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Abstract 

Within the electronics industry there is a continual demand for DC-DC power 

converters that achieve high power density at low cost. Since a piezoelectric transformer 
(PT) has an electrical equivalent circuit that is similar to several resonant converter 

topologies, a PT can be used to replace many of the reactive components in these 

topologies with a single ceramic component, thereby offering potential savings in cost, 

size, and mass. 

The first part of this thesis presents a new equivalent circuit model for one of the most 

promising types of PT, the radial mode Transoner. This model relates the electrical 

characteristics of the PT to the physical dimensions and material properties. 
Considerable insight is then gained about how to design these devices to meet a 

particular set of converter specifications whilst simultaneously maximising PT power 
density. 

The second part of this thesis concerns the effect of the rectifier topology on PT power 
density. Using concepts from material science, together with equivalent circuit models 

of both the PT and the rectifier topologies, it is shown that a given PT will always 

achieve a higher thermally limited maximum output power when used in an AC-output 

topology compared to a DC-output topology. 

The half-bridge inductor-less PT-based converter topology is particularly attractive 
because it requires no additional components between the half-bridge and the rectifier. 
However, it is difficult to achieve zero-voltage-switching (ZVS) without significantly 

compromising PT power density when using this topology. The third part of this thesis 
details the development and experimental verification of a new model for the ZVS 

condition. Using a normalisation scheme and numerical optimisation techniques, the 

requirements for achieving inductor-less ZVS are accurately quantified for the first 

time. The impact of these requirements on PT power density is assessed, and design 

guidelines for maximising PT power density are given. 
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Summary 

This thesis presents novel contributions in three areas of piezoelectric transformer (PT) 

technology: 

1) A model and analysis of the radial mode Transoner PT. 

2) An analysis of the effect of the rectifier topology on PT power density. 

3) An analysis of the requirements for achieving zero-voltage-switching with the 
inductor-less half-bridge PT-based topology, and the effect of these 

requirements on PT power density. 

The radial mode Transoner is currently the most promising PT design for many DC-DC 

converter applications. However, quantitative PT design and power density optimisation 

require equivalent circuit models that relate the device geometry and material properties 
to the electrical characteristics of the PT. Chapter 2 details the development of a Mason 

equivalent circuit for a simple radial mode Transoner design. Once simplified to a 
lumped equivalent circuit, this is shown to agree with one of the existing models 

proposed in the literature. The first part of this chapter may therefore be considered as a 
theoretical proof of this model. The model is verified experimentally using 15W radial 

mode Transoner samples. 

A new model for the radial mode Transoner is then proposed in Chapter 3. Unlike 

previous models, this includes many of the features that are currently being employed 

by those at the forefront of the PT industry: electrodes that do not extend to the outer 

radius of the device (a manufacturing constraint), differing electrode radius in the input 

and output sections, and the use of additional sets of electrodes (for control or power 

purposes). Analysis of this model from a power converter perspective is provided, and 

guidelines for maximising PT power density are given. 

The effect of the rectifier topology on PT power density is considered in Chapter 4. 

Here it is shown for the first time that, for a given PT, the use of a rectifier results in a 
lower thermally limited maximum PT output power than the AC-output topology. 
Furthermore, the DC-output capacitively smoothed topologies achieve a lower 

maximum output power than the DC-output inductively smoothed topologies. Hence, 

there is a trade-off between the increased PT power density offered by the latter, and the 
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additional cost and space requirements of the inductor(s). The variation in the number of 
layers required in the output section of a radial mode Transoner with each type of 

rectifier is also considered. 

In many ways the inductor-less half-bridge topology is the most attractive PT-based 

topology because no other components are required between the half-bridge and the 

rectifier. However, it has been known for some time that PTs designed for inductor-less 

operation achieve lower power density than those designed for with-inductor operation. 
In Chapter 5, a new model for the zero-voltage-switching (ZVS) condition in the 
inductor-less topology is presented and verified experimentally. Unlike previous 

models, the accuracy of this model is indistinguishable from a SPICE simulation, and is 

therefore as accurate as the standard lumped equivalent circuit representation of a PT 

will allow. Through the use of a normalisation scheme, and numerical optimisation, it is 

shown that the ability of a PT to achieve inductor-less ZVS is dependent only on the 

output topology, the loading factor, the ratio of the effective capacitance at the PT input 

to the PT output capacitance referred across the transformer turns ratio, and the PT 

efficiency. 

Chapter 6 considers the design requirements for achieving inductor-less ZVS with radial 

mode Transoner PTs. It is shown that a radial Transoner with a given sized output 

section, operating with a matched load, will require a larger input section if it is 

designed for inductor-less operation compared to with-inductor operation. The resulting 
decrease in PT power density is quantified. It is found that the power density of a radial 

mode Transoner that is capable of inductor-less ZVS is maximised by designing the PT 

such that the maximum required output power is to be delivered at the load condition 

which maximises PT output power for a given equivalent circuit tank current, even 

though this load condition requires the largest input section to achieve ZVS. 

The decrease in PT power density that occurs when moving from a with-inductor to an 
inductor-less design is greatest with the AC-output topology, and smallest with the DC- 

output capacitively smoothed topologies. However, when combined with the results 
from Chapter 4, it is concluded that higher overall PT power density is still achieved 

with the inductor-less AC-output topology compared to the inductor-less DC-output 

topologies. 
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Finally, it is demonstrated in Chapter 7 that, if a half-bridge inductor-less PT-based DC- 

output capacitively smoothed converter is designed such that it just achieves ZVS at the 
load into which maximum power is to be delivered, then it is also capable of 

maintaining ZVS whilst using frequency modulation to provide output voltage 

regulation in response to load changes. It is also shown that the dead-time must be 

adjusted substantially in order to do this, and that practical implementation of this 

converter topology would therefore require some form of adaptive dead-time control. 
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Nomenclature 

Symbol Description Units 
A "Force factor" newton per volt 
A, , A2 , A3 , 
B, , B2 1 B3 

Constants in the equations of motion (Chapters 2 
and 3 only) 

B, , B2 , B3 , B4 
Constants in the solutions to the differential 
equations which describe the behaviour of modes 
1 and 3 (Chapter 5 only) 

a, b, c 
Radii of the various regions within a radial mode 
Transoner PT meter 

C Capacitance farad 

d Piezoelectric constant 
meter per volt, 
or coulomb per 
newton 

D Electric displacement coulomb per 
square meter 

D (superscript) At constant electric displacement 
E Electric field volt per meter 
E (superscript) At constant electric field 
f thickness fraction 
F Force newton 

I Current ampere 

Jo Bessel function of the first kind and zero order 
M Bessel function of the first kind and first order 
kP Planar coupling factor 
k31 Transverse coupling factor 
k33 Longitudinal coupling factor 
k, Thickness coupling factor 
I Length meter 
L Inductance henry 

M 

Loading factor. Defined as the ratio of the actual 
load resistance to the load resistance which 
maximises total PT output power for a given tank 
current. 

n Number of layers 

N 
Equivalent number of turns on an ideal 
transformer 

P Power watt 
p , ry Power density watt per cubic 

meter 
P An effective radial Young's modulus newton per 

square meter 
Q Charge coulomb 
Q. Mechanical quality factor (of a single material) 
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Effective mechanical quality factor of the 
com lete device 

r Radial coordinate meter 
1) Resistance (always appears with a subscript) 
2) The first positive value that satisfies the 1) ohm R equation governing the location of the radial 2) 
resonances. 

s Elastic compliance square meter 
per newton 

S Strain 
S (superscript) At constant strain 

1) Time 1) second t 2) Thickness 2) meter 
Dead-time. The length of time between one 

td MOSFET turning off and the other MOSFET second 
turning on 

tdf Dead-time fraction, tdf = td IT 
The thickness of the piezoelectric ceramic in a tin 
single input section layer meter 
The thickness of the piezoelectric ceramic in a tout 
single output section layer meter 

t The thickness of the piezoelectric ceramic in a t te. single tertiary section layer me er 

rota, 
The total thickness of piezoelectric ceramic in the t`� 
input section. t; � °' = n, �t, � 

meter 

total The total thickness of piezoelectric ceramic in the 
tout output section. t0 ,= nauttaut meter 

total The total thickness of piezoelectric ceramic in the 
tier tertiary section. t;. 

l=n,,, tter meter 
ttatal The total thickness of the PT meter 

1) Stress 1) newton per 
T 2) Switching period (i. e. the inverse of the square meter 

switching frequency) 2) second 
T (superscript) At constant stress 

1) Voltage 1) volt 
v 2) Vibration velocity 

2) meter per 
second 

V Voltage volt 
vd The on-state voltage drop of a single rectifier volt diode 

The ratio of the on-state voltage drop across a 
vq 

single rectifier diode to the voltage across the 
load resistance 

W Width meter 
x, , x2 , x3 Cartesian coordinates meter 

x A normalisation factor defined as 
C' 

N 'C., 

Y A normalisation factor defined as 
C`f 

N2Co, 

X 



Y Y. The largest value of Y at which inductor-less 
ZVS can be achieved. 

YE Young's modulus of the electrode material newton per 
square meter 

Y, Young's modulus of the isolation material newton per 
square meter 

YX " 
modulus of the non-piezoelectrically newton per 

active (i. e. un oled ceramic material square meter 
Y, An effective radial Young's modulus newton per 

square meter 
Y Effective longitudinal Young's modulus newton per 

square meter 
Yo Bessel function of the second kind and zero order 
Y Bessel function of the second kind and first order 
z Axial coordinate meter 
z Electrical impedance ohm 

An angle in the models for the inductively 
a smoothed rectifier topologies (Chapters 4,5, and radians 

Appendix B only). 
Constants in the solutions to the differential 

a, , a2 equations which describe the behaviour of modes 
1 and 3 (Chapters 5 and 7 only) 
1) Impermittivity (Chapter 1 only) 1) meter per 
2) Equivalent wave number (Chapters 2,3, and farad 
Appendix A only) 2) radians per 
3) An angle in the models for the inductively meter 
smoothed rectifier topologies (Chapters 4,5, and 3) radians 
Appendix B only). 

Q1 
, 

82 Equivalent wave number in regions 1,2, and 3 radians per 
1 

respectively (Chapter 3 only) meter 
Constants in the solutions to the differential 

Q, 

, . 82 equations which describe the behaviour of modes 
1 and 3 (Chapters 5 and 7 only) 

e Permittivity farad per meter 

Phase angle of the tank impedance degrees or 
radians 

9 Azimuthal coordinate 
degrees or 
radians 

P Mass density kilogram per 
cubic meter 

Poisson's ratio 
Effective speed of sound in a composite device meter per 

second 

w Angular frequency (2; r. frequency) radians per 
second 

Displacement meter 
Loss factor (the inverse of the electrical 
efficiency of the PT 
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Chapter 1- Introduction 

1.1 Power supplies 

Within the electronics industry there is a continual drive to make products that are 
smaller, cheaper, and lighter, with ever increasing functionality. A power supply of 
some form is present in the vast majority of end-user products, and is subject to similar 
demands; greater power density (power per unit volume), lower mass density (mass per 
unit volume), and lower cost. More recently, concern about the unsustainable manner in 

which energy is currently being "used" has led to high efficiency becoming increasingly 

important, and the introduction of various standards. However, high efficiency and high 

power density are usually intrinsically linked. 

Switch mode power supplies (SMPS) have become the power supply of choice in both 

AC-DC and DC-DC applications. Since they operate at much higher frequencies than 

the mains supply, the reactive components can generally be made much smaller and 
lighter than the traditional combination of line-frequency transformer, rectifier, and 
linear regulator that was used in AC-DC applications. Many SMPS topologies have 

been commercialised, and new variations are continually being proposed. In general 
SMPS can be grouped into those which are hard-switched, and those which are soft- 

switched. Examples of hard-switched converters include the Buck, Boost, Buck-boost, 

Cük, and Flyback converter. 

As the switching frequency of a hard-switched converter is increased, the power 
dissipation due to switching losses in the semiconductor power switches also increases, 

and begins to limit the switching frequency that can be used efficiently. In general, one 
aims to keep the semiconductor switches in a SMPS either fully-on, or fully-off. Power 
dissipation is low in each of these states due to the voltage across the device being very 
small, and the current through the device being very small, respectively. However, 

whilst switching between the two states in a hard-switched converter, there is 

simultaneously a substantial voltage across and current through the device, resulting in 

power loss in the form of heat. Soft-switching was introduced to circumvent this, and 
involves the use of topologies and switching strategies that result in either the voltage 
across the switches or the current through the switches being zero at the point of turn-on 
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and turn-off. The topologies that are discussed in this thesis are all of the soft-switched 
load-resonant type. 

1.2 The piezoelectric effect 

Piezoelectric materials develop a charge when mechanically stressed (the direct 

piezoelectric effect) and develop a strain when an electric field is applied (the converse 

piezoelectric effect) [1]. A piezoelectric transformer (PT) uses both of these effects to 

couple energy electromechanically from one set of terminals to another, in an analogous 

way to a conventional transformer using electromagnetic coupling. PTs are usually 

made from piezoelectric ceramics, and the first PT was demonstrated by C. A. Rosen in 

the 1950s [2-5]. 

