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Abstract

Many definitions of weak n-category have been proposed. It has been widely
observed that each of these definitions is of one of two types: algebraic def-
initions, in which composites and coherence cells are explicitly specified, and
non-algebraic definitions, in which a coherent choice of composites and con-
straint cells is merely required to exist. Relatively few comparisons have been
made between definitions, and most of those that have concern the relation-
ship between definitions of just one type. The aim of this thesis is to establish
more comparisons, including a comparison between an algebraic definition and
a non-algebraic definition.

The thesis is divided into two parts. Part I concerns the relationships
between three algebraic definitions of weak n-category: those of Penon and
Batanin, and Leinster’s variant of Batanin’s definition. A correspondence be-
tween the structures used to define composition and coherence in the definitions
of Batanin and Leinster has long been suspected, and we make this precise for
the first time. We use this correspondence to prove several coherence theorems
that apply to all three definitions, and also to take the first steps towards de-
scribing the relationship between the weak n-categories of Batanin and Leinster.

In Part II we take the first step towards a comparison between Penon’s def-
inition of weak n-category and a non-algebraic definition, Simpson’s variant of
Tamsamani’s definition, in the form of a nerve construction. As a prototype for
this nerve construction, we recall a nerve construction for bicategories proposed
by Leinster, and prove that the nerve of a bicategory given by this construction
is a Tamsamani—Simpson weak 2-category. We then define our nerve functor for
Penon weak n-categories. We prove that the nerve of a Penon weak 2-category
is a Tamsamani—Simpson weak 2-category, and conjecture that this result holds
for higher n.
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Introduction

An n-category is a higher-dimensional categorical structure in which, as well as
objects and morphisms between those objects, we have morphisms between mor-
phisms (“2-morphisms”), morphisms between 2-morphisms (“3-morphisms”),
and so on up to n-morphisms for some fixed natural number n. Such structures
arise in areas as diverse as homotopy theory, computer science, and theoretical
physics, as well as category theory itself. The case of strict n-categories, in which
composition of morphisms is strictly associative and unital, is well-understood,
but for many applications it is not sufficiently general, since many naturally
occurring “composition-like” operations satisfy associativity and unitality only
up to some kind of higher-dimensional isomorphism or equivalence. Thus, a no-
tion of weak n-category is required. The theory of weak n-categories has grown
rapidly over the past two decades; many different definitions of weak n-category
have been proposed, using a wide variety of approaches, but the relationships
between these definitions are not yet well understood, with few comparisons
having been made. It has been widely observed (see [Lei02]) that each of these
definitions belongs to one of two groups, called “algebraic” and “non-algebraic”.

The distinction between algebraic and non-algebraic definitions lies in the
way in which composites and coherence cells are treated, and is often described
as follows: in an algebraic definition composites and coherence cells are explic-
itly specified; in a non-algebraic definition a suitable choice of composites and
coherence cells is required to exist, but is not specified and is not necessarily
unique. However, the difference is more deeply ingrained in the approaches
used than this description would suggest. Algebraic definitions draw upon tech-
niques from universal algebra, such as the theories of monads and operads,
whereas non-algebraic definitions use topological techniques, such as homotopy
theory and model category theory, and are closely related to the more algebraic
notions of topological space, such as Kan complexes. Thus when making com-
parisons between definitions that belong to just one group, there are pre-existing
techniques that can be used, but making a comparison between an algebraic def-
inition and a non-algebraic definition is more of a challenge. The way in which
the algebraic and non-algebraic approaches fit into the bigger picture of the
relationship between algebra and topology is well-illustrated in the following
diagram, by Leinster [Leil0]:
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ALGEBRA /LOGIC TOPOLOGY
(infinity-groupoids) (spaces)
A
algebraic non-algebraic algebraic non-algebraic
notions notions notions notions
of infinity- of infinity- of space of space
groupoid groupoid
Kan complexes general
topological

spaces

Leinster used this diagram to illustrate the homotopy hypothesis of Grothen-
dieck, an important application of the theory of weak n-categories. Very roughly,
this hypothesis states that “w-groupoids should be the same as spaces” (and,
in the n-dimensional case, “n-groupoids should be the same as n-types”). To
state it formally we need to choose a notion of weak n-category and a notion of
space, with the “strongest” statement of the hypothesis arising when we use an
algebraic definition of weak n-category and a non-algebraic definition of space.
A statement of the hypothesis using a non-algebraic notion of weak n-category
or an algebraic notion of space is less strong since it connects concepts that are
more similar to one another, but it should be easier to prove for the same reason.
Understanding the relationship between algebraic and non-algebraic definitions
of weak n-category would thus represent a significant step towards proving the
strongest version of the homotopy hypothesis. The case of weak n-groupoids,
weak n-categories in which all morphisms (including higher morphisms) are
invertible up to some higher cell, is of particular interest not only in the case
of the homotopy hypothesis, but also in the study of Homotopy Type Theory
[UFP13].

We now discuss the various definitions of weak n-category that have been
proposed. The earliest algebraic definitions were made for specific values of
n, and took a very direct approach; these include the classical definitions of
bicategory [Bén67] and tricategory (first defined in [GPS95], and made fully
algebraic in [Gur06]), and Trimble’s definition of tetracategory [Tri95]. The
definition of tetracategory is long, and highlights the fact that it is not practical
to use the classical approach for higher values of n. Thus, in algebraic definitions
of weak n-category for a general value of n, more abstract methods are used.
Algebraic definitions for a general value of n include Penon’s definition [Pen99],
which uses a weakened version of the free strict n-category monad, Batanin’s
definition ([Bat98], with variants [Lei04b, Ber02, Lei02, Cis07, Garl0, BG11,
Chella]), which uses globular operads, and the definitions of Trimble ([Tri99],
first published in [Lei02], with variants [CGO07, Chella]) and May [May01],
which use weakened forms of enrichment.

Non-algebraic definitions take the form “a weak n-category consists of some
underlying data (usually a presheaf) satisfying a certain condition”. This con-
dition ensures that a coherent choice of composition structure can be made from
the underlying data, but the exact composition structure is not explicitly spec-
ified. Various types of underlying data are used in non-algebraic definitions, in-
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cluding simplicial sets [Str87], multisimplicial sets [Tam99, Sim97], cellular sets
[Joy97], opetopic and multitopic sets [BD98, HMP00, HMP01, HMP02, Leio8b],
and w-hypergraphs [HMT99, MT00]. Many non-algebraic definitions deal with
the case of (0o, n)-categories, a type of higher category in which there is no
maximum dimension of cell, but in which all cells of dimension greater than n
are equivalences. These definitions include quasi-categories (also known as weak
Kan complexes) [BV73, Vog73, Joy02, Lur09], Segal n-categories [HS98, Sim12],
and complete Segal spaces [Rez01].

Although there is a large number of different definitions, relatively few com-
parisons have been made between them, and most of the comparisons that have
been made are either exclusively between algebraic definitions, or exclusively
between non-algebraic definitions. In the case of algebraic definitions, Batanin
has made a comparison between his definition and that of Penon [Bat02], show-
ing that his definition is weaker than Penon’s and conjecturing some sort of
weak equivalence between the two; Cheng has shown that a generalisation of
Trimble’s definition is an instance of a variant of Batanin’s [Chella]. In the
case of non-algebraic definitions, Cheng has proved an equivalence between
the opetopic and multitopic definitions of Baez—Dolan, Hermida—Makkai—Power,
and Leinster [Che04b, Che04al; Bergner has proved equivalences between vari-
ous definitions of (0o, 0)- and (00, 1)-categories [Ber08]; Joyal and Tierney have
proved equivalences between quasi-categories, complete Segal spaces, and Segal
n-categories [JT07]; Barwick and Schommer-Pries have shown the definitions of
(00, n)-category of Joyal, Lurie, Rezk, and Simpson all satisfy a certain axioma-
tisation [BSP12]. Leinster has compared various definitions, both algebraic and
non-algebraic, with the classical definitions of category and bicategory in the
cases n = 1 and n = 2 [Lei02]. In the non-algebraic cases these are comparisons
of an algebraic definition with a non-algebraic definition, although not for a
general value of n. Similarly, Gurski has also proved an equivalence between
bicategories and a 2-dimensional reformulation of Street’s definition of weak
w-category [Gur09], building on work of Duskin [Dus02].

It may appear from this list of comparisons that the most progress has
been made with non-algebraic definitions; this is because in the non-algebraic
setting the lack of specified composites and coherence cells means we do not
need to be as careful about keeping track of things as we do in the algebraic
setting. Very little progress has been made in comparing algebraic and non-
algebraic definitions, with the only existing comparisons being restricted to the
case n = 2. Moving between the algebraic and non-algebraic settings is difficult;
it is not simply a case of taking a non-algebraic definition and making choices
of composites and coherence cells, or of taking an algebraic definition and just
asking for existence in place of specified structure. There are situations in which
it is possible to make changes like this, but the resulting definitions are not far
removed from the original ones. For example, Batanin’s definition [Bat98§],
which is algebraic, uses a globular operad with a specified contraction; we can
make this “less algebraic” by replacing this with a contractible operad [Lei02,
Definition B2], but the resulting notion of weak n-category is still an algebraic
one. Similarly, the Tamsamani—Simpson definition, which is non-algebraic, asks
for certain maps to be contractible; we can make this “more algebraic” by asking
for specified contractions [Pel08], but the resulting notion of weak n-category is
still non-algebraic.

One established method of moving between the algebraic and non-algebraic
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settings is the idea of a “nerve construction”. This idea arose from the well-
known nerve construction for categories, which allows us to express a category
as a simplicial set satisfying a “nerve condition”. Roughly speaking, a nerve
construction takes an algebraic object, and produces from it a particular kind
of presheaf, so a nerve construction can be seen as a way of passing from an al-
gebraic setting to a non-algebraic setting. Various authors have given nerve con-
structions for algebraic definitions of weak n-category [Web07, Mel10, BMW12],
but these have focussed on extracting a canonical nerve from a given alge-
braic notion of n-category, rather than making connections with existing non-
algebraic definitions. This can be seen as creating a new non-algebraic definition
corresponding to the given algebraic definition; the presheaves this approach
gives are therefore specific to the chosen algebraic definition, and are unlikely
to be presheaves on a category that arises naturally elsewhere. One exception
to this is the case of strict w-categories; Berger has shown that, in this case,
the canonical nerve is a presheaf on a category that arises naturally as a wreath
product of the simplex category A [Ber02, Ber07]. These nerve constructions
illustrate one reason that the subject has grown; various authors have tried to
make connections between definitions, and ended up inventing new definitions
(see, for example, [BD98, Lei04b]). The proliferation of definitions of weak
n-category has led to a disjointed, disparate subject, and this highlights the
importance of making comparisons between existing definitions. The aim of
this thesis is to make the first comparison between an algebraic definition and
a non-algebraic definition of weak n-category.

The thesis is structured as follows: it is divided into two parts; broadly
speaking, the first part concerns the relationships between various algebraic
definitions of weak n-category, and second part describes the first steps towards
a comparison between an algebraic definition and a non-algebraic definition.

The first part begins with Chapter 1, in which we recall the definition of
Penon weak n-category [Pen99]. This is the central definition of the thesis, in
the sense that it is the only definition of weak n-category to be used in both
parts. The idea of the definition of Penon weak n-category is to weaken the
well-understood notion of strict n-category by means of a “contraction”. This
is inspired by the topological notion of a contraction; and Penon uses it to ensure
that any axiom that holds in a strict n-category holds “up to homotopy” in a
Penon weak n-category.

Penon weak n-categories are defined as algebras for a monad induced by a
certain adjunction. Penon described this adjunction in his original paper, but
we give a new construction that we will use later, in Chapters 3 and 5. The left
adjoint in this adjunction freely adds two types of structure: a binary compo-
sition structure and a contraction structure. In our construction we add these
structures alternately, dimension by dimension, using an interleaving construc-
tion based on that of Cheng [Chel0] (see also [HDMOG]).

In Chapter 2 we discuss definitions of weak n-categories as algebras for glob-
ular operads. Globular operads were introduced by Batanin [Bat98] as a tool for
defining weak n-categories; they are a type of higher operad in which the oper-
ations have as their arities globular pasting diagrams. We recall the definitions
of globular operads and their algebras, then discuss Batanin’s approach to iden-
tifying which globular operads give a “sensible” definition of weak n-category.
We recall the definitions of a system of compositions and a contraction on a
globular operad, and the definition of Batanin weak n-categories as algebras for
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the initial globular operad with a contraction and system of compositions.

Batanin’s definition can be seen as a whole family of definitions, with many
authors using variants [Ber02, Lei02, Cis07, Garl0, BG11, Chella]. One vari-
ant of particular note is that of Leinster [Lei04b]; in place of a contraction and
system of compositions, Leinster uses a notion called an “unbiased contraction”
on an operad, which simultaneously ensures that we have unbiased composi-
tion operations and coherence operations. We recall the definition of unbiased
contraction, and Leinster’s variant of Batanin’s definition, in which he defines
weak n-categories to be the algebras for the initial operad with an unbiased
contraction; we refer to these algebras as “Leinster weak n-categories”.

In this chapter, we make the following results precise for the first time:

e The existence of the initial operad with a contraction and system of com-
positions; this has previously been (very reasonably) assumed by other
authors [Bat98, Lei02].

e The correspondence between operads with contractions and systems of
compositions, and operads with unbiased contractions; specifically, we
prove a conjecture of Leinster [Lei04a, Section 10.1] stating that any op-
erad with a contraction and system of compositions can be equipped with
an unbiased contraction (the converse is already known [Lei04a, Exam-
ples 10.1.2 and 10.1.4]).

e Three coherence theorems for algebras for globular operads; these results
are not surprising, but have not previously been proved. These theorems
hold for the algebras for any globular operad equipped either with a con-
traction and system of compositions, or with an unbiased contraction. By
the previous result, for each theorem we can pick whichever notion is most
convenient for the purposes of the proof.

Chapter 3 concerns comparisons between various operadic definitions of weak
n-category. It is a result of Batanin [Bat02] that Penon weak n-categories can
be defined as algebras for a certain globular operad, and that this operad can
be equipped with a canonical choice of contraction and system of compositions.
We give a new proof of this, using our construction of the monad for Penon weak
n-categories from Chapter 1. Our proof is more direct than Batanin’s, and gives
a different point of view, elucidating the structure of the operad. This implies
that the coherence theorems from the previous chapter also hold for Penon weak
n-categories; Batanin has already observed [Bat02] that this result also gives a
canonical comparison map from the operad for Batanin weak n-categories to the
operad for Penon weak n-categories, and has used this to prove that Batanin
weak n-categories are the weaker of the two for n > 3.

We then take several steps towards a comparison between Batanin weak n-
categories and Leinster weak n-categories. It has been widely believed that these
definitions are in some sense equivalent (see [Lei04b, end of Section 4.5]), but
no attempt to formalise this statement has been made. We derive comparison
functors between the categories of Batanin weak n-categories and Leinster weak
n-categories, and discuss how close these functors are to being equivalences
of categories. We investigate what happens when we take a Leinster weak n-
category and apply first the comparison functor to the category of Batanin weak
n-categories, then the comparison functor back to the category of Leinster weak
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n-categories. We believe that the Leinster weak n-category we obtain is in some
sense equivalent to the one with which we started, and take a preliminary step
towards formalising this statement.

In the second part we describe a new nerve construction for Penon weak
n-categories. As mentioned earlier, nerves give a non-algebraic approach to the
study of n-categories. A nerve construction takes the form of a functor from a
category of “algebraic objects” of some kind (e.g. algebras for a certain monad)
to a category of “non-algebraic objects” (e.g. presheaves on a certain category);
essentially, a nerve construction gives us a way of comparing algebraic things
with non-algebraic things. The nerve given by our nerve construction for Penon
weak n-categories is an m-simplicial set, a presheaf of the same kind used in
the definition of Tamsamani—Simpson weak n-category; thus this allows for a
comparison to be made between the two definitions. While various authors
have given nerve constructions for algebraic definitions of weak n-category in
the past [Ber02, Web07, Mell0, BMW12], our nerve construction is the first to
provide a comparison between an algebraic definition of weak n-category and a
pre-existing non-algebraic definition.

We begin Chapter 4 by recalling the nerve construction for categories, and
explaining how this leads to an alternative equivalent definition of a category
as a simplicial set satisfying a condition called the “nerve condition”. We then
recall Simpson’s variant of Tamsamani’s definition of weak n-category [Tam99,
Sim97]. Instead of simplicial sets, i.e. functors A°P? — Set, this definition uses
n-simplicial sets, functors (A™)°P — Set; these must satisfy a generalised nerve
condition, named the Segal condition in analogy with a similar condition arising
in the study of Segal categories [Seg74, DKS89]. The Segal condition ensures
that coherent composition exists in a Tamsamani-Simpson weak n-category;
note that there may be many different choices of coherent composition, and
since this is a non-algebraic definition, no specific choice is made.

In Chapter 5 we describe our nerve construction for Penon weak n-categories
in the case n = 2. We treat the case n = 2 separately because it is simpler, both
notationally and conceptually, and also because we are able to prove that the
nerve of a Penon weak 2-category satisfies the Segal condition. This represents
strict progress towards a comparison of the two definitions for n = 2, since
it tells us that the image of the nerve functor is contained in the category of
Tamsamani—Simpson weak 2-categories.

In [Lei02], Leinster proposed a nerve construction for bicategories in which
the nerve of a bicategory is a bisimplicial set; we use this as the prototype
for our nerve construction. Leinster defined the action of the nerve formally
only on the objects of A?; we complete this definition, and extend it to a def-
inition of a nerve functor for bicategories. We then prove for the first time
that the nerve of a bicategory satisfies the Segal condition, and is therefore a
Tamsamani—Simpson weak 2-category. Note that various other nerve construc-
tions for bicategories have been proposed [Dus02, LP08, Gur09], but these are
less suitable for generalisation to nerve constructions for an algebraic definition
of weak n-category, since they do not make a distinction between the dimensions
of cells in the same way. Tamsamani—Simpson weak n-categories are well-suited
to comparison with algebraic definitions since cells of different dimensions are
kept separate in the underlying data, as they are in the algebraic definitions. It
also appears that a generalisation of one of these other nerve constructions for
bicategories would require a definition of lax maps of Penon weak n-categories,
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and such a definition does not exist.

We then define our nerve functor for Penon weak 2-categories. To do so, we
use our construction of the monad for Penon weak n-categories from Chapter 1.
It is here that the construction shows its utility; it allows us to describe a certain
type of Penon weak n-category which we can think of as being “partially free”,
and Penon weak n-categories of this type are used to describe the shapes of
cells we require in our nerve. The full necessity of the interleaving construction
in developing this nerve is somewhat hidden, however; describing the shapes of
cells in the nerve required great care, and our construction of Penon’s monad
gave us the precise control needed to do this correctly, allowing us to tweak the
construction to get it just right.

At the end of this chapter we prove that the nerve of a Penon weak 2-category
satisfies the Segal condition, and is therefore a Tamsamani—Simpson weak 2-
category. The proof is unavoidably technical, and is also in some parts elemen-
tary, and we apologise for this; both Penon weak n-categories and Tamsamani—
Simpson weak n-categories are naturally arising in their own contexts, but these
contexts are very different, and it is inevitable that any comparison will be tech-
nically complicated. In this proof we use the notation for the cells of a Penon
weak n-category given by our construction of Penon’s monad from Chapter 1.

In Chapter 6 we generalise our nerve construction for Penon weak 2-categories
to the case of general n. We conclude with a discussion of further results still
to be proved that our nerve construction now makes it possible to state pre-
cisely, including a conjecture that the nerve of a Penon weak n-category is a
Tamsamani—Simpson weak n-category; proofs of these results are beyond the
scope of this thesis. Comparison functors are rare in the study of weak n-
categories, as discussed in the background section, and it is an achievement to
have obtained a comparison functor allowing us to compare the definitions of
Penon and Tamsamani—Simpson, even though proving that this functor satis-
fies the desired properties is still out of reach. We hope that this work will lead
to a full comparison between these two definitions, as well as paving the way
for more comparisons between algebraic and non-algebraic definitions of weak
n-category.

Notation and terminology

Throughout this thesis, the letter n always denotes a fixed natural number,
which is assumed to be the highest dimension of cell in the definition(s) of weak
n-category being discussed. Where a specific value of n is used, this is noted.
We write N for the set of natural numbers; note that we take this to include 0.

All of our algebraic definitions of weak n-category use m-globular sets as
their underlying data. An n-globular set is a presheaf on the n-globe category
G, which is defined as the category with

e objects: natural numbers 0, 1, ..., n — 1, n;
e morphisms generated by, for each 1 < m < n, morphisms
Om,Tm: (m—1) = m

such that 6,410, = Tm410m and 01 Tm = Tm41Tm for m > 2 (called
the “globularity conditions”).
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For an n-globular set X : G°® — Set, we write s for X(oy,), and t for X (7,,),
regardless of the value of m, and refer to them as the source and target maps
respectively. We denote the set X (m) by X,,. We say that two m-cells z,
y € X, are parallel if s(x) = s(y) and t(x) = t(y); note that all O-cells are
considered to be parallel. We write n-GSet for the category of n-globular sets
[G°P, Set].

We write T' for the free strict n-category monad on n-GSet. This is the

monad induced by the adjunction

n-GSet __L " n-Cat,

where n-Cat is the category of strict n-categories, and the right adjoint is the
forgetful functor sending a strict n-category to its underlying n-globular set.
In certain circumstances (for results in which a greater degree of generality is
possible) we write T to denote an arbitrary monad, possibly satisfying certain
conditions. In such cases, T can always be taken to be the free strict n-category
monad, and this will be the particular example in which we are interested.
We write n7': 1 = T for the unit of the monad 7T, and p?: T? = T for its
multiplication. Similarly, for any monad K, we denote its unit by n%: 1 = K
and its multiplication by pf: K? = K.

We write 1 for the terminal n-globular set, which has precisely one m-cell
for each 0 < m < n. The n-globular set T'1 appears frequently throughout the
thesis, specifically in Chapters 2 and 3. Applying the monad T freely generates
all possible formal composites; since there is only one m-cell in 1 for each 0 <
m < n, that m-cell can be composed with itself any number of times along all
dimensions of boundary. Thus an element of T'1,, is a pasting diagram made
up entirely of globular cells (possibly including identity cells). There is only one
such pasting diagram at dimension 0, since 0-cells cannot be composed, so T
has only one element. At dimension 1 such a diagram consists of a finite string
of 1-cells composed end to end, so for each natural number k& there is an element
of T'1; which should be visualised as

e—j0——e0 --- 06— 0

k 1-cells

where each arrow represents the unique element of 1;. Note that this includes
the degenerate case £ = 0. At higher dimensions the diagrams become more
complicated, since cells can be composed in more ways; a typical element of T'15

looks like

SN

where each double arrow represents the unique element of 15, and the single
arrow on the left-hand end is a degenerate 2-cell (i.e. an identity 2-cell on the
unique element of 11). We call a cell in T1 a globular pasting diagram; for a
fixed m we call a cell in T'1,,, an m-globular pasting diagram.
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Chapter 1

Penon weak n-categories

This chapter concerns the definition of Penon weak n-category. This was orig-
inally given in [Pen99], but we use a variant given in [Bat02, CM09]. Penon
defined weak n-categories as the algebras for a monad on the category of refiex-
ive globular sets (globular sets in which each cell has a putative identity cell at
the dimension above). In [CM09] Cheng and Makkai observed that, in the finite
dimensional case, Penon’s definition did not encompass certain well-understood
examples of weak m-categories, such as braided monoidal categories, but that
this could be remedied by using globular sets instead of reflexive globular sets.
Note that Penon originally gave his definition in the case n = w, whereas we
take n to be finite (this modification of the definition for finite n is standard,
see [Lei02, CM09]). The use of a finite value of n allows us to prove coherence
theorems that hold for Penon weak n-categories in Chapter 2, most of which
do not hold in the w-dimensional case, and in Chapters 5 and 6 it allows us to
make a comparison between Penon weak n-categories and Tamsamani—Simpson
weak n-categories, the latter only being defined for finite n.

The reason for choosing to use Penon weak n-categories over another alge-
braic definition is that we are able to give an explicit description of Penon’s
monad, and thus of a free Penon weak n-category. This was very useful when
devising the nerve constructions in Chapters 5 and 6; these constructions in-
volve algebras that are almost free, and the construction of Penon’s monad in
this chapter made it possible to modify the free algebra construction in a way
that would not be possible with the definitions of Batanin and Leinster dis-
cussed in Chapter 2. In spite of its unusual construction, Penon’s monad is
known to arise from an n-globular operad with contraction and system of com-
positions (see [Bat02]), so this definition belongs to a commonly studied family
of definitions of weak n-category. This is discussed in more detail in Section 3.1.

The monad for Penon weak n-categories is induced by a certain adjunction;
in this chapter we recall the definition, then give a new construction of the left
adjoint of the adjunction.

1.1 Definition of Penon weak n-categories

In this section we recall the non-reflexive variant of Penon’s definition of weak
n-category [Pen99, Bat02, CM09]. The idea of Penon’s definition is to weaken

13
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the well-understood notion of strict m-category by means of a “contraction”.
To do this Penon considers “n-magmas”: n-globular sets equipped with binary
composition operations that are not required to satisfy any axioms (apart from
the usual source and target conditions). He then asks when an n-magma is
“coherent enough” to be considered a weak n-category. To answer this question
he uses the fact that every strict n-category has an underlying n-magma to
compare n-magmas with strict n-categories by considering maps

X#S,

where X is an m-magma, S is the underlying n-magma of a strict n-category,
and f preserves the n-magma structure. Penon defines a notion of a contraction
on such a map, which lifts identities in S to equivalences in X, ensuring that the
axioms that hold in .S hold up to equivalence in X; by analogy with contractions
in the topological sense, we can think of the axioms as holding “up to homotopy”
in X.

Penon then defines a category whose objects are maps f: X — S as above
equipped with contractions; we denote this category by Q, following the notation
of Leinster [Lei02]. An object of Q can be thought of as consisting of an n-
magma X that can be contracted down to a strict n-category S. There is a
forgetful functor @ — n-GSet sending an object of Q to the underlying n-
globular set of its magma part. This functor has a left adjoint, which induces
a monad on n-GSet, and a Penon weak n-category is defined to be an algebra
for this monad.

We begin by recalling the definition of an n-magma.

Definition 1.1.1. An n-magma (or simply magma, when n is fixed) consists
of an m-globular set X equipped with, for each m, p, with 0 < p <m < n, a
binary composition function

0"t Xm Xx, X = Xom,
where X, xx, X, denotes the pullback
Xm XX, Xm — Xm
Xm 4t>Xp

in Set; these composition functions must satisfy the following source and target
conditions:

o if p=m —1, given (a,b) € X;, xx, Xpn,

s(boy" a) = s(a), t(boy" a) = t(b);

o if p<m —1, given (a,b) € X, Xx, Xon,

s(boy"a) = s(b) oz%l s(a), t(boy" a) =t(b) o™ 1 t(a).
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A map of n-magmas f: X — Y is a map of the underlying n-globular sets such
that, for all m, p, with 0 <p <m <n, and for all (a,b) € X, Xx, Xm,

f(bopta) = f(b)op" f(a).

We write n-Mag for the category whose objects are n-magmas and whose mor-
phisms are maps of n-magmas.

Observe that every strict n-category has an underlying n-magma, and we
have a forgetful functor
n-Cat — n-Mag.

We now recall the definition of a contraction on a map of n-globular sets
f: X — S, where S is the underlying n-globular set of a strict n-category. Note
that this definition does not require a magma structure on X. We must treat
dimension n slightly differently, since there is no dimension n + 1; to do so,
we define a notion of a “tame” map of n-globular sets (the terminology is due
to Leinster [Lei04a, Definition 9.3.1]), which ensures that we have equalities
between n-cells where we would normally expect contraction (n + 1)-cells.

It is common to express the definition of contraction in terms of lifting con-
ditions [Bat02, Ber02, Cis07]; however, we express the definition using pullbacks
of sets since this approach allows for a straightforward construction of free con-
tractions, which we describe in the next section.

In the following definition, X, is the set of all pairs of m-cells requiring a
contraction (m + 1)-cell, i.e. the set of all pairs of parallel m-cells on X,,, which
are mapped by f to the same m-cell in S,,. For any (a,a) € X, |, we write
Ym(a,a) = 1,4, since it is these contraction cells that give us the identities in a
Penon weak n-category.

Definition 1.1.2. Let f: X — S be a map of n-globular sets, where S is the

underlying n-globular set of a strict n-category. The map f is said to be tame

if, given a, b € X,,, if s(a) = s(b), t(a) = t(b), and f,(a) = fn(b), then a = b.
For each 0 < m < n, define a set X, ,; by the following pullback:

chn+1 Xm

]
J J(S»t,fm)

m me,l X Xm_1 X Spm.

Note that when m = 0, we take X,,,_1 to be the terminal set.
A contraction v on a tame map f: X — S consists of, for each 0 < m < n,
a map

Y41t X1 = X1

such that, for all (a,b) € X/, 4,
* 5(Ym+1(a, b)) = a;
b t('Yerl(a’ b)) =b;

® fmt1(Ym+1(a,b)) =1y () = 1y, )
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Note that we only ever speak of a contraction on a tame map; thus, whenever
we state that a map is equipped with a contraction, the map is automatically
assumed to be tame. One way to think about this is to say that we do require a
contraction (n + 1)-cell for each pair of n-cells in X¢, and the only (n + 1)-cells
in X are equalities.

Penon does not use the term “contraction”; instead, he uses the word “stretch-
ing” (“étirement”). This may appear somewhat counterintuitive, since the two
words seem antonymous. However, Penon’s terminology comes from viewing
the same situation from a different point of view; rather than seeing S as a
contracted version of X, Penon sees X as a stretched-out version of S. In the
case in which X has a magma structure, Penon refers to a such a map as a “cat-
egorical stretching” (“étirement catégorique”). Categorical stretchings form a
category Q, which we now define.

Definition 1.1.3. The category of n-categorical stretchings Q is the category
with

e objects: an object of @ consists of an n-magma X, a strict n-category S,
and a map of n-magmas

P

n

equipped with a contraction ~;

e morphisms: a morphism in Q is a commuting square
X Y
S R

— v is a map of strict n-categories;

u

—

—

v

in n-Mag such that

— writing ~ for the contraction on the map f and ¢ for the contraction
on the map g, for all 0 < m < n, and (a,b) € X}, |, we have

u(ym(a;b)) = dm(u(a), u(b))-
We denote such a morphism by (u,v).

For an object

=

s
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of Q, we refer to X as its magma part and S as its strict n-category part. There
is a forgetful functor
U: Q——n-GSet

a{l—>X
S

and this functor has a left adjoint F': n-GSet — Q. Penon gives a construction
of this left adjoint in the second part of [Pen99].

Definition 1.1.4. Let P be the monad on n-GSet induced by the adjunction
F 4 U. A Penon weak n-category is defined to be an algebra for the monad P,
and P-Alg is the category of Penon weak n-categories.

1.2 Construction of Penon’s left adjoint

In [Pen99] Penon gave a construction of the left adjoint F', mentioned above,
using computads (which he called “polygraphs”, terminology due to Burroni
[Bur93]). In this section we give a new, alternative construction of the functor
F, using a monad interleaving construction similar to that used by Cheng to
construct the operad for Leinster weak w-categories [Chel0] (see also [HDMO6],
which describes a more general interleaving argument). There are two reasons
for giving this alternative construction: in Section 3.1 we use it to prove that
there is an n-globular operad whose algebras are Penon weak n-categories, and
it also gives us notation for all the individual cells in a Penon weak n-category,
a fact which we use in Section 5.3.

The first step of our construction is the same as that of Penon. There is
a forgetful functor Up: n-Cat — n-GSet (the notation Ur is used because
n-Cat = T-Alg), and we write R for the comma category

n-GSet | Ur.

Thus an object of R is a map of n-globular sets f: X — S, where S is underlying
n-globular set of a strict n-category. Recall that an object of Q consists of an
object f: X — S of R equipped with a magma structure on X and a contraction
on f, so we can factorise the forgetful functor U: Q — n-GSet as

o—Y &, GSet

WA

R

where W forgets the magma and contraction structures, and V' sends an object
f: X — 5 of R to its n-globular set part X. To construct a left adjoint to U
we construct left adjoints to V and W separately. Constructing a left adjoint
to V is straightforward: it sends an n-globular set X to n%: X — TX.

We now explain the interleaving argument, which is used to construct the left
adjoint to W; this is where our construction differs from that of Penon. In an
object of Q the magma structure and contraction structure exist independently
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of one another, and there are no axioms governing their interaction. Thus, we
can define categories

e Mag,, , whose objects are objects f: X — S of R, together with a magma
structure on X, which is respected by f;

e Contr,, whose objects are objects f: X — S of R, together with a
contraction.

The maps in these categories are required to respect the magma and contraction
structures respectively. We can write the category Q as the pullback

Q —— Mag,,

_
N
Contr,, — R,
D

where N and D are the forgetful functors that forget the magma and contraction
structures respectively. The functor N has a left adjoint M, which freely adds
binary composites, and the functor D has a left adjoint C, which freely adds
contraction cells. We wish to combine these left adjoints to obtain a left adjoint
to W: Q — R, which adds both the magma and contraction structures freely.
However, we can’t just add all of one structure, then all of the other, since with
this approach we do not end up with enough cells. If we add a contraction
structure first, followed by a magma structure, we do not get any contraction
cells whose sources or targets are composites, such as unitors and associators.
If we add a magma structure first, followed by a contraction structure, we do
not get any composites involving contraction cells.

We therefore “interleave” the structures, one dimension at a time. To do so,
we make the following observations:

e when we add contraction cells freely, the contraction m-cells depend only
on cells at dimension m — 1;

e when we add composites freely, the composites of m-cells depend only on
cells at dimensions m and below.

This means that we can add the contraction cells and composites one dimension
at a time; starting with dimension 1, we first add contraction cells freely, then
add composites freely; we then move up to the next dimension and repeat the
process.

To formalise this, we give separate dimension-by-dimension constructions of
both the free contraction structure and the free magma structure, then interleave
these constructions by lifting them to the case in which we have both a magma
structure and a contraction structure. Thus we obtain a left adjoint to the
forgetful functor W: @ — R; by composing this with the left adjoint to the
functor V: R — n-GSet we obtain the left adjoint F' to U: Q@ — n-GSet.

Owing to the length of this construction, this section is divided into four
subsections. In Subsection 1.2.1 we construct the left adjoint to V. In Subsec-
tions 1.2.2 and 1.2.3 we give dimension-by-dimension constructions of the left
adjoints to D and N respectively; these describe the free contraction structure
and free magma structure. Finally, in Subsection 1.2.4 we then interleave these
constructions to give a left adjoint to W.
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1.2.1 Left adjoint to V'

We begin by describing R explicitly, in order to establish some terminology, and
to make clear its connection with Q.

Definition 1.2.1. Write R to denote the comma category n-GSet | Ur; ex-
plicitly, R is the category with

e objects: an object of R consists of an n-globular set X, a strict n-category
S, and a map of n-globular sets

X

1

S
e morphisms: a morphism in R is a commuting square
X Y
1|
S R

in n-GSet such that v is a map of strict n-categories. We denote such a
morphism by (u,v).

u

—

—_

v

As in the case of Q, for an object

b

fL

we refer to X as its n-globular set part and S as its strict n-category part.

We have a forgetful functor W: Q — R, which forgets the contraction and n-
magma structures but leaves the underlying map of n-globular sets unchanged,
and a forgetful functor V: R — n-GSet, defined by

vix—19)=x;

these compose to give Vo W = U. We construct left adjoints to V and W
separately, then compose these to obtain the left adjoint to U. We begin with
the construction of the left adjoint to V'; we do this in more generality than we
require, since this construction is valid for any monad 7.

Definition 1.2.2. Let T be a monad on a category C, and write Up: T-Alg — C
for the forgetful functor that sends a T-algebra to its underlying object in C.
Define a functor H: C — C/Ur as follows:
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e on objects: for X € n-GSet,

T
HX)=(X —25TXx),
where T'X has the structure of the free T-algebra on X;
e on morphisms: for f: X - Y inC, Hf = (f,Tf).

Proposition 1.2.3. Write V: C/Ur — C for the forgetful functor defined by,
for an object f: X — S of C/Ur, where S has a T-algebra structure § : TS — S,

vix—1,5)=x.

Then there is an adjunction H 4V

Proof. First, we define the unit a: 1 = VH and the counit 8: HV = 1. For
X e,
ax Zidxt X —VHX =X.

For f: X — S in C/Ur, where S has a T-algebra denoted by 6: TS — S,
observe that 6 is a map of T-algebras since, by the algebra axioms, the diagram

725 T8
TS ——— 5

commutes. The component of 8 at f: X — S, denoted ff, is given by the
commuting diagram

»

as a map in C/Ur. This diagram commutes since the left-hand square is a
naturality square for  and the bottom-right triangle is the unit axiom for the
algebra 0; the remaining square commutes trivially.

We now show that o and [ satisfy the triangle identities. First, consider

Vv— Y VHV

Vv
1y A

S——

For f: X - Sin R,

vixTousy=x=vav(x L9),
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ax = 1x, and UBy = 1x, so this diagram commutes.
Now consider

H—1* s pgvH
\ l"H
H.
For X € C,
H(X) = (X 57X ) = HVH(X),
Hax = Hidx = (idx,idrx), and Bpx = (id, px o Tnx) = (idx,idrx), so this

diagram commutes. O

This gives us the left adjoint to the functor V: R — n-GSet.

1.2.2 Free contraction structure

We now construct the free contraction on an object of R. In order to be able
to use the construction in the interleaving argument in Section 1.2.4, we give
the construction one dimension at a time. In order to do so, we define, for each
0 <k <n+1, a category Contry, an object of which consists of an object of
R equipped with a contraction up to dimension k. (Observe that Contry = R,
and note that a “contraction at dimension n+1” refers to the tameness condition
at dimension n.) We then have, for each 0 < k < n + 1, a forgetful functor

Dy : Contr, — Contry_q.

