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Abstract

Uncertainty Analyses provide the quantitative level of confidence that can be held in
the results of a measurement or computational simulation. Different Error and Uncertainty
Analysis methods are used to estimate the error and uncertainty in the output of Compu-
tational Electromagnetic simulations in this thesis. The Uncertainty Analysis methods are
compared in terms of their ability to accurately quantify the mean, uncertainty and ninety

five per cent confidence intervals in the output of the simulations, as well as in terms of their

computational expense.

Through this work the Monte Carlo Method, the Method of Moments and the Polyno-
mial Chaos Method are implemented into the Finite Difference Time Domain method. The
Monte Carlo Method and the Method of Moments are also implemented into the Interme-
diate Level Circuit Model. These Uncertainty Analysis methods are applied to a number of

specific examples, from simple examples that have analytic solutions, to more realistic and

complex Electromagnetic Compatibility scenarios.

Performing both Error and Uncertainty Analyses enables an investigation on the rela-

tionship between the errors and uncertainties, in the output of simulations, to be conducted.

Different Computational Electromagnetic methods are also used in this thesis to determine

the differences in the uncertainty in the output of simulations performed using the different

methods.

In Electromagnetic Compatibility the output of interest is often a curve viewed in
the frequency domain. The Feature Selective Validation method is used in this thesis to

compare the mean, uncertainty and ninety five percent confidence interval curves formed

from the different Uncertainty Analysis methods. Curve Alignment techniques are also

used to determine the extent to which the errors and uncertainties in the output curves are

amplitude and frequency errors and uncertainties.

The results obtained in this thesis show that, of the three uncertainty analysis meth-
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ods investigated, the Monte Carlo Method is the most accurate method providing the best
estimates of the uncertainty in various Computational Electromagnetic simulations. As ex-
pected, this method is also shown to be the most computationally expensive method. The
Method of Moments is the most practical method to use, to obtain an estimate of the un-
certainty, due to its computational efficiency. However, at resonant frequencies the Method
of Moments forms large peak overestimations of the uncertainty. The research in this thesis
explains that these overestimations arise in part because of the resonant nature of the output
curves, which is a common feature of data formed in Electromagnetic Compatibility studies.

The Polynomial Chaos Method can provide slightly more accurate estimates of the output
uncertainty than the Method of Moments, but there are situations when this method cannot

be used. The Polynomial Chaos Method is also found to be computationally more expensive

than the Method of Moments.

The work in this thesis shows that there is no relationship between the overall size of
the output uncertainty in a simulation and the underlying model used to form this simula-
tion, or the accuracy with which the simulation is performed. It may therefore be possible
to use computationally efficient, less accurate Computational Electromagnetic methods to
efficiently estimate the uncertainty in the output of a simulation formed using a computa-
tionally more expensive, more accurate method. If a fast Computational Electromagnetic
method is used then the Monte Carlo Method is preferred as it will keep the accuracy of the
uncertainty estimate as high as possible. One of the most consistent findings of this work is
that the Uncertainty Analyses are computationally expensive when compared to perform-
ing a single simulation using only the mean input parameters of the system. Researching

computationally efficient ways of quantifying the output uncertainty is one of the key areas

of future work.
The results in this thesis highlight the importance of quantifying the frequency errors

and uncertainties as well as the amplitude errors and uncertainties. This is especially impor-
tant in Electromagnetic Compatibility where small frequency variations can cause large am-
plitude variations due to the resonant nature of the output data. The novel curve alignment
methods proposed in this thesis enable the successful analysis of these frequency errors and
uncertainties. It is also suggested that considering the frequency or z-domain differences be-

tween two curves provides a useful additional measure that can be used within the Feature

Selective Validation method.
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Introduction
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1.1 Background to the Research

Electromagnetic Compatibility (EMC) involves the study of the electromagnetic inter-
actions that occur between different electronic and biological systems. An electronic system
must be immune to external sources of electromagnetic interference, and should not inter-
fere with the normal operation of other electronic or biological systems. The immunity and
interference of electronic systems is determined by performing different laboratory exper-
iments, from which measurements are obtained. EMC practitioners are required to follow
many standards and guidelines. One such standard (ISO/IEC 17025 [1]) requires that labo-
ratory EMC measurements are accompanied by an appropriate estimate of the uncertainty

in the measurements [2].

In recent years computational resources have advanced at a tremendous rate. This
advancement has allowed many sophisticated Computational Electromagnetic (CEM) meth-
ods to be developed. It is now common practice to use CEM simulations to obtain estimates
of EMC measurements that may be too difficult or expensive to obtain from a laboratory
experiment. Currently no standards exist that require the results obtained from computa-
tional simulations to be accompanied by an appropriate estimate of the uncertainty in the

results. Recently an IEEE standard has been approved for the “Validation of Computational

17
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Electromagnetics Computer Modeling and Simulations” [3]. This standard outlines the nec-
essary steps for validating CEM models and simulations. One step in this process involves
the use of the Feature Selective Validation (FSV) method to compare the results of a CEM
simulation with some other reference data in order to validate the CEM model used. The
current standard does not require that an approximate estimate of the uncertainty in the
output of a CEM simulation must be formed during the validation process. Quantifying
this uncertainty is important as it provides the quantitative level of confidence that may be
held in the results and thus allows for a statistical comparison with other reference data,
such as the results obtained from an equivalent experimental measurement. Future editions
of this standard should require that the results of all CEM simulations are accompanied by
an approximate estimate of the uncertainty in the results. This thesis investigates different
methods that may be used to quantify the uncertainty in the output of CEM simulations.

The work carried out in this thesis may provide useful contributions for future editions of

the IEEE standard.

Researchers from many other scientific fields already form uncertainty estimates for
the results of their computational simulations. Examples of these scientific fields include
Climate modelling [4-7], Meteorology [8; 9] and Computational Fluid Dynamics (CFD) [10-
15}, amongst many others. To enable a discussion of the different forms of uncertainty anal-
ysed in computational models, the terms error and uncertainty must first be defined. These
definitions are used in this thesis to identify some of the sources of error and uncertainty
that exist in CEM simulations. There has been a significant amount of research on Error

and Uncertainty Analyses in CFD [10-15], and so this discipline is chosen to provide the

formal definition of the errors and uncertainties in computer models. The following defini-

tions come from the American Institute of Aeronautics and Astronautics (AIAA) report on the

verification and validation of CFD simulations [11].

Definition 1.1 Error: A recognisable deficiency in any phase or activity of modelling and simulation

that is not due to lack of knowledge.

Errors are introduced into computer models via the approximations and assump-

tions that are made in forming the model. Since these approximations and assumptions

are known, the errors they produce can be analysed [10].

Definition 1.2 Uncertainty: A potential deficiency in any phase or activity of the modelling process
that is due to lack of knowledge.
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This definition of uncertainty is also known as epistemic or systematic uncertainty
and is often referred to as a “Type B” uncertainty [2]. Epistemic uncertainty is the uncer-
tainty that arises due to lack of knowledge [16], this type of uncertainty can be reduced by
gaining more knowledge. Aleatory uncertainty is another type of uncertainty which arises
from stochastic or random behaviour in the system. This uncertainty, which is often referred

to as a “Type A” uncertainty, does not exist in deterministic computational simulations.

Epistemic uncertainties arising in computational simulations can be further categorised

into two groups. The first, is the uncertainty in how well the mathematical model represents

the true behaviour of the real physical system [15]. This uncertainty, which is known as
model form uncertainty, is very difficult to determine [15] but can be reduced by verifying

the model against physical measurements. The second type of uncertainty is the uncertainty
that arises due to a lack of precise input parameter data [15]. If there are uncertainties in the
input parameter data, then there will be uncertainties in the output. This type of uncer-
tainty is often known as parameter uncertainty [15]. It is the parameter uncertainty that will

be investigated throughout this thesis.

Climate models suffer from a large amount of model form uncertainty [5]. This uncer-
tainty arises because it is very difficult to determine how well the climate models represent
the real physical climate. The time scales involved in climate forecasts are of the order of
decades, making it difficult to verify the results of the forecast against physical measure-
ments [5]. In contrast to climate models the time scales involved in weather forecasts are of
the order of days [5]. This makes it much easier to verify the weather models against phys-

ical measurements and subsequently modify the models, reducing the amount of model

form uncertainty.