PTs can achieve very high power densities [6,7] and high efficiencies, allow a high 

level of converter integration to be achieved, create little electromagnetic interference 

(EMI), and can be made cost effective when manufactured in large quantities. However, 

because they behave like a resonant band-pass filter with a high Q factor, high power 

throughput can only be achieved when operating close to the resonant frequency. The 
frequencies of mechanical (and therefore electrical) resonance are determined by the 

size and shape of the PT, the nature of the materials employed, and by the load(s) 

connected to the PT output(s). 

1.3 Types of piezoelectric transformer 

Many different PT designs have been proposed. They are classified here according to 

the type of vibration mode they are designed to utilise: longitudinal, radial, thickness, or 
thickness-shear. The modes of an object are basically the natural frequencies, which are 
the frequencies at which the object will resonate. Each mode has a natural frequency 

and a characteristic displacement profile, called the mode shape (see page 2 of [8]). The 

displacement and stress profile of a long thin bar operating at the first and second 
longitudinal modes is shown in Figure 5.46 of [9]. 
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A. Longitudinal 

Longitudinal mode PTs are usually rectangular cuboids, with a length dimension 

considerably larger than the width and thickness dimensions, which are operated at a 
frequency close to one of the longitudinal resonances. Devices operating at the first 

resonance are often referred to as A12 mode devices, whilst those operating at the 

second are referred to as A mode devices. The best known longitudinal mode PT is the 

Rosen, shown in Figure 1.1. 

Piezoelectric 
1// ceramic 

yin 
Input Output 
region region 

PP (-- P E-P vout 
010 

Figure 1.1: Single-layer Rosen PT. The arrows marked "P" indicate the direction of poling. 

Rosen PTs have an input section that is poled in the thickness direction, and an output 

section poled in the longitudinal direction. Key publications on the Rosen transformer 

include [2-4,9-13]. When an AC voltage is applied to the thickness poled half of the 

ceramic, a continual longitudinal vibration occurs throughout the entire device at the 

frequency of the applied voltage (the converse piezoelectric effect). The vibrations then 

induce a potential difference in the output section (the direct piezoelectric effect). Thus, 

the input region behaves like a piezoelectric actuator, and the output region behaves like 

a piezoelectric transducer. When driven at resonance, the amplitude of the vibrations 

and the associated strains are maximal for a given input voltage. Although the device 

shown in Figure 1.1 has a single-layer input section, designs with multilayer input 

sections are common because they yield higher transformation ratios. For the single 

layer design shown in Figure 1.1, the transformation ratio (N in the equivalent circuit, 

see Section 1.5) will be approximately proportional to the ratio of the length of the 

output section to the thickness of the PT [9]. A commercial multilayer Rosen PT is 

shown in Figure 1.2. This is a completely co-fired device (see Section 1.4) and has a 

rated output power and power density of 5W and 9.26W/cm; [14]. 

Electrode 
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Figure 1.2: Commercial 5W Rosen PT. 

Rosen PTs find commercial use where very high voltages and low currents are required. 

Such applications include cold cathode fluorescent lamp (CCFL) backlighting for 

LCDs, negative ion generators, photomultipliers, and field emission displays (FEDs). 

Although Rosen PTs are still the most popular choice in step-up applications, they are 

generally less suitable for use in step-down applications requiring high power density. 

The electromechanical coupling factors of a piezoelectric material describe how well 

the material can convert electrical energy to mechanical energy, or vice versa [1]. The 

coupling factors that correspond to the transformations that occur in the input and 

output sections of a Rosen PT are the transverse coupling factor k� and longitudinal 

coupling factor k� respectively. k� is the lowest of the main coupling factors in most 

piezoelectric materials, and this is probably one reason why Rosen PTs tend to have 

modest power densities compared to other designs. Analytical expressions for the power 

density of a PT design usually involve the coupling factors, and hence a high coupling 

factor is essential for achieving high power density. However, because there are other 

geometrical factors involved, it is not sufficient to compare the power density of one 

type of PT against another based solely on the coupling factors that apply to each. 
Furthermore, since the coupling factors do not reflect the losses or the proportion of 

unconverted energy that is recovered, they do not define the overall electrical efficiency 

of a PT. 

Several other types of longitudinal mode PT have been proposed [15-23], including that 

shown in Figure 1.3 [24]. Conceptually, the design shown in Figure 1.3 is attractive 
because it uses k33 coupling in both input and output sections, and k� is often the 

largest coupling factor of a piezoelectric material. However, this design is likely to 
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require a large number of layers to deliver considerable power at low output voltages 

because the area of an individual electrode is constrained by the overall geometry (since 

the length must be considerably larger than the width and thickness) to be relatively 

small. The designs proposed in [15-23] are all similar to a Rosen in that the input and 

output sections are situated one-after-the-other along the direction of wave propagation. 

A fundamentally different arrangement is that of the longitudinal Transoner9, also 

referred to as a T3 design, shown in Figure 1.4 and Figure 1.5. Here, the input and 

output sections are positioned side-by-side and run concurrently along the direction of 

motion. Note that whilst the input and output sections are shown as being poled in the 

thickness direction in Figure 1.4, the input and/or output may instead be poled 

longitudinally (and have electrodes positioned accordingly). If a considerable voltage 

step-up is required, the input will be poled in thickness and the output poled 

longitudinally. The longitudinal mode Transoner shown in Figure 1.5 has two input 

sections, with the output section sandwiched in between. This arrangement helps to 

ensure a more uniform longitudinal strain profile in the thickness direction. 

Direction of motion 

z 
................ ............ ...................................................... External 

Output section Input section Output section electrode 

Internal 
electrode 

Figure 1.3: Longitudinal mode transformer using k� coupling 1241. 

Input 
section 

I 
Output 
section 

Copper electrode 
Ceramic layers 

. f 

. 

i 
. f 
f 

Poling 
direction 

Isolation 
layer 

Figure 1.4: Diagram showing the construction of a longitudinal mode Transoner. The device shown 
here is purely bonded (see Section 1.4), with all layers poled in the thickness direction. 
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Figure 1.5: Longitudinal mode Transoner, lOW design. Construction is co-fired and bonded (see 
Section 1.4) with a split input section. Photo courtesy of Micromechantronics Inc. 

b) Radial mode 
Radial mode devices are disc or ring-shaped and operated at a frequency close to a 

radial resonance. Several arrangements of radial mode device have been proposed, of 

which the radial mode Transoner is probably the best known. Key publications on the 

radial mode Transoner include [25-27]. Although primarily concerned with contour 

mode devices (see below), [28] should also be regarded as a key work on the radial 

mode Transoner. The construction of a very simple, single layer input, single layer 

output, radial mode Transoner is shown in Figure 1.6. Note that the input and output 

sections run concurrently along the direction of motion; this is the defining feature of a 

Transoner [25,29]. Radial mode Transoners are also referred to as Ti devices. 

Figure 1.6: Single layer input, single layer output, radial mode Transoner PT. 

Radial mode Transoners are suitable for use in step-up and step-down converters, and 

have been demonstrated in a wide range of applications from inductor-less fluorescent 

lamp ballasts [27,30-32] to laptop power supplies [33,34]. The coupling factor that 

most closely corresponds to radial mode vibration is k1, . For most piezoelectric 

materials k,, is one of the largest coupling factors, and this helps radial mode PTs 

achieve high power densities. Radial mode Transoner PTs have been demonstrated at 

power levels exceeding 100W and through further development are expected to exceed 

200W [5]. 
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One of the main advantages of the Radial mode Transoner is that it is relatively simple 
to design and manufacture. Unlike thickness mode devices, radial mode Transoners 

have a geometry which naturally results in the first radial mode having the lowest 

resonant frequency of the major vibration modes. As such, it is very easy to design a 
device where the first radial resonance does not incur interference from other vibration 

modes. In general, it is extremely important that a resonant piezoelectric device has only 

one resonance occurring in the frequency range in which it is designed to be used, 

otherwise the resonances will interfere with one another and tend to cancel each other or 

result in a highly disturbed gain-frequency response and poor efficiency. Like radial 

mode devices, longitudinal mode PTs also have a geometry that naturally results in the 
low order longitudinal modes being undisturbed. 

Since a PT transfers energy electromechanically, it is important that the method by 

which the device is mounted to the PCB does not damp its motion. Disc shaped PTs in 

radial motion have a nodal point (a point where the amplitude of the displacement is 

zero) at the centre of the disc. Thus, a simple adhesive pad can be placed in the centre of 

one of the PTs major surfaces to securely mount the device without noticeably affecting 
its electromechanical behaviour. 

The geometry and layout of a radial mode Transoner allows for the electrodes to have a 

large radius, which in turn allows for large force factors to be achieved (see Chapters 2 

and 3). One of the problems with trying to make a longitudinal mode device which uses 

k33 , such as that shown in Figure 1.3, is that a very large number of layers are required 

to achieve reasonable sized force factors because the overall geometry of such a device 

dictates that the area of a single electrode will be relatively small. 

Because radial mode Transoners have: 1) a geometry that naturally results in a clean 
frequency response around the first radial resonance, 2) a relatively large coupling 
factor, 3) a layout that allows for large electrode radii and force factors, 4) an overall 

shape and electrode profile that is simple to manufacture, and 5) a conveniently located 

nodal point, they are currently one of the most promising designs for use in resonant 

power converters, and hence the subject of a large part of this thesis. Much of the early 

research work on radial mode Transoners was conducted at Virginia Tech [27,31,35], 

where the main focus was to create inexpensive lamp ballasts that required no magnetic 

components. Two key themes of the Virginia Tech work were equivalent circuit 
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modelling of the devices [27], and the modelling of a converter topology that required 

no magnetic components [27,32]. A considerable part of this thesis is devoted to 

building on these two themes (see Chapters 2,3,5, and 6). 

Another type of radial mode device, often referred to as a "ring-dot" arrangement, is 

shown in Figure 1.7 [36-46]. This layout is similar to a Rosen in that the input and 

output sections are situated, one-after-the-other, along the direction of motion. Although 

there have been several recent works proposing equivalent circuit models of this PT, the 

model of E. C. Munk [47] for a single layer disc with two concentric electrodes was 

probably the first. 

Input section Internal 
electrode 

/electrode 

11-1ý 
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'+' p+p 
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External 
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I 
................................ ................................ ............................... Output Input Output 

section section section 
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Figure 1.7: Ring-dot PT. a) Aerial view. b) Cross-section. 

Ring-shaped radial mode PTs with concentric electrode patterns, such as that shown in 

Figure 1.8, have also been proposed [48-52]. These often use relatively high order radial 

modes, such as the third or fourth, and consequently operate at relatively high 

frequencies for their size. The author is not aware of multilayer versions of these 

devices having been tested. Whilst multilayer constructions are certainly possible for 

devices with only two concentric regions, there are obvious problems with regard to 

making connections to the middle section of a fourth radial mode device (such as that 

shown in Figure 1.8) if that section has multiple layers in the thickness direction. It is 

the author's opinion that it is essential to be able to vary the number of electrode layers 

within the input and output section of a PT if a wide range of relatively high power 

converter designs are to be achievable; whilst there may be some specifications of 

converter that can be achieved with single layer input and output sections, step-down 

converters for delivering significant power into low resistance loads will almost 

certainly require many layers to be used in the output section, regardless of the specific 

type of PT that is used. Therefore designs with only two concentric rings of electrodes 
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are likely to be more flexible in terns of the converter specifications that can be 

achieved than high order mode devices with many concentric sets of electrodes. 

0 

Vin ___.... I-------I... c__ 
i 

---------- 

Vouf 

a) b) 

Figure 1.8: Fourth radial extensional mode ring-shaped transformer 148. a) Aerial view, b) Cross- 
sectional view. 

With any type of PT (or indeed any type of piezoelectric resonator), it is important to 

ensure that the electrode configuration is such that the polarity of the electric field 

profile is in agreement with the polarity of the stress profile that is associated with the 

desired vibration mode. Otherwise, the mode will only be weakly excited, or in some 

cases (where complete cancellation occurs) not at all. This is why the electrode pattern 

shown in Figure 1.8 is required to excite the fourth radial mode of a ring in an effective 

manner [48], and why a fully electroded longitudinal mode resonator bar (such as that 

shown later in Figure 1.25) cannot be excited at the second longitudinal mode (i. e. the 

A mode). Further information can be found in [48] and pages 226 to 228 of [9]. 

Generally, the higher the mode number, the more complex the electrode layout will 

need to be along the direction of wave propagation in order to effectively excite it. The 

first radial resonance of a thin disc has a radial stress profile as shown in Figure 1.9; 

since the stress has the same polarity at all points along the radial direction, this mode 

can be effectively excited in a piezoelectric ceramic disc poled in the thickness direction 

by fully electroding the major surfaces, and this is the approach used in the radial mode 
Transoner. Note that the stress at the outer radius is zero because the disc is assumed to 

be unconstrained in the radial direction (this constitutes one of the boundary conditions 

used in the analysis of the free radial vibration of a disc - see Chapter 2). 
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Figure 1.9: Radial stress profile for the first radial mode of a disc. Stress is shown normalised to the 
peak stress, which is the stress at the centre of the disc (i. e. the nodal point). r is the radial 

coordinate, a is the radius of the disc. 

The modelling work of Holland [53-56] is of particular note for PTs with concentric 

electrode patterns, and other types of PT, because the approach he developed can be 

used for devices with an arbitrarily complex electrode pattern along the direction of 

motion. However, it is not clear whether such an approach could be immediately 

applied to a radial mode Transoner design because a piecewise description of electric 

field would be required as a function of both thickness and radial directions, rather than 

just the radial direction. 

