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Abstract
There is a reasonable amount of observational evidence that suggests space was expanding exponentially in the very early universe —
an expansion that has become known as inflation. The mechanism by
which this happens remains up for debate, however, and this thesis
looks at a number of potential scenarios using multiple scalar fields
to drive the expansion. There are two studies that look at how additional couplings either between the fields themselves or to gravity
can influence the observable consequences of inflation on the Cosmic
Microwave Background and one which tries to extend a gravitational
coupling to explain the current expansionary epoch caused by dark
energy. The importance of reheating in such scenarios is also investigated. In the case of a non-canonical kinetic coupling, an approximation is used to show how the curvature perturbation can evolve on
super-horizon scales to a much improved accuracy over previous work.
The gravitational coupling results in a vast increase in the amplitude
of the curvature power spectrum via the non-adiabatic pressure perturbation and, finally, the attempts to link this to dark energy are
demonstrated to be much more difficult than one might initially assume.
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Preface
This thesis is submitted in partial fulfillment of the requirements for a degree
of Doctor of Philosophy in Mathematics. The project has been supervised
by Prof. Carsten van de Bruck and the contents of this thesis are largely the
work original work of the Author.
• Chapter 1 contains a general introduction to cosmology and inflation
along with summary sections on reheating, observational quantities and
potential extensions to the basic model.
• Chapter 2 takes the general ideas a bit further and introduces perturbations and the effects of them on observable quantities.
• Chapter 3 is based on the published work in the Journal of Cosmology
and Astroparticle Physics in April 2014 with Carsten van de Bruck [1].
All analytical and numerical calculations along with the production of
figures was done by the Author unless explicitly stated and referenced
otherwise within the text.
• Chapter 4 is based on the published work in Physical Review D in
June 2015 [2] in collaboration with Carsten van de Bruck and Adam
Christopherson. All numerical work, analytical work and figures were
again produced solely by the Author.
• Chapter 5 gives conclusions based on the preceding two chapters along
with an as yet unpublished extension that has been done in collaboration with Carsten van de Bruck and Konstantinos Dimopoulos. After
a short review of previous work, clearly referenced, all subsequent numerical work is the sole work of the Author.
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“It is a great adventure to contemplate the universe, beyond man, to
contemplate what it would be like without man, as it was in a great
part of its long history and as it is in a great majority of places.
When this objective view is finally attained, and the mystery and
majesty of matter are fully appreciated, to then turn the objective eye
back on man viewed as matter, to view life as part of this universal
mystery of greatest depth, is to sense an experience which is very
rare, and very exciting. It usually ends in laughter and a delight in
the futility of trying to understand what this atom in the universe
is, this thing — atoms with curiosity — that looks at itself and
wonders why it wonders. Well, these scientific views end in awe and
mystery, lost at the edge in uncertainty, but they appear to be so deep
and so impressive that the theory that it is all arranged as a stage
for God to watch man’s struggle for good and evil seems inadequate.”

- R. Feynman — The Meaning of It All: Thoughts of a CitizenScientist
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Introduction

1.1

Cosmology

For many thousands of years, humans have gazed up at the night sky and had
an interest in where we came from, what’s out there and how any of it came
into existence. For a long time, this was the realm of religion and mythology
but in the last couple of millennia the scientific method has increasingly
come to the forefront of explaining the cosmos — and our place within it.
Since the turn of the 20th century the rate of understanding has increased
dramatically — with the advent of special relativity [3], general relativity [4]
and quantum mechanics [6] allowing modern cosmology to flourish. It was
noticed by Einstein that his field equations naturally led to a universe which
was not dynamically stable, preferring instead to either expand or contract.
This was seen as a problem with the framework of general relativity and led to
the introduction of a non-zero constant, the so called ‘cosmological constant’,
in order to allow for the presumed steady state nature of the universe at the
time. This was not, however, the full story, as it was soon postulated, by
Friedmann, that a dynamic universe was also an attractive solution to the
field equations [5]. In 1929, it was realised by Edwin Hubble that the universe
was, in fact, expanding [7] — he revealed that almost every galaxy in the
visible universe was receding from our reference point within the Milky Way.
Not only this, but also that the further away a galaxy was, the faster it was
moving away; a trend which subsequently became known as Hubble’s Law,
v = Hd,

(1.1)

in which v is the velocity of recession, d is the distance and H is the Hubble constant (which, later, becomes the H(t) as we realise the time depen1

dence of this parameter). The current value of H is found to be H0 =
(67 ± 1.2)kms−1 M pc−1 [10]. This discovery led physicists to eventually assume that the cosmological constant was zero all along and that the only
explanation for such an observation was that the universe did in fact evolve
in time and was, more precisely, expanding. The expansion of the universe
was all but confirmed by Penzias and Wilson in the 1960’s with the discovery
of the cosmic microwave background radiation (CMB) [11] which has, itself,
ushered in the era of precision cosmology which continues to this day. Finally,
in the late 20th century the most recent change to the prevailing cosmological paradigm occurred, as it became clear that not only was the universe
expanding, the expansion was once again accelerating. This late-time expansion, caused by some as yet mysterious dark energy, can interchangeably be
labeled as the cosmological constant disregarded decades earlier.
If the universe is expanding, extrapolating back naturally leads to the
idea that at some point in the past it was much smaller and possibly even
came from a single point — from this, the big bang theory was born. This is
not, however, the full story, as there remained three significant problems with
this theory which can be solved by the inclusion of a period of exponential
expansion in the early universe, inflation [12, 13]. The problems and solutions
are as follows:
1. The Horizon Problem: the near-homogenous, isotropic nature of
the CMB defies the basic principles of causality in the standard big
bang scenario. How could two regions of space, so far apart that it
is impossible for them to have ever been in contact, have the same
properties — such as temperature and structure — in the present day?
A period of inflation overcomes this problem as it allows that before the
exponential expansion these two regions could have been much closer
2

together and come to such an equilibrium early on.
2. The Flatness Problem: the universe has been observed to be very
nearly, if not exactly, spatially flat — with a density parameter (defined
by Ω = ρtot /ρcrit , where ρcrit is the critical density required for a Euclidean universe), Ω = 1.0005 ± .07 [14]. This would require significant
fine tuning to occur as a result of the standard big bang model as any
deviation from flatness (Ω = 1) throughout the history of the universe
would increase exponentially in time. This is solved by inflation as
any such deviations are quickly stretched out in the early universe —
avoiding this instance of fine-tuning completely.
3. The Magnetic Monopole Problem: it is predicted by numerous
particle theories, beyond the standard model, that magnetic monopoles
should exist in nature. The fact that they are yet to be observed
hints at another problem with standard cosmology. As before, inflation
solves this in a simple and intuitive way. If the monopoles are created
early enough, before inflation has ended, the density is diluted by the
subsequent expansion to such an extent that we could never expect to
spot them in the observable universe.
The fact that inflation solves so many of these problems in a very natural
way has led to it being the leading theory of the early stages of the universe’s
expansion. Following this period of inflation, it is believed that a period of
reheating occurred which resulted in a radiation dominated epoch followed
by matter domination, baryogenesis and nucleosynthesis. From this point,
the evolution follows that predicted by the standard big bang model once
more.

3

1.2

The Cosmic Microwave Background

The Cosmic Microwave Background (CMB) is nothing more than an image
of the universe imprinted just after the recombination epoch in the early universe [15, 16, 17]. This occurred after ∼ 377000 years, when the universe had
expanded and cooled sufficiently to allow protons and electrons to be bound
to form neutral Hydrogen. Before this, the mean free path of the photons was
so short, due to Thomson scattering with the free electrons, as to render the
universe effectively opaque. As Hydrogen atoms formed and the radiation
decoupled from matter it was then able to travel relatively freely throughout
the subsequent evolution of the universe. Over that remaining time, the expansion of the universe has cooled the radiation of the CMB to have a mean
temperature of just 2.72548 ± 0.00057 K — but, fortunately, the spectrum
is not quite a perfect black body spectrum — with interesting features that
we can directly relate back to the conditions found during the formation of
the radiation. Since the discovery of the CMB, numerous experiments have
been devised in order to ascertain as much information as possible from these
discrepancies with COBE (1989) [18, 19], WMAP (2001) [20, 21, 22] and now
Planck (2009) [10, 23, 24, 25, 26, 27] continually improving on the resolution
of the observations.

1.3

Cosmological dynamics

Before going any further, it is important to make clear a few definitions that
will be used throughout this thesis. In terms of derivatives, an overdot (Ẋ)
is used to indicate a derivative with respect to cosmic time, t, and – unless
otherwise stated – a dash (X 0 ) is used to denote derivatives with respect to
efold number, N , which shall itself be defined shortly. Beginning from the

4

basics of time and space we can define a line element, describing the four
dimensional distance between two points, as
ds2 =

X

gµν dxµ dxν ,

(1.2)

µν

where µ and ν take values from 0 − 3, xµ,ν represent the dimensions of spacetime and gµν is the metric. Following convention, we allow x0 to signify time
whilst xi,j , i, j = 1, 2, 3 denotes the spatial components. The most general
metric, appropriate to standard cosmology — where on large scales, homogeneity and isotropy are assumed — is the Friedmann-Lemaitre-RobertsonWalker (FLRW) metric,
2

2

2



ds = −dt + a (t)


dr2
2
2
2
2
+ r (dθ + sin (θ)dφ ) ,
1 − κr2

(1.3)

where a is defined as the scale factor, κ = −1, 0, +1 gives an open, flat or
closed universe respectively. The Hubble parameter can be defined as follows:
ȧ
H= .
a

(1.4)

From here the space-time dynamics evolve according to the Einstein equations,
1
Gµν + Λgµν = Rµν − Rgµν + Λgµν = 8πGTµν ,
2

(1.5)

where Tµν is the energy momentum tensor that we shall come to shortly and
Rµν is the Ricci tensor defined by,
Rµν = Γανµ,α − Γααµ,ν + Γααβ Γβνµ − Γανβ Γβαµ .

(1.6)

The dynamics can be studied using the non-vanishing components of the
Einstein tensor,
G00

κ
=3 H + 2
a


2



ä
κ
2
and Gij = H + 2 + 2 ,
a a
5

(1.7)

where, for a flat universe, κ = 0, and the FLRW metric reduces to
ds2 = −dt2 + a2 (t)γij (xk )dxi dxj ,

(1.8)

where γij still represents the metric of a 3 dimensional sphere. The energymomentum tensor, Tµν , is defined for a

−ρ 0


0 p
µ
Tν = 

0 0

0 0

perfect fluid as follows:

0 0


0 0


p 0

0 p

(1.9)

in which we have introduced both the energy density, ρ, and pressure, p,
which are both solely functions of time. Rµν and R are the Ricci tensor and
scalar respectively, calculated from the metric in the usual way [28].
The Einstein equations then reduce to the Friedmann equations (assuming a vanishing cosmological constant) as
8πG
ρ
3
ä
8πG
= −
(ρ + 3p)
a
6

H2 =
and

(1.10)
(1.11)

along with the matter conservation equation coming from ∇µ T µν = 0,
ρ̇ + 3H(ρ + p) = 0..

(1.12)

These can be used alongside an equation of state for the matter to form
a closed set of equations for a, ρ and p. As such, we set the equation of state
as
p = ωρ.

(1.13)

Now, for an accelerated expansion (inflation) to occur, it is necessary that
ä > 0. For this to happen, it can be seen from Eq. (1.11) that ρ + 3p < 0 or,
6

more usefully, that p < − ρ3 . In order to simplify this further, it is often taken
that p = −ρ, dropping the factor of 3, in which case we have an inflationary
period known as the de Sitter phase which corresponds to ω = −1 in the
equation of state. Similarly, we know that during a radiation dominated
epoch ω = 1/3 and during a pressureless matter phase ω = 0.
During each of these stages of evolution the scale factor evolves in a
different way. By solving Eq. (1.11) and Eq. (1.12) it is possible to show
that
ρ ∝ a−3(1+ω)

and a ∝ t2/3(1+ω) ,

(1.14)

such that for an inflationary era, ρ = const, for a radiation dominated universe
1
a4

ργ ∝

and a ∝ t1/2 ,

(1.15)

and for a matter dominated universe
ρm ∝

1.4

1
a3

and a ∝ t2/3 .

(1.16)

Inflation

Coming back to inflation, mentioned a little earlier, it is now necessary to take
a look in a little more detail and formalise what is achieved by having ä > 0
and how this comes about. To begin with, only focusing on the background
and ignoring the presence of any spacially dependent perturbations, inflation
can be driven by a scalar field, φ(t), known as the inflaton — the action of
which is given by
Z
Sφ = −

4

√

d x −g



∂µ φ∂ µ φ
+ V (φ)
2

7


(1.17)

where g is the determinant of the metric,

∂µ φ∂ µ φ
2

is known as the kinetic term

and V (φ) is some potential that depends on the inflaton. By varying the
action with respect to the scalar field, it is relatively straightforward to show
that the inflaton is governed by the following equation of motion,
φ̈ + 3H φ̇ + Vφ = 0

(1.18)

where Vφ denotes the derivative of V with respect to φ. This is to say that,
given an arbitrary potential and initial value of φ away from its minimum
— the field will roll down the potential towards said minimum. It is this
that drives inflation. There is, however, an additional term in Eq. (1.18)
which also plays an important role — the friction term, 3H φ̇. We know
from the definition of H that this is related to the scale factor, a, and so
depends on the expansion of the universe. The complete action, S consists
of both the part relating to the scalar field, Sφ , and the Einstein-Hilbert
R
√
action, SH = 21 (R − 2Λ) −gd4 x, such that
S=

1
SH + Sφ .
8πG

(1.19)

Similarly to how we found the equation of motion, we can instead vary the
total action with respect to the metric itself, gµν , to recover not only the
Einstein equations (Eq. (1.5)) but also the form of the energy-momentum
tensor in terms of the scalar field — finding
2 δSφ
Tµν = − √
−g δgµν
gµν
= ∂µ φ∂ν φ −
∂α φ∂ α φ − gµν V (φ).
2

(1.20)

At this point, it becomes clear that by raising the indices on the previous
equation we can find Tνµ which can then be related to Eq. (1.9) to give,
φ̇2
+ V (φ)
ρφ =
2

and
8

φ̇2
pφ =
− V (φ).
2

(1.21)

In order to achieve the period of inflation necessary to explain many of
the cosmological problems, it is necessary to have ä > 0 — and we now see,
using Eq’s.(1.21) and (1.11) that this is true when φ̇2 < V (φ) — and we
approach a pure de Sitter universe. This in turn means that
H2 '

8πG
V (φ)
3

(1.22)

and that the second time derivative, φ̈ in the equation of motion is negligibly
small — such that Eq. (1.18) becomes
3H φ̇ ' −Vφ .

(1.23)

Rewriting Eq. (1.11) in terms of Ḣ (using Ḣ = ä/a − H 2 ) to get
Ḣ = −4πGφ̇2

(1.24)

and combining it with Eq. (1.22) then gives us
3 φ̇2
Ḣ
<1
− 2 =
H
2 V (φ)

(1.25)

By letting  = −Ḣ/H 2 we come to our first slow-roll parameter, in that the
inflaton is rolling slowly enough to drive inflation if  < 1. This is purely a
kinematic effect, but the derivation is clear. An alternative definition of  can
also be found in terms of the slope of the potential via a Taylor expansion
— which shall be included here for completeness. This is given by the first
derivative of the potential, and coincides with the previous definition exactly,
 2
Vφ
1
= .
(1.26)
V =
48πG V
A second slow-roll parameter comes from the requirement made earlier, that
φ̈  3H φ̇.
9

(1.27)

By taking the derivative of Eq. (1.23) it can be shown that
φ̈ =

−Vφφ φ̇ Vφ 
−
,
3H
3

(1.28)

which can then be inserted into Eq. (1.27) to give
3H φ̇ 

−Vφφ φ̇ Vφ 
−
.
3H
3

(1.29)

With a little more rearranging, and making use of   1 along with Eq.
(1.22), we eventually come to define
η=

1 | Vφφ |
 1,
24πG V

(1.30)

— a condition which is only satisfied if the potential is sufficiently flat and is
required for inflation to last for a sufficient amount of time in order to result
in the universe we see today. Similarly to , another definition for η exists
without looking at the precise dynamics of the model. We shall label this
ηH ,
ηH = −

1 Ḧ
,
2 ḢH

(1.31)

and this simply implies that φ̈ is (in general) negligible in comparison to
3H φ̇. The two definitions of η are related by
ηH = η − .
1.4.1

(1.32)

Types of inflation: large, small or something inbetween?

Inflation can be divided into three distinct categories depending on the shape
of the potential driving it. These are known as large field models, small field
models or a combination of the two — ‘hybrid’ models.
Large field:
These models consist of a very relaxed starting position for the inflaton
10

in comparison to the small field models mentioned below, often well
away from the minimum of the potential and requiring little fine tuning,
which means that only when the field rolls into a suitably flat region
— towards the minimum — will slow-roll inflation set in. Models of
this kind are often described by potentials of the form V (φ) ∝ φp .
Small field:
These models assume a field that begins close to a maximum of the potential — so that the asymptotic behaviour of said potential is unimportant and inflation occurs around the almost flat starting value. Models
such as this often appear in models of spontaneous symmetry breaking
and naturally lead to a relatively flat potential acting on the inflaton.
Potentials of the form V (φ) ∝ 1 − φp are often used to describe such a
situation [29].
Hybrid:
These models generally involve a scalar field which is responsible for
inflation evolving towards a minimum with non-zero potential energy
before a secondary field ends inflation by rolling down in a different
direction due to an instability in the potential in that direction. We
will return to such models once we have a greater understanding of
multi-field inflation in the following chapter.
1.4.2

efolds

With the scale factor, a, defined earlier and inflation now explained, we can
move on to defining a useful measure of time — the efold number, N . This
is related to the scale factor via N = ln(a/a0 ) and is a unit dependent on
how much the universe has expanded since a defined point in time — often
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taken as either the present day (a0 ) or the start of inflation. This can easily
be related back to cosmic time via
Z
N=

Hdt

(1.33)

This rescaling of the time variable is often very useful for recasting our equations in a form which is more suitable for some of the numerical calculations
found later.
In order to fully understand inflation it is important to get a good grasp
of the history of the universe — which we will have a brief look at here.
Firstly, we define the wavenumber of a length scale/mode, k, in the usual
way — but taking into account the expansion of space as
k∝

1
.
λ

(1.34)

It is also useful to briefly consider the comoving Hubble radius defined as
RH = (aH)−1 . By comparing the wavelength, λ, to this comoving distance
we can relate modes of various scales to the Hubble radius itself, resulting in
the following regimes,
sub-Hubble

Hubble-radius crossing

super-Hubble

k > aH

k = aH

k < aH

,

(1.35)

where the behaviour of modes in each regime is somewhat distinct. The Hubble radius is, qualitatively, the distance at which objects are traveling away
from the point of measurement at the speed of light, so objects outside of this
are causally disconnected from the observer (assuming the Hubble parameter
is constant — in which case this distance is roughly equivalent to the horizon). In different Friedmann universes, however, the Hubble parameter is not
always constant and and the Hubble radius can overtake or be overtaken by
12

the horizon. In any case, modes much greater than this length are causally
disconnected from the observer and (with a few exceptions, explained later)
remain frozen in the state they were in at Hubble radius crossing. So all
evolution in any quantities of interest must have occurred prior to this crossing, in the sub-Hubble regime. It is clear to see, therefore, that the moment
of crossing back inside the Hubble radius plays an important role in determining any cosmological observables we might wish to measure today and
that we need an accurate way of determining when this must have happened.
To do so, we must assume a model for the universe, the prevailing scenario
being inflation followed by a reheating phase, a radiation dominated era, a
matter dominated era and finally a dark energy dominated era — where the
transitory stages are taken to be instantaneous. From this, we can equate the
currently observable scales re-entering the Hubble radius at the present day,
k = a0 H0 to those that exited the Hubble radius during inflation, k = ak Hk
via [30]
k
ak aend areh Hk aeq Heq
=
,
a0 H0
aend areh aeq Heq a0 H0

(1.36)

in which ‘end’ denotes the end of inflation, ‘reh’ denotes reheating and ‘eq’
denotes the epoch of matter-radiation equality. During the reheating phase
it should be noted that we pass through a secondary matter-like regime (see
Section 1.5.1) before the decay to radiation — which is necessary to understand some of the constants in the following equation (due to Equations(1.15)
and (1.16)). Taking this alongside some standard parameter values we can
find [28, 31]

N (k) ' − ln

k
a0 H0



1
+ ln
3



ρreh
ρend



1
+ ln
4



ρeq
ρreh




+ ln

Hk
Heq


+ ln (219Ω0 h) ,
(1.37)

which gives N (k) ∼ 58 − 62 and where Ω0 is the matter density and h = 0.7.
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Generally, the upper bound on the number of efolds for observable scales is
given as 62 — by taking into account current measurements of the power
spectrum (Section 1.6) with various other measured parameters — although
this depends on the precise history of the universe and assuming slow roll
inflation. The scales that it is possible to observe go well beyond a single
efold though, with the smallest observables scales becoming super-Hubble
roughly 9 efolds later.

1.5

Reheating

Of course, eventually, the inflationary phase must come to an end — at
which point both  and η ≥ 1 — and we shall now turn our attention to
what happens next.
As the inflaton reaches the bottom of its potential it begins to oscillate
about this minimum, all the while being damped by the continuing Hubble expansion until eventually the scalar field decays into numerous other
particles that fill the universe and the entire system begins to resemble the
beginnings of the ‘Hot Big Bang’ model. This is a key requirement to end the
inflationary regime in such a way as to avoid the vast, flat, empty space resulting from such a prolonged accelerated expansion. In single field inflation
any entropic components (such as radiation or matter) of the energy density
are quickly diluted to the point of being negligible as space expands, but it
is clear today that we live in a universe rich in structure and the particles
on which they depend. Reheating can occur through at least two processes,
the most commonly studied of which are parametric resonance and perturbative reheating [32, 33]. Despite coming second chronologically, the focus
will initially be on the perturbative regime as the simpler and more intuitive
of the two mechanisms — before covering parametric reheating (also known
14

as preheating) below.
1.5.1

Perturbative reheating

Reheating occurs through the coupling of the inflaton to the various components of matter contained within the standard model. By taking this
coupling, in the form of the interaction Lagrangian, to be [34, 35]
Lint = −gσφχ2 + hφψ̄ψ,

(1.38)

where h and σ are coupling constants, g is a mass scale, χ denotes the bosons
and ψ the fermions. For simplicity, we will now only consider the decay into
bosons, where the decay rate is given by [28]
g2σ2
Γφ =
,
8πmφ

(1.39)

which results in an equation of motion with an additional friction term,
φ̈ + (3H + Γφ )φ̇ + Vφ = 0.

(1.40)

Near the minimum, where reheating inevitably occurs, a simple expansion of
the potential yields
1
V (φ) ' m2φ φ2 ,
2

(1.41)

leading to the equation of motion taking on the form of a damped harmonic
oscillator,
φ̈ + C φ̇ + m2φ φ = 0,

(1.42)

C = (3H + Γφ ).

(1.43)

in which we have
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Then assuming a solution of the form φ = ert , which leads to needing to solve
r2 + Cr + m2φ = 0 — the solutions for r are given by
−C ±
r=

q
C 2 − 4m2φ
2

,

(1.44)

in which there are three options: the overdamped case of C 2 − 4m2φ > 0, the
critically damped case of C 2 − 4m2φ = 0 and — the one of interest here —
the underdamped case of C 2 − 4m2φ < 0 (this is to say that the friction term
is smaller than the term ∝ m2φ ). The full solution is then given by
√
(−C+

φ(t) = Ae
' e−

Ct
2

C 2 −4m2 )t
φ
2

√
(−C−

+ Be

Aeimφ t + Be−imφ t

C 2 −4m2 )t
φ
2



Ct

' e− 2 (Ã cos (mφ t) + B̃ sin (mφ t)),

(1.45)

which, after accounting for an arbitrary phase shift and removing the constants of integration, can be written,
φ(t) ∝ e−

(3H+Γφ )t
2

sin(mφ t) = Φ(t) sin(mφ t).

