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Abstract

We present a one-field fictitious domain method (FDM) for simulation of general fluid-
structure interactions (FSI). “One-field” means only one velocity field is solved in the whole
(fluid and solid) domain based upon the finite element interpolation. The proposed method has
the same generality and robustness as the FDM with a distributed Lagrange multiplier (DLM):
both of them solve the fluid equations and solid equations as one system. However the one-field
FDM only needs to solve for one velocity field while the FDM/DLM usually solves for fluid
velocity, solid displacement and Lagrange multiplier. The proposed one-field FDM also has
similar features with immersed finite element methods (IFEM): the explicit or implicit IFEM
places all the solid information in a FSI force term which is arranged on the right-hand side of
the fluid equations. The one-field FDM assembles the solid equations and implicitly includes
them with the fluid equations. What we achieve is theoretically equivalent to an implicit IFEM
but avoiding convergence problems, and a wide range of solid parameters can be considered in
this scheme. In short, the one-field FDM combines the FDM/DLM advantage of robustness
and the IFEM advantage of efficiency.

In this thesis, we present a thorough review, summary and categorization of the existing
finite element methods for FSI problems. The finite element weak formulation of the one-
field FDM and discretization in time and space are introduced, followed by a stability analysis
by energy estimate. The proposed scheme is first implemented in implicit form, followed by
numerical validation for the property of non-increasing energy under the conditions of p/ < p*
(densities of the fluid and solid respectively) and v¥ < v® (viscosities of the fluid and solid
respectively), and numerical tests for stability under the conditions of p/ > p* and/or vf > v*,
The proposed scheme is then implemented based upon three explicit splitting schemes: 2-step
splitting, 3-step splitting and 4-step splitting scheme. The fully coupled implicit FSI system is
decoupled into subproblems step by step, which can be effectively solved. The pros and cons
of these splitting schemes are analysed followed by a selection of numerical tests in order to
illustrate the capabilities and range of applicability of the proposed one-field FDM scheme. The
thesis concludes with a presentation of some topics and open problems that may be worthy of

further investigation.
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Chapter 1

Introduction

In order to understand the following material, we assume that the reader has a basic knowledge
of the finite element method for fluid dynamics and structural mechanics. In this chapter, we
start by introducing some typical problems involving fluid-structure interactions (FSI) and the
existing numerical methods to solve them. We then discuss the motivation for designing a new

approach to FSI problems. Finally the structure of this thesis is presented.

1.1 Applications of fluid-structure interactions

Problems involving FSI are common in many areas, such as wind-turbine aerodynamics [10, 11,
91], dynamics of spacecraft parachutes [14], biomedical science [1, 12, 14, 73], fixed or floating
structures interacting with ocean waves [6, 26, 45, 52], and so on. For most FSI problems,
analytical solutions of the controlling equations are impossible to obtain, whereas laboratory
experiments are complex, expensive and limited in scope. Therefore, numerical simulations
play an important role in order to understand the fundamental physics involved in the complex
interaction between fluids and structures.

Aerodynamics is a major area in which FSI is widely applied. Applications range from
modeling a full scale wind-turbine rotor with composite blades [10, 11] and simulation based on
Isogeometric Analysis (IGA) [14] to large eddy simulation of flow passing airfoils [38]; from the
simulation of flow around a high-speed train [125, 126] to simulation of a parachute interacting
with the air around it [14, 80, 128] (space-time finite element methods in [14, 128] and parallel
implementation in [80]). All these applications are about a solid body, from very large structures
to small solid particles, interacting with its surrounding air flow.

There are also plenty of FSI applications in the area of biomechanics. These include modeling
and simulation of blood flowing in the blood vessel and the interaction between them [9, 12—
14, 20, 37, 93, 100]: applications to arterial blood flow [9, 37] and aneurysms [12, 13, 93],

considering blood vessel tissue prestress [14, 20] and focusing on external tissue support [100];

1



2 CHAPTER 1. INTRODUCTION

the simulation of red blood cells interacting with blood vessels [103, 111, 120, 131, 155]: focusing
on the red cell transitions in [103] and deformation in [111, 120] respectively, and the numerical
methods for simulations [131, 155]; the heart valve simulation [28, 32, 141], etc.

Applications in ocean mechanics are very popular as well. For example, the ocean waves
interacting with a fixed [6, 52] or floating [6, 26, 33, 45, 88, 144] structure; the interactions
between waves and algae [85]; the modeling and simulation of underwater vehicles [36, 112];
simulation of seawater intrusion [27, 51]; interactions between internal waves with seamounts
[71, 140], and so on.

Other FSI problems, such as particle dynamics of polymers [127, 148], sediment transport
[39, 153] and lubricated motion [21, 130] can also be found in the literature.

All in all, fluid-structure interaction problems exist in a variety of areas. Numerical simu-
lation for such kinds of problem plays an important role due to the limitation of analysis and

laboratory experiments.

1.2 Numerical methods for fluid-structure interactions

Numerical simulation of fluid-structure interaction is often a computational challenge because
of its strong nonlinearity, especially when large deformation is considered. Different kinds
of numerical methods are used to solve FSI problems. Generally speaking, there are finite
difference methods [48, 64, 92, 161], finite element methods [8, 14, 47, 69, 84, 137, 156, 157], finite
volume methods [78, 81, 122], particle/meshless methods [76, 77, 113, 149], Lattice-Boltzmann
methods [49, 82, 105, 129], and so on.

The finite difference methods directly discretize the partial differential equation, which is
straightforward to implement. For FSI numerical schemes, such as the immersed boundary
method (IBM), the finite difference method may be used to solve the fluid equation with a FSI
force term on the right-hand side [48, 159]. However it is difficult to use finite difference scheme
for problems with complex geometry.

The finite element method works with the weak form of a partial differential equation, which
can adopt an unstructured mesh to treat complex geometry. In addition the Neumann boundary
condition may be naturally treated in the framework of finite element methods. Coming to the
FSI numerical algorithm, the finite element method may be adopted to solve both the fluid and
solid equations sequentially [40, 84] or simultaneously [68, 69, 102].

The finite volume method only needs to evaluate fluxes on the boundaries of a cell, which
makes it powerful for handling conservation laws. The finite volume method is convenient to
deal with the non-linear convection term when solving large Reynolds number problems, which
may be advantageous in a FSI numerical scheme to solve the fluid problem [81, 122].

The particle methods are naturally good at dealing with moving boundary, contact and
fracture in the FSI problems. One could describe both the fluid and solid as particles [76, 77,

145], or just describe the solid as particles which are moving over a fixed Eulerian mesh [149).
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Solving the Lattice-Boltzmann equation can be much faster than solving the Navier-Stokes
equation, which makes the Lattice-Boltzmann Methods (LBM) popular in computational fluid
dynamics. For FSI problems the LBM may be combined with schemes such as immersed
boundary methods (IBM) [49, 129] or particle methods [82].

In this thesis, our discussion will be based upon the finite element method for both the fluid
and solid part. The existing finite element schemes for FSI problems will be presented and a
new numerical scheme will be introduced.

The FSI finite element methods discretize both the fluid and solid domain as a set of locally
connected nodes, termed a mesh. A fitted mesh means that the fluid and solid meshes match
each other at the interface, and the nodes on the interface are shared by both the fluid and the
solid, which leads to the fact that each interface node has both a fluid velocity and a solid velocity
(or displacement) defined on it. It is apparent that the two velocities on each interface node
should be consistent. There are typically two methods to handle this: partitioned/segregated
methods [40, 84] and monolithic/fully-coupled methods [68, 69, 102]. The former solve the
fluid and solid equations sequentially and iterates until the velocities become consistent at the
interface. The latter solve the fluid and solid equations simultaneously and often use a Lagrange
Multiplier to weakly enforce the continuity of velocity on the interface [102]. The two-mesh
methods represent the fluid and solid separately and these do not generally conform to each
other on the interface. Popular approaches include the Immersed Finite Element Method
(IFEM) [136-138, 156, 157] and the Fictitious Domain method (FDM) [5, 59, 70, 79, 150]. The
classical IFEM does not solve solid equations at all. Instead, the solid equations are arranged
on the right-hand side of the fluid equations as an FSI force, and these modified fluid equations
are solved on the augmented domain (occupied by fluid and solid). The FDM approach usually
uses a distributed Lagrange multiplier (DLM) to enforce the constraint and the FSI equations
are either solved sequentially [59, 150] or simultaneously [18, 79].

1.3 Motivation for the one-field fictitious domain method

We aim to design a general FEM scheme for FSI problems that can
— cheaply and accurately simulate large solid deformation,
— simulate FSI problems with a wide range of physical parameters.

Considering efficiency for large deformations, we shall choose two meshes to describe the
fluid and solid respectively, so that there is no need to remesh; considering simulation for a wide
range of physical parameters in one scheme, we shall use a monolithic/fully-coupled method
which is widely acknowledged to be more robust [25, 68, 69)].

It can be seen from Section 1.2 that the major methods based on two meshes either avoid
solving the solid equations (IFEM) or solve them with additional variables (two velocity fields

and Lagrange multiplier) in the solid domain. However, physically, there is only one velocity
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field in the solid domain. In this thesis, we follow the one-field spirit and only solve one velocity
variable in the whole/augmented domain. We shall introduce a one-field FDM that (as we
will demonstrate) combines the advantages of IFEM and FDM/DLM: efficiency of IFEM and
robustness of FDM/DLM.

In the one-field spirit, [34, 67, 109, 110] introduces an monolithic Eulerian formulation by
remeshing and [4] presents a 1D model using a one-field FDM formulation but does not discuss
how to compute the integrals arising from the two different domains. There are other similar
Eulerian formulations for FSI problems, such as the eXtended Finite Element Method (XFEM)
[57], local modification of elements [54] and other fully Eulerian formulations [42, 43, 116, 142]
that are coupled with either local adaptivity or ALE methods. However these formulations
are not in the spirit of one-field, usually the velocity of the fluid (including fictitious fluid),
the displacement of the solid and the Lagrange multiplier are solved monolithically, which are
three-field formulations (four fields if the moving mesh is solved for as well).

The main features of the proposed one-field FDM are: (1) only one velocity field is solved in
the whole domain, based upon the use of an appropriate L? projection; (2) the fluid and solid
equations are solved monolithically; (3) The FSI interactions are decoupled until the final step of
solving the final assembled algebraic equations. This means that the finite element procedures
(weak formulation, discretization, computing element matrices and assembling global matrices)
are carried out separately on the two different meshes for the fluid and solid respectively, and
the final discrete linear system brings the fluid and solid parts together via an isoparametric

interpolation matrix from the augmented fluid mesh to the solid mesh.

1.4 Structure of this thesis

In Chapter 2, existing numerical methods for the FSI problems are introduced in more detail
following the definition of the basic governing partial differential equations. In Chapter 3, the
principle of the one-field fictitious domain method is introduced with the weak formulations and
time and space discretization with corresponding energy analysis. In Chapter 4, an implicit
implementation based upon a neo-Hookean solid model is given, followed by several numerical
tests for validation of stability and energy conservation. In Chapter 5, different explicit splitting
methods are proposed to implement the proposed scheme, followed by a variety of numerical
examples. We discus some topics associated with the proposed scheme which may be worthy

of further study in Chapter 6, and finally draw conclusions in Chapter 7.



Chapter 2

Existing numerical methods for

fluid-structure interactions

Three major questions arise when considering a finite element method for the problem of
Fluid-Structure Interactions (FSI): (1) what kind of meshes are used (interface fitted or un-
fitted); (2) how to couple the fluid-structure interactions (monolithic/fully-coupled or parti-
tioned/segregated); (3) what variables are solved (velocity and/or displacement). Combinations
of the answers to these questions lead to different types of numerical method. For example,
[40, 83] solve for fluid velocity and solid displacement sequentially (partitioned/segregated) us-
ing an Arbitrary Lagrangian-Eulerian (ALE) fitted mesh, whereas [68, 69, 102] use an ALE
fitted mesh to solve for fluid velocity and solid displacement simultaneously (monolithic/fully-
coupled) with a Lagrange Multiplier to enforce the continuity of velocity/displacement on the
interface. The Immersed Finite Element Method (IFEM) [17, 107, 136-138, 156, 157] and the
Fictitious Domain Method (FDM) [5, 18, 59, 70, 79, 150] use two meshes to represent the fluid
and solid separately. Although IFEM could be monolithic [17], the classical IFEM only solves
for velocity, while the solid information is arranged on the right-hand side of the fluid equation
as a prescribed force term. Although the FDM may be partitioned [150], usually the FDM
approach solves for velocity in the whole domain (fluid plus solid) and displacement of the
solid simultaneously via a distributed Lagrange multiplier (DLM) to enforce the consistency
of velocity/displacement in the overlapped solid domain. There are also formulations using
one Eulerian mesh (interface-unfitted), in which case the fluid-structure interface needs to be
captured first, such as using the level-set method [90], or similar method based on an Initial
Point Set [43, 54, 55, 116, 117, 142]. Then the interface may be smoothed by a phase param-
eter [43] or/and the shape functions may be modified locally in order to capture discontinuity
across the interface [54, 134]. In the case of one-field and monolithic numerical methods for FSI
problems, [4] introduces a 1D model using a one-field FDM formulation based on two meshes,

and [67, 110] introduces an energy stable monolithic method (in 2D) based on one Eulerian

5
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mesh and discrete remeshing.

Combinations of the answers to the three questions at the start of this chapter give the
methods shown in Table 2.1. Although there are some types of approach in this table that have
not been found by the author in the literature, it may be possible for them to exist as well.
In theory at least, every method introduced here could be designed to be an implicit scheme
or explicit scheme. However, we shall not distinguish between implicit or explicit forms when

introducing the methods in the following sections.

Solve for velocity and displacement Only solve for velocity
Partitioned Monolithic Partitioned | Monolithic
(intgrrgc??ist}‘zed) 1 2 3 4
Two meshes 5 6 7 ];IEJJII\/II 98
(inte?fzser?lisfl;cted) 10 1

Table 2.1: A categorization of the existing methods for FSI problems. DLM: Distributed
Lagrange Multiplier, FEII: Finite Element Isoparametric Interpolation.

The following list provides examples of studies from the different catergories introduced in Table 2.1 :
1. Partitioned /Segregated methods [29, 40, 41, 50, 53, 63, 83, 87, 98, 101, 135].
2. Monolithic/Fully-coupled methods [68, 69, 73, 74, 102].
. This combination has not been observed in literature by the author.

3

4. Monolithic Eulerian methods [34, 67, 109, 110].
5. Modified immersed finite element methods [138].
6

. Fictitious domain methods with distributed Lagrange multiplier (FDM/DLM) [5, 16—
18, 58-60, 66, 70, 79, 106, 118, 121, 146, 150, 151].

7. Immersed finite element methods [17, 72, 96, 107, 136-138, 156, 157].
8. This combination has not been observed in the literature by the author.
9. The proposed method in this thesis: a one-field fictitious domain method [139].

10. A fully Eulerian formulation [42, 43, 54, 116, 117, 134, 142]. For one mesh without
interface fitting, the coupling strategy may always be monolithic/fully-coupled. It might
not be reasonable to consider a partitioned algorithm based on one mesh without interface

fitting.

11. This combination has not been observed in the literature by the author.

In this chapter, we first present the governing equations for FSI problems with general
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initial and boundary conditions in Section 2.1. Then a compressible Saint Venant-Kirchhoff
solid model and an incompressible neo-Hookean solid model are given in Section 2.2 and 2.3
respectively. Finally, the existing methods for FSI problems are presented in more detail in the
remaining sections. We first broadly categorize the existing methods into three wide groups
based upon the meshes they use, i.e., one interface-fitted mesh, two meshes, and one mesh
without interface fitting. The specific approaches are then discussed under these three wide

categories.

2.1 Governing partial differential equations

In the following context, Qtf < R% and Q7 = R? with d = 2,3 denote the fluid and solid domain
respectively which are time dependent regions as shown in Figure 2.1. Q2 = Q{ u 7 is a fixed
domain (with outer boundary I') and Ty = 89{ N 09 is the moving interface between fluid
and solid. We denote by X the reference (material) coordinates of the solid, by x = x(+,t) the
current coordinates of the solid, and by xq is the initial coordinates of the solid. We assume

x(-,t) : Q% — € is one-to-one and invertible.

tn

/
I'p \'
n’ r

Figure 2.1: Schematic diagram of FSI, @ = @f uQ, T =Tp uTy.

Let p,u, o, g denote the density, velocity vector (column), Cauchy stress tensor and acceler-
ation due to gravity respectively. We assume both an incompressible fluid and incompressible
solid, then the conservation of momentum and conservation of mass take the same form as

follows:

Momentum equation:

du
—=V- . 2.1
P =V otrg (2.1)
Continuity equation:
d(Jp)
=0. 2.2
p (2.2)

Jp = pg, where pg is the initial density. J = detF is the determinant of F, with F = g—)’; =
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%%zvoxvxxo being the deformation tensor. Using Jacobi’s formula [97], we have
dJ dF
— =Jtr ([F'—|. 2.3
at " < dt ) (23)
Since % = u, then -
- = Vxu = VuF. (2.4)

Substituting (2.4) to (2.3), and using the trace property of cyclic permutations (tr (ABC) =
tr (BCA) = tr (CAB) for arbitrary square matrices A, B and C), we get

dJ
— =JV-u 2.5
a -V (25)
Using (2.5), the continuity equation (2.2) then can also be expressed as:

dp

— +pV-u=0. 2.6

g TPV (2.6)
For an incompressible material, the continuity condition (2.6) is equivalent to the following

due to p = po:

V.-u=0. (2.7)

Let superscripts f and s refer to the fluid and solid respectively, and Du = Vu + V7 u, then
the constitutive equations may be expressed as follows. For an incompressible Newtonian fluid
in Q{ ,

o=0cf =77 —p/T=1/Du/ —p/1, (2.8)

where v/ is the dynamic viscosity of the fluid, pf is pressure in the fluid, and 7/ = v/Du/ is

the deviatoric part of stress a/. For a general hyperelastic solid in Q,

o=o0°=J"'PFT, (2.9)

OU(F)
oF

for the hyperelastic solid material.

where P =

is the first Piola-Kirchhoff stress tensor, with ¥ (F) being the energy function

The system is complemented with the following boundary and initial conditions.

Interface boundary conditions (see Figure 2.1):

uw =u on Ty, (2.10)

o/n®* =o°n® on T, (2.11)

Dirichlet and Neumann boundary conditions may be imposed for the fluid:

w =ua on Tp, (2.12)
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o/n=h on Ty. (2.13)

Finally, initial conditions are set as:
u|_ =ul in Qf, (2.14)
ul,_,=uy in Q. (2.15)

Remark 2.1. In this thesis, all vectors are interpreted as column vectors. The gradient of a

scalar ¢ is expressed as (two dimension case for example):

g ¢
Vo = aj = (%}) . (2.16)

63‘,‘2
The gradient of a vector u is expressed as (two dimension case for example):

Vu = v( ) =~ [%Q gz | (2.17)

u
2 (’/!331 (‘}582

2.2 Saint Venant-Kirchhoff solid model

The Energy function for the Venant-Kirchhoff solid model can be expressed as follows [12, 109]:

U(F) = pstr(E?) + gtrz(E), (2.18)
where
E = % (FTF —1) (2.19)

is the Lagrangian Green strain, pu® and A® are the Lamé constants. It is straightforward to use
the tensor form to take derivatives, for example in a 2D case, let matrix E be denoted by the

tensor form Ej;, then [Q”’(E)] _ ZEiBu) _ a(ButEx
n

>E o - ), Only the derivatives with respect

to the components of m = n are nonzero. If m = n = 1, then a(EélEifm =1 Ifm=n=2,

then %ﬁf”) = 1. Therefore atg](EE) = I. Similarly, we have

[&fr (FTF)] _otr (FuiFy) _ 085 PR,

JF 0Fmn 0Fmn
(2.20)
O(FH+Fh+---+ Fy) _op
- aan - mn»y
hence otr (B
ar®) g (2.21)

JF
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Furthermore,

otr (E?) 1 |otr (FTFFTF — 2FTF + 1)
OF T4 OF

mn

_ Lotr (FyiFuFaFs;) 103 N P

4 (3an 2 aan
10 (FiiFFaFs)
=1 or,  Fmn (2.22)
_ 10 (anleFlesn> + 10 (szananFsz)
4 OFmn 4 OFmn
la (szFknanFmv) + la (FkanlFm,lan) _F
4 0F 4 o, mn
= [FF'F-F| =2[FE],,.
According to (2.9), (2.21) and (2.22), we get
s -1 T -1 ov T —1 s s T
o’=J PF' =J a—FF =J 'F2u’E+ Nitr(E)Y)F". (2.23)
Notice that
S =2°E + Ntr(E)I (2.24)

is the second Piola-Kirchhoff stress in the above equation. The relations between the first
Piola-Kirchhoff stress P, the second Piola-Kirchhoff stress S and the Cauchy stress o are as
follows: P = FS, o = J 'FSFT [14].

2.3 Incompressible neo-Hookean solid model

For a general compressible neo-Hookean solid model, the energy function is given by [70]

U (F) = % (trepr —d) — pfin(J) + gan(J). (2.25)

Using (2.3) (based on Jacobi’s formula), we have

oJl  adJ L, OF N\ .

which is a special case of Jacobi’s formula [97]. Using (2.20), we then have

o (F)
OF

=p* (F=F )+ Nn(J)F . (2.27)
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According to (2.9) and (2.27), we get
o® =p°J " (FFT — 1) + J 'A®In(J)L (2.28)

For the incompressible case, one may replace J~'A*In(.J) by a pressure term —p*® and use
J =1or V-u® =0 to determine p® [150]. Then the constitutive equation for an incompressible

neo-Hookean model can be expressed as
o’ =7°—pI=p*J " (FFT 1) — p°I, (2.29)

where
78 =p*J " (FFT —1) (2.30)

is the deviatoric part stress o .

Remark 2.2. It may be possible to arrange the term —.J =11 into p* as well [18]. In this case,
the solid is not stress free, and one creates a jump of the pressure across the fluid-solid interface
if the fluid is stress free. This does not matter if the discontinuity of pressure can be exactly
captured, such as an interface-fitted method with discontinuous element for pressure. However,
for the interface-unfitted methods (see Section 2.5 or 2.6) it is wiser to choose equation (2.29)

as the constitutive equation.

Based upon the above remark, the corresponding energy function for the constitutive equa-

tion (2.29) may be expressed as:

U (F) = %S (trepr — d) — p’ln(J). (2.31)
Remark 2.3. In the continuous case J = 1 exactly holds for an incompressible material,
therefore the term In(J) is zero in (2.31). However for the numerical methods using two meshes,
J = 1 cannot be guaranteed. The reason is: we only solve V - u = 0 in the whole domain
Q/background mesh, then the velocity in the solid domain Qf /mesh (say u®) is projected by
u, i.e., u®* = P(u), where P denotes the projection. Then V -u® = 0 only if P is linear,
which however does not always hold. Therefore, we keep term In(J) in the expression of the
energy function. Another reason is that the energy function (2.31) is also consistent with
the constitutive equation (2.29). Notice that the following energy function and constitutive

equation are consistent with each other:

¥ (F) = % (trppr —d), (2.32)

and
o = J'FFT — p°lL. (2.33)
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2.4 Methods using one mesh and interface fitting

For the interface-fitted methods, the fluid and solid share an interface boundary, on which both
the velocity variable from the fluid side and the displacement (or velocity) variable from the
solid side are defined as shown in Figure 2.2. No matter whether the FSI problem is solved
sequentially (as in Section 2.4.1) or simultaneously (as in sections 2.4.2 and 2.4.3), the major

issue is that these two variables from both sides should be in accordance with each other.

o

Figure 2.2: Schematic diagram for an interface-fitted mesh, Q = Q{ v QF,
I' =Tp uTxN. Solve for fluid velocity uf in Q{ and solid displacement d® in 7.

For a large deformation problem, as we consider in this thesis, one has to remesh and/or use
a moving mesh strategy in order to guarantee the mesh is interface fitted at every time step.
We shall use an ALE mesh to demonstrate the methodology in this section, in which case the
fluid momentum equation (2.1) (in ©) may be expressed as:

f
fbu

— 4o (0 —up) - V)u' =V-of +plg, (2.34)

Y’

where % is the time-derivative with respect to a frame moving with the mesh velocity u,,.
Here we simply solve the following linear elastic equation in Q{ at every time step in order to

compute u,,.
V- (pDuy, — A (V-uy,)I) =0, (2.35)

with 1 and A being the Lamé constants chosen according to the solid parameters (although

other values could be chosen). The boundary conditions are set as follows.
u, n=>0 on T, (2.36)

and
u,, = Ad°/At on Ty, (2.37)

where At is the time step, and Ad?® is the solid displacement at the current step.
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2.4.1 Partitioned/Segregated methods

In the literature of Partitioned /Segregated methods, the solid displacement (rather than solid
velocity) is usually solved as the dependent variable, in which case it is convenient to express

the solid momentum equation (2.1) in displacement form (in Q):

_o2ds
P o

=V-.o°+p°g. (2.38)

The partitioned methods solve the fluid equation (2.34), mesh equation (2.35) and the solid
equation (2.38) sequentially as described in Algorithm 1. There are two ways to consider the
boundary conditions on I';: one can solve the fluid equation (2.34) using Dirichlet boundary
condition u/ = u®, and compute a reaction force hf on I'; after solving (2.34). Then use the
Neumann boundary condition o*n® = h' to solve the solid equation (2.38). One can also do
this the other way around, i.e.: first solving the solid equation (2.38) using Dirichlet boundary
condition d* = uf At +d,,, and compute a reaction force h® on I'; after solving (2.38). Then use
the Neumann boundary condition a/n® = h® to solve the fluid equation (2.34). In Algorithm
1 we adopt the former to illustrate the approach. Using the finite element method, the weak

form of equation (2.34) could be expressed as follows for a given test function du:

f
|, o 5w | (0 =) 9w - sudx
Q] o

:f (0/n) - Sudl’ +f (-o/n®) - Sudl +f h - fudl’ (2.39)
FD Ft

I'n

— J ol : Véudx + J p'g - dudx.
af af
Solving the above equation with boundary conditions (2.12) and (2.13) to get u/, then the

reaction force hf on I'p U T could be computed as follows.

f h' . Sudl = J (Ufn) -oudIl’ + J (—o-fns) -oudl’
FDUFt FD

Iy

ou'
= Jgf pf% -dudx + Jgf pf ((uf - um) . V) ul - Sudx (2.40)

t

—f fl-éuaT—l—f O'f:V<5udx—J plg - dudx.
I'n Q

f
t Q

Let us now skip introducing details of solving the fluid equations (step 3 in Algorithm 1),
and focus on solving the solid equation (2.38) (step 5 in Algorithm 1). The reason for doing this
is that the former can be found in standard literature (refer to the list after Table 2.1), and will
also be presented in the following chapters, while the methods for solving the latter problem
introduced below cannot be widely found. We refer to [14, 94, 114] and bring some components

together in the following context. Let us take the Saint Venant-Kirchhoff solid model as an
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Algorithm 1: Partitioned /Segregated methods

1 Given the solid displacement d?, fluid velocity uf at time t,, the following iteration is to
compute d; ,; and uf;H at time t,,41.

2 Start with a reasonable guess of Ad® on the interface I';. Solve the mesh equation (2.35)
with boundary conditions (2.36) and (2.37) to get the mesh velocity u,,.

3 Solve the fluid equation (2.34) and (2.7) with boundary conditions (2.10)
(v’lp, = wnlp,), (2.12) and (2.13).

4 Solve the interaction equation (2.40) to compute the reaction force h/ on I';.

5 Solve the solid equation (2.38) or weak form (2.41), or linearized weak form (2.69)) with
Neumann boundary condition en® = h/ on I'; and Dirichlet boundary condition
d* =uAt+dj onI'p n Q7.

6 Let Adjf|p, = d° —d; |, If | Adj[;, — Ad®[, | = tol, then let
Ad?lp, = (1 —w) Ad®|,, + w Adf]}, and goto step 2 for the next cycle of iteration. tol
is an error tolerance and w is a factor of relaxation.

example, and consider a method of linearization in order to solve the solid equation (2.38).

Given a test function dd, the weak form of the solid equation (2.38) can be expressed as

(o°n®) - 6ddl’ + J P08 - 6ddX. (2.41)

Q

S azds S
f'po pr ~§ddX+J.0’ :Vdddx=f
Q% Q3 I

s
X

According to the constitutive equation (2.23), we have

)

Using the trace property A : B = ir (ABT) for arbitrary square matrices A and B, we then

o® : Voddx = f J'FSFT : Véddx. (2.42)

s
t

have

f J'FSFT : Véddx
Q

s
t

= f J ™ Mr (FSFTV74d) dx
;

:f JIFS : (Véd) Fdx
Q

s
t

J <FS (wdF)T) dx (2.43)

:f FS : VxdéddX.
Os

x

Further using the cyclic permutation property ¢tr (ABC) = tr (BCA) = tr (CAB) for arbitrary
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square matrices A, B and C, we have

f FS: VxéddX = S : FT (Vxdd) dX. (2.44)
Q

% 2%

Because the second Piola-Kirchhoff stress S is a symmetric tensor, i.e.:
S:F" (Vxdd) = ST : F" (Vxdd) = tr (ST (Vxéd) F) =S : (Vkdd)F, (2.45)

we further have

1
S:F7 (Vxdéd)dX = §f S : [F" (Vxéd) + (Vxdd) F]dX = S:0EdX, (2.46)
Q3 Q3 Q3
where )
0B = 3 [FT (Vxéd) + (Vkod) F]. (2.47)

Finally we get the following by combining equations (2.42) to (2.47).

J o’ Viddx = S : JEdX. (2.48)
Notice that dE can also be interpreted as a virtual strain, SQx S : JE is then the work done
by the second Piola-Kirchhoff stress S on virtual strain 0E, and equation (2.41) can then be
interpreted as a work balance.
Let us also interpret JE as the variation of the Lagrangian Green strain E based on the

following Gateaux variation.

Definition 2.1. The 1%¢ order Gateaux variation of a functional F(d) in the direction Ad is
defined by [14, 114]

, (2.49)

SF(d: Ad) = dif(d + eAd)
€ e=0

and the 2"¢ order Gateaux variation of a functional F(d) in the direction Ad; and Ady is
defined by [114, Page 157]

2

2 . _
52F(d; Ady, Ady) g

.F(d + ElAdl + EgAdz) (250)

€1=€3=0

. . . . 2
If 7(d) is a vector or matrix the above derivative —j or 3 o
€ (€10€2

is taken based on components.