Finally, during the 1990s, NEC developed the so-called contour vibration mode PT [28, 

57,58], shown in Figure 1.10. This device consists of a square piece of ceramic with 

circular electrodes stacked in the thickness direction, and is therefore a Transoner-type 

layout. This device was modelled by NEC as a radial mode device [28,58]. NEC 

conducted research into many different types of PT throughout the 1990's, and their 

publications (most of which are to be found in the Japanese Journal of Applied Physics) 

cover all facets of piezoelectric transformer technology. Although an analytical model 

has yet to be developed for the contour vibration, it is likely that the corners of the 

device (which are not covered by the circular electrodes) contribute only to the 

mechanical losses of the device, without aiding power handling. Thus, for a given 

electrical specification, a radial mode Transoner is likely to result in a higher power 
density than a contour vibration mode device. This prediction is based solely on the 

author's experience with modelling radial mode Transoners where the electrodes do not 

extend to the outer radius of the device (see Chapter 3). 
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Figure 1.10: Contour vibration mode PT. Photo courtesy of Micromechantronics Inc. 

c) Thickness mode 

Thickness mode devices have a thickness dimension that is much less than the other 
dimensions (i. e. radius in the case of a disc shape, or width and length in the case of a 

cuboid), and are operated at a frequency that corresponds to a thickness extension 

vibration mode [5,59-81]. The input section and output section are situated in the 

conventional manner, one-after-the-other, along the direction of motion. The input and 

output section layers are poled in the thickness direction. The coupling factor that 

applies to this geometry and vibration mode (i. e. thickness much less than other 
dimensions and motion in the thickness direction) is k,, which is distinct from k,,. Note 

that if the thickness dimension was made much larger than the other dimensions, then 

the device would effectively become the longitudinal mode design shown in Figure 1.3, 

and the applicable coupling factor would become k,,. 

A thickness mode design similar to that proposed in [59,63,78] is shown in Figure 

1.11. The diagram in Figure 1.11 b has been expanded in the thickness direction in order 

to show the electrode layout and is therefore not to scale. The overall device proportions 

are as shown in Figure 1.11 a. This type of PT behaves like a thin plate in a thickness 

vibration mode, and therefore requires that the lateral dimensions be much larger than 

the dimension associated with the elastic wave propagation (i. e. the thickness direction) 

(see page 299 of [82]). The transformation ratio (N in the equivalent circuit, see Section 

1.5) of a thickness mode device is approximately proportional to the ratio of the 

thickness of a single output layer to the thickness of a single input layer [59]. 
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Figure 1.11: Thickness mode device similar to that in 1631. a) Outer dimensions shown 
approximately to scale (note that the thickness dimension is considerably smaller than length and 
width). b) Cross sectional diagram expanded in the thickness direction in order to show electrode 

configuration (and therefore not to scale). 

A fundamental problem with thickness mode devices is that, because the direction of 

wave propagation is not the largest dimension (as it is with longitudinal and radial mode 

devices), high order length extensional and width extensional resonances occur in the 

vicinity of the thickness resonances [6,83]. In other words, because the length and 

width are much larger than the thickness, the frequency of the first length mode and 

width mode is much lower than the first thickness mode, which means that high order 
length and width modes tend to occur in the same frequency region as the first thickness 

mode. High order spurious modes that occur in the vicinity of the desired vibration 

mode result in a jagged, non-smooth frequency response, as shown in Figure 4a of [63]. 

Apart from the obvious converter control issues, spurious vibration modes increase the 

PT losses and attenuate the main vibration mode, result in poor efficiency, and 

compromise power density. It is therefore desirable for the frequency response of a PT 

to have minimal disturbance from spurious modes in the vicinity of the resonance at 

which the PT is designed to operate. 

Since the largest dimension of a PT will define the lowest resonant frequency, one way 

of avoiding spurious vibration modes would be to alter the device geometry such that 

the thickness dimension became larger than the length and width dimensions. However, 

doing so would effectively create a longitudinal mode device, with geometry such that 

the area of a single electrode would be relatively small (see Section I. 3a). Therefore 

previous research has concentrated on suppressing the high order modes. The approach 
in [59,63,78] was to use a barium titanate ceramic with a high level of piezoelectric 

anisotropy, such that the coupling factor of the other modes was relatively small. A 
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comparison of devices with and without suppression of the high order modes is shown 
in Fig. 4. of [63]. 

In 2000, a ring-shaped thickness mode design was patented by Noliac [76]. An example 

of this design is shown in Figure 1.12. The location of the high order radial modes in a 

ring can be adjusted by altering the ratio of the inner radius to outer radius [84]. 

Furthermore, as this ratio tends to unity (i. e. very small wall thickness), the frequency of 

the second radial mode tends to infinity [84] (see also [76,85]). Thus, by adjusting this 

ratio, the designer can ensure that high order radial modes do not occur in the frequency 

range of the first thickness mode, and a relatively clean frequency response can be 

obtained. The advantage of the ring shaped design can be seen by comparing the 

frequency response of the thickness mode PT designs in [78] and [76]; i. e. less 

disturbance from other modes. However, the need to suppress the radial modes in this 

manner introduces additional constraints on the design (i. e. there are more requirements 

that must be simultaneously met), and probably has a negative impact on the designer's 

ability to maximise power density. The relatively complex shape (including the profile 

at the inner and outer radius) may also increase production costs. 
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Figure 1.12: Noliac ring-type thickness mode PT. 

A substantial amount of research was conducted on the Noliac device, and other aspects 

of PT technology, by a team at Universidad Politecnica de Madrid (UPM), Spain [64- 

73]. Much of the work published by a team at Universidad de Oviedo [86-95], also 

made use of Noliac devices. At the time of writing, this device is being developed 

further by Noliac and a team at the Technical University of Denmark [96]. 
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D. Thickness-shear vibration mode 
The thickness-shear vibration mode PT differs from the designs previously described, in 

that the electric fields are applied and generated orthogonally to, rather than parallel to, 

the direction of poling in the input and output sections of the PT. Key publications on 

thickness-shear mode PTs include [97-103]. Excitation of the input section causes a 

shear strain to develop throughout the PT body, which in turn generates a voltage in the 

output section. Most PZT materials suitable for use in PTs have a large shear mode 

electromechanical coupling factor k,,, allowing high power densities to be achieved 

with this type of PT. Like the thickness and radial mode designs, a thickness-shear 

mode PT has unidirectional poling. However, the production process is complicated by 

the need to apply one set of electrodes to pole the material, and another set to actually 

operate the device. A diagram of a device demonstrated by Du et al. in [ 101 ] is shown 

in Figure 1.13. 

Nodal 
plane 

Figure 1.13: Thickness-shear vibration mode PT 11011. 

Although several research publications have shown very promising performance figures 

with this design (7.9W output at 20°C temperature rise with a power density of 

52.7W/cm3 in [99]), it remains somewhat less developed than the other three. To the 

author's knowledge, multilayer devices have not yet been demonstrated, and lumped 

equivalent circuit models which include multilayer input and output sections and which 

relate the electrical currents and voltages to the vibration velocity within the device 

have yet to be developed, making quantitative design somewhat difficult (see Section 

1.5). Like thickness mode devices, it can be difficult to obtain a clean frequency 

response from a thickness-shear mode device due to interference from high order length 

and width modes (see Fig. 7 in [101]). 
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1.4 Radial mode Transoner construction 

There are three types of Transoner PT construction: purely bonded, co-fired and 

bonded, and purely co-fired. Examples of each are shown in Figures 1.14,1.15, and 

1.16. The purely bonded radial mode Transoner consists of two or more individual 

piezoelectric discs. Each disc has a very thin silver electrode on the major surfaces, as 

shown in Figure 1.14c and d. Copper electrodes with a small tab that extends past the 

radius of the ceramic discs are placed between the discs and on the top of the top disc 

and on the bottom of the bottom disc. The layers of copper and ceramic are bonded to 

each other using a suitable adhesive; a comparison of three different types was 

published in [104]. If an isolation layer is required between the input and output 

sections, a thin layer of alumina is often used, as shown in Figure 1.14a. In contrast to 

the other two types of construction, the individual discs that make up a purely bonded 

device are usually poled before they are bonded together. 

Figure 1.14: Purely bonded radial mode Transoner PTs and piezoelectric discs. a) Isolated 15W TI- 
15W radial mode Transoner PT, b) non-isolated 15W T1-15W radial mode Transoner PT, c) input 
section disc used in TI-15W devices (material is American Piezo Ceramics Inc. APC841), d) output 

section disc used in T1-15W devices. 

a) b) C) d) 

'ý 
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Figure 1.15: Co-fired and bonded radial mode Transoner PTs. Note that the input and output 
sections each consist of a single piece of ceramic (with internal electrodes), and that the two sections 

are bonded together with an isolation layer between them. a) 35W design, b) 50W design. Photos 
courtesy of Micromechatronics Inc. 
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Figure 1.16: Purely co-fired radial mode Transoner PT, 15W design. Note that the complete device 
is made from a single piece of ceramic. Photo courtesy of Micromechatronics Inc. 

Devices that are co-fired and bonded, such as those shown in Figure 1.15 have an input 

and output section that each consist of a single piece of multilayer ceramic. The two 

sections are then bonded together, with or without an isolation layer between them. 

Each section has multiple internal electrodes, which are connected to the external 

electrodes visible in Figures 1.15 and 1.16. The thickness of the internal electrodes and 

the material from which they are made affects the electrical conductivity of the 

electrodes and the thermal conductivity of the device, and therefore its power handling 

[24,105]. Increasing the number of electrodes in a given sized device tends to decrease 

the mechanical quality factor [106,107], but increase thermal conductivity (see 

discussion on page 3210 of [24]). The thermal conductivity of the electrode material is 

usually superior to that of the ceramic. 

Purely co-fired devices consist of a single piece of ceramic containing the internal 

electrodes of the input, output, and (when present) feedback/tertiary sections. Isolation 

between input and output is achieved with a layer of ceramic between the electrode at 

the edge of one section and the electrode at the edge of the other. The internal electrodes 

do not extend right to the outer radius of the device, except in the small areas where the 

internal electrodes are connected to the external electrodes. Commercially available 

PTs, such as the Rosen shown in Figure 1.2, are usually always completely co-fired. 
However, when prototyping a new radial mode Transoner design, it is often faster to 

make the input and output sections separately and bond them together, because 

optimising the manufacturing process of a completely co-fired device with significantly 
different input and output section electrode configurations requires more time, due to 

the differing thermal expansion coefficients of the two sections. Furthermore, 

manufacturing each section separately allows each part to be tested on its own (as a 

ý �7 'V-I; 

16 



simple piezoelectric resonator), which helps the designer to optimise the performance of 
the overall device. Purely co-fired, and co-fired and bonded devices are poled after 

manufacture (see Section 1.8). 

In general, piezoelectric devices are usually classified as being either bulk or multilayer. 
A bulk device has a single set of electrodes on the top and bottom of a piece of 

piezoelectric ceramic, whereas a multilayer device is co-fired with multiple internal 

electrodes within a single piece of piezoelectric ceramic. A purely bonded Transoner is 

therefore sometimes referred to as a bulk device, even though it has multiple layers. 
Purely co-fired and co-fired and bonded Transoners are true multilayer devices. 

1.5 Equivalent circuit modelling 

Equivalent circuits are often used to provide an electrical description of the behaviour of 

a conventional magnetic transformer. These can vary in detail, from a simple 
transformation ratio and magnetising inductance, to those including leakage inductance, 

copper and iron losses, inter-winding capacitances, etc [108]. These equivalent circuits 

are very useful when designing resonant converters because the parasitics can be used 

as part of the resonant tank design, thereby reducing size, cost, and component count. 

Equivalent circuits are also used extensively for modelling the electrical behaviour of a 

piezoelectric transformer. The lumped equivalent circuit that is most often seen in the 
literature, and which is commonly used for experimentally characterizing a PT, is 

shown in Figure 1.17. It must be emphasised that this circuit is only applicable to the 
frequency range of a single resonance. C, � and Co,,, represent either the clamped input 

and output capacitance of the PT, or the damped input and output capacitance of the PT, 
depending on how the behaviour of the additional resonances that are not modelled by 

the RLC branch (often called the motional branch) are considered; further discussion of 
this point is made in Chapter 2, and a discussion in the context of simple resonators may 
be found on page 139 of [109]. The mechanical losses are modelled by R, and the 

(short circuit) resonant characteristics by L, and C, . The turns ratio 1: N represents the 

electrical-to-mechanical-to-electrical transformation ratio of the PT, and is usually given 
by the ratio of two force factors (see Chapters 2 and 3). The transformer symbol that 

appears in Figure 1.17 is used here, and throughout the rest of this thesis, as a 
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completely ideal element. Dielectric loss resistances are also sometimes included in the 

equivalent circuit, either in series or parallel with C,, and C,, 1. 
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Figure 1.17: Lumped equivalent circuit for a PT. 
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The equivalent circuit component values of a PT are usually measured with an 
impedance analyser, such as the Agilent 4294A. The impedance-frequency 

characteristics are measured over the range of the chosen resonance, from the input 

terminals with the output shorted, and from the output terminals with the input shorted. 
Each response is then fitted to a typical resonator equivalent circuit (i. e. a capacitance in 

parallel with a series RLC branch), and from these the components of Figure 1.17 are 

found. Further information may be found in [27]. Most impedance analysers apply only 

a very small voltage when measuring the impedance-frequency response from which the 

equivalent circuit component values are subsequently calculated. However, PTs exhibit 

non-linear behaviour, particularly when driven up to their maximum power handling, 

and their characteristics are also temperature dependent. Hence, the value of the 

mechanical loss resistance R, will depend on the power level at which it is measured. 