(1.46)

Neglecting the time dependence of Φ, because at this point mφ > H, we
can consider the time-averaged energy density and pressure regarding this
solution over one oscillation,
1 2
1
1
φ̇ + m2φ φ2 = m2φ Φ2
2
2
2
1 2
1 2 2
1
p = φ̇ + mφ φ = m2φ Φ2
2
2
2

ρ =

cos2 (mφ t) + sin2 (mφ t)



,

cos2 (mφ t) − sin2 (mφ t)



' 0,
(1.47)

which, as φ is initially oscillating and 3H is still greater than Γφ , leaves us
with Eq. (1.14) becoming a(t) ∝ t2/3 and hence H ∝

2
.
3t

So in this regime

(whilst the decrease in energy is dominated by the 3H term) the inflaton
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behaves like pressureless dust. Through equations (1.11) and (1.16) it is
clear that the energy density and resultant Hubble paramater continue to
decrease as the scalar field effectively loses energy to the Hubble damping
term. However, as H approaches Γφ the new damping term begins to affect
the evolution and the scalar field instead begins to lose energy to the creation
of radiation and matter.
This type of decay can be more simply described, phenomenologically,
in terms of the conservation equations of the fluids present, often just the
inflaton, radiation and matter, and the flow of energy between them:
ρ̇φ + H(ρφ + pφ ) = −(Γγφ + Γm
φ )ρφ ,

(1.48)

ρ̇γ + 4Hργ = Γγφ ρφ ,

(1.49)

ρ̇m + 3Hρm = Γm
φ ρφ ,

(1.50)

where a sub/superscript m denotes matter and γ refers to radiation.
Whilst giving an intuitive overview of the situation, this picture of reheating is far from perfect — primarily as it fails to account for the coherent
oscillations of the scalar field about the minimum of the potential which can
lead to parametric resonances and is looked at in further detail below. It is
also reasonable to treat the inflaton oscillations classically but should still be
necessary to treat the matter and radiation quantum mechanically as they
begin life in their vacuum state. A more accurate quantum mechanical description in a classical background can be found in [36] and the following
section.
1.5.2

Preheating

Preheating is the effective reheating of the universe through parametric resonance resulting from a time-dependent mass term in the equations of motion.
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It is a much more effective mechanism for filling the early universe with matter than the perturbative one described previously but is somewhat more
involved in terms of calculations [37]. As already mentioned, the inflaton
does not behave like an incoherent gas of scalar particles, but rather as a
coherently oscillating field with a relatively large amplitude, whilst the decay products, which we now label as the scalar field χ are very much still
quantum in their nature. By considering an interaction of the form
1
Lint = g 2 φ2 χ2 ,
2
and promoting χ into its quantum operator χ̂
Z


1
† −ikx
3
∗
ikx
χ̂(t, x) =
d
k
χ
(t)â
e
+
χ
(t)â
e
,
k
k
k
k
(2π)3/2
the equation of motion of the mode functions can be written as
 2

k
2
χ̈k + 3H χ̇k +
+ M (t) χk = 0,
a2

(1.51)

(1.52)

(1.53)

where the mass term, M , denotes the effective mass felt by the modes and
is dependent on the classical background, φ(t) = Φ sin(mφ t), just as in the
perturbative case. In the case of the interaction defined in Eq. (1.51) we find
M (t)2 = m2χ + g 2 φ2 ,

(1.54)

but it can take different forms depending on the choice of interaction and
different approximations made — such as the space-time background and
the time dependence (or lack thereof) in a (and therefore H) [28, 38, 39, 40].
Ignoring the varying scale factor and assuming H to be constant is not a bad
approximation considering that the behaviour of interest occurs over a very
limited number of efolds at the end of inflation — but we shall continue to
track it here, regardless. Eq. (1.53) now becomes

χ̈k + k 2 + M (t)2 χk = 0

M (t)2 = m2χ + g 2 Φ2 sin2 (mφ t) (1.55)

with
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Finally, with a change of time variable, z ≡ mφ t, and by defining Xk = a3/2 χk
we arrive at
d2 Xk
+
dz 2

m2χ − 34 (2Ḣ + 3H 2 )
k2
g 2 Φ2 (z)
(1
−
cos(2z))
+
+
2m2φ
m2φ a2
m2φ

!
Xk = 0,
(1.56)

which is very similar to the Mathieu equation [37, 41, 42]. To reparameterise
further, following standard notation and allowing
g 2 Φ2 (z)
q=
,
4m2φ

k2
Ak = 2q + 2 2
mφ a

and

m2χ − 34 (2Ḣ + 3H 2 )
(1.57)
Λ=
m2φ

we are left with
d2 Xk
+ (Ak − 2q cos(2z) + Λ) Xk = 0.
dz 2

(1.58)

This can become the Mathieu equation by using some of the well motivated
approximations mentioned previously — by ignoring the expansion of the
universe, noting that we are in a matter dominated phase (due to the oscillations) and setting mχ  mφ , Λ = 0 — in which case the solutions are well
known and include exponential instabilities of the form
Xk ∝ eµk z

(1.59)

for certain regions of k, where µk is a characteristic exponent such that
µk > 0 and further information can be found in [28]. It is in these regions
that the modes can grow exponentially and result in proportional growth in
the occupation numbers for such modes, n(Xk ).
This is still not the full story, however, as the back reaction of the increasingly dominant decay products remains unaccounted for and we simply
treat the system as a test field in an evolving background. Due to the vast
increase in particle production, driven by the exponential increase found in
19

preheating, the effect of this back reaction would certainly impact upon the
preceding calculations. Some methods of taking this into account do exist,
such as the Hartree approximation, which takes the back reaction into account via a change in the effective mass of φ [43, 44] — or, alternatively, full
numerical studies are needed to account for polarisation tensors introduced
via the coupled evolution equations of the fields [38]. However, these are
beyond the scope of this work.

1.6

Observational Quantities

With the ever improving resolution of observations, most recently from the
Planck satellite, cosmology entered into an era of high precision which is
finally enabling observational constraints to catch up with theory. We now
need to carefully define the observables which we can expect to be useful
when it comes to differentiating between models of inflation — via the various
statistical properties of the perturbations produced, starting with the power
spectrum. The perturbations start off as quantum fluctuations which are
well within the Hubble radius, where they can evolve in time and oscillate
rapidly. They then cross the Hubble radius, at which point we can evaluate
any quantities of interest before being frozen out on large, super-Hubble
scales — taking semi-classical values. This is only strictly true for standard,
single field inflation where the perturbations evolve adiabatically — we will
see later that in many circumstances the lack of causality on large scales does
not necessarily mean that the adiabatic perturbations are frozen in, and can
instead still be sourced by non-adiabatic/isocurvature perturbations.
In the early universe, any density perturbations were unable to collapse
gravitationally due to the radiation pressure of the unbound electrons — resulting in acoustic oscillations which have imprinted temperature anisotropies
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of order 10−5 K upon the CMB with highly specific statistical properties that
can be measured in terms of their correlation functions. As an example,
taking a random field φk in Fourier space it is possible to define correlation
functions of increasing orders that give the power spectrum, Pφ (k1 ), bispectrum, Bφ (k1 , k2 , k3 ), and trispectrum, Tφ (k1 , k2 , k3 , k4 ), respectively from
(2π)3 Pφ (k1 )δ 3 (k1 + k2 ) = hφk1 φk2 i,
(2π)3 Bφ (k1 , k2 , k3 )δ 3 (k1 + k2 + k3 ) = hφk1 φk2 φk3 i,
(2π)3 Tφ (k1 , k2 , k3 , k4 )δ 3 (k1 + k2 + k3 + k4 ) = hφk1 φk2 φk3 φk4 i.

(1.60)
(1.61)
(1.62)

For a Gaussian field, only the lowest order of these observables is relevant
as the three and four point correlators hold no additional information. As
the fluctuations in the real universe are measured to be almost Gaussian and
almost scale invariant (which we will look at in more detail, shortly — see
Eq. (1.66)), the power spectrum then plays a leading role in distinguishing
between models. The power spectrum is regularly used in two forms, the
standard scale invariant power spectrum given by Pφ or, alternatively, by the
dimensionless quantity
Pφ (k) ≡

k3
Pφ (k).
2π 2

(1.63)

The power spectrum is essentially a measure of the variance, or amplitude,
of the fluctuations on different scales, whilst the bispectrum and trispectrum
measure possible modulation of this.
In terms of inflationary model building, we can define a curvature perturbation (which we come to later - see Eq. (2.53)), R (or similarly ζ), whose
statistical properties can not only be derived from the relevant model of inflation, but also then directly compared to those of the observed CMB via
its curvature power spectrum, given by
hR(k)R(k0 )i = (2π)3 PR (k)δ 3 (k − k0 ).
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(1.64)

One simple example of this is the standard result given by single field slow-roll
inflation [45], of
H∗4
PR ≈
4π 2 φ̇2∗

(1.65)

in which the subscript ∗ indicates evaluation at horizon crossing and model
dependence enters through the evaluation of φ̇ and H. Beyond this, whilst
still ignoring the higher order correlators, more information can be obtained
from PR by Taylor expanding the power spectrum [46] as a power law about
a chosen pivot scale, k0 , as

PR (k) = PR (k0 )

k
k0

ns −1+ 21 ( ddnlnsk ) ln



k
k0


+...

(1.66)

where k0 = 0.002M pc−1 for WMAP [47] and k0 = 0.05M pc−1 for Planck
[48]. We have now introduced a new parameter, the spectal index, ns , which
determines the tilt of the power spectrum and can more usefully be written
as
ns − 1 =

d ln PR (k)
.
d ln k

(1.67)

For a perfectly scale invariant power spectrum, it is clear to see that ns = 1
(whilst higher order terms in the expansion vanish). If this is not the case,
however, further information can be gleaned from the second term in the
expansion which we now call the running of the spectral index, α, defined by
α=

dns
,
d ln k

(1.68)

which describes how the spectral index itself no longer need be constant
on all scales. Observationally, these three parameters (PR , ns and α) are
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increasingly well constrained, with the latest data giving [49, 48],
PR = 2.15 × 10−9
ns = 0.9677 ± 0.0060

(1.69)

α = −0.0033 ± 0.0074
which quantitatively demonstrates the earlier assertion of the universe being
almost scale invariant. Qualitatively, however, we can see that with the
spectral index being < 1 that the universe has greater structure on large
scales than it does on small — albeit only subtly.
Alongside the scalar perturbations discussed so far, there also exist tensor
perturbations which manifest themselves as gravitational waves and can also
leave their signature on the CMB. Defined in a similar way to the scalar
power spectrum, we therefore now have the new observable PT which is often
quantified in terms of its ratio to its scalar counterpart via the tensor-scalar
ratio,
r≡

PT
.
PR

(1.70)

The amplitude of the tensor power spectrum is given by [46],
 2
H∗
PT = 8
,
2π

(1.71)

and the tensor spectral index, nT can also be defined, although slightly differently to the scalar version, as
PT ∝ k nT

rather than

PT ∝ k nT −1 ,

(1.72)

and, for the standard single field case — to first order in slow-roll parameters,
is given by
nT = −2.
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(1.73)

Taken together, the tensor-scalar ratio and tensor spectral index impose a
consistency relation which must be satisfied for certain models of inflation,
in the single field case we find r = −8nT [50, 51]. Current constraints on the
tensor power spectrum give
r < 0.09

(1.74)

which excludes models of inflation with r > 0.14 at the 95% confidence level
[52, 53].
Other observable quantities which are not directly relevant to this work
are the measures of non-Gaussianity, namely fN L and GN L , which are related
to the bispectrum and trispectrum given in Eq. (1.60).

1.7

Inflationary Extensions

Having discussed the standard inflationary scenario, where a single field rolls
down an associated potential in a particular way so as to result in an extended
period of exponential cosmological expansion, it is now necessary to review
how this paradigm can be extended or altered in order to fit within important
cosmological constraints. There are numerous ways to do this which fit the
latest cosmological data, but here we shall just review a few of them.
1.7.1

Multiple Fields

Whilst the single field model satisfies many of the observational constraints,
it is not necessarily a natural choice to drive inflation and in fact requires
a certain amount of fine tuning [54]. A much more likely scenario is one in
which the universe is filled with multiple scalar fields [55, 56, 57, 58, 59, 60,
61, 62], with string-compactifications often predicting hundreds [63, 64, 65].
The possibility of this has already been hinted at when discussing reheating,
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as we model the decay of φ into the standard model matter via a second
scalar field, χ, but it is important to justify this possibility and formalise
the mathematics behind it. The formalism itself is straightforward to extend
as we are still dealing solely with scalar fields, the action and Klein-Gordon
equation can now be written
!
Z
X ∂µ φI ∂ µ φI
√
+V
Sφ = − d4 x −g
2
I
φ̈I + 3H φ̇I = −

and

∂V
∂φI

(1.75)
(1.76)

respectively. The Friedmann equations are also now dependent on every field,
so even in the absence of explicit couplings — which shall be studied later —
the fields are linked through the total energy density and subsequent effect
on the scale factor and Hubble parameter. To be precise,
!
X
X
8πG
H2 =
φ̇2I + V
and Ḣ = −4πG
φ̇2I .
3
I
I

(1.77)

Finally, the slow roll parameters now increase in number too. Whilst  remains identically defined in terms of Ḣ and H 2 , as before, η can now be separated into various components depending on the multifield potential [66],
as such,
ηIJ =

VIJ
,
3H 2

(1.78)

where VIJ is defined in terms of a combination of the second derivatives of
the potential of the fields — that we shall look at in more detail later. Unlike
, certain configurations of the fields may yield possibilities for some ηIJ to
no longer be small throughout inflation — a scenario we come to look at in
Section 3.
By including more than one field, the possibilities for a rolling inflaton
obviously become far greater as at various times in approaching the potential
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Figure 1: A simple demonstration of how the total perturbation in φ and χ
can instead be decomposed into analogous δσ and δs components.
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minimum inflation can be driven by different fields through different directions in field space. It is, therefore, helpful to define the inflaton as being
the effective field which acts in the direction in field space of the background
trajectory — by performing an instantaneous rotation [67, 68, 69]. It is
important to note that this does not correspond to a real field, however, although the final results are accurate regardless. To demonstrate this most
effectively, a two field case will be used here using φ and χ, but this can easily
be generalised to n scalar fields, as above. Figure 1 shows how a background
trajectory is no longer trapped in a one dimensional field space and can now
involve both fields acting at the same time — through simple trigonometry
it is clear to see that this can be broken down into a direction parallel to and
orthogonal to the trajectory at any moment via
δσ ≡ cos θδφ + sin θδχ,

(1.79)

δs ≡ − sin θδφ + cos θδχ,

(1.80)

respectively, in which we have defined we have defined,
q
φ̇
χ̇
cos θ = ,
sin θ = ,
and
σ̇ = φ̇2 + χ̇2 .
σ̇
σ̇

(1.81)

where σ denotes the forward direction in field space whilst the δs components
indicate the direction orthogonal to this. Throughout this thesis, following
convention, the perturbations in the forward direction will be known as adiabatic whilst the orthogonal perturbations will be termed either entropy or
isocurvature. This is because changes in the δσ direction denote changes in
the total energy (and hence curvature) of the universe whilst changes in the
orthogonal direction can be understood to be changes in the distribution of
energy between different components of the universe — hence isocurvature.
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1.7.2

The Curvaton Scenario

Building on the use of multiple fields to both drive inflation and seed the
density perturbations — another option is to allow two fields to do each of
these respectively, rather than both together. This can be achieved through a
usual inflationary regime driven by the inflaton, φ, followed by the subsequent
decay of an otherwise inactive field — the curvaton, σ — which seeds the
perturbations [70, 71, 72, 73]. Utilising the multiple fields in this way greatly
frees up the properties of the inflaton as we no longer need to include the
observational constraints imposed upon it and can simply attach these to the
secondary field instead, although the result of this is to lessen the predictive
qualities of inflation itself. In general, the curvaton is a long lived field
which has a sub-dominant energy density throughout the inflationary epoch
and, in the standard case, is solely responsible for generating the curvature
perturbation. Some of these definitions can be relaxed, however, leading
to situations where part of the curvature perturbation still results from the
inflaton — and the precise magnitude of the curvaton’s subdominance can
easily be varied to result in a secondary period of inflation driven by the
curvaton before its decay [74, 75, 76]. We will look in more detail at the
curvaton scenario once we have studied the perturbations in section 2, in
order to understand quantitatively how the mechanism works.
1.7.3

Further Extensions?

Beyond multiple fields, two further examples of extensions to the inflationary paradigm will be considered in this thesis, namely inflation with noncanonical kinetic terms [68, 69, 77, 78, 79, 80] and inflation coupled to gravity via the Ricci scalar (also known as a subset of scalar-tensor theories)
[81, 82, 83, 84, 85, 86] — both of which introduce additional room to manoeu28

vre in terms of building an inflationary model consistent with observations
and both of which are also natural extensions of general relativity motivated
by more fundamental theories, such as string theory [87] and supergravity
[28].
To begin with, we write down the action of a single scalar field coupled
to gravity via f (φ), as viewed in the Jordan frame,


Z
√
1
f (φ)R g µν ∇µ φ∇ν φ
4
S=
−
− V (φ) + Sm [gµν ; matter],
d x −g
8πG∗
2
2
(1.82)
where G∗ is known as the ‘bare’ gravitational constant and Sm is the matter
action which can be assumed to be free of additional couplings (ie. coupled
only to the metric and not additionally coupled to the scalar fields). We also
neglect an additional potential coupling in the kinetic term which is related
to the Brans-Dicke parameterisation [82]. In this frame all measurements
and observations take their usual form and interpretation because the matter
fields couple to the metric in the usual way, without an additional dependence
on the scalar field, whilst the effective gravitational constant can vary —
hence the usage of G∗ rather than G in the action. Just as in the standard
case, the action can be varied with respect to the metric and scalar field
to produce modified Einstein and Klein-Gordon equations respectively —
although we will come to look at these in more detail later on. As already
hinted at, the conservation equations of the matter fields take their usual
form due to the lack of explicit additional coupling to the fields.
It is now interesting to move from one conformal frame to another, from
the Jordan frame to the Einstein frame, to see that these two extensions —
the non-canonical kinetic terms and non-minimal coupling — are inextricably
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linked. By performing a conformal transformation on the metric, given by
∗
gµν
= f (φ)gµν ,

(1.83)

we find that the action becomes [88],


Z
√
R∗ 3 g∗µν ∇∗µ f (φ)∇∗ν f (φ) g∗µν ∇∗µ φ∇∗ν φ
V (φ)
1
4
−
−
− 2
S=
d x −g∗
8πG∗
2
4
f 2 (φ)
2f (φ)
f (φ)
∗
; matter],
+Sm [f (φ)gµν

(1.84)
where all starred quantities are calculated in the Einstein frame and we can
immediately see that the gravitational terms have taken their usual form
whilst the scalar field and its potential now have non-canonical forms, dependent on f (φ). In cases such as this, it is also possible to redefine the scalar
field in order to create a canonical kinetic term and a rescaled potential, but
when generalising to multi-field cases — such as those studied later — this
no longer holds unless only one of the many fields is non-minimally coupled.
Whilst the link between these two regimes is clear, it should be remembered
that both of these extensions are worth looking at in their own right, with
work into both equally well motivated with or without the other. As such,
in Chapters 3 − 5 we shall consider variations of these extensions both alone
and with additional couplings.
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2

Perturbations

The universe we see today, whilst smooth on the largest of scales, is rich in
structure which would be impossible to account for simply by studying the
background dynamics, whether using multiple fields or not. The structure
can be explained by classical density perturbations which were seeded by
the quantum fluctuations in the early universe — stretched by inflation to
the scales we can study today. Numerically it has been shown that with an
initial scale invariant density function it is perfectly possible to recover the
statistical properties observed in large scale structures today [89] — and as
such, the idea is well founded. Cosmological perturbation theory is a method
to describe and track how these fluctuations came to be in the first place, in
terms of perturbations in the scalar fields and metric, and whilst much work
has been done on this to second order [90, 91, 92, 93, 94, 95, 96] it is only
necessary to study the linear perturbations here.
Studying the perturbations in full would require us to take into account
the curvature of space, but instead we shall just look at the flat FLRW
metric on the basis that it demonstrates all the key points and is relatively
easy to generalise to curved spaces — whilst making some of the mathematics
considerably more concise, not least in now solely being able to use partial
derivatives in place of the covariant counterparts. We begin by splitting the
metric up into its background part, ḡµν , and its perturbed part, δgµν , such
that
gµν (τ, xi ) = ḡµν (τ ) + δgµν (τ, xi )

(2.1)

where the most general perturbation to this metric takes the following form
Rt
(working, for now, in conformal time defined by τ = 0 dt/a),


ds2 = a2 (τ ) −(1 + 2A)dτ 2 + 2Bi dxi dτ + (δij + hij )dxi dxj ,
(2.2)
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where the evolution of A, Bi and hij can be calculated from the Einstein
equations (constraints and perturbed equations of motion — which we come
to later). It is then necessary to split the perturbations into their scalar, vector and tensor components via what is known as SVT decomposition. This
technique is well justified both mathematically and physically and makes
any calculations considerably easier. At linear order, the scalar, vector and
tensor perturbations are completely independent of one another so it is possible to study each component individually — a fact that becomes especially
useful when one considers the implications of each type of perturbation on
the physical universe. Scalar perturbations are the only ones which can
cause the gravitational collapse necessary to form structure in the universe,
via their effect on the distribution of energy, vector perturbations represent
vorticity in the fields which inevitably tends towards zero as the universe
expands (although using higher order perturbation theory, this is no longer
true on small scales [97]) — becoming cosmologically irrelevant, whilst tensor perturbations become the much sought after gravitational waves. SVT
decomposition is a means of decomposing the vector, B i as
Bi = ∂i B + B̄i ,

(2.3)

where ∂i B is the gradient of a scalar and B̄i is a divergenceless vector. Similarly, the tensor hij can be decomposed as follows [28],
hij = 2Cδij + 2∂i ∂j E + 2∂(i Ēj) + 2Ēij .

(2.4)

It is important to note the following constraints,
∂i B̄ i = 0,

(2.5)

∂i Ēj = ∂j Ēi = 0,

(2.6)

∂i Ē ij = 0
Ēii = 0,
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and

(2.7)
(2.8)

resulting from the fact that B̄i and Ei are divergenceless vectors and Ēij
is a traceless, transverse tensor. We have also made use of the indices on
the linear order perturbations being raised or lowered by the unperturbed
spatial metric, in flat space, δij . We now see that in total we have 10 degrees
of freedom:
• 4 scalars — A, B, C and E.
• 2 vectors — B̄ i and Ē i contributing two degrees of freedom apiece.
• 1 tensor — Ē ij also contributing two degrees of freedom.
The number of degrees of freedom leads onto an important point which has
so far been ignored, in that it turns out that some of these degrees of freedom
are unavoidable but some are merely due to a choice of coordinate system.
It is therefore necessary to now look at gauge choice and transformations —
which describe the mapping of one coordinate system onto another.

2.1

Gauges

When defining the perturbed metric, gµν (dropping the explicit space-time
dependences noted in Eq. (2.1)), in terms of the background component, ḡµν ,
and perturbed component, δgµν , we have assumed that these perturbations
are small and, therefore, that the full metric is still close to the unperturbed
FLRW metric. It is therefore possible, in principle, to compare the true
(perturbed) value at any space-time point to an equivalent value on the
background — but in general relativity there is no unique translation in
terms of identifying points between these two space-times, which introduces
some somewhat arbitrary degrees of freedom. This can be demonstrated by
taking a step back and considering a change of coordinate system on the
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background metric, with the new coordinates defined by
y i = xi − ξ i (xj , τ ),

(2.9)

where, if ξ i (xj , τ ) is small, it is useful to consider the similarity between it
and the perturbations about the background metric, δgµν . This results in a
line element mapped onto the new coordinate system given by


ds2 = a2 (τ ) −dτ 2 + 2ξi0 dy i dτ + (δij + 2∂(i ξj) )dy i dy j

(2.10)

where it is now obvious that we have two terms that can be identified with
two of those found in the perturbed metric as Bi = ξi0 and Ēi = ξi but in fact
have nothing to do with the cosmological perturbations at all and simply arise
as a consequence of our coordinate transformation. As such, it can be seen
that not all degrees of freedom are physical, and we need to find a method of
extracting those that are — either by more carefully considering our choice
of gauge to work in, which we shall come to later, or by constructing gauge
invariant variables that correspond to the physical degrees of freedom.
Similarly to before, but in slightly more detail, we will introduce a small
change to the coordinates using the vector ξ µ ,
xµ → xµ − ξ µ

(2.11)

which can in turn be broken down into its time component, ξ 0 — a scalar
we shall now label T , and spatial component, ξ i . ξ i can also be decomposed
into its vector and scalar parts as ξ i = ∂ i L + L̄i . Under this coordinate
transformation, the metric can be shown to transform as [45, 98, 99]
δg̃µν = δgµν + (∂ρ gµν )ξ ρ + (∂µ ξ ρ )gρν + (∂ν ξ σ )gµσ

(2.12)

which we can now apply to the explicitly perturbed metric defined in Equations (2.2) and (2.4). Note that for the rest of this section, we denote a
derivative with respect to conformal time, ∂0 X, as X 0 and H = a0 /a.
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Looking individually at each of the perturbed components, we see that
δg̃00 = −2a2 Ã

(2.13)

= δg00 + ∂ρ ḡ00 ξ ρ + ∂0 ξ ρ ḡρ0 + ∂0 ξ σ ḡ0σ

(2.14)

= δg00 + ∂0 ḡ00 ξ 0 + 2∂0 ξ 0 ḡ00 + 2∂0 ξ i ḡi0

(2.15)

= −2a2 A + 2a2 HT + 2a2 T 0

(2.16)

and it becomes obvious that the first metric perturbation variable itself transforms as
Ã → A + T 0 + HT

(2.17)

Following the same method for the i0 and ij components we find
B̃i → Bi − ∂i T + L0i

(2.18)

h̃ij → hij + ∂i Lj + ∂j Li + 2HT.

(2.19)

After further decomposing these into SVT parts and dropping the tildes to
simplify notation of the vectors, we can in total write out the scalar transformations
A → A + T 0 + HT,

B → B − T + L0 ,

C → C + HT,

E → E + L,

(2.20)

the vector transformations
B̄ i → B̄ i + L̄i0 ,

Ē i → Ē i + L̄i

(2.21)

and, for completeness, the tensor transformation
Ēij → Ēij .
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(2.22)

It is possible to create combinations of these perturbation variables which do
not change under coordinate transformation and are therefore gauge invariant, namely, the Bardeen potentials [100]
Φ ≡ A + H(B − E 0 ) + (B − E 0 )0

and

Ψ ≡ −C − H(B − E 0 ),

(2.23)

along with the vector and tensor variables
Φ̄i ≡ Ē i0 − B̄ i

and

Ē ij ,

(2.24)

respectively. By reparameterising in this way, the degrees of freedom have
been reduced from 10 to 6 and now directly relate to the real perturbations in
space-time. Now we have seen that it is possible to construct such quantities
in a general sense, an alternative approach is to specify a gauge from the
outset and avoid having to reconstruct the invariant variables later on. This
is possible in a number of ways, via gauge choices such as the:
Comoving gauge where the velocity of the matter fluid is set to zero —
commonly in terms of the total matter present but occasionally, if specified, in terms of a single fluid [101, 102].
Flat gauge where the curvature perturbation (defined shortly) vanishes on
spatial hypersurfaces [67, 103].
Synchronous gauge where every point corresponds to a free falling observer — which is generally used for historic purposes but has some
problems in terms of not being a truly fixed gauge and hence has some
complex interpretations for modes greater than the horizon size [98].
Longitudinal/Newtonian gauge which sets the scalar metric perturbations to be diagonal. We will look at this choice of gauge in a little
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more detail as we often come to use it in subsequent work. In diagonalising the perturbed metric, it is necessary to set E = B = 0 (which
can be achieved by choosing ξ = −E and ξ 0 = −B + E 0 ), in which
case the Bardeen potentials become equivalent to the remaining metric
perturbations
Φ = A

(2.25)

Ψ = −C

(2.26)

and the longitudinal line element becomes


ds2 = a2 (τ ) −(1 + 2Φ)dτ 2 + (1 − 2Ψ)δij dxi dxj

(2.27)

In this gauge, Ψ comes to represent the curvature perturbation on
constant time hypersurfaces and for perfect fluids, where anisotropic
stress vanishes, it is possible to show that Φ = Ψ as a result of Einstein’s
equations (Eq. (2.45)).

2.2

Other perturbed quantities

The perturbations above can then be used to calculate the Einstein tensor
via the Christoffel symbols and Ricci tensor to give, at first order in the
perturbations,
1
1
δGµν = δRµν − δgµν R − gµν δR,
2
2
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(2.28)

where δgµν can be easily read off from the metric and we are now working in
the Newtonian gauge, in this case Eq. (2.27), and [45, 46],
δR00 = ∂i ∂ i Φ + 3Ψ00 + 3HΨ0 − 3HΨ0 ,
δR0i = 2∂i Ψ0 + 2H∂i Φ,



 00
a
00
k
0
0
2
δRij = −HΦ − 5HΨ − 2 + 2H (Φ + Ψ) − Ψ + ∂k ∂ Ψ δij
a
+ ∂i ∂j (Ψ − Φ).

(2.29)

We can then find that


1
a00
i
i
00
0
0
δR = 2 −2∂i ∂ Φ − 6Ψ − 6HΦ − 18HΨ − 12 Φ + 4∂i ∂ Ψ .
a
a

(2.30)

The components of the Einstein tensor are then given by,
δG00 = −6HΨ0 + 2∂i ∂ i Ψ,
δG0i = 2∂i Ψ0 + 2H∂i Φ,

a00
a00
δGij = 2HΦ0 + 4HΨ0 + 4 Φ − 2H2 Φ + 4 Ψ − 2H2 Ψ
a 
a
+ 2Ψ00 − ∂k ∂ k Ψ + ∂k ∂ k Φ δij + ∂i ∂j (Ψ − Φ).

(2.31)

We have now come to understand how the perturbations affect the spacetime itself, so the next step is to link this to the other components of the
universe by perturbing the Einstein equations (Eq. (1.5)) and taking a look
only at, for now, the perturbed scalar components,
δGµν = 8πGδTµν

(2.32)

where, as in the unperturbed case, δT00 = −δρ, δTji = δpδji and the momentum perturbation is defined as δTi0 = δqi — which can be decomposed into
scalar and vector parts, leaving the scalar part as ∂i δq. From this point on
we will be working in terms of the Fourier modes of the perturbations, k,
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introduced earlier but will drop the subscripts (ie. φk → φ) in order to simplify the equations, the main effect of this being the ability to replace ∇2
with −k 2 . Anyway, the scalar fields can be similarly perturbed via
φ(x, t) = φ(t) + δφ(x, t),

(2.33)

to give the stress energy tensor of the scalar field as


1 αβ
g ∂α φ∂β φ + V δgµν
δTµν = 2∂(ν φ∂µ) δφ −
2


1 αβ
αβ
− gµν
δg ∂α φ∂β φ + g ∂α δφ∂β φ + Vφ δφ ,
2

(2.34)

with the components (with an implied sum over the multi-field subscript, I)
2
a2 δT00 = −φ0I δφ0I + φ02
I Φ + a VI δφI ,

(2.35)

a2 δTi0 = −∂i (φ0I δφI , )

(2.36)

2
a2 δTji = δji φ0I δφ0I − φ02
I Φ − a VI δφI .



(2.37)

The scalar field perturbation itself, it should be noted, transforms with gauge
changes in the following way. By taking an arbitrary scalar quantity, f (xµ ),
introducing the small coordinate shift used before and Taylor expanding —
we get
f˜(xµ − ξ µ ) ≈ f˜(xµ ) − ∂µ f (xµ )ξ µ ,

(2.38)

˜ µ ) = f (xµ ) at background level, and therefore by
only it is clear that f (x
combining this with Eq. (2.38) we can see that
f˜(xµ ) → f (xµ ) + ∂µ f (xµ )ξ µ ,

(2.39)

So for the perturbations in φ, we have
˜ → δφ + φ0 T
δφ
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(2.40)

and similarly for δρ and δp.
Using the perturbed expressions for Gµν (Eq. (2.31)) we can now equate
the scalar field perturbations to the gravitational ones via their equivalent
components in the Einstein tensor,

2
∇2 Ψ − 3H(Ψ0 + HΦ) = 4πG φ0I δφ0I − φ02
Φ
+
a
V
δφ
,
I
I
I
Ψ0 + HΦ = 4πGφ0I δφI ,

(2.41)
(2.42)

Ψ00 + 2HΨ0 + HΦ0 + Φ(2H0 + H2 )
+∇2


(Φ − Ψ)
2
= 4πG φ0I δφ0I − φ02
I Φ − a VI δφI ,
2

(2.43)

whilst the fields themselves evolve according to the perturbed Klein-Gordon
equation
δφ00I + 2Hδφ0I − ∇2 δφI + a2 VIJ δφJ = −2a2 VI Φ + φ0I (Φ0 + 3Ψ0 ).

(2.44)

We also have the two constraint equations coming from the off-diagonal parts
of the Einstein tensor, given by
Ψ − Φ = 8πGpa2 Π

and

∇2 Ψ = 4πGa2 δρm

(2.45)

where δρm is the gauge invariant comoving density perturbation (δρm =
δρ − 3Hδq) [57] and Π is the anisotropic stress that is defined by these
off-diagonal components. Finally, by considering the matter conservation,
∇µ T µν = 0, we can find the conservation equation of fluids in the universe
— with the first order perturbation equation being [104]
2
˙ = −3H(δρ + δp) − ∇ δq + 3(ρ + p)Ψ̇,
δρ
a2

(2.46)

in the longitudinal gauge.
Looking briefly at the vector modes — we can see that
Φ̄0i + 2HΦ̄i = P a2 π̄i ,
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(2.47)

where π̄i represents the non-isotropic stress, P is the pressure and Φ̄0i is defined
in Eq. (2.24). In the regime of vanishing π̄i , which is almost always the case,
it is clear that these modes decay as a−2 and so play no further role in any
observational constraints. Similarly, in the absence of anisotropic stress, the
tensor perturbations reduce to
Ēij00 + 2HĒij0 − (∇2 − 2κ2 )Ēij = 0,

(2.48)

where κ denotes the spatial curvature.

2.3

Returning to the observables

With all of these perturbed quantities, it is now important to remind ourselves of which we need to keep track of and how they relate to observations.
The most important of all is the curvature perturbation which is responsible
for seeding structure formation — but even this can have various definitions,
which shall be considered below. We can start by considering the spatial
curvature found by contracting the spatial components of the Ricci tensor
with the metric, R(3) = gij Rij which results in
R(3) = −4

∇2
C
a2

(2.49)

on a constant τ hypersurface. We have already seen that C is not a gauge
invariant quantity though, so by changing the slicing of the constant time
hypersurface by the small amount, δτ , we find via Eq. (2.11) and Eq. (2.20),
C → C + Hδτ.

(2.50)

If we now move to a comoving slicing, where δφcom = δφ − φ0 δτ = 0 we can
then show that [46],
δτ =
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δφ
,
φ0

(2.51)

since we are working on a constant time hypersurface. As such, looking back
at the curvature perturbation, C, we can now see that it transforms as
C →C +H

δφ
.
φ0

(2.52)

Finally, we can now define the comoving curvature perturbation — which is
gauge invariant by construction — as,
R = −C + H

δφ
φ0

(2.53)

Following the same argument, but now with a uniform energy density slicing
such that δρ = 0, we can also use
δτ =

δρ
,
ρ0

(2.54)

to derive another important quantity — the uniform energy density curvature
perturbation,
ζ =C −H

δρ
.
ρ

(2.55)

We can see that these two variants of the curvature perturbation look very
similar and, in fact, in certain conditions coincide as R = −ζ. This is the
case both in single field slow roll inflation when δρ/ρ0 ∼ δφ/φ0 and on superhorizon scales, which shall be demonstrated below. If we relate R to ζ via
R = −ζ + H

δρm
,
ρ0

(2.56)

where δρm is the gauge invariant comoving density perturbation (= δρ −
3Hδq) and use Eq. (2.45) to get
R = −ζ + H

∇2 Ψ
,
4πGa2 ρ0

(2.57)

where it is clear that on large scales the second term becomes negligible as
in Fourier space, ∇2 Ψ → −k 2 Ψ and the quantity k 2 /a2 → 0. In general, it
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is these two quantities which are measured in terms of their power spectra,
PR or Pζ — often interchangeably.
Thus far we have only looked at these results using the simplest of cases: a
single scalar field. In the (very natural) scenario that there are multiple scalar
fields playing a role there will not only be curvature (adiabatic) perturbations,
but also isocurvature (entropy) perturbations, as briefly mentioned in Section
1.7.1. Whilst we look more carefully at this scenario in Chapter 3, a few
important results will be listed here. The pressure perturbation can, in any
gauge, be split into two components — adiabatic and non-adiabatic,


δp δρ
2
δp = cs δρ + ṗ
−
= c2s δρ + δpnad ,
(2.58)
ṗ
ρ̇
where c2s is the sound speed (≡ ṗ/ρ̇) and δpnad is the non-adiabatic pressure
perturbation . Now, working in the longitudinal gauge and in terms of the
Bardeen potential, Eq. (2.55) becomes
ζ = −Ψ −

δρ
H
δρ = −Ψ +
.
ρ̇
3(ρ + p)

(2.59)

By taking the derivative of this with respect to time and using Equations
(2.46) and (2.58) it is relatively simple to show that [86],
ζ̇ = −

H
1
∇2
δpnad −
δq,
ρ+p
3(ρ + p) a2

(2.60)

which demonstrates that the curvature perturbation can evolve in two different circumstances. Firstly, if the momentum perturbation is non-zero —
although this is no longer relevant on super-horizon scales due to the presence of the scale factor in the second term — and, secondly, if there is a
non-adiabatic pressure perturbation — which would result from isocurvature
perturbations in other fluids. The isocurvature perturbation itself can be described by considering the relative entropy perturbation between two fluids
(where, in general, in a universe with n components there will be n−1 relative
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entropy perturbations) such that we can describe the density perturbation
of fluid I on surfaces of constant ρJ via [105]
δρIJ

ρ0I
∝ δρI − 0 δρJ ,
ρJ

(2.61)

which leads us to define the gauge invariant relative entropy perturbation, in
conformal time so as to match up to the adiabatic equivalent (Eq. (2.57)),
as

SIJ = 3H

2.4

δρJ
δρI
− 0
0
ρJ
ρI


.

(2.62)

The Curvaton

We now come to take another look at the curvaton scenario, but in a little
more detail using some of the preceding ideas looked at regarding perturbations. To recap, the curvaton, σ, begins life as an an almost stationary
(σ̇ = 0) field that is subdominant to the inflaton, φ, which drives inflation.
During this time, however, it picks up isocurvature perturbations which are
converted to adiabatic curvature perturbations once inflation ends and the
inflaton has decayed — when the curvaton comes to dominate the universe.
Whilst it was previously mentioned that the curvaton comes in many forms
and can include mixed cases where it doesn’t necessarily dominate the postinflationary universe, we will initially look solely at the simplest case — in
which we use a quadratic curvaton (V (σ) = 21 m2σ σ 2 ), a well justified assumption as most of the interesting dynamics occur in a reheating stage when the
field is oscillating close to the bottom of its potential, which would be almost
quadratic here in any case.
In order for the curvaton to be roughly constant and subdominant during
inflation, we can see that we must set mσ  H 2 along with V (σ)  V (φ),
45

where, in this example, V (φ) = 21 m2φ φ2 . Since the value of the curvaton is
now frozen in during the inflationary epoch, we can set σ → σ∗ which denotes
the value throughout this period. Just as for the inflaton field, the field gains
perturbations as
σ(x, t) = σ̄(t) + δσ(x, t),

(2.63)

where, from now on, we denote the background value, σ̄ as σ alone for simplicity and it evolves following the usual background equation,
σ̈ + 3H σ̇ + Vσ = 0.

(2.64)

The perturbations, assuming a negligible coupling to the inflaton, follow a
modified version of the full perturbed equation, Eq. (2.44), given by [70, 106],
 2

k
¨
˙
δσ + 3H δσ +
+ Vσσ δσ = 0,
(2.65)
a2
in which the Fourier subscript of the perturbations has once again been
dropped. After horizon exit, when k 2  a2 H 2 , the vacuum fluctuation
becomes a classical perturbation and the perturbed Klein-Gordon equation
becomes identical to the background version with a Gaussian spectrum given
by
Pδσ =

H∗2
.
4π 2

(2.66)

Once inflation ends, we assume that the inflaton decays into radiation
in the usual way whose density then decreases as a−4 and eventually, when
H ≈ mσ , the curvaton rolls down to the bottom of its potential and begins
oscillating about the minimum itself — where the quadratic oscillations allow
the field to behave as pressureless matter whose energy density scales as
a−3 . At this point, there are two regimes available to us depending on the
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magnitude of the curvaton decay parameter, Γσ (= Γγσ + Γm
σ , if decays occur
both to radiation and matter): the case where Hosc ∼ Γσ soon enough such
that ρσ never comes to dominate the universe over the radiation and the
case where Hosc > Γσ (where Hosc denotes H at the start of this phase) in
which ρσ loses energy much more slowly than ργ and ends up dominating
the universe before decay. The ratio of the curvaton energy density to total
energy density at the time of curvaton decay will be denoted by
ρσ
,
ργ + ρσ

rdec =

(2.67)

and plays a key role in measuring how much of the final observables are
sourced either by the inflaton or curvaton. There are a number of other
definitions of rdec in the literature which often coincide with the version given
above, but are worth being aware of in any case. Two common alternatives
are the following,
rdec =

ρσ
ργ

and

rdec =

3ρσ
,
4ργ + 3ρσ

(2.68)

which correspond to the curvaton-radiation energy density ratio and the totals including pressure of both fluids respectively. Looking more carefully at
oscillatory curvaton’s energy density, which averages out as
1
ρσ = m2σ σ 2 ,
2

(2.69)

and breaking it down into its background and perturbed parts too,
ρσ → ρσ + δρσ ,

(2.70)

we can show that the density contrast, δ = δρ/ρ can be expanded to
δ(σ) = 2

δσ δσ 2
+ 2.
σ
σ
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(2.71)

We have already seen (Equation (2.66)) that the perturbation is proportional
to H∗ so from this we can find a further constraint on the curvaton field. By
considering the case of H∗  σ∗ , such that the perturbation is greater than
the background, the second term in the density contrast dominates and we are
left with a gaussian-squared quantity — which is forbidden by observation.
If, on the other hand, we take H∗  σ∗ then the first term dominates and
leaves
δ=2

δσ
,
σ

(2.72)

which has a flat power spectrum given by [106]
Pδ = 4

Pδσ
H∗2
=
 1.
σ2
π2σ2

(2.73)

Of course, there is still room to have certain intermediate cases, where
H∗ ≤ σ∗ which give small non-gaussianities in the power spectrum, but
for the time being we will continue to focus on the simplest case. Looking
towards the final curvature perturbation we now come to consider the mix
of fluids present at this time and how they each contribute to ζ. Initially, we
assume that the curvaton is sub-dominant and as such acts as an isocurvature
perturbation to the radiation fluid’s curvature perturbation. We know from
Eq. (2.60) that even on super-horizon scales this can source/enhance the
curvature perturbation via δpnad , but the precise form of this final curvature
perturbation needs a closer look. Allowing each component of the universe
to have its own curvature perturbation, ζσ and ζγ and assuming that prior
to curvaton decay ζ = ζγ ∼ 0 — working on uniform density hypersurfaces
and using Eq. (1.12) we have
ζ = −H

δρ
4ργ ζγ + 3ρσ ζσ
= ζγ + ζσ =
ρ̇
4ργ + 3ρσ
ρσ
=
δ.
4ργ + 3ρσ
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(2.74)

In terms of rdec this can be quickly expanded to
ζ=

rdec
δ
4 − rdec

(2.75)

and we see that if the curvaton dominates (rdec = 1) then
δ
ζ= ,
3

(2.76)

whilst if the curvaton is sub-dominant and decay (rdec  1), we have
ζ=

rdec δ
.
4

(2.77)

Although not relevant to subsequent work here, it is also worth mentioning the production of isocurvature perturbations in the curvaton scenario. In
terms of the two components under consideration here, the entropy perturbation prior to curvaton decay, given by Eq. (2.62), becomes
Sσγ = 3(ζσ − ζγ ),

(2.78)

and with the assumption used earlier, that ζγ = 0 we are left with Sσγ = 3ζσ .
For one thing, we can therefore see that the isocurvature perturbations are
correlated to the curvature ones — and also that, due to the late decaying
nature of the curvaton (after inflation) there is a mechanism for producing
primordial isocurvature perturbations even on super-horizon scales. For more
on this, see [106].
In terms of other observational quantities, just as in the usual inflationary
cases, it is relatively easy to find expressions for the spectral index and tensorscalar ratio. A convenient new parameterisation for this, related to the ratios
at decay (rdec ) found before, is via R, defined by [107]
(σ)

Pζ =

(φ)
Pζ

+

(σ)
Pζ

= (1 +

(φ)
R)Pζ
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where

R=

Pζ

(φ)

Pζ

,

(2.79)

where it can be shown that
8 r2
R =  dec
,
9 σ∗2

(2.80)

since [73, 108]
(φ)
Pζ

1
=
2



H∗
2π

2
and

(σ)

Pζ

=

2
rdec
H∗2
.
9π 2 σ∗2

(2.81)

Using this the spectral index can be written
ns − 1 = −2 + 2ησσ −

4 − 2ηφφ
,
1+R

(2.82)

in agreement with the standard two field derivation found in [109] and where
ηAB = VAB /3H 2 . Quantitatively this leads to a range of spectral indices
that fit well with current data — with values of ns ∼ 0.96 for the inflaton
dominated case ranging up to ns ∼ 0.98 in the curvaton dominated case. The
tensor perturbations in these scenarios remain unaffected by the curvaton and
depend solely on the energy scale of inflation (assuming the curvaton is truly
sub-dominant). As such, the tensor power spectrum takes its usual value
(Eq. (1.71)) and the tensor-scalar ratio is modified to
r=

16
,
1+R

(2.83)

from which we can see that when the curvaton dominates and R is large the
ratio is suppressed, whilst in the event that R → 0, when the curvaton contribution to the curvature perturbation is insignificant, we retain the standard
result. Observationally, the simplest curvaton model — in which the curvaton dominates the universal energy density before decay — is verging on
being ruled out due to its rather large spectral index, although many variants
remain in contention as viable alternatives and, in fact, offer an attractive
mechanism by which to minimise the ever elusive scalar-tensor ratio.
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In addition to the summary above, there remain a couple of important
potential corrections to this scenario which have been thus far neglected —
but shall be mentioned for completeness. Firstly, the above treatment only
accounts for the perturbative decay of the curvaton and neglects the possibility of preheating which would proceed similarly to the usual parametric
reheating considered for the inflaton [110]. There is a small but significant
difference though, as in the curvaton case the backreaction from the particles
produced is always important whereas in the inflaton case certain parameter choices can avoid this — the result of this will then affect the initial
conditions of the subsequent usual reheating phase. Secondly, leading on
from the first point, the backreaction from the decay of the curvaton (even
perturbatively) causes correction terms in the effective potential which have
been shown to have significant consequences for the observables [72, 111].
Using the interaction term written down in the case of the inflaton earlier,
Eq. (1.38), results in two correction terms in the potential — one a quantum correction (the details of which can be found in [72, 112]), ∆V (σ), and
the other a correction related to the temperature of the induced background
radiation, VT . So that the quadratic potential used here is changed to
1
Veff (σ) = m2σ σ 2 + VT (σ) + ∆V (σ),
2

(2.84)

and the coherent oscillations of the field about the minimum are altered to
the extent that it no longer behaves as pressureless matter and the resultant
dilution due to the expansion of space is altered. The result of all this is
primarily to alter the initial parameter space that is viable in curvaton models
and hence the naturalness of any such mechanism, but can also produce
non-gaussianities from the initially gaussian perturbations, which has the
potential to help distinguish between competing models.
Ending this section, we see from Figure 2 that the standard (double
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Figure 2: Taken from [73]. The red lines are for mσ  mφ , the blue lines
show mσ = mφ /2 and the green lines show the inflating curvaton scenario
— in which a second period of inflation is driven by the curvaton before it
decays.
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quadratic) curvaton is close to being ruled out by Planck — especially at
the curvaton domination end of the spectrum where ns ∼ 0.98. However,
the methodology laid out above is still perfectly valid for variations on the
simplest case — including changing either, or both, of the potentials, changing the decay parameters or even by including additional couplings between
either the fields themselves or to gravity, which we come to later.
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3

Second order slow-roll with
non-canonical kinetic terms

In this Chapter we shall consider the effects on the power spectrum of multifield inflation with non-canonical kinetic terms using first order cosmological
perturbation theory in the slow roll regime. Previously this has been approximated to leading order in the slow roll parameters [68, 69, 78] but we show
it necessary to go beyond this — to second order in the slow roll parameters
— in order to gain a useful insight into the dynamics.
With single field models, studying the evolution of the perturbations and
resultant power spectra is a relatively simple task as the perturbations become frozen in as the mode of interest exits the horizon, but in multi-field
models this is no longer the case. This is because the additional degree(s)
of freedom afforded by extra dimensionality of the field space allows perturbations in more than one direction — both along the background trajectory
(curvature perturbations) and orthogonal to it (isocurvature perturbations)
— which, it turns out, are not independent of one another. Isocurvature perturbations themselves describe the relative perturbations between the fields
present and it is already well known that they can source curvature perturbations long after horizon exit (see e.g. [117, 118, 119]) — thereby adding
an additional layer of complexity when it comes to finding the final values
of the power spectra which we wish to observe today. The sourcing of the
curvature perturbation is largest when sharp turns in field space are present
and we expect this to be the case in numerous non-canonical cases.
A significant amount of work has already been done on this [120, 121, 122,
123, 124, 125, 126] making use of both the δN formalism [127, 128, 129, ?]
and the transfer matrix method [66, 69]. We use the transfer matrix method
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and attempt to generalise the work from [68, 69, 78] which is focused solely
on the first order slow roll expansion applied to both canonical and noncanonical cases, along with [66] in which the method is completed to second
order but only in the canonical case — to include terms second order in
slow-roll parameters in both canonical and non-canonical cases. Bringing
this expanded method to the non-canonical cases therefore seems a logical
next step. Upon calculating the relative sizes of some newly defined noncanonical slow roll parameters from the background trajectories, we find
that this step is well motivated as such terms can easily dominate over their
standard counterparts.
The next section covers the analytics and some important derivations regarding commonly used quantities to second order in the slow roll parameters,
which are themselves soon defined. The bulk of the calculations must then
be split into two distinct regimes — the early time/horizon crossing regime
in which the perturbations begin well inside the horizon right through to
their exit, followed by the super-Hubble regime in which the behaviour is
significantly different. The early evolution is dominated by an explicit time
dependence in the equations of motion whilst the slow roll parameters remain (generally) very small, but the latter evolution is eventually dominated
purely by the growing slow roll terms. We begin with the early times regime,
in which the resultant power spectra are calculated before continuing on to
the super-Hubble regime using some of these results. The calculation itself
follows closely that of [69] but goes beyond this with the inclusion of the
second order terms. After this, the numerical procedure is introduced along
with the inflationary potentials under consideration. Finally, we come to
compare the full numerical results with those of the various approximations
— both first and second order — with a series of graphs to demonstrate
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the success and necessity of including the additional terms, all normalised to
single field results for ease of comparison.