We construct a left adjoint to each Dy, which freely adds a contraction structure
at dimension k, leaving all other dimensions unchanged.

Definition 1.2.4. Let f: X — S be a map of n-globular sets, where S is the
underlying n-globular set of a strict n-category, and let 0 < k£ < n. Recall
from Definition 1.1.2 that, for each 0 < m < n, the set X, is defined by the
pullback

X1 ——————— Xy

]
J J(S»t,fm)

Xm m X1 X X1 X Sm

where, when m = 0, we take X,,_1 to be the terminal set.
A k-contraction v on the map f consists of, for each 0 < m < k, a map

Ym+1: Xy = Xt
such that, for (a,b) € X¢,,
$(Ym+1(a,b)) = a,

t(ym+1(a,b)) = b,

Fm+1(Ym+1(a, b)) =1idy(q)-
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Note that having an n-contraction on a map f is not the same as having
contraction on f; for a contraction on f, we also require that f,, satisfies the
condition that, for all a, b € X,, if s(a) = s(b), t(a) = t(b), and f,(a) =
fn(b), then @ = b. This condition can be thought as having contraction cells at
dimension n + 1, but the only (n + 1)-cells are equalities.

Definition 1.2.5. For each 0 < k < n, define a category Contry, with

e objects: an object of Contry consists of an n-globular set X, a strict
n-category S, and a map of n-globular sets

X

equipped with a k-contraction ~;
e morphisms: a morphism in Contrj is a commuting square

X —2=Y

S— R
in n-GSet such that

— v is a map of strict n-categories;

— writing ~ for the contraction on the map f and ¢ for the contraction
on the map g, for all 0 < m <k, and (a,b) € X¢,, we have

u(ym(a; b)) = om(u(a), u(b)).
Define a category Contr,, 41, with

e objects: an object of Contr,,; consists of an n-magma X, a strict n-
category S, and a map of n-magmas

X

equipped with a contraction ~;

e morphisms: a morphism in Contr,; is a commuting square

X —=Y

S——R

in n-GSet such that
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— v is a map of strict n-categories;

— writing ~ for the contraction on the map f and ¢ for the contraction
on the map g, for all 0 < m <mn, and (a,b) € X¢,, we have

u(ym(a, b)) = 6m(u(a), u(d)).
For all 0 < k£ <n + 1, we have a forgetful functor
Dy.: Contr; — Contry_q;

for 0 < k < n, this functor forgets the contraction at dimension k, and for
k =n + 1 it is the inclusion functor of the subcategory Contr,,; into Contr,,.

We now define a putative left adjoint Cj to the functor Dy; we will then
prove that this functor is left adjoint to Dy in Proposition 1.2.7.

Definition 1.2.6. For each k, 0 < k < n, we define a functor
Ci: Contry,_; — Contry,.
We begin by giving the action of C on objects. Let

X

|

be an object of Contry_;1, and write v for its (k — 1)-contraction (assuming
k> 1;if k = 1, we have Contr,_; = Contryg = R, so there is no contraction
on f). We define an object

|

of Contry, with k-contraction 5. The n-globular set X is defined by:

~

o X;=X; forall j #k;
o X) = X, 11X,

for (z,y) € X§ C Xi, s(z,y) = x, t(x,y) =y,

for all other cells, sources and targets are inherited from X.
The map f: X — S is defined by
o fj=f;forallj#k;
° fk: X, — S is defined by
— frl@) = fr(a) for a € X C Xy;
— fk(x,y) =1y, (2 for (z,y) € Xj C Xp.
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The k-contraction 4 on f is defined by
o =7FLlforallm<k—1;
o Jp_1: Xj — X}, is the inclusion into the coproduct X = X, 11 X5,

This defines the action of C} on objects.
We now give the action of C on morphisms. Let

X
fl
S

be a morphism in Contry_;. Define a morphism

u

;

—
Q

|

v

J@
~h

X

~
%
@

i

in Contry, where 4 is defined by
o 4; = uy for all j # k;
o U Xy — Y is given by
— tg(a) = ug(a) for a € X C X;
— ii(z,y) = (up-1(z), up-1(y)) for (z,y) € Xf C X;.
This defines the action of C} on morphisms.
Proposition 1.2.7. For all 0 < k < n, there is an adjunction Cy 4 Dy.

Proof. We first define the unit n: 1 = DyC}, and counit € : Cp Dy = 1.
Let

X

|

be an object of Contry_1, with (k— 1)-contraction v (assuming k > 1; if k = 1,
we have Contry_; = Contrg = R, so there is no contraction on f). Applying

Dy Cy gives
X
fJ/
S
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in Contry_; with the same (k — 1)-contraction. The corresponding component
of the unit 7 is given by the map

X nx X
fl lf
S——S§
idg

where nx is defined by

)y = 4 1% if j 7k,
1X)7 =\ the inclusion X; < X; nXxs ifj==rk
Now let

X

fl

S

be an object of Contry, with k-contraction v. Applying Cy Dy gives

X
f‘/
S

in Contr; with k-contraction 7, which is equal to v at all dimensions except k.
The corresponding component of the counit € is given by the map

X
f‘/
S

— X

ex
lf
BEE
where ex is defined by
e (ex)j = 1x, for all j # k;
o (ex)k: Xp — Xj is given by
— (ex)r(e) = a for a € X C Xy;
= (ex)u(z,y) = (z,y) for (z,y) € Xj C X

We now check that the triangle identities hold; consider the diagrams

Dy, —nDk>DkaDk Cy, %CkaCk

IR

Dy, Ch.
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In all of the natural transformations in these diagrams, the components on the
strict n-category parts are all identities, so to show that the diagrams commute
we need only consider the components on the n-globular set parts. Since the
components of the maps of n-globular sets are identities at every dimension
except dimension k, we need only check that the corresponding diagrams of
maps of sets of k-cells commute.

First, we must show that, given

in Contry, the diagram

X, % X, X,

1x J/(Gx)k
Xk
commutes; this is true, since given o € Xy, we have
(ex)k o (nx)r(a) = (ex)r(a) = a.
Secondly, we must show that, given

X

S
in Contry_; with (k — 1)-contraction -, the diagram

Xk: (1x )k Xk; I X}g

commutes. We have two kinds of freely added contraction cells in X, 11 X,‘;, we
write (z,y) for the contraction cells in X}, and [z, y] for those in X} (the latter
being the specified contraction cells in this case). Given o € X C Xy,

(ex)k o (Nx)k(@) = (eg)r(a) = a;
given (z,y) € X§ C Xy,
(ex)k © (Mx)k(z,y) = (ex)rlz, yl = (z,y);

hence the diagram commutes.
Thus the triangle identities hold, and we have an adjunction Cy - Dy, with
unit 1 and counit e. O
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We must also define C, 41 separately, since “adding contraction (n+1)-cells”
consists of identifying certain n-cells rather than actually adding cells; we can
think of this as adding equality (n + 1)-cells between pairs of n-cells that would
usually require a contraction cell between them.

Definition 1.2.8. We define a functor
Cp+1: Contr,, — Contr,, ;.
We begin by giving the effect of C), 1 on objects. Let
X

|

be an object of Contr,,, with n-contraction . Define a set X, and maps 71,
m2: X1 — Xy by the following pullback:

n

T
XTCL+1 Xn

_
MJ (s:0.42)

X, ———— Xn_1 X Xpn_1 X S,
(s5t,fn)

The set X7, can be thought of as the set of pairs of n-cells to be identified,
but note that there is some redundancy: for all a € Xy, (a,a) € X/, and if
we have (a,b) € Xy, | we also have (b,a) € X} ;.

We now define an object

(Q(LNI

of Contr, 1 with contraction 4. For 0 < m < n, define

Xm = Xm7

and define X, to be the coequaliser of the diagram

™1

Xy X
T

For 0 < m < n, define R

fm = fm7
and define fn: X, — S, to be the unique map such that

™1 q -

X1 X, — X,
T
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commutes, where ¢: X,, — X,, is the coequaliser map. Finally, define ¥ to be
the n-contraction defined by

O if m <n,
Tm = qoy, ifm=n.

This defines the action of C), 41 on objects.
We now give the action of C), 1 on morphisms. Let

X$>Y
f g
S— R

be a morphism in Contr,,. Define a morphism
X Y

1|
S R

in Contr, 41, where, for 0 < m < n,
U, = U,

u

—

—

v

and @, : X, — Y, is defined to be the unique map such that the diagram

™1

s q
X, X, 1 X‘n
o
Un | iy,
+
Yo Ya

commutes, where p is the coequaliser map for Y,,. This defines the action of
Chp+1 on morphisms.

Proposition 1.2.9. There is an adjunction Cpy1 4 Dyy1.

Proof. We first define the unit n: 1 = D,,41Cy 41, and counit € : Cp,y 1Dy =
1. Let
X

:

S
be an object of Contr,,. Applying D,,+1C)+1 gives

X
fJ/
S
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in Contr, 1. The corresponding component of the unit 7 is given by the map

X nx f(
; [f
S———S§
idg

where nx is defined by

(1x); = Ix; - ifj<n,
1X)i = the coequaliser map ¢: X,, — X,, if j =n.

Observe that C, 11Dy 41 = id, and if

S

is in the image of Dy 41, X = X and q = idx, so n = id. Furthermore, the
counit
€ Cn+1Dn+1 =1

is also the identity. Thus all maps appearing in the diagrams for the triangle
identities are identity maps, so both diagrams commute. Hence there is an
adjunction Cpy1 4 Dpy1. O

Thus Definitions 1.2.6 and 1.2.8 give us a dimension-by-dimension construc-
tion of the free contraction on an object of R.

1.2.3 Free magma structure

We now construct the free n-magma on the source of an object of R. As with
the construction of the free contraction in the previous subsection, in order to
be able to use the construction in the interleaving argument in Subsection 1.2.4,
we give the construction one dimension at a time. To do so we define, for each
0 < j < n, a category Mag;, an object of which consists of an object of R
in which the source is equipped with a magma structure up to dimension j.
(Observe that Mag, = R.) We then have, for each 0 < j < n, a forgetful
functor
Nj: Mag,; — Mag;_;.

We construct a left adjoint to each N;, which freely adds a magma structure at
dimension j, leaving all other dimensions unchanged.

In order to define what it means for an n-globular set to have a j-magma
structure, we use the j-truncation functor

Tr;: n-GSet — j-GSet,

which forgets the sets of m-cells for all m > j, and, for m < j, leaves the sets
of m-cells and their source and target maps unchanged; the action on maps is
defined similarly.
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Definition 1.2.10. Define a category Mag,, with

e objects: an object of Mag,; consists of an object

X

fL

in R such that Tr; X is a j-magma, and Tr; f is a map of j-magmas.

e morphisms: a morphism in Mag; is a morphism

X——Y
S— R

in R such that Trju is a map of j-magmas.

We can express the category Mag; as a pullback. For any m € N we have
a commuting triangle of forgetful functors

m-Cat — ¢ 5 m-Mag

Ur,, E
m-GSet

in CAT. We can then write Mag; as the pullback

Mag; —— n-GSet | Ur

T

j-Mag | G — J-GSet | Ur,

For all 0 < j < n, we have a forgetful functor
Nj: Mag; — Mag,_,,

which forgets the composition maps for j-cells. We will define, for each 0 < j <
n, a functor
M;: Mag;_; — Mag;

which freely adds binary composites at dimension j, taking an n-globular set
equipped with a (j — 1)-magma structure and adding a magma structure at
dimension j to give an n-globular set equipped with a j-magma structure. We
will then show that the functor Mj is left adjoint to the forgetful functor N;.
Before defining M, we first fix some notation that will be used in the con-
struction of the free binary composites. Let X be an n-globular set equipped
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with a (j — 1)-magma structure. For each 0 < p < j, we can form the set of
pairs of j-cells that are composable along p-cells using the following pullback:

Xj XXpXjHXj

I” !

We view X; xx, X; as the set of freely generated binary composites of j-cells
along p-cells. We can form the set of freely generated binary composites of j-
cells along boundaries of all dimensions by taking the coproduct of these sets
over p. As the notation will become somewhat complicated in the definition of
the left adjoint to IV;, we use the following shorthand:

X_72 = H Xj XXpXj~

0<p<y

This set comes equipped with source and target maps into X;_;, which are de-
fined in analogy with the sources and targets of composites in a magma structure
from Definition 1.1.1, as follows:

o if p=m —1, given (a,b) € X,y Xx, X,
s(a,b) = s(a),
t(a,b) = t(b)
o if p<m —1, given (a,b) € Xy, xx, X,
s(a,b) = s(b) o;”*l s(a),
t(a,b) = t(b) o' " t(a).

The set X ]2 contains only binary composites of “depth 1”; that is, it contains
binary composites of pairs of j-cells in X, but it does not contain binary com-
posites of binary composites, binary composites of binary composites of binary
composites, etc. In order to obtain these composites of greater “depth”, which
we require in the free magma structure, we must iterate this process. To do so
we define, for each k > 0, a set X ](k) of composites of depth at most k. We have
inclusion maps

Xj(k) N X](-k+1),

so this gives a sequence of sets; we take the colimit of this sequence to obtain
the set of freely generated binary composites of all depths. We now describe
and illustrate this iterative process for low depths of composite (k < 2).

When k£ = 0, we define

) _
X7 =Xj,

with source and target maps s, t: XJ(-O)

When k = 1, we define

— X1 given by those in X.

2
X](_l) = Xj + (XJ('O)) — Xj +Xg27
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where the notation X 32 is shorthand, as described earlier. The set X ; inherits

source and target maps from X J(O), so we have source and target maps
S,t: Xj(l) — Xj—l

inherited from those for X; and X?. To see how this gives the set of composites
of depth at most 1, we consider the case j = 2. By “expanding out” X2, we see
that X2(1) contains the following shapes of composites:

Xz(l) = Xo + Xo xx, Xo + Xo xx, Xo
TN TN TN /N
o || o o || o || e o— e
N AN N " NN

L

When k = 2, we define

XJ(_2) =X, + (XJ(-l))Q.

As in the case k = 1, this comes equipped with source and target maps. In the

2
case j = 2, “expanding out” (X j(.l)) gives
(2 _ 2 2 2 2
X2 = X2 + X2 + XQXXOX2 + XQXX1X2 + XQXXOXQ
+ XIxx, Xo + XIxx, X3 + X3xx, X3

Thus X2(2) contains the same shapes of composites that appear in Xél), as well as
those composites of depth 2: in X5 x x, X5 we have composites of the following

shapes:
. U o | e and o | e —— |e;
NN A A \lL/‘

in Xy xx, X2 we have composites of the following shape:

°/U\
NN

the shapes of composites in X3 x x, Xo and X2 xx, Xy are similar to those
above; in X2 X y, X3 we have composites of the following shapes:

NN N N N A
and also
° y o | o— e gnd e——e y o | '
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and finally, in X2 x x, X2 we have composites of the following shapes:

AN

o—>e0e— @
and o

L

Thus X§2) contains all binary composites of 2-cells of depth at most 2.

Since the construction of the the free j-magma structure consists of taking
pullbacks and filtered colimits of sets, in order to define the composition maps
at dimension j we require the following lemma due to Mac Lane [ML98, The-
orem IX.2.1], which states that finite limits commute with filtered colimits in
Set. Note that this theorem still holds if Set is replaced by any locally finitely
presentable category; see [AR94, Proposition 1.59].

Lemma 1.2.11 (Mac Lane). Let I be a finite category, and let J be a small,
filtered category. Then for any bifunctor

F:IxJ— Set
the canonical arrow

colim lim F'(i, j) — lim colim F'(¢, j
jel el ( ‘7) i€l jeJ ( j)

s an isomorphism.

We now define a putative left adjoint M; to the functor IN;; we will then
prove that this functor is left adjoint to N; in Proposition 1.2.13.

Definition 1.2.12. For each 0 < j < n, we define a functor
M;: Mag;_, — Mag;.
We begin by giving the action of M; on objects. Let
X
1
S

be an object of Mag,_ ;. We will define an object

X
S

of Mag;, where X differs from X only at dimension j. The set X ; of j-cells
of X is the set of freely generated binary composites of j-cells of X. We define
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this as the colimit of a sequence of sets X j(k), where X J(-k) is the set of freely

generated binary composites of j-cells of X of depth at most k. We define X j(-k)

by induction over k, as follows: when k& = 0, define

X\ = x;

7

0)

with source and target maps s, t: XJ(» — X,_1 given by those in X. Now

suppose that £k > 0 and we have defined X j(-k_l), equipped with source and
target maps

s, t: Xj(vk_l) — Xjfl.
We define X](-k) by

(k) (k—1))?
XM= X+ (x()

Recall that the notation used above is shorthand, defined by

2
-1} ._ (k=1) (k=1)
(xF0) = T XY s, x50,

0<p<y

and that this set inherits source and target maps from X J(k_l). Thus we have

source and target maps
S,t: X](k) — Xj—l

2
inherited from those for X; and (X](k_l)) .

For each k > 0, we define a map
i®: x o x Y

which includes the freely generated composites in X ](k) (those of depth at most

k) into the set XJ(-kH) (which contains composites of depth at most k + 1), and

leaves the generating cells unchanged. The maps i(*) are defined by induction
over k, as follows:

e for k=0, i) is the coprojection map

i(O)Z X]‘ — Xj + ij;

e for k > 1, suppose we have defined i(*=1) X](»kfl) — X;k). We define (%)
to be the map

(k) _ ;= 1) k 1) (k 1) (k)
= lx, +O<HP<J( ) X+( ) - X; +( )

These sets and maps give us a diagram

Fes) i@ i(3)

X(O) X(l) X](Q) X](3) ¢
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in Set; we then define

X'j .= colim X,
k>0 Y
For m # j, we define R
X = X

For m # j, 7 + 1, the source and target maps
S,t: )?m — )?m—l

are those inherited from X. Now write c;k): X J(k) - X ; for the coprojection

maps. The source and target maps for m = j + 1 are given by the composites

()
j

)?j—i-l =Xjn : X )?j

and
S

~ t J
Xjr1 =X X X

respectively. To define the source and target maps for m = j, recall that,
for each k, we have source and target maps s, t: XJ(-k) — X;_1; we define s,

t: X ;7 — X;_1 to be the unique maps induced by the colimit defining )A(j that
make, for all £ > 1, the diagrams

(k) (k)

QIR+ (NN
X;" — X X, —X;
[ [
\ | s \ |t
s t
< 1
Xj,1 Xj,1

commute respectively. N
We now define the j-magma structure on X. For all m < j, and for all
0 < p < m, the composition map

on': Xom Xz, Xon = Xpn % x, Xon = X
is the corresponding composition map from the (j — 1)-magma structure on X.

To define the composition map of, for 0 < p < j, we begin by observing that,
by Lemma 1.2.11, we have an isomorphism

colim (XP xx, X7) 2 (colimx M) xx, (colimx (V) = X xx, X;.
ki>0 \ 7 LA k>0 7 P\i>0 Y 4
Thus, to define the composition maps at dimension j, we define, for each k,
1>0,0<p<j, amap

O:{): Xj(k) XXp X](l) — XJ‘.

To do so, observe that, in the case k = [, the source of the composition map
above includes in X ;k+1), which in turn includes in Xj; thus in this case we

define the composition map to be the composite:

(k+1)
k k k+1) S
Xy, XMoo XD 2 X
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Now suppose that k < [; in this case we first include the source of the composi-
tion map in
0 0
Xj Xxp Xj s

and we can then follow the same method as for k = [. Write

JBD . — (1) o= 5 (R, X](k) — X](‘l)’

and define o/ to be the composite

(l+1)

i*D id
( ) X0 sy X0 x0 2%

(k) 0
Xj XXp Xj

where the second map is the coprojection into the coproduct defining X j(l+1).

Similarly, for [ > k, we define og) to be the composite

(kD)

x® g x® SD, el e xR D g
J P J J

Then of X XX, X — X is defined to be the unique map induced by universal
property of

~ ~

Xj xx, Xj
as a colimit (using Lemma 1.2.11) such that, for all k, [ > 0, the diagram

( (k) (l)) R

XM xx, X(l)—>X xx, X;
|
\ ‘OZ}
o; 4

commutes. This defines a j-magma structure on X.

We now define the map f X — S. At dimension 7, f acts on a freely
generated composite in X by first applying f to each individual generating
j-cell in the composite, then evaluating this composite via the magma structure
on S; at all other dimensions it is the same as the map f.

For m # j, define

Fon = fn: Xon = Xon = S
To define fm for m = j, we first define, for each k£ > 0, a map
9 X0 s,

When k = 0, define
=5 x5 s;.

Now let k£ > 1 and suppose we have defined the map

L x00 g
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we define the map
k). x(k
fJ( ) ]( ) Sj

as follows: for each 0 < p < j there is a map
(550, 587D) 5 XD s, X07Y 58, x5, 5,

induced by the universal property of S; X g, S;. We compose each of these with

the composition map og), and define f;k) : X;k) — 5 to be a coproduct of these
composites, as follows:

fj(k) :=f;0) + H ((O%)O <f;k—1)7f](k_1)>) :
0<p<yj
X=X+ I x5V xx, x50 5 55
0<p<j

We then define fj to be the unique map such that, for all £ > 1, the diagram

RONES
XWX,
[
fN 5
J

commutes.
Thus we have defined an object

X
fl
S

of Mag; this gives the action of M; on objects.
We now give the action of A; on morphisms. Let

X Y
S R

be a morphism in Mag;_ ;. We define a morphism

Y
F
R

u

|

J

v

~ u

fi

J )

T

v
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in Mag,. At dimension j, the map @ acts on a freely generated composite in X
by applying u to each individual generating j-cell in the composite, thus giving
a freely generated composite of j-cells in Yj; at all other dimensions it is the
same as the map u.

For m # j, we define 4, = u,,. To define 4, for m = j, first we define, for
each k > 1, a map

k k k
W X0 Ly,
When k = 0, define
ugl) = Uy XJ(-I) — Yj(l).

Now let £ > 1 and suppose we have defined

ug-k_l) =y X;k_l) — Yj(k_l);

we define u'*) as follows:

J
ut = ugkfl) + H (u§k71),u§k71)> : Xj(k) — Yj(k).
0<p<j
We then define 4; to be the unique map such that, for all £ > 1, the diagram
R
X7 — X

[
ugk)J/ | @
¢

(k) y Y
Y; o) Y;

commutes. This gives the action of the functor M; on morphisms.
Proposition 1.2.13. For all 0 < j < n, there is an adjunction M; - N;.

Proof. We first define the unit n: 1 = N;M; and counit e: M;N; = 1.
Let
X

|

be an object in Mag;_;. Then the corresponding component of the unit map

n is
X
1
S
where 7x is defined by

the coprojection map cg-o): X; — )A(j if k=j.

—

<)

—
~

W

.—>
id

nx
)
s

()i = {
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Naturality of 7 is immediate at dimensions k # j, and follows from the definition
of the action of M; on maps when k = j.
Now let

X

fL

be an object in Mag;. The corresponding component of the counit map € should
be a map of the form

X

S

)?j = coth( )
k>0

SELLIEN

b

—a

Né———
~

To define the map ex, recall that

thus for each k£ > 0, we define a map
eg];): X](k) — X,

by induction over k.
When k£ =0, Xj(k) = X, and we define

EQ)Z:idX

Now suppose we have defined eg?) for some k = . Recall that

(+1) | M o xO
X;=x+ I X7 xx, X5

0<p<yg
We define €gl(+1) by

A i, + T (o (d0,60)) - XD s x,,
0<p<j

where Of; is the composition map from the j-magma structure on X. We then

define (ex);: )?j — X; to be the unique map such that, for all £ > 0, the
diagram
o®)
XM ==X,

\
| (ex)
eg?\\ 4 J

X
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commutes. This defines the counit e€: M;N; = 1. We now check naturality of
€. Let
X ——=Y

S— R

be a morphism in Mag; since the components of € are identities on strict n-
category parts, and at all dimensions other than dimension j, to show that € is
natural we need only show that the diagram

~ Uj A~
Y
(EX)jJ J(EY)J

commutes. By definition of X as a colimit, this diagram commutes if, for each
k > 0, the diagram

wl®
X(k) S Y.(k)
J J
Euc)J Jé(m
X Yy

commutes; we prove this by induction over k. It is immediate when k = 0, since
e()?) = idy, and eﬁ” = idy,. Now suppose we have shown that the diagram
commutes for some k = [; then we have

wold™ =uj+ JI (we(ef)o(F.e0))

0<p<j
j l l
=u; + H ((o?)) o (ujeg(),ujeg()))
0<p<y
j l l l l +1 +1
=uj + H ((ogg) o (eg()ug. ),eg()UE- ))) = eg )ug ),
0<p<j

so the diagram commutes for & = [ + 1. Thus, by induction, the diagram
commutes for all k¥ > 0. Hence € is natural.

We now check that 1 and e satisfy the triangle identities, i.e. that the
diagrams

Ny —— ™ N MUN, M, —— M N M,
\ lNkE \ JEMk
Nku Mk

commute. In all of the natural transformations in these diagrams, the compo-
nents on strict n-category parts are all identities, so to show that the diagrams
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commute we need only consider the components on underlying n-globular sets.
Since the components of the maps of n-globular sets are identities at every
dimension except dimension j, we need only check that the corresponding dia-
grams of maps of sets of j-cells commute.

For the first triangle identity, let

X

S
be an object of Mag,. Then the diagram

(nx);=c"

Xj _— Xj
0 J(ﬁx)j
J
XA

<

commutes by the universal property of (ex);, so this triangle identity is satisfied.
Similarly, for the second triangle identity, let

X

S
be an object of Mag,_;. Then the diagram

0
. (ng)=c”

X, — X,

commutes by the universal property of (e );, so this triangle identity is satisfied.
Thus we have an adjunction M; 4 N;, as required. O

1.2.4 Interleaving the contraction and magma structures

We now explain the interleaving argument and show that we can interleave the
constructions of Subsections 1.2.2 and 1.2.3 to give a construction of the left

adjoint to the functor
W:Q—R.

To do so we add the contraction and magma structures one dimension at a
time, starting with dimension 1 and working upwards. At dimension m we
first add free contraction cells using the functor C,,, then add free composites
using the functor M,,, and then move up to the next dimension. Finally, we
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add “contraction (n + 1)-cells” using the functor Cj41, which identifies the
appropriate cells at dimension n. Note that the method we use very closely
follows the method used by Cheng in [Chel0].

This construction is possible because of the dimensional dependencies of the
functors C} and M; defined in Subsections 1.2.2 and 1.2.2; the contraction k-
cells added by Cj only depend on the (k — 1)-cells, and the composites added
by the M; only depend on the j-cells.

In order to describe this interleaving process formally, we define, for each
0 < j,k < n, a category whose objects are objects of R equipped with both a
j-magma structure and a k-contraction.

Definition 1.2.14. For each 0 < j < n, 0 <k < n+1, define a category R
with

e objects: an object of R; ) consists of an n-globular set X equipped with
a j-magma structure, a strict n-category S, and a map of n-globular sets

X
f‘/
S

that preserves the j-magma structure of X, equipped with a k-contraction
Vs

e morphisms: a morphism in R, is a commuting square

XL)Y

in n-GSet such that

— v is a map of strict n-categories;
— wu preserves the j-magma structure of X;

— writing v for the contraction on the map f and § for the contraction
on the map g, for all 0 < m < n, and (a,b) € X¢,, we have

u(ym(a, b)) = om(u(a), u(b)).

For 0 < j <n,0< k <n+ 1, we have forgetful functors
Djr:Rjx — Rjk—1,

which forgets the contraction structure at dimension k, and
Njk: Rjk = Rj-1k,

which forgets the magma structure at dimension j. Thus we can write the
forgetful functor
W:Q9—-R
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as the composite

Dn,n+l Nn,n anl,n Nl,l DO,I
Q = Rn,n+1 Rn,n 7?/nfl,n T 7?/0 1 7?10,0 =R.

)

In order to construct the left adjoint to W, we construct left adjoint to each
of the factors in the composite above, by lifting the constructions of Cj and
M; from Subsections 1.2.2 and 1.2.3 in a way that interacts properly with the
forgetful functors

Rj7k — Mag_ja

which forget the k-contraction structure entirely, and
Rjr — Contr;,
which forget the j-magma structure entirely.

Lemma 1.2.15. For all0 < k <n + 1, the adjunction

_
Contr,_; 1 Contry,
Dy,
lifts to an adjunction
Cr—1,k
Rik—1k—1 L Ri—1,k
Dg—1,k
making the diagram
Cr—1,k
Ri—1,k—1 1 Ri—1,k
J Dy 1k l
__ G
Contr,_; ; Contry,
k

commute serially.

Proof. We need to show that, given (X, f,S,7) € Contry_1, if X is equipped
with a (k — 1)-magma structure, then this (k — 1)-magma structure is “stable”
under C; this is immediate since, by construction, C} adds only k-cells to X,
so the underlying (k — 1)-globular set of X remains stable under Cj. O

Lemma 1.2.16. For all 0 < j < n, the adjunction

M;
Mag;_, I Mag;
N;
lifts to an adjunction
M.
Rj—1j L "Ry,
N. .

753
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making the diagram

Mj,;
_
Rj—1j L "Ry
L Nij,j l
M;
_
Mag;_, 1 Mag;

N.

J

commute serially.

Proof. We need to show that, given (X, f, ) € Mag;_, if (X, f, S) is equipped
with a j-contraction -y, this j-contraction structure is “stable” under M;. By
construction, M; adds only j-cells to X, so the underlying (j — 1)-globular set
of X remains stable under M;. The required contraction j-cells depend only on
the (j — 1)-cells of )/5, and we have )?;_1 = X¢ 4, so the contraction j-cells in

X are given by

P AN N
e A

For m < j, we have )?f;l_l =X _1, X,m = X, and the contraction m-cells

are given by vm,—1: X5, _1 — X,,. Hence the j-contraction structure is stable
under M;. O

Combining Lemmas 1.2.15 and 1.2.16, we obtain a chain of adjunctions

Co,1 Mi 1 Cn_1n M n Chnt1
R=Roo, L Roi,L ..., L Rpam, L Rpun, L Rpny1=2.
Do 1 Ni1 Dy_1n Npn Dyny1

Composing these, we obtain an adjunction

J
—
R_ L1709,
w

where J =Cy py10 M, p0Cr_yp0---0Mj;0CH,. We then have

F
n-GSet é Q,

where F' = J o H. Thus U has a left adjoint, so Penon weak n-categories are
indeed well-defined, and moreover we have an explicit description of this left
adjoint.



Chapter 2

Operadic definitions of
weak n-category

In this chapter we recall and compare two operadic definitions of weak n-
category, those of Batanin [Bat98] and Leinster [Lei98b]. We give a new proof
of the existence of the initial n-globular operad with a contraction and system
of compositions, a fact that has previously only been assumed [Bat98, Lei02].
A correspondence between the contractions and systems of compositions used
in Batanin’s definition, and the unbiased contractions used in Leinster’s defini-
tion, has long been suspected, and we prove a conjecture of Leinster [LeiO4a,
Section 10.1] that shows that the two notions are in some sense equivalent.
We then prove several new coherence theorems which apply to algebras for any
operad with an unbiased contraction or with a contraction and system of compo-
sitions; these coherence theorems thus apply to both Batanin weak n-categories
and Leinster weak n-categories.

All definitions in this chapter are of the n-dimensional case, but it is straight-
forward and well-established how to modify the definitions to the w-dimensional
case [Bat98, Lei98b]. The results in Section 2.5 are mostly not applicable in the
w-dimensional case, since most of the coherence theorems concern behaviour
of cells at dimension n (for example, stating that certain diagrams of n-cells
commute).

As noted in the introduction, throughout this chapter we write 1 to denote
the terminal object of the category in which we are working; with the exception
of Section 2.1, we work exclusively in n-GSet. In this case, 1 is the n-globular
set in which the set 1,, of m-cells is a one-element set for every 0 < m < n.
We also write 1 for the unique element of each set 1,,. Applying T to the
terminal n-globular set freely generates composites, giving the n-globular set T'1
of globular pasting diagrams. The cells of T'1 are the arities of the operations
in an n-globular operad.

2.1 Globular operads

In this section we recall the definitions of generalised operads and their algebras,
with particular emphasis placed on the case of n-globular operads. None of the
material in this section is new; it originates in [Lei04a], with the special case of

45
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n-globular operads originating in [Bat98].

A classical operad has a set of operations, each equipped with an arity: a
natural number which is to be thought of as the number of inputs that the
operation has. In the definition of generalised operad, we replace Set with any
category C that has all pullbacks and a terminal object, denoted 1. The arities of
the generalised operad are then generated by applying a suitably well-behaved
monad T to the terminal object, giving an “object of arities” T'1 in C; hence
such a generalised operad is called a “T-operad”. To retrieve the definition of
classical non-symmetric operad, we take C = Set, and take T to be the free
monoid monad on Set. The terminal object in Set is the one-element set 1,
and applying T gives T'1 =2 N, so in this case a T-operad has natural numbers
as arities. We will return to this example throughout the section.

We will be particularly interested in the case of n-globular operads, in which
C = n-GSet and T is the free strict n-category monad. As explained in the
introduction, in this case T'1 is the n-globular set whose elements are globular
pasting diagrams. In an n-globular operad, each operation has such a diagram
as its arity, and should be thought of as a way of composing a diagram of cells
of that shape.

Before giving the definition of T-operad, we must first state formally what
it means for T' to be “suitably well-behaved”.

Definition 2.1.1. A category is said to be cartesian if it has all pullbacks. A
functor is said to be cartesian if it preserves pullbacks. A natural transformation
is said to be cartesian if all of its naturality squares are pullback squares. A
map of monads is said to be cartesian if its underlying natural transformation
is cartesian. A monad is said to be cartesian if its functor part is a cartesian
functor and its unit and counit are cartesian natural transformations.

We now explain what it means for a monad to be cartesian with reference
to the example of the free monoid monad on Set. Let f: X — Y be a map
of sets, and consider the corresponding naturality squares for the free monoid
monad T, i.e.

T2
Xf) Y T2)(J*f> T2y
nx ny and M;T(l lu§
TX Tf> TY TX Tf> TY.

Recall that an element of T X is a “word” in X; that is, a finite string of elements
of X. The fact that the naturality square for the unit is a pullback square tells
us that every element of X is uniquely determined by its image under f and the
corresponding word of length 1 in TX. This means that we have no equations
of the form x = ¢ where z is a word of length 1 but ¢ is a word of some other
length, and also tells us that any element of T X whose image under T'f is a
word of length 1 must itself be a word of length 1.

Similarly, the fact that the naturality square for the multiplication is a pull-
back square tells us that any element of 72X (a word of words in X) is uniquely
determined by an element of T'X, which tells us which elements of X appear in
this word of words, and an element of T2Y, which tells us how these elements
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of X are divided into words. This means that if two words in T X are equal,
they must be of the same length, and consist of the same elements of X in the
same order.

So the fact that T is cartesian tells us that, for a set X, each element of TX
has a fixed length and order, and that this length and order will be preserved
by any map in the image of T'. More generally, for any cartesian monad T
on Set or a presheaf category, we can think of this as telling us that, for an
object X, each element of T'X has a fixed “shape” that is preserved by any
map in the image of T. This goes some way towards explaining why cartesian
monads are appropriate for generating the arities of generalised operads; arities
are supposed to be the shapes that the inputs of an operation can take, so we
need a monad for which the elements of T'1 are fixed shapes.

We now recall the definition of T-collections, the underlying data for T-
operads.

Definition 2.1.2. Let C be a cartesian category with a terminal object 1, and
let T be a cartesian monad on C. The category of T-collections is the slice
category C/T1. Explicitly, this is the category with:

e objects: an object of C/T'1, called an T-collection (or simply, a collection),
consists of an object K of C, and a map

K

Js

T1
in C;

e morphisms: a morphism of f: K — K’, called a map of collections, is a
map of the underlying objects of C such that

K%K/

¥

commutes.

We obtain from C/T'1 the monoidal category of collections T-Coll by equip-
ping it with a tensor product. Let k: K — T1, k': K/ — T1 be collections.
Then their tensor product is defined to be the composite along the top of the
diagram

’ T
K@K TK — 2
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where ! is the unique map K’ — 1 in C (since 1 is terminal). The unit for this
tensor is the collection
E

T1.

In the case in which C = n-GSet, and 7' is the free strict n-category monad, a
T-collection is called an n-globular collection. We write n-Coll for the monoidal
category of n-globular collections.

To understand this definition, we return to the example of classical non-
symmetric operads, in which C = Set and T is the free monoid monad. In this
case we have T1 = N, so a collection consists of a set K of operations and a
map k: K — N that assigns an arity in N to each operation in K. The tensor
product will be used to define composition in a T-operad, via a multiplication
map % : K@ K — K. In this case, an element K ® K consists of an operation
of arity n for some n € N, together with a string of n operations to be composed
into each of the first operation’s n inputs; the pullback checks that the arity of
the first operation is the same as the length of this string. Thus pu takes this
information an gives a single operation of K, with the appropriate arity.

We now explain the role the tensor product of collections will play in the
definition of n-globular operad, i.e. in the case C = n-GSet, and T is the free
strict n-category monad. As in the case above, in an n-globular operad with

underlying collection K LN o , composition of operations will be defined as
a map of collections pf: K ® K — K, so our explanation will focus on K @ K.
We think of a typical element of K ® K as looking like:

G=o | o—se R

92: e— e

where 6, 01, 05, 05 are m-cell in K (with 61, 05, 03 the “labels” of the m-cell in
K). Applying the composite

LT
KoK — TK 5 21 2 1

combines the arities of these operations to give:

/\A/\
\JV\/
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which is the arity of the operation we obtain by applying the multiplication map
u: K ® K — K, since p€ is a map of collections.
We now give the definition of a T-operad.

Definition 2.1.3. Let C be a cartesian category with a terminal object 1, and
let T' be a cartesian monad on C. A T-operad is a monoid in the monoidal
category T-Coll. Thus, an T-operad consists of:

e a collection
K

Jk
T1;

e a unit map n%: 1 — K in C such that
&
1l———K
n& %
T1

e a multiplication map p: K ® K — K such that the triangle in the

commutes;

diagram
Kek—" Lk
YEVAN
K TK
T1 T21
’“T\Tl
commutes.