Piezoelectric transformers tend to have equivalent circuit component values such that 

the resonant tank has a relatively high Q factor (i. e. >2.5), even when a matched load is 

used such that the damping is maximised (see below). This means fundamental mode 

approximation (FMA) may be used, where it is assumed that only the fundamental 

component (the frequency of which will be close to the resonance described by the PT 

equivalent circuit) of the voltage waveform across the PT input results in power transfer 

through the resonant tank. Thus, the tank current is assumed to be sinusoidal [I 10], and 

this greatly simplifies the analysis of converter topologies in which PTs are used. 
However, it is important to remember that a piezoelectric device will generally have 

many resonances, that these may be excited by harmonics in the input voltage 

waveform, and that their effects are not included in the standard lumped equivalent 

circuit. Multi-branch equivalent circuits attempt to take these other resonances into 
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account [27]. In general however, a piezoelectric device that is designed to operate at a 
low order mode (e. g. the first radial mode) will have a weak response to high order 

modes because the electrode layout is not suitable for effectively exciting those modes 
(see Section 1.3b) and interference tends to occur between the various high order 

modes. 

The load resistance which maximises the efficiency of a PT in a simple AC-output 

topology (i. e. where the output of the PT is directly connected to a purely resistive load) 

is the matched load. Since the loaded Q factor of a PT is large enough to ensure the tank 

current in Figure 1.17 is sinusoidal, the circuit of Figure 1.17 can be represented with 
that shown in Figure 1.18, where 

= 
RL (1.1) RL2W2Cout2 +I 

Cs= RL2w2Cout2+I (1.2) 

RL 2 
[d 

2 Cot 

where RL is the resistive load connected in parallel with the PT output in Figure 1.17. 

Ignoring dielectric losses, and with reference to Figure 1.18, PT efficiency can be 

written as 
Rs 

I ' NZ R, RL 
ý (. i l+1 

R R, +R, NZ _ RL +RINZ 1+RLZw2Cowf2 
1.3 

i NZ Iii 

where 1, is the RMS of the (sinusoidal) current through L, . Differentiating the right 

hand side of (1.3) with respect to RL , equating to zero, and solving for RL , the load that 

maximises PT efficiency is 

RL=1 " (1.4) 
Wout 

Note that (1.4) involves the load resistance matching the magnitude of the impedance of 
cý. � . Of course, the same result can also be obtained by simply considering the load that 

maximises R. in Figure 1.18. Since the maximum output power of a given PT is usually 

governed by thermal considerations, maximum PT output power is usually obtained 

when using the matched load (see Chapter 4). 
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Figure 1.18: Simplified equivalent circuit for a PT connected to a purely resistive load. 

When designing a PT for a particular application, it is extremely useful to know how the 

material properties and device dimensions relate to the equivalent circuit component 

values. Therefore much research effort has focused on deriving equivalent circuit 

models for the various types of PT (for example, [3,4,12,27,28,40,45,51,59,61, 

102,111 ]). It is also helpful to know how the maximum vibration velocity within the PT 

relates to the various voltages and currents in the equivalent circuit, because PT output 

power is strongly dependent on vibration velocity (see Chapter 3), and the onset of 

severe non-linearity is also strongly related to the vibration velocity (see Section 1.9). 

Therefore it is advantageous to solve the constants in the equation of motion in terms of 

vibration velocities (as is the common practice when deriving a Mason equivalent 

circuit (see [9,82] and Chapters 2 and 3) because a direct relationship between the 

currents in the equivalent circuit and vibration velocity within the device is obtained, 

rather than to solve them in terms of the electric fields (as done in [47]). Since the 

quantitative design of PTs that achieve high-power density whilst simultaneously 

meeting a set of converter specifications is virtually impossible without such models, 

the development of new, more detailed models for the radial mode Transoner is a key 

priority for this research work (see Chapters 2 and 3). 

Whilst equivalent circuit modelling is very useful for the electrical part of the PT 

design, finite element analysis (FEA) also plays an important role in ensuring that the 

particular resonance which the device is designed to operate at is free from interference 

from other resonances. This is particularly important with devices like the Noliac ring- 

type because the characteristic thickness mode geometry has an inherent tendency for 

interference from high order modes. Equivalent circuit models are usually based on an 

analysis that assumes only one vibration mode is excited. Therefore FEA, which 

calculates the frequency and nature of all the modes, is a useful tool for testing whether 

this assumption is valid for a particular design. 
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1.6 PT-based converter topologies 

The magnetic components in a power electronic circuit are usually the largest and most 

expensive [83,112]. Comparing the PT equivalent circuit of Figure 1.17 to the 

transformer and resonant tank arrangement found in several resonant converter 

topologies, it can be seen that a PT can be used to replace many of the reactive 

components in these topologies, thereby offering potential savings in cost, size, and 

mass. PTs are usually used in a push-pull, class-E, or half-bridge arrangement, and the 

merits of each are now briefly discussed. 

A. Push-pull 

The PT-based push-pull topology is shown in Figure 1.19 with a simple resistive load 

[5,20,113-116]. This topology is predominantly used for step-up converters due to the 

high step-up ratios and simple control requirements it offers [5]. Although this topology 

does not require an isolated gate-drive for either of the MOSFET switches, it does 

require two additional inductors. 

Figure 1.19: Push-pull PT-based converter topology. 

B. Class-E 

The PT-based class-E topology is shown in Figure 1.20 [59,63,78,86,117-125]. The 

main advantage of this topology is that only a single power switch is required. 
However, the switch will usually have to withstand comparatively large voltages, and 

the overall efficiency of this topology is usually not as high as that of the half-bridge 

configurations. In [117] it was concluded that for step-down applications, Class-E and 

half-bridge are best suited for low and high power levels respectively. Furthermore, it is 

usually more difficult to meet a particular converter specification with a PT-based class- 

E design compared to a PT-based half-bridge with-inductor design. 
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Figure 1.20: Class-E PT-based converter topology. 

A considerable amount of work on the PT-based Class-E topology has been published 

by the Fraunhofer Institute [117-125], and considers applications such as fluorescent 

lamp ballasts and LED lighting supplies. Various control strategies were evaluated, and 

the use of a feedback section (like a third winding on a conventional transformer) to 

provide information on the tank current in the PT equivalent circuit was demonstrated 

[120,124,125]. 

C. Half-bridge with-inductor 
The half-bridge with-inductor topology shown in Figure 1.21 uses an inductor in series 

with the PT input. This allows zero-voltage-switching (ZVS) to be achieved relatively 

easily, and forms an LC filter with the PT input capacitance which attenuates much of 

the harmonic content present in the square (though actually slightly trapezoidal) wave 

across the half-bridge MOSFET switches, leaving a quasi-sinusoid across the PT input. 

The draw-back to using a half-bridge is that an isolated gate drive is required for the 

high-side MOSFET, increasing cost. This topology has been used in many research 

works, and some guidelines for its use with radial mode Transoner PTs are given in 

[26]. 

Piezoelectric transformer 
-------------------------------- 

R. L Cý 
ý, 

ýýIII& 

----------------------------------------------------------- 
Figure 1.21: Half-bridge with-inductor PT-based converter topology. 
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Several other half-bridge PT-based topologies with an inductor at the input have been 

proposed. The topology shown in Figure 1.22a uses an inductor in parallel with the PT 

input, and a capacitor in series with the half-bridge output to prevent the DC component 

being short circuited through the inductor. This topology was used quite widely [21,40, 

126-129], but has largely been replaced by that shown in Figure 1.21. A discussion of 

the advantages of Figure 1.21 over Figure 1.22a can be found in [126]. The arrangement 

shown in [130] is also quite similar to Figure 1.22a. 

The arrangement in Figure 1.22b requires yet more additional components [61,77, 

131 ]. In the present author's opinion, the use of so many additional reactive components 

at the PT input would not be a problem if the converter were also to provide power 

factor correction, such as the topologies shown in [27,132-137]. However, the use of 

three additional components in the power stage of a simple DC-DC topology makes it 

somewhat unattractive from both size and cost perspectives. Furthermore, it seems 

unlikely that a converter manufacturer would entertain the idea of using a PT-based 

converter in an ordinary application if two additional magnetic components were 

required at the input, given that an inductor is essentially half a transformer anyway. 

Some discussion and comparison between the topologies shown in Figure 1.21, Figure 

1.22a, and Figure 1.23 is given in [128]. At present, the arrangement shown in Figure 

1.21 is the most popular half-bridge PT-based topology, and will simply be referred to 

as the "half-bridge with-inductor" topology throughout the rest of this thesis. 

-------------------------------------------------------- a) 

b) 

Figure 1.22: Other half-bridge PT-based topologies. 
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D. Half-bridge inductor-less 

A major advantage of the inductor-less topology is that it requires no additional 

components to be used between the half-bridge and the resistive load or rectifier, as 

shown in Figure 1.23. Like the with-inductor topology, an isolated gate drive is required 

for the high-side MOSFET. However, achieving ZVS is considerably more difficult 

with this topology because the (relatively large) input capacitance of the PT must be 

charged to the DC link voltage, and discharged to OV, prior to the high and low side 

MOSFETs turning on respectively. To the author's knowledge, the feasibility of this 

topology was first established by R. -L. Lin [27,30]. Other publications that consider 

this topology include [32,96,128,138]. 

------------------------------------------------------------ 
Figure 1.23: Half-bridge inductor-less PT-based converter topology. 

It has been known within the PT industry for some time that, for a given converter 

specification (input voltage, output voltage, load, etc), a PT designed for the inductor- 

less topology has to be made larger than a PT designed for the with-inductor topology. 

In other words, inductor-less converters achieve lower PT power density than with- 

inductor converters. However, this must be viewed in the context of the with-inductor 

requiring more external components. The underlying reasons behind the decrease in PT 

power density that occurs when moving from a with-inductor to an inductor-less 

topology are the subject of a substantial part of this thesis (see Chapters 5 and 6). 

Table 1.1 summarises the attributes of the various PT-based converter topologies. 
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Push-pull Class-E Half-bridge Half-bridge 
with-inductor inductor-less 

Number of switches 
required 

2 1 2 2 
Number of inductors 
required at PT input 

2 1 1 0 

Isolated gate drive 
required for high- No No Yes Yes 
side switch 

Table 1.1: Comparison of converter topologies. 

1.7 PT power density 

The maximum power density that can be achieved is a key performance measure for 

both magnetic and piezoelectric transformers. There are several factors that could 

potentially limit the power density of a PT: 
1) Dielectric breakdown or depoling due to large electric fields. 

2) Mechanical failure due to excessive stress or strain. 
3) Temperature rise due to losses. 

In most practical PTs, excessive temperature rise is nearly always the limiting factor. 

The ultimate thermal limit for a piezoelectric ceramic is the Curie temperature (320°C 

in the case of APC841 [139]), because this is the temperature at which the ceramic will 
become depoled and lose all its macroscopic piezoelectric properties. However, since 
the properties of the ceramic begin to degrade before the Curie temperature is reached, 
the manufacturer will usually state the maximum operating temperature to be some way 
below this [139,140]; American Piezo Ceramics state the maximum operating 
temperature to be half the Curie temperature (in degrees Celsius) [139]. It should also 
be noted that in the case of a bonded PT (see Section 1.4), the bonding agent is likely to 
fail before the Curie temperature is reached. 

In practice however, PT losses increase rapidly with temperature (see Section 1.9), 

making operation at high temperatures very unpredictable and susceptible to thermal 

runaway (see Chapter 4). Thus, the maximum output power of a PT is usually stated as 
the maximum output power that can be obtained for a given rise in temperature above 
the ambient, and the allowed temperature rise is usually very modest, e. g. between 10 

and 30°C above ambient [7,18,24,28,33,59,99,101,104]. 
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Conceptually, the maximum output power of a PT is really the maximum output power 
that can be delivered whilst operating in a thermally stable manner, rather than a fixed 

rise in temperature above ambient. In general, however, the piezoelectric ceramics that 

are currently used in PTs do not remain stable (that is their losses begin to increase 

substantially) even at relatively modest temperature increases, which is probably why 

maximum output power for a 20°C rise in temperature has become a popular measure. 
Further discussion can be found in Chapter 4. 

Whilst it is tempting to quote power density figures for the various types of PT, they are 

very difficult to compare without considerable qualification. Theoretically, it is 

expected that the power density of a radial mode Transoner will increase as radius is 

decreased (see [28,58] and Chapter 3). Since the ratio between radius and thickness 

must be kept large enough to prevent interference from thickness modes, it is expected 

that PT power density will decrease as PT volume is increased. Considering the force 

factor and clamped capacitance relationships for various piezoelectric elements (see 

pages 233-239 in [82]), similar behaviour is likely to occur with other types of PT. In 

general, the maximum output power of a PT will increase with size. Therefore it could 
be argued that any PT power density figure should also be accompanied with a 

maximum output power figure, because it is likely to be much easier to obtain a high 

power density with a physically small design that has a low maximum power handling. 

