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ABSTRACT 
 

Background 

Coronary artery disease (CAD) is a clinical condition characterised by an obstruction of the 

blood flow to the myocardium. Coronary angiography is the gold standard clinical procedure 

to assess the coronary stenosis based on the vessel anatomy. Fractional flow reserve (FFR) 

describes the physiological severity of the stenosis during maximum coronary flow, induced 

by adenosine infusion. 

Hypothesis  

Mathematical models can be used to represent the cardiovascular system and be employed as 

investigative and predictive tools to assess CAD in individual patients. 

Aims 

To support the computational estimation of coronary FFR (vFFR) by characterising and 

predicting the response to the administration of adenosine in terms of the myocardial resistance 

and by investigating correlations between patient parameters and myocardial resistance.    

Methods & Results 

1) A zero-dimensional (0D) cardiovascular model has been developed starting from published 

models to simulate adenosine-induced hyperaemia as a function and is shown to reproduce 

qualitatively the effects described in the literature using generic parameters. A sensitivity 

analysis was performed to introduce and test assumptions, including the decoupling of the 

systemic model from the local coronary compartment, which later facilitates the process of 

tuning model parameters to individual patient data. 

2) Clinical data from patients with CAD have been used to personalise the systemic 

cardiovascular system and subsequently, at a coronary level, to represent the individual-

specific response to adenosine. The 0D coronary model included representation of a vessel 

stenosis, characterised by a computational fluid dynamics analysis, and the myocardial 

impedance. The nature of the response of individual patients to the administration of adenosine 

was quantitatively characterised in terms of the underlying parameters described by the model. 

The myocardium adenosine concentration profile and resistance were used to identify 

correlation with patient parameters. No statistically significant associations were found 

between the type of response and observations in the clinical records.
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3) Considering the lack of consensus on the definition of FFR under hyperaemia, an algorithm 

has been developed to objectively identify stable and minimum FFR. 

Conclusions  

It is possible to use a 0D model to support the individual characterisation of the response to 

adenosine, and thus to provide insight into the nature of the physiological response to this drug. 

However, this approach does not support the reliable prediction of this response in individuals 

with CAD from baseline measurements that are made in the routine clinical pathway. Arising 

from this work, a robust algorithm has been developed to identify the stable and minimum 

FFR, which can be used to improve clinical decision making.  
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STATEMENT OF CONTRIBUTIONS 
 

This thesis investigates the combination of zero-dimensional modelling with sparse clinical 

data to predict individual patient response to the administration of adenosine. The main 

contributions of this thesis are: 

1) A 0-D model to represent adenosine response in a generic individual, simulating some of 

the physiological effects produced by adenosine, based on literature information; 

2) A sensitivity analysis of the relative influence of model parameters on the simulated 

adenosine response; 

3) An algorithm to identify the minimum and stable FFR during adenosine response, which 

can support the objectivity of the definition of the FFR on which the clinical decision is 

made; 

4) An optimisation method to personalise the parameters of the model to represent the patient-

specific coronary and systemic circulations  

5) A method to quantify the myocardial resistance during hyperaemic response to find 

correlations with patientsó characteristics for predictive purposes; 

6) A method to define the myocardial blood volume during adenosine administration based 

on an optimisation process on the myocardial resistance and the coronary tree-structure 

model. 
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1 CHAPTER 1   
INTRODUCTION & BACKGROUND 

 
BACKGROUND 

This section presents an introduction to terms and concepts together with background review 

of the three essential components of this thesis. 

- The anatomy and physiology of the cardiovascular system is reviewed, including the 

regulatory control maintaining adequate blood pressure and flow in all the organs. 

- The use of mathematical models to study the cardiovascular system is widespread and the 

literature provides access to an enormous number of in silico studies on the cardiovascular 

system. Models, from 0 dimensional to 3 dimensional, are used separately or in 

combination, to represent a specific cardiovascular compartment or the overall 

cardiovascular system. In the current project, the 0-D model (lumped-parameter) model 

has been chosen to represent system physiology, using the electric-hydraulic analogy. 

- At the end of this chapter, the focus will move onto the clinical context of coronary artery 

disease. Diagnostic and therapeutic processes are discussed, including angiography and 

the use of the Fractional Flow Reserve index.
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OVERVIEW 

The cardiovascular system plays an essential role in transporting the blood and carrying 

metabolites, to and from all the tissues in a body. The coronary arteries are responsible for 

supplying blood to the heart muscle (the myocardium), enabling its pumping function [1, 2]. 

In common with many other arteries, coronary arteries can be affected by arterial disease with 

plaque deposition resulting in stenosis which may lead to a reduction of the blood flowing to 

the myocardium. Vessel narrowing can result in an inadequate blood supply (myocardial 

ischemia) and limit the quantity of metabolites which can be transported to and from the 

myocardial cells. In severe cases, this can lead to death [3, 4]. 

Quantification of the reduction in blood flow to the myocardium has been demonstrated to be 

a valuable diagnostic and prognostic tool in the evaluation of the impact of coronary disease. 

Moreover, the reduction in flow is linked to the physiological state of the patient (for example 

the reduction might be greater in an exercise state). A computational model can be a powerful 

aid in this context since it has the potential to be employed to quantify the effect of the stenosis 

under different physiological states. 

A major challenge in the development of a computational model for diagnostic purposes in an 

individual patient is the personalisation of the model, which consists of a selection of the 

parameters values to represent the individual cardiovascular model. The success of the process, 

and the degree to which a model can be personalised, is critically dependent on the availability, 

and quality, of measured data. Typically, a wealth of clinical information is accessible, 

including patient demographics, comorbidities, laboratory test results, and images. However, 

physiological information (such as pressure and flow data) that can be used directly to tune the 

model is often insufficient and, indeed, as will be demonstrated in this thesis, may often be 

contradictory. 
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It is evident that the chances of a computational work flow being adopted into the clinical 

process will be greater if the information already collected as part of the routine clinical 

protocol can be exploited to provide the inputs rather than requiring new measurements which 

will  inevitably increase costs. Of course, this point of view may change as confidence in the 

process increases and as savings associated with better diagnosis and management are 

quantified but, for now at least, this remains the pragmatic starting point. 

The clinical community is increasingly aware of the importance of physiological assessment 

of the severity of the stenosis [5, 6] and technology provides an important aid to achieve this 

[7, 8]. Angiography has become the gold standard clinical procedure to visualise the lumen of 

the diseased coronary artery. This process requires catheterisation of the patient to provide 

access to inject a radio-opaque agent directly into the coronary artery of interest 

[http://www.nhs.uk/]. Images of the diseased artery are then evaluated by clinicians to 

determine the severity of the stenosis and hence the best treatment. This evaluation might be 

subjective, but more often it is based on a quantitative measurement derived from the image 

data (Quantitative Coronary Angiography, QCA). However, the assessment of the severity of 

the stenosis based on anatomy alone is a major limitation. For this reason, the concept of 

Fractional Flow Reserve index (FFR) has been introduced to support assessment of the 

physiological severity of the stenosis during angiography [5, 9, 10]. The FFR represents the 

stenosis severity as the ratio between the hyperaemic coronary flow in presence of the lesion 

and the hyperaemic coronary flow that would be expected in the absence of disease. In order 

to measure this, it is necessary to stimulate hyperaemia, under the assumption that when the 

coronary flow is maximum the impact of the lesion is more evident.   

Although the clinical merit of FFR is recognised across the world, it is still conducted in only 

a small percentage of patients primarily due to the necessity of skills and the increase of 

procedureôs costs and time [11]. Furthermore, the lack of a standardised protocol leads to inter-

http://www.nhs.uk/
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operator variability [12]. These concerns have motivated the development of the concept of a 

virtual FFR (vFFR) [13], which could be introduced as an addition to the angiography and 

bring more objectivity in the lesion severity assessment. 

The clinical process of FFR measurement produces exactly the type of physiological 

information that can be used to personalise (tune) a computational model. The pressure data is 

collected over the transition from resting to hyperaemic state resulting from the administration 

of a hyperaemic drug (adenosine). An immediate benefit of the personalisation of a 

mathematical model of coronary flow to reproduce the patient measurements is that it might 

be possible to derive relationships between the model parameters and the broader patient 

characteristics. These relationships could then be used predictively in a vFFR model for those 

cases when FFR has not been measured clinically, making assessment less invasive. 
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AIMS AND OBJECTIVES 

The challenges of vFFR computation are described by Morris et al. [13]. The local 

pressure/flow characteristics of the lesion itself can be computed from its anatomy, using 

Computational Fluid Dynamics, but it remains a major challenge to estimate the patient- and 

vessel-specific distal resistance associated with the smaller vessels in the myocardium. 

The primary aims of the project described in this thesis are: 

1. to characterise the time-course response of coronary pressure and flow under a change 

of physiological state, and specifically during the administration of adenosine in the 

clinical protocol for induction of coronary hyperaemia; 

2. to investigate correlations between patient parameters and myocardial resistance, and 

with changes of myocardial resistance in the transition from a baseline to a hyperaemic 

state.    

To support the characterisation of response, and the understanding and interpretation of these 

characteristics, the secondary aims of the project are: 

i. to develop a model to represent the clinical process, including significant compartments 

and regulatory mechanisms; 

ii.  to personalise the parameters in the model to describe the response of individual patients 

in which coronary pressure is measured and coronary flow is evaluated with CFD. 
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 THE CARDIOVASCULAR SYSTEM 

The cardiovascular system distributes blood to tissue and organs throughout the body, 

supplying them with nutrients, such as oxygen, amino-acids, hormones, electrolytes, and 

removing waste products, such as carbon dioxide. The cardiovascular system plays an 

important role in the maintenance of homeostasis, e.g. stabilising the body temperature and pH, 

and it takes part in the immune response. This section presents a description of the anatomy 

and physiology of the cardiovascular system, with particular focus on the haemodynamic 

properties necessary to be represented in a model that is targeted at the description of pressure 

and flow distributions in the system and their changes under a change of physiological state. 

 Anatomy 

1.1.1.1 Heart and systemic circulation 

The cardiovascular system consists of the heart and a closed system of vessels (Figure 1.1).  

The heart is a four-chambered muscular organ, which pumps blood through the vessels 

distributing blood to all the tissues. The heart can be divided into left and right sides, each of 

which comprises an atrium and a ventricle separated by a valve; the tricuspid valve on the right 

side and the mitral valve on the left side. The ventricles are separated from the vascular tree by 

another valve, the pulmonary valve on the right side and the aortic valve on the left side (Figure 

1.1). Within the vascular tree, two main circulations can be identified: the systemic circulation 

and the pulmonary circulation. The systemic circulation brings nutrients and removes waste 

products from the organs such as liver, kidneys, skeletal muscles, cardiac muscle, brain, 

intestine, stomach, etc.; the pulmonary circulation perfuses the lungs enabling exchange of 

oxygen and carbon dioxide in the blood [1, 4]. 

Vessels in different parts of the vascular tree have different structures and different properties. 

Arteries, the vessels that carry the blood away from the heart, are compliant. 
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Figure 1.1: Simplified scheme of the cardiovascular system.  
Figure adapted by OpenStax College [CC BY 3.0 (http://creativecommons.org/licenses/by/3.0) ], via 
Wikimedia Commons- Creative Commons Attribution -Share Alike 4.0 International license copyright 
(https://commons.wikimedia.org/w/index.php?curid=30148235).  

Whilst this generally results in a smoothing of the flow and damping of pressure pulses 

produced by the intermittent ventricular ejection [4, 14], there can also be local amplification 

of pulse pressures in the arteries associated with wave reflections. The typical range of vessel 

diameters is around 25 mm for the aorta decreasing, through a series of bifurcations, for the 

main arteries to 1-6 mm and for the arterioles to 30 ɛm. Capillaries are the small vessels within 

the tissues in which nutrients and waste are exchanged. They have a diameter of 5-6 ɛm [4].  

Veins are very compliant vessels, which act as a blood reservoir and enable blood redistribution 

when physiological changes occur. They collect the blood from the upper body (superior vena 

cava) and lower body (inferior vena cava) returning it back to the heart. The diameter varies 

from 30 mm for the vena cava to about 0.5-5 mm for smaller veins [1, 4].  

 

1.1.1.2 Coronary circulation 

The coronary circulation provides nutrients to the heart muscle (the myocardium). Coronary 

arteries originate from the root of the aorta and branch to run over the surface (epicardium) of 

the cardiac muscle (myocardium). There are two main coronary arteries: the left and right 

(Figure 1.2). The left coronary artery divides into two branches to supply the left and the 

http://creativecommons.org/licenses/by/3.0
https://en.wikipedia.org/wiki/en:Creative_Commons
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://commons.wikimedia.org/w/index.php?curid=30148235
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anterior parts of the heart whilst the right coronary artery supplies the right and the posterior 

parts [1, 15]. Blood return from the coronary circulation is primarily via the coronary veins 

which drain into the right atrium [16, 17]. 

 

Figure 1.2: Anatomy of coronary circulation to the myocardium. 
The left and right coronaries originate from the aortic root: the left supplies the left and anterior part of the 
heart, with its two main branches, circumflex and anterior descending, while the right supplies the right and 
the anterior part of the heart. 
Figure by BruceBlaus (Own work) [CC BY 3.0 (http://creativecommons.org/licenses/by/3.0 )], via Wikimedia 

Commons, via Wikimedia Commons- Creative Commons Attribution -Share Alike 4.0 International license 

copyright (https://commons.wikimedia.org/wiki/File%3ABlausen_0256_CoronaryArteries_02.png) . 

 

 PHYSIOLOGY 

Blood circulation is a vital function: every cell in the body needs oxygen to carry out its 

functions and oxygen is supplied by the blood. Simultaneously, waste products derived from 

tissue metabolism need to be eliminated. Other functions of the cardiovascular system are: i) 

to maintain the fluid balance within the body; ii) to distribute the blood appropriately according 

to different activities; iii) to protect the body from infection and blood loss; iv) to maintain 

body temperature within the physiological range; v) to distribute hormones. In this project 

consideration of cardiovascular physiology is limited to the transport of oxygen and carbon 

dioxide and the regulation of blood flow and pressure to distribute blood volumes according to 

the adenosine stimulus. 

http://creativecommons.org/licenses/by/3.0
https://en.wikipedia.org/wiki/en:Creative_Commons
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://commons.wikimedia.org/wiki/File%3ABlausen_0256_CoronaryArteries_02.png
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 System physiology 

The cardiovascular system enables an appropriate blood supply to the different organs and 

tissues. The brain, a very delicate and vital organ, has high priority in terms of oxygen supply 

and, in consequence, cerebral blood flow is relatively constant. For other organs, blood flow is 

strongly related to need. For example, the skeletal muscles require more oxygen during exercise 

and the stomach and intestines are the most active organs during digestion; flow to these organs 

increases to meet these needs.  

1.2.1.1 Physiology of regulatory pathways 

The cardiovascular regulation acts to ensure the appropriate distribution of blood throughout 

the body and maintains appropriate blood pressures and flows [1]. There are two types of 

regulation: auto-regulation and neuro-regulation. 

Auto-regulation is a process of local flow regulation. This has a higher impact and importance 

in delicate and vital organs such as the brain, heart and kidneys. The vascular tree in these 

organs responds intrinsically to changes in haemodynamics, aiming to maintain an appropriate 

flow and pressure.  Auto-regulation is driven by myogenic and metabolic stimuli. The first of 

these is directly related to stretching of smooth muscles in the vessel wall which in turn controls 

the artery/arteriolar diameters, in order to create an appropriate pressure gradient and blood 

flow. The second is related to the minimum/maximum thresholds of concentration of 

nutrients/wastes and can increase or decrease the blood flow to meet local requirements. 

Neuro-regulation is a more complex and sophisticated system involving the nervous system 

through the sympathetic and vagal pathways. In the cardiovascular system there are check 

points in the aortic arch and in the carotid artery, where baroreceptors check the pressure and 

chemoreceptors check the oxygen and carbon dioxide levels in the blood continuously. An 

afferent signal is sent from the receptors to the vasomotor centre in the medulla oblongata 

where, in response, an efferent signal is produced and sent back to the cardiovascular system 
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through the sympathetic and the parasympathetic systems. The chemoreceptor response is 

carried just by the sympathetic system, while the baroreceptor response involves both systems. 

The sympathetic system, responsible for the ñflight-or-fight responseò, acts on the heart and 

vasculature, increasing the heart rate and changing the vascular resistance in order to increase 

the blood flow in the organs involved in activity. 

The parasympathetic or vagal system, responsible for the ñrest-and-digestò condition, 

compensates the effects of the sympathetic system by decreasing the heart rate (Figure 1.3). 

The system of regulation described thus far is classified as óshort-termô regulation, and acts 

over a timescale from a few seconds to a few minutes. There is also a ólong-termô mechanism 

which acts over hours and involves the kidneys and hormonal system. Since the focus of this 

thesis is on the short-term response to the administration of adenosine, a surrogate for an 

exercise state under which coronary flow is maximum, long-term regulation is considered to 

be out-of-scope and not discussed in detail here. 

 

Figure 1.3: Scheme of baroreceptors reflex diagram on cardiovascular system. 
Aortic sinus and carotid baroreceptors send signal to the vasomotor centre in the medulla oblongata through 
the afferent nerves. The information is integrated and the sympathetic and parasympathetic (vagal) systems 
transmit the signal to the effectors: the heart and vessels. The sympathetic system can create different effects 
depending on the target organ. Chemoreceptors act in a similar way, but are confined to the sympathetic 
response. Figure adapted from OpenStax College - Anatomy & Physiology, Connexions Web site. 
(http:/ /cnx.org/content/col11496/1.6/), Creative Commons Attribution -Share Alike 4.0 International license 
copyright (https://commons.wikimedia.org/w/index.php?curid=30148235). 

http://cnx.org/content/col11496/1.6/
https://en.wikipedia.org/wiki/en:Creative_Commons
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://commons.wikimedia.org/w/index.php?curid=30148235
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 Coronary physiology 

Coronary blood flow differs from the systemic blood flow in the aorta (Figure 1.4) because of 

the phases of cardiac contraction which generate compression of the coronary 

microvasculature. During systole (the ventricular contraction and ejection phase) blood is 

ejected through the aortic valve into the aorta and systemic arteries and pressure and flow in 

the systemic circulation reach a maximum. However, during this phase, the myocardium is 

contracted and the coronary microvasculature is compressed thus impairing coronary flow. 

This explains the diastolic predominance of the coronary flow, an effect which is more 

pronounced in the left coronary system than the right due to relatively high left-ventricular 

pressures [3, 18]. 

 

Figure 1.4: Coronary blood flow and aortic blood flow during cardiac cycle. 
Typical coronary blood flow (red) wave shows a peak during diastole, due to contraction of the ventricle in 
systole, in contrast with the aortic flow that has a peak during systole. 
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1.2.2.1 Local regulation 

While other tissues extract about 25% of oxygen from the blood at rest, because of the high 

density of capillaries (with approximately one capillary for each cardiomyocyte, i.e. the cardiac 

muscle cell), myocardial tissue is able to extract as much as 70% of the oxygen from the blood 

[15]. This high rate of extraction explains why, when the heart is working hard, during exercise 

for example, the myocardium needs access to more oxygen and nutrients and the only way to 

achieve this is to increase coronary blood flow. 

Coronary blood flow (CBF) has been shown to be proportional to myocardial oxygen 

consumption [19-22] and it is driven by the regulation of the coronary resistance vessel tone, 

as the result of a huge number of vasodilator and vasoconstrictor signals. These signals are 

produced by several different mechanisms: 

- the metabolic response in the coronary vessels is determined by pH, carbon dioxide 

concentration and adenosine-tri-phosphate (ATP) concentration. ATP reacts with 

adrenoreceptors to produce adenosine; 

- the endothelium-derived response is sensitive to shear stress and pulsatile strain and 

therefore to blood flow; 

- the autonomic nervous system innervates the coronary vasculature through its sympathetic 

and vagal pathways (the former is activated during exercise to contribute to vasodilation 

in a feed-forward manner, while the latter is the most active during the rest condition); 

- aortic pressure, which determines the pressure gradient between the coronary arteries and 

the right atrium, where the coronary veins empty; 

- myocardial extravascular compression; 

- heart rate and cardiac output.  

The dominant effect is the vasoconstriction/vasodilation of the small arteries and arterioles in 

the myocardium; these contribute 90% of the coronary resistance [20]. 
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 HAEMODYNAMIC  MODELS 

The working principles of the cardiovascular system have always fascinated scientists from the 

time of ancient populations [23]. The cardiovascular system can be represented as a closed-

loop circuit (Figure 1.5), in which flow obeys the laws which apply to all physical fluid 

systems: the principles of conservation of mass and conservation of momentum [18]. 

 

Figure 1.5: Basic representation of the cardiovascular system as a closed loop. 

 

 Physics of flow: governing equations 

The principle of mass conservation asserts that the mass flow into a compartment must equal 

the sum of increase in mass in the compartment and the mass flow out. It is essentially 

expressed by the continuity equation (Eq.1.1), where ɟ is the density of the fluid and v the 

vector of fluid velocity: 

‬”

‬ὸ
Ͻɳ ”○ π (Eq.1.1) 

The principle of conservation of momentum, which might be interpreted as an expression of 

Newtonôs second law, states that the rate of change of momentum of a fluid element is equal 
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to the forces acting on it and is expressed by Navier-Stokes equation for momentum (Eq. 1.2), 

where ɟ is the density of the fluid, v is the fluid velocity vector, p is the pressure, µ is the fluid 

viscosity and f represents the external forces: 

”
‬○

‬ὸ
○Ͻɳ ○  ὴɳ ‘ɳ ○ ”█ (Eq.1.2)  

Integrating the Navier-Stokes equation along a streamline and assuming a steady state 

condition with incompressible and inviscid fluid, the Bernoulli equation is obtained [24] (Eq. 

1.3), where ɟ is the flow density, v is the velocity of fluid, p is the pressure, g is gravitational 

acceleration and h is the elevation of the point above a reference plane: 

ὴ ”
ὺ

ς
”ὫὬ ὧέὲίὸὥὲὸ (Eq.1.3)  

The vascular system can be represented as branching tree with each vessel defined by its length 

and radius. Each of the single vessels offers resistance to blood flow, which can be calculated 

by Hagen-Poiseuilleôs law (Eq. 1.4), where Õ is the viscosity of blood, L is the characteristic 

length of the vessel and r is the vessel radius: 

Ўὖ ὖὙϽὗ
ψ‘ὒ

“ὶ
 ὗ (Eq.1.4)  

Also the Hagen-Poiseuille law (Eq.1.4) can be derived from Navier-Stokes equation (Eq.1.2), 

assuming a Newtonian fluid, laminar flow, steady state condition in horizontal small tubes, 

where the gravity force can be ignored. These hypotheses can be valid in peripheral vessels, 

such as arterioles and capillaries, where the pulsatility is smoothed by the proximal high-

compliance vessels, i.e. the main arteries.  

From the Hagen-Poiseuille law (Eq.1.4) it is clear that the pressure gradient in the system is 

much more sensitive to a change in vessel radius than to a change in flow. Assuming µ and L 

to be relatively constant, a small variation of radius, which has exponent 4 in Eq.1.4, results in 

a significant variation in pressure gradient [25]. 

http://en.wikipedia.org/wiki/Elevation
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Another important principle applied to the cardiovascular system is the Frank-Starling law, 

which describes the relationship between the cardiac output and venous return. The main aim 

of this mechanism is to synchronise cardiac output and venous return, maintaining the blood 

pressure in the systemic and pulmonary circulations within physiological ranges and thus 

avoiding an unbalanced distribution of blood volume between the pulmonary and systemic 

circulations. The venous return changes according to particular stimuli: for example, it 

decreases when an individual stands up because the central venous pressure decreases; it 

increases during walking because the action of the calf muscles (calf muscle pump) helps to 

return the blood to the right ventricle. This variation of venous return brings about a change in 

left-ventricular filling pressure and, therefore, of stroke volume and cardiac output. The amount 

of blood filling the left ventricle determines the degree of stretch of the ventricular wall, which 

in turn influences the length of the contractile units (sarcomeres) within the cardiac muscle 

fibres. During systole the cardiac muscle fibres contract generating a force proportional to the 

initial stretched length [4, 26, 27]. An increase in contraction is related to an increase in 

myocardial metabolism which, in turn, is associated with an increase in demand for blood flow 

in coronary vessels. 

Several physical quantities can be defined that characterise the operation of the cardiovascular 

system in a particular state, many of which might be measured clinically [28]. These include: 

- heart rate (HR), the number of beats per minute; 

- stroke volume (SV), the amount of blood volume ejected from the ventricle at each beat; 

- cardiac volumes, in particular the end-systolic (ESV) and end-diastolic volumes (EVD) of the 

left ventricle, which provide information concerning the efficiency of the pumping heart; 

- ejection fraction (EF), the ratio between SV and EVD; 

- aortic pressure (Pao), which can be distinguished in systolic, diastolic and mean aortic pressure 

(MAP); 
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- pulmonary pressure, the pressure in the pulmonary artery; 

- cardiac output (CO), the volume of blood ejected into the systemic circulation in one minute.  

CO is related to the heart rate (HR) and stroke volume (SV) as shown below (Eq. 1.5): 

ὅὕ ὌὙ Ὓὠ (Eq.1.5)  

- peripheral resistance (PR), the resistance offered to the flow by the vessels of the systemic 

circulation. A number of factors influence this parameter, including vessel compliance, 

vasoconstriction and vasodilation mechanisms. PR can be estimated from the ratio of the 

mean arterial pressure and the cardiac output (Eq.1.6): 

ὖὙ
ὓὃὖ

ὅὕ
 (Eq.1.6)  

- pulmonary resistance, the resistance of the pulmonary circulation. In a similar way, this can 

be estimated from the ratio of mean pulmonary pressure and the cardiac output relative to the 

right ventricle. 

 

 Models of cardiovascular system 

Different type of models can be used to represent and study the cardiovascular system. The 

main categories are lumped-parameters (zero-dimensional, 0D) and distributed-parameters 

(one-dimensional, 1D; two-dimensional, 2D; three-dimensional, 3D models). It is necessary to 

select the most suitable type of model depending on what is the aim of the study, on what are 

the features of interest and, moreover, on what are the clinical data available (Table 1.1) [29-

31]. 

0D models are usually used to study the global distribution of pressure, flow and volume of 

blood under different physiological states. They represent the cardiovascular system in 

compartments, lumping together parts of vasculature with similar characteristics, and their 

blood pressure, flow and volume are exclusively a function of time. A system of differential 
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equations solves the conservation of mass, the conservation of momentum and the equilibrium 

between pressure and volume.  

1D models are mainly used to study the wave propagation effect in the vasculature, especially 

for large arteries. Blood pressure and flow are function of time and of the cross-sectional area 

of the vasculature. This type of model requires pressure and/or flow curves and cross sectional 

area of the vessel as boundary conditions. 

Table 1.1: Types of cardiovascular models with the described features and the clinical data required for 
personalisation. 

Model type Described features Clinical data required 

0D Pressure, flow and volume distribution in 

compartments 

P(t), Q(t), V(t) 

Pressure and flow upstream the model 

1D Pulsatility and wave propagation 

P(t, x), Q(t, x), V(t, x) 

Pressure and/or flow curves as 

boundaries, radius variation along the 

vessel 

2D Variation of velocity profile in radial direction in axis-

symmetric conditions 

P(t, x, y), Q(t, x, y), V(t, x, y) 

Images for geometrical properties, 

pressure and/or flow curves as 

boundaries 

3D Complex flow patterns in specific region of 

cardiovascular system 

P(t, x, y, z), Q(t, x, y, z), V(t, x, y, z) 

Images for geometrical properties, 

pressure and/or flow for boundaries 

conditions 

 

2D models enable the study of the velocity variation in the radial direction for an axis-

symmetric vessel model and they are often used in multiscale modelling with 3D models. 

3D models are the most accurate model, where blood pressure and flow have a spatial and 

temporal distribution. Computational Fluid Dynamics (CFD) simulations can capture complex 

flow patterns in small region of the cardiovascular system, such as ventricles, heart valves, 

bifurcations. These type of model require geometrical details of the area of interest and, 

therefore images need to be available and processed. Moreover, boundary conditions in terms 

of pressure and/or flow are essential to perform the simulations. The computational cost for 

these models and the amount of input data increase massively and this is the reason why they 

are used to represent only small portions of the cardiovascular system. 
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For the purpose of this project and for the type of clinical data available, the 0D models have 

been selected. In the following paragraph these model are therefore the focus and they are going 

to be described.   

However, the parameters of the 0D representation of patient-specific coronary stenoses, 

described in Chapter 6, have been determined from three-dimensional computational fluid 

dynamics analyses that represent in particular the convective acceleration and viscous 

dissipation in the complex flow fields and capture the nonlinear relationship between pressure 

gradient and flow. 

 Zero-dimensional or lumped parameters models 

Zero dimensional models (also known as lumped-parameter models) are based on a 

combination of resistive, compliant and inertial elements, arranged in series or in parallel, to 

represent the cardiovascular system or specific part of it (compartment). Within each 

compartment the quantities are assumed to be spatially invariant; only temporal variations are 

represented. Such models can be mono-compartmental, in which the different components are 

merged into a single compartment that includes the properties of each, or multi-compartmental, 

in which the vascular system is divided into separate modelled compartments between which 

it is also possible to evaluate the interactions [30]. The development of these models is based 

on an electric-hydraulic analogy (Table 1.2) and Ohmôs and Kirchoffôs laws. 

Table 1.2: Analogies between hydraulic and electric quantities. 

HYDRAULIC  ELECTRIC  

Pressure (P) Voltage (V) 

Flow (Q) Current (I) 

Friction  Resistance (R) 

Compliance Capacitance (C) 

Inertial mass Inductance (L) 
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1.3.3.1 Mono-compartmental models 

The simplest model is the 2-element Windkessel (1889-Otto Frank), a parallel RC circuit 

(Figure 1.6-A). This model was used to study the arterial tree in terms of P-Q relationships 

during diastole, considering pressure decay as characteristic time decay of RC circuit, although 

it cannot represent high frequencies of the arterial load to the ventricle [32]. The resistor 

represents the resistance offered by the network of vessels and the capacitor the arteriesô 

capacity for blood storage [30]. The circuit is described by the following system of equations: 

ὗ ὗ ὅ
Ὠὖ

Ὠὸ
ὖ ὖ ὗ ϽὙ

 

In 1971 Westerhof [33] developed the 3-element Windkessel (Figure 1.6-B), introducing in 

series the characteristic aortic impedance, Z0, which represents the resistance of large conduit 

arteries [34, 35]. Its value is equal to the ratio between the oscillatory pressure and the flow 

rate in the absence of reflective waves:  ὤ  . However, in lumped-parameters models the 

characteristic impedance of main arteries, which consists about 5-7% of the peripheral 

resistance, is often represented as a resistor generating small errors at low frequencies [34]. 

The equations that describe the model are: 

ὗ ὗ ὅ
Ὠὖ

Ὠὸ
ὖ ὖ ὗ Ͻὤ ὗ ϽὙ

 

Burattini in 1982 [36] proposed the 4-element Windkessel, introducing an inductance, L, which 

represents the inertial behaviour of blood flow in the arterial vessel [37]. This can be inserted 

in series or in parallel with Z0 and each circuit has different solving equations and different 

values of L (Figure 1.6- C, D). Whilst this model works well at all frequencies, it is difficult to 

estimate a value for the inductance. For this reason the 3-element Windkessel is often chosen 
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to represent the global behaviour of arterial system using physiologically estimated parameters, 

although it is not able to represent wave propagation [34]. 

 

Figure 1.6: Most used lumped-parameter models. 
A) 2 element- Windkessel electrical analogue model. B) Windkessel model with 3 elements. C) 4-element 
Windkessel model with the inductance L in series. D) 4-element Windkessel model with the inductance L in 
parallel. 

More elements can be added to these models and arranged in different ways, aiming to 

represent parts of the vascular system with greater accuracy. Here it should be recognised that 

a value needs to be found for each additional element and often it is not a simple task to define 

or measure this. 

A multi-compartmental model has been chosen as the basis for the current study (see Chapter 

2 for more details). 

1.3.3.2 Modelling cardiovascular system and regulatory pathways  

Inspired by the work of Guyton [38], many scientists have developed different mathematical 

models to represent the cardiovascular system in terms of its multiple aspects and functions 

with the final aim of building a virtual model capable of including the entire human 

cardiovascular system. Several models of varying levels of complexity have been used to 

describe the physiology of the cardiovascular system. A mathematical model of the pumping 

left ventricle was developed by Suga et al. [39]. Both pressure and volume curves of the left 

ventricle were defined. The ratio between pressure and volume during the cardiac cycle 
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represents the contraction activity of the ventricle (E(t)). This depends on the highest value of 

the pressure and volume ratio (Emax) and its relative instant in the cardiac cycle (Tmax). This 

model of the heart has subsequently been widely used by others and adapted for all the cardiac 

chambers. 

Shi et al. [40] describe different models of closed-loop circulation, including the left and right 

heart with the systemic and pulmonary circulations. Both systemic and pulmonary circulations 

comprise different mono-compartmental elements, representing the arteries, arterioles, 

capillaries and veins, arranged in series. Each cardiac chamber is represented by a variable 

elastance with its specific contractility function. The cardiac valves, represented as diodes, 

guarantee unidirectional blood flow. This complete model describes the pressure curves in the 

arteries, veins and heart and the volume curves for the ventricles and atria. The results obtained 

are realistic and physiological in terms of pressure and flow in the atria and ventricles. Curated 

implementations of these models are publicly available from the CellML Model Repository 

[https://models.cellml.org/cellml]. This Repository, established and maintained by the 

Auckland Bioengineering Institute (ABI) [https://www.auckland.ac.nz/en/abi] in New 

Zealand, aims to support the biomedical modelling community by making available a series of 

published models, in a consistent format, that is curated to ensure that the produced results are 

consistent with the original published data. 

A more complete model was developed by Liang et al. [41]. Here, the heart model includes the 

interaction between left and right heart and considers the ventricular inter-septal pressure [42]. 

The model includes different compartments: the vena cava, aorta, cerebral and upper limb 

circulations, pulmonary circulation, renal circulation, splanchnic circulation and lower limb 

circulation. The results are realistic for both the healthy system and that with heart dysfunction. 

One drawback of this model is the large number of parameters which must be defined, 

especially in regional segments of the circulation. This highlights a particular issue that is of 

http://models.cellml.org/exposure/9970597960dbe3a381d773d90c0298c2/MainWestkessel.cellml/view
http://models.cellml.org/exposure/9970597960dbe3a381d773d90c0298c2/MainWestkessel.cellml/view
https://www.auckland.ac.nz/en/abi.html
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fundamental importance to the work that is presented in this thesis: the very simplest models 

are able only to represent the simplest responses, whilst increasing complexity in the model 

can represent more of the physiological phenomena and responses and provide an increasingly 

faithful representation of the systems physiology. This is excellent when the purpose of the 

model is to increase understanding of the system, and to evaluate the likely contributions of a 

multitude of parameters and effects to the system response. However, when the purpose of the 

model is to describe the physiological characteristics and responses of a specific individual, the 

sparsity of the available clinical data upon which the model can be personalised, especially if 

the intent is to use only data that is collected in the standard clinical pathway rather than under 

a research protocol, necessarily limits the number of parameters that can be included in the 

model. 

In recent years, with increasing emphasis on the use of personalised models to describe 

individual cardiovascular physiology, there has been a renewed interest in the identification 

and operation of the simplest models that can be personalised from minimal clinical data [43]. 

It has been demonstrated that even the simplest models, when personalised to the individual, 

might have important diagnostic utility [44]. 

Within this thesis the aim is to select the simplest model that can describe the phenomena of 

interest, in order to facilitate the personalisation of parameters for an individual patient. The 

aim is to predict how an individual responds to a change of state. 

Recently research focus has been concentrated on the definition of the cardiovascular 

regulatory system, or parts of it, with different models, simulating healthy individuals and 

patients with different disease under different conditions. 

Ursino and co-workers [45-53] developed a number of different models to study how the blood 

pressure and the concentration of oxygen influence the response of efferent pathways and the 

local regulation of cardiovascular system. Aortic baroregulation, chemo-regulation as function 
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of the partial pressure of oxygen and carbon dioxide, metabolic regulation driven by the local 

effect of oxygen and carbon dioxide concentrations and the action of lung stretch receptors on 

tidal volume during respiration were implemented. The results obtained show a good 

representation of the effect of each regulatory system analysed for a generic individual, during 

simulation of haemorrhage and variation of the oxygen partial pressure in the aorta. Ursinoôs 

models were also used by Fresiello et al.[54] to develop a baroreflex cardiovascular model, 

which can represent the exercise condition in healthy individuals and patient with heart failure, 

providing an educational and clinical tool. In addition Fresiello et al.[55] developed a model 

that can be used for patient-specific purposes using some measured data, including patients 

with VAD devices, drug infusion representation and pre-set disease. 

The same research group developed a 0-D model of cardiovascular system including the 

baroreflex model to study the general effects of early inflation, late inflation and length of 

inflation of the intra-aortic balloon pump (IABP) with particular regard to aortic receptors at 

the site where the device is located [56, 57]. 

Ursinoôs regulatory model focuses on a number of effectors (ventricle pumping function, 

systemic resistance, heart rate and venous unstressed volume), which are analysed in more 

depth in Chapter 2. This type of control is relevant for the study of the adenosine response, in 

terms of the aortic pressure and heart rate effects, and for its implementation in the 

cardiovascular model.  

Other complex cardiovascular models with details of vascular compartments and regulation 

mechanisms were implemented with the purpose of understanding specific mechanisms, 

although here the representation of specific individuals is not possible. 

In 2010 Cheng et al. [58] developed an integrated lumped cardio-respiratory model 

(PNEUMA) to study and understand the regulation of sleep in cases of obstructive or central 

sleep apnoea for a generic individual.  
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In 2011 Hester et al. [59] developed a integrative model of human physiology (HumMod), with 

more than 5000 variables to describe cardiovascular, respiratory, renal, musculo-skeletal 

system including the neural, endocrine and metabolic physiology. This complex model is based 

on empirical data from the peer-reviewed literature and the interface allows parameters and 

conditions to be modified manually. Although tuning 5000 variables is impossible for patient-

specific applications, this model is a great tool for investigating the human body and for 

research and education purposes. 

Blanco et al. [60] built a coupled 0D-1D-3D closed-loop cardiovascular model,  with 0D model 

of baroreflex to simulate the generic response to haemorrhage, valvular disease and cerebral 

aneurism and understand the influence of the barocontrol in a generic individual or patient. 

Similarly, Neidlin et al. [61] developed a 3D aortic arch model coupled with a 0D baroreflex 

component to study the cerebral circulation during cardiopulmonary by-pass surgery with a 2-

way coupled fluid-structure interaction. 

Mantero et al. [25] developed a model of the complete circulation including coronaries and a 

control loop to regulate the effect of heart rate on aortic flow. The coronary circulation is 

represented as a single branch in parallel with the systemic circulation and, in order to represent 

the intra-myocardial pressure during systole, the myocardial compliance has a pressure 

generator. The control loop is able to represent different physiological conditions, such as rest 

and exercise, and the response of the heart rate, contractility and cardiac output to the oxygen 

demand, by comparing with a threshold for both coronary and aortic flows. Results show good 

agreement with the natural cardiovascular behaviour. 

Other types of integrated cardiopulmonary models with regulation were published to represent 

the generic system of healthy individuals or groups of patients with certain pathologies in order 

to compare the response to different stimuli such as exercise [54, 62], orthostatic stress test [63, 

64] and Valsalva manoeuvre [58, 65]. 
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In summary, many lumped parameter models have been developed to describe and to represent 

the physiology of the cardiovascular system. The level of complexity, and processes 

represented in the model, depend on the question or hypothesis addressed. The majority of 

studies focus on the representation of physiological processes and the facility to describe 

known phenomena rather than on the operation for diagnostic or prognostic purposes for an 

individual. Complex models incorporating multiple parameters represent a major challenge; it 

is important to understand the sensitivity of the model outputs to its inputs so that an appropriate 

subset of parameters can be personalised to the individual physiology. For the current study it 

is important to understand which processes are important in this specific context of coronary 

physiology. This is the focus of the next section. 

1.3.3.3 Modelling the coronary system and physiology 

The coronary circulation has recently become a key area of interest for the application of 

lumped parameter models. Largely due to the high incidence of coronary pathologies [25, 66-

75], the coronary circulation is an application of great interest, in which lumped parameter 

models have significant potential both to improve understanding and to represent changes of 

physiological state in an individual. Whilst some of these studies aim to reproduce pressure 

and flow in the coronaries (patient-specific and generic) with mathematical models and use 

them as a tool for understanding and diagnosis, others are more focused on the regulation of 

the coronary circulation. 

Maasrani et al. [70, 72, 73, 76] aimed to simulate the patient-specific coronary blood flow 

before and after coronary bypass grafting. Main coronary branches are represented by mono-

compartment models, using resistors, capacitors and inertances, with parameter values 

obtained from vessel geometry averaged data (length and diameter). These are assumed to be 

the same for all patients. In contrast, the myocardial resistance and aortic pressure are patient-

specific. In this way by knowing the patient coronary artery stenosis location and setting the 
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corresponding values of parameters in relevant branches, it is possible to evaluate whether 

myocardial blood flow is sufficient before and after the treatment. 

Kim et al. [74, 77, 78] developed a 3D model of the aorta coupled with 0D models at the outlets 

representing the different branches. The model also included the coronaries and the left 

ventricle. MRI images and measurements were used to define the patient-specific 3D geometry 

of the aorta and the patient-specific blood flow in some of the aortic branches with brachial 

pulse pressure measurements used to personalise the function of the left ventricle. In this model 

the simple coronary compliance, represented by an ordinary capacitor, was distinct by the 

ventricular contraction activity, represented by a second capacitor with the back pressure 

applied. Simulations at rest and exercise in both healthy and pathological (coronary stenosis) 

conditions were performed, including a number of assumptions with regards to the change of 

cardiac output, heart rate and the peripheral resistance of the coronary circulation. Results of 

pressure, flow and wall shear stress in the coronary circulation showed that the implemented 

model is useful for prediction of specific-patient conditions, although many hypotheses and 

assumptions need to be made to represent the exercise condition. 

Geven et al.[66] developed an in vitro model and a mathematical model for a simplified 

cardiovascular system, which included the heart, the systemic and coronary circulations, in 

order to study and reproduce coronary pressures and flows for both baseline and hyperaemic 

conditions, validating them against invasive measurements in a conscious man. 

Manor et al. [79] described the coronary circulation with a 0D model including the epicardial 

coronaries and the intra-myocardial compartments, where the ventricular pressure is applied. 

The model is able to auto-regulate in case of an obstruction in the epicardial coronaries or in 

case of increase of flow demand, varying the capacitances according to the cross-sectional area. 

Cornelissen et al. [80, 81] studied the control of the blood flow in a generic coronary arterial 

tree consisting of 10 resistors in series, each representing the properties of a class of vessel size. 
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The model aims to study the interaction of the different control mechanisms (myogenic, 

metabolic and shear stress) governing the coronary blood flow. 

 CORONARY ARTERY DISEASE 

The heart must pump blood continuously in order to avoid tissue ischemia. If blood flow to the 

myocardium is impaired due to pathology, the heart is unable to continue to pump effectively 

and myocardial ischemia and, ultimately in severe cases, death are the consequences. 

The incidence of coronary artery disease (CAD) increases every year all over the world in both 

young and old. CAD is the most common type of heart disease and is related with the life style 

habits (e.g. smoking, a diet high in cholesterol) and with other pathologies such as hypertension 

and diabetes. CAD is caused by plaque formation inside the coronary lumen. This impairs 

blood flow and thus the myocardial tissue does not receive all the nutrients it needs [82]. 

 Clinical investigation 

It is important to diagnose CAD at an early stage in order to avoid complications and symptoms 

such as angina and myocardial ischemia. This is also supported by the huge growth of 

technology in the last century especially with regard to clinical applications. There are a 

number of diagnostic techniques available in clinical practice and each of these provides 

different qualitative and quantitative information. Some examples of these diagnostic 

techniques are angiography (3D angiography, Invasive Coronary Angiography, CT 

Angiography, Quantitative Coronary Angiography, Rotational angiography), Positron 

Emission Tomography (PET), Optical Coherence Tomography (OCT) and Cardiovascular 

Magnetic Resonance (CMR). This thesis focuses on Invasive Coronary Angiography. 

1.4.1.1 Symptoms: Baseline vs Hyperaemia 

It is important to define the impact of a coronary stenosis. The same stenosis might represent 

a different severity if patient has a sedentary lifestyle or an active one. Different lifestyles 
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generate different levels of oxygen demand by the tissues and, therefore, a different workload 

for the heart to achieve the appropriate cardiovascular function. A condition of exercise or 

hyperaemia is thus a valuable way of determining the effect of the stenosis during increased 

myocardial flow. 

1.4.1.2 Invasive Coronary Angiography  

The most common diagnostic method for CAD is Invasive Coronary Angiography (ICA) 

[http://www.nhs.uk/]. ICA is a clinical diagnostic technique used to study coronary vessels in 

symptomatic patients, who are believed to have a significant coronary stenosis. The technique 

consists of inserting a guiding catheter into a peripheral artery (femoral or radial), pushing it 

into the aorta, along the aortic arch and into one of the main coronary arteries. A contrast agent 

is injected through the catheter to make the vessel lumen visible to X-rays. In this way it is 

possible to identify regions where the lumen is reduced (stenosis) and to quantify the occlusion 

(Figure 1.7-left). 

Invasive Coronary angiography produces 2D images of the single coronary and the major 

limitation concerns the overlapping or foreshortening during the acquisition, which does not 

provide a valuable way to estimate the severity of the stenosis. 

 

Figure 1.7: Coronary Angiography (left) and QCA (right) example in a case of stenosis of the circumflex 
coronary artery. 

http://www.nhs.uk/
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In the Quantitative Coronary Angiography (QCA), 2D images of the lumen of the vessel are 

provided as inputs to image reconstruction software in order to create 3D geometries of the 

coronary vessels, determining the contour of the lumen. This allows parameters related with 

the stenosis, such as the lesion length, the reference average vessel diameter, the minimal 

luminal diameter, the severity of stenosis, etc., to be estimated [83, 84] (Figure 1.7-right). 

1.4.1.3 Fractional Flow Reserve index (FFR) 

Following the publication of the results of the DEFER study in 2007, the Fractional Flow 

Reserve (FFR) index has been introduced into clinical practice to provide a more objective 

assessment of the lesions. FFR is a physiological index which gives information about the 

severity of the stenosis in the coronary arteries [5, 85-87]. FFR reflects the pressure drop across 

the stenosis: it is defined as the ratio between the maximum coronary flow in the presence of 

the stenosis and the maximum coronary flow that could be achieved if the stenosis was not 

present [10, 86]. 

The coronary stenosis can be represented as an electric circuit (Figure 1.8), in which PA 

indicates the aortic pressure, PV the venous pressure, PD the distal pressure downstream the 

stenosis, RS is the resistance offered by the occlusion and R is the physiological resistance in 

the coronary microcirculation. 

 

Figure 1.8: Representation of a coronary artery stenosis and myocardial microcirculation with corresponding 
lumped model.  
The pressure guide measures the aortic pressure (Pa) and the distal (Pd) pressure across the stenosis when the 
microcirculation is vasodilated maximally. Pv represents the coronary venous pressure. 
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Considering the hypothesis that PV is null, the resistance R has the same value irrespective of 

the presence of a stenosis and considering Poiseuilleôs law, FFR can be expressed as the ratio 

between the distal and the proximal blood pressure (Eq. 1.7): 
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 (Eq.1.7)  

During ICA, proximal and distal pressures across the stenosis are continuously recorded with 

catheters during intravenous infusion of adenosine, the drug routinely used to stimulate 

hyperaemic conditions. Hyperaemia refers to vasodilatation of myocardial microcirculation 

aiming to emulate the exercise condition, i.e. myocardial resistance decreases and coronary 

flow increases. The Pd/Pa ratio is continuously calculated from rest through to hyperaemia and 

the FFR is identified as the Pd/Pa during hyperaemia. 

During the hyperaemic condition an increase, by a factor of 2, in coronary flow and a decrease 

of the Pd/Pa caused by the vasodilatory response of the myocardial microcirculation is observed 

when compared to resting condition. Myocardial resistance decreases to about 50% of the value 

observed at rest [10]. The variation of Pd/Pa demonstrates that the lesion has less effect at rest 

compared to the hyperaemic state, when the effect of the stenosis dominates and blood flow is 

mainly obstructed by the narrowing, reducing the influence of the microcirculation. 

The cardiovascular auto- and neuro-regulatory mechanisms play primary roles in the 

hyperaemic response at pulmonary, systemic and coronary levels. Aortic pressure and heart 

rate increase as direct effect of adenosine response and the cardiovascular system responds by 

decreasing aortic pressure and heart rate. The evidence of this can be observed in the Pd/Pa 

behaviour, where peak and stable hyperaemic phases are normally achieved [10]. The FFR 

value is within the range [0; 1] with values between 0.75-0.80 indicating that the stenosis is 

responsible for significant myocardial ischemia [9, 10].  

This index is used by clinicians to make decision about the treatment for each patient. 
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Different theories about the influence of haemodynamic conditions on FFR have been exposed. 

According to Pijls and De Bruyne [9, 10], pressure and FFR are independent, because of the 

linear relationship between pressure and flow (Poiseuilleôs law). However, Siebes et al. [87] 

demonstrated that in stenotic conditions, where there is likely to be turbulent flow, the pressure 

drop consists of viscous (AV) and inertial (B) losses (Eq. 1.8): 

Ўὖ  ὃὗ ὄὗ  (Eq.1.8)  

Therefore, the stenosis resistance varies according to the blood flow and the approximation of 

FFR as Pd/Pa is imprecise. By calculating the FFR as ratio of resistances, its dependence on 

haemodynamic conditions becomes clearer (Eq. 1.9): 
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(Eq.1.9)  

where R and Rs are strictly related to the haemodynamic conditions determined by disease and 

the pressure gradient. Moreover, Siebes et al. [87] believe that other assumptions made in the 

calculation of FFR as Pd/Pa leads to an incorrect estimation. In particular, the downstream 

pressure PV, which is assumed to be 0, actually depends on the aortic pressure, the venous 

pressure and the slope of the P-Q curve in coronary artery at maximum dilatation. 

In this project the clinical FFR measurement is considered as the ratio between the distal and 

proximal pressure during stable hyperaemia and the resistance of the stenosis is described by 

the quadratic equation (Eq.1.8), which includes viscous and inertial losses. 

 

 Coronary Artery Disease models 

As presented before, mathematical modelling is increasingly used to represent the 

cardiovascular system, whether considering the system as a whole or focusing on specific parts 

of it. In particular, models of coronary artery disease have been developed with different 

purposes, for example to study the wall shear stress, to estimate the myocardial 

microcirculation resistance, to predict the severity of the stenosis and to predict stent 
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deployment. A number of 0-D coronary circulation models have been already mentioned in 

paragraph 1.3.2.3 Modelling the coronary system and physiology. 

Image processing and Computational Fluid Dynamics (CFD) techniques have been integrated 

into a number of diagnostic examination processes such as angiography, Positron Emission 

Tomography (PET), Optical Coherence Tomography (OCT), Cardiovascular Magnetic 

Resonance (CMR). Using these techniques, the 3D structure of the vessel can be reproduced 

to be used in CFD and, thus, estimate different physiological parameters. 

Wellnhofer et al. [88, 89] compared the wall shear stress in the right coronary artery in control 

patients, patients with CAD and patients with aneurysmatic CAD, employing a CFD analysis. 

The angiographic images from each patient were used to define the vessel geometry with the 

complete RCA side branches, with boundary conditions defined from Doppler measurement of 

the total blood flow, divided into branches proportionally to their respective diameters. 

CFD analysis using patient-specific vessel geometries was also employed in the study carried 

out by Morris et al. [13]. Patient-specific geometries were obtained from 2D angiographic 

images from patients with CAD, stenoses were characterised in terms of viscous and inertial 

losses applying CFD analysis and a virtual FFR was estimated applying patient-specific 

pressures as the boundary conditions. 

Li and co-workers [90] reconstructed the coronary geometries with branches using information 

from OCT and 3D-angiography to evaluate the effect of the branches, showing better accuracy 

for determining the blood flow and for shear stress evaluation with more complex models. 

CFD can be also used for simulation of the implanted stent. Naghipoor et al. [91] studied drug 

release from a PLGA eluting stent using a computational study to investigate the growth of 

restenosis, the influence of the coated stent and the viscoelasticity of the arterial wall. This 

approach has the potential to be used as a predictive tool for the follow up-of stented patients.  
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This thesis considers a 0D model for the coronary circulation using the results of previous 3D 

CDF analyses, which characterised the stenosis pressure losses. This previous work was the 

subject of the thesis ñComputational Fluid Dynamics modelling of coronary artery diseaseò 

submitted in 2016 by Dr Paul Morris [92].  
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 CONCLUSIONS AND CLINICAL PERSPECTIVE 

This chapter describes the project background in terms of its clinical and modelling aspects.  

The overall focus is the clinical investigation of coronary artery stenosis. Modelling is used to 

investigate the physiological effects of coronary obstruction under different conditions and 

predict the hyperaemic response to estimate FFR from a patient-specific model. 

FFR has become a valuable tool in the clinical assessment of CAD and in guiding treatment 

decisions. FFR is able to identify ischemia causing lesions [93], improve clinical outcomes 

[94] and reduce long-term costs [95]. Despite these benefits, FFR remains underused (<10% 

patients have this treatment) due to increased procedural time/costs and lack of operator 

expertise; in general clinicians are more familiar with traditional angiography [11]. More 

recently, predictive models of FFR have been developed which provide the proven benefits of 

physiological coronary assessment without the factors limiting widespread use [13]. These 

have been relatively successful, but, because they make assumptions about coronary 

microvascular adenosine response (usually applying population-averaged data), a ceiling of 

accuracy appears to have been reached. The accuracy-defining step is how these models 

represent coronary microvascular physiology and response to adenosine on a patient-specific 

basis [96]. The focus of this thesis is on the development of a lumped-parameter model of the 

cardiovascular system. Features modelling the barocontrol system and the distribution of blood 

volume, adenosine and gases, all necessary to describe the adenosine response during 

hyperaemia, are also described. Clinical data from CAD patients undergoing Coronary 

Angiography are used as inputs for different analyses and classifications, including; 

- tuning of the cardiovascular model at a systemic level and coronary level, 

- identification of the minimum and stable FFR through an objective algorithm, 

- classification of patient hyperaemic response.  

The hypotheses and results associated with each topic will be presented in the rest of thesis. 
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 THESIS OUTLINE 

This PhD project has been organised into five main chapters plus introduction and conclusions. 

This first chapter, Introduction & Background, provides a contextual overview of the relevant 

anatomical and physiological concepts of the cardiovascular system, of the clinical problem 

and of the state-of-the-art in 0D modelling. 

Chapter 2, Modelling the cardiovascular system, provides a description of the 0-D 

cardiovascular model developed in this project in terms of the haemodynamics, the barocontrol 

system and the adenosine pharmacokinetics. 

Chapter 3, Modelling the response to the administration of adenosine, describes the adenosine 

response in a generic individual considering what is reported in the literature. The relative 

influence between the systemic and the coronary circulation justifies the approach of 

personalising the two circulations separately. 

The focus of Chapter 4, Clinical data, is entirely on the data collected during invasive Coronary 

Angiography, which have been processed to develop an algorithm to objectively identify 

maximal and stable hyperaemia and to classify patients on the type of adenosine response. 

Chapter 5, Personalisation of parameters of cardiovascular system, illustrates the 

personalisation process of the global system, which allows to estimate the aortic adenosine 

concentration for each patient.  

In Chapter 6, Local tuning of coronary branches, the focus moves on to the coronary 

personalisation providing a set of different patient-specific inputs to obtain myocardial 

adenosine concentration and resistance during adenosine injection, which have been 

considered to predict the adenosine response on patientsô profile basis. 

Chapter 7, Conclusions and future work, a final overview of the limitations and conclusions of 

this project in terms of results obtained is reported. Also future work and ideas for improvement 

are presented. 



 

36 

 

2 CHAPTER 2   
MODELLING THE 

CARDIOVASCULAR SYSTEM 
 

INTRODUCTION AND PURPOSE 

The primary aim of the project is to construct and validate a computational lumped parameter 

model to represent the cardiovascular system in order to understand the effect of coronary 

lesions under different physiological conditions in a specific individual. The cardiovascular 

model to be introduced and developed in this chapter must include a representation of the 

coronaries and of myocardial flow. Ultimately, the model is applied to seek understanding of 

the physiological response of a specific individual and, because the measured clinical data 

available to support the model personalisation are sparse, the minimal set of parameters that 

need to be personalised to capture the basic characteristic measures of coronary physiology 

must be identified. The impact of the coronary stenosis is more evident during the short-term 

regulation mechanism where myocardial blood flow increases and the myocardial resistance 

decreases. An example of this is observed during the exercise condition, which is simulated 

metabolically during angiography by the infusion of adenosine. 

In this chapter, the focus is on the development of an appropriate 0D model to represent the 

cardiovascular system, including the coronary arteries, to support the aims of the study. A 

published cardiovascular model, featuring representations of the heart and pulmonary and 

systemic circulations, has been extended to include the coronary circulation and the baro- and 

chemo-controls by the integration of other published models. Thus, the model developed is
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 able to represent the blood volume distribution and the species distributions in each 

compartment. The main components of this model are; 

- the cardiovascular circulation described in terms of blood pressure, flow and volume, 

- the short-term regulatory mechanisms, 

- the adenosine pharmacokinetics. 

This chapter provides a description of the implementation of these elements, justifying the 

choices that were made according to the challenges and the problems encountered. 

 

 LUMPED PARAMETER MODEL OF 

CARDIOVASCULAR SYSTEM 

The lumped-parameter model is based on the electric-hydraulic analogy (see Table 1.1) and 

uses electric components such as resistances, capacitances, inertances and diodes to represent 

a hydraulic circuit.  

This thesis is focused on the investigation of coronary flow under a range of physiological 

states, the latter described by a global circulation model operating under appropriate conditions. 

Starting from the global multi-compartmental model for a generic individual developed by 

Korakianitis et al.[40], which represents the whole cardiovascular system including the 

systemic circulation, pulmonary circulation and left and right heart, with respective cardiac 

valves, a coronary circulation divided into left and right branches was added in parallel with 

systemic circulation (Figure 2.1). 

In order to represent the anatomy of the coronary circulation, the coronaries are introduced as 

an RCR circuit originating downstream of the aortic sinus compartment (SAS) and draining 

into the right atrium. To represent the ventricular contraction during systole, a back pressure 

proportional to the ventricular pressure was applied to the coronary compliance [25]. 
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The distribution of volume in each compartment is a function of the initial volume and the 

difference of the inlet and outlet flow. The species distributions, in particular oxygen, carbon 

dioxide and adenosine, were estimated with a mass balance equation. Finally, the baro- and 

chemo-controls systems were introduced by adapting published models, as presented in the 

paragraphs which follow.  

The reasons for this level of complexity in our cardiovascular model are firstly related to the 

implementation and curation in CellML repository and secondly because of its level of 

resolution which could eventually represent different physiological states. 

 

Figure 2.1: Zero dimensional cardiovascular model used in this project. 
Compartments: systemic aortic sinus (SAS), systemic artery (SAT), systemic arteriole (SAR), systemic capillary 
(SCP), systemic vein (SVN), pulmonary artery sinus (PAS), pulmonary artery (PAT), pulmonary arteriole (PAR), 
pulmonary capillary (PCP), pulmonary vein (PVN), left and right ventricles (LV, RV), left and right atria (LA, RA). 
The coronary circulation comprises 2 branches (LC, RC) with the application of back pressure (blue line). 
Adapted from [40]. 
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 Haemodynamic system 

This paragraph develops the equations which describe the haemodynamics for each 

compartment of the model, with respect to blood pressures, flows and volumes. As mentioned 

before, the global model including heart, systemic and pulmonary circulation was published in 

literature by Korakianitis et al. [40] and the equations of the model are reported. 

2.1.1.1 Heart: chambers and valves 

Each cardiac chamber (atria and ventricles) are defined as a variable elastance, which 

represents the contracting function, and a diode, which represents the valve (Figure 2.2). 

 

Figure 2.2: Variable elastance and diode for heart chamber. 

The variable elastances, E(t), are defined by a function of contractility, e(t), as described in 

Eq.2.1: 
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where EMIN and EMAX are constants defined for each atrium and ventricle (Table 2.1). 

For the atria e(t) is defined as in Eq.2.2: 
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where Tpww = 0.09ĀT, Tpwb = 0.92ĀT, considering T = 1 s. 

For the ventricles e(t) is defined as in Eq.2.3: 
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where TS1 = 0.3ĀT, TS2 = 0.45ĀT. 

The outflow from each chamber or the flow through the valve at its outlet, Qout, is determined 

by the trans-valvular pressure gradient, ɲP, modelled by a smooth diode for each cardiac valve.  

The pressure-flow relationship for a perfect diode is with a quadratic relationship between flow 

and pressure in the forward flow regime. The abrupt change at the origin tends to create 

instability in a numerical solver, and for this reason smoothing was introduced. The smoothing 

parameters were chosen to produce a reasonable behaviour in this region of the system, without 

impacting on the system behaviour during the main periods of systole and diastole. Each 

cardiac chamber is therefore described by the following system of equations:  
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where CV [ml s-1 mmHg-0.5] represents the flow coefficient, pout is the pressure downstream of 

the valve, pini and Vini are respectively the pressure and blood volume always present within 

each specific chamber, Qin is the flow in input in the chamber, th is the threshold used to define 

the smooth valve function, arbitrarily chosen below ̄ /2 for the type of sinusoidal curves used 

to define the relationship in the region of null pressure gradient, ὖ is a reference value equal 

to 1 mmHg. Figure 2.3 shows the perfect diode and the smooth diode relationship obtained 

with th=0.25 and th=0.5. In this model a threshold value of 0.5 was selected. 
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Figure 2.3Υ ɲt - Q relationship obtained with perfect diode and smooth diode. 
ɲt ŀƴŘ v ŀǊŜ ǊŜǎǇŜŎǘƛǾŜƭȅ ǘƘŜ ǇǊŜǎǎǳǊŜ ƎǊŀŘƛŜƴǘ ŀƴŘ Ŧƭƻǿ ŀŎǊƻǎǎ ǘƘŜ ŎŀǊŘƛŀŎ ǾŀƭǾŜΦ ¢ƘŜ ōƭŀŎƪ ƭƛƴŜ ƛƴŘƛŎŀǘŜǎ ǘƘŜ 
perfect diode, the blue and red dashed lines represent the smooth diode using two different thresholds (0.25 
and 0.5 respectively). 

 

2.1.1.2 Systemic and Pulmonary Vasculature 

The systemic circulation is composed of several compartments (Figure 2.1): systemic aortic 

sinus (SAS), systemic arteries (SAT), systemic arterioles (SAR), systemic capillaries (SCP) 

and systemic veins (SVN). The pulmonary circulation has similar compartments: pulmonary 

artery sinus (PAS), pulmonary arteries (PAT), pulmonary arterioles (PAR), pulmonary 

capillaries (PCP) and pulmonary veins (PVN).  

Both systemic and pulmonary sinuses and arteries are represented by a CRL circuit, the veins 

are represented by a CR circuit, arterioles and capillaries are represented by simple resistors. 

The resistances in the different compartments are considered to be linear and result in 

proportional pressure gradient and flow. Their values are not constraint by derivation from the 

Poiseuilleôs equation (Eq.1.4), but rather just to reproduce system measurements. The circuits 

and the systems of equations for each component are reported in Figure 2.4. Values used for 

each parameter in the model to represent a generic healthy individual are reported in Table 2.1, 
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except for the coronary parameters which are described in detail in the next paragraph (2.1.1.3 

Coronary modelling).  
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Figure 2.4: Circuit components with relative system of equations. 
Artery sinus and main arteries (top), arterioles and capillaries (middle), vein (bottom). 

 
Table 2.1: Values of constant parameters for the model parameters. 

Units: C [ml/mmHg], R [mmHg s/ ml], Z [mmHg s/ ml], L [mmHg s2/ ml], V [ml], P [mmHg], E [dimensionless], 
CV [ml /s mmHg0.5]. 

Left heart and systemic Right heart and pulmonary 

CSAS 0.08 VLVI  500 CPAS 0.18 VRVI  0 

RSAS 0.003 VLAI  400 RPAS 0.002 VRAI  0 

LSAS 0.000062 VLV0 5 LPAS 0.000052 VRV0 10 

CSAT 1.6 VLA0 4 CPAT 3.8 VRA0 4 

RSAT 0.05 PLV0 1 RPAT 0.01 PRV0 1 

LSAT 0.0017 PLA0 1 LPAT 0.0017 PRA0 1 

RSAR 0.5 ELAmax 0.25 RPAR 0.05 ERAmax 0.25 

RSCP 0.52 ELVmax 2.5 RPCP 0.25 ERVmax 1.15 

CSVN 20.5 ELAmin  0.15 CPVN 20.5 ERAmin 0.15 

RSVN 0.075 ELVmin  0.1 RPVN 0.006 ERVmin 0.1 

PSAS0 100 CVao 350 PPAS0 30 CVpu 350 

PSAT0 100 CVmt 400 PPAT0 30 CVtr  400 

 

2.1.1.3 Coronary modelling 

The coronary circulation, in terms of left and right coronaries, was included in the 0D model 

as two Windkessel circuits which originate from the aortic sinus (SAS) and end in the right 

atrium (RA). In this generic model it is assumed that the left and right coronary parameters are 

equal. Each branch is represented by the circuit reported in figure 2.5 and described by the 

following system of equations: 
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Figure 2.5: 0D model of the coronary branches, using an external pressure on the capacitor. 

The ventricular contraction effect on the coronaries was introduced with an external pressure, 

Pext, set to half of the instantaneous left/right ventricular pressure for the left/right coronary. 

This was intended to represent grossly the spatial average of the pressure in the wall of the 

ventricle. The value of the total coronary resistance parameter was calculated with the 

hydraulic Ohmôs law (Eq.2.4) using average values of pressure gradient and coronary flow for 

healthy adults. The pressure gradient is given by the difference of the aortic pressure (100 

mmHg) and the right atrial pressure (15 mmHg), while the average coronary flow is around 1 

ml/s per branch in baseline conditions [97]: 
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(Eq.2.4)  

Typically, the arterial models represented with the 3-element Windkessel fit pressure and flow 

data distributing the total resistances as 10% in the proximal resistance, Z, and 90% in the distal 

one, R [98]. In the modelling of the coronary circulation, this distribution does not produce 

physiological flow results because of the back pressure applied to the capacitance. When the 

back pressure is active, it generates an outflow from the capacitor, forced to the direction of 

the proximal resistance because of its lower value compared to that downstream. To achieve 

typical coronary flow waveforms, with the characteristic diastolic dominance, the Windkessel 

model for coronary circulation works using the opposite distribution of the resistances. Thus, 

the values of the coronary parameters are: 
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The coronary capacitances were set to 0.9 ml/mmHg [25]. 
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2.1.1.4 Blood volume distribution 

An average adult male, with height of 1.70 m and weight of 80 kg, was considered to have 

about 5 litres of total blood volume, BV, according to Nadler formula [99] (Eq.2.5, Eq.2.6): 

ὄὠ  ὰ πȢσφφω ϽὌὸά πȢπσςρωϽὡὸ ὯὫ πȢφπτρ (Eq.2.5) 

ὄὠ  ὰ πȢσυρ ϽὌὸά πȢπσσπψϽὡὸ ὯὫ πȢρψσσ (Eq.2.6) 

In the cardiovascular system the total blood volume can be divided into: 

- the unstressed volume, V0, which fills the blood vessels without generating pressure; 

- the stressed volume, which in the no-flow condition would generate an intravascular 

pressure of 7 mmHg [100], known as the mean systemic filling pressure (PMFC) [38, 101-

104]. 

Blood volume (V) and pressure (P) in each compartment are proportional to the compliance 

(C) (Eq.2.7). The variation of the compartmental blood volume is calculated as the difference 

between the inlet flow, Qin, and outlet flow, Qout, (Eq.2.8). 

ὠ ὅ ὖz ὠ 
(Eq.2.7) 
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An initial value for V is required for the derivative equation (Eq.2.8) for each compartment. 

To select these values, data was obtained from the literature; the aim was to achieve a realistic 

distribution of blood volume in the system model and thus give realistic values for the 

distribution of the species of interest. The initial value of blood volume in each compartment 

is the average amount of blood that fills the specific compartment under pumping conditions. 

The specific example of the aorta (Figure 2.6) shows a change of volume between the end of 

systole (Vmax) and the end of diastole (Vmin), corresponding to the change of aortic pressure 

(120 and 80 mmHg respectively). The average value of blood volume (Vm) is the value used 

for the initiali sation of the system, defined using different percentages of the total blood 

volume. 
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Figure 2.6: Representation of the change of the aortic volume during the systole and diastole. 
The mean aortic volume, Vm, is associated with mean arterial pressure, MAP (= 100 mmHg). The aortic volume 
increases during systole (P=120 mmHg) toward its maximum, Vmax, and it decreases during diastole (P=80 
mmHg) towards its minimum, Vmin. Part of the figure is from Wikipedia Common (author Benutzer:Lupino, 
with public domain). 

The blood volume was distributed based on data in the literature [1] (Figure 2.7), rearranging 

the percentages to take account of a difference in subdivisions of compartments. 

 

Figure 2.7: Distribution of blood volume in the cardiovascular system. 
(Blood volume distribution, Pearson Education, Inc.) 

The total cardiac chambers volume was 387.5 ml, corresponding to 7.75 % of total volume. 

Coronary circulation is not included in the distribution in Figure 2.7. Data from the literature 

with regard to the amount of blood per 100 gr of LV (9 ml/100 gr LV, [105]) and the mass of 

http://www.napavalley.edu/people/briddell/Documents/BIO%20218/22_LectureOutline.pdf

































































































































































































































































































































































