These must satisfy the usual monoid axioms. Note that we usually refer to such
an operad as simply “an operad K.

A map of T-operads f: K — K' is a map of monoids. This consists of a
map f: K — K’ of underlying collections such that the diagrams

and
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commute.

In the case in which C = n-GSet, and T is the free strict n-category monad,
a T-operad is called an n-globular operad. Since n-globular operads are the
only kind of operads used in this thesis, we will often refer to them simply as
“operads”.

To see that this is a generalisation of the definition of classical non-symmetric
operad, we once again return to the case in which C = Set and T is the free
monoid monad. In a T-operad with underlying collection k: K — N, the com-
position of operations is given by the multiplication map p*: K ® K — K.
This map takes an element of the tensor product, that is an operation of arity
n and a string of n operations of arities i1, ..., i,, and composes to give a single
operation in K. The commuting triangle in the diagram defining u’ ensures
that the arity of the composite operation is i1 +. . .+1i,. Identities come from the
unit map n¥: 1 — K, which picks out a single operation, and the commuting
triangle ensures that the arity of this operation is 1.

The algebras for a T-operad are the algebras for a particular induced monad,
which we now define.

Definition 2.1.4. Let C be a cartesian category with a terminal object 1, let
T be a cartesian monad on C and let K be a T-operad. Then there is an
induced monad on C, which by abuse of notation we denote (K,n%, u®) (so the
endofunctor part of the monad is denoted by the same letter as the underlying
n-globular set of the operad, and we use the same notation for the unit and
multiplication of the monad as we do for those of the operad). The endofunctor

K:C—-C

is defined as follows: on objects, given an object X in C, KX is defined by the
pullback:

KXJLK
kx ‘/k

where ! is the unique morphism X — 1 in C; on morphisms, given a morphism
u: X = Y in C, Ku is defined to be the unique map induced by the universal
property of the pullback defining K'Y such that the diagram

K!

Ku K!
KX-->KY ——K
_ _

kx ky k
TX T TY T) T1

T!

commutes. Observe that commutativity of the left-hand square in the diagram
above shows that k is a natural transformation K =- T'; the fact that this square
is a pullback square shows that this natural transformation is cartesian.
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The unit map n¥ : 1 = K for the monad K has, for each X € C, a component
K. X — KX which is the unique map such that the diagram

1

T K n
Jr "k
TX *> T1,
comimutes.

The multiplication map p€: K? = K for the monad K has, for each object
X in C, a component X : K2X — KX which is the defined to be unique map
such that the diagram

/ V\

A
\/x/
/v\ X

comimutes.

Definition 2.1.5. Let C be a cartesian category with a terminal object 1, let T'
be a cartesian monad on C and let K be a T-operad. An algebra for the operad
K, referred to as a K -algebra, is defined to be an algebra for the induced monad
(K, n, uf). Similarly, a map of algebras for the operad K is a map of algebras
for the induced monad, and the category of algebras for the operad K is K-Alg,
the category of algebras for the induced monad.

Batanin and Leinster each define weak n-categories to be the algebras for a
particular n-globular operad; we recall the definitions of these in Sections 2.2
and 2.4 respectively.
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2.2 Batanin weak n-categories

In this section we recall the definition of Batanin weak n-category, which was
originally given by Batanin in [Bat98]. Batanin weak n-categories and Leinster
weak n-categories are defined to be the algebras for particular n-globular oper-
ads. In order to identify an appropriate operad to use, Batanin’s approach is to
define two pieces of extra structure on an operad:

e a system of compositions: this picks out binary composition operations at
each dimension;

e a contraction on the underlying collection: this ensures that we have con-
traction operations which give the constraint cells in algebras for the op-
erad; it also ensures that composition is strict at dimension n.

Operads equipped with contractions and systems of compositions form a cat-
egory, and this category has an initial object; a Batanin weak n-category is
defined to be an algebra for this initial operad.

In fact, the approach described here is slightly different from that of [Bat98],
in which Batanin uses contractible operads rather than operads equipped with
a specified contraction. Since contractibility is non-algebraic, there is no initial
object in the category of contractible operads with systems of compositions, so
Batanin explicitly constructs an operad that is weakly initial in this category.
He claims without proof that, if we use specified contractions, this operad is
initial [Bat98, Section 8, Remark 2], so the operad we describe is the same as
Batanin’s, even though the approach is slightly different.

We begin by defining what it means for an operad to be equipped with a
system of compositions. To do this, we define a collection

S

T1

that contains precisely one binary composition operation for each dimension of
cell and boundary; in order for the sources and targets of these operations to be
well-defined, S also contains a unary operation (i.e. one whose arity is a single
globular cell) at each dimension, but otherwise contains no other operations.
The collection .S comes equipped with a unit map, which picks out the unary
operation at each dimension. Note that it is not possible to equip S with an
operad structure, since it does not have operations of all the arities we would
require in order to define a multiplication map on S. For example, in S ® S we
have 1-cells such as

e — j>0e— @

but there is no way to define the action of the multiplication on this cell since
there is no operation of arity
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in S. Once we have defined S, we define a system of compositions on an operad
K to be a map of collection S — K, which picks out the desired binary compo-
sition operations in K; this map is required to interact properly with the unit
maps for S and K.

Definition 2.2.1. Let 0 < m < n, and write 1,, := nL (1), the single m-cell in
the image of the unit map 77T: 1 — T1. Define, for 0 <p <m <mn,

gm — 1 T if p=m,
p Nm O;n MNm lf p < m.

Define an n-globular collection S —=— T'1 , in which
Sm={Br |0<p<m<n} CTly,

and define the unit map n°: 1 — S by n2 (1) = ™.

Let K —5+T1 be an n-globular operad. A system of compositions on K
consists of a map of collections

T1
such that the diagram
775 o
’I’[K

commutes.

The notion of contraction on a collection used to define Batanin weak n-
categories is the same as the notion of contraction, from Definition 1.1.2, on a
map of n-globular sets

f: X — R,

where R is the underlying n-globular set of a strict n-category. In the case
of a contraction on a collection, this strict n-category is always T'1, the free
strict n-category on 1. We will restate the definition of contraction in this
case in an alternative equivalent way; the reason for doing this is that it allows
for easier comparison between contractions and the unbiased contractions of
Leinster, which we recall in Section 2.4. Before giving this alternative definition
of contraction, we establish some notation that will be used in the definition.
This notation is more general than is necessary at this stage, but will be used
in its full generality in the definition of unbiased contractions.

Let K —"5T1 bean n-globular collection. We will define, for each glob-
ular pasting diagram 7, a set Cx (7) whose elements are parallel pairs of cells in
K, the first of which maps to the source of 7w under k, and the second of which
maps to the target of 7 under k. When 7 = id,, for some o € T'1, we can think
of C'k () as a set of contraction cells living over m, since every such pair requires
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a contraction cell for there to be a contraction on the map k. To modify the
definition of contraction to a definition of unbiased contraction in Section 2.4,
we use all pasting diagrams 7 in T'1, not just those of the form = = id,, for some
aeTl.

To define Ck (7), we first define, for all 0 < m < n, x € T1,,, a set

K(z) ={a € K, | k(a) = x};
that is, the preimage of « under k. Then, for all 1 < m <n, = € T'1,,, we define
Cre(m) = K(s(m)) x K(t(m)) ifm=1,

KT = {(a,b) € K(s(m)) x K(t(r)) | s(a) = s(b),t(a) = t(b)} if m > 1.
Definition 2.2.2. A contraction v on an n-globular collection K LN |
consists of, for all 1 <m <n, and for each a € (T'1),,,_1, a function
Yid,, Ck (ida) — K(lda)

such that, for all (a,b) € Ck(id,),

$%id, (a,b) = a, tyia, (a,b) =b
We also require the following tameness condition, as in Definition 1.1.2: for «,
8 e K,,if
then o = 5.

Operads with contractions and systems of compositions form a category,
which we now define.

Definition 2.2.3. Define OCS to be the category with

e objects: an object of OCS is an operad
K
\k
T1

equipped with a contraction « and a system of compositions : S — K;

e morphisms: for operads K kT , K’ LN , respectively equipped
with contraction 7, +', and systems of compositions o, ¢’, a morphism
u: K — K’ consists of a map u of the underlying operads such that

— the diagram

commutes;
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—foralll<m<n,a€Tl,_1, (a,b) € Ck(idy),
Um (Yid, (@, b)) = Vi/da (Um—1(a), Um—1(b)).

We often refer to an operad with a contraction and system of compositions
simply as a Batanin operad. The category OCS has an initial object

B

lb
T1,

the existence of which we prove in Section 2.3. This initial object is in some
sense the “simplest” operad in OCS. It has precisely the operations required
to have a system of compositions, a contraction, and an operad structure, and
no more; furthermore, it has no spurious relations between these operations.

Definition 2.2.4. A Batanin weak n-category is an algebra for the n-globular

operad B —% 5 7T1. The category of Batanin weak n-categories is B-Alg.

Note that the presence of a system of compositions and a contraction on an
operad does not affect the category of algebras for that operad. The algebras
depend only on the operad itself; systems of compositions and contractions are
used purely as a tool for selecting an appropriate choice of operad.

2.3 Initial object in OCS

We now prove that the category OCS has an initial object. This has been
believed for some time [Bat98, Lei02], but has not previously been proved. Our
proof is based on a proof by Leinster [Lei04a, Appendix G] of the existence of the
operad for Leinster weak n-categories, which is defined as the initial operad in
a different, but similar, category of operads, as we shall see in the next section.

The idea of this proof is as follows: the category n-Coll has an initial object

) ——T1.
There is a forgetful functor
0OCS — n-Coll,

which sends an operad to its underlying collection, and this forgetful functor
has a left adjoint. The initial collection is the colimit of the empty diagram in
n-Coll, and left adjoints preserve colimits, so applying the left adjoint to the
initial collection gives the initial object in OCS.

Thus we can prove the existence of the initial Batanin operad B by proving
the existence of this left adjoint. To do so we use the following monadicity result,
due to Kelly [Kel80, 27.1] (which appears in this form in [Lei04a, Appendix G]):
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Proposition 2.3.1. Let
D—C

]

4
B—p—A

be a pullback square in CAT. If A is locally finitely presentable and each of U
and V' is finitary and monadic, then the functor D — A is monadic.

To apply this result to our situation, we take A = n-Coll, D = OCS; to
see what B and C should be, observe that in a Batanin operad the contraction
structure exists independently of the operad structure (though note that the
system of compositions cannot exist without the unit of the operad structure).
Thus we have categories

e Contr of collections equipped with contractions;

e SoC of operads equipped with systems of compositions (“SoC” stands
for “system of compositions”);

and we can write OCS as the pullback

OCS -— Contr

SoC - n-Coll.

The composite (of either side, since this diagram commutes) is the forgetful
functor OCS — n-Coll. Thus we take B = SoC and C = Contr.

Note that this is not the same as an interleaving construction; Proposi-
tion 2.3.1 does not require us to decompose the left adjoints to U and V' dimen-
sion by dimension (or even construct them explicitly), and it does not give an
explicit description of the left adjoint A — D.

We now define the categories Contr and SoC formally.

Definition 2.3.2. Define Contr to be the category with

e objects: an object of Contr consists of a collection X —>— T'1 equipped
with a contraction ~;

e morphisms: for collections X —>— T1, X’ —2— T1 , respectively equipped

with contractions v, 7/, a morphism u: X — X’ consists of a map u of
the underlying collections such that, for all 1 < m < n, o € (T1),,-1,
(a,b) € Cx(idy),
U (Yid, (@, b)) = 'Yi/da (um—1(a), um-1(b)).
Define SoC to be the category with

e objects: an object consists of an operad K —* 71 equipped with a
system of compositions o;



2.8 Initial object in OCS 57

e morphisms: for operads K LN , K’ L T1 , respectively equipped
with contraction =, 7/, and systems of compositions o, ¢’, a morphism
u: K — K’ consists of a map u of the underlying operads such that the
diagram

commutes.

To show that the conditions of Proposition 2.3.1 hold in our case, we must
prove that the forgetful functors

U: SoC — n-Coll,

V: Contr — n-Coll,

which send objects to their underlying collections, are monadic. To do so, we
use Beck’s monadicity theorem [Bor94b, Theorem 4.4.4]:

Theorem 2.3.3 (Beck’s monadicity theorem). A functor U: D — C is monadic
if and only if

e U has a left adjoint;
o U reflects isomorphisms;

e given a pair of morphisms

in D such that
o,
UX) _{U(Y)
Ug
has a split coequaliser in C, then (f,g) has a coequaliser in D which is
preserved by U.

Lemma 2.3.4. The functor
V: Contr — n-Coll

is monadic.

Proof. We show that V' is monadic by checking that it satisfies the conditions
in Beck’s monadicity theorem (Theorem 2.3.3). The functor V has a left ad-
joint, which can be constructed using exactly the same method as was used to
construct the free contractions in Definitions 1.2.6 and 1.2.8; we just restrict to
objects of R and Q with T'1 as their strict n-category parts. Since V leaves the
underlying maps of collections unchanged, it reflects isomorphisms. Thus we
only need to check the condition regarding coequalisers.
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Consider a pair of maps

in n-Coll, where Z —2—T1 is the coequaliser of (f,g), and p and ¢ satisfy
the following equations:

ep =1idz, fq=1idy, gq = pe.

To show that (f,g) also has a coequaliser in Contr, we need to show that we
can equip Z with a contraction in such a way that e and any maps induced by
the universal property preserve contractions.

Write « for the contraction on Y — 71 , so for all 0 < m < n, and for
all « € T'l,,_1, we have a function

Yid,, : Oy (ide) — Y (idy).

Suppose we have 0 < m <n and a € T1,,_1. We define a function
0ia, : Cz(ida) — Z(idy)

as follows: given (a,b) € Cz(id,),

8id,, (@, b) = i, (p(a), p(b)).

We need to check that this defines a contraction § on Z —=—T1. Since
ep = idy, dia, (a, b) has the correct source and target, and since y = ze, we have

zedia, (a,b) = yvid, (p(a), p(b)) = idq.

Thus § is a contraction on Z —=— T'1 , and by definition of J, e preserves the
contraction structure.

Now suppose we have a collection with contraction W —=— T'1 and a map
r: Y — W in Contr such that wf = wg. There is a unique map u: Z — W in
n-Coll such that ue =r. For all 0 < m < n, « € T1,,—1, and (a,b) € Cz(id,),
we have

udia, (a,b) = uevia, (p(a), p(b)) = v, (p(a), p(b)),

so since r preserves contraction cells, so does u; hence u is a map in Contr.

Thus Z —=—T1 is the coequaliser of (f,g) in Contr.
Hence V is monadic, as required. O
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To prove that the functor U: SoC — n-Coll is monadic, we first prove that
it has a left adjoint. Observe that, if we did not require a system of compositions,
we could use the free monoid construction of Kelly [Kel80], since an operad is
a monoid in n-Coll. However, we cannot simply add a system of compositions
to our generating data and then apply the free monoid construction, because
in order to define the sources and targets of the operations in a system of
compositions, we require a unit operation at the dimensions below. Thus we
construct the left adjoint to U via an interleaving-style construction, similar to
that used by Cheng in [Chel0]. At each dimension we freely add the binary
composition operations required for a system of compositions, then apply the
free monoid construction at that dimension to generate the operad structure
freely; we then move up to the next dimension and repeat the process. Note
that this is not a true interleaving since the system of compositions cannot exist
independently of the operad structure.

Lemma 2.3.5. The functor
U: SoC — n-Coll

has a left adjoint.

Proof. To describe the interleaving-style construction we must define what it
means for a collection to have an operad structure up to dimension k for some
k < n. To do this, we use a truncation functor, defined as follows: for each
k < n, we have

Trs: n-GSet — k-GSet

which sends an n-globular set to its underlying k-globular set, which has the
same set of m-cells for all 0 < m < k, and the same source and target maps.
Since Try(T1) = T(Tri1), this induces a functor

Trs : n-Coll ——— k-Coll
X Trp. X
z —_ lTrkz
T1 TTrgl.

Note that we denote both functors by Try; it will be clear from the context
which we are using.
For each 0 < k < n, define k-Opd to be the category with:

e objects: collections X ——T1 such that Try( X —>—T1) has the
structure of a k-operad;

e morphisms: maps of collections that preserve the k-operad structure.

We can equip an object of k-Opd with a system of compositions at every dimen-
sion up to (k+1). Since we have no operad structure at dimension (k + 1), this
system of compositions cannot pick out the unit operation at this dimension.
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INED
For each 0 < j < n, define an n-collection SU) ANy g by

4 S if m < j,
S@ =<8 {Br|0<p<m} ifm=j
) if m > j;

with s the inclusion into T'1. Given an object X —— T'1 of k-Opd, where
k> j—1, a j-system of compositions on X consists of a map of collections

g —2 L x

such that the diagram

S o @
1 — Ty, §60) T Trp X

nX

commutes.
Let k > j — 1, and define (k, j)-SoC to be the category with:

e objects: an object of (k,j)-SoC is a collection X —>— T'1 such that

Tr( X —2=T1) has the structure of a k-operad, equipped with a j-
system of compositions;

e morphisms: a morphism in (k,j)-SoC is a map of the underlying col-
lections that preserves both the k-operad structure and the j-system of
compositions.

For each 0 < j < n, we have an inclusion S — SUFD giving a forgetful
functor
By ;: (k,j)-SoC — (k,j — 1)-SoC

which forgets the system of compositions at dimension j. When j < k + 1, we
also have a forgetful functor

Dy (k,7)-SoC — (k —1,)-SoC,

which forgets the operad structure at dimension k. We also have a forgetful
functor

Dy : (0,0)-SoC = 0-Opd — n-Coll.

Thus we can write the functor U: SoC — n-Coll as the composite

nn n 1,n nlnl

SoC £ (n,n)-SoC —— (n — 1,n)-SoC —= (n — 1,n — 1)-SoC ——

B D B p
- —%5 (1,1)-80C — (0,1)-80C — (0,0)-80C —% n-Coll,
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We show that U has a left adjoint by showing that each of its factors has a left
adjoint.

To show that each functor Dy, ; has a left adjoint, we observe that, for each
0 < k < n, there is a forgetful functor

Dy: k-Opd — (k — 1)-Opd

that forgets the operad structure at dimension k (when k = 0, we take (k —
1)-Opd = n-Coll, and Dy = Dy ). We recall from [Chel0, Proposition 2.1] that
each Dy has a left adjoint, which we denote by Cy; this is constructed using
a dimension-by-dimension decomposition of Kelly’s free monoid construction
from [Kel80]. To show that this lifts to a functor

Crj: (k—1,7)-S0C —> (k, j)-SoC,

we must check that, when we apply Cj to a (k— 1)-operad in (k — 1, j)-SoC, it
retains its j-system of compositions. This is true when j < k, since C}, leaves
dimensions below dimension k& unchanged. When j = k, given an object X of
(k —1,k)-SoC, with k-system of compositions ¢(*), we have an inclusion map

Xk — Cka:

given by the component of the unit of the adjunction C}, - Dy at dimension k.
Thus we can equip Cx X with a k-system of compositions, given by o(*) at all
dimension less than k, and at dimension k given by

e
Sl(ck) % Xkc—> CrXg.

Thus for each 0 < j < k < n we have an adjunction Cy ; 4 Dy ;.
Let 0 < j <k < n. We now construct a putative left adjoint

Ayt (k,j —1)-SoC —> (k, )-SoC

to the functor By, ;. We first describe the action on objects. Let X —25T1 be
an object of (k,j—1)-SoC, and write o: SU~1) — Tr;_1 X for its (j —1)-system
of compositions. We define

Api( X —25T1)=(X —57T1),

where

e X is defined by
X .= Xm if m # j,
™ X I SY) i m o= g,

with source and target maps s, t: X'j — Xj,l = X;_ given by

X (pm—1 m—1 .
my _ my._ ) H (ﬂp »Im—1 ©p Dm—1) ifm—1=#p,
S(Bp ) ; t(ﬂp ) o { 777}5—1(1) ifm—1=np;

e 1 is defined by
— { T if m # j,

mes%) if m = j;
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e the j-system of compositions o) : SU) — TrjX is given by 07(7{) = O’%_l)

for m < j, and
(). g Vo Y. €)
o;7: 87 = X;=X; 115,
is given by the coprojection into the coproduct.

For the action on morphisms, given a map f: X — Y in (k,j — 1)-SoC, we
define Ay, ;(f) = f, where

me fm idg,, if m=j.
We now show that Ay ; 4 By ;. Define a natural transformation a: 1 =
By, j A ; whose component at X —— T'1 in (k,j — 1)-SoC is given by
XIm = X, s X 1SY) i m = 5.

Define a natural transformation 5: Ay ;B ; = 1 whose component at X —5T1
in (k,7)-SoC is given by

ide lfm;éj,
idy,, o) ifm =7;

(= {

where 0(/): SU) — X is the j-system of compositions on X. We now check the
triangle identities to show that Ay ; 4 By ; with unit o and counit 3. Since
the components of o and [ are equal to the identity at all dimensions other
than j, we need only check that the triangle identities hold at dimension j. For

X —25T1 in (k,j — 1)-SoC, the diagram

X y11509) )i

L , ,
X; s (x; LSy sy

x J/(B(Xus(ﬁ)ﬂs(j))j

X; s

commutes. For X —~—=T1 in (k,5)-SoC, the diagram

(ax);

X; —— x,; 1189
l(ﬂxusum
X,

J

id

commutes. Thus, Ay ; 4 By ;.
Hence, using the decomposition of U described above, U has a left adjoint,
as required. O

Lemma 2.3.6. The functor
U: SoC — n-Coll

is monadic.
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Proof. We show that U is monadic by checking that it satisfies the conditions
in Beck’s monadicity theorem (Theorem 2.3.3). By Lemma 2.3.5, U has a left
adjoint, and since U is the identity on maps, it reflects isomorphisms. Thus we
only need to check the condition regarding coequalisers.

Consider a pair of maps

T1

in SoC such that its image under U has a split coequaliser. We have

in n-Coll, where Z —2— T1 is the coequaliser of (f,g), and p and ¢ satisfy
the following equations:

ep =idz, fq=idy, gq = pe.

To show that (f,g) also has a coequaliser in SoC, we need to show that we
can equip Z with an operad structure and a system of compositions, in such a
way that e and any maps induced by the universal property of the coequaliser
preserve both the operad structure and the system of compositions.

For the operad structure, define the unit map 7% to be the composite

Y

11—y —°57

N

T1

and define the multiplication map x? to be the composite along the top of

PP nY e

A4 Y®Y Y Z

NN

z TZ——TY
N Sm oV
T1 721

ni

T1.

The diagrams above show that 7 and p? are both maps in n-Coll.
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For the system of compositions, define % : S — Z to be the composite

Y
R e 4

NLA

T1.

The diagram above shows that o2 is a map in n-Coll.

We now check that e preserves the operad structure and the system of com-
positions. That e preserves the unit and system of compositions is immediate
from the definitions of % and oZ; for the multiplication, the diagram

YeY 707
\ ep
Xox Zhyoy
idygy J u
x—2 sy
fl :
YoV Y s 7

commutes. Hence e is a map in SoC.

We now check that the maps induced by the universal property of Z also
preserve the operad structure and the system of compositions. Suppose we have
an operad K in SoC, and a map h: Y — K in SoC. The universal property of
Z in n-Coll gives us a unique map u: Z — K making the diagram
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and

707 KoK
PP h®h

Y®Y

Y

e

h
Z—— K

commute, so u is a map of operads. Also, the diagram

commutes, so u preserves the system of compositions on Z. Thus Z is the
coequaliser of (f,g) in SoC, as required, so U is monadic. O

The final step we need to take in order to use Proposition 2.3.1 to prove that
OCS has an initial object is to prove that the functors

U: SoC — n-Coll,

and
V: Contr — n-Coll

are finitary. To do so, we first give a result describing colimits in slice categories,
which gives us a description of colimits in n-Coll.

Lemma 2.3.7. Let C be a cocomplete category, let Z be an object of C, and let
D:1— C/Z be a diagram in the slice category C/Z. For each i € 1, write

for the object D(i) in C/Z. Write

X := colim X®
i€l

for the colimit in C, and write

cir X 5 X
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for the coprojections. Then the colimit

colim D ()

i€l

lx

Z

in C/Z is given by

)

where x is the unique map such that, for all i € 1,

X0 5 x
2

N/

commutes.
Proof. Let
Y
‘y
Z
be an object of C/Z, and let
Lt
X ——Y

N /.
A

be a cocone under the diagram D in C/Z. The universal property of X in C
induces a unique map f: X — Y such that, for every i € I, the diagram

X0

)
fi

commutes. We need to check that f is a map in C/Z, i.e. that the diagram

commutes. The maps
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define a cocone under the diagram defining X in n-GSet, so there is a unique
map u: X — Z such that each

Ci

X)) ——
Y

commutes. Both v = x and v = yf make this diagram commute; thus z = yf,
so fis amap in C/Z. Thus colim;ey D(4) is given by

|

Z

N+ — - =

Y

)
as required. O

Lemma 2.3.8. The functor
V: Contr — n-Coll
1s finitary.

Proof. First observe that, by Lemma 2.3.7 and the fact that n-GSet is a
presheaf category and is thus cocomplete, n-Coll is cocomplete. Thus our
approach is to show that V creates filtered colimits; since all filtered colimits
exist in n-Coll, this implies that V preserves filtered colimits.

Let D: I — Contr be a filtered diagram in Contr. Since n-Coll is cocom-
plete, V' D has a colimit in n-Coll. Write

x ()
lxu)
T1

for the underlying collection of the object D(i) in Contr, and write v(*) for the
contraction on this collection. Write

X

T1,

for the colimit colim;cy V' D(%) in n-Coll, and write ¢;: X (1) — X for the copro-
jections. We will show that there is a unique way to equip X with a contraction
in such a way that each ¢; preserves the contraction structure, and that this
gives the colimit of D in Contr.
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Let 0 < m < n, and let a, b be parallel m-cells in X with z(a) = z(b). By
Lemma 2.3.7,

X = colim xX®

i€l

in n-GSet, and since colimits are computed pointwise in presheaf categories,

X = coth( i)
i€l

Thus there exist ¢, j € l and u € XT(,?, v E X,(ﬂ) such that
ci(u) =a, ¢;(v) =b.
By definition of the map z, we have
2We;(u) = z(a) = z(b) = 2W¢;(v).

Since I is filtered, we have a cocone in the diagram D under X and Xf,{), with
vertex X,gf) for some k € I and maps d;: Xy(,? — X,g@K), dj: Xy(,z) — X7(nK)7 such
that d;(u) and d;(v) are parallel in X ) Thus we can define a contraction
onz: X — T1 by

7(a,b) = ey ™ (di(u), d; (v)).

The fact that I is filtered, and commutativity of the universal cocone defining X,
ensure that this definition is independent of the choice of i, j, k. By definition
of v, each ¢; preserves the contraction structure, and furthermore this is the
only way to equip x: X — T'1 with a contraction in a such a way that the ¢;’s
preserve contractions.

We now check that maps induced by the universal property of X also preserve
contractions. Suppose we have a collection

K

}
T1

with contraction ¢, and a cocone

)*>K

\/

in Contr. Then there is a unique map of collections u: X — K such that each

)—>X

\/
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commutes. We must show that u preserves the contraction structure. Let
0 <m < mn, and let (a,b) € X, ;. By the definition of v, we can pick k € I

such that there exist u, v € X,(,’f ) with
~v(a,b) = ck'y(k) (u,v).

Thus
wy(a,b) = ucyy™ (u,v) = ry® (u,v) = 8(ri(u), 7 (v)),

as required. Hence u is a map in Contr.
So V creates filtered colimits; hence, since n-Coll is cocomplete, V preserves
filtered colimits. O

Lemma 2.3.9. The functor
U: SoC — n-Coll
18 finitary.

Proof. Our approach is analogous to that used in the proof of Lemma 2.3.8;
we show that U creates filtered colimits, and since n-Coll is cocomplete (and
in particular, it has all filtered colimits) this implies that U preserves filtered
colimits.

Let D: T — SoC be a filtered diagram in SoC. Since n-Coll is cocomplete,
UD has a colimit in n-Coll. Write

x (4)

T1

for the underlying collection of the object D(i) in SoC; write n(*) and u(® for
the unit and multiplication maps for the operad structure on this collection,
and o) for its system of compositions. Write

X

T1,

for the colimit colim;e; UD(7) in n-Coll, and write ¢;: X — X for the copro-
jections. We will show that there is a unique way to equip X with an operad
structure and a system of compositions in such a way that each ¢; preserves
the operad structure and the system of compositions, and that this gives the
colimits of D in SoC.

Let i € I and define the unit X and system of compositions % on X to be
given by the composites

Ci Al Ci

X, S X@® X.
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Commutativity of the universal cocone defining X ensures that these maps are
well-defined and independent of the choice of i.

To define the multiplication map uX we take an elementary approach. Let
0<m<n,andlet (o, ) € X ® X,p,, s0 @ € X, B € TX,,, and z(«) = TY().
Since X is computed pointwise, so each X,,, is computed in Set, we can find
1 €land a € Xy(,? such that ¢;(a) = a. The element § is a freely generated
composite of m-cells B € X,,, indexed over some set K with & € K. For each
B, we can find j, € T with by € XUr) such that cj, (by) = Bk. Since [ is filtered,
we have a cocone in I under X9 and the X Ur)’s. Write X() for the vertex of
this cocone, and write

di: X — x®) dj, - xUr) s x ()

for the coprojections. We can then find b € TX?, with Tc,(b) = 3, given by the
appropriate composite of the dj, (bx)’s.
We thus define uX by

wX (o, B) = cpu(p)(di(a), b).

Commutativity of the universal cocone defining X ensures that this maps is
well-defined and independent of the choices of i, ji, and p. We now check that
p*X is a map of collections. Let (o, 8) € X ® X. Then we have

(@, B) = wepu® (di(a), b)
= 2® @) (d;(a),b)
=uT oTa® o ffg??m (di(a),b)
= pf¥ oTxoxcy(di(a),b)
=ul oTzox(a,p),

where i, p, d;, a and b are as above. Thus the triangle in the diagram

X
XX ———x

X/ \/\TX
ATlxﬂ’l Tm\NTz !

1

IJ«P{\‘

71

commutes, so 4% is a map of collections.

It is immediate from the definitions of nX, %, and o¥ that, for each i € I,
the coprojection c¢; preserves the operad structure and the system of compo-
sitions on X (9; furthermore, this is the only way to equip X with an operad
structure and a system of compositions such that this is true.

We now check that maps induced by the universal property of X preserve
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the operad structure and system of compositions. Suppose we have an operad

K

T1

K

with unit 7, multiplication ;*, and system of compositions ¢, and a cocone

X0 —— K
N /L
T1

in SoC. Then there is a unique map of collections u: X — K such that each

X0 s x
N/
K

commutes. We must show that u preserves the operad structure and the system
of compositions on X. The diagrams

77X
O] o
1770 x6 X
>>§{/%/
K
and
G'X
o ) Ci
S X® X
t><¢/4/
K

commute, so u preserves the unit and the system of compositions. For preser-
vation of the multiplication, we need to show that the diagram

XoX KoK

K

u?
XﬁK
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commutes; this is true since, given («, 8) € X ® X, we have

X (u(@), Tu(B))
= u" (ucyd;(a), T(ic,) (b))
,UK(rpd( ), Trp(D))
= rpp) (di(a), b)
= uc,u'P(d;, b)
= up™ (e, B),
where 4, p, d;, a and b are as in the definition of puX

Thus U creates filtered colimits; since n-Coll is cocomplete, U preserves
filtered colimits. O

pfou®u(a, f) =

We now have all the results required to prove the following proposition:
Proposition 2.3.10. The category OCS has an initial object.

Proof. Our aim is to show that the category OCS has an initial object. Recall
that there is a forgetful functor

OCS — n-Coll,

and that our approach is to show that this forgetful functor has a left adjoint,
then apply that left adjoint to the initial object

0

l!
T1

in n-Coll; since the initial object is the colimit of the empty diagram, and left
adjoints preserve colimits, this will give us the initial object in OCS.

The forgetful functor OCS — n-Coll can be factorised as either of the
composites in the pullback square

OCS -— Contr

‘/ ‘/V
SoC 7) n-Coll,

and, by Proposition 2.3.1, it has a left adjoint if n-Coll is locally finitely pre-
sentable and each of U and V is finitary and monadic. The functor U is monadic
by Lemma 2.3.6 and finitary by Lemma 2.3.9; the functor V is monadic by
Lemma 2.3.4 and finitary by Lemma 2.3.8; since n-Coll is a slice of a presheaf
category, it is also a presheaf category, so is locally finitely presentable (see
[Lei04a, Proposition 1.1.7 and Appendix G| and [Bor94b, Example 5.2.2(b)]).
Specifically, given a small category A and a presheaf X : A°® — Set, we have

[A°P, Set]/X ~ [(A/X)°P, Set],

where A/X is the category of elements of X, which has:
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e objects: pairs (A4, ), where A € A and z € X A;
e morphisms: a morphism f: (A,z) — (A’,2') in A/X consists of a map
fiA= A
in A such that X f(2') = «.

In the case of n-Coll where A = n-GSet and X = T'1, the category of elements
(A/X)°P has one object for each globular pasting diagram, and morphisms
generated by source and target maps.

Thus, the forgetful functor OCS — n-Coll has a left adjoint, so OCS has
an initial object. O

2.4 Leinster weak n-categories

Various authors [Ber02, Lei02, Lei04b, Cis07, Garl0, BG11, Chella] have con-
sidered variants of Batanin’s definition. Many of these variants take the ap-
proach of relaxing the choice of operad, by defining a weak n-category to be an
algebra for any operad that can be equipped with a contraction and system of
compositions. In this section, we recall a variant of the definition that takes a
different approach, due to Leinster [Lei98b]; we refer to the resulting notion of
weak n-category as a “Leinster weak n-category”. The key distinction between
Leinster’s variant and Batanin’s original definition is that, rather than using a
contraction and system of compositions, Leinster ensures the existence of both
composition operations and contraction operations using a single piece of extra
structure, called an “unbiased contraction” (note that Leinster simply uses the
term “contraction” for this concept, and uses the term “coherence” for Batanin’s
contractions). An unbiased contraction on an operad lifts all cells from 71, not
just identity cells as in a contraction. As well as giving the usual constraint cells,
an unbiased contraction gives a composition operation for each non-identity cell
in T'1. Thus for any globular pasting diagram there is an operation, specified
by the unbiased contraction, which we think of as telling us how to compose a
pasting diagram of that shape “all at once”. Operads equipped with unbiased
contractions form a category, and this category has an initial object; a Leinster
weak n-category is defined to be an algebra for this initial operad.

We recall briefly the definition of Leinster weak n-categories. The majority
of this section concerns the relationship between the unbiased contractions of
Leinster and the contractions and systems of compositions of Batanin. First
we recall a result of Leinster [Lei04a, Examples 10.1.2 and 10.1.4] that any
operad with an unbiased contraction can be equipped with a contraction and
system of compositions in a canonical way. We then prove a conjecture of Lein-
ster [Lei04a, 10.1] which states that any operad with a contraction and system of
compositions can be equipped with an unbiased contraction. The proof consists
of picking a binary bracketing for each pasting diagram in 7’1, then compos-
ing these bracketings with contraction cells to obtain unbiased contraction cells
with the correct sources and targets. Since we have to make arbitrary choices
of bracketings during this process, there is no canonical way doing this.

We begin by recalling the definition of unbiased contraction [Lei98b].
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Definition 2.4.1. An unbiased contraction ~ on an n-globular collection

K—".T1
consists of, for all 1 <m < n, and for each 7 € (T'1),,, a function
e Cielm) = K()
such that, for all (a,b) € Ck(m),
svx(a,b) = a, tyr(a,b) =b.
We also require that, for «, 8 € K, if

s(a) = s(B), t(a) = t(B), k(a) = k(B),
then o = 5.
The key difference between the unbiased contractions of Leinster and the

(biased) contractions of Batanin, defined in Definition 2.2.2, is that unbiased
contractions lift all cells from T'1, not just the identities. Thus in an operad

K511 equipped with an unbiased contraction, there is a contraction
cell for each cell of T'1, giving us a composition operation in K of each arity.
This gives unbiased composition in K (rather than just the binary composition
given by a system of compositions); thus, when using operads with unbiased
contraction, we have no need for a system of compositions.

Definition 2.4.2. Define OUC to be the category with

e objects: operads K LN equipped with an unbiased contraction ~;

e morphisms: for operads K —r 71 , K’ L) T1 , respectively equipped
with unbiased contractions «, 4/, a morphisms u: K — K’ consists of a
map of the underlying operads such that, for all 1 < m < n, 7 € (T1),,,
(CL, b) € Ck (71-)7

U (Y (@, 0)) = Yy (Um—1(a), U —1(D)).

We often refer to an operad with an unbiased contraction simply as a Leinster
operad.
Lemma 2.4.3. The category OUC has an initial object, denoted L s
This lemma was originally proved by Leinster in his thesis [Lei04b]; an ex-
plicit construction of L —L 571 s given by Cheng in [Chel0].
Definition 2.4.4. A Leinster weak n-category is an algebra for the n-globular

operad L —L 571 . The category of Leinster weak n-categories is L-Alg.

We now discuss the relationship between Leinster operads and Batanin oper-
ads. We first recall a theorem of Leinster [Lei04a, Examples 10.1.2 and 10.1.4],
which states that every Leinster operad can be equipped with a contraction and
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system of compositions (thus giving it the structure of a Batanin operad) in a
canonical way. We then prove a conjecture of Leinster [Lei04a, Section 10.1],
which states that any Batanin operad can be equipped with an unbiased con-
traction (giving it the structure of a Leinster operad), though not in a canonical
way; the proof of this result is new.

Since the algebras for an operad are not affected by a choice of system of
compositions, contraction, or unbiased contraction, one consequence of these
theorems is that any result that holds for algebras for a Batanin operad also
holds for algebras for a Leinster operad (and vice versa). We use this fact in
Section 2.5 to prove several coherence theorems that are valid for both Batanin
and Leinster weak n-categories, whilst working with whichever notion is more
technically convenient in the case of each proof.

The following the theorem is due to Leinster [Lei04a, Examples 10.1.2 and
10.1.4].

Theorem 2.4.5. Let K be an n-globular operad with unbiased contraction -y.
Then K can be equipped with a contraction and a system of compositions in a
canonical way.

The converse of this theorem is a conjecture of Leinster [Lei04a, Section 10.1];
we now prove it for the first time.

Theorem 2.4.6. Let K be an n-globular operad with contraction v and system
of compositions o. Then K can be equipped with an unbiased contraction.

Our approach to prove this is as follows: first, we define a map k:T1— K ,
which uses the contraction on k to lift identity cells in 71, and picks a binary
bracketing for each non-identity cell. This bracketing is constructed using the
system of compositions on K; the choice of bracketing is arbitrary. To extend
this to an unbiased contraction on k we need to specify, for all 1 < m < n, and
for each m € T'1,,, and a, b € Ck (), an unbiased contraction cell

Yr(a,b): a — b.

To obtain this unbiased contraction cell we start with the cell k(r); since k is
a section to k this cell maps to m under k, but in general it does not have the
desired source and target. In order to obtain a cell with source a and target b
we compose k() with contraction cells, first composing k(7) with contraction
1-cells to obtain a cell with the desired source and target 0-cells, then composing
the resulting cell with contraction 2-cells to obtain a cell with the desired source
and target 1-cells, and so on; this composition is performed using the system of
compositions on K. The resulting cell has the desired source and target and,
since contraction cells map to identities under k, and k is a section to k, this
cell maps to m under k. Note that the section k is not just used to prove that k
is surjective at each dimension; it is also used in the construction of an unbiased
contraction on a Batanin operad in the proof of Theorem 2.4.6.

Lemma 2.4.7. Let K be an n-globular operad with contraction v and system
of compositions o. Then k has a section k: T1 — K in n-GSet, so for all
0<m<mn, ky: K,, = T1,, is surjective.

Proof. Our approach is first to define l%, then show it is a section to k and
therefore each k,, is surjective. To define k: T1 — K, we use a description
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of T1 due to Leinster [Lei04a, Section 8.1]. For a set X, write X* for the
underlying set of the free monoid on X (so X* is the set of all finite strings
of elements of X, including the empty string, which we write as 0). Define T'1
inductively as follows:

o Ty =1;
e forl<m<n,T1, =T1; _,.
The source and target maps are defined as follows:

e form=1,s=t=":T1,, — Tly;

e form>1,s=t:T1l,, — T1,_ is defined by, for (my,ma,...,m;) € Ty,

s(m1, e, .., mi) = (s(m1), 8(m2), - .., s(m3)).

This description of T'1 is technically convenient, but it hides what is going
on conceptually. The element (1,7, ..., ;) of T'1,, should not be visualised
as a string of (m — 1)-cells; instead, we increase the dimension of each cell in
each m; by 1, then compose 71, o, ..., m; along their boundary 0-cells. So the
element

of T'1; should be thought of as

e —j>e— e --- 06—,

i 1-cells

the element
(D0 — 0 —> 0,06 —>0)

of T'15 should be thought of as
SN N
° ° (3 o,
N
and so on.

We now define k: T1 — K by defining its components ko, for 0 < m < n,
inductively over m. We use the following notational abbreviations:

e for each m we write 7, for the m-cell o,,,(8™) = n%(1) of K;

e for m > 1 we write id,,, for the identity m-cell on 7g. Recall that identity
cells in K are defined via the contraction on k, so id,, is defined inductively
over m as follows:

— when m =1, id,, := (1, 1);
— when m > 1, id,, := yp(idpm—1, idim—1).
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We also denote binary composition of m-cells along p-cells, defined using the

system of compositions on K, by o', the same notation used in the definition

of magma, Definition 1.1.1.
When m = 0, define

7%0(1) = To.

When 1 < m < n the construction becomes notationally complicated, so we
first describe it by example in the cases m =1, 2.
When m = 1, by the construction of T'1 above, an element of T'1,, is a string

for some natural number . When ¢ = 0, define

e (0) = id,y.

When ¢ > 1, there are three steps to the construction of ky. First, we apply ko
to all elements in the string, which gives

(77077707 s 7770)7
~——_— ———
%

a string of 0-cells in K. Now, we add 1 to the dimension of each cell in the
string by replacing each instance of 1y with 7y, which gives

(ML, M1, m),
N——————
i

a string of 1-cells in K. Finally, we compose these 1-cells along boundary 0-cells,
using the system of compositions on K, with the bracketing on the left. Thus,
for example, in the case of i = 4, we obtain

Fi(e,0,0,) := ((n1 05 m) o m) o M-
When m = 2, an element of T'1,, is a string of elements of T'1;
T = (71, T2, ..., i),
for some natural number i. When ¢ = 0, define

ko (0) = ids.

For the case i > 1, we explain with reference to the example
SN N

° ° A3 o
NG

Recall that, as a string of elements of T'11, this is written as

(my,mo,m3) = (0,0 —> @ —> 0, 0 —> o).
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As in the case m = 1, there are three steps to the construction of ];52(71'1, o, T3).
First, we apply k1 to all elements in the string, which gives

(7%1(7T1),/A€1(7Tz),l;71(7fs)) = (idy, m1 04 M1, m1) -

In general each l%l(ﬂj) is either id; or a composite of 71’s. The next step is to
add 1 to the dimension of each k1 (7;) by replacing

e every instance of idy with idsy;
e every instance of 1; with ns;
e every instance of o} with o?.

The cell we obtain from & (m;) is denoted k; (7). Thus our example becomes

(ki(ﬂnl)7 ]%T(WQL ]%T(WB)) = (ianT]Q O% 7727772) .

Finally, we compose these cells along boundary 0-cells, using the system of
compositions on K, with the bracketing on the left. In our example, this gives

ko (m) = (2 0oF (12 0% n2)) of ida.

We now describe the construction in general for 1 < m < n. Suppose that
we have defined k,,_; in such a way that, for all m € T'1,,_1, l%m,l(w) consists
of a composite of copies of 7,1 and id,,_1, composed via operations of the
form o~ for some 0 < p <m — 1.

Let (my,ms,...,m) be an element of T'1,,. When i = 0, we define

k‘m(ﬂ'l,ﬂ'g, SN ,7'('1‘) = I%m((l)) = idm.

When ¢ > 1 we define ]%m(ﬂ'l,ﬂ'g,...,ﬂ'i) in three steps, as described above.
First, we apply km,—1 to each 7; to obtain

(km_l(m),;;m_l(m), N .,fgm_l(m)) .

Next, we obtain from each I%m,l(wj) a cell I%:%l(wj) € K,, by replacing
e every instance of id,,_1 with id,;
e every instance of 7,1 with 7,,;
e every instance of o=, for all 0 < p < m — 1, with o, ,.

This gives
(kz;fl(ﬂ—l)a k;;q(@)v R k;q(m)) .

Finally, we compose these cells along boundary 0-cells, using the system of
compositions on K, with the bracketing on the left. This gives

I{Zm(ﬂl,ﬂg7...,71'i) =

(o (s ) o B a (i) ) o7 =<0t ey (m2)) o Bty ().
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This defines a map of n-globular sets k: T1 — K.

We now show that k is a section to k. At dimension 0, kolAfo = idpy, since
T1y is terminal, so ];'0 is a section to ky. Suppose we have shown that, for
1<m<n, kmfll;?mfl = idTlm_l. For 7 € T1,-1,

kb, oy () = (),

so for (my,ma,...,m;) € Ty, we have

kmkm(ﬂ'l,’frg, .. .,71'1') = (7T1,71'2, N ,’]Ti)7

as required. When 7 = 0,
Emkm (0) = 0.

Hence k is a section to k. O
We now use the map k to define an unbiased contraction on k: K — T1.

Proof of Theorem 2.4.6. We define an unbiased contraction § on the operad K;
that is, for all 1 < m < n, and for each 7 € T'1,,, a function

On: Cg(m) = K(m)
such that, for all (a,b) € Ck (7),
s0x(a,b), tor(a,b) =b.

To make the construction easier to follow, we first present the cases m = 1
and m = 2 separately, before giving the construction for general m. Through-
out the construction, we use the map k: T1 — K defined in the proof of
Lemma 2.4.7, which we showed to be a section to k: K — T'1.

Let m =1, let # € T1,, = T1y, and let (a,b) € Ck(w). If 7 = id,, for some
a € T1y we already have a corresponding contraction cell from the contraction
~v on k, so we define

dx(a,b) := via, (a,b).
Now suppose that m # id, for any o € T'1g. We seek a 1-cell

Or(a,b):a — b

in K such that k18, (a,b) = m. We have a 1-cell ki () in K, and since k is a
section to k, we have R
kiki(m) = 7.

However, ki (7) does not necessarily have the required source and target. In
order to obtain a cell with the desired source and target, we first observe that

kysky () = skyky () = s(m)

and
kythy () = thyky (7) = t(r).

Thus, from the contraction v, we have contraction 1-cells

Vidkom(a, 8/%1(7)): a — sl%l(w)
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and A .
ryidko(b) (tk‘l (7‘(’)7 b) : tk‘l (7‘(’) — b

in K. Thus in K we have composable 1-cells

ke ()
a———>0e———3se— — — b,

where the dashed arrows denote the contraction cells. We define the contraction
cell 6,(a,b) to be given by a composite of these cells; as in the definition of k,
we bracket this composite on the left, so

6:(0,5) 1= (iauq (ER(m). 1) 0§ () ) 0 Yia, ) (@ sh(m)).

Since k maps the contraction cells to identities and l%l(w) to m, and since in K
the arity of a composite is the composite of the arities, we have

kox(a,b) = m,

as required. This defines the unbiased contraction § on k: K — T'1 at dimension
1.

Before defining ¢ for m = 2 or for general m, we establish some notation.
For repeated application of source and target maps in K, we write

sP:=s0s0---0s, tP:=toto---0t,
—_— —_——

p times p times

so for 1 < p < m < n, and for an m-cell a of K, sP(«) is the source (m — p)-cell
of o, and t?(a) is the target (m — p)-cell of a. For all m < [ < n, we write id'«
for the identity [-cell on «; so, for example,

id"™ Mo =id,, id™ e = idg,,

and so on.
Now let m = 2, let m# € T'l,,, = T'ly, and let (a,b) € Ck (7). As in the case
m =1, if 7 = id,, for some « € T'1q, define

dx(a,b) := via, (a,b)

for all (a,b) € Ck ().
Now suppose that 7 # id,, for any a € T'1;. We seek a 2-cell

Or(a,b): a=>b

in K such that kyd.(a,b) = m. We have a 2-cell ky(r) in K, and since k is a
section to k, we have R
kaQ (7T) = T.

However, ];32(7'(') does not necessarily have the required source and target cells at
any dimension. We construct 0, (a, b) from k() in two stages: first we compose
with contraction 1-cells to obtain a 2-cell with the required source and target
0-cells, then we compose this with contraction 2-cells to obtain a 2-cell with the
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required source and target 1-cells. To obtain a cell with the required source and
target O-cells, observe that, since T'1j is terminal,

ks(a) = ks?k(r)

and
kt(b) = kt?k(r).

Thus, from the contraction v, we have contraction 1-cells
Yid (s(a), s°k(m)): s(a) — s°k()

and
Vi, Pk (), (b)) : 2k(m) — t(b)

in K. Thus we have the following composable diagram of cells in K:
s(a)— — > e \H/kﬂ‘n’) o — — > t(b),

where the dashed arrows denote identity 2-cells on the contraction cells men-
tioned above. We compose this diagram to obtain a 2-cell in K with the required
source and target 0-cells, which we denote 62 (a,b). Formally, this is defined by

82(a,b) = (id%yia, (#2k(m), 1(8)) o8 k() ) o3 id*a, (5(a), 52k ().

As before, we bracket this composite on the left, though this choice is arbitrary.
We now repeat this process at dimension 2 to obtain a cell with the required
source and target 1-cells. We have

s(a) = s(b) = s262(a, b)

and

t(a) = t(b) = t*57(a,b),
so we have contraction 2-cells
Vid(a (a, s§2(a, b): a = s5g(a,b)

and
Vidpy (109 (a,b), ) : t69 (a,b) = b

in K. Thus we have the following composable diagram of cells in K:

O

(a)— — > e kz(w)off+t

N
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where the dashed arrows denote contraction cells. We compose this diagram to
obtain the unbiased contraction cell d,(a,b) in K. Formally, this is defined by

dx(a,b) = (%dk(b) (t(s'?r (a,b),b) o% 62 (a, b)) o% Yidk(a) (a, 852 (a,b)).

By construction, we see that so,(a,b) = a, té,(a,b) = b. As before, since k
maps the contraction cells to identities and k() to 7, and since in K the arity
of a composite is the composite of the arities, we have

kér(a,b) =m,

as required. This defines the unbiased contraction é on k: K — T'1 at dimension
2.

We now give the definition of § for higher dimensions. Our approach is the
same as that for dimensions 1 and 2; we build our contraction cells in stages, first
constructing a cell with the desired source and target 0-cells, then constructing
from that a cell with the desired source and target 1-cells, and so on.

Let 3 <m <mn,let m € Tl,,, and let (a,b) € Ck(m). If 7 = id, for some
a € T1,,_1, we define

0x(a,b) := ia, (a,b).

Now suppose that 7 # id, for any o € T'1,,,_1. We seek an m-cell
Or(a,b):a — b

in K such that kmdy(a,b) = . As before, we have an m-cell k() in K, and
since k is a section to k, we have

kmkm () = 7.

However, k,, (m) does not necessarily have the required source and target cells
at any dimension. We obtain a cell with the required source and target by
defining, for each 0 < j < m — 1, an m-cell §%(a,b) which has the required
source and target j-cells, and maps to m under k. We define this by induction
over j. Note that, since this construction is very notation heavy, we henceforth
omit subscripts indicating the dimensions of components of maps of n-globular
sets, so we write k for k,,, k for I;m, etc.
Let j = 0. Since T'1 is the terminal set, we have

ks™ Y (a) = ks k()
and .
Et™ (b)) = ktp k()
in K, so we have contraction 1-cells
Yidy (5™ (a), 8™ k()
and A
Vid: (tmk(ﬂ)7 tm—1 (b))

in K. We obtain 02 (a, b) by composing k(r) with the m-cell identities on these
contraction cells, so we define

62(a,b) 1= (1™ yia, ("B (), 1 () of (7)) 0 id™ 53, (5 (@), 5™ k().
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By construction, we have
s () = s™71(b) = s™6%(a, b)

and
" a) = t™ 1 (b) = ™6 (a, b),

so this has the required source and target 0-cells. Since k sends contraction cells
to identities, and since k is a section to k, we have

k6% (a,b) = .
Now let 0 < j < m — 1, and suppose we have defined 67 (a, b) such that
s (@) = s™TI (b)) = ™6 (a, b),
t" I a) = t™ I (b) = ™62 (a,b),
so 67 (a, b) has the required source and target j-cells, and
k63 (a,b) = .
Applying k to the source and target conditions above, we have
ks™I72(a) = ks™ 7167 (a, b)

and A ‘ ‘
Et™I72(b) = kt™ 77167 (a, b).

Thus we have contraction cells
’Yidks7n—j—2(a) (8m7j72(a)’ Smijilzsg;- (a7 b))’

and _ _ _
Vidy 200y (" I7161 (a, b), t™I2(b)).

in K. We obtain §2!(a,b) by composing 67 (a,b) with the m-cell identities
on these contraction cells (or with the contraction cells themselves in the case
j+1=m), so we define

631 (,0) = (1™, gy (7777100 0, 0), 87T T(B)) 0y 8 (a,1))
oy idm%dksmiﬂ(a) (s™972(q), s™ 97151 (a, b)).
By construction, we see that
sMTIT15I (@, b) = s™ 7772 (a)

and o ,
tmIm It (a, b) = tTTIT2(b),

so 0271 (a, b) has the required source and target (j + 1)-cells. Since

k63 (a,b) = T,
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and k£ maps contraction cells to identities, we have
k67T (a,b) = 7.

This defines an m-~cell 87 (a,b) in K, for each 0 < j < m—1, with the required
source and target j-cells, and such that

k&I (a,b) = .

In particular, we have
s a,b): a — b.

Thus we define
5r(a,b) :== 6™ (a,b).

This defines an unbiased contraction § on the operad K, as required. O

Thus any operad with a contraction and system of compositions can be
equipped with an unbiased contraction. In the proof above we had to make
several arbitrary choices. Most of these involved picking a binary bracketing for
a composite; we also chose to define the unbiased contraction to be the same
as the original contraction on all cells for which this makes sense, which we did
not have to do. There is no canonical choice in any of these cases, and thus no
canonical way of equipping an operad in OCS with an unbiased contraction.

Note that various authors use variants of Batanin’s definition in which a
choice of globular operad is not specified, and instead a weak n-category is
defined either to be an algebra for any operad that can be equipped with a
contraction and system of compositions, or an algebra for any operad that can be
equipped with an unbiased contraction ([Lei02, Definitions B2 and L2], [Ber02,
Garl10, BG11, Chella]). By Theorems 2.4.5 and 2.4.6, these two “less algebraic”
variants of Batanin’s definition are equivalent, since any operad that can be
equipped with a contraction and system of compositions can also be equipped
with an unbiased contraction, and vice versa.

2.5 Coherence for algebras for n-globular oper-
ads

In this section we prove three new coherence theorems for algebras for any
Batanin operad or Leinster operad K. Roughly speaking, our coherence theo-
rems say the following;:

e every free K-algebra is equivalent to a free strict n-category;
e every diagram of constraint n-cells commutes in a free K-algebra;

e in any K-algebra there is a certain class of diagrams of constraint n-cells
that always commute; these should be thought of as the diagrams of shapes
that can arise in a free algebra.

In the first two of these theorems freeness is crucial; these theorems do not
hold in general for non-free K-algebras, so this does not mean that every weak
n-category is equivalent to a strict one, which we know should not be true for
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n > 3 in a fully weak theory. All of these theorems have analogues in the case
of tricategories, which appear in Gurski’s thesis [Gur06] and book [Gurl3] on
coherence for tricategories; these are noted throughout the section. Note that
there is no theorem corresponding to the coherence theorem for tricategories that
states “every tricategory is triequivalent to a Gray-category” [GPS95, Theorem
8.1], since we have no analogue of Gray-categories in this case. There are also
no coherence theorems for maps of K-algebras, since there is no established
notion of weak map of K-algebras.

These coherence theorems hold for Batanin weak n-categories and Leinster
weak n-categories; in Section 3.1 we prove that there is a Batanin operad whose
algebras are Penon weak n-categories, so the theorems in this section also hold
for Penon weak n-categories. Note that, by Theorems 2.4.5 and 2.4.6, we need
only prove each coherence theorem either in the case of algebras for a Batanin
operad or algebras for a Leinster operad; thus in each case we use whichever of
these is more technically convenient for the purposes of the proof. Throughout
this section we write K to denote either a Batanin operad or Leinster operad
(with the exception of Definition 2.5.1 and Proposition 2.5.2, in which a little
more generality is possible).

Our first coherence theorem corresponds to the coherence theorem for tri-
categories stating that the free tricategory on a Cat-enriched 2-graph X is
triequivalent to the free strict 3-category on X [Gurl3, Theorem 10.4]. Since
the theorem involves comparing K-algebras with strict n-categories, before
stating the theorem we first define, for any n-globular operad K, a functor
T-Alg — K-Alg; in fact, we do this for a T-operad K for any suitable choice
of monad T'. This functor is induced by the natural transformation k: K = T.
We then prove that, under certain circumstances (and in particular, when K is
an n-globular operad with unbiased contraction), this functor is full, faithful,
and injective on objects, so we can consider T-Alg to be a full subcategory of
K-Alg. This tells us that, for any definition of weak n-categories as algebras
for an n-globular operad, every strict n-category is a weak n-category. The fact
that the inclusion functor is full comes from the fact that, since K-Alg is the
category of algebras for a monad, we only have strict maps of K-algebras.

Definition 2.5.1. Let T be a cartesian monad on a cartesian category C, which
has an initial object 1, and let K be a T-operad. Then there is a functor
—ok: T-Alg — K-Alg defined by

—ok: T-Alg — K-Alg

X -2 x KX 2rx 2o x
Tu u —  Ku u
TY ——Y KY ——TY ——Y

Proposition 2.5.2. Let T be a cartesian monad on a cartesian category C,
which has an initial object 1, and let K be a T-operad such that, for any object
X inC, the component kx: KX — TX of the natural transformation k: K = T
18 an epimorphism. Then the functor — o k: T-Alg — K-Alg is full, faithful,
and injective on objects; hence we can consider T-Alg to be a full subcategory
of K-Alg.
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Proof. First, faithfulness is immediate since when we apply — o k to a map of
T-algebras it retains the same underlying map of n-globular sets.

For fullness, suppose we have T-algebras TX L X, TY L) Y | and

a map u between their images in K-Alg. By naturality of &,

KX 2 Ky

commutes, so

@ P

X—Y
commutes. Since kx is an epimorphism, the diagram above gives us that

X 2“1y

q{ lw

commutes, so u is a map of T-algebras. Hence — o k is full.

Finally, suppose we have T-algebras TX L X, TX L> X , with

—ok(TX 25 X ) =—ok(TX —25X).

Then

TX —— X

commutes. Since kx is an epimorphism, this gives us that ¢ = v, so — o k is
injective on objects. O

In the case in which K is a Batanin operad or Leinster operad, each compo-
nent kx is surjective on all dimensions of cell, so we have the following corollary.

Corollary 2.5.3. Let K be a Batanin operad or Leinster operad. Then the
functor — o k: T-Alg — K-Alg is full, faithful, and injective on objects.
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For the remainder of this section, when we say “strict n-category”, we mean
it in the sense of a K -algebra in the image of the functor —ok: T-Alg — K-Alg.

Before we state our first coherence theorem, we must also define what it
means for two K-algebras to be equivalent.

Definition 2.5.4. Let K be an n-globular operad, and let
KX 3x, Ky 25y

be K-algebras. We say that the algebras KX % X and KY L) Y are
equivalent if there exists a map of K-algebras u: X — Y or u: ¥ — X such
that wu is surjective on 0-cells, full on m-cells for all 1 < m < n, and faithful on
n-cells. The map wu is referred to as an equivalence of K-algebras.

Observe that, since maps of K-algebras preserve the K-algebra structure
strictly, this definition of equivalence is much more strict (and thus much less
general) than it “ought” to be. This is also why we require that the map u
can go in either direction; having a map X — Y satisfying the conditions does
not imply the existence of a map Y — X satisfying the conditions. We will
use this definition of equivalence only in the next theorem, and, in spite of its
lack of generality, it is sufficient for our purposes. If we required a more general
definition of equivalence of K-algebras, there are various approaches we could
take. One option would be to replace the map v with a weak map of K-algebras;
a definition of weak maps of K-algebras is given by Garner in [Garl0], and is
valid for any n-globular operad K. Another option is to replace the map u
with a span of maps of K-algebras, similar to the approach used by Smyth
and Woolf to define an equivalence of Whitney n-categories [SW11]. However,
pursuing definitions of equivalence given by either of these approaches is beyond
the scope of this thesis.

In this definition of equivalence we asked for surjectivity on 0O-cells, rather
than essential surjectivity. This is another way in which our definition of equiva-
lence is less general than it “ought” to be, but once again, asking for surjectivity
is enough for our purposes. This approach of using surjectivity instead of es-
sential surjectivity to simplify the definition of equivalence has previously been
taken by Simpson [Sim97]; we discuss this in more detail in the definition of
Tamsamani-Simpson weak n-category in Section 4.2.

Theorem 2.5.5. Let K be an n-globular operad with unbiased contraction -,
and let X be an n-globular set. Then the free K-algebra on X is equivalent to
the free strict n-category on X.

Proof. As a K-algebra, the free strict n-category on X is

k T
KTX 25 ey X rx)

We first show that kx is a map of K-algebras, and then show that it is an
equivalence of K-algebras.
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The diagram

Kk
K2X = KTX
krx
krx
Tk
% TKX ——>T2X
ny
KX TX
kx

commutes; the top square is a naturality square for k, and the bottom part is
axiom for the monad map k. Thus kx is a map of K-algebras, as required.

We now show that kx is surjective on O-cells. By definition of the unit
n¥: 1= K, the diagram

nx
X— KX

PN

TX
commutes. We have TXy = Xo, and (n%)o = idx, so at dimension 0 the
diagram above becomes

(W)Ig)o

Xo — KXy

(x ‘“@X’O

Xo.

Hence (kx)o is surjective, i.e. kx is surjective on O-cells.

We now show that kx is full on m-cells for all 1 < m < n. Let («a,p),
(8,q9) € KX,,—1 be parallel (m — 1)-cells, and let 7: kx(f) — kx(g) be an
m-cell in TX. Then we have an m-cell

(7, 717y (25 @)+ () — (B,q)

in KX with kx (7, v71(x) (p,q)) = 7. Hence kx is full at dimension m.
Finally, we show that kx is faithful at dimension n. Let («,p), (8,q) be
n-cells in K A, such that

S(O[,p) = S(ﬂaQ)v t(O@p) = t(ﬂa‘])v kx(Ol,p) = kX(B7q)

The first two equations above give us that s(p) = s(¢q) and ¢(p) = t(q), and the
third equation gives
a = kX(a7p) = kX(ﬁvQ) = 5

Now, since (a, p), (8,q9) € KX, and since « = 3, we have
k(p) =T (a) = T\(B) = k(q),

and since k has an unbiased contraction 7, it is faithful at dimension n, and we
get that p = ¢. Hence (o, p) = (8, q), so kx is faithful at dimension n.

Hence kx is an equivalence of K-algebras, so the free K-algebra on X is
equivalent to the free strict n-category on X. O
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The remaining coherence theorems require only a contraction on the operad
K, not a system of compositions or an unbiased contraction. These theorems
concern which diagrams of constraint cells commute in a K-algebra, so in order
to state them, we must first define what we mean by a “diagram” in a K-algebra,
and what it means for a diagram to commute.

Definition 2.5.6. Let K be an n-globular operad, let KX % X beakK-

algebra, and let 1 < m <n. A diagram of m-cells in KX G—X> X consists of
an unordered pair of m-cells (o, p), (8,q) € KX,, such that 8(a,p) and 0(8, q)
are parallel, i.e.

s0(a,p) = s0(3,q), t0(a,p) = t0(3,q).

We write such a diagram as ((«, p), (8, q)).
We say that the diagram ((«, p), (8,q)) commutes if

0, p) = 0(B, q).

Our second coherence theorem states that in a free K-algebra every diagram
of constraint n-cells commutes. This corresponds to the coherence theorem
for tricategories due to Gurski which states that, in the free tricategory on a
Cat-enriched 2-graph whose set of 3-cells is empty, every diagram of 3-cells
commutes ([Gurl3, Corollary 10.6], originally [Gur06, Theorem 10.2.2]). Since
the constraint 3-cells in a free tricategory do not depend on the generating 3-
cells, this implies that in a free tricategory all diagrams of constraint 3-cells
commute. Our theorem is analogous to this last result, and our approach is the
same as that of Gurski: first, we prove a lemma which states that, in the free K-
algebra on an n-globular set whose set of n-cells is empty, all diagrams of n-cells
commute; note that in a free K-algebra of this type, all n-cells are constraint
cells. We then use this lemma, combined with the fact that the constraint n-cells
in a free K-algebra depend only on dimension n — 1, to prove the theorem.

Lemma 2.5.7. Let K be an n-globular operad with contraction -y, and let X be
an n-globular set with X,, = 0. Then in the free K-algebra on X, every diagram
of n-cells commutes.

X
Proof. Let ((a,p),(83,q)) be a diagram of n-cells in K2X M4 KX . Since
X,, = 0, the only n-cells in TX are identities, so we have TX,, = TX,, _1,
and the source and target maps s, t: TX,, — TX,,_1 are isomorphisms with
s(m) = t(m) for all # € TX,,. Since («,p), (8,q) are parallel and kx is a map
of n-globular sets, so preserves sources and targets, kx(«,p) and kx(8,¢q) are
parallel n-cells in T'X so must be equal. As shown in the proof of Theorem 2.5.5,
kx is faithful at dimension n, hence (o, p) = (5, q). O

Before we use Lemma 2.5.7 to prove our second coherence theorem, we must
first give a formal definition of constraint cells in a K-algebra. Constraint cells
are cells that arise from the contraction on k: K — T'1; these include identities,
and mediating cells between different composites of the same pasting diagram.
Note that constraint m-cells for m < n depend on the choice of contraction on
k, even though the algebras for K do not; constraint n-cells do not depend on
the choice of contraction on k, since faithfulness of k& at dimension n ensures
that there is only ever one valid choice at this dimension.
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Definition 2.5.8. Let K be an n-globular operad with unbiased contraction =,

andlet KX 25X bea K-algebra. There is a contraction 6 on kx: KX —
TX given by, for each 1 <m <n, 7w € TX,,_1, the function

5id,,: CKX (ldﬂ-) — KX(ldw)
(m,p),(m,q)) > (T,v716a,) (Ps 0))-

A constraint m-cell in KX —— X is an m-cell of X in the image of the map

Oid . m
Crex (idy) 22 KX (idn )t (KX)m 2 X,

for some m € TX,,,_1.

Corollary 2.5.9. Let K be an n-globular operad with contraction -y, and let

X

X be an n-globular set. In the free K-algebra on X, K?X —— KX , every
diagram of constraint n-cells commutes.

Proof. Write X’ for the n-globular set defined by

r ) X ifm<on,
Xm_{Q) if m=n,

with source and target maps the same as those in X for dimensions m < n;
write u: X’ — X for the map which is the identity on all dimensions m < n.
For all m € TKX,,—1 = TKX/ | we have Ck2x/(id;) = Ck2x(id,), and the
diagram

’7
0 id,

K
Creaxr(idp) =53 K2X'(id, ) (K2X'),, 5 KX,

K2unJ/ K2unJ/ lKun
K

K2X (idy) s K2X, = KX,

Oid

Cg2x (idr) —

commutes.

Let ((o, p), (B, q)) be a diagram of n-cells in K2X such that a, 3 € TK X, are
composites of constraint n-cells of K X. Since constraint n-cells are determined
by (n—1)-cells, and TK X,,_1 = TKX/,_;, we have (a,p), (8,q) € K?X/,, with
p%, (a,p) and p%, (B, q) parallel. Thus, by Theorem 2.5.7, (a, p) = (83, q). O

The final coherence theorem describes a class of diagrams of constraint n-
cells which commute in any K-algebra. These diagrams should be thought of
as those that are “free-shaped”, i.e. they are diagrams of constraint cells that
could arise in a free K-algebra. This rules out diagrams in which the sources and
targets of the constraint cells involve non-constraint cells with constraint cells in
their boundaries, and non-composite cells with composites in their boundaries.
This is the analogue of a coherence theorem for tricategories due to Gurski,
which describes a similar class of diagrams of constraint 3-cells in the context of
tricategories [Gur06, Corollary 10.2.5]. We call such a diagram Fx-admissible,
where F'i is the left adjoint to the forgetful functor

Uk : K-Alg — n-GSet,
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which sends a K-algebra to its underlying n-globular set; this terminology is
taken from the theorem of Gurski mentioned above.
Definition 2.5.10. Let K be an n-globular operad with contraction v, and let

KX —% 5 X bea K-algebra. A diagram ((ar, p), (B, q)) of constraint n-cells in
X is said to be Fx-admissible if there exists a sub-n-globular set E of X, with
E, = 0 and inclusion map i: £ < X, and a diagram ((¢/,p’), (8’,q’)) of con-
straint n-cells in Fx F such that ((«, p), (8, q)) is the image of ((o/,p"), (5',4"))
under the map

K2E 5% KX

KE — X,

where i is the transpose under the adjunction F 4 Ug of i.

The following is now an immediate corollary of Lemma 2.5.7, and the fact
that 4 is a map of K-algebras.

Corollary 2.5.11. Let K be an n-globular operad with contraction vy, and let
KX -2 X bea K-algebra. Then every Fi-admissible diagram of constraint

n-cells in KX LX commutes.
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Chapter 3

Comparisons between
algebraic definitions of weak
n-category

In this chapter we investigate the connections between the algebraic definitions
of weak m-category given in the previous two chapters. We begin by recalling
that there is a Batanin operad whose algebras are Penon weak n-categories,
which was originally proved by Batanin [Bat02]; we give a new, more direct
proof of this using our construction of Penon’s left adjoint from Section 1.2.
This tells us that the coherence theorems from Section 2.5 hold for Penon weak
n-categories. It also allows for comparison of Penon’s definition with other
operadic definitions of weak n-category, though we make no such comparison
here.

We then take the first steps towards a comparison between Batanin weak
n-categories and Leinster weak n-categories, using the correspondence between
Batanin operads and Leinster operads from Section 2.4. It has long been be-
lieved that these definitions are in some sense equivalent [Lei04b, end of Sec-
tion 4.5], but formalising this statement is difficult since it is not clear what
“equivalent” should mean in this context, so no such comparison has previously
been made. We derive comparison functors between the categories of Batanin
weak n-categories and Leinster weak n-categories using the universal properties
of the operads B and L. These functors should be higher-dimensional equiv-
alences of some kind; there is currently no way of stating this formally, so we
give a preliminary approximation of what this might mean.

3.1 The operad for Penon weak n-categories

In [Bat02], Batanin proved that there is an n-globular operad whose algebras
are Penon weak n-categories, and that this operad can be equipped with a con-
traction and system of compositions. In this section we give a new, alternative
proof of this fact using the construction of Penon’s left adjoint from Section 1.2.
Although it is not a new result, our proof is more direct than that of Batanin,
offering an alternative point of view in a way that elucidates the structure of

93
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the operad, and makes clear the fact that the contraction and system of compo-
sitions arise naturally from the contraction and magma structure in the original
definition of the monad P.

Note that we do not use this fact, or the proof, elsewhere in the thesis. The
result implies that the coherence theorems from Section 2.5 apply to Penon
weak n-categories. In order to prove it, we use an alternative statement of the
definition of n-globular operad (see [Web04]), which describes an n-globular
operad as a cartesian map of monads.

Proposition 3.1.1. An n-globular operad consists of a monad K on n-GSet,
and a cartesian map of monads k: K = T (by which we mean a cartesian nat-
ural transformation k: K = T respecting the monad structure). Given operads
k:K =T, k:K =T, a map of operads f: K = K’ is a map of monads
such that the diagram

K—f>K/

¥

commutes. The category of algebras for an operad k: K = T is the category
K-Alg of algebras for the monad K.

It is a straightforward and enlightening exercise to prove that this defini-
tion is equivalent to Definition 2.1.3, and also that the monad K is necessarily
cartesian. We leave this to the reader.

To prove that there is an operad whose algebras are Penon weak n-categories
using Proposition 3.1.1 we must prove three facts: that there is a natural trans-
formation

p: P=T,

that this natural transformation is cartesian, and that it is a map of monads.
Note that we know that the source of this natural transformation must be P to
ensure that the algebras for the resulting operad are indeed P-algebras.

Proposition 3.1.2. Recall from Definition 1.1.4 that P: n-GSet — n-GSet
is the monad induced by the adjunction

F
—
n-GSet ; Q.

There is a natural transformation p: P = T whose component px at X € n-GSet
is given by the map part of

F(X)=(PX 2,TX),
an object of Q.
Proof. Recall that there is a forgetful functor

Ur: n-Cat — n-GSet
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that sends a strict n-category to its underlying n-globular set, and that the
category R can be considered as the comma category

n-GSet | Ur.

Write
m1: n-GSet | Ur — n-GSet

and
m9: n-GSet | Ur — n-Cat

for the projection maps, and consider the following diagram:

Then the universal property of n-GSet | Ur as a 2-limit induces a unique
natural transformation p: P = T such that

n-GSet n-GSet
/ \ % ! A
n-GSet e Cat n-GSet e Cat
where Fr is the free strict n-category functor. O

Proposition 3.1.3. The natural transformation p: P = T is cartesian.

To prove this, we must show that each naturality square for p is a pullback
square. To do so, we use the construction of the adjunction

F
—
n-GSet , ; Q.

from Section 1.1. Recall that this adjunction can be decomposed as

H

nGSet, L "R, L
v w

Q.
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Given a map f: X — Y in n-GSet, the corresponding naturality square is
obtained by applying the functor J: R — Q to the map

Xy
nk ny

in R, which is a pullback square in n-GSet, since the free strict n-category
monad T is cartesian [Lei04a, 4.1.18 and F.2.2]. Thus we prove that p is cartesian
by proving that the functor J sends maps that are pullback squares to maps
that are pullback squares (in fact, we do so only for a certain class of such
maps). Recall that the adjunction J 4 W can be decomposed as the following
chain of adjunctions:

Co,1 Mi 1 Cn_1in M n Chnt1
R = RO,O L RO,I 1 N L Rn—l,n L Rn,n L Rn,n—i—l = Q,
Do 1 Ni1 Dyp_1n Npn Dypny1

where the functor Ci, 41 freely adds the contraction structure at dimension
m+1, and the functor M,, ., freely adds the magma structure at dimension m.
We now prove three lemmas to show that each of these functors sends maps that
are pullback squares to maps that are pullback squares, thus showing that their
composite J does so as well. Note that there are three lemmas since the functor
Cp n+1 must be treated separately from the functors Cl;, ;41 for 0 <m <n—1.

Note that we only consider maps whose the strict n-category part is a map
in the image of T' between free strict n-categories; this is as general as we need
it to be to prove Proposition 3.1.3, and it allows us to use the fact that T is
cartesian in the proofs of the lemmas.

Lemma 3.1.4. Let 0 < m < n —1 and suppose we have a morphism

X—2 =y

]

TA?)TB

in Rom,m that is a pullback square in n-GSet. Then its image under the functor
Cm,n],—i-l: Rm,m — RmmL+1

is also a pullback square in n-GSet.

Proof. The idea of the proof is as follows: the functor C, ;11 freely adds
contraction (m + 1)-cells to X and Y. These contraction cells are obtained by
taking pullbacks in Set, and then added to the sets of (m + 1)-cells X,,, 11 and
Ym+1 by taking coproducts in Set. The action of Ci, 1 on the map itself
is then induced by the universal properties of these pullbacks and coproducts.
Thus the image of this map under the functor Cy, ,,+1 is a coproduct of pullback
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squares (with some adjustments at the bottom to ensure that the strict n-
category parts TX and TY remain unchanged). Since pullbacks commute with
coproducts in Set [ML98, IX.2 Exercise 3|, this coproduct of pullback squares
is itself a pullback square.

Recall from Definition 1.1.2 that we have

X;:n—}-l Xm

_
J (8,t,2m)

Xy, — Xin—1 X X1 X TAm

(s:t,2m)

For k # m + 1, we have Cpm(u,Tf)r = (u,Tf)x, and since pullbacks in
n-GSet are computed pointwise, we only need to check that Chy, pm(t, T f)mt1
is a pullback square, i.e. that

c
Umt1lug, g

Xt TXE, o tmt y G TTXE

IMHHQE%HJ Jymﬂﬂyfﬁ“

TAm_H TBm+1

Tfm+1

is a pullback square. Since coproducts commute with pullbacks in Set [ML98,
IX.2, exercise 3], this is true if the squares

Um 41 ufn+1
X’I’I’L+l E— Ym+1 X’fn+1 E— Y1$L+1
m’m+1l Jym+l wfn+1J( lyf}wl
TAp+1 —— TBpt1 TAp+1 —— TBpt1
m—+1 m—+1

are both pullback squares. The left-hand square is a pullback square by hypoth-
esis. For the right-hand square, suppose we have a cone

v1
V—— Y5

”2J( Jy:mrl

TAm+1 —_— TBm+1
T frmt1

in Set. Recall that we have source and target maps s, t: Y7, — Y3, given by
the projections from the pullback defining Y5, ;. Composing with these, and
source and target maps for TA and T'B, induces maps

Sv1 tvy
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The maps o and 7 give us a cone over the pullback square defining X, ;
commutativity of this cone comes from the globularity conditions, and the fact
that every cell in the image of vy is an identity, so has the same source and
target. Thus the universal property of X ,; induces a unique map such that

the diagram
V g
N v
v T

C
m+1 Xom

. _
J (s,t,Tm)

X ﬁXm 1><Xm 1XTAnL

commutes.
We now check that v makes the diagram

\\

X — Y,

+1
v2
mfnJrl yfn+1

TAm+1 —_— TBerl
T fm+1

commute. To show that the top triangle commutes, observe that the map
vy = uy, ;1 o v makes the following diagram commute:

V\c’”\s

m—+1 - Xm
Um41 Um
h t \ . \
c
Yerl Ym

|
AT e

Y., Wym 1 X Y1 xTB,,
Slnce Um0 = sv; and u,T = tvy, by the universal property of Y3, we have
U, 41 OV = V1.
To show that the left-hand triangle commutes, write i: T A,,, — T A,,,+1 for
the map that sends an m-cell to its identity (m + 1)-cell, and consider that we
can factorise x7, ,  ov as

c
Tm41

v s Tm

V——Xnn Xom TAp — TApy1.

SN 7

SV2
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Thus we have x7, ., o v = isvy = v, since all cells in the image of vy are
identities.
Finally, uniqueness of v comes from the universal property of X, ,,. Hence

7JIC
c m+1 c
Xerl ? Ym+1

wfn+1l JyfnJA

TAmi1 ————TBm
fm1

is a pullback square, so Cp, m+1(u, Tf) is a pullback square. O
We must treat the case m = n separately.

Lemma 3.1.5. Suppose we have a morphism

Xf Y
TA ?f TB
in Ry n that is a pullback square in n-GSet. Then its image under the functor
Cn,nJrl: Rn,n — Rn,n+1 = Q

s also a pullback square in n-GSet.

Proof. Recall from Definition 1.2.8 that we have

c ™
Xn+1 Xn

_
‘[‘er{ (s,t,zp)

X,—— X 1 x X1 xTA,,

(s,t,zn)

and that X, is defined to be the coequaliser of the diagram

T

X X’I'L

c E—
n+1 -
T2

in Set. We write ¢: X,, — X, for the coprojection. The set Y, is defined
similarly, and we write r: Y,, — Y,, for the coprojection. For all 0 < m < n we
have

Crnt1(, Tf)m = (w0, T f)m,

and for m = n, we have that Cy, p+1(u, T f), is given by



100 Chapter 3. Comparisons between algebraic definitions of weak n-category

so we only need to check that this is a pullback square in Set.
Write w for the unique map making the diagram

Un
X, — Y
AN
\

commute. We will show that, for a, b € X,,, w(a) = w(b) if and only if (a,bd) €
X511, and also that w is surjective; and thus Cj, n41(u,Tf), is a pullback
square and w = q.

Let (a,b) € X5, 1, s0 xp(a) = x,(b), s(a) = s(b), t(a) = t(b). We have
(un(a),un(b)) € Y2, 1, s0 ruy(a) = ru,(b). Thus

w(a) = (zn(a), run(a)) = (2n(b), 7un (b)) = w(b).

Now let a, b € X,, with w(a) = w(b), so zp(a) = z,(b), Tun(a) = ru,(b).
The source map s: X,, — X,,—1 is the unique map making the diagram

X, — Y,

TS

n 14>Yn 1

J{-’En—l lyn—1
N

TAn71 7?) Tanl
n—1

TA,

commute. Thus, since su,(a) = su,(b) and sxn( ) = sx,(b), we have s(a) =
s(b). Similarly, t(a) = ¢(b). Hence (a,b) €

Now let 7 € T A, ¢ € Y, with Tfn(m ) = yn( ). We wish to show that there
is some a € X,, with w(a) = (7, ¢), and thus that w is surjective. Since @, is
surjective, there exists ¢’ € Y, with r(¢’) = ¢. Since X, is given by the pullback

X, f‘" Y,
Inl lyn
TA, — TB,

Tfn

and yr(c’) = Tfn,(7), we have a € X,, with z,(a) = 7, up(a) = ¢/. Thus
w(a) = (m,¢), so w is surjective. Hence

X, Y,

ﬁ |+

TA, — TB,
Tfn
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is a pullback square. O

Thus we have shown that the functors adding the free contraction cells send
maps that are pullback square to maps that are pullback squares. We now do
the same for the functors adding the free magma structure.

Lemma 3.1.6. Let 0 < m < n and suppose we have a morphism

X— =y

_
T Y
TAT)TB

in Rpm—1,m that is a pullback square in n-GSet. Then its image under the
functor
Mm,nl: Rm—l,m — Rm,m

1$ also a pullback square in n-GSet.

Proof. The idea of this proof is similar to that of the proof of Lemma 3.1.4,
but is slightly more complicated since the construction of M, ,, uses filtered
colimits as well as coproducts. The functor M,, ., freely adds binary composites
of m-cells to X and Y. These composites are added through a process of taking
pullbacks, coproducts, and filtered colimits in Set. The action of M, ,, on the
map itself is then induced by the universal properties of these pullbacks, coprod-
ucts, and filtered colimits. Thus the image of this map under the functor M, ,,
is a filtered colimit of coproducts of pullback squares (with some adjustments
at the bottom to ensure that the strict n-category parts TX and TY remain
unchanged). Since pullbacks commute with both coproducts and filtered col-
imits in Set [ML98, IX.2, Exercise 3 and Theorem 1], this filtered colimit of
coproducts of pullback squares is itself a pullback square.
Recall the notation from Definition 1.2.12: we write

My X —25TA)= X —25TA,

My Y —25TB)= V" TB.

Since M, changes only dimension m, and since pullbacks in n-GSet are
computed pointwise, we just need to check that

is a pullback square in Set. Recall that )A(m and Ym are defined as filtered
colimits in Set, with

X, = colimX(j), }Afm = colim Y,

> " j>1 ™
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Since pullbacks commute with filtered colimits in Set, we can prove that the
above diagram is a pullback square by proving that, for each 7 > 1, the diagram

@
X9 7y G)

rfﬁ,>J/ J/yiﬂ;)

TA,,, — TB,,
Tfm

is a pullback square in Set. We do this by induction. When j = 1, we have
X,(,{) = Xom, Yn(f) =Y,,, and the square above becomes is a pullback square by
hypothesis.

Now suppose that 7 > 1, and we have shown that

(G—1)

XU _tm Y.u-D

| [

TA,, ———TB,,
Tfm

is a pullback square; we will show that

W)

m

ISZ’J ini)

TA,, — TB,,
Tfom

is a pullback square. Recall that X,(,{) is defined by

X0 =X I T X8 xx, X§7Y,
0<p<m

and similarly for Yg ). Since pullbacks commute with coproducts in Set, the
above diagram is a pullback square if, for all 0 < p < m, the diagram

X xx, XG0 v T sy v

| |

TA,, TB,,
T fm
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is a pullback square. We can write this as

G=1) G-

i i—1) (ug, - i
X5V e, XD S v sy v

(2D 2GD) (yGD Gy

m Ym

TAm XTAp TAm —_——> TB7n XTBp TBm
(T fm,T fm)
TA,, TB,,.

Tf?’”

The top square is a pullback of pullback squares, and hence is itself a pull-
back square. The fact that the bottom square is a pullback square is left as a
straightforward exercise to the reader; it is an application of the fact that T is a
cartesian monad [Lei04a, Example 4.1.18 and Theorem F.2.2], so the naturality
squares for its multiplication p? are pullbacks squares, and the fact that T2 A
and T?B can be constructed via a series a pullbacks in n-GSet (see [Lei04a,
F.1] and [Chellb], which give constructions of T' using this method).
Thus the diagram

me) Y/nz
TA,, — TB,,
Tfm

is a pullback square in n-GSet. Hence M,, ,, sends maps that are pullback
squares to maps that are pullback squares, as required. O

We now combine these results to prove that p: P = T is cartesian.

Proof of Proposition 3.1.3. Combining the above results, and using the fact that
J: R — Q is defined as the composite

J = Cn,n-ﬁ-l o Mn,n oUln-1,m0---0 Ml,l © C’0,17

we see that, given a map (u,Tf) in R such that
YT
TA Tf> TB

is a pullback square in n-GSet, the map J(u, Tf) in Q is also a pullback square
in n-GSet. Take (u,Tf) to be
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for any f: A — B in n-GSet, which is a pullback square since T is cartesian.
Applying J gives us that

Py
PAT PB
TATJC>TB

is a pullback square in n-GSet. Thus p: P = T is a cartesian natural transfor-
mation. O

Thus the natural transformation p: P = T satisfies one of the conditions in
Proposition 3.1.1; to prove that it is an operad, we now only need to prove the
following:

Proposition 3.1.7. The natural transformation p: P = T is a map of monads.

Proof. We need to check that p satisfies the monad map axioms. To do so, recall
that P is the monad induced by the adjunction

F
—
n-GSet é Q

defined in Section 1.2, and that this adjunction can be decomposed as

H J
nGSet, L "R, L "Q.
v w

Write «, 8 for the unit and counit of H 4V, and write x, ¢ for the unit and
counit of J - W. Then the unit n = 7% of the adjunction F - U is given by the
composite

1-%vH Y ywiH = UF
and the counit € of F' 4 U is given by the composite

JBW ¢
FU=JHVW — JW — 1.

To show that p satisfies the axioms for a monad map we consider the unit %
and counit e for the adjunction F' 4 U. Write « for the unit of the adjunction
H 4V and k for the unit of the adjunction J 4 W. By Proposition 1.2.3,
o =id, so 77P =VkH. For all X € n-GSet, kyx is the map

R
X, px

TX —TX

idrx

in R. Commutativity of this diagram shows that p satisfies the first axiom for
a monad map.
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For all X € n-GSet, epx is the map

nk
P2X ———PX

pPX‘ px

TPX = T°X ——TX
px Hx

in @. Commutativity of this diagram shows p satisfies the second axiom for a
monad map.
Thus p: P = T is a monad map. O

Combining Propositions 3.1.3 and 3.1.7 gives us the following theorem:

Theorem 3.1.8. There is an operad whose algebras are Penon weak n-categories,
given by the cartesian map of monads p: P = T.

Proof. The natural transformation p: P = T is cartesian by Proposition 3.1.3,
and is a monad map by Proposition 3.1.7. Thus it is an operad, and its category
of algebras is P-Alg, the category of Penon weak n-categories. O

In keeping with our notation for the operads for Batanin weak n-categories
and Leinster weak n-categories, we henceforth abuse notation write P := P1
and p := p1, so the underlying collection of this operad is denoted

P

lp
T1.

Proposition 3.1.9. The operad P for Penon weak n-categories can be equipped
with a contraction and system of compositions which arise naturally from the
contraction on p1: P1 — T'1 and the magma structure on P1 respectively.

Proof. The presence of the contraction is immediate, since
P
}’
T1

is an object of Q, so is equipped with a contraction as constructed in Section 1.2.
Similarly, P, is equipped with a magma structure; we use this to define a system
of compositions

as follows: for all 0 < m < n,

o om(B) = (1 )m(1) = 1;
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o for 0 <1 <m, 0, (") =10

From the definition of the magma structure on P given in Definition 1.2.12, this
satisfies the source and target conditions for a map of n-globular sets, and the
commutativity conditions required to be a map of collections. By definition of

om(B),

1 S P

F=nf
commutes. Thus, o is a system of compositions on P. O

Thus we now have P as an operad with a contraction and a system of
compositions. Consequently, the coherence theorems from Section 2.5 are valid
for Penon weak n-categories.

3.2 Towards a comparison between B-Alg and
L-Alg

In this section we give some steps towards a comparison between Batanin weak
n-categories and Leinster weak n-categories; everything in this section is new.
The fact that both Batanin weak n-categories and Leinster weak n-categories are
defined as algebras for n-globular operads means we can make some statements
about the relationship between the two definitions by comparing the operads B
and L. Some of these statements are preliminary, but we hope that they will
pave the way for a more comprehensive comparison in the future.

We use the correspondence between Batanin operads and Leinster operads
(Theorems 2.4.5 and 2.4.6), along with the universal properties of the operads
B and L, to derive comparison functors

Uy : L-Alg — B-Alg and v,: B-Alg — L-Alg.

We then give an explicit construction of a left adjoint to u.. We can think
of u, as a forgetful functor that forgets the unbiased composition structure on
an L-algebra, and remembers only its binary-biased composition structure. Al-
though the existence of the left adjoint to u, can be proved by abstract means,
our construction illustrates the fact that the left adjoint freely adds unbiased
composites to a B-algebra, while leaving the original B-algebra structure un-
changed. The construction is also applicable in a more general context; the
exact level of generality is noted at the beginning of the subsection.

The functors u, and v, are not equivalences of categories; they should be
higher-dimensional equivalences of some kind, but we do not have a formal way
of saying this, so instead we approximate this statement. To do so, we consider
what happens when we start with an L-algebra, apply u. to obtain a B-algebra,
then apply v, to that to obtain an L-algebra; in particular, we take some steps
investigating the relationship between the resulting L-algebra and the original
L-algebra. We expect these L-algebras to be in some sense equivalent, but it is
not clear how to make this precise, due to the lack of a well-established notion
of weak map of L-algebras. The underlying n-globular sets of these L-algebras
are the same; they differ only on their algebra actions. We argue that these
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algebra actions differ only “up to a constraint cell”; we make this statement
precise, defining a new notion of weak map of L-algebras in the process.

3.2.1 Comparison functors between B-Alg and L-Alg

Recall from Definition 2.2.3 that we write OCS for the category of Batanin
operads, and from Definition 2.4.2 that we write OUC for the category of
Leinster operads. By Theorem 2.4.5 we have a canonical functor

OouUC — 0CSs

which is the identity on the underlying operads. Applying this functor to L
equips it with a contraction and a system of compositions. Thus, since B is
initial in OCS, there is a unique map

B————1L
N
T1
in OCS.

By Theorem 2.4.6 we can equip the operad B with an unbiased contraction
to obtain an object of OUC. However, unlike the process of equipping L with a
contraction and system of compositions, there is no canonical way of doing this;
the unbiased contraction on B depends on a choice of section to b, as described
in Lemma 2.4.7. Suppose we have chosen a section to b and thus equipped B
with an unbiased contraction. Since L is initial in OUC, there is a unique map

L———B
x /
T1
in OUC.

Recall from Proposition 3.1.1 that every map of operads gives rise to a
corresponding map of the induced monads. Thus the maps u and v induce
functors between the categories of algebras B-Alg and L-Alg; we write

uy: L-Alg — B-Alg
for the functor induced by u, and

vy: B-Alg — L-Alg
for the functor induced by v.

Proposition 3.2.1. The functor v, is a retraction of the functor u,, i.e.

UsVs = 1dB_Alg-
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Proof. Recall that we have a functor OUC — OCS. Applying this functor to
v gives that v is a map in OCS, so the composite

is the identity id g, since B is initial in OCS. Thus u,v, is the functor induced
by vu = idp, so u,v, = idp_alg, as required. O

We now consider the composite

L-Alg — B-Alg —+ L-Alg.

Note that v,u, does not change the underlying n-globular set of an L-algebra,
it only changes the algebra structure. We describe a small example which il-
lustrates the way in which the new algebra structure differs from the original
one. In Section 3.2.3 we investigate the relationship between an L-algebra and
its image under the functor v,u, more fully, using this example to motivate a
definition of weak map of L-algebras that we use in the general case. Let n > 2
and let A denote the n-globular set consisting of three composable 1-cells:

f g h
[ ] [ ] [ ] [ ]

We consider the free L-algebra on A, i.e.

LA

luﬁ

LA.
This has:
e O-cells: the same as those of A;

o 1-cells:

generating cells f, g, h,
— binary composites go f, hog, ho(go f), (hog)o f,
— a ternary composite ho go f,
— identities and composites involving identities;
e 2-cells: for every pair of parallel 1-cells a, b € LA;, a constraint cell which

we write as
[a,b]: a = b.

In particular, this includes constraint cells mediating between different
composites of the same cells, e.g.

[hogof,(heg)efl,
[(hog)o f,ho(gef),

etc. We also have freely generated composites of these;
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e m-cells for m > 3: constraint cells, and composites of constraint cells.
Applying u,v, to this gives the L-algebra

L?A

l'ULA

BLA

[

L?A

ik

LA,

which has the same underlying n-globular set as the free L-algebra on A, but has
a different composition structure. Write ® for the new composition operation
on 1-cells, which is defined as follows:

e binary composition remains the same, so we have

goO f=gof,h©g=hog, h©(g® f)=ho(gof),
etc.;

e ternary composition is given by bracketing on the left, i.e.
h©go f=(hog)of.

Consider the diagram

uh |
LA——— LA
idpa
in n-GSet. If this diagram commuted it would be a map of L-algebras, and
since its underlying map of n-globular sets is an identity, this would show that
the free L-algebra on A is isomorphic to its image under v,u,. In fact this
diagram does not commute; although it does commute on the underlying B-
algebra structure, i.e. it commutes on generating cells, binary composites, and
constraint cells mediating between these, it does not commute on cells that only
exist in the L-algebra structure, such as ternary composites. Consider the freely
generated ternary composite

hogo f e L?A.
We have
e foLidpa(hogof)=0(hogof)=hogof;
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e idppobfoursovpa(hogof)=ho©go f=(hog)of,

and

hogof#(hog)of,
so the diagram does not commute. However, there is a constraint cell mediating
between these two 1-cells:

[hogof,(hog)ofl:hogof=(hog)of.

Similarly, for any other cell in L?A that is not part of the underlying B-algebra
structure (such as non-binary composites of 1-cells involving identities, and non-
binary composites at higher dimensions) we also have a constraint cell mediating
between its images under the maps 6 o Lidy 4 and idp 4 o8 oupa ovpa. Thus,
we can think of the diagram as “commuting up to a constraint cell”. By the
definition of constraint cells as those induced by the contraction L, combined
with the fact that all diagrams of constraint n-cells commute in a free L-algebra
(Theorem 2.5.9), these constraint cells are equivalences in the L-algebra, and any
diagram of them commutes up to a constraint cell at the dimension above, with
strict commutativity for diagrams of constraint n-cells. Thus these constraint
cells are “well-behaved enough” to act as the mediating cells in a weak map; any
commutativity conditions we would need to check are automatically satisfied by
coherence for L-algebras.

3.2.2 Left adjoint to u,

We now construct a functor
F: B-Alg — L-Alg,

and prove that this is left adjoint to the functor w,. Recall that w, is the
functor induced by the unique map of operads with contractions and systems
of compositions

u: B— L

induced by the universal property of B, the initial object in OCS. We can
think of u, as a forgetful functor that sends an L-algebra to its underlying B-
algebra by forgetting its unbiased composition structure, and remembering only
the binary composition structure and the necessary constraint cells. The left
adjoint F' takes a B-algebra and freely adds an unbiased composition structure,
along with all the required constraint cells to make an L-algebra, but retains
the original binary composition structure (note that new binary composites are
not added freely).

It is a result of Blackwell-Kelly-Power [BKP89, Theorem 5.12] that any
functor induced by a map of monads has a left adjoint (their result is for 2-
monads, but can be applied to monads by considering them as a special case of
2-monads). Consequently, one may ask why the adjunction

F
B-Alg, 1 " L-Alg

should be considered significant, and, in particular, why it is more significant
than the adjunction in which v, is the right adjoint. There are two reasons for
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this. First, u: B — L is canonical in the sense that it is the only such map of
monads that preserves the contraction and system of compositions on B. In con-
trast, v: L — B is not canonical; there is no canonical way of equipping B with
an unbiased contraction (Theorem 2.4.6), so v depends on the choices we made
when doing so. Second, this adjunction formalises the idea that the key differ-
ence between B-algebras and L-algebras is that B-algebras have binary-biased
composition whereas L-algebras have unbiased composition, and describes how
to obtain an L-algebra from a B-algebra by adding unbiased composites, as well
as the necessary constraint cells, freely.

The construction of the left adjoint described in this section is valid in greater
generality than just this case; we can replace n-GSet with any cocomplete cate-
gory, L with any finitary monad, B with any other monad on the same category,
and u: B — L with any map of monads. We first explain the construction with
reference to the specific case of a left adjoint to wu., then state the construction
in more generality.

Note that the left adjoint we construct is not induced by a map of monads;
a functor B-Alg — L-Alg induced by a map of monads L = B would leave
the underlying n-globular set of a B-algebra unchanged, but the left adjoint
to u, freely adds unbiased composites (and various contraction cells) to obtain
an L-algebra structure, rather than using cells already present in the original

B-algebra.
Let
BX
Je
X

be a B-algebra; we will now construct an n-globular set X, which will be the
underlying n-globular set of the L-algebra obtained by applying F' to the B-
algebra above. First, we apply L to X, which freely adds an L-algebra structure,
while ignoring the existing B-algebra structure. This free L-algebra structure
has a free B-algebra structure inside it, which is picked out by the map

ux: BX — LX.

We identify this free B-algebra structure with the original B-algebra structure
on X by taking the following pushout:

Taking this pushout identifies any cell in the free B-algebra structure inside LX
with the corresponding cell in the original B-algebra on X. So, for example,
any free binary composite in LX is identified with the binary composite of the
same cells, as evaluated by 6, in X.

However, this is not the end of the construction for two reasons: first, in prin-
ciple the act of identifying cells causes more cells to share common boundaries,
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thus making more cells composable; second, taking this pushout does nothing to
cells in LX that involve both the B-algebra and non-B-algebra structure. Such
cells include non-binary composites of binary composites; for example, suppose
we have a string of four composable 1-cells

a b c d
° [ ] [ ] [ ] [ ]

in X. In X, we have distinct cells
doco(boa)#docof(boa),

but in the L-algebra we are constructing we want these cells to be equal.

To rectify these problems we apply L to X (V| thus freely adding composites
of the newly composable cells, then identify the free L-algebra structure on
LX) with the partial L-algebra structure on X given by ¢(: LX — X
by taking the pushout

Lo
L2X L} LX(l)
105
LX ¢

¢(1)

x@® T)X(Q)'

Once again, the act of identifying cells causes more cells to become composable.
Also, although in X we now have the desired equalities between non-binary
composites involving binary composites such as

doco(boa)=docof(boa),

this is not true for composites whose binary parts appear at greater “depths”,
such as non-binary composites of non-binary composites of binary composites.
We thus must repeat the procedure above indefinitely to obtain the following
sequence of pushouts in n-GSet:

@)
12y L IX®

“fm)
Lo
2X ——LxW
nk =
BX —% 4 LX 6@

¢(o>_9l e
[ [ B

X = x© x@ X2 — x®3)

2D ) )
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The bottom row of this diagram is a sequence of n-globular sets
{XD}ix0.
We define X to be given by
X := colim X(i)7
i>0
We now describe the construction in general. Throughout the rest of this
section, let C denote a cocomplete category, let R and .S be monads on C with .S

finitary (i.e. the functor part of S preserves filtered colimits), and let p: R — S
be a map of monads. The map p induces a functor

p.: S-Alg — R-Alg,

and we will construct a left adjoint F' to p,. Let

RX

le

X,
be an R-algebra. We define a sequence

{XD}iso.

of objects in C by the following sequence of pushouts in C:

(2)
e2ym 22 ox@
“im

(1)
SQX L SX(I)

ny o™
RX —2 48X o)

¢(0) gl ¢(1)

X =X0 x @

2 22

= x®)

We then define an object X of C by

X := colim X®.
i>0

This will be the underlying object of C of the S-algebra obtained by applying
the functor F' to the R-algebra 6: RX — X.
We now equip X with an S-algebra action

¢: SX — X.
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Since S is finitary, we can write SX as

SX = colim S X,
i>0

We wish to use the universal property of this colimit to define the S-algebra
action ¢. To do so, we now describe the cocone that induces ¢, and prove that
it commutes.

Lemma 3.2.2. There is a cocone under the diagram
{5X}iso
with vertex X, given by

Sz Sz(® Sz
gx0) — gx(1) —— gx(2) — - --

d)(l)l ¢(2)J( ¢(3)l

x@ X@ X

) ) )
\w} /3)
M _
X

Proof. We must show that, for each ¢ > 0, the diagram

L SzttD )
S x (1) ——— g x (i+1)

¢(i+1>l }5(”2)

x (i+1) X (i+2)

C(i+\l \/(H'?)
X

commutes. We can write this diagram as

SX®
Sn% o S
idg () §2x (%) W § X (i+1)
M
SX @ BT
SUHD

X (i+1) W X (i+2)

o)

L)
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The rectangle commutes since it is the pushout square defining X (t2) the
top-left triangle commutes by the unit axiom for the monad S, and the bottom
triangle commutes by definition of X; thus we need only check that the top-right
triangle commutes. We do so by showing that, for all ¢ > 0, the diagram

x (9

(i+1)
S xr
"xml \

Sx(z) m X(H—l)

commutes, then applying S to this diagram.
When ¢ = 0, the diagram above can be written as

idx | RX —2 4 9x

7] ‘4)(1)

The square commutes since it is the pushout square defining X, the left-hand
triangle commutes by the unit axiom for 6, and the top-right triangle commutes
by the unit axiom for the monad map p. Thus this diagram commutes.

Now let ¢ > 1. The diagram

¢(i)
gx(i—1) —— x(9)

Mg (i) 0
idgy(i-1) S2X(i71)s¢(*i)> SX(Z)
B G-1)
§Xx (-1 UTD
™

x () ﬁ X (i+1)

commutes; the bottom rectangle commutes since it is the pushout square defin-
ing X(+1) the top square commutes since it is a naturality square for n°, and
the top-left triangle commutes by the unit axiom for the monad S. We wish to
cancel the ¢("’s in the diagram above, in order to obtain the desired triangle.
We can do this if ¢ is an epimorphism; we now show that this is true by
induction over 1.
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To show that this is true when i = 1, observe that n¥ is a section to 6, so
6 is epic; since the pushout of an epimorphism is also an epimorphism [Bor94a,
Proposition 2.5.3], we have that »W) is epic.

Now suppose i > 1 and that we have shown that ¢(*~1 is epic. By the unit
axiom for the monad S, nfm,Q) is a section to ui(i,2)7 SO ufm,?) is epic. Hence
the composite

¢ o pFaoy

is epic; since the pushout of an epimorphism is also an epimorphism, we have
that ¢(?) is epic.
Hence, for each ¢ > 0, the diagram
X @)

(i+1)
S x
nx(i)l \

SXx (@ m x (i+1)

commutes, and thus the diagram

L Szt .
SX () —— gx(+1)

¢(i+1>l }5(#2)

X(i+1) X(i+2)
X

commutes, as required. O

We now define ¢: SX — X to be the unique map induced by the universal
property of SX such that, for all ¢ > 0, the diagram

commutes. To check that

is an S-algebra we must show that it satisfies the S-algebra axioms.

Lemma 3.2.3. The map ¢: SX — X satisfies the S-algebra axioms.
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Proof. For the unit axiom, we must check that the diagram

_ oy _
X—8X
idg ﬂb

commutes. Since X is defined as a colimit, we check this by comparing the
cocones corresponding to the maps on either side of the diagram. The cocone
corresponding to ¢ o 773% is given by, for each ¢ > 0, the composite

(i+1) D)

S X (@) x4+l —— x|

S
x (i)

x ()

The cocone corresponding to id g is the universal cocone given by the coprojec-
tions ¢(9. The diagram

T
X () ——— gx @)
D
X (i+1)

i+

X.
commutes, so these cocones are equal. Thus the unit axiom is satisfied.
For the associativity axiom, we must check that the diagram

§2% 5 5%
Mil ‘zb
SX T> X
commutes. Since S is finitary, we have

52X = colim S2X .

>0

Thus we can check that the diagram commutes by comparing the cocones corre-
sponding to the maps on either side of the diagram. The cocone corresponding
to ¢ 0 S¢ is given by, for each i > 0, the composite

SG+D) (i42) c(i+2) _
§2x () —— gx(i+]) —— x(i+2) — = ¥

The cocone corresponding to ¢ o ,uf—( is given by, for each ¢ > 0, the composite

5 . Hi(i) Ut ) 2 (i+2) ) 2
S2x () SX () X (41 —— x(i+2) —— X
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From the definition of X, for all 4 > 0, the diagram

o2 x P gy
“im

§x () $(it2)
HUHD

X (+1) —— x(i+2)

2(+2)
(i+2)
. c
JCERY
X
commutes, so these cocones are equal. Thus the associativity axiom is satisfied.
Hence
SX
P
X
is an S-algebra. O

This gives us the action of the left adjoint to p, on objects. To prove that
this gives a left adjoint, we use the following result of Mac Lane [ML98, The-
orem IV.1.2], which allows us to avoid describing the action of the left adjoint
on morphisms.

Lemma 3.2.4. Given a functor U: D — C, an adjunction
_F
cC, L 'D
U
is completely determined by, for all objects x in C, an object Fy(x) in D and a

universal arrow ng: x — UFy(x) from x to U.

As is suggested by the notation, here the assignment Fy(x) gives the action
of the left adjoint F' on objects, and the maps 7, are the components of the unit
of the adjunction.

Proposition 3.2.5. There is an adjunction F - p,.

Proof. As discussed above, we prove this using Lemma 3.2.4, thus allowing us
to avoid constructing the action of F' on morphisms. Let

RX

la

X
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be an R-algebra. By the construction described earlier we have a corresponding
S-algebra
SX

}5
X.
To show that this gives the action on objects of the left adjoint F': R-Alg —
S-Alg to p., we require a map of R-algebras
nx: X — X

which is a universal arrow from X to p.. This is given by the coprojection map
¢©: X — X. This is indeed a map of R-algebras, since the diagram

(0 _
rRX — . px

K
px
Sc(®

0 SX —SX

¢(1)‘/ 13

X—XxW—7X

N 7

0)

o
commutes. We now show universality. Suppose we have an S-algebra
SY
lw
Y

and a map of R-algebras

RX — Ry
lpy

SY
X

We seek a unique map of S-algebras

{1
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such that the diagram

commutes. We define f by defining a cocone
FO X0 ¥

by induction over 3. B B
When ¢ =0, )_((i) = X, and we define f@ = fO) to be given by f: X =Y.
When i =1, f = f(I is the unique map such that the diagram

RX 258X o
el Pm\) sy
[

X—x@ L”
Y

2D NG ¢S
~N
~
N

f

commutes. To check that this is well-defined we must check that the outside of
this diagram commutes; this is true, since

RX 258X

RY —— SY

x¥ y

commutes.

Now let i > 1 and suppose that we have defined £~ : Y(@=1) V. We de-
fine () to be the unique map induced by the universal property of the pushout
X such that the diagram

Sd)(i*l)
92 x(i—2) —— g x(i—1)

Sf(ifl)
Hii—2) \

SXx(i—2) PAQ) SY

¢(i—1)
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commutes. Note that the fact that the bottom triangle in this diagram com-
mutes gives us commutativity of the cocone. To check that this is well-defined
we must check that the outside of this diagram commutes; this is true, since

Sli—D SFG=D
S2 x(i—2) 4>SX(1 1) —— SY

S% 4‘

S
Hx(i—2) 52y

S Xx(i—2) Jui Y

ST SY

¢(i*1)
Ny

XG-1) = Y

comimutes. ~
We then define f to be the unique map such that, for each ¢ > 0, the diagram

O
X)) —— X

N

Y

commutes. When ¢ = 0 this gives us the required commutativity condition
for ¢(® to be a universal arrow, and uniqueness of f comes from the universal
property of X. All that remains is to check that f is a map of S-algebras, i.e.

that the diagram
SX ——
X—

commutes. Since S is finitary, we can write SX as

SY

Y

SX = colim SX@.
i>0
Thus we can check that the square above commutes by comparing the cocones
corresponding to the maps ¢ oS f and fo¢. The cocone corresponding to ¢o S f
has components given, for each ¢ > 1, by the composite

£ (i)
9x) —— 5y — sy,

The cocone corresponding to f o ¢ has components given, for each i > 1, by the
composite
(i+1) Fa+D
SX ) —— x(i+1) — Y,
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From the definition of f(it1) we see that the diagram

(i)
SX @ RN SY

¢<i+1>l ‘w

i+l)
X0+ FO+D Y

commutes for all i > 0; hence the cocones described above are equal, so f is a
map of S-algebras.
Hence we have an adjunction F' - p,, as required. O

Finally, to show that this construction does indeed give an adjunction

F
B-Alg, 1 " L-Alg

in the case C = n-GSet, R= B, S = L, p = u, we must show that L is finitary.
In fact, this is true of any monad induced by an n-globular operad.

Lemma 3.2.6. Let K be an n-globular operad. Then the monad induced by K
is finitary, i.e. its underlying endofunctor preserves filtered colimits.

Proof. Tt is a result of Leinster that the free strict n-category monad 7' is finitary
[Lei04a, Theorem F.2.2]; the proof that the monad K is finitary is an application
of this and of the fact that filtered colimits commute with pullbacks in Set
(Lemma 1.2.11).

Let T be a small, filtered category and let

D: 1 — n-GSet

be a diagram in n-GSet. Then for each ¢ € I, KD(i) is given by the pullback
KD(i) 25

Wi

TD(i) — T1,
T!

in n-GSet. Write

X := colim D(3).
i€l

Then KX is given by the pullback

Kx X K
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in n-GSet. Since T is finitary, we have

TX = coli]%n TD(3).
ic

Since filtered colimits commute with pullbacks in Set, and since limits and
colimits are computed pointwise in n-GSet, we have that filtered colimits com-
mutes with pullbacks in n-GSet, so

KX = coli}{n KD(3).
€

Hence K preserves filtered colimits, i.e. K is finitary. O

Hence there is an adjunction F' - u,.

3.2.3 The relationship between u, and v,

Recall that, in Proposition 3.2.1, we showed that u,v, = idp_a1g. We then gave
a small example of an L-algebra

LA.

and described its image under the composite

L-Alg — B-Alg — L-Alg.
Specifically, we argued that the diagram

LQAM[PA

'ULA\L
BLA

“LAl I
L2A
uk |

LA—— LA
idra

in n-GSet “commutes up to a contraction cell”. We now extend these ideas to
a definition of weak map of L-algebras that uses constraint cells for mediating
cells, in order to formalise this idea and thus investigate the relationship between
a general L-algebra and its image under the functor v,u, more fully. The idea is
that, by using constraint cells, any axioms we would require will automatically
be satisfied, so we do not have to state any axioms in the definition. This
approach is beneficial, since it is straightforward to specify the data required
for a weak map of L-algebras (i.e. to specify where we require mediating cells),
but difficult to state the axioms that this data must satisfy.

Note that the definition of weak map that this approach gives is not optimal,
for several reasons. First, the fact that the mediating cells must be constraint
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cells means that this definition lacks generality, since in a fully general definition
of weak map we would be able to use any choice of cells that interacted with
one another in a suitably coherent way. Second, the composite of two weak
maps is not necessarily a weak map, since the mediating cells in the composite
are composites of constraint cells, and these are not necessarily constraint cells.
Finally, in a non-free L-algebra not all diagrams of constraint n-cells commute,
and not all diagrams of constraint cells commute up to a higher constraint cell.

Definition 3.2.7. Let K be an n-globular operad with a contraction and system
of compositions and let

KX KY
X Y.