Whilst the author is not aware of any study that experimentally demonstrates that power 
density increases as size is decreased, there are several forms of anecdotal evidence: 1) 

PTs with high power handling have not yet been demonstrated. IOOW has been 

achieved, but there is no evidence of a PT achieving say 1kW, a power level that can 

comfortably be achieved with a planar magnetic transformer [141]. 2) There are 

examples of very small PTs achieving very high power densities, such as the device 

shown in [6] with a volume of less than 1mm3 and a claimed power density of 
250W/cm3. 

The maximum output power of a PT is heavily dependent on the piezoelectric material 
that is used. Therefore comparisons between PT designs can only be made if they use 

exactly the same material. Finally, the composition of a PT can affect its power 
handling. A PT with many internal layers may not achieve the same power density as 

another PT of the same size but with fewer layers because losses tend to increase as the 
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number of layers increases. On the other hand, however, increasing the number of 
internal electrodes tends to increase the thermal conductivity of the PT, resulting in a 

more uniform temperature profile. Thus, it can be very difficult to compare the power 
density of one type of PT to that of another, particularly if they have been designed to 

meet a particular set of specifications. 

1.8 Introduction to piezoelectric materials for PTs 

Although single crystal materials such as those demonstrated in [7] are attractive for use 
in PTs because of their very large electromechanical coupling factors [142], most PTs 

are currently made from polycrystalline ceramics. 

Lead zirconate titanate (PZT) based ceramics are particularly popular due to their high 

coupling coefficients, high Curie temperature, and ease of poling [1]. Furthermore, the 

high solid solubility of PZT allows the material properties to be controlled and tailored 

towards a specific application through incorporation of dopants and modifiers [1]. A 

PZT ceramic consists of many individual piezoelectric crystals, referred to as 

crystallites or grains. When the ceramic is first formed, the domains (i. e. the regions of 

uniform poling) within the crystallites are arranged so as to minimise the electrostatic 
forces within the material, resulting in no macroscopic piezoelectric behaviour. During 

the process of poling, the majority of the domains are aligned in the same direction 

under the action of a high electric field at raised temperature. Once poled, the ceramic 

will demonstrate a macroscopic piezoelectric effect and from an electromechanical 

perspective behave substantially like a single-crystal piezoelectric material [1). The 

density of PZT is usually around 7.7g/cm3. 

PZT exists in a number of structural forms, or polymorphs. To maximise the desired 

piezoelectric and coupling coefficients (see Section 1.10), a PZT composition which lies 

on the morphotropic phase boundary (MPB) is usually sought. At the MPB there is a 

coexistence of the tetragonal and rhombohedral polymorphs, resulting in a material with 
14 possible poling directions (6 from the tetragonal and 8 from the rhombohedral). The 

large piezoelectric coefficients and coupling factors that occur in MPB compositions are 
believed to result from the increased ease of reorientation during poling [ 1,142]. 
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The characteristics of a piezoelectric ceramic are often described as being "hard" or 
"soft". A hard ceramic is defined in [142] as having a coercive field (the electric field at 
which the polarization of a material returns to zero, see polarisation versus electric field 

hysteresis loop in [1]) greater than 1kV/mm. A soft ceramic is defined as having a 

coercive field less than 100V/mm, and materials with a coercive field between these 
figures are described as being "semihard" [142]. The higher coercive field in a hard 

composition is due to greater domain wall stability. Soft ceramics characteristically 
have large piezoelectric charge coefficients (d, see Section 1.10), large coupling 
factors, high dielectric losses, low mechanical quality factor Q. (i. e. high mechanical 
losses), high dielectric constants, and relatively low Curie temperature. Hard ceramics 

characteristically have the opposite; in particular they have low losses (i. e. high Q). In 

general, soft ceramics are used, in sensing applications whilst hard ceramics are used in 
"high power" applications where low losses are essential. However, some materials 
display varying degrees of both hard and soft characteristics, and of particular note are 
those described in [105,143-145]. 

Since PT power density is usually limited by thermal considerations, it is essential that 

the piezoelectric material has low losses (see Section 1.9). 

1.9 Piezoelectric materials and power density considerations 

Since the power handling of a PT is almost always thermally limited, it is essential that 
PT losses are kept to a minimum. There are 3 types of loss that occur in piezoelectric 

materials [ 146]: 

1) dielectric 

2) mechanical 
3) piezoelectric 

In addition to these, a PT will also incur ohmic losses from the electrode materials. 
Hence, there are 4 loss mechanisms associated with PTs. The overall mechanical loss of 
a PT will have contributions not just from the piezoelectric material itself, but from all 
the materials present in the PT, including bonding agents and isolation materials where 
present. Indeed, the effect of the bonding agents and/or isolation material are shown to 
have a substantial effect on PT losses in Chapter 2 (compare the experimentally 
measured R, for the isolated T1-15W to the non-isolated T1-15W, remembering that 
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the contribution of the extra bonding layers and isolation layer to the overall PT volume 
is very small). 

The maximum output power of a radial mode Transoner PT is approximately 
proportional to the square of the maximum vibration velocity [28,105] (see also 
Chapter 3). Therefore materials that can operate at high vibration velocity allow for high 

power density PTs to be realised. 

However, when a piezoelectric resonator is operated near resonance, the temperature 

rise that occurs is closely related to the maximum vibration velocity that occurs within 
the device [105,147-153]. The spatial variation in vibration velocity amplitude within a 

piezoelectric device depends on the vibration mode (longitudinal, radial, etc). However, 

the quantity of interest is usually the maximum vibration velocity that occurs anywhere 

within the device. For a long thin bar (such as a longitudinal mode Transoner) operating 

near the first longitudinal resonance, longitudinal vibration velocity is maximum at 

either end of the bar [147]. For a thin disc in radial motion (such as a radial mode 
Transoner), radial vibration velocity is approximately maximum at the outer radius of 
the disc (see Chapter 2). Since the maximum occurs at the extremities of these shapes, it 

can be determined experimentally with a laser Doppler vibrometer [154,155]. 

Although it is seldom mentioned on a material manufacturer's datasheet, an absolutely 

crucial property of any piezoelectric material that is to be used in the construction of a 
PT is therefore the ability to operate in a thermally stable manner at high vibration 

velocities. Materials that are capable of doing so are often referred to as "high power" 

piezoelectric materials [105,145,156]. High power piezoelectric materials are often 

characterised by the vibration velocity that corresponds to a 20°C or 30°C rise in 

resonator temperature above the ambient temperature [105,143-145,154,156]. Most of 
the existing commercially available ceramics that are suitable for use in PTs (such as 
American Piezo Ceramics' APC841) have an RMS maximum vibration velocity of 

about 0.2m/s or 0.3m/s (105]. However, a substantial amount of research has focused on 
the development of high power piezoelectric materials, and the figure of merit usually 

quoted is the vibration velocity that corresponds to a 20°C temperature rise. By doping 

PZT based ceramics with various rare earth materials, materials that can achieve I m/s 
have been demonstrated [105,143-145]. However, in order for a PT to achieve high 

power density, a combination of both high electromechanical coupling factor and high 
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vibration velocity stability is required (see Chapter 3). Materials with both of these 

properties, such as those reported in [143] (k 
p=0.61 

in combination with 1. l mis 

vibration velocity at 20°C temperature rise), have the potential to greatly increase the 

power density of PTs. 

The mechanical quality factor Q. of a piezoelectric material is another important 

parameter to consider, and is closely related to vibration velocity. Whilst the value that 
is quoted in a manufacturer's datasheet (which is measured at low excitation level) is 

useful, the way in which Q. changes with vibration velocity and temperature is very 

important. Under normal circumstances, as the vibration velocity of a piezoelectric 

resonator is increased, the temperature rises [105,147-153]. But there are at least two 

effects at play here. Umeda et at. devised a method for measuring the quality factor of a 

material without increasing its temperature using the electrical transient response [147, 

157]. This allowed the effects of temperature and vibration velocity on Q. to be 

separated. Using this method it has been shown in many papers that increasing 

temperature alone decreases Q., and that increasing vibration velocity alone decreases 

Qm [106,147,158,159]. Therefore in normal circumstances, when a piezoelectric 

material is driven up to a particular vibration velocity, the vibration velocity causes Q. 

to decrease (i. e. the losses increase), which generates more heat, and this increased heat 

causes the Q. to decrease still further, generating yet more heat. If this heat generation 

can be balanced by thermal conduction and convection, then a steady-state temperature 
is reached. However, sometimes a thermal runaway condition can occur (see Chapter 4). 

In summary, as vibration velocity is increased during normal operation (i. e. where 

temperature is allowed to rise), temperature increases and Q. decreases [147,149]. 

Furthermore, temperature increase and Q, � decrease tend to reinforce one another, and 

provide a mechanism by which thermal runaway can occur. 

For a simple transducer resonator, Q, � 
is related to the loss resistance shown in the 

resonator equivalent circuit of Figure 1.24 by [ 153,160] 

R, (1.5) 
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where co, is the angular resonant frequency of the mode in question. It should be noted, 

however, that several other equivalent circuits have been proposed to try and more 

accurately model the nature of the losses [105-107,146,156,157]. 

40 
Im 

I 
I, 

Cd 

40 

R 

Figure 1.24: The equivalent circuit of a piezoelectric resonator near resonance 1160,1611. 

In many ways, a PT can be thought of as a highly damped resonator. For a normal 

transducer resonator, such as those used in the high power studies [106,147-149,151- 

153,157-159,162,163], the only damping that occurs at resonance is due to Q. (note 

that R, in Figure 1.24 can be written in terms of Q. using (1.5)), whereas a 

piezoelectric transformer that is operating with a matched load has an equivalent R, in 

Figure 1.24 that is (hopefully - otherwise efficiency will be poor! ) primarily composed 

of the load, as it is seen through the piezoelectric coupling of the output terminals to the 

mechanical system, and the piezoelectric coupling of the mechanical system to the input 

terminals. Again, it must be emphasised that Figure 1.24 is a very simple representation 

as far as losses at high power are concerned; the important point is that as vibration 

velocity increases, the losses (however they are modelled in an equivalent circuit) 

increase, and temperature increases. A piezoelectric material that can operate at high 

vibration velocities in a thermally stable manner therefore has a Q,, against vibration 

velocity profile (measured under normal conditions where temperature is allowed to 

rise) where Q. does not start to rapidly decrease until a high vibration velocity is 

reached. 

The reason that maximum vibration velocity is used as a figure of merit, rather than 

displacement, is that "displacement is a function of size, while velocity is not" [105] 

(see also [142]). In other words, the vibration velocity at which temperature begins to 

rapidly increase and Q. rapidly decrease is approximately dependent only on the 

31 



piezoelectric material itself, and not on the size and shape of the resonator. Maximum 

vibration velocity is therefore somewhat analogous to maximum flux density in 

magnetics. 

Apart from temperature and vibration velocity and their effect on the Q. of the 

piezoelectric material, there are a number of other factors that can affect the overall Q. 

of a PT. As the number of layers within a given sized piezoelectric device is increased, 

the Q. at a particular vibration velocity decreases [106]. It is therefore desirable to 

avoid using a large number of layers in a PT design when possible, and in the case of 
DC-output applications the rectifier topology should be chosen accordingly (see 

Chapter 4). The adhesive used in bonded PTs, although very thin, also decreases Q. , as 

does the incorporation of isolation layers (see R, values for the T1-15W isolated and 

non-isolated in Chapter 2). For a given size, a PT with many layers is therefore likely to 

generate more heat for a given vibration velocity, and may therefore not be able to 

operate at the same vibration velocity as a single layer device. However, increasing the 

number of layers tends to increase the thermal conductivity of the device, resulting in a 

more uniform temperature profile [24]. 

The Q. of a PT (at a low excitation level) is usually much lower than the Q. of the 

piezoelectric material used within it (at low excitation level). For example, the 

manufacturer quotes a figure of 1400 for APC841 material, whereas the Q. of a PT can 
be in the region of a couple of hundred, depending on its composition. It is therefore 

essential to use materials (particularly bonding agents) and manufacturing processes that 

result in a PT having an overall Q. that is as high as possible in relation to the Q. of 

the piezoelectric material, as well as using a piezoelectric material which maintains a 
high Q. at high vibration velocities. 

In summary, high power density PTs require piezoelectric materials which: 
1) Have a large electromechanical coupling factor associated with the type of 

coupling used by the PT. 

2) Are able to operate at high vibration velocity in a thermally stable manner. 

32 



1.10 Piezoelectric constitutive equations and device analysis 

Of the 32 crystal classes, 21 lack a centre of symmetry (they are said to be non- 

centrosymmetric). Of these 21, there are 20 that show piezoelectric behaviour [1,56,82, 

164,165]. The constitutive piezoelectric equations are derived from thermodynamic 

considerations [56,82,109], and quantify the behaviour of a piezoelectric material. 