3.1

Non-canonical kinetic terms

The motivation for including non-standard models of inflation has already
been touched upon in the introduction to this thesis, but before proceeding we will briefly recap and expand upon this. The number of light scalar
fields available in string theory is large and their dynamics often governed
by a non-trivial metric [116] — which in general leads to models of inflation with non-canonical kinetic terms when transformed into the relevant
reference frame [78, 131, 132, 133, 134]. It is also possible to open up new
potentials that would otherwise be too steep to be viable by the additional
friction terms introduced by non-canonical terms in the equations of motion
[135, 136], allowing greater freedom in potential model building. There was
also previous interest in these models due to the possibility of inducing large
non-Gaussianities [137] in the inflationary spectrum, but with this now increasingly constrained by Planck [48] this motivation at least is now waning.
A review and more general information can be found in [138] and [139].
It has previously been shown in [69] that it is possible to study noncanonical inflation by approximating it in the slow roll regime and, at first
order, the qualitative dynamics of the power spectra resulting from a number
of inflationary trajectories are well captured. It was mentioned earlier how in
multifield inflation the isocurvature perturbations can source curvature perturbations on scales larger than the horizon, and the paper goes on to measure
this sourcing via the cross correlation coefficient, Cσs — which is then broc
nc
ken down into two components, the canonical (Cσs
) and non-canonical (Cσs
)

contributions. It is then clearly shown that for certain models (for example,
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double quadratic inflation) the non-canonical contribution can be up to 3 orders of magnitude greater than the canonical one. This is, however, where it
becomes clear that further work is needed — as whilst the qualitative features
of the evolution of the power spectrum are well captured, the quantitative
aspects are often underestimated at first order in slow roll, which is perfectly
understandable when the non-canonical terms can be so much larger than
their standard slow roll counterparts.
In [66] a number of canonical models have been considered to not only
next to leading order, but also briefly to next-next-order in order to give an
estimate of the accuracy of the second order approximation — and in comparison to the leading order work of the previous paragraph the power spectrum
approximations have vastly improved and are now often indistinguishable
from the exact numerical comparisons. There are a couple of discrepancies,
however, such as in the case of the quartic potential which we too shall investigate later. It is expected from these results that continuing in a similar
way but with the introduction of second order non-canonical terms we can
gain a similar level of accuracy in non-standard cases and, furthermore, a
greater understanding of what dominates the contribution to the final power
spectrum and when.

3.2

Extending the analytics

The model considered here is given by the following action, in which we
introduce the specific form of the non-canonical kinetic term which couples
χ to φ:
Z
S=


MP2
1
e2b(φ)
µ
µ
d x −g
R − (∂µ φ)(∂ φ) −
(∂µ χ)(∂ χ) − V (φ, χ) .
2
2
2
(3.1)
4

√
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We have chosen this coupling as it is commonly found after performing conformal transformations on cosmologies with non-standard gravitational couplings [140] whilst also remaining quite general. Working in Planck units,
i.e. with MP = 1, the background motion of the fields follows the equations
φ̈ + 3H φ̇ + Vφ = bφ e2b χ̇2 ,
χ̈ + (3H + 2bφ φ̇)χ̇ + e−2b Vχ = 0,

(3.2)
(3.3)

which remain valid for any general function, b(φ). The Friedmann equations
then take the form
i
1h 2
2b 2
Ḣ = − φ̇ + e χ̇
and
2
"
#
2
2b
1
φ̇
e
H2 =
+
χ̇2 + V (φ, χ) ,
3 2
2

(3.4)
(3.5)

and it should be noted that we will continue to work in the longitudinal
gauge in order to study the perturbations at linear order, defined by
ds2 = −(1 + 2Φ)dt2 + a2 (1 − 2Φ)dx2 ,

(3.6)

and we break the fields down in the usual way, into their background and
perturbed components
φ(t, x) = φ(t) + δφ(t, x) and
χ(t, x) = χ(t) + δχ(t, x),

(3.7)

from which we can find the perturbed Klein-Gordon equations,
 2

k
2 2b
2 2 2b
¨
˙
˙
+ Vφφ − bφφ χ̇ e − 2bφ χ̇ e
δφ+Vφχ δχ − 2bφ e2b χ̇δχ
δφ + 3H δφ +
a2
= 4φ̇Φ̇ − 2Vφ Φ,
2
¨ + (3H + 2bφ φ̇)δχ
˙ + k + e−2b Vχχ δχ
δχ
a2


−2b
˙ = 4χ̇Φ̇ − 2e−2b Vχ Φ,
Vφχ 2bφ Vχ + 2bφφ φ̇χ̇ δφ + 2bφ χ̇δφ
+e





(3.8)
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and associated energy and momentum constraints,

k2
1 ˙
˙ + bφ e2b χ̇2 δφ + Vφ δφ + Vχ δχ ,
3H(Φ̇ + HΦ) + ḢΦ + 2 Φ = − φ̇δφ
+ e2b χ̇δχ
a
2

1
φ̇δφ + e2b χ̇δχ ,
(3.9)
Φ̇ + HΦ =
2
in which we have now begun using the Fourier components of the field perturbations, δφk , but drop the subscripts for clarity. Next we perform the
instantaneous rotation in the field space of φ and χ, to give
δσ ≡ cos θδφ + sin θeb δχ,
δs ≡ − sin θδφ + cos θeb δχ,

(3.10)

where we have defined,
φ̇
cos θ = ,
σ̇

χ̇eb
sin θ =
,
σ̇

q
and

σ̇ =

φ̇2 + e2b χ̇2 .

(3.11)

It is clear now that, as in Section 1.7.1, the δσ and δs components describe
the adiabatic and entropy perturbations respectively, whilst θ̇ describes the
amount of curvature in the trajectory. At this point a further change of variables is necessary, and it is useful to work with the gauge invariant MukhanovSasaki variables [141, 142], defined by
Qσ ≡ δσ −

σ̇
Φ,
H

(3.12)

whilst δs, is automatically gauge invariant by the Stewart–Walker lemma
[28]. Finally, the background equations can be rewritten in this new basis as
σ̈ + 3H σ̇ + Vσ = 0 and
θ̇ +

Vs
+ bφ σ̇ sin(θ) = 0,
σ̇

(3.13)

and the form of the perturbation equations is now given by



! 
! 
 
2V,s
2
¨
˙
3H
Cσσ Cσs
Qσ
Qσ
k
Qσ
σ̇ 





+
+
1+
= 0.
2
¨
˙
a
δs
δs
δs
Csσ Css
− 2Vσ̇,s 3H
(3.14)
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The coefficients, CAB can be shown to be:
 2


Vs
σ̇Vσ
σ̇ 4
2
2
2
Cσσ = Vσσ −
+2
+ 3σ̇ −
−
b
s
c
V
+
c
+
1
s
V
,
φ
θ
σ
θ
s
θ
θ
σ̇
H
2H 2

Vσ Vs
Vs
σ̇Vs
+ 2bφ s3θ Vσ − c3θ Vs ,
Cσs = 6H + 2 2 + 2Vσs +
σ̇
σ̇
H
Vs
Vσ Vs σ̇Vs
Csσ = −6H − 2 2 +
,
σ̇
σ̇
H
 2


Vs
Css = Vss −
+ bφ 1 + s2θ cθ Vσ + bφ c2θ sθ Vs − σ̇ 2 bφφ + b2φ , (3.15)
σ̇
where, for brevity, we denote sθ = sin(θ) and cθ = cos(θ). In deriving
this, it may be important to note the relationship between the derivatives of
the potential with respect to the fields in both frames – where it should be
pointed out that in terms of σ and δs these are no longer true derivatives,
but conveniently labeled parameters with similar properties. It is trivial to
show why this should be the case as demonstrated in [143], where
∂2σ
∂φ∂χ

and

∂2s
∂χ∂φ

6=

∂2s
.
∂φ∂χ

∂2σ
∂χ∂φ

6=

This is a result of these transformations merely

remaining projections of the fields rather than redefined fields themselves.
The parameters used here, are defined by,
Vσ = cθ Vφ + e−b sθ Vχ

and

Vs = −sθ Vφ + e−b cθ Vχ ,

(3.16)

along with the second derivative equivalents,
Vσσ = c2θ Vφφ + 2e−b sθ cθ Vφχ + e−2b s2θ Vχχ ,
Vσs = sθ cθ Vφφ + e−b (c2θ − s2θ )Vφχ e−2b sθ cθ Vχχ
Vss = s2θ − e−b sθ cθ Vφφ + e−2b c2θ Vφχ Vχχ .
3.2.1

and
(3.17)

Slow-Roll

We define the slow roll parameters in the usual way,
Ḣ
H2

and

(3.18)

ηAB =

VAB
.
3H 2

(3.19)

=−
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However, we can no longer assume that the slow roll parameters remain
roughly constant throughout and evaluate them solely at horizon exit, instead
we must find out how they vary in time and compute their time derivatives to
second order. The expressions found are directly comparable to those derived
in [66], but with a number of additional terms describing the non-canonical
deviations from usual slow-roll. Following the definition of ξ used in [69], we
write
ξ1 =

√

2bφ

and introduce

ξ2 = 2bφφ ,

(3.20)
(3.21)

which shall be regarded as first and second order slow roll parameters respectively. The time derivatives of the slow roll parameters then become
˙ = 2H(2 − ησσ − ξ1 s2θ cθ ),
2
ησσ
˙ = 2Hησσ − 2Hησs
− 2Hησσ ξ1 s2θ cθ − 4Hησs ξ1 sθ c2θ − Hασσσ ,

ησs
˙ = 2Hησs + Hησs ησσ − Hησs ηss − 2Hηss ξ1 sθ c2θ − Hησs ξ1 cθ − Hασσs ,
2
η˙ss = 2Hηss + 2Hησs
− 2Hc3θ ξ1 ηss − Hασss

ξ˙1 = 2Hξ1 − Hξ1 ησσ − Hξ12 s2θ cθ + Hξ2 cθ ,

and
(3.22)

where
αIJK ≡

Vσ VIJK
,
V2

(3.23)

and the full derivation can be found in the appendix, A.1. The exact perturbation equations (3.15) may now themselves be expanded to second order in
the slow-roll parameters (, ηAB and ξ1 ), and the CAB coefficients become,

η2
4ησσ ξ1 ησs
2
Cσσ = 3H ησσ − 2 + ξ1 s2θ cθ − σs − 22 +
+
(sθ − 3sθ c2θ )
3
3
3

5ξ1 s2θ cθ ξ1 ησσ s2θ cθ ξ12 s4θ c2θ
+
−
+
,
3
3
3
(3.24)
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2ησσ ησs 2ξ1 s3θ 2ξ12 c3θ s3θ 2ησs ξ1 cθ (s2θ − c2θ )
+
Cσs = 3H 2ησs −
−
+
+
,
3
3
3
3
(3.25)


3
3
2
2 5
4η
c
s
2η
g
2η
ξ
s
4ξ
s
2η
ξ
s
2ξ
σs
θ
σσ
σs
σσ
1
1
σs
1
1 θ cθ
θ
θ
θ
2
Csσ = 3H
−
+
−
−
+
,
3
3
3
3
3
3
(3.26)

2 2 4
2
2
ξ c (s − 1) ησs ξ1 sθ (1 + sθ )
η
+
Css = 3H 2 ηss − ξ1 (1 + s2θ )cθ − σs + 1 θ θ
3
3
3

2
ησσ ξ1 cθ (1 + sθ ) ξ1 cθ (1 + s2θ ) ξ2
+
−
−
,
3
3
3
2



2ξ1 s3θ

(3.27)
and it is in this form that we shall now use them. From this point the
approximation requires splitting into two distinct regimes — that of horizon
crossing followed by that of the subsequent evolution, which begins a few
efolds after horizon crossing — due to the significantly different dominant
factors in the evolution during the two time periods. Before moving onto
this, however, it is necessary to take a look at how the scale factor behaves
in terms of the slow-roll parameters.
3.2.2

The evolution of the scale factor

In many of the evolution equations describing the perturbations and, eventually, power spectra we will require an expression for various forms of a, a0 and
a00 that has been expanded to an equivalent degree in the slow-roll parameters to the rest of the equations. As such we need to calculate expressions
up to second order to be used later, we can can do this beginning from the
standard expression, working in conformal time,
a(τ ) = −

1
1
1
≈−
(1 +  + O2 ),
Hτ (1 −  − O2 )
Hτ

(3.28)

where O2 is used to denote the as yet unknown second order terms and take
various values as we proceed. Taking the derivative of this with respect to
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cosmic time and dropping higher order terms as we proceed, we get
Ḣ
τ̇
˙
(1 +  + O2 ) +
(1 +  + O2 ) −
2
2
H τ
Hτ
Hτ
−
1
˙
=
(1 +  + O2 ) +
(1 +  + O2 ) −
2
τ
a(τ )Hτ
Hτ
−
1
˙
=
(1 +  + O2 ) − −
τ
τ
Hτ

ȧ(τ ) =

(3.29)

where in order to get the last line we have made use of Eq. (3.28). Due to
the multiplication by  in the first term and the cancellation in the middle
term, all dependence on the unknown O2 has dropped out, so we now have


1
˙
2
ȧ(τ ) = −
1++ +
.
(3.30)
τ
H
Returning to Eq. (3.28), we can simply multiply through by H to leave an
alternate expression for ȧ as
1
ȧ(τ ) ≈ − (1 +  + O2 ),
τ

(3.31)

which can now be compared to that found with Eq. (3.30). It is immediately
obvious that the higher order terms must be given by
O2 ≡ 2 +

˙
.
H

(3.32)

The expansion of a is therefore
1
a(τ ) = −
Hτ



˙
1++ +
H
2


.

(3.33)

Going further, the Hubble parameter itself can be expanded about its
value at horizon crossing — we can start by writing H = H∗ + Ḣδt and using
the dt = da/Ha. Integrating this gives
t − t∗ =

1
(ln(a) − ln(a∗ )) ,
H∗
64

(3.34)

such that

 
Ḣ∗
a
H = H∗ +
(ln(a) − ln(a∗ )) = H∗ 1 −  ln
.
H∗
a∗

(3.35)

At horizon crossing, k = a∗ H∗ and using the zeroth order (treating the
logarithm term as ∼ O(1)) expansion of a, a = (H∗ τ )−1 , this can be rewritten
H = H∗ (1 +  ln(−kτ )),

(3.36)

which can now be inserted back into Eq. (3.33) to give the full second order
expansion around horizon crossing,

1
1 +  + 2 +
a(τ ) = −
H∗ τ

1
=−
1 +  + 2 +
H∗ τ


˙
(1 −  ln(−kτ ))
H

˙
−  ln(−kτ ) .
H

(3.37)

Finally, the expansion of ˙ can be inserted from Eq. (3.22) in order to find
the full expression,
a(τ ) = −


1
1 +  + 52 − 2ησσ − 2ξ1 s2θ cθ −  ln(−kτ ) .
H∗ τ

(3.38)

As well as requiring the expansion of a(τ ) itself, we often find a00 /a when
working on the perturbation equations in conformal time. Proceeding using
an overdot and a dash to denote derivatives with respect to cosmic and conformal time respectively, this calculation will now be summarised. Throughout,
higher order terms are dropped when necessary but the value of O2 found in
Eq. (3.32) shall continue to be used to shorten the working — so we begin
with the relation
1
1
(1 +  + O2 )
(1 +  + O2 )
τ
Hτ
1
(1 + 2 + 2 + 2O2 ).
=
Hτ 2

a0 = ȧa =
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(3.39)

We also know that
∂
∂
≡a
∂τ
∂t

→

a00 = aȧ0

(3.40)

so
∂
a00
= ȧ0 =
a
∂t




1
2
(1 + 2 +  + 2O2 )
Hτ 2

Ḣ
2τ̇
1
(1 + 2 + 2 + 2O2 ) −
(1 + 2 + 2 + 2O2 ) +
(2)
˙
2
2
3
H τ
Hτ
Hτ 2

2
2˙
= 2 (1 + 2) −
(1 + 2 + 2 + 2O2 ) +
3
τ 
aHτ
Hτ 2

1
1 + 2 + 2 + 2O2
˙
= 2  + 22 + 2
+2
τ
1 +  + O2
H

1
= 2 2 + 3 + 22 + 2/H
˙
+ 2O2 ,
(3.41)
τ
=−

into which we can then resubstitute the expressions for O2 (Eq. (3.32)) and
˙ (Eq. (3.22)) to give
1
a00
= 2 (2 + 3 + 202 − 8ησσ − 8ξ1 s2θ cθ ).
a
τ
3.2.3

(3.42)

Horizon Crossing

Returning to the perturbation equations themselves and rescaling the fields
as uσ = aQσ and us = aδs we can rewrite Eq’s. (3.14) in conformal time to
find


d2
a00
2
+
k
−
dτ 2
a



1 d
1
1 + 2E
+M 2
τ dτ
τ



uσ
us


= 0,

(3.43)

where

E = 

0

aVs
σ̇

− aVσ̇ s

0


M = 




2

2

a Cσs −

a Cσσ
2

a Csσ +

and

2a0 V
σ̇
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s

2

(3.44)
2a0 Vs
σ̇

a Css


.

(3.45)

Then, we can proceed with the help of the rotation given by


cos Θ − sin Θ
,
R=
sin Θ cos Θ

(3.46)

in which the angle, Θ, is chosen to allow the perturbation equations to be
independent for a given mode at Hubble radius crossing. For completeness,
the explicit value of Θ can be calculated from [124] and if, for the moment,
a00
-term
a

we neglect the

— it is possible to once more rewrite Eq. (3.43),

which is of the form u00 + 2Lu0 + Mu = 0, using u = Rv as
v 00 + R−1 (−L2 − L0 + M)Rv = v 00 + R−1 QRv
(3.47)
= 0,
where the matrix, Q is labeled

Q=

AQ BQ
CQ DQ


,

(3.48)

and the coefficients are given by summing the equivalent matrix coefficients
in the following way,
2
AQ = M(1,1) − E(1,1)
,

BQ = M(1,2) + Ė(1,2) + E(1,2) ,

CQ = M(2,1) + Ė(2,1) + E(2,1) ,

2
DQ = M(2,2) − E(2,2)
,

(3.49)

in which null valued coefficients have meant certain contributions to Q have
been left out above. The fully expanded version of the coefficients is found
to be
AQ = 3ησσ − 6 + 3ξ1 s2θ cθ + 10ησσ − 182 + 11ξ1 s2θ cθ
− ησσ ξ1 s2θ cθ + ξ12 s4θ − ησs ξ1 sθ (1 + c2θ ),
BQ = 3ησs − 3ξ1 s3θ + 8ησs − 9ξ1 s3θ + ησσ ξ1 s3θ − ησs ξ1 c3θ + ξ12 s3θ cθ ,
CQ = 3ησs −

3ξ1 s3θ

+ 8ησs −

9ξ1 s3θ

+

ησσ ξ1 s3θ

−

ησs ξ1 c3θ

+

ξ12 s3θ cθ ,

DQ = 3ηss − 3ξ1 cθ (1 + s2θ ) + 6ηss − 7ξ1 cθ (1 + s2θ ) + ησσ ξ1 cθ (1 + s2θ )
+ ησs ξ1 sθ c2θ + ξ12 (s4θ − c2θ ) − ξ2 .
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(3.50)

Next we must diagonalise Q using the value of the rotation matrix, R, evaluated at Hubble radius crossing (denoted by the subscript ∗) to give R∗ and
the associated angle, Θ∗ ,


R−1
∗ QR∗ =

λ̃1∗

X

Y

λ̃2∗


,

(3.51)

in which we can set X = Y = 0 in order to find the expression for λ̃∗ :
s
2
4BQ∗
AQ∗ + DQ∗ AQ∗ − DQ∗
λ̃1,2∗ =
±
1+
.
(3.52)
2
2
(AQ∗ − DQ∗ )2
A more convenient representation of the λ̃∗ ’s can be found by explicitly using
the rotation matrix, however. After a bit of algebra we can arrive at the
following expressions which will come in handy later,
λ̃1∗ + λ̃2∗ = AQ∗ + DQ∗ ,
(λ̃1∗ − λ̃2∗ ) sin 2Θ∗ = 2BQ∗ ,
(λ̃1∗ − λ̃2∗ ) cos 2Θ∗ = AQ∗ − DQ∗ ,
2
2
λ̃21∗ + λ̃22∗ = A2Q∗ + DQ∗
+ 2BQ∗
.

(3.53)

In doing this we have assumed that the slow roll parameters here are small
enough to allow us to compute this rotation using purely horizon-crossing
values. This assumption will be demonstrated and justified a little later on
when we come to the numerics. Following the equivalent calculation in [69],
by performing another change of variable, w = R−1
∗ vR∗ we can rewrite the
above system of equations, Eq. (3.47), as two independent equations in w:


1
00
2
(3.54)
wA + k − 2 (2 + 3λA∗ ) wA = 0,
τ
which has two solutions given by the general form,
wA =

√



(2)
−τ A(k)Hµ(1)
+
B(k)H
.
µ
A
A
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(3.55)

(1,2)

where HµA

is a Hankel function of the first or second kind respectively,

of order µA — where µ2A ≥ 0. It is then possible to define a vacuum that
corresponds to the Bunch-Davies vacuum by enforcing that as τ → −∞ only
the positive frequency modes exist. The appropriate, positive solution, is
then given by
√
wA ∝

π√
−τ Hµ(1)
(−kτ ).
A
2

The µA can now be expanded to second order as µA ≈

(3.56)
3
2

+ λA∗ −

λ2A∗
.
3

We

have also now moved from λ˜∗ to λ∗ using the relation,
λA∗ = ∗ +

202∗ 8∗ ησσ∗ 8∗ ξ1∗ s2θ∗ cθ∗ λ̃A∗
−
−
−
,
3
3
3
3

which takes into account the

a00
a

(3.57)

term omitted earlier, in Eq. (3.42). Going

back to the definition of the power spectra, using
hQA (k)QB (k0 )i = δ (3) (k + k0 )

2π 2
PAB (|k|),
k3

(3.58)

along with the relations — coming from the rotations used previously to
equate Qσ and δs to w1 and w2 , respectively,
D
E
D
E
= cos2 Θ∗ w1† w1 + sin2 Θ∗ w2† w2 ,
D
E
D
E
= sin2 Θ∗ w1† w1 + cos2 Θ∗ w2† w2 ,
sin 2Θ∗ D † E D † E
w1 w1 − w2 w2 ,
=
2

a2 Q†σ Qσ
a2 δs† δs
a2 δs† Qσ

(3.59)
(3.60)
(3.61)

we see that we need to find the correlation functions associated with wA ,
where we now relabel −kτ = x,
D

E −τ π
†
wA
wA =
| Hµ(1)
(x) |2 .
A∗
4

(3.62)

We do this by applying a Taylor expansion,
f (y) ≈ f (z) + f 0 (z)(y − z) +
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f 00 (y)
(y − z)2 + ...,
2

(3.63)

to the Hankel function, where a dash denotes the derivative with respect to
µ and we have set z = 3/2. For the time being we will drop the explicit
argument, x, along with the horizon crossing subscript and order of the
Hankel functions in order to shorten some lengthy expressions — it should
be understood, however, that the following is still strictly for use in the
horizon crossing regime only. This gives
(µA − 3/2)2
2
2
2
00 (λA − λA /3)
0
(λA − λ2A /3) + H3/2
= H3/2 + H3/2
2
2
λ
A
0
00
,
= H3/2 + H3/2
(λA − λ2A /3) + H3/2
2

00
0
HµA ≈ H3/2 + H3/2
(µA − 3/2) + H3/2

(3.64)

up to second order. To further clarify, it should be remembered that the
derivatives are with respect to the order of the function in the above equations, for example,
0
H3/2
=

dHµ (x)
dµ

.

(3.65)

µ=3/2

What is actually required here though, is | HµA |2 , so we have



2
2
λ2A
2
0
00 λA
| HµA | = H3/2 + H3/2 λA −
+ H3/2
3
2




2
λA
λ2A
2
0
2
00
02
= H3/2 + 2H3/2 H3/2 λA −
+ λA H3/2 H3/2 + H3/2 λA −
3
3


!
2
 0

00
0
H3/2
H3/2
λ2A H3/2
2 
2
2
.
+ λA
+ λA
=| H3/2 | 1 + 2 λA −
3 H3/2
H3/2
H3/2
(3.66)
Collecting terms with respect to λA , we then find



!2
0
00
0
0
H
H
H
H
2 3/2 
3/2
3/2
3/2
2 
+ λ2A 
+
−
,
| HµA |2 = H3/2
1 + 2λA
H3/2
H3/2
H3/2
3 H3/2
(3.67)
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which we shall write, in full, as


(1)
2
2
2
1
+
2λ
f
(x)
+
λ
g(x)
| Hµ(1)
(x)
|
=|
H
(x)
|
A∗
A∗
∗
3/2∗
A

(3.68)

where

f (x) = Re 

1
(1)

and

(3.69)

µ=3/2
2

1



dµ

H3/2 (x)


g(x) = Re 



(1)
dHµ (x)

d

(1)
H3/2 (x)



(1)
Hµ (x)
dµ2

+
µ=3/2

(1)
H3/2 (x)

dµ

2

µ=3/2



(1)

dHµ (x)
2
1
−
(1)
3 H (x) dµ
3/2

1

(1)
dHµ (x)

.

