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ABSTRACT

he aim of this thesis is threefold. Firstly, we study the stochastic evolution

equations (driven by an infinite dimensional cylindrical Wiener process) in a

class of Banach spaces satisfying the so-called H-condition. In particular, we
deal with the questions of the existence and uniqueness of solutions for such stochastic
evolution equations. Moreover, we analyse the Markov property of the solution.

Secondly, we apply the abstract results obtained in the first part to the so-called
Heath-Jarrow-Morton-Musiela (HJMM) equation. In particular, we prove the existence
and uniqueness of solutions to the HIJMM equation in a large class of function spaces,
such as the weighted Lebesgue and Sobolev spaces.

Thirdly, we study the ergodic properties of the solution to the HIMM equation. In
particular, we analyse the Markov property of the solution and we find a sufficient
condition for the existence and uniqueness of an invariant measure for the Markov
semigroup associated to the HIMM equation (when the coefficients are time independent)

in the weighted Lebesgue spaces.
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CHAPTER

INTRODUCTION

The theory of stochastic integration in the class of the so called M-type 2 Banach spaces
were initiated independently by Neidhardt [39] in 1978 and Dettweiler[22] in 1983.
Using this stochastic integration theory, Brzezniak developed the theory of stochastic
evolution equations in M-type 2 Banach spaces, see [7] and [8]. In [7], BrzeZniak studied
linear stochastic evolution equations (with the drift being an infinitesimal generator of
an analytic semigroup and the coefficients of the stochastic part being linear operators)
driven by a d-dimensional Wiener process. He proved the existence and uniqueness of
solutions for such equations in some real interpolation spaces. In [8], he continued the
line of research originated in [7]. He considered the stochastic evolution equations (with
the linear part of the drift being an infinitesimal generator of an analytic semigroup
and the coefficients satisfying Lipschitz conditions) driven by an infinite dimensional
Wiener process. He proved the existence and uniqueness of solutions for corresponding

equations in M-type 2 Banach spaces.

One of the aims of this thesis is to study the stochastic evolution equations driven by
an infinite dimensional cylindrical Wiener process in Banach spaces. We continue the
way of research originated in [7] and [8], however, we consider different assumptions
on the coefficients. For example, we assume that the linear part of the drift is an
infinitesimal generator of a Cy-semigroup. In particular, the corresponding semigroup
has no smoothing properties and in consequence we have obtained different results.
For instance, we prove the existence and uniqueness of continuous solutions for such

equations in Banach spaces satisfying the so-called H-condition (these are spaces for
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CHAPTER 1. INTRODUCTION

which stochastic integral exists, see [10]), under stronger assumptions on the coefficients.

The notion of invariant measures is an important topic in the theory of stochastic
dynamical systems. Many authors, see for instance [24], [25] and [47], have studied
the questions of the existence and uniqueness of an invariant measure for the stochas-
tic evolution equations in Hilbert spaces. In particular, under different conditions on
the coefficients, they proved the existence and uniqueness of an invariant measure for
stochastic evolution equations in Hilbert spaces. Recently, Brzezniak, Long and Siméo
[15] paid attention to the theory of invariant measures for stochastic evolution equations
in Banach spaces. They found some sufficient conditions about the existence and unique-
ness of an invariant measure for stochastic evolution equations in Banach spaces. In this

thesis, we introduce and use these conditions.

It is now a widely accepted fact that mathematics has a lot of interesting applications
in finance. One of these applications appears to be the theory of stochastic evolution
equations. In particular, the existence and uniqueness of solutions for some stochastic
evolution equations in finance and their ergodic properties. The so called HJM model
proposed by Heath-Jarrow-Morton (HJM) [36] is an example of a stochastic evolution
equations in finance. This model contains the dynamics of interest rate, the so called
forward rate. The HJM model was studied in the Hilbert spaces by many authors, see
for instance [6], [26], [28], [31], [34], [35], [41],[55] and [59]. These authors proved the
existence and uniqueness of solutions to the HJM model in some appropriate Hilbert

spaces. Also some of these authors analysed ergodic properties of the solutions.

Another aim of this thesis is to apply abstract results from Chapter 3 to the HJM
model. Thus, we focus on the questions of the existence and uniqueness of solutions to
the HJM model in Banach spaces such as the weighted Lebesgue and Sobolev spaces.
Also the study of the existence and uniqueness of an invariant measure for the HIM

model in the weighted Lebesgue spaces is one of our aims.

Let us now describe briefly the content of this thesis. In Chapter 2, we provide all the
necessary preliminaries so as to make it a well contained thesis. These preliminaries
contain some definitions and results (obviously presented without proofs) about linear
operators, semigroup theory, random variables and stochastic processes with values
in Banach spaces, probability measures on Banach spaces, and stochastic integral in

Banach spaces.

In Chapter 3, we give a brief introduction to some basic definitions in the theory
of interest rates. We also mention the arbitrage pricing theory, but not in detail, as

for this purpose, there are many excellent text books such as [3], [4], [42] and [45] in
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which details can be found. Next we introduce the dynamics of the forward rate processes
proposed by Heath-Jarrow-Morton [36] driven by a Wiener process on a (possible infinite
dimensional) Hilbert space. Using the Musiela parametrization, we construct stochastic
partial differential equation, which is called the Heath-Jarrow-Morton-Musiela (HJMM)
Equation, for the dynamics of forward rate processes. Finally, we present some known
results about the existence and uniqueness of mild solutions for corresponding equation

in Hilbert spaces, and ergodic properties of the solution.

In Chapter 4, we study the stochastic evolution equations (with the linear part of
the drift being only an infinitesimal generator of a Cy-semigroup and the coefficients
satisfying Lipschitz conditions) in the class of Banach spaces satisfying the so-called H-
condition. Firstly, we prove the existence and uniqueness of solutions for corresponding
equations with globally Lipschitz coefficients. Next using the previous result and approx-
imation method, we prove the existence and uniqueness of solutions for corresponding
equations with locally Lipschitz coefficients. We also analyse the Markov property of
the solution. Finally, we introduce theorems proposed by [15] about the existence and
uniqueness of an invariant measure for corresponding equations with time independent

coefficients.

In Chapter 5, we apply the abstract results from the previous chapter to the HIMM
equation. In particular, we prove the existence and uniqueness of solutions to the HIMM
equation in the weighted Lebesgue and Sobolev spaces respectively. We also find a
sufficient condition for the existence and uniqueness of an invariant measure for the
Markov semigroup associated to the HIMM equation in the weighted Lebesgue spaces.
An important feature of our results is that we are able to consider the HJMM equation
driven by a cylindrical Wiener process on a (possibly infinite dimensional) Hilbert space.
For this purpose, we use the characterizations of the so-called y-radonifying operators
from a Hilbert space to an L? space and a Sobolev space W1 found recently by Brzezniak
and Peszat in [10] and [12].

In Chapter 6, we consider the weighted Banach spaces H. i,’p , p =1, which are natural
generalization of the Hilbert space Hvlv’2 used by Filipovié¢ [26] and prove some useful
properties of them. This allows us to apply the abstract results from Chapter 4 to
prove the existence of a unique continuous solution to the HJMM equation (driven by a

standard d-dimensional Wiener process) in the spaces H vlv’p ,p=2.

In Chapter 7, we consider the fractional Sobolev spaces of 27-periodic functions and
prove some useful properties of them. Then using these properties, we apply the abstract

results from Chapter 4 to prove the existence of a unique continuous solution to the

15



CHAPTER 1. INTRODUCTION

HJMM equation (driven by a standard d-dimensional Wiener process) in the fractional

Sobolev spaces.
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CHAPTER

PRELIMINARIES

2.1 Linear Bounded Operators
Throughout this section, we assume that X and Y are real vector spaces, in particular,

real normed spaces endowed with norms | - ||x and || - [y respectively.

2.1.1 Definitions and Properties

Definition 2.1. A map A from X into Y is called a linear operator if 2(A) is a subspace
of X and for all x1,x9 € 2(A) and a,B R,

2.1) A(ax1 + ﬁxz) = anl + ﬁAxQ.

For a linear operator A : X — Y, the notation Ax is usually used instead of A(x). The set
{yeY:3xePD(A): y =Ax} is called the range of A and denoted by ZZ(A).

Definition 2.2. A linear operator A : X — Y is called bounded if there exists a constant
C > 0 such that for every x € 2(A),

(2.2) [Axlly = Cllxlx.

Definition 2.3. A linear operator A : X — Y, where 2(A) = X, is called an isomorphism
if it is bijective and bounded, and its inverse A™1:Y — X is bounded. If such a linear

operator A exists, then (X, || -|lx) and (Y, | - |ly) are said to be isomorphic spaces.

17



CHAPTER 2. PRELIMINARIES

Definition 2.4. A linear operator A : X — Y is called an isometry or distance pre-

serving if for all x€ X,
(2.3) IAxlly = llxllx.

If A is, in addition, bijective, then A is called an isometric isomorphism. If such a

linear operator A exists, then (X, | -||x) and (Y, | - |ly) are said to be isometric spaces.

There is a relation given by the following theorem between two isometric spaces. We use
this theorem to prove that some spaces we used in next chapters are Banach spaces. The

proof of this theorem is obvious.

Theorem 2.1. If (X, |- |lx) and (Y, | - |ly) are isometric spaces, then (X, | -|x) is @ Banach
space if and only if (Y, | - |ly) is a Banach space.

Definition 2.5. If there exits an injective continuous map A from X into Y, then X is
said to be embeddable in Y. Such a map A is called the embedding.

Definition 2.6. Assume that X €Y. Then X is called continuously embedded in Y if
the inclusion (identity) map i : X — Y is continuous. In this case, we denote this embedding

symbolically by X — Y and the map i is called embedding map.

Theorem 2.2. [38] If X is finite dimensional, then every linear operator from X into Y is
bounded.

Lemma 2.1. /38] For the space of all bounded linear operators A : X — Y, the following
mapping

(2.4) IAll= sup  [Axly
xeD(A):llxlx=1

defines a norm.

Theorem 2.3. [38] Let A : X — Y be a linear operator. Then
(i) A is continuous on D(A) iff A is bounded.

(ii) If A is continuous at a single point of 2(A), then it is continuous on 2(A).

The space of all bounded linear operators A : X — Y, where 2(A) = X, is denoted by
ZLX,Y) (or Z(X)if Y =X). By Lemma 2.1, £(X,Y) is a normed space with the norm

(2.5) IAlexyy= sup lAxly, AeZ(X,Y).

xeX:|xllx=1

18



2.1. LINEAR BOUNDED OPERATORS

Theorem 2.4. [38] If'Y is a Banach space, then £L(X,Y) is a Banach space with norm
(2.5).

Proposition 2.1. /38] Let Z be a real normed space with a norm | -|z. Assume that
A1: X —-Y and As:Y — Z are bounded linear operators. Then the composition AgoA1 is

a bounded linear operator from X into Z. Moreover,
(2.6) lAg20A1llex,z) < A2l 2 21 A1l 2x,y)-
Definition 2.7. A linear operator f from X into R is called linear functional.

Definition 2.8. The space of all bounded linear functionals f : X — R is called the dual
space of X and is denoted by X*, i.e. X* = L(X,R).
Remark 2.1. By Theorem 2.4, X* is a Banach space with the norm
(2.7) lx*lexm= sup |x"(x), x"e€X",
xeX:|x|x=1

where |-| is the euclidean norm in R.

2.1.2 Fréchet Derivative
Assume that Z is an open subset of X.

Definition 2.9. A map A :Z — Y is said to be Fréchet differentiable at z € Z if there
exists a linear operator L € £(X,Y) such that
. lA(z+h)—Az—-Lhl|y

lim =0.

h—0 2l x
This operator L is called the Fréchet derivative of A at z € Z and denoted by A'(z)
or d,A. If A is the Fréchet differentiable at each z € Z, then A is said to be Fréchet
differentiable on Z.

Remark 2.2. If A is Fréchet differentiable on Z, then it is continuous on Z.

Definition 2.10. Let A : Z — Y be a Fréchet differentiable map on Z. Then A is said
to be twice Fréchet differentiable at z € Z if there exists a bounded bilinear operator
B:XxX—-Y,ieBe XX xX,Y)such that
. NdzrnyAh1—d Ah1—B(hy,ho)lly
lim =
h2—0 22llx
This operator B is called the second Fréchet derivative of A at z € Z, and denoted by
A"(2) or d2A. If A has the second Fréchet derivative at each z € Z, then A is said to be

twice Fréchet differentiable on Z.

0.
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CHAPTER 2. PRELIMINARIES

Remark 2.3. If A is twice Fréchet differentiable on Z, then the map A’ : Z — £L(X,Y) is

continuous on Z.

Definition 2.11. Assume that A : Z — Y is a Fréchet differentiable map on Z. If the map
A':Z — L(X,Y) is continuous on Z, then A is said to be of C! class.

Definition 2.12. Assume that A : Z — Y is a twice Fréchet differentiable map on Z. If
the map A" :Z — L(X x X,Y) is continuous on Z, then A is said to be of C? class.

Lemma 2.2. [19]If A :Z —Y is a linear operator, then A is twice Fréchet differentiable
on Z such that A'(z) = A and A"(z) = 0 for every z € Z. Moreover, A is of C? class.

2.2 (Cy-Semigroup

Throughout this section, we assume that X is a Banach space endowed with a norm

I-lx.

2.2.1 Definitions and Properties

Definition 2.13. A function S :[0,00) 3 t — S(¢) € L(X), which is usually denoted by
S ={S(®)}s=0, is called a semigroup on X if

(1) S(0)=1, wherel is the identity operator on X,

(it) for all t,s =0,

S(t+s)=S@)S(s),
where S(t)S(s) denotes the composition of the operators S(t) and S(s).
Definition 2.14. Let S be a semigroup on X. If
(2.8) }filrélls(t)—fllg(X) =0,
then S is called uniformly continuous.

Definition 2.15. Let S be a semigroup on X. A linear operator A defined by

(2.9) 92(A) = {x eX: }tin&m exists}
and

. S@®)x—-x dS(t)x
(2.10) Ax=lim——=— ey X€2(A)

is called the infinitesimal generator of the semigroup S.

20



2.2. Cp-SEMIGROUP

Theorem 2.5. [44] A linear operator A is the infinitesimal generator of a uniformly

continuous semigroup iff A is a bounded linear operator.

Theorem 2.6. [44] Let S1 and So be uniformly continuous semigroups on X. If

iy _I
(2.11) i 2201 5200 ,
t—0 t t—0 t

then S1(t) = So(t) for each t = 0.

Theorem 2.7. [44] Let S be a uniformly continuous semigroup on X. Then

(i) there exists a constant w =0 such that
ISl 2x) < e, t=0,

(it) there exists a unique bounded linear operator A such that

(iii) the operator A in (ii) is the infinitesimal generator of S,
(iv) S :[0,00) 3t — S(¢t) € L(X) is differentiable in the norm of £(X) such that

as@) _ _
7 =AS(t)=S(t)A.

Definition 2.16. A semigroup S on X is called a Cy-semigroup (or strongly continu-

ous semigroup) iff for each x € X,
(2.12) 1in&||S(t)x—x||X =0.

Theorem 2.8. [44] If S be a Cy-semigroup on X, then there exist constants M =1 and
B =0 such that

(2.13) ISl 2x) < Meﬁt, t=0.

Corollary 2.1. [44] If S is a Cy-semigroup on X, then for each x € X, the function
S()(x):[0,00) 3t — S(¢)(x) € X is continuous on [0,00).

Theorem 2.9. [44] Let S be a Cy-semigroup on X with the infinitesimal generator A.

Then
(i) for each x € X,
1 t+h
(2.14) lim — S(s)xds =S(t)x,
h—0h J;
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CHAPTER 2. PRELIMINARIES

(ii) for each x € X, [y S(s)xds € D(A) and

t
(2.15) A (f S(s)xds) =S{@)x—x,
0

(iti) for each x € 2(A), S(t)x € D(A) and

(2.16) %S(t)x =AS(t)x =S(t)Ax,
(iv) for each x € 2(A),
t ¢
(2.17) S(t)x—S(s)x :f S(r)Axdt :f AS(T)xdr.

Corollary 2.2. [44] If A is the infinitesimal generator of a Cy semigroup S on X, then

2(A) is dense in X and A is a closed linear operator.

Theorem 2.10. [44] Let S1 and S be Cy-semigroups on X with the infinitesimal genera-
tors A and B respectively. If A = B, then S1(t) = Sa(t) for each t = 0.

Definition 2.17. A Cy-semigroup S on X is called uniformly bounded if there exists a
constant M =1 such that for each t =0,

(2.18) ISl zx) =M.
Definition 2.18. A Cy-semigroup S on X is called contraction if for each t = 0,
(2.19) ISl 2x) < 1.

Definition 2.19. A Cy-semigroup S on X is said to be contraction type if there exists
B € R such that

(2.20) ISl ) < e, t=0.

Remark 2.4. If S is a contraction type Co-semigroup on X with the infinitesimal gen-
erator A, then the family T = {T($)};=0 of operators T(t) defined by T(t) = e P1S(¢) is a
contraction Cy-semigroup on X. Moreover, the infinitesimal generator of T is defined by
A — BI. On the other hand, If S is a contraction Cy-semigroup on X with the infinitesimal
generator A, then the family T = {T()};=0 of operators T(t) defined by T(¢) = eP*S(¢) is
a contraction type Co-semigroup on X. Furthermore, the infinitesimal generator of T is

defined by A + B1.
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2.2. Cp-SEMIGROUP

2.2.2 The Hille-Yosida Theorem

This section is devoted to the characterization of the infinitesimal generator of a contrac-

tion Cy-semigroup on X.

Definition 2.20. Let A be a linear (not necessary bounded) operator on X. Then the set
of all real numbers A for which Al — A is invertible, i.e, AI — A is bijective and (AI —A)™1
is a bounded linear operator on X, is called the resolvent set of A and it is denoted by
p(A). The family of these operators (AI —A)~1, A € p(A), is called the resolvent of A and
it is denoted by R(1: A).

Lemma 2.3. [44] Let a linear (unbounded) operator A be the infinitesimal generator of a

contraction Co-semigroup S on X. For each A >0 and x € X, define R(1)x by
(2.21) R(A\)x = f e MS(t)xdt,
0

where the integral is in the sense of Bochner integral, which will be defined later. Then
R(Q) is the inverse of AI — A and

(2.22) RV 2x) < %
Moreover, for every A >0and x€ X, R(A)x € 2(A) and
AR(A)=ARW) -1,
or
(AI-A)RA)=1.

Theorem 2.11. (Hille-Yosida)[44] A linear (unbounded) operator A is the infinitesimal
generator of a contraction Cy-semigroup S on X if and only if

(i) A is closed and 2(A) = X,

(ii) the resolvent set p(A) of A contains R and for every A >0,

_ 1
(AT - A) 1||$(X) = 1

Corollary 2.3. A linear (unbounded) operator A is the infinitesimal generator of a

contraction type Co-semigroup S on X if and only if

(i) A is closed and D(A) = X,

(ii) the resolvent set p(A) of A contains all A > B and for every A > p,

(2.23) |AL =AY gxy < x
A=p
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CHAPTER 2. PRELIMINARIES

Lemma 2.4. [44] Let A be a linear operator satisfying conditions (i) and (ii) of Theorem
2.11. Then for every x € X,

lim AT - A lx=x
Definition 2.21. A family of operators Ay : X — X defined by
(2.24) Ayx)=AAM -A)Yx), 1>0, xeX
is called the Yosida approximation of A and it is denoted by A).

Lemma 2.5. [44] Let A be a linear operator on X satisfying conditions (i) and (i) of
Theorem 2.11. If A, is the Yosida approximation of A, then for every x € 2(A),

(2.25) }i_)riloA;Lx =Ax.

Lemma 2.6. [44] Let A be a linear operator on X satisfying conditions (i) and (it) of
Theorem 2.11. If A, is the Yosida approximation of A, then A) is the infinitesimal
generator of a contraction uniformly continuous semigroup et on X . Moreover, we have,
for each 11,12 >0,

(2.26) HetAAlx—etA@x

‘X <tlAyx—Apaly, t20, xeX.

Corollary 2.4. [44] Let A be the infinitesimal generator of a contraction Cy semigroup S
on X. If A, is the Yosida approximation of A, then

S(t)x = lim etA’Lx, xeX.
A—o00

2.3 Random Variables with Values in Banach Spaces

In this section, we introduce some basic facts about random variables taking values in
a separable Banach space. Throughout this section, we assume that X is a separable

Banach space endowed with a norm | - |x and Q is a non empty set.

2.3.1 Definitions and Some Properties

Definition 2.22. A family & of subsets of Q) is called a o-field on Q) if

(i) Qe ZF,

(ii) if Ae F, then QO\ A e F,

(iti) if A1,Aoq,... is a sequence of sets in F, then their union A1 UA9U. ... also belongs to &.

The pair (QQ, %) is called a measurable space.
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2.3. RANDOM VARIABLES WITH VALUES IN BANACH SPACES

Definition 2.23. Let (21, %) and (Q2,%9) be two measurable spaces. A map &: Q1 — Qo

is said be F/%4-measurable (or simply measurable) if for every A € 4,
LA ={weQ:EweAteZ.
Such a measurable map is called a random variable on ;.

Definition 2.24. Let A be a family of subsets of Q). The smallest o-field on Q) containing
A is called the o-field generated by /€ and it is denoted by o(FE).

Definition 2.25. The smallest o-field containing all closed (or open) subsets of X is called
the Borel o-field of X and it is denoted by %B(X).

Proposition 2.2. [50] Let X* be the dual space of X. Then %B(X) is the smallest o-field

of X containing all sets of the form
xeX:px)<a}, peX*, acR.

Definition 2.26. Let (2, %) be a measurable space. A mapping ¢ :Q — X is said to be
Borel measurable if for each A € B(X), £ 1(A) € &. Such a Borel measurable map is

called an X-valued random variable on Q.

Definition 2.27. Let (2, %) be a measurable space and ¢ be an X -valued random variable
on Q. The smallest o-field o(&) containing all sets £ 1(A), A € B(X), is called the o-field
generated by &. If {&}icr is a family of X-valued random variables on , then the
smallest o-field o(&; : i € I) containing all sets cfi_l(A), A € B(X), is called the o-field

generated by random variables ¢;.

Corollary 2.5. It follows from Proposition 2.2 that a mapping ¢ :Q — X is an X-valued
random variable if and only if for any ¢ € X*, p(X) is a real-valued random variable on
Q.

Proposition 2.3. [50] Let (Q2, %) be a measurable space. Assume that ¢ and { are X-
valued random variables on Q. Then
(i) for a,feR, al+ P is an X-valued random variable on (),

(ii) the mapping Q3 w — ||{(w)|x is a real-valued random variable on Q.

Definition 2.28. Let (Q2,F) be a measurable space. An X -valued random variable ¢ on
Q of the form

k
Ew)=) 1a,(0)x;, weQ,
&

1

25



CHAPTER 2. PRELIMINARIES

where A1,Aq,..,A} are pairwise disjoint subspaces of QL such that UA; = Q and x1,x2,...,X €

X, is called a simple random variable.

Lemma 2.7. [50] Let (2, %) be a measurable space. Assume that & is an X -valued random
variable on Q. Then there exists a sequence &, of simple X-valued random variables such

that
,}Lm [En(w)—E()lx =0 forevery we ).

Definition 2.29. A family 7€ of subsets of Q) is called a n-system if ¢ € A and if
A,Be A, then AnBe A.

Proposition 2.4. [50] Assume that A is a n-system and % is the smallest family of
subsets of Q such that

(i) A4,

(i) if A€, then A° €4,

(iid)ifforall ie€N, A; €9 are such that AinAj=@ fori#jand U2, A; €Y.

Then 4 = o(H).

Definition 2.30. Let (2, %) be a measurable space. A map i : % — Ris called a measure
if (@) =0 and for all countable collection {A;}}2, of pairwise disjoint sets in &F,

o0 o0
i=1

=1

which is called the o-additive. Moreover, if for all A € &, W(A) > 0, then u is called a

non-negative measure. The triple (0, % ,u) is called a measure space.

Definition 2.31. Let (2,%) be a measurable space. A non-negative measure P on &
satisfying P(QQ) =1 is called a probability measure and the triple (2, % ,P) is called a
probability space.

Definition 2.32. Let (Q, Z,P) be a probability space. A set F defined by
F={AcQ:3B,CcF;BcAcC,P(B)=P(C)}

is a o-field and is called the completion of F. If & = F, then the probability measure
(Q,Z,P) is said to be complete.
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Definition 2.33. Let (Q2,%,P) be a probability space and ¢ be an X-valued random
variable on Q. A mapping £L(¢): B(X) — [0,1] defined by

LEOA)=P(EHA) =P(weQ:éw)eA)), AeBX)
is called the distribution (or the law) of ¢.

Remark 2.5. It is obvious that the map £ (&) in the previous definition is a probability

measure on B(X).

2.3.2 Bochner Integral

Let (2, %, u) be a measure space. The Bochner integral generalizes the Lebesgue integral
to functions taking values in a Banach space. Lemma 2.7 allows us to do this. We will
not give the construction of the Bochner integral in this thesis, see [50] for detail. As in

the Lebesgue integral, the Bochner integral of a function ¢ : Q — X is denoted by
| s,
Q
or E(¢) if p is a probability measure.

Definition 2.34. A function ¢ : Q) — X is called Bochner measurable if it is equal to u
almost everywhere to a function vy taking values in a separable subspace X of X such
that y~1(A) € & for each open set A € X.

Chalk in his thesis [20] proved that if a function ¢ : Q) — X is Borel measurable if and
only if it is Bochner measurable. Thus, we use Borel measurable instead of Bochner

measurable. The Bochner integral satisfies many properties of the Lebesgue integral.

Theorem 2.12. [50] A map ¢ : Q) — X is Bochner integrable iff it is Bochner measurable

(or Borel measurable) and
2.27) | Ne@xutds <co.

Proposition 2.5. [50] If { : Q) — X is a Bochner integrable map, then for all B € &,
| d@maw

Assume that (Q1,%1) and (Q9,%2) are two measurable spaces. Then we denote by
F1 ® F9 the smallest o-filed of subsets of (21 x Qg containing all sets of the form A; x Ao

< f 1)1 x 1(dw).
X B

with A1 € %1 and Ay € F32. Moreover, u; and ug are measures on (Q1,%1) and (Qg, %2)
respectively, then g x g is a measure on (21 x Qg, %1 ® F2) such that

(11 x p2)(A1 x Ag) = u1(ADua(Ag), A1e€F, Age Fo.
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Theorem 2.13. (Fubini Theorem)[50] If ¢ is an X-valued random variable on 1 x Qo,
then for all p € X*, w1 € Q1 and ws € Qg, the functions p({(w1,-)): Q2 — R and @(&(-,w2)):

Q1 — R are Bochner (Borel) measurable. Moreover, if ¢ is the Bochner integrable, i.e.
[ 1 o0xtu x pXdor < dan),
Q1xQ9
then
f {(w1,w2)(u1 x po)(dw1 x dwsg) =f (w1, wo)ur(dwr)pe(dws)
Q1xQg Qo JN
- [ [ stonopadopmdon,
Q1 JQ9

Proposition 2.6. [50] Assume that Y is a separable Banach space and A : X — Y is
closed operator such that the domain 9(A) of A is a Borel subset of X. If ¢ is an X -valued
random variable on Q such that &(w) € D(A) a.s, then Aé is a Y -valued random variable

on Q. Moreover, if

2.28) fQ JAE@)lly idew) < oo,
then
(2.29) ALE(w)u(dw):fQAé(w)p(dw).

Define L1(Q, %, u; X) to be the space of (equivalence classes of) all Bochner (Borel)
measurable functions ¢ : QQ — X such that (2.27) holds. As in the Lebesgue spaces, one
can show that the space LY(Q,.%, u; X) is a separable Banach space with respect to the

norm

el = fQ 1) l1x 1(dw).

Similarly, one can show that if we define by L?(Q,%,u;X) the space of (equivalence

classes of) all Bochner (Borel) measurable functions ¢ : QQ — X such that

(2.30) fg lE(@)I2 pdaw) < oo,

then for each p €[1,00), the space L”(Q, %, u; X) is a separable Banach space with respect

to the norm

I€llp = ( fQ ||é(w)||§;u(dw>)p
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and the space L*°(Q, %, u;X) is a separable Banach space with respect to the norm

[¢lloo = ess.sup I§(w)l x.
we)

If Q is an interval [0,T], & = %([0,T']) and u is the Lebesgue measure on [0, 7], then we
use the notation L?(0,T;X) instead of LP(Q, %, u; X).

Proposition 2.7. [50] Let r = p =1 and T > 0. Then the space L"(0,T;X) and the space
C(0,T;X) of all X-valued continuous functions on [0,T] are Borel subsets of the space
LP(0,T;X).

2.3.3 Conditional Expectation

Definition 2.35. Assume that (Q2,%,P) is a probability space. Let ¢ be a Bochner inte-
grable X-valued random variable on Q) and 4 be a o-field contained in . A Bochner

integrable X-valued random variable { on () is said to be the conditional expectation

of S if

(2.31) f Sw)P(dw) :f {(w)P(dw) forevery Ae¥.
A A

This conditional expectation is denoted by E(¢|9).

Remark 2.6. By Proposition 1.10 of [60], such a random variable { exists and it is

unique.

2.4 Probability Measures on Banach Spaces

This section is devoted to basic facts about probability measures on Banach spaces.
Throughout this section, we assume that X is a separable Banach space endowed with a
norm | - ||x. Recall that 28(X) denotes the Borel o-field of X.

2.4.1 Gaussian Probability Measures on Banach Spaces

Definition 2.36. A probability measure puon B(R) is called Gaussian if it has a density
function defined by
1 _@-m)?

e 2 | xeR,
\V2qm

where q >0 and m € R. A Gaussian probability measure on B(R) is usually denoted by

(2.32) Hm,q(x) =

N(m,q). If m =0, then uis called a symmetric Gaussian probability measure.
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Definition 2.37. Let u be a probability measure on B(X). A function [i defined by
Ax*) = f e (dx), xteX*
X
is called the characteristic function of L.

Remark 2.7. If X = R?, more generally, X is a Hilbert space endowed with the inner

product {-,-), then the characteristic function fi of i is as follow
UA) = f ! (dx), AeX.
X

Proposition 2.8. [50] If 1 is A Gaussian probability measure on %B(R), then

fx,u(dx):m, f(x—m)zu(dx):q.
R R

Moreover, for every L€ R,

. . _1 12 1 12
felex’u(dx) :ezmxl 591 ) feﬁxu(dx):eml+2ql )
R R

Definition 2.38. A probability measure pon B(X) is called a Gaussian probability
measure if and only if the law of each ¢ € X*, considered as a real-valued random
variable on X, is a Gaussian probability measure on B(R). Moreover, if the law of each
@ € X* is a symmetric (zero mean) Gaussian probability measure on B(R), then  is called

a symmetric Gaussian probability measure.