There are 4 sets of constitutive equations, with each set having a different combination 

of dependent and independent variables (i. e. the quantities that appear on the left and 

right hand sides of the equations respectively). The constitutive equations are most 

readily expressed in matrix form. When electric field and stress are taken as the 

independent variables [9,56,82] 

[S] 
=[sEIT] +[d( JE] 

[D] 
- 

[dIT] +[enIE] 
(1.6) 

where S is strain, T is stress, E is electric field, D is electric displacement (i. e. the 

electric flux density, or stored electric charge per unit area [142]), s is compliance, d is 

the piezoelectric constant, and e is permittivity. The subscript t in (1.6a) indicates the 

transpose of the matrix; thus, d, is obtained by interchanging the rows and columns of 

the d matrix. The superscript E simply indicates that the quantity should be measured 

at constant electric field; the superscript T that the quantity should be measured at 

constant stress. 

If stress} and electric displacement are taken as the independent variables [9,56,82] 

[S]=['IT]+[g', ID] 
(1.7) 

[E]=-[KIT]+[ßT ID]. 

If strain and electric field are taken as the independent variables [9,56,82] 
[T]=[E IS]-[eJE] 
[D] _ [eIs]+ [E., 

JE]. 

If strain and electric displacement are taken as the independent variables [9,56,82] 

[T] 
= 

[c') IS] - [h, ID] 

[E] = -[hjs]+ 
[ß ̀ ID]. 

(1.9) 

The quantities in (1.6) to (1.9) are related to one another as follows [9,56] 
[T] [[ET1 

(1.10) 

[K]=f TYd] (1.11) 

[s°]= [s`]-[d, 1ß' Id] (1.12) 
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['}= [SEt' 

[e] = [d! c "I [es]_ 

LET 

]_[d! 
(EId, J 

[cD]= [SDJ I=[ cE]+[E 
I)6Sle] 

= 
jcE]+[h IE, Yh] 

[h]=ýsle]=[gfc0] 

lAl 

[a`]=[ESri =[ßT 
]+[hISDIh [8T ]+[g DIg 

Note that the rules of matrix algebra must be followed when 
c1ý ý1/sip. 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

(1.17) 

(1.18) 

using (1.6) to (1.18), i. e. 

The electric field, electric displacement, stress, and strain matrices are as follows [9] 

E, D, 
[E] 

= E2 
, 

[D]= D, ' 
[T]= 

E3 D3 

T, 

TZ 
T3 

T, 
TS 
Tfi 

[s]= 

S, 
SZ 

S3 

S4 
S5 
ch 

(1 19) 

where the subscripts indicate the direction of the quantity. Subscripts 1,2, and 3 refer to 

the three normal directions in the Cartesian coordinate system, as shown later in Figure 

1.25. Note that the "right hand rule" is observed when depicting the directions of the 

Cartesian coordinate axes. Subscripts 4,5, and 6 are used to define shear stresses or 

strains about the 1,2, and 3 axes respectively (see page 221 of [1] and page 347 of 
[165]). 

The elastic coefficients, [SE], [C"], [cv], and [c°], are therefore 6 by 6 matrices. The 

dielectric coefficients, [8T], [es], 
[T], and [Q'], are 3 by 3 matrices, and the 

piezoelectric coefficients, [d], [e], [g], and [h], are 3 by 6 matrices [9,56,109]. 

Methods for determining these material coefficients are set out in the various IRE/IEEE 

standards on piezoelectricity [160,161,164,166,167]. For a particular material, the 

nature of these matrices depends on the crystal class. Elasto-piezo-dielectric matrix 
diagrams describe which elements of the various matrices are zero and which are the 

same as another element. Diagrams for all 32 crystal classes can be found in [56,166]. 

Poled polycrystalline ceramics, such as PZT and barium titanate, have an elasto-piezo- 
dielectric matrix of the same form as the crystal class C6,. [ 166]. 
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By convention, unless otherwise stated, the direction of poling in a piezoelectric 

ceramic is taken as the x, direction [1,165]. Using the elasto-piezo-dielectric matrix 

diagram for C6,,, the constitutive equations where stress and electric field are the 

independent variables can be written out in full for a piezoelectric ceramic poled in the 

x, direction as follows [ 10] 

S, 

S2 

S3 

S, 

S5 

S6 

EEE SII S12 S13 0ýQI Tý 

EEE s12 SII si3 000 T2 
EEE S13 S13 S33 00O T3 

000 sä 00 T4 

0000 s44 0 TS ', 
J 00000 sý T6 

D1 0000d, 0- 
D2 =000 dj5 00 
D3 d31 d31 d33 000 

rT 

TZ 

T3 
T, 

TS 
TI, 

00d;, 

0o d31rE, 
1 

+ 
UU U33 

0 d, s0 

dis 00 

000 

Ez 

_E3 J 

s� 00 [E, E, ý 

0 e, ', 0 + 
00 E3 

JLE3 

(1.20) 

Using the same matrix diagram, the other sets of constitutive equations could also be 

written out in full for a poled piezoelectric ceramic. 

Conceptually, the analysis of a piezoelectric problem can be undertaken using any of the 

4 sets of constitutive equations. However, the assumptions that can be made with certain 

types of problem often mean that a particular set is more convenient than the others. 

For example, consider a long thin bar with electrodes on two opposing major surfaces, 

as shown in Figure 1.25. The bar is made from piezoelectric ceramic, poled in the x, 

direction, and is free to vibrate. Let the bar be driven at the frequency of the first 

longitudinal resonance. Such a bar will have negligible stress in all directions except the 

longitudinal direction, therefore [10,82,161] 

T, =T, =T, =T, =T,, =0. (1.21) 

The electrodes are equipotential surfaces. Thus, at these surfaces [82], 

E, =E, =0. (1.22) 

Because the cross section of the bar is negligible, (1.22) also applies throughout the bar 

[82]. Furthermore, for this electrode configuration [10] 

aE3=0. (1.23) aX3 
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Because the geometry, vibration mode, and electrode layout allow most of the electric 

field and stress components to be assumed negligible, it is most convenient to choose 

the constitutive equations where electric field and stress are the independent variables. 

Substituting (1.21) and (1.22) into (1.20) results in 

S, =sIýT, +d31E3 (1.24) 

Sz =s2T, +d31E, (1.25) 
S3 =s13T1 +d33E3 (1.26) 

S4 =Ss =S6 =0 (1.27) 

D, =Dz =0 (1.28) 

D3 =d31T +633E3 (1.29) 

The equations required for the subsequent analysis are (1.24) and (1.29), (see page 235 

of [82], or page 106 of [9]). Although one of the other sets of constitutive equations 

could have been used, a very considerable amount of mathematical rearrangement 

would have been necessary to arrive at the simple relationships in (1.24) to (1.29). 

Direction of motion 

X3 

I/ (4 

40 
1 a 

Figure 1.25: Longitudinal mode resonator with electric field perpendicular to the direction of wave 
propagation. 

As a contrasting example, consider a thin piezoelectric ceramic plate operating at a 

thickness mode. The plate is electroded on the major surfaces, and poled in the 

thickness direction (which is taken as the . r, 
direction), as shown in Figure 1.26. 

Because "the lateral dimensions are much larger than in the direction of elastic wave 

propagation" [82], the plate is assumed to be laterally clamped (i. e. all motion is 

negligible except for in the thickness direction), giving [82] 

S1 =s, =s, =ss =s6 =o. (1.30) 

If the permittivity of the bar is large compared to its surroundings, then fringing electric 
fields will not occur, and the electric flux lines will be parallel to the direction of wave 

propagation [9,82]. Thus [9,82] 
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D, =Dz =0 (1.31) 

aD, 
-0. ÖXi (1.32) 

Because the geometry, vibration mode, and electrode layout allow most of the electric 

displacement and strain components to be assumed negligible, it is more convenient to 

use the constitutive equations where electric displacement and strain are the 

independent variables. Substituting (1.30) to (1.32) into (1.9) results (for a piezoelectric 

ceramic), in 

T1 =C13 S3 
-h31D3 

(1.33) 

T2 
- 0133 S3 - h31 D3 (1.34) 

T3 =CýS3 -h33D3 
(1.35) 

T4 =TS =T,, (1.36) 

EI = E2 =o (1.37) 
E3 = -h33S 3+ F'. 3 

D3 (1.38) 

The equations required for the subsequent analysis are (1.35) and (1.38), (see page 238 

of [82], or page 106 of [9]). 
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Figure 1.26: Thickness mode resonator with electric field parallel to the direction of wave 
propagation. 
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The process of obtaining the correct, simplified, constitutive equations for a particular 

problem may be summarised as follows: 

1) Identify the crystal class of the material and the form of the dielectric, 

piezoelectric, and elastic matrices. 
2) Consider the geometry, vibration mode, and electrode layout of the device, and 

identify which electric field, electric displacement, stress, and strain components 

may be regarded as negligible. 
3) Choose the set of constitutive equations that most readily allow the 

approximations from 2) to be applied. Apply the approximations, and obtain the 

simplified constitutive equations for the problem in question. 

The simplified constitutive equations from one problem cannot be applied to another 

unless exactly the same set of approximations are valid (see discussion in [13]). The 

constitutive piezoelectric equations will be used extensively throughout Chapters 2 and 
3 of this thesis. 

1.11 Identification of research goals 

The radial mode Transoner is currently the most promising design for many DC-DC 

converter specifications. Since equivalent circuit modelling is essential for 

quantitatively designing PTs, and for ensuring that a particular converter specification is 

met in a manner that also maximises power density, the development of equivalent 

circuit models for the radial mode Transoner is a key focus for this work. These models 

may be found in Chapters 2 and 3. 

To date, the application in which PTs have seen the greatest success is CCFL backlight 
inverters, which is a DC-AC type application rather than DC-DC. An important 

question is therefore: what effect does the use of a rectifier have on the power density of 

a PT? This question is answered, through the use of PT modelling and rectifier 
modelling, in Chapter 4. 

In many ways, the half-bridge inductor-less topology is the most attractive PT-based 

topology because it requires no other components to be used between the half-bridge 

and the rectifier. It has been known for some time that PTs designed for inductor-less 
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operation achieve lower PT power density than those designed for with-inductor 

operation. However, because accurate models for the inductor-less topology have not 

yet been developed, the reasons behind this decreased power density have not been fully 

understood. The development of such models, and their translation into a set of design 

criteria for maximising PT power density, is another key focus for this work and may be 

found in Chapters 5 and 6. 

Finally, if inductor-less radial mode Transoner based converters are to be successful in 

DC-DC applications, regulation of the output voltage in response to load changes will 
be required. Given the way in which the inductor-less topology works, a key question is 

whether a more conservative PT design (i. e. a larger design) is required in order for 

ZVS to be maintained whilst providing output voltage regulation through frequency 

modulation, compared to obtaining ZVS at the load into which maximum output power 
is to be delivered. This question is answered, from a theoretical perspective, in Chapter 

7. 
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Chapter 2- Equivalent circuit modelling of radial mode 
Transoner PTs (I) 

2.1 Introduction 

Like a conventional resonant converter, a PT based converter must be specifically 
designed for its target application if high efficiency and high power density are to be 

achieved. To facilitate this, it is essential to have a model that relates the electrical 

characteristics of a PT to the physical parameters of the device; that is, an equivalent 

circuit model where each of the electrical components is fully specified in terms of the 

physical dimensions and material parameters of the device. 

Three lumped equivalent circuit models have been published for the radial mode 
Transoner PT [1-3], and all three mathematically differ from one another. Comparing 

[1] to many other works involving the radial motion of a thin disc, it can be seen that the 

equation of motion on which [1) is based is not correct. The radial motion of a thin disc 

has a Bessel function description [4,5]. Therefore the use of a sinusoidal function on 

page 158 of [1] for the radial strain (which is the derivative of the equation of motion 

with respect to the radial coordinate) is not correct. A second problem with [1) was 
highlighted by Dr. Carazo of Micromechatronics Inc. Neglecting air resistance, the 

radial force at the outer radius of the PT is zero. Therefore the approach of splitting the 

PT into an input section and an output section and coupling the radial force at the outer 

radius of the input section to that at the outer radius of the output section is incorrect 

because the boundary condition (i. e. the force being zero) is not implemented. The 

model presented in [2] uses the correct equation of motion, but like (1], does not appear 
to implement the boundary conditions correctly. Whilst [3] primarily deals with contour 

vibration mode devices, the lumped equivalent circuit model it contains is stated to be 

for a radial mode device. However, no derivation, list of assumptions, or experimental 

verification was provided. 

This chapter presents the derivation of a Mason type equivalent circuit for a simple 

radial mode PT. A lumped equivalent circuit representation is then obtained, and 

comparisons are made between the simulated and experimental component values of 

50 



isolated and non-isolated Transoner Ti radial mode PTs. Reasons for the discrepancies 

between simulation and experiment are discussed, and methods for improving the 

accuracy of the model are suggested. The Mason equivalent circuit then forms a key 

part of the more complete model that is developed in Chapter 3. 

2.2 Scope, definitions, and assumptions 

Figure 2.1 shows the construction of a typical, purely bonded, radial mode Transoner 

PT. The ceramic and the copper electrodes in the input and output section have the same 

radius. Whilst the radius of the isolation layer is usually made slightly larger than that of 

the electrodes and ceramic in order to improve the breakdown voltage, the amount of 

material that extends past the radius of the electrode and ceramic layers is very small, 

and will therefore be neglected. Thus, for modelling purposes, all layers of the PT are 

assumed to be the same radius. The PT is assumed to have an input section consisting of 

n, � 
identical layers connected electrically in parallel, and a secondary section consisting 

of n�u, identical layers connected in parallel. The thickness of a single input section 

layer and a single output section layer are referred to as r, and r,,,,, respectively. In 

practice, the device may be manufactured such that the input (or output) section is split 

into two sections, with n,,, /2 layers above the output section and n;,, /2 layers below the 

output section, because this helps to reduce the effect of bending modes and ensures a 

more uniform radial strain profile in the thickness direction. However, arranging the 

layers in such a manner does not change the analysis that follows because strain is 

assumed constant in the thickness direction (see later). 

