = 10.0 - 0.0459 co 

0.0 
15 (2) ( d 

t: 2.15 - 0.93 
B2 

in(tR) = 9.49 - 0.0688 ao - 0.113 Eb . 

0.0 

15 (2) (9.8) e 
t: 2.00 - 1.23 0.89 

CB2 
ln(tR) = 10.2 - 0.0452 ao - 0.010 Et 

0.0 
15(24) (6.9) f 

t" 1.71 - 0.85 -00 
CB2 

ln(tR) 19.3 - 0.0655 ao + 0.121 E, 
1.2 

15 (25) (0.4) g 
t: - 0.73 - 1.26 1.13 

Units: tR, s. cso, MPa. E,, GPa. Eb, GPa. Ca, mg g' I 

Table A9.020 
Statistical relationship of time-to-rupture to the creep stress 
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(4.3.7.3. ) LOGARITHM OF STRESS AND LOGARITHM OF ELONGATION AT 

RUPTURE: PART 1,1n(ß0) AND ln(ER) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.037. (Data sets CA2 and CB2 CAI and CB1 
A2 

ln(ER) 3.59 + 0.2471n(Qo) 
0.0 

20 (3 (7 . 0) a 

CA2 
in(eR) 5.89 + 0.8481n(ß0) - 0.2491n(E1) 

14.6 

12 6) (5.9) b 
t: - 3.16 1.87 - 1.36 

CA2 
ln(cR) _-1.6 + 0.2811n(ß0) - 0.39 In(Ca) 

0.0 
20 (31) (4.9) c 

t: - 0.13 0.57 - 0.15 
2 

ln(eR) 16.8 + 2.681n(ß0) 
15(26) (18.7) d 

t' -3 65 2.64 
CB2 

in(eR) 16.9 + 2.77 ln(a0) - 0.0941n(Eb) 
24.2 

15 (26) 2 49 e 
" 3.51 2.37 -018 

2 
ln(cR ) 13.0 + 3.251n(ß0) - 1.921n(Eý) 

46.4 

15 26 (45.4) f 
t: --2,96 3.52 - 2.23 

CB2 
ln(eR) _-9.0 + 2.771n(ß0) - 1.491n(Ca) 

24.4 
15 (26) (3 3.6) g 

t" - . 
027 2.48 -0.24 

Units- c., unitless. a0, MPa. Et, GPa. Eb, GPa. Ca, mg g'' 

Table A9.021 
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(4.3.7.4. ) LOGARITHM OF STRESS AND LOGARITHM OF ELONGATION AT 

RUPTURE: PART 2, ln(ao) AND ln(e0., ) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.038. (Data sets CA2 and CB2 CAI and CBI]) 

A 
ln(co-, R) 2.80 - 0.1211n(ß0) 

0.0 

20(31) (0.0) a 
t" 1.73 - 0.1 

CA2 
R) =-4.93 + 0.2131n(ß0) + 0.293 ln(Eý) ln(eo 

01 

12 (16) ý (0.0) b 
t: - 1,63 0.32 1.11 

CA2 
R) = 13.7 + 0.171 ln(ao) - 3.31 ln(Ca) in(c0 

2.1 
20(31) , (0.0) c 

t: 1.25 0.41 - 1.52 
CB2 

R) 25.7 + 4.50ln(cfo) ln(eý 
27.4 

15(23) ,, 3.2) (2 d 
t: M5 - 2.50 

CB2 
, R) =- 26.3 + 5.021n(ß'0) - 0.566 ln(Eb) ln(eo 

23.6 
15 (2) - (2 e 

- 3,12 2.47 - 0.60 
B 2 

R) 20.5 + 5.27 ln(Qo) - 2.59 ln(E, ) ln(eo 
34.8 

15 3 (2) ,, (26.1) f 
t: - 2.44 2.97 - 1.57 

B2 
ln(Eo-ºR) = 16.0 + 4.971n(ß0) - 7.9ln(Ca) 

24.7 

IS (2) (3 0.4) g 
0.28 . 2.56 - 0.73 

Unit : eo-,, R, unitless. ßo, MPa. El, GPa. Eb, GPa. Ca, mg g' 
Table A9.022 
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(4.3.7.5. ) LOGARITHM OF STRESS AND LOGARITHM OF ELONGATION AT 

RUPTURE: PART 3,1n(ß0) AND ln(E,, 
_,, R) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.039. (Data sets CA2 and CB2 CAI and CB1 

CA2 
1n(c1..., ) ý- 11.8 + 1.611n(Qo) 

2.6 
20(30) (8 . 6) a 

- 216 1.23 
A2 

ln(e,, 
-, R) 22.0 + 3.90 ln(ao) + 1.13 ln(E1) 

51.3 

12 (I (55.7) b 
t: - 3.14 2.29 1.64 

2 
ln(e,,.. R) = 45.1 + 2.62 ! n(; ) - 11.4 ln(Ca) 

9.8 

20 (30 (8 . 4) c 
t. 1.22 1.85 - 1.56 

ln(E,, ýR) 
34.9 + 6.461n(a0) 

31.8 

15(20) (3 6.9) d 
t: - 3.27 2.74 

CB2 
ln(E,, 

-, R) =- 35.5 + 7.07ln(ao) - 0.66ln(Eb) 
27.8 

15 (20) (37.9) e 
t: - 3.22 2.64 - 0.53 

CB2 
ln(EI�ýR) 28.8 + 7.36ln(vo) - 3.051n(E1) 

37 1 
15 (20) (47.7) f 

t: - 2.56 3.11 - 1.39 
CB2 

ln(el., R) = 24.5 + 7.14ln(ßo) - 11.3ln(Ca) 
29.8 

15 (20) 38.6} ( g 
t: 0.33 2,82 - 0.80 

Units: Et, -, R, unitless. a., MPa. E, , GPa. Eb, GPa. Ca, mg g' 

Table A9.023 
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(4.3.7.6. ) LOGARITHM OF STRESS AND LOGARITHM OF ELONGATION AT 

RUPTURE: PART 4,1n(ß0) AND ln(E,, ý; 
) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.040. Data sets CA2 and CB2 CAI and CB1 
CA2 

1n(e1, 
ý3) 

11.6 + 1.541n(ß0) 
1.6 

20 (26) (13 . 6) a 
14 

A 
In(c,, 

-, 3) 23.6 + 4.301n(ß0) + 1.13ln(E1) 
12(15) (61.2) b 

t: - 3.68 2.76 1.80 
CA2 

ln(E,, 
-, 3) = 45.8 + 2.561n(ß0) - 11.5ln(Ca) 

8.4 
20 (26) (24.4) c 

t: 1.21 1.75 - 1.53 
B2 

ln(e,, 
-, 3) 27.1 + 4.751n(ß0) 

36.2 

14 (1) (36 0) d 
t: - 3.63 2.90 

CB2 
ln(e,,. i3) 

27.3 + 4.92 ln(ß0) - 0.1581n(Eb) 
30.6 

14(17) (36.5) e 
t" 3.45 2.51 

CB2 
ln(el, 

-, 3) 20.0 + 5.94 ln(ao) - 3.731n(E1) 
63.6 

14(17) ) ( f 
t: - 3.30 4.58 - 3.16 

CB2 
ln(£1, 

-º3) 
44.8 + 4.501n(ß0) + 3.4 ln(Ca) 

31.0 
14 (17) (38.3) g 

t: - 0.79 2.38 0.31 
Units: E 113, unitless. ßo, MPa. Et, GPa. Eb, GPa. Ca, mg g'' 

7 

Table A9.024 
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(4.3.7.8. ) ELONGATION AT RUPTURE AND THE LOGARITHM OF THE 

TIME-TO-RUPTURE: PART 19 ER AND In(tR) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.041. (Data sets CA2 and CB2 CAI and CB1 ) 
CA2 

ln(tR) = 10.2 - 47.6 cR 
15.6 

20(29) 
t: 5.55 - 2.12 

11"$) ( a 

ln(tR) = 16.5 - 65.6 eR - 3.14 E1 
41.2 

12(17) (25.2) b 
t: 4.33 - 1.91 - 2.79 

CA2 
ln(tR) = 26.8 - 46.2 eR - 0.0787 Ca 

15.7 
20 (29) 84 ) c 

t: 1.63 - 2.05 - 1.01 
CB2 

1n(tR) = 6.79 - 102 et 
0.9 

IS (29) (0.0) d 
t: 5.93 - 1.06 

CB2 
la(t )=5.33 - 112 c+0.067 Et 

0 
15 (29) . (1.8) 8) e 

t: 1.91 -112 O58 
2 

ln(tR) = 10.2 - 125 e-0.110E, 
0.0 

15 (29 (1) f 
t: 1.95 - 1.20 - 0.67 

2 
ln(tR) 18.1 - 118 e+0.098 Ca 

0.1 
15(29) (0-0) g 

t: - 0.69 - 1.20 0.95 
Units, - t, s. c, unitless. Et, GPa. Eb, GPa. Ca, mg g' i 

Table A9.025 
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(4.3.7.9. ) ELONGATION AT RUPTURE AND THE LOGARITHM OF THE 

TIME-TO-RUPTURE: PART 2, Eý, R AND ln(tR) 

Type of Regression equations and t values, for the data shown in R2 % 
specimens figure 4.043. (Data sets CA2 and CB2 CAI and CB1 