2.4.2 Canonical Gaussian Probability Measures on Banach

Spaces

Definition 2.39. Let H be an n dimensional Hilbert space. A measure yg on %B(H) is

called a Canonical Gaussian measure if it has a density function defined by
_ -2 —3lAlZ
dyg(h)=Q2n) ze 2'""'E, heH.

Note that if H is infinite dimensional, then we can not define a Canonical Gaussian
measure on ZB(H). However, we would like to find a measure which is a counterpart of the
canonical Gaussian measure. For this aim, let P(H) be the space of all finite dimensional
Hilbert subspaces of H. For any Y € P(H), we denote the canonical Gaussian measure on
AB(Y) by vy. Let

C(H)={A=ny'(B):Be B(Y),Y e P(H)},

where ny : H — Y is an orthogonal projection. Each element of C(H) is called a cylinder

set.

30



2.4. PROBABILITY MEASURES ON BANACH SPACES

Lemma 2.8. /39] The following set

CH)={A= v (B)| 3y :H — R" linear and bounded and B € BR™)}
contains C(H).
Proposition 2.9. [39] C(H) is an algebra, but not a o-algebra.

Define a function yz on C(H) by
(2.33) yua:CH)>A —yu(A)=yy(B)€l0,1],
where A = 71,'(B), Y € P(H) and B € %(Y).
Lemma 2.9. /39] IfY1,Ys € P(H) and B; € B(Y;) such that
ﬂ{rll(Bl) = JT;/QI(Bz),
then
Yy, (B1) = vy, (B2).
Proposition 2.10. /39] yg is well-defined and finitely additive, but it is not o-additive.

Set
(2.34) C(X)={A =y '(B)| 3y :X — R" linear and bounded and B € B(R")}.
Proposition 2.11. /39] The smallest o-field generated by C(X) is contained in PB(X).
Lemma 2.10. If L : H — X be a bounded linear operator, then for each A € C(X),

L™ A)eCH).

Proof. Fix A € C(X). Then there exists a bounded linear map v : X — R” and B € B(R")
such that A = ¢~ 1(B). Thus

LA =L 'y 'B)=(oL) '(B).

Since ¥ and L are linear bounded operators, oL : H — R" is a linear bounded opera-
tor. Therefore by the definition of C(H), we obtain L~1(A4) € C(H). Since C(H) = C(H),
L~Y(A) e C(H). This concludes the proof. [
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Definition 2.40. Let yg be a function defined in (2.33). A linear bounded operator
L :H — X is called y-radonifying if and only if a measure L(yg) defined by

Liym(A) =ya(L 7' (A), AecCX)
is o-additive.
We denote by y(H,X) the space of all y-radonifying operators from H into X.

Proposition 2.12. /[39] If L : H — X is a y-radonifying operator, then there exists a

Gaussian probability measure vy, on %B(X) which is an extension of L(yg).

Theorem 2.14. [39] Let vy, be the Gaussian probability measure on %B(X) generated by
L ey(H,X). Then a mapping defined by

1
3
“L”y(H,X):(L||x||§(dVL(x)) , Ley(H,X)

defines a norm and y(H,X) is a separable Banach space with respect to this norm.

Theorem 2.15. [2] Assume that H1,Hs are separable Hilbert spaces, and B1,Bg are
separable Banach spaces. If h : Hy — Hy and b : B — B are linear bounded operators,
and k : Hy — Bg is a y-radonifying operator, then koh and bok are also y-radonifying

operators.

2.5 Stochastic Processes with Values in Banach

Spaces

In this section, we introduce some definitions and facts about stochastic processes
with values in Banach spaces. Throughout this section, we assume that (2, %,P) is a

probability space and X be a separable Banach space with a norm | - | x.

2.5.1 General Notions

Definition 2.41. Let I c R. A family {{(t)}ser of X-valued random variables &(t), t €1,
defined on  is called an X-valued stochastic process on I. If I ={1,2,..}, then {E(¢)}ser
is said to be a stochastic process in discrete time. If I is an interval in R (usually I =[0,T1,

T >0), then {&(t)}seg is said to be a stochastic process in continuous time.

32



2.5. STOCHASTIC PROCESSES WITH VALUES IN BANACH SPACES

We use the notation ¢ in place of {{(¢)};c7 for simplicity. Throughout this section, unless

otherwise specified, let I =[0,T] and ¢ be an X-valued stochastic process on [0,T'].

Definition 2.42. For each w € ), a mapping defined by
[0, T]>t—¢t,w)e X
is called trajectory (or path) of the process .

Definition 2.43. The process ¢ is called continuous if the trajectories of ¢ are P-a.s.
continuous on [0,T), i.e. there exists Q € F with P(Q) = 1 such that for each w € Q, the

mapping [0,T] 3t — é(t,w) € X is continuous.

Definition 2.44. An X-valued stochastic process { on [0,T1]is called a modification (or

version) of the process ¢ if
PweQ : ét,w)#((t,w)})=0 for everytel0,T].
Definition 2.45. The process ¢ is called measurable if the following mapping
&:[0,TIxQ—-X
is B([0,T]) ® & -measurable.

Definition 2.46. The process ¢ is called stochastically continuous at ty € [0,T] if for
every €,0 >0, there exists p > 0 such that for each t €[to—p,to+ pIN[0,T],

P{w e Q: 15, w) -, w)lx = €}) < 6.

If the process ¢ is stochastically continuous for each to € [0,T], then it is said to be

stochastically continuous on [0,T1].

Proposition 2.13. [50] If the process ¢ is stochastically continuous on [0,T], then it has

a measurable modification.

Definition 2.47. The process ¢ is called stochastically uniformly continuous on

[0, T if for every €,0 > 0, there exists p > 0 such that for every t,s € [0, T] with |t —s| < p,
P({w € Q: I§(¢,w) —¢(s,w)llx = €}) <6.

Proposition 2.14. [50] If the process ¢ is stochastically continuous on [0,T'], then it is

also stochastically uniformly continuous on [0,T1].
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Definition 2.48. The process ¢ is called mean square continuous at to € [0,T] if
lim E(116(8) — (o)) = 0.

Furthermore, if the process & is mean square continuous at every point tg of [0,T], then &

is said to be mean square continuous on [0,T].

Proposition 2.15. /50] If the process ¢ is mean square continuous on [0,T], then it is

stochastically continuous on [0,T].

2.5.2 Adapted Processes and Martingales

Definition 2.49. A family {F;};>0 of o-fields F; c F is called a filtration if for any
0<s<t<oo, F;c< %.

Throughout this section, we assume that [ = {%;};>¢ is a filtration.

Definition 2.50. The process ¢ is said to be adapted to the filtration [ if for each
te[0,T1], é&(t) is Fi-measurable.

Definition 2.51. The process £ is called progressively measurable if for each t € [0,T1],
the following mapping

[0,(]xQ3(s,w)— &(s,w)e X
is A([0, t]) ® F;-measurable.
Remark 2.8. If the process & is progressively measurable, then it is adapted to F.

Proposition 2.16. [50] If the process & is stochastically continuous on [0,T] and adapted

to [, then it has an [F-progressively measurable modification.

Proposition 2.17. [37] If the process ¢ is measurable and adapted to F, then it has an

F-progressively measurable modification.

Proposition 2.18. [37] If the process ¢ is continuous and adapted to F, then it is [F-

progressively measurable.

Definition 2.52. The process ¢ is said to be integrable if for each t € [0,T], &(¢) is
Bochner intagrable, i.e. E(||E(¢)|x) < co. Moreover, if for each t € [0,T], é(t) is square

integrable, i.e. E (Ilé(t)llgg) < 00, then the process ¢ is called square integrable.
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Definition 2.53. The process ¢ is called martingale if
(i) & is adapted to T,

(ii) for each t €[0,T], E([<(t)lx) < oo,

(iii) for each t,s € [0, T] with t = s,

E(@®IFs) = E(s).

Proposition 2.19. /50] Let /%72, be the space of all X-valued, continuous and square
integrable martingales & on [0,T]. Then .%121 is a Banach space with respect to the following

norm

2
||5||T:(E sup ||f(t)||§) , e
te[0,T']

Definition 2.54. A process ( is called a step process if it is of the form

n-1
(@)= Z (i]l[ti,tiﬂ)(t)’
=0

where for each 1 =0,1,..n—1, {; : Q — X is F;,-measurable random variable and 0 =t <

t1<..<t, =T is a partition of [0,T1].

Proposition 2.20. [50] If { is a step process, then it is progressively measurable.
Proposition 2.21. [50] Let { be a step process given in Definition 2.54. If for each
i=0,1,..n—1, {; is square integrable, then { belongs to the space L?([0,T] x ; X).
2.5.3 Deterministic convolution

Recall that (Q,%,F,P), where F = {Z;};>0, is a filtered probability space and X is a
separable Banach space endowed with a norm || - || x. Assume that S is a Cy-semigroup

on X, in particular, there exists M >0 and 8 € R such that
(2.35) ISl ¢y < MePt, t=0.

Theorem 2.16. Let f be an X valued stochastic process on [0, T] such that the trajectories
of f are P-a.s Bochner integrable. For each t € [0, T1], define an X-valued stochastic process
u on [0,t] by

u(ry=8S—-nr)f(r), rel0,tl.
Then the trajectories of u are P-a.s Bochner integrable.
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Proof. Since the trajectories of f are P-a.s Bochner integrable, there exists Q € & with
P(Q) = 1 such that for each w € Q, the mapping f(-,w) :[0,T] — X is Borel measurable

and
T
fo I (¢, w)xdt < oo.

Fix t € [0,T1]. It is sufficient to show that for each w € Q, u(-,w) : [0,t] — X is Bochner
integrable, i.e. u(-,w) € L(0,t;X). Fix w € Q. Define a function g, :[0,¢t] — X by

gu(r)=f(r,w), rel0,t]
and so
u(r,w)=St—-r)gy,(r), rel0,t].

By [1], since g, € L(0,%;X), there exists a sequence (g,),en of continuous functions
gn:10,t]— X, 1.e. g, € C(0,t;X), such that

lim [|gn — 8wllLo,x) = 0.
n—oo
For each n € N, define a function u,(-,w):[0,t] — X by
up(r,w)=S{t-r)g,(r), rel0,tl.

For each n € N, u,(-,w) is continuous on [0,#]. Indeed, for a fixed n € N and r¢ € [0, ¢], by

the triangle inequality and inequality (2.35), we have

un(r,w)—un(ro,0)| x = ||St—r)gn(r)— St —r)gn(ro)
+S(t—r)gn(ro)—S(t —ro)gn(ro)| x
<||S@E-r)gn(r)—gn(ro)||x + |[St—r) =St —ro)lg(ro)||x
< [S¢ =Pl zxllgnr) ~ gnro)| x +[[SE =) =St =r0)|| 4x)lgn(ro)| x
< MePU| gn(r) — gn(ro)|x + M (eﬁ(t_r) + eﬁ(t_m)) |gn(ro) x-

If r €[0,¢t], then ¢t —r €[0,¢]. So there exists a constant C such that for all r € [0, ],
(2.36) MePt T <.

Since g, is continuous at rg € [0,¢], for a given € > 0, there exists § > 0 such that for all
re[0,t] with |r—rgl <6,

lgn(r)—gn(ro)lx <e.
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Therefore we have, for all r € [0,¢] with |r—rg| <6,
lun(r,w)—uy(ro,w)llx < Ce+2C|gn(rollx.
If we choose € as

E£€= _2”gn(r0)”X, €>O,

5
C
then

lwn(r,w)—un(ro,w)lx <&.

Thus, u,(-,w) is continuous on [0,¢]. Moreover, u,(:,w) converges to u(-,w) in L(0,#;X).

Indeed by inequality (2.35), we have

lun(,0)—ul,w)lLo.:x) = fot lun(r,w)—ulr,w)lxdr
= [ 1580 -5t~ Dotz
= fot ISt —r)gn(r)—guw(M)lxdr
= fot IS -l 2x)Ign(r) — gu(r)xdr
t

< | MRl gulxdr.

It follows from inequality (2.36) that

lwn(,0)—uC,)lLo,:x) <Clgn —8ollLo,sx) — 0 asn—oo.
Therefore u(-,w) € L(0,¢;X). |

Corollary 2.6. If f is an X valued stochastic process on [0,T] such that the trajectories
of f are P-a.s Bochner integrable, then for each t € [0,T], the integral fgS(t -r)f(rYdr
exists P-a.s. Therefore, a process { defined by

¢
((t)::f S(t—-r)f(r)dr, tel[0,T]
0
is an X-valued stochastic process on [0,T] and is called the deterministic convolution.

Proposition 2.22. The deterministic convolution ( is continuous, i.e. the trajectories of {

are P-a.s continuous on [0,T1].
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Proof. We need to show that there exist Q € & with P(Q) = 1 such that for each w € Q,

the function
¢
((-,w):[O,T]at-—»((t,w):f St—r)f(r,w)dreX
0

is continuous on [0, T']. Since the process f is continuous, there exists Q € & with P(Q) = 1
such that the function

fC,w):[0,T1at— f(t,w)eX

is continuous on [0, T']. Therefore, it is sufficient to show that for each w € Q, the mapping

{(-,w) is continuous on [0, T']. Fix w € Q. Define a function g :[0,t] — X by
g =f{r,0) relo,tl,
and
x(t) :={(t,w) = fOtS(t -r)g(r)dr, tel0,T].
For each n € N, define a function x, by
xn(8) = fOtS(t —-rgy(r)dr, tel0,T],

where g, € C(0,%;X) such that [lg, — gllL10,+x) — 0. The sequence (x,)nen is uniformly
convergent to x. Indeed, for a fixed ¢ € [0, T'], by (2.36), we have

t
‘[0 S(t—- r)(gn(r) - g(r))dr

I, (8) — x()ll x = ‘

X

t
Sfo ISt —r)(gn(r)—g®)| xdr
t
< fo 1St - )l lgn(r) — () xdr

t
<C fo lgn(r) - g(P)lxdr

<Cllgn—8lr10sx)— 0 as n—oo.

Similarly, one can show that for each n € N, x, is continuous on [0,T]. Fix n € N and
to €10,T]. Then since x, is continuous at t(, there exist § >0 for a given % such that for
all ¢t €[0,T] with |t —tg| <6,

£

(2.37) ln(2) — xn ()l x < 3
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Moreover, since (x,)nen is uniformly convergent to x, for a given £, there exists no e N
such that for all ¢t € [0,T] and n = n,

€
(2.38) lacn (8) —x() x < 3’
in particular, for g € [0, T1,
£
(2.39) 2 (20) — x(t0)llx < 3

Taking into account inequalities (2.37), (2.38) and (2.39), we infer that

l2(2) = x(to)ll x = 12(8) = 25, () + 2, (&) — x5 (E0) + 2 (E0) ] x
< llen (8) = 2@l x + l2n(Z0) — 2(Z0)ll x + 1 (8) — 2 (E0) I x

€ € ¢
<s—+-+_-=¢

Therefore, x is continuous at ¢ € [0, T']. Since ¢ty was arbitrary, x is continuous on [0, T'].
[ |

Corollary 2.7. The deterministic convolution { has an F-progressively measurable modi-

fication.

Remark 2.9. All definitions and results in this section obtained for time interval [0,T]

can be generalized to intervals [s,T], s€[0,T].

2.6 Stochastic Integration in Banach Spaces

2.6.1 Stochastic Integral Preliminaries

Definition 2.55. A Banach space X endowed with a norm | - || x is called martingale-
type 2 if there exists a constant C > 0 depending only on X such that for any X-valued
martingale {M,},en, the following inequality holds

supE|M,l% <C ) EIM, - M, 1l%.

neN neN

Definition 2.56. Let (QQ, %,F,P), where | = {F;}:>0, be a filtered probability space and
(H,{-,-Yr) be a separable Hilbert space. A family W = {W(¢)};>0 of bounded linear operators
W(t), t =0, from H into L%(Q,Z,P) is called an H-valued F-cylindrical canonical Wiener

process iff
(i) for all t =0 and h1,he € H, EW($)Rh1W(t)ho = t{h1,ho)H,

(ii) for any h € H, {W(t)h};>0 is a real-valued F-adapted Wiener process.
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Throughout this section, we assume that
* (Q,%,F,P)is a filtered probability space,

* X is a martingale-type 2 Banach space endowed with a norm | - | x,

(H,{-,-yg) is a separable Hilbert space,

W is an H-valued F-cylindrical canonical Wiener process.

Recall that y(H,X) denotes the space of all y-radonifying operators from H into X and it

is a Banach space endowed with the norm

1
2
||L||Y<H,X>=( fX ||x||§(de<x)) , LeyH, X).

Theorem 2.17. [11] Let T > 0. If { is a y(H, X)-valued F-progressively measurable process
on [0, T] such that

T
(2.40) E fo 1§D 5 x4 < 00,

then the stochastic integral fOT E(t)dW (t) exists (it is an X-valued random variable on Q)

and there exists a constant K > 0 such that

|

ie fOT E(t)dW (t) belongs to the space L2(Q, F,P; X).

T T
fo @AW (2) )sK fo ENE@NY g 52,

2
X

Corollary 2.8. If ¢ is a y(H,X)-valued F-progressively measurable process on [0,T'] such
that

g CIEDI gt < 00,
then for each t € [0, T1], the stochastic integral fg &(s)dW (s) exists. Therefore,
o) = foté(s)dW(s), tel0,T]
is an X-valued stochastic process on [0,T1].

Theorem 2.18. [11] The process ¢ is a martingale and has a continuous modification.

Moreover, there exists a constant C > 0 (independent of &) such that

t
(2.41) E ¢ < Cfo EIE@N2 g x)ds, 20.

Corollary 2.9. The process ¢ is [F-progressively measurable.
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2.6.2 Stochastic Convolution

Let S be a Cyp-semigroup on X. Assume that ¢ is a y(H,X)-valued F-progressively
measurable process on [0, 7] such that (2.40) holds. Define a process { by

((r)=S8S(T -r)(r), rel0,T]

It is obvious that { is a y(H,X)-valued F-progressively measurable process on [0,7"] such
that

T
E fo 12 47 x)dr < 00.
Therefore, the following corollary follows from Theorems 2.17 and 2.18.

Corollary 2.10. The stochastic integral fOT S(T -r)(r)YdW(r) exists. Moreover, the process
defined by

t
1) = f S(t—-r)(r)ydW(r), te€[0,T]
0

is an X-valued martingale and has a continuous modification, i.e it is F-progressively

measurable. This process is called the stochastic convolution.

Definition 2.57. A Banach space X with a norm | -|x is said to be satisfied the H-
condition for some q =2, if a function v : X — R defined by

(2.42) p(x)=|xl%, xeX

is of C2 class on X (in the Fréchet derivative sense) and there exist constants K1(q),Ko(q) >

0 depending on q such that

(2.43) |dy()| yx  <E1@lxly ", xeX
and
(2.44) |29 g rx < K@l % %, x€X,

where dy(x) and d?y(x) are the first and second Fréchet derivatives of v at x € X

respectively.

Proposition 2.23. [60] If X is a Banach space satisfying the H-condition, then X is a

martingale-type 2 Banach space.
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Theorem 2.19. [10] Let X be a Banach space satisfying the H-condition with the norm
I -llx and S be a contraction Cy-semigroup on X. If ¢ is a y(H,X)-valued F-progressively

measurable process on [0,T] such that

T
(2.45) E f IEPIZdr < oo,
0

then there exists a constant K > 0 depending on H, X and K1(q),Ks(q) appearing in the
H-condition such that

2

T
(2.46) cenp _=KE fo O

t€[0,T]

t
f S(t—r)(r)dW(r)
0

Recall that if S is a contraction type Cy-semigroup on X, i.e. there exists a constant
B € R such that

ISl wx)<eP, t=0,

then a family T = {T'(t)};>0 of operators defined by T'(¢) = ePtS(¢) is a contraction Cp-

semigroup on X. Therefore, the following corollary follows from the previous Theorem.

Corollary 2.11. Let X be a Banach space satisfying the H-condition with a norm |- | x
and S be a contraction type Cy-semigroup on X. If ¢ is a y(H,X)-valued, F-progressively
measurable process on [0,T] such that (2.45) is satisfied, then there exists a constant
K7 >0 depending on T > 0 and K appearing in (2.46) such that the following estimate
holds

2

T
(2.47) E sup =gk fo €O x,dt

tel0,T1]

t
f S(t—r)(r)dW(r)
0

Remark 2.10. All the results on stochastic integration obtained for the time interval

[0,T] can be generalized to intervals [s,T], s €[0,T1].
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CHAPTER

THE HEATH-JARROW-MORTON-MUSIELA (HJMM)
EQUATION

n this chapter, we provide a brief introduction to some basic definitions in the theory
of forward rates. We also mention the arbitrage pricing theory, but not in detail.
For this purpose, there are many excellent text books such as [3], [4], [42] and [45].
Next we introduce the dynamics of the forward rate processes proposed by Heath-Jarrow-
Morton [36], driven by a Wiener process on a (possible infinite dimensional) Hilbert
space. Using the Musiela parametrization, we construct stochastic partial differential
equation, which is known as the Heath-Jarrow-Morton-Musiela (HJMM) Equation, from
the dynamics of the forward rate processes. Finally, we give some known results about
the existence and uniqueness of solutions for the HIMM equation in Hilbert spaces, and

ergodic properties of the solution.

3.1 Forward Rates

Definition 3.1. The value of one Dollar at time t with the maturity date T is called the
zero-coupon bond and it is denoted by P(t,T). This is a contract which guarantees the
holder one Dollar to be paid at the maturity date T. Thus, this is the most basic interest

rate contract.

Remark 3.1. Because of some additional factors like changes of the economy in time, the

value of one Dollar today is better than the value of one Dollar tomorrow and even the
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value of one Dollar next year. Therefore, the bond prices are unknown in advance. Thus, we
assume that for each T >0 and t€[0,T], P(t,T) is an R-valued random variable defined
on a probability space (2, %,P), i.e. for an arbitrary T >0, the family {P(t,T)}e[0,11 of

these random variables is an R-valued stochastic process on [0, T1].

Definition 3.2. Assume that for each t € [0,T1], [0,00)> T — P(¢,T) is a differentiable
function. A function f defined by

0
ft.1)=~=7logP@t,T), T>0, tel0,T]

is called the forward rate function.

Remark 3.2. The forward rate function f contains all the original bond price information.
Therefore, for each T >0 and t €[0,T], f(¢,T) is an R-valued random variable on (QQ,F,P)
and it is called the forward rate at time t. Thus, for each T > 0, the family {f (¢, T)}sc(0,1

is an R-valued stochastic process on [0,T] and is called the forward rate process.

Definition 3.3. For each t € [0,T], the function [0,00)3 T — f(¢,T) is called the forward

curve.

Remark 3.3. We always assume the forward curves to be locally integrable. If in addition,

we assume P(T,T) =1, then we can write the following equality
P(t,T)= e—ftT ftudu
Definition 3.4. A process 9 defined by
B(t) =l s 45

is called saving account, see [26] for detail explanation.

Definition 3.5. For each T >0, a process D(-,T) defined by

P, T)

D, T)= B0

tel0,T]
is called the discounted bond price process, see again [26] for detail explanation.

For the definition of self financing trading strategy, see for instance chapter 10 of [42]
or chapter 20 of [45]. An arbitrage opportunity is a strategy which leads to a risk-less
benefit, see [3], [4], [42] and [45] for detail. Delbaen and Schachermayer [21] proposed
the following theorem for the arbitrage opportunity.
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Theorem 3.1. Let (O, %,F,P) be a filtered probability space. Under the appropriate
assumptions, the so called no arbitrage condition holds if and only if there exists a
probability measure P, equivalent to P, such that for each maturity dates T > 0, the

discounted bond price process {D(t,T)};e[0,1] is @ local martingale on (Q0, F , ).

Definition 3.6. The measure P in the previous Theorem is called an equivalent local

martingale measure or risk neutral measure.

For the existence of such a measure P, see for instance [26], [36] and [45].

3.2 Derivation of the HJMM Equation

In the framework of Heath-Jarrow-Morton in [36], it is assumed that for an arbitrary
but fixed T' > 0 , the forward rate process {f (¢, T)}:c[0, ) satisfies the following stochastic

differential equation
d
3.1 dft,T)=a(t,T)dt+ Zai(t, T)dW;(t), tel[0,T],

where W = (W, Ws, ..., W) is a standard Brownian motion in R, and for each i = 1,2, ...d,
oi-,T)e L}OC and a(-,T) is progressively measurable such that a(:,T) € L1, By the famous
HJM no-arbitrage drift condition which is given by

d T
(3.2) at,T) = ZUi(t,T)f o;(t,u)du,
i t

see [36] for detail, equation (3.1) is as follow
d T d

(3.3) dft,T)= (Zai(t,T)f Ui(t,u)du) dt+Zai(t,T)dWi(t), tel0,T].
i t i

Filipovic [26] extended this approach by considering a Wiener process on a (possibly
infinite dimensional) Hilbert space instead of a standard Brownian motion in R?. Thus,
he assumed that for an arbitrary but fixed T' > 0 , the forward rate process {f (¢, T)}:c(0,1

satisfies the following stochastic differential equation
(3.4) dft,T)=a,T)dt+{o@,T),dW )y, tel0,T],

where W is a Wiener process on an infinite dimensional Hilbert space H endowed with
an inner product {-,-)z, a(:,T) is a real-valued stochastic process on [0,T'] and o(-,T) is
an H-valued stochastic process on [0,7']. The following lemma proposed in [26] gives the
HJM no-arbitrage drift condition for equation (3.4).
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Lemma 3.1. For every T > 0, the discounted-price process {D(t, T)};e[0,1] is local-martingale
if and only if for all 8 < T and t €[0,0], the following condition holds

0
a(t,0) = <0(t,6),f 0(t,v)dv> , P—a.s.
t H

The HJM no-arbitrage drift condition for equation (3.4) driven by a Lévy process is
proposed in [45]. By the HJM no-arbitrary drift condition in the previous Lemma,

equation (3.4) becomes as follow

T
(3.5) dft,T)= <O’(t,T),f 0(t,v)dv> dit+(o(t,T),dW(¢))y, tel0,TI.
t H

By using the Musiela parametrization [41], we can write equation (3.5) as a stochastic

partial differential equation. For this purpose, we define, for each ¢ =0,
r(t)x):=ft,t+x), x=0,

where T is replaced by x + ¢ and so x = T'— ¢ which is called the time to maturity. Then
for each ¢ = 0, r(¢) is a random variable on (Q2, %, P) taking values in a space U of forward
curves [ :[0,00) — R. Thus {r(¢)};>¢ is an U-valued stochastic process and it is called the

forward curve process.

Remark 3.4. Since we assume that the forward curves are locally integrable, U has to be

a space of locally integrable functions.

Let S = {S(¢)};>0 be the shift-semigroup on U, i.e.
SHfx)=ft+x), feU, x€l[0,00)
and let % be it’s infinitesimal generator. For each ¢ =0, define
() x):=0(t,t+x), x=0,

where o(-,T') is an H-valued stochastic process on [0,7] in equation (3.5). Also for each
t =0, define

a(B)x) = <c<t)<x), f ((t)(y)dy> %20
0 H

and

b(Ohl(x) = () x),h)yg, x=0, heH.
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Here U is chosen such that a(¢) and b(¢)h are U-valued stochastic processes. Then

t t+x
f(t,t+x):f(0,t+x)+f <0(s,t+x),f 0(3,v)dv> ds
0 s H
¢
+f (a(s,t+x),dW(s)>H
tO t+x
:r(O)(t+x)+f <((s)(t—s+x), ((s)(v—s)dv> ds
0 s H
¢
+f0 (C(s)t—s+x),dW(s))y
t t+x—s
:r(O)(t+x)+f <((s)(t—s+x),f ((s)(y)dy> ds
0 0 H
¢
+f0 (C(s)t—s+x),dW(s))y

t ¢
=S@®r0)(x)+ f S(t—s)a(s)(x)ds + f St —38)b(s)(x)dW(s).
0 0

Therefore, we infer that

t t
r(t)(x) = S()r0)(x) +f S(t—s)a(s)x)ds +[ St —38)b(s)x)dW(s), t,x=0.
0 0

This is a mild version of the following stochastic partial differential equation
6 X
(3.6) dr(t)x)= (aruxm + <c<t>(x>, fo c<t)(y>dy> )dt L@, AWy, 120,
H

We assume that g :[0,00) x[0,00) x R — H is a given locally integrable function with

respect to the second variable and define the process { by
((#)(x) = g(t,x,r(t)(x)), t,x=0.

That is, the volatility structure depends on the forward curve process. Then the forward
curve process becomes a mild version of the following stochastic partial differential

equation

a X
dr(t)(x):(—r(t)(x)+<g(t,x,r(t)(x)),f g(t,y,r(t)(y))dy> )dt
(3.7) Ox 0 H

+(gt,x,rt)x),dW®))y, t,x=0.
This equation is known as the Heath-Jarrow-Morton-Musiela (HJMM) equation.
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3.3 The Existence and Uniqueness of Solutions to
the HJMM Equation in Hilbert Spaces

The existence and uniqueness of solutions to the HJMM equation (3.7) driven by a
standard Wiener process in R?, and ergodic properties of the solution in the Hilbert
spaces have been studied in [6], [26], [28], [31], [34], [35], [41],[55] and [59]. The HIMM
equation driven by a Lévy process has been studied in [29], [45] and [54]. In this section,
we introduce some known results by some authors, in particular, studied the HIMM
equation driven by a standard Wiener process in R?. Let us begin by defining the Hilbert
spaces considered by these authors. We prove all results of these spaces in chapters 5-6.

Let v € R. Define L2 to be the space of all (of equivalence class) Lebesgue measurable
functions f :[0,00) — R such that

oo
f £ (x)|%e"*dx < co.
0
For v=0, L(z) coincides with the usual definition of L2.
Lemma 3.2. The space L2 is a separable Hilbert space endowed with the inner product

(f,8)v = fo fx)gx)e" dx, f,geL?.

The norm generated by the inner product (,-), is as follow

1
||f||v:(f0 If(x)lze”dx)z, felL?.

Proposition 3.1. If v > 0, then the space L% is continuously embedded into the space L.

In particular,

_1
IFlL<v7elfly, feL?

Lemma 3.3. The shift-semigroup {S(¢)}s=0 on L2 is a contraction type Co-semigroup, in

particular,
ISl ggzyse™, t=20.
Moreover, its infinitesimal generator A is characterized by
P(A)={fel?:DfeL?}
and

Af=Df, fe2(),

where Df is the first weak derivative of f.
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For each v € R, define WV1 2 to be the space of all functions f € L2 such that Df € L2,

ie
Wy2={feL?:Df eL?}.
Forv=0, WO1 2 coincides with the usual definition of W12,
Lemma 3.4. The space WV1 2isa separable Hilbert space endowed with the inner product
(f &y = f.&)v+Df.Dgv, f.geWy™
The norm generated by the inner product (-, ->WV1,2 is as follow
Iflygr2 = Il +1DF 1, f €Wy,

Lemma 3.5. The shift-semigroup on W‘} 2 is a contraction type Cy-semigroup. Moreover,

its infinitesimal generator A is characterized by
D(A)={f eW,?:Df e W,}?}
and
Af=Df, fe2(A).

Now we present a weighted Hilbert space found by Filipovié [26]. Let w: R* — [1,00)

be a nondecreasing function such that

(3.8) ¥ _dx _
. —_— Q.
0 W1/3(x)

Define Hvlv’2 to be the space of all functions f € Llloc such that the first weak derivative
Df exists and

f D f(x)|*W(x)dx < co.
0
Lemma 3.6. The H V1V’2 is a separable Hilbert space endowed with the inner product
o0
(D2 = OO+ [ DfwDgewds, f.geHy
which leads to the following norm
1
2 [® 2 2 1,2
Ifllw = (lf(O)I +f0 IDf)|*w(x)dx| , feHy".
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Lemma 3.7. The shift-semigroup on H Vlv’2 is a contraction Cy-semigroup and its infinites-

imal generator A is characterized by
D(A)={f e Hy:Df € Hy?}
and
Af=Df, fe2().
Lemma 3.8. Foreach f € H 3;2, limy oo f(x) exists.
Lemma 3.9. The space defined by
Hyy ={f € Hy®: lim f(x) =0}
is a closed subspace of H &,’2.

We now present some results about the existence and uniqueness of mild solution
to the HIMM equation (3.7) driven by a standard Wiener process in R% and ergodic
properties of the solution in the Hilbert spaces defined above. Let us start giving the
following theorem proposed by [45].

Theorem 3.2. Let v > 0 and W be a standard Wiener process in R%. Assume that g :
[0,00) x [0,00) x R — R? is a measurable function such that there exist g € L? and g €
L% N L such that for all t €[0,00),

(3.9) lglt,x,u)l <|gx)l, ueR, xe[0,00)
and
(3.10) lg(t,x,u)—g(t,x,v)|<|gx)| lu—-v|, u,veR, x€l0,00).

Then for each rg € Lz(Q,go,P,L%), there exists a unique L%-valued mild solution to
equation (3.7) with the initial value r(0) =ry.

Define a function G :[0,00) x L2 — Lyg(H,L?%), where Lyg(R?,L2) is the space of all
Hilbert-Schmidt operators from R? to L%, by

G(t,fzlx) = (g(t,x,f(x),2), feL?, x,tel0,00), zeR?

and F :[0,00) x L2 — L2 by

F(t,f><x>=<g<t,x,f<x», [ g(t,y,f<y>>dy>, Fel?, xel0,00),

50



3.3. THE EXISTENCE AND UNIQUENESS OF SOLUTIONS TO THE HJMM
EQUATION IN HILBERT SPACES

where (-,-) is the usual inner product of R?. Then the abstract form of equation (3.7) in

the space L2 is as follow
(3.11) drt)=(Ar(®)+ F(t,r(#))dt + G(¢,r@)dW(t), t=0,

where A is the infinitesimal generator of the shift semigroup on L2. Thus, in order to
prove Theorem 3.2, it is sufficient to prove that equation (3.11) has a unique L%-Valued
mild solution. In view of Theorem 7.4 in [50], this proof follows from the following lemma,
see [45] for the proof.

Lemma 3.10. Assume that all the assumptions in Theorem 3.2 are satisfied. Then F and
G are well-defined. Moreover,
i) for each t =0,

IF@ A+ IGENNT a2y S IEITIEIT+1EIT,  feLl,
ii) F and G are globally Lipschitz on L2.

In the next theorem, Peszat and Zabczyk [45] give a sufficient condition for the exis-
tence and uniqueness of an invariant measure for equation (3.11) (when the coefficients

are time independent) in the space L2.

Theorem 3.3. Let v > 0. Assume that all the assumptions of Theorem 3.2 are satisfied
for the case when g :[0,00) x R — R? is a measurable map (independent of t). If

w=7-l8lw—2(IZ12181% + 18131212,

then there exist a unique invariant measure for equation (3.11) in the space L%. This

invariant measure is exponentially mixing with exponent %

Vargiolu [55] studied the HIMM equation (3.7) with additive noise, i.e. the volatility
is independent of the forward curve, in the spaces WV1 ’2, v <0. In the following theorem,
he proved the existence and uniqueness of solutions for corresponding equation in the

1,2
spaces W,°, v < 0.

Theorem 3.4. Let v < 0. Assume W is a d-dimensional standard Brownian motion.

Assume that for each k =1,2,..,d, 1}, :[0,00) — R is a measurable map such that

- 2 - 4 - 4
k; Ikl < 0o, ;;1 17kl < 00, kZl ITkl7s < oo
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and ro € L2(Q, o, IP;WVI’Z). Then the following equation

(3.12) {d”(t)(x) = (Zr(@O)@) + X, 140 [ Ta()dy) di + X T4 (0d Wy (2),
. r(0)=ro

has a unique Wvl’z-valued mild solution given by

x+it—s

0 t t
(3.13) r(t)(x)=rolx+1t)+ Z/ Tp(x+t—35) (f rk(y)dy) ds+f Tp(x +t—s)dWi(s).
r=1J0 0 0

Moreover, the solution is a Gaussian process with mean

2

1 > x+t
(3.14) E[r(t)(x)] = Elro(x+ )] + 2 > (( fo rk(y)dy)
k=1

- (foxrk(y)dy)2)

and covariance

e} t
(3.15) couv(r(t)(x),r(s)(x)) = cov(ro(t +x),ro(s +x))+ Zf Tpx+t—uw)tp(y+s—u)du.
k=170

In the next theorem, Vargiolu [55] analysed the existence of invariant measures for

equation (3.12) in the spaces Wl}’z, v<O0.

Theorem 3.5. Let v <0. Ifzzozl (k53 II%VL2 <ooand Zzozl Tz ||4L4 <00, then there exists an

infinite number of invariant measures for equation (3.12) in the space WV1 2

In the following theorems, Vargiolu [55] proved the existence and uniqueness of mild
solutions to equation (3.12), and the existence and uniqueness of an invariant measure

for the same equation in the space W1-2.

Theorem 3.6. If Y52, 72 ”%‘/1,2 <oo, X220, lItg ”;1;4 < 00, the functions /x13(x) and \/fr;e(x)
are uniformly bounded in L? and ro € W12, then equation (3.12) has a unique W42 valued
mild solution given by (3.13). Moreover, the solution is a Gaussian process with mean

(3.14) and covariance (3.15).

Theorem 3.7. If 37 | 725, <00, X532, 1Tk, <00, T52 IVETR(®)IF, < oo,
! . .

he1 ||\/3?Tk(x)||%2 <oo, Y22, Tk ||]2J1 < oo, and the functions foork(u)du are uniformly

bounded in L?, then there exists a unique invariant measure for equation (3.12) in the

space W12,

As a conclusion of [565], there exists only one invariant measure for equation (3.12) in the

space W2, however, there exists an infinite number of invariant measures for the space
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WV1 2 This implies that working on WV1 ’2, v <0, gives better results than working on W12
for a good financial interpretation.
Tehranchi [59] studied the HIMM equation (3.7) in the space H V1V,2 endowed with the

equivalent norm to | - ||, defined by

1
If 1l g2 = (|f(oo)|2 + fo Df@Pw@dz| .

He gave the following theorem for the existence and uniqueness of solutions to equation

(3.7) (driven by a cylindrical Wiener process in R*°) in the space H. ‘}V,z.

Theorem 3.8. Let W be a cylindrical Wiener process in R*®. Assume that for each t =0,
G(t,") is a function from HZ into st(Rd,Hé’i) defined by

Gt,r(m)@) = Y T(x)dWF(2),
k=1

where for each k =1,2,..., T}, is a measurable map from [0,00) into R, such that there
exists a constant M > 0 such that for each t =0 and f € H‘}V’z,

(3.16) 1G(t, )l g, g g2y <M

B
o,w

and there exists a constant L > 0 such that for each t =0,
(3.17) IG ()~ G, )l oy, g a2y STUfL = Fallw, fr,f2 € HYY,

where Lus(R H é’VZV) is the space of all Hilbert-Schmidt operators from R? jnto H éfv

Then for any fo € H&V’z, there exists a unique H‘}V’z-valued mild solution to the following

equation

(3.18) dr()(x) = (£r®@) + Ft,r@)x))dt + G, r))x)d W (2),
' r(0) = fo,

where

F(t,r)x)= ) Tk(t,r(t))(x)fo T, TN y)dy.
k=1

In the following result, Tehranchi [59] proposed a sufficient condition for the existence
of invariant measures for equation (3.18) (when the coefficients are time independent) in
the space H‘}V’2.
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Theorem 3.9. Assume that all the assumptions of the previous Theorem are satisfied.

Moreover, assume that

3
©  dx \2 w(x)
Co (0 W(x)1/3) and aw_olcggvv(x)
If
L?2+2C ML < ay,

then there exists an infinite number of invariant measures for equation (3.18) (when the

coefficients are time independent) in the space HZ,

For the proof, Tehranchi used the well-known theorem, see [50], about the existence
and uniqueness of an invariant measure for stochastic evolutions equations. These
invariant measures have some properties, see [59] for detail.

Rusinek in [52] and [54] extended the results of Tehranchi [59] considering the same
equation, but driven by an infinite dimensional Lévy process. In [54], he presented some
sufficient conditions for the existence and uniqueness of solutions to the HIMM equation
(3.7) with Lévy noise in the Hilbert space H ‘:,lv’z and the space Hy, defined by

ﬂ‘,‘,:{}‘"—c:fEH‘}V’2 ceR}.

In [52], he derived a condition using Theorem 4.1 of [53] for the existence of invariant
measures for corresponding equation in the Hilbert spaces L2, v > 0. Since Lévy process
is not a part of our works, we do not give the results in this thesis, see [52] and [54] for
detail.
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CHAPTER

STOCHASTIC EVOLUTION EQUATIONS (SEE) IN
BANACH SPACES

his chapter, we study the stochastic evolution equations (with the linear part

of the drift being only an infinitesimal generator of a Cy-semigroup and the

coefficients satisfying Lipschitz conditions) in Banach spaces satisfying the H-
condition. Brzezniak, Long and Siméao considered such equations in [15]. They proved the
existence and uniqueness of an invariant measure for corresponding equations (when the
coefficients are time independent) in Banach spaces satisfying the H-condition. However,
they did not prove the existence and uniqueness of solutions for corresponding equations
in such Banach spaces. Therefore, in this chapter, we first prove the existence and
uniqueness of solutions for corresponding equations with globally Lipschitz coefficients.
Next, using the previous existence result and approximation, we prove the existence
and uniqueness of solutions to the same equations with locally Lipschitz coefficients.
Moreover, we analyse the Markov property of the solution. Finally, we present results
found recently by [15] about the existence and uniqueness of an invariant measure for

corresponding equations when the coefficients are the time independent.

4.1 Assumptions and Definition of Mild Solution
Throughout this chapter, we assume that
s (Q,%,F,P), where F = {%;};>0, is a filtered probability space.
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* (X,|l-llx) is a separable Banach space satisfying the H-condition.

¢ S is a contraction type Cp-semigroup on X, that is, there exists a constant e R
such that

4.1) ISW L) <eft, t=0.

¢ A is the infinitesimal generator of the Cy-semigroup S.
* (H,{,-m)is a separable Hilbert space.
e W is an H-cylindrical canonical F-Wiener process.

* F and G are mappings from R* x X into X and y(H,X) respectively (We assume

some sufficient conditions on them later).
* uyeL3(Q,%,P; X).

We consider the following stochastic evolution equation in X,

“2) {du(t) = (Au@)+F(t,u®))dt + G(t,u(®)dW(), t=0

u(0) = uy.

Definition 4.1. An X-valued F-progressively measurable process {u(t)};>q is called a

mild solution to equation (4.2) if for every t =0,

¢

(4.3) E f lu(s)I5ds < oo
0

and P-a.s.

t t
4.4) u(t) =St)uy +f St—r)F(r,u(r))dr +f S(t—r)G(r,u(r)dW(r), t=0.
0 0

4.2 Existence and Uniqueness of Solutions to SEE

with Globally Lipschitz Coefficients

In this section, we prove the existence and uniqueness of a mild solution to equation
(4.2) when the coefficients F and G are globally Lipschitz.
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Lemma 4.1. Assume that the mappings F and G are globally Lipschitz on X, i.e. for
each T > 0, there exist constants Ly >0 and Lg > 0 such that for all t €[0,T],

(4.5) |F(¢,x1)—F(t,x2)llx <Lrlix1—x2llx, x1,x2€X
and
(4.6) 1G(t,x1) — G(¢,x2)lyr,x) < Lgller —x2llx, x1,x2 € X.

Moreover, we assume that for every T >0,

4.7) sup (IIF(&,0)lx + G, 0y x)) < oo.
te[0,T1]

Then F and G are of linear growth, i.e. for each T > 0, there exist constants Lr,Lg >0
such that for all t €[0,T1],

(4.8) IFt, )% <L2(1+x1%), xeX
and
(4.9) 1G(,0)12 4 5, < Lg (14 1x1%), x€X.

Proof. Fix T > 0. Then for each ¢ € [0,T1],
I1F(@,x)lx =IF(t,x)—-F(,0)+F(,0)x <IF@E,x)-F@&0lx +[1F(,0)lx, xeX.
It follows from inequalities (4.5) and (4.7) that for each ¢ € [0, T1],
IFt,2)lx <Lplxlx +C<(Lr+C)(1+lxlx), x€X,

which implies that F is of linear growth. Similarly, one can show that G is of linear
growth. [

For each T > 0, define Zr to be the space of all X-valued, continuous, F-adapted

processes u on [0,7T] such that

2
(4.10) IIuIIT:([E sup IIu(t)lI?g) <oo.
te[0,T]

By Proposition 2.19, the space Zr is a Banach space with respect to the norm | - || for
each T'> 0.
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Lemma 4.2. Let T > 0. Assume that the mapping F is globally Lipschitz on X, i.e. (4.5)
holds, and for every T > 0,

(4.11) sup ||[F(t,0)|x < co.
tel0,T]

Moreover, we assume that for every x € X, the function F(-,x):[0,00) — X is Borel measur-
able. Then a map I : Z7 — Z7 defined by

t
(4.12) IF(u)(t):fS(t—r)F(r,u(r))dr, ueZr, tel0,T]
0

is well-defined. Moreover, it is of linear growth and globally Lipschitz on Zr.

Proof. Fix u € Z7r. We begin showing that for each ¢ = 0, the integral fot S(t—r)F(r,u(r))dr
exists P-a.s. Fix ¢ = 0. Since u is continuous, there exists Q € & with P(Q) = 1 such that
for all w € Q, the mapping u(-,w) : [0,T] — X is continuous. Consider the set Q and fix
w € Q. Define a map 7, :[0,¢] — X by

No(r)=F(r,u(r,w)), rel0,t].

We assume that for each x € X, the function F(-,x):[0,¢] — X is Borel measurable and for
each r €[0,¢], the function F(r,-) : X — X is continuous. Therefore, by Proposition 2.18,
the function F :[0,¢] x X — X is Borel measurable. Moreover, since u(-,w) is continuous,
the function u,, : 7 €[0,¢] — uy(r) = (r,u(r,w)) € [0,¢] x X is continuous and thus, it is
Borel measurable. Therefore, the map 7, = F ou,, is Borel measurable. Furthermore, by

inequalities (4.8) and (4.10), we obtain

T T
f IF(t,ut,0)lxdt <Lp f (1+lu(t,w)lix)dt < TLp +TLp sup llu(t,w)lx <oo.
0 0 te[0,T1]
Hence, we have showed that the map 7, is Bochner integrable. Since we chose arbitrary
w € Q, the trajectories of the process F(r,u(r)), r € [0,t], are P-a.s. Bochner integrable.
Therefore, by Theorem 2.16, the integral f(f St —-r)F(r,u(r))dr exists P-a.s.

Let us now show that I'r is well-defined. Fix u € Z7 and define

(4.13) My = sup ||S(t)||g(X).
te[0,T']

By Proposition 2.22, the process Ir(u) is continuous and also by Corollary 2.7, it has an

F-progressively measurable modification. Moreover, by the Cauchy-Schwarz inequality
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and inequalities (4.8) and (4.13), we get

2

E sup IIrw)@®)I% =E sup

¢
f St-r)F(r,u(r))dr
tel0,T] te[0,7711J0

X

t
< TE sup f 1S(t - PF G, u(r) 2 dr
te[0,T1J0

t
< TE sup f 1S(t = 2,0 [P ur) 2 dr
te[0,71J0

¢
< TM%I:%[E sup f (1+ IIu(r)Ilgg)dr
t€[0,T1J0
<T*M3L% +T*M7L%E sup |lu(r)l%.
te[0,T']
Thus Iz(u) € Z7. Therefore, Ir is well-defined. Moreover, it follows from the last inequal-
ity that

(4.14) IIF@)z < T?MZL2(1+ ullZ),

which implies that I is of linear growth.
Finally, we show that Iz is globally Lipschitz on Z7. Fix uq,ug € Zp. Then by the
Cauchy-Schwarz inequality, we obtain

2

II7(w1) - Ir(u2)l% =E sup
te[0,T']

t
< TE sup f |S(~P[F e ur(r) ~ Fruar)] | 3 dr
te[0,71J0

t
fo S(t - P[F(r,us(r) - F(r,us(r))]dr

X

t
<TE sup f ||S(t—r)||$(X)||F(r,u1(r))—F(r,uz(r))”?(dr.
te[0,71J0

It follows from inequalities (4.5) and (4.13) that

t
M p(u) — Tr(ua)l% < TMALAE sup f lua(F) — us(PI%dr
te[0,T]1J0

< T?MZLE sup llui(r)—us(%.
rel0,T']

Therefore, we have showed that
(4.15) I {p(u1) —Ip(ua)llr <MrLpTlui—uzllr.

Thus, Ir is globally Lipschitz on Z7.
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Lemma 4.3. Let T > 0. Assume that the mapping G is globally Lipschitz on X, i.e. (4.6)
holds, and for every T > 0,

(4.16) sup [|G(¢,0)lly,x) < oo.
te[0,T']

Moreover, we assume that for every x € X, the function G(-,x):[0,00) — y(H,X) are Borel

measurable. Then the mapping 1 : Z1 — Z defined by
¢
(4.17) Ia(u)(t) = f St-r)G(r,u(r)dW(r), ueZp, tel0,T]
0
is well-defined. Moreover, it is of linear growth and globally Lipschitz on Zr.

Proof. Fix u € Z7. We first show that for each ¢ = 0, the integral f(fS(t—r)G(r, u(r)dw(r)
exists. Fix ¢ = 0. It is obvious from the definition of G that the process G(r,u(r)), r € [0, ],
is y(H,X)-valued. We assume that for each x € X, the function G(-,x) : [0,t] — y(H,X)
is Borel measurable and for each r € [0,¢], G(r,-) : X — y(H,X) is continuous. Hence, by
Proposition 2.18, the function G :[0,¢] x X — y(H,X) is Borel measurable. Moreover, the
function @ : (r,w) 3[0,t]1x Q — (r,u(r,w)) € [0, ] x X is ZAB([0, t]) ® F;-measurable. Therefore,
the function G(-,u(-)) = Gou is AB([0,t]) ® F;-measurable. Thus, the process G(r,u(r)),
r €[0,t], is F-progressively measurable. Furthermore, by inequalities (4.9) and (4.10), we

get

t t
E fo IG(r, uDIZ g x)dr < LGE fo (1+ lu%)dr < tL2 + tLLE sup [u()]% < co.
’ rel0,z]

Therefore, by Corollary 2.10, the stochastic integral fot S(t—r)G(r,u(r))dW(r) exists.
Now we show that I is well-defined. Fix u € Z7. By Corollary 2.10, the process
I (u) has a continuous and F-progressively modification. Moreover, by Corollary 2.11

and inequality (4.9), we obtain

T
E sup IT@)O1% =K1k [ 16w 5 dt
tel0,T] 0 ’

T
<KrLZE fo (1+ lu®IZ)de

< TKrL% + TKrLAE sup |u@®))%.
t€[0,T]

Hence Ig(u) € Z1. Therefore, 15 is well-defined, Furthermore, it follows from the last
inequality that

(4.18) 1@ < TKrLZ (1+llull3),
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which implies that I is of linear growth.
Finally, we show that I5(u) is globally Lipschitz on Z7. Fix uq,us € Z7. Then by
Corollary 2.11 and inequality (4.6), we get

t 2
fo St —r)|G(r,ui(r))— G(r,us(r))|dW(r)

IIG(u1) - Ig(ua)l% =E sup

t€[0,T1 X

T
sKT[EfO |G, 1) = Gt ua () |y 0 dr

T
<KrL%4E fo lu1(r) - ua(MI%dr

<KpTL4E sup llui(r) - us(r)l.
re[0,T1]

Thus, we have showed that

(4.19) IIg(u1)—Ig(u2)lr <LgvVKrT llur—uzlr,

which implies that I is globally Lipschitz on Z7. [

Let us now present of the main result of this section with the proof.

Theorem 4.1. Assume that the mappings F and G are globally Lipschitz on X, i.e. (4.5)
and (4.6) hold respectively. Moreover, we assume that for every x € X, the mappings
F(-,x):[0,00) = X and G(-,x) :[0,00) — y(H,X) are Borel measurable and for every T >0,

sup ([IF(,0)lx + G, 0@ x)) < oo.
tel0,T1]

Then there exists a unique X-valued continuous mild solution to equation (4.2).

Proof. By the definition of the mild solution, it is sufficient to show that the integral
equation (4.4) has a unique X-valued continuous solution. Define a function ®: Zy — Zp
by

(4.20) , ,

D(u)(t) =S()ug +f0 S(t—r)F(r,u(r))alr+f0 St—-r)G(r,u(r)dW(r), ueZp, tel0,T].

It is obvious that the process S(:)u is F-adapted. Moreover, for every w € Q, S(-)ug(w) :
[0,00) — X is continuous and [E||u0||§( < 00. Thus, the process S(-)ug belongs to Z7. There-
fore, by Lemma 4.2 and Lemma 4.3, @ is well-defined and of linear growth. Moreover, by
inequalities (4.15) and (4.19), we infer that

(4.21) 1P(w1) - Pulr = C(Dllur —uzllr, wi,ug€’Zr,
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where C(T)=MrLrT +LgvErT . Hence, ® is globally Lipschitz on Z7. If we choose T
small enough, say Ty, such that C(Ty) < %, then by the Banach Fixed Point Theorem,
there exists a unique process u'! € ZT, such that ®(ul) = ul. Therefore, the integral
equation (4.4) has a unique, X-valued, continous solution u! on [0, T)].

Define Z,-1y1, r7,, # = 1,2,3..., to be the space of all X-valued, continuous, F-adapted
stochastic processes u on [(2 —1)Ty,kT(] such that

E  sup  llu@®Il% <oo.
tel(k—1)To,kTo]

It is obvious that for each &, Z(;_1)7, rT, is @ Banach space endowed with the norm

2
lwlle-1)70, 270 = ([E sup ||u(t)||§() .
tel(k—1)To,kTo]

As shown above, it can be easily shown that the following equation

t
u®)=St—-(k-1DTo)ul(k-1)Ty) +f St —-r)F(r,u(r)dr

(4.22) (k_l)TO

t

; f S(t - r)G(r, u(r)dW(r)
(E-1)Ty

has a unique, X-valued, continuous solution u* on [(E—1)Ty,kTo] such that u*(kTy) =

u**1(kTy). Consequently, we have a sequence (1”)zen of solutions. Define a process u by

(4.23) u®)= Y WM OL-1yrekr1(t), tE[0,00).
k=1

This process is a unique X -valued, continuous solution to integral equation (4.4). Let us
prove this. It is obvious that the process u is continuous and F-adapted. Therefore, by

Proposition 2.18, u is F-progressively-measurable. Furthermore, for each ¢ = 0,

t
[Ef ||u(r)||§(dr < 00.
0

Thus, the integrals in integral equation (4.4) exist for the process u. Now we show that
the process u solves integral equation (4.4). We have already proved that for 2 =1, the
process u on [0,T] solves integral equation (4.4). By induction, we assume that the

process u on [0,kT(] solves integral equation (4.4). Thus, we have

kT,
u(kTo) = u"(ETo) = S(ETo)ug + ’ S(ETo—r)F (r,u(r))dr
0

(4.24) kT

+ S(kTo—r)G(r,u(r))dW(r).
0
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We need to show that the process u on [0, (% + 1)T] solves equation (4.4). Since u**! on

[Ty, (k +1)Ty] solves equation (4.22), we get

t

u i) = St - kTOu* "k To)+ | St —rF(t,u*(r))dr
kTy

(4.25) t

+|  SE-rG(t,u* ()W (), telkTo,(k+1)Tol.
kTo

Since u*(ETy) = u**1(kTy) and by (4.24), we obtain

kT kTy

u(t)=St)ug + St —r)F(r,u(r))dr+ St —r)G(r,u(r))dW(r)
0 0
t t

+| SE-rF(u* m))dr+ | SEt-rG(t,u 1 )dW(r)
kT kT

t t
:S(t)uo+f S(t—r)F(r,u(r))dr+f Sit—-r)G(r,u(r)dW(r), t=0.
0 0

Therefore, the process u is an X-valued continuous solution to integral equation (4.4).

Uniqueness : In principle, the uniqueness of solutions follows from our proof via the
Banach Fixed Point Theorem. However, for completeness and educational purposes, we
present now our independent proof. Let u; and ug be two solutions to equation (4.4).

Define a process z by
zt)=u1(t) —uo(t), t=0.
Thus
z@)=Irt)+1g(t), t=0,
where
Ir(t):= fOtS(t —n[F(r,u1(r)) - F(t,us(r)|dr, t=0
Ig(t):= f()tS(t - r)[G(r, ui(r)) -G, ug(r))]dW(r), t=0.
Therefore, we have
Ellz)I% < 2ENIr@)I% +2EN DIk, t=0.
Using the Cauchy-Schwarz inequality, (4.5) and (4.13), we have
ENlF(t)% < tE fo IS P20 |F(rui(r) = Fr,us(r)| 3dr

t
stLZFM?f Ellui(r) - ua(r)li%dr, t=0.
0
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Also by Theorem 2.18, and inequalities (4.6) and (4.13), we have
t
[EIIIG(t)Ili = C[Efo [|S@ - [G(r,ui(r) - G(r,us(r))] ||i(H,X)dr
t
<CE fo 1= 0 |G ur(r) = G, w2 g dr
¢
< CL@M?[O Ellui(r)—ug(r)lixdr, ¢=0.
Taking into account last two estimates, we infer that
2 g 2
Elz01% <K@ [ Ellkdr, t=0,
0
where K(¢t) = 215L%,Mt2 + 2CL2GMt2. Define a function ¢ by
@) =Elz@®)I%, t=0.
Therefore
t
p(t) SK(t)f @(r)dr, t=0.
0

Applying Gronwall’s lemma to the function ¢, we obtain that for all ¢ = 0, ¢(¢) = 0.
Therefore, we infer that z =0 and so 1 = us. Thus, the process u is a unique X-valued

continuous solution to integral equation (4.4). |

Theorem 4.2. For any { € L(Q, %y, P; X), let us denote the solution of equation (4.4) by
u(-,{). Then for every T >0, there exists a constant Cp > 0 such that for all t €[0,T],

(4.26) Ellut,O1% < Cr(1+EICI%), {eL*Q,%,P;X)
and
(4.27) Ellu(t,0) - u(t,0)1% < CrEIL - 61%, (,8 € LAQ, %, P;X).

Proof. Fix T >0 and { € L%(Q, %,,P;X). Then

¢ 2
Ellu(t,Ol% < SEIS@)II5 + 3E H fo St —rF(r,u(r,))dr

X
2

, tel[0,T]

¢
+3E ”f St-r)G@r,u(r,0)dW(r)
0 X
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Define functions Ir and I by

2

, tel0,T]

¢
Ir(t)=E Hf St—-r)F(r,u(r,0))dr
0 X

2

, tel0,T].

t
Ic()=E Hf St -r)G(r,u(r,0)dW(r)
0 b

Then
Ellut,OI% < BEIS@)I% +3(Ir@®) +16(t), tel0,TI.
By the Cauch-Schwarz inequality, (4.8) and (4.13), we obtain
t
Ip(t)<TE fo 1St = F G, u(r,0)| %dr
t 2 2
< TE [ S0 [P0t ) dr
(4.28) 0 ,
<TL%M2E f (1+llur,Ol%)dr
0
t
=T?*L2M%+TLA2M3 fo Elu(r,Ol%dr, tel0,TI.
Similarly, using inequalities (2.41), (4.9) and (4.13), we get
t
I6(t) < CE fo |S¢t =G, utr,0)| gy xdr
t 2 2
= CE [ 180 IGO0 O g o
(4.29) 0 ,
< CLZMAE fo (1+1u(0l%)dr
t
<CTLLM? +CLEM? f Ellu(r,Ol%dr, tel0,T1.
0
Moreover, by (4.13), we have

(4.30) EIS@I% < MZEICI%, t€l0,TI.

Taking into account estimates (4.28), (4.29) and (4.30), we infer that there exists constants
KT,KT > 0 such that

t
Elu(,0I% <Kg + Ky fo Elu(r,0lI%dr, te[0,T].
Define a function ¢ by

o(t) = Elut,Ol%, tel0,T]
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and thus, we get

t
ot)<Kr+Kr f o(r)dr, tel0,T].
0

Applying Gronwall’s lemma to the function ¢, we obtain the desired result (4.26).
Let us now prove (4.27). Fix ¢, 8 € L2(Q, %, P; X). Then

Ellu(t,{) - u(t, 0% < SMFEIL - 8115 +3(Ir(®) + 1), tel0,T1,

where

2

, tel0,T]
X

¢
Ir(t)=E f S(t—r)[F(r,u(r,())—F(r,u(r,ﬁ))]dr

2

, telo,T].

Ig(t)= [E‘
X

t
f S(t - PG, u(r,0) - G(r, ulr, )| AW ()
0

By the Cauchy-Schwarz inequality, (4.5) and (4.13), we obtain
Ir(t)<TE fo t IS~ M[F(r,ur,O)~F(r,ur,8)]| xdr
(4.31) < TM%[EfOt |Fr,ur,0)—F(r,u(r,6))| xdr
<TM2L% fot[EIIu(r,() —u(r,8)lxdr, tel0,T].
Similarly, using (2.41), (4.6) and (4.13), we get
Ig(t) < C[Efot S - [G(r,u(r,0) - G(r,u(r,6))] ”i(H,X)dr

(4.32) <CM}E fo t HG(r,u(r,C))—G(r,u(r,é))”f,(H,X)dr

<CM3L%, fo t[EIIu(r,() —u(r,®)l%dr, tel0,TI.
Define a function v by

w(®) = Elu,O) - ut,0)%, ¢el0,T].
Taking into account estimates (4.31) and (4.32), we obtain
w(t) < SMAEI( - 611% +3(TM2L% + CM3L2) fo t w(rydr, tel0,T].