J. 

Input section r 
layers S` 

Output section 
f 

layers 
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Figure 2.1: Diagrams showing the construction and electrical connections of a simple radial mode 
Transoner PT. Note that all ceramic and electrode layers have the same radius. 

The PT is shown positioned in the Cartesian and cylindrical coordinate systems in 

Figure 2.2. The radial force at the outer radius of the PT is labelled F,, whilst the radial 

vibration velocity of a particle at the outer radius is labelled 1?,,. Note that throughout 

this thesis, the direction of an arrow will always correspond to the direction in which the 

associated quantity is defined as being positive. Thus, both F, and v� are defined as 

being positive in the opposite direction to the r axis. The voltages and currents in the 

input and output section are defined in relation to the coordinate systems and poling 

directions as shown in Figure 2.3. A Mason equivalent circuit is now developed to 

relate the voltages and currents in the input and output section to the radial force and 

radial vibration velocity at the outer radius of the PT. A 3-port network representation 

of the Mason equivalent circuit is shown in Figure 2.4. 
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Figure 2.2: PT positioned in the Cartesian and cylindrical coordinate systems. 

52 



Vn 

0 

f' 

---- - tU tP 
______t±______ 

tD ý- 
AEt L), � +P +D. ` 

tD, h tE tP iF 
tE 7;; tl) d' +EA; iD 

tE tD ,w tP I tF tD 
tp _ý P--_T-__ 

,, ý tD',, tP ý tE"",, t1)" 
.. < tF_ � tD 4P 

i V,,., 10 
---* -> 

E 
21in layer 

2 Iin laver 

F 

F 2I layer 
our 

2I,,,,, 
lenrr 

- -- fY 

Figure 2.3: Voltage and current definitions in relation to the cylindrical coordinate system. Note 
that i,,, and are shown here as being equal to 41,,, """' and 41,,,,, ' ", respectively, to reflect the fact 

that the device is shown here with 4 input section layers and 4 output section layers. 

Mason equivalent 
circuit 

c,, ý111 

r� 
Figure 2.4: A 3-port network representation of the Mason equivalent circuit of the radial mode 

Transoner PT. The force and vibration velocity at the outer radius of the PT are represented as a 
voltage and current respectively. 

Two key assumptions will be used throughout the following analysis: 

" The PT is considered to be a thin composite disc in radial motion. Thus, stress in 

the thickness direction is assumed to be negligibly small compared to the radial 

and azimuthal stresses. In practice, this means that the ratio of the PT radius to 

total thickness must be sufficiently large, thereby ensuring that the first 

thickness vibration mode is not too close to the first radial vibration mode. 

" Radial displacement, radial strain, and azimuthal strain are assumed to be 

constant with thickness. Whilst all layers are assumed to experience the same 

radial and azimuthal strains, the stresses developed within a particular layer will 
depend upon the compliance of that layer, and in the case of piezoelectric layers, 

the electric flux density and electric field. 

I reut 
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The variables g, T, S, E, D, and s are used for displacement, stress, strain, electric 

field, electric flux density, and permittivity, respectively. Since stress in the thickness 
direction is assumed negligible, T. =0. Furthermore, all shear stresses and strains (T, , 
T, B , T& , and S,.,, Sr@ , S,, ) are assumed to be negligible, as are any electric fields (such 

as those caused by fringing effects) other than E,. The PT is assumed to be, in perfect 

axisymmetric radial motion, therefore ýe = o, eBe 
=o, and 0=o. 

Throughout the analysis, a distinction is kept between the material properties of the 

ceramic in the input section and those of the ceramic in the output section, as these are 
known to vary with geometry and the extent to which the material is poled. Quantities 

that pertain to the input or output sections are designated as such by the use of the 

superscripts "in" and "out". The derivation proceeds under a lossless assumption (all 

dielectric, mechanical, and piezoelectric constants are taken to be pure real). However, 

mechanical losses will be considered once the Mason equivalent circuit is simplified to 

a lumped equivalent circuit representation. Finally, the analysis is conducted for 

sinusoidal steady state conditions; therefore appropriate variables have a suppressed e1°" 
dependence. 

2.3 Derivation 

A. Identifying the constitutive piezoelectric equations 

Consider a single piezoelectric disc, poled in the thickness direction, and positioned in 

Cartesian and cylindrical coordinate systems such that the direction of poling 

corresponds to the z and x3 coordinate axes. Let the disc be thin, electroded on the 

major surfaces, and driven into radial vibration. Since T. -0, the appropriate 

constitutive equations for such a disc are [6] 

Sr = S1 T, +s12 T,, + d31 E. (2.1) 

SB =s12 T, +s ; TB +d3, E2 (2.2) 

D =d31T, +d31Ta +s; Es. (2.3) 
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Since the PT is regarded as thin, the constitutive equations for the thin disc scenario are 

applicable. Thus, for the input section layers that are poled in the same direction as the 

a (and x, ) axes, 

SrC 
in 

_s11 
Eln7, 

rC 
in 

+S 
E12lnTbC in 

+ d31 inEz in (2.4) 

Stein S 
Z1nTýin 

+SEinlCin +d31ME. 
z (2.5) 

D=' - d31i"T, Ci" 
+d31'"TOU +8331"E=1n 

(2.6) 

The subscript "c" on the stress and strain variables is simply to indicate that the 

quantities apply to ceramic. For the input section discs where the direction of poling 

opposes the z coordinate axis (see Figure 2.1 and Figure 2.3), the piezoelectric 

constants change sign [7] and the appropriate equations become 
in Ein in E i^ in in in 

`SrC = sit T, C+ s12 T6C - d31 E_ 

Sin E in in E rn in in in 
ý. = $, 2 T, ý +s11 Tý. - d31 E. 

in in in In in Tin in 
DZ =-d� T,, ý - d31 Tý + s� Es 

. 

An electric field, E,, ", is now defined such that in the discs poled T 

(2.7) 

(2.8) 

(2.9) 

z 
i 

whereas in the discs poled P, E, 
r'" = -E_". Likewise, an electric flux density D, '" is 

defined such that in the layers poled T P, DK'" = D=" , whereas in the layers poled I P, 

D"'" = -D='" . Thus, EK'" and DK" are defined as shown in Figure 2.3. A single set of 

equations can then be used for all input section discs, regardless of poling direction 

in Ein in E' in l» E� S, c = s� T, c+ s12 Tý + d3, EK 

in E in in E in in tn in Sý = s12 T, + s11 Tý. + d3, EK 

in in in in in r in in 
D, =d3i T,, +d3i Tix +E33 EK 

Equations (2.10) and (2.11) can be rewritten in terms 

ceramic cc' as 
S In E in in EnE 'm In in n 

,c= s11 T, c s� Qc Tq, + d3, EK 

S In E fn E in in E fn !n !n In 

ý =-ac sli T, c +sii Tý +d3i EK 

where 
E i^ 

-S12 

EI» 
Sil 

(2.13) 

(2.14) 

(2.1 s) 

Finally, it is more convenient to have (2.13) and (2.14) solved for T, ' and Tom. '. Thus, 

the final set of equations for the input section discs is 

(2.10) 

(2.11) 

(2.12) 

of the Poisson's ratio of the 
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Likewise, for the output section discs, 
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where Ex, °"' and DK°"' are defined as shown in Figure 2.3. 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

B. Equation of motion 
Neglecting shear stresses, the equation of equilibrium for the radial motion of a thin disc 

is [6] 

OT, 
+T, -TB 

-P 
al 

r (2.22) T, r ae Z 

where ý, is radial displacement, t is time, and p is density. If the disc is assumed to be 

in perfect axisymmetric radial motion, the radial and azimuthal strains are related to 

radial displacement by [6] 

S, = 
aý. (2.23) 

Se = 
ý, 

. (2.24) 
r 

In order to apply (2.22) to the composite shown in Figure 2.1, average T, , Tp , and p are 

then found. Average or effective quantities are denoted by a horizontal bar above the 

relevant symbol. The average density of the PT is given by 
to in out out fc Pc + fc Pc + fi Pr + fE Pt; (2.25) 

where f is the thickness fraction of a particular material, i. e. (number of layers x layer 

thickness) / total thickness (see Figure 2.1). For the input and output sections, these are 

fc'" ", "t, " (2.26) l 
Mal 
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out 
_ 

houltout 

C 
ttotol (2.27) 

The subscripts c, i, and E are used to refer to the piezoelectric ceramic, isolation, and 

electrode material respectively. Since stress is force per unit area, and the composition 

of the device remains constant in the r and 9 directions, the overall average radial and 

azimuthal stresses in the composite can be expressed in terms of the stresses within each 

material as (see, for example, page 61 of [8]) 
Tr = JCTrC'n + JCoatT. C0", + f/Td + f, T, (2'20) 

Te = {JcýTec+fc0UtT6C our+JfiTS+fETIV . 
(2.29) 

The stresses within the piezoelectric discs are related to the strains (and therefore to 

radial displacement) using the constitutive equations in Section 2.3A. For the isotropic 

non-piezoelectric isolation and electrode layers, Hooke's law in cylindrical coordinates 

is applied. Since T. =o is assumed in all layers, this gives 
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(2.30) 

(2.31) 

(2.32) 

(2.33) 

where Y, and YE are the Young's modulus of the isolation and electrode material 

respectively. Since radial and azimuthal strain is assumed to be constant in the thickness 

direction, 

S 
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-`Sr! °'Sýout -. S in 
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(2.34) 

Sg 
= Sm = S6, out 

_ 
S.,, i" 

=ýr 

r 
(2.35) 

Using (2.28), (2.29), (2.16), (2.17), (2.19), (2.20), and (2.30) to (2.33), the overall radial 

and azimuthal stress in the composite is 
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(2.38) 

(2.39) 
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The quantities Y, and P are analogous to the c; and c2 quantities that were introduced 

in the most recent IEEE standard on piezoelectricity [9]. In this work they are simply 

referred to as effective Young's moduli, with units of newton per square meter. 
Reviewing (2.22) to (2.41), it can be seen that devices with different compositions (e. g. 

with inactive ceramic layers, etc) simply require T,, T, and P to be suitably modified. 

Since EK' and EKOYI are independent of r, substituting (2.38) and (2.39) into (2.22) 

yields the following wave equation for the radial motion of the composite 

Yýa2, +lar_ rl_2ýr (2.42) P är2 ör r r2 
ät2 

Assuming harmonic excitation, the radial motion of the PT can be written as, 
KK 

-e 
fox 

yr ra 

which allows (2.42) to be rewritten as 

-5; 7 
r 

a4, a+Ia4ra-4Z+'0Z4ra =U 

(2.43) 

(2.44) 

where the average radial speed of sound U, and radial wave number 8 are given by 
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Ur = 

5--ol 

Q=ol" 
Ur 

(2.45) 

(2.46) 

The solution to the differential equation (2.44) is of the form 

yra = A, J, (3r)+ B1Y1(ßr) (2.47) 

where A, and B, are constants. J, and Y are Bessel functions of the first kind and first 

order, and second kind and first order respectively. Substituting (2.47) into (2.43) gives 

a general solution for the equation of radial motion, 

g, =(A, J, (ßr)+B, Y, (ßr))e'a'. (2.48) 

When deriving the Mason equivalent circuit of a piezoelectric transducer element, the 

constants in the equation of motion are solved in terms of the vibration velocity at either 

end of the element [5,10]. Thus, the constants of (2.48) are found in terms of the radial 

velocity of a particle at the centre of the PT and at the outer radius of the PT. The radial 

velocity of a particle is given by 

v=a =. lw(A, J, (, 6r)+B, Y, ( ))efa'. (2.49) 

at 
Since there is a nodal point at the centre of the PT (r = o), the velocity there is zero. 

Hence 

B, =0. (2.50) 

At the outer radius (r = a) of the device 

-va = ja 4J (a)'°Y (2.51) 

where v° is the radial velocity of a particle at the outer radius. The negative sign in 

(2.51) is due to va being defined as positive in the opposite direction to the r coordinate 

(see Figure 2.3). From (2.51), 

A =- Jowl ! 
v, a" (2.52) 

Since the velocity v, varies sinusoidally with time (i. e. va = vaael" ), A, is constant. 

Substituting (2.50) and (2.52) into (2.48) provides the equation of radial motion in terms 

of the velocity at the outer radius of the device, 

r ='vaJi(fi 

) 

(2.53) 

Since VQ will vary sinusoidally with time, so does the radial motion described by (2.53), 

as expected. 
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C. Electrical equations 
Initially, a single layer in the input section is considered. The current through the layer 

is found using 

Ii"! a'rr = 
dQ 

= jamQ=fo) (° DK`"22rrdr 

where Q is charge, and harmonic excitation is assumed, i. e. 