) 3

be K-algebras. A weak map of K-algebras consists of a (not necessarily com-
muting) square

Kf
KX —KY

in n-GSet, equipped with the following constraint cells:
e for all O-cells x in K X, a constraint 1-cell
fo: ¢o Kf(x) — fob(x)
inY;
e for all 1-cells a: x — y in KX, a constraint 2-cell

o Kf(z) Y 6o K f(y)

.

fof(x) Wfoa(y)

inY;

o for all 2-cells

in KX, a constraint 3-cell

° poK fa) @ . .
fz fy 3 fa fy

N N
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in Y. We abuse notation slightly and write this as

fa: fyo(doKf(a))= (fob(a))o fa,

omitting the 1-cells f, and fy; this makes little difference here, but at
higher dimensions it allows us to avoid unwieldy notation;

e for 3 <m <n —1, and for all m-cells o in KX, a constraint cell

fai fiy o (9o Kf(a)) = (fob(a)) o fa)-

As described above, we omit lower-dimensional constraint cells from the
source and target to avoid unwieldy notation. When m = 3, f, is a
constraint 4-cell with source

SRR N TN

(=) . i /fl
M /fma) . e o/\O

|Jrescecan
and target

° u¢oKf(s(o¢)) ° ° [}

\/‘ W

e for all n-cells a in KX, an equality (which we can think of as a “constraint
(n+ 1)-cell”)

frayo (9o Kf(a)) = (fob(a))o fsa)-

Note that, given two weak maps of K-algebras
Kf Kg
KX—KY —KZ

|}

X——Y—5—2

although their underlying maps of n-globular sets are composable, this compos-
ite is not necessarily a weak map of K-algebras, since in a weak map we require
the mediating cells to be constraint cells, whereas in the composite gf we only
have composites of constraint cells. Thus there is no category of K-algebras
with morphisms given by weak maps. There are two ways we could get around
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this: we could either modify our definition of weak map to allow us to use com-
posites of constraint cells as mediating cells, or we could take the closure under
composition of the class of weak maps; either approach is beyond the scope of
this thesis.

Recall that in Section 2.5 we gave a definition of equivalence of K-algebras
which used strict maps (Definition 2.5.4). We now modify this definition by
using weak maps instead of strict maps, to obtain a notion of weak equivalence
of K-algebras.

Definition 3.2.8. Let K be an n-globular operad with a contraction and system
of compositions. We say that two K-algebras

KX KY
X, Y

are weakly equivalent if there exists a weak map

Kf Kf
KX—KY o KY—KX

|

such that f is surjective on 0-cells, full on m-cells for all 1 < m < n, and faithful
on n-cells. The map f is referred to as an weak equivalence of K-algebras.

As in Definition 2.5.4, in this definition we require that the weak equivalence
can go in either direction, since having a weak equivalence in one direction does
not guarantee the existence of a weak equivalence in the opposite direction. This
is caused by the fact that in our definition of weak map only allows for mediating
cells that are constraint cells, rather than allowing any suitably coherent choice
of cells.

We now consider the composite

L-Alg — B-Alg — L-Alg,
and show that any L-algebra is weakly equivalent to its image under this functor.
Proposition 3.2.9. Let
Lx > x
be an L-algebra. Then the diagram

Lidx
LX —LX

]

BX

uxl 6

LX

o|

X—X
ldX
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can be equipped with the structure of a weak map of L-algebras, and this weak
map s a weak equivalence.

Proof. We need only show that this diagram can be equipped with the structure
of a weak map of L-algebras; if so, it will automatically be a weak equivalence
since its underlying map of n-globular sets is the identity. In this proof we write
f :=1idx to avoid double subscripts and misleading notation for the mediating
constraint cells. Note that although L is defined using an unbiased contraction,
in this proof we only use its contraction and system of compositions, as described
in Theorem 2.4.5.
Recall from Definition 2.1.4 that LX is defined by the pullback

Ix 2.1

TXT>T1.

For 1 < m < n we write the elements of LX,, in the form («, x), where « € TX,
X € L, and T!(«) = l(x) (note that we do not do this when m = 0 since Ly has
only one element). Our approach is to find the required constraint cells using
the fact that

T1

commutes; thus when we apply uxvx to a cell in LX we end up “a contraction
cell away” from where we started.

Since the lower-dimensional mediating cells appear in the sources and tar-
gets of the mediating cells at the dimensions above, we must define our choice of
mediating cells by induction over dimension. As in Definition 3.2.7, for dimen-
sions greater than 1 we abuse notation slightly by omitting lower-dimensional
constraint cells from sources and targets.

At dimension 0 the diagram commutes, so for all z € LXy we define

Jz = 1dg(q): 0(z) — Ouxvx(x).

At dimension 1, let
(a,p): x —y

be a 1-cell in LX, where a € T X, and p € L. We seek a constraint 2-cell

6o K f(z) 216 o K f(y)

) fea.p) )
fz_lde(z)l Fy=idog(y)

fof(x) Wfoe(y)

in LX. We have
uxvx(a,p) = (a,uv(p)),
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and we can write the source and target of the required 2-cell as
idg(y) o 0(a, p) = O(a,id o p)

and
0(a,uv(p)) oidg(y) = 0(a, uv(p) o id)

respectively, where id denotes the identity on the unique O-cell of L. Now, since
(uv)o = idpx, we have
s(id o p) = s(uv(p) o id)

t(id o p) = t(uv(p) o id),
I(id o p) = l(uv(p) 0 id).

Hence there is a contraction 2-cell v(id o p, uv(p) o id) in L. We denote this by
kp, and define f(, ,) to be the constraint cell

fiap) i=0(ida, kp) : 0(a,id o p) = 0(a, uv(p) o id)
in X.

Now let 2 < m < n, and suppose that for all j < m and for all j-cells (a, p)
in LX we have defined a constraint cell

f(a,p) — Q(ida, lip): 9(&, Kt (p) op) = Q(avuv(p) o /{s(p))

in X. Let (a, x) be an m-cell in LX. We have uxvx (o, x) = (o, uv(x)), so we
seek a constraint (m + 1)-cell

ftax® fr(axy © 0(a; x) = Ba, uv(x)) © fu(an)-
We can write the source of this as
Ji(anx) 0 0, x) = 0(e, Ky © X)),
and the target as
0(cr,uv(X)) © fa(anx) = O, uv(x) © Ks(y))-

The cells ky(y) o x and uv(x) o K4y are parallel; since the diagram

commutes, and since [ maps contraction cells to identities in 71, we have
(e 0 x) = Ux) = luo(x) = H(uv(X) © Ky(y))-
Hence there is a contraction (m + 1)-cell

’Y("{t(x) °X, UU(X) © HS()())
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in L (an equality if m = n). We denote this by «,, and define f(, ) to be the
constraint cell

f(a,x) = e(idOH ’%X) : 9(04, K(x) © X) - 9(0&, UU(X) ° K;s(x))~
This equips the diagram

Lidx

LX —LX

]

BX

uxl 0

LX

d

X—X
idx

with the structure of a weak map of L-algebras; thus, since its underlying map
of n-globular sets is id x, it is a weak equivalence of L-algebras. O

We now justify that, in the example above, the use of constraint cells as
mediating cells allows us to avoid having to check any axioms. All of the con-
straint cells we used in this example were first formed in LX, with the correct
source and target; we then applied 0 to obtain a constraint cell in X. Thus any
diagram we would want to commute, as one of the axioms for a weak map, is
the image under 0 of a diagram of constraint cells in the free L-algebra

L
L2X£>LX;

thus any such diagram commutes (up to a constraint cell of the dimension above
in the case of diagrams of cells of dimension less than n), by coherence for L-
algebras (see Corollary 2.5.9). Note that this will not be true for a general weak
map of L-algebras, since in a non-free L-algebra not all diagrams of constraint
cells commute.

All of this highlights many of the difficulties involved in defining and working
with weak maps when using an algebraic definition of weak n-category. The
natural notion of map in the algebraic setting is that of strict map; to define a
notion of weak map we need to specify a large amount of extra structure and
axioms. Qur approach to defining weak maps, using constraint cells to give
maps that are “automatically coherent” without the need to check any axioms,
is comparable to the approach taken in non-algebraic definitions of weak n-
category. In the non-algebraic setting it is meaningless to say that a map is
strict, since we have no specified composites for maps to preserve. The natural
notion of map is more like a weak map (or a normalised map if the definition has
a notion of degeneracies), and consists simply of a map of the underlying data.
This is sufficient since the roles of the cells are encoded in their shapes, which
are recorded in the underlying data; this is in contrast to the algebraic case in
which, once we have applied an algebra action, all cells are globular so we are
unable to tell what role they play in the algebra. Maps in the non-algebraic
case are more comparable to weak maps , and it is meaningless to ask for a
map to be strict since we do not have specified composites. This concludes our
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analysis of algebraic definitions, and leads us on to Part II, in which take the
first steps towards a comparison between the algebraic definition of Penon and
the non-algebraic definition of Tamsamani—Simpson.



Part 11

A multisimplicial nerve
construction for Penon
weak n-categories
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Chapter 4

Tamsamani—Simpson weak
n-categories

We now move on to the study of non-algebraic definitions of weak n-category.
This part focusses on the construction of a nerve functor for Penon weak n-
categories, which allows us to compare them with a non-algebraic definition of
weak n-category, specifically Simpson’s variant of Tamsamani’s definition. This
definition, which originates in [Tam99], is a higher-dimensional generalisation
of the nerve of a category; Tamsamani’s idea was, instead of using simplicial
sets, presheaves on A, to use n-simplicial sets, presheaves on A”. He defined a
weak n-category to be an n-simplicial set satisfying a generalisation of the nerve
condition, called the Segal condition; this name is inherited from an analogous
condition that arises in the study of Segal categories [Seg74, DKS89]. The defi-
nition we use is a variant of Tamsamani’s definition, given by Simpson [Sim97].
Simpson refined and slightly simplified Tamsamani’s definition, giving a more
direct approach at the cost of a little generality.

This definition is appropriate to use for the purposes of making a compari-
son between an algebraic and non-algebraic definition, since in a Tamsamani—
Simpson weak n-category the cells are separated by dimension, as they are in a
globular algebraic definition such as that of Penon. This is often not the case
with non-algebraic definitions of weak n-category.

In this chapter we recall the nerve construction for categories, and the def-
inition of Tamsamani-Simpson weak n-category. None of the material in this
chapter is new.

4.1 Nerves of categories

It is well-known that every small category has associated to it a simplicial
set, known as its nerve [Seg68]. The nerve is constructed by expanding upon
the underlying graph of a category in a way that captures all the informa-
tion about composition, identities, and associativity, information which is not
present in the underlying graph. The nerve construction gives a nerve functor
N': Cat — SSet, which sends a category to its nerve. This functor is full and
faithful [Lei04a, Section 3.3], so functors between categories correspond precisely
to morphisms between their nerves.

133
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Not every simplicial set arises as the nerve of a category, but those that do
arise in this way can be characterised using a number of different (equivalent)
conditions. Such a condition is called a nerve condition. Nerve conditions check
whether or not we can define composition from a simplicial set in a way that is
well-defined, associative, and unital. Along with fullness and faithfulness of the
nerve functor, they allow us to give alternative statements of the definitions of
category and functor purely in terms of simplicial sets. There are various nerve
conditions; the nerve condition we use is that used by Tamsamani [Tam99], since
this is the condition that is generalised in the definition of Tamsamani—Simpson
weak n-category. This condition is a Segal condition, and originates in [Seg68].

We begin by recalling the definition of simplicial sets. There are several
different ways of defining simplicial sets, and the morphisms between them. For
our purposes, we will think of the category of simplicial sets as the category of
presheaves on the simplicial category A.

Definition 4.1.1. We write A for the category with
e objects: for each k =0, 1, 2, ..., the totally ordered set [k] = {0, 1,...,k};
e morphisms: order preserving functions.

The category of simplicial sets SSet is defined to be the presheaf category
SSet := [A°P, Set].

We now establish some notation and terminology that we will use when
talking about simplicial sets, all of which is standard. For a simplicial set
A: A°" — Set, we usually write Ay to denote the set A[k], where [k] € A. We
refer to the elements of Ay, as the “(simplicial) k-cells of A”. We refer to maps
Alp], where [p]: [j] — [k] in A is injective, as “face maps”, since such maps give
us the j-cell faces of the k-cells of A. For all £k > 0, 0 < i < k, we have a map
d;: [k —1] — [k] in A given by

. J if j <1,

di(J):{ 1 ifg >,
and the face maps A(d;) generate all face maps in A. Similarly, we refer to maps
Alq], where [g]: [j] — [k] is surjective, as “degeneracy maps” since such maps
give us degenerate j-cells; in the nerve of a category, these degenerate cells will

be those made up at least partially from identities.

An ordered set can be considered as a category in which the elements of
the set are the objects of the category and, for elements a, b, there is one
morphism a — b if a < b, and no such morphism otherwise. Order-preserving
maps then correspond precisely to functors. Thus we can consider A to be a
full subcategory of Cat; we write

I: A — Cat

for the inclusion functor. For each [k] € A, I[k] is the category consisting of a
string of k composable morphisms. In the nerve of a category C, the set of k-cells
is given by Cat(I[k],C), the set of composable strings of length k& of morphisms
in C.

We now use this inclusion functor to define the nerve functor for categories.
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Definition 4.1.2. The nerve functor N': Cat — SSet is defined to be:
N:Cat —  [A°P, Set]

C Cat(I(—),C)
D Cat(I(-), D),

where Cat(I(—),C), referred to as the nerve of the category C, is the simplicial
set defined by
Cat(I(—),C): A°® —» Set

(%] Cat(I[k],C)
[J] Cat(I[5],C).

In the nerve of a category C, the set of 0-cells Cat(I[0],C) is the set of objects
in C, and the set of 1-cells Cat(I[1],C) is the set of morphisms in C, with the
face maps giving the sources and targets. The set Cat(I[2],C) of composable
pairs of morphisms tells us about composition in C, and the sets of k-cells for
k > 2 tell us about associativity. Since identities in the nerve are given by
the degeneracy maps, when we take the nerve of a category we retain all the
information in that category.

The following result is well-known (see, for example, [Lei04a, Section 3.3]).

Proposition 4.1.3. The nerve functor N': Cat — SSet is full and faithful.

Thus functors between categories correspond precisely to maps of simplicial
sets between their nerves.

We now recall the nerve condition that will be generalised in the definition of
Tamsamani—Simpson weak n-category in the next section. The nerve condition
we use is a Segal condition, rather than a horn-filling condition.

In the category A, for each object [k], k > 1, and for each i, 0 < i < k — 1,
we have a map

Lit1: [1] — [k]
(I
1=+ 1.

We also have maps o, 7 : [0] — [1], with ¢(0) = 0 and 7(0) = 1. Thus we can
construct the following diagram in A:

L1 Lk
L2 bs/ Lk—1

] 1] [ .
NS N ~N
[0] [0]

[1
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and this diagram commutes.
Let A: A°® — Set be a simplicial set. Applying A: A°® — Set to the
diagram above gives the following diagram in Set:

Ay

A A A,

1 Al A]_ 1
NoE N Nt
AO AO AO

where i; sends a k-cell to the jth 1-cell in its spine, and s and ¢ send a 1-cell to
its source and target 0-cells respectively. Since functors preserve commutative
diagrams, this diagram commutes and is a cone with vertex Ay over the diagram

k

A A

1 Ay Ay 1 Ay
NN N
AO A() AO

Since Set is complete, we can take the limit of this diagram, called a wide
pullback, which we denote by Ay x4, - -+ X4, A1. The kth Segal map

k

Sk:Ak—>A1 XAO"'XADAI

k

is the unique map induced by the universal property of the wide pullback such
that the diagram

commutes.

The set Ay is the set of simplicial k-cells in A. If A arises as the nerve
of a category, we should be able to think of these as composable strings of k
morphisms, together with their composites. Now, an element of

Ay XAy " XAy Ay

k
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is a k-tuple (fi1,..., fx) of 1-cells in A, such that ¢(f;) = s(fiyr1) for 0 <i < k.
We can think of such a k-tuple as being like a string of k& “composable” 1-cells
in our simplicial set.

Definition 4.1.4. A simplicial set A : A°P — Set, is said to satisfy the nerve
condition if, for all k, the kth Segal map Sj is an isomorphism.

The following result originates in [Seg68].

Proposition 4.1.5. Given a category C, the nerve N(C) satisfies the nerve
condition. Given a simplicial set A, if A satisfies the nerve condition then there
exists a category C such that N'(C) = A.

Proposition 4.1.5 and Proposition 4.1.3 allow us to give the following alter-
native statement of the definition of the category of small categories.

Definition 4.1.6. The category of small categories Cat is the full subcate-
gory of [A°P Set] whose objects are those simplicial sets that satisfy the nerve
condition.

4.2 Tamsamani—Simpson weak n-categories

In this section we recall Simpson’s variant of Tamsamani’s definition of weak
n-category [Tam99, Sim97]. We begin by generalising the definition of simplicial
set to that of an n-simplicial set (often known as a multisimplicial set when not
specifying the value of n).

Definition 4.2.1. The category of n-simplicial sets n-SSet is defined induc-
tively as follows:

e 0-SSet := Set;

e for n > 1, n-SSet := [A°P, (n — 1)-SSet] = [(A™)°P, Set], by cartesian
closedness of Cat.

We could have defined n-simplicial sets to be presheaves on A™ directly,
but the form of the definition stated above highlights the fact that n-simplicial
sets can be obtained by a process of repeated internalisation, which is a well-
established method of adding extra dimensions; thus this illustrates why A™
is a reasonable category on which to take presheaves in a definition of weak
n-category. Note that the inductive nature of this definition means that the
definition of Tamsamani—Simpson weak n-category does not a priori allow for
the case n = w. We write an object of A™ as an n-tuple

(k1,kay ..o kn),

where, for all 1 <7 <mn, k; € N.

We now explain how we should think of the shapes of cells in an n-simplicial
set for the purposes of the definition of Tamsamani—Simpson weak n-category.
In A, the object [k] can be thought of as a string of k& composable morphisms.
Similarly, in an n-simplicial set A: (A™)°P — Set, the set A(ki,ka,..., ky)
can be thought of as the set of pasting diagrams called “cuboidal” by Lein-
ster [Lei04a]. A cuboidal pasting diagram (ki, k1, ..., k,) € A™ can be thought



138 Chapter 4. Tamsamani—Simpson weak n-categories

of as a grid of n-cells which is k1 n-cells long, ks n-cells high, ..., and k,, n-cells
wide; for example, the cuboidal pasting diagram (2,3) € A? is shown in the
diagram below.

For this to give a globular notion of weak n-category, we need to ensure that,
if g:x — a’ is a k-cell in a weak n-category, then the (k — 1)-cells z and '
have the same source and the same target. To do so we require that, for any
j,if k; =0, i.e. the pasting diagram is 0 j-cells wide, then j — 1 should be the
maximum dimension of cell in the diagram. In order to deal with this issue we
use Simpson’s method, which is to use presheaves on a quotient of A™, denoted
©", rather than using presheaves on A™ itself. Note that if we do not ensure
that our cells are globular, we obtain a definition of weak n-tuple category (also
known as a weak n-fold category).

We define ©™ as a coequaliser in Cat. The idea is to identify objects in A™
if they are to be thought of as the same cuboidal pasting diagram. For example,
in ©2, given an object (j, k), if j = 0 the pasting diagram has zero width, so the
value of k should make no difference since the pasting diagram must also have
zero height. Thus in ©2 we identify all objects of the form (0, k), so ©2 looks
like:

—
(0,0) (1,0) (2,0) ---

Similarly, for higher values of n, objects of A™ are identified in ©™ if they differ
only after a 0.

Definition 4.2.2. We define a category ©" as a coequaliser in Cat as follows:
first, let R be the subcategory of A™ x A" with

e objects: for all objects (ki, ka, ..., ky,) of A™
((k1,kay .o kn), (1, kay oK)
is in R; also, for a fixed j with 1 < j < mn,
((Krykay e kjsee k), (R kg, K E)
isin R if kj = 0 =k} and k; = kj for all i < j;
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e morphisms: let [, m < n, and let (k,0) = (k1,...,k;,0,...,0) and (k’,0) =
(k1,...,k},,0,...,0) be objects of A™. Then the morphism

(¢,¥): ((k,0), (k,0)) — ((K',0), (K',0)),

where ¢ = (¢1,...,0n), ¥ = (Y1,...,%¥n), is in R if
— for all i < j, ¢y =y
— ¢; : [k;] — [K';] factors through [0] in A.

Since R is a subcategory of A™ x A", it comes equipped with projection
maps 7, mo: R — A™. The category O™ is defined to be the coequaliser of the
diagram

in Cat. A presheaf
A: (©@™)°P — Set

is called an n-precategory.

Note that this is not the only way of ensuring that we have globular cells;
in the original definition, Tamsamani takes presheaves on A", then includes an
extra condition to ensure that the cells are globular. In their expositions of
Simpson’s definition, both Cheng and Lauda [CL04] and Leinster [Lei02] also
take this approach. Using Simpson’s approach does make a difference, since
it leads to a definition of a weak n-category as a presheaf satisfying the Segal
condition, with no extra conditions; this allows us to work with a presheaf cat-
egory, with all the usual desirable properties these have, such as completeness,
cocompleteness, and the existence of the Yoneda embedding.

We now discuss the Segal condition, Tamsamani’s n-dimensional generali-
sation of the nerve condition for categories given in Definition 4.1.4. Like the
nerve condition, the Segal condition is a condition on a family of morphisms
of n-precategories, called the Segal maps; these Segal maps are defined to be
induced by wide pullbacks in a way analogous to the definition of the Segal
maps in Section 4.1.

In the nerve condition we required that the Segal maps were isomorphisms,
to ensure that well-defined, associative, unital composition could be extracted
from the nerve. In the Segal condition for weak n-categories, we wish to weaken
this since we only want composition that is associative and unital up to coherent
isomorphism. If the Segal maps were maps of n-categories we would instead
require them to be equivalences. However, the Segal maps are merely maps of
n-precategories, so we cannot use the same notion of equivalence. A functor is
an equivalence if it is full, faithful, and essentially surjective on objects; for a
map of n-precategories, we can still define fullness and faithfulness in the same
way, but we cannot define what it means for a map to be essentially surjective
since we do not have a composition structure, and thus no notion of isomorphism
between cells.

It was Simpson’s insight that, instead of asking for essential surjectivity, we
can demand surjectivity on 0-cells. Simpson observed that the resulting notion,
which we call contractibility, is enough for the purposes of the Segal condition,
although it is not enough to define equivalences in general. Recall that we
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previously used this insight of Simpson when defining equivalences of algebras
for an operad in Definition 2.5.4, since contractibility was all that we required
in this context as well.

Before defining contractibility, we establish some notation used in the def-
inition. Let 0 < p < n, and write 1, for the equivalence class in ©™ of the
object

(1,...,1,0,...,0)
—— ——
p n—p

of A™ which should be thought of as a single globular p-cell.

Let A: (©™)°° — Set be an n-precategory. In A, we have maps o, 7: [0] —
[1], with o(0) = 0 and 7(0) = 1. We define the source and target maps (denoted
s and t respectively) in A, for each p, as follows:

s=A(d,...,id,0,id,...,id) : A(1p) = A(1p_1);
—_———
p—1
t=A(d,...,id,7,id,...,id) : A(1,) = A(1p-1)-
—_——
p—1

Note that this defines the underlying n-globular set of the n-precategory A, with
the set of p-cells for each — < p < n given by A(1,).
We now give the definition of contractibility.

Definition 4.2.3. Let m > 1, let A, B: (©™)°? — Set be m-precategories,
and let a: A — B be a map of m-precategories. For each 0 < p < m — 1, we
write A(1,) X p(1,) B(1p+1) XB(1,) A(1p) for the limit of the diagram
A(Ly)
[
B(1p11) —— B(1,)
f
A1) “an, B(1)

in Set. We also have a cone over this diagram with vertex A(1,41), as shown
in the diagram below:

A(1p+1) : A(lp)
a1y o1y,
¢ B(1,41) s*)B(lp)

A1) —— B(1,)

The universal property of the limit induces a unique map

Q1,0 Alpr1) = A1) Xpa,) B(1p+1) XB(a,) A(1y)
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such that

commutes.
The map a: A — B is said to be contractible if:
e the map ai,: A(lg) — B(1p) is surjective (this is surjectivity of o on
objects);

e for each 0 < p < m — 1, the map
a1, A(lpy1) = A(1y) Xpa,) B(1p1) XBa,) A(1p)
is surjective (this gives fullness at dimension (p + 1));

e for each p = m — 1, the map

a1, 0 A(lpr) = A(1p) X p(1,) B(1p+1) XBa,) A(1p)
is injective (this gives faithfulness at dimension m).

Note that the definition of contractibility above is only concerned with the
effect of A and B on 1,. The set A(1,,) is the set of “globular p-cells”, i.e. p-cells
in A that are one 1-cell long, one 2-cell high, etc.; there are no cells composed
end-to-end (and similarly for B).

We now give the construction of the Segal maps. In the nerve condition for
categories we considered composable strings of k morphisms for every k € N;
here we consider, for every 0 < m < n, the composable strings of k£ m-cells for
every k and every composite of m-cells.

Let A: (©™)°P — Set be an n-precategory. Then, for all 1 < m < n, and all

k = (k1,...,km—1), we have a functor
Ak, —,—) : AP — [(©"7™)°P Set)]
[k] — A(k, k,—),

with the effect on morphisms given by composition.
Consider, as in Subsection 4.1, the following diagram in A:

[1] (1] (1] .

1] 1]
N e N s N
[0] [0]
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Applying the functor A(k, —, —) to this diagram gives us the following dia-
gram in [(©O™™)°P Set]:

Ak, k
4 \

-)
Ak, 1,-) L A1) Ak, 1,-)

~ e N of

A(k,0,-) (k,0,-)

)

and this is a cone over the diagram:

Since Set is complete, [(©™~™)°P, Set] is complete, so we can take the limit
of this diagram, denoted

A(ka ]-7 _) ><A(k,0,—) o ><A(k,O,—) A(k7 13 _)1

called a “wide pullback”. The universal property of this wide pullback induces
a unique morphism such that the diagram

4

A(ka ka 7)

Sk, k

I
I
I
I
I
3
A(k7 17 _) X A(k,0,—) " X A(k,0,—) A(ka 1, _)

IS

Ak, 1,-) Ak, 1,-) Ak, 1,—) Ak 1,-)
A(k, 0, —) A(k, 0,—

commutes. The maps Sk i, for all k = (k1,...,kn—1) and all k € N, are called
the Segal maps.
We now give Simpson’s variant of Tamsamani’s definition of weak n-category.

Definition 4.2.4. Let n € N. A Tamsamani—Simpson weak n-category is
an n-precategory A: (©™)°P — Set such that, for all 1 < m < n, k =
(k1,...,km—1) € A™ and [k] € A, the Segal map

Sk,k : A(k7 k’ _) — A(k’ la _) xA(k,O,f) e ><A(k,O,*) A(k7 17 _)

is contractible.



Chapter 5

Nerves of Penon weak
2-categories

This chapter concerns our nerve construction for Penon weak 2-categories. We
begin by recalling a nerve construction for bicategories due to Leinster [Lei02] in
which the nerve of a bicategory is a 2-precategory, and we prove that this nerve
is a Tamsamani-Simpson weak 2-category (a result previously stated without
proof by Leinster). We then define our own nerve functor for Penon weak 2-
categories using Leinster’s nerve construction for bicategories as a prototype.
Finally, we prove that the nerve of a Penon weak 2-category is a Tamsamani—
Simpson weak 2-category.
Note that, throughout this chapter, given a 2-precategory

A: (©2)°P —; Set,

we refer to an element of the set A(j, k), for j, k € N, as a “(j, k)-cell”.

5.1 Leinster’s nerve construction for bicategories

In this section we describe and expand upon a nerve construction for bicate-
gories originally given by Leinster in [Lei02], which will serve as a prototype
for our nerve construction for Penon weak n-categories in Section 5.2. This
nerve construction takes a bicategory and produces from it a 2-precategory as
its nerve. Leinster defines this nerve construction only on objects; we extend
the construction to a definition of a nerve functor

N: Bicat — [(©%)°P, Set]

by describing the action on morphisms. Leinster states without proof that the
nerve N B satisfies the Segal condition, and is thus a Tamsamani-Simpson weak
2-category; we prove this result for the first time. Apart from the definition of
the action of N on objects (Definition 5.1.1) and an unpacked version of the
definition of Tamsamani-Simpson weak n-category in the case n = 2 (Defini-
tion 5.1.4), everything in this section is new.

Before stating the formal definition of this nerve functor, we discuss the
shapes of the simplicial cells in the nerve. The reason for giving this explanation

143
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is that the nerve construction is somewhat notation-heavy since it is defined
using a completely elementary method; for a bicategory B, the set of (j, k)-cells
in the nerve of B is defined by simply specifying the cells of B which, together,
make up a (7, k)-cell in the nerve of B. This explanation of shapes of cells also
helps motivate the shapes of cells used in our nerve construction for Penon weak
n-categories.

Recall that, for all k > 0, 0 < ¢ < k, we have a map d;: [k — 1] — [k] in A

given by
. J if j <1,

di(]){ 41 g >
In the nerve of a category N'C, a simplicial k-cell consists of a string of k& com-
posable morphisms, and the face maps NC(d;) are defined either to omit a
single cell at one end of this string, or to compose a single pair of cells within
the string. One would expect the definition of a (k,0)-cell in the nerve of a
bicategory to be similar; however, we cannot define these face maps in exactly
the same way, since composition of 1-cells in a bicategory is not associative. We
now explain why this causes problems.

Suppose we define a (k,0)-cell in the nerve of a bicategory to consist just
of a string of k& composable morphisms, which we write as (f1, f2,..., fx), with
the face maps defined using composition in the same way as in the nerve of a
category. In A% the diagram

dy,1
(3,0) <22 (2,0)

(d271))[ I(dlvl)

commutes. Write A'B for the nerve of B; then, in order for N'B to be a bisim-
plicial set, the diagram

NB(d,1)
—

NB(3,0) NB(2,0)

NB(da,1) NB(dy,1)

NB(2,0) NB(1,0)

—_—
NB(d1,1)

must commute in Set. However, consider a (3,0)-cell (f,g,h) € NB(3,0).
Applying the maps along the top and right of the diagram above gives

NB(dy,1) NB(dy,1)
(9o f.h) ——————= (ho(go [)),

(f.9.h)
whereas applying the maps along the left and bottom of the diagram gives

NB(da,1) NB(dy,1)
—

(fvgah) (fvhog)+—>((hog)of)7

so the diagram does not commute.
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Thus instead we define a (k,0)-cell in the nerve of a bicategory to consist
not only of a string of k composable 1-cells, but of a whole k-simplex of 1-cells
and isomorphism 2-cells; the data for each (k,0)-cell includes all of its faces,
not just those which make up the composable string of 1-cells. For example, a

(2,0)-cell looks like:

a04>a2

This should be thought of as a pair of composable 1-cells, together with another
1-cell that would be a “valid choice” for their composite (but not necessarily
their actual composite in the bicategory).

Similarly, a (3,0)-cell looks like

ai # ag ai L) ag
\L012 LlZS/
fo1 fas3 — fo1 fas3
foz2 Lozsﬂ,\, N\\/Lms fis
ao asz ao as

fos fos

i.e. a commuting tetrahedron whose faces are isomorphism 2-cells.

The (j,k)-cells in the nerve, for £ > 0, are “simplicially weakened” ver-
sions cuboidal pasting diagrams. We usually draw these as grids of 2-cells; for
example, we draw a (3, 2)-cell as:

fOl f12 fZJ
by m /23\
m F Joi f23ll

f(]l f12 f23
However, such diagrams are misleading since they do not capture the whole
simplicial shape of the cell. In fact, each string of & composable 1-cells on the
same “level” (i.e. with the same superscript) is a (k, 0)-cell, and all diagrams of
2-cells within each (7, k)-cell commute.

Note that the notation used in the diagrams above is the notation we use in
the construction. The subscripts and superscripts decorating each cell should
be thought of as the coordinates of that cell, with the subscripts giving the
horizontal coordinates, and superscripts giving the vertical coordinates.

We state the definition of this nerve functor for bicategories in three parts.
In Definition 5.1.1 we define, for a bicategory B and for each object (j, k) in

02, a set N'B(j, k), which is the set of (j, k)-cells in the nerve of B; this is the
only part of the definition that Leinster states formally in [Lei02]. Then, in
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Definition 5.1.2, we extend this to a definition of a 2-precategory
NB: (0%)°P — Set

by defining the action of this presheaf on maps. This defines the action of the
nerve functor

N: Bicat — [(©2)°P, Set].

on objects; in Definition 5.1.3 we define the action of this functor on maps.

Recall that an object of ©2 is an equivalence class or objects of A2. An object
of A? is in an equivalence class with more than one member if and only if it is of
the form (0, k). Thus, for the purposes of the following definition we treat the
equivalence class of (0, k) as the object (0,0) of A?; all other equivalence classes
are treated as their sole member. Note that the exact choice of representative
does not make a difference to the definition.

Note that, ideally, we would give an abstract definition of the nerve of a
bicategory by first defining a functor i: ©2 — Bicat, then defining the nerve of
a bicategory B to be given by Bicat(i(—), B), as we did when defining the nerve
of a category. However, this is not practical in the case of bicategories since the
bicategories in the image of the functor ¢ are difficult to describe (in particular,
they are not free, unlike in the case of the nerve of a category). We believe that
describing these bicategories would require extra machinery (for example, we
believe it could be done using computads) and is thus beyond the scope of this
thesis. Note that this is one of the reasons for using Penon weak n-categories in
the remainder of the thesis; in the case of Penon weak n-categories we are able
to construct the nerve in this abstract way, by modifying the construction of a
free Penon weak n-category, in a way that is not possible with bicategories. We
do this in Sections 5.2 and 6.1.

In the original version of this definition in [Lei02], Leinster used A? rather
than ©2, and then enforced a non-cubical condition, as described immediately
after the definition of ©", Definition 4.2.2. This is the only non-cosmetic differ-
ence between the following definition and Leinster’s original definition; we also
write the axioms as diagrams rather than equations.

Definition 5.1.1. Let B be a bicategory. We associate to B a 2-precategory
NB: (6%)°P — Set, called the nerve of B, as follows:
Given (j, k) € ©2, NB(j, k) is the set which has as its elements all quadruples

((au)0<u<j7 (fav)o<u<v<i, (a5, )o<u<v<ys (Livw)0§u<v<w§j>
0<z<k 1<z<k 0<z<k

where
e cach a, is an object of B;
e each fZ :a, — a, is a 1-cell of B;
e each o?, : fZ-1 — fZ is a 2-cell of B;

z . z
e each /7., : fZ,

(Vo) ™5

and these cells satisfy the following axioms:

o fZ, = fZ, is an isomorphism 2-cell of B, with inverse
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o forall 0 <u<v<w< g, 1<z <k, the diagram

z—1

L
z—1 z—1 uvw s z—1
ww ©Juw uw

z z z
avw*auvl J/auw

z o fZ fZ
vw uv z uw
uvw

commutes; alternatively, we can draw this axiom as

e forall0<u<v<w<z<j, 0<z<Ek, the diagram

s
(j}wo 510)0 5'0&> zimo( {)Zwofiv)

z z
Lowa* 1§z, Lz  *vw
z z z o z
v uv wxT uw

z z
L’llr'l)f() LU’UJ(I‘/
fz
uxr

commutes, where

Suvwz :( Z)zo 571))0 51} _>f5m:o( 5wofiv)

is the component of the appropriate associativity isomorphism for B; al-
ternatively, we can draw this axiom as

fs I
Ay —Y % Ay Ay —Y % Ay
xLuvw vaz/
faw fow = faw fow
L x L .
e s
au Z a’lf au Z a'If
fuw fuz

In [Lei02] Leinster does not define the action of the presheaf N'B on mor-
phisms formally; he simply states that N'B is “defined on maps by a combi-
nation of inserting identities and forgetting data”. We now explain this idea
in more detail, then make it precise in the next definition. Given a map
(p,q): (I, m) — (4,k) in ©2, we define a map

NB(p,q): NB(j,k) = NB(l,m).
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To understand what this map does, recall that an element of N'B(j, k) consists
of a collection of cells of B which form a (j,k)-cell, and that each of these
cells has subscripts and (in some cases) superscripts which we think of as the
coordinates of this cell within the (j, k)-cell. Given an element of N'B(j, k), its
image under N'B(p, q) is the element of N'B(l,m) made up of those cells whose
horizontal coordinates are in the image of p and, where appropriate, whose
vertical coordinate is in the image of ¢; any cells whose coordinates are not in
the images of p and ¢ are omitted, and cells with repeated coordinates are taken
to be identities (or unitors in some cases).

Definition 5.1.2. Let B be a bicategory, and write [ and r for its left and right
unitors respectively. Let (p,q): (I,m) — (j, k) be a map in ©2. We define a
function of sets

NB(p,q): NB(j, k) = NB(l,m)
as follows:

NB(p,q) : ((au)o<u<j, (fav)o<u<v<i, (A, )o<u<v<s) (Livw)0§u<v<w§j)
0<2<k 1<z<k 0<2<k

— <(bu)0<u<l7 (950 o<u<o<ts (Bay)o<u<wv<i, (Hiuw)ogu<u<wgz)
0<z<m 1<z<m 0<z<m
where

® by = ap)

° ng = 5((531)(1)) lf p(u) 7’é p(U),
ldap(u) lf p(u) = p(v);

O i p(w) #p().a(z — 1) # q(2),

a;( q
o B2, =1 idpe ifp(u) #p(v),q(z — 1) = q(2),

p(w)p(v)
ida, i plu) = plo);
e w)p) if p(u) # p(v) # p(w),
lfq(z) if p(u) # p(v) = p(w),
° K’ft,vw = p(uw)p(v) .
"y if p(u) = p(v) # p(w),
Ipwip)
ldidap(“) lf p(u) = p(’[}) — p(w)

This defines the action of the nerve functor on objects; we now give a new
definition which extends this to a definition of a nerve functor

N': Bicat — [(©2)°P, Set],
by describing the action of this functor on morphisms.

Definition 5.1.3. Let F': A — B be a strict functor of bicategories. We define
a map of bisimplicial sets NF: N A — NB to be the map whose component
NEFy: NA(j, k) = NB(j, k), for each (j, k) € A?, is given by

NF(jvk) ((a“)0<u<j’ (fiv)ofu<’v§jv (aiv)0§u<v§j, (Livw)0§u<v<w§j)
0<z<k 1<2<k 0<z<k

_ ((F(au>>o<u<j, (F 2 )ozucoes (Fok)ocucnsis <szw>ogu<v<ng) .
0<z<k 1<-<k 0<2<k
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The above defines a functor N': Bicat — [(©2)°P,Set], called the nerve
functor.

In [Lei02], Leinster stated without proof that the nerve of a bicategory sat-
isfies the Segal condition, and is thus a Tamsamani—-Simpson weak 2-category.
We will prove this for the first time; before doing so, we recall the definition of
Tamsamani—Simpson weak n-category (Definition 4.2.4) in the case n = 2; the
following is a slight unpacking of the definition, which treats Segal maps of the
forms Sj and S separately.

Definition 5.1.4. A Tamsamani—Simpson weak 2-category is a functor
A: (©%)°P — Set
such that
(i) for each k > 0, the Segal map
S+ Ak, =) — A(L, =) X a(0,1) "+ X a0,1) AL, )

k

is contractible, i.e. it is surjective on objects, and full and faithful on
1-cells;

(ii) for each m, k > 0, the Segal map

Sjk s A, k) — A, 1) Xa@,0) - Xag,0) A, 1)
%

is a bijection.

Thus to prove that the nerve of a bicategory is a Tamsamani—Simpson weak
2-category, we break this statement down into four propositions: one stating
that each of the Segal maps S; 1 is a bijection, and the other three stating the
three conditions required for contractibility of the Segal maps Sj.

Proposition 5.1.5. Let B be a bicategory. For all j, k > 0, the Segal map
Six : NB(j, k) — NB(j, 1) xn5(j.0) - XwB(5.0) NB(5: 1)

k

s a bijection.
Proof. Let
<(au)0<u<j7 (fiv)o<u<vs<y, (a5, )o<u<vsy) (waw)ogu<v<w§j>
0<z<k 1<z<k 0<z<k
be an element of N'B(4, k). The function S;; maps this to
Js Js %
(((au)o<u<j7 (fin)o<u<v<is (Quy)o<u<o<ss (Lizww)ofu<v<w§j)’
0<z<1 0<z<1

((au)OSUSjv (fi)o<u<vssy (A )o<ucv<is (Limw)o<u<v<ws; ),
1<2<2 1<2<L2

ey

((au)OSUSjv (fiy)o<u<vsy, (0, )o<ucvsss (Liw)ogu<v<w§j)>~
k—1<z<k k—1<z<k
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Every cell listed in the original element of N'B(j, k) is listed in its image under
Sk, so this function is injective. Furthermore, any element of the wide pullback

NB(j,1) XnB¢,0) - XaB(j,0) NB(4,1)

k

can be written in the form above. Thus S} is surjective.
Hence Sj, is a bijection. O

Proposition 5.1.6. Let B be a bicategory. For all k > 0, the Segal map

Sk NB(k,—) — NB(1,—) XxB(0,0) - - XAB0,0) NB(1,—)

k
is surjective on objects.
Proof. Let
fgl ffz flg—l,k
((aoiﬂh ) (a1 —==az),..., (ak-1—> ak ))

be an element of
A(1,0) X A(0,0) """ X A(0,0) A(1,0).
k

This is a string of ¥ composable 1-cells in B. We seek an element of N'B(k, 0)
that maps to this under (Sg)o. We define an element

((au)OSuSJ‘> (fa)o<u<v<ys (L?ww)ogu<v<w§j)

of NB(k,0); to do so we must define f, for every v > u+ 1, and we must define
the (0, for all 0 < u < v < w < k. Our approach is to define the f2,’s to be
composites of the f37u+1’s, then define the /0 . ’s to be composites of constraint
cells in B that mediate between these composites.

Let 0 <u<u+1<wv<j,and define f0, to be given by the composite

Sv = ( : ( v—1,0 © fz())f2,v71) o~ ) © 8,u+1'

Then, for all 0 < u < v < w < j, there is a composite of constraint isomorphism

2-cells
0 . £0 0 0
byvw * Uwofuv%fuw

in B, which is unique by coherence for bicategories [GPS95, Lei98a).
This defines an element of N'B(k, 0); by construction we see that this element
maps to

(a0 on), () (o)
) Y

under (Sk)o, as required. Hence Sy, is surjective on objects. O
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To show that the Segal maps are full and faithful on 1-cells, we use the fact
that there is some redundancy in the definition of NB(j, k). Specifically, to
specify an element of N'B(j, k) we only need to specify aZ, for v = u+1, rather
than for all v < v < j (note that we still have to specify every a,, fZ, and
L2 w)- Since this fact is used in the proofs of both fullness and faithfulness, we
state and prove it as a separate lemma;:

Lemma 5.1.7. Let B be a bicategory, let j, k € N, and suppose we have the
following data:

o for all0 <u <j, an object a,, of B;
o forall0 <u<v<yj,0<2<Ek, al-cell fZ, : ay, = a, in B;
o forall0 <u<j,1<z<k, a2-cellag,: j;:_l = faugr 0 B;

o forall0 u<v<w<yj, 0L 2z <k, an isomorphism 2-cell ¢

z z z ; ; : z —1.
ow © Juv 7 Juw M B’ with inverse (Luvw) ’

z .
uvw
such that the isomorphism 2-cells 7., satisfy the pentagon axiom from the def-
inition of NB on objects, Definition 5.1.1. Then this specifies a unique element

((au)Oéuéja (faw)o<u<v<i () o<u<v<yy (waw)ogu<v<w§j)
0<2<k 1<z<k 0<2<k

of NB(j, k).

Proof. We need to show that, forall 0 <u<u+1<v<j, 1< 2 <k, there
is a unique choice of 2-cell &, in B such that the axioms for an element of
NB(j, k) are satisfied. We do this by strong induction over v.

First, let v = v+ 2. For all 1 < z < k, write w := u + 1, and define
v = Q4 12 t0 be given by the composite

z
au

. . . . z Z_l z .
in B. By considering the composite o7, o tZ,,, we see that a7, satisfies the

square axiom from the definition of N'B(j, k), Definition 5.1.1; furthermore, it
is the only 2-cell of B satisfying these axioms, given that aZ,,, o, 2. and
L7 o are fixed.

Now let m > 1 and suppose we have defined o, for all u+1 <v <wu+m.
We define o, for v = u+ m + 1 as follows: let w be a natural number with

u < w < v, and define o, to be given by the composite
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Note that the pentagon axiom from the definition of N'B(j, k) ensures that this
is independent of our choice of w. As before, by considering the composite
aZ, o it we see that o, satisfies the square axiom from the definition of
NB(j, k), Definition 5.1.1; furthermore, it is the only 2-cell of B satisfying these
axioms, given that aZ,,, a,,, (7,1 and 2, are fixed.

This defines a unique element

<(au)0§u§j7 (fan)o<u<v<j, (i, )o<u<v<s, (quww)0<U<v<w<j>
0<2<k 1<2<k 0<2<k

of NB(j, k), as required. O
This now allows us to prove the Segal maps are full and faithful on 1-cells.
Proposition 5.1.8. Let B be a bicategory. For all k > 0, the Segal map

Sk NB(k, =) — NB(1, =) XxB(0,0) - - XNB(0,0) NB(1, —)

k

is full on 1-cells.

Proof. Suppose we have two elements f, g € NB(k,0), which we denote

f= ((au)()§u§k7 () o<u<v<ks (Lng)0§u<v<w§k)

and
g = ((bu)ogugk, (ggv)ogu@gk, (fing)ogu<v<wgk)7

and suppose we have an element « of

NB(1,1) XnrB(0,0) = XnB0,0) NB(1, 1),

k

with s(a) = Sk(f) and t(«) = Sk(g). Then, for all 0 < u <k, a,, = b, and we
can write a as

fgl fo fI(c)—l‘k:
o= <a0 (11>,<a1 ﬂa; a2>,...,<ak1 1 ak>

NN NS

0 0
o1 912 Ir—1,k

0

0
wow and K

By Lemma 5.1.7, «, combined with the isomorphism 2-cells ¢ oW

defines a unique element

((au)OSUSkv (fip)osucv<is (g )o<u<v<, (Lfiuw)0<u<v<w<k>
0<2<1 0<2z<1

of NB(k,1), where

o forall0 <u<wv <k, fl, =g";

uv

eforall0<u<v<w<k, L =rl . .

? Yuvw
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Denote this by &; then s(&) = f, t(&) = g, and Sk(&) = «, so S is full on
1-cells. O

Proposition 5.1.9. Let B be a bicategory. For all k > 0, the Segal map

Sk NB(k,—) — NB(1, =) X xB(0,0) * - - XnB(0,0) NB(1, —)

k

1s faithful on 1-cells.

Proof. Suppose we have two parallel elements a, 3 € NB(k, 1) such that (Sg)1(a) =
(Sk)1(B). We wish to show that o = 8. We can write f and g as

o = ((au)0<u<k7 (fiv)0§u<v§ka (aiv)0§u<v§ka (szw)0§u<v<w§k>
0<2<1 0<2<1

and

B = <(au)0§u§ka (fZ,)o<u<v<k: (Buy)o<u<v<hs (’/ZUw)O<u<v<w<k> -
0<z<1 0<z<1

Note that the fact o and g are parallel tells us that they can only differ on their
2-cell parts. We write (Sk)1(e) = (Sk)1(8) as

0 0 0
for fi2 fk—l,l«

1

NS

0 0 0
901 912 9k—1,k
which is an element of

NB(1,1) XnB(0,0) - XnB0,0) NB(1,1).

k

Furthermore, since (Si)1(a) = (Sk)1(8), we have that, for all 0 < u < k,

allL,u—i-l = 711L,u+1 = leL,u—i-l'
Thus, by Lemma 5.1.7, for all 0 < u < v < k, we have

1 _ 1 _ pl
Oéuv*’%w*ﬂuvv

so a = f3, as required. O

We now have everything we need to prove that the nerve of a bicategory
satisfies the Segal condition.

Theorem 5.1.10. Let B be a bicategory. Then the nerve of B, NB, satisfies
the Segal condition, and is thus a Tamsamani-Simpson weak 2-category.
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Proof. For all j, k > 0, the Segal map
Six : NB(j, k) — NB(j, 1) xnB(.0) ** + XwB(5.0) NB(5, 1)

k

is a bijection by Proposition 5.1.5.
For all k£ > 0, the Segal map

Sk NB(k,—) — NB(1, =) X xB(0,0) * - - XaB(0,0) NB(1, =)

k

is surjective on O-cells by Proposition 5.1.6, full on 1-cells by Proposition 5.1.8,
and faithful on 1-cells by Proposition 5.1.9.

Thus N B satisfies the Segal condition, so it is a Tamsamani—Simpson weak
2-category. O

5.2 The nerve construction for n = 2

In this section we construct a nerve functor for Penon weak 2-categories. The
construction for the case of general n is given in the next chapter; we present
the 2-dimensional case separately since it is simpler, both conceptually and
notationally, than the general case, but not too simple to exhibit all the key
features of the n-dimensional construction. We are also able to prove that
nerves satisfy the Segal condition in the case n = 2; we do this in Section 5.3.
We use Leinster’s nerve construction for bicategories as the prototype for our
construction, and also use his notation.

Recall that, when defining the nerve of a category, we defined a functor
I: A — Cat, and then defined the nerve N'C of a category C to be given by
NC = Cat(I(—),C). In analogy with this, to define our nerve functor for Penon
weak 2-categories, we first define a functor

I,: ©* — P-Alg.

This functor should give us, for each object of ©2, the corresponding cuboidal
2-pasting diagram, expressed as a freely generated Penon weak 2-category. How-
ever, we have to be very careful about what we mean by “freely generated” in
this context. Each cuboidal 2-pasting diagram has associated to it a 2-globular
set whose cells are those which we draw in the pasting diagram. We could simply
define I to give us the free P-algebra on these 2-globular sets. Let (j, k) € ©2
and write Fp(j,k) for the free P-algebra on the corresponding 2-globular set.
We would then have, for a Penon weak 2-category A, the nerve defined by

N'A(J? k) = P'Alg(FP(]7 k’),.A)

Consider the object (2,0) of ©2; writing f and g for the generating 1-cells, the
free P-algebra on the corresponding 2-globular set looks like

[ ]
7\
.—}.7
gof
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(omitting identities and any composites involving identities). Thus, for A €
P-Alg, the set P-Alg(Fp(2,0),.A) is the set of all composable pairs of 1-cells
in A. However, we want an element of A" A(2,0) to consist of a composable pair
of 1-cells together with a choice of alternative composite, so we want I3(2,0) to

look like
[ ]
7N
gof
o —— .7
N4

h

(once again omitting identities, etc.), where h is the choice of alternative com-
posite. Note that these alternative composites are also required to allow us
to define the face maps in our nerve; we cannot define the face maps using
composition, as in the nerve of a category, because composition of 1-cells is
not strictly associative in a Penon weak 2-category. We can think of this as
weakening the maps in N A(2,0) on composites, but keeping them strict on
identities. Thus, we may think we want to use a notion of normalised maps
of Penon weak n-categories; that is, maps which preserve identities strictly but
preserve composition only up to coherent isomorphism (note that there is no
established definition of normalised maps of P-algebras, but for the purposes of
this thought experiment this is not important). We would thus define

N'A(jv k) = P_Algnorm(FP(ja k)v A)7

where P-Alg, ... is the category of P-algebras and normalised maps. In fact,
normalised maps turn out to be too weak, as we will now demonstrate. Consider
the pasting diagram (2,2) shown below:

/\/\

If we use normalised maps, we will add an extra 1-cell isomorphic to each of the
binary composites of f’s, g’s and h’s. However, owing to the simplicial nature of
Tamsamani—Simpson weak n-categories, we only wish to add such extra 1-cells
in place of foo f1, go0g1, and hoohy. This is because we should have a 2-simplex
of 1-cells at each “level” of the pasting diagram (here we have three such levels,
one containing f; and fs, one containing g; and g2, and one containing h; and
ha), but there should be no extra interaction between the levels. Recall from
Definition 5.1.4 that the Segal map S; 2 divides pasting diagrams of this shape
along the 1-cells g; and go, and the Segal condition requires this map to be
an isomorphism; if we add extra cells isomorphic to hy o f1 and hy o fo to the
diagram above, these cells are forgotten by S22 so it is not an isomorphism.
We therefore want a method of weakening P-algebras that is biased towards
specific choices of simplicial shapes. Such a method cannot be defined for a
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general P-algebra, since in general we have no notion of “level” like we do in a
2-pasting diagram. Thus, we define this weakening by explicitly stating which
extra cells we are going to add. We do so by modifying the construction of
the free Penon weak 2-category on a 2-globular set, using the construction of
Penon’s left adjoint from Section 1.2.

Recall from Section 1.2 that the adjunction inducing P can be decomposed

as
H J

n-GSet, L "R, L Q.
v w

Thus we can write the free P-algebra functor as the composite

2GSet — R —L 50— PAlg,

where K is the Eilenberg—Moore comparison functor. Thus, instead of starting
in 2GSet, we can start with an object of R and apply KJ to obtain a P-algebra
that is “partially free” in the sense that the constraint cells and composites are
still added freely (by the functor J), but the contraction is now taken over
a different map, rather than a component of n. This allows us to add the
isomorphism 2-cells we want using the contraction, thus avoiding the need to
specify these cells individually.

Before defining the process in general we first describe a small example;
specifically, we construct the P-algebra I5(2,1). Write X (2, 1) for the 2-globular
set illustrated below:

for Fi2
aop ﬂa}n ai \ﬂb}m
for fiz

This is the associated 2-globular set of the pasting diagram, a concept introduced
by Batanin [Bat98, Proof of Proposition 4.2]. As explained earlier, we want
I5(2,1) to be a “simplicially weakened” version of the free P-algebra on this
2-globular set, and to do so we construct an object of R, then generate the
“partially free” P-algebra on it. We take the strict 2-category part of this
object of R to be the free strict 2-category on X (2,1). To obtain the 2-globular
set part of this object of R we add extra cells to X (2,1) in the places where we
want to weaken the diagram. Specifically, we add 1-cells

fgz f&z
apg —— a2 gnd Gao — a2.

Based on Leinster’s nerve construction for bicategories, we might also expect
that we need to add a 2-cell

o2
ao Haéz asz,

NS

1
foz
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but this will be added automatically as a composite of other 2-cells, as we shall
see later. We write R(2,1) for the resulting 2-globular set; it can be drawn as:

0
f02

fo2
To get an object of R, we define a map
9(271) . .R(27 ].) — TX(Q, ].)

as follows: (1) leaves cells in R(2,1) that are also in X(2,1) unchanged; on
the extra cells, we have

i 9(2,1)(f(())2) = f?z ° f81§
o 02,1)(fo2) = fiz 0 for-

We now explain what happens when we apply the functor
J:R— Q

to
02,1
R(2,1) —=TX(2,1),

using the interleaving construction from Section 1.2. First we add contraction
1-cells; since R(2,1) and T X (2, 1) have the same 0-cells, this jUbt adds identities.
We then generate composites of 1-cells freely; this adds fo f8, fisofai, fisofo
and f¥ o fd;, as well as composites involving identities. Next we add contraction
2-cells; this is where the “simplicial weakening” manifests itself. Observe that,
after having generated 1-cell composites, we have pairs of 1-cells:

o 0, and f{ o f3, which are parallel and are mapped to the same cell in
TX(2,1);

e fl, and fl, o f3,, which are parallel and are mapped to the same cell in
TX(2,1).

Thus, as well as the usual identities, associators, and unitors, generating con-
traction 2-cells freely adds the following cells:

N )\

a0—>a2 a0—>02
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N\

a04>a2 a0—>a2

We generate composites of 2-cells, then “add contraction 3-cells”, which forces
all diagrams of 2-cells to commute. In particular, this forces the pairs of trian-
gular cells shown above to be inverses of one another (and thus isomorphisms),
and also gives us a 2-cell

Observe that this corresponds to the first axiom from Leinster’s nerve con-
struction (see Definition 5.1.1); adding “contraction 3-cells” also ensures that
the second axiom holds when we perform this construction for longer cuboidal
pasting diagrams.

This whole process gives an object of Q, denoted

QUL k) 2S5 TX () k).

We obtain the P-algebra I5(2,1) by applying the Eilenberg—Moore comparison
functor; the resulting P-algebra has as its underlying magma the magma part
of the object of Q above.

Note that the triangular cells added by the free contraction are considered
contraction cells in the object of @, but when we apply the Eilenberg—Moore
comparison functor they are not contraction cells from the point of view of the
P-algebra action. They retain their commutativity properties, however, so given
any other P-algebra A, a map of P-algebras

L(2,1) — A

can map these cells to any suitably coherent choice of cells in A; their images
need not be contraction cells.

We now describe this construction for a general object of ©2. As above,
we use Leinster’s notation from his nerve construction for bicategories (Sec-
tion 5.1). Recall that the subscripts and superscripts adorning each cell should
be thought of as being the “coordinates” of that cell within the pasting dia-
gram; the subscripts are the horizontal coordinates, and the superscripts are
the vertical coordinates.

Note that an object of ©? is an equivalence class of objects of A%. An object
of A? is in an equivalence class with more than one member if and only if it has
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a 0 in the first position. Thus, for the purposes of the following definition we
represent the equivalence class of (0, k) for all k € N by the object (0,0) of A2;
all other equivalence classes are represented by their sole member.

Let (j,k) be an object of ©2; we first define the 2-globular set X (j, k), the
associated 2-globular set of the cuboidal pasting diagram (j, k), as follows:

* X(j,k)o={au |ueN0<u<j}
o Xk ={fiu1 |w,z2eN0<u<j,0<2< k]
L X(.jak)QZ{aZ,u+1 ‘ U,Z€N7O§U<j,1SZSk},

with source and target maps given by
S(f;,qul) = Gy, t(fziqul) = Qu+1,

S(ai,u+l) = 5;1“’ t(ai,u+1) = fvj,u+1'
We then add extra 1- and 2-cells to this to obtain a 2-globular set R(j, k),
defined as follows:
® R(j,k)o={ay |ueN,0<u<j}
o R(j, k)1 ={fi, |u,v,2€N,0<u<v<j,0<2<k};
® R(j,k)2 ={aj 41 |u,2€N,0<u<j,1 <2<k},

with source and target maps given by

S( iv) = Gy, t(fiv) = Qu,

z—1 z

S(Qi,u-&-l) = fu,u+1’ t(ai,u-&-l) = fu,u-&-l'
It is important to note that, in spite of the notation, this does not define functors
X and R into 2-GSet. This is because, at this stage of the construction, there is
no way to define the effect on maps in ©2, since we cannot map cells to identities
as we do not have these in the 2-globular sets.
We now construct, for each (j,k) € ©2, an object

0, .
R(j, k) —"TX(j, k)
of R. We define the map 6, as follows:
e on 0-cells, 0; ryo(au) = au;

e on l-cells, o(j,k)l(fiv) = fﬁ—l,v o f5_2,v—1 0---0 qu,u+1;
e on 2-cells, 0(; x)2(af ,11) = O i1

This map coincides with n;((j’k), the unit for the monad T', for all cells in X (7, k);
the extra cells in R(j, k) can be thought of as weakenings of the composites at
each level of the cuboidal pasting diagram, and 6; ;) maps each of these cells
to the corresponding freely generated strict composite in TX (j, k).

We now apply the functor J: R — Q to the object of R described above;
this adds to R(j, k) all the required composites and contraction cells. As demon-
strated in the example above, this includes contraction cells in both directions
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between each of the extra 1-cells (those in R(j, k); but not in X (j, k)1) and the
corresponding freely generated composites at the same level of the pasting dia-
gram (i.e. of cells with the same z-coordinate). The tameness condition in the
contraction ensures that these contraction 2-cells are isomorphisms. The extra
1-cells will give us the choices of alternative composites in the nerve, and the
contraction cells ensure that these are coherently isomorphic to the composites
we originally had in the Penon weak 2-category whose nerve we are taking. We
denote the resulting object of Q by

QUL k) 295 TX (G k).

We now extend this to a definition of a functor Es: ©2 — Q, with the action
on objects as described above. To describe the action on a morphism in ©2, we
first define a morphism in R, and then take its transpose under the adjunction

J
—

R, L 'Q
w

to obtain a morphism in Q.
Let (p,q): (j,k) — (I,m) be a morphism in ©2. We define the strict 2-
category part of the morphism of R first. Define a map of 2-globular sets
x(p,q): X(4,k) = TX(l,m) as follows:

o for a, € X(j, k‘)o, x(p, Q)O(au) = Qp(u)>
o for fvf,u+1 € X(.77 k)lv x(pv q)l(fzi,u+l) =

fq(zll) Lp(ut1) © 70 fq(;i; p(u)+ if p(u) < p(u+1),
lap(u) 1f p(u) p(u + 1

o for O‘Z,u+1 € X(j7k)2a UC(PaC])z(OéZ,quﬂ -

aZEiLl)*l,p(u«}l) Kook azgi))m(u)ﬂ %f p(u) < p(v),q(z — 1) < q(z),
LTX (p,0)1 (£2 1 1) if (2 — 1) = q(2).

To obtain a map TX(j,k) — TX(I,m) we apply T and compose this with the
multiplication for 7', giving

. Tz(p,a) 9 #?{(z.m)
TX(j, k) ———=T2X(l,m) TX(l,m)
We now define a map
. 7(p,q)
R(j, k) > Q(l,m)
H(Jk) ¢(l,7n)

TX(j, k) ——=T2X(I,m) —— TX(l,m),
Tz (p,q) 1R (1)

where the map r(p, ¢) is defined as follows:
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o for a, € R(j,k)o, R(p, q)o(au) = apu);
o for fZ, € R(j, k)1,

) facz) if p(u) < p(v),
R - p(w)p(v)
(P, 0)1(f20) { lo,, if p(u) = p(v);

o for oZ, € R(j, k)2,

ol i p(u) < p(v),a(z = 1) < q(2),
R(p,q)2(af,) =4 Lpan o ifp(u) <p(v),q(z —1) = q(2),
L, . ifp(u) = p(v).

p(u)
Finally, we take the transpose of this map under the adjunction

J
R, L Q.
w

We write e: JW = 1 for the counit of this adjunction, and €4, for the
component corresponding to

d) ,m
QU,m) —5 TX (1, m).
Then the transpose is given by the composite

€0 © (1D Q) X (1.m) © T2(P, ).
This allows us to define the functors Fy: ©2 — Q and I: ©2 — P-Alg.
Definition 5.2.1. Define a functor Es: ©2 — Q as follows:

e given an object (j,k) € ©2, Ey(j, k) is defined to be the object

Dk .
QU k) 5 TX (4, k).
of O;

e given a morphism (p,q) : (j,k) — (I,m) in ©2, Ey(p,q) is defined to be
the map

€60m © (10 @), X (1.0m) © T(p, ).

Write K: Q — P-Alg for the Eilenberg-Moore comparison functor for the
adjunction
F

n-GSet L Q.
U

We define a functor I := K o By : ©2 — P-Alg.

We can now define the nerve functor for Penon weak 2-categories.
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Definition 5.2.2. The nerve functor N for Penon weak 2-categories is defined

by
N:P-Alg —  [(©?)°P, Set]
A P-Alg(Ix(-), A)
f‘ — lfo—
B P-Alg(Iy(~), B).

For a P-algebra A, the presheaf N A = P-Alg(I>(—),.A) is called the nerve of
A.

5.3 The Segal condition

In this section we prove that the nerve of a Penon weak 2-category satisfies the
Segal condition, and is therefore a Tamsamani—Simpson weak 2-category. Recall
from Definition 5.1.4 that A A satisfies the Segal condition if

(i) for all 7 > 0, the Segal map

Sj NA(G, =) — NA(1, =) Xnra0,1) - Xara,) NA(L =)

J

is contractible, i.e. surjective on objects, full and faithful on 1-cells;
(ii) for all j, k > 0, the Segal map

Sik : NAG k) — NAG, 1) Xaa¢,0) - Xnvag,o) NAG, 1)

is a bijection.

Our approach is to use the way in which nerve functor is defined to rewrite
the Segal maps in terms of composition with certain maps of P-algebras; this
then allows us to express most parts of the Segal condition (everything except
surjectivity on objects) as statements describing certain P-algebras in the image
of Iy as colimits of diagrams in the image of I5.

Before doing this, we establish some notation for certain free P-algebras in
the image of I that can be expressed as colimits of others; these P-algebras
arise in the reformulation of the Segal condition described above. Observe that
the free P-algebra functor Fp can be factorised as

2.GSet — ", P.Alg

Thus, we see from the construction of I that, for j, k € N, if R(j, k) = X (4, k),
then Ir(j, k) = FpX(j, k). Since R(j, k) and X (j, k) differ only on 1-cells, this
happens precisely when R(j, k); = X(j, k)1, which is true when j = 0 and j = 1:



5.8 The Segal condition 163

b fOI'j =0, R(]ak)l :®:X(J,k)la
o forj=1, R(j, k) ={fi | 0 <z <k} =X(j, k.

Thus 15(0,0) = FpX(0,0), and I2(1,k) = FpX(1,k) for all £ € N. For j > 2,
we have f3 € R(j, k), but f§ & X (j, k), so this does not hold for j > 2.
Recall that, for all £ > 0, 0 <4 < k, we have a map d;: [k — 1] — [k] in A

given by
PO if j <,
d’m_{ J1if g >,

and consider the following diagram in P-Alg:

-[2(070) 12(070)
I>(do,1) I>(d1,1) Iz(dy X(jhl)
1(1,0) L1,0) ... D(1,0) L(1,0).

j copies of I5(1,0)

Write Io(1,0)1 for the colimit of this diagram in P-Alg. By the observations
above, this diagram is the image under Fp of the diagram

X(0,0)

X(0,0)
VRN VRN
X(1,0) X (1,0)

X(1,0) X(1,0)

Jj copies of X (1,0)

in 2-GSet, where ag: X(0,0) — X(1,0) maps the single 0-cell of X(0,0) to ao,
and similarly for a;. The colimit in 2-GSet of this diagram is X (4, 0), and thus

(1,00 = FpX(4,0),

the free P-algebra on a composable string of j 1-cells.
Similarly, we write I5(1, 1)1 for the colimit in P-Alg of the diagram

-[2(071) 12(071)
I5(do,1) Io(dy1,1) I>(do,1) K(il,l)
I(1,1) I(1,1) I(1,1) I(1,1),

j copies of I»(1,1)

which is the image under Fp of the diagram

X(0,1) X(0,1)

VN VN

) X(1,1) ... X(1,1) X(1,1)

—_
—_

—_
—_

X(1,

j copies of X(1,1)
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in 2-GSet. The colimit in 2-GSet of this diagram is X (j, 1), and thus
12(17 1)Hj = FPX(.]v 1))

the free P-algebra on a string of j 2-cells composable along boundary 0-cells.
We now rewrite the Segal maps of the form S; in terms of composition with
certain maps of P-algebras.

Lemma 5.3.1. Let A be a Penon weak 2-category. For all j > 0, we have

NA(L =) Xnra,-)  Xwao,-) NA(L =) = P-Alg(I2(1,-)™", A)

J
and the Segal map S; is given by
S;=-od": P-Alg(I5(j, —), A) — P-Alg(I>(1,—)", A),
where dW: I(1, =) — I1(j§,—) is a map in [A, P-Alg], defined in the proof.
Proof. We have the following functors:
N2A(, =) AP — [A°P Set]
P-Alg(Iy(k, —), A)

k
QJ b J'sz(av—)
J

P-Alg(I5(j,—), A),

L(,—): A — [A, P-Alg]

J Ir(j,-)
aJ{ — J/b(@v)
k IQ(kv 7)3

and
P-Alg(—, A): [A, P-Alg|]? — [A°P, Set]

X P-Alg(X(-),A)
6‘/ — J{oé
Y P-Alg(Y(-), A).

We can factorise NA(-, —) as follows:

NAG,—
AP ACD [A°P, Set]

A, P-Alg)
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For each, [j] € A, we consider the actions of the functors NA(-, —) and
I5(-,—) on the diagram

L

1] 1]
N e oo ~N
[0] [0] [0]

in A.
Applying NA(-, —) to this diagram gives

P-Alg(I2(j, —), A)

P-Alg([ﬂl,ﬁ vlgﬂﬂl’)w‘l)

P'Alg(IQ(Ov 7)7 A) P_Alg(IZ 7)7 A)
which is a cone over the diagram
P-Alg(Ix(1,— P-Alg(Ix(1,—
\ P-Alg(Ix(1 A) P-Alg(Ix(1,-), A) /
P-Alg(12(0,—), A) P-Alg(15(0

Applying I5(-, —)°P to the original diagram gives

/ \\

12(17— ( .[2 1 —)
N A \ L
I5(0,—) I5(0,—)

in [A, P-Alg]°P, which is a cone over the diagram
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The limit of this diagram is I5(1, —)™ and this limit induces a unique map d"”
such that the diagram

12(j’ _)

\
[ty
0

Ir(1,—)1

12(17_ 12(17_) 12(17_) IQ(L_)
Nl Nl
12(0a _) I2(Oa _)

Applying P-Alg(—,.A) to this diagram, we get:

P'Alg(IZ(]7 _)a A)
I
I
I —og"s
I
3

-Alg(Ix(1,—)1, A)

P-Alg(I5(1,-), A) /

P-Alg(I>(1,-), A)

Since P-Alg(—, A) is representable, it preserves limits [ML98, V.6 Theorem 3],
so we have that

P-Alg(I>(1,-),A) X P-Alg(I2(0,—),A) """ X P-Alg(I5(0,—),A) P-Alg(I(1,-),A)

= P-Alg(Iy(1,-)", A)
and the Segal map S; is given by composition with d'/, as required. O

Similarly, we now rewrite the Segal maps of the form S; in terms of com-
position with certain maps of P-algebras.

Lemma 5.3.2. Let A be a Penon weak 2-category. For all j, k > 0, we have

NA(.77 1) XNA®G,0) " XNA(,0) NA(]7 1) = P'Alg(IQ(J7 1>Hk7 A)
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and the Segal map S; i is given by
Sj =-o0d": P-Alg(I>(j, k), A) — P-Alg(I>(j,1)"", A),
where d"%: Iy (5, 1)U — I,(j, k) is a map of P-algebras, defined in the proof.

Proof. We take a similar approach to that used in the proof of Lemma 5.3.1.
For each j > 0, we have the following functors:

N2A(G,-): AP — [A°P, Set]
l P-Alg(1>(5,1), A)
al — J-olz(lj,a)
k P-Alg(I2(j, k), A),

and

L(j,—): A — [A, P-Alg]

k I (.]7 k)
J{ J{Iz(lj,a)
! I>(5,1),
and we can factorise N'A(7, ) as follows:
NAG) [A°P ) Set]
\ %’
[A, P-Alg]°P

For each, [k] € A, we consider the effects of the functors N A(j,-) and I(j, -)
on the diagram

1] 1] 1] e 1] (1]

N SN e N s
0] 0]

in A. By exactly the same argument as the case of S;, we have a unique map
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d"* such that

IQ(.]7k)

\
| gLtk
1

I2(ja I)Hk

12(.]71) 12(]71) I2(.]a 1) IQ(.]a 1)
N Nt
Ig(j, 0) IQ(]?O)

and applying the functor P-Alg(—,.A) gives us the diagram
P'Alg(IQ(ja k)? A)

P-Alg(I>(j,1), A)

P- lg(IQ(ja 1)Hk7~'4)
P-Alg(I2(j,1), A)
)

P-Alg(12(j,1), A .

\ ( P-Alg(I2(j,1), A) /
P-Alg(I5(j,0), A) P-Alg(I5(34,0),.A)

Thus we have that

P-Alg(12(j,1), A) X p-Alg(12(j,0),4) * X P-Alg(I>(;,0),4) P-Alg(I2(j,1), A)

k

= P'Alg(12(.]a I)Hk7 -A)
and the Segal map S, is given by composition with d"% | as required. O

We now use Lemmas 5.3.1 and 5.3.2 to prove that the nerve of a Penon weak
2-category satisfies the Segal condition. We begin with the Segal maps of the
form S;.

Proposition 5.3.3. Let A be a Penon weak 2-category. For all j > 0, the Segal
map

Si NA(G, =) = NA, =) Xara00,-) * *ara,—) NA(L, —)

J

is surjective on 0-cells, i.e. the map
(Sj)o: NA(5,0) = NA(L,0) Xnra0,0) "+ Xna(0,0) NA(L, 0)

J
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18 surjective.
Proof. By Lemma 5.3.1, the Segal map S; is given by

S; =-odW: P-Alg(I,(j, ), A) — P-Alg(I»(1,—)Y A),
so we need to show that

(S;)o = -0 d": P-Alg(I4(5,0),A) — P-Alg(I5(1,0)"7 A)

is surjective. Let ¢: I>(1,0)" — A be a map of Penon weak 2-categories. We
must find a map ¥: I5(j,0) — A such that (Si)o(v) = ¢, i.e. such that the

diagram
I,(1,0)1 ¢ A
R /
12 (.77 0)
commutes.

Write the P-algebra A as

pA—2— 4

so UpA = A. We define 9 by factoring through the free algebra F'C A. Define

a map

R(3,0) ! PA

9(.1,0[ J”A

TX(j,0) ——T?A——F—TA
Ha

in R as follows:
The map g: R(j,0) — PA is defined by:

o for all a, € R(j,0)o, go(au) = do(au);
e for f0 € R(j,0); with v =u+1,

91(fiw) = &1 (fun):
e for f0 € R(j,0); withv >u+1

a1 () = (- (101 0 01 (f0mn) 0o ) 061 (S0 i) )

Note that R(j,0)2 = 0, so we do not need to define g on 2-cells.
The map h: X (k,0) — TA is defined by:
o for all a, € X(4,0)0, ho(ay) = ¢o(an);

e for all f37u+1 € X(j, D,

hl(fg,qul) =pAco ¢1(f3,u+1)
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Note that X (j,0)2 = @}, so we do not need to define h on 2-cells.
This defines a map in R. We then take the transpose of this map under the
the adjunction

J
S —
RngvQ

We write e: JW = 1 for the counit of this adjunction, and €4, for the component
corresponding to

. b(5,0) .
Then the transpose is given by the composite
€60y © J (9, 1y © Th).

Finally, we apply the Eilenberg—Moore comparison functor K: @ — P-Alg to
this; we write

X = K (g, 0 © J(g, i’y o Th)),

and define
P :=0ox: I(j,0) — A

We now check commutativity of the diagram

I»(1,0)1 ¢ s A
IQ(j? 0)

This commutes if the diagram

P
X (4,0)

X(5,0) 290 7 Fp X (4,0) — 22 4 Up A

")F;(j,x /\]Pw

UpFpX(j,0) o Upl>(4,0)
P

commutes; we check this using an elementary approach. Since X (j,0)2 = 0, we
do not have to check commutativity on 2-cells. We have

e for a, € X(4,0)o,
1j P _ _ P .
Uptpo o Updy” o X (5,0) (au) = Uptpo(an) = Upgg o nX(j,o)(au)v
o for qu,u+1 € X(j70)17
UptproUpd;” o 1%G.0) Faws1) = UpU1 (7 ui1) = Updr onk (o) (fiusn)s

hence the diagram commutes. Hence S; is surjective on 0-cells. O
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We now use Lemma 5.3.1 us to express the fullness and faithfulness part
of the Segal condition in terms of colimits of P-algebras. Recall from Defini-
tion 4.2.3 that, given a map of simplicial sets a: A — B, we have an induced
map &; in Set, as shown in the diagram below:

AOQ—U>BO

and that « is full and faithful on 1-cells if the map @; is an isomorphism. We
wish to show that, for all j > 0, the Segal map

S;: P-Alg(I>(j, —), A) — P-Alg(I>(1,—)", A)

is full and faithful on 1-cells. By the description of fullness and faithfulness
above, this happens when the diagram

P'Alg(IZ(j7 1)7A) > P'Alg(IQ(]a 0)7A)
—O(dujh -
\ Jo(d o
‘ P-Alg(I(1, 1)V, A) —— P-Alg(I5(1,0)1", A)

lt
P'A1g<IQ(J> 0)7 -A) TH]))P'Alg(IQ(L O)Hja -A)
o o
is a limit cone in Set. This cone lies in the image of the functor

P-Alg(—, A): P-Alg®® — Set,

and this functor is representable, so it preserves limits [ML98, V.6 Theorem 3].
Hence S; is full and faithful on 1-cells if the diagram

12(170)113 IQ(laO)HB
15(3,0) I(1,1)118 1,(3,0)
113
m} l(d %

I5(3,1)

is a colimit cocone in P-Alg.
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Before proving this, we describe what this means in the case j = 3. The
P-algebra I5(1,1)"3 consists of three 2-cells composed horizontally:

I fia 17s
IR
Qg \Haél ay \H/a}z az \H/a%a asg,

\/ \/
for fia 1y

with the copies of I5(1,0)™ in the diagram giving its source and target strings
of 1-cells. The P-algebra I5(3,0) is a tetrahedron whose faces are isomorphism
2-cells:

a —)ClZ

VAR

as

Taking the colimit of the diagram glues one of these tetrahedra to the string of
source 1-cells of I5(1,1)13, and the other to the string of target 1-cells. Thus
the fullness and faithfulness condition tells us that I»(3,1) can be obtained this
way; it is a simplicially weakened version of the cuboidal pasting diagram (3,1).

Lemma 5.3.4. For all j > 0, the diagram

12(170)Hj =

(@), wm I (V w
115
M (d %

is a colimit cocone in P-Alg.

To prove Lemma 5.3.4, we check directly that I5(j, 1) satisfies the universal
property for the colimit. In order to do this we must specify maps out of Is(j, 1)
and I(j, k), which we define dimension by dimension, starting at dimension 0
and working up.

Recall from the construction of I3(j, k) that at each dimension (excluding
dimension 0), we have three types of cell: generating cells (those in R(j, k)),
contraction cells, and composites. Since we are defining a map of P-algebras,
once we have defined the effect of the map on generating cells and contraction
cells, the effect on composites is determined by the fact that the map must
preserve the P-algebras structure (in a way that we will make precise later). A
similar statement is true for some of the contraction cells, but not all of them;
due to the fact that (for j > 1) Iz(j, k) is not a free P-algebra, only certain
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contraction cells are required to be preserved by the P-algebra structure. We
refer to these cells as “algebraic contraction cells”.

To see which contraction cells are algebraic contraction cells, suppose we
are defining a map ¢: I5(j,k) — A. This consists of a map of 2-globular sets
Y: Upla(j, k) = Q(j,k) — A such that

PQULE) —Y s pa

|

Q(j, k) — A

commutes, where the left-hand map is the algebra action for Iy(j,k). The
commutativity of this diagram is what ensures that the P-algebra structure
is preserved. Thus, the contraction cells that must be preserved are precisely
those which are recognised as contraction cells by the P-algebra structure, i.e.
a contraction cell in Q(j, k) is an algebraic contraction cell if it is the image
under the algebra action PQ(j, k) — Q(j,k) of a contraction cell in PQ(j, k).
Since the only contraction 1-cells in I5(j, k) are the identities, all contraction
1-cells are algebraic. The algebraic contraction 2-cells in I(j, k) consist of the
identities, and any contraction cells that alter the bracketing of a composite,
or alter the number of identities that appear in a composite, but do nothing
else. In particular, the source and target of a non-identity algebraic contraction
2-cell in I1(j, k) are always composites of cells in I5(j, k), and these composites
feature the same generating cells in the same order.

Another pivotal fact about I5(j, k) is that, in the construction, when we
apply the coequaliser (in order to “add contraction 3-cells”), we identify all
parallel 2-cells. Thus in I5(j, k) there are no distinct parallel 2-cells. This
allows us to write many of the contraction cells as composites of others.

Proof of Lemma 5.3.4. In this proof, we present the case j = 3, before moving
on to the case of general j, since for a fixed value of j we are able to write down
all of the cells in I5(j, 1) (though note that we still omit certain composites). We
use j = 3 rather than j = 2 (the simplest case of the lemma) because I5(2,1) is
too small for this case to exhibit all the features of the general case.

Suppose we have a P-algebra A and a cocone

12(1’0)113 113

V WL& V w

1,(3,0)

\/

in P-Alg. We define a map of P-algebras

’(/JZ 12(3,].) - A
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such that the diagram

I o3
12(370) I (330)
13
LLd) (d 21/
A
\w

Q

3
A
commutes.

To define the map 1, we first list the cells in I5(3,1). We list the cells by

dimension, and for dimensions above 0, we break the list down further, into
generating cells, contraction cells, and composites.

e (-cells: a, for all 0 <wu < 3;
o 1-cells:
— Generating cells:
coforall0<u<wv<3 0<2z<1;
— Contraction cells:

[auvau] = idau forall 0 <wu < 3;

— Composites: Although we don’t need to define the action of ¢ on
composites, since this is determined by the fact that ¢ preserves the
P-algebra structure, it is useful to list them here since we need to
know what they are in order to write down the contraction 2-cells.
Note that this list does not include composites involving identities.

fi,ofi forall0<u<v<w<3, y,ze€{0,1};

(f330 fia) © fo1, [350 (fia0 f51) for all z,y, 2 € {0, 1}
o 2-cells:

— Generating cells:
al, forall 0 <u < v < 3;

— Contraction cells: There are three different types of contraction cell
in I5(3, 1) — the algebraic contraction cells, the triangular contraction
cells corresponding to the cells denoted :Z,,, in Leinster nerve con-
struction (see Section 5.1), and those which are composites of cells

of the two other types.
The algebraic contraction cells are those of the form:

[(f33 © f1a) © fo1, fa3 © (fia 0 fo1)];
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[f53 0 (fia 0 fo1), (f35 © fia) © faul,
for all z, y, z € {0,1}, as well as identities on all 1-cells. The trian-
gular contraction cells, all of which lie in the image of either I5(1,d;)
or I5(1,dp), are those of the form:

[ 371)7 1()) ]_I2(17d1)[ uw? J vw Of’l?’t)]’
[ Ofgm uw] = 12(17d1)[ vw Ofgm Sw]
[ ulluﬂ 1% ]_I2(1 do)[ qu vwofgv]

1 1 0
[ vwo uv? Juw ]_12(1 do)[ ofu’tﬂ uw]’
For all 0 < u < v < w < 3. The remaining contraction cells are
composites of those above:

[f?:a o f017 (f23 o f12 f&l] = [f?&fg?) o f?z] * [fOll,fOll]

[(fg3of12)of01’f130f01] f23°f?27f?3]*[f01»f01]7
[f113°f017(f230f12) fo] f137f213°f112] [f017f01]a
[(f213°f12)°f017f13°f0] f23°f1127f113] [f01,f01]
[fgl}of(}27fg3o(f1120f01)] fzsafgg] [f027f120f01]
[f203o(f112°f01) f23°f02] fzsafgs} [f12°f01»f02]7
[f213 Of()027f213 © (f12 0f01)] f237f213} * [f027f12 Ofo ],
[ | = [fas: fas] * [ I
(3,

1
1

)

)

[
[
[
[
[
[
[

f213°(f?2°f01 f23°f02 * f120f01,f02
1) —

f23a
We now define the map ¢: I

e On 0-cells:
Yo(aw) = go(au) = ho(au) = Ao(au).

e On 1-cells: Uiy it
2. 91(fon) iHz=0,
Q;Z)l( uv) T { hl( 51}—1) if z = 1;
’(/)1 [au, au] = ¢(idau) = Al(idau) =01 (idau) = h1 (idau).
We do not need to define the action of 11 on composites explicitly; this is
automatic since ¥ must preserve the P-algebra structure.

e On 2-cells:
wQ(OZ?lw) = )\(0471“));
Va[(f350f1a)0 fo1, fazo(fixofo1)] == [1/)1((f2230f1y2)°f(3)51)»1/’1 (f2z3o(ﬁ/2°fgl))]§
Valf3z0(fia0fo1)s (f330f1a)ofgi] == [th (ffgo(ffzof&))»1/’1((fé23°f1yg)ofg1)]§

Vol faws Fow © Faol = g2l Faws Fow © Faul;
1/’2[ Ofgm wl = [ Ofgm wli
U faws Fow © Faw) = B2 f s Fow © Fi;
P2l f o © Faws Faw] = h2lfow © fows Faw)-

As with 1-cells, we do not need to define the action of 15 on composites,
including those contraction cells that are composites of others, since
must preserve the P-algebra structure.
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We see by definition of v that it is a map of P-algebras, and that it makes the
required diagram commute. It is clear that, at each stage of the construction of
1, if we defined the map differently it would not have satisfied these conditions;
in the case of the cells on which v is defined explicitly, any other definition
would fail to make the diagram commute, and in the case of all other cells, any
other definition would fail to give a map of P-algebras.

Thus, 1 is the unique map of P-algebras making the required diagram com-
mute, so [2(3,1) is the colimit in P-Alg of the diagram

12(170)1_13 —[2(170)]-[3
V %Hi’» IQ(V &3)(:
I2<3a0) 12(171)1_[3 12(3a0)

We now prove the lemma for a general value of j. Suppose we have a P-
algebra A and a cocone

IQ(laO)Hj IQ(LO)Hj
-[2(]70) IQ(L]')HJ IZ(]vo)
\)\J//
A

in P-Alg. We define a map of P-algebras

¢: I(5,1) = A
such that the diagram
12(170)Hj 12(170)Hj
(d19), wuj IQ(V w
12(j7 O) 12(13 I)Hj I2(ja O)
11
IQ(j7 1)
\
I
¢
A

commutes.

To define the map 1, we first list the cells in I5(j,1). As for the case j = 3,
we list the cells by dimension, and for dimensions above 0, we list generating
cells and contraction cells separately. Note that in this case we do not list the
composites, since the notation would become very unwieldy; the action of ¢
on composites is determined by the fact that fact that it must preserve the
P-algebra structure, so we do not need to list the composites explicitly.
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e (-cells: a, for all 0 < u < j;
o l-cells:
— Generating cells:
cyforall0<u<v<j 0<2<1;
— Contraction cells:
[y, ay] = id,, for all 0 < u < j;
o 2-cells:

— Generating cells:
allw forall0 <u<wv<j;

— Contraction cells: As in the case j = 3, we have algebraic contraction
cells and triangular contraction cells corresponding to the cells ¢7,,,;
since all diagrams of contraction 2-cells commute in I5(j, 1), all other
contraction cells can be expressed as composites of contraction cells
of these two types.

The algebraic contraction cells are those mediating between differ-
ently bracketed composites of the same 1-cells, and also identities on
all 1-cells. The triangular contraction cells are those of the form:

(O fow © FO0] = Ta(1,d0)[f s fou © L),
[0 © s fow) = Ta(1,d0) (£ © Fous Fr)s
s Fow © Fio] = Ta(1,d0)[f s oo © 0],
[fow © Faws Faw) = T2(1,do)[for © 0 Fo);

for all 0 < uw < v < w < j. All remaining contraction cells are
horizontal composites of those of the form

z z z z z z
Q-+ 0 O O +«++0 O ]
[ VUm—1,Um f'ULUQ fvo,”l’ful—hul fu17u2 uo,u1l?

foralll, m>2,0<uyy<u <---<wy<ju=v<uv <<
Um = u;, 0 < z < 1. Note that we omit the choice of bracketing in
the contraction cell above; there is one such cell for each choice of
bracketing of the source and target. Each of these contraction cells
can be written as a composite of algebraic contraction cells and the
triangular contraction cells above.

We now define the map ¢: Ix(j,1) — A:

e On 0-cells:
Yo(ay) == go(au) = ho(ay) = Ao(ay).

e On 1-cells: Gz it
z L g1 va if z= Oa
¢1( u'u) T { hl( z—l) lf » = 1’

¢1 [aw.w au] = w(idau) = )\1 (idau) =01 (idau) = hl (ida,,L)-

As in the case j = 3, we do not need to describe the action of ¥ on
composites explicitly, since it must preserve the P-algebra structure.
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e On 2-cells:

baag,) = Mag,);
Vol fows Fow © Fuu] = gQ[fwwvaw fuuls
balf) Ofgm wl = g2 Ofgm wl;
Gofaws Fow © Faw) = halfius Fow © Fi);
balfow © fuvs fawl = h2[f) ofgv’ ol
As in the case j = 3, we do not need to describe the action of ¢ on

the remaining 2-cells explicitly, since they are either algebraic contraction
cells, or composites involving the algebraic contraction cells and those
above.

We see by definition of 4 that it is a map of P-algebras, and that it makes the
required diagram commute. It is clear that, at each stage of the construction of
1, if we defined the map differently it would not have satisfied these conditions;
in the case of the cells on which 1 is defined explicitly, any other definition
would fail to make the diagram commute, and in the case of all other cells, any
other definition would fail to give a map of P-algebras.

Thus, 1 is the unique map of P-algebras making the required diagram com-
mute, so I5(j,1) is the colimit in P-Alg of the diagram

I5(1,0)1% I(1,0)1
y wﬂj IQ(V %
0) Ir(1,1)1 Ix(j

as required. O

The following is now an immediate corollary of Lemma 5.3.4, via our char-
acterisation of fullness and faithfulness of the Segal maps in terms of colimits
in P-Alg.

Corollary 5.3.5. Let A be a Penon weak 2 category. For all j > 0, the Segal

map .
S;: P-Alg(Ix(j,—), A) — P-Alg(I(1,—)", A)

is full and faithful on 1-cells.

We now apply a similar argument to the Segal maps 5}, and reformulate
the remaining part of the Segal condition in terms of colimits of P-algebras, as
we did for S;. By Lemma 5.3.1, S; 1 is given by

NAG 1) Xna0) X ago) NAG, 1) = P-Alg((j, 1)1, A).

k

This is a bijection if I(j,1)"™ = I,(j, k), and the map
A" (5, 1) — (. k)

is the identity. This tells us that I5(j, k) can be obtained by gluing k copies of
I5(j,1) along their boundary copies of I5(j,0). Thus, the Segal map S; is a
bijection if the following lemma holds:
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Lemma 5.3.6. For all j >0, k > 0, the diagram

I>(4,0) I5(4,0)
12(17%/ YMI) 12(1,%/ Yl,dl)
12(]3 1) I?(]a 1) 12(]3 1) 12(371)

IQ(lA ALLI‘:I)

IZ(ja k)

18 a colimit cocone in P-Alg.

Proof. Let A be a Penon weak 2-category, and suppose we have a cocone

IZ(jv 0)
12(1V Yl ,d1) IzUV Yl,ch)
L(j,1 3, 1) Ix(5,1)

in P-Alg. We define a map of P-algebras

w: 12(j7 k) — A
such that the diagram
12(370) I2(ja 0)
12(11V \2(“1@1) I2(1,do) Io(1,dy)
12(.77 1) IQ(Ja 1) I2(.7a 1) I2(.7a 1)

commutes, and show that this is the unique such map of P-algebras. We take
the same approach as in the proof of Lemma 5.3.4, defining the map by an
elementary approach, and using the fact that it must preserve the P-algebra
structure to avoid having to define it explicitly on every cell of I5(j, k). To do
so we now list the cells of I5(j, k); note that, as before, we do not list composites
or algebraic contraction cells.

e O-cells: a, for all 0 < u < j;
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o 1-cells:

— Generating cells:
cpyforall0 <u<ov < 0<2z<k;
— Contraction cells:
[ay,ay] = id,, for all 0 <wu < j;

o 2-cells:

— Generating cells:
ag, forall0 <u<v <y, 1 <2<k

— Contraction cells: As in Lemma 5.3.4, we have algebraic contrac-
tion cells and triangular contraction cells corresponding to the cells
1w from Leinster’s nerve construction for bicategories (Section 5.1);
since all diagrams of contraction 2-cells commute in I5(j, 1), all other
contraction cells can be expressed as composites of contraction cells
of these two types.

The algebraic contraction cells are those mediating between differ-
ently bracketed composites of the same 1-cells, and also identities on
all 1-cells. The triangular contraction cells are those of the form:

[f s Fow © fi);
and

[fow © faws Faw);
foral 0 <u<v<w<yj,0< 2 <k Asin Lemma 5.3.4, all
remaining contraction cells are composites of those above.

We now define the map ¢: Ix(j,k) — A:

e On 0O-cells: )
Vo(au) = g5 (au).
e On 1-cells:
V(o) ifz=0,

QY) (fa,) otherwise;

1w, au] = P(ida, ) == g\ (ida, ).

As in Lemma 5.3.4, we do not need to describe the action of 1 on com-
posites explicitly, since it must preserve the P-algebra structure.

e On 2-cells:
a(ad,) = 957 (ad,);

1
wQ[ Sun Bwo 79'()] = gé )[ Swv Swofgv];

¢2[ t?wofgvﬂ Sw] = gél)[ Bwofz(z)vv Sw];
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and for 1 <z <k,
wQ[fiw’ iw ° 51)] = g§2)[ ;uﬂ f'z}w o f&’u];

1 1 gl
Vol © Fiv Fiwl 7= 057 (Fw © Fivs Fiu
As in Lemma 5.3.4, we do not need to describe the action of ) on the re-

maining 2-cells explicitly, since they are either algebraic contraction cells,
or composites involving the algebraic contraction cells and those above.

We see by definition of 1) that it is a map of P-algebras, and that it makes the
required diagram commute. It is clear that, at each stage of the construction of
1, if we defined the map differently it would not have satisfied these conditions;
in the case of the cells on which ¢ is defined explicitly, any other definition
would fail to make the diagram commute, and in the case of all other cells, any
other definition would fail to give a map of P-algebras.

Thus, 1 is the unique map of P-algebras making the required diagram com-
mute, so I2(j, k) is the colimit in P-Alg of the diagram

I5(4,0) I5(4,0)
IQ(lwio/ Yl,dl) 12(1V Yl,dl)
12(311) 12(]71) I2(371) I2(j71)
k
as required. O

The following is now an immediate corollary of Lemma 5.3.6:

Corollary 5.3.7. Let A be a Penon weak 2-category. For each j, k > 0, the
Segal map

Sik: NAG k) = NAG 1) Xna0,0) - Xavag,o) NAG, 1)

k

s a bijection.

We now have all the results we need to show that the nerve of a Penon weak
2-category is a Tamsamani—Simpson weak 2-category.

Theorem 5.3.8. Let A be a Penon weak 2-category. Then the nerve N A
satisfies the Segal condition, and is thus a Tamsamani—Simpson weak 2-category.

Proof. Let A be a Penon weak 2-category, and consider its nerve A’ A. For all
j >0, the Segal map

Si : NA(G, =) — NA(L, =) Xna0,1) - - *Xaao,) NA(L, —)

J

is surjective on objects by Proposition 5.3.3 and full and faithful on 1-cells by
Corollary 5.3.5; hence S; is contractible. Note that the proposition and corollary
are valid only for j > 0, but for j = 0 the result holds trivially.
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For all j, k > 0, the Segal map

Sik : NAG k) — NAG, 1) Xaa¢,0) - Xnvag,o) NAG, 1)

k

is a bijection by Corollary 5.3.7. As above, this corollary is only valid for k£ > 0,
but for k£ = 0 the result holds trivially.

Hence N A satisfies the Segal condition, so it is a Tamsamani—Simpson weak
2-category. O



Chapter 6

Nerves of Penon weak
n-categories

In this chapter we generalise the nerve construction for Penon weak 2-categories
from Section 5.2 to a nerve construction for Penon weak n-categories for all
n € N. We then discuss various questions that this nerve construction raises,
and in particular we conjecture that the nerve of a Penon weak n-category is a
Tamsamani—-Simpson weak n-category.

6.1 The nerve construction for general n

We now give the construction of the nerve functor for Penon weak n-categories.
This construction proceeds analogously to that for n = 2. Since we are po-
tentially working with a greater number of dimensions in the general case, we
have to weaken composition in each cuboidal n-pasting diagram at every di-
mension (apart from dimensions 0 and n). The greater number of dimensions
entails that the notation for the cells of the P-algebras we construct necessarily
becomes more complicated and unwieldy.

In analogy with the case n = 2, when defining the nerve functor for Penon
weak n-categories, we first define a functor I,,: ©™ — P-Alg which gives us,
for each object of ©™, the corresponding cuboidal n-pasting diagram expressed
as a freely generated Penon weak n-category. We obtain the functor I, by
defining a functor F,,: O™ — Q, then composing this with the Eilenberg—Moore
comparison functor K: Q@ — P-Alg for the adjunction F© 4 U defining the
monad P.

As in the 2-dimensional case, for each object j = (41,42, ..,Jjn) of O™, we
define two n-globular sets, X (j) and R(j); X (j) is the associated n-globular set
of the cuboidal pasting diagram j, while R(j) also contains extra cells to weaken
the composition structure on certain simplicial shapes of composite. We then
define an object of R

R(j) — 22— TX (k),

and define F,(j) to be the image of this under the functor J: R — Q; that is,
the left adjoint to the forgetful functor W: Q — R, as described in Section 1.2.

183
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Before giving the construction, once again we discuss the notation we will
use. We will use a coordinate system similar to that used in the 2-dimensional
construction. The difference is that, since higher dimensional cells require a
greater number of coordinates, instead of using subscripts and superscripts, the
coordinates of a cell will be written as a string in brackets. Thus, the m-cell

m . . . .
™ (Ug, Vo3 Ut, V15 -« 5 U1, Un—1; 2)
has source (m — 1)-cell with coordinates (ug,vo;. .. ; Um—2,Vm—2; Um—1) and
target (k — 1)-cell with coordinates (ug,vo;. .. ;Um—2,Vm—2;Vm—1). The z-

coordinate indicates the position of this cell in relation to the other m-cells
parallel to it, and the superscript m indicates the dimension of the cell. As
in the 2-dimensional construction, each n-cell has the same coordinates as its
target (n — 1)-cell.

Recall that an object of ©™ is an equivalence class of objects of A™. An object
of A™ is in an equivalence class with more than one member if and only if it has
a 0 in the kth position for some k& < n. Thus, for the purposes of the following
definition we treat the equivalence class of (I1,...,lm—1,0,lmnt1,...,1n), With
m < n, as the object (I1,...,0,,-1,0,0,...,0) of A™; all other equivalence classes
are treated as their sole member.

Let j € ©™ and define n-globular sets X (j) and R(j) as follows: X (j) is
defined by

o X(jlo={au |ueN0<u<g}
e for 0 < m < n,
X(§)m = {a™(ur,ur + Lug,ug + 1500 5 U, U + 15 2)
[0<u <jforalll1<I<m,0<z<jmi1};
e for m =n,

X(j)n = {an(uhul + Liug,ug + 15, .. Up—1,Up—1 + 132)
[0<u <jiforalll<i<n—1,1<z<j,}

and R(j) is defined by
® R(j)o={au |ueN,0<u< g}
e for 0 < m < n,

R(§)m = {a™ (u1,v1;u2,v2; . .. 3 U, U 2)
[0<uy <y <jjforall1<I<m,0<2<jmi1};

e form =mn,

R(j)n = {a" (u1,v1;u2,v2; . .. ;Up—1,Vp—1;2)
[0<uy <y <gforall1<i<n—1,1<2z<j,};

for both X (j) and R(j), the source and target maps are defined by:
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e for all 1-cells a’(u1,v1; 2),

8(a1(u1a V13 Z)) = Oy t(al(ulavl; Z)) = Ay,

e for all 1 < m < n, and for all m-cells o™ (uy,v1; U2, V25 ... ; Um, Ui 2),
5(04 (ul,’Ul,UQ,’UQ,... 7umvvm,z))
m—1 . . . .
=™ (U1, V15 U2, V25 - U= 15 V=15 Um )5
and
t(Oé (Ul,’Ul,Ug,’Ug,... ,Um,’Um,Z))
_  m—1 . . . .
=« (U1,U17UQ,U27... 7um717vm71avm)v
o for all n-cells o™ (uy,vy;us, V2. .. ;Up_1,
s(a™(u1,v1; U2, 025« . jUp—1,Vn—1;2))
_ n—1 . . . .
=a" " (u1,v15U2,V2; . . Up—1,Vn—1;2 — 1),
and
t(a™(u1,v1;U2,V2; . . Up—1,Vn—1;%))
n—1 . . . .
=a" " (Ug, U1 U, V25 . U1, V1 Z)-

Once again we note that, in spite of the notation, this does not define functors
R and X into n-GSet.

We now wish to construct, for each j € ©", an object of R which will
consist of a map from R(j) into the free strict n-category on X(j). Before
doing so, we must first establish notation for the freely generated composite
cells in T X (j). Following Penon’s notation for composition in an n-magma (see
Definition 1.1.1), given m-cells a1, as and 0 < p < m, where the target p-cell of
«q coincides with the source p-cell of oo, we write aq oy a1 for their composite
along boundary p-cells. For composites involving greater numbers of cells we
extend this to summation-style notation; for m-cells «;, 1 < i < k for some k,
satisfying the appropriate source and target conditions to be composable, we

write
m,p

e m m m m
;= O Op (077 | Op R Op (65) Op aq.
1<i<k

We now define 6;: R(j) — TX(j) by:

e for a, € R(j)o, (05)0(au) = au;

o for 0 <m < n, (6;)m (™ (u1,v1;u2,V2; ... ;Um, U3 2)) =
m,m—1 m,0
O o O d™(wr,wr F+ Liwg,we 4+ 15w, Wy + 15 2)
U, KWy, <V u1 Swy<vi

o for m =n, (0;)n(a”(u1,v1;U2,V2; ... ;Up—1,Vp—1;2)) =
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n,n—2 n,0
O e O a™(wn,wr F Liwg,wa 415 5w, we 1 + 15 2)
Uy —1 LW —1<Vn—1 w1 <wi <vp
Similar to the 2-dimensional case, 6 coincides with n)T((j) whenever v; = u; + 1
forall0<I<m-—1.

To complete the construction of the action of the functor E,: ©™ — Q on
objects, we apply the functor J: R — Q to 0;: R(j) — TX(j). This adds to
R(j) all the required composites and contraction cells, including those which
ensure that the weakened composites (those cells in R(j) but not in X (j)) are
coherently equivalent to the corresponding freely generated composites at the
same level in the pasting diagram. We denote the resulting object of Q by

QG) —2— TX(j).

We now define the action of the functor F, : ©" — Q on morphisms. As in
the 2-dimensional case, to do so we first define a morphism in R, then take its
transpose under the adjunction

J
S —
RngvQ

to obtain a morphism in Q.

Let p : j — k be a morphism in ©™. We define the strict n-category part of
the morphism of R first. Define a map of 2-globular sets z(p): X (j) — TX (k)
as follows:

e for a, € X(j)o, z(P)o(au) = Op1 (u)s

o for 0 < m < n, a(ur,ur + L. 5Umytum + 1;2) € X()m, if for all
1 <1 < m we have p;(u;) < p;(v;), then

(P)m (@™ (ur,ur + 1.0 U, um + 1;2)) =
m,m—1 m,0

O O a™(wi, w1+ 1. W, Wi+ 1 pmg1(2));
Pm (Um) <wm p1(u1)<wy
<pm (um+1) <p1(u1+1)
otherwise, for the smallest { such that p;(u;) = p;(v;) we define
x(p)m(am(ulvul + 1 um,um + 1 Z))

to be the identity m-cell on the (I — 1)-cell

1-1,1-2 1-1,0
O o O a™wnwr + Lo, wier + Lp(w);
pr—1(ui—1)<wi—1 p1(u1)<wy
<pr—1(ui—1+1) <p1(u1+1)
o for o™ (uj,ur +15. .. jtup_1,Up—1 + 1;2) € X(j)n, if for all 1 <1 < m we

have p;(u;) < pi(v;), and p,(z — 1) < p,(2), then

z(P)n(a”™(ur,ur + 1. jun—1,up—1 + 1;2)) =
n,n—2 n,0
O  a™(wi,wi+ 1. swa—1, wa1 + 15pa(2));
Pn—1(tn—1)<wn_1 p1(u1)<w;
<prn—1(Un-1+1) <p1(u1+1)



6.1 The nerve construction for general n 187

if for all 1 <1 < m we have p;(u;) < pi(v;), and p,(z — 1) = p,(2), then
we define
x(P)n(a@™(ur,ur + 1;. .. sup—1,un—1 + 1; 2))

to be the identity n-cell on the (n — 1)-cell

n—1n—2 n,0
m . . . .
O O « (w17w1+17"' 7wn717wn71+17pn(z))7
pn—l(un—l)gu’n—l pl(ul)fwl
<Prn—1(Un—1+1) <p1(ui+1)

otherwise, for the smallest [ such that p;(u;) = p;(v;), we define
z(P)n(a™(ur,ur + 1.0 5 up_1, Up—1 + 15 2))

to be the identity m-cell on the (I — 1)-cell

1—1,1—2 n,0
m . . .
O a™(wi,wr + 1w, wion + ().
pro1(ui—1)<w;_1 p1(u1)<wy
<pr—1(uj—1+1) <p1(ui+1)

To obtain a map TX (j) — TX (k) we apply T and compose this with the
multiplication for 7', giving

. Tz(p) 2 M a0
TX(j) T?°X (k) ——— TX (k)
We now define a map
. 7(p)
R(j) Q(k)
9j [N

TX(j) — T?X (k) —— TX(k),
Tz(p) B ()

where the map r(p) is defined as follows:

e for a, € R(j)o, r(P)o(an) = Apq(u)

o for 0 <m < m, &™(u1,v1;--- ;Um,VUm;2) € R(j)m, if forall 1 <1< m we
have p;(u;) < pi(vr), then

T(P)m (@ (U1, V15 . oo U, U 2)) =
o™ (p1(u1), p1(v1);- - 3 Pm(Wm), P (Um); Pmt1(2));

otherwise, for the smallest | such that p;(u;) = p;(v;), we define

r(P)m (@™ (w1, v15 - 5 Um, Vs 2))
to be the identity m-cell on the (I — 1)-cell

l—1(

o (pr(ur),pr(v1); - spi—1(wi—1), pi—1(vi—1)i pi(w));
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o for a™(uy,v1;... ;Up—1,Vp-1;2) € R(j)n, if for all 1 <1 < n — 1 we have
pi(w) < pi(vr), and p,(z — 1) < pn(z), then

r(P)n(@™(ur,v1;. . jUn—1,Vp—1;2)) =
a™(p1(u1),p1(v1);- -+ ;Pn—1(Un-1),Pn—1(Vn—1); Pn(2));

if for all 1 <1 < n —1 we have p;(u;) < pi(v1), and pp(z — 1) = pu(2),
then we define

r(P)n (@™ (u1,v15. . sUp—1, V-1 2))
to be the identity n-cell on the (n — 1)-cell

nfl(

A" pr(u), pr(v1); - spi—1(w—1), Pa—1(vn—1); mi(2));

otherwise, for the smallest | such that p;(u;) = p;(v;), we define

r(p)n(am(ul, V1. 3Un—1,VUn—1; Z))

to be the identity m-cell on the (I — 1)-cell
al_l(pl(ul)apl(vl)§~~ spi—1(wi—1), p—1(vi—1); pu(wr)).-

Finally, we take the transpose of this map under the adjunction

J
e
R L Q.
w
We write e: JW = 1 for the counit of this adjunction, and €4, for the component
corresponding to

Qk) — 2 TX (k).

Then the transpose is given by the composite
€ © J (r(P), 1 i) © T (P))-
This allows us to define the functors E,: O™ — Q and I,,: ©" — P-Alg.
Definition 6.1.1. Define a functor E,,: ©™ — Q as follows:
e given an object j € ©", E,(j) is defined to be the object

Q) —22 5 TX(j).

of Q;
e given a morphism p: j — k in ©", E,(p) is defined to be the map

€ © J(T(p)7 /‘i(k) © Tx(p))

Write K: @ — P-Alg for the Eilenberg-Moore comparison functor for the
adjunction
F
—_—
n-GSet é Q.

We define a functor I,, := Ko E, : O™ — P-Alg.
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We can now define the nerve functor for Penon weak n-categories.

Definition 6.1.2. The nerve functor N for Penon weak n-categories is defined

by
N: P-Alg —  [(©™)°P, Set)]
A P-Alg(I(-), A)
f — lfo
B P-Alg(In(-), B).

For a P-algebra A, the presheaf N A = P-Alg(l,(—), A) is called the nerve of
A.

6.2 Directions for further investigation

In this section we discuss the questions that arise from this nerve construction,
and what further results need to be proved in order to make a more complete
comparison between Penon weak m-categories and Tamsamani—Simpson weak
n-categories. The central question is whether the following conjecture holds:

Conjecture 6.2.1. Let A be a Penon weak n-category. Then the nerve N A sat-
isfies the Segal condition, and is thus a Tamsamani—Simpson weak n-category.

We have proved this only in the case n = 2 (Theorem 5.3.8). As in the
2-dimensional case, for general n we can express the Segal maps in terms of
composition with wide pushouts of face maps, allowing us to rephrase some
parts of the Segal condition in terms of colimits of P-algebras in the image of
the functor I,,: ©" — P-Alg (for the 2-dimensional version, see Lemmas 5.3.1
and 5.3.2). However, it is not practical to generalise the proofs from the 2-
dimensional case to the general case by hand, due to their elementary approach.
The use of computers in mathematical proofs has become more prevalent in
recent years, and it may be possible to generalise these elementary proofs for
low values of n, by using a computer to perform the calculations of the cells in
the P-algebras I,(j). To prove Conjecture 6.2.1 in general we would need a more
abstract approach. We believe that this would require a deeper understanding
of the “partially free” P-algebras used in the nerve construction; colimits of free
P-algebras are easy to work with, since the free P-algebra functor preserves
colimits, but this is not true for “partially free” P-algebras. The coherence
theorems of Section 2.5 would likely play a key role in this, and we believe
that those that apply only to free algebras can be extended to “partially free”
algebras using the contractions in @, though we have not yet made this precise.

Another natural question to ask is whether the nerve functor for Penon weak
n-categories is full and faithful. We now prove that it is faithful, then argue
that it is not full and explain why this is the case.

Proposition 6.2.2. The nerve functor N': P-Alg — [(©™)°P, Set]| is faithful.

Proof. The idea of the proof is as follows: every presheaf (0™)°° — Set has
an underlying n-globular set, and in the case of the nerve of a Penon weak
n-category, this is isomorphic to the underlying n-globular set of the original
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P-algebra. A map of P-algebras is a map of the underlying n-globular sets sat-

isfying a certain commutativity condition, and when we apply the nerve functor

to such a map the action on underlying n-globular sets remains unchanged.
For all 0 < k < n, write

(1,0) :=(1,1,...,1,0,0,...,0) € O™
——

k times
Observe that R(1j,0) = X(1,0), so I,,(1x,0) = FpX(1,0), where
Fp: n-GSet — P-Alg
is the free P-algebra functor. Furthermore, for k € G,,,
X (14,0) = Hy, = Gp(—, k),

i.e. X(1,0) is a representable functor. Thus, by the Yoneda lemma, for any
A € n-GSet,

Ap = n-GSet(Hy, A) = n-GSet(X (14, 0, A)),

naturally in A and k. Let A = (84: PA — A) be a P-algebra. Then, by the
adjunction Fp 4 Up,

n-GSet(X(1;,0), A) = P-Alg(I,,(1;,0), A),

naturally in A.

Now suppose we have P-algebras A= (04: PA— A), B=(0p: PB — B),
and maps of P-algebras u, v: A — B such that Nu = Nv. Thus, for each
0 < k <n we have

U0 —=v0—: P_Alg(I7L(1kaO)7A) - P_Alg(jn(lkvo)ag)

We can write u; as the composite shown in the diagram below:

Uk

Ay, By,

o o

n-GSet(Hy, A) ——————— n-GSet(Hy, B)

o o

n-GSet(X(1,0), A) ———— n-GSet(X(14,0), B)

o o

P-Alg(I, (14, 0), A) ——— P-Alg(I,(14,0), B)
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and similarly, we can write vy as:

Vg

Ay

By,

o

IR

n-GSet(Hy, A) ————— n-GSet(Hy, B)

o o

n-GSet(X (1,0), A) ———— n-GSet(X(14,0), B)

o oy

P-Alg(l,(1x,0),.A) — P-Alg(1,(1,0),B).

Since u o — = v o —, these diagrams give us that uy = vy, for all 0 < k < n, so
u = v. Hence the nerve functor N': P-Alg — [(0™)°P, Set] is faithful. O

To see that the nerve functor is not full, consider the P-algebra illustrated

below:
[ ]
h
e — e
W

k

where g o f = h. Any endomorphism of this P-algebra that sends f to f and
g to g must also send h to h, since maps of P-algebras preserve composition,
and h = g o f. However, when we consider endomorphisms of the nerve of this
P-algebra, we see that there are endomorphisms sending f to f and g to g that
send h to k; such endomorphisms are not in the image of the nerve functor.

This illustrates a key difference between algebraic and non-algebraic defi-
nitions of weak n-category: in the algebraic case the natural notion of map
preserves the composition structure, but in the non-algebraic case there is no
specified composition structure to preserve. In the example above, once we
have applied the nerve functor we no longer remember which cell was go f, and
morphisms can now map h to any legitimate choice of composite.

Note that maps of nerves are still required to preserve identities, how-
ever, since these are specified by degeneracy maps. This means that maps of
Tamsamani—Simpson weak n-categories behave like normalised maps, i.e. those
that preserve identities strictly, but are only required to preserve composition
weakly. This has been formalised in the 2-dimensional case [LP08]. There is
currently no definition of normalised maps of Penon weak n-categories, and we
believe that such a definition would be necessary to adapt our nerve construction
to give a a full nerve functor for Penon weak n-categories.

One final question raised by this work is whether every Tamsamani—Simpson
weak n-category arises as the nerve of a Penon weak n-category. To answer
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this question we would need to construct a Penon weak n-category from a
Tamsamani—Simpson weak n-category. Note that there will be no canonical
way to do this, since it would involve making choices of composites.

This nerve construction is a considerable first step towards understanding
the relationships between algebraic and non-algebraic definitions of weak n-
categories. We have made a connection between the algebraic definition of
Penon weak n-categories and the non-algebraic setting in which Tamsamani—
Simpson weak n-categories are defined, allowing for the relationship between
these definitions to be studied. Our nerve construction is the first to allow
for such a comparison, and we believe that it should pave the way for more
connections to be made between algebraic and non-algebraic definitions of weak
n-category.
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