Applying Gronwall’s lemma to the function v, we infer the desired conclusion (4.27). B
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4.3 Existence and Uniqueness of Solutions to SEE

with Locally Lipschitz Coefficients

In this section, using the existence result from the previous section and approximation,
we prove the existence and uniqueness of a mild solution to equation (4.2) when the

coefficients F' and G are Lipschitz on balls.

Lemma 4.4. Assume that the mapping F : Rt x X — X is Lipschitz on balls, i.e. for
each T > 0 and R > 0, there exists a constant Lr(R) > 0 such that if t € [0,T] and
lx1llx, lx2llx <R, then

(4.33) I1F(t,x1) = F(¢,x2)llx = Lp(R)llx1 —x2lx-

Moreover, F is of linear growth (uniformly in t), i.e. for all T > 0, there exists a constant
Lz >0 such that for all t €[0,T],

(4.34) IF(t, )% <LZ(1+]x1%), xeX.

For each n €N, define a map F" :R* x X — X by

n F(,x), lxlx<n
(4.35) F(eox) =
Flonpt=), lxlx>n.

Then for each n €N, F" is globally Lipschitz on X with a constant 3Lr(n) (independent
of t). Moreover, F™ is of linear growth, i.e. (4.34) holds.

Proof. See [13] for the proof of globally Lipschitz of F”. Let us prove that F” is of linear
growth. Fix neNand T > 0.

Case 1 : Consider x € X such that ||x||x <n. Thus F"(t,x) = F(t,x) and so using (4.34), we
obtain, for each ¢ € [0, T,

|F" ¢, % = IF 0% < L% (1+11x1%).

Case 2 : Consider x € X such that ||x||x > n. Thus, F*(¢,x)=F (t, nL) Again by (4.34),

lxlx

we get, for each ¢ € [0,T1],
2

|F™(¢,2)||% <L%|1+n? )stF(1+||x||§().
lxllx 1l x
Hence, we infer that for every ¢ € [0, T1],
(4.36) |F"t,0)|% <LZ(1+]x1%), xeX.
Therefore, F" is of linear growth. [ |
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Lemma 4.5. Assume that the mapping G : R* x X — y(H,X) is Lipschitz on balls, i.e.
for each T >0 and R > 0, there exists a constant Lp(R) > 0 such that if t € [0,T] and

lx1llx, lx2llx < R, then
(4.37) 1G(t,x1) — G, x2)lly1,x) < La(R)lx1 —x2ll x.

Moreover, G is of linear growth (uniformly in t), i.e. for all T > 0, there exists a constant
Lg >0 such that for all t €[0,T1,

For each n €N, define a map G" :R* x X — y(H,X) by

n G(,x), lxlx<n,
(4.39) G (x) =
G (,nm) , lxllx > n.

Then for each n €N, G" is globally Lipschitz on X with a constant 3Lg(n) (independent

of t). Moreover, G" is of linear growth, i.e.
(4.40) lG" 0| ) < Le (1+11x1%), xeX.

The proof is similar to the proof of the previous lemma. In view of Theorem 4.1, we have

the following natural conclusion.

Corollary 4.1. Assume that the mappings F and G are of linear growth and Lipschitz
on balls. Moreover, we assume that for each T >0 and x € X, the functions F(-,x):[0,T]>
t - F(t,x)e X and G(-,x):[0,T]>t — G(¢t,x) € y(H,X) are Borel measurable. Then for

each n €N, the following stochastic evolution equation

(4.41)

du™t) = (Au™(@®)+ F"(t,u™(®))dt + G"(t,u™()dW(2),
u™(0) = uo,

where F* and G™ are mappings defined in (4.35) and (4.39) respectively, has a unique

X-valued continuous mild solution.

Lemma 4.6. Assume that u” is the unique solution of equation (4.41). Then for every
T > 0, there exists a constant C(T) > 0 (independent of n) such that

(4.42) E sup |u™(®I% < C(D).
te[0,T']
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Proof. Fix n € N and T > 0. Then by the definition of the mild solution, we have, for
each ¢t €[0,T1],

t t
u”(t):S(t)uo+f S(t—r)Fn(r,un(r))dr+f St —r)G"(r,u™(r))dW(r).
0 0

Thus, by the triangle inequality, we obtain, for each s € [0,T],

2

E sup [[u"®)]% < 3E sup IS@)uol% +3E sup

t
f St—r)F"(r,u(r))dr
tel0,s] tel0,s] te[0,s]1 11 JO

X
2

+ 3E sup

t
fS(t—r)Gn(r,u”(r))dW(r)
tel0,s111J0

X

By the Cauchy-Schwarz inequality, (4.13) and (4.36), we obtain

t 2 t
f St -r)F" (r,u™(r)dr| <t f |S@-rF" (r,u"() |xdr
0 X 0

<t [t |F" () [xar
<or; 1t o)L )dr

=MLy i [ Naro|Zdr
<MLy + eI} [ t sup [ o)

Therefore, we deduce that for each s €[0,T1],

2

(4.43) E sup

¢
f S(t—-r)F" (r, u"’(r)) dr
tel0,s]111J0

S
<T?M3L%+TMAL% f E sup |[u"®)|%dr.
0 ¢tef0,r]

X

By Corollary 2.11 and inequality (4.40), we have, for each s € [0,T1],

(4.44)

2 s 9
E sup < K7€ [ 6" (" 0) s oy
X 0 '

t
f St—r)G" (r,u™(r))dW(r)
tef0,s111Jo

- S 2
sKTL2G[Ef (1+ |u" ) dr
— 0 — S 2
<KrTL% +KrL7, f E sup ||u"@®)|xdr
0 telo,r]
Moreover, by (4.13), we get

(4.45) E sup [S(®)uol%k <Mrluol, sel0,T].
te[0,s]
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Taking into account estimates (4.43), (4.44) and (4.45), we infer that there exist constants
M(T) >0 and L(T) > 0 such that

S
(4.46) E sup [|u™@®)|% < M(T)+L(T) f E sup |[u"®)||3dr, s€l0,TI.
tel0,s] 0 tefo,r]

Define a function ¥ by

w(s)=E sup |u"(®)|%, sel0,T].
tel0,s]

Then inequality (4.46) can be rewritten as follow
w(s) = M(T) +L(T)[OS w(r)dr.
Applying Gronwall’s lemma to the function v, we deduce that
w(s) < M(T)e" DT se[0,T].
Therefore, we have showed that

E sup " @)% < M(T)e DT,
t€[0,T]

which gives the desired result (4.42). [ |
Lemma 4.7. For each n €N, define a function t,,:Q — [0,00] by

Tp(w) = inf{t €[0,00): |u"(t,0)|x =n}, weQ.
Then for each n €N, 1, is a stopping time. Moreover, the sequence (T,),eN converges to oo.

Proof. It was proven in [37] that for each n € N, 7, is a stopping time. Thus, we only
prove that the sequence (7,),en converges to co. For this aim, we need to show that there
exists Q € & with P(Q) = 1 such that for all w € Q, 7,,(w) — 00, i.e. for every T > 0, there
exists k£ € N such that for all n =k, 7,,(w) = T. Therefore, it is sufficient to show that for
each T' > 0,

(4.47) PlweQ|IkeN:Vn=k1,(w)=T})=1.

Fix T > 0. For each n € N, set

A,=1weQ: sup [u"WOlx=n;.
tel0,T]
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Then by inequality (4.42) and the Chebyshev inequality, we have, for each n e N,

P(A,) < C(T)—.
n

Therefore, since 3.7 ; n—lz < 00, we have

i P(A,) < co.
n=1

Thus, by the Borel Cantelli Lemma, we infer that P(n%2, U, A,) =0 and so
P (U2 NS, (Q\AR)) =1.

Choose 2 =U° N, (Q\A,) and fix w € Q. Then 3 k£ € N such that w € N, (Q\ A,), i.e.

Vn=k, weQ\A,. Therefore, for all n =%,

sup |u"(t,0)|x <n.
tel0,T]

Thus, 3 2 €N such that V n =% and t €[0,T], |[u"(¢,w)l x <n, which implies that 3 ke N
such that V n =k, 7,,(w) > T. This gives the desired conclusion. [

The main result of this section is the following theorem.

Theorem 4.3. Assume that the mappings F and G are of linear growth (uniformly
in t) and Lipschitz on balls, Moreover, we assume that for each T >0 and x € X, the
functions F(-,x):[0,T1>3t — F(t,x) € X and G(-,x):[0,T1>t — G(¢,x) € y(H,X) are Borel
measurable. Then there exists a unique X-valued continuous mild solution to equation
(4.2).

Proof. Let 1" be the unique solution of equation (4.41). Consider the sequence (7,),en-

Define a process u by
(4.48) ul)=u"(t), if t<t1,.

In view of Lemma 4.11 of [8], (7,),en has the following properties

1) Tp <Tps1

i) u™(t,0) = u""(t,w), t<T,(0), P-as.

Therefore, the process u is well-defined. We claim that this process is a unique X-valued
continuous mild solution to equation (4.2). Let us prove this. By the definition of the

mild solution, it is sufficient to show that the process u is a unique X-valued continuous
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solution to the integral equation (4.4). It is obvious that « is continuous and F-adapted.

Hence, by Proposition 2.18, u is [- progressively measurable. Moreover, for each ¢ =0,

t
E f lu(M%dr < co.
0

Thus, the integrals in equation (4.4) exist for the process u. Now we show that the process
u solves equation (4.4). Since u” is the solution of equation (4.41), we have the following
integral equation

tAT,

u(tAT)=u"(tNT,)=SEANTUY +f StAT,—r)F" (r,u(r))dr

(4.49) 0

tAT,
+f StAT,—r)G" (r,u™(r))dW(r), ¢=0.
0

However, we have a problem in this equation. The stochastic integral part of equation
above is not well-defined because we integrate a process which is not adapted and hence

not progressively measurable. To over come this problem, let us define a process I by
I(t):= fOtS(t -r)G" (r,u™(r)dW(r), ¢=0.
It is obvious that I is well-defined. Consider the following process
I, ()= ‘[OtS(t =) (Li0,7,)(NG"*(r ATp,u™(r AT,))dW(r), ¢=0.

It was shown in Lemma A.1 of [14], see also [18], that if the processes I and I, are

continuous, then
Sit—-t—1)ItNT,)=1;,(), forallt=0P-a.s.
In particular,
ItnTy)=1; (tNT,), forallt=0P-a.s.

Therefore, equation (4.49) can be rewritten as follow

tATy
u(t/\Tn):S(t/\Tn)uo+f StAT,—r)F" (r,u*(r))dr+1,;,(tAT,), t=0.
0

Since r < 1, u”(r)” x = n. Therefore, from the definition of F"* and G", we get, for every

r=Tp,

F"(r,u"(r))=F@r,u™r)) and G"(r,u"(r))=G(r,u"(r)).
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Also by the definition of u, u(r) = u"(r) if r < 7,,. Hence, we obtain

tAT,
u(t/\rn):S(t/\Tn)uo—i-f SEAT,—r)F(r,u(r))dr
0

t
+f S(t— r)(l[O,Tn)(r)G(r ATp,u(r A Tn))dW(r), t=0.
0

We know that 7,, — oo and so t A1, — ¢. Thus, u(t A1,) — u(t) and S(EAT,) — S().

Therefore, we deduce that

t t
u(t) =St)uy +f S(t—r)F(r,u(r))dr +f Sit—r)G(r,u(r)dW(r), t=0.
0 0

Thus, the process u solves the integral equation (4.4). The uniqueness of the solution

follows from Theorem 4.1. |

4.4 Markov Property

In this section, we are interested in the Markov property of the solution to equation (4.2).
Let us recall that X is a separable Banach space satisfying H-condition and (Q2, %, F,P),
where F = {Z#;};>0, is a filtered probability space. Recall that we denote by 28(X) the Borel
o-field of X. We denote by B (X) the space of all bounded measurable functions from X

into R.

Definition 4.2. An X-valued F adapted process {£(t)};>0 is called a Markov process if
for each A € B(X)and 0<s <t,

(4.50) P(E@) e AlF) =P(E() € Alo(é(s))), P-a.s.
where g(&(s)) denotes the o-field generated by &(s).

Definition 4.3. A family {P;(x,-)}t>0,xex of probability measures Py(x,-) on %(X) is called
the transition function if

(i) for each x € X, Py(x,-) =0y,

(it) for all A € B(X) and t =0, the function X 3 x— Py(x,A) € R is measurable,

(iii) the family satisfies the Chapman-Kolmogorov equation, i.e.
P; (x,A) :f Pi(x,dy)Ps(y,A), t,s=0, AeBX), xeX.
X

Definition 4.4. Let {P;(x,")};>0 xex be a transition function on B(X). A family {P:};>¢ of
functions Py : Bp(X) — Byp(X) defined by

Pop(x) = fX Px,dy)p(y), t20, @eByX), xeX

is called the transition semigroup.
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Remark 4.1. The semigroup property P;Ps = P;,s, t,s =0, is a consequence of the

Chapman-Kolmogorov equation.

Definition 4.5. Let {P;(x,-)}t=0 xex be a transition function on %(X) and {P};=o be the
corresponding transition semigroup. An X-valued F adapted process {((t)}i>0 is called a

Markov process with respect to {P;};~ if for each ¢ € By(X) and t,h =0,
(4.51) E(p&(t+ ) Ft) = PropE(t)), P-a.s.

In the previous sections, we proved that equation (4.2) under the Lipschitz assump-
tions on the coefficients has a unique X-valued continuous mild solution. Similarly, one
can show that for each s = 0 and u € L%(Q, %,,P; X), the same equation with the initial
value u(s) = u; has a unique X-valued continuous mild solution {u(¢)}s¢[s,00). This solution

is denoted by u(:,s,u;). If us; = x € X, then it is denoted by u(-,s,x).

Definition 4.6. A family {P; ;}o<s<; of functions P ; : Bp(X) — By(X) defined by
P, ip(x) :=Ep(u(t,s,x)), 0=s=<t, @peByX), xeX

is called the transition semigroup corresponding to equation (4.2).

Definition 4.7. For each 0 <s <t and x € X, a family {Ps(x, )}s<txex Of functions
P i(x,-) defined by

Py 4(x,A):= Py, 14(x) = P(ult,s,x) € A), A€ BX)
is called the transition function corresponding to equation (4.2).

The proof of the following theorem is similar to the proof of Theorem 9.30 in [46].

Therefore, we do not prove this theorem here.

Theorem 4.4. Assume that all the assumptions of Theorem 4.1 hold. Then for all 0 <s <
r<t, g€ Bp(X) and us € LA(Q, Z,,P; X),

(4.52) lE((p(u(t, s, us)lgr) =P, :p(u(r,s,us)), P-a.s.
The following propositions are consequence of Theorem 4.4.

Proposition 4.1. For each ¢ € Bp(X), Ae B(X),0<s<r<tand xeX,

(4.53) Py (Pr i) (x) = Ps 1p(x)
and
(4.54) Py i(x,A) = fX P (x,dy)P, ;(y,A).
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Proof. Fix pe Bp(X),0<s<r <t and x € X. Then by (4.52), we obtain
P 1p(x) = Ep(u(t, s, x)) = EE(@(u(t, s, 0)|Fr) = EP, 1p(u(r,s,x)) = Ps »(Pr1)(x),

which gives the desired result (4.53). If we take ¢ =14 for a given A € B(X), then (4.54)
follows from (4.53). [ |

Proposition 4.2. (Proposition 9.32, pp 169, [46]) For each 0<s<t, P;;=Py;s. In

particular,
(4.55) Pgi(x,A)=Po;_s(x,A), xe€X, AecBX).

Remark 4.2. Let us write u(¢,x) for u(t,0,x), P; for P ; and Pi(x,A) ifor Py (x,A). It can
be easily seen that {P:(x,-)}t=0xex 18 a transition function and {P;};>¢ is the corresponding

transition semigroup (According definitions 4.3 and 4.4).

Remark 4.3. By Theorem 4.4, for each uy € L>(Q, %y, P; X), u(-,ug) is a Markov process
with respect to the transition semigroup {P;};>o. By Theorem 4.2, the transition semigroup
{P:}i>0 is Feller, that is, for any t =0, Py : Cp(X) — Cp(X), where Cp(X) is the space of all
continuous bounded functions from X into R, is well-defined. In other words, for each

ug € L2(Q, Zo,P; X), u(-,ug) is @ Markov process satisfying the Feller property.

4.5 Existence and Uniqueness of Invariant Measures
for SEE

Brzezniak, Long and Simao in [15] found some sufficient conditions for the existence
and uniqueness of an invariant measure for equation (4.2) with the time independent
coefficients. Before we introduce these conditions, let us start presenting the following

two natural consequences of Theorems 4.1 and 4.3 respectively.

Corollary 4.2. Assume that the maps F : X — X and G : X — y(H,X) are globally
Lipschitz on X, i.e. there exist constants Ly >0 and Lg > 0 such that

(4.56) IF(x1)—F(x2)lx <Lpllx1 —x2llx, x1,x2€X
and
(4.57) 1G(x1) — G(x2)llyzr,x) < Lgllxr —x2llx, x1,x2€X.
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Moreover,
(4.58) IF0)llx + IGO0y x,x) < oo.
Then there exists a unique X-valued continuous mild solution to the following equation

(4.59)

du(t)=(Au@)+F(u@®)dt+Gu®)dW(t), t=0,
u(0) = uyg.

Corollary 4.3. Assume that the maps F : X — X and G : X — y(H,X) are Lipschitz
on balls, i.e. for each R > 0, there exist constants Lrp(R) > 0 and Lg(R) > 0 such that if
lx1llx, lx2llx <R, then

(4.60) [F(x1)—F(x2)lx < Lp(R)lx1 —x2llx,
and
(4.61) 1G(x1) — G(x2)llyz1,x) < La(R)llx1 —x2lx.

Moreover, we assume that F and G are of linear growth, i.e. there exist constants Ly >0
and Lg > 0 such that

(4.62) IF)I% <L%(1+1xl%), xe€X,

(4.63) IG5 < Lg (1+Ixl%), xeX.
Then there exists a unique X-valued continuous mild solution to equation (4.59).

Definition 4.8. Let {P;(x,)};=0 xex be the transition function of an X-valued Markov pro-
cess ¢. A probability measure puon %B(X) is called invariant with respect to transition
function {P(x,)};>0,xcx (or invariant for ¢) if for every A € (X) and t =0,

mm:LmuAmum

Let us now present the main results of this section, see Theorem 3.7 and Theorem
4.6 of [15] for the proofs.

Theorem 4.5. Assume that all the assumptions of Corollary 4.2 are satisfied. If there

exist constants w > 0 and ng € N such that for all n = ng and x1,x9 € X,

K
(4.64) [A,(x1—x9)+F(x1)—F(x2),x1—%xg] 5 + ud

2 2
”G(xl)_G(x2)”y(H,X) < -—wlx1—x2 ”X>

where A, is the Yosida approximation of A, Ko(q) is a constant appearing in the H-
condition and [-,-1x is the semi-inner product on X (see Definition 4.9 below), then there

exists a unique invariant probabilty measure for equation (4.59).
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Theorem 4.6. Assume that all the assumptions of Corollary 4.3 are satisfied. If there

exist constants w >0 and ng € N such that for all n = ng and x1,x9 € X,

K
(4.65) [Ap(x1—x9)+F(x1)—F(x2),61 —x2] 5 + %)

1GGe1) =G @)y x) < —0llx1—x2ll%,

then there exists a unique invariant probability measure for equation (4.59).

Definition 4.9. A semi-inner product on a complex or real vector space V is a mapping
[-,-ly : V xV — C (or R) such that

(1) [x+y,zlv =[x,zly +y,2ly, «x,y,z€V,

(i) [Ax,yly = AMlx,yly, x,yeV, AeC (orR),

(iii) [x,x]y >0, forx#0,

(iv) |2, Iy |* < e, xlvly,ylv, x,y€V.

Such a vector space V with the semi inner product [-, 1y is called a semi-inner product

space.

Lemma 4.8. [15] The following mapping on X x X defined by
[, y1x = (x,9™), x,y€X,

where y* € X* such that |ly*|| = |ylx and {y,y*) = llyllx, is a semi-inner product. Such a
y* € X* exists by the Hahn-Banach theorem.

Remark 4.4. Invariant measure is a subject related to semigroups and a SDE generates
a semigroup only when the coefficients are time independent. However, there are some
papers considering a generalization of an invariant measure for time dependent equations,
e.q. [43], [48] and [49]. We plan to investigate this concept in relation to the HIMM

equation in the future.
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CHAPTER

APPLICATION TO THE HJMM EQUATION

n this chapter, we apply the abstract results from the previous chapter to the

HJMM equation (3.7). In particular, we prove the existence and uniqueness of

solutions to equation (3.7) in the weighted Lebesgue LP and Sobolev WP, p = 2,
spaces respectively. We also find a sufficient condition for the existence and uniqueness
of an invariant measure for the Markov semigroup associated to equation (3.7) (when the
coefficients are time independent) in the weighted Lebesgue spaces. The HIMM equation
driven by a standard d-dimensional Brownian motion has been already studied in the
weighted L2 and W12 spaces, see Chapter 3. Under appropriate choice of the weight,
for each p = 2, the weighted Lebesgue L? and Sobolev WP spaces are subspaces of the
weighted Lebesgue L? and Sobolev W12 spaces respectively. Therefore, an important
feature of our results is that we are able to prove that the HIMM equation has a unique
solution and an invariant measure in smaller spaces. Another important feature of our
results is that we are able to consider the HJMM equation driven by a cylindrical Wiener
process on a (possibly infinite dimensional) Hilbert space. For this purpose, we use the
characterizations of y-radonifying operators with values in Lebesgue L? and Sobolev
WP spaces found recently by Brzezniak and Peszat in [9] and [12].
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5.1 Existence and Uniqueness of Solutions to the
HJMM Equation in the Weighted Lebesgue

Spaces

In this section, we first introduce the weighted Lebesgue spaces and some useful prop-
erties of them which allow us to apply the abstract results from the previous chapter
to prove the existence and uniqueness of solutions to equation (3.7) in the weighted
Lebesgue spaces. Then we present the main result of this section.

For each v € R and p = 1, define LY to be the space of all (equivalence classes of)

Lebesgue measurable functions f :[0,00) — R such that
o0
f If(x)Pe" dx < co.
0
For each v e R and p = 1, the space L% is called the weighted Lebesgue space.

Lemma 5.1. For each veRand p =1, LY is a separable Banach space endowed with the

norm

1
1Flly.p = ( fo If(x)lpe”dx)p .

Proof. Fix veR and p = 1. It is well-known that the space L? of all (equivalence classes

of) Lebesgue measurable functions f :[0,00) — R such that
1

IFll, = (fooov(x)wczx)‘_’ <oo

is a separable Banach space with respect to the norm |- |,. Define a linear operator
T:LY — LP by

Tf(x)=f(x)er™, feLP xel0,00).
The map T is well-defined. Indeed, for a fixed f € L%,
o0 o0
(5.1) f ITf(x)Ipdx:f |f(x)[Pe"*dx < oco.
0 0

Thus, Tf € L? and hence, T is well-defined. It is obvious that the map T is bijective.

Moreover, by (5.1), we have

ITflp,=fllvp, feLb,

which implies that 7' is an isometric isomorphism. Hence, (L?, | -l ,) and (L%, -1, ) are
isometric spaces. Thus, by Theorem 2.1, L is a separable Banach space with respect to

the norm |- ||y p. [ |
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Lemma 5.2. Foreach v e Rand p =2, the space LY, satisfies the H-condition. In particular,

if v is a function defined by
LY s f—y(f)=IfI}, €R,
then
(5.2) W' OI<plIfIZ, and 1" (OI<p-DIFIL,, feL,

where y' and ¢" are the first and second Fréchet derivatives of v at f € L% respectively.

Proof. We know from Lemma 2.2 that any linear operator A from a normed space X
into a normed space Y is twice Fréchet differentiable on X and for each fe X, A'(f)=A
and A”(f) = 0. Consider the operator T from the proof of the previous Lemma. Since T is
linear, T'(f) =T and T"(f) = 0 for any f € L. Moreover, since ITfl,=1Ffllvp, we have

(5.3) 1Tl e 1oy < 1.

By Proposition 2.1 of [12], for every p = 2, the space L? satisfies the H-condition with
any q = p, i.e. for some g = p (in particular, g = p), the map ¢ : L? 3 f — ¢(f) = ||f||§ eR

is of C2 class and

(5.4) IO <plIfI™" and 19" (Ol <pp-DIFIE>, feL?.

It is obvious that we can write ¥ = ¢po T Since T and ¢ are of C? class, v is of C? class.

Moreover, by inequalities (5.3) and (5.4), we infer that
ly' (O = 1TP"(THI < 1 (THI Sp||Tf||§_1 =P||f||€,;;1, feLb.
Similarly, we can show that
I (Ol <p-DIFIL,, feLk,
which finishes the proof. [ |

Proposition 5.1. For each v >0 and p = 1, the space LY, is continuously embedded into

the space L. In particular,

=

q
Il < (ﬁ) 1flvp. feLE,
vq
where q €[1,00) such that %+% =1.
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Proof. Fix v>0, p =1 and f € LY. Then by the Holder inequality, we get

TN :fo F(0)lda :fo e e S dx

oo zlz ©_ vgx %
S(f If(x)lpevxdx) ([ e dx)
0 0
1
_(P |
= (vq) 17 1v,p,

which gives the desired conclusion. [ |

Lemma 5.3. Assume that v > 0 and p = 1. The shift semigroup {S(t)};=0 on L% is a

contraction type Co-semigroup on L%, in particular,
—vt

Lemma 5.4. [32] Let C(}(IR{J“) be the space of all continuously differentiable functions
f :[0,00) — R with compact support. Then Ci([Rﬁ) is a dense subspace of LY.

Lemma 5.5. The shift-semigroup on CX(R") is strongly continuous in the norm of LY.

Proof. Fix g € CL(R*). It is obvious that for each ¢ > 0, S(t) : CL(R*) — CL(R") is well-
defined, linear and bounded. Since g is uniformly continuous, for every € > 0, there exists
6 > 0 such that for all x1,x9 € [0,00) with |x; —x2]| <6, |g(x1) — g(x2)| < &. Our aim is to
show that |S(¢)g —gllv,, — 0 as ¢t — 0. Since g has compact support, there exists a >0
such that for all x € [a,00), g(x) =0, i.e. g(x) =0 if x ¢ [0,a). Note that if x ¢ [0,a), then
x+t¢[0,a) and so g(x+¢)=0if x ¢ [0,a). Thus, we get, for all =0,

IS(t)g - gl :fo Ig(t+x)—egf(x)ll"e”dx=f0 lg(t +x) - g(x)Pe™dx.

Put x; =x + ¢ and x2 = x. Then by the uniformly continuity of g, we obtain, for all ¢ <6,

a 1
IS(g - gl , = fo lgn) - g@a)lPe dx <~ (" ~ 1) P

=

If we choose € = (53— )? &, £ > 0, then we infer that

(5.5) IS@)g —gllvp <&

Thus, we have showed that for every & > 0, there exists § = § > 0 such that for all ¢ < §,
[ |

IS(t)g — gllv,p < €. This gives the desired conclusion.
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Proof of Lemma 5.3. We first show that for each ¢ >0, S(¢): LY — L? is well-defined,
linear and bounded. Fix ¢t = 0 and f € L. Since f is Lebesgue measurable, for each
A € B(R), set E defined by

E:=flA)={yeR: f(y) e A}
is Lebesgue measurable. Thus, we get
SOy A ={xeR: ft+x)eA}={y—t:yeE}=E—t.

We know from [51] that if a set E is Lebesgue measurable, then the set E —¢ is also
Lebesgue measurable. Therefore, S(¢)f is Lebesgue measurable. Moreover, by the change

of variable, put y =¢+x and so dy = dx, we have

f T ISOF P dx = f T+ 0P dx
0 0

:f IfIPe*e " dy

t

o0
< e_wf [fIPe"Ydy
0
=eIFIY -
Hence S(¢)f € L and thus, S(¢) is well-defined. The linearity of S(¢) is obvious and it
follows from the last inequality that

(5.6) ISOFllvp <e 1 f llv.p,

which implies that S(¢) is bounded.
Now we show that S = {S(¢)};>0 is a contraction type Co-semigroup on L. It is clear
that S(0) =1. Fix t,s = 0. Then

SHf(x)=fx+t), feL?, x€e[0,00)
S()f(x)=f(x+s), feLb, xe€l0,00)

and so
SHSES)Fa))=SE)f(x+s)=f(x+t+s)=S{t+s)f(x), feLb, x€l0,00).

Thus S(¢)S(s) = S(¢ + s) and hence, S is a semigroup on LY. Let us now show the strong
continuity of S on LY. Fix f € L). Since C¢(R") is dense in L%, for every £ > 0, there
exists g € CL(R™) such that

(5.7) If ~glvp =3
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Moreover, since S is strongly continuous on C1(R"), in particular, at g € CL(R"), for every
% >0,

€
(5.8) IS()g - gllv,p < 3

Using inequalities (5.6), (5.7) and (5.8), we deduce that

ISOf =fllvp=1S@®f -SHt)g+SW)g—g+g—fllvp
SISO =y +1ISEg—glvp +1If —&llvp
<lf-glvp+IS®g—glvp+If —glvp<e.

Therefore, S is strongly continuous on L. Moreover, it follows from inequality (5.6) that
—vt
||S(t)||$(L€)S€ P, tZO,
which implies that S is a contraction type Cy-semigroup on LY. This completes the proof.

Lemma 5.6. Assume that v >0 and p = 1. Let A be the infinitesimal generator of the
shift-semigroup on LY. Then for each A > —%, the resolvent (AI — A)~! exists and is defined

by

(5.9) RA)f:=AI-A)1f :fooe_MS(t)fdt, feL?.
0
In particular,
p p
(5.10) IR llv,p < oy Iflvp, FeLly

and for each f € LY, R(A)f € 2(A), i.e. Z(R(1)) =D(A), and

AR(A)=AR(A)-1.

Proof. Fix f € L. Since t — S(¢)f € L® is continuous, ¢ — e *S(¢)f € L% is measurable.

Moreover, by inequality (5.6), we have

[ lessor], s 1 [

p
. 17 1v,p-

Thus, the integral exists in the Bochner integral sense and R(1)f € L%. It is obvious that
R(Q) is linear and inequality (5.10) follows from the last inequality. Hence, R(1) is a
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bounded linear operator from L% into itself. Let us now show that for every A > —% and
feL? RAfe2(A)and AR(1)=AR(A)—I. For h >0, we have

S(h}z_IR(,l)f _ %fooe‘“(S(t+h)f —S(f)dt
0
Ah _ 00 AR ph
_e -1 e MS(t)fdt— ¢ e MS(t)fdt.
h 0 h Jo

By Theorem 2.9 (i), we get

1 h
il f e MSWfdt—f as h—0
h Jo

and

eM —1

—Aas h—0.

Therefore

S(h)-1
h

This implies that for every A > —}% and f €LY, RA)f € 2(A) and

RA)f = ARA)f —-f as h—0.

ARA)=AR1)-1,
i.e.
(5.11) AI-A)R)=1.

Finally, we prove that R(A) is the inverse of (1 — A). By Theorem 2.9 (iii) and closedness
of A, we get, for f € 2(A),

RWAF = fo ooe-“S(t)Afdt
_ f Y e MAS(Fdt
0

—A ( f Ooe—“S(t)fdt)
0
= AR)f.

(5.12)

Taking into account (5.11) and (5.12), we infer that
RAVAI-Af =f [fe2(A).
Therefore R(1) = (A - A)~L. u
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Lemma 5.7. Assume that v >0 and p = 1. For a fixed f € LY, and each A > —%, define a

function g, by

(5.13) gax) =2 fo ooe—“S(z:)f(x)azt, x €[0,00).
Then g, is weakly differentiable on (0,00). In particular,

(5.14) Dgy=-Af+1g;.

Proof. By the previous lemma, for each 1 > —%, g is well-defined and g, € LY. Fix
A> —%. Recall that Df € LZIOC(IR*) is the first weak derivative of f € Llloc([R{+) if and only
if for all ¢ € C1((0,00)),

(5.15) fo fx) (x)dx = —fo Df(x)p(x)dx.

Therefore, in order to prove (5.14), it is sufficient to show that for each ¢ € C1((0,00)),

o0

(5.16) ‘[Ooog,l(x)(p'(x)dx = /1[000 fxX)p(x)dx — /1‘[0 gr(x)p(x)dx.
By the change of variable, we can write g, as follow
(5.17) g1(x) =2 fo ” 10.00)(t —x)e M D F(1)dt.
Define a function ¢ by
O, %) = 1(0,00)(t —2)e MV ) (1), t,x€[0,00).

Since all products in the definition of ¢ are measurable, ¢ is measurable. Moreover, ¢ is

integrable, i.e.

foofool(,b(t,x)ldtdx < 0.
0 0

Thus, we can apply the Fubini Theorem to the function ¢. Therefore, we obtain
oo o0 (o.0]
f g1’ (x)dx = A f f 10.00)(t —x)e Y F () (x)d tdx
0 o Jo
=1 f f(e ™M
0

=1 f ~ f()e M
0

Since ¢ has compact support, ¢(0) = 0. Therefore, by integration by part, we have

dt

f 1(0,00)(t — %)™ ¢/ (x)dx
0

t
f e’/ (x)dx
0

dt.

t t
(5.18) f e’ (x)dx = eMp(t) - A[ eMp(x)dx.
0 0
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Therefore, by the last inequality, we infer that

o0 [ele] t
f g1 (x)dx = A f fF@®e M eMpt) -2 f e’ o(x)dx| dt
0 0 0

[ee] [ee] t
=1 f F@®e@)dt— A2 f f(t)[ f e M0 p(x)dx | dt
0 0 0

~1 f F(Op(t)dt - AD,
0
where

dt.

[ee] t
®:=1 f £(2) f e MNP () dx
0 0

Again by the Fubini theorem, we get
d=1 f £t [ f 1(0,00)(t — x)e M ¥ p(x)dx | dit
0 0
- f [/1 f 10,00 — ) M f(1)dt
0 0

= fo gr(x)p(x)dx.

p(x)dx

Taking into account the last inequality, we infer that
f g1(x)¢ (x)dx = Af fOet)dt - Af gr(@)px)dx,
0 0 0
which gives the desired result. |

Lemma 5.8. Assume that v >0 and p = 1. Then the infinitesimal generator A of the

shift-semigroup on LY is characterized by

(5.19) @(A):{fEL}V’:DfeL’V’}
and
(5.20) Af=Df, fe2A).

Proof. Define, for each 1> -2, a function J; LY — L% by
(5.21) Jy=I -1 = AR,
By Lemma 5.6, J, is well-defined, Z(J)) = 2(A) and
(5.22) Ady=MJy—1).
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For each f € LY, consider the function g, from the previous lemma. It is obvious that
ga=dJdyrf € Z(J)). Thus, we obtain g, € P(A) since Z(J)) = 2(A). Hence, in order to
show (5.20), it is sufficient to show Ag) = Dg,. By (5.22), we obtain

Agr=Ad\f =AJy=Df = Agy - Af.

We know from the previous Lemma that Dg; = Ag) — Af. Therefore Agy = Dg,. This
finishes the proof of (5.20).
Let us now prove (5.19). Set

V={feL’:DfeLb}.

We need to show that 2(A)cV and V < 2(A). We first show 2(A) c V. Fix f € 2(A).
Then f € Z(J)), i.e., there exist € L% such that f = Jyh € LY. By Lemma 5.6, Df € LY
and so f € V. Therefore 2(A) c V. Now we show V c 2(A). Fix f € V. Then f € LY and
Df e LY. Let us choose and fix an arbitrary A > — . Define a function u € L% by

1

u:f—ZDf
and so
(5.23) Df =Af - Au.
Define a function g, by

gr=dJu.

Then by Lemma 5.7, we have
(5.24) Dg)=-Au+Ag).

Let LY 3w = f — g. Then by (5.23) and (5.24), we obtain
(5.25) Dw=Df-Dg)=Af—Au+Au—-Ag=Af —Ag, = Alw.
Define a function z by
z(x)=e Mwkx), x€[0,00).
It is obvious that z € LY and by (5.25), we get

Dz=D *w)=-de Mw+e Aw=0.
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Thus, we have proved that Dz = 0, which implies that for each ¢ € C}((0,00)),
f 2(x)¢'(x)dx = 0.
0

Since e and w are continuous on [0,00), z is continuous on [0,00). Thus by Lemma 2 in

[33], we infer that z = C, where C is a constant. Therefore, we have
w(x) = Ce™, x€[0,00).
Note that w € L% if and only if w = 0. Indeed, if w € L%, then since Ap + v > 0, we have

(e.0] [e.0]
f lwx)Pe"*dx = IClpf ePATVIE e — o0,
0 0

Hence, w has to be 0. Therefore f = g, and so f € 2(A). Thus V< 2(A). [

Let H be a Hilbert space with respect to an inner product (-,-)z7. Define LY (H) to be
the space of all (equivalence classes of) Borel measurable functions f :[0,00) — H such
that

1o = ( fo IF@)IE e dx|” < oo.

All the results above of LY can be generalized for the space LY(H). Thus, LY(H) is a
separable Banach space endowed with the norm | - || L2(H)- The following proposition gives

a sufficient condition under which an L?-valued operator K defined on H is y-radonifying.

Proposition 5.2. Let v € Rand p = 2. Then for every x € LY (H), a bounded linear operator
K :H — L7 defined by

Klhl(x) =(x(x),h)yg, heH, x€[0,00)

is y-radonifying, i.e. K € y(H,L"), and there exists a constant N > 0 independent of x such
that

”K”}/(H,Lﬁ) = N||K||L€(H)-
Proof. Define a linear operator V : LY(H) — L?(H) by
Vf=rfer, feLP(H).

As in the proof of Lemma 5.1, it can easily be shown that V is well-defined, bijective and

isometry, i.e.
(5.26) IV Flloan =1 lzeay,  feLyEH).
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Fix « € LY(H). Then V« € LP(H). It was proven in Proposition 2.1 of [9] that for every
¢ € LP(H), a bounded linear operator M : H — L? defined by

M[h)(x) = (p(x),h)g, heH, xe[0,00)
is y-radonifying and for a constant N > 0 independent of ¢,
IMllyz,Ley < NlGlLr).-
Therefore, the following operator K defined by
K[hl(x) = (Vk(x),h)y, heH, x€[0,00)
is y-radonifying from H into L? and
1K lyez,Lry < NIVKllLo@-
Moreover, it follows from (5.26) that
(5.27) 1K |y, L) < NIl 12 gp)-

Consider the operator T from the proof of Lemma 5.1. Then K can be rewritten as
T-'oK. Thus, by Theorem 2.15, since T~ : L? — L% is linear bounded and K : H — L? is
y-radonifying, the map K is y-radonifying. Moreover, since T~ <1 and by inequality
(5.27), we infer that

||K||Y(H,L13) = | ”K”}f(H,LP) < NI« e,
which completes the proof. H

Lemma 5.9. Let v>0and p = 1. Assume that (H,{-,-)r) is a separable Hilbert space and
g :[0,00) x[0,00) x R — H is a measurable function w.r.t the second variable such that

there exist functions g € LY and g € LY, n L™ such that for all t € [0,00),

(5.28) lg(t,x,u)lg <18x), ueR, xe€[0,00)
and
(5.29) lg(t,x,u)—g(t,x,v)llg <18)lu—-vl, u,veR, x€[0,00).

Define a function F :[0,00) x LY — L? by
(5.30) F(t, f)x)= <g(t,x,f(x)),f0 g(t,y,f(y))dy> , feLb x,tel0,00).
H
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Then F is well-defined. Moreover,
(i) for all t €[0,00) and f € LY,

|2
V?p

1
(5.31) IF G Pllyp < (ﬂ) Ig
vq

(ii) F is globally Lipschitz on LY with Lipschitz constants independent of time t.
Proof. Fix ¢t >0 and f € LY. Since g(¢,-, f(-)) is measurable and by inequality (5.28),

fo gty F)Idy < fo E)ldy < oo,

the integral f(f g(t,y,f(y))dy exists. Define a function A by

hix) = fo g(t,y, f())dy, x€l0,00).

This function A is continuous. Indeed, for every sequence (x,),en in [0,00) converging to
x €[0,00), by inequality (5.28), we have

X

() — h(x)| < f

X

92 f Oy = [ T DG — 0 as n o
Thus, A is continuous and so, 4 is measurable. Define a function K : H x H — R by
K(hi,he)=<(h1,ho)g, hi,heeH.
We can write F(¢,f) as follow
F(,f)x) :K(g(t,x,f(x)),foxg(t,y,f(y))dy), x €[0,00).

It is obvious that K is continuous. Therefore, F(¢,f) is measurable. Moreover, by the

Cauchy-Schwarz inequality, we obtain

B @) = gt F@) H | g(t,y,f(y))dy“
H
< |lgtt,x, F)| fo lett,y, FOD|dy, x€l0,00.

It follows from Proposition 5.1 and inequality (5.28) that

1
|F(t, ()| < 18x)] fo |g(y)|dys(p ) 121lypl8@), x€[0,00).

vq
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Taking into account the last inequlity, we deduce that
q q
f |F(t,f)(x)|pevxdx = (—) ||§||€,pf 18(x)IPe" dx = (—) ||§||%{;-
0 vq 0 vq

Therefore F(t,f) € L, and thus, F is well-defined. Also last inequality gives the desired
conclusion (5.31). Finally, we prove (ii). Fix £ = 0 and fi, f» € L. Define a function I by

I(x)=F(t,f1)(x)-F(,[f2)x), x€[0,00).
Using the triangle inequality and the Cauchy-Schwarz inequality, we obtain

1) < <g<t,x,f1<x», [ <g<t,y,f1<y>>—g(t,y,f2<y>»dy> ‘
H

+ <g(t,x,f1(x))—g(t,x,fz(x)), fo g(t,y,fz(y))dy> ‘
H

< |lgt,x, F1)|| 5 H fo (g(t, v, f1(y) — g(t,y, fo(y))dx ;

+ et x, F1) - gt x, Fole) H [ (et fatsn)ax
H

< et A [ gttt fol@)]
+ || g(t,x, f1(x) — g(t,x, f2())| fo |gt,x, f2(x))|| ydx,  x€[0,00).
It follows from inequalities (5.28) and (5.29), and Proposition 5.1 that

()| = 12)l fo BN - Fal@)ldx + 18N 10 - Fole)] fo gldx

Sllélloolg(x)lf0 |f1(x)—f2(x)lolx+Izsf(x)llfl(x)—fz(x)lf0 18 (x)ldx

1 1
< (ﬁ) 18 looll 1= Follv.pl &0 + (ﬁ) 1811y p|2G0)] 1f1(0) = fo(®)], € [0,00).
vq vq

Taking into account the last estimate, we infer that
b -
Iz, <2°~ (—) 181511~ f2I2 f 1B e dx
| vq 0

g 00
+9p-1 (ﬁ)q ||8_'||€pf 18P | f1(x) — fo(x)IPe**dx
vq 0

q
<2P (jiq) 1B IEID I f1 = F2lly

Thus, we have showed that
1

(5.32) \F G, F) = F(t, f)llyp <2 (V%) 1ol @l p 11 = Fallvoms
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which implies that F is globally Lipschitz on L?.
[ |

Lemma 5.10. Assume that all the assumptions of Lemma 5.9 are satisfied. Define a
function G :[0,00) x LY — y(H,L%) by

(5.33) G(t, Ihx) = (g(t,x,f(x),h)y, feLy, heH, x,tel0,00).

Then G is well-defined. Moreover,
(i) for all t €[0,00) and f € LY, there exists a constant N > 0 such that

(5.34) 1G G, Pl g 1oy S NIE N
(ii) G is globally Lipschitz on L% with Lipschitz constants independent of time t.
Proof. Fix t =0 and f € LY. Define a function « : [0,00) — H by
k(x) = g(t,x,f(x)), x€[0,00).
Then G(t,f) can be rewritten as follow
G, lhl(x) = (x(x),h)g, heH, xe€l[0,00).

In order to show that G(¢,f) € y(H,L?%), by Proposition 5.2, it is sufficient to show
x € LY(H). Since we assume that g(¢,-, f(-)) is measurable, k is measurable. Moreover, by

inequality (5.28), we have
(5.35) f KGO e dx = f lg(t,x, FOIE e dix < f B@IPe dx = 1817,
0 0 0

Thus x € LY(H). Therefore, G is well-defined. Again by Proposition 5.2, we have, for a

constant N > 0 independent of «,

o0 P
1G(t, f)”y(H,L€) <N (j(; ”K(x)”pHevxdx)
It follows from inequality (5.35) that
(5-36) ”G(t’f)”y(H,L’V’) = N”g”v,p,

which gives the desired result (5.34). Let us now prove (ii). Fix t = 0 and f1,f2 € L.
Define a function A by

Mx) = g(t,x, f1(x)) — g(t,x, fo(x)), x€[0,00).
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Then G(t, f1) — G(t, f2) can be rewritten as follow
(G(t, £1)~ G, f))[hI) = (A, By, ke H, x€0,00.
Using inequality (5.29), we get
(5.37) fo T I@IE e dx < fo T IB@PIA@) — falP e dx < G 1B L~ fol?.

Therefore, by Proposition 5.2 and estimate (5.37), we deduce that for a constant N >0

independent A,
(5.38) |G, f0) -G, )l gz 22y < Nlglooll f1 = Fallv,p,
which implies that G(¢,-) is globally Lipschitz on L%. [ |

Now we introduce main result of this section.

Theorem 5.1. Let v>0 and p = 2. Let (H,{-,-)r) be a separable Hilbert space. Assume
that g :[0,00) x[0,00) x R — H is a measurable function w.r.t the second variable such that

there exist functions g € LY and g € LY, n L™ such that for all t € [0,00),
lgt,x,u)lg <18x)l, ueR, x€l[0,00)

and

lg(t,x,u)—g(t,x,v)llg <18®)|lu—-vl, u,veR, xe[0,00).

then for each ro € L(Q,%,,P;L"), there exists a unique LY-valued continuous mild
solution r to equation (3.7) with the initial value r(0) = ro. Moreover, the solution is a

Markov process.

Proof. The abstract form of equation (3.7) in the space LY is as follows
(5.39) drt)=(Ar@®)+F(t,r(t))dt + G, r@)dW(t), t=0,

where A is the infinitesimal generator of the shift-semigroup on LY (see Lemma 5.8),
and F' and G are functions defined in Lemma 5.9 and 5.10 respectively. Now equation
(3.7) is the form of equation (4.2). In lemma 5.2, we showed that L is a Banach space
satisfying H-condition. Also in Lemma 5.3, we showed that the shift-semigroup on L is a
contraction type Co-semigroup. Moreover, in Lemma 5.9 and Lemma 5.10, we showed that
F and G satisfy the conditions of Theorem 4.1. Therefore, for each ro € L%(Q, %, P;L%),
equation (5.39) has a unique L% -valued continuous mild solution with the initial value

ro. It follows from Theorem 4.4 that the solution is a Markov process. [ |
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Example 5.1. We consider the HIMM equation (driven by a one dimensional Brownian

motion) having the volatility

g(x) = o'e_ax, X € [0,00),

where o is a constant and a > 0. Therefore, the forward rate curve process {r(t)};>o satisfies
the following stochastic differential equation

2
(5.40) dr(®)(x) = (%r(t)(x) + %(e‘“x - e‘2“x)) dt+oe " dW(), tx=0.

One can be easily shown that the function g satisfies all the assumption of Theorem
5.1. Therefore, for each ro € L*(Q,%,P;LY), equation (5.40) has a unique L}-valued

continuous mild solution given by

2 ot t
(5.41) rt)x)=rolx+1t)+ 0—[ (e_“(x”) — 6_2“(x+t))dt + af e D IW(E), ¢,x>0.
a Jo 0

We can also consider the HIMM equation having the following volatilities
g(x)=e “cos(fx), x€[0,00),

or
g(x)=e “sin(fx), x€[0,00),

where a >0 and BeR.

Let us now give an example for the HIMM equation with the volatility depending on the

forward curve process {r(f)};>o.

Example 5.2. Define a function g :[0,00) x R — R by

a

glx,u)=e “sin(u), x€[0,00), ueR,

where a > 0. We consider a HIMM equation (driven by a one dimensional Wiener process)
having the volatility g(x,r(t)(x)). Thus, the forward curve process {r(t)};=o satisfies the
following stochastic differential equation
(5.42) 5 .
dr(t)(x) = (ar(t)(x) +e sin (r(t)(ac))fO e Ysin(rt)(y))dy |dt+e” " sin (r(t)(x))dW(2).

It is obvious that g is measurable with respect to the first variable. Since |sin(u)| < 1 for

every u € R, we have

lg(x,u) <e %,
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Moreover, since sin(u) is Lipschitz continuous, there exists a constant C > 0 such that
lg(x,u)—g(x,v)|<Ce *lu—-v|, u,veR.

Hence, g satisfies all the assumptions of Theorem 5.1. Thus, for each ro € L2(Q, %y, P;L%),

equation (5.42) has a unique LY -valued continuous mild solution with r(0) = ro.

5.2 Existence and Uniqueness of Solutions to the
HJMM Equation in the Weighted Sobolev Spaces

In this section, we first present the weighted Sobolev spaces and some useful properties
of them which allows to apply Theorem 4.3 to prove the existence and uniqueness of
solutions to the HIMM equation in the weighted Sobolev space. Then we give main
result of this section. This section is very similar to the previous section. We explain our
main goal for this section in the end of section.

For each veR and p =1, define WV1 "’ to be the space of all functions f € LY such that
DfelL? ie.

WP ={feL? . Df e LP}.
For each veR and p =1, the space WV1 P is called the weighted Sobolev space.

Lemma 5.11. For each v € R and p = 1, the space WV1 P is a separable Banach space

endowed with the norm

1F e = 1Fllvp + 1D F v, p-

Proof. Fix veR and p > 1. It is well known that the space WL of all functions f € L?

such that Df € L? is a separable Banach space with respect to the norm
£ lwie =1Fllp +1DFlp, fewhr,
Define a linear operator T': WV1 P WLP given by
Tf=fer, feWrP.

As in the proof of Lemma 5.1, it can be easily shown that the map T is well-defined,
bijective and isometry. Thus, WV1 P and WP are isometric spaces and hence, by Theorem

2.1, WV1 P is a separable Banach space with respect to the norm | - llypt.0- H
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5.2. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO THE HIMM EQUATION IN
THE WEIGHTED SOBOLEV SPACES

Lemma 5.12. For each veR and p =2, the space WV1 P satisfies the H-condition.

Proof. The proof is similar to the proof of Lemma 5.2. Consider the operator T' from
the previous Lemma. For each p = 2, the space W12 satisfies the H-condition, see [12].
Therefore, W& P satisfies the H-condition. [ |

Proposition 5.3. For each v=0and p =1, the space W& P is continuously embedded into

the space L*™°. In particular, there exists a constant C > 0 depending on v and p such that

(5.43) sup e |f)IP <CPIfIP,,, feWyrP.

x€[0.00) W, P’

Proof. Fixv>0,p=1and f € Wvl’p. Let £ > 0. Since
fooo If @)IPe" dx < oo,
there exists x( € [0,00) such that "™ |f(x()|? < . Consider x € [xg,00). Then

@I =i Gl + [ D(FGIPe)dy

X0

= | f(xo)lP + p f FOIPDF (e dy
xo

+vf lfnIPe*dy.
x0
Therefore
o0
sup e™If@)P <e+p f IF@IPTIDf(x)e ™ dx +vIFIT ,.
x€[xg,00) X0

Using the Holder inequality and the Young inequality, we get

f T IFOP D f (e di = f TP D Fe ST e da

0 0

p-1 o 1_1)
s( f If(x)lpe”dx) ? ( f DfOP e dx

0 0

p

<

-1 1
> £, + l—)anu’v’,p.

Taking into account the last inequality, we infer that

sup e If@IP <e+(p-DIFIS, +IDFIS, +VIFIE .

x€[x0,00)

Similarly, we can prove the above inequality for x € [0,x(). Since € > 0 is arbitrary, we

obtain
sup e"[f(x)’ <(p - 1)”f”€,p + ||Df||€,p +V||f“€,p7
x€[0,00)
which concludes the proof. [ |
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Remark 5.1. In fact, if f € Wvl’p, then by inequality (5.43),
lim |f(x)| = 0.
X—00
Proposition 5.4. For each v> 0 and p = 1, the following inequality holds.

(5.44) sup |f@)|<IDfll,, feWy”.

x€[0,00)

Proof. Fix v>0and p > 1. Let £ > 0. For any f € Wy?, f e L. Thus

f I @lda <o
0

and hence, there exists xg € [0,00) such that |f(x()| < €. Consider x € [xy,00). Then

|[f (%)= fxo0)l =

ffo(x)dx
x0

sfx DF ()l dx
o
and so

£ < IF (o)l + 1) — Flao)l < e+ f 0 Df@)dx.
Therefore, we obtain

sup |f(x)| < £+f IDf(x)|dx.
x€[xq,00) 0
It follows from Proposition 5.1 that
sup |f(@)|<e+I|DFfl;.

x€[x0,00)

Similarly, we can prove the above inequality for x € [0, x(). Since ¢ is arbitrary, this gives

the desired conclusion. [ |

Lemma 5.13. Assume that v € R and p = 1. Then the shift-semigroup is a contraction

type Co-semigroup on W,} P

Lemma 5.14. [32] Let CE(RJF) be the space of all twice continuously differentiable func-
tions f :[0,00) — R with compact support. Then C2(R") is a dense subspace of W&’p.

Lemma 5.15. The shift-semigroup on C2(R") is strongly continuous in the norm of W& P,

Proof. Fix g € C2(R"). Then g,Dg € CL(R"). In Lemma 5.5, we showed that for g €
CLR"), IS(t)g - gll, — 0 as t — 0. Similarly, we can show that Dg € Cl®"), IS(t)Dg -
Dgll, — 0ast— 0. Thus, IIS(t)g—gIIWVLp — 0 as t — 0. Therefore, S is strongly continuous
on C2(R"). [ |
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Proof of Lemma 5.13. First we show that for each ¢t =0, S(¢): Wvl’p 3f—f(+t)e W&’p
is well-defined, linear and bounded. Fix # =0 and f € WV1 P In Lemma 5.3, we showed
that S(¢)f € LY. Let us now show DS(t)f € LY. Recall that Df is the first weak derivative
of f € LY iff for each ¢ € C1((0,00)),

fooo fx)g'(x)dx = —fOOODf(xﬁp(x)dx.

Fix ¢ € C}((0,00)). Since ¢(- — ) € C1((0,00)), we have
[ " SO (' (0da = [ " flt D'z
- [ " F e - Ddx

= —foon(x)(p(x —t)dx
t

o0
= —f Df(x+t)p(x)dx
0
= —fo S)Df(x)p(x)dx.
Therefore, the first weak derivative of S(¢)f exists and equal to S(¢)D f. Moreover, we
have
[e.@] o0
f IDS(t)f(x)Pe"*dx = f IDf(x+t)Pe" dx
0 0
(5.45) oVt f DFWIPe ™ du
t

—vi
<e IDFIY .

Hence, S(¢) is well-defined. It is obvious that S(¢) is linear and it follows from estimates
(5.6) and (5.45) that

(5.46) ISOF lygrs < e 7 Iflyre, ¢20,

which implies that S(¢) is bounded.

Now we show that S is a contraction type Cy-semigroup on W& P Tt is obvious that S
is a semigroup on WV1 P Let us prove that S is strongly continuous on WV1 P Fix f e WV1 P
Since C2(R*) is dense in WV1 P for every £ >0, there exists g € C?(R*) such that

€
(5.47) If =8l = 3-
Also by the previous Lemma, we have, for every § >0,
€

(5.48) I1S(g = 8l = 3
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Taking into account inequalities (5.46), (5.47) and (5.48), we deduce that

ISOf = Fllyre = IS@f =S(B)g+SB)g - g+~ [l
< ISO = Dlyre + 1S®)g — gllyro +If = &l
<e?!If ~glyir + IS(g —glyre +If ~glyys <,

which implies that S is strongly continuous on WV1 P Moreover, it follows from inequality
(5.46) that

t

”S(t)Hz(Wl}’P) <e?r )

t=0.
Thus, S is a contraction type Cy-semigroup on WV1 P

Lemma 5.16. The infinitesimal generator A of the shift-semigroup on WV1 P is character-

ized by
DA)={f eW,”” :Df e W, "}
and
Af=Df, fe2(A).

The proof of this lemma is similar to the proof of Lemma 5.8.

Let H be a Hilbert space endowed with an inner product (-, -)z. Define WV1 P(H) to be
the space of all functions f € L?(H) such that Df € LP(H). All the results above of the
spaces W& P can be generalized for the spaces WV1 P (H). Therefore, WV1 ’P(H) is a separable

Banach space with respect to the norm

1 hyrogery = VFllzzan + 1D F o € WP (HD).

The following proposition gives a sufficient condition under which a WV1 P _valued operator

K defined on H is y-radonifying.

Proposition 5.5. Let p = 2. If x is a function in W& P (H), then a bounded linear operator
K:H— W&’p defined by

Klhl(x) =(x(x),h)g, heH, x€[0,00),

is y radonifying, i.e. K € y(H ,W& 'P). Moreover, there exists a constant N >0 independent
of x such that

1K < Nllxlly,

YH,W,P) Lp (g
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Proof. Define a linear operator V : WV1 P(H) — WLP(H) by
Vf=Ffer, feWDIP(H).

As in the proof of Lemma 5.1, it can be easily seen that the operator V is well-defined,

bijective and isometry, i.e.
(5.49) IV llwiea = ”f”WVL"(H) fe Wvl’p(H).

Fixx e WV1 P(H). Then Vx € WLP(H). It was proven in Theorem 4.1 of [12] that for every
pe WLP(H), a bounded linear operator M : H — W12 defined by

MI[hl(x) = (Pp(x),h)r, heH, x€[0,00)

is y radonifying, i.e. M € y(H ,WLP) and there exists a constant N > 0 independent of )
such that

1My wiey < NIPlwre -
Therefore, the following bounded linear operator K defined by
K[hl(x) = (Vk(x),h)g, heH, x€e[0,00)
is a y radonifying operator from H into W and for constant N >0,
||KIIY(H,W1,p) < NIIVklwreg-
It follows from (5.49) that
(5.50) ||K||Y(H,W1,p) = N||K||W3,p(H)-
Define an operator T : WH? — WP by
Tf=fer, feW'r.

As in the proof of Lemma 5.1, it can be easily showed that the map T is well-defined,

bijective and isometry, i.e.

1
1T lyro = 1f s, f W2,

and so |T|| < 1. Therefore, we can rewrite K as T oK. By Theorem 2.15, since 7' is linear
bounded and K is y radonifying, the map K is y radonifying. Moreover, since || 7| < 1 and
(5.50), we infer that

1Kl 1oy S I Ty, wiey < Nkl

y(H,W, P (H)

which completes the proof. [ |

101



CHAPTER 5. APPLICATION TO THE HIMM EQUATION

Lemma 5.17. Let v >0 and p = 2. Let H be a separable Hilbert space endowed with
the inner product {-,-)g. Assume that g :[0,00) x [0,00) x R — H is a continuously weakly
differentiable mapping with respect to the second and third variables such that there exist
functions g,8 € W& P such that

(i) for all t €[0,00),

(5.51) lg@t,x,Wlla =18, ueR, xe[0,00),

(it) for all t € [0,00),

(5.52) lg(t,x,u)—g(t,x,v)lg <18 lu-vl, u,veR, x€e[0,00),
(iii) for all t € [0,00),

(5.53) ID.g(t,x,u)llg <IDgx), ueR, x€[0,00),

(iv) for all t € [0,00),

(5.54) ID,g(t,x,u)—D,g(t,x,v)llg <|Dgx)| lu—-vl, u,veR, x€[0,00),
(v) there exists a constant K1 > 0 such that for all t € [0,00),

(5.55) 1D, g(t,x,u)llg<Ki, ueR, x€[0,00),

(vi) there exists a constant Ko > 0 such that for all t € [0,00),

(5.56) 1D, g(t,x,u)—D,g(t,x,0)llg <Kslu-v|, u,veR, xec[0,00),

where D, g(t,x,u) is the first weak derivative of function [0,00) 3 x — g(t,x,u) when t and
u are fixed. Similarly, D, g(t,x,u) is the first weak derivative of function R u — g(t,x,u)
when t and x are fixed. Define a function F :[0,00) x W& L WV1 P by

(5.57) F(t,f)x)= <g(t,x,f(x)),fO g(t,y,f(y))dy> , feW&’p, x,t €[0,00).
H

Then F is well-defined. Moreover,
(i) for every t € [0,00),

p

1
a. _ D
”F(t’f)”WVL" < (E) ||g||%,p +3

1
E) ’ 1&1lv,p (ID&llv,p + K1IDFllv,p)

(5.58)
+3C18N 118Ny, fEWSP

(it) F is Lipschitz on balls with Lipschitz constant independent of time t.
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Proof. Fix ¢t >0 and f € W)?. In Lemma 5.9, we have already showed F(¢, f)e L2. Let
us show that DF(¢,f) € LY. By the chain rule, we have

DF(t, f)x) = <Dg(t,x,f<x», fo 2ty f(y))dy>
H
+(g(t,x,f(x)),g(t,x,f(x)))p, x€[0,00).

It is obvious that DF'(¢, f) is measurable. Moreover, using the triangle inequality and the

Cauchy-Schwarz inequality, we obtain
IDF(t,f))| = | Det,x, )1 fo " gt x, F@)| e
+18@,x, fFC g, x, f(Dla, x€[0,00).
The first weak derivative Dg(t,-, f(-)) of g(t,-,f(-)) is given by
Dg(t,x,f(x)) = D,g(t,x,f(x))+ Dy, g(t,x,f(x))Df(x), x€[0,00).
By the triangle inequality, and inequalities (5.53) and (5.55), we get

IDg(E,x, f (D gz < 1Dxg(&,x, f Dl + 1D g, x, f () g7 1D f(x)]
<IDg)I+K1IDf(x)l, x€[0,00).

(5.59)

Therefore, by Proposition 5.1, and inequalities (5.51) and (5.59), we have, for every

x €[0,00),

1 1
IDF(t, f)@)| < ( P ) 181lv.p|DE)| + K1 (V’iq) 1211, |DF (| + 18012,

vq

From the last estimate, we obtain
[TIprepepear<s | 2) g, [~ iDgwreax
0 vq 0
2 )
+3PKY (ﬁ) 121, f |Df(x)|" e dx
vq “Jo
[e.0]
+3pf 1g8(x)IP1g(x)IP e dx.
0

It follows from Proposition 5.3 that

p
oo p ¢ B
. [Ciora.preasss(£) g1, el

P
q
<3 (2] 12 KT DI, 37PN I,
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Thus DF(t,f) € LIVD and so F'(¢,f) € WV1 '’ Hence, F is well-defined. Moreover, it follows
from estimates (5.31) and (5.60) that

1
q q
IF G, Pl < (V%) 1812, +3 (V’iq) 181y,p (ID&llv.p + K1IDF v, p)

+ 3C||8_'||W‘},P ||g||v,pa

which gives the desired conclusion (5.58).
Let us now prove that F is locally Lipschitz. Fix t =0, R >0 and f1,f2 € WV1 P such
that ||f1||W1,p <R and ||f2||W1,p < R. Define a function I by

I(x) = F(¢, f1)(x) - F(¢, f2)(x), x€[0,00).

Then by the triangle inequality and the Cauchy-Schwarz inequality, we have, for each

x €[0,00),

[I(x)| <

<g(t,x,f1(x))—g(t,x,fz(x)), [ g(t,y,f2<y>>dy> |
H

+

<g(t,x,f1(x)),f0 [g(t,y,f1(y))—g(t,y,fz(y))]dy> '
H
< ||g(t, %, 100 — gt %, Fal) fo gt x, fa) |

+|g(t,x, /”1(x))||Hf0 lgt,x, F1(x)) — g(t,x, fa(x))||dx.

Using inequalities (5.51) and (5.52), we obtain, for each x € [0,00),

II(x)IS|§(x)||f1(x)—f2(x)|f0 Ié(x)ldx+|§(x)lf0 18I f1(x) — f2(x)l dx.

It follows from Proposition 5.1 and Proposition 5.4 that for each x € [0,00),

1 1
1@ < |2 gl p 18@I A1) - 2+ | 2= 11— il IDEI 18
vg P

vq

Therefore, taking into account the last inequality, we get

2 [e’s}
1112, <2” (jiq) g1z, fo BEIP If1(x) - fo2)IP e dix

p\i *
+2P(E) If1=fillv,p IIDgllll’fO 8(x)IP e™dx.

It follows from Proposition 5.3 that
» P
p s 151P p
|12, <2PCP (E) 18150215, 11~ ol

B
+2P jiq) If1=Fily | D& 181y .
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Thus, we have showed that

—

IF(t, f1)~F(t, f)lly,p < 2C (Vﬁ) 181118110111 = Fall,p

(5.61) 9

Q=

D ~ _
+2(G) If1=Filvp | D& 1&lv,p-

By the chain rule, we get

DIx)= <Dg<t,x,f1<x», fo (g(t,y,fl(y))—g(t,y,fz(y)))dy>
H

¥ <Dg(t,x, A1) - Diglt,x, Fal), fo g(t,y,fz(y))dx>
H

+ <g(t’x7 fl(.?C)),g(t,x, fl(x)) _g(tax, fZ(x))>H
+(g(t,x, f1(x)) - g(t,x, fa(x)), 8(¢, %, fa(x))) py, % €[0,00).

Using the triangle inequality and the Cauchy-Schwarz inequality we get

DI < |Dgt,x, f1)] fo lg(t,x, 1) — g(t, 2, Foa)| yrdx

+ IIDg(t,x,fl(x))—Dg(t,x,fz(x)HHf0 | &(t, %, f2(x)) ||
+ | &, x, 1) | 8t x, F1(2)) - g(2, %, fal))||
+ || g(t,x, fo(x))| 5 || &2, %, F1(x)) — g8, x, fo(x))| i, x €[0,00).

By inequalities (5.51) and (5.52), we obtain

IDI@)| < |Det,x, AL fo B 1)~ fo) da

+ | Dg(t,x, f1(x) - Dg(t,x, folx)| 5 fo 18(x)| dx
+218@) 18 f1(0) - fo(x)l, x€[0,00).

Using Proposition 5.1 and Proposition 5.4 we get

1

IDI(x)| < (V’iq) "ID&N1 If1 - fall, , ID gt x, FrGNl g

p

1
+ E)" 181, IDg(t,x, f1(x) - Dg(t,x, fo@)lg

+21g8@)E@)f1(x) - fa(x)l, x€[0,00).
Note that
Dg(t,x,f1(x)) =D, g(t,x, f1(x)) + Dy g(t,x, f1(x))D f1(x), x€[0,00),
Dg(t,x, fo(x)) = D,g(t,x, fa(x))+ D, g(¢,x, fa(x))D fo(x), x€[0,00).

(5.62)
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Thus by the triangle inequality, we obtain

IDg(t,x, f1(x)) —Dg(t,x, fa(o)ll g < I1Dxg(¢,x, f1(x)) — D& (¢, x, fo(x)
+1D,g(t,x, f1)l g |D f1(x) - D fo(x)|
+ 1D, g(t,x, f1(x) = Dy g(t,x, folx))ll g |D falx)|,  x€[0,00).

It follows from inequalities (5.54), (5.55) and (5.56) that

IDg(t,x, f1(x)) — Dg(t,x, fa)l 77 < |DE)| 1f1x) — fal)| + K1 |D f1(x) — D fol)|

x €[0,00).

(5.63)

Thus, by inequalities (5.59) and (5.63), we get
1
p |1 A -
IDIx)| < (E) ID&l If1 - fall, , D)

1
q
+K; jiq) ID&, If1 - fall, p 1D 1)

1
ﬁ) 181, D& f1(2) - o)l

vq

+

+ K1

1
ﬁ) 181y, 1D F1(x) ~ D fo(@)
vq

1
+K> v%) 181, 110) = FaIID fa()

+218@)E@)f1(x) — fa(x)l, x€[0,00).

Therefore, from the last inequality, we obtain

o1, =62 (2] |paliisi- i, [T ipacor e

o2

p

+6p(fq) Il f |D&()|”1f1(2) ~ fa@)IPe**dx

—f2||€,pf0 IDf1(x)IP e"*dx

QT

+6pr(v ) ||g|| f |D f1(x) — D fo(x)|" e**dx

+67K2 (2 ) 1212, [ 1100 - @I Do) e da
vq 0

+6pf0 1)1 18P | f1(x) - fa(x)IP e dx.
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It follows from Proposition 5.3 that

P
q A —-
|pI|?  <6” (Vliq) ID&IP If1 - foll2, IDEIE,

1
q A
+67KP (V’iq) IDEIE 1 f1 - 212, IDF11IE,

P
p 7, _ .
+6PCP | — P 1DsIIP _£P
(5.64) (vq) g1y, ID&Il p I 1 fzIIWVLp

P
P 7, _
+6pK]1J (E) 1&gl , IIDfl—szlle,p
P
p| P 7, -p p p
+67CPK, (E) 18115, p ||f1—f2||WV1,p 1D fa2lly p
2 P D AP
+6°C“P ||f1—f2||WV1,p “g”Wvl”’ I8y p-

Taking into account estimates (5.61) and (5.64), we infer that there exists a constant
C(R) > 0 such that

IF @, f1) = F@&, )l < C@If1- fallye,
which implies that F' is Lipschitz on balls. |

Lemma 5.18. Assume that all the assumption of the previous Lemma are satisfied. Define
a function G :[0,00) x Wvl’p — y(H, Wvl,p) by

(5.65) G(t, IRIx) = (gt,x, fx), k), feWyP, heH, x,te[0,00).

Then G is well-defined. Moreover,
(i) for every t € [0,00),

(5.66) ||G(t,f)|ly(H’WV1,p) = N(llgllv,p +21Dgll, , +2K3 ||Df||v,p) , [€ Wvl’p
(it) G is Lipschitz on balls with Lipschitz constant independent of time t.

Proof. Fixt=0and f € WV1 P To show that G is well-defined, we have to show that
G(t,feyH, Wvl’p). Define a function « : [0,00) — H by

k(x) = g(t,x,f(x)), x€[0,00).
Then we can rewrite G(¢, f) as follow

G, Ih)(x) = (x(x),h)g, heH, xe[0,00).
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By Proposition 5.5, it is sufficient to show x € WV1 P(H). In Lemma (5.3), we have already
showed x € LY (H). Thus, we need to show Dk € LY (H). It is obvious that D« is measurable.

Moreover, by inequality (5.59), we have

Dk g < 1Dxg(t,x, fg + 1Dy g, x, f g |Df ()]
<|Dgx)|+K1|IDf(x)|, x€[0,00).

(5.67)

From the last inequality, we infer that

I Dx(x)||%e"*dx < 2P IDg(x)|P e"*dx +2PK? IDf(x)|Pe" dx
H 1
(5.68) 0 0 0

=2P D&y, +2PKY IDFIY .

Hence Dx € LE(H). Thus, G(¢, f) is a y-radonifying operator from H into W."?. Therefore,
G is well-defined. Again by Proposition 5.5, we have, for a constant N > 0 independent of

K’

IIG(t,f)Ily( < Nllxlly,

H,W,”) VP (H)'

It follows from estimates (5.35) and (5.68) that
(5.69) G, 52) <N (111 + 21Dy + 2K1IDS 1),

which gives the desired result (5.66).

Let us now prove that G is locally Lipschitz. For this aim, we again use Proposition
5.5. Fix t 20, R >0 and f1,fz € Wy such that [Ifilly1, <R and [If2lly1, < R. Define a
function A :[0,00) — H by

Mx) = g(t,x, f1(x)) — g(t,x, fo(x)), x€[0,00).
Then
(G(t, f1) - G, f))[R](x) = (A(x), k), x€[0,00), heH.
By inequality (5.52) and Proposition 5.3, we get
[ CIA@IE e dx < [ 8@ 110) - fo)lP e dx
(5.70) < sup |f1(x)— fa(x)? fooo 18(x)IP e"*dx

x€[0,00)

=CPIZIplf1=Fall? e
v
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Moreover, by inequality (5.63), we have

|DA@)|| g = |D&@)|1f1(x) = fo()] + K1|D f1(x) — D fo(x)|

(5.71)
+ Ko |f1(x) - f2()] |D fa(x)

, x€[0,00).
Therefore
fo h |DAG)||5e" “dx < 87 fo h |Dg )| 1f1(x) - fo()IP " dx
+3PK? fo h |Df1(x) - Dfox)|e**dx
+3PK? fo 110 — Fo@)I? D fa)|P e dx.
Using Proposition 5.3, we infer that

fo |DA) |5 dx <87CP I f1 - ol ,, [ D&

+3PKLCP I~ oIl IDFel .

v, t3PKT|Dfi-Dfa|7
(5.72)

By Proposition 5.5, we have, for a constant N > 0 independent A,

It follows from estimates (5.70) and (5.72) that there exists a constant C(R) such that

(5.73) |G, 1) _G(t’fl)”y(H,Wvl’p) =CBIf1~Fallyrr,

which completes the proof. |

Let us now introduce the main result of this section by the following theorem.

Theorem 5.2. Let v> 0 and p = 2. Let H be a separable Hilbert space endowed with
the inner product (-, ). Assume that g :[0,00) x [0,00) x R — H is a continuously weakly
differentiable mapping with respect to the second and third variables such that there exist
functions g,8 € WV1 P such that
(i) for all t € [0,00),

lg(t,x,wllg <8, ueR, xel0,00),

(it) for all t € [0,00),
lg(t,x,u)—g(t,x, Vg <180 lu-vl, u,veR, x€[0,00),
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(iti) for all t € [0,00),
IDg(t,x,u)llg<IDgx)l, ueR, x€l0,00),
(iv) for all t € [0,00),
1D g(t,x,u)—D,yg(t,x,v)lg <IDgx)| lu-vl, u,veR, x€[0,00),
(v) there exists a constant K1 > 0 such that for all t € [0,00),
IDyg(t,x,wllg<Ki, ueR, xel0,00),
(vi) there exists a constant Ko > 0 such that for all t € [0,00),
ID,g(t,x,u)—Dyg(t,x,v)llg <Kolu—-vl, u,veR, xel0,00).

Then for each rg € LQ(Q,QFO,IP’;WV1 Py, there exists a unique WV1 P valued continuous mild

solution r to equation (3.7) with the initial value ry.

Proof. The abstract form of equation (3.7) in the space WV1 P is as follows

(5.74) drt)=(Ar(t)+ F(t,r(¢)))dt + G(¢,r@)dW(t), t=0,

where F' and G are functions defined in Lemma 5.17 and 5.18 respectively, and A is the
infinitesimal generator of the shift semigroup on Wv1 P (see Lemma 5.16). Now equation
(3.7) is the form of equation (4.2). In lemma 5.12, we showed that WS P is a Banach space
satisfying H-condition. Also in Lemma 5.13, we showed that the shift semigroup on W& P
is a contraction type Cy-semigroup. Moreover, in Lemma 5.17 and 5.18 , we showed that
F and G satisfy the conditions of Theorem 4.3. Therefore, for each ro € L2(Q, %, P;L%),
equation (5.74) has a unique Wv1 P _valued continuous mild solution with the initial value
r(0)=ryg. [ |

Example 5.3. For each ro € L2(Q, %y,P;LY), the HIMM equation in Example 5.1 has
a unique WV1 P_valued continuous mild solution given by (5.41) since the function g in

Example 5.1 satisfies all the assumptions of Theorem 5.2.

Example 5.4. Consider Example 5.2. One can easily check that the function g in Example
5.2 satisfies all the assumptions of Theorem 5.2. Thus, for each ro € L2(Q, %o, P;L%), the

HJMM equation in Example 5.2 has a unique W& P valued continuous mild solution.
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Remark 5.2. Elements of WV1 P are a-Holder continuous functions for a < 1—% and hence,
for each p =2, the solution to the HIMM equation in the space WV1 P is more regular than

the solution in the space W;,l 2

Remark 5.3. In the spaces C* of a-Hoélder continuous functions, one can not define an

It6 integral and hence, these spaces are not suitable for our purpose.

5.3 Existence and Uniqueness of Invariant Measures
for the HJMM Equation in the Weighted
Lebesgue Spaces

In this section, we find a sufficient condition, using Theorem 4.5, for the existence and
uniqueness of an invariant measure to equation (3.7) (when the coefficients are time
independent) in the weighted Lebesgue spaces. Let us begin presenting the following

natural consequence of Theorem 5.1.

Corollary 5.1. Assume that v >0 and p = 2. Let g :[0,00) x R — H be a measurable
function with respect to first variable such that there exist functions § € LY, and g € LEnL*>®
such that

(5.75) lglx,wla <1g8x), ueR, xe[0,00)
and
(5.76) lgCx,u)—glx,V)llg <18 lu—-vl, w,veR, xe[0,00).

Then for each ro € L2(Q, %y,P;LY), there exists a unique LY -valued continuous mild

solution r with the initial value r(0) = rg to the following equation

6 X
dr(t)(x)=(—r(t)(x)+<g(x,r(t)(x)), f g(y,r(t)(y))dy> )dt
(5.77) Ox 0 H

+{g(x,r(t)(x)),dW (), t,x€[0,00).

Moreover, the solution is a Markov process.

Let us now present our main result for this section.
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Theorem 5.3. Assume that v> 0 and p = 2. Let all the assumptions of Corollary 5.1 be
satisfied. If

=

v
)

b\, . . 21 5112
(5.78) 2(@) 1&llooll&llv,p + (P — DN ||g||oo<2

where 1_11 + % =1and N is a constant appearing in inequality (5.38), then equation (5.77)

has a unique invariant probability measure in L.

Proof. Assume that G and F' are functions defined by

(5.79) F(f)(x)= <g(x,f(x)),f0 g(y,f(y))dy> , feL? x€e[0,00).
H

and

(5.80) G(HIhI(x) = (g(x, f(x)),hYm, feLy, xel0,00), heH.

Then abstract form of equation (5.77) in L? is as follows
(5.81) drt)=(Ar@®)+F(rt))dt+Gr@)dW (), t=0,

where A is the infinitesimal generator of the shift-semigroup on L%. In order to show
that equation (5.81) has a unique invariant measure, by Theorem 4.5, it is sufficient to

show that there exist a constant w > 0 and ng € N such that for all n > ng and f1,fo € LY,

K
(5.82) [An(fi—f2)+F(f1)—F(f2),f1—f2]+ 2(p)

IG(fD) =G gy 1oy < ~0lf1=Fall} )
where [-,-] is the semi-inner product on L? which is given, see [15], by

[f,g]=||g||3;,pf0 Flx)gx)gx)P 2 dx, f,geL?,

and A, is the Yosida approximation of A. Moreover, Ko(p) is a constant appearing in
Lemma 5.2. We prove (5.82) in the following few steps.
Step 1: Fix f1, f2 € LY. Then by the triangle inequality and the Cauchy-Schwarz inequal-

ity, we obtain

IF(F)@) - F(f2)()| < || gCx, F1)| 5 fo | gCe, F1(x)) - g(x, o)) ydx

+ (gt F10) — g, fol) | fo lg(, fola)|| ydx, x€10,00).

112
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Using inequalities (5.75), (5.76) and Proposition 5.1, we have
|F(f)(x) - F(fo)x)| < Ig(x)lj; 18(x)| |f1(x) — fa(x)ldx

F18@)] IF1) — fol)] fO 8(0)ldx

< (ﬁ) 18100 1£1 = F2llv,p18(0)]
vq

1
n ( vliq ) 18118 1F1(2) — fa)l, %€ [0,00).

Put

I:=[F(f)-F(fa),f1-f2).

Taking into account last inequality, we obtain

I<Ifi-fal7 fo |F(F)(x) - F(f2)@)|| /1) falx)lP e dx

l (o0}
< (v%) 1811l f1 — F2lIF fo 8@ 1f1(0) — fo@IP e dx

l [e.0]
+(%)q ||§||v,p||f1_f2”%;)pf0 18O 1F1(x) — fa(x)IPe¥ dx.

Using the Holder inequality, we get

1

fo 18@)I1f1(x) — fo(x)P e dx = fo 18(x)] |f1(x)—fz(x)lp_lem(%)e%dx

p-1

1 0o =
(5.83) < (fo Ig(x)lpe”dx)p (fo |f1(x)—f2(x)|pevxdx)

_ -1
=181y pllf1—fally, -

Also we have

o0
(5.84) | 181 110 - e e de < 1ol fi =l .
Taking into account inequalities (5.83) and (5.84), we deduce that
1
b\ . - 2
(5.85) 152(E) 18Noo 181y p /1= F2ll5 -

Step 2 : For each ¢ = 0, define an operator P(t): LY — L% by

Pt)f =e? St)f, feL”,
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where {S()};>0 is the shift-semigroup on L% in Lemma 5.3. Recall that the family {P(¢)};>¢
of these operators is a contraction Cy-semigroup on L? and its infinitesimal generator is
given by

vl
=—+

p
By Theorem 4.3 (b) in [44], B is dissipative and so for all f € 2(B) and f* € F(f),
(Bf,f*) <0, where

B A.

F(H)={f e(LD) (£, =1F12=1F"1%},

where (L?)" is the dual space of LY and by [15], (LY)" = LY. By the definition of the

semi-inner product [-,-], see Definition 4.9, we have

[f,.gl=(f,g"), g e(Ly)

and (g,g*) = |gl?,i.e. g* € (L})". Therefore, (Bf,f*) =[Bf,f]. Hence [Bf,f]< 0. Note
that

-1
A, =nAmI-A)yl=n (B _ 31) (nI + 27 —B) .
p D

Let wg := _7" and % := n — wg. Then we obtain
Ap= @+ k)R -B) ™+ 1+ %)Bk.
Therefore, we get

[Anf,f1= (05 +kw)|(RI-B) " IfI2 .

By Theorem 2.11, we know that ||(k] -B) 1< %. Hence

w2+ kwy
[Anf,f1= =——If I,
Therefore, we infer that
-vn 9 »
(5.86) [An(fi—f2), f1-fal < Ifi=rallyp,  Fr,f2€ L.
np+v

Step 3 : By inequalities (5.2) and (5.38), we get
Ks(p)

(5.87) IG(F) =G DI gy 1oy < 0= DN I f1 = f2ll3
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Taking into account estimates (5.85), (5.86) and (5.87), we obtain

K
[An(f1 = f2) + F(f1) = F(f2), f1~ f2] + 7’” IG(F) =Gy 1o, < Cull L= F2l5 .

1

where C,, =2 (Vfiq)q 1810 1E 1y, +(p — DNZ 18112, + =2 . Since by (5.78),

np+v’

P \¢

A _ A v
Cp—2 (Vq) 181l 181, , + (0 —DN? 118112, - 5=C<0,

there exists ng € N such that for all w € (0,-C),
C,<-w, n=ny.
Therefore, (5.82) holds for any w € (0, —C). |

Remark 5.4. Tehranchi [69] proved that for each c € R, there exists an invariant proba-

bility measure u¢ supported on an affine subspace
HY? = {f e HY?  lim f(x) = c}.
’ X—00

Since for ¢ #0 and v > 0, HclfvﬂLﬁ,’ = @, the measure u° is obviously not an invariant
probability measure on LY. Moreover, for ¢ =0, and appropriate choice of the weight w,
H éi c L? but as Marinelli [40] proved that there exists a unique invariant probability

1,2
measure supported on H ' .

Remark 5.5. One can generalise the results from Tehranchi and Marinelli to the frame-

work in chapter 6.

Remark 5.6. The existence and uniqueness of an invariant measure for the HJMM

equation in the weighted Sobolev space WS P is an open problem.
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CHAPTER

THE HJMM EQUATION IN THE SPACES Hvlv’p

n this chapter, we consider a weighted Banach space H&V’p , p =1, which is a natural

generalization of the Hilbert space Hvlv’2 used by Filipovié [26] and prove some

useful properties of it. This allows us to apply the abstract results from Chapter 4
to prove the existence of a unique continuous solution to the HIMM equation (driven
by a standard d-dimensional Wiener process) in the spaces H‘}V’p , p = 2. The HIMM
equation has been already studied in the space H‘}V’z, see Chapter 3 for detail. Under
appropriate choice of the weight, for each p = 2, the space H&V’p is a subspace of the space
H 3;2. Therefore, as in Chapter 5, an important feature of our results is that we are able
to prove that the HJMM equation has a unique solution in smaller space H. #p than the
space H 3‘;2. Moreover, elements of Hi,lv’p are a-Holder continuous functions for a <1 — 117
and hence, for each p =2, the solution to the HJMM equation in the space H&V’p is more
regular than the solution in the space H;lv’2. This is a reason why we study the HIMM

equation in the spaces H #p , p=2.

6.1 Definition and Some Properties of the Space H&V’p

Suppose that p =1 and the weight function w:[0,00) — [1,00) is continuous such that
0 1
f [w(x)| P 1dx < oo,
0
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1
i.e.w 71 €L Define L% to be the space of all (equivalence classes of) Lebesgue measur-
able functions f :[0,00) — R such that

foo |f (x)IPw(x)dx < co.
0

Theorem 6.1. The space L%, is a separable Banach space with respect to the norm

oo »
Il = (fo IfIPwix)dx| , feLb.
Proof. Define a linear operator T : LY, — L? by
1
Tf=fwr, felLb.

The map 7 is well-defined. Indeed, for a fixed f € L%, since w is continuous, the product

f wzll is measurable. Moreover,
o0 1 p o0

6.1) f ‘ f(x)WF(x)‘ dx = f £ ()IP w(x)da < 0o.
0 0

Thus T'f € L? and hence, T is well-defined. It is obvious that T is bijective. Furthermore,
by (6.1), we have

ITflze =fle, feLy.

Therefore, T' is an isometric isomorphism. Hence, the spaces (L%, | - ||r) and (Lf,’v, -l P )
are isometric. Thus, by Theorem 2.1, L%, is a separable Banach space with respect to the

norm | -[|;» because (L?,| - |lL») is a separable Banach space. [ |
w

Proposition 6.1. The space L%, is continuously embedded into the space L. In particular,

P

-1
p
Iflie, feLy.

6.2) Il s w7

Proof. Fix f € LY. Then by the Holder inequality, we have

1l = fo @)W (w7 (x)da

oo 117 o0 _1 1%1
S(f If(x)lpW(x)dx) (f lw(x)| P—ldx)
0 0
p-1
_1
o L RS
This gives the desired conclusion. [ |
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Suppose that p = 1 and the weight function w : [0,00) — [1,00) is an increasing,

continuously differentiable function such that

(6.3) f W) P Tdx < oo,
0

1 1 __1 .
ie.w 21eLl Ifw 1eLl thenw 71 eL!. Indeed, since w(x) = 1, we obtain

f w(x)| 7T da = f (W)~ T ()| dx < f Iw(x)|" T dx.
0 0 0

__1
Thusw 71 eL!.
Lemma 6.1. Assume that [ € L}OC such that the first weak derivative Df exists. If

(6.4) f |Df(x)|Pwx)dx < oo,
0
then the limit limy_. o, f(x) exists.

Proof. It is sufficient to prove that for each € > 0, there exists R > 0 such that for all

x1,%0 =R,
|f(x2) = f(x1)| <€.

Fix € > 0. By the Holder inequality, we obtain

X X

1F(2) - flx)]| < f IDF@)IWE ()w F (x)dx

X1

“IDf()lda = f

X1
p-1

1 -
< ( [ IDf(x)Ipw(x)dx)p ( [ |w<x>rﬁdx)

1 1

p-1 x %
lp ( f 2|Df(x)|pw(x)dx) .

__1
< HW p-1
1

Define a function g by
gx)=|Df(x)’Pw(x), x€[0,00).
Define a measure u on 98([0,00)) by
H(A) = fA g@dx, A€ B(0,00)).
Since by (6.4)

f g(x)dx < oo,
0
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we have, u([0,00)) < co. Since (72 ;[n,00) = @, by the o-additivity of u, we obtain
w(n,00)) — 0 as n— oo,
which implies that
f gx)dx— 0 as n— oco.
n
Thus, we obtain
f gy)dy—0 as x— oo.
X
Define a function G by
X
Gw= [ gy, xel0,00,
If £ > 0, then for each x1 < x9,
X9 00
|G (x2) — G(x1)| Sf g(y)dy Sf gy)dy=e
X1 X1
provided x; = R where R = R; is chosen so that
f glydy<e, if x=R.
X
Thus, we have proved that for each € > 0, there exists R > 0 such that for all x;,x2 >R,
|G(x2) - G(x1)| < ¢,
i.e.

(6.5) fxz ID f(x)|Pw(x)dx < e.

1

Taking into account the last estimate, we obtain

__1

If (x2) — fx1)| < ”W p-1

p-1 1
P (e)r.
1

If we choose € = F -, where ¢’ > 0, then there exists R, > 0 such that for every

1
x1,X2 =Ry,

|f(x2)— flxp)l <€,
which completes the proof. [ |

120



6.1. DEFINITION AND SOME PROPERTIES OF THE SPACE H‘}V’p

Define Hvlv’p to be the space of all functions f € Llloc such that the first weak derivative
Df exists and

I 18, 1= 17007 + [~ IDF W <oo,
where
f(o0) := gilgf(x).

Theorem 6.2. The space Hvlv’p is a separable Banach space with respect to the norm

I llw,p-
Proof. Consider the space R x L? which is a separable Banach endowed with the norm
1B o =1 1P+ 115
Define a linear map T : Ho* — R x LP by
Tf =(f(co),w?Df), feHy".

The map T is well-defined. Indeed, for a fixed f € H&,’p , R 3 f(oo) exists and since

f - D f(x)w%(x)‘p dx = f " DF@Pwx)dx < oo,
0 0

Df Wl_l’ € L?. Thus, T is well-defined. It is obvious that the map T is injective. Let us show
the surjectivity of T'. For this, fix (r,g) e R x L. We need to find f € H ;;p such that

(f(OO),W%’Df) =(r,9).
Suppose that f is a function such that f(co)=r and g = Wll’D f. Hence
Df(x)=gx)w (x), x€[0,00)
and thus, we get

(6.6) Flx)=r— f Y eow P (wdx, xel0,00)

because gw_% € Llloc. Now we show that the function f defined in (6.6) is the one we look

for. By the Holder inequality, we get

= p-1 p-1

[Tigcom @ = ([ Tg@ras)” ([ wer ) T =[w ] gy,
0 0 0 1 v
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Thus, we have, for each T > 0,

T
f |f (x)ldx < oo
0

and so f € L}Oc. Moreover, we have
[ ipr@rwwdz= [lgwrde= e,

Hence f € H&,’p . Thus, we have showed that the map T is also surjective and hence, it is

bijective. Moreover, for a fixed f € H ;lv’p , we obtain
p p. [T LP g ey
I g = 1P + | [DF WP @) dx=IF 1%,

which implies that the map 7' is an isometric isomorphism. Hence, the spaces (H&V’p o llw, p)
and (R x L2, |- lgxzr) are isometric. TTherefore, by Theorem 2.1, the space H;lv’p is a sepa-

rable Banach space with respect to the norm |-|ly . H
Proposition 6.2. If p =2, then the space H&V’p satisfies the H-condition.

Proof. It is obvious that R satisfies the H-condition. Also for every p = 2, L? satisfies
the H-condition, see [12]. One can easily show that the product R x L? satisfies the
H-condition, i.e the map 1y : R x L? — R defined by

v, =rP+Ifly, ,fleRxLP

is of C2 class (in the Fréchet derivative sense) and

(6.7) lw'(r, I Spll‘lp_1 +p ||f||§_1, (r,f)eRxLP
and
(6.8) ly"(r, I < p(p— 1)|rP~2 +p(p-1) ||f||Z_2, (r,f)eRxLP

where ¥/'(r,f) and v (r,f) are the first and second Fréchet derivatives of ¥ at (r,f) €
R x LP respectively. Consider the operator T from the previous Lemma. By Lemma 2.2,
since the map T is linear, it is twice Fréchet differentiable such that 7'(f) = T' and
T"(f) = 0 for every f € HLP . It is obvious that the map ¢ = woT : H-? — R is well-defined

and, since [|Tf lgxzr = If llw,p, We can write ¢ as
1
o) =1 %p, [eHG.
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Since ¢ and T are of C? class, ¢ is of C2 class. Moreover, since T'(f) = T, ||T||$(H1,p RxLp) S

1 and inequality (6.7), we infer that

I PN = 1T I TN T g1 gy 1W T

- 1P -1 1
< plf(co)P 1+pHDfWP L =PIfI,, feHy”.

Similarly, we can show that

lo" (A < plp-DIFIZZ, feHY.

Thus, the space H i,’p satisfies the H-condition. [

Proposition 6.3. The space H‘}V’p is continuously embedded into the space L*™°. In partic-

ular, there exists a constant C1 depending on w and p such that

(6.9) sup 1fI<Cillflwp, fe€HZ.

x€[0,00)

Proof. Fix f € H&V’p . Since f(0o) exists, we can write [ as

£ ) = foo) - f Df(ydy.

Thus

sup I = Il + [~ [DfG]d

x€[0,00)

By the Hélder inequality, we obtain

f " IDf@)|dx = f " IDf @)W ow P ()dx
0 0

00 1 0o 1 el
p __1 p
(6.10) < (f |Df(x)|pw(x)dx) ([ [wi(x)| Pldx)
0 0
1 2=t
< w7 1l

Taking into account the last estimate, we deduce that

e p-1

sup |f(x)| < (1 + W] F ) £ w5
x€[0,00) 1

which gives the desired conclusion. [ |
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Proposition 6.4. There exists a constant Cy depending on w and p such that the follow-

ing inequalities hold

6.11) If = f(oo)l1 < Callfllwp, f€HEP
and
(6.12) I(f = Foo)?Pwlly < CEIFIZP,, feHYP.

Proof. Define a function IT by
o0 1
IT(x) = f w r1(x)dx, x€[0,00).
X
Since w is increasing, we have

___p *© 1 b 1
H(x) <w @p-D-1 (x)f w 2p-1 (x)dx <w @p-D(-D (x) ”W 2p-1
X

Thus
@p-D(p-1) @p=1(p-1)
(6.13) ” TW” < v, ”
and
p-1 P~
(6.14) HHT 1SHW—m lp

Fix f € H-P. By the Holder inequality, we get

() - F(o0)| = f Df(y)dy

< f Y IDf@)dx

= foo |Df(x)|w1%(x)w_ll’(x)dx
(6.15) ¥

1
< ( f IDf(x)Ipw(x)dx)p ' (x)
0

p-1
= ”f”w,pn » (x), x€[0,00).

Therefore, by inequality (6.14), we infer that

2p-1

|17 peonds = [w H T ifl,

which gives the desired result (6.11). Similarly, by estimate (6.15), we have
fo £ (%) — f (o) PPw(x)dx < I 112, fo 122 (x)w(x)dx

@p-1(p-1)

< ”f"%vl,)p fool_[ P (x)H%(x)w(x)dx
0

@2p-1)(p-1)

I1

p

9 p-1
<IfI, H

| .
0o 1
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It follows from inequalities (6.13) and (6.14) that

2p-1

foo £ (x) = f(c0)|?P w(x)dx < HW_Tl-l 1p
0

2
V=

which gives the desired conclusion (6.12). Thus, the proof is complete. [ |
Lemma 6.2. The shift-semigroup S is a contraction Cy-semigroup on H&V’p .
Lemma 6.3. Set
Do={f€C*R") | Df e CLR")}.
Then Dy is a dense subspace of Hvlv’p .

Proof. First we show that D is a subspace of H‘}V’p . Fix f € Dy. Then f is measurable
and for each T >0,

T T
f |f(x)ldx < sup |f(x)]| dx=T sup |f(x)| <oo.
0 x€[0,T'] 0 x€[0,T]

Therefore f € Llloc‘ Moreover, since D f has compact support, i.e. there exists a > 0 such
that for all x € [a,00), Df(x) =0, we have

foo ID £ (x)|Pw(x)dx = fa IDf(x)Pw(x)dx < sup |Df(x)|? faw(x)dx < 00.
0 0 0

x€[0,a]

Thus f € H&,’p and hence, Dy is a subspace of H\}V’p .

Let us now show that D¢ is dense. For this aim, it is enough to show that for each
f € HEP, there exists a sequence (A,)nen of Do such that &, — f. Fix f € H-P. Then
Dfw? € LP. Indeed,

o0 1 D o0
f ‘D f(x)wz(x)( dx = f |Df ()| w(x)dx < co.
0 0

Since C}(IRJ“) is a dense in L? (see [32]), there exists a sequence (g,,),en Of C(}(IRJ“) such
1

that g, — Dfwr. Consider the operator 7' defined in the proof of Theorem 6.2. Let

(u,h) € R x LP such that

Tf(x)= (f(OO),Df(x)W%(x)) = (u, h(x))
Then f(c0) = u and D f(x)w? (x) = h(x). Thus

f Df(ydy=u—f(x)= f h(y)w P (y)dy.
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Therefore, we get
Tl @ =u- [ W Gy, k) eRxLP.

X

For each n € N, define a function by
© _1
hn(x)= f(oo)—f gny)w p(y)dy, x€[0,00).

X

For each n €N, h, € Dy. Indeed, for a fixed n € N, we have
Dhn(x) = gn@w ?(x), x€[0,00)

and

9 -1 1 _pil
D®h,(x)=D(gn(x))w P(x)—;gn(x)w » (x), x€[0,00).

Thus, &, € C2(R"). Also, since g, has compact support, DA, has compact support. Hence,
Dh, € CLR"). Moreover, &, — f. Indeed,

1 = £ = 1hn(00) = F(0O)P + fo IDhy(x) - Df P wix)dx
-,
)

= ||gn—DfW%’||p—>O as n— oo.

gn(W P (@) -Df @) wx)dx

gn(x) —Df(x)w‘%m\p dx

Therefore, D is a dense subspace of Hvlv’p . |
Lemma 6.4. The shift-semigroup on D is strongly continuous in the norm of H‘}V’p .
Proof. For any f € H- we can write the following equality

1
flx+t)—f(x)= tf Df(x+ts)ds, x€[0,00).
0

By the Holder inequality, we get

[

?

1 1
|f(x+t)—f(x)|stf |Df(x+ts)|dsst(f |Df(x+ts)|Pds
0 0

Therefore, we obtain

1
(6.16) Ifx+8)— f@)IP <P f |Df (x+¢s)|ds.
0
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Fix ge Dy. Then Dge H vlv’p . Using inequaliy (6.16) and the Fubini Theorem, we obtain
(e,0)
IS(tg —gll& = f |Dg(x +t)— Dg(x)["w(x)dx
0
oo pl
< tpf f |D2g(x+ ts)|” wx)dsdx
o Jo
1 proo
= tpf f |D2g(x+ ts)}pw(x)dxds
0o Jo
1
<P fo |SGsoDel?,,ds
<t’|Dgll;, ,—0 as t—0,
which gives the desired result. [ |

Proof of Lemma 6.2. First we show that for each ¢ =0, S(t): Ho? 3 f — f(¢t+-) € HEP is
well-defined, linear and bounded. Fix #=0 and f € H&,’p . In lemma 5.3, we showed that

S(t)f is measurable when f is measurable. Moreover, for each T' > 0,

T T T+t
fo IS@)f ()lda = fo e+ Dldx = f f@ldu < 0o
t

and hence S(¢)f € L}Oc. In lemma 5.13, we showed that the first weak derivative of S(¢)f

exists and equal to S(¢)D f when f is weakly differentiable. Furthermore, we have
S()f(00) = lim S()f (x) = lim f(x+2) = lim £(x) = f(00).
Thus
[e.0]
IS@FIE,, = 1S@Bf )P + fo IDS(O)f ()P wix)dx
= Ifeo” + [ " Df G+ ) wiwrd
=|f(c0)I” + f |Df(x))|” w(x — t)dx.
t

It follows from the monotonicity of w that

(6.17) ISOFIE,, < If )P + fo DF)|Pwdx = IFIE,,.

Therefore S(¢)f € H-" and thus, S(t) is a well-defined operator from HL-” into H-F. The
linearity of S(¢) is obvious and the boundedness of S(¢) follows from (6.17).
Now we show that S is a contraction Cy-semigroup on H &,’p . It can be easily shown

as Lemma 5.3 that S is a semigroup on H‘}V’p . Let us show the strong continuity of S on
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HLP Fix f € H-P. Since Dy is a dense in H-?, for every £>0, there exists g € Dy such
that

€
(6-18) ”f _g”W,p = 5
By Lemma 6.4, we have, for every £ >0,

€
(6-19) ”S(t)g _g”w,p = 5

Taking into account inequalities (6.17), (6.18) and (6.19), we infer that

IS@f = Fllw,p =I1SOf =S)g+SW)g—f +8—8llw,p
< ISEXf =&Nwp +1IS@E —gllwp +If —&llwp

sIf-glwp+ 1S —glwp +1f —&lw,p

e € €
S—+-+- =g,
3 3 3

Which implies that S is strongly continuous on H vlv’p . Moreover, by inequality (6.17), we

obtain
ISON ygginy <1, 220,
Therefore, S is a contraction Cy-semigroup on H&V’p . This completes the proof.

Lemma 6.5. The infinitesimal generator A of the shift-semigroup S is characterized by

(6.20) D(A)={f e H,” | Df e Hy"}
and
(6.21) Af=Df, feD(A).

The proof is similar to the proof of Lemma 5.8.

Let H be a Hilbert space with respect to an inner product (-, ). Define Hvlv’p (H) to be
the space of all (equivalence classes of) Borel measurable functions f € Llloc(H ) such that

the first weak derivative Df exists and

W g g = 1O+ fo 1D F )2, w(x)dx < oo.

All the results above of the space H&V’p can be generalized for the space H i,’p (H). Thus,

H&V’p (H) is a separable Banach space endowed with the norm | - || HLP (B

proposition gives a sufficient condition under which an H i,lv’p -valued operator K defined

The following

on H is the y-radonifying.
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Proposition 6.5. If p = 2, then for every x € H‘}V’p (H), a linear map K : H — H&V’p defined
by

(6.22) K[h](x) = (x(x),h)g, heH, x€[0,00),
is the y-radonifying, i.e. K € y(H ,H‘}V’p ), and for a constant N > 0 independent of «,

(6.23) 1K < Nl«llw,p-

Y(H,Hy)

Proof. Fix a ¢ R" and set A, = {a} UR*. Define a measure yu on A, by
WA)=6,An{a})+Leb(ANRY), AeB(A,).

Define LP(A,) to be the space of all (equivalence classes of) measurable functions f :
A, — R such that

1
1fllLra,) := (fA If(X)Ip,u(dx))p < oo.

1
Consider the Banach space R x L? with the norm | - lg«z» = (|- 1P + If[})?. The space

LP(A,) is equivalent to the space R x L? with respect to the norm || - ||z»a,). Let us prove
this. Define a linear map S :Rx L? — LP(A,) by

Sr,f)=rly+flgy, @, f)eRxLP.
The map is well-defined. Indeed, for a fixed (r,f) e R x L?,

I3+ Pl n,y = [ L)+ L P

{a}u

= [ 1M+ 1P ddy(d)
(6.24) {a}

+jl;+ |7 1igy(x) + f Lp+y(x)Pd Leb(dx)
—IrP 4 IFIE.

Thus, the map S is well-defined. It is obvious that S is bijective and it follows from the
last inequality that S is an isometry. Therefore, LP(A,) =R x LP. Let LP(A,;H) be the

space of all (equivalence classes of) measurable functions f : A, — H such that

1
£ oy = ( | ||f(x)||f;;u(dx>)” <oo.
Aq
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and consider the Banach space H x LP(H) with the norm

1
- Werxreny = - lm+ 1 - lLean)? .

Assume that T: H vlv’p — R x L? is a map defined in the proof of Theorem 6.2. We showed
that the map 7T is bijective and isometry. Similarly, we can prove that the same map 7,
but defined from H&V’p (H) into H x LP(H), is bijective and isometry. Also, we can show
that above map S, but defined from H x L?(H) into L?(A,;H), is bijective and isometry.
Therefore, the linear map V=SoT:H #p (H) — LP(Ag4;H) is bijective and isometry, i.e.

(6.25) IV Fllzeagm = 1F o, f€Hy? (H).
Fix x €1? (H) then Vk € LP(A4; H) and
(6.26) IWVlLeaqm = 1%l g1 g

It was proven in Proposition 2.1 of [9] that for every ¢ € LP(A,;H), a bounded linear
operator M : H — LP(A,) defined by

MIhl(x) = (p(x),h)g, heH, x€[0,00)
is y-radonifying and for a constant N > 0 independent of ¢,
IMlyH,LrAy)) < NIPlLr(ay;H)-
Therefore, a map M defined by
M[hl(x) = (Vx(x),hyy, heH, x€l0,00)

is y-radonifying and for a constant N > 0 independent of V«,

IMlyz,Lra.) < NIVl Le(ALH)-
It follows from (6.26) that
(6.27) 1M |y Loa,) < NIkl g1 g,

It is obvious that we can write K as V"o M, where V™1:LP(A,) — H‘}V’p is the inverse
of the map V =SoT: H&V’p — LP(A,) defined above. Thus, by Theorem 2.15, since
V1:LP(A,) — Hvlv’p is linear bounded and M : H — LP(A,) is y-radonifying, K is y-

Loy <1 and (6.27), we infer that

epo . . -1
radonifying. Moreover, since |V ™" || LLPALH

v -1
”K”}’(H,H&,’p) = ”M”)/(H,LP(AG))”V ”.f(Lp(Aa),H‘}V"D) = N”K”H#P(H)’

which gives the desired conclusion. [ |

130



6.2. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO THE HJMM EQUATION IN
THE SPACE HX?

6.2 Existence and Uniqueness of Solutions to the
HJMM Equation in the space H.”

In this section, we prove the existence and uniqueness of the HIMM equation (3.7)
(driven by standard d-dimensional Wiener process) in the space H‘}V’p , p=2. Thus, the

following theorem gives the main result of this chapter.

Theorem 6.3. Let p = 2. Assume that for each i =1,2,...d, g; :[0,00) x [0,00) x Hvlv’p —-R
is a continuously weakly differentiable function with respect to the second variable such
that for every t =0 and f € H‘}V’p,

(6.28) lim g,(t,x,/)=0.
Moreover, there exist constants M;,L; > 0 such that for each t =0,

(6.29) D.gi(t,x, )l < MiIDf )|, feHy", xel0,00)

and

(6.30)  ID.gi(t,x,f1)~Dagi(t,x, f2)l < LiIDfi(x) - Dfe()l, f1,f2€Hy", x€[0,00)

where D,g; is the first partial weak derivative of g; with respect to the second variable
(when the first and third variables are fixed). Furthermore, we assume that there exist
fi, i e HEP with fi(c0)=0, i =1,2,...,d, such that for all t =0 and f € H-?,

(6.31) lgi(t,x, ) <|fix)l, x€[0,00)
and

(6.32) gi(t,2, 1)~ git,x, f2)l < |fi@)|If1®) - fa@)l, f1,fae Hy?, x€[0,00).

Then for each ro € L2(Q, %y, P; H &,’p ), the following stochastic differential equation

0 d x
dr(t)(x)=|—rt)(x) + Zgi(t,x,r(t))f gi(t,y,r@®))dy|dt
0x i=1 0
(6.33) .
+Y git,x,r(t)dW;(t), t=0,
i=1
where W(t) = (W1(t), Wa(t),..W4(t)) is a d-dimensional Brownian motion, has a unique

H&V’p-valued continuous mild solution with the initial value r(0) =ry.
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Lemma 6.6. Assume that all the assumptions of the previous Theorem hold. Define a
function F :[0,00) x HLP — HEP by

d x
Ft,N )@ =Y gilt,x,f) fo git,y,F)dy, feHY, xtel0,00).
=1

Then F is well-defined. Moreover, it is of linear growth and locally Lipschitz on H&V’p with

Lipschitz constants independent of time t.

Proof. For each i =1,2,3...d, define a function F; : [0,00) x H&V’p — H&V’p by

Fi(t, )@) = gilt,x,f) fo git,y,dy, feHY, xtel0,00).

Then F can be written as follows
d 1
Ft, @)=Y Filt,)x), feHL, xtel0,00).
=1

Thus, it is sufficient to show that for each i = 1,2,3...d, F; is well-defined, of linear growth
and locally Lipschitz on H2?.

Fixi€{1,2,..,d},t=0and f € Hvlv’p. The function g;(¢,-,f) is continuous. Moreover, by
inequality (6.31), we have

x 0o _
[ gty prdy = [ 1oy
It follows from inequality (6.11) that for some constant Cy > 0 independent of f;,
x -_
| g3, pridy = Cal ity

since f;(co) = 0. Thus, the integral Jo gi(t,y,f)dy exists and it is continuous. Therefore,

F;(t,f) is measurable. Furthermore by the last inequality, we have, for every T > 0,

p
dx

T T
fo Fy(t, F)@)IP dix = fo gt x, I

L gl(t’yaf)dy

_ T
<CEIFNE fo lgi(t,x, F)IP dx.

Using Proposition 6.3 and inequality (6.31), we get
T T _
fo gi(t,x, F)Pda < fo Fi@Pdx < TCPIFIE,,.
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Taking into account the last inequality, we infer that
fOT \Fi(t, f)x)IP dx < TCfCSHfillng,)p,
which implies that F;(¢,f) € Llloc‘ Let us now show that DF(t,f) € LY. Note that
DF;(t,f)x) = ngi(t,x,f)foxgi(t,y,f)dy +82(t,x,f), x€[0,00).
Using inequalities (6.29) and (6.31), we get

|DF;(t, f)x)| < |Dxgi(t,x,f)| ‘ fo gilt,y,Pdy| +|¢itt,x, )

m - -
<M; |Df(x)|f0 |7:)|dx+ |fix)|?, x€[0,00).
By (6.11), we have , for some constant Cy > 0 independent of f;,
w - -_
fo |Fix)|dx < Callfillw,p-
Thus
|DFi(t,f)(x)| <M;Cs|f; ||W’p |Df(x)| + |fi(x)|2, x €[0,00).
It follows from the last inequality that
| PR @ Pweods <2 MG, [ IDF@[Pweods+27 [ I[P wwds
0 0 0
- m -_
< 2P MPCE LI I, + 2 fo |G| wix)d.
Using (6.12), since f;(co) =0, we have
7 2p D\ F.1|12P
| |fi@)| P wx)dx = CEIFilliE,.
From the last inequality, we deduce that
(6.34) f |IDFilt, )0 |Pw(x)da < 22 MPCEIfillh , I F 5, + 2P CHIFil13F,.
0
Thus DF(t,f) € LY,. By Lemma 6.1, the limit of F;(¢, f) at co exists such that by (6.28) ,
xll,m Fi(t,f)(x)=0.

Hence F(¢, f)(oco) = 0. Thus, we showed that F;(¢,f) € H ‘}V’p . Moreover, it follows from the
estimate (6.34) that there exists a constant C depending on w, p and f; such that

(6.35) 1Fit, Olly, p < CA+ £ llw,p),
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which implies that F; is of linear growth.
Finally, we prove that F; is locally Lipschitz. Fix ¢t = 0 and f1,f2 € H&,’p . Define a

function I; by
I;(x)=DF;(t,f1)(x) —DF;(t,f2)(x), x€[0,00).
Then

I:(x)=Dagit,x, f1) fo gi(t,y, f1)dy + g2t %, f1)
~D.git,x, f2) fo gi(t,y, fo)dy — g(t,x, f2)

:ngi(taxyfl)ﬁ (gi(t,%fl)—gi(t,y,fZ))dy

+ (Dagitt. ) -Dagittfo) [ eitt,fo)dy
+g(t,x, 1) - g(t,x, f2), x€[0,00).
By inequalities (6.29), (6.30), (6.31) and (6.32), we get, for each x € [0,00),
|1;(x)| < |ngi(t,x,f1)|fooo\gi(t,x,fl)—gi(t,x,f2)|dx
#1Dugitt, )~ Dagilen ol [ leiten, fldx
+(lgit,x, fOl +1g8:(t,x, f2)l)|gi(t,x, f1) — gi(t,x, f2)]
SMi|Df1(X)|fOOO ||| F1(x) = folx)|dx
+Li|Df1(x)—Df2(x)|fooo|fi(x)|dx+2}fi(x)||fi(x)||f1(x)—fz(x)l.
It follows from inequalities (6.9) and (6.11) that, for each x € [0,00),

|1:0)| = M;C1Callfillwpll f1 = follw,p | D F1(0)| + LiCall fillw,p | D f1(x) — D fox)|
+ 2|1 @)|| £ @)1 F1.(x) - falx)l.

Therefore, from the last inequality and inequality (6.9), we obtain
fo °°|Ii(x>|pw<x>dx <3P MPCYCHIfil% ol f1— fallh fo h |D f1(x)|wix)dx
+3PLPCEIFE,, fo " ID A - D w)dx
+3P fo ” |Fi)|P | Fi@)|P 1 f1(2) — fa)lPwix)dx
<8P ML CLCHIFiR pI 1l oI f1 = Falli p +8PLE CHI il p 1= F211%,

+32CP 1~ full2, fo 7| | P wix)ds.
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Using the Holder inequality and inequality (6.12), we get
o0 _ n o0 _ N 1 1
fo 7P| 0| wiz)dae = fo 7P| i |Pwh oowh (x)d

1 1
oo _ 2 oo 2
(6.36) < ( fo | fi(x)|2pw(x)dx) ( fo |Fi0) PP wix)dx
< CHIfillg I fill% -
Taking into account (6.36), we infer that
fo |10 |Pwx)dx < 32 MPCP CRIfiI I F1lB oI 1~ Fall5

+3PLYCOIfill% plf1 = follfp + 3 CYCHI il o fillh o1 f1 = F2II% -
Since, by (6.28),

(6.37)

lim F;(t, f1)(x) = lim Fi(t, f5)(x) =0,
we obtain
|Fi(t, f1)(00) = Fi(t, f2)(00)| = 0.

Therefore, taking into account estimate (6.37), we conclude that

|Fi(t, f)=Fit, 2|y, , < 3MiC1Callfillw,pll fillw,pll f1 = F2llw,p
+3L;Callfillwpllfi = follw.p +3C1C2l fillwpll fillw p I 1= F2llw.ps

which implies that F; is locally Lipschitz. This completes the proof. [ |

Lemma 6.7. Assume that all the assumptions of Theorem 6.3 are satisfied. Define a
function G :[0,00) x H&V’p N Y(Rd,H‘}V’p) by

d
G, lzlx) = Zgi(t,x,f)zi, f EH&V’p, z2=(21,29,...,24) € Rd, t,x €[0,00).
i=1

Then G :[0,00) x H&V’p 3(t,f)— {Rd 3z— Gt [flz]e H&V’p} € y(Rd,Hvlv’p) is well-defined.
Moreover, it is of linear growth and globally Lipschitz on H é’p with Lipschitz constants

independent of time t.

Proof. In order to show that G is well-defined, we have to show that for each ¢ =0 and
fe Hi,lv’p, G(t,f)e y(IRd,Hvlv’p). Let || - || be the norm on R? generated the inner product of
R?. Fix ¢t =0 and f € H-* . Define a function « : [0,00) — R? by

x(x) = (g1(¢,x, 1), g2(t, %, f), ... ga(t,x, )), x€[0,00).
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Then G(t,f) can be written as follows
G(t, Pl2)(x) = (k(x),2), z€R?, x€[0,00),

where (-,-) is usual inner product of R?. In order to show that G(¢, e y(Rd,H‘}V’p ), by
Proposition 6.5, it is sufficient to show that x € H i,’p (R%). Since for each i = 1,2,..,d, the

function g;(¢,-, f) is measurable, x is measurable. By inequality (6.31), we obtain
k@Il < |g1(t,x, Ol +|g2(t,x, )l +... +|ga(t, x, )l < dIfi(x)].

Using Proposition 6.3 and the last inequality, we infer that for every T' > 0,

[ Cixldx =d [ Uil = dTC iy,
Therefore, « € Llloc(H ). Let us now show that Dx € L% (H). Note that
Dx(x) = (Dxg1(¢,%,f),D2g2(t,%,f),...,D2ga(t,,f)), x€[0,00).

Then

IDx()|| < 1Dxg1(t,x, )l +1Dxg2(t,x, )l + ... +1Dxga(t,x, ), x€[0,00).
It follows from inequality (6.29) that

IDx(x)|| < MIDf(x)l, x€[0,00),

where M = M1+ My + ...+ M4. Taking into account the last estimate, we obtain

(6.38) foo I Dx(x)I1P wlx)dx < MP foo IDf (x)Pw(x)dx < MP|f 4 p-
0 0

Moreover, by (6.28), k(co) = 0. Therefore x € Hu” (R?) and so G(t, f) € y(H,HyP). Thus, we
have showed that G is well-defined. Moreover, by Proposition 6.5, we have, for a constant

N > 0 independent «,

(6.39) ”G(t’f)”ﬂH,Hvlv’p) < Nl«xlw,p-

It follows from inequality (6.38) that there exists a constant C > 0 such that
(6.40) 1G& PN ey = Cllf lw,ps

which implies that G is of linear growth.
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Finally, let us prove that G is locally Lipschitz. Fix ¢ = 0 and f1,f2 € Hvlv’p . Define a
function A : [0,00) — R? by

Mx) = (g1, %, f1) — g1(t,x, f2), ..., 8a(t,x, f1) — alt,x, f2)), x€[0,00)
Therefore
G(t, FOI2)x) - G(¢, fo)l2l(@) = (Ax),2), z€RY, x€[0,00).
By inequality (6.30), we get

IDA)] < |Dyg1(t,x, f1) —Dig1(t,x, fo)| + ... +1Dx8a(t, %, f1) — Dga(t,x, fo)|
<L1IDf1(x) =D fo(x)| + ...+ Lg|D f1(x) = D fo(x)|.

Using the last estimate, we obtain

W,p>

(6.41) fo IDA@IPw()dzx < L2 f1 — fal

where L = L1 +...+ L. Moreover, it is obvious from (6.28) that A(co) = 0. Therefore, using

Proposition 6.5 and estimate (6.41), we conclude that for a constant C > 0,

(6.42) IG(&, 1) = G, fII, g griry < Cllf1 = follw,ps

which implies that G is globally Lipschitz. [

Proof of Theorem 6.3. The abstract form equation (6.33) in H Vlv’p is as follow
(6.43) drt)=(Ar(®)+ F(t,r(8))dt + G(t,r@)dW(t), t=0,

where F' and G are functions defined in Lemma 6.6 and 6.7 respectively, and A is
the infinitesimal generator of the shift semigroup on Hvlv’p . Therefore, equation (6.33)
is the form of equation (4.2). In Proposition 6.2, we showed that the space H&V’p is a
separable Banach space satisfying the H-condition and in Lemma 6.2, we proved that
the shift-semigroup on Hvlv’p is a contraction Cy-semigroup. Moreover, in lemma 6.6 and
6.7, we proved that F' and G satisfies the conditions of Theorem 4.3. Therefore, for every
ro€L?(Q, %y, P;H Vlv’p ), equation (6.43) has a unique H i,’p -valued continuous mild solution

with the initial value r(0) = r¢. This finishes the proof.

Remark 6.1. As we mentioned in Chapter 5, one can prove the existence of invariant
measures for the HIMM equation in the spaces H‘}V’p , P =2, using the results from
Tehranchi [69] and Marinelli [40].
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CHAPTER

THE HJMM EQUATION IN THE FRACTIONAL SOBOLEV
SPACES

n this chapter, we consider the fractional Sobolev spaces of 27-periodic functions
and prove some useful properties of them. Then using these properties, we apply
the abstract results from Chapter 4 to prove the existence and uniqueness of a
solution to the HIMM equation (driven by a standard d-dimensional Wiener process) in
these spaces. Let us start introducing the fractional Sobolev spaces and some of their

properties with proofs. Then we give the main result of this chapter with the proof.

7.1 Fractional Spaces

Let p = 1. Define L? to be the space of all (equivalence classes of) Lebesgue measurable
functions f :[0,27] — R such that

2n
f |[f(x)|Pdx < oo.
0

It is well-known that L? is a separable Banach space with respect to the norm

2n Il,
Ifllp = (fo If(x)lpdx) , feL?’.
Proposition 7.1. The space L? is continuously embedded into the space L. In particular,
p-1
Ifli=@m)? Ifllp, feLP.
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Proof. Fix f € L?. Then by the Holder inequality, we have

-1

2n 2n ,l; 2n pT p-1
1Fll = fo If(x)lde(fO |f<x)|de) (fo dx) = @0 If 1,

which gives the desired conclusion. |

Define Lg to be the space of all functions f € L? such that

21

f(x)dx=0.
0

Since the space Lf; is a closed subspace of L?, it is a separable Banach space with the
norm || - | p.

For each 6 €(0,1) and p = 1, define WP to be the space of all functions f € L? such
that

1
2n p2m p ?
(Flop = U f |f () - F (I F@ =T 5 ay) <oo

|x y|1+9p

For each 6 € (0,1) and p = 1, W9? is called the fractional Sobolev space and it is

well-known that W2 is a separable Banach space endowed with the norm

Ifllop=Iflp+Iflop, feWOP.

Proposition 7.2. /58] If 6 > 1—1), then the space WOP is continuously embedded into the

space L, i.e. for a constant C >0,

(7.1) Iflleo<Cliflep, fe€WoP.

Lemma 7.1. If 0 > }—1), then a map J : WP — WOP defined by

X
Jf(x) :f Fwdu, feW®?, xel0,27]
0
is well-defined, linear and bounded.

Proof. Fix f e W9P_ Since f is measurable, Jf is measurable. Moreover, by the Holder

27 27 x p
f IJf(x)Ipdx:f f fw)du
0 0 0

21 x x p-1
(7.2) Sf (f |f(u)|pdu) (f du) dx
0 0 0

=@m)?P 115,

inequality, we get

dx
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Hence Jf € L?. Furthermore, by Proposition 7.2, we obtain

2n 27 | (¥ du— 7 dul?
[Jf]g :f f o fadu - Jy fldul dxdy

|l — y|1+0p
on p2n | [ f(u)du
f f PWIE —————dxdy
(7.3) 2n 2w |x ylp
cririg, [ =S g ddy
(27.[)p Op+1

<CP p
(p—-6p)p-6p+1) 115,

Therefore Jf € W9P and thus,  is well-defined. The linearity of J is obvious. Taking into
account estimates (7.2) and (7.3), we infer that there exists a constant Cy , depending on
0 and p such that

(7.4) IS fllo,p < Co,plifllo,ps

which implies that  is bounded. This completes the proof. |

Lemma 7.2. If 0 €(0,1) and p = 1, then

Ifglop <2[Iflccliglo,+1floplglec), f,8€WhP.

In particular, if 6 > %, then WP s an algebra and for a constant K >0,

Ifglop <Klfloplgley, feWoP.