Q= Qoe10 . 
(2.55) 

Note that 1;,, `ay" and D,, ' are both defined as positive in the same direction, regardless of 

poling direction (see Figure 2.3). Substituting (2.18) into (2.54), 
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Substituting (2.16) and (2.17), followed by (2.34) and (2.35), into (2.56) 
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rdr . (2.57) 

From Figure 2.3 it can be seen that vin is defined as positive in the opposite direction to 

EK'n, regardless of poling direction. Hence, 

EKin 

= 
Vin 

. (2.58) tin 

Substituting (2.53) and (2.58) into (2.57) and evaluating 
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Since there are nu, identical layers connected in parallel in the input section, the total 

input section current is given by It, = n,,, 1, �I"Owr . 
Hence, 
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Repeating the process outlined in this section for the output section, 
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(2.61) 
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D. Mechanical equations 
In this section, a relationship between the radial force acting on the outer circumference 

of the main body of the PT and the voltages across the input and output section layers is 

developed. The force acting (inward) on the outer circumference of the PT is given by 

Fa - Trlr=a sa 

where the surface area on which the force acts is 

$a = 21lat. 
wr " 

(2.62) 

(2.63) 

Substituting (2.63), (2.53), (2.38), (2.26), (2.27), (2.58), and E�°"` = v"", Ito", into (2.62) 

and evaluating, 
/ý 
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where �Q is a Bessel function of the first kind and zero order. 

(2.64) 

E. Equivalent circuit representation 
Equations (2.60), (2.61), and (2.64) can be rewritten as: 
Ira =V', >wCa, -A, va (2.65) 

'oar = V0 wCC 
., - Aourva (2.66) 

Fa =vaZm1 +VnAp, +V0u, A0u, (2.67) 
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where the planar coupling factors of the input and output section layers are [11) 
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(2.69) 

(2.70) 

(2.71) 

(2.72) 

(2.73) 
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and and t'u't"' are the total thicknesses of piezoelectrically active ceramic in the input 

and output sections. Hence, tint"' = n, �t, � and t. ü; 
' = n_tto,,, . 

By treating force in an analogous way to voltage, and velocity in an analogous way to 

current, (2.65) to (2.67) can be represented with the Mason equivalent circuit shown in 

Figure 2.5. A,,, and A,,,,, are known as the force-factors. The turns ratios 1: A,,, and 1: A,,,,, 

represent the electrical-to-mechanical transformation ratios of the input and output 

sections respectively. C; n and C�u, are the clamped capacitances of the input and output 

sections, and represent the capacitances that would be seen if the device was clamped 

such that no motion could occur (i. e. v� = 0). Z,,,, represents the mechanical impedance 

of the device. 

ý, 
lin A� 

C. 
D 

Iý 

ý',,,,, 
ý 

C��ý 

I 

I 

Zm, I", 

F 

0 

Figure 2.5: Mason equivalent circuit for the radial mode Transoner PT. 

Neglecting air resistance, the radial force on the outer radius of the PT is zero. Hence 

F, = 0. Applying this boundary condition, the circuit of Figure 2.5 simplifies to that 

shown in Figure 2.6. 

1, IAZ,., i V, 

C I. 

Figure 2.6: Equivalent circuit after application of the boundary condition F, = 0. 
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The circuit of Figure 2.6 is suitable for modelling the electrical behaviour of a radial 

mode Transoner PT when operating in the vicinity of any radial resonance (providing it 

is undisturbed by other vibration modes). However, since only a specific resonance is 

usually of interest, the mechanical impedance in Figure 2.6 can be linearised about the 

resonant frequency of interest, allowing the impedance to be represented by an 
inductance and capacitance connected in series. Not only does this make simulation of 
the PT in SPICE packages very straightforward, it also allows a mechanical loss 

resistance to be introduced through knowledge of the inductance and the mechanical Q 

factor. In this work, the linearization is made at the first radial resonance. When the 

output of the PT is short circuited, the resonant frequencies of the radial vibration 

modes are given by the points at which the mechanical impedance reaches zero. From 

(2.72) this occurs at the solutions to 

J, (fla)fla 
-i+F=o (2.75) 

where an effective Poisson's ratio for the composite has been defined as 
P 

6 =-, Yr (2.76) 

Equation (2.75) is transcendental and must be solved numerically. If R is taken to be 

the first positive root of (2.75) (i. e. R is the first positive value of pa that satisfies 

(2.75)), then from (2.46), the resonant frequency of the first radial vibration mode when 

the output is short circuited is 

wn, = 
RUr 

(2.77) 
a 

Note that R is dependent only on the effective Poisson's ratio of the PT. Approximating 

(2,72) with the first two terms of its Taylor series taken about the short circuit resonant 
frequency, 

Zmý ýO+Alv2. 
%fftrowýý'rQZ R2+Q2-1 

()r 2R2 (2.78) 

where Ow =w Representing the impedance of a series LC circuit, L. Cm , by the 

first two terms of its Taylor series, taken about its resonant frequency wr$C = 1/ Lmc, � 
ZLr, cm 2z O+ Ow2 jLm . 

Equating (2.78) and (2.79), and making use of (2.45) 

L. =2too10R2+QZ-11=Mass) 
R2+Q2-1 

ll R2 ll R2 J 

where mass is the total mass of the PT. Then, since ov�. = 1/ L, ýC. = 
RU, 

a 

(2.79) 

(2.80) 

63 



c, ý = Lm Wrec 
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i 
Rü ý�ýý�rnýr R' +5: ' -1 (2.81) 

mý ý 
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A loss resistance R, � can then be introduced as 

L RFL t a; TY (, ) R=m=m= mad 
_. 

R_ +Q _1 (282) 
Q,,, aQ,,, Rv Qý 

where U. is the mechanical quality factor of the overall composite. Hence, the lumped 

equivalent circuit for the radial mode PT can be expressed as shown in Figure 2.7. 

Figure 2.7: The lumped equivalent circuit for the radial mode Transoner PT. 

Finally, by referring the mechanical branch across the first force factor, the simplified 

lumped equivalent circuit shown in Figure 2.8 is obtained, where 
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Figure 2.8: The simplified lumped equivalent circuit for the Transoner mode PT. 

(2.84) 

Comparing Figure 2.7 and (2.68) to (2.71), and (2.80) to (2.82), with those reported in 

[3], the two models are found to be in agreement. Whilst the circuit of Figure 2.8 

corresponds to the general description of a PT most often used in the literature, the 

circuit of Figure 2.7 is more useful from a design perspective because the tank current is 

simply the vibration velocity at the outer radius of the device. 
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2.4 Model verification 
To verify the model, the equivalent circuit component values of an isolated and non- 
isolated Transoner T1-15W radial mode PT were calculated and compared to those 

experimentally measured using an Agilent 4294A impedance analyser. The dimensions 

of the devices are detailed in Table 2.1 and photos may be found in Chapter 1. The 

electrical, mechanical, and electromechanical material constants that apply to bulk 

sections of the materials used in the PTs are shown in Table 2.2, and the simulated and 

experimental component values are given in Table 2.3 and Table 2.4. A full set of 
material properties for the APC841 ceramic may be found in [12]. Note that the 

calculated R. and R, values in these tables use the Q. of the piezoelectric ceramic for 

the overall a,,. 

Although A,., A.,, L., Cm , and R. cannot be measured directly with an impedance 

analyser, knowledge of any one allows all the others to be calculated. If a PT design is 

found to be overheating in its intended application, two possible causes are the 

mechanical loss resistance being unexpectedly large, or the vibration velocity becoming 

too great. Assuming the output capacitance has been suitably sized, the latter would 

require the force factors to be adjusted. Therefore it is useful to be able to 

experimentally determine the force factors of an existing design. From Figure 2.7 and 
Figure 2.8, As,, is the ratio of 1ü, - jmv,,, C,,, to Va , and the ratio of the square root of L. to 

the square root of L,. Thus, the following methods are suggested for measuring A,,,: 

1) A sinusoidal voltage is applied to the input terminals of the PT, and the output 

terminals are connected to a purely resistive load. The radial velocity of a 

particle at the outer radius of the PT is measured with a laser vibrometer. The 

frequency is adjusted to find the resonant frequency (by looking for the 
frequency at which the vibration velocity becomes maximum), and the input 

current to the PT is then measured. Since the tank is at resonance, the real part of 
the PT input current will be the current entering the input section force factor. 

A,,, is then calculated from the ratio of the amplitude of the real part of the PT 

input current to the amplitude of the vibration velocity. The output section force 

factor could be determined using the same method, but with the PT reversed. 
2) Since the (R2 +&2 -1)/ R2 term in (2.80) changes very slowly over the range of 

67 values that are of interest, the error caused by assuming 
(R2 +a2 -1)/ R2 = 0.794, regardless of 6, will be less than 3%. Hence, L. can be 
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assumed to be 0.794 times the mass of the PT, and A,,, can be calculated from 

A, � = J. I L, once the mass of the PT has been measured. Aou, can be 

determined using A.,,, = A,. IN. Since L. will be accurate to within 3%, the force 

factors will be accurate to within 1.49% 

Since a laser vibrometer with sufficient resolution was not available, the second method 

was used to calculate the experimental values of A,,, and A0 , in Table 2.3 and Table 2.4. 

The mass of each PT was measured with a top pan balance with the PT wires removed. 

Ceramic Ceramic Alumina Copper 
input output isolation electrode 

layers layers layers layers 

Radius (mm) 9.525 9.525 10.795 9,525 

Thickness (mm) 1.52 2.29 0.25 0.0762 

Quantity 
1 1 1 4 

(T1-15W non-isolated) 
Quantity 

1 1 0 4 
(T1-15W isolated) 

Table 2.1: Dimensions of Transoner T1-15W samples. 

APC 841 Ceramic layers 

Q. d31 
eT ýe ss o 

SE 
QE c 

Pc 

(C. N'') (m2. N") (kg. m3) 

1400 -109 x 10-12 1400 12 x 10-12 0.38 7600 

Alumina isolation layers and copper electrode layers 

Yi P! YE PE 
(N. m2) 

al 
(kg. m3) (N. rri2) 

of 
(kg. m'3) 

303 x l09 0.21 3720 130 x 109 0.34 8960 

Table 2.2: Electrical, mechanical, and piezoelectric constants for bulk sections of material. 

Mass L. C. R. Ci� Co«, Lý C, Ri 
IAA«I IAoýd N 

(9) (mH) (pF) (f2) (nF) (nF) (mH) (pF) (12) 
Simulation 9.03 0.873 0.873 7.26 218 4.12 1.73 1.15 9.53 166 5.42 1.00 
Experi mental, 

9.09M2 0.821M1 0.879«5 7.22 07 246«a 5.75«7 1.89«I 1.28«I 10.7«I 166«I 8.54«I 0.934«I 
device l 
Experimental, 

9.10«z 0.826" 0.922«s 7.22 13 246«s 6,88 1.90 1.30 10.6 168 10.1 0.895 
device 5 

Table 2.3: Simulated and experimental equivalent circuit component values for non-isolated 
Transoner T1-15W. 
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Mass L. C. R. Cr� C". ' L, C, R, 
IA,. I IAý, I N 

(8) (mH) (pF) (n) (nF) (nF) (mH) (pF) (D) 

Simulation 9.30 0.873 0.873 7.40 187 4.49 1.73 1.15 9.72 143 5.90 1.00 

Experimental, 
9.6402 0.898N4 0.868N5 7.65 Ns 197N6 11 x7 

.0 2.10"' 1,26N 99.48N 1159N, 13.7N, 1.04N, 
device 3 

Experimental, 
9.63N2 0.880" 0.95805 7.65Ns l98Ns 9.91N9 2.00N1 1.34N1 9.88N1 153*1 12.8N1 0.918N1 

device 4 

Experimental, 
9.70N2 0.912" 0.912N5 7.70N3 197" 10.6 117 2.09N1 1.29N1 9.26N1 164N1 12.7N1 1.00N, 

device 6 

Table 2.4: Simulated and experimental equivalent circuit component values for isolated Transoner 
T1-15W. 

#1 measured directly using an impedance analyser 
#z measured directly using a top pan balance 
#3 determined directly from mass measurement 
*4 determined from L. and L, 

#5 determined from A,,, and N 

#6 determined from C, and A,,, 

#7 determined from R, and A,,, 

With the exception of the loss resistances, the model and the bulk section material 

parameters provide a good first-estimate of the equivalent circuit component values of 

the T1-15W devices. The differences between the simulated and experimental results 

are thought to be caused by 

" The assumption that displacement and strain are constant with thickness. 

" The assumption that the material properties that apply to bulk sections of 

material will also apply to the materials in the PT. 

" The assumption that the PT behaves like a thin disc (i. e. that 7', =0). 

" The effects of high order radial modes, and other vibration modes such as 

thickness and bending. 

" The effect of the bonding material. 

The physical properties of polarised ceramic are known to vary with geometry. To quote 
from the IRE standard [I fl: 

"The properties of ceramics are functions of the preparation process, and are subject to 

systematic and statistical fluctuations within a given batch. These fluctuations may be 

caused by the inhomogeneous chemical composition, mechanical differences in the 
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forming process, varying shrinkage and chemical modification during firing, and by 

varying response to the poling treatment. " 

In other words, the material properties supplied by the manufacturer should not be 

expected to correspond exactly to the ceramic discs that appear in the transformer. Like 

a commercial capacitor, the properties of the discs have tolerances, and the tolerance 

figures quoted for standard compositions are usually between 5 and 20%. 

The estimate of the mechanical loss resistance, