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Summary
It is recognised for sometime that reduced models play an tmportant
role in eontrol systems synthesis; as a result, much effort has been
devoted to model reduction. This thesis is concerned with the study of
reducing the order of the mathematical model, representing a linear

system, and, the consequence of using the reduced model in the synthesis
of linear and nonlinear multivariable control systems.

The effects of using the veduced model are studied in terms of
stability, performance degradation, departure from optimality, sénsitivity
reduction, ete., of the final system. The research has a dual nature;
for the results pertinent to reduced model applications are also valid
for the original model of the plant in the design of the real plant. .

This is due to itnaccuracies in the model, resulting from modelling errors,

as the order of the plant cannot be accurately determined.

The mathematical methods used for obtaining analytical results, or
model reduction and its applications, are linear algebra and functional
analysis.

The econtributions to this thesis arve: the formulation of some
feasible time and frequency domain reduction techniques; the establish-
ment of multivariable theorems for reduced model applications; the
derivation of some bounds for the original linear and nonlinear multi-
variable systems, and, the adaptation of these bounds for use in con-
Junetion with reduced models; and the integration of the above results

with certain recent mathematical developments in control systems theory.

A case study of an industrial boiler ts also included, where
different reduction techniques are used for obtaining low order models.
These are then used for control systems design, and, their effectiveness
in application is assessed by observing the final system response,
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complex conjugate of Q(s), i.e. Q(-s)
Hermitian part of Q(s), i.e. Q}(-s)

inverse of Q(s), i.e. QT1(8) (applies in general to all
matrices and scalars, unless otherwise stated)

reads A-B>0, i.e. A~B is positive definite ( unless
otherwise stated, for nonnegative matrices A and B,
j>'0, i.e. positive, for all i,j.)

belongs to a certain region or contains in a certain set

A=-B >0 means a,.=b,
ij i

union of sets
intersection of sets
there exists

for all:

<X,y > inner product defined in Euclidian space, En
. 2 '
x>y inner product defined in Hilbert space, L-(0,T]
I .

Y dyadic product of vectors x and y

E exponentiation to base 10, (e.g. 0.1E-02 means 0.1 x 10'2)

D | unless otherwise stated, the contour consisting the imaginary
axis and the semi circle of infinite radius in the right half
8 = plane ' |

0 unless otherwise stated, the contour consisting of the unit.
circle on the origin in the z-plane

iff if and only if

Rge range of

Nsp null space of

i.s.L. in the sense of Lyapunov
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Many queries needed to be answered
Ten thousand years are too long
The mountain is not obstructed with ziron

This day we shall take the first step
to scale its summit.,



INTRODUCTION TO THE THESIS



-l -

CHAPTER I.

INTRODUCTION TO THE THESIS

Introduction

This thesis attempts to study the various methods of reducing the
order of a linear dynamical system and the consequences resulting from
the application of the reduced system (or appropriately called, reduced
model), The reduced system can be used in simulation and deéign work,
and, the effects of its application can be studied in terms of stability,
performance degradation, departure from optimality and sensitivity, etc.
of the overall system.

_The nature and applications of linéar systems reduction are briefly
presented in the next section, from which a new problem to the 'médel
reduction theme' is formulated, the latter giving justification to the
motivation for research,

To assist the reader, the general organisation and outline of the
thesis are then explained. (It is recommended that this chapter be read
before reading the other chapters.)

The main contributions to the thesis are stated at the end of the

chapter,

1.1 Linear systems reduction.

1.1.1 Its nature,

The necessity to reduce the order of a mathematical model has been
conscious to engineers for a long time. It is felt that a lower order
model, that approximates the transient response of thg original (higher
order) model, could be used as a substitute for the latter, in simulation
studies and synthesis of control systems. This is advantageous, as it

results In computation and time savings, and, economising cowmputer e:orage.



In classical control studies, 'reduced (lower order) models' were used
sub-consciously in design énd approximate analysis, the simplest example,
being that first and second order models were used freely in frequency
response and root locus plots. The earliest reduced models used, were
obtained by ynsystematic 'common sense' pules. It was not until the
early 1950's, éncouraged by the frequent use of electrenic calculating.
machines, that detailed and systematic 'ways of approach' were paid to
model reduction, so much so, that the latter has bécome a '"state of the
art'. Up to date, more and more methods'evolved, some are different
from othe;s but most are vafiations of the same theme. As most methods
are technique oriented, and émphasis placed on séphistication in reduction,
rather than on précticability and effectiveness, the topic of model
reduction, where it is supposed to be a valuable tool than to be a mere
toy, has come under some criticisms.

Closely related to model reduction is the topic of approximate
mbdels, due to inexact modelling. Very often, in modelling a plant from
its physical equations, or from experimental data, obtained from its
input-output'characteristics, inexact models are only obtained. This
is becauselall detailed plant information cannot be precisely known, and,
its behaviour can change due to internal parameter variations or external
influences. Tﬁus the order of the plant is different, usually lower,
from that of the actual plant. However, past studies seemed to have
treated model reduction and inexact modelling as two different types, and,
very little effort had been made to correlate the twb.

1.1.2 Its applications.

Reduced models can be used in the following areas:

(1 Simulation studies.
(2) Optimal control systems synthesis. '
(3) Multivariable systems design using linear state feedback

or frequency response.



(4) Model reference adapfive systems.

(5) Sensitivity analysis study.

There are many cases in practice where complex models can be
'replaced byvtheir lower order equivalents for simulation purposes.
Examples can be drawn from the field of power systems and chemical
engineering., The order of the derived model may be over a hundred, where
a large number of grid poinﬁs may be taken that produce a large set of
differentiallequations, or, in chemical process plants, too many state
variable points may produce a complicated model.

In optimal control studies, computational methods are often employed
to obtain non-analytic solgtions for complicated.cost functions., The
chiéf exaﬁples are, thé use of mathematical programming tecﬁniqués to
obtain the optimal state trajectories, and, the use of iterative algorithms
to computenonlinear performance indices. [Essentially they are step by
step techniques that require a great deal of computing time and storage.
Model reduction is useful here in the sense that, when the high order
model is replaced by its reduced counterpart, the iterative process is
not only speeded up, but, the problem also becomes more simplified.

For multivariable systems, a controller-is usually required for use
in a closed loop system to perform a specific task., If the model of the
system is high, designing the controller would be tedious. Hence if a
reduced model is used, the design would become simpler and faster.

Tﬁe design approach can be taken from the time domain or frequency domain.
In the time domain design can be done using linear state feedﬁack theory.
A reduced model would thus produce a sub-optimal controller, (if

design is done using optimal regulator theory) for the original system,
whose dimension is lesser than that that could be designed without using

the reduced model. The difference in dimension is proportional to the



difference in order between the two models. In the frequency domain,
where design is done using the extended Bode or Nyquist plots,
considerable simplification in design is possible by using first or
second order models, to approximate the frequency and phase character-
istics of the high order model. This is very desirable as frequency
response methods are more tolerable to model inaccuracies and less
sensitive to errors.

In model réference adaptive systems (MRAS), the origina} plant is
desired to be controlled by using a parallel model of the same order as
the plant. The objectivelis to require the controlled plant to respond
exactly as the model. . Here the model is used as the reference and the
plant lbop is adaptive in such a way as to accommodate changes in the
plant to changes in the model or to external disturbance. 'An interesting
aspect of MRAS is Linear Model following systems (LMFS) where control is
applied in such a way that the response of the plant follows that of its
linear model. Model reduction finds application here, in that a reduced
model of the plant, can be used to effect control of the system as a
whole, This strategy is justified in the sense that the plant model is
only a close approximation to the plant, for the latter's dynamics are
not precisely known. Under these conditions the synthesis of the control
system will be much simplified. The situation can also be viewed from
another way by using the plant model to represent the actual plant, and
the reduced model to represent the plant model. This arrangement is ideal
for fast,'off-line' simulation studies and economical controller synthesis.

Feedback systems tend to reduce parameter sensitivity and attenuate
external disturbances. In a controlled system, parameter sensitivity

.

plays a yreat part in determining sy.tem performance and stability.
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Using reduced models in the feedbéck scheme will reduce the sensitivity
of parameters as there are fewer paraﬁeters in the reduced model. 1In

some aspects of optimal control, where parameter sensitivity is an acute
problem, a 'parameter sensitivity' model is modelled separately from the
dynamical model to enable better analysis of the whole system. Thus, a

reduced 'parameter sensitivity' model can be used instead.

1.2 Problem formulation and motivation for research,

It is observed, from the applications of model reduction, that the
stability of the original system is uncertain under the influence of the
reduced model controller, It is also expected that degradation of
performance would result when reduced models are used to simulatg, control
or design the system.

Considering the nature of reduction, reduced models and 'inex;ct
modelling' cannot be viewed as two differenf topics, but should be amal-
gamated. Throughout the thesis, where S and S, represent the original
and reduced modelsrespectively, they could also be taken to represent
the plant (assumed linear, though this restriction can be removed in
certain cases)‘and plant model (equivalent to the inexact model)
respectively. Thus all analytical results obtained from the study of
reduced and original models are also applicable to the plant model and
plant, The results are thus less restricted, hence they havevwider
interpretations.

From the above formulations, it is motivating to pursue research
along the following lines,

Any new reduction methods that are introduced, must be as feasible

as possible, and, their theoretical framework must be justified from a

practical viewpoint, and related to close concepts in dynamical syscems.



An attempt should be made to justify the reduction techniques by
applying them to practical and very high order models. The reduced
models, so obtained, should be used to design a controller for the
original system, and, the effects that follow, such as performance,
sensitivity and stability, should be observed. This would make the
problem more meaningful and realistic,

An attempt should be made to build.a general theoretical framework,
chiefly in the areas of error bounds and stability, of a system under
the influence of a controller synthesized by a reduced model. General
stability theorems, which indirectly infer the stability of the original
system from the stability of the reduced system, irrespective of the
" method of reduction used, are ﬁéeded. This, so far, has been a neglected
topic. Adaptation of certain éxisting design methods, to incorporate
deéign using reduced models, is beneficial.

The sensitivity and optimality of a system under the influence of
a reduced model controller must be studied. It is interesting to
explain the departure from sensitivity or optimality of a system in terms
.of the characteristics of its reduced counterpart.

The ideé of using reduced models in nonlinear systems design,
especially in Model Reference Adaptive Systems, and the subsequent effect
on stability, deserves some investigation. This is a novel approach,
and it seems has never been introduced before, nevertheless, it is worth-
vhile pursuing as nonlinear systems play an integral part in practice.

Any work that has been done in the above areas will be reviewed in

Chapter IIL.

1.3 General organisation and outline of the thesis,
1.3.1 Layout and nomenclature.
Each chapter is more or less independent and self contained, emphasis

on strict continuity throughout the chapters is slightly relaxed. TFor
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ease of reference, the bibliography pertinent td a particular chapter

is given at the end of the chapter concerned. Diagrams, where approp-
riatey are given adjacent to the page of description, otherwise, they are
included at the end of the chapter if references to them are being made
constantly throughout the pages. In general, the subscript r, of a
quantity, indicates that the quantity describes the reduced model, and,
the same quantity without the subscript, means that it describes the
original model., The words, 'system' and 'model', are used interchangeably
tﬂroughout the thesis, distinction only being made if the meaning becomes
impaired. Thus S and §,. are taken to represent the original and reduced
models respectively, or, the original and reduced systems respecﬁively.
Standard nomenclature in control systems theory are used throughout the

text, explanation is given only when there is ambiguity., Examples are:

a(s) means Q-l(s) (the inverse of the matrix Q(s))

er(s) means G;l(s) (the inverse of Gr(s))

k does not necessarily mean 1/k (unless stated otherwise), it means
: l? is associated witha(s) as k is associated withQ(s).

The main results are given in the form of theorems, and, their proofs

are given as simple as possible. Where convenient, illustrations are

given to aid the proofs.

1.3.2 Outline of the thesis,

Chapter II gives a brief but thorough survey of model reduction tech-
niques and their applicationé. The survey is by no means detailed or
exhaustive.

A new frequency domain reduction method using harmonic synthesis
method for single input-single output system is given in Chapter III.

The idea is extended’ to multivariable systems by using the Character-

istic Loci concept approach,



Chapter IV details some new time domain reduction methods, from the
complex plané and state space matrices point of view. The methods are
'design oriented' and use approximating techniques for curve fitting in
the time domain. The criterion for reduction is not specified, and, it
ié open to the subjective judgement of the designer. One method relies
on the estimation of residues and modes and the other on the pseudo-
inverse of a matrix. However, both methods work on the principlefof
scquential approximation, where the model is continuously reduced and
updated. |

All reduction methods in Chapters III and IV are tested using a
seventh order and a fourth order model.

The stability of iinear multivariable systems under the influence‘of
a reduced model controller is studied in Chapter V. 1In all cases
stability of S is expressed in that of Sr. Some stability theorems for
reduced model applications are derived using frequency response methods
and Characteristic Loci criterion., Stability theorems are also derived
by using the theory of M?matrices to study linear multivariable systems.
This, together with the use of the contraction mapping principle, from
functional analysis, widens some results, and, confirms some, derived
carlier. The study on the characteristic pdlynomial of a system leads
to some interesting results, and, the newly formed concept of Reimann
surfaces and multivariable root loci is used in linking the stability of
Sr and S. Lyapunov theory is also used to express certain stability
bounds for tﬁe reduced system, The above methods have one factor in
common; in that tﬁey‘all study the distribution of the characteristic
roots in the-large. The chapter ends with the adaptation of the methods

for discrete systems.,



Chapter VI studies bounds on multi§ariab1e systems designed using
reduced models. The analytical bounds are mainly expressed in
transfer function matrices form, but could also be adapted to time
domain design methods, Some modified bounds for the general multivariable
system and a stability theorem for reduced models are also derived. The
error estimates for using reduced models are expressed in the form of
linear inequalities, using matrix theory and functional analysis; Some
existing multivariable bounds are also modified, to cater for the
inclusion of reduced models, The rest of the chapter adaptsvthese error
bounds, togéther with the stability results in Chapter V, to some exist-
ing multivariable design techniques; example Inverse Nyquist Arfay
method, Characteristic Loci method, pole shifting method and mulcivariable
root loci method, etc., for use with reduced models. The results in
Chapters V and VI form a general design philosophy of systems using
reduced models, |

The effect on the sensitivity and optimality characteristics of a
system, when reduced models are used, is investigated in'Chapcer VII.
The emphasis is stressed on Comparison Sensitivity, in Bode's sense, in
thc frequency domain. Results are derived for using reduced models in
sensitivity reduction design where the closed loop system behaves better
thaﬁ the corresponding open loop case., Conditions for the stability of
a sub-optimal system are also investigated, by imposing bounds oh the
matrix Riccati’ equations. The relationship between sensitivity and
optimality in the application of reduced models is derived. The chapter
rounds off by adapting some sub-optimal design methods, for use with
the general reduced model, such that stability is guaranteed.

B~unds for nonlinecr multivariable systems, especially in the

presence of a reduced model, are studied in Chapter VIII; the main
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emphasis is again on stability. The nonlinear system considered here
is composed of a linear block, followed by a nonlinear block where the
nonlinearities of the latter are either sector restricted, functionally
approximated or bounded by integral constraints., Studies are also made
on the stability of the original nonlinear system, in the absence of

the reduced model, using the describing function method and the extended
graphical method of Popov. It is then shown that these results can be
more easily adapted for use with reduced models, thus increasing their
power, than existing methods. Using reduced models in Model Reference
Adaptive Control Systems design is also investigated, using the concept
of positive realness of a matrix and the hyperstability criterion,

Some existing MRACS design methods are adapted élong this line to suit
the use of reduced models.

A case study of an industrial boiler is done in Chapter IX. Prior
to reduction, the transfer fﬁnction of the boiler model is first obtaiﬁed
and manipulated into various amenable forms. The order of the boiler
model is very high (thirty three) and various reduction methods, both
of time and frequency domains, are used to obtain lower order models,
From this, a critical assessment is made on reduction methods; on their
accuracies, difficulties and advantages. The reduced models so obtained
are next used to design controllers for the original model. Two
different design philosophies are considered; one an 'algorithmic computer
oriented' method from the time domain, the other 'a state of the art'
method from the frequency domain, Comparisons are then made on the
boiler response under different controller actions. This enables the
validify of reduced models to be assessed, and also gives a further

assessment of their reduction methods.

Chapter X concludes the thesis.



1;4 Cbntribdtions to the thesis.

All theorems, listed numerally and accompanying an alphabet,
examnple, theorem 64, 53; 64, 7B, ete. are known multivariable system
theorems.  Only a limited number are stated, when useful, for reference.
All other theorems derived, that are pertinent to linear systems
reduction, or related to the general system, are obtained by the author,
ds far as multivariable control systems theory is concerned, and, to the
best of the author's knowledge, have not been used before in the control
Ziterdture.' All other results'that have been obtained by other authors
are also clearly stated. |

The frequency domain reduction technique, for single input-single
output systems, presented from a different viewpoint, based on hérmonic
synthesis, in Chapter III is original. A novel approach to multivariable
systems reduction is introduced, by considering the behaviour of the
system's characteristic Zoci; as the Zatter'is known to govern the
dynamies of the system. This concept is believed to be new, and, to
the best of the author's knowledge, has never appeared before in the
1iterature. A part of this chapter has appeared in a letter in
Electronics Letters.

The two reduction methods, sequential approximation in the time
domain, presented in Chapter IV are original.  One method works on the
prineiple of 'mode and residue' aggregation, the other uses 'least square
error minimisation' from the state space point of view. Bbth methods
are combinations of extsting methods, removing some of their undesirable
features and inherent difficulties, and they work best when adapted to
use with interactive graphics. Stability of the reduced model with the
methods 18 always guaranteed;

In Chapter I},the stabtlity theorems given in the frequency domain

for a multivariable system under the influence of a reduced model



controller, irrespective of the reduction method employed, are

general, original and believed to be new., Some of the ideas have
appeared as a letter, in Electronics Letters. (An existing theovem,
d&e to Abki, Vittal Rao, et al is only applicable to systems that used

a restricted class of reduced models; namely those obtained by project-
ion methods, only.) These theorems are advantageous since they are
flexible and can be used directly with any design methods. The idea

of using the methods of M-matrices and the contraction mapping prineiple
to study stability in terms of the reduced system is original, although
the methods have been used independently before, to investigate stability
for the original.linear system directly, The contribution here lies in
the interpretation of these results in graphical form and the linking bf
them to the stability theorems established earlier, thus widening thein
interpretations. The adaptation of these‘theorems to the recently dev-
eloped multivariable root Zoéi concept, for stability investigation, is
original, and, believed to be new. Studying reduced model stability,
from the inertia of the matrix of the characteristic equation and
obtaining new graphical interpretations for the stability margins, are
also original.

The modified bounds derived for the original linear multivartiable
system in Chapter VI appear to be new; though they are known to exist in
various related forms. The advantage of these bounds is that they are
expressed in simple forms, in various degress of sharpness, and require
modest computational effort for their evaluation. A stability theorem
for reduced model épplication t8 also gtven here as an altermative to
that similarly given in Chapter V. The advantage of this theorem is that
its bourds are easter to evaZuate; although this may be cémpensatcd by

loss in sharpness. However, modifications are also made where the
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sharpness can be adjusted in relation to computational complexity.

The error bounds, due tp using reduced models, expressed in the

frequency domain are original. The method of preserving interaction
structure of the system during reduction is introduced in this chapter.
It ig proved that this has desirable stability and performance character—
isties. The idea has appeared as part of a letter in Electronics
Letters.

In Chapter VII, some theorems are given regarding the role of

reduced models in sensitivity reduction design. A theorem is given
“here with gives priori conditions, for the stability of sub—optimal
econtrol systems. This is believed to be new and, to the author's best
knowledge, no results regarding sub—optimal stability, for the multi-
variable system using a general class of reduced model, have appeared
before in the literature.

A eriterion gtven in Chapter VIII for the absence of limit cycles
in nonlinear systems is new. It ts believed that the proposed criterion
1g more flexible and less conservative than existing criterta, and, its
main power is the ease to which it can be adapted to work with reduced
models. Part of this idea has appeared as a letter in Electronics
Letters. fﬁe graphical tnterpretations of the circle criterion and the
Popov criterion for multivariable systems, different from existing
interpretdtions, are ortginal and belteved to be new. The bounds are
more flexible and adjustable; hence less conservative. Formulated in
this way they are also very conventent for use with reduced models.

An original approach to estimating performance bounds between S and Sr
in nonlinear systems design,‘using integral tnequality estimates, is
belteved to be novel. The advantages of the estimates is that they can
be evaluated easily, requiring modcst computational effort.

All simulation results and evaluations given in Chapter IX are

original.



- 14 -

Conclusions,

Most of the mathematical results, where possible, are explained
in simple graphical forms, in terms of frequency response and character-
istic root loci plots. This would prove to be of advantage to the

designer, who is familiar with graphical methods.



II

A GENERAL SURVEY OF MODEL REDUCTiON TECHNIQUES AND

THEIR APPLICATIONS.
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"CHAPTER '1I.

A GENERAL SURVEY OF MODEL REDUCTION
- TECHNIQUES AND THEIR APPLICATIONS.

Introduction:

Approximate models were used by Evané? Biernson44 and others46 for control
system design in the early 1950's, They were obtained by ‘rules of thumb',
and, it is believed that a systematic mathematical procedure for model
reduction was started by Dudnikova, Kalyaevs’ Kardashov7 and Golant5 et al,
after the mid 1950's, in the U.S.S.R. There was a great interest in model
red;ction in this country, after Nicholson84 used a reduced model to obtain
control strategies for a boiler model. Up to date there is a vast number
of reduction techniques in the literature and they can be classified into the

" following 'schools of approacht.

(i) modal synthesis

(ii) geometrical methods

(iii) time domain curve fitting

(iv) frequency domain curve fitting
(v) . Pade approximation techniques

(vi) general methods.

The above headings are only taken as a guide, and are not necessarily
in chronological order. No hard and fast rules are laid on them, as in
most cases they overlap, and one method can fall in either category. The
methods in the last heading are either general conbinations of those of the
above headings, or, do not fall into any headings at all,

2.1 Survey of reduction techniquesl‘SI.

(1) Modal synthesiss‘13§

The basic philosophy here is the retention of dominant modes and

rejection ofnondominant ones, based on the fact that poles near the origin
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dominate the response and transients of faraway poles decay rapidly.

. 8 . . « . . N
Davison gave a first mathematical formulation of the problem by trans-
forming S(A,B,C) into its canonical structure and rearranging states in

order of dominance.

X Ax + Bu

= C
y * 2.1)
4 = Az + Fu

A=TATY, x =Ug

| By retaining the first £ state variahles a reduced model is obtained
as Ar = A,0 + Al Al A;l . It was pointed out by Chidambarag, that Davison's
method produces a steady state error, and, this later caused the authors and
Fossardlo, to modify the method, to eliminate steady state error. Marshall11
also produced a similar method that yields zero steady state (s.s.) error by

partitioning the matrices in eqn.(21) as

A, A B ' A, O v, V

1 "2 1 1 1 2
A = , B = s A = s, F =
A 3 A 4 BZ 0 Az v3 vl(‘
U % 2y
U = and z partitioned as 2z =
U3 U4 z,

By equating 22 =0 a s.s, reduced model is ohtained as -

o =V A UY, B =B -A vl

-1
=0 MY 1 "BV, Ay (VgB VB

9)
Kappulajuru and Elangoven12 noticed that the modal method of reduction

has certain inaccuracies in certain regions of the transient response. They

divided the response time into three reelons, and used different methods to
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approximate the response, by considering dominant, sub—dominant and
non—dominant modes in order.
.13 . ‘s
Wilson 3, Fisher et al. modified the modal methods of Davison and

Marshall for discrete systems, by considering the equation

H1 T AXx + By

(i1) Geometrical met:hodsll*m19

| Geometrical methods of reduction rely on the gedmetry of vector
spaces where a reduced model is obtained by manipulating the model
structurevin vector spaces. Essentially geometrical methods are related
to time domain curve fitting methods. Examples of geometrical methods
are due to Anderson, Mitra, Nordall, De Sarkar16 et al. and Shaked et al,

Anderson14 formulated the problem of reduction from the time domain

response equations, .
1 (gt - e (@ T m) + A(T) w T | (2.2)
i.e. bq = Mcq | , ' (2.3)
2 {&)T} = TxX (KT 4+ B (T) u (KI) (2.4)
i.e. | 5, = Mcq' @.5)

where eqns (2.3) and (2.5) represent eqns (2.2) and (2.4) in matrix

. t (r) (r) t
~ form, with bq = (x a (T),f..xq ((k+1)T) ), cq = (¢q1"'¢qr’Aql"'°Aqm)

and M is a rectangular matrix with an (_i+l)th row given by Mi+ = xfr)(iT),

1
xér)(iT),...xir)(iyl, ul(iT), uz(iT),..um(iT). The aim 6f the reduction
is to choose a vector'cq-Such that equation (2.5) is satisfied and also
minimizes the inner product <(hq—§q), (bq—Eq)> . Eqn (2;5) can be
generalized to the form B = MC, and from the theory of linear spaces, the'



solution is given by the taking the pseudo-inverse of M in the equation

B =MC =M [3(T) A(T))* | (2.6)

¢t = [3m) 2] = stwatmy! - Bt 2.7)

w@ere ct - (cl,cz,...cr), gt

= (bl,bz,...br) as in eqn (2.3). The
. + . . P . .
pseudo-inverse M 1is equivalent to least square curve fitting in the time
. . s . ' +
domain and the time interval T is chosen large enough to ensure that M
exists.
. 15,77,82 . . C .
Mitra considered reduction by projecting a vector onto a best

linear sub-space, and, minimizing the projection error. The reduction is

done in two stages as follows.

Controllable  approximate Uncontrollable . .strict Reduced (2.8) -
_—-——-——:——-} ___—_-__‘____* L]
system S reduction system S reduction  system Sr

. , .
S has a controllable subspace of dimension n-m and is governed by

[
AN

S x(t) =Ax+ 8y, § =8 %X The optimal projection matrix P is such
that X = Px where the projection is on and along the sub-spaces € and €,
of dimensions n-m and m. § is related to § by X = PA, B = PB, Here P
is chosen as P = I - T; (Tt Wl () Tl)"l'rt W 1l(), where dW(t)/dt =

exp(A(t —t))BC B exp(A (t -t)) and T, is an orthogenal matrix obtained

1
from the modal matrix of A by the Gram Schmidt orthogonallzatlon procedure.
The controllable subspace € is given by solutions of the equation

CT{ W~16w)T1)-1TI W_l(w)x = 0, If any n-m independent solutions of x

form the columns of the matrix, F, the final stage of strict reduction

yields S, as

=1 -1 &
A, = (CF) (F

A -1 -] &
A F +F A F ) (¢F) B =(CF) F B 2.9
11 11 11 11 12 21 » By = (CR) 11 11 2.9)
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vhere
A ~ -
A A B A
A= | 11 12)p = 11§ = F11 £ & @-mxt-m), 8 2 G-mxo.
" s s s 11 11
A R | F Y
21 22 21 21 Fﬁ (n-m)x (n~m)

The chief disadvantage of Mitra's method is that it is computétionaliy.
‘expensive, and is difficult to implementf

Nordah117 and Melsa construcfed a reduced model by mﬁtching the
shape of the hypersuffacés of the Lyapunov.functions, V and Vr, as the
latter determine the response of the corresponding system., The procedure
involves minimising angles, hetween hypersurfaces in r-space, but, due to
the geometrical complexity, the method is not'reliable for high.brder
models.' |

‘De Sarker16 and-Dharma Rao used algebraic rather than geometrical
approach in the above procedure, For tﬁevautonomous system X = Ax, the
associated Lyapunov matrix equation can be written as PA + Iq = *AtPfiQ = é,
vhere A = P-l(S—iQ), A reduced model Ar is constructed such that its
Lyapunov function

V& VN | ~(2.10)

in r-dimensional space. The matrices Pr and Sr are determined by
deleting n-r smallest rows and colums of P and S respectively and the

reduced model is given by
A = pl(s. - 4Q) | (2.11)
r r r i |
For the forced system X = Ax + Bu, x is partitioned as xt = (xl,le

and Br is obtained by fitting original and reduced models, at steady

state point, i.e. setting X, = 0, giving

B =A (C B+C B (.12
r r ( 11 11 12 12) ( 1
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-1 c.c

where B = 1 C=A n 12

B cC ¢
12 21 22

The main disadvantage of the above method, lies in the difficulty
of choosing the P matrix, and, the choice is related to the nature of
the system, just as the response depen&s on the latter.
Shaked = et al, looked at reduction from the transmission zeroes
and zero directions, point of view. The method exploits the structural
propertiés of the state space matrices, and, a reduced modél is ohtained’
by making zero direction vectors, of the reduced model, to be obtained,
to coincidé ﬁith that of the original model.
with‘geometrical methods, they are largely intuitive'in approach, and,
do not give an indication of the 'géodness‘ of .the reduced ﬁodel so obtained,

20~36.

(iii) time domain curve fitting

Time domain curve fitting, involves fitting the time response of Sr-
to that of S, usually via minimization of a performance index. Wilson 0
considered reduction, from the state space matrices where Sr(Ar’Br’Cr) is

to be obtained from S(A,B,C) via

J=min [ <e(t), Qe(t)> dt 4 trace (PS) ' (2.13)
o .
or J =min lim E {<e(t), Qe(t)>} & trace (RM) | (2.14)
- t"°° .

where e(t) = y(t).~ yr(t). The input can either be a vector of impulse
functions, or, a white noise vector, with zero mean, and a covariance matrix
E{u(t)ut(s)}= N&(t-s), where N > O and symmetric. Associated with eqns

(2.13) and (2,14) are the Lyapunov equations

FR+RFt + § = 0 (2.15)

F'P +PF+M = 0 | (2.16)
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where
A O Bng®  ENBS c¢'c —cc_
0 A B_NB® B_NB -ctc ¢t
T r r Tr r rr

and P and R are symmetric matrices of the Lyapanov equations and can be
suitably partitioned in conformity with eqn.(2.17). Taking the deriv-
ations BJ/Bar, BJ/Bbr, 3J/3c£, where a_, br, c. are the elements of A,
B_ and C_, one ohtains

r r

' -1t -1 -1 _t -1
B = -P B;C =CR_R_ ; A =-P P AR R 2.18
SE 722 P_JZ r 12 N2 3 B T Ty, 12 12 22 (2.18)

If the eigénvalues for Ar are prespecified, thus fixing a canonical
form for Ar’ then the solution for Sr is a linear one. . If the eigenvalue§
are not specified, then a minimization algorithm must be used iteratively
to obtain §_, for single input-single output systems., For multivariable
systems76, the principle of superposition and eqns (2,15) to (2.18) can be

used to obtain (Ar5Br,Cr),iterative1y.

Aplevich?l formulated the same problem, by considering a discrete
time case, along the conceptual lines of controllahility and observability,

The cost function to be minimized is,

had L) L TYA . »
J = . ||Y-Y (2.19)
RN AR

where ?k = (:A,k'-“1 B, k=1,2..., and, Yk is a weighting matrix‘of S(A,B,C),
at time k., It is assumed that S is completely controllable and observable,
and, that the controllable and observable part of Sr(Ar’Br’cr)’ is at least

of order r. By differentiating J w.r.t, the elements of Ar’Br’Cr’ one

obtains the Lyapunov equations,

ty pntat _ pbooot | ooton ot
E'EA DD'A_ - E'EDD” + E'EB B 0 | (2.20)
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EtﬁAﬁDtA§ - pHEhpt + Etﬁﬁﬁi = 0 (2.21)
2 a 2 t 2
where D = (Br’ ArBrf, ArBr,...), D= (B, AB, A"B...), E = (Cr,CrAr,CrAr,...)

and £F = («, CA; CAZ,...). " Like Wilson's method, a minimisation routine,

example a gradient search method, can he used to ohtain S, (Ar’Br’Cr)'
Alﬁernatively,»Aplevich22 offered an approximate solution for S.» using
simple matrix manipulations, via the modified form of B.L. Ho's algorithm

. . . &
and optimality. The matrices Y, are arranged as

k
Y e Y A_B
1 2°°*" "n Ir r r
. vhere row and
$ ¢ 2 ' —%
n n+l *°° "2n-1 column operations
A o yield '
L Yn-l . . [ N ) N an

The chief disadvantage of state space formulations by minimising the
error criterion, is that, it involves too much labour in manipulating
matrices, and, solving large order matrix equations, Another formidable
problem is core storage, example, for a system whose order > 15, solution
by Aplevich's approximate method is formidable and uﬁeconomical; and, to
reduce the core storage, would result in a poorer approximation. Also,
vith a large matrix, the great amount of computation can yield a final
solution whose accuracy is questionable.

Galiana's23 method is also very similar to that of Wilson and
Aplevich, in that, he generated the reduced state space matrices, froﬁ
input/output data, Bandlerza, et al, used gradient methods that are
deveioped-recently for reduced model solution. These algorithms provide
faster rate of convergence than the stecpest descent method, used by |
Aplevich, Chiéambarazs also provided a method of reduction, based m
error minimisation, in the time domain, A set of non-linear equations

result in the end as usual,
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Instead of using a state space formulation, Renganathan26 represented

the nth order model hy a single differential equation

(@) (n-1) -

Y ta . ¥ *eeo ay = 0 (2.22)
and a reduced model

(m) (1) -
Y, + hn—l Y. + e0a boyf 0 (2.23)
' ()

is constructed by equating term hy term the integrals J t [y“ ‘] dt and
o o

.y 2
J t[yr(l)] dt of eqns (2.22) and (2.23).
[0 . o .
Sinha and Pi11e27 considered reduction via using least square curve

fitting of the responses of the discrete models., The reduced discrete

model is expressed in terms of the pulse transfer function H(z) = C(z) /R(z)

= (ao + 81? toeee a.z )/(bo+blz + cee bnz n), or eqivalently,
S m " n
¢, = I z,r, .+ b, c._. (2.24)
i =0 d "i-j j=1 j i3
Eqn (2.24),in matrix form is Ak ¢ = Ck ' (2.25)
r, Tg eee T Cq Cp ees C
t
¢ =
where = T r r.._ ¢ ' ’
Ak 1 I-m  "l-m o | (aoal...amplbz...bn)
P e G = (egepeene)
k k-1 k-m “k-1 “k-n

The least squares solution of eqn (2.25) is
6 = [afallat = AC 2.26)
k A b T A G A Cx .

The continuous transfer function is obtained by taking the inverse
z-transform of H(z) prece'ded hy a zero order hold., By superposition,

the abov2 can easily be adapted to multivariahle systems.



- 24 -

Meier and Luenbgrger28 at;empted reduction from the continuous transfer
function of the system. They took into account random and deterministic
inputs, and, for.the former, they showed that model reduction is also
related to the Wiener filtering problem. In fact the state space method
of Wilson is a replica of their method. The error criterion to be mini-

mised is

. - e .
3=t {xe) - 2@ * = aed) £ (r@-te | () a5 @.27)
—Joo

where Y(t), Q(t) are outputs, QX(S) is the rational power spectfal density
(bilateral Laplace transform of,E{X(r)X(t+1)} of a stationary random process’
X(t), with E[X(t)] = 0.) The transfer function f(s) = ‘gl fi/s—ﬁi, and
the optimum parameters a = ;i,si.i=1,.. m is obtained Dy :etting 9J/3¢ = O;
If the poles are sbecified, the set of equations 3J/3a = O can be reduced to
a linear set; otherwise, a minimisation algorithm is needed to evaluate fhé o

parameters.

Riggs and Edgar29 used a simplified version, by also expressing the

transfer functions, inpartial fraction forms, H(s) = L ri/s—pi,
Hi(s) = I rri/s—pri, vith the modes written in time domain as,
t) = I r, exp {p.t} t) = T r_, exp {p_.t} 2,28
y(t) Iy exe {py > ¥,.(8) Loy e oy (2.28)
J =1
. b
and minimising the functional J = <@-y,),QQG-y)>  dt. A set of
a

non—lineaf equations, which becomes linear when the poles are specified, is
obtained by setting BJ/Brri = 3J/8pri = 0,

Instead of obtaining the optimal parameters from the non—linear
equations, Sinha’3 and Bereznai obtained them by using a hill climbing

technique to minimize the quadratic performance index J.
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Another time domain reduction approach is by moments approximation
which does not minimise a performance index, Moments approximation or
moments matching, which is also equivalent to the Pade approximant and

. : . 2 . . . .
continued fraction mcthods3 of reduction, that will be discussed in a later

C . . ) 30 .31,
section, is a very old analytical tool, used hy Paynther™ and Ba H1i”" in

. .. 34 ' 32 33
network synthesis. Horowitz™ , later also Bosley = and Lees™~ employed
moments approximation,to model reduction. The transfer function is

expanded as

. o

G(s) = [ £(t) exp {-st} dt = a -a, s+ agszl2! + eee . (2.29)
o ' '
® - 2 2
Gr(s) = [ £.(t) exp {-st} dt = aro—arlis" ta, s 20 + ... (2.30)
0 '
[+

where o ; J tlf(t)dt = (rl)l [dl G(_s)/dsl]s=° is the ith unnofmglised
o
moment aboﬁt.the origin of the impulse response f(t). The transfer
. ‘ , . : n=1 n
functions can also be written as G(s) = (boihls+.. bn_ls )/(ao+als+...ans )
' m=1, m . .
Gr(s) = (d *d;st...d ;8 )/(co+c1u+...cms ). By matching the first

q moments, i.e. U = 0.,y i=o0,1.,..q, of the original and reduced models;

gives the linear equation

. P
r a .d,- I b .c.=0 (2.31)
p=0,1,...2m~1

which could be solved to obtain the reduced model. It can also be shown

that if a; =@, i=0,1, 2, ...ntn and if Gr(s) is asymptotically stable,

then Gr(s) is the m/n Pade approximant of G(s). Using Fhis approach,

Zakian35 extended the moments matching method to multivariable syétams.
Kitamori36 obtained a reduced model by fitting to the impulse response,

h(t), ol G(s), a linear combination of orthogonal functions hr(e)(1 =

a; £1(0) + oy £,(0) +.. arfr(O), where f, is Laplace fransformable and oy

is chosen to minimize,
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B@ = 7 (0 - b 0 ) (0) a8 (2.32)
o]

where p(8) is a positive scalar., By setting SE(a)/aai = 0, with
! fi(e)fj(e)p(e) do = Gij from the orthogonality condition, gives o =
J h(e)fi(ﬁ)p(e)de.ﬂence Gr(s) is given by the Laplace transform of
R ,
6 =
hr( ), viil o, £.(0).

The reduced models, Sr’ obtained in state space forms are related to

S via the aggregation matrix, Z, (following Aoki)83 by

A Z=2rA, B_ = 2B, CZ=C - (2.33)

where X, = Zx. In general, there are more than one solution for Z,

‘; . . L. N 1
except for special classes of reduced models, example projection methodslg,
where a unique Z exists.

(iv) frequency domain curve fitting.37‘46’ 2-7

A number_of research workers have attempted to obtain a reduced model,
by approximating its freqﬁency response, to that of the original model.

In 1952, Levy fitted a transfer function to a set 6f frequency data, at about
the same time the Russian workers, Kardashov, Simoyu, Dudnikov etc.,
consideréd.é similér approach to model reduction,

In Levy‘s37 approach the transfer functions G(s) = K {l+a s+...amsm}

1
/{1+bls+...bnsn} is rewritten as

G(s) = K {R+jwI}/{Q+jeL} = K P(u)/T(w) (2.34)

2 4 2
vhere R = (1 - a,uw +a,w —eed)y, I = (al— a,w —eed)y, Q = (1—h2w2+54w4—...)
2 4
and L = (bl-hsw +b5w =eee)e. The generated data also assumes the form of
eqn (2.34) and tl in fi i = G(ju )=
qn ( ) an 1e error in fit at W is e G(ka) N(wk)/D(mk). The

error functional to be minimized is
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E = kg e, D(mk)l2 = IGG“’k)D(“’g) - N(wk)lz (;.35)

By differentiatiﬁg eqn (2.35) Q;r.t. the unknown coefficients,

BE/Bai = 8E/8bi = 0 and using a simplification procedure, results in a.scﬁ

of linear equations, which when solved yields the unknown coefficients.
Sanathanan38 and Koerner modified eqn (2.35), to improve fitting,

6ver a tegion that spans over several decades, and, also in the low

frequency region; by using an iterative procedure on eqn (2.33), Summer>?

and Palynello used a hill climbing algorithm, to minimize eqn C2.35). and

found that tbe.mefhod sometimes yields right hand open loop poles, and

singularities can also occurAin the non-~linear least sqdare equations,
vVittal Rao41 and Lamha adapted Levv‘s method to model reduction.

Following eqn (2.34),Gr(s) can be written as,

G_(s) = K (a+iug)/ (o+iut) = KN(w)/D(u) | (2.36)

The error at a particular frequency fitting is e(w) = G(s) - Gr(s)
= K(P (0)D(w)-T(w)N(w))/T(w)D(w) and the error functional to be minimized

is chosen as
E = / |T(w)D()e(w) lz dw (2.37)
A Q

The derivatives of E, w.r.t. the unknowm coéfficients, of Gr(s)
give the complicated set of linear equations.

The Levy method needs a considerable amount of computation and its
equations are rather tedious. Reddy~42 offered a simplified version by
minimizing the error in the phase of two transfer functions together with

magnitude. Referring back to eqns (2.34) and (2.35) the four errxor

functiowals are



E. =/ (R—m)2 dw, E

L=k , = I 1-8)* dw, Eg=J, (Q—c)zdw, E;=/y -2 du

(2.38)

The derivatives equated to zero are 8E1/8ci = f(R—a)(da/dci)dw =0, dEZ/dci =

! (_R-B)mz(ds/dci) do =0, 3E,/d; =/ (Q-0)(do/dd,) duw =0, BE,/od, =

S (T—r)wz(dt/ddil dw = 0. This simplifies the complexity of the work in
solving for the p+q unknown coefficients, in the p+q linear equations.
HsiaA3 looked at reduction by taking ascriterion the magnitude ratio

of the frequency response of the models that deviate the least at various

frequencies. The magnitude ratio can be expanded by Taylor series as

A = [6GW /e G |P = 01 R DB, Fee)  (2.39)

By requiring the ratio to be unity, i.e, A(w)=l, Gr(s) can be

constructed by cbmparing the coefficients sz with.AZj.

7 > - - * > i d > > ’ »
Kardashov considered minimising the time domain criterion
[-+]

J= J (y-yr)2 dt, vhere Parseval's theorem gives
(o]

. jw

J = Q/2mi) s

la)ECS) |? ds (2.40)
]® :

vhere E(s) = G(s) = G_(s), G(s) = D(s)/K(s), G_(s) = D_(s)/K (s).
Linearisation is made possible by the factor a(s) = G(s)K(s)/Gr(s)Kr(s) in
eqn (2.43) Setting 3J/8ck = aJladj = 0, aﬁd, using complex intégration in
the frequency domain, after simplification, yields a set of linear equations
for the unknown parameters of Gr(s).

Simoiu3 employed the method of moments in a geometrical sense in

frequency response fitting. The transfer functions are expanded into

© . r .
Taylor series form, G(s) =1 + ‘21 a; s , Gr(s) =1 + .21 C. sl;

and Gr(s) is approximated by discarding certain terms. The unknown
coefficiont c; can be evaluated by successive integration using the vecursive

formula ,
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. - i-2
S; = My v I S, M (2.41)
. j=o
where M. = / (k=@ (£)) (~t) /1! dt, §; = / G#(e))de = lim
’ o o

J (k-@(t)) exp (-st) dt = limséo (k(s)-¢g(s)) and ¢(s) = k/sG(s).

(o)

Dudnikov4 gave a method of approximating a transfer function by
expansion in continued fraction form. A reduced transfer function, is
obtained by truncating certain quotients, and the coefficients are found
from graphical plots and tables of experimentally obtained amplitude
phase characteristics. . Emphasis is placed on the initial portiop of the

characteristic.

k : n . .
Go(s) = (bo+bls+..bk§ )/(1+a1s+..ans ) can be expanded into continued

fraction form as
(2.42)

G (s) = A, +

-1,.
Bl (Gw) + A2 4

+ 1
-1
Bn—l

(Guw) + A

Sy L . . . Py -1,

where G (o) = A + GGu), 6 Gw) = 1/6; Gud, 6 Gu) = A + B 7" Gu) +
¢2(jw) etc. By plotting Go(jm),...Gn(qu as Nyquist diagrams, constants
Ao’Bo’Al’Bl"'Bn—l"An can be determined from their real and imaginary
parts. In fact many forms of continued fraction can be used, example,
Golant5 and Dudnikov later used the Cauer's J-type continued fractiom in
place of the ordinary continued fraction.

Chen46 and Bicrnson44 considered reduction, from the Bode plot by
using rules of thumb, example, the corner frequencies can be ignored if the

gains are below -15 dB or ahove +15 dB. Evans45 similarly approximated

high order models from the root locus plot in the complex domain.
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A disadvantage of reduction by frequency methods is that the time
domain response of the reduced model is not krown directly, and, large
steady state errors can result. Furthermore, the linearised equations
do not guarantee stable reduced models, and, implementation on the

computer is normally uneconomical,

47-67

(v) Pade approximation techniques
Model reduction by Pade approximation is a very popular technique,
as it is reported to have a high degree of success, and, to yield accurate

32,33,35 (discussed earlier),

reduced modelé. Reduction by time moments
Markov parameters and continued fraction expansions etc., are all equi-
valent methods, and, they form a sub~se£ of the general Padé approximatioh‘
" methods.

Chen and Shieh47 introduced continued fraction in the s-domain for

model reduction, by considering that

_ 2 n-1 2 n.
G(s) = (Ay #A, 8+A, 48740 LAy 87 ")/ (A 1 +A 544, 48 +...A1p+1s ) (2.43)

can be expanded into Cauer type continued fraction (equivalent to Taylor

series expansion about s = 0),

6(s) = 1/ #(8) /(hy#(6)/ (hy* (a)/ (o () /o)D) (2.4

and Gr(s) is constructed by retaining the first 2r hi parameters and dis—

carding the remaining inner nested parameters. The hi parameters are

deternined from the first column of the Routh table,48

A M2 Mg A e

Agp Bgp Ay Ay e hy =4 /801 (2.45)
Ay Agp Ay oo i51,2,...

b1 Aap e
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12,41 = Piea,1 A1, et/ Apag,1 0 19540204, G112,

where A,. = A
1]

An algorithmic method for cdnverting the truncated continued fraction

transfer function back to the original form is also given. Despite the

simplicity of the method, the reduced model so obtained can be unstable,

Also as pointed by Wright493_tha Routh. tahle can sometimes fail when the

coefficients A., = A.
il

1+1,1 and Aij = A.

i+1,i * This is equivalent to the

fact that no Pade approximant exists for the particular transfer function.

50,51,52

Chuang modified the method of Chen and Shieh by rewriting

G(s) in descending poweré of s, and, employed the expansion scheme as before,
but, this time it is equivalent to Taylor scries expansion about s = o, The
modified procedure yields better initial transient response. By using fhe
modified Pade approximation (MPA) method, Chuang51 also showed that reduction
can be achieved by expanding

‘G(S)=PO+P15+P282+on about s =0

Gr(s) =’(r° + r1s+...rr_lsr.l)/(do+dls+...cir sr) is constructed by
expanding likewise, and matching the cocfficients up to the sr“1 (resp.s_r)
terms, gives a set of linear equations in terms of r, and di' A biased
reduced model is ohtained in this way, with equal emphasis on initial
transient and final transient response, However, the reduced model
obtained, is again not guaranteed stable.

53,55

Instead of using the Cauver form, Shamash employed a J-type

continued fraction expansion, where G(s) is expanded as

G(s) = 1/(h1+(S)/(hzs+(1)/(h3 + (s)/(has+(1)/...)))) (2.47)

. The above scheme was proved to he computationally cheaper and more

efficient than ordinary expansion. He also showed that by retaining
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certain dominant 4 modes in the expansion, and ohtaining others by
continued fraction, a stable reduced model can be obtained. For discrete
56 m n . .
systems™ G(z) = (a0+a1z+..amz )/Cb0+b1z+..bnz ), the linear transformation
z =p + 1 can be used to transform G(z) into continuous form and expanded
as

6(z) = 1/(h +(z-1)/ (h,y+(2-1)/ (... (2=1) /0, ))) (2.48)

A reduced model is obtained by truncating as before., Other than

expanding G(s) about s = 0, or s = «, Davison58 and Lucas expanded it about

any general point. From G(s) = [ g(t) exp (-st) dt, putting s=a+z, then
© ) .
F(z) = G(a+z) = [g(t) exp{~(a+tz)t} dt = & -0t Mizi/i! where
. o] '
Mi = Jt* exp(-at) g(t) dt is the ith’time moment., A reduced model Fr(z)

is constructed by matching the moments of F(z) and Fr(z), i.e.

i) fig(t) exp(-at) dt ~= [ tigr(t) exp (-at) dt (2.49)

(o] o

i=0,1, ...Zm"l
vhere a=2fT and T = [ tTg (t) dt/f g~ (t) dt
o o

Lal59 and Mitra also used moments evaluation algorithm for model
reduction, and, made comparisons on Pade approximation simplification techniques,
Brownéo and Brown61 et al. used moments matching reduction techniqhes to
pulse transfer function,and,llutton62 and Friedland used Routh table approx-
imation methods, which is the same as continued fraétion and moments matching,
for model simplification.

Shamashs7 and Hickin63 and Sinha etc., also showed that minimal
realization algorighms, example those of B.L, Ilo or Silverman's can be used

to obtain reduced models, G(s) = C(sI—A)—l B can be eﬁpanded about s=0
m -~ m [ ‘
C; s}—l and 4(s) = I Di s - respectively, where

and s== as G(s) =
: i=l

o i=1
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2 ith'time moment of system/i! and D, = CA

Markov parameters of the system. - From the Hankel matrices,

t | 4
t ]
t . t
?1 Cz. *e Cr. L ] O: Cn ?2 C3. [ ] cr+1:. L] Cn+1
. t . t
= : t * = .o t
F. Er_ _C_%l'lc_r:B"' F Eril_ . _Cgrj
cn Cn+1" n+r:102n—1 Cn+1 Cn+2'cn+r" cZn
[~ t - - ' —
' :
Dn [ N Pr * e Dz Dl Dn‘l o e 0 :Dr—l L N ) Dl Cl
: H H
. t :
= ) * = .e o0
LS ].)n—r+1":31_ > Er:Z_ Er:l_ H Dn-r '.Sl_ e Sr:l_ Er_
L?l C1 .o Cn—2 =1 C1 CZ" Cn-l Cn
-t =(C C ci..c) H =80%=( D ' D D, D.)
=% 172 1% h Pn-1 0 Ppoen P2 )
.q ] . 'S *—1 *—1
Silverman's algorithm gives S(A,B,C) as A= FF ~, B = FZ’ C= FIF .

. . -1
= %

A reduced model of order r is given by Sr (Ar’Br’Cr) where Ar Fr(Fr ) 7,

- Flr

appropriate partitioning.

B

(Fr*)-l where the matrices Fls Fr* are ohtained by
r

= F2r’ Cr
Sr is equivalent to the (r-1, r) Pade approxi-

mant of G(s), which is equivalent to the Cauertype continued fraction

expansion of Chen and Shieh. Similarly, considering the Markov parameters,

S can be represented by A = H(H*)-l, B = HZ’ C = (H1 Hfi) A" and Sr is giﬁen

C =

x -1
= =
b y A H (Hr ) ’ B F

-1 r
2r’ (Flr Fr )Ar ¢

Most of the continued fraction methods described above are originally

meant for single input single output system, Chen64

first extended the

continued fraction method to matrix continued fractions for multivariable

systems. The expansidn scheme is as follows.

G(s) = () + s(H, + 5 (Hy + w5 (1, )70 "H7™H (2.50)
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A reduced order transfer function matrix is obtained by truncating the
inner nested brackets. For example, the first simplest model is H

=1
1
“1)-l ete.®? Following Chen,

the second simplest model is (H1 + S(H2)
other authors, exgmple ChuangSI, Shamash.s5 and Hutton62 et al. extended
the continued fraction methods to matrix continued fractions, for multi-
variable systems; and Shieh66 and Galiano modified the Routh tablg for
evaluating the coefficients of the continued fractions.

Unfortunateiy, model reduction by Pade approximation of multivariable
systems is not as successful as fér single input/single output systems,
The reduced transfer matrix obtained can be physically unrealizable in
that the order of its numerator elements can be higher than that of its
denominator elements, and the order of the reduced transfer matrix is
normally higher than the order specified67. Sometimes the reduced model

can also be unstahle,

vi) General method368-7s

The methods stated below do not strictly come into any onc of the
above categories, but, however, can be loosely fitted into some of them. .

Arumﬁgam68 and Ramamoorthy used a Scﬂérz canonical form for systems
reduction. The single input/single output system S(A,b,c), assumed
controllable, is transformed into Schwarz form S(B,f,c). The reduced
model is constructed by making a ratio test of the elements of the Schwarz
" matrix B and the order r is determined by the last successful ratio test, j,
jeee. T =0 - j. An inverse transformatién is used to convert sr(Br’fr’cr)

back to S_(A_,b

sC ). Howevér, the method cannot be extended to multi-
rr’r’r .

variable systems, and, does not give any indication of goodness of the

reduced model so 6htained.
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Towi117o_et al. considered reduction hy replacing certain aggregated
far away poles hy a single pole. This fact was also considered by
Isermann71, who gave some rules of thumh methods for model simplification,
example, by negiecting small time constants, replacement of time constants
by time delays and replacement of different time constants by equal time
constants, etc,
| Another method, due to Nagarajan72, is By dividing the characteristic
equation repeatedly by the largest remaining eigénvalue until the range
ratio of the smallest and largest eigenvalues falls to some recommended
figure. In this way, the.smalleritime constants are succeséively
eliminated.  The method only wbrks when there are no dynamics in the
numerator transfer function,

Brown74 used a time varying low order model to approximate a high
order time invariant model. The procedure is based on an approximate
minimization of the difference between the time rate of change of the
variable of S and Sps subjected to random signal inputs, and minimising
the conditional ensemhle expectation, R=E ’{<(ir1-k1), (&rl—&1)>|u}, where

and %X, are the measurable states of S, and S, respectively.

1

Other reduction methods include that of Brierly75 et al., where -

%1

reduction is done with the aid of computer graphics. This is a trial and.
error method, where the root locusof S. is shaped, by shifting poles
manually, to approximate that of S.

2,2 Survey of applicatiOnssz‘llo

Reduced ‘'models can be used in the following areas, '

(i) Simﬁlation studies

(ii) Optimal control synthesis

(iii) Multivariable feedbac: systems

(iv) Model refercnce adaptive control systems

(v) Sensitivity studies
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Only a cursory review of the listed references will he given.
In the area of simulation studies, reduced models find wide

86,87,89 and chemical

applications, example in power systems engineering
plantsas.l Here_tha time or frequency response of the system is required,
and, a lower order differential equation85 is sought to approximate the
higher order one, the latter being obtained by considering too many grid
points or state variables.

In optimal control synthesis, numerical techniques, such as d&namic
programmings4 and iterative algorithms, are employed to obtain solutions

92,93

for non-analytic cost functionsg6. .Using reduced models here will

result in speeding up the iterative processes and economising storage

and computation. Allwrightgl

has used iow order models to determine
stopping criterion for optimisafion algorithms and Chapman94 has used theﬁ
to speed up iterative algorithms. Mitra®? and Aoki are probakly the first
to perform an analytical study of using reduced models in optimal control

problems. Specific examples, like the linear optimal regulator82 and

linear tracking problems, are studied in terms of performance deterior=-

ation 3,96 Uhen the sub=~optimal controller, designed using reduced models,
is used97’99’105. Aoki§3 also first gave a stability theorem for sub=-

optimal controllers, designed using a class of reduced models, the latter
being obtained by projective reduction methods only. Following Mitra
and Aoki, some papers hegan to appear,investigatiﬁg the performance and
stability of sub—optimal controllers involving certain classes of
projective reduction methods onlyﬂs’gs.

Perhaps the most popular use of reduced models is in designing a

controller for the general multivariable systems., The cffectiveness

of using reduced models in controller design, in terms of stahility
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and performance, using frequency response methods have not yet been

thoroughly investigatedl. Associated with multivariable frequency
' 108

s o

design, is model reference adaptive control design (MRAC) . The

design philosophy of Linear Model Following systems is to control the

0

plant in such a manner such that its response follows that of a model!?
Due to practical limitations'perfect model following'is impossible, hence

adaptive characteristics are implemented in the control loop to accommodate

changes in the plant, due to parameter changes or external disturbance,

so that the response of the plant still follows that of the model as closc
' 107

as possiblelog. - Shaked has studied the stability of linear model
follovwing systems, using reduced and original models, but, the application
of reduced models in MRAC systems is still novel, and, few investigations

have'been madelqs;

Parameter sensitivityloo‘104’106

is a study of how closed loop

parameters vary as a whole when an external disturbance is injected.

In a control system, it plays a great part in determining system perxformance
eqs . . es .%00,101

and stability, and, the application of feedback tends to.reduce sensitivity .

Using reduced mo_del_slo1 in the feedback scheme, will reduce the sensitivity

' !
of parameters as there are few parameters in the reduced model. Towill104 b
and Mehdi have used low order models to predict the sensitivity response of

an aircraft system. In some aspects of optimal contr01106’103

, a'para-
meter sensitivity' model is modelled separately from the dynamical model
to enable better analysis of the whole system., Kokotovic100 and Sannuti

have used reduced models in optimal control studies, where a reduced

analytical model would result in a reduced ‘parameter sensitivity' model.

Conclusions
The survey covered ahove is thorough,hut not exhaustive or detailed.

Neither is it intended to he.  References 1 and 2 list a wide refurence




of reddction'techhiques and reference 1 gives somevaccounf of their
applicétions. The ratio of published materials1 on ‘reduced model
applications“to that on reduction techniques is comparatively small.
Regarding the former, it seems that more emphasis is devoted to studying
sub-optimal controllers, involving reduced models of a restrictive nature
only.

The next few chapters investigate some methods of reduction, and the
use of reduced models, obtained by any reduction techniques, in the general
multivariable control systems pfohlem, in terms of performance bounds,

sensitivity and stability.

g g g

e 3
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CHAPTER III,

SOME FREQUENCY RESPONSE METHODS FOR LINEAR SYSTEMS REDUCTION

Introduction

in this chapter some freqdency response methods are presented for
linear systems reduction. The current trend in designing multivariable
systems in the frequency domain yieldg promising results, thus some insight
may be gained relating design and reduction when the latter is considered
in the frequency sense.

- Frequency response methods for reduction of single input;single output
systems are not new, but, the approach given here is different‘from those
reviewed in the last chapter. All frequency methbds used in the past
consider the amplitude and phase characteristics of a single siﬂusoid
passingbthrough a linear system and finding some ways to construﬁt a
reduced model whose response would approximate the characteristicsg'
Guillemin's approach in approxima;ing feédback systém's design, considers
input-output time waveforms, and, decomposes them into their odd and even
Fourier con@onents, with individual amplitudes and phasesl. An approx-~
imate system is synthesized by considering the effect due only to certain
ha;monics. However, the method is rather crude as a pure time delay
function has to be approximated, and, tedious, if the éystcm is not a low
pass filter. Also, at the end of the synthesis it can yield an unstable
system with right hand side (r.h.s.) s-plane poles.

The method given here is based on harmonic decomposition of time
“waveforms for single\input—single output systems, and, the approach to the
problem is entirely different from that of Guillemin's. After reduction
a low-order stable reduced model is obtained. It is shown that the method

can be extended to multivariable systems in two ways. The first way is
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by using the principle of superposition and cause-effect relationships.
The second‘way is via the characperistic loci6 of a square transfer function,
the latter being a natural extension of the Nyquist locus for a single
input-single éutput system,
3.1. Harmonic synthesis of single input—sipgle output systems.

- The problem considered is shown -in fig. 3.1 where Ho(jm) and
Hr(jw) represent the.original and_redgced model transfer functions of orde;
n and r, respectively, The time domain input signal is extended to be
periodié, of period 2T, from -» to +» , and, is assumed to satisfy
Dirichlet's condition, i.e., having a finite nuwber of discontinuities in
any interQal. By superposition, the steady state response of the kth
output Fourier harmonic is related to the same input harﬁonic by the cause

effect relationship,

A Cos(uy €) > A IHr(ijl Cos (u, t+argh _(ju,))

(3.1)
BkSLn(wkt) -+ BkIHr(ka)|SLn(wkt+arg Hr (ka))
where oy =0 k. If Hr(s) is represented in the form
P L-p
KT (s+z,) T (s>+2a,s+a,’+b,2)
PR S 777071
H (s) = , — (3.2)
r q 1 2 2.2
I (stp,) T (s"+2c.s+c,“+d.”)

its amplitude-phase characteristics can be conveniently written as

P g 2. %P 5 9 22 2
K. igl(wk tz, ) iI=Il[(ai +bi ~w; ) +(2aiwk) ]

2

B Gu ) [™ = , (3.3)
& 2 2, T4 2 .2 2.2, 2

jI=11 (@ +p") jI=11 [(cj +d 5y 1) T (2esu) ]
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H G ) g arg (3 ) q a &-p 2,4 2 2
arg Jjw = Ju +z.)= L ATE€(ju +p,)+ I arg(ji2 .+a. . -
r- k i=1 - k71 =1 (Jmk PJ) i=1 G “Bptar Py e )
rq 2 .2 2
= L arg(juw c.tc, +d, - 3.4
j=1 9% S B : &9

Ho(s) can similarly be represented as in eqn.(3.2) and both Ho(s)
and Hr(s) are assumeﬁ to be stricply'proper, i.e. IHr(s)I > 0, lHo(s)l + 0
as s o , Thus Ho(s) and Hr(s) can be considered as low pass filters and
heavily attenuate high frequency signal amplitudes; the degree of |
attenuation depending on the pole/zero distribution and the value of r-%.
'A reduced model is constructed by considering the effect due to the first
few harmonics, as the response due to the higher harmonics are relatively
less significant, and, minimizing the error criterion,

. ) 2
E = g (v, (£) =Y (D) dt (3.5)
The upper bound in the integral is finite due to the periodic nature

of the input. The output due to the first h harmonics can be written as,

eqn. (3.1),
h _ .
Yr(t) = kzl frk‘Sln (mkt + ¢rk) (3.6)
h
yo(t) = kil fok Sin (mkt + ¢ok) (3.7)
where e, o= o+ [ Gu)l | (3.8)
by = vl (u) + tan(A /B) (3.9)

and similarly for fok and ¢ok’ where appropriate substituting the subscript
r by o in eqn.(3.8). The optimum value of an unknown parameter 0 of Hr(s)

is given by
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T

/30 . = S (yo(;) - yr(t))ayr(t)/ae =0 (3.10)
o

As there are no discontinuities in the output waveform, its

derivatives converge, hence from eqn. (3.6),

" _
ayr(t)/ae = kil Fx Sin(wkt +_¢rk + ¢rk) ) (3.11)

h | F2 o (f . /30)% + (£ 04 /:Se)2 (3.12)

where rk “Trk . vk "rk '
tan ¢, = {frk a¢rk/ae} /{afrk/ae} (3.13)

A maximum number of 2(£+r)?(p+q)+1 equations in the form of eqn. (3.11)
14 . A L3 13 » :
can be obtained with 0 = zi(1=1,..p), asy bi(1=1,...2-p), pj(J=1,..;q),
ey dj (j=1,...r=q) and I\r. The derivatives afrk/ae agd a¢rk/ae are

obtained from eqns.(3.8) and (3.9) via (3.3) and (3.4),

¥ K, = £/ L, a¢rk/agr = 0

afrk/azi' = zifrk/(wkz;ziz) , a¢rk/8zi = - wk/(ziz+wk2)
afrk/aai - 2aiNfai frk/Tni > a‘i’rk/aai = kaN(#ai/Tni
afrk/abi. = 2biNfbifrk/Tni ’ Mrk/abi =-Aaibiwk/Tni
DA g LRV AT SR T L T
of foey == 2eNe sEq/Tay 0 30 /0c; = -kaN¢cj/de
afrk»/adj = - Zdijdjfrk/de , aq)rk/adj = 4c5.dj°’1c/de
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2 2 2
where =
'ere Nfai , ai + hi + mk
_ 2 2 2
Neps = 3 P ot
(3.14)
2 2 2
Neey = &5 Hdy oy
2 2 2
NfdJ cj + dj wk
_ 2 . 2
Neaz = P —2 W
- 2 _ 2 _ 2
N¢c3 = dj cj wk

2 2
de Nfdj + (chwk)

The following trigonometric relations are used in the simplification

~ below
A sin(x+0)+B Sin(x+B) = C Sin(x+y) (3.15a)
2 Sin(x) Sin(y) = Cos(x-y) - Cos(x+y) : (3.15b)
A Sin(x+a) + BCos (x+8) = R Cds(x+k) | (3.15¢)

Substituting eqns. (3.6), (3.7) and (3.11) into eqn.(3.10) gives,

T h h. h
£ {kil fok81n(mkt+¢ok)— kzlfrk81n(wkt+¢rk)}{kEIFerLn(ij+¢rj+wri)} dt

(3.16)

Simplifying the first bracketed expression in eqn.(3.16) using eqn.

.