CA2 
ln(tR )=6.47 - 1.4 £oýR 

0.0 

20(26) (12.5) a 2.75 -002 
CA2 

ln(tR) = 11.5 - 62.1 £oýR - 2.26 E1 
21.2 

12 (I6) (35.8) b 
t: 3.86 - 0,68 -1.58 

CA2 
in(t. ) = 30.1 - 31.4 £o-. R - 0.106 Ca 

0.0 
20 (2 6) ( ) c 1.44 - 0.4- 1.14 

B2 
ln(t. ) = 6.44 - 107P-0-4R 

0.3 
15(21) (0.0) d 

t: 7.25 - 1.02 
B 

ln(tR) = 5.05 - 116 £o-*R + 0.062 Eb 
0.0 

15 (2 ) 
t, . 83 - 1.06 0.53 

(0.0) e 

CB2 
ln(tR) = 9.52 - 128 £o-, R - 0.102 Et 

0.0 
15(21) (5.8) f 

t: 1.89 - 1.14 - 0.62 
B 

ln(tR) 17.9 - 122 £D-#R + 0.095 Ca 
0.0 

15 (2 1) (0 . 0) S 
t: - 0.68 - 1.15 0.92 

Unis: tR, s. £o-ýR, unitless. E,, GPa. Eb, GPa. Ca, mg g" 
Table A9.026 

Relationship of the time-to-rupture and the creep strain 
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(4.3.7.10. ) ELONGATION AT RUPTURE AND THE LOGARITHM OF THE 
TIME-TO-RUPTURE: PART 3, e,. -. R AND 1n(tR) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.044. (Data sets CA2 and CB2 [CAI and CBIJ) 
CA2 

ln(tR) = 8.16 - 225 EZ. -+R 
21.0 

20 (25) (38.5) a 
t" 9.93 --2.46 

CA2 
1n(tR) = 9.46 - 360 el, -, R - 0.72 E, 62.8 

12 (15) (63.2) b 
6.68 - 3.32 - 0.68 

CA2 
ln(t. ) = 32.3 - 242 C,, _R - 

0.113 Ca 
26.8 

20 (25) (41.1) c 
t: 2.08 - 2.73 --1.55 

CB2 
ln(tR) = 6.37 - 113 e,. -.,, 

0.0 
15(18) (14.5) d 

t: 7.40 - 0.97 
2 

ln(tß) = 4.60 - 138 E1, ýR + 0.082 Eb 
0.0 

Z5 (18 (12.6) e 1 68 -I J2 06 
CB2 

ln(tR) = 8.71 - 125 c1... - 0.079 E, 0.0 
15 (10.7) f 

t: 1.79 - 1.03 - 0.49 
CB2 

ln(tR) _ - 23.2 - 152e,., R + 0.116 Ca 
3.1 

15(18) (13.8) g 
t: - 0.86 - 1.27 1.10 

Units: tR, s. e,, -, R, unitless. Et, GPa. Eb, GPa. Ca, mg g" 
_ 7 

Table A9.027 
Time-to-rupture and approximate creep strain 
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(4.3.7.11. ) ELONGATION AT RUPTURE AND THE LOGARITHM OF THE 
TIME-TO-RUPTURE: PART 4, C,.. ý3 

AND ln(tR) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.046. (D ata sets CA2 and CB2 CAI and CB1 
CA2 

ln(tR) = 8.17 - 229 EI. -. 3 
24.1 

20 (26) (27.9) a 
" 1-6 

CA2 
ln(tR) = 9.57 - 334 E1. ý3 0.80 E- 

60.8 
12 (15) (63.8) b 

t: 6.57 - 3.16 - 0.75 
CA2 

ln(tk) = 33.5 - 248 a,, ý, - 0.119 Ca 
31.1 

20 (2 6) (34.3) c 
t: 2.22 - 3.00 - 1.68 

CB2 
ln(tR) = 6.44 - 137 61�x3 

1.9 
15 (18) (18.0) d 

t: 7.76 1.13 
CB2 

ln(tR) = 4.83 - 154 e,,. +3 + 0.072 Eb 
0.0 

15(18) (15.0) e 
t: 1.78 - 1.21 0.63 

CB2 
ln(tR) = 9.50- 161c43 - 0.102 E, 

03 
15(18) ( ) f 

t: 1.94 - 1.24 - 0.63 
CB2 

in(tR) =- 22.0 - 171 e1"3 + 0.112 Ca 
62 

15 (18) (1 ) 9 
t: -0.84 - 1.37 1.08 

Units: tR, s. c1_3, unitless. Et, GPa. Eb, GPa. Ca, mg g" 
Table A9.028 

Time-to-rupture and steady state creep strain 
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(4.3.7.13. ) LOGARITHM OF CREEP STRESS AND THE LOGARITHM OF 

ELONGATION RATE: PART 1, ln(e1., 43) AND ln(a0) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.047. (Data sets CA2 and CB2 CAl and CB 1 
2 

ln(E1, 
-º3) =- 43.2 + 10.91n(ß0) 

29.5 
20(31) (35.4) a 

t: - 2.84 2,99 

CA2 
ln(e'. 3) 54.8 + 13.41n(ßo) + 4.291n(E1) 

58.9 
12(15) (66.1) b 

t: - 2.49 2.50 1.99 
A 

ln(s, "-, 3) = 32 + 12.21n(ß0) - 15.1 ln(Ca) 
27.4 

20(31) (35.9) c 
t: 0.30 2.94 - 0.70 

CB2 
ln(E,, 

-, 3) 30.1 + 7.281n(ao) 
8.8 

14(17) 5 4) d 
t: - 1.37 1.50 

B 
ln(E,, ý, 

) =- 30.4 + 7.421n(aO) - 0.14 ln(Eb) 
0,5 

14 (1 ) (14 . 7) e 
28 0 

CB2 
1n(E,, 

-+3 
)=- 24.2 + 8.28 ln(ao) - 3.161n(E, ) 

9.4 
14(7 ) 3 () f 

t" - 09 160 -067 
CB2 

ln(E, 
-, 3) = 18 + 7.971n(ß0) - 9.31n(Ca) ' 

1.2 
14(17) (20.8) g 

t: 0.11 1.43 - 0.29 
nit " E,,,. 31 98 s-" cco, MPa. Et, GPa. Eb, GPa. Ca, mg g'' 

Table A9.029 
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(4.3.7.14. ) LOGARITHM OF CREEP STRAIN AND THE LOGARITHM OF 
ELONGATION RATE: PART 2, ln(el, R) AND ln(; ) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.048. (Data sets CA2 and CB2 CAI and CBI ) 
CA2 

1n(e, ý, R) 43.4 + 11.0 ln(Q0) 
31.0 

20 (25) (4 0.2) a 
" 2.93 09 - 

A2 
ln(e,..., R) 53.2 + 13.0 In(; ) + 4.29 In(E1) 

56.4 
12 (56 ,5 b 

t: - 2.36 2.37 1.94 
CA2 

ln(el, 
--, ß) = 31 + 12.31n(ß0) - 15.01n(Ca) 

29.0 
20(25) (39.0) C 

t: 030 3.04 - 0.2 
CB2 

ln(E1. 
ýA 

46.2 + 10.7 In(ßo) 
12.4 

15 (18) (20.0) d 
1.64 1.73 

CB2 
ln(E1, ýR) _-4 8.3 + 12.61n(ß0) - 1.98 ln(Eb) 

7.9 

15 (18) (23 . 4) e 1-66 1,78 - 0.61 
CB2 

ln(t, ý. ýR) 
39.5 + 11.7 In(ao) - 3.31 In(E1) 

7.3 

15 (18) (35.1) f 
12 0.54 

CB2 
ln(Eý, ýR) = 174 + 13.21n(ß0) - 41.81n(Ca) 

14.5 
15 (18) (32.0) g 

t: 0 90 
. 03 - 1.15 

Units: ßo, MPa. tI-A, µC s''. E,, GPa. Eb, GPa. Ca, mg g' 
Table A9.030 

Approximate creep rate and creep stress 
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(4.3.7.15. ) LOGARITHM OF CREEP STRESS AND THE LOGARITHM 

OF ELONGATION RATE: PART 3, ln(eoýR) AND ln(Qo) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.049. (Data sets CA2 and CB2 CAI and CB1 ) 
CA2 

ln(Eo-. R) 34.4 + 9.22 ln(ßo) 
33.9 

20(26) 43.9) a 
t: - 2.93 3.28 

CA2 
ln(EoýR) =- 35.5 + 9.27 In(Q; ) + 3.451n(E1) 

51.3 
20 (16) (6 0.1) b 

t: - 1.91 2.05 1.89 

2 
1n(eo-A) = 0.0 + 9.83ln(a'o) - 6.91n(Ca) 

30.8 

20(26) (42.4) c 
t: 0.00 3.04 - 0.41 

2 
ln(Eo-ºR) =- 37.0 + 8.78 in(; ) . 9.2 

15 18 ) (20 0) d 
-144 1.55 

2 
ln(Eo. j =- 39.0 + 10.5 ln(vo) - 1.89 ln(Eb)' 

4.9 

1508) (23.4) e 
t: - 1.48 1.63 - 0.64 

2 
ln(co-ºR) =- 31.3 + 9.62 ln(ao) - 2.85 In(E1) 

3.7 

15(18) 3) f 
t: -1.09 1.59 -051 

CB2 CB 
ln(eo-j = 166 + 11.1 ln(va) - 38.4 In(Ca) 

1.6 1 
15 (32.0) g 

t: 0.94 1.87 - 1.17 
Units: 4-. R, Lc s'', cio, MPa. Et, GPa. Eb, GPa. Ca, mg g'' 

Table A9.031 

709 



(4.3.7.17. ) LOGARITHM OF TIME-TO-RUPTURE AND THE LOGARITHM OF 
ELONGATION RATE: PART 1, ln(tA) AND ln(E,.. 3 

) 

Type of Regression equations and t values, for the data shown in R2 % 

s cimens figure 4.050. (Data sets CA2 and CB2 CAI and CBI ) 

CA2 
in(tR) = 8.14 - 0.7621n(£,,, 

ß3) 
93.0 

20 (26) (95.6) a 
49.72 - 15.96 

A 
ln(tR) = 7.84 - 0.744ln(El. j) + 0.184ln(E ) 96.5 

12(15) . g (97.8) b 
t: 38.29 - 13.46 0.33 

CA2 
ln(tR) = 55.9 - 0.749ln(ei�, 3) - 8.92ln(Ca) 

94.1 
20(26) ( 96.6) c 

t: 2.41 -1687 2.06 
CB2 

ln(tR) = 7.68 - 0.773 ln(E 3) 
82.8 

14(1 7) .. 
t: - 

22.32 - 7.99 
(88.5) d 

CB2 
ln(tR) = 5.79 - 0.786ln(E,... 3) + 0.617 In(Eb) 

83.8 
14 ( 87.8) e 

CB2 2 
ln(t. ) = 14.4 - 0.780 ln(El.. ;)-1.951n(E 

) 
83.6 

14 ) 9 ý f 
t: 2.68 - 8.22 - 1.23 

CB2 
ln(t) =- 60.3 - 0.784 ln(E... 3) + 12.3 ln(Ca) R' 

83.5 
14 (17) (87.7) g 

t" - 1.09 8.23 1.23 
Units; tR, s. t,, 

_, 3, µE s''. Et, GPa. Eb, GPa. Ca, mg g' 
Table A9.032 
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(4.3.7.18. ) LOGARITHM OF TIME-TO-RUPTURE AND THE LOGARITHM OF 

ELONGATION RATE: PART 2, ln(tR) AND 1n(tl, 
-ºR) 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure-4.053. (Data sets CA2 and CB2 CAI and CB1 

CA2 
ln(tR) = 8.19 - 0.7721n(El. 