Both climate modelling and weather forecasts suffer from parameter uncertainties. It
is well known that weather systems are chaotic and a small change in an input parameter

can form large changes in the output: this is perhaps most well known as the Butterfly Ef-

fect. The uncertainty in the state of weather and climate systems therefore increases with
the temporal length of the forecasts. Monte Carlo approaches form the basis of all current
Numerical Weather Prediction (NWP) systems that are used to forecast the weather, and es-
timate the uncertainty in the forecast [8]. Monte Carlo simulations use many selected input
parameters to estimate the output Probability Distribution Function (PDF) of the system.
Performing many Monte Carlo simulations can be computationally expensive [8], differ-

ent sampling strategies have therefore been formed that reduce the computational expense.
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Since the uncertainty in the output grows with the time of the forecast, inputs are selected
that are known to maximise the uncertainty in the output [8]. This results in a reduction of
the parameter space and therefore a reduction in the cost of the Monte Carlo simulations.
The resulting simulations are known as an ensemble of simulations [5; 8]. The uncertainty in
CEM simulations will not necessarily increase with the time of the simulation. The sampling

methods used in NWP systems are therefore not necessarily applicable to the quantification

of uncertainty in CEM.
The model form uncertainty in both CFD and CEM is smaller than for climate and

weather forecasts. The mathematical models that are used to explain the different phenom-
ena occurring in CFD and CEM have been verified by many people over many years. The
Uncertainty Analyses in CFD concentrate on the uncertainties due to a lack of precise knowl-
edge of the input parameters [10-15]. These analyses use probabilistic methods such as the
Monte Carlo Method (MCM), Bayesian Inference, the Polynomial Chaos Method (PCM) and
the Method of Moments (MoM). The MoM should not be confused with the CEM technique,
known as the Moment Method and described in detail by Harrington [17]. The probabilistic
MoM is the method outlined in the internationally accepted Guide to the Expression of Uncer-
tainty in Measurement (GUM) [16]. The MoM is also used in the United Kingdom Accreditation

Service (UKAS) guide to quantifying the uncertainty in physical EMC measurements [2].

The output formed from CEM simulations normally involve resonant peaks with
large Q-factors. These resonances are not present in data obtained from Climatology, Me-
teorology or CFD. It is therefore necessary to determine whether the ditferent Uncertainty
Analyses, used within these different disciplines, may be applied to the results of CEM sim-
ulations. The main aim of this thesis is to investigate possible methods that may be used

to quantify the uncertainty in the output of CEM simulations. These different methods are

compared in terms of their accuracy and computational expense.

Definitions 1.1 and 1.2 may be used to identify the sources of error and uncertainty
in different CEM methods. One example of an error that may exist in Finite Difference
Time Domain (FDTD) simulations is the error formed from modelling a curved surface in
the discrete FDTD mesh. It is known that the surface is not modelled correctly, this results
in an error in the output. Uncertainties arise due to lack of knowledge, for example the lack
of precise information on the material properties of some dielectric that is being modelled
computationally. The lack of knowledge in the material parameter results in an uncertainty

in the output of the model. Each CEM simulation requires a set of inputs which may or
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may not have some associated uncertainty. If the PDFs associated with the uncertain input
parameters are known, then the uncertainty in the output of the CEM simulation may be

found using probabilistic Uncertainty Analysis (UA) methods.

There has already been a significant amount of research analysing the errors that exist
in CEM simulations, such as the FDTD method. Some of this previous work is discussed in
Chapter 2. From this work it appears that many of the errors, arising in the FDTD method,
are reduced when the cell size and temporal step size used in the simulations are reduced.
Approximate Error Analyses are formed using this fact in Chapter 4. It is apparent that
less work has attempted to quantify the uncertainty in the output of CEM simulations. The
principle aim of this thesis is to investigate different methods that may be used to quantify

parameter uncertainty. Some of the previous research into uncertainty in CEM is outlined
below.

During the course of this project, there has been a recent increase in the number of
researchers attempting to formulate methods of uncertainty quantification in CEM. In 2006
Chauvigre published work involving the implementation of the PCM into a higher order
discontinuous Galerkin solution of Maxwell’s equations [18]. The PCM approximates the
quantity of interest as a sum of orthogonal polynomials, which are selected from specific
basis sets. Chauviére found that the PCM could accurately quantify the output uncertainty,
giving results that were in good agreement with results obtained from the MCM [18]. The
PCM was also shown to be much more computationally efficient than the MCM. Chauvieére's
work however only estimated the output uncertainty due to one uncertain input parameter.
The accuracy of this method with increased numbers of uncertain input parameters needs
to be analysed. The computational expense of the PCM will increase significantly for more

complex CEM simulations, which have multiple uncertain input parameters. A novel imple-

mentation of the PCM into the FDTD method is outlined in Section 4.7.4 of this thesis. This

method is analysed for a variety of simulations, with multiple uncertain input parameters.

Researchers at Nottingham University have also recently attempted to formulate meth-
ods to efficiently quantify the uncertainty in CEM simulations [19-22]. Recent publications
[19-21] propose two methods that may be used to efficiently quantify uncertainty in CEM.
Ajayi discusses the use of a Direct Solution Technique (DST) to quantify uncertainty [19].
This technique is simply the application of the well known MoM, outlined in GUM [16] and
by UKAS [2], into simple electronic circuit theory and the Transmission Line Matrix (TLM)
method. Ajayi used this method to estimate the uncertainty in the first resonant frequency
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of simple electromagnetic problems [19]. This work can also be found in Ajayi’s thesis [23];
Ajayi’s work has been carried out in parallel to and independently from the research in the
present thesis. Ajayi found that the computationally efficient MoM works well for small
parameter variations, giving results that are in agreement with results obtained from the
MCM [19]. This work concentrates on the performance of the MoM at the first resonance.
In the present thesis uncertainties are quantified between 0GHz and 3GHz for electrically
large problems, encompassing many more of the resonant features that are present in EMC
data. The different UAs are also applied to more realistic examples from EMC, in the present
thesis. These EMC scenarios are simulated using two different CEM techniques. Through
this work it is shown that the approximations used to form the MoM can cause the method

to underestimate and overestimate the uncertainty in the results of resonant EMC data.

The use of Unscented Transforms (UT) to efficiently estimate uncertainties has also

been proposed by researchers at Nottingham University [20; 21]. This technique uses speci-

fied points to discretise the continuous PDFs associated with the different input parameters.

Using this technique the uncertainty can be quantified more efficiently but once again the

method is only accurate for smaller input parameter variations [21). The methods efficiency

also decreases for more complex simulations containing many uncertain mnput parameters

[21].

1.2 Aims and Objectives

The main aim of this thesis is to determine the accuracy and computational efficiency
of a number of well known UA techniques, when applied to CEM simulations of realis-
tic EMC scenarios. The probabilistic UA techniques analysed in this thesis are the MCM,
the MoM and the PCM. These different UA methods are used to analyse the uncertainty
in the output of FDTD and Intermediate Level Circuit Model (ILCM) simulations. The er-
rors and uncertainties arising from the CEM simulations will be quantified for frequencies
from OGHz to 3GHz. This broad frequency range will include many of the highly resonant
features that are often present in EMC data.

Since the output of interest is evaluated at a number of frequencies, the output of
the CEM simulations forms a curve in the frequency domain. This curve is referred to as
the output curve in this thesis. Different methods are used, in this thesis, that aid in the

analysis of curves. The FSV method is used to compare two different curves in terms of
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their amplitude and feature differences. The method returns a metric that describes how
similar the two curves are. In this thesis the FSV method is used in a novel way to test
for the convergence of the MCM. It is also used to compare the means and uncertainties
produced by the different UA methods with benchmark results. These comparisons help

determine the performance of the different UA methods in the various examples.

Research into different probabilistic UA methods has found that the methods are all
computationally expensive, especially when applied to complex computational simulations
involving many uncertain input parameters. The computational expense of the UA meth-
ods may be reduced by using less accurate computationally cheaper CEM simulations to es-
timate the uncertainty in more accurate computationally more expensive simulations. The
uncertainty estimate will be accurate if the uncertainty in the output is independent of the
CEM technique used or the accuracy with which the CEM technique is implemented. An

additional aim of this thesis is to determine the relationships between the errors and uncer-

tainties arising from different CEM simulations.