Proof. Fix f,g € W%P. Then we have

27 27
(7.5) fo IF(g@)IPdx < I£15, fo lg@)Pdx =l 15185
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Moreover, we have
Zr2n | f(x)g(x) - F(y)g(nIP
[fg]g,p:f f |x_y|1+0p

i fzn fzn F@)g() — F@eW) +F(gW) - fFWeWIP

|x y|1+9p

dxdy

:fzann If(x)(g(x) — g(y) + (f(x) — f(y))g(y)|P

|x y|1+0p

2n 21 p b
g f f FPlg@ - gl |

| — y|1+0P

2n 21 _ 14 p
L gp-1 f f =PI,

|l — y|1+0p

2n 27 P
o2, f f g —gP

|l — y|1+6p

2n p2m P
v gz [ =PI

|x y|1+9p

(7.6)

<227 HFI%NgNy , + 28 gt £ 1,
Taking into account estimates (7.5) and (7.6), we deduce that
Ifglop <2[Ifllccllgllp +1fllo,plglloo]-

In particular, if 6 > ll), then by Proposition 7.2, there exists a constant K > 0 such that
Ifglop <Klfllopligle,p-
Thus, the proof is complete. H
Lemma 7.3. If 6 > 1%’ then a function F : WP — WOP defined by
F(f)=fJf, feW?,

where J is a map defined in Lemma 7.1, is well-defined, quadratic growth and locally
Lipschitz.

Proof. Fix f € WP, By Lemma 7.1, Jf € W%?. Thus by Lemma 7.2, F(f) € W%? and
hence, F is well-defined. Moreover, by Lemmata 7.1 and 7.2, we infer that for a constant
M >0,

IF(Pllo.p<MIFI,,
which implies that F' is quadratic growth.
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Finally, Let us show that F is locally Lipschitz. Fix fi, fo € W%?. Then by the linearity of

J, we have

IF(f1)—F(f)llo,p = If1d(f1) — fad (f2)llo p
= 1 (f1) — f1d (fo) + f1d (f2) — fed (f2)llo,p
= | f1(J(f1) = J(f2)) + (f1 = f2) I (f2)llo p
= 1 (f1—f2) +(f1— f2)JI(f2)llg,p
<lfid(f1—flop + I(f1— f)J(f2)llg,p.

It follows Lemmata 7.1 and 7.2 that

I1F(f1)—F(follo,p <Kl filloplld (f1— f2)llo,p + Kl f1—falloplld (f2)llo,p
< CopKllfilloplfi—rf2llop +CopKllf1— falloplfallop
<CopK(If1llop+lfellop)lfi—follop,

which implies that F' is locally Lipschitz. Thus, the proof is complete. [ |

Define Wg ’5” to be the space of all functions f € W92 mL’g such that f is 27-periodic i.e.
f(0) = f(2m). Since the space Wg ’Ifer is a closed subspace of WP it is a separable Banach

space with the norm |- lg p.

Remark 7.1. It is obvious that for each f € Wg fer, there exists a unique, continuous,

2n-periodic function f :[0,00) = R, i.e. f€ Cper such that f|[0 on =1
Lemma 7.4. A family S = {S(¢)};>0 of operators defined by

SHf(x)=Fft+x), feW’P = xel0,2n], t=0,

0,per?

where f is a function introduced in the previous Remark, is a contraction Cy semigroup

0,p
on WO,per’

Lemma 7.5. /23] A set defined by

2
Cgoper = {f = f|[0 o] f € C®(R),periodic and fx)dx = 0}.
’ ’ 0

. 0,p
is a dense subspace of the space WO, per

Lemma 7.6. The semigroup S defined in Lemma 7.4 is strongly continuous on C3° _in

O,per
the norm of WP
0,per:
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Proof. Fix f € Cgf’per. Then there exists f € C°(R). Thus, f (and Df) is uniformly

continuous, i.e. for every € > 0, there exists § > 0 such that for all x1,x9 € [0,00) with

lx1 —x2] <6,
If(xl)—f(xg)l <e¢, (and IDf(xl)—Df(xg)l <e¢).

Choose x1 =x+t and x2 = x and so |x; —x3| = £ < §. Then by the uniformly continuity of £,

we get

21

2n
(1.7) |wuv—fw=ﬁ;|ﬂx+w—ﬂdem5L |FGer) = Fxp) P die < 2P

Similarly, if we choose x; = u + ¢ and x9 = u, then by the uniformly continuity of D f, we

obtain

Ifx+t)—Ffx)— Fly+t)+f(y)l =

fx (Df(u+t)-Df(w)du
Yy

sfx |IDf(w+t)-Df(w)|du

(7.8) Y

:f|Dfuﬁ—DfuﬁWu
y

y
Saf du=c¢€lx-y|.
X

It follows from inequality (7.8) that

2n 2 | F R i
BUV—fﬁpzﬁ l;'ﬂx+ﬂ f@-fo+0+fol o

o — y|1+0P

2n p21 P(9 p—Op+1
Sgpf f - yP P N dxdy = — 5 ) :
o Jo (p-0p)p-0p+1)

(7.9)

Taking into account inequality (7.7) and (7.9), we infer that there exists a constant C >0

depending on 6, p such that
IS@f —fllg,p <Ce.

If we choose € = %, & >0, then we obtain
(7.10) IS@Ef —fllo,p <E.

Thus, we have proved that for each & > 0, there exists 6 > 0 such that for all ¢ <§, (7.10)

holds. Thus, S is strongly continuous on Cg‘fp o [ |
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Proof of Lemma 7.4: We first show that for each ¢ =0, S(¢) is a well-defined, linear and

bounded operator from Wg }fer into itself. For this aim, fix t>=0 and f € Wg 5 o 1NCE fis

Lebesgue measurable, for each Lebesgue measurable set A,
FHA) ={yeR: f(y) € A} = E € 2([0,00)).
Thus, we get
SOF) MA)={xeR: f(t+x)e A} ={y—t:yeE} =

We know from [51] that if E is a Lebesgue measurable set, then the set E —¢ is also
Lebesgue measurable. Therefore (S(¢)f) 1(A) € B([0,00)) and thus, S(¢)f is measurable.

Moreover, since f is 27-periodic, we obtain
2n 2n 2m+t
[is@rerds= [ |farolas= [ |fw]d
t
2n 2n+t
:f |f(u)|1’alu+f2 |Fw)|Pdu
t 4
2n t
(7.11) :f |f(u)|pdu+f |f(w+2m)[Pdv
t 0
2n t
:f |f(u)|pdu+f0 |f@)[Pdv
t

21 21
:fo |f(u)|pdu=f0 F@Pdu=IfIZ.

Therefore S(¢)f € L?. By the change of variable, put u =x+¢ and v =y + ¢, we get
f2n f% D= FODF 0 fzm f2”+f fw-for .
0

|x y|1+9p |u _U|1+9p
2n p21 If(u) f(U)|p 2n+t p2m+t If(u) f(v)|p
f f f ————dudv.
|u v|1+0p o |u v|1+6p

Again by the change of variable, put u = x + 27 and v = y + 27, we obtain

2+t pt+27 P t et f _f p
f f If(w)—F ) f@-roi* dv:f |f (x+2m) — f(y +2m)| dxdy
on  Jon lu —v|1*0P 0 Jo |lx — y|1+0P
@ - fIP
N =t

Taking into account the last inequality, we infer that

21 P21 | F _F p 2n 21 p
f f lf(x+t)—f(y+2)I dxdy _f f If(x)— F) UAC il RS2

| — y|1+0P |x — y|1+0p
7.12
( ) 2n 27 If(x) f(y)|p _ ]
f -y Mo
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Hence S(t)f € WOP. Let us now show that S(¢)f is 2n-periodic and
2n
S(t)f(x)=0.
Since f is 27n-periodic, we get
S®)f(0) = f(t) = (¢ +2m) = S(t)f (2n)

and thus, S(¢)f is 2n-periodic. Since f02 T f(x)dx =0 and f is 27-periodic, we have

2m 2n

t+2m
S f(x)dx = Ft+x)dx = f fw)du
t

t+2m
f Ffwdu +f Ffwdu

f (u)du+f Flx+2m)dx

0

= f(u)du + f Flx)dx
0
t2n 27

= Ffx)dx = f(x)dx =0.
0 0

Therefore, we have showed that S(¢)f € Wg 5 ., and hence, S(?) is well-defined. The

linearity of S(¢) is obvious and the boundedness of S(¢) follows from estimates (7.11) and
(7.12).

We now show that S = {S(#)};>0 is a contraction Cy-semigroup on W, 5 o+ 1t 1s clear

that S is a semigroup on We’p . Let us show that S is strongly continuous on We’p o+ FIX

0,p o P
fe WOp o Since C7 er is dense in WOp .» for every £ >0, there exists g € Cy°

that

0.per such

€
(7.13) ||f—g||9,p5§-

Moreover, by the strong continuity of S on C°  we have

0,per?

€
(7.14) IS(@®)g - gllo,p = 3

Taking into account last two inequalities, we infer that

IS@f = Ffllo.p = 1S@Ef +g8—g+S(t)g-St)g—flo,p

<IS@f -S@)gllgp +11S@)g—gllop +IIf —&llop
€ € €

S—+-+- =g,

3 3 3
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which implies that S is strongly continuous on Wg }fer. Moreover, it follows from estimates
(7.11) and (7.12) that

ISON gy <1, 20,

LW,
Therefore, S is a contraction Cy semigroup on Wg }‘)’er. The proof is complete.

Lemma 7.7. The infinitesimal generator of S is characterised by

(7.15) DA ={feWyr Dfewy? L,
and
(7.16) Af=Df, feP(A).

The proof is similar to the proof of Lemma 5.8.

Lemma 7.8. If p = 2, then the space WOQ ’;’er satisfies the H-condition.

Proof. We know from [12] that for each p = 2, the space WP satisfies the H-condition,
i.e. the map v : WP 3 f — y(f) = ||f||§p € R is of C? class (in the Fréchet derivate sense)

and

(7.17) Iy EON<plfIy ! few??,
and

(7.18) Iy (O =<pp-DIFIS 2, feW'?,

where y/'(f) and 9" (f) are the first and second Fréchet derivatives of v at f € WP, We

need to show that the map ¢: Wg}fer 3f—(f)= ||f||§p € R is of C2 class and

o' (Ol spllfllg,;,l, fe Wg,’;’e,,

and

le" (PN <pp-DIFIE 2, feWg?,.

Note that we can write the map ¢ as yoi, where i : Wg fer — WP is the inclusion map.

Since i and 1 are of C2 class, ¢ is of C? class, see [19]. Moreover, since i'(f) = i and

lill <1, we get
" (O = 112"y’ GENI < il (DI < Iy (P
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It follows from (7.17) that

lo' (O < pIFIG

Similarly, we can show that

lo" ()l < (o= DIFIS .

This completes the proof. |

Let H be a separable Hilbert space endowed with an inner product (-,-)z7. Define
WP (H) to be the space of all functions f € LP(H) such that

1
2n 2 || f(x) - FDIG P
[f]WHp(H) (f f f a f J d d < 0o0.

|l — y|1+6p

Moreover, define wop .(H) to be the space of all function f € WP (H) such that f is

O,per
2m-periodic and

2
f(x)dx=0.

All results of the spaces W9? and WP can be generalized to the spaces WOP(H) and

O,per

0 e r(H ). Therefore, W9P(H) is a separable Banach space with respect to the norm

I lwo.ozry = I - lp ) + [lyo.p ). Furthermore, the space W, }fer(H) is a closed subspace

of W9P(H) and thus, Wg fer(H ) is a separable Banach space with respect to the same
norm | - llye..(z7)- The following proposition gives a sufficient condition under which a

WG

0.per -valued operator K is y-radonifying, see [12] for the proof.

Proposition 7.3. If p =2, then for every xk e W, }fer(H ), a linear operator K : H — W, ”;’er
defined by

(7.19) K[hl(x) = (x(x),h)g, heH, x€[0,00),
is y-radonifying and for a constant N > 0 independent of x,

(7.20) IK| y = Nlixllg,p-

0,
(H WO 11:21‘
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7.2 Existence and Uniqueness of Solution to the
HJMM Equation in the Fractional Sobolev

Spaces

In this section, we prove the existence and uniqueness of a mild solution to the HIMM
equation (driven by a standard d-dimensional Wiener process) in the fractional Sobolev
spaces defined in the previous section. Therefore, the main result of this chapter is the

following theorem.

Theorem 7.1. Assume that 0 > 1—1). Foreach i=1,2,3...d, let g; :10,00) x [0, 27] x wor R
be a measurable and 2n-periodic function with respect to the second variable such that
for every t =0 and f € WOP,

2
(7.21) gilt,x,f)dx=0.
0

Also let g; be linear with respect to the third variable, i.e. for every fi,f2 € WP and
a,BeR,

gi(t,x,af1+Pf2) = agi(t,x, f1)+ Bgi(t,x, f2).
Moreover, there exist constants C;,M; >0 such that for every t =0,
(7.22) git,x, I <Cilf@), feW"P, xe[0,2n]
and
(7.28)  lgit,x, P -git,y, AI<Milf)—fl, feW’?, x,yel0,2x].

Then for each ro € L2(Q, %, I]J’;Wg fer), the following stochastic differential equation

p] d x
dr(t)(x) = ar(t)(x) + . gi(t,x,r(t))f0 gi(t,y,r(t))dy) dt
(7.24) ’j

+ ) &ilt,x,r®)dW;(t), t,x=0,

i=1

where W(t) = (W1(£), Wo(2),...,W4(¢)) is a d-dimensional standard Wiener process, has a

. 0 . . .
unique W, }fer-valued continuous mild solution.
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Lemma 7.9. Assume that all the assumptions of Theorem 7.1 are satisfied. Then a
function J; :[0,00) x WOP — WOP defined by

Jilt, () = fxgxt,y,f)dy, FEW', t20, xe[0,21]
0

is well-defined, linear with respect to the second variable and of linear growth.

Proof. Fix i €{1,2,..d}. First we will show that «J; is well-defined. Fix ¢t = 0 and f € W%2.
Since we assume that g;(¢,-, ) is locally integrable, J;(¢, f) is measurable. By Proposition

7.1 and inequality (7.22), we have, for all x € [0,27],

21 21 p-1
.| = [ gty fldy<C: [ 10y = Cien's If.
Using the last inequality, we obtain
2n 2
(7.25) fo | (¢, £))|Pdx = CP )P F I fo dx=CPm)P|f15.

Thus J;(¢,f) € L?, Also by Proposition 7.2 and inequality (7.22), we get, for all x,y €
[0,2mr],

|2, £)) - Tilt, ()| < f lgi(t,u, ldu<C; f f@)ldu < C;Cllf llg,plx - yl.
y

y

By the last inequality, we deduce that

21 21 . T p
[Jit, T = fo fo CACYRCIREACYIIE) SN

|x y|1+9p
22 gyl
2 Pop
(7.26) <C/C ||f|| f f = y|1+91’ dxdy
(zn)p Op+1
_ NP p
—cPcr 1715

(p—6p)p-06p+1)

Hence J;(¢,f) € WOP and thus, J; is well-defined. Since g; is linear with respect to the
third variable, ¢J; is linear. Taking into account estimates (7.25) and (7.26), we infer that

there exists a constant K depending on 6, p such that

(7.27) IJi(t, Ollo,p <KllIfllo,p-

Thus, ¢J; is of linear growth. The proof is complete. |
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Lemma 7.10. Assume that all the assumptions of Theorem 7.1 are satisfied. Define a
function F :[0,00) x Wg;’er — Wo er by

d x
F(t,)x) =) git,x,[) ; gi(t,y,fdy, fEWg;’er t=0, xe€[0,27].
i=1

Then F is well-defined. Moreover, it is quadratic growth and Lipschitz on balls with

Lipschitz constant independent of time t.

Proof. For each i =1,2,..d, define a function F; : [0,00) x woP _ wop

O,per 0,per by

Fit,f)=git, )it f), FeWP = ¢=0,

0,per?

where J; is a map defined in the previous Lemma. Then we can rewrite F' as follow

d
Ft,f)=Y Fit.f), feWy?, , t=0.

= 0,per?
Therefore, it is sufficient to show that for each i = 1,2,..d, F; is well-defined map,

quadratic growth and Lipschitz on balls with Lipschitz constant independent of time ¢.

Fixie€{1,2,..,d},t=0and f e W
(7.22),

0 p .- Since g;(¢,-,f) is measurable and by inequality

2n 21
(7.28) fo itz )P dx < CP fo FIPdx =CPIFIE,

gi(t,-,f)e LP. Moreover, using inequality (7.23), we obtain

2 gi(t, ) — gi(t, FIP
A
(7.29) L
T )= fFlP
<a [ ey =MAF,

Thus gi(¢,-, f) € WOP. Furthermore, it follows from estimates (7.28) and (7.29) that there

exists a constant L; > 0 such that

(7.30) Igi(t,-, llo,p = Lillfllo,p-

We know from Lemma 7.9 that J;(¢, f) € W9P. Therefore, by Lemma 7.2, F;(¢,f) € W0,
Let us now show that F;(¢, f) is 2n-periodic and

2
(7.31) A Fi(@,[)(y)dy=0.
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Since F;(¢,)(0) =0 and by (7.21),

27
Fi(t,f)2n) = g:(t, 21, ) fo gi(t,y,f)dy =0,

F;(t,f) is 2n-periodic. Note that

0
a[Ji(t,f)](x) =g;t,x,f), x€l0,2x].

Therefore, we can rewrite F;(¢, f) as

0
Fi(t,f)= Ji(t,f)a[c]i(t,f)](x)-

Since J;(t, £)(0) = J;(t, f)(2r) =0, we obtain

2n 2n 0
Fi(t, f)(x)dx = A Ji(t,f)(x)a[Ji(t,f)](x)dx

1 21 0 9
=5 szl s

1
= 5[ HEm - Jit, 0] =0,

which gives the desired reesult (7.31). Therefore, we have showed F;(¢,f) € Wg ’;’er and

thus, F;(t,-) is well-defined. Moreover, taking into account Lemma 7.2 and estimates
(7.27) and (7.30), we infer that

(7.32) IFi(t, llo,p < Ko pLiKIFIZ,,

which implies that F;(¢,-) is quadratic growth.

Finally, we will show that F; is locally Lipschitz. Fix t =0 and f1, f2 € Wg }fer. Then by the

linearity of g;, we obtain

1Fi(¢, f1) = Fi(t, follg,p = Igi(t,-, f1)J (¢, f1) — gilt,-, fo)J (¢, f2)ll,p

=\gi(t,-, fOJ &, f1)—git,-, fOJ (&, f2) +gi(t, -, f1)JI (¢, f2) — gi(¢,-, f2)I (L, fa)llo,p
=lgi@,, fOJ(E, f1) = J (&, fo)) +(gi(t,, f1) — gi(t,-, f2))J (&, f2)llo,p

=g, fJ(E, f1—f2) +gi(t,-, f1—f2)J (¢, fa)llo,p

<lgit,-, fOJt, f1—fllop +1gi(t,-, f1—f2)J (&, f2)llg,p.
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Using Lemma 7.2 and estimates (7.27) and (7.30), we deduce that

\Fi(t, f1)—Fi(t, f)lop <Ko pllgi(t,, fllopll(, f1—f2)lo,p
+Koplgi(t, . f1—fllopld (&, f2)llop
<Ko pKL;ilf1lloplf1—f2llo,p
+Ko KLl f2llopllf1—f2llo,p
=Ko ,KL;(llf1llop + I f2llop)l f1— follops

which implies that F'; is locally Lipschitz. [

Lemma 7.11. Assume that all the assumptions of Theorem 7.1 hold. Define a function

G :[0,00)x o> —y(RY,Wy2, ) by

d
G, 2 = ) gi(t, ) @)z, f€Wg’f,’er, 2=(21,22,..2) €ER?, 20, x€[0,27]
i=1 ’

Then G :[0,00) x Wo2, 5 (t,f) — {R? 3 2z — G(t,f)z] € Wy, } € y(RE, Wy ) is well-
defined. Moreover, it is of linear growth and globally Lipschitz on Wg fer with Lipschitz

constant independent of time t.

Proof. Let ||| be the norm on R? generated by the usual inner product (-,-) of R?. Fix
t=0and f e Wg’ﬁer. Define a function « : [0,00) — R? by

K(x) = (gl(t7x>f))g2(t7xaf)7"'7gd(t’x>f))) X € [0727[]
Then G(¢,f) can be written as follow
G(t, Plzlx) = (k(x),2), z€R?, x€[0,2n].

In order to show G(¢,f) € y([Rd,WOQ ’;’er), by Proposition 7.3, it is sufficient to show « €

Wg’;’er(ﬂ%d). Let us first show x € WOP(R?). Since g;(¢,-,f) is measurable for each i =

1,2,..d, x is measurable. Moreover, using inequality (7.22), we get
Il < g1, %, I +1g2(t, %, Al + ... + 1ga(t,x, ) = CIf (), x€l0,27],

where C = C; +...+ Cy4. By the last inequality, we infer that
2w

21
(7.33) fo Ix(OIPdx < CP fo F@Pdx = CPIFIE.
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Thus « € LP(R?). Furthermore, by inequality (7.23), we have

Ix(x) —x(WI <lg1,x,f)—g1(t,y, Ol +... +Igalt,x,f)—galt,y, )
SMilf@)—fWI+...+Mglf(x)-f(y)l
=M|fx)-fI, «x,y€l0,2n],

where M = M1 +...+ M ;. Using the last estimate, we obtain

2n pr2m p 2n r2n p
(7.34) f f 1% () — x ()l 1) = KW ey _Mpf f lf ()= f () PTG gy = mririe.
0

|x |1+6p |x y|1+0
Yy

Thus x € WOP(R?). Since for each i = 1,2,..d, gi(t,-,f) is 2m-periodic, x is 2m-periodic.
Moreover, since for each i =1,2,..d, fo%gi(t,x,f)dx =0, we have

27
f x(x)dx =0.
0

(R?) and so G(¢, f) € y(R?, WP

Therefore, we have showed « € wop 0.per

O,per

). Thus, G is well-
defined. Moreover, by Proposition 7.3 and estimates (7.33) and (7.34), we conclude that

there exists a constant K > 0 such that
(7.35) ”G(t’f)”y(Rd’Wg’eI;) <Klfllop,

which implies that G(¢,-) is of linear growth.

Last we show that G is globably Lipschitz on Wg fer. Fixt=0and f1,f2 € Wpe‘; Define a
function A : [0,00) — R? by

Mx) = (g1, %, f1) - 81(8,%, f2), ..., 8a(t, %, f1) — galt,x, f2)), x€[0,27].
Then
(G(t, f1) - G(t, f2))[2](x) = (Mx),2), z€eR?, «x€[0,2n].
By linearity of g; and inequality (7.23), we get

AN < 1g1(t,x, f1) — g1(t,x, f2)l + ... +1{q(t,x, f1) — {a(t,x, f2)
=|g1(t,x, f1—f2)l +... +1gqa(t,x, f1— f2)l
< Milf1(x) = f2(0) +... + Mq|f1(x) = fa(x)l
=M|f1(x)— fo(x)l, x€[0,27n],
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where M =M +...+ M;. From the last inequality, we obtain

27 27
(7.36) fo AP dx < MP fo 10— fo@)Pdee = MPI 1 — foll2.

By linearity of g;(¢,-,f), we have

A(x)_ﬂ(y) = (gl(t7x>f1 _f2)_gl(t7y>fl _f2)9"'
+galt,x, f1—f2)—galt,y,f1—f2)), x,y€l0,2x].

It follows from inequality (7.23) that

IA@) = AW < |g1t,x, f1 = f2) — g1k, v, f1 = f2)| + ...
+|galt,x, f1—fo)—galt,y, f1—f2)]
< M1|(f1- @) = (f1- f2)| +...
+ M1|(f1— f2)x) — (f1 - f2)(0)]
=M|(f1 - fo)x) - (f1— fo)(¥)|, x,y€l0,2x],

where M = M +...M4. By the last inequality, we deduce that

2n p2m _ — — p
(737 AL < M7 fo fo (Fi=fo@ == o o HE.

lx —y|P

Taking into account Proposition 7.3 and estimates (7.36) and (7.37), we conclude that

there exists a constant K > 0 such that

1G(t, 1) = Gt fo)ll g yyoo) < K11~ Fallop.

Thus, G(t,-) is globally Lipschitz on W, 2, . _

Proof of Theorem 7.1. Recall that the shift semigroup on Wg }fer is a contraction Cy-
semigroup with the infinitesimal generator A which is equal to the first weak derivative.

Therefore, the abstract form equation (7.24) in the space Wg fer is as follows
(7.38) dr(t)= (Ar(t)+ F(t,r(¢))dt + G(¢,r@)dW(t), t=0,

where F' and G are functions defined in Lemma 7.10 and 7.11 respectively. Now equation

(7.24) is the form of equation (4.2). In Lemma 7.8, we showed that the space Wg ;’e .

is a separable Banach space satisfying the H-condition. Moreover, in lemma 7.10 and
7.11, we proved that F' and G satisfies the conditions of Theorem 4.3. Therefore, for
every rg € Lz(Q,go,P;Wg’ ’;’e ), equation (6.33) has a unique Wg fe ~-valued continuous
mild solution with the initial value r(0) = ry.
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Remark 7.2. Similarly, one can prove the existence and uniqueness of solutions to
problem (7.24) in the fractional Sobolev spaces W9P([0,00)), p = 2.

Open Problems:

1. The existence and uniqueness of solutions to the HIMM equation in the weighted
fractional Sobolev spaces.

2. The existence and uniqueness of an invariant measure for the HIMM equation in the

fractional Sobolev spaces, in particular, in the weighted fractional Sobolev spaces.
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n the first part of this thesis, using the Banach Fixed Point Theorem, we proved
the existence and uniqueness of solutions to the stochastic evolution equations
(where the linear part of the drift is an infinitesimal generator of a contraction type
Cy semigroup and coefficients satisfy globably Lipschitz conditions) in Banach spaces
satisfying the H-condition. Then using this existence result and approximation, we
proved the existence and uniqueness of solutions for corresponding equations (with the
coefficients satisfying locally Lipschitz condition) in such Banach spaces. Furthermore,
we analysed the Markov property of the solution and presented results found recently
by [15] about the existence and uniqueness of an invariant measure for corresponding

equations when the coefficients are the time independent.

In the second part, we applied abstract results from the first part to the HIMM
equation. We proved the existence and uniqueness of solutions to the HIMM equation
(driven by a cylindrical Wiener process on an infinite dimensional Hilbert space) in
the weighted Lebesgue and Sobolev spaces. We also found a sufficient condition for the
existence and uniqueness of an invariant measure for the Markov semigroup associated
to the HIMM equation (when the coefficients are time independent) in the weighted
Lebesgue spaces. Moreover, we proved the existence and uniqueness of solutions to the
HJMM equation (driven by a standard d-dimensional Wiener process) in the spaces H ‘}V’p ,
p =2, which are natural generalizations of the Hilbert space H ‘};2 found by Filipovié¢
[26]. Furthermore, we proved the existence and uniqueness of solutions to the HIJMM

equation in the fractional Sobolev spaces of 27-periodic functions. The HIMM equation
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has been not studied even in the Hilbert space W%?2 before. Therefore, the proof of the
existence of a unique solution to the HJMM equation in the fractional Sobolev spaces
WP p =2 was a new result for the HIMM equation.

There are three important features of our results. First of all, we were able to prove
that the HIMM equation has a unique solution and an invariant measure in smaller
spaces. Secondly, we were able to consider the HJMM equation driven by a cylindrical
Wiener process on a (possibly infinite dimensional) Hilbert space. Lastly, elements of
WV1 P (or H sv’p ) are a-Holder continuous functions for a <1 — ;1) and hence, for each p =2,
the solution to the HIMM equation in the space W& P (or H i,’p ) is more regular than the
solution in the space Wv1 2 In the spaces C%, a > 0, of a-Holder continuous functions, one
can not define an It6 integral and hence, these spaces are not suitable for our purpose.

This is another important feature of our results.
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FUTURE RESEARCH

1. Existence of finite dimensional realizations for the HJMM equation in Ba-
nach spaces

Let X be a separable Banach space of real-valued functions on [0,00) (satisfying H-
condition) such that the shift semigroup on X is a contraction (or contraction type)
Co-semigroup and its infinitesimal generator is the first weak derivative. We consider an
HJMM equation (driven by a standard d-dimension Brownian motion) in X having the
forward rate structure o(r(¢)) = (o1(r(2)),o2(r(2)),...,04(r(t))) where o = (01,09,...,04) :
X — R? satisfy Lipschitz condition. Therefore

61) dr(t) = (Ar() + agau(r@))dt + 4 0, r(@)dW,(0), ¢20
' r0)=ro€X.

The existence of finite dimensional realizations for such HJMM equation in separable
Hilbert spaces was studied in [6], [17], [27] and [28]. We would like to prove the existence
of finite dimensional realizations for such HIJMM equation in such Banach space X.
There are several reasons why one is interested in the existence of finite dimensional
realizations for such HJMM equation, see [6], [17], [26] and [28] for detail.

2. Lognormality of the HJM model in Banach spaces

Goldys, Musiela and Sondermann [34] considered forward rates defined by
jt,x)=e" -1, tx=0.

They assumed that these forward rates satisfy the following stochastic partial differential

equation

. 2 -2
g UGV |2t + (8, 0)t,2), [ 725250, ndy ) + 24P D
+(9(¢,x)j(t,x),dW (), ¢tx=0,

where W denotes a standard d-dimensional Brownian motion, (-, ) denotes the usual

inner product in R? and 9 is deterministic. They proved that equation (8.2), under some
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sufficient conditions on 9, has a unique nonnegative solution in the weighted Lebesgue
L2 space. Moreover, they found a sufficient condition for the existence of an invariant
measure to equation (8.2) in the weighted Lebesgue L? space. We would like to prove,
under some sufficient conditions on 9, the existence of a unique nonnegative solution
to equation (8.2) (driven by a cylindrical Wiener process on a separable Hilbert space)
in the weighted Lebesgue L?, p = 2, spaces. Moreover, we would like to find a sufficient
condition for the existence of an invariant measure to equation (8.2) in the weighted
Lebesgue spaces.

3. Forward mortality rates

Tappe introduced a family of processes called forward mortality rates in [57]. Using the
ideas from the theory of the Heath-Jarrow-Morton-Musiela (HJMM) model, he proposed
dynamics of the forward mortality rates. He proved, under some consistency conditions,
that these dynamics satisfy the HIMM-drift condition. However, the results in [57]
are not sufficient for modelling mortality rates. This is because Tappe imposed strong
restrictions on the class of models and the paper does address the issue of stability of the
models proposed. Therefore, we need to show that the SPDE for the forward mortality
rates is well posed in a sufficiently large class of function spaces and it possesses (possibly
unique) invariant measure. Hence, we would like to prove the existence and uniqueness
of solutions to stochastic partial differential equations describing the dynamics of forward
mortality rates in the weighted Lebesgue and Sobolev spaces. Moreover, we would like
to prove, under sufficient conditions, the existence of a unique invariant measure for

corresponding stochastic equations in weighted Lebesgue spaces.
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