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ABSTRACT 

This thesis is focused on the comparative investigation on the torque characteristics, both 

average torque and torque ripple, of permanent magnet (PM) and electrically excited (EE) 

machines for direct drive applications, which require both high torque density and low torque 

ripple.  

The effectiveness of two of the most widely used methods, i.e., rotor shaping and skewing, 

for torque ripple reduction in EE and PM machines is investigated. It is found that the 

effectiveness of skewing largely depends on the axial variation of torque ripple phase but less 

on its magnitude under skewing. It is further found that, in both linear and nonlinear cases, 

the on-load torque ripple cannot be fully eliminated by skewing one on-load torque ripple 

period or any other angles, except 360º electrical, which is impractical. The torque ripple may 

be even increased by skewing, especially when the cogging torque is low and electric loading 

is high. An improved skewing is developed by optimising both the skewing and current phase 

advance angles when the conventional skewing method fails. Compared with PM machines, 

rotor shaping is less effective on torque ripple reduction in EE machines due to the 

asymmetric magnetic saturation of the stator and rotor cores. However, if rotor skewing is 

used then EE machines can still achieve the same low level of torque ripple as PM machines. 

In order to better understand characteristics of on-load torque and hence improve it, the on-

load torque separation of PM machines is investigated as well. It is found that the average 

torque components can be appropriately separated using the virtual work principle but not by 

the Maxwell stress tensor. For the on-load cogging torque calculation, which is the most 

difficult challenge for on-load torque ripple separation, a new method is proposed by 

combining the virtual work principle with an improved frozen permeability method.  

For torque density optimisation, analytical methods are often desirable. This thesis 

develops an analytical model for PM machines having external rotor. It is shown that the 

torque density is maximum when the average airgap flux density is slightly lower than half of 

the maximum flux density in the stator. In order to compare the torque densities between EE 

and PM machines, a simplified analytical model of EE machines is developed as well. It is 

shown that, for EE machines, there is an optimal pole number to maximize the torque 

densities and it is more advantageous for large volume applications. PM machines can exhibit 

higher than √2 times torque densities of EE machines. The designs of maximum torque per 

weight are more cost-effective and result in a significantly larger airgap diameter than the 

designs of maximum torque per volume.  
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NOMECLATURE 

a3 Normalised amplitude of third order harmonic 
Aa, Af Total stator slot and field winding areas per machine 
bt Minimum stator tooth width 
B Flux density 
Ball Resultant flux density with both permanent magnet (PM) and armature 

excitations 
Bi, BPM Resultant flux density with armature or PM excitation only 
Bn, Bt Normal and tangential flux density components 
Bn(open) Normal flux density component on open circuit 
Bt(open) Tangential flux density component on open circuit 
Bp Parallel flux density component in permanent magnets 
Bm Maximum flux density in the lamination 
Br Magnet remanence 
Bδav Average airgap flux density over pole arc 
Bδm Maximum airgap flux density over pole arc 
B(FP, i) Resultant flux density with armature only using frozen permeability (FP)

method 
B(FP, PM) Resultant flux density with PM excitation only using frozen permeability 

(FP) method 
Do Outer diameters 
Di Inner diameter 
Dro Rotor outer diameter 
Dry Diameter at outer surface of rotor yoke 
Dsb Diameter at slot bottom 
Dso Stator outer diameter 
Dδ  Airgap diameter 
Ea Phase back electromagnetic force in root mean square (RMS) 
G Total active material weight 
Ga, Gsc, Gr Active material weights of armature winding, stator core, and rotor 
ht Equivalent tooth tip height including slot wedge 
hps Pole shoe height of electrically excited machines 
hsc Stator yoke thickness 
H Magnetic field strength 
Hall Magnetic field strength due to permanent magnet and armature excitations 
Hi Magnetic field strength due to armature excitation only 
Hpm Magnetic field strength due to permanent magnet excitation only 
Ia Phase current in RMS 
Iap Peak value of phase current  
If Field current of electrically excited machines in DC 
k Harmonic orders, k=1, 2, 3… 
k5sk, k7sk Skewing factor of sixth-order torque ripples due to fifth and seventh flux 

linkages 
kavsk Skewing factor of average torque 
kcksk Skewing factor of kth-order cogging torque component 
kdp Winding factor 
km Magnitude ratio of airgap flux density distribution 
kpa, kpf Armature and field winding packing factors 
ksb Stator yoke coefficient 
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k  Flux ratio of airgap flux density distribution 
Laend Armature end winding length (single side) 
Ldd, Lqq D- and q-axis self-inductances 
Ldq Mutual inductance between d- and q-axes 
Lef   Effective axial length 
Lfend Field end winding length (single side) 
N Number of skewing steps 
Na Number of turns per phase 
NaIa, NfIf Armature and field magnetomotive forces 
Ns Slot number 
p Number of pole pairs 
pcu, pcua, pcuf Total, armature and excitation copper losses 
r Radius of integration path 
Rarc Radius of offset centre arc 
T Output torque 
T1, T2 Torque components of the first and second slice of 2-step skewed machines
T6(em),  Sixth harmonic of electromagnetic torque 
T6(5), T6(7) Sixth torque components contributed by the fifth and seventh flux linkages 
Tav Average torque 
Tc Cogging torque without skewing 
Tc(k) Magnitude of kth-order cogging torque components 
Tc(open) Open-circuit cogging torque 
Tc(load) On-load cogging torque 
Tdq0 Calculated torque using classical dq0 model 
Tin Corresponding torque of input power 
Tmw Calculated torque using Maxwell stress tensor method 
Tmw(FP,i) Calculated torque with on-load armature field only using Maxwell stress 

tensor method 
Tmw(FP,PM) Calculated torque with on-load PM field only using Maxwell stress tensor 

method 
Tmw(rel) Calculated reluctance torque using Maxwell stress tensor method 
Tmw(PM) Calculated PM torque using Maxwell stress tensor method 
TPM PM torque 
TPM(d) PM torque due to d-axis PM flux linkage 
TPM(q) PM torque due to q-axis PM flux linkage 
Tr Reluctance torque 
Tr(d-q) Reluctance torque due to d- and q-axis self-inductances 
Tr(dq) Reluctance torque due to mutual inductance between d- and q-axes  
Tsk Output torque with skewing 
Tvir Calculated torque using virtual work principle 
Tvir(FP,i) Calculated torque with on-load armature field only using virtual work 

principle 
Tvir(FP,PM) Calculated torque with on-load PM field only using virtual work principle 
Tvir(rel) Calculated reluctance torque using virtual work principle 
Tvir(PM) Calculated PM torque using virtual work principle 
Wm Magnetic energy 
Wmlc Magnetic energy stored in the system less the magnetic energy stored in the 

coils 
Wm’ Magnetic co-energy 
Wm(FP,i) Magnetic energy with on-load armature field only 



10 
 

Wm(FP,PM) Magnetic energy with on-load PM field only 
wm Magnetic energy density 
wair Magnetic energy density in air 
wiron Magnetic energy density in soft-magnet materials 
wPM Magnetic energy density in hard-magnet materials 
αp Pole arc to pole pitch ratio 
β Current phase advance angle 
γ Flux density ratio 
δ, δ' Mechanical and equivalent airgap lengths 
δad Equivalent airgap length representing magnetic reluctance in laminations 
θ Rotor position in electrical angle 
θ5, θ7 Phase of fifth and seventh flux linkage components 
θck Phase of kth-order cogging torque components 
θm Rotor position in mechanical angle 
θsk Skewing angle (electrical) 
λr Split ratio of inner diameter to the outer diameter 
λr Rotor split ratio of rotor inner diameter to the rotor outer diameter 
λs Stator split ratio of stator inner diameter to the stator outer diameter 
λδ Split ratio of airgap diameter to the outer diameter 
ρ Conductor resistivity 
σs, σr Stator and rotor flux leakage coefficients 
µ Average relative permeability of cores 
µ0 Permeability of the air 
µall On-load permeability 
µr Recoil permeability 
µrp, µrt Recoil permeabilities along parallel and tangential directions 
τ Pole pitch 

m, 1 Fundamental and maximum fluxes per pole 
ψm Maximum flux linkage per pole 
ψ1, ψ5, ψ7 Magnitude of fundamental, fifth, and seventh flux linkage components 
ψa Phase flux linkage 
ψd, ψq Total d- and q-axis flux linkages 
ψd(i), ψq(i) D- and q-axis flux linkages due to on-load armature field 
ψd(PM) D- axis flux linkage due to on-load PM field 
ψq(PM) Q-axis flux linkage due to on-load PM field 
ω Electrical angular speed 
ωm Mechanical angular speed 

 

  



11 
 

 

  



12 
 

CHAPTER 1 GENERAL INTRODUCTION 

1.1 Introduction 

As human society has developed the energy required to fuel the progress has increased 

dramatically. Currently the majority of this energy is derived from fossil fuels which, 

although have a very high energy density, are finite sources of energy. In recent years, global 

stocks of fossil fuels are falling at an accelerated rate due to high demand and the side effects 

of burning the fossil fuel are damaging the environment on a global scale. These have created 

a large interest in renewable and sustainable sources of energy, such as wind power [1]-[4], 

solar power [5], and tidal power [6]-[8], etc. which have all been developing rapidly over the 

past few years [9]. Electric drives represent one of the key technologies for exploiting these 

renewable energy sources and exhibit the advantages of high efficiency, fast response, and 

accuracy. These advantages coupled with recent advances in computational capabilities and 

power electronics have meant that conventional mechanical, hydraulic, or pneumatic 

propulsion and transmission systems for various applications, such as transportation [9]-[15] 

and aerospace [16], have been or are in the process of being replaced by electric systems. 

Electric drive systems can be divided into two groups: geared and direct-drive (DD) 

systems, as shown in Fig. 1.1. In a geared system, the electric machine can run at higher 

speed allowing a reduced machine volume. The system output torque is boosted by the 

gearbox. Although the employment of a mechanical gearbox has many benefits, it also has 

many drawbacks. For wind power generation applications, it is often stated that the 

mechanical gearbox increases the mass, the volume, and the cost of whole drive system and 

reduces the system efficiency. The system also becomes more complicated and hence less 

reliable [17]-[21]. Furthermore, the gearbox needs regular maintenance and can cause 

significant vibration and acoustic noise. By removing the gearbox, as in DD systems, the 

drive train is greatly simplified. Consequently, the system efficiency, reliability, and lifetime 

are improved significantly. Other benefits, such as low system inertia, faster and more 

accurate response, and higher drive stiffness, can be obtained as well. Therefore, the DD 

system is preferred in modern applications and has been employed in various applications, 

such as high performance servo system, electric vehicles, and renewable energy generation. 

A key concern with DD systems is that without the gearbox, the machine speed is lower. 

Consequently, the electric machine is larger and heavier. The system performance largely 

depends on the electric machine. Therefore, torque density optimisation of electric machines 
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is increasingly important in the DD systems. Furthermore, since the machine shaft is 

connected to the load directly, the requirement to reduce the torque ripple over the 

operational range is also much higher for DD systems than with equivalent geared systems.  

Therefore, in this thesis, the torque characteristics, both average torque and torque ripple, 

of the electric machines for the DD applications are comprehensively investigated. 

(a) Geared system (b) Direct drive system 
Fig. 1.1. Illustration of geared and direct drive systems. 

1.2 Electric machines 

In electric drive systems, the system performance largely depends on the electric machine 

employed. Progress in the development of materials, power electronics, and control 

technologies over the past few decades has enabled the development of various electric 

machines [9]-[83]. The major electric machine technologies are summarized in Figs. 1.2 and 

1.3.  

Historically, electric drives were dominated by induction machines (IM) and electrically 

excited (EE) machines. However, in more recent times, new machine technologies such as 

permanent magnet (PM) machines have become more popular due to high torque density and 

efficiency, especially when high energy permanent magnet materials are employed.  

Switched reluctance (SR) and synchronous reluctance machines were developed by 

utilizing reluctance torque [74]-[82]. However, in order to start and smoothly run the 

reluctance machines, electronic controllers were inevitable. Furthermore, unlike EE and PM 

machines, there was no independent excitation, such as permanent magnets or field windings. 

Hence, the torque densities of reluctance machines were similar to IM's. Therefore, they were 

usually considered as alternative options to IMs.  

Hybrid electric machines were developed by uniquely integrating different machine 

technologies. Due to the variety of ways of integration, a large number of hybrid electric 

machine topologies have been developed. They were very attractive to electric vehicles and 

became one of most popular topics under investigation [12] [83].  

Amongst all these electric machines, IMs, EE machines, and PM machines remain the main 
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1.2.1 Induction Machines 

IMs are the most mature electric machine technology. IMs dominated electric drives before 

the development of PM machines and remained one of the most popular electric machines 

after the development of PM machines [51]-[56]. The major advantages of IMs are low cost, 

simple and robust rotor. The torque production of IMs relies on the currents induced on the 

rotor. In order to maintain the rotor current, a slip speed between the rotor and stator fields is 

necessary. If the slip speed is too high, the efficiency of IMs will be reduced due to high rotor 

loss. Therefore, the speed range of IMs is relative narrow. In order to extend the speed range, 

doubly fed IMs, in which the rotor windings are connected to a power electronic converter, 

are often employed. Typically, the speed ranges can extend to ± 30% around the synchronous 

speed [23] [52]. 

For DD applications, the machine speed is much lower due to the elimination of the 

gearbox and the speed varies across a large range. For example, the speed range of 3MW 

wind power generator is from 6 rpm to 20 rpm. It is not technically feasible to have a multi-

pole low speed doubly fed IM for wind power generation without a gearbox [23]. Even for 

the concept of doubly fed induction generator with a one-stage gearbox, which was proposed 

in [21], there was no commercial implementation [53]. Therefore, IMs are currently not 

suitable for low speed DD applications.  

1.2.2 Electrically Excited Machines 

The majority of EE machines are used to generator power, such as steam turbine generators, 

hydroelectric generators, and nuclear power plants. Electrical energy is mainly generated by 

EE machines [60]. However, EE machines can also be used for driving applications, such as 

ship propulsion, pumps, and rolling mills. In recent years, EE machines have also been 

employed in wind turbine generators [17], [21], [22], [61], electric vehicles [62], [63], 

aerospace applications [64]-[66], and industrial applications [67]. In high temperature super 

conducting applications, nearly all the machines employed are EE machines [61], [65], [67]. 

Therefore, various investigations are being carried out on EE machines [68]-[73].  

In EE machines, conventional distributed overlapping armature windings are usually 

employed. For the rotor structure, there are two types: non-salient and salient, as shown in 

Fig. 1.4. Non-salient pole EE machines are usually manufactured for 2 or 4 poles high speed 

turbine generators driven by gas or steam turbines. Salient pole EE machines are made for 

low speed applications with a large number of poles (2p > 4) [60].  
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(a) Non-salient pole (b) Salient pole 
Fig. 1.4. Schematics of EE machine topologies. 

The main advantages of EE machines can be summarized as: 

 They are relative cheap, since there is no expensive PM material. 

 There are three independent control variables, i.e., d-axis armature current, q-axis 
armature current, and excitation current. Compared with PM machines, the excitation 
field is adjustable. Therefore, the control strategies are more flexible and particularly 
suitable for flux weakening.  

 Unity power factor can be achieved, which benefits the power converters. 

The main disadvantages of EE machines are excitation losses and devices, either a set of 

mechanical brushes/slip rings or a power electronics rectified exciter on the rotor. 

1.2.3 Permanent Magnet Machines 

Permanent magnet machines have developed extremely fast in last few decades, especially 

with the invention of high energy permanent magnet material, i.e., Neodymium Iron Baron 

(NdFeB), in the early 1980s [84], [85]. PM machines have been popular for various 

applications, such as aerospace, automotive, renewable energy, industrial and domestic 

applications etc [9]-[17], [21]-[51].  

Due to the permanent magnets, PM machines are inherently efficient, since they are 

excitation copper loss free. By employing high energy PM material as well as flux focusing 

topologies, higher airgap flux densities, torque, and power densities can be achieved. For the 

same torque, PM machines can be much smaller and lighter than IM and EE machines. 

The main disadvantages of PM machines are also due to the permanent magnets. First, PM 

machines are relatively more expensive due to the requirement for costly rare earth materials. 

Second, PMs have the possibility of irreversible demagnetization, which can be caused by 
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high temperature, vibration, or exposure to high demagnetization fields. Third, due to the 

fixed PM flux, flux weakening is often employed to extend the constant power speed range. 

However, a high demagnetizing current is required to achieve this, which results in extra 

copper loss in the machine and increases losses in the power electronic converters.  

In order to further improve the performance, various types of PM machines have been 

developed specially for different applications and they are briefly summarized as follows. 

 According to the flux path, they can be classified as radial-field, axial-field [25]-[28], 

and transverse-flux PM machines [29], [30], as shown in Fig. 1.5. Amongst them, the 

radial-field PM machines are the most popular due to their simple, cheap, and robust 

configuration. 

 Based on the location of PMs, PM machines can be classified into two groups: PMs 

on the rotor and PMs on the stator. For topologies with PMs on the rotor, they can be 

further divided into four types, namely surface-mounted, surface-inset, interior-radial, 

and interior-circumferential, as shown in Fig. 1.6. For the machines with PMs on the 

stator, there are three main types, namely double salient PM machines, flux-reversal 

PM machines, and flux switching PM machine, as shown in Fig. 1.7 [31]-[45]. The 

rotors are simpler and more robust in stator PM machines, however the design of the 

stators tends to be more complicated. More importantly, in order to achieve equivalent 

torque density, higher volumes of expensive permanent magnet is required for stator 

PM machines than conventional rotor PM machines. Therefore, for most applications, 

conventional rotor PM machines are the most promising. 

 Even for conventional radial-field PM machines having PMs on the rotor, they can be 

further classified according to the slot/pole number combination, such as integral slot, 

conventional fractional slot having slot number per pole per phase q being 0.5, 

fractional slot having slot and pole numbers being different by 1 (Ns = 2p ± 1), and 

fractional slot having slot and pole numbers being different by 2 (Ns = 2p ± 2), as 

shown in Fig. 1.8. Compared with conventional integral slot machines, fractional slot 

machines having Ns = 2p ± 1 or Ns = 2p ± 1 exhibit higher efficiency and torque 

densities, due to the significant reduction of end windings. They also have much 

lower cogging torque and torque ripple, due to having a much higher smallest 

common multiple (SCM). However, since the armature magnetomotive force (MMF) 

contains rich harmonics, they potentially have higher eddy current loss, iron loss, 

vibration and acoustic noise. For the fractional slot machines having Ns = 2p ± 1, 
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1.3 Torque Density Maximization 

The optimisation of electric machines has been always one of the most important topics in 

machine design and was intensively discussed in literature [89]-[119]. In general, there are 

three ways of carrying out machine optimisation, i.e., analytical models [89]-[106], magnetic 

equivalent circuit (MEC) [68], [69], [107], [108], and Finite Element (FE) analysis [109]-

[119]. With the development of computing devices and commercial FE software, FE analyses 

are increasingly popular, since it is easy to implement and does not require strong 

background knowledge. It is also able to simulate various conditions and consider the 

influence of magnetic saturation. However, although the computing speed is much faster, FE 

analyses are still time consuming, especially for optimisation, in which thousands of cases 

need to be evaluated. Therefore, it is better to use FE analyses for validation and adjustment 

of the design. In order to improve the computational speed while considering the influence of 

magnetic saturation, the MEC method is often employed. However, the accuracy of MEC 

largely depends on the accuracy of individual magnetic circuit components and the couplings 

between them. Therefore, in order to implement MEC properly, detailed knowledge on 

magnetic circuit modeling and the basic characteristics of magnetic field distribution is 

essential, which makes implementation much more difficult than using FE methods. However, 

both the FE and MEC methods are based on discretization, which means they have 

difficulties revealing the whole picture. Being different from the FE and MEC methods, the 

analytical method is based on modeling and optimising the geometric and electromagnetic 

relationships between different parts. Although the accuracy is usually compromised due to 

neglecting magnetic saturation, more importantly, analytical methods are able to reveal the 

whole picture and link the performance to the relationships between design parameters, 

which is extremely valuable for machine designs. Therefore, more insights and general 

conclusions can be obtained by using analytical methods to guide the machine design. 

Most previous discussions on analytical optimisation were based on machines with an 

internal rotor, as this was the major configuration. In [89], instead of the conventional output 

equation based on the airgap diameter, the output coefficient for salient-pole EE machines 

was expressed for the first time as a function of the outer diameter, airgap diameter, effective 

axial length, magnetic loading and electric loading. The optimal airgap flux density was 

derived when the outer diameter, airgap diameter and number of poles were fixed. The 

influence of the rated phase voltage, stator slot depth, number of poles and airgap diameter on 

the output coefficient was investigated as well. In [90], several general sizing equations, 
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based on the outer diameter or the airgap diameter, were developed for electric machines. It 

was shown that the output torque was significantly influenced by the split ratio, i.e., the ratio 

of the airgap diameter to the outer diameter, and the flux density ratio, i.e., the ratio of airgap 

flux density to the flux density in the stator. The optimal split ratio for maximum torque per 

volume was derived. The influence of the flux density ratio and pole number on the optimal 

split ratio and maximum output was investigated as well. It showed that, when the flux 

density ratio was high, the optimal design would be an “iron machine”. When the flux density 

ratio was low, the optimal design would be a “copper machine”. The optimal split ratio and 

maximum output increased with the number of poles monotonously. The analytical model 

was also extended to cover the case having rectangular stator slots. However, the output 

torque coefficients in [89] and [90] have some limits. First, although it was tried, the output 

coefficients are not a function of the machine volume. Second, the torque coefficients were 

developed assuming a given airgap flux density, which is suitable for PM machines but 

inappropriate for EE machines, as will be shown in this thesis later. Third, the optimal 

quantities were derived by optimizing the stator only. However, the optimal quantities may 

be different when both stator and rotor are considered, especially for EE machines. 

Furthermore, the pole number was fixed in [89] but it is an important design parameter to be 

investigated.  

In [91], a general power density equation was developed for radial-field machines based on 

the split ratio, i.e., the ratio of the airgap diameter to outer diameter, and the aspect ratio, i.e., 

the ratio of the effective axial length to airgap diameter. In order to cover various conditions, 

the waveform coefficients for various current and back EMF waveforms were calculated. The 

developed general power density equation was used for the comparison between IMs and 

double-salient machines. In [92], a general power density equation for axial field machines 

was developed by the same authors in the similar way and used for the comparison between 

conventional axial field PM machines and axial field two-stator PM machines. 

The analytical optimisation of PM machines has been investigated in-depth in [93]-[103]. 

In [94], a simple expression of the optimal split ratio, i.e., the ratio of the rotor diameter to the 

outer diameter, was derived for radial-field PM machines having distributed overlapping 

winding, parallel teeth, and neglecting the end winding and tooth-tips. The influence of the 

number of poles, magnet material, and maximum flux density in the stator and rotor cores on 

the optimal split ratio was investigated based on the developed expression. The 

demagnetization issue linked with low split ratio was discussed as well. Based on [94], the 

influence of the split ratio on the overall cost of the machine was further investigated in [95]. 
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In [96], the analytical model was extended to cater for high speed brushless DC motors 

having non-overlapping windings and a diametrically magnetized rotor. In [97], the analytical 

model was improved further to derive the optimal split ratio for maximum torque per volume 

for various PM machines, such as brushless AC or DC, overlapping or non-overlapping 

windings, and sinusoidal or rectangular airgap flux density distributions. The influence of 

tooth-tips and end windings on the optimal split ratio was investigated as well. Furthermore, 

in [98], the discussion focused on fractional-slot IPM machines, which have more freedom to 

achieve higher airgap flux density by using flux focusing configurations. Also in [98], for the 

first time, the flux density ratio was treated as another independent variable to be optimised in 

addition to the split ratio. The expressions of optimal split ratio and flux density ratio were 

obtained individually with one of these two variables being specified. By optimizing these 

two variables together, the global optimum was also derived. It showed that, mathematically, 

the global optimal flux density ratio was 1 for IPM machines having parallel teeth. However, 

it suggested that the preferred flux density ratio was around 0.5-0.7, since the torque saturated 

as the flux density ratio increased and the magnet usage increased significantly as well when 

the flux density ratio was above 0.7. The influence of slot and pole number combinations and 

tooth-tips on the optima was investigated as well. The analytical model developed in [99] was 

focused on large PM synchronous generators, which had rectangular stator slots. It showed 

that the optimal split ratio without any tangential stress constraint was much lower than the 

one with the tangential stress constraint included. However, in order to improve the 

estimation accuracy, an iterative correction procedure was necessary. 

The analytical optimisation in [100] and [101] was focused on PM machines with an 

external rotor. In external rotor PM machines, first, the maximum achievable airgap flux 

density is limited by the split ratio of the rotor inner diameter to the outer diameter. Second, 

the stator slot area depended on the stator outer diameter and the diameter at the bottom of 

the slot, which may be linked with the inner diameter, instead of the outer diameter. 

Therefore, analytical models dependant on inner rotor PM machines were not applicable. The 

analytical torque model in [100] and [101] was developed when the inner and outer diameters 

were fixed and the airgap flux density was fixed to its maximum achievable value for the 

specific split ratio. Therefore, the developed torque was a function of the split ratio only. 

However, it was mathematically too complicated to analytically derive the optimal split ratio 

based on the developed model. The optimal split ratio was obtained alternatively by scanning. 

The influence of slot/pole number combinations, maximum flux densities, tooth-tips, and 

end-windings on the optimal split ratio was investigated as well.  
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A concern with the model in in [100] and [101] is that it is inappropriate to fix the airgap 

flux density to its maximum achievable value even in external rotor PM machines, since the 

airgap flux density can still be independent of the split ratio when it is lower than the 

maximum achievable flux density. As will been shown later in this thesis, the optimal airgap 

flux density is lower than the maximum value for the most of the split ratio range. Therefore, 

in this thesis, the airgap flux density is first treated as an independent variable to find the 

theoretical optima. Then, the practical optima are obtained by further considering the 

relationship between the maximum achievable airgap flux density and the split ratio. The 

investigation is also extended to cater for cases when the limitation of inner diameter does not 

influence the optimal design. In this case, the stator slot area and hence the torque are 

functions of the split ratio, the flux density ratio, and the stator split ratio, and much more 

complicated. However, by using the proposed optimisation procedure, which will be detailed 

later, it is still able to analytically derive the optimal stator split ratio, split ratio, and flux 

density ratio and hence will provide valuable insights and aid the external rotor PM machine 

design. It will also be shown that, instead of the optimal split ratio, which is close to 1, the 

derivations of optimal flux density ratio and stator split ratio are more useful for the external 

rotor PM machine design. 

In order to quantitatively compare the torque densities of EE and PM machines, an 

analytical torque model for EE machines, which considers the influence of magnetic 

saturation in the laminations in a simplified way, is developed in this thesis as well. Being 

different from the investigation in [89] and [90], the airgap flux density in EE machines is not 

constant but a variable, which links the rotor design to the torque and will be optimised. It 

will be shown later in this thesis that the optima obtained by optimising the stator only are 

significantly different from the optima obtained when the stator and rotor are optimised 

together.  

1.4 Torque Ripple Minimization 

Apart from optimisation of average torque, torque ripple minimization is another important 

issue to be addressed, since the machine is connected to the load directly in DD systems and 

hence the requirement to reduce the torque ripple over whole load range is much higher than 

the requirements of equivalent geared systems. 

Being different from EE machines, even on open-circuit, PM machines have the torque 

ripple, i.e., cogging torque. The cogging torque is manifested by the interaction between the 
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rotor PM MMF and stator magnetic reluctance. It is a pulsating torque and causes vibration 

and acoustic noise. When PM machines are on load, the torque ripple is contributed by both 

the cogging torque and EM torque ripple [120].  

Torque ripples can be reduced by either machine designs [120]-[182] or control methods 

[183]-[187]. However, most investigations on torque ripple reduction of PM machines were 

focused on open-circuit conditions, where the open-circuit cogging torque is the only 

component and the influence of magnetic saturation due to load is often neglected. The open-

circuit cogging torque can be investigated by various methods, in particular by using 

analytical methods [121]-[126]. Consequently, various ways of reducing the open-circuit 

cogging torque have been developed. However, the on-load torque ripple is much more 

complicated than the open-circuit one. It has been shown in [164], [165], [167], [188]-[190] 

that the on-load torque ripple can be influenced significantly by magnetic saturation. 

Therefore, it is much more difficult for analytical methods. Instead, the on-load torque ripples 

were often investigated by FE analyses. Since the on-load PM and armature fields couple 

with each other, it was also significantly difficult to obtain the individual on-load torque 

component. Therefore, less investigations were focused on the on-load torque ripple 

reduction and most of them were only able to study the total on-load torque ripple.  

In [120], torque ripple minimization techniques for PM machines, both brushless DC 

(BLDC) and brushless AC (BLAC), were systematically reviewed. On the machine design 

aspect, it covered machine topologies, skewing, winding types, rotor designs, and stator 

designs. On the control aspect, it reviewed five methods, namely programmed current 

waveform control, estimator and observers, commutation torque minimization, speed loop 

disturbance rejection, and high-speed current regulator saturation. It was concluded that the 

most effective ways to minimize the torque ripple were by proper machine designs. 

In [121], the influence of various design parameters on open-circuit cogging torque was for 

the first time systematically investigated based on a general cogging torque expression. It was 

theoretically shown that the slot and pole number combination had a significant effect on the 

cogging torque and hence all the other optimal parameters utilized to minimize the cogging 

torque. A simple but useful guideline was obtained to indicate the “goodness” of slot and pole 

number combination based on their SCM. The higher the SCM, the larger the cogging torque. 

The optimal values for the other design parameters, such as auxiliary teeth and slots, magnet 

pole arc, skewing angle, and stator slot opening, were obtained as well. All the conclusions in 

[121] were verified again by the improved analytical cogging torque expression developed in 

[123]. In [122], a similar investigation was carried out based on the highest common factor 
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between slot and pole numbers. Most conclusions remained the same as the ones in [121], 

except that it was slightly extended to cover the method of pole shifting. 

1.4.1 Rotor Shaping 

One of the most widely used methods of reducing the torque ripples for various machines is 

rotor shaping [127]-[146].  

One of the simplest ways of rotor shaping in electric machines is to change the pole arc to 

pole pitch ratio. In [127], the variation of open circuit cogging torque with the rotor pole arc 

to pole pitch ratio was calculated for the first time. In [128], the influence of the magnet 

shape on the open-circuit back EMF harmonics was investigated based on three magnet 

shapes, namely, rectangular, stepped, and trapezoidal, as show in Fig. 1.9. For a PM machine 

with trapezoidally shaped magnets, two different magnetization patterns, namely, parallel and 

radial, were further investigated in [129]. In [130], the optimal pole arc to pole pitch ratio of 

IPM machine was obtained for the lowest cogging torque.  

 
(a) Rectangular 

 
(b) Stepped 

 
(c) Trapezoidal 

Fig. 1.9. Three magnet shapes investigated in [128]. 

τ0

h

αpτ

τ0

h

αp1τ

αp2τ h2

h1

τ0

h

W1

W2

h



 

In [81

of pairin

In [81]

ripples,

was ach

method

Fig. 1.1

selectin

on-load

of magn

differen

circumf

alternat

1], [82], and

ng the pole

, two diffe

 were paire

hieved base

d was also d

11, can con

ng optimal m

d torque ripp

net material

nt flux b

ferentially, 

tive poles, a

(b) Lam

d [131], the 

e arc to pole

rent rotor l

ed in axial d

d on cancel

developed in

nsist of a va

magnet pair

ples can be 

l and easy a

arrier shap

as shown 

a low torque

mination of R
F

on load tor

e pitch ratio

laminations

direction, as

llation of th

n [131] for S

ariety of dif

rs, lower co

achieved. T

assembling.

pes were 

Fig. 1.12

e ripple was

(a) Axial co

R part 
Fig. 1.10. A

rque ripples

o for differen

s, which ha

s shown Fig

he on-load to

SPM machi

fferent axia

ogging torqu

This metho

. In [82], in

combined

2. Again, u

s obtained. 

ombination 

Axial pole pa

s were reduc

nt machines

ad different 

g. 1.10. Hen

orque ripple

ines. Axial m

al lengths a

ue, more sin

d also has t

nstead of pa

d within t

utilizing th

of two part

(c) L
aring in [81

ced by using

s, as shown

flux barrie

nce, low on

es of these t

magnet pole

as well as p

nusoidal bac

the advanta

iring along 

the same 

he cancellin

s 

Lamination 
]. 

g different m

n in Figs. 1.

er ends and

n-load torqu

two parts. A

e pairs, as s

pole arc wid

ck EMF, an

ages of effic

axial direc

rotor lam

ng effect b

 

of J part 

27 

methods 

10-1.12. 

d torque 

ue ripple 

A similar 

shown in 

dths. By 

nd lower 

cient use 

tion, the 

mination 

between 



 

Fig

By op

be redu

MMF h

pole sha

In [13

sinusoid

uniform

tile shap

wave m

back EM

shaped 

surface,

on the p

the mag

compon

g. 1.11. Axia

ptimising th

uced signifi

harmonics r

apes have b

32], three m

dal wave sh

m thickness.

pe to achiev

magnet was 

MFs and do

magnet, on

, and the oth

phase back 

gnitude of th

nent.  

al pole pairi

he pole arc 

icantly. Ho

remain rich

been propos

magnet shap

hape, were 

. The sinuso

ve a sinuso

developed b

oes not exis

ne part in 

her parts w

EMF expre

he third ord

ing in [131]

to pole pitc

wever, the 

. In order t

ed [132]-[1

pes, namely

compared. 

oidal wave 

idal airgap 

by utilizing 

t in line to l

the centre 

ere similar 

ession, it w

der harmoni

(

 

] Fig

ch ratio, bac

rectangula

to reduce th

39].  

y, tile shape

As shown 

shape was 

flux density

 the third or

line back E

was in a c

to that of th

was conclude

ics is 0.12 ti

a) Tile shap

g. 1.12. New

ck EMF har

ar rotor pol

he MMF ha

e, sinusoida

in Fig. 1.13

obtained b

y distributio

rder harmon

EMFs. With 

concentric a

he sinusoida

ed that the 

imes of the 

pe 

w way of po

rmonics and

e shape me

armonics fu

l wave shap

3, the tile sh

by paring of

on. The par

nic, which o

a parallel t

arc with th

al wave sha

optimal des

magnitude 

ole pairing i

d torque rip

eans that th

urther, vario

pe, and par

haped magn

ff the two e

rallel top sin

only exists 

top sinusoid

he inner sta

aped magne

sign occurre

of the fund

 

28 

in [82] 

ples can 

he rotor 

ous rotor 

allel top 

nets had 

edges of 

nusoidal 

in phase 

dal wave 

ator core 

et. Based 

ed when 

damental 



 

In [13

achieve

In [13

by Fig. 

which w

negligib

33], by solv

e sinusoidal 

Fig. 1.14.

34], a sinus

1.15 and (1

will be revi

ble cogging

Fig. 1.13.

ving Laplac

back EMFs

 Magnet sh

oidal parall

1.2). It was 

ewed later. 

g torque.  

(b) S

(c) Paralle
 Three mag

ce’s equation

s was obtain

ape, stator b

lel magnetiz

compared w

Both meth

Sine wave s

el top sine w
gnet shapes 

n in the air

ned and giv

back iron, a

/ cos

zed magnet

with a mach

hods can ach

shape 

wave shape
investigated

gap, a new 

ven by Fig. 1

and airgap le

t was expres

hine having 

hieve a sinu

d in [132]. 

way of sha

1.14 and (1.

ength variat

ssed in diffe

Halbach m

usoidal airga

 

 

aping the m

.1).  

tion [133]. 

ferent way, 

magnetized m

ap flux den

29 

magnet to 

 

(1.1)

as given 

magnets, 

nsity and 



 

In [1

discusse

distance

In [13

machin

circumf

shaping

paramet

Fig. 1.15.

35], the po

ed. An ecc

e, pole arc, 

36], it was c

es was h(θ

ferential flu

g method (F

tric optimis

 Magnet sh

ole shape o

entric magn

and magnet

Fig. 

concluded t

θ) = hmcos(p

ux density 

Fig. 1.17) w

sation of the

ape, stator b

∆ ∆

optimisation

net shape, 

tic bridge w

1.16. Eccen

that, for pre

pθ), as sho

componen

was develope

e centre-offs

back iron, a

∆ cos

n of 6-slot

as shown i

were optimis

ntric rotor s

e-estimation

own in Fig. 

nts and ma

ed instead o

set arc shap

and airgap le

t 4-pole sur

in Fig. 1.16

sed. 

shaping in [

n, the optim

1.14. How

agnetic satu

of the pre-e

ped was carr

ength variat

rface inset 

6, was adop

 
135]. 

al pole mag

wever, due t

uration, the

stimated sh

ried out as w

tion [134]. 

PM mach

pted. The e

gnet shape f

to the influ

e centre-of

haping meth

well. 

30 

 

(1.2)

hine was 

eccentric 

for SPM 

uence of 

ffset arc 

hod. The 



 

In [13

offset a

the max

shoe wi

shoe an

In [13

and the

and giv

analytic

where t

In [1

inverse 

for IPM

amplitu

37], three r

arc shape, a

ximum to m

idth to mag

ngle to pole 

38], by intr

e sinusoidal

ven in (1.3)

cally, which

the k is a co

39], the wo

cosine airg

M machines

ude of the th

Fig. 1.17

rotor shapin

and consequ

minimum ai

gnet width r

pitch ratio f

roducing thi

l wave mag

) and (1.4)

h was one si

efficient us

ork of [138

gap shape an

 was obtain

hird order ha

. Centre-off

ng methods,

uent poles, w

irgap ratio 

ratio for the

for the cons

ird order ha

gnet shape, 

. Furthermo

ixth of the f

cos

cos

ed to maint

8] was furth

nd the third

ned and sho

armonic wa

fset arc mag

, namely in

were invest

for the inve

e centre-off

sequent pole

armonics in

two new m

ore, an opt

fundamental

co

c

tain the min

ther extende

d order harm

own in Fig.

as one sixth 

gnet shaping

nverse cosin

tigated for I

erse cosine 

fset arc shap

es, were obt

nto the inver

magnet shap

timal third 

l componen

os 3

cos 3

nimum airga

ed for IPM

monic, the n

. 1.18. Aga

of the fund

 
g in [136]. 

ne airgap len

IPM machin

airgap leng

pe, and the 

tained for IP

rse cosine a

ping metho

order harm

nt. 

ap the same.

M applicatio

new way of

ain, it showe

damental com

ength shape

ines. The op

gth shape, 

soft magne

PM machin

airgap lengt

ods were de

monic was o

. 

ons. Combin

f rotor pole 

ed that the 

mponent. 

31 

, centre-

ptima of 

the pole 

etic pole 

nes. 

th shape 

eveloped 

obtained 

(1.3)

(1.4)

ning the 

shaping 

optimal 



 

In add

were re

samplin

reduce 

introduc

1.20, w

Fi

dition to the

eported. In 

ng strategy. 

the coggin

cing deep s

was develope

(a
Fig. 1

(a
Fig. 

ig. 1.18. Ro

e above, a n

[140], the 

In [141], a

ng torque a

slots betwee

ed to reduce

a) Original 
1.19. Cost-e

a) Original 
1.20. Shapi

otor shaping

number of a

magnet sh

a cost-effect

and is show

en the rotor

e on-load to

effective rot

ing method 

g method for

alternative m

hape was o

tive rotor sh

wn in Fig. 

r poles and 

orque ripples

 

tor shaping 

developed 

r IPM mach

magnet shap

optimised b

haping meth

1.19. In [1

flatting the

s.  

(b
for SPM de

in [142] for

hines in [139

ping method

by using th

hod for SPM

142], a new

e stator teeth

b) Cost-effe
eveloped in 

(b) Propos
r IPM mach

9]. 

ds for PM m

he Latin hy

M was prop

w rotor sha

h, as shown

ective 
[141]. 

sed 
hines. 

32 

 

machines 

ypercube 

posed to 

aping by 

n in Fig. 

 



33 
 

The rotor pole shaping methods of salient pole EE machines were reported in [60], [143]-

[146]. As stated in [60], in salient pole EE machines, generally, the inverse cosine airgap 

length shape, as shown in Fig. 1.14 and (1.1), was preferred. In reality, the offset centre arc 

shape, as shown in Fig. 1.17(b), was often employed instead of the inverse cosine airgap 

length shape. 

1.4.2 Skewing 

Beside shaping the rotor, skewing either the stator or the rotor is another widely employed 

method of torque ripple reducing for nearly all types of electric machines [120]-[123], [147]-

[173]. Skewing is also often used together with other methods to further reduce the torque 

ripples. 

In general, there are three ways to implement skewing, namely continuous, stepped, and 

herringbone, as shown in Fig. 1.21. Stepped skewing was developed to simplify 

manufacturing [147]. Herringbone skewing was developed to reduce the axial asymmetry and 

the axial force [148]. In literature, some other skewing methods, although were not widely 

used, were also developed for especial purposes, such as examples highlighted in [25], [149], 

and [150]. 

 
(a) Continuous (b) Stepped (c) Herringbone 

Fig. 1.21. Three ways of skewing. 

Most of investigations on the influence of skewing were focused on open-circuit 

performance, such as cogging torque and EMF. The influence of magnetic saturation is often 

neglected and hence analytical methods can be employed for analyses [121]-[123], [151]-

[153]. It was shown that the open-circuit performance was always improved significantly by 

skewing and its influence can be represented by skew factors, whilst the cogging torque can 

be eliminated by skewing one slot pitch, or more precisely, by one cogging torque period 
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[121]-[123]. In addition, skewing either the stator or the rotor had the same effect on cogging 

torque and EMFs.  

However, the on-load torque ripples are much more difficult to analyze by analytical 

models due to magnetic saturation. Hence, FE methods were often employed [154]-[164]. 

Ideally, the 3D FE method is required for analysing the influence of skewing. However, the 

3D FE method tends to be complicated and time consuming. Therefore, the 2D multi-slice 

method was widely used. However, it should be noticed that, using 2D multi-slice method, 

the end effects of skewing are not considered.  

The effectiveness of skewing was examined in [164]-[168]. In [164], it was found that, in 

induction machines, the skewing caused axial variation of magnetic saturation. Hence, the 

magnetic saturation dependent parameters were different at different axial locations. 

However, only the inductance results were given in the paper. In [165], the influence of 

skewing on the magnetic field distributions of an EE machine was studied by experimental 

methods. By using search coils, the field distributions were calculated from the measured 

voltage waveforms. It was shown that, on open-circuit, a regular phase shift along axial 

direction can be observed due to the effects of skewing. However, when the machine was on 

load, not only the phase shift but also the variation of magnitude along axial direction were 

observed, since the armature and excitation flux densities interacted at different phase angles. 

Due to this, the iron loss at rotor pole face was increased by 18% when the skewing was 

introduced. In [166], the optimal skewing angle between PM segments for 2-step skewing 

was derived in terms of the lowest EMF harmonics, being half of the cogging torque period. 

Thus, the cogging torque was diminished by skewing. However, the test results showed that 

the on-load torque ripple was only reduced slightly and can be reduced more effectively when 

a larger skewing angle was applied. In [167], the influence of electric loading and magnetic 

saturation on the cogging torque and EMF was investigated. The on-load torque ripples were 

found to be much higher due to a much higher on-load cogging torque and richer on-load 

EMF harmonics under the influence of electric loading and magnetic saturation on load. 

Furthermore, the on-load cogging torque period became much larger than the open-circuit 

one and the same as on-load torque ripple period, i.e. 60º electrical for 3-phase machines, 

which caused the skewing based on open-circuit analyses less effective. However, it was 

mentioned that by increasing the skewing angle to the on-load torque ripple period, the on-

load torque ripple could be still diminished effectively. In contrast, [168] reported for the first 

time that on-load torque ripples could not be always reduced by skewing. Based on the multi-

slice model, it was found that the equivalent current phase advance angle for each slice under 
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skewing was different, which resulted in the variation of on-load torque ripple magnitude 

along axial direction. This axial variation of torque ripple magnitude could have caused the 

skewing less effective or even failed on torque ripple reduction. 

However, as will be shown in chapter 3, the effectiveness of skewing largely depends on 

the axial variation of the torque ripple phase but less on its magnitude under skewing. 

Therefore, in this thesis, the influence of skewing on torque ripples in PM machines with 

different magnet shapes and loads are investigated, with the aims to reveal (a) why the on-

load torque ripple cannot be reduced even by skewing one on-load torque ripple period; (b) 

when the skewing will be less effective or even fail to reduce the on-load torque ripple; (c) 

which torque ripple component is responsible for this; (d) whether it is only due to the 

influence of magnetic saturation; and (5) ways of improving the skewing when the 

conventional skewing method fails. 

1.4.3 Other Methods 

In addition to rotor shaping and skewing methods, there are also a number of alternative 

methods to reducing torque ripple, which are briefly reviewed. 

One of the methods is the combination of slot and pole numbers. Beside the open-circuit 

cogging torque, which has been illustrated earlier, the slot and pole number combination also 

largely decides the winding connections and, hence, the winding factors and torque ripples. In 

[174], it was shown that by using an odd slot number per pole pair in IPM machines, the 

torque ripple can be lower than 5% without skewing or rotor shaping. In [175], for BLDC PM 

machines, instead of an integral slot number per pole, one additional slot was employed, such 

as changing from 24-slot to 25-slot. In this way, both the cogging torque and the on load 

torque ripple were greatly reduced whilst maintaining a good trapezoidal back EMF 

waveform can still be maintained. The disadvantage of this technique was that the resultant e 

armature winding was unbalanced, which resulted in UMF and vibration. 

In [132], [176], and [177], rotor pole shifting was employed for torque ripple reduction, as 

shown in Fig. 1.22. However, caution should be paid to the unbalance issues, such as UMF, 

vibration and noise, when using the shifting. 
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(a) Ideal (b) Segmented 
Fig. 1.24. 4-pole Halbach magnetized magnet. 

For all the methods developed for torque ripple reduction, further attention should be paid 

to the influence of magnetic saturation on torque ripples. In [164], [165], [168], [188]-[190], 

it has been clearly illustrated that the torque ripples were influenced significantly by magnetic 

saturation. It also suggested in [189] and [190] that, in order to achieve lower torque ripple, 

lower magnetic saturation was preferred. Therefore, it was better to have lower electric 

loading, larger machine volume, larger slot opening, wider teeth, and narrower magnets. 

1.5 On-load Torque Separation 

As mentioned in the previous sections, the open-circuit cogging torque can be analysed by 

various methods allowing various methods of cogging torque reduction to be developed 

accordingly. However, this is not the case for on-load torques due to two reasons. First, the 

on-load torque has several components and the characteristics of each torque components are 

different. In terms of on-load average torque, it is contributed by the PM and reluctance 

torques. The PM torque is due to the interaction between the PM and armature fields. The 

reluctance torque is due to the interaction between the armature field and the rotor magnetic 

saliency. In terms of on-load torque ripple, it is contributed by on-load cogging torque and 

EM torque ripple. Second, due to the magnetic saturation, it is significantly difficult to have 

each torque component separated. In order to better understand the characteristics of on-load 

torque and hence improve it, the separation of the on-load torque into its individual torque 

components are most desirable and have been discussed in literature. 
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In order to separate the on-load torque, both the on-load magnetic field separation method 

and the torque calculation theory are essential.  

It is well-known that the on-load PM and armature fields influence each other and change 

with magnetic saturation and cross-coupling, both the constant PM flux linkage model and 

the partial-coupling model [191] may result in significant inaccuracy. Hence, the frozen 

permeability (FP) method is often employed [167], [192]-[202], which is able to accurately 

separate the PM and armature fields while accounting for any magnetic saturation and cross-

coupling.  

For the torque calculation, the Maxwell stress tensor and virtual work principle are two of 

the well-known and widely used methods [203]-[211]. Based on the Maxwell stress tensor 

method, the torque is calculated directly from the radial and tangential flux density 

components. Based on the virtual work principle, the torque may be calculated from the flux 

linkages. It is also well known that the torques calculated by these two methods should be 

identical, at least theoretically, in normal finite element (FE) analyses [203]-[210] although 

they may be influenced by the FE mesh discretization, etc. 

Therefore, for the average torque separation based on FP method, there were two ways. (1) 

based on the Maxwell stress tensor method, the reluctance torque is computed with the on-

load armature field only and the PM torque is then calculated from the difference between the 

total torque and reluctance torque [208]; and (2) based on the virtual work method, the PM 

and reluctance torque components are calculated from the flux linkages contributed by the 

on-load PM or armature field only [192]-[195]. Since the torques calculated by the Maxwell 

stress tensor method and virtual work principle are identical in normal FE analyses, both 

methods are assumed to be accurate and widely employed for the torque separation in 

literature. However, these methods have never been validated when the FP method is 

employed. Therefore, in this thesis, for the first time, the average torque components 

separated by the Maxwell stress tensor and the virtual work principle are compared and 

examined when the FP method is employed. 

For on-load torque ripple separation, the on-load cogging torque calculation is the most 

difficult challenge. Due to its complexity, methods used to calculate on-load cogging torque 

have only been mentioned recently in a few papers and were developed by analogy with 

methods used to calculate open-circuit cogging torque. The open-circuit cogging torque can 

be obtained by both the Maxwell stress tensor method and the virtual work principle. In [209], 

the on-load cogging torque was calculated as the differential of total magnetic energy stored 

in the machine with respect to the rotor position at constant current. The concern with this 
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method is that the total magnetic energy is also contributed by the armature field when the 

machine is on load, which means this method is inappropriate for on-load cogging torque 

calculation as will be shown later. In [208], nominally, the authors attempted to exclude the 

magnetic energy due to the armature field by replacing the total magnetic energy with the 

total magnetic energy less the magnetic energy stored in the coils. The concern with this 

method is that without using the FP method, technically, the magnetic energy was calculated 

by including components such as the airgap, the magnets, the rotor and stator steel and any 

other regions of the motor which were not part of the coils. Therefore, the magnetic energy 

due to the armature field is still included and hence it is inappropriate for calculation the on-

load cogging torque. Based on the FP method, the on-load cogging torque was calculated by 

the Maxwell stress tensor with the on-load PM field only in [167], [208]. However, it was 

found in this thesis that the average of this calculated torque was not zero, which indicates 

that it cannot be the on-load cogging torque as well. Hence, none of the existing methods are 

accurate for calculating the on-load cogging torque.  

Given the problems highlighted above, this thesis proposes a new method for on-load 

cogging torque calculation based on the combination of the virtual work principle and FP 

method. In order to implement the new method, the improved FP method is developed as 

well. Together with the existing methods, all the on-load cogging torque calculation methods 

will be examined in both linear and nonlinear cases. Furthermore, the reasons, which make 

the existing methods inappropriate for on-load cogging torque calculation, will be illustrated 

correspondingly as well.  
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1.6 Outline of Thesis 

In thesis, the investigation is focused on the torque characteristics, both average torque and 

torque ripple, of PM and EE machines for DD applications. For the average torque 

investigation, analytical torque models are developed for optimisation and comparison. For 

torque ripple, the influence of the two most widely employed torque ripple reduction methods, 

i.e., skewing and rotor shaping, on both PM and EE machines is investigated and compared. 

In order to better understand the on-load torque, the separations of on-load torque into its 

components, both average torque and torque ripple, are discussed as well. The thesis is 

organized as follows. 

Chapter 1 reviews the background and previous work, presents the main objectives, 

outline, and main contributions of this thesis. 

Chapter 2 develops an analytical model of external rotor PM machines for the 

optimisation of torque per volume.  

Chapter 3 investigates the influence of skewing on the torque ripples of PM machines 

with and without rotor shaping. The ways of improving the skewing is also discussed 

when conventional skewing methods fail. 

Chapter 4 investigates the average torque separation of on-load torque of PM machines 

using frozen permeability method.  

Chapter 5 investigates the on-load cogging torque calculation in PM machines. A new 

on-load cogging torque calculation method is proposed based on the combination of 

the virtual work principle and FP method. For its implementation, an improved FP 

method is developed as well.  

Chapter 6 develops a simplified analytical torque model of EE machines. Based on the 

optimal designs, PM and EE machines are compared in terms of two torque densities, 

i.e., torque per volume and torque per weight. 

Chapter 7 investigates and compares the influence of rotor shaping and skewing between 

EE and PM machines. 

Chapter 8 makes a conclusion based on the work of this thesis and discusses the future 

work. 

APPENDIX A develops an analytical model of transient response in PM machines with 3-

phase symmetric short-circuit fault for investigation and design improvement.  

APPENDIX B reports the designs of 3kW PM prototype machines. 
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APPENDIX C reports the designs of PM and EE prototype machines for the investigation 

of chapter 7. 

APPENDIX D lists the publications resulted from this PhD study. 

1.7 Major Contributions of Thesis 

The major contributions of this thesis are: 

 For external rotor PM machines, it reveals that the torque density is maximum when 

the average airgap flux density is slightly lower than the half of the maximum flux 

density in the stator. 

 The on-load torque ripple is not always reduced by skewing. The effectiveness of 

skewing largely depends on the axial variation of torque ripple phase but less on its 

magnitude under skewing. In both linear and nonlinear cases, EM and on-load torque 

ripples cannot be fully eliminated by skewing one on-load torque ripple period or any 

other angles, except 360º electrical, which is impractical. 

 When the FP method is employed, the average torque separation can be performed 

appropriately by the virtual work principle while the Maxwell stress tensor cannot. 

 A new way of on-load cogging torque calculation method, which is able to avoid all 

the shortcomings of existing methods, is proposed based on the combination of the 

virtual work principle and frozen permeability method. For its implementation, an 

improved frozen permeability method, which makes the magnetic energy with on-load 

permanent magnet field only can be calculated according to the B-H curve, is also 

developed. 

 PM machines can exhibit more than √2 times torque densities of EE machines. For 

EE machines, there is an optimal pole number to maximize the torque densities and it 

is more advantageous for large volume applications. The optimal torque per weight 

designs have significantly higher split ratio and are more cost-effective than the 

optimal torque per volume designs. 

 Rotor shaping is less effective on torque ripple reduction in EE machines than SPM 

machines due to asymmetric magnetic saturation caused by q-axis magnetic field. 

However, with skewing, EE machines still can achieve the same level torque ripple as 

PM machines.  
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CHAPTER 2 ANALYTICAL OPTIMISATION OF 
EXTERNAL ROTOR PERMANENT MAGNET MACHINES 

This chapter presents an analytical model for optimising the maximum torque per volume 

in external rotor PM machines, in which the maximum achievable airgap flux density 

depends on the split ratio of stator outer diameter to rotor outer diameter and the stator slot 

area is a function of split ratio, airgap flux density, and stator split ratio of stator diameter at 

slot bottom to stator outer diameter. The optimal split ratio, stator split ratio, and airgap flux 

density are derived analytically with/without considering that the maximum achievable airgap 

flux density is limited by the split ratio. In addition, the influence of airgap flux density 

distributions, slot and pole numbers, slot shapes, tooth-tips, end-windings, rotor yoke and 

inner diameter on the optima is discussed.  

2.1 Introduction 

Own to high torque density and efficiency, PM machines are increasingly popular for 

various applications, such as electric vehicles, renewable energies, and industrial automations, 

and so on. Therefore, the optimisation of PM machines becomes one of the most important 

topics and has been intensively discussed in literature. 

Most of the discussions on the optimisation have been based on the machines having 

internal rotor [89]-[91], [93]-[99]. In [89], the output coefficient for synchronous machines 

was expressed for the first time as a function of the outer diameter, airgap diameter, effective 

axial length, magnetic loading, and electric loading. In [90], it was shown that the output 

torque was significantly influenced by the split ratio, that is the ratio of airgap diameter to the 

outer diameter, and flux density ratio, that is the ratio of airgap flux density to the flux 

density in stator. The optimal split ratio for maximum torque per volume was derived and 

investigated for internal rotor PM machines accounting for various design features in [94], 

[96]-[99]. The influence of split ratio on the overall cost and thermal behavior was discussed 

in [95] and [116], respectively. The optimal flux density ratio was discussed and derived in 

[89] and [98]. The influence of PM dimensions and configurations on the design and 

optimisation of brushless AC machines was investigated in [117]. 

Meanwhile, the high-performance electric traction has been one of the most important and 

popular research topics. The in-wheel direct-drive by employing external rotor PM brushless 

machines is one of the most favorite configurations. However, external rotor PM machines 
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Fig. 2.2. Variation of FE predicted maximum achievable airgap flux density with split ratio in 
external rotor PM machines. 

The optimisation of external rotor PM machines when the inner and outer diameters were 

fixed was reported in [100] and [101]. The analytical torque expression was developed by 

fixing the airgap flux density to its maximum achievable value. The stator tooth width and 

yoke thickness were then calculated accordingly. Therefore, the developed torque was a 

function of split ratio only. However, it was mathematically too complicated to analytically 

derive the optimal split ratio based on the developed model. Alternatively, the optimal split 

ratio was obtained by scanning. Although it showed that the optimal split ratio was high and 

close to 1, which was already well known, it failed to obtain the analytical expression of 

optimal split ratio. Hence, it was still unable to obtain the optimal design directly. Therefore, 

it was less useful for machine designs. 

However, even in external rotor PM machines, it is inappropriate to fix the airgap flux 

density to its maximum achievable value, since the airgap flux density can still be 

independent of the split ratio when it is lower than the maximum achievable one. As will be 

shown later, the optimal airgap flux density is lower than the maximum value for most range 

of the split ratio. Furthermore, in this chapter, the investigation is extended to cater for the 

cases when the limitation of inner diameter does not influence the optimal design. In this case, 

the stator slot area and hence the torque are functions of split ratio, flux density ratio, and 

stator split ratio, which are much more complicated. However, by using the proposed 

optimisation procedure, as will be detailed later, it is still able to analytically derive the 

optimal stator split ratio, split ratio, and flux density ratio and, hence, will provide valuable 

insights and aid the external rotor PM machine design. It will also be shown that, instead of 

the optimal split ratio, which is close to 1, the derivations of optimal flux density ratio and 
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stator split ratio are more useful for the external rotor PM machine design. 

The investigation is carried out based on general torque models. In order to illustrate the 

variations, numerical results are obtained based on a special example given in Table 2-I. The 

general torque model is developed in section 2.2. Initially, the optimal stator split ratio, split 

ratio, and flux density ratio are derived analytically based on the idealised machine in section 

2.3. The influence of practical design considerations, such as airgap flux density distributions, 

slot and pole numbers, slot shapes, tooth-tips, and end-windings on the optima is investigated 

subsequently in section 2.4. The torque models and optima when either the rotor yoke or the 

inner diameter is fixed are discussed as well in sections 2.5 and 2.6, respectively. The FE and 

experimental validation is given in section 2.7. 

Table 2-I Main parameters 

Parameters value Parameters value 

Outer diameter Do 240mm Maximum flux density Bm 1.8T 

Armature copper loss pcua 23.1W Airgap length δ 0.8mm 

Slot packing factor kpa 0.37 Magnet remenance Br 1.2T 

Active axial length Lef 44.1mm Recoil permeability µr 1.05 

2.2 General Analytical Torque Equation 

The average electromagnetic (EM) torque of PM machine, when it is under the brushless 

AC operation and zero d-axis current control, the airgap flux density distribution is uniform, 

which will be shown later in Fig. 2.7(a), and the influence of armature reaction and magnetic 

reluctance in the laminations is neglected, is given by 

3 / 6√2 / (2.1)

where Ea is the RMS value of fundamental open-circuit phase back EMF, Ia is RMS phase 

current, ωm is the mechanical angular speed, Dδ is the airgap diameter, Lef is the effective 

axial length, Bδav is the average airgap flux density, kdp is the winding factor, and Na is the 

number of turns per phase. 

It should be noticed that the influence of armature reaction usually can be neglected in 

small machines, where the electric loading is small. However, for large machines, where the 

electric loading is much bigger, the influence of armature reaction then cannot be neglected. 
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The magnetic reluctance in the laminations is often neglected, since the permeability of 

lamination is significantly higher than the permeability of the air unless the lamination is 

heavily saturated magnetically. 

Neglecting the end-windings, the copper loss, pcua, is given by 

36 / (2.2)

where Aa is the total armature slot area per machine, ρ is the conductor resistivity, and kpa is 

the effective armature winding packing factor including the influence of slot liners (i.e., the 

ratio of pure copper areas to the total slot area). 

By eliminating NaIa, the average EM torque can be given by 

√2
(2.3)

/ (2.4)

/ (2.5)

where λδ is the split ratio, γ is the flux density ratio, Do is the outer diameter, and Bm is the 

maximum flux density in the lamination. 

The average EM torque equation, that is (2.3), is universal for all PM machines having 

either internal or external rotor. However, the special configuration of external rotor makes it 

different from internal rotor PM machines in several ways as follows. 

For external rotor PM machines, the split ratio is defined as 

/ (2.6)

where Dso is the stator outer diameter. 

The expression of stator slot area is also different. For external rotor PM machines having 

parallel stator teeth and neglecting the tooth-tips and slot wedges, as illustrated in Fig. 2.3(c), 

the stator tooth width bt and hence the slot area As are given by 

2 / / / 	 (2.7)

1 1 2 /4 (2.8)

/ (2.9)

where m is the maximum flux per pole, Ns is the slot number, λs is the stator split ratio, and 
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Dsb is the diameter at slot bottom. 

 
  

(a) Actual (b) Rectangular (c) Without tooth-tips and 
slot wedges 

Fig. 2.3. Alternative stator tooth-tip shapes. 

It can be seen that the slot area of external rotor PM machines depends on the split ratio, 

flux density ratio, and stator split ratio, which is significantly different from the one of 

internal rotor PM machines. 

By submitting (2.8) into (2.3), the average EM torque for external rotor PM machines can 

be obtained as 

∙ 1 1 2 (2.10)

/ 2 (2.11)

Another difference is that in external rotor PM machines, the maximum achievable airgap 

flux density depends on the split ratio, which makes the analyses even more complicated. 

2.3 Optimal Stator Split Ratio, Flux Density Ratio, and Split Ratio 

In order to cope with the difficulties mentioned earlier and derive the optimal values 

analytically, a three-step optimisation procedure is proposed: 

Step-1: the stator slot area is maximised by optimising the stator split ratio, since the stator 

split ratio is the only independent design parameter. 

Step-2: based on Step-1, the ideal optimal flux density ratio and split ratio are further 

obtained assuming that the flux density ratio is independent of the split ratio. 

Step-3: based on Step-2, the analytical torque model is developed and simplified for the 

optimisation accounting for the extra relationship between the flux density ratio and split 

ratio. 

ht ht
bt
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As will be shown later, based on the proposed three-step optimisation procedure, the 

relationships are decoupled one by one and then the optima can be derived analytically. 

Furthermore, the investigation of Step-2 helps to confine the ranges of flux density ratio and 

split ratio, and then simplify the analytical model in Step-3 significantly. The difference 

between Step-2 and Step-3 also reveals the influence of this extra relationship on the optimal 

design. 

2.3.1 Optimal Stator Split Ratio for Specific Flux Density Ratio 

For the given split ratio and flux density ratio, the slot area increases when the stator split 

ratio starts to decrease from 1, as shown in Fig. 2.4. Since the stator tooth width is fixed in 

this case, geometrically, the slot area reaches the maximum when the adjacent stator teeth just 

touch each other, as shown in Fig. 2.4(c). By differentiating (2.8), the optimal stator split 

ratio to maximize the slot area can be obtained as 

(2.12)

It can be seen that the optimal stator split ratio only depends on the flux density ratio. This 

is due to that, when the flux density ratio is given, the stator tooth width changes 

proportionally to the airgap diameter. 

Based on the optimal stator split ratio in (2.12), the slot area and average EM torque can be 

then obtained as 

1 /4 (2.13)

∙ 1  (2.14)

   

(a) λs=0.8 (b) λs=0.7 (c) λs=0.5 

Fig. 2.4. Variation of slot area with stator split ratio when γ=0.5, teeth are parallel, and tooth-
tips are neglected  
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(a) λs=0.82 (b) λs=0.75 (c) λs=0.68 

Fig. 2.5. Variation of slot area with stator split ratio when γ=0.5, slots are parallel (which will 
be investigated in section 2.4.3), and tooth-tips are neglected.  

2.3.2 Optimal Split Ratio and Flux Density Ratio 

Based on the optimal stator split ratio, the torque becomes a function of the split ratio and 

flux density ratio, as shown in (2.14). Mathematically, the optimal flux density ratio and split 

ratio can be derived independently and individually, since there is no term of γλδ. 

On the other hand, as shown in Fig. 2.2, the maximum achievable airgap flux density 

depends on the split ratio. However, the airgap flux density can be free to vary in wide range 

except when the split ratio is close to 1. 

In order to account for the influence of this extra relationship between airgap flux density 

and split ratio, the Step 2 and Step 3 mentioned in the foregoing are employed. 

Assuming that the airgap flux density is independent of the split ratio, the ideal optimal 

flux density ratio to maximize the torque can be obtained from (2.14) as 

0.5 (2.15)

Ideally, the average EM torque is maximum when the average airgap flux density is half of 

the flux density in the stator. Combined with (2.12), for this ideal stator, the tooth width is 

half of the tooth pitch and slot depth is half of the airgap radius, as shown in Fig. 2.4(c). 

It can be seen from Fig. 2.2 that this ideal optimal flux density ratio can be achieved for the 

most range of split ratio except when the split ratio is very close to 1. 

In contrast, the optimal flux density ratio for internal rotor PM machines is 1 [98], which is 

twice of the external rotor one and may not be easily achieved even using flux focusing 

configuration. 

Based on the optimal stator split ratio in (2.12) and the ideal optimal flux density ratio in 

(2.15), the torque is given as 
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∙ /4 (2.16)

In this case, the torque is proportional to the square of split ratio. One is contributed by the 

airgap diameter and the other one is because of the armature MMF. Apparently, the torque is 

higher when the split ratio increases. 

However, when the split ratio approaches 1, the maximum achievable airgap flux density 

ratio reduces rapidly. When the flux density ratio is lower than 0.5, (2.16) no longer holds. 

Therefore, it is necessary to revise the torque model for the optimisation when the flux 

density ratio is lower than 0.5 and depends on the split ratio. 

In this case, the split ratio is close to 1 and its variation is very limited whereas the flux 

density ratio changes significantly from 0 to 0.5. Hence, the variation of torque is largely due 

to the flux density ratio rather than the split ratio. Therefore, the derivation of the optimal flux 

density ratio is more useful than the optimal split ratio. 

Since the flux density ratio is lower than 0.5, the investigation can be based on the surface-

mounted configuration, where the relationship between the flux density ratio and split ratio is 

given by 

1 /
1 / 2

 (2.17)

2 /  (2.18)

/  (2.19)

where p is the number of pole pairs, δ is the airgap length, Br is the magnet remanence, and µr 

is the relative permeability of magnet. 

Combining (2.14) with (2.17), the torque performance over the whole range of flux density 

ratio and split ratio can be obtained, as shown in Fig. 2.6. However, it is mathematically 

complicated to derive the optima based on (2.17). 

On the other hand, based on (2.15) and Fig. 2.6, it can be seen that the torque peaks when 

the flux density ratio is slightly lower than its ideal optimal value, that is 0.5. γr - γ can then 

be approximated by γr - 0.45. Combined with βδ << 1, (2.17) can be simplified as 

1 1
1

1
1 1

1
1

 (2.20)
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1 0.45
 (2.21)

/ 2  (2.22)

By eliminating the split ratio in (2.14), the torque can be expressed as 

1 1
1

 (2.23)

Therefore, the simplified actual optimal flux density ratio accounting for the extra 

limitation on the flux density ratio because of the split ratio can be derived as: 

1/ 2  (2.24)

Compared with the ideal optimal flux density ratio given by (2.15), the actual optimal flux 

density ratio given by (2.24) is slightly lower, because of the influence of magnet and rotor 

yoke. Since, mathematically, (2.24) is derived including the maximum achievable torque of 

(2.15), it suggests that (2.24) is the overall optimal flux density ratio. Based on (2.20) and 

(2.24), the optimal split ratio can be obtained easily. 

The variation of torque and flux density ratio with split ratio is given in Fig. 2.6. The black 

dot represents the maximum achievable torque based on (2.15) in actual design. The red 

triangle represents the torque based on (2.24). It confirms that the design based on (2.24) is 

the overall optimal. 
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(b) Average torque 

Fig. 2.6. Variation of average EM torque and flux density ratio with λδ (2p=20). 

2.4 Practical Design Considerations 

In previous sections, the torque expression and optima are derived based on an idealized 

PM machine. In this section, the influence of practical design considerations, such as airgap 

flux density distribution, slot and pole numbers, slot shapes, tooth-tips, and end-windings on 

the optima and torque is investigated. 

2.4.1 Influence of Airgap Flux Density Distribution 

In the actual machines, the airgap flux density distribution may be far away from uniform. 

However, the foregoing analytical model and conclusions are equally applicable based on the 

following two updates. 

(a) The general torque equation can be given as: 

3

2√2
 (2.25)

/ 2
 (2.26)

where k  is the flux ratio of airgap flux density distribution, and 1 is the magnitude of 

fundamental flux component per pole. 

(b) The relationship between the flux density ratio and split ratio, (2.17), is updated due to 

that the magnet thickness is determined by the maximum of airgap flux density (Bδm) rather 

than the average airgap flux density (Bδav) 
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2.4.2 Influence of Slot and Pole Numbers 

The pole and slot numbers determine the winding configuration and stator yoke, which 

influence the optimal split ratio of internal rotor PM machines [98]. However, as shown 

earlier, in external rotor PM machines, the slot area is only influenced by the rotor yoke but 

not by the stator yoke when there is no constraint on the inner diameter. Therefore, the 

optimal split ratio and flux density ratio for external rotor PM machines is only influenced by 

the number of poles. 

As can be seen from Fig. 2.8, when the number of poles increases, the actual optimal flux 

density ratio increases and is closer to its ideal value, that is 0.5. The optimal split ratio 

increases as well, since the rotor yoke is thinner. The variation of optimal flux density ratio 

and split ratio is lower when the number of poles is higher. 

 
(a) Optimal flux density ratio 

 
(b) Optimal split ratio based on (2.24) 

Fig. 2.8. Variation of optimal flux density ratio and split ratio with 2p. 
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2.4.4 Influence of Tooth-tips and Slot Wedges 

In the actual machines, the tooth-tips and slot wedges are often employed to reduce the 

influence of slot opening. Although there are various shapes of tooth-tips and slot wedges, 

they can be treated equivalently by using the rectangular shape including the influence of slot 

wedges, as illustrated in Fig. 2.3(a) and (b). The stator slot area accounting for the tooth-tips 

is given by 

1 1 2 /4 (2.32)

2 /  (2.33)

where ht is the equivalent height including the tooth-tips and slot wedges. 

Since the optimal split ratio for external rotor PM machines will be close to 1, βt can be 

approximated by the tooth-tip ratio 2ht/Do. 

Based on (2.32), the same optimal stator split ratio can be obtained as (2.12), since the 

tooth-tip does not influence the tooth width. However, the maximum stator slot area is 

reduced and given by 

1 /4 (2.34)

Consequently, the ideal optimal flux density ratio assuming the flux density ratio is 

independent of split ratio becomes 

1 /2 (2.35)

The actual optimal flux density ratio considering the relationship between flux density and 

split ratio is given by 

1
2 1

 (2.36)

The optimal split ratio can be obtained correspondingly based on (2.20) and (2.36). 

The influence of tooth-tips on the optima is given in Fig. 2.10. It can be seen that the 

optimal flux density ratio reduces almost linearly with the tooth-tip ratio, especially when the 

machine has high number of poles. However, the influence of tooth-tips on the optimal split 

ratio is negligible. 
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(a) Optimal flux density ratio by (2.36) 

 

(b) Optimal split ratio 

Fig. 2.10. Variation of actual optimal split ratio and flux density ratio with tooth-tip ratio. 

2.4.5 Influence of End-windings 

The copper loss and the average torque accounting for the end-windings can be rewritten as 

36 /  (2.37)

4 2
 (2.38)

where Laend is the average end-windings length of armature winding. 

The end-windings length largely depends on the slot/pole number combination and winding 
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configurations, such as overlapping or non-overlapping windings. It is also significantly 

affected by the manufacturing. Its influence is important only when the ratio of pole pitch to 

the effective axial length is high. Therefore, instead of being predicted analytically based on 

assumptions, which is complicated and not necessarily accurate, the end-winding length can 

be treated as a constant depending on the slot/pole number combination and winding 

configurations. Since the end-winding only affects the constant C1, the optima remain the 

same as foregoing. 

2.5 Optimisation with Fixed Rotor Yoke Thickness 

For the majority of machine designs, the rotor yoke varies correspondingly with the 

number of poles and flux density ratio to avoid heavy magnetic saturation. However, when 

the pole number keeps increasing, the rotor yoke becomes too thin to support the rotor. 

Therefore, in this case, it is better to fix the rotor yoke thickness for the mechanical 

consideration. 

When the rotor yoke thickness is fixed, the relationship between the flux density ratio and 

split ratio becomes 

1
1

 (2.39)

2 /  (2.40)

where βry is the rotor yoke ratio and hry is the thickness of rotor yoke. 

Therefore, the actual optimal flux density ratio is changed slightly into 

1/ 2  (2.41)

All the other analytical models and optima remain the same as the ones in sections 2.2 and 

2.3. 

2.6 Optimisation with Fixed Inner Diameter 

The foregoing investigation is carried out without any constraint on the inner diameter. 

Therefore, the stator yoke and, hence, the slot number have no influence on the optimal 

designs. However, the inner diameter Di may also be fixed because of the mechanical 

requirement. 

Since the optimal stator split ratio of the machines having parallel teeth is much lower than 
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the one having parallel slots, the investigation with the fixed inner diameter is carried out on 

the one having parallel teeth. In this case, the slot area is given as 

2 /4 (2.42)

/  (2.43)

where λ0 is the constant representing the ratio of the inner diameter to the outer diameter, and 

ksb is the stator yoke coefficient and given as: 

/ 2 	when stator yoke is half of pole pitch (2.44)

/ 	when stator yoke is half of tooth width (2.45)

where Ns is the slot number. 

It should be noticed that only when λ0 is higher than 0.5, it is then able to influence the 

optimal design. 

Assuming the flux density ratio is independent of split ratio, the ideal optimal flux density 

ratio can be derived as: 

32 2

8 2
 

(2.46)

3 2 2  (2.47)

Based on (2.1), (2.17), and (2.42), the analytical torque expression considering the 

relationship between flux density and split ratio can also be developed. Although the optimal 

flux density ratio and split ratio can be derived analytically, it is mathematically complicated. 

Alternatively, they can be obtained easily by scanning. 

The variation of actual optimal split ratio and flux density ratio with the inner diameter 

ratio is shown in Fig. 2.11. When the number of poles is low, the influence of stator yoke is 

higher. Therefore, when the inner diameter ratio λ0 increases, the optimal flux density ratio 

reduces to have thinner stator yoke. Consequently, the optimal split ratio increases. When the 

number of poles is high, the optimal flux density ratio firstly increases and then decreases 

with λ0. It can be explained as follows. 

When the pole number is high and λ0 is low, the influence of stator yoke can be neglected 

and, hence, (2.46) can be further simplified as 
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1
3 3

 (2.48)

In this case, the optimal flux density increases with λ0 and can be higher than 0.5. 

When λ0 keeps increasing, the influence of stator yoke is higher and cannot be neglected 

even when the pole number is high. Therefore, being similar with the case when the number 

of pole is low, the optimal flux density decreases with λ0. 

However, since the influence of stator yoke is greatly reduced, both the optimal flux 

density ratio and split ratio change modestly with λ0 when the pole number is high, as shown 

in Fig. 2.11. 

 
(a) Optimal flux density ratio 

 
(b) Optimal split ratio 

Fig. 2.11. Variation of optimal flux density ratio and split ratio with inner diameter ratio λ0. 
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2.7 Verification by FEA and Measurements 

In order to verify the foregoing analytical models and investigation, the FE analyses and 

experimental measurements have been carried out on a 54-slot/60-pole external rotor PM 

machine with its outer diameter, inner diameter, and rotor yoke thickness fixed as 240mm, 

160mm, and 3.1mm, respectively, whereas the tooth-tip height is 4mm and the end-winding 

length is 8.5mm. The other parameters are detailed in Table 2-I. 

The variation of analytical and FE calculated flux density ratios and output torques with the 

split ratio is shown Fig. 2.12. For each specific split ratio, the optimal design is obtained by 

the analytical analysis. Based on the analytically predicted dimensions, the 2-D FE model of 

the optimal design is created and the FE calculated results are obtained by nonlinear FE 

analyses. Although the analytically predicted torque is slightly higher than the FE calculated 

torque because of the assumptions as well as the magnetic saturation, it can be seen that the 

analytically predicted torque varies with the split ratio in the same way as the FE calculated 

torque. More importantly, the FE calculated torque peaks at the same optimal split ratio 

predicted analytically and the optimal flux density ratio is slightly lower than 0.5 as predicted 

analytically. 

Based on the optimisation shown in Fig. 2.12, the prototype is built and measured. The 

permanent magnet thickness for the optimal flux density ratio and split ratio is 2.73mm. 

However, the PM thickness is increased slightly to 3mm to ease the manufacturing with 

almost the same output torque, as shown in Fig. 2.12(b). Correspondingly, the tooth width is 

5.7mm and the stator yoke is 2.9mm. The stator and rotor of the prototype machine are 

shown in Fig. 2.13. The measured and FE predicted open-circuit back-EMF waveforms are 

shown in Fig. 2.14. The measured average torque is 27.9Nm, which confirms the analytically 

predicted torque (29.6Nm) and the FE calculated torque (29.1Nm). 
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(a) Flux density ratio 

 
(b) Torque 

Fig. 2.12. Variation of analytically and FE predicted flux density ratios and torques with split 
ratio of 54-slot/60-pole machine. 

  

(a) Stator with windings (b) Rotor and hub 
Fig. 2.13. Prototype 54-slot/60-pole external rotor PM machine. 
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Fig. 2.14. Measured and FE predicted open-circuit back-EMF waveforms of 54-slot/60-pole 

prototype machine at 325rpm. 

2.8 Summary 

The analytical optimisation of maximum torque density for external rotor PM machines has 

been investigated with/without fixing the rotor yoke or inner diameter. The optimal stator 

split ratio, split ratio, and flux density ratio have been derived analytically and verified by 

both FEA and measurements. The differences between the internal and external rotor PM 

machines are highlighted. The influence of airgap flux density distributions, slot and pole 

numbers, slot shapes, tooth-tips, and end-windings with/without fixing the rotor yoke or inner 

diameter has been systematically investigated. All the investigation, especially the optimal 

stator split ratio, split ratio, and flux density ratio, provides valuable insights and aids the 

external rotor PM machine design. 
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CHAPTER 3 INVESTIGATION OF TORQUE 
RIPPLE IN PERMANENT MAGNET SYNCHRONOUS 

MACHINE WITH SKEWING 

This chapter investigates the influence of skewing on torque ripples, including EM torque 

ripple and cogging torque, in PM machines. It is found that the effectiveness of skewing 

largely depends on the axial variation of torque ripple phase but less on its magnitude under 

skewing. It is further found that, in both linear and nonlinear cases, the EM and on-load 

torque ripples cannot be fully eliminated by skewing one on-load torque ripple period or any 

other angles, except 360º electrical, which is impractical. Furthermore, an improved way of 

skewing by optimising both the skewing angle and current phase advance angle is proposed 

to reduce the torque ripple when the conventional skewing fails.  

3.1 Introduction 

Due to high torque density and efficiency, PM machines are popular for many applications. 

It is essential to reduce the torque ripples for low vibration and acoustic noise, especially for 

high-performance applications, such as electrical power steering, servo motors, and direct-

drive wind power generators. 

Various studies have been carried out on the analysis and reduction of torque ripples, which 

include cogging torque and EM torque ripple [120]. The torque ripples can be reduced by 

either machine designs [127]-[182] or control methods [183]-[187], one of the most widely 

used methods being the skewing, which is also often employed together with other methods 

to further reduce the torque ripple. The investigation on the effectiveness of skewing may be 

divided into open-circuit and load conditions.  

Most of the investigation on the influence of skewing was focused on the open-circuit 

performance, such as cogging torque and EMF. The influence of magnetic saturation is often 

neglected and, hence, analytical methods can be employed for analysis. It was shown that the 

open-circuit performance was always improved significantly by skewing, and its influence 

can be represented by a skew factor [121], [123], [153], while the cogging torque can be 

eliminated by skewing one slot pitch, or more precisely, by one cogging torque period [121]-

[123]. In addition, skewing either the stator or the rotor had the same effect on the cogging 

torque and the EMF [121]-[123], [151]-[153].  

However, the on-load torque ripples are much more difficult to analyse by analytical 
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models due to magnetic saturation [188]-[190]. Hence, FE methods [154]-[163] were often 

employed. The 3-D FE method is required for analysing the influence of skewing. However, 

it is usually complicated and time consuming. Therefore, the 2-D multi-slice method was 

widely used [156]-[162].  

The effectiveness of skewing on load was examined in [164]-[168]. In [164], it was found 

that the skewing caused the axial variation of magnetic saturation. Hence, the magnetic-

saturation-dependent parameters were different in different slices. However, only the result of 

inductance was given. In [166], the optimal skewing angle between PM segments for 2-step 

skewing was derived in terms of the lowest EMF harmonics, being half of the cogging torque 

period. Thus, the cogging torque was diminished by skewing. However, its test results 

showed that the on-load torque ripple was only slightly reduced and can be reduced more 

effectively when a larger skewing angle was applied. In [167], the influence of electric 

loading and magnetic saturation on the cogging torque and the EMF was investigated. The 

on-load torque ripples were found to be much higher due to higher cogging torque and richer 

EMF harmonics under the influence of electric loading and magnetic saturation on load. 

Furthermore, the on-load cogging torque period became much larger than the open-circuit 

one and the same as on-load torque ripple period, i.e., 60º electrical for three-phase machines, 

which caused the skewing based on the open-circuit analysis less effective. However, it was 

mentioned that, by increasing the skewing angle to the on-load torque ripple period, the on-

load torque ripple could be still diminished effectively. In contrast, Islam et al. [168] reported 

for the first time that the on-load torque ripple could not be always reduced by skewing. 

Based on the multi-slice model, it was found that the equivalent current phase advance angle 

for each slice under skewing was different, which resulted in the variation of on-load torque 

ripple magnitude along axial direction. This axial variation of torque ripple magnitude could 

have caused skewing to be less effective or even fail on torque ripple reduction. However, as 

will be shown in this chapter, the effectiveness of skewing largely depends on the axial 

variation of torque ripple phase but less on its magnitude under skewing.  

Therefore, in this chapter, the influence of skewing on the torque ripples in PM machines 

with different magnet shapes and loads is investigated, with the aims to reveal:  

(1) why the on-load torque ripple cannot be reduced even by skewing one on-load torque 

ripple period;  

(2) when the skewing is less effective or even fail to reduce the on-load torque ripple;  

(3) which torque ripple component is responsible for this;  

(4) whether it is only due to the influence of magnetic saturation; and  
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(5) ways of improving the skewing when the conventional one fails.  

The chapter is organized as follows. In section 3.2, two prototype machines with/without 

magnet shaping are described. In section 3.3, the torque waveforms and ripples with/without 

skewing by one on-load torque ripple period are presented. The mechanism and effectiveness 

of skewing on torque ripple reduction at open-circuit, half load, and full load are investigated 

in section 3.4. The influence of skewing steps is given in section 3.5. The effectiveness of 

skewing with different skewing angles under non-linear and linear cases is further 

investigated in sections 3.6 and 3.7, respectively. The ways of improving the skewing are 

discussed in section 3.8. The 3-D FE verification is given is section 3.9. 

3.2 Prototype Machines 

The investigation is carried out on SPM machines. To achieve the stringent torque ripple 

requirement, the magnet is shaped as illustrated in Fig. 3.1(a). It is referred to as M1. For the 

comparative study, another machine with uniform magnet thickness, which is the same as the 

maximum thickness of M1 and having identical magnet width as that of M1, is investigated 

as well and referred to as M2. The other parameters of these two machines are the same and 

given in Table 3.I.  

Three operation conditions, i.e., open-circuit, half load, and full load, are investigated. 

Without skewing, on half load, the phase current Ia is 60A RMS while Ia=120A RMS when it 

is on full load. The current phase advance angle on-load β is referred to the negative q-axis 

and is optimised for maximum torque per current. As shown in Fig. 3.2, the average torque 

peaks when β is -12º electrical and -14o electrical for half load and full load, respectively, 

which is due to the influence of magnetic saturation. The magnetic saturation will result in an 

equivalent magnet saliency, and the PM flux linkage will be higher when the d-axis current is 

negative. 

The torque waveforms without skewing are shown in Figs. 3.4 and 3.5. Without magnet 

shaping, the cogging torque and on-load torque ripples of M2 are much higher and have the 

similar pattern, which indicates that the on-load torque ripple is dominated by the cogging 

torque. With the magnet shaping, the cogging torque and on-load torque ripples of M1 are 

significantly reduced. However, skewing is required for the purpose of addressing the 

potential manufacturing tolerances and further reduction of torque ripples. 
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3.3 Torque Waveforms and Ripples with/without Skewing by One On-load Torque 
Ripple Period 

For the conventional skewing, the skewing angle θsk is usually chosen to be equal to one 

torque ripple period. Hence, for the on-load torque ripple in three-phase PM machine, θsk is 

60o electrical. Furthermore, since the cogging torque period is 60º/k electrical (k=1, 2, 3…), 

both the on-load torque ripple and cogging torque are expected to be eliminated when θsk is 

60o electrical.  

Ideally, the 3-D FE method is required in analysing the influence of skewing, especially for 

the flux fringing effects at the stator ends and the axial flux component. The end effect is 

important in the machine with high pole pitch to effective axial length ratio. For the prototype 

machines in Table 3-I, it is negligible. Therefore, instead of the 3-D FE method, which is 

usually complicated and time consuming, the torque waveforms with/without skewing are 

calculated firstly based on the multi-slice model [156]-[162] using OPERA FE software. The 

3-D verification based on magnetostatic FE analyses is given for the typical designs, such as 

without skewing, with conventional skewing, and with the improved skewing. 

In multi-slice model, the skewed rotor is represented by discrete slices as the step skewing. 

The rotor in each slice is rotated forwards or backwards circumferentially with an angle, 

which depends on the slice number (N) and the skewing angle. In this chapter, the continuous 

skewing is approximated by 20 slices. The magnet distributions of 2-slice and N-slice models 

are illustrated in Fig. 3.3. All the slices share the same non-skewed stator and, hence, the 

same current, and are solved simultaneously. The resultant instant torque is calculated from 

the summation of all slices with due consideration of their phase shifts. As shown in Fig. 3.3, 

for each slice along the axial direction, the magnet centre line is shifted from the original 

centre of the magnet pole. This causes the axial variations of both torque waveform shifting 

and the equivalent current phase advance angle for each slice. As will be shown later, the 

axial variation of equivalent current phase advance angle significantly influences the 

effectiveness of skewing.  

The torque waveforms and torque ripple spectra with and without skewing by one on-load 

torque ripple period are shown in Figs. 3.4 and 3.5. The torque ripple spectra are obtained 

based on that the fundamental period is 60o electrical. In order to scale the torque ripple and 

for better presentation, the torque ripple magnitude spectra are represented in per unit (p.u.) 

values, where the base value is the average torque at full load, i.e., 2807Nm. 

It can be seen that, for both machines, only the cogging torques, but none of on-load torque 

ripples, are eliminated by skewing. It is noticed that the half load torque ripples are reduced 
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but not eliminated. However, for the full load torque ripple, the two machines behave in 

different ways. The full load torque ripple of M2 is reduced as expected. However, the full 

load torque ripple of M1 is even increased after skewing. Thus, it indicates that the skewing 

does not always reduce the on-load torque ripple, especially when the cogging torque is low 

and electric loading is high, as will be highlighted further in details in the following sections. 

  

(a) 2-slice (b) N-slice 

Fig. 3.3. Magnet arrangements along axial direction when θsk=60˚. 
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(b) Torque ripple spectra (base value=2807Nm) 

Fig. 3.4. Torque performance for M1 when θsk=60˚. 

 

(a) Torque waveforms 

 

(b) Torque ripple spectra (base value=2807Nm) 

Fig. 3.5. Torque performance for M2 when θsk=60˚. 
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3.4 Mechanism and Effectiveness of Skewing  

In order to explain the variation of resultant torque ripple after skewing, it is desirable to 

examine the torque components contributed by each slice. As shown in Fig. 3.3, skewing 

results in different rotor shifting in each slice, which has two effects. First, the torque 

waveform of each slice is retarded or advanced compared with the middle slice. As will be 

shown later, this phase shifting is the key to torque harmonic cancellation and reduction. 

Second, since all the slices share the same unskewed stator and hence current, the equivalent 

current phase advance angle for each slice is different. It is also true for the equivalent current 

phase advance angle when the stator is skewed instead of a rotor. As will be shown later, this 

axial variation of equivalent current phase advance angle causes the axial variations of 

magnetic saturation and EM torque ripple, which makes the skewing less effective or even 

failed. According to the distribution in Fig. 3.3, β and θ0, which represent the equivalent 

current phase advance angle and the torque waveform shifting for each slice, respectively, 

can be obtained. Therefore, the overall torque can be calculated accounting for the axial 

variation of β and θ0 after skewing as follows 

1
,			

/

/
 (3.1)

where Tsk and β0 are the resultant torque and the overall current phase advance angle with 

skewing and T(β, ) is the torque without skewing when its current phase advance angle is β 

and the torque waveform shifting is θ0. 

It also should be noticed that, after skewing 60º, the range of equivalent current phase 

advance angle varies from β0 - 30º to β0 + 30º. Although β0 < 0º, the equivalent current phase 

advance angle for some slices can be positive, i.e., flux enhancing, especially for SPM 

machines, in which β0 is usually small.  

In order to clearly illustrate the influence of skewing, the explanations are based on 2-slice 

skewing and θsk = 60º. With T1 and T2 representing the torque components of two slices, 

respectively, the overall torque with 2-slice skewing is given as: 

/2 (3.2)

°, °  (3.3)

°, °  (3.4)
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3.4.1 Open-circuit 

On open-circuit, since the electric loading is zero, the influence of saturation due to 

armature reaction does not exist and the EM torque ripple is zero. T1 and T2 have the same 

waveform (cogging torque). After skewing, T1 and T2 are antiphase in terms of the 

fundamental torque ripple, as illustrated in Fig. 3.6. Hence, the fundamental torque ripple is 

eliminated in Tsk, while all the other harmonics remain. Mathematically, it can be concluded 

that only kN-order cogging torque harmonics remain after N-step skewing. By using 

continuous skewing, the cogging torque is eliminated, as shown in Figs. 3.4 and 3.5.  

It can also be concluded that the mechanism of skewing for reducing the torque ripples is 

the cancellation of harmonics based on the waveform shifting, which is due to the geometric 

shifting. However, in order to eliminate the torque ripple by skewing, it requires that all slices 

have the same torque waveform and the phase difference between the torque components of 

different slices is only due to the geometric shifting introduced by skewing. 

 
Fig. 3.6. Torque components of M1 based on 2-slice skewing when it 

is open circuit and θsk = 60˚. 

3.4.2 Half-load 

On half load, the armature current and, hence, EM torque ripple are not zero. As shown in 

Fig. 3.7(a)-(c), without skewing, the on-load torque ripple, especially its magnitude, changes 

with β.  

After skewing, since the phase variation of torque ripple with β is modest, the torque 

ripples of T1 and T2 can partially cancel each other. Hence, the half load torque ripple is still 

reduced by skewing as shown in Fig. 3.7(d), although the torque ripple magnitude varies 

significantly with β. T0 represents the torque without skewing. However, different from the 
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open-circuit one, the half load torque ripple, even its fundamental, cannot be eliminated by 

skewing, due to the extra variation of the on-load torque ripple, both magnitude and phase, 

with β. 

 
(a) Torque waveforms without skewing 

 
(b) Torque ripple magnitude spectra without skewing (base value = 2807Nm) 

 
(c) Torque ripple phase spectra without skewing 

-2000

-1900

-1800

-1700

-1600

-1500

-1400

0 30 60 90 120 150 180

T
or

q
u

e 
(N

m
)

Rotor position (degree)

β= -30 β= -20 β= -10 β=0 β=10 β=20

0.00

0.01

0.02

0.03

0.04

1 2 3 4

M
ag

n
it

u
d

e 
(p

.u
.)

Harmonics

β= -30
β= -20
β= -10
β=0
β=10
β=20

-200

-150

-100

-50

0

50

100

150

200

1 2 3 4

P
h

as
e 

(d
eg

re
e)

Harmonics

β= -30
β= -20
β= -10
β=0
β=10
β=20



74 
 

 

(d) Torque components based on 2-slice skewing and θsk = 60˚ 

Fig. 3.7. Torque waveforms of M1 when Ia = 60A. 

3.4.3 Full-load 

On full load, since the magnetic saturation due to armature reaction and EM torque ripple 

are much higher, the on-load torque ripple without skewing changes significantly with β, as 

shown in Fig. 3.8(a)-(c). It is worth noticing that the torque ripples are almost antiphase when 

β changes by 30º, e.g., the torque ripples when β = -30º and β = 0º. The torque ripple 

magnitude changes as well, especially when β > 0º, where the magnetic saturation is heavier 

due to flux enhancing.  

After skewing, due to the significantly extra phase shifting caused by axial variation of β 

and, hence, magnetic saturation, the torque ripples of T1 and T2 are not antiphase but almost 

in-phase. Thus, there is no cancelling but additive effect. Furthermore, since the ripple of T2 

is much higher than T0, the full load torque ripple is not eliminated but increased by skewing, 

as shown Fig. 3.8(d). 
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(a) Torque waveforms without skewing 

 

(b) Torque ripple magnitude spectra without skewing (base value=2807Nm) 

 

(c) Torque ripple phase spectra without skewing 
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(d) Torque components based on 2-slice skewing and θsk = 60˚ 

Fig. 3.8. Torque waveforms of M1 when Ia = 120A. 

3.4.4 Comparison between M1 and M2 

Therefore, it is useful to examine the case when cogging torque is high, such as M2. Due to 

the high cogging torque, the phase of full load torque ripple without skewing varies with the 

current phase advance angle modestly, as shown in Fig. 3.9(c). Hence, after skewing, the full 

load torque ripple is reduced, as shown in Fig. 3.5. However, the full load torque ripple is 

also not eliminated by skewing, due to the extra torque ripple variation with β.  

Furthermore, compared Fig. 3.9(b) with Fig. 3.8(b), it can be seen that without skewing, the 

fundamental torque ripples of M1 and M2 change with β by almost the same amount. For 

example, when β changes from -30º to 20º, the changes of fundamental torque ripples of M1 

and M2 are about 0.067 p.u. (190Nm), noticing that for M1, the phase of fundamental torque 

ripple when β = -30º is opposite with the others, as shown in Fig. 3.8(c) and, thus, its 

magnitude in Fig. 3.8(b) is equivalent to negative. Therefore, the variation of on-load torque 

ripple with β is mainly due to the EM torque ripple, and the variations of the EM torque 

ripples of M1 and M2 with β are similar.  

Furthermore, after skewing, the resultant fundamental torque ripples of M1 and M2 are 

almost at the same level, which is ~0.0249 p.u. (70Nm) as shown in Figs. 3.5(b) and 3.4(b).  

These two similarities, both with and without skewing, strongly support that, the same as 

M1, the full load EM torque ripple of M2 is also increased by skewing. Therefore, the on-

load torque ripple reduction by skewing in M2 is only due to the effective reduction of its 

remarkable cogging torque, while the skewing still fails to reduce the EM torque ripple at full 

load. 
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(a) Torque waveforms without skewing 

 

(b) Torque ripple magnitude spectra without skewing (base value=2807Nm) 

 

(c) Torque ripple phase spectra without skewing 
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(d) Torque components based on 2-slice skewing and θsk = 60˚ 

Fig. 3.9. Torque waveforms of M2 when Ia = 120A. 

3.4.5 Summary 

Based on the foregoing investigations, it can be concluded that the effectiveness of skewing 

on the torque ripple reduction largely depends on the axial variation of torque ripple phase 

but less on the magnitude under skewing.  

By skewing one on-load torque ripple period, the cogging torque is eliminated. However, 

the EM torque ripple and, hence, on-load torque ripple cannot be eliminated since the EM 

torque ripple varies with β.  

After skewing, the EM torque ripple may be reduced or even increased, depending on the 

electric loading. Therefore, when the cogging torque is higher, skewing on the on-load torque 

ripple reduction is more effective. In contrast, when the electric loading is high, where the 

magnetic saturation due to armature reaction is more significant and the EM torque ripple is 

higher, skewing is less effective. The on-load torque ripple can be even increased by skewing, 

especially when the cogging torque is low and electric loading is high. 

3.5 Influence of Step Skewing Number on Torque Ripple 

For the sake of manufacturing and reducing the cost, step skewing is widely employed as 

an alternative to continuous skewing. The PM arrangements for different step numbers are 

illustrated in Fig. 3.3. The variation of torque waveforms and torque ripples of M1 with 

different numbers of skewing steps when θsk = 60º is shown in Fig. 3.10. 

It can be seen that for all the cases, 3-step skewing achieves almost the same level of the 

torque ripple as the continuous skewing while its PM segment number is low. It also has been 

-3400

-3200

-3000

-2800

-2600

-2400

0 30 60 90 120 150 180

T
or

q
u

e 
(N

m
)

Rotor position (degree)

T1 (β= -25, θo=15) T2 (β=5, θo= -15)
Tsk T0 (β= -10, θo=0)



79 
 

mathematically concluded earlier in this chapter that the 3-step skewing is able to eliminate 

the fundamental and second harmonics of cogging torque, which are dominant. Therefore, the 

3-step skewing is the most promising alternative for the continuous skewing in low cost 

applications. 

On the other hand, regardless of the number of skewing steps, the difference between the 

influence of step skewing and continuous skewing on the torque is negligible, since the step 

skewing is the approximate way of the continuous skewing and, hence, it is based on the 

same mechanism as illustrated earlier for the continuous skewing. 

 

(a) Torque waveforms on open circuit 

 

(b) Torque waveforms when Ia = 60A and β = -10˚ 
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(c) Torque waveforms when Ia= 120A and β = -10˚ 

 

(d) Torque ripple variation with number of steps (base value=2807Nm) 
Fig. 3.10. Torque waveforms and torque ripple of M1 with step skewing when θsk = 60˚. 

3.6 Effectiveness of Skewing with Different Skewing Angles 

It has been shown in the foregoing sections that the on-load torque ripple cannot be 

eliminated or can even be increased by skewing one no-load torque ripple period. Thus, it is 

necessary to examine the effectiveness of skewing on torque ripple elimination with different 

skewing angles.  

As indicated by (3.1), the larger skewing angle will result in wider range of the equivalent 

current phase advance angle and, hence, electric loadings. Therefore, the influence of electric 

loading on the on-load torque ripple of M1 without skewing is investigated and shown in Fig. 

3.11. It can be seen that both the phase and magnitude of the torque ripple change more 

significantly when either Ia or β is higher, since the magnetic saturation is heavier. Therefore, 

in terms of the lower on-load torque ripple, it is desirable to have lower magnetic saturation. 
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The torque variations with different skewing angles of M1 based on the continuous 

skewing are shown in Fig. 3.12. It can be seen that skewing is less effective when the electric 

loading is higher. On open circuit, the cogging torque is eliminated by skewing when θsk is 

k×60º. However, the on-load torque ripples cannot be eliminated when θsk is k×60º. The half 

load torque ripple is reduced by skewing but less effective than the open-circuit one. 

Furthermore, the full load torque ripple is even increased by skewing when 30º < θsk < 240º. 

It can be reduced effectively only when θsk is higher than 300º while its average torque is 

reduced by more than 82%.  

It is also worth noticing that the on-load torque ripple cannot be fully eliminated by the 

skewing unless the skewing angle is 360º electrical, which is impractical, since the average 

torque will be zero, as shown in Fig. 3.12(b). 

 
(a) Magnitude (base value=2807Nm) 

 
(b) Phase 

Fig. 3.11. Variations of torque ripple fundamental component with electric loading of M1 
without skewing. 
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(b) Peak-peak torque ripple 

 
(b) Average torque 

Fig. 3.12. Torque variation with skewing angle of M1. 

3.7 Effectiveness of Skewing Under Linear Case 

It has been shown in the previous sections that, in nonlinear cases, it is impractical to 

eliminate the on-load torque ripple by skewing, since the axial variation of magnetic 

saturation and β introduced by skewing cause the variation of on-load torque ripple, 

especially the EM torque ripple, of each slice. It is necessary to find out whether it is only due 

to the influence of magnetic saturation on load. Therefore, further investigation based on 

linear models is carried out. 

3.7.1 Analytical Analysis 

Since, in linear cases, the PM field and cogging torque are independent of loads, the on-

load torque ripple can be obtained analytically.  
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For the prototype SPM machines, the reluctance torque is zero and EM torque is only due 

to the mutual torque, which is produced by the interaction between PM and armature fields. 

In order to ease the illustration, only the fundamental, fifth, and seventh PM flux linkage 

components are considered. Hence, the phase flux linkage due to the PM field can be given as 

5 cos 7 t θ  (3.5)

where ψ1, ψ5, ψ7, θ5, and θ7 are the magnitudes and phase angles of fundamental, fifth, and 

seventh flux linkage components, respectively, and ω is the electrical angular speed.  

The ideal sinusoidal phase current is given as 

√2  (3.6)

For the three-phase balanced PM machines, the on-load torque without skewing can be 

obtained as 

5 7  (3.7)

1.5 √2 cos  (3.8)

5 1.5 √2 5 cos 6  (3.9)

7 1.5 √2 7 cos 6  (3.10)

Σ cos 6  (3.11)

where Tav and T6(m) are average torque and the sixth harmonic of the mutual torque, 

respectively. T6(5) and T6(7) are the sixth torque ripple components contributed by ψ5 and ψ7, 

respectively. Tc is the cogging torque without skewing. Tc(k) and θck are the magnitude and 

phase of kth order cogging torque harmonics, respectively.  

It can be seen that the EM torque ripples change with β even for the linear cases, which 

indicates that the EM torque ripples cannot be eliminated by skewing one on-load torque 

ripple period. 

After skewed by θsk, the on-load torque is given as 

5 7 Σ cos 6  (3.12)

sin /2 / /2  (3.13)

sin 5 /2 / 5 /2  (3.14)
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sin 7 /2 / 7 /2  (3.15)

sin 3 / 3  (3.16)

where kavsk, k5sk, and k7sk are the skew factors for the average torque and sixth order torque 

ripples due to ψ5 and ψ7, respectively. kcksk is the skew factor for kth-order cogging torque 

harmonics.  

It can be seen that the influence of skewing on the mutual torque and cogging torque can be 

represented by the skew factors [121], [123], [153]. Based on their expressions, the variations 

of skew factors with skewing angle are shown in Fig. 3.13. Although only the variation of kc1 

is illustrated, it can be seen from (3.16) that the cogging torque is eliminated by skewing 

k×60˚, since the skew factors for all cogging torque components are zero. However, neither 

T6(5) nor T6(7) is eliminated by skewing k×60º.  

It also shows that the optimal skewing angles to eliminate T6(5) or T6(7) are different, since 

T6(5) and T6(7) vary with the current phase advance angle in different ways, as shown in (3.9) 

and (3.10). In order to eliminated T6(5) and T6(7) simultaneously, the skewing angle must be 

360˚ electrical. 

Theoretically, except 360º electrical, T6(m) can also be eliminated when T6(5) and T6(7) 

cancel each other, as shown in Fig. 3.14, where θ7 = 0º and the peak-peak mutual torque 

ripple without skewing is 1 p.u.. However, it can be seen that these optimal skewing angles, 

where T6(5) and T6(7) cancel each other, change significantly with ψ5/ψ7, θ5, and β. It can also 

be deduced that these optimal skewing angles cannot eliminate other torque ripple 

components, such as 12th mutual torque ripple components produced by eleventh and 

thirteenth flux linkages. Therefore, in general, the EM torque ripple can only be eliminated 

when the skewing angle is 360º electrical.  

Furthermore, it is worth noticing that except 360º electrical, the optimal skewing angles, by 

which T6(5) and T6(7) cancel each other, are different from the optimal skewing angles for 

eliminating the cogging torque.  

Therefore, the on-load torque ripple can be fully eliminated only when the skewing angle is 

360º electrical. However, it is impractical, since the average torque will also be zero, as 

shown in Fig. 3.13. 
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Fig. 3.13. Variations of skewing factors with θsk. 

 
Fig. 3.14. Variation of peak-peak mutual torque ripple with θsk. 

3.7.2 FE results 

The foregoing results and conclusions based on analytical analyses are general and 

applicable to any three-phase PM machines. For example, the torque ripple variations with 

different skewing angles are obtained based on the linear model of M1, in which the relative 

permeability of the stator core and rotor yoke is set to 5000, and shown in Fig. 3.15. For the 

linear model of M1 without skewing, i.e., θsk = 0º, ψ5/ψ7 is 5.95 and, hence, T6(5) is much 

higher than T6(7). It can also be noticed from Fig. 3.13 that the cogging torque is much lower 

than the half and full load torque ripples. Therefore, the on-load torque ripples are dominated 

by T6(5).  

As referred to Fig. 3.13, after skewing, the cogging torque follows the envelope of |kcsk| and 

the half-load and full-load torque ripple variations with skewing angle have the similar 

envelope with |k5sk|, since they are dominated by T6(5).  
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It is worth noticing that the cogging torque is eliminated when the skewing angle is k×60º. 

However, neither the half- or full-load torque ripples are fully eliminated in these cases. The 

on-load torque ripples can be eliminated only when the skewing angle is 360º electrical. 

However, as mentioned earlier, the average torque will also be zero. Therefore, it can be 

concluded that it is impractical to fully eliminate the on-load torque ripple by skewing even 

in linear cases. 

Compared Fig. 3.15 with Fig. 3.12, it can be seen that the effectiveness of skewing is 

influenced significantly by the magnetic saturation. Without the magnetic saturation, 

although it is impractical to fully eliminate the on-load torque ripple due to the variation of 

EM torque ripple with the current phase advance angle, the on-load torque is still reduced 

effectively after skewing. However, with magnetic saturation, which aggravates the variation 

of EM torque ripple with the equivalent current phase advance angle, the on-load torque 

ripple can even be increased by skewing. Therefore, it is desirable to design the machine to 

have lower magnetic saturation in order to reduce the on-load torque ripple by skewing. 

 
Fig. 3.15. Peak-peak torque ripple variation of M1 (µ = 5000) with θsk (base value=2807Nm). 

3.8 Improved Method 

In order to meet the stringent torque ripple requirement over whole load range, it is 

necessary and important to find ways of improving the skewing and avoiding the increase of 

torque ripple. 

Based on the foregoing analyses, the guideline is to appropriately reduce the magnetic 

saturation. The magnetic saturation can be alleviated by either reducing armature current or 

increasing the tooth width and stator yoke. However, all of them will result in lower torque, 
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which means the machine volume and cost should be increased to meet the same average 

torque. 

Actually, without reducing current or increasing machine volume, the magnetic saturation 

also depends on the range of current phase advance angle β, which varies from β0 - θsk/2 to β0 

+ θsk/2 at different axial positions in the machine with skewing. The variation of on-load 

torque ripple with different β0 and θsk is shown in Fig. 3.16. It can be seen that when it is on 

half load, it prefers larger negative current phase advance angle and larger skewing angle to 

have lower torque ripple. When it is on full load, the torque ripple is minimum when β0 = -

20º and θsk = 0º. For the current phase advance angle, it can be controlled independently for 

different loads. However, for the skewing angle, since it is shared by all the load conditions, 

the trade-off between the torque ripples at different loads is necessary.  

According to Fig. 3.16, the optimal skewing angle for this machine can be 10º. As shown in 

Table 3-II, for the machine without skewing, the on-load torque ripples are higher than the 

requirement although its cogging torque requirement is satisfied. The conventional skewing is 

then employed for the purpose of eliminating all the torque ripples. However, only the 

cogging torque is eliminated. The half load torque ripple is reduced while the full load torque 

ripple is even increased. Hence, it fails to achieve the torque ripple requirement over whole 

load range. Therefore, the improved skewing, where both β0 and θsk are optimised, is 

employed. Compared with the conventional skewing, although the open-circuit and half load 

torque ripples are slightly higher, they are still sufficient to meet the requirement. The full 

load torque ripple is now reduced further to fully meet the stringent torque ripple 

requirement. Furthermore, high average torques are achieved as well due to smaller skewing 

angle. 
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(b) Ia = 60A 

 
(c) Ia = 120A 

Fig. 3.16. Variation of torque ripple with current phase advance angle β and skewing angle of 
M1 having continuous skewing. 

Table 3-II Comparison of torques and torque ripples by different 
continuous skewing methods based on M1 
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Fig. 3.18. 2-D and 3-D predicted torque waveforms of M1 
with/without 3-step skewing when Ia = 120A. 

3.10 Summary 

The effectiveness of skewing on torque ripple reduction of PM machines has been 

investigated with/without magnet shaping under different electric loadings and skewing 

angles, for both linear and nonlinear cases. It is found that the effectiveness of skewing 

largely depends on the axial variation of torque ripple phase but less on its magnitude under 

skewing. Although the cogging torque can be fully eliminated by skewing, it is impractical to 

fully eliminate the on-load torque ripple by skewing even in linear cases. With magnetic 

saturation, which aggravates the variation of EM torque ripple with equivalent current phase 

advance angle, the on-load torque ripple can even be increased by skewing. The improved 

skewing method has been developed based on optimizing the skewing angle and the current 

phase advance angle together. 

Although the investigation is carried out the SPM machines, the conclusions are also 

applicable to the IPM machines, where the influence of armature field and magnetic 

saturation is more significant. 
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CHAPTER 4 AVERAGE TORQUE SEPARATION IN 
PERMANENT MAGNET SYCHRONOUS MACHINES USING 

FROZEN PERMEABILITY  

This chapter investigates the average torque separation in PM synchronous machines. In 

order to accurately separate the PM and armature fields and, hence, the torque components 

accounting for the magnetic saturation and cross-coupling, the frozen permeability (FP) 

method is often employed, while the torque can be calculated by different methods, such as 

Maxwell stress tensor and virtual work principle. Although these two methods result in 

identical torques in normal FE analyses when appropriate FE meshes are used, the average 

torques calculated by these two methods are found to be different when the FP method is 

employed due to the influence of equivalent rotational magnetic saliency in the stator, which 

causes a part of PM torque being improperly attributed to the reluctance torque when 

Maxwell stress tensor method is employed. However, by using the virtual work principle, this 

is eliminated, and, hence, the average torque components can still be appropriately separated 

and analysed. 

4.1 Introduction 

Due to high torque density and efficiency, PM machines are popular in various 

applications, such as electrical vehicles, power generations, aerospace, and industrial 

applications [9]-[16] [212]-[217].  

It is well-known that the average torque in PM machines is contributed by two 

components: the PM and reluctance torques. The PM torque is due to the interaction between 

the PM and armature fields, whilst the reluctance torque is due to the interaction between the 

armature field and the rotor magnetic saliency. The separation of average torque into its PM 

and reluctance components will provide valuable insights for PM machine design and 

optimisation.  

For the torque calculation, the Maxwell stress tensor and virtual work principle are two 

most well-known and widely used methods [203]-[211]. Based on the Maxwell stress tensor 

method, the torque is calculated directly from the radial and tangential flux density 

components. Based on the virtual work principle, the torque may be calculated from the flux 

linkages. It is also well-known that the torques calculated by these two methods should be 

identical, at least theoretically, in normal FE analyses [203]-[210] although they may be 
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influenced by the FE mesh discretization, etc.  

However, for the average torque separation, the flux density or flux linkage components 

due to on-load PM or armature field are required. Three methods have been reported in the 

existing literature for the average torque separation [191]-[194]: (1) the constant PM flux 

linkage model; (2) the partial-coupling model [191], in which the PM flux linkage varies with 

the q-axis current only; and (3) the FP FE method. Since the PM and armature fields 

influence each other and change with the magnetic saturation and cross-coupling, both the 

constant PM flux linkage model and the partial-coupling model may result in significant 

inaccuracy. Hence, the FP method is often employed [192]-[202], in order to accurately 

separate the PM and armature fields and, hence, the torque components accounting for the 

magnetic saturation and cross-coupling. 

Based on the FP method, there are two ways of average torque separation: (1) based on the 

Maxwell stress tensor method, the reluctance torque is computed with the on-load armature 

field only and the PM torque is then calculated from the difference between the total torque 

and reluctance torque [208]; and (2) based on the virtual work method, the PM and reluctance 

torque components are calculated from the flux linkages contributed by the on-load PM or 

armature field only [192]-[202]. Since the torques calculated by the Maxwell stress tensor 

method and virtual work principle are identical in normal FE analyses, both methods are 

assumed to be accurate and widely employed for the torque separation in the literature. 

However, none of them has been validated when the FP method is employed. Therefore, in 

this chapter, for the first time, the average torque components separated by the Maxwell 

stress tensor and virtual work principle are compared and examined when the FP method is 

employed. It is found that the average torque components predicted by these two methods are 

different. When the FP method is employed, the average torque separation can be performed 

appropriately by virtual work principle while the Maxwell stress tensor cannot. 

The investigation is carried out on an inset PM prototype machine, which is described in 

section 4.2. The FP method is illustrated and the on-load field components are separated and 

analysed in section 4.3. The Maxwell stress tensor method and the virtual work principle are 

firstly examined and compared in normal FE analyses for the total torque calculation in 

section 4.4 and further investigated in section 4.5 for the average torque separation when the 

FP method is employed. The cause for the torque discrepancy is explained in section 4.5 as 

well. Finally, the variation of average torque components is obtained and analysed in section 

4.6. 
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4.3 Frozen Permeability Method 

4.3.1 Principle and Procedure 

The FP method has been widely used to investigate the issues related with magnetic 

saturation and cross-coupling [192]-[202]. When using the FP method, the armature current is 

constant, which means that the total rotating excitation is constant and the variation of flux 

density at different rotor positions is due to the variation of permeability. Therefore, the 

analyses are based on the apparent permeability instead of the incremental permeability. Its 

principle is illustrated and compared with the conventional method in Fig. 4.2. 

Without using the FP method, with the PM excitation (HPM) only, i.e., open-circuit, the 

resultant flux density is BPM (point B). With the armature excitation (Hi) only, the resultant 

flux density is Bi (point C). When it is on load (point A), the PM machine is excited by both 

PM and current, i.e., Hall = HPM + Hi. However, the resultant flux density Ball is lower than 

BPM + Bi. The on-load PM and armature field components cannot be decomposed. 

In the FP method, the on-load permeability µall is first obtained and stored by solving the 

on-load model (point A). Then, two linear analyses, represented by the points D and E, can be 

solved further based on µall: with either the PM or armature excitation only to obtain 

B(FP,PM) or B(FP,i), respectively. Since the nonlinear problem has been transformed into the 

linear one by freezing the permeability as µall, Ball = B(FP,PM) + B(FP,i). Therefore, the on-

load PM and armature field components are decomposed. Furthermore, since µall varies 

according to the operation point, the influence of magnetic saturation and cross-coupling is 

also included.  

Based on the principle of FP method, the procedure in the FE computation is summarized 

in Fig. 4.3. First, the nonlinear FE model with all excitations (PM and current), referred to as 

the whole model, is solved. Second, the permeability of the whole model, referred to as on-

load permeability, in each element and each step, is saved and frozen. Finally, the on-load 

PM or armature field component is obtained by solving the linear FE model based on the on-

load permeability, with either PM or armature excitation only, respectively. 
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Fig. 4.2. Principle of frozen permeability method. 

 

Fig. 4.3. Procedure of frozen permeability method. 

4.3.2 Field Distributions 

By using the FP method, the on-load PM and armature field components can be obtained. 

For example, the on-load field distributions when the peak phase current Iap is 4A, β = 0°, 

and rotor position θ is 0° (electrical), are shown in Fig. 4.4. 

It can be seen that the on-load field and permeability distributions are neither symmetrical 

with d-axis nor with q-axis due to the influence of armature field [Fig. 4.4(a) and (b)]. 

Therefore, the on-load PM field [Fig. 4.4(c)] is asymmetric with d-axis and has q-axis flux 

linkage, although the PM excitation is aligned with the d-axis. It is also true for the on-load 

armature field. Although only q-axis current is applied, the on-load armature field [Fig. 4.4(d)] 

is asymmetric with q-axis and has d-axis flux linkage. 
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(a) Radial flux density components 

 

(b) Tangential flux density components 

Fig. 4.5. Flux density components in middle of airgap when Iap = 4A, β = 0°, and θ = 0°. 

4.3.3 Flux Linkage Results 

Based on the foregoing investigation, the complete flux linkage model should be given by 

[192], [193] 

PM PM  (4.1)

PM PM  (4.2)

where ψd and ψq are the total d- and q-axis flux linkages, respectively. ψd(PM) and ψq(PM) 

are the d- and q-axis flux linkages due to on-load PM field, respectively. ψd(i) and ψq(i) d- 
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currents, respectively. Ldd, Lqq, and Ldq are d- and q-axis self and mutual inductances, 

respectively. 

The variation of flux linkage components with rotor position is shown in Fig. 4.6. It can be 

seen more clearly that not only the instantaneous ψq(PM) but also its average is not zero. The 

average of ψd(i) is also not zero, although only q-axis current is applied. These are due to the 

influence of cross-coupling, which has been illustrated in Fig. 4.4. 

 

(a) D-axis flux linkages 

 

(b) Q-axis flux linkages 

Fig. 4.6. Variation of flux linkages with rotor position when Iap = 4A and β = 0°. 

The variation of average flux linkages and inductances with β is shown in Fig. 4.7. The 

influence of magnetic saturation is represented by ψd(PM), Ldd, and Lqq. When β = -90°, Id is 
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enhancing. Hence, ψd(PM) and Ldd are minimum. When β = 0°, Id is zero and Iq is maximum. 

The magnetic saturation is modest along the d-axis but the heaviest along the q-axis. 

Therefore, ψd(PM) and Ldd are higher while Lqq is the lowest. When β = 90°, Id is negative 

maximum and the magnetic saturation along d-axis is the lowest due to maximum flux 

weakening. Therefore, ψd(PM) and Ldd are maximum. The influence of cross-coupling is 

represented by ψq(PM) and Ldq. The cross-coupling is zero and hence ψq(PM) and Ldq are 

zero when β = ±90° since Iq is zero. Although Iq is maximum when β = 0°, the cross-coupling 

is the heaviest and hence ψq(PM) and Ldq reach the peak at β = -30° since it is aggravated by 

the magnetic saturation. Therefore, the on-load PM and armature field components can be 

decomposed by the FP method accounting for the influence of saturation and cross-coupling. 

Hence, it is possible to separate the total torque into its PM and reluctance components based 

on FP method. 

 
(a) D-axis flux linkages 

 
(b) Q-axis flux linkages 
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(c) Inductances 

Fig. 4.7. Variation of average flux linkages and inductance with β when Iap = 4A. 

4.4 Torque Calculation Methods 

For the torque calculation, the Maxwell stress tensor and virtual work principle are two 

most well-known and widely used methods [203]-[211]. Based on the Maxwell stress tensor 

method, the torque is calculated from an integral directly from the flux density components 

 (4.3)

where µ0 is the permeability of free space, Lef is the effective axial length, r is the radius of 

integration path, Bn and Bt are the normal and tangential flux density components, 

respectively, and θm is the rotor position in mechanical angle. 

Based on the virtual work principle, the torque is obtained from the energy conservation 

law. For an open conservative lossless system, the torque is given as [208], [209] 

 (4.4)

where W'm is the magnetic co-energy, Win and Tin are the input energy and corresponding 

torque, and Wm is the stored magnetic energy in the machine. 

The calculation of Wm is detailed in Appendix 4.8 and for electrical machines, Tin can be 

calculated as [218]-[221] 
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In this chapter, the torque obtained by OPERA is based on the Maxwell stress tensor 

method and the torque based on virtual work principle is calculated through flux linkage 

results as shown in (4.4) and (4.5). It is well-known that these two methods are identical for 

torque calculation in normal FE simulations [203]-[210], although attention should be paid to 

the mesh discretization. For example, the instantaneous torque waveforms based on the 

Maxwell stress tensor method and virtual work principle are obtained and shown in Fig. 4.8. 

It can be seen that the torque results based on these two methods are the same, as expected, 

which also indicates that the mesh discretization is appropriate and hence its influence is 

negligible.  

Furthermore, for (4.4) and (4.5), it can be noticed that ∂Wm/∂θm, ψd/dθ, and ψq/dθ have no 

contribution to the average torque, since the magnetic field repeats every cycle. Hence, for 

the average torque, it can also be calculated by the classical dq0 model as: 

1.5  (4.6)

Without the derivative operation and calculation of magnetic energy, (4.6) is much simpler 

and more widely used than (4.4) and (4.5) for the average torque calculation. It also has been 

validated in various machines on the average torque calculation even when the machine is 

heavily saturated or the winding layout is far from sinusoidal [210], [222]-[224]. The 

drawback of (4.6) is that it cannot be used for the instantaneous torque and torque ripple 

computation, as shown in Fig. 4.8. However, it does not influence the average torque 

separation. 

 

Fig. 4.8. Torque waveforms when Iap = 4.0A and β = -30˚. 

-3

-2

-1

0

1

2

3

4

5

0 30 60 90 120

T
or

q
u

e 
(N

m
)

Rotor position (degree)

Tmw Tvir=Tin-∂(Wm)/∂θm
Tdq0 Tin
∂(-Wm)/∂θm



102 
 

4.5 Average Torque Separation Based on Frozen Permeability Method 

As stated foregoing, in order to separate the on-load PM and armature fields and, hence, the 

average torque components accurately, the FP method are often employed. The same as 

normal simulations, when the FP is applied, two torque results can be obtained from every FE 

solution, based on the Maxwell stress tensor method or virtual work principle, respectively. 

Therefore, there are two possible ways of the average torque separation, which are 

summarized in Fig. 4.9 and Table 4-II. 

 

Fig. 4.9. Relationships between FE solutions and torque results. 

Table 4-II On-load average torque separation and components 

 Maxwell stress tensor Virtual work 

Total torque Tmw Tvir 

Reluctance torque Tmw(FP,i) Tvir(FP,i) 

PM torque Tmw-Tmw(FP,i) Tvir(PM) or Tvir-Tvir(FP,i) 

On-load PM field  Tmw(FP,PM) Tvir(FP,PM) 

The torque separation in [208] is based on the Maxwell stress tensor method. The 

reluctance torque is computed with the on-load armature field only by (4.7). The PM torque 

is then calculated as the difference between the total torque and the reluctance torque by (4.8). 

The output torque with on-load PM field only is the on-load cogging torque as given in (4.9). 

rel FP,  (4.7)

Whole model
(PM+current)

Frozen permeability 
(PM only)

Tmw

ψd, ψq
Tvir

Frozen permeability 
(current only)

Tmw(FP, PM)

ψd (PM), ψq(PM)
Tvir(FP, PM)

Tmw(FP, i)

ψd (i),ψq(i)
Tvir(FP, i)

Maxwell stress tensor

Virtual work

Maxwell stress tensor

Virtual work

Maxwell stress tensor

Virtual work



103 
 

PM FP,  (4.8)

FP, PM PM PM   (4.9)

where Bn(i) and Bt(i) are the normal and tangential flux density components due to the on-

load armature field only, and Bn(PM) and Bt(PM) are the normal and tangential flux density 

components due to the on-load PM field only. 

The average torque separations in [192]-[195] are based on the virtual work principle. 

Since only the average torque is concerned, the torque components are estimated by (4.10)-

(4.12) based on the classical dq0 model. In order to identify the calculation method and the 

related torque components, (4.10)-(4.12) are labeled as Tvir(rel), Tvir(PM), and Tvir(FP,PM), 

respectively. 

rel FP, 1.5  (4.10)

PM 1.5 PM PM ,  (4.11)

FP, PM 0  (4.12)

However, it should be noticed that (4.10)-(4.12) are different from the actual reluctance 

torque, the PM torque and the on-load cogging torque, respectively, since the torque ripples 

are inaccurate. Therefore, (4.10)-(4.12) is only suitable for the average torque evaluation but 

not for the torque waveform and torque ripples. 

By way of example, when with the on-load PM field only, the torque predicted by (4.12) is 

always zero. The average torque is zero, since the phase current and input power are zero. 

The predicted torque ripple is zero due to that the variation of stored magnetic energy, which 

results in the on-load cogging torque, is excluded in (12).  

However, neither the Maxwell stress tensor method nor the virtual work principle has been 

verified in literature when the FP is employed. Therefore, it is important and necessary to 

examine and compare these two ways of torque separation when the FP is employed.  

As can be seen from Figs. 4.10 and 4.11, when the FP method is applied, the average 

torques calculated by the Maxwell stress tensor or virtual work methods are different. With 

the on-load PM field only, the average of Tmw(FP,PM) based on the Maxwell stress tensor 

method is always lower than the average of Tvir(FP,PM), which is zero and based on the 

virtual work principle. With the on-load armature field only, the average of Tmw(FP,i) based 
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on the Maxwell stress tensor method is always higher than the average of Tvir(FP,i) based on 

the virtual work principle. Hence, it is important to find out what causes the discrepancy of 

average torque and which one performs the average torque separation properly. For these 

purposes, the torque results with on-load PM field only are utilized due to its unique features: 

the phase current is zero and the torque is manifested by the PM only, which is similar with 

the open circuit one. Therefore, the average of resultant torque, i.e., on-load cogging torque, 

must be zero. Hence, it can be concluded that the Maxwell stress tensor method cannot 

provide the torque calculation properly when the FP method is applied since its calculated 

average torque is not zero with the on-load PM field excitation only. 

 

(a) Related torque with on-load PM field (FP) only 

 

(b) Related torque with on-load armature field (FP) only 

Fig. 4.10. Torque results based on Maxwell stress tensor and virtual 
work principle when Iap = 4.0A and β = -30˚. 
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(a) Average torque results 

 
(b) Related torque with on-load PM field (FP) only 

Fig. 4.11. Variation of average torque and separated torque components with current phase 
advance angle based on Maxwell stress tensor and virtual work principle. 

However, it is also important to find out that why the average of Tmw(FP,PM) is nonzero. In 

order to aid the analyses, the results with on-load PM field only are compared with the open-

circuit one in Figs. 4.12-4.14. In Figs. 4.12 and 4.13, the permeability distributions at two 

representative rotor positions, i.e., θ = 0º and θ = 30º, are illustrated, respectively. When it is 

on open-circuit, the torque is zero at both rotor positions due to the symmetrical permeability 

distribution as shown in Figs. 4.12 and 4.14. However, the on-load permeability distribution 

is asymmetric with the PM due to the influence of armature field, both in the rotor and stator, 

as shown in Fig. 4.13. In other words, there is an equivalent magnetic saliency in the stator as 

well. Therefore, when the on-load PM field is applied, the nonzero torque is produced due to 

the interaction between PM and equivalent rotational magnetic saliency in the stator. It can be 

seen from Fig. 4.13, for both rotor positions, there will be a negative torque on the rotor. 
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Fig. 4.14. Torque waveforms based on Maxwell stress tensor. 

The nonzero average torque of Tmw(FP,PM) can also be explained based on the on-load PM 

flux linkage results. As can be seen from Fig. 4.15, on open-circuit, the average of ψq(PM) 

per cycle is zero, due to the fact that there is no equivalent rotational magnetic saliency in the 

stator. However, when it is on load, the average ψq(PM) per cycle is negative due to the 

equivalent rotational stator saliency. By reacting with positive ψd(PM), the negative average 

ψq(PM) results in the negative average of Tmw(FP,PM), as shown Fig. 4.11(b). 

 
Fig. 4.15. Flux linkages results. 

Alternatively, it may be explained that when the on-load armature field is applied, this 

equivalent rotational magnetic saliency will react with the armature field and produce an 

extra torque component. Since the high permeance region in the stator is always in advance 
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Tvir(FP,i), as shown Fig. 4.11(a). Similarly, when it is a generator, it can be predicted that 

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

0 30 60 90 120

T
m

w
(F

P,
P

M
) 

(N
m

)

Rotor position (degree)

Open circuit

Iap= 4.0A, β = -30˚

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0 30 60 90 120

ψ
q(

P
M

) 
(W

b
)

Rotor position (degree)

Open circuit

Iap= 4.0A, β= -30˚



108 
 

Tmw(FP,PM) will be higher than Tvir(FP,PM), which is zero and Tmw(FP,i) will be lower than 

Tvir(FP,i). According to Fig. 4.11, it also can be seen that the influence of equivalent 

rotational magnetic saliency in the stator changes similarly with the cross-coupling: it reaches 

the peak when β = -30° and vanishes when β = ±90°.  

Since the on-load permeability distribution and hence the equivalent rotational magnetic 

saliency in the stator is a result of the interaction between PM and armature fields, the 

relevant torque, whose average torque is nonzero, should be a part of the PM torque. 

However, when using the Maxwell stress tensor method for the torque calculation with the 

FP method, the relevant torque duo to the equivalent rotational magnetic saliency in the stator 

is included in Tmw(FP,PM) and Tmw(FP,i). It is a fundamental limit for the torque calculation 

based on the combination of the Maxwell stress tensor and FP method. Therefore, neither 

Tmw(FP,i) is the reluctance torque nor Tmw(FP,PM) is the on-load cogging torque. 

By using the virtual work principle, the improper torque attribution is eliminated and, 

hence, the average torque calculations and separations are still performed properly as given in 

(4.10)-(4.12).  

4.6 Variation of Average Torque Components 

Based on the magnetic model in (4.1) and (4.2), the on-load torque is further divided as 

follows 

 (4.13)

1.5 PM  (4.14)

1.5 PM  (4.15)

 (4.16)

1.5  (4.17)

1.5  (4.18)

where TPM, TPM(d), and TPM(q) are the average PM torque and its components due to ψd(PM) 

and ψq(PM), respectively; and Tr, Tr(d-q), and Tr(dq) are the average reluctance torque and its 

components due to the self-inductances and mutual inductance, respectively. 

The variation of average torque components with the current phase advance angle is shown 

in Fig. 4.16. Together with the flux linkages and inductances in Fig. 4.7, the variation can be 
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explained as follows. 

TPM(d) and Tr(d-q) are influenced by the magnetic saturation. Since ψd(PM) and Ldd 

increase with β, the positive β will result in higher TPM(d) and lower |Tr(d-q)| than the 

negative β, for example, TPM(d) at β = 30° is higher than TPM(d) at β = -30°. TPM(d) reaches 

the peak at β = 10°. 

TPM(q) and Tr(dq) depend on the cross-coupling. Since ψq(PM) < 0, TPM(q) is higher than 

zero when β < 0°and lower than zero when β > 0°. TPM(q) reaches the peak when β = -50°, 

due to ψq(PM) being at maximum when β = -30° and Id being at maximum when β = -90°. 

Tr(dq) peaks when β = -10°, since Ldq is maximum when β = -30° while  peaks when  

β = 0°. 

When β = 0°, TPM(q) and Tr(d-q) are zero. However, due to the cross-coupling, Tr(dq) and 

hence Tr are less than zero. Therefore, the total torque is lower than the PM torque. 

 
(a) Main torque components 

 
(b) Torque components due to cross-coupling 

Fig. 4.16. Variation of average torque components. 
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4.7 Summary 

The average torque separation based on the Maxwell stress tensor method and the virtual 

work principle, respectively, have been investigated in this chapter when the FP method is 

employed. It is found that these two methods result in different average torques when the FP 

method is employed. This discrepancy is due to the influence of equivalent rotational 

magnetic saliency in the stator, which is a result of interaction of PM and armature fields and 

causes the improper torque attribution when the Maxwell stress tensor method is used. The 

average torque components can still be appropriately separated and analysed by using the 

virtual work principle when the FP method is employed.  

The average torque calculation and separation in association with the FP method can 

provide valuable insights for the machine design and optimisation. The discussions and 

conclusions are equally applicable to any other type of electrical machines. 

4.8 Appendix 

The magnetic energy in the machine is calculated according to the material properties as 

[207], [208], [225] 

 (4.19)

For the nonmagnetic regions, such as air and copper, the magnetic energy density wm 

becomes 

/ 2  (4.20)

For the soft magnetic regions, such as iron, the magnetic energy density wm is calculated as 

 (4.21)

In the hard-magnet regions wm is 

/2 2  (4.22)

where Br, Bp, and Bt are the remanence, parallel, and tangential flux densities, respectively; 

and µrp, and µrt are the relative recoil permeability on parallel and tangential directions. 
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CHAPTER 5 ON-LOAD COGGING TORQUE 
CALCULATION IN PERMENENT MAGNET MACHINES  

This chapter investigates the on-load cogging torque calculation in permanent magnet 

machines. Vast majority of existing methods for calculating the cogging torque, no matter 

whether analytical or numerical methods, neglect the influence of load, or are inappropriate 

in considering the influence of load. Without using the frozen permeability method, the 

torque calculated by the virtual work principle includes the magnetic energy due to the 

armature field. When using the frozen permeability method, the resultant torque based on the 

Maxwell stress tensor with the on-load permanent magnet field only has nonzero average 

torque and, hence, is not the on-load cogging torque. A new on-load cogging torque 

calculation method is proposed in this chapter based on the combination of the virtual work 

principle and frozen permeability method. For its implementation, an improved frozen 

permeability method, which makes the magnetic energy with on-load permanent magnet field 

only can be calculated according to the B-H curve, is also developed. By using the new 

method, all the shortcomings of existing methods can be avoided and, hence, the on-load 

cogging torque can be calculated appropriately in both linear and nonlinear cases. 

5.1 Introduction 

Due to high torque density and efficiency, PM machines are popular for many applications. 

However, one of the drawbacks is the cogging torque, which is manifested by the interaction 

between the rotor PM magnetomotive force and stator magnetic reluctance. It is merely a 

pulsating torque and causes vibration and acoustic noise. However, for high-performance 

applications, such as electrical power steering, servo motors, and direct-drive wind power 

generators, smooth torque is required over a whole load range. The minimization of torque 

ripple is usually a major design goal and has been carried out extensively in literature [120]-

[182]. Most of them were focused on the open-circuit, where the open-circuit cogging torque 

is the only component and the influence of magnetic saturation due to load is often neglected. 

The open-circuit cogging torque can be obtained by various methods, such as the Maxwell 

stress tensor method and virtual work principle. Therefore, the open-circuit cogging torque 

can be investigated, and then, various methods can be developed to reduce it. However, the 

on-load torque ripple is much more complicated than the open-circuit one. The on-load 

torque has several components while the on-load PM and armature fields couple each other. 
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It has also been shown in [188]-[190] that the on-load torque ripple can be influenced 

significantly by the magnetic saturation. Therefore, the most investigation was only able to 

study the total on-load torque ripple but unable to look into each individual on-load torque 

component. With the increasing importance of on-load torque ripple, it is strongly desirable 

to find the ways of separating the on-load PM and armature fields and, hence, the on-load 

torque components. Therefore, the FP method was developed and widely used [167], [203]-

[211]. By using the FP method, the on-load PM and armature fields and, hence, the on-load 

back EMF can be obtained. However, the calculation of on-load cogging torque remains the 

most difficult challenge.  

Due to its complexity, the on-load cogging torque calculation methods, developed by 

analogy with the open-circuit ones, have only been mentioned recently in a few papers. The 

on-load cogging torque was calculated as the differential of total magnetic energy stored in 

the machine with respect to the rotor position at constant current in [209]. However, the total 

magnetic energy is also contributed by the armature field when the machine is on load, which 

will be shown later; this method is inappropriate for on-load cogging torque calculation. In 

[208], nominally, it tried to exclude the magnetic energy due to the armature field by 

replacing the total magnetic energy with the total magnetic energy less the magnetic energy 

stored in the coils. However, without using the FP FE method, technically, the magnetic 

energy was calculated by including the components such as airgap, magnets, rotor and stator 

steel, and any other motor regions being not parts of the coils. Therefore, the magnetic energy 

due to the armature field is still included, and hence, it is inappropriate for the on-load 

cogging torque calculation. In order to separate the on-load PM and armature fields, the FP 

method was often employed. Based on the FP method, the on-load cogging torque was 

calculated by the Maxwell stress tensor with the on-load PM field only in [167] and [208]. 

However, it was found in last chapter that the average of this calculated torque was not zero, 

which indicates that it cannot be the on-load cogging torque as well. Hence, none of the 

existing methods is accurate for the on-load cogging torque calculation.  

Therefore, in this chapter, a new method for on-load cogging torque calculation is proposed 

based on the combination of virtual work principle and FP method. In order to implement the 

new method, the improved FP method is developed as well and detailed in section 5.5. 

Together with the existing ones, all the methods will be examined in both linear and 

nonlinear cases in sections 5.6 and 5.7, respectively. Furthermore, the reasons, which make 

the existing methods inappropriate for on-load cogging torque calculation, will be illustrated 

correspondingly as well. 
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5.2 Prototype Machine 

In order to reveal the influence of magnetic saturation and cross-coupling, as well as the 

variation of PM and reluctance torque components, the investigations are carried out on an 

inset PM prototype machine, whose cross-section and parameters are given in Table 4-I and 

Fig. 4.1. All the simulations are carried out by the commercial FE software OPERA with 

ideal sinusoidal phase current. The current phase advance angle β is referred to the positive q-

axis. When 0° <β <90°, the q-axis current is positive and the d-axis current is negative. 

5.3 Open-circuit Cogging Torque Calculation Methods 

Since all the on-load cogging torque calculation methods mentioned in literature are 

developed by analogy with the open-circuit ones, as will be shown later, it is necessary to 

review the calculation methods of open-circuit cogging torque. 

When it is on open-circuit, the machine is excited by PM only. The cogging torque is 

manifested by the interaction between the rotor PM magnetomotive force and stator magnetic 

reluctance. Based on the virtual work principle, it can be obtained as [121]-[123] 

open / |  (5.1)

where Wm is the total magnetic energy stored in the machine, and θm is the rotor position in 

mechanical angle. 

The open-circuit cogging torque can also be calculated based on the Maxwell stress tensor 

as [121]-[123] 

open open open  (5.2)

where µ0 is the permeability of free air space. Lef is the effective axial length. r is the radius 

of integration path. Bn(open) and Bt(open) are the normal and tangential airgap flux density 

components on open-circuit, respectively. 

It is well-known and has been shown in chapter 4 that these two methods are identical, at 

least theoretically, for torque calculation [203]-[210], although they may be influenced by the 

FE mesh discretization, etc. 

5.4 Existing On-load Cogging Torque Calculation Methods 

Different from the open-circuit one, the on-load cogging torque can be influenced 
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significantly by the electric loading and magnetic saturation. Furthermore, since the on-load 

PM and armature fields are coupled each other, most investigation is only able to study the 

total on-load torque ripple [188]-[190] and the on-load cogging torque calculation is much 

more complicated. However, in order to separate and investigate the on-load torque ripple 

components, the method of on-load cogging torque calculation is strongly desirable.  

Several candidate methods for on-load cogging torque calculation have been mentioned in 

literature. They are all developed by analogy with the open-circuit ones, i.e., (5.1) and (5.2), 

and can be summarized as follows. 

5.4.1 Virtual Work Methods without Using FP Technique 

By analogy with (5.1), it is mentioned in [209] that the on-load cogging torque can be 

calculated as the derivative of the total magnetic energy with respect to the rotor position at 

constant current 

load / |  (5.3)

However, as will be shown later, it is inappropriate since the total magnetic energy is also 

contributed by the armature field when the machine is on load. 

In [208], the on-load cogging torque is calculated in a slightly different way as 

load / |  (5.4)

where Wmlc is the magnetic energy stored in the system less the magnetic energy stored in the 

coils and includes components as airgap, magnets, rotor and stator steel, and any other motor 

regions, which are not parts of the coils.  

From the definition of Wmlc, it can be seen that the attempt is to exclude the influence of 

magnetic energy due to armature field. However, without using the FP method, technically, it 

is impossible to separate the magnetic energy due to the armature field, since the on-load PM 

and armature fields exist in every region and are coupled each other. Hence, it is also 

inappropriate. 

5.4.2 Maxwell Stress Tensor Methods with FP Technique 

By analogy with (5.2), it is mentioned in [167] and [208] that the on-load cogging torque 

can be computed by the Maxwell stress tensor with the on-load PM field only as 
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load FP, PM FP, PM FP, PM  (5.5)

where Tmw(FP, PM) is the calculated torque based on the Maxwell stress tensor with on-load 

PM field only. Bn(FP, PM) and Bt(FP, PM) are the normal and tangential airgap flux density 

components due to the on-load PM field only. 

In order to obtain the on-load PM field and implement (5.5), the FP method is often 

employed. The principle of conventional FP method [192]-[202] has been illustrated in Fig. 

4.2 and 4.3. 

By using the FP method, the on-load PM field and, hence, Tmw(FP,PM) can be obtained. 

However, it has been shown in chapter 4 that Tmw(FP,PM) had nonzero average torque in 

nonlinear cases and, hence, cannot be exactly the on-load cogging torque. 

5.5 Proposed On-load Cogging Torque Calculation Method 

5.5.1 Proposed Method 

Since none of the existing methods is accurate for the on-load cogging torque calculation, a 

new on-load cogging torque calculation method is strongly desirable. By analogy with (5.2), 

theoretically, it can be developed by combining the FP method with virtual work principle as 

load FP, PM / |  (5.6)

where Wm(FP, PM) is the total magnetic energy with on-load PM field only. 

However, since the magnetic energy with on-load PM field only cannot be calculated 

according to the B-H curve in the conventional FP method, as explained later, a new FP 

method is required for the implementation of (5.6). 

5.5.2 Improved FP Method 

For this purpose, an improved FP method is developed and illustrated in Figs. 5.1 and 5.2. 

Different from the conventional FP method, in the improved FP method, the third step is 

replaced by solving nonlinear FE models with the nonlinear iteration number being 1. By this 

special setting, the following benefits can be obtained and illustrated by comparing the on-

load PM field distributions obtained by these two methods. 

As shown in Fig. 5.3(c) and (d), in the improved FP method, the on-load PM flux density 

distribution is still calculated from the on-load permeability distribution, and, hence, the same 
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as the one obtained by the conventional FP method. It can also be seen that due to the 

influence of electric loading, the on-load PM flux density distribution is different from the 

open-circuit one [Fig. 5.3(b)]. 

However, the resultant permeability distributions with on-load PM field only by these two 

FP methods are different. In the conventional FP method, the resultant permeability 

distribution remains the same as the on-load one, due to that the third step is carried out by 

solving linear FE models. Together with its flux density result, it can be represented 

equivalently by the point D in Fig. 5.1. However, due to the linearization, in the post-process, 

the magnetic energy will be calculated according to the linear B-H curve, whose permeability 

is µall, and represented equivalently by the hatched triangle in Fig. 5.4(a). Consequently, the 

magnetic energy in the iron parts will be significantly overestimated. As shown in Fig. 5.5, 

the calculated magnetic energy in the iron parts with on-load PM field only is even higher 

than the one with the whole field under flux enhancing. It also confirms that, in this case, the 

magnetic energy results in the iron parts with on-load PM field only calculated by ∫HdB 

(solid line in Fig. 5.5) or HB/2 (circles in Fig. 5.5) are the same.  

In contrast, by using the improved FP method, the permeability will be updated according 

to B-H curve based on the on-load PM flux density distribution, and, hence, different from 

the on-load one, as shown in Fig. 5.3(a) and (d). Together with its flux density result, it is 

represented equivalently by the point F in Fig. 5.1. Therefore, the magnetic energy with on-

load PM field only can still be calculated properly according to the B-H curve and 

represented equivalently by the hatched area in Fig. 5.4(b), which is significantly smaller than 

the one by conventional FP method (Figs. 5.4 and 5.5). It can also be seen that, by using the 

improved FP method, the calculated magnetic energy in the iron parts with on-load PM field 

only is smaller than the one with the whole field under flux enhancing (dashed line in Fig. 

5.5) as expected. Furthermore, due to the nonlinearity of B-H curve, it is expected the 

calculated magnetic energy result in the iron parts by ∫HdB (blue line with triangle markers in 

Fig. 5.5) is much lower than the one by HB/2 (red line with cross markers in Fig. 5.5).  

Therefore, by using the improved FP method, the on-load PM flux density distribution can 

still be obtained in the same way as the conventional FP method, which means the torque 

calculated by the Maxwell stress tensor method remains the same. However, the improper 

magnetic energy calculation in the conventional FP method has been overcome. Hence, the 

on-load cogging torque computation based on the combination of the FP method with the 

virtual work principle, i.e., (5.6), can be implemented.  

Based on (5.6), it can be seen that the average of resultant torque is inherently zero. 
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Meanwhile, since it is calculated based on the on-load PM field only, the magnet energy due 

to armature field is excluded while the influence of electric loading and magnetic saturation is 

still included.  

Including the proposed one (method d), all the candidate on-load cogging torque 

calculation methods are summarized in Table 5-I and will be examined in both linear and 

nonlinear cases in the sections 5.6 and 5.7. 

 

Fig. 5.1. Principle of frozen permeability method. 

 

Fig. 5.2. Implementation procedure of improved FP method for each rotor position. 
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Fig. 5.5. Magnetic energy results in iron parts when Iap = 4A and β = -30°. 

Table 5-I Candidate methods for on-load cogging torque calculation 

Methods Expression Method involved (equation) 

a / |  Virtual work principle (5.3) 

b / |  Virtual work principle (5.4) 

c FP, PM  Maxwell stress tensor, FP (5.5)

d FP, PM / |  Virtual work principle (5.6) 

5.6 Linear Cases 

All the candidate methods are first examined in linear cases, where the on-load 

permeability, PM field distribution, and, hence, the on-load cogging torque are the same as 

the open-circuit ones.  

Furthermore, in linear cases, since the permeability remains unchanged, the superposition 

principle holds and it inherently has the same effect as the FP method. In order to 

equivalently simulate the on-load field components and aid the investigation, the torque and 

magnetic energy results under three operation conditions, i.e., open circuit (PM only), load 

current only (without PM), and whole model (current and PM), are calculated.  

In linear cases, since they are the same as (5.1) and (5.2), respectively, both (5.5) and (5.6) 

can be used for the on-load cogging torque calculation, as shown in Fig. 5.6. It also indicates 

that the mesh is appropriate, and, hence, its influence is negligible. 

However, as shown in Fig. 5.7, the torque calculated by (5.3) is significantly different from 
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the cogging torque shown in Fig. 5.6. It is due to the fact that the total magnetic energy is also 

contributed by the armature field when it is on load. In linear cases, the relationship between 

the magnetic energy variations can be derived as follows. 

Based on the virtual work principle, the total torque and its on-load torque components can 

be given as 

1.5 / / |  (5.7)

FP, PM / |  (5.8)

1.5 FP, / |  (5.9)

1.5 PM / PM / PM PM  (5.10)

where T is the total torque; Tr is the reluctance torque component; TPM is the PM torque 

component; ψd and ψq are total d- and q-axis flux linkages, respectively; ψd(PM) and ψq(PM) 

are the d- and q-axis flux linkages due to on-load PM field, respectively. ψd(i) and ψq(i) are d- 

and q-axis flux linkages due to on-load armature field, respectively; Id and Iq are d- and q-axis 

currents, respectively; and Wm(FP,i) is the system magnetic energy with armature excitation 

only. 

Since the torque and flux linkage relationships are: 

 (5.11)

PM  (5.12)

PM  (5.13)

In linear case, the relationship between the magnetic energy variations is: 

FP, PM FP,
 (5.14)

The magnetic energy relationship is also confirmed by the FE results in Fig. 5.7. However, 

Wm(FP,i) is due to the armature field, and, hence, should be excluded for the cogging torque 

calculation. Therefore, equation (5.3) should be discarded. 

Although, by the definition, it is aimed to exclude the magnetic energy due to armature 

field, the torque calculated by equation (5.4) is still different from the cogging torque, as 

shown in Fig. 5.7. It is due to the factor that without using FP method, technically, it is 
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impossible to separate the on-load armature field, and, hence, the relevant magnetic energy 

just by selecting different components. Hence, (5.4) should be discarded as well. 

 

Fig. 5.6. Torque results based on (5.5) and (5.6) in linear cases. 

 

Fig. 5.7. Torque results based on magnetic energy variation in linear 
cases when Iap = 4A and β = -30°. 

5.7 Nonlinear Cases 

Different from the linear cases, the actual PM machines can be influenced significantly by 

the magnetic saturation as mentioned earlier. Meanwhile, in order to separate the on-load PM 

and armature fields, the FP method is often employed. Therefore, it is necessary to examine 

(5.5) and (5.6) further in nonlinear cases when the FP method is employed.  

Using the improved FP method, the FE results based on (5.5) and (5.6) are obtained and 

shown in Figs. 5.8 and 5.9, where the torque spectra are obtained based on that the 
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fundamental period is 60o electrical. It can be seen that when the FP method is employed, the 

torque results calculated by (5.5) and (5.6) are significantly different from each other. 

Furthermore, it is worth noticing that average of the resultant torque by (5.5), Tmw(FP,PM), is 

nonzero. Hence, it can be concluded that (5.5), which is based on the Maxwell stress tensor 

method, cannot performance the on-load cogging torque calculation properly when the FP 

method is applied. In chapter 4, the reason for the nonzero average of Tmw(FP,PM) has been 

explained, e.g., a part of PM torque is improperly attributed to the reluctance torque due to 

the influence of equivalent rotational magnetic saliency in the stator. In contrast, by using 

(5.6), which is developed from the virtual work principle, the improper torque attribution is 

inherently eliminated while the influence of electric load and magnetic saturation is still fully 

included. Hence, the on-load cogging torque can still be obtained properly and shown in Fig. 

5.9. It can be seen that the on-load cogging torque varies with the electric loading and is 

different from the open-circuit one. When β < 0°, the magnetic saturation is heavier due to 

the flux enhancing and, hence, has higher influence. Therefore, the on-load cogging torque 

waveform is much different from the open-circuit one. When β > 0°, the magnetic saturation 

is lighter due to the flux weakening and has less influence. Hence, the on-load cogging torque 

waveform is closer to the open-circuit one. 
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(b) Spectra 

Fig. 5.8. Calculated torque results by (5.5), based on Maxwell stress tensor, when Iap = 4.0A. 

 

(a) Waveform 

 

(b) Spectra 

Fig. 5.9. Calculated torque results by (5.6), based on virtual work principle, when Iap = 4.0A. 
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5.8 Summary 

The on-load cogging torque calculation in PM machines has been investigated in this 

chapter. A new on-load cogging torque calculation method has been proposed based on the 

virtual work principle in conjunction with the FP method to avoid the improprieties of the 

existing methods. For its implementation, an improved FP method, which makes the 

magnetic energy with on-load PM field only can be calculated according B-H curve, has also 

been developed. Based on the FE results, the new on-load cogging torque calculation method 

has been shown to be effective in both linear and nonlinear cases. 
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CHAPTER 6 ANALYTICAL OPTIMISATION AND 
COMPARISON OF TORQUE DENSITIES BETWEEN 

ELECTRICALLY EXCITED AND PERMANENT MAGNET 
MACHINES 

This chapter reports the simplified analytical optimisation and comparison of two torque 

densities, i.e., torque per volume (T/V) and torque per weight (T/G), between PM and EE 

machines for low speed applications when they have the same overall size and copper loss. 

Both machines are optimised analytically and individually. The optimal split ratio and flux 

density ratio are derived. The influence of pole number and machine size is investigated as 

well. The analytical models and analyses are verified by both FE analyses and experiments. It 

shows that PM machines can exhibit more than √2 times torque densities of EE machines. 

For EE machines, there is an optimal pole number to maximize the torque densities and large 

volume applications are preferred. The comparison also shows that the optimal T/G designs 

have significantly higher split ratio than the optimal T/V designs to balance torque and weight. 

6.1 Introduction 

Electrically excited and permanent magnet machines are two most widely employed 

electrical machines in various applications, such as traction vehicles, renewable energies, and 

industrial automations. With recent significant increase in the price of rare-earth magnets, it 

becomes increasingly attractive to consider less or non-rare-earth magnet machines. EE 

machine is clearly one of potential replacement candidates. 

Some comparative studies have been made between EE and PM machines. In [21], [24], 

[86], [87] the comparison is on the system performance for wind power applications. In [88], 

they are compared in terms of system mass and efficiency for the man-portable power system 

using the genetic algorithm (GA). In this paper, their torque densities will be quantitatively 

compared when they have the same overall size and copper loss. For fair comparison, it is 

necessary to optimise the machines first. 

The optimisation of electric machines is always one of the most important topics and has 

been discussed intensively by analytical and FE analyses [89]-[119]. Compared with the FE 

methods, the analytical methods are more general and insightful. 

Instead of the conventional output equation based on the airgap diameter, in [89], the 

output coefficient for synchronous machines was expressed for the first time as a function of 
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the outer diameter. In [90], several sizing equations for electrical machines were developed. It 

was shown that the output torque was significantly influenced by the split ratio and flux 

density ratio. The optimal split ratio was derived analytically while the influence of flux 

density ratio was investigated as well. However, the output torque coefficients in [89] and 

[90] have some limits. First, it is less meaningful when they are not a function of the machine 

volume . Second, the torque coefficients were developed assuming the given airgap 

flux density, which will be shown later in this chapter that it is inappropriate for EE 

machines. Third, the optimal quantities were derived by optimizing the stator only. However, 

the optimal quantities may be different when both stator and rotor are considered, especially 

for EE machines. Furthermore, the pole number was fixed in [90] but it is an important 

design parameter to be investigated.  

The optimisation of PM machines has been investigated in-depth in [93]-[103]. In [94]-

[97], the optimal split ratio of radial-field PM machines having internal rotor, parallel-side 

stator teeth, and full-pitch magnets in terms of torque per volume was obtained analytically. 

In [98], the optimal flux density ratio was further obtained analytically based on IPM 

machines. The optimisation of large PM synchronous generators having rectangular stator 

slots with or without considering the tangential stress constraint was discussed in [99]. In 

[100] and [101], the optimisation of PM machines having external rotor was investigated 

analytically. The modeling and optimisation of axial field PM machine was reported in [103] 

and [226] while for the radial-flux toroidally wound PM machines, it was reported in [227]. 

This chapter reports the simplified analytical optimisation and comparison of EE and PM 

machines in terms of two torque densities, torque per volume (T/V) and torque per weight 

(T/G), for low speed applications when they have the same machine size, copper loss and 

semi-closed rectangular slots and stator windings, which will be detailed in section 6.2. In 

order to study the influence of machine size, two sets of dimensions will be investigated. 

Based on the general torque equation in section 6.2, PM and EE machines are optimised 

individually in terms of T/V in sections 6.3 and 6.4, respectively. Be different from the 

investigation in [89] and [90], the airgap flux density in EE machines is not given but a 

variable, which links the rotor design to the torque and is going to be optimised as well. 

Based on the optimal designs, PM and EE machines are compared in terms of T/V for 

different machine sizes when the number of poles varies in section 6.5. In Section 6.6, PM 

and EE machines are optimised and compared in terms of T/G for different machine sizes and 

number of poles. Further comparison between the optimal T/V designs and the optimal T/G 
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designs is given in Section 6.7. The analytical analyses are verified by both the FE analyses 

and the experiments. The FE verification is presented together with the analytical predictions 

of the optimal designs while the experimental verification is given in section 6.8. 

6.2 General Torque Equation 

For fair comparison, EE and PM machines have the same machine size and stator 

configuration, which is full-pitch distributed overlapping armature windings and rectangular 

semi-closed stator slots. Since the loss is dominated by copper loss in low speed applications, 

the comparison is based on that EE and PM machines have the same copper loss. For EE 

machines, the field windings have rectangular cross-sections as well, as illustrated in Fig. 6.1. 

The other parameters are detailed in Table 6-I. In order to study the influence of machine 

size, two sets of dimensions, D1 and D2 shown in Table 6-I, will be investigated and 

compared. The armature winding’s packing factor is set as high as the field windings in the 

large machine, since both windings are usually pre-formed in large machines. The flux 

leakage coefficients in T/V designs or large machines are higher, which is due to the deeper 

slots. 

The average EM torque when the machine is under the brushless AC operation with zero d-

axis armature current control (hence unit internal power factor), and the airgap flux density 

distribution is rectangular as shown in Fig. 2.5(b), is given by: 

3 / 2√2  (6.1)

8
sin

2
 (6.2)

 

Fig. 6.1. Cross-section of EE machine. 
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Table 6-I Main parameters 

Profile dimension set D1 D2 

Pole arc to pole pitch ratio αp 0.75 

Maximum B in the laminations Bm 1.4T 

Conductor resistivity ρ 1.724*10-8Ωm 

Pole shoe height of EE machines hps 0.1τ 

Outer diameter Do 420mm 2500mm 

Active axial length Lef 110mm 1100mm 

Airgap length δ 2mm 4mm 

Total copper loss pcu 300W 25kW 

Armature winding packing factor kpa 0.45 0.7 

Field winding packing factor kpf 0.7 0.7 

Tooth tip height ho 4mm 8mm 

For T/V designs 

Stator flux leakage coefficient σs 1.08 1.35 

Rotor flux leakage coefficient σr 1.08 1.3 

For T/G designs 

Stator flux leakage coefficient σs 1.08 1.15 

Rotor flux leakage coefficient σr 1.05 1.1 

The relationship between the armature copper loss and NaIa accounting for the end-winding 

is given in (2.37). 

The minimum stator tooth width, stator yoke thickness, and hence the total stator slot area 

can be obtained according to the geometric and magnetic relationships by 

 (6.3)

4
 (6.4)
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2
1

2
1  (6.5)

/  (6.6)

/  (6.7)

2 /  (6.8)

By eliminating NaIa and Aa in (6.1), the general torque equation, which is applicable for 

both PM and EE machines, can be obtained as 

8
1

1
2

 (6.9)

It can be seen that the output torque is a function of λδ, γ, and 2p when Do, Lef, and pcua are 

fixed. In the following sections, the optimal λδ, γ, and maximum torque density will be 

derived analytically while the influence of 2p and machine size is investigated as well. 

For most applications, a higher torque is desired when the machine size is fixed. Therefore, 

PM and EE machines are optimised and compared in terms of maximum torque per volume 

(T/V) first. 

6.3 Maximum Torque Per Volume of PM Machines  

For PM machines, the open-circuit field is established by PMs. They are excitation copper 

loss free. The equivalent airgap length, which is the sum of the mechanical airgap and the PM 

thickness, is much larger, since the permeability of PM is close to the air. Therefore, the 

MMF drops in the iron parts is negligible and can be easily compensated by slightly 

increasing the magnet thickness, although it is also important to consider the cost. By using 

SPM or IPM configurations without influencing the airgap diameter, they are able to achieve 

a wider range of Bδav and γ. Therefore, for PM machines, γ and λδ are two independent 

variables and (6.9) is sufficient for the torque calculation and optimisation.  

Based on (6.9), the torque variation with the split ratio and flux density ratio is obtained 

and shown in Fig. 6.2. It can be seen that there is an optimal combination of the split ratio and 

flux density ratio to maximize the torque.  

When γ is given, the optimal split ratio λδop to maximize the torque is derived by letting 

∂Tav/∂λδ=0 as 
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3
4

1
1 / 2

 (6.10)

Since βs, σs, and αp are constant, λδop simply depends on γ and 2p. As shown in Fig. 6.3, 

when either γ is higher or 2p is lower, λδop is lower, since the stator yoke is thicker. However, 

when 2p is higher, the influence of γ on λδop is less. 

 

Fig. 6.2. Torque variation of PM machines with split ratio and flux 

density ratio when 2p = 16 and size is D1. 

 

Fig. 6.3. λδop variations of PM machines with flux density ratio and 

number of poles when size is D1. 
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1
8

3 2 1

9 2 1
64 1

 (6.11)

The influence of λδ and 2p on γop is illustrated in Fig. 6.4. Either lower 2p or higher λδ will 

result in larger γop, since the stator yoke is thicker. It also shows that for the optimal designs, 

whose λδ < 0.75, their γop is high and varies modestly. 

 

Fig. 6.4. γop variations of PM machines with split ratio when size is D1. 

The global optimal designs can be obtained by letting both ∂Tav/∂λδ=0 and ∂Tav/∂γ=0: 

4
6

 (6.12)

1 6
4 2

 (6.13)

The performance of global optimal PM designs is shown in Figs. 5.8-5.13. It can be seen 

that the optimal split ratio, flux density ratio and hence torque increase when the number of 

poles is higher, since the stator yoke is thinner.  

Due to the assumption of constant flux leakage coefficients, which is for the sake of 

simplicity and understanding, the predicted torque increases monotonously with the pole 

number. Actually, when the pole number is higher, the inter-pole leakage increases and the 

stator slots are deeper and narrower. Therefore, the flux leakages and hence flux leakage 

constants will increase. Consequently, the torque will be lower. However, by updating the 
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leakage constants in Table 6-I, the analytical models are still applicable. 

6.4 Maximum Torque per Volume of EE Machines  

6.4.1 Torque Equation 

For EE machines, being different from PM machines, the open-circuit airgap flux density is 

produced by the field windings. Therefore, EE machines have both armature copper loss and 

excitation copper loss. With the armature copper given in (2.37), the relationship between the 

excitation copper loss and excitation MMF is given by 

4 /  (6.14)

It should be noticed that NfIf is proportional to 2p when the airgap flux density produced by 

the field windings remains the same. 

In addition to the loss, the field windings usually require more space than the PMs as well. 

Assuming that the flux density ratio and split ratio are given, the rotor dimensions and field 

winding area per machine can be obtained based on the geometric and magnetic relationships 

as 

/ 2  (6.15)

1 /2 (6.16)

2 /  (6.17)

/  (6.18)

It can be seen from (6.14) and (6.16) that there is a relationship between the field winding 

area and airgap flux density: magnetically, higher field winding area results in higher airgap 

flux density while geometrically higher airgap flux density results in lower field winding 

area. Being different from PM machines, it also shows that the field winding area and hence 

the airgap flux density is a function of the split ratio. Therefore, for EE machines, the flux 

density ratio is not an independent variable. The range of flux density ratio depends on the 

split ratio. 

Furthermore, another difference between PM and EE machines is the influence of MMF 

drops in the stator and rotor. As mentioned foregoing, for PM machines, the influence of the 

MMF drops in the stator and rotor is negligible. However, for EE machines, the influence of 
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the MMF drops in the stator and rotor is much higher, since the equivalent airgap is simply 

the mechanical airgap and much smaller than the one of PM machines. Meanwhile, the field 

winding area is proportional to the square of excitation MMF as shown in (6.14). Hence, the 

MMF drops in the stator and rotor will result in a significant increase of the field winding 

area and, hence, affect the machine design. Therefore, for EE machines, it is important and 

necessary to consider the MMF drops in the stator and rotor. 

In the actual EE machines, the MMF drops in stator and rotor are complicated. However, a 

simplified method is suggested here to approximate the influence by using an average relative 

permeability µ and an equivalent airgap length δ' 

1 /  (6.19)

Based on (5.14), the expression of Bδav can be obtained magnetically by 

2 ′ 2 ′ 4
 (6.20)

By eliminating Bδav and NaIa in (6.1), the torque equation of EE machines is given as: 

16√2 ′
 (6.21)

6.4.2 Optimisation 

In order to maximize the torque of EE machines, the special optimisation procedure is 

developed as follows to solve the challenges mentioned foregoing one by one. 

As can be seen from (6.21), the torque of EE machines is the function of both the armature 

and excitation copper losses. The portions of these two copper losses should be optimised 

first to maximize the torque when the total copper loss pcu is fixed due to the efficient and 

cooling requirements. 

When the total copper loss is given, the output torque is rewritten as 

16√2 ′
 (6.22)

Therefore, the optimal combination of the two copper losses to achieve the maximum 

torque is 
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/2 (6.23)

Electromagnetically, it can be explained that the armature field and rotor field contribute 

equally to the torque. Therefore, when the excitation copper loss equals the armature copper 

loss, the output torque is the maximum. 

In reality, it should be fully aware that the loss in the rotor and the loss in the stator have 

significantly different thermal impacts, since the cooling conditions in the rotor and stator are 

different. 

Compared EE machines with PM machines, since PM machines are excitation copper loss 

free, PM machines can achieve much higher torque, at least √2 times, than EE machines 

when they have the same size and total copper loss.  

However, in order to emphasize the differences due to the rotor, all maximum torque 

results given in this chapter are obtained when they have the same armature copper loss, 

which means the total copper loss of EE machines is twice of the one of PM machines. 

The second step is to solve the relationship between the field winding area and airgap flux 

density to obtain the maximum achievable flux density ratio γm.  

In order to achieve higher γ, the EE rotor needs to be optimised first. It can be seen from 

(6.16) that Af depends on λr when γ and λδ are given. As shown in Fig. 6.5, there is an optimal 

value of rotor split ratio λrop to maximize Af. For the optimal design, which can provide γm, 

the rotor split ratio is the optimal while (6.14), (6.16), and (6.20) are met as well. Therefore, 

in order to derive γm, λrop should be obtained first. 

 

Fig. 6.5. Af Variation with λr of EE machines when λδ =0.75, 2p = 20, and size is D1. 
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By letting ∂Af/∂λr=0, the optimal rotor split ratio λrop and hence maximum field winding 

area Afm can be obtained as 

1 /2 (6.24)

1 /8 (6.25)

Based on the maximized field winding area given in (6.25), the maximum achievable flux 

density can be obtained when (6.14) and (6.20) are met as 

1
 (6.26)

2 ′ 32
 (6.27)

For the optimal T/V designs, the machine space is most effectively utilized to achieve 

higher torque. Therefore, in this case, the equivalent airgap length δ’ can be approximated as 

1 0.4 / small	machines
1 0.5 / large	machines

 (6.28)

It can be seen from (6.26) that, in EE machines, the maximum achievable flux density ratio 

is a function of the split ratio and number of poles. The variation of maximum achievable 

flux density ratio with the split ratio and number of poles is shown in Fig. 6.6. It shows that 

γm increases when λδ is larger, since more rotor space is available. When 2p increases, γm 

decreases, since Bδav is inverse proportional to 2p as shown in (6.20). Therefore, for this 

purpose, lower 2p is preferred. However, on the other hand, lower 2p results in longer end 

windings, thicker yokes, and, consequently, lower MMFs and torque. Therefore, for EE 

machines, it can be predicted that there will be an optimal 2p to maximize the torque. 
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Fig. 6.6. γm variation with split ratio and number of poles of EE machines when size is D1. 

By so far, the maximum achievable flux density ratio in EE machines has been obtained. In 

order to obtain the maximum torque, another further step is needed to select the optimal flux 

density ratio for EE machines based on (6.11) and (6.26). There are two cases. 

Case 1: the maximum achievable flux density ratio given by (6.26) is higher than the one 

given by (6.11), which means that the optimal flux density ratio of (6.11) can be achieved. 

Therefore, the optimal flux density ratio is the one given by (6.11), which is the same as PM 

machines, and the torque of EE machine can be calculated by (6.9). 

Case 2: the maximum achievable flux density ratio given by (6.26) is lower than the one 

given by (6.11), which means that the optimal flux density ratio of (6.11) cannot be achieved. 

Hence, the maximum torque is calculated according to (6.26) and is lower than the torque 

predicted by (6.9) and (6.11). 

Based on (6.21), (6.23), and (6.26), the torque expression of the Case 2 can be obtained as 

64
1

1
1

 

1
2

1
(6.29)

2 ′ 32
 (6.30)

/   (6.31)
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Since kσ ≈ 1, βr << 1, and λδ < 1, hence, (kσ - 1+ βr) λδ≈0. Therefore, (6.29) can be 

simplified as: 

∝ 1
2

1
 (6.32)

Based on the foregoing models, the variation of output torque in EE machines with the split 

ratio can be obtained and shown in Fig. 6.7. When the split ratio increases, although the 

higher flux density ratio can be achieved, the stator slot area and, hence, armature MMF will 

be reduced. Therefore, there is an optimal split ratio to maximize the torque of EE machines 

as well. Since the maximum achievable flux density ratio given by (6.26) is lower than the 

one given by (6.11), which will be shown later, the optimal split ratio should be obtained 

from (6.29). Mathematically, three optimal values can be derived from (6.32). However, only 

one of them is the actual optimal split ratio, which is a real number and between 0.5-1. 

 

Fig. 6.7. Torque variation with split ratio and pole number of EE 

machines when size is D1. 

6.5 Comparison on Maximum Torque per Volume  

With both machines being optimised in terms of T/V individually, the performance of EE 

and PM designs are compared in Figs. 6.8-6.13 when they have the same armature copper 

loss.  

It shows that for both machines, when 2p increases, λδop increases, since the stator yoke is 

thinner. However, EE machines have higher λδop due to that their γ is lower. When 2p 
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EE machines have lower torque even when they have the same armature copper loss as PM 

machines. Therefore, when EE and PM machines have the same total copper losses, the 

armature copper loss of PM machine is doubled and, hence, their torque can be increased by 

√2 times. In other words, PM machines can exhibit higher torque, at least √2 times, than EE 

machines when they have the same total copper loss.  

It also shows that the pole number influences PM and EE machines in significantly 

different ways. For PM machines, their torque increases monotonically with 2p when the flux 

leakage is assumed to be constant. However, for EE machines, the torque increases first and 

then decreases. There is an optimal 2p for EE machines to maximize torque. It is due to the 

compromise between the influence of yokes, end windings, and airgap flux density.  

Compared the torque difference between EE and PM machines having different machine 

size, it shows that the differences between EE and PM machines is much less when the size is 

D2. It is due to that, for larger machines, the electric load is higher. EE machines are then 

able to achieve higher maximum airgap flux density and, hence, the torque difference 

between EE and PM machines is less. Therefore, EE machines prefer large volume 

applications. 

 

Fig. 6.8. Variation of γ with 2p in D1 for max. T/V. 
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Fig. 6.9. Variation of λδop with 2p in D1 for max. T/V. 

 
Fig. 6.10. Variation of torque with 2p in D1 for max. T/V. 

 
Fig. 6.11. Variation of γ with 2p in D2 for max. T/V. 
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Fig. 6.12. Variation of λδop with 2p in D2 for max. T/V. 

 
Fig. 6.13. Variation of torque with 2p in D2 for max. T/V. 
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the ratio between average output torque of the weight of active materials, i.e., copper, PM, 

stator core, and rotor core. 

6.6.2 Optimisation 

According to (6.9), the relationship between the torque and weight can be given simply as 

∝
/

 (6.33)

As will be shown later, the variation of λδ is modest and hence assumed as constant. 

Therefore, the simplified design principle of maximum torque per weight can be obtained by 

letting ∂(Tav/G)/∂Aa=0 as: 

 (6.34)

In other words, T/G peaks when the armature winding weight equals with the total weight 

of other parts. 

6.6.3 Results and Comparison 

The optima of the maximum T/G PM machines are shown in Fig. 6.14. T/G and λδop 

increase when the pole number is higher, since the yokes are thinner. When γ is higher, the 

rotor and stator laminations are heavier. It needs more armature winding area to balance the 

weight. Hence, λδop is lower. T/G peaks when γ=0.5, since the further increase of γ results in 

much thicker magnets and, hence, lower T/G. 

The optima of the maximum T/G EE machines are shown in Fig. 6.15, which are 

significantly different from PM machines. For EE machines, when the number of poles 

increases, their yokes and end windings decrease while the field winding area increases. Gsc + 

Gr decreases first and then increases. Hence, T/G increases first and then decreases. There 

will be an optimal pole number to maximize T/G. When the pole number is low, λδop 

increases modestly. However, when the pole number increases further, λδop is forced to 

increase sharply, since the field windings require significantly more space. Consequently, 

T/G decreases rapidly. When γ is higher, the sharp increase of λδop happens at lower pole 

number. The higher γ also results in lower maximum T/G, since the rotor is heavier. 
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(a) Torque per weight T/G 

 
(b) Optimal split ratio 

Fig. 6.14. Optimal T/G designs of PM machines when size is D1. 
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(b) Optimal split ratio 

Fig. 6.15. Optimal T/G designs of EE machines when size is D1. 

The optimal T/G designs of PM and EE machines are compared in Figs. 6.16 and 6.17. It 

shows that PM machines have higher T/G than EE machines even when their armature copper 

losses are the same. Therefore, when they have the same total copper loss, PM machines are 

able to exhibit √2 times torque per weight than EE machines. It can also be seen that the 

differences between PM and EE machines in D2 are less than the ones in D1, which suggests 

again that EE machines prefer large volume applications. 

 

Fig. 6.16. Comparison of optimal T/G designs when γ = 0.3 and size is D1. 
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Fig. 6.17. Comparison of optimal T/G designs when γ=0.6 and size is D2. 

6.7 Max. T/V versus Max. T/G  

The optimal designs in terms of two torque densities, T/V and T/G, are compared in Fig. 

6.18 and Table 6-II. It can be seen that the different criterions have led to the entirely 

different design principles and outcomes. 
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designs. As shown in Fig. 6.14, PM machines have maximum T/G when γ = 0.5, which is 

lower than γop for T/V designs given in (6.13), Figs. 6.8, and 6.11. For EE machines, it can be 

seen from Fig. 6.15 that their optimal flux density ratio for T/G designs is even lower. 

 

Fig. 6.18. Comparison of optimal split ratios for T/V and T/G designs 

when γ = 0.5 and size is D2. 

Table 6-II Comparison of four designs with same armature copper loss) 

Design PM_T/V PM_T/G EE_T/V EE_T/G 

Machine size D2 

Flux density ratio 0.5 

Number of poles 24 

Torque (kNm) 288.30 239.05 288.30 247.15 

Split ratio 0.698 0.867 0.698 0.860 

Total weight (Ton) 25.22 14.19 29.33 16.82 

T/G (Nm/kg) 11.42 16.84 9.82 14.68 

Total cost (k€) 106.77 57.10 111.27 57.54 

T/cost (Nm/€)  2.70 4.18 2.59 4.29 

Power factor 0.88 0.96 0.87 0.92 

Material price (€/kg) Copper: 8.5, PM: 40, Lamination: 1.25 

 

0.5

0.6

0.7

0.8

0.9

1.0

16 18 20 22 24 26 28 30 32 34 36 38 40

O
p

ti
m

al
 s

p
li

t 
ra

ti
o

Number of poles

T/G_EE
T/G_PM
T/V_PM



 

6.8 F

The a

The F

softwar

predicte

The e

which i

with the

on the a

(

(

E and Exp

analytical m

FE verifica

re OPERA. 

ed torques a

experimenta

is optimised

e split ratio,

analytical m

Tab

Out

Acti

Tota

a) PM_T/V 

(a) EE_T/V 
Fig. 6.19. 

erimental V

models and a

ation is carr

As can be s

agree well. 

al verificati

d with the c

, which is sh

model in sec

ble 6-III Sum

ter diameter

ive axial len

al copper lo

V

Cross-secti

Verificatio

analyses are

ried out by 

seen from F

ion is carri

conditions l

hown in Fig

tion 6.4. 

mmary of m

r Do 

ngth Lef 

oss pcu 

 

ions of four 

ns 

e verified by

 2-D non-l

Figs. 6.10, 6

ied out on 

listed in Tab

g. 6.20 and 

main parame

designs in 

y both FE an

inear analy

6.13, 6.14, a

a smaller 

ble 6-III. Th

validated b

eters of prot

(b) PM

(b) EE_
Table 6-II. 

nalyses and 

yses using t

and 6.17, th

scale EE p

he variation

y FE results

totype mach

100mm 

50mm 

50W 

 

M_T/G 

E_T/G 

d experimen

the commer

he analytical

prototype m

n of averag

s, is obtaine

hine 

147 

 

nts. 

rcial FE 

l and FE 

machine, 

e torque 

ed based 



148 
 

Pole arc to pole pitch ratio αp 0.75 

Maximum B in the laminations Bm 1.4T 

Pole shoe height of EE machines hps 0.075τ 

Airgap length δ 0.5mm 

Armature winding packing factor kpa 0.35 

Field winding packing factor kpf 0.6 

Tooth tip height ho 2mm 

Stator flux leakage coefficient σs 1.05 

Rotor flux leakage coefficient σr 1.02 

 

Fig. 6.20. Average torque variation with split ratio with conditions listed in Table 6-III. 

Based on the optimal design, whose split ratio is 0.68, the EE prototype machine is made 

and shown in Fig. 6.21. When the machine is on full load, the armature phase current is 
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cogging torque waveforms are shown in Figs. 6.22 and 6.23, respectively. Ideally, the full-

load torque waveform, which is shown in Fig. 6.24, should be measured. However, a three-

phase controller is required to generate the phase currents according to the rotor position. 

Instead, the torque waveforms when the armature and field currents are fixed and the stator is 

at different positions are measured based on the method developed in [228] and shown in Fig. 

6.25. The torque waveforms are far away from sinusoidal, which is due to the high torque 
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ripple as shown in Fig. 6.24. In addition, the peak torques with different field and armature 

currents are measured and shown in Fig. 6.26. It can be seen in Figs. 6.22, 6.23, 6.25, and 

6.26 that the FE and measured results at different loads agree well. 

 

Fig. 6.21. Stator and rotor of EE prototype machine.. 

 
Fig. 6.22. FE predicted and measured EMF waveforms with different excitations of EE 

prototype machine at 1200 rpm. 
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Fig. 6.23. FE predicted and measured cogging torque waveforms of EE prototype machine. 

 
Fig. 6.24. Full-load torque waveform of EE prototype machine when 

pcua = pcuf = 25W (Ia = 3.18A rms, If  = 3.57A). 

 
Fig. 6.25. FE predicted and measured torque waveforms of EE prototype machine. 
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Fig. 6.26. FE predicted and measured peak torques (rotor position is 

120° in Fig. 6.25) of EE prototype machine. 

6.9 Summary 

In this paper, the optimisation and comparison between EE and PM machines in terms of 

maximum T/V and maximum T/G have been investigated. The optimal split ratio and flux 

density ratio have been derived analytically. The influence of pole number and machine size 

has been analyzed as well to aid the machine designs. 

The results show that PM machines can exhibit more than √2 times torque densities of EE 

machines when they have the same total copper loss. The optimal T/G designs have 

significantly higher split ratio than the optimal T/V designs and more suitable for weight- and 

cost-sensitive applications. For EE machines, they have an optimal number of poles to 

maximize the torque densities and prefer large volume applications 
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CHAPTER 7 COMPARATIVE INVESTIGATION ON 
INFLUENCE OF ROTOR SHAPING AND SKEWING 

BETWEEN ELECTICALLY EXCITED AND PERMANENT 
MAGNET MACHINES 

In this chapter, the influence of rotor shaping and skewing on EE machines is investigated 

and compared with PM machines. In addition to the conventional inverse cosine airgap length 

and offset centre arc rotor shaping methods, the effectiveness of rotor shaping utilizing the 

third order harmonic on EE machines is also examined and compared with PM machines. 

The influence of skewing on the EE machines with and without rotor shaping is further 

investigated and compared with PM machines as well. It is shown that the average torque of 

the EE machine having the inverse cosine airgap length shape is only slightly lower than the 

one of PM machine with rotor shaping utilizing the third order harmonic. It can barely 

improve the average torque further by utilizing the third order harmonic in rotor shaping of 

EE machines. Due to the asymmetric magnetic saturation, the rotor shaping is less effective 

on torque ripple reduction in EE machines than SPM machines. However, using the rotor 

skewing, EE machines can still achieve the same low torque ripple as PM machines. 

7.1 Introduction 

EE and PM machines are two most widely employed electrical machines for various 

applications, such as traction vehicles, renewable energies, and industrial automations. With 

the increase of rare-earth magnets’ price, it becomes increasingly attractive to consider less or 

non-rare-earth magnet machines. EE machine is clearly one of potential replacement 

candidates. 

Meanwhile, for high performance applications, the electric machines should be able to 

deliver a high and smooth torque. In chapter 6, the torque densities of EE and PM machines 

have been quantitatively compared. However, the torque ripple minimization is another 

important issue to be addressed. For the torque ripple minimization, skewing and rotor 

shaping are the two most widely used methods [120]-[173].  

For the rotor shaping of EE machines, the inverse cosine airgap length shaping method, as 

shown in Fig. 1.14 and (1.1), was preferred. In reality, the offset centre arc shaping method, 

as shown in Fig. 1.17(b), was always employed [60]. Meanwhile, for PM machines, except 

these two methods, there were several other shaping methods developed [132]-[139]. For 
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example, the torque density can be improved while the torque ripple remained low when the 

inverse cosine airgap length with the third order harmonic shaping method was employed. 

However, the effectiveness of these rotor shaping methods on the torque ripple reduction in 

EE machines has not been examined.  

For the skewing, it has been shown in chapter 2 that, for PM machines, the torque ripple is 

not always reduced by skewing, especially when the torque ripple is reduced significantly by 

the rotor shaping already. However, the effectiveness of skewing on the torque ripple 

reduction in EE machines with shaped rotor has not been discussed.  

Therefore, in this chapter, the influence of rotor shaping and skewing on EE machines is 

investigated and compared with PM machines. First, the effectiveness of various rotor 

shaping methods, such as the inverse cosine airgap length, the offset centre arc, and the rotor 

shaping methods utilizing the third order harmonic, on the torque ripple reduction of EE 

machines is investigated and compared with PM machines. Second, the influence of skewing 

on EE machines with or without rotor shaping is investigated and compared with PM 

machines as well. 

7.2 EE and PM Prototype Machines 

The comparative investigation is carried out between salient pole EE and SPM prototype 

machines. All the prototype machines have the same stator except the axial length, which is 

listed in Table 7-I. In order to ease the comparison, EE machines are slightly longer and 

larger than SPM machines to have the same average full load torque while neither the rotor 

shaping nor the skewing is applied. The detailed development of EE and PM machines is 

given in Appendix C. 

Without rotor shaping, the cross-section and main parameters of the EE prototype machine 

are given in Table 7-I and Fig. 7.1(a). Since EE machines have both armature and excitation 

copper losses, the maximum current density is fixed as the lowest value with liquid cooling, 

i.e., 10 A/mm2. The packing factor of field windings is selected as 0.6, which is higher than 

the packing factor of armature winding (0.42), since they are concentrate-wound. Two 

operation conditions, i.e., half load and full load, are investigated. On full load, the phase 

armature current Ia is 19 A RMS and the field current If is 17A DC. On half load, both the 

armature and field copper losses are halved to maintain the lowest total copper loss, i.e., Ia = 

13.4A and If = 12A. The optimal current phase advanced angles β, which is referred to the 

negative q-axis, for the maximum torques at half and full loads are 0o and -6o electrical, 
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respectively. 

The cross-section and main parameters of PM prototype machines are given in Table 7-I 

and Fig. 7.1(b) and (c). Three operation conditions, i.e., open-circuit, half load, and full load, 

are investigated. On full load, the phase armature current Ia is 19 A RMS, which is the same 

as the EE prototype machines. On half load, the armature current is halved, i.e., Ia = 9.5A. 

The optimal current phase advanced angles β for the maximum torques at half and full loads 

are -1.5o and -3o electrical, respectively. The SPM machine with rotor shaping is developed 

based on the cosine magnet shape utilizing the third order harmonic, which is shown in (1.4) 

and has been proved to be better than the cosine one [138]. The detailed optimisation of 

magnet shape is given in Appendix C. 

Table 7-I Main parameters of prototype machines 

Shared parameters 

Parameters value Parameters value 

Number of slots 84 Number of poles 28 

Stator outer diameter 390 mm Airgap length  2 mm 

Number of turns per phase 420 Rated armature current 19 A RMS 

Slot opening 6 mm Slot depth 31.7 mm 

Stator yoke 10 mm   

Parameters of EE machines 

Rotor outer diameter 478 mm Effective axial length 119 mm 

Rated field current 17A DC Pole shoe height  6 mm 

Pole arc to pole pitch ratio 0.75 Rotor pole body height 25 mm 

Rotor pole body width 22 mm Rotor yoke thickness 11 mm 

Parameters of SPM machines 

Rotor outer diameter 426mm Effective axial length 110 mm 

Magnet thickness  6 mm Remanence 1.17 T 

Coercive force  891 kA/m   
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(a) EE machine without rotor shaping 

(b) SPM machine without rotor shaping (c) PM machine with rotor shaping 
Fig. 7.1. Cross-sections of EE and SPM prototype machines. 

7.3 Influence of Rotor Shaping 

7.3.1 EE Machines with Different Rotor Shapes 

For the rotor shaping of EE machines, conventionally, the inverse cosine airgap length 

shape, which is shown in Fig. 1.14 and (1.1), and the offset centre arc shape are often 

employed [60]. The schematic of the offset centre arc rotor shaping for external rotor EE 

machines is illustrated in Fig. 7.2. Since the inverse cosine airgap length shape with the third 

order harmonic, which is shown in (1.3) and Fig. 1.18, has been proved to be better than the 

conventional inverse cosine airgap length shape in IPM machines [139]. The effectiveness of 

this method in EE machines is investigated. Furthermore, as shown in chapter 6, in EE 

machines, the equivalent magnetic reluctance in the laminations is not negligible. Therefore, 

the fourth rotor shaping method, which is based on the inverse cosine airgap length shape 

with the third order harmonic by adding an equivalent airgap length δad to represent the 

influence of magnetic reluctance in the lamination, is developed as well and given as 

cos cos 3
 (7.1)

where k’ is a constant to keep the minimum airgap length the same. 
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For the inverse cosine airgap length shaping utilizing the third order harmonic, as shown in 

Fig. 7.4, the variation of average torque with the amplitude of the third order harmonic is 

much milder than the one of IPM machine reported in [139]. The average torque having the 

optimal third order harmonic, in which a3 = 1/6, is only 1.8% higher than the one having the 

conventional inverse cosine airgap length shaping, which will be shown later. However, in 

terms of the torque ripple, it shows that the torque ripple is lower when the third order 

harmonic is less.  

 
(a) Waveform 

 
(b) Torque ripple magnitude spectra 

Fig. 7.4. Torque variation with third order harmonic amplitude based on inverse cosine airgap 
length shaping utilizing third order harmonic when Ia = 19A, If = 12A, and β = -6º. 

For the modified inverse cosine airgap length shaping utilizing the third order harmonic, it 

is investigated when a3 = 1/9. As shown Fig. 7.5, both the average torque and torque ripple 

reduce modestly when δad increases.  

-800

-750

-700

-650

-600

-550

-500

0 30 60 90 120

T
or

q
u

e 
(N

m
)

Rotor position (degree)

a3 = 1/15
a3 = 1/12
a3 = 1/9
a3 = 1/6
a3 = 1/5
a3 = 1/4

0

20

40

60

80

100

120

1 2 3 4

M
ag

n
it

u
d

e 
(N

m
)

Harmonics

a3 = 1/15
a3 = 1/12
a3 = 1/9
a3 = 1/6
a3 = 1/5
a3 = 1/4



158 
 

 
(a) Waveform 

 
(b) Torque ripple magnitude spectra 

Fig. 7.5. Torque ripple variation with equivalent airgap length representing lamination 
reluctance based on modified inverse cosine airgap length shaping utilizing third order 

harmonic when a3 = 1/9, Ia = 19A, If = 12A, and β= -6º. 

Based on the foregoing results, the optimal designs of each rotor shaping method are 

compared in Fig. 7.6. It can be seen that, compared with the one without rotor shaping, the 

torque ripple of EE machines can be reduced by all the rotor shaping methods investigated. 

Amongst the different rotor shaping methods the conventional inverse cosine airgap length 

shaping method is the best one for this application, which has the highest average torque and 

lowest torque ripple.  

Being different from IPM machines, the average torques with or without utilizing the third 

order harmonic are only slightly different. As mentioned foregoing, the average torque with 
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average torque is even 1.3% lower than the one having inverse cosine airgap length shape. 

In order to explain the different outcomes between EE and PM machines, the full load field 

distributions of EE machines having optimal rotor shapes are shown in Fig. 7.7 and 

investigated. It can be seen that, for the offset centre arc shape with Rarc = 50mm, its airgap is 

largest within these four designs. Therefore, it has the lowest average torque. When utilizing 

the third order harmonic, the airgap length near the rotor pole shoulder is smaller than the one 

having the inverse cosine airgap length rotor shape. Therefore, for the EE machines having 

the rotor shaping utilizing the third order harmonic, the average airgap length is slightly 

smaller, which results in slightly higher average torque. However, except the heavier 

magnetic saturation due to the smaller average airgap length, the smaller airgap length near 

the rotor pole shoulder results in higher q-axis magnetic field, which causes the magnetic 

saturation in the stator and the rotor pole shoulder even heavier, as shown in Fig. 7.7. 

Furthermore, since the influence of magnetic saturation in the laminations is much higher in 

EE machines, which has been explained and illustrated in chapter 6, the heavier magnetic 

saturation, especially along q-axis, in return reduces the slightly higher average torque due to 

the smaller average airgap length. Therefore, in EE machines, compared with the one having 

inverse cosine airgap length shape, in total, the average torque can only be increased by 1.8% 

even for the rotor shaping having the optimal third order harmonic. 

 
(a) Waveform 
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(b) Torque ripple magnitude spectra 

Fig. 7.6. Comparison of different rotor shaping methods in EE machines when Ia = 19A, If = 
12A and β= -6º. 

(a) Inverse cosine airgap length shaping (b) Offset centre arc shaping when Rarc = 
50mm 

(c) Inverse cosine airgap length shaping 
utilizing third order harmonic when a3 = 1/15 

(d) Modified inverse cosine airgap length 
shaping utilizing third order harmonics when 

a3 = 1/9 and δad = 2.0 mm 

Fig. 7.7. Magnetic field distributions when Ia = 19A, If = 12A, β= -6º, and θ = 0º. 
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7.3.2 Comparison between EE and PM Machines 

The influence of rotor shaping on EE and PM machines is compared based on their full 

load torques in Fig. 7.8 and Table 7-2. Without rotor shaping, the EE and PM machines have 

the same average output torque. The PM machine is shaped using the cosine magnet shape 

utilizing the third order harmonic, which has been shown better than the cosine magnet shape 

in [60]. The EE machine is based on the inverse cosine airgap length shape, which is shown 

foregoing the best design for this application. 

 
(a) Waveform 

 
(b) Torque ripple magnitude spectra 

Fig. 7.8. Comparison on influence of rotor shaping between EE and PM machines when they 
are on full load. 
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Table 7-II Comparison on influence of rotor shaping 

Nm  Without shaping Shaped 

PM 
Average torque -687.4 -647.7 

P-p torque ripple 381.1 8.0 

EE 
Average torque -687.4 -638.6 

P-p torque ripple 453.2 60.3 

Without utilizing the third order harmonic, the average torque of the EE machine having 

the inverse cosine airgap length shape is only 1.4% lower than the one of PM machine having 

the cosine magnet shape utilizing the third order harmonic. Again, it is due to the influence of 

magnetic saturation. As can be seen from Fig. 7.9, with the inverse cosine airgap length 

shape, the magnetic saturation of EE machine is greatly reduced than the one without 

shaping. The influence of larger airgap length is partially compromised by the influence of 

magnetic saturation and, hence, the average torque reduces less. Therefore, it can be 

concluded that, different from PM machines, it can barely improve the average torque in EE 

machines further by utilizing the third order harmonic. 

(a) Without shaping (b) Inverse cosine airgap length shaping 

Fig. 7.9. Magnetic field distributions of EE machines when Ia = 19A, If = 12A, β= -6º, and θ 
= 30º (White represents that flux density is higher than 1.8T). 

It can also be seen from Fig. 7.8 and Table 7-2 that the torque ripple is reduced by rotor 

shaping for both PM and EE machines. However, the torque ripple can be more effectively 

reduced in PM machines than EE machines using rotor shaping. In order to explain the 

difference, the full load permeability distributions of PM and EE machines are shown in Fig. 

7.10 and investigated. It can be seen that, for SPM machines, the magnetic reluctance is 
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almost constant. The principle of rotor shaping in SPM machines is reduce the permanent 

magnet MMF harmonics. Due to the significantly large equivalent airgap length, which 

almost equals to the sum of mechanical airgap and magnet, the influence of magnetic 

saturation on torque ripple is negligible unless when the magnetic saturation is significantly 

heavy and the torque ripple is low. Therefore, the torque ripple of SPM machines is low when 

the magnets are well shaped. However, for EE machines, instead of airgap length, the MMF 

of field winding is constant. The principle of rotor shaping is to achieve inverse cosine 

magnetic reluctance distribution. Furthermore, for EE machines, since the equivalent airgap 

is simply the mechanical airgap and much smaller than the one of SPM machines, the 

influence of magnetic saturation in the lamination is much higher. When EE machines are on 

load, due to the influence of q-axis magnetic field, the magnetic saturation, particularly the 

one at the rotor pole shoulder, is asymmetric with d-axis, as shown in Fig. 7.10. Therefore, 

although the mechanical airgap length is shaped to the inverse cosine shape, the asymmetric 

magnetic saturation, especially one at the rotor pole shoulder, makes the on load magnetic 

reluctance distribution less symmetric than SPM machines. Therefore, even with the rotor 

shaped, the torque ripple of the EE machine is still higher than the one of SPM machines. In 

other words, the rotor shaping is less effective on torque ripple reduction in EE machines than 

SPM machines due to the influence of the asymmetric magnetic saturation. 

 

(a) PM machine with shaping (b) EE machine with shaping 

Fig. 7.10. Relative permeability distributions of PM and EE machines under full load (White 
represents that relative permeability is higher than 500). 

7.4 Influence of Skewing 

Except the rotor shaping, skewing is another widely used method to reduce the torque 

ripple. Skewing is also often employed together with other methods to further reduce the 
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torque ripple. However, it has been shown in chapter 3 that, for PM machines, the torque 

ripple is not always reduced by skewing, especially when the torque ripple is reduced to very 

low level by the rotor shaping already. Therefore, in this section, the effectiveness of skewing 

on the torque ripple reduction in EE machines with or without rotor shaping is investigated 

and compared with PM machines as well. 

In order to analyse the variation of torque ripple with skewing in EE machines, it is 

necessary to define the on-load torque components. As shown in (4.4) and (4.5), for all the 

electric machines, the on-load torque can be divided into two parts. One is due to the input 

electrical power and well-known as the EM torque. The other one is due to the variation of 

system magnetic energy, which is defined as the cogging torque of EE machines in this 

chapter. 

The investigation is carried out based on rotor skewing calculated by 2D multi-slice FE 

method having 20 slices. The variation of torque ripple with different skewing angles of EE 

and PM machines with and without rotor shaping is given in Figs. 7.11 and 7.12. For PM 

machines, the torque ripples vary in the ways predicted in chapter 3. The open circuit cogging 

torque is eliminated by skewing when the skewing angle is k×60º. For the on-load torque 

ripples, they cannot be eliminated by skewing, except when the skewing angle is 360º 

electrical, which is impractical. When the torque ripple is dominated by the EM components, 

such as full load torque ripple with rotor shaping in Fig. 7.11, the skewing is less effective on 

torque ripple reduction. Although, the torque ripple can still reduce slightly by skewing for 

this application, it has been shown in chapter 3 that the torque ripple may also be increased 

after skewing. 

 
(a) Without rotor shaping 
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(b) With cosine magnet shape utilizing third order harmonic 

Fig. 7.11. Torque ripple variation with different skewing angles of PM machines. 

 
(a) Without rotor shaping 

 
(b) With inverse cosine airgap length shape 

Fig. 7.12. Torque ripple variation with different skewing angles of EE machines. 
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For the EE machine without rotor shaping, the variation of torque ripples with skewing 

angle is similar to the one of PM machine without skewing, as shown in Figs. 7.11(a) and 

7.12(a). It suggests that the torque ripples, both half- and full-load, are dominated by the 

cogging torque. This is also confirmed by the torque ripple variation with the current phase 

advance angle without rotor skewing, as shown in Figs. 7.13 and 7.14. When the current 

phase advance angle changes, although the magnitude of fundamental torque ripple changes 

steadily, which is due to the EM torque ripple, the phase of torque ripple remains almost the 

same. Therefore, as shown in Fig. 7.12(a), the torque ripples, both half and full loads, are the 

lowest when the skewing angle is k×60º. 

 
(a) Torque waveforms 

 
(b) Torque ripple magnitude spectra 
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(c) Torque ripple phase spectra 

Fig. 7.13. Torque ripple variation with current phase advance angle of EE machine without 
rotor shaping and skewing when Ia = 13.4 A and If = 12 A. 

 
(a) Torque waveforms 

 
(b) Torque ripple magnitude spectra 
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(c) Torque ripple phase spectra without skewing 

Fig. 7.14. Torque ripple variation with current phase advance angle of EE machine without 
rotor shaping and skewing when Ia = 19 A and If = 17 A. 

For the EE machine with the inverse cosine airgap length shape, the torque ripples without 

skewing are much lower than the EE machine without shaping. However, compared with the 

PM machine having rotor shaped, the torque ripple of rotor shaped EE machine is much 

higher due to the influence of asymmetric permeability distribution. With the skewing, the 

torque ripple of the rotor shaped EE machine can still be reduced significantly. It also can be 

seen from Fig. 7.12 that the torque ripples is lower when θsk = 70º than the one when θsk = 

60º, which suggests that the cogging torque is much lower and EM torque ripple is dominated 

by 5th harmonic.  

In order to explain the torque ripple variation with the skewing angle, the torque ripple 

variation with the current phase advance angle of EE machine with rotor shaping and without 

rotor skewing is investigated. As can be seen from Figs. 7.15 and 7.16, for both the half and 

full loads, the phase of torque ripple varies with the current advance angle mildly. Therefore, 

with skewing, both half load and full load torque ripples can be reduced further. Since the 

variation of torque ripple phase on full load is less than the one on half load when the current 

phase advance angle changes, the full load torque ripple is reduced more than the half load 

torque ripple, as shown in Fig. 7.12.  
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(a) Torque waveforms 

 
(b) Torque ripple magnitude spectra 

 
(c) Torque ripple phase spectra 

Fig. 7.15. Torque variation with current phase advance angle of EE machine with inverse 
cosine airgap length shape and without skewing when Ia = 13.4 A and If = 12 A. 
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(a) Torque waveforms 

 
(b) Torque ripple magnitude spectra 

 
(c) Torque ripple phase spectra 

Fig. 7.16. Torque variation with current phase advance angle of EE machine with inverse 
cosine airgap length shape and without skewing when Ia = 19 A and If = 17 A. 
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In order to further reveal the mechanism behind, the variation of permeability distribution 

of EE machines with rotor shaping when Ia = 19 A and If = 17 A is investigated. As can be 

seen from Fig. 7.17, the asymmetric permeability distribution due to the q-axis magnetic field 

remains unless when the q-axis current is low. Therefore, the variation of the torque ripple 

with the current phase advance angle and hence the influence of skewing in EE and PM 

machines are different, as foregoing illustrated.  

(a) β= -20º (b) β= -10º 

 

(a) β= 0º (b) β= 10º 

Fig. 7.17. Relative permeability distributions of EE machine with inverse cosine airgap 
length shaping when Ia = 19 A and If = 17 A (White represents that relative permeability is 

higher than 800). 

Based on Figs. 7.11 and 7.12, the influence of skewing on torque ripple reduction in EE 

and PM machines can be directly compared based on the full load torque ripples in Fig. 7.18. 

It can be seen that EE machines, with or without rotor skewing, can achieve the same low 

level of torque ripple with PM machines when the skewing is employed. 

The influence of skewing on the average torque in EE and PM machines is compared in Fig. 

7.19. It can be seen that the influence of skewing on average torque is the same in EE and PM 

machines and, hence, can be represented by the average torque skewing factor given in 

chapter 3. 
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(a) Without shaping 

 
(b) With rotor shaping 

Fig. 7.18. Full load torque ripple variation with skewing angle of EE and PM machines. 

 

Fig. 7.19. Average torque variation with skewing angle of EE and PM machines when on full 
load. 
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7.5 Summary 

The influence of rotor shaping and skewing on EE machines is investigated and compared 

with PM machines.  

Based the investigation, it is concluded that the average torque of the EE machine having 

the inverse cosine airgap length shape is slightly lower than the one of PM machine having 

the cosine magnet shape ulitizing the third order harmonic. It can barely improve the average 

torque of EE machines further by utilizing the third order harmonic. Due to the asymmetric 

magnetic saturation, the rotor shaping is less effective on torque ripple reduction in EE 

machines than SPM machines. However, with the rotor skewing, EE machine still can 

achieve the same low level of torque ripple with PM machines. 
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CHAPTER 8 GENERAL CONCLUSION AND FUTURE 
WORK 

8.1 Conclusions 

EE and PM machines are two most widely employed electric machines, especially for direct 

drive applications. Although PM machines have the advantages of high torque density and 

efficiency, with recent significant increase in the price of rare-earth magnets, EE machines, 

which are non-rare-earth magnet machines, are increasingly attractive as the potential 

replacement candidate. In this thesis, the torque characteristics, both average torque and 

torque ripple, of EE and PM machines are comparatively investigated. The investigation is 

summarized as follows. 

8.1.1 Average Torque Optimisation and Comparison 

The optimisation of electric machines is always one of the most important topics. The 

optimisation of PM machines having internal rotor has been discussed intensively in 

literature. In chapter 2, an analytical model of external rotor PM machines is developed for 

the optimisation of the maximum torque per volume and validated by both FE and 

experimental results. It is shown that, instead of the optimal split ratio, which is close to 1, 

the derivation of optimal flux density ratio and stator split ratio is more useful to guide the 

designs of external rotor PM machines. The torque density of external rotor PM machines is 

maximum when the average airgap flux density is slightly lower than half of the maximum 

flux density in the stator. 

In chapter 6, the simplified analytical optimisation and comparison of two torque densities, 

i.e., torque per volume and torque per weight, between PM and EE machines are presented 

based on internal rotor machines. It is shown that, for EE machines, the torque is maximum 

when the excitation and armature copper losses are the same. There is an optimal pole 

number to maximize the torque densities and it is preferable for large volume applications. 

The comparison between PM and EE machines shows that PM machines can exhibit more 

than √2 times torque densities of EE machines when they have the same copper loss. The 

comparison between optimal T/V and T/G designs shows that the optimal T/G designs have 

significantly higher split ratio and more cost-effective than the optimal T/V designs. 
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8.1.2 Torque Ripple Minimization 

Apart from the average torque optimisation, the torque ripple minimization is another 

important issue, since the machine is directly connected to the load in the DD systems and, 

hence, the requirement on the torque ripple is much higher than the one in the geared systems. 

In chapter 3, the influence of skewing on torque ripples in PM machines is investigated. It is 

found that the effectiveness of skewing largely depends on the axial variation of torque ripple 

phase but less on its magnitude under skewing. It is further found that, in both linear and 

nonlinear cases, the EM and on-load torque ripples cannot be fully eliminated by skewing 

one on-load torque ripple period or any other angles, except 360º electrical, which is 

impractical. This is due to the fact that the EM torque ripple, especially its phase, of each 

slice is different due to the axial variation of equivalent current phase advance angle 

introduced by the skewing. In nonlinear cases, the EM torque ripple variation is further 

aggravated by the axial variation of magnetic saturation. The EM torque ripple as well as the 

on-load torque ripples may be even increased by skewing, especially when the cogging 

torque is low and electric loading is high. Furthermore, it is also found that, by optimising the 

skewing angle and current phase advance angle together, the improved skewing is able to 

reduce the torque ripple further to meet the stringent torque ripple requirement over the whole 

load range when the conventional skewing fails.  

The influence of rotor shaping and skewing on EE machines is investigated and compared 

with PM machines in chapter 7. It shows that the average torque of the EE machine having 

the inverse cosine airgap length shape is only slightly lower than the one of PM machines 

with the rotor shaping utilizing the third order harmonic. However, it can barely improve the 

average torque of EE machines further by utilizing the third order harmonic. Due to the 

asymmetric magnetic saturation, the rotor shaping is less effective on torque ripple reduction 

in EE machines than SPM machines. However, using the rotor skewing, EE machines can 

still achieve the same low level of torque ripple as PM machines. 

8.1.3 On-load Torque Separation 

Meanwhile, in order to further understand the characteristics of on-load torque and, hence, 

improve it, the separation of the on-load torque of PM machines into its individual torque 

components is investigated as well. 

In chapter 4, the investigation is focused on the average torque separation. It is found that, 

although the Maxwell stress tensor and virtual work principle should result in identical 
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torques in normal FE analyses when appropriate FE meshes are used, the average torques 

calculated by these two methods are found to be different when the FP method is employed. 

This is due to the influence of equivalent rotational magnetic saliency in the stator, which 

causes a part of PM torque being improperly attributed to the reluctance torque when the 

Maxwell stress tensor method is employed. However, by using the virtual work principle, this 

is eliminated, and, hence, the average torque components can still be appropriately separated 

and analysed. 

In chapter 5, the calculation of on-load cogging torque of PM machines, which is most 

difficult challenge for the on-load torque separation, is investigated. It is found that vast 

majority of existing methods for calculating the cogging torque, no matter whether analytical 

or numerical methods, neglect the influence of load, or are inappropriate in considering the 

influence of load. Without using the frozen permeability method, the torque calculated by the 

virtual work principle includes the magnetic energy due to the armature field. When using the 

frozen permeability method, the resultant torque based on the Maxwell stress tensor with the 

on-load permanent magnet field only has nonzero average torque and, hence, is not the on-

load cogging torque. However, all the shortcomings of existing methods can be avoided and, 

hence, the on-load cogging torque can be calculated appropriately using the proposed method 

based on the combination of the virtual work principle and frozen permeability method. For 

the implementation of the proposed method, an improved frozen permeability method, which 

makes the magnetic energy with on-load permanent magnet field only can be calculated 

according to the B-H curve, has been developed as well. 

8.2 Future Work 

Following the investigation in this thesis, the future research can be listed as follows. 

8.2.1 Ways of Reducing Q-axis Magnetic Field in EE Machines 

As shown in chapter 7, the asymmetric magnetic saturation, which is due to the q-axis 

magnetic field, causes the rotor shaping less effective on torque ripple reduction in EE 

machines. It is also shown in chapter 6 that, the magnetic saturation, along both d- and q-axes, 

results in lower magnetic permeability and, hence, average torque. Therefore, it is desirable 

to reduce the q-axis magnetic field in EE machines. Definitely, the rotor pole shoe height, 

especially the rotor pole shoulder height, is one of key parameters to be investigated. 
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8.2.2 Torque Ripple Reduction in EE Machines Using Combined Rotor Shapes 

Due to the asymmetric magnetic saturation, which is due to q-axis magnetic field, the rotor 

shapings are less effective on torque ripple reduction in EE machines. In order to achieve the 

similar torque ripple as PM machines, skewing needs to be employed in EE machines. 

However, the skewing results in lower average torque, more complicated machine structure 

and higher cost. Therefore, other torque ripple reduction methods, such as combining 

different rotor shapes within one EE machine, may be preferred instead of skewing. 
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APPENDIX A ANALYTICAL MODELING AND 
INVESTIGATION OF TRANSIENT RESPONSE OF PM 

MACHINES WITH THREE-PHASE SHORT-CIRCUIT FAULT  

This section aims to find effective methods to avoid irreversible demagnetisation in PM 

machines by suppressing the short-circuit current. An analytical model is developed to 

predict the transient currents, overcoming the problems of previous steady state models 

which may significantly underestimate the short-circuit current. Although the developed 

analytical model is simple, it can accurately reveal the relationship between the short-circuit 

response and design parameters, as its high accuracy is validated by transient finite element 

analyses and experiments. The characteristics of short-circuit behavior are investigated and 

several guidelines for improving the short-circuit performance are obtained to aid the 

machine design 

A.1 Introduction 

Permanent magnet (PM) machines become increasingly popular in many applications, such 

as wind power generations and electrical vehicles. However, the irreversible demagnetisation 

of the magnets in PM machines is a major concern, especially under short-circuit faults which 

may occur. Many well-known ways of protecting the magnet from demagnetisation are based 

on the improvement of demagnetisation withstand capability, e.g. the magnet positioning in 

the rotor [A1], magnet shaping [A2], enlarging air-gap length, and increasing magnet 

thickness etc. However, these methods have their own limitations, such as reducing 

electromagnetic performance, requiring more magnets, or needing freedom to change rotor 

design. This paper aims to find effective design methods to avoid irreversible 

demagnetisation by suppressing short-circuit current rather than the foregoing techniques. For 

this purpose, it is helpful to analytically reveal the relationship between the short-circuit 

response and machine parameters. 

Research on the short-circuit failure has a long history [A3]-[A16]. Many works were based 

on numerically solving the differential equations or finite element (FE) method [A5]-[A11]. 

However, these methods provide less insight and are time-consuming, and, hence, not as 

convenient as analytical techniques for machine design and optimisation. The classic 3-phase 

short-circuit analytical model [A12] mainly focused on generators having damping windings 

and/or solid poles and was too complicated. Further, the attention was focused on the 

influence of transient and sub-transient reactances due to conductive components in the rotor 
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[A14]-[A16]. Thus, it is not appropriate to use for guiding the design of PM machines where 

synchronous reactance parameters dominate. The influence of synchronous reactance 

parameters was investigated in [A11] by using a simple analytical model and the design 

issues were discussed as well. The study considered the magnet flux linkage and saliency 

ratio, specifically to interior PM machines. However, the model was only developed for the 

steady state short-circuit current response, which may be inadequate for assessing the risk of 

demagnetisation. As being well-known and shown later, the transient short-circuit current can 

be significantly larger than the steady state current. Therefore, it is desirable for the machine 

design to have a simple analytical model for the transient short-circuit response, which can 

accurately reveal the influence of synchronous reactance parameters on short-circuit 

performance. 

In this paper, an analytical model of transient response is developed for PM machines 

without damping windings and solid poles. The expressions of peak transient currents, which 

may be significantly higher than the steady state one, are obtained. Compared with the classic 

model, it is simpler and only relies on the synchronous reactance parameters. Hence, it can 

accurately reveal the relationship between the short-circuit response and design parameters, 

as its high accuracy is validated by transient FE analyses and experiments. The characteristics 

of short-circuit behavior are summarized and several guidelines for improving the short-

circuit performance are obtained to aid the machine design. 

A.2 Analytical Model 

Assuming the machine with initial q-axis current remains at synchronous speed and there is 

no irreversible demagnetization and negligible eddy currents, the analytical 3-phase 

symmetric short-circuit model for salient-pole PM machines without damping winding and 

solid poles is given by 

0
0

0
0

0  (A.1)

The response can be divided into two parts: 

1) Initial current response (Iq(0) ≠ 0 and E = 0) 

0
1

cos
/ sin  (A.2)
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cos
/ cos  (A.3)

2) EMF response (Iq(0) = 0, and E = ω pm) 

1
1

sin
/ sin  (A.4)

1
1

sin
/ cos  (A.5)

2 /  (A.6)

2
 (A.7)

acos	
2

 (A.8)

asin
2
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where Ld, Lq, and R are the d- and q-axis inductances and phase resistance, respectively, ω is 

the synchronous electrical angular speed, ψpm is the magnitude of the fundamental of PM flux 

linkage, and  is the electrical time constant. 

By applying Ld = Lq = L, the analytical model for non-salient-pole PM machines can be 

presented as 

0
0

0
0

0  (A.10)

1) Initial current response (Iq(0) ≠ 0 and E = 0) 

0 /  (A.11)

0 /  (A.12)

0 /  (A.13)

2) EMF response (Iq(0) = 0 and E = ω pm) 
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1
1
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/ cos  (A.15)

√
1 2cos / /  (A.16)

/  (A.17)

atan / atan  (A.18)

It is worth noting three significant advantages of the developed model: (a) Compared with 

the classic model in [A12], [A14]-[A16], which were developed for machines having 

damping windings or solid poles, the models and responses are much simpler for most PM 

machines since there are no transient and sub-transient parameters. Hence, it is beneficial to 

the understanding, analysis, and design of the machines. (b) The models are capable of 

predicting not only steady state currents but also transient current responses, which may be 

significantly larger than the former. Therefore, the developed models are capable of assessing 

the risk of demagnetisation and can be used for guiding the machine design. (c) The model is 

also applicable when the initial current is not zero 

A.3 Influence of Machine Parameters 

In order to guide the machine design, the influence of synchronous parameters on short 

circuit behavior is investigated analytically. The initial current is set to zero due to two 

reasons: (a) The initial current response, as shown in (A.13), is simply the damped current. 

(b) Its peak value is the same as Iq(0). For most cases, Iq(0) is much lower than the current 

component due to the EMF. 

The investigation is firstly based on the non-salient-pole machines model, which is simpler 

and helps to easily understand the behavior. The influence of saliency will be investigated 

later. For the demagnetisation consideration, the focus is especially on the transient current 

peaks, which may be significantly larger than the steady state values. 

To ease the analysis, the currents are rewritten as the functions of rotor position, θ = ωt,  

1
sin

sin
/  (A.19)
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/  (A.20)

√
1 2cos / /  (A.21)

√
 (A.22)

sin  (A.23)

cos  (A.24)

where Ids, Iqs, and Ims are the d-axis, q-axis, and total steady-state short circuit currents, 

respectively. 

A.3.1 Variation of Current Waveforms 

Since φ= atan(ωL/R) = atan(ω), the current waveforms only rely on ωL/R. Assuming 

steady state currents are one p.u., the short circuit current waveforms with different ωL/R are 

shown in Figs. A.1-A.3. Together with (A.19)-(A.21), several useful conclusions can be 

drawn as follows. 

1) The d-axis current reaches peak when θ = π while the q-axis current peaks when θ = 

π/2. However, the total current peak lies between θ = π/2 and θ = π. The higher 

ωL/R, the closer its peak position to θ = π. Hence, at higher speed, the current 

change rate is higher, which results in higher eddy current. 

2) With the increased ωL/R, the oscillation is more significant and the damping is 

slower, since the responses are close to the one of pure inductive load. In this case, 

the peak currents are much higher than the steady state ones. 



197 
 

 
Fig. A.1. D-axis current waveform variation with ωL/R when its steady state current is 1 p.u.. 

 
Fig. A.2. Q-axis current waveform variation with ωL/R when its steady state current is 1 p.u.. 

 
Fig. A.3. Total current waveform variation with ωL/R when its steady state current is 1 p.u.. 

A.3.2 Variation of Peak Currents 

Combining the current waveforms with their steady state currents, the peak transient 

currents, Idpeak and Iqpeak, can be obtained as 
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| | 1  (A.25)

|
2
| 1  (A.26)

According to (A.25), (A.26) and Fig. A.4, which can be used to predict the peak currents 

when ψpm, ω, and R vary, it can be seen that 

1) Idpeak, Iqpeak, and Impeak are proportional to ψpm/L. 

2) With fixed ψpm/L, all the peak currents increase when ωL/R is higher. 

3) For Idpeak and Impeak, their limiting values are 2ψpm/L (twice of their steady state 

values) when ωL/R approaches infinity. 

4) For Iqpeak, its limiting value is ψpm/L (ωL/R times of its steady state value) when 

ωL/R approaches infinity 

 
Fig. A.4. Variation of peak currents versus ωL/R when ψpm/L = 1. 

However, to design a PM machine for most applications, which do not require flux 

weakening operation, ω, ψpm and R are almost fixed due to the voltage and efficiency 

requirements. It is desirable to obtain the peak current characteristics with variable L and 

fixed ω, ψpm, and R. For ω’=1 p. u. and ψ’pm=1 p. u., the per unit peak current value can be 

derived as 

1 /  (A.27)

1  (A.28)

As can be seen from Figs. A.5-A.7: 
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1) With the same L’, the peak short circuit currents are lower when R’ is higher. 

2) I’dpeak peaks when L’ is close to R’. When L’ approaches 1, its limiting value is 2 

while R’ decreases. 

3) I’qpeak decreases when L’ increases. When L’ is close to 0, I’qpeak is close to 1/R’. 

When L’ approaches 1, it is close to 1. 

4) I’mpeak deceases and is close to 2 when R’ is very low and L’=1. 

Hence, it is desirable to have either higher R’ or higher L’, which results in lower Iqpeak and 

Impeak, and consequently, lower peak torque and lower demagnetization MMF. However, a 

higher R’ results in lower efficiency. Therefore, a higher L’ is desirable. 

 
Fig. A.5. Variation of I’dpeak versus L’ and R’. 

 
Fig. A.6. Variation of I’qpeak versus L’ and R’. 
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Fig. A.7. Variation of I’mpeak versus L’ and R’. 

A.3.3 Influence of Saliency 

Based on salient-pole machine model and using the saliency ratio ε = Lq/Ld, the short circuit 

behavior can be investigated. For ω’=1 p.u., ’pm =1 p.u., and R’=0.05 p.u., increasing the 

saliency ratio  does help to reduce Iqpeak, as shown in Fig. A.9. When ωLd/R is larger, Iqpeak is 

almost inversely proportional to the saliency ratio ε. However, as shown in Figs. A.8 and 

A.10, Idpeak and Impeak are larger when the saliency ratio ε is larger although the influence is 

significant only when ωLd/R is lower. 

Using the salient-pole machine model, the following conclusions can be obtained: (a) when 

ωLd/R approaches infinity, the limiting values of Idpeak and Impeak are both equal to 2 pm/Ld, 

which is twice of their steady state values. (b) For Iqpeak, its limiting value is pm/Lq, which is 

ωLd/R times of its steady state value. 

 
Fig. A.8. Variation of I’dpeak versus ωLd/R and ε when R’=0.05 p.u.. 
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Fig. A.9. Variation of I’qpeak versus ωLd/R and ε when R’=0.05 p.u.. 

 
Fig. A.10. Variation of I’mpeak versus ωLd/R and ε when R’=0.05 p.u.. 

A.4 Finite Element and Experimental Validation 

To verify the analytical model, both FE simulation and experiments are conducted based on 

a SPM machine, its cross-section and phase back-EMF waveform are shown in Figs. A.11 

and A.12 and the parameters are given in Table A-I. 

 
Fig. A.11. Cross-section of experimental SPM machine. 
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Fig. A.12. Phase EMF of experimental SPM machine at 400rpm. 

Table A-I Parameters of experimental machine  

Machine Parameters 

Rated speed 400rpm Effective axial length 50mm 

Slot number 12 Magnet thickness 3mm 

Pole number 10 Magnet remanence 1.2T 

Stator outer radius 50mm Number of turns per phase 132 

Stator inner radius 28.5mm Slot opening 2mm 

Yoke height 3.7mm PM flux linkage ψpm 69.8mWb 

Tooth body width 7.1mm Phase resistance 20oC (Ra) 0.300Ω 

Airgap 1mm D- and q-axis inductance 3.37mH 

Rotor outer radius 27.5mm   

The experimental setup is shown in Figs. A.13 and A.14. A DC motor is used to drive the 

experimental machine at the specified speed when the 3-phase short-circuit fault occurs. 

Three single-phase inductors are employed to control the short-circuit current while the 

external resistances are used to control the initial current and avoid the voltage spikes when 

the switches are turned off. They are detailed in Fig. A.14 and Table A-II. 

The transient FE simulation is carried out using Opera FE software. To keep the same 

operation conditions as the experiment, the related external circuit is set as shown in Fig. 

A.15. The initial current is controlled by 3-phase balanced current sources while the 3-phase 

short circuit fault is invoked by the switches. Eddy currents are neglected in the FE model to 
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Table A-II External inductors and resistances 

Inductance of external inductor Lex 37.9mH 

Resistance of external inductor RL 0.188Ω 

External resistance Rex 33 Ω 

 
Fig. A.15. External circuit for FE simulation. 

 
Fig. A.16. Measured, FE, and analytically predicted short-circuit 

waveforms when ωL/R = 15.9. 

 
Fig. A.17. Measured and predicted peak and steady state d-axis currents versus ωL/R. 
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Fig. A.18. Measured and predicted peak and steady state q-axis currents versus ωL/R. 

A.5 Conclusions 

In this paper, a simple analytical model has been developed for predicting 3-phase short-

circuit currents for both salient-pole and non-salient-pole PM machines without damping 

windings and solid poles. It is simple yet accurate, as validated by transient FE analyses and 

experimental results. It has been used to investigate the influence of machine parameters on 

the peak short-circuit currents. Hence, it is useful for the machine design to avoid the 

irreversible demagnetisation under short-circuit faults. 
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APPENDIX B DESIGNS OF 3kW PM PROTOTYPE 
MACHINES  

In this section, the designs of 3kW PM prototype machines are reported. First, the 

preliminary design, which is done by Siemens Wind Power, Denmark, is examined. Second, 

the rotor shaping methods are investigated to reduce the significant cogging torque and 

torque ripple. The slot dimensions are further investigated to improve the torque density. 

Finally, the demagnetization under short circuit conditions is discussed as well. 

B.1 Preliminary design 

The detailed parameters and cross-section of the preliminary design are summarized in 

Table B-I and Fig. B.1. 

Table B-I Parameters of preliminary design 

Parameters value Parameters value 

Rotor outer diameter 420 mm Effective axial length 110 mm 

Slot number 84 Pole number 28 

Airgap length  1 mm Magnet thickness  3.8 mm 

Remanence @ 60ºC 1.17 T Coercive force @ 60ºC 880 kA/m 

Rated speed 170 rpm Number of turns per phase 392 

Rated current (RMS) 5.83 A Stator outer diameter 390.4 mm 

Stator inner diameter 340.4 mm Slot height 15.5 mm 

Stator yoke thickness 10 mm Slot width 7.3 mm 

Rotor yoke thickness 10 mm Slot wedge height 1 mm 

Coil temperature (rated) 95ºC Magnet temperature (rated) 60ºC 

Rotor steel S355 Resistance 20ºC 1.528 Ω 

Stator lamination M470-65A   
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(a) Back EMF waveforms 

 
(b) Phase back EMF waveforms 

Fig. B.3. Back EMF waveforms and spectra of preliminary design when n = 170rpm. 

 
Fig. B.4. Cogging torque of preliminary design. 
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Fig. B.5. Variation of average torque with current phase advance angle when Ia= 5.83A. 

 
Fig. B.6. Torque waveform when Id = 0A and Iq = -8.24A. 

In order to evaluate the demagnetization withstand capability, radial flux densities of 

magnet are extracted out from the FE results. The inner surface of magnet, which is most 

close to the stator, is most likely to be demagnetized. However, in order to avoid the 

numerical error on the boundary between two types of materials, the probes are set 

symmetrically 0.1mm below the magnet surface, as shown in Fig. B.7.  

 
Fig. B.7. Illustration of probe locations. 

In order to implement the short circuits, the external circuit, as shown in Fig. B.8, is used. 
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The parameters are set as follow. 

 Before the short circuit, the machine is on rated load and Rsc is 108Ω.  

 During 3-phase short circuit, Rsc is changed to 10-8Ω and the input currents are set to 

0A. The short circuit occurs when the terminal voltage of one phase crosses zero, 

which is the worst case. 

 During 2-phase short circuit, Rsc between phase A and phase B is set to 10-8Ω. The 

other two Rsc remain 108Ω. The input currents are set to 0A. The short circuit occurs 

when the line-line voltage between phase A and phase B crosses zero, which is the 

worst case for 2-phase short circuit. 

 The influence of eddy current is neglected and the end winding inductances are set 

to zero. 

 Since the mechanical time constant is much bigger than electrical time constant, the 

rotor speed is assumed to be constant during simulation. 

 
Fig. B.8. External circuit for short circuit simulations. 

The short circuit performance, such as flux densities in magnet, short circuit current, and 

short circuit torque, is shown in Figs. B.9-B.11 and Table B-II. It can be seen that: 

 When it is on full load, the magnets are safe.  

 The 3-phase short circuit is more critical than 2-phase short circuit in terms of the 

short circuit current and the magnet demagnetization.  

 The magnets are just thick enough to withstand the 3-phase short circuit from rated 

load, which is the worst case. 

 The short circuit current and torque are significant for the preliminary design. 
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Fig. B.9. Radial flux densities variation of probes at rated load. 

 
(a) Phase current waveforms 

 
(b) Torque waveform 
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(c) Radial flux densities variation of probes 

Fig. B.10. Performance of 2-phase short circuit from rated load. 

 
(a) Phase current waveforms 

 
(b) Torque waveform 
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(c) Radial flux densities variation of probes 

Fig. B.11. Performance of 3-phase short circuit from rated load. 

Table B-II Demagnetization withstand capability 

 Rated load 2-phase short circuit 3-phase short circuit 

Peak current (A) 8.24 76.06 93.5 

Peak torque (Nm) 345 1888 1749 

Min. radial flux density 
in the magnet (T) 

0.533 0.205 0.165 

B.2 Investigation of Rotor Shaping 

Since the machine is developed for direct drive wind power applications, it has stringent 

requirement on the torque pulsations, defined as half of the peak-peak (p-p) value. The 

cogging torque and on-load torque ripple in whole operation range should be less than 0.5% 

and 1% of the rated torque, respectively. Since the required rated torque is 194.84Nm, the 

maximum allowed peak-peak values of cogging torque and torque ripple are 1.948Nm and 

3.896Nm, respectively. In order to reduce the significant cogging torque and torque ripple, it 

is necessary to employ rotor shaping. 

B.2.1 Investigation of Pole Arc to Pole Pitch Ratio 

The simplest way of rotor is changing the pole arc to pole pitch ratio αp. The variation of 

cogging torque with different pole arc to pole pitch ratio is shown in Fig. B.12. It can be seen 

that the cogging torque can be reduced significantly by optimising αp. The cogging torque is 

lowest when αp = 0.705. However, even with the optimal αp, the cogging torque, whose peak 
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(a) Cogging torque waveforms when αp = 0.75 

 
(b) Cogging torque waveforms when αp = 0.85 

 
(c) Cogging torque waveforms when αp = 0.95 

Fig. B.14. Variation of cogging torque with αp and he. 
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where αf is the ratio magnet part with maximum height to the pole pitch. When αf = 0 and he 

= 0mm, the magnet height varies sinusoidally. 

By scanning αf, αp, and he, another candidate design can be obtained using the modified 

sinusoidal shaping when αp = 0.95, αf = 0.27, and he = 0.926mm. As will be shown later, its 

peak-peak cogging torque is 1.841Nm, average full load torque is -187.8Nm, and the peak-

peak full load torque ripple is 2.89Nm. 

B.2.4 Comparison between Different Shaping Methods 

In this section, the influence of sinusoidal and modified sinusoidal shaping methods is 

illustrated based on the comparison with the preliminary design. For the one having 

sinusoidal shaping, αp = 0.95 and he = 0.02mm. For the modified sinusoidal shaping, αp = 

0.95, αf = 0.27, and he = 0.926mm. The other parameters remain the same as the ones listed in 

Table B-I. The performance of three designs, such as cogging torque, back EMF, on-load 

torque, is shown in Figs. B.18-B.21 and compared in Table B-III. It can be seen that: 

 The torque ripples can be reduced effectively to meet the stringent requirements by 

both the sinusoidal and modified sinusoidal shaping methods.  

 Using the sinusoidal shaping method, although it is able to achieve the stringent 

torque ripple requirements, its torque is reduced significantly. Compared with the 

preliminary design, the full load torque of sinusoidal shaped one is 14.3% lower. 

 By using the modified sinusoidal shaping, the torque is compromised less. The full 

load torque is 14.7% higher than the sinusoidally shaped one and only 1.7% lower 

than the one of preliminary design. 

 The third order EMF harmonic of the modified sinusoidally shaped design is 

significant. 

  
(a) Preliminary  (b) Sinusoidal (c) Modified sinusoidal 

Fig. B.17. Cross-sections of three designs. 
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(a) Waveform 

 
(b) Torque ripple magnitude spectra 

Fig. B.18. Cogging torque waveforms (preliminary one is shown in Fig. B.4 and not included 
due to its significant magnitude). 
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(b) Spectra 

Fig. B.19. Phase back EMFs at 170rpm. 

 
(a) Waveform 

 
(b) Spectra 

Fig. B.20. Line-line back EMFs at 170rpm. 
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Fig. B.21. Full load torque waveforms when Id = 0A and Iq = -8.24A. 

Table B-III Comparison between three rotor shaping methods 

 Preliminary  Sinusoidal Modified sine. 

Open circuit 

P-p cogging torque (Nm) 319.10 (83.4%) 0.57 (0.17%) 1.88 (0.5%) 

Phase back EMFs @ 170rpm (V)  

Fundamental 273.90 235.72 270.62 

3 43.17 1.86 41.14 

5 19.48 3.39 0.60 

7 7.81 2.16 1.70 

Output torque @ Iq=-8.24, Id=0A 

Average torque (Nm) -191.13 -163.69 -187.85 

P-p torque ripple (Nm) 321.29 (84.0%) 1.90 (0.58%) 2.89 (0.77%) 

Based on the design using the modified shaping method, the number of turn per phase is 

increased to 406 to achieve the required average torque (194.84Nm). For the design having αp 

= 0.95, αf = 0.27, he = 0.926mm, and Na = 406, the cogging torque remains the same as the 

cross marked one shown in Fig. B.18. The full load torque is shown in Fig. B.22. The average 

rated torque is 194.5Nm and its peak-peak torque ripple is 3.0Nm (0.7%).  
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Fig. B.22. Full load torque waveform when αp = 0.95, αf = 0.27, he = 0.926mm, Na = 406, Id = 

0A, and Iq = -8.24A. 

B.3 Slot Dimensions Optimisation 

As can be seen from Fig. B.1(a), the slot is relative shallow and with large slot opening. 

Therefore, in this section, the torque variation with the slot dimensions is investigated. In 

order to consider the influence of magnetic saturation, the investigation is carried out by 

nonlinear FEA based on Opera. The other constraints and assumptions are listed as follows: 

 The rotor remains the optimal magnet design using modified sinusoidal shaping, 

whose Ro = 420mm, Rri = 400mm, hm = 3.8mm, αp = 0.95, αf = 0.27, and he = 

0.926mm. The airgap length remains 1mm.  

 The stator outer diameter is 390.4mm. The stator inner diameter changes with slot 

depth to maintain the stator yoke thickness as 10mm. The slot wedge depth is 1mm. 

 The number of turns per phase is 406. 

 The full load copper loss remains the same. Therefore, the rated current changes 

proportionally to the square root of the effective slot area, i.e., the slot area below 

the slot wedge, as shown in Figs. B.23 and B.24 
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Fig. B.23. Variation of effective slot area with slot dimensions. 

 
Fig. B.24. Variation of full load current with slot dimensions. 

The variation of full load torque with slot dimensions is shown in Figs. B.25 and B.26. It 

can be seen that 

 When the slot depth increases, the output torque first increases due to higher current 

and then decreases due to magnetic saturation. 

 For each slot depth, there will be an optimal slot opening to maximize the torque and 

the optimal slot opening decreases with the slot depth. 

 The average torque is maximum when the slot depth is 66mm and the slot opening is 

5mm. However, the average torque saturates when the slot depth is larger than 

51mm, as shown in Fig. B.26. 
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Fig. B.25. Variation of full load average torque with slot dimensions. 

 
Fig. B.26. Variation of maximum average torque and optimal slot opening with slot depth. 

On the other hand, as shown in Fig. B.27, even for the saturated design, the slot is very 

depth (51mm), which results in narrow minimum teeth width, heavy magnetic saturation, and 

high slot leakage. Based on the comparison in Fig. B.27 and Table B-IV, another design, 

whose slot depth is 30mm and the slot opening is 6mm, is selected for the actual prototype 

machine based on following considerations: 

 Compared with the maximum torque design, the average torque is reduced from 

313Nm to 257Nm. However, the slot area is almost halved from 322mm2 and 

171mm2. In other words, the copper mass is almost halved. 

 The smaller slot depth to slot opening ratio eases the manufacturing, such as the end 

windings. 

 Wider minimum tooth width also reduces the magnetic saturation and increases the 

stator mechanical stress. 
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(a) Maximum torque (slot depth = 66mm) 

(b) Saturated (slot depth = 51mm) (c) Selected (slot depth = 30mm) 

Fig. B.27. Cross-sections of three designs. 

Table B-IV Comparison of three designs with different slot dimensions 

 Maximum 
design 

Saturated 
design 

Selected 
design 

Slot depth (mm) 66 51 30 

Slot opening (mm) 5 5 6 

Effective slot area (mm2) 322 247 171 

Minimum teeth width (mm) 4.6 5.7 6.1 

Stator inner diameter (mm) 238.4 268.4 310.4 

Phase current (RMS) (A) 10.35 9.07 7.54 

Average torque (Nm) -313 -302 -257 

B at slot bottom (T) 1.83 1.74 1.69 
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B.3 Investigation on Demagnetization Withstand Capability 

As concluded previously, the magnet shaping can greatly reduce the torque ripples. 

However, the demagnetization withstand capability is consequently reduced due to the 

thinner magnet, especially for the pole edges. Therefore, in this section, the demagnetization 

withstand capability of the machine with shaped magnet is investigated. 

Meanwhile, it is also concluded in section B.1 that the 3-phase short circuit is more critical 

than 2-phase short circuit in terms of the magnet demagnetization. Therefore, the 

investigation is based on the 3-phase short circuit. The external circuit and switch condition 

are the same as mentioned foregoing. 

In order to consider the influence of rotor shaping, the investigation is based on the design, 

whose slot depth is 30mm, slot opening is 6mm, Na = 406, αp = 0.925, αf = 0.22, and he = 

1.011mm. The other conditions are listed in Table B-V and the probe locations are illustrated 

in Fig. B.28.  

Table B-V Parameters for short circuit simulations 

Rotor speed (rpm) 170 

Phase resistance @ 95°C (Ω) 1.269 

Id  (A) 0 

Iq  (A) 8.245 

 
Fig. B.28. Locations of flux density probes. 
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The 3-phase short circuit performance of the investigated design is shown in Fig. B.29. It 

can be seen that the most part of magnet is demagnetized. Compared with the preliminary 

design in Fig. B.11, it can be concluded that this is mainly due to the influence of magnet 

shaping, since the short circuit currents are almost the same as the preliminary design. 

 
(a) Current waveform 

 
(b) Radial flux density waveforms 

Fig. B.29. 3-phase short circuit performance from full load of machine having αp = 0.925, αf 
= 0.22, and he = 1.011mm. 

However, on the other hand, the rotor shaping is essential to achieve the stringent torque 

ripple requirement. Therefore, the ways of increasing the demagnetization withstand 

capability when the rotor shaping is employed are strongly desirable and can be developed as 

follows. 

First, it can be developed based on reducing the demagnetizing field. It can be further 

divided into two categories. One is based on reducing the short circuit current, which has 

been discussed intensively in appendix A. The other one is based on increasing the 
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demagnetizing resistance, which equals to the sum of mechanical airgap length and magnet 

thickness for SPM machines. 

Second, it also can be developed by increasing operation points of the magnet, which means 

thicker magnet or smaller airgap length. Since the minimum airgap length is limited by 

mechanical requirement, thicker magnets are preferred. However, in addition to the higher 

cost, it also should be noticed that the induced EMF and short circuit current will be higher as 

well due to the higher permanent magnet flux linkage. 

Therefore, the variation of demagnetization during 3-phase short circuit is investigated 

based on two sets of hm/δ. One is hm/δ = 3.8, which is the same as preliminary design. It is 

also well known that the airgap flux density saturates with hm/δ, as illustrated in Fig. B.30. 

Therefore, the utilization of magnet is lower when hm/δ is higher. Therefore, another one is 

based on hm/δ = 3.0, which is lower than the preliminary design. However, due to lower hm/δ, 

the number of turn per phase has to be increased accordingly to produce the same average 

torque. The other constraints are listed in Table B.VI.  

 
Fig. B.30. Variation of average airgap flux density with hm/δ. 

Table B-VI Constraints for investigation on different airgap length 

Parameters Value Parameters Value 

Shared 

Out diameter 420mm Rotor yoke 10mm 

Slot depth 30mm Rotor yoke 10mm 

Slot opening 6mm Magnet shape Proportional to Fig. B.28 

Ia 5.83A   
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hm/δ = 3.8 

Na 406 Ra @ 95°C 1.269 Ω 

hm/δ = 3.0 

Na 420 Ra @ 95°C 1.358 Ω 

The variation of lowest radial flux density during 3-phase short circuit from rated load is 

shown in Figs. B.31 and B.32 and compared in Table B-VII. It can be seen that, for both 

designs, the minimum equivalent airgap length to prevent irreversible demagnetization is 

7.6mm. However, when hm/δ = 3.0, less magnet is used and hence it is cheaper. The larger 

airgap also eases the manufacturing. The only drawback is that the efficiency is slightly lower 

due to increased number of turns. Therefore, the prototype is developed based on hm/δ = 3.0. 

 
Fig. B.31. Radial component of lowest flux density in the magnet when hm/δ = 3.8. 

 

Fig. B.32. Radial component of lowest flux density in the magnet when hm/δ = 3.0. 
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Table B-VII Comparison between minimum airgap length with different hm/δ 

 hm/δ = 3.8 hm/δ = 3.0 

Min. B (T) 0.133 0.132 

Min. hm+δ (mm) 7.68 7.6 

Airgap length δ (mm) 1.6 1.9 

Magnet height hm (mm) 6.08 5.7 

B.4 Development of Prototype Machine 

Based on the foregoing investigation, it shows that the performance, such as efficiency, 

short circuit current, demagnetization withstand capability, is better than the preliminary 

design when the slot depth is increased to 30mm and slot opening is reduced to 6mm. 

However, since the mechanical drawings have been produced based on the preliminary 

design, the actual prototype machine still based on the same stator of the preliminary design 

with the rotor and airgap length updated. 

Furthermore, since extra rotor teeth, as shown in Fig. B. 33, are needed to ease the 

manufacturing, the magnet shape is updated with the influence of extra rotor teeth considered. 

 
Fig. B.33. Illustration of rotor teeth for manufacturing. 

As a comparison, both the design of actual machine and the design having deeper slots are 

given in Table B-VIII and Figs. B.34-B.38.  
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Table B-VIII Summary of two qualified designs 

Deep slot Actual 
ROTOR GEOMETRY 

Rotor outer diameter mm 426.4 
Rotor yoke thickness mm 10 
Magnet 38HT 
Magnet height mm 6 
Pole arc to pole pitch ratio 0.95 0.97 
Flat arc to pole pitch ratio 0.2 0.2 
Magnet edge height @ pole pitch mm 2.3 2.15 
Airgap length mm 2 
Pole number - 28 

STATOR GEOMETRY 
Stator inner diameter mm 304 339.4 
Stator outer diameter mm 384 390.4 
Stator yoke thickness mm 10 
Slot number - 84 
Slot depth mm 30 15.5 
Slot width mm 6 7.3 
Wedge height mm 1 1.5 
Stator core length mm 110 

WINDING DATA 
Number of turns per phase - 420 
Resistance DC 20°C Ω 1.048 1.755 

OPEN CIRCUIT @ 20°C 
Phase EMF (peak) @ 170rpm 

Fundamental V 296.97 296.59 
3 V 45.30 41.10 
5 V 1.75 3.54 
7 V 3.43 1.96 

Line-line EMF (peak) 
Fundamental V 514.37 513.71 

5 V 3.03 6.18 
7 V 5.95 3.41 

Cogging torque (peak-peak) Nm 1.64 1.64 
Cogging torque/ rated torque -- 0.42% 0.41% 

FULL LOAD @ Ia=5.83A 
Current advance angle Deg 180 
Average rated torque Nm -196.25 -195.83 
Torque ripple (peak-peak) Nm 2.52 3.03 
Torque ripple/rated torque -- 0.44% 0.77% 
Input power W 3493.71 3486.23 
Copper loss W 138.64 231.97 
Iron loss W 59.94 59.96 
Rated efficiency -- 94.33% 91.63% 
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(a) Actual (b) Deep slots 
Fig. B.34. Cross-sections of two designs. 

 
Fig. B.35. Cogging torque waveforms. 

 
(a) Waveforms 
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(b) Spectra 

Fig. B.36. Phase back EMF waveforms and spectra when n = 170rpm. 

 
(a) Waveforms 

 
(b) Spectra 

Fig. B.37. Line-line back EMF waveforms and spectra when n = 170rpm. 
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Fig. B.38. Torque waveforms when Id = 0A, and Iq = -8.24A. 
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APPENDIX C DESIGN OF EE AND PM PROTOTYPE 
MACHINES FOR COMPARISON ON ROTOR SHAPING AND 

SKEWING 

In this section, the detailed design procedure of EE and PM prototype machines for the 

investigation of chapter 7 is reported.  

C.1 Design of EE Machine 

C.1.1 Analytical Optimisation 

The EE machine is developed from the PM prototype machine given in chapter 3 using the 

same stator. 

As shown in chapter 6, for EE machines, the average output torque can be calculated as: 

16√2 ′
 (C.1)

When the total copper loss is given, which is due to the efficiency and cooling constraints, 

the output torque peaks when 

/2 (C.2)

If the total armature and field winding slot area of the whole machine (At = Aa + Af) is 

constant, the slot areas of armature and field windings can be optimised for minimum copper 

loss as 

/ 0 (C.3)

i.e.      /2 (C.4)

Therefore, the maximum torque can be obtained when the slot area of armature winding 

equals to that of field winding. 

On the other hand, the relationships between current densities, slot areas, and copper losses 

can be given as: 

3  (C.5)

 (C.6)

Therefore, for the optimal design, in which pcua = pcuf = pcu/2 and Aa = Af = At/2, the 
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relationship between the current densities can be given as 

 (C.7)

In this section, the end windings of the distributed armature windings are approximated by 

half circles, which are 104.26mm per end. The end windings of concentrated field windings 

are approximated by rectangle, which are 44.25mm per end, assuming the rotor pole body 

width is half of pole pitch. Hence, for this EE machine, the optimal current density ratio is 

0.6 ∗ 1.947
0.42 ∗ 1.40

1.4 (C.8)

With the maximum current density fixed as 10A/mm2, the full-load field and armature 

current densities can be obtained as Jf = 10 A/mm2 and Ja = 7.14 A/mm2. When the number 

of turn per pole is set to 100, If = 17A rms. When the number of turns per phase is set to 420, 

Ia=19 A. 

C.1.2 Current Phase Advance Angle Optimisation 

The reluctance torque is neglected during the foregoing analytical optimization. The current 

phase advance angle is optimized further to take reluctance torque into the consideration. 

Since it is a generator, the current phase advance angle is referred to the negative q-axis. As 

shown in Figs. C.1 and C2, the optimal current phase advance angles for half-load and full-

load are 0° and -6º electrical, respectively. 

 
Fig. C.1. Variation of average torque with current phase advance angle when Ia=13.4 A and 

If=12 A. 
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Fig. C.2. Variation of average torque with current phase advance angle when Ia = 19 A and If 

= 17 A. 

C.1.3 Optimisation of Rotor Dimensions 

With the current phase advance angle fixed as optimal one, the rotor pole dimensions are 

optimised further. 

As concluded in previous section, the output torque peaks when the rotor slot area is the 

same as the stator slot area. Based on the rectangular cross section of field wind slot area, the 

relationship of pole body width and pole body length can be obtained as: 

2
 (C.9)

The machine cross sections with different rotor poles are shown in Fig. C.3. According to 

the torque results in Fig. C.4, the torque increases slowly when the rotor pole body is wider. 

This is due to the lower magnetic saturation. However, the machine rotor is bigger, heavier, 

and more expensive. As a compromise between the torque and rotor weight, the rotor pole 

body width is selected as 22mm, which is half of the rotor pole pitch. Without rotor shaping, 

the cross-section of EE machine is shown in Fig. C.3. 

  

(a) wp=18mm hp=21mm (b) wp=22mm hp=25mm 
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(a) wp=26mm hp=30mm (b) wp=28mm hp=34mm 
Fig. C.3. Machine cross-sections with different rotor poles. 

 
Fig. C.4. Definition of current phase advance angle. 

C.2 Design of PM Machine 

In order to make fair comparison, it is better to optimise the PM machine under the same 

maximum armature current. 

The optimal current phase advance angles for the PM machine are optimised first for the 

half and full loads, respectively, as shown in Fig. C.5. 
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(b) Ia = 19A 

Fig. C.5. Average torque variation of PM machine with current phase advance angle. 

Based on full load current and the optimal current phase advance angle, the magnet shape is 

also optimised to minimize the full load torque ripple, as shown in Fig. C.6. The full load 

torque ripple is the lowest when he=1.8mm. Therefore, the optimal PM machine is developed 

and shown in Fig. C.7. 

 
Fig. C.6. Torque variation with magnet shapes without skewing when Ia = 19A. 

 

Fig. C.7. Cross-section of PM machine.  
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