(3.15a) vields,



e

T h h .
) i .i AkFrjsln(wk;+&k)sln(mjt+¢rj+¢rj)dt = 0 | (3.17)
o k=1 j=1
where 2a82 wg2-0f £ Cos(h,=b) (3.18)
AkA ok rk ok rk ok "rk .

tan(8, ) = {f_;Sin(¢ D-f  Sin(¢ )}/ {f_ Cos(¢ )-f , Cos(4 )} (3.19)

Using eqn.(3.15b) in (3.17) and integrating over the half period T,

h h
1 .
E-kil JXl{Sm[(w v, )T-9._ wrj+6k] Sin( ¢rj—¢rj+5k)]FrjAk/(mk wj)
j#k '
1 h h
-7 r I {Sln[(wk+w )f+¢ +¢ +6 ] —oln(¢ +¢ +6 )} FrJAk/(mk+wj)
k=1 j=1
itk
1 0 |
-3 kﬁl{sm(z‘”k“"’fk*"’rk*sk) SIn( Wyt Y T b [20
1 h : ‘
+ E-T kil Fi Ak Cos(ﬁkf¢rk-¢rk) = 0 : . (3.20)
'Simplification with eqn.(3.15a) yields,
h h h b
2 F j A Sln(S ¢ J 48 )= I i P .F. Sin(C .+¢_.+y_.+8 )
J#k itk
h h . :
kzlpkkF SN (Cr ¥ 0 +6, 4T kEIFrkAkc°s(5k'¢rk""rk)_ = 0 G.21)
where

Mkj={2—ZCos[(mEWﬁ)T]}/(wk—wj) , tan (Skj)=Sin[(mk-wj)T]/{Cos[(wk-mj)T] -1}
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ij ='{Z-ZCos[(mk+mj)T]}/(hk+wJ) , tan(ij)=Sin[(mk+wj)T]/{ng[(mk+wj)T]—1}

(3.22)

_Using eqn.(3.15a) on the first two expreésions and eqn.(3.15¢) on

the last two expressions in eqn.(3.21), further simplification yields,

h h h

-1z V Sin(n, .+8., ) + & F_, A € Cos (8§ +y,) =0 (3.23)
k=1 j=1 kj Ak. kj 'k k=1 rk "k 'k k 'k ‘
jtk.
h \% : =¥, + P22 M. P . Cos [2¢6_.4+y_.) + ¢ .=S .] (3 245
Fhere Yy "Mt R 2 Mg T PeiVes? G0 '

tan (Yk)#{TSin(¢rk+wrk)+Pkaos(¢ Pt kk)}/{TCos(d)rkﬂp )

- Pkk81n(¢ + Lk kk)} (3.25)

2 2 2 o
=T° + P 2TP,, Sin [2(¢rk+wrk)+c

€ Kk Kk k) (3.26)

b, ) P, Sln(C +¢ W, )}/{Mk Cos(S -¢ b, )

r)

tan(nkj)={MkjSin(Skj-¢

- ijCos(ij+¢rj+wrj)} (3f27)

Eqn. (3.23) represents a set of non~linear equations with a maximum
number of 2(i+r)-(p+q)+1 equation; and the same number of unknowns, whose
solution gives the optimal parameters of eqn.(3.2) in the sense that
eqn.(3.5) is satisfied. Although eqn.(3.23) is complete and compact by
itself, a simpler approximate solution to the model reduction problem can be

obtained by discretizing and minimizing eqn. (3.5), i.e.

E = min < §_(t) = §.(0), Q(F_(0)-§,(1))> (3.28)
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where ?o(t)=(yo(t11,yo(t2),...(yb(tN)), ?r(ﬁ)=(yr(t1),y;(t2),,;}Yf(tN))
and Q = d?ag'{ql,qz,;.qN} is a weighting matrix of N samples. From equs.
(3.16) and (3.17) yo(ti) and yr(ti) can be expressed as
, 5
yo(ti)—yr(ti) = kil Ak Sin(mkti+6k), 1 <1i<N (3.29)
" 3.2 Choice of cperating frequénqy, inputs, and numerical feésibilitigs.

The operational(fundamental)'freqUency is chosen as wo=n/T, T 3 T&, T,
being the largest time constant of the process, such as to ensure that ali
modes are excited sufficiently to give good dynamics. For a system with
dominant poles, it is necessary only to consider the first few important
harmonics. The corresponding 'frequency range of interest' or the
'Eritical range', which lies above w , where curve fitting takes place,is as
shown shaded in fig.3.2. If the system has non-dominant modes, the
critical range can be widened or shifted over a particular region so as to
give better accuracy to the time domain fesponse of the system. This of
course depends on other factors, chiefly, on the spread of the eigenvalues.
The critical range is proportional to the latter, as W, is proportional to
the smallest eigenvalue,

The Levy1 and associated methods9 attempt to fit frequency data of
similar amplitude and phase over the entire specérum. This is undesirable,
in the sense that difficulties are encountered when the band spreads over
several decades, and, poor fittirng is achieved in the low frequency region

(corresponding to the sub-harmonic region, in fig.3.2). Both difficﬁlties,
however, can be alleviated by studying the eigenvalue distribuﬁion, then
choosing a sufficiently large s and, focusing attention over a small, but
relatively high bandwidth of interest. It can be argued with good
“justification that ignoring the high frequency region will result in poor

initial time transient fitting, while ignoring the low frequency region will

result in large steady state errors.
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The input function can be any convenient test signal but if it has
a finite number of singularities, example for a square wave, the Gibbs
phenomgnon can occur at points of discontinuities in the Fourier
representation of the signal. To suppress the oscillations due to the
Gibbs phenomenon, the Lanczos damping factor (Sin ofa, can be weighted to
the signal,

h

JORETNE {Sin i/ 2h) / (km /23 (A, Cos (uy t) 8, SinCu, £}

1

(3.30)

This is necessary as the output aécuracy depends on the.faithful
representation of the input. The modification to eqn.(3.30) will reduce
the oscillations by a factor of nine. Alternatively, the singularity
problem can be overcome, by joining two discontinuous points by a straight
line éf very high but finite gradiemt. TImpulse inputs can be approximated
by triangular functionslof'very high amplitude and low base. The distance
between two ‘'impulses' would depend on the time constants of the system.
Stochastic signals can be difficult to simulate, but, as was indicated
(Meier 1967)9, white noise and impulse inputs are equivalent.

The reduction method presented, differs from the Levy and associated
techniques, in the sense that integration is done in the ;ime domain, on
the Fourier representation of the signal of different amplitudes and phases,
The Levy and associated methods9 consider system response, duc to a single
sinusoid of constant amplitude and phase, and integration is done in the
frequency domain over a spectrum of interest. A correlation of the method
and that of Levy is éhown by the dotted line joining various frequency points
on the solid line, in fig.3.2.

To elleviate numerical difficulti~s associated with the large number

of parameters in the nonlinear equations,  dominant poles can be retained,
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and the remaining r-2 poles and other zeroes found one at a time to give
the best transient response. Thus the order of the model is updated
sequentially, one by one, from upity to r. Since the success of most
minimizatiop routines and the solution éf ronlinear equations depend very
much on initial parameter estimates and proper problem presentation, thé
initial parameters can be estimated with the aid of the phase-amplitude
criterion in the s-plane by noting the response due to the fundamental
harmonic. The local optimum is then expected to lie in the vicinity.

Most singularity problems associated with the nonlinearlleast squarés
equations are merely computational, in that part of the intergrand of
eqn, (3.17) can take an infinite value at some point, when fhe integral
itself at that particular point is finite. Aséociatc& with eqns. (3.23)
and (3.28) are eqns.(3.1) and (3.14), and, it is observed that ;ingular
points can occur in the form arc tan [n¢e) /D(8) ] twhere N(6) A Real (6),

A 2. 2 2

y A 2 A
p@) = 13, or = a, +bi -0, T, or = cj

at the origin, when a pole vector equals to a harmonic valuve, or when a

+djz-wk2), when a pole or a zero is

pair of complex poles lie on the imaginary axis causing resonance.  The
singularity problem can be overcome in the first few cases by assigning
arc tan [N(O)/D(0)] =n/2 and the phenomenon of resonance can be overcome
by constraining complex poles off the imaginéry axis.

To ensure that a stable reduced model is obtained, poles are
constrained in the 1l.h.s. s-plane, and vhere possible, also off the
imagiﬁary axis, as an oscillafory model is often undésirable, when a regulator
system is needed. The reduction method is such that initiaﬁﬁgble/zero
estimates will remain as finafxgtle/zeros and, initial complex pole/zeros
will remain complex in the end, or take the form of double poles. This is
advantageous to the desigrer working in the frequency domain in the <ense

that system performance can be specified by pole allocations.




- 57 -

3.3 Multivariable systems and characteristic loci.

The single input-single output reduction method above can be extended
to multivariable systems, as followss. For a(mxm) multivariable transfer
function matrix Gr(s), the ith output can be written as

m
yri(s) = 'ﬁ rlJ(s)u (s), Vi - | ‘(3.31)

j=1
where grij(s) is the ijth'element of Gr(s)' By superposition, each term
in the r.h.s. of eqn.(3.31) can be considered independently, but, also

preserving the interaction sctructure of G (s), i.e. f ..(m) = foij(w) and

rij ) = w5 (W), where £ () = lgm(s)llﬂ/lgmc )l OB
|g011(5)|1#3/|g011( s) |, rlJ( w = |g rlJ( )ll#J/lngJ(s)l and ™ (w) =
le 01J ll¢J/|goJJ( s)]. This is important in terms of stability for the

original model when design is made on the reduced model (the proof and
derivation will pe given in Chapter VI). The diégonal elements grii(s),
are found as outlined above in section 3.1, and, grij(s) is generated by
minimizing

w

‘ . 2 2
J = IQ{[frij(w)-foij(w)] +[mrij(m)-moij(w)] } dw (3.32)

over a selected bandwidth of interest, .

The second method of extending the frequency response reduction method
to multivariable systems is by considering the characteristic loci, poj(s),
of Go(g) (assuming Go(s) is square), as poj(s) is a natural extension of
the Nyquist plot for single input-single output systeng. 'Since poj(s)
determincs the dynamical behaviour of Go(s), Gr(s) can be constructed such
tﬁat prj approximates poj(s) over all possible frequeﬁcy ranges. A
feasible method of achieving this is to expand poj(s) about a certain point
by perturbation, and, then construct prj(s) by neglecting bertain terms of

the expansion.3’4
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A > - >~
Let Gr(s)'= Gr(s,ao) = Go(s,e) be analytic in the region Ie-eol<R,
where € is a variable in terms of s such that Go(s,e)+Go(s,co) 4 G (s)
o
as ere and €, can be taken as zero where abritrary. Since poj(s,e) of
- A

Go(s,e) depends continuously on Go(s,e), such that prj(s) = poj(s,e)epoj(s,eo)
asv§+eb, then poj(s,e) is‘also analytic injle—eJ< R. If poj(s,e) is
unrepeated for all s, it can be expanded as

'3

poj(5:6) = I (_e‘-eo)i poj(i) (se) (3.33)
i=o ‘

(i) . .th
where poj Qs,eo) is the i

Taylor derivative, with pojCO)(s,eo) =
poj(s,eo), Go(s,e) and the characteristic vectors, aoj(s,e)e,_Nsp[poj(s,e)
I—Go(s,e)], Boj(s,e) € Nsp[poj(s,e)I—Got(s,e)], where Nsp means 'null space

of' can similarly be written as,

[

Gy = T (et 6 D s,e ) (3.34)
@y (sre) = I (e ) uoj(i)(s,eo) (3.35)
Byj(s) = I (e-e ) 5~oj(i)(s’ ) (3.36)

Furthermore, aoj(s,e) can be defined by normalizing such that

8

. t . '
(e )t By (agg)al . (1) (s,e)) = 1 (3.37)

i

i=0

. t .
and since Boj (s,eo)aoj(s,eo) =1, it follows from eqn.(3.37) that
8 sie)a Ps,er =0, ik0, Vi (3.38)
0j *“q 0j %0 ’ ’ . .

The indeX°eo in the coefficients above represents the unperturbed

components and for notational convenience it will be dropped, as henzeforth



it is understood that Go(s), poj(s) mean Go(s,eo), poj(s,eo) etc. Since
Go(s,e) aoj(s,e). = pojcs,e) aoj(S,;) (3.39)

substituting the perturbed quantities from eqns. (3.33) to (3.36) in eqn.

(3:39j gives

L] (-3 (-} o

Nk, () (k) _ P 2, 4 2) (k)
lio kio (e-€ )" "G, (S)aoj (s) = Zio kEO(E €,) Poj “(s) o (s)
(3.40)
Equating coefficients of (e—eo)m gives
(Poj(S)I-Go(,s))aoj(m) (s) = h(s) | (3.41)
N ¢ (i) (i)
where h(s) = iil-(G° (s)-poj (s)I)aoj (s)
and m # o, h(s) = 0. Premultiplying both sides of eqn.(3.41) by Bojt(sy
yields
| Mot ) M) (i) .y
i§18°j (é)(Go (s) Poj (S)I)Goj (s) . 0 (3.42)

as Boj(s) énksp[poj(s)I—Got(sﬂ . The orthogonal condition of eqn.(3.38) and
the quasi-biorthogonal condition Bojt(s)uoj(s) =1 give

M, . 2. t “,. (m-1)
poj (s) = iilﬁo. (s)Go (s) aoj T (s) (3.43)

Since a unique solution vector for aoj(m)(s) in eqn.(3.41) exists if
h(s) € Rge[poj(s)I—Go(s)], where Rge means'range of', it can be formulated
in terums of the spectral properties of Go(s) in Nsp[poj(s)I—Got(s)] with

o]
is given by

B .(t)(s) quasi-orthogonal with h(s). Hence from eqn. (3.41), aoj(m)(s)

d

a (m)( ) = g ;. (q=1)! 2z, (s)h(s)/(p .( 1 (3.44)
0j g8) = o q£1 q ' g s)Yh(s poj s)q%k(s)) . .

kij
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where poj(sl has linear elementary divisor, p is the numher of

distinct loci and dk is the index of pok(s)

Proof: Define

p %

= =131 - q r
E(s) bz (q-1): qu(8)/§poj(S) RRCID (3.45)
k=1 q=1
k#]
where qu(s) are linearly independent component matrices of Go(s).

By the spectral resolution theorem,

p %

= (q-1)
f(Go(s)) kzl qil fk (s) qu(s) ' (3.46)
where fk(q)(s) = quk(s)/agb(s) (evaluated at po(s) = pok(s)), Go(s) can

be expressed as

P .
GO(S) = I (Ook(s) Zkl(s) + Zkz(s)) (3.47)
k=1 °
4
' t [/ - q.
Now E(S)(poj(S)I-GO(S))=-{k§1 q§1 (q-l)-ooj(S)qu(S)/(poj(S) P (8)) }
k#j

B % ’ q P |
-{z E (q-l)!qu(S)/(poj(S)-ook(SD ]i§1 (pd§S)Zz1(S) + Zzz(s)) -~ (3.48)

Using the properties that ka(s)zxr(s) = 0 if k # £, the second

expression on the r.h.s. of eqn. (3.48) simplifies into

d d-

p k P k
-1)? ) ) - q4. -1\
{k§1 qil(q 1oy, (832 (812, (s)/ (o (s)=p ) (s)) ]-{k§1 qil (4-1) 12, (12,5 (s)/
k#j : k#]

(bo5 (1o GNT ) (3u49)
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Now 2,8 = €)= oy GINTT 2, 51/ @1 (3.50)

Combining the first term on the r.h.s. of eqn.(3.48) with that of
exp.(3.49), and using eqn.(3.50), and remembering that Zkl (s) is idempotent
and commutes with Go(s), the r.h.s. of eqn.(3.48) becomes

d

 r e (s) o (DY 2 51/ (s)-p , ()
ko1 g o TPokt k1 8/ (B (32m0, 1)
k#j . p'. dk . .
- kfl qfi (G (s)-p, (s)1) Zkl(s)/(poj(S)-ook(s))
k#j
(3.51)
which can be written as
S 1
kil 2,,(8) = zjl(s) + o o (6, (s)-0 , (s)T) zkl(s)/(poj(s)-pok(s))
k#j
q dk q-1 : q-1 P dk
- kil qEZ (Go(s)-pok(s)l) Zk1(s)/(°oj(s)’°ok(s)) - kil(co(s)—pok(s)x) 2,1 (9)
K#j k#j |
- q-1
RUSIOREINC (3.52)
k
Since Rge [zkl(s)] = Nsp [(GO(S)-pok(S)I) ], it follows that

d d
(Go(s)—pok(_s)I) k Zkl(,s)y(s) = 0, for some y(s) # O, hence (Go(s)--po(s)l)k

zkl(s) = 0, Therefore the last term of eqn. (3.52) vanishes, and, since
P z ,(s) = T, eqn.(3.48) is simplified into
k

JOIOMOIEENCI EENE EE S (3.53)

Premultiplying eqn. (3.41) by E(s) and substituting eqn. (3.53)

,(I'Zjl(s))aoj(m)(s) = E(s)h(s) , (2.54)
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-If the index dj of poj(s) =1, from the spectral resolution theorem
and Lagrange polynomials Zjl(s) is the sum of constituent matrices
X abi(s)

t (m) . PR 1=l
Boi (s)OI.oj ““(s). A solution vector-abj (s) is sought such that

ij(s)Bojt(s) associated with poj(s), thus Zjl(s)abj(m)(s) =
BOit(S)qu(m)(S) = 0, (eqn.(3.38)}), for every Boi(s) € Nsp[poi(s)l'cot(s)]-
Hence Zjl(s)abj(m)(s) = 0, thus eqn.(3.54) reduces to

o ™) = E(s)h(s)

0]
which is eqn.(3.44),

The idempotent matrix Zkl(s) in the r.h.s. of eqn.(3.50) can be

‘conveniently computed by the Lagrange Sylvester interpolatory polynomial as

P ' P
Z,,(8) = kzl(GO(S)-pOk(S)I)/kgl(poj(s)-pok(S)) . (3.55)
k#j k#j

Eqns. (3.43) and (3.44) can be used alternatively with m=1,2,... to
find the coefficients poj(l)(s) and aojcl)(s) in eqns. (3.33) and (3}35),
using also eqns. (3.50) and (3.55) ‘

For simple Go(s), dk = 1 for all pok(s), then eqn. (3.44) simplifies

into

o We) = Tz I/ ()b () (.5

o3 L=] ka 0j ok -36)
k#j

The first coefficients poj(l)(s) and aoj(l)(s) in equns. (3.43) and

(3.44) can be simplified as

ooy M (01 = <811, 6, M e) a o) >

1) (4= 1 |
A GEISISEISYR Y6170, P eamre (o)

. 1
E(s)GO( )(s)aoj(s) (3.57)
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- t o - 4
as E(S)aojCSI = E(S)iii1 (e ; ()8 ¢ (s})aoj(u) E(S)Zjl(s)=o, after
substituting for E(s) in eqn.(3.45) as Zk (s)Z,l(s) = 0, Higher
q J :
(m)
o

coefficients a . " ‘(ican thus Be built on the simplified forms of aoj(l)(s)

in eqn.(3.57)

3.4 Relation to the model reduction prohlem.
A reduced model Gr(s) can be constructed from Go(s) by approximating

Doj(s) by prj(s) and minimizing the error criterion

min fQ < pe(w), Qpe(w) > ldw (3.58)

over a spectrum 2, where the dimension of the error vector pe(w) is equal
' and

. . . t
to the dimension, m, of Go(S)’APe(w) = (pel(w), pez(w),... pem(w)) .

where p_. () =|o  (s) - o (s}

Further from eqn. (3.33),

Pej() . = I.>_3

=z (e o s P2 | (3.59)

and Q = diag {ql,qz,...qn} is a weighting matrix.

However, Gr(s) is . non-unique for a given set of prj(s), but, is
unique for a given set of prj(s) and the corresponding characteristic
vectors arj(s),S rj(s). Hence to obtain a unique.Gr(s), from a geometrical
point of view, it is intuitively satisfactory to have aoj(s),arj(s) and

Boj(s), Brj(s) in close alignment.

Since Cos(8) = <a_:(s), & ;(s)> / [Iaoj O “°‘rj )| s
it follows that a suitable error criterion is to minimize the angle between

the vectors

win fﬁ{éaz(w) + eBZ(w)} dw (3.60)
where
e (w) = <aoj(s),arj(s)> - “aoj(s)IIEllarj(s)llE (3.61)

o) = <B.(5),8 :(s)> = [|B, () || Il 85 (o) I}



The perturbation coefficients poj(;)(s) in eqn. (3.59) can ke calculated
in terms of poj(s) and aoj(s), however Go(l)(s) in eqn. (3.34) can be found

recursively by numerical extrapolation taking small step lengths

G (i+1)(8) .

o [Go(i)(s,6+A6) - Go(i)(s,e).]/AEI€=E (3.62)
) (o]

and Ae can be chosen as

Ae = ||G°(52[| - llcrk(s)u ' ' (3.63)

such that GrkKs)eGo(s) as Ae0 where Grk(s) represents the reduced model,

Gr(s), in the kth

iteration of the routine.
If the perturbations of Go(s) are assumed linear in ¢, i.e. if

Gr(s) = Go(s,e) = Go(s)‘+ eGek(s) where.Gek(s) is independent of €, then

(1 . _ _ . , .
Go (s) Gek(s)f where Gek(s) = Go(s) Grk(s), and, higher deflvatlves

Go(i)(s) 0, for i = 2,3,....(i#1). Eqns. (3.43) and (3.44) yield

Poj(m)(S) = < Boj(S). Go(l)(S)aoj(m‘l)(S)'>
' : (3.64)

aoj(m)(s) = E(s) {Go(l)(s)—poj(l)(s)t}aoj(m°1)(s)

Using eqn. (3.64) avoids solving eqn. (3.62). Further savings in
computation &réachieved if the perturbations in poj(s) and aoj(s) are also
assumed linear i.e.'poj(i)(s) = aoj(i)(s) =0, V@w i#1.

A minimization routine with numerical integration can be used to solve
eqns. (3.58) and (3.60) simultaneously to obtain Gr(s). The solution can
further be simplified by assigning constant values to éa(s) and es(s), thus
treating eqn. (3.61) as an equality constraint and neglecting eqn.(3.60).
Also, to ensure that prj(s) stays within the Gershgorin discs of Gr(s),

the inequality constraints,
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lo., (s) ~g .. ()] s % lg..(s)]
gk. rily it rLj
‘ (3.65)
lo . (s) —g_..(s)l ¢ T Jg_..(s)]
?k,. rjj : i rji
Vi, Vi, Vk
are introduced.
The accuracy in reduction can be determined by comparing the
difference in open-loop response.:- Now
e(s) = Ge(s)u(s) (3.66)
i.e. els) = u(s)6 M (s) | © . (3.67)

where e(s) = Yo(sifr yr(s), Ge(s) = Go(s) - Gr(s), u(s) is the input
vector, and, the superscript H denotes the Hermitian matrix, example
GeH(s) = Get(rs). Premultiplying eqn.(3.66) by eH(s) and postﬁultiplying

eqn. (3.67) by e(s) and combining gives,

eH(s)e(s)eH(s)e(s) = eH(s)H(s)e(s) (3.68)

ie. fle@) |2 = < e(s), nls)els) >/< e(s), e(s) > (3.69)

where H(s) = Ge(s)U(s)Gg(s) and U(s) = u(s)uH(s). The r.h.s. of eqn,
(3.69) is a Rayleigh quotient, and, since H(s) is positive definite
Hermitian, its eigenvalues rg(s) are real and positive for each s=jw., The

Courant Fischer extremal bounds give
{min nj(s)}i < IIe(s)I[E < {max njCS)}i (3.70)

Equality is observed in eqn.(3.70) in the ideal case when Gr(s)
= Go(s), which implies yr(s) = yo(s), from which it is deduced that all

nj(s) = 0, and, the error in output response, e(s) = 0.
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For a multivariable sysiem, it is difficult to assess the order of
the model from the common denominator of its transfer function matrix,(unless
the system is singlé input-single output) Working on the elements of fhe
transfer function matrix leaves the order of Gr(s) uncertain, and, in general,
the order of the final Gr(s) will be different from the order prespecified.
If importance is stressed on a definite order of the final Gr(s), this can
be achieved by working on the state space matrices Sf(Ar'Br’cr) of Gr(s).

For convenience, if Sr is chosen in canonical form,

Ar = dlag(ar11, ar22""arrr)

Bl‘ = (br1 ,br2,oob

o+

rr) A (3.703)‘

Cp, = (°r1’°r2"'°rr)

then Gr(s) can be written as

n .
G (s) = & (c ><b )/ (sma ;) 4 (;.701:)

assuming anii is distinct. It is also desirable {o impose the con-

straint
b, #0 , Vi

(3.70c)

such that Sr is controllatle and observable, hence a minimal realication

of Gr(s). The order of Gr(s) can thus be prespecified by the dimension of Ar{

If the steady state values were to be matched in C(s) end G.(s),

then application of the final value theorem to eqn.(3.70b) gives

n
- E = . 2
(12 (> <) apsdu = v, g, (3.702)
Some parameters 841" bri’ or ¢, can be chosen to satisfy the

equality constraint, eqn(3.70d), and the rest found by a minimization routine
used in matching the Characteristic Loci.

For Ar not chosen in diagonal form, ihen Gr(s) can be written as
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GriJ(S) = <, Adj§(s)brj> fdet @ (s) (3.70¢)
where 'Adj' is the adjoint of @ (s) (= (sI - A) ).

Non square systems

If G(8) is non square, i.e. the number of inputs is not equal to

- the hﬁmber of outputs, reduction by the Loci method is still possible by
'squarihg' G(s), and proceed as béfore. This is done by assigning appro-
priate fictitious rows to B or columns to C such that G(s) is square. The
cor?espongipg fictitous rows of Bror columns of Cr can he ncglected afierwards.
to yieid a non square Gr(s). The fictitious input’ or output vectors

must be appropriatly chosen, such that their coniributions are very small

compared to the real input and output vectors.
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Computational algorithm.

The reduction can be done hy the following algorithm
(1) Retain some dominant modes of GO(SI. Fix - model order,

‘enéure that it is physically realizable and choose initial
parameters for G _(s], via Sr(Ar’Bf’cr)' .To simplify.the problem
some parameters may be fixed, example, to satisfy s.s. error constraint.
(ii) Evaluate Go(i)(s) by~eqn: (3.62) and approximate Gr(s)(éGO(s,e))
by eqn.(3.34), till error term in the series expansion IIEn(s)” =0.
(iii) Use eqns. (3.43) and (3.44) to obtain poj(i)(s) and aoj(i)(S)
i=1,2,... For Géci)(s) = 0, i=2,3,4,.f., use the simplified
form of eqn, (3.64).
(iv) Evaluate eqns. (3.58) and (3.60) by a minimization routine in
view of the inequality constraint of eqn.(3.65).
(v) If optimal Grk(s) found, go to (vi), otherwise update Grk(s)
and go to (ii), with k = k+1,
(vi) Test for accuracy of yr(s) by eqn.(3.70). If satisfactory,
exit; otherwise,go to (1).

The advantage of using perturbation analysié, in the above, is that
the characteristic loci can be approximated to any degree of accuracy
required, and, the eigenvalues pf Gr(s) need not be calculated directly,
by an eigenvalue subrodtine, in every iteration of the algorithm; as the
latter is tedious. However, the characteristic 1§ci of Go(s) must be
known for the reduction process.

Repeated characteristic loci.

If Go(s) is nonsimple, i.e. if poj(s) bas multiplicity m such that
pok(s,e)+poj(s) as €40 for k = YyrYgre oo Yo then pok(s,s) is an énalytic

1/m

function of €', 1¢m, in the regionlc—eo|<r, and can be represented by

lllz).

the Puiscux series in fractional powers of €, O(IE
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It can he shown that only in special cases when poj(sl has index 1,

then pok(s,e) can he reduced, by Kato's reduction method, to the form3’4,

o (s0E) = poj(s) +hy, (sl # O{Iell+(1/“)} (3.71)

, . . a)y, .
whgre blk(s) is an eigenvalue of le(s)Go. (s)le(s). Further, if hlk(s)

is also of index 1, a further reduction can yield

2+(1/8)

lpok(s,E) = poj(s) + hlk(§)e + th(S)e2 + 0{]e] (3.72)

where th(s) is a characteristié value of Zli(si{Go(l)(s)E(s)Go(l)(s)+G§2)(s)}
le(s):< In the special case, when Go(s,e) is normal throughput in the
region Ie—eo|<r, then hlk(s) and h2k(s) have indices 1 for all k. By
repeated use of the reduction process it is possible to make O{|e|n+(1/n)}+o,
then pok(s,e) in eqn.(3.72) becomes a Taylor series in integer powers of
€e |

In general the Puiseux series is numerically awkward to evaluate, at
best the eigenvalues must be computed directly in every iteration of the
minimization routine if Gr(s) beéomes nonsimple at some value of frequency.
3.5 Examples.

The reduétion methods discussed above are illustrated by two examples
below.

(a) The first example is a seventh order siﬁgle input-single output system

considered by Dorf,
6

[, ]

H(s) = (375E+03s + 312E+402) /(s +0. 8364E07s
4 3

+0.4097L04s

+ 0.7034E05s% + 0.8537005s3 + 0.28143E07s2
+ 0.3311E07s + 0.28125E06)
whose poles are .

-0,09191, -2,0244 = j 0.9646, -7.6709 = j 13.442, -32.08%j38.87

and zero is - 0.08333.
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The harmonic synthesis reduction method of scction 3.1 was used,
choosing the half pefiod T = 20 seconds ( > 1/0.09191). A second order
model was required, and choosing initial pole estimates as ;3.0ij2.0, the
reduction procedure gave the final poles as —1.7101ij1.509, yielding the

reduced model,
Hr(s)A = 0.612/(_s2 + 3.428 + 5.2)

with the sum of squares error equal to 0.05183.

The response of H(s) and Hr(s) to a unit step input is shown in fig.3.3.
The curve fitting is good with small steady state error. For comparison
purposes, the continued fraction method of Chen and Shieh was also used,
wvhich yieldeda model HCr(S) = (0.13s + O.Oll)/(s2 + 146s + 0.0994) whose
response is shown in the same figure.
(b) To illustrate reduction by characteristic loci method, the‘multi—
variable system, G(s), considered by Macfarlane in commutative controller
designz was used.

g4 (s)=(257+35-1) /(s (s+1) (s42), (s)= =2(s245-1) /s (s+1) 2 (s+3)

g21(s)=(sz+s—1)/é(s+2) R

€12

B4, (5)= =(s2=2) /5 (s+1) (s+2)

The characteristic loci and characteristic vectors of G(s) are

p1(s) = 1/(s#1), p,(s) = 1/s(s+2)
0,5(s) = @/(s41), 1), a,"(s) = (1, s+1)

and its characteristic polynomial is c.p. = s(s+l)(s+2), hence G(s) is a
3rd order model.

A reduced second order model, Gr(s),was required; and observing G(s),
therc is an infinite time constant present, which means that the response
to a stép input is unbounded. Since the infinite time constant dominates
the response 6f G(s),it was retained ir Gr(s). The csnonical strucivre of

S_was chosen as, A, = diag( 0, Aro2 s

b1 P2 . | 1.0 1.0

B = ' » C =
1.0 0.4 Cr')‘, cr22



4
00,;r ,"\ —
/ e e =gy g — o = F
/ /—— ; .
/
01 T /
!
4;//
0-081 !
8 /'
]
!
0-06T ] =
!
von! 1
. l‘, "
!
'
0-02 ‘l L st 1 5
: . 3 . 1 . 4 \'
¥ ¥ v ¥ 1 7
x : 4 8 10 Séc
B Fig. 303 - -
original model 7th order
------- reduced model obtained by Harmonic Synthesis method, 2nd order
~—— = ——— - reduced model by Chen & Shieh's method, 2nd order,.

'Output from‘channel 1, due to step input to channel 1

Fig. 3.4(a)

——————— original model
simplified model obtained by Characteristic Loci methody
: ’ 2nd order

———— . - ——
......

|



A v, (8)
§ 1
6 4
41
llb
/ e
[ Lt = rY Ll 1 3 N
- = v T - 7
3 w5 7 9 sec
a1 Fig. 3.4(b) Output from channel 1, due to step input to channel 2

= o= = an

orlglnal model 3 B rTer —

—

2nd order -

T

Fig. 3.4(c) Output from channel 2,  due to step input to channel 1

1v,(t)

Fig. 3.4(d) Output from channel 2, due to step input to chafnel 2

—



-7l -

with some parameters fixed, to reduce the number of unknown variables.

The initial unknown valueswere chosen as 8&.on = -1.0, 'br11 = 1.0,

br12 = 1,0, Coy = 1.0, Crop = 1.0 « Using a minimization routine, with the

reduction procedure of section 3.4, gave . the final Sr as;

A_=diag(0,-0.508), -0.4923 =1.006 1.0 1.0
i B=l 400 o0 v T
. -4 0.3149  1.566

which is controllable and observable. The final Gr(s) is,

G (s) = (0.5077 s-0.2501)/ (s+0.508) s (-0.606s~ 0.5109/(s+0.508)s
(1.4118-0.07875) / (s+0.508) s (0:30968-0.1603) / (s+0.508)s)

4 The response of G(s) and Gr(s) due to unit step inputs is shown in
figs. (3.4a) to (3.44d). It is seen that the values of G(s) and Gr(s)
cdincides at infinity, except for grzz(s), the initial transient error
being due to the difference in response attributed by the modes-0.508 and
-1;2. No eigenvalue subroutines were required in the reduction procedure,
~the eigenvalues of Gr(s) were computed directly from those of Go(s).
Although the above complicated problem was simplified to yield the leaét
number of unknown parameters, it nevertheless demonstrates the effectiveness

of the method of reduction by characteristic loci.

3.6 Conclusions.

Two new methods of model reduction are introduced in this chapter.
One uses the idea that a time waveform can be represented by its Fourier
harmonics and reduction is affected by synthesizing its ha?monic components,
in terms of its phase amplitude characteristics, for single input'single
output systems. The approach to the reduction problem is new and it is
shown how the proposed method differs from the Levy and associated frequency

curve fitting techniques.
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The other method, also novel, uses the concept of the characteristic
function (eigenvalue) of a transfer function matrix, for a multivariable
system, over the field of rational fractions in s. Since the d&namics
of a system 8T®dependent on its transfer matrix characteristic loci, it
is intuitively felt that reduction in this direction provides a sound
theoretical framework. This is justified by the fact that the character-
istic loci, is also related to multivariable root loci, and, is a natural
extension of the frequency response and root locus of single input single
output systems.

The methods are each illustrated by an example.
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CHAPTER 1IV.

SOME TIME DOMAIN METHODS FOR LINEAR SYSTEMS REDUCTION

Introduction

Time domain methods of reduction like Mitra's and Wilson's (Chapter II)
suffer from computational difficulties when large order systems are involved.
This is due to the fact that the qethods produce large matrices in matrix
equatiohs, and, problems arise in computer storage and numerical aspects of
the solutions., The method of Marshall2 is also computationally unattractive
for high order systems as it requires the computation of eigenvalues and eigen-
vector matrices, and, partitioning them for further maﬁipulation. Besides,
tﬁe method only yields accurate results if the neglected fést modes have
small residues compared to those of the-dominént modes. - Otherwise,
significant transient error can occur if the residues of the fast modes are
numerically larger than those of the dominant ones. The same thing can be
said of the method due to Davisonl. In practice, a system can have doﬁinant

residues associated with non-dominant modes.

On the other hand, the Pade’ approximation and continued fraction methods -

are probably the most accurate and simplest methods, in terms of modest core
requirements, ease in software implementation and number of computations.
However, the methods can also yield unstable models and can fail in cases
where the Pade approximation, for the required model order, does not exist.
Towill4 and othershave approximated a large system by réplacing
certain poles by an equivalent pole or time delay. Marsha_ll3 et al used

pole selection, time response and root-locustechnique for systems reduction

via interactive graphics.
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In this chapter, comhinations of some of the above techniques are
used to give some new methods of reductioﬁ where the model is approximated
sequentially to yield the best type of response. Computational |
difficulties and storage pfoblems inherent in the above methods are over-
come here. Further, one of the methods is design oriented, in that the
poles of the reduced model can be made to lie in certain constrained regions
in the 1l.h.s. s-plane.

4.1 Moments and equivalent time constants.

A single stable transfer function expressibn in terms of the ratio of
two polynomials, can be isolated into its real poles and complex poles and
their associated residues, respectively., The reduction analysis given below
covers five parts, viz (a) reduction of real modes to real modes,

(b) complex meodes to real modes, (c) complé?ﬁégscomplex modes, (d) real modes
to complex modes, (e) existence of repeated modes.
(a) Reduction of real mode to real mode.

Consider a first order transfer function of the form
{Ra/(5+a)} + {Rb/(s+b)}_~ (4.1)

vhere a and b are real poles with real residues Ra, Rb (assume Ra> o,

R > 0). The impulse response of eqn. (4.1) is

y(t) = ga exp(-at) + R exp(-bt) _ (4.2)
Consider representing y(t) by a single mode whose pole and residue

are time dependent, i.e.

Ra exp(-at) + Rb exp(-bt) = Rc (t)exp(~c(t)t) (4.3)
The r.h.s. of eqn. (4.3) represents a time varying model. Replacing
Rc(t) and c(t) by constant values Rc and ¢ respectively, would result in an

error e(t) = §(t) - Rc exp(-ct). One possible method of détermining
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optimal values for R, and c is by minimizing the criterion

! e2(t) at (4.4)

for an impulse input. This prohlem was studied by Meier and Luenberger

and others in the complex domain and by Wilson in the time domain. (see
Chapter II)., A set of non-linear equations result, aﬁd, if the poles are
prespecified, the equations will reduce to a linear set with unknown
residues. However, the error criterion in eqn. (4.4) is subjective and

only restricted to impulse inputs. Also, parameters that are optimal in the
mathematical sense may'not be so in the engineering sense.

Below, some approximation techniques are used to choose prospective
values for R, and ¢ in eqn. (4.3) such that the response, y(t), is satis-
factory to the designer's judgement.

~ For convenience; Rc(t) is kept constant at Rc’ such that the initial
error or steady state error, due to an impulse or step input, can be set to
zero by the initial or final value theorem, (with later correction),

respectively, i.e.

R = R + .
c a Rb (4.5)
or R, = ‘R /a + R/b
From eqn. (4.3)
c(t) = -{[2n (R /R Jexp(-at)+(R /R )exp(-bt)]}/t (4.6)

The variation of c(t) with t is shown in fig.4.1l. To select a constant
value of c(t), a first approximation would be to take the average value of
c(t)

‘ T
= '{1/(T-t°)} o c(t) dt : 4.7)
(o]
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where T is the settling time of two exponentials, T>>1/a + 1/b, and

t, is the initial time, preferably t, = 0. Expanding eqn. (4.6),

c(t) = a - (1/¢t) ﬂn(Ra/Rc) - (llt)zn'{1+(Rb/Ra)exp(-(b—a)t)} (4.8)

where
In{l+ (R, /R Jexp (- (b-a)r)}= £ DM @R /R ) e cidar)  (4.9)
=

assuming b > a and Ra > Rb' Now,

T n 2 T
g’(llt)exp(—k(b-a)t)dt = I (-1) (2-1)![exp(-k(b-a)t)/(k(b-a)t)z]
o =1 t
‘ n,even o
T

+ £ n' exp (-k(b-a)t)/(k(-a))™t™* ) at  (4.10)
t
(o]

Using the recursive relationship of eqn.(4.10) and from eqns (4:8) and

(4.9), evaluating eqn. (4.7) gives,

m n

cyma-tn(/eIn® /R A=t )-Q/a-e)) BT 10", /)"
n,even

X [(2-1)1/ Q-2 1L /Th exp (K b-a)1)- 1/t Dexp(-k(b-a)t )} +0(t)

(4.11)
where the error term,

m T

o(t)=(.-n!/Cb-a)“)kz1 R /RN MY S /e hexpkb-a)e) d
= t

(o]

(4.12)

For n+o i.e. more terms are taken, the integral in eqn. (4.12) -+ zero,

hence it is possible for O(t) - 0 as n + =,
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Suppose, now there are p exponential modes to be replaced by a single

mode. The equivalent form of eqn. (4.3) is

' p
R (t) exp(-c(t)) = L R. exp(-a,t) (4.13)
c (o] & i |
where
A P
Rc(t) =R, = 1 R
i=1
4.14
AP ( )
or R = I R.,/a..
c . ) TS §
i=1

from the initial and final value theorems. Thus from eqn. (4.13)

. P .
c(t) = (-1/t) &n {(l/Rc) >.2 R, exp (-ait)}'= ay - (1/t) fn (Rj/Rb)

i=1
P
- (1/t) f&n {1+(1/Rj) i§1Ri exp(f(ai-aj)t)} (4.15)
. fe3 _

where

g R (-(a,-4,t) }= ; g 1-15*1R /kRk) (-k(a,-a,)t)
,Q.u{1+(1/R.j)i¢1 ;exp(-(a; aj O 1-1) i /¥R, exp a; aj

i=j L e

(4.16)

assuming ai>aj and Ri>Rj' Hence, as before, substituting eqns.(4.15) and
(4.16) into eqn.(4.7) and using the recursive integral relation similar to

eqn. (4.10), eqn.(4.7) is evaluated as

n

: ) fn(R. /R )-(1/ T ot I (-n*t
¢ =a;=(1/(T-t ))en(T/t Y in(R;/R )=(1/(T-t )

1&tLy
k=1 =1 i=1

n,even

(1)1 Cag-a )N /T exp (-k(ay-a M- (/e Dexp -k (ag-a )€ )} +0(e)

(4.17)
where
- m P . T
o(t)=-n' I I ((-1)k+1Ri/kn+1(ai-a.)nR.k)f (1/tn+1)exp6-k(ai-a.)t)dt
k=1 i=j T J

(o)
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In eqn.(4.17), by taking suitable number of terms O(t) can be made
to converge. It is also noted that ¢y is the mean value or the first moment
of c(t). Subsequent approximations to c(t) can be made by considering

higher or lower order moments, m s k>1 or k<1).

- 5le)] = /@) S || ae
m = Ele va-e S e
. o
‘and ¢, can be taken as - : ' (4.18)

1/k
¢ = (mk) » k an integer

By taking different values of mes the single exponential curve of the
lower order model can be ﬁade to fit as close as possible, to the curves
of the exponentials of the higher order model; see fig.4.2; Thislfreedom
also allows the designer to obtain a biased reduced model, i.e., one giving
a better dynaﬁic response in any Stage of the ;tansiedt, or giving a‘better

steady state response. From eqns. (4.13) and (4.18),

P
iil R ; exp(—ait)}l dt

- (1/(T-t ) r |(-1/6)%® {a/r)

M o'ty n c
[o]

(4.19)

Unlike the case, k=1, eqn.(4.19) is best evaluated by numerical

quadrature, example, Simpson's rule. If t = 0, then the integral, c(t), is
singular at that point if ZRai =R, i.e. matching initial values of impulse
response. However, from L'Hopital's rule,

P k - ,
11mt+o c(t) = (iilai Rai/Rc) (4.20)
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T, in this case is chosen as T>>(1/ail, where a; is the smallest

exponential mode. Regarding eqn.(4.19), it is necessary to introduce the

constraint

ZRai(exp(rait)l/Rc> 0 (4.21)

so that the logarithm of the r.h.s. of exp.(4.21) is defined only for
positive values. Also the modulus of c(t) in éqn.(4.19) is taken so as

to ensure that ck?O, i.e. —Cp lies in the 1.h.s. s-plane thus producing a
stable reduced model. The inequality of exp.(4,21) is automatically
satisfied for all Rai>0 or 511 Rai<o’ given all ai>0. The constraint

can be violated if the Rhi are of mixed signs, thus in grbuping modes with
positive and negative residues, care musf be taken to ensure that eqn, (4.21)
is satisfied.

(b) Reduction of complex modes to real modes.

Complex modes can occur in either of two forms

@) R (v /{(s+a)+8%} > (R u/Bexp(-atisin(Bes)  (4.22)
where tan(¢) =B/(o-a), uz = (a-a)2+82

i1) B 62 /242e8+87) > (R B/mlexp(-eBtISin(Bnt) 4.23)
where nz = (1-32)

If eqn.(4.22) were replaced’by a single time constant,

R, (t)exp(-c(t)t)=(R u/B)exp(-at)Sin(Bt+$)
from which -

e(t) = (-1/t)en {(R u/B)exp(-at)Sin(Bt+¢) /R } : (4.24)
Similarly, for eqn.(4.23), |

e(t) = (-1/)%n {(RB/R n)exp(-eBt)Sin(Bnt) } . (4.25)



The constant value L of c(t) can be evaluated hy considering
appropriate moments, T . The constant residue Rc can be fixed as before,
from the initial or final value theorem of the impulse or step response,
respectively. For the case where there are more than one pair of complex

modes, eqns. (4.24) and (4.25) generalize to,

n .

c(t) = (-1/t)fn { T (R ;u; /R B;)exp(-a, t)Sin(B, t+¢,) (4.26)
izl )

C(t) = (-llt)zn'{ ?(Raiﬁi/chi)exP(‘EiBit)Sin(Binit)} (4'27)
1

(c) . Reduction of compléx mode to complex mode. \

For the case of complex modes where the single fime constant is also
required to be complex, the real and imaginary parts can be equated
separately. Specifically, if

n
y(s) = L

n
I (R ;+3by)/(s+a +jg) + L
i=1 i=

1 (Rai-']bi) / (s +ai-J Bi) (4 .28)
where the r.h.s. of eqn.(4.28) represents the response in conjugate
pairs, and it is desirable to approximate y(s) by a conjugate pair of

complex modes,

y(t) = (R (£)+ib_())expl-(e(e)+iB (D)t} +(R (£)-jb (t))exp {-(c(t)

- B ()1 (4.29)
From eqns. (4.28) and (4.29), by symmetry, equating only the modes
with positive imaginary parts gives,
n
(Rc(t)+jbc(t))exp{-(CCt)+jBc(t))t}= E (Rai*jbi)exP(-(ai‘eri)t)

i=1
(4.30)



The constant value of residue Rc and jbc can as hefore be determined

from the initial or final value theorem. The initial value theorem gives

n
¢ ¢ i=1 & L (4.31)

from which - R = I R.,b = L b
The final value theorem gives

+ 3 =

(Rhi+jbi)/(ai+jﬁi) from which
i=l

2.2 2 2
R, = L(R ;a;+b;8;)/(a;"+B; "), b = L(bja;-R ;B8;)/(a; +B;)
To determine Bc(t) and c(t), equating real and imaginary parts of eqn.(4.30)

n
exp (- () £) {R Cos (B (£)€)+b Sin(B (£t} = E

eip(—ait){RaiCos(Bct)+biSin(Bit)}
i=]1

(4.32)
exp(-c(t)t){bCCos(Bc(t)t)-RCSin(Bc(t)t)}figlexp(-aic){biCos(eit)—RaiSin(sic)}
(4.33)
Eqn. (4.32) divided by eqn.(4.33), gives,
B,(t) = (1/t) arg canﬂ{(N(c)bc-n(c)ac)/(wce)R; + D(£)b )} (4.34)

where N(t) and D(t) represent the r.h.s. of expressions of eqns. (4.32) and

(4.33), respectively. Hence, from eqn.(4.32),

c(t) = (-1/t)2n'{N(t)/[RcCos(Bc(t)t)+bcsin(Bc(t))]} (4.35)
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As before, the best approximation of Bc(;) can be found by consid-
ering different moments of Bc(t), similar to eqn.(4.18), i.e.

, T 4 1/k
By = (Q/(r-£)) 1 [ 50| at} - (4.36)

t
0

(d) Reduction of real modes to complex modes.
n

Consider a group of real modes I

i=1

complex pair. The impulse response matching yields,

Rai/(s+ai) to be replaced by a

n : )
,iflRai‘ exp(-a;t) = (R (t) +ch(_t1)ex'p{ -(c(t)-jB(t))t}

+ (R (£)-3B_(t))exp {-(c(t}+jp(t))} (4.37)

A constant value Rc can be assigned to Rc(t) by levelling the initial

value of the impulse responses, i.e.

p 0
R = = I R, (4.38)
C 2 i=1 ai
or choose R = 1 ZRrR./a
c 2 al’ i

Y

from the final value theorem of a steﬁ input. It is also desirable to
choose constant values for Bc(t) and B(t) in eqns. (4.37). Bc can be chosen

around the same magnitude as Rc’ and, B should be chosen according to the
severity of oscillations present in the original response. Tentative values
of B, and B are best made by trial and error.

From, eqn.{(4.37),

c(t) = (-1/t)an{ ZRai exp(-ait)/2(RcCos(Bt)—BcSin(Bt))} (4.39)

and the approximations ¢, can be found from eqn.(4.18), taking into

account, the constraint



ZRaiexp(-ait)/(RcCos(Bt) - BcSin(Bt)) >0 | (4.40)
be satisfied.

(e) Existence of repeated modes.

For a mode a, to repeat, say, m times, its partial fraction transfer

function can be represented as

m . '
J
iflRaj/(s+ai).' (4.41)

where Raj and a, are real, or, if complex, have their conjugate counter-
parts similarly written. The time domain representation of the impulse

response due to a single mode is

m
Rc(t) exp(-c(t)t) - R

3=1, 0 1n _ |
5 R ; (877 /(-1 Yexp(-a;t) (4.42)

The initial value theorem (i.v.t.) yields R, =R, and the final value

m . al
theorem (f.v.t.) gives R, = Z Raj/ai . Further, from eqn. (4.42)
i=1
. m -
e(r) = 1/e)n { T (R /R I(T/(G-1)exp(-a;t) ) (4.43)

j=1

In general, if there are n modes, each repeated pj times, existing
with other unrepeated modes, and, if all the n modes were to be replaced by

a single mode, the general form of eqn.(4.43) is

n pj R
e(t) = (-1/82n { T L (R../RICTY G Nexp(-a.t)}  (4.44)
i1 je1 aji’ ¢ i
n
(4.45)
n pj 3
or Rc = T I (Raji/ai) (f.v.t.) .
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As before, thevconstraints ¢n { } > 0 must be imposed on eqns. (4.43)
and (4.44). If the repeated modes a; and the residue thi were complex,
then the synthesis must be done along the similar lines given in sections
(b) and (c) above. A pair of complex modeScan also be used to approximate
repeated real or complex modes by following the synthesis of section (d).

The value of R, determined from the initial value theorem always
gives zero initial error, after reduction, of an impulse response. However,
by applying the final value theorem of the step response to both reduced and
original models, and equating the twoy we obtiain

n ‘ ,
R'le, = L Ria; =R (4.46)
=1 . |
where Rc' is thg residue that will give zero steady state error, and, Rc
is the exaggerated residue, that gives small s.s. errors, determined.by
applying the final value theorem to the original model. (see eqn.(4.14)).

Thus, after reduction,

Rc' = Rc 4.47)
4.2 Extension to multivariable systems.

The synthesis given above can be extended to multivariable transfer
functions in two ways. - The procedure canlbe applied to every individual
element of the matrix as if it is a single input-single output system.
However, after reduction,’it is not guaranteed that the order of the transfer
matrix is the same as that of the required model; as the individual elements
may not have a common denominator. The order of the model must be determined
from the degree of the characteristic polynomial of the transfer matrix.

(assumed proper).
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An alternative method is to represent the transfer matrix in partial

fraction form with matrix residues, i.e.

P;

M8

G(s) = R, ¢/ (sva;)] (4.48)

i=1 j=1

L]

where Raji is a matrix residue (in general, can be complex). The same
_synthesis given in section 4.1 applies to eqn.(4.48), except that Raji is

treated as a matrix. The matrix équivalent form of say eqn.(4.15) becomes

L P
I R, exp(-at) } (4.49)

C(t)I = (~1/t) #n { Rc'
i=1

assuming R, is non-singular, and, is similarly computed from the form
of eqn.(4.14) and if necessary corrected by the form of eqn.(ﬂ.47); The
fn { } expression in eqn.(4.49) can be evaluated as fn { } = Zn(Xl,Yz "'.Yk)
= {n (I+X1)+ 2n(1+x2)+ .e ln(I+Xk) such that each matrix Xj j-l, eee k has.
eigenvalues with modulus less than unity. This assures convergence of
the expression of ln(I+Xj) by.power series.

The matrix equivalent equations of eqn.(4.32), (4.33) and (4.37) etc.
can similarly be written, care being taken to replace the reciprocal of a
gcalar quantity by the matrix inverse of the same quantity, and, multiply
a scalar quantity by the unit matrix, I. When the unknown variahle is
a complex mode, the oscillatory part, Bc(;), must be assigned a tentative
value to simplify the solutions of the matrix equations. (Example, the
matrix equivalent form of eqn.(4.32)). The real part of the mode c(t) need
only be found, and can be represented in the form of eqn.(4.49) and evaluated
easily, using eqn.(4.18). (The matrix equivalent form of eqn.(4.34) does
not exist, hence it is avoided.)

Using the above method will require some slight modification in the

approximation synthesis for the single input/single output case. This is
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to simplify matters for the solution of the matrix equations., Although
the method will yield the required : r reduced model, the final
interaction structure of the transfer function maj not be preserved.

Also, the overall computational demands are high, compéred to the single

input/single output case.

4.3 Reduction by Sequential Approximations.

The procedures outlined above can be applied to the reduction of a
high order single input/single output system in a systematic manner.
Since the choice of parameters is opened té the designer's engineering
judgement, the reduction is besﬁ done with interactive graphics where root
locus transient reséonse and other performance specifications can be computed
and displayed. Suppose, r, is the reduced model order. A systematic
procedure of reduction is suggested below.

Algorithm:

1st reduction:

1. Separate out repeating and non-repeating modes and treat them
separately. Divide modes into dominant, moderately dominant and

non-dominant groups.

2., From the dominant tuple {R11 exp(ralt), veo Roy exp(rait)}, replace
it by a single mode R, exp(=ct) such that the transient response and
s8.S. error are satisfactory. Repeated modes are replaced by a single
time constant as far as possihle. Preferably, group modes together
whose residues have the same sign. The dominant tuple can thus be
divided into sub-tuples. Check that inequality and numerical

constraints are not violated.
3. Repeat procedure for the moderately dominant and non-dominant tuples.

4., Check transient response and root locus plots etc. If unsatisfactory,

GO TO 3. Otherwise, proceed as below,



- 88 =

2nd reduction:

Suppose % modes are chosen from the 1lst stage of reduction (r<{).

Group the £ modes into sub-tuples and proceed synthesis as above.

3rd and subsequent reduction:

If necessary, continue reduction stage till r modes are left in the
final tuple, giving a model whose dynamics are satisfactory to the

designer‘s requirements.

Iteratively, from the original model,
A - ' . ‘

I, = {Ral exp(-a;t) R, exp(-ayt), ... R exp(-ant)}
select p modes, say p = & from above grouping

I, & {Rbl exp(-b,t), R 2 exp(-bzt),...Rbl exp(-b t)}

divide into sub-tuples again and take p modes or less.

I, a '{Rc1 exp(-clt), Rcr exp(-crt)}

(final tuple)

The squared error between original and reduced model due to a step

response, assuming zero s.s. error is,

0o n T
ez(t) = i‘ {iEI(Rai/ai) (l-exp(-ait)) - I (Rci/ci) (l-exp(-cit:))}2 dt

i=1
n
= I Z (R ;Rys WEN a ){(ll(a +a ))-Q/a;)- 1/a } + Z 2 (R ;R.:/c; ¢ ) {
i=l j=1 i=1 J=1 ci’e]
1/ Ceg#e))=(1/eg)=1/e.} =2 L 2 (R iR. /a c, ){(ll(a ve, N-(1/a))- 1/c }
J . 3 ie jm1
(4.50)
and that for an impulse response is,
2 o n ‘ T 2
e)sf (¢ R exp(—ait) - I R exp(-cit)}. dt (4.51)

o 1i=l i=1
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n
hMe

n -
51 RaLRaJ/(a +a ) + Z X Rc1R /(c +c,)=-2 X X R R /(a +c )

i=1 j i=1 j=1 " ja1 a1 2

Figures 4.3 to 4.5 illustrate the proposed computational algorithm
in flowchart form. The gupervisor programme has three modules; Selection
and Bank, Reduction, and, Store and Simulation. All three modules inter-
act freely with each other and the supervisor programme. The Selection and
" Bank module accumulates all modes that are constructed and found to be good.
Further reduction by selecting tuples from the bank is possible. The
Reduction module reduces the modes by computing effective time constants
and residues. The Store and Simulation module regroups and temporarily
stores all modes after a subsequent iteration and simulates the transient
response.

For multivariable systemsG, if the above procedure is to be applied to
every element of G(s) it is desirable to have the intefaction structure of
G(s) preserved as much as possible in G (s), i.e. f ..(w) = f ..(m) and
;@ =1, ..(w), where f ..(w) = Igrij(s)|1¢3/lgr11(s)| and n_ ..(s) =
) -/Ig

n
i#j .(s)], and similarly for £ .. and M,
proved in Chapter VI that this will ensure that § will be stable within

.o It will be
rij o1] o1]

lgtl]

the same range of gain, as Sr in the presence of the controller, Kr.
Computational algorithm:

(i) Obtain grii(s)’ Vi, by procedures suggested earlier.

(2) Obtain grij(s)’ i#j, Vi,j, as in Q)

2 2
(3) Compute M(w) = fﬂ(foij(w) -f : (m)) dw and N(w) -.i(noi.(w)-nrij(w)) dw
(4) If M(w) and N(w) are small, EXIT, otherwise GO TO step 2 and correct

any large deviations between grij(s) and goij(s).



The Reduction program consista of 4 sub-programss

1) from real mode to real mode reduction
2) from complex mode to complex mode reduction

i 3) from complex mode to real mode reduction
i 4) from real mode to complex mode reduction

y
T Y
Selection ‘ Store and Different routines are written for the four depending on the formula involved, oaly
and Bank Reguction Simulation he first will be illustrated.

L | !
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Bednctionf-l.
® 0 ©
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compute gelected
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§ compute c{t) by compute c(t) by
Cpeade i compute moments approx. moments approx.
yes |select 1 ' Tesponae r——'
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’} { cénstraint select c(t) nstraint yes
. Q;sted from display violated o(t)
no ' of c(t) display
1 to no of c(t)
select m I Selection <
tuples & Bank
< reduction
oglgistmct 1 gr to simulate simulate
P 1 upervisor equivalent equivalent €
i response response
Y l
select m »
tuples of ! i to
distinct reduction Selectian
complex g | & Bank,
poles i (replace
i contents in
y Bank by
¢ current to .
o ! contents in Store & Simulation
Supervisor ! EXIT Store) :

Pig. 4.4 Flow chart of Selection & Bank and Store & Sismalation modules
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4.4 Reduction by state space methods.
Consider an nth order single input-single output system S(A,b,c),

with x(0) = 0, represented by

(4.52)

y {(k+1)T} = b V{&+1)T} bu {(k+1)T} (4.53)
where

V{(k+1)T} = exp(AT)x(0) +A{(k+1)T}

T
A(T) = [ exp(A(t-A)) u@®) dA
o

Thus for an impulse input, A(T) = exp(AT), and, for a step input,
A(T) = A Y(exp(AT)-I). To obtain a reduced model, s_(A_,b_,c ), from

eqn. (4.52), it is desirable to equate yr(t) = y(t), and from there construct

S, Hence from eqn.(4.53), for k =0, 1, 2, ...

< ¢, v.(M b_ > = y(T)
< e,V 0Mb > =y0T) (4.54)
< C» Vr(kT) br> = y(kT) k>r

where y {(k+1)T } is given by eqn. (4.53). 1In matrix form eqn. (4.54)
is
M br = q (4.55)
- where M is a (kxr) matrix whose ith'row is cttVr(iT), and, qt='{y(T),...
y&T) }. In general eqn. (4.55) is incompatible, and a br cannot be found

which satisfies q. An approximate solution is given by

b, = Mg | o (656)
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where M’ is the pséudo-inverse of M. In general, Mf = R(_R.HR).-1
(FHF)_IF‘iH where M = fR. F and R are (kx%) and (xr) matrices, and, the:
coluﬁns of F may ﬁe any % linearly independent columns of M, where rank
M) = &. Thus, when £=r,(the‘order of the reduced model), M = (MtM)-lMt.
The solution given in eqn.(4.56) is such that < (Mhr-q),(MBr-q) >is a
minimum, i.e. < (qr—q),(qr-q) > is a minimum, |

An alternative convenient form can be written for eqn., (4.55).

Transposing eqn.(4.54)

< Vr(T)br, c.> .= y(T)
< v.@emb, c> =y@mn ' (4.57)
< Vr(kT)br,cr > = y(kT)

where N is a (kxr) matrix whose ith row is given by b;:Vrt(iT). Thus

from eqn.(4.58),
e. = Ngq ' (4.59)

Eqns. (4.56) and (4.59) can be used to find br and c. respectively.

" Both équations demand that thevpair(Ar,cr) or (Ar’br) need be known for the
‘remainingvector br or ¢ to be found. In any case, a canonical structure

for Ar must be fixed for either eqns..(4.56) or (4.59). Thus the time |
constants of the modes are specified. In general, choosing a c, in eqn.
(4.56) and solving for br’ does not guarantee the same c. when br’ from
eqn. (4.56), is substituted into eqn.(4.59). Similarly chopsing a br in
eqn. (4.59) may not yield the same br‘in the 1.h.s. of eqn.(4.56). To
find the 'best' choice of the pair (br,cr) for a given Ar, the following

scheme is suggested.
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Initially, choose a Co» called cr(l) and find hr from eqn. (4.56).
Call this value brcl). Substitute Br(1) in eqn. (4.59) and calculate
Cpe Call this value cr(z). Use chZ) in eqn. (4.56) to find br(z) and

then use hr(2> to find cr(3) in eqn. (4.59). Repeat the process till

br(1) @ ;4 very close to cr(l+1), i.e

is very close to Brcl*ll and c,

1o @ -5 E V20 ama| ¢ B - F1Y = o

r The iterative scheme

will converge if

Lim || b G o @Ry ot (4.60)
. r r i i
i _

If exp.(4.60) does not exist, then Sr(Ar’br’cr) can only be found for
a given pair (Ar,br) or (Ar’cr)'

The reduction can be done sequentially by the following computational
algorithm:

(1) Choose a set of dominant eigenvalues_() Arr) for A from the

1%
set.(ll,.,.kn) of A. Find a canonical structure for A.

(2) Choose an initial value 9f ¢, or bi and find the final pair (br’cr)
using the iterative scheme of eqns. (4.56) and (4.59).

(3) Compute and display the time response yr(t) of Sr(Ar’br’cr)'

(4) 1If satisfactory, exit. Otherwise mbdify_(Arl,...Arr) or modify the
canonical structure of A.r or choose a differenﬁ starting point for
Cbr,cr) and GOTO (2).

The canonical structure of Ar can be formulated in many ways, example
the éonvenient companion form, after choosing a set of eigenvalues; or
choosing also a set of basic eigenvgctorser=(v1,v2,...vr), Ar can be
constructed as Ar = Vr diag(kl,...lr) Vr-l. Vr can be constructed from

the original eigenvectors, V, of A, corresponding to *1*"'*: by suitable

partitioning such that v. is of full rank. Alternatively, by employing
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Gershgorin's theorem, Ar can be formed without actually knowing in detail
the eigenvalues of A, Row and colum Gershgorin circles for A can be
drawn, and, by inspection of their intersection, suit;ble new circles of
different radii pertinent to A, can be constructed such that they contain
thé domingnt eigenvalues of A, To guarantee stabilit}, the final inter-
section of circles must lie in the 1.h.s. plane.

From the 2r circles, centre aj1s Agpreee 3 and respective row and

column radii Rips Rogsees R Rlll’ ces Rrr" the set of 2r equations

rr’
Z . = i
3 el wmy Vs
| | . (4.61)
z a.. = Rol Vi
j#i. J1 1

gives r(r-1) unknowns. Hence r(r-3) of them can be assigned arbitrary
values and the rest found accordingly.
If it is desirable to have the state vector, X, similar to the first

r elements of the original state vector, x, then ¢, can be chosen as

e ) (r)

r

where ¢ represents the first r elements of c¢c. Hence br can be

computed from the pair (Ar’cr)° In general if Sr(Ar’br’cr) is controllable
and observable, Sf(Fr’gr’hr) can be constructed from a similarity trans-
formation such that hr = c(r).

4.5 Extension to multivariable systems.

For multivariable systems, the analogous form of eqn.(4.53) is

y(kT) = CV(KT)Bu(kT) k=1,2;... (4.62)

and in component form can be written as

')
Yj (kT) =

e < eg V(kT)b; > u, (kT) V; (4.63)
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where yA= (Y2007, ), u% (u;,0y,000u), cjt and b, are the row and
column vectors of matrices B and C. By superposition, if all inputs are
'shut down® except the jth input, eqn. (4.63) gives yj(kT) = <cj,VCkT)bj>
uj(kT) which is identical to eqn. (4.53). Thus the same reduction
technique can be applied to eqn. (4.63) by considering one input and one
output at a time, i.e. for j =1, 2,...r,ui(kT) = 0, (i#j). In this way,
matrices B_ and Cr are generated columﬁ wise and row wise, sequentially
Brv= (Prl"b )’Crt g(brl’ch"'cr;l' The degree of interaction in

Ir

sr(Ar’Br’cr) can be defined from the time domain matrix

< €y Vrbr1> ves < crl’v b > u
L] ) ‘- ’ v N * f
<
Yer | ¢ oV b1 >eeee < cri’vrbri> Lurr (4.64)
as rowwise r' (t) = < cri’vrbr3> i¢j/<.cr.,vr b .
(4.65)
i '. . ‘< [d .> d * [] -
columwise mrlJ(t) . cn,VrbrJ 1#J/< ch’Vr er>

and mij(t), fij(t) for the original model is similarly defined. Whenever
necessary, it is desirable to preserve the interaction structure in S(A,B,C)

and Sr(Ar’Br’cr) by checking that the squared error
t )
I {(m..(t)-m (1)) e (fij (t)-frij (£))7} ae (4.66)

o r1J
is small.

An alternative approach to multivariable reduction is to consider |
eqn.(4.62) as a single input-multiple output or its dual, multi input-single
output, problem. From eqn. (4.62), consider observation being made on the

output vector, y(J)(kT), when all inputs are set to zero, except the jth input;
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i.e., ui(kT) =0, Vi, except i =3j. For j=1, 2,..

» eqn. (4.62)
can sequentially be written as, ’ |
1) -
y kT = CV (kDb ,
(2) =
y e = c¥,.6mb,
E (4.67)
€} - :
y 7l (RT) C'l_Vr(‘kT)br‘Q

which can be arranged in matrix form as

Y (KT) = €V (kT)B_ (4.68)

where Y(kT) = [y(l)(kT)y(z)(kT)...y(x)(kT)] is an (24xR) matrix, evéluated at

the kth sample, of S(A,B,C).

For k = 1,2,... the sequence of matrices
generated by eqn. (4.68) can be arranged as

(®(T) 1¥E(27) - YE(kT))=BL (VE (T)cgs vi@mct:...vE(kT)Cct) (4.68)
i.e. Qt = BIRE

giving

B = K'q = (KtK)'l_KtQ (4.70)
where QF and K% are (2x%k) and (rxfk) matrices as shown.

Analogous to eqn.(4.69), the sequence of matrices generated by eqn.
(4.68) for k=1,2... can also be written as

EMIYED:..IED) - C,(V,(T)B_V_(21)B }...V_(kT)B )

i.e. Pt - c Lt (4.71)
where Pt and LY are (2x%k) and (rxfk) matrices as shown,

‘Eqn. (4.71) gives

c. =L'r - wte) Iete (4.72)
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The solutions given by eqns.(4.70) and (4.72) are such that
 the matrices B, and C;:have least norms which minimize]lKB—Qﬂé " and
”LCt—PIé respectively. Sufficient samples (kT) are taken such that
k >> r so as to ensure that K'K and L'L are non-singular., However, if
they still become singular, then the generaiized form of the pseudo-
invérse must be used. Liké the single input-single output case the pair
(Ar,Cr) or (Ar’Br) must be known before éqns.(4.70) or (4.72) gives the
remaining triplet, The pair (Br,Cr) can also be obtained iterativeiy,
for a given Ar’ from eqns. (4.70) and (4.72) if

Lin 18, @1 - ¢ SG < -} (4.73)

Reduction by using the method of pseudo-inverse-was also employed by
Anderson7and Sinha and Pi11e7. Anderson chose the reduced state vector,
xr(t), from the first r elements of the original vector x(t) and attempted
a least square fit between xr(t) and x(t). The matrices Ar and Br
obtained in the end are expressed in the forms of state transition and
driving matrices, $(T) and A(T), respectively; and reconstructing
(Ar’Br) sometimes can be difficult.

The pseudo-inverse method suggested in this chapter assumes an
arbitrary state vector xr(t) and a chosen canonical form, Ar’ The method
is iterative and works with interactive graphics. The triple sr(Ar’Br’Cr)
can be updated as necessary, subjected to designer's requirements.

Sinha and Pille's method is very similar to Anderson's, except that
they évoid the problem of matrix inversion in the pseudo-inverse by using
an iterative algorithm. However, convergence properties and large amount
of matrix computations do not justify the method proposed. Also, in the

end like Anderson's, the reduced model is expressed in its discretized



form and an inverse z-transform is necessary to convert it to continuous
f&rm. Thus extra time and effort are necessary in the conversion of high
order transfer function matrices.

Unlike the method proposed in this chapter, the methods of Anderson,
Sinha et al do not guarantee a sfable reduced model, TFor multivariable
systems, their methods do not provide a mean® for preserving the inter-

action structure of the model in the reduction.

4,6 Example.
(a) The sequential moments approximation'reduction method is illustrated

by the following 7th order single input-single output example,

6 4

H(s)=0.375 E06(s+1) /& +59.5s0+1838s7+35,120s* —

3

+0.4485 E068°40.3772 E0752+0.1963 E08s+0.4876 EO8)

and in partial fraction form is

H(s) = {1.234 E-06/(s+8.5)} +{(-1.124E-05-j8.241E~0.5)/(s+8.5-311.0)}*
+{(_1Qo37E-04+jz.54E-05)/(s+9.o-j1o.0)}*4{(-9.303E—05+j5.543E—05)

/(s+8.0-110.0}*

where the expression { } * denotes that the mode occurs in complex
conjugate pairs. Inspecting the expression for H(s), it is found that
pairs of complex modes dominate the response, hence it is useful to
retain a pair of complex modeS,giving a second order model. The 3
pairs of complex modes were reduced sequentially to a single pair.
Finally, the real mode and the single pair of complex modes were replaced

by an equivalent pair, giving the reduced model as
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H (s) = {~j3.252/(s+4.472-]0.41) }*

L= . 0.612/(s + 3.42 +5.2)

In the above reduction procedure, it was found that takiﬁg the first

moment i.e. mg =m of the effective pole, c(t) was sufficient to produce a

good response. The responses of H(s) and Hr(s) are shown in fig.4.6,

following a unit step input.

(b) Next,a fourth order boiler model was considered, whose state space

matrices, S(A,B,C), are

2.47  8.16
A=10"2x | -3.37 -12.6
2.34  6.65

-4.83 -7.00

C = 3.0 3.0
4.0 5.0

5.42 3.36

-6.77 =3.11

2.53 2.61

=5.77 =7.07

5.0 4.0
3'0 2.0

,B = 10

3

X

=0.605
1.35

-2.54
1.64

-0.00361
0.0309
0.0309

-0.151

Itwas desirable to obtain a second order model Sr(Ar’Br’cr) using the

method of least square minimization by matrix pseudo-inverse.

values of A are

-0.213E-02
-0.414E-02
=0.783E-02

-0.625E-03

The eigen=-

and the dominant modes Al and X4vere retained in the reduced model.

For convenience, Crwas set as Cr = I, the unit matrix.

Choosing Ar =

diag  {11, k4} in its simplest form, the pair (A,C) yieldeda B_ where

-—
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the response of Srwas fairly close to that of S, but the interacting
termsdid not match closely. Modifying the structure of Ar’ but keeping

the eigenvalues roughly the same, gave . the triple (Ar’Br’Cr) whose response
was close to that of the original system, following separate inputs to both

channels. The final values of Sr are

A = |-2.13E-03 1.31E-03 |, B_= [-0.28E-02 -5.06E-05|, C_= (10
2,51E-06 —6.30E-04 , 4.69E-06 -0.58E-04 01

The responsés of S and Sr to unit step inputs are shown.in figs. 4.7(a)
to 4.7(d). They can be further improved by updating Ar; but this does
not justify the effort iﬁvolved. The sampling time was taken as T=100 seconds
and k = 20 samples were taken. | —
4.7 Conclusions.

Both methods of reduction discussed in this‘chapter are iterative in
nature, and; to obtain the best reduéed modél finally, is wholly based on a
trial and error scheme. No single reduction method works well for the
general praétical system, hence it is best to use a method, systematic in
its apﬁroach but at the same time flexible in its orientation, that meets
the particular characteristics of the system. This is justified by the
fact that end results are important, with the view that the model is needed
in a specificltask in control studiess.

Like all iterative methods, the'initial guess' plays a crucial role

.

in deciding how far is the final solution.
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CHAPTER V

STABILITY OF LINEAR MULTIVARIABLE SYSTEMS
DESIGNED USING REDUCED MODELS

Introduction

One of the chief uses of reduced models is in the design of controllers
for multivariable systems. The main problem associated with this is the
stability of the original system, S, after design. More often than not,
after the controller, Kr’ is impleménted, S becomes unstable, although the
'reduced' system, S with same K implemented is stable. The designer is
thus faced with a serious problem, and, the validity of using reducéd models
is somewhat limited. Few work has been done in investigating the stability of

32 and Aok123

systems using reduced models*. Although Mitra had studied the

role of reduced models in some clas€%f optimal control prob'lems, the stability
of systems associated with reduced models is still not satisfactorily solved;
hence the stability question is still left open. Following Aoki'523 formulation,
vittal Rao and Lam!,ba24 had partially solved the problem by showing that S can
be stable, provided that the reduced state space'mbdel used is obtained in a
certain way. However, this is restricted to a very limited class of reduced
models only, and, S considered, must be in the time domain with full state
feedback. For the general class of reduced models, not obtained by 'ﬁrojective

techniques', the stability of S is not guafanteed23. Chen and Shieh3

2 had used
a reduced model for single input-single output system's design, and, although §
is stable, it is due to the fact that intuitive engineering judgement is used
in the design, rather than analysis based on formal mathematiéal treatment.
This chapter investigates the stability of S based on that of Sr, under
the action of the same Kr’ figs. 5.1(a) and 5.i(b). New results are obtained
in the frequency and time domains, which to the author's best knowledge, have

not appeared before in the literature. <The stability results given are general,

for'they apply to all reduced models obtained by any valid reduction techniques.

* before the publiéation of this thesis
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Before going into the main results, two well known multivariable stability
theorems are reviewed for reference. It is well known from the Hsu-Chen

theoremz,’that provided det(I + Q() H(»))# 0, then

det F(s) = det Q(s)/det R(s) = det R(s)/det Q(s) = A (5)/8 (s) vee 5.1)

where R(s) = g(s) Q(s), F(s) = I + Q(s) H(s), is the return difference matrix
and Q(s) = G(s) K(s). The superscript 'hat' denotes inverses, example g(s) =
F-l(s), E(s) = R-l(s) égc. Ac(s) = det(sI - A + BX), Ao(s) = det(sI -~ A) are
the closed 1%2%2;&3§$%§;;1 (é.l.c.p.) and open loop characteristic polynomial
(o.l.c.p.) of the controllable and observable triple S(A,B,C), respectively.
Let D be the contour in the s-plane consisting of the imaginary axis from ~jw
to +jw and the semi-circle of radius w in the right half s-plane, .Here thé
;adius is chosen large enough to enclose every zero of det Q(s) and det R(s)
and indentations are made around every pole on the imaginary axis to include
them in the right half piane. Let P. and P, be the number éf right-half plane
zeroes of Ac(s) and Ao(s) respectively. Also let det Q(s) (resp. det a(s))map
D into Po (resp. §o) encircling the origin n times clockwise (resp. counter
clockwise). Similarly, let det R(s) (resp. det E(s)) map D into Pc (resp.?c)
encireling the origin n, times clockwise (resp. counter clockwise). Let

det F(s) map D into T

encircling the origin n_ times clockwise, Finally,

f f

. m
let tj the characteristic loci of F(s), where I t(s) = det F(s) map D into
j=1

rfj’ encircling the origin nfj times clockwise.
Then by application of the principle of the argument to eqn. (5.1)

In_, = n.=n -0, =P, P,

£3 o

Theorem 5A.6’5’3

For closed loop stability, P, = 0, it is required that

o :

j§1 nfj =n;=n - nc = -po eee(5.2)

Eqn. (5.2) is a well known result and expreéses stability in terms of
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characteristic loci encirclements in the Nyquist sense. Since F(s) =TI

; Q(s) H(s) and if pj(s) is the characteristic loci of the retumn ratio matrix
Q(s) H(s), then tj(s) = 1+ pj(s). Thus the same stability theorem applies
when working with pj(s) with the critical point being shifted from the origin
to '-1'. Since ﬁ(s) =1 + a(s)'énd if ;j(s), ij(s) are the characteristic loci
.of a(s) and ﬁ(s) respectively, theﬁ Xj(s) =1+ Sj(s). Returning to eqn.(5,1)

it is seen that det F(s) = II(1 + pj(s))/Hpj(s). Thus for stability chi -

>

~ ~
Znoi = "P,» where n, and n . are the number of counter clockwise encirclements

b

of the origin by the loci Xj(s) and pj(s) respectively. Following Rosenbrock,
the eigenvalues can be expressed in terms of the individual elements qij(s),

. A AN A
rij(s) etc, of the matrices Q(s), R(s) by diagonal dominance. Let qii(s) and
rii(s) i=1, ...m) map D into roi and rci enc1rc11qg_the origin n . and n

5

times respectively. Then it has been shownj - -

Theorems 5B

Assume system is open loop stable, i.e. P, = 0 in eqn.(5.2). A sufficient

that
condition for closed loop stability igAthe following be satisfied :

m m
@ Doy s T oag

(ii) |:;ﬁ<s>| >d; or |§ii(s)| >68, Vsen, -Vi

(iii) I;ii(s)l > 4, or |§ii(s)| > 8, VseD, Vi eee (5.3)

= = . . " ",
where di iijlqij(sﬂ, Gi j;l |qJ1(s)|, VséD means "for all s on contour D

5.1 Some frequency domain multivariable stability theorems for reduced models

Without loss of generality, it is assumed that the feedback matrix Hr(s)
= I. Some stability theorems are derived below.

Theorem 5.1

let prj(s) (reSP'»prj(s)) be the characteristic loci of Qr(s) S Gr(s)

Kr(s) (resp. ar(s) = Er(s) ar(s)) where Qr(s) (resp. ar(s)) is simple. Then
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all loci pj(s) (resp. Sj(s))of Q(s) = G(s) Kr(s) (resp. a(s)?‘- Er(é) a(S))

lie in the union of discs with

centre, prj(s) (resp.srj(s)) Vi

radii, |lGe(s) Kr(s)llian(P(s)) '{resp.llgr(s) Ee(s)llinf K(;(s))}

where G,(s) = G(s) = C_(s) (resp. G (s) = G(s) - G_(s), in general G (s) #
f%QL k(P(s)) = || P(s) || ”Rﬂu=Ké@»aMiﬁKwu)nc&mwmx.
all matrices P(s) (resp. P(s)) for which P(s) Q_(s) P(s) (resp. P(s) Q_(s)
P(s)) is diagonal [P(s) D(s) (resp. D(s) P(s))where D(s) (resp. D(s)) is
diagonal, also diagonalises Q_(s) (resp. Q_(s))]. Here || || is a matrix norm
induced by an absolute vector norm h( ). [ || W(s)|| = ;t(xg)#'oh(W(s)x(S))"f.h(x(s))

is an induced nor@ﬂ.

!

Proof : The above is a result similar to Bauer and Fike's7. For
convenience only Qr(s), prj(s) etc. are used in the proof, as similar results

follow by working with their inverses. The following lemma is also used.

Lemma 5.1
If W(s) a(s) = V(s) a(s) . eee(5.4)
ing ROH(S) a(s)) _ h(H()a()) _ h(V(s) a(s))
S 1CTO I I TCTON @) - § V@l e

from which

~ -] . . .
lwes)ll < Ivesyll | e e (5.5)

Returning to the proof, since pk(s) is a characteristic value of Q(s),

then
(Q (s) +Q(s) - Q.(s)) Y(s) = p, (5) Y(s) ' ee +(5.6)
Y(s) # 0, from which

P(S){diag(prl(S). --.prm(S))+ 3(5) G, (s) K _(s) P(s)} ;(s)y(s) = pk(s)Y(s)
000(5.7)

Eqn. (5.7) gives
[bk(s) I- digg{prl(s), ...prm(s)T] a(s) = S(s) Ge(s) Kr(s) P(s) a(s) «ee(5.8)

]
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where o(s) = ;(s) Y(s) # O. Applying lemma 5.1 to eqn.(5,8) yields
ming |p (s) = 0, ()] < |1 6,(s) K (o) ]| inf k(R(s)) e e(5.9)

The 1.h.s. of eqn.(5.9) is obtained by mu'.nj ldjl = llmaxj|1/dj| and the
r.hus. is obtained since || B(s) G (s) B_(s) B()]| < [l 6 (s) K ()| [l 2(s)]]
II;(s)ll and inf k(P(s)) is taken as eqn. (5.9 ) is true for every P(s)
which diagonalises Qr(s). Hence all pj(s) lie in the union of discs defined
in theorem 5.1. Q.E.D.

Theorem 5.1 is used to derive some multivariable stability theorems
for reduced models. Fér the moment, Sr and S are assumed fo be open loop

stable i.e. Gr(s) K?(s) and G(s) Kr(s) have no right-half plane poles.

Theorem 5,2

- ~——

~

Let prj(s) (resp. prj(s)) map the D contour in the s-plane into the
frequency response contour rrj (resp. rrj)' Then sufficient conditions for

S to be closed-loop stable are:

(1) every rrj (resp. rrj) locus individually satisfies the Nyqﬁist
criterion (NC) _
(2) |1+ prj(s)l > |l Ge(s)'Kr(s)ll inf k(P(s))  VseD, Vj e+ +(5.10)

[resp.l 1+ Brj(s)l > |l Izr(s) ae(s)“ inf K('I:(s)):l VseD, Vj

Proof : The geometrical interprgtation of theorem 5.2 is shown in fig. 5.2.
If the above conditions are satisfied it is seen that the band of
circles cannot overlap the critical point and by theorem 5.1 no
locus Pj,'due to pj(s) can enclose‘it, hence S is ciosed loop
stable. The dual theorem for the inverse locus is illustrated

in fig. 5.3.
A less sharper bound is obtained from eqn.6.1Q if

14y > e @I Ik ce) Vi, Vse
[resp. |1 + Srj(s)| > | Ee(s) Il ﬁr(s) | K(;(s)):l Vi, Vsep v+ {5.11)

o



x_(s) c_(s) S — y(s)

Hr(s)zl

Fig. 5.1(a) Reduced system S,

o= —o £ = Ge) e (o)

Hr(s)=I

 Fig. 5.1(b) Original system s’

Re

148,4(2)

r = 6 (MUK (N R (ple))

‘ @rj(a) loci

o (oMl (o
" inf IR (P(s))

Fig., 5.3 I1llustrating stability for
original system using inverse character-
istic Joci

erj(s) 1oel (system is stable if band avoids =1 point’

Fig. 5.2 Illusirating stability for
original system using direct loci (theorem 5.2)

(system is stable if band avoids =1 point)

All loci are expressed in terms of return ratio matriées
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as 11 6,() K ()| < [ 6 ()| | R ()]| , but the forn given in eqn.(5.1) is
sometimes useful as a guideline in design, since || Kr(s)|| is isolated and
limitiqg values can be estimated for Kr(s). Inf k(P(s)) (resp. inf K(;(S)))
is estimated by post (resp. pre) multiplying a diagonal D(s) (resp. B(s))
| to P(s) (resb, s(s)) such that k(P(s) D(s)) (resp.K(B(s) s(s)))is a minimum,
If G(8) = Gr(s)’ then Ge(s) = 0, and as expected from theorem 5.1

pj(s) = prj(s), Vj. As the area of the disc depends on || || inf k(P(s)),
their optimum size can be found by the following modification to allow greater
freedom in choosing Kr(s).
Theorem 5.3

- Let prj(s)'+B'(résp.srj(s) + o) map D into rrj'tB (resp. Frj +0),
vhere B and a are arbitrary complex numbers. Then sufficient conditions for

S to be closed loop stable are:

~

(1) rrj + B(resp. rrj + a) individually satisfies NC Vj
@ |1 +B8+p )] > |G () K (s) - BI]| inf k(P(s)) "Vj, Vs€D  ...(5.12)

[resp.| 1 + o + Srj(s)l > || lzr(s) ae(s) - al;ll inf K(;(s)):] Vi, VYséD

or

(3) J1+B+ prj(s)l > (Jl e, ) | Kr(s)“ +|8] L]l Yinf x(P(s)) Vi, VseéD
~ eee (5.13)

[resp.| 1 +a + Srj(s)|> (||ae(s)|l|l§r(s’” +la] 2] ian(;ﬁs)il‘Vﬁ,VEED

Proof : Since P(s) diagonalises Qr(s), P(s) will also diagonalise BRI + Qr(s)’
and since

(BT + ()] +[-BL + G (s) K (s)] = Q.(s) +G,(s) K_(s) vee (5.14)

substituting the 1l.h.s. of eqn. (5.14) into eqn. (5.6) and féllowing the

arguments of eqns., (5.7) and (5.8)
P(s) [ﬁiag{orl(s),...prm(s)} + BI + ;(S\ G, (s) K (s) P(s) - bi] ;(S) y(s)

RENORTE

from which
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(p ()1 - diaglp_,(s),...p_ (s)} + BD)a(s) = (B(s) Ge(S) R (s) P(s) - BDa(s)
eee(5:15)

Applying lemma 5.1 to eqn._(5;15)yie1ds

min, o (s = (B + prj(s)}l's | 6,(s) K_(s) ~ BI|| inf k(P(s)) eee(5.16)

Comparing eqn;. (5.16) and (5.9) it is seen that the geometrical
interpretation of theorem 5.3 is similar to that of theorem 5.2 except that
the discs centres are shifted by B (resp. a for the inverse loci) with

- appropriate modifications in radii.
Here B can be chosen to minimize || || of eqn. (5.16), hence minimizing

the disc areas, by requiring

3 || |l /3Re(8) = 3] || /3Im(B) = O | e (517)

S -—

or arbitrary chosen, by designer, subject to engineering constraints. Eqn.

(5.12), deduced from eqn. (5.16), gives a‘éharper bound than eqn. (5.13) as
| 6,(s) R (s) = BI] < [l (o) [k (s)][ + [B] [l 1]

but the form given in eqn. (5.13) is useful in estimating llKr(s)llin design

and it offers a wider stability margin.

If nl(s), nz(s),...nm(s) are the characteristic loci of Ge(s) Kr(s)
an& if V(s) diagonalises Ge(s) Kr(s) another useful stability theorem can be

obtained as follows

Theorem 5.4
Let all conditions be the same as in theorem 5.3 together with the
above modifications. Then sufficient conditions for closed lbop stability

of S are;

(1) T, +8 (resp. frj + o) individually satisfies NC Vj
(2) |1 +8 +p ()] >max;| ny(s) -B| fnfy y k(P(s) K(V(s)) Vi, WD

[resp. |1 +a+ Brj(s)| > max, | ﬁj(s) - alint, K(ﬁ(s)?n(w?(s))j Vi, VseD

. 00(5-18)
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Proof : The r.h.s. of eqn. (5.16) becomes

| v(s) U(s) V(s) - BI|| infk(P(s)) < || U(s) - BI|l I ves)|| G(s)”i.nf K (P(s))

< max, lnj(S) -8] ian,v K(P(s)) k(V(s))
where U(s) = diag{ nl(s), nz(s),...nm(s)}, hence eqn . (5.16) becomes
minj [ pk(s) - (B + prj(s))l g max, lnj(s) -8| ian,V K(P(s)) k(V(s)) ...(5.19).

The proof follows..

As in theorem 538 (resp. 0) can be chosen to minimize maxj lnj (s) - BII
(resp. maxj |;;J.(s) - aI|) or as in theorem 5.2 taken to be zero. Although theorequ.
is useful in testing for stability if nj (s) (resp. ;;j (s)) can be easily |
'calculated, it has poor connections with design, as Kr(s) (resp. l?r(s)) is not
directly assessable. e

The stability conditions stated above are expressed in terms of the
return ratio matrix Tr(s) = Qt(s) Hr(s) = Qr(s) (resp. l‘fr(s) = ar(s).
Similar results to the above can be expressed in terms of the return difference
matrix, Fr(s) (resp. llir(s)).
Theorem 5.5

~

let vrj(s) + B(resp. )\rj(s) +a) map D into Arj + B (resp. Arj + cit)
where vrj(s) (resp. )‘rj(s)) is the characteristic loci of Fr(s) (resp. Rr(s))
and B(resp. a) is a complex number. Then sufficient conditions for S to be

closed loop stable are ¢

~

(1) Arj + B(resp. Arj + o) individually satisfies NC VYj

(2) flvrj(s) + B] >| 6,(s) K (s) = BI|| inf k(P(s)) Wi, Vs €D ...(5.20)

[resp. Icrj(s) +al >|| I’Er(s) G, (s) - oI]] inf (;(s))] Vi, Vs &D

or

(3) '|vrj(s) + 8| > max; Inj(s) - BIian’v K(P(s)) k(V(s)) Vi, Va€D ...(5.21)

[resp. _Iirj(s)' +al > max, Iaj(s) - alinfp,v K(;(s)) K(;Ij(s)):l Vi, Vs €D
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Proof : Since F(s) = I + Q(s) (resp. ﬁ(s) =1+ a(s)l it follows that

| ¥(s) = F ()l = [[Qts) = o ()]l = [[6,(s) R ()| (resp. || R(s) ||
= | a(s) - ar(s)ll = Ilir(s) Ee(s)” ) and P(s) (resp. ;(s)) which

diagonalises Qr(s) (resp. ar(s)) will also diagonalise Fr(s) (resp.
ar(s)); Thus substituting IIF(s) - Fr(s)ll (resp. llg(s) - Er(s)ll)
into eqn. (5.6) will produce the same circular disc as defined in
theorem 5.1.'vfurther, by the eigenvalue shift theorem, vrj(s) =
1 + prj(s) (resp. Krj(s) =1 + Srj(s». Thus, the conditions for
stability are exactly the same as in theorems 5.3 and 5.4, except
that the éritical point is shifted from '=1' to the origin, with
the disc areas remaining unaltered. The proof for stability is |
exactly the same as given in theorems 5.2 to 5.4. The result foilows,

* —

see figs. 5.4 and 5.5.
Special cases : In the special case when Qr(s) (resp. Qr(s)) or Ge(s) Kr(s)

(resp. Er(s) ae(s) is a normal mat?ix i.e, Q&(s) Qr(s) -‘
Qr(s) Qg(s), then P(s) (resp. ;(s)) or V(s) (resp. G(s))
can be chosen to be unitary, and using the spectral norm || ||2, K(P(s)) =1
or K(V(s)) = 1 (since B(s) P'l(s) = I, therefore || P(a)l, = || ()|l = O
(P(s) PH(s))}i = 1). Thus the stability boundaries in theorems 5.2 to 5.5
are much simplified for computation. '
Open loop unstable systems : The stability conditions given in theorems
5.2 to 5.5 are sufficient but not necessary. The first condition requires
that the reduced system, Sr’ be closed loop stable in the sense of the Nyquist
criterion. However, this is not necessary for closed loop stability of original
system, S. S is only closed loop stable if its characteristic loci, say,
pj(s) do not enclose the critical point. Also as far as closed loop stability
of S and S, is concerned, eit?er or both Sr and S can be open-loop unstable.

Assume now that S_ is open-loop unstable and has z right-half plane zeroes in

its open-loop characteristic polynomial (o.l.c.p.). Then,
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%*A__(s) ™
Yoot R (e)

r =l ()3, ()l neH (p(s))

!
r=lle, (o)l (o)
infK(P(s))

Pig.5.5 Illustrating stability for S
using return difference inverse loci

v, j(s) loci . ( In both cases, for stability band
must not touch or overlap origin)

Fig. 5.4 Illustrating stability for S
using return difference direct loci(theorem 5.5)

Re

Pig. 5.7 Illustrating stability for S
when it is single input=single output

(theorem 5.7)

Fig. 5.6.Illustrating,closed loop
stability for S wnen p = 1 (theorem 5.6)

(T.e. right hand side pole = 1)

Aln
("1 ?0)
Re< t

ok eomme.

ClIG, (s)k (s)-pull
int K(P(8))+F]a, ,(s)]
’ ij T j
‘\ ‘ i%:jlqrij(s)‘
S o F+a...(8) loci
f*f;d(sij loci
Fig. 5.8 Illustrating stability for Fig. 5.9 Illustrating stability for S
S by diaronal dominance and using diagonal dominance and Nyquist loci
Characteristic loci (theorem 5.8) of S '

r (theorem 5.9)
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Theorem 5.6
"Sufficient conditions for S to be closed-loop stable are:

m - ' m A m A

(1) S satisfies NC in the sense I n_.. = -z (resp. I n ., - In, = =2)
T . d=1 £f] je1 ST 4 O

(2) Condition (2) of one of the theorems 5.2 to 5.5 be satisfied

(3) S has z right-half plane zeroes in its o.l.c.p.

Proof : Since Sr is closed-loop stable, the total number of encirclements

of the critical point is thj =P, = -z It follows that if
condition (2) is satisfied, i.e. the bands do not overlap the critical point,'
it is seen that thelloci of S encircle the critical point the same number of
times as that of Sr' Hence by theorem 5A, S is closed-loop stable if Py = z
in its o.l.c.p. This is illustrated graphically iﬁ fig. 5.6.

Theorem 5.6 is the general case of theorems 5.2 to S.5lwhere both S and
Sr are open-loop stable. However, if the number z is different in the o.l.c.p's
of Sr and S, then closed-loop stability of S is uncertain, and, to determine
the latter in terms of that of Sr,.will, in general, be difficult,

In practice, normally a stable G(s) is given, and a stable Gr(s) is
derived from it, If Gr(s) derived is unstable, then the reduction method is
ineffective and G(s) is not closely approximated, hence, its‘dynémics, together
with the overall dynamics when controller Kr(s) is implemented, cannot be
properly studied. Thus in terms of dynamical interest in the design, Gr(s)
must be stable. However, if G(;) given is unstable, then during the design
process, gxtraneous right-half plane zeroes must be addéd to Gr(s) or Kr(s)
such that the number of right-half plane zeroes in the o.l.c.p. of Sr is equal
to that in the o.l.c.p. of S. This is necessary before theorem 5.6 can be

applied where closed-loop stability of S is to be deduced from that of Sr

during désign.

Non-simple matrices : The stability conditions of theorems 5.1 to 5.6 are

only valid when Qr(s) is simple, i.e. similar to a diagonal matrix. If Qr(s)

- - v --J.ﬁ
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has repeated characteristic loci, but is not normal, then theorem 5.1 breaks
down. In computing the loci, usually rounding errors make them distinct.
However, at a specific W, prj(wc) can be non distinct or the structure of
Qr(s) can be such that prj(s) is repeating for all s = jw. The modification

to theorem 5.1 of Bauer and Fike is added below for completeness.

Corollary 5.1
Let Qr(s) (resp. Qr(s)) be a general, not necessary simple, matrix with
pij(s) having index mj > 1 (resp. mj > 1, where in general mj # 1/mj). Then

pj(s) (resp. pj(s)), Vj, lie in the union of discs with

centre prj(s) (iesp. prj(s))

radii || 6, () K () +B(s) H_ P(s)|| int <(P(s))

[xesp. l|£r(s) Ee(s) + ;(s) HsP(s)|I inf K(;(s)’?j

where Hp (resp.-Hﬁ) is a matrix with entry unity or zero depénding on mj

(resp. ﬁj) along its superdiagonal and null elsewhere. Inf k(P(s)) (resp.

inf K(;(s)))is taken as the minimum of k(P(s) D(s)) (resp. K(B(s) ;(s)))for
which P(s) (resp. g(s)) quasi-diagonalises Qr(s) (resp. ar(s)) to diag{crl(sL
...Crp(s)} (resp. diag'{Jrl(s), ...Jrq(s)}). [ e(s) D(s) (zesp. B(s) ;(s))
where D(s) (resp. B(s)) is diagonal also quasi-diagona;ises Qr(s) (resp. ar(s)i].
er(s) (resp. Jrj(s)).is a Jordan Block, p (resp.'q) being the number of

elementary divisdrs: of prj(s) I~ Q?(s) (resp. srj(s) I- Qr(s)).

Proof : . Following eqn. (5.7),
P(s) [diagiC, (s), ...crp(s)}+§(s)ce(s)Kr(s)P(s)]S(s)y(s) =0, (8)Y(s)...(5.22)
How write

diag {01 (8),.-C_ ()} = diaglo (). ep ()} ¢ B ee(5.23)

Substituting eqn. (5.23) into (5.22) and manipulating gives,

[ ()1 - diaglo ,(s),...0 (s)}a(s) = @(s)ce(s)xr(s)P(s) ;Hp]a(s) vee(5.24)
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where a(s) = g(s) ¥(s) # 0. Applying lemma 5.1 gives
: minj lo, (s) - prj(s)| € |l 6,(s) K (s) + P(s) H, P(s)|| inf x(P(s)) e e(5.25)

The corollary follows.
. o
Since P(s) will also quasi-diagonalise BI + Qr(s) to diag {Crl(s)’
...C;p(s)} where Cra(s) = BI +_er(s) and B is a complex number, eqns. (5.15)
is still valid if diag{prl(s),...prm(s)} is replaced by dlag{prl(s),...prm(s)}
+Hp. Rearranging the modified form of eqn. (5.15) and applying lemma 5.1

yields the modified form of eqn. (5.16),

ming | (8) - (B+prj(5))| s lle () K (s) = BI + P(s) Hj P(s) || infic (P(s))
‘ » ‘ eee(5.26)
Further, if V(s) quasi-diagonalises Ge(s) Kr(s) to U(s) + Hv where Hv
ijs similarly defined as Hp and U(s) = diag{ul(s)...um(s)}, the r.h.s. of

eqn. (5.26) becomes

1 V(s) U(s) V(s) = BT + V(s) B, V(s) + P(s) H_ B(s) || infk (B(s))$

{max; |uy () ~B| #H, + W(s) H W(e)} inf, k(P(s)) K(V(s)) cee(5.27)

]
where W(s) = P(s) V(s). Thus eqn. (5.26) becomes

KB (8))k(V(s))

mfnjlok(s) - (B+prj<s))ls{ maleuj(s) -8l + Hv+ﬁ(s) B W(s)}infp
ev0(5.28)

Since HFr(s)II = |l 1+ Qr(s)ll, it follows that P(s) will also reduce
Fr(s) to its Jordan form, and by the eigenvalue shift theorem, vrj(s) = 1+prj(s),
the critical point-is shifted from '~1' to the origin. Hence change in critical
point is invariant to the nature of Qr(s). Similar results apply to the inverse

case, || R.(s)]| = || T + Q. (s)] .

Corollories 5.2, 5.3, 5.4, 5.5 and 5.6
Sufficient conditions for closed-loop stability of S are the same as
those given in theorems 5.2 to 5.6 except that the terms P(s) Hp P(s) (resp.

P(s) H, P(s)), H , V(s) H, G(s) (resﬁ. V(s) H_ G(s)) are included in the || ||
P : v




expressions as appropriate, thus increasing the radii of the discs.,

Proof : The proof and geometrical interpretation follows exactly as those

given in theorems 5.2 to 5.6.

Hence when Qr(s) and Ge(s) Kr(s) are non-simple, the stability bounds
are less sharp than those when the matrices are simple, (H.p = Hv = 0, for
simple Qr(s) and Ge(s) Kr(s))assuming that the bounds are expressed in the same
form for both cases. The bounds can also be adjusted to isolate || Kr(s)”
(resp. Ilﬁr(s)ll) though at the expense of diminishing sharpness, during design
and then 'tuned' down by the scaling factor B (reép. a) in the final stage to
offer the maximum stability margins. For example, the sharpest band, eqn.

(5.25), to satisfy the Nyquist criterion with rrj locus doing likewise, is-
' [] > i - | XX
| 1+8 + prJ(s)l inf || P G (s) K_(s) P(s) - BI + lel (5.29)

although computationally the r.h.s. of exp. (5.29) may be unfeasifle to
evaluate. Also, it is noticed that || Hp|‘1, = IIHPIL = Iallt =1 (the
same applies for H ), thus when isolating IIKr(s)Il , it is convenient not

to isolate ]alll as an added term near the critical point, as overlap of the
critical point by the disc is likely to occur. The norms that are used above
can be computationally obtained as

m

iil |aij(s)|

II‘A(s)II2 = [Mpax @s)a

ke 1, = Il 8%e)]| = max,

Single input-single output systems : The stability conditions given in

theorems 5.2 to 5.6 are stated for multivariable systems having m inputs and

+

m outputs. ' In the special case, when m = 1, the single input-single output |

system is obtained. The stability conditions are as follows,

Theorem 5.7
Tet qr(s) + B (resp. qr(s) + ) map D into Fr + B (resp. rr +a). The

sufficient conditions for closed-loop stability of S are :
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(1) Pr + B (resp. ;r + o) satisfies NC
() 148 +q.(s)] > |g (s) k (s) ~ B Vs € D . {5.30)

[resp. 1 +0a + qr-l(s)l > Ige(s) kr_ts) -a|]V¥séD
~ -1 -1

where q_(s) = g (s) k (s), g (s) = g(s) - g.(s), g, (s) =g (s) -g. (o)
Proof : The geometrical interpretation of theorem 5.7 is shown in fig. 5.7.
| Eqn. (5.30) is the special case of eqn. (5.12) for m = 1, The
transfer function matrices Qr(s), Ge(s) Kr(s) reduce to single expressions
qr(s),_ge(s) kr(s) etc. Thus the characteristi? locus becomes the single loop
classical Nyquist locus. Stability is obvious if the band does not overlap
the critical point. Theorem 5.7 can also be derived by cons1der1ng Q (s)
and G (s) K (s) diagonal, Then from eqn. (5.12), p wzs) becomes q (s),
IIGe(s) Kr(s) - BIl[ becomes malegej(s) krj(s) - BI| and 1an(P(s)) = 1

as P = I. Hence the condition

I1 +B-+qrjj(s)| > malegej(s) ki) - BI|, Vj, Vs €D

is required for stability, which reduces to eqn. (5.30) for j = 1,

As before, the 'tuning' factor B (resp. Q) can be chosen to
minimize'lge(s) kr(s) - B| (resp. l;e(s) k;l(s) -a|) to obtain the narrowest
band, or chosen to be zero as appropriate.

Sometimes it is convenient to express stability of S in terms of
the diagonal elements of Qr(s) and the structure of Qr(s), example via

Gershgorin's theorem, theorem 5B, Thus,

rrj + a). Then sufficient conditions for S to be closed loop stable are :

(1) T, +B (resp. T +0) satisfies NC, Vi

() [14B4q ;. (s)> lagg5¢e)]  (resp |1+ +qrjj<s>|>i§j|§rij<s)|>. Vi, Vs €D

oy
i=1
if) - ees(5.31)
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(3) |1+B+qrjj(s)|>” Ge-(s)xr(s)—sxn infk(P(s)) +i§jlqrij(s)l’ ij‘ Vs €D

o..(s 32).
[ resp. |1+a+q (s)| Il K (s)G (s)-olIl| lan(P(S)) l%lan(S)l] Vj, Vs€D

Proof : The graphical interpretation of théorem 5.8 is shown in'fig. 5.8.
Condition 2 requires that the Sr be diagonally dominant, hence by Gershgorin's
theorem, the characteristic loci, prj(s) of Sr are trapped in the Gershgorin
band. Condition 3 is an applicatioh of Gershgorin's theorem and theorem 5.1,
where the loci pj(s) of S are trapped in the’band centred on prj(s). Hence

it is easily seen that if all three conditioﬂs are satisfied, the band defined
by condition (3) canﬁot overlap the critical point, meaning no loci of S can

enclose the critical point, thus S is closed loop stable.

Theorem 5.8 expresses stability of S in terms of that of Sr via
Gershgorin's theorem and theorem 5.1. The next theorem gives stability of S

in terms of theorem 5.7 and diagonal dominance of S.

Theorem 5.9

Let I' be as deflned in theorem 5.8. Sufficient conditions for closed

loop stab:.hty of S are :
¢)) I'r. (resp. I‘r‘.) satisfies NC, Vj

(2) [148+a MOt lqejj(s>-s|[resp. |1+a+$ ..<s)|>|$ 5381 Vi, vs e

3 |1 B, g (s)l lq .. (s)-B]+ Zlq--(S)l[reSP l1+0t+q (S)I Iqejj(S)-al
ifJ

+'Z ;._.(s) , Vj, Vs € D o o(S,

ejj

where Q_(s) = Q(s) = Q_() = G (s) K_(), Q (s) = Q(s) = Q(s)

Proof ¢ The graphical interpretation is shown in fig. 5,9. Conditions (1)

and (2) ensure that the Nyquist loci I‘j of S satisfies the Nyquist criterion.
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Condition (3) ensures that S be diagonally dominant, hence by theorem 5B, S
is closed loop stable.

Theorem 5.9 does not require the stability of Sr to determine the
stability of S. It works on the diagonal elements of Qr(s) and computes the
off-diagonal elements of Q(s). This is particularly attractive since qrjj(s)
is used in the design. To determine.the stability of Sr’ would be an
independent piece of work, example by theorem 5B, Sr need be independently
diagonal dominant,

The theorems above constrain the characteristic loci in some circular
discs. Another useful result can be obtained by employing a theorem of Hirsch31

where, instead of circular disc, the eigenvalues are constrained in a rectangular

region.

Theorem 5.10
Let every loci defined by Cartesian co-ordinates, in the complex plane,

8 +(Eri(m), V5 @) [ resp.a + ,(Ari(w): orj(w)i] map D into B + T ;. (resp.

a + rrij) where nri(w), vrj(w) (resp. Ari(w), orj(m)) are the real eigenvaldes

of the Hermitian matrices Br(s) = {(Qr(s) + Qz(s))' Cr(s) = ‘ji(Qr(S) - Q§<s))

[resp. B_(s) = §(Q (s) + 63(5). C (s) = -ji(Q_(s) - QI:(S))] and B (resp. 0)

is a frequency dependent complex number, Let Be(s) = B(s) - Br(s) = i(Ge(s)

K (s) + K}rl(s) Ge(s» (resp. B (s) = B(s) - B (s)), C,(s) = C(s) - C_(s) (resp.

- = Ble) - O 2 -2 2 02 o 22

Ce(s) C(s) Cr(s)) and trij(w) un._(w) +vrj(w) (resp.!lrij(w) ‘)\ri(w)

+ o:jcu)). Then sufficient conditions for closed loop stability of S are :

A

(1) rrij + B (resp. T_..

rij + a) individually satisfies NC, Vi, Vj

@) [14Bre,; @ [>[] B ()-BI|| infc(P(s),  Vi,j, Vs €D ver (5.33)
Eresp.llmi-zrij w) |>]| ge(s) - all| inf(P(s))]Vi,j Vs €D
(3) |1+B+trij(m)|>|| c (s) - BI|| infrk(W(s)), Vij, Vs € D oo (5.34)

[resp. |1+a+'£rij(w)|>|| C_(s)~al| infe(W(s)) ] ¥i,j, Vs € D
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where P(s) and W(s) diagonalise Be(s) and Ce(s) respectively. (If they quasi-
diagonalise Be(s) and Ce(s), then P(s) Hp P(s), W(s) Hw W(s) must be added

in the respective 1[ || expressionms).

Proof : The éraphical interpretation is shown in fig. 5.10 for m = 2, 1It

is well known from Hirsch theorem that max, uri(m) g Re(pr(s)) £ mini uri(w)
and maxj vrj(w) kS Im(pr(s) £ minj vrj(m). In other words all characteri;tic
loci pr(s) of Qr(s) lie in the rectangular region defined by Cartesian
co~ordinates (min ﬁri(d), min vrj(w)), (max,uri(w), uﬁn.vrj(m)), (max uri(w),
max vrj(w)) and (min u?i(w), max vrj(w)). Now at every chordinate point
(uii(w), vrj(w)), fori, j=1, ...m, two concentric circles of radii givgn
by the r.h.s. of eqns. (5.33) and (5.34) are drawn. From theorem 5.1, the
union of circles contaips all ui(w) of B(s) and all ﬁ;(w) of C(s).' Hence the
rectangular region defined by the grid points (min ui(w), min vj(w)), (max
M @, min V@), (max ¥; (W), max v;(w)) and (min (W), max vj(m)) lie
within the cifcles. Thus S is closed loop stable if expres. (5.33) and (5.34)
are sa;isfied, i.e. no circles, hence no rectangles will overlap the critical
point. ' | | Q.E.D.

For stability investigation, only the circle of greater fadius in
exprs. (5.33) and (5.34) need be drawn and a totalldf m? circular bands are
required. The above theorem assumes open loop stability of S and S, for
simplicity. If they are open-loop unstable, the similar form of theorem 5.6

can be used.

5.2 Stability of reduced systems using M-matrices \
M-matrices are quite useful in stability studies of dyﬁamical systems
(siljak, Cook, Araki etc.). Recently Araki et al10 derived a stability
theorem, which generalises Rosenbrock's diagonal dominance theorem, for
multivariable systems using the theory ~f M-matrices. [:A is called an

M-matrix (semi-M-matrix) if its off-diagonal elements~aij, i#j, are non-

positive and its principal minors are positive (or non—negativei] .
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Just as Gershgorin's theorem links theorem 5B (diagonal dominance) to theorem
SA (characteristic loci), the M-matrix stability theorem is connected to

theorem 5A by a theorem of Ky Fan.

Thus following Arakilo, a unity feedback open loop stable system is

closed.loop stable if,

Theorem 5010

(1) The Nyquist (resp. inverse Nyquist) diagram of qjj(s) (resp. qjj(s))»

does not encircle the critical point.,

(2) C(s) = A(s) - B(s) (resp. E(s) = X(s)_- g(s))i; an M-matrix,
s €Q: {»<w<»}, vhere bij(s) = Iqij(s)l#., bii(s) = 0, aii(s) o

|1+qii(s)|, aij(s) = 0, (i#j) (résp. for the elements of g(s) and g(s).

-~

To determine that C(s), (cy;(s) = |1+qJ.J.(s)|,' ¢;5(® = =lag; )] )

|
i¥j

is an M-matrix it is necessary and sufficient that all det(Lj(s)) >0,
j =1,...m where Lj(s) is a leading principal sub-matrix of C(s), or, that

all eigenvalues of C(s) have positive real parts.

Hence when designing S based on Sr’ the stability of S must be assured

based on the stability of Sr. Using M-matrices, it follows that

Theorem 5.11

A

Let qrjj(s) + B (resp. qrjj(s) +q) map D into rrj + B (resp. rrj +a).

Sufficient conditions for closed loop stability of S are :

~

(1) rrj + B (resp. rrj +a) inaividually satisfies NC, Vj

(2) Cr(s) (resp. Er(s)) is an M-matrix.

3 (1 +8+a, )] > Jagy0) -8 . Vi, Vs€D «e+(5.35)

[resp°| 1 '_"a +qrjj(s)| > lqejj(s) - Bl]

.0 L33 .’J - [ 38 ) V... G L N .
@ |1+ ag6 ] 2 1+ a6, a5 >£ﬁ € fag ()| Vij, Vs€D ...(5.36)

|resp.| 1 + qjj(s)l,; |1+ qrjj(s)l’ lqij(s)l#j
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Proof : Conditions (1) and (2) require that Sr be stable in the sense of
M-matrix requirements. Condition (3) ensures that the loci Fj of qjj(s)
of S satisfies the Nyquist criterion by theorem 5.7. Condition (4) ensures

that the matrix C(s) of S is an M-matrix. The latter makes use of a theorem

by Ostrowskiill. It states that if A is an M-matrix and if some elements are

perturbed such that a,, € lbiil and |ai.| > |b..|, Vi, i#i, ﬁhen the value

J
of any principal minor does not decrease. Thus it follows that if some

ij

elements of an M-matrix, A, are increased without changing their signs, the

new matrix, B, is also an M-matrix, i.e. boo 2 2., Vi, and 0 2 bij > 350

i#j. Hence C(s) is an M-matrix in condition (4), thus S is closed loop stable.

." - QIE.DI

A criterion in estimating the error between S and Sr in the design
can be chosen by comparing the Cr(s)’ C(s) (resp. Cr(s), C(s)) matrices.
From a result of Fanla, for two M-matrices C(s) and Cr(s) (resp. C(s) and

j(s)) 14

A

Er(s)) with crij(s) # c (s);(reép. grij(s) £c

ij i

det Lr(GUy)(det L(6) /det L(6Uy))det Lr(e) <1 ee+(5.37)

[}esp. det ir(GUY)(det £(6)/det £(eUy))det £r(9) £ 1.] , and,

where 8, y € {1, 2, ...m}. For thé null set, ¢, det L(¢) = det Lr(¢) = l,an4,
det L(6Uy) is the principal minor formed by the union of sets 6Uy. Thus for
9= dpandy=(1,2,...,), exp. (5.37) reduces to det Cr(s)/det C(s) £ 1;
(Equality is observed if there is nb error involved in the reduction).

© As a special case, Rosenbréck's'diagdnal dominance criterion for
stability can be deduced. Thus if Sr is stable in the seﬁse Fhat Qr(s) is
- diagonal dominant, then a sufficient condition for S to be stable is that Q(s)

is also diagonal dominant. This is seen as follows. If |1 + qrjj(s)l >

. s d .. > I .. (s it is easily seen that det L .(s
la 55¢)| and |a . (s)] Rt la ;51 y | ri®)

> 0, Vj, by Gershgorin's theorem, hence Cr(s) is an M-matrik. But condition

(4) of theorem 5.11 gives |1+qjj(5)| > I |qij(s)|, which gives C(s) as an
i)
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M-matrix. Now if |l4q..(s)| > |q..(s)|> L |q..(s)], it is easily seen that
1] 1] i#j 1] .

S is stable in the sense of diagonal dominance requirements.
~ Theorem 5.11 expresses the results in 'analytical form'. A graphical

interpretation, suitable to the designer, can be obtained as follows,

Theorem 5.12
Let rrj’ B be as defined as in theorem 5.11 and let Arj(s) (resp. Krj(s))

be an eigenvalue of Cr(s) (resp. Cr(s))., Then sufficient conditionsfor S to

be closed loop stable are :

~

(1) rrj + B (resp. rrj + o) individually satisfies NC, Vj

(2) Cr(s) (resp. er(s)) is an M-matrix

.(s) - B Vi, Vs €D eee(5.38)

(3) |1+8 +qrjj(S)I > lqej;

[resp.| 1 + o + 1551 > lags5¢®) - o] ]

(4) Re.()‘rj(s)+6) > ||ce(s) - BI|| infc(W(s)) Vi, Vs € » ees (5.39)

[resp. Reh_;(s) 40 ) > || C_(s) - at|l infe(i(s)) ]
where C_(s) = C(s) = C_(s) (resp. C (s) = C(s) = C_(s))

Proof : Conditions (1), (2) and (3) are as explained in theorem 5.11.
Condition (4) derived from theorem 5.1, is based on the fact that all Re(kj(s))
must be positive. Since all eigenvalues of an M-matrix have positive real
parts, it follows that a matrix with positive real part eigenvalues, and
nonpositive off-diagonal elements is an M-matrix. Thus if kj(s) lie in the
right half plane,anq,since‘by definition, all off-diagonal elements of C(s)

are non-positive, it follows that C(s) is an M-matrix.

Stability of S follows from theorem 5C.
Theorem 5.12 is illustrated in fig.5.11. As a special case; when Qr(s)
and Q(s) ave diagonal dominant, from Gershgorin's theorem all Arj(s) and Aj(s)

lie in the r.h.s. plane., Thus it is possible to find a B (scaling factor)
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such that condition (4) of theorem 5.12 is satisfied. The advantage of the
above theorem is that circular discs can be displayed graphically, and be
tuned by B, so as.to enable the designer to have more freedom and ease of
determining stability margins for S when design is made on Sr' The M-matrix
stability requirement can also be interpreted by a theorem of Ky.. Fan13.

In this case, like the Inverse Nyquist Array method, .- circular bands

are drawn on the diagonal elements of Qr(s).

Theoreh 5.13
Let rrj’ B be as defined as in theorem 5.11. Sufficient conditions for

S to be ciosed loop stable are : »

~

(1) rrj + B (resp. rrj + o) individually satisfies NC, Vj

—

) |1 +8+ qrjj(s)l > lqeij(s) -8l Vi, Vs €D ' v e(5.40)
[resp. |1 + o+ erjml > Izejj<s) - a| ]

(3 J1+8+ qrjj(S)I > d.(s) + Iqejj(S) -8] Vi, Vs €D eee(5.41)
[resp.| 1 40 + a4 (] > 356 + |a 556 - al ]

m
(4)  d;(s) 2 iil ‘Iqrij(S) I xj‘/x.ir ; dj(S) 2 iEI Iqij(S)l xj/xi eee(5.42)
itj ‘ i#¥j Vi, Vs €D
A m ~ A m A
[resp. d;(s) 2 iil la ;501 y5ly;s 4;0) 2 iil lqij(S)IYj/Yi]
itj itj

Proof : Conditions (1) and (2) ensure that qrjj(s) and qjj(s) satisfy the
Nyquist criterion. Conditions (3) and (4) satisfy the remaining conditions

of a theorem of Ky Fan which ensures that the characteristic loci of S
satisfy NC provided those of Sr also satisfy NC. The theorem states that if
A e aij,is indecomposable and non—negati§e, aij > 0 and aii;= 0, and if the
matrix B = bij with Ibijl =35 i # j, has every eigenvalue inside the circle
set_ll - bii | < di’ Vi, then there exists n positive numbers RppeeoX such
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that d1 X a.. x /x , Vi. The graphical interpretation of theorem 5.13 is
1#3

shown in fig. 5. 12. If conditions (3) and (4) are satisfied, no band, hence

no loci, can overlap the critical point, thus S is closed loop stable.

Fan's theorem can also be used to prove the stability result due to Araki

et al, i.e. theorem 5C. From di = I a, 3 xJ/x ’ V&, it follows that d, 1%
3

z aij xj 3> 0, Vi, which implies (di I - A)x 3 0 where x is a positive vector
JH
and A é a,., 1 # j. Hence di I - Ais a semi M-matrix (di I-A has nonpositive

1]
off-diagonal elements and (diI—A)x > O for x > 0). Recall the matrix C(s)

of theorem 5C. Comparing C(s) with diI-A it is seen that di = ]1+qii(s)|,
8. = o, aij = Iqij(s)l, i #3j. Choose bii = qii(s). Thus it follows that
C(s) is a semi M-matrix if ]pk(s) - qii(s)| < |1+qii(s)| where pk(s) is an
eigenvalue of Q(s). Hence C(s) is a M-matrix if no pk(s) loci enclose the
critical point, thus system is closed loop stable.

A further useful stability theorem for S and Sr can be derived %rom a

result of Kotelyanskii26 31

Theorem 5.14
Let rrj’ B be as defined in theorem 5.11. Sufficient conditions for

closed loop stability of S are;

A

¢ I' . +B (resp. rrj + ¢) individually satisﬁyuﬁ NC, Vi

rj
) |1 +B8 +q.5()] > a5 -8l Vi, Vs €D v+ +(5.43)
[xresp.| 1 +a + qrjj(S)I Iq HOM ol J

(3) |1+8+ qrjj(s)l > Aglw) - ijj(s)l lq (s) Bl Vi, Vs €D  ...(5.44)
(resp.| 1 + a +q (s)l > A g (@) - |b (s)[ 1;ejj<s>-a|3
(4) nJ(s) $ lb..(s)l FCIHOR Ibij(s)l Vitj, Vs €D «e0(5.45)

.o(S) $ Ib.o(S)l H ;ij(s) S lgij(s)l]

Etesp D quJ

where B Ib..(s)l is a non-negative matrix and XA (w) is the spectral radius

£ s 1 g




or Perron-Frobenius characteristic root of B, AB(w) =_|Amax(B)|.

Proof : Kotelyanskii theorem states that if Iqrij(s)l < lbij(s)|’~i #13,
then all characteristic loci of Qr(s) lie in the ﬁnion of discs Iprj(s) -
q_..(s)]| < Ag(w) - lbjj(s)l. Theorem 5.14 is shown graphically in fig. 5.13

rl]
which is similar to fig.5.12 of theorem 5.13. Conditions (1) and (2) ensure

that qrjj(s) and qjj(s) satisfy the Nyquist criterion. The remaining conditions

(3) and (4) result from the application of Kotélyanskii's theorem to both Sr
and S. If all conditions are satisfied, it is seen that no loci of Sr, hence
that of S, can enclose the critical point, thus ensuring stability.‘

Theorems 5.13 and 5.14 ekpressed stability of S in térms ofvthat of Sr.
This is convenient, as Sr is used to desigﬁ S, but at the expense of lesser
- . sharpness in the stability conditions for S.v As the conditions are only
sufficient, in practice, separate tests can be made on S to invoke strohger
stability conditions., However, the latter may be too costly and invblved)and
do not pfovide a correlation between the stabilities of § and Sr' Whereas in
the former case, scaling factors can be suitably chosen to reduce the width of
the bands to provide an economical and simple controller that guarantees the
stabilities of Sr and S simultaneouslf. )

Thelstability theorems from theorem 5.11 to 5.14 are based on
encirclements by diagonal elements qrjj(s) (resp. ;rjj(s)) of Qr(s) (resp.
ar(s)); This is advantageous if design is made on the diagonal elements
instead of on the characteristic loci. For open-loop unstable systems,

theoremsvs.li to 5.14 can be modified in the following way.

Theorem 5.15

Suppose Sr has z right half plane zeroes in its o.l.c.p. Let Arj +8

(resp. Arj +a), rrj + B(resp. rrj + o) be the images of D, under the mapping

A ~

rrjj(s) + B(resp. rrjj(s) +0), qrjj(s) + B(resp. qrjj(s) + o), and encircle

~ . "~
he origin n . ), n. (resp, n .) times clockwise (resp. counter
t gin m . (resp. nc1), oi (resp. 01) se (resp.
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clockwise). Then sufficient conditions for closed loop stability of S are :

m m m m
(1) S_ satisfies NC in the sense £ n ., ~ I n ., =-z (resp. £ &, - L fi,
r i=1 ¢t j.1 O i=1 ¢ je ©F

= ~-2),
(2) S has z right half plane zeroes in its o.l.c.p.
(3) The remaining conditions of one of the theorems 5.11 to 5.1l4 be satisfied.

Proof : The proof follows parallel to that of theorem 5.6 (see fig. 5.6).
Condition (1) is a direct consequence of'thg Hsu-Chen theorem and Gershgorin's
theorem, theorems 5A And 5B. The M-matrix theorems of 5.11 and 5.12 are
related to the characteristic loci encirclement theorem by Ky Fan's theorem,

hence conditions (2) and (3) are as similarly proved as in theorem 5.6.

~ m
Since rrjj(s)v- 1+ q ..(s) from condition (1),Z ﬁci can be interpreted
i=1 m a
as the number of encirclements of the '=1' point by all loci I T_. +a. If
, j=1
the characteristic loci are considered, A (s) =1 + p (s), then Z fi . in

ci
i=1l

theorem 5.6 is interpreted as the total number of enc1rclements of the '-1"

point by all the loci prj(s).

5.3 Stability of reduced systems using contraction mapping principle.
Freeman19 has used the idea of contraction mapping in functional analysis
to study the stability of linear multivariable systems. It is based on the
fact that the system of fig. 5.1 is stable when inputs u.(t) which are
integrable on finite intervals and bounded as |u (t)l M. exp(-c t) for c >0
and Vi produce output y.(t), for all initial conditions with finite L norms,
which are integrable on finite intervals and are bounded by Iy (t)l N exp
(-ait) for some o >0 >0 and Yi. These assumptions assume that the Laplace
transforms of the inputs exist in a domain Q = {s : Re s > ¢ }, which is an
open connected set, and the transforms are infinitely differentiable in Q,
Thus the input and output transforms of a stable system are holomorphic
(regular, single-valued) functions in the domain ?, hence the problem of

finding a condition for stability reduces to deriving conditions under which
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the operation on input u(s), maps u(s) transforms which are on the space of
holomorphic functions on Q into y(s) transforms which are also in the space
of holomorphic functions on Q.

Hence in a linear metric space, Y, if

&{T(yl(S)). T(y,(s))} < M d{yl(S). yz(S)} , oo (5.46)

where d{  } represents metries in Y, T : Y > Y (T is an operator which
transforms the elements of Y into the elements of the same space Y) and M is
a constant such that M < 1, then a contraction is obtained and by the fixed
point theorem there exists exactly one point y(s)€ Y such that y(s) = Ty(s),
where in Banach space, T is a matrix norm and y(s) can be solved iteratively
in the space of stable transforms,

The outputs of figs. 5.1(a) and 5.1(b) can be written as
yr(S) = Q.(s) u(s) - Q_(s) yr(S) tz (s) ‘ - eos (5.47)
y(s) . = Q(s) u(s) = Q(s) y(s) + z(s) “ eoe (5.48)

where zr(s), z(s) are effects due to initial conditions. Adding A(s) y(s) to

both sides of eqn. (5.48) and assuming (I + A(s)) has an inverse,

-l 1
y(s) = (I+A(s)) Q(s) u(s) - W(s) y(s).+ (I+A(s)) z(8) ... (5.49)

: -1
where W(s) = (I+A(s)) (Q(s)-A(s)) and Q(s) = G(s) Kr(S)- From eqn. (5.49),

considering two points yl(s), yz(s) in Y,

Iy, @1 = 19 Gy Iy N < W] 77, - (5.50)

and identifying eqn. (5.50) with (5.46), a contraction is obtained if

|| w(s)|| < 1. Thus

Theorem 5D19

A sufficient condition for S to be closed loop stable is

Q) W) <1 - . . o0 (5,51)

If A(s) is chosen diagonal, A(s) = diag'{qll(s), ...qm§s)} and
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ll Il or ll " are taken, then
1 0
ey ) I |
W(s)|| =max sup I |q..(s)/(1 sN] <1 v ee(5.52
| i sed j=1 I "1 (5.52)
J#

theorem 5B, the
which is a form of A diagonal dominance theorem; shown in fig. 5.14.

 Following theorem 5D, stability conditions for both Sr and S can be

derived.

Theorem 5.16

Let Sr be closed loop stable in the sense of theorem 5D, i.e. its
bounded input transforms produce bounded output transforms and are holomorphic

in the domain Q. A sufficient condition for S to be similarly stable is any

one of the following :

@ vl <1-flwes) -w e <1 C L +ee(5.53)

If Ar(s) is chosen such that A(s) = Ar(s), then

@) . |[w(s)]| <1-inf,|l (+a(s)” ceis) K| <1 | e 2+ (5.54)
1f || A ()] = [[AGs)|| <1 and [|I]l =1, then

(3 ()l <1 = (fe (s) R (s)|[ /-] A ()] D) <1 | vee(5.55)
1f Ar(s) = A(s), then

@ les) = A ()] < glb(I+a(s)) = [[ G (s) K.(s)]| < glb(I+A(s)) ... (5.56)

)y |l Qr(s)ll < IlAr(s)” + glb A(s) - || G, (s) k()] < ”’Ar(s)u +glb A(s)
' ees (5.57)

If Ar(s) = A(s) = 0, Kr(s) # 0, then,
6) Q) < 1-1]l6,(s) k()| <1 ve+(5.58)
R -1
M el <lixel™ - lle el < |k &) cee (5.59)

=1
where wr(s) = (I+Ar(s)) (Qr(s)-Ar(S)), Qr(S) = Gr(S) Kr(S). Ge(S) = G(s)

1o
~G_(s) and the greatest lower bound glb A = Wa | .
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Proof : Since W(s) can be written as wr(s) + W(s) - Wr(s), for stability,
theorem 5D gives ]]Wr(s) + W(s) - Wr(s)|| < 1. Since Ilwr(s) + W(s) - wr(s)H
< ||Wr(s)H + || W(s) - Wr(s)||= E(s), hence provided E(s) < 1, it is sufficient
to deduce that || W(s)]| <1. since || || >0, then1 - || |} €1, condition
(1) follows, thus S is closed loop stable. The extreme {neqdality ” Wr(s)”
. €1 in condition (1) indicates that Sr is likewise stable. However, if
| E¢s)|] > 1, the status of I wesyll < i or ||W(s)]| > 1 is uncertain,

Condition (2) is a consequence of condition (1) when Ar(s) = A(s), and
inf, || || is taken w.r.t. all matrices A(s) which make || || a2 minimum. The
proof for stability of S, i.e. IIW(s)Il < 1 is exactly the same as in condition
(1) as condition (2) is a special case of condition (1).

The remaining conditions (3) to {7) are special cases of condition (1),
Hence stability of S i.e. ||W(s)| <1 is.guaranteed-;f condition (1) is true,
as the proof for stability of S in the remaining conditions make use of that
for condition (1). The remaining conditions are now derived.

Since || W(s) - Wr(s)ll = || (1 + A(s))-l Ge(s’ Kr(s)ll <slla+ A(s)-ln
| 6,(s) K (s)|| and that]| (T + A(s)'lll €1/4 - || Ay if || acs)]| <1
and || I || =1, condition (3) follows.

Condition (4) is obtained from condition (2) by isolating || (I+A(s)) }||
as ||Wr(s)|| g]las+ A(s))-lll ||Qr(8)|| and multiplying the inequality
throughout by 1/|| (I + A(s))-lll. |

Condition (5) follows by isolating || Qr(s)" from || Qr(s) - A(8) ]| .
Condition (6) follows from condition (2) by putting Ar(s),- 0, thus Wr(é) =
Q_(s), and condition (7) follows from condition (6) by isolating || Gr(s)ll from
o ol -

Q.E.D.

Some of the bounds are stronger than otﬁers, particular strong ones
being conditions (1), (2) and (6)., Howcver their main advanﬁage is that they
provide a range of flexible margins to the designer and are expressed in

different forms suitable for computation. The stability bounds above are
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analytical in nature but can also be interpreted in graphical forms. For
example, for closed loop stability of S_ and S it is seen that llwr(s)|iin
conditions (1), (2), (3) and (6) must lie in the inner circle, concentric
with the unit circle, centred on the origin of the Nyquist plane. The design
and graphical interpretation can be made more flexible, for example by choosing
Wr(s) such that Sr is diagonal dominant.

If A (s) = A(s) = diag'{qul(s),...qrmm(s)}, then from the definition of

Wr(s), W(s) and eqn. (5.52)

. |
| W(s) = W (s)f| = max; sup_ .o 521 RO R WHO] vee (5.60)

Substituting eqn. (5,.60) in exp. (5.53) (condition (1) of theorem 5.16)

yields
m . T on
max; S“Psesn.jil lagg5¢)] < max; sup caollisa,; (e)] - jillqeij(s)l}‘
4

< |1+qrij(s)l v+ (5.61)

The graphical interpretation of eqn. (5,61) can be evaluated as follows,
Define Ri(s) = |1+qrjj(s)l - .gllqeij(s)l' Consider the Nyquist loci of the
diagonal elements qrjj(s) of Qr(s) be drawn, with appropriate Gershgorin circles
drawn around them, Then the systems Sr and S are closed loop stable if the
second band of circles of radius Ri(s) centred on qrjj(s) contains the first
band (the Gershgorin band) and does not overlap the (-1, O) point. This is
shown in fig. 5.14. Interpreted in this way, it is seen that condition (1)
of theorem 5.16 is similar to the graphical interpretation of theorems 8, 9,
13 and 14. (figs. 8, 9, 12 and 13). For stability of S, the second band must
~ not contain the critical point.

The other conditions of theorem 5.16, expre (5.54) to (5.59 ), can be
interpreted in a similar way. Other than obtaining a diagonal dominance

condition in Sr’ it has also been suggested that by choosing various canonical

structures for A(s), example diagonal or upper or lower triangular, different
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for discrete system; (the smaller circles
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stability), theorem 5.29
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versions of Nyquist loci with bands centred on them can be obtained. This
will offer’greater'flexibility and‘choice in designs, but the stability
conditions of theorem 5.16 will still hold fofaér and S.

It is noted that the contraction mapping principle does not derive the
Nyquist criterion. The latter is automatically satisfied if the system is |
stable. Even if Sr and S or both are open-lobp uhstable, but using the
contraction mapping principle,are shown to be both closed loop stable, then
the Nyquist.criterion is automatically satisfied by Chen-Hsu or Rosenbrock's

stability theorem, theorems 5A and 5B.

Stability of sub-optimal controllers by contraction mappiné principle.

Consider the optimal linear regulator problem for systems S and Sr,'with

performance indices

< —

J=<x,Qx >H + <u, Ru)H o | vee(5.62)
n m
Iy = <X Q% >y *+<u, Ru>, _ +ee(5.63)

T m
where x € Hn’ X € Hr’ ué Hm and Hn’ Hr’ﬂﬂm are (nxn), (rxr) and (mxm)
Hilbert spaces with Q > O, QM >0 and R > 0. It is well known that for a

controllable pair Sr (Ar’ Br), the control law u = —err wherg )

K_=R B P vee(5.64)

and P is the solution of

1 .
t - t
Ar P+ PAr PBr R Br P + QM 0 b.3(5.65)

* .
minimizes eqn. (5.63), JM‘ = <X, er> and when implemented, the closed loop
system Sr (Ar - Br Kr’ 0) is stable i.s.L. (in the sense of Lyapunov). Now
consider controlling S(A,B) with u, = -err l.e, u, = -Ker yhere Xr = 7%
and Z is the aggregation matrix of Sr and S. It can be shown that the use of

the sub-optimal controller, Us, in S results in the value of the criterion

function J = <x, Tx>, where T satisfies23,
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RN t t N
(A—Ber) T + T(A—BKrZ) + Z Kr RKrZ +Q=0 ves(5.66)

provided A-BKrZ is a stability matrix. This is not always the case23.
Sufficient conditions are now derived to show when A—BKrZ is stable,
For the systems described by the state space equations S(A,B), Sr(Ar’Br)’

with.us'= -K 2X, U = =K % , the equivalent form of eqns. (5.47) and (5.48) are

Ar(s) xr(s) + xr(s) - Ar(s) x;(s) - &(s) B_ R_x_ + &(s) xr(O) ....(5.67)

AGs) x(s) + x(s) = A(s) x(s) - ¥s) B K_Z x(s) + &(s) x(0) e (5.68)

where @r(s) = (sI-Ar)-l, P(s) = (sI-A)-l, xr(O), x(0) are initial conditions
and the terms Ar(s) xr(s), A(s) x(s) are as before added to both sides of the
equations to invoke greater flexibility in the stability margins. Rewriting
eqns. (5.67) and (5.68) in the form y(s) = Wy(s), whé;é W is a mapping from
the Banach space Y of bounded holomorphic functions defined in the interior
of a semicircle of radius R and boundary 93Q in the right half complex plane

into itself, one obtains,
-1 : ' :
W.(s) = (I+A (s) (A (s) - &(s)B.K) : eee (5.69)
=1
W(s) = (I+A(s) (A(s) - (P(S)BKrZ) ees (5.70)

where Wr(s) and W(s) are (rxr) and (nxn) matrices respectively. Consider

augumenting Wr(s) by block matrices such that

r(s) ; x12(3)

LN R L B BEIE AN B B IR N N BN N BN N ]

218 XK,(8)

wr' (s) = -Of(5.71)

] : .
such that wr (s) is (nxn) and le(S)’ X21(s), X22(s) are general matrices of
appropriate dimensions. :
Thus from exp. (5.53) of theorem 5.16, a sufficient condition for closed

loop stability of S i.e. for A-BK Z to be a stability matrix is

fws I <1 = iwes) -w! ]
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e

Y-

max, su
; SUP

n n
S€30 E w;ij(s) <1 - max, sup_ a0 JE {w,,(s) - W'..(s)}...(s 72)

j=1
Tﬁe Xij(s) matrices in eqn. (5.71) can be chosen to test if exp. (5.72)

is satisfied. Although exp. (5.72) is conservative, nevertheless it illustrates

that.the ¢ontraction mapping method is a rigorous method of invoking sufficient

stability conditions. Because optimal control is restricted in design, once a

performance index is cﬁosen, there is no room for alteration if the sub-optimal

controller happens to be unstable, At best the values of Q and R must be

adjusted afterwards in eqn. (5.62) such that exp (5.72) is‘satisfied. But

then the sub-optimal control is only stable and near optimal to a performance

index not specified earlier.

-

5.4 Stability investigation by system eigenvalues and closed loop
- characteristic polynomial.

The stability of closed loop systems can be studied from investigating
the behaviour of its c.l.c.p. (closed loop characteristic polynomial),
For

- 21
Rr(S) = (I + Qr(s) Hr(S)) Qr(S) ee+(5.73)

the c.l.c.p. is the least common denominator of all minqrs of Rr(s) and the
o.l.c.p. (open loop characteristic polynomial) is that of Qr(s).

For stability it is required that the c.l.c.p. of Rr(s) have inertia
In(0, r, 0) i.e. it is a Hurﬁitz polynomial. The Routh-Hurwitz (R-H) stability
test involves finding conditions where all roots are confined in a certain
region in the complex plane, namely, in the left half complex plane (the
problem in the large). However, establishing conditions in the R-H test for
stability between S and Sr is difficult, and if such conditions exist, the latter
may be impractital, Below, two known polynomial theorems are modified and
adapted to investigate the stability between S and Sr'

Let the c.l.c.p. of Sr be
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T r-1 - .
dr(s) =s +csh,, e v2+(5.74)

and assume that it is a Hur witz polynomial of inertia In(0,r,0).
n-r
Now consider n-r factors II (s+Ai), where Rg(ki) >0, Vi, and if
=1
Im(ki) exists, it occurs in conjugate pairs. Consider the modified c.l.c.p

of S as
T

n~r
d/ (s) =d.(s) iEI

(S'+>\i)v = Sn + amsn 1+ .'.arl A (XN (5.75)

and let the c.l.c.p. of S be

d(s) = sn + ansn-l + e azs_ + al oo (5076)

and let

' qbi = ai - ari : | ‘ eee (5.77)

Theorem 5.17
Sufficient conditions for closed loop stability of S if Sr is likewise

stable are:

0

M gy =2 D™ ab 50, k=1,..m ee. (5.78)
. i
i=8
with j = 2k-i,
‘B =1 for 2k-1 < n,
= Zk-n for 2%k-1 > n,
6 = 2k-1 for 2k~1 < n,

e n+l for 2k=-1 > n
n ) ' .
@  a>-min g, R A ) (.79

Proof : The above is based on a theorem given by Shane and Barnettzo. 1f

each coefficient a_. of eqn. (5.75) is changed by the addition of q bi of
eqn. (5.77) and if exps. (5.78) and (5.79) are satisfied,then d(s) of eqn.,
(5.76) is a Hurwitz polynomial of inertia In(O,n,0) given d; (s) is a

Hurwitz polynomial of inertia In(0,n,0). Thus S is closed loop stable,

Q.E.D.



-13} -

0 : In—l

Let A be the companion form matrix of d; (s), i.e. A= ';"":""""
- rl.’..' -am

and let P = (pij) and Q be positive definite matrices. Then,

Theorem 5.18
Sufficient conditions for closed loop stability of S if Sr is likewise

stable are ¢

(1) AP + PA = —Q | e 1 (5.80)

(2) ai-ari =qP ; i= 1,2,..;n eee(5,81)
n

(3) ,-Amin(o)/eiflp:i) <q . +++(5.82)

where Amin(Q) is the smallest eigenvalue of Q.

Proof : The above is also based on a known.poljnomia.l'result.z»q

If the
conditions of theorem 5.18 are satisfied, then the inertia of d(s) of S is
the same as that of d; (s) of S.» Hence d(s) is a Hurwitz polynomial given
d; (s) is a Hurwitz polynomial.

The disadvantage of theorems 5.17 and 5.18 is that the theorems are
expressed in algebraic forms which makes the stability regions complicated
and unattractive to design, It is also noticed that the augmentation of n-r
spurious roots ?i:(s+ki) to dr(s) to obtain d; (s) in eqn. (5.57) involves .
computational i:bour. A theorem is next given where stability margins are
easily expressed in graphical form and more amenable in design.

For convenience, define the companion canonical structure matrices

" for d(s) and dr(s), although other forms may be assumed,

0 ; I, 0: 1,
M= oosoo‘oooooooooooo' , Mr- 00:00.to.oonno|ooocn ...(5.83)
-al -azguoo -a -arl -arZ’,".-aI‘n

n
where M and Mr are of dimensions (nxn) and (rxr) respectivefy. Define M£ as

Mr X=0
M' ..- ’ LN ] 5.84
r Y . (5.84)
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where X, Y and W are arbitrary augmented matrices such that dimension of M'
: ; . -
is (nxn). If X = 0, from Schur's formula29

o e 1
det M’ det(Mr) det (W ™, "X) «s+(5.85)

. = det (Mr) det (W)

which means the n eigenvalues of M£ are those r of M and the spurious n-r

of W.

Theorem 5.19

Let A;j be the eigenvalues of M; » J=1,...n and let B be an arbitrary

complex number. Then S is closed loop stable, i.e. M is a stability matrix if

(1) Re(l;_.j"‘ﬁ) < 09 Vj ' "'(5.86)

 —

(2) ¥ ¥ -I+pu P| infic(P) < lRe.()\'rj*'B)L A4 | eee(5.87)
where P in general quasi-diagonalises M; .

Proof : The above is a direct consequence of theorem 5.1. If the circles
centred on Re(l;j+8) do not overlap the imaginary axis all eigenvalues lj of
M lie in the left half plane, thus c.l.c.p. of S is a Hurwitz polynomial,

hence S is stable,
‘ Q.E.DI

The graphical interpretation of the above theorem is similar to fig.
5.11. The theorem is more flexible than the'polynomial theorems of 5.17 and
5.18 in that M; need not be a stability matrix. Provided B is so chosen suchv
that Re(l;j+8) < 0, it is possible for exp. (5.87) to be satisfied. Suppose
dr(s) is Hurwitzian, i.e. Mr is a stability matrix. To use theorem 5.19, n-r .
spurious eigenvalues kr+1,.,}knpf W must be chosen in conjunction with r
eigenvalues Al,...kr of M .

A convenient canonical structure for W is usually chosen where its

eigenvalues can be easily determined and Y can be chosen such that || || in
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exp. (5.87) is minimized. Other canonical forms for M; can be chosen by
-1 \

using the similarity transformation TM; T , but the simplest form is M;_ =

diag{l;l,.,.k;h} assuming the eigenvalues of M; are found beforehand.

Assuming M; is simple, condition (2) of theorem 5.19 becomes
|| M-aiag{At +B,... AL 48} < IRg(X'I,j+B)|. Vi ees (5.88)

and B can be chosen to obtain thé sharpest bound.

If the dimension>Rr(s) of eqn. (5.73) is large, then determining the
c.l.c.p. is not computationally attractive. An alternative procedure is to
make a minimal realization for Qr(s) and Q(s). For simplicity assume the

feedback matrix Hr is a constant. If Qr(S) and Q(s) are minimally realized

by
Sr : xr = Ar‘xr + Bru St x=Ax +Bu
y = Crxr : y = Cx eee (5.89)
u= -Hry u= —Hry

vthen eqn. (5.89) is controllable and observable, its system eigenvalues equal
to the zeroes of the c.l.c.p. Thus dr(s) = det (SI'Ar +B_ H_ Ct) and d(s)

= det(sI - A + BHr C)e M and M; in eqn. (5.83) are identified as

A-B H C . 0
r r r r .,
= - L™ . .e s
M A BHrc , Mr ......IQ......:. (5.90)
Y W

Theorem 5.19 can then be applied.
The state space matrices in eqn. (5.89) can be obtained from, example, Ho

and Kalman's algorithmzs. In general, if
‘ -l 22 23
Q(s) - Q(m) + Hos + Hls + st + vene

i

where Q(s) is dimension (qxp) and h(s) is the least common .denominator of

Q(s), define
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H Hl L N llr-l

o .
0O * block diag (I )
T- Hl Hz .... Hr M= o...':OCQOOODO..O‘."QQQQ..
Hr_l Hr XX Hzr_-zJ -frIq: -fr—llq' . o.-fqu

Suppose K and L are (qr x qr), (pr x pr) nonsingular constant matrices such

that KIL on o In,qr In,pr’ where In, . (InO), n being the rank of
. Th A,B,C) is given by : A= I t :B= t
T en S(A,B,C) is given by 1,qr KMTLIn,pr’ B In,qr KTIp,pr’
cC=1 TLIE .
q,qr n,pr

Theorem 5.19 can also be adapted to investigate stability of S by
the multivariable root loci (characteristic frequency loci of Qr(s)) of Sr'
Suppose Qr(s) is the return ratio matrix for a linear multivariable feedback

22

system, Sr s then following MacFarlane™“, Sr can be associated with a set of

characteristic algebraic functions by means of the characteristic equation
A (%,8) =det[2 T ~-Q(s)] =0 | ‘ e++(5.91)

where m is the dimension of Qr(s) and A(%,8) is irreducible over the field of
ratioﬁal functions in the complex variable s. If Ar(z,s) is regarded as a
polynomial in 2 with coefficients which are rational functions of s, i.e.
zr(s), thenlr(s) is called the characteristic gain function of Qr(s) (in the
above sections, lr(s) is termed pr(s), the characteristic loci of Qr(s)).
However, if Ar(k,s) is regarded as a polynomial in s with coefficients which
are rational functions of %, i.e. sr(k), then sr(l) is called the characteristic
frequency function (multivariable root loci) of Qr(s). Here the algebraic
functions 2r(s), sr(z) can be defined on their appropriate Riemann surfaces.

It is also known that the multivariable root loci are given by the

solution of the equation

er(S) Py (s) e (s) b (s:k) =0 | ’ ve0 (5.92)

for s in terms of the scalar gain parameter k. Here bmr(s,k) is such that
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det [£ (s,k)T_ - F_(s,k)] = b, ($)ET (s,k) + blr(S)fﬁ:I(S.k)

+ coee bmr(s,k) =_ 0

where Fr(s,k) = Im +k Qr(s), er(s) is the least common denominator of all
non-zero non-principal minors of Qr(s) with all factors common to bor(s)
removed, pdr(s) has as its zeroes the decoupling zeroes of Sr’ and pxr(s)

has as its zeroes those poles of Gr(s)’ Kr(s) (assumed feedback matrix Hr(s).
= I) which are lost when Qr(s) is formed. It can also be shown that provided
pxr(s) ¢ pdr(s) # er(s) # 1, the multivariaﬁle rqot loci for the system of

fig. 5.15 are given by

P () =0 . - -+ +(5.93a)
Py () =0 | | | s (5.93b)
e (s) =0 ' - , eee(5.93¢)
2rj(8) - -llk o '(5093d)

The last equation, (5.93d) is a direct generalization of the classical
single log root locus. The first three equations give singie point solutions
that are invariant with gain k. A similar sét of equations can be written for
S. Assuming the non-existence of single points, i.e.'px(s) = ﬁd(s) = e(s) =1,
then 2(s) = ~1/k gives the multivariable root loci for S. A.theorem relating
the multivariable root loci of Sr to that of S can be now constructed as

follows.

Theorem 5.20

Let Lrj(k) and Lj(k) be (nxn) and (rxr) companion form matrices of

the polynomials Rrj(s) = -=1/k and 2j(s) = -1/k, respectively, as k varies.

Define

.

-
t ij(k) o,

\ _
Lrj k) = X Z| . where Lrj (k) is (nxn) and

. [3 . . t. '
X and Z are arbitrary matrices of compatible dimensions. " Let p .. and p..
rji i

t .
be eigenvalues of Lrj(k) and Lj(k) respectively, Then S is closed loop
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stable if:

t
(1) Re (p,; +8) <0 Vi, Vi (5.94)
. i t t
(2) I L, ()L ) [l ing k(ey) < IRe(prji +8) Vi, Vi (5.95)
(3) Existence of singular point loci (if any) occurs in the left hand
plane.

Proof: The eigenvalues of Lrj(k) and Lj(k) are the solutions of the

polynomials lrj(s)- -I/R and lj(s) = -1/k, respectively, as k varies.

] By theorem 5.1, conditions (1) and (2) require that the multivariable

root loci of S be confined in the left half L-surface.

Since there are m sets of root loci Zj(s) = -1/k, j=l,....m, each set

can be shown on an appropriate Riemann surface. However, for the case m=l,
then the single loop classical root locus defined on a single sheet of the
complex plane is obtained.

Single input-single output systems

In this case px(s) = pd(s) = e(g) =1, Hence

D s 2 B R ek — ————

Theorem 5.21

S is closed loop stable if
1 . '
) Re(o s +B) <0, Vi (5.96)

2) 1L =1 G| ing @) < [ReCops + @] V5 (5.97)

Proof:  Follows from theorem 5.21 with j = 1, (see fig. 5.16)

For multivariable systems, theorem 5.20 requires computing the eigen-
t
values of Lrj(k) m times. A differeac approach

to computing the root loci is via the state space matrices.
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If the triple (Ar’ B, Cr) is a minimal realization of Qr(s) in fig.

5.15, then the closed loop poles are given by
det(SIr - Ar +k Br Cr) =0 ) " ees (5.98)
At a closed loop pole, eqn. (5.93d), th(s) = -1/k holds, hence

det(SIr - A - Br Cr/er) = ( . ' cee (5.99)

The multivariable root loci can then be calculated as the eigenvalt‘xes
of (A + (Brcr/QrJ)) as 2 50 (hence as k) varies. The solution of eqn. (5.99)
also satisfies equs. (5.93a) to (5.93¢), hence obtaining the multivariable |
root loci by this method also includes single point loci. Similarly, the
eigenvalues of (A + (BC/Zj)) are the multivariable root loci for S where
(A, B, C) is a minimal realization for the transfer function of S. Here A
'is of dimension (nxn) while Ar is (rxr). To establish a theorem for the root

loci of Sr and S define,

A + (B.C /2. .) & : 0 ' -

rr’rj
T. -A+ BC 2. . T'. = ....0.0..0.....0:000 oo .
5 ( /J) ’ I3 v A (5.100)

where Y and W are arbitrary matrices with compatible dimensions such that T;E

is (axn). Then,

Theorem 5,22

Let A' be the eigenvalues of T' rj’ j=1,ceem, i = 1,,..r.

Then S is closed loop stable if :

@ | Ty - Ty T BI|| infic(P) < IRe()\'rji +8)] Vi, Wi © e (5.02)
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Proof : The proof follows exactly as given in theorem 5.19, If the above
conditions are Satisfied, then Tj is a stability métrix; i.e. the eigenvalues
. ljicfthe multivariable root loci of S lie in the left half plane, thus S is
closed loop stable,

It is noticed that theorem 5,22 is more flexible than theorem 5.20,
in the sense that numerically it is~1ess complicated, and, the bands can be

made sharper by tuning the extra parameter matrices, Y and W.

State feedback systems and eigenvalue assignment - f

Consider the system Sr with state or output feedback.

X, = Ar x. + Br u ;3 ym= Cr X, ee+(5.103)
U= -Kr L ;] us= -Kby
It is desired to implement u on S such that
Xx=Ax+Bu ; y=Cx . , ee(5.104)
u = -Kr Zx ,us= —Kby
where Z is the aggregation matrix between Sr and S, with x = Zx, The
' r:elau:i.c:mshipz3 between eqns. (5.103) and (5.104) is given by
AZ = ZA
r
Br . = ZB , *0¢(5,105)
CrZ ='C
Aoki23 first showed that the feedback system A + BKrZ is stable if

Z is chosen from the modal matrix of A, Generalizing a result of Vittal
Rao and Lamba, Hickin and Sinha24 showed that this is true for all classes

-1 +
of projective reduction techniques, i.e. for Z = (E;; . O )P where K = Et
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= (EEIE& ), the r columns of E are chosen to span the controllable subspace

. of the pair (PA, PB) and P is a projection matrix.

Theorem 5E24

For state feedback, let Af = A - BKr zZ, Arf = Ar - Br Kr’ then

(a) Afvi = Ai v, i=r+ 1’ r + 2’ se ol
' - g’ LI " i =
(b) 1If Af v,' = Ai Vi then Arf vito= Af A for 1 L, 2, seeT

where Ai is an eigenvalue of A and xf an eigenvalue of A e

For output feedback, suppose X"i is an eigenvalue of ArBKbC and My is

an eigenvalue of A_ -~ B XK C_, then
o ror

() Al =&, i = r+l, 142, ..n

@ A" o=y

1 1 i = 1’ 2. ...t

Theorem 5E is not true for nonprojective reduction techniques.
To determine stability between Sr and S for the latter class of
reduction techniques, a similar form of theorem 5.19 can be employed.

For state feedback, let

: Fr 0
F=ABKZ, F_=A-BK_ , F'' =
T r rIrr T Y w
for output feédback, let _
, 5 Fr‘ 4]
= A= = - 1 ' = ‘
F=A BKbC, Fr ‘_Ar BerCr and Fr . ¢ .

then

Theorem 5.23
Let A;j be the eigenvalues of F; (i.e. A;} consists of all the r eigen-
values of Fr and all the n-r eigenvalues of W). Then S is closed loop stable

ife

() Re(i. +8) <0 ¥ ~ T eee(5.106)
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® [F - F =8Il infk(®) < [ReOy +&)] Vi «e+(5.107)

Proof : The proof follows exactly that of theorem 5.19. The above conditions
establish the fact that Fr'~ is a stability matrix, when the inertia of Ff is
known (possibly Fr is a stability matrix).

Thus for the class of nonprojective reduction techniques, theorem 5.24
offers a computationally feasible method for assuring stability of S when
design is made on Kr' It is also noted that the theorem is applicable for
both state or output feedback whereas theorem SE of Sinh# and Hickin offers
only approximate (hence uncertain) soluti&n of stability for systems with
output feedback. The only disadvantage of theorem 5.24 is that it cannot be
used for eigenvalue assignment, but then so is theorem 5E for nonprojective

- -—

reduction techniques.

5.5 Stability investigation using Lyapunov theory

Stability determination using the Lyapunov approach is very useful
because of its generality30. In order to adapt Lyapunov's methods to stability
‘ inve#tigation of Sr and S, a domain of stability, Vc, that is common to both

S, and S is sought.

Theorem 5.24
Consider S0 : % = f(x) and S:xr : ir = f(xr). Augmeﬂt Sr by n-r states

3 % = =
i.e. % f(xat) where X . (xl,... X

t
ar ] xr+1'oooxn)l Both Sr and S are

T
asymptotically stable if there is a Vc(x) 4 V(x) (\var (xar) > 0 such that

Vc(x) < 0 for both Sr and S,

Proof : Sar is asymptotically stable if there 18 a var(xar) > 0 such that

var(xar) < 0, and, S is similarly stable if there is a V(x) > O such that
V(x) < 0. Hence Sr and S have a common region of stability for Vc(x) & V(x)
r\var(xar)' The fictitious n-r augmented states can be chosen such that the

augmented equations are stable,
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If a Vc(x) exists, theorem 5.24 only provides a sufficient condition

for stability of Sr and S, however the theorem is quite generél in its

_presentation. For linear systems described by state space
Barnett and Storey have obtained sufficient conditions for
(A, B, C) is perturbed to (A', B', C'), which is a special

‘F&r the systems of eqns. (5.103) and (5.104), in the
Fr11 = s Ar - Br Krv
F F

11

F21 F

12| Fa

F= ArBKrC = F

where Fr12’ Fr21 and Fr22 are arbitrary augmented matrices of compatible

dimensions. Then,

" —

Theorem 5.25

Sufficient conditions for F to be a stability matrix provided that F;

r2l .

equations (A, B, C),
stability when
case of theorem 5.24.

sequel, let

F

F

rl2

r22

is also a stability matrix, i.s.L., are either of the following :

@  §; "R tPy Fan P fen

t. t

2519 - = P11 Fer2 * Pyg Fagp = Foqq P1o T Fegp P

. o = t t
Ry " Pi Fera * Pyp Fanp * Fern Pyo * Fep Bo

P..F.. +P°_ F

Sgp - =Ry ¥ Py Fop * Py Fon

22

- | -1 _ - t 1
(®) 5y =Ry +Fgp Q- GpRyp) @ Q)
-1 _ _ -1

§12 Rio ¥ Fa1a Qo = 15937Ry) Qp Q)

¢ ¢ -1 . ¢ -1

"Rig =Sy *Fpy Q7 (5557Ry0) Q; Qpy

-1 t t -1
S22 Ry * Fap Qp * (515%R1p) @y Oy

¢+ (5.108)

vse (5.109)

!

i

cer (5.110) |

where P, Q are arbitrary positive definite matrices that satisfy the Lyapunov

' .
equations F; P+P F;t = -N, F; Q + QFrt = -M,where N > 0, M > 0 and § and

R are arbitrary skew and positive semidefinite.
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Proof : From a result of Barnett and Storey27, A+B is a stability matrix
given A is a stability matrix if B = P-I(S-R) or if B = (S-R)Q where S and
R are arbitrary skew and positive semidefinite, and P and Q satisfy AP + pAt
= =N, AQ + QAe = =M, the usual Lyapunov equations. Thus F; of eqn. (5,108)

is a stability matrix if

]
' x" - - '
Fr P+ PFr . Q | ese (5.111)

Identifying B with Fe = F-F; in eqn. (5.108) it is seen that F is a
stability matrix given F; is a stability matrix if

1

F, =P (S-R) e (5.112)

i.e. PF = (S-R) L eee(5.113)

or Fé = (S'R)Q = ‘ : see{5.114)
-1 ,

’ ioeo FeQ ., = .(S-R) . oee (50115)

Partitioning the matrices as

Fair  Fer2 Fir " Fio T Fra P11 Pi2
Fe - = ,P- t
LFeZI Fa2s For "Fra1 Fop = Fppp P1a Py
T Y S 512 Ry B2
Q= : , S L R=
& ¢ t
Q, Qs =512 Sy Ry Ro2

and substituting in eqns., (5.113) and (5.114) with direct expansion yields
eqns., (5.109) and (5.110). A similar set of equations can be written for
eqns, (5.112) and (5.115).

These sets are only sufficient conditions for F to be a stability matrix
based on F; being a stability matrix. It is noticed that the unaugmented

matrix Fr = F need not necessarily be a stability matrix. This is nade

rll

possible by the intercomnecting elements, given by the 'off diagonal terms'
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of the sub-matrices P12’ P21, le, Q21 etc. that coupled Fr to F; « The

'interconnecting elements' correspond to the tuning factors a and B in the

frequency domain stability theorems. To simplify matters Fr12 or Fr21 in
] ] ® 2 a0 . .
Fr can be set to zero. Thus Fr is a stability matrix if Fru and Fr22

are stability matrices. A camonical structure for Fr22 can easily be set up
with known eigenvalues.

Much simplification is still obtained if Fr' is decoupled, i.e. the
'off diagonal elements' sub-matrices of Fr' » P and Q are set to zero, In
this case, eqn. (5.111) becomes

t

Frn O Pn © Pn O [{Frn O Q1. ©
+ )  me-
0 Fr2 o Py O Pypil% T2z 0 Q0
t P cq2
where Frll P11 + P11 Frll Qll indicates closed loop gtablllty for reduced

model and Fr22 and P22 are so chosen to satisfy F

and eqns., (5.109) and (5.110).

t
r22 P22 * Fo2 ¥ Frop = "
Although decoupling simplifies the stability conditions and lessens the
choice of parameters, it is éompensated by weakening the stability conditions
of eqns., (.109) and (5.110)., These conditions do not offer an easy graphical
interpretation, hence in certain cases,their applications to design are

restricted. Being of an algebraic nature, their main value lies in theoretical

utility, like providing a link in proving theorems.

5.6 Extensions to discrete systems

In dealing with discrete systems the unit modulus circle in the z-plane
plays the fundamental role in contrast to the D semi-circle in the s-plane for
continuous systems, It is well known that det F(z) = c.l.c.p./o.l.c.p. where
c.l.c.p. and o.l.c.p. are polyr}omials in terms of the variable z., Thus if
det (F(z)) mapped the O contour, the unit circle centred at the origin and

the outer circle of infinite radius, in the z-plane into the closed curve T
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in the frequency response plane, the well-known stability theorems in terms of
return difference and return ratio matrices and characteristic loci apply
exactly for the discrete as for the continuous system3. The stability theorems

in the earlier sections can be modified below.

Theorem 5,26

Let p (z) (resp p (z)), t (z) (resp. A (z)) be the characteristic
10c1 of Q (z) (resp. Q (z)), F (z) (resp. R (z))where the symbols have their
usual meaning as in theorems 5.1 to 5.15. Further let B+prj(z) (resp. a+prj
(z)) and E+trj(z) (resp. q+irj(z)) map O into B+I‘rj (resp.,a+§rj) and B+Arj
?resp. a+Arj) respectively.

Then the conditions for clbsed looﬁ stability of the discrete multi-
variéble system, S, are exactly the same as those giézh in theoremsKS.l to
5.15, exéept that quantities in s-variables are replaced by quantities in

z-variables.

Proof : The proofs follow exactly the same lines of argument as those given in
their continuous counterpart, since det F(z) = c.l.c.p.(2)/o.l.c.p.(2) and

det F(s) = c.l.c.p.(8)/o.lec.p.(s).

Alternatively, instead of direct mapping from z-plane into T', the
contour O can be mapped into a fictitious 's' plane via the bilinear trans-
formation z = (1+W)/(1-W). This W plane has the same stability boundary as
the ordinary s-plane, and a second mapping by prj(W), det fr(W) etc., will
transform the fictitious 'D contour' into I', the usual Nyquist frequency domain.
This extra effort has the advanﬁage that the classical Nyquist contours,
obtained in this way, offer familiar design techniques to the designer,

The state space matrices S(A,B,C,) describing the discrete multivariable

system as
Kap T AR By
Yy - ka k =1,2..., eee(5.116)

W o R %




and the associated Lyapunov equation is

t

Fy

R. Fd - R=-M 000(50117)

where F > 0 and M > 0 and Fd = (A + BKr Z) is the discrete closed loop system
matrix (assuming state feedback). For Fd'fo be a stability matrix, it is
required that all eigenvalues, |lj(Fd)| <1. |

The continuous version of theorem 5,25 can be easily adapted to the

discrete system of eqn. (3.116) by using the transformation

M
F= (Fd - I) (Fd + I) ) 000(5.118)

Here the interior of the unit circlé i# mapped into éhe left half region
of the complex plane, hence the stability of eqn. (5.116) can be determined
by the direct application of theorem 5.26 via eqn. (5.}18).

Stability of the discrete sysfem can also be determined from the Lyapunov
equa;ion of (5.117) and the c.l.c.p. of the controllable and observable state

space system. Suppose

a () =A%+ e AT 4 e -+2(5.119)

in the c.l.c.p. of Sr' Let'Fr represent the companion matrix representation

of eqn. (5.119). Augment Fr(rxr) such that

' ™
F! v+ +(5.120)

is (nxn) and is a stability matrix, i.e. F; satisfies

Ul =
\J - [ :
Fr ?Fr P Q . v00(5.121)
Similarly let Fe = F - Fr' 00.(5.122)

where F is the discrete system matrix of S(A+BKrZ). Then, f
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Theorem 5.27

F is a stability matrix given Fl is a stability matrix if :

o, |
(1) F, = (R=-1{P) (RY + {FY + FF) ees (5.123)

where Y is symmetric and satisfies the Riccatti-type algebraic equation
't * =
YPY + F 't PY + YPF ' +Q =0 e00 (5.124)

where Q° is any symmetric matrix for which (Q+Q°) > 0, R is any skew-

symmetric matrix and P any solution of eqn. (5.121) .,

Proof : Theorem 5.2] is an adaptation of a matrix result of Shane and
Barnettzo. If the roots of F; are inside the unit circle, then the root-
distribution of F; +B is unchanged if B satisfied eqn. (5.123).

Anqther result can also be stated in terms of the c.l.c.p.'s of St and

S. Suppose at(k) in eqn. (5.119) is augmented by n-r spurious roots all with

modulus less than unity, i.e.

n=r
' - = n n-1
ar (A) ar(X) iI-Ila"'di) A + bml + se0e obrl ese (5 0125)
and let a(d) = 2% + b A" Ne L.l b, | vee (5.126)

where a(l) is the c.l.c.p. of F. Then

Theorem 5.28
S(A+BK.Z)is stable if Sr(Ar+BrKr) is stable and if :
(1) b; = b_. =qa, /(2+qp ) i=1,...n eee(5.127)
where either

n
(2) q >0 or -2q/(2+qpnn)2 < xmin(Q)ifl aizn ee e (5.128)

where P = (pij) is a solution of eqn. (5.120) (F; in this case is the

companion matrix for a£ (A)) and @ is the in™ element of F;'3P.
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Proof : The above is also an adaptation of a known polynomial resultzo. The
root distribution (inside the unit circle) of the polynomial a; (A) is
unaltered, if a; (A) is perturbed to a()), where a; (A) and a()) are of the
same degree, and conditions (1) and (2) are satisifed. Hence Iljl <1, Vi,
if |A£3I <1, Vj. Thus the discrete system S is stable given S, is stable.
The results of theorems 5.27 and 5.28 are in algebraic form, and can be
very conservative when it comes to design. A graphical result is thus needed

that is more amenable to computation and design. To this end, an equivalent

form of theorem 5.19 for discrete systems is sought.

Theorem 5.29

The discrete system S(A—BKrZ)'is stable if :

W g +8l <1, Vi | | ver (5.129)

~

2 |lF-F - 81l intc(® <1~} +8l, Vi vee (5.130)

1f F;. = diag(k{l,... A;n), eqn. (5.130) can be replaced by
(3) ~||p - diag(l;l + 3,....A;n +#)|| <1~ IAgj + B| | R vi] eee(5.131)

Proof : Theorem 5.2 is the discrete version of theorem 5,19, Here the
circular bands are all contained within the unit circle instead of lying in
the left half plane. Thus if the conditions of the theorem are satisifed,

no band can overlap the boundary of the unit circle, hence all roots of F lie
in the unit circle, thus S is closediloop stable.

Q.E.D.

The graphical interpretation of theorem 5.29 is shown in fig. 5.17.
Again, as with the continuous case, theorem 5.29 is more flexible and

easy to implement than theorems 5.27 and 5.28. Also, theorem 5.29 has the

advantage that the reduced model Sr need not be closed loop stable to determine

stability of S.
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Conclusions

The results in this ghapter are mainly of theoretical interest, however,
they are of gréat practical value if used in conjunction with interactive
graphics. The main result was given in terms of original model stability
based on reduced model stability. The bounds for original model stability
could be adjusted'by 'tuning factors' o and B8, and engineering constraints
can be accommodated. The optimal choice of o and B can be found mathematically,
but the best choice in the engineering sense is 'an art'. Here trial and
error adjustment is the best procedure in relation to system stability and
integrity. As graphical interpretations of these bounds afe necessary and
evaluation of them involves computation, computer aided design with'graphiés
is indespensable. C e | \

The stability conditions given are very general and they are applicable

to a wide class of design techniques, both vector methods and frequency response
methods. Adaptation of these results to design will be studied in the next

chapter.
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CHAPTER VI

BOUNDS FOR MULTIVARIABLE SYSTEMS DESIGNED

. USING REDUCED ORDER MODELS.

Intro&uction

The last chapter investigates the stability of multivariable systems
designed using reduced order models. This chapter is concerned with the
performance and integrity of multivariable control systems, designed using
such models, and, the adaptation of reduced models to various design
techniques. |

Multivariahle design can be classified broadly into two categories;.
namely, the state vector method and frequency response‘methoda. The first
method involves such techniques as ‘optimal controliéesign‘, where the
linear regulator problem with quadratic cost function is a popular example,
pole shifting and unity rank feedback, etc. where the central point of focus
here is the manipulation of the closed loop characteristic polynomial.
. Recently, attempts have been made to develop the multivariable root loci
design in the s-plane, a natural extension of the classical single loop root

locusl'o’41

+ The second method, using frequency response, are extensions
of the Bode and Nyquist plots for single loop.systems in terms of return
ratio and return difference matrices4. Examples of such methods are
Inverse Nyquist Array, Characteristic Loci and Sequential Return Difference.
These techniques are not algorithmic in nature, in contrast to pole
shifting and optimal control, for they rely very much on design experiepce,
but, they give more room for flexibility. Also, in contrast to time
domain methods, they often yield simpler controllers.

The chief interest in using reduced models in multivariahle systems

design iz to determine the degree of accuracy in the final phase of the
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design. To this end, it is desirable to find conditions to impose
error bounds on the transient response of the system. Aoki44 and Mitra45
had stﬁdied the role of reduced models in multivariable systems in terms
of the sub-optimal control problem. Ganderson and George had made error
estimates for the performahce of approximate dynamic systems using the
theory of differential inequalities and Lyapunov functions in the time
domainlg.

In this chapter, error bound§ are given in the frequency domain for
multivariable systems,deéigﬂdusing reduced models. The bounds are
general, and, the%i?pplied to all systems designed using feduced models,
the latter being obtained by any valid reduction technique . Some new
bounds for multivariable frequency response designsare.alsp given, where
they are not related to the topic of model reduction.

6.1 Some modified bounds for multivariable systems.

It is well known that stability of multivariable éystems can be
determined from characteristic loci encirclements46’4. Alternatively,
conditions can be imposed on the structure of the transfer function matrix
to constrain the characteristic loci in certain regions in the complex plane
to yield sufficient conditions for stébility, of which Rosenbrock's
diagonal dominance criteria is an examplel. Cook's2 modification of
Rosenbrock's result usiﬁg Gershgorin mean bands offers significant improvement,
on stability bounds, though it is more suitable for non-linear multivariable
systems, which will be discussed in Chapter Eight. Cook's result is
related to various theorems of Ostrowski 5, but in fact, thére are various
theorems scattertthere and there that determine stability bbunds, with
some giving sharper results than others. All these methods have one point

in common, in that it concerns solving the zeroes of the c.%.c.p. in the

large. The recent results of Araki et al.3 using M-matrix theory for
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investigating stability is related to the loci encirclement criteria

through a theorem of Ky Fanlz’18

» hence they are also concerned with solving
the zeroes of the c.%.c.p.in the large. One disadvantage of using M-matrix
approach is that a graphical interpretation of the results is difficult to
obtain.,

Some results for determining stability bounds are derived below, :
of which some are new and some known iﬁ other forms. They are related to

11 10,12

results due to Ostrowskis, Brauer =, Lederman, Kotelyanski and Ky Fan

Theorem 6.1
Let every qii(s) (resp. qii(s)) of Q(s) (resp. 6(5) map . D into T,

A
(resp. Fi). Then sufficient conditions for closed loop stability are:

1) T, (resp. fi) satisfies NC (Nyquist criterion), Vi
either (2) |1 +q;;()| > rA(s) = |a;; (2], ~ Vi,VseD
resp. 11+ 4@ > r@ed) - iyl 6D
or (3) |1+q,, (s) [>max; iij | a;;() | -min;, lqij(s)lcl-JETET},‘Vij, VseD
[resp. |1+ 4 (a2 pmaxy 2[4350 | = ming 1450 a-/8GeN]  (6.2)
or (&) |1+q;;(s) omax; (5 1935 G2 = minggleg; G| Qoo Vij,vsgn
[resp. [1+c'{ﬁ(s)|>maxi iijliij(s)l - minij|§ij(s)|(1—3(8))] (6.3)
or (5) |1+qﬁ(s) |>maxi i:j| 95 (s)| - minijlqij (s) | (1-4(s)), Vij, VseD

[resp. |14q,. (s) [>max, iij |aij(s)| - min, . [&ij(s)|(1-A(s))] (6.4)

or (6) |14q;; (s)|>max, ,rz lag; 2| - ets) (t(s)=y(s)), Vij, VseD
. 1¥]
[resp. |144;; (s) [>max; ‘i' [&ij(s)l - &(s) (£(s)-7(a))] (6.5)
1#] .
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where r(A(s)) = infll Il ex [§&%||A(S)x(s)llly x(s)||]is the spectral

radius of the non-negative matrix A(s), t,(s) = I lqij(s)l’ B = max

J=1
(ti(s)/tj(sn with t;(s) < t.(s), t(s) = max; t;(s), 7t(s) = min, t,(s),

o®(s) = (t(s) - min, . [q;; (81[1/(t(s)ming la; (o) )

A(s)=2(x(s)—miﬁ[qij(s)[)/(t(s)—Zminlqij(s)[+ [tz(s)-4minlqij(s)l(t(s)—
b

Y() = Ity )/m, () =[Ging|a ;)] /e¢e))minfag; ) T

and the superscript 'hat' * symbol denotes quantities relevant to the inverse
loci theorem.,
Proof:

12,5 ..10,5

A theorem due to Ky Fan and Kotelyanskii

gtates that the

characteristic loci of a matrix Q(s) lie in the union of discs
lo;(8) = q;;(8) | € n =By, (6.6)

where n is the spectral radius of a real non-negative matrix
B (i.e. byy > 0, Vi,j) where Iqij(s)l sbij A,i=lyeeem, L # i)

Condition (2) of theorem 6.1 is the direct consequence of the Fan-
Kotelyanskii theorem, and, if condition (1) is satisfied, no loci can
encircle the critical point, thus ensuring stability, Other conditions
are obtained as followus.

By the Perron-Frobenius theoremg for non-negative B (i.e. B 2 0) and

assumed irreducible,

n n
minn z b. s n s maxo 2 b.u (607)
Hence
ne-h,, $max. I ., ’ 6.8)
il 1 ,j#{ 1) ,
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To obtain the sharpest bound, bij 1s chosen as bij'g Iqij(s)[. Hence

from eqn. (6.6)

Ipi(s) - qii(s)l § max; I lqij(s)l (6.9)
j#

which is a modified form of Rosenbrock's diagonal dominance criterion

(Gershgorin's theorem). Sharper bounds to eqn. (6.8) can be obtained by

using the results due to Ledermann, OstrowskiiS and Brauers as follows

n § max; Elqij(s)l - minij Iqij(S)I(l-JB(85)v (6.10)
n & max; Elag; ()] ~ming lqp Q-0 6.11)
n § max, - zlqij ()| - ming Iqij )| - A)) (6.12)
n § max; quij(s)l - e(s) (t(s) = y(s)) (6.13)

Substitution of eqns. (6.10) to (6.13) individually into eqn.(6.6)yields a
sharper form of (6.9). By similar argument as in condition (1), sufficient
conditions for stahility can be ensured. The results follow, eqns. (6.2)

to (6.5). Theorem 6.1 is shown graphically in fig.6.1.
Q.E.D.

Consider the return difference matrix F(s) = I + Q(s) (H(s) = I).

By the Fan-Kotelyenskii theorem,s’12

125 ¢e) = £, ()] € n* = B}, | ' (6.14a)

where ki(s) is the characteristic loci of F(s) and Ifij(s)l < Bij

Theorem 6.2
a [ . ~
Let fii(s) (resp. fii(s)) of F(s) (resp. R(s)) map D into ri (resp. Pi)J
Vi. Then sufficient conditions for closed loop stability are exactly the
same as those given in theorem 6.1, except that the critical point is shifted

from '~1' to the origin.




b

pIm

Re . (-1 ’0) ‘
~

: ]1+?rj(s)+t(s)\ -

: € (8) + t(s) 1loci
z = (me2)¥(s) (3, () /

" Fig, 6.1 Exterded bounds(stability) Pige 6,2 Tllustrating theorem 6.4
for linear multivariable systems for stability of Sr and S

(I1lustrating theorem 6.1)

rj(s’Hrj)

3(lagy3()1 42 5%0,)

case when lqejj(s)' +a.rd> ay

Fig. 6.3 Bounds for S_ and S; illustrating theoren 649

Im

Fig. 6.4 Contraction mapping error

estimates for diasonal system's
design Zsee eqn. 13.455 S
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Proof: Choose |fij(s)[ = hij@ﬂ = bij(i#j). Since |1+qii(s)|sl+|qii(s)l,
choose |fii(s)| = b{i =1+ lqii(s)l . Hence n' is the spectral

"radius of B! = I.+ B. By the eigenvalue shift theorem n' = 1 + n, the r.h.s.
of exp. (6.14) becomes n' - bi.=1 +n —(1+bii)= n=b,;s Comparing this to
exp. (6.6) it is deduced that the radii of the bands remain unchanged, but
the critical point is shifted from '-1! to the origin. A similar argument
applies to the inverse case, since a(s) =1 + a(s) and by the eigenvalue shift
| theorem, nt =1+ ﬁ where n' and'ﬁ are the spectral radii of ﬁ(s) and a(s)
respectively,

Since the eigenvalues of a matrix are the same as its transpose, columns
instead of rows can also be considered in the above, with the eigenvalues
lying in the intersection of the bands, the sharper§§aﬁd being taken. The
results are shafper than Rosenbrock's diagonal dominance ériterion, in that only
the maximum or minimum row or colum need Se dominant, even so, very coarse
‘Yiagonal dominance' is required, rendered possible by the correction factors
min |qij(s)l0.‘ A(s)) etc. The results are also related to that of Araki®
et al, who used M—matrices6 but the latter has a computationally unattractive
graphical evaluation.

6.2 A multivariable theorem for reduced models.

An important multivariable theorem for‘reduced models will be derived
below, using a result due to Ostrowskilo. This theorem is very similar to
theorem 5.1 of Chapter V except that the radii of the discs are evaluated
by using the elements of Qr(si and Q(s) in a more straigﬁtforward and simple
manner., 4
Theorem 6.3

R v
Let prj(s) (resp. prj(s)) he the characteristic loci of QrCS) (resp.

Q (s)) and, further, let M(s) = max {|qz; G}, la;

(=) |} (resp. ﬁ(s) -
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. A a m m
e tag; )1, lq:;ij <;)I} ) and dy(s) = (I T LHOREWHONPILIE
(resp. d(s) = (I Iy la;;(s) = 4,53 [2/fiCs) ). Then p,(s) of Q(s)

(resp. 53. (s) of a(s) )} lies in the union of disc.
»
centre: prj (s) (resp. prj (sY) - (6.141)

radii: (m+2)M(s) {de(s) }llm (resp. (m+2)M(s) {de(s) }llm)
Proof: The above is a direct consequence of Ostrowskii's theoremlo; if

/m

mem

> Bj are eigenvalues of A and B € , then [Bj-ajl < (m+2M al

o,
J

vhere M = max {Iaij ls lbijl}’ Vij, and d = & lbij - a5 I ’ Vij. The

result follows,

'Ostrowskii‘s theorem can be modified to adjust the sharpness of tb[e
bounds. If Qr(s) is replaced by Qr(s) + t(s)I, then prj (8) is replaced by
Pr; (s) + t(s). Then ¥ (s) is contained in the disc lpj (s) - ('prj (s) + t(s) )|

< (m+2)M(S)’{de(8)}1/m, where d_(s) - (ifj lqij(s)-q;ij(S)—t(s)GijI)/M(s).

Vij, where the Kronecker Gij-l, Vi=j, Gijto’ Vi#j, and, M(s) =

max{lqrij (s) + t(S)Gijl’ lqij (s)l}’ Vij.

The disc centres are replaced by t(s) with appropriate changes in discs
radii. The tuning factor t(s) can thus be selected to minimize the area of
the discs f.e. min {1(s) (4, (s)!/™,

A stability theorem based on the encircleﬁxent‘ criterion of Prj (s) can

also be derived from theorem 6,3,

Theorem 6.4
» » - .
Let t(s) + pr.j (8) (resp. t(s) + prj (s))map D into rtj + t(s)
A o~ s °
(respe. rrj + t(s)) where t(s), g(s) are convenient ‘tuning! factors (in
general t(s) # I/E(s)). Then sufficient conditions for closed loop
stability of S are:

(1) Iy * () (resp. frj + t(3)) satisfies NC, Vj
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@ (140 5() + £(e)] > m2uE) 18,217 V5, Vee (6.15)

(resp. |1+ 5 () + Es)| > @ediics) (3, (21M/™)

Proof: The proof is very similar to that given in theorems 5.2 and 6.1.

By theorem 6.3, condition (2) ensures that all loci of Q(8) cannot
overlap the critical point, and by condition (1) stability is assured. The
graphical interpretation is shown in figure 6.2.

A similar theorem can be stated in terms of the return difference
matrix. Since Qr(s) is replaced by I + Qr(s), then prj(s)‘is replaced by
1 + prj(s), which means shifting the critical point from '-1% to the origin.
The radii of the discs are governed by M'(s) = maxlfldij + qrij(S)l’
laij + qij(s)l} - max'{[qrij(s)l, Iqij(s)l}s M(s),‘gs;uming max {|1 + qrii(s)|’
|1+ q;3() |} ¢ max. {fa s o), ag;Ce2 |3, Vi

Theorem 6.4 is very general in its nature and can be used as an
alternative to theorem 5.2 and associated theorems where reducéd models are
concerned.

6.3 Error estimates for multivariahble systems designed by reduced models.

It is desirable to relate bounds for multivariable systems of reduced
models to that of the original model. This not only aids design consider-
ations, in terms of stability and performance etc., hut also gives a measure
of validity using reduced models in design. Gunderson and George19 have
made error estimates, on using reduced models in the time domain, via
Lya''punov functions, and differential inequalities. This section examines
error bounds from the frequency domain poinf of view.

For a multivariable model with feedhack described by:

x(s) = u(s) - H(s) y(s)
y(s) = Q(s) x(s) . (6.16)
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y(s) is related to u(s) by y(s) = R(s)u(s), where R(S)=Q(!s)[I-*Q(s:)H(s)]m1
= Q(s) [I+H(s)Q(s)]‘1 where for simplicity assume H(s) = diag (hl,hz,.;.hug.
Consider rj(s,ij, that relates the jth output yj to the jth input uj, where
the jth'loop is open but all the other loops closed. Here Hj = diag {hl(s)..
hj-l(s)’ 0, hj+1(s),.. hm(s)}. Araki et al.3 have given a bound for
Irj(s,Fj) - qjj(s)l using M-matrix theory. The well known theorem is

reproduced below.

Theorem 6A3.

Let B (resp ﬁ) be an mxm matrix that satisfies Bjj = 0 (resp. b,. = 0)

ij
» . N
and bij 3 [qij(s)[ (resp. bij 3 |qij(s)| ), Vi, i#j. Choose A = diag
-~ rS . .
(al,..am) (resp. A= diag (51,..3m) such that A - B (resp. A = B) is a semi-M-
matrix. —
For

bs1(s) + q ;)] > a;  (resp. [ng(s) + i ()| > 8, Vi, i4]

then
lrj(s,ﬂj) - qjj(s)[ < a \7aj >0
=0 Va, =0 (6.17)
4 A -
resp. Irj(sﬂj) - qjj(s)l < a; 3.>0

=0 Vi, =0

It was shown that A can be chosen as small as possible such that A-E is
a semi-M-matrix, i.e. A-B is chosen locally minimum in the sense of A-B-A
is not a semi-M-matrix for any diagonal matrix A = diag'{GI, ..Gm}with
Gj 2 0and T Gj >0, .Vﬁ. For a given B, A can be chosen gs follows:

(1) By a simultaneous permutation of rows and columns, B can be brought to

the normal form (composed of lower triangular sub-matrices)
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B,
B = B,y B, O
vl [N N ) Bv

where each Bj G=1, .. v) is an vaMv irreducible matrixs.
(2) Choose a weight matrix W = block diag '{Wl, .e Wv} where w& is a diagonal
matrix with positive diagonal elements (j = 1, «see V).

(3) Compute the maximum elgenvalue max (A ) of B, Wﬁ -1 for j = 1,.. v.
Then A = block diag {max (A W 1o max‘(kv)WQ} makes A-B a locally

minimum semi-M-matrix.

It was also shown that trade-off among loops is possible in that aiaj =

ajas i, j=1,.. m, i#j, where A'! = diag'{ai, ..a; }. ' Then A'-B is a
semi-M-matrix if A-B is a semi-M-matrix.

It is also clear that similar bounds can be wri}tén for the reduced model,
sr, using thebrem 6A. However, the bounds for Sr will exist independently
from those of S, in general, therefore, it is meaningful only to make a
comparison between the bounds, by relating S to S. In the sequel,
Q, (s) = G (s)K (s), qQ, ..(s) :;%18 ik(s)k o (s), H (s)-H(s)sdlag {h (s),..h (s)}

etc.

Theorem 6.5.
Let S_ be bounded as in theorem 6A.  Suppose brij lquJ( )|, B rii ”
and Ar = diag (arl"’arm) such that A.r--Br is a semi-M-matrix and locally

minimum, If,

(1a) a; > a,; (resp. 31._ P ari) , Vi, Vsep (6.18)

(b) la ;62| 3 lag; ) Crespe |36 2 |40 ]), Vidj

) [h;i(s) + qii(§)| > a; (resp. |b_,(s) + aii(g)| > &), Vidj, (6.19)
then S is bounded by,

|rj(s8,0) = q552] < a5, Va, >0 . - (6.20)

=0 , 'Vaj =0




- 163 =

-1 FS -~
resp. |r. H.) -q.. <a,, Va.>o0
(resp. | 5085 Hpo) qJJ(S)I a5, Va,
=0, Véj =0)

Proof: The proof makes use of a theorem of Ostrowski7’6 . If some

elements of a semi-M-matrix are increased without changing their signs, the
new matrix is also a semi-M-matrix, i.e. B is a semi-M-matrix if bii 3 s Vi,
03 bij > aij’ Vi#j, given that A is a semi-M-matrix. Condition (1) ensures

_ that A-B is a semi-M-matrix given Ar - Br is a semi-M-matrix. The result

follows from theorem 6A for the original model.

Remarks: In general, aj # arj’ hence the models are bounded by circles of

different radii on the locus of q..(s ‘s
u qJJ( ), 9rij

is determined in the same way in theorem 6A such that the semi-M-matrix A-B

(s) réspectively. The matrix A

is locally minimumf If the hounds are chosen to be the same radius for
both models, i.e. a; = a_., then eqn. (6.18) is obsolete and the semi-M-matrix
A-B = Ar-B is not locally minimum. An interesting poinf to make is that
qjj(s) is also bounded by qrjj(s) by bands as given in theorem 5.1l of
chapter V.

A special case: Theorem 6A offers bounds on multivariable systems.by
imposing constraints on the structure of the transfer function matrices in
that certain matrices formed must be M-matrices. The diagonal dominance

theorem of Rosenbrock for multivariable boundsl, using a theorem of Ostrowoskil6

is a special case of theorem 6A., Thus,

Theorem 631.
Let di(s) = iﬁj lqij(s)l (resp. d; (s) = iij |qij(s)|? and
-1 . PS
(s) =max ., d,(s)/|b3 (s) +q, . (s)| C(resp. 8.(s) = max, d, L () +4
¢y (o) maxy 4y hy7Ce) + q., ()] (resp. 8;(s g 3@V [n (943, )] )
1f [h;l(s) + qii(s)l > d,(s) (regp.lhi(s) + aii(s)l >'3i(s) ), Vi then

the multiva:iable system is bounded by
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‘.‘ - V' .
lqjj(S) rj(S,Hj)I <@ d . (s) <di(s), V5 | (6.21)
A -1 “ A
(resp. Iqjj(s) - rj(s,Hj)l < aj dj(s) < dj(s) )

Exp. (6.21) represents row dominance of Q (s), and, if the latter is
satisfied, the closed loop dynamics are contained in the inner band of circles
¢j(s) dj(s), given by Ostrowski's theorem for diagonal dominant matrices.

The results are also applicable for the case of column dominance by inter=-
changing the subscripts i and j. 'Theorem 6B can also be proved as a special
case of theorem 6A. '

Proof: Identifying di(s) in exp. (6.21) with.ai in exp. (6.17) and
choosing b:ij = Iq,ij(sll. i#j, where At and B are a? defined in theorem
6A, it is seen that A -8B is diagonally dominant. -. Hence its leading
principal minors are non-negative, thus A -B is a semi-M-matrixz (though it
may not‘necessarily be locally minimum).

A parallel theorem to theorem 6.5 can be thained for reduced model
applications.

Theorem 6.6

Let S_ be bounded as in theorem 6R i.e. w.r,t. ‘diagon#l dominance"

conditions. Then if

(1a) lag; ()| > la ;G2 (Cresp. [35;()] > [3,4;0D) , Vi (6.22)
(1b) lqrij(s)l > lqij(s)l (resp. Hrij(“” > lc‘iij(s)l) , Vidj (6.23)
@ |b} (s) + qp; )] > fag ()| Cresp. B ;(s) + d5;G2] > |32, Y
(6.24)

the original model is bounded by
la;;¢e) - rj(s,uj)l < 6;(s)d;(8) < ds(a) Vi (6.25)

(resp. Iajj(s) - rj(s,ijl < Gj(a} 3j(s) < 3j(s) )
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Proof: Theorem 6.6 is a special case of theorem 6.5. Choosing

a; = lqii(s)l and a., = Iqrii(s)l’ exp (6.18) becomes exp. (6.22), condition
(1a) of both theorems. Conditions (1b) and (2) follow exactly as in theorem
6.5, making appropriate symbol changes. Conditions (1) and (2) of theorem
6.6 indicate that S is diagonally dominant, when Sr is likewise so. This
is proved in a mathematical way, and it corresponds with intuitive reasoning,
that when both models are diagonally dominant, they are bounded in similar
forms by exps. (6.21) and (6.25), though the bounds may not necessarily be
locally minimum.

The response error, e(s) = y(s) - yr(sl, Ee;ween original and reduced
model can be estimated in a number of ways, using functional analysis and
contraction mapping principle,etc. A general theorem’can be stated as

'Iheorem 6.7

The fractional response error hetween S and S is bounded by

0 £ ll y(s) =y, (&) /||y G s || RCG) - R Gs) ]| || ﬁr(s) I (6.26)
Proof:  The lower bound error is ohvious, the upper hound will he given as
follows: |

7.(8) = R_(s) u(s) (6.27)

y(s)-y (s = (R(s)-R.(s))u(s)
fe.  y(s)=y () = (R(s1-R_(s)R_ (s)y,(s) (6.28)
co vy )€ [ RGR @R G Ty 2l (629

Exp. (6.26) follows.

Alternative convenient expression to theorem 6.7 can also be ohtained,
in terms of return difference and return ratio matrices and their inverses.
since R(s)-R_(s) = {F(s)G(s) - ?r(s)Gr(s)} K_(s) and || R (s) || «
Ilfr(s)Gr(s)llllKr(s)[l and u(s) = ﬁr(a) er(s) F.(s), folléwing the arguments

from eqns. (6.27) to (6.29), gives
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05 el /lly )l s [ Fs)e)-F (26 ) ] || € ()F, (o) || k(K _(s) )

, ) (6.30)
where K(Kr(s))= IIKr(s)[||lﬁr(s)|l. The fractional error in open loop

response is

05 [le@ll /ly 1 < llaia el (18 @I < [k ) [ 1| & ) Itr (5D

(6.31)
from exps. (6.29) and (6.30).

Another way of expressing "e(s)” is by using the Courant-Fisher min-

max relationships.

Theorem 6.8

The fesponse error hetween S and S, is bounded by
tming n.()} ¢ [[y(ady, (81l g & {max; n;(s2) (6.32)

where nj(s) is an eigenvalue of W(s) -'{Re(s)ﬁ(s)}{Re(s)u(s)}H'where

R_(s) = R(s) = R (s).

Proof: From eqn. (6.27), y(s)-yr(s) = e(g) = Re(s)u(s)

i.e. e(s)et(s) = '{Re(s)u(s)}'{Re(s)u(sl}n' (6.33) :

Premultiplying both sides of eqn. (6.33) by eH(sl and postmultiplying

by e(s) | v
ef(8)e (8)e"(s)e(s) = ef(s)u(s)e(s)

from which Il e(s)l[E = < e(s),W(s)e(s)>/<e(s),e(s)> (6.34)

Application of the Courant Fisher min—méx relationship to eqn (6.34)
yields eqn. (6.32). . ‘

It is noticed that W(s) is positive definite Hermitian, hence nj(s) >0 |

and is real, Vj. Also rank (W(s) ) = 1, hence the lower error bound i

'{minj nj(e)} = 0, When the model orders are equal, Ré =0 i,e., W(s) =0,
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hence maxj nj(s) = 0, as expected., For the open loop case Ré(s) is

replaced by Qé(s) = Q(s) = Qr(s) in W(s).

. . - d t [ [
Theorems 6.7 and 6.8 give peak magnitude errorgeA os:.nuso:.dal inputs.,

In the time domain, the bounds can be expressed as

Lecall Ab @l < Iz, IR .35)

' 4
Il eced |l . {max; n,(6)}

where the Laplace transform operator relates L'{yr(t)} - yr(s),
L{R (t1} = R_(s) etc.

If given the state space matrices S(A,B,C) and Sr(Ar »B_,C. »C_), the error

e(t) = y(t) - yr(t) can be computed from the spectral components of these

mafrices. i
Corollary 6. 1 ,
t
e(t) = B exp (=A;t)[<B;,x(0)>+ : I Cexp (=7 ‘r)u (x)dr)
i=1 . J-l o
<Bi, bj> ] Cai '
r m t
- I exp (A t)[<B,x 0> + I (S exp(-) .t)uj(t)dt)<ari,br3>
i=1 J=1 o
] cr ari

' . t
where -Ai"Ari are the eigenvalues of A, Ar; Gy Bi’ .y B ; are the

ri
colum and row vectors of the modal matrices of A and Ar respectively, and,

bss by

rj the columm vectors of B and Br' The initial conditions are x(0),

xr(o) and uj G=l, ¢cem) is the input functidn. It is seen that for e(t)
to be small,}ri should be close to some dominant -Ai' assﬁming that the
square bracket terms are approximately equal.

Error bounds between S and Sr can also be established'in terms of the

matrix structural properties of the transfer function.
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From yr(s) = Rr(s)u(s),
Vpi(8) = r ;. (s)u;(s) + j:i FHOLHORN vi

If the jth'loop is open but all loops closed, i.e. Hr(s) = diag'{hl(s),..

(s), 0, h (s),..h (s)}, then r. ..(s) =T (é, Hrj) and the error

e;(s) = r ;(s,H Ju.(s) + reij(s)uj(s) , Vi (6.36)

z
it
wherg.rei(s,Hri) = ri(s’Hri) - rri(s’Hti) , ei(s) = x#s) - yr§s), etc.
can be expressed in the following bounds.

Theorem 6.9.

If S and S are bounded in the sense of M-matrix requirements of theorem

" 64, then r . (s,H, ;) can be bounded as » _
(1) |r;Cs,B, ) - c®)| 4, Vi ) (6.37)
(2) lrrj (s,urj) - 54, Vj , (6.38)
(3 LRICRIDIRE Vi (6.39)

.(s) |+a_.>a, or lq .(s)|+a.%a_. , Vj

Teij rj i ejj i"%ri R

r]

subjected to la

In the above, r .(s,H .) = r.(s,ﬂ .) -T, .(s,H .), qeu(sl =9 (8)-qr“( 8),
c(8) is the centre of the circle given by [c(s)-q (s)[+ a, = Ic(s)—q (s)|+a 3
d is its radius given by 2d = [q (s)l +a, + arJ,and,the quantities

aj, arj are also radii of c1rc1es for S and Sr,respective1y3as defined in

theorem 6A.

Proof: The graphical interpretation of theorem 6,9 is shown in fig.6.3.
Both.rj(s, Htj) and rrj(s,Hrj) are contained in the new circle, centre

c(s), and, radii d, where the circumference of the new circle touches the

original circles that bound rj(s,Hrj) and rrj(s’Hrj)' In the case when

one of the circlesmoves into the other, then the sharper radius d = aj or
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or d = 2,3 is taken., Eqn. (6.39) is explained by the fact that the
distance between two points in a circle is always less than or equal to its
diameter. Also the same equation, Irj(s,Hrj) - rrj(s’Hrj)l € 2d, can also
be viewed as rj(s,Hrj) being contained in the band of circles, centre rrj
(S’Hrj) and radius, 2d, When trj(s,Hrj) + rj(s,Hrj) meaning qrij(s)éqij(s),

Vij’ then 24 -?aj + arj'

Corollary 6.2.
"Returning to eqn. (6.36), the error in output response can be expressed

by theorem 6.7 as

.(s)llust)l

leja2] ¢ lrg; ot 2 lug @l + 45 ey

where from theorem 6.9 and assuming a unit impulse,-.

le; ()] & laggsCaal +a; +ay + ;:ﬁ leess | (6.40)

In matrix form, eqn. (6.40) becomes
lell ¢ llg ;60 + Gagta Tl + [Reg5 o) I (6.41)

. o 5
where Qeii(s) = diag {qell(s), ...qemm(s)} and.Réij(s) = reij(s),
Vi*ja Reii(s) =0, Vi'i‘
Eqn. (6.40) expresses a bound for a particular output. The radii
aj, arj in one loop can be made as small as possible by trade—off among
t

loops ai a; =a; a5, at,

at, =
j i i “rj a

ri %rj°

Parallel to theorem 6.2 the error bound can also be expressed for
diagonal dominant systems.
Theorem 6.10,

Let S and S_ be bounded in the sense of ' diagonal domigance

conditions, theorem 6B, Then rei(s’uci) is bounded exactiy as in theorem 6.9,
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except that the radius d of the new circle is given by
SR RO RS HOLHO RN OLING) (6.42)

(It is noticed here that d # drj(sl, where drj(s) = jZilqrij(s)l and

the symbols ¢j(s), ¢rj(s) have their usual meanings as given in theorem 6B.)

Proof: The proof and geometrical interpretation follow exactly as that
given in theorem 6.9.
Corollary 6.3.
When the models are diagonal dominant, then .Z. ri.(s) = 0,
iﬁj ;ij(s) = 0, hence following eqns. (6.40) and'tz341)

leg @ ¢ lagg; ()] + 0;()d;(s) + 05 () (e)
Lo lletll < llQz;() + G245 ()+ G5 ()e (T
Error estimates by contraction mapping principle.
The response error can also be estimated by using the contraction

mapping principle in functional analysiSZI. (see Chapter V) In a Banach

space of holomorphic transforms, it is well known that the error involved in

the nth iterate, yrn(s) is

n .
Uy (8 =y @Y ¢ [l || /4 -lw, []] aty, G =y ()} (6.43)

N X . .. . . .
where yro(s)’ the initial point, yrl(s) = Wkryro(s), the first iterate
and yr*(s),.the final solution. Choosing yro(s) =0and n = 1, eqn. (5.49)

of Chapter V becomes
g (81 = (T (1)1 Q_(sdu(s)+(T+A_(s)) ™ 2, (a) (6.44)

which means eqn. (6.44) is a first approximation for yr*(s),the approximation
being involved, because A only approximately represents Qr(s). Hence from

eqn. (6.43), the fractional error, erf(s), resulting from designing‘the system
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based on Ar(s) is
et @ = 117,40 =y @I /vy @I & Hulln-llu - .49

This has a simple graphical interpretation shown in fig.6.4. Since
-1 - L 3 .
WAr (I+Ar) (Qr(s) Ar), and, if Ar(s) diag {qrjj(s)}, Vj, then
e &0 /d-n) where [IWAIII =n /d . After K _(s) is implemented on the
original model, S, a similar equation to eqn. (6.45) can be written.

eg(s) = lly ) -y @I /lly @2l 1wl /1 =]lw,]] (6.46)

where ef(s) is the error involved in designing the system Q(s) by the matrix
A(s). It is useful to express e (s) in terms of [[W,-W, [[,|l W, || and
erf(s).

Since IIWAII $ I[WAI | + [IWA - wkrll’ eqn. (6.46) gives

ef(s)/(1+ef(s)) < IIWAIII + [[WA - WAr”

and rearrangement gives

e(e) ¢ Iy Il + I l2/a = NIl = I (6.47)

where W, = W, = Wye Lettingl a, = I[WAII[II - l[WArll and E = [[WAellll—lMAIIl,

eqn. (6.47) gives
ec(s) s (o, + E)/(Q - E) (6.48)

It is noticed that for stability of §, l[WAII < 1 and it was proved that a
tighter condition for stability of both S and Sr is 1 = IIWABII <1, given
that ||[W, || < 1. Henceo0 <1 - |w, [[=llw, [ <1=|Ww,_|] <1. Thus
ef(s)v; 0 in eqn. (6.47). Turther 0 < E < 1, and this with eqns. (6.45)

and (6.48) gives

e ;(8) ¢ (o, +E)/(1- E) (6.49)
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Thus eqns. (6.48) and (6.49) becomes
0 g ma#'{ef(s), erf(S)} 3 (ar + E)/(1 - E) (6.50)

Eqn. (6.50) states that the response errors for both models are bounded
by a common bound, when S is stable, given Sr is stable.

The graphical interpretation of eqn. (6.45) is shown in fig.6.4 for
the special case when Sr is diagonal dominant. The graphical interpretation
for eqn. (6.50) is similar to that shown in fig.5.l4.

6.4 Adaptation of reduced models to multivariable systems design.

This section studies the application of reduced models to existing multi-
variable design techniques by frequency response and time domain methods.

The approach is by considering single input-single output systems, then |
generalizing to multivariahle systems, where conveniené, otherwise, the
approach is to consider the problem in its multivariable form.

Single input-single output systems (s.i.s.o.).

It was shown in Chapter V that the classical Nyquist and root locus of
g§.i.s.0. models are bounded by bands of circles centred on those diagrams of
the reduced model, theorems 5.7 and 5.21. Stability ig guaranteed if the
bands satisfy the encirclement theorem or avoid thé imaginary axis. These
gingle loop ideas can be used in later multivariahle designs, after the
reduced models are obtained, say, from the reduction techniques given in
Chapters III and IV. ’

6.4.1 | Inverse Nyquist Array (INA) method?4*?

The reduction and design are achieved by two suggested propositionSZG.

It is assumed that § and S are open-loop stable.
Proposition 6.1.

It interaction effects are negligible and accurate reduced models are
obtained for the diagonal terms of the transfer function matrix, particularly

retaining certain dominant modes and maintaining the shape'of the root locus
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diagram in the vicinity of the origin, it is possible to design the
diagonal compensator Kc(s) with a predictable amount of stability margin,
such that S is stable with good dynamics within the range of design gains
in which . Sr is likewise stable.

Proof:

It was shown in theorem 5.21 that the root locus of S is containéd in a
band of circles, centred on the root locus diagram Of.sr' The art of the
procedure is to choose tuning factors o and B,such that the circles are
made as small as possihle,such that stability margin is high and performance
error between the two models is small. The root locus ié basically a
treduction method® in that a dominant second order system is heavily used in
the approximation, the latter heing very successful .from past design
experience. Similarly, by theorem 5.7 the single loop inverse Nyquist design
can be usedf
Proposition 6.2.

As far as interactions are concernéd, it ig sufficient to ensure that ;
S will be closed loop stable within the close raﬁge of gain values for
which,sr is likewise stable,if and only if Sr is diagonal dominant,and the
interaction‘structures of § and S are similar, in the sense that the ratio
of proportionality of the interacting terms to the diagonal terms of the
inverse transfer function is the same.

Proof:

The proof makes use of the extension of the diagonal dominance theorem
of theorem 6B, By theorem 5.9 it was shown thét a sufficient
condition for stability of S is that § should be diagonal dominant, If

diagonal dominance is achieved by matrix operations such that I&rii(s)l %

[ od y A A A [y
> d_;(s), lrrii ()| > d_;(s) where d_;(s) = iijlqri5§s2l?then the matrix
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Ka Kb(s) required to achieve diagonal dominance would be the same for both
models as their interaction structures are similar., Hence S is closed loop
stable, as far as interactions are concerned, in the presence of K, Kb(s).

Proposition 6.2 is only a sufficient conditionl. Failure to satisfy
it does not. imply closed-loop instahility, however, if proposition 6.2 is
sagisfied, proposition 6.1 is both necessary and sufficient. As was shown
in theorem, 6B, the stability margin is determined by the Gershgorin circle
bands of radii dri(sl, and dynaﬁié information of a loop is concentrated in
the narrower band of radii Ori(s) dri(s). Since the interaction structure
is closely maintained, the radii for both models, by theorem 6.2, would be
approximately equal for the range of gain hetween zero ahd kr..

Preserving interaction structure.

" —

.th .
The 1~ output can be written as

m

(6} = I g..(2%@),Vi (6.51)

y 'y
R j=1

where each term can be considered independently. However, in general, this

will not preserve the interaction structure. Neithér will it if Gr(s) is
obtained in whole., This fact, which is important in design in termé of
stability, has been neglected or ignored in many reduction methods.

Davison et a1.25 have investigated the severity of interaction in mlti-
variable closed loop systems by computing the interaction index as a ratio

of two performance indices from the state space equations,

i Sl et '
; (91,.. em) (Jj Jj)/Jj (6.52)

T A SR A T g T T et

: * *
where J. = max [ y.z(t) dt, J. = [ vy. z(t) dt, 1 £ j € & and y,(t),
i o 3 i g i i

TR )

y;(t) satisfy the equations

n .
X = e t =
X = I:A + Gj iil ( ki Bi)dj_-_[ X, y =Dx

s

2 t
2 . (..ki Bi)dz + [ RN ] (6053)

X = [} + °1 T (-ki Bi)d; + 8 I
‘ i=1 i=]

SRR IY s

. . .
em iil( k‘;’Bi) dm ] x, Yy =Dx

T T

e
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In the above, output f?edback u{t) = uo(t) + ej(—ki,..-kiityj,is
used and it is assumed that the m controllers are stable. The interaction
indéx, eqn. (6.52) gives a measure of the relative change in the control of
yj(t) when all the controllers are simultaneously. applied to the system
compared with the jth controller only being applied to the system.

Davison's method of computing the interaction index is numerically demanding
and it involves the solution of Lyapunov's equation.

‘A different definition of interaction will be defined here. In the
frequency domain, the degree of interaction between two .consecutive loops can
be given as the ratio of the magnitu&e response between tﬁe off-diagonal and
diagonal terms. As the inverse transfer function matrix gives an easy '
‘transition from open loop to closed loop systems, 8;(55 will be considered
here. Define

‘ ~ PN

£ .. = lgr (slli*jllg . (8} | | (6.54)

ij rii

o, = Igrij(s)li#jllé (s1| ' | (6.55)

rij
To preserve the same interaction pattern, it is desirable that
£.. = 1., | (6.56)
1]

N ~
M e = m.

rij i (6.57)

for 0 < w < =, Infinite sets of freéﬁency dependent parameters exist that
gatisfy eqns. (6.56) and (6.57) separately and if the diagonal ratios are such

~

-~ » - - 'S 'S
that Igrii(s)lllgii(s)l Igrij(s)lllgjj(s)l. satisfaction of one equation
also satisfies the other with the same parameters., In general, a fixed set
of constant parameters can be obtained by minimizing the performance index

over a spectrum of interest,

A A 2 . ~ 2
J o= .rn{( rij(m)'fij(w)) +Cmy s s (w)-mij(w)) }dw (6.58)
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In the ideal case, the bracketed terms vanish and the error is

~
zero. For severe interactions, fij > 1, the following index

- fpr 2 a 2 -

is suggested for faster convergence near the optimum. If the diagonal
ratios are equal, then only one term in eqn. (6.58) need be considered.

To alleviate computational hurden, where-possible, certain dominant
modes of G(s) should be retained. As usual, non-minimum phase can éive rise
to design difficplties and any r.h.p. or z.hfp. zeroes must be separately
constrained in Gr(s). This uniformity makes it easier to assess stability
margins. By virtue of its flexihility, the i.n.a. is more tolerant to model
- inaccuracies; hence it is not necessary that the interaction pattern be
rigidly maintained, but should be such that the same KaKth) controller
matrix is applicable to both models and the remaining stability margins be
determined by single-loop approaches alone. Also, any valid s.i.s.o.
réduction method can be used on the diagonal terms of G(s), and the off-
diagonal terms can then be obtained in conformity with the interaction pattern
suggested above.

Algorithm for i.n.a. design using reduced models.

Step 1. Design ﬁtb(S)ﬁta(S) to obtain stahility by diagonal dominance

of Sr and design compensator irc for each individual loop.

Step 2. Test for diagonal dominance of S hy theorem 6B and stahility of S
' by theorem 5.9. (Note: Diagonal dominance is automatically achieved
if design is done according to Proposition 6.2.) If diagonal
dominance achieved, proceed, otherwise go to Step 1 and redesign
o
K., (s).

Step 3. Determine output error bhetween S and Sr by theorems 6.7 or 6.8.

If tolerable exit, otherwise go to Step 1.
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6.4.2 Characteristic Loci designza’29

It was sﬁown in Chapter V that the characteristic loci of S are

bounded by bands of circles determined by the characteristic loci of S+
In design, compensators can be employed to.shape'the loci of Sr to obtain
the required dynamic response., The bands are thus shaped according to how
the loci of sr are shaped. Before going into the algorithm for
‘ Charaéteristic Loci desigﬁ, an integrity theorem is stated for design uéing
Sr.

 Macfarlane et al.29 have given an integfity theorem in which closed
loop stability can be studied resulting from error monitoring, actuator and

transducer failures. For a reduced model, let
T:e(s) U= Hr(s)Gr(s)Kr(s) U —
T (8 U= KrCB)HrCSIGrCSI U
Try(s) U= Gr(s)Kr(s)Hr(sl U

where Tr(s) are return ratio matrices and U is a switch matrix having all
diagonal elements 1 (for a normally operating channel) or a émall quanﬁity €
(for a failed channel), and, let prij(s),'i=1,...j be the characteristic loci
of a principal sub-matrix Taj’ j=1,.i.m of Tre(s), or Tru(s) or Try(s). Then
Theofem 6029.

The reduced model, Sr, has high integrity against a failure condition
if, and only if,
(1) The locus Prij (s) satisfies NC , Vi, Vj.

A similar theorem can be stated for S, in terms of Spe
Theorem 6.11.

Let prij(s)+ B map D into rrij + B. Then S hag high integrity
against all failure conditions if:
1) rrij + § individually satisfies NC, Vi, Vj

either
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@) |1+8ep ;)] > |l 6, ()R (o2, ()-BI]| infx(R(s)), Vi, Vi, Vseb  (6.60)

or

: . 1/m
(3) ll+B+prij (5)| > (m+2)M(s){de(s)} ’ Viv Vjs VSED (6.61)

rij (S)-tij (S)-Bsij |)/M(S)

where.M(s)=max{Itrij($)+85ijI, Itij(s)l}, de(s)=(.£.lt
1,]

Proofs Conditions (1) and (2) ensure that all characteristic loci of the
principal sub-matrices of T(s) sa;isfy Nyquist criterion (see Theﬁrem 5.1).
Similarly, conditions (1) and (3) ensure that all loci of the sub-matrices of
T(s) do likewise (see Theorem 6.3). Hence by theorem 6C, S has high
integrity against all failure conditions. .

Another convenient way of interpreting theorem 6C in terms of reduced
" models is via the structural properties of Tr(s) and. its diagonal elements.

Thus Fan's theorem, Gersbgorin's theorem and the theorems of M-matrices
(see Chapter V) can be used as an alternative to evaluate theorem 6C.
Theorem 6.12. |

Let trjj(s) + 8map D into rrj + 8, where trjj(s) is a diagonal element
of the return ratio matrix Tr(s). Define the matrix Cr(s) where crjj(s) =
1+ trjj(s)[, crij(s) = -|trij(§)l, i#j. Then sufficient conditions for S
to have high integrity against a failure condiﬁion (depending on how T (s)

is specified) are: -

) Tps * 8 individually satisfies NC, Vj
2) Cr(s) is an M-matrix.

3 [1+B+tfjj(s)[ > Itejj(sl‘ﬁl’kﬁ, VseD

(4) |1+tjj(s)| 2 |1+trjj(s)|; lts ) & [t g1, Vi, Vsep

rij

where tejj(s) = tjj(s)-trjj(s) and tjj(s) is a diagonal element of T(s).
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Proof:

Conditions (1) and (2) ensure that Sr is stable in the sense of
M~matrix requirements (see theorem 5C)., Condition (3) ensures that the
Nyquist locus of»tjj(s) satisfies the encirclement criterion by theorem 5.7,
,Condi;ion (4) (Ostrowskii's theorem, see the last condition of theorem 5.11)
ensures that the matrix C(s) of S is an M-matrix, given that Cr(s) is an
M-matrix. Thus S is stable, by theorem 5C, and, by theorem 5.13 (KY Fan's
theorem) it is seen that all the characteristic loci of T(s) satisff the
encirclement cfiterion. Now since every principal sub-matrix of C(s)

(an M-matrix) is an M-matrix, it follows from theorems 5C and 5.13 that all
characteristic loci of every principal sub-matrix of T(s) satisfy the
encirclement criterion. Hence, by theorem 6C, S has ?igh.integrity against
a failure condition.

As a special case, if the matrix T(s) is diagonal dominant and ité
diagonal elements satisfy the Nyquist criterion, it can easily be deduced
from theorem 5.12 that S has high.integrityf (If C(s) is diagonal dominant,
then it is an M-matrix). Alternatively, from Gershgorin's theorem it can
also be seen that all characteristic loci of the.principal sub matrices of
T(s) satisfy the Nyquist criterion.

It is well known that the Charaéteristic Loci design has four phases;
(1) stability phase, (2) integrity phase, (3) interaction phase,

(4) performance phase.
Staﬂility and integrity are effected by modifying phases of appropriate

gets of loci

m m
i=1phase ;)= phasé{det(Kr(s))} + 1:ElphaseA()\ri(s)_)_

where pri(s) dndikri(s) are the loci of Tr(s) and Gr(s) respectively.

e Pk G T8 R TP RS O T I

ST 11 2)

sy Lyt

g e
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Interaction is effected by aligning the characteristic directions at

high frequencies and balancing the gains at low frequencies to get acceptable

interaction. From

m
R (s) = :ifl (q.;(s)/14q . (s))a . (s1><B ; (s)
. pair of
where ari(s) and Bri(s) are a ;- .7 f:dyadicAvectors, for s-+w, lqri(s)|<<1,

hence Rr(s)+2 qri(s)ari(s)><Bri(s)=Qr(s). It follows that to achiéve low

interaction, it is necessary that'Qr(s)+I as s+=, The angle of alignment

is Cose.(s)=l<a .(s),e.>[/|[a .(SIII where e. is the jth column of a unit
J r] h| r] i o

matrix, Thus if ej(s) is small at high frequencies, interaction arising

from the jth'input will be correspondingly small. For low frequencies,

usually Iqrj(s)|>>1, bﬁ, hence Rr(s)+2 <ari(s),8ri£§)> = Im.;

Satisfactory overall performance is achieved by injecting gain into
the phase compensated and aligned system.
I lnlprj(s)l = fn det IKr(s)l + I 2nlkri(s)l
i=1 :
The design using Sr’ including check on stability and integrity of S,

can be done using the following algorithm,

Step 1. Design Kr(s)=-'1rKrj (s),j=ly.+. accumulatively, such that

Gr(s)Kr(s) is stahle hy theorem 5A.

Step 2. Test for stability of S by theorem 5.3. If stable proceed,

otherwise go to Step 1.

Step 3. Test for integrity of S (assuming §_ has high integrity) by
theorem 6.11. If satisfactory, proceed, otherwise go to

Step 1 and redesign Kri(s)'

Step 4. Determine output error e(t) between § and S, by theorems 6.7 or
6.8 (assuming performance phase of Sr is satisfactory). If

tolerahle,exit, otherwise go to Step 1.
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~ In the above it is assumed that open loop error between S and Sr is

fairly small.
30

6.4.3 Multivariable systems design by sequential method

Mayne introduced a design method where the compensator matrix is
designed by a succession of single loop approaches using Nyquist loci, Each
looé is designed separately and then closed to see the effect on the overall
stability of the system., As thé loops can be renumbered, they can be
closed in any sequence and design accordingly., The method also allgws‘
attenuation of external disturbance and provides gecurity against component
failures.

For a full explanation of nomenclature, refer to Mayne's design

-algorithm3o. '

(i) Record inputs and outputs.

(ii) Choose K(s). Set ¢22%(s) = c*(@)K (), a=l,...m.

(iii) Set i=l, Set t‘;(s) =1+ ki(s)g:.:?’u(s), o=l,..m. Choose k. (s).

(Giv) If i=m stop. Otherwise for a=l,..m, set E;(s)=ki(s)/t;(s).
set 670 (e)=61 %)k} (s) g Xedg; TO(a)

(v) = Choose K1+1(s) (Km(s)=Im). Set Gl’a(s)=Gi’a(s) K:+1(s), a=l,..m
Set i=i+l ' |

(vi) Go to (ii).

The final compensation matrix Kb(s) = vK;(s)Gl(s) and t*(s) is generated

by ci(s)=ct"1(s)-k (s)gle(s)g;:':l(s) and t'(s)=1+k, (s)g];  (s).
The closed loop input-output equation is
y(e) = T(s) G(s) K(s) Y (s) + T(s) n(s)

[od
where T(s) is the inverse return ratio matrix and n(s) the external

disturbance., For the system to reduce the effect of external disturbance in
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w € Q, it is required that Ilf(s)ll <1 for seQ, Since det Ti(s) =

.?1‘tj(8), by applying theorem 5B, the stability of the system at the stage

g; closing the ith loop can be investigated by the encirclement criterion of

tj(s), j=l, «eoi.

Algorithﬁ for sequential design using reduced model, Sr

Steﬁ 1. Record inputs and outputs.

Step 2. Design ith loop by sequential method, using Sr, such that
stability criterioﬁ is satisfied and performance satisfactory.

Step 3. Predict stability of original model, S, if Kr(s) is implemented

on G(s), when ith'loop is closed, by theorems 5.3, 5.9 or 5.11.

If stable proceed, otherwise to go Step 2.

 Step 4. . Determine output error between S and_g_r by tﬁeorems 6.7 or
6.8. If tolerable, proceed. Otherwise gb to Step 2.

Step 5. Repeat for i=i+l ffom Step 2.

Step 6. Test if [l%(s)ll < 1. 1If yes , exit, otherwise go to Step 2.

Design algorithms, using Sr’ for other frequency design methods such as
' dyédic expansion32 and commutative controller technique31 can be similarly
geﬁerated. The stability criterion used is loci encirclement, thus theorems
5.3 and 6.4 are general in their applications.

6.4.4 Design by pole shifting techniquea34‘39

using Sr.
Wonham34 showed that controllability of an open loop system is equi-~
valent to assigning an arbitrary set of poles to the transfer matrix of the

closed-loop system by linear state feedback. For the system

S X = Ax+Bu , y=Cx (6.62)

L 2]

state feedback u = Kx is introduced such that A, =A+BKhas a
specified set of eigenvalues. If some states are inaccessible, Dav:‘son35

has shown that using output feedback, u = K*y, a constant matrix K* can
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always be found such that % eigenvalues of the closed=loop system A+BKC
are arbitrary close (but not necessary equal) to & preassigned values.
Here £ §n where £ = rank (c).

MacFarlane et al.37 gave a simple pole shifting algorithm, derived
from the Hsu-Chen theorem, for design. However, K is unity rank and
sacrifices much design freedom. In general, the problem of determining K

‘or K* is non-unique and non-linear for multivariable systems39. Several
methods due to Fallside et a1.36, Munro et a1.38 and Sfidhar et a1.38 are
proposed that circumvent the non linear prohlem, but these methods restrict
the degree of freedom in choosing K at the expense of linearity.
Paraskevopoulos39 and Tzafestas have introduced a general method that yields
a family of K and several linear methods of obtaining K are also suggested,
Also, the problem of pole assignment with respect to minimem eigenvalue

38

sensitivity to parameter variations was studied by Gourishankar et al.” ,

The main interest here is to study the following problem.

Given
Sr Pk = Aﬁﬁ? qu,, y T ™ Cr X o (6f63)
= = *
u Kr x, or u Kt Y
x = Zx
T

determine u = K_x_ or K; y such that when implemented on the system S
of eqn. (6.62), the closed loop system Arc = B + BK Z (state feedback) or
A" A+ BK; C (output feedback) is stable.

It was shown that for reduced models obtained by projection methods,
the eigenvalues of A + BKt Z are those of the reduced model Ar + Br Kr and

the remaining n-r eigenvalues of the open loop matrix A43’46.

However,
this is not the case for non projective model reduction techniquesaG. In

this case, theorem 5.23 can be used in the design algorithm below.
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Algorithm for reduced model design by pole shifting.
Step 1. Determine K. or K; based on a set of assigned eigenvalues

such that Sr is stable,

Step 2. Test for stability of S by checking eigenvalues of A+BKrZ or
A+BKrC by theorem 5.23, If stable go to Step 4. Otherwise

proceed.

Step 3. Modify spurious eigenvalues or try to reduce circle size by
theorem 5.23. Test for stability of S. If stable, proceed.

Otherwise, modify the set of pre—assigned eigenvalues and go to

Step 2.

Step 4. Determine output error between S and Sr by theorems 6.7 or

6.8, If satisfactory, exit. Otherwise go to Step 3.

One of the chief inaccuracies of design by pole shifting is that the
' control of the transmission zeroes of the system is not possible, for the
latter plays an important role in dynamic response.

6.4.5 Design by multivariable root loci using Sr40‘42'

Single loop design using the classical root locus method can be dome
with relative ease on §.. Theorem 5.21.is of main importance for checking
the bounds of the c.f.c.p. of S. The root locus of § is bounded by bands
of circles centred on the root locus of S, ’Stability and traansient response
of S can be assessed at each stage of the design on Sr.

40,41

MacFarlane et al. extended the root locus technique to multi-

variable systems in terms of characteristic frequency loci. The algehraic

function
A(L,s) = detEIm—Q(S):[ = 0 (6.64)

that is irreducible over the field of rational functions in s, is rezarded

as a polynomial in s with coefficients that are rational functions of &, i.e.
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s(%), is considered. The functioﬁ s(L) 1s called the root loci for multi-
variable systems and can be defined bn their appropriate Riemann surfaces
(see also Chapter V, section 5.4). |
An alternative expression for obtaining the multivariable root loci is
giﬁen by
‘ zj(s) = —1/K

det (sI—A—BC/.Q.j) =0 : : (6.65)

wherg zj(é) is the function, 4(%,8), in eqn. (6.64), this time being
considered as a polynomial in & with coefficients that are rational functions
in s, and tﬁé triple S(A,B;C) is a minimal realization of the transfer
' function matrix Q(s). The rodt loci are then calculated as the éigenvalues
of ‘{A+(BCV£j}as 2j(s) (hence as gain k) variesf fﬂié method includes all
si%fiér point loci, if ény. Theorem 5.22 can be used in this case for design
on S using Sr’

Kouvaritakis and Shaked42 computed the multivariabie root loci from the

state space matrices and the c.l2.c.p. of S, as the gain parameter k varies.

" The c.l.c.p. is given by

&A(s,k) = det(s In—A+kBKC) ,
= det(sI;A)det(Imka(sI-A)_lBK) (6.66)

= det (sI-A)det(Im-f-kG(s)K)‘

For a given K, the solution of A(s,k) = 0, for s in terms of k gives
the root loci of the system S. It has also heen shown that all the n root
loci begin at the open loop poles (k=0), each n_ locus terminates at a system
finite zero (invariant zero) and the remaining n-n, loci tend to infinity.

 The n, finite zeroes are the roots of the equation

det (sNM = NAM) = O
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where the rows and columns of the full rank matrices N and M span the left
null-space and kernel of B and C, respectively. The invariant zeroces are

also given by23

z(s) = det(P(s)) =0

where P(s) = [?I - A ~B :I
c 0 '
. m,m

is the Rosenbrock system matrix. ‘Aiternatively, z(s) can also be interpreted
as the product of the numerator zeroes of M(s), the Smith MacMillan form of
G(s) while p(s) is the product of the denominator poles of G(§)23’41.

In the case of Kouvaratakis et‘al.l'2 a similar form of theorem 5.19 or

theorem 6.3 is applicable for design on S using Sr'

-~

Algorithm for multivariable root loci design using Sr'

Step 1. Plot the c.f.c.p. (i.e. multivariable root loci) of Sr’ as
a function of gain parameter, k by solving the polynomial
Zr(s) = -1/k (excludes singular point loci), or by computing
the eigenvalues of {Ar+(BrCr)/£rj} as %j(s) (hence as k)
varies,

Step 2. Draw circle bands on the root loeci of Sr' Use theorem 5.20
if zr(s) = =1/k is considered or use theorem 5,22 if loci of
Sr are computed from eigenvalues of Ar+(BrCr)/2rj or from
eigenvalues of NArM. "These circles contain the root loci

of S.

Step 3. Reduce circle size, by adjusting 'tuning' factors or modifying
spuribus eigenvalues, to obtain high stability and good
transient characteristics for S, with respect to Sr'

Step 4. Determine output error, e(t) between S and ér by theorems

6.7 or 6,8, If tolerable, exit., Otherwise go to Step 3.
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6.5 Conclusions.,

This chapter investigates some error bounds in multivariable systems
designed using reduced models, The hounds are expressed mainly in terms
of transfer function matrices, however, they can also be modified to cater
for time domain design methods, Together, with the stability conditions
developed in Chapter V, they form a general design philosophy of systems by
reduced models, using any multivariahle design techniques. The later half
of the chapter adapts these bounds into design algorithms for existihg
design methods. A consequence of these analytical error hounds is that it
offers a good estimation of accuracy when design is made on reduced modeis,

or when the order of the plant is different from that of the model.
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CHAPTER VII

SENSITIVITY AND OPTIMALITY SYNTHESIS
USING REDUCED MODELS

Introduction

This chapter investigates the sensitivity and optimality characteristics
of a system designed using reduced models. In some aspects‘the two
charactéristics are intimately related, hence they are studied together.

‘It is well known that feedback.can provide a reduction of sensitivity,
to variations of plant parameters, from their nominal valueé, and, to added
disturbance signals. There are many definitions of sensitivity éf which
two have been termed éléssica177 The first is the dependence of solutions
" to differential equations or pafameters, and, the second is the sensitivity
function, discussed by Bode using return ratio. and return difference in
feedback systems7’22. Cruz and Perkins1 defined a new form of sensitivity
function (comparison sénsitivity) in Bode's traditioﬁ where the sensitivity

of the output of the closed loop multivariable system is related to that

of the nominally equivalent open-loop system. . Horowitz7 also used a similar
definition of sensitivity in feedback system design and later McMorran®
extended Bode's sensitivity definition to multivariable systems with particular
empha#is on the Inverse-Nyquist-Array design method. Other definitions of
sensitivity include trajectory sensitivity reductionzz, performance sensitivity
and incorporating a sensitivity function in the performance index in optimal
-céntrol systems. However, such treatment of sensitivity in state space

design is unnecessarily complicated, and, Horowitz had pointéd out that
comparison sensitivity in the tradition of Bode, used in frequency response
design is much superior than those used in state space methods7.

Kalman8 had given a frequency domain interpretation of single input

optimal systems and the multivariable czse wasygeneralized b& Andersons.
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The latter also proved the converse frequency domain optimal theorem for
multivariable systems. From Kalman's result, it is known that the optimality
of a system is related to its sensitivity (in the sense of Bode). Thus an
optimal system is also one that is less sensitive to parameter variations.
For the multivariable system, Cruz et a11-3>and Kwakernaak4 etc showed that
the optimality result of Anderson5 is consistent with the sensitivity
criterion of Bode.

However, when using reduced models in design, the deéirable characteristics
of optimality and sensitivity may not be maintained. It is'shpwn later in
the chapter, that a compromise between optimality and sensitivity is possible
in sub-optimal design, in that, although optimality is lost, the design can
still satisfy the sensitivity requirement.

For reasons of computational tractability, Medi£:£12 proposed using a
reduced model to‘design a sub-optimal controller. Later, Adki13 used
aggregation matrices to study stability and performance of sﬁb‘dptimal control
systems, And, also studied ﬁounds for the solution of matrix Riccatti
equations. Mitra14 also studied the roig of reduced models in such systems,
;namely the minimum energy, the tracking and the linear regulator pfoblem.

By extending the concepts of Aoki, on aggregation, Vittal Rao15 et al made
similar studies on certain classes of sptimal control systems.

Using a general class of reduced models, the stability of sub-optimal
control systems cannot be guaranteed, although, it is possible to obtain
stable designs with a restricted class of reduced models, namely, tﬁose
obtained by projection methods. It will be shown later on in the chapter,

that priori condition can be established to ensure stabiliti of sub-optimal
multivariable systems design (different from Mee's9 single input result).

The aims of tﬁis chapter are: (i) to study comparison sensitivity in the
frequency comain when reduced models are used for design, (ii) find sufficient

conditions for stability of sub-optimal control systems, and (iii) study the

departure from sensitivity and optimality when reduced modeis are used.
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7.1 Comparison Sensitivity Properties17

Let Q'(s), R'(s) be perturbations, caused by parameter variations,

from the nominal Q(s) and R(s), respectively, i.e.

Q'(s) = Q(s) + 8Q(s) ) a0
R'(s) = R(s) + 6R(s) | | (7.2)
Q') = Q) + 8Q(s) 7.9
R'(s) = R(s) + 6R(s) | 7.6

where Q'Q' = I, R'R' = I, and in general 66 # (GQ)—I.

Defining the sensitivity matrix

M(s) = (1 +QUHEDT . 1.
McMorran® has shown that for equations (7.1) to (7.4) |
SR(s) = 8Q(s) | - L 1.8)
5a(s) = -Q'(s)6Q(s)Q(s) T R
SR(s) = R (s)6R()R(s) | (7.9
SR(s)R(s) = M(s)6Q(s)Q(s) | '  au)

Further, if variation:in parameters is in G(s) alone, i.e.

60(s) = 8G(s).K(s), equations (7.6) to (7.9) yield

~ GR(S)E(S) = M(s)(G'(s)a(s) - 1) (7.10)
’R'(s)Sa(s) = -M(s)(G'(s)a(s) -0 | (7.11)
SR(s) = -Q'(s)(C'(s)G(s) - I) (7.12)

where the last equation is used in the Inverse Nyquist Array design.
Cruz and Perkins1 have shown that M(s) in equation (7.5) is
related to the open loop output error and closed loop output error by
e (s). = M(s)e (s) ( (7.13)
where ec(s) = y@(s) - yé(s), eo(s) =';y°(s) - y;(s). Here the
prime represents the perturbed quantitities and the subseripts o and ¢
represent open-loop and closed loop quantities. For a feedback system
to be better than a corresponding open~loop system, in the preseunce of

parameter perturbations, Cruz and Perkins formulated the following
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criterion to be satisfied, (see figurxe 7.1)

<e (t) .ec(t)>Hm < <e (t) ,eo(t)>Hm . (7.14)

where < >H is the L?[ O,tl) Hilbert space inner product, and t, = 5T,
m

where T is the largest time constant of the system. The class of signals
is restricted to those such that equation (7.14) exists. Simplifying

equation (7.14);

e[ M (s)M(s) - 1] E, < O (7.15)

k=—co

The_orem1 7A

A sufficient condition for equation (7.15) to be satisfied is:

MiG)M(s) -1 ¢ 0 Vse R (7.15a)

|
or I;H(s);i(s) -1 30 YseQ - (7.15b)
over a frequéncy band of interest, §. |
‘Provided M(s) or Q(s) is not unitary at all frequencies,

equations (71155) and (7.15b) will be satisfied; If M(s) or ﬁ(s) is

unitary, then the feedback performance will be equal to the corresponding

open-loop performance. For single input-single output systems,

theorem 7A requires | M(s) | < 1 or | ﬁ(s) | > 1

Reduced Models in Sensitivity Reduction Design

When Kr(s) and Hr(s) are designed using Gr(s), it is interesting
to note the effect of parameter variations on Sr and S. Similar to
équation (7.5), defined for Sr,

M (s) = (T+TL(sN™ | | (7.16)"
where T;(s) = Q;(S)Hr(s). To give a meaningful role of using reduced
models in sensitivity reduction design, the following question can be
posed,

Suppose a r;duced model Gr(s) is obtained from anplant model G(s)

and a controller Kr(s) is designed for it. Now assume some plant



u(s)

r(sf——) K, (s) — G(s) > ¥,(s)

the open loop system

r(s) T uc(s)

—A_F X(s) c(s) F">

v, (e)

the corresponding closed loop system

? ]
e (8) =y,(s) -y (s) e (s) =y (8) - v ()
the prime represents perturbed quantities due to parameter variations

Fié. 7.1(&) Diagram for Bode's 'Comparis .on éghsitivity' set-up

ur;(s)

r(s) ) Ky (e) B

the open loop system (reduced model equivalent)

u::c(s)

() — ") X_(s) c(s) A

¥re(8)

the corresponding closed loop system(reduced model equivalent)
] ' []
e (8) =y, (8) -y, (s) e (s) =y (s) =y [(s)

the prime represents perturbed quantities due to parameter variations

Fig. 7.1(b) Bode's 'Comparis on Sensitivity' set-up using
Kr(s), designed using G*(s). on G (s)
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parameter changes, due to drift or inaccurate modelling such that G(s)
becomes G'(s). The appropriate modification in Gr(s) is then G;(s).
Now, under what conditions is Kf(s) insensitive when G(s) > G'(s)
when the same Kr(s) is insensitive when Gr(s) g Q;(s), in terms of
Mr(s)? In other words, under what conditioﬁs is theorem 7A satisfied,
for original model S, in terms of that for reduced model, Sr?
(see also figure 7.1)

Many sufficient conditions can be found for the above. Below
are stated some results that can be easily interpreted graphically.

The sensitivity criteria .- to le satisfied are: -

MM () -T & 0 Vs ea (7.17)
resp, MU(8)H () =1 3 O Veca_ . (s

Wi -1 ¢ o Vs ¢o (7.19)
resp, M(s)M(s) =TI 3 O Vs € | (7.20)
Theorem 7.1

Assuming Sr satisfies the sensitivity requirements of equations
(7.17) and (7.18), a sufficient condition for S to satisfy the sensitivity
requirements of equations (7.19) and (7.20) is that the matrix

E(s) = M) - oM (s) ¢ 0

(resp Ee(s) - ﬂn(s)ﬁ(s) - ﬂg(s)ﬁr(s) > 0)
Proof: ’
Mi(IM(s) - I = MM () - T +E (s) < Oif M ()M () ¢ O
and Ee(s) sl o (foliows from the fact that if A and B ‘are both negative
semidefinite, then A + B is negative semidefinite)
It is noticed that Ee(s)=E:(s)= Mi(s)ue(s) + Mg(s)Mr(s) - Ms(s)M(s)

where Hs(s) = ‘M(s) + Mr(s), M (s = M(s) - Mr(s), and if Mﬂ(s)Mr(s)

is also hermitian, then E_(s) = M*;(s)me(s).




- 196 -

The theorems stated below regarding equations (7.17) to (7.20)
are given in terms of the eigenvalues of the matrices.

Let kr,(resp ir) be the eigenvaluebof M&(s)M}(s) (resp gf(s)gr(s))
.and similariy A be eigenvalue of Mﬁ(s)M(s) etc.
Then,
Theorem 7.2

A sufficient condition for equations (7.19) (resp (7.20)) to be
satisfied is:
(1) Reld; + 8} < 1 , Vi Vseq (7.21)

(resp Re{irj +a} > 1)

(2) |ne(xrj +8 > -1+ ||E () - BI]], . V5 VseQ 0 (7.22)

(resp IRe(irj +a)] > 1+ ||§e(s) - a1]], '
Proof: -

. The eigenvalues of ME(s)M(s) are real and positive, hence for
Mﬁ(s)ur(s) -1 £ O, it is necessary that Arj £ 1, Yj. Condition
(1) ensures that all eigenvalues lie to the left of the '+1' line
and condition (2) (épplication of theorem 5.1) ensures that Xj < 1,
Yj, hence ensuring that ME(s)M(s) - I‘ €& O, Here & and B are
arbitrary complex nuhbers, and, since Mg(s)ﬁr(s) is normal, the spectral
norm || ||, is used, with inf «(p(s)) - 1
Theorem 7.3 |

Let- A, 3}, 3 ... A be as defined abéve and let ¢;, +.. -1
dyy eee dm Be 2m -~ 1 frequency dependent real numbers. Let arij(s)’
aij(s) be an element of MS(s)Mr(s), Mg(s)M(s) respectively, and let
the superflex ~ represent the respective dual quantities, Then a
sufficient condition for equations (7.17) and (7.19) to be satisfiedlis
(1) ci(w) > 0,»di(w) - di+1(m) 2 1/ci(w), Yi, Vgﬁﬂ (7.23)

resp[ ¢, (W) > 0, 4, = d;, @ 3 1/e; W) ]




-197 -

2 13 d;@) 2 ]a ()] + °i(‘*’)j§i'aﬁj(s)|2' y;,ngsz C7.20)

~ A A ~ ~ .
2
resp d; () ¥ la ; ()] + ciw)jgilaﬁj(s)l SEAOR B!

(3 1. 3 di(w) 3 Iaij(s)l + ci(w)_.il, laij(s)|2, Vi, Vweq . (7.25)

>

N ~ ~ A 2 A
resp d, (w) 3 Iaij(s)l + ci(w)jgilaij(s)l » 4@ 31
Proof:

If A is hermitian with eigenvalues A} 3 A; 3 ... A and if
> - L] ] . t ,» @ + L
c; o, di dl+l 3 1/c1, d; 3 a,. +c, Za

j>i ,
-Using the well known theorem for the localization of eigenvalues

2 .
in the 1arge23, conditions (1) to (3) ensure that Ari £1, ki €1, Vi
(resp Ari 31, Ai > 1), hence ensuring that Mg(s)Mr(s) € 0,

Mn(s)M(s) € 0 (resp Mg(s)Mr(s)> 0, MH(s)M(

s) 3 65‘.

Theorem 7.1 or equations (7.17) - to (7.20) can also be evaluated
in terms of the characteristic loci of Mr(s) and M(s), resp in the

special case when M_(s) and M(s) are both normal.

Consider )
; M&(S)Mr(s) -1.<0 | ) (7.17)
f}r*(s)far(s) -15>0 (7.18)

WHEp Mr(s) ande(s) are normal, then Arj(s) = |prj(35|2,
Aj(s) = lpj(s)lz, where Arj(s), Aj(s) and prj(s), pj(s) are the
eigenvalues of Mr(s)Mf(s), M(s)MB(s) and Mr(s), M(s) respective1y23.
Thus for equation (7.17) to be satisfied, it is required that
|prj(s)| < 1. The converse case is also true.

Hence when Mr(s) and M(s) are both normal, and letting

M_(s) = M(s) = M_(s), Hy(s) = M(s) - M (s),
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Thus
Theorem 7.4

Let prj(s) + B (resp grj(s) + 0) map _P into rrj + B (resp §rj +a),
and let C be the unit circlecentred on the origin in the Nyquist plane.
Tﬁe sufficient conditioﬁs for the sensitivity criteria of equations
(7.19) and (7.20) to be satisfied are:

. (1) The locus rrj + B (resp rrj + 0a) lies inside (resp outside) C, Vj

either | .

2 lo 0 + 8] < 1= [|w(s) - 81l - . Vi, VseQ  (7.26)
[resp |;tj<s> +a] 3 1+ ||'§e(s) -'a1||.—2g] T, Vi, VseQ
or

€)) Iprj (s) +B] € 1 - (m+ 2)Mmax(s)(A(s))1/m, | Vi, VseQ (7.27)

(resp |;rj(s) val 3 1+ @+ M (AEN™, v, veea

where M___(s) = max{Mij(s), Mrij(s) + GijB}
A(s) = {I/Mmax(s)}iz.'Mij(s) - Mrij(s) - GijBl, where Gij =1, Vi =i,
Gij = 0, cherwise.’Jﬁﬁax(s) and Z(s) are similarly given, with the
respective quantities replaced‘by their inverse$and, B by a.
Proofﬁ
Condition (2) is a consequence of theorem 5.1 and condition (3)
is a consequence of theorem 6.4 . (0Ostrowski's theorem)zo’za. The graphical
interpretation of theorem 7.4 is shown in figures 7.2(a) and 7.2(b).
It is required that the band on the loci prj(s) + B (resp ;rj(s) +a)
lies inside (resp outside) C. This means that |pj(s)| <1
(resp l;j(s)l > 1), ¥j, which satisfigs ng(s)M(s) -I1<0
(resp gﬁ(s)ﬁ(s) -I>0). '

Sincey from equations (7.16), Mr(s) =1 + T;(s), it follows from the

eigenvalue shift theorem,



M ;
unit circle:

er(s)+0( locf.
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. r =1+ (s)- o(Il|2
re=1- "Me(s) -«FI“2
Fig. 7.2(a) Illustrating theorem 7.4

Gatisfying criteria for Comparision
Sensitivity for S and S)

Fige 7.2(b) Illustrating theorem
7.4 using inverse loci

(satisfying criteria for . .
Comparision Sensitiviiy for

S, and S)
Im
unit In unit
circle ~ circle
1
Reg O I
</ ~
N
e j(s) loci
tj(s) loci '
trj(s)q-f
loci
T
" Fig. 7.3(a) Condition for sub r = [lo,(s)- z1ljintH(v(s))
optimal stability of S
(see eqn (7.47) ) : Fig. 7.3(b) Illustrating theorem 7.6

(conditions for stability of optimal S,
and sub optimal S )
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A

JHOREIS EENO - | (7.28)

where trj(s) is the characteristic loci - of T;(s). Thus when
A .
considering trj(s) instead of prj(s)’ the same result of theorem 7.4

.applies, with the centre of the unit circle shifted to the '-1'

point and the locus of Drj(s) + a replaced by the locus of trj(s) + Q.

7.2.1 State space.descriptive systems

For state space descriptive systems, S(A,B,C) Cruz et al2 showed
that the equivalent form of equation (7.14) is

e By Qec(®)>y < <e (o), Qeé(t)>ﬁn (7.34)

where < >Hn is the L?[O,tl) Hilbert space inﬁgr product, Q > 0 is a
state weighting matrix, ec(t) =x, - xé, eo(t) =X = x;. A sufficient
 condition for equations (7.34) to be satisfied is
Mi(s)QM(s) -~ Q < 0, Vsen | (7.35)
or  Mi(s)QM(s) - Q > 0
where in this case,
M(s) = (sI-A' =B'K) (sI - A") = (I-0"()B'K)"  (7.36)
is the state sensitivity matrix of order n x n and K is a constant
state feedback matrix.

The parallel equations for sr(Ar’Br’cr) are

“epc(t)sQe (60 < <ero(8)s0e o (0> (7.37)

M:(s)Qer(s) - Q <0, Vsen (7.38)
or QS(S)Qrﬁr(s) - Qr >0
with ,

M. (s) "= (sl -A, -~ B;Kr)-l(sl =A) = (I-0¢(s)BK) (7.39) |
of order r x r. Taking into account design considerations, K is related

to Kr by
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-

R'= K2 | | (7.40)
vhere xf = 7Zx. As the dimensions of M(s) and Mi(s) are incompatible
in state space systems, the dimensions of Mr(s) must be extended before

equation (7.38) can be used in conjunction witﬁ equation (7.35).

Define
[ M(s) O ] [ Y(s) 0 ,
Nr(s) = or Nr(s) =
L 0] Y(s) | . O Mi(s) :
- M (s) O ] Ta
Nr(S) - r N Q; - r 0 ]
b 0 Y(s) - ‘ - 0 diag(qr+1.... '

where Y(s), Y(s), diag(q qn) are such that the Nr(s), Nr(s),

r+1’o.o

Q;,areiof dimension (n x n) and Q; > 0.

* — '

Suppose the éharacteristic laci of Mr(s) (resp ﬁr(s)).are A;j(s)
(resp irj(s))’ j =1, ... r and the arbitrary assigned characteristic
locirof Y(s) (resp §(s)) are Ari(s) (resp iri(s)), i=r+l,...n.
‘Thus the characteristic loci of Nr(s) (resp ﬁr(s)) are Arj(s)
(resp ;rj(s)),j = 1,,..0.
The modified form of expression (7.38) becomes
NASQUN_(8) = Q< 0
H@oN (0 - >0 | ¢
r TTr r :
Expressions (7.35) and (7.38) can be interpreted using the
Ostrowski-Schneider-Tag;skyl8 (OST) theorem of the Lyapunov equation.
The theorem states that for BEMn(C), and the inertia of B,
In(B) = (7,v,8), there exists a Hermitian H guch that BHBH -H>o0,
if and only if B has no eigenvalues z such that |z| = 1. 1If
BHBH - H > 0, then B has m(H) [resp..v(H)] eigenvalues z such that

lz] > 1 [resp. |z] < 1]. The converse case of the theorem is alﬁo
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true. Suppése B has & (resp. n-L) eigenvalues outside (resp. inside)
the unit circle. Then there exists a Hermitian P such that
BPBY - P > 0 where In(®) = (%, n-%, O).

The OST theorem can now be applied to expressions (7.35) and (7.38).
Theorem 7.5

Let Arj(s) + B (resp irj(s) + a) mép D into rrj + B (resp rrj +a),
and let C be the unit circle as in theorem 7.4. Then expression (7.35)
is satisfied, i.e. S satisfy the sensitivity criterion if
(1) 1"rj + B (resp frj + o) lies inside (resp outside) C, Vj

either

2 ler;(s) + 8] <1 - [N (s) - BI]inE k(®(s)), Vi, Vser  (7.42)

[resp |er<s) +al > 1+ ||N_(s) - oI|linf k@(s))], Vi, Vsen
or

3) I)‘rj(s) +B] <1- (m+2)Mmax(s)(A(s))1/m, Vi, VseQ (7.43)
[resp |Krj () +af > 1+ @M ()AN™), Vi, Ysea

where N_() = N(s) = N_(s), N,(s) = M(s) = N_(s), M (s) = max{i, (s),

CN_,.(s) + aije}, A(s) = {1/Mmax<s)}§j |Mijfs) =N i(8) - sijel.

and similarly for the inverse quantities, Mﬁax(s), A(s) etc.

rij

Proof:

The proof is very similar to that given in theorem 7.4.

Regarding expressions (7.41) and (7.35), with Q; >0, Q”0, it
is seen that In(Q;) = In(Q) = (n,0,0). Thus when applying the OST
theorem to expression (7.41), all lirj(s)l must lie outside the unit
digc. The converse case of the OST theorem is used to gxplain that
ﬁﬂ(s)Qﬁ(s) -Q> b for a particular Q. Since the circular bands, given
by expteséion (7.42) or (7.43) also lie outside the unit disc, all
eigenvalues_]kj(s)l of ﬁ(s) also 1ie outside the unit disc. Thus a

Hermitian Q exist such that gﬂ(s)Q&(s) -Q>0, or Mﬂ(ssQM(s) - Q < 0.
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(When conside;ing.M(s) instead of ﬁ(s), all loci IAj(s)l must lie
inside the unit disc.)

The graphical interpretation of theorem 7.5 is similar to that
of theorem 7.4. 1In theorem 7.5 it is noted that the weighting matrices
Qr and Q cannot be chosen arbitrarily. All is known is that a class
of matrices Qr and Q. exists such that ﬁz(s)Qrﬁés) - Qr > 0 and
ﬁn(s)Qg(s) -Q>0. Qr and Q can be solved directly from‘these
equations. Prespecification of Qr and Q cannot guarantee the
applicability of theorem 7.5. If they are prespecified, then a
similar form of theorem 7.2 or 7.3 can be used. However, this is

disadvantageous in design, as theorem 7.2 does not work on the

characteristic loci of Sr'

Reduced models and frequency domain optimality

- —

For the observable system Sr(Ar’Br’cr) minimizing the funqtional

I = <,Qy>,  + <uRu> (7.44)
. m m

wﬁere Hm is the L?[O,m) Hilbert space Qr 30, R>0, it is well

-1 e e
known that the control law u = -err = -R B:Prxr’ where Pr satisfies

_ the Riccati equation

+ + - .
Prhr ArPr PeBR OB Cr%Ce (7.45)
results in the frequency domain equation for optimality'8,17

Ff(s)RFr(s) - R+ Gf(s)QrGr(s) (7.46)

.Equation (7.46) gives a necessary and sufficient condition for
optimality. Fr(s) =1 + Kr(sI - Ar)-lBr, Gr(s) = Cr(sI - Ar)-lBr
are the return difference matrix and forward path transfer function of
the optimal system respectively. It was also shown that a necessary
condition for oﬁtimality17 from equation (7.46) is |de£ Fr(é)l 31
or lprj(s)l 31, Vj. Vs = jw, where prj (s) is the eigenvalue of
Fr(s). Vigwed graphically the characteristic loci prj(s) cannot penetrate
the unit circle at the origin, and Sr is stable.

Let trj(s) be an eigenvalue of Kr(éI = Ar)elBr’ then
prj(s) =1 + trj(s), thus the unit circle is shifted to the '-1' point

if th ¢ locus of trj(s) is considered. Now, suppose sub-optimal control
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u = =K Zx
r

is applied to the original model S, where X, = Zx. The locus ;j(s),
resulting from éub—optimal control, would then penetrate the unit circle
and, can encircle the critical point, thus causing an unstable system S,
(see figuré 7.3a). Conditions are sought such that the stability of S
is ensured.

From figure 7.3a, S is closed loop stable if _

ltej(s)| <1+ trj(sjl: - Vi | ' (7.47)
where tej(s) = tj(s) - trj(s)° Frequency domain theorem establishedl
in Chapter V can be adapted to study the stability of 'S. Let

, | ) - , :
Qr(s) - Kr(sI Ar) Br Krtbr(s)Br

S —

Qs) = KZ(sI-A) B = K20(s)B
Q. () = Q(s) - Q.(s)

and trj(s)’ tj(s) be eiéenvalues of Qr(s), Q(s) respectively
Theorem 7.6 |
The sub optimal control‘system, S, will be stable given that the
optimal control s&stem, Sr’ is stable, if
(1) The locus trj (s) + B satisfies NC, Yi, Vs€p
either ' |
(2)' 1 +8 + trj(s)l >.|'|Qe(s) - BI||inf k(V(s)), Vi, VséD (7.48)
or '

M IL+pre )] > @ oM (A, Vi, VseD  (7.49)

where V(s) diégonalizes Qr(s) and Mmax(s), A(s) are as defined as in
theorem 6.4.
Proof:

Given that'condition (1) is satisfied, condition (2) or (3) ensure
;hat the locus tj(s) satisfies the Nyquist criterion; follows from

theorems 5.1 and 6.4 (see figure 7.3b)
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If the arbitrary scaliﬁg factor B is chosen f= 0, condition (1)
is automatically satisfied, as the optimal system, Sr, is always stable. -
Writing Q_(s) = Kr(ZQ(s)B - ¢r(s)Br) and since |]AB|| < ||A]] ||B]| and
letting B = 0 and assuming the special case when Qr(s) is normal,
condition (2) reduces to .

- i 3

[1 + trj(s)l > ||1<r||2 |128(s)B ,°r(5)3r“z , V3, Vsep
i.e. |1+ ch.(s)I/HKrll2 > ||ze(s)B - or(g)Brllz, Vj, Vs€D (7.50)

Although the righthand-side of expression (7.50) is independent
of P, Q and R, the bound is inconvenient, as it is expressed in terms

of trj(s). A more useful bound can be derived from céndition (3).

" For an optimal Sr’ with B = 0, it is necessary that-ll + trj(s)| > 1.

Equation (7.49) is satisfied if o —_— i

15> (m+ 2)Mmax(§){A(s)}1./m (7.51)
there Mmax(s) = maxi,j(lqrij (S)l, lqij (S)l),
A@s) = { 2 : ? lq..(s) - q (9.)[]1/m / M___(s). Rearrangin
' i=1 j=1 1j v rij : max® "’ ging
expression (7.51)

m/m-1 o 1/ (m-1
@+ ™M O T ) < 0 y;@] N N G

Now,

R IOREENOIRSINORENOH IR I ROIINIENC: 3

=
. Rade

-2(s)B||, (7.53)
where the cubic norm ||AHc =m maxlaijl. .For the time being it is

assumed that r = m such that Kr and Br are square matrices. Also,

Mo (8) = maxi’j(lqrij(S)l,lqij(S)l)
= /m) max {|[o )], llate) ||} <

(l/m)IIKr”C max {||¢r(s)Br||,||Z<b(s)B||} (7.54)
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Substituting expressions (7.53) and (7.54), into (7.52), and letting

ws) = W/m@m + 2™ "D nax {]]o ()8 ()],

||z0¢s)B] |} |6_(s)B_ - zo(s)B] |}/ (D) C(1.55)
one obtains |
||1<r(s)||cm/(“"1)||W(s)||c <1 Vs = ju (7.56)
] -1 t -1 .
since ||k (]| = |1&728511 < [[R7]] |1 || |Is5]], evaluating

expression (7.56), one dbtains
Corollary 7.1

The sub-optimal system S is stable if

eIl < (W |12/ /R HB ], Vs =30 (7usD)

Exﬁreséion (7.575 requires that the solution of the matrix Riccati.
equation Pr’be bouhded. Aﬁleffective method to ensure‘that Pr satisfies
expression (7.57) is as follows. |

Assume IIPrllc <a : (7.58)
where o is a constant, then from expression (7.57)

R < w1/ @D ga st Ys =50 (7.59)
Algorithm to find P_
Step 1. Choose a valu= of o aﬁd compute R such that expression (7.59) is

satisfied

Step 2. Choose the matrix Q and find P by solving eqﬁation (f.45)

Step 3. If HPrIIc < a, exit, otherwise go to Step 1 or Step 2.

It is far easier to find a R such that expression (7.59) is
satisfied for all frequencies, and then checking that IlPrII < a, then
by solving P from equations (7.45) and checking that it satisfies

expression (7.57). The constant, a, can be chosen from 'open loop'

quantities. For the optimal.system,

<x ,P x>, = min,6 <x_,P
ety r E g “*pe

>
K*r E
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where for the closed loop system
P, = . [" exp {(A - B K t}ciq c_ + KRR exp {(A - B K )t} dt
K o T rr rrr r r T rr
For the opeh loop system
t t
P, f‘: exp (A'£)(CQC) exp (A t) dt 4 (7.60)

If the open loop system is stable, then

XpaPx 2y < <xr'Pfoxr>E : (7.61)

From expression (7.61), Pro —‘Pr >0, i.e. positive definite

33

M@A+B > @ =l ..m , (7.62)

symmetric. Using a general inequality of Miukowski

for symmetric positive definite matrices A and B, and identifying
. T _ ey s . > . '

A with Pr and B with Pro P, it is seen that Ajfpro) XJ(Pr), and
Pr and Pro are symmetric positive definite. From expression (7.62)
it is easily deduced that det Pro > det Pr'

Hence, if o is chosen as o = det Pro’ Pr in expression (7.58)
is required to satisfy llPrllc < det Pr or ||Pr||c < det Pro' Other
convenient norms or different values of o can be used. Since Pr is

gymmetric lIPr|I2 = X ,x(P,) where the spectral norm of P_ is equal

to its spectral radius, From expression (7.62) xmax(Pr) < lmax(Pro)’

the Pr can be computed, by using the spectral norm instead of the cubic
norm, provided that (1/m)||Qr(s)[|c < ||Qr(s)||2, (1/m)||Q(s)||c < ”Q(S)H2

‘and Z.’Z.|qij(s) - qrij(s)l < ||Qe(s)||2,\/s = juw.

e
Cae

In the above analysis, all matrices are assumed square, i.e. r = m.
In the case of r > m, r -~ m fictitious inputs can be introduced into the

modified system S;(Ar,B;Cr), where B; = (Br 0) .

R' = diag {rl, Tys eee T» 0, +.. 0O}, assuming R = diag {rl, Tos ees rm}.
S; in this case is still observable. However, if r < m, thenm - r
fictitious statesmust be augmentéd to Sr(Ar’Br’Cr) such that the modified

system S;(A;, B;, C;) is observable, with
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' a 't = | T ' o
Ar A K Br . Cr (c

and |e|, ||a]|, ||B]| must be chosen very small such that the dynamical
response of S; is very close to that of S, In practice, m is usually
low, hence Sr must be modélled sgch that r 3 m. The plant order n is
usually very high with n >> m.

The stability of S can also be expressed in terms of the
determinants of Fr(s). For an optimal, Sr’ the locus of det Fr(s)
cannot penetrate the unit circle centred on the origin. Thus, parallel
to equation (7.47) the locus det F(s) of S, that pene;rates the unit
circle, will satisfy the Nyquist criterion if

ldet Fr(s)l > ldet Fr(s) - det F(s)| < . (7.63)
where from equation (7.46), pre and post multiplying throughout by
R'-i and taking determinants

|det F (s)| = deti(I + R-iGH(s)Q G (s)R-l)

r r rTr
The determinantal bound, however, is complicated and inconvenient.

Reduced Model and Sub—optimal Filtering

It is well known that the solution for the optimal fil;er16 is
very similar to that for the optimal regulator and the two problems
can be treated separately.‘ The optimal filter also has the same
frequency domain10 characterisation as the optimal regulator. Thus
the same problems arise in using reduced models for sub-optimal
filter design.

For a given system S(A, B, C) suppose the observed signal z(t)
is corrupted by an additive noise disturbance v(t), i.é.

z(t) = y(£) + v(t) |

and suppose that the statistical properties of the noise and input are
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cov [u(t), u(r)] = Q8(t - 1)

cov [v(t), v(1)] = RS(t = 1) (7.64)

cov [u(t), v(r)] = ©

Thegiit is well known that the Kalman Bucy16 filter has a
feedback structure with gain

K = PC'R
where P is the solution of the steady state matrix Riccati equation

Pat + AP - pc"R7’cP + BQB® = o (7.65)
and P is also the covariancg matrix for the error in the state
estimate (X - x). The frequency domain interpretation of the optimal
filterIQAis '

F()RF (s) = R + G(s)QCi(s) = A(s)A¥(s) " (7.66)
where F(s) = I + C(sI - A)-IK, G(s) = C(sI ;‘A);IB and A(s) is
the Hurwitz factor of the spectral factorisation of the spectraf
density matrix of the observation vector z. In equation (7.66) it is
known that |p(s)| 3 1 and |det F(s)| 3 1 where p(s) is the characteristic
loci of F(s). Thus to determine stability in sub-optimal filter
design, a similar form of theorem 7.6 and corollary 7.1 can be used.
Instéad of solving the Riccati equation (7.65), the filter gain K; can
also be computed iteratively from the discrete state space system
@, T, 0

P, = (I-KOHR 0

K = 0B _07CT(Cor, jotct 4 r )™
for k=1, 2, ..., N with initial condition .Po specified.

It is also essential to know the overall stability of the system,
i.e. the optimal system with the optimal filter incorporated. To
study the stability of the sub-optimal system incorporating a sub-
optiual filter, in terms of the stability of an optimal system

incorporating an optimal filter, is complicated, as it involves too
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many parameters, and the systems are interconnected. The stability of
the system and filter arrangement can be best studied from the
frequency domain point of view in terms of sub-systems and theéir
interconnections, using a result of Cookll.

Suppose that the optimal system y = Su is decomposed into an

interconnection of sub-systems Si represented by

y = Ilyy;

1
y = Siui . ' (7.67)
u, = K.u + I R,.y.
i i . 1373
J
Then if S;, Ry, K, L; are LP-stable, with ||si||p # 0, Vi, Vj-

-1
ix W, wi e = . ex = .. i
and Fhe matrix W, with element, le IISIIIP 611 . ||31J||p is an
M-matrix, then the total system S is P stable. (Here 1P stable means
Si < »and ||S = inf |K : Su) £ K Yu, VT])

[HIR (1811 = ing [ & 1wl ] ¢ ®llugl ], Vo, ¥4

The stability of the total sub-optimal system S' can be interpreted
in terms of that of the optimal system S as follows
Theorem 7.7

Given the total optimal system S is stable, the total sub-optimal

system S' is stable if

(1) s, Rij’ K, Fi are LP-stable, Vi, Vj
; ] [} . ] . .
Proof:

Condition (2) determines that W' is an M-matrix and with condition
(1) S' is stable.

Theorem 7.7 is general. The M-matrix requirement'of W' can be

interpreted graphically as diagonal dominance requirement of Rosenbrock,

or characteristic loci requirement of Ky Fan (see Chapter V).
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7.3.3 Reduced Models and Relationship between Sensitivity and Optimality

The optimality of a system is also intimately related to the
sensitivity problem of the system. For a single input system, Kalman
showed that an optimal system is also one which is less sensitive to
parameter variatioms. Anderson5 generalized the result to multivariable
systems. S(A, B, C) will only minimize

S J o= i<Qix, QiX>H + <Riu, R§u>H (7.63)
: n. m

where (A, Qi) is observable and R > 0, with the control law u = -Kx,

if and only if, the closed loop system A - BKC is asymptotically stable

and

FH(s)F(s) -130, Vs = ju o (7-64)

where F(s) = 1 +-R‘£K®(3)BR75, is the returq dif?éfence matrix of the
optimal system. Conversely, if expression (7.64) is satisfied with
gtrict inequality sign, then the closed loop system Sc is optimal,
with respect to some performance index, J, under the condition that
sc is stable and that (A, K) is'completely observable.

Expression (7.64) is also the criterion for sensitivity reduction
in closed loop systems, see expression (7.20) where ;1(3) = F(s).
As s»», F(s)»I, thus strict inequality will never be satisfied in
expression (7.64) for a strictly proper transfer function matrix
R ko(s)sr L.

Hence to satisfy the sensitivity reduction criterion it is necessary
s (dw)ﬁf Q, as ij(s)l = 1 at s = @, yhere pj(s) is the characteristic
loci of F(s), assuming F(s) is normal and Q is the spectrum of interest
where the sensitivity condition is satisfied.

Thus in sub optimal design, the original system, S, assuming F(s)
is normal, will weakly satisfy the sensitivity reduction critericn

since Iprj(s)| <1 for some s = juw.
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7.4 Reduced Models in Sub-optimal Control Systems Design

The linear optimal regulator problem and tracking problem,
designed using Sr, Have been studied in some detail by Aoki, Mitra,
Meditch and Vittal Rao et a112—15: Aéki had also used reduced models
to obtain upper bounds for the solution of matrix Riccatti equationms.

For completeness, this section reviews some of the earlier work
of the above authors. The sub-optimal design procedures are then
incorporated into a general design algorithm, based on the stability
theorems developed in section 7.3 and those in Chapter V.

For controllable S(A, B, C) and Sr(Ar’ B, Cr); the associated

performance indices to be minimized, are

J o= o<z, Qo+ <u, Rwy L (7.65)
n m :
Jr = <xr, err>Hr + <u, Ru>Hm (7.66)

where x € Hn' X ¢ Hr’ u € Hm and Hn’ Hr and Hm are (n x n), (r x r)
and (m x m) Hilbert spaces, with Q 3 O, Qr‘; 0 and R > 0. For

equation (7.66), the control law, u = —err(t), yields Jr,min = <X¥1?rXJm)»
where
kK = R 'Bfp
T T
and gris the solution of
t -1t .
AP +PA -PBR BP_ +0Q 0 | (7.67)

The resulting closed loop system matrix Ar - BrKr is also stable and
~ satisfies the closed loop equation
t t ' |

4 - (A - = - .

(Ar BrKr) P+ Pr_Ar BtKr) (KrRKr + Qt) : (7.68)
Similar equations to equations (7.67) and (7.68) can be written for
the index J in equatiqn (7.65), i.e.

-1
¥ = R BP
t -1t .
AP +PA-PBR BP +Q = O (7.69)

(A-BQ) +P(A-BK) = -(K'RK + Q)
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for J i = <xc),Px(@?, The chief interest is to use control

u= -K x_, from § , on S, where S and §_ are related by the matrices

AZ = ZA
r

cCz = C
r

with x_ = Zx, i.e.'it is desirable to use u_ = ;Ker on S to obtain
a sub-optimal control. If ZZ+. = ZZt(ZZt)n1 = I, exists, then pre
and post multiplying equation (7.67) by Zt.and A respe;tively and using
equation (7.70)
A2%p z + zp 24 - 2% zBR"'B%2%P z + 2%Q z - o (7.71)
r r r r r _
Comparing equation (7.71) to (7.69) it is seen that zt?rz
corresponds to‘P if ZthZ is made to correspond‘zb b (they cannot be

equated as P and Q are of rank n while ZtPrZ and ZthZ are at most

of rank r). Hence if Qr is chosen as

Q = @hte” | . (7.72)
then the sub optimai control u will result in a J = <x¢anIxedwhere
T satisfies ;

(A-BK2)T +T(A-BKZ) +2ZKRKZ +Q = O (7.73)
provided if and only if (A - BKrZ) is a stability matrix, and in this

gituation Aoki13 showed that

T3P 3 thrz (7.74)

(T 3P means.T -P30,i.e. T-P is positive semi-definite).
Equation (7.74) can also be used to provide upper and lower bounds on
solutions of métrix Riccati equationms. |

Equations (7.65) and (7.66) Aeal'with the state regulator problem.
The output regulator problem15 is considered by considering the

performnance index functional,

J = <y, Qy>, + <u, Rw “ (7.75)
H " |
m m .
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for an m input-m output system. Analysis following the same lines
from equations (7.65) to (7.74) can be applied to eduation (7.75).
For the output tracking problem the functional to be minimized is

I =}y - ), Qly - £)>, + <u, Rw> (7.76)

m Hm

assuming A(A, B, C) to be observable. Substitutingy - £ = Cx - £
in equation (7.76) and introducing the Hamiltonian

H = }<e, Q> + i<u, Ru> + <p, Ax + Bu>
whére e =Cx -y and p is the co-state vector it can be shown that
by evaluating 9H/3u = O, the following equations pertinent to equation (7.76)
can be obtained | .

u = -R-lBtp(t)

p(t) = Kx(t) +W . (7.77)

c®oc + k& + A%k - kBR7'B%k = O '

-1
A% - kB B'w - cff = o .

A similar set of equations can be written for the reduced model Sf.
It is desirable to use control u = -R-IB;Pr, derived from Sr’ on S.
The equations of the two controls are

Sub optimél St u. = -Rletther - R-!Btztwr

optimal Sr: u = -R-lBth'- R-lBtW

It is seen that ZtKrZ and thr correspond to K and W respec tively.

Pre and post multiplying the Lyapunov equation for Sr

t

. -l
ctfoc +krkA +a% -xkBR B
rrr rr rr rr rr

= 0
by 2% and 2z respectively and using equation (7.70)
-1
ctqc + 2%k z2a+ A%2%k 2 - 2%k zBR" BYz'k z = O
r Y r r r
Comparing the above to the third equation of (7.77) it is seen
that ZtKrZ corresponds to K if Q corresponds to Qr' (Here they can

be eqrated as they are of the same dimension and can be of same rank.)

Similarly multiplying the last equation of (7.77) by Zt and simplifying



-214 -
NS |
A2% -zt zer"'Bttw -cfqf = o0 (7.78)
r r r rr
Comparing equation (7.78) to the last equation of (7.77), with
) . t

the correspondence of K, W and Q to ZtKrZ, Z Wt and Qr as defined
above, it is seen that f can be made to correspond to fr’ i.e. £ = f

and Q = Qr etc. The closed loop equation for the tracking problem

18
L ] —l t —!
x = (A-R'B ZtKrZ)x,- BR BtZtWru (7.79)

Equation (7.78) is true if and only if equation (7.79) is stable.
It was shown in Chapter V (theorem 5E) that if Z is obtained from
projection methods of model reduction (Aoki, Hickin et al), then,
for state feedback, the eigenvalues of the original closed loop system,

Af = A - BKrZ or Af = A - R-lBtZtKrZ, are the r eigenvalues of the

—

fr = Ar - BrKr or Afr

and the n-r unretained eigenvalues of the open-loop matrix A. For

reduced closed loop system, A '= Ar - R-IB:Kr,
output feedback, an approximate relationship holds. Theorem SE is
not true if Z is obtained non-specifically.

.Here for a general S, in order to assess stability of the sub-
optimal control, corollary 7.1 of theorem 7.6 or theorem 5.21 can
be used.

Algorithm for designing sub-optimal controllers with stability
assessment.

Step 1. Choose Q 3 O, ﬁ > 0 for performance index J
Step 2. Calculate correspondihg Qr and Rr in Jr
Step 3. Determine sub-optimal control u = -Ker or u -.-Kry on S,
using Corollary 7.1.
Step 4. Computé transient error e(t) = y(t) - yr(t). If tolerable,
exit, otherwise go to Step 1.
Nsing Corollary 7.1 in the abnve algorithm, to deéermine sub-

optimal control actiom, will guarantee the stability of the sub-optimal

system.
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7.5 Conclusions

Using reduced models in design, it is seen that the sensitivity
properties of the closed loop system (or plant) is important. The
controller is thﬁs designed such that the closed loop plant satisfies
the sensitivity criterion in terms of the sensitivity function of
the reduced model.

Designing sub-optimal control systems via the frequency domain
approach, it is seen that a prior condition can be determined, such
tﬁat the sub optimal feedback system is guaranteed stable. However,
gain in stability is compensated by loss in sensitivity. As the
characteristic loci of the sub-optimal system penetrates the unit
disc, a sub-optimal system is less immune to parameter variations
that an optimal system. =

The bounds established in this chapter are best evaluated using
interactive graphics, whén immunity to parameter variation has a

high priority in design.
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" "CHAPTER - VIII -

BOUNDS FOR NONLINEAR MULTIVARIABLE SYSTEMS AND REDUCED MODEL DESIGN

Introduction

This chapter looks at nonlinear multivariable systems, and, the
adaptation of reduced models in systems design, the mainvemphasis being
on stability. The classical Lur's problem2’7’lois investigated in the
multivariable setting, consisting of a linear transfer function, in the
forward path, and a slope restricted, nonlinear, time dependent,
memoryless feedback structure. The results of Rosenbrock, Cook and
Falb et al4 are adapted to the use of reduced models..~4rakif foliowing

. - 5 L . . [] ] .
the lines of Zames, have extended the idea of conicity and positivity to

investigate stability of nonlinear systems, in L, space. Following the

same lines, stability bounds are derived for reduced models in nonlinear ;
systems.

fhe describing function method has proved to Be an attractive design
tool f;r nonlinear multivariable systems. Sﬁfficient conditions are
derived for the absence of limit cycles. The 'derived criteria are less
conservative and more flexible thanexisting criteria, thaﬁ those of Mees' and
Ramani and Athertonlz. It is also shown that the new criteria can be
easily modified, to accommodate the use of red@ced models in design,~bx
widening the bounds.

Rosenbrock2 and Cook3 studied the Lur'e problem by giving a graphical

19’30 in terms of 'diagonal

interpretation of the 'éircle criterion'
dominance', starting from Anderson's generalization19 of the Kalman-
Yacobovitch lemma., The other solution for the Lur'e problem is the

Popov7 critarion, and it has been extended to multivariable systems by

Jury and Leeg. Using Geshgorin's theorem, Shankar and Atherton11 gave
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a graphiéal evaluation of the Jury-Lee cfiterion, in special cases, their
results coincided with those of Cook3. Viewing stability from the
Characteristic ioci (eigenvalue) concept, the stability results of Falb,
Freedman and Zamesa, for normal matrices, are rederived by a shorter
method. New graphical interpretations are given for the multivariable
Lur's problem in terms of the 'circle criterion' and the Jury-Lee criterion.
The new graphical results are‘more flexible, and in certain cases, less
conservaﬁive than existing ones; however, their main advantage is the
ease withyhich they can be used, to obtain a stability relationship between
reduced and original models. \ |
Model Reference Adaptive Control Systems (MRACS)16’17 is an
interesting aspect in system design. The adaptive mechanism is usually
nonlinear in nature; to this end, Popov's hyperstabilféy8 criterion and

Lyapunov synthesis method find attractive design applicationms. Heia>t

‘showed that reduced models can be used beneficially in designing MRACS.

In the chapter the role of reduced models in'ﬁBACS‘design.is studied with
emphasis on stability.

Stability analysis of nonlinear systems designed using reduced models

8.1.1 The cirete criterion This section studies nonlinear control systems
shown iﬁ figufe 8.1. -The forward path consisté of the linear block
Qr(s)-é-Cr(s)Kr(s), wheré.Qr(s) is‘assumed to b;'strictly proper
and.real rational. - The nonlinear transfer fuﬁction in the
feedback path N = diag {ni1(t,y),ee0, nm(t,y)} consists of time
dependent, memoryless nonlinearities, lying in the sector (ai’bi)’
ieslope restricted by

0% a; < ni(t.y) € bi. ’ a, £ bi ’ Vi (8.1)
The aim is to find the closed loop stability of the systems

S, * x. = (Fr - GrNHr)Xr ;. (8.2)

s : x = (F-GNNX _ (8.3)



r(s)+

k(o) 6()

N(th)

Fig, 8.1 Nonlinear system configuration

L

qrii(s) loci

A
qrii(s) loci

direct loci inverse loci

Fig, 8,2 Illustrating theorem 8B

-1/a; -1/b,

ldri

Fig, 8.3 Illustrating theorem 8.2 A Fig. 8. I1lustrating theorem 8.
( bands must avoid critical disc for case when Gr s Kr 8) is normal
stability ) bands must avoid critical disc
for nonlinear systiem stability )
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vhere Sr(Fr,Gr,Hr), S(F;G,H) are.minimal<realizations of
Qr(s) = Gr(S)Kr(s)’ Q(s) = G(s)K;(s) respectively., Graphical
solution in'the frequency domain is best suited to design and
stability assessment of S and Sr in equatiop (8.2). Many graphical
solutions are available and a few will be adapted to study S and
Sr. In the sequel, it is assumed that the linear systems: defined
by Sr(Fr’Gr’Hr)’»S(F’G’H) with u = -Ay and u = -By where
A = diag {a1, eee, am}, B = diag {b1, «.c, bm}, are closed loop
stable | |
Theorem 8A2
It is well known that if
v_(s) = B+ Qr(s)_]-I[A-l +Q_(s)]
resp” [A-l + Qr(s)] [B-1 + Qr(s)]-1
resp [Im + Qr(s)A]-l[im + Qr(s)ﬁ]
~resp fIm + BQr(s)] [Im + AQt(s)J--1

o £ d 1. '
exist and be positye real, then the system sr(Ar - BrNCr) is
stable in the sense of Lyapunov (i.s.L.). Theorem 8A gives
sufficient conditions for stability and can be proved using

~ Anderson's generalization of the Kalman-Yacﬁbovitch lemma,

The stability of S will now be based on that of Sr, via
theorem 8A. |
Theorem 8.1

Given that S, is stable i.s.L., in terms of theorem 8A then
S is likewise stable if we(s) = W(s) - Wr(s) is posit#ve real,
where W(s) has .the same definition as Wr(s), in equation (8.4),
except that the subscript r is dropped.

Proof: | :
From theorem 8A, it can be deduced that S is stable if W(s)

is positive real, Hence if Wr(s) is positive real (thus ensuring

L

(8.4)
(8.5)
(8.6)
8.7
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stability of Sr) and We(s)'is also positive real, then Wt(s) + we(s)
is also positive real (follows from a theorem of positive real
matrices)?B.‘ Thus W(s) is étable i.s.L.

The algebraic conten£ of theorem 8.1 is cumbersome and to test
for positive realness of We(s) would be tedious. Some graphical
methods will be developed in section 8.3 to give graphical interpretations
of theorem 8.1. Below are stated some known multivariable stability
theorems for Sr, and, they are adapted to study the stability of S
via perturbation techniques.

Theorem 8B3

Let the linear system Sr(Fr - GrBHr) (resp Sr(Fr - GrAHr)) be

asymptotically stable. Then the nonlinear system Sr(Ff - GrNHr) is

-~

stable i.s.L. if

(1) |8 +q4;)] - Idri(s)l >r, ,» Vi, VseDd (8.8)
(resp |8, + a ()] = ld ()| > ) Vi,  VseD

vhere |d _,(s)| = !iﬁj{lqrij(S)l + lqrji(S)l}.

la ;)] = ARSI RO (a] +b;)/2,

A

8 = (ag +b)/2, ¥, = (a] =b;)/2, r, = (b - a)/2

Theorem 8B is shown graphically in figure 8.2. The locus qrii(s)
(resp ;fii(s)) automatically gatisfies the Nyquist criterion if
sr(Fr - GrBHr) (resp Sr(Fr - GrAHr)) is stable. Theorem 8B is Cook's
modification of Rosenbrock's theorem. Here stability is_determined by
mean diagonal dominance. The next theorem gives the stability of S
in terms of theorem 8B. .

Theorem 8.2

~ : ’ A
Let a + qrjj(s) (resp B + qrjj(s)) map D into a +-Trj (resp B + rrj)'

Let Inrii(s)l = lqrii(s)| - |dri(s)| >0 (ife. diagonal ‘dominant).
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Define qejj(s) = qjj(s) - qrjj(s)’ Ae = |qjj(s)| - lqrjj(s)l;

ld ;(s)] = Idi(s)l = |d_; (), vhere |d;(s)| has the same definition

as 'dri(s)l’ minus subscript r. (Similar definitions for inverse
quantities are defined by adding superflex ~ on top.) Then sufficient
conditions for S to be stable i.s.L. are:

‘(la) Frj f o (resp §rj + B) satisfies NC, with critical point —bgl

(resp “ag) - Vi .

(1b) |1 + o +‘qrjj(s)| > |qejj'(s) -a|l -, Vi, VseD (8.9)

| (resp 1 +B + ;rjj(s)l > laejj(s) - 8]) .

(2) 8,3 Idei(s)l, or In_rii(s)| > |dei(s)| - b, ‘Vi, VseD (8.10)
| (resp for inverse quantities).

(3) 18 +a,;;(8) +q ;. ()| > |a ()] +x, » Vi, VseD (8.11)

(resp for inversé quantities)

Proof:

Conditions (la) and (lb) ensure qjj(s) satisfies NC when qrjj(s)
likewise satisfies NC (see thgorem 5.7). Condition (2) requires mean
diagonal dominance of Q(s) based on that of Qr(s).and increment
Qe(s). Condition (3) requires éystem S to satisfy expression (8.8).

Hence S is stable i.s.L. by theorem 8B. Theorem 8.2 is shown
graphically in figure 8.3.

It is also desirable to express stability of S in terms of its
characteristic loci. To this end, when designing multivariable systems
with nonlinear feedback; the results of theorems 5.2 or 6.4 can be
adapted to a stability condition due to Falb , et ala.

Theorem 8,3
| Let Q;(s), Q(s) both be normal, and prj(s), pj(s) their
characteristic loeci. Let prj(s) + O map b into rrj + a. Also let

r, and Gi be as defined in theorem:8B and other pertinent quantities
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as defined in theorems 5.2 or 6.4. Then the nonlinear system S is f
stable if:
-1

(1) Ty; + o satisfies NC (critical point -b, ) , Vi

either (2) lcj + prj(s) +al > | (s)K (s) - arf| + Tio |
Vi,  VseD (8.12)

or () |6 + o 4G +al > (m+2){M(s)}(m->1)/m{iZj|qeij (s) - o1|P/™,

Yi, VseD : . A ‘ ' (8.13)
Proof: ' ’ ‘ : o A !
Theorem 8.3 shown graphically in figure 8.4, is similar to

figure 8.2. Here the critical disc is the same., If Qr(s) is normal

W e ar v G D IR

"and N(t,y) is slope restricted in the sense of equation (8.1), then
S, is stable i.s.L. if prj(s) does not encircle 8; penetrate the %
ecritical disc. Conditions (1) and (2) or (3) ensure that pj(s) of
Q(s) cannot encircle or'benetrate the critical disc, and, since Q(s)

is normal, S is.stable i.s.L.

In the special case when Qr(s) + Q(s), qeij(s) + 0, Ge(s) +0
and the bands on prj(S) vanish, and, letting a = 0, theorem 8.3

reduces to the result of Falb' et al.,

8.1.2 Input-Output Stability in Lz-spaces’6

The circle criterion deals with global stability i.s.L. Araki6
proposed a stability criterion, in Hilbert space, following the

. 5 Cas e se .
formulation of Zames™, on conicity and positivity. However, 1n many

practical systems, stability in the latter case implies stability in
the former case. If x(t), y(t) € L, space, then the inner product is

defined on a Hilbert space, L?Cw,o], i.e. <x,y> = <x,Py>H with
m

P > 0, and, the system is L, stable if bounded inputs produce bounded

outputs.
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Suppose that the nonlinear part of figure 8.1 1is bounded by

--(s)ls i¢ i

expression (8.1). Define LT O, u_,. = maxwequnJ

rij
v_.=min__|q ..(s) - 65|;' where as before Sj =- -} (aJTl + b:].-l),
'rj - }(agl - b; ). Further let matrices.be defined such that
Vr.- diag (vrj)’ R = diag (rJ.) and Ur - (urij)' Then following Araki6,
‘Theorem6 ‘8C
Qase 1: 0% ai g bj V3

| The system, Sr, figure 8.1 is L,-stable if the locus of qrjj.(s)
"satisfies the Nyquist criterion (NC), with critical point (Sj,O) and
if V.- R=-TU, is an M-matrix.

Case 2: aj = 0, bj >0, Vi

Sr is La-stable if Dr -3 - Ur is an M-méggix. Here B = diag (bj),

D_ = diag (drj)’ d_: = min Re{qrjj(s)}

] weR
Case 3: aj <0, bj <0,V

e - . - | . ° ° " - . '
Sr is Ly-stable if R Vt Ur is an M-matrix. Here Vr diag (vrj)

| - -
where Ve maxwequrjj(s) 6j|

Theorem 8C can be adapted to investigate the L, stability of §
after K is implemented. The results of theorem 5.1land a main result
(s)

where Q(s) = Q.(s) +Q,(s). Further, assume that the same slope

due to 0strowski will be used. Let Q(s) = qij(s). Qe(s) = 9eij
restrictions of equation (8.1) apply to S. (If they are changed,
appropriate changes on the-bounds aj, bj can be made accordingly, and
the analysis follows.exactly.)
Theorem 8.4
Case 1: 0<aj Sbj , Vi

S is Lp-stable if Sr is likewise stable and if

(1) The locus of B + qrjj(s) satisiies NC, critical point (Gj,C) » Vi
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@ [8+a ;> o ;60 -8, Vi, Vsep (8.14) !
(3) vy - rj,' uij 3 vrj - rj - urij , Vi, ﬁij,_s urij , Yi $3
VseD (8.15)

where vy = mlnmequjj(s) - Gjl, uy = maxw€R|qij(s)|, Vi #j
Case 2: aj = 0, bj >0 ’ Y3
" 8 is Ly=-stable, given Sr is likewise stable, if

1 -1

. Vi#ji , Vsep (8.16) |
where dj = mlnmeRRe{qjj(s)}’ uij = maxm€R|qij(s)| :

Case 3:. a, <0, b, >0
S J

S is Lz-staﬁle, given Sr is likewise stable if

- t o - [} - . . . ° »'
(1) rj vj ujj 3 rj vrj urjj , Vi, uij €u.. , Vi#$j (8.17) i

Wh re ! = mi Py - "

In case 1, conditions (1) and (2) state that.the loci of qjj(S)
must.satisfy NC (see theorem 5.8 for single input - single output
systems), Conditions(3) of case 1, (1) of case’z and (1) of case 3,
equations (8.15), (8.16) and (8.17) respectively, are obtained from
a theorem of Osﬁrowski, This states that if F é'(fij) is an M-matrix,
then H 4 (hij) is 1lso an M-matrix if fii < hii’ Vi,.fij < hij £ Q,
Vifj e, lfij| >']hij|,.Vi ¥ j, as the off diagonél elements of
F and H are nonpositive), Hence the latter condition states that
the respective matrices of S must also be M-matrices. The stability
conditions of theorem 8.4 thus follow from theorem 8C,

The graphical method for evaluating theorem 8C is shown in

figure 8.5a.Theorems 5,2 and 6.4 can also be adopted to interpret

theorem 8.4 in graphical terms,
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Theorem 8.5
. -1
Let Arj’ prj and erj be eigenvalues of Vr R Ur’ Dr B Ur
and R - V; - Ur respectively. Let a, B and Yy be arbitrary scaling
factors. Then S is L, stable if:
Case 1:

‘(1) The locus of a + q (s) satisfies NC, cr1t1ca1 point (6 0 , Vi

(2) |a+q (s)l la

either

eJJ(S) - o ’ Vi ’ VseD o (8.18)

(3) Re O+ > v , - U, - oI||inf KPy(s)) » Vi » Vs&d (8.19)

or

(%) ke (Arj +a) > (m+2)M1(s){d (s)}l/m

Vi , VseD (8.20)
Case 2: o .

* —

(1) Re (p,y +8) > lIp_, - v, -'BIH'J'.nf K(P,(s)) , Vi , VseD (8.21)

or

() Re (b5 + B) > (@DMa(s)ld,, ()™, Wi , Veen (8.22)

Case 3:

(1) Re'(erj + > |[-v, - U, --‘y‘I | |inf w(P3(s)) , Vi. , VseD (8.23)

or

) Re (8, +V)> (m+2)M3(s){de3(s)}1/m . Vi , Vse (8.24)
where V. =V =-YV,U =U-1U,D =D=-=D,V =V -V

Proof:
quations (8.19) to (8.24) result frém the application of -

theorems 5.2 and 6.4 to cqndition (3) of theorem 8.4, The real parts

of the eigenvalues of an M-matrix are positive, and since V- R - U,

D - 3-1 -U R=-V'=Uand R - V' - U have nonpositive off-

diagonal elements and their eigenvalues are confined to the r.h.s.

plane, they are M-matrices. Stability of S thus follows from

theorem 8C.
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Another situation where M-matrices can be used to determine
the stability of composite systems is shown in figure 8.5b. Here the
linear system.is diagonal Q(s) = diag'{qii(s)} and the nonlinear
blocks satisfy |

aj < n. (y.,t) < bo ' (8-25)

|65 (€152, 0008 o0l € z 8!, le.| (8.26)
j=1 hJ 3

Theorem 8D6
The system of figure 8.5 is L, stable if, for each j, I - &'
3 oo 1 l. . ,> '- !l- 20
is an M-matrix where II = diag {wJ}. m 0, ¢ (911) and qJJ(S)
satisfies one of the following conditions:
1 s > T,
1) ;> _ .
The Nyquist diagram of qjj(s) does not encircle or intersect
the disc with centre (-i(l/(aj _.“j)) + (1/(bj + nj)),o) and
radius l/a, = m,)) - (1/(b, + ™,
K¢} 3 J)) (1/¢( j J))I

(2) aj = “j

The Nyquist diagram lies to the right of the vertical line passing
through (-1/(a3 +b,),0)

. < T,
(3) aJ wJ

‘The Nyquist diagram lies inside the disc with centre and radius
as defined in condition (1).
Now assume original and reduced models, S and Sr satisfy expression

(8.25) and the following bounds.

for S_ |¢ (ElseeesE ,t)l £ 551 e;ijl 5' L | (8.26a)
fors s l¢ (E1seesE ,:)| < z 6!.|e [ ' (8.26)
j=1

Then:

i
¥
£
%
%
[
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Theorem 8.6

Let A + B be the Nyquist locus of qrjj(s) + B with bands of
radius Iqejj(é) - B| centred on qrjj(s) + B, Vs = jw, VseD. Then
S of the configuration of figure 8.5 is L, stable given that S, is
likewise stable if:

(1) 0j; € 8L;: » Vi, Vi (.26b)

(2) A + B satisfies conditioms (1), (2) or (3) as appropriate of

| theorem 8D.
Proof:

.o . - ] L] [l i [

Since _Sr ig L, stable (ﬂj erij)’ Vij, is an M-matrix. From

condition (1) with 6!, < 6'.., it follows that (w, — 6!.) is also
ij rij 3 ij

an M-matrix. (Ostrowski's result) Condition (2)_requires S to
.satisfy the remaining conditions of theorem 8D, gi#en that Sr satisfies
the same remaining conditions. Hence S is L2 stable by theorem 8D.

8.2 Describing functions and reduced models in nonlinear multivariable systems
szgthesis'
8.2.1 Limit cycles and describing function (d.f.)]"13

The use of describing function techniques have been extended to
multivaridble nonlinear systems by MAcFarlanelA, where it was showm
that the d.f. method is a valuable analytical tool in analysis,
expressed in the form of return difference and return ratio matrices.
ﬁees1 extended the first order frequency independent d.f. expressionm,
for single input - single oﬁtput systems, into the describing
function matrix for multivariable systems. The feedback configuration
has the form shown in figure 8.1. Using Rosenbrock's idea of
diagonal dominance, Mees formulated a critérion for the absence of
limit cycles. Ramani12 and Atherton also gave two criteria for non-

limit <ycles. The first is algebraic in nature, using a theorem of
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Hirsch that constrains the eigenvalues in a rectangle; the second,
for a (2 x72) Q(s), requires all the d.f. and qjj(s) loci and an
eigenvalue locus to be plotted.

| The use of d.f. techniques in stability analysis is heuristical,
and, it does not guarantee stability as does the circle criterion (c.
However, compared to the c.c., it has more information to the non-
.linear part, and, it can also have a non;diagonal nonlinear N(t,y)
matrix, and, the nonlinearities are not slofe restricted. fhus

it can handle hard nonlinearities like hysteresis and backlash. It
ﬁas'been argued that the d.£. and c.c. are coﬁplementary to each
other and that neither contradicts one another in stability

determinationl. In fact, it hasbi?%hown that the inverse d.f. locus

-—

‘lies in the critical discl.

For the nonlinear feedback system of figure 8.1, where the
nonlinear block N(a) is the first order frequency independent d.f.
matrix, and, a,is the véctor amplitude of the first harmonic of

the vector x, the d.f. equations'are

(Q(s)N(a) + I)ic ‘= 0

N(@DQs) + Dy = 0

or equivalently, (Q(s) +N(a))x = O
| @@ + 8@y = o

For the limit cycles to existla, equations (8.27) to (8.30)
must have non-trivial solutions, which require det (8(3) + N(a)) =0
or det (Q(s) + ﬁ(a)) = 0, i.e. there must be at least oné zero
eigenvalue in a(s) + N(a) or Q(s) + ﬁ(a).

Using Geshgorin's theorem,

Theorem 8E1’13

(Mees' criterion) .
For the absence of limit cyclec, in figure 8.1, it is sufficient

that

Ce)e

(8.27)
(8.28)
(8.29)

(8.30)

=
!
%
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¥

AT N o S TN

W agsaap) + 8551 > L Ingg@pl + I 1801 5 V5, Vag (8.3

i#j i#j

(resp |a55(e) + 8. (a))] > iﬁj |8;5¢a;) + iﬁj CAOIDP

Vi o, Va (8.32)

Theorem 8F12 (Ramani and Atherton's criterion 1, RAl)

When N(a) = diag {njj(aj)}’ for the absence of limit cycles, it
is sufficient that:

W(s) + ﬁ >0 or W(s) + £ <QOor V(s8) >0 o0r V(s) <O
vhere W(s) = $(Q(s) + Q"(s)), V(s) = -5}(Q(s) = Q"(s)). When N(a)
is non-diagonal, modifications can be‘made’such that (m® x m?) matrices
are used.
Theofem 8G13 (Ramani et al criterion 2, RAZ)

When N(a) = diag njj(aj) and Q(s) is (2 xNE), a limit cycle'is

possible if, for a consistent pair of (a, s = jw), K satisfies
- =fi1n(a1) = qui(s) = Xj(S) - qu(s)X o S (8.33)

- =figz(a2) - q22(s) = lj(S) - q22(s)K v' (8.34)

where lj(s) is an eigenvalue of Q(s)

2
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Using equations (8.27) to (8.30), some new criteria can be
derived as follows. The matrices in equations (8.29) and (8.30) can

be written as

Qs) + N(a) = {(a + KT +Q(s)} + N'(s) - aI (8.35)

Qs) + N(a) = {(x + K +Q(s)} +N'(a) - aI (8.36)
where .

kI + N'(a) = N(a) ' | (8.37)

kI + ﬁ'(a) = ﬁ(a) S ' (8.38)

~ A
and o, o are tuning factors, k, k are arbitrary 'critical points', and,

in general, a # 1/a, k ¥ 1/k. Thus,"
Theorem 8.7 (New criterion)14
" The system, S, of figure 8.1 will have no limit cycles if

(1) |1: ‘o ij(s)l >|] N'(a)‘-alllinf k(P(s)) , Vi , Vs =juw (8.39)
resp |k + o +.3;(s)] > |IN'Ca) - oI Jinf k(®(s)), Vi, Vs = ju  (8.40)

where Aj(s) (resp Kj(s)) is the characteristic loci of Q(s)

(resp a(s)).and P(s) diagonélizes Q(s). |
Proof:

S will have no limit cycles if the—matrices in the r.h.s. of
equation (8.35) or (8.36) have non-zero eigenvalues. A direct
application of a theorem of Bauer and Fike, BF, (used in theorem 5.1)
to the r.h.s. of equations (8.35) and (8.36) yields expressions (8.39)
and (8.40). |

The graphical interpretation of expressions:(8.39) and (8.40)
means that the ciréular bands, of halfwidth given by the r.h.s. of
expression (8.39)l(resp expression (8.,40)) centred on & + ij(s)

(resp o + Aj(s)), must not touch or overlap the -k (resp -i) 'eritical
point'. The constants k and o are -dvisable not to be éhosen as

zero if Q(s) is strictly proper, as in this case prj(s) +0as s+,

B b T B A AT




This means that the circular bands must avoid the origin, Vs = juw.

Spécifically, when the d.f. locus is required, the l.h.s. of

equations (8.29) and (8.30) can be written as

as) +N@ = @+ n,; (a1 + Q(s)} + N"(a) = o (8.41)
Q) + M@ = {(a+n, (a1 +Q)} + N'(@) - ol (8.42)
where | '
Cng(a)T + N (a) = N(a) » ' (8.43)
B, ()L +K'(a) = N | | T
Thus,

Theorem 8,8
S will exhibit no limit cycles if:

M |ngla) +a+ ij<s>| > ||N"(a) - aI| linf (B(s)), Vi, Vs = jo  (8.45)
{resp |ng;(a) +a v A (s)] > ||N"(a) - aT]] inf k(®(sD],

Vi, Vs = ju  (8.46)

Proof:
Application éf BF theorem to the r.h.s. of eqﬁations (8.41) and
(8.42) yields expressions (8.45) and (8.46). |
The graphical interpretatibn of tﬁeorem 8.8 requires that the
;nii(ai) (resp -;ii(ai))'locus must not penetrate»the
o+ ij(s)}+ | ¥ Ca) - aZ|| inf K(B(s)) exp(j$), O < ¢ < 2T (resp
{a+ ()} +| [N"(a) - aI|linf K(P(s)) exp(i$), O < ¢ < 2m) bands.
This is shown in figure 8f6, where ;ii(ai) is an element of ﬁ(a).

When N(a) = diag {ni(ai)}, theorem 8.8 becomes

Corollary 8.1
S will exhibit no limit cycle if:
(1) |ni(ai) + 0 + Aj(s)l > malenj(aj) - ni(ai) - alinf (P(s))
Vi , Vs = jw (8.47)
(resp, |1/ni(ai) KRR (s)] > max, |_1/nj (aj) - 1/n,(a)) - olinf KP(s)),

Vi , Vs=juw (8.48)
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Fig. 8.9 Illustration of
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Proof: Follows from theorem 8.8 and equations (8.43) and (8.44)

In the special case, when the transfer function matrix, Q(s), is
normal, P(s) éan be chosen unitary, and using the spectral norm, || Ila,
inf K(P(s)) = 1, thus the radii of the bands are frequency independent
when Q(s) is normal. It is also interesting to note that when

A

, Vi , and setting a = a =0,

.(a. = n
nJ( J) e

Corollary 8.2
When N(a) = diag {nc}, N(a) = diag {llnc}, S will exhibit no
limit cycles if

W |ng+A@|>0 . Va=ju o (8.49)

(resp, |1/nc + Aj (s)| >0) ’ Vs = jw . ' (8.50)

o —

Proof: Follows from corollary 8.1.

'Thﬁs, for nonlimit cycles, the -1/nc (resp -nc) locus must not
intercept with any Xj(s).(resp ij(s)) lbcusf This can also be derived
by applying the eigenvalue shift theorem to a(s) + N(a) or Q(s) + ﬁ(a).
The same result was reported in the RA2 criterion, but, using Gershgorin's
theorem, the bands will not vanish.

- Theorem 6.3 (Ostrowski's theorem) can be adapted to study the
eigenvalues of Q(s) + ﬁ(a) in terms of the eigenvalués of Q(s). Thus
parallel theorems and corollaries to theorems 8.7, 8.8, corollaries 8.1
and 8;2 can be stated.

Theorem 8.9

S will exhibit no limit cycles if:

D fk+a+r©] > @)™z o @ - a8 10

1,]
Vi , Vs =ju (8.51)
(resp, |k + o + AJ. (s)| > (m+2){M(S)}(m_1)/m{/Zj|n'ij(a}) - aéijl}llm)

Vi , Vs =juw (8.52)
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where M(s) = max {I(S + ﬁ)aij + :;ij(s)l. |nij(a) + qij(s)|},

M(s) = {|(a + k)sij + qij(s)l, l;ij(a) + qij(§)|}, Gij is the Kronecker
delta (Gij =1, Vi =], Gij = 0, otherwise) and m is the dimension

of Q(s).

Proof: Direct application of theorem 6.3 to equations (8.35) to (8.38)

fheorem 8.10

S will exhibit no limit cycles if:

W) fnggGa) +a+ 20| > (m+2){§<s)}‘mf1)’m{ifzj [ny; @) - ady 1M/

Vi o Vs = jw (8.53)

(resp In (a ) + o+ X ()] > (m+2){M(S)5m?1)/m{ z |n" (s) - a6 l}llnl>
i,j

Vi, Vs=ju  (8.54)
where g(s) = max {|(;'+ nii(ai))dij + ;ij(é)l. |nij(a) + ;ij(s)l}.
M(s) = max {|(a + ;ii(ai))sij + qij(s)|’ I;ij(a) + qij(s)l}
Proof: Application of theorem 6.3 to equations (8.41) to (8.44)
Corollary 8.3
When N(a) = diag‘{ni(ai)}, ﬁ(a) -4diag"{1/ni(ai)}, S will exhibit
no limit cycles if:

- AR A (1) /m, 1/m
(1) [ni(a,) +a+x.(s)] > (m¥2){M(s)} {Z |ni(a) = n(a ) - al}
i} ivi i ju 4

Vi ,» Vs = jw (8.55)

(resp, |1/ny(ap) +a + A (s)] > (@e2) (u(s)} @D /o 3 |1/n; s, y
RS

- 1/n.(a;) - ocl}llm R Vi , Vs .' jw (8.56)
where ﬁ(s),7M(s) have the same interpreéation as theorem 8.12.
Proof: Follows from.theorem 8.10 and equations (8.43) and (8.44).
When N(a) = diag'{nc}, ﬁ(a) = diag {1/nc}, and setting o = & =0,
corollary 8.3 reduces to corollary ©.2. Thus Osérowski's theorem,

in this special case, gives the same result as Baper and Fike's theorem.
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In general, the Ostrowski's bands differ in sharpness from those:
obtained by the BF theorem, but in many cases, both require different
computational demands in their evaluations.,

8.2.2. Use of reduced models'in'd.f.'synthesis14

The accuracy of d.f. methods increases with the order of the
linear system, Qhere the higher harmonics are more heavily
attenuated. In design, where geduced model, Sr’ in place of the
high model, S, is required, this may not be the case, so the accuracy
may be doubtfui. Hoﬁever, provided St is not too low, and, if the
transient reéponse error of the models.is small, it caﬁ be assumed
that the higher harmonics of Sr are attenuated in roughly the
same proportion as those of S. Hence it is assumed tha; the d.f.
method is reasonably accurate in Sr’ and, if no limit cycles exist
in the latter, it is reasonable to expect'nd limit cyclés in S,

‘provided conditions, based on S, characteristics, can be found for it.

S can be represented as | ‘ :
Qs) = Q(s) +Q(s) R | (8.57)

Q) = Q(s) +Q(s) (8.58)

where Q_(s) = G_(s)K_ (S) - {G(s) - G (s)IK (s), Q (s) = K (s){G(S) - G (s)}.
Thus replaclng Q(s) by Q (s) + Q (s), Q(s) by Q(s) + Q (s) in equations
(8.35), (8.36), (8.41) and (8.42), and, letting krj(s) (resp Arj(s))

be the characteristic loci of Qr(s) (resp ar(s)), similar theorems

and corollaries in section 8.2.,1. can be constructed for s, in terms

of the characterlstlcs of S « All other quantities remain unchanged

in equations (8.37), (8.38), (8.43) and (8.44).
Theorem 8,11

5 will have no limit cycles if one of the following conditions

is satisfied:
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@ [ksasi )] > [I8@ +,06) - allline e (s). |
' Vi, , Vs =3juw - (8.59)
(resp. Ik.+ a + Arj (S)I >“§' (a) + Qe(s) - GI“ inf K(Pr(s)) )

Vi , Vs = ju (8.60)

A A A A ' A A 1
@ Jk+asd )] UG E [nf@) + g0 - as; [}

1,]
Vi , Vs =jw (8.61)

.Z' Inij (a) + qeij (s) - aGij|}1/m )

(resp‘ Kk +a + er (s)| > ‘J.r(S){1,J

Vi s Vs=3i0  (8.62)
where Q () = (a,4:()), Qu(8) = (3,45(6)), W,(s) = (w2 (i ()} ™D/,
;;r(s) - (m+2){;;r(s)}(m—1)/m, M,(s) = max {[(a +K8;; + q 550N, N
;58 + a3}, M () = max (]G + D65 + 4y (], lag @ + a5 00)])
Proof: —

Application of theorems 5.1 and 6.3 to the modified form of
equations (8.35) and (8.36). |
Theorem 8.12

S will have no limit cycles if one of the following conditions

is satisfied:

(1) lnii(a’i) +a+ )\rj(s)l > || N"(a) ';»Qe(s) ~ 1] |inf k(P_(s))

Vi , Vs =jw (8.63)

S A .
resp Inii(ai) +a+ Arj(s)l > || N"(a) + Q (8) - of| [inf k(P_(s))

Vi ., Vs = ju (8.64)
(2) lnii(ai) ta+ )‘rj (s)] > !»71_(3){12:j|nij (a) + qeij(s) - aGijl} n
' Vi . Vs =ju (8.65)
. A . A". : . _ llm
resp lnii(ai) +0 + )‘rj (s)l > wr(s){ifjlnij (a) + qe.'ij (s) C!(Sij” |
Yi , Vs = jw (8.66)

where Wr(s) - (m+2).{ﬁr(s) }(m-l)/m’ _
M (s) = max {|(a + n3 (3285 + a0, |ngca) + qu:(S)l}
W (s) = (m+2){Mr(8)}(m-1)/m.

M) = max ([ 4 )8+ 0 G, g ¢ g 9])
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Proof:

Application of theorems 5.1 and 6.3 to the modified forms of
equations (8.41) and (8.42).
Corollary 8.4

When N(a) = diag'{ni(ai)}, ﬁ(a) - diag'{llni(ai)}, there will
be absence of limit cycles in S if one of the following is satisfied:

(1) |ni(ai) + 0+ Arj(s)l >'{maxj|nj(aj) - n,(a)) = qf
+ || Qe(s)ll }inf K(Pr(s)), Vi, Vs = juw - (8.67)

(resg |1/ni(ai) +0 + Arj(s)l }'{malellnj(aj) - 1(ni(ai)
+ 11 (e)] |Hnt k(B _(s)) ) Vi, Vs = ju

'
2

: ~ A A m . A
(2) lni(ai) +0a + )\rj (s)l > Wr(s){jf:.l'nj(aj) - ?}(ai) - a'

+ 2l e Vi, Ve = jo  (8.68)
1,]

(resp, |1/n;(a,) + a.+ MO R Wr(s){lllni(aj) - 1/n.(a;) - af

1/m
+ ifjlgeij(s)l} ) (8,69

Proof:

Follows from theorem 8,12 and using the fact that

I diag'{hj(aj) - ni(ai) - a} + ae(S)II § || diag {nj(aj) - ni(ai) - 3}||

+ ":Qe(s)ll and izj ‘diag {nj(ai) - ni(ai) - a} + qeij(s)l £
. ’

m A A~

jzl |diag {n, (2) - n, (a,) - a}| + ifj ERHON

Corollary 8.5
A
In the special case, when N(a) = diag {nc}, N(a) = diag {1/nc},
S will have no limit cycles for any one of the following conditions:

D |n, + Krj(8>| > |10, ()| linf %2 (s)) Vi , Vs - ju (8.70)

:esp.lllnc + er(s)| > IIQe(S)'linf K(Pr(s)) ) ; (8.71)
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(2) Inc- + lrj(S)l > I?Ir(s){.zi |qeij(s)|}1/n; Vi , Vs =ju (8.72)
. 1” '
. S ' 1/m é
resg Ji/n, + Arj(S)I > Wr(S){ii,Ij lqeij (s)|} (8.73) !

Proof:

Follows from cbrollary 8.4, When'Qe(s) + 0, coroilary 8.5 becomes
corollary 8.2 as expected,

The graphical interpretation of theorems 8,11 ﬁo corollary 8.5 is }
similar to that shown in figure 8;6, with appropriate changes in the
radii of the bands. |

8.2.3 Discussions and Comparisons with other Criteria

The proposed criteria (ﬁheorems é.7 to 8,13) have a number of
distinct advantages over existing criteria. Mee é:criterion |
requires diagonal dominance of a(s) + N(a), whereas the new criterion
relaxes diagonal dominance, but ‘the width of the band depends on |
the structure of Q(s) via inf‘K(?(s)) or Qe(s). In the special case,
when Q(s) is normal, for theorems 8.7 to 8.10 the width qf the bands

is frequency independent. Also, for a nondiagonal N(a), Mee's'

criterion requires the nonoverlapping of every corresponding pair

of m bands - this can be overcome by transforming to an equivalent
N(a), but‘this would involve m squared bands - whereas the proposed
criterion requires the nonoverlapping of every m band with the locus
of one chosen diagonal element of N(a), irréspective'of the latter's
structure., This thus gives é'less conservative result and can be

cdmputationally cheaper., Further, in Mee s'case, by a modified form

of Geshgorin's theorem, it is possible to reduce a bandwidth at the
expense of increasing the others; however, with the proposed criterion,
the width of all bands can be tuned simultaneously. Also, when the
"nonoverlapping-loci' critefion fails, the "=k eritical point' criterion

can be used as an alternative. In the special case, when N(a) = diag (nc),
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it is possible to reduce the bandwidth to zero with the pfopdsed
critérioh, but, using Mee's criterion the width of the bands will
not reddce to zero.

The RAl criterion does not offer an easy graphical representation
from the‘designer's point of view, and determining the sign
definiteness of the high order matrices when N(a) is nondiagonél
would be computationally unattracti#e. Besides, béing of algebraig
form, it is not simple to incorﬁorate 'tuping factors' in the -
expression to obtain less conservative resulﬁs. |

The RA2 criterion is restricted ;o'a 2 input - 2 oﬁtput system
with diagonal N(a) only. Also, it requires all the d.f. and qjj(s).'
loci and a kj(s) locqs to be plotted, thus causing undue graphical
. 1abour, |

Due to its flexibility, the froposed criterioﬁ gives less
conservative results than other criteria in the general case, The
attractiﬁeness of applying it when reduced models are used in‘design'
ﬁas been illustrated.  This would be more difficult with the other
criteria when absence of limit cycles in S is to be deduced ffom
that in S_. For example, using Mbe‘s'criterion, whén S, is
' diagonally dominant, S need not be so, or, using the RAl criterion,
the sign definiteness .of the Sr matrices does not necessarily imply
sign definiteness of the S matrices, unless restrictive conditions
are imposed, With the RA2 criterion, this.would,be messy, as error
bands are required to be drawn arouhd all the loci of the linear
system,

Besides limit cycle investigation, the proposed criterion can

also be adapted to stability investigation in the Nyquist sense.
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Example 8.,2.1

. 4 .,
Consider the following example , with
s+2 =2
......... 1
Q(s) = "
(s +1)°(s +6) | -2 s+5

Q(s) is normal, and, A;(s) = 1/(s + 6)(s + 1)

A2(s) = 1/(s +1)2
Suppose the nonlinear feedback, N(t,y), is diagonal and is
‘characterised by the describing functions (ideal relay with hysteresis),

l/ag(ay) = (tA1/4Y1)exp {=j sin” (bi/A))} = jt
1/nz(az) = (WAp/4Yz)exp {-j sin @ (ba/A2)} = 37m/8

where A} = A = 1, by =bp, =1, Y; = 1/4, Yo = 1/3.5.

~—

‘The characteristic loci, A;(s), Az2(s) are plotted égainst the
inverse describing function Ioci,'-llnx(a1), -1/n2(az), as shown
in figure 8.9, Setting a= O, in equation-(8.48), the bandwidth is

given by [1/nj(a;1) = 1/n2(az2)| = |(m/4)(4 - 3.5)j] = m/8 = 0.4, VYu

As seen in figure 8.9 the bands do not intercept any of the
d.f. loci, hence by corollary 8.1 the éystem cannot sustain a limit
cycle.

8.3 Graphical Interpretation for Stability of Nonlinear Systems

8.3.1 The Popov Criterion and Jury =Lee Criterion

Popov7 gave a stability criterion for the nonlinear system of
figure 8.1 where the nonlinearity is slope restricted in the sector
(0,B) instead of (Q,B). The criterion is based on positive realness
of a function, Later Jury and Lee9 extended Popov's criterion to
multivariable systems, using the concept of positive real matrices.

It is well known that an (m x m) matrix A(s) is positive real

if and only if>>

(1) A(s) is holomorphic in Re (s) 3 0.
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(2) A*(s) = A(s*) for Re (s) > O

(3) Poles on Re (8) = O are simple, and the associated residues K(s) 3 O
and K(s) = K'(s)

[¢3) AH(s) + A(s) 2 0 or Xg(s) + X(s) 2 0 for Re (s) 2 0 (8.74)

Alternatively, let S(s) = (I + A(s))-l(A(s) = I). Then A(s) is
positive real if and only if, _
(1) S(s) is holomorphic in Re (s) 3 O
(2) S(s) is real ratiomal

(3) 1 -st(s)s(s) > 0 or SH(s)S(E) ~ T30 “ (8.75)

The stability theorem of Falb . et-al4 (see Theorem 8.3) can be
derived using positive real matrices. From equation (8.4) of theorem 84, ' E
' -1 -1, =1 - : ) 5
A(s) = (B +Q(s)) (A +Q(s)) : ;

e, S(s) = {8 +qe) t@ !+ qee)) + 17!

+Q(s)) At + Qs))-1)

fe. § = (A +Q+3 4 'ca +q-3"'-0Q

- Qe + 1 BT -5 (8.76) |

If A = diag {max aj} = aI, B = diag {max bj} = bI, then equation
4 R

(8.76) can be written as
S(s) = 4(l/a = 1/b)I(Q(s) + }(1/a + 1/b))" | (8.77)

Now consider the expression,

Hamm - xnHame - - 150 © (8.78)

where M is an arbitrary complex matrix, p a positive constant and k a
complex number. If M is normal, then the eigenvalues A. of M satisfy
|kj - kl >p, i.e. Aj lies outside the critical disc centred at k. From
equation (8.77)

S(s) = (U/P(Qs) * }(l/a + 1/0)) - - (8.79)
where p = }(1/a - 1/b). If Xj(s) is the characteristic loci of Q(s),

and if Q(s) is normal, comparing equations (8.78) and (8.79), it is seen
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that QH(s)g(s) -I>0, if and only if 'llj(s) +3(1/a + 1/5)| > §(1/a = 1/b).
Thus by theorem 8A, the system of figure 8.1 is stable i.s.L. if the
characteristic loci of normal transfer function matrixvdo not intercept
or embrace the critical disc centred on (~}(1/a + I)b),o) with radius
{(I/a - 1/b). Here the nonlinear part is slope restricted in the sector
(a,b). This is fhe theorem of Falb, Freedman and Zames4, rederived by a

PN ~

shorter method. The dual case, using the inverse loci,Akj(s) of Q(s) can

also be rederived, using equation (8.6) of theorem 8A.

‘v Let
A(s) = (I +Q(s)8)™ (T + Q(s)B) | o
then  S(s) = {(I +Q(s)A)'(T + Q(s)B) + I} {(I + Q(8)&)™ (I + Q(s)B) -'1}
= EUDNGB QB
- @(s) + 3A + B 4B - &)
fe. S = (1B - M) + HA + BY) S (8.80)

Following the lines of argument from equations (8.76) to (8.79), it
can easily be déduced from equation (8.80), that for stability, the loci
;j(s) of a(é) must avoid the criticél disc centred 6n (-}(a + b),0), with
radius i(bi- a). It is noted that the above only safisfies equation (8.75)
for positive realness test. The other conditions for positive realness of
Q(s)fare satisfied, if Aj(s) (resp Kj(s)) does not encircle or intercept
the critical line segment, which is the diameter of the critical disc, on
the regl axis.

Cook's theorem3 can similarly be rederived, using Gershgorin's
theorem and equations (8.76) and (8.80), but it will not be dbne here.

Returning to the Popov criterionm, or the Jury-Lee criterion, mentioned
earlier, for later reference, their theorem, regarding figure 8.1, can be

stated. .

» e
=
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Theorem 8H°
Let the nonlinear block of the system in figure 8.1 be slope restricted
in the sector'{ai;bi}, oriequivaléntly, in the sector'{o,bi—ai}. Then the
nonlinear system is absolutely stable if ‘
(1) B(s) +2°(s) >0 , Vs = ju | (8.81)
where P(s) = (I + sL)Qc(s) + K.-1 R 4 I | ’ (8.82)
and L = diag'{li} is a'real (m x m) mgtrix, K' = diag {ll(bi - ai)}._
Qc(s)‘= (T + Q(s)A)-IQ(s) represents the equivalent closed loop transfer
function, and A = diag {ai}. Thus for the séctor'{o,ﬁi}, Qc(s) becomes
Q(s); Condition (1), equation (8.81) is eqﬁivalént to the fact that P(s)
is positive real.érovided P(s) also satisfies the remaining conditionms
for positive realness. ' 3 ‘,- -
Shankar and'Athertonll, gave a graphical interpretation of theorem 8H,
using Gershgorin's theorem and the Popov polar plot, a;d, showed ‘that in
certain cases, Cook's result is a special case of the Jury-Lee criterion.

They showed that if the area, defined by the circular bands

A(S) = q::ii(s) + di(s)exP(j¢) ’ V¢G(o.2")

lies to - the right of the line drawn through the point (-ll(bi - ai),O) and

of slope 1/2i, Vi, then the system is absolutely stable. Here

Re (g333() = e (4;,(0))

Im (q'cii(S)) = wim (qcii(s))

d(s) = 3|1 +sq. ()| T la.(s)] + 4 T (|1 +sq..(s)]la.. ()]}
i 11 j#i 3] j#i 3] J]
In this section, a different graphical interpretation will be given to
theorem 8H, in terms of characteristic loci and Nyquist polar plots.

Consider the nonlinearity be bounded in the sector'{ai,bi}. From equations

(8.81) and (8.82)
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T(s) = P(s) + PH(s)’ = Qc(s) +Q (s) + s(LQc(s) - Qg(s)L) + 2£

0 o

oo}

ie. Ua)Tie)a () = Qi) [a () + Qits) + s@ ()L - 1o (o))

n

+ 20 (s)kQ_(s)]Q_(s)
vhere K = K °, ac(s) = YQ;I(s), etc and
Q (s) = (T +Q(s)A) 7 q(s)
Q) = Qs) +A
i) = Qe) +a
assuning (I + Q(s)A)”" exists. Substituting equations (8.86) and (8.87)

into equatién (8.84).

Ti(s) = () +Q's) + s@e)L - 1Qls)) + 24 + 20 ()KQ (8)

Writing T1(s) = QH(S)Tg(s)a(s); from equation (8.88) Tg(s) can be

written, using equation (8.86), as

Ta(s) = Q(s) +Q(s) + s(LQ(s) = Q(s)L) |
+ 2Q%(a)AQ(s) + 21 + AQ(s) R + AQ(s))

Equations (8.88) and (8.89) can be rewritten as

Ty(s) = Q(s) + E; + Zgl(bj - aj)]I +H(s) - E; + Zgl(bj - aj)]I

Tz2(s) = Q(s) + [o B 28/(b; - aj)]I +U(s) = [o+ 28/ (b - aj)]I
where , |

A AH ) AH A AH AA

W(s) = Q (s) +s(Q (s)L - LQ(s)) + 2A + 2'QC(S)KQC(S)

Ww(s) = Ql(s) + s(LaCs) - Qh(sIL) + 2¢%(s)AqQ(s)
+ 2(1 + AQ(sNTR(T + AQ(s))

A ~

and 0, B, 0, B are complex numbers. In generala +#a, B # B,
-! ~
W(s) ~ # W(s).
It is clear that T(s) is positive definite if and only if T;(s) or

T2(s) is positive definite. The graphical interpretation of theorem 8H

(8.

(8.

(8.
(8.

(8.

(8

(8.

(8.

(8.

(8.

(8.

83)

84)

85)
86)

87)

.88)‘

89)

90)

91)

92)

93)
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can now be stated.
Theorem 8.13

Let Xk(s) (resp ik(s)) be the characteristic loci of Q(s) (resp a(s)).
Then the system of figure 8.1 is absolutely stable if

(1) Re (M (s) +7;) >0 » . Vk » Vs =juw (8.94)
‘(resp Re (ik(S) + ;j) >0)

(2) Re (A (s) + Yj) > || w(s) -ij1||inf4k(V(s)) , Vk , Vs=juw (8.95)
(resp Re (A (s) + yj) > || w(s) - yjlllinf k(V(s)) )

where Yj =0 + ZB/(bj - aj), ;j = ; + ZEI(bj - aj) and V(é) diggonalizes Q(s).
Proof: | | | _ .
Conditions (1) and (2) follow from the application §f thevBF theorem.27
(theorem 5.1) to the r.h.s. of equations.{8.90) and (8.91). If the above
conditions are satisfied, ‘then T;(s), Tz(s); hence T(éj is positive definite.
Stability follows from theorem 8H.
The graphical interpretation of theqrem 8.13 is shown in figﬁre 8.7(a) and (v),
If the cicular band defined by Aj(s) + ||w(s) - YiIIlinf'K(V(s))exptj¢),
¢€{0,21}, Vs = jw lies to the right of the vertical line fhrough (-Re (Yj),O),
the éystem is absolutély’stable- Tﬁe same explanation applies to the‘inverse
loci.
In the aﬂove theprem, it is assumed that Re (Xj(O)) < o and Re (ij(”)) < »,
i.e. the real part of the éharacteristic loci is bounded. If Re (Aj(s)) is
unbounded, the above theorem may break down. This problem can be overcome
by adding and subtracting D(s) = diag'{di(s)} (resp B(s) - diag'{gi(s)}) to
T2(s) (resp Ti(s)) such that qii(s) + di(s) (resp aii(s) + ai(s)) is bounded.
The perturbed loci Re (XE(S)) (resp Re (i;(s)) is thus bounded.

When the nonlinearity is bounded in the settor'{o,bi} i.e, a; = 0,

hence A = 0, the equations (8.92) and (8.93) simplify to
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W) = Qhs) + s@UeIL - 1Q(s)) + 207 ()KQ(s) o (8.96)
W(s) = Qi(s) + s(LQ(s) - Q(s)L) + 2 diag (1/b) (8.97)
The width of the band is determined greatly by the choice of matrix

L and by the scaling factors o and B. There is no simple method to choose

L such that the bandwidth is minimum. Trial and error procedure seems to

be the b;st method.
An alternative, sgmetimes more convenient, method to express stability

is via the diagonal elements of Q(s) using Nyquist or Inverse Nyquist loci.

Let ;j be the eigenvalues of T(s) = P(s) + PH(s).

Since . '
Iz - Y5 - (8] < |z - Y5 " Aj(s)l + IAj(s) - q,(s)] .(8.98)
i.e. min |C - Y5 - q;;(8)| & min |z - Y; - Aj(s)l + |55(s) -.qii(s)| (8.99)

By Bauer and Fike's theorem,
min | - Y5 xj(s)| € [|wes) - YjIllinf K(V(s)) N (8.100)
By Gershgorin's theorem,

IAj(s) - q;(8)] < iij |qij(3)l | | | - (8.101)

Equations (8.99) to (8.101) give,

min |z - Y5 = 9] € s - yyIll ing k(V(s)) + iis lag; ()| (8.102)

Equation (8.102) means that Z lies in at least one of the disc centred on
qii(s) and radii given by the r.h.s. expression. Thus
Theorem 8.14

The nonlinear system of figure 8.1 is absolutely stable if

(1) Re (g ,;(s) + Yj) > || w(s) - YjH inf K(V(s)) + i§3|qij(s)|’Vi, Ys = ju (8.103)

(resp, Re (qii(s) + Yj) > |l wes) - Yju inf k(V(s)) + iij |qij(s)| )

Proof:
Follows a similar line of argument as in theorem 8.13.

Theorem 8,14 is illustrated in fig.8.7(e¢).

o
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The graphical interpretation requires that the band defined by

q;;(8) + (] [Wes) - v; [inf «(V(s)) + 3 la;; () |Yexn(39), ¢elo0,2m}, Vs = ju
i#j '
lies to the right of the vertical line passing through the point (-Re (yj),o)

Ostrowski's theorem, theorem 6.3, can also be used for theorems 8.13
and 8.14. Thus,

Theorem 8.15

The nonlineér»sysﬁem of figure 8.1 is absolutely stable if any one of

the following conditions is satisfied,

(1) Re (X (s) +vY) > (m+2){M(s)}(m—1)/m{ E. IW (s) - Yé..l}llm = Z
1,]
Vj » Vs = jw

resp, Re (A (s) + Y) > (m+2){M(S)}(m‘1)/m{.Z. IW..(s) - YG..I}I/m 5,2 .(8.104)

1,]
(2) Re (g () +Y) >Z+ z la; 1 V5, Vam o (8.105)
. ) i J ' .
resp,Re (q $(3) + N>z+ 1 |q..(s)| ‘
it

where M(s) = max {Yaij + qij(s),qij(s) + Wij(s)},
ﬁ(s) - max'{;Gij + aij(s),;ij(s) + aij(s)} and Gij'is the Kronecker delta.
Proof:

Follows similar reasoning as in theorems 8.13 and 8.14.

Theorems 8.13 to 8.15 offer a graphical,intérpretation, of the Jury-
‘Lee criterion, in terms of the characteristic loci, or Nyquist loci, of the
linear part of the transfer function, Q(s). This approach differs from that
used by Shankar and Athertonll, who employed the modified (Popov) polar
plot. The usual Nyquist polar plot is preferable, as designers are more
familiar withit, to the modified plot. Also, theorems 8.13 and 8.14 are very
flexible and tuning factors are incorporated to obtain less conservative
results. The width of the bands depends very much on the structure of Q(s).

For example, in theorem 8.14 if Q(s) is Loth normal and diagonal domiuant,

then sharper results are likely to be obtained.
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The "circle criterion" of theorem 8A can also be interpreted graphically

as in theorems 8.13 to 8.15. As shown in equation (8.76), for expression

(8.4) to be positive real, it is required that SH(s)S(s) - 1 > 0 where from

equation (8.76),
s = 2087 - BHNQee) + 1A + B 7YY
Suppose‘A = diag (mak{aj})- al, B = diag (mai:{bj})- bI, then
P(s) = gH(s)g(s) - I _
= 81(Q"(s) + $)0I(Q(s) + ¢) - I |
- 8%1Q"()a(s) + 407 (2)0 + Q) + (¢ - B2)T)
= 6%¢T,(s) ‘
where 0 = 2/(1/a - 1/b) is a positive‘constant, ¢ -»i(lla‘+ 1/b) is also
positive and 8 =1/0, $ = 1/¢. Since P(s) = 02¢T2(s),w§(s) is positive
definite if T2(s) is also positive definite;_ Writing T2(s) as
T2(s) = Q(s) +YyI + (W(s8) - ¥I)
vhere W(s) = 6Q(s)Q(s) + Q7 (s)0 + (b - 82)T

,it is seen that equation (8.105b) is equivalent in form to equation (8.91).
To Vork with the inverse loci, equation (8.80) can be used.
S(s) = 2(B-A) (Q(s) + 4(A + B))

P(s) = gH(S)g(S) -1 R : .
= e211(1Q(s)Q(s) + TQ(s)T + Q(s) + (T - €2T)I)

= 21T, (s)

(8.105a) -

(8.105b)

(8.80)

where € = 2/(b - a) is a positive constant, and, T = §(a + b) is also positive,

2 = 1/ and ; = 1/1, resp. Writing T;(s) as
Ty(s) = Qs) +yI + (W(s) - yI)
where a(s) = ;aH(S)Q(s) + ;QH(S)T + (T - 22;)1,

equation (8.105¢) is made equivalent to equation'(8.90). Thus,

- (8.105¢)

e
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Theorem 8.16
The system’bf figure 8.1 is asymptotically stable, i.s.L., in the sense
of theorem 8A (expressions 8.4 and 8.6) if eitﬁer theorems 8.14 or 8.15 are
satisfied, with W(s) -and a(é) given in equations (8.105b) and (8.105c).
Proof: | .
Fsllows from theorems 8.14 and 8.15. ( see also fig. 8.7(c) )

The above theorems .assume that Q(s) is real rational and holomorphic in

! where 1 € Re (38) > 0.

8.3.2 Applicationsof reduced models

In design, ‘it is convenient'to.use a reduced model, Qr(s) in place of
Q(s). The nonlinear block,vN(t,y) is assumed intact.
Writing Q(s) = Qr(s) + Qe(s), Q(s) = Qr(s) + Qe(s), equations (8.90)
and (8.91) are modified as _ '
Ti(s) = Qr(s) + yjI + W(s) + Qe(s) - YjI | : (8.106)
Ta(8) = Q.(8) +Y;I +W(s) +Q(s) - ;1 (8.107)

Stability results of the originalvsystem S, §f figure 8.1, can be
represented by the redpced system S . Theorems 8.13 to. 8.15 are modified
appropriately in terms of Qr(s). '

Theorem 8.17

Let X£j(s) (resp irj(s))-be the characteristic loci of Qr(s) (resp ar(s)),
and qrij(s)’ qeij(s) be elements of Qr(s); Qe(s) respectively. Then S is
absolutely stable if any one of the following conditions is satisfied.