-. R) 
92.7 

20 (25) (95.9) a 
t. 48.22 -. 1 

A 
ln(tR) = 7.82 - 0.741 ln(e, h, R) + 0.110In(E1) 

96.5 
12(15) 97.7 b 

t: 38.10 - 13.41 0.20 

CA2 
in(tR) = 54.3 - 0.7591n(E,.., R) - 8.61 ln(Ca) 

93.6 
20 (25) (96.4) c 

t: 2.25 - 16 21 - 1.91 

CB2 
ln(tR) = 7.35 - 0.6561n(e,,.. R) 

85.7 
15 (18) (89.0) d 

t: 27.63 - 9.21 

2 
In(t. ) = 5.59 - 0.658 ln(E1. , 3) + 0.563 ln(Eb) 

85 1 
15 (18) ( . e 

Al - 
2,13 - 9.03 0.67 

2 
ln(tR) = 10.9 - 0.657 In(e1. R) - 1.06In(E1) 

88.4 

15(18) ý ( ) f 
193 - 9.00 -06 

2 
ln(tR) =- 37.7 - 0.6491n(k*-#R) + 8.01n(Ca) 

85 
15 (18) ( . 3) g 

t: - 0.67 - 8.91 0.80 

Unis: tR, s. E,, 
-, R, µe s''. Et, GPa. Eb, GPa. Ca, mg g' 

Table A9.033 
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(4.3.7.19. ) LOGARITHM OF TIME-TO-RUPTURE AND THE LOGARITHM OF 

ELONGATION RATE: PART 3,1n(tR) AND ln(LR) 

Type of Regression equations and t values, for the data shown in R2 % 

specimen s figure 4.054. (Data sets CA2 and CB2 CAI and CBI 
CA2 (tR) = 10.4 - 0.9821n(eo 

., 
) 98.7 

20(26) (97.9) a 
89.42 - 38.53 

CA2 
ln(tR) = 10.2 - 0.961 ln(Eo. R) + 0.1321n(E1) 

99.0 

12 (16) (97.0) b 
t: 69.10 - 25.29 0.44 

6 
ln(tR) = 28.3 - 0.9731n(ýo-R) - 3.351n(Ca) 

98.9 

20(26) (97.9) c 
t" 2.75 - 39.38 - 1.74 

CB2 
ln(tR) = 7.82 - 0.7491n(eo R) 

89.1 

15 (21) ý (86.7) d 
t: 29.89 - 10.72 

CB2 
ln(tR) = 6.64 - 0.7491n(Eo-, R) + 0.375 ln(Eb) 

88.4 
15 (21) (86.0) e 

t: 2,86 -1042 0.51 

CB2 
ln(tR) = 11.7 - 0.750 ln(eo. 

4R) - 1.15 ln(E) 
88.7 

15 (21) (85.9) f 
t" 2.38 - 10.57 - 0.79 

CB2 
ln(tR) 25.3 - 0.7421n(Eo. 

ýR) + 5.961n(Ca) 
6 88. 88 

1S(21) ( 6) . g 
t: - 0.51 - 10.28 0.67 

Units: tR, s. e0ýR, µE s'' . E,, GPa. Eb , GPa. Ca, mg g"' 

Table A9.034 
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(4.3.8.1. ) KACHANOV'S 'RUPTURE BY AN IDEALISED DUCTILE PROCESS' 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.055. (Data sets CA2 and CB2 CAI and CBI 
CA2 

iR = 1563 + 1056(1/e10-4) 
12.9 

20 26) (1 8.5) a 
t" 1 80 1 

A2 
tR = 3833 + 721 (1/e, 

ß, 3) - 1815 Eg 
65.8 

12 (1 (68.0) b 
2.32 2.85 - 1.90 

CA2 
tR = 85094 + 1366 (1/E, 

ýi3) - 396 Ca 
49.2 

20 (26) ( ) c 
t: 3.79 3.25 - 3.73 

CB2 
tR = 321 + 19320X-0) 

25.4 
14(17) (30.7) d 

t: 0.91 2.33 

B2 
tR =- 441 + 2034 OX-0) + 31.6 Eb 

0 
14(17) (27.9) e 

-0 2.30 0.49 

tR = 760 + 1952 (1/t1,3) - 15.5 Et 
18.8 

14 14(17) (25.8) f 
t: 0.31 224 -018 

CB2 
tR =- 18406 + 2287 (1/e,. 

ý3) + 72.8 Ca 
28.4 

14 (33.5) g 
1.21 261.23 

Units: tR, s. 1/t1 ,39s. 
E,, GPa. Eb, GPa. Ca, mg g'. 

Table A9.035 
Statistical relationship of time-to-rupture and the reciprocal of the steady state creep rate 
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(4.3.8.5. ) THE NTDF MODEL APPROACH: PART 1 NORMALISED BY 

BENDING STIFFNESS 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.057. (Data set CB2 CB1 

B2 )=-2.0 - 1.40 ln(ao/Eb) ln(tg 
0.0 

15(25) (3.5) a 

B2 )=- 11.5 - 5.49 ln(ao/Eb) - 4.17 ln(Eb) ln(tR 
0.0 

15(25) (6.5) b 
0.66 1,03 - 0.86 

CB2 
ln(tR) = 0.4 - 1.38ln(oo/Eb) - 0.701n(Eý) 

0.0 

15 (2) (0.6) c 
t: 0.02 - 0.54 - 015 

B2 
ln(tR) _- 84 - 0.79 ln(a'o/Eb) + 15.4 ln(Ca) 

0.0 

15(25) (0 9) d 
t: -0.51 -028 - 0.0 

Units: tR, s. aO/Eb, unitless. E,, GPa. Eb, GPa. Ca, mg g*" 

Table A9.036 

Type of Regression equations and t values, for the data shown in R2 % 

specimens figure 4.057. (Data set CB2 with the outlying point 
removed) 

CB2 
ln(tR) =- 43.6 - 8.86 ln(ßo/Eb) 

25.6 

14 a 
t-2.07 -2.34 

CB2 
In(tf) =- 43.5 - 8.751n(ao/Eb) + 0.16 ln(Eb) 

18.8 
14 b 

1.97 0.03 
CB2 

In(tR) =- 43.5 - 8.85 ln(ßo/Eb) - 0.041n(E, ) 
18.8 

14 C 
t: -1.62 2.23 

- -0.93 
CB2 

ln(tR) 164 - 8.27ln(cso/Eb) + 22.31n(Ca) 
23.9 

14 d 
t: -1.15 - 2.13 0.86 

n' s" tR, s. CO/Eb, unitless. Et, GPa. Eb, GPa. Ca, mg g'' 
Table A9.037 
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(4.3.8.6. ) THE NTDF MODEL APPROACH: PART 2 NORMALISED BY 

TENSILE STIFFNESS 

Type of Regression equations and t values, for the data shown in R2 ý%o 

specimens figure 4.059. (Data sets CA2 and CB2 CAI and CB1 

CA2 
ln(tR) = 16.2 + 3.301n(rsa/E, ) 7.6 

12(16) (8.1) a 
2.16 1.38 

CA2 
ln(tR) =- 17.6 - 9.061n(ß0/E, ) - 12.2ln(E, ) 

50.4 
12(16) (57.7) b 

t: -1.44 - 2.08 - 3.10 

CA2 
ln(tR) =- 119 + 3.02ln(ao/E, ) + 25.1ln(Ca) 

2.4 
12(16) (1.8) c 

t: - 0.60 1.21 0.68 

CB2 
ln(tR) 6.3 - 2.101n(ß0/E1) 

0.0 
15 (24) (9.3) d 

t" -0.29 - 0.5 
B2 

ln(tR) 10.0 - 2.401n(ß0/E1) + 0.63 ln(Eb) 
0.0 

15(24) (5 . 5) e 

B2 
ln(tR) =-5.5 - 4.351n(ß'0/E1) - 4.09 ln(E1) 

0.0 
15(24) ) (7.8) f 

t: - 0.25 - 0.85 -0 69 

CB2 
ln(tR) 156 - 3.19 ln(aa/E1) + 25.8 ln(Ca) 

0.0 
1S (2) (5 0) g 

t: - 0.94 - 0.79 0.91 
Units: tR, s. cso/Eb, unitiess. E1, GPa. Eb, GPa. Ca, mg g' 1 

Table A9.038 
Tempe-to-rupture and the normalised stress 
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(4.3.8.7. ) THE NTDF MODEL APPROACH: PART 3 INSTANTANEOUS 

STRAIN 

Type of Regression equations and t values, for the data shown in R2 % 
specimens figure 4.060. (Data sets CA2 and CB2 CAI and CBI 

CA2 
ln(tR) = 1.50 - 1.491n(co) 

13.2 
20 (2 7.6) a 

t: 0.59 - 1.97 
CA2 

in(tR) 9.70 - 6.24 in(eo) - 7.291n(E, ) 
66.1 

12 16) (6 2.3) b 
t: - 1.79 - 3.24 - 4.76 

A 
ln(tR) = 81.5 - 1.39ln(eo) - 14.91n(Ca) 

12.2 

20(27) (26.3) c 
t: 0.91 - 1.82-- - 0.89 

2 
ln(tR) =- 15.0 - 3.701n(ea) 

1.1 

15 ( B) . 2) (25 d 
- 08 - lo 

CB2 
ln(t. ) 25.2 - 4.691n(eo) + 1.471n(Eb) 

2 0 
15 ( 1 ) e 

t" -09 -121 0.61 
B 

ln(tR) 10.1 - 5.081n(eo) - 3.781n(E1) 
0.0 

1) 15 (2 (21 .) f 
t: -0.49 -1.29 - 0.76 

CB2 
ln(tR) 172 - 4.571n(eo) + 27.51n(Ca) 

1.6 

15 (21) (21.1) g 
t: - 1.12 - 1.29 1.03 

Units: t, s. eo, unitless. Et, GPa. Eb, GPa. Ca, mg g-1 

Table A9.039 
Time-to-rupture and the instantaneous strain 
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(4.3.8.8. ) THE NTDF MODEL APPROACH: PART 4 STEADY STATE 
INSTANTANEOUS STRAIN 

Type of Regression equations and t values, for the data shown in R2 % 

specimen s figure 4.061, ( Data sets CA2 and CB2 CAI and CB1 

CA2 
ln(tR) = - 0.54 - 2.611n(c; ) 

6.6 
20 (26) (14.1) a 

- 0,12 - 1.5 
A2 

ln(tR) 3.22 - 4.501n(el) - 5.761n(E ) 
40.2 

12 (1 , (5 5.0) b 
t: - 0.42 - 1.43 - 3.05 

CA2 
1n(tR) = 94.6 - 2.51 ln(e; ) - 17.71n(Ca) 

7.0 

20 (26) 5) c 
t 1.03 - 1.47 - 1.04 

CB2 
ln(tR) = 0.9 - 0.88 ln(c) 

0.0 
15 (18) (2.0) d 

0.09 - 0.46 
CB2 

ln(tR) = 0.7 - 0.871n(c) + 0.11 ln(E ) 
0.0 

15 (18) b 
. 0) (0 e 

t" 0.06 - 0.44 0,05 
CB2 

in(t. ) = 6.8 - 1.531n(ci) - 2.801n(E ) 
0.0 

15 (18) 1 4) (10 f 
t: 0.44 - 0.65 0.51 

CB2 
ln(tR) _- 93 - 0.59 ln(c) + 17.21n(Ca) 

0.0 

15 18) (5.8) g 
t: - 0.60 - 0.29 0.61 

Units: tR, s. c, unitless. Et, GPa. Eb, GPa. Ca, mg g'' 
Table A9.040 
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APPENDIX 10 

ANALYSIS OF NOTCH SENSITIVITY TESTS ON 
SPECIMENS OF ANTLER WITH SHARP AND BLUNT 

NOTCHES 

This appendix contains some analysis of the results obtained from 23 specimens 
of red deer antler (NA2). Two of these specimens were un-notched, 9 of them had 

notches terminating in a drilled hole, and the remaining twelve had notches that were 

sharpened with a, razor blade. The analysis of the fracture behaviour of these specimens 
is presented here rather than in the main text because the majority of the findings are 

repeated in the analysis of larger and more well designed experiments (their design being 

based on these tests). 

One aim of these tests is to establish whether there is a difference in the fracture 
behaviour of specimens containing notches of different tip radii. Two cases are 

examined: notches that have been sharpened by a razor blade and ones where the tip has 

been drilled. Another aim of these tests was to develop, or examine, various equations 
that could be used to analyse this and later data sets. The experimental procedure is 

explained in the main text (section 7.3.1). 

A10.1. RESULTS 

A10.1.1. RESULTS: FAILURE STRESS OF THE UN-NOTCHED 
SPECIMENS 

The two un-notched antler specimens failed at stresses of 83.7 and 81.3 MPa, and 
had knee stresses of about 50 MPa. The 23 notched specimens failed at a mean stress of 
53.1 MPa (s. d. 13.6) the range of these values being 31.7 to 77.7 MPa. Thus it can be 

assumed that in the notched specimens the stress in the bulk of the material, away from 

the notch, will be approximately equal to the knee stress of that specimen. As antler 
exhibits an increasing stress in the post-knee region, this result implies that there is only a 
limited amount of post-knee behaviour. Therefore, the assumption of linear elasticity, 
although inaccurate, was be used as a first approximation. 
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A10.1.2. RESULTS: FAILURE STRESS AND NOTCH LENGTH 

82.5 MPa, mean of 90 
two un-notched " Drilled notch tip 

80 specimens f Cut notch tip 
70 Theoretical notch 

"A insensitivity 
60 

" 
2 

50 
A A? 

. 40 
"Af~ 

30 " 

20 

10 

0 
0 0.2 0.4 0.6 0.8 1 

a! w 

Units: 

ßf Failure stress, MPa. 

a/w Ratio of notch length to specimen width, unitless. 
Figure A10.001 

The relationship of failure stress to alw for SEN specimens of red deer antler. and the 

theoretical line for a notch insensitive material (Data set NA2) 

One qualitative demonstration of notch sensitivity, or notch insensitivity, is to plot 
the failure stress against the ratio of notch length to specimen width (o't and a/w) as 

shown in figure 7.006.1 If the material is completely notch insensitive, the data points 
will fall in a straight line drawn between the failure stress of un-notched specimens and 
the value of I on the a/w axis. This is because in a notch insensitive material the stress in 

the reduced section is, by definition, due only to the applied load and the cross sectional 

area of material, (Hull, 1981; also implied by Atkins and Mai, 1988) For a notch 
sensitive material the data points will fall below this line, forming a curve with the same 
end points, the more notch sensitive the material the more the curve will diverge from the 
linear line. It appears from figure A10.001 that for the data obtained in these tests (NA2) 

that there is a reasonable case for questioning the notch sensitivity of antler. This method 
can be made more rigorous by using regression analysis. The two models investigated 

'Another similar method, outlined by Hull (1981), is to plot the ligament stress 
(load/cross-sectional area of the reduced section) against the notch length. The notch 
insensivie material will, ideally, produce a horizontal plot. The ligament stress for such a 
material being a constant, 
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are that of the notch insensitive material and the classically notch sensitive linear elastic 

material. This technique enables the ability to explain the data obtained, by use of 
theoretical classical notch sensitive and notch insensitive equations, to be assessed. Such 

an assessment is the aim of the next part of this section. 

As mentioned above for a notch insensitive material tsr is directly related to a/w. 
In the case where w is constant this relationship can be expressed as one between (7, and 

a only. For a classically notch sensitive material the failure stress is directly related to 

a-03. Therefore it is these two relationships that I will examine first. 

Type of Regression equations and t values, for the failure stress and R2 % 

antler three geometric quantities of SEN specimens of red deer 
specimens antler 

12 cut of = 76.1 - 23.1 a 
9 drilled t: 15.12 - 4.99 54.4 a 

12 cut ßr=77.3-25.8a 
t: 10.91 - 3.17 45.1 b 

9 drilled 
of = 78.2 - 23.7 a 
t: 7.44 - 2.99 49.8 C 

12 cut of = 75.9 - 89.1 (a/w) 
54.2 d 

t: 15.14 - 4.97 
12 cut at = 77.4 - 101 (a/w) 

45.1 e 
t: 10.91 - 3.17 

9 drilled 
6r = 78.0 - 91.6 (a/w) 

49.8 f 
t: 7.46 - 2.99 

12 cut 
of = 14.7 + 1.11 a°s 9 drilled 52.3 g 
t: 1.77 4.79 

12 cut 
a 17.3 + 1.03 a-0'5 Of 

44.8 h 
t: 1.34 3.15 

9 drilled 
6t= -13.8+2.13a°5 58.8 i 
t: - 0.78 3.53 

Units: of, MPa. W, mm. a, mm. a-015, m-0.5 . 
Table A10.001 

relationship The V based 

notch"insensitivity and LEFM 
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Table A10.001 gives some of the results from the regression analysis, on both the 
full set of notched specimens and just on those sharpened with a razor blade. This shows 
very little change in the R2 value when the o was regressed against a or a-0-', the values 
falling respectively from 54.4% (a) to 52.3% (g) for the full set of data, and 45.1% (b) to 
44.8% (h) for the cut notches. This method has made no reliable distinction as to which 
of these relationships explains the failure stress of these specimens most accurately. It is 

noticeable that the significance of each of the various length terms is similar. There is 

some variation but this is not consistent between the three groups of specimens tested. 

Changing the explanatory variable from a in equations a, b and c (of table 
A 10.003) to a/w in equations d, e and f, does not improve the regressions. However, the 

normalisation of the notch length in this way is useful in visualising the meaning of these 

equations. This is because it highlights an obvious limitation of these linear 

relationships; as a/w approaches unity the predicted failure stress becomes negative. 
Ideally the constant and the coefficient should have the same value. 

It was found in the analysis of data set NA1 that the material stiffness of the 

specimens, was an important predictor of the failure stress. Thus the regression equations 
represented in the table A10.001 have been repeated using the material stiffness measured 
in three-point-bending as another explanatory variable. These modified equations are 
given in table A10.002 below. All the relationships in table A10.002 have a higher R2 

than the equivalent relationship where the material stiffness is not taken into account 
(table A10.001). However, these equations still do not answer the question of which 
geometrical factor more fully explains the variation in failure stress, and thus indicating 

the notch sensitivity or otherwise of the material. For each geometrical variable that is 

considered for the whole set of data about one quarter of the variability in failure stress 
still remains unexplained. However, when only the drilled specimens are considered at 
least 95% of the variability is explained in each case. The reason for this difference is 

unknown. 
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Type of Regression equations and t values, for the failure stress and R2 % 

antler various geometri cal quantities and the material stiffness, of 
s cimens SEN specimens of red deer antler. 

12 cut of _ 48.8 - 23.6 a+3.34 Eb a 
9 drilled t: 6.25 - 6.82 3.99 74.4 

12 cut at = 55.4 - 28.2 a+2.90 Eb 
b 

t: 4.60 - 3.98 2.11 59.2 

9 drilled of = 33.5 - 18.8 a+4.52 Eb 95.1 c 

t: 5.21 - 7.33 8.09 
12 cut 

of = 48.6 - 91.2 (a/w) + 3.33 E, 
d 

9 drilled 74.1 
t: 6.19 - 6.76 3.95 

12 cut of = 55.5 - 111 (a/w) + 2.90 Eb 
e 

59.2 
t: 4.61 - 3.97 2.11 

9 drilled 
ßf= 33.3 - 72.4 (a/w) + 4.52 Eb 

f 

95.0 
t: 5.15 - 7.26 8.02 

12 cut of -18.1 +1.18a-0s+3.64Eb 
76.3 g 

9 drilled 
t: - 1.94 7.19 4.51 

12 cut 
of = -12.6 + 1.15 a-0-5 +3.06Eb 

61.0 h 

t: - 0.74 4.12 2.27 

9 drilled 
or = -33.9 + 1.61aß'5+4.14Eb 

94.7 i 

t: - 4.86 7.02 6.95 

Units; a,, MPa. Eb, GPa. W, mm. a, mm. a-0s, m 'o. s 

Table A10.002 

In this section the fit of experimental data to some theoretical relationships 
between the failure stress and the notch length of SEN specimens of antler have been 

examined. This analysis has, not determined if the function of the notch length that best 

explains the variation in the failure stress is, a, a/w or a-05. Therefore, the material can 
not easily be classified as notch insensitive or classically notch sensitive (by the 
definitions used here). The material appears to fall in the region between these extremes 
of behaviour, the failure stress being related to some other power function or multiple 
(for example) of notch length. If this is the case the material would be notch sensitive, 
but to a lesser degree than the classically notch sensitive materials, such as glass. The 
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derivation of such a power, if it exists, could be achieved by examination of the data in 
logarithmic form. This has not been done here as these equations are examined in a later 

section where another form of analysis is examined (section 7.3.2.5 on Purslow's 

approach). 

This section has highlighted the large influence that the material stiffness has on 
the failure stress in the presence of a notch. The influence of the material stiffness on the 
failure stress of antler is a recurrent theme in this research. 

A10.1.3. RESULTS: CRITICAL STRESS INTENSITY FACTORS, K; Q 

In the initial tests it appeared that the use of the pin jointed shape correction factor 
increased the relationship between the measured stress intensity factor and the geometry 
of the specimen. Therefore, I will now investigate the effect of using the un-flexing 
shape correction factor, as defined above (section 7.2.5.1). 

The mean values of the various stress intensity factors, investigated here, are 
given in table A10.003. The uncorrected value is the smallest, and that with the pin- 
jointed correction factor is the greatest. Clearly, if any reliance is to be placed on the 

experimentally determined values of the SIF being the true critical stress intensity value, 
the appropriate shape correction factor needs to be found, or the value of the stress 
intensity factor should be treated with extreme scepticism. 

Type of KIQ K4Q KQ 
antler mean (s. d. ) mean (s. d. ) mean (s. d. ) 

-specimens 
12 cut 2.77 (0.48) 3.48 (0.67) 4.49 (1.4) 

9 drilled a 
12 cut 2.66 0.49 3.24 0.65 3.82 1.11 b 

9 drilled 2.92 (0.45) 3.79 0.59 5.38 1.38 c 
Units, 

K, Q Infinite-sheet critical stress intensity factor, MPa m°3. 

KQ Un flexing critical stress intensity factor, MPa m°"'. 
KQ Pin jointed critical stress intensity factor, MPa m". 

Table A 10.003 
Values of the various stress intensity factors as used in _F FM applied to notched 

specimens of red deer antler (Dam t 
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The relationships of the critical stress intensity factors and the material stiffness 
(measured in three-point-bending) are shown in table A10.004 af. Clearly, as the 

equation for the stress intensity factor changes from KQ to KQ then to KQ (infinite sheet 

to un-flexing then to pin jointed) its correlation with the bending stiffness decreases. 
This is the same trend as that which was displayed in the initial tests (data set NA1), but 
in the this data set (NA2) any effect due to different radii can be avoided by comparison 

of the twelve results from the razor blade sharpened notches alone. When this is done the 

same trend is seen. 

Type of Regression equations and t values, of the relationship R2 % 
antler between various stress intensity factors and the material 

specimens stiffness measured in three-point-bending 
12 cut KiQ = 1.21 + 0.187 Eb 

9 drilled 48.9 a 
t: 3.43 4.49 

12 cut 
KjlQ = 1.42 + 0.150 Eb 

30.5 b 
" 2.72 2.42 

KIQ = 0.898 + 0.238 Eb 
9 drilled 84.3 C 

t: 2.89 6.64 

12 cut KQ=1.54 + 0.233 Eb 
37.6 d 

t: 2.79 3.61 

12 cut 
KIQ = 1.66 + 0.192 Eb 

27.0 e 
t: 2.30 2.25 

K°IQ 1.45 + 0.276Eb 
9 drilled 63.9 f 

t" 2.36 
12 

= 2.08 + 0.290 Eb KQ 
9drilld 9.2 8 

t: 1.46 1.74 

12 cut 
KQ=1.72 + 0.255 Eb 

12.3 h 
" 1.27 160 

9 drilled KQ=3.09 + 0.271 Eb 
0.0 i 

t: 1.28 0.97 
Units: K%Q, MPa m°s. K Q, MPa m°-1. K Q, MPa mo. s. Eb, GPa. 

Table A10.004 
The relationship of th= forms of stress 

deer antler (Data set NA2) 
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The relationships of the critical stress intensity factors, KIQ, to the ratio of notch 

length to specimen width, ajw, are shown in table A10.005. These regression equations 

show the same trend as in the initial tests (set NA1), the R2 value for the cut notches 
increasing from 1.5% to 20.6% and then 64.4% in its relationship with a/w. The R2 

value for the relationship of these two variables, Eb and a/w, is 0.0%. This result 

reinforces the finding above that a relationship between the critical stress intensity factor 

and the specimen geometry is produced, not removed, by the inclusion of not only the 

pin jointed shape correction factor, but also by the un-flexing sheet correction factor: the 

less restrained the specimen is assumed to be the greater the correlation between KIQ and 

the geometrical quantity a/w. This implies, if this approach is valid, that the shape 

correction factor may not be within the region bounded by the two forms of correction 
factor considered here. The uncorrected form of the critical stress intensity factor 

appears to be more independent of the specimen geometry than, those that contain a 

correction. This may be taken as evidence that the equations considered here, are not 

applicable to this specimen geometry or this material. 

As would be expected (from the expressions that describe the shape correction 
factors, and the plot of these relationships) if there is initially only a limited correlation of 
the experimentally determined stress intensity factor with a/w, introducing these 

correction factors induces such a correlation. This finding again confirms one of the 

tentative conclusions based on the first set of data (NA 1). 
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Type of Regression Equations and t values, of the relationships of R2 % 
antler three forms of the critical stress intensity factor and the 

specimens geometrical quantity a/w 
12 cut KiQ = 2.51 + 1.02 (a/w) 

9 drilled 1.0 a 
t: 9.70 1.10 

12 cut KI = 2.33 + 1.62 (a/w) Q 1.5 b 
t: 6.98 1,08 

9 drilled 
KI = 3.20 - 0.85 (a/w) Q 0.0 C 
t: 5.57 - 0.51 

12 cut KQ = 2.68 + 3.10 (a/w) 
9 drilled 24.5 d 

8.46 2.73 
12 cut KQ = 2.52 + 3.55 (a/w) 

20.6 e 
t: 6.27 1.96 

9 drilled 
KQ = 3.40 + 1.21 (a/w) 

0.0 f 
t: 4.56 0.55 

12 cut KQ = 1.71 + 10.9 (a/w) 
9 drilled 73.7 g 

4.27 7.56 
12 cut KQ = 1.91 + 9.47 (a/w) 

64.4 h 
t" 4.15 4.57 

9 drilled 
KQ = 1.75 + 11.1 (a/w) 

58.6 i 
t: 1.63 3.51 

Units: KIQ, MPa m°s. K Q, MPa m°-1. KP, MPa m°s. a/w, unitless 

Table A10.005 
Regression equations showing the relationships between various calculated values of the 

stress intensity factor and the ratio of notch length to specimen width 
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A10.1.4. RESULTS: PURSLOW'S APPROACH 

Type of Regression equations and t values obtained by application of R2 % 

antler Purslow's original equation (a to c) and a modified form that 

specimens considers material stiffness (d to 

12 cut ln(af) = 3.38 - 0.381 ln(a/w) 
9 drilled 52.0 a 

t: 27.20 - 4.76 

12 cut ln(a, ) 3.41 - 0.356 ln(a/w) 
44.0 b 

t: 16.76 - 3.11 

9 drilled 
ln(ßr) = 3.15 - 0.601 ln(a/w) 

51.3 c 
t: 13.45 - 3.07 

12 cut. In(a) = 2.24 - 0.412 ln(a/w) + 0.524 ln(Eb) 
9 drilled 78.1 d 

t: 8.98 - 7.57 4.87 
12 cut ln(a) = 2.43 - 0.406 ln(a/w) + 0.427ln(Eb) 

63.8 e 
5.87 4 

9 drilled 
ln(ßf) = 1.85 - 0.4941n(a/w) + 0.6691n(Eb) 92.5 f 
t: 8.24 - 6.28 6.28 

Units: a f, MPa. Eb, GPa, w, mm. a, mm 
Table A 10.006 

Regression equations from the Purslow theory applied to Antler (Set NA2) 

The regression equations based on Purslow's approach have a lower predictive 
power than those based on the idea that the material is notch insensitive. As in the 

previous cases, the addition of the material stiffness as a predictor vastly improves the 

predictive power of the regression equations. 

A 13.1.5. Results: the effect of drill or sharpened notch tips and tip radii 

One-way analysis of variance was performed on the residuals of all the above 
regression equations (and some additional ones) that were derived for the 21 notch 
specimens. The two groups used were: the specimens where the notch tip was cut and 
those were it was drilled. Examination of the p values, or significance level of the 
difference between these groups, showed that in only three cases was the value below 0.5. 
These where considerably lower than 0.5, all being less than 0.2. The equations in which 
the residuals were significantly different all came from table A10.004, relating the critical 
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stress intensity factor to the material stiffness. Thus it appears that the notch tip may 
affect the SIF. However, the effect of the form of the notch tip may be slightly different 
from how it appears. The reason for its apparent effect could be due to a significant 
difference in the notch lengths of the two groups (p = 0.010). As a result of the 

correlation between the notch length and the form of the notch tip, those regressions that 

contain the notch length as an explanatory variable also take into account (to some 
degree) the form of the notch tip. This has the effect of reducing the dependence of the 

residuals on the type of notch. This observation clouds the findings slightly. However, 

the regression equations of the data from the specimens possessing notches with a drilled 

end of different radii shown in tables A10.007 and A10.008) are not, generally, those 

expected by applying the Inglis equation (5.001) or LEFM. The Inglis equation predicts 
that, if everything else stays constant, the failure stress will decrease when the notch tip 

radius decreases. The theory of LEFM suggests that an increase in notch tip radius will 
result in an increase'in the calculated stress intensity factor. Therefore, the slight effect 
that does exist is contrary to that which is predicted. Thus I consider that this effect is an 

artefact, and the form of the notch tip does not effect the fracture behaviour. 

Type of Regression equations and t values R2 % 

antler 
specimens 

ßf = 97.1 - 14.6 a- 1825 p0.5 
74.7 

9 drilled (49.8) a 
t: 9.66 - 2.23 - 2.81 

of = 97.0 - 56.1 (a/w) - 1826 p°'s 
74.7 

9 drilled (49.8) b 
t: 9.65 - 2.23 - 2.81 

ßt = 36.9 + 1.33 ac's - 1639 p0. s 
75.7 

9 drilled (58.8) c 
t: 1.48 2.33 - 2.43 

ar = 47.8 - 16.4 a+3.75 Eb - 642 p°'s 
97.2 

9 drilled (95.1) d 
t: 6.09 - 7.46 6.97 - 2.33 

at = 47.7 - 63.1 (a/w) + 3.75 Eb - 644 p°'s 
97.1 

9 drilled (95.0) e 
t: 6.00 - 7.34 6.87 2.30 

at = -14.2+1.42a'°'5+3.55Eb-S44pa's 
95.7 

9 drilled (94.7) 1 
t: - 1.00 5.92 5.38 - 1.56 

i s: of MPa. po. s o. s .0 .5 . o. s m. W, mm. a, mm. a, m. 
m s. The R2 % in parentheses is that obtained without the tip radius variable 

Table A10.007 
Regression equations relating failure stress and notch Iength. with^and without taking 

material stiffness into account 
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Type of Regression equations and t values R2 % 

antler 
specimens 

K1Q = 1.35 + 0.216 Eb - 15.9 p°'5 
83.2 

9 drilled (84.3) a 
1.91 4.48 - 02 

KQ=1.00 + 0.298 Eb + 15.6 p°'3 
58.7 

9 drilled (63.9) b 
0,69 3.03 

KQ=-1.73 + 0.505 Eb + 168 p°'5 
0.0 

9 drilled (0.0) c 
t: - 0.33 1.40 1.02 

KIQ = 4.14 + 0.91 (a/w) - 90.6 p°'3 
31.0 

9 drilled (0.0) d 
t: 6.73 0.59 - 2.28 

29.9 
K 4.60 + 3.46 (a/w) - 116 p°'S 9 drilled (0 . 0) e 
t: 5.71 1.71 2.22 

KQ = 3.46 + 14.3 (a/w) - 164 p°'3 
72.5 

9 drilled (58.6) f 
2.91 

1n(ß, ) = 1.56 - 0.376 ln(a/w) - 0.224 ln(p) 
64.4 

9 drilled (51.3) g 
t: 1.81 - 1.83 1.89 

ln(Q, ) = 1.62 - 0.4551n(a/w) + 0.6181n(Eb) - 0.04681n(p) 
91.8 

9 drilled (92.5) h 
t: 3.92 - 4.54 4.57 - 0.68 

Units: KjQ, MPa m0.5. po. s, mo. s ßt, MPa. P, mm. Eb, GPa. 

W, mm. a, mm. 
ommen s" The R2 % in parentheses is that obtained without the tip radius variable 

Table A10.008 
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APPENDIX 11 

PRESENTATION GIVEN AT EIGHTH MEETING OF THE 
EUROPEAN SOCIETY OF BIOMECHANICS 

Some of the images described in chapter 8 were presented at the eighth meeting of 
the European Society of Biomechanics, in Rome, 21-24 June 1992. This appendix 
contains copies of the meeting abstract, the figures presented at the meeting as slides, and 
a description of the video used in the presentation. This video is also presented in this 
thesis, bound separately. ' 

lI would like to thank John Aldworth, of the University of York's audio-visual unit, for 
his technical assistance in the editing of this video. 
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A11.1. MEETING ABSTRACT 

Optical changes as an indicator of mechanical damage in bone and antler 
A. J. Sedman, J. D. Currey and P. Zioupos 

Department of Biology. University of York, York, England 

To aid understanding and communication standard words 
are used to describe bone, such as; elastic, brittle, plastic, 
anelastic, visco-elastic. The definition of these words being 
previously established and defined in the fields of engineering 
or material science. 

It is now accepted that bone is not elastic, or even elastic- 
plastic. but exhibits time-dependence. The stiffness of bone 
increases at higher strain, or loading, rates and it exhibits 
"creep". thus the term visco-elastic is often used. This 
description implies a reversible process, with no permanent 
change in the mechanical properties. But if bone is loaded past 
its 'yield' point, then unloaded, upon reloading a reduced 
stiffness will be recorded, (Burstein et al., 1973). Thus a visco- 
elastic characterisation of the mechanical properties is also 
inaccurate. 

The authors, and other workers, are approaching this prob- 
lem from different directions, and converging on another expla- 
nation of the mechanical properties of bone. This is "damage". 
an idea originally developed to explain creep of metals at high 
temperatures. It can be viewed as the density of cracks or 
cavities within the structure. In the basic theory, the damage 
state can be expressed in terms of "effective area reduction". 
This can be represented by a variable that changes from D=O 

when the material is undamaged to D=l after fracture. The 

structure will fail when the damage has reached a level such that 
the remaining material is unable to sustain the loads upon it. If 
the structural stiffness of the specimen is calculated in the 
normal way, the variable can be expressed as a function of the 
reduction in stiffness. This idea is consistent with cyclic test 
results. 

One method used to apply these ideas to bone is creep and! 
or fatigue tests. Fondrk et al. (1988) note that creep strain is 
produced at a constant rate, thus indicating damage takes time 
to accumulate. Caler and Carter (1989) used damage to explain 
creep and fatigue results and produced a "cumulative damage 
model". This approach was used for bone and antler, (antler 
being bone with a lower mineral content), by Mauch et al. 
(1992). Another method is to examine the bone for flaws that 
could explain the reduced stiffness, This has been done using 
stain (Currey and Brear, 1973). They noted that wet tensile 
specimens become opaque, having previously been translucent, 
when yielding occurred. This supports the idea that damage 
takes the form of tiny cracks within the material. For an 
increased number of such interfaces will result in a greater 
scattering of light. 

We have conducted experiments to combine these ap- 
proaches. The results support the damage theory. Changes in 
the optical properties of both bovine femur and red deer antler 
were recorded during tensile and basic fracture mechanics tests, 
by a 35 mm camera and high speed video. 1000 frames s-1, The 
tests were performed at 37C. within a water bath. Single edge 
notch specimens were used for the fracture mechanics tests. In 
tensile tests the occurrence, extent and intensity of whitening 
being strongly related to the yielding of the material. Specimens 
that fail at a lower value of ultimate strain exhibit a less uniform 
change in translucency. When the specimen fails or the stress 
is removed, the appearance of the bone returns towards its initial 
state, This process is not instantaneous; and is consistent with 
the time needed to recover "non-elastic" strain obtained in a 
loading-unloading test. This effect is clearly seen in notched 
specimens; the damaged volume Is initially concentrated at the 

tip of the notch, then around the crack front. In some cases the 
material through which the crack has passed, and has thus been 
relieved of stress, exhibits a reduction in whitening. We assume 
this to be the collapsing of the internal flaws. This results in a 
bright spot moving across the specimen. In other specimens the 
damage appears across the whole section before any crack is 
observed. In antler the time between crack initiation and failure 
is a few seconds, but bone failed within 0.001 seconds. In antler 
the crack direction was more varied and the surface less regular. 
The effects are demonstrated on a short video film. 

The aim of this work is to develop the ideas of damage, as 
applied to bone and antler. The optical changes were used as an 
indication of the damage state. The optical results obtained 
during the single edge notch tests help to explain the scatter in 
the results, as they show that damage is occurring in a larger 
volume than the crack tip, so more energy is being used than that 
required to produce the two new surfaces. 
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Fracture in Bones with Different Stiffncsses, J. Biomechanics 
25,11.16 , 
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A11.2. DESCRIPTION OF THE VIDEO AND AN 
OUTLINE OF THE ACCOMPANYING TALK 

This description of the video is based on the notes for the accompanying talk 

presented in Rome? Reference to the slides as they were used in the talk is also included. 

The timing of these slides relative to the video is indicated their position in the text. 
Arrows and other comments have been added to the slides. These are to help identify 

features that were indicated by use of a pointer during the presentation. Within this 

appendix the important aspects of the video recording will be demonstrated by using 

annotated prints of a few video images. (The quality of some of these images is poor as 

they were obtained from the edited VHS copy of the tests rather than the master copy. ) 

OPTICAL CHANGES 

AS AN 

INDICATOR OF MECHANICAL DAMAGE 

IN 

BONE AND ANTLER 

AJ Sedman (speaker) Department of Biology 
JD Currey University of York 
P Zioupos York 

England 

Figure A 11.001 

I began my talk by stating that the optical effects I was going to described in the 
talk and demonstrate using a video recording are only one part of a larger project 
investigating the yield and fracture behaviour of bone. This work is in the form of a 
comparative study, using bovine femoral bone and red deer antler. Antlers are essentially 
bones of lower than normal mineral content. These two materials have evolved to fulfil 
different biological functions, and hence have different mechanical properties. 

21 gave this talk before deciding to adopt the nomenclature of knee stress and knee strain. 
Thus the term yield was used in a way that I now consider to be wrong, 
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Figure A 11.002 
Slide 1: load-extension curves of bovine femoral bone and red deer antler 

The response of both materials to mechanical loading was shown using in slide 1 

(figure A 11.002). I pointed out this is not an idealised graph, but like all the other slides 

used in the presentation it displays the loading curves obtained from the tests shown in 

the video presentation. 3 I used the term yield to identify the region of the loading curve 

where the slope decreases. This region is well defined in bone, but less so in antler. 

I stated that a number of theories have been used to explain the mechanical 
response of bone to tensile loading. These include descriptions of the material as elastic 
and brittle or elastic plastic depending on the amount of post-yield strain. These 

classifications fail to take into account the observed time dependant properties, so the 
theory of visco-elasticity has been adopted by some workers, but this theory has little to 

say about the yield and post-yield region. 

A more recent approach to the mechanical response of bone, is based on the 
theory of continuum damage mechanics developed by Kachanov (1958) for steel at high 

3The plots were obtained by tracing the chart output. The unloading part of the plot was 
traced from the other side of the paper to obtain a load deformation plot in place of a load 
time plot. The values of deformation are for the whole system not just for the gauge 
length of the specimen. 

733 



temperatures, but now widely used in the analysis of composites. Damage can be viewed 
as a reduction in the effective cross-sectional area of the material due to the accumulation 
of flaws, thus if damage is accumulated the effective stress and hence the strain will 
increase. This is equivalent to an increase in material compliance. This increase in 

compliance has been observed in bone (slide 2) and antler (slide 3). 

BONE 
600 
z 

0 

400 

200 CROSSHEAD SPEED 5 mmlmin 

0.5 1.0 1.5 2.0 

DEFORMATION (mm) 

Figure A11,003 
Slide 2: the reduction in stiffness of bovine bone subjected to loading-unloadintests 
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Figure A 11.004 

Slide 3: the reduction in stiffness of antler subjected to loading-unloading tests 

The increase in compliance is not very clear in the case of bovine bone (slide 2, 

above), but is more noticeable in the case of antler. (This is due to the higher stiffness of 
bone combined with the use of only one experimental arrangement, to give more easily 

comparable images. ) 

The rate at which damage accumulates is proportional to the normalised stress 

raised to a power of more than 10. Thus a long time at a low stress can cause a similar 

amount of damage as a short time at a high stress. This theory can model the change in 

stiffness with strain rate and the variation in the value of yield stress, failure stress and 

post yield strain. 

The damage in bone and antler takes the form of small cracks, the greater the 
damage the higher the crack density. These cracks form additional interfaces within the 
material that will reflect light, so if the specimen is viewed from the same side as it is 
illuminated the damaged areas will appear to whiten. Thus the whitening of a specimen 
or a region of it indicates that it is undergoing some damage process. (At this point in the 
talk the video was started. ) 
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Figure A11.005 

Outline of video image I (session 54): chart and scale 

'The first. set of images seen on playing the video introduces the visual 
wiangennent used for the tests. On the, left side of the hic-ttire a chart recorder is shown, 
the full scale deflection of which is 1(1(1(1 N. On the right a rule is shown where the test 
specimens will be seen in the forthcoming images. 'I'hr graduations of this rule are in 

millimetres. All the images shown in the, video are replayed at the same speed at which 
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they were recorded. (A frame rate of 500 frames per second was used so further analysis 

of the events could be performed. ) All the specimens shown on this video were tested 

using a cross-head speed of 8.33 x 10"5 m s'1 [5 mm min" I and are contained in a water 
bath at 37°C. The chart speed is 8.33 x 10'3 m s'' [0.5 m min'']. (One confusing aspect 

of the forth-coming video images is the appearance of objects after fracture. Most of 
these are air bubbles, they f loat downwards because the camera was mounted up-side 
down (due to physical restrictions). However, in the second set of images (session 36) a 
fragment is produced during fracture, this consequently falls to the top of the image. ) 

A11.2.1 TENSILE AND LOADING-UNLOADING TESTS 

A11.2.1.1 TENSILE TESTS: BOVINE FEMORAL BONE 

BONE ANTLER 
600 
z 

O 

400 

200 CROSS-1 EAD SPEED S mm/min 

0.5 1.0 1.5 2.0 

DEFORMATION (mm) 

Figure A 11.006 
Slide 4: load-extension curves of bovine bone and antler 

The images of the tensile testing of bovine bone shown here are from sessions 
numbered 36 and 71. The load-time plots for these tests and those of antler were also 
displayed on a slide as the video was being shown. 
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Figure Al 1.007 

Outline of video image 2 (Session 36): tensile test cif hovine hone 

Whitening is seen as the loading line curves over, indicating it connection between these 
two events. The specimen finally fractures where the whitening first appeared. A similar 
result is shown in the next test, also a tensile test of bovine hone. 
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Figure Al I. ()(* 

Outline of video image 3 (Session 71); tensile test of bovine hone 
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112. I. 2. TF. NSILI', 1ISTS: AN'T'I I,: R 

The images that show the effect of tensile loading rin antlci are uruni sessions 

nuilihered 67 and 68. 

Figure A11.009 

Outline of video image 4 (session 67): tensile test of awn ia 
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Figure Al1. (11(1 

Outline of video imwe 4 (session 67): tensile test of antler 

In tests Of antler specimens the whitening appears to , tart more till ifurlily ewer the 

,, pecimen'S gauge length. The whitened zurre tihreucis over the whole Of the gauge length 

when the load is increased, but not into the shoulders. The shape of the whitened Zone at 

the shoulders gives some indication of the changing stress field. 
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Figure A II .(I 11 

Outline of video ima c5 (session 68)" tensile test of . eitler 
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Figure AII. 012 

Outline of video inure 5 (Session 68): tensile test ýýf ýtntIer 

Again the whitening, was seen to he more uniform than in the hovine hone tests. the 

darker initial appearance of the antler is a real effect. 
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\I I '. I i. LOAI)IN(i IUNI. OAI)IN(; IIN'I'II. FAIIIIIZI?: W)VINF. IMNI 

FIgurc At 1.01 3 
Outline of vi(k Ilmi'v' O_Lsession 3K): k adint! -unloading W . St not I)oviiiee Inne 
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Figure All 
. O1.1 

Outline Of video image 0 (session ýh): R tiny unIo idinn lest Of bovine hone 
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Figure AI H) 15 

Outline of video image 7 (session 46): loading unloading test Of bovine hone 
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Figure Al 1. (116 

Outline of video image 7 (session 4(i): load inb-till loadinb test of hovine hone 

In the first loading-unl0, uling tests that was Shown (session 18) the occult-cl e of 

whitening! appeared to correspond to the changes in nominal stress Ire ei 'I he whitening, 

Ile. Utlles Illore Ulllfarill wit II each I)roglessive cycle. Fracture Finally (ic t tu red where the 

whitening first appeared. 'I'hr next set of images (Session "10) displays Ihr optical chair c' 
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observed in another specimen subjected to the same type of test. The loading curve is 

also displayed in a slide 5. 

BONE 
600 

Z 

O 

400 

200 CROSS"IiEAD SPEED 5 mmlmin 

0.5 1,0 1.5 2.0 

DEFORMATION (mm) 

Figure A11.017 
Slide 5: load-extension plot of bovine bone (shown in video session 46) 
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\I 1.2.1.4. L. OAI)IN(j-lJNI, OAI)IN(i IIN'I'II, I i\II. IIRF: ANI'I I. 1: 

inure AIl. OIK 

Outline of video image 8 (sessiot1-1. )_ Icoadil unIQjIclingtest of antle! 
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Figure AII 
.U 

19 

Outline of video image 8 (session 54): Ioadinb-unload intg test of antler. 

In the loading unloauiing tests O antler specimens, as in the tensile tests, ill(, - 

whitening is Illur uniform than in Hume of bovine hone. Ibis antler speciinen (session 

54) exhibits large extensions as in the tensile tests. 'I'Iºe whiteninp appears tu he almost in 

the form of hands running diagonally ft FOSS the specimen, from toll left to bottom right. 

(The final fracture follows a similar Ilath. ) The extent 01 the whitening is mel; ºteed to 

nominal stress level, but on returning to zero stress sonle whitening persists. I roil 
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experiments where an extensonºeter was used to measure strain directly it has heen I ii l 

that the whitening in both materials occurs at a similar strain level, thus this re"si(lual 

whitening may be related to the residual strain, the two hhenoii eiia NO reducing with 

time. This is what would he expected if the whitening is due to cracks in the material. 

'T'his result is shown again with another specimen, the loading curve of which was shown 

on a slide (6). 

Tiptore A II 
. ll? ll 

Outline cif video intus! e »ieýn_72): tv"t of antler 
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figure A 11.02 

Outline of video inmate 9 (session 72): load ing-till load ing test of ; antler 
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ANTLER 
600 

2 

O 

400 

200 
CROSS. IIEAD SPEED S mmimin 

0. S 1.0 1. S 2.0 

DEFORMATION (mm) 

Figure A 11.022 

Slide 6" load-extension plot of antler (shown in video session 72) 

A11.2.2. NOTCH SENSITIVITY TESTS 

The whitening, when viewed as damage, can be used it to help explain some basic 
fracture mechanics results. The whitened area showing the damage region ahead of the 

notch or in some cases the moving crack. 

The specimens shown in the images of tests on notched specimens are of the same 

overall dimensions as those in tensile tests. However, they appear larger as the area of 
interest has been enlarged, by using a zoom lens. 
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\ 11.2.2.1.1 SENSITIVI'T'Y 'I'IE: ti'I'S: IIOVINFF: 1,1 : MORAI. 11 ( )NI 

Figure A] 1.023 

Outline of video i11flabe_ 10 session 78): notch sen`itivitk IC, 
-, St cat Ihuwi l(-Iiolle 

The Whitening is seen to IT rolkenhrated at the tip of the notch. 'I'Iºe ilnages Show 

that as the load is increased the area of the white zone increases. 'There is then a very fast 

final t'racture. A very similar result is displayed in the next set of images (session 79). 
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Figure A11.024 

Outline of video image II (session 79): notch sensitivity test of bovine hotte 
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A1 12.2.2. NO]'('II SFN SITIVITY'FESTS: AN'I'I, ER 

i)! Lnrc /1 I I. 025 

Outline of video image 12 (session 83): notch sensitivity test of antler 

It was reported that there had been a general uhservation that the damage zone is clearer 

and larger in notched antler specimens than the notched hovine speciºnenx. `I'Iºe fracture 

process also takes a greater time front initiation to failure in antler. The images uI the 

antler test show the failure was not due to it fast brittle fracture, but like a slow rile. 
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X11.2.3. WIII'1i NIN(. IN 'I'l: Ntill. l': '1'Ia'I' t)l' BOVINI, BONE W1It('I 

FA 11, ED AT A HIGH STRAIN 

I'igUurr All . O26 

Outline u1' vi(ieo image 13 (session 53): tensile test of bovine hone with a Iºi ulliºººjºtt 

extension 

A machined notch or internal flaw appears to cause a stress and thus damage 

concentration. Therefore a very uniform speciinc"rº, till itýýrnýly loaded will distrihu to thc" 
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damage more widely and thus exhibit a larger strain at failure, as shown for bovine bone. 
The whitening in the specimen shown in session 53 is more uniform than that in the 
previously shown images of bovine bone in tension. This specimen also exhibits a larger 
failure strain. Thus the recorded strain in tensile tests can be shown to be very dependent 

on the specimen being free from flaws or other stress concentrating effects. 

A11.2.4. CLOSING REMARKS 

The recording of the occurrence of optical changes can be used to map the 
position of material that has yielded within a specimen. This can be put to a number of 
uses, including a check on the loading conditions. Optical changes at diagonally opposite 

shoulders (not shown here) highlight a non-uniform stress field due to poor alignment of 
the specimen. 

The occurrence of damage ahead of the machined notch in bone explains the lack 

of dependence of the critical stress intensity factor used in fracture mechanics on the 

radius of the notch tip, and suggests that some correction to the crack length is needed. 

Thanks were given to the Science and Engineering Research Council (for funding 
me during this study and for the use of the video camera). Thanks were also given to the 
Scientific Committee of the meeting for giving me a studentship. 
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APPENDIX 12 

STUDENT'S t-DISTRIBUTION 

This appendix provides a table showing the relationship of the three significance 
levels used in this work (significant, highly significant, very highly significant) and the 

value of the Student's t-distribution. In the regression equations presented in this work 
the t values have been given. In many cases the p value or the significance level has 
been given in the relevant section of the text. To use the following table the degrees of 
freedom, d. f., needs to be established. For a regression equation this is given by 

d. f. = number of data sets used - number of explanatory variables - one 

By way of an example the first equation and part of table 3.001 is repeated below 

Type of Regression equations and t values, for the data published by R2 % 

specimens Currey (1975). 

35 Bovine cull - 115 + 306 E 
femoral t: 18.17 2.79 16.6 a 

jnits: ay, MPa. auu. MPa. t, s'' E, GPa. 

Table A12.001 Reproduced, in part, from table 3.001 
The relationship of various mechanical to-strain exhibited the data 

published by Currey in 1975 

In this example there is data from 35 specimens. This data is analysed using one 
explanatory variable. Thus there are 33 degrees of freedom. Therefore on consulting 
table A12.002 it is seen that the associated p value falls between 0.01 and 0.001. I have 

chosen the following descriptions of the levels of significance: 

p>0.05 Non-significant 

pS0.05 Significant 

pS0.01 Highly significant 

pS0.001 Very highly significant 

Therefore in this case the variable, t, is highly significant. 

759 



Degrees of freedom 
Value of p 

0.05 0.01 0.001 
1 12.706 63.657 636.619 

2 4.303 9.925 31.598 
3 3.182 5.841 12.941 
4 2.776 4.604 8.610 

5 2.571 4.032 6.869 
6 2.447 3.707 5.959 
7 2.365 3.499 5.408 
8 2.306 3.355 5.041 
9 2.262 3.250 4.781 
10 2.228 3.169 4.587 
11 2.201 3.106 4.437 

12 2.179 3.055 4.318 
13 2.160 3.012 4.221 
14 2.145 2.977 4.140 
15 2.131 2.947 4.073 

16 2.120 2.921 4.015 
17 2.110 2.898 3.965 
18 2.101 2.878 3.922 
19 2.093 2.861 3.883 
20 2.086 2.845 3.850 
21 2.080 2.831 3.819 
22 2.074 2.819 3.792 
23 2.069 2.807 3.767 
24 2.064 2.797 3.745 
25 2.060 2.787 3.725 
26 2.056 2.779 3.707 
27 2.052 2.771 3.690 
28 2.048 2.763 3.674 
29 2.045 2.756 3.659 
30 2.042 2.750 3.646 
40 2.021 2.704 3.551 
60 2.000 2.660 3.460 
120 1.980 2.617 3.373 
coo 1.960 2.576 3.291 

Table A 12.002 
Yalme5 of student's L-distributigm associatcd with three p&rcentage point values for 

significance tet 
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LIST OF SYMBOLS USED 

Most of the symbols and accompanying nomenclature are defined locally in the 
text, so some of them are not included in this list. However, those that more generally 
applicable are listed here. (Some of the locally defined symbols are reused elsewhere. ) 
In this list I do not include symbols used to represent constants in equation and so on. 
When the rate of change of a quantity is being expressed with respect to time I have 

generally used the dot notation. Therefore if the quantity is represented by B its rate with 

respect to time is presented by B. (In some reviews I have used d IYd 
t. ) In some cases 

(t) has been placed after a quantity to indicate that it a function of time. Generally the 
failure of specimens during tensile tests is referred to as the ultimate (normally 

maximum) value thus the subscript'ult' is used. The failure of creep specimens is 

referred to as rupture, so the subscript 'r' is used. Those specimens that fail due to the 

effect of a notch are referred to as fractured, thus the subscript '1' is used. 

a Half the length of an internal through the thickness crack 

aint Intrinsic edge notch length 

A Instantaneous cross-sectional area of the specimen (at time t) 
A Crack area 
Ae Effective area of the specimen (cross-section accounting for damage) 

AO Initial cross-sectional area of the specimen (at time t= 0) 

Ca" Calcium content 
dW The length of the whitened zone 
dy Length of the crack tip plastic zone 

D Damage 
E Young's modulus of elasticity 
Eb Material stiffness in three-point-bending 
EM Measured stiffness of the material 
E, Secant modulus (stress/strain at one point on loading curve) 
Et Material stiffness in tension 

EU Stiffness of the undamaged material 
E* For a material under conditions of plane stress Young's modulus, E 

E' For a material under conditions of plane strain E6 = E/(i - v2 
F External work supplied to the system (Griffith) 
G Potential energy release rate 
Gc Critical potential energy release rate 
H(t) Unit or Heaviside step function. 

761 



J(t) Creep compliance 
K Stiffness of spring or specimen 
K Stress intensity factor 
Kc Critical stress intensity factor 

KIc The plane strain critical stress intensity factor for opening mode one 

KIQ Infinite sheet stress intensity factor (experimentally derived value) 

KQ Pin jointed finite sheet stress intensity factor (experimentally derived value) 

KQ Un-flexing finite sheet stress intensity factor (experimentally derived value) 

K; Q KIQ, KQ or KQ 

L Instantaneous gauge length of the specimen (at time t) 
Lo Initial gauge length of the specimen (at time t= 0) 

P Load (also P1, P2, etc. ) 

rw Half the length of the whitened zone 

ry Half the length of the crack tip plastic zone 

R Work-of-fracture (energy divided by one surface area) 
RZ Coefficient of determination, adjusted for degrees of freedom 
`Ji Resilience 

S Final slope 
t Specimen thickness 
t Time 

tf. ij Time-to-fail (any stress history) 

to [a] Time-to-rupture in a creep test, with stress level a. 
tR Time-to-rupture (experimental results) 

ti Time-to-rupture by a purely ductile creep process (Kachanov) 
t2 Time-to-rupture by a purely brittle creep process (Kachanov) 
t3 Time-to-rupture some combined ductile and brittle creep process (Kachanov) 

t4 Time-to-rupture under creep conditions if n=m (Kachanov) 

t5 Time-to-rupture by a purely brittle allowing for damage localisation 

t1, Time-to-rupture by a purely ductile process allowing for primary creep (Odqvist) 
t3P. Time-to-rupture by a ductile and brittle process allowing for primary creep 
Ue Energy released due to the crack (Griffith) 

U, Surface energy due to the crack (Griffith) 

Uo Elastic energy of the loaded system without a crack (Griffith) 

w Width of specimen 
W Work 
x Cross-head speed 
Y Shape correction factor 

762 



Y(t) Relaxation modulus 

Y, Surface free energy of a material. 

'y, Energy consumed by crack tip plastic zone 

AY Dugdale strip yield model plastic zone length 

e Nominal strain, extension normalised by initial length 
Ej Strain rate measured during the initial region of the loading curve, s" 

ex Knee strain 

Cnom Nominal strain (used where clear differentiation from true stress is needed) 

epuk Peak strain in first loading cycle of loading-unloading test 

Epk Measures strain rate in the post knee region of the curve, s't 

c Post-yield strain, the strain accumulated between yield and final failure 

ER Rupture strain (creep tests) 
Es Secondary creep rate 

em�e True strain 

cult Ultimate strain (tensile tests) 

Ey Yield strain 

CO Instantaneous strain (assuming step load input) 

E; Steady state instantaneous strain 

e3 Steady state rupture strain 

F'O'P Creep strain 
el* -*3 

Steady state creep strain 

c1, _,, 
Approximate creep strain 

4--, R Average creep rate 
t Total strain rate (creep tests) toud 
11 Viscosity (visco elastic models) 
I Ratio of instantaneous and initial specimen length L/Lo 

V Poisson's ratio 
p Radius of curvature of notch or ellipse tip 

pc Critical value of the tip radius 

ß Nominal stress, load normalised by initial cross-sectional area 

va Critical stress level (Griffith) 

ßeff Effective stress, load normalised by effective area 

of fracture stress (notch specimens) 

a fracture stress used in literature review section (notch specimens) 
aK Knee stress 
alis Ligament stress 

apftk Peak stress in first loading cycle of loading-unloading test 
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Cypred Predicted failure stress 

apy Strain increase occurring between yield and fracture 

crtp Tensile stress at the tip of the ellipse (Inglis equation) 

cs, UQ 
True stress 

awt Ultimate stress (un-notch specimens) 

ßy Yield stress 

Gy Yield stress 

cso Creep stress 
a1 Largest principal stress 

62 Intermediate principal stresses 

a3 Smallest principal stresses 

va Tensile stress at a distance not effected by the hole (Inglis equation) 
i iR Continuity at failure accounting for damage localisation 

W Continuity 

a0 Damage 1- xg 
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GLOSSARY 

Curvilinear Co-ordinates 
In two dimensions the position of a set of points can be described by the 

intersection of two functions 

FF(x, y) 

F2(x, y) = rl 

In the general case they are referred to as curvilinear co-ordinates. In the specific case 

referred to as polar co-ordinates the functions are 
-5-=X+ y2 =r 

F2 (x, y) = arctan(YX) =0 

In the Cartesian co-ordinate system the functions are 

FF(x, y) =x 

F2(X, Y) =y 

Heaviside step function 

The Heaviside or unit step function is defined as follows: 

I 

11 ift> a- 
H(t-a)= 1/2 if t=a 0.5 

0 ift<a 

OL 
0 a 

Time 

where a is an arbitrary number and t is the time. Any function f(t) multiplied by H(t - a) 

will have a value of zero for t<a, and a value of f(t) in the region t>a. Thus a step 

change in stress from a=0 to ca = ao at t=a may be expressed as a(t) = ao H(t - a). 

Tresca yield criterion 
The Tresca criterion assumes that yielding occurs when the maximum shear 

stress, (a 
1- a3)/2, is greater than the maximum shear stress in uniaxial tension, a y/2. 

So yielding just occurs when al - a3 ay 
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Von Mises criterion 
In this case the maximum shear strain energy per unit volume is assumed to be 

equal to that which causes yielding in uniaxial tension 
((TI 

- ßz )2 + (02 
- Q3 )2 + (a3 

- ßi )2 
=2 a72 

When a material is under conditions described as 'plane stress' the through the 

thickness stress in negligible compared to the other stress, i. e. a= r ý" ýýy - 0. 

This is approximately the situation for a thin sheet of material. 

Plane strain 
Plane strain assumes that the strain through the thickness of the material 

compared to thus in the other directions are negligible, i. e. c=e. = et, = 0. 

An approximation to the area under a curve is calculated by marking a series of 
discrete points on the curve. The whole area is calculated by summation of the amount of 
the required area that is contained within the trapeziums formed by lines parallel to the 

Y-axis passing through adjacent pairs of these points [ (x1, y, ), (x=, y2) the line 

between the pair of points [X=x,, X= x2 ], and the X-axis [Y=0]. The area 
being of one trapezium being 

YI + Y2 ) 
2 X2 - X' 

In the case of the experimental data to which this rule was applied the points were paired 
in the order in which they were collected. Thus the influence of noise on the calculated 
area is limited. For example if two strain values are in the'wrong' order then one will 
result in the calculation of a larger area and the other a negative one. 
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