Let us digress to state the following properties of Gateaux variation, which are straightfor-

ward to obtain from the above definition.

1. For two arbitrary functionals F(-) and G(-):

5 (FG) = (6F)G + F(6G). (2.51)
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2. For a linear functional £(-) and an arbitrary functional F(-):

§(LoF)=LoSF. (2.52)

3. For the linear functional £(d) = d, taking the 1% variation in direction Ad and taking

the 2" variation in any two directions:

L =06d=Ad, 0°L=06d=0. (2.53)

4. For a constant functional F(d) = c:

§F = 0. (2.54)

5. For a functional F(-) and two directions Ad; and Ads:

d

52 F(d; Ad;y, Ady) =
f( ) 1 2) dG o

Remark 2.4. In the following context, we omit the direction of a variation which refers to an
arbitrary direction dd, i.e.: 6F (d) = 6F(d;dd), or §2F (d) = 62F(d;dd,5d). We may further
omit the independent variable d if it is not a specified point (such as d°, d or {1) This is
consistent with the differentiation of a scalar function f (z): df = f'dx or d*f = f”dx?. The

terminology arbitrary dd is also consistent with the finite element arbitrary test function.

Having introduced the definition and properties of the Gateaux variation, let us now deduce
the variation of the Lagrangian Green strain E and linearize expression (2.48). According to
the definition of E (2.19), F = I + Vxd and the above properties (except the last one) of
Gateaux variation, taking the variation of E gives

0E =

(FT6F + 6F'F) = = (F" (Vxdd) + (Vxdd) F). (2.56)

N =
N

Further, we have

6F = % [(VEd +1) (Vxdd) + (Vad) (Vxd + )]

1
=5 (Vxéd + Vixéd + VxdVxdd + Vi ddVxd) (2.57)

1
5 (Dxdd + VxdVxdd + VxddVxd) .
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Remark 2.5. The expression of E (2.19) may also be rewritten as:

T_
E72(FF )

[(Vkd+1) (Vxd +1) 1] (2.58)

DN = N =

(Dxd + VL ded)

One can also get (2.57) from (2.58) due to (2.51).

We are now ready to linearize expression (2.48). Let F(d) = S(E) : 0E, linearizing F(d) at

a reference point d gives

F(d) = F(d) + 0F(d,w), w=d—d. (2.59)

Using the definition of Gateaux variation and (2.58) (or replacing d with d and dd with w in
(2.57)), we have
- 1 - .
SE (d; w) -5 (wa + vEdVxw + v§wvxd) , (2.60)

and using (2.55) we further have

52E (&;w,éd) _ 4p (& + ew;éd)' = D (VRwvxsd + VESAVxw) | (2.61)
de o 2

Since S(-) is a linear operator, then according to (2.52):
5S (E (&;w)) -S (6E (&;w)) . (2.62)
Substituting (2.60) into (2.62) we get
3 _ - _1 T 3 T 3
5S (d,w) — 58 (E (d,w)) ~ 38 (wa + vEdvxw + VXwad) . (2.63)
Using equations (2.61) and (2.63), we further have

SF(d,w) = &S (a,w) 0B + %s (Dxa + v§&vxa) %K (a;w, 6d)

—

1 ~ - -
~ 38 (wa + VEdVxw + v§wvxd) . OE (2.64)

+ %s (Dxa + v;ﬁ&vxa) : % (VxwVxdd + VE5dVxw).

Following [94], we neglect the last term in equation (2.64) which has a second order Gateaux
variation of Green strain E. Therefore, substituting w = d — d into equation (2.64), and using
the value of F(d) at d:
~ 1 . .~ .
F(d) =58 (Dxd + v,T(ded) . OE, (2.65)
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with
-1 - -
0F = 5 (Dxad +vEdvxsd + V;cddvxd) , (2.66)

F(d) is then linearized as follows.
. | - .
F(d)=S:6E~S (E) 0B — S (v§dvxd) . O, (2.67)

with
-1 - -
B-g (Dxd +vEdvxd + vgdvxd) . (2.68)

We finally get the following linearized weak form of solid equation by substituting expression
(2.67) and (2.48) into weak form of solid equation (2.41):

23s
J 2T sdax +J
QS

0 5
i Ot 2%
-1,

It can be seen from Algorithm 1 that the partitioned methods have to iterate at every

s (E) . JEdX
X T (2.69)
58 (v§dvxd) : SBdX + J

ry

(o°n®) - 5ddl + J pig - 6ddX.

e s
X Q X

time step until the velocity on the interface I'; does not change. The convergence is problem
dependent, and cannot be guaranteed even if relaxation is adopted, especially in the case where
the solid and fluid have a large energy exchange, for example when the solid and fluid have a

similar inertia.

2.4.2 Monolithic/Fully-coupled methods

The monolithic methods are regarded to be more robust, which can remove the weakness of
the partitioned methods mentioned above, however it transfers the difficulty to solving the

discretized linear equation system.

The monolithic methods solve the fluid equations (2.34) and (2.7) in Q{ , the solid equation
(2.38) in ¢ and the mesh equation (2.35) in Q/, together with the consistency equation on T';:

ods

f 2
Pl (2.70)

We use a Lagrange multiplier L to enforce this condition on I';. Because the finite element
method is considered in this thesis, we write down the weak form of these equations with
corresponding boundary conditions which are the same as discussed in Section 2.4.1. The
unknowns include fluid velocity u/ and pressure p, solid displacement d®, Lagrange multiplier
L and mesh velocity u,,, with the corresponding test functions being denoted by du, dp, id,
0L and du,,. Then the weak form of the solid equation (2.38) is almost the same as (2.69), but
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replacing the stress o°n® on I'; by a Lagrange multiplier L , which could be expressed as

0%ds
87 .
fQ P52 (deX—l—JQ

s
X

-,

The weak form of the fluid equations (2.34) and (2.7), using the constitutive equation (2.8)

S (E) . SBEdX — | L-sddr

% Ty

(2.71)
1 - _
35 (V;dexd) . SEdX +f pig - 6ddX.

2%

s
X

and considering the Lagrange multiplier L on T'; (replacing the stress o/n® = *n® on I'; by a

Lagrange multiplier L based on the interface boundary condition (2.11)), may be expressed as:

f
J vpfa(;l .5udX+J o (0 —u) V) u! - dudx
Qf t Qf

+ f v/Du’ : Véudx — J pV - dudx + f L - dudl (2.72)
Qf Qf Iy

:J B-éudx+J g dudx,
I'n af

and
—J . 5pV -uldx = 0. (2.73)
Q;

The weak form of the consistency equation (2.70) can be expressed as

J (ad - uf> -6Ldl = 0. (2.74)
r, \ ot

Finally, the weak form of the mesh equation (2.35) may be expressed as follows.

HJ Du,y, : Dou,ndx — AJ (V) (V- 6u) dx = 0. (2.75)
2 Jo of

We discretize the time derivatives as follows, which is consistent for displacement and ve-

locity:
a.qu+1 ~ u£+1 - u{L (2 76)
ot At '
ods, d;. ., —d;
Wy = 2~ (2.77)
and

°dyy, dyy —2d) +dy
Eroa INE . (2.78)

Consistency means that when expressing displacement as velocity, equations (2.77) and (2.78)




20 CHAPTER 2. EXISTING NUMERICAL METHODS

are consistent with equation (2.76), i.e.:

n—1

ds. ,—ds  di-d®
aqu_H . (}Qdfu-l N dy . —2d; +dj_, . n+it = - R - u, . —up (2.79)
o o2 At? B At N ‘

is consistent with (2.76).

Regarding the nonlinear convection term in (2.72): in order to focus on demonstrating
the monolithic method itself, we simply move it to the right-hand side of equation (2.72) and
linearize it with a fixed-point iteration. For other methods to treat convection, readers may
refer to [108, 163]. Using the arbitrariness of the test functions du, dp, dd, dL and du,,, adding
up equations (2.71) to (2.75) and substituting into the time approximations (2.76) and (2.78)

gives the equivalent expression of the weak forms as follows.

F—uf 1
J pfw -dudx + ,f v/ Du’ : Déudx
Q{ At 2 of

t

fJ pV~5udxff opV - ufdx
of af

d*—2d; +d5_, od -\ 0E
s n__nol. X E): ——dX
+J§(p0 At2 Al +L§(S() Al

—J L~(6Ad—5u>dl“—f (d;d"—uf>-5LdF
Fi(dfwrl) t Ft(dfwl) t

+£ f Du,, : Déu,,dx — /\J (V-up,) (V- du,)dx
2 Jas 0

t

(2.80)

od

:J fl-éudI‘+J pfg~5udx+f pig - —dX
Iy of 0y At

- JQ{ pf (&) —1,) - V) ol - Sudx

+3]
2 Jo
with initial conditions (2.14) and (2.15), boundary conditions (2.12) and (2.13) for the fluid

velocity u/, and boundary conditions (2.36) and (2.37) for the mesh velocity u,,. Notice that
we divide by At on both side of the equation (2.71) before summing up in order to produce

S (v,ﬂ&v;@) : ‘de,

s
X

the symmetric linear system below. Equation (2.80) gives the following linear algebraic system
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after spatial discretization.

F, F, By 0 0 0 © Wy, f;
F/, F», B, 0 0 C; © U, £,
Bf Bl o o o o0 o p 0
0 0 0 S;; S 0 0 din, | = | &1 |- (2.81)
0 0 0 ST, Sy Cy C,||don g2
o ¢ o o ¢l o o L 0
|0 0o o o CL o K| \u, 0

w
In the above, ( m) =u, with u,, being the velocity components on boundary I';, and u;,
uO’I’L

on

being the velocity components in Q,{ \I';. Similarly (d ) =d, where d,, are the displace-

ment components on boundary I';, and d;,, the displacement components in ﬁf\I‘t. Matrices

Fiu Fio S11 Si2
T and T

Fi, Fa Siz S22

displacement integrals respectively (including mass matrices and stiffness matrices). Matrix

1 are discretizations of the fluid velocity integrals and the solid

B
<B1> indicates the coupling between fluid velocity and pressure. Matrix C; indicates the
2

coupling between interface I'; fluid velocity u,, and the Lagrange multiplier L. Matrix Cq
indicates the coupling between interface I'; solid displacement d,,, and the Lagrange multiplier
L. Matrix K arises from the discretization of the mesh equation, and matrix C,, indicates the
coupling between the mesh velocity u,, and interface I'; solid displacement d,,, due to boundary
condition (2.37).

As mentioned at the beginning of this section, the major advantage of the monolithic ap-
proach is that it is generally stable and robust because of the fully-coupled system. However
this also presents a disadvantage: because one needs a very powerful linear algebraic solver in

order to solve this large linear system (2.81).

2.4.3 Monolithic Eulerian method

The monolithic Eulerian method [34, 67, 110] reduces the size of the linear system (2.81) by
only solving for one velocity field in the whole fluid-structure domain Qf v 7, however it still
has much of the robustness because the system is still fully-coupled and solved simultaneously.
The Lagrange multiplier is also unnecessary for this method because there is only one velocity
variable defined on the fluid-solid interface as shown in Figure 2.3.

References [34, 67, 110] use a remeshing technique to keep the mesh fitted on the fluid-

structure interface. Here we use an ALE mesh to introduce the principle of this method. Let

foan of

u’ in

u = { . QZ , and use the same test function du for both the fluid and solid equations
u® in
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Figure 2.3: Schematic diagram for an interface-fitted mesh, Q = Qf U Q3,
I' =Tp uTI'y. Solve for one velocity u in Q.

to deduce the weak forms. Then the weak form of this monolithic Eulerian method, using the

momentum equation (2.1) and continuity equation (2.7), may be expressed as follows [67].

du du 1
F=—. + — + = Du:D
f{p 7 dudx pr 7 dudx 2J-{y u : Déudx

_ Lf

t

P’V - Sudx — J , opV - udx + J o® : Véudx (2.82)
of Q

s
t

=J B~6udF+J pfg-6udx+f p°g - dudx.
Tn of Qs

If updating the solid with its own velocity, then there is no convection term in Qf. Using the
foin Qf
t

] , we then have
s oin QF

backward Euler scheme to discretize (2.82) in time and letting p = {p

—u, 1
J;) Pu A: -dudx + if v/Du : Déudx

7
Qn+1

+J pf((u—um)~V)u~5lldX—f p/V - dudx
Q Q]

f
nt it (2.83)
— J opV - udx + J o®: Vioudx
Q£+1 Q:L+1

=J B~6udF+J pg - dudx,
I'n Q

with boundary conditions (2.12) and (2.13). The above equation is coupled with the mesh
equation (2.75), boundary conditions (2.36) and

u, =u on IY. (2.84)

In order to implement the above method, one has to express o® by displacement and fur-

ther by velocity. It is straightforward to express displacement in terms of velocity after time
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discretization, such as using the backward Euler scheme
dn+1 = dn + Atun+1. (285)

Because o is expressed in terms of F for either the Saint Venant-Kirchhoff solid model (Section
2.2) or the neo-Hookean solid model (Section 2.3), the remaining task is to express F in terms

of displacement, which can be accomplished by:
F=1+VdF = Fl!=I-vd (2.86)

Here we use the incompressible neo-Hookean solid model to present details of expressing the
solid stress o® in terms of velocity in the current configuration. For the compressible case and
other solid models, please refer to [34, 67, 109, 110]. Let B = FFT and neglect J (here it
means J = 1 which is guaranteed by solving V- u = 0 in the solid domain Q7), the constitutive

equation (2.29) can be expressed as:

o’=p*(B -1 —p°L (2.87)
According to the Cayley-Hamilton theorem:

B? — trgB + detgl = 0. (2.88)

Therefore,
B=trgl -B7, (2.89)

due to detp = detppr = detpdetpr = J? = 1. Substituting (2.89) into (2.87) and using
(2.86), for @ = p® + p® —trg and o’ = o + p®, we could express the Cauchy stress in terms of

displacement as follows.

ot =t (B—1) — p'l
=— B! —al
= - (I-vd)" I-Vd)—al (2.90)
=p* (V'd + Vd - v'dvd) — oI
=p* (Dd - V'dVd) — oL

Using (2.85), o° may be further expressed in terms of velocity after time discretization as

follows (omit the superscript n + 1 which indicates the current time step).
o® = Atp® (Du— AtV uVu)

— Atp® (VTd"Vu + viuvd™) (2.91)
+ p* DA™ — pfVTd"vd" - o'T.
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Foin f
Let p = b . Qi , substituting the above expression (2.91) into (2.83) and neglecting
o in QF

second order term of At, solving the incompressibility condition (2.7) V -u = 0 in the solid

domain f, gives

J pu;un - dudx + EJ VfDUZDéudX+J P (u—u,)-V)u-dudx
Q t 2 Ja

f f
n41 Qn+1

— f pV - dudx — f opV - udx + g #’Du : Ddudx
Q Q 2 Q5
(2.92)
— At f pf (VPd"Vu+ V'avd") : Véudx = J
Q% In
1
— = J 1*DdA” : Déudx +f p*VTd"vd™ : Véudx.
Q:

2 s
Q0

h - fudl’ + J pg - dudx
Q

n+1

According to relation (2.48), the integral related to the solid stress can also be computed in

the reference domain 2% as follows.

f o : Véudx = f S (E) : 0EdX,
QF Qx

where 0E = 1 [FT (Vxdu) + (VLou) F|. The reader may refer to [67, 110] for more details
about that.

2.5 Methods using two meshes

The two-mesh methods generally use one Eulerian mesh to describe the whole domain =
Qtf v Qf and a moving Lagrangian mesh to describe the solid in domain € as shown in Figure
2.1. The crucial advantage of the two-mesh methods is that they avoid the need to adjust
the mesh in order to fit the fluid-structure interface. However, the disadvantage is also due
to the unfitted interface, so that the material properties are smeared out across the interface.
Therefore the fluid-structure interface is the main issue for two-mesh methods: one has to take
care of this interface in order to maintain stability and accuracy.

For two-mesh methods, the fictitious or artificial fluid refers to the part of the fluid defined
in the whole domain/mesh Q but covered by the solid domain/mesh Qf. If we assume an
incompressible fluid and fictitious fluid, i.e., we solve for V -u = 0 in the whole domain 2, then
it is difficult to discuss a compressible solid, because one has to define a projection P from 2

to 7 and map a divergence-free velocity u to u?, i.e.:
u*=P(u), V-u=0, (2.93)

such that u® satisfies a specified Poisson effect/Poisson’s ratio. We know that such a P(-) has
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to be nonlinear, or V - u® = 0. Such a projection is not straightforward to define however.
For simplicity, we shall assume an incompressible solid (the incompressible neo-Hookean solid
model introduced in Section 2.3) when demonstrating the two-mesh methods in this section. In
order to consider a compressible solid, one should only solve for V - u = 0 in the fluid domain

Q{ . Section 6.5 will consider this issue in more depth.

2.5.1 Immersed finite element methods

The immersed finite element methods (IFEM) developed from the Immersed Boundary method
first introduced by Peskin [107], and has had great success with applications in bioscience and
biomedical fields [12, 14]. The classical IFEM does not solve solid equations at all. Instead, the
solid equations are arranged on the right-hand side of the fluid equations as an FSI force f, and
these modified fluid equations are solved in the augmented/whole domain (fluid and fictitious

fluid). Based upon this idea, the momentum equation of the fluid becomes

ydu

p dt:V-a+pfg+f(u), (2.94)

where f is a singular force that is evaluated from the solid. It can be seen from (2.94) that the
idea of the IFEM is very simple, it actually solves a fluid equation but modified to achieve a
FSI behaviour. It is only this singular force f that makes the fictitious fluid behave like a solid.
Obviously, the more similar the solid and fluid are (such as a very soft solid), the more suitable
the method and the easier the simulation can be accomplished. There are some, specifically
designed, IFEM methods that can be applied to a rigid body however they are special case
[89, 158].

The IFEM methods solve the fluid equations (2.94) and (2.7) in the whole domain/mesh
Q= Q,{ v 7, however the FSI force can only be computed on the solid mesh on Qf, which
may be denoted by f°. Therefore, one has to define a function that can properly distribute
f* evaluated on the solid mesh to the f which is applied on the background fluid mesh. The
following functions are usually adopted to distribute f* to f, and also interpolate the solution
value of velocity u on the background mesh to the solid mesh u® in order to accumulate the

solid displacement d* and further compute f*.

1. Discretized § function [96, 137, 156, 157]:

h(x _ 1 d o ” = i[l—kcos(g;‘)], Ir| < 2h
0" (x) hdlj¢( D). o) {07 oo 2%

with h being the mesh size (uniform mesh) and r being the distance between a solid node
and the surrounding fluid node.

2. The shape function used in the Reproducing Kernel Particle Method (RKPM) [136-
138, 156, 157] (a type of mesh-free method [95]).
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3. The finite element isoparametric interpolation functions [137].

Note that f* can be evaluated in 2§ by the following formula [136-138, 156, 157]:

ou’
ot

f* = (pf - p°) +V-0°-V-ol + (p° — /)f) g. (2.96)

Using the finite element method, f* could be computed by the following weak formulation for

a given test function dd:

),
o,

The boundary integrals are cancelled out due the boundary condition (2.11). Assuming the

f°.0ddx = J (p" =) o dddx — J o’ : Véddx
o ot o

(2.97)

ol : Véddx + J (p° — pf) g - éddx.
o

s
t

solid is incompressible and has the same pressure as the fictitious fluid, and further assuming
that v/ « p®, i.e., the fluid deviatoric stress 7/ can be neglected [157], then the above expression

could be simplified as follows:

S

f fS-addx=f (o = p) 2 .5ddx—f
Q3 Q3 ot Q

Finally, the solution algorithm for the classic IFEM method is summarized in Algorithm 2

75 : Véddx + J (p° —p) g dddx. (2.98)
o

s
t

as follows.

Algorithm 2: Immersed Finite Element Method

Given the solid configuration x; and the velocity u,, on the background mesh at time ¢,
Compute the FSI force f$ on the solid mesh, using equation (2.98).

Distribute f; to f,, on the background mesh.

Solve the fluid equations (2.94) and (2.7) on the background mesh to get velocity w4 1.
Interpolate the velocity u, 1 to uj_; on the solid mesh.

Update the solid mesh and go back to step 1.

o A W N

2.5.2 Modified immersed finite element methods

As can be seen in the previous section, the IFEM method does not solve the solid equation (2.1)
or (2.38) at all, instead the solid equation is used to evaluate the FSI force as shown in formula
(2.98). The Modified Immersed Finite Element Method (mIFEM) solves the solid equation
(2.38) with the following boundary condition on the interface I'y = T'yp u Iy, (Dirichlet
boundary I';p and Neumann boundary I';y) [138]:

d;,, =d; +AtP(u,) on Iip (2.99)
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and
0°,1n® =P (o,)n° on Ty (2.100)

where P(-) is the projection/interpolation from the background mesh to the solid mesh, which
could be any one of the three interpolation strategies as discussed in the previous section.

We are able to get the solution algorithm for the mIFEM as follows by modifying the
algorithm of the IFEM method in Section 2.5.1.

Algorithm 3: Modified Immersed Finite Element Method

1 Given the solid configuration x; and the velocity u,, on the background mesh at time %,;
Compute the stress o, using (2.8), and further compute P(u,) and P(o,).

2 Solve the solid equation (2.38) with boundary conditions (2.99) and (2.100) to get solid
displacement d,_ ;.

3 Compute the FSI force f7,; on the solid mesh, using equation (2.98).

4 Distribute £, ; to f,;1 on the background mesh.

5 Solve the fluid equations (2.94) and (2.7) on the background mesh to get velocity u, 1.

6 Update the solid mesh using d;, ; and go back to step 1.

The IFEM method depends heavily on the fluid equations and usually a small time step is
required in order to get a accurate solution. The approximations within the method do not lead
to fundamental errors when the solid behaves similarly to the fluid. However, when the solid
behaviour is more dominant, the velocity from solving the fluid equation may lead to unrealistic
solid deformation. The mIFEM method may present a more reasonable solid deformation by
solving the solid equation explicitly, however the boundary conditions for the solid equation

still arise from the value of the last time step which is the same as for the IFEM method.

2.5.3 Fictitious domain methods with distributed Lagrange multiplier

There are Fictitious Domain Methods with Distributed Lagrange Multiplier (FDM/DLM) for
deformable solids [5, 16-18, 70, 79, 150, 151], and FDM/DLM for rigid solid bodies [58-60, 66,
70, 106, 146]. These methods may be implicitly fully-coupled, such as [17, 18, 70, 79], or split
explicitly, such as [58, 60, 150]. Here we take the fully-coupled implicit scheme for a general
deformable solid as an example to introduce these FDM/DLM methods [18, 70, 79].

As with the previous introduction of the Monolithic Eulerian method using an interface-
fitted mesh in Section 2.4.3, the FDM/DLM we shall present is also fully-coupled. However,
compared with the previous weak formulations (2.82) and (2.75), there are three major differ-

ences:

1. It is unnecessary to solve a mesh equation (2.75), because two meshes are used here: a
static Eulerian mesh for the augmented domain € and an updated Lagrangian mesh for

the solid domain 2.
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2. Because the solid displacement and the background velocity are now defined on different
meshes (different finite element spaces), the velocity has to be interpolated to the solid
mesh in order to apply the Lagrange multiplier. We could use any one of the interpolation
(or distribution) functions introduced Section 2.5.1 for the IFEM methods. Let P(-)
denote the interpolation from the background mesh 2 to the solid mesh Q, and PT(-)
denote the distribution from the solid mesh Qf to the background mesh 2.

3. Because we solve for solid displacement as well, there is also a consistency equation (2.70),
however this is integrated in the entire domain {27 rather than on an interface as in the

previous equation (2.74).

Ioin of foin of
Let u = {u R and p= {p wmots , then the weak form corresponding to (2.82),

u® in QF in

but using the incompressible neo-Hookean model (2.29), can be expressed as
d d 1
f pf—u-éudx+J ps—u-dudxjhff v/Du : Déudx
of  dt Q: dt 2 Jof

— f pV - dudx — J opV - udx + J 7° : dudx (2.101)
Q Q Q

;
=J fl'éudF—kf pfg~6udx+f p°g - dudx.
I'n Qf Qs
For simplicity, we assume that the solid has the same viscosity as the fluid, and readers may
refer to [18] for a more general case. Then, rewriting the above equation to be only integrated

in domain Q and Qf gives

d d 1
Lz pdetI - dudx + Jng péd%: -dudx + 3 JQ v/Du : Déudx
- J pV - dudx — J opV - udx + J 7° : Viudx (2.102)
Q Q Q;

:f fl-éuaT—l—J pfg-<5udx+J g - dudx,
I'n Q Q

s
t

where p° = p* — p/. Also consider the consistency equation (2.70), which may be enforced in

variational form by introducing a Lagrange multiplier as follows:

Jor (G =) - teyas o (2,103

Considering the Lagrange multiplier, we write down the following three equations based on
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equation (2.102) :

f pf%.éudx+%f VfDu:Déudx—J pV - dudx
Q Q Q

(2.104)
- J PT (L(x)) - udx = J h - dudl’ + f p'g - dudx,
Q Tn Q
—J opV - udx = 0, (2.105)
Q
and
o du’ s -1 T
Lzsp W~5udx+u JQSJ (F FfI) : Voudx
i ! (2.106)

o,

due to the expression of 7° of (2.30). Let dd = du (x (X, t)), equation (2.106) may be expressed,

by integral transformation, as:

23s
J pﬁa‘i -addXﬂﬁf
oy Ot Q

L(x) - dudx = J Pg - dudx,
¢ Q3

F : VxdddX — MSJ J7IV - Sudx

(2.107)
+J L(x(X,t))-0ddX = | p°g-dddX.
Q

s s
X QX

Remark 2.6. In the continuous case the projection/interpolation P can actually be interpreted
as an identity when restricted to domain €2, i.e.: Vu € Q, P(u) = u|9f = u®. For the
distribution PT, VL € QF (L may be interpreted as a force vector defined in domain €2),
PT (L) o = L and PT (L)|Q{ = 0. Notice that adding up the three equations (2.104), (2.105)
and (2.107) gives equation (2.102).

Using the same time discretization scheme, (2.76) to (2.78), as discussed in Section 2.4.2,

we then have the following weak form based on equations (2.103) to (2.107).

—u, 1
pru 1 ~5udx+fpf(u~V)u~6udx+fJ v/ Du : Déudx
Q At Q 2 Jo

sdi—2ds +ds_, od

— . _— . 771_1 PR—
JQ pV - dudx JQ opV - udx + JQ p A Ath

X

s ' od od T
+u JQ; F:Vx Ath + Lz;( L(x(X,t)) Ath - o P (L(x)) - dudx (2.108)

s ds — ds
- ‘LJ J7IV - Sudx + f n L (x (X, 1)dX — | P(u) - 6L(x)dx

=f fl-éudf—kjpfg-éudx—kj p‘sg-(s—ddX.
Ty Q Q3 At

s
X
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Notice that we also divide by At on both sides of equation (2.107) in order to be discretized as
a symmetric linear system. We still need to treat the convection term in a special way so that
the final linear system can be symmetric, for example, we can arrange the convection term on
the right-hand side of the equation or use a suitable splitting scheme to treat the convection
separately. In this case, the above equation (2.108) may lead to a similar large linear system as
(2.81):

F, Fi, B, 0 0 u’/ f,

FL, Fyy By 0 PiC||u® £

BT B! 0 o 0 p|l=1]0] (2.109)
0 0 0 S G as g
o cipf o cI o L 0

f

u

In the above, ( S) =u, where uf includes the velocity components in domain Q{, and u® are
u

the remaining velocity components which may also have some components in domain Q{ because

F F
the interface is not fitted. d* is the solid displacement in domain Qf. Matrices lFlTl Fu} and
12 22
S are the discretization of fluid velocity integrals and solid displacement integrals respectively

2
fluid velocity and pressure. Matrix PyC; indicates the coupling between the fictitious fluid

B
(including mass matrices and stiffness matrices). Matrix 1) indicates the coupling between

velocity u® and the Lagrange multiplier L. Matrix C, indicates the coupling between the solid
displacement d*® and the Lagrange multiplier L. Notice that matrix Py is a discretization of

the interpolation function P(-).

2.6 Methods using one mesh without interface fitting

A single Eulerian mesh without interface fitting is widely adopted to solve multi-phase flow
problems [2, 19, 23, 31, 56, 119]. When using this pure Eulerian approach for the fluid-structure
interaction problem, as shown in Figure 2.4, [90] uses the level set method to capture the fluid-
structure interface, and a Lagrangian multiplier and penalty method to couple the fluid and
solid. [43, 54, 116, 117, 142] use an Initial Points Set to capture the fluid-structure interface.
After getting the position of the interface, [43, 116, 117, 142] use a characteristic function to
smooth stress and velocity across the interface. Alternatively [54, 55] modify the local finite
elements in order to capture jumps sharply, and [124, 134] use an XFEM-like method to enrich

the shape functions locally in order to capture the discontinuity.
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EﬂHj”‘4;€:ﬂf,,-;/_
FD?’ ,' ’ ‘ I \ U—s,” ‘ Ty < rN
] Frud ‘d‘s | I ";j
B e SR
A ] > - .

Figure 2.4: Schematic diagram for a mesh without interface fitting, 2 = Q',f v QF,
I'=Tpuly.

2.6.1 A fully Eulerian formulation

In this section, by way of an example, we introduce the method in [43] which uses the following

characteristic function to smooth the variables across the interface:

1 x—deQ/\l
fxy=1{ 7 03¢ S(x) =1—y/(x 2.110
X’ (x) {o, x—deQ; ;X (%) X! (x), ( )

where d is defined in the whole domain €2 = Q{ v €, which is a smooth extension of the solid
displacement d® in €27 as shown in Figure 2.4. %S = u®, but generally % #u’. Let

dd od

- _ = .V)d = 2.111
then the extension is defined by velocity w as follows (harmonic continuation of the solid
velocity) [43]:

x° (u® —w) - dwdx + ozuf X/ Vw : Vowdx = 0, (2.112)
Q

Q
where ay, is a small positive constant, and dw is a given test function. It can be seen that
the above three equations are coupled with each other: x is related to d in (2.110), which
depends on w according to (2.111), which again depends on x due to (2.112). These may be
combined with the fluid and solid momentum equations, which are the same as (2.101) for the
neo-Hookean solid model or (2.82) for the St Venant-Kirchhoff solid model. By introducing

p=x'p/ +x%0° and o = x/ o/ + x*0*, we rewrite equation (2.101) and (2.82) as follows.

For the neo-Hookean solid model:

f pd—u -5udx+f o-:dudx—f 6pV-udx:f fl-éudf-ﬁ-f pg - dudx, (2.113)
o dt Q Q Ty Q



32 CHAPTER 2. EXISTING NUMERICAL METHODS
and for the St Venant-Kirchhoff solid model:

J pd—u-éudx—i-J o 5udx—J- ! 0pV - udx
o d Q Q
(2.114)

— ozpf x°*Vp : Voudx = J h - dudl + J- pg - dudx,
Q r Q

N
where oy, is a small positive constant. One could solve for a displacement d, a velocity u, an
additional velocity w and a pressure p in the whole domain € based on equations from (2.110)
to (2.114).

Remark 2.7. «,, in (2.112) controls the extension of the solid velocity from the solid domain
Q7 to the fluid domain Qf In the compressible case, o, in (2.114) controls the extension of the
fluid pressure in the fluid domain Q{ to the solid domain €f. Usually choosing oy, = ah? and

oy = aph, where h is the local mesh size with af, = o) ~ 0.01 [117].

This fully Eulerian formulation looks elegant, however it transfers the difficulty to a later
stage. First, it has to solve enlarged velocity u and displacement d fields and an additional
velocity field w. Second, it has to solve a strongly nonlinear system even thought both the fluid
and solid model may be linear, which can be observed from equation (2.110) to (2.112). Third,
there is one more convection equation (2.111) which may lead to an unsymmetric linear algebraic
system. Readers may refer to [43] for more discussion and consideration of the discretization

in time and space.

2.7 Summary

In this chapter, we first present the governing partial differential equations for the problem
of fluid-structure interactions (FSI), and a compressible and an incompressible hyperelastic
solid model. Based upon the governing equations and the two solid models, existing numerical
methods for FSI problems are introduced in the framework of the finite element method. We
focus on the finite element weak formulation, the linearization, and the solution algorithm,
instead of giving details of finite element discretization and methods for solving the final linear
algebraic system, since the latter are very standard finite element procedures and could be easily
found in the literature. Important and relevant details are presented in the following chapters.
We categorized the existing numerical methods into different types and found that there were
many potential types although they have not all been observed in the literature by us so far.

This includes the proposed approach which will be introduced in the following chapter.



Chapter 3

A one-field fictitious domain
method for fluid-structure

interactions

In this chapter, we first present the weak formulation for the proposed one-field fictitious domain
method (one-field FDM) in Section 3.1, based on an incompressible neo-Hookean solid model
introduced in Section 2.3. The time and space discretizations are presented in sections 3.2 and

3.3 respectively. Finally, the stability is analyzed by an energy estimate in Section 3.4.

In order to discuss stability of the proposed scheme in a general framework we modify the
neo-Hookean solid model by adding a viscous stress as presented in [18]. Based upon this
and expression (2.29), the constitutive equation of a viscous incompressible neo-Hookean solid

model may be expressed in the form of a Kelvin-Voigt material:
o® =p*J7 (FFT — 1) — p’T+ v°Du®, (3.1)

where v® is the solid viscosity.

3.1 The weak formulation of finite element method

In the following context, let L?(w) be the space of square integrable functions in domain w,
endowed with norm Hquw =, lul> (v e L2(w)). Let H'(w) = {u:u,Vue L*(w)} with the
norm denoted by Hquw = ||u||(2)w + HVUHEM. We also denote by H}(w) the subspace of H'(w)
whose functions have zero values on the boundary of w, and denote by L3(w) the subspace of

L?(w) whose functions have zero mean value.

33
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Given v € H}(Q)¢, we perform the following symbolic operations:

f Eq.(2.1) - vdx + J- Eq.(2.1) - vdx.
of Q

s
t t

Integrating the stress terms by parts, the above operation gives:

du 1
F—= vdx + = 7. Dvd +J ‘ol - vd
J-{p ; X QJ{U X Ftno- X

+J - du d +1J
pi.vx —

=J pfg~vdx+f
of Q

o’ :Dvdx — J n‘oc’ . vdx (3.2)
H Ty
psg-vdx-i-J- h - vdr.

I'n

s
t

fin f
Let p = ps ] Qi . Using the fluid constitutive equation (2.8), solid constitutive equa-
prowm 3

tion (3.1) and boundary condition (2.11) we further have:
d 1
J pf—u~vdx+ff l/fDu:Dvdx—J pV - vdx
du 1
s
+ p’— vdx + - J
fQ;’ dt 2 Ja

=J pfg~vdx+f
Q Q

where p? = p*—p/ and % = v*—vf. Note that the integrals on the interface I'; are cancelled

v°Du : Dvdx + f ptJH (FET —1) : Vvdx (3.3)
i QF
g vdx + f h - vdr,

I'n

s
t

out using boundary condition (2.11). This is not surprising because they are internal forces for

the whole FSI system considered here. Let us do the following two integral transforms:

f J'FFT . Vvdx = f J7'F : (VvF) dx :J F: (Vxv)dx, (3.4)
Q; QF Q%
and
f g vdx = J J 1 pbg - vdx = f Pg - vdx, (3.5)
Q3 Qs %

where p = p§ — p{; . Because we consider both an incompressible fluid and solid, and we use
a constant density throughout the domain for all time ¢ € [0, 7], there is actually no need to
distinguish p§ (or ,0(;) and p® (or pf). However for a numerical scheme which cannot guarantee

incompressibility (J = 1) exactly, the integral of (3.5) in the reference domain may be accurate.

The above equations (3.3),(3.4) and (3.5), combined with the following symbolic operations
for g € L2(Q),

ff Eq.(2.2)gdx — J Eq.(2.2)qdx,
Qf Q

s
t
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leads to the weak form of the FSI system as follows.

Problem 3.1. Given ug and €2, for ¢ € (0,77, find u(t) € {up + H{(Q)?}, p(t) € L3(Q) and
2, such that Vv e H} ()4, Vg e L?(R), the following two equations hold:

0 1
fpf—u~vdx+fpf(u-V)u-vdx—i-fJVfDu:Dvdx—JpV-vdx
o Ot Q 2 Ja Q
0 1
+f p‘s—u-vdX—ka

-,

v°Du : Dvdx + J 1°F : VxvdX (3.6)
%

£l
t

MSJ_lv-vdx—l-J- pfg~vdx+f p‘sg-vdX—&-f h - vdl,
Q Q

s s
t X I'n

and

- L qV -udx = 0. (3.7)

In the above, {up + Hj ()¢} is the subspace of H'(Q2)? which satisfies the Dirichlet boundary
condition (2.12).

Remark 3.1. Because domain 2 is stationary the Eulerian description will be used. However
Q)7 is transient, being updated by its own velocity, so the updated Lagrangian description is
used. Hence there is a convection term from the total derivative of time in 2, but there is no

convection term in Qf (or Q%).

Remark 3.2. In the literature of the IFEM method, the viscous term f% SQt v/Du : Dv is
neglected [18, 157], which is equivalent to v* = v/ or ¥ = 0 in the formulation (3.6). This
makes no big difference if v/ « p®, but may be unreasonable when vf ~ ;*. Here we consider
the viscous term generally by introducing a viscosity v° in the solid (also see [18]). However we
shall argue that the problem may not be well posed when v® < 0,(see Remark 3.4 and numerical

tests in Section 4.5).

3.2 Discretization in time

We may use the backward Euler method to discretize Problem 3.1, and update coordinates of

the solid by x,+1 = x,, + Atu, 1. As a result, F is updated by F,,.1 = F,, + AtVxu,1, and
S0,

f F,.1:VxvdX = F, : VxvdX + At Vxu,,1: VxvdX. (3.8)

Using equation (3.8), the discretized weak form corresponding to Problem 3.1 may be ex-

pressed as:

Problem 3.2. Given u,, p, and Q3, find u,41 € {up + H}(Q)?}, pai1 € LE(Q) and Q5 4,
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such that Vv € H! ()%, Vg € L2(Q), the following four relations hold:

u — u
Q Q

1
+ fJ v Du, 1 : Dvdx — f Prnr1V - vdx
2 Q Q

n — Un 1
+ J- péu -vdX + 5 f ' Du, 41 : Dvdx
Q

. At . (3.9)
xX n+1
+ Atf 1wVxuy, 1 : VxvdX = MSJ,:_LV - vdx
Q;( Qfl+1
— f W F, VxvdX + J plg - vdx + J g - vdX + J h-vdrl,
Q3 Q Q5 Tn
—J qV - up1dx =0, (3.10)
Q
O = {x:x =%, + Atuy41,x, € Q5 }, (3.11)
and
Fn+1 = Fn + Atvxun+1. (312)

Remark 3.3. In Problem 3.2 the solid deformation tensor F is updated. We can also update
the solid stress o° as described in Appendix A (only for an explicit scheme). As noted by the
author of [110], in which the solid displacement d® is updated: maybe updating an unsymmetric
tensor (four components in 2D and nine components in 3D) F is less accurate than updating a
symmetric tensor o® (three components in 2D and six components in 3D) or the displacement d*
(two components in 2D and three components in 3D). However this needs further investigation,

and we add more discussion about these in Appendix F.

Remark 3.4. We can see that (3.9) contains a bilinear form At SQx wVxupi1 1 VxvdX which
is coercive. However the coercivity could be destroyed by adding term % SQiH v°Du,, ;1 : Dvdx
if ° < 0 and At — 0, in which case Problem 3.2 may not be well-posed. We can argue
similarly for the inertia term related to p’. Although it is difficult to prove the well-posedness
of Problem 3.2 (there is an initial attempt in Section 6.1 which relies on stronger assumptions

than we would ideally wish), we shall numerically solve for these cases in Section 4.5.

3.3 Discretization in space

We shall use a fixed Eulerian mesh for € and an updated Lagrangian mesh for €2}  ; to discretize

Problem 3.2. First, we discretize Q as Q" with the corresponding finite element spaces as

Vh(Qh) = span{p1, - ,oNu} C Hé Q)
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and
LH(") = span {dn, - dwe} < L2 ().

Notice that the number of prescribed Dirichlet data points is not included in N*. Suppose

the discretized Dirichlet boundary I'p has N7 nodes, and let {(pNu,H, e 7LpNu+NB} be the
corresponding shape functions with these nodes, then the approximated solution u” can be
expressed in terms of these basis functions as
N N"“+N3
u’(x) = Z u(x;)p;(x) + Z u(x;)pi(x), (3.13)
i=1 i=Nu+1

with the corresponding space denoted by {ﬁh + Vh(Qh)d}. The approximated solution p” can

be expressed in terms of the basis functions as

Ph(x) = Z p(x;) i (x). (3.14)

We further discretize (2§ as Q5" with the corresponding finite element spaces as:
V") = span{ei, - i} < H' (),

and move the vertices of each element of Q5" by their own velocities to get Q5" ;. Notice that af-
ter moving the vertices, the basis functions of space V*"(Q3" ) are different from V*"(Q"). For
notational simplicity, {5, -+ , %} Will be used to denote the basis functions for all V5" (Qsh)

(n=0,1,2,---). We then approximate uh(x)|x€9$ﬁl as:

N® N“+NP7

.
W ) = Y ut ()i x) = D) D ) ()t (o) (3.15)

where x; is the nodal coordinate of the solid mesh. Notice that the above approximation defines
a projection/interpolation P, from V" (Qh)d to Vst (foil)d: Ppi1 (u'(x)) = uh (x). We

then discretize Problem 3.2 in space as follows.

Problem 3.3. Given u?, p! and Q3" find ul,, € {u" + V"(Q")?}, pt | € L"(Q") and Q3" |,

n
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such that Vv e V*(Q")9, Vg e L"(Q"), the following four relations hold:

fu2+1_uﬁ f(h h
th T~vdx+ th (un+1~V)un+1~vdx

1
+*J VfDuZH:Dvdx—J pZHV'vdx
2 Jan Qh

sh sh

- 1
+ f ,05M -vidX + fj vDui’, : Dvidx (3.16)
o At @l
+ AtJ i Vxuih | VxvidX = pid, Ve vidx
osl &l
— J ,uSFth : VxvidX + J. plg - vdx + J g vidX + f h - vdl,
Qgh Qn Qb rh
—f qV-ul_ dx =0, (3.17)
Q
Q= {x1x=x, +Atud,x, € Q}, (3.18)
and
Fily = F)' + Atvxuw)t (3.19)
where u*" = P, (uh) and v = P, 41 (v).

Remark 3.5. According to equation (3.15), P,+; is the finite element isoparametric interpo-

lation. Readers may refer to Appendix C for more details of the computation of P, 1.

3.4 Stability by energy estimate

In this section, we analyze the stability of the proposed scheme based on the following assump-

tion.

Assumption 3.1. We consider an enclosed flow (u-n =0 on I'), and assume that there is no
external boundary force (h = 0) and body force (g = 0). We assume that both the fluid and
solid densities are constants, and the solid density is not less than the fluid density (p° > 0).
We also assume a constant viscosity (¢° = 0) throughout the domain § and a constant material

parameter p® for the solid.

3.4.1 Energy conservation in the continuous case

In this subsection we shall prove that the weak forms (3.6) and (3.7), associated with Problem

3.1, preserve energy based upon Assumption 3.1.
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Lemma 3.1. The energy function V (F) (2.31) for the hyperelastic stress satisfies:

t t
;ﬁf f F: qudeusf f Jflv'udx=f U(F)dX — U (Fo)dX,  (3.20)
0 JOQsx 0 JOi Q% Q%
where Fo is the initial solid deformation.

Proof. According to formula (2.27) (the compressible case), the derivative of the energy function
U (F) (2.31) can be expressed as:

oV (F)
oF

= (F-F7), (3.21)

which is the incompressible case, i.e. without term %Slrﬂ(J ) in expression (2.25). We then

have:
d oV dF
— U(F)dX = —_— —
dt Q3 (F)d a5 oF dt
d
—p° J (F — F_T) e (I+Vxd)dX (3.22)
Q%

F : VxudX — usf J7IV - udx,
Q

e
¢

where d is the displacement of the solid at time ¢. The following integral transform is used in

2%

the above proof:

f F7:VxudX =| tr(VxuF')dX
% % (3.23)
= tr(Vu)dX=| J'V-udx.

We get (3.20) by integrating (3.22) from 0 up to time ¢.

O
Lemma 3.2. If (u,p) is the solution pair of Problem 3.1, then
J (u-V)u-udx =0. (3.24)
Q
Proof. First,
f (u-V)u-udx:fV(u®u)-udx—f lu)? V - udx. (3.25)
Q Q Q

The following tensor form of the above equation (3.25) is straightforward to understand, which
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can actually be used as a proof for (3.25):

f uj%uidx = J Muidx —J uiui%dx' (3.26)
Q Q Q

a.’L'j 833]- &rj
Note that ¢ and j are automatically summed if they are repeated in one term. Integrating by

parts, we have:

V(u@u)-udx:f \u\2u~ndF—J (u-V)u- udx, (3.27)
Q r Q

which may also be explained by the following tensor form:

J ¢ (Uiuj)UidX = f (i) njusdl’ — J ui“j%dx- (3.28)
Q r 0z

0w Q

According to a Sobolev imbedding theorem [99, Theorem 6 in Chapter 5] and the inclusion
between LP spaces (LY < LP if p < q), we know H*(Q2) = L*(Q) (for both 2D and 3D). Therefore
ue LY(Q), ie., §,[ul*dx < 0. That is to say [u|?> € L2(Q). Then we have {,[ul*V -u =0
from (3.7). We also have {. lu®u-n = 0 due to the Assumption (3.1) of an enclosed flow.

Substituting these two equations into (3.25) and (3.27), we get

JQ (u-V)u-udx = — JQ (u-V)u- udx, (3.29)

which gives equation (3.24). O

Proposition 3.1 (Energy Conservation). Let (u,p) be the solution pair of Problem 3.1, then

f It
p—f |u|2dx+y—f J Du : Dudx
2 Ja 2 Jo Jo
5

(3.30)
+ % u[2dX +J U(F)dX = 0.
Q% Q%
Proof. First let v =u in (3.6) and use Assumption 3.1, we have:
f 0’31.1 f Vf
P — -udx + p (u-V)u-udx+ — | Du:Dudx— | pV - udx
o Ot Q 2 Ja Q
u (3.31)
+p6J —-udX—&-pLSJ F:VxudX —u® JIV -udx =0,
QS at QS QS
X xX t
then let ¢ = p in (3.7), we have:
f pV -udx = 0. (3.32)
Q
Notice that J 5
L2 =222 (3.33)
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Finally substituting (3.32) into (3.31) and integrating from time 0 to ¢ gives the energy conser-
vation (3.30) due to Lemma 3.1 and 3.2. O

3.4.2 Stability analysis after discretization in time

We next demonstrate a similar energy stability result for Problem 3.2.

Lemma 3.3. The trace function %tr (FFT) satisfies:

1 1 At?
it'f' (Fn+1F3;+1) - §t7" (Fan) = AtFn+1 . qun+1 - 7 |qun+1 2 s (334)

where |A|? = 2ij a3; for a square matriz A = [a;;].

Proof.

Fn-‘rle;-ﬁ-l - FHFZ
=F, 1 FL, | — (Foy1 — AtVxu,1) (Fop — AtVxu, )" (3.35)

=AtF, 1 ViU, 1 + AtVxu, 1 FL | — APVxu, 1Vt

Notice that
tr (Fns1ViUns1) = 7 (Vxu 1 FL, ) = Vxui1 : Frogr, (3.36)

because of tr (A) = tr (AT) and tr (ABT) = A : B for arbitrary square matrices A and B.
Therefore, Lemma 3.3 holds by taking the trace on both sides of equation (3.35). O

Lemma 3.4. The log-determinant function In (detF) satisfies:

At?

In(detF 1) = In(detFy) > A1V -y — = L Vxu, (3.37)

Proof. We will use the fact that function In(detY) is concave over the set of positive defi-
nite matrices [22, Chapter 3]. Let B = FFT, F(B) = lin(detB) = In(detF) and w(¢) =

-2
F (B, + £ (Bpt+1 — B,,)). Noticing that B is symmetric and a(%ﬁ@ = (detB)B~T (see (2.26),

a special case of Jacobi’s formula [97]), then

W' (€)= =5 :(Buy1 —Bn) = = (Bu+&(Bny1 —By) ' (Buii — By). (3.38)

N |

dB
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According to the property of concave functions, we have w(1) — w(0) = w’(1), this is to say:

In(detFp 1) — In(detF,,) = F (Bpy1) — F (B)

_ 1 _
Bn+1 (Bni1 = Bn) = Str (I-B,},B,)

1
=5tr (I-B, ! (Fni1 — AtVxu,y) (FL — AtViu,y1))

At _ _ _

7t7’ (Fnzlv;(un+1 + ananileunHFz;H)
At? o

-t (F, L F, 1 Vxu, 1 Vi, i1)

%tr (VTunH) +
At?

_Ttr (nglvxunﬂ (nglvxunH)T)

:%tr (VTunH) + %tr (Vupi1) — A

7t7" (F;ilvxun+1)

|Fn+lvxun+1 |

=AtV - u,41 — |Fn+1vXun+l|

In the above, we use the trace property of cyclic permutations: tr (A1 A2As) = tr (AzAzA,) =
tr (AsA1A5) (aspecial case: tr (A1Az) =tr(A2Ay1)). O

From the above two lemmas, we have:

Proposition 3.2. The energy function ¥ (F) (2.31) for the hyperelastic stress satisfies:

J U (Fpy1)dX — | U (F,)dX
s QS
x x (3.39)
< Atus J‘ n+1 qun+1dX At,u f J;_‘_llv . un+1dX + Rn_t,_l,
Q3% Q.
where AL
s _ 2
Rpsr =2 f (|F,,Lilvxun+1| - |vxun+1\2) dX. (3.40)
Q%
Proof. According to the definition of energy function ¥ (F) (2.31):
U (Fpp1)dX -9 (F,)dX
e . (3.41)
=St (FroFL ) — ot (F,F) — p® (In (detF,41) — In (detFy,)) .
We get Proposition 3.2 due to Lemma 3.3 and Lemma 3.4. O

Similarly to Lemma 3.2, we have:
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Lemma 3.5. If (up41,Pn+1) 18 the solution pair of Problem 8.2, then

J (un+1 : V) Up41 - un+1dx = 0. (342)
Q

Proof. The proof is the same as Lemma 3.2 by changing u to u,; in the proof of Lemma
3.2. O

Proposition 3.3 (Energy Nonincreasing). Let (u,41,pn+1) be the solution pair of Problem
3.2, then

f )
p—f|un+1|2dx+p—f |u,,,+1|2dX+J U (Fp1)dX
2 Jo 2 Jog

s

X

At f n+1
71/ Z Duk : Dukdx
2 Ze
f ) 5 (3.43)
< p—f lu,|* dx + p—f lu, | dX +J U (F,)dX
2 Jo 2 03 a5
Atvt

Z f Duy : Dugdx + R, 41,
2 Side

where R, 1 is defined in equation (3.40).

Proof. Under the Assumption 3.1 (V‘s =0), let v=u,41 in (3.9):

u 11— u
pff o n 'un+1dx+pfj (un+1 V) Upq1 - Upy1dX
Q Q

At
vt
+3 Duy 1 : Dugyidx — J Prny1V - Upg1dX
) “ — “ (3.44)
+p f ——— cu,1dX + Aty Vxu,i1: Vxu,1dX
SZS At sls
X xX
= ;ﬁf J;ilv-unﬂdxf;ﬁf F,.Vxu, dX.
Q1 Q%
Let ¢ = pp41 in (3.10):
J pn+1v . un+1dx =0. (345)
Q

Substituting (3.42) and (3.45) into equation (3.44) and multiplying by At on both sides of the
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equation, we then, using equation (3.8), have:

Atvt
Pff (Upg1 —Up) - Upp1dx + f Du,, 11 : Du,41dx
Q Q
+ p5 J (u'rH-l - un) : u7L+1dX (346)
Q3
+ usAtJ Foi1:Vxu,1dX — uSAtJ Jn_ilv “Upp1dx = 0.
Q% Q11

Using the Cauchy-Schwarz inequality and the fact ab < GQ;Z’Q, we have:

2
O (3.47)

%,w + Hun+1
2

un|

| v <l el <
w

where w = Q or QF_.,. Substituting the above relation into (3.46), we get (3.43) due to
Proposition 3.2. O

Remark 3.6. Notice that the above estimate (3.47) cannot be applied to the proof without
the assumption that p® > 0 in Assumption 3.1.

Remark 3.7. Relation (3.43) does not exactly show energy nonincreasing, because we do not

know whether R, is greater or less than 0. However, R, ;1 is O (AtZ) if
_ 2
[ (et = [V ) dx < (3.48)

which may need more assumption such as Assumption 6.3. We shall demonstrate R, 1 =
(0] (Atz) in Section 4.4 by numerical tests. In order to test the energy property, let us use the

following notation for the different contributions to the total energy in (3.43).

(1) Kinetic energy of fluid plus fictitious fluid:

p’ 2
EL(Q) = 5 g lu,|” dx. (3.49)

(2) Kinetic energy of solid minus fictitious fluid:

5
Ek(QSk):%f u,|” dX. (3.50)
(3) Viscous dissipation:
Ea(Q) Atv! if Duy, : Duyd (3.51)
= : X. .
d 9 o U uz

k=1
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(4) Potential energy of the solid:

E,(Q%) = f ; U (F,,)dX. (3.52)
%
Denote the total energy as:
Erota(tn) = Ex(Q) + Ep(Q%) + Ea(Q) + Ep(2%), (3.53)
and the energy ratio as:
Evatio = Gstit) (354)

We shall numerically demonstrate that F,..;, is nonincreasing in Section 4.4.

3.4.3 Stability analysis after discretization in space

As with the previous stability estimate (Proposition 3.3) after time discretization, we have the

following estimate after space discretization.

Proposition 3.4. Let ( n+1,pn+1) be the solution pair of Problem 3.3, then

s
’;J ut [ dx+—f st [ dX+JQSh\1/(F;11)dX
X

At f n+1

+7 J Duk Du 'dx
Qh

; (3.55)
<’L \uh| dx+—f | dX+f U (F3h) dX

At &

Y ZJ Du! : Dujdx + R,
where
SAtz sh 2
Rn+l B e )(Fn-&-l) qun-‘rl‘ ’VX“nH dX. (3.56)
X

Proof. Let v = u", | in (3.16) and multiply by At on both sides of the equation, and then let
q = pl,; in (3.17) and substitute into equation (3.16), we get:

Atvf
h Ry b h
pf Jﬂh (un+1 - un) ‘W, dX + 5 J;) DunJrl Du,, dx

+ P‘SJ (u:fjrl - uflh) ‘wltdX (3.57)
Q3
+ MSAtJ L Vxush dX — ,fAtf Vouih dx =
3k Qh



46 CHAPTER 3. A ONE-FIELD FICTITIOUS DOMAIN METHOD

Using the Cauchy-Schwarz inequality and the fact ab < “2;“’2, we have:

%,w + Hu7l+1 %,w

2 )

[u|

J Up - Upp1dX < Hunuo,w HunJrlHo,w <
w

where w = Q" or Q3" | . Notice that Lemmas 3.3 to 3.5 still hold after space discretization, then
substituting the above relation into (3.57) gives (3.55). O

3.5 Summary

Details of the one-field fictitious domain method, from the continuous formulation to discretiza-
tion in time and space, are presented in this chapter. The energy stability is proved based upon

Assumption 3.1. Let us discuss these specific assumptions in Assumption 3.1 again as follows.
1. If the flow is not enclosed, i.e. (u-n # 0), then it can be seen from the proof of Lemma
3.2 that equation (3.24) becomes:

f (u-V)u-udx = %f lul*u - ndl. (3.58)
Q r

The above term will appear in the energy estimate relation (3.30) or (3.43).

2. The assumptions of h = 0 and g = 0 are not essential, but are a convenience for the proof

(see a general estimate (3.59) below).
3. The assumption v® = 0 is because of the argument about coercivity in Remark 3.4.

4. The assumption p’ > 0 is necessary due to the use of the Cauchy-Schwarz inequality in

the proof of Proposition 3.3 (see Remark 3.6).

In short, the first two assumptions are not necessary, while the last two are important. For
a general case (u-n # 0, h # 0 and g # 0), the energy estimate (3.43) becomes (the energy
estimates (3.30) and (3.55) follow similar principles although it is not necessary to state them

here again):

f 5
%f s |2 dx + %J \un+1|2dX+f U (F,p1)dX
Q Q3 Q

%
At f n+1 n+1 -
+ TU 3 J Duy : Duydx + At 3. Egrternal
k=178 k=1
(3.59)

Pf 2 P‘S 2
éff [u,| dx—&-—J lu,| dX—i—J U (F,)dX
2 Jo 2 Jog 0%

n

Atvf &
+ 21/ Z J Duy, : Dugdx + At Z E;zt@rnal + Ryt
k=18 k=1
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where

1 _
Egrternal _ 3 f |uk|2 uy - ndl’ — f plg - updx — J g - updx — J h - ugdll (3.60)
r Q Q

% I'n

is the input/output energy.

Problem 3.3 requires iterations in order to construct the current domain Qfl}}‘rl and build
the interpolation function P, ;. If the iterations can be proved to converge, then the solution
existence for Problem 3.3 is proved (an alternative approach is to prove Problem 3.3 is well posed
by comparing it with the standard Stokes equation. Refer to Section 6.1 for more discussion).
At the moment we have only proved the energy convergence as demonstrated above, the solution

existence may be proved based on this energy convergence in the future.
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Chapter 4
An implicit implementation

Some implementation details of the proposed scheme are presented in this chapter. The treat-
ment of convection is presented in Section 4.1, and a simple preconditioned iterative solver is
described in Section 4.2. The overall algorithm is summarized in Section 4.3 and numerical
tests are presented in Section 4.4 and 4.5.

All the simulation codes used in this thesis were constructed with the aid of the software
package pFEPG (parallel Finite Element Programme Generator) [94]. Please refer to website

“http://www.yuanjisuan.cn” for more information.

4.1 Treatment of convection

There are four non-linear elements in equation (3.16): the convection, the changing domain
Q3" |, the interpolation P,;; and the term J; ;. All these non-linear elements are considered
in one fixed point iteration. For low Reynolds number flow, as considered in this chapter,
we arrange the convection term on the right-hand side of the equation and use the fixed point
iteration to solve the non-linear system at each time step. For other methods to treat convection,
readers may refer to [108, 163]. Notice that no artificial diffusion terms are added in this case,
and we can measure the system energy exactly using the energy functions defined in Remark
3.7.

4.2 Iterative linear algebra solver

Using the linearization described in Section 4.1, Problem 3.3 leads to the following linear equa-

tion system (for details of assembling this global matrix and the right-hand side vector, please

$H0-6)

49

refer to Appendix B):
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where
A = M/At + K + D? (M*/At + K*) D, (4.2)

and
b = f + D'f* + Mu, /At + D'M*Du, /At. (4.3)

In the above, matrix D is the isoparametric interpolation matrix derived from equation

(3.15) which can be expressed as

D = diag [ P",--- \PT |, P = pi(x). (4.4)
d

Please refer to Appendix C for details of computing D. All the other matrices and vectors
arise from standard FEM discretization of equation (3.16): M and M? are mass matrices from

discretization of the terms
J plul ;- vdx and J poush | vidX
Qh Qb
respectively, and similarly the stiffness matrices K and K? are from the terms

1 1
= J v/Du”_ | :Dvdx and = J
2 slh 2

sh
Szn+1

v°Du”_; : Dvdx + Atf piVxuil | o VxvedX

Qsb

respectively. B is from discretization of

- L qV -ul_dx.

The force vectors f and f* come from discretization of right-hand sides
J g vdx + J
Qhr r

g vidX + f

I_I-Vdfff o’ (ﬁZ_H 'V)ﬁZH -vdx
Qh

h
N
and

pi g,V vidx — J P Fh VxvedX
Q

sh sh sh
X n+1 QX

JQ
sh

respectively. In the above, al,, j,;}l and Q2 | are approximations to u?_, J !l and Q3h
from the previous fixed point iteration. To solve system (4.1) we use the preconditioned MinRes
M/At + K 0
o” M,,/At
is the pressure mass matrix), approximated by an incomplete Cholesky decomposition with no

algorithm [46]. The block matrix is adopted as a preconditioner (Mp

fill-in. A stable convergence performance can be observed, although this is not the topic of this

thesis.
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Remark 4.1. When implementing the one-field FDM algorithm, it is unnecessary to perform
the matrix multiplication DTK?*D in (4.2) globally, because the FEM interpolation is locally
based. All the matrix operations can be computed based on the local element matrices only
(refer to Appendix D for details). Alternatively, if an iterative solver is used, it is actually
unnecessary to compute DTK*D. What an iterative step needs is to compute (DTKSD) u for

a given vector u, therefore one can compute Du first, then K* (Du), and last D? (K*Du).

4.3 Solution algorithm

The solution algorithm for each implicit time step is summarized in Algorithm 4.

Algorithm 4: The implicit algorithm for the one-field FDM

fo Of
1 Given the solid configuration €27 and velocity field u,, = {E? EZ 0 at time step n.
n n
Let ud,, = u,, uf?, =us, Q20 = Q% and tol be a tolerance.
2 Let k=0:
(i) Compute the interpolation matrix D and solve equation (4.1) get velocity field uﬁill
and p.
(ii) Compute solid velocity ui’ﬁrl = Duf*] and update the solid mesh by
Qflﬁrl = {xn+1 CXpgl = Xp + ui’fflAt}, for all x,, € Q5.
k1 k
(iii) Compute the variation of the velocity norm: error = W If error < tol, let

n+1

n=n+1go to “step 1”7 for the next time step; else: let k =k + 1 go to “step (i)” for
next iteration.

4.4 Numerical tests for energy conservation

In this section, we focus on validation of the energy stability of the proposed numerical method
on the condition of Assumption 3.1. We shall use linear triangles (2D) or linear tetrahedra
(3D) to discretize the solid domain 5. In domain Q, the Po/(P; + Py) elements will be used,
i.e., the standard Taylor-Hood element P,/P; is enriched by a constant Py for approximation
of the pressure. This element has the property of local mass conservation and the constant
Py may better capture the element-based jump of pressure [3, 16]. We shall demonstrate the
improvement of mass conservation and energy conservation by using the P/(P; + FPp) elements
compared to the more usual P»/P; elements. We shall also validate that the total energy is

nonincreasing as stated in Proposition 3.3 (or Proposition 3.4) and Remark 3.7.

Remark 4.2. All variables are interpreted as dimensional in the numerical tests throughout

this thesis. If the unit of a variable is not given in a test, this means it could be any unit as
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long as all the variables use consistent units. For example, the following two groups of units

are considered consistent:

length | time | velocity | acceleration | mass | force | pressure/stress/u® | density viscosity
m s m/s m/s® kg N N/m? kg/m3 N - s/m?
em s em/s cm/s? g dyne dyne/cm? g/em3 | dyne - s/cm?

Table 4.1: Two groups of consistent units (1dyne = 107°N, 1N = 1kg - m/s?).

4.4.1 Testl-2D (activated disc): Oscillating disc driven by an initial
kinetic energy

In this test, we consider an enclosed flow (n-u = 0) in = [0,1] x [0,1] with a periodic
boundary condition. A solid disc is initially located in the middle of the square €2 and has a
radius of 0.2. The initial velocity of the fluid and solid are prescribed by the following stream
function

U = Upsin(az)sin(by),

where Uy = 5.0 x 1072 and a = b = 2. In this test, pf = 1, v/ = 0.01, p* = 1.5 and p° = 1.
Taking the maximum initial velocity 270y = U and the height of domain €2, H = 1, as the
characteristic velocity and length respectively, the Reynolds number is: Re = % = 107.
In order to visualize the flow a snapshot (¢ = 0.25) of the velocity and deformation fields is
presented in Figure 4.1, and the evolution of energy is presented in Figure 4.2 using a 50 x 50

mesh (biquadratic squares for the fluid velocity and 3052 linear triangles for the solid velocity).
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(a) Velocity norm on the fluid mesh. (b) Distribution of velocity on the solid mesh

(corresponding to the shadowed part at the centre of
Figure 4.1 (a)).

Figure 4.1: Snapshot at t = 0.25 for Test1-2D (activated disc) in Section 4.4.1 using a time step of At = 5.0 x 1073,

We commence by comparing P,/P; elements and Py/(P; + Py) elements. The evolution of

mass variation and energy ratio are demonstrated in Figure 4.3, from which it can be seen that
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Figure 4.2: Evolution of energy for Test1-2D (activated disc) in Section 4.4.1, At = 5.0 x 103, The peaks of the
red curve (curve of E, (2%) ) indicate the time when the disc is maximally stretched. The first peak is horizontally
stretched and the second peak is vertically stretched. The troughs of the red curve touch line E, (Q%) = 0, which are
the stress-free stages.

the enrichment of the pressure field by a constant Py has an effect of stabilizing the mass and
energy evolution. In addition, this enrichment of the pressure field dramatically improves the
mass conservation, although the effect for energy conservation is not obvious. Furthermore,
using element P5/(P; + FPy), time convergence of the total energy can be observed in Figure 4.4
(a). From this a nonincreasing energy and a first order time convergence can also be observed.
It can be seen from Figure 4.4 (b) that the residual term defined in (3.40) is very small and
converges rapidly to zero when reducing At (~ O(At?)).
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(a) Variation of mass against time. (b) Energy ratio (see (3.54)) against time.

Figure 4.3: Variation of mass and energy for Test1-2D (activated disc) in Section 4.4.1 using a time step of
At =5.0x 1073,
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(a) Energy ratio against time (defined in (3.54)). (b) Ryn/Etotar (to) against time (defined in (3.40)).

Figure 4.4: Evolution of the energy ratio and residual R,, for Test1-2D (activated disc) in Section 4.4.1.

4.4.2 Test2-2D (stretched disc): Oscillating disc driven by an initial

potential energy

In the previous example, the disc oscillates because a kinetic energy is prescribed for the FSI
system at the beginning. In this test, we shall stretch the disc and create a potential energy
in the solid, then release it causing the disc to oscillate due to this potential energy. The
computational domain is again the square Q = [0,1] x [0,1]. One quarter of a solid disc of
radius 0.5 is located in the left-bottom corner of the square, and initially stretched as an ellipse
as shown in Figure 4.5. Notice the equation of an ellipse f;—j + z;_j = 1 and its area mab, hence
we ensure that this stretch does not change mass of the solid.

u=0 (115

R= (X’Y)""'..""'- zo = 1.2X
{ Yo =Y/1.2 u=0

v

%o = (20, Y0)

(0,0)
Figure 4.5: Computational domain and boundary conditions for Test2-2D (stretched disc) in Section 4.4.2.

We choose pf =1, v = 0.01, p* = 2 and p® = 2. Taking a maximum velocity U = 0.16

(approximately, observed from the numerical result) and the height of domain 2, H= 1, as the
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characteristic velocity and length respectively, the Reynolds number is: Re = Pfy# = 16. The

fluid adopts a mesh of 66 x 66 biquadratic squares, and the solid has similar node density (8206

linear triangles) as the fluid. A snapshot of pressure on the fluid mesh and corresponding solid

deformation with its velocity norm are displayed in Figure 4.6, and the evolution of energy

is presented in Figure 4.7. It can be seen from from Figure 4.8 (a) that the total energy is

nonincreasing, and from Figure 4.8 (b) that the residual term defined in (3.40) is very small

and converges rapidly to zero when reducing At.
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(a) Distribution of pressures on the fluid mesh.
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Figure 4.6: A snapshot at ¢t = 1 for Test2-2D (stretched disc) in Section 4.4.2 using a time step of At = 5.0 x 1073,
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Figure 4.7: Evolution of energy for Test2-2D (stretched disc) in Section 4.4.2, At = 5.0 x 10~ 3. The peaks of the
red curve (curve of E, (2%) ) indicate the time when the disc is maximally stretched. The first and third peaks are
corresponding to the time when the disc is horizontally stretched and the second and fourth peaks are corresponding
to the time when the disc is vertically stretched. The troughs of the red curve touch line E, (%) = 0 (numerical error
could be observed from the first rough which does not touches line E, (Q2%) = 0), which are the stress-free stages.
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(a) Energy ratio against time (defined in (3.54)). (b) Rn/Etotal (to) against time (defined in (3.40)).

Figure 4.8: Evolution of the energy ratio and residual R, for Test2-2D (stretched disc) in Section 4.4.2.

4.4.3 Test3-3D (activated ball): Oscillating ball driven by an initial

kinetic energy

In this section, we consider a 3D oscillating ball, which is an extension of the example in
Section 4.4.1 (same Reynolds number). The ball is initially located at the center of Q@ =
[0,1] x [0,1] x [0,0.6] with a radius of 0.2. Using the property of symmetry this computation
is carried out on 1/8 of domain : [0,0.5] x [0,0.5] x [0,0.3]. The initial velocities of 2 and y
components are the same as that used in Section 4.4.1 and the z component is set to be 0 at
the beginning. We adopt the same parameter and mesh size defined in Section 4.4.1 (with the
same mesh size in the z direction). A snapshot of the 1/8 solid ball and the corresponding fluid
velocity norm are presented in Figure 4.9, and the nonincreasing energy property is presented

in Figure 4.10.

4.5 Limitation of the proposed method

In Section 6.1 we assume that p® > 0, ° = 0 and have proved the well-posedness based on
some additional assumptions (Assumption 6.1 to 6.3). Furthermore, the nonincreasing energy
property is tested in the previous Section 4.4 under the condition of p® > 0, v® = 0. In this
section, we aim to analyze and test the cases of p? < 0 or 1% < 0, and we shall draw a conclusion
that the proposed method may not be stable or well-posed in these cases. It can be seen from
the analysis in Section 6.1 that a crucial condition for the well-posedness is the coercivity of
the bilinear form (6.22):
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Figure 4.9: Velocity norm at t = 0.2 for Test3-3D (activated ball) in Section 4.4.3.
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af (u",vh) = a u - vhdx + 2 Du” : Dv"dx, (4.5)
Qh Qh
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a® (ush7 vsh) _ B ush X vshdx
Qg
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sh sh
Qn+1 QX
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where a = pf /At, B = p° /At and v = p*At. Under the conditions 3 = p° /At = 0 and ° = 0,
the coercivity of a” (uh, Vh) can be directly proved by the coercivity of af (uh, Vh). However,
the coercivity may be destroyed in the case of p° < 0 or/and 1? < 0 as discussed in Remark
3.4, and it is difficult to analyze the well-posedness in these cases. We shall numerically test to
consider the case of p? < 0 or/and v° < 0 in this section. Before showing the simulations, let

us first write down the main results of the observations as follows:

Observation 4.1. In the case of p° > 0 and v° < 0: when p* is small (soft solid), instability
is observed quickly when reducing the time step; for a large p® (hard solid) a smaller time is

possible before instability is seen. We could define the following indication parameter:
fre = AL+ 10, (4.7)

Then the above observation may be stated as: p. should be positive and sufficient large, or

instability will occur.

Observation 4.2. In the case of p® < 0 and v° = 0, we have not observed instability even for

a very high fluid-solid density ratio Z—ﬁ.

Observation 4.3. The cases of ¥ > 0 have also been tested, and instability has not been

observed.

The P,/(P; + Py) element (discussed and tested in Section 4.4) will be used in the following

numerical tests.

4.5.1 Test4-2D (rotating disc): A rotating disc

This test is taken from [67]. The computational domain is the area between two concentric
circles (Rp and R;) as shown in Figure 4.11. A constant angular velocity (w = U/Ry = 0.6) is
prescribed at the outer boundary. This velocity first induces the fluid initially at rest to rotate,
and then gradually drags the solid to rotate as well. Oscillation of the solid can be observed
at the beginning, which is subsequently damped by numerical dissipation and viscosity as time
evolves. Using the property of symmetry, this problem can be reduced to a one dimensional

equation when considered in a polar coordinate system (r, 8) [67]:

a’LLQ 1 0 5’&9
f _ f <
P ot rV or (T or ) ’ R<r<R (4.8)

and

w10 (o)
p ot = FH or ’

inld - _ <R, 4.
" prlal Ry<r<R (4.9)

where u, and ug are the velocity components in the radial and tangential directions respectively.
We shall use this example to test the stability and mesh convergence of the proposed method,

and compare our results (which use two meshes) with a fitted-one-mesh method used in [67].
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Figure 4.11: Sketch of Test4-2D (rotating disc) in Section 4.5.1.
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Figure 4.12: Revolution of the velocity norm for Test4-2D (rotating disc) in Section 4.5.1 (results of the 1D
equation, using 200 linear elements and At = 1.0 X 10_3)‘

A distinctive feature of this test is that the geometry does not change, and we can always
integrate on the original mesh by just updating the solid displacement independently. We
implement the fitted-mesh method in [67] using an ALE mesh (see Section 2.4.3) and compare
it with our unfitted-mesh method. We first choose the same parameters as used in [67]: p/ =
1,p° = 2,0/ =2,v° =0 and p* = 4 (note the very large viscosity v/ and the same magnitude
of solid parameter p®, which will cause problem for the proposed method when v* = 0. Refer
to formula (4.7)). Using the value of velocity U and length R; as references, the Reynolds
number is: Re = pfﬁg& = 7.5. Solving the reduced one dimensional equation (4.8) and (4.9),
one can get the results of an evolving velocity in Figure 4.12. A coarse structured biquadratic
fluid mesh (720 nodes and 160 elements) and a coarse unstructured linear solid mesh (654 nodes
and 1090 elements) are displayed in Figure 4.14. Other, medium and fine meshes, are obtained

based upon one or two refinements of these coarse meshes. Using a time step 5.0 x 1072, then
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Figure 4.13: Comparison between the one-field FDM, the fitted mesh method in [67] and the semi-analytic
solution at ¢t = 0.85. Test4-2D (rotating disc) in Section 4.5.1.

(a) Structured biquadratic fluid mesh.

(b) Unstructured bilinear solid mesh.

Figure 4.14: Coarse meshes for Test4-2D (rotating disc) in Section 4.5.1.

pe = pAt + % = —1.8 for the above parameters. Instability is observed for this case, however

we find that the finer the solid mesh is,

the later the simulation fails. We can manage to get

a partially stable result using a fine solid mesh combined with a coarse (stable until ¢t = 1.1)

and a medium (stable until ¢ = 0.9) fluid mesh respectively. The result is compared with the
fitted mesh method and the solution of 1D equation at ¢t = 0.85 (Figure 4.13), which is the first

maximum rotation of the solid. The distribution of the pressure and velocity norm on the fluid

mesh are presented in Figure 4.15, and the velocity norm is also presented on the solid mesh

in Figure 4.16. We can seen from Figure 4.16 that a very fine solid mesh is used. However

we point out here that this is not a typical choice, and a similar size of fluid and solid mesh

is sufficient for both accuracy and stability, which will be explained in the following context.

Since the proposed method is based upon updating the solid deformation tensor F (F-scheme,

see Appendix F), the distribution of F is also demonstrated in Figure 4.18.
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Figure 4.15: Pressure and velocity on the fluid mesh at ¢ = 0.85 for Test4-2D (rotating disc) in Section 4.5.1.
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Figure 4.16: Velocity norm on the solid mesh at ¢t = 1 using Parameter 1 in Table 4.2, the rotation angle of the
disc is 0 = 16.17°. Test4-2D (rotating disc) in Section 4.5.1.
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Figure 4.17: Displacement on the solid mesh at ¢t = 2 for Parameter 8 in Table 4.2, the rotation angle of the disc is
0 = 25.97°. Test4-2D (rotating disc) in Section 4.5.1.



62 CHAPTER 4. AN IMPLICIT IMPLEMENTATION

fxx
1.5156
1.4002
1.2848

- 1.1695
1.0541
0.93869

0.8233
0.70792
0.59254

0.47715

(a) Fuo

fxy I
5.3418e-06 0.98838
-0.11205 0.87855
-0.2241 0.76873

--0.33615 - 0.65891
-0.4482 - 0.54908
-0.56025 0.43926
-0.6723 0.32944
-0.78435 0.21962
-0.8964 0.10979

-1.0085 -3.0628e-05

(€) Fay (d) Fya

Figure 4.18: Deformatoin tensor F at ¢t = 0.85 for Test4-2D (rotating disc) in Section 4.5.1.
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and unfitted meshes (before instability happens) because they are
almost the same and overlap with each other).

Figure 4.19: Evolustion of velocity for Parameters 2 in Table 4.2. 200 linear elements are used for the one
dimensional equation with At = 1.0 x 10™%. Test4-2D (rotating disc) in Section 4.5.1.
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Parameter sets | p/ p° vi Tvs | ps At e Stability
Parameter 1 1 2 2 0 4 5.0 x 1073 —1.98 X
5.0 x 1072 3 v
Parameter 2 1 2 2 |0 ]10%| 1.0x1073 -1 v/
2.0 x 1074 -1.8 X
2.0x 1077 —0.8 v
4.0 x 107° —0.96 v
Parameter 3 1 2 2 | 1|10 8.0 x 10-6 0992 v
1.0 x 1076 —0.999 X
Parameter 4 | 1 2 2 [ 2] 4 5.0 x 1073 - Vv
Parameter 5 1 0.5 2 12| 4 5.0 x 1073 - v/
Parameter 6 1] o1 [ 2]2] 4 5.0 x 1073 - v
Parameter 7 | 1 | 0.01 | 2 [ 2 | 4 5.0 x 1073 - v
Parameter 8 10001 2 2] 4 5.0 x 1073 - v/

Table 4.2: Parameter sets for Test4-2D (rotating disc) in Section 4.5.1 with p, = usAt + 9.
“X” means instability is observed (“4/” means not) during ¢ = 0 to 1, and “~” means p. is
not an indication for stability in the case v° > 0.
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Figure 4.20: Velocity norm at ¢ = 0.85 for Parameter 4 in Table 4.2. Test4-2D (rotating disc) in Section 4.5.1.

For this problem, we also tested other parameters as summarized in Table 4.2 with corre-
sponding stability results, from which it can be seen that when ° < 0 instability always occurs
eventually if we keep reducing the time step. For parameter set 2 and 3 (hard solid), the solid
velocity oscillates frequently and approaches a small constant as shown in Figure 4.19. We
cannot see a big difference between results of the fitted one mesh and the unfitted two meshes,
however we do not know the reason that there is gap between the solution in 1D and 2D. For
the case of % = 0 and p? < 0, we have not observed any instability up to t = 2, even for a very
small solid density. As an example, a quarter of the solid mesh is displayed in Figure 4.17 for
the case of p® = 0.001. Although it is difficult to justify accuracy of the result after such a long

run (the solid mesh is extremely stretched), we can see the robustness of the algorithm in this
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Figure 4.21: Velocity norm and pressure at t = 0.85 for Parameter 4 in Table 4.2 using a coarse mesh. Test4-2D
(rotating disc) in Section 4.5.1.
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Figure 4.22: Pressure at t = 0.85 for Parameter 4 in Table 4.2. Test4-2D (rotating disc) in Section 4.5.1.

case. Figure 4.20 plots the velocity norm for the fitted and unfitted mesh methods, from which
we cannot see a big difference. This good agreement maybe because the boundary between the
unfitted two meshes still matches in the normal direction. To investigate this further, we use
an unstructured fluid mesh, as shown in Figure 4.21, which is a coarse and poor quality mesh
(for this problem). This poor choice is deliberate in order to test robustness of the proposed
scheme. Based on this coarse mesh (3542 nodes), a medium mesh (18114 nodes) and fine mesh
(41764 nodes) are use to repeat the test. Convergence of velocity across the disc at 6 = /2

is plotted in Figure 4.23, and from Figure 4.22 we may observe that the oscillation of pressure
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Figure 4.23: Mesh convergence for an unstructured fluid mesh. Test4-2D (rotating disc) in Section 4.5.1.

only happens near the interface between the fluid and solid when refining the mesh.

4.5.2 Test5-2D (elastic wall): Cavity flow with an elastic solid wall

This example is taken from [160]. The computational domain is a L x L square with a rectangular
solid at the bottom of this square as shown in Figure 4.24, where L = 2 and H = 0.5 for this
test problem. The velocities are fixed to be zero on all boundaries except the top lid, which is

prescribed as follows:

sin? (72/0.6) x € [0,0.3]
Uy = {1 ze(0.3,1.7) . (4.10)
sin? (7 (z — 2) /0.6) z € [1.7,2]

Taking the maximum velocity U =1 at the top of the cavity and the cavity height H=1
as the characteristic velocity and length respectively, the Reynolds number is: Re = £ fV[ipH =5.

We first use the same parameters as used in [160], i.e. pf = p* =1, vf = v* = 0.2 and
1® = 0.2, and compare the proposed one-field FDM which use two meshes and the Monolithic
Eulerian method using one fitted ALE mesh [67]. A plot of pressure on the fluid mesh and
velocity on the deformed solid mesh are presented in Figure 4.25, which uses a coarse mesh
(400 x 400 elements). The velocity and mesh displacement using an ALE mesh are displayed
in Figure 4.26. Using the same time step At = 5.0 x 1073, a comparison between these two
different methods via the interface position and the solid area is demonstrated in Figure 4.27,
from which it can be seen that the two-mesh method and the fitted-ALE-mesh method give
almost the same accuracy.

We then extend to the case of 9 < 0 to test the stability as shown in Table 4.3, which
indicates that small time steps At will again cause instability. It may also be observed from
the result of Parameter 4 (At = 4.0 x 1072) that too large time step can also lead to instability,

because the solid mesh may be distorted or flip over locally when updated by its own velocity.
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Figure 4.25: Distribution of pressure on the fluid mesh
and velocity norm on the deformed solid mesh at t = 2.
Test5-2D (elastic wall) in Section 4.5.2.
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Figure 4.26: Velocity and mesh dispacement using an ALE mesh at ¢ = 2 for Test5-2D (elastic wall) in Section
4.5.2.

4.5.3 Test6-2D (rising bar): A rising bar

In this test, we consider a rising bar in a container of dense fluid with gravity. We first test the
limitation of the density ratio of two materials when v* = vf, and then test the case v* = 0
and investigate any limitation of time step. We note here that the mesh quality of a bar can be

maintained more easily than the mesh of a disc when updating their position, so we consider a

bar (very soft) rather than a disc.

The computational domain is the box as illustrated in Figure 4.28 with boundary conditions

o'UH

shown. Re = £—3= = 12 if using the maximum velocity U=4 (approximately) which is

observed from numerical result and the channel height H = 3 as the characteristic velocity and
length respectively. All the parameter sets and stability results are displayed in Table 4.4, which
supports what we discussed in Observations 4.1 to 4.3. We can see from parameter sets 1 to 8

that it is always stable when v% = v* — v/ > 0, even for a very high fluid-solid density ratio Z—Z.
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0.6 = 0.06
—e— Unfitted two meshes
o058b : .. |——Fitted one ALE mesh - - - Unfitted two coarse meshes
: . 0.05f |- - - Unfitted two medium meshes -
P . . Unfitted two fine meshes 7
g _ o0.04 —— Fitted one ALE coarse mesh Pit
5 ——Fitted one ALE medium mesh 4
0.54 @ Fitted one ALE fine mesh
S 0.03f
4 =
> 0.52] 5
S o.02f
0.54 o
s
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0.44 -0.0
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(a) Interface between fluid and solid, using coarse mesh. (b) Mass convergence.

Figure 4.27: Comparison between the two-mesh method and the fitted-mesh method for Test5-2D (elastic wall) in
Section 4.5.2, using a time step of At = 5.0 x 1073,

Parameter sets | p/ | p* [ vf [ v [ p® At e Stability

Parameter 1 1[1]02]02]02] 50x1073 - v

5.0 x 1073 —0.099 X

1.0 x 1072 —0.098 X

Parameter 2 1102)01]02 2.0 x 10-2 —0.096 %

4.0 x 1072 —0.092 X

5.0 x 1073 —0.199 X

1.0 x 1072 —0.198 X

Parameter 3 1102 0 |02 2.0 x 10-2 0196 %

4.0 x 1072 —0.192 X

5.0 x 1073 —0.0995 X

1.0 x 1072 —0.099 v

Parameter 4 110201 1 20 x 102 —0.098 J

4.0 x 1072 —0.096 X
Table 4.3: Parameter sets for Test5-2D (elastic wall) in Section 4.5.2 with p. = p*At + 1°.
“X” means instability is observed (“4/” means not) during ¢ = 0 to 2, and “~” means p. is

not an indicator for stability in the case v% > 0.

While from the last four parameter sets we can see that it is unstable when using small time
steps due to % < 0. In order to visualize evolution of the solid bar, results using Parameter 1
are demonstrated in Figure 4.29 and Figure 4.30 on fluid mesh and solid mesh respectively. It
can be seen from Figure 4.30 that using a structured solid mesh or an unstructured solid mesh
makes no qualitative difference. We only focus on the test for stability, without evaluating the

accuracy here, because the solid meshes are distorted at two ends of the bar (see Figure 4.30).

4.5.4 Test7-2D (cavity with disc): Cavity flow with a solid disc

This example is taken from [161]. A sketch of the problem and boundary conditions are shown
in Figure 4.31. Re = "fyUfH = 100 if taking the maximum velocity U =1 at the top of the
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Parameter sets | p/ | p® [ v/ | v* | u® At te | Stability
Parameter 1 105 1] 2][100]20x1073 - Vi
Parameter 2 1 01| 1] 2]100]20x1073 - v/
Parameter 3 1 [005] 1 |2 100]20x1073 - v/
Parameter 4 1 001 | 1] 2[100]20x1073 - v/
Parameter 5 105 [ 1| 1]100]20x1073] - v/
Parameter 6 101 ] 1| 1]100]20x1073] - v
Parameter 7 | 1 [0.05 | 1 [ 1 [ 100 | 20x 1073 | - v
Parameter 8 1001 ] 1 | 1]100]20x1073] - v
Parameter 9 105 [ 1[0 ]100]1.0x1073]-0.9 X
Parameter 10 1 0.5 1 0 | 100 | 2.0 x 1072 | —0.8 X
Parameter 11 | 1 [ 05 [ 1 | 0 | 100 | 5.0 x 1073 | —0.5 v/
Parameter 12 | 1 | 05 | 1 | 0 | 100 | 1.0 x 1072 0 N

Table 4.4: Parameter sets for Test6-2D (rising bar) in Section 4.5.3. “X” means instability is
observed ( “,/” means not) before the bar moves out of the cup, and “~” means . is not an
indicator for stability in the case 1® > 0. u. = u*At + 1° and gravity acceleration is 980.

Figure 4.28: Sketch of Test6-2D (rising bar) in Section Figure 4.29: Vertical velocity on the background mesh
4.5.3. at t = 0.6 for Test6-2D (rising bar) in Section 4.5.3.

cavity and the height H =1 of the cavity as the characteristic velocity and length respectively.
We consider the parameter sets displayed in Table 4.5, and the results also support what we
discussed in Observations 4.1 and 4.2. In the tests of Parameter set 1 to 6, we choose v° = v/
and change the solid density from soft (u® = 0.1) to hard (x® = 100) solid. All these simulations
are stable after a long run (up to ¢ = 20). We also test several cases of v* > v (not shown
in the table) and the simulations are always stable. In the tests of Parameter set 7 to 11, we
again observe instability, when reducing the time step, because of v* < v/. It is not surprising
that instability also occurs for Parameter set 7, because the time step is too large to maintain a
good quality of mesh (the mesh of the disc is distorted when it arrives at the top of the cavity).

As an example to show the evolution of the solid disc, the velocity norm on the fluid mesh and
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(a) Using a structured solid mesh.

X
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094423

(b) Using an unstructured solid mesh.

Figure 4.30: Evolution of the solid for Test6-2D (rising bar) in Section 4.5.3.

the solid mesh for Parameter 1 are presented in Figure 4.32 and Figure 4.33 respectively.

Uy = 1,uy = 0.

(1,1)

0.0) = u=0

|velocity|
1
l 0.88889
= 0.77778
0.66667
- 0.55556
0.44444
- 0.33333
0.22222
011111
0

Figure 4.31: Sketch of the cavity with a solid disc for Figure 4.32: Velocity norm on the fluid mesh at t = 20

Test7-2D (cavity with disc) in Section 4.5.4.

4.5.5 Conclusion

for Test7-2D (cavity with disc) in Section 4.5.4.

In this section we present a brief summary of the stability tests. The following conclusions are

based on the underlying assumption that no solid element distorts or flips over when updating

the solid mesh, so that a finite element approximation on the solid mesh is accurate enough.

Let us recall that v° = v* — v/ and p® = p* — p/, and define a ratio of the fluid and solid mesh

size: r, = (local solid nodes)/(local fluid nodes).
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Parameter sets | p/ | p* vl Ve e At Lhe Stability
Parameter 1 1 1 [0.01]001]01][10x10"3 - i
Parameter 2 1 1 10.01|0.01 1 1.0 x 1073 - N4
Parameter 3 1| 1 ]001]001] 10 | 1.0x1073 - v
Parameter 4 1 1 [0.01]0.01]100][1.0x10"3 - v/
Parameter 5 1 [05]001]001] 1 [1.0x1073 - i
Parameter 6 1 (021 0.01]0.01 1 1.0 x 1073 - v/
Parameter 7 1 2 10.01 0 1 [ 1.0x1073 | —0.009 X
Parameter 8 1|2 ]001] 0 1 [50x1073 [ —0.005 V
Parameter 9 1| 1]001] O 1 [50x1073 [ —0.005 v
Parameter 10 11057001 0 1 5.0 x 1072 | —0.005 X
Parameter 11 11021 0.01 0 1 [5.0x1073 | —0.005 X

Table 4.5: Parameter sets for Test7-2D (cavity with disc) in Section 4.5.4 with
pe = At + 0. “X” means instability is observed ( “y/” means not) up to t = 20, and “-”
means /. is not an indicator for stability in the case of 1° > 0.

|velocity|
0.13226
0.12688

lo.12149
-0.1161
- 0.11071

| 010532
0.099931
0.094542
0.089153
0.083764

(c) t = 10.

velocity
0.63022
0.56115
0.49209
-0.42302
0.35395
1 0.28480
£ 0.21582
0.14675
0.077687

0.0086205

[velocity|

- 028187
028569 St
e 0.22046
ozsier - 0.18975
peEEE - 0.15904

| 018103 i
s  0.097626
|} 0.098597 \ el
0.036211
g gggfgg ‘hv.mnﬂ I 0.0055028
AT )
0.004952 ATy e

(d) t = 20.

Figure 4.33: Velocity norm on the solid mesh (Parameter 1) for Test7-2D (cavity with disc) in Section 4.5.4.

1. If % = 0 and p° > 0, we proved, under some assumptions in Section 6.1, that the proposed
scheme is stable for any At. In this case, a similar fluid and solid mesh size (r,, ~ 1) is

sufficient to give an accurate result.
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2. If ¥ = 0 and p° < 0, we have not observed instability problems for the above (or any
other) numerical tests, even for a very small density ratio (p*/p/ = 0.001). In this case,

rm & 1 is also sufficient to give an accurate result and the stability is not sensitive to r,,.

3. If % < 0, our scheme is always unstable if using a sufficiently small time step. In this case
fe = pAt 4+ 10 is an empirical indicator for instability: i.e. the scheme is still possible to
be stable if u. ~ 0 or u. > 0. In this case, the stability is also sensitive to 7,,. Numerical
tests show that a larger r,, has a positive effect on stabilization. Nevertheless, the fact
that it is not possible to take the limit At — 0 means that we cannot recommend our

scheme when % < 0.

4.6 Summary

An implicit implementation of the one-field FDM is introduced in this chapter, followed by
numerical tests for different purposes: three numerical experiments are presented in order
to demonstrate the energy property proved in Section 4.4; four numerical experiments are
presented in order to show the limitation of the proposed method, and a conclusion about this
is clearly drawn in Section 4.5.5. In the next chapter, three explicit schemes for the one-field
FDM will be introduced based upon different splitting methods.

The numerical tests implemented in this chapter all use the Py/(P; + Py) element after a
comparison with the Po/P; element in Test1-2D (Section 4.4.1), which shows that the mass
conservation is dramatically improved by using P»/(P; + Py). Local mass conservation of the
P,/(P, + Py) element is proved by [16]. However, we would not say the P»/(P; + Py) element is
necessarily the best choice, even though it improves the mass conservation. First, it is expensive
since we add the piecewise constant Py through the whole domain although the discontinuity of
pressure usually only happens across the fluid-solid interface. Second, the energy conservation
is not improved from Test1-2D (stability may be improved but the improvement of accuracy is
not obvious). Third, as will be considered in Chapter 5, in the case of a thin solid (Test8-2D: a
leaflet and Test9-2D: a flag) interacting with a fluid our iterative linear solver (see Section 4.2)
struggles to converge when using the P/(P; + Py) element. The reason may be that too many
redundant unknowns Py are added through the domain, and the pressure is only discontinuous
across the thin solid. However, we do not lose accuracy when using P»/P; element in this case,
because our results agree well with the ALE fitted mesh method at the first few steps (before

the ALE method fails) and also agrees well with results from the literature.
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Chapter 5
Explicit splitting schemes

In the previous chapter, the case of low Reynolds number flow is considered. An implicit scheme
is utilized to solve the whole FSI system by arranging the convection term on the right-hand
side of the equation and applying a fixed point iteration. In this chapter, the case of higher
Reynolds number will be considered as well, and explicit splitting schemes are adopted to treat

the convection separately.

We shall introduce three types of splitting schemes. The purpose of splitting is to decou-
ple the highly non-linear implicit one-field FDM formulation (see Chapter 3), such that every
step/subproblem can be efficiently solved without losing significant accuracy. A 2-step split-
ting scheme and a 3-step splitting scheme are introduced in Section 5.1 and 5.3 respectively.
Numerical experiments are presented in Sections 5.2 and 5.4, for testing these two different
schemes respectively, which indicate that both are energy non-increasing. A 4-step splitting
method (projection method) is also introduced in Section 5.5, however the same numerical tests
(in Section 5.6) show that this scheme is energy non-increasing for a mixed-element (Py/P; or
P/ (Py + Py)) but not for the equal-order element (Py).

There are 14 numerical tests implemented in this thesis, numbered from Testl to Test14.
Five of these are used in this chapter (highlighted in blue and bold in Table 5.1): Test1-
2D (activated disc), Test2-2D (stretched disc), Test3-3D (stretched ball), Test7-2D (cavity with
disc) and Test8-2D (leaflet) are used through this chapter to compare the three types of splitting
schemes. Other tests may also be added to a specific scheme in order to compare with ITFEM,

ALE method, laboratory experiment or other existing methods.

Some of our numerical tests use Po/P; element while others use Py/(P; + Py) element. A
general explanation of this choice is presented in Section 4.6. Also notice that there is no need
to use Py/ (Py + Pp) element for the 4-step splitting scheme, because it is redundant to add a
piecewise constant to the shape function in order to solve the Poisson equation. Some tests
use an adaptive mesh with hanging nodes, while others use a uniform mesh. The purpose of

using the adaptive mesh is to improve computational efficiency and to show the robustness of

73
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the proposed method. The scheme does not rely on the use of an adaptive mesh (however brief
implementation details may be found in appendix E). We summarize the choice of the element
(P2/(Py + Py) or Py/P;) and the mesh (adaptive or uniform) in Table 5.1, in which the method

(Least-squares or Taylor-Galerkin) for treating the convection step is also illustrated.

When implementing the proposed one-field FDM, one could update the deformation tensor F
(for both the implicit and explicit scheme) as illustrated in formula (3.8) or (3.12), alternatively
one may also update the deviatoric part of solid stress o (only for the explicit scheme) as
discussed in Appendix A. It is interesting that for Test8-2D (leaflet) we implemented both
schemes, and found that the F-scheme could not converge (mesh distorted at some stage, see
Appendix A for more discussion of this). For Test4-2D (rotating disc) and Test7-2D (cavity
with disc) the two schemes present similar results (see Figure 5.11). It is worth comparing these
two scheme more thoroughly, which however has not been done in thesis and is left as future

work. We just display the choice of F-scheme and/or o-scheme in Table 5.1.

. . F and/or
Numerical tests Element type | Mesh type | Convection a'-sche/I e
Test1-2D (activated disc) Py/(P + Py) uniform LS/TG F
Test2-2D (stretched disc) P/(P + Py) uniform LS/TG F
Test3-3D (stretched ball) Py/(P + Py) uniform LS F
Test4-2D (rotating disc) Py/(P + Py) uniform - F/o
Test5-2D (elastic wall) Py/(P + Py) uniform - F
Test6-2D (rising bar) Py/(P + Py) uniform - o
Test7-2D (cavity with disc) | Py/(P; + Py) uniform LS F/o
Test8-2D (leaflet) YT S I -7 ve o
Test9-2D (thin flag) P,/P adaptive LS o
Test10-2D (channel with solids) P,/Py adaptive LS o
Test11-2D (thick flag) P,/ Py uniform TG o
Test12-3D (cylinder) P,/P, uniform LS o
Test13-2D (one particle) P,/Py adaptive - o
Test14-2D (two particle) P,/Py adaptive - o

Table 5.1: The choice of element and mesh in all the numerical tests. LS: Least-squares
method, TG: Taylor-Galerkin method. “-”: low Reynolds number flow, the convection is
either neglected or moved to the right-hand side of the equation as a force term.

Based on the discussion of the limitations of the proposed one-field FDM in Section 4.5.5,
we know that the proposed scheme may be unstable when ° < 0 (or v* < vf). In this chapter
we only consider the case of v% = 0, i.e. the solid viscosity is the same as the fluid viscosity
(v® = vf). Although the case of v > 0 (or v* > v/) is also stable, however we consider this
to be of relatively little interest. Please also refer to Section 7.2 for more discussion about why

we only choose v° = 0.



5.1. A 2-STEP SPLITTING SCHEME (0]

5.1 A 2-step splitting scheme

Using the splitting method of [163, Chapter 3] and [58], equation (3.9) can be expressed as the
following two fractional steps.

(1) Convection step:

u, —u
J R vdx + f (Wt1/2 - V) Wppyz - vdx = 0. (5.1)
Q At Q

(2) Diffusion step:

_ f
ff un+1 un+1/2 d 2 J :
p -vdx + Du,, 41 : Dvdx
9 At 2 Jo "

Q oy At
(5.2)
+pfAt | Vxupyr : VxvdX = pf | J71V - vdx
Q% Q5
—;ﬁj Fn:vadX—i—pr g-vdx+p5J g-vdx+f h-vdl,
Q% Q Q5 I
and
- f 4V tyrdx = 0, (5.3)
Q

with Dirichlet boundary condition (2.12), i.e.:
u,.1=u on Ip. (5.4)

For this explicit scheme the domain €27 is fixed, so the above diffusion step becomes a linear
equation at each time step. We focus on linearization of the convection step and the FEM

discretization of the diffusion step in the following subsections respectively.

Remark 5.1. Summing the equations (5.1) and (5.2) and comparing with the implicit scheme
(3.9), we can see that the 2-step scheme can actually be interpreted as evaluating the convection
term in (3.9) by an intermediate value u,1/,. How to get the value u, 1/, depends on how

the convection step is treated.

5.1.1 Treatment of the convection step

There are a variety of numerical methods to treat the pure convection equation (5.1), such as
wave-like methods [58], characteristic based schemes [58, 67, 163], upwind schemes (including
the Streamline Upwind Petrov Galerkin (SUPG) method) [58, 163] or the Least-squares method
[94, 163]. In this section, two methods are considered to treat the convection equation: the
Least-squares method and the Taylor-Galerkin method [86] (a particular, simplest, case of the

wave-like method [58]). Readers may refer to [58] for more details of these methods.
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Least-squares method

It is possible to linearize (5.1) using the value of u from the last time step:
(Un+1/2 : V) Upp1/2 = (Un+1/2 : V) u, + (u, - V) Upi1/2 — (un - V) uy,. (5.5)

Substituting (5.5) into equation (5.1) gives,

J (un+1/2 + At (un+1/2 ‘ V) u, + At (u, - V) un+1/2) - vdx

@ (5.6)

= J (u, + At (uy, - V) u,) - vdx.
Q

For the Least-squares method [15], we may choose the test function in the following form:
v=L(w)=w+At((w-V)u, + (u,-V)w), (5.7)

where w € Hi(€2). In such a case, the weak form of (5.1) is:

J L(upy412) - L(w)dx = J (u, + At (u, - V)u,) - L(w)dx. (5.8)
Q Q

A standard biquadratic finite element space is used to discretize equation (5.8) directly, although

other spaces could be used.

Taylor-Galerkin method

Equation (5.1) is a backward discretization of the following pure convection equation:

ou

Pl (u-V)u (5.9)

The Taylor-Galerkin scheme is a second order approximation of the above equation [86]. First

consider a 3-term Taylor series expansion of u, 41/ at u,:

ou, At?d%u,

The second order derivative could be computed from the first order derivative (5.9):
2
aaT;l =— <?;~V>u—(u~V)?: ={[(u-V)u]-Viu+ (u-V)[(u-V)u]. (5.11)
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We then get the following approximation of wu,,/, by substituting equations (5.9) and (5.11)
into (5.10):

un+1/2 — Up

At At
A7 =—(u,-V)u, + 5 {[(u, - V)u,]-Viu, + - (u, - V) [(uy - V)u,]. (5.12)

Notice there is a second order derivative in the last term of the above equation (5.12). In
practice, one does not need to calculate the second order derivative. Instead, integration by
parts may be used to reduce the order. It is convenient to use the tensor form to deduce the

following formula, for a test function v and a general vector w,

L (w- V) [(w-V)w] - vdx = L wjaij (wkgz’;) vida. (5.13)
As previously i, j and k are automatically summed if they are repeated in one term. Therefore,
we have when ((777:; =V -w =0 (true for w = u,, due to incompressibility):
i — |Jvdr = | — W= | vidz. 5.14
JQ w; 3z (wk awk) vidx JQ 3z (w]wk &rk) vidx (5.14)
Integrating by parts:
J ow; ow; ow; 0v;
— Wy =— | vidxr = W W =—— ;AT — W =—— ——dx. 5.15
JQ 3; (ijk (%Jk) vidx L njW ;W (%ckv x JQ W W 3os 2, i (5.15)

Finally, let w = u,, and use boundary condition (5.4) to get:

J (u, - V) [(u, - V)u,] - vdx
Q

(5.16)
=J (n~ﬁ)(ﬁ'V)ﬁ~vdef [(up - V)u,] - [(uy, - V) v]dx.
I'p Q
Substituting (5.16) into equation (5.12), we may approximate (5.12) as:
Up41/2 — Un J
— = .vdx + u, - V)u, - vdx
JQ At Q ( )
At At
=— J {[(up-V)u,]-Viu, - v— — f [(un - V)u,] - [(u, - V)v]dx (5.17)
2 Q 2 Q
At

+— (n-a)(a-V)a-vdl.
2 'p
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or

f unﬂ/g-vdx:J un~vdfotJ (u, - V)u, - vdx
Q Q

Q
+A7t JQ {[(w, - V)u,]-Viu, -v— ATt 0 [(un - V) up] - [(u, - V) v]dx (5.18)
2
+A7t (0w (a- V)@ var,

Remark 5.2. It is important to use a distributed/consistent mass matrix (instead of a lumped
mass matrix) when implementing (5.18). The results of using these two types of mass matrix
are compared in Test1-2D (activated disc in Section 5.2.1) and Test2-2D (stretched disc in
Section 5.2.2). A study and comparison of the consistent and lumped mass matrix can also be
found in [61].

5.1.2 FEM discretization of the diffusion step

We only describe here the discretization for the diffusion step, since the convection step just
follows a very standard FEM discretization procedure [94, 163]. A mixed finite element method
to discretize equation (5.2) and (5.3) gives the following linear algebraic system (for details of

assembling this global matrix and the right-hand side vector, please refer to Appendix B):

A B (u b
= , (5.19)
BT 0| \p 0
where
A = M/At + K + D? (M*/At + K*) D, (5.20)
and
b =f + D"f* + Mu,,;,/2/At + D"M*Du, /At. (5.21)

In the above, all the matrices and vectors have the same meaning as those in Section 4.2
except vector f, which does not include the convection term because it is treated in a separate

step.

5.1.3 The 2-step splitting algorithm

We now describe the solution algorithm for the 2-step splitting method at each time step in
Algorithm 5.
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Algorithm 5: The explicit 2-step splitting algorithm for the one-field FDM

. . . . u/ in Qf
1 Given the solid configuration 27 and velocity field u,, =< 7 . s
u), in Q)

at time step n.

2 Discretize the convection equation using (5.8) or (5.18) and solve it to get an
intermediate velocity u, 1 1/;.

3 Compute the interpolation matrix and solve equation (5.19) using u, 41/, and u;, as
initial values to get velocity field u, 1.

4 Compute solid velocity u;,,; = Du,4; and update the solid mesh by
Q)= {an I Xp41 = Xp + quHAt}, for all x,, € 27, then go to step 1 for the next
time step.

5.2 Numerical tests for the 2-step splitting scheme

In this section, we present some numerical examples that have been selected to allow us to
assess the accuracy and the versatility of the proposed 2-step splitting scheme. We demonstrate
convergence in time and space. Furthermore, we favourably compare results with those obtained
using FDM [5, 79, 150], IFEM [137, 156] and ALE method [133], as well as comparing against

results from laboratory experiment [70, 156].

In order to improve the computational efficiency, an adaptive spatial mesh with hanging
nodes is used in some of the following numerical experiments (mainly for thin solids). However,
we shall not discuss details of this adaptive mesh in this thesis, which is not the core of the
proposed method. Readers can refer to [7, 56, 62, 152] and Appendix E for details of the

treatment of hanging nodes.

5.2.1 Test1l-2D (activated disc): Oscillating disc driven by an initial

kinetic energy

We use the same test as in Section 4.4.1 to compare the energy growth between the implicit
scheme and this 2-step explicit splitting scheme. The deformed solid, with velocity norm, at
t = 0.7 are compared in Figure 5.1, from which it can be seen that the difference of velocity
norm between these two schemes decreases when reducing the size time step. The evolution of
the energy ratio (see (3.54)) is plotted in Figure 5.2, from which it can be seen that the Least
squares method converges similarly to the implicit scheme, and the error between them becomes
smaller with reducing time step. The same figure also shows that the Taylor-Galerkin method,
if using a lumped mass matrix, stops converging as At is reduced, but however converges almost
the same as the Least squares method if using a distributed mass matrix. This indicates the
importance of using a distributed mass matrix when implementing the convection step (5.1) as

discussed in Remark 5.2.
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Figure 5.2: Evolution of the energy ratio (defined in (3.54)) for Test1-2D (activated disc) in Section 5.2.1.

a lumped mass matrix when implementing the convection step (5.1).

5.2.3 Test3-3D (activated ball): Oscillating ball driven by an initial
kinetic energy

In this test we revisit the oscillating ball discussed in Section 4.4.3 and compare the energy of
the 2-step splitting scheme with the implicit scheme. The comparison of energy evolution is
shown in Figure 5.6, from which it can be seen that the implicit scheme and this 2-step splitting
scheme give very similar energy behaviour. This, and the previous 2D results suggest that the
2-step splitting scheme could present very accurate results, at least in the case of low Reynolds

number.
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Figure 5.3: Configuration of solid at ¢ = 0.9 for Test2-2D (stretched disc) in Section 5.2.2 (the solid is maximum
stretched to the y direction).

5.2.4 Test7-2D (cavity with disc): Cavity flow with a solid disc (Pa-
rameter 1-3)

We use the numerical example which has already been studied in Section 4.5.4 (the first three
parameter sets are considered here) to compare with the IFEM method [137, 161]. In order to
compare in detail, we also implement the IFEM by using the isoparametric FEM interpolation
function, which is suggested to be capable of producing a sharp interface in [137]. Please refer

to [156, 157] for other interpolation functions such as the discretized delta function and RKPM
function.

We use the same mesh for the proposed one-field FDM method and IFEM method, and a
time step of At = 1.0 x 1073, Figure 5.7 shows the configuration of the deformed disc at two
different stages, from which we do not observe significant differences of the velocity norm even

for a long run as shown in Figure 5.7 (b).

We also test different densities, and the cases of u® = 1.0 and p® = 100 (see Figure 5.8 and
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Figure 5.4: Configuration of solid at ¢t = 2.0 for Test2-2D (stretched disc) in Section 5.2.2.

5.9 respectively). For the proposed method we can use p® = 100 or larger in order to make the
solid behave like a rigid body without changing time step. This is not possible for the IFEM
for which the simulation breaks down for p® = 100, even for very small the time step, due to
the huge FSI force on the right-hand side of the IFEM system.

Let us we compare the solid deformation between the implicit and the 2-step splitting
schemes in Figure 5.10 after a long run (¢ = 20). It can be observed that the results of these
two schemes match very well. Finally we compare the F-scheme and o-scheme via the solid
deformation as shown in Figure 5.11, from which it can been seen that both schemes present

similar results.

5.2.5 Test8-2D (leaflet): An oscillating leaflet

This numerical example is used by [5, 79, 150] to validate their methods. We first use the
same parameters as used in the above three publications in order to compare results and test
convergence in time and space. We then use a wide range of parameters to show the robustness
of the proposed one-field FDM. The computational domain is a L x H channel with a h x w
leaflet located across it as shown in Figure 5.12. A periodic flow condition is prescribed on the

inlet and outlet boundaries, given by u, = 15.0y (2 — y) sin (27t). Gravity is not considered in
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Figure 5.5: Evolution of the energy ratio (defined in (3.54)) for Test2-2D (stretched disc) in Section 5.2.2.

the first test case (i.e. g = 0), and other fluid and solid properties are presented in Table 5.2.
Taking the average velocity U = Sgl uzdy = 10 and the channel height H as the characteristic

. . . ‘o
velocity and length respectively, the Reynolds number is: Re = £—2= = 100.

Fluid Leaflet
L=40m w = 0.0212 m
H=10m h=08m

pf =100 kg/m?3 | p* =100 kg/m?
vi =10 N -s/m? | p* =107 N/m?

Table 5.2: Properties and domain size for Test8-2D (leaflet) in Section 5.2.5 with a leaflet
oriented across the flow direction.
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Figure 5.6: Evolution of energy ratio (defined in (3.54)) for Test3-3D (activated ball) in Section 5.2.3.
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Figure 5.7: Velocity norm for a soft solid (u* = 0.1) using the one-field FDM (left) and IFEM (right). Test7-2D
(cavity with disc) in Section 5.2.4

The leaflet is approximated with 1200 linear triangles with 794 nodes (medium mesh size),
and the corresponding fluid mesh is adapted in the vicinity of the leaflet so that it has a similar
size. A stable time step At = 5.0 x 10~ is used in the simulations illustrated in Figure 5.13,

which shows the configuration of the leaflet for different times.

Previously published numerical results are qualitatively similar to those in Figure 5.13 but
show some quantitative variations. For example, [5] solved a fully-coupled system but the
coupling is limited to a line, and the solid in their results (Figure 7 (1) in [5]) behaves as if it
is slightly harder. Alternatively, [150] used a fractional step scheme to solve the FSI equations
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Figure 5.8: Velocity norm for a soft solid (u® = 1.0) using the one-field FDM (left) and IFEM (right). Test7-2D
(cavity with disc) in Section 5.2.4.
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Figure 5.9: Velocity norm for a hard solid (u° = 100) using the one-field FDM. Test7-2D (cavity with disc) in
Section 5.2.4.

combined with a penalty method to enforce the incompressibility condition. In their results
(Fig. 3(h) in [150]) the leaflet behaves as if it is slightly softer than [5] and harder than [79].
In [79] a beam formulation is used to describe the solid. The fluid mesh is locally refined using
hierarchical B-Splines, and the FSI equation is solved monolithically. The leaflet in their results
(Fig. 34 in [79]) behaves as softer than the other two considered here. Our results in Figure

5.13 are most similar to those of [79]. This may be seen more precisely by inspection of the
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Figure 5.10: Comparison of the solid deformation at ¢t = 20s for Test7-2D (cavity with disc) in Section 5.2.4, using
the same mesh size and time step At = 1.0 x 1073,

graphs of the oscillatory motion of the leaflet tip in Figure 5.14, corresponding to Fig. 32 in
[79]. Having validated our results for this example against the work of others, we shall use this
test case to further explore more details of our method.

We commence by testing the influence of the ratio of fluid and solid mesh sizes: r,, = (local
solid nodes)/(local fluid nodes). Fixing the fluid mesh size, three different solid mesh sizes are
chosen: coarse (640 linear triangles with 403 nodes r,, ~ 0.5), medium (1200 linear triangles
with 794 nodes 7, ~ 1) and fine (2560 linear triangles with 1445 nodes r,, ~ 2), and a stable
time step At = 5.0 x 10™%s is used throughout. From these tests we observe that there is a
slight difference in the solid configuration for different meshes, as illustrated at t = 0.6 in Figure
5.15. Significantly however, the difference in displacement decreases as the solid mesh becomes
finer. Further, we found that r,, ~ 1 ensures the accuracy of the proposed approach, which
can be confirmed from the comparison with the monolithic approach from Figure 5.14. This
is similar to comparison with IFEM in Section 5.2.4: Test7-2D (cavity with disc), with fitted
ALE method in Section 5.2.6: Test9-2D (thin flag) or with laboratory results in Section 5.2.7:
Test10-2D (channel with solids), all of which use a mesh ratio of r,,, ~ 1 and achieve the same
accuracy of their results.

We next consider convergence tests undertaken for refinement of both the fluid and solid
meshes with the fixed ratio of mesh sizes r,, ~ 1. Four different levels of meshes are used, the
solid meshes are: coarse (584 linear triangles with 386 nodes), medium (1200 linear triangles
with 794 nodes), fine (2560 linear triangles with 1445 nodes), and very fine (3780 linear triangles
with 2085 nodes). The fluid meshes, at their maximum refinement level, have the corresponding
sizes to the solid mesh. As can be seen in Figure 5.16 and Table 5.3, the velocity is converging
as the mesh becomes finer.

In addition, we consider tests of convergence in time using a fixed ratio of fluid and solid
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Figure 5.11: Solid deformation for Parameter 1 in Test7-2D (cavity with disc) in Section 5.2.4.

u-n=0 p=0

B u=

Figure 5.12: Computational domain and boundary conditions for Test8-2D (leaflet) in Section 5.2.5.

mesh sizes r,, ~ 1. Using the medium solid mesh size and the same fluid mesh size as above,
results are shown in Figure 5.17 and Table 5.4. From these it can be seen that the velocities
are converging as the time step decreases.

Finally, in order to assess the robustness of our approach, we vary each of the physical
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Figure 5.13: Configuration of the leaflet and magnitude of velocity on the adaptive fluid mesh for Test8-2D
(leaflet) in Section 5.2.5.

Difference of maximum

Between different mesh sizes horizontal velocity at ¢t = 0.5s

coarse and medium 0.01497
medium and fine 0.00214
fine and very fine 0.00190

Table 5.3: Comparison of maximum velocity for different meshes. Test8-2D (leaflet) in Section
5.2.5.
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Test8-2D (leaflet) in Section 5.2.5.
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Figure 5.15: Configuration of leaflet for different mesh ratio r,,, and contour plots of displacement magnitude at
t = 0.6 for Test8-2D (leaflet) in Section 5.2.5.

u [

0.52068
I 0.46166
0.40264
£ 0.34362

. 0.2846
| 0.22558
 0.16656
0.10754
0.04852
-0.0105

(a) Coarse.

u
053779
l 0.47695
0.4161
£0.35525
- 0.2944
| 0.23355
017271
0.11186
0.051011
-0.0008366

(c) Fine.

u
0.53565
I 0.47508
0.41451
£0.35393
- 0.29336
1" 0.23279
£ 0.17222
0.11164
0.05107

-0.0095023

(b) Medium.

u
053969
I 0.47865
0.4176
. 0.35655
£ 0.2955
| 0.23446
£ 0.17341
0.11236
0.051316
-0.0097313

(d) Very fine.

Figure 5.16: Contour plots of the horizontal velocity at ¢ = 0.5s for Test8-2D (leaflet) in Section 5.2.5, using

different sizes of mesh.
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Figure 5.17: Contour plots of the horizontal velocity at ¢t = 0.5s for Test8-2D (leaflet) in Section 5.2.5, using
different time steps and a medium size of mesh.

Difference of maximum

Steps sizes compared horizontal velocity at ¢ = 0.5s

At =20x 103 and At =1.0x 1073 0.00854
At =1.0x 1073 and At =5.0 x 102 0.00517
At =5.0x 100% and At =2.5 x 10°* 0.00263

Table 5.4: Comparison of maximum velocity for different time step size. Test8-2D (leaflet) in
Section 5.2.5.

parameters using three different cases as shown in Figure 5.18. A medium mesh size with fixed

rm =~ 1 is used to undertake all of these tests. The dimensionless parameters shown in Figure

s s f .
5.18 are defined as: p" = Z—f, ns = #, Re=2~ VUfH and Fr = ?]—g, where the average velocity

U = 10 in this example. The period of inlet flow is T" = 1.

It can be seen from the results of group (a) that the larger the value of shear modulus p*
the harder the solid behaves, however a smaller time step is required. For the case of ji* = 107,
the solid behaves almost like a rigid body, as we would expect. From the results of group (b) it
is clear that the Reynolds Number (Re) has a large influence on the behaviour of the solid. The
density and gravity have relatively less influence on the behaviour of the solid in this problem

which can be seen from the results of group (c¢) and group (d) respectively.

5.2.6 Test9-2D (thin flag): An oscillating thin flag

The following test problem is taken from [133], which describes an implementation on an ALE
fitted mesh. It has since been used as a benchmark to validate different numerical schemes
[70, 79]. The computational domain is a rectangle with a block cut off and a flag attached

behind it as shown in Figure 5.19, in which the size of geometry and the boundary conditions
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- t/T=0.2

T =10° Re = 1000 t/T=0.6
At=5.0x10"*

’L—ls =03
At=5.0x10"

(a) p" =1, Re = 100 and Fr = 0.

Green/Mesh: Fr=0.1
t/T=1.2

t/T=1.0

(c) Re = 100, i° = 10% and Fr = 0. (d) Re = 100 and z° = 10°.

Figure 5.18: Parameters sets and results for Group (b)~(d) of Test8-2D (leaflet) in Section 5.2.5, using a time step
of At = 5.0 x 107 %s.

are displayed as well.

0.06
—
[ H\ on=0

5.5 —

u-n=0

4.5 1.0 4.0 10.0

Figure 5.19: Computational domain and boundary condition for Test9-2D (thin flag) in Section 5.2.6.

For the fluid, the viscosity and density are v/ = 1.82x107% and p/ = 1.18 x 1073 respectively.
For the solid, we use shear modulus p* = 9.2593 x 10° and density p* = 0.1. Taking the inlet
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(a) Leaflet displacement and fluid pressure. (b) Mesh refinement near the structure.

Figure 5.20: Contour plots of leaflet displacement and fluid pressure at t = 5.44s for Test9-2D (thin flag) in
Section 5.2.6.
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Figure 5.21: Distribution of pressure across the leaflet on the three lines in Figure 5.20 (b) for Test9-2D (thin flag)
in Section 5.2.6.

velocity U = 51.3 and the height of the block (H = 1) as the characteristic velocity and
length respectively, the Reynolds number is: Re = % = 333. The leaflet is discretized
by 1063 three-node linear triangles with 666 nodes, and the corresponding fluid mesh locally
has a similar node density to the leaflet (r,, ~ 1). Snapshots of the leaflet deformation and
fluid pressure at t = 5.44s are illustrated in Figure 5.20. In Figure 5.21, the distributions of
pressure across the leaflet corresponding to the three lines (AB, CD and EF) in Figure 5.20 (b)
are plotted. From this we can observe that the sharp jumps of pressure across the leaflet are
captured.

The evolution of the vertical displacement of the leaflet tip with respect to time is plotted
in Figure 5.22. Both the magnitude (1.34) and the frequency (2.94) have a good agreement
with the result of [133], using a fitted ALE mesh and of [79], using a monolithic unfitted
mesh approach. These results are all within the range of values in [79, Table 4] (magnitude:
1.1 ~ 1.4 and frequency: 2.78 ~ 3.22). Note that since the initial condition before oscillation
for these simulations is an unstable equilibrium, the first perturbation from this regime is due

to numerical disturbances.
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Figure 5.22: Displacement of the leaflet tip as a function of time for Test9-2D (thin flag) in Section 5.2.6.

5.2.7 Test10-2D (channel with solids): Solids in a channel with grav-
ity

We first simulate a falling disc due to gravity in order to further validate the accuracy of the
one-field FDM. We then show a simulation of the evolution of different shapes of solids falling
and rising in a channel in order to show the flexibility and robustness of the proposed method.

The test of a falling disc in a channel is cited by [70, 156] in order to validate the IFEM and
a monolithic method respectively. The computational domain is a vertical channel with a disc
placed at the top of the channel as illustrated in Figure 5.23, and computational parameters

are shown in Table 5.5. The fluid velocity is fixed to be 0 on all boundaries except the top one

on which no boundary condition is imposed (on = 0).

Fluid Disc
W =2.0cm d =0.0125 cm
H=40cm h=0.5cm
pf =1.0 g/cm? ps =12 g/cm?
vl =1.0 dyne-s/cm? | p* =108 dyne/ cm?
g =980 cm/ s* g =980 cm/ s*

Table 5.5: Fluid and material properties of a single falling disc for Test10-2D (channel with
solids) in Section 5.2.7.

There is an empirical solution of a rigid ball falling in a viscous fluid [70], for which the

terminal velocity, us, under gravity is given by

(p* — pT) gr? L r\2 r\4
w = A (ln (r) — 0.9157 + 1.7244 (Z) —1.7302 (Z) ) , (5.22)

where p® and p/ are the density of solid and fluid respectively, v7 is viscosity of the fluid,
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Figure 523 Cor.nputat'ional domain' for Tcst.10—2D' Figure 5.24: Computational domain for different shapes
(channel with solids) in Section 5.2.7: a single falling disc.  of solids with different properties. Test10-2D (channel
with solids) in Section 5.2.7.

g = 980 cm/ s? is acceleration due to gravity, L = W /2 and r is the radius of the falling ball.
We choose p* = 108 dyne/cm? to simulate a rigid body here. u® = 10'2 dyne/cm? is also
applied, which gives virtually identical results.

Three different meshes are used: the disc boundary is represented with 28 nodes (coarse),
48 nodes (medium), or 80 nodes (fine). The fluid mesh near the solid boundary has the same
mesh size, and a stable time step ¢ = 0.005s is used for all the three cases. The Least-squares
method is used to treat the convection step in all these tests. A local snapshot of the vertical
velocity with the adaptive mesh is shown in Figure 5.25. From the fluid velocity pattern around
the disc, we can observe that the disc behaves like a rigid body as expected. In addition, the
evolution of the velocity of the mid-point of the disc is shown in Figure 5.26, from which it can
be seen that the numerical solution converges from below to the empirical solution.

Reference [70] uses a monolithic method to simulate multiple rigid and deformable discs in
a gravity channel. We have implemented this example and obtain very similar results. Rather
than replicate these here however, we instead show a more complex example, as illustrated in
Figure 5.24. The computational domain, boundary conditions and the fluid properties are the
same as the above one-disc test. All the solids are numbered at their initial positions are as
shown in Figure 5.24 with A(0, —1), B(0.2,—-1.2), C(-0.5,—1.1), D(—0.5,—1.5), E(-0.2,—1.3),
F(-0.7,-2.9) and p*(0,—3). The center and radius (r1) of the 3"¢ solid (circle) are (0,—2)
and 0.2 respectively, and the center and radius (r2) of the 4t" solid (octagon) are (0.3, —2.7)
and 0.2 respectively. The solid properties are illustrated in Table 5.6.
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Figure 5.25: Contour of vertical velocity at t = 1s (fine mesh) for Test10-2D (channel with solids) in Section 5.2.7.
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Figure 5.26: Evolution of velocity at the center of a falling disc for Test10-2D (channel with solids) in Section
5.2.7. (The blue solid line represents the empirical solution from formula (5.22).)

No. of solid | Density (g/cm®) | Shear modulus (dyne/cm?)
1 1.3 10*
2 1.2 103
3 1.0 10
4 0.8 108
) 0.7 10°

Table 5.6: Properties for multi-solids falling in a channel as shown in Figure 5.24. Test10-2D
(channel with solids) in Section 5.2.7.

A high resolution of each solid boundary is used in this simulation, as shown in Figure 5.27
(a), which can guarantee the mesh quality during the whole process of evolution, and a stable
time step t = 0.002s is used. Snapshots of the solids at different times are shown in Figure
5.27.

The 2-step splitting scheme decouples the convection and diffusion of the Navier-Stokes

equation, leaving the fluid-structure coupling only in a modified Stokes equation (modified by
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Figure 5.27: Contours of vertical velocity at different times for multi-solids falling in a channel. Test10-2D
(channel with solids) in Section 5.2.7.

adding the solid equation). The modified Stokes equation leads to a saddle-point linear system,
which is still a challenge to solve (with our iterative solver struggling to converge in some cases

see Remark 5.6). In the following section, we further split the modified Stokes equation into a

97
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Figure 5.27 (continued).

“Degenerate” Stokes equation (which may be efficiently preconditioned and solved, see section
5.3.1) and a Poisson-like equation (which can also be efficiently solved using the Conjugate
Gradient method, see Section 5.3.2). In this case, the saddle-point system only exists in the
former and the fluid-solid interaction only exists in the latter, and each subproblem becomes

easier.
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5.3 A 3-step splitting scheme

As discussed above, we can produce a 3-step splitting scheme by decoupling the diffusion step
in Section 5.1. Equation (5.2) can be further split into two fractional steps, which therefore
gives a 3-step splitting method as follows. Readers may refer to [58] for more discussion of
splitting schemes.

(1) Convection step:

u, — uy
f L . de + J (un+1/3 . V) un+1/3 . VdX = O (523)
Q At Q

(2) “Degenerate” Stokes step:

u, —uy 1
pff e s TS f Prn2/3V - vdx =0, (5.24)
and
—f qV - Uy 49/3dx =0, (5.25)
Q
with Dirichlet boundary condition:
U953 =10 on I'p. (5.26)

This step is called a “Degenerate” Stokes problem in [58, Section 34] since the integral of the
viscous term is missing.
(3) Diffusion step:

u —u f
pff Al T Pet2/3 -vdx + V—J Dun+1 : Dvdx
o At 2 Jo

n péf Untl ZUn g 1 uSAtJ VxUni1 : VxvdX
x (5.27)
F,: VdeX—kpff g - vdx
Q

%
=pu’ J;lv-vdx—usf
Qs 2%

— 1
+0° J h-vdl + 3 J. Pnt2/3V - VdX,
Q Q

with Dirichlet boundary condition:

g-vdx+f

I'n

s
n

u,.1=u on Ip. (5.28)

Remark 5.3. As noted in Remark 5.1, this 3-step splitting scheme is not equivalent to the 2-
step scheme, and neither is equivalent to the previous implicit scheme (3.9) and (3.10). However,
if we add up equations (5.23), (5.24) and (5.27), and compare with equation (3.9), it can be

seen that the 3-step splitting scheme may be interpreted as evaluating the convection term
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using value u, /3. At the same time, pressure p, o3 is determined by the velocity u, /3
rather than u, 11 based on (5.25). Therefore, the last velocity u,+1 is not divergence free, but

however is controlled by a divergence free velocity u,,42/3.

Remark 5.4. One may swap the order of solving step (2) and step (3) so that the last velocity
could be divergence free (let us call it divergence free 3-step splitting in this case), and gain bet-
ter mass conservation. However, this divergence free 3-step splitting is empirically observed to
increase the total energy, which can be seen from Test1-2D (activated disc) in Section 5.4.1 and
Test2-2D (stretched disc) in Section 5.4.2. The accuracy (or equivalently the solid deformation)
of a specific problem depends on both the mass and energy conservation. Therefore, solving step
(2) or step (3) first depends on which part (the mass conservation or the energy conservation)
is important in an application. For example, from numerical results we can clearly see that the
mass conservation is more important (based on the solid deformation) for the Test7-2D (cavity
with disc) in Section 5.4.4.

5.3.1 “Degenerate” Stokes step

A nice property of this degenerated Stokes problem is that the solid equation is decoupled in

this step, which gives the following discretized linear system:

9-6)

where M is a diagonal (lumped) mass matrix, in which case one may compute the Schur

M B
BT o

complement S = BTM™!'B exactly. This only needs to be computed once at the first time step

if using an unchanging uniform mesh. An alternative is to use as a preconditioner,
D
whose inverse can also be computed directly if M and M, are both lumped mass matrices (our

numerical tests show that using distributed pressure mass matrix does not improve the speed
of convergence). One can also use as a preconditioner, where A, is the stiffness

P
matrix from the pressure Poisson equation as will be discussed in Section 5.5. It is observed

from numerical tests that the latter performs much better than the former. As mentioned above,
from (5.29) we can derive a Schur complement in the form of S = BTM~1B. The operators that
are discretized in this form imply that S will be spectrally equivalent to a discrete Laplacian.
Hence we expect that the latter preconditioner will be effective for this system, similarly to

analysis for Stokes equation [46].
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5.3.2 Diffusion step

Compared with equation (5.19), the diffusion step of this 3-step splitting scheme is reduced as

follows after FEM discretization.

Au=b, (5.30)
where
A = M/At + K + D? (M*/At + K*) D, (5.31)
and
b =f + D"f* + Mu,,5/3/At + D"M*Du, /At. (5.32)

A preconditioned Conjugate Gradient method can efficiently solve equation (5.30). We use
the incomplete Cholesky decomposition of matrix M/At + K as a preconditioner in order to
solve equation (5.30). Very good convergence performance can be observed from our numerical
tests (although the precise performance of the linear algebraic solver is not the topic of this
thesis).

5.4 Numerical tests for the 3-step splitting scheme

In this section we test the 3-step splitting scheme using some of the numerical examples con-
sidered previously. We shall also add two new examples to show the flexibility of this 3-step
splitting scheme: it decouples the fluid-structure interaction into a diffusion step, which can be
solved cheaply by a Conjugate Gradient method; although we still have to solve a saddle-point
equation for the “Degenerate” Stokes step. That is a pure fluid problem however, which can

be solved as discussed in Section 5.3.1.

5.4.1 Testl-2D (activated disc): Oscillating disc driven by an initial

kinetic energy

The total energy ratio as a function of time is plotted in Figure 5.28, from which we can
observe that both the error of the total energy and the difference between the implicit scheme
and the 3-step explicit splitting scheme decrease when reducing the time step. Compared with
the results of the 2-step splitting scheme in Figure 5.2 (a), we know that the 3-step splitting
scheme converges more slowly. However, it is important to note that both schemes converge.
As noted in Remark 5.4, if using the divergence free 3-step splitting (swap the step (2) and
step (3) introduced in Section 5.3), one can gain better mass conservation as shown in Figure
5.29 (a): the divergence free 3-step splitting can conserve mass as accurately as the 2-step
splitting scheme. However the total energy increases at some times (see Figure 5.29) (b), which
may cause stability problems. In this test, both the mass and energy are conserved better using
the divergence free splitting (although it is not a non-increasing energy). It is not surprising

therefore to see, from Figure 5.30, that the solid deformation is more accurate in this case.
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Figure 5.29: Convergence of mass and energy for Test1-2D (activated disc) in Section 5.4.1 using At = 5.0 x 1073:

comparing with the divergence free 3-step splitting.

5.4.2 Test2-2D (stretched disc): Oscillating disc driven by an initial

potential energy

We plot energy ratio as a function of time here in Figure 5.31, from which it can be seen that

error of the total energy converges when reducing the time step, and the difference between the

two schemes decreases when the time step decreases. As previously, it is not surprising that the

3-step splitting scheme converges slower than the 2-step splitting scheme by comparing Figure

5.31 and Figure 5.5 (a), but the important point is that both schemes converge.

As noted in Remark 5.4, if using the divergence free 3-step splitting (swap step (2) and step

(3) as introduced in Section 5.3), we could gain better mass conservation as shown in Figure
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implicit and explicit scheme.

5.32 (a). However, the energy is not non-increasing as shown in Figure 5.32 (b). In order to

see which effect is significant for this problem, in Figure 5.33 we plot the solid deformation at

t = 1 when the disc is maximumly stretched in the vertical direction. It can be observed that

the divergence free splitting does not improve the accuracy of the solid deformation, instead it

reduces the accuracy although improving the mass conservation.
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Figure 5.32: Convergence of mass and energy for Test2-2D (stretched disc) in Section 5.4.2 using At = 5.0 x 1073:
comparing with the divergence free 3-step splitting.
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Figure 5.33: The solid deformation at ¢ = 1 (the disc is maximally stretched in the vertical direction) for Test2-2D
(stretched disc) in Section 5.4.2. The curve of the 3-step splitting (dashed green) overlaps with the curve of the
implicit scheme (solid blue).

5.4.3 Test3-3D (activated ball): Oscillating ball driven by an initial
kinetic energy

We revisit the oscillating ball discussed in Section 4.4.3 and compare the energy of this 3-step
splitting scheme with the implicit scheme. The comparison of energy evolution is shown in
Figure 5.34, from which it can be observed that both schemes converge in time although the
3-step splitting is less accurate. It is also less accurate than the 2-step splitting scheme through

comparing to Figure 5.6. This could be accepted because we solve a computationally cheaper
problem as shown from the analysis in Section 5.3.1 and 5.3.2.
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Figure 5.34: Evolution of the energy ratio for Test3-3D (activated ball) in Section 5.4.3: comparison between
implicit and explicit scheme.

5.4.4 Test7-2D (cavity with disc): Cavity flow with a solid disc (Pa-

rameter 1)

The cavity flow with a solid disc is tested again in this section using the 3-step splitting scheme.
We plot the contour of the deformed solid in Figure 5.35, from which it may be seen that the
3-step splitting scheme is worse than the 2-step splitting scheme in terms of preserving mass
(the reason may be that V - u,4; = 0 is not enforced, see Remark 5.3). However this can
be improved by reducing the time step, which is observed from variation of the mass ratio in

Figure 5.36 (a) and solid deformation in Figure 5.36 (b) using a smaller time step.
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Figure 5.35: Comparison of the solid deformation at ¢ = 20 for Test7-2D (cavity with disc) in Section 5.4.4, using
a time step of At = 1.0 x 1073,

For this test, if we swap the step (2) and step (3) in Section 5.3 (the divergence free splitting),

the accuracy is clearly improved, as seen by comparing the solid deformation shown in Figure
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Figure 5.36: Convergence of mass for Test7-2D (cavity with disc) in Section 5.4.4, using the 3-step splitting
scheme.
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Figure 5.37: The solid deformation at ¢ = 20 for Test7-2D (cavity with disc) in Section 5.4.4 with
At = 1.0 x 1073, The curve of the divergence free 3-step splitting (solid red) overlaps with the curve of the 2-step
splitting scheme (dashed blue).

5.4.5 Test8-2D (leaflet): An oscillating leaflet (Parameter 1)

In this test we revisit the oscillation of a flexible leaflet oriented across the flow direction, and
use the 3-step step splitting scheme based upon a uniform mesh and the result is compared
with an ALE fitted mesh method (see Section 2.4.3 for the ALE method). In order to show the
meshes, the pressure on the fluid mesh and velocity on the deformed solid mesh are presented in

Figure 5.38. The same mesh size is adopted for the ALE method as shown in Figure 5.39, from
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which it can be seen that the ALE mesh cannot be trusted after around ¢ = 0.12 if we check
the mesh closely at the tip and bottom of the leaflet. However we can carry on the simulation
using the proposed two-mesh method, and the accuracy can be compared with the ALE method
before ¢ = 0.12 which is very good (see Figure 5.40 to 5.42).
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(a) P2/P; elements for velocity and pressure, the size of one element is the same as the width of the solid leaflet
(0.0212).
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(b) Bilinear solid mesh.

Figure 5.38: Distribution of pressure on the fluid mesh and velocity norm on the solid mesh at ¢t = 1.0 for
Test8-2D (leaflet) in Section 5.4.5.
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(a) velocity norm at t = 0.1.
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(b) Pressure at t = 0.12,

Figure 5.39: Distribution of pressure and velocity norm using an ALE mesh (same mesh as in Figure 5.38 (a)) for
Test8-2D (leaflet) in Section 5.4.5.
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(a) Deformation of leaflet using a fitted ALE mesh.

(b) Defomation of the solid leaflet using the proposed two-mesh method.

Figure 5.40: Comparison of the leaflet deformation at ¢ = 0.1 for Test8-2D (leaflet) in Section 5.4.5.
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(a) Deformation of the leaflet using a fitted ALE mesh.

(b) Defomation of the solid leaflet using the proposed two-mesh method.

Figure 5.41: Comparison of the leaflet deformation at t = 0.12 for Test8-2D (leaflet) in Section 5.4.5.

Remark 5.5. For this test using the Py/(P; + Py) element, the “Degenerate” Stokes step does
not converge using the iterative linear solver introduced in Section 5.3.1, which however does
converge using the Py/P; element. This may because too many unknowns Py have been added

in the domain, because we know the pressure only jumps across the leaflet.

Remark 5.6. The 2-step scheme (when using the preconditioned MinRes linear solver for the
diffusion step, which is the same as the solver discussed in Section 4.2) does not converge for
either Po/(Py + Py) or Py/P; element. We also found that the preconditioned MinRes linear



5.4. NUMERICAL TESTS FOR THE 3-STEP SPLITTING SCHEME 109

0.8 0.1
—At=2.0x 107" - : —At=2.0x 107
0.7 [——at=t.ox 1078f o) SN —At=1.0x107*
AtBox 10| e 5 At=5.0x 107
= 06 [ —e—Implicit ALE o ) o —o— Implicit ALE
@ = A g
osk o f s J. E
o 5 0.59 g -0
204 B g
B 0 5058 2
‘E 3 057 ] -0.9
S 0.3 g o
5 gose k3
T o2 2055 -0.4
0.54
0.1 - -04
0.11 0.12
03 p -0.6 - . .
0 0.05 0.1 0.2 0 0.05 0.1 0.15 0.2
Time Time
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Figure 5.42: Comparison of displacement at the leaflet tip (top-left corner) for Test8-2D (leaflet) in Section 5.4.5.
The implicit ALE method uses a stable/converged time step of At = 1.0 x 10~4.

solver could not converge for this pure fluid problem. The above two facts suggest that the
reason that the 2-step splitting scheme fails to converge is because the original preconditioned
MinRes algorithm is problem dependent (which should be investigated in the future), rather

than because the solid information is not used in the preconditioner.

5.4.6 Test11-2D (thick flag): An oscillating thick flag

In this section, we use a uniform mesh and test a thick flag attached to a cylinder, which has
been studied in [30, 67, 115, 117]. We shall compare these results with the 3-step splitting
scheme. The computational domain is a rectangle (L x H) with a cut hole of radius r and
center (c,c) as shown in Figure 5.43. A leaflet of size [ x h is attached to the boundary of the
hole (the mesh of the leaflet is fitted to the boundary of the hole, see the solid mesh in Figure
5.44). In this test, L = 2.5, H = 0.41, = 0.35, h = 0.02, ¢ = 0.2 and r = 0.05. The fluid and
solid parameters are as follows: p/ = p* = 10%, vf = v* = 1 and p® = 2.0 x 10%. The inlet flow

is prescribed as:
12y

Uy = ¥iel (H—-y), 1uy=0. (5.33)

This example is actually very similar to Test8-2D (leaflet). However we test it here because
first, it is also used as a benchmark in the FSI literature [30, 67, 115, 117], but the solid is wider
and softer than for Test8-2D (leaflet). Second, the channel is narrower in Test11-2D (thick flag);
the type of boundary conditions on the top and bottom of the channel are different in these
two cases: wall boundary condition in Test11-2D (thick flag) and sliding boundary condition in
Test8-2D (leaflet); Third, the amplitude of the oscillation is smaller than that of the thin flag

in Test8-2D (leaflet), so that an ALE mesh could be easily adopted. Therefore, we choose this
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Figure 5.43: Computational domain and boundary conditions for Test11-2D (thick flag) in Section 5.4.6.

test to show the flexibility of our numerical scheme in this section.

Taking U = Sé{ Uzdy = 2H and the channel height H as the characteristic velocity and
length respectively, the Reynolds number is: Re = £ fEH = 336.2. We use a uniform mesh of
size 0.1 x 0.1 for the fluid and a similar mesh density for the solid. A snapshot of the velocity
field is displayed in Figure 5.44 and the vertical displacement at the tip of leaflet is plotted in
Figure 5.45 using a stable time step At = 2.5 x 1073. Both the frequency (5.3) and magnitude
(0.03) have a good agreement with the published results [30, 67].
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Figure 5.44: A snap shot of the velocity norms in the fluid domain and on the solid mesh at t=6. Test11-2D (thick
flag) in Section 5.4.6.
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Figure 5.45: Vertical displacement at the tip of the leaflet versus time for Test11-2D (thick flag) in Section 5.4.6.
The frequency and amplitude are around 5.3 and 0.03 respectively.
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5.4.7 Test12-3D (cylinder): An oscillating cylinder

In this test, we consider a cylindrical pillar oscillating in a cuboid channel as shown in Figure
5.46. The size of the cuboid is: length L = 3, height H = 1 and width W = 1. The cylinder
is located at the center of the cuboid, with base’s radius of r = 0.05 and height h = 0.8.
Notice that this test problem is a 3D extension of the Test8-2D (leaflet) (Re = 100). The
corresponding 2D geometry is shown in Figure 5.47, which is not exactly the same as that used
in the Test8-2D (leaflet): the leaflet in Figure 5.47 is wider and the channel is shorter (thus
reducing the problem size in the 3D case). We use a symmetry boundary condition on the top,
front and back surfaces of the cuboid, all the velocity components are fixed to be zero at the
bottom of the cuboid, and the inlet and outlet flow are defined by:

Uy = 15y (2 —y) sin (27wt), uy =u, =0. (5.34)

This is then a natural extension of the corresponding 2D problem with the same Reynolds
number, and therefore we shall compare the 3D oscillating cylinder with the corresponding 2D

oscillating leaflet.

Figure 5.46: Sketch of the oscillating cylinder in a cuboid. Test12-3D (cylinder) in Section 5.4.7.
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Figure 5.47: Computational domain of the corresponding 2D problem (w = 2r, corresponding to Figure 5.46) for
Test12-3D (cylinder) in Section 5.4.7.
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We use a uniform mesh of size of 0.05 in all directions and stable time step At = 1.0 x 104
for both the 2D and 3D tests. In order to visualize the results of this simulation, snapshots of
the velocity norm on the background mesh and the solid deformations are presented in Figure
5.48 and 5.49 respectively. The displacement at point (1.55,0.8,0.5), at the top of the cylinder,
is plotted in Figure 5.50 as a function of time in order to compare with the results of the
corresponding 2D problem. It is not surprising that a very similar oscillating patterns of the

3D cylinder and the corresponding 2D leaflet could be observed from these figures.
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Figure 5.49: Solid deformation at three different stages for Test12-3D (cylinder) in Section 5.4.7.

5.5 A 4-step splitting scheme

The “Degenerate” Stokes step in Section 5.3 may further be split into a pressure Poisson step
and an update step (Chorin’s projection method) [58]. Noting that the test function v satisfies
the homogeneous boundary condition, the strong form corresponding to equation (5.24) and
(5.25) is:
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(a) Horizontal displacement against time. (b) Vertical displacement against time.

Figure 5.50: Displacement at point (1.55,0.8,0.5) in the 3D case and point (1.55,0.8) in the 2D case. Test12-3D
(cylinder) in Section 5.4.7.

pf Up42/3 — Up41/3

1
Al + §VPn+2/3 =0 (5.35)

and

V- un+2/3 = 0. (536)

Taking the divergence on both sides of equation (5.35) and using equation (5.36), we have the

following pressure Poisson equation:

V- un+1/3
At

Using the Dirichlet boundary condition (5.26) and equation (5.35), we have the boundary

V?Pnays = 2p" (5.37)

condition for the above pressure Poisson equation:

OPny2/3 Uu—n-up13
=2p’ = T'p. :
n P Az 0 on Tp (5.38)
Using (5.35), the velocity is finally updated by
At
Upi9/3 = Upy1/3 — ﬁvl)n+2/3~ (5.39)

Hence step (2) (the “Degenerate” Stokes step) in Section 5.3 can further be expressed as

the following two substeps.

(2.1) Pressure Poisson step:

20f
v2]9n+2/3 = Aitv “Upy1/3, (5.40)
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with boundary condition

opn,

Pni23 g on TpouTy. (5.41)
on
The corresponding weak form is
20
| 4 Tonias = =25 | ¥ s (5.42)
Q Q
(2.2) Update step:
At

Upq2/3 = Upy1/3 — ﬁvpnu/?f (5.43)

Rather than updating the velocity point by point, we shall solve the following finite element

problem, which gives better energy conservation.

u,, -u, 1
pfj W.V_gj Prs2ssV v = 0. (5.44)
Q Q

Remark 5.7. Generally we do not have the Neumann condition anirlm = 0, and this false
boundary condition introduces an error in the form of a numerical boundary layer of thickness
O(VvfAt). However, for an enclosed flow (n-u = 0 on I'p = T') this issue is avoided. The
major advantage of Chorin’s projection method is that it decouples the velocity and pressure,
therefore removing the need for the in f-sup condition to be satisfied. Furthermore, this scheme
is also unconditionally stable and “extremely” robust [58, Section 37]. Readers may refer to

[68, Section 37] for more comments about this scheme.

Remark 5.8. It is also possible to solve the “Degenerate” Stokes problem (here, the Pressure
Poisson step (2.1) and the Update step (2.2)) in the last step. In this case, one can achieve
better mass conservation so that the accuracy may be improved, such as Test7-2D (cavity
with disc) in Section 5.6.4. However, the total energy may increase, hence the scheme may be

unstable.

5.6 Numerical tests for the 4-step splitting scheme

In this section we shall use Test1-2D (activated disc), Test2-2D (stretched disc) and Test3-
3D (activated ball) again to check the energy convergence for the 4-step splitting scheme. It
is interesting that the energy converges for the mixed element (P,/P;) but diverges for the
equal-order element (P), although the latter is widely used for the pure fluid problems [58].
Based upon the these three tests and two more tests Test7-2D (cavity with disc) and Test8-2D
(leaflet), we comment on the importance of the energy conservation and its influence on the

solid deformation.
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5.6.1 Testl-2D (activated disc): Oscillating disc driven by an initial
kinetic energy

The time convergence of the error in the total energy is presented in Figure 5.51 and compared
with the implicit scheme. From this it can be seen that the two different types of finite element
discretization give quite different results: the error of the total energy converges (although
slowly) with the time step for the P»/P; element (in Figure 5.51 (a)), however the error of the
total energy diverges for the P; elements, as shown in Figure 5.51 (b). We plot the corresponding
solid deformation in Figure 5.52 and 5.53 to show the importance of the energy conservation
for this test, because it has a significant influence on the solid deformation. It may be observed
from Figure 5.53 that the difference of the solid deformation between the implicit and the 4-step
splitting scheme increases when reducing the time step, which indicates that the 4-step splitting

scheme does not converge in time when using this equal-order (P;) element.
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(a) Mixed element (P2/Py).
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(b) Equal-order element (P;), mesh is twice finer than that in (a) (same number of nodes).

Figure 5.51: The energy ratio against time for Test1-2D (activated disc) in Section 5.6.1.
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Figure 5.52: The solid deformation at t = 0.74 when the solid is maximally stretched along y direction, for
Test1-2D (activated disc) in Section 5.6.1 using the mixed element (P2/Py).
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Figure 5.53: The solid deformation at ¢t = 0.74 when the solid is maximally stretched along y direction for
Test1-2D (activated disc) in Section 5.6.1. The equal-order element (P;) is used, and the mesh is twice finer (same
number of nodes) than the mixed element (Pz/Py).

The area of the solid disc is plotted in Figure 5.54 as a function of time, from which it is
apparent that mass converges in time for both the Py/P; element and the P; element. This
further indicates that divergence of the energy in Figure 5.51 (b) and divergence of the solid
deformation in Figure 5.53 (b) is not because of mass increase or decrease. By looking at the
different kinds of energy contribution (defined in Remark 3.7) in Figure 5.55, we could see that
the kinetic energy Ej(€) and viscous dissipation E4({2) evaluated on the background mesh
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decrease much quicker, when reducing the time step, than the other two energy components
Ei (%) and E, (%) evaluated on the solid mesh. This could be the reason that the total
energy does not converge in time, which may further be due to the use of the equal-order
element (P;) for the background mesh. However it still requires further study to explain why
the P; element damps the kinetic energy Ej(€) so quickly (especially for small time steps) and
does not preserve energy. As a comparison, the mixed element (P,/P;) behaves quite differently,

as shown in Figure 5.56.
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Figure 5.54: Variation of mass as a function of time for Test1-2D (activated disc) in Section 5.6.1.
0.025
0.02
> 0.015
2
9]
&
0.01
0.005|
0 "
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time Time
(a) At =5.0 x 1072, (b) At = 6.25 x 107%.

Figure 5.55: Evolution of all energy contributions, using equal-order element (P;), for Test1-2D (activated disc) in
Section 5.6.1.
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Figure 5.56: Evolution of all energy contributions, using mixed element (P;), for Test1-2D (activated disc) in
Section 5.6.1.

5.6.2 Test2-2D (stretched disc): Oscillating disc driven by an initial

potential energy

The time convergence of the error in the total energy is presented in Figure 5.57 and compared
with the implicit scheme. From this it can be seen that the total energy converges with reducing
time step for the P/P; element (in Figure 5.57 (a)), however the error in the total energy
diverges for the P; element, as shown in Figure 5.57 (b). As can be seen from the comparison
in Figure 5.58, using the equal-order P; elements, the divergence of energy is related to the
divergence of the solid deformation, although the reason behind this still needs further study.
All the other figures, such as the mass convergence and energy evolution, provide very similar
conclusions to those discussed in the above Section 5.6.1. Consequently these are not plotted

here.

5.6.3 Test3-3D (activated ball): Oscillating ball driven by an initial

kinetic energy

In this section, we use the 4-step splitting scheme to compute the oscillating ball discussed in
Section 4.4.3 again, and compare the energy of the 4-step splitting scheme with the implicit
scheme. Both the mixed finite element and the equal-order finite element are tested, and again
we observe quite different behaviour of these two elements: it can be seen from Figure 5.59 that

the former converges while the latter diverges in time.
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(b) Equal-order element (P;), mesh is twice finer than that in (a) (same number of nodes).

Figure 5.57: The energy ratio against time for Test2-2D (stretched disc) in Section 5.6.2.

5.6.4 Test7-2D (cavity with disc): Cavity flow with a solid disc (Pa-
rameter 1)

We revisit the cavity flow with a solid disc using this 4-step splitting scheme and compare the
result with the previous results as demonstrated in Figure 5.60. The mixed element (P/(P; +
Py)) is used, and we also test the case of swapping steps (2) (including step (2.1) and (2.2))
and (3) as discussed in Remark 5.8. It can be seen from Figure 5.60 that the 4-step and 3-step

splitting schemes yield almost the same accuracy in terms of the solid deformation.

5.6.5 Test8-2D (leaflet): An oscillating leaflet (Parameter 1)

The displacement of the leaflet tip, using the equal-order element (P; element), is presented in

Figure 5.61 corresponding to the Figure 5.42 computed by the 3-step splitting scheme. Although
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Figure 5.58: The solid deformation at t = 1.0 for Test2-2D (stretched disc) in Section 5.6.2. The equal-order
element (P;) is used, and the mesh is twice finer (same number of nodes) than the mixed element (Ps/Py).

Figure 5.61 and Figure 5.42 look similar, we can observe that the result of the 4-step splitting
scheme does not converge in time. However it could be seen from Figure 5.62 that the results
converge when using the mixed element (P,/P; element). These results confirm that the energy
conservation of the whole FSI system is important, which is directly related to the deformation
of the solid.

5.7 Discussion of different splitting schemes

Looking at the fully-coupled FSI equations (3.6) and (3.7), there are three major difficulties:
(1) the non-linear convection, (2) the saddle-point problem arising from the incompressibility
condition and (3) the fluid-solid interaction in a moving domain. The splitting schemes decouple
these three difficulties step by step, so that each subproblem could be more easily solved,
accepting the fact of losing accuracy from the 2-step splitting to the 4 step splitting.

The 2-step splitting is accurate, even for the case of large Reynolds number flow. The
drawbacks are primarily associated with the diffusion step. (1) It is hard for the preconditioner
to use the solid mesh information (for all the tests we have done, the preconditioner is based
on the fluid matrix only and works well: so in practice this is not a practical drawback). (2)
The preconditioned (incomplete LU factorization as discussed in Section 4.2) MinRes algorithm
does not work well for every problem. For example, the preconditioned MinRes algorithm [46]
cannot converge for Test8-2D (leaflet) and Test11-2D (thick flag) (even for a pure fluid problem
without a solid).

The subproblem of the “Degenerate” Stokes equation in the 3-step splitting scheme can be

effectively preconditioned (see Section 5.3.1), and one does not need to know the boundary
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Figure 5.59: Evolution of the energy ratio for Test3-3D (activated ball) in Section 5.6.3.

condition for pressure. The fluid and solid are coupled in the diffusion step, which may also be
effectively solved by the preconditioned CG algorithm. This 3-step splitting can solve all the
test problems in this thesis and presents accurate results at a reasonable computational cost,

which is then recommended.

The major advantage of the 4-step splitting (projection method) is that the inf-sup con-
dition is removed and the equal-order element can be used, although the pressure boundary
condition is a problem. However our tests show that this equal-order element does not converge
in energy. Although it is beyond the scope of the current work, it would be interesting to

investigate the reasons behind this in the future.
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Figure 5.60: The solid deformation at t = 20 for Test7-2D (cavity with disc) in Section 5.6.4 using At = 1.0 x 1075,
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Figure 5.61: Comparison of displacement at the leaflet tip (top-left corner) for Test8-2D (leaflet) in Section 5.6.5.
The ALE method is implicit and uses P>/P; element. The 4-step splitting scheme uses the equal-order element (P;),
however whose mesh is twice finer than the ALE mesh (same number of nodes).

5.8 Energy analysis for the explicit splitting schemes

In this section, we estimate the energy of the FSI system for the explicit splitting schemes.
We shall see that additional “artificial energy terms” are introduced in these splitting schemes,
which consequently introduces errors due to the splitting. However, we shall see that these
“artificial energy terms” are proportional to At in the following, thus not compromising the

convergence of the methods.
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Figure 5.62: Comparison of displacement at the leaflet tip (top-left corner) for Test8-2D (leaflet) in Section 5.6.5.
Both the ALE method and the 4-step splitting scheme use the mixed element (Ps/P;).

5.8.1 2-step splitting scheme

As with the previous analysis for the implicit scheme, if we let v = u,41 in equations (5.1),

(5.2) and (5.3), adding up these three equations gives:

Atv!

pfj (un+1 - U—n) ‘Upq1dX + f Du, 11 : Du,1dx
Q Q

+|pl At JQ (Wpt1/2 - V) Wppr)o - Upyrdx

+p° L (Wpg1 —w,) - wpppdx (5.45)

s
X

+ Atp® J F,.i1: Vxu,1dX — Atp® V- -uy1dX

+ AtuSJ (V- -upi1 —Vy-u,g1)dX | =0.
Q

s
X

Similarly to the proof for the energy estimate of the implicit scheme in Section 3.4.2, we further

have the following energy estimate for the 2-step splitting scheme:

Etotal(tn+1) < Etotal(tn) + R?,Zil + RSO_"SZW + Rgi—vste;m (546)

where Ri{’}rl = R, 1 as defined in (3.40), and Ejiq is defined in Remark 3.7. R§™.  and

2—step
R3™,,., are from the boxed terms in (5.45), i.e.:

5 ey = —Otp! JQ (Wnt1j2 - V) Wz - Wpprdx (5.47)
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and
R§™ o = Aty f (Vo Upyy — V-upy ) dX. (5.48)
O3

X

We can deduce from this that the growth in the total energy is bounded by its initial value

plus terms of order At.

5.8.2 3-step splitting scheme

For the 3-step splitting, we choose v = u,, 41 in equation (5.23), (5.24) and (5.27), and choose
q = Ppy2/3 in (5.25). Adding up these four equations gives:

Atv?

pff (un+1 - un) “Upy1dx + J- Duy, 41 : Duyyidx
Q Q

+ PfAtf (un+1/3 : V) Wp41/3 ¢ u,+1dx
Q

+ AtJ. Pn+2/3 (V “Upqo3— V- unﬂ) dx
Q

(5.49)
+ p(;J. (un+1 - un) “Upy1dX
Q%
+ At,usj Foi1:Vxu,1dX — At/fj V- u,1dX
+| Atp® J (V- -upe1 — Vi uyg1)dX | =0,
Q%
and the energy estimate relation may be expressed as:
Etotal(tn+1) < Etotal(tn) + RlnT.l + R:C),O_Z?gep + Rgl_vg_tfp + Rgii)step, (550)
where
Ry ep = —Atpf J (Wpt1/3 V) Wpp1/3 - Upgrdx (5.51)
Q
Rgi_vs_t;:p = At L) Prni2/3 (V “Upy1 — V- Un+2/3) dx, (5.52)
and Rgi}step = Rgi}step'
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5.8.3 4-step splitting scheme

Finally, let v = u,1; in equation (5.23), (5.27) and (5.44), and choose ¢ = py12/3

Adding up these four equation gives:

Atvt
2

pf.[ (un+1 - un) ‘Upp1dX + f Duyy1 : Duyqidx
Q Q

+ /)fAtJ (Wns1/3 - V) Wpi1y3 - Upgrdx
Q

+| At fﬂ P2z (V- Uny1z — V- Unyr) dx

At

ﬁ L v]9n+2/3 ’ VPn+2/3dx

+ p‘sf (Wpt1 — Wy) - Upt1dx
Q

s
X

+ Atp® J

Fn+1 : qun+1dX - At/ubsj V- un+1dX
Q Q3%

s
X

+ Atusf (V- upt1 — Vy-upi1)dX | =0,
Q

s
X

and the energy estimate is as follows:

im conv div—p pTess div
Etotal (tn"rl) < Etotal (tn) + Rn+1 + R4fstep + R4—step + R4—step + R4fstep’

conv  _ Jyconv div _ pdiv
where R475tep - E37step7 R4fstep - R37step7

Rffi_v;fp = At L Prt2s (Vtnsr —Vu,4q3) dx,

and
press At
Ry tep = 207 ), VPni2/3 ° VPpio/3dx.

5.9 Summary
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in (5.42).

(5.53)

(5.54)

(5.55)

(5.56)

In this chapter, we decouple the implicit fully-coupled one-field FDM into several simple explicit

steps using the operator splitting schemes. First, a 2-step splitting scheme is obtained by

decoupling the convection and diffusion steps, such that the non-linear convection equation

could be treated separately, leaving the diffusion equation to be a symmetric Stokes/saddle-point

system. Second, a 3-step splitting is established by further decoupling the above diffusion step,

which introduces a “Degenerate” Stokes equation. Finally, the “Degenerate” Stokes equation

may be further split into a “Pressure Poisson” step and a velocity-update step. In this case,
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the original problem is simplified step by step.

These explicit splitting schemes have been validated systematically by a selection of numer-
ical tests. For the 4-step splitting scheme (projection method) the equal-order element is cheap
and widely used in pure fluid problems [58]. However, we found that the equal-order element
could not preserve energy for our FSI system, while the mixed element could preserve energy.
We actually do not know the reason behind this, which needs further study.

A brief energy estimate for these splitting schemes are presented, which shows a similar
property as the implicit scheme: the energy is essentially non-increasing with some additional
energy terms that are proportional to At. As discussed in Section 3.5, the solution existence
of the implicit scheme (Problem 3.3) may be proved based upon the energy estimate result in
Section 3.4. Similarly the solution existence of the explicit splitting schemes may be proved
based upon the energy estimate demonstrated in Section 5.8. However this will be investigated

in greater detail in the future.



Chapter 6

Further investigations

In this chapter, we present some topics that follow directly from this work, and some topics that
may be worth investigating in the future. In Section 6.1, we prove that the implicit Problem
3.2 and Problem 3.3 are well-posed based upon Assumptions 6.1 to 6.3. In Section 6.2 we
introduce some initial results using a non-Newtonian fluid with the one-field FDM. In Section
6.3, contact problems and a contact model are presented. The formulation of the one-field
FDM is introduced for a truss structure in Section 6.4. Finally the formulation in the case of

a compressible solid is considered in Section 6.5.

6.1 Discussion of the well-posedness of one step of Prob-
lem 3.2 and Problem 3.3

In this section, we focus on the stationary problem corresponding to one step of the Problem
3.2 and consider its well-posedness and discretization in space (one step of the Problem 3.3)

based on the following three assumptions.

Assumption 6.1. We assume a constant density and viscosity for both the fluid and solid,
and further assume that the solid density is not less than the fluid density (p° > 0) and the

solid viscosity is the same as the fluid viscosity (v° = 0).

Assumption 6.2. We neglect the convection term for convenience and assume that the bound-

s 7—1

i1V - vdx in equation (3.9), which

ary force is zero (h = 0). We also neglect term So: n
n+1

means uan_il has been absorbed into the solid pressure p®. As noted in Remark 2.2, this is

not a good idea when implementing on meshes without interface fitting. However we can only

prove the well-posedness based on such an assumption, although we implement the proposed

s 7—1

scheme with this non-linear term SQS JTA
n+1

1V - vdx in equation (3.9).

Assumption 6.3. We assume the map x(-,t) : Q% — €2 is one-to-one, Lipschitz continuous,

and invertible with Lipschitz inverse. By definition of Lipschitz continuous: V¢ € [0,7] and

127
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X1,Xg € Q%, 3 ko > 0such that [|x(Xq,t) —x(X2, )| < ko|X1—Xz||. By definition of invertible
with Lipschitz inverse [18]: V¢ € [0,7] and X;1,X3 € Q%, 3 k1 > 0 such that |x(Xq,t) —
X(Xa, t)|| = k1 Xy = Xy

From the definition of Lipschitz continuous, we have: ¥X, h e Q%,
|x(X + eh) — x(X)| < koe|h|, (6.1)

o X(X + eh) — x(X)

€

Let h = e; (the i*" component is 1 and all the other components are 0) and ¢ — 0, we know

| < Kolh. (6.2)

that every row of the deformation matrix F is bounded, i.e.:

x(X + ee;) — x(X)

€

|<ko (i=1,---,d). (6.3)

|Fi|| = lim |
e—0
Based on the Frobenius norm we use in this thesis, we have

d
IF? = > IF)? < k3d. (6.4)
i=1

Similarly, from the definition of Lipschitz inverse we know that every column of F~! is

bounded, i.e.:

_ 1 .
IFY 0 < G=1.d), (6.5)
1
and further
d d
P42 = D [F ], P < = (6.6)
i=1

We summarize a corollary of Assumption 6.3 as follows.

Corollary 6.1. Both F and F~! are bounded in L? (Q%) and L?(£)}) respectively under
Assumption 6.3.

Before analyzing the well-posedness, let us rewrite Problems 3.2 by introducing some bilinear

and linear forms as follows. Define the following bilinear forms:

I/f
al (u,v) = ozf u-vdx + —f Du : Dvdx, (6.7)
Q 2 Jo
a’(u,v) =0 u-vdX + v Vxu: VxvdX, (6.8)

and
b(v,q) = —f qV - vdx, (6.9)
Q
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where a = pf /AL, 8 = p°/At and v = psAt.

Remark 6.1. There would be a term ”—; §o: Du:Dvdx in the definition of a®(u,v) in (6.8)
n+1
if we do not assume v° = 0, then a®(u,v) cannot be regarded as bilinear because the domain

Q7 ., changes.

We also define the following linear forms:

vy =p' JQ g - vdx, (6.10)

and
5 (v) = 5J g.vdX—,fJ F, : VxvdX, (6.11)

where g = ﬁun + g in the above. Let
a(u,v) =af (u,v) +a* (u,v), (6.12)

and
((v) =t (v) + 03(v), (6.13)

then the weak form corresponding to one step of Problem 3.2 with u = u,41 and p = py41,

using the above notation and Assumptions 6.1 to 6.3, can be stated as:

Problem 6.1. Find ueV, p e P, such that

a(u,v) +b(v,p) =4(v) VveV
b(u,q) =0 YqeP
where V = H! (Q)? and P = L2(Q).

For the rest of this section, let us use the following norms for vector functions and matrix
2 d 2 2 d d 2
o = Dt Hui|o7w and ||A o = Dt ZFl HAij”o,w’ and denote

functions respectively: |u

[ullv =l

6.1.1 Well-posedness of Problem 6.1 (one step of Problem 3.2)

Following the standard Stokes problem, the well-posedness of Problem 6.1 relies on the following
three facts: (1) a(u,v) and b(v, q) are well-defined bounded bilinear forms; (2) £(v) is a well-

defined bounded linear form, and; (3) a(u,v) is coercive. These are proved below.

Lemma 6.1. a(u, V) is bounded, i.e., there exists a positive real number Cy, such thatVu,v € V,

la(u, v)| < Ca |[ully [v]s - (6.14)
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Proof. First

o, < @l ¥l + - D0l D] .
+ B ullg,q5 Va5 +71Vxuly s [Vxvlga -
Noticing that
HVXUHO,Qgc < u 103 S |u 1,0 (6.16)
and
IDufgq <2|Vulyq <2ful,q,
we can observe that (6.14) holds from (6.15), with Cy, = a + 3 + 2/ + 4. O

Lemma 6.2. b(v,q) is bounded, i.c., there exists a positive real number Cy, such that Vv € V
and Vg e P

b(v, q)l < Co[vily lqlp- (6.17)

Proof. According to (6.9):
(v, @) < [Vvlgqldloa < Vv lale- (6.18)
O

Lemma 6.3. {(v) is bounded, i.e., there exists a positive real number Cy, such that Vv €'V,

V)l < Cellvly - (6.19)
Proof.
_ 5 a :
@) < o' lglog IVloq + 0 I8 0.05 1Vllo.as + 4 [Fnlo s VXVl as
<r’lg |o,Q v o0tk (139 0,05 VX"HQ,Q; :
We further get (6.19) using relation (6.16), with Cy = p*||g[, o, + #° “F”HOQX O

Lemma 6.4. a(u,v) is coercive, i.e., there exists a positive real number c,, such that Vu eV,
a(u,u) = e, |ulls. (6.20)
Proof. According to the definition of a(u,v) and assumption 3 = p®/At > 0:
a(u,u) = af (u,u) + a*(u,u) = o’ (u, ).

Therefore, coercivity of the standard bilinear form a/(u,v) from Stokes equation (see [44] or

[24] for proof) guarantees the coercivity of a(u, v). O
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The above four lemmas imply the following inf-sup condition and further the well-posedness
result [24, Lemma 12.2.12]:

Proposition 6.1 (Inf-Sup Condition). There exist ¢, > 0 such that

b
inf sup va) =2 Cp. (6.21)
aeP vev [V]vqle

Proof. The proof can be found in [24, Section 12.2]. O

Theorem 1. Problem 6.1 has a unique solution (u,p) € V x P.

Proof. The proof is the same as [24, Lemma 12.2.12]. O

6.1.2 Well-posedness after discretization in space (one step of Prob-
lem 3.3)

The spatially discretized problem corresponding to Problem 6.1 is as follows, which is equivalent

to Problem 3.3 simplified based on Assumptions 6.1 to 6.3.
Problem 6.2. Find u” € V", p" € P*, such that

al(uh, vh) + b(vh ph) = h(vh) vyl e VP
b(u", ¢") =0 Vg e P!

where V? = Vh(Qh)d Ph = LP(Q"), a” can be expressed as:
a" (u",v") = o’ (u",v") +a* (u*",v*"), (6.22)

and ¢ can be expressed as:
vy = 0F (v 4 s (vehy. (6.23)

where ush = P (uh) and v = P, (vh).

From the error estimate for interpolation [24, Chapter 4, Corollary 4.4.24], the approxima-
tion (3.15) can be bounded by:

P (060) ~ ()], g, < OV

|OvaL+1 ’ (6.24)

where C), is a positive constant depending on the mesh Q*". In order to prove Problem 6.2 is
well-posed, we still need to prove the continuity of a(u”,v") and £*(v"), and the coercivity
of a(u",v"). The main idea is to bound u*” and Vxu*" in V, which can be achieved by the

above interpolation error estimate.
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Lemma 6.5. There exists a positive real number ¢ such that

”uSh(X)Ho,Q;( Sa Huh(x)HLQ. (6.25)
Proof. From (6.24), we get

HuSh(X)H1,Q;+1 = |Pas1 (uh(x))”lﬂiﬂ

< Huh(x)ul,QjL_H + HP"""l (uh(X)) o Uh(x)Hlei+1 (6 26)

< Huh(x + Cy, HVuh(x)HO,Q;+1

.

< (14 Ch) Huh(x)Hl,n'

Using the Cauchy-Schwarz inequality, we have

f wuwldX = f J s wthdx
Q% Q4 (627)

—1..s s — sh||?
< I hHo,Q;Jrl Ju hHo,Q;+1 <|J 1H0’QZ+1 Ju h”o,ﬂ;+1 J
and further
[0 0 g, < [T s, [0 .- (6.28)
”J_lH(l’{;iﬂ < Cy (Cyp is a positive constant) because F~! is bounded in L? (Q5_ ) due to
Corollary 6.1. Finally we have (6.25) with ¢; = Cr(1 + Cp). O

Lemma 6.6. There exists a positive real number co such that

V5™, g < eafa?] (6.29
Proof. According to Cauchy-Schwarz inequality,
J Vxu' : VxudX = J J7H (Vu*F) : (Vu™"F) dx
Q% Q1 (6.30)
_ _ 2
<|7 1vuShFH0,Q;+1 HVuShFHQQiH <|7 1”0,Qfl_H HvuShFHmQ;H :
Therefore:
: —1)1/2 sh
Hvxugh“(),ﬂ;( < HJ 1“0,(2;“ HFHO,QZH Hvugh Ho,ﬂ;+1
< [T g, 17, 1Pl g, 190 g0 (6.31)
< CCyCp HVU‘Sh||o,Q;+1 <Cur ”u8h||1,sz;+1 :

In the above, Crjr = C;C;CF, HJHé/éx < Cy (Cy is a positive constant) and HFHOQ% < Cp
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thanks to Corollary 6.1. Using (6.26), we finally have (6.29) with co = Cryr (1 + Ch). The

following inequality for a matrix norm is also used in the above proof.

|ABloq. <Al IB (6.32)

based upon definition (Frobenius norm): Hng = Zle Z?zl [l-45 Hg .- Let A =[a;;] = [a;] and
B = [bi;] = [b;], where a; is the i*" row vector of A and b; is the j* column vector of B, we

briefly validate (6.32) as follows. Omit the subscript for convenience,

d d d d d d d
JABI = 32 31 3] (e = 333 (au- by € 333l o
im1j=1k=1 i=1j=1 i=1j=1 (6.33)
d d d d d
- Sl S (z 3 afj) (z 3 b?) NS
i=1 j=1 i=1j=1 i=1j=1
OJ

From the definition of a®(u, v) (6.8) and £°(v) (6.11), using the above two lemmas, we have

the following two corollaries.

Corollary 6.2. a*(u®" v*") is bounded in V", i.e., there exists a positive real number C",
such that Vu”, v e V",
()| < €2 ], 97, (630

Corollary 6.3. ¢5(v*") is bounded in V", i.e., there exists a positive real number C¥, such
that Vv e V*,

e (v < o v, - (6.35)

Lemma 6.7. a"(u”,v") is coercive, i.e., there erists a positive real number cl, such that
Yuh e vV,

" (u'u") = o a5 (6.36)

Proof. This proof follows the same procedure as the proof for Lemma 6.4 by changing a(u, u)
to a’(u”,uh). O

Lemma 6.8. a"(u”,v") is bounded, i.c., there exists a positive real number C", such that

Yuh, vh e Vi,
ja” (u”, v")| < €7 [u], [v"

Iy (6.37)

Proof. By the Cauchy-Schwarz inequality, af(u”,v") is a bounded bilinear form. Using the
definition (6.22), a"(u”,v") is bounded due to (6.34). O

Lemma 6.9. (" (v") is bounded, i.e., there exists a positive real number Clﬁ, such that Vv e V",

(M < e vy - (6.38)
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Proof. By the Cauchy-Schwarz inequality, £/ (v") is a bounded linear form. According to the
definition (6.23), £"(v") is bounded due to (6.35). O

We choose the Py/P; or Py/(P1 + Pp) element which satisfies the following discrete inf-sup
condition [16][24, Section 12.6]:

Proposition 6.2 (Discrete Inf-Sup Condition). There exist ¢ > 0 such that

b(Vh, qh) h

inf sup | = (6.39)
P

ghePh yreyn [VP|v]q

Using the above three lemmas (6.7 - 6.9) and the discrete inf-sup condition, we further have

the following optimal error estimate result [24, Corollary 12.5.18].
Theorem 2. Let (u,p) and (u”,p") be the solution pairs of Problem 6.1 and Problem 6.2

respectively, then there is a constant ¢ depending on C, ¢ and cbh such that

Ju—a, +|p— ", < c (qvf Ju vy + inf o - qnp) . (6.40)

6.2 Application to a non-Newtonian fluid

In all of the examples studied up to this point we have considered only incompressible Newtonian
fluids. Such a restriction is not necessary however, as we demonstrate in this section. We shall
consider the Giesekus model for a viscoelastic fluid [35, 75], in which an additional viscoelastic

stress s is added to the Newtonian fluid model (2.8), i.e.:

o=v/Du—pl+s, (6.41)
where s is given by:
0Os T T aP A
)\E—k)\u-Vs:)\[(V u)s+s(Vu)] +v” (Va+ Viu) - s+ —-s" ), (6.42)

with A\ being the relaxation time, vP being the polymer viscosity and o being the mobility
parameter. Notice that the Giesekus model is reduced to the Oldroyd-B model when of = 0
[75].

We shall use a splitting scheme to solve equation (6.42) for stress s [65], which is similar to
the 2-step splitting scheme introduced in Section 5.1. After computing the fluid velocity u,, 1

at time ¢,,41, then s, 1 is computed from u, .1 and s, using the following two-step scheme.

— Step 1:

Sn — Sn
% + Uy - vsn+1/2 = 0, (643)
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— Step 2:

Sn+1 = Spt1/2

A
At

A [(VTun-‘rl) Sn+1 + Sp41 (vun+1)]

) ) | (6.44)

+ P (Vg4 + VTun-H) - (Sn+1 + —p Sntl

In the second step we linearize s2 41 88 28, 41/98041 — si 120 and use the Least-squares

method to solve both steps (see Section 5.1.1 for an introduction of the Least-squares method).

6.2.1 Test13-2D (one particle): A single freely suspended particle in
Oldroyd-B shear-flow

To illustrate this generalization we consider two examples. The first of these introduces a
freely suspended particle in a square computational domain as shown in Figure 6.1 (which also
illustrates the driving boundary conditions). The rigid particle is simulated using a large p® =
10* in the neo-Hookean solid model, and the fluid is described by Stokes equation with v =
VP = 0.5, o = 0 (Oldroyd-B) and different values of A presented in Table 6.1. A background
mesh and the corresponding particle mesh are shown in Figure 6.2. Two different particle sizes
are tested in this example. The angular velocity as a function of time and Weissenberg number
are plotted in Figure 6.3 and 6.4 respectively, which has good agreement with the results in
[147].

u, = 0.5
—

Periodic 2r H Periodic

Figure 6.1: Computational domain for Test13-2D (one particle) in Section 6.2.1.

6.2.2 Test14-2D (two particles): Particle-particle interaction

In this second test we consider two particles interacting with each other [147, 148]. The com-

putational domain, boundary conditions and initial location of the particles are depicted in
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A | Steady state velocity for r = 0.1 | Steady state velocity for r = 0.05
0.1 0.490 0.497
0.2 0.487 0.493
0.3 0.481 0.487
0.4 0.474 0.480
0.5 0.467 0.471
0.6 0.458 0.462
0.7 0.449 0.452
0.8 0.439 0.442

Table 6.1: Fluid properties and results of two different radii of the particle for Test13-2D (one
particle) in Section 6.2.1. The Weissenberg number Wi = 2st= = &1 — )

H

(a) Background mesh (9465 nodes, minimum mesh size: (b) Solid mesh (355nodes, minimum mesh size: 0.004).
0.004).

Figure 6.2: Meshes used for the simulation of Test13-2D (one particle) in Section 6.2.1.

Figure 6.5. Three different values for the initial distance of separation s are tested in order to
demonstrate three different behaviours of the particles. The specific parameters are displayed
in Table 6.2.

Fluid Particle
H=1.0 r = 0.05

L =140 u® =10*

s =0.07,0.075 0r 0.08 | A=0.8
vl =05 vP =0.5

Table 6.2: Fluid and particle properties and domain size for Test14-2D (two particles) in
Section 6.2.2.

Two particles are initially located at the left and right side in the domain as shown in Figure

6.5. Snapshots of adaptive meshes with distribution of pressure are shown in Figure 6.6, and
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Figure 6.3: Angular velocity as a function of time for Figure 6.4: Angular velocity of a steady state as a
different Weissenberg numbers (r = 0.05). Test13-2D (one function of Weissenberg number for two different particle
particle) in Section 6.2.1. sizes. Test13-2D (one particle) in Section 6.2.1.

v

Uz = 0.5
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|
|
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A
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Figure 6.5: Computational domain for Test14-2D (two particles) in Section 6.2.2.

the meshes used by the two particles may be observed in Figure 6.7. With the three different
values of initial separation of the two particles, three different behaviours are indeed observed.
Trajectories of the two particles at their middle points are plotted in Figure 6.8. We successfully

capture the “tumbling” behaviour which only occurs for non-Newtonian fluids.

6.3 Problems with contact

In this section we discuss how contact between solids may be treated within the framework of
the one-field FDM. Before discussing a general contact model in Section 6.3.2, we first discuss

the current situation in which there is no explicit contact algorithm.

6.3.1 Simulation without an explicit contact algorithm

It is possible to simulate many FSI problems without the explicit use of a contact algorithm

[54]. Indeed, previous examples already considered in this thesis involve solid-solid interactions
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(a) Snapshots at t = 5.

e

(b) Snapshots at t = 48.

Figure 6.6: Distribution of pressure on the adaptive background mesh in the case of s = 0.075 for Test14-2D (two
particles) in Section 6.2.2.

Figure 6.7: Distribution of pressure on the solid mesh in the case of s = 0.075 for Test14-2D (two particles) in
Section 6.2.2.

even though no contact model has been incorporated. These include the second of the non-
Newtonian problems in Section 6.2, as well as Test7-2D (cavity flow with a solid disc) and
Test10-2D (multiple solids in a channel with gravity). Hence we take a close look at the
performance of our algorithm in another example involving multiple solids. In this case we use
a variant of the lid-driven cavity problem.

The background domain is the same as that in Section 4.5.4 (Figure 4.31) with the same
boundary conditions, however there are six discs located in the cavity as shown in Figure 6.9.
The fluid has a density of p/ = 1 and viscosity of v/ = 0.01. All the solids have the same
density as the fluid, but have different p° as follows. Green discs (located at (0.3,0.5), (0.7,0.6)
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0.995

139

Figure 6.8: Trajectories of the two particles for the Test14-2D (two particles) in Section 6.2.2, using a radius 0.05
and a Weissenberg number of 0.8. Three different behaviours corresponding to three different initial separations.

and (0.8,0.2)) have u® = 1; the blue disc (located at (0.5,0.45)) has p® = 5; and the pink discs
(located at (0.4,0.3) and (0.7,0.35)) have p® = 10. We use a time step of At = 1.0 x 1073,
The background mesh is same as that in Figure 4.32, and the solid meshes may be seen from

Figure 6.10. We observe from Figure 6.10 (a) and (b) that a large pressure is built up when
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two solid discs approach one another. This pressure has the effect of stopping the two discs
colliding with each other, however the cost of this approach is that very small time steps are

generally necessary.

Uy = 1,uy = 0.

(1,1)

(0,0) u=0

Figure 6.9: Multiple discs in a cavity flow ([0,1]x[0,1]).

6.3.2 A general contact model

A potentially more robust approach to managing solid-solid interactions within our solver would
be to incorporate an explicit contact model. When a solid contacts with a rigid surface (such
as I'p) or contacts with another solid, the boundary I'; in Figure 2.1 may be decomposed into
two parts: Iy = T'yc U I'yg, where I'y. denotes the contacted boundary and I';y denotes the

free /non-contacted boundary. Then the corresponding weak form (3.2) becomes:

d 1
J pfiu.vdijfJ o-f:Dvdx+f o/n® - vdx
Q{ dt 2 Q{ o

d 1
+fQ§pS£~de+2fQ§ O'S:Dvdx—f

o
=J pfg~vdx+J psgovdx+J h-vdl.
Q Qs I'n

o’n’ - vdx — f o’n’ - vdx (6.45)

Ftc

Remark 6.2. If I'; contacts with I'p, it makes no difference to the boundary condition on I'p.
If T, contacts with 'y, then o*n® = h, and SFN h - vdl' changes to SFN*Ft “h - vdll', which is

also equivalent to deleting the term {;. o*n®- vdx in the above equation (6.45).

Generally Srt o°n’-vdx cannot be known in advance, hence we replace o°n® by a Lagrange
c
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Figure 6.10: Distribution of pressure and velocity norm on the deformed solid for multiple discs in a cavity flow.

multiplier A as an unknown, which may be determined by the contact condition. A specific
contact condition depends on what kind of contact model is used. We shall not go into details
of contact models here (see [132, 143, 154]). Instead, we simply assume a distance function
¢ (u) exists between the solid and the rigid surface (or two solids), and contact happens when

c(u) < 0. Consequently the contact problem may be expressed as follows (corresponding to

Problem 3.1 with no contact) [22, 67].

Problem 6.3. Given ug and Qf, for ¢ € (0,7], find u(t) € {up + Hj(Q)*}, p(t) € LE(Q),

!/
Ae HY2(T,)% Q5 and Ty, such that You € HL(Q)?, ¥op € L2(Q), VoA € <H1/2 (rtc)d) . the
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Figure 6.10 (continued).

following three equations hold:

ot

f pfa—u'éudx—l—J‘ pf(u-V)uwSudx-i-lJ
Q Q 2

1
+J péaa_‘t‘ SudX + 5[ *Du : Déudx +f 1°F : VxoudX —
Q% @

ZL

with A > 0.

s
t

psJ IV - Sudx + J plg - dudx + j
Q Q

v/ Du : Déudx — f pV - dudx
Q Q

A-dudx  (6.46)

Q Ftc

%
g - dudX + f h - udl,

X Iy

—J opV - udx = 0, (6.47)
Q
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and

- dA-c(u)=0. (6.48)
Tic

In the above, {up + H§(2)?} is the subspace of H'(Q2)? which satisfies the Dirichlet boundary
condition (2.12).

We could use a splitting scheme to solve the above Problem 6.3. For example, as with the
previous 3-step splitting scheme we obtain the following.

(1) Convection step:

f Unpr/s = Un o0 +f (Wos1/3 V) Uy s - Oudx = 0. (6.49)
Q At Q2

(2.1) “Degenerate” Stokes step:

u, —u, 1
pff nt2/3 T Tntl/3 e dx — *J Pnt2/3V - dudx =0, (6.50)
o At 2 Jq

and
Q

(2.2) Lagrange multiplier step:

u® —u,
p‘sf W -oudx — f Ang1-0udx =0, Apy1 =0, (6.52)
5 Tic

X

and
— . * =
Ltc oX-cC (un+2/3) =0. (6.53)

(3) Diffusion step:

up, —u, f
pff ol T A2/ sdx 4 ’LJ Du,, ;1 : Déudx
o At 2 Jo

Up41 — u:
+ p‘sf L k23 oudx + p°At Vxup41 : VxoudX
Q At 05

s
X

-
Q
+p§J

Q

Although the above step (2.2) leads to a saddle point equation with constraint, the problem

(6.54)

J51V~6udx—,usf

F, : VxoudX + p/ J g - dudx
Q Q

s s
n X

g-5udx+f

I'n

- 1
h-dudl + 3 f P23V - dudx.
Q

s
n

size is relatively small. We leave the implementation of the above scheme (in particular step
(2.2)) for future work.

Remark 6.3. Notice that u®*

nt2/3 is only defined in the solid domain, which is different from
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us ., 3= P (un+2 /3). The former has the information of the Lagrange multiplier/contact force,

while the latter does not.

6.4 The case of a truss structure

Truss structures are composed of rod elements, which can only carry axial tension and compres-
sion. An example is shown in Figure 6.11, in which there are 11 rods and 7 connections/nodes.
A rod element may be described locally by a 1D equation. Let £ be the coordinate along the

rod, then the equilibrium equation of the rod may be described as:

Figure 6.11: An example of truss structure.

Oug _ 400¢
P =4 € TP 9(8), (6.55)

where A is the area of the cross section, p*® is the density, u¢ and o¢ are the velocity and stress
along the rod respectively, and g(£) is a distributed force per unit mass along the rod. The

weak form of (6.55), with a test function v, may be expressed as:

o (1 Oue Lo L[ L
p J Wvdﬁ + AJ o¢ ?fdg =p J g(§vdé + A(oev), , (6.56)
0 0 0

where [; is the length of the i*" rod in the truss structure. Considering all the rods of the truss

structure and using a linear elastic model

ade
g

oc=E (6.57)

(de being the displacement), the weak form of the truss problem may be expressed as:

N, l; 5u§ Ne 1; 5d5 (911 N, 1; N,
P ;L at”d“AE;lL e =0 ;fo g(S)vdH;PM (6.58)

In the above, F is the elastic modulus, P; is the concentrated force on the connections, N, and
N, are the number of rod elements and connections in the truss structure respectively. Finally,

the one-field formulation for a fluid-truss interaction system may be expressed as the following
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problem.

Problem 6.4. Given ug and Qf, find u(t) € {up + H}(Q)?}, p(t) € L(2) and Q, such that
Vv e HE(Q)4, Vg e L?(Q), the followmg two equatlons hold:

jpf(;—u~vdx+fpf(u-V)u-vdx+1J VfDu:Dvdx—JpV-vdx
o ot Q 2 Jo )
ad (911
5 cve vee
ZJ ot ”d“AEZJ 2 (6.59)

e i N,
:J pfg-vdx+f fl-vdF+p‘$ZJ g(f)vd§+ZPivi,
Q 'y i=1Y0 i=1

and
—f qV -udx = 0. (6.60)
Q

In the above, up is a suitable extension of the prescribed Dirichlet data t on the boundary I'p,
and {up + H}(Q)?} is the subspace of H'(Q2)? which satisfies the Dirichlet boundary condition
(2.12).

Remark 6.4. After time discretization, the displacement d¢ could be expressed in terms of

velocity as with previous Section 3.2, although it is not necessary to go into details here again.

Remark 6.5. In order to implement the formulation (6.59) by the finite element method, we
have to do a coordinate transformation. Taking the computation of term AE Zf\]:el So aad; ;g d€

as an example: after expressing d¢ in terms of ug, we actually need to compute the integral

Sé %g—zdf , which gives the following term.
li o¢' (¢ 09> (£) ¢ (5)
g 815 0%5 : 2( >d€] < >
i 09 ( i 09~ (&) 90~ (€
$o ag - ag g

where u’g and ¢*(¢) are the velocity variable and its shape function defined on the k** (k = 1,2)
node of element [0, ;] respectively. The above stiffness matrix is computed on a local coordinate
&, which has to be transformed to the global coordinate system x, so that it can be assembled to

the final global matrix. See [94, 162] for more discussion about this coordinate transformation.

Remark 6.6. This approach may be extended to other structures such as a beam, which can
also carry shear and bending forces. These forces are not only related to the node displacements
of an element, but also related to the geometry of the element, such as the angle of rotation.
Since we do not solve for the angles of rotation as variables, the shear and bending forces may
be built into the right-hand side of equation (6.59) as a function of the angle of rotation. This

may be a topic for future studies.



146 CHAPTER 6. FURTHER INVESTIGATIONS
6.5 Extension to the case of a compressible solid

First, we argue that for the two-mesh methods it is not reasonable to use a compressible solid
model if one solves V - u = 0 in the whole domain ) as shown in Figure 2.1, although there
are papers which have done this [70, 156, 157]. The reason is as follows: no matter whether an
interpolation [156, 157] or a Lagrange multiplier [70] is used, the ultimate purpose is to constrain
the velocity on the solid mesh (say u®) to be the same as the velocity on the background mesh
u, i.e. u = u® in the fictitious domain (the domain on the background covered by the solid
domain ). This is always a contradiction because V - u = 0 while V - u® # 0 (compressible
solid). Let us then consider whether it is possible to only solve V-u =0 in Q — Q3.

We consider a compressible neo-Hookean solid model, as described by the constitutive equa-
tion (2.28). There two major differences compared with the incompressible case: (1) the incom-
pressibility condition (2.7) only holds in the fluid domain Qf = Q —Q3; (2) there is no pressure
defined in Qf, instead the last term in equation (2.28) (J~'AIn(J)) will replace the pressure
term. Based upon these two points and the weak formulation of the incompressible case (Prob-
lem 3.1), the weak formulation of the one-field FDM, using a compressible neo-Hookean solid,

may be expressed as the following problem.

Problem 6.5. Given ug and Qf, find u(t) € {up + H}(Q)?}, p(t) € LE(2) and Qf, such that
Vv e HE(Q)4, Yq e L?(2), the following two equations hold:

Jpfa—u~vdx+pr(u~V)u-vdx+lfVfDu:Dvdx—fpV-vdx
o Ot Q 2 Jo Q

1
+J p‘;a—u~vdX+ff V5Du:Dv+J 1°F - VxvdX
T 2 Jo o
X t

%
(6.61)
= J psJ IV - vdx] —J (p+ J'NIn(J)) V - vdx
Q7 Q2
+J pfg~vdx+f p‘sg-vdX—&-J h - vdrl,
Q Q% I'n
and
—f gV -udx = —f qV - udx | (6.62)
Q Qs

In the above, up is a suitable extension of the prescribed Dirichlet data @ on the boundary I'p,
and {up + H}(Q2)?} is the subspace of H*(2)? which satisfies the Dirichlet boundary condition
(2.12).

Remark 6.7. There are two additional terms (boxed) in the above problem compared with
Problem 3.1, both of which are zero in the incompressible case. The pressure in the solid
domain (p\Qt) may be interpreted as an extension of the fluid pressure from domain Q. By
q; and the term J7IN8In(J) could

comparing expression (2.28) and (2.29) we know pressure p
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be canceled out with each other for the incompressible neo-Hookean solid, but however cannot

in the compressible case.

The above formulation (6.61) and (6.62) looks plausible at first inspection, however the final
linear system after discretization will be singular because the values of the matrix correspond-
ing to the pressure variables in domain 2§ will be zero. We therefore leave this for further

investigation.
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Chapter 7

Conclusions

Reviewing problems involving fluid-structure interactions (FSI), the crucial aspect is how to
deal with the interface between the fluid and solid. There is little doubt that an interface-fitted
mesh is always the best (at least in terms of accuracy), however creating an interface-fitted mesh
is not cheap at all, especially in three dimensions. In addition, an interface-fitted mesh cannot
guarantee a stable simulation automatically: design of the numerical scheme is highly signifi-
cant. Therefore we used two meshes without interface fitting. Recently monolithic schemes have
been regarded as the most robust approach in the area of fluid-structure interaction. Therefore,
we adopted the monolithic idea and solve the fluid and solid equation in one system.

Let us recall our initial motivation (Section 1.3): we aim to design a general FEM scheme

for FSI problems that can
— cheaply and accurately simulate large solid deformation,
— simulate FSI problems with a wide range of physical parameters.

The utilization of the two meshes is very convenient and efficient for large deformation, and

the accuracy can be increased by local mesh refinement with hanging nodes (cheaper than full
remeshing) near the interface, although the algorithm does not rely on this. The refinement
can be carried out based on a general posteriori error estimate.

The proposed scheme is similar to the classical IFEM scheme, but we move all of the solid

information to the left-hand side. What we achieve is that a range of FSI problems, from very

soft solids to very hard solids, can be simulated in this scheme (whereas the classical IFEM
methods are usually only effective for very soft solids). We have not adopted a name like
“improved IFEM” or “modified IFEM”. One reason is that these terms have already been used
in the literature for other methods. A further reason is that the formulation of the proposed
scheme is very similar to the one used in the Fictitious Domain Methods (FDM).

In this thesis, the one-field FDM is introduced following a thorough review of the existing

numerical approaches. Specific implementations of the proposed approach, including implicit

149
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and explicit schemes, are presented with a systematic validation using multiple numerical ex-
amples. To close this thesis, we would like to summarize the achievements presented in previous

chapters, and then point out some open problems that are worth investigating in the future.

7.1 Achievements of this thesis
In this section we briefly summarize the achievements that have been made in this thesis.

1. We thoroughly reviewed the finite element methods for FSI problems: introduced the
details of formulations for these methods, discussed their advantages and disadvantages,

and presented a complete categorization of the existing approaches.

2. We introduced a novel method for general FSI problems: presented the finite element
weak formulation and discretization in time and space, analyzed the stability by energy
estimate, and gave an initial proof of the well-posedness based upon some assumptions.
This proposed method: extends the immersed finite element method (IFEM); can natu-
rally handle the case of different densities (between fluid and solid) and permits a larger
time step than the classical explicit IFEM (equivalent to an implicit IFEM but without
requiring sub-iteration for convergence); simplifies the three (or four)-field fictitious do-
main method using distributed Lagrange multiplier (FDM/DLM); and only solve for one
velocity field in the whole domain. In summary, the proposed one-field FDM combines the
advantages of IFEM and FDM/DLM: efficiency of IFEM and robustness of FDM/DLM.

3. We implemented the proposed one-field FDM by a fully implicit scheme first, and then
followed by three different types of explicit splitting schemes. We systematically tested
these schemes, compared the three types of splitting schemes and discussed their pros
and cons, by a selection of numerical examples including several benchmarks in the FSI

literature.

7.2 Further work based on the proposed method

In this section we present some open problems that are worth studying in the future.

1. We do not know why the equal-order element for the 4-step splitting scheme does not
preserve energy (or converge as At — 0), while the mixed element does (see Section
5.6 and 5.9). In the future, we may start to investigate this problem by looking at the
equal-order element for the implicit scheme with stabilization, then try to understand the

equal-order element for the 4-step splitting scheme.

2. When implementing the one-field FDM based on the d-scheme and integrating in the

current domain, the iterative solver struggles to converge. However, when implementing
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the one-field FDM based on the F-scheme and integrating in the reference domain the
same iterative solver works very well. We are not clear the reason behind this at the

moment, but the matrix structure behind these two schemes is worth further study.

3. In Section 4.5, we found that the proposed scheme could be unstable when the solid
viscosity is smaller than the fluid viscosity (v° < 0). For an IFEM method in [157], the
author ignored the fluid stress within the solid domain, which is equivalent to ® = 0. For
a FDM method in [18], the author only considered a constant viscosity through the whole
domain 2 when analyzing the problem, although a general formulation was presented
at the beginning. The same author in [17] directly assumes o = o° + o/ (equivalent
to v° = vf or ° = 0) in QF at the beginning of the paper. For a FDM method in
[150], it was also found that the fluid stress integral in the solid domain was unimportant.
An interesting question therefore is whether all two-mesh methods have a stability issue
when ° < 0 and At — 0. We have not found the answer in the literature, and this is an

interesting question about the general two-mesh FSI methodology for future study.

4. We mentioned, in Section 4.6 and Remark 5.5, that for the tests of a thin solid interacting
with a fluid (Test8-2D: a leaflet and Test9-2D: a flag), the iterative linear solver (see
Section 4.2) fails to converge when using the P»/(P; + Py) element. It may be because
too many unknowns Py have been added to the domain (we know the pressure is only
discontinuous across the thin solid). However it is worth investigating the matrix structure

to find the exact reason behind this.
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Appendix A

Implementation of the one-field
FDM by updating solid stress

As discussed at the beginning of Chapter 5, the F-scheme (updating the deformation tensor F
as illustrated in formula (3.8) or (3.12)) does not converge (the mesh becomes distorted at some
stage) for Test8-2D (leaflet). Alternatively we could also update the deviatoric part of the solid
stress o (o-scheme) as discussed in this appendix, which converges for the above test. We have
not thoroughly compared the F-scheme and o-scheme in this thesis (this could form a future
work), however from this test it can be seen that there is a numerical difference between these
two schemes although mathematically they are the same. In order to obtain the o-scheme, we
first use (3.8) and replace term

)

us]?n : VxvdX +-Z§t‘[ us‘7)(lln4,1i VxvdX (1\.1)

K s
X QX

in equation (3.9) by

)

For an explicit scheme the above integral may be carried out in the known domain 27, and the

wFpq: VxvdX = f piJ  Fo FL 0 Vvdx = j JohTi  Vvdx,  (A2)
QfL+1

Q

s s
X n+1

derivative may be taken with respect to the previous coordinate x,. That is to say integral
(A.2) will be replaced by

JytrE  Vavdx, (A.3)
Q5

where V,,(+) = 20) “and 7,1 may also be computed based on x,, as follows:

0Xnp,

Thp1 = p1° (VxXn+1V§Xn+1 -I). (A.4)
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Using a chain rule, the last equation can also be expressed as:

T =M (VanHVXXnV)T(ananH) — 1’1

(A.5)
+ ,Ufs (ann-&-lvzfo-l) - ,Ufs (ann-&-lVZXTH-l)
or
7',;:+1 — ILLS (annHVanH — I) (A 6)
+ 1V X1 (Vxxn Vxn — I) Vx40,
and then 7, ; can be expressed based upon the previous coordinate x,, as follows:
s _ .8 T s sy T
Th+1 = M (ann+lvnxn+1 - I) + 1V Xn 1 Th Vi Xn gl (A~7)

Using X,,+1 — X, = Atu,, 1 which is the displacement at the current step, the last equation can

finally be expressed as:

T = WAL (Vg1 + Vi Ungt + AtV 1 Vi) + 75

(A.8)
+ AtQVnunHTfLVZunH + AtV,up 1) + Atr,‘ijunH.
There are two nonlinear terms in the last equation, which may be linearized as follows:
v vZ =V vZ V,u,VE - V,u, V7T A9
nUn+1V, Unpt1 nUn+1V, Uy + Vau, nUn+1 nUp V,y, Uy ( . )
and
\v4 sy T _ sy T s T s T A
nUnt1TnVolnil = Vol 1T Vo, + Vau, 7oV Upt1 — Vou, 7o Vo, Uy, (A.10)

There should be no theoretical differences between updating the solid deformation F and
updating the solid deviatoric stress 7°. However the former is an unsymmetric tensor and
the latter is a symmetric tensor, and updating an unsymmetric tensor may be less accurate
than updating a symmetric tensor [110]. This may be the reason why updating F leads to a
distorted solid mesh for Test8-2D (leaflet). A scheme updating the solid displacement is also
introduced in [67, 110], and we discuss this scheme in the context of the proposed one-field
FDM in Appendix F.



Appendix B

Assembling the global matrix

and right-hand side vector

Using two space dimensions as an example in this appendix, we present the details of assembling

the global mass matrix, stiffness matrix and the right-hand side vector in Section 4.2.

The matrix

M
M=, | " (B.1)
Moy,
is the velocity mass matrix of the fluid, where
[Mi1],,, = [Ma2],,, = J- . Crpmdx, (k,ym=1,2,---N"+ NJ). (B.2)
Q
The matrix
MS
M* = p° 11 . (B.3)
M3,
is the velocity mass matrix of the solid, where
[Mil]km = [MSQ]km = Jﬂsh ©LPmdX, (k7 m=12,--- Ns) : (B'4)
xX
K is the stiffness matrix of the fluid:
K K
K= Vf 11 12 ’ (B5)
Ko Koo
where don 8 don 8
0Pk OPm Pk 0Pm
K =2 d T d B.6
[ 11]km J;Zh (8331 83:1 ) X+ J;Zh (6332 51‘2 > * ( )
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&Pk a‘Pm J &Pk &Pm

K =2 _— _— B.

[ 22]km J;lh ((?iz (71'2 dx + Qh (}‘T1 (71'1 dX7 ( 7)
0k Oom

K = - d B.

[ 12]km on 011 0Ty X, ( 8)
_ _ a@k} 6()0771

Koy, = [Kial = | S22, (B.9)

and k,m=1,2,--- N“.

K?* is the stiffness matrix of the solid:
K3 0
K* = l - 1 (B.10)

where

O3 0p O3 0p
KS -9 1) Y'Yk m JJ Y¥k m
[ 11]km v JQS}L (&cl axl > dx v Qsh (91’2 awg dx

) 03 0ps op3 0p?
At b _tm korm ) dX.
* H fQ;{h (&Tl (%1 81‘2 (9:172

It can be seen from the pattern of the above matrices that one can get K3, by changing the
subscript 1 to 2, and changing 2 to 1 in the formula of K3;, and k,m =1,2,--- N®.

The matrix B has the following expression.

B
B=—|_"1, (B.11)
B,
where 5 5
Pm SOm
Bi], ., = [Bs] B.12
Bl = | ocSPmax [Baly = | ocFrax (B.12)

(k=1,2,---N? and m = 1,2,-~-N“). The vector

¢ (Z) (B.13)

(fl)m = Pf JQ} gl@mdx + LNh Bl@mdr (B14)

is the fluid force vector, where

and
(fQ)m = pf J gQ@mdx + J BZSDmdF (B15)
Qh T'Nh



h
u,

in the above expression. The vector

is the solid force vector, where

(€)= 0" |

agos
_ 8 Fsh m
K Jﬂxh[ = o,

and

@m:ff
Qg

8 sh (}C,O‘;n
H J;l [Fn ]21 61’1

sh
X

g=g+

in the above expression.

g1
g=g+ — (- v)ul =7
At ( +1 ) +1 (g)

g1, dX + p? J i1

] sh a@:n
H JQ [F ]12 O

1 9%

sh (9.%'1
n+1

sh
X

_1 0o,

e 02

iy sw) P
H LX} [F2" ], 0z

ush B gl
g2
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Appendix C

A method of computing the

interpolation matrix

In this appendix, we take the 2D linear quadrilateral element as an example to introduce
the method of calculating the FEM interpolation matrix D in (4.4) Section 4.2. The shape
function of a linear quadrilateral element, as shown in Figure C.1 in the reference coordinate

system (£,7), may be expressed as follows.

Ui
. (-1, 1) (1,1) 1
§
St .-,

Figure C.1: Quadrilateral element in the reference coordinate system.

b1 (6m) = 5 (1= (1 =), (1)
b2 (€)= 5 (1+6) (1 =), (©2)
b (6m) = 5 (L) (1+7), (©3)
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and )
¢4 (&m) = 5(1—5) (1+mn). (C4)

For a given point P(xg,yo) in the original coordinate system (z,y), one should first decide in
which element the point is located. One method of checking whether P(xq, o) is located in an
element Pi(z1,y1), Pa(z2,y2), Ps(xs3,ys) and Py(x4,ys) is successively checking the direction

of the following four vectors:
6=P2P1><P2P, 521331:)2><P)3P7 8:P4P3XP4P and J:P1P4><P1P. (05)

If they point in the same direction, in other words, the following four scalars have the same

) s1= (21 —22) (y —92) — (@ — 22) (y1 — 2), (C.6)
s2 = (w2 —x3) (y —ys) — (z —23) (y2 — y3) , (C.7)
s3 = (23— 24) (y —ya) — (x — 24) (y3 — Ya) , (C.8)
sa= (x4 —a1) (y —y1) — (z —21) (ya — 1), (C.9)

then point P is in the element P; P, P3P;. According to the isoparametric transformation we

have:

. e

To = ZZ=1 xz(bz (5; 77) ) (ClO)
Yo = 21':1 Yidi (57 77)

Newton’s method may be used to solve the above equations. Once £ and 7 are computed,

then the interpolation coefficients of point P are ¢1, ¢2, ¢3 and ¢4, which may be used to form

the interpolation matrix D in (4.4).



Appendix D

An efficient approach for matrix

multiplication

One needs to calculate K + DTK®D in equation (4.2) in Section 4.2. An efficient way to do
this is based on the element matrix, i.e., compute DI K3D, and directly assemble to matrix
K, with K? being the local element matrix of K® and D, being the local interpolation matrix.
For the sake of simplicity, suppose that the background mesh is formed of bilinear quadrilateral
elements, and the solid mesh contains linear triangular elements (other types of elements follow
the same principle), and let us also assume that there is only one variable defined at each
node (for the case of more than one variable, the principle can still be applied). It should
be mentioned that the three nodes of the triangular element may lie in different quadrilateral

elements, such as is illustrated in Figure D.1.

Uy U3 Ug
S
.’U,3
uje
‘US
ui U9 Uus

Figure D.1: An element of the solid mesh on the background meshes.
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In the case as shown in Figure D.1,

uy
U2
S
uj "
3
u§ | = De , (D.1)
S u4
U3
Us
Ug

where

¢1 ¢1 = (¢11)¢12a¢137¢14;0’0)
De = ¢2 ) ¢2 = (Oa¢227¢23707¢253¢26) . (D2)
b3 @3 = (0, P32, ¢33,0, P35, P36)

In the above, ¢;; (i =1,2,3; j=1,2---,6) is the interpolation coefficient (see Appendix C)
of the i*" solid node with respect to the j** background node. Let the non-zero coefficients be
denoted by:

¢1 = (¢11, 12, P13, P14)

@2 = (P22, P23, P25, P26) (D.3)

@3 = (P32, P33, P35, P36)

then
kin k2 k3| (1
D/K:!D. = (¢1,¢5,¢3) | ko1 koo kos| | @2 | (D.4)
k31 k32 ksz| \@3
or

DIK:D, = ki1¢p] 1 + k2] 2 + ki3] b3
+ ko135 D1 + kool o + kazds b (D.5)
+ k3103 1 + k3ol o + kszdl .

Assembling the matrix DI K*D, into matrix K is equivalent to assembling the nonzero
elements of k‘ij(ﬁiTqu (1,5 =1,2,3) to K, which is also equivalent to assembling elements of
kijdplé; (1,7 =1,2,3) into K.



Appendix E

A method to implement hanging

nodes

An adaptive mesh with hanging nodes reduces the number of degrees of freedom compared to
uniform refinement, hence decreases the cost of computation. However, the nature of hanging
nodes has the potential to cause discontinuity which breaks the framework of the finite element

method without special treatment to enforce continuity.

In order to treat the hanging nodes, one can construct a conforming shape function [56, 62]
or generally constrain and cancel the degree of freedom at the hanging nodes [7, 56]. The former
is very appealing, but it is difficult to extend to high-order shape functions [152]. In this thesis
we will adopt the latter method and only use 2-level hanging nodes, which means that at most
2 hanging nodes are allowed in one element (this can be guaranteed by imposing safety layers
to ensure that neighbouring element nodes differ by no more than one level of refinement). The

implementation of arbitrary-level hanging nodes can be found in [104, 123, 152].

A
X 3 A D C2
I
b
D C E 7 9 5
A B &
I I
4 8 1

Figure A.2: Element II in Figure A.1

Figure A.1: Elements with hanging nodes. in the reference coordinate system.
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For a quadrilateral element, when the velocity is interpolated by biquadratic shape functions
and the pressure is interpolated by bilinear shape functions, the implementation of hanging
nodes must be different for each, as shown in Figure A.1. For example, when velocity is
interpolated, point D is a hanging node for element II, and point E is a hanging node for
element ITI. When pressure is interpolated, point C' is a hanging node for both the element II
and ITI. Take element II for example, if we use the constraint method to cancel the hanging

node degree of freedom, then

3 1 3 .
u? = guf‘ - guf + Zuzc i1=(1,2) (E.1)
and
O = it Lpm (E.2)
2 2¢ 7 '

where u; and p are velocity components and pressure respectively defined at the corresponding
nodes. The interpolation coefficients can be calculated by putting edge AB in a one dimensional
finite element reference coordinate system.

Notice that when computing the element matrix II, point B is outside of the element, but
the element matrix II still contributes to node B because of the hanging node D. So we can
treat the two points B and D as a master-slave couple, which means letting them share the
same equation number in the final global linear equation system. However one should modify
the element matrix IT according to (E.1) and (E.2) in the following way before assembling it to
the global matrix.

Suppose the element II is enumerated in the reference coordinate system as shown in Figure

A.2. Then, formulae (E.1) and (E.2) imply the following equations:

ul1 ull 1
u? u? 1
u? u? 1
uf ud 1
W ol=Dv| W |, D= 1 (E.3)
! up 2 B
ul ul 1
ug uf 1
uy uy i 1]
p' p' 1
P z —pr| P f Cpro| 72 (E.4)
P p 1
p! P! 1

One should use matrices DY and DP to modify the element matrix II. Suppose K, is the

stiffness matrix of element IT without consideration of hanging nodes, and the unknowns are
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arranged in the following column vector.

T

(u}7u%7'"ugla7v%71]%"'v£1)7plvp2"'p4) (E5)

It is clear that K. = [k;;] is a nxn (n=22) matrix, and it could be modified by the following
pseudocode, which distributes the contribution of hanging nodes to the corresponding nodes

according to formula (E.1).

Algorithm 6: Modification of the element matrix related to velocity

for j=1 ton for j=1 ton for j=1 ton
Kij = Kivj + Kigj - 3/8 | kjiy = Kji, + Kjiy - 3/8 | Kigj = —kig;/8
King = Kisj + kigj - 3/4 | Kjiy = Kjiy + Kjio - 3/4 | Kjig = —Kjio/8
end end end

Let ig = 6, i1 = 3, and iz = 2 (based on (E.5)), then sequentially executing the above three
pieces of code would modify the matrix K. corresponding to the first component of velocity.
Similarly, letting ig = 15, 43 = 12, and iz = 11 (based on (E.5)), executing the above code
would modify the matrix K. corresponding to the second component of velocity. In order to
modify the matrix corresponding to pressure, one can execute the following code which is based

on formula (E.2).

Algorithm 7: Modification of the element matrix related to pressure

for j=1ton for j=1ton for j=1ton
V| Kiyg = kit Kiog/2 | Kjin = Kjiy o+ Rjio /20| Riyy = —Kini/25 Kjiy = —kjiy /2
end end end

Selecting 47 = 21 and is = 20 yields the required modification. Executing all the above

pieces of code is equivalent to performing the following matrix multiplication.

T
Dv D"

D" K, D® . (E.6)
D?P Dr

The modification of the mass matrix is similar but easier if a lumped mass is adopted,
though it is unnecessary to present details here. Once the element matrix is modified, it can
then be assembled directly to the global matrix to implement the constraint of the hanging
node (because the hanging node shares the same equation number with its related node in the

neighbouring element).
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Appendix F

F-scheme and d-scheme

The terms F-scheme and d-scheme are introduced by Professor Olivier Pironneau. We have
not found the paper in which he adopted these terms, however the meanings are clear from
[67, 110]. This is actually related to the implementation of his method, and we ought to be able
to use the schemes similarly here in our method. From equation (3.6) we can see that there is
a term (SQX p*F 1 VxvdX) integrated in the reference domain Q%, and F could be updated at
the end of every time step (see equation (3.8)). This is called the F-scheme. Alternatively, we

can also transform this term to be integrated in the current domain €2}:

J wF : VxvdX = p*J'FFT : Vvdx = J 7% Vvdx, (F.1)
Q

X Q3 a3

and express
7 = J B = u*J'FFT, (F.2)

with respect to the displacement d, which is then called the d-scheme.

Let us only consider a 2D case, readers may refer to [34] for the 3D case. According to the

Cayley-Hamilton theorem, B satisfies its characteristic equation, i.e.,
B? —trgB + J?I = 0, (F.3)
from which we immediately have:

B =trgl — J*B™". (F.4)

From the definition of F, we get
F=Vxx=Vx(X+d)=1I+FVd, (F.5)
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which further gives:
F!=I-vVd (F.6)

Substituting (F.4) and (F.6) into (F.2), we finally express 7° by displacement as follows:
= —pfJ (1 =vd)" 1—vVd) + p*J Hrsl, (F.7)

which can be written as

7% = p*J (Dd — VTdVd) + pI, (F.8)
where p = p°J 'trg — p®J is introduced as an additional unknown.

Remark F.1. The difference between the F-scheme and d-scheme can merit a further study.
We have implemented the d-scheme for Test1-2D (activated disc) and Test4-2D (rotating disc)
using the 2-step splitting scheme, and found that the iterative linear solver (see Section 4.2)
could not converge. However the same iterative solver works very well for the F-scheme. The
direct solver gives the same results for both the F-scheme and d-scheme. Therefore the matrix

structure behind these two schemes is worth further study.
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