Currently Error and Uncertainty Analysis methods concentrate on quantifying the
errors and uncertainties in the amplitude of the various output curves. Often errors and
uncertainties arise as frequency shift errors and uncertainties as well as amplitude errors and
uncertainties. The final aim of this thesis is to investigate possible ways of quantifying the
frequency errors and uncertainties that arise in CEM simulations. The frequency errors and
uncertainties may be calculated by aligning the curves used to obtain the output errors and

uncertainties. Once the curves are aligned the aligned amplitude errors and uncertainties

may be obtained. Different methods are investigated in this thesis that attempt to align the

output curves. The errors and uncertainties calculated without aligning the output curves

are referred to as the unaligned amplitude errors and uncertainties in this thesis. In Chapter

4 a relationship between the unaligned amplitude errors and the aligned amplitude and
frequency errors is derived. Similar novel derivations are given for the relationship between

the aligned and unaligned uncertainties formed using the MCM. These relationships show

that no information is lost by considering the aligned amplitude and frequency errors and

uncertainties.
The remaining structure of this thesis is as follows:

Chapter 2 describes a number of CEM methods that are used to study EMC. A consideration

of some of the sources of error and uncertainty that may exist in different FDTD simulations

are given.
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Chapter 3 introduces the different methods that aid in the analysis of errors and uncertain-
ties when the output of interest is a curve. This discussion begins with a description of
the FSV method, and the ways in which this method is used in this thesis. Following this
a number of novel curve alignment techniques are introduced that have been previously
published in [24]).

Chapter 4 considers the different methods that may be used to quantify the error and un-
certainty in the output of CEM simulations. The novel implementation of the PCM into the
FDTD method is discussed in detail. The different Error and Uncertainty Analysis methods

that are used in this thesis are identified.

Chapter 5 contains the first example that is used to test the different Error and Uncertainty
Analysis methods. This one dimensional example has an analytic solution from which the
analytic error and uncertainty in the output can be obtained. These analytic errors and un-

certainties are used to test the accuracy of the different approximate Error and Uncertainty

Analysis methods.

Chapter 6 introduces a more complicated three dimensional example that also has an ana-
lytic solution. Once again the different Error and Uncertainty Analysis methods are com-

pared in terms of their accuracy and computational expense. From these first two examples

it is concluded that the MCM provides the best estimates of the mean and uncertainty in the
output of the CEM simulations. This method is therefore used as the benchmark method in
the remaining examples, which do not have analytic solutions. At the end of this chapter

another example is introduced, which shows that the PCM is not suitable in all situations.

Chapter 7 contains more realistic EMC examples that are used to compare the different UA
methods. It is found that the methods are in excellent agreement in some EMC scenarios.

However in other more complex EMC examples the more efficient MoM is shown to overes-
timate the uncertainty in the output, when compared to the benchmark MCM. The resonant

nature of the output curves exacerbates the overestimations at particular frequencies.

Chapter 8 provides the major conclusions that are drawn from this work. The future con-

tinuation of this work is also considered.
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2.1 Introduction

Electromagnetic Compatibility concerns itself with the interaction of electronic sys-
tems with other electrical and biological systems. The electronic system under consideration
must not be susceptible to Electromagnetic Interference (EMI) caused by the fields radiated

from other electrical systems. At the same time the electronic system should not interfere

with the performance of other electronic or biological systems.

The satisfactory operation of a device is usually tested by ascertaining how immune
the device is to certain levels of interference [25, p.5]. This is often done experimentally in
the lab, however there are often cases where it is too expensive or awkward to perform these
experiments physically. An example of such a case is in the EMC analysis of aircraft. The
time and money required to conduct a full EMC analysis of an aircraft is extremely costly.
A European project is due to begin soon, which will attempt to transfer some of the exper-
imental EMC analyses to computational simulation. This project aims to computationally
model High Intensity Radiated Fields in Synthetic Environments (HIRF SE) [26], making use
of existing CEM models and developing new models. The output of these computational
models will be subject to some level of uncertainty, and will contain some amount of error. It

is the aim of this thesis to investigate different ways to quantify the errors and uncertainties

in such CEM simulations.

Excellent progress in electromagnetic field modelling has been made in recent history
[27]. From the advent of digital computers in the 1960s, the first computational electromag-
netic models were formed to provide insight into engineering problems [25, p.4]. Over the
years, as computer hardware has become more powerful, computational models have de-
veloped into sophisticated methods used to study different scenarios in EMC. This chapter
introduces previous work summarising some of the main methodologies that are used in
CEM. In recent years these CEM techniques have been modified and improved, however
for the purposes of the discussion in this chapter it is sufficient to consider only the unmod-
ified conventional techniques. It is fairly simple to apply the MCM and the MoM to all of

these CEM methods, because the MCM and the MoM simply use the output formed from
the CEM simulations. When applying the PCM to different CEM simulations a modification

of the CEM technique is required. The PCM may therefore be harder to implement into the

different CEM simulations. This thesis concentrates on applying the Error and Uncertainty
Analyses to the FDTD method. As such the majority of this chapter is devoted to the FDTD

method: how it works, the different boundary conditions that are used and the stability
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criteria.

Using Definition 1.1, some of the sources of error in the FDTD method are identified.
There has already been a significant amount of previous work providing understanding into
how these errors affect the output of FDTD simulations. Some aspects of this work are out-
lined in this chapter. Using Definition 1.2, some possible sources of parameter uncertainty
that arise in CEM simulations are identified. Compared to the amount of previous work on
the errors in CEM simulations, significantly fewer formal studies have been carried out on

the affects of parameter uncertainty. It is the main aim of this thesis to investigate methods

that can be used to quantify the parameter uncertainty in different CEM simulations.

2.2 Computational Electromagnetic Methods

Many CEM methods that are used to solve specific EMC problems have implemen-

tations that allow a solution to be calculated in either the frequency or time domain. Often

however, the methods are more computationally efficient when used in one or other of the
domains. The CEM methods may therefore be split into two groups: the frequency do-
main and time domain methods. If a CEM method is more computationally efficient when
used in the frequency domain then it is referred to as a frequency domain method; a similar

statement can be formed for time domain methods.

Frequency domain methods used in EMC include the Integral Equation Method of
Moments (IEMoM), the Finite Element Method (FEM) and the ILCM method. The ILCM
method is a more recent method that has shown some success in modelling different EMC
scenarios, such as the Shielding Effectiveness (SE) of a shielded enclosure [28]. The time do-
main methods include the Transmission Line Matrix (TLM) method and the FDTD method.
There are many other methods that are used in CEM, however it may be argued that the
methods described in this chapter comprise the most popular methods that are used. Two
other high frequency techniques that are used in EMC are the Geometrical Theory of Diffrac-
tion (GTD) [29] and the Uniform Geometrical Theory of Diffraction (UTD) [30]. These two
methods will not be discussed in this chapter. The majority of this thesis is devoted to the
errors and uncertainties in the FDTD method. This method is therefore described in detail

in Sections 2.3 and 2.4.

The frequency and time domain methods produce frequency and time responses of
the output quantity of interest. In EMC the output of interest is usually shown in the fre-
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quency domain. For example, the output of interest may be the SE of a structure at par-
ticular frequencies. The time responses of the output quantity of interest, produced by the
time domain methods, are therefore usually transformed into frequency responses via a Fast
Fourier Transform (FFT). In the majority of this thesis the quantity of interest is the frequency
response of the absolute value of the electric field, relative to a 1V/m input excitation. This
quantity is referred to as the normalised electric field in this thesis. In EMC this frequency
response curve is often converted into decibels, however in this thesis the normalised fields
remain in linear units. In the latter part of this thesis the output of interest is the frequency

response of the SE of a structure, in decibel units.

The following sections provide the details of some of the main CEM methods used in
EMC. Throughout these discussions references are made to the problem space of a certain
CEM model. The problem space is the three dimensional geometric space that contains the
electromagnetic problem for which the solution is sought.

2.2.1 Integral Equation Method of Moments

The IEMoM makes use of the integral form of Maxwell’s equations. A usual EMC
scenario often involves electromagnetic waves scattering from certain geometric structures.
The integral form of Maxwell’s equations may be solved numerically to obtain the values of
the resulting surface charges and currents that exist on the geometric structures. The surface
charges and currents are used to obtain quantities of interest such as the near field, far field
or radar cross section. The integral equations are solved numerically using the Method
of Moments, which is different from the probabilistic UA method used later in this thesis.
Harrington describes the use of this method to solve electromagnetic problems in an early

paper [31] and more recently in [17]. Perhaps the most widely used computer software that

uses the IEMoM is the Numerical Electromagnetics Code (NEC) [32].

