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Abstract

Our theoretical understanding of the dynamical evolution of the Universe has cer-
tainly improved during the recently established era of precision cosmology. However,
the nature of the dark sector remains the greatest puzzle in cosmology. Although
we re–establish that the concordance model of cosmology is in agreement with cur-
rent cosmological observations, this simplistic model is unequivocally theoretically
unappealing. Thence, we investigate a number of alternative cosmological models
and illustrate their distinctive cosmological consequences.

For instance, we consider a scalar–tensor theory of gravitation, such that the min-
imally coupled scalar field is explicitly coupled to multiple fluid components. The
assumed coupling functions are specified by the theoretically well–motivated confor-
mal and disformal coupling functions. We perform a dynamical systems analysis, in
which we establish the existence and stability conditions for every fixed point, and
illustrate that disformally coupled systems have a dissimilar cosmological evolution
with respect to the conformally coupled and uncoupled systems. We further show
that a disformal coupling between the matter and radiation sectors is characterised
by a varying fine–structure constant.

Moreover, a direct coupling between dark energy and dark matter is not theo-
retically forbidden and might be incorporated in extensions of the standard model
of particle physics. We consider a coupled quintessence model, in which the dark
energy scalar field only couples to dark matter via the conformal and disformal cou-
pling functions, and is decoupled from the conventional baryonic matter sector. We
scrutinise the distinctive features of this cosmological model, where we particularly
show that when the dark sector constituents are disformally coupled, intermediate–
scales and time–dependent damped oscillations appear in the matter growth rate
function. We confront this coupled quintessence model with current cosmological
data sets, and illustrate that Nature is consistent with a null coupling within the
dark sector of the Universe.
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Space–time tells matter how to move; matter tells
space–time how to curve.

John Archibald Wheeler

1
Introduction

The scientific understanding of the origin, dynamical evolution, current status, and
ultimate fate of the Universe are all robustly addressed with cosmology. This explo-
ration of the entire Universe along with all its contents evidently demands knowledge
from every branch of physics, which makes the unique subject of cosmology one of
the most prosperous and stimulating scientific disciplines. In spite of the astounding
progress that has been made over the last few decades towards a better understand-
ing of the cosmos, cosmologists are still pondering on a number of fundamental
questions about the Universe.

One of the most intriguing aspects of cosmology lies within its ability to probe
a vast range of scales. This is evident from the units that are often adopted by
cosmologists, for instance the megaparsec (Mpc) and gigayear (Gyr) units are used
instead of the metric units of metre (m) and second (s), respectively. Since cosmology
also deals with microscopic scales, cosmologists have adopted the particle physics
energy units of electron–volts (eV) instead of joules (J). The latter also shows the
connection of cosmology with another well–established area of physics.

Although cosmology could be regarded as an attempt to draw enormous conclu-
sions from a strikingly restricted number of cosmological observations, theoretical
cosmology has always looked for a plausible explanation of the reported observa-
tion. Fortunately, observational cosmology has been recently making rapid progress,
which consequently led to a better theoretical understanding of the Universe. Even
before the current era of the so–called precision cosmology, observational advances
have ruled out some elegant theoretical proposals, such as the steady–state theory
in which the expanding Universe has no beginning and no end. Other ideas, such
as the hot Big Bang theory, have survived solely because we have not yet found out
what might be wrong with them. However, we are now at a crucial point where we
can confront our theoretical speculations on how the cosmos works, with several ex-
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periments that are able to probe various cosmic epochs. This would hopefully steer
us towards that theoretical model which best describes the cosmological evolution
of our Universe.

In this introductory chapter we will first introduce the well–established theory of
General Relativity which governs the evolution of the Universe. Thus, in section 1.1
we present the theory of General Relativity and apply it to cosmology. In section 1.2
we first review the standard model of Big Bang cosmology, and further consider the
framework of the concordance model of cosmology, in which we discuss its present–
day status. We conclude this chapter in section 1.3.

1.1 General Relativity & cosmology

Albert Einstein reported the final form of his theory of General Relativity to the
Prussian Academy of Sciences in November 1915 [6, p. 245]. This theory along
with Quantum Field Theory are now widely considered as the keystones of modern
physics. The theory of General Relativity is a geometric field–theory par excellence,
which pioneered the use of differential geometry in physical theories, as Einstein him-
self remarked [6, p. 98] that “nobody who really grasped it (General Relativity) can
escape from its charm, because it signifies a real triumph of the general differential
calculus as founded by Gauss, Riemann, Christoffel, Ricci, and Levi–Civita”. Re-
markably, the equations that Einstein presented in his paper [6, p. 245] titled “Die
Feldgleichungen der Gravitation” (The Field Equations of Gravitation), remained
completely unchanged. These equations are now better known as the Einstein field
equations, which are still our best description of how space–time behaves on macro-
scopic scales.

Einstein’s theory of General Relativity has been repeatedly tested and, till now,
it has passed these tests with flying colours. We will first mention two classical tests
of General Relativity, and then discuss a rigorous test of the theory which was only
possible to conduct very recently. The first test, or rather confirmation, of General
Relativity was its ability to predict the already discovered anomalous perihelion
precession of Mercury. This was first pointed out by Urbain Jean Joseph Le Verrier
[7] and was considered as a crisis of Newtonian dynamics. A number of unsuccessful
solutions were proposed, including Le Verrier’s hypothetical Vulcan planet that was
postulated to reside in an orbit between the Sun and Mercury. This discrepancy
between the observed rate of precession and that predicted by Newtonian theory
was reported to be (45± 5) arc–seconds per century at the time when Einstein was
formulating his theory. In 1915 Einstein [6, p. 116] calculated a perihelion advance
of 43 arc–seconds per century, which clearly illustrated that the theory of General
Relativity can fully explain this reported disagreement. More recent measurements
were also found to be in an excellent agreement with the latter predicted value,
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for instance the MESSENGER spacecraft reported [8] this to be (42.9799± 0.0009)
arc–seconds per century.

The other classical test that we will mention is the famous prediction of the
deflection of starlight by the Sun. Einstein calculated [6, p. 114] a deflection angle of
∼ 1.75 arc–seconds with the aid of his theory of General Relativity, whereas a recent
measurement of (0.9998 ± 0.0004) × 1.75 arc–seconds [9] was reported from very–
long–baseline interferometry. This prediction was first confirmed [10] by Sir Arthur
Stanley Eddington together with his collaborators after their observation of the total
solar eclipse of May 29, 1919. These two classical tests are both mentioned in the
paper [10] by Eddington and his collaborators in which they remark that “it appears
now to be established that Einstein’s law of gravitation gives the true deviations from
the Newtonian law both for the relatively slow–moving planet Mercury and for the
fast–moving waves of light”.

A more recent stringent test of General Relativity was conducted by multi–
messenger gravitational–wave astronomy. Gravitational–waves are a prediction of all
known relativistic theories of gravity, however the direct observation of
gravitational–waves opened a new window that would enable us to validate the un-
derlying gravitational theory that governs the dynamics of our Universe. The first di-
rect detection of gravitational–waves was reported [11] in 2016 by the Laser Interfer-
ometer Gravitational–Wave Observatory (LIGO) scientific collaboration and Virgo
collaboration, which originated from the merger of a pair of black holes. The same
collaborations were able to detect other events [12–15], particularly the gravitational–
wave event GW170817 [16], which was the first detection of gravitational–waves from
the inspiral of a binary neutron star system. The latter event was further followed
by observations of its electromagnetic counterpart GRB 170817A [17], consequently
making multi–messenger gravitational–wave astronomy a reality. This GW170817
event led to a very tight constraint on the fractional speed difference between the
speed of gravitational–waves (cGW ) and that of light (c), which was reported [18] to
be −3× 10−15 ≤ ∆c/c ≤ 7× 10−16, where ∆c = cGW − c. This is a very strong con-
firmation of General Relativity which predicts that the speed of gravitational–waves
is strictly equal to the speed of light in vacuum.

As we already mentioned, the theory of General Relativity treats gravity as a
physical manifestation of geometry. This statement is attributed to the fact that
General Relativity forms part of the so–called family of gravitational metric the-
ories, which for instance includes the first metric theory of Gunnar Nordström’s
conformally–flat scalar gravitational theory [19]. At the heart of all metric theories
of gravitation lies the well–known Einstein’s equivalence principle. This principle of
equivalence embraces the more elementary equivalence principle, better known as
the weak equivalence principle, which in its simplest form states that two distinct
bodies in a gravitational field fall with the same acceleration; thus, often referred to
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as the universality of free–fall. Therefore, according to the weak equivalence princi-
ple, the trajectory of an uncharged test body is independent of its internal structure
and composition, such that this test body has a negligible binding gravitational en-
ergy and evades the inhomogeneities of the gravitational field. A direct test of the
weak equivalence principle is normally conducted by comparing the acceleration of
two bodies of different composition in an external gravitational field, with which
one checks for a violation of the principle by comparing the relative difference in
their respective free–fall accelerations. For instance, this is currently being carried
out by the MICROSCOPE [20] space mission which has tested the weak equivalence
principle at a precision of ∼ 10−14, and is aiming for a further improvement in its
sensitivity by another order of magnitude.

The Einstein equivalence principle further requires that the conditions of local
position invariance and local Lorentz invariance are satisfied. The former imposes
that the result of any local non–gravitational experiment is independent of where and
when in the Universe it is performed, whereas the latter states that the outcome of
an arbitrary local non–gravitational experiment is independent of the motion of the
laboratory as long as it is free–falling. Local Lorentz invariance has been tested by
several experiments, such as Michelson–Morley type experiments [21] and the more
accurate Hughes–Drever type experiments [22–24]. On the other hand, the other
required condition of local position invariance was mainly tested by gravitational
redshift experiments, such as the one of Gravity Probe–A [25] which compared the
frequency of a hydrogen–maser clock that was on the ground with the frequency of
another clock that was flown on a rocket.

Finally, if Einstein’s equivalence principle is valid, then gravitation is not inter-
preted as a force, but as a manifestation of geometry in curved space–time. This
leads to the properties of a metric theory of gravitation in which: the geometry of
space–time is specified by a metric, freely–falling test bodies follow the geodesics
(a line of shortest path) of that metric, and that in a local freely–falling reference
frame the non–gravitational laws of Nature take the same form as in special rel-
ativity. We should also remark that Einstein’s equivalence principle is contained
in the more restrictive strong equivalence principle, which further includes bodies
with self–gravitational interactions and of experiments involving gravitational forces.
Examples of gravitational theories that satisfy the strong equivalence principle are
Einstein’s theory of General Relativity and Nordström’s theory, however the latter
was abandoned as it does not predict deflection of light.

At this point, after we have motivated the theory of General Relativity from
the physics point of view, we now introduce the mathematical framework which can
embody this gravitational theory. As already mentioned, the trajectory of a freely–
falling body which is only experiencing the force of gravity, can be described by a
geodesic in a four–dimensional curved space–time. Space-time is therefore depicted
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as a four–dimensional continuum, such that one requires four values to locate each
event. For the case of General Relativity this will be modelled as a four–dimensional
manifold, that is, a space consisting of neighbourhoods that are locally like R4 and
that can be continuously glued together. Thus, it is imperative to briefly introduce
some necessary elements of differential geometry along with the notation that will
be used throughout this thesis, unless stated otherwise.

We recall that a tensor T of rank (p, q) is a multilinear map from (Vs)
p × (V ∗

s )
q

to R, such that

T = T
µ1...µp

ν1...νq ∂µ1
⊗ . . .⊗ ∂µp

⊗ dxν1 ⊗ . . .⊗ dxνq , (1.1)

where the basis of the vector space Vs and of the dual space V ∗
s are respectively

denoted by ∂/∂xµ ≡ ∂µ and dxν , and we use ⊗ for the tensor product. This tensor
is said to be p–times contravariant and q–times covariant. In particular, we remark
that a scalar is a tensor of rank (0, 0), while a vector is a tensor of rank (1, 0).
Moreover, in a coordinate transformation, the components of a tensor transform as
follows

T
µ′
1...µ

′
p

ν′1...ν
′
q
=
∂xµ

′
1

∂xα1
. . .

∂xµ
′
p

∂xαp

∂xβ1

∂xν
′
1
. . .

∂xβq

∂xν
′
q
T

α1...αp

β1...βq
. (1.2)

Some useful properties of tensor calculus are that one can add tensors of the same
rank, compute the tensor product of two tensors, along with the contraction of the
indices of a given tensor. A special characteristic of a symmetric tensor is that it
satisfies T µν = T νµ, and a tensor is said to be antisymmetric if T µν = −T νµ.

An important tensor in curved space–time is the metric tensor, by which one
can define the square of the distance between two neighbouring points. Thus, the
metric tensor gµν , with its inverse denoted by gµν , should be a symmetric and non–
degenerate tensor of rank (0, 2), implying that it has ten components. We can now
define the line–element between two events to be

ds2 = gµν dx
µ dxν . (1.3)

The metric tensor is also used to raise and lower the indices of a given tensor, for
instance

Q
µ1...µpµ

ν2...νq = Q
µ1...µp

ν1ν2...νqg
ν1µ . (1.4)

We will denote the determinant of the metric by g = det gµν , with its derivative given
by ∂αg = g gµν∂αgµν . We should also point out that the relationship of gµνgµν = 4,
implies that gµν∂αgµν = −gµν∂αgµν . Finally, in this thesis we will be adopting the
metric signature ( − + + + ), and we will be setting the units such that the
speed of light is unity, unless stated otherwise.

We now introduce the Christoffel connection with its associated coefficients known
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as the Christoffel symbols, which will constantly appear when we describe the prop-
erties of curved space–time. We define a metric–compatible and torsion–free connec-
tion by the Christoffel symbols

Γσ
µν =

1

2
gσρ
(
∂µgνρ + ∂νgρµ − ∂ρgµν

)
, (1.5)

which transforms like a connection, and therefore is not a tensor. We remark that in
four–dimensions we find forty Christoffel symbols, and by a torsion–free connection
we mean that it is symmetric in its lower indices. From the above relationships, we
find a useful property that Γµ

µα = ∂α(ln
√
−g). The fundamental use of a connection

is to take a covariant derivative ∇µ, which for an arbitrary tensor this is given by

∇αT
µ1...µp

ν1...νq = ∂αT
µ1...µp

ν1...νq + Γ
µ1
αλ1
T

λ1µ2...µp
ν1...νq + . . .+ Γ

µp

αλp
T

µ1...µp−1λp
ν1...νq

− Γλ1
αν1
T

µ1...µp

λ1ν2...νq
− . . .− Γ

λq
ανqT

µ1...µp

ν1...νq−1λq
.

(1.6)

Consequently, this shows that the Christoffel connection is metric–compatible, since
the covariant derivative of the metric vanishes ∇αgµν = 0. It also follows that for
a scalar ϕ, we have that ∇µϕ = ∂µϕ. Moreover, we define parallel transport of a
tensor T , along the path xµ(λ), with λ being the affine parameter, by the following
condition

dxσ

dλ
∇σT

µ1...µp
ν1...νq = 0 , (1.7)

which for the particular case of a tangent vector being parallel transported along a
curve, also known as auto–parallel transport, gives the geodesic equation. We will
be denoting the covariant derivative either with the symbol ∇µ or with the subscript
;µ, such that ∇µT

ν ≡ T ν
;µ . Similarly, for the ordinary partial derivative we adopt

the notation of ∂µT ν ≡ T ν
,µ .

We now introduce the Riemann curvature tensor Rµ
ναβ , which provides a local

description of the curvature of space–time at each point. This is defined by (∇α∇β−
∇β∇α)T

µ = Rµ
ναβT

ν , where the Riemann tensor is explicitly given by

Rµ
ναβ = ∂αΓ

µ
νβ − ∂βΓ

µ
να + Γµ

σαΓ
σ
νβ − Γµ

σβΓ
σ
να , (1.8)

which satisfies the following conditions

Rσναβ = gσµR
µ
ναβ , Rαµνσ = −Rµανσ = −Rαµσν , Rαµνσ = Rνσαµ , (1.9)
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along with the identity

Rαµνσ +Rανσµ +Rασµν = 0 . (1.10)

These properties of the Riemann tensor imply that it has twenty independent com-
ponents in a four–dimensional curved space–time. The Riemann tensor is also char-
acterised by a cyclic symmetry property of

Rαµνσ;β +Rαµσβ;ν +Rαµβν;σ = 0 , (1.11)

which is better known as the Bianchi identity. From the Riemann tensor, we can
construct the symmetric Ricci tensor defined by

Rµν = Rα
µαν = −Rα

µνα , (1.12)

which has ten independent components. The trace of the Ricci tensor defines the
Ricci scalar, such that R = Rµνg

µν . Moreover, the twice–contracted Bianchi identity
leads us to

∇µGµν = 0 , Gµν = Rµν −
1

2
Rgµν , (1.13)

where the symmetric tensor Gµν is known as the Einstein tensor.
We will now turn our attention to cosmology, where we will be utilising our

acquired knowledge from the above tests of the gravitational theory, which were
conducted on a scale of the order of the size of the Solar System, and extrapolate
this to the whole Universe. The first time that the theory of General Relativity was
applied to cosmology was in 1917 by Einstein himself [26], which undoubtedly started
the ball rolling for modern cosmology. Einstein presented a cosmological solution
which was inspired by Mach’s philosophy, and led him to postulate a Universe that
is static, spatially finite, and closed such that no boundary conditions are needed.
In order to achieve his goal of a static Universe, Einstein introduced the additional
Λ term, or cosmological constant, to his field equations. Indeed, he emphasised that
the introduction of this term was not justified by the theory of General Relativity,
however its inclusion was motivated by the quest for a static solution of his equations.

One can derive the Einstein field equations by varying the action of the gravi-
tational theory with respect to the metric. The gravitational Lagrangian that was
proposed by Einstein and Hilbert reduces to the scalar curvature R, from which
one can deduce the vacuum field equations. The relevant action that we will be
considering for the so–called concordance model of cosmology, is given by

S =
1

2κ2

∫
(R− 2Λ)

√
−g d4x+

∫
Lmat

√
−g d4x , (1.14)
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where κ2 is a coefficient that is determined by requiring that the theory reduces to
Newtonian gravity in the weak–field limit, which imposes that κ2 = 8πG, where G
is Newton’s gravitational constant. The matter fields are represented by the matter
Lagrangian Lmat, and Λ is the already mentioned cosmological constant. We will refer
to other choices of the action from the one presented in Eq. (1.14) as extensions
of the standard case. After varying Eq. (1.14) with respect to gµν , we get to the
general form of Einstein’s equations

Gµν + Λ gµν = κ2 Tµν , (1.15)

where we introduced a rank two symmetric energy–momentum tensor Tµν , defined
by

Tµν = − 2√
−g

δ (Lmat
√
−g)

δ gµν
. (1.16)

By using the above Einstein field equations along with the fact that the covariant
derivatives of the Einstein tensor and the metric tensor vanish, we get to the energy–
momentum conservation equation in curved space–time

∇µ T
µν = 0 . (1.17)

We remark that this conservation equation is satisfied by the total energy–momentum
tensor, which is composed of all matter components that fill the Universe.

Finally, we now turn our attention to cosmological solutions in the theory of
General Relativity. As already mentioned, Einstein first applied his theory of General
Relativity to the entire Universe, where he derived a static and closed solution for
his equations. A few months after Einstein published his solution, Willem de Sitter
reported [27] that he had found a completely different cosmological model which was
devoid of matter. Because of this absence of matter, Einstein was not comfortable
with de Sitter’s solution.

A path–breaking paper on a truly dynamic Universe appeared in 1922 by Alexan-
der Alexandrovich Friedmann [28]. In his solution, Friedmann also recovered Ein-
stein’s and de Sitter’s cosmological models. At first, Einstein thought that Fried-
mann’s solution was not compatible with his field equations of General Relativity
[29]. After Einstein realised his error, he acknowledged that mathematically Fried-
mann was correct, but he further remarked that Friedmann’s dynamical solution was
hardly of physical significance; a comment which was deleted in the published version
[30]. In 1927, Einstein was again confronted with Friedmann’s dynamic Universe,
that was independently revisited by Georges Lemaître [31]. Lemaître was well aware
of the observational status of cosmology at the time, which consequently led him to
further incorporate the velocities of the galaxies measured by Vesto Melvin Slipher
(published by Gustaf Strömberg [32]) along with their distance measurements deter-
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mined by Edwin Powell Hubble [33]. Remarkably, Lemaître concluded that these
observations were compatible with his postulate of an expanding Universe, and fur-
ther determined, what is now called, the Hubble constant to be ∼ 625 km s−1Mpc−1.
This was later refined to ∼ 500 km s−1Mpc−1 by Hubble [34], where he also reported
a linear relationship between the galaxy’s recession velocities and their respective
distances; a discovery that became known as Hubble’s law.

Regardless of the theoretical studies of Friedmann and Lemaître along with the
observational evidence on the expansion of the Universe, it turned out that Ein-
stein still considered his own idea of a static Universe. Indeed, during the Solvay
meeting in 1927, Einstein told Lemaître that “from a physical point of view this
looked to him abominable” [30]. However, in 1930 Eddington showed [35] that Ein-
stein’s immutable cosmos is unstable. This triggered Einstein’s acceptance of the
expanding Universe model, which consequently led him to sideline his original so-
lution. As Einstein highlighted in his 1931 publication [36], Hubble’s observational
evidence was of secondary importance to him, however it is somewhat puzzling that
Einstein did not realise that his original model was unstable after he became aware
of Friedmann’s solution. At this point, Einstein adopted Friedmann’s oscillating
solution of a positively curved Universe with vanishing cosmological constant. This
Friedmann–Einstein model led to the proposal of a flat matter–only cosmological
model by Einstein and de Sitter [37]. The Einstein–de Sitter Universe was popular
until the early 1990s when cosmological data was not agreeing with this model. In-
deed, as we will discuss in section 1.2, current cosmological observations are in an
excellent agreement with the Λ–cold–dark–matter (ΛCDM) model, often referred to
as the concordance model of cosmology.

1.2 The emergence of the concordance model

We will now discuss the construction of the so–called concordance model of cosmol-
ogy, which is based on the theory of General Relativity that governs the overall
behaviour of the Universe, together with an extension of the hot Big Bang model.
As we have seen in section 1.1, the general theory of relativity is currently well–
established in the sense that no obvious excursion from this gravitational theory has
ever been observed. Thus, we will first focus on the hot Big Bang model and discuss
its extended concordance model of cosmology, which we will show that the latter is
in an excellent agreement with current cosmological observations.

The idea that the Universe was once very hot and dense, and has expanded and
cooled to its present state was first coined by Lemaître when he postulated that
the “whole Universe would be produced by the disintegration of this primeval atom”
[38]. The formulation of the Big Bang model was developed in the 1940s by George
Gamow [39–43] along with his collaborators Ralph Asher Alpher, Hans Bethe, and
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Robert Herman [44–52]. Their ground–breaking proposal that the abundances of
the elements could be explained via the cosmic history of the Universe, consequently
led them to the prediction of the presence of a relic background radiation with
a temperature of order a few Kelvin. Thus, the formation of light nuclei during
primordial nucleosynthesis, the existence of the cosmic background radiation, along
with the expansion of the Universe lie at the heart of the standard model of Big
Bang cosmology.

As we already discussed, the first piece of evidence for the Big Bang model was
shown by Hubble when he clearly illustrated this expansion of the Universe with his
discovery of a linear relationship between the recessional velocity of the observed
galaxies and their distance. This Hubble diagram has constantly been revisited by
several experiments, each using its own distinct method. These experiments led to a
better determination of the current expansion rate of the Universe, better known as
the Hubble constant. In chapter 3 we will discuss current measurements of the Hub-
ble constant, particularly focusing on some current unresolved discrepancies between
some of the most recent direct and indirect measurements of the present expansion
rate of the Universe. Remarkably, in the current era of precision cosmology, these
measurements of the Hubble constant are now at the basis of most of the cosmolog-
ical tests that check for consistency with the concordance model of cosmology.

However, by itself, the Hubble expansion did not provide sufficient evidence for
the acceptance of the Big Bang model. The definitive evidence for the hot Big Bang
model was brought by the discovery of the 3.3±1.0K cosmic microwave background
(CMB) radiation by Arno Allan Penzias and Robert Woodrow Wilson [53, 54] in 1965.
Their serendipitous detection was immediately interpreted by Robert Henry Dicke
and his collaborators [55] to be the relic blackbody radiation that was theoretically
proposed nearly two decades earlier. This observation singled out the Big Bang
model as the prime candidate to describe our Universe, which has now superseded
other alternatives, such as the steady–state model that was proposed in 1948 by
Hermann Bondi, Thomas Gold, and Fred Hoyle [56, 57]. Particularly, the CMB
radiation spectrum was later shown to be in an excellent agreement with a blackbody
spectrum by the Far Infrared Absolute Spectrophotometer [58, 59] instrument on
the COBE satellite. Such an observation was very challenging to be explained with
the other alternative models, which consequently paved the way for the acceptance
of this model as the standard model of cosmology. We will further discuss the CMB
radiation along with the implications of tiny departures from the blackbody profile,
commonly known as spectral distortions, in chapter 2. Finally, we should mention
that a number of experiments were able to measure the temperature of the CMB
radiation at earlier epochs [60–62], and these were found to be in a remarkable
agreement with the expected scaling of the temperature in an expanding Universe.

Last, but certainly not least, the theoretical Big Bang nucleosynthesis prediction
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of the abundances of light elements are found to be in an excellent agreement with
the actual measurements. Big Bang nucleosynthesis describes the production of
helium–4, deuterium, helium–3, and lithium–7, along with other negligible traces
of heavier nuclei, during the first few minutes of the Universe. This cosmic epoch
was characterised by relatively high densities and temperatures with respect to the
current state of the Universe, which consequently allowed for a series of nuclear
reactions to take place. For the formation of heavy elements, it is crucial that
deuterium is synthesised before the reaction chain can continue; commonly referred
to as the deuterium bottleneck. Since various nuclear processes can take place during
the evolution of the Universe which could modify the primordial abundances of
light nuclei, the comparison between the observed and predicted abundances is not
trivial. However, the few key parameters that describe the process of primordial
nucleosynthesis are now very–well determined. For instance, the neutron lifetime
has been measured in nuclear physics laboratories [63], the number of light neutrino
species has also been very–well determined from Z boson electron–positron collider
experiments [64], and the number density of baryons per photon was accurately
probed by cosmological observations [65]. Evidently, Big Bang nucleosynthesis is an
invaluable tool which enables us to not only test the Big Bang model, but also to
probe nuclear physics and general astrophysics.

The above observational pillars strongly suggest that the Big Bang standard
model of cosmology provides a robust description of the history of the Universe
from ∼ 10−4 s after the Big Bang. This clearly depends on the validity of General
Relativity, nuclear physics, and electromagnetic physics, all of which have never
been contradicted. Moreover, we should remark that in this model the Universe
is assumed to be initially radiation–dominated, which then evolves to a matter–
dominated era, and finally, the model allows for either a Λ–dominated epoch or a
curvature–dominated era.

1.2.1 The Friedmann–Lemaître–Robertson–Walker solution

We now discuss the mathematical construction of the standard model of cosmology
within General Relativity, such that it will be in agreement with the observable
Universe. As we described in section 1.1, the elementary ingredient of General
Relativity is the space–time metric. In the standard model of cosmology, the basis of
the metric formulation is the empirical observation that on appreciably large cosmic
length scales, and at earlier times, the Universe is remarkably homogeneous and
isotropic. This observational fact has been promoted to the cosmological principle
which supposes that the Universe is spatially isotropic and homogeneous. Thus, this
uniformity principle could be viewed as an extension to the Copernican principle,
according to which we are not situated in a privileged place in the Universe. Indeed,
by adding the Copernican principle with the isotropic hypothesis, the cosmological
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principle follows.
The isotropic hypothesis, by which we mean that at every point the Universe

can be seen as isotropic, is nowadays well–established throughout the observable
Universe. For instance, spectroscopic surveys have illustrated this isotropy in the
projected distribution of the locations of galaxies on the celestial sphere [66], along
with the angular distributions of radio sources [67]. At earlier times, isotropy has
been clearly illustrated by the reported tiny fluctuations in the temperature of the
CMB radiation [65, 68], the linchpin of much present–day observational cosmology.

By homogeneity we mean that at every instant, each point of space is similar to
any other one. This has also been verified via the three–dimensional maps of the
galaxy locations in large volume galaxy catalogues [69, 70]. On the other hand,
inhomogeneous models, for which the spherically–symmetric but inhomogeneous
Lemaître–Tolman–Bondi [71–73] space–time is often adopted, have been shown [74]
to fit current cosmological data without the use of the cosmological constant. How-
ever, it has been reported [75] that in such models, a violation of the blackbody
CMB radiation energy spectrum is expected to severely constrain these models with
prospective spectral distortions experiments. We will discuss and make use of spec-
tral distortions in the CMB radiation spectrum in chapter 2.

The cosmological principle entails that the geometry of space–time be highly–
symmetric and completely described by Friedmann’s original solution, in which the
ten arbitrary functions in the space–time metric are reduced to the scale factor
function a(t), and a pure number K. As already described, Friedmann’s solution
was studied by Lemaître, and it was later explored by Howard Percy Robertson
[76] along with Arthur Geoffrey Walker [77] in the 1930s. This became known
as the Friedmann–Lemaître–Robertson–Walker (FLRW) metric, which, in spatial
comoving spherical coordinates, its line–element takes the general form

ds2 = −dt2 + a2(t)

(
dr2

1−Kr2
+ r2

(
dθ2 + sin2 θ dφ2

))
, (1.18)

where t is the physical cosmic time, whereas r, θ, and φ are the spatial comoving co-
ordinates which label the points of the three–dimensional constant time–slice. These
spatial comoving coordinates are insensitive to the expansion dynamics, where the
expansion of the Universe is described by the evolution of the cosmic scale factor a(t),
which is encoded in Einstein’s field equations. As a consequence of this expansion,
the physical distances are weighted by the scale factor, and are thus increasing with
time. Moreover, the scale factor is defined up to an arbitrary constant rescaling,
which directly corresponds to a rescaling of the comoving variables. Unless stated
otherwise, in this thesis we will be using the convention of a0 ≡ a(t0) = 1, where we
denote parameter values at the present epoch by a 0–subscript.

The quantity K denotes the curvature of the three–dimensional space. By a
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suitable redefinition of the radial coordinate r, this can be reduced to the canonical
values K = {+1, 0, −1}, corresponding to a positive curvature three–space, a flat
three–dimensional plane, and a negative curvature three–dimensional space, respec-
tively. In the following, it will be convenient to adopt the conformal time η, which
is related to the cosmic time by dt = a(t)dη. In this convention, the generic FLRW
line–element can be expressed as follows

ds2 = a2(η)

(
−dη2 +

dr2

1−Kr2
+ r2

(
dθ2 + sin2 θ dφ2

))
. (1.19)

Particularly, in the flat case, which will be frequently used in the following chap-
ters, the FLRW line–element can be expressed in the usual spatial Cartesian coordi-
nates by

ds2 = a2(η)
(
−dη2 + dx2 + dy2 + dz2

)
. (1.20)

An immediate consequence of the FLRW metric is Hubble’s law. Indeed, in the
physical space, the separation between two comoving observers with trajectories
specified by x = x1 and x = x2, is given by r12 = a(t)(x1 − x2). Thus, its rate of
change is given by

ṙ12 = Hr12 , (1.21)
where

H =
ȧ

a
, (1.22)

is the Hubble parameter, and an over–dot denotes a derivative with respect to the
cosmic time t. This illustrates that the farther the observers are from each other,
the larger is their relative velocity. Since this applies for small separations, the Hub-
ble parameter is often approximated by the Hubble constant, therefore recovering
Hubble’s law. The experimental determination of the Hubble constant H0, is still
continuously being refined, therefore it is often expressed in terms of its respective
dimensionless parameter h as

H0 = 100h km s−1Mpc−1 . (1.23)

A current conservative mean value is found to be at h ∼ 0.7 [65, 78, 79], with a few
percent uncertainty.

A pivotal consequence of the expanding Universe is associated with the prop-
agation of light, which emerges from Maxwell’s equations in vacuum specified by
∇µF

νµ = 0, where the antisymmetric Faraday tensor Fµν satisfies Fµν;α + Fνα;µ +
Fαµ;ν = 0. Maxwell’s equations dictate that the trajectory of a light–ray xµ(λ),
is given by a null (ds2 = 0) geodesic with wave–vector kµ = dxµ/dλ, where λ is
the affine parameter along the photon trajectory. Consequently, this wave–vector
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is found to satisfy kµkµ = 0 and kµ∇µk
ν = 0, from which one arrives to the key

relationship of Ė/E = −H. This shows that the energy of a photon E, measured by
a comoving observer with four–velocity uµ, is inversely proportional to the cosmic
scale factor. Thus, this gives E = hPl ν = −kµuµ ∝ a−1, where hPl is Planck’s con-
stant and ν is the photon frequency. This leads us to the definition of the redshift
z, defined by

1 + z =
a (trec)

a (tem)
=
νem
νrec

=

(
kµu

µ
)
em(

kµu
µ
)
rec

, (1.24)

where νem and νrec are the photon’s emitted and received frequencies, respectively.
Therefore, from redshift measurements one can deduce how much the Universe has
expanded since light was emitted from a distant source. Indeed, from the definition
of the Hubble parameter, one can easily show that time intervals are related to
redshift intervals by dt = −dz/[H(z)(1 + z)]. From the latter equation one can
compute the age of the Universe by evaluating the following integral

t0 =

∫ ∞

0

dz
H(z) (1 + z)

, (1.25)

along with its analogous conformal time, given by

η0 =

∫ 1

0

da
a2H(a)

. (1.26)

With the above definition of the redshift, we now expand the scale factor around
its current value as follows

a(t) = a0

[
1 +H0 (t− t0)−

1

2
q0H

2
0 (t− t0)

2 + . . .

]
, (1.27)

such that 0 < t0 − t ≪ t0. The third term in the square brackets introduces an
important cosmological variable q0, which is known as the deceleration parameter
[80], and is defined by

q0 = − ä

aH2

∣∣∣∣∣
t= t0

. (1.28)

Thus, the deceleration parameter determines whether the expansion of the Universe
is either accelerating or decelerating via the sign of ä. Remarkably, the negative
sign that appears in the definition of the deceleration parameter was introduced
since the Universe was thought [81, 82] to be undergoing a decelerating expansion
so that q0 > 0. Surprisingly, Allan Rex Sandage once described [83] cosmology as a
quest for two numbers H0 and q0, a quest which is still ongoing with more involved
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cosmological models that make use of more than two parameters. However, as we
will see in this section (Fig. 1.1) and in the following chapters, there is an avalanche
of cosmological data that robustly suggest q0 < 0, indicating that the Universe is
currently undergoing through an epoch of accelerated expansion.

1.2.2 Einstein’s equations: A description of space–time dynamics

In order to explore the dynamics of the FLRW geometry, we need to look at the
equations of motion that are dictated by Einstein’s field equations (1.15). Apart
from the specification of the space–time metric, one must also specify the energy–
momentum tensor T µν . Following the cosmological principle, the generic form of this
tensor is that of a perfect fluid with time–dependent energy density ρ, and pressure
P . Thus, for an i–th fluid with energy density ρi, and pressure Pi, we will adopt the
following energy–momentum tensor

Tµν = (ρi + Pi)uµuν + Pi gµν , (1.29)

where the fluid’s four–velocity is denoted by uµ, and its trace reduces to T µ
µ =

−ρi + 3Pi. The only remaining freedom is the fluid’s equation of state, that is the
functional relationship between the fluid’s pressure and energy density, Pi = Pi (ρi).

The above perfect fluid energy–momentum tensor along with the computation
of the Einstein tensor for the FLRW metric, leads to a relationship between the
expansion rate and the total energy density, specified by the Friedmann [28, 84]
equations

H2 =
κ2

3
ρ− K

a2
+

Λ

3
, (1.30)

ä

a
= −κ

2

6
(ρ+ 3P ) +

Λ

3
, (1.31)

where ρ and P are the total energy density and pressure, summed over all species
which fill the Universe, respectively. We recall that κ2 = 8πG, and that an over–dot
represents a derivative with respect to cosmic time. Moreover, the matter conserva-
tion equation (1.17) reduces to the continuity equation

ρ̇+ 3H (ρ+ P ) = 0 . (1.32)

We remark that as a consequence of the Bianchi identities, Eqs. (1.30)–(1.32) are
not independent. A necessary piece of information on the fluid under consideration
is encoded into its equation of state w, which is often specified by a simple linear
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relationship of
P = wρ . (1.33)

For instance, in the case of radiation (r), by which we describe the contributions
from electromagnetic radiation and relativistic particles, its equation of state can be
derived from the energy–momentum tensor for electromagnetism specified by

T µν
r = F µλF ν

λ − 1

4
gµνF λσFλσ . (1.34)

By equating the null trace of T µν
r , with the trace of the energy–momentum tensor

of Eq. (1.29), we get wr = 1/3 for radiation.
On the other hand, non–relativistic particles with very small kinetic energy with

respect to their rest mass, are therefore characterised by negligible pressure. Thus,
the equation of state of dust, or simply matter (m), is specified by wm = 0.

By bringing the cosmological constant contribution to the right–hand side of
Einstein’s field equations (1.15), the cosmological constant can now be considered
as an additional matter constituent. This leads to the definition of an associated
energy–momentum tensor given by

TΛ
µν = − Λ

κ2
gµν = −ρΛ gµν , (1.35)

where the last equality follows from Lorentz invariance or from the acceleration equa-
tion (1.31). By equating the trace of TΛ

µν , with the trace of the energy–momentum
tensor of a perfect fluid, it follows that the cosmological constant is characterised by
a constant equation of state, specified by wΛ = −1.

Moreover, by using the Friedmann equations, one can illustrate that the curvature
term can be assimilated with a fluid with a characteristic equation of state of wK =
−1/3.

The solution of the continuity equation (1.32) for a perfect fluid with constant
equation of state wi, and energy density ρi, is given by

ρi ∝ a−3(1+wi) . (1.36)

Thus, the evolution of the radiation and matter energy densities are given by ρr ∝
a−4 and ρm ∝ a−3, respectively. For the case of the cosmological constant, it follows
that its energy density remains constant, that is ρΛ ∝ a0.

We now express the Friedmann equations in a dimensionless form, by making
use of the critical energy density, defined by

ρcr =
3H2

κ2
, (1.37)
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where its current value is found to be ρcr,0 = 1.88 × 10−29h2 g cm−3 = 8.10 ×
10−47h2GeV4. We now write the total matter and radiation energy density in units
of the critical density by introducing the energy density parameter

Ω =
ρ

ρcr
=

κ2ρ

3H2
. (1.38)

Similarly, we express the cosmological constant term and the curvature contribution
in terms of the following dimensionless density parameters

ΩΛ =
Λ

3H2
, ΩK = − K

H2 a2
. (1.39)

Thus, the Friedmann equation (1.30) takes the form of a constraint equation∑
i

Ωi + ΩΛ + ΩK = 1 , (1.40)

where we further decomposed the total energy density into a sum of its constituents.
Thus, the spatial curvature is fixed by the sum of the total matter and radiation con-
tent in the Universe, and the cosmological constant contribution. This is illustrated
in Fig. 1.1, in which we show that current cosmological data favours a spatially
flat space–time in the concordance model. Consequently, we will be neglecting the
non–flat FLRW cases in subsequent chapters.

The i–th energy density contribution appearing in Eq. (1.40) is characterised by
its own equation of state wi, and density parameter

Ωi =
κ2ρi
3H2

= Ωi,0 a
−3(1+wi)

(
H0

H

)2

, (1.41)

where Ωi,0 denotes its present–day value, however we will later denote their current
value without the 0–subscript depending on the situation. After substituting Eq.
(1.41) in Eq. (1.40) we arrive at(

H

H0

)2

=
∑
i

Ωi,0 a
−3(1+wi) + ΩΛ,0 + ΩK,0 a

−2 . (1.42)

For a Universe fully described by its constituents of radiation, matter, cosmological
constant, and curvature, Eq. (1.42) gives rise to the following Friedmann equation

H(a) = H0

(
Ωr,0 a

−4 + Ωm,0 a
−3 + ΩK,0 a

−2 + ΩΛ,0

)1/2
. (1.43)

Finally, we remark that for the ΛCDM model, the deceleration parameter defined
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in Eq. (1.28), reduces to
q0 =

1

2
Ωm,0 − ΩΛ,0 , (1.44)

implying that an accelerated expansion of the Universe is possible when the inequal-
ity ΩΛ,0 > Ωm,0/2 is satisfied. The latter argument still holds when one considers
radiation, since its contribution is negligible today. On the other hand, for an arbi-
trary matter composition, the Friedmann equations give

q0 =
1

2

∑
i

Ωi,0 (1 + 3wi) . (1.45)

Therefore, the equation of state of the dominating cosmic fluid must satisfy the
inequality wi < −1/3, in order for the Universe to be currently undergoing through
an epoch of accelerated expansion.

A major breakthrough in astronomy is attributed to Mark M. Phillips, who
demonstrated [85] that supernovae Type Ia (SNIa) can be used as standard candles,
which are simply objects of fixed absolute magnitude. SNIa appear in binary systems
where one of the two stars is a white dwarf that accretes the mass of its companion.
As a result, the white dwarf collapses and explodes in a supernova when it reaches
the critical Chandrasekhar mass [86] of 1.4M⊙, where M⊙ denotes one solar mass.

This led to the construction of the SNIa Hubble diagram for distant supernovae
from two independent teams: the High–z Supernova Search Team (HZT) [87] and
the Supernova Cosmology Project (SCP) [88] collaborations. The HZT collaboration
conservatively reported that q0 < 0 at the 2.8σ confidence level, with ΩΛ,0 > 0 at the
3.0σ confidence level which becomes 7.0σ for the flat FLRW case. The SCP collabora-
tion complemented the HZT results with their cosmological parameter constraint of
0.8Ωm,0−0.6ΩΛ,0 ≈ −0.2±0.1, strongly suggesting a non–zero cosmological constant
contribution in an almost flat Universe. The SCP collaboration also reported that in
a flat FLRW space–time, Ωm,0 = 0.28+0.09

−0.08 at the 68% confidence level. These cosmo-
logical parameter constraints further showed that the Universe became Λ–dominated
after the epoch of matter–domination at a cross–over redshift of

zm−Λ =

(
ΩΛ,0

Ωm,0

)1/3

− 1 ≈ 0.37 , (1.46)

whereas the Universe entered into its current era of accelerated expansion at

zdec−acc =

(
2ΩΛ,0

Ωm,0

)1/3

− 1 ≈ 0.73 . (1.47)

Since these outstanding supernovae discoveries were announced in 1998, the field
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Figure 1.1: This figure shows the concordancemodel 68% and 95% credible regions in theΩm–ΩΛ plane

using the data sets indicated in the figure, which we describe in the text. The diagonal dot–dashed line

labelled accelerating/decelerating is drawn for q0 = 0, and divides the cosmological models with an

accelerating or decelerating expansion at the present time. The diagonal dashed line labelled flat indicates

the scenario of a spatially flat Universe.

of observational cosmology made huge steps forward, which consequently led to
significantly stronger evidence for an accelerating Universe. We illustrate this in Fig.
1.1 where we make use of the Planck collaboration publicly [89] available Markov
chain Monte Carlo samples for the ΛCDM model in curved FLRW space–time, which
we analysed with GetDist [90]. Fig. 1.1 shows the 68% and 95% credible regions
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for the present–day values of Ωm and ΩΛ, from which one concludes that current
data sets favour a spatially flat FLRW metric, and that currently the Universe is
undergoing an epoch of accelerated expansion. The constraints have been derived
from the Planck temperature power spectrum along with information from the low–
multipole polarisation (Planck TT + lowP), combined with the E–mode polarisation
and its cross–correlation with the temperature spectrum (+ TE + EE). We also
consider additional information from the effect of gravitational lensing by large–
scale structures on the CMB temperature and polarisation spectra [91] (+ lensing),
and we further add information from baryon acoustic oscillations data [92–94], a
compilation of supernovae data [95], and a measurement of the Hubble constant [96]
(+ BSH). We further discuss this statistical approach in chapter 2 where we place
tight limits on the ΛCDM parameters.

1.2.3 Set of cosmological parameters

Our understanding of the underlying physics of the cosmos is strongly dependent
on the empirical knowledge of our Universe via several observational experiments
that are able to probe various epochs of its cosmic history. Consequently, obser-
vational cosmology is very influential on the choice of the cosmological parameters
that characterise a given cosmological model. As already mentioned, the set of cos-
mological parameters that were of interest in the 1970s was limited to H0 and q0
[83]. Today’s cosmological model is often chosen to be the ΛCDM model that is fully
described by a minimal set of six parameters, however the choice of parameters is
chosen according to the cosmological experiment. For instance, the Planck collabo-
ration [97, 98] based their results on a baseline ΛCDM model, in which a spatially
flat FLRW space–time is assumed along with six key parameters that are tightly
constrained with Planck data sets [65, 99]. Throughout this thesis we will be using
the definitions for the cosmological parameters as presented in this section, unless
stated otherwise.

Nowadays, there is a substantial observational basis for estimates of the cosmic
mean densities of all the known and more significant forms of matter and energy,
even if their physical nature is still hypothetical. The cosmic energy inventory is now
assumed to consist of around forty distinct elements [100], from which only three
sectors in particular dominate the present energy budget of the Universe.

Cosmologists have now well–established that the largest portion of the present–
day global energy density of the Universe is attributed to the dark sector, which is
believed to be composed of cold dark matter and dark energy. The nature of both
components of the dark sector still needs to be deciphered, however cosmological
observations robustly indicate that around ninety–five percent of the total cosmic
energy budget is contained in the dark sector [65]. We will discuss the current status
of cold dark matter and dark energy in chapter 2 and chapter 3, respectively. In the
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ΛCDM model dark energy is attributed to the cosmological constant, however this
identification will change according to the cosmological model under consideration.
Although we will denote the cold dark matter density parameter by Ωc, it is custom-
ary to use the parameter Ωch

2, where we recall that h is the dimensionless Hubble
constant as defined by Eq. (1.23).

The second largest sector is the baryonic sector, which currently constitutes
around five percent of the total energy budget of the Universe [65]. Tight limits
have been placed on the baryonic sector via the abundance of light elements in the
early Universe [101–104], along with the measurements of the CMB anisotropies [65].
Remarkably, the largest portion of baryonic matter is found in warm intergalactic
plasma (around ninety percent of the total baryonic matter), rather than in stars
(around six percent of the total baryonic matter), and planets (around 0.002 percent
of the total baryonic matter) [100]. We denote the baryonic density parameter by
Ωb, however we often quote this quantity in terms of Ωbh

2. Thus, the total matter
sector can now be expressed as Ωm = Ωc + Ωb.

The third major sector, although presently insignificant, is the radiation sector.
Its major photon constituent is fixed by the well–determined CMB photon tempera-
ture T0 = 2.7255K [105]. We also account for the neutrino contribution to the total
radiation density via

Ωrh
2 = Ωγh

2

(
1 +

7

8

(
4

11

)4/3

Neff

)
, (1.48)

where Ωγh
2 denotes the photon contribution, and Neff defines the effective number

of neutrino species. Unless stated otherwise, we will adopt the value of Neff = 3.046
[106, 107]. We note that the first constraints [108] on Neff were derived from Big Bang
nucleosynthesis, via the helium mass fraction parametrisation of YP = 4nHe/nB, with
nHe being the number density of helium–4 and we denote the baryonic number den-
sity by nB. This relationship easily follows from Eq. (1.43) in a radiation–dominated
Universe which postulates that H(a) ∝

√
Ωra−4, where the radiation energy density

is parametrised by the effective number of neutrino species as illustrated in Eq.
(1.48). Thus, a larger Neff leads to a speed–up of the expansion of the Universe,
which in turn gives rise to a larger relic neutron abundance due to a modification
of the onset of the nuclear processes [109], and thus, a higher yield1 of helium–4.
Standard nucleosynthesis predicts that YP ∼ 0.25 [109], which is nowadays com-
puted using sophisticated numerical codes such as PArthENoPE [110], that solve a
set of coupled kinetic equations supplemented by Einstein’s equations along with a

1Here we follow Ref. [109] and assume that to a very good approximation all neutrons which
have not decayed at a temperature of around 0.07 MeV (which is set by the deuterium bottleneck
constraint mentioned in section 1.2) are eventually bound into helium nuclei.
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number of conservation equations. When required, we use interpolated results from
this Big Bang nucleosynthesis code for our work.

Before we define other cosmological parameters, we will slightly digress in or-
der to motivate the parameters that follow. For a comparison between the Planck
measurements of the CMB temperature anisotropy spectrum and the theoretically
predicted spectrum, an accurate solution for the CMB temperature anisotropy power
spectrum is required. This can be achieved by solving a set of coupled equations
that describe the perturbed evolution of matter and radiation in a perturbed FLRW
space–time. We will quantitatively discuss the linearly perturbed Universe in the
subsequent chapters, however we here mention the key parameters that characterise
the profile of the CMB anisotropy temperature power spectrum. The linear theory of
cosmological perturbations was first presented by Evgeny Mikhailovich Lifshitz [111]
in 1946, and its application to the CMB anisotropies was implemented by Phillip
James Edwin Peebles and J. T. Yu [112] in 1970. Later studies have extended this
work in several ways, particularly by the inclusion of other matter and radiation con-
stituents [113–116]. One of the main challenges is to solve an infinite hierarchy of
coupled differential equations that emerge from the perturbed Boltzmann equation,
which govern the evolution of photons. However, this brute–force approach [117]
was overcome by a line–of–sight integral approach [118], in which a truncation in
the Boltzmann hierarchy is possible. This line–of–sight approach was implemented
for the first time in the Boltzmann code CMBFAST [118] by Uros Seljak and Matias
Zaldarriaga in 1996, and this has been used by all modern codes such as CAMB [90],
CMBEASY [119], and CLASS [120].

The first convincing evidence for the CMB anisotropy was reported [121] by
George Fitzgerald Smoot and his collaborators in 1977, however the first measure-
ments of higher–order anisotropies were recorded by the Cosmic Background Ex-
plorer (COBE) [122] in 1992. The CMB anisotropies were revisited by the Wilkin-
son Microwave Anisotropy Probe (WMAP) [123, 124] satellite in 2003, which clearly
illustrated that this cosmological imprint is one of the most powerful probes of the
Universe. Following COBE and WMAP, the third–generation space mission Planck
[125], was launched in 2009 and its first results were published in 2013 [97]. Planck
measurements of the CMB anisotropies are currently the most accurate measure-
ments, which consequently led to overwhelmingly tight constraints on the parameters
of the concordance model of cosmology.

The background ionisation history has to be calculated to high accuracy in order
to precisely predict the theoretical CMB power spectrum. An important quantity
for the study of the ionisation history of the Universe is the Thomson scattering
rate, given by

ΓT = σT a neXe , (1.49)
where σT is the Thomson scattering cross–section, ne is the total electron number
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density, Xe is the ionised electron fraction, and we recall that a is the cosmological
scale factor. The ionised fraction is found to be close to unity at high redshifts, and
at the time of recombination between electrons and nuclei, ne drops suddenly to very
small values. Consequently, Thomson scattering suddenly becomes very inefficient,
and photons decouple from the electrons.

Since ne ∝ a−3, the Thomson scattering rate evolves like a−2Xe. Before recom-
bination, the Thomson scattering rate dominates over the Hubble expansion rate,
resulting in an opaque Universe. However, Xe abruptly decreases at the recombi-
nation epoch, thus enabling the Hubble expansion rate to overtake the Thomson
scattering rate, leading to a transparent Universe. One can determine the time of
recombination by considering the visibility function g(η) = −e−τdτ/dη, where the
optical depth [118] is specified by

τ(η) =

∫ η0

η

σT a neXe dη . (1.50)

The optical depth represents the opacity of the Universe at a given time when ob-
served from the present time. On the other hand, the visibility function gives the
probability that a CMB photon seen today experienced its last scattering at a time
η. Due to the suppression from the e−τ factor, the visibility function is negligible
before recombination, then at the time of recombination it is characterised by a
pronounced spike, which then falls again to negligible values due to the smallness
of dτ/dη. The time at which this spike occurs in the visibility function defines the
decoupling redshift zdec, of the last–scattering surface, with the spike’s width giving
an indication on the thickness of this last–scattering surface.

Another important epoch in the ionisation history of the Universe takes place
at z ∼ 10, when star formation causes a reionization of the Universe due to their
emission of ultra–violet photons. Despite of an increase in Xe at the time of reioniza-
tion, ΓT remains much smaller than the Hubble expansion rate due to the dilution
of ne. Thus, the Universe keeps being transparent, however a relatively smaller and
wider spike than that observed at the time of decoupling develops around the time
of reionization. This therefore indicates that although the CMB photons did not
interact between the last–scattering surface and today, a minority of these photons
were re–scattered at reionization. We approximate reionization as being relatively
instantaneous [126], with its midpoint parametrised by a redshift zreio, and compute
the reionization optical depth τreio using Eq. (1.50). It is well known that small–scale
fluctuations in the CMB temperature anisotropy power spectrum are suppressed by
e−2τreio , which therefore makes Planck sensitive to the reionization epoch.

We now define another cosmological parameter which quantifies the left–right
sliding of the CMB temperature power spectrum. This is the angular scale of the
sound horizon at last–scattering θs, which depends on the ratio of the sound horizon
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at decoupling to the angular diameter distance to decoupling, such that

θs =
ds (zdec)

DA (zdec)
. (1.51)

In the tightly coupled limit of the perturbed Boltzmann equations, that is when
Compton scattering caused the electron–proton fluid to be tightly coupled with the
photons, baryons and photons can be considered as a single tightly coupled fluid. In
this regime, we can define the sound speed of perturbations in this fluid as

c2s =
1

3 (1 +R)
, (1.52)

where R = 3ρb/(4ργ). Thus, primordial perturbations which could possibly be
seeded by inflation (discussed in chapter 2), would propagate in this fluid with a
velocity cs. Starting from such perturbations, acoustic waves propagate causally
within a distance called the sound horizon. This leads to the definition of the co-
moving distance travelled by a wavefront since some arbitrary time deep inside the
radiation–dominated epoch, given by

rs(η) =

∫ η

ηin

cs (η
′) dη′ , (1.53)

which is known as the comoving sound horizon, such that ds (ηdec) = a (ηdec) rs (ηdec).
Evidently, the sound horizon at decoupling depends on the evolution of the Universe
prior to the decoupling epoch. Thus, this makes θs sensitive to the expansion history
and sound speed, which mainly depend on Ωmh

2 and Ωbh
2. Moreover, since the scale

of these gravity–driven acoustic oscillations of the coupled photon–baryon fluid is set
by the sound horizon at the epoch of recombination, the sound horizon scale provides
a standard ruler [127] calibrated by the CMB anisotropy measurements. Due to the
imprint of these sound waves in the baryon distribution and, through gravitational
interactions, in the dark matter distribution as well, this scale appears as a series of
relatively tiny oscillations [112, 128] in the galaxy power spectrum probed by baryon
acoustic oscillations (BAO) experiments. Thus, information from BAO observations
complement the CMB anisotropies measurements [129, 130], consequently allowing
for a number of parameter degeneracies to be broken, leading to tighter constraints
on the ΛCDM parameters as illustrated in Fig. 1.1.

On the other hand, the angular diameter distance to decoupling depends on the
expansion and geometry of the Universe after decoupling, making it more sensitive
to the dark energy content and the total matter content of the Universe at late–times.
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The angular diameter distance in a flat FLRW space–time is given by

DA(t) = a(t)

∫ t0

t

dt′

a (t′)
. (1.54)

Provided that the reciprocity theorem [131], which imposes that the trajectories of
photons satisfy the properties of null geodesics, is satisfied along with the condition
that the number of photons is conserved, then we can define the luminosity distance
DL, via the distance–duality relation

DL(z) = (1 + z)2DA(z) . (1.55)

The above cosmological distances lie at the heart of SNIa observations, which par-
ticularly were used for the ground–breaking discovery of the accelerated expansion
of the Universe [87, 88].

The final two cosmological parameters in this baseline ΛCDM model are at-
tributed to the power–law parametrisation of the primordial curvature power spec-
trum of scalar perturbations, specified by ∆2

ζ(k) = As(k/k0)
ns−1. In this parametri-

sation As denotes the spectrum’s amplitude, ns is referred to as the scalar spectral
index, and k0 is the pivot scale which we set to k0 = 0.05Mpc−1. We will be extend-
ing this power–law form of the primordial power spectrum in chapter 2, in which we
further discuss the limits on higher–order terms appearing in the exponent of ∆2

ζ(k).
The baseline ΛCDM model consists of other parameters which can be determined

from the six cosmological parameters that we discussed above. One of these derived
parameters is σ8, which denotes the root–mean–square fluctuation in total matter in
8h−1Mpc spheres at z = 0. This parameter characterises the normalisation of the
initial power spectrum, and is defined by

σ2
R =

∫
dk
k
∆2

m(k)

[
3j1(kR)

kR

]2
, (1.56)

where R = 8h−1Mpc, ∆2
m(k) is the total matter power spectrum, and j1(X) is the

spherical Bessel function of order unity. An important scale which determines the
scale above which the linear theory of cosmological perturbations will start to break
down is the non–linear scale knl, which is roughly set by ∆2

m(knl) ≈ 1.
We conclude this chapter by a remark on the definition of the power spectra

that have been introduced in this section, and will be repeatedly used in subsequent
chapters. The reason behind the introduction of power spectra in cosmology is
related to the fact that the theory of cosmological perturbations is a stochastic
theory, whose aim is to predict the statistical properties of perturbed quantities at
some arbitrary time, provided that the statistical properties are known at an earlier
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time. Most often, it is assumed that the initial conditions are set by Gaussian
fluctuations predicted from inflationary cosmology. As long as perturbations remain
linear, Gaussianity will be preserved and all fluctuations can be described by their
two–point correlation function in Fourier space, which for an arbitrary quantity A,
is denoted by ⟨A(η,k)A∗(η,k′)⟩. In the FLRW space–time, statistical homogeneity
imposes that the two–point correlation vanishes for k ̸= k′, and statistical isotropy
implies that the power spectrum of A only depends on the modulus k = |k|. It
follows that the power spectrum of A, is defined by

⟨A(η,k)A∗(η,k′)⟩ = δ
(3)
D (k − k′)PA(k) , (1.57)

where δ
(3)
D (k − k′) is the Dirac distribution. Moreover, the dimensionless power

spectrum of A, is given by

∆2
A(k) =

k3

2π2
PA(k) . (1.58)

These generic definitions specify the spectra of the quantities that we will be using
throughout this thesis.

1.3 Conclusions

We devoted this chapter to an introduction of the standard pillars of the Big Bang
model, and the emergence of the concordance model of cosmology. We first dis-
cussed the gravitational theory of General Relativity, and illustrated its success over
several astrophysical and cosmological scales. We have then introduced the standard
Big Bang model for the description of the Universe, where we highlighted the excel-
lent agreement between its theoretical predictions and several experiments, which
consequently led to the adoption of this model as the standard model of modern
cosmology. In layman’s terms, the Big Bang model postulates that the Universe
emerged from a state where matter at high temperature was ionised and in ther-
modynamic equilibrium, which cooled down during its expansion allowing for the
interactions that were efficient at high temperatures to decouple as soon as their
reaction rate becomes smaller than the Hubble expansion rate. In this framework,
the Universe is therefore assumed to evolve from a radiation–dominated era to a
matter–dominated epoch, with the possibility for an era dominated by the cosmo-
logical constant or by the spatial curvature of the Universe. Moreover, we discussed
the validity of the homogeneous and isotropic expanding Universe that is described
by the FLRW metric.

Although the Big Bang model offers a convincing picture of the evolution of the
Universe, it is well known that there are still some puzzling open problems that need
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to be addressed. We will get back to this in chapter 3, where we discuss some of
these issues. Particularly, we will be interested in the dark sector problems, which
it is now well–established that this sector accounts to around ninety–five percent of
the present–day global cosmic energy budget.
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A new branch of science is born; the application
of astronomical knowledge to find (or at least to
constrain) the fundamental laws of physics in re-
gions inaccessible to direct experiment. We are
in the position of the palaeontologists, with only
fossils or remnants to study directly.

Yakov B. Zel’dovich 2
Shedding light on primordial cosmology

As we discussed in chapter 1, an urge to unravel the primordial thermal history
of our Universe gave rise to the standard Big Bang cosmological model, which has
outlived any other proposed model to date. While George Gamow [39–43] together
with Ralph Asher Alpher, Hans Bethe, and Robert Herman [44–52] were laying
the foundations of primordial nucleosynthesis, they came up with the idea that the
early Universe was once very hot and dense, which then expanded and cooled to its
present state. Originally the primordial cosmic egg from which the elements formed
was dubbed as ylem [132] (which was proposed to be composed of a gas of neutrons
only), but then Fred Hoyle [133] (who was a critic of this idea) introduced the term
Big Bang in order to describe an evolving and expanding Universe.

The first intimation of a hot and dense origin of the Universe was given in the
so–called αβγ (Alpher–Bethe–Gamow) paper [47] in 1948, and later that year it was
theoretically predicted [51] that in the proposed cosmological model, radiation was
much more abundant than matter at very early times. Particularly, they showed
that there should be a low temperature residual blackbody radiation suffusing the
Universe [51, 52], which was predicted to be at ∼ 5K [51]. This derived relic tem-
perature of the cosmic microwave background (CMB) radiation was based on a
simple density–pair relation

(
ργρ

−4/3
b = constant

)
between the baryonic matter en-

ergy density (ρb) and the CMB photon energy density (ργ) at two distinct epochs,
thus heavily dependent on the knowledge of the relevant cosmological parameters.
Indeed, with a set of improved cosmological parameters, Alpher and Herman [49]
obtained a temperature of ∼ 2.7K for the CMB radiation.

It was in 1965 when Arno Allan Penzias and Robert Woodrow Wilson reported
the existence of the CMB radiation at the Bell Telephone Laboratories, Crawford
Hill, Holmdel, New Jersey using the 20–foot horn–reflector antenna [53, 54]. They
serendipitously detected an excess isotropic antenna noise at a wavelength of 7.35 cm

29
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corresponding to a temperature of 3.3±1.0K, which was immediately interpreted to
be the relic blackbody radiation by Robert Henry Dicke and his collaborators [55].

In the current era of precision cosmology, it is imperative to test the concor-
dance model of cosmology to its core before one starts to consider other promising
cosmological models. The measurements of the CMB radiation anisotropies power
spectrum placed very tight constraints on the parameters of the concordance cos-
mological model, and also provided firm evidence that inflation well–describes the
dynamics of the early Universe.

In this chapter we will be focusing on possible small–scale departures in a generic
profile of the primordial curvature power spectrum from the nearly scale–invariant
spectrum that is very well–constrained on larger–scales. Such a deviation could be
simply addressed by including higher–order parameters of the primordial curvature
power spectrum which are often neglected, since, as we will show, the experiments
that are probing the large–scales of the Universe are not very sensitive to these
parameters. Most importantly, we will check for any anomalies within the framework
of this cosmological model that could arise between the experiments that are probing
the large–scales of the Universe, with other current and prospective experiments
that are able to impose limits on the cosmic evolution on the small–scales. We will
demonstrate that a joint analysis between the large–scale data and small–scale data,
enables us to place robust constraints on the physics of the early Universe.

In section 2.1 we will be considering the cosmological consequences of infinites-
imal departures from the Planck energy spectrum of the CMB radiation, where
we look at two standard mechanisms by which the full thermodynamic equilibrium
between photons and baryons in the early Universe is disrupted, giving rise to spec-
tral distortions [134–138] in the CMB radiation spectrum. It is common practice
to discern between the µ–type distortions which are characterised by a frequency–
dependent chemical potential that is nearly a constant at high frequencies and di-
minishes at very low frequencies, and the y–type distortions which are associated
with Sunyaev–Zel’dovich clusters [135] are characterised by a constant temperature
decrement at low frequencies and an increment at high frequencies. Moreover, we
will be considering the partially comptonized intermediate i–type [139] distortions.

The formation of primordial black holes (PBHs) will be discussed in section 2.2,
in which we also review the relationship between PBHs and the current mystery of
the origin of a major constituent of the Universe, dubbed dark matter. Thus, this
analysis will enable us to look into the nature of dark matter and the inflationary
paradigm that are interconnected via primordial density perturbations on the small–
scales, which are created from the quantum fluctuations of the inflaton scalar field
that drives inflation. We present and discuss the results of this analysis in section
2.3, and conclude in section 2.4. In the following we assume that the ΛCDM model
applies, and adopt the spatially flat Friedmann–Lemaître–Robertson–Walker metric.
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Figure 2.1: In the left panel we compare themeasurements of the CMB energy spectrum [140]

with a blackbody spectrum at a temperature of 2.7255 K, where we plot the intensity Iν =
2hPlν

3c−2(exp(hPlν/kBT0) − 1)−1, against the frequency ν . In the top–right panel we show the

same comparison with the FIRAS data only, whereas in the bottom–right panel we depict themaximum

(95%CL) allowedµ–type spectral distortion by the FIRAS data [59] along with the actual residuals in units
ofMJy sr−1≡ 10−20Wm−2Hz−1sr−1, as a function of ν .

2.1 Spectral distortions of the CMB spectrum

Apart from the cosmic signatures contained within the CMB anisotropies, which
have now been extensively studied and without doubt paved the way to precision
cosmology [65], the energy spectrum of the CMB provides us with invaluable infor-
mation about the thermal history of the Universe at very early times. In the left
panel of Fig. 2.1 we depict the current CMB energy spectrum measurements over
a broad range of frequencies ν, together with a Planck spectrum at a temperature
of T0 = 2.7255K [105]. There are several physical mechanisms which could lead to
an energy release in this primordial era, such as decaying relic particles [141, 142],
and annihilating particles [143, 144]. We will be considering two scenarios that are
present in the standard model of cosmology, the adiabatic cooling of electrons and
baryons, together with the dissipation of acoustic waves. The latter mechanism
arises from the Silk damping [145] of primordial small–scale fluctuations leading to
an energy release in the early Universe. Consequently, inevitable spectral distortions
of the CMB spectrum [134–138] are produced which are sensitive to the underlying
functional form of the primordial power spectrum. In the top–right panel of Fig. 2.1
we compare the COBE/ Far Infrared Absolute Spectrophotometer (FIRAS) measure-
ments [58, 59] of the CMB spectrum with a blackbody at a temperature T0, clearly
showing that the CMB spectrum is indeed a blackbody to a very high precision. In
the bottom–right panel of Fig. 2.1 we show the residuals from the blackbody spec-
trum at a temperature T0, leaving only a room for a µ–type spectral distortion of
|µ| ≲ 9×10−5 at the 95% confidence level (CL) [59], also shown in the figure. Other
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more recent measurements of the µ–type spectral distortion at lower frequencies
have been reported by ARCADE [146] and TRIS [147]. FIRAS measurements also
allow for a y–type spectral distortion of |y| ≲ 1.5×10−5 at the 95% CL [59], however
in this analysis we will be interested in those modes

(
50Mpc−1 ≲ k ≲ 104Mpc−1

)
which dissipate their energy during the µ–era

(
5 × 104 ≲ z ≲ 2 × 106

)
producing

a small residual chemical potential. As long as Compton scattering is still able
to achieve full kinetic equilibrium with electrons, the CMB spectrum is able to re-
gain a Bose–Einstein distribution with chemical potential µ, and occupation number
nBE(x ≡ hPlν/kBTγ) = 1/(ex+µ − 1), with Tγ denoting the CMB temperature, kB is
Boltzmann’s constant, and hPl is Planck’s constant. In general, the chemical poten-
tial will be frequency–dependent due to the creation of photons at low frequencies,
however, proposed experiments like the Primordial Inflation Explorer (PIXIE) [148]
will probe the high frequency spectrum (30GHz ≤ ν ≤ 6THz), in which the chemical
potential is constant [149, 150]. At higher redshifts (z ≳ 2× 106), double Compton
scattering, bremsstrahlung, and Compton scattering are so efficient that the ther-
malisation process ensures that for nearly any arbitrary amount of energy injection,
no spectral distortion should remain today [137]. At lower redshifts (z ≲ 104 − 105),
the Compton redistribution of photons over the entire spectrum is too weak to es-
tablish a Bose–Einstein spectrum, resulting in a y–type spectral distortion. Since
y–type spectral distortions continue to be created throughout the late–time epoch
of the Universe, for instance via the heating of CMB by electrons in the intergalactic
medium during and after reionization, we will marginalise over it in our analysis.

At redshifts well before the recombination era (z ≳ 104), one can use the tight cou-
pling approximation to compute the energy injection rate from the photon–baryon
fluid acoustic wave dissipation, given by [151–153]

dQ
dz

∣∣∣∣
ac
=

9

4

dk−2
D

dz

∫
d3k
(2π)3

Pζ(k) k
2 e−2k2/k2D , (2.1)

where the primordial power spectrum is defined by Pζ(k) = 4/(0.4Rν + 1.5)Pζ ≈
1.45Pζ , with Rν = ρν/(ργ + ρν) ≈ 0.41 denoting the contributions of massless
neutrinos (ρν) to the energy density of relativistic species. The phenomenological
parametrisation of the curvature power spectrum of scalar perturbations in the co-
moving gauge Pζ , is given by [154]

Pζ(k) =
2π2

k3
As

(
k

k0

)ns−1+ 1
2
αs ln(k/k0)+ 1

6
βs[ln(k/k0)]

2
+ 1

24
γs[ln(k/k0)]

3

, (2.2)

where As is the scalar amplitude and ns, αs, βs, and γs are the scalar spectral
index, the running of the scalar spectral index, the running–of–the–running of the
scalar spectral index, and the running–of–the–running–of–the–running of the scalar
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spectral index, respectively. We assume that these parameters are all specified at
the pivot scale k0, and are defined by

ns − 1 =
d ln∆2

ζ

d ln k

∣∣∣∣∣
k= k0

, αs =
dns

d ln k

∣∣∣∣∣
k= k0

,

βs =
dαs

d ln k

∣∣∣∣∣
k= k0

, γs =
d βs
d ln k

∣∣∣∣∣
k= k0

,

(2.3)

where we defined the dimensionless primordial power spectrum by

∆2
ζ(k) =

k3Pζ(k)

2π2
. (2.4)

In general, one can further consider higher–order terms in the exponent of Eq. (2.2),
however current cosmological data sets are unable to place tight constraints on these
parameters. Indeed, in section 2.3 we neglect γs from our constraint analysis. More-
over, the photon damping scale is defined by [145, 155–157]

k−2
D (z) =

∫ ∞

z

dz′
c(1 + z′)

6H(1 +R)neσT

(
R2

1 +R
+

16

15

)
, (2.5)

where ne is the number density of electrons, σT is the Thomson scattering cross–
section, c is the speed of light, H is the Hubble parameter, and R = 3ρb/(4ργ) ≈
673(1 + z)−1 is the baryon loading with ρb and ργ being the baryon and photon
energy densities, respectively. For a given k–mode, energy release happens at k ≃
kD(z), where kD(z) ≈ 4 × 10−6(1 + z)3/2Mpc−1, well inside the horizon scale of
kh ≈ 2× 10−6(1 + z)Mpc−1.

Apart from the Silk damping contribution to the effective µ–distortion, another
relatively smaller contribution arises from the adiabatic cooling of ordinary matter
which continuously extracts energy from the photon bath via Compton scattering
in order to establish an equilibrium photon temperature. This leads to a negative
µ–distortion of ∼ 10−9, which directly depends on the helium abundance fHe ≃
YP/4(1 − YP ), and the baryon density relative to the critical density Ωb. The tiny
magnitude of this energy extraction from the CMB is due to the fact that the heat
capacity of the CMB is much larger than that of matter. For the µ–distortion epoch,
this effective energy extraction history is given by [149, 158–160]
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dQ
dz
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= −3

2

kB (nH + nHe + ne)

aRT
3
γ (1 + z)

≈ −5.75× 10−10

(1 + z)

(
1− YP
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)(
Ωbh
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T0

2.7255K
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,

(2.6)

where aR = 8π5k4B/(15c
3h3Pl) is the radiation constant, YP is the primordial helium

mass fraction, Xe is the free electron fraction, h is defined by the Hubble constant
via H0 = 100h km s−1Mpc−1, Tγ = T0(1+ z) [161] such that T0 is the current cosmic
background radiation temperature, and the number densities of hydrogen and helium
are denoted by nH and nHe, respectively.

Several methods have been implemented in the literature in order to compute
the µ-distortion parameter (see for instance Ref. [160] for a comparative analysis).
Given the energy release history composed of the damping of primordial small–scale
perturbations along with the adiabatic cooling of ordinary matter, we can compute
the spectral distortion via [135, 136, 153, 162]

µ = 1.4
∆ργ
ργ

∣∣∣∣∣
µ

= 1.4

∫ zmax

zµ

Jµ (z
′)
dQ

dz′
dz′ , (2.7)

where ∆ργ/ργ|µ denotes the effective energy release in the µ–era, and dQ/dz is the
sum of dQ/dz|ac and dQ/dz|cool. The upper integration limit of Eq. (2.7) should be
taken sufficiently behind the thermalisation redshift in order to take into account
that the thermalisation efficiency does not abruptly vanish at the thermalisation
epoch, given by [163–166]

zth ≈ 1.98× 106
(
1− YP/2

0.8767

)−2/5(
Ωbh

2

0.02225

)−2/5(
T0

2.7255K

)1/5

. (2.8)

The transition redshift between the y–distortion epoch and the µ–distortion epoch
is set by defining the transition redshift zµ in Eq. (2.7). As described in Ref. [139], a
(nearly) pure µ–distortion is created at yγ ≳ ymax

γ = 2, corresponding to zµ ≈ 2×105,
where the Compton parameter is defined by

yγ(z) =

∫ z

0

dz′
kBσT
mec

neTγ
H(1 + z′)

, (2.9)

in which the electron mass is denoted by me. In the following, we will compute the
µ–distortion amplitude by setting the transition redshift in Eq. (2.7) equal to the
inferred redshift from Eq. (2.9), such that yγ(zµ) ≈ ymax

γ . We will then compare
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this with the µ–parameter which is evaluated with an approximate transition at
zµ ≈ 5 × 104 [165]. A similar analysis has been carried out in Ref. [160], in which
the contribution of r–type distortions has also been considered.

The distortion visibility function Jµ = e−τ(z), where τ(z) is the effective black-
body optical depth, ensures that the small µ–distortion contribution produced at
z ≳ zth is also taken into account. Following Ref. [150], we will be making use of
the following expression for the blackbody optical depth

τ(z) = 1.007

[(
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]1/2
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1 +
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+
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(2.10)

where
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(2.11)

with C = 0.7768, and Ωr being the current radiation density relative to the critical
density. The Compton (aC), double Compton (aDC), and bremsstrahlung (aBR)
parameters are defined via the rate coefficients by [150]

KC = neσT c
kbTe
mec2

≡ aC (1 + z)4 , (2.12)
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)3
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≡ aBR (1 + z)5/2 ,
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Figure 2.2: This figure illustrates the rates of comptonization, bremsstrahlung, and double Compton scat-

tering, along with the Hubble rate in units of s−1, as a function of redshift. For the comptonization rate

we plotKC , while we consider the bremsstrahlung and double Compton rates at the critical frequency of

xe = 0.01 [150] and plotKBR(e
xe − 1)x−3

e andKDC(e
xe − 1)x−3

e , respectively. We also indicate

the approximate y–distortion (z ≲ 1.5× 104) andµ–distortion (z ≳ 105) epochs, along with an i–type
distortion era (1.5 × 104 ≲ z ≲ 105) during which the distortion has the shape in–between y–type
andµ–type distortions. The blackbody surface is located at z ≈ zth which defines the boundary of the
blackbody photosphere, in which spectral distortions in the CMB spectrum are severely suppressed.

respectively. In Eqs. (2.12)-(2.14) the equilibrium electron temperature Te, in a
radiation field with occupation number n(x), is given by [167, 168] Te/Tγ =

∫
(n +

1)nx4dx/(4
∫
nx3dx), and the corresponding dimensionless frequency is denoted by

xe = hPlν/kBTe. Moreover, α is the fine structure constant, nB is the baryon
number density, and IDC =

∫
(n+ 1)nx4e dxe = 4π4/15 for a blackbody spectrum at

temperature Te with occupation number n(xe). The gaunt factors for bremsstrahlung
and double Compton scattering will be assumed to be constant in the redshift range
of interest, thus we will be using their fitting values [149, 150, 169] of gDC ≈ 1.005
and gBR ≈ 2.99, respectively.

We compare the rates of Compton scattering, double Compton scattering, and
bremsstrahlung absorption with the Hubble rate in Fig. 2.2, clearly illustrating the
dominant mechanism at any given epoch. We also indicate the blackbody surface for
our Universe at z ≈ zth, which defines the epoch by which the CMB spectrum was
created, and therefore cannot be considered as an initial condition. The temperature
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anisotropies,µ–distortion, and PBHs. For the CMB andµ–distortion shaded regions we plot
∆2

ζ(k)exp
(
−2k2/k2D

)
/∆2
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difference between zth and zµ, respectively. For the PBH shaded region, we illustrate the full compilation

of the constraints onβ (MPBH).

anisotropies of the CMB were later imprinted at zLSS ≈ 1100, which defines an
important cosmological boundary known as the last–scattering surface.

We illustrate the scales probed by the µ–distortion arising from the dissipation
of primordial perturbations in Fig. 2.3, in which we also compare with the scales
probed by the CMB anisotropies and by the PBHs that we discuss in the next section.
In this figure we plot the normalised dimensionless primordial power spectrum (2.4),
and we also use the k–space window function Wµ(k) ≈ 2.3e−2k2/k2D [170, 171], which
accounts for the thermalisation process. One can estimate the ensemble average of
the effective µ–distortion by computing the log–integral of ∆2

ζ(k)Wµ(k) [170–172],
however we will be using the above procedure.
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2.2 Dark matter & primordial black holes

Before considering the physics of PBHs, we will first review one of the puzzling cos-
mic components that presently makes up ∼ 84% [65] of the global matter content in
the Universe. In 1933, while Fritz Zwicky was taking measurements of the velocity
dispersion of galaxies in the Coma cluster (Abell 1656), which is a large cluster of
galaxies located in the constellation Coma Berenices, he found out that the inferred
mass–to–light ratio exceeded the ratio in the solar neighbourhood by around two
orders of magnitude [173]. Consequently, he attributed this to the presence of yet
unseen “dunkler Materie” [173], or dark matter [174], as it is still known today.
Similar studies have been carried out on clusters of galaxies, in which there was a
constant reappearance of the mass discrepancy. For instance, Sinclair Smith, who
was considering the Virgo cluster, noted [175] that “The cause of the discrepancy is
not clear” and concluded his paper with “Whatever the correct answer, it cannot be
given with certainty at this time”. However, at that time too few observations and
theoretical constraints were available in order to reach a consensus on the interpre-
tation of this reported discrepancy.

In the meantime, galactic rotation curves, which consider the orbital velocity of
gas and stars in galaxies as a function of their radial separation from the galactic
centre, were also being analysed. In the earliest studies, nearby galaxies such as M31
and M33 were considered by several astronomers [176–178], including the pioneering
work of Jan Hendrik Oort [179]. In the early 1970s, an intriguing feature of these
rotation curves was emerging: the galactic rotation curves tend to be flattening and
stay flat even at the largest radial separation from the galactic centre, contrary to
the Keplerian falloff behaviour which is expected at these scales where the mass
should be monotonically decreasing beyond the optical disc. Similar to the discrep-
ancy noted by Zwicky, this also indicates that there is a significant non–luminous
mass contribution which was not being properly taken into account. Indeed, in
an important study carried out by Kenneth Charles Freeman, he noted [180] that
“These data have relatively low spatial resolution; if they are correct, then there must
be in these galaxies additional matter which is undetected”, in which he was referring
to the data acquired from NGC300 galaxy in the constellation Sculptor and M33
Triangulum galaxy in the constellation Triangulum.

Despite of this observational evidence of a hiding matter contribution, the two
anomalies of flat rotation curves and the cluster mass discrepancy were seriously
being considered after these anomalies came together in two landmark publications
by Jeremiah P. Ostriker et al. [181] and Jaan Einasto et al. [182] in 1974, approx-
imately four decades after Zwicky’s observation. In the latter study they reported
that due to these common discrepancies, “the clusters of galaxies are stabilised by
hidden matter”. By the late 1970s there was a common consensus about the origin
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of these anomalies, as for instance was reported in the review by Sandra M. Faber
and John S. Gallagher in which they concluded [183] that “After reviewing all the
evidence, it is our opinion that the case for invisible mass in the Universe is very
strong and getting stronger”.

Apart from the galactic and galaxy cluster scales, currently the preponderant evi-
dence for dark matter is attributed to cosmological and astrophysical measurements
that ranges from the shape profiles of the CMB temperature anisotropies power
spectrum and the linear matter power spectrum [184], to gravitational lensing [185],
and the large–scale structure formation N–body simulations [186]. Thus, our direct
evidence of the particle nature of dark matter is very limited. Indeed, with the
current observations, one is allowed to consider dark matter to be as light as 10−22

eV or as heavy as hundred solar masses [187]. Consequently, there is no shortage of
promising dark matter candidates, in fact it is often referred to as the non–baryonic
candidate zoo [188].

In the standard cold dark matter model [189] it is assumed that dark matter
consists of massive particles that weakly interact with each other and with other
constituents of the Universe. It is also considered to be composed of long–lived
particles, in a sense that their lifetime must be comparable to or greater than the
present age of the Universe. These, as yet undiscovered, particles are better known
under the generic name of weakly interacting massive particles (WIMPs) [190, 191],
which are expected to be produced thermally in the primordial Universe and have
been predicted by several theoretical extensions of the standard model of particle
physics [192]. Several direct detection experiments have been carried out in or-
der to search for these predicted particles, such as by observing the nuclear recoils
produced by WIMP scattering off nucleons. This technique has been implemented
by the XENON100 [193, 194], CDMS II [195, 196], SuperCDMS [197], LUX [198],
and CDEX-1 [199] experiments, and is planned to be conducted with the currently
proposed LUX–ZEPLIN [200], DARWIN [201], and XENON1T [202] experiments.
Sufficiently light (ma ≈ 20µeV) axionic [203–205] dark matter, characterised by its
energy density relative to the critical density by Ωa ≈ (6µeV/ma)

7/6 [206], has also
been seriously considered and tested [207] as a promising dark matter candidate.
Finally, we now have robust evidence that a minute part of the dark matter is at-
tributed to massive neutrinos, which are considered as hot dark matter since these
were relativistic at the time of decoupling from the cosmic plasma [208].

Chronologically the standard cold dark matter model superseded the hot dark
matter model in the early 1980s. The hot dark matter model, being characterised
by the top–down structure formation mechanism [209], was abandoned by the mid–
1980s when there was enough observational evidence that if galaxies were to form
sufficiently early, then their distribution would be much more inhomogeneous than it
is observed to be. The main driving force behind this turning point was the successful
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reconstruction of the formation of cosmic structure in the Universe. Although, to a
very good accuracy, the Universe is found to be homogeneous and isotropic on its
largest–scales, a variety of structures, such as stars and galaxy clusters, have been
found on smaller–scales which would be impossible to form without the presence of
dark matter. The tiny fluctuations at the very early times, which are well–motivated
by the inflationary scenario, would have led to an inconsistent CMB signal if only
baryonic matter were to enhance these fluctuations in order to create the observed
cosmic structures. On the other hand, cold dark matter did not directly interact
with photons, thus enabling these seeded primordial fluctuations to grow for a much
longer time before baryonic matter decoupled from radiation. Consequently, the
cosmic structures will then naturally be created once the ordinary matter decouples
from radiation and is drawn to the relatively dense clumps of cold dark matter.

Contrary to the top–down structure formation mechanism observed in the hot
dark matter model, in which the smaller structures form via fragmentation, the
cold dark matter model is characterised by the hierarchical mechanism of structure
formation in which the small structures are formed before the largest structures.
This was the main motivation behind the rejection of the hot dark matter model.
This hierarchical mechanism is possible in a cold dark matter scenario, because the
smallest–scales are the first to enter into the non–linear regime, with the large–
scales being still linear today. Thus, the smallest structures are therefore the oldest,
in accordance with observations [210, 211]. This process carries on and larger–scales
will eventually become non–linear, leading to the merger of small overdense regions
to merge into larger galaxies and superclusters. This non–linearity length scale at
z ∼ 0.3 was found to be ∼ 70h−1 Mpc [69]. At this scale the Universe has a
complex spatial pattern of sophisticated inter–connected structures with multiple
morphologies and a rich geometry, better known as the cosmic web [212]. However,
on the large–scales, this is smoothed and the Universe becomes homogeneous again.

Motivated by the small–scales (≲ 1 Mpc) related problems of the standard cold
dark matter model, such as the prediction of more substructures, several alternatives
have been proposed [213]. For instance, a mixed model consisting of cold dark matter
along with hot dark matter was explored and turned out to be a very promising model
when confronted with data available at the late 1990s [214]. Other models include
warm dark matter [215], decaying dark matter [216], and repulsive dark matter [217].
However, with the avalanche of more recent cosmological data, an extended model
of the standard cold dark matter model, the so–called ΛCDM (Λ–cold–dark–matter)
model or the concordance model of cosmology, has been shown to be in an excellent
agreement with all the observations to date. The major present day constituent of
the ΛCDM model is found within another mysterious component, dubbed as dark
energy, represented by the Λ term which we discussed in chapter 1.

We will now turn our attention to PBHs which are an alternative dark matter
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candidate that are created in the very early Universe. Given that PBHs formed in
the radiation–dominated epoch, just after the end of the inflation, they evade the
Big Bang nucleosynthesis baryonic constraint. Thus, along with their dynamical
similarities with cold dark matter, PBHs could be classified as a non–baryonic form
of matter [218]. PBHs are on an equal footing with the other cold dark matter
candidates, since there is still no compelling evidence that PBHs may constitute
a fraction or, perhaps, all of the dark matter. The link between PBHs and dark
matter was explored by George F. Chapline [219], and previously proposed in Refs.
[220–223].

Interest in PBHs as dark matter candidates has flourished after the first direct
detection of gravitational waves which were emitted from a binary black hole merger
[11]. Motivated by the possibility to test General Relativity in the dynamic strong–
field regime, led to gravitational waves detection experiments which were pioneered
by Joseph Weber’s resonant mass detectors [224] in the 1960s. The existence of
gravitational waves was already indirectly demonstrated [225] through the radiative
energy loss of the ∼ 59–millisecond binary pulsar system PSR B1913+16 that was
discovered [226] by Russell Alan Hulse and Joseph Hooton Taylor in 1974 at the
Arecibo observatory. The first detection of gravitational waves was revealed by the
two detectors of the Laser Interferometer Gravitational–Wave Observatory (LIGO)
in 2015, in which they reported [11] that the source corresponds to two black holes
with masses of 36+5

−4M⊙ and 29+4
−4M⊙ located at a redshift of z = 0.09+0.03

−0.04, and
with a final black hole mass of 62+4

−4M⊙, where M⊙ denotes one solar mass. The
enormous amount of energy being liberated in gravitational waves was reported to
be 3.0+0.5

−0.5M⊙c
2. The order of magnitude of the source’s black hole masses initiated

this interest in PBHs, since these values are much higher than the typical masses
of binary black holes that are created from the final stages of the stellar evolution
of Population I or Population II main sequence stars [227–230]. After the detection
of other similar binary black hole mergers [12–15], this plausible detection of PBHs
was gaining ground. Moreover, the link between PBHs and the possible explanation
that these partially, or even totally, constitute the dark matter in our Universe [231]
made this alternative explanation more intriguing.

The mechanism behind the formation of these PBHs is most likely to be the same
phenomenon that shaped the large–scale structure in the Universe, where the latter
arose from the growth of small density fluctuations via the process of gravitational
instability. Cosmological inflation is an attractive and very promising scenario which
is able to produce primordial quantum fluctuations from the inflaton field which is
itself driving inflation. One possibility for the formation of PBHs is indeed from
the gravitational collapse of significantly large density fluctuations (δ = δρ/ρ ∼
O(1)) that re–enter the horizon during the radiation–dominated era and cannot be
overcome by the pressure forces.
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Since cosmological observations are able to probe the nearly large–scale scale–
invariant spectrum of the quantum fluctuations, PBH formation opens a new window
on the small–scales to confront inflation, which is independent from the large–scale
CMB and large–scale structure data. This is the main motivation behind the analysis
presented in section 2.3.

It is well–known that with a blue spectrum one can produce PBHs, since in this
case there is an increase in power on the smallest–scales, especially on the length
scales relevant for PBH formation [232, 233]. In our case we will be using the
runnings of the scalar spectral index (refer to Eq. (2.2)) so that the amplitude of
the fluctuations is allowed to increase on the small–scales.

We now briefly discuss the procedure that we implemented in section 2.3 where
we used the current PBH constraints, which we also present at the end of this section.
Provided that at horizon crossing (R = (aH)−1), the relative mass excess inside an
overdense region with smoothed density contrast δhor(R), is greater than a critical
threshold δc ∼ 1/3 [234], the region will collapse to form a PBH. We will be using
δc = 1/3 in our analysis, however other derived values can be found in Refs. [235, 236]
in which they report that this threshold value is sensitive to the initial perturbation
profile. Moreover, we introduce an upper limit for the density contrast of δhor(R) ≲ 1
that arises from the possibility of very large density perturbations to close up upon
themselves and form separate Universes [221, 223, 234, 237]. However, this has been
revisited in Ref. [238] in which they showed that the no separate Universe condition
does not pose a constraint on the density perturbations, although the choice of this
upper limit does not alter the abundance of PBHs due to the rapidly decreasing
integrands above δc. We also consider Gaussian perturbations with the probability
distribution of the smoothed density contrast Pδ(δhor(R)), which is given by

Pδ (δhor(R)) =
1√

2πσδ(R)
exp
(
− δ2hor(R)

2σ2
δ (R)

)
, (2.15)

where the mass variance of the above probability distribution function is given by

σ2
δ (R) =

∫ ∞

0

W 2(kR)Pδ(k)
dk
k
, (2.16)

with W (kR) being the Fourier transform of the window function that is used to
smooth the density contrast, and Pδ(k) denotes the power spectrum of the density
contrast. In this work we will be using a Gaussian window function (see for instance
Refs. [239, 240] for other functional forms of the window function) specified by
W (kR) = exp (−k2R2/2).

We then use the relationship between the power spectra of the density contrast
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and that of the primordial curvature perturbation PR(k), given by [241]

Pδ(k) =
16

3

(
k

aH

)2

j21

(
k√
3aH

)
PR(k) , (2.17)

where j1(X) is the spherical Bessel function of the first kind. We note that the last
quantity in Eq. (2.17) is identical to the dimensionless power spectrum ∆2

ζ(k) =
k3Pζ(k)/(2π

2) of section 2.1. However, since the integral of the mass variance of Eq.
(2.16) is dominated by the scales of k ∼ 1/R, we will assume that over this restricted
range of local k–values being probed by a specific PBH abundance constraint, the
primordial curvature perturbation power spectrum is assumed to be given by a
power–law [242, 243]

PR(k) = PR(kR)

(
k

kR

)ns(R)−1

, (2.18)

with kR = 1/R and

PR(kR) = As

(
kR
k0

)n(R)−1

. (2.19)

The effective spectral indices ns(R) and n(R) describe the slope of the power spec-
trum at the local scales of k ∼ kR, and the normalisation of the spectrum at kR ≫ k0,
respectively. These are related to the primordial curvature power spectrum param-
eters defined at the pivot scale k0, as follows

n(R) = ns −
1

2
αs ln (k0R) +

1

6
βs [ln (k0R)]

2 − 1

24
γs [ln (k0R)]

3 , (2.20)

ns(R) = n(R)− 1

2
αs ln (k0R) +

1

3
βs [ln (k0R)]

2 − 1

8
γs [ln (k0R)]

3 , (2.21)

where Eq. (2.20) is derived by comparing Eq. (2.19) with Eq. (2.2), whereas for the
definition of ns(R) we used the derived expression of n(R) along with the condition
of d lnPR(kR)/d ln kR = d lnPR(k)/d ln k|k= kR

. We found that this approach sig-
nificantly speeds up the calculations of section 2.3, where we also checked that the
final results remain consistent when using this approximation in the analysis of that
section. The final link in the chain is the relationship between the initial PBH mass
fraction β (MPBH) = ρPBH(ti)/ρcr(ti), at the time of PBH formation ti, and the mass
variance. We remark that in the latter definition the critical energy density was
denoted by ρcr. In the Press–Schechter formalism [244], this relationship between
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the PBH initial mass fraction and the mass variance, is given by

β (MPBH) = 2
MPBH

MH

∫ 1

δc

Pδ (δhor(R)) dδhor(R)

=
2γ√

2πσδ(R)

∫ 1

δc

exp
(
− δ2hor(R)

2σ2
δ (R)

)
dδhor(R)

≈ γ erfc
(

δc√
2σδ(R)

)
,

(2.22)

where erfc(X) is the complementary error function. In Eq. (2.22) we adopted the
assumption that the PBHs form at a single epoch and that their mass is a fixed
fraction γ, of the horizon mass MH = (4π/3)ρH−3, such that MPBH = γ MH. The
Friedmann equation in a radiation–dominated era reduces to H2 ≈ (8πG/3)ρ, with ρ
denoting the total radiation energy density and G is Newton’s gravitational constant,
leading to the approximate relationship of MPBH ≈ 1.97×105 γ (t/1 s)M⊙. The latter
relationship clearly shows that PBHs span a huge mass range, that is determined
by their time of formation, which will feature in the PBH abundance constraints.
Moreover, we make use of γ ≈ 3−3/2 [234], which is derived from simple analytical
calculations, however its numerical value depends on the details of the gravitational
collapse.

Finally, the above Friedmann equation in the radiation–dominated epoch along
with cosmic expansion at constant entropy (ρ ∝ g

−1/3
∗ a−4 [245], with g∗ denoting the

number of relativistic degrees of freedom), imply that

MPBH = γMH,eq

(
g∗,eq

g∗

)1/3 (
keqR

)2
, (2.23)

whereMH,eq is the horizon mass at matter–radiation equality, the comoving wavenum-
ber at equality is denoted by keq, and aeq = (1+ zeq)

−1 is the scale factor at equality.
This leads to the crucial relationship between the PBH mass and the comoving
smoothing scale R, given by

R

1Mpc
≈ 3.70× 10−23γ−1/2

(
Ωrh

2
)−1/2

a1/2eq

(
keq

1Mpc−1

)1/2(
MPBH

1 g

)1/2

, (2.24)

where we used the number of relativistic degrees of freedom at the time of matter
radiation equality of g∗,eq ≈ 3.36.

We now derive a relationship between the current cold dark matter non–evaporated
PBH fraction fPBH, and β (MPBH). By rewriting the radiation–dominated Friedmann
equation in terms of the radiation temperature as H2 = (4π3G/45)g∗T

4, we get that
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Figure 2.4: The shaded regions in the left panel of this figure illustrate the constraints from different ob-

servations on the fraction of PBH darkmatter fPBH, as a function of their massMPBH. The depicted

regions are excluded by the consequences of PBH evaporation [246], femtolensing of γ–ray bursts (FL)
[247], white dwarf explosions (WD) [248], neutron star capture (NS) [249], microlensing search of the

Subaru Hyper Suprime–Cam data (HSC) [250], Keplermicrolensing data (K) [251], EROSmicrolensing

data (EROS) [252], caustic crossing (CA) [253], MACHOmicrolensing limits (M) [254], the disruption of

wide binaries (WB) [255, 256], distribution of stars in Segue I dwarf galaxy (Seg I) [257], Planck constraints
fromCMB photoionisation (Plphoto) and collisional ionisation (Plcoll) [258], limits from the survival of the

star cluster near the core of Eridanus II dwarf galaxy (Eri II) [259], luminosity function of X-ray binaries

(X-ray) [260], millilens search (ML) [261], accretion effects on the CMB by FIRAS data (FIRAS) [246], and

dynamical friction (DF) [246]. In the right panel we show the full compilation of constraints onβ(MPBH),
for themass range 1g ≤ MPBH ≤ 1050g. We use the constraints on the non–evaporating PBHs

(MPBH ≳ M∗
PBH) of the left panel, along with the current epoch constraint onΩPBH [65, 262] and PBH

evaporation constraints from Planck–mass relics [232, 246], entropy [246], lightest supersymmetric par-

ticle production [263], Big Bang nucleosynthesis [246], damping of CMB anisotropies [246], extragalactic

photon–background [246], galactic γ–ray emission [264, 265], and 21 cm observations [266]. We remark

that these constraints have varying degrees of certainty and they are all associated with various caveats.

The relatively robust constraints are denoted by solid lines, whereas dashed lines denote less secure con-

straints.

t ≈ 0.74(g∗/10.75)
−1/2(T/(1MeV))−2 s. We further assume that the PBHs have a

monochromatic mass function, by which we mean that they share a common mass
of MPBH, therefore we can write β (MPBH) = MPBHnPBH(ti)/ρ(ti). Assuming the
conservation of the ratio of the PBH number density to the total entropy density
in relativistic species nPBH/s, along with the fact that ρ = 3sT/4 and adopting a
current value of the entropy of s(t0) = 8.55× 1085Gpc−3, we arrive at

fPBH =
ΩPBH

Ωc

≈ β (MPBH)

2.70× 10−9
γ1/2

( g∗,i
106.75

)−1/4
(
Ωch

2

0.12

)−1(
MPBH

M⊙

)−1/2

, (2.25)
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where g∗,i ≈ 106.75 [262] is the number of relativistic degrees of freedom at the time
of PBH formation deep in the radiation era, and ΩPBH and Ωc denote the current
unevaporated PBH density in units of the critical density and the cold dark matter
density relative to the critical density, respectively.

We show the current PBH constraints expressed in terms of β (MPBH) and fPBH
in the panels of Fig. 2.4 as a function of their mass MPBH. In the left panel of
Fig. 2.4 we focus on the constraints arising from the present–day consequences of
non–evaporating PBHs, while in the right panel we show the full compilation of
all the PBH constraints. The vertical dot–dashed lines in these panels indicate the
critical PBH mass of M∗

PBH ≈ 5× 1014 g [265, 267], below which a PBH would have
evaporated by the present epoch of the Universe through the emission of Hawking
radiation [222, 268] in which black holes radiate thermally with a temperature of
TPBH ≈ 106(1014g/MPBH) MeV.

In section 2.3 we use the full compilation of the β (MPBH) constraints presented in
Fig. 2.4, from which we derive an upper bound on σδ(R) by inverting Eq. (2.22). We
then compute the mass variance for the given set of cosmological parameter values
using Eqs. (2.16)–(2.21), and check if the inferred scale–dependent upper bound on
the mass variance is satisfied over all PBH mass scales.

2.3 Constraints on the concordance model

We here present and discuss our results, particularly focusing on how one can place
more robust limits on the profile of the primordial curvature power spectrum, with
respect to the current constraints inferred from the CMB anisotropies alone. We will
demonstrate this by performing a joint analysis of the inflationary paradigm and the
dark matter sector by considering the current limits on PBH formation, along with
prospective µ–distortion measurements. We will show that when we combine the
PBH and µ–distortion small–scale constraints with the large–scale CMB anisotropies
data, the derived constraints will be much tighter than when one treats each sector
in isolation. Various studies have illustrated this in a number of distinct perspectives
(see for instance Refs. [151, 153, 160, 170, 172, 241–243, 269–289]), which we now
reconsider and extend in several ways.

We perform a global analysis in which we infer the posterior distributions along
with the respective confidence limits on the primordial power spectrum parameters
of Eq. (2.2), together with the baryon density parameter Ωbh

2, the cold dark matter
density parameter Ωch

2, the ratio of the sound horizon to the angular diameter
distance at decoupling θs, and the reionization optical depth τreio. Thus, our baseline
set of parameters consists of Θ = {Ωbh

2, Ωch
2, 100 θs, τreio, ln(1010As), ns, αs, βs}.
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Figure 2.5: The panels of this figure show theΛCDMmodel 68% and 95%CRs in theYP –Ωbh
2 (left) and
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(
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)
–ns (right) planes using the Planck + lensing data sets. We also illustrate a number of samples

coloured by theµ–distortion parametersµBEC (left), andµ (right).

We specify the following flat priors on the floating parameters: Ωbh
2 = [0.005, 0.100],

Ωch
2 = [0.01, 0.99], 100 θs = [0.5, 10.0], τreio = [0.01, 0.80], ln(1010As) = [2.0, 4.0],

ns = [0.8, 1.2], αs = [−0.5, 0.5], and βs = [−0.1, 0.1].
We will be fixing the pivot scale to k0 = 0.05Mpc−1, the CMB temperature to

T0 = 2.7255K, along with the neutrino effective number to Neff = 3.046 [106, 107],
and YP is derived via standard Big Bang nucleosynthesis.

Moreover, we also compute several derived parameters, including H0, the reion-
ization redshift zreio, the root–mean–square fluctuation in total matter in 8h−1Mpc
spheres σ8, the dark energy density relative to the critical density ΩΛ, and the total
matter density relative to the critical density Ωm. We have excluded the primordial
power spectrum parameter γs from this analysis, since we found that this parameter
is not very well constrained with the considered data sets, however we believe that
the inclusion of γs would lead to an interesting study if one includes more information
on the small–scales.

We also derive several parameters related to the µ–distortion using a modified
IDISTORT code [139, 153], that implements the procedure described in section 2.1.
We infer these parameters via importance sampling of the Markov chain Monte Carlo
(MCMC) samples implemented in the GetDist routine [90]. In the µ–distortion com-
putation, we accurately calculated the free electron fraction Xe, by interfacing the
modified IDISTORT code with the primordial recombination HyRec code [290]. We
report the total effective µ–distortion (µz2) together with the µ–distortion resulting
only from the adiabatic cooling of electrons and baryons (µz2

BEC) using the inferred
transition redshift z2, which we compute as described in section 2.1. In order to
show the dependence of the µ–distortion on the transition redshift, we further cal-
culated the total effective µ–distortion (µ) and its adiabatic cooling contribution
(µBEC) adopting a fixed transition redshift of zµ = 5 × 104. We created the MCMC
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samples using a customised version of the cosmological Boltzmann code CLASS [120]
along with Monte Python [291], and then fully analysed the chains with GetDist.

Parameter Planck + lensing + BSH

100 Ωbh
2 . . 2.2225+0.0162

−0.0161 2.2242+0.0145
−0.0134

Ωch
2 . . . . . . 0.11938+0.00147

−0.00151 0.11927+0.00100
−0.00102

100 θs . . . . 1.0418+0.0003
−0.0003 1.0418+0.0003

−0.0003

τreio . . . . . . . 0.059230+0.014143
−0.014549 0.059897+0.011265

−0.011270

ln
(
1010As

)
3.0507+0.0256

−0.0274 3.0517+0.0208
−0.0216

ns . . . . . . . . 0.96292+0.00510
−0.00497 0.96342+0.00402

−0.00412

H0 . . . . . . . . 67.969+0.666
−0.684 68.022+0.458

−0.448

ΩΛ . . . . . . . . 0.69327+0.00928
−0.00869 0.69401+0.00612

−0.00593

Ωm . . . . . . . 0.30664+0.00869
−0.00927 0.30590+0.00593

−0.00612

σ8 . . . . . . . . 0.82441+0.00919
−0.00939 0.82459+0.00809

−0.00854

zreio . . . . . . . 8.1349+1.4669
−1.3310 8.2179+1.1847

−1.0369

108µz2 . . . . 0.82610+0.05743
−0.06688 0.82663+0.04631

−0.05273

10−5z2 . . . . 2.05285+0.00715
−0.00710 2.05239+0.00650

−0.00636

109µz2
BEC . . . −1.5837+0.0111

−0.0109 −1.5844+0.0101
−0.0099

108µ . . . . . . 1.48329+0.09362
−0.10831 1.4839+0.0755

−0.0856

109µBEC . . . −2.7135+0.0160
−0.0159 −2.7145+0.0147

−0.0144

Table 2.1: For eachmodel parameter we report the 68%

CLs for theΛCDMmodel with null runnings of the scalar

spectral index. The Hubble constant is given in units of

km s−1Mpc−1.

We now summarise the data
sets that will be used in the fol-
lowing analysis. In all data set
combinations, we will be using the
Planck 2015 temperature and po-
larisation (TT, TE, EE) high–ℓ
and low–ℓ likelihoods [292], along
with the lensing likelihood [91].
We will refer to the Planck joint
likelihoods by Planck + lensing.
Moreover, we will occasionally fur-
ther consider a background data
set which we denote by BSH. This
consists of baryon acoustic oscil-
lations (BAO) measurements, a
supernovae Type Ia (SNIa) sam-
ple, and a cosmic chronometers
data set. For the BAO measure-
ments we make use of the mea-
surements reported by the six de-
gree Field Galaxy Survey [92], the
SDSS DR7 Main Galaxy Sample
[93], SDSS–IV DR14 eBOSS [293],
SDSS–III DR12 Lyα–forests [294],
and SDSS–III DR12 Baryon Oscil-
lation Spectroscopic Survey [295].
In the latter BAO data set we
make use of the full likelihood
which includes information on the
growth rate. For the SNIa data set
we use the SDSS–II/ SNLS3 Joint

Light–curve Analysis [95] data compilation, and for the Hubble parameter measure-
ments we make use of the measurements reported in Refs. [296–301].

Furthermore, we will be using the compiled PBH constraints shown in the right
panel of Fig. 2.4 of section 2.2 by employing a step–function likelihood, similar to the
implementation of Ref. [302]. We derived the following results using the optimistic
PBH upper bound on β(MPBH), however we checked that with the conservative
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Figure 2.6: The panels of this figure show theΛCDM+αs model 68% and 95%CRs in theαs–ns (left)
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model, respectively.

upper bound, the final constraints are unaltered. In order to study the implications
of prospective measurements of the µ–distortion, we make our forecast around the
ΛCDM prediction [281, 282], in which we post–process the Markov chains with
a Gaussian likelihood considering µfid = (1.48 ± 1.00/n) × 10−8 for an n×PIXIE
sensitivity, where we set the fiducial mean value to coincide with the derived mean–fit
value in the ΛCDM scenario. We have set the 1σ error of µfid to be in agreement with
the reported 1×PIXIE–type experiment uncertainty of Refs. [148, 162], whereas a
10×PIXIE spectral sensitivity could possibly be reached by a PRISM–like [303]
experiment. We also examine an optimistic 15×PIXIE–type experiment in order to
discuss its quantitative improvement over the other PIXIE–type experiments.

We present the 68% CLs for the ΛCDM model parameters in Table 2.1, where we
confront the model with the Planck + lensing data sets, and in combination with the
BSH data set. Clearly, the ΛCDM model parameters are very well constrained with
only the large–scale data sets, in which we are also able to indirectly derive a very
tight constraint on the µ–distortion related parameters. One can clearly see that the
concordance model of cosmology predicts a positive µ–distortion of ∼ 10−8, along
with a negative baryon cooling contribution with an absolute magnitude of ∼ 10−9.
We also find a very mild improvement in the predicted µ–distortion parameters when
we combine the CMB anisotropies data sets with the BSH data set, since the latter
data set is able to break some of the parameter degeneracies. In the left panel of
Fig. 2.5, we show the ΛCDM 68% and 95% credible regions (CRs) for YP and Ωbh

2,
in which we also illustrate some samples coloured with µBEC. This clearly illustrates



2.3 Constraints on the concordance model 50

Parameter Planck + lensing + BSH + BSH + PBH

100 Ωbh
2 . . . . . 2.2255+0.0169

−0.0179 2.2255+0.0147
−0.0152 2.2259+0.0150

−0.0152

Ωch
2 . . . . . . . . . 0.11931+0.00155

−0.00152 0.11933+0.00101
−0.00104 0.11934+0.00102

−0.00104

100 θs . . . . . . . . 1.0418+0.0003
−0.0003 1.0418+0.0003

−0.0003 1.0418+0.0003
−0.0003

τreio . . . . . . . . . . 0.061534+0.014560
−0.014711 0.060162+0.012545

−0.012478 0.060029+0.012253
−0.012202

ln
(
1010As

)
. . . 3.0555+0.0273

−0.0272 3.0530+0.0241
−0.0237 3.0529+0.0236

−0.0229

ns . . . . . . . . . . . 0.96273+0.00511
−0.00527 0.96248+0.00423

−0.00440 0.96247+0.00429
−0.00431

αs . . . . . . . . . . . −0.0034670+0.0071233
−0.0072554 −0.0036051+0.0070979

−0.0071759 −0.0039201+0.0069935
−0.0065348

H0 . . . . . . . . . . . 68.020+0.684
−0.723 68.011+0.467

−0.456 68.012+0.478
−0.461

ΩΛ . . . . . . . . . . . 0.69379+0.00956
−0.00908 0.69374+0.00622

−0.00596 0.69373+0.00630
−0.00602

Ωm . . . . . . . . . . 0.30611+0.00908
−0.00955 0.30617+0.00596

−0.00622 0.30618+0.00602
−0.00630

σ8 . . . . . . . . . . . 0.82530+0.00920
−0.00956 0.82426+0.00898

−0.00905 0.82416+0.00884
−0.00873

zreio . . . . . . . . . . 8.3536+1.5214
−1.3066 8.2359+1.2893

−1.1500 8.2232+1.2804
−1.1157

Table 2.2: For eachmodel parameter we report the 68%CLs for theΛCDM+αs scenario.

the correlation between the parameters that are being considered in this plot, as
we already remarked in Eq. 2.6. In the right panel of Fig. 2.5, we show the 68%
and 95% CRs for ln (1010As) and ns, which fully describe the primordial curvature
power spectrum in the ΛCDM model. We also depict some samples coloured with
the total effective µ–type spectral distortion parameter, in which, as expected, it is
evident that there is a correlation between µ and the primordial power spectrum
parameters.

We then considered an extension to the concordance model, in which we allowed
for a varying non–zero running of the scalar spectral index. We report the 68% CLs
for the ΛCDM + αs model parameters in Table 2.2. As clearly shown, the Planck
data is able to place tight limits on this extended model. Moreover, we see that the
inferred constraints from the Planck + lensing data sets are consistent with those
obtained when we further include the BSH and PBH data sets. Furthermore, we do
not find any significant changes between the inferred constraints of the ΛCDM model
and this extended model. However, we observe that a negative running of the scalar
spectral index is more favoured than a positive one, albeit being consistent with a
null running. This is clearly illustrated in the panels of Fig. 2.6 where we show
the 68% and 95% CRs in the αs–ns and αs–µ planes. Since the Planck data sets
exclude the possibility of a relatively large positive running of the scalar spectral
index that is needed to overshoot the PBH abundance constraint, the resulting
constraint from Planck + BSH + PBH joint data set on αs is found to be consistent
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comparison. The dot–dashed lines indicate the null runnings of the scalar spectral index assumed in the

ΛCDMmodel.

with the one derived from the CMB anisotropies data. As illustrated in Fig. 2.8,
the predicted µ–distortion in the ΛCDM model strongly rules out the possibility of
a null µ–distortion, which could possibly arise from a total cancellation between the
negative µ–distortion attributed to adiabatic cooling and the positive µ–distortion
from Silk damping. To a lesser extent, this balanced injection scenario [304] is also
found to be excluded in the ΛCDM + αs model. Moreover, when we further include
information from prospective µ–distortion experiments, we find that these would be
able to place tighter constraints on the running of the scalar spectral index. From the
results of Table 2.4, we observe that an experiment with the spectral sensitivity of at
least 5×PIXIE could significantly improve the limits on αs. This is also illustrated
in the panels of Fig. 2.6, in which there is a significant shrinking in the inferred
contours. We also observe that negative values of αs inevitably lead to a suppression
of the positive µ–distortion contribution attributed to the damping of acoustic waves,
paving the way for a partial cancellation from the negative µ–distortion arising from
baryon cooling, which consequently pushes the effective distortion to zero. This gives
rise to the non–ellipsoidal contours in the αs–µ plane, which also shows a significant
correlation between αs and µ. Our results are in agreement with a similar analysis of
Ref. [282], where they also discussed the implications of the detection of the µ–type
distortion on the parameters of the ΛCDM + αs model.
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Parameter Planck + lensing + BSH + BSH + PBH

100 Ωbh
2 . . . . . 2.2181+0.0180

−0.0187 2.2198+0.0155
−0.0161 2.2269+0.0148

−0.0154

Ωch
2 . . . . . . . . . 0.11969+0.00153

−0.00159 0.11951+0.00105
−0.00109 0.11930+0.00105

−0.00104

100 θs . . . . . . . . 1.0418+0.0003
−0.0003 1.0418+0.0003

−0.0003 1.0418+0.0003
−0.0003

τreio . . . . . . . . . . 0.060051+0.015261
−0.014980 0.059761+0.012937

−0.012909 0.060019+0.012369
−0.012633

ln
(
1010As

)
. . . 3.0520+0.0283

−0.0278 3.0511+0.0248
−0.0245 3.0531+0.0233

−0.0242

ns . . . . . . . . . . . 0.95933+0.00595
−0.00569 0.95970+0.00479

−0.00467 0.96320+0.00442
−0.00446

αs . . . . . . . . . . . 0.007771+0.010908
−0.010770 0.007163+0.010571

−0.010708 −0.006865+0.007763
−0.007370

βs . . . . . . . . . . . 0.017953+0.012813
−0.012869 0.017216+0.012773

−0.012553 −0.004964+0.006862
−0.001530

H0 . . . . . . . . . . . 67.815+0.712
−0.721 67.897+0.486

−0.483 68.034+0.468
−0.466

ΩΛ . . . . . . . . . . . 0.69126+0.01003
−0.00904 0.69244+0.00651

−0.00629 0.69399+0.00625
−0.00609

Ωm . . . . . . . . . . 0.30865+0.00904
−0.01003 0.30747+0.00629

−0.00651 0.30592+0.00609
−0.00625

σ8 . . . . . . . . . . . 0.82811+0.00994
−0.01017 0.82709+0.00956

−0.00943 0.82330+0.00874
−0.00928

zreio . . . . . . . . . . 8.2243+1.5794
−1.3513 8.2099+1.3588

−1.1979 8.2170+1.2722
−1.1740

Table 2.3: For eachmodel parameter we report the 68%CLs for theΛCDM+αs +βs scenario.
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Figure 2.8: This figure shows themarginalised pos-

terior distributions for theµ–type spectral distor-
tion in theΛCDMmodel (solid),ΛCDM+αs model

(dashed), andΛCDM+αs +βs model (dot–dashed)

using the joint data sets as indicated in the figure.

The vertical dotted line illustrates the balanced injec-

tion scenario.

We now turn our attention to the ex-
tended ΛCDM + αs + βs model, where
we find that the large–scale data sets
favour positive runnings of the scalar
spectral index. In the case of αs, the de-
rived constraint is in a very good agree-
ment with a null running of the scalar
spectral index (< 1σ), however βs is
found to be greater than zero at ∼ 1.4
standard deviations. The significant
shift of the constraint on αs which is ev-
ident between the ΛCDM + αs model
and the ΛCDM + αs + βs model is due
to the strong correlation between αs and
βs, as clearly shown in the left panel of
Fig. 2.7. Consequently, the running of
the scalar spectral index is pushed to-
wards a positive value, along with a pos-

itive running–of–the–running of the scalar spectral index. Thus, in this extended
model, it is evident that these positive values of αs and βs will be able to significantly
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Parameter Planck + lensing

+ BSH + PBH
+ 1×PIXIE + 5×PIXIE + 10×PIXIE + 15×PIXIE

ln
(
1010As

)
3.0529+0.0236

−0.0229 3.0528+0.0220
−0.0220 3.0518+0.0218

−0.0218 3.0513+0.0221
−0.0218 3.0511+0.0223

−0.0220

ns . . . . . . . . . 0.96247+0.00429
−0.00431 0.96251+0.00396

−0.00400 0.96312+0.00376
−0.00384 0.96335+0.00366

−0.00375 0.96343+0.00361
−0.00374

αs . . . . . . . . . −0.00392+0.00699
−0.00653 −0.00363+0.00644

−0.00579 −0.00107+0.00315
−0.00266 −0.00035+0.00177

−0.00180 −0.00019+0.00145
−0.00143

108µz2 . . . . 0.69490+0.18070
−0.33222 0.70280+0.18278

−0.30951 0.78586+0.12272
−0.13540 0.81423+0.06751

−0.06974 0.82105+0.04570
−0.04636

10−5z2 . . . . 2.05131+0.00655
−0.00654 2.05140+0.00650

−0.00652 2.05210+0.00630
−0.00636 2.05222+0.00624

−0.00630 2.05221+0.00623
−0.00632

109µz2
BEC . . . −1.5861+0.0102

−0.0102 −1.5860+0.0101
−0.0102 −1.5849+0.0098

−0.0099 −1.5847+0.0097
−0.0098 −1.5847+0.0097

−0.0098

108µ . . . . . . 1.28530+0.28563
−0.47539 1.29788+0.28617

−0.44087 1.42440+0.18621
−0.18692 1.46636+0.09444

−0.09848 1.47637+0.06269
−0.06460

109µBEC . . . −2.7170+0.0148
−0.0148 −2.7168+0.0147

−0.0148 −2.7152+0.0142
−0.0144 −2.7149+0.0141

−0.0142 −2.7150+0.0141
−0.0142

Parameter Planck + lensing

+ BSH + PBH
+ 1×PIXIE + 5×PIXIE + 10×PIXIE + 15×PIXIE

ln
(
1010As

)
3.0531+0.0233

−0.0242 3.0528+0.0228
−0.0223 3.0515+0.0233

−0.0228 3.0510+0.0240
−0.0232 3.0509+0.0244

−0.0235

ns . . . . . . . . . 0.96320+0.00442
−0.00446 0.96321+0.00415

−0.00422 0.96386+0.00393
−0.00387 0.96411+0.00387

−0.00379 0.96418+0.00384
−0.00375

αs . . . . . . . . . −0.00687+0.00776
−0.00737 −0.00537+0.00680

−0.00668 0.00023+0.00398
−0.00439 0.00113+0.00266

−0.00402 0.00131+0.00217
−0.00397

βs . . . . . . . . . −0.00496+0.00686
−0.00153 −0.00364+0.00451

−0.00108 −0.00069+0.00142
−0.00052 −0.00059+0.00125

−0.00045 −0.00058+0.00122
−0.00042

108µz2 . . . . 0.30067+0.15096
−0.40717 0.38766+0.21911

−0.39351 0.74783+0.12415
−0.13644 0.79708+0.06746

−0.06845 0.80709+0.04623
−0.04673

10−5z2 . . . . 2.05083+0.00652
−0.00663 2.05119+0.00647

−0.00660 2.05245+0.00659
−0.00644 2.05257+0.00672

−0.00638 2.05255+0.00685
−0.00646

109µz2
BEC . . . −1.5869+0.0101

−0.0103 −1.5863+0.0101
−0.0103 −1.5843+0.0103

−0.0099 −1.5841+0.0105
−0.0098 −1.5842+0.0107

−0.0010

108µ . . . . . . 0.69783+0.34355
−0.61329 0.83785+0.42550

−0.53172 1.38239+0.17983
−0.19287 1.45371+0.10120

−0.09405 1.46812+0.05527
−0.07180

109µBEC . . . −2.7181+0.0147
−0.0150 −2.7173+0.0146

−0.0150 −2.7144+0.0150
−0.0144 −2.7141+0.0153

−0.0143 −2.7141+0.0156
−0.0145

Table 2.4: For eachmodel parameter we report the 68%CLs for theΛCDM+αs (top) andΛCDM+αs +

βs (bottom) cases. The inferred constraints fromn×PIXIE are obtained by post–processing theMarkov

chains with a Gaussian likelihood ofµ = (1.48 ± 1.00/n) × 10−8, where its mean value is fixed to the

derivedmean value of theµ–type spectral distortion parameter in theΛCDMmodel presented in Table

2.1.

increase the power on the small–scales. As a result, the PBH constraint is crucial
in this case since the PBH abundance constraint, although relatively weak, will not
allow for these positive values of the runnings of the scalar spectral index. Indeed,
when we confront the ΛCDM + αs + βs model with the Planck + BSH + PBH joint
likelihoods, the PBH upper bound is able to push the constraints on both αs and
βs to negative values, which are found to be consistent with zero at less than one
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Figure 2.9: The panels of this figure show theΛCDM+αs +βs model 68% and 95%CRs. The vertical

dot–dashed lines indicate the null runnings of the scalar spectral index assumed in theΛCDMmodel. The

horizontal dotted and dashed lines indicate the balanced injection scenario, and themean of the derived

fiducialµ–distortion in theΛCDMmodel, respectively.

standard deviation.
We present the 68% CLs for the ΛCDM + αs + βs model parameters in Table

2.3 which were inferred from the Planck + lensing data sets, in combination with
the BSH and PBH data sets. In Table 2.4 we present the 68% CLs for this model,
in which we further add the information from the µ–distortion, where we assume a
fiducial ΛCDM model value for µ. In Figs. 2.7 and 2.9 we illustrate the remarkable
shrinking of the marginalised contours when we consider the large–scale data sets
along with the crucial information from the small–scales. The 68% CLs on the
running–of–the–running of the scalar spectral index are −5× 10−3 ≲ βs ≲ 9× 10−4

(Planck + lensing + BSH + PBH + 1×PIXIE), or −1.2 × 10−3 ≲ βs ≲ 7.3 × 10−4

(Planck + lensing + BSH + PBH + 5×PIXIE), or −1.0 × 10−3 ≲ βs ≲ 6.4 × 10−4

(Planck + lensing + BSH + PBH + 15×PIXIE), implying that the small–scale
data can robustly constrain the higher–order parameters of the primordial curvature
power spectrum.

Since βs is the dominant parameter which determines the magnitude of the µ–
distortion resulting from the dissipation of acoustic waves, in the top panel of Fig.
2.9 the very strong correlation between µ and βs could easily be noticed. Similar
to the correlation between µ and αs in the ΛCDM + αs model, we also find non–
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ellipsoidal contours in the βs–µ plane, which occur for the same physical reason.
Furthermore, in the ΛCDM + αs + βs model we find that the balanced injection
scenario is very mildly ruled out at ∼ 1.1 standard deviations when not including
constraints from the µ–distortion. Consequently, this would be more challenging for
prospective µ–distortion experiments at a spectral sensitivity of ∼ 10−9, however
even if a null detection of the µ–distortion is reported by such an experiment, this
would shed some light on the possible mechanisms that are counter–balancing the
energy injection in the CMB. Thus, a better understanding of the physics of PBHs
along with future experiments that would be able to probe the thermal history of
our early Universe, for instance via µ–distortion measurements, are paramount for
the study of our primordial Universe.

2.4 Conclusions

In this chapter we had a close look at the current status of the concordance cosmo-
logical model, where we confronted this model and two other extended models with
large–scale and small–scale cosmological data. We devoted section 2.1 to the cre-
ation of the CMB spectral distortions, particularly focusing on the µ–type spectral
distortion. We considered the cooling of photons due to energy transfer to baryons
and electrons, together with the heating of the CMB via Silk damping, by which a
µ–type spectral distortion is expected to arise in the very early Universe. The Silk
damping µ–distortion which results from the dissipation of acoustic waves in the
photon–baryon–electron plasma, was found to be a crucial probe for the shape of
the small–scale primordial power spectrum, particularly when we allowed for more
freedom in the phenomenological parametrisation of the primordial power spectrum.

After we presented a brief overview of the, yet not fully understood, puzzling dark
matter constituent of the Universe, in section 2.2 we also discussed the formation
of PBHs, which are considered as a macroscopic candidate for cold dark matter.
We compiled the present constraints on the abundance of PBHs from a number of
experiments, which, at face value, nearly rule out the possibility that all of cold dark
matter could be contained within PBHs. However, a small fraction of cold dark
matter could still be found in PBHs, especially if one takes into account the several
caveats that exist in these constraints. Moreover, it is important to remark that the
constraints on fPBH get stronger when one considers an extended PBH mass function
[305] rather than our assumed monochromatic PBH mass function, however this is
beyond the scope of this analysis. Since our full compilation of PBH constraints
spans fifty orders of magnitude in PBH masses, our aim was to confront the ΛCDM
model and its extensions with this constraint that is able to probe a very wide range
of length scales.

Indeed, in section 2.3 we presented our results, particularly focusing on the in-
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ferred limits that we placed on the parameters that describe the shape of the pri-
mordial power spectrum. We showed that when the CMB anisotropies data is com-
plemented by the small–scale constraints from the abundance of PBHs along with
prospective µ–distortion measurements, tight limits on the higher–order parameters
of the primordial power spectrum could be placed. This clearly shows the impor-
tance of a better understanding of the formation and evolution of PBHs, along with
prospective direct measurements of the µ–distortion. We have illustrated that these
independent probes are able to exclude a significantly large portion of the currently
viable region of the primordial power spectrum parameter space that is inferred from
large–scale experiments.



It should not be forgotten that all this talk about
the Universe involves a tremendous extrapolation,
which is a very dangerous operation.

Willem de Sitter

3
Discordance in ΛCDM?

The expansion of the Universe has constantly been revisited by numerous astrophysi-
cal and cosmological observations. Evidently, the existence of the dark sector is now
well–established through its gravitational effects on the expansion of the Universe,
which itself is being observed solely via the properties of baryonic matter and elec-
tromagnetic radiation. As we have already discussed in the previous chapters, the
evolution of the Hubble parameter requires the introduction of additional degrees of
freedom in order to agree with current observational data. Indeed, one cannot re-
construct the observed Hubble expansion rate by a mixture of pressureless cold dark
matter and radiation. In the elementary framework of the concordance model of cos-
mology, we saw that this model was capable of reproducing the observed accelerated
cosmic expansion with the aid of the cosmological constant term. The simplicity of
this model along with its current remarkable agreement with observations, which we
illustrated in the previous chapter, the ΛCDM model has now been adopted as the
reference model of cosmology.

Before we turn our attention to the dark sector problems that arise in the ΛCDM
model, we will first discuss the shortcomings of the hot Big Bang model prior to
the onset of the radiation–dominated epoch. Around the Grand Unification energy
scale, the laws of physics are found to be less reliable since these need to be hugely
extrapolated to regimes where they have not been tested. However, we will see
that a period of cosmic inflation would in principle provide a tentative solution to
the several problems of the hot Big Bang model, which we discuss in section 3.1.
Remarkably, these cosmological problems turn out to be similar to the currently
open problems of the late–time Universe.

Despite the success of the ΛCDM model, cosmologists are still puzzled with the
present–day theoretical understanding of several aspects of this model, particularly
the dark sector constituents of dark matter and dark energy. Generically we call

57
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dark energy any model which probes the recent cosmic epoch of accelerated expan-
sion of the Universe, independently of its physical origin. The simplistic choice of
dark energy is the cosmological constant Λ, which lies at the heart of the ΛCDM
model. However, the cosmological constant is characterised by two main open prob-
lems which we will discuss in section 3.2, while in section 3.3 we will address the
currently reported tensions within the concordance model and their implications on
our understanding of dark energy in general. We draw our final remarks in section
3.4.

3.1 The flatness and horizon Big Bang problems

Since the Big Bang model postulates that there is a finite amount of time since
the Big Bang singularity, this puts a constraint on the finite distance that photons
can travel within the age of the Universe. At the same time, we have seen that we
should also satisfy the cosmological principle. Although the Friedmann–Lemaître–
Robertson–Walker (FLRW) space–time embraces the above conditions, the FLRW
solution does not explain the origin of this homogeneity and isotropy, for which
observational evidence is becoming stronger. Thus, it is imperative to physically
motivate this hypothesis rather than imposing it in the standard model of cosmology.

In a decelerated Universe, such as in a matter–dominated or a radiation–dominated
epoch, if photons are causally disconnected at some redshift, then it follows that they
were never in contact before, since the comoving particle horizon

χP =

∫ a

0

da′

a′2H(a′)
∼ a(1+3w)/2 , (3.1)

is a monotonically growing function of the scale factor a, when 1 + 3w > 0 (see Eq.
(1.45)). We recall that the Hubble parameter is denoted by H, and the equation of
state of the dominating fluid is denoted by w. Consequently, if the expansion was al-
ways decelerating in the early Universe, the particle horizon at the time of decoupling
zdec ≈ 1090 [65], would be too small relative to the size of the observable Universe.
Thus, two widely–separated regions of the cosmic microwave background (CMB)
will have non–overlapping horizons, such that these will be causally disconnected
at recombination. Indeed, by taking the ratio of the comoving distance between
a point on the last–scattering surface and an observer on Earth, to the comoving
particle horizon distance for such a point, we find that the number of regions in
causal contact at decoupling is around

Ncausal ∼
(
η0 − ηdec
ηdec

)3

∼ 104 , (3.2)
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where in the last step we assumed that the conformal time η ∝ a1/2, as in a matter–
dominated epoch. We remark that the above argument also follows from the counting
of non–overlapping past light cones on a space–time diagram. Surprisingly, the scale
of such a causal region on the last–scattering surface should now be observed under
an angle of θcausal ≲ 2◦. Therefore, larger angular scales should correspond to regions
which were causally disconnected at the decoupling epoch. However, as we have
already anticipated in chapter 1, the temperature of the CMB radiation is found
to be the same on the whole 4π solid angle, up to tiny temperature fluctuations of
δT ∼ 10−5T0 [65], where T0 is the current temperature of the CMB radiation. This
cosmological conundrum became known as the horizon problem, which in itself is
deeply related with the state of the Universe’s thermodynamic equilibrium.

Another cosmological puzzle arises from the fact that, although the contribution
of the spatial curvature to the Universe’s expansion quickly increases with time if
ä < 0, where we recall that a dot represents a derivative with respect to cosmic time,
observations strongly favour a spatially–flat Universe. This can be easily shown by
considering the evolution of ΩK = −K/(H2a2), given by

dΩK

d ln a
= −2ΩK

(
ä

aH2

)
, (3.3)

which in the absence of the cosmological constant contribution, the acceleration
equation (1.31) leads to

dΩK

d ln a
= ΩK (1− ΩK) (1 + 3w) , (3.4)

where w denotes the equation of state of the dominating fluid. Moreover, for a
constant w, this equation can be integrated to give

ΩK(z) =
ΩK,0

(1 + z)1+3w (1− ΩK,0

)
+ ΩK,0

, (3.5)

where the current value of ΩK is represented by ΩK,0. From Eq. (3.5) along with a
conservative limit of |ΩK,0| < 0.1 [65], we require that |ΩK(zdec)| < 10−4, |ΩK(zeq)| <
3×10−5, and |ΩK(zBBN)| ≲ 10−11, where we denoted the redshift of matter–radiation
equality by zeq ≈ 3365 [65] and the redshift at Big Bang nucleosynthesis by zBBN ∼
1010. Therefore, an explanation for the reported small value of the present–day
spatial curvature requires significant fine–tuning of ΩK down to unnaturally tiny
values in the very early cosmic epoch. Again, the Big Bang model does not address
this issue, which is dubbed as the flatness problem.

The main driving force behind the proposal of an inflationary era just before the
onset of the Big Bang radiation–dominated epoch was to resolve the above flatness
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and horizon problems. However, other similar ideas to the inflationary mechanism
have been proposed as early as 1965 by E. B. Gliner [306], and the model by R.
Brout, F. Englert, and E. Gunzig that they proposed in 1978 [307].

The first semi–realistic model of an inflationary cosmic era was presented by
Alexei Alexandrovich Starobinsky [308] in 1979, whereas the first physically moti-
vated inflationary model that directly addressed the Big Bang problems was pro-
posed by Alan Harvey Guth in 1980 [309]. This was soon followed by the work
of Andrei Dmitriyevich Linde [310], and the crucial link between the origin of the
large–scale structures of the Universe to quantum fluctuations generated during the
inflationary epoch was reported by Viatcheslav Fyodorovich Mukhanov and Gennady
Chibisov in 1981 [311].

Before we demonstrate how inflation is capable of solving the horizon and flatness
problems, we will first show that inflation is a phase of accelerated expansion of the
Universe. In the absence of the cosmological constant, the Friedmann equation (1.30)
can be written as follows (

Ω−1 − 1
)
ρa2 = − 3K

8πG
, (3.6)

where we recall that Ω = 8πGρ/(3H2), with ρ being the energy density of the
dominating fluid. We now consider an inflationary period during the time interval
[ti, tf ], where tf > ti represents the time at the end of inflation, whereas ti is the
time at the beginning of inflation. From Eq. (3.6), it follows that(

Ω−1
i − 1

)
ρia

2
i =

(
Ω−1

f − 1
)
ρfa

2
f , (3.7)

which implies that the flatness problem can be resolved if ρia2i ≪ ρfa
2
f is satisfied,

such that we can naturally explain the smallness of the spatial curvature at very
early times. We recall that the evolution of a perfect fluid with a constant equation
of state w, is given by ρa2 ∝ a−1−3w (see Eq. (1.36)). Since ρa2 must be an
increasing function of the scale factor to resolve the flatness problem, this implies
that w < −1/3. We know from Eq. (1.45) that this imposes an epoch of accelerating
expansion of the Universe, that is ä > 0. Therefore, the inflationary era must be
characterised by a period of accelerating expansion.

We now quantify the minimal length of this inflationary epoch, such that it
will be able to resolve the horizon problem and the flatness problem. For this we
define the e–fold number which measures the growth in the scale factor during the
accelerating phase, given by

N = ln
(
af
ai

)
, (3.8)

where af and ai are the values of the scale factor at the end and beginning of
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inflation, respectively. On assuming a quasi–de Sitter inflationary period during
which the Hubble parameter can be assumed to be almost constant, we arrive at∣∣∣∣∣ΩK

(
tf
)

ΩK (ti)

∣∣∣∣∣ =
(
af
ai

)−2

= e−2N . (3.9)

We now assume that inflation ends at the Grand Unification scale characterised by
Tf ∼ 1016GeV [309], which leads to af ∼ 2.35 × 10−29, where we have further used
the fact that the temperature of the Universe varies as T ∝ a−1, and used a present–
day cosmic temperature of T0 = 2.7255K = 2.3488× 10−13GeV [105]. Thus, we can
now estimate the spatial curvature contribution at the end of inflation by using Eq.
(3.5), given by ∣∣ΩK

(
tf
) ∣∣ ∼ 6.13× 10−59 , (3.10)

where we conservatively assumed that |ΩK,0| = 0.1 [65], and that the Universe
is radiation–dominated. Finally, in order to have

∣∣ΩK

(
tf
) ∣∣ ≲ 6.13 × 10−59 and∣∣ΩK (ti)

∣∣ ∼ O(1), we require
N ≳ 67 , (3.11)

for the resolution of the flatness problem. We now consider the horizon problem,
from which we derive another lower bound on the length of the inflationary period.
Since ä > 0 must be satisfied during inflation, this implies that the comoving Hubble
radius (aH)−1, decreases in time according to

d
dt
(aH)−1 < 0 . (3.12)

Consequently, one can conclude that the entire observable Universe would emerge
out of the same causal region before the onset of inflation, thus resolving the mystery
behind the observed isotropy in the CMB radiation. At the very least, we require
that the present–day observable Universe fits in the comoving Hubble radius at the
beginning of inflation, that is

(a0H0)
−1 < (aiHi)

−1 . (3.13)

By assuming that at the end of inflation the Universe was radiation–dominated, the
Friedmann equation (1.30) reduces to

H2
f =

8πG

3

(
π2

30

)
g∗ T

4
f , (3.14)

where g∗ ∼ 102 represents the effective number of relativistic degrees of freedom.
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This leads to
a0H0

afHf

∼ 4.67× 10−28

(
h

0.7

)
, (3.15)

where we recall that h ∼ 0.7 [65, 78, 79] is the dimensionless Hubble constant defined
in Eq. (1.23). Thus, in a quasi–de Sitter inflationary epoch, from the condition
specified in Eq. (3.13) along with Eq. (3.15), it follows that we require

N ≳ 63 , (3.16)

in order to solve the horizon problem. Extraordinarily, the length of the primordial
accelerated expansion period that is required to resolve the horizon problem, is well–
suited to clarify the flatness problem of the hot Big Bang model.

3.2 Problems of the dark sector

The observational evidence for the current deceleration parameter satisfying q0 < 0,
only relies on the fact that the Universe is described by an FLRW space–time, which
is a manifestation of the cosmological principle. As we have seen in chapter 1, if the
theory of gravitation is assumed to be Einstein’s theory of General Relativity, then
such an acceleration can only be explained if the matter content of the Universe is
dominated by a fluid whose equation of state satisfies w < −1/3.

In the simplistic scenario of the ΛCDM model, such a component is described
by the cosmological constant, that is itself characterised by a constant equation of
state of w = −1. One of the well–known triumphs of the cosmological constant
was demonstrated in the early 1990s, when it was used to resolve the so–called
age problem. The introduction of a non–zero cosmological constant contribution
to the expansion of the Universe provided a ready solution to resolve the tension
between the independent measurements of the Hubble constant and the age of the
Universe. At the time, measurements of the Hubble constant ranged between 60 −
90 km s−1Mpc−1, whereas the age of the oldest globular clusters implied an age of the
Universe in the range of 13 − 15Gyr [312, 313]. These limits led to relatively high
values of the expansion age H0 t0, when compared to the Einstein–de Sitter model,
for which H0 t0 = 2/3. Indeed, by integrating Eq. (1.25) in a spatially–flat Universe
solely composed of non–relativistic matter (m) and the cosmological constant, such
that Ωm,0 + ΩΛ,0 = 1, we get
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H0 t0 =

∫ 1

0

da

a
√

Ωm,0 a
−3 + ΩΛ,0

=
2

3
√

ΩΛ,0

ln

(
1 +

√
ΩΛ,0√

Ωm,0

)
,

(3.17)

which easily allows for an increase in the dimensionless age of the Universe as the
contribution from the cosmological constant increases. The asymptotic values of Eq.
(3.17) are of H0 t0 → 2/3 for ΩΛ,0 → 0, and H0 t0 → ∞ for ΩΛ,0 → 1, corresponding
to the Einstein–de Sitter and de Sitter solutions, respectively. By using Eq. (1.23)
along with the normalisation of the dimensionless Hubble constant and the age of
the Universe to their currently favoured values [65, 78, 79], we arrive at

H0 t0 = 0.987

(
h

0.7

)(
t0

13.8Gyr

)
, (3.18)

from which we clearly observe that for Ωm,0 ≈ 0.275 and ΩΛ,0 ≈ 0.725, the ΛCDM
model can easily reproduce the dimensionless age of the Universe reported in Eq.
(3.18).

Without doubt, as already remarked in the previous chapters, cosmologists con-
verted rather abruptly from scepticism about the recent cosmic epoch of accelerating
expansion to a tentative acceptance after the ground–breaking supernovae results
[87, 88]. Evidently, further studies [124, 314] have complemented these pioneering
results, which consequently led to the ΛCDM model to sideline its alternatives.

Although the introduction of the non–zero cosmological constant seems to be a
very promising explanation for the very recent cosmic epoch of the accelerated expan-
sion, cosmologists are still confronted with two prominent open problems attributed
to the cosmological constant itself. Similar to the flatness problem that is addressed
with the primordial inflationary era, by construction, the ratio of the energy den-
sity of the cosmological constant to the energy density of the total non–relativistic
matter is found to evolve as ρΛ/ρm ∝ a3. Consequently, the contribution from
the cosmological constant in the early Universe is negligible in comparison to the
matter and radiation contributions, while at late–times the cosmological constant
dominates the energy budget of the Universe. Surprisingly, although the Universe
has expanded by a factor of approximately 1029 (see section 3.1) from the onset of
the radiation–dominated epoch, the present–day ratio between the baryonic (b), cold
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dark matter (c), and cosmological constant contributions is reported [65] to be

Ωb,0 : Ωc,0 : ΩΛ,0 ≈ 1 : 5 : 14 . (3.19)

Evidently, the cosmic inventory at the current cosmic epoch seems to be very fine–
tuned, particularly when one considers the time–scale of the Universe. This, yet
unresolved, puzzle of why such distinct matter constituents of the Universe, come
with such a ratio, became known as the coincidence problem. A direct implica-
tion of the present–day abundances of these matter components follows from the
deceleration–acceleration transition redshift equation (1.47), which peculiarly shows
that the Universe entered into an epoch of accelerating expansion very recently at
a redshift of less than unity.

To put the coincidence problem into perspective, we consider a transitional period
between the total non–relativistic matter (Ωm = Ωb + Ωc) and the cosmological
constant to include the time from ΩΛ/Ωm = 0.01 to ΩΛ/Ωm = 5, during which
the Universe would only expand by a factor of around 100.9. This clearly shows that
there needs to be a significant amount of fine–tuning in order to presently have these
very distinct components of the Universe at the same order of magnitude. However,
we should finally mention that due to our lack of understanding of the dark sector
of the Universe, observations infer the dark matter and dark energy abundances via
the observations of luminous matter. Thus, these conclusions strongly depend on
the validity of General Relativity on cosmological scales, which up to now has always
been proven to be correct. This therefore leaves a small room for the modification
of the theory of General Relativity, implying that it is imperative to confront this
theory on cosmological scales.

We now revisit Einstein’s field equations (1.15), from which we observe that the
cosmological constant term, with natural units of [Length−2], could either be inter-
preted as a geometrical term or as a matter contribution to the energy–momentum
tensor. Indeed, from Eq. (1.35) it follows that we can represent the cosmological
constant contribution to the expansion of the Universe by a fluid with constant
energy density

ρΛ =
Λ

8πG
. (3.20)

Within the framework of General Relativity the Λ–term is a completely free pa-
rameter and there is no theoretical constraint which can be imposed on its value.
From the perspective of non–classical physics, we know that Lorentz invariance
implies that in the vacuum, the energy–momentum tensor must take the form of
⟨T µν⟩vac = −⟨ρ⟩vac gµν , where the minus sign follows from our choice of space–time sig-
nature. From Einstein’s field equations (1.15), we observe that this vacuum energy–
momentum tensor can be represented by adding the term 8πG⟨ρ⟩vac to an effective
cosmological constant Λeff = Λ + 8πG⟨ρ⟩vac. In terms of an effective vacuum energy



65 Discordance in ΛCDM?

density, this can be written as follows

ρΛeff =
Λeff

8πG
= ⟨ρ⟩vac +

Λ

8πG
. (3.21)

As we have illustrated in chapter 1, current cosmological observations favour a
spatially–flat FLRW space–time with the present–day energy density being domi-
nated by the cosmological constant. With the aid of the Friedmann equation (1.30),
we can place a rough upper bound on the magnitude of the cosmological constant
from the perspective of cosmology, given by

|Λeff| ≲ H2
0 = 2.23× 10−84

(
h

0.7

)2

GeV2 , (3.22)

where we recall that h is the dimensionless Hubble constant. This corresponds to
an upper bound on the total effective vacuum energy of

∣∣ρΛeff∣∣ ≲ 1.32× 10−47

(
h

0.7

)2

GeV4 . (3.23)

As long as we consider classical physics, this value does not create any issues with
our understanding of Nature. However, the introduction of Quantum Mechanics
changes this story somewhat. The quantum aspects of the cosmological constant
were first visited by Wolfgang Ernst Pauli in the early 1920s when he was wonder-
ing whether the zero–point energy, whose concept was proposed by Max Planck in
1911 [315], of the radiation field could be gravitationally effective. For decades, the
contribution of quantum fluctuations to the cosmological constant was sidelined by
particle physicists, even after the demonstration [316] in the Casimir effect [317]
of the reality of zero–point energies. In 1967 Yakov B. Zel’dovich returned to this
idea when he considered [318, 319] quantum fluctuations to account for a non–zero
vacuum energy density, although he found that this approach predicted an effective
vacuum energy density of around nine orders of magnitude larger than the cosmo-
logical upper bound. Indeed, from a quantum point of view, we expect that by
summing the zero–point energies of all normal modes of some field with mass m
up to a wavenumber cutoff kmax ≫ m, the vacuum energy density receives a total
contribution of

⟨ρ⟩vac =
1

2

∫ kmax

0

d3k
(2π)3

√
k2 +m2 =

1

4π2

∫ kmax

0

dk k2
√
k2 +m2 ≃ k4max

16π2
, (3.24)

where the cutoff frequency of kmax, needs to be implemented due to an ultraviolet
divergence (kmax → ∞) of the integral. This approach is justified with the fact
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that all the energy scales probed by experiments to date agree with a description of
Nature as a set of quantum fields. In order to account for the vacuum contribution
from smaller wavelengths we require a more complete theory of Nature, however
if we believe that the theory of General Relativity remains valid up to the Planck
scale, then we can set the cutoff frequency to this scale. We observe that at the
Planck scale of kmax = mPl = 1.22 × 1019GeV, the theoretically expected value for
the vacuum energy density, is given by

⟨ρ⟩Plvac ≈ 1.40× 1074GeV4 . (3.25)

Since we deduced that |⟨ρ⟩vac + Λ/(8πG)| ≲ 10−47GeV4, this cosmological upper
bound implies that the two terms must cancel each other to better than 121 decimal
places. This extraordinary fine–tuning of around 120–orders of magnitude is the
so–called cosmological constant problem [320].

A number of different approaches have tried to shed some light on this cosmolog-
ical constant problem, although none of these proposals were able to alleviate this
conundrum of the dark sector. One of the most elegant resolutions was proposed
by supersymmetry, in which the vacuum energy vanishes as long as supersymmetry
is not broken [321]. This follows from the fact that exact supersymmetry implies
an equal number of fermionic and bosonic degrees of freedom, thus quantum effects
will not change this conclusion due to the boson–fermion symmetry which exactly
cancels all the loop corrections. However, the elegance of supersymmetry is broken
today, leading to ⟨ρ⟩vac > 0. It turns out that, if this vacuum energy were the only
contribution to the effective cosmological constant, then it will convert the problem
of the cosmological constant to a catastrophe. Indeed, if supersymmetry is broken
at around 1 TeV, then this leads to ρΛ ∼ −(1TeV)4 during the entire cosmic history.
Finally, we remark that any globally supersymmetric theory that involves gravity is
inevitably a locally supersymmetric supergravity theory. However, in this scenario
a significant amount of fine–tuning is required in order to explain the cosmological
constant problem [320]. Thus, it is not a trivial task to see how any property of
supergravity or superstring theory could make the effective cosmological constant
sufficiently small in order to be in agreement with the upper bound inferred from
cosmological observations.

Another approach has been taken via the so–called anthropic principle [322].
There are several versions of this principle, however they mainly rely on the idea
that a set of parameters directly influence other physical phenomena such that if
these parameters had a different value, these phenomena would not take place or
be observable. Thus, this approach looks into the consequences of the modification
of these constants of Nature, rather than the computation of their exact values.
For instance, Steven Weinberg was able to predict [323] a non–zero present–day
value for the cosmological constant by considering the effects of the vacuum energy
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on the possible existence of life. His argument followed from the fact that if the
vacuum energy was large and positive, then galaxies would not form due to the
rapid acceleration of the Universe, whereas if the cosmological constant contribution
was large and negative then the Universe would re–collapse. Time will tell if this,
rather philosophical, idea would be embraced by cosmologists as the solution to the
cosmological problems within the dark sector.

Finally, we should mention that the above dark sector problems have been ex-
plored with several modifications in the theory of General Relativity, which led to a
very active area of research in modern cosmology. In the subsequent chapters we will
be focusing on a modified dark sector scenario in which the cosmological constant
will be replaced by a dynamical scalar field with a canonical kinetic term. Moreover,
in this class of models we will allow for an interaction between cold dark matter and
this dark energy scalar field. However, before we turn our attention to these models,
we will now discuss some parametrisations for the equation of state of dark energy
as well as the currently reported mild tensions arising from different cosmological
probes.

3.3 What can we learn from observational cosmology?

In order to decipher the characteristics of the puzzling dark sector, especially of the
dark energy constituent, one should confront the numerous alternatives to the stan-
dard cosmological constant with observational data. The simplest, rather generic,
phenomenological extension of the cosmological constant that appears in the ΛCDM
model is to parametrise [324] the equation of state for a dark energy fluid which re-
places the cosmological constant itself. Since the equation of state is a relation
between the fluid’s pressure and energy density, the equation of state is therefore
closely related to the underlying physics. This approach might shed some light on
the possible dynamical features of dark energy, which, if confirmed, will eventu-
ally exclude the cosmological constant. There are several cosmological models in
which dark energy is considered to be a dynamical quantity rather than a constant
throughout the history of the Universe. For instance, a slowly–rolling dynamical
scalar quintessence [325–329] field has been exhaustively explored in the literature,
and we will be discussing extended models of quintessence in the subsequent chap-
ters. A similar model which makes use of a dynamical scalar field, but with a
non–canonical kinetic term in the Lagrangian, is the model of k–essence [330–332].

We will here consider a standardN–th order Taylor expansion of a time–dependent
dark energy equation of state of the form [333]

wX(a) =
N∑

n=0

wnxn(a) , (3.26)
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Figure 3.1: This figure shows thewCDMparametrisedmodel 68% and 95% credible regions in theΩm–

w plane (left) andσ8–H0 / km s−1Mpc−1 plane (right) using the data sets indicated in the figure, which

we describe in the text. The samples are colouredwith the values ofσ8 in the left panel, whereasw is

used in the right panel. The dotted line in the left panel indicates the equation of state of the cosmological

constant.

where several choices for the expansion function xn(a), have been explored [334–340].
In our case, we will adopt an expansion in terms of the scale factor of xn(a) = (1−a)n
[336, 339], and consider its zeroth–order (N = 0) and first–order (N = 1) terms.
Thus, at the zeroth–order we end up with a constant equation of state of dark
energy, which for simplicity will be denoted by w. In this wCDM scenario, the scale
factor at the matter–dark energy equality is given by

a−3w
m−X =

Ωm,0

ΩX,0

, (3.27)

where Ωm,0 and ΩX,0 denote the present-day total matter and dark energy abun-
dances, respectively. From the Friedmann equation (1.31) which now takes into
account the dark energy fluid with a constant equation of state w, along with a non–
relativistic matter component, we get the transitional redshift between decelerated
and accelerated cosmic expansion at a scale factor of

a−3w
dec−acc = − 1

1 + 3w

Ωm,0

ΩX,0

. (3.28)

At first–order, we have a two–parameter expansion of the parametrised equation of
state which corresponds to the {w0, wa} case, specified by

wX(a) = w0 + (1− a)wa , (3.29)

where both w0 and wa are constants, and wa measures the time evolution of the dark
energy density. This parametrisation is also known as the Chevallier–Polarski–Linder
(CPL) parametrisation. The CPL time–dependent parametrisation is obviously more
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applicable to modified theories of gravity which are characterised by a dynamical
dark energy equation of state.

Similar to chapter 1, we here make use of the Planck collaboration publicly [89]
available Markov chain Monte Carlo samples for the wCDM and CPL parametrised
models, which we then analyse with GetDist [90]. These constraints have been
derived from the Planck temperature power spectrum along with information from
the low–multipole polarisation (Planck TT + lowP), combined with the E–mode po-
larisation and its cross–correlation with the temperature spectrum (Planck TT, TE,
EE + lowP). We also consider additional information from the effect of gravitational
lensing by large–scale structures on the CMB temperature and polarisation spectra
[91] (+ lensing), and we further add information from baryon acoustic oscillations
data [92–94] (+ BAO), a compilation of supernovae data [95], and an independent
local measurement of the Hubble constant [96] (+ BSH).

In the left panel of Fig. 3.1 we show the 68% and 95% credible regions for the
present–day total matter abundance Ωm, along with the parametrised dark energy
equation of state w. We also illustrate a number of samples coloured with the
values of the root–mean–square fluctuation in total matter in 8h−1Mpc spheres σ8,
as defined in chapter 1. The corresponding w0–wa parametrised model constraints
are illustrated in the panels of Fig. 3.2, where we show the 68% and 95% credible
regions for the dark energy equation of state {w0, wa} parameters. In the left and
right panels of Fig. 3.2 we also depict some samples coloured with the values of H0,
and σ8, respectively. In Figs. 3.1 and 3.2, the cosmological constant is indicated
by the dotted lines, where in the zeroth–order expansion it is simply depicted by
the horizontal line at w = −1, whereas in the first–order expansion the intersection
point of the two lines at w0 = −1 and wa = 0 reduces to the cosmological constant.

Evidently, Figs. 3.1 and 3.2 show that current cosmological data sets are consis-
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error bars represent the 1σ error as quoted at the time of publication.

tent with the cosmological constant description of dark energy when the equation of
state of dark energy is considered as a variable parameter. Indeed, the tightest 68%
(95%) confidence levels that are inferred from the full joint data set combination
are of w = −1.019

+0.039(0.075)
−0.040(0.080) in the wCDM model, and of w0 = −0.955

+0.101(0.215)
−0.120(0.201)

and wa = −0.251
+0.448(0.677)
−0.334(0.799) in the CPL parametrised model. However, a number of

different cosmological probes have recently been reporting [341–350], yet unresolved,
tensions in comparative analyses of their data. Although this apparent disagree-
ment between different data sets at the 2–3σ level is not yet alarming for the ΛCDM
model, forthcoming data might enhance this disagreement, consequently turning this
tension into an actual discrepancy.

Two currently actively investigated tensions that perhaps attract the most atten-
tion of cosmologists as well as astronomers, are attributed to the inferred values of
H0 and σ8. The H0 tension stems from the disagreement between the inferred model–
dependent Hubble constant from CMB observations [65, 99, 124, 356–359] and the
direct local measurements of the Hubble constant [78, 79, 351–355]. We illustrate
this H0 discordance in Fig. 3.3, where we compare a number of recent values of
the Hubble constant determined in the nearby galaxies with several derived values
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of the Hubble constant based on the adopted concordance cosmological model. On
the other hand, the σ8 tension arises from a comparison between the ΛCDM extrap-
olated value of σ8 from measurements of the spectrum of temperature anisotropies
of the CMB [65] which typically probe the large–scales, with the more direct small–
scale constraints from low–redshift large–scale structure experiments [344, 362–370].
This σ8 tension was recently illustrated with the weak gravitational lensing data
from the Kilo Degree Survey (KiDS–450) when compared with the Planck satellite
measurements of the CMB radiation temperature anisotropy power spectrum in the
Ωm–σ8 plane, thus this tension is commonly referred to as the Ωm–σ8 tension. This
choice of parameters emerges from the fact that the cosmic shear power spectrum
of KiDS–450 is mostly sensitive to these parameters, along with their combination
of σ8

√
Ωm/0.3.

These tensions have been confronted with rigorous statistical analyses [350, 371–
375] in order to determine whether systematics could alleviate these tensions, how-
ever the currently known systematic effects are not solely able to solve these ten-
sions. We depict the 68% and 95% credible regions in the Ωm–σ8 plane in Fig. 3.4,
whereas the corresponding marginalised contours in the Ωm–σ8

√
Ωm/0.3 plane and

σ8–σ8
√
Ωm/0.3 plane are shown in Fig. 3.5. For these figures, we used the publicly

available chains of the large–scale structure probes from KiDS–450 quadratic esti-
mator (KiDS–450 QE) [376] and correlation function (KiDS–450 CF) [344] analyses,
KiDS + GAMA [377], and CFHTLenS [378]. Moreover, we further included a num-
ber of CMB publicly available chains from the Planck collaboration [89] as described
above, along with the SPT chains that adopt a 2500 deg2 CMB gravitational lensing
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plane, using the data sets indicated in the figure. Similar to Fig. 3.4, these panels illustrate themild tension

between large–scale structure observations and CMBmeasurements.

potential map (SPT + Planck2500 or SPT) [379] as opposed to the full–sky Planck
lensing data (+ lensing) [91].

Among the most physically motivated attempts to solve these tensions, there
is the inclusion of massive neutrinos to the concordance model [380–382]. This
approach might be the most sensible one, since we now have enough evidence that
massive neutrinos exist, and that the introduction of massive neutrinos in the ΛCDM
model is well–known to be characterised by a reduction in the amount of small–
scale power relative to the large–scales in the observed matter power spectrum, a
characteristic that is directly linked to the σ8 tension. However, further studies
showed that the H0–σ8 tension is very unlikely [383] to be entirely solved by adding
massive neutrinos to the concordance model.

Although a constant equation of state of dark energy satisfying w < −1, is
able to alleviate the H0 tension between the inferred CMB values and the local
measurements [384–389], it is unlikely that this can also address the σ8 tension.
As illustrated in the right panel of Fig. 3.1 it is clear that a phantom–like dark
energy equation of state of w < −1, can accommodate [384–389] large values of
the Hubble constant that are consistent with local measurements of H0. However,
due to the correlation between H0 and σ8, phantom–like dark energy prefers higher
values of σ8 than the currently favoured values reported by large–scale structure
observations, although it was recently reported that the wCDM model is slightly
favoured over the ΛCDM model when a joint analysis between the discordant data
sets is performed [383]. Moreover, the CPL parametrised model of dark energy was
also found [383] to bring substantial concordance between large–scale structure data
and CMB measurements. Although the results in Fig. 3.2 are consistent with a
cosmological constant description of dark energy, the data sets under consideration
still allow for an appreciable amount of freedom for the case of a dynamical dark
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energy equation of state, which could be interpreted as a window of opportunity for
alternative models to ΛCDM. A more generic non–constant dynamical dark energy
equation of state has been recently explored in Ref. [390], in which they found that
this model has the potential to alleviate the currently reported tensions. Thus, a
better understanding of the dark energy evolution via forthcoming data sets along
with other phenomenological parametrisations, should shed some light on the true
model of this puzzling dark sector constituent.

3.4 Conclusions

In this chapter we have looked at the currently open problems of modern cosmology,
and the reported tensions within the concordance model. We have discussed the
flatness and horizon problems, along with their currently best known solution given
by a postulated inflationary primordial epoch. We have demonstrated the elegance
of this inflationary period that is able to solve both problems at the same time.
Obviously, one needs to construct physically motivated models of inflation, and
work out its relationship with the rest of the Big Bang model.

At late times, we have seen that there needs to be a significant amount of fine–
tuning in order to entirely describe the period of accelerated expansion with the
cosmological constant. One can view the cosmological constant problem as a price
that we need to pay for dumping too much into the mysterious vacuum. If the
vacuum energy density was as large as theories of elementary particle physics suggest,
then the Universe would be dramatically different, with properties we would find
both bizarre and unsettling. Thus, it is our task to repair a number of our theoretical
faulty foundations without destroying the towering edifice we have built on it.

As we have discussed in the last section of this chapter, although the ΛCDM
model appears to provide an excellent fit to the wide range of data, as we previously
demonstrated in chapter 2, the race is on to accumulate sufficient evidence for exten-
sions to this model and a contribution to this goal is the objective of the subsequent
chapters. Clearly, under the strong presumption that all the current and forth-
coming cosmological data is accurate and relatively free from systematics, current
tensions might turn into a number of significant disagreements with the present–day
concordance model of cosmology. Consequently, the well–established ΛCDM model
could potentially require a crucial amount of new physics, which could naturally be
embedded in an alternative model. Thus, in light of our incomplete understanding
of the cosmic evolution of our Universe, the consideration of alternative models of
dark energy is a rational step towards a more comprehensive view of the cosmos.
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I think – to really make some headway – one
would have to find another general principle eaves-
dropped from Nature.

Albert Einstein

4
Dynamics & cosmological implications of

multifluid dark energy interactions

The elegance, comprehensibility, and longevity characteristics of the theory of Gen-
eral Relativity inflict a non–trivial task for any alternative theory of gravitation to
set it aside. As we discussed in chapter 1, this currently adopted standard theory
of gravitation still requires experimental confrontation from galactic scales upwards.
Nevertheless, the theory of General Relativity has so far been able to superbly de-
scribe our Universe, which we clearly illustrated in chapter 2. However, this theoret-
ically robust description of our Universe comes at the price of accepting that around
ninety–five percent [65] of the present–day energy–matter content of the Universe is
of obscure nature. This unfamiliar territory became known as the dark sector of the
cosmos, which is believed to be composed of dark matter and dark energy. Albeit
the simplistic cosmological constant could well play the role of dark energy, we have
seen in chapter 3 that the cosmological constant is characterised by the cosmological
constant problem and the coincidence problem.

Although this puzzling dark sector of the Universe has recently been the main
driving force behind the motivation for alternative theories of gravitation, the pro-
posal of theories of modified gravity dates back to the very early days after Einstein’s
publication [6, p. 245] of his theory of General Relativity in 1915. Indeed, fourth–
order metric theories of gravitation were introduced as a specialisation of Hermann
Weyl’s [391] non–integrable relativity theory from 1918, while he was working on
a unified theory of gravitation and electromagnetism which laid the foundation for
the modern gauge–field interpretation of electromagnetism [392–394]. This class of
theories became known as f(R) theories of gravity [395], in which the gravitational
part of the action is generalised to a function of the Ricci scalar R, instead of the
simple linear term that is considered in the Einstein–Hilbert action. This generic
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class of modified gravity has been used for a tentative description of the inflationary
period at the early Universe [396], as well as for the late–time accelerated cosmic
expansion [397–401]. These ideas have been exhaustively explored (see Refs. [402–
404] for recent review articles) and other combinations of higher–order curvature
invariants that further include the Ricci tensor Rµν , and the Riemann tensor Rαβγδ,
such as R2, RµνR

µν , and RαβγδR
αβγδ, have been studied in a cosmological context

[405–411].
Shortly after Weyl’s theory, Theodor Kaluza proposed [412] another unified the-

ory of gravity and electromagnetism in 1921, in which he envisioned five–dimensional
space–time to which General Relativity was applied in the usual four–dimensional
space–time, along with a vector field that is attributed to the vector potential of
electromagnetism and a scalar field which would be responsible for a new interac-
tion. In his theory, Kaluza made use of the cylinder condition, which was later
justified [413, 414] by Oskar Klein as long as one considers the fifth–dimension to
be topologically compact with the topology of a circle, and consequently led to the
so–called Kaluza–Klein theory. From this interpretation, the scale of compactifica-
tion is represented by the radius of the fifth–dimension, which turns out [414] to be
very small when compared to all other characteristic lengths, implying that this can
only be probed by enormously high energies.

Kaluza–Klein theory along with the idea that the fundamental constants of Na-
ture might be variable quantities in cosmological time, where the latter idea is at-
tributed to Paul Dirac’s Large Numbers Hypothesis [415, 416], inspired Pascual
Jordan’s work [417] on the so–called scalar–tensor theory of gravitation. However,
the nascency of scalar–tensor theories of gravitation dates back to 1941 with Willy
Scherrer’s proposal [418], in which his motivation for the introduction of a scalar
field was ascribed to a new approach for scalar relativistic mechanics. In fact, Scher-
rer presented [418] his Lagrangian, which corresponds to that of Jordan, on which
he imposed a similar constraint that is used for the norming of a Schrödinger wave
equation. Although it might appear as if Nordström’s [19] idea of scalar gravity was
being revived, the concept behind scalar–tensor theories of gravitation is not simply
to amalgamate the metric tensor field with the scalar field. Alternative gravitational
theories of this kind embrace the solid foundation of General Relativity, and the
scalar field comes into play in a non–trivial manner via the so–called non–minimal
coupling.

On the other hand, while Jordan was adopting the projective relativity [417, 419]
four–dimensional space approach for the five–dimensional space Kaluza–Klein the-
ory, he identified [420] the scalar field variable that appears in Kaluza–Klein theory
with the function to replace the gravitational constant, in accordance with Dirac’s
argument [415, 416]. The resulting field equations for the gravitational field, the
electromagnetic four–potential, and the scalar field were given by Jordan and Claus
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Müller [421] and in a subsequent paper [422], Jordan considered five–dimensional
cosmology. Independently from Jordan’s work, Ives Thiry together with André Lich-
nerowicz also arrived at the same field equations [423, 424], although they missed
the physical interpretation of the scalar field.

Jordan’s scalar function was reinterpreted [425] by Markus Fierz as the permit-
tivity of the vacuum, and Fierz pointed out the difficulty of coupling the scalar field
to the energy–momentum tensor of matter. Indeed, the latter remark by Fierz was
embraced by Carl H. Brans and Robert H. Dicke [426, 427] who considered the mat-
ter Lagrangian to be independent from the scalar field, consequently distinguishing
their proposal from Jordan’s scalar–tensor theory formulation. Brans and Dicke
presented their alternative theory of gravitation as an extension to Einstein’s the-
ory of General Relativity, and did not make the connection with five–dimensional
spaces or with a unified field theory. Moreover, Brans and Dicke developed their
theory on the weak equivalence principle, Mach’s principle, and a varying gravita-
tional constant, which they published in 1961 [426] and in a subsequent paper by
Brans [427]. Indeed, the matter–scalar coupling chosen by Brans and Dicke ensured
that all matter constituents universally couple to the same metric, such that they
are considered as freely–falling in this universal metric in accordance with the weak
equivalence principle. Dicke immediately referred [428] to this alternative theory of
gravitation by the name of Brans–Dicke theory, which has remained unchanged since
then. Surprisingly, the reported Lagrangian of Brans–Dicke theory was identical to
that of Scherrer’s expression [418], while the respective field equations were already
presented in a slightly different notation by Günther Ludwig and Müller [429]. Since
the Brans–Dicke scalar field ϕBD, corresponds to the reciprocal of Jordan’s theory
scalar field, the evolution of the scalar field in Brans–Dicke theory is governed by
a simple wave equation of ∇µ∇µϕBD ∝ TBD [426, 427]. The non–zero constant of
proportionality arises from the coupling between the scalar field and matter, where
the latter is denoted by the trace of its energy–momentum tensor TBD. We remark
that although the Brans–Dicke scalar field was chosen to be decoupled from the
matter Lagrangian in accordance with the universality of free–fall, the scalar field
does couple to matter in the field equations. Thus, the field equations of General
Relativity are modified, such that General Relativity can be considered as a limit-
ing case of when the Brans–Dicke matter–scalar coupling vanishes. Eventually, this
simplistic and elegant approach of Brans and Dicke led to what is still considered as
the archetypal scalar–tensor theory of gravitation, despite the fact that their theory
was presented two decades after the first proposal.

The natural extension of scalar–tensor theories with a similar formulation to the
Brans–Dicke theory, is encapsulated in the Horndeski Lagrangian [430] that was pre-
sented by Gregory Walter Horndeski in 1974. This is the most general gravitational
sector Lagrangian that involves a metric tensor field along with a single classical
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scalar field, providing second order equations of motion in four–dimensions. Thus,
gravity is mediated by a massless spin–2 graviton field and by a spin–0 scalar field.
On assuming that the weak equivalence principle holds, such that all excitations of
each matter field χ(i)

m are minimally and universally coupled to the scalar field, leads
us to the following scalar–tensor theory action

S =

∫
d4x

√
−g

[
5∑

i=2

Li + Lm

(
gµν , χ

(i)
m

)]
, (4.1)

where the global matter sector is described by the Lagrangian Lm, which is only a
functional of the matter fields and the metric gµν , such that it does not involve the
scalar field ϕ. We further recall that g is the determinant of gµν . In the modern
language of generalised Galileons [431], the four Lagrangian functions arising from
the gravitational sector specified by the Horndeski theory, are given by [432]

L2 =K(ϕ,X) , (4.2)

L3 = −G3(ϕ, X)□ϕ , (4.3)

L4 =G4(ϕ, X)R +G4,X(ϕ, X)
[
(□ϕ)2 −

(
∇µ∇νϕ

)2 ]
, (4.4)

L5 =G5(ϕ, X)Gµν∇µ∇νϕ

− 1

6
G5,X(ϕ, X)

[
(□ϕ)3 − 3 (□ϕ)

(
∇µ∇νϕ

)2
+ 2

(
∇µ∇νϕ

)3 ]
.

(4.5)

The four functions K(ϕ, X) and Gi∈{3, 4, 5}(ϕ, X) are arbitrary functions of the
scalar field and its canonical kinetic term X = −∇µϕ∇µϕ/2, and a derivative with
respect to the scalar field’s kinetic energy is denoted by Gi,X = ∂Gi/∂X. More-
over, the d’Alembertian is denoted by □ = ∇µ∇µ,

(
∇µ∇νϕ

)2
= ∇µ∇νϕ∇µ∇νϕ,(

∇µ∇νϕ
)3

= ∇µ∇νϕ∇ν∇λϕ∇λ∇µϕ, R denotes the Ricci scalar, and Gµν is the Ein-
stein tensor. In the Horndeski theory, one can easily observe that the non–minimal
couplings between the scalar field and gravity are completely fixed by L4 and L5.
It is worth noting that, even though Horndeski’s Lagrangian includes second order
derivatives of the fields, it evades the Ostrogradskian instability [433] since it does
not satisfy the non–degeneracy assumption [434, 435], where we identify degenerate
theories with those theories in which the highest derivative term can not be written
as a function of canonical variables, such as General Relativity. Furthermore, the
Einstein–Hilbert Lagrangian is recovered when one only considers the non–vanishing
contribution of G4 = M2

Pl/2 (see Eq. (1.14)), where M−1
Pl = κ =

√
8πG denotes the
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reciprocal of the reduced Planck mass, with G being the gravitational constant.
Brans–Dicke theory [426, 427] is also a subclass of the Horndeski theory, which is re-
trieved when one sets G3 = G5 = 0, G4 = ϕBD, and the generalised k–essence term to
K = −ωBDϕ

−1
BD∇µϕBD∇µϕBD, with ωBD being the classical Brans–Dicke matter–scalar

coupling parameter.
We further remark that, in the generic Horndeski theory, the propagation speed

of gravitational–waves deviates from the speed of light whenever the coupling G4

depends on the kinetic energy of the scalar field, and the coupling G5 is not constant
[436]. After the almost simultaneous multi–messenger gravitational–wave astron-
omy observations of a binary neutron star merger with gravitational–waves [16] and
its electromagnetic counterpart [17], unequivocally fixed the speed of gravitational–
waves to be the same as the speed of light with deviations of around 10−15 [18] (see
section 1.1). Provided that in the general Horndeski framework, this is not achieved
by a severe tuning of the coupling parameters in order to unnaturally cancel the char-
acteristic deviation between the speed of gravitational–waves and the speed of light,
we require the severe restriction on the Horndeski theory of G5 = 0 and G4 = G4(ϕ)
[437–444]. Thus, the currently physically motivated viable Horndeski model belongs
to the class of kinetic gravity braiding models [445] augmented by a non–minimal
coupling to the Ricci scalar. Particularly, the dark energy models that we will be
considering in this thesis are an extended subclass of these viable Horndeski type
models, thus evading the mentioned gravitational–waves stringent constraint.

In this chapter and in the subsequent chapters, we will be particularly interested
in extensions of the so–called quintessence models. This terminology was coined by
Robert R. Caldwell, Rahul Dave, and Paul J. Steinhardt [328], however the first
quintessence models were presented in the late 1980s by Bharat Ratra and Phillip
James Edwin Peebles [326] along with Christof Wetterich [325]. Quintessence mod-
els are generically ascribed to a specific, rather phenomenological, type of Horndeski
scalar–tensor theory with a minimally coupled scalar field, such that the adopted
scalar field acts like a dynamical cosmological constant with a time–dependent pres-
sure to energy density ratio. Consequently, the quintessence scalar field ϕ, is of-
ten referred to as the dark energy scalar field, since it was originally introduced
as an alternative mechanism to explain the nature of dark energy. Therefore, the
quintessence scalar field must be slowly–rolling down a potential V (ϕ), such that
the energy scale of the quintessence potential is of the order of around 10−47 GeV4

today (see Eq. (3.23)).
The generic Brans–Dicke type universally coupled model of quintessence, with

non–minimally coupled scalar field, is recovered from the Horndeski theory by set-
ting G3 = G5 = 0, G4 = (M2

Pl/2) f(ϕ), and K = ω(ϕ)X − V (ϕ), where ω(ϕ) can
be considered as a generalised Brans–Dicke coupling parameter. However, the for-
mulation of quintessence models is often expressed in terms of a minimally coupled
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quintessence scalar field. This can be easily achieved in these Brans–Dicke type the-
ories by employing a conformal transformation [428], in which the metric is rescaled
by a function of the field, such that gµν → f−1(ϕ)gµν .

This transformation allows for a different representation of the same theory
in a different frame. Indeed, the original formulation in which the non–canonical
quintessence scalar field was non–minimally coupled to gravity is normally referred
to as the Jordan frame, where the matter Lagrangian only depends on the metric
with no direct interaction between the scalar field and the matter fields.

After the implementation of the conformal transformation, the theory is now
said to be expressed in the Einstein frame, in which the scalar field is now minimally
coupled to gravity, thus recovering the standard Einstein–Hilbert formulation in
the presence of the scalar field’s canonical kinetic term and its potential function.
However, in the Einstein frame, matter fields are found to be explicitly coupled to the
scalar field through the coupling function f−1(ϕ). This can be viewed [428, 446] as
an interchange of a space–time varying gravitational constant in the Jordan frame,
with a General Relativity type gravitational sector associated to a matter action
with field dependent mass and coupling constants in the Einstein frame.

More generally, Horndeski’s action has been shown [447] to be formally invariant
under a more extensive relation, the so–called disformal transformation, given by

gµν → C(ϕ)gµν +D(ϕ)∂µϕ ∂νϕ , (4.6)

where the function C(ϕ) is the conformal coupling that stems from Brans–Dicke
type scalar–tensor theories, whereas the new function D(ϕ) is known as the dis-
formal coupling, first introduced by Jacob D. Bekenstein [448]. Therefore, such
a generic transformation is mathematically natural to be considered as one of the
characteristics of Horndeski’s theory. We should point out that, when the disfor-
mal transformation was introduced in the context of Finsler geometry [448], a more
general disformal transformation was presented, namely

gµν → C(ϕ, X)gµν +D(ϕ, X)∂µϕ ∂νϕ . (4.7)

Motivated by the simpler case that a disformally–transformed gravitational theory
still belongs to a class of Horndeski’s theory [447], we will adopt the disformal relation
specified in Eq. (4.6).

From the perspective of scalar–tensor theories, the elementary quintessence mod-
els can be considered as phenomenological in their origin1. This is due to the fact

1A more simplistic approach to the quintessence model formulation is to consider G3 = G5 = 0,
G4 = M2

Pl/2, and K = X − V (ϕ) in the Horndeski action, in which matter is automatically
decoupled from the scalar field. We decided to adopt the approach described in the main text, in
order to introduce the coupling functions from the conventional scalar–tensor theories.
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that, although the scalar–gravitational sector of the Lagrangian is simply assumed
to have the same formulation as the Einstein frame Brans–Dicke type scalar–tensor
theory, the matter Lagrangian is further assumed to be completely decoupled from
the quintessence scalar field. Thus, minimally coupled quintessence models can
be viewed as the conformally transformed Einstein frame Brans–Dicke type scalar–
tensor theories, but without the non–minimal coupling to the matter fields. These
minimally coupled quintessence models were shown to shed some light on the classi-
cal problems attributed to the cosmological constant as described in chapter 3, par-
ticularly the coincidence problem. Certain enticing formulations of the minimally
coupled quintessence models, were able to partially alleviate the coincidence problem
via the tracker [329, 449] and scaling [450–453] attractor solutions. These solutions
allow for a wide range of initial conditions such that the dynamical evolution of the
scalar field will rapidly join a well–defined late–time behaviour in accordance with
cosmological observations. Moreover, non–minimally coupled quintessence [453–456]
along with a number of high energy physics inspired quintessence models, such as
in the frameworks of cosmic strings [457], pseudo–Nambu–Goldstone bosons [458],
supersymmetry [459, 460], and supergravity [461–464], have been put forward.

From the field–theoretical side, there is no reason to believe that the quintessence
scalar field is decoupled from the rest of the world, unless there is a symmetry which
forbids coupling to the standard model fields [465]. In the simplest scenario, the
scalar field only couples non–minimally to dark matter, which is addressed with the
so–called coupled quintessence models that will thoroughly be discussed in chapters
5 and 6.

In this chapter we will examine the possibility of a quintessence scalar field to
be coupled differently to two different fluids, such as dust and radiation or two
dust components. The first proposals which considered the possibility of a scalar
field directly coupled to matter were reported in Refs. [466–469]. To couple the
scalar field in a non–trivial way to matter, it is usually assumed that matter feels a
different metric than the one that describes the gravitational sector. For instance,
dark matter particles could propagate such that their geodesics are with respect to
a metric g̃µν , which is related to the gravitational metric via the above conformal
and disformal transformations.

The aim of this chapter is to provide a comprehensive dynamical systems analysis
of models which allow for disformal couplings of a scalar field to matter, along with
the cosmological implications. Dynamical systems techniques provide powerful tools
to classify all solutions of the system in terms of fixed points that are independent
of the initial conditions. Thus, one could analytically determine the final state of
the Universe from a given set of initial conditions. Thence, we will derive the fixed
points for the different cases that will be considered in the following sections, and
evaluate the conditions for their existence and stability. In particular, we will recover
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all results from the literature, but extend those where necessary, and discuss the two–
fluid case in the presence of disformal couplings, which we reported for the first time
in Ref. [1].

In the next section, we present the model and the equations of motion in full
generality. In section 4.2 we introduce the equations of the dynamical system, and
solve for a single fluid case with arbitrary equation of state in section 4.3. In section
4.4 we present the different cases with two fluids. The cosmological consequences
are discussed in section 4.5, and in section 4.6 we present and analyse a model which
predicts a variation of the electromagnetic fine–structure constant, to which we also
apply our fixed point solutions. We give our conclusions in section 4.7.

4.1 Cosmological model

We consider a scalar–tensor theory in the Einstein frame with action

S =

∫
d4x

√
−g
[
M2

Pl

2
R− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
+
∑
i

Si

[
g̃iµν , χi

]
, (4.8)

where the fields χi propagate on geodesics defined by the metrics

g̃iµν = Ci(ϕ)gµν +Di(ϕ)∂µϕ∂νϕ , (4.9)

with Ci(ϕ), Di(ϕ) being the conformal and disformal coupling functions, respectively.
The introduction of disformal couplings is the simplest extension of the models
discussed in the literature which are based on conformal couplings only. But we
should mention that the simple look of the action above is deceiving: if we were to
study the theory in the frame in which ordinary matter is decoupled from the scalar
field, the theory in this frame is a Horndeski type theory, in which the scalar field is
in general coupled disformally to all other matter forms [447, 470]. Furthermore, the
action above can also be motivated from a higher–dimensional setup, in which dark
matter is confined on a slow–moving brane moving in a higher–dimensional space
[471]. In such a model, which is studied in the next chapter, the scalar field describes
the position of the brane and dark matter is coupled disformally. Moreover, working
in the Einstein frame will significantly simplify our computations. Hopefully, this
will become clear as we unveil the calculations. Variation of the action (4.8) with
respect to the metric gµν , leads to the field equations in the Einstein frame

Gµν = Rµν − 1

2
gµνR = κ2

(
T ϕ
µν +

∑
i

T i
µν

)
, (4.10)
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where we recall that Gµν is the Einstein tensor, Rµν is the Ricci tensor, R is the
Ricci scalar, and κ2 = M−2

Pl = 8πG, such that MPl = 2.4× 1018 GeV is the reduced
Planck mass. The energy–momentum tensors for the scalar field ϕ, and the other
fields χi, are defined by

T ϕ
µν = ∂µϕ∂νϕ − gµν

(
1

2
gρσ∂ρϕ∂σϕ + V (ϕ)

)
, (4.11)

T i
µν = − 2√

−g

δ
(√

−g̃iL̃i

)
δgµν

, (4.12)

respectively. The equation of motion of the scalar field simplifies to the following
equation

□ϕ = V,ϕ −
∑
i

Qi , (4.13)

where V,ϕ = dV/dϕ, and

Qi =
Ci,ϕ

2Ci

Ti +
Di,ϕ

2Ci

T µν
i ∇µϕ∇νϕ−∇µ

[
Di

Ci

T µν
i ∇νϕ

]
, (4.14)

such that Ti is the trace of T µν
i . The Einstein tensor is divergenceless (see chapter

1), but in our theory this does not imply that all (i+ 1) energy–momentum tensors
on the right hand side of Eq. (4.10) are independently conserved. Indeed, we find
the following conservation equation for each i–component

∇µT i
µν = Qi∇νϕ . (4.15)

On specifying a perfect fluid energy–momentum tensor for each i–component,

T µν
i = (ρi + pi)u

µuν + pig
µν , (4.16)

where ρi and pi are the Einstein frame ith fluid energy density and pressure respec-
tively, we find the following modified conservation equation

uµ∇µρi + (ρi + pi)∇µu
µ = −Qiu

µ∇µϕ , (4.17)

after projecting Eq. (4.15) along the four–velocity uµ. From now on we will consider
the standard flat Friedmann–Lemaître–Robertson–Walker (FLRW) metric, such that
ds2 = −dt2 + a2(t)δijdxidxj (see section 1.2.1), as our Einstein frame metric, with
cosmic scale factor a(t). Furthermore, for background cosmology, a time–dependent
scalar field is considered, and we denote a coordinate time derivative by a dot. In
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this setting, the modified Klein–Gordon equation, fluid conservation equation, and
Friedmann equations simplify as follows

ϕ̈+ 3Hϕ̇+ V,ϕ =
∑
i

Qi , (4.18)

ρ̇i + 3Hρi(1 + wi) = −Qiϕ̇ , (4.19)

H2 =
κ2

3

(
ρϕ +

∑
i

ρi

)
, (4.20)

Ḣ = −κ
2

2

(
ρϕ(1 + wϕ) +

∑
i

ρi(1 + wi)

)
, (4.21)

where we define the field’s energy density as ρϕ = 1
2
ϕ̇2 + V (ϕ), its pressure as

pϕ = 1
2
ϕ̇2 − V (ϕ), and the equation of state parameters for the field and fluids

are wϕ = pϕ/ρϕ, and wi = pi/ρi, respectively. Since we will be interested in the
Einstein frame dynamics of the scalar field in the presence of radiation and matter,
we remark that for an FLRW cosmology with two perfect fluids coupled to the scalar
field, it can be found that [472]

Q1 =
A2

A1A2 −D1D2ρ1ρ2

(
B1 −D1ρ1

B2

A2

)
, (4.22)

Q2 =
A1

A1A2 −D1D2ρ1ρ2

(
B2 −D2ρ2

B1

A1

)
, (4.23)

where

Ai =Ci +Di

(
ρi − ϕ̇2

)
, (4.24)

Bi =

[
1

2
Ci,ϕ(−1 + 3wi)−

1

2
Di,ϕϕ̇

2 +Di

(
3(1 + wi)Hϕ̇+ V,ϕ +

Ci,ϕ

Ci

ϕ̇2

)]
ρi .

(4.25)



85 Dynamics & cosmological implications of multifluid dark energy interactions

4.2 Dynamical system analysis

We are now going to reduce the above system of equations to a set of first order
autonomous differential equations. We first introduce the variables

x2 ≡ κ2ϕ′2

6
, y2 ≡ κ2V

3H2
, z2i ≡ κ2ρi

3H2
, λV ≡ −1

κ

V,ϕ
V

, (4.26)

λiC ≡ −1

κ

Ci,ϕ

Ci

, λiD ≡ −1

κ

Di,ϕ

Di

, σi ≡
DiH

2

κ2Ci

, (4.27)

where we use the number of e–folds N = ln a(t), instead of the Einstein frame
coordinate time t, as the time coordinate, and denote derivatives with respect to N
by a prime. In these new variables the Friedmann–scalar field system of equations
can be written as follows

x′ = −
(
3 +

H ′

H

)
x+

√
3

2

(
λV y

2 +
κQ1

3H2
+
κQ2

3H2

)
, (4.28)

y′ = −
√

3

2

(
λV x+

√
2

3

H ′

H

)
y , (4.29)

z′i = −3

2

(
1 + wi +

2

3

H ′

H
+

1

3

√
2

3

κQi

H2

x

z2i

)
zi , (4.30)

σ′
i =

(√
6
(
λiC − λiD

)
x+ 2

H ′

H

)
σi , (4.31)

where

H ′

H
= −3

2

(
2x2 +

2∑
i=1

(1 + wi)z
2
i

)
, (4.32)

subject to the Friedmann equation constraint

x2 + y2 +
2∑

i=1

z2i = 1 . (4.33)
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For two species coupled to the scalar field, we can write

Q1

H2
=

3A2

A1A2 − 9σ1σ2z21z
2
2

(
ν1
3z21

− ν2σ1
A2

)
z21 , (4.34)

Q2

H2
=

3A1

A1A2 − 9σ1σ2z21z
2
2

(
ν2
3z22

− ν1σ2
A1

)
z22 , (4.35)

where

Ai ≡
Ai

Ci

= 1 + 3σi
(
z2i − 2x2

)
, (4.36)

νi ≡
Bi

CiH2
= 3

[
1

2
λiC(1− 3wi) + 3σi

((
λiD − 2λiC

)
x2 +

√
6(1 + wi)x− λV y

2
)] z2i

κ
.

(4.37)

In what follows, we will be considering exponential forms for Ci, Di, and V . This
ensures that the autonomous system of equations is closed. Indeed, if we choose a
different functional form for either one of them, we require a set of evolution equa-
tions for the functions λV,C,D [449, 473, 474], or alternatively include the equation
ϕ′ =

√
6x/κ [475] (see appendix A.4). Furthermore, an exponential disformal cou-

pling is motivated from the simplistic conformally coupled quintessence model with
an exponential conformal coupling and potential, which is conformally equivalent to
Brans–Dicke type Lagrangians [476]. Such exponential potentials occur in a number
of particle physics theories [477–479], and have also been studied in the context of
cosmological inflation [450, 473]. Other useful quantities are the following

Ωϕ = x2 + y2 , (4.38)

wϕ =
x2 − y2

x2 + y2
, (4.39)

Zi =
√

1− 6σix2 , (4.40)

wi = w̃i

(
1− 6σix

2
)
, (4.41)

where w̃i is the equation of state parameter of fluid i = 1, 2 in the frame defined by
the metric g̃iµν . For example, in the case of dust and radiation, w̃i = 0 and w̃i = 1/3,
respectively. We define Zi in Eq. (4.40) as follows√

−g̃i
−g

= C2
i

√
1 +

Di

Ci

gµνϕ,µϕ,ν = C2
i Zi . (4.42)



87 Dynamics & cosmological implications of multifluid dark energy interactions

A potential problem for the theory is when Zi = 0 due to a metric singularity.
This has been discussed in Ref. [480]. We also define an effective equation of state
parameter weff [481, 482], such that

H ′

H
≡ −3

2
(1 + weff) , (4.43)

which implies that

weff = x2 − y2 + w1z
2
1 + w2

(
1− x2 − y2 − z21

)
. (4.44)

We require weff < −1/3 in order to obtain an accelerated expansion of the Universe
(see chapter 1). At a fixed point (xc, yc, zci , σ

c
i ), the dynamical system is at rest,

and furthermore the acceleration equation (4.43) implies a power law solution of the
scale factor

a ∝ (t− t0)
2
/
[3(1+wc

eff)] , (4.45)
where wc

eff = weff (x
c, yc, zci , σ

c
i ), and t0 is a constant of integration. When wc

eff = −1,
the Universe is undergoing eternal de Sitter exponential expansion with a constant
Hubble parameter.

4.3 Single fluid–Arbitrary equation of state

For a single fluid with an Einstein frame equation of state parameter w, the relevant
equations reduce to the following

x′ =− 3x+
3

2

(
1 +

(
1− w

1 + w

)
x2 − y2

)
(1 + w)x+

√
3

2
λV y

2

+

√
3

2

1− x2 − y2

1 + 3σ (1− 3x2 − y2)

(
1

2
λC(1− 3w)

+ 3σ
(√

6x(1 + w)− λV y
2 + (λD − 2λC)x

2
))

,

(4.46)

y′ =−
√

3

2
λV xy +

3

2

(
1 +

(
1− w

1 + w

)
x2 − y2

)
(1 + w)y , (4.47)

σ′ =
√
6 (λC − λD)xσ − 3

(
1 +

(
1− w

1 + w

)
x2 − y2

)
(1 + w)σ , (4.48)
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Name x y σ

(1) −1 0 0

(2) 1 0 0

(3)
√
2β−

√
2β2−3√
3

0 1
18

(
2β
(
2β +

√
4β2 − 6

)
− 3
)

(4)
√
2β+

√
2β2−3√
3

0 1
18

(
2β
(
2β −

√
4β2 − 6

)
− 3
)

(5)
√

3
2γ

α(4−3γ)+2β 0 (α(4−3γ)+2β)2(2α2(4−3γ)2+4αβ(4−3γ)−3(γ−2)γ)
9(γ−1)γ(3(6α2−1)γ2−24αγ(2α+β)+8(2α+β)2)

(6)
√

2
3α(4−3γ)

γ−2 0 0

(7) λ√
6

√
1− λ2

6 0

(8)
√

3
2γ

(4−3γ)α+λ

√
2α2(4−3γ)2+α(8−6γ)λ−3(γ−2)γ√

2(α(4−3γ)+λ)2
0

Table 4.1: Fixed points of the system (4.46)–(4.48) for the single fluid case.

with the Friedmann equation constraint

x2 + y2 + z2 = 1 , (4.49)

where the other variables have the same definition as in the general two fluid case
discussed in section 4.2. We remark that for the special case of a pressureless fluid,
characterised by w = 0, with the following couplings and scalar field potential

C(ϕ) = e2ακϕ , D(ϕ) =
e2(α+β)κϕ

M4
, V (ϕ) = V 4

0 e
−λκϕ , (4.50)

where α, β, λ, M , and V0 are all considered to be constant, we recover the dynamical
system studied in Ref. [480]. The latter parameter V0, is a mass scale associated with
the scalar potential. We will be considering the couplings and scalar field potential
as defined in Eq. (4.50), and we will re–parametrise our single fluid equation of state
parameter to γ ≡ w̃ + 1, such that 0 ≤ γ ≤ 2. We remark that, the above system
coincides with the conformally coupled case of Refs. [476, 483] in the limit β → −∞,
and the uncoupled system presented in Ref. [450] is recovered when β → −∞ and
α = 0.
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Name Ωϕ wϕ Z

(1) 1 1 1

(2) 1 1 1

(3) 1
3

(√
2β2 − 3−

√
2β

)2
1 0

(4) 1
3

(√
2β2 − 3 +

√
2β

)2
1 0

(5) 3γ2

2(α(4−3γ)+2β)2
1

√
γ(−2α2(4−3γ)2+4αβ(3γ−4)+3(γ−2)γ)

(γ−1)(3(6α2−1)γ2−24αγ(2α+β)+8(2α+β)2)
+ 1

(6) 2α2(4−3γ)2

3(γ−2)2
1 1

(7) 1 1
3

(
λ2 − 3

)
1

(8) α2(4−3γ)2+α(4−3γ)λ+3γ

(α(4−3γ)+λ)2
3γ2

α2(4−3γ)2+α(4−3γ)λ+3γ
− 1 1

Table 4.2: The cosmological parametersΩϕ andwϕ, together with the quantityZ , as respectively defined

by Eqs. (4.38), (4.39), and (4.40), for the single fluid case described by the system (4.46)–(4.48).

4.3.1 Fixed points

The fixed points for a single fluid with an arbitrary constant equation of state pa-
rameter γ, are found by setting Eqs. (4.46)–(4.48) equal to zero. The fixed points
for this system, labelled (1)–(8), are tabulated in Table 4.1. We list the cosmological
parameters Ωϕ and wϕ, along with the variable Z, in Table 4.2. In Table 4.3 we
explicitly write down the equation of state parameter dependent fixed points for the
particular cases of dust and radiation, since the remaining fixed points are identical
to the generic case of Table 4.1. We use the same numbering system for radiation
and dust fixed points and label the radiation fixed points by a subscript (r) and
the dust fixed points by a subscript (d). For simplicity, we do not rename (1), (2)
and (7) for the radiation and dust cases, although we relabel (3) and (4) for the
specific cases of dust and radiation, as described above, in order to use them in the
two fluid cases discussed in section 4.4. In Table 4.4 we give the effective equation
of state together with the required parameter values for accelerated expansion for
all dust fixed points. Fixed point (5) is obtained when considering y = 0, σ ̸= 0
in Eqs. (4.46) and (4.48) giving, in the generic case, fixed points (3), (4), and (5).
For the specific case of dust, only fixed points (3)(d) and (4)(d) are obtained, ending
up with seven fixed points which coincide with the fixed points found in Ref. [480].
As expected, for radiation, characterised by γ = 4/3, we obtain the full set of eight
fixed points.
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4.3.1.1 Existence conditions

For this analysis we will be using the fact that 0 ≤ Ωϕ ≤ 1, such that the fluid
energy density is non–negative ρ ≥ 0. As already mentioned, we will be considering
0 ≤ γ ≤ 2, and that {x, y, σ, Z} ∈ R.

Arbitrary equation of state

We will now make some remarks on the existence of the fixed points (1)–(8) found
in Table 4.1.

• Kination: Fixed points (1) and (2) always exist as they are independent of
the introduced parameters. These scalar field kinetic dominated solutions are
characterised by a stiff equation of state of wϕ = 1, and as expected there is
no metric singularity as Z = 1.

• Disformal: For the disformal fixed points (3) and (4), we find that β ≥
√

3/2

for (3) and β ≤ −
√

3/2 for (4). Both points give a stiff fluid with a metric
singularity as Z = 0, and they are found to be independent from the fluid equa-
tion of state parameter, although, as we will see, their stability does depend
on γ.

• Mixed: As already remarked in the beginning of this section, (5) is not defined
for dust, and this fixed point does not exist for the choice of γ = 0. The
allowed parameter values of α, β and γ must satisfy the inequality 3γ2 <

2 (α(4− 3γ) + 2β)2 together with the condition Z ∈ R. This disformal fixed
point is also characterised by a stiff fluid (wϕ = 1), although in this case we
can avoid the metric singularity if we choose the right parameter values, such
that Z ∈ R \ {0}.

• Conformal kinetic: In order to define a finite x–coordinate of (6), we restrict
the range of γ to 0 ≤ γ < 2. For γ = 4/3, all parameter values are allowed,
although we end up with an indeterminate value of wϕ. For γ ̸= 4/3, the
solution is characterised by a stiff fluid. The existence of this fixed point is as
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Name x y σ Ωϕ wϕ Z

(5)(r)

√
2
3

β
0 β2

3β2−2
2

3β2 1
√

1 + 4
2−3β2

(6)(d) −
√

2
3
α 0 0 2α2

3
1 1

(6)(r) 0 0 0 0 - 1

(8)(d)

√
3
2

1
α+λ

√
3+2α(α+λ)√
2(α+λ)2

0 3+α(α+λ)
(α+λ)2

−1 + 3
3+α(α+λ)

1

(8)(r) 2
√

2
3
1
λ

2√
3λ2

0 4
λ2

1
3

1

Table 4.3: The equation of state parameter dependent fixed points of the system (4.46)–(4.48), in the

single fluid case, specified for dust and radiation, along with the respective cosmological parameters.

follows

For γ ∈ [0, 4/3) ∪ (4/3, 2) , α2 <
3(γ − 2)2

2(4− 3γ)2
,

For γ =
4

3
, ∀α .

• Scalar field dominated: For fixed point (7) we find that this is defined if λ2 < 6.
This is a scalar field dominated solution (Ωϕ = 1) with a scalar field equation
of state parameter wϕ = −1 + λ2/3.

• Conformal scaling: For the last fixed point (8), we require the following in-
equalities to be satisfied in order to be defined

α2(4− 3γ)2 + α(4− 3γ)λ > −3

2
γ(2− γ) ,

α(4− 3γ)λ > 3γ − λ2 .

In the absence of the conformal coupling (α = 0), (8) is a cosmological scaling
solution [325, 450, 483], such that wϕ = γ − 1.
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Quantity (1) (2) (3)(d) (4)(d) (6)(d) (7) (8)(d)

weff 1 1 Ωϕ Ωϕ
2α2

3
λ2

3 − 1 −α
α+λ

Acceleration No No No No No λ2 < 2 λ ≤ −
√
2 , α < λ/2 ,

or, −
√
2 < λ < 0 , α <

(
3− λ2

)
/λ ,

or, 0 < λ <
√
2 , α >

(
3− λ2

)
/λ ,

or, λ ≥
√
2 , α > λ/2

Table 4.4: The effective equation of stateweff, together with the required parameter values for an acceler-

ated expansion, for all dust fixed points (1)− (8)(d). We take into consideration the existence of the fixed

point when determining the required parameters for acceleration.

We shall now consider the existence of the dust (γ = 1) fixed points, denoted by
the index (d), and radiation (γ = 4/3) fixed points, denoted by the index (r);

Dust (γ = 1)

The existence arguments for fixed points (1)–(4) found in Table 4.1 also hold for
(1), (2), (3)(d), (4)(d), respectively. Furthermore, the existence of (7) is equivalent
to the general case. Regarding the conformal kinetic dominated fixed point (6)(d), we
require that α2 < 3/2. For the last fixed point (8)(d), we require that α(α+λ) > −3/2
and λ(α+λ) > 3. We note that for non–negative values of α, λ and β, this analysis
coincides with that of Ref. [480].

Radiation (γ = 4/3)

Similar to the dust case, the first four radiation fixed points and (7) are respectively
equivalent to (1)–(4) and (7) found in Table 4.1, hence the existence of these fixed
points follows from the general fluid discussion. For fixed point (5)(r), we find that we
require β2 > 2 in order to satisfy the condition Ωϕ < 1, and that the coupling between
the two disformally related metrics Z, is made sure to be real valued. This solution
is characterised by a stiff fluid equation of state, and for β2 > 2, the radiation and
Einstein frame metrics are both well–defined without a singularity. The radiation
fluid dominated solution (6)(r), always exists, irrespective of the parameter values. It
is characterised by an indeterminate scalar field equation of state. The last radiation
fixed point (8)(r), is a scaling solution which exists when λ2 > 4.
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4.3.1.2 Stability conditions

We now study the stability of the fixed points by analysing the eigenvalues of the ma-
trix M, which is constructed after considering a small perturbation around each fixed
point. In what follows, no zero eigenvalues are obtained, and hence the Hartman–
Grobman theorem [484] guarantees that the stability around a fixed point can be
studied by the linear approximation (see for example Refs. [474, 480]).

We here briefly point out the adopted method for the computation of the eigen-
values that is implemented for all the cases that are considered in this chapter. For
this purpose, we will consider a general system of n first–order ordinary differential
equations for n variables Xi, as a function of some arbitrary coordinate t. Since all
considered systems are autonomous, we will consider this generic system to be of
the same type. Hence, the generic system can be expressed as follows

dXi

dt = fi({Xj}) . (4.51)

We define the fixed points {Xc
j}, of our system to be the solutions of the n algebraic

equations when we set fi = 0 ∀i. By considering a small perturbation δXi, around
a fixed point Xc

i , thence considering a point Xi = Xc
i + δXi, one obtains, up to first

order
dδXi

dt = MijδXj, where, Mij =
∂fi
∂Xj

. (4.52)

The eigenvalues that are used in order to study the stability of the fixed points
correspond to the eigenvalues of the n× n matrix Mij, evaluated at the fixed point
Xc

i . For example, for the single fluid system with equation of state parameter γ,
described by the system (4.46)–(4.48) together with Eq. (4.50), the matrix elements
of the 3× 3 matrix Mij, reduce to the following

M11 =− 3 +
3

2

(
1− x2 − y2

) (
γ − 18(γ − 1)σx2

)
+ 3x2

(
3− γ + 6(γ − 1)σx2

)
+

√
3

2

−2x+ 12σx(1− y2)

(1 + 3σ(1− 3x2 − y2))2

(
(3γ − 18(γ − 1)σx2 − 4)α

+3σ
(√

6x(γ − 6(γ − 1)σx2)− λy2 + 2(α− β)x2
))

+

√
3

2

1− x2 − y2

1 + 3σ(1− 3x2 − y2)

(
−36(γ − 1)αxσ

+3σ
(√

6(γ − 18(γ − 1)σx2) + 4(α− β)x
))

,
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M12 = 3xy
(
6(γ − 1)σx2 − γ

)
+
√
6λy

+

√
3

2

−2y + 12σyx2

(1 + 3σ(1− 3x2 − y2))2

((
3γ − 18(γ − 1)σx2 − 4

)
α

+ 3σ
(√

6x
(
γ − 6(γ − 1)σx2

)
− λy2 + 2(α− β)x2

))

+ 3
√
6

(x2 + y2 − 1)λσy

1 + 3σ (1− 3x2 − y2)
,

M13 = 9(γ − 1)
(
x2 + y2 − 1

)
x3 +

√
3

2

1− x2 − y2

1 + 3σ (1− 3x2 − y2)

(
−18(γ − 1)αx2

−36
√
6(γ − 1)σx3 + 3

(√
6γx− λy2 + 2(α− β)x2

))

−
√

3

2

3 (1− 3x2 − y2) (1− x2 − y2)

(1 + 3σ (1− 3x2 − y2))2

((
3γ − 18(γ − 1)σx2 − 4

)
α

+ 3σ
(√

6x
(
γ − 6(γ − 1)σx2

)
− λy2 + 2(α− β)x2

))
,

M21 =−
√

3

2
λy − 18(γ − 1)σxy

(
1− x2 − y2

)
+ 3xy

(
2− γ + 6(γ − 1)σx2

)
,

M22 =−
√

3

2
λx+

3

2

(
γ − 6(γ − 1)σx2

)
(1− 3y2) +

3

2

(
2− γ + 6(γ − 1)σx2

)
x2 ,

M23 = 9(γ − 1)
(
x2 + y2 − 1

)
x2y ,

M31 = 2
√
6βσ + 36(γ − 1)σ2x

(
1− x2 − y2

)
+ 6σx

(
γ − 2− 6(γ − 1)σx2

)
,

M32 = 6σy
(
γ − 6(γ − 1)σx2

)
,

M33 = 2
√
6βx− 6x2 − 3

(
1− x2 − y2

) (
γ − 12(γ − 1)σx2

)
.

For completeness, we further present the full generic set of eigenvalues denoted
by e1,2,3, in appendix A.1. Since our system is three–dimensional and not two–
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dimensional, as in the purely conformal scenario, the stability analysis will be differ-
ent from the lower dimensional system. In the following, we will restrict our stability
analysis to the dust and radiation cases only, as in the general fluid case there is
freedom in four parameters. This is due to the fact that, even if the fixed points are
independent from the disformal coupling, the eigenvalues can still contain β.

Dust (γ = 1)

• (1): this can either be a stable node, an unstable node or a saddle point
depending on the chosen values of α, β and λ. It is a stable node if β >

−
√

3/2, λ < −
√
6 and α >

√
3/2. Consequently, this fixed point can become

stable when a disformal coupling is introduced. Also, in our analyses we find
that the introduction of a disformal coupling widens up the region of parameter
space that renders a fixed point stable. In the following, we consider a fixed
point to be unstable whenever it is neither stable nor a saddle point.

• (2): similarly, the other scalar field kinetic dominated fixed point can either
be a stable node, an unstable node or a saddle point according to the chosen
parameter values. It is a stable node if β <

√
3/2, λ >

√
6 and α < −

√
3/2.

• (3)(d): it is either a stable node or a saddle point. Indeed, we find that this is
a stable point if β >

√
3/2, α < −β +

√
(−3 + 2β2)/2 and λ > 2β.

• (4)(d): the remaining disformal fixed point can either be a stable node or a
saddle point. It is stable if β < −

√
3/2, α > −β −

√
(−3 + 2β2)/2 and

λ < 2β.

• (6)(d): the conformal kinetic dust solution can either be a stable node or a
saddle point. It cannot be an unstable fixed point as e1 < 0 when −

√
3/2 <

α <
√

3/2. It is found to be stable in the following regions

−
√

3

2
< α < 0 , λ >

−3− 2α2

2α
, β <

−3− 2α2

4α
,

or, 0 < α <

√
3

2
, λ <

−3− 2α2

2α
, β >

−3− 2α2

4α
.
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• (7): for parameter values satisfying either one of the following inequalities

−
√
6 < λ < 0 , β >

λ

2
, α >

3− λ2

λ
,

or, 0 < λ <
√
6 , β <

λ

2
, α <

3− λ2

λ
,

we have a stable node, otherwise it is a saddle point. This dust fixed point
cannot be unstable, since e2 < 0 for −

√
6 < λ <

√
6.

• (8)(d): the conformal scaling fixed point is found to be either a saddle point, a
stable spiral, a stable node or a spiral saddle. We show all four distinct natures
of this fixed point when β = −0.9, 0.5, 5 in Fig. 4.1.

The three–dimensional single fluid system is invariant under y → −y and fur-
thermore, the (x, y, σ)–phase space is non–compact, since −1 ≤ x ≤ 1, 0 ≤ y ≤√
1− x2, 0 ≤ σ < ∞. We restrict the range of σ to non–negative values due to

stability problems [480, 485]. We compactify this phase space by introducing the
variable Σ = arctanσ. The phase space is now compact, with x, y, Σ lying in
the range −1 ≤ x ≤ 1, 0 ≤ y ≤

√
1− x2, 0 ≤ Σ < π/2. We are also aware

of fixed points at Σ = π/2 [480], although this is beyond the scope of our study.
The compactified phase space is described by a semi–circular prism of length π/2.
Furthermore, we can at most have six fixed points for any parameter choice. This is
due to the fact that for a particular choice of β, either (3)(d) or (4)(d) exists, but not
both at the same time. Two illustrations containing some solution trajectories with
different attractors are shown in Fig. 4.2. The x−y plane in these three–dimensional
phase spaces, depict the purely conformal case.

Radiation (γ = 4/3)

• (1): since e2 = 2, then this kination fixed point cannot be stable. Indeed, it
can either be an unstable node or a saddle point. It is found to be an unstable
node if λ > −

√
6 and β < −

√
3/2, and it is a saddle point if either λ < −

√
6

and β ̸= −
√

3/2, or if λ > −
√
6 and β > −

√
3/2.

• (2): the other kination fixed point is found to be an unstable node if λ <
√
6

and β >
√

3/2. It can also be a saddle point if λ <
√
6 and β <

√
3/2, or if

λ >
√
6 and β ̸=

√
3/2.
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Figure 4.1: The regions show an illustration of the parameter values ofα andλ for the dust fixed point

(8)(d) whenβ = −0.9 (left),β = 0.5 (right), andβ = 5 (bottom), with each region corresponding to a

distinct nature of the fixed point.

• (3)(r): in this case, we can have a stable node for β >
√
2 and λ > 2β. It can

also be a saddle point for β >
√
2 and λ < 2β, or if

√
3/2 < β <

√
2, then it

is a saddle point when λ ̸= 2β.

• (4)(r): this disformal fixed point is a stable node when β < −
√
2 and λ < 2β.

For β < −
√
2 and λ > 2β, together with the other choice of −

√
2 < β <

−
√

3/2 and λ ̸= 2β, we find that (4)(r) is a saddle point.

• (5)(r): the mixed fixed point, which is missing in the case of dust, is found
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Figure 4.2: In this figure we show the phase space for the single dust case with different attractors. The

different solution trajectories correspond to different initial conditions. The blue region is the allowed

region, whereas the yellow region is where the Universe undergoes an accelerated expansion. On the left

the attractor is (8)(d) withα = −0.94, β = 3, λ = −1.88, and on the right the attractor is (7)with
α = 0.6, β = −2, λ = 0.7.

to be only a saddle point, since e1 and e2 have opposite signs in the available
range of β. Indeed, this is true for β < −

√
2 such that λ ̸= 2β, and for the

choice β >
√
2 and λ ̸= 2β.

• (6)(r): this radiation dominated fixed point is a saddle point, as its eigenvalues
are e1 = −1, e2 = −4 and e3 = 2.

• (7): this scalar field dominated fixed point is either a stable node or a saddle
point, since e2 < 0 in the fixed point existence range of −

√
6 < λ <

√
6. It

is found to be stable for −2 < λ < 0 and β > λ/2, and also when 0 < λ < 2

such that β < λ/2.

• (8)(r): the conformal scaling fixed point cannot be unstable as R(e2) < 0

and R(e3) < 0 ∀λ ∈ R \ [−2, 2]. We find that for 2 < λ ≤ 8/
√
15 and

−8/
√
15 ≤ λ < −2, it is a stable node for β < λ/2 and β > λ/2 respectively,

and it is a saddle point if β > λ/2 and β < λ/2 respectively. For λ > 8/
√
15,

it is found to be a stable spiral when β < λ/2, and a spiral saddle if β > λ/2.
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Figure 4.3: In this figure we show the phase space for the radiation single fluid case with different attrac-

tors. The different solution trajectories correspond to different initial conditions. The blue region is the

allowed region, whereas the yellow region is where the Universe undergoes an accelerated expansion. On

the left the attractor is (8)(r) withβ = 1.5, λ = −2.395, and on the right the attractor is (7)with
β = −1.5, λ = 0.448.

Similarly, for λ < −8/
√
15, (8)(r) is a stable spiral when β > λ/2, and a spiral

saddle if β < λ/2.

Similar to the single fluid dust case, we show the phase space together with
some solution trajectories in Fig. 4.3. In this case, for any particular choice of the
parameters, we can at most have seven fixed points, where two of them are disformal
fixed points. We should remark that when either one of the disformal fixed points is
the global attractor of the system, it is found that the solution converges very slowly,
in agreement with the results found in Ref. [480].

4.4 Two fluids

We will now investigate the dynamical system presented in section 4.2 for a two fluid
scenario. Three different particular cases are studied in the sections that follow. In
each case, we will be considering at least one conformally–disformally coupled fluid.
When the obtained fixed point can be generated from a single fluid system, we will
use an identical label to that corresponding to a single fluid fixed point. Despite the
fact that the majority of the two fluid fixed points reduce to the single fluid fixed
points, our aim is to generalise the conformally coupled fluid system [476, 482, 486]
to a conformally–disformally coupled fluid system. Because a generic treatment is
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very cumbersome, we will consider in what follows, dust and radiation fluids only.

4.4.1 Two fluids-Conformal–disformal dust & conformal–disformal
radiation

In this section, we study the full solution of the two fluid conformal–disformal system
presented in section 4.2 for the particular case of dust and radiation perfect fluids,
in which we set γ1 = 1, γ2 = 4/3. This system will be five–dimensional, in which we
choose our dynamical variables to be x, y, z1, σ1 and σ2. In the absence of disformal
couplings, this system reduces to the three–dimensional conformally coupled case
presented in Ref. [476]. We choose our couplings and scalar field potential to be of
exponential forms

Ci(ϕ) = e2αiκϕ, Di(ϕ) =
e2(αi+βi)κϕ

M4
i

, V (ϕ) = V 4
0 e

−λκϕ. (4.53)

For completeness, we list all fixed points in Table 4.5 together with the corresponding
cosmological parameters in Table 4.6. We also include z2 in Table 4.5 in order to
link the single fluid cases studied in section 4.3 with this scenario. We label the
new fixed points for this two fluid system which cannot be retrieved from a single
fluid system by (a) and (b). We shall refer to fixed point (a) as the conformal dust
radiation fixed point, which was obtained in Ref. [476], and refer to fixed point (b)
as the disformal dust radiation fixed point.

4.4.1.1 Existence conditions

In this section we will only comment on the existence of the conformal dust radiation
fixed point and the disformal dust radiation fixed point, since the existence of the
other fixed points follows from section 4.3.1.1. Indeed, we find that fixed point (a)
exists when α2

1 > 1/2, and fixed point (b) exists whenever β2
1 > 2.

For the disformal fixed points (b), (3)(d), (4)(d), (3)(r), (4)(r), we can clearly
observe that whenever fluid i has a non–zero value of σi, the disformal metric trans-
formation reduces to Zi = 0. The mixed disformal fixed point (5)(r), however, avoids
the singularity for both metrics.
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Name x y z1 z2 σ1 σ2

(1) −1 0 0 0 0 0

(6)(r) 0 0 0 1 0 0

(2) 1 0 0 0 0 0

(a) − 1√
6α1

0 1√
3α2

1

√
1− 1

2α2
1

0 0

(6)(d) −
√

2
3α1 0

√
1− 2α2

1

3 0 0 0

(b)

√
2
3

β1
0 2√

3β2
1

√
1− 2

β2
1

β2
1

4 0

(3)(d)

√
2β1−

√
2β2

1−3√
3

0 ϵd1 0 ϵd2 0

(4)(d)

√
2β1+

√
2β2

1−3√
3

0 ϵd3 0 ϵd4 0

(5)(r)

√
2
3

β2
0 0

√
1− 2

3β2
2

0 β2
2

3β2
2−2

(3)(r)

√
2β2−

√
2β2

2−3√
3

0 0 ϵr1 0 ϵr2

(4)(r)

√
2β2+

√
2β2

2−3√
3

0 0 ϵr3 0 ϵr4

(8)(r)
2
√

2
3

λ
2√
3λ2

0
√
1− 4

λ2 0 0

(7) λ√
6

√
1− λ2

6 0 0 0 0

(8)(d)

√
3
2

1
α1+λ

√
3+2α1(α1+λ)

2(α1+λ)2

√
λ(α1+λ)−3
(α1+λ)2 0 0 0

Table 4.5: The fixed points for the case of conformally–disformally coupled dust and conformally–

disformally coupled radiation. The ϵd,r terms are as follows: ϵd1 ≡
√

2
3

√
β1

(√
4β2

1 − 6− 2β1

)
+ 3,

ϵd2 ≡ 1
18

(
2β1

(
2β1 +

√
4β2

1 − 6
)
− 3
)
, ϵd3 ≡

√
6− 2β1

(
2β1 +

√
4β2

1 − 6
)
/
√
3 ,

ϵd4 ≡ 1
18

(
2β1

(
2β1 −

√
4β2

1 − 6
)
− 3
)
, ϵr1 ≡

√
2
3

√
β2

(√
4β2

2 − 6− 2β2

)
+ 3, ϵr2 ≡

1
18

(
2β2

(
2β2 +

√
4β2

2 − 6
)
− 3
)
, ϵr3 ≡

√
6− 2β2

(
2β2 +

√
4β2

2 − 6
)
/
√
3, and ϵr4 ≡

1
18

(
2β2

(
2β2 −

√
4β2

2 − 6
)
− 3
)
.
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Name Ωϕ wϕ Z1 Z2 weff

(1) 1 1 1 1 1

(6)(r) 0 - 1 1 1
3

(2) 1 1 1 1 1

(a) 1
6α2

1
1 1 1 1

3

(6)(d)
2
3α

2
1 1 1 1 2α2

1

3

(b) 2
3β2

1
1 0 1 1

3

(3)(d)
1
3

(
−
√
2β1 +

√
2β2

1 − 3
)2

1 0 1 1
3

(
2β1

(
2β1 −

√
4β2

1 − 6
)
− 3
)

(4)(d)
1
3

(√
2β1 +

√
2β2

1 − 3
)2

1 0 1 1
3

(
2β1

(
2β1 +

√
4β2

1 − 6
)
− 3
)

(5)(r)
2

3β2
2

1 1
√
1 + 4

2−3β2
2

1
3

(3)(r)
1
3

(
−
√
2β2 +

√
2β2

2 − 3
)2

1 1 0 1
3

(
2β2

(
2β2 −

√
4β2

2 − 6
)
− 3
)

(4)(r)
1
3

(√
2β2 +

√
2β2

2 − 3
)2

1 1 0 1
3

(
2β2

(
2β2 +

√
4β2

2 − 6
)
− 3
)

(8)(r)
4
λ2

1
3 1 1 1

3

(7) 1 λ2

3 − 1 1 1 λ2

3 − 1

(8)(d)
3+α1(α1+λ)

(α1+λ)2
3

3+α1(α1+λ) − 1 1 1 − α1

α1+λ

Table 4.6: Listed are, respectively, the cosmological parametersΩϕ andwϕ, together withZ1,Z2, and the

effective equation of state parameterweff, for the fixed points of conformally–disformally coupled dust

and conformally–disformally coupled radiation.

4.4.1.2 Stability conditions

We will now discuss the region in which the above fixed points are found to be stable
by using the eigenvalues e1,2,3,4,5 2. We only discuss the regions in which the fixed
point is found to be stable.

2These eigenvalues are not all included in the text due to the length of the algebraic expressions.
We only write down the eigenvalues of the new fixed points (a) and (b) in appendix A.2.1.
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Figure 4.4: The stable node regions for the case of conformal–disformal dust and conformal–disformal

radiation, illustrating the parameter values ofα1 andβ1 for fixed points (3)(d) (left), and (4)(d) (right).
The other free parameters for (3)(d) are chosen to be (β2, λ) = (0.5, 5), and we set the parameters for

(4)(d) to (β2, λ) = (0.5,−5), so that all eigenvalues have a negative real part.

• The kinetic dominated fixed points (1) and (2) cannot be stable since e1 = 2,
for both of them. Also, the radiation dominated fixed point (6)(r), is found to
be a saddle point since e1, e2, e4 < 0 and e3, e5 > 0.

• The conformal dust radiation fixed point (a), can either be a stable node or
a stable spiral. Indeed, it is found to be a stable node when either of the
following conditions are satisfied

−
√

2

3
≤ α1 < − 1√

2
, β1 < −2α1 , β2 < −2α1 , λ > −4α1 ,

or, 1√
2

< α1 ≤
√

2

3
, β1 > −2α1 , β2 > −2α1 , λ < −4α1 ,

and is a stable spiral when either of the following holds

α1 < −
√

2

3
, β1 < −2α1 , β2 < −2α1 , λ > −4α1 ,

or, α1 >

√
2

3
, β1 > −2α1 , β2 > −2α1 , λ < −4α1 .
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• The conformal dust kinetic fixed point (6)(d), is a stable node when either of
the following conditions is satisfied

− 1√
2
< α1 < 0 , λ >

−3− 2α2
1

2α1

, β1 <
−3− 2α2

1

4α1

, β2 <
−3− 2α2

1

4α1

,

or,

0 < α1 <
1√
2
, λ <

−3− 2α2
1

2α1

, β1 >
−3− 2α2

1

4α1

, β2 >
−3− 2α2

1

4α1

.

• For the disformal dust radiation fixed point (b), we know that this exists if
β2
1 > 2. Furthermore, this two fluid disformal fixed point is found to be a

saddle point.

• The existence of fixed point (3)(d), requires β1 ≥
√
3/2. By imposing that

e1,2 < 0, we get that β2 < β1, and λ > 2β1. The constraint on α1 in terms of
β1, is obtained from e3,4,5. An illustration of some allowed parameter values is
shown in Fig. 4.4.

• The existence of the other disformal fixed point (4)(d), implies that β1 ≤
−
√

3/2. Furthermore, e1, e2 < 0, give β2 > β1, and λ < 2β1. From e3,4,5,
we get constraints on the choice of α1 in terms of β1. An illustration of some
values is given in Fig. 4.4.

• The only non–singular disformal fixed point (5)(r), is a saddle point when
β2
2 > 2. This is due to the opposite signs of e3 and e4.

• For the next disformal fixed point (3)(r), we find that this is a stable node
when the following inequalities are satisfied

β2 >
√
2 , β1 < β2 , α1 < −β2 +

√
2β2

2 − 3

2
, λ > 2β2 .

• Similarly, fixed point (4)(r), is found to be a stable node when the chosen
parameters satisfy the following inequalities

β2 < −
√
2 , β1 > β2 , α1 > −β2 −

√
2β2

2 − 3

2
, λ < 2β2 .
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Figure 4.5: The stable regions for the conformal–disformal dust and conformal–disformal radiation sce-

nario, illustrating the parameter values ofα1 andλ, for fixed point (8)(d), when (β1, β2) = (0.1, 0.5)
(left), (β1, β2) = (−0.5, 0.9) (right), and (β1, β2) = (−0.5, 0.5) (bottom).

• The conformal radiation scaling fixed point (8)(r), is found to be a stable node
when either of the following holds

− 8√
15

≤ λ < −2 , β1 >
λ

2
, β2 >

λ

2
, α1 > −λ

4
,

or, 2 < λ ≤ 8√
15

, β1 <
λ

2
, β2 <

λ

2
, α1 < −λ

4
,
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and is a stable spiral when either of the following is satisfied

λ < − 8√
15

, β1 >
λ

2
, β2 >

λ

2
, α1 > −λ

4
,

or, λ >
8√
15

, β1 <
λ

2
, β2 <

λ

2
, α1 < −λ

4
.

• The scalar field dominated fixed point (7), is a stable node in the following
regions

−2 < λ < 0 , β1 >
λ

2
, β2 >

λ

2
, α1 >

3− λ2

λ
,

or, 0 < λ < 2 , β1 <
λ

2
, β2 <

λ

2
, α1 <

3− λ2

λ
.

• For the conformal dust scaling fixed point (8)(d), an illustration of the possible
values of α1 and λ, for some fixed values of the other parameters that render
this point stable, is given in Fig. 4.5. Indeed, we find that this point can either
be a stable node, or a stable spiral.

We will be interested in cosmologically acceptable trajectories, by which we
mean that the trajectory should start in the radiation era, then evolve to a mat-
ter dominated era, and finally reproduce our present day accelerating Universe (as
discussed in chapter 1). In our examples, we will use Ωm,0 ≃ 0.308, Ωϕ,0 ≃ 0.692,
H0 ≃ 67.8 km s−1 Mpc−1, and wϕ,0 ≃ −1, as our present day cosmological parameters
[65]. These imply that, the present values of the dynamical system variables should
be x0 ≃ 0, y0 ≃ 0.832, z0,1 ≃ 0.555. Furthermore, since the scalar field plays an
important role in the late–time Universe, the trajectories in the radiation dominated
epoch should start near x = y = 0. We give an example in Fig. 4.6, showing the
evolution of Ωi and ρi, such that the future attractor is the scalar field dominated
fixed point (7). In this plot we compare the conformally coupled scenario with the
disformally coupled case by evolving the equations from the same initial conditions.
We also define a time–dependent effective mass scale,

Meff = (|Dr −Dm|)−1/4 , (4.54)

which we also show in Fig. 4.6.
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Figure 4.6: The above plots show the evolution ofΩr,m,ϕ (left), and ρr,m,ϕ (right), when the future attrac-

tor is fixed point (7), of the conformal–disformal dust and conformal–disformal radiation case. In each

plot we use the same initial conditions and compare the conformally coupled dust case (dashed line) with

the conformally–disformally coupled dust–radiation case (solid line), as discussed in section 4.4.1. The bot-

tom plot shows the evolution of the effectivemass scale defined in Eq. (4.54). The parameters are fixed to

α1 = −0.41, β1 = 5.81, β2 = 5.11, andλ = −0.08.

By assuming standard Big Bang Nucleosynthesis (BBN), we can use a conserva-
tive constraint of3 Ωϕ(∼ MeV) < 0.2 [452, 488] to limit the range of the parameters
α1, β2, and λ. If we further assume that, the non–singular fixed points (a), (5)(r),
and (8)(r), are reached by BBN, the constraint of Ωϕ < 0.2 at the BBN epoch implies
that, α2

1 > 5/6, β2
2 > 10/3, and λ2 > 20, respectively.

4.4.2 Two fluids-Conformal dust & conformal–disformal radiation

In this section we consider another particular case of the generic system, which was
presented in section 4.2. Thence, we will be interested in a conformally coupled
perfect fluid with equation of state parameter γ1, defined in the conformal frame by
the metric g̃1µν , in the presence of a distinct conformally–disformally coupled perfect

3A tighter constraint of Ωϕ(∼ MeV) < 0.045 was reported in Ref. [487], however, we decided to
make use of a more conservative constraint.
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fluid with equation of state parameter γ2, defined in the disformal frame by the
metric g̃2µν . As in the single fluid case, we will be considering exponential couplings
and scalar field potential, namely

Ci(ϕ) = e2αiκϕ, D1(ϕ) = 0, D2(ϕ) =
e2(α2+β)κϕ

M4
, V (ϕ) = V 4

0 e
−λκϕ.

(4.55)

This system can be viewed as a reduced phase space analysis of the previous higher–
dimensional system of section 4.4.1. As a matter of fact, this dynamical system
is four–dimensional, hence, one dimension less than the previous case. One might
think that the results could simply be obtained from the previous case by setting
β1 → −∞. We will see in the following that, if we do this, then we would be
missing out some of the stability conditions. For simplicity, we choose to eliminate
z2 from our system of differential equations, and hence, we end up with four ordinary
differential equations for x, y, z1, and σ2. The fixed points for this system are listed
in Table A.1. This is a generalisation of the fixed points found in the single fluid
case with equation of state parameter γ, collected in Table 4.1.

We will now specify this system to conformally coupled dust and conformally–
disformally coupled radiation, where we set γ1 = 1 and γ2 = 4/3. As expected,
the fixed points for this particular system are found to be contained in the fixed
points discussed in the previous case when we considered radiation and dust to be
both conformally and disformally coupled. Indeed, the fixed points for this system
are (1), (6)(r), (2), (a), (6)(d), (5)(r), (3)(r), (4)(r), (8)(r), (7), and (8)(d). Since
the existence analysis of these fixed points coincides with that presented in section
4.4.1.1, we only discuss the stability of these fixed points. All the eigenvalues e1,2,3,4,
for each fixed point can be found in appendix A.2.2.

4.4.2.1 Stability conditions

We will now discuss the stability of the fixed points of this reduced system. This
analysis will be slightly different from the previous, since we now have four eigen-
values. In the stability analysis that follows, we will only comment on those regions
where the fixed point is stable.

• The scalar field kinetic energy dominated fixed points (1) and (2), both have
e1 > 0, and hence, cannot be stable. The radiation fluid dominated fixed point
(6)(r), can only be a saddle point, since e1, e3 < 0 and e2, e4 > 0.
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Figure 4.7: The stable regions for the case of conformal dust and conformal–disformal radiation, illustrat-

ing the parameter values ofα1 andλ for fixed point (8)(d), whenβ = −0.9 (left),β = 0.5 (right), and
β = 5 (bottom).

• Fixed point (a), is found to be a stable node when

−
√

2

3
≤ α1 < − 1√

2
, λ > −4α1 , β < −2α1,

or, 1√
2
< α1 ≤

√
2

3
, λ < −4α1 , β > −2α1 ,
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Figure 4.8: The above plots show the evolution ofΩr,m,ϕ andMeff, when the future attractor is fixed

point (7), of the conformal dust and conformal–disformal radiation case. In (a) we use the same parame-

ters as those adopted in Fig. 4.6, where we setα1 = −0.41, β = 5.11, λ = −0.08, whereas in (b) we
useα1 = −0.41, β = 4.41, λ = −0.08. In each plot we adopt the same initial conditions and com-

pare the purely conformal case (dashed line) with the conformal dust and conformal–disformal radiation

case (solid line), as discussed in section 4.4.2.

and a stable spiral when

α1 < −
√

2

3
, β < −2α1 , λ > −4α1,

or, α1 >

√
2

3
, β > −2α1 , λ < −4α1 .
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• Fixed point (6)(d), is a stable node when one of the following set of inequalities
is satisfied

− 1√
2
< α1 < 0 , λ >

−3− 2α2
1

2α1

, β <
−3− 2α2

1

4α1

,

or, 0 < α1 <
1√
2
, λ <

−3− 2α2
1

2α1

, β >
−3− 2α2

1

4α1

.

• The mixed fixed point (5)(r), can only be a saddle point in the existence range
of β2 > 2. The other disformal fixed point (3)(r), is found to be a stable node
when

β >
√
2 , α1 < −β +

√
2β2 − 3

2
, λ > 2β .

The last disformal fixed point (4)(r), can also be a stable node if the following
inequalities are satisfied

β < −
√
2 , α1 > −β −

√
2β2 − 3

2
, λ < 2β .

• The radiation scaling fixed point (8)(r), is a stable node when

− 8√
15

≤ λ < −2 , β >
λ

2
, α1 > −λ

4
,

or, 2 < λ ≤ 8√
15

, β <
λ

2
, α1 < −λ

4
,

and it can also be a stable spiral when the following inequalities are satisfied

λ < − 8√
15

, β >
λ

2
, α1 > −λ

4
,

or, λ >
8√
15

, β <
λ

2
, α1 < −λ

4
.

• The scalar field dominated fixed point (7), is a stable node in the following
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regions

−2 < λ < 0 , β >
λ

2
, α1 >

3− λ2

λ
,

or, 0 < λ < 2 , β <
λ

2
, α1 <

3− λ2

λ
.

• The conformal dust scaling fixed point (8)(d), can either be a stable node or a
stable spiral, as depicted in Fig. 4.7. Although this fixed point also appears
in the previous two fluid and single fluid cases, the stable regions differ from
those presented in Fig. 4.1 and Fig. 4.5.

We illustrate two examples in Fig. 4.8, showing the evolution of Ωi, and the
effective mass Meff. In Fig. 4.8 (a) we adopt the same parameters and initial
conditions as those used in the example shown in Fig. 4.6. It is evident that,
the radiation disformal coupling gives rise to a larger contribution to the radiation
energy density at late times. Indeed, when the radiation disformal coupling exponent
parameter is reduced, as depicted in Fig. 4.8 (b), this enhanced contribution is
diluted.

4.4.3 Two fluids-Two conformal–disformal dust components

In this section, we study the full solution of the two fluid conformal–disformal system
presented in section 4.2 for the particular case of two dust components. Similar to
the system discussed in section 4.4.1, this system is also five–dimensional, in which
we choose our dynamical variables to be x, y, z1, σ1, and σ2. Furthermore, the
couplings and scalar field potential are identical to those in Eq. (4.53). As expected,
we recover the single fluid dust case fixed points for both components, although we
obtain a conformal dust dominated fixed point (c), in which neither of the fluids is
subdominant. We list this fixed point in Table 4.7. Fixed point (c) is characterised
by x = y = σi = 0, and

2∑
i=1

z2i λ
i
C(4− 3γi) = 0 . (4.56)

Moreover, the radiation dominated fixed point (6)(r) is also obtained in this way,
although in that case the radiation fluid dominates the solution. This dust dom-
inated fixed point has already been studied in Refs. [482, 486, 489]. The fixed
points for this system are found to be the following: (1), (c), (2), (6)1(d), (6)2(d),

(3)1(d), (4)1(d), (3)2(d), (4)2(d), (7), (8)1(d), and (8)2(d). We use a superscript with the
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Name x y z1 z2 σ1 σ2 Ωϕ wϕ Z1 Z2 weff

(c) 0 0
√

α2

α2−α1

√
α1

α1−α2
0 0 0 - 1 1 0

Table 4.7: The relevant quantities of the conformal dust dominated fixed point obtainedwhen considering

two conformally–disformally coupled dust components.

single fluid dust fixed point labels to indicate the dominant fluid, such that, for su-
perscript i we have zi ̸= 0. We only comment on the existence of (c), since for the
other fixed points, this analysis follows directly from section 4.3.1.1. This conformal
dust dominated fixed point exists when either of the following holds

α2 > 0, α1 ≤ 0, or, α2 = 0, α1 ̸= 0, or, α2 < 0, α1 ≥ 0 .

4.4.3.1 Stability conditions

As was done in the previous cases, we also present the stability analysis of these
fixed points, in which we only discuss the regions where the fixed point is found to
be stable. For completeness, we list all eigenvalues in appendix A.2.3. For each fixed
point we have five eigenvalues e1,2,3,4,5, which, in general depend on all five model
parameters: α1,2, β1,2, λ. This is in contrast with the dust–radiation case, in which,
although we have the same number of eigenvalues, the eigenvalues in that case did
not depend on α2. This is due to the fact that radiation is conformally invariant.

• For this case, the two kinetic dominated fixed points can be stable. Indeed,
(1) is stable when the following holds

α1 >

√
3

2
, α2 >

√
3

2
, β1 > −

√
3

2
, β2 > −

√
3

2
, λ < −

√
6 ,

and (2) is a stable node whenever the following inequalities are satisfied

α1 < −
√

3

2
, α2 < −

√
3

2
, β1 <

√
3

2
, β2 <

√
3

2
, λ >

√
6 .
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Figure 4.9: The stable regions for a two conformal–disformal dust case, show an illustration of the pa-

rameter values ofαi andλ, for fixed points (8)
i=1,2
(d) , when (β1, β2, αj ̸=i) = (0.1, 0.5, 0.7) (left),

(β1, β2, αj ̸=i) = (−0.5, 0.9, 0.7) (right), and (β1, β2, αj ̸=i) = (−0.5, 0.5,−0.8) (bottom).

• The conformal dust dominated fixed point (c), is found to be a saddle when
satisfying the existence condition.

• The conformal kinetic fixed point (6)1(d), is a stable node when the parameters
satisfy the following inequalities

−
√

3

2
< α1 < 0, α2 < α1, β1 <

−2α2
1 − 3

4α1

, β2 <
−2α2

1 − 3

4α1

, λ >
−2α2

1 − 3

2α1

,
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Figure 4.10: The stable node regions for a two conformal–disformal dust case, show an illustration of

the parameter values ofαi andβi, for fixed points (3)
i=1,2
(d) in (a), (b); and (4)i=1,2

(d) in (c), (d), respectively.

The other free parameters are chosen to be as follows: (a) – (βj ̸=i, αj ̸=i, λ) = (0.5,−0.4, 5), (b) –
(βj ̸=i, αj ̸=i, λ)= (0.5,−1, 5), (c) – (βj ̸=i, αj ̸=i, λ) = (0.5, 1,−5), and (d) – (βj ̸=i, αj ̸=i, λ) =
(0.5, 0.4,−5).

or,

0 < α1 <

√
3

2
, α2 > α1, β1 >

−2α2
1 − 3

4α1

, β2 >
−2α2

1 − 3

4α1

, λ <
−2α2

1 − 3

2α1

,
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Case λ α1 β1 α2 β2

I
√

3
2

−1.5 – 0 −5

Ic
√

3
2

−1.5 – 0.035 –

II
√

3
2

−1.5 – 1 −5

IIc
√

3
2

−1.5 – 1 –

III
√

3
2

−1.5 0.5 1 −5

IV
√

3
2

0 0.5 0 −5

Table 4.8: Listed are, respectively, the cases considered in Fig. 4.11 together with the respective parame-

ter values. Cases I, II, III, and IV are all disformally coupled cases, whereas cases Ic and IIc are conformally

coupled cases.

and the other conformal kinetic dust fixed point (6)2(d), is a stable node when
either one of the following conditions is satisfied

−
√

3

2
< α2 < 0, α1 < α2, β1 <

−2α2
2 − 3

4α2

, β2 <
−2α2

2 − 3

4α2

, λ >
−2α2

2 − 3

2α2

,

or,

0 < α2 <

√
3

2
, α1 > α2, β1 >

−2α2
2 − 3

4α2

, β2 >
−2α2

2 − 3

4α2

, λ <
−2α2

2 − 3

2α2

.

The regions of stability for the conformal scaling fixed points (8)1,2(d), are shown
in Fig. 4.9. The regions of stability differ from the previous cases, since the
eigenvalues now depend on all five model parameters, leading to more degrees
of freedom in the (αi, λ)–parameter space.

• The regions of stability for the four disformal fixed points (3)1,2(d) and (4)1,2(d), are
illustrated in Fig. 4.10.
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• The scalar field dominated fixed point (7), is a stable node when the parameters
satisfy either one of the following conditions

−
√
6 < λ < 0 , α1 >

3− λ2

λ
, α2 >

3− λ2

λ
, β1 >

λ

2
, β2 >

λ

2
,

or, 0 < λ <
√
6 , α1 <

3− λ2

λ
, α2 <

3− λ2

λ
, β1 <

λ

2
, β2 <

λ

2
.

We illustrate some examples in Fig. 4.11, in which we consider different coupling
cases as described in Table 4.8. The purely conformal cases are denoted by Ic, and
IIc. We use these conformal cases to compare with the disformal cases I, II, III, and
IV. In case I, we consider the first dust component to be conformally coupled, and
the second component to be purely disformally coupled. In case II, the first dust
component is conformally coupled, whereas the second component is conformally–
disformally coupled. In case III, the two dust components are both conformally–
disformally coupled, whereas in case IV, the two components are purely disformally
coupled. We remark that, when we neglect the disformal coupling, we consider
Mi → ∞ in Eq. (4.53), hence βi is arbitrary in these circumstances.

4.5 Cosmological consequences

In this section, we will summarise our findings and present some cosmological conse-
quences of the discussed fixed points. The only fixed points that admit accelerated
solutions are points (7) and (8)(d). When the attractor of the system is the scalar
field dominated fixed point (7), the matter and radiation sectors vanish completely,
as soon as this point is reached. Hence, in order to account for the present–day
non–zero matter and radiation densities, the initial conditions should be fine–tuned
in such a way that the scalar field dominated attractor is not reached at the present
time. On the other hand, the conformal dust scaling fixed point (8)(d), is a solution
for which the matter and scalar field energy density parameters Ωm,ϕ, stabilise to a
constant finite value and remain indefinitely constant. The values of these energy
density parameters are fixed when the conformal coupling strength parameter α,
and the scalar field potential exponent λ, are specified, and are independent from
the choice of initial conditions. Consequently, the coincidence of the current val-
ues of the energy density parameters is solved when the attractor of the system is
point (8)(d). However, trajectories with this global attractor are known to lack a
matter dominated epoch (see for example Ref. [476]) which could lead to negative
consequences on the growth of perturbations.

All trajectories starting deep in the radiation era depart from the neighbourhood
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Figure 4.11: In (a), (b), (c), and (d) we compare disformally coupled cases (solid line) with conformally cou-

pled scenarios (dashed line). Thence, in (a) cases I and Ic are compared, in (b) cases II and IIc are compared,

in (c) we compare III with IIc, and in (d) we compare IVwith Ic.

of the radiation dominated fixed point (6)(r), even if initially the field’s kinetic energy
dominated, such that the trajectory is near the kination fixed points (1) and (2),
as the system would quickly evolve towards the saddle point (6)(r). After leaving
the radiation dominated fixed point, the trajectory could pass near the radiation
disformal fixed point, mixed fixed point, and the disformal dust radiation fixed point.
The existence of these transient saddle points depends on the parameter choice of
a given model. Indeed, in Fig. 4.6 all three saddle points are present in the field–
radiation–dominated era (ϕRDE), while in Fig. 4.8 only the points (5)(r) and (3)(r)
exist, with (5)(r) being the transient fixed point in the ϕRDE. In this ϕRDE, energy
is transferred from radiation to the coupled scalar field as the trajectory passes
near these transient fixed points. A further energy transfer to the coupled matter
sector is also possible if the trajectory evolves temporarily towards point (b). As
a consequence, radiation–matter equivalence happens at a different e–fold number
when compared with the purely conformal system, which is missing the mentioned
fixed points.
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In the matter dominated era, conformally coupled models are known to enter
a field–matter–dominated era, or ϕMDE [476], characterised by an energy transfer
from matter to the coupled scalar field. This happens as the trajectory passes near
the conformal dust kinetic saddle point (6)(d), before it is attracted towards the
scalar field dominated fixed point (7). In the uncoupled case, fixed point (6)(d) is
fixed at x = y = 0, and hence does not lead to the energy transfer observed in the
conformally coupled model. When matter and radiation are disformally coupled,
the ϕMDE could be modified due to an evolution of the trajectory towards one of
the disformal fixed points. This is clearly seen in Fig. 4.6 in which the system,
after leaving the point (6)(d), passes near the disformal saddle point (3)(d). As a
result, there is a transfer of energy from the coupled scalar field to matter; the
reverse process of the conformally coupled model. An increase in the radiation
energy density could also appear in the ϕMDE. This is illustrated in Fig. 4.8, in
which radiation is disformally coupled while matter is only conformally coupled to
the scalar field. The energy transfer from matter and the scalar field to radiation
occurs, because of a dynamical evolution of the trajectory towards the disformal
radiation saddle point (3)(r), before the trajectory is attracted towards fixed point
(7).

The conformal dust radiation fixed point could also be a transient fixed point, al-
though this requires a large conformal coupling (α2 > 1/2). This might be in conflict
with local observations in the purely conformal scenario, however such constraints
could be relaxed when considering multiple couplings, such as the additional disfor-
mal coupling [3–5]. We will discuss this possibility in more detail in the subsequent
chapters.

The conformal dust dominated fixed point, although it is not able to give an
accelerated expansion of the Universe, it could be a transient fixed point for the
evolution of two coupled dust fluids. In conformally coupled models, the trajectory
first evolves towards the conformal dust kinetic fixed point, resulting in an increase
of the scalar field energy density parameter, and then the trajectory evolves towards
saddle point (c), as it is attracted towards the global attractor point (7). The
transition towards the conformal dust dominated fixed point is clearly seen in case
IIc depicted in Fig. 4.11, characterised by a decrease in the scalar field energy
density before the system evolves towards the dark energy dominated era. On the
other hand, in the presence of a disformal coupling, the disformal fixed point of
the disformally coupled dust component (4)(d), delays the evolution towards the
conformal dust kinetic and the conformal dust dominated fixed points. As shown
in Fig. 4.11, this disformal fixed point can even force the system to evolve directly
towards point (c), and hence no transfer of energy to the coupled scalar field takes
place, which would then shift the field–matter equivalence e–fold number.



4.6 Disformally induced variation of the fine–structure constant 120

4.6 Disformally induced variation of the fine–structure constant

As we briefly alluded in the introduction of this chapter, the idea on the variation
of the fundamental constants of Nature was first raised by Dirac in his Large Num-
bers Hypothesis [415, 416]. The advent of higher–dimensional theories [490, 491], in
which the effective (3 + 1)–dimensional constants can vary in space and time, has
led to an increased interest in Nature’s fundamental constants and their variation.
Despite this, we have seen in chapter 1 that Einstein’s equivalence principle, and
hence local position invariance, is one of the building blocks of gravitational metric
theories, which include amongst others the well–known gravitational theory of Gen-
eral Relativity. Thence, the link between the constancy of fundamental constants
and the equivalence principle is a natural one. Here we focus on space–time varia-
tions of the electromagnetic fine–structure constant4 α ≡ e2/(4πε0ℏc) ≃ 1/137 [492],
where e is the electron charge, ε0 is the permittivity of the vacuum, ℏ is the reduced
Planck’s constant, and c is the speed of light in vacuum.

Since the constraints on possible space–time variations of the electromagnetic
fine–structure constant are becoming tighter (see for instance Ref. [493]), it is imper-
ative to confront those theoretical models which predict such a variation. Stringent
constraints on such a variation have been reported at low redshifts from astrophysical
[494–505], geochemical [506–508], and laboratory [509] observations, while relatively
weaker constraints have been derived from BBN at a redshift of z ∼ 109 [510], and
the cosmic microwave background (CMB) radiation at z ∼ 103 [511].

Theoretically, the most immediate way to obtain a space–time variation of the
electromagnetic fine–structure constant5 is to introduce a non–minimal coupling
between the scalar field and electromagnetic fields [512–516]. It has been shown that
such a non–minimal coupling gives rise to nonconservation of the photon number
along geodesics [517] which results in a modification of the distance–duality relation
[131, 512, 518–522] (see chapter 1) and CMB spectrum distortions [512, 523, 524],
where the latter was thoroughly discussed in chapter 2. Similar results have also
been reported in disformal scalar–tensor theories [472, 525–527]. We will now show
that such non–minimal coupling is not necessary to instigate a non–zero variation
of α, as we can reproduce a varying electromagnetic fine–structure coupling purely
by the introduced disformally related metrics. We presented this model in Ref. [2].

Similar to the set–up that was introduced in section 4.1, here we consider the
following action, respectively consisting of a gravitational sector, a matter sector,

4We remark that, since the variable α was used in the previous sections in a different context,
we chose to adopt the same variable to denote the electromagnetic fine–structure constant in
accordance with its standard notation.

5Since the electromagnetic fine–structure constant is now a dynamical quantity, we will often
refer to the space–time varying α by the fine–structure coupling instead of a constant.
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and an electromagnetic sector:

S = Sgrav (gµν , ϕ) + Smatter
(
g̃(m)
µν

)
+ SEM

(
Aµ, g̃

(r)
µν

)
. (4.57)

The metrics g̃(m)
µν and g̃

(r)
µν , are related to gµν , via a disformal transformation:

g̃(m)
µν = Cmgµν +Dmϕ,µϕ,ν , (4.58)

g̃(r)µν = Crgµν +Drϕ,µϕ,ν . (4.59)

Here, Cr,m and Dr,m are functions of the scalar field ϕ, and we recall that, the func-
tions Cr,m are conformal factors, whereas the functions Dr,m are disformal couplings.
At this point, we do not specify the gravitational sector. Instead, we study the
consequences of the disformally coupled scalar field on the propagation of electro-
magnetic waves. We aim to work in the Jordan frame, by which we mean the frame
in which matter is decoupled from the scalar degree of freedom. We therefore per-
form a disformal transformation of the action above such that all parts of the action
are written in terms of the metric g̃(m)

µν . The electromagnetic sector is specified by

SEM = −1

4

∫
d4x
√
−g̃(r)h(ϕ)g̃µν(r)g̃

αβ
(r)FµαFνβ −

∫
d4x
√

−g̃(m)g̃µν(m)jµAν , (4.60)

where Fµν is the standard antisymmetric Faraday tensor, specified by Fµν = ∂µAν −
∂νAµ, with Aµ and jµ being the electromagnetic vector potential and four–current,
respectively. The function h(ϕ), is the direct coupling between the electromagnetic
field and the scalar. A useful expression for g̃(r)µν , is given by

g̃(r)µν =
Cr

Cm

g̃(m)
µν +

(
Dr −

CrDm

Cm

)
ϕ,µϕ,ν ≡ Ag̃(m)

µν +Bϕ,µϕ,ν . (4.61)

Thence, in terms of this metric, the electromagnetic sector becomes

SEM =− 1

4

∫
d4x
√
−g̃(m)h(ϕ)Zα

[
g̃µν(m)g̃

αβ
(m) − 2γ2g̃µν(m)ϕ

,αϕ,β
]
FµαFνβ

−
∫

d4x
√
−g̃(m)g̃µν(m)jµAν ,

(4.62)

where we raise the indices with the metric g̃(m)
µν , and define

Zα =

(
1 +

B

A
g̃µν(m)∂µϕ∂νϕ

)1/2

, (4.63)
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along with
γ2 =

B

A+Bg̃µν(m)∂µϕ∂νϕ
. (4.64)

Note that the term proportional to γ4 vanishes due to the antisymmetry of Fµν .
Furthermore, note that gauge invariance implies ∇̃µj

µ = 0, where the covariant
derivative is compatible with the metric g̃(m)

µν . The field equations can be readily
obtained by varying the action with respect to Aµ, which results in

∇̃ϵ (h(ϕ)ZαF
ϵρ)− ∇̃ϵ

(
h(ϕ)Zαγ

2ϕ,β
(
g̃ϵν(m)ϕ

,ρ − g̃ρν(m)ϕ
,ϵ
)
Fνβ

)
= jρ , (4.65)

where we again raise the indices with g̃
(m)
µν . The first term in the action (4.62)

contains two parts: the first part consists of the kinetic term for the vector potential
Aµ; the second part is an interaction term between the disformally coupled scalar
field and Aµ. The latter vanishes in the case of vanishing disformal couplings. From
the form of the action (4.62) we might naively think that, the fine–structure coupling
is simply given by α ∝ 1/(h(ϕ)Zα). This is not the case, as we shall show.

To identify the effective electromagnetic coupling (or the fine–structure constant)
α, we start by deriving the field equation for the electric field in Minkowski space,
where we set g̃(m)

µν = ηµν , and further consider the bare speed of light c = 1. We
also assume that the scalar field is a function of time only. From the obtained field
equation (4.65), and using the fact that the electric field is identified by Ei = F i0,
we find that the field equation for the electric field reduces to

∇ ·E =
Zαρ

h(ϕ)
, (4.66)

where ρ = j0 is the charge density. By integrating this equation over a volume V , it
is straightforward to derive the electrostatic potential VE(r) (for which E = −∇VE)
at a distance r, which is found to be VE(r) = ZαQ/(4πh(ϕ)r), where Q is the total
charge contained in V . Comparing this to the standard expression for the tree–level–
potential from Quantum Electrodynamics, one finds that α has the following simple
dependence on Zα and h(ϕ):

α ∝ Zα

h(ϕ)
. (4.67)

Note that if matter and radiation couple in the same way to the scalar field (in which
g̃
(m)
µν = g̃

(r)
µν , such that A = 1 and B = 0) we have Zα = 1, and we recover the usual

form of α ∝ 1/h(ϕ) [469, 512, 528–534].
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4.6.1 Cosmological evolution

For clarity, we rewrite the adopted gravitational–scalar action

Sgrav (gµν , ϕ) =

∫
d4x

√
−g
(
M2

Pl

2
R− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

)
, (4.68)

where R is the Ricci scalar calculated with respect to the metric gµν . For simplicity,
in this section we will adopt the reduced Planck units by setting MPl = 1. Hence,
the theory we consider is given in the Einstein frame by the following action

S =

∫
d4x

√
−g
(
1

2
R− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

)
+ Smatter

(
g̃(m)
µν

)
− 1

4

∫
d4x
√
−g̃(r)h(ϕ)g̃µν(r)g̃

αβ
(r)FµαFνβ .

(4.69)

The last term in the action above describes the dynamics of the CMB photons.
From now on, we will refer to the three distinctive frames as the Einstein frame,
radiation frame, and Jordan frame, corresponding to the metrics gµν , g̃(r)µν , and g̃(m)

µν ,
respectively. We define the radiation frame as the frame in which all electromagnetic
quantities are defined in their standard way. Furthermore, we define the Jordan
frame as the frame in which matter is decoupled from the scalar field. As we have
seen in the previous sections of this chapter, the gravity–scalar part of the action is
written in its simplest form in the Einstein frame, thus, we will be working in this
frame and not in the other two frames where in general this part of the action has
a non–standard form.

By the variation of the action (4.69) with respect to the metric gµν , we obtain
the Einstein field equations

Gµν = T µν
ϕ + T µν

(m) + T µν
(r) , (4.70)

where Gµν = Rµν− 1
2
gµνR is the usual Einstein tensor in the Einstein frame, with the

Ricci tensor denoted by Rµν . We recall that, the energy–momentum tensors of the
scalar field, matter, and radiation are denoted by T µν

ϕ , T µν
(m), and T µν

(r) , respectively.
We specify these energy–momentum tensors as follows
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T ϕ
µν =∂µϕ∂νϕ− gµν

(
1

2
gρσ∂ρϕ∂σϕ+ V (ϕ)

)
, (4.71)

T (m)
µν =− 2√

−g

δ
(√

−g̃(m)L̃m

)
δgµν

, (4.72)

T (r)
µν =− 2√

−g

δ
(√

−g̃(r)L̃EM

)
δgµν

, (4.73)

where we define the electromagnetic Lagrangian by L̃EM = −1
4
h(ϕ)g̃µν(r)g̃

αβ
(r)FµαFνβ,

and denote the matter Lagrangian by L̃m. We now use the variation of the action
(4.69) with respect to the scalar field, which leads us to the Klein–Gordon equation

□ϕ− V ′ = −Qm −Qr , (4.74)

where, in this section, we denote a derivative with respect to the scalar field by a
prime. Moreover, we have introduced a matter coupling strengthQm, and a radiation
coupling strength Qr, given by

Qm =
C ′

m

2Cm

T(m) +
D′

m

2Cm

ϕ,µϕ,νT
µν
(m) −∇µ

[
Dm

Cm

ϕ,νT
µν
(m)

]
, (4.75)

Qr =
C ′

r

2Cr

T(r) +
D′

r

2Cr

ϕ,µϕ,νT
µν
(r) +

h′

h
C2

r

√
1 +

Dr

Cr

gµνϕ,µϕ,ν L̃EM −∇µ

[
Dr

Cr

ϕ,νT
µν
(r)

]
,

(4.76)

where T(r) and T(m), are the trace of T µν
(r) and T µν

(m), respectively. We note that for
Eq. (4.76) we have also used Eq. (B.4), which we give in appendix B along with
other useful variable transformations. As a result of the Bianchi identities, the total
energy–momentum tensor in the Einstein frame is covariantly conserved with respect
to the Einstein frame metric, leading to the following conservation equation

∇µ

(
T µν
ϕ + T µν

(m) + T µν
(r)

)
= 0 . (4.77)

Although this holds for the total energy–momentum tensor, the couplings under
consideration do not allow each of the energy–momentum tensors to be individually
conserved. Indeed, by using Eqs. (4.71), (4.74), and (4.77), we find that the matter
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and radiation conservation equations now read as follows

∇µT
µ
(m)ν = Qmϕ,ν , (4.78)

∇µT
µ
(r)ν = Qrϕ,ν , (4.79)

where a similar derivation is described in Refs. [470, 472, 535–537]. We shall now
consider perfect fluid energy–momentum tensors for radiation and matter in the
Einstein frame

T µν
(r) = (ρr + pr)u

µuν + prg
µν , (4.80)

T µν
(m) = (ρm + pm)u

µuν + pmg
µν , (4.81)

where ρr and pr, are the Einstein frame radiation energy density and pressure, re-
spectively. Similarly, ρm and pm are the Einstein frame matter energy density and
pressure, respectively, and uµ is the Einstein frame four–velocity. By projecting the
matter and radiation conservation equations along the four–velocity, we obtain the
following modified conservation equations

uµ∇µρr + (ρr + pr)∇µu
µ = −Qru

µϕ,µ , (4.82)

uµ∇µρm + (ρm + pm)∇µu
µ = −Qmu

µϕ,µ . (4.83)

These modified conservation equations show that energy is transferred from the
scalar field, depicted by the term projecting the field gradient along the four–velocity.
We also define a perfect fluid energy–momentum tensor for both radiation and matter
in the respective radiation frame and Jordan frame, given by

T̃ µν
(r) = (ρ̃r + p̃r)ũ

µũν + p̃rg̃
µν
(r) , (4.84)

T̃ µν
(m) = (ρ̃m + p̃m)ũ

µũν + p̃mg̃
µν
(m) . (4.85)

Following the adopted approach of the previous sections, we will be considering a
time–dependent scalar field, and a spatially flat FLRW Einstein frame metric, with
expansion scale factor a(t). Furthermore, we introduce the following electromagnetic
parametrisation6 [514]

η ≡ L̃EM

ρ̃r
, (4.86)

where η could be positive or negative and have a modulus between 0 and ≈ 1.
6Not to be confused with the conformal time variable of chapter 1.
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We should note that in Ref. [514] they associate the η parameter with matter
energy density and not with radiation energy density. Also, by setting η = 1 in
the introduced electromagnetic parametrisation, and considering the special case
of Cr(ϕ) = Cm(ϕ) = 1, together with Dr(ϕ) = Dm(ϕ) = 0, we recover all the
relevant equations given in Ref. [512], in which a statistical microscopic approach
was employed. Using Eq. (B.10), we obtain the following relationship between the
energy density in the radiation frame and that in the Einstein frame

ρ̃r =
ρr
C2

r

√
1 +

Dr

Cr

ϕ,µϕ,µ . (4.87)

Hence, we can now write the radiation coupling parameter Qr, in terms of this η–
parametrisation, as follows

Qr =
C ′

r

2Cr

T(r)+
D′

r

2Cr

ϕ,µϕ,νT
µν
(r)+

h′(ϕ)

h(ϕ)

[
1 +

Dr

Cr

ϕ,µϕ
,µ

]
ηρr−∇µ

[
Dr

Cr

ϕ,νT
µν
(r)

]
. (4.88)

For FLRW cosmology, we find that the Klein–Gordon equation (4.74), together with
the conservation equations (4.78)–(4.79), reduce to the following set of equations

ϕ̈+ 3Hϕ̇+ V ′ = Qm +Qr , (4.89)

ρ̇m + 3H(ρm + pm) = −Qmϕ̇ , (4.90)

ρ̇r + 3H(ρr + pr) = −Qrϕ̇ , (4.91)

where H = ȧ/a is the Hubble parameter, and a dot represents an Einstein frame
time derivative. By using Eqs. (4.89), (4.90), and (4.91), we can rewrite Eq. (4.75)
and Eq. (4.88) in an analogous form to Eqs. (4.22)–(4.25), as follows

Qm =
Ar

ArAm −DrDmρrρm

[
Bm − DmBr

Ar

ρm

]
, (4.92)

Qr =
Am

ArAm −DrDmρrρm

[
Br −

DrBm

Am

ρr

]
, (4.93)
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where

Ar =Cr +Dr

(
ρr − ϕ̇2

)
, (4.94)

Am =Cm +Dm

(
ρm − ϕ̇2

)
, (4.95)

Br =

{
1

2
C ′

r (3wr − 1)− 1

2
D′

rϕ̇
2 +

h′(ϕ)

h(ϕ)

(
Cr −Drϕ̇

2
)
η

+Dr

[
C ′

r

Cr

ϕ̇2 + V ′ + 3Hϕ̇ (1 + wr)

]}
ρr ,

(4.96)

Bm =

{
1

2
C ′

m (3wm − 1)− 1

2
D′

mϕ̇
2 +Dm

[
C ′

m

Cm

ϕ̇2 + V ′ + 3Hϕ̇ (1 + wm)

]}
ρm .

(4.97)

Using Eq. (B.12), it follows that for pressureless matter, the equation of state
parameter in both frames is identically zero. However, according to Eq. (B.12), the
equation of state parameter for radiation in the Einstein frame is now modified to
[472, 485]

wr =
1

3

(
1− Dr

Cr

ϕ̇2

)
, (4.98)

where we have used the fact that in the radiation frame w̃r = 1/3. We find that the
respective exact solutions for Eq. (4.90) and Eq. (4.91), are given by

ρm ∝ C2
m

Ym

(
aC

1
2
m

)−3

, (4.99)

ρr ∝
C2

r

hηYr

(
aC

1
2
r

)−4

, (4.100)

where we define Y 2
m = 1− (Dm/Cm)ϕ̇

2, Y 2
r = 1− (Dr/Cr)ϕ̇

2, and assume constant η
in Eq. (4.100). As expected, we find that ρ̃m ∝ ã−3

(m), where ã(m) is the scale factor
in the Jordan frame, and that ρ̃r ∝ h−ηã−4

(r), where ã(r) is the radiation frame scale
factor.

From the field equations (4.70), we derive the Friedmann equations in the Ein-
stein frame, given by
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H2 =
1

3
(ρm + ρr + ρϕ) , (4.101)

Ḣ = −1

6

[
3
(
ρm + ϕ̇2

)
+ ρr

(
4− Dr

Cr

ϕ̇2

)]
, (4.102)

where we have also used Eq. (4.98), and defined the energy–momentum tensor of
the scalar field as that of a perfect fluid with ρϕ = (1/2)ϕ̇2 + V (ϕ), and pϕ =
(1/2)ϕ̇2−V (ϕ). We admit that the scalar field characterising the disformal coupling
is also responsible for the current accelerated expansion of the Universe, thence, it
is the dark energy. In order to compare our model’s dark energy equation of state
parameter to a supernovae Type Ia (SNIa) data set [538], we need to derive an
effective equation of state parameter7 weff, following Refs. [485, 539]. We remark
that, experimental constraints on dark energy assume a non–interacting dark sector.
Thence, on assuming that dark energy is given by a non–interacting perfect fluid, de-
scribed by its equation of state parameter weff, we can write the energy conservation
equation as follows

ρ̇eff
DE = −3H (1 + weff) ρ

eff
DE . (4.103)

By our dark sector assumption, dark matter is also assumed to be non–interacting,
hence we can write the following Friedmann equation

H2 =
1

3

(
a−4ρr,0 + a−3ρm,0 + ρeff

DE
)
, (4.104)

where we recall that, we denote present–day quantities by a 0–subscript. By com-
paring Eq. (4.104) with Eq. (4.101), we get the energy density of the effective dark
energy fluid

ρeff
DE = ρm + ρr + ρϕ − a−4ρr,0 − a−3ρm,0 . (4.105)

After taking the Einstein frame time derivative of Eq. (4.105), substituting the
Klein–Gordon equation (4.89), the matter conservation equation (4.90), the radia-
tion conservation equation (4.91), and comparing the final equation with Eq. (4.103),
we arrive at the effective equation of state parameter

weff =
pϕ + ρr

(
wr − 1

3
a−4 ρr,0

ρr

)
ρeff

DE
, (4.106)

where wr is the equation of state parameter for radiation in the Einstein frame,
specified by Eq. (4.98). We should mention that, in the absence of the radiation,

7We remark that, this should not be confused with the variable defined in section 4.2.
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matter, and electromagnetic couplings, weff reduces to the usual equation of state
parameter for a quintessence scalar field of wϕ = pϕ/ρϕ.

4.6.2 Observational constraints

We will only consider a choice of parameters for our models in accordance with
the reported cosmological, astrophysical, geochemical, and laboratory measurements.
Since we now have identified the fine–structure coupling α ∝ Zα/h(ϕ), we can also
define the temporal variation of α, which we denote by α̇/α, where dot refers to
the temporal derivative. As we are interested in solving our equations in a spatially
flat FLRW metric, with a time–dependent scalar field, we here give the temporal
variation of α in the mentioned setting. In this scenario, the coupling function Zα,
defined in Eq. (4.63), reduces to

Zα =

(
1− Dr

Cr
ϕ̇2

1− Dm

Cm
ϕ̇2

) 1
2

. (4.107)

Furthermore, by considering the electromagnetic coupling h(ϕ), along with the scalar
field dependent conformal and disformal couplings, it follows that Zα = Zα

(
ϕ, ϕ̇

)
.

We then arrive to the equation for the temporal variation of the fine–structure cou-
pling, given by

α̇

α
=

1

Zα

(
∂Zα

∂ϕ
ϕ̇+

∂Zα

∂ϕ̇
ϕ̈

)
− 1

h

dh

dϕ
ϕ̇ . (4.108)

Also, the redshift evolution of the fine–structure coupling is specified by the quantity8

∆α

α
(z) ≡ α(z)− α(z = 0)

α(z = 0)
=
h(ϕ0)Zα(z)

h(ϕ(z))Zα,0

− 1 , (4.109)

where ϕ0 is the present–day scalar field value, and Zα,0 is the current value of Zα.
In the absence of disformal couplings, we recover the usual forms of the temporal
variation and evolution of the fine–structure coupling, as reported in Refs. [469, 512,
528–534]. In order to choose our parameters, we will make use of the following:

1. the Union2.1 SNIa data set [538] and the Planck collaboration results [65],
such that the present time cosmic parameter values are in accordance with our
final time boundary conditions. These results are summarised in Table 4.9.
Since we are using a spatially flat FLRW Einstein frame metric, it follows that
Ωϕ,0 ≈ 0.7.

8Note that the redshift is frame–invariant; see Ref. [472] and Ref. [526] for more details.
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Parameter Estimated value Ref.

wϕ,0 . . . . . . −1.006± 0.045 [65]

H0 . . . . . . . (67.8± 0.9) km s−1 Mpc−1 [65]

Ωm,0 . . . . . 0.308± 0.012 [65]

Table 4.9: Listed are, respectively, the cosmological parameter, its estimated value, and the original refer-

ence.

2. the currently, most stringent atomic clock (AC) constraint on the present tem-
poral variation of α [509]

α̇

α

∣∣∣∣
0

= (−1.6± 2.3)× 10−17 yr−1, (4.110)

3. an Oklo natural reactor constraint, in which self–sustained natural fission re-
actions took place at around 2 Gyr ago (z ≈ 0.16) [507, 508]

|∆α|
α

< 1.1× 10−8, (4.111)

4. the 187Re meteorite constraint over the age of the solar system of around 4.6
Gyr (z ≈ 0.43) [506]

∆α

α
= (−8± 8)× 10−7, (4.112)

5. astrophysical data, including the eleven data points from the recently re-
ported data set, which contains the results of the Ultraviolet and Visual
Echelle Spectrograph (UVES) [499, 500]. We list these measurements in Ta-
ble 4.10, and plot the corresponding data points for the redshift evolution of
∆α/α in the figures of section 4.6.3. We also use the large data set from Keck
telescope and ESO’s Very Large Telescope (VLT) surveys [494]. By assuming
that ∆α/α measurements are specified by a simple weighted mean, it is found
that (∆α/α)w = (−0.57± 0.11)× 10−5 [504] for the Keck quasi–stellar object
(QSO) observations, while for the VLT quasar spectra observations, we have



131 Dynamics & cosmological implications of multifluid dark energy interactions

(∆α/α)w = (0.208± 0.124)× 10−5 [502]. These results differ from one another
at around 4.7σ, suggesting a dipole–like variation in α. The binned many–
multiplet (MM) VLT + Keck combined sample is also used in our ∆α/α red-
shift evolution plots, in which the statistical errors for certain points have been
increased prior to binning, as described in Ref. [502]. We also use the weighted
mean of the twenty–one Si IV doublets of (∆α/α)w = (−0.5±1.3)×10−5 [505],
where the alkali–doublet (AD) method was implemented. Moreover, we include
two other measurements of ∆α/α = (−0.10 ± 0.22) × 10−5 at z = 0.25, and
∆α/α = (−0.08 ± 0.27) × 10−5 at z = 0.68, for which HI 21 cm absorption
lines were used [501]. Other consistent results can be found in Ref. [503], and
a detailed review on the constraints of ∆α/α is given in Refs. [493, 534, 540].

6. the CMB radiation constraint (z ∼ 103) of [511]

∆α

α
= (3.6± 3.7)× 10−3, (4.113)

7. and finally, constraints coming from axion–like particle searches, such as shining–
light–through–a–wall experiments, which are capable of putting a constraint
on Dr. For instance, when matter fields and photons are coupled in the same
way to the scalar field, an upper bound on a constant radiation coupling of
D

−1/4
r ≲ 10−11 GeV was placed [525]. We remark that, we fulfil9 this upper

bound in our examples of section 4.6.3.

The models presented in section 4.6.3 satisfy the above constraints, even though,
there are parameter combinations that lead to cases which do not respect the Oklo
bound. For example, some models in Fig. 4.12 do not pass the Oklo bound.

Before we compare our models with observational data, we remark that, in
terms of the dynamical system variables introduced in Eqs. (4.26)–(4.27), the fine–
structure coupling simplifies to

α ∝ Zr

Zm

, (4.114)

9Following the reported observations of gravitational–waves [16] along with its optical counter-
part [17] from the binary neutron star merger GW170817 [18], very stringent constraints are now
placed [439] on a constant radiation disformal coupling. Other constraints have been reported in
Refs. [527, 541].
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Object z (∆α/α)× 106 Spectrograph Ref.

Three sources 1.08 4.3± 3.4 HIRES [495]

HS1549+1919 1.14 −7.5± 5.5 UVES/HIRES/HDS [500]

HE0515-4414 1.15 −0.1± 1.8 UVES [496]

HE0515-4414 1.15 0.5± 2.4 HARPS/UVES [497]

HS1549+1919 1.34 −0.7± 6.6 UVES/HIRES/HDS [500]

HE0001-2340 1.58 −1.5± 2.6 UVES [498]

HE1104-1805A 1.66 −4.7± 5.3 HIRES [495]

HE2217-2818 1.69 1.3± 2.6 UVES [499]

HS1946+7658 1.74 −7.9± 6.2 HIRES [495]

HS1549+1919 1.80 −6.4± 7.2 UVES/HIRES/HDS [500]

Q1101-264 1.84 5.7± 2.7 UVES [496]

Table 4.10: Listed are, respectively, the object along each line of sight, the redshift of the absorber, the

measurements of∆α/α, the spectrograph, and the original reference. The first measurement is the

weighted average from eight absorbers in the redshift range 0.73 < z < 1.53, along the lines of sight of
three quasars reported in Ref. [495].

where the variable Zi is defined by Eq. (4.40), and we use subscripts r and m
for radiation and matter, respectively. Thence, the evolution of the fine–structure
coupling can be written as

∆α

α
=

(
Zr

Zm

)(
Z0

m

Z0
r

)
− 1 , (4.115)

where Z0
m = Zm(z = 0) and Z0

r = Zr(z = 0). From Eq. (4.114), it is evident
that for a disformal fixed point which is characterised by a metric singularity in
either the radiation metric or the matter metric, the fine–structure coupling cannot
be defined. This observation supports the arguments presented in Ref. [480], in
which such fixed points were considered as unviable fixed points. However, one
could consider a trajectory such that the system discussed in section 4.4.1 reaches
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(5)(r) at BBN, and evolve towards the attractor (8)(d), in which case Eq. (4.115)
reduces to ∆α/α =

√
1 + 4/ (2− 3β2

r ) − 1. By considering this evolution, and by
using a conservative BBN constraint of |∆α/α| < 6 × 10−2 [488, 540], we get that
|βr| > 3.48.

4.6.3 Current status

For the following analyses, we will adopt these specific forms of couplings and scalar
field potential:

Ci(ϕ) = Υie
xiϕ , (4.116)

Di(ϕ) =M−4
i eyiϕ , (4.117)

h(ϕ) = 1− ζ (ϕ− ϕ0) , (4.118)

V (ϕ) =M4
V e

−λϕ . (4.119)

The introduced mass scales Mi and MV , are tuned in order to obtain the correct
present–day cosmological parameters as listed in Table 4.9, and ensure that we sat-
isfy the constraint on the temporal variation of the fine–structure coupling of Eq.
(4.110). Typically, we find that Mi ∼ MV ∼ meV. In our models, we will only con-
sider disformally coupled radiation, thence we set Cr(ϕ) = 1 for all the models under
consideration. On the other hand, whenever we consider a scalar field dependent
conformal matter coupling, we also tune the dimensionless parameter Υm, together
with the other mass scales, in order to agree with the reported cosmological parame-
ters of Table 4.9, and the temporal variation of the fine–structure coupling stringent
constraint. Following the symmetry breaking argument of Ref. [542] for a slowly
evolving time–dependent scalar field, we only consider a linear electromagnetic cou-
pling function. We are constrained on the magnitude of the introduced dimensionless
electromagnetic coupling parameter ζ, from local tests of the equivalence principle,
which imply that [534]

|ζlocal| < 10−3 . (4.120)
Another constraint on ζ was obtained in Ref. [543] using the CMB and large–scale
structure data in combination with direct measurements of the expansion of the
Universe, and more recently, another tighter constraint was obtained in Ref. [544],
in which they reported that |ζ| < 5× 10−6.

We will now consider several models specified by different sets of model param-
eters. From our numerical results we found that, a change in the magnitude of |η|
between 0 and 1 has negligible effect on the results, so we set η = 1 in all the mod-
els. We summarise the different parameter values for each specific model in Table
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Fig. Mr Mm Υm xm |ζ| MV λ (α̇/α)|0 × 1017

4.12 ∼ meV ∼ meV 1 0 < 5× 10−6 2.69 meV 0.45 −2.14 ∼ −1.62

4.13 ∼ meV 15 meV 8 0.14 0 2.55 meV 0.45 −2.41 ∼ 0.70

4.14 ∼ meV 15 meV 8 0.14 < 5× 10−6 2.55 meV 0.45 −2.10 ∼ −1.24

Table 4.11: Listed are, respectively, the figure reference, the parameter values for each specificmodel,

and the range of (α̇/α)|0, corresponding to the range of parameter values considered in each figure.

4.11, where we have neglected the parameters ym and yr, from the table since these
parameters are both set to zero for the models shown in Figs. 4.12–4.14, although
we do discuss a model with exponential disformal couplings in section 4.6.3.1.

The data points shown in Figs. 4.12–4.14 depicting the redshift evolution of
∆α/α, were taken from section 4.6.2, as described therein. The respective data sets
are indicated in the legend of each plot, where UVES + HIRES + HDS + HARPS
refers to the compiled data points of Table 4.10. Moreover, for the illustrated limits
on weff, we make use of the constraints which were reported with (orange), and
without (yellow) SNIa systematics [538]. The dotted and dot–dashed horizontal
lines shown in the yellow regions depicting the weff constraints, indicate the central
values of the reported constraints with and without SNIa systematics in each redshift
bin, respectively. Although we start integrating our equations from z = 103, at which
we set ϕini = 1.5MPl as our initial condition, we restrict our plots to the redshift
range where observational data is mostly concentrated.

4.6.3.1 Disformal couplings

In our first scenario, we consider disformally coupled radiation and matter in the
absence of matter and radiation conformal couplings. Moreover, we set ζ = 0, in
order to get a purely disformal case without the addition of an electromagnetic
coupling. This purely disformal case is an interesting model to consider, since it still
predicts a non–zero variation of the fine–structure coupling, without the need of the
conventional electromagnetic coupling. The redshift evolution of ∆α/α, is shown in
Fig. 4.12, in which we consider constant matter and radiation disformal couplings.
We have also considered a purely disformal case with exponential disformal couplings,
by setting Mm = Mr = 100 meV, ym = 23.5, and yr = 1, together with MV = 4.75
meV and λ = 2. The latter two parameters were changed from those presented in
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Figure 4.12: Redshift evolution ofΩi’s (left),weff,wϕ (right), and∆α/α (bottom) when considering disfor-

mally coupledmatter and radiation, with andwithout an electromagnetic coupling. In the bottom plot, the

solid line depicts the purely disformal case, whereas the dot–dashed, dashed, and dotted lines correspond

to ζ = −4.9×10−6, 1×10−6, 4.9×10−6, respectively. The other model parameters are summarised

in Table 4.11.

Table 4.11 in order to satisfy the current cosmological parameter constraints, whereas
the exponential disformal coupling parameters were chosen such that the calculated
temporal variation of the fine–structure coupling lies within the tight bounds of the
atomic clock constraint. Since the redshift evolutions of ∆α/α, Ωi’s, weff, and wϕ,
for constant disformal and exponential disformal couplings are indistinguishable, we
only show the constant disformal couplings case in Fig. 4.12.
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Figure 4.13: Redshift evolution ofΩi’s (left),weff,wϕ (right), and∆α/α (bottom) when considering con-

formally and disformally coupledmatter, along with disformally coupled radiation in the absence of an

electromagnetic coupling. In the bottom panel, the solid, dashed, dot–dashed, and dotted lines correspond

toMr = 24.91, 25.45, 25.91, 26.91meV, respectively. The other model parameters are summarised

in Table 4.11.

4.6.3.2 Conformal & disformal couplings

We now consider matter to be conformally and disformally coupled, together with
disformally coupled radiation. Thence, an exponential matter conformal coupling,
along with constant disformal matter and radiation couplings are considered, as
summarised in Table 4.11. The range of values for the constant disformal couplings
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Figure 4.14: Redshift evolution ofΩi’s (left),weff,wϕ (right), and∆α/α (bottom) when considering con-

formally and disformally coupledmatter, along with disformally coupled radiation, in the presence of an

electromagnetic coupling. In the bottom panel, the solid, dashed, dot–dashed, and dotted lines correspond

to ζ = −4.9× 10−6, −1× 10−6, 1× 10−6, 4.9× 10−6, respectively. The other model parameters

are summarised in Table 4.11.

are chosen, such that the predicted current temporal variation in the fine–structure
coupling lies within the limits of the constraint specified by Eq. (4.110), as these are
the model parameters which directly influence the evolution of α. We also restrict
the values of the other model parameters, mainly the scalar field potential and the
conformal matter coupling parameters, in order to be in agreement with the current
cosmological values of Table 4.9. Four different constant radiation energy scales are
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used in this model, as illustrated in Fig. 4.13. We demonstrate that one can also get
a non–zero value for the variation of α, without the introduction of the conventional
electromagnetic coupling. In these models |∆α/α| at the CMB era, is predicted to
be O(10−8 − 10−7), which is well within the current bounds.

4.6.3.3 Disformal & electromagnetic couplings

In this case, we consider matter and radiation to be disformally coupled, along with
an electromagnetic coupling. We again choose our model parameters, so that we are
in agreement with the limits of section 4.6.2. In Fig. 4.12 we only consider constant
matter and radiation couplings, as described in Table 4.11. These disformal mass
scales together with the non–zero ζ, determine the evolution of the fine–structure
coupling. We consider three different values for these parameters, each giving a dif-
ferent redshift evolution of α, although they all predict the same cosmology as long
as the other independent parameters are unchanged. The range of |∆α/α|, for these
models at the CMB redshift is O(10−8 − 10−6), which lies within the current CMB
constraint. In Fig. 4.12 we also plot the purely disformal case, discussed in section
4.6.3.1, in order to see the effect of the electromagnetic coupling on disformally cou-
pled matter and radiation. We can clearly observe that an electromagnetic coupling
enhances the cosmological evolution of ∆α/α.

4.6.3.4 Disformal, conformal & electromagnetic couplings

We now combine the previously discussed cases, where we here consider conformally
and disformally coupled matter, along with disformally coupled radiation, in the
presence of an electromagnetic coupling. We choose a linear electromagnetic coupling
as in Eq. (4.118) and an exponential conformal matter coupling. As in the previous
cases, we choose our model parameters so that we are in agreement with the limits of
section 4.6.2. In Fig. 4.14 we show different theoretical predictions of the variation
of α, when considering four different ζ and Mr parameter values, as summarised in
Table 4.11. In general, at least for our chosen parameters, we can conclude that
the introduction of an electromagnetic coupling slightly enhances the variation of
the fine–structure coupling, albeit still in agreement with current observational data.
Indeed, for these models, |∆α/α| at the CMB era is O(10−7− 10−6), still within the
reported CMB constraint.

4.7 Conclusions

In the opening pages of this chapter, we have briefly discussed the emergence of
scalar–tensor theories of gravity, which have played a prominent role in the proposal
of a vast number of related theories. We have then focused on a generic model,
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in which the minimally coupled scalar field was explicitly coupled to multiple fluid
components, and performed a thorough analysis of generalised couplings of a scalar
field with a single or two matter fluids. More specifically, we first generalised previous
literature results by studying a scalar field conformally and disformally coupled to
a perfect fluid with an arbitrary equation of state. We investigated the generic
existence conditions and evaluated the stability conditions for the particular cases
of dust and radiation.

We verified that depending on the value of the logarithmic slope of the disformal
coupling λiD = −2(αi + βi), the fixed points may have a region of parameter space
that render it stable. In general, the introduction of disformal couplings allows any
given fixed point to have a relevant cosmological role at some given epoch of the
history of the Universe. For example, the kinetic fixed point for dust turns out to
be stable when the disformal coupling is introduced.

We then extended this analysis to a system consisting of two perfect fluids. Here
the analysis is far more complex and despite not being able to present results for
generic fluids, we were able to understand in detail the cases of a conformal–disformal
dust and conformal–disformal radiation, and two conformal–disformal dust compo-
nents, which are the most relevant cases for cosmological applications. In the case of
a conformal dust and conformal–disformal radiation of section 4.4.2, we illustrated
an intriguing example of when the radiation component may become important at
late–times. We concluded that disformal couplings on their own are repellors, thus
the matter metric singularity is safely avoided.

We also looked at some cosmological consequences arising from the obtained
fixed points. The introduction of the disformal fixed points lead to an intermediate
phase between the radiation era and equivalence, denoted by ϕRDE, and to the
modification of an intermediate phase between the matter era and accelerated era,
denoted by ϕMDE, where the latter intermediate phase is also present in purely
conformal models.

Finally, we illustrated that a varying electromagnetic fine–structure coupling
is a characteristic of disformally related metrics. Thus, this offers an alternative
mechanism to the conventional non–minimal electromagnetic coupling, which has
repeatedly been adopted as a reference model for this phenomenon. In our analy-
ses, we have included this electromagnetic coupling in some of our models, and we
observed that this non–minimal coupling enhances the variational evolution of the
fine–structure coupling. From our numerical results, we found that when the present
temporal variation of the fine–structure coupling constraint is satisfied, the other geo-
chemical and astrophysical constraints are also fulfilled. We should remark that, the
Oklo bound is not always satisfied by the chosen model parameters, although we
do find some specific models which predict a variation in the fine–structure cou-
pling that fulfil the Oklo constraint. We have also considered the relatively weak
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constraint from the CMB, which is well satisfied in all our models. An interesting
relationship between the variation of the fine–structure coupling and the dynamical
system analysis, has also been discussed.

Although the possibility of space–time variations of the fundamental constants
of Nature could be considered as a peculiar idea, it has remarkably played an im-
portant role in the progress of theoretical as well as in observational cosmology. In-
deed, there are several currently ongoing and proposed facilities which could tighten
the current constraints on a varying fine–structure coupling. For instance, high–
resolution ultra–stable spectrographs are expected to increase the accuracy of the
currently reported spectroscopic measurements, including PEPSI at the Large Binoc-
ular Telescope [545, 546], ESPRESSO at the VLT [547], and ELT–HIRES at the
European Extremely Large Telescope [548, 549]. Moreover, the Atacama Large Mil-
limeter/submillimeter Array [550, 551] is also expected to increase the sensitivity to
detect radio continuum sources, and laboratory measurements with molecular and
nuclear clocks are also expected to increase their sensitivity to as high as 10−21 yr−1

[552]. Other observational constraints coming from compact objects, such as white–
dwarfs [553, 554], are equally being explored.



If there isn’t any quasi–static Universe after all,
then get rid of the cosmological term.

Albert Einstein

5
On the imprints of generalised interacting

dark energy

Certainly, the theoretical understanding of the late–time accelerated expansion of
the Universe still remains one of the most important open challenges in modern
cosmology. In the previous chapters we have observed that, assuming the validity
of General Relativity at the largest observed scales, this recent cosmic epoch can
not be explained by standard baryonic matter, but we require a cosmic fluid with a
generous negative value of pressure to energy density ratio to dominate the energy
budget of the Universe. Consequently, this so–called dark energy constituent of the
Universe will be able to drive this accelerated cosmic expansion, in accordance with
cosmological observations.

We have already seen that, the simplest candidate of dark energy is in the form
of a non–dynamical positive cosmological constant, that lies at the heart of the
concordance ΛCDM model, which peculiarly started to dominate the energy budget
of the Universe only recently. However, in chapter 3 we showed that more general
dynamical forms of dark energy are allowed by current data, thus one can consider
the extensively studied quintessence models [325, 327, 466], which were introduced
in chapter 4. In these type of models, the accelerated expansion of the Universe is
driven by the dynamics of a quintessence scalar field. At late–times, the evolution of
the scalar field is primarily dominated by the potential energy rather than its kinetic
energy, thus mimicking the standard cosmological constant.

Moreover, dark energy and dark matter are conventionally assumed to be non–
interacting and independent components of the dark sector. However, in light of
the exotic nature of the dark sector, there is no fundamental reason to suppress
or even forbid this direct coupling (see for example Ref. [555] for a quantum
field theory formulation). For instance, from solar system [556] and laboratory
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[557, 558] tests, we know that a coupling between the baryonic sector, and dark
energy is severely constrained, although this does not follow for the dark matter
species. Several consequences have been explored in the literature, including the
rotation in the direction of the polarisation of light [465], spectral distortions of
the cosmic microwave background radiation [472, 559] (see chapter 2), the emission
of Cherenkov and bremsstrahlung radiation from charged particles [527], and the
variation of the electromagnetic fine–structure constant [2], where the latter was
discussed in the previous chapter. Thus, in order to avoid such rigid constraints,
we will be considering a coupled quintessence [468] cosmological model in which
the standard model particles are uncoupled from the dark sector interaction. Sev-
eral couplings of this type have been proposed in the literature (see for example
Ref. [560] for a review), and their cosmological consequences have been thoroughly
studied [4, 5, 471, 480, 481, 485, 486, 535, 561–578].

In this chapter we will be focusing on a coupled quintessence model, in which
cold dark matter is coupled to the dark energy scalar field via a conformal and a
disformal interaction [485], which have the same form as those used in chapter 4.
We will see that the disformal coupling term [448] brings along intriguing features
which distinguishes it from the pure conformal coupling term.

In section 5.1 we introduce our coupled quintessence model, while its pertur-
bation equations are given in section 5.3. In sections 5.2 and 5.4, we address the
implications of the coupling between the dark sector elements on the cosmic mi-
crowave background temperature power spectrum. We then turn our attention to
the growth history, and present distinctive features of the matter growth rate func-
tion in section 5.5. The small–scale limit of the perturbation equations is studied in
section 5.6, and conclude in section 5.7.
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5.1 The model and its background dynamics

We here describe the background evolution of our interacting dark energy model.
Similar to the adopted formulation of chapter 4, we consider the Einstein frame
description of our scalar–tensor theory, specified by the following action:

S =

∫
d4x

√
−g
[
M2

Pl

2
R− 1

2
gµν∂µϕ ∂νϕ− V (ϕ) + LSM

]
+

∫
d4x
√

−g̃L̃DM (g̃µν , ψ) ,

(5.1)
where g is the determinant of the minimally coupled metric gµν , and we recall that
R is the Ricci scalar, and M−2

Pl = 8πG such that MPl = 2.4×1018 GeV is the reduced
Planck mass. Dark energy (DE) is described by a quintessence scalar field ϕ, with
a potential V (ϕ). The uncoupled standard model (SM) particles are described by
the Lagrangian LSM , which includes a relativistic sector (r), and a baryon sector
(b). Particle quanta of the dark matter (DM) fields ψ, follow the geodesics defined
by the metric

g̃µν = C(ϕ)gµν +D(ϕ) ∂µϕ ∂νϕ , (5.2)
with C(ϕ), D(ϕ) being the conformal and disformal coupling functions, respec-
tively. Moreover, the action presented in Eq. (5.1) describes our model in the
Einstein frame, which we define to be the frame in which the gravitational sector
has the Einstein–Hilbert form, and SM particles are not interacting directly with
the quintessence field. Thus, a coupling between DM and DE is induced from the
modification of the gravitational field experienced by the DM particles, by the DE
scalar field.

For clarity, we will present the field equations computed from the variation of the
action (5.1) with respect to the metric gµν . As expected, the Einstein field equations
take the usual form

Rµν − 1

2
gµνR = κ2

(
T ϕ
µν + T SM

µν + TDM
µν

)
, (5.3)

where we recall that κ2 = M−2
Pl , and that the energy–momentum tensors of the

scalar, SM, and DM fields are defined by

T ϕ
µν = ∂µϕ∂νϕ − gµν

(
1

2
gρσ∂ρϕ∂σϕ + V (ϕ)

)
,

T SM
µν = − 2√

−g
δ
(√

−gLSM

)
δgµν

, TDM
µν = − 2√

−g

δ
(√

−g̃L̃DM

)
δgµν

,

(5.4)

respectively. Moreover, the non–conservation of the scalar field energy–momentum
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tensor implies the following relation

□ϕ = V,ϕ −Q , (5.5)

where V,ϕ = dV/dϕ, and the coupling function is given by

Q =
C,ϕ

2C
TDM +

D,ϕ

2C
T µν
DM∇µϕ∇νϕ−∇µ

[
D

C
T µν
DM∇νϕ

]
, (5.6)

with TDM being the trace of T µν
DM , which, as a consequence of the Bianchi identities

(see chapter 1), satisfies a modified conservation equation

∇µTDM
µν = Q∇νϕ . (5.7)

Since SM particles are not interacting directly with the quintessence field, their
energy–momentum tensor obeys the standard conservation equation of

∇µT SM
µν = 0 . (5.8)

Similar to the previous chapters, we further consider all species in this model to be
described by a perfect fluid energy–momentum tensor

T µν
i = (ρi + pi)ū

µūν + pig
µν , (5.9)

where the index i runs over all the constituents making up the dark and visible
sectors. Moreover, we denote the zeroth–order four–velocity of the fluid by ūµ, and
the Einstein frame SM and DM fluid’s energy density and pressure by ρi and pi,
respectively.

We now consider the background evolution of our model in the spatially flat
Friedmann–Lemaître–Robertson–Walker (FLRW) space–time, defined by the line
element

ds2 = gµνdxµdxν = a2(τ)
(
−dτ 2 + δijdxidxj

)
, (5.10)

where a(τ) is the cosmological scale factor with conformal time1 τ . In this setting,
the modified Klein–Gordon equation, given by Eq. (5.5), simplifies to

ϕ′′ + 2Hϕ′ + a2V,ϕ = a2Q , (5.11)

1We note that, we have adopted the variable τ to denote the conformal time in this chapter,
since the variable η, with which we introduced conformal time in chapter 1, will be used in section
5.3 for the definition of the conventional synchronous gauge line–element.
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the fluid conservation equations reduce to

ρ′r + 4Hρr = 0 , (5.12)

ρ′b + 3Hρb = 0 , (5.13)

ρ′c + 3Hρc = −Qϕ′ , (5.14)

and the Friedmann equations take their usual form

H2 =
κ2

3
a2 (ρϕ + ρb + ρr + ρc) , (5.15)

H′ = −κ
2

6
a2 (ρϕ + 3pϕ + ρb + 2ρr + ρc) . (5.16)

In the above, we denoted coupled DM by a subscript c, a conformal time derivative
by a prime, and defined the conformal Hubble parameter by H = a′/a. The scalar
field’s energy density and pressure have the usual forms of ρϕ = ϕ′2/ (2a2) + V (ϕ)
and pϕ = ρϕ − 2V (ϕ), respectively. The coupling function for a generic coupled
perfect fluid with an equation of state wc, as defined by Eq. (5.6), simplifies to [559]

Q = −
a2C,ϕ (1− 3wc) +D,ϕϕ

′2 − 2D
(

C,ϕ

C
ϕ′2 + a2V,ϕ + 3H (1 + wc)ϕ

′
)

2
[
a2C +D

(
a2ρc − ϕ′2

)] ρc . (5.17)

This simplifies considerably in the pure conformal case to

Q(c) = −1

2
(lnC),ϕ (1− 3wc) ρc , (5.18)

in which the coupling function becomes proportional to the energy density of the
coupled matter component.

We will adopt the following functional forms for the couplings and scalar field
potential, specified by

C(ϕ) = e2ακϕ , D(ϕ) = D4
Me

2βκϕ , V (ϕ) = V 4
0 e

−λκϕ , (5.19)

where α, DM , β, V0, and λ are constants.
We can quantify how the coupled DM dilutes with the expansion by rewriting

the conservation equation (5.14) in terms of a coupling induced effective equation of
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Figure 5.1: These panels show the redshift evolution ofweff
c ,weff

ϕ − wϕ, and the deceleration param-

eter q, as defined in section 5.1, while the couplings and scalar field potential are defined in Eq. (5.19).
For the conformal case we setα = 0.2 (top left), for the disformal case we chooseβ = 0, and
DM = 0.43meV−1 (top right), and for themixed case we useα = 0.2,β = 0, andDM = 0.43meV−1

(bottom). In all cases we setλ = 1.15, and depict the abscissa by a dashed line.

state for DM
ρ′c
ρc

+ 3H
(
1 + weff

c

)
= 0 , weff

c =
Qϕ′

3Hρc
. (5.20)

Similarly, for the scalar field with a pressure to energy density ratio wϕ, we can
derive an effective equation of state

weff
ϕ = wϕ −

ρc
ρϕ
weff

c . (5.21)

Hence, when weff
c > 0, DM dilutes faster than in the standard case of a−3, and further-

more weff
ϕ < wϕ, enhancing the accelerated expansion of the Universe. Conversely,

the opposite mechanism takes place when weff
c < 0, leading to an energy flow from

DE to DM. We illustrate the evolution of these effective equations of state together
with the deceleration parameter q(z) = −H′/H2 (see Eq. (1.28)), for three distinct
cases in the panels of Fig. 5.1. As expected, the models under consideration give
q(z) < 0 at late–times, leading to a speeding up of the expansion of the Universe,
whereas the models give q(z) > 0 at an earlier epoch, meaning that the expansion
was slowed down in the past. As depicted in Fig. 5.1, the transition redshift is
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model dependent, although the differences from one model to another are small and
depend on the choice of parameters for each respective model. The conformal cou-
pling strength parameter was exaggerated (since cosmological observations forbid
such large values [4, 574, 576], as we will see in the next chapter) in order to point
out that when one introduces a disformal coupling, the energy transfer attributed to
the conformal coupling is significantly suppressed. One might think that this makes
the model more consistent with cosmological observations, although at the pertur-
bation level, such a model would be in tension with current observations due to an
anomalous enhancement in the growth of matter perturbations. We will discuss the
evolution of the perturbations in the sections that follow, together with their effects
on cosmological observations, while in chapter 6 we will confront this model with
cosmological data sets.

5.2 An estimation of the separation of CMB peaks

We here estimate the spacing between the peaks in the cosmic microwave background
(CMB) temperature power spectrum using only the background evolution of our
interacting DE model. Similar to section 4.6.1, it is convenient to define an effective
non–interacting DE perfect fluid with energy density ρDE,eff, and an effective equation
of state weff

DE [539], which satisfies the standard conservation equation

ρ′DE,eff + 3H
(
1 + weff

DE
)
ρDE,eff = 0 . (5.22)

Moreover, in the Friedmann equation (5.15), we shall consider a non–interacting DM
component

H2 =
κ2

3
a2
(
ρDE,eff + ρb + ρr + ρc,0a

−3
)
, (5.23)

where ρc,0 is the DM energy density today. By comparing Eq. (5.23) with Eq.
(5.15), one can easily observe that the evolution of the interacting DE and DM
energy densities is absorbed in ρDE,eff, which is given by

ρDE,eff = ρϕ + ρc − ρc,0a
−3 . (5.24)

By taking the conformal time derivative of Eq. (5.24), substituting Eq. (5.11) and
Eq. (5.14), and comparing the resultant equation with Eq. (5.22), one arrives to an
expression for the effective equation of state for this effective DE fluid [539]

weff
DE =

pϕ
ρDE,eff

. (5.25)

In order to estimate the spacing between the CMB peaks at different angular mo-
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Figure 5.2: This is a contour plot of the peak separation∆ℓ, illustrating conformal models withλ =

0.5 (⋄), 1.0 (□), 1.7 (△) as a function ofΩ
ls
DE,eff andw

eff
DE , with a

−1
ls = 1099.52 and c̄s = 0.515.

From right to left, the consecutive points for every choice ofλ depict conformal models withα =
0.2, 0.15, 0.1, 0.05, 0.03, 0.01, 0. TheΛCDMmodel peak separation is shown by the dashed contour.

menta ℓ, we use the approximation [579, 580]

∆ℓ = π
τ0 − τls

s
= π

τ0 − τls
c̄sτls

, (5.26)

where τ0 and τls are the conformal time today and at last scattering, respectively.
The sound horizon at last scattering is denoted by s = c̄sτls, where the τ–averaged
sound speed until last scattering is given by

c̄s = τ−1
ls

∫ τls

0

cs dτ , (5.27)

with the standard sound speed

c−2
s = 3 +

9

4

ρb
ργ

, (5.28)

where ρb/ργ is the baryon to photon energy density ratio. We now estimate analyt-
ically τ0 and τls. For the latter, we consider the interval 0 ≤ τ ≤ τls, in which we
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Figure 5.3: This is a contour plot of the peak separation∆ℓ, illustrating disformal models withλ =

0.5 (⋄), 1.0 (□), 1.7 (△) andβ = 0 as a function ofΩ
ls
DE,eff andw

eff
DE , with a

−1
ls = 1099.38 and

c̄s = 0.516. For each choice ofλ, the consecutive points starting from theΩ
ls
DE,eff –axis, depict disformal

models withDM = 0, 0.2, 0.3, 0.4, 0.45, 0.5, 0.55, 0.6, 0.7, 0.8, 1meV−1. TheΛCDMmodel

peak separation is shown by the dashed contour.

assume that the fraction of the effective DE ΩDE,eff(τ), does not change rapidly for
a considerable period before decoupling. Thus, we can define an effective average

Ω
ls

DE,eff = τ−1
ls

∫ τls

0

ΩDE,eff (τ) dτ , (5.29)

with which we can approximate ΩDE,eff(τ) during this period. By solving the Fried-
mann equation (5.23), one arrives to an expression for the conformal time at last
scattering, given by

τls = 2H−1
0

(
1− Ω

ls

DE,eff

Ωb,0 + Ωc,0

) 1
2

(als + Ωr,0

Ωb,0 + Ωc,0

) 1
2

−

(
Ωr,0

Ωb,0 + Ωc,0

) 1
2

 , (5.30)

where H0 is the Hubble constant, als is the cosmological scale factor at last scattering,
and recall that Ωb,0, Ωc,0, and Ωr,0 are the baryon, DM, and relativistic abundances
today. We now estimate the conformal time today by considering the interval 0 ≤



5.2 An estimation of the separation of CMB peaks 150

τ ≤ τ0. We define an averaged effective equation of state for the effective DE perfect
fluid with energy density ρDE,eff, specified by

w eff
DE =

∫ τ0
0

ΩDE,eff(τ)w
eff
DE(τ)dτ∫ τ0

0
ΩDE,eff(τ)dτ

. (5.31)

Thus, for the whole evolution, we estimate the effective equation of state of the
effective DE perfect fluid by a constant averaged effective equation of state. From
the Friedmann equation (5.23), one arrives to an expression for the conformal time
today

τ0 = 2H−1
0 F , (5.32)

where
F =

1

2

∫ 1

0

(
Ωϕ,0a

1−3w eff
DE + Ωb,0a+ Ωr,0 + Ωc,0a

)− 1
2 da , (5.33)

with Ωϕ,0 being the DE fraction today. Hence, the CMB peak separation can be
estimated by

∆ℓ = πc̄−1
s

F

(
Ωb,0 + Ωc,0

1− Ω
ls

DE,eff

) 1
2

(als + Ωr,0

Ωb,0 + Ωc,0

) 1
2

−

(
Ωr,0

Ωb,0 + Ωc,0

) 1
2

−1

− 1

 .

(5.34)
We have used the above approach with conformal, disformal, and mixed coupling
models, in which we found that this estimation is in very good agreement with the
numerical calculations. We compared our estimation with the averaged peak sepa-
ration over six peaks computed in CLASS [120] using the full perturbation equations
presented in section 5.3. Indeed, we have checked that when the optimal choice of
als is chosen for a specific model, the determination of ∆ℓ is ≲ 10−3 percent, and of
τ0 and τls is ≲ 2− 3 percent. In Figs. 5.2–5.4 we present contour plots of the CMB
peak separation as a function of Ωls

DE,eff and w eff
DE for several parameter choices for the

conformal, disformal, and mixed models, respectively. Since every model will have a
different value of als and c̄s, we have chosen the optimal values of als (∼ 1100−1) and
c̄s (∼ 0.52) which give the minimal departure from the exact numerical results. The
other cosmological parameters have been set to the best fit values reported in Ref.
[65]. In each contour plot, we show the ΛCDM peak spacing by a dashed contour.

One can easily notice that the CMB spacing is a robust probe for conformal
models, since a larger conformal coupling parameter produces a more pronounced
deviation from the ΛCDM model which currently fits the data very well, as we clearly
illustrated in chapter 2. Thus, the conformal coupling parameter is easily constrained
from the temperature power spectrum of the CMB (see for example Refs. [4, 573,
574, 576]), and we will clearly show this in the next chapter. Indeed, the alteration of
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Figure 5.4: This is a contour plot of the peak separation∆ℓ, illustratingmixedmodels withβ = 0 andλ =
0.5 (⋄), 1.0 (□), 1.7 (△) together withmodels characterised byβ = 0.8 andλ = 1.0 (∗) as a function
ofΩ

ls
DE,eff andw

eff
DE , with a

−1
ls = 1096.04 and c̄s = 0.515. From left to right (in a counter–clockwise

direction for the points denoted by a△), the consecutive points for every choice ofλ andβ depict mixed

models withα = 0, 0.01, 0.03, 0.05, 0.1, 0.15, 0.2, 0.25. For all models, we setDMV0 = 1. The
ΛCDMmodel peak separation is shown by the dashed contour.

the amplitude and the shift of the CMB acoustic peaks to larger multipole moments
could be significant as one increases the conformal coupling strength parameter. On
the other hand, both the disformal as well as the mixed models are very hard to
disentangle from the ΛCDM model as the CMB peak separation of these models
does not deviate significantly from that predicted in the concordance model. Thus,
we expect that the parameter space of disformal and mixed models will not be
constrained very well from the temperature power spectrum of the CMB alone, and
will be confirmed in chapter 6.

Another important difference between a purely conformal model and the other
interacting models with a disformal coupling, is that in a conformal model the con-
tribution of the effective DE at last scattering Ω

ls

DE,eff, can be much larger than that
in the other models. In conformal models, this non–negligible contribution is com-
ing from the fact that DE starts to contribute even at the time of recombination,
thus altering the proportions of DM, baryons, and radiation at decoupling. On the
other hand, when a disformal coupling is present, DM, baryons, and radiation follow
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standard quintessence dynamics for the majority of the cosmic history, and only at
very late–times the coupling switches on and modifies the dynamics. These different
evolutions of the conformal and the disformal couplings are also behind the fact
that conformal models are characterised by a positive Ω

ls

DE,eff, whereas a disformal
coupling tends to be associated with a negative Ω

ls

DE,eff. Furthermore, one can as-
sert that conformal models occupy the first quadrant of the Ω

ls

DE,eff–w eff
DE plane with

respect to the origin located at the ΛCDM model, whereas disformal and mixed
models are situated in the third quadrant of the same plane, with a slight overlap
between conformal and disformal models in the second quadrant.

5.3 Evolution of perturbations

We here present the equations governing the evolution of perturbations in our in-
teracting DE model, in which we consider the perturbation equations for a generic
interacting perfect fluid. The study of the growth of small perturbations about an
FLRW metric, specified by the line element in Eq. (5.10), is an asset in the un-
derstanding of the real Universe [115, 581–583]. We will first discuss the relevant
equations in the synchronous gauge, and we later derive the equations that govern
the evolution of perturbations in the conformal Newtonian gauge. Although we used
the synchronous gauge equations to evolve the perturbed dynamics of our interact-
ing DE model, we have checked that the obtained results in both gauges agree with
one another. We implemented these equations in the cosmological Boltzmann code
CLASS, from which we obtained exact numerical solutions for the background and
perturbed evolution of our interacting DE model.

5.3.1 Synchronous gauge

The line element in the synchronous gauge is given by

ds2 = a2(τ)
[
−dτ 2 + (δij + hij) dxidxj

]
, (5.35)

with metric perturbation hij. We adopt the convention of Ref. [115] and use the
standard two metric perturbation fields h and η, expressed in Fourier space k (see Ref.
[115] for further details). In order to compute the first–order perturbed Einstein field
equations δGµ

ν = 8πG
∑
δT µ

ν , where the summation is over all the fluid components
and δGµ

ν is the perturbed Einstein tensor, we need the first–order perturbation of
the zeroth–order energy–momentum tensor specified in Eq. (5.9), leading to

δT µ
ν = (δρ+ δp) ūµūν + δpδµν + (ρ+ p) (δuµūν + ūµδuν) + pΠµ

ν , (5.36)
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where ūµ is the zeroth–order four–velocity of the fluid, with δuµ being its first–order
perturbation. Moreover, Πµν is the traceless anisotropic stress tensor which charac-
terises the difference between the perturbed fluid and a perfect fluid. We note that,
the perturbations of the energy density δρ, and pressure δp, are of the same order
as the metric perturbations. The perturbed Einstein field equations reduce to the
following set of coupled differential equations

k2η − 1

2
Hh′ = −4πGa2

∑
δρ , (5.37)

k2η′ = 4πGa2
∑

ρ(1 + w)θ , (5.38)

h′′ + 2Hh′ − 2k2η = −24πGa2
∑

δp , (5.39)

h′′ + 6η′′ + 2H (h′ + 6η′)− 2k2η = −24πGa2
∑

ρ(1 + w)σ , (5.40)

where the sum is over the DM, radiation, and DE fluids, as explicitly illustrated in
Eq. (5.3). The re–defined anisotropic stress perturbation σ, is related to the scalar
part of the anisotropic stress tensor Π, as defined in Eq. (5.36), by the relation
σ = 2wΠ/3(1 + w). Moreover, the divergence of the fluid velocity is denoted by θ.

The perturbed continuity and Euler equations of the uncoupled baryonic and
radiation (consisting of photons and massless neutrinos) sectors, are governed by
the standard first–order perturbation equations δT µ

ν;µ = 0, which simplify to the
following set of coupled differential equations

δ′i + 3H
(
δpi
δρi

− wi

)
δi = − (1 + wi)

(
θi +

h′

2

)
, (5.41)

θ′i +

[
H (1− 3wi) +

w′
i

1 + wi

]
θi =

δpi
δρi

k2δi
1 + wi

− k2σi , (5.42)

where i = {b, r}, and the density contrast is denoted by δ = δρ/ρ. We recall that
for the radiation sector wr = δpr/δρr = 1/3, and for baryons wb = δpb/δρb ≪ 1 with
σb = 0. The only non–negligible contribution to the shear stress comes from the
radiation sector [115], which we include in our numerical solutions.

For the coupled fluid, the conservation equation is modified according to Eq.
(5.7), leading to the following perturbed continuity and Euler equations
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δ′c + 3H
(
δpc
δρc

− wc

)
δc = − (1 + wc)

(
θc +

h′

2

)
+
Q

ρc
ϕ′δc −

Q

ρc
δϕ′ − ϕ′

ρc
δQ ,

(5.43)

θ′c +

[
H (1− 3wc) +

w′
c

1 + wc

]
θc =

δpc
δρc

k2δc
1 + wc

+
Q

ρc
ϕ′θc −

Q

ρc(1 + wc)
k2δϕ , (5.44)

which are valid for a coupled shear–free fluid with equation of state wc. The pertur-
bation of the coupled DE scalar field is denoted by δϕ, and its evolution is governed
by the following perturbed Klein–Gordon equation

δϕ′′ + 2Hδϕ′ +
(
a2V,ϕϕ + k2

)
δϕ+

h′

2
ϕ′ = a2δQ . (5.45)

The corresponding perturbation of the coupling function Q is given by

δQ = − ρc

a2C +D
(
a2ρc − ϕ′2

) (B1δc +B2h
′ +B3δϕ

′ +B4δϕ) , (5.46)

where

B1 =
1

2
a2C,ϕ

(
1− 3

δpc
δρc

)
− 3HD

(
1 +

δpc
δρc

)
ϕ′ − a2D (V,ϕ −Q)

−Dϕ′2
(
C,ϕ

C
− D,ϕ

2D

)
,

(5.47)

B2 =− 1

2
Dϕ′ (1 + wc) , (5.48)

B3 =− 3HD (1 + wc)− 2Dϕ′
(
Q

ρc
+
C,ϕ

C
− D,ϕ

2D

)
, (5.49)

B4 =
1

2
a2C,ϕϕ (1− 3wc)− (1 + wc) k

2D − a2DV,ϕϕ − a2D,ϕV,ϕ − 3HD,ϕ (1 + wc)ϕ
′

−Dϕ′2
(
C,ϕϕ

C
−
C2

,ϕ

C2
+
C,ϕD,ϕ

CD
− 1

2

D,ϕϕ

D

)
+
Q

ρc

(
a2C,ϕ + a2D,ϕρc −D,ϕϕ

′2
)
.

(5.50)

For the pure disformal scenario, such that C(ϕ) = 1, the perturbation of Q simplifies
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to the following equation

δQ(d) =

[(
a2 −Dϕ′2

) Q
ζ
− 3HDρc

ζ

(
wc −

δpc
δρc

)
ϕ′
]
δc +

Dϕ′ρc
ζ

(1 + wc)
h′

2

− ρc
ζ2
δϕ′

{
a2D,ϕϕ

′ (1 +Dρc)−D2
[
2a2V,ϕϕ

′ + 3H (1 + wc)
(
a2ρc + ϕ′2

)]

− 3a2HD (1 + wc)

}

+ δϕ

{
k2
Dρc
ζ

(1 + wc) +
ρc
2ζ

(
2a2DV,ϕϕ −D,ϕϕϕ

′2
)

+
ρc
2ζ2

[
2a2D,ϕ

(
a2V,ϕ + 3Hϕ′ (1 + wc)

)
+D2

,ϕϕ
′2
(
a2ρc − ϕ′2

)]}
,

(5.51)

where we defined ζ = a2+D
(
a2ρc−ϕ′2). In the absence of a disformal coupling the

above perturbation equations simplify considerably. Indeed, in the pure conformal
case (see also Ref. [563]), the perturbed continuity and Euler equations for a generic
coupled fluid reduce to

δ′c + 3

(
δpc
δρc

− wc

)(
H +

1

2
(lnC),ϕ ϕ

′
)
δc

= − (1 + wc)

(
θc +

h′

2

)
+

1

2
(1− 3wc)

[
(lnC),ϕ δϕ

′ + (lnC),ϕϕ ϕ
′δϕ
]
,

(5.52)

θ′c +

[
H (1− 3wc) +

w′
c

1 + wc

+
1

2
(lnC),ϕ (1− 3wc)ϕ

′
]
θc

= k2
[
δpc
δρc

δc
1 + wc

+
1

2
(lnC),ϕ

(
1− 3wc

1 + wc

)
δϕ

]
,

(5.53)

respectively, and the perturbed Klein–Gordon equation simplifies to the following
equation
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δϕ′′ + 2Hδϕ′ +

[
k2 + a2V,ϕϕ +

1

2
a2ρc (1− 3wc) (lnC),ϕϕ

]
δϕ

= −1

2
h′ϕ′ − 1

2
a2ρc (lnC),ϕ

(
1− 3

δpc
δρc

)
δc .

(5.54)

From Eq. (5.54) we observe that, the conformal coupling modifies the DE mass(
m2

ϕ = V,ϕϕ
)

term, by an effective mass term proportional to the second field deriva-
tive of the logarithm of the conformal coupling. We should further mention that the
above perturbation equations can be derived from the Newtonian gauge perturbation
equations, presented in section 5.3.2, by making use of a standard gauge transfor-
mation [115, 583]. One can easily obtain the synchronous gauge perturbed coupling
δQsyn, by applying a gauge transformation to the corresponding perturbed coupling
expression in the conformal Newtonian gauge δQcon, where these gauge–dependent
perturbed coupling functions are related by δQsyn = δQcon−Q′k−2 (h′/2 + 3η′), with
Q being the background coupling function specified in Eq. (5.17). To simplify nota-
tion, we drop the latter δQ superscripts in our equations.

5.3.2 Newtonian gauge

In the conformal Newtonian gauge [583], the perturbations are characterised by the
conventional scalar potentials Ψ and Φ, which appear in the line element as

ds2 = a2(τ)
[
− (1 + 2Ψ) dτ 2 + (1− 2Φ) δijdxidxj

]
, (5.55)

leading to the Newtonian gauge perturbed Einstein field equations

k2Φ + 3H (Φ′ +HΨ) = −4πGa2
∑

δρ , (5.56)

k2 (Φ′ +HΨ) = 4πGa2
∑

ρ(1 + w)θ , (5.57)

Φ′′ +H (Ψ′ + 2Φ′) + Ψ
(
H2 + 2H′)+ k2

3
(Φ−Ψ) = 4πGa2

∑
δp , (5.58)

k2 (Φ−Ψ) = 12πGa2
∑

ρ(1 + w)σ , (5.59)

where we made use of the same re–definition of the anisotropic stress, as introduced in
the preceding synchronous gauge calculation. The uncoupled baryonic and radiation
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sectors satisfy the standard perturbed conservation equations, given by

δ′i + 3H
(
δpi
δρi

− wi

)
δi = − (1 + wi) (θi − 3Φ′) , (5.60)

θ′i +

[
H (1− 3wi) +

w′
i

1 + wi

]
θi = k2

[
Ψ+

δpi
δρi

δi
1 + wi

]
− k2σi , (5.61)

where i = {b, r}, while the perturbed evolution of a generic shear–free coupled fluid
is governed by the modified perturbed continuity and Euler equations

δ′c + 3H
(
δpc
δρc

− wc

)
δc = − (1 + wc) (θc − 3Φ′) +

Q

ρc
ϕ′δc −

Q

ρc
δϕ′ − ϕ′

ρc
δQ ,

(5.62)

θ′c +

[
H (1− 3wc) +

w′
c

1 + wc

]
θc = k2

[
Ψ+

δpc
δρc

δc
1 + wc

]
+
Q

ρc
ϕ′θc −

Q

ρc (1 + wc)
k2δϕ ,

(5.63)

respectively. Moreover, the evolution of the perturbed scalar field is dictated by the
perturbed Klein–Gordon equation

δϕ′′+2Hδϕ′+
(
k2 + a2V,ϕϕ

)
δϕ = (Ψ′ + 3Φ′)ϕ′− 2a2V,ϕΨ+ a2δQ+2a2QΨ . (5.64)

The Newtonian gauge perturbation of the coupling function Q, defined in Eq. (5.17),
is given by [559]

δQ = − ρc

a2C +D
(
a2ρc − ϕ′2

) (B̃1δc + B̃2Φ
′ + B̃3Ψ+ B̃4δϕ

′ + B̃5δϕ
)
, (5.65)

where

B̃1 =
1

2
a2C,ϕ

(
1− 3

δpc
δρc

)
− 3HD

(
1 +

δpc
δρc

)
ϕ′ − a2D (V,ϕ −Q)

−Dϕ′2
(
C,ϕ

C
− D,ϕ

2D

)
,

(5.66)

B̃2 =3Dϕ′ (1 + wc) , (5.67)

B̃3 =6HDϕ′ (1 + wc) + 2Dϕ′2
(
Q

ρc
+
C,ϕ

C
− D,ϕ

2D

)
, (5.68)
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B̃4 =− 3HD (1 + wc)− 2Dϕ′
(
Q

ρc
+
C,ϕ

C
− D,ϕ

2D

)
, (5.69)

B̃5 =
1

2
a2C,ϕϕ (1− 3wc)− (1 + wc) k

2D − a2DV,ϕϕ − a2D,ϕV,ϕ − 3HD,ϕ (1 + wc)ϕ
′

−Dϕ′2
(
C,ϕϕ

C
−
C2

,ϕ

C2
+
C,ϕD,ϕ

CD
− 1

2

D,ϕϕ

D

)
+
Q

ρc

(
a2C,ϕ + a2D,ϕρc −D,ϕϕ

′2
)
.

(5.70)

In the pure disformal scenario, the above perturbation equation for the coupling
function simplifies as follows

δQ(d) =

[(
a2 −Dϕ′2

) Q
ζ
− 3HDρc

ζ

(
wc −

δpc
δρc

)
ϕ′
]
δc − 3

Dϕ′ρc
ζ

(1 + wc) Φ
′

− a2ϕ′ρc
ζ2

{
−D,ϕϕ

′ (1 +Dρc) + 2D2 [V,ϕϕ
′ + 3H (1 + wc) ρc]

+ 6HD (1 + wc)
}
Ψ

− ρc
ζ2
δϕ′
{
a2D,ϕϕ

′ (1 +Dρc)−D2
[
2a2V,ϕϕ

′ + 3H (1 + wc)
(
a2ρc + ϕ′2

)]
− 3a2HD (1 + wc)

}

+ δϕ

{
k2
Dρc
ζ

(1 + wc) +
ρc
2ζ

(
2a2DV,ϕϕ −D,ϕϕϕ

′2
)

+
ρc
2ζ2

[
2a2D,ϕ

(
a2V,ϕ + 3Hϕ′ (1 + wc)

)
+D2

,ϕϕ
′2
(
a2ρc − ϕ′2

)]}
,

(5.71)

where ζ = a2 + D
(
a2ρc − ϕ′2), as defined in section 5.3.1. We remark that, this

expression for δQ, agrees with the equation given in Ref. [535] for the specific case
of a disformally coupled pressureless fluid. Analogous to the synchronous gauge cal-
culation, the above equations simplify significantly in the pure conformally coupled
case. Indeed, in the absence of a disformal coupling, the perturbed conservation
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equations for the coupled fluid reduce to

δ′c + 3

(
δpc
δρc

− wc

)(
H +

1

2
(lnC),ϕ ϕ

′
)
δc

= − (1 + wc) (θc − 3Φ′) +
1

2
(1− 3wc)

[
(lnC),ϕ δϕ

′ + (lnC),ϕϕ ϕ
′δϕ
]
,

(5.72)

θ′c +

[
H (1− 3wc) +

w′
c

1 + wc

+
1

2
(lnC),ϕ (1− 3wc)ϕ

′
]
θc

= k2
[
Ψ+

δpc
δρc

δc
1 + wc

+
1

2
(lnC),ϕ

(
1− 3wc

1 + wc

)
δϕ

]
,

(5.73)

while the perturbed Klein–Gordon equation simplifies as follows

δϕ′′ + 2Hδϕ′ +

[
k2 + a2V,ϕϕ +

1

2
a2ρc (1− 3wc) (lnC),ϕϕ

]
δϕ

= (Ψ′ + 3Φ′)ϕ′ − 1

2
a2ρc (lnC),ϕ

(
1− 3

δpc
δρc

)
δc

− a2
[
2V,ϕ + (lnC),ϕ (1− 3wc) ρc

]
Ψ .

(5.74)

5.4 The ISW effect & interacting dark energy

We here consider the imprint of interacting DE models, each of which is characterised
by a specific choice of coupling functions, on the integrated Sachs–Wolfe (ISW) ef-
fect [584] in the CMB temperature power spectrum, which boosts the power at low
multipoles. The ISW effect gives a non–zero contribution to the CMB fluctuations
whenever the large–scale gravitational potential is time evolving. Thus, this sec-
ondary source of CMB anisotropy will not contribute during the matter dominated
era, although it will be present after CMB decoupling, and at the very recent times
when the expansion of the Universe starts to be dominated by DE. In order to dis-
tinguish our interacting DE scenarios from the concordance model, we consider the
height of the first three acoustic peaks of the CMB temperature power spectrum
relative to the power at ℓ = 10, by the quantity

Hi =

(
∆Tℓi
∆T10

)2

, (5.75)
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Figure 5.5: These panels show the relative difference ofH1,H2, andH3 to theΛCDMmodel for con-

formally coupledmodels with coupling and potential functions as defined in Eq. (5.19). The slope of the

potential has been set toλ = 0.5 (left) and toλ = 1.0 (right).

with i = {1, 2, 3}, and (∆Tℓi)
2 = ℓi (ℓi + 1)Cℓi/2π, where Cℓi is the power spectrum

of the multipole moments of the temperature field at peak position ℓi [585]. We
compare a number of interacting DE models with the ΛCDM model by computing
the relative difference of Hi to the ΛCDM model, such that the compared models
have identical Hubble constant, spectral index (see chapter 2), baryon density, and
DM fraction. We denote this difference by ∆Hi/HΛ, in which we first determine the
parameters Hi in the interacting DE model from the CMB spectra, and compare
them with those of the ΛCDM model, where we numerically compute all the power
spectra with the CLASS code.

We illustrate two conformal models in the panels of Fig. 5.5, and a disformal
together with a mixed case in Fig. 5.6. In order to clearly discern these interacting
DE models from the concordance model, we require that the relative difference of
Hi, needs to be comparable with the dominant uncertainty (∼ 30%) [586] arising
from cosmic variance at ℓ = 10.

Thus, an immediate observation from the examples presented in Figs. 5.5–5.6 is
that, both a conformal and a disformal coupling in the dark sector of the Universe
are hardly distinguishable from the ΛCDM model, particularly when a disformal
coupling is present. For a pure conformal coupling, the relative difference from the
ΛCDM model increases significantly up to around twenty percent as the coupling
strength is enhanced, whereas for disformal and mixed couplings the discrepancy
with the Λ case stays at the order of a few percent, even when the disformal coupling
strength is increased considerably. Moreover, a conformal coupling together with a
disformal coupling tend to decrease the relative difference of Hi, when compared with
the pure disformal coupling model, as illustrated in Fig. 5.6. Finally, in conformally
coupled models, we can see thatH2 is the best estimator, whereasH1 gives the largest
discrepancy from the ΛCDM model in the disformally and mixed coupled models,
analogous to what has been reported for standard quintessence in Ref. [587].
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Figure 5.6: In the above panels we show the relative difference ofH1,H2, andH3 to theΛCDMmodel

for disformally coupledmodels (left) andmixed coupledmodels (right) with coupling and potential func-

tions as defined in Eq. (5.19). For the disformal model (left) we setα = 0.0 andλ = 1.0, while for the
mixedmodel (right) we useα = 0.2 andλ = 1.0. In both cases we use the relationDMV0 = 1.

As already mentioned, these best estimators of the ISW effect which give rise to
the largest discrepancy between an interacting DE model and the concordance model,
are still not able to produce a simple detectable signature due to the cosmic variance
uncertainty. One can overcome this difficulty by cross–correlating matter templates
constructed from galaxy catalogues with the CMB temperature power spectrum
[588–591]. This additional probe of the interaction between the dark sector elements
could potentially provide further constraints on our model parameters, although this
is beyond the scope of our discussion.

5.5 Imprints on the growth history

We now discuss another intriguing characteristic of our interacting DE models, which
is embodied in their growth history. We consider the matter growth rate function,
defined by

fm =
d ln δm
d ln a

=
δ′m
Hδm

, (5.76)

where we further defined the matter density contrast by

δm =
ρbδb + ρcδc
ρb + ρc

, (5.77)

with δb, δc being the baryon and coupled DM density contrasts, respectively. In order
to distinguish between the interacting DE models, we consider a useful combination
of the product of the matter growth rate function fm, with the root–mean–square
mass fluctuation amplitude in spheres of radius 8h−1Mpc, σ8(z) [592]. In Fig. 5.7
we plot the expansion history against the growth history, more specifically H/H0

against fm σ8, where H = a−1H. We further recall that, the reduced Hubble constant
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Figure 5.7: This figure shows the expansion historyH/H0, against thematter growth history fmσ8, at
wave number k = 0.1hMpc−1. For the conformal model we setα = 0.05, for the disformal model we

chooseDM = 0.43meV−1 andβ = 0, and we use the same parameters in themixedmodel. We set

λ = 1 in all themodels. We depict three specific locations of the redshift along each curve by a+, ∗, ◦,
corresponding to z = 0.5, 1, 2, respectively.

parameter2 h, is defined via H0 = 100h km s−1 Mpc−1. The redshift in Fig. 5.7 runs
along the curves, such that it monotonically decreases from top to bottom. Thus,
by locating the same redshift on each curve, one can determine if the expansion rate
differs from one model to another. In this figure we locate three different redshifts
on each curve, and one can easily observe that at any given redshift, these models
give a different value of H/H0, although the difference is rather small.

An important feature in Fig. 5.7 is the turnaround location, which is easily distin-
guishable for each different model depicted in this figure. This turning point in each
curve comes from the fact that as the cosmic evolution enters the accelerating epoch,
the growth rate is suppressed with respect to its value in the matter dominated era.
Although the expansion history of these models might not be a suitable discrimina-
tor, the growth history at late–times turns out to be more informative. For a given
value of H/H0, one can determine if the growth rate is enhanced or suppressed,
with respect to a specific model. Indeed, one can observe that conformally coupled
models tend to give an enhanced growth rate, with respect to the uncoupled case at

2We remark that, although we make use of the same variable, this should not be confused with
that of section 5.3.
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Figure 5.8: These panels show thematter growth rate function fm (k, z∗) as a function of the wave num-

ber k inhMpc−1, at the redshifts z∗ = 0.50, 0.52, 0.54, 0.56. The uncoupled case is shown in the
top left panel, the top right panel is the conformal case, the lower left panel is the disformal case, and the

lower right panel corresponds to themixed case. Themodel parameters are the same as in Fig. 5.7.

all redshifts. On the other hand, models with a disformal coupling tend to suppress
the growth of structure when the coupling is still not active, and when the late–time
coupling starts to modify the cosmic evolution, the growth rate is enhanced, and
overtakes the growth rates of the uncoupled and the conformal models (see also Ref.
[485]). One should also remark that a mixed model tends to be characterised by the
largest growth rate, since both couplings are contributing for this enhanced growth.
This is an interesting feature of the disformal coupling, which distinguishes it from
the rest.

We now consider the evolution of fm(k, z), as a function of the wave number
k, covering both the large–scales as well as the small–scales, at several particular
redshifts. We present the plots of this wave number evolution in Fig. 5.8, in which
we illustrate four different scenarios, including standard quintessence along with the
coupled models. As expected, the growth rate in the standard quintessence model,
can be regarded as being (nearly) k–independent for the whole range of values being
considered in this plot. On the other hand, coupled models are characterised by an
enhancement in the growth rate function on the small–scales when compared to the
large–scales. In the conformal model, this is a well–known characteristic (see for
example Refs. [590, 593]) which is easily observed from the increase in power in the
matter power spectrum on small–scales. In this scenario, the increase in the growth
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Figure 5.9: The above panels show the contour lines of thematter growth rate function fm (k, z) as a
function of the wave number log10 k inhMpc−1 and redshift z. The uncoupled case is shown in the top
left panel, the top right panel depicts the conformal case, the lower left panel is the disformal case, and the

lower right panel corresponds to themixed case. Themodel parameters are the same as in Fig. 5.7.

rate on small–scales is a result of the fact that, due to the coupling there is an increase
in the DM fraction in the past when compared with that in the uncoupled scenario,
leading to an earlier matter radiation equality. Consequently, the wavelengths of
the perturbations that enter during the radiation dominated era are shorter, and
therefore the turnaround of the matter power spectrum moves to smaller scales, and
the small–scale amplitude of the matter power spectrum is boosted. Another feature
in the matter power spectrum is the change in location and amplitude of the baryon
acoustic oscillations peaks imprinted on the matter power spectrum itself.

In the considered interacting DE models which incorporate a disformal coupling,
the increase in the matter growth rate function on small–scales is mainly due to
the additional attractive force between the DM particles, as a result of their non–
minimal coupling to the scalar field. In section 5.6, we will find that on these
scales, the attractive force between the coupled DM particles is enhanced, leading
to an enhancement in the growth rate function. This also holds for the conformally
coupled models, although disformal couplings tend to be associated with a relatively
larger fifth–force. As a consequence of this enhancement in the growth of structure
on small–scales, the σ8(z = 0) (see Eq. (1.56)) value is also expected to increase in
these models. Indeed, in chapter 6 we will clearly illustrate that large–scale structure
data sets impose the tightest constraints on the disformal coupling parameters.
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Figure 5.10: The panels of this figure show the contour lines of thematter growth rate function fm (k, z)
as a function of the wave number log10 k inhMpc−1 and redshift z. The top left panel depicts the confor-
mal case, the top right panel corresponds to the disformal case, and the lower panel is themixed case. The

model parameters are the same as in Fig. 5.7.

Furthermore, in the presence of a disformal coupling, the matter growth rate
function is found to be characterised by distinctive intermediate–scales and time–
dependent damped oscillations, which we reported for the first time in Ref. [3],
attributed to the dynamics of the coupling function itself. These peculiar features
only occur when one considers the disformal coupling, since these are not observed
in standard quintessence or in conformally coupled models. The oscillations in the
matter growth rate function are present when the disformal coupling starts to play
an important role in the cosmic evolution, and thus we expect these oscillations to
be negligible at relatively higher redshifts. Indeed, this is what happens, as clearly
depicted in Figs. 5.9–5.10, in which the oscillatory features are clearly visible at
z < 1, losing their significance even at z ≃ 1.5. Also, from these contour plots,
one can see that a disformal coupling induces a slight scale–dependence on the
growth rate function. This is expected due to the k–dependence of the perturbed
coupling function δQ given in Eq. (5.65). Such time–dependent and scale–dependent
characteristics in the matter growth rate function are expected to be probed by
upcoming cosmological surveys, including emission–line–galaxy surveys along with
intensity mapping observations [594], which will measure the scale–dependence of
the matter power spectrum at several cosmic times [595].
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Figure 5.11: These panels show the redshift evolution of the normalised DM growth rate δc/a (left), and

the normalised combination of a2ρcδc (right) appearing in the Poisson equation, at wave number k =
0.1hMpc−1. All model parameters are the same as those adopted in Fig. 5.7.

5.6 The small–scale limit of perturbations

We now discuss the Newtonian limit of the generic perturbation equations presented
in section 5.3 for the specific case of a coupled barotropic pressureless fluid. For
this analysis, we neglect the anisotropic stress contribution in the field equations,
leading to Ψ = Φ. In the small–scale limit λ̂ = H/k ≪ 1, the evolution equations
of the gravitational potential Φ, and its conformal time derivative Φ′, reduce to the
following

Φ ≃ − λ̂
2

2

[
κ2

H2

(
3Hϕ′δϕ+ ϕ′δϕ′ + a2V,ϕδϕ

)
+ 3

∑
i=b,r,c

Ωiδi

]
, (5.78)

Φ′ ≃ 1

2

(
κ2ϕ′δϕ− 2HΦ

)
. (5.79)

Moreover, in this small–scale limit, the evolution of the perturbed scalar field is
now governed by the equation

δϕ′′ + 2Hδϕ′ + λ̂−2H2δϕ ≃ a2δQ , (5.80)

in which we have neglected terms proportional to Φ
(
∼ λ̂2

)
. Furthermore, we as-

sumed that the term proportional to ϕ′2, is much less than λ̂−2, and that the potential
is flat enough so that the V,ϕϕ term is negligible with respect to λ̂−2. The homoge-
neous solution of Eq. (5.80) averages out to a zero contribution to the perturbed
scalar field solution in the very small–scale limit, leaving only the inhomogeneous
solution, which, on averaging over the oscillations and neglecting the contributions
from δϕ′′ and δϕ′ (this can be further checked a posteriori), is approximately given
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by
δϕ ≃ λ̂2a2H−2δQ . (5.81)

In this limit, the perturbation of the coupling function, defined in Eq. (5.65), sim-
plifies significantly to [485, 535]

δQ ≃ Qδc . (5.82)

Since δϕ is of the order of λ̂2, Eq. (5.78) reduces to the conventional Poisson equation

Φ ≃ −3

2
λ̂2
∑
i=b,r,c

Ωiδi . (5.83)

From the term a2ρcδc, appearing on the right hand side of Eq. (5.83), one can
determine if this quantity changes drastically in these interacting DE models, which
would then lead to a time–evolving gravitational potential. From Fig. 5.11, we
observe that although the growth rates at late–times can differ from one another
(especially when large couplings are considered), the combination of a2ρcδc does not
change appreciably, thus leaving a small imprint of the ISW effect on the CMB
temperature power spectrum, in accordance with the results obtained in section 5.4.
This is an unusual behaviour of these models, since normally cosmological models
with different growth history give rise to a distinguishable ISW effect [596].

Furthermore, the evolution of the coupled pressureless fluid density contrast is
now governed by the differential equation

δ′′c +Heff δ
′
c −

3

2
H2 Geff

G
Ωcδc =

3

2
H2 (Ωbδb + Ωrδr) . (5.84)

Hence, the coupled fluid perturbations experience effectively different values of H
and G, due to the interaction, namely [485]

Heff

H
= 1− 1

H
Q

ρc
ϕ′ ,

Geff

G
= 1 +

2

κ2
Q2

ρ2c
. (5.85)

Thus, the introduction of a coupling between the DE scalar field and DM, induces a
modification in the damping term together with an amplification of Newton’s grav-
itational constant in Eq. (5.84). Moreover, the added contribution in the effective
gravitational constant is independent of the sign of the coupling function.

Since baryons satisfy the standard uncoupled equation for the evolution of the
baryon density contrast, we expect that there will be a bias between baryons and
coupled DM. We study this in the DM dominated scenario, |Ωcδc| ≫ |Ωbδb| ≫ |Ωrδr|,
and define a constant bias parameter b, by δb = b δc. We can easily determine the
bias by writing Eq. (5.84) and a similar one for baryons (in which we also neglect the
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term proportional to its sound speed) in terms of the coupled DM growth parameter
fc = d ln δc/dN , where N = ln a. Indeed, we find that the growth rate equations of
baryons and coupled DM reduce to

dfc
dN

+ f 2
c +

1

2
(1− 3weff) fc −

3

2

Ωc

b
= 0 , (5.86)

dfc
dN

+ f 2
c +

1

2

(
1− 3weff − 2

Q

ρc

dϕ
dN

)
fc −

3

2

Geff

G
Ωc = 0 , (5.87)

respectively. We further adopted a total effective equation of state, which follows
from the already defined effective equation of state in Eq. (4.43), that characterises
the expansion rate as

1

H
dH
dN

= −1

2
(1 + 3weff) . (5.88)

From Eq. (5.86) and Eq. (5.87), one arrives to a simplified expression for the bias

b =
3Ωc

2Q
ρc

dϕ
dN fc + 3Geff

G
Ωc

. (5.89)

Indeed, as a result of unequal couplings of these pressureless species, a time–
dependent bias develops between them.

5.6.1 Analytical solutions in interacting dark energy models

We will now briefly discuss some analytical solutions of Eq. (5.84) at four particular
coupled fixed points in the DM dominated era. The effective equation of state
defined in Eq. (5.88) is constant at these fixed points, thus the scale factor evolves as
a ∼ τ 2/(1+3weff). In order to relate this analysis with that of chapter 4, for this section
only, we shall consider the following coupling and scalar field potential functions

C(ϕ) = e2ακϕ , D(ϕ) = D4
Me

2(α+β)κϕ , V (ϕ) = V 4
0 e

−λκϕ , (5.90)

where we recall that α, DM , β, V0, and λ are constants. At any fixed point, one can
conveniently write Eq. (5.84) as follows

d2δc
dN2

+ ξ1
dδc
dN

+ ξ2δc = 0 , (5.91)

where ξ1 and ξ2 are both constants which depend on the phase–space coordinates of
that particular fixed point. Thus, the solution of the coupled DM density contrast



169 On the imprints of generalised interacting dark energy

is
δc = c+a

m+ + c−a
m− , m± =

1

2

(
−ξ1 ±

√
ξ21 − 4ξ2

)
, (5.92)

where c± are integration constants. Moreover, from Eq. (5.83) we find that at these
fixed points Φ ∼ a−1−3weff+m± .

Disformal fixed points

We will now consider two disformal fixed points (3)(d) and (4)(d), of section 4.3. For
the fixed point (3)(d), which exists when β ≥

√
3/2, we find that this leads to a

non–standard growth index

m± =
1

2

{
− 5 + 3β

(
2β −

√
4β2 − 6

)

±
√

1− 2β
{√

4β2 − 6 + β
[
1− 2β

(
2β −

√
4β2 − 6

)]} }
.

(5.93)

Similarly, the disformal fixed point (4)(d), which exists for β ≤ −
√

3/2, is charac-
terised by the growth index

m± =
1

2

{
− 5 + 3β

(
2β +

√
4β2 − 6

)

±
√
1 + 2β

{√
4β2 − 6 + β

[
−1 + 2β

(
2β +

√
4β2 − 6

)]} }
.

(5.94)

In Fig. 5.12 we illustrate the growth index as a function of the coupling parameter
β, for both disformal fixed points. At these fixed points, a non–standard growth
index is only obtained for a restricted range of the parameter β. Moreover, we find
that for the values of β that we are considering, Φ is a constant to a very good
approximation.

Conformal fixed points

We will now cover the conformal scaling fixed point (8)(d), and another transient
fixed point which appears in the DM dominated era giving rise to a scalar field
matter dominated regime (ϕMDE) (6)(d), which were derived in section 4.3. The
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Figure 5.12: We illustrate the growth indexm+, as a function of the coupling parameterβ, for the disfor-
mal fixed points (3)(d) and (4)(d). The shaded yellow region depicts the range of values of−
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β <
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3/2, at which both fixed points are not defined.

latter fixed point is characterised by

m+ = 1 + 2α2 , m− = −3

2
+ α2 , (5.95)

leading to an enhanced growth rate of coupled DM when compared with the uncou-
pled scenario. Moreover, Φ is a constant at the ϕMDE growing mode solution. On
the other hand, for the conformal scaling fixed point we have

m± =
1

4

[
−1 + 9weff ±

√
(1− 9weff)

2 + 24 (1− Ωϕ)

(
1 +

6w2
eff

Ωϕ + weff

) ]
, (5.96)

where we used Ωϕ = 1 − Ωc. Its growing mode solution gives rise to an enhanced
growth of the DM perturbations, and to an anomalous ISW effect in the CMB power
spectrum [597]. In Fig. 5.13 we illustrate the growth index m+, as a function of α
and λ, where we have also used the relations

Ωϕ =
3 + α(α + λ)

(α + λ)2
, weff = − α

α + λ
. (5.97)
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Figure 5.13: A contour plot of the growth indexm+, for the conformal scaling fixed point as a function of

the conformal coupling parameterα, and the slope of the exponential potentialλ.

5.7 Conclusions

In this chapter we have considered a coupled quintessence model, where the well–
established late–time accelerated cosmic expansion is powered by a quintessence
scalar field, which is explicitly coupled to DM. In our generic formulation we con-
sidered the dark sector constituents to be coupled via a conformal and a disformal
coupling, whereas the baryonic and radiation sectors followed their standard cosmic
evolution. We showed that the interaction between DE and DM can be viewed as an
energy exchange mechanism between the two dark sector elements. Moreover, from
the background evolution of the considered coupled scenarios, we observed that a
disformal coupling instigates late–time modifications in the cosmological evolution,
unlike the pure conformally coupled case.

In order to study the implications of the dark sector coupling on the CMB temper-
ature power spectrum, we have considered the multipole separation of the location
of the peaks in the CMB temperature power spectrum together with the ISW effect.
For the former, we presented an analytical approach, from which we determined
that the deviations of the conformally coupled model from the ΛCDM model are
much larger than those in the mixed and the disformally coupled models. Indeed,
we found that one is unable to distinguish between the concordance model and the
coupled models that are characterised by a disformal coupling, by taking into ac-
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count the deviation of the CMB peak separation from the ΛCDM model. Moreover,
we found that the discrepancy that arises from the ISW effect between the coupled
quintessence models and the ΛCDM model, is also inadequate to decipher the models
from one another due to the uncertainty attributed to cosmic variance.

We then turned our attention to the cosmological imprints on the growth of struc-
ture, where we clearly distinguished between the interacting DE models themselves,
along with the uncoupled model, by simply plotting the expansion history against
the growth history. We found that the coupling between DE and DM leads to an
enhanced growth with respect to the uncoupled quintessence model, particularly in
coupled models which incorporate a non–vanishing disformal coupling. Furthermore,
we discussed the matter growth rate function as a function of the wave number, which
extends from the small–scales to the large–scales, as well as a function of the redshift.
We established that the matter growth rate function is enhanced on small–scales with
respect to large–scales, in all interacting DE models. This observed enhancement
was further studied via the small–scale approximation of the perturbation equations,
which we generically presented in two different gauges, in which we also discussed
analytical solutions to the coupled DM density contrast at four specific fixed points.

Interestingly enough, disformal couplings were characterised by distinctive
intermediate–scales and time–dependent damped oscillations in the matter growth
rate function. This enabled us to further distinguish the coupled models which con-
tain a non–vanishing disformal coupling, from the rest. We will further explore this
generic interacting DE model formulation in the next chapter, in which we will de-
termine its viability from the point of view of current cosmological data sets. From
the theoretical perspective, one still needs to properly embed these kind of models
in a more fundamental theory of Nature.
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dreamy realms of speculation.

Edwin Powell Hubble

6
Status of dark sector interactions

The rapid progression of precision cosmology has undoubtedly led to a wide spectrum
of cosmological probes that are able to survey different cosmic epochs. Consequently,
this lavish information about the Universe repeatedly challenged our theoretical un-
derstanding of the cosmos. As we have clearly illustrated in chapter 2, the simplest
cosmological framework of the concordance ΛCDM model is found to be in an ex-
cellent agreement with the currently reported cosmological observations, and its
parameters have now been determined to an impressive accuracy. Given that this
model has survived this bountiful amount of high precision data, robust constraints
on new physics beyond the ΛCDM model are always getting tighter [576, 598–603].
Nevertheless, there have been indications in the data that are not well described by
the ΛCDM model, as we illustrated in chapter 3.

A rational step towards a more comprehensive view of our Universe is to confront
alternative cosmological models with the several cosmological data sets. Here we fo-
cus on the coupled quintessence model that we introduced in chapter 5, in which dark
matter and dark energy interact with one another via the conformal and disformal
couplings, whereas the standard model particles follow their standard cosmological
evolution. As we discussed in the previous chapter, since the dark sector of the Uni-
verse, which is believed to be composed of dark matter and dark energy, has only
been indirectly observed with cosmological observations, interactions between dark
matter particles beyond the gravitational force and mediated by dark energy cannot
be excluded a priori [456, 465, 468, 562, 604–606]. Moreover, we further illustrated
that the additional fifth–force within the dark sector of the Universe modifies the
background evolution, as well as the evolution of cosmological perturbations. Indeed,
in this chapter we will demonstrate that current cosmological data sets are sensitive
to this dark sector interaction.

Coupled dark energy models with a conformal coupling function have been ex-

173
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haustively explored, and tight constraints have been placed on the model parame-
ters [570, 573, 574, 576, 590, 593, 607–609]. On the other hand, we first confronted
conformally–disformally coupled dark energy models in Ref. [5], in which we only
used their background cosmic evolution, and we placed tighter constraints on the
models in Ref. [4] by further adopting the evolution of cosmological perturbations.
We should also note that, similar cosmological models which make use of a disformal
coupling have been discussed in Refs. [1, 2, 471, 472, 480, 527, 535, 558, 575, 610,
611].

In section 6.1 we briefly introduce our interacting dark energy model, and in
section 6.2 we summarise the observational data sets together with the method that
will be employed to infer the cosmological parameter constraints. We then present
the derived constraints in section 6.3, and draw our final remarks in section 6.4.

6.1 Interacting dark energy model

In this section we briefly review the basic equations of the generic coupled dark
energy (DE) model, which we explored in chapter 5. We recall that, the Einstein
frame action of this model reads

S =

∫
d4x

√
−g
[
M2

Pl

2
R− 1

2
gµν∂µϕ ∂νϕ− V (ϕ) + LSM

]

+

∫
d4x
√

−g̃L̃DM (g̃µν , ψ) ,

(6.1)

in which the gravitational sector has the standard Einstein–Hilbert form, and recall
that M−2

Pl = 8πG where MPl = 2.4 × 1018 GeV is the reduced Planck mass. DE
is described by a canonical quintessence scalar field ϕ, with a potential V (ϕ). The
uncoupled standard model (SM) particles are described by the Lagrangian LSM ,
which includes a relativistic sector (r), and a baryon sector (b). Particle quanta of
the dark matter (DM) fields ψ, follow the geodesics defined by the metric

g̃µν = C(ϕ)gµν +D(ϕ) ∂µϕ ∂νϕ , (6.2)

with C(ϕ), D(ϕ) being the conformal and disformal coupling functions, respectively.
We here adopt the spatially flat Friedmann–Lemaître–Robertson–Walker (FLRW)

space–time, in which the scalar field evolves according to a modified Klein–Gordon
equation

ϕ′′ + 2Hϕ′ + a2V,ϕ = a2Q , (6.3)
where V,ϕ = dV/dϕ, a prime denotes a conformal time derivative, and define the
conformal Hubble parameter by H = a′/a, with a being the cosmic scale factor.



175 Status of dark sector interactions

The DM energy density ρc, does not follow the standard redshift evolution of a−3,
but is found to satisfy an energy exchange equation

ρ′c + 3Hρc = −Qϕ′ , (6.4)

whereas the radiation and baryonic energy densities satisfy the standard energy
conservation equations

ρ′r + 4Hρr = 0 , ρ′b + 3Hρb = 0 , (6.5)

respectively. In the FLRW space–time, the generic coupling function of Eq. (5.17)
simplifies to

Q =
2D
(

C,ϕ

C
ϕ′2 + a2V,ϕ + 3Hϕ′

)
− a2C,ϕ −D,ϕϕ

′2

2
[
a2C +D

(
a2ρc − ϕ′2

)] ρc . (6.6)

We recall that the Friedmann equations take their usual form, and in order to avoid
unnecessary repetitions we refer to chapter 5 for further details.

To be concrete, throughout this chapter we choose an exponential functional
form for the couplings and scalar field potential, namely

C(ϕ) = e2ακϕ, D(ϕ) = D4
Me

2βκϕ, V (ϕ) = V 4
0 e

−λκϕ, (6.7)

where α, DM , β, V0, and λ are constants, and recall that κ2 = M−2
Pl . This explicit

interaction between DM and DE modifies both the background dynamics, as well as
the evolution of perturbations [3, 476, 485, 537, 563, 564, 597]. For instance, these
dark sector couplings modify the cosmological distances, such as the distance to the
last–scattering surface, thus have a direct impact on the cosmic microwave back-
ground (CMB) temperature power spectrum. In addition, this interaction within
the dark sector shifts the epoch of matter–radiation equality, which in turn affects
the theoretical matter power spectrum.

In the following sections, we will consider three main specific cases of this generic
interacting DE model, which we shall refer to as the conformal, disformal, and
mixed models. For the sake of clarity, each of these cases is dealt with separately.
Henceforth, in the conformal model we only consider the conformal coupling, for the
disformal model we set the conformal coupling to unity and study only the disformal
coupling, whereas in the mixed model we simultaneously consider the conformal and
disformal couplings.
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6.2 Cosmological data sets & procedure

In this section, we discuss the data sets that will be used in our analyses. We will be
confronting our coupled DE models with probes that survey the late–time Universe,
along with early–time cosmic probes:

1. Cosmic microwave background

In all data set combinations we make use of the low multipole (2 ≤ ℓ ≤ 29)

publicly available Planck 2015 data, which also includes the power spectra
of the CMB temperature and polarisation fluctuations [292], as well as the
lensing power spectrum [91]. For the high multipole (l ≥ 30) range, we
assess the impact of the polarisation data by making use of the TT and
TTTEEE likelihoods, which we denote by TT and TTEE, respectively.
Occasionally we further use the Planck lensing likelihood in the multipole
range 40 ≤ ℓ ≤ 400, and we refer to this data set as lensing.

2. Background data

In addition, we make use of two background data set combinations which
will enable us to break parameter degeneracies from CMB measurements.
These combinations consist of baryon acoustic oscillations (BAO) mea-
surements, a supernovae Type Ia (SNIa) sample, a cosmic chronometers
data set, and local measurements of the Hubble constant:

A. Baryon acoustic oscillations

BAO features in the clustering of galaxies have repeatedly been
used by large–scale surveys as a standard ruler to measure the
distance–redshift relation, where these acoustic oscillations in the
photon–baryon plasma arise from the tight coupling of baryons
and photons in the radiation dominated era. We consider BAO
data from the SDSS Main Galaxy Sample at zeff = 0.15 [93],
the six degree Field Galaxy Survey at zeff = 0.106 [92], and
the Baryon Oscillation Spectroscopic Survey LOWZ and CMASS
samples at zeff = 0.32 and zeff = 0.57 [612], respectively.
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Figure 6.1: In this figure we compare the distancemodulus of three interacting DE scenarios with a SNIa

data set (gray error bars) [538]. We illustrate a conformal case (dot–dashed) withα = 0.02, a constant
disformal case (dashed) withDM = 0.4meV−1, and amixed case (solid) withα = 0.18, DM =
0.4meV−1, andβ = 0. In all cases we setλ = 1.1.

B. Supernovae
Apart from providing the first observational evidence for the ac-
celerating expansion of the Universe [87, 88], SNIa data sets have
also been widely used for cosmological model parameter fitting.
In Fig. 6.1 we illustrate the residual Hubble diagram from an
empty Milne Universe, for three kinds of models when compared
to the SNIa data set of Ref. [538], where we define the distance
modulus by [613]

∆(m−M) = (m−M)model − (m−M)Milne , (6.8)

where
m−M = 5 log10

[
DL(z)

10 pc

]
, (6.9)

with m being the apparent magnitude, M is the absolute mag-
nitude of the object, and DL(z) is the luminosity distance (see
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section 1.2.3). In our analyses, we make use of the SDSS–II/
SNLS3 Joint Light–curve Analysis data compilation [95] of SNIa
measurements.

C. Cosmic chronometers
We use the compiled measurements [296–301] of the Hubble pa-
rameter H(z) = a−1H(z), which are derived from the cosmic
chronometers approach, and span the redshift range 0 < z < 2.
This data is inferred from the differential age technique [614],
which is based on measurements of the age difference between
two passively–evolving galaxies that formed at the same time,
but are separated by a small redshift interval.

D. Local Hubble constant
In order to assess the impact of the local measurements of the
Hubble constant on our coupling parameter constraints, we adopt
the measurements as reported by Adam Riess and his collabora-
tors (hereafter denoted by HR

0 ) [78], and by George Efstathiou
(hereafter denoted by HE

0 ) [96]. The choice of these measurements
is motivated by the recent claims of some tension [346, 371, 375]
within the concordance cosmological model between the CMB in-
ferred constraint on H0, and the local measurement HR

0 , whereas
the measurement HE

0 is still found to be in very good agreement
with early–Universe probes. We refer to chapter 3 for a broader
discussion on this matter.

In the following, we denote the background data set combinations BAO+

SNIa +H(z) +HE
0 and BAO + SNIa +H(z) +HR

0 , by BSHE and BSHR,
respectively.

3. Cluster abundance

We use cluster abundance measurements [362, 363, 365–370] as a probe
of the large–scale structure. This data set consists of eight measurements
[615] in the form of σ8(Ωm/α̃)

β̃, where the parameters α̃ and β̃ are deter-
mined from each reported measurement, and we recall that σ8 = σ8(z = 0)

denotes the linear theory rms fluctuation in total matter in 8h−1Mpc
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spheres, and Ωm denotes the current total fractional abundance of matter
with respect to the critical density (see section 1.2.3). We split this data
set into two measurements [362, 363] which were found to be in tension
with the concordance model (hereafter denoted by Cluster Abundance
(CA)), and another subset containing the remaining six measurements
[365–370] (hereafter denoted by Alternative Cluster Abundance (ACA)).
Although in the analyses that follow we do not report the cosmological
parameter constraints obtained from a joint analysis of the CA and ACA
data sets, we have checked that in our coupled DE models, the derived
constraints from a joint analysis are in an excellent agreement with the
results from the CA data set analysis. This is because the two measure-
ments of the CA data set have the smallest error–bars, and thus they
dominate in a joint analysis. Moreover, we should mention that these
cluster abundance measurements should be taken with a pinch of salt,
due to their dependence on the concordance model under which these
measurements were inferred. However, our goal is to check if the individ-
ual data sets can be brought in good agreement with each other with the
inclusion of the DE interactions.

Similar to the analyses of chapter 2, we employ a Bayesian approach to infer
the parameter posterior distributions together with their confidence limits. This is
implemented by the Markov chain Monte Carlo (MCMC) technique via a customised
version of Monte Python [291] which is interfaced with a modified version of the
cosmological Boltzmann code CLASS [120]. Apart from the implementation of our
specific coupled DE models’ equations, we also included a shooting algorithm in
CLASS in order to find the scalar field potential energy scale V0. The equations
governing the evolution of perturbations [3] in our specific coupled DE models were
implemented in both the Newtonian and synchronous gauge, and verified that we get
identical results in the two gauges (see section 5.3). For all the models considered
in sections 6.3.1–6.3.3, we also made use of the MCMC analysis package GetDist
[90], and verified that the results are in an excellent agreement with those obtained
from Monte Python.

We consider flat priors for the generic cosmological parameters that are allowed
to vary in our MCMC analyses. The full range of each flat prior is listed in Table
6.1. The general baseline set of parameters consists of Θ = {Ωbh

2, Ωch
2, 100 θs,

τreio, ln(1010As), ns, λ, α, DM , β}. Here, h is defined in terms of the Hubble constant
via H0 = 100h km s−1Mpc−1, Ωbh

2 represents the effective fractional abundance of
uncoupled baryons, Ωch

2 denotes the pressureless coupled cold dark matter effective
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Parameter Prior

Ωbh
2 . . . . . . . . . . [0.005, 0.100]

Ωch
2 . . . . . . . . . . [0.01, 0.99]

100 θs . . . . . . . . . [0.5, 10.0]

τreio . . . . . . . . . . . [0.04, 0.80]

ln(1010As) . . . . . [2.7, 4.0]

ns . . . . . . . . . . . . [0.5, 1.5]

λ . . . . . . . . . . . . . [0.0, 1.7]

α . . . . . . . . . . . . . [0.00, 0.48]

DM/meV−1 . . . [0.0, 1.1]

β . . . . . . . . . . . . . [0, 3]

Table 6.1: External generic flat priors on the cosmological parameters, including the coupling dependent

parameters assumed in these analyses.

energy density, 100 θs is the angular scale of the sound horizon at last scattering
defined by the ratio of the sound horizon at decoupling to the angular diameter
distance to the last scattering surface (see section 1.2.3), τreio is the reionization
optical depth parameter (see section 1.2.3), ln(1010As) is the log power of the scalar
amplitude of the primordial power spectrum together with its scalar spectral index
ns, λ is the slope of the scalar field exponential potential, α is the conformal coupling
parameter, and DM is the energy scale of the disformal coupling together with the
disformal exponent β. The chosen parameter space for the exponential functions
of Eq. (6.7) guarantees that we avoid the possibility of an instability attributed to
ghost and gradient conditions, thus the models are physically viable [1, 485] since the
metric transformation is well–defined [447], and refer to chapter 4 for further details
on this matter. In addition, due to the smallness of the coupling strength relative
to the gravitational strength, we are outside the adiabatic instability regime [616].
We remark that the specific prior for DM emerges from the fact that within this
range of values, the disformal coupling has a maximal effect on the cosmic evolution.
The pivot scale in our analyses was set to k0 = 0.05Mpc−1, and we assume purely
adiabatic scalar perturbations at very early times without the running of the scalar
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spectral index. Moreover, we fix the neutrino effective number to its standard value
of Neff = 3.046 [106, 107], as well as the photon temperature today to T0 = 2.7255K
[105]. As mentioned earlier, we assume spatial flatness.

In the top block of Tables 6.2–6.8, we present the constraints on the parameters
with flat priors that are varied in the MCMC analyses of the respective coupled
DE model. In our analyses, we also consider marginalised constraints on various
derived parameters which we present in the lower block of Tables 6.2–6.8. The
derived parameters include the present–day value of the Hubble parameter H0 in
km s−1Mpc−1, Ωm, σ8, the reionization redshift zreio, and the dimensionless age of the
Universe H0t0, with t0 being the current age of the Universe.

6.3 Results

In this section we discuss the inferred cosmological parameter constraints following
the procedure described in section 6.2. We first consider a coupled DE model with
an exponential conformal coupling only, which we discuss in section 6.3.1, and then
we present the obtained constraints in the constant as well as in the exponential
disformally coupled DE models in section 6.3.2. Finally, in section 6.3.3 we discuss
the derived constraints for the mixed coupled model which simultaneously makes
use of both the exponential conformal and constant disformal couplings between the
dark sector constituents. In the mixed model, we further consider a particular case
in which we fix the constant disformal coupling parameter DM , in order to assess
the impact on the conformal coupling parameter constraint.

In Fig. 6.2 we illustrate the obtained cosmological parameter constraints on
the usual six varied parameters of the concordance model (see chapter 2) from the
MCMC likelihood analyses in the conformal, disformal, and mixed coupled DE mod-
els with all data set combinations considered throughout these analyses. For the
disformal model we only show the inferred constraints from the constant disformally
coupled model, since the 1σ limits do not change appreciably in the exponential dis-
formally coupled case presented in Table 6.6. Similarly, for the mixed coupled model
we do not show the constraints from the mixed model with fixed DM , considered in
the last column of Table 6.8.

A common feature of our coupled DE models is that when the cluster abun-
dance data sets are included, τreio and As are shifted to lower values in comparison
with their inferred mean values from the other data set combinations. This shift
is predominantly observed when using the CA data set rather than the ACA mea-
surements. The reason behind this is that the measurements contained in the CA
data set prefer lower values of σ8 in all coupled DE models with respect to the other
data sets, including those in the ACA data set. Moreover, the major impacts of
this shift in the range of σ8 are found to be on τreio and As, which follow from the
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Figure 6.2: Cosmological parameter constraints in three coupled DEmodels with all data set combinations.

The coloured intervals correspond to themarginalised 1σ two–tail limits of each parameter.

degeneracies between τreio and σ8, and between As and σ8. As a consequence of these
degeneracies, a discrepancy between the 1σ limits of τreio and As arises between the
data set combinations which make use of the CA measurements with the other data
set combinations which do not include the cluster abundance measurements. This
is clearly shown in Fig. 6.2. Nonetheless, the inferred values of τreio from all data set
combinations, including those combinations which use the cluster abundance data
sets, are still in agreement with constraints from other reionization probes [620–
622]. Clearly, improved accuracy on the reionization optical depth parameter will
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Figure 6.3: In the upper panel we

compare themarginalised con-

straints on the dimensionless age
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Universe, whereas in the lower

panel these intervals show the

estimated 1σ constraints.

be useful to break the degeneracies with other cosmological parameters [623, 624].
Furthermore, we should also mention that there is a partial inverse correlation be-
tween σ8 and ns. Thus, the 1σ limits on ns shift to slightly larger values for the data
set combinations which include the CA measurements with respect to the other data
sets.

In the upper panel of Fig. 6.3, we show the inferred constraints on the dimen-
sionless age of the Universe in the models presented in Fig. 6.2, and in the lower
panel we show the 1σ intervals from astrophysical objects. For the calculation of
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Parameter TT TT + BSHE TT + BSHR TTEE TTEE + BSHE TTEE + BSHR

100 Ωbh
2 ..... 2.2242+0.0238

−0.0253 2.2241+0.0230
−0.0229 2.2273+0.0236

−0.0234 2.2257+0.0164
−0.0169 2.2269+0.0160

−0.0160 2.2283+0.0166
−0.0162

Ωch
2 .......... 0.11685+0.00479

−0.00260 0.11880+0.00138
−0.00137 0.11808+0.00132

−0.00131 0.11817+0.00318
−0.00185 0.11893+0.00116

−0.00116 0.11823+0.00112
−0.00110

100 θs ........ 1.04193+0.00047
−0.00047 1.04190+0.00045

−0.00045 1.04193+0.00046
−0.00045 1.04178+0.00033

−0.00032 1.04179+0.00032
−0.00032 1.04180+0.00032

−0.00032

τreio ............ 0.078411+0.017508
−0.020092 0.076849+0.016848

−0.019297 0.077484+0.017183
−0.019231 0.078153+0.016437

−0.017801 0.077784+0.016594
−0.017016 0.078322+0.016436

−0.017309

ln(1010As) ... 3.0896+0.0342
−0.0384 3.0874+0.0331

−0.0380 3.0884+0.0337
−0.0376 3.0913+0.0326

−0.0345 3.0902+0.0326
−0.0337 3.0913+0.0327

−0.0338

ns ............. 0.96832+0.00675
−0.00725 0.96598+0.00529

−0.00529 0.96668+0.00543
−0.00536 0.96571+0.00530

−0.00533 0.96514+0.00459
−0.00451 0.96558+0.00464

−0.00466

λ............... < 1.2170(1.6013) < 0.6686(1.0133) < 0.4528(0.8046) < 1.1718(1.5981) < 0.6228(0.9927) < 0.4481(0.7957)

α .............. < 0.0582(0.1037) < 0.0360(0.0543) 0.032032+0.019815
−0.017833 < 0.0496(0.0881) < 0.0394(0.0519) 0.032964+0.019626

−0.014047

H0 ............ 68.373+2.815
−3.991 68.031+0.917

−0.805 68.848+0.764
−0.786 67.553+2.746

−2.948 68.006+0.887
−0.783 68.786+0.740

−0.778

Ωm ............ 0.30053+0.04075
−0.03252 0.30491+0.00910

−0.00985 0.29624+0.00843
−0.00867 0.30976+0.03072

−0.03054 0.30546+0.00884
−0.00934 0.29711+0.00843

−0.00831

σ8 ............. 0.84733+0.03043
−0.04386 0.84332+0.01870

−0.02018 0.85064+0.01867
−0.02201 0.84285+0.02808

−0.03587 0.84441+0.01706
−0.01774 0.85223+0.01713

−0.01872

zreio ............ 9.8999+1.6689
−1.6576 9.8048+1.6436

−1.6258 9.8424+1.6665
−1.6003 9.9114+1.5890

−1.4639 9.8945+1.5883
−1.4342 9.9287+1.5790

−1.4473

H0t0 .......... 0.95482+0.03601
−0.04285 0.95592+0.01194

−0.00908 0.96538+0.00905
−0.00826 0.94652+0.03500

−0.03274 0.95571+0.01153
−0.00862 0.96467+0.00869

−0.00810

Table 6.2: For eachmodel parameter we report themean values and 1σ errors in the conformally coupled

DE scenario. The Hubble constant is given in units of km s−1Mpc−1. When necessary, for themodel

parametersλ andα, we also write in brackets the 2σ upper limits. For the data set combinations which

include theHR
0 local value of the Hubble constant, we quote themean values of the conformal coupling

parameterα, along with their respective 1σ errors, in order to highlight its impact on our results.
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Figure 6.4: Marginalised two–dimensional likelihood constraints for conformally coupled DEwith dif-

ferent data set combinations. We show the degeneracy of the conformal coupling parameterαwith

λ, Ωm, σ8, andH0.

the dimensionless age of the Universe Hastrotastro, we use the estimation of the astro-
physical age of the Universe based on some of the best known oldest stars [617–619],
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and assume the value of the astrophysical Hubble constant to coincide with HR
0 . We

should emphasise that the Hastrotastro constraints in Fig. 6.3 are solely used for com-
parative purposes and not in our cosmological parameter constraints analyses. The
comparison of the constraints presented in the upper and lower panels of Fig. 6.3
can be interpreted as a convergence between the theory of General Relativity which
governs the cosmological evolution of the Universe, and the laws of Quantum Me-
chanics which determine the nuclear reactions taking place in stars. Following our
MCMC analyses, the present time coincidence of H0t0 = 1, which has been recently
dubbed as the synchronicity problem [625], is not completely fulfilled in our coupled
DE models as H0t0 is not found to be exactly unity. Nonetheless, it still remains to
be seen if this makes the synchronicity problem even worse [626–628].

6.3.1 Conformal model constraints

In this section we discuss the inferred constraints in the exponential conformally cou-
pled model, with the coupling parameter α as defined in Eq. (6.7). In this model we
neglect the disformal coupling by fixing DM to zero. In Tables 6.2 and 6.3 we tabu-
late the parameter constraints from several data set combinations. The marginalised
two–dimensional likelihood constraints and the one–dimensional posterior distribu-
tions for the coupling parameter α of Table 6.2 are shown in Fig. 6.4 and Fig. 6.5,
respectively. Similarly, the marginalised two–dimensional likelihood constraints and
the one–dimensional posterior distributions for the coupling parameter α of Table
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Parameter TTEE+ lensing

+CA+ BSHE

TTEE+ lensing

+CA+ BSHR

TTEE+ lensing

+ACA+ BSHE

TTEE+ lensing

+ACA+ BSHR

100 Ωbh
2 . . . . 2.2556+0.0137

−0.0140 2.2570+0.0138
−0.0141 2.2330+0.0150

−0.0149 2.2354+0.0150
−0.0149

Ωch
2 . . . . . . . . 0.11541+0.00083

−0.00074 0.11523+0.00082
−0.00075 0.11812+0.00104

−0.00102 0.11761+0.00104
−0.00101

100 θs . . . . . . . 1.04194+0.00029
−0.00030 1.04195+0.00030

−0.00029 1.04187+0.00031
−0.00031 1.04190+0.00031

−0.00031

τreio . . . . . . . . . . 0.048632+0.002228
−0.008632 0.048728+0.002309

−0.008727 0.057948+0.008405
−0.013138 0.058798+0.009195

−0.013012

ln(1010As) . . . 3.0197+0.0092
−0.0167 3.0199+0.0095

−0.0162 3.0464+0.0168
−0.0236 3.0478+0.0177

−0.0231

ns . . . . . . . . . . . 0.97192+0.00373
−0.00399 0.97206+0.00381

−0.00394 0.96662+0.00415
−0.00443 0.96723+0.00421

−0.00428

λ . . . . . . . . . . . . 0.61752+0.37467
−0.24731 < 0.5106(0.8274) < 0.8175(1.0290) < 0.4550(0.7961)

α . . . . . . . . . . . . < 0.0153(0.0301) < 0.0174(0.0325) < 0.0247(0.0423) < 0.0331(0.0467)

H0 . . . . . . . . . . 68.623+1.197
−0.816 69.460+0.773

−0.561 67.998+0.982
−0.743 68.744+0.694

−0.682

Ωm . . . . . . . . . . 0.29316+0.00756
−0.01043 0.28570+0.00581

−0.00720 0.30392+0.00810
−0.00962 0.29629+0.00763

−0.00754

σ8 . . . . . . . . . . . 0.79003+0.01131
−0.00893 0.79698+0.00805

−0.00706 0.81687+0.01071
−0.01027 0.82300+0.00952

−0.01058

zreio . . . . . . . . . . 6.9761+0.2440
−0.9653 6.9806+0.2498

−0.9663 7.9986+0.9093
−1.2186 8.0700+0.9729

−1.2031

H0t0 . . . . . . . . 0.96341+0.01600
−0.00991 0.97410+0.00995

−0.00659 0.95609+0.01302
−0.00855 0.96517+0.00872

−0.00726

Table 6.3: For eachmodel parameter we report themean values and 1σ errors in the conformally coupled

DE scenario. The Hubble constant is given in units of km s−1Mpc−1. When necessary, for themodel

parametersλ andα, we also write in brackets the 2σ upper limits. For the first data set combination we

highlight the significant peak in themarginalised posterior distribution ofλ, by quoting its mean value and

1σ errors (see text for further details).

6.3 are shown in Fig. 6.6 and Fig. 6.7, respectively. As clearly illustrated in Fig. 6.2,
marginally tighter constraints on the cosmological parameters are obtained with the
TTEE CMB likelihood in comparison with the TT likelihood. Consequently, the
95% confidence level (CL) upper bound on the conformal coupling parameter de-
creases from α < 0.1037 with the TT likelihood, to α < 0.0881 when using the
TTEE likelihood.

Since the CMB anisotropies mainly probe the high–redshift Universe, we further
add some information about the low–redshift Universe from the background data
sets BSHE and BSHR, which will also help to break the degeneracy between the
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parameters. From Table 6.2 and Fig. 6.2, it follows that the background data sets
improve the constraints on the cosmological parameters, particularly on the current
matter abundance fraction Ωm. From the second panel of Fig. 6.4, it is evident that
there is a partial inverse correlation between Ωm and α, thus a lower upper bound
on α results into a slightly higher mean value of Ωm. This clearly follows from
the transfer of energy between DM and DE which is governed by the conservation
equations (6.3) and (6.4).

Moreover, the coupling parameter α is found to be marginally correlated with the
Hubble constant, as depicted in the fourth panel of Fig. 6.4. Indeed, higher upper
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The shaded band depicts the

PlanckTT+ lensing constraint,
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(2σ) lines shows the constraint
from Planck lensing alone [91].

bounds on α are inferred when using the HR
0 local value of the Hubble constant in

comparison with the analyses making use of HE
0 . In fact, for the TT+ BSHR and

TTEE+ BSHR combinations, we highlight the observed peaks in the marginalised
one–dimensional posterior distributions of α, as depicted in Fig. 6.5, by reporting the
non–zero peak locations instead of quoting the upper limits as we did in the other
data set combinations. The peak in the marginalised posterior distribution with
TT+ BSHR is found to be at α = 0.032032+0.019815

−0.017833, whereas with TTEE+ BSHR the
peak is at α = 0.032964+0.019626

−0.014047. Thus, a higher value of H0 together with the CMB
polarisation likelihood enhance the preference of a non–zero α, although in the two
mentioned cases the conformal coupling parameter is still found to be consistent with
zero at ∼ 2σ. This complements the discussion of this model with an inverse power–
law potential in Ref. [576]. Similar indications of a non–null coupling, although with
a different coupling function, have also been reported in Ref. [629]. Also, phantom
dark energy was found to be preferred when relatively high external local values of
H0 are adopted [388, 630]. The TT/ TTEE+ BSHE data set combinations do not give
rise to a significant peak in the marginalised posterior distribution of α, although a
tighter constraint on the conformal coupling parameter is obtained with the TTEE
likelihood in comparison with the constraint from the TT likelihood combination.

The inferred upper bound constraints on the slope of the exponential scalar field
potential λ, are significantly improved when we include the background data sets
BSHE and BSHR along with the CMB likelihoods. This is mainly due to the fact
that the derived constraints on Ωm are tighter with the background data sets, leading
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to a considerable improvement in the upper bounds of λ, which is correlated with Ωm.
The background data sets lower the 95% CL upper bounds on λ, from λ < 1.5981
with TTEE, to λ < 0.9927 with TTEE+ BSHE, and particularly to λ < 0.7957 with
TTEE+ BSHR, all consistent with Refs. [570, 590, 609]. We show the correlation
between α and λ in the first panel of Fig. 6.4.

As discussed in chapter 5, conformally coupled DE models are characterised by
higher values of σ8 in comparison with the concordance and uncoupled quintessence
models [3, 481, 572] as a result of an enhancement in the growth of perturbations.
The correlation between the coupling parameter α and σ8 is shown in the third
panel of Fig. 6.4. In order to probe the growth of perturbations, we now consider
the cluster abundance data sets, as well as the CMB gravitational lensing likelihood.
In Table 6.3 we further include the lensing, CA, and ACA data sets in our analyses,
and we find that the conformal coupling parameter upper bounds are lowered in
comparison with the inferred upper bounds from the data sets considered in Table 6.2.
The two–dimensional marginalised constraints on α with the parameters λ, Ωm, σ8,
and H0 are shown in Fig. 6.6. From the marginalised posterior distributions of the
conformal coupling parameter, shown in Fig. 6.7, we find that the observed peaks
in Fig. 6.5 are now insignificant when we include the cluster abundance and lensing
data sets. In Fig. 6.7, we also show the marginalised posterior distributions of α,
inferred from the analyses which include the Full Cluster Abundance (FCA) data
set consisting of the CA and ACA measurements altogether. As already mentioned
in section 6.2, the derived constraints on α from the FCA data set coincide with
the obtained constraints from the CA data set, henceforth we do not report the
parameter constraints from the MCMC analyses which make use of the FCA data
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set.
The tightest 95% CL upper bounds on α are derived from the CA data set combi-

nations, since the measurements in this cluster abundance data set favour relatively
low values of σ8. In fact, these CA measurements are in tension with the inferred
concordance model σ8 constraints [65, 363, 615]. In Fig. 6.8, we show the two–
dimensional marginalised constraints on σ8 and Ωm from two data set combinations
which do not include the cluster abundance and lensing data sets, together with the
data set combinations which probe the growth of perturbations. For comparative
purposes only, we also include the concordance model constraints inferred from the
CMB lensing only likelihood (depicted by dashed and dotted lines), and from the
CMB TT+ lensing likelihoods (depicted by the shaded bands) [91]. From this figure,
it is evident that the conformally coupled DE model gives rise to a larger σ8 in com-
parison with the concordance model, although when including the ACA and lensing
data sets, the inferred contours overlap the Planck TT+ lensing shaded bands. On
the other hand, the CA data set combination pushes the inferred Ωm–σ8 contours
downwards, deviating from the Planck TT+ lensing constraint.

From the TTEE+ lensing+ CA+ BSHE data set combination we obtain a 95% CL
upper bound of α < 0.0301, whereas the upper bound from the TTEE+ lensing+ CA
+BSHR data set combination is of α < 0.0325. When we use the ACA data set
instead of the CA measurements, we obtain a 95% CL upper bound of α < 0.0423
with TTEE+ lensing+ ACA+ BSHE data sets, and an upper bound of α < 0.0467
with TTEE+ lensing+ ACA+ BSHR data sets. Moreover, when using the HE

0 local
value of the Hubble constant together with the cluster abundance data sets, a larger
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Parameter TT TT + BSHE TT + BSHR TTEE TTEE + BSHE TTEE + BSHR

100 Ωbh
2 ...... 2.2288+0.0248

−0.0251 2.2318+0.0211
−0.0210 2.2400+0.0209

−0.0214 2.2279+0.0168
−0.0173 2.2321+0.0149

−0.0148 2.2380+0.0149
−0.0150

Ωch
2 ............ 0.12293+0.00298

−0.00540 0.12238+0.00213
−0.00464 0.12096+0.00198

−0.00408 0.12333+0.00235
−0.00509 0.12265+0.00197

−0.00446 0.12131+0.00188
−0.00366

100 θs .......... 1.04195+0.00048
−0.00047 1.04200+0.00044

−0.00044 1.04209+0.00043
−0.00043 1.04180+0.00033

−0.00033 1.04185+0.00031
−0.00031 1.04191+0.00031

−0.00030

τreio .............. 0.078477+0.017682
−0.020519 0.079563+0.017484

−0.018663 0.082882+0.018012
−0.018692 0.077320+0.016929

−0.017617 0.079307+0.016578
−0.016441 0.082658+0.017012

−0.016557

ln(1010As) ..... 3.0895+0.0343
−0.0391 3.0912+0.0344

−0.0372 3.0958+0.0358
−0.0372 3.0891+0.0330

−0.0347 3.0919+0.0327
−0.0326 3.0973+0.0337

−0.0335

ns ............... 0.96643+0.00655
−0.00693 0.96730+0.00475

−0.00480 0.96938+0.00469
−0.00471 0.96456+0.00503

−0.00526 0.96585+0.00437
−0.00451 0.96756+0.00427

−0.00436

λ ................ − − − − − −

DM/meV−1 ... > 0.4627 > 0.5883 > 0.6540 > 0.4599 > 0.6031 > 0.6810

H0 .............. 67.306+1.821
−1.070 67.969+0.736

−0.676 68.510+0.624
−0.600 67.084+1.569

−0.743 67.846+0.662
−0.539 68.288+0.544

−0.518

Ωm .............. 0.32125+0.01594
−0.02537 0.31336+0.00924

−0.01428 0.30554+0.00859
−0.01192 0.32407+0.01215

−0.02328 0.31507+0.00815
−0.01382 0.30821+0.00781

−0.01096

σ8 ............... 0.90433+0.02913
−0.11800 0.92196+0.03372

−0.11257 0.92794+0.04409
−0.12384 0.90220+0.02698

−0.11265 0.92580+0.03830
−0.11204 0.93049+0.04199

−0.11698

zreio .............. 9.9392+1.7144
−1.6766 10.0315+1.6446

−1.5612 10.2874+1.6910
−1.5378 9.8610+1.6225

−1.4832 10.0227+1.5982
−1.3557 10.2924+1.5777

−1.3897

H0t0 ............ 0.94836+0.02316
−0.01219 0.95684+0.00937

−0.00768 0.96326+0.00747
−0.00694 0.94578+0.01987

−0.00898 0.95546+0.00850
−0.00626 0.96082+0.00656

−0.00602

Table 6.4: For each data set combination we report themean values and 1σ errors in the constant

disformally coupled DE scenario, in which we setβ = 0. The Hubble constant is given in units of
km s−1Mpc−1. These data sets were not able to constrain the parameterλ.

upper bound on λ is allowed, in comparison with the analyses which use HR
0 . Indeed,

for the first data set combination of Table 6.3 we quote the non–zero peak location in
the marginalised posterior distribution of λ, instead of its respective upper limits. We
find that there is a marginal inverse correlation between λ and σ8, and a correlation
between H0 and σ8, thus explaining these shifts in the upper bounds of λ. This is
clearly illustrated in Fig. 6.9. Unfortunately, this relationship between H0 and σ8
would not be able to alleviate the tension between the low–redshift and high–redshift
probes.

Following the discussion on the optical depth of reionization parameter in sec-
tion 6.3, in Fig. 6.10 we show the correlation between the redshift of reionization
zreio, and σ8 in the conformally coupled model. We should remark that this rela-
tionship between the mentioned parameters also follows in the other coupled DE
models. Apart from the marginalised contours from distinct data set combinations,
we also include a few samples from the TT+ BSHR data set combination colour
coded with the value of α. The marginalised contours of the TT+ BSHR and the
TTEE+ lensing+ ACA+ BSHR data set combinations only overlap in a region of
compatible σ8 values with the ACA data set. Consequently, tighter constraints are
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Figure 6.11: Marginalised two–

dimensional constraints on

parameters of the constant

disformal model using the data

sets indicated in the figure.

The shaded band depicts the

PlanckTT+ lensing constraint,
whereas the region enclosed

by the dashed (1σ) and dotted
(2σ) lines shows the constraint
from Planck lensing alone [91].

placed on the zreio–σ8–α subspace, placing a lower upper bound on α. Moreover, there
is a further reduction of the overlapping region between the marginalised contours of
the TT+ BSHR and the TTEE+ lensing+ CA+ BSHR data set combinations, and
the contour from the latter data set combination shifts downwards due to the in-
compatibility of the CA measurements with high σ8 values. In Fig. 6.10, we also
show an excluded region of zreio inferred by observations of the Gunn–Peterson effect
[632] in quasar spectra [631]. As clearly shown in this figure, our constraints are
in agreement with the latter observations, although a preference towards lower σ8
values could eventually shift the marginalised contours into the excluded region.

6.3.2 Disformal model constraints

In this section we present and discuss the MCMC inferred parameter constraints
in the constant disformally coupled DE model with the coupling parameter DM ,
together with the exponential disformally coupled DE model with the coupling pa-
rameter β, as defined in Eq. (6.7). We will start with the former case, in which we
set β = 0 in the disformal coupling function D(ϕ), and fix the conformal coupling
function to unity. In Tables 6.4 and 6.5 we show the parameter constraints from
several data set combinations.

Similar to the conformally coupled scenario discussed in section 6.3.1, marginally
tighter constraints on the varied cosmological parameters are obtained with the
TTEE CMB likelihood in comparison with the TT likelihood, as clearly seen in
Fig. 6.2. In Table 6.4 we present the parameter constraints inferred from the
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Parameter TTEE+ lensing

+CA+ BSHE

TTEE+ lensing

+CA+ BSHR

TTEE+ lensing

+ACA+ BSHE

TTEE+ lensing

+ACA+ BSHR

100 Ωbh
2 . . . . . . 2.2556+0.0141

−0.0143 2.2574+0.0139
−0.0139 2.2344+0.0143

−0.0148 2.2389+0.0145
−0.0147

Ωch
2 . . . . . . . . . . 0.11553+0.00087

−0.00079 0.11540+0.00083
−0.00074 0.11850+0.00109

−0.00116 0.11802+0.00103
−0.00109

100 θs . . . . . . . . . 1.04194+0.00030
−0.00030 1.04196+0.00030

−0.00030 1.04189+0.00030
−0.00030 1.04194+0.00030

−0.00030

τreio . . . . . . . . . . . . 0.048565+0.002197
−0.008565 0.048860+0.002343

−0.008860 0.058265+0.008664
−0.012685 0.060940+0.010041

−0.012200

ln(1010As) . . . . . 3.0195+0.0094
−0.0162 3.0201+0.0100

−0.0163 3.0466+0.0170
−0.0229 3.0511+0.0191

−0.0225

ns . . . . . . . . . . . . . 0.97181+0.00377
−0.00396 0.97212+0.00376

−0.00392 0.96674+0.00412
−0.00432 0.96795+0.00414

−0.00430

λ . . . . . . . . . . . . . . < 0.6720(0.9830) < 0.3587(0.7270) < 0.4818(0.8953) < 0.3109(0.6412)

DM/meV−1 . . . < 0.2500 < 0.3680 < 0.4420 < 0.5730

H0 . . . . . . . . . . . . 68.817+1.162
−0.634 69.485+0.638

−0.438 68.058+0.810
−0.555 68.552+0.559

−0.510

Ωm . . . . . . . . . . . . 0.29175+0.00604
−0.01032 0.28584+0.00489

−0.00618 0.30420+0.00658
−0.00874 0.29885+0.00620

−0.00662

σ8 . . . . . . . . . . . . . 0.79149+0.01143
−0.00724 0.79668+0.00686

−0.00607 0.81655+0.00948
−0.00867 0.82002+0.00808

−0.00872

zreio . . . . . . . . . . . . 6.9709+0.2434
−0.9637 6.9948+0.2564

−0.9897 8.0308+0.9372
−1.1699 8.2758+1.0452

−1.0987

H0t0 . . . . . . . . . . 0.96655+0.01514
−0.00806 0.97511+0.00853

−0.00482 0.95809+0.01068
−0.00649 0.96419+0.00696

−0.00588

Table 6.5: For each data set combination we report themean values and 1σ errors in the constant

disformally coupled DE scenario, in which we setβ = 0. The Hubble constant is given in units of
km s−1Mpc−1. For the parameterλ, we also write in brackets the 2σ upper limits.

CMB likelihoods, together with the joint combination of the CMB likelihoods with
the background data sets. Although the TTEE likelihood seems to improve the
parameter constraints, it is still not able to put tight constraints on the scalar field’s
potential parameter λ, even when this is combined with the background data sets.

A striking difference between the derived cosmological parameter constraints in
the conformally coupled DE model and the constant disformally coupled DE model,
is the anomalous enhancement in the mean value of σ8 in the latter coupled DE model.
Other interacting DE models that are characterised with relatively high values of
σ8 were discussed in Refs. [629, 633]. Although we are considering the constant
disformally coupled DE model, these features are also present in the exponential
disformally coupled DE model discussed in the last part of this section. This increase
in the mean value of σ8 in the constant disformally coupled DE model is expected
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due to the energy transfer taking place between DM and DE, and particularly as a
result of a coupling induced additional force acting between the DM particles [3, 485].
This fifth–force is also present in the conformally coupled DE model, although the
strength of this force is found to be the largest in coupled DE models which make use
of the disformal coupling. Consequently, this leads to an enhancement in the growth
of perturbations in comparison with the uncoupled quintessence and conformally
coupled DE models. In chapter 5 we further observed that, when a disformal coupling
between DE and DM is present, this induces intermediate–scales time–dependent
damped oscillations in the matter growth rate function [3]. In these analyses we
are not able to probe these scale–dependent features in the matter growth rate
function, although we believe that deriving constraints from the scale–dependence
of the matter growth rate function would strengthen our constraints.

The considerably large range of allowed values of σ8 by the CMB likelihoods
and the background data sets is clearly illustrated in Fig. 6.11. The influence of
the local value of the Hubble constant is mainly attributed with the constraint on
Ωm, due to the inverse correlation between Ωm and H0. Although the marginalised
contours of the TTEE+ BSHE and TTEE+ BSHR data set combinations are still in
agreement with the concordance model 1σ and 2σ approximate fit constraints, very
weak constraints are inferred from these data set combinations considered in Table
6.4.

In order to shrink these contours, we further add the cluster abundance data
sets along with the CMB lensing likelihood. The inferred parameter constraints
are tabulated in Table 6.5, in which we are now able to constrain the scalar field’s
exponent parameter λ, as clearly depicted in Fig. 6.12. As expected, the mea-
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Figure 6.13: Marginalised constraints on the disformal coupling parameterDM/meV−1, and the slope of

the scalar field potentialλ, in the constant disformally coupled DEmodel. In the upper two panels we use

theHE
0 local value of the Hubble constant, and in the lower two panels we useHR

0 . The sample points in

the top right and lower right panels are colour codedwith the value ofσ8, and are taken from the data sets

represented by the black solid contour lines of each panel.

surements of the ACA and CA data sets do not allow for such large values of
σ8, and consequently shrink the marginalised contours of Fig. 6.11. Indeed, the
marginalised contours of the additional CMB lensing and ACA data sets overlap
the Planck TT+ lensing constraint bands, similar to what happened in the confor-
mally coupled model. Even in this model, the CA data set is still able to lower
the mean value of σ8, in order to be compatible with the relatively low σ8 mea-
surements of this data set. Moreover, from the coloured samples of the λ–σ8–DM

subspace of Fig. 6.12, we observe that the inclusion of the cluster abundance data
sets and the CMB lensing likelihood exclude the relatively high DM values which
lie along the top section of the λ–σ8 band inferred from the TT+ BSHR data set
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Parameter TTEE+ lensing

+CA+ BSHE

TTEE+ lensing

+CA+ BSHR

TTEE+ lensing

+ACA+ BSHE

TTEE+ lensing

+ACA+ BSHR

100 Ωbh
2 . . . . 2.2539+0.0137

−0.0138 2.2568+0.0137
−0.0135 2.2341+0.0144

−0.0145 2.2386+0.0142
−0.0146

Ωch
2 . . . . . . . . 0.11572+0.00077

−0.00075 0.11549+0.00080
−0.00077 0.11877+0.00106

−0.00130 0.11816+0.00104
−0.00113

100 θs . . . . . . . 1.04191+0.00030
−0.00030 1.04195+0.00030

−0.00029 1.04189+0.00029
−0.00030 1.04193+0.00030

−0.00030

τreio . . . . . . . . . . 0.047123+0.001780
−0.007123 0.048175+0.002176

−0.008174 0.056890+0.007961
−0.012251 0.059970+0.009571

−0.012187

ln(1010As) . . . 3.0169+0.0082
−0.0141 3.0188+0.0091

−0.0151 3.0440+0.0160
−0.0218 3.0492+0.0181

−0.0224

ns . . . . . . . . . . . 0.97118+0.00375
−0.00389 0.97187+0.00371

−0.00384 0.96651+0.00406
−0.00422 0.96773+0.00406

−0.00423

λ . . . . . . . . . . . . < 0.1269(0.3360) < 0.1257(0.3090) < 0.2841(0.7847) < 0.2458(0.5702)

β . . . . . . . . . . . . < 1.6700 < 1.7100 < 1.5900 < 1.7412

H0 . . . . . . . . . . 69.653+0.369
−0.375 69.783+0.353

−0.386 68.356+0.599
−0.475 68.658+0.481

−0.481

Ωm . . . . . . . . . . 0.28502+0.00439
−0.00435 0.28354+0.00443

−0.00430 0.30209+0.00603
−0.00778 0.29820+0.00610

−0.00634

σ8 . . . . . . . . . . . 0.79966+0.00394
−0.00505 0.79975+0.00416

−0.00532 0.82041+0.00804
−0.00826 0.82179+0.00746

−0.00861

zreio . . . . . . . . . . 6.8285+0.1997
−0.8164 6.9273+0.2376

−0.9151 7.8974+0.8731
−1.1287 8.1825+0.9975

−1.1125

H0t0 . . . . . . . . 0.97764+0.00406
−0.00448 0.97906+0.00408

−0.00433 0.96203+0.00693
−0.00595 0.96562+0.00564

−0.00563

Table 6.6: For each data set combination we report themean values and 1σ errors in the exponential

disformally coupled DE scenario, in which we setDMV0 = 1. The Hubble constant is given in units of
km s−1Mpc−1. For themodel parameterλ, we also write in brackets the 2σ upper limits.

combination. Consequently, an upper bound is placed on the disformal coupling
parameter DM , instead of a lower bound as reported in Table 6.4. Tight 95% CL
upper bounds are placed on the scalar field’s potential exponent parameter of λ <
0.9830 (TTEE+ lensing+ CA+ BSHE), λ < 0.7270 (TTEE+ lensing+ CA+ BSHR),
λ < 0.8953 (TTEE+ lensing+ ACA+ BSHE), and of λ < 0.6412 (TTEE+ lensing
+ACA+ BSHR). Despite of the improved constraints on the parameters, we only
obtain 68% CL upper bounds on the constant disformal coupling parameter of DM <
0.2500 meV−1 (TTEE+ lensing+ CA+ BSHE), DM < 0.3680 meV−1(TTEE+ lensing
+CA+ BSHR), DM < 0.4420 meV−1 (TTEE+ lensing+ ACA+ BSHE), and also of
DM < 0.5730 meV−1 (TTEE+ lensing+ ACA+ BSHR).

In the upper left and lower left panels of Fig. 6.13, we compare the two–
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Figure 6.14: Marginalised two–dimensional constraints on the exponential disformal coupling parameter

β, and the slope of the exponential potentialλ. In the left panel we use theHE
0 local value of the Hubble

constant, and in the right panel we useHR
0 . In this model we setDMV0 = 1.

dimensional marginalised constraints on the constant disformally coupled DE model
parameters DM and λ. We complement these marginalised constraints by their re-
spective λ–DM–σ8 subspace, which we show on the right hand side of these panels.
Undoubtedly, the allowed large values of DM and λ by the CMB likelihoods to-
gether with the background data sets, will be excluded by the cluster abundance
data sets. This is evidently illustrated by the samples located in the vicinity of the
top right corner of the panels in Fig. 6.13 depicting the λ–DM–σ8 subspace. Thus,
the cluster abundance data sets together with the CMB lensing likelihood are able to
significantly shrink the allowed range of the parameters DM and λ. These improved
constraints complement the analyses of Ref. [5], in which only the background evo-
lution was considered.

As we indicated in the beginning of this section, we will now consider an ex-
ponential disformally coupled model. In this case, we will still set the conformal
coupling to unity, but without loss of generality we also fix the constant disformal
coupling parameter to DMV0 = 1. Thus, in this disformally coupled DE model we
vary the disformal coupling parameter β in the MCMC analyses. Since the tight-
est constraints in the constant disformally coupled DE model were obtained when
the cluster abundance data sets were considered in the data set combinations, we
here only report and discuss the inferred parameter constraints with these data set
combinations. These are tabulated in Table 6.6, and in Fig. 6.14 we illustrate the
two–dimensional marginalised constraints of β and λ. In the left panel of this figure
we use the HE

0 local value of the Hubble constant, and in the right panel we in-
stead use HR

0 , in order to asses their impact on our constraints. Indeed, marginally
higher upper bounds for λ are obtained with the HE

0 Hubble constant in comparison
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Parameter TT TT + BSHE TT + BSHR TTEE TTEE + BSHE TTEE + BSHR

100 Ωbh
2 ...... 2.2292+0.0241

−0.0259 2.2308+0.0216
−0.0211 2.2378+0.0214

−0.0214 2.2282+0.0168
−0.0171 2.2309+0.0148

−0.0150 2.2358+0.0148
−0.0149

Ωch
2 ........... 0.12073+0.00560

−0.00488 0.12124+0.00359
−0.00429 0.11914+0.00457

−0.00406 0.12121+0.00524
−0.00444 0.12141+0.00341

−0.00424 0.11947+0.00419
−0.00370

100 θs .......... 1.04195+0.00049
−0.00049 1.04197+0.00044

−0.00043 1.04206+0.00044
−0.00043 1.04180+0.00033

−0.00033 1.04183+0.00030
−0.00031 1.04190+0.00030

−0.00030

τreio .............. 0.078386+0.017528
−0.020861 0.078803+0.017096

−0.019199 0.081653+0.017552
−0.018949 0.077251+0.016272

−0.017890 0.078334+0.016638
−0.017105 0.080978+0.015709

−0.016581

ln(1010As) ..... 3.0894+0.0341
−0.0404 3.0900+0.0340

−0.0381 3.0942+0.0356
−0.0369 3.0889+0.0323

−0.0344 3.0902+0.0327
−0.0338 3.0946+0.0314

−0.0325

ns ............... 0.96641+0.00665
−0.00682 0.96672+0.00488

−0.00493 0.96851+0.00490
−0.00488 0.96453+0.00500

−0.00518 0.96556+0.00444
−0.00446 0.96682+0.00437

−0.00429

λ ................ > 0.7928 > 0.7284 0.88518+0.64662
−0.41172 > 0.7964 > 0.7329 0.90123+0.63771

−0.38682

α ................ < 0.3151 < 0.3320 > 0.1747 < 0.3127 < 0.3380 > 0.1801

DM/meV−1 ... > 0.4820 > 0.5890(0.2578) > 0.5871(0.2271) > 0.4970 > 0.5970(0.2609) > 0.5665(0.2068)

H0 .............. 68.040+1.539
−1.553 68.135+0.709

−0.654 68.691+0.642
−0.680 67.811+1.389

−1.281 68.026+0.648
−0.573 68.491+0.533

−0.619

Ωm ............. 0.30970+0.02286
−0.02267 0.30937+0.01201

−0.01351 0.30010+0.01379
−0.01222 0.31265+0.02053

−0.01874 0.31072+0.01125
−0.01324 0.30249+0.01337

−0.01092

σ8 ............... 0.93857+0.05738
−0.10765 0.94573+0.04282

−0.11852 0.94939+0.04631
−0.11513 0.93770+0.04933

−0.10742 0.94709+0.04707
−0.11157 0.94865+0.04733

−0.10816

zreio .............. 9.9238+1.6998
−1.7209 9.9678+1.6604

−1.5971 10.1902+1.6728
−1.5416 9.8484+1.5867

−1.4909 9.9381+1.5636
−1.4472 10.1557+1.4740

−1.3804

H0t0 ............ 0.95735+0.01899
−0.01726 0.95894+0.00879

−0.00790 0.96559+0.00795
−0.00821 0.95471+0.01596

−0.01484 0.95775+0.00776
−0.00711 0.96333+0.00660

−0.00746

Table 6.7: For each data set combination we report themean values and 1σ errors in themixed coupled

DEmodel. The Hubble constant is given in units of km s−1Mpc−1. When necessary, we also write in

brackets the 2σ lower limits of themodel parameterDM . For the data set combinations which include

theHR
0 local value of the Hubble constant, we quote themean values along with their respective 1σ er-

rors for the parameterλ, in order to highlight the significant peaks in themarginalised posterior distribu-

tions.

with the inferred upper bounds from the data set combinations using HR
0 . In all

analyses presented in Table 6.6, we only obtain 68% CL upper bounds on β which
are consistent with zero. Similar to the constant disformally coupled DE model
analyses, we observe that in this exponential model, the CA data set combinations
put tighter constraints on the model parameters in comparison with the ACA data
set combinations, especially on the exponent of the scalar field potential λ. Thus,
disformally coupled DE models will be further constrained by forthcoming surveys
of the large–scale structures in the Universe.

6.3.3 Mixed model constraints

In this section we discuss the derived parameter constraints in the mixed coupled DE
model which simultaneously makes use of the conformal and disformal couplings. In
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Figure 6.15: Marginalised two–dimensional constraints on the conformal coupling parameterα, and the
slope of the exponential potentialλ, in themixedmodel with the parameter constraints tabulated in Table

6.8. In the left panel we use the local value of the Hubble constantHE
0 , whereas in the right panel we use

HR
0 .

this model we thus have an extra parameter in our MCMC analyses when compared
with the number of parameters in the previous models. We will only consider a
constant disformal coupling in this model, since from section 6.3.2 it was evident
that the constant disformal model and the exponential disformal model behave in a
very similar way. In Tables 6.7 and 6.8 we present the parameter constraints from
several data set combinations.

The CMB likelihoods together with the additional information from the back-
ground data sets were able to put 95% CL lower bounds on DM , although only
68% CL constraints were placed on the parameters λ and α. The relatively high value
of the Hubble constant HR

0 slightly alters the constraints on the parameters λ and
α, in comparison with the inferred constraints with HE

0 . Indeed, a significant peak
in the marginalised posterior distribution of λ is derived only in the MCMC analy-
ses with the CMB likelihood and background data set combinations which include
HR

0 . Moreover, a lower bound on α is reported in Table 6.7 with the TT+ BSHR
and TTEE+ BSHR data set combinations, instead of an upper bound which is de-
rived from the other data sets. Furthermore, the TT+ BSHE and TTEE+ BSHE
data set combinations prefer higher values of DM when compared with the inferred
lower bounds from the TT+ BSHR and TTEE+ BSHR data set combinations. As
clearly illustrated in Fig. 6.2, marginally tighter constraints on the cosmological
parameters are obtained with the TTEE CMB likelihood in comparison with the
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Parameter TTEE+ lensing

+CA+ BSHE

TTEE+ lensing

+CA+ BSHR

TTEE+ lensing

+ACA+ BSHE

TTEE+ lensing

+ACA+ BSHR

TTEE+ lensing

+CA+ BSHE

(DMV0 = 1)

100 Ωbh
2 . . . . . . 2.2549+0.0136

−0.0141 2.2572+0.0134
−0.0140 2.2342+0.0145

−0.0146 2.2387+0.0146
−0.0145 2.2544+0.0138

−0.0137

Ωch2 . . . . . . . . . . 0.11551+0.00088
−0.00080 0.11523+0.00091

−0.00078 0.11816+0.00134
−0.00116 0.11753+0.00140

−0.00115 0.11563+0.00093
−0.00088

100 θs . . . . . . . . . 1.04193+0.00029
−0.00029 1.04195+0.00030

−0.00029 1.04188+0.00030
−0.00029 1.04193+0.00030

−0.00031 1.04192+0.00029
−0.00030

τreio . . . . . . . . . . . . 0.047592+0.001819
−0.007592 0.048296+0.002150

−0.008295 0.056709+0.007606
−0.012736 0.059471+0.009290

−0.012585 0.047212+0.001817
−0.007211

ln(1010As) . . . . 3.0176+0.0083
−0.0151 3.0188+0.0096

−0.0156 3.0436+0.0160
−0.0223 3.0483+0.0180

−0.0228 3.0166+0.0083
−0.0146

ns . . . . . . . . . . . . . 0.97150+0.00378
−0.00380 0.97198+0.00367

−0.00393 0.96654+0.00397
−0.00430 0.96764+0.00420

−0.00426 0.97126+0.00383
−0.00382

λ . . . . . . . . . . . . . . < 0.3390(0.9150) < 0.1420(0.5810) < 0.3000(0.8530) < 0.2350(0.5880) < 0.1990(0.5360)

α . . . . . . . . . . . . . . < 0.0879(0.3323) < 0.1200(0.3541) < 0.1450 < 0.1730 < 0.0522(0.1160)

DM/meV−1 . . . − > 0.3670 > 0.3590 > 0.4490 /

H0 . . . . . . . . . . . . 69.317+0.861
−0.351 69.722+0.520

−0.403 68.329+0.666
−0.538 68.697+0.515

−0.502 69.630+0.460
−0.407

Ωm . . . . . . . . . . . . 0.28746+0.00443
−0.00873 0.28353+0.00499

−0.00526 0.30105+0.00652
−0.00841 0.29655+0.00650

−0.00655 0.28503+0.00508
−0.00551

σ8 . . . . . . . . . . . . . 0.79682+0.00980
−0.00506 0.79975+0.00554

−0.00619 0.82170+0.00920
−0.00973 0.82427+0.00837

−0.01010 0.79992+0.00499
−0.00596

zreio . . . . . . . . . . . . 6.8724+0.2079
−0.8750 6.9377+0.2395

−0.9389 7.8773+0.8485
−1.1835 8.1323+0.9787

−1.1564 6.8352+0.2075
−0.8314

H0t0 . . . . . . . . . . 0.97307+0.01082
−0.00405 0.97821+0.00604

−0.00471 0.96159+0.00820
−0.00600 0.96605+0.00639

−0.00561 0.97728+0.00547
−0.00501

Table 6.8: For each data set combination we report themean values and 1σ errors in themixed coupled

DEmodel. The Hubble constant is given in units of km s−1Mpc−1. The first data set combination was not

able to constrain the parameterDM . In the last column, we consider themixed coupled DEmodel subject

toDMV0 = 1, thusDM is fixed in this case. When necessary, we also write in brackets the 2σ upper

limits of themodel parametersλ andα.

TT likelihood, henceforth we will only consider the TTEE CMB likelihood in the
data set combinations that include the cluster abundance data sets.

In this mixed coupled DE model, relatively high values of σ8 are allowed by the
CMB likelihoods along with the background data sets. This is expected since in
this model the disformal coupling enhances the gravitational attraction between the
DM particles leading to an enhancement in the growth of perturbations, in similarity
with the pure disformal coupling cases discussed in section 6.3.2. Therefore, in Table
6.8 we consider the data set combinations which are able to probe the growth of
perturbations better than the CMB temperature and polarisation likelihoods along
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Figure 6.16: A comparison

of themarginalised two–

dimensional constraints on

the conformal coupling param-

eterα, and the scalar field’s
potential parameterλ, in mixed

models and the conformally cou-

pledmodel. Themixedmodel

with variableDM is denoted

bymixed, whereas the other

mixedmodel makes use of the

relationshipDMV0 = 1. In
bothmixedmodels, a constant

disformal coupling (β = 0)was
considered.

with the background data sets. Indeed, significantly tighter constraints are placed
on σ8 with the additional cluster abundance data set combinations together with
the CMB lensing likelihood.

Consequently, marginally tighter constraints are derived for the mixed model
parameters α and λ. Remarkably, the data set combinations with the BSHR back-
ground data set considered in Table 6.8, were able to place upper bounds instead
of lower bounds on the conformal coupling parameter α, as reported in Table 6.7.
This is expected due to the correlation between σ8 and α. The CA data set com-
binations, which prefer low values of σ8, tightly constrained the conformal coupling
parameter to α < 0.3323 (TTEE+ lensing+ CA+ BSHE) and α < 0.3541 (TTEE
+ lensing+ CA+ BSHR) at the 95% confidence level. This is a significant improve-
ment on the inferred constraints of Ref. [5], in which only the background evolution
was considered. As expected, the ACA data set combinations allow for slightly larger
values of α, since the measurements in this data set allow for marginally larger val-
ues of σ8 which are consistent with the concordance model. The local value of the
Hubble constant has a minor influence on the 95% CL upper bounds of α, although
the BSHR data set combinations put tighter constraints on λ in comparison with
the inferred upper bounds from the BSHE data set combinations. We show the
marginalised two–dimensional constraints on α and λ from the first four data set
combinations of Table 6.8 in the panels of Fig. 6.15.
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Finally, we consider a mixed model having the same number of parameters as
the conformal and disformal models considered in section 6.3.1 and section 6.3.2,
respectively. We report the MCMC analysis parameter constraints in the last column
of Table 6.8, in which we fix the constant disformal coupling parameter according to
DMV0 = 1. As expected, we obtain tighter 95% CL upper bounds on the conformal
coupling parameter α < 0.1160, as well as on the scalar field’s exponent parameter
λ < 0.5360. We collect our marginalised constraints on α and λ in Fig. 6.16, in
which we compare the two–dimensional marginalised constraints inferred from the
conformal model of section 6.3.1, the mixed model with variable DM discussed in
the first part of this section, along with the last mixed model which satisfies the
relationship DMV0 = 1. From this figure, one can clearly observe that these coupled
models are all consistent with a null coupling between DM and DE, although DE
models with a disformal coupling still require further investigation.

6.4 Conclusions

We here considered specific interacting DE models in which DE and DM were al-
lowed to interact directly with each other, as thoroughly described in chapter 5.
We showed that the cosmological imprints of these direct interactions between the
dark sector constituents can be probed by current cosmological observations. For
the interactions between DM and DE, we focused on the conformal and disformal
couplings which are characterised by different cosmological signatures. We thus con-
sidered the conformal, disformal, and mixed models as separate cases of the generic
coupled DE model of section 6.1.

We confronted these coupled DE models with several combinations of data sets
which are able to probe the early–time as well as the late–time cosmic history of
the Universe. Specifically, we considered the Planck 2015 temperature, polarisation,
and lensing likelihoods, along with BAO measurements, a SNIa sample, Hubble
parameter measurements, local values of the Hubble constant, and cluster abundance
measurements. The parameter posterior distributions together with their confidence
limits were inferred via MCMC analyses.

In all coupled DE models, we found that the additional information from the
cluster abundance data set and the CMB gravitational lensing likelihood improves
the marginalised constraints on the coupling parameters. In general, we also noticed
that the Planck 2015 TTEE likelihood provides better marginalised constraints on
the cosmological parameters, when compared with the inferred constraints from the
CMB temperature likelihood. Also, the CA data set measurements, which prefer
relatively low values of σ8, predominantly shift the marginalised constraints on τreio
and As to lower values, with a proportionately smaller shift of ns to larger values.
Moreover, we constrained the dimensionless age of the Universe in our coupled DE
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models, which we found to be close to unity without any significant changes from
one model to another.

In the conformal model, the CMB likelihoods are able to constrain the model
parameters quite well, since large values of the conformal coupling parameter have
a significant impact on the CMB temperature power spectrum, as was illustrated
in chapter 5. With the additional information from the background data sets, we
improved the constraints on λ, and marginally tighter constraints were placed on α.
Furthermore, the relatively high value of the local Hubble constant HR

0 , gives rise to
a significant peak in the marginalised posterior distribution of α, although this is still
found to be consistent with zero at around 2σ. This complements the results of Ref.
[576], in which a conformally coupled model with an inverse power–law potential was
considered. However, with the additional cluster abundance measurements, the 95%
CL upper bounds on the coupling parameter are significantly lowered to α ≲ 0.03.
In our opinion, these tight limits on the conformal coupling between DM and DE
diminishes the attractiveness of this model.

For the disformal model, we first considered a constant disformal coupling and
then an exponential disformal coupling. Since a disformal coupling between DM
and DE does not modify considerably the CMB temperature power spectrum, it
was expected that the CMB likelihoods would not be able to constrain the model
very well. Indeed, both the constant and exponential disformally coupled models
were better constrained with the additional cluster abundance measurements which
directly probe the characterised anomalous growth of perturbations, thus confirming
our discussion of chapter 5. By being able to derive tight constraints on σ8 from
the information provided by the cluster abundance measurements, we were then
able to place, for the first time, upper bounds on the disformal coupling parameters
DM ≲ 0.3meV−1 and β ≲ 1.6. Although the inferred constraints on the disformal
model parameters are not as tight as those in the conformally coupled DE model,
the disformal coupling is also consistent with a null coupling between the dark sector
constituents.

Finally, we considered the mixed conformally–disformally coupled DE model.
Similar to the previous models, the tightest constraints were obtained from the
MCMC analyses which included the cluster abundance measurements. In this mixed
model, significantly larger values of the conformal coupling parameter are allowed
(α ≲ 0.33), in comparison with the derived upper bounds in the conformally coupled
DE model. Since the disformal coupling parameter is not well constrained in the
mixed model, we considered a mixed model which satisfies the relationship DMV0 =
1. In this case, we obtained the tightest marginalised constraint on the conformal
coupling parameter of α ≲ 0.12, which is still considerably larger than the 95% CL
upper bounds derived in the conformally coupled model. Although our analyses
suggest that Nature is in harmony with a null coupling within the dark sector,
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we expect that forthcoming data sets would clearly point out whether dark sector
interactions are a characteristic of our Universe.



7
Conclusions

In this thesis we gave a relatively brief account of the extensive subject of cosmol-
ogy, in which we were mostly interested in the characteristics of the puzzling dark
sector of the Universe, along with its cosmological signatures. As we have repeat-
edly seen, this scientific field of fundamental research has recently been undergoing
through rapid developments attributed to the progress of observational cosmology.
Consequently, the confrontation of the vast number of cosmological models with
observational data became a reality, particularly after the dawn of the precision cos-
mology era. In our chapters we frequently highlighted how our theoretical framework
was recurrently challenged by astronomical and cosmological observations, however
theoretical cosmology has consistently been able to come up with a plausible mech-
anism by which one can give a physical interpretation of the reported observation.
Inevitably, our theoretical understanding of the evolution of the Universe has been
constantly progressing over the years.

We illustrated that the concordance model of cosmology, which embraces the
exquisite gravitational theory of General Relativity, is in an excellent agreement
with state–of–the–art cosmological observations. Despite the theoretical simplicity
of the model, the concordance model of cosmology suffers from the acute cosmolog-
ical constant problem along with the coincidence problem. We have seen that the
enormous discrepancy between the expected magnitude of the cosmological constant
from cosmological observations, and its respective predicted value from elementary
particle physics, clearly implies that we still need to work out some of our theoreti-
cal foundations of Nature. Furthermore, the currently reported mild tensions from
a number of cosmological observations are still unresolved within the concordance
model of cosmology, and could potentially turn into realistic disagreements with
upcoming cosmological surveys. Thus, it is imperative to explore other cosmological
models and study their characteristics which set them apart from the concordance
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model of cosmology.
In chapter 4 we have scrutinised a specific scalar–tensor theory, in which the

minimally coupled scalar field was assumed to be directly coupled to multiple fluid
components through the conformal and disformal coupling functions. We performed
a dynamical systems analysis, by which we were able to analytically establish the
existence requirements and further evaluated the stability conditions for the particu-
lar cases of dust and radiation. We demonstrated that the introduction of disformal
couplings in addition to the commonly studied conformal couplings broadens the
stability region of a given fixed point, thus allowing this fixed point to play a role in
the cosmic history of the Universe. In this chapter we further showed that a varying
fine–structure constant arises as a consequence of disformally coupling matter and
radiation to the scalar field. Thence, this depicts the dissimilar phenomenology of
the conformal and disformal couplings to conventional matter.

In the previous two chapters we have concentrated on a coupled quintessence
model, such that baryonic matter was considered to be decoupled from the dark
sector interaction of dark matter with a minimally coupled dark energy scalar field.
The characteristics attributed to the disformally coupled dark matter were clearly il-
lustrated by its background and perturbation cosmic evolution, particularly through
the distinctive intermediate–scales and time–dependent damped oscillations in the
matter growth rate function. Moreover, conformal couplings within the dark sector
of the Universe were found to be tightly constrained by current cosmological data
sets, whereas the scenario of disformally coupled dark matter to dark energy is still
relatively feebly constrained. Hence, it is imperative to confront these type of in-
teracting dark matter–dark energy models with forthcoming cosmological data sets.
Evidently, a better understanding of the non–linear cosmic evolution of perturba-
tions would be able to shed some light on the still hidden features of these coupled
quintessence models. Other distinctive signatures of dark sector interactions might
be indirectly detected through observations of the tidal tails of a disrupting satellite
galaxy [634], along with the 21 cm hydrogen absorption signal [635]. Certainly, mod-
ified theories of gravity have a bright future, and hopefully this exploration might
also elucidate the physics beyond the standard model.



A
Compilation of eigenvalues &

supplementary set of fixed points

In sections A.1–A.2.3 of this appendix we collect the eigenvalues of the dynamical
systems analysis considered in chapter 4. Moreover, we present the fixed points
for a conformally coupled perfect fluid with equation of state parameter γ1, and
conformally–disformally coupled perfect fluid with equation of state parameter γ2,
in section A.3. We then describe an extended approach for more general coupling
and scalar field potential functions in section A.4.

A.1 Eigenvalues–Single fluid case: Arbitrary equation of state

We present the generic single fluid case eigenvalues for fixed points (1)–(8) of section
4.3, from which one can easily obtain the eigenvalues for a perfect fluid with a
specified equation of state parameter γ. We do not list the eigenvalues for dust and
radiation here, since both cases are a particular case of these generalised eigenvalues:

(1)
e1 = −2

(
3 +

√
6β
)
, e2 = 3(2− γ)−

√
6α(4− 3γ), e3 = 3 +

√
3/2λ

(2)
e1 = −2

(
3−

√
6β
)
, e2 = 3(2− γ) +

√
6α(4− 3γ), e3 = 3−

√
3/2λ
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(3)

e1 =
3
(
2β2 − 3

)
2 (β (2β + u2)− 3)4

{
u1 [3− 2β (u2 + 2β)]−

(
2β2 − 3

)
×
[
9 + 18γ + 2β

[
2α
(
8β2 − 9

)
(3γ − 4) + β

(
21− 48γ + 8β2(4γ − 3)

)]
+u2

[
2α
(
8β2 − 3

)
(3γ − 4) + β

(
3− 24γ + 8β2(4γ − 3)

)]]}
,

e2 =
3
(
2β2 − 3

)
2 (β (2β + u2)− 3)4

{
u1 [−3 + 2β (u2 + 2β)]−

(
2β2 − 3

)
×
[
9 + 18γ + 2β

[
2α
(
8β2 − 9

)
(3γ − 4) + β

(
21− 48γ + 8β2(4γ − 3)

)]
+u2

[
2α
(
8β2 − 3

)
(3γ − 4) + β

(
3− 24γ + 8β2(4γ − 3)

)]]}
,

e3 =− 1

2
(u2 − 2β) (2β − λ) ,

where u1 and u2 are defined as follows

u2
1 =

(
3− 2β2

)4
(−3 + β (u2 + 2β))

4

{
81− 4482β2 + 23688β4 − 32640β6 + 12800β8

+8α2
[
−27 + 4β2

(
9− 8β2

)2]
(4− 3γ)2 − 4

[
81− 2862β2 + 11808β4 − 14208β6 + 5120β8

]
γ

+4
[
81 + 64β2

(
3− 4β2

)2 (−3 + 2β2
)]

γ2

+2u2

[
−9 + 18γ + 4αβ

(
8β2 − 9

)
(3γ − 4) + 2β2

(
51− 48γ + 8β2(4γ − 5)

)]
×
[
2α
(
8β2 − 3

)
(3γ − 4) + β

(
21− 24γ + 8β2(4γ − 5)

)]
+16αβ(3γ − 4)

[
27(5− 7γ) + 2β2

(
96β2(8− 7γ) + 64β4(4γ − 5) + 9(56γ − 55)

)]}
,

u22 = −6 + 4β2
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(4)

e1 =
3
(
2β2 − 3

)
2 (β (u2 − 2β) + 3)4

{
u3 [3 + 2β (u2 − 2β)]−

(
2β2 − 3

)
×
[
9 + 18γ + 2β

[
2α
(
8β2 − 9

)
(3γ − 4) + β

(
21− 48γ + 8β2(4γ − 3)

)]
+u2

[
−2α

(
8β2 − 3

)
(3γ − 4) + β

(
−3 + 24γ + 8β2(3− 4γ)

)]]}
,

e2 =
3
(
2β2 − 3

)
2 (β (u2 − 2β) + 3)4

{
u3 [−3− 2β (u2 − 2β)]−

(
2β2 − 3

)
×
[
9 + 18γ + 2β

[
2α
(
8β2 − 9

)
(3γ − 4) + β

(
21− 48γ + 8β2(4γ − 3)

)]
+u2

[
−2α

(
8β2 − 3

)
(3γ − 4) + β

(
−3 + 24γ + 8β2(3− 4γ)

)]]}
,

e3 =
1

2
(u2 + 2β) (2β − λ) ,

where

u23 =

(
3− 2β2

)4
(3 + β (u2 − 2β))4

{
81− 4482β2 + 23688β4 − 32640β6 + 12800β8

+8α2
[
−27 + 4β2

(
9− 8β2

)2]
(4− 3γ)2 − 4

[
81− 2862β2 + 11808β4 − 14208β6 + 5120β8

]
γ

+4
[
81 + 64β2

(
3− 4β2

)2 (−3 + 2β2
)]

γ2

−2u2
[
−9 + 18γ + 4αβ

(
8β2 − 9

)
(3γ − 4) + 2β2

(
51− 48γ + 8β2(4γ − 5)

)]
×
[
2α
(
8β2 − 3

)
(3γ − 4) + β

(
21− 24γ + 8β2(4γ − 5)

)]
+16αβ(3γ − 4)

[
27(5− 7γ) + 2β2

(
96β2(8− 7γ) + 64β4(4γ − 5) + 9(56γ − 55)

)]}
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(5)

e1 =− 3 (u4 + u5)

{
2(γ − 1)γ

(
8(2α+ β)2 − 24α(2α+ β)γ + 3

(
6α2 − 1

)
γ2
)2

(−2β + α(3γ − 4))5

×
[
4α4(4− 3γ)4 − 24α3β(3γ − 4)3 + 3γ2

(
8β2 + 3(γ − 4)γ

)
− 12α2(4− 3γ)2

(
γ2 − 4β2

)

+4αβ(3γ − 4)
(
3γ2 − 8β2

)]}−1

,

e2 = 3 (u4 − u5)

{
2(γ − 1)γ

(
8(2α+ β)2 − 24α(2α+ β)γ + 3

(
6α2 − 1

)
γ2
)2

(−2β + α(3γ − 4))5

×
[
4α4(4− 3γ)4 − 24α3β(3γ − 4)3 + 3γ2

(
8β2 + 3(γ − 4)γ

)
− 12α2(4− 3γ)2

(
γ2 − 4β2

)

+4αβ(3γ − 4)
(
3γ2 − 8β2

)]}−1

,

e3 =
3γ(λ− 2β)

α(6γ − 8)− 4β
,
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where u4 and u5 are as follows

u2
4 =− (2β + α(4− 3γ))

8
(γ − 1)2γ2

(
8(2α+ β)2 − 24α(2α+ β)γ + 3

(
6α2 − 1

)
γ2
)4

×
[
4α4(4− 3γ)4 − 24α3β(3γ − 4)3 + 3γ2

(
8β2 + 3(γ − 4)γ

)
− 12α2(4− 3γ)2

(
γ2 − 4β2

)
+4αβ(3γ − 4)

(
3γ2 − 8β2

)]{
4α6(4− 3γ)6(4γ − 1) + 8α5β(γ − 5)(3γ − 4)5(4γ − 1)

+3(γ − 2)γ2
[
18γ4 + 8β4(15γ − 14)− 3β2γ(8 + γ(17γ − 6))

]
−4α4(4− 3γ)4

[
3γ2(2γ − 5) + β2(40 + γ(65γ − 176))

]
−α2(4− 3γ)2

[
9γ3

(
4γ2 + γ − 4

)
− 12β2γ2(102 + γ(41γ − 102)) + 16β4(20 + γ(67γ − 96))

]
+4α3β(3γ − 4)3

[
−3γ2

(
8γ2 − 26γ + 37

)
+ 2β2(40 + γ(99γ − 184))

]
+2αβ(3γ − 4)

[
−6β2γ2(124 + 5γ(−32 + 13γ)) + 16β4(4 + γ(17γ − 20))

+9γ3(−8 + γ(6 + γ(4γ − 5)))
]}

,

u5 =(2β + α(4− 3γ))4(γ − 1)γ
[
8(2α+ β)2 − 24α(2α+ β)γ + 3(6α2 − 1)γ2

]2
×
{
4α4β(4− 3γ)4(γ − 8) + 4α5(3γ − 4)5 + 3β(γ − 2)γ2

(
8β2 + 3(γ − 4)γ

)
−12α3(3γ − 4)3

(
2β2(γ − 4) + γ2

)
+ α(3γ − 4)

[
−32β4(γ − 2) + 12β2γ3 + 9(γ − 4)γ3

]
+4α2β(4− 3γ)2

(
−3(γ − 3)γ2 + 4β2(3γ − 8)

)}

(6)
e1 =

3(γ − 2)2 − 2α2(4− 3γ)2

2(γ − 2)
, e2 =

2α(3γ − 4)(α(3γ − 4)− 2β)

γ − 2
− 3γ,



A.2 Eigenvalues–Two fluid cases 212

e3 =
−2α2(4− 3γ)2 + 2α(3γ − 4)λ+ 3(γ − 2)γ

2(γ − 2)

(7)
e1 = λ(2β − λ), e2 =

1

2

(
λ2 − 6

)
, e3 = λ(4α+ λ)− 3γ(1 + αλ)

(8)

e1 =
3γ(2β − λ)

α(4− 3γ) + λ
,

e2 =− −3(α(6γ − 8) + (γ − 2)λ) [α(4− 3γ) + λ]4 −
√
3u6

4(α(4− 3γ) + λ)5
,

e3 =−
√
3u6 − 3 [α(4− 3γ) + λ]4 (α(6γ − 8) + (γ − 2)λ)

4(α(4− 3γ) + λ)5
,

where

u26 =(α(4− 3γ) + λ)8
[
16α3(3γ − 4)3λ+ 4α2(4− 3γ)2

(
12γ − 8λ2 + 3

)
−4α(3γ − 4)λ

(
6γ2 − 3γ − 4λ2 + 6

)
− 3(γ − 2)

(
24γ2 − 9γλ2 + 2λ2

)]

A.2 Eigenvalues–Two fluid cases

A.2.1 Conformal–disformal dust & conformal–disformal radiation

(a)

e1 = −
α5
1 +

√
α8
1

(
2− 3α2

1

)
2α5

1

, e2 = −1

2
+

√
α8
1

(
2− 3α2

1

)
2α5

1

, e3 = −4− 2β1
α1

,

e4 = −4− 2β2
α1

, e5 = 2 +
λ

2α1
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(b)

e1 = −4 +
4β2
β1

, e2 = 2− λ

β1
,

e3 =
−12 + u

2/3
9 + 16α2

1 + 20α1β1 + 13β2
1 + u

1/3
9 (4α1 + β1)

3u
1/3
9 β1

,

e4 =
i
(
i+

√
3
)
u
2/3
9 + 2u

1/3
9 (4α1 + β1) +

(
−1− i

√
3
) (

−12 + 16α2
1 + 20α1β1 + 13β2

1

)
6u

1/3
9 β1

,

e5 =

(
−1− i

√
3
)
u
2/3
9 + 2u

1/3
9 (4α1 + β1) + i

(
i+

√
3
) (

−12 + 16α2
1 + 20α1β1 + 13β2

1

)
6u

1/3
9 β1

,

where

u27 = −
(
1 + 4α2

1 + 5α1β1 + β2
1

)2
(−16 + 9β2

1),

u8 = 18 + 8α2
1 + 10α1β1 − 7β2

1 ,

u9 = 6
√
3u7 + 8u8α1 + 5u8β1

A.2.2 Conformal dust & conformal–disformal radiation

(1)

e1 = 2, e2 =
1

2

(
3−

√
6α1

)
, e3 = −2

(
3 +

√
6β
)
, e4 = 3 +

√
3

2
λ

(6)(r)

e1 = −4, e2 = 2, e3 = −1, e4 =
1

2

(2)

e1 = 2, e2 =
1

2

(
3 +

√
6α1

)
, e3 = −2

(
3−

√
6β
)
, e4 = 3−

√
3

2
λ

(a)

e1 = −
α5
1 +

√
α8
1

(
2− 3α2

1

)
2α5

1

, e2 = −1

2
+

√
α8
1

(
2− 3α2

1

)
2α5

1

, e3 = −4− 2β

α1
, e4 = 2 +

λ

2α1
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(6)(d)

e1 = −3

2
+ α2

1, e2 = −1 + 2α2
1, e3 = −3− 2α1(α1 + 2β), e4 =

3

2
+ α1(α1 + λ)

(5)(r)

e1 =
1

2
+

α1

β
,

e2 = −
27β11 − 72β9 + 60β7 − 16β5 +

√
β8 (2− 3β2)4 (81β6 − 312β4 + 368β2 − 128)

2β5 (2− 3β2)2 (3β2 − 4)
,

e3 =
−27β11 + 72β9 − 60β7 + 16β5 +

√
β8 (2− 3β2)4 (81β6 − 312β4 + 368β2 − 128)

2β5 (2− 3β2)2 (3β2 − 4)
,

e4 = 2− λ

β

(3)(r)

e1 = −3

2
− 1

2
(α1 + 2β) (−2β + u2) ,

e2 = −14β2 + 7βu2 − 33 +
√
225− 66β2 + 8β4 − 30βu2 + 4β3u2

8β2 + 4βu2 − 6
,

e3 =
−14β2 − 7βu2 + 33 +

√
225− 66β2 + 8β4 − 30βu2 + 4β3u2

8β2 + 4βu2 − 6
,

e4 = −1

2
(−2β + u2)(2β − λ)
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(4)(r)

e1 = −3

2
+

1

2
(α1 + 2β) (2β + u2) ,

e2 = −−14β2 + 7βu2 + 33 +
√

225− 66β2 + 8β4 + 30βu2 − 4β3u2
−8β2 + 4βu2 + 6

,

e3 =
14β2 − 7βu2 − 33 +

√
225− 66β2 + 8β4 + 30βu2 − 4β3u2

−8β2 + 4βu2 + 6
,

e4 =
1

2
(2β + u2)(2β − λ)

(8)(r)

e1 = −4 +
8β

λ
, e2 =

1

2
+

2α1

λ
, e3 = −

λ5 +
√
λ8 (64− 15λ2)

2λ5
, e4 = −1

2
+

√
λ8 (64− 15λ2)

2λ5

(7)
e1 = (2β − λ)λ, e2 =

1

2

(
λ2 − 6

)
, e3 = λ2 − 4, e4 =

1

2
(−3 + λ(α1 + λ))

(8)(d)

e1 =
6β − 3λ

α1 + λ
, e2 = −

4α1 + λ

α1 + λ
,

e3 = −
6α2

1 + 9α1λ+ 3λ2 +
√
3
√

−(α1 + λ)2
(
−72 + 16α3

1λ+ 21λ2 + 4α1λ (4λ2 − 9) + 4α2
1 (8λ

2 − 15)
)

4(α1 + λ)2
,

e4 =
−6α2

1 − 9α1λ− 3λ2 +
√
3
√

−(α1 + λ)2
(
−72 + 16α3

1λ+ 21λ2 + 4α1λ (4λ2 − 9) + 4α2
1 (8λ

2 − 15)
)

4(α1 + λ)2

A.2.3 Two conformal–disformal dust components

(1)

e1 =
1

2

(
3−

√
6α1

)
, e2 = 3−

√
6α2, e3 = −2

(
3 +

√
6β1

)
, e4 = −2

(
3 +

√
6β2

)
,

e5 = 3 +

√
3

2
λ
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(c)

e1 = −3, e2 = −3, e3 =
3

2
, e4 =

1

4

(
−3 +

√
3

α2

√
α2

α2 − α1

√
−α2(α1 − α2)(3 + 16α1α2)

)
,

e5 = −1

4

(
3 +

√
3

α2

√
α2

α2 − α1

√
−α2(α1 − α2)(3 + 16α1α2)

)

(2)

e1 =
1

2

(
3 +

√
6α1

)
, e2 = 3 +

√
6α2, e3 = −2

(
3−

√
6β1

)
, e4 = −2

(
3−

√
6β2

)
,

e5 = 3−
√

3

2
λ

(6)1(d)

e1 = −3

2
+ α2

1, e2 = 2α1(α1 − α2), e3 = −3− 2α1(α1 + 2β1), e4 = −3− 2α1(α1 + 2β2),

e5 =
3

2
+ α1(α1 + λ)

(6)2(d)

e1 = α2(α2 − α1), e2 = −3

2
+ α2

2, e3 = −3− 2α2(α2 + 2β1), e4 = −3− 2α2(α2 + 2β2),

e5 =
3

2
+ α2(α2 + λ)
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(3)1(d)

e1 =
3
(
2β2

1 − 3
) (

2α2β1 +
√
2α2u10 + 3

)(
2β2

1 +
√
2β1u10 − 3

)
2

,

e2 =
3
(
2β2

1 − 3
) (

(2α1 − β1)
(
2β1 +

√
2u10

)
+ 9
)
− 3u11

2
(
2β2

1 +
√
2β1u10 − 3

)
2

,

e3 =
3
((
2β2

1 − 3
) (

(2α1 − β1)
(
2β1 +

√
2u10

)
+ 9
)
+ u11

)
2
(
2β2

1 +
√
2β1u10 − 3

)
2

,

e4 = 2 (β1 − β2)
(√

2u10 − 2β1

)
, e5 = −1

2
(2β1 − λ)

(√
2u10 − 2β1

)
,

where

u210 =− 3 + 2β2
1 ,

u211 =
1(

2β2
1 +

√
2β1u10 − 3

)
2

(
2β2

1 − 3
)
3

(
16α1

(
16β4

1 − 12β2
1 − 9

)
β1 + 8α2

1

(
32β4

1 − 48β2
1 + 9

)
+ 64β6

1

−54β2
1 + 4

√
2u10 (4β1 (2α1 + β1) + 3)

(
α1

(
4β2

1 − 3
)
+ 2β3

1

)
− 27

)

(4)1(d)

e1 = (α2 + 2β1)
(
2β1 +

√
2u10

)
− 3, e2 = −

3
((
2β2

1 − 3
) (

(β1 − 2α1)
(
−
(√

2u10 − 2β1
))

− 9
)
+ u12

)
2
(
−2β2

1 +
√
2β1u10 + 3

)
2

,

e3 =
3u12 − 3

(
2β2

1 − 3
) (

(β1 − 2α1)
(
−
(√

2u10 − 2β1
))

− 9
)

2
(
−2β2

1 +
√
2β1u10 + 3

)
2

, e4 = −2 (β1 − β2)
(
2β1 +

√
2u10

)
,

e5 =
1

2
(2β1 − λ)

(
2β1 +

√
2u10

)
,

where

u2
12 =− 1(

−2β2
1 +

√
2β1u10 + 3

)
2

(
2β2

1 − 3
)
3

(
16α1

(
−16β4

1 + 12β2
1 + 9

)
β1 − 8α2

1

(
32β4

1 − 48β2
1 + 9

)

−64β6
1 + 54β2

1 + 4
√
2u10 (4β1 (2α1 + β1) + 3)

(
α1

(
4β2

1 − 3
)
+ 2β3

1

)
+ 27

)
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(3)2(d)

e1 = 2 (β2 − β1) (u13 − 2β2) , e2 = −1

2
(α1 + 2β2) (u13 − 2β2)−

3

2
,

e3 =
3
(
2β2

2 − 3
) (

4α2β2 − 2β2
2 + u13 (2α2 − β2) + 9

)
− 3u14

2
(
2β2

2 + β2u13 − 3
)
2

,

e4 =
3
((
2β2

2 − 3
) (

4α2β2 − 2β2
2 + u13 (2α2 − β2) + 9

)
+ u14

)
2
(
2β2

2 + β2u13 − 3
)
2

,

e5 = −1

2
(2β2 − λ) (u13 − 2β2) ,

where

u213 =− 6 + 4β2
2 ,

u214 =

(
2β2

2 − 3
)
3(

2β2
2 + β2u13 − 3

)
2

(
16α2

(
16β4

2 − 12β2
2 − 9

)
β2 + 8α2

2

(
32β4

2 − 48β2
2 + 9

)
+64β6

2 − 54β2
2 + 4u13 (4β2 (2α2 + β2) + 3)

(
α2

(
4β2

2 − 3
)
+ 2β3

2

)
− 27

)

(4)2(d)

e1 = 2 (β1 − β2) (2β2 + u13) , e2 =
1

2
((α1 + 2β2) (2β2 + u13)− 3) ,

e3 =
3
(
2β2

2 − 3
) (

4α2β2 − 2β2
2 + u13 (β2 − 2α2) + 9

)
− 3u15

2
(
−2β2

2 + β2u13 + 3
)
2

,

e4 =
3
((
2β2

2 − 3
) (

4α2β2 − 2β2
2 + u13 (β2 − 2α2) + 9

)
+ u15

)
2
(
−2β2

2 + β2u13 + 3
)
2

,

e5 =
1

2
(2β2 − λ) (2β2 + u13) ,
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where

u215 =

(
2β2

2 − 3
)
3(

−2β2
2 + β2u13 + 3

)
2

(
16α2

(
16β4

2 − 12β2
2 − 9

)
β2 + 8α2

2

(
32β4

2 − 48β2
2 + 9

)
+64β6

2 − 54β2
2 − 4u13 (4β2 (2α2 + β2) + 3)

(
α2

(
4β2

2 − 3
)
+ 2β3

2

)
− 27

)

(7)

e1 =(2β1 − λ)λ, e2 = (2β2 − λ)λ, e3 =
1

2

(
λ2 − 6

)
, e4 =

1

2
(λ(α1 + λ)− 3) ,

e5 =λ(α2 + λ)− 3

(8)1(d)

e1 = −3(α1 − α2)

α1 + λ
, e2 =

3(2β1 − λ)

α1 + λ
, e3 =

3(2β2 − λ)

α1 + λ
,

e4 = −3(α1 + λ)3(2α1 + λ) +
√
3
√
−(α1 + λ)6 (−72 + 16α3

1λ+ 21λ2 + 4α1λ(4λ2 − 9) + 4α2
1(8λ

2 − 15))

4(α1 + λ)4
,

e5 =
−3(α1 + λ)3(2α1 + λ) +

√
3
√
−(α1 + λ)6 (−72 + 16α3

1λ+ 21λ2 + 4α1λ(4λ2 − 9) + 4α2
1(8λ

2 − 15))

4(α1 + λ)4

(8)2(d)

e1 =
3(α1 − α2)

2(α2 + λ)
, e2 =

3(2β1 − λ)

α2 + λ
, e3 =

3(2β2 − λ)

α2 + λ
,

e4 = −3(α2 + λ)3(2α2 + λ) +
√
3
√
−(α2 + λ)6 (−72 + 16α3

2λ+ 21λ2 + 4α2λ(4λ2 − 9) + 4α2
2(8λ

2 − 15))

4(α2 + λ)4
,

e5 =
−3(α2 + λ)3(2α2 + λ) +

√
3
√
−(α2 + λ)6 (−72 + 16α3

2λ+ 21λ2 + 4α2λ(4λ2 − 9) + 4α2
2(8λ

2 − 15))

4(α2 + λ)4
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x y σ1 σ2 z1 z2

0
√

2λ1
C

2λ1
C−λV

∀σ1 ∀σ2
√

λV

λV −2λ1
C

0

Table A.2: A non–trivial fixed point of the system (A.1)–(A.5) whenx = 0, and the scalar field freezes.

A.4 Beyond the exponential form of the couplings and potential

In chapter 4 the functions V (ϕ), Ci(ϕ), and Di(ϕ) were of exponential form, for
which λV , λiC , and λiD are constant. While these are well motivated cases, there are
other types of models, in which the field sits in the minimum of an effective potential
defined by 3H2λV y

2 + κ(Q1 +Q2) = 0, at finite values of ϕ = ϕ∗. Alternatively the
functions can be, for example, of power–law form, in which case λV , λiC , and λiD are
varying. In these situations, it is useful to introduce another equation related to x,
which closes the system. The full system now reads

x′ = −
(
3 +

H ′

H

)
x+

√
3

2

(
λV y

2 +
κQ1

3H2
+
κQ2

3H2

)
, (A.1)

y′ = −
√

3

2

(
λV x+

√
2

3

H ′

H

)
y , (A.2)

z′i = −3

2

(
1 + wi +

2

3

H ′

H
+

1

3

√
2

3

κQi

H2

x

z2i

)
zi , (A.3)

σ′
i =

(√
6(λiC − λiD)x+ 2

H ′

H

)
σi , (A.4)

ϕ′ =

√
6

κ
x . (A.5)

It then becomes possible to classify all the asymptotic behaviours of the cosmological
model in relation to the functional features of the potential and disformal parameters.
In particular, we find a non–trivial fixed point given in Table A.2. Although this
requires that w1 = −1, this fixed point is distinct from a bare cosmological constant
due to the non–vanishing couplings.
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B
Disformal transformations

We here derive some variable transformations between the Einstein frame and the
tilde frames discussed in section 4.6. We refer to Refs. [470, 472, 485, 535–537]
for further details. To keep the discussion simple and generic, we write the Jordan
frame metric of Eq. (4.58), and radiation frame metric of Eq. (4.59), as a single
tilde metric, namely

g̃µν = Cgµν +Dϕ,µϕ,ν , (B.1)
and then apply the variable transformations to each frame. From Eq. (B.1), it
follows that the inverse metric is given by

g̃µν =
1

C

(
gµν − γ̄2∂µϕ∂νϕ

)
, (B.2)

where
γ̄2 =

D

C +Dgµνϕ,µϕ,ν

. (B.3)

Furthermore, the determinants are related via√
−g̃
−g

= C2

√
1 +

D

C
ϕ,µϕ,µ . (B.4)

We now derive a relationship between the energy–momentum tensors in the Einstein
frame and in the tilde frame, specified by the metric of Eq. (B.1). Using the
definition of the energy–momentum tensor and the chain rule, we obtain the following
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T µν =
2√
−g

δ
(√

−g̃L̃
)

δgµν
=

√
−g̃
−g

δg̃αβ
δgµν

 2√
−g̃

δ
(√

−g̃L̃
)

δg̃αβ

 =

√
−g̃
−g

δg̃αβ
δgµν

T̃αβ.

(B.5)
Hence, together with Eqs. (B.1)–(B.4), the contravariant and mixed energy–
momentum tensor relations between the Einstein frame and tilde frame, are as fol-
lows

T µν = C3

√
1 +

D

C
ϕ,µϕ,µT̃ µν , (B.6)

T µ
ν = C2

√
1 +

D

C
ϕ,µϕ,µ

[
δρ ν −

Dϕ,νϕ
,ρ

C +Dϕ,µϕ,µ

]
T̃ µ

ρ . (B.7)

On specifying a perfect fluid energy–momentum tensor in both frames, such that

T µν = (ρ+ p)uµuν + pgµν , (B.8)

T̃ µν = (ρ̃+ p̃)ũµũν + p̃g̃µν , (B.9)

we get the following mappings for the energy density, pressure, and the equation of
state parameter, respectively

ρ̃ =
ρ

C2

√
1 +

D

C
ϕ,µϕ,µ , (B.10)

p̃ =
p

C2

√
1 + D

C
ϕ,µϕ,µ

, (B.11)

w̃ ≡ p̃

ρ̃
=

w

1 + D
C
ϕ,µϕ,µ

, (B.12)

when considering a spatially flat FLRW Einstein frame metric and a time–dependent
scalar field. Using this tilde metric of Eq. (B.1), we also derive a relationship between
the four–velocity in the Einstein frame uµ, and that in the tilde frame ũµ, given by
the following equation

ũµ =
uµ

√
C
√

1 + D
C
ϕ,µϕ,µ

. (B.13)
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