(3.70)

µ=3/2

The functions f (x) and g(x) can be evaluated as x → 0 as
f (x) = 2 − γ − ln 2 − ln x,

(3.71)

6g(x) = 16 + 24 γ ln (2) + 12 (ln (2))2 − 44 ln (2) + 3 π 2 − 44 γ + 12 γ 2
+ 24 ln (x) γ + 24 ln (x) ln (2) − 44 ln (x) + 12 (ln (x))2 .
(3.72)
in which γ is the Euler-Mascheroni constant (' 0.5772). These evaluations
were done numerically, the details of which can be found in Appendix A.2.
Finally, the Hankel function itself needs to be evaluated at µA = 3/2. Taking
the recursion relation for generic Bessel functions, Zν (z),
zZν−1 + zZν+1 = 2νZν ,

(3.73)

we can find that
(1)

H3/2 (x) =

1 (1)
(1)
H1/2 (x) − H−1/2 (x).
x

(3.74)

The Hankel function itself, of the first kind (the only kind used here — denoted by H (1) but with the superscript often dropped for clarity in notation)
71

can easily be found from its definition, but it is useful to take the standard
asymptotic result (valid as x → ∞),
r
Hµ(1) (x) =

2 i(x− π µ− π )
2
4 ,
e
πx

which in this case can be used to find,
r
r
π
ix
2
2 ei(x− 2 )
e
(1)
(1)
and H−1/2 (x) =
,
H1/2 (x) =
πx i
πx i

(3.75)

(3.76)

so that
(1)
H3/2 (x)

r


cos(x) sin(x) cos(x − π/2)
+
−
− sin(x − π/2) ,
=
ix
x
i
r


i cos(x) sin(x)
2
−
+
+ i sin(x) + cos(x) .
(3.77)
=
πx
x
x
2
πx



(1)

Now we are in a position to calculate | H3/2∗ (x) |2 as required in Eq. (3.68),
|

(1)
H3/2∗ (x) |2

2 
2 !
cos(x)
sin(x)
+ cos(x) + sin(x) −
x
x
 2

2 sin (x) cos2 (x)
2
2
+
+ sin (x) + cos (x)
=
πx
x2
x



2
1
2
=
+1 =
1 + x2 .
(3.78)
2
3
πx x
πx
2
=
πx



These can then be reinserted into Eq. (3.62), resulting in
D

E −τ π

(1)
†
wA
wA =
1 + 2λA∗ f (x) + λ2A∗ g(x) | H 3 ∗ (x) |2
2
4

−τ
= 3 1 + 2λA∗ f (x) + λ2A∗ g(x) (1 + x2 ).
2x

(3.79)

By then inserting these results into Eq’s (3.59)-(3.61) and expanding the
scale factor, a, to second order — see Section 3.2.2 — we can calculate
the final power spectra in the σ, δs basis. We can then use the following
relations to convert these results back to the more conventional curvature
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and isocurvature perturbations,
H
Qσ ,
σ̇
H
S ≡ δs.
σ̇

R≡

(3.80)

Using Eq’s (3.58)–(3.62), (3.79) and (3.80), the final results are then given
by,
PR =

PS =

H∗2
(1 − 2∗ − 112∗ + 4∗ ησσ∗ + 4∗ ξ1∗ s2θ∗ cθ∗ )(1 + k 2 τ 2 )×
8π 2 ∗

2
1 + (3∗ + 202∗ − 8∗ ησσ∗ − 8∗ ξ1∗ s2θ∗ cθ ∗ −AQ∗ )f (x)
3



2
A2Q∗ + BQ∗
2∗ AQ∗
2
+ ∗ +
−
g(x) ,
9
3

(3.81)

H∗2
(1 − 2∗ − 112∗ + 4∗ ησσ∗ + 4∗ ξ1∗ s2θ∗ cθ∗ )(1 + k 2 τ 2 )×
8π 2 ∗

2
1 + (3∗ + 202∗ − 8∗ ησσ∗ − 8∗ ξ1∗ s2θ∗ cθ ∗ −DQ∗ )f (x)
3



2
2
+ BQ∗
DQ∗
2∗ DQ∗
2
−
+ ∗ +
g(x) ,
9
3

(3.82)

H∗2
(1 − 2∗ − 112∗ + 4∗ ησσ∗ + 4∗ ξ1∗ s2θ∗ cθ∗ )(1 + k 2 τ 2 )×
2
8π ∗


BQ∗
2
(AQ∗ + DQ∗ − 6∗ )g(x) − BQ∗ f (x) .
9
3

(3.83)

CRS =

which have been written partially expanded in the slow-roll parameters, but
still containing the matrix coefficients, AQ∗ , BQ∗ , CQ∗ and DQ∗ , used earlier
in expanding the trigonometric identities involving λA∗ Eq. (3.53). Whilst
this mix is unfortunate, it is necessary to keep the results concise enough
to be of use in understanding the dynamics. The expansions of the matrix
coefficients can be found in Eq. (3.50).
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3.3

Evolution on super-Hubble scales

On large scales, the two equations in Eq. (3.14) can be combined to obtain
Q˙σ
= −(ησσ − 2 + ξ1 cθ s2θ )Qσ − 2(ησs − ξ1 s3θ )δs,
H
˙

δs
= − ηss − ξ1 cθ (1 + s2θ ) δs,
H

(3.84)
(3.85)

at first order in slow-roll. A number of terms have been neglected here, due
to their smallness, such as the

k2
a2

term in which the wavenumber is now small

compared to the scale factor and the double time derivatives which change
slowly in time. Whilst most of this simplification is rather obvious, simply by
˙ terms,
substituting one equation into the other to remove further Q˙σ and δs
it may not be immediately clear where the Csσ Qσ term has disappeared to
in Eq. (3.85), but this is simply explained by noticing that the expansion of
Csσ in Eq. (3.26) is purely second order. Following [66], we can differentiate
these with respect to time and calculate second order expressions in terms of
¨ making use of the expansions found
the slow-roll parameters for Q¨σ and δs,
in Appendix A.1. Finally, the second order expressions for the full evolution
equations can be written by substituting these second derivative terms back
into Eq. (3.14):
Q̇σ
= AQσ + Bδs,
H
˙
δs
= Dδs,
H

(3.86)
(3.87)

in which

2
η2
42 ησσ
5ησσ 2ξ12 s2θ c2θ ξ2 s2θ c2θ
A = 2 − ησσ − ξ1 s2θ cθ − σs −
−
+
−
+
3
3
3
3
3
3

2
2
2
4ησσ ξ1 sθ cθ 4ησs ξ1 sθ cθ 4ξ1 sθ cθ ασσσ
−
−
+
−
,
3
3
3
3
(3.88)
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2ησσ ησs 2ηss ησs 4ησσ ξ1 s3θ 4ξ1 s3θ
−
+
−
3
3
3
3

2
2 3
3
4ηss ξ1 sθ cθ 4ξ1 sθ cθ 2ξ2 cθ sθ 2ασσs
−
+
−
−
,
3
3
3
3


B=

−2ησs + 2ξ1 s3θ + 2ησs −

(3.89)

η2
η2
ηss ασss ξ2 s4θ 4ησs ξ1 s3θ
D = −ηss + ξ1 cθ (1 + s2θ ) − σs − ss +
−
+
+
3
3
3
3
3
3

2 4
2
4ξ s
4ηss ξ1 cθ sθ
− 1 θ+
,
3
3
(3.90)
the solutions of which take the form, in terms of efolds, N,

 R
Z N
R N 00
N
0 )dN 0 )
(G(N
00
Qσ (N ) = Qσ∗ + δs∗
B(N )e N∗
e N∗ A(Ñ )dÑ ,
N∗

δs(N ) = δs∗ e

RN
N∗

D(Ñ )dÑ

,

(3.91)

where G(N ) = D(N ) − A(N ). The power spectra then become, via Eq.
(3.58),
Z

N
00

RN

G(N 0 )dN 0

00

2

B(N )e N∗
PR (N ) = PR∗ +
dN
PS ∗
N∗

Z N
RN
0 )dN 0
G(N
00
00
B(N )e N∗
dN CRS ∗ ,
+ 2
N∗
RN
2 N
G(N 0 )dN 0
∗

PS (N ) = PS ∗ e

,

(3.92)

in which we have made use of the fact that in going from Qσ , δs → R, S (Eq.
(3.80)) we have
H∗ − RNN A(Ñ )dÑ
H
≈
e ∗
.
σ̇
σ̇∗

(3.93)

Finally, in order for a direct comparison with the canonical version that can
be found in [66] we can see in Eq’s.(3.81) and (3.82) that the values of PR∗
and PS ∗ are identical at horizon crossing up to zeroth order in slow-roll —
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which is all that is needed here due to the coefficients A, B and D themselves
being second order when squared. So we can write,
PR∗ = PS ∗ =

H∗2
= P∗ ,
8π 2 ∗

(3.94)

along with CRS ∗ which is needed to first order,
CRS ∗ =



H∗2
3
3
−2η
+
2ξ
s
f
(x)
=
P
−2η
+
2ξ
s
σs
1
∗
σs
1
θ
θ f (x),
8π 2 ∗

(3.95)

in order to rewrite the final power spectra equations as
"
2
Z N
RN
0 )dN 0
G(N
00
00
N
B(N )e ∗
dN
PR (N ) = P∗ 1 +
N∗

+

(2ξ1 s3θ

Z

N

− 2ησs )f (−kτ∗ )

00

RN

B(N )e

N∗

G(N 0 )dN 0

dN

00


,(3.96)

N∗

PS (N ) = PS ∗ e2

RN
N∗

G(N 0 )dN 0

,

(3.97)

where the second equation has remained unchanged, but is included again for
completeness and we find an additional ξ1 term even outside of the integral
coefficients in the first.

3.4

Numerical setup, initial conditions and potentials

The next step in verifying the usefulness and accuracy of our expressions for
the power spectra is to compare them to the exact numerical results for a
number of different well known potentials — so in this section the numerical
methods employed will be discussed and examples of the background trajectories given. Our numerical work is done solely using the efold number, N , as
the time variable which is more stable throughout the vast changes in scale
involved when studying the perturbations over the total period of inflation
(in these cases anything from a(t) ∼ e25 to a(t) ∼ e110 ) — so a derivative
with respect to N is henceforth denoted by a dash and we can reformulate
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our equations as follows by rewriting the second order differential equations
in terms of their first order counterparts. For the approximation considered
here, only the background is needed (Eq. (3.3)), whilst we shall come to the
full numerics later,
y00 = y1 ,
y10 = (3 −  + 2bφ y3 )y1 −

e−2b Vχ
,
H2

y20 = y3 ,
y30 = (3 − )y3 −

Vφ
+ bφ e2bφ y12 ,
H2

(3.98)

in which y0 = χ, y1 = χ0 , y2 = φ and y3 = φ0 — and we see that we need
to calculate the integrals given in Eq. (3.96) which we do manually by
summing over the small trapezoidal contributions given from each step in
the integration from horizon exit onwards via
for (Int i=0;i<out.count;i++){

Doub A = -etasigsig + 2*epsilon + ... ;
Doub B2 = -2*etasigs + ... ;
Doub D = -etass + xi1*cos(theta) ... ;
Doub G2 = D-A;

if(N>0)
{
N_new = N;
B_new = B2;
G_new = G2;
G_int += (N_new-N_old)*0.5*(G_new+G_old);
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B_int += (N_new-N_old)*0.5*(B_new+B_old);

func_int += 0.5*(N_new-N_old)*(B_old*exp(G_old)
+ B_new*exp(G_int));

N_old = N;
B_old = B2;
G_old = G2;
G_old = G_int;
}
else
{
N_old = N;
G_old = G2;
B_old = B2;
func_int = 0;
G_old = 0;
G_new = 0;
}
}
in which we have the slow-roll parameters and coefficients A, B, D and G
defined in the usual ways and the integrals in B and G labeled clearly, whilst
the variable func_int is defined as the outer integral over B and G together
in Eq. (3.96). From there on it is trivial to calculate the power spectra
approximations. The comparison to full numerical results, however, requires
us to include the rest of the perturbation equations, but with an additional
caveat. Deep inside the horizon the adiabatic and entropy perturbations
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should remain uncoupled and statistically independent stochastic random
variables, as such we take the approach used in [69, 113] in which we run
the perturbation equations twice. One run is initiated with the adiabatic
perturbation equal to that of the Bunch-Davies vacuum [148] and entropy
perturbation set to zero and the second run the reverse:
Run 1:

Qσ (τini ) = √

Run 2:

Qσ (τini ) = 0

e−ikτini
2ka(τini )

δs(τini ) = 0
e−ikτini
.
2ka(τini )

(3.99)


k3
|S1 |2 + |S2 |2
2
2π

(3.100)

δs(τini ) = √

The results of the two runs are then combined via
PR =


k3
|R1 |2 + |R2 |2
2
2π

and PS =

where
 02
2
Im 2
R21 = (QRe
/σ ,
σ1 ) + (Qσ1 )
 02
2
Im 2
R22 = (QRe
/σ ,
σ2 ) + (Qσ2 )

0
2
Im 2
S12 = (δsRe
/σ 2 ,
1 ) + (δs1 )
 02
2
Im 2
S22 = (δsRe
)
+
(δs
)
/σ ,
2
2

(3.101)

in order to give the correct final results, taking into account the mutually
independent real and imaginary contributions. As such, each set of equations,
real and imaginary in each of the runs, evolves independently of the others
and so we include an additional 16 equations — four copies of the individual
run of the following form,
y40 = y5 ,
y50



k2
+ Cσσ
a2



k2
+ Css
a2

= (3 − )y5 −



y4
2Vs y7 Cσs y6
− 2 0 −
,
2
H
H σ
H2



y6
2Vs y7 Csσ y4
− 2 0 −
,
2
H
H σ
H2

y60 = y7 ,
y70

= (3 − )y7 −
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(3.102)

0
up to y19
= ... (covering all of the full perturbation equations found in Eq.

(3.14)) and the CAB coefficients become

2


Vs 0
σ 0 Vσ
H 2 σ 04
2
2
2 02
+
1
s
V
,
Cσσ = Vσσ −
+2
c
V
+
c
σ
−
b
s
+
3H
σ
−
θ
s
θ
σ
φ
θ
θ
H
HM 2
2

Vs
Vσ Vs
Cσs = 6 0 + 2 2 02 + 2Vσs + σ 0 Vs + 2bφ s3θ Vσ − c3θ Vs ,
σ
H σ
Vσ Vs
Vs
Csσ = −6 0 − 2 2 02 + σ 0 Vs ,
σ
H σ
2



Vs
2
2 02
2
2
.
b
+
b
s
V
−
H
σ
c
V
+
b
c
Css = Vss −
+
b
1
+
s
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Finally, it should be kept in mind that the Hubble parameter and  also take
a new form in terms of N , given above by,
H2 =
=

2V
6 − e2b y12 −
e2b y12 + y32
2

.

y32

,
(3.104)

Throughout this section an appropriate wavenumber, k, is chosen to coincide
with a mode that exits the horizon 8 e-folds after the start of the integration,
which makes the comparison with earlier work easier using the same initial
condition. We then normalise the results of both the approximation and full
numerical solution by dividing through by the single field result, P∗ =

H∗2
8π 2 

in

the same way as done in [69, 66], again for a simpler comparison to the first
order and non-canonical results respectively — the absolute magnitude of
the final perturbations are irrelevant for this study as the interest lies in the
relative magnitude and how the approximations follow the numerical results
instead. Whilst the analytical work was split clearly into two regimes, the
(sub-Hubble and) horizon crossing regime and the super-Hubble regime, we
must recognise that there is no distinct cut off between one and the other.
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Certain regions exist where it is clear we should use one approximation over
the other — but for a few efolds after horizon crossing the distinction becomes
more vague and model dependent and, as a result of this, in the following
work we simply choose the changeover of the two regimes to simply be the
point at which the plots change in the smoothest way possible. This in no
way changes the final results as we always use the horizon crossing regime
at the instant the mode exits the horizon and the subsequent, super-Hubble
evolution is based solely on the value of the parameters at this point — as
can be seen in Eq. (3.96).
In initialising the numerics we must also make a few (reasonable) assumptions. We assume that at the beginning of the necessary period of inflation
we are comfortably in the slow-roll regime, and at background level we can
set
φ0ini



−Vφ
=
3H 2


and
ini

χ0ini

−Vχ e−2b
=
3H 2



,

(3.105)

ini

which leaves only the initial conditions of the time derivatives of the BunchDavies vacuum left to calculate. These are simple to find by making use
of
∂
1 ∂
=
,
∂N
aH ∂τ

(3.106)

and are given by
Q0σ , δs0



e−ikτ
ik
= −√
1+
,
aH
2ka
e−ikτ
≈ −√
2ka

(3.107)

since k  aH at early times.
Moving on to the potentials, we go on to consider a number of variations
given by varying the parameter b(φ), both as a linear function and an example
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of a quadratic coupling. The precise form of each potential is as follows, and
some example background trajectories of the fields can be seen in Figure 3:
• Double Inflation
This model is defined by the potential,
1
1
V (φ, χ) = m2φ φ2 + m2χ χ2 ,
2
2

(3.108)

and we can not only vary the coupling but also consider the effects of some
large slow-roll parameters during the turn in field space which occurs by
varying the ratio of the two field masses. In general we set (φini , χini ) to take
values between (8, 8) and (15, 15) but this is often only to vary the number
of efolds of inflation and is largely unimportant for our purposes. In the
non-canonical cases it is necessary to set φini to significantly smaller values
in order to avoid runaway growth in the field caused by the coupling.
• Quartic Inflation
This model is defined by the potential,
V (φ, χ) =

λφ φ4 λχ χ4
+
,
4
4

(3.109)

where we follow [144] in using λφ /λχ = 410, φini = 11.2 and χini = 9.1 in
order to give us a known example for comparison. Again, we also have some
freedom over λφ and λχ much like in the quadratic case — but shall find that
variations in this respect add little to the understanding of the model beyond
that of the quadratic version, so we end up focusing on the one example for
demonstration.
• Hybrid Inflation
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This model is defined by the potential,
"
#

2 2
2
2 2
χ
φ
2φ
χ
V (φ, χ) = Λ4
1− 2
+ 2+ 2 2 ,
v
µ
φC v

(3.110)

where we now follow [145] by setting ν = 0.10, φc = 0.01, µ = 1000 and
we can choose the normalisation constant, Λ, arbitrarily due to our latter
re-normalising to the single field case anyway. Hybrid inflation consists of
one field which is responsible for the inflationary expansion itself whilst the
other field determines when the inflationary phase ends — by determining
the location of the potential minimum for the first field upon reaching its
own minimum. This class of models is generally well motivated from high
energy theories but often has problems fitting with current observations,
this potential, however, equates to a variant of hybrid inflation motivated by
[35, 146, 147] which avoids the blue spectral index commonly associated with
earlier hybrid models.
• Product Inflation
Finally, this model is defined by the potential,
V (φ, χ) =

m2χ χ2 −λφ2
e
,
2

(3.111)

motivated by example A in [114] and example C in [35], in which case we take
φini = 0.13, χini = 16 and λ = 0.015. Whilst this potential is somewhat in
conflict with observations, due to a large non-gaussianity (fN L ∼ −35, [114])
and a large isocurvature perturbation leftover at the end of inflation [115], it
too remains an interesting potential to study here due to the possibility of
smooth turns in field space.
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Figure 3: Inflationary trajectories. The top left panel shows the double
quadratic potential with b(φ) = 0 and the top right shows it with b(φ) =
φ. The middle row shows the quartic potential on the left and the hybrid
evolution on the right. Finally the bottom row shows the product potential
trajectory on the left and, on the right, the second order non-canonical term
case of double quadratic inflation — so b(φ) = φ2 .

3.5

Numerical results

Here we compare our analytical expressions against the results of exact numerical simulations, along with the inclusion of some comparisons to earlier
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work such as that of [66] and [69]. Following convention, we choose N such
that the zeroth efold is associated with the time that the mode of interest
crosses the horizon — with sub-horizon evolution denoted by negative values.
3.5.1

Double Inflation

b(φ) = 0
Looking initially at the case of b(φ) = 0, which leaves us with the usual
canonical case, we can see that the top left graph in Figure 3 shows inflation
begins with the χ field dominating proceedings before a sharp turn in field
space allows the φ field to subsequently take over. During these two separate
phases — in which one field dominates over the other — there are few interesting effects because the isocurvature perturbations are small. During the
transition period, however, the isocurvature perturbations and, more importantly, the sourcing by these of curvature perturbations is greatly enhanced,
which leads to the large increase in PR that is seen in Figure 4. In agreement
with [66], we find that our second order approximation captures this well for
field mass ratios up to
mχ
mφ

mχ
mφ

∼ 9, with the example shown in Figure 4 (using

∼ 7) showing a perfect match. Beyond this ratio, however, as the turn

in field space gets ever sharper, we start to see higher order effects playing
a role as the subsequent ‘wobbles’ about the valley bottom in field space
allow numerous additional opportunities for the curvature perturbation to
be further enhanced. In Figure 5 this is demonstrated as a mass ratio of
mχ
mφ

= 10 is used to show that the final power spectrum is severely under-

estimated (whilst still being a significant improvement over the first order
version) in comparison to the full numerical result. It should also be noted
that the isocurvature perturbations are similarly inaccurate in this case, but
the qualitative behaviour remains well approximated.

85

Figure 4: Canonical double inflation with mχ /mφ = 7. The left graph shows
the evolution of the slow roll parameters for canonical double inflation. The
right graph shows the resulting power spectra with the solid black lines representing the numerical results, the dotted lines representing the first order
results and the dashed lines representing the second order results.

Figure 5: Canonical double inflation with mχ /mφ = 10. The left graph
shows the evolution of the slow roll parameters. The right graph shows the
resulting power spectra with the solid black lines representing the numerical
results, the dotted lines representing the first order results and the dashed
lines representing the second order results.
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The left hand plots in Figures 4 and 5 show how the slow roll parameters
are contributing to the power spectrum results in that they are no longer
small over this transition period in either case — with both ηss and ησσ
becoming, or exceeding, unity. As the mass ratio increases, the slow roll
parameters all get larger to the point where it is not surprising that the approximation breaks down, explaining the difference between the approximate
and numerical results in the higher mass ratio case. In both cases, once the
turn is complete the parameters return to their usual small values, allowing
for a further period of inflation — although it should be noted that ηss does
remain large throughout.

b(φ) = φ
Before we come to look at a quadratic term for b(φ), in which the new parameter, ξ2 , is non-zero , we first look at a linear non-canonical case in which
terms proportional to ξ12 may be important. A trajectory must be chosen that
keeps φ relatively small so as to avoid ξ1 becoming too large in which case
we could no longer treat it equally to the other slow roll parameters — an
example trajectory is shown in the top right of Figure 3. Immediately we can
see that b(φ) has the effect of pulling the inflaton away from the φ minimum
before eventually coming back to settle at the true minimum as inflation
ends. By looking at the behaviour of the slow roll parameters themselves, in
Figure 6, it is clear that in this instance the non-canonical parameter plays a
dominant role from the outset — taking a value of roughly 0.14 even during
horizon exit (compared to ∼ 0 for all other slow roll parameters). It is due
to the size of ξ1 relative to the other slow roll parameters that our choice of
φini = 0 is justified, because values larger than this would soon lead to cases
where ξ1 > 1 for a prolonged period of time, and hence render the slow roll
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approximation insufficient. We are, however, still free to vary the mass ratio,
mχ
,
mφ

and see that we find much better agreement with the numerics than the

first order case — even with such large values of ξ1 .
When the mass ratio is set to a fraction (e.g.

mχ
mφ

= 13 ) it is possible to

find examples where ξ1 no longer plays the dominant role throughout and is
joined by an equally sized ηss . This is shown in Figure 7 in which the motion
is suppressed in the φ direction — although this soon comes to resemble a
single field case and so the opportunity for sourcing a curvature perturbation
is hampered by the very gradual turns in field space and small isocurvature
perturbations.
3.5.2

Quartic Potential

Whilst similar to the quadratic potential just looked at and with a similar
trajectory in field space (mid-left, Figure 3) this potential is worthy of a brief
mention, despite being a regular canonical example, purely due to discrepancies in the results of [66] — in which the curvature power spectrum was
significantly underestimated by the approximation not only at second order,
but also third. Surprisingly, we find an almost perfect match between the
approximation and numerical results at second order, as shown in Figure 8,
both quantitatively and qualitatively. This contrasts, however, with a slight
overestimate in our isocurvature power spectrum when the previous publication found a good match — as such, it is unclear as to just where these
differences have emerged but it is worthwhile to know that this potential can
in fact be well modeled by the slow roll approximation.
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Figure 6: Non-canonical double inflation with mχ /mφ = 7. The left graph
shows the evolution of the slow roll parameters - with ξ1 dominating. The
right graph shows the resulting power spectra with the solid black lines representing the numerical results, the dotted lines representing the first order
results and the dashed lines representing the second order results.

Figure 7: Non-canonical double inflation with mχ /mφ = 1/3. The left graph
shows the evolution of the slow roll parameters - now with both ξ1 and ηss
dominating. The right graph shows the resulting power spectra with the solid
black lines representing the numerical results, the dotted lines representing
the first order results and the dashed lines representing the second order
results.
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Figure 8: Quartic potential. The left graph shows the evolution of the slow
roll parameters. The right graph shows the resulting power spectra with the
solid black lines representing the numerical results, the dotted lines representing the first order results and the dashed lines representing the second
order results.
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Figure 9: Canonical hybrid inflation. The left graph shows the evolution of
the slow roll parameters — which all remain relatively small. The right graph
shows the resulting power spectra with the solid black lines representing the
numerical results, the dotted lines representing the first order results and the
dashed lines representing the second order results.

Figure 10: Non-canonical hybrid inflation with β = 10. The left graph shows
the evolution of the slow roll parameters — which, again, all remain relatively
small. The right graph shows the resulting power spectra with the solid black
lines representing the numerical results, the dotted lines representing the first
order results and the dashed lines representing the second order results.
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3.5.3

Hybrid Inflation

Looking at our first substantially different potential, we now test the accuracy
of our approximation both in the canonical and non-canonical cases. An
example trajectory is shown in the mid-right plot of Figure 3. As expected,
we find good agreement with the numerical results in the canonical case –
to the point of them almost overlapping. In the non-canonical case where
we have chosen b(φ) = βφ and β = 10 we begin to see a slight deviation
from the numerical results, but the fit is still significantly improved upon
the first order version which doesn’t track the super-horizon evolution at
all. Although appearing similar graphically, on closer inspection it should be
noticed that in the non-canonical case the evolution is slowed by up to 15%
along with the amplitude having increased by a couple of percent too. With
φ being so small in these models, we were forced to choose a larger value of
β in order to make these changes noticeable — although even then the slow
roll parameters remain small throughout, as can be seen in Fig’s. 9 and 10.
3.5.4

Product potential

Next we come to the product potential, whose trajectory is shown in the
bottom left of Figure 3 which demonstrates some of the limitations of our
approximation which were vaguely evident in some previous results but are
much more apparent here. The canonical case (Figure 11) shows, again, very
good agreement throughout inflation even though the accuracy is not quite
as close to perfect as in the previous models. The qualitative features are
completely described and the amplitude is only different in comparison to
the numerics by a tiny amount — whilst the first order approximations do
not show any of this evolution. If we then include a non-canonical contribution,as shown in Figure 12, using a value of b(φ) = 0.1φ, we see much the
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same as in the canonical case. The general features are captured well by the
second order approximation, which once again the first order version fails to
do, and the amplitudes are only different by a small amount in comparison
to the numerical results — although the discrepancy is not quite as small as
before. Increasing β beyond the value used here, however, soon proves problematic as the amplitude difference continues to increase whilst retaining the
general form of the evolution. This is not, as one might initially assume,
indicative of a problem with the second order terms that are the subject
of this work as we can remove these from Equations (3.3) and see that the
erroneous amplitude is coming entirely from the first order terms. This is
not unexpected as the smallness of each of the slow roll parameters for the
majority of the inflationary period implies that they would have little effect
at second order. When using values of β > 0.1, φ can quickly get pulled
away from its minimum to field values  10 leaving our coupling term to
grow unreasonably large — eβφ  20000 — which in turn leads to a positive
feedback loop. This just means that in cases such as these, more thought
is required to result in reasonable, and viable inflationary trajectories. So
whilst not correctly approximating the final expected amplitude of the power
spectra, the features within the evolution can still be captured and can be
better understood using this breakdown of slow roll terms than would otherwise be possible. In addition to this, it should be noted that in less extreme
cases, where the inflaton is allowed to settle down to its minimum with less
interruption from the coupling, the agreement is much better.
3.5.5

b(φ) = βφ2 example - double quadratic potential

Finally, we return to the double quadratic potential which we can now use to
have a look at the effect our new slow roll parameter, ξ2 plays when consid-
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Figure 11: Product potential. The left graph shows the evolution of the
slow roll parameters. The right graph shows the resulting power spectra
with the solid black lines representing the numerical results, the dotted lines
representing the first order results and the dashed lines representing the
second order results.

Figure 12: Non-canonical product potential, with b(φ) = 0.1φ. The left graph
shows the evolution of the slow roll parameters. The right graph shows the
resulting power spectra with the solid black lines representing the numerical
results, the dotted lines representing the first order results and the dashed
lines representing the second order results.
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Figure 13: Double quadratic inflation with a higher order coupling term
(b(φ) = φ2 ). Here, the left graph power spectra with the solid black lines
representing the numerical results, the dotted lines representing the first
order results and the dashed lines representing the second order results —
without the new second order non-canonical terms (ξ2 ) included. The right
hand graph shows exactly the same, but with all terms included.
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ering higher powers of φ in b(φ). With this form of the coupling, we hoped
to keep the initial conditions and trajectory as similar as possible to the earlier non-canonical case for ease of comparison and with the expectation that
we would find a reasonable inflationary model — with no runaway feedback
loops such as those that were problematic in the previous case. Although,
it was necessary here to pull the initial value of φ away from zero so as to
avoid an effective single field evolution due to the presence of φ in the b(φ)
derivatives in the background equations. The results are plotted in Figure 13
and shows the power spectra from two runs of the same inflationary model.
The left hand plot shows an example in which all of the ξ2 terms have been
removed and so any second order non-canonical contribution is once again
coming solely from terms proportional to ξ12 whilst the right hand plot shows
the full results with their inclusion. It is clear that in the first example the analytical expressions fail to track the power spectra with any sort of accuracy,
but the full results show near-perfect agreement with both the curvature and
isocurvature power spectra — overlapping throughout.

3.6

Conclusions

In this chapter we have considered the effect on the power spectra, both
curvature and isocurvature, of non-canonical kinetic terms of the form eb(φ)
where we have set b(φ) = βφ or b(φ) = βφ2 . The latter coupling makes it
necessary to introduce a new parameter which we treat the same as a second
order slow roll parameter, analogously to the first order version introduced
in [69], ξ1 . The effects of non-canonical kinetic terms can have important
consequences on the background trajectories and hence the slow roll parameters and turns in a multidimensional field space — which in turn directly
affects the final amplitude of the power spectra via the sourcing of the cur96

vature perturbation from isocurvature perturbations on super-horizon scales.
Whilst the majority of the cases studied here involve only the linear coupling
and hence leave ξ2 = 0, the final example shows the importance of such terms
and provides a basis for further work in this direction. It has also been shown
that in such cases as the linear coupling, the first order approximation is very
rarely enough to track the evolution of the power spectra — with second order ξ12 terms playing an important role both qualitatively and quantitatively
as ξ1 itself can often dominate over the other slow roll parameters.
Unfortunately, in comparison to the second order approximation of canonical cases, the approximation is sometimes not quite as accurate as might be
hoped, but this slight loss of accuracy should be understood to come not
from the expansion itself, but rather from the need to more carefully choose
inflationary trajectories and be aware of how they are altered by the coupling. For example, taking another look at Figures 11 and 12 the loss in
accuracy here in the non-canonical case comes from the turn in field space
becoming much sharper rather than any unreasonable growth in the noncanonical slow roll parameters (which both remain  1 for the majority of
inflation) — this altered trajectory leads to changes in the standard slow
roll parameters and, in this instance, an increase in ηss which then provides
the dominant contribution. The fact that the canonical contributions have
been well measured and understood in previous work [66], which agrees with
our expressions, means that we can be confident that in the vast majority of
cases this should not be an issue so long as we remain aware of it.
Finally, it should be emphasised that whilst we find an improvement on
previous approximations through the inclusion of second order non-canonical
terms it it still necessary to artificially constrain the magnitude of b(φ) (either
through careful choice of φini or by keeping β small) in order for the new
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parameters to be appropriately treated as slow roll parameters and for the
approximation to work.
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4

Stabilising the Planck mass after
inflation

Having touched upon non-minimal couplings to gravity in the introduction,
we will now look at how such couplings can be used to vary the effective
Planck mass during inflation before allowing it to settle to the current value
after the universe reheats. Current tests of General Relativity have placed
tight constraints on variations in the Planck mass (or, alternatively, the gravitational constant) in the recent history of the universe by measuring it on
different scales, using different methods [149], with the current value of G
measured to be 6.67384(50) × 10−11 m3 kg −1 s−2 [150]. It remains to be seen
whether or not it evolved in time in the early universe though — something
which could leave signatures in the curvature perturbation power spectrum
produced by inflation. We allow the Planck mass to vary by allowing a secondary field — very similar, or in some cases identical, to the curvaton [151]
— to be non-minimally coupled to gravity which then varies throughout inflation, before leading to a secondary decay phase (after the inflaton) in which
the universe finally totally reheats and the power spectrum becomes frozen
in. It is known that rapid oscillations of the fields during the radiation dominated phase can cause changes in the subsequent expansion history of the
universe [152, 153] and it is believed that through the coupling and additional
terms in the non-adiabatic pressure perturbation, it should be possible to see
significant changes during the oscillatory reheating phase of the secondary
field to the primordial power spectrum — a result that could be used to open
up or further constrain various models of inflation [154] and something we
shall investigate here. For clarity as to how the Planck mass is varied by a
non-minimal coupling, one only needs to consider the definition of the Planck
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mass, MP =

p
(h̄c/G) to see that a varying effective gravitational constant

can result in a varying effective Planck Mass.

4.1

Non-minimally coupled curvaton

The theory we are considering here is specified by the action,


Z
√
1
1 µν
4
S = d x −g f (σ)R − g (∂µ φ∂ν φ + ∂µ σ∂ν σ) − V (φ, σ) + Lint (4.1)
2
2
where gµν is the metric tensor, V (φ, σ) the potential of the two scalar fields
— the inflaton, φ, and the curvaton, σ, which we assume are not directly
interacting — and Lint is the interaction Lagrangian used to describe the
perturbative decay [35] of both of the fields into radiation — involving only
a minimal coupling to gravity. By working in the Jordan frame, the decay
rates can be calculated in the standard way and are denoted by Γφ and Γσ for
the two fields respectively. By comparing the form of this action to a more
standard case, for example, Eq. (3.1), we can see that the effective Planck
Mass is now defined as
MP =

p

f (σ),

(4.2)

where, in general, we normalise the final value to be equal to 1 in subsequent
work. Whilst we could in principle admit any form of f (σ) we instead take
a quadratic approximation,
f (σ) = 1 +

α
(σ − σmin )2 ,
2

(4.3)

which dominates the dynamics — especially using the small values we find
necessary later. The masses of the fields are given by mφ and mσ so that the
potential under consideration takes the form
1
1
V (φ, σ) = m2φ φ2 + m2σ σ 2 .
2
2
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(4.4)

The metric takes the usual form,
ds2 = −(1 + 2Φ)dt2 + a2 (t) (1 − 2Ψ) δij dxi dxj ,

(4.5)

but unlike in the standard case, with the inclusion of the non-minimal coupling, in the Jordan frame, Φ and Ψ are no longer equal even in the absence
of anisotropic stress and the constraint now becomes [86],
Φ=Ψ−

δf
.
f

(4.6)

This is calculated from the off diagonal terms of the stress-energy tensor,
Tji , i 6= j giving,
1
∂i ∂j (Φ − Ψ) = − ∂i ∂j δf.
f

(4.7)

The metric perturbation, Ψ, satisfies the following evolution equation
Ψ̈ = −3H Ψ̇ − H Φ̇ − H 2 (3 − 2)Φ
"
1
˙ + σ̇ δσ
˙ − (φ̇2 + σ̇ 2 )Φ − Vφ δφ − Vσ δσ + δργ − 2f¨Φ − f˙(Ψ̇ + 2HΦ)
φ̇δφ
+
2f
3
!
#
2
δf φ̇2 σ̇ 2
k
¨ + 2H δf
˙ + δf ,
−
+
− V + f¨ + 2H f˙ + δf
(4.8)
f
2
2
a2
whilst we can also make use of
"
k2
1
˙ + σ̇ δσ
˙ − (φ̇2 + σ̇ 2 )Φ + Vφ δφ + Vσ δσ + δργ
3H(Ψ̇ + HΦ) + 2 Ψ = −
φ̇δφ
a
2f



 k2 
˙ + Hδf − δf
+ 3f˙ Ψ̇ + 2HΦ − 3H δf
a2
h
i
1
˙ − Hδf ,
Ψ̇ + HΦ = −
φ̇δφ + σ̇δσ + δf
(4.9)
2f
although these additional equations are superfluous to the calculations. At
this point, we are working again on Fourier modes although the subscript, k,
has been dropped. We can now vary the action to find the modified equations
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of motion for the system, with the inclusion of the phenomenological decay
terms, as
φ̈ = −Vφ − 3H φ̇ − Γφ φ̇ ,
fσ R
σ̈ = −Vσ − 3H σ̇ +
− Γσ σ̇ ,
2

(4.10)
(4.11)

at background level for the fields, along with the energy conservation equation
for the radiation fluid
ρ˙γ = −4Hργ + Γφ φ̇2 + Γσ σ̇ 2 ,
and the Friedmann equation
"
#
2
2
1
σ̇
fσ σ̇H
φ̇
H2 =
+
+ V + ργ −
.
3f 2
2
f

(4.12)

(4.13)

We also have that
1
Ḣ = −
2



4ργ
2
2
¨
˙
φ̇ + σ̇ + 2f − 2H f +
.
3

(4.14)

In this section an overdot continues to signify a derivative with respect to cosmic time whilst subscripts signify a derivative with respect to the respective
field. The slow roll parameter, , also continues to be defined by [155],
≡−

Ḣ
,
H2

(4.15)

but we see from the above Friedmann equations that there is now an implicit
dependence on f (σ) within it. The Ricci scalar can be succinctly written
using this as
R = 6H 2 (2 − ),

(4.16)

along with its perturbation being given by
k2
δR = −6Ψ̈ − 6H(Φ̇ + 4Ψ̇) − 2RΦ + 2 2 (Φ − 2Ψ) .
a
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(4.17)

Considering now the linear perturbations, we obtain a Klein-Gordon
equation for each field [86]
 2

k
¨ = −(3H + Γφ )δφ
˙ −
δφ
+ Vφφ δφ − Vφσ δσ + φ̇(Φ̇ + 3Ψ̇) − (2Vφ + Γφ φ̇)Φ ,
a2
(4.18)
¨ = −(3H + Γσ )δσ
˙ −
δσ



2

k
fσσ R
+ Vσσ −
2
a
2


δσ − Vσφ δφ + σ̇(Φ̇ + 3Ψ̇)

− (2Vσ + Γσ σ̇)Φ +

fσ
(2RΦ + δR) ,
2
(4.19)

along with a first order conservation equation for the radiation fluid
2

2

2

k
˙ φ̇ Φ)+2Γσ (σ̇ δσ+
˙ σ̇ Φ) .
δρ˙ γ = −4Hδργ +4Hργ Φ̇−2 2 (Ψ̇+HΦ)+2Γφ (φ̇δφ+
a
2
2
(4.20)
It may not be immediately obvious as to how the terms including the decay
rates in the last equation take the given form, so as a short aside we shall
take a look at the derivation. Beginning with
∇µ Tνµ = 0 = ∂µ Tνµ + Γµµα Tνα − Γαµν Tαµ ,

(4.21)

in the standard case (without source terms), noting that ΓA
BC used here refers
to the Christoffel symbols rather than the decay rates denoted by ΓA . For
ν = 0 we have
∂0 T00 + ∂i T0i + Γµµ0 T00 + Γ000 T00 − Γij0 Tji = 0,

(4.22)

which in conformal time, keeping only terms first order in the perturbations,
leaves us with
(ρ̄ + δρ)0 + ∇2 q + (4H + Φ0 − 3Ψ0 )(ρ̄ + δρ) − (H + Φ0 )(ρ̄ + δρ)
+(H − Ψ0 )δji (p̄ + δpδji ) = 0,
ρ0 + δρ0 + ∇2 δq + 3Hρ̄ + 3Hδρ + 3Hp + 3Hδp − 3Ψ0 ρ̄ − 3Ψ0 p̄ = 0. (4.23)
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where barred quantities represent the unperturbed background values and
H = a0 /a. Then by using the fact that the momentum perturbation can be
defined as
Ψ̇ + HΦ = −

δq
,
2

(4.24)

and rewriting in cosmic time we find the the conserved parts of Eq. (4.20).
By turning our attention now a multi-component system and including a
transfer function Q(α)ν for the transfer of energy between the components,
α, we can write the conservation equation for each fluid as [156],
µ
∇µ T(α)ν
= Q(α)ν ,

(4.25)

in which total energy conservation of the system requires that
X

Q(α)ν = 0.

(4.26)

(α)

The aim here then is to follow how Q(α)ν carries through into the linear
perturbation equations. It can be decomposed into its scalar and vector
components as
Q(α)ν = Qα uν + f(α)ν ,

(4.27)

where uν is the fluid four velocity defined by uν = a1 (1, 0), which must satisfy
the constraint uν uν = −1 and we require f(α)ν to be orthogonal to uν , such
that uν f(α)ν = 0. The quantities Qα uν and f(α)ν represent the energy and
momentum transfers to the α component respectively [95]. Both ui and f(α)i
are first order in the perturbations so can straight away be neglected here,
leaving the requirement
u0 f(α)0 = 0
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(4.28)

and hence f(α)0 = 0. We are now left with, Q(α)ν = Qα uν so simply need
to evaluate uν . Given that uν uν = −1 and therefore gµν uµ uν = 1, we can
perturb this to find,
δgµν ūµ ūν + 2ūµ δuµ = 0

(4.29)

1
− 2aδu0 ,
a2

(4.30)

−2a2 Φ ×

at first order in the longitudinal gauge (where we can ignore all off-diagonal
metric components). This gives,
Φ
δu0 = − .
a

(4.31)

The total u0 to first order in perturbations is then,
1
g00 u0 = −a2 (1 + 2Φ) (1 − Φ) ' −a(1 + Φ)
a

(4.32)

The components of Q(α) itself are simply expanded to first order as
Q(α) = Q̄(α) + δQ(α) ,

(4.33)

Q(α)ν = Q̄(α) + δQ(α) + Q̄(α) Φ,

(4.34)

so in total we are left with

of which we can make use of the first order terms and input them into Eq.
(4.20). The final steps in doing this are to recognise that we have Q̄(α) =
Γφ φ̇2 + Γσ σ̇ 2 and so the two perturbed terms become 2Γφ φ̇δφ + 2Γσ σ̇δσ +
(Γφ φ̇2 + Γσ σ̇ 2 )Φ. Defining ζ in the usual way (Eq. (2.59)) and taking its
derivative, as defined in Eq. (2.60) but now ignoring the last term which is
proportional to k 2 /a2 and is negligible on the scales we require, we are left
with
ζ̇ = −

H
δpnad ,
(ρ + p)
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(4.35)

where ρ and p are the energy density and pressure for the entire matter
content of the universe respectively along with the non-adiabatic pressure
perturbation defined by
ṗ
δpnad ≡ δp − δρ .
(4.36)
ρ̇
It was shown earlier (Eq. (2.60)) and can be seen again here that for a
standard, single-field inflationary scenario the curvature perturbation, ζ is
conserved on large scales. This continues to hold true for both canonical and
non-canonical models, is independent of the theory of gravity [119, 157, 158]
and can be demonstrated by the following simple example. Taking a single
field, minimally coupled case with
φ̇2
− V,
2
˙ − Vφ δφ,
δp = φ̇δφ

φ̇2
+ V,
2
˙ + Vφ δφ,
δρ = φ̇δφ

p=

ρ=

(4.37)

then by taking the derivative and using the background equation of motion
(φ̈ = −3H φ̇ − Vφ ) we can show that
ṗ
2Vφ
=1+
,
ρ̇
3H φ̇
in which case the non-adiabatic pressure perturbation becomes


2Vφ
˙
δpnad = φ̇δφ − Vφ δφ − 1 +
δρ
3H φ̇


˙ − Vφ δφ − φ̇δφ
˙ + Vφ δφ − 2Vφ δρ
= φ̇δφ
3H φ̇


2Vφ
2Vφ
δρ = −
δρ + 3H φ̇δφ
= −2Vφ δφ −
3H φ̇
3H φ̇
2Vφ
=−
δρm
3H φ̇

(4.38)

(4.39)

where δρm was defined below Eq. (2.56). Now from writing Eq. (4.9) in
terms of δρ and using Eq. (4.24) we can get to
k2
ρm
Ψ=− ,
2
a
2
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(4.40)

and it becomes immediately obvious that this means that
δpnad ∝

k2
,
a2

(4.41)

and so it too becomes negligible on super-horizon scales.
The conservation of the curvature perturbation means that the precise
mechanism by which inflation ends is unimportant in such cases as the measurable quantity remains frozen in until crossing back inside the Hubble radius later on — at the epoch of last scattering when the CMB was formed.
But going beyond these simpler models there are numerous ways in which the
curvature perturbation can be affected through the non-adiabatic pressure
perturbation — in which case a deeper understanding of the end of inflation and reheating becomes important. This can happen both for multi-field
models involving solely minimally coupled scalar fields [35, 57, 159, 160, 161,
162, 163], or through non-minimal couplings which provide a completely new
source of perturbations to change/enhance the curvature perturbation. We
can see this by looking at the form of H 2 in Eq. (4.13) and reminding ourselves that the alternative description of the Hubble parameter is by defining
it in terms of the energy density via,
ρ
H2 = ,
3

(4.42)

in which case we see that it is possible to contain the non-minimal coupling,
f -terms, within the energy density itself. Rewriting the energy density as
"
#
1 φ̇2 σ̇ 2
+
+ V (φ, σ) + ργ − 3H f˙ ,
(4.43)
ρ=
f 2
2
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along with similar expressions for p, δρ, δp and δq respectively,
"
#
2
2
1 φ̇
σ̇
ργ
p=
+
− V (φ, σ) +
+ f¨ + 4H f˙ ,
f 2
2
3
"
1
˙ + σ̇ δσ
˙ − (φ̇2 + σ̇ 2 )Φ + Vφ δφ + Vσ δσ + δργ
δρ =
φ̇δφ
f

2
k
+3f˙(Ψ̇ + 2HΦ) − 3H(δ f˙ + Hδf ) − 2 δf ,
a

1
˙ + σ̇ δσ
˙ − (φ̇2 + σ̇ 2 )Φ − Vφ δφ − Vσ δσ + δργ
φ̇δφ
δp =
f
3

2
k
−pδf + δ f¨ + 2Hδ f˙ + 2 δf ,
a
h
i
1
˙ + σ̇ δσ
˙ + δ f˙ − Hδf − f˙Φ
φ̇δφ
(4.44)
δq =
f
and inputting it all into Eq. (4.36) we are now left with an explicit dependence on f˙ and f — the full derivation of which can be found in [86] but is
repeated below for completeness,
"




1 2(Vφ φ̇ + Vσ σ̇)
δq
δq
δpnad = −
δρm + 2Vφ δφ +
φ̇ + 2Vσ δσ +
σ̇
f
3H(ρ + p)
(ρ + p)
(ρ + p)
k2
+ 2f¨Φ + f˙Φ̇ + 5f˙(Ψ̇ + 2HΦ) − (ρ − p)δf + δ f¨ + 5Hδ f˙ + 2 2 δf
a
#




˙
...
f
4p
1
−
1+
−
f + 5H f¨ .
(4.45)
2H
3(ρ + p)
6H Ḣ
In models such as these it is possible to produce large changes in the curvature perturbation on super-horizon scales arising from the coupling of the
scalar fields not only during inflation itself, but also during the subsequent
reheating phase. In the model presented here, as in the standard curvaton
scenario, the secondary scalar field picks up entropy perturbations which are
deposited into the curvature perturbation at late times when the curvaton
comes to take up a greater proportion of the energy density of the universe
— but we expect to find an additional sourcing due to the presence of the
108

Table 1: A table clarifying our notation for the subscripts denoting various
stages in the evolution of σ.
σini

The initial value of σ

σend

The value σ reaches at the end of inflation

σmin

The minimum in the expansion of f (σ)

coupling. This becomes particularly relevant during the reheating phase (including both the oscillatory phase whilst H > Γσ and subsequent decay
when H ≤ Γσ ) when the slow-roll behaviour of the curvaton emphatically
ends as the field oscillates about the minimum of its potential — meaning
that f˙ can become large through f˙ = fσ σ̇. In studying the various phases
of the curvaton evolution it is necessary to have a few useful definitions in
terms of characteristic values at specific points, which are given in Table 1, in
which we differ from the standard curvaton scenario in that σini is no longer
necessarily equal to σend and is henceforth no longer specified by the single
parameter, σ∗ . In some cases we shall find that the curvaton field in fact
evolves throughout inflation due to the effective minimum, resulting from
f (σ) being different to its initial field value. It is often the case that when
studying the standard case of a subdominant field, like the curvaton, that
the calculations can begin in a post-inflationary epoch with total radiation
domination and many of the numerical aspects simplify considerably, but
due to the potential evolution of the curvaton in the non-minimal case the
inflationary phase cannot be ignored.
The system of equations will be solved throughout inflation, driven by φ,
through the first stage of reheating caused by the decay of the inflaton, and
then through the subsequent oscillations and decay of the curvaton — until
it too no longer contributes to the overall energy density of the universe and
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the curvature perturbation is finally frozen in. Studying the full evolution
like this requires a much greater range of scales, both physical and temporal,
to be tracked to sufficient accuracy that it results not only in complications
in writing the code, but also in very time consuming numerical integration
— the details of which will be looked at in Section 4.2. One key limitation
on the non-mimimal coupling should also be noted from the possibility that
σ can evolve during inflation, in that it requires the coupling to remain
sufficiently small so as not to allow the σ contribution to become significant
on inflationary scales — in which case the description of it as a curvaton or
even ‘curvaton-like’ field would be stretched and we’d very much be working
in a generic multi-field model.
To quantify this evolution of the curvaton during inflation, arising due to
the effective mass change caused by the explicit coupling to the Ricci scalar,
we can describe the evolution by considering Eq. (4.11) written instead in
terms of the e-fold number, N , and assuming slow-roll,
(3 − )σ 0 ≈ −

Vσ
+ 3α(σ − σmin )(2 − ).
H2

(4.46)

If we then make the simplifying assumption that the mass of the curvaton is
small enough for the Vσ /H 2 term (∝ m2σ /m2φ ) to be neglected, which is true
via the definition of the curvaton, this leaves
σ 0 = 3α

2−
(σ − σmin ),
3−

(4.47)

which can be integrated to give
2−

σ ∝ e3α 3− N .

(4.48)

Going further still, it is reasonable in many cases to assume that  is small
throughout the relevant period of inflation and so in the limit that  → 0 we
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are left with
σ ∝ e2αN ,

(4.49)

which is precisely what is observed in the numerics, a few examples of which
can be seen in Figure 18.

4.2

Numerics

Similarly to Section 3.4 we reformulate our second order differential equations
as first order equations written in terms of efold number, N , as follows,
y00 = y1 ,
y10 = (3 − )y1 −

Γφ y1
Vφ
−
,
2
H
H

y20 = y3 ,
y30 = (3 − )y3 −

Vσ
fσ R Γσ y3
+
−
,
2
H
2H 2
H

y40 = −4y4 + Γφ Hy12 + Γσ Hy32 ,
y50 = 0,

(4.50)

at background level (Equations (4.10) and (4.11))— where y5 was reserved
for possible matter decays to be included too and where the decays are only
‘switched on’ at the relevant times in the evolution. Here, we otherwise have
y0 = φ, y1 = φ0 , y2 = σ, y3 = σ 0 and y4 = ργ . Along with the background
equations we also require the perturbations — both of the fields and their
gravitational counterparts — and the now somewhat complicated expressions
for Ψ00 coming from Eq. (4.8), δσ 00 and δf 00 — which all depend on one
another. Continuing in terms of N , this can be achieved first by breaking
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the expression for δf 00 down into two parts in the following way,
δf 00 = (fσ δσ)00 = fσσσ σ 02 δσ + 2fσσ σ 0 δσ 0 + fσσ σ 00 δσ + fσ δσ 00
00
+ fσ δσ 00 ,
= δfpart1

(4.51)

00
denotes every other term within the expansion excluding the
where δfpart1

one explicitly written. We can do the same then with the expansion of Ψ00
to give
δf 00
2f
fσ δσ 00
= Ψ00part2 +
,
2f

Ψ00 = Ψ00part1 +

(4.52)

00
in the
in which Ψ00part2 has been updated to absorb the new terms from δfpart1

last step too. Finally, we see in Eq. (4.19) that we can expand δR to reveal
the dependence on Ψ00 . Inputting the above expression for this into the δσ 00
equation finally gives us an equation we can evaluate numerically, which no
longer revolves around so many interdependencies. Such that we now have
00
δσ 00 = δσpart1
− 3Ψ00 fσ
00
= δσpart2
− 3Ψ00part2 fσ −

3fσ2 δσ 00
,
2f

(4.53)

which can be rearranged to give
δσ 00 =

00
δσpart2
− 3Ψ00part2 fσ

1+

3fσ2
2f

,

(4.54)

00
in which the terms contained within δσpart2
and Ψ00part2 can be readily found

from their respective full expressions, after tracing the previous work back.
So for the perturbation equations we are left with the following, all repeated
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four times as described in the earlier numerics section,
y60 = y7
"


0
0
δf
δf
f
1
δf
y70 = ( − 4)y7 +
− 2 + (2 − 3) y6 −
+
y1 y9 + y3 y11
f
f
f
2f




δf
Vφ y8 Vσ y10
δf
2
2
− (y1 + y3 ) y6 −
−
(f 00 − f )0
−
− 2 y6 −
f
H2
H2
f




δf
δf
y4
V
y12 + y32
0
0
00
0
− f y7 + 2y6 − 2
−
− 2 − f − f + 2f
+
f
f 3H 2
2
H

Vσ
− ( − 2)δf 0 + fσσσ y32 y10 + fσσ y3 y11 + fσσ y10 ( − 3)y3 − 2
H
#

fσ δσ 00
Γσ y3
k 2 δf
y12
fσ
+
−
+
f
y
y
+
+
+
σσ 3 11
2H 2
H
a2 H 2 3H 2
2f
y80 = y9

 2




k
δf
δf f 0
Γφ
y8
0
y9 =  − 3 −
y9 −
+ Vφφ
+ 4y7 −
+ 2 y1
H
a2
H2
f
f


2
δf
− 2 y6 −
(Vφ + HΓφ ) − Vφσ
H
f
0
y10
= y11

"


 2

Γφ
k
fσσ R
y10
−3−
y11 −
−
+ Vσσ
=
2
3fσ2
H
a
2
H2
1 + 2f




δf f 0
δf
2
δf
Vφσ y8
+ 4y7 −
+ 2 y3 − 2 y6 −
(Vσ + HΓσ ) −
f
f
H
f
H2





 #
k2
δf
δf 0 δf f 0
− 12y7 − 2 2 y6 +
+ 2
+ 3 y7 −
− 3y7 + 3Ψ00part2 fσ
aH
f
f
f




k2
δf
δf 0 δf f 0
0
+ 2
− 2 2 y7 + y6 −
y12 = −4y12 + 4y4 y7 −
f
f
a
f






δf
2
y12 y6 − δf
y
y
−
6
3
f
f
 + 2HΓσ y3 y11 +

+ 2HΓφ y1 y9 +
2
2

0
y11

1

0
y13
=0

(4.55)
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where the subscripts 7 and 8 relate to the Ψ00 equation, 8–11 to δφ00 and δσ 00
respectively and 12 and 13 to the energy densities of radiation and matter
(the latter of which we ignore and therefore set to zero).
We set the initial conditions for each mode, k, such that k∗ = 50aini Hini
by first running through the background up to the end of inflation (when
 = 1), using this to ascertain the appropriate field value for the inflaton,
φini . The initial conditions of the perturbations are then set to the BunchDavies vacuum (for one field, whilst the other field takes an initial value of
zero — see Section 3.4 for details — and vice versa) at this point and the
full code is run. The time parameter, N , is set to be equal to zero at horizon
exit and our results are plotted against this. When working in these units
the scale of aini becomes arbitrary as results can be scaled afterwards. We
choose aini = 1.0
The code is split into four sections, each solved successively with the end
values to each one used as the initial conditions in the next, with tolerance
parameters altered accordingly as the scales decrease throughout the sections:
1. Inflation: This covers the period from N = 0 through to when the
inflaton crosses the minimum of the potential and begins to oscillate,
at which point we move on to the next stage by switching on the decay. This causes no inconsistencies as the decay rate is typically much
smaller than the dominant friction term, 3H φ̇, at this point.
2. Inflaton decay: Covering the period through the first part of reheating, but before the secondary field has begun to decay, we now set
Γφ 6= 0. This continues until the curvaton, σ, has also dropped from its
value at the end of inflation (which occurs when H ≈ mσ ) and oscillates
about its minimum.
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3. Overlap decay: The inflaton can still contribute a significant amount
to the overall energy density of the universe during this phase but
the curvaton too has started to decay. This phase can last for varying
amounts of time and is simply ended at the point at which the numerics
begin to struggle with the small field values of φ. Once it has been
checked that φ has come to contribute negligibly this phase can be cut
short and we move onto the final section.
4. Secondary field decay: Finally, we switch off the evolution of the φ
field altogether as it is so difficult and time consuming to follow the
vastly different scales involved in both this and much smaller curvaton
field, σ. This phase then continues until the power spectra settles on a
specific value and all of the energy density of the universe is held within
the radiation.
We take the decay parameters to be Γφ = 10−8 MPL and Γσ = 10−14 MPL , and
the masses of the scalar fields to be mφ = 10−7 MPL and mσ = 10−10 MPL ,
choosing these values to be close to those in Ref. [35], and compatible with
the limits in Eq. (11) of Ref. [71].
Whilst the first two sections take very little time to integrate due to the
large scales involved and smooth behaviour of the fields over this period, the
latter sections can be somewhat more computationally intensive and take
considerably more time to track the evolution through to the complete decay
of the curvaton field. These latter sections are crucial to attain the required
accuracy considering we expect the majority of sourcing of the curvature
perturbation to take place here — so the sudden decay approximation [106]
commonly used when studying the curvaton is no longer of any use. In order
to minimise the time taken to complete the integration, we therefore choose
parameters which are at the larger limits of accepted values in most cases
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(ie. decay constants as large as they realistically can be, in order to allow
the decay to commence earlier) and so on occasions certain phases of standard curvaton evolution may be curtailed. An example of this may be a
short-lived pre-decay oscillatory phase. This is the stage where in the standard scenario the curvaton comes to dominate the universe as it behaves like
matter through the coherent oscillations about the minimum of the potential — whilst the background radiation diminishes much more quickly as the
universe expands. In the following work it is not always necessary for the
curvaton to dominate the energy density of the universe, it is only necessary
that when taking into account the ratio at time of decay, rdec — defined by
Eq. (2.67), we have a standard example to compare to. It is for this reason
that we have some flexibility over the ‘largeness’ of the chosen parameters.
One interesting result of this that is worth being mindful of in the numerical procedure is that, when studying the background dynamics when the
rdec < 1 we see that the assumption that rdec is maximised for a given set
of parameters right before it decays at H = Γσ is not always true. In some
instances we find rdec is maximised a little earlier on, when H ∼ (3 − 5)Γσ ,
and so it is important to take this into account when reading off rdec from the
numerics for use in some of the analytical work regarding the spectral index
and tensor-scalar ratio. In the next section, when we look at the results,
we shall again see precisely why it is necessary to track these end stages in
full as we see that the oscillations in the non-adiabatic pressure perturbation
contribute significantly to the final power spectrum.
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4.3
4.3.1

Results
The case: σmin = σini

We begin by considering the case in which the initial value of σ is set equal
to that of the minimum of the coupling function, σini = σmin = 0.1, in
order to keep the initial evolution as simple as possible by excluding any
deviation from the standard curvaton scenario during inflation — shown in
Figure 14. In other words, the curvaton remains frozen at its initial value
until after inflation has ended. The curvaton parameters in this case result
in rdec ' 0.18 (Figure 14) and so we can now investigate the effect of the
coupling on a curvaton scenario in which the decay ratio remains the same
with the coupling switched on — we take the value α = −0.005 here, where
α was defined in Eq. (4.3).
In Figure 15 we plot the final 12 efolds of the simulation, which contains
all of the interesting dynamics, as the inflaton decays, radiation dominates
and then the curvaton briefly becomes significant between N ∼ 66 to N ∼
71 (demonstrated in the upper plot of Figure 14) — looking at both the
dimensionless power spectrum, Pζ , on the left and the non-adiabatic pressure,
δpnad , on the right. In this and subsequent plots we take k = 0.05 Mpc−1
to fit with the pivot scale of the Planck results. The influence of the nonadiabatic pressure on the final power spectrum is immediately obvious here
as it survives for about an efold longer when α = −0.005 than it does when
α = 0 and has some significant oscillations which increase its maximum
amplitude during curvaton decay by around two orders of magnitude —
resulting in a boost in the amplitude of the power spectrum of roughly six
orders of magnitude. This dramatic change is solely due to the coupling as
the decay ratio only changes on the order of 0.1%.
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Figure 14: Top: The evolution of the relative energy density in each species,
Ωi for both the α = 0 and α = −0.005 cases, which overlap throughout.
Bottom left: The background evolution of σ for both α values and for σmin =
σini = 0.1. Bottom right: The evolution of the effective Planck mass for
p
α = −0.005 when σmin = σini = 0.1 — where MP is defined as f (σ) and
normalised to 1 at its final value.

Figure 15: The power spectrum of the curvature perturbation (left) for both
α = 0 and α = −0.005 cases and the associated δPnad (right).
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Continuing with the same initial parameters but varying α we see some
interesting results, shown in Figure 16. Not only does increasing α increase
the boost in the amplitude of the power spectrum, but it appears to be independent of sign. This result may look surprising, but with further thought
is perhaps less so considering that the boost in amplitude occurs throughout the oscillatory phase of the curvaton’s evolution. It is already clear that
the velocity and acceleration of the field (σ 0 and σ 00 ) will be changing sign
frequently throughout this period and so when we remember that the terms
dependent on f (σ) which contribute to δpnad are largely time derivatives of
f (σ) themselves (see Eq. 4.45), and noting that
f 0 = fσ σ 0 ,
f 00 = fσσ σ 02 + fσ σ 00 ,

(4.56)

then it becomes easy to see why this lack of sign dependence would be the
case. As a result of this effect, we shall henceforth only look at the effect
of |α| when σmin = σini . If σmin 6= σini , which shall be considered in the
next section, this may no longer be true as the sign of α plays a role in
determining the final field value, σend , which will in turn affect rdec and the
final power spectrum. One aspect of Figure 16 that is worth noting is the
slight amplitude decrease either side of α = 0 — after checking that this
is not an artefact of the numerics by looking carefully into this region —
in which we see that the evolution remains smooth and predictable for very
small changes of α around this point — we have yet to find an adequate
physical explanation for it. The difficulty in doing so can be appreciated
when looking at the complexity of the equations involved with few, if any,
valid approximations that could be useful throughout the reheating phase —
making it difficult to address this question analytically.
Finally, it is constructive to compare how the outcome is affected for
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Figure 16: The amplitude of the power spectrum as a function of α normalised to the α = 0 power spectrum: Pζ (α)/Pζ (0).
various |α| values when also varying σend , specifically we shall choose σini =
σmin = σend = 0.1, 0.2, 0.3 which results in rdec values of 0.17, 0.45 and 0.62
respectively. It would be expected that greater values of σend would result in
greater boosts to the amplitude of the power spectrum through the standard
curvaton mechanism, but understanding if this is changed for different coupling strengths will help direct our focus in later work in terms of knowing
which parameters play a greater role in increasing the amplitude. The amplitude at the end of inflation is measured to be Pζ = 3.01 × 10−13 and this
value is found to be boosted by factors of 2.51, 11.13 and 13.85 respectively
by the end of curvaton decay, for the three final field values listed and when
α = 0. This is apparent on closer inspection of the α = 0 points of Figure
17 but is somewhat insignificant in comparison to the subsequent amplitude
increases caused by α 6= 0.
It is apparent that as |α| increases the amplitude increases diverge for
each σend value rather than remain a constant proportional boost. This
is explained by the fact that for each value of σend we also have an equal
value of σmin so the f (σ) terms contributing to the non-adiabatic pressure
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Figure 17: Amplitude of the power spectrum Pζ as a function of α for three
different values of σend = 0.1, 0.2, 0.3
are increased in this plot both by increasing α but also by the increasing
σmin as σ eventually settles about its true minimum at σ = 0 (such that
for larger σend , |σmin − σ| is also increased as σ → 0). The next examples,
where we allow σmin 6= σini , will be useful then in exploring how exactly α
and σmin affect the final amplitude of the power spectrum if we choose values
appropriately to give comparable values of σend .
4.3.2

The case: σmin 6= σini

In the more general case the possibilities vastly increase, but can be split into
two well defined regimes given by α > 0 and α < 0, a choice which should not
affect the relative growth of the curvature perturbation in the final stages (as
seen in the previous section, Figure 16) but will give different paths through
field space of the now evolving curvaton. The curvaton remains subdominant
so contributes negligibly to inflation itself in such cases, but it does provide
the added flexibility to investigate which terms in the coupling dominate the
growth of the curvature perturbation — if any. We now have the power to
vary σend and hence rdec independently of σini . By choosing α < 0, σ can be
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pulled towards its local minimum prior to decay whilst α > 0 has the opposite
effect — pushing it away. This second case soon becomes problematic for
values of α ≥ 0.05 due to the exponential increase in the field value shown in
Eq. (4.49) — leading to possible curvaton domination during inflation and,
beyond that, problems in the numerics in as σ → ∞. Due to the symmetry
in α this need not be too concerning as we can investigate the effects of α
itself still using negative values alone, the primary benefit of positive α values
comes in being able to alter the trajectory of σ in a few controllable cases to
demonstrate that the results continue to be independent of sign, which can
be done by choosing varying values for σini and then matching them up with
α values that give comparable values of σend to the negative case.
In the final paragraph of the previous section, it was hinted at that the
value of σmin seems to dominate the boost in the curvature perturbation
over the value of σend and we can now confirm this — being most simply
demonstrated in Figure 18. This plot shows results from two cases, both with
σmin = 0.1 but now with differering initial values, given by σini = 0.1 and 0.3
respectively. α is allowed to run over the values used in the σini = σmin case
looked at previously which now gives various values of σend in the σini = 0.3
case as 0 > α > −0.03 results in 0.3 > σend > 0.1, while α < −0.03 gives
σend = 0.1 (as can be seen in the right hand side of Figure 18), whilst for the
σini = 0.1 case there remains no evolution. The left hand side of Figure 18
shows that for larger values of α the final amplitudes of the power spectra
converge but for smaller values there remains a significant difference. This
can be explained by the role that σend plays in that these values of α have not
been given enough time for the fields to evolve to the same final σ value —
but it can be seen that the difference between each amplitude is subdominant
in comparison to the much larger increases visible as α increases. This will
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Figure 18: Left: The power spectra for varying α with σini = 0.3 and σmin =
0.1 (red) in comparison to the case of σini = σmin = 0.1 (blue). Right: The
background trajectories for σ for each of these cases.
again be demonstrated in the next section, albeit briefly.
4.3.3

The case: σmin = 0

Finally, this case has two important consequences which help to determine
how certain coupling terms affect the final amplitudes. Firstly, it is possible
to demonstrate that the evolution of σ throughout inflation plays a negligible
role, as asserted earlier, other than the inevitable variation of σend that it
leads to. By setting it up with σini = 0.05 and σmin = 0 but with varying
values of α, given by α = {0.0056, 0.011, 0.0145}, it is possible to force the
curvaton away to final values of σend = {0.1, 0.2, 0.3} respectively. From these
final values we find that the amplitude of the power spectrum is increased by
factors of 1.03, 1.29 and 1.51 — which represent insignificant increases over
the standard curvaton case (given in Section 4.3.1) for such values of σend .
For each value, the additional increase is only 1 − 3% which is tiny when
considering the many approximations inherent in the curvaton scenario, let
alone in comparison to the increases found earlier for σmin 6= 0. The other
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important aspect of this test is that it demonstrates categorically that σmin
plays the dominant role in the growth of the amplitude of the power spectrum,
as we continue to vary both α and σend and yet still get essentially standard
curvaton results since |σ − σmin | is now small during the oscillatory phase.

4.4

Some concluding remarks

In this Chapter, the stabilisation of the Planck mass has been considered
via a secondary field that is non-minimally coupled to gravity and plays a
negligible role during inflation itself. The work has been done in the Jordan
frame in order to treat the decays and reheating in the standard way and
the evolution of the scale invariant power spectrum has been tracked via the
non-adiabatic pressure perturbation — which is also frame independent. The
work was primarily numerical due to the complexity of the equations and the
lack of reasonable approximations in such a case, but this has not retarded
investigations into how exactly the primordial power spectrum is affected by
the late-stabilisation of the Planck mass.
It had previously been shown that such a coupling could induce changes in
the final power spectrum via additional terms in the non-adiabatic pressure
perturbation feeding into the curvature perturbation on super-horizon scales
[86] but the effect had yet to be quantified. Here it has been shown that
the terms proportional to f, f˙ and f¨ can play a significant role in increasing
the amplitude as the coupled curvaton-like field oscillates and decays — with
the quickly varying motion of the field feeding in through the then relatively
large f˙ and f¨ terms in particular. The actual increase in the amplitude is
much larger than might have been expected for relatively small changes in
the Planck mass, varying by many orders of magnitude for variations of the
Planck mass of roughly 0.01 − 1%.
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Due to the insignificance of the secondary field throughout inflation, the
relatively small amount of evolution imparted in some cases by the coupling
and the tiny variation in Planck mass, the spectral index linked to the curvaton field alone remains unchanged from the standard case (which equates to
a value of ns ' 0.98) and so we can proceed to investigate how the observed
spectral index is then found from the non-minimally coupled case. Using the
same parameterisation as in the standard curvaton case, the effect of this amplitude boost can then be linked to the spectral index, ns and tensor-scalar
ratio, rT S by Eq. (2.80) and [107], which is
(φ)

Pζ = Pζ

(σ)

+ Pζ

(φ)

= (1 + R)Pζ ,

(4.57)

where
(σ)

R=

Pζ

(φ)

Pζ

.

(4.58)

This gives
ns − 1 = −2 + 2ησ −

4 − 2ηφ
1+R

and

rT S =

16
,
1+R

(4.59)

using the usual definitions of the slow roll parameters, evaluated at horizon
crossing. It is clear that these two important observational quantities depend
only on the final ratio, R, and not the mechanism by which the curvature
perturbation is sourced — placing constraints on the values some of our
parameters can take according to the latest Planck data [73]. It is relatively
easy to see, taking Figure 15 as an example, that even for values of α =
−0.005 and σmin = 0.1 we find R ∼ 107 (by comparing the final amplitude of
the power spectrum to that seen prior to curvaton decay, at N ∼ 65) in which
case we are very much in the regime of the pure-curvaton limit in terms of
ns and rT S — which is already at odds with observational data. As such, it
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remains to be seen whether fundamental theories of particle physics will give
rise to such a simple model similar to this which can be readily constrained
from the work above.
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5

Conclusions and a future direction

There are currently an abundance of models of inflation available to cosmologists that still remain viable in the face of increasingly precise measurements
of the the cosmos — both from the first moments after the beginning of
time and in the current accelerating epoch. Some such descriptions of the
universe are motivated phenomenologically, some experimentally and others
purely from theoretical considerations such as those that result from higher
energy theories such as string theory, many of which have distinctive predictions in their observational signatures. It is important to understand the
features and problems with each class of model and to accurately predict
their observational signatures in order to eventually rule them out as real
data comes in and knowledge about our universe on the largest of scales increases — with the aim of finally narrowing the vast array of options down
to (perhaps optimistically) a single viable theory of the cosmos.
In this thesis a wide range of such models have been considered, ranging from the theoretical non-canonical couplings and scalar-tensor theories
considered in Chapters 3 and 4 to the phenomenological descriptions of reheating used in Chapter 4 and, soon, in this chapter too. These models
have been studied both analytically and numerically in attempts to find a
balance between understanding the physical interpretations of the various
results found whilst maintaining an accuracy only available via numerical
simulations. In Chapter 3, an approximation of the power spectra was found
for both canonical and non-canonical models of inflation and compared to
the numerics to ascertain the accuracy of such simplifications. The approximation went to second order in the slow-roll parameters, extending the work
done previously to the non-canonical case with the aim of gaining greater
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insight into the importance of such newly defined non-canonical equivalents
to the slow-roll parameters, namely ξ12 and ξ2 . We studied both the curvature
power spectrum, the isocurvature power spectrum and kept a close eye on
the interaction between the two that leads to the growth of the curvature
perturbation. In this work we found an improved analytical approximation,
even in the canonical-case when it came to certain potentials, over previous
work [66] and a vast improvement over the accuracy of the first order approximations used in non-canonical studies prior to this work. Not only this,
but our approximation also takes into account the possibility of higher order
coupling terms — allowing greater accuracy when considering couplings of
n

the form eβφ where n > 1. The great advantage of such improved analytical
approximations is the understanding of which aspects of a model dominate
in their contributions to the final curvature power spectra, and we have been
able to clearly study this by simply removing various terms in the expressions
to see how greatly they affect the final results.
In Chapter 4, we studied how a curvaton-like field would be affected by
non-minimally coupling it to gravity — effectively allowing the gravitational
constant to vary until after inflation has ended. The work was done entirely in
the Jordan frame so as to ensure that the description of various decays could
be kept as simple as possible and we found some surprising results. Whilst
the spectral index and tensor-scalar ratio remain consistent with those of a
standard curvaton scenario we find a significant change in the amplitude of
the power spectrum for such non-minimally coupled models, owing to the
presence of terms proportional to the time dependence of the coupling, f (σ),
in the non-adiabatic pressure perturbation. It has long been known that the
non-adiabatic pressure perturbation can source the curvature perturbation
(in a frame independent manner) but the inclusion of these additional terms
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˙ f (σ)),
¨
(f (σ),
particularly during the oscillatory motion of the curvaton reheating phase, vastly increased the magnitude of the sourcing to the extent
that a variation of the Planck mass of less than 1% can lead to an increase
in the magnitude of the curvature power spectrum of over 103 . We have
also shown that the primary cause of this is not due to the evolution of the
curvaton (and hence, Planck mass) during inflation — which has next to no
effect due to the dominance of the inflaton’s behaviour at this time — but
rather it comes from the values of α and σmin in the coupling itself.
So far, we have considered some of the simpler multi-field models, models
of inflation with a non-canonical coupling — linking the fields themselves
together, and finally, models of inflation with one of the fields coupled to
gravity. It has been repeatedly demonstrated that such couplings and modifications to standard inflationary scenarios regularly throw up new and interesting possibilities along with important changes to the observational signatures of interest today, none more so than example of the late stabilisation
of the Planck mass in Chapter 4 which also demonstrates the importance of
understanding the post inflationary behaviour of the universe as the main
effects of the coupling only come to light during reheating. But why stop
there? There are two natural extensions to this work:
1. Look more carefully at the reheating phase and how it might be affected
by taking preheating into account. When considering the form of δpnad
in Chapter 4 it is difficult to see the amplitude increase being changed
in qualitative terms — as it seems well explained as to where it would
come from in the reheating phase (relating to f˙, f¨ etc.) — but that is
not to say that quantitative changes could not be found. It could well
be interesting to even investigate how preheating affects the decay of
the inflaton, never mind the curvaton decay, and subsequent curvaton
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decay ratios.
2. Further extend the gravitational coupling by including higher order
gravitational terms — such as the Gauss-Bonnet term.
We will focus on the second of these points, for now, before then showing
how the first point becomes even more important in such scenarios as the
dynamics of inflation and the subsequent reheating are dramatically altered.

5.1

A Gauss-Bonnet encore

So what is Gauss-Bonnet inflation and why is it useful? There has been some
interest in Gauss-Bonnet terms which are derived from superstring theory as
one of the simplest correction terms to the lowest order effective action [164]
as they can help in efforts to explain the late time acceleration of the universe
and also manage avoid the initial Big Bang singularity [165]. This term is
defined by,
2
RGB
= Rµνρσ Rµνρσ − 4Rµν Rµν + R2 ,

(5.1)

and enters the action (shown here with a single field, but easily extended to
multiple fields) via the additional term in


Z
√
R 1 µν
1
4
2
− g ∂µ φ∂ν φ − V (φ) − ξ(φ)RGB + Lint ,
S = d x −g
2
2
2

(5.2)

where the coupling to the field, φ is given by ξ(φ).
A significant amount of interest has come about due to the fact that a
Gauss-Bonnet term included with some very general inflationary potentials
can lead to non-oscillatory (NO) behaviour in what would normally be the
reheating phase at the end of inflation — which may give rise to simple models
of quintessential inflation in which the late time acceleration of the universe
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is explained by the same field that causes the inflationary expansion in the
first place [166, 167]. In order to investigate such models further it is first
necessary to understand a few things about inflation itself (and the governing
equations of motion) along with the transition out of an inflationary epoch in
such scenarios — both in the case of standard models where normal reheating
can still occur and in NO models.
5.1.1

The equations of motion

With the inclusion of the Gauss-Bonnet term, the field equations take the
following form [168],
φ̈ + 3H φ̇ + Vφ + 12ξφ H 2 (Ḣ + H 2 ) = 0,

(5.3)

along with the Friedmann equations,
φ̇2
˙ 3 and
+ V (φ) + 12ξH
2


φ̇2
Ḣ = − + 2H 2 ξ¨ + 2H ξ˙ 2Ḣ − H 2 .
2

3H 2 =

(5.4)
(5.5)

It is here that we come across the first problem in numerically evaluating
these equations — the standard method of calculating the Hubble parameter
from the background Klein-Gordon equation no longer works due to additional term including H on the right hand side of Eq. (5.4). As such, it
becomes necessary to integrate Eq. (5.5) alongside the Klein-Gordon equation which makes the numerics potentially somewhat more involved and occasionally problematic, as we shall come to later. In the subsequent sections,
we will follow convention and introduce a new coupling parameter, α, which
is defined in terms of the potential and coupling term together. Given some
functions, for example a simple power law potential and inverse power law
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coupling,
V (φ) = V0 φp

and

ξ(φ) = ξ0 φ−q ,

(5.6)

we can define α as,
α=

5.1.2

4V0 ξ0
.
3

(5.7)

Reheating in Gauss-Bonnet inflation

It has already been mentioned that in some cases, possibly being what makes
these models attractive, the inflaton fails to oscillate at the end of inflation
and as such reheating cannot occur in the usual way. Whether or not this
is the case, interesting questions arise regarding the nature of reheating and
precisely how it might be affected. Should the inflaton oscillate, would we
find modifications to the reheating temperature both in terms of perturbative
reheating and preheating and would the power spectra be affected in a similar
way to the late stabilisation of the gravitational constant in the previous
Chapter? Does the inflaton decay completely or can some remnant remain
and still be responsible for the dark energy observed today — without causing
problems with the intermediate expansion history of the universe?
In NO models, many of the same questions remain about the intermediate
expansion history but a new method entirely is required to reheat the universe
in the first place — and this can be done in a number of ways, which shall
be summarised here. The first option is gravitational reheating described by
[169, 170, 171] in which massless particles are created due to the expansion
of space-time [172]. The major drawback of this reheating mechanism is that
it is relatively inefficient in comparison to the mechanisms discussed next.
Despite the particle production being so inefficient, it can still work as at this
stage in the evolution of the universe the inflaton energy density is dominated
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by the kinetic contribution rather than the potential contribution that had
driven inflation to this point (ρφ ∼ φ̇/2) and as such, scales proportional to
a−6 in comparison to the radiation which scales as a−4 . So despite being subdominant initially it does not take long for the universe to become dominated
by the decay products. Another option is instant preheating [173] — which
also no longer requires a minimum of the potential to be effective and is
much more efficient than gravitational reheating [174]. If it is assumed that
the inflaton interacts with another scalar field, χ, via the interaction term
given in Eq. (1.51) it can be shown that in many situations preheating can
be completed not after numerous oscillations, but in the first instant of the
term becoming important. Much like if a regular, oscillatory scenario was
cut off at the moment the first decay products appear. The key to this
effect is to allow the χ particles to decay quickly into fermions — but not
before their energy density has grown by up to 2 orders of magnitude in
comparison to a standard preheating scenario due to the continued rolling of
the inflaton field [175]. This is an attractive mechanism due to the efficiency
and simplicity of the idea, but may require a certain amount of fine tuning
in order to result in realistic models of the universe. The final option, and
the one most thoroughly considered here, is to return to the curvaton. This
allows us to study the effects of introducing radiation (and matter) in NO
models without the need to further couple the Gauss-Bonnet inflaton field
— with predictable effects due to the widely studied nature of the curvaton
itself both by other authors and earlier in this thesis.
5.1.3

Observational constraints

To begin this short section, we take the following expressions from [176] in
order to later calculate the spectral index and tensor-scalar ratio in slow-roll
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Gauss-Bonnet inflation,
ns = −21 −

21 2 − δ1 δ2
,
21 − δ1

rTS = 8(21 − δ1 ),

(5.8)

where,
1 =

Q Vφ
,
2 V

2 = −Q

Vφφ Vφ Qφ
−
+
Vφ
V
Q


,

4Q
ξφ V,
3

ξφφ Vφ Qφ
+
+
,
δ2 = −Q
ξφ
V
Q
δ1 = −

(5.9)

and
Q≡

Vφ 4V ξφ
+
.
V
3

(5.10)

These will be useful in quickly determining if the inflationary model itself
is favoured or not in comparison to current data, prior to considering whether
the behaviour through reheating constrains the model. The two other (closely
linked) aspects of each model that shall be focused on here is whether or not a
potential and coupling allow for the inflaton to become sub-dominant during
a radiation dominated epoch — choosing to loosely define this as Ωφ < 0.2
at the upper end of realistic constraints [177] — and then whether or not it
can eventually regain its dominance and help explain dark energy. It should
be noted that the precise constraints on Ωφ are still up for debate, see [178]
and [179] for opposing ends of the spectrum.
5.1.4

A few example models

We shall continue to follow [176] in their choice of models, with a couple of
variations, and give some results that demonstrate the main properties we
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have found. We begin with a potential and coupling defined by
V (φ) = V0 φp

and

ξ(φ) = ξ0 φ−q ,

(5.11)

where we initially take p = q = 2 but the results are equally applicable to
p = q = 4. In such a situation, even taking a relatively massive curvaton
(mσ = mφ /100) with an unreasonably large decay rate (Γσ = mσ /10) we find
that it is difficult, if not impossible, to find a situation in which the curvaton
or radiation dominates for any period of time. With α = 0, returning to the
standard case, this results in a curvaton decay ratio of ∼ 0.45 (although it
should be noted that it is hard to compare this to when α 6= 0 due to the
usual oscillations occurring) whereas with α = 10−4 , 10−3 or 10−2 we find
this ratio consistently reducing, with the produced radiation even more subdominant. An example case, indicative of results for every combination thus
far attempted, using α = 10−2 , is given in Figure 19 where we see that Ωγ
maximally and only temporarily reaches 0.01. When looking at the energy
densities themselves, we see that the coupled inflaton field continues to lose
energy until it approaches equality with the curvaton field before leveling
off and continuing to dominate — not what would be expected if this was
behaving as a kinetic-dominated field, losing energy faster than radiation.
Considering, now, an exponential coupling of the form,
ξ(φ) = ξ0 e−qφ ,

(5.12)

along with the same quadratic potential as before and using some parameter
choices that fit well with observations of the spectral index and tensor-scalar
ratio — namely, α = 0.03 and q = 0.2 . We find that for this potential the
field oscillates as normal and completely decays away, although it is difficult
to numerically track the field for long after radiation domination occurs due
to the steep drop off in its energy density causing quite a discrepancy between
135

Figure 19: The evolution of the ratios of the of the components of the universe, Ωφ,σ,γ , is shown on the left — and a scaled version of the actual energy
densities, ρφ,σ,γ to show the qualitative behaviour on the right. Both are
given for the last few efolds of inflation and subsequent evolution.
the energy scales involved — something that could perhaps be worthy of
future work.
A simple modification to this model would be to change the power of the
φ coupling in the exponential, to give
2

ξ(φ) = ξ0 e−qφ ,

(5.13)

and it is here that we find the most interesting results — with the possibility
of finding stable post-inflationary values of Ωφ (and therefore Ωγ ) that fit
well with constraints from big bang nucleosynthesis. This coupling allows
the inflaton to oscillate as normal, so we no longer require a secondary field
and reheating can occur perturbatively from the inflaton itself — although
we find that the field never decays away entirely. In general, we find two
regimes in the post inflationary behaviour — in instances when φ remains
the dominant component of the universe (for now only including radiation
as an alternative) the energy densities both scale as radiation and the final
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Figure 20: The evolution of Ωφ and Ωγ for two choices of α and Γφ , showing
the evolution throughout inflation and in the subsequent expansion. The left
hand plot uses Γφ = 0.001 and α = 0.00001 whilst the right hand plot uses
Γφ = 0.001 and α = 0.000001.
ratios remain frozen in, this is shown on the left of Figure 20. However, if
radiation becomes the dominant component in the universe it would appear
that the scaling changes slightly — with radiation continuing to increase in
dominance albeit very slowly, as shown on the right of Figure 20, where it
should be noted that the integration does seem to lose accuracy towards the
end of the run as the numbers involved get ever smaller and as such, a similar
behaviour to the inflaton dominated case cannot be ruled out.
Without wanting to show plots for every combination of parameters, Figure 21 summarises the link between varying decay rates and the size of the
coupling and demonstrates that whilst the majority of cases result in the
inflaton continuing to dominate, it is not too difficult to find instances where
Ωφ < 0.2. This does seem to place an upper limit on the size of α too, in
that even at a maximum realistic decay rate of Γφ = 0.1mφ we see that we
require α < 0.01. Although there is promise in this model, in that it is the
only one thus far studied which allows a sizable remnant of the inflaton field
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Figure 21: The final values of Ωφ for various choices of α and Γφ roughly 30
efolds after the end of inflation — showing the relationship between the two
variables. The decay rates are all scaled relative to the mass of the inflaton,
ie. the label ’Γφ = 0.1’ represents ’Γφ = 0.1mφ
to remain after inflation, whilst still being sub-dominant, we do find that
there are problems in other respects.
If we take a look at the spectral index and tensor-scalar ratio in such
a model (using Eq. (5.8)), limiting ourselves to the parameter choices that
result in Ωφ < 0.2 we see, due to the smallness of α, that we almost always
end up with results very similar to standard chaotic inflation — with a comfortable fit to the spectral index but a relatively large tensor-scalar ratio in
the region of 0.1 − 0.15.
A secondary problem comes with the introduction of matter to the universe, shown in Figure 22. We still require a radiation dominated epoch
which limits our choices of Γm
φ and α, but as the inflaton continues to scale
proportional to radiation (∝ a−4 ) whilst the matter — as expected — scales
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Figure 22: The evolution of Ωφ , Ωγ and Ωm using the same values of α and
Γφ as that used in the right hand side of Figure 20 — along with the inclusion
−8
of Γm
φ = 10

as a−3 , the matter content inevitably comes to dominate the universe sooner
or later in every case studied so far — leaving little possibility of the inflaton ever becoming important enough again to drive the current accelerated
expansion.
Finally, worth a mention is the exponential potential with an exponential
coupling. To end inflation with an exponential potential you once again
need a secondary reheating mechanism — so this is a very different model
to those considered so far. However, we soon run into numerical difficulties
due to the necessity of integrating the Friedman equation for Ḣ to find H to
be used in the background equations. Towards the end of inflation we find
that even without the coupling, using this method of calculating H results
in the regular Friedmann constraint, 3H 2 = ρtot , calculated from the fields
directly, no longer being fulfilled. Without a physical explanation for this it
can only be assumed that numerical inaccuracies are to blame — so it would
be interesting to see further work done in this regard to understand why an
ordinary exponential potential might lead to such problems. It is also worth
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noting that this is not usually a problem, as without a Gauss-Bonnet coupling
one can calculate H from the fields to use in the background equations, but
the discrepancy must be understood in the uncoupled case in order to proceed
with the additional terms.
To summarise, a number of papers find reason to be optimistic with
some of the models considered here in terms of linking inflation to dark
energy/quintessence via a Gauss-Bonnet interaction. Most do so via an analytical approach using generalisations of behaviour such as assuming a period
of kination once inflation ends and reheating occurs or simply by introducing
a radiation component artificially. When we considered the full numerical
treatment of this with a more realistic, albeit simple method of reheating,
we have soon seen that the post-inflationary behaviour of the coupled field,
whether oscillatory or not, is much less predictable than perhaps would be
anticipated. It appears that the field loses energy due to the expansion of
space at different rates depending on the other background components —
which makes it important for future work to be done looking further into
this to understand why this is. Other avenues are also opened up via the
inclusion of different reheating mechanisms, other simple potentials and/or
couplings and further checks on whether parameters that result in realistic
post-inflationary expansion histories also align well with observational constraints from inflation itself [180]. Finally, it remains to be seen just how
much fine tuning is required in these models in order to find a completely
realistic description of the universe, but this can only come once the above
points are better understood.
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A

Appendix

A.1

Time dependence of the slow-roll parameters

We begin with a look at the time dependence of . By taking the derivative
of the usual definition ( = −Ḣ/H 2 ) we find that
˙ = −

Ḧ
Ḣ 2
+
2
,
H2
H3

(A.1)

where Ḧ itself can be written as
Ḧ = −σ̈ σ̇
= 3H σ̇ 2 + Vσ σ̇.

(A.2)

Using the expression, σ̇ 2 = 2H 2 , we can then simply express this partially
in slow-roll parameters, leaving a term ∝ Vσ /σ̇ which can itself be expanded
(via a slightly lengthy calculation) as
Vσ
= −3H − H + Hησσ + Hξ1 s2θ c2θ .
σ̇

(A.3)

Putting all of these together, we come to the final expression:
˙ = 2H(2 − ησσ − ξ1 s2θ cθ ).

(A.4)

Next, we need to find the ηIJ parameters. To do this, we will need to use the
relation (found by a long winded but relatively simple bit of trigonometry),

θ̇ = −H ησs + ξ1 sθ c2θ ,
(A.5)
as it will come in handy in a good number of the efforts to find the time
derivatives. We start by differentiating the definition of ηIJ and, for clarity,
jump straight into a specific example — the isocurvature parameter ηss ,
VIJ
,
3H 2
2Vss Ḣ
V˙ss
η˙ss = −
+
,
3H 3
3H 2

ηIJ =
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(A.6)

The first term on the right hand side of Eq. (A.6) can easily be found via the
definition of  just below (Eq. (1.25)) and ηIJ (Eq. (1.78)) but the second
term is slightly more challenging, requiring the use of the definition,
Vss = sin2 θVφφ − 2 sin θ cos θe−b Vφχ + e−2b cos2 θVχχ .

(A.7)

Differentiating this and following some algebra we arrive at

V˙ss = 2θ̇(−Vσs ) + σ̇ Vσss + 2 cos2 (θ)bφ e−b (sin θVφχ − cos θe−b Vχχ ) . (A.8)
Now, using Eq. (A.5) and expanding Eq. (A.6) using the usual slow roll
definitions, we can show that
η˙ss = 2Hηss − Hασss
i
1 h
2
−b
−b
−2Vσs θ̇ + σ̇ 2 cos (θ)bφ e (sin θVφχ − cos θe Vχχ )
+
3H 2
= 2Hηss + 2ησs (Hησs + Hξ1 sθ c2θ ) − 2Hc2θ sθ ξ1 ησs − 2Hc3θ ξ1 ηss − Hασss
2
= 2Hηss + 2Hησs
− 2Hc3θ ξ1 ηss − Hασss ,

(A.9)

where a new higher order parameter has been defined as:
αIJK ≡

Vσ VIJK
.
V2

(A.10)

Following identical working, it can also be shown that
ησσ
˙ = 2Hησσ − 2Hησs − 2Hησσ ξ1 s2θ cθ − 4Hησs ξ1 sθ c2θ − Hασσσ , (A.11)
ησs
˙ = 2Hησs + Hησs ησσ − Hησs ηss − 2Hηss ξ1 sθ c2θ − Hησs ξ1 cθ − Hασσs .
(A.12)
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The equivalent first order non-canonical slow-roll parameter, ξ1 , can be expanded as follows for its time derivative:
√
bφ ˙
ξ˙1 = √ + 2bφφ φ̇
2
√
√
4Hbφ 2
2Hbφ ησσ
2Hbφ ξ1 s2θ cθ √
√
√
= √
−
−
+ 2bφφ σ̇cθ


2
= 2Hξ1 − Hξ1 ησσ − Hξ12 s2θ cθ + 2Hbφφ cθ
= 2Hξ1 − Hξ1 ησσ − Hξ12 s2θ cθ + Hξ2 cθ .

(A.13)

The second order non-canonical slow-roll parameter, ξ2 , can be neglected
in these time derivative calculations as all time dependence will be third
order in nature — beyond what is needed here.

A.2
A.2.1

Evaluating f (x) and g(x)
f (x) — the first order function

Breaking down the asymptotic form of the Hankel functions into
Hµ(1) (x) = Jµ (x) + iNµ (x),

(A.14)

where Jµ (x) is the Bessel function and Nµ (x) is the Neumann function, then
the derivatives of Jµ and Nµ with respect to µ are,
dJµ
(1/2 x)µ Ψ (µ + 1) (x/2)µ ln (x/2)
=−
+
,
dµ
Γ (µ + 1)
Γ (µ + 1)
dNµ
i (x/2)−µ ln (x/2)
i (x/2)−µ Ψ (1 − µ)
i (x/2)−µ cos (π µ) π
=
−
−
,
dµ
Γ (1 − µ) sin (π µ)
Γ (1 − µ) (sin (π µ))2 Γ (1 − µ) sin (π µ)
(A.15)
where Ψ is the digamma function defined by
Ψ(y) =

d
Γ0 (y)
ln Γ(y) =
.
dy
Γ(y)
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(A.16)

We now evaluate these derivatives at µ = 3/2 to find:
√ 3/2
√ 3/2
dJµ
2x (8/3 − γ − 2 ln (2))
2x ln (x/2)
√
√
=−
+
,
dµ µ=3/2
3 π
3 π
√
√
dNµ
i 2 (2 − γ − 2 ln (2)) i 2 ln (x/2)
√ 3/2
− √ 3/2 .
(A.17)
=
dµ µ=3/2
πx
πx
in which we have γ which is known as the Euler-Mascheroni constant (≈
0.577). The original Hankel function also needs evaluating here, as
√ 3/2
√
2x
2
(1)
H3/2 = √ − √ 3/2 .
3 π
πx

(A.18)

Now with the definition of f (x) in Eq. (3.69) we get,
f (x)|3/2 = −

3(x3

1
8x3 − 3x3 γ − 3x3 ln(2) − 3x3 ln(x)
+ 3i)

− 18i + 9iγ + 9i ln(2) +9i ln(x)) ,

(A.19)

which can be multiplied through by the conjugate of the denominator to give,
f (x) =

−x3 + 3 i
8 x3 − 3 x3 γ − 3 x3 ln (2) − 3 x3 ln (x)
3 x6 + 27
−18 i + 9 iγ + 9 i ln (2) + 9 i ln (x)) ,

(A.20)

the real components of which are
Re[f (x)] =

−8/3 x6 + x6 γ + x6 ln (2) + 18 − 9 γ − 9 ln (2) − 9 ln (x)
,
x6 + 9
(A.21)

which can be evaluated in the limit x → 0 as,
f (x → 0) = −γ − ln (2) + 2 − ln (x)
A.2.2

(A.22)

g(x) — the second order function

Following the same method, but with somewhat lengthier calculations we
can arrive at an equally necessary evaluation of g(x). Taking the second
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derivatives of the Bessel and Neumann functions,
d2 J µ
(1/2 x)µ ln (1/2 x) Ψ (µ + 1)
(1/2 x)µ (Ψ (µ + 1))2
−
2
=
dµ2
Γ (µ + 1)
Γ (µ + 1)
µ
µ
(1/2 x) Ψ (1, µ + 1) (1/2 x) (ln (1/2 x))2
+
,
−
Γ (µ + 1)
Γ (µ + 1)
d2 Nµ2
i (1/2 x)−µ (Ψ (1 − µ))2 2 i (1/2 x)−µ Ψ (1 − µ) cos (π µ) π
=
−
dµ
Γ (1 − µ) sin (π µ)
Γ (1 − µ) (sin (π µ))2
2 i (1/2 x)−µ ln (1/2 x) Ψ (1 − µ) i (1/2 x)−µ Ψ (1, 1 − µ)
−
−
Γ (1 − µ) sin (π µ)
Γ (1 − µ) sin (π µ)
−µ
2 2
2 i (1/2 x) (cos (π µ)) π
2 i (1/2 x)−µ ln (1/2 x) cos (π µ) π
+
+
Γ (1 − µ) (sin (π µ))3
Γ (1 − µ) (sin (π µ))2
i (1/2 x)−µ (ln (1/2 x))2
i (1/2 x)−µ π 2
+
(A.23)
+
Γ (1 − µ) sin (π µ)
Γ (1 − µ) sin (π µ)
We now evaluate these derivatives at µ = 3/2 to find:
√ 3/2
d2 Jµ
2x  2
√
9 π − 18 γ 2 − 36 γ ln (2) − 36 ln (x) γ − 18 (ln (2))2
=
−
2
dµ µ=3/2
54 π
−36 ln (x) ln (2) − 18 (ln (x))2 + 96 γ

d2 Nµ
dµ2

+96 ln (2) + 96 ln (x) − 208]
√
i 2 (2 − γ − 2 ln (2))2 2 i 2 ln (1/2 x) (2 − γ − 2 ln (2))
√ 3/2
√ 3/2
=
−
πx
πx
√
√
√
i 2 (4 + 1/2 π 2 ) iπ 3/2 2 i 2 (ln (1/2 x))2
√ 3/2
√ 3/2
+
−
+
.
x3/2
πx
πx
√

µ=3/2

(A.24)
Lastly, we need to calculate the one component of g(x) remaining, the term
in Eq. (3.70) given by,

Re 

1
(1)
H3/2 (x)

d

2



(1)
Hµ (x)
dµ2

,
µ=3/2
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(A.25)

which for the moment shall be informally denoted by H 00 /H. So the real
part, evaluated at µ = 3/2 is
H 00
−1
=
−36 x6 γ ln (2) − 36 x6 ln (x) γ − 36 x6 ln (x) ln (2) − 18 x6 γ 2
6
H
18 x + 162
−18 x6 (ln (2))2 + 9 x6 π 2 − 18 x6 (ln (x))2 − 208 x6 + 96 x6 γ
+96 x6 ln (2) + 96 x6 ln (x) − 162 γ 2 + 648 γ − 162 (ln (x))2
−324 ln (x) γ − 324 γ ln (2) − 162 (ln (2))2 + 648 ln (x)

+648 ln (2) − 324 ln (x) ln (2) − 81 π 2 ,
(A.26)
which can be evaluated in the limit x → 0 to give
H(x → 0)00
= 2 γ ln (2) + (ln (2))2 − 4 ln (2) + 1/2 π 2 − 4 γ + γ 2 − (ln (x))2
H(x → 0)
− 2 ln (x) γ + 4 ln (x) − 2 ln (x) ln (2)

(A.27)

Now with the definition of g(x), and using some of the calculations in the
previous section — for calculating f (x), we get,
6g(x) = 16 + 24 γ ln (2) + 12 (ln (2))2 − 44 ln (2) + 3 π 2 − 44 γ + 12 γ 2
+ 24 ln (x) γ + 24 ln (x) ln (2) − 44 ln (x) + 12 (ln (x))2 ,
(A.28)
in which we have multiplied by 6 purely for ease of notation later on.
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