The Electric Field Integral Equation (EFIE) and the Magnetic Field Integral Equation
(MFIE) are obtained from Maxwell’s equations. Using the EFIE, the surface currents induced
on an obstacle may be calculated given knowledge of the incident electric field E. This is
achieved by representing the integral as a linear operator L, operating on the surface current

J. This reduces the EFIE to
LI=nxE (2.1)

where 11 is the unit normal to the surface of interest. By expanding the surface current in
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terms of some known basis polynomials J; as

N
J = Z a;J; (2.2)
i=1
equation (2.1) becomes
N
Y 0;LY;=hxE. (2.3)

1=1

The «; in the above equations represent coefficients that need to be found in order to solve
for J. Taking inner products of the above equation with some weighting functions w; pro-

duces a set of NV simultaneous equations that may be rewritten in matrix form as
((wiLd;)) (o) = ((with x E}). (2.4)

where ¢, j = 1,..., N. The matrix on the right hand side of this equation contains the exci-
tation fields and the vector (a;) contains the coefficients required to calculate the currents
J. Equation (2.4) may be considered as being analogous to Ohm’s law, with the first matrix
on the left hand side representing the mutual impedances of the system. This matrix is re-
ferred to as the impedance matrix. If the impedance matrix is nonsingular then it may be
inverted and multiplied to the matrix on the right hand side of equation (2.4). This provides

a means of calculating the coefficients e; and hence the surface currents may be calculated
using (2.2).

In more general problems there may be many conducting bodies. The surface currents
induced on these bodies will form fields that scatter onto other bodies in the problem space.
The interaction of these different bodies may be represented using other integral equations.
For wires it is possible to derive a Thin Wire Integral Equation (TWIE); integral equations
can also be derived for conducting surface patches and volumes. In reality it is impossible
to determine the current density at every point in the problem space. The structures in the
problem space are therefore split up into a series of wire segments, patch segments and
volume segments. For every pair of segments the mutual impedances may be calculated
using the different integral equations and the Moment Method. These impedance terms
form an impedance matrix similar to that given above. Incorporating the incident electric
fields into another matrix yields a matrix equation which is equivalent to (2.4). This matrix

equation may be solved to obtain the different current densities on the individual segments.

Since the impedance matrix is formed from the impedance terms for each pair of seg-
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ments, the computational expense of the IEMoM increases as the number of segments in-
creases. The larger the impedance matrix the more time and memory is required to perform
the matrix inversion required to solve the matrix equation. The accuracy of the [EMoM re-
lies on the segmentation of the obstacles in the problem space, and on the choice of basis

functions used for each section. Details of the different basis functions that may be used can
be found in [33, p.192-198].

Thus far the use of the IEMoM has been described for the specific case where the
bodies involved are electrically conducting. The method may be modified to include di-
electric bodies [17, p.97-99] and magnetic bodies [17, p.99-101] (with permeabilities other
than the free space value). More generalisable hybrid techniques have also been developed
that include bodies that are both dielectric and magnetic [17, p.101-105]. Using the gener-
alised hybrid IEMoM it is possible to form a solution to any electromagnetic problem [17,
p-104]. This generalised technique is however more computationally expensive. The large
computational expense limits the applications for which the IEMoM is generally used. If

for example a 1m® dielectric and magnetic cube were to be modelled using subcubes of
0.1m? then there would be 1,000 interacting terms [17, p.105]. If this cube has three electric
current bases and three magnetic current bases then the resulting matrix operators would

contain nine million elements [17, p.105]. Storage and inversion of these matrices would be

extremely computationally costly [17, p.105].

The IEMoM is most widely used to study the performance of antennas, which can be
constructed easily out of electrically conducting wires and surfaces. These types of prob-
lem can be solved accurately and extremely efficiently by the IEMoM, because the matrix
inversions involved are small. The IEMoM can determine the size of the electric field at
any arbitrary distance from an antenna being modelled, at any given set of frequencies. In

EMC scenarios such as this the IEMoM is computationally more efficient than time domain
techniques. To obtain the same electric field using time domain solvers the calculation of
all electromagnetic field components, at all mesh points in the problem space, and for many
time steps, is required. This is computationally intensive, especially if the resulting field is

only required at a number of specific frequencies.

2.2.2 Finite Element Method

Brauer [34] suggests that the FEM was first established by Turner, Clough, Martin and
Topp [35] in 1956. In this seminal paper, the method was used to analyse structural problems
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1
(xlayl)

Figure 2.1: A typical triangular finite element in 2D.

in the aircraft industry. The term Finite Element was first associated with this method by
Clough in 1960 [36]. The method is based on splitting the volume of the problem space into
elements. These elements may be shaped arbitrarily so long as the elements fill the whole
problem space. The vertices of these elements are often referred to as the nodes or mesh

points, and the edges and surfaces of the elements are known as the finite element mesh.

Electromagnetic fields that exist in the mesh can be described in terms of their associ-
ated potentials. The potential at a point inside an element is represented as a function of the
position inside the element. The functions that are commonly used are linear or quadratic
functions. Each element will also have associated material properties, representing the ma-

terial that is being modelled. Excitations may be applied to points in the finite element mesh,

and constraints may be applied to certain edges and surfaces to represent different bound-
ary conditions. A detailed account of the FEM is given by Silvester and Ferrari [37]. The
discussion that follows considers the FEM in 2D, following reference [37, p.28-39] closely.

Consider a triangular element in 2D space. Figure 2.1 shows this element in the z-

y plane, a similar figure is given in [37, p.32]. The potential U within the element can be
approximated linearly as [37, p.32]

U=a+bz+cy (2.5)

where a, b and ¢ are constants that need to be determined. If the potentials U;, Uz and Us,

corresponding to the nodes at (x1,y1), (2, ¥2) and (z3, y3) respectively, are known then the
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objective is to solve the matrix equation [37, p.40]

Ur 1 1 1®n a
U | =] 1 22 o b (2.6)
Us 1 z3 y3 c

to obtain a, b and c. This results in the following relation for the potential inside the element

-1

] 1 Y1 U1
U=(1my) 1 z9 o Uz |- (2.7)
1 I3 Y3 U3

This may be rewritten as the sum [37, p.39]

3
U(:L‘, y) == Z Uia; (:1.’7, y) (28)
i=1
where
ay(z,y) = '2—13 [(x2y3 — z3y2) + (¥2 — y3)z + (T3 — T2)Y] (2.9)

Aiis the area of the element and the indices may be clyclically interchanged to form equations

for as(z,y) and az(z, ).

The energy W(® stored inside element e may be related to the potential U (to within
a constant multiplier) as [37, p.34}

we =2 [ vuvuda (2.10)

where the integral is performed over the 2D area of the element e. Substituting in equation
(2.8) yields

3
Wi = % > Z U:U; f Va;VajdA. (2.11)
=1 =1

Defining the elements of the stiffness matrix S as
S = f Va;Va;dA (2.12)

the energy may be expressed as

Wwie) — %UTS(‘B)U (2.13)
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Figure 2.2: Joining two triangular finite elements in 2D; nodes are renumbered to account for continuity across
elements.

where U is the column vector containing the vector potentials [37, p.34]. The elements of
S(®) are easily calculated since the terms Vo; in the integral are simply constants. Note that
Ste) is called the stiffness matrix as the FEM originated from structural analysis.

The discussion above outlines how to determine the energy stored in each element
given the potentials at the nodes. In the FEM the problem space is split into many joined
elements. The energy stored in all of these elements may be found by considering the joining
of the elements. Consider the two elements being joined in Figure 2.2, this figure is similar
to one given in [37, p.35]. These two elements share common nodes at the joining edge and
by continuity the potential at these nodes must be the same. The combined stiffness matrix
is formed by adding the matrix elements of the individual stiffness matrices S(& and S(®)
(corresponding to elements a and b) where the nodes touch, and adding a new row and

column for the extra potential. This yields the combined stiffness matrix [37, p.37]

S(a) S(b) S(ﬂ) S(b) S(“) S(b)
S Sé S(b) S(ﬂ) + S(b) S‘g‘s‘) S(b)
o S(a) S(ﬂ) S(ﬂ) 0

S(b) S(b) 0 S(b)

(2.14)

This joining of elements may be repeated until a stiffness matrix is formed for the whole
problem space.

The principle of minimum potential energy asserts that the potential U will distribute
itself in such a way as to minimize the stored energy in the field [37, p.29]. The total stored
energy W is quadratic in each component of the potential vector U [37, p.37]. Thus to
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minimise the stored energy it is sufficient to set [37, p.37]

oW
5 =0 (2.15)

where k refers to one of the nodal potentials. Some of the nodal potentials will be con-

strained by boundary conditions or excitations. To account for this the combined stiffness
matrix, representing the whole problem space, may be partitioned to separate out the terms

related to the constrained terms. If f and p relate to free and prescribed nodes, then the total

stored energy may be written as [37, p.38]

1 Sﬂ‘ Sfp U
W—-=§-(U}‘-‘ UE)( )(Up)- (2.16)

Spf Spp

To solve for the minimum stored energy, this matrix equation must be differentiated with
respect to the free nodal potentials and the resulting differential must be set to zero. Doing

this results in the matrix equation [37, p.38]

(Sff Stp ) (Ef ) = (. (2.17)
p

This can be rearranged to give the full solution of the unconstrained nodal potentials
Us = —Sg 'S¢, Up. (2.18)

Now that the electric potentials are known at the nodes, the electric potential anywhere
inside the problem space may be interpolated. This method is easily generalisable to three
dimensions, where tetrahedral elements can be used in place of the triangular elements used
in the two dimensional case. Different materials and sources may also be incorporated into

the FEM: for more details on the FEM the reader is referred to [37].

The FEM is capable of modelling complex geometric shapes [25, p.91], such as an air-
craft. The triangular and tetrahedral elements, used in the two and three dimensional FEM,
conform accurately to different shapes. The FEM generally models complex geometries
more accurately than conventional FDTD and TLM methods, which use orthogonal meshes
[25, p.91]. More recently however FDTD and TLM schemes have been developed with vari-

able grid sizes. These modified methods model different structures more accurately.

The FEM is less computationally efficient than the IEMoM when modelling simple
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incitdent
E,
4

Figure 2.3: A metal box with an aperture undergoing scattering from an incident field E;**“"*,

structures in a large problem space containing mainly free space. The FEM is however better
if large volumes of dielectric are being modelled. In this case the IEMoM requires a large
amount of storage to model the dielectric bodies, as discussed in the previous section. The

FEM is therefore best suited to bounded problems containing complex geometries and many

different materials.

2.2.3 The Intermediate Level Circuit Model

The ILCM method uses circuit models to represent the electromagnetic interactions
that occur in different EMC scenarios. One particular use of this method is for the efficient
prediction of the SE of a rectangular box containing a rectangular aperture [28]: Figure 2.3
represents the type of box being modelled. This particular implementation of the ILCM
method expands on previous ILCM approaches [38-40]. In Chapter 7 the uncertainty anal-
yses will be applied to this implementation of the ILCM method and the FDTD method to

determine whether the uncertainty in the output is dependent on the CEM method used.
From now on, in this thesis, the shielded box implementation of the ILCM method is re-
ferred to simply as the ILCM method. A brief description of the ILCM method is given

below. The mathematical arguments required to form this method are complex and detailed

and they have been omitted here for brevity.

The ILCM method models the shielding enclosure as an equivalent circuit made up
of coupled transmission lines. The equivalent circuit diagram is represented in Figure 2.4,
which is similar to the diagram given in [28]. The incident electric field is represented as a
potential V;, producing a free space current Irg that flows through a resistor, with a resis-

tance of free space (37752). This portion of the equivalent circuit model is known as the free
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free circuit waveguide modes
Ipg I(l)
Vin Vi~ 42
(1) + 5
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Figure 2.4: The equivalent circuit model for a metal box excited by an incident field.

space circuit [28]. The rest of the box is modelled as a waveguide, which supports differ-
ent modes of excitation. These waveguide modes are represented in the equivalent circuit
model as a series of transmission lines, one for each mode. The characteristic impedances

of the transmission lines Z." are equal to the transverse ratio of the electric and magnetic

fields for the particular mode.

The aperture is itself considered to be a transmission line, which has at its centre a
resistance representing the radiation resistance of the aperture in the box. Babinet’s Principle
[41] is used to relate the resistance of a dipole antenna to the resistance at the centre of the
aperture. The dipole resistance can be calculated using NEC [32] for a dipole formed by the
metal remaining from cutting the aperture out of the box. Once the resistance across the
slot has been calculated, the electric field in the aperture is calculated when it is subjected

to some incident field [28]. By considering the coupling of the aperture with the rest of the

box, the initial excitation of each wave guide mode may be found [28].

The initial potential of each waveguide mode V( Y is related to the free space current

Irg via a transimpedance Z’E‘x?ans as V(') '}?ansIFS [28]. The initial modal excitation

and the free space current are used to calculate the transimpedances of the system via this
relationship. The fields set up in the waveguide will reflect back towards the aperture,

increasing the potential in the free space circuit. Using the principle of reciprocity, reactive

electromotive forces sf:,lp

ensures that mode coupling takes place by altering the current Irg flowing through the

are set up in the free space circuit, one for each mode [28]. This

free space resistor and hence altering the excitation of all modes in the waveguide. The

transimpedances of the system are used to determine the change in the free space current
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arising from the fields reflected back up the waveguide towards the aperture. The resultant
voltages of the different waveguide modes th,? are then calculated and used to obtain the

the electric field at any point within the box. This electric field is then used to calculate the
SE of the box.

This method has been shown to efficiently obtain the SE of a number of different
boxes. The simulations performed using the ILCM method by Konefal [28] were over 3900
times faster than the same simulations performed using the TLM method. The results of the
TLM simulations were used to validate this ILCM method. Konefal noted that the method’s
accuracy relies on the aperture of the box having a small ratio for the aperture height to the

aperture length.
The ILCM method may be applied to more general EMC scenarios. The formation

of different models is however not as simple as for the other CEM methods described in
this chapter. Different ILCM models have to be formed depending on the setup of the EMC
scenario. The method described above can be used to estimate the SE of a shielded box of

any size. Its use is however limited to that of a shielded box. To apply the method to different

EMC scenarios the whole system must first be modelled as a set of coupled circuits.

2.2.4 Transmission Line Matrix Method

The TLM method was proposed by Johns and Beurle [42] in 1971. Initially the method
was implemented into 2D. In this 2D method Telegrapher’s equations for a lossless 2D trans-
mission line are identical to Maxwell’s equations in 2D, under transformations of electro-
magnetic fields into transmission line currents and potentials, and physical material pa-
rameters into the capacitance and inductance of a transmission line. This implies that 2D
electromagnetic problems can be modelled by a 2D transmission line. In the TLM method
a mesh of transmission line segments, connected in parallel, are used to approximate the
continuous space in a discrete way. These segments connections are known as shunt con-
nections. It is also possible to connect the segments in series, as outlined in [43, p.71-90],

however the underlying mathematics is identical for both the series and shunt connections.

Figure 2.5 shows a shunt connection of two transmission lines. Each of these lines

has an equal impedance Z; in free space. Scattering of the electromagnetic field in the TLM

mesh is considered by relating the four incident voltages V7" at each node to the scattered
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Figure 2.5: A shunt connection: the junction of two transmission lines for the 2D TLM method.

voltages V7°%* by a scattering matrix S as

Y 1iscat Si1 S12 S13 S v
visat | | Sp Sp Sum Su || VA" (2.19)
p3scat S31 S32 O33 O34 yam
174,5cat Ss1 Si2 Siz Sus pn

This matrix equation can be investigated by considering a pulse incident on one of the lines
connected to the node. The load seen by this line is the combination of the loads on the
remaining three lines, which are connected in parallel. These lines each have an impedance
Z), and therefore the load seen by the line with the incident pulse is Z;/3. The reflection

coefficient of the incoming pulse, which is represented by the diagonal elements of S, is

Z/3-2; 1
o ——————————— g . 2-20
%l = Z, /13+2Z 2 (220)

The non diagonal elements of S represent the transmission coefficients to the other three

lines. In the case of the pulse this produces transmission coefficients

1
Sik =14 85j; = 3" (2.21)
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Thus the scattered voltages on each of the lines due to the incident pulse are calculated by

Vl ,8cat —1 1 1 1 V 1,tn

V2,scat 1 1 -1 1 1 V2,t'n -
V3,3c:at - 2 1 1 -1 1 V3,in ( . )
V4,scat 1 1 1 -1 V4,in

In the TLM mesh these nodes are all connected, thus the scattered voltage pulses from one
node become the incident voltages for the adjacent nodes. Different boundary conditions
may be added into the TLM mesh, and material properties within the mesh may be intro-
duced by altering the scattering matrix. Details on the implementation of the boundary

conditions and materials properties into the 2D method are given in [43, p.95-105].

In 1986 Johns [44] proposed a successful 3D implementation of the TLM method. This
3D implementation is fairly complex because two independent electromagnetic polarisa-
tions are possible in each direction, thus a 3D TLM mesh must have two transmission lines
for each direction. Johns suggested the symmetrical condensed node, which has 12 transmis-
sion lines entering it. These transmission lines are assigned to the two possible polarisations
on each of the six faces of the cube containing it. Using this node the TLM method works in
much the same way as for the 2D case, using scattering matrices to relate the incident and
scattered voltages at each node. These incident and scattered voltage pulses are calculated at
discrete time steps. The voltage at each time step is then transformed to the corresponding
field at that time step, resulting in the time domain response of the electromagnetic fields,
at discrete points in the mesh. For more details on the 3D TLM method see [43, Ch.6].