(1) Re (xrj(s) +v) > |[w(s) + Q (s) = ¥I||inf K(V(s)) = X, Vi, Vs = ju (8.108)
(resp, Re (Arj(s) + :,) > ||§(s) + Se(s) - ';Illinf K(V(s)) = §e )

(2) Re (qrjj(s) +Y) > X+ iij Iqr'i;i (s)| o Vis Vs = ju (8.109)

(resp Re (q.;:(s) +Y) > X+ igj' log:0l )
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() Re (A () + ) > <m+2){nr<s>}““'1”‘“{izjlwﬁ (8) + qgq;s) = ¥8;, 1"

= Ze ; s Vi, Vs = ju o - (8.110)
i (resp,Re(h (o) + 1) > <;n+z){§r(s')}““'1)’“‘{izjlﬁij<s> +agy;(e) - v8 /e

- Ee )
() Re (q:(s) +7) > 2, + 1;:‘qu ..<s)|. VJ. Vs - jw | (8.111)

(resp Re (q ;:(s) +7) >z + iﬁjlqrﬁ(S)l

vhere M (s) = max {|76 qrij(s)l Iq. (a) + wij(sjl},

M (s) = max- {Iy6 riJ(S)l lqu(s) + Wij(s)l}

Proof:

Follows directly from theoreﬁs 8.13 to 8.15 and cggsidering equations
(8.106) and (8.107) in place of eQuations (8{905 and (8.91). (éee also £fig.8.7)
Thus, when reduced models are used'in stability investigationﬂ,the bounds
are modified, by haviﬁg the width of their bands incfeased accordingly.
This is similar to the describing function synthesis method, using reduced
models, ﬁiscussed in section 8.2.

8.3.3 Error estimates for dynamic response

The dynamic response of the nonlinear system of figurg 8.1 can‘be
estimated using integral inequalitieszz. Specifically, individual estimates
can be made for the reduced:systeq and original system.” To determine the
effectiveness of using.¥eduéed models, in the system, figure 8.1, the error
| |x(t) - xr(t)|| is estimated for all t X t - In state space form, the syséem
can be described by

S t x = Ax + BE(t,x) : (8.111a)

Srl : X, = Anxr1 + Brlf(t,x) (8.111b)

t t ‘
where x (x;,xz,...xn) » Xpy ™ (xrxx’xrl?""xrlr) are (n x 1), (rx1)

vectors respectively. To make the dimensions of x and X, equal, suppose that
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different reduced models, with state vectors, X

X X eesX
r1’ “r2® Tra’?* Tk’ etc,

are obtained for x, such that the response of X i is very close to some

o . o r
partitioned elements of the state vector x, i.e. llxrill = Il(xj,xj+1,xj+2,...) .
Equation (8.111b) can be written as

Sr 2 ox, = Arxr + Brf(t,x) : (8.111¢c)

where x, = (xr o X ,...,xrk)t is of dimensioni(n~x 1), Ar = block diag

1°7r2
t t t t o
{Ar1’Ar2""’Ark}’ Br = (Brl’Brz”"’Brk)' The matrices A and Ar’ B and‘Br
are of equal dimensions respectively. ' From equations (8.111b) and (8.11lle),
Se . xe = Aexe‘ + Bef(F’xe) (8.111d)
where Ae = A - Ar’ Be = B - Br"xe - x - L ‘'The splution21 for equation
(8.111d) can be written as

¥(1,t)B £(T,x (1)) dT (8.111e)
o

t
x (t) = ¥(r,t)x (e ) + f
where Y(t,t) satisfies

Y(1,t) = AY(T,t) , Y(T,T) = I

Before expressing equation (8.11le), using integral estimates, in known
parameters Ae’ Be’ etc, it is assumed that x, is defined and continuous over
t 2t and

o

11z || € 8, a constant,

B ) a . YA‘
B £Ct.x || € 2O [Ix ]| + @®)|[x " , a30
[ 1¥(t,t)]] € exp {I:Y(t) dt} , t3IT3CE

where P(t), Q(t) and Y(t) are non-negative continuous functions on t > to'
The solution X, for equation (8.111d) then satisfies the following estimateZI.

| %@l € e {fy (0 + 2(0) aeH]x )11 + @ - wree/ 00

(§.111f)

R(t) = IE Q(t)exp {(a - I)IE (y; (1) + P(D)) dt} dt
(o] (o]

for t > to’ where for i = 1, 2, 3,
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Y1 = max;{Re (a;0) + I [a 0}
#i
Y2 = maxj{Re~(aejj) + I lae'jl}

H
Ys = i(Ae + Ag)

[x, 1], = max|x;]|

l‘xellz = f Ixeil

[xglls = @@ gl D

- The significance of the estimate in equation (8.111f) lies in its
capability of giving estimates for the solutions in terms of given quantitieg;‘
i.e. aeij of Ae and functions P(t) and Q(t), éll'of which can be calculated
at a given time t. "'

If the reduced models are very accurate, then uie | ~ 0, and the r.h.s.
of expression (8.111f) should be very small. It can also be shown that
expression (8.111f) gives the best estimate for xe(t) in equatiqn (8.11143).

The initial solution xé(to) in expression(B.lllf) can be compﬁted from
the follow1ng estlmate. ' |

a- 1}1/(1;a)

le (t )II € (EM(e)){1 - (1 - G)N(t)(H/M(t)) (8.111g)

where M(t) = exp {maxt ft (y(t) + P(t)) dt}
o

NE) = [T Q) exp {(@- 1) [T (y(1) + (1) dr} dr
o o

Expression (8.111f) and (8.111g) can be used to obtain numerical estimation

fgr xe(t% YVt 3 to

8.4 Model Reference Adaptive Control Systems (MRACS)16 18

'8.4,1 Reduced Models and Hyperstability Design

Popov has proposed a hyperstability theorem8 for the nonlinear system,
S, of figure 8.1, where this time the nonlinearity N(t,Y).is not slope restricted,

but the input signal u(t) is constrained to satisfy
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<u(t),y(e)>, < féllx(Oﬂl sup|| x(t)|| - | (8.112)
m
ogteT

where Hm i; the L?(O,T] Hilbert space, § > O is a constant depending on
x(0) but indépendenf of time t. Thus,
Theorem 818 ‘

S is asymptotically hyperstable if

| (1) I x(t) Il € x(|}x@)]] +8& _ ‘ (8.113)
with 1lim x(t) =0 for t > »

(2) Q(s) is strictly positive real 7 L - (8.114)

Theorem 8.1 can be uéed to assess positive realness of Q(s) in terms
of Qr(s), but this is rather incon@enient in design. A graphical criterion
is thus sought in terms of the familiar characteristic Tloci and Nyquist polar
-plots.
Theorem 8.18
| Let er(s) be the usual-characteristicyloci of Qr(s), and assume
Q(s) and Qr(s) are real rational and holomorphic in the region Q, (ReRe(s) > 0),
and that the input/output constraints satisfy expression (8.112). Then S
is asymptotically hypefstable if: o
a1 | x(t) | ¢ k(]| x0) || + &) (8.115)
and any one of the following conditions be satisfied; | |

(2) Re (x 58+ > I Q +Q +Q = ¥I|| inf K(V_(s)) = x VJ. Vs = jw (8 116)
(resp,Re (x §0) + 'y) > nQ + Q + 8“ - yIII inf K(vr(s)) - xe )

(3) Re;(x (s) +v) > (m+2){M (s)}(m’l)/m{ Zlg..(s) + q:ij(s)-

1
i,j e

1
-t qzlJ(s) SR LT l} /. Ze

( resp, Rg ~(§rj (s) + ;) > (m+2) {Mr(s)}(m-l)/m{ T | q

(8.117)

elJ(S) + q*..(S)

+ k) Y |}”“‘-Ee, Vj;vs#-jw )
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(4 Re (q44(8) +7) > Y, + ;z‘ Iq NOY LV, Ve =g (8.118)
7]
(resp,Re (q T (s) + Y) > Y + I Iq (S)I
i#]

where Ye = Xe or Y - Z (resg,; §e or §'_- 4 ), V (s) diagonalizes
Qr(s), Qe(s) =>Q(s) - Qr(s), q:i{ = qul( s), etc, G.j is the Kronecker
'delta, and, M_(s) = max‘{lq i (s) + YG..I Iq <ﬂ+ q* )|},
-M (s) = max {anJ s) + | Iq HOR q* (s)|}
Proof:

" Condition (1) is equation (8.113) of theorem 81.

Conditions (2) ta (4) ensure that Q(s) + Q (s) > 0 in terms of the
structural elements of Qr(s). These conditions are a consequence of theorems
8.13 to 8.17 that are prerd earlier. Hyperstablllty of S follows by
theorem ‘81. (see also fig.8.7(a) to 8.7(c) for similar graphical interpretations)

In the above Y:; are suitable complex numbers (tuning factors) incorporated
to adjust bandwidth. Thus, grephicaily, to test that Q(s) is positive real, .
4it is required that the hand Re (er(s) +Y) + Ye exp'(j¢), or Re (quj(s),+ Y)
+J{Ye +v.§'|qrij(s)|}exp(j¢), ¢€{0,2ﬂ};“mu§t iie-to the right of the vertical
line pas:iig through the point (-Re (Y),0). A |

8.4.2 Reduced models and MRACS .

‘Other than designing multivariable systems, by frequency response or
optimal control methods,'it-is sometimes convenient to design them by
Model Reference Adaptive Control (MRAC) approach. The MRAC method is basically,
to design a self adaptive controller to stabilize the dynamic characteristics
of a feedback con;rol system, under conditions of environmental disturbance
end plant parameter changes. Many forms of MRAC design methods:exist16; the
common ones being: (1) Lyapunov design method, (2) Hyperstability design
method,ls,'(3) Least square error method, and (4) Generalized square error
technique with parameter optimization. The purpose of this section is to

examine two important methods, viz, Hyperstability and Lyapunov method, with
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reduced models in design.
Figure 8.8(a) sﬁows‘a typical MRAC structure, with reference model,
adjustable model and plant. The purpose of the adaptation mechénism is to
update the nonlinear time dependent gains following a change in output error,
such that some perfo;mance index is minimized.
ihe reference model is characterized by
x = Ax +Bu. | k (8.119)

YTm T O

and the adjustable model by
x, = As(t)xs + Bs(t) u . ’(8.120)

yS - st

and the error by

. e = xm - X ) (8-121)
Equations (8.119) to (8.121) give

e = Ae+ (A = A(t))x, + (3m = B_(t))u | (8.122)

and a linear compensator, D, which generates the vector v is.constructed

as
v = De | - (8.123)
Hypefstability design is composed of éeparating equation (8.122) into

the linear and nonlinear parts. Equations (8.122) and (8.123) can now be

written as
e = Ae-W | _ - (8.124)
v = De

where

“W = (Am - As(t))xs + (Bm - Bs(t))u

igs defined as a function of v(t,T).

w o= ‘{If, O(v(T),t) dt - A+ A_(O)}y + {ff, Y(v(1),t) dt = B_ + B_(O}u
S (8.125)
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Equation (8.125) defines the nonlinear part N(t,y) in figure 8.1.
In order to satisfy Popov's hyperstability'condition8’18 ® and Y must be
chosen such that

(e, Py 3 =2 -y, sup||x(D)] | (8.126)

Yo>090£’r€t

where Hm is the L?(O,t]'Hilbert space and m is the number of inputs or
outputs of the system. Particular solutions for ¢ and y, satisfying
equation (8.126) are

() = o(v(),t) = Rvy' | ) - (8.127)

~

B () = yv(e),e) = Rvu®

~

where R and R are positive definite. The system, equation (8.124) is hyperstable
with respect to equation (8.125) if there exist poéitive constants 6 and Y
such that any solution of the system satisfies

I xe) | < scllx@]] +v),¥e 30, 8>0,y30 | (8.128)

To obtain asymptétic hyperstability (lim x(t) = 0 as t + »), D should be

designed such that the linear transfer function matrix Q(s) = ﬁ(sI - A.m)-1

is strictly positive real, i.e.
Q(s) + Q' (s) > 0 | - (8.129)
By the Kalman~Yocwubovitch-Popov (KYP) lemma19 suppose S(Am.I,D) is

a minimal realization of Q(s), and if Q(s) is positive real, thenmatices

P, K and L satisfy

k'« = o

t t
PA + AP = 1L (8.130)
m m ,

P+kLt = D
Now, suppose in design, reduced models Arm and Ars(t) are used in place
of Am and As(t). The crucial question is; under what conditions is the

original system S(Am,As(t)) stable, when the reduced system Sr(Arm,Ars(t)) is
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hyperstable? For simpliciﬁy, it is assumed that the nonlinear parts of S
and_Sr satisfy the Popov hyperstability conditions. The remaining
condition for stability is thﬁt Qr(s) and'Q(sj must be positive real.
From the KYP lemma, equation (8.130), stability can also be assessed
by the Lyapwnov method, 'based on the stability of Sr, theorem 5,25,
Propo;ition 8.1
The original MRACS will be hyperstable given the reduced MRACS is
hyperstable  if . theorems 8.18 or 5.25 be satisfied |
Proof:
Requires Q(s) to be positive real
Other than using hyperstability approach, the Lyapunov method can also
be used. From equation (8.122), choose a Lyapunov function V in terms of
e and the difference between the parameters |
Vo= erertr 4 - A ()" - RT‘(Am - A_(t))
+ tr (Bm - Bs(t))tRzl(Bm - Bs(t)) | (8.131)
from which
o et e A e v 2 e 4y - A ()5 ey - BT ()
+ 2°tr (Bm - Bs(t))t(Peut - Rglﬁs(t)) - (8.132)

To assure the stability of the system it is sufficient that the first
term is negative definite and the second and third terms vanish. This
requires

A;P +PA_ = -Q ' (8.133)

where Q > 0, and the adaptation law is chosen as
(] t .
A (t) = R (Pe)y | (8.134)
B (t) = R (Pe)u’
8 s ;
Proposition 8.2
In MRACS design, using Lyapunov synthesis, Sr and S will be stable if

theorem 5.24 is satisfied.
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Proof:

Given in theorem 5.24.

An attractive feature of MRACS is Model Following Adaptive systemsl7,
MFAS. Here, the dynamics of the plant are made to follow the dynamics of
a reference model in the presence of.adaptive mechanisms and parameter
changés. As opposed to MRACS, the reference model plays a more prominent
role in MFAS. The'essential features. of MFAS are simple control laws and
strong stability characteristics. Typical sét-ups of MFAS are shown iﬁ
figures 8.8(b) and 8.8(c), called parameter adaptation and signal synthesis
adaptation, . |

A linear model following system (LMFS) can be described by17

; -Axv+Bu

m mm mm

x = Ax +Bu ' | : 8.1
x, o o %p | f (8.135)

u = =K x +Kx +Ku
P PP mm u

where the plant and model state vectors, xp and xm, are of equal dimensions.
The Erzberger conditions for perfect model following, where %m -x = o,

P
are

+ .
I-BB)B = 0O . 8.136
(1 -3BB)B . (8.136)

+
(- Bpo)(Am Ap) = 0

+ . . .
where Bp is the pseudo inverse of Bp' For the model following adaptive
system, with parameter adaptation, the plant input can be written as

(figure 8.8(b)),

up = -Kp(t,e)xp + Ku(t,e)um + Kmxm (8.137)
where Kp(t,e), Ku(t,e) can be further written as,

Kp(t.e) = .Kp - AKp(t,e) (8.138)

Ku(t,e) = Ku + AKu(t,e)
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The plant input can be written as

= u +u
“p p1  p2

where uy - prxP + Kmxm + Kuum ' .- (8.139)

upz = AKp(t,e)xp + AKu(t,e)um

The input upz is the contribution of the adaptive loop. The adaptive

mechanism is decomposed into a linear time invariant part,

e = x -x N : ' (8.140)

and a nonlinear part which geénerates AKp(t,e) and AKu(t,e) as a function of
v. Equations (8.135) and (8.140) give

e = (Am -. Bme)e + BPWI a ' - . (8.141)
v = De
where
fW; = (AKp(t,e) Bp(Am Ap) + Km Kp)xp
+ .
+ (AKu(t,e) - Bme +_Ku)um | (8.142)

The nonlinear part is designed in accordance to hyperstability conditionms,
i.e.

<v(t)',W(t:)>H 3 -yé, Veso | _ (8.143)
i n .

where Hn is the n-dimensional Hilbert gspace L?(O,t] and n is the order of
the system. Particular choices for AKu(t,e),4AKp(t;e) such that equation
(8.143) is satisfied_are,
t o t t .
AR (t,v) = Lv(Qx dt +L + AR (O 8.144
p( »V) /, ‘ «Q p) v(Qx,) p( ) . ( )
MK (tv) = J5 MRu)E dr + MeRu)E + AR (0)
u o m m u

~ ~

where L, Q, M, R are positive definite, and, L, M are positive, or non-

negative definite. The linear part
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G(s) = D(sI-A_+ Bme)-pr; | | (8.145)

must be positive real, for the system to be asymptotic hyperstable. By

| the KYP lemma, matrices P and H satisfy

t - = . -
(4, = BEDP + (A BK) H (8.146)
p = B'P
P

Now suppose reduced mbdels Arm are used in the design._
Proposition 8..3

In a LMFS desigtzwith parameter adaptation, the original system S, will
be hyperstable if the linear part of Sr.satisfies theorems 8.18 or 5{25,
assuming the nonlinear parts of § and Sr .satisfy equation (8.143).
Proéf: | ' o

Requires G(s) to be positive real.
Conclusions

. The stability Bopnds expressed in this chapter, for design of multivariable

nonlinear systems, using reduced modesls, Are‘closely related to those for
linear multivariable systems, given in Chapﬁers 5 and 6. The ﬁonlinear
elements above are either sector restricted, functionally approximated or
bounded by integral constraints. The bounds imposed on the linear part of
the system are thus a natural consequence of those developed in prece  ding
chapters. - |

Stability bounds are also derived for the original multivariable systems,
using describing functions, the Jury Lee criterion and the circié criterion.
These bounds are easily modified, with bandwidth widened, when reduced
models are used.

As in linear multivariable systems, computer aided graﬁhicsfare
indispensable for the evaluation of these bounds in design work. The linear

parts of the system can thus be designed, using the methods described in

Chapter 6, bearing in mind the constraints imposed by the nonlinear parts.
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CHAPTER IX

APPLICATION OF REDUCTION TECHNIQUES TO CONTRUL SYSTEMS DESIGN

-'A CASE STUDY OF AN INDUSTRIAL BOILER

Introduction .

This chapter is concerned with a case study of an industrial boiler
model. The linear model, given in state space forﬁll, is thirty third
order, and, has five inputs and four outputs. From these the transfer
_function of the model was obtained, and, manipulated into various forms,
using algorithmic ﬁethods, to meet the requiremgnts‘of different applications.
Such a model was chosen, because, firstly, it is of very high order, hence
strengthening the necessity of using reduction techniques ana making their

" o—

applications meaningful, and, sécondly, it represénts a practical example
from a 'real life' process.

The purpose of this chapter is to make a comparison among existing
reduction techniques and to investigate the effectiveness of using reduced
models, in relation to them, in>conrrol systems design. The maiﬁ interest
is to study the advantages and effects of using such models in design,
rather, than on obtaining particular control strategies13 or emphasizing
on design sophistication. The latter area is believed to be too broad to
be restricted to a single case study. Instead, attention will be focused
on the areas of model adequacy, overall system stability and performance
deterioration, studied analytically in Chapters V and VI.

Some existing reduction techniquesl;e, together with those developed
in Chaptefs II1 and IV were applied individually to obtain lower order models.
Two different design ;pproaches were considered. The first is the linear
optimal regulator design method in the time domaing, and, the second is the
.Inverse Nyauist Array design method in *he frequehcy domainro. These two
design philosophies were used since they are contrastiﬁg, héhce, different

controllers, designed using different models, would be expected. In addition,
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they would provide logical conclusions on using reduced models, with respect - -

to their reduction techniques, in different design methods.

PART I - Comparison of reduction techniques

The boiler model and its transfer function

The system considered here, is a mathematical model of a 200 MWatt
system generator, used in a power station in West Thurockll. The unit is
comprised of firing and coal prepar#tion syﬁtem, air supply system,

" combustion gases supply system, steam circuit systems, superheaters,
attemperators and reheatey systems. It is a coal fired inétallation with

a rated load capacity of 1.35 x 10° 1b/hr and is of the natural circulation
radiant type. At full load, the system conditions are 2450_p.s.i.g. pressure
and 1050°F temperature at the turbine throttle with 1000°F reheat.

The boiler has four outputs, which are, water 1eve1,.2, outlet
temperature, T37’ outlet pressure, Ps7, outlet reheat temperature, Tsl s and,
four inputs, whiéh are, feed (372.5 1b/sec), spray (2.482 1b/sec), fuel
(50.64 1b/sec), damper (0.04, as a fraction), and, steam (375 1lb/sec)

is considered as a disturbance input. The input and output vectors are thus:

(uy, uz, uiz, uy, u5)t = (steam, feed, spray, fuel, damper)t

t t
(Y1, Y2, Y3, Yu) = (2, T87’ P87’ T81o)

The schematic diagrams of the boiler and its control loops are shown
.in figures 9.1(a) and 9.1(b).
The linearized model, obtained by Marshallll, represented in state

space form is,

;1 0 afz X bE u
. = + (9.1)
X2 0 A, X2 B, u
]
y = [ Loxss . 0 ]x




"HP

10 LP
Attemperato R /R/ H
8 P
11
Rad S/H sec )
6 . S/H Primary S/H
9 —€—
' < ! Ec¥nomiser
> 13
<
Gas 14
p/c Riser D/C = Downcomer
oY 3 S/H = Superheater
R/H = Radiant heater
HP = High Pressure
LP = Low Pressure
Fig.9.1(a) Simplified Arrangement of Boiler
Fig.9.1(b) Boiler with Control Loops attached
Spray c
Valve 2 TS
Sec 'S/ Da‘mlT ;/V
€,
- e y‘-
c C = Controller
1 1 = super heater temperature
2 = super heater pressure
3 = steam demand
feed valve '
fuel :
c
3




- 265 =

‘where {A, B, C} are given in Table 9A. The system matrix, A, is of order
(33 x 33) and rank 32. This is due to the presence of a zero vector in
the first column of A, associated with the water level state, 2.

From equation (9.1) the transfer function matrix is,

-]
. (af2(sT - Az2) 'By + bY)/s

G(s) = (1 t 0)

4xX33 o (9.2)

-1
(sI - Az22) B2

where an arbitrary state is included to obtain a square (5 x 5) G(s).

Due to the high order of the model, special numerical téchniques

‘"must be used to obtain an accurate transfer function.

The normal Faddeev algérithmls

(s" - hys™ ' - L., h_s-h)I = (cs" +... €8 * Cy (ST = Az2)
C, = I, h = tr (AC__)/k - (9.3)
c‘ s ACA—l-th ’ k 3 l, 3‘ i ¥

C. = 0
n

and in this case, the reverse FaddeeV algorithmls,

n n~1 n-1
-t = e ' - =
(s 18 | t 8 tn)I (Tos * el T _

s + T )(sI = Az3)
2 n=j :

vhere h =~ = det Az, $# 0 o 9.4)

. - .
hn—k = -tkhn, Ck = hnTn_k_lAzz’ k = 1, 2’ ve. =1

were used to evaluate (sI - Azz)“1 in equation (9.2). Use of thé reverse
algorithm is necessary, as the forward algorithm will give erroneous
coefficients (contaminated by rounding errors) .of the higher powers of s.
With the reverse algorithm, accurate_coefficients of.higher powers of s
will be obtained, while the lower power coefficients will be contaminated
by rounding errors. .It was found that, using the above algorithms, the two
sets of coefficients overlapped reasonably well midway, and; values were
taken from the accurate ends of the polynomials. Bosley, et al, used the

. same numerical techniquels, and obtained good results for v?ry high order

models.

The Faddeev algorithm evaluates G(s) in the form



oooooooooooooooooo
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Stesdy wtate values of model atata vector, x, B OO T t“.
0 ft; position of drum water level.
1055 deg P; eteam temp. leaving second superbeater.
2450 peig; steam pressurs leaving second superbeater,
1005 deg ?; steam temp. pendant radiant Beater,
525 deg ¥; economiser metal temp. !
571 deg Fi  feedvater temp.
669 deg ¥; drumvater temp,

2650 peig;
0.139242 1b/1b;

drum pressure.
dryness fraction of ateam leaving risers.

890 dég F; rimer metal temp.

2897.17 1b/sec; riser mixture flow.

690 deg ¥; lat stage radiant superheater metal temp.

682 deg P; stean temp. leaving let stage radiant superheater.
2640 psig; stean pressure leaving lst stage radiaat superheater.
715 deg l; 20d stage superheater metal tewp.

725° ¥; steam teop. leaving 2nd stage rad. superheater;

2598 psig; steam pressure leaving 2nd stage rad. superneater.
7420 ¥; 3rd stage rad. superheater metal temp.

733 deg F; steam temp. leaving Jrd stage rad. superheater.

2583 psig; steam pressure leaving Ird stage rad. superheater.
796.5 deg ¥;
835 deg F;

2577 psig;

958.4 deg F;
2122 deg ¥;
868.5 deg ¥7;
1653 deg.F;
580 deg F;

1112 deg F;
1503 deg ¥7;

primary auperheater metal temp,

stean tewp. leaving primary superheater.
steam pressure leaving primary superheater.
ncoixdnry superheater metal temp.

gas terp. at risers

gas temp, at primary superheater.

gas teop. at secondary superheater.

gas temp. at economiser.

gas temp. at horizontal radiant heater.

teop. at pendant radiant heater.

806.4 deg F; borizoatal radiant heater metal temp.

868 deg F; steam temp. leaving horizontal radiant heater
988.2 deg ?; pendant radisnt beater metal temp.

Briler disturbance variable

-
steam

375 1b/eec; steam demand

TABLE 9A 4

System matrix A (33X33) .

All elenents storad column wise,

Col.l.
Col.2.
Col.3.

Col.h.
1.5,

Col.6.

Col.7.

Col.8.

Col.9.

Col.l10.

Col.11.

Col.12.

Col.13,

Col.l4.

Col.13,

Col,16.

Cl.17.

Col.18,

Col. 19,

All elecents in first coluzn are zero, i.e. to =- 0.0
0.0,-1.43,-3,04,A All ‘ij ;
L. 42 T Ay3 97040, G.029, “‘312'°°°”z'°°
0.0, 0.451,-3.16, A,toA. L3700, oooszs -oosss. 1.47,
Lu,3 8 Ay 900 !
A" to A = C.0, =4,7, ASL to AJZ 4 0.0, 0.0275
A to Au = 0.0, =0.197, €.142, Ajg to Ay g = 0.0, 22.8,
byq,5 t0 Ay3 5 = 0.0
Au to A, . = 0.C, 0.189, -0.146, 0.00785, 0.0, 0.0, 0.0, = 0.00433,
Az 6t Ay 5= 00
=0.000721, A,, to A, = 0.0, =0.129, 0.518, 0.0000749, 0.0, 15.9,

Ay gt Ay, 5 =00

2,7 % Ay 00,
0.00988, Ajq to Acy =A0.00647, = 0.675, 0.000472, 0.0133, =1030.0,
0.0, -0.2/8, 309. A“a to Ayy g = 0:0

=1.79, A to Ay = 0.0, =1.07, -12.7, -0.0814, 0.0, 157.0,

A2,9 B0 Ay 4 = 0.0 i
0.00851, 2mma”o-oo.azs.oomot -0.244, 108.0,

A1z,10 10 Ay, 10 = 00y 0:0654, Ayg g t0 Ayy 4g = 0-0
~0.904E-04, A, .. to A, = 0.0, 0.319E-03, -0.216E-02, ~0.441E~05,

2,11 6,11
0.0, =0.92, Ay 4y 10 Ay gy = 0.0

Ay 12 t© Ajg 1z = 0:0, -151.0, ~0.248, 0.505, 4.35, Ajg 15 t0 Ayy 1y
«0.0, 0.0944, Ajg.1z 0 Ay, 1z’°°
Ap1s B0 Ayg 1y " 00 260.0,

‘uu“"uu'“’ ks
20,0103, Ay 14 0 Ay 1 ® 0.0, 0441, -0.83E-0, 0.0, 1173, -0.024,

0.296, =38.5, 0,0, ~0.0804, L.1&, Ayg 1y t0 Ayy 4y = 0.0
Aas 0 Ay, u'°° -0.13, 0.689, 4.0, Agas t0 Ay yg ® 0.0,
0.0182, A3 © Ayy1s @ 00

‘ 16 to AN I - 0.0, 0,132, ~0.799, ~4.41, 0.0, 0.193, 0.48,

‘u “”‘n“.uo 42,0, 0,0229, =0.0472, 7.32, ~0.0136
“,zko”-oo.-z ' a9, ' »

€.255, ~4.49, 0.0, -0.076, 8.01, A

, =1.22, -7.85, 0.0, 0.234,0.755,

21,17 to ‘J].n ~ 0.0

= 0.0, 0,435, 2.66, 14,0, Ay g 10 Az, 16™ 040 0.113
- 0.0 *

- 0.0, 0,461, =2.87, =14.7, 0,0, 0.094, 0.0683,

33,19 = 00

T Uit t AT
Ayo,13 *° 233,18
AL A

).“'“ to A

Boiler Lnputa

372,518 1b/aecy
2,482 lb/sec;
50.64 1b/sec;
0.04 (fracticm of total gas through bypess); reheater bypass
dasper positica.

'(ocd ©
ulpny.
Yeuar *

Ly *

Col.20.
Col.21.
Col.22.
Col.23.
Col.24.
Col.25.
Col.26.

Col.27,

. Col.28.

Col.29.

Col.30.

Col.31.

Col.l2.
Col.33.

Appendix 94 14

rate of feedwater flow.
rate of spray water flow.
rate of fuel flow. .

Teble 9 1t .
4,20 ® A4 30 = 0-0. 0.0332, -0.176, 3.36, =0.303, 1.98,
0.0, =0.503, 10.2, Ay 5q t0 Agy 5 = 0:0
Ap 3y 0 Ay gy " 00 -0.0522, 0.539, 2.14, 0.0, 0.9, 32.2,

‘un""nn“’o

oo.ozu,om Ay 23 1 Agg 29 = 0:0, 0.0467, =0.655, -2.2,
TR

-18.8,

- 0.0
0.0, -0. u:, 3. u A2y € Ajz 2y = 0.0, 0.306, ~1.87, 10.9,
=0.0041, 0.558, ~11.7, Ay 23 B0 Ayy 29 * 00

0.0, 1.26, 2.68, A, 5, to Ayy 5, * 0.0, -0.0303, 0.0, 0.0, 1.21,
Ag,24 @ Ay3,24 = 00

Al”!ol = 0.0, 0.0016, 0.0438, 0.0, 0.0, 0.0, 0.00197,

Auucuu_,-oo.-n.oo 245, Ayg 55 t0 Agy 3¢ 0.0
‘116 A_ozs-Q0.000GH 0.0, 0.0, 0.0, 0.0, =42.7, 0.0,

3.1, Ay, 26 10 Ayy 36 = 00

A, 37 80 Ayy gy = 0:0, 0.0023, 0.0, 0.0, ~4.69, 0.0,
0.0, 0.0, 0.0

A zg 10 by g9 ® 0.0, 000782, Ag oy t0 Ay 5 = 0.0, <28.2,

Ajg,28 © A3y 29 = 00

".,29 to ‘ll,l? = 0.0, 0.00523, AIJ.Z? to A17'2‘ = 0.0, 0.00104,
‘19.1’ o ‘15,29 = 0.0, 8.66, 0.0, 0.0, =4.11, 0.0, 0.00218, 0.0, 0.0
A),30 @ A5, 30 = 0:0, 0.371, 0.0, 6.0, 1.82, =6.53, 0.0, 0.0,
0.00283

AL 31t Ay gy = 0.0, 1,42, 0.0, =0.0176, 1.39, 0.0

0.0, 0.0, 0.0, 1.3, A to A « 0.0, 0.0137, 1.86, 0.0

0.0, 0.0, 0.0, 3.41, « 0.0, 1.28, €.0, 0.0, =0.C298

0.0, 4.91,

5,32 %0 Ay 32
Ag,31 %9 Ayg,03

Matrix 8 (33X5)

Col.l.

Col.2,

Col.s

Col. 4,

Col.S,

0.0, 0.118, -0.705, -0.0762, B; | to %,y | * 0.0, ~0.00272, 8
' '
o By, = 0.0, =0.2012), -0.029, -0.20272
0.1863E-04, 3., to By, = 0.0, -0.00103, -0.00234, 0.0062, =0,7377-05,
0.0, =0.039), 'Xl.l to .JJ.I . 0.0
0.0, =0.703, =0.5¢5, B, jtoly g 0.0, 0.52%7-04, =0.000477,
. L ]
0.0178, .IA.J to I”.) . 0.0
By to B, = 0.0, 0.0054, B, to K, . = 0.0, ©.0036, 0.0, 0.0,
0.00628, 11.5, 25.2, 15.8, 12,0, 9.99, 7.79, 0.70469, 0.0, 0.011
g to ‘zs.s = 0.0, 354.0, 0.0, 0.0, -347,0, 0.0, -0.257, 0.0, 0.0

8,1
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n . n .
&s) = I ¢_ " f(s"+ T ns") | | (9.5)

where Ci is an (n x n) matrix, n, the order of the system. G(s) can

also be expressed in partial fraction form as

. n m k n .
G(s) = B + L T C,y f(s+p) = L R;/(s +p) - (9.10)

i=1 k=1 1

as there are no repeated eigenvalues in A. 1In equation (9.10) K is the

residual matrix corrésponding to the pole P and complex poles and
residues occur in conjugate pairs.. By using the basic 'cover up ruie' a
computer program was written to evaluate G(s) in equation (9.10). It |
is also desirable to find the zeros of G(s). The zeros cén be evaluated

by finding the roots of the numerator polynomial of each gij(s), ng.

This was converted into an 'eigenvalue problem' by finding the eigenvalues

of the corresponding companion matrix. The procedure was repeated for every

8ij(s)'
. n-1 n
i.e. gij(s) = KnEl (s - zk) kEl (s - pk)

Alternatively the zeros of G(s) were found from thé state space

equations S(A,B,C) using a method due to Davis6n16. A transformation

z = Tx ‘ (9.11)
where
Ik-l o
T = et
r
0 Tk

where c§ is the rth row of C, was used on equation (9.1), and, the transformed

equation was converted into an 'eigenvalue problem' by solving

det (A-sI) = 0 | (9.12)

where



Table 9A 144

. i

.
TR b
Eigenvalues of -A matrixi
0.0, -0.391£02, -0.427E02, -0.256E02, -0.282E02, -0.653E01, -0.809E01, -0.469E01;
-0,472E01, -0,344EO01, -0.411E01, -0.23EOL = j 0.518, -0.1675E01,-0.1146E01,
:0.141!&01, -0.1303E01, -0.844, -0.635- j 0.0523, -0.321, -0.333, -0.1358

-] 0.456L—0}, -0.926E-01, =0.163E-01, =0.223E-0l, =0.736E-02, =0.945SE-02,
=0,4843E-02 = j 0.16E-02, -0,2235E-02, +-0.2815E-02

Matrix C = [I

Table 98 4 .
G(s) = (C_.)z + CJI' + Cyye ""'Co'”)/(‘n"’az"dn
Common denominator of G(s) in ascending powers of s: +
0.0, 0.1183E-09, 0.1B51E-06, 0.1197E-03, 0,4205E-01, 0,887EO01, 0.1168E04,
0.9668E05, 0.4989E07, 0.1579E09, 0.305E10, 0.3729E11, 0.3008E12, 0.1661E13,
0.648E13, O.XSJLEN.._O.J?%EM, 0.6073E14, 0.7317E14, 0.678BE14, 0.4B8El4,
0.2727E14, 0.118621#.:‘33 BLAEI!, 0.2082E12, 0.3137E11, 0.3502E10, 0.2822E09,
0.1586E08, 0.5934E06, 0.1386E05, 0.1809E03, 1.0

Numerator coefficients of elements of G(s) in ascending powera of s:+
o

-0.252E~13, -0.6229E-12, 0,5154E-06, 0,3293E-03, 0.1138, 0.2344E02,
0.2978E04, 0.2334E06, 0.1102E08, 0.3012E09, 0.4614E10, 0,4194E11, 0.2402E12,
0.9024E12, 0.4968E13, -0,4676E10, 0.4928E10, 0.4083E10, 0.2613E10, 0.123El0,
0.4247£09, 0.1063E09, 0.1889E08, 0.231E07, 0.1846E06, 0.8829E04, 0,2159E03,
0.2008E01, 0.302E~06, 0.0, 0.0, 0.0, 0.0

G, ,(s)
12

0.2328E-13, 0.2576E-13, 0.5968E-07, 0,3813E-04, 0.1317E-01, 0.2713EO01,
0.3447E03, 0.2701E05, 0.1275E07, 0.3482E08, 0.5328E09, 0.4838E10, 0.277E1l,
0.1041E12, 0.5751E12, =0.5031E1l, 0.4425E10, 0.3271E10, 0.2739E10, 0.1766E10,
0.8911E09, 0.352E09, 0.1087E09, 0.2609E08, 0.4828£07, 0.6797E06, 0.7145E05,
0.5465E04, 0.2936E03, 0.1057E02, 0.2391, 0.3032E-02, 0.1633E-04.

Gy,(8)
13

0.252E-13, 0.1052E-12, 0.4351E-06, 0.278E-03, 09606E-01, 0.1979E02,
0.2514E04, 0.197E06, 0.9302E07, 0.2542E09, 0.3894E10, 0.3539E1l, 0.2027E12,
0.7612E12, 0.419E13, 0.5345E10, -0.2163E10, =0.1174E10, -0.3952E09, =0.1657E08,
0.5036E08, 0.2525E08, 0.6345E07, 0.9325E06, 0.7818E05, 0.3123E04, 0.1293E02,
=0.2126E01, -03468E-01, 0.0, 0.0, 0.0, 0.0

G, (a)
14

0.1472E-16, 0.2071E-11, =0.2282E-06, =0.1458E-03, -05037E-01, -0.1037E02,
-0.1317E04, -0.1032E06, =0.4869E07, =0.1329E09, -0.203E10, -0.1837E1l,
~—0.1045E12, -0,3888E12, =0.2155E13, 0.6271E10, 0.1805E10, 0.167E10,
0.1089E10, 0.5414E09, 0.2054E09, 0.5934E08, 0.1297E08, 0.2122E07, 0.2551E06,
0.2202E05, 0.132E04, 0.5274E02, 0.132E01, 0.18565-01, 0.111E-03, 0.0, 0.0

G508 .
0.2409E116, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
0.0, 0.0, -0.1622E12,0.2908E11, 0.2294E11, 0.1636E11, 0.8761E10, 0.354E10,
0.108E10, 0.2448E09, 0.4073E08, 0.4855EQ7, 0.4007E06, 0.2177EQ5, 0.7213E03,
0.1293E02, 0.9465E-01, 0.0, 0.0, 0.0

32"33)

IIO...dll

G“(l) Table 93 {44

0.0, 0.2127E-08, 0.2707E-05, 0.141BE-02, 0.3964, 0.644E02, 0.6208E04,
0.3524E06, 0.1155E08, 0,2172E09, 0.2443E10, 0.173E11, 0.7667E11, 0.2054E13,
-0.7936E15, 0,406E12, 0,134BE13,°0,1295E13, 0.9604E12, 0.5473E12, 0,2405E12, .
0.8147E11, 0.2119E11, 0.4192E10, 0.6224E09, 06804E08, 0.5341E07, 0.2915E06,
0,1059E05, 0.2411E03, 0.3083E01, 0.168E-01, 0.0

Gyq(8)

0.0, -0.3546E-08, -0.2497E-05, =0.735E-03, -0.1293, -0.1666E02,

=0.1641E04, -0.1115E06, =-0.4752E07, -0.1258E09, -0.2139E10, -0.2353E11,
=0.133rE12, -0.1412E14, 0.5677E16, -0.7158E13, -0.6702E13, -0.701E13, -0.5281E13,
=0.291E13, =0.1172E13, =0,3417E12, =0.706E11, =0.9953E10, -0,8941E09, =0.4406E08,
=0.629E06, 0.3366E05, 0.1429E04, 0,1542E02, 0.0, 0.0, 0.0

G,y (8)

0.0, -0.1732E~09, =0.1778E~06, =0,7684E~04, -0,1838E-01, =0,2692E01,
-0.2475E03, -0,1419E05, -0.503E06, -0.1109E08, -0.1581E09, -0.1517E10,
~0.9235E10, =0.4221E12, 0.1646E15, 0.4146E14, -0.178E13, -0,114E13, -0.1288E13,
=0.1096E13, =0.7195E12, -0.3642E12, -0.1418E12, -0.422E11, -0.9508E10,
-0.1599E10, -0.1968E09, -0.1725E08, —0,1039E07, =0.4106E0t, —0.9996E03,
-0.1346E02, ~0.7615E-01
Gy (s)

0.0, 0.6863E-11, 0.2154E-08, 0.2819E-06, 0.2139E-04, 0.1125E-02, 0.4427E-01,
0.1239F01, 0.1905E02, =0.4818EQ2, =0.B405E04, «0.2895E05, =0,5132E08, 0.1961E11,
=0.7549E13, -0.5244E08, -0.8146F08, -0.7828E08, -0.5106E08, —0.2246E08,
-0.6557£07, =0.1233E07, =0.1415E06, -0.9004E04, =0.2647E03, =0.275E01, ~0.1391E-05,
0.0, 0.0, 0.0, 0.0, 0.0, 0.0

G,.(s)
43

0.0, -0.2638E-09, —0.2529E-06, —0.9955E-04, —0.2069E-01, -0,2504E01,
~0.1873E03, =0.9EO4, =0.286E06, -0.6101E07, -0.88E08, -0.8634E09, -0.6658E10,
0.3572E12, -0.18B32E15, =0.1497E12, -0.3903E12, -0.495E12, -0.4633E12,
=0.3193E12, -0.1619E12, -0.6019E11, =0,1631E11, =0.3187E10, -0.4422E09,
~(.4257E08, -0.2752E07, =0.1145E06, -0.2892E04, -0.3397E02, -0.2305, 0,0, 0.0

G,, (s)
44

0.0, 0.1708E-08, 0.1781E-0S, 0.7675E-03, 0.1813, 0.2586E02, 0.228E04,
0.1231E06, 0.4E07, 0.777E08, 0.9396E09, 0.7411E10, 0.3164E1l, 0.3524E13,
=-0.149E16, 0,1214E13, 0,1064E13, 0.116E13, 0.9505E12, 0.594E12, 0.2841E12,
0.1039E12, 0.2899E11, 0.6122E10, 0,9677E£09, 0.1126E03, 0.9413E07, 0.5465SE06,
0.2102F05, 0,5024E03, 0.6677E01, 0,3744E-01, 0.0

Gys(®)

0.0, -0.2018E-07, =0.2064E-04, =0.8682E~02, ~0.195E01, -0.2524E03,
=0.1937£05, =-0.8973E06, =-0,2541E08, -0,4472E09, -0,505E10, =0,3794E11,
-0.1414E12, =0.2289E14, 0,9517E16, =0.3181E13, ~0.4544E13, -0.4635E13,
=0.3535£13, -0.2018E13, =0.8612E12, 10.2735E12, =0.6415E11, -0,1098E11,
=0.135E10, -0.1165E09, ~0,6859E07,.-0.2644E06, =0.6294E04, ~0.8313E02, -0.4631,
0.0, 0.0 .

G“(l) Table 9B {4

0.0, -0.1399E-09, =0.1568E-06, -0.7142E=04, =0.1717E-01, -0.2377EO1,
-0.1968E03, -0.9B09E04, =0.2866E06, —0,4682E07, =0,4007E08, -0.1104E09,
0.1529E10, =0.1554E12, 0.7476E14, -0.6458E14, 0.2137E13, 0.1022E13, 0.1323E13,
0.1242E13, 0.B83E12, 0.4767E12, 0.1953E12, 0.6042E11, 0.1401E11, 0.2402E10,
0.2994E09, 0.2644E08, 0.1599E07, 0.6331E05, 0.1543E04, 0,2079:02, 0.117,

c,,(s)
22

0.0, 0,9447E-11, 0.5777E-08, 0.1265E-05, 0,1399E-03, 0.9491E-02, 0.4709,
0.1756E02, 0.4057E03, 0.2775E04, =C,1)1BE06, =0,2746E07, -0.4937E08, 0.6485E10,
=0.2401E13, 0.1693E11, -0.3509E10, =-u,3545E10, -0.2954E10, =0.1755E10,.
=0.7459E09, -L.225E09, -0.4734L08, -0,6732E07, -0.614E06, -0.3274E05, -0.8627E03,
-0.8408E01, 0.0, 0.0, 0.0, 0.0, 0.0

C,,(s)
23

0.0, =0.3678E-09, =0.4642E-06, =0.246E-03, =0.71E-01, -0.1218E02,
-0,1289E04, —0.8537E05, -0.3572E07, =-0.9483E08, =-0.1612E10, -0.1795E11,
-0.1351E12, =0.4955E12, -0.9736El4, 0.3514E15, -0.2175E14, -0.1932El4,
=0.2146E14, =0.179E14, =0.1138E14, =0.5526E13, -0.2046E13, -0.5757E12, =0.1222E12,
-0.1934E11, =0.2245E10, =0,1864E09, -0,1071E08, —0.4073E06, —0.9626E04, e
-0.1267E03, =0.7048

Gy (®)

0.0, 0.1319C-08, 0.1505E-05, 0.697E-03, 0.1707, 0.2426E02, 0.2081E04,
0.1087E06, 0.3428E07, 0.649E08, 0.765E09, 0.5864E10, 0.2671C11, 0.1647E13,
-0.6802E15, 0.7002E12, 0.6923E12, 0.7103E12, 0.5455E12, 0.3177E12, 0.1408E12,
0.4748E11, 0.1215E1l, 0.2344E10, 0.3376E09, 0.3575E08, 0.2724E07, 0.14SE06,
0.5167E04, 0,1159E03, 0.1465E01, 0,7887E-02, 0.0

st(l)

0.0, -0.8514E-08, —0,7843E-05, =-0.2845E-02, -0.5382, -0.5872E02,
~0,3869E04, =0.1578E06, -0.4032E07, -0.6502E08, -0.6731E09, -0.4602E10,
0.2942E10, -0,9903E13, 0.4232E16, 0.2371E12, -0,8165E10, 0.139E12, 0.2048E12,
0.1659E12, 0.8732E11, 0,3115Ell, 0,7551E10, 0.1216E10, 0.1236E09, 0.7084E07,
0.1657E06, -0.1856E04, =0.1493E03, -0.1804E01, 0.0, 0.0, 0.0

G, (s)
31

0.0, =0.3542E-09, =0.493BE-06, =0.2844E-03, =0.8755E-01, =0.1583E02,
=0.1743E04, -0.1182E06, -0.4972E07, -0.1304E09, =0.2159E10, -0.231Ell,
-0.164E12, -0.1001E13, 0.8574El4, 0,368ELS, =0.2136El4, -0.1728E14, =0.185El4,
-0.1503E14, =-0.9432E13, =0.457E13, =0.1705E13, =0.4872E12, =0,10SSE12,
=0.171E11, =-0.2034E10, =0.173E09, -0.1016E08, =0.3934E06, -0.943BEO4, =0.1257E03,
-0,7053

C,,(s) )
32 .

0.0, -0.6762E-10, =0.8127E-07, =-0.3692E-04, =0.8593E-02, -0.1125E01,
-0.839E02, —0.3362E04, =0.563E05, 0.299E06, 0.2244E08, 0.3119E09, 0.214E10,
0.2972E11, =0.8014E13, -0.7427E11, 0.6485E11, 0.5868E1l, 0.4081E1l, 0.2079E11,
0.7756E10, 0.2096E10, 0,4022E09, 0,5306E08, 0,4558E07, 0,2323E06, 0.5947E04,
0.5696E02, 0.0, 0.0, 0.0, 0.0, 0.0

G,,(s)
33

0.0, 0.3156E-09, 0.4736E-06, 0.2766E-03, 0.851E-01, 0.1531E02, 0.1674E04,
0.1126E06, 0.4677E07, 0.1206E09, 0.1494E10, 0.2016E1l, 0.1365E12, 0.7645SE12,
-0.7121E14, 0.3544E15, =0.1337E13, 0.79E13,0.6111E13, 0.3205E13, 0.856E12,
-0.154E12, =0.2676E12, =0.1342E12, =0.4078E11, =0.833E10, =0.1171E10,
=0.1127E09, =0.7245E07, =0.2995E06, —0.7525E04, =0.1036E03, =0.5954

TAELE 9C &
33

F(s) = tfl ll(mp‘). where K is the residue matrix of the pole -

=0.213E-03 0.213E-03 0.213E-03 -0.125E-06 0.204E~06

0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 residve matrix of

0.0 0.0 0.0 0.0 0.0 1/ (s+0.0)

=0.804E-07 -0.923E~06 =0.126E-06 0.312E~07 =0.173E-0S

0.336E-07 0.386E-07 0.527E~07 -0,13E-07  0.723E-06 residue matrix of
«0.217E-06  =0.25E-05 =0.341E-07 0.B42E-07 =0.467E-0S 1/(s+0.391E02)
0.854E-11 0.981E-10  0.134E-10  =0.331E=11 0,184E-09 .

0.107E-13 0.688E-17 0.152E-13 ~<0.345E-08 -0.717E-07

=-0.933E-11  -0,599E-14 =0,132E~10 0,301E-05 0.625E-04 residue matrix of
0.69E~10 0.443E-13 0.977E~10 =0.222E-04 =0.462E-03 1/(8+0.427E02)
~0.207E~14 =-0.133E-17 =0.293E-14 0.668E-09 0.139E-07

0.509E~-06 ~0.382E-08  0,706E~06 =0,143E-07 0.616E-07

0.354E-03  =0.266E-05 0.491E-03  =0.995E-05 0.428E-04 residue matrix of
=0.233E-02 0.167E~04 =0.309E-02  0.627E-04 =0,27E-03 1/(8+0.256E02)
0.232E~06 -0.,174E-08  0,322E-06 -0.653E-08 0,281E~07

0.187E~-17 0.139E-18 0.24E-17 © =0.483E~12 -0.477E-11

0,489E-15 0.363E-16 0.627E-15 -0.126E-09 =0.125E-08 residue matrix of
-0,132E-14 -0,98E-16 =0.169E~14  0.34E-09 0.336E~08 1/(s+0.282E02)
-0,54E~15 =0.401E~16 =0.692E-15  0.139E-09 0.138E~08

~0,456E-05  =0,42E-07 -0.68BE-05 0.281E-06 0.12E-04

0,693E~02 0.639E-04 0.105E-01 0.427E~0)  =-0.182E-01 residue matrix of
=0.364E-01  -0.336E~03 =0,549E-01 =0,225E~02 0,958E-01 1/(8+0.809E01)
0,105E-03 0.964E~06 0.158E-03 0.645E-05 =0,275E-03

=0.631E~11  0.593E~14 0.785E~11 =0.859E-07 =0.163E-11

~0,148E-07  0,139E-09 0.184E~06 -0.201E-02 =0.381E-07 residue matrix of
0, 714E~06 =-0.67E-09 -0.887E-06  0,971E-02  0.1B4E-06 1/(s+0.653E01)
=-0.129E-05 0.121E-08 0.16E-05 =0.176E-01 10.333E-06

=0,553E~10 ~0,166E~13 =0.167E-10 0.,21E-08 0.257e-09

0.961E-07 0.28BE-10 0.289E-07 =0,365E-05 —0,446E-06  residue matrix of,
=0,386E-06 =0,116E~09 =0,116E-06 0,146E~04 0,179E=05 1/(8+0,472£01)
=0,542E~01 =0,163E~04 =0,163E-01  0.206E01 0.252

=-0,818E~09  0.91E~-12 0.778E-09 =0.499E-05 =0,602E-09

0.157E-05 -0.,174E-08  =0,149E-05 0,956E-02  0,115E-05 residue matrix of
=-0,4B1E~05  0,535E-08 0.457E-05 =0.293E-01 =0, 354E-05 1/(x+0.469E01)
=0.,341E-03 0, 3BE-06 0,325E-03 =0.208E-01 =0,251E-03

0.427E-08 0,777E-11 =-0.816E~08 0.266E-04 =0.277E-03

=0.111E-05 0.202E-08 0.212E-05 =0.691E-02 0.719E-01 residue matrix of
0,398E~05 ~0,725E~08  =0.761E~05  0.248E~01 =0,258 1/(s+0.411E01)
0.62E-05 =0.113E-07 ~0.118E~04 0.386E-01 =0,402



0.131E-06 -0,269E-05 -0.182E-06 =-0.293E-04 0,762E-04
0.717E-C6 «0.148E-04  =0.998E-06 =0.161E-03 0.418F-03 residue matrix of
0.22E-04 ~0.453E-03  =0.307E-04  =0.494E-02 0,128E-01  1/(s+0.333)
0.362E-07  =0.745E-06 =0.S04E-07  =0.811E-05 0.211E-04 .
0.648E-04 0.496E-04 -0.719E-04 0.111E-03  0,625E-02
-0.224E-05 0.65E-04 0.24E-05 0.12e-03 0.188E~02 residue matrix of
-0.362E~04  0.666E-02 0.311E-04 0.118E-01  0.207 8/(s°40.2728+
0.76E-06 0.221E-05 ~0.845E-06  0,155E-05  0,124E-03 0.184E-01)
0.913E-05 0.652E-05 -0.101E-04 =0.164E-04 0,865E-03 ‘
-0,825£-07  0.868E-05 0,798E-07 0.154E~04  0,267E-03  residue matrix of
0.183E-04 0.89E-03 -0.215E-04  0.15E-02 0.293E-01 1/(s“40.272s+
0.113E-06 0.294E-06 ~0.125E-06 0.171E-06 0,174E-04 0.1B4E-01)
0.822E-03  =0.233E-03  -0.868E-03  0.165E-02  ~0.B858E-03
0.242E-04 -0,685E-05  =0.256E-04  0.487E-04 =0,253E~04 residue matrix of
0.448E-02  =0.127E=02 =0.473E-02  0.902E-02 =0.468E-02 1/(s+0.926E-01)
0.621E-06 «0.176E-06 =0.655E-06 0,125E-05 =0.64BE-06
0.289E~04 0.364E-06 -0.286E-04  =0.156E-03 0,255E-03
0.171E-03  0.216E-05  =0.17E-03  =0.926E-03 0.151E-02 residue matrix of
0.146E-02 0.1B4E-04 -0.145E-02 -0.79E-02. 0,129E-01 1/(s+0.223E-01)
-0.159E-04 =0.201E-06 0.158E-04  0.862E-04 =0,141E-03
0.349E-04  0.482E=06  0.345E-04  0.183E-03  =0.449E-03
«0.108£-02  -0,15E-04 0.107E-02 0.57E~02 =0.139E-01 residue matrix of
~0.342E-02  =0.472E-04 0.33BE-02  0.18E-01  -0.44E-O1  1/(s+0.163E-01)
0.835E-04  0.115E-05  =0.826E-04 -0.439E-03 0,107E-02
«0.123E-07 =0.605E-09 =0.225E-06 0.363E-06 0.434E-06
=0.396E-05 -0.194E-06 =0.723E-04  0.116E-03 0.139E-01 residue matrix of
0.133E-05 0.653E-07 0,243E-04 -0.392E-04 +=0,469E-02 1/(8+0.946E-02)
-0.125E-03 =-0.611E-05 =0.228E-02 0.367E-02 0.439
0.109E-03 -0.554E-05 =-0.987E-04 =0.553E-03 0.139E-03
0.441E-02 ~0.225E-03 -0.401E-02  -0.225E-01 0.565E-02 residue matrix of
=0.146E-01  0.746E-03 0.133E-01 0.744E-01  =0.187E-01 1/(a+0.736E-02)
=0.443E-02 0.226E-03 0.403E-02 0.226E-01  =0.568E-02
0.206E-05 =0.462E-05 0,252E-04 0.355E-04 =0.328E-03 .
=0.376E-02  0.554E-05 -0.403E-02  0.216E-01 0.215 tel‘!u. matrix of
=0.469E~03  0.545E-03 ~-0,322E-02  -0.289E-02 0,517E-01 8/(s"+0.969E~02s+
0.427E-02 0.943E-03  =-0.142E-03  -0.343E-01 =-0,201 0.26E-04)
0.374E-07 =0.196E~07  0.138E-06 =0.141E-07 =0.303E-0S
=0.197E~04 =-0,173E-05 ~-0.123E-04 0.131E-03  0,104E-02 residue matrix of
=0.561E-05 0.221E-05 -0.17E-04 0.956E-05 0.421E-03 1/(s"+0.969E-02s+
0.169E-04 0.62E-05 -0.129E-04 -0,.161E-03 =0,679E-03 0.26E-04)
-0.267E-04  0.253E-04 =0.724E-04  0.809E-04 -0.231E-02
0.827E-03 =0.785E~03  0.225E-02 -0.251E=02 0.,716E-01 residue matrix of
0.391E~-02 =0.371E-02  0.106E-01 -0.119E-01 0.338 1/(8+0,282E-02)
O.etrE-02  =0,336E-02 0,961E-02  =0.107E-01 0.306
0.195E-04  ~0.698E-05  0,368E~04  =0.149E-03 0,212E-02
-0-135!"’: 0.102E-02  -0,565e-02  0,219E-01 =0.311 residue matrix of
3.23:_—32 0.118E-02  -0,653E-02 0.253E-01 =0.36 1/ (8+0.223E-02)

. 0.22E-02 =0.122E-01 0.47E-01  =0.669

TARLE 9D 4

Table 9C {i
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=0.176E-03  0.271E-06 -0.569E-03  -0.3665-04 0.832E-03
=0.379£-01  0.583E-04 -0.122 -0,787E-02 0.179 residue matrix of
0.115 -0.177E-03  0.373 0.239E-01  =0.545 1/(s+0.344E01)
0.544E-02 =0.838E-05 0.176E-01 0.113E-02 =0.258E-01
0,266E-03 =0.616E-06 0.368E-03 0.166E-04  -0.273E-03
0,144 0.139e-03 -0.556 0.563E-02 =-0.122 ruigue matrix of
-0.65 0.156E-02 -0.981 =0.411E-01 0.671 s/(8"+58+6.53)
=0.324g-02 -0,101E-03 0.168 0.572E-03  -0.261E-02
0,546E-03 =0.773E-06 -0.31E-04 0.307-04 -0.534E-03
0.176 0.125E-02 =0.241E01 -0.853E-03 ~0.901E~0l" resijue matrix of
=0.135E01 0.207E-02 -0.184 =0.769E-01 0.133E01 1/(8%+55+6.53)
0.207E-01 =0.373E-03 0,548 0.362E-02  =0.392E-01
=0.351E-(8 0.243E-10 =0.259E-01  0.151E-08 0.652E-01
=0.211E-05  0.146E-07 -0.156E-04  0.909E-06 0,392E-04 residue matrix of
=0.255E~05 0.177E-07 -0.189E-04  0,11E-05 0.474E-04  1/8+0.167E01)
=0.224E~01 0.155E-03 -0.165 0,964E-02 0.416
-0.988E-06  =0.173E-06 0.541E-05 =0.154E-03 =0.638E~Oe
=0.672E~03  -0.11BE-03  0.368E-02 -0.105 =0.434 residue matrix of
=0.186E-02 =-0.326E-03  0.102E-01 -0.29 -0.12E01 1/(s+0.141E01)
=0.244E-03  =0.427E-04  0.134E=-02 =-0.38E-01 +0.158
0.601E-05 0.982E-07 =0.205E-04  =0.928E-04 0.18BE-03
0.767E-02 0.125E-03 -0.262E-01 -0.118 0.241 residue matrix of
0.445E-01 0.728E-03 -0.152 -0.688 0.14E01 1/(s+0.115E01)
0.129E-02 0.211E-04 =0,44E-02 =0.199E-01 0.405E-01
0.579e-08 0.238E-09 =0.256E-07 0.273E-03 0.343E-06
0.454E-05 0.186E-06 =0.2E-04 0.214 0.269E-03  residue matrix of
0.199E-04 0.815E-06 -0.876E-04 0.936 0.118E-02 1/(s+0.13E01)
0.496E-06 0.203E~07 =0.219E-05  0.234E-01  0.294E-04
0.408E-04 =0,248E-04 -0.932E-04 0.196E-03 =0.975E-03
0.233E-04 =0.141E~04  =-0.531E-04 0.112E-03 =0.556E-03 residue matrix of
=0.1E-02 0.608E~03 0.228E-02 =0.481E-02 0.239E-01 1/(a+0.844)
0.228E-05 =0.138E-05 -0.521E-05 0.11E-04 . -0.545E-Or
=0.135E-03  -0.421E-04 0.138E-03 0.802E-03  0.141E-02
0.317E-02 =0.531E-03  =0.9E-02 «0.353E-02 0.123 resjdue matrix of
=0.433E-01  -0,133E-01  0,45E-01 0.255 0.431 S/ (8°+41,275+0.406)
0.391E-03 =0.213E-04 =0.942E-03 -0.88E-03  0.106E-01
-0,14E-03 =0.323E-04 0.18B6E-03 0.717E-03  0.304E~04
0.313E-03 =0.522E-03 -0.267E-02 0.438E-02 0.604E-01 resjidue matrix of
=0.444E-01  -0,102E-01  0.593E-01 0.227 0,883E-01 1/(8"+1.276+0.406)
0.125E-03 =0.271E-04 =0,379E~03 =0.77E~04 0.548E-02
=0,767E~03  0.49E-04 0.101E~02 =-0,198E-02 =-0.522E-02
=0,364E-02  0.232E-03 0.477E~02 =0.94E-02  =0,248E-01 residue matrix of
-0.118 0.752E-02 0.155 -0.304 ~0.803 1/8+0.321)
=0.181E-03  0.116E-04 0.238E-03 =0.468E~03 =0.123E-02

o i hbll‘ 90”‘ 'un_ T o T o ---:—~--

Gn(l)

0.0, =-28.35, -1.541, -0.3308, -0.03008, =-1.934, -3.908, =4.702,

Numerator zeroes of elements of G(s) (;:lon approximation)
6 ) :

0.0, =4.627, -1.147, -1.295, -0.006632, -1.721, 0.04159, =0.1203,
=0.4699, -0.1428, -24.82, -2.123, -0.7636, 0.007292, -3.999, -0.8932,
=0.3274, =39.5, 0.1674, =0.003802, =5.732, =0.6055, =1.529, -0.002951,
=0.00693, -0.04, =3.822, -42.52 )

cu(l)

0.0, 0,5982, =0,04045, =41.94, =4.035, =202.2, =3.611, -0.633,
=3.723, =2,79, -1.391, -18.63, =1.943, =4.848, =11.53, =4.645, -0.7365,
-2.705, =-6.446, =-0.512, =-29.39, -1.992, -0.03421, -0.009386, -0.003443,
=-0.003996, -0.002109, =-0.03907, =0.2419, =0.1521, =1.254, =0.01

G130

0.0, =42.64, -4,045, -0.0756, -0.0083, -1.358, «0.4924, -0.1075,
=3.054, =28,16, -0.1332, =25.21, =0.414, =0.004372, =4.654, =1,423,
-0.3265, -41.75, =6.411, -0.6078, -0,008998, 1.149, -0.5061, =0.1307,
-0.004298, =1.203, =1.267, =0.0005168

G,,(s)

1 38,46, =4.328, -0,3336, -0.005112, =24.93, =9.3, -1.663, -0.03262,
-24.93, =4.715, -0.8222, =35.66, =3.503, =0.8222, =0.005962, =35.66, =3.503,
-1.027, -0.1438, =28.42, =1.823, =0.97, =0,007306, -6.826, -1.823,
-0.007561, =26.14, =1.844, =0.128, =0.004255

G c(s)

2 -6.645, -0.9839, -0.1384, =0.007463, =10.37, =4.715, =0.9839, 38.63,
-6.526, ~1.05, =0.02095, ~62.32, ~4.687, -0.4818, -0.01937, -27.65, -2.312,
-1.303. -0.01937, =42.78, =2.312, -1.303, =0.01937, =42.78, -2.312,
0001043, =25.43, =1.674, =0.3334, 0,006097, =5.261, ~0.9833, -0.003448

Gy ®

0.0, =41.99, -3.133, -0.05767, —0.01068, =4.877, =0,0008048, =0.1079,
=3.146, =27.73, =5.732, =0,04645, =11.62, =1.309, -0.5209, -0,337, =15.9,
-1.788, =1.412, =0.1161, =4.217, =6.247, =0.9868, -0.005218, =33.27,
-0.8835, 0.1407, =0.008794, =5.732, =1,085, =1.268, 0002051

G,,(s)
22 %),

0.0, =0.1514, =0.19, =0.007068, 1.7, =0.779, =0,138, ~4.327, ~1.675,
=5.114, =0.9935, -0.03359, -3.723, 0.003218, -0.3243, -0.002639, ~1.548,
-4.73, -0.09487, =11.59, =7.156, 0.02442, -0.0298, =3.153, -3.916, -1.281,

=-0.005783

Cz3(8

0.0, ~42.66, =1.799, =1,6", =0.003291, -0.6409, =0.602, ~0.1071,
~0.01131, ~28.13, '=5.215, ~0.1293, ~6.969, ~1.152, ~0.8428, -0,3541, =24.43,
0.4153, "=0.006346, 0.01769, =3,322, ~4.038, ~4.717, ~0.008976, ~39.23,
0.2443, ~1.281, -0,02989, ~5.961, =5.887, =0.03291, 0.004448

Cy4 ()

0.0, =36.97, ~4.833, -0,02846, =0.006325, =3.317, 4.4, -0.3368,
25,12, =1.308, ~0.02242, =6.40, =2.666, =0.2807, ~0,1247, ~28.02, =7.387,
20,9438, ~0.1046, ~7.339, ~4.393, =1.702, -0.009932, ~2.483, -0.3592,
0.0234, ~0,00674, =4.124, 0.9273, -0,8378, ~0.00358

G,q(n)

e 0.0, =1.329,
-0,9202, =0.03417,
-0.0873, -0.06725,
«0,001677, =19.02,

-0.1232, -0.005688, =7.61, =0,3304, =4.111, ~23.52,
-42,67, 0,007853, =0.6578, -0,02286, =28,18, -0,6187,
«2,147, =2.376, =0,03157, =25,79, =4.611, =0.7003,
~0,5653, =1.314, ~0,02957,

-1.296, =41.13, 0.1027, -0.0494, =4.08, 2,085, -1.626, -0.046, =2.253,
-22,66, =0.7845, =0.1485, =0.06227, =7.55, =0.03506, =0.01368, =42.71,
-2,302, =0.676, =0.017, =6.501, =4.88, =0.707, =0.006303

G,y (s)
32

0.0, -3.388, =4.154, -0.2338, -0.009999, 0.708E-08, -1.308, -1,327,
-1.453, 1.758, =-0.3247, =0.005903, ~1.281, 0.001692, =3.385, =4.283, .
-0,07821, =3,723, =4.21, -0.6834, -0,007821, 0.7147, =0.4092, -0.009878,
-6.567, -0.752, -0.002475

033(0)

0.0, =41.96, -1.406, -0.1038, -0,003288, 2.171, ~-1.382, -0.2717,
-0.2245, -28.04, -0.5833, -0.08877, -11.62, =1.559, =4.812, =0.3312, =-15.9,
-6.447, 0.1543, =0,1272, =4.217, =0.6175, =1.334, =0.006425, =39.27,
4,448, -0,7635, -0.003844, =5.732, =4,052, =1.251, =0.0126 A
G“(l)

0.0, =4.124, 1.25, -0.04358, -0.005773, =34.57, =4.336, -0.8507, -
=3,236, 0.06665, -0.1064, -39.12, -24.86, =1,632, -0.03109, -6.404,=4.45],
-0.781, -0.05351, -28.02, -6.474, =0.1641, =0.03375, =7.339, -0.7308,
-1.634, -0.0162, =2,485, =5.708, -0.3204, 0.003022
Gy5(8)

0.0, =19.37, -6.503, -1,272, -0.004666, 0.7081E-08, =0.4031, =1.399,
=0.06363, =1.453, =6.324, =0.7388, -0.0487, —4.111, =0.05335, =0.0592,
-3,301, =4.684, =0.1298, =-2.517, =0.5523, =0.01371, =2.147, =0.2463,
-0.8996, -0,008908, -0,2891, -0.2987, =-0.02512

G @

0.0, =39.27, =2.617, -0.1509, -0.004263, -1.427, =5.732, =5.635,
~0.02621, =2.185, =42.0, ~0.6025, ~0.09574, =1.34, =0.336, -0.1212, -3.262,
-28,07, =1.297, -0.3161, =11.37, =1.194, -0.8224, -0.04038, -15.9, -6.862,
-0.08139, 0.001603, ~4.217, -0.2528, =1.284, =0.01068
Cua(®)

0.0, -1,286, =0.01164, =1.,427, =5.413, =3.916, =0.402, 2.36, =0.1514,
0.07835, =4,021, 0.5549, =0.779, =0.03303, =4,327, =0.005451, =3.74, —0.9932,
-0.01987, =3.723, -0.5644, =0.3251, -0.04782, -1.155, 0.0101, -0.002929

C4a(®

.

0.0, =5.702, =0.02845, =0.003977, -1.427, =5.961, 0.06283, =0.1039,
-42,29, -1.8, =0,1296, -1.019, =5.202, -0,3473, =3.253, -28,12, =0.6174,
0.01152, =13.46, =1.152, -0.8427, =0.02709, =14.47, =4.077, -0.008727,
-0 ~513, -88,69, -0.3765, -1.285, 0,002551

G, i)
L) .

0.0, =2,482, -3,036, =0.7223, =-0.005116, =4.125, =0.9125, -0.05946,
=46,45, =3,595, -0,3307, -4.021, 5.443, -1,332, -0.09587, -39.12, -22.11,
-0.2619, =0.1193, ~6.404, =11.34, =1.189, =0.02516, -28.02, 1.80S,
-0.3799, 0.00162, -7.338, -0.7031, -0.1232, =0.01117

O
0.0, =2.529, =7.742, =1.298, -0.009371, =31.64, 0,04545, —0.04073,
| =8.281, ~4.181, -0.3246, ~6.773, ~0.351, -0.1079, ~4.111, -3.337, 1,125,
-0.1311, -42.67, =25.61, -0.09794, -0.003452, =26,18, ~0.2659, 0.8006,
-0.02847, =2.147, -1.348, 0.05331, -0.0002369

i

S

.
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LN ] r LN ¥ )
ai, al,k-l by al,k+1’ a.
8.21, cee
A = .
a eee @ Ty a see &
- “n1? n,k-1 n n,k+1° nn <

The zeros of G(s) are the eigenvalues of A as I,

r ranging from 10° to 1020

spurious

gsensibly constant.

-y

Various values of

were tried, and, it was found that the same

roots vary over a large range while the numerator zeros remain

The transfer functlon, G(s), represented by equations (9. .5), (9. 10)

and the numerator zeros are given in tables 9B to 9D.

The time response of the model was cbmputed from

x{(k + 1)T}

O(T)x(kT) + A(T)u(kT)

y{(k + 1)T}

cx{(x + 1)T}

¢(T) and A(T) were obtained recursively as

o(t) = t

14 4

exp (At) /2"

.

k=1, 2, ... and repeating n times, ¢(T)

A'(t) [: e#p EA(t - T)] dtr =

then A' (2kt)

and repeating n times, A'(T) is obtained.

A - 1)

(9.13)

- —

then ¢(2kt) ®(kt)P(kt)

is obtained.

L A t“/(n + 1)}

n=o

' focake) - 1) = A@m[oke) + 1), k=1, 2, ...

Finally, A(T)

A'(T)B.

The above procedure was employed to overcome initial overflow of

machine, as T was chosen reasonably large

has large time constants, to speed up computation.

(10 seconds), since the boiler

The time response of

the boiler is shown in figures 9.2(a) and 9.2(b), following a 1% step

increment to each input, with the other inputs kept constant.



Fig. 9.2(;) Open loop response of boiler model following Btep input signals
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9.2 Application of reduction techniques to obtain lower .order models

Eight existing reduction t:echniquesl—8 plusttwb reduction techniques
proposed by the author17 were applied to the reduction of the 33rd order
boiler mo&el. In view of design, the order of the reduced models was kept
as low as}possible, in most cases a second order model was found to be
both practical and feasible. Obtaining highervorder models (say greater
than ten;h order) would be df little value, although, this may Be a‘good
exercise, to compare the aécu;acies and effectiveness of differenﬁ reduction
techniques. Thus, to facilitate design, stable secondlorder models, where
possible, were used. |

Only two inpdt - two output reducgd models were obtained from the fi;e
input - five output higher order model. The corresponding input-output

. . t. t-
'yectors are: for lst model; u (wfeed . wspray)’ y (2, Ts7)’

‘ 4 t- t-
2nd model; u (que1 . wdamp) s ¥ (Ps7’ Ts ).

10
Out of the ten reduction techniques, five were chosen from the time
domain and the other five from the complex or frequency domain. From the

time domain were those of: (1) Wilsonl, (s) Mitraz, (3) Marsha113,

4 o ] [ d *
(4) Anderson’, and, (5) sequential approximation, given in Chapter 1IV.
5

The methods chosen from the frequency domain were those of: (6) Chen and Shieh~,

(7) Sinha and Pi11e6, (8) Riggs and Edgar7, (9) modified Levy's methods,
and, (10) harmonic syntﬁesis, given in Chapter III.

The computational algorithm of the above methods are briefly gi&en
below. The theory of the methods afe outlined in Chapter II, and, can also
be found in the relevant papers. |

9.2.1 Time domain methods

(1) Wilson's reduction method1
Given S(A, B, C) and cost functional, ‘
J = f: <e(t), Qe(t)> dt = trace (PS) = trace (RM)

Efu(e)u®(e)] = N8(t - s) | | . : (9.14)
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with
PP +P°F 4+ M = 0 (9.15)
FR + RFt +S =0 ' (9.16)
wvhere
A O cc  -ctc_ 3 LN
r.- 0 A . [-cf,c cicr > T [B na® BrNBt

[Ri1 . Ri2 P11 Py2
R = P= .
t : t
[ R12 R22 : P12 P2z

S (A ,B C) is glven by

r r rr . . .
A = 0,48, ' o (9.17)
B, = 68 - . (9.18)
c. = Co2 . o — _ (9.19)

; - -1
vhere 0; = 'PzzPEz. 2 = Rjz2Rz2

Algorithm
(i) Choose a canoﬁical sfructure for_Ar (eg companion form) Qith a
fixed set of eigenvalues. |
(ii) Choose initial matrix B( )with pair (Ar’ Bil)) controllable.
(iii) Solve equation (9.16) for R, and, compute C(l) from equation (9.19).

(iv) Use pair (A ’ C( )

) and sqlve equation (9.15) for P.
(v) Solve equation (9.18) for B( ) using P.
(vi) Go to step (iii) and solve C( ) from pair (A s B(z))
(vii) Coantinue until a pair (A ’ B( )) yields a pair C( ), and, also the
pair (Ar’ Cﬁl)) yields the same Bil). The triple (Ar,'Bii), Cii))
ié thus obtaiqed, with cost, J, remaining constant.
(viii) Update eigenvalues of A, using a minimization routine (i.e. hillclimbing)
(ix) If optimum obtained, exit, otherwise go to step (ii)f
The models obtained are:

Input ), Output = (%, '1‘s )

= (wfeed’ wspray
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~ 107 o 0.323 0.0206
A = ’ Br =
r 0 -0.0028 7.431 -=215.0

)

" 0.0146 -5.788E-05]

C =
b o
| -0.131  -3.617E-07
Inpgt = (quelf wdamp)’ Output = (Ps7’ Tslo)
™ -0.2235E-02 o 0.401 1.322E-03
A = : B, = .
r | o ~ =0.2815E-02 0.198  1.371E=03
~ 0.561 . =0.6557
C =
r | 0.138E-03  -3.73E-04
(2) Mitra's reduction methodz, algorithm
Given S(A, B, C) and N o —

wo= [ exp {A(® - t)}BH 'BY exp {Af(» - t)} dt

(i) Sobe for W, AW + WA" + BH 'B® = O - | (9.20)

(ii) Consider m smallest eigenvalues of W, i.e. A\; € A2 € ... Am

" where n - m is the order of the reduced model. From (n x m)
matrix U A {uy, uz, ... um} where uy is the eigenvector associated

with the eigenvalue Ai.

Use GramySchmidt procedure to construct orthogonal matrix

T {tl, tz, see tm} from U, ioeo

r~1
- _ o<t , u>t (9.21)
sr ur k=1 k | r k

t. - st/llsr|l, with 8y =u;, r =1, ... m

(iii) Form projection matrix, P = I - 'I.‘(TtW’-'1'1')_1’1":W-l (9.22)

A A "~
~ Ay Ay ~ B,
Compute A = PA = A B = PB = A

A2y A2z
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(iv) Solve non-trivial solutions of equation.
-1 - -
i k- o (9.25)

(v) Let any (n -'m) independent solutions of x form columns 6f matrix, F.

where det F;; # 0 is required
det (CF) # O is assumed

(vi) Compute sr(Ar’ Br’ Cf) from

-17 -17 -1 ‘
A = (CF)(F11A11F11 + F11A12F21) (CF) ' (9.24)
B, = (CF)F1,B;
Cr = T

The reduced models are:

Input = (W

a’ w ) OUtPF‘lt (¢ T.s7)

fee spray

-11.26  5.63 s
A = x10 . B

-3.706E-02  16.49
| -16.89  8.445 ¥

-1.667 -23.62

1 o
r o0 1
Ipput = (quel’ W damp), Output = (Ps7’ Tslo)

C-0.7732  2.358 - © [0.04385 61.35
A 0= x10 . Br -

_-0.1179 0.2879 0.0104 9.322

I
c, =

Both Wilson and Mitra's methods require the solution of the Lyapunov

equation,

AtP +PA = =Q | A .' ‘ (9.25)
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Many methods of solution to equation (9.25) are possible such
as eigenvector and state transition matrix methods. However, due to the

size of the A matrix, those methods are uneconomical. An iterative

schemela, with fast convergence was employed to solve equation (9.25).

If A is a stability matrii, then

o = (1+abqa-ah! | (9.26)

is a convergent matrix.
Equation (9.26) transforms (9.25) into .

P-aPa’ = M R C9.27)
‘with M = §(a + D)QGt + 1) | ' (9.28)
= 2(I + A5 (1 - &)}

Equation (9.27) can be written as

(I-VYVP = M
such that P = (I -¥)"'M = (I +V¥ +%2 4+ ,.)M
‘ t ., 2 fz . ‘
i.e, P = M4+ oMy +0°Ma ) + .., : | (9.29)

The infinite series in equation (9.29) converges, if a converges,

e

.e. if A is a stability matrix. Further, if Ai, Ci are the eigenvalues
of o and A respectively, then by equation (9.26)

Ag ' M +z)H/A-1t) ‘ (9.30)

showing the convergence of P in equation (9.29) is fastest when Ci = -1
and slowest for I;i‘ very smail or very large. The following modification,
suggested by Smithlg, speeds up the convergence of equation (9.29).
Expanding equation (9.28),

M = }(Q +0Q + Qat + aQat) (9.31)
and substituting into equation (9.29) yields

P = T-14Q+ 4T+ @05 | ' (9.32)
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where T = Q + aQat + azQ(Gt7z + vee A (9.33)

Equation (9.33) can be summed by the recursive relation until
convergence OCCUTS.

Set Ty =Q
¢

then T, = T; + aT;at

Ty = Tp + asz(Gt)z

e o o

- 3o gqtnd ' . |
K+l ?k +aQ Tk(a ) \ o - (9.34)
" where j = 2k -1

In the above, the sysfem matrix A is singular, and to convert A into
a stability matrix, the last element in the zero column vector of A was

) . -10
slightly perturbed in the negative directionls, i.e. from 0.0 to 0.1 x 10 .,

The algorithms of equations (9.32) to (9.34) solved P, in equation (9.25),

very effectively, with the new 'value' of A.

(3) Marshall's reduction method? algorithm

(i) Rearrange state equation-i = Ax + Bu such that eigenvalues Ai of A

associated with state x, are in order of increasing moduli,

Ai ‘ AZ ‘ L] )\n.

(ii) Obtain modal matrix U, and its inverse V, of A.

Uy U, Vi v '
U = 3 V = ) uv = I
LUs Uy | Vs Vu
--Ax 0 -
A = = VAU
0 A

(iii) Partitioned A and B as

mxm ;
A A B, |mx%
A = 9 B =
Ay Ay B2 |(n-m)x%

(n-m) (n-m)
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(iv) Obtain Sr(Ar’ Br) from

-1 L =1,=1
A - UiAUL, B = By - AgV, Az (V3By + VuB;)

A complex matrix, U = W + jX whose inverse‘Y + jZ is obtained as
follows
W+ jix)(Y +3j2) =1
fe. W -X2 = 1
5 XY ;WZ = 0 ‘
from which 2 = GW+D W= - xwW 0" | (9.35)
¥ - @w+ora-w-02 . (9.36)

where X(W + X)_I(W - X) - Wand (W + X) are nonsingular if (W + jX) is
nonsingular. If some of the Ai are real, then X is'ﬁingular, or, if some
Ai exist in complex conjugate pairs, then W is singular, but W + X is
not singular for both cases. Hence a real matrix inversion subroutiﬂe is

required to obtain Z and Y.

The reduced_modelé are:

Input = (wfeed’ wspray)’ Output = (4, Ts7)
[0.1655 -0.24837 _. 0.2013 -406.1 7 _,
Ar = x10 ’ Br - ‘ x10
| 0,331 -0.4965 0.1342 =492.1
f1 o
c, = |
o 1
Input = (quel. Wdamp). Output = (Ps7, Tsxo)
-3.665  0.2785 - 0.1303  39.17
A = x10 B = i
r -0.8356 =~2.342 3t z0.9037 413.1
c.= |' °
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(4) Anderson's reduction methodl; algorithm

(i) From S(A,B) compute , . k{(ic + 1)T} = O(T)x(kT) + A(T)u(kT)

b: - (xir)(T), xé')(zr), ces xér){(k + 1TH
et = Dy Dy eee b s A )
q q1’ Yq2’ qr’ “ql
(r) (r)

" where X is the qth element of the vector, x ‘, comprising of the
first r elements of x, and, ¢ij’ Aij are elements of Qr(T), Ar('].:)

respectively.

(ii) Form (k + 1)x(r + 2) matrix, M = (m;, m2, +ss m.» mr*l, “oe mr+2.) ,

det (M™M) # 0

t

vhere mt = (x§’)(0), x§?)(r), . x§r)(kT)), Vi<j<r

"t

m, = (uj(O), uj(T), cee uj(kT)), Ve<j<n ™

[

where 2 is the number of inputs, and, k the number of sampling points.

(iii) FOI’m Grammian’ G = (gl’ gz, see gr’ gr+1, eve gt"m) Where

t

gj - (<m1l mj>’ <m2’ mj>’ see <mr+2" mj>).v1<j<r
t

. - < . i
gr+J (,ml’ mr+J>’ <m2’ mr+j>' e e <mz+2" mr+j>)) Vr<J<2,

. t '
(iv) Compute v~ = (<bq, m>, <bq, m>, eee <bq, mr+£>) forq=1, oo 1

ci = det (81, 82 see gi‘l’ Vy 8.

s e ]

f141° ...gr“)/det(gh g2 oo Zr,he

=1, c0o 42

(v) Form vector d: = (Cyy C25 eee C_. o)

T+l
(vi) Set q = q+l, and go to step (iv)
(vii) Compute{s (T),A_(T)} = (I + XY = (di, dz, ... d)F
((viii) Obtain A_ = (I/DWa(I +X) = (1/7) : D"

n=1
- provided Iki(x)| <1, Vi

[ ]
B, = Y(tI A"/ +D1)07"
r n=o

s,

s A B

i B e Uy

RSN il W

s 7315
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Sr(Ar’ Br' Cr) ¢ Input (wfeed’ wspray)’ Output = (&, Ts7)

C-2.681 0.8936 | _, 2.479  196.0 -
AL = x10 B, = x10 -

| ~1.34 0.4468 0.292 ~36.27

1 O
Cr =
; o 1
o
Input = (quel, wdamp)’ Output = (Ps.,, Tsxo)

F-5.715 1.74 1 _,  T[o0.1225  “6.978
A = x10 Br =

| -5.8 - 0.665 0.08682 68.86

Qo[

o1

he

- —

(5) Sequential approximation method of chapter IVj algoriﬁhm
1) Choose a canonical formfor A
(ii) For .S(A. B, C), Sr(Ar, Br’ Cr)’ considering each input and output
separately, o

yj (kT) = <cj? V(kT)bj>uj (-kT).

yj(kT) - <crj, Vr(kT)brj>uj(kT)

<°rj’ Vr(T)brj> = y(T)

<crj’ Vr(ZT)brj> = y(2T)

<c U (Db > = y(T)
from which '

b . - Mq . (9-37)



- 277 -
o 0 t =
(111)‘ <brj’ Vr(T)crj> y(T)
t
<brj ’ Yr(ZT)crj> y(2T)

t
. > =
<er, Vr(kT)ch y (kT)

from which

+ o '
.crj = Ngq | : | (9.38)
. . . ‘e » ] (i) - (i+l) ~
(iv) Use pair (brj’ crj) iteratively, till llbrj brj ‘|| = 0

and || c

@ _ Gy L,
rj '

rj

(v) Setvj = j+l, till j = m, and go to step (ii) till matrix pair (Br’ Cr)
is obtained. o A

(vi) Modify Ar’ if neéessary and go to}step (i) tiif‘suitable sr(Ar’ Br' Cr)

is obtained.

Sr(Ar,vBr, Cr) : Input = (ered, wspray)’ Output = (&, Ts7)
[-1077 o - 0.03891  -164.2

Ar = B -
[ 0 -0.002235 r 0.00146 ~  0.3574

0,432 327.9
C - x10
| 0.03196 0.6643

-3

Input = (quel, Wdamp)’ Output = (Ps_,, Tslo)

T -0.2235 .0 L 0.3198 -1.157E+04
A = " 1x10 B =
r L o -0.2815 r 0.2061  =3.956E+03

£5610.0  -6557.0 -
C - . x10
t | 1.38 -3.73
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§,2.2 Frequency Domain Mcthods

In frequency domain methods, the transfer function Gr(s) was obtained
element by element, i.e., grll(s), grlz(s). cee grmm(s); thus single input-
single output reduction methods were considered. This was because, with
-some_methods, it was far easier to obtain Gr(s) in that way and also
proved to be computationally more feasible.

(6) Chen and Shieh's reduction method? algorithm
(i) Consider
2 n-1 2
gij,(s) = (A21 + A;gs + Ay3s e Ams ) (Al[ + A28 + Ay138® + ...
. . : * n
1,n+!s )
(ii) Construct Routh table
Ay A2 A ... A1 =

yn+1

A2y Az Azy ... Azn
ASI Aaz .oco

Ayl Ay2 oo

A T Az gn T (Aj-z,1 Aj-x,kn)/Aj-l,x

j=3,4, oo 2n4¢l3 k =1, 2, ... n+l

(1i1) Compute h, = A, /A vis i =1,2, oo 20

Take hj’ j=1, «o. 2r, i.e. take first 2r hgs-if rth order model
required.

(iv) Compute grij(s) from

o qra - 3
by Arll hy ] A
0
0 h, ’Arlz 1 h;h, 0 Ar22
0 1. hzh, ArlS = 0 h;+h, hyh,h, £23
i-.. LI ] t—‘ Lo J -u . ° L] - _0 _[
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For convenience, set A = 1, where A is the coeffici
! ry1,T+H ! T,1,T4H etlilclent

T
of s .

(v) Go to step (i) for other elements till Gr(s) is generated.

Input = .(W )3 Output = (&, Ts7)

feed’ wspray

. By, (8) = (0.7646E-04s + 0.7694E-07) / (s? + 0.3911E-03s + 0.0)
8,1,(s) = (0.1853E-03s + 0.1778E-07) / (s? + 0.8347E-04s + 0.0)
ngI(s)'- (-0.4655E-04s + 0.4211E-06) / (s® + 0.4443E-02s + o.5i735405)'
grzz(s).- (-0.2267E-018 - 0.9635E-04) / (s + 0.1667E-Ols + 0.3099E-04)
Input = ‘(wfuel, waamp), Output. = (P, T§1o)

' 8,1,(8) = (0.8715E-0ls + 0.2805E-03) / (s? + 0.9401E-02s + 0.156E=04)

8,,,(8) = (0.631E-02s - 0.1537E-03) / (s® + 0.4391E-02s + 0.5127E-05)

8,,,(8) = (0.2404E-01s + 0.1039E-03) / (s? + 0.5419E-02s + 0.7192E-05)

8,,,(8) = (-0.1951s - 0.2378E-02) '/ (s® + 0.8702E-02s + 0.1394E-04)
(7) Sinha and Pille's reduction methodf algorithm
. -1 -1 -1 “n
(i) From gij(z) = (ao +:a12 + oo az Y/(1 - bz - ... bnz- )

the sampled value of the output at ith instant can be written as

m n
Y. = L amu, .+ I by, . (9.39)
1 j=o ] 1] j=1 J°1=]
where Ui; is a sequence of unit step inputs.
(ii) Form equation (9.39) in matrix form
Ad = 9 (9.40)

where

%=« L
yk yo’ Yis eoe yk

t
¢ - (80, A1y e am’ bl, bz,» cen bn)
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e -

. u L u LR J
Uy -1 -’ Y_li Y_zs * You

A'k = “l’ UO, see ul-m’ Yo, y!, e yl_n

=Y k=1 0 Ykem® Tk-y? Tk=2® *°" Ykend
(i) ¢ = A% . (9.41)
A; exists if rank (Ak) = min {m,n} where m and n are its number of
rows‘and colums, This conditioﬁ is assured if the sequence of step
inputs, u;, = 0 for k < n, w o= 1, for k > n, Alterngtively, to avoid
matrix inversion in evaluating_A;, use the Albert and Sitter recursive
algorithm below. | |

(iv) Let p be the number of equations represented by equation (9.40).

Define — 1
- Ak at = ( Y.» ¥ ees ¥ )
A'k+1 t 3 %gwy Uge? Yk 0 u'k-m+1’ k? k=’ k-n+,
ak+1
for k< p

- - .t t
¢k* 1 d,k * [Qkak+1 (yk+ 1 ak+ 1¢k)] /ak+|Qkak+ 1

. o B
Qk*i - Q - [pkak+1(Qkak+1)t]/ak+1qkak+1’ with ¢ =0, Q =1

t t

¢k+1 ¢k + [?kak+1(yk+1 ak+1¢ki]/(1 + ak+1Pkak+1)

P = p -[Pa_ (®a )J/(1+a Pa ), with? =0
k+; k Kk+; kK4, A+ Kk, ? 0

- ' -1 :
(v) Obtain gt(s) - Z*I{zgr(z)/(z - 1)} where Z represents the inverse z-
transform of gr(z) preceeded by a sample and zero order hold.

(vi) Go to step (i), and consider other elements till Gr(s) is generated.

Input = (wfeed’ W ), Output = (&, Ts7)

spray

8., (8) = (0.2289E-03s + 0.5528E-06) / (s? + 0.614E-03s + 0.613E-09)

8.,,(8) = (-0.8631E-05s + 0.4909E-06) / (s® + 0.7081E-O4s + 0.7668E~10)
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g 21(s) = (-0.617E-04s + 0.6489E-06) / (s? + 0.735E-02s + 0.1325E-04)

r

g 22(s) = (~0.2097E-01ls - 0.8033E-04) / (s? + 0.1339E-Ols + 0.2174E-04)

r

= h ] =
Input = (“fuel’ w&amp)’ Output = (Ps7, TSlo)

g_ (s) (0.4516E-01s + 0.403E-03) / (s? + 0.1007E~-0ls + 0.1508E-04)

ril

g (s) = =(0.1718E-0ls + 0.1353E-03)/ (s® + 0.5127E-02s + 0.6273E-05) |

(0.3235E-01s + 0.5669E-04) / (s? + 0.503E-02s + 0.5959E-05)

09
~
[/
~

[

(-0.4834s - 0.2891E-02) / (s2 + 0.9621E-02s + O.1789E-04)

~
»

~r
L]

(8) Riggs and Edgar's reduction method; algorithm . R

n . r
(i) From y(t) = 551 r;exp (pj(t)). yr(t) - jfl r.; €XP (prj(f))
. « [P - 2 | .;
3 = [0 G -y ()7 de ~

obtain

23/3p_; = [° (y(&) - y (D)t exp (p4t) dt = O

i=1, ... r - (9.42)
33/3rri .'b f: kY(t) - yr(t)i exp (prit) dt = 0
: C i1, et (9.43)
(ii) Simplifying equations (9.42) and (3.43)
P; = S;R . , (9.44)
P2 = SoR (9.45)

Py is a vector with ith component

n .
pli. - J_El (rj/(prj + pj))[exP (Pri + Pj)b - exp (Pri + Pj)a]

P, is a vector with ith component

r
Pyt r{lexe (o) + 2 )0/ + 2] - 1oy + p))]

RS RLVCIES DI LRSVICIES ) )

S; is a matrix, with ijth component,
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g6..., = (exP{(Pri + pj)b}/(pri + pj))(b - 1/(Pri + pj))

= (a-1/(py + ) (exp (pry +20)/(pyy + py)

S2 is a matrix with ijth component

2ij

| 8 .. = (1/(P:i + Pj))(exP{(Pri + pj)b} - eXP{(Pri + pj)a})

R is a vector of residues R = (r

t
r1® Tpas o°° rrj)

(iii) Compute R = SIIP‘

-1
P2 = §28;, P,

(9.46)

(9.47)

1f poles are specified, equation (9.46) gives a linear equation for

R. If poles are unspecified, the nonlinear equation (9.47) gives solution

for poles and residues.

(iv) Go to step (ii) for other elements of Gr(s).

Input = (wfeed, wspr;y)’ Output = (4, Ts1)

. 8y, (8) = (0.2684E-03s + 0.1316E-07) / (s® + 0.4903E-04s
8.1,(8) = (0.1476Ef03s + 0.2828E-06) / (s? + 0.7376E-Oks
821 (8) (0.1477E-0;s + o.2173m—665 / (s? + 0.4171E-02s
Bpq,(8) = (-0.106E-01s - 0.55933-04) / (s? + 0.1368E-Ols
Input = (wfuel; wdamp)’ Output = (Ps7, Tslo)
g.,,(8) = (0.1089s + o.sasé—os) / (s? + 0.1199E-0ls + 0.2938E-04)
8.,,(8) = (-0.1525E-0ls = 0.2229E-03) / (s? + 0.6686E-025+ 0.5858E-05)
8., (8) = (0.4714E-01s = 0.538E-04) / (s + 0.2314E-02s + 0.1338E-05)
g,,,(8) = (0.8956E-02s - 0.3026E-02) / (s? + o.1159ﬁ-01s

. —

(9) Modified Levy's method? algorithm

1

+ 0.5547E-11)

+ 0.7733E-11)
+ 0.3543E-05)

+ 0.2169E-04)

+ 0.1693E-04)

(Ths. algorithm of 'modified Levy's method' by Vittal Rao and Lamng, is

considered).
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(i) Consider Tr(s) = K(1 +c18 + ... cpsp)/(l +d;s + ... dqsq)
= R{(1 # 2202 + ...) + jw(a; - asw? + ...) /
(1 - bow? + ...) + jw(by = bsw? + ...)}
= K(o + jwB) /(0 + jwT) = KNr(w)/Dr(w)
Similarly, T(s) = K(R + jwI)/(G + juL) = KN(w)/D(w)

(ii) e(jw) = T (jw) - T(jw) = -R(N(w)D_ (w) - N (w)D(w))/D(w)D_(w)
min E = [, [e(jw)D(w)D_(w)|? duw
- fg {(Ro - Ga - w?IT + w2LB)? + (WRT + wIo - WGB - wLa)?} dw

obtain 3E/3c, = IQ {202L(RO - Go = w2IT + w2LB)

. . = 20G(wRT + wIo - w6 - wLa)} dd
(iii) Simplifying equation (9.48) yields, MN =P - ' (9.49)

where N = (c‘, C2y C35 o0 Cp, d],. dz. cee dq),

.
P™ = (Uz = A2, T2 = A2 = By + Vy, Ay = Uy, ...)

and A is the (p + q) x.(p + q) matrix given by

C(Ta +Vy) O (Tg + Ts) ove |

A = 0 .
-TIQ + TS . ’
- hd J

o h

vhere T = J'Q G2w" dw, v, - fw L2" dw‘, A -_j GRw duw,

N |
B, = IQ LIw® dw, etc
. - .
- (iv) Compute N =M P . (9.50)

(v) Go to step (i) and consider other elements of Gr(s)
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Input ), Output = (&, Ts7)

= (wfeed’ wspray

(0.7449E-03s = 0.1874E-05) / (s? + 0.338E-03s + 0.276E-07)

09
o)
-
-
”~~
w -
A d
[

~

(2]

S’
L}

(0.5123E-03s = 0.1046E-05) / (s? + 0.1091E-03s + 0.1079E-08)

(-0.5053E-O4s + 0.5185E-06) / (s? + 0.3585E-02s + 0.4084E-06) °

o
]
~
[
~
w
~
]

~

(<]

~
L]

(0.1197E405s - 0.1961E-01) / (s% + 0.156§ + 0.6084E-02)

T ..)

), Output = (P87, 810

(wfuel’ wﬁamp | ,
'8,y,(8) = (0.339s + 0.1421E-02) / (s? + 0.8355s + 0.3003E-04)
8.,,(8) = (-0.2225E-01s - o.1918E-03) / (s + 0.6431E702s + 0.4665E405)
8.21(8) = (o.3oszz{o1§ + 0.5059E-03) / (s? + 0.1365E-Ols + 0.4435E~04)
8.9,(8) = (-0.7002s - o.1oz7z-62) / (8% + 0.6197E-02s + 0.7945E-05)
(10) Harmonic synthesis mefhod of Chapter III;algorithm

. - 2 2 2 |
(i) Gr(s) Krifl(s + zi)igl(s + Zais +a; + bi) / | | ;

"I (s + p,)I(s? + 2¢c.8 + c? + 42)
j=1 i) J J J

?r(t) = kfl frk Sin (wkt + ¢rk)

y(t) = kElfk Sin (mkt + ¢k)

e

£q = (AF + Bi)ilcr(jwk)l. ¢ = arg G_(ju ) + arg tan (A /B,)
(i1) min € = [T (y(t) = y_(£))? dt

/30 = [1 (3(8) - y,(£)) 3y (£)/36 = O

h .
a}'r(t)/ae = k§1 Frk Sin (wkt + ¢I‘k + \l’rk). 6 = zi.’ ai’ bi' Pj: Cjt ’dj
and K :
T )

(iii) Specify initial poles and zeros for Gr(s) and solve non-linear

equations
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h h | h

kE1 ji; vkjFrjAk Sin (ij + 6k) + k§1 FrkAkek Cos (6k + Yk) = 0
s jik

(iv) G5 to step (i) for other elements of Gr(s).

Input = ), Output 2, Ts7)

(wfeed’ wspray

. grll(s) = (0.3509E-03s - 0.4047E-06) / (s? + 0.511E-03s + 0.1032E-09)

g.,2(8) = (0.188E-03s + 0.274E-06) / (s? + 0.2316E-04s + 0,7242E-12)
8.2, (s) = (-0.187E~04s + 0.6086E~06) / (s* + 0.9056E-02s + 0.1884E-04)

8_22(8) = (-0.1394E-02s - 0.3251E-03) / (s* + 0.258E-Ols + 0.8733E-04)

(wfuel’ wdamp), Output = (Ps7, Ts

)

10

8.11(8) = (0.489E-01s + 0.1492E-03) / (s® + 0.7574E-02s + 0.1119E-04)

grlz(s) = (-0.7174E-02s - 0.1067E-03) / (s® + 0.5334E-02s + 0.4772E~05)

8.,,(s) = (0.3785E-01s + 0.1195E-03) / (s? + 0.6894E-02s + 0.115E-04)

8.2,(8) = (-0.4891s - 0.1047E-02) / (s® + 0.642E-02s + 0.5886E-05)

Discussions

The response»graphs obtained by‘staté space reduction techniques are
shown in figures 9.3 and 9.4. Those obtained by the transfer function
reduction techniques are shown in figures 9.5 and 9.6. By inspection
the transfer function results are more accurate than the state space results.
The chief reason is that the state space graphs are those of second order
models while the transfer function graphs are those of eighth order models,
Although the individual elements of the transfer function matrices are of
second order, applicétion of a minimal realization algorithm yields eighth
order state space models for the transfer function matrices. Thus, the
transfer function models are of higher order, hence, approx&mate closer

to the original thirty third order response.
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and W

Figures 9.3 and 9.5 show the same graph, with W s

feed spray a

inputs, and, % and T, as outputé.' Figures 9.4 and 9.6 represent the

?

t L[]
),and, output vector 1is (Ps

response, whose input vector ls(wfuel’ wdamp

7'

Tslo)f All computations were done on the ICL 1905 computer, and, where
necessary, the scientific subroutine packages were used. As the dimensions
of thé matrices involved were large, the storage problem was facilitated

by employing external storing facilities, in the use of magnetic tapes and
disc files.

The graphs, obtained by.staté space reduétibn methods; that are out of
rénge with the original thirty third order graphs are not shown, in
figures 9.3 and 9.4. 1In tﬁis ease of ihe boiler model, reduction techniques
using state space matrices are inferior. 'This is chiefly due to the large
number of multiplications involved in handling high dimensional matrices.
Thus inaccuracies in the final result .could arise due to computational
rounding errors. Another reason is core storage. Efficient computér
progranmmes ﬁust be written to economize core storage, and, this together
with the transfer of control, involving numerous matrix manipulations, made
them troublesome to implemerit., The algorithms of the time domain reduction
methods, were written in the best way that, numerically, would give the least
computational errors.

On the other hand, transfer function methods, using the complex or
frequenéy domain approach, prove to be more convenient than state space
methods. One reason is that transfer function methods view the system as
a 'b1ack box' and operate on its input and output characteristics.

Compared to state séace methods, core storage in this case is lesser, and,
the ready avéilability of transfer function matrices makes the programmes
easier to implement. The number of’computationslis generally smaller, hence,
the end results would be less affected by rounding errors. Also, since

transfer function methods avoid the problem of regrouping states, the
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computer programmes are easier to write than those of state space methods.

Of the ten reduction methods, for this example, the continued fraction
-method of Chen and Hsieh, for single input = single output systems, is by
far the most accurate and the most convenient to implement. It requires
modest core storage and is computationally cheap. It does not require priof
knowiedge of the poles of the reduced models. The accuracy of other reduction
methods, that require initial specification of poles, depends on subjective
pole specifications and performance indices. In terms of ;omplexity,‘the
reduction methods of Mitra and Wilson are difficult to implement. They are
also costly, and so is the method using the modified Levy algorithm. All
results that employ 'Hill-climbing' optimization routines are costly, and, in
‘most cases, failures aggXi;kely to bé encountered thgn successes,. The chance

of success depends very much on the correct initial specifiéation of poles

and the scaling of the problem.

Most methods yield a steady state error, except that of Marshall
(howevér, in some cases it is compensated by large transient errors) and the
continued fraction method of Chen and Hsieh. Iﬁ the case where the steady
state value is infinite (an"unstable' moael with a pole at the origin)

Chen and Hsieh's method is inferior to the other methods. The modified Levy
method gives the poorest result compared to other transfer function methods.
This may be due to the '"linearization used for approximation' in fhe method.
Of state space methods, the author's method of sequential approximation and
Wilson's reduction method seem to give the most consistent results for all
outputs. Also they have reasonably small transient errors and seem to give
acceptable steady state errors. Mitra's, Anderson's and Marshall's methods
fit well in some outputs and give very poor fitting in other outputs. On
the other hand,. most of the transfer function methods give reasonably small

transient and steady state errors.
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PART I1 ~ Application of reduced models in control systems design

The reduced models obtained above were used to obtain control
strategies for the original boiler model. The state space models
were used to design sub-optional contréllers using a time domain,
linear optimal control, technique!2?, The transfer function models,
on the other hand, used a frequency domain method, employing the

Inverse Nyguist Array!®, to obtain closed loop controllers for

the boiler, see figs. 9.7(a) and (b).

9.3 Sub-optimal control design using linear optimal regulator

theorylz.

‘The discrete optimal algorithm was considered here, as it
is more suitable to digital computation. In all models, the
inputs were considered noise-free and all states were assumed °
accessible.

Associated with,

S :‘ X" ¢xk + Auk (9.51)

: n + .

Sr x§k+1, ¢r X Arurk (9.52)

where S and Sr are controllable, the performance indices aré :

N-1

J = I {<xk,ka>E + <u/,iRu >E} (9.53)
k=0 _
N-1

Jr"- E‘§<xrk’qrxrk>E *<ups Ry >E} (9.54)

where X " xr(kT), x = x(kT), etc. Using dynamic programming,

it is well known that the optimal contrpl law for Sr’ can be
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computed from the recursive relationship,

rk rk “rk , (9.55)

where

' t -1 t
Ky = (R+A(Q +P ,0)8) "A(Q + P )0 (9.56)
P, o= of(I-(Q + P .. )0 (R+25Q + P .. A ANy +p_ . )0
rk r Qr r,k+l’ T r r,k+l’"r /" %r Tr,k+l’ '

Prk can be solved backwards, starting from PrN = 0, in order

k = N-1, N-2, ... 2,1,0, and in considering the infinite time

optimal regulator,.K:k+ Kro - Kr as N»e , The steady state

optimal gain, K, associated. with S, in eqn. (9.51) can similarly
be solved. For convenience the regulator can be converted into a
set-point change problem, by adding a reference input in eqn.

(9.55) i.e.
drk = -Kx., +r ] (9.56)

The closed loop optimal response is givén by, from eqns. (9.52)

and (9.56),

Sr: xr’k+1 - (¢r - ArKr):;rk + Arr (9.57)

yr,k+1 - cr xr,k+1

Similarly, for S,

S: X " (% - AK) X * Ar A (9.58)

Va1 = X1
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Sub-optimal control policy is obtained by using Kr in place

of K to control Se Using eqn. (9.56)

w -Kerk +r (9.59)

where X, = ZX, » and eqn (9.51), the closed loop sub-optimal

response is given by
ssubvg X4~ (¢ -AKrZ)xk.+ Ar : | (9.60)

Vee1 = C¥ea1

. The weighting matrices Q and Qr’ are related by

Q = @Haqz’ | (9:61)

+

where Z™ = 2t (zzt)'l, and the aggregation matrix, Z, tlat relates

S to Sr can in general be approximately obtained (least square sense)

from the equations

AZ=2A
r .

r -

CZ=¢C
r

as

Z=W W =v 'y
r r

n-1 r-1
where W = (B, AB, ..A "B), Wr = (Br’ ArBr""Ar Br) are the

0 q & . t n-l t Ir-
controllability matrices, V- = (C, CA,..CA" 7), vr = (Cr,CtAr,..CrAr

the observality matices of S and Sr’ respectively®.

1
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However, for éhe reduced state space models above, in most
cases, Z was obtained, from Ct Z = C, since Cr is a square (2 x 2)
matrix.

In computing the optimal responses, it was found that K
and Kr converged very accurately after N = 30 iterations wigh a
sampling time interval of T = 100 seconds.

In the above analysis, all states are assumed atecessible and
noise free. Iﬁ practice, such is not the case, and a filter is required
to estimate the states.

Corresponding to eqns. (9.57) and (9.58),

Se PV T X * & 0.57)

S B Y41 - c X el + Ek , (9.58)

a zero mean noise vector, Ek' of known statistical properties, is
added to the output measurements, the other dynamical equation remaining
the same. Using a Kalman filter, the zero mean estimated state vector

A
X

ok Can be constructed from the output measurements such that the

control law, ﬁrk =K, ﬁrk +r, minimizes.eqn. (9.54). The filter

can be computed from.the well known recursive algorithm'?, (Ek and ﬁrk

assumed statistically independent)

rk F Ve ke Oar ~ GO Ry A upd)

wr,k+1 =0 Ln O C c. ¢ er r St Mk) . (9.63)

t
Loger ™ (D= W 0 € @ Ly @0, k= 0,1,2,..N

witere L, =E [(R, - (A, - x ><
rk [( rk xrk) (“tk rk)]’ M= E [;k Ek]
are co-variance matrices of state errors and measurement noise,

respectively. For unbiassed estimates,E [ﬁrk] = E [xrk] , the initial
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conditions can be set to X _=x_ =0, and L =1L
ro Tro ro

A similar filter, dropping the subscript r, in the sets of
eqn. (9.63), can be used for the original model, S, such that the

control law, Gk = -Kﬁk + r, minimizes eqn. (9.53).

Assuming
ﬁrk -2 s ~ - (9.64)

sub-optimal control policy, corresponding to eqn. (9.59),
u, = -Kt Zxk +r o (9.65)

can be implemented on S, with a 'sub-optimal' filter. The resulting
closed loop dynamical equation, see eqn. (9.60), is given by

A

N =X - AR R, -T) (9.66)

Ssu.b
Tl " C Xy T E
The estimated vector, irk can be computed from the filter

equations, eqn. (9.63), and Kr computed as before. This would
result in considerable computational savings (r<<n) in the sub-
optimal control scheme. The respective closed loop- optimal

response for S and Sr are,
S X" d X - A (K ﬁk -r) (9.67) -

Va1 " C X * &

Xy ™ Ar (Kr Xy = r) (9.68)

¢
r r

r ° *r,k+l T
yr,k+1 - Cr xr,k+1 * gk

The optimal responses of Sr, with and without the Kalman filter,
are shown in figs. 9.8(a), (b) and 9.9(a), (b). The corresponding
sub-optimal response and optimal resonse of S are shown in figs, 9.10
to 9.11. The matrices R, Q, Qr’ Z, K, Kr associated with the models

are given in table 9E.
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TABLE 9E i

Original model:
1st Q = diag(0,0.1£-03,0.1E-03,0,...0); R = dia(0.1E-02,0.1E-02) °*
2nd Q = diag(0,0,0,0.1E-03,0.1E-03,0,.. .OzR = diag(0.1E-02,0.1E-02)

Reduced model: 0 = 0.1737E-05 -0.7977E-10 _ |0.2209E-01 -0.1127E-06
Wilson 1 r |[-0.7977E-10 0.335E-12 r |0.1688E-02 -0.7279E-05
2z = (0, 0.4767E-01 -0.7629E0L .

0, -0.1727E05 -0.1924E04 } ©

Wilson 2 - | ©0.31482-04 -0.3679E-04 _| 0.4036E-03,-0.3766E-03
2 0.36791-:—04 0.4301E-04’ “r |-0.3742E-04, 0.4133E-04
=fooo 3.141 -55210.0
000 1.162 -4724.0 }
Mitra 1 o _[0.12-03 0 ] X [-0.59593-03 —0.48291-:-02]
3 0 o0.1E-03[' “x 0.2826E-03  0.1031E-03
Z = (0, 1.0,0 H
0, 0,1.0:°
Mitra 2 B, [ 0.1E-03 © - [—o.zslsz.ox o.16531=:oo]
3 o o.1-03) * %¢ 0.919E-04  0.2557E-03
= [0, 0, 0, 1.0, ot
, 0, 0, 0, 1.0}
Karshall 1 o [o.ls -03 0 ] X, _[ 0.3246E-03 -o.nuz-os]
5 O 0.1E-03] ' .4441 0.135
z=[0,1,0%
0,0, 1}
.
Marshall 2 g [o.u:-os o ] X = [0.37368-01 —o.321ez-oz]
6 3 0 0.1E-03] ' .r 0.8085E-04  0.1444E-04
z = [0, 0, O, 1,0:0
, 0, 0, O, 15
Anderson 1 - |0-1E-03 © K = 0.1703E-02 0.2251E-02
2 o 0.1£-03) * *r " lo.16us  -0.3042
z -[o 10, o]
001,
L]
Anderson 2 . [o-ls—os o ] < -[ 0.595E-01 -0.18955-02]
3 O ©0.1E-3j_" "r |-0.1151E-03 0.1513E-03
z -[o oo1o0) o]
00001}

Q 0.1417E-07 0.1075SE-04 _0.6626E-04 -0.8063E-0

Author 1 - [0.18775-10 o.1417s-o7] " B[o.'lexez-os o.:uass-oz;
r i
- [ 0-65.17  0.3217E05! o]

a 0 3.13 -42.38

Author 2 = _[ 0.3148E-04 -0.36795:-04] X = [-0.56862-07 o.mua-oe]
'y 04

-0,3679E-04 0.4301E- -0.1262E-05 0.1392E-05

z = [0003.41 -5520.0%
0001.162 -4723.6}

for frequency response models, L(s) or Lx(l) = I, unless otherwise stated.

Mod. Levy 2

Table G5 ii
Original model:

1st K(s) = diag (0.118(0.3s+1)/(0.05s+1), -0.01667)
2nd y (0.42255+1.408) /(s+20), 0.07
K(s) =|_(3s+10) /(s+20), 0.5

Reduced model:

(6s+20) /(s420) , 0
Chen & Shieh 1 Kx(S) =|(-0.0225s5-0.075) /(s+20) , -0.005

Chen & Shieh 2 X _(s) =diag {(65+20)/(s+20), - 0.5}
Sinha & Pille 1 K _(s) = diag {(6s+20)/(s+20, -0.005}

Sinha & Pille 2 X (s) = (6s5+20) /(s+20) 0o
r (0.6s5+2) /(s+20) -0.1

K_(s) = diag {(0.3s41)/(0.05s+1), - 1}
Riggs & Edgar L K _(s) = diag {(6s+20) /(s+20), - 0.02}

Riggs & Edgar 2; x_(o)= [(9.3331--.-oss4,(:z).6671-:-05)/(uiot)),a .‘1);3332-06]

0.4348, 0
- [-0.4348, 1.0]

Author 1 K _(s) = diag {(6s+20)/(s+20), -1.0}
(0.06540.2) /(5+20) o
Author 2 K (o) = [(o.ooasvo.oz)/(uza). —o.ooz]
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9.3.1 Discussions

It can be seen from the graphs, figs. 9.10(a) and 9.11(a), noise
free case, that some sub-optimal fesponses do not guarantee stability,
unlike all optimal reéponses. A prominent feature of the sub-optimal
responses,’for both models one and two, is that they have very close
transient periods comﬁared to the relatively large offsets in
steady state values. The open loop responses of the reduced models
havg small transient errors compared to their steady state errors,
and in general, no hard and fast rules exist that reléteﬂthe open
loop performance of S and S, to the sub-optimal and optimal response
'6f S. The optimal responses of Sr’ on the other hand, guarantee'
‘stability, figs. 9.8(a) and 9.9(a), but the errors, transient and

steady state, between Sr and, the sub-optimal response, S are

sub

relatively large compared to those between S and S; All the

b
responses cohputed correspond to a given set of weighting matrices,
Q and R, only. |

' Ihé responses involving inaccessible states and the use of the
Kalman filter afe shown in figs. 9.8(b) and 9.9(b) and those
involving the sub?optimal filter in figs. 9.10(b) and 9.11(b).
For both models, one and two, the signal to noise ratio was kept
iarge, by introducing a zero-mean gaussion noise generator of small
maénit:ude. This was to ensure, suffid/e\n%or the purpose of this
experiment, that the measurements were not overwhelmingly
contaminated by noise. Again, as can be seen from the graphs, the

errors of the filter responses between Sr and Ss are larger than

ub
those between S and Ssub' As expected, the filter responses

are ‘irregular', due to the nature of the state estimator, compared
to the smoother responses without stute estimation., The filter

responses of S and Ssub of the first model, in general, have small




transient times compared to those of the second model. Of
particular interest, the first output, y, of S, of ;he second
model has very large transient times, while the output Yoo of S,
has small transient times, characterised by peak magnitudes, and
small steady state values. A common feature of the sub-optimal

response, ssub’ is that they all settle and yield small steady

state errors with the optimal response, S. This is more noticeable
in the first model than in the second. 'Like the sub-optimal
regulator with accessible states, the sub-optimal inaccessible state
case does not guarantee stability, while the optimal filters of

S and Sr are all stable. |

9.4 Frequ??qy response design using the Inverse Nyquist Array
(INA) 'O .

The design here was done using the CAD package on the
fDP;IO computer at UMIST. The INA design method, by Rosenbrock,
was used to design compensators for the reduced transfer function
matrix models, obtained in section 9.2.2.

Algorithm for INA design:

The controller Kr(s) - Ka Kb(s) Kc(s) is designed as follows.

K(s) = ﬁc ﬁb(s) ﬁa where ﬁa is a permutation matrix for preliminary

renumbering of inputs to G(s), so that the itg input is regulated

by the A output. ﬁb(s) - ﬁbn(s)...ﬁbl(s) is chosen to make

» q(s) = ﬁc ﬁb(s) G(s) diagonal dominant, and, it consists of elementary

row or column operations. ﬁc(s) is diagonal, and is designed at the

last stage using single loop approach.
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(i) Obtain &(s) (i.e. G l(s))
(ii) Choose ﬁa as desired

(1ii) Design ﬁb(s) = ﬁbn(s)...ﬁbl(s) such that interaction is

reduced, Vs = j@ €9, choosing ﬁbl = G(0) giving Ql(s)

= ﬁbl(s) é(s); final form Qn(s) = ﬁhr(s) 6n-1(8)'

Check stability from INA theorems,(or from characteristic
Loci criterion, to give sufficient and necessary conditions).

(iv) Choose Kc(s) to be simple, example first order lag or simple

proportional controllers, ﬁ(s) = Kc(s) ﬁn(sb check
stability of overall system from INA theorems. Go to step
(iii) if necessary.
-1
(v) ﬁr(s) = ﬁc(s) ﬁb(S)‘ﬁa: K.(s) = (K(S»_.

(vi) Simulate closed loop step response for R(s) = (I + Q(sﬁ'l Q(s).

The post compensator Lr(s) can be'designed, if necessary, in the

same way using column operation.

9.4.1 Design examples
Two design examples are chosen here to illustrate the INA method.
(a) Author's 2nd model; u = (fuel, damper); y = (Ps7’ T810)<

1st stage:

A 1 o A 13
Set Ka = lo1 and L = I, since fuel output was chosen to

regulate output, §37, and damper input chosen to regulate output,

T INA diagram was plotted for frequency range O to 10

s10°
radians, increment 0.1 radian.
2nd stage:

lChoose.ﬁbl - [é g]such that element 622(3) is gcaled 5 times

(see firs; diagram of fig. 9.12(a)). Interaction is heavy in

second loop and system possibly closed loop unstable.

———




Choose ﬁbz = [; 5 _g],with view to reduce interaction in

loop 2 and ensure closed loop stability by inverting element 622(5).

(See 2nd diagram of fig. 9.12(a)).
3rd stage:

Interaction reduction satisfactory. Phase-advance compensator

A
100 O 0.05s+1 O . .
K3(s) = ['0 104] 5?3§%T_ was added to the first loop to improve
0 1

performance. 'Resulting INA diagram found satisfactory and stable (3rd

qiégram of fig. 9.12(a)).

Final controller ﬁr(s) -[?OO oé] 0.05s+41 0 [1 é]

o 100} 10.35+1 0.5 -1
0 1
. e. K (8) = }0.06s+0.2
r s+20 0
0.0063+0. 02 '
Sios - 0.002

The closed-loop response of the above design is shown in

fig. 9.12(b). Both loops have low interactions to unit step inputs.

(b) Author's 1lst = model; u = (feed, spray); y = (&, Ta7)
1st stage: '

A A
Set K = [g gﬂ,L = I, as first input chosen to regulate

first output, and second input chosen to regulate second output.

A 1 0 s . » [ ] .
Choose K1 [0 _;] to invert qzz(s). in view of stability.

2nd stage:
, iﬁ this example, not much emphasis was laid on interaction,
however, interaction was sufficiently reduced in both loops.
Again phase-advance compensator ﬁ3(s) = [f0.053+1)/ (0.3s+1) - © was
o 1
introduced in first loop.
Final INA diagram shown in fig. 9.13(a) and time response

shown in fig. 9.13(b). Final controller Kr(s) = [(6s+20)/(s+20) 0]
o 0 -

P
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The other reduced models were used in design like in the
above examples. Their INA diagrams are shown in figs. 9.14(a)
to 9.20(a) and their time responses shown in figs. 9.14(b) to
9.20(b). Controllers were also designed independently by using the
two original models. This is shown in figs. 9.21 and 9.22. The
responses of the original models and that of the reduced

models' controllers on the original models are given in figs. 9.23

and 9.24.

9.4,2 Discussions

The simulation for the closed loopresponses of the original
models was done 'off-line' using the ICL digital computer, since
their orders were too large for the PDP-10 interactive CAD package to handle.

If 31(A1’ Bl’ Cl’ Dl) represents the minimal realization of the
pre-compensator Kr(s) or K(s) and s2 (AZ' BZ’ Cz) represents the

state space description of the model, G(s), then S (A, B, C) represents

the tandem connection Q(s) = G(s) Kr(s), where

0 B
A.:Ic » B - B:D1
26 A

, C=(0C)

The above representation can also be used for the post

compensator, Lr(s), and G(s) by interchanging S1 and Sz. By

introducing unity feedback, the state space description for R(s)

= (I + Q(s))_1 Q(s) is given by Sf(A-BC, B, C). The standard
discrete transition matrix method can be used to compute the

response of Sf.
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Looking at figs. 9.23 and 9.24, it can be said that the
performances of the reduced models' controllers are fairly
close to each other. The transient errors are small in
relation to the apparently large steady state errors. In‘
particular, the interaction structure of the system is not
violently disrupted, in fact, it is more or less preserved ;s all
loops have low interactions. The original design on the first
model yields a low interacting system in both loops,in conformity
with the designs using reduced models. The original design on the
second model was unsatisfactory, as.it produced an unstable model.
This was partly due to the tediousness in design, because of the
model order, and laréky due to the storage facilify for simulating
the time response using interactive graphics.l All original models
using reduced model controllers are closed loop stable, except for
one whose controller was designed using the "Modified Levy" reduced
model. |

The design objectives were not specified in the task, neither
was interaction considered a too important factor. The main aim
was to compare controller actions. The open loop responses of the
reduced models, computed earlier in section 9.2,are much closer to
that of the original model than their closed loop counterparts ,
in figs 9.23 and 9.24, Because of focusing attention on the high
frequency region, in the large frequency range specified, (large
in the sense that relatively the time constant of the models are
small and the spread of their eigenvalues is wide) on tﬁe INA
diagrams, the closed loop transient, especially initial transient,
errors are small, while the steady state errors are relgtively large.

That the steady state errors fall within a very tolerable margin,

may be due to the close proximity, of the steady state open loop
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response, of the reduced models, to that of the original model.

9.5 Conclusiéns‘ Ca

The use of reducgd models in design, in the above sections,
is, in genefal successful. The advantages and disadvantages of
the various reduction methods have been discussed in sectién 9.2,
The main justification in using reduced models lies in the success
and economy of the final deéigﬁ or in the effectiveness on which
reduced models are put to use. This is balanced by the cost and
complexity of reduction, the accuracy afforded when using the
original model, and the order of’the original model. For the
thirty third order boiler model discussed above, .the application
of reduced models is justified in this direction, when the reduction
method is fast, economical and reliable.

A comparison of the cost for reduction and application of the
models used is roughly summarized in the table below. The units given
éorrespond to computing time and are proportiohal to the unit time

of one of the author's reduction method (time domain).

Mbdel Reduction Optimal control  Sub-optimal Frequency design

Cost policy cost* policy cost* & simulation cost
1. Original - 8.0, 12.0 . - - 150
2, Wilson 3.0 1.1, 1.5 1.4, 1.8 -
3. Mitra 3.5 1.1, 1.5 1.4, 1.8 -
4, Marshall 2,2 1.1, 1.5 1.4, 1.8 -
5. Anderson 1.1 1.1, 1.5 1.4, 1.8 -
6. Author (time) 1.0 1.1, 1.5 1.4, -1.8 -
7. Chen & Shieh ° 0.5 - - - - 3
8. Sinha & Pille 1.2 - - - - 3
9. Mod. Levy 1.8 - - - - 4.5
10..Riggs & Edgar 0.9 - - - C - 3.5
11. Author(frequency)l.2 - - - _— 3

* first and second column corresponds to the case of filtering and non
filtering, respectively.
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The above cost, in general,corresponds roughly to the size
and compleﬁity of the computer programmes. In the applicationms,
the design objectives were not critically specified, the chief
intention was to compare reduced model controller performance
on original model. For this reason, the reduced models obtained were
assuﬁed 'normalized’', in the sense that unit input to the models
would correspond to the desired input to the plant. In reality,
becausg different states have different static levels under quiesceént
conditions, it can only be meaningful to talk in terms of unit
percentage inputs. The reason for assuming unit inputs was fhat
it was more convenient for studying the effects of interaction,
especially in the frequency design method. In the general setting
of the problem, it would not invalidate the accdr;zy of using
reduced models.

The design using the linear éptimal regulator is more
algorithmic ih nature, compared to the INA method. The former method
does not study the effects of interaction; it relies on the dynamic
properties of the states, and, if the latter is inaccessible, an
estimator is required for on-line application. Thus in the case of the
optimal regulator, the interaction pattern between the reduced
and originallmodels need not necessarily be preserved, to obtain a
good sub-optimal controller. It depends on which dynamic variables are
more dominant than others, their overall contributions, and, the
nature of the aggregation matrix, that relates the states of the reduced
and original models.

The frequency INA method, on the other hand, stresses that
the interacqion structure is important. It thus follows that the

interaction pattern between the original and reduced models must

roughly be preserved to produce a final controller that works for
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both models. As with most frequency response methods the INA is
more tolerable to model inaccuracies, and, design experience is
required. The important thing is that the frequency response
cur&es must fit closely. In general, this would correspond to
"good fits in the time response curves as well, but, there are
specific cases where this rule can be violated. However, due to
the flexibility of frequency response methods, and,.the permissible
inclusion of engineering constraints during design, modelling errors yill
be less penalised. This is in contrast to time domain methods where they
are usually more éeﬁsitive to modelling errors. For ali the reduced
models used above, both their open loop frequency and time response
curves fit admirably well, with those of the original model. fhis is
chiefly due to the fact that the models are dominated by very large
time cohstants.

During design on the reduced models it was difficult to predict
the state of stability or performance degradation of the.original
models. This, however, can be overcome by incorporating the
facilitiés'for pre-determining stability, developed in Chapters V and

VI, into a computer interactive graphics software.
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" 'CHAPTER X,

" "CONCLUSIONS OF THE THESIS.

10.1 Conclusions.,
Linear systems reduction has been reviewed, analysed, and, its
application and subsequent effects, studied in the thesis. This is

a fairly.wide area in research, and, du;ing the study, some related
areas of interest have also been uncovered.
Two eminent questions regarding model reduction are:
(i) are reduction techniques now considered saturated and should
future efforés be concentrated on them? (ii) how valid must a technique
be, for it to be regarded as a useful tool rather‘Epan a toy?

Any novel’tecﬁniques of reduction are worthwhile investigating,
other than satisfying the basic theme of reduction, it must also be
feasible, reliable in general and computationally cheap. Sophistication
in reduction takes second place to the simple and direct approach method,
if end results are considered important. Even to now there are many
more studies'feing made on model reduction alone.” Perhaps, if studies
are still to be made they should concentrate on improving existing
techniques to widen their scope to cater for various classes of models
and inputs. (Some latest techniques examine a number of related Pade
approximation methods and as to how they are linked up.) Chiefly, the
heart of the problem should Se looked at, to obtain more stable and
accurate open loop response, to yield less complicated, yet faster
computer programmes, Any new techniques produced that do not have these
qualities would make reduction unattractive, for the cost'of reduction
may not justify_its application., It would be much better off to do

with the original model. Perhaps it could be said that a reduced model

PR —
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is only considered 'valid', apart from it being accurate and open
loop stable, if it is only used successfully in applications; otherwise
it or its reduction method may be considered as a toy rather than a
useful tool. An example is that, the original model under the
inflﬁence of a cdntroller, designed using a reduced model, may not be
stable under the same range of gain (or may be totally unstable) as the
reduced médel would be under the same controller. In this particular
situation, it is difficult to judge the 'validity' of the model or its
reduction technique, for different models, derived by various techniques,
would yield different results in similar circumstances.

Therefore, in general, it is only fair to say that a model and its
associated technique is 'successful' if it is reaéghably successful in
a widevclass of applicatioﬁs. For example, in feedback design, it is
desirable that closed loop behaviour of the original system can be
easily predicted when using the reduced model. This would not be a
fair test if the model is used for open loop simulation purposes.
Ironically, open loop unstable reduced models can also be used in design
which can result in a closed loop stable system. (The unstable model
may be obtained by a reduction method, where the Nyquist plots fit
well, although the time responses do noi.) In general, there are no
hard and fast rules as to how a reduced model should be obtained, such
that the result of its application is deemed good. The model is good,
only if the error bound between reduced and original model simulation,
'is small.

Hence it is important that error bounds be formulated in applications

to estimate the response of the original system in terms of that of the

reduced system, The width of the bouads should depend on the difierence
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between the models, among other factors; thus the closer the models,
the narrower the bounds.. All the error bounds derived for reduced
model applications in the thesis have this property. In the limit
as the models coihcide, they vanish.

.The bounds obtained are expressed in various simple analytical forms,
suitable for differénc design applications and computation, Tﬁey are
also very flexible, in the sense that their sharpness can be adjusted,
by 'tuning factofs', according to the situation. To find the optimum
width of a bound analytically is normally a difficult task; for it is
expressed in terms of the structure of tranéfer‘function matrices, and,,
is frequency dependent. A nonlinear expression would result whose
solution is required. Therefore, trial and erroé‘ﬁrocedures, with the
aid of interactive graphics, would provide the best width. Besides,
in the latter methods, engineering constraints can also be inéorporated.
Although the bounds are general in their formulation, and are applicable
to a general class of models, most of them impose only sufficient
conditions. .This is the only restriction. For example, in the case
of stability, they do not express necessary and sufficient conditions,
but only sufficient conditions, for the system to be stable. This
limitation can be overcome by posing stability conditions on the original
model, instead of on the reduced model, but, this would defeat the
purpose, as it would not give a stability relationship between the two
models,

The main results obtained in the thesis are analytical in nature,
and they also have theoretical interests, other than practical utility.
Due to the duality between model reduction and inexact modelling they

can be used in dual ways. In the study of reduced model applications,



new areas are also uncovered; example some modified bounds results are
derived for both the originél linear and nonlinear multivariable system.
This could lead to further areas of investigation,

10.2 Suggeétions for further work.

It would be useful to develop an interactive graphics package, for
computer aided design purpose, for those bounds given in the preceeding
chapters, especially in the areas of stability And performance. The
packaée can be adapted to any useful multivariable design or simulation
methods, where reduced models are made use of, If design is done without
using a reduced model, the bounds would still be useful, for they can be
used to provide a valuable estimate of the likely response error in the‘
system, if the system model is inexact due to crude'modelling,-or, if
the system undergoes parameter changes during or after design.

If future efforts are still to be devoted to model reduction, in
addition, it would be advantageous, if poss?ble,to obtain necessary and
sufficient conditions for original system stability in terms of that of
the reduced system.

Further theoretical investigations, seems worthwhile, in the area
of nonlinear systems, where reduced models are concerned. This is a
new field, and, it is interesting to consider the situation when the

nonlinear part of the system is designed using a 'reduced nonlinear

system'.