Previous work has shown that the TLM method is numerically equivalent to the
FDTD method [45]. In much of the work in this thesis the Error and Uncertainty analyses are
applied to the FDTD method. The similarities between the TLM and FDTD methods mean
that these UAs should also be applicable to the TLM method. Time domain methods such
as the TLM method and the FDTD method are most suitable to bounded electromagnetic
problems containing many regular geometric bodies. Since these time domain methods are
converted into the frequency domain via a FFT the frequency response obtained is broad.
The frequency domain methods are often more suitable for forming frequency responses
over narrower frequency bands. To increase the accuracy of the TLM and FDTD methods,
or to obtain reliable data at higher frequencies, more nodes need to be introduced into the

TLM and FDTD meshes. Introducing more nodes increases the computational expense of
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these time domain methods.

This section has considered a number of popular CEM methods that are used in EMC

analyses. The UAs introduced in Chapter 4 may be used to estimate the uncertainty in all of
these CEM methods. In the next section the FDTD method is described in detail. The error

and uncertainty in different FDTD simulations are determined in Chapters 5-7.

2.3 The Finite Difference Time Domain Method

In 1966 Yee [46] published a numerical method for solving electromagnetic problems
in the time domain. This method, known as the Finite Difference Time Domain (FDTD)

method, is based on Maxwell’s equations for electric and magnetic fields. The differential
operators in Maxwell’s equations are approximated by finite difference equations. These
approximate equations can be solved for numerically subject to some general input param-

eters. What follows is a detailed discussion of the FDTD algorithm.

2.3.1 Finite Difference Time Domain in One Dimension

The propagation of electromagnetic waves is determined by Maxwell’s two curl equa-

tions. In their most general form these equations are [47, p.341]

0B
and VxH = %?— + J (2.24)

where E is the electric field, D is the electric displacement field, H is the magnetic field, B
is the magnetic flux density and J is the electric current density. For simplicity, consider the
case where the electromagnetic fields are propagating through a linear, isotropic, homoge-
neous dielectric with a permittivity, permeability and conductivity denoted by ¢, ¢ and o

respectively. In such a media the following relations hold:

D = ¢E (2.25)
B = uH (2.26)
andJ = c¢E. (2.27)
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Substituting equations (2.25)-(2.27) into equations (2.23) and (2.24) yields

JH
and VxH = e%—? + oE. (2.29)
Equations (2.28) and (2.29) can be rewritten in index notation as
0H, 1 (0E, aE,,
ot ( 0z Oy ) (2.30)
oH, 1 (0E, BE_,,,.
ot ; ( Oz 0z ) (231)
O0H, 1 (OE, OF,
= = it 32
ot 7 ( Oy or ) (2.32)
and
OFE 1 /0H, OH,
Z = - Y _gFE, 2.33
ot € ( oy 0z ok ) (2:33)
OF, 1 /0OH, O0OH,
Yy . - - % _ 2.34
ot € ( oz ox JE”) (234)
z . {2y _Zz2_LE ). 2.35
ot € ( dr oy z) (2:39)

Consider an electromagnetic wave propagating in the negative z-direction, with its electric

field component oriented in the z-direction, and its magnetic field component oriented in

the y-direction. For this particular electromagnetic wave Maxwell’s equations reduce to

OH, 1 0E,
A — — ety 2- 6
ot p or (2:56)
OF, OH,

5 = - (_5;- oF ) (2.37)

The above two equations are a set of hyperbolic partial differential equations. In 1960 Lax
and Wendroff [48] proposed the use of a central derivative approximation to solve such

equations. For a function f(z) the central derivative approximation takes the form

0f(x) _ flz+h/2) — f(z — h/2)
Ly i RS (2.38)

where & represents a small constant. This approximation is a finite difference approxima-

tion, and is the origin of the first half of the name of the FDTD scheme. Applying the finite
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difference approximation to equations (2.36) and (2.37) yields

Hyz,t+ Atj2) - Hy(z,t — At)2) _ 1B (z+Az/2,t) - Ex(z - Az/2,t) ) 5
At T Az |

and

At € Az
~ oE,(z, t)) : (2.40)

E(z,t+At/2) — By(z,t — A/2) 1 (Hy(x +Az/2,t) - Hy(z - Az/2,1)

Here At represents a small interval in time and Az represents a small interval in space.

Notice that E, is evaluated at three different points in time, in equation (2.40). If another

approximation is made, namely

— At/2
(o t) ~ 2Bt A2 £ Baly b~ D) 241

then equation (2.40) can be rewritten as

E.(z,t+ At/2) — E,(x,t — At/2) 1 (Hy(z+ Az/2,t) — Hy(z — Az/2,t)
At € Az
. E;(z,t+ At/2) ;—Ez(:c,t — At/2)) | (2.42)

The electric field is only evaluated at two places in equation (2.42). Equations (2.39) and

(2.42) may be rewritten as

t Az/2,t) — Ey(z — Az /2, t
Hy (o, 1+ Bt/2) = Hy(ayt — Aj2) + SHEE T EIRDEBE S0 o)

and

1 - Ato/2¢
mEz(x,t — At/2)+

At H,(x+ Az/2,t) — H,(z — Az/2,t)
e(1 + Ato/2¢) ( y Az y ) ' (249)

E.(z,t+ At/2) =

Using equation (2.43) the magnetic field can be calculated at a position z and time t + At/2,
on the condition that the magnetic field is known at the same position and a time At before,
and the electric fields are known at positions Az /2 either side of z and at a time At/2 before.
The electric field can be calculated, at a position z and time t + At/2, in a similar way by
using equation (2.44).
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To calculate the electric fields and magnetic fields along some interval of the z-axis
for some interval in time, space and time must first be discretised {49, p.75-79]. Spatially
the interval on the z-axis can be split up into points that are separated by Az, where the i'th
pointis given by x; = iAz. Similarly time can be split into time steps At, where the n’th time
step is denoted as ¢, = nAt [49, p.75-79]. This forms a mesh of points in space and time. If
the electric field is evaluated at the points z; and at times ¢,, then the magnetic fields may be
calculated at points z;, 1/, and times t,,, 1 /2 by using equation (2.43). The fields E,(z;, ;) are
denoted as E7 (i) from now on for ease of notation. Applying this discretisation to equations

(2.43) and (2.44) yields [46]

) . v} — AtEﬂ 1 1 ""E;'(i - 1)
HPHY2(5 4 1/2) = HPV2(i +1/2) + - _‘("“")“5?“_ (2.45)
and
~ 1—Atof2¢ ., .
n+1 .
B0 =1 At o 0 T
n+1/2 n+1/2,.
At (H7TTG+Y2)-Hy ' T 1/2) (2.46)
e(1 + Ato/2¢) Ax

It is convenient to collect the material parameters and the time and spatial steps together to

give
— Ato [2¢
= 247
YT 1+ At [2¢ (2:47)
At
= ——————————— 248
g Aze(l + Ato/2¢) (248)
At
2.49
and 7y = 7. (2.49)

Using these terms the FDTD update equations become

HPYY2(3 41/2) = HP Y2 (i +1/2) + v (E2(i + 1) — EP(i — 1)) (2.50)

and
EMH(i) = oET(3) + B (H;H/?(i +1/2) - HPH2(i - 1/2)) (2.51)

If the electric fields are known at positions z; and z; + Az, at time ¢,,, and the magnetic
field is known at position z; + Az/2, at time t, — At/2, then the magnetic field can be
calculated at position z; + Az/2 and time ¢, + At/2, using equation (2.50). Similarly the
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Figure 2.6: The FDTD mesh points in one dimensional space and time. The electric field is evaluated at the dots
(©) and the magnetic field is evaluated at the crosses (x). The arrows represent the three field values that are
used to calculate the next field point in time.

electric field can be calculated using knowledge of the fields at previous time steps using
equation (2.51). This forms the basis of the staggered (or leap-frog) FDTD scheme [49, p.77]:
electric and magnetic fields are updated at spatial positions set at half a cell apart and at
alternating half integer time steps. Figure 2.6 represents the space-time mesh points in 1D,

and shows how each field is updated by using other field values from previous time steps.

The update equations (2.50) and (2.51) represent the FDTD algorithm for the propa-
gation of electromagnetic waves along the z-axis. To use these equations the electric and
magnetic field values need to be given initial values at time ¢ = 0. Initially the field values
are set to zero to represent free space. To initialise an electromagnetic wave in the one di-
mensional mesh a certain amount of electric field is added in at certain points in the mesh
over a number of time steps. The amount of field added in at each time step, and the points
at which the field is added, depends on the input excitation that is being modelled. The
input excitation for position 7 and time step n may be represented as EZ(3). Adding this

input excitation into the FDTD update equation (2.51) yields
EMi) = aE?i)+ 8 (H;‘“/?(i +1/2) = H}*/3(i - 1 /2)) + ET _(1). (2.52)

It is possible to add in other input excitations such as the fields arising from currents and
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potential differences.

The 1D FDTD update equations (2.50) and (2.52) are relatively easy to implement into
a computer code, and can be used to provide an efficient and accurate way of studying
1D electromagnetic problems. In the real world however, electromagnetic experiments are

performed in 3D. The 3D FDTD update equations are introduced in the next section.

2.3.2 The Finite Difference Time Domain Method in Three Dimensions

So far the FDTD update equations have been derived for the case of a 1D electromag-
netic wave polarised in the z direction. The derivation can be easily scaled up to form the
FDTD scheme in 2D and 3D. To obtain the 3D FDTD scheme, central derivative approxima-
tions are applied to equations (2.30)-(2.35). These equations are then discretised into time
t = nAt, and space z = iAz, y = jAy and z = kAz. By using a uniform spatial step size Al
in all spatial directions, the 3D FDTD update equations may be written as

1 -1 .
Hz 2(i,j+3,k+3) =Hy *(i,+3,k+3)+7 (E{,'(i,j’+ hE+1) = By, 5+ 4, k)

LBkt )~ B+ 1+ ) (2.53)

+3 /. : —3/: . - - d
H; 2(z+%,3,k+%) =H: z(z-l-%,j,k"l"%)'f"?’(Eg(z'l'l:]:k"_%)“E?(Q':Jfk"_%)

BRG+4,3,0) — F2G+ 3,3,k + 1)) 259

1 n_l _ . . .
Hy 3+ 1,5+ 1,k)=Hy 2(i+ 1,5+ 3,k) +9 (E;‘(z+ L,j+1,k) - EXi+ ,5,k)

+E3 (1,5 + 4, k) -—E;‘(i+1,j+-,1-_,-,k)) (2.55)
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Figure 2.7 Electromagnetic field values required to calculate H;*" 2(i4+1/2,7+1/2,k).
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EZtH(i+ 1,4, k) —-aE"(z+;,:,k)+ﬂ( ECESWESWORY: Ll W RN,

n4-
+Hy T3+ 3,5,k - 1) - Hy+2(z+;,1,k+ 1)) (2.56)

(i, 5+ 4, k) =aED(i,j + 3 k)+ﬁ(Hx+"‘(tJ+ ) - HI G+ 4k~ )

FHMI G2 LR — HET R 15+ ) k)) (2.57)

1 ntd, . :
BV (i g k+ 3) =eEl(i,5,k+3) + (H?*“‘(H Lak+3) - Hy 2(i- 35 k+1)

1
HMY GG — 3 k+ 1) - HET R, +%,k+%)) 2.58)

29

where the material parameters and temporal and spatial step sizes are combined to form

1 - Ato/2¢
YT I+ Ato/2e (259)
At
p= Ale(1 + Ato/2¢) (2.60)
At
and v = ” 7 (2.61)

The material parameters in equations (2.59)-(2.61) need not be isotropic nor homogeneous.
To model an inhomogeneous anisotropic material, different material parameter values need

to be stored for different cell positions and for the different field directions.

The 3D FDTD update equations use field values calculated at staggered cell positions
and half integer time steps to update the next set of field values. Starting at time ¢ = 0 with
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all electric and magnetic field values equal to zero, the magnetic field values at positions half
a step away from the nodes of the FDTD mesh may be calculated. These are then used to

calculate the electric field at the next half integer time step at the nodes of the FDTD mesh. A

certain amount of input excitation may then be added into the electric field values. This field
will propagate through the mesh in space and time as the field values are updated at each
time step. Figure 2.7 shows the field values required to calculate the H, field component:

the required field values surround the H, component. This is the case for the update of all

the field components.

To complete the FDTD update scheme, the update of the fields near the boundary
of the problem space needs to be considered. It is impossible to calculate the field values
over an infinite problem space as this would require an infinite amount of computer time
and memory. Instead the problem space is confined to a bounded volume. This volume
forms a cuboid, the edges of which correspond to the nodes of the mesh, where the electric
field values are calculated. Since FDTD update equations use field values surrounding a
node to calculate the electric field at the node, some value of the magnetic field outside of
the problem space is required to update the electric field at a node on the boundary. The
magnetic field is not known outside the problem space, and so the FDTD update equations
cannot be used to update the electric field at the boundary. Certain boundary conditions
are required to enable the calculation of the electric field at the boundary. These boundary

conditions are described in more detail in the next section.

2.3.3 Boundary Conditions for the Finite Difference Time Domain Method

There are a number of boundary conditions that may be used alongside the FDTD
method. Three such methods are described briefly in this section. These are a Perfectly
Electrically Conducting (PEC) boundary, Mur’s Absorbing Boundary Condition (ABC) and
Bérenger’s Perfectly Matched Layers (PML).

Perfectly Electrically Conducting Boundaries

PEC boundaries are perhaps the simplest type of boundaries. These boundaries are
used to simulate the enclosure of the problem space in a metal structure such as a reverbera-
tion chamber. To implement these boundary conditions the electric field is set to zero at the

nodes on the boundary. These boundaries will have zero transmission, reflecting all waves
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that are incident upon them.

Mur’s Absorbing Boundary Conditions

Often CEM simulations are used to model the scattering of electromagnetic fields in
free space. In these cases boundary conditions are required that give no reflection of elec-
tromagnetic waves back into the problem space. The required boundaries must transmit
(or radiate) all outgoing waves to simulate what would happen in free space. Engquist and
Majda [50] considered the use of one-way wave equations to simulate outgoing waves at
the boundary [49, p.244]. Mur [51] formed simple ABCs by applying finite-differences to
these wave equations. These boundary conditions are really radiating boundary conditions,

however Mur referred to them as absorbing boundaries because the boundary effectively

absorbs all the waves that radiate out of the problem space.

To derive the Mur ABC in 3D at the free space boundary z = 0, consider the wave

equation

2 2 2 2
oFf oF OFf 197 (2.62)

0z2 Oy 022 2 Ot
where f is a scalar field component and c represents the speed of light in free space [49,

p.247]. Defining a differential operator

9 8 8 1 8 0 1
- Y 9 29 _ D? + D2 - = D? 2.63
- 3x2+8y2+8z2 c? OtZ Do+ Dy +D; = 5l (2.6)
equation (2.62) may be rewritten as
Lf=0. (2.64)
It is possible to factorise this equation [52, p.244-247] to give
Lf=LYL"f=0 (2.65)
where
I+ =D, + %\/1 = (2.66)
L~ =D~ 2V/1- 5 (2.67)

S (CNES
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Equation (2.65) can be separated into two equations as

Ltf=0 (2.69)
L~ f=0. (2.70)

At this point the Taylor series expansion of v/1 — S? may be truncated to form simplified
approximate solutions of (2.69) and (2.70). The so called first order Mur ABCs are formed

by truncating the square root as

vV1-52=1. (2.71)

This truncation is valid for small values of S, or more physically when the outgoing wave

is normal to the 2 = 0 boundary, and the partial derivatives in the y and z direction are
therefore equal to zero. In reality outgoing waves are not always normal to the boundaries
in 3D. This results in a reflection of some of the outgoing wave back into the problem space,

which creates an error in the final result.

Substituting the Taylor series truncation (2.71) into equations (2.69) and (2.70) yields

(D,T + Qi) f=0 (2.72)

( D*) f=o. 2.73)

Applying finite differences to these equations at the z = 0 boundary leads to

F70) = /1) + s () - £7(0)) @74

A similar equation is obtained for the upper boundary z = N; Az, namely

cAt - Azx

T AL (f*tH (N = 1) = fY(Nz)) (2.75)

YN = (N, = 1) +

where N is the highest cell position in the z direction. The scalar field component f may
be substituted with Ej, or E, to obtain the update equations for the field components at the
boundary z = 0. Similar equations are obtained for the update of the electric field at the

exterior boundaries in the y and z directions.

Mur’s simple ABC has been shown to be successful [49, p.248] when implemented
within the FDTD method. These ABCs will be used in the implementation of the FDTD

method in this thesis. The inaccuracy of the Taylor series approximation used to form these
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first order ABCs has already been highlighted. Further errors will be introduced into the
FDTD simulation by the finite difference approximations that are used in forming the ABCs.
The errors formed by the approximations used to form the Mur ABCs will be discussed in

more detail in Section 2.4.2.

A considerable number of alternative boundary conditions have been proposed since
Mur’s ABC. Trefethen and Halpern [53] generalised Mur’s ABCs for higher order approxi-
mations to give better accuracy. Higdon [54] proposed a method to cancel out the outgoing
waves, which are incident upon the boundary at different angles, using a linear combina-
tion of plane waves. These methods, and other similar methods showed some small success
in increasing the accuracy of the boundary conditions. However it was not until 1994 that
a significant improvement in the accuracy of boundary conditions was made by Bérenger

[55]. Bérenger proposed the use of a PML to absorb all outgoing waves. This method is

described in more detail in the next section.

Bérenger’s Perfectly Matched Layers

Bérenger’s PML produces significantly less unwanted reflections at the boundary of
a FDTD mesh than Mur’s ABC [33, p.516]. The PML is based on the fact that a plane wave

incident on a half space has zero reflection (perfectly matched), so long as the material pa-

rameters of the half space are [33, p.516]

g9_2. (2.76)

In the above equation ¢y and g are the usual permeability and permittivity of free space
respectively, and o and o* are the electrical and magnetic conductivity of the half space
material respectively. The use of magnetic conductivity assumes the existence of magnetic
monopoles, which cause Maxwell’s equations to become symmetric: a phenomenon known
as electromagnetic duality. The existence of magnetic charge may be an exciting concept
for mathematicians and theoretical physicists, however for Bérenger’s PML the physical
existence of magnetic monopoles is immaterial. Assuming the existence of magnetic charge

at the boundary does not affect the physics of the interior of the FDTD mesh except to reduce

the unwanted reflections from the boundary.

The above condition works well to reduce the reflection of normally incident plane

waves. However, a wave that is not normally incident on the exterior boundary will not
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be perfectly matched [33, p.516]. To overcome this problem Bérenger proposed that the
magnetic field components may be artificially split into two subcomponents each with an

associated magnetic conductivity [33, p.516). Bérenger originally proposed the use of a PML
in 2D. By splitting the magnetic fields near the 2D boundary, Maxwell’s equations become

€0 aaf” = a;;z — oy E;, (2.77)
50%”%%’- — _a;i, — 0,E, (2.78)
1o agim = -%Ef — 0 H,s (2.79)
10 8‘;’;‘*” = aag‘" — oy Hyy (2.80)

where the magnetic field is split into H, = H,, + H,,, and the conductivities associated
with different components are represented by o3, 0y, 0} and o, [33, p.516]. This splitting
of the magnetic field allows waves, which are incident on the PML at any arbitrary angle
of incidence, to be perfectly matched. Incident waves are in effect decomposed into their

different oriented components, which are then matched separately by setting

€0 1o € Mo

To implement the PML at the upper z boundary set o, = 0} = 0 and let 0, = gz¢€0/p0

be a constant [33, p.516]. Under these conditions, the solution of the modified Maxwell’s
equations (2.77)-(2.80) become [33, p.516]

H, = HyeV-1wt) g-V=1(w/c)(z cos $+ysin ) g~(05 cos ¢/eoc)z (2.82)
E-= (_:zsm¢+gcos¢),/£:§m (2.83)

for a wave travelling with an angular frequency w, at an angle of ¢ to the positive z-axis,
in the z-y plane. The constant ¢ in equation (2.82) represents the speed of light and Hp is
the amplitude of the magnetic field. The energy of the outgoing wave is dissipated through
the exponential decay factor, thus zero reflections are obtained so long as the values of z are
allowed to be infinitely large [33, p.516). Since the fields decay exponentially with z, expo-

nential differencing must be used to discretise equations (2.77)-(2.80). The update equation
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obtained for equation (2.78) is [33, p.516]

n+1/2( + ,J'l"l)-‘ ?+1/2(Z—%,]+%)

Epti(i,j+1) = E}Mi,j+1) - —-—(1 e""’“a"‘/“’) Az

(2.84)
This 2D derivation of the PML was later extended to 3D by Katz, Thiele and Taflove [56].

For practical implementations the PML thickness is truncated, at some distance where

most of the outgoing energy is absorbed [33, p.517]. A PEC boundary is then used at the out-
ermost points, which causes some reflection of outgoing waves back into the mesh. These
reflections, however, are significantly smaller than the reflections produced by Mur’s ABCs.
The thicker the PML boundary, the smaller the reflections back into the FDTD mesh, but the

larger the computational expense. Research has been carried out to obtain the optimal thick-
ness of the PML boundary required to balance the accuracy with the computational expense
of the boundary condition [57]. Although the PML has been shown to be more accurate than
Mur’s ABC, it is also more complicated to implement and requires extra computational ex-
pense. Therefore, the Mur ABC is used in the implementation of the FDTD method in this
thesis.

The different boundary conditions that may be implemented into the FDTD have
been discussed in this section. The next section describes a more accurate FDTD scheme,
which makes use of higher order finite difference approximations of the partial derivatives

in Maxwell’s equations.

2.34 A Higher Order Finite Difference Time Domain Method

This section briefly outlines a higher order FDTD method first introduced by Fang [58]

in 1989. This method relies on higher order finite difference approximations of the deriva-
tives in Maxwell’s equations. These higher order derivatives make Fang’s FDTD scheme

more accurate than the original scheme proposed by Yee. The order of accuracy of Yee's

FDTD method and Fang’s higher order method are discussed in more detail in Section 2.4.

The following discussion of Fang’s higher order scheme is as given by Taflove in [52, p.76-

77].

Fang proposed the use of the higher order temporal derivative

n+1/2 n n n+1/2
(Qf.) — A i _(ay? (%%) + O(At)* (2.85)
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in Maxwell’s equations. If f is a variable representing the electric or magnetic field then its
third order derivative with respect to time can be related to different spatial derivatives, of
the electric and magnetic fields, using Maxwell’s equations. This results in the relations [52,

p.77]

FH 1 1 1 o
PE 1 1
2
?-Vx(-l-VxE)+22—(VxH-—-crE). (2.87)
€ 7 €

These expressions are greatly reduced for the 1D case, or for the case where the permeability,
permittivity and conductivity are constant. The spatial derivatives in equations (2.86) and
(2.87) are approximated by second order central derivatives in Fang’s FDTD scheme. The
other spatial derivatives appearing in Maxwell’s equations are approximated by a higher

order spatial derivative, namely

of _21(f(i+3)—-fG—-3)-(fGE+3)-f(i—3)) .
o= T 22+ 0(A *) (2.88)

where f denotes the scalar field components used in Maxwell’s equations. These deriva-

tive approximations are chosen to maintain the order of accuracy of the higher order FDTD

scheme.

This higher order FDTD scheme provides higher order derivative approximations for
the derivatives in Maxwell’s equations. Once again only the fields from the previous half
integer time step are required to update the fields at the next time step. The scheme may well

be more accurate than Yee's original FDTD scheme, however the scheme is more difficult to
implement and more computationally expensive, especially in 3D and when the material

parameters vary spatially.

Fang’s higher order FDTD scheme will be investigated as a possible method that may
be used to analyse the error in simulations performed using Yee’s original scheme. This is
described in more detail in Chapter 4. In the next section the stability criteria is introduced.

This criteria maintains certain physical laws within the FDTD schemes.
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2.3.5 Stability Criteria

In one time step the FDTD scheme allows the field at one point to affect the field
values at only the nearest points. It is therefore important that the time step is small enough

to record the effects of a wave passing through the problem space. If the time step is too
large, then a wave may have passed over a number of points before the field values at these

points are updated: this causes the simulated solution to become unstable. To maintain
stability in 3D the time step is chosen so that a wave travelling at the speed of light ¢ will
not pass by one cell before the field values are updated at the next time step. This causes the
time step to take on a maximum value, namely
1/1 1 1)\°2
A‘SE(Z}?JFKJE“LE;?) : (2.89)
This temporal step size limit is known as the Courant limit [49)]. The Courant stability crite-

ria asserts that the speed of light limits the rate at which information is propagated through
the FDTD mesh [33, p.503]. If a uniform spatial step Al is used in each direction then

Al
At < —. 2.90
T cV3 20
Similar stability criteria may be obtained for the 1D and 2D FDTD methods. For the 1D case

stability is maintained so long as

At < %E (2.91)

and in the 2D case the stability is maintained so long as

At < ;—Ay_%. (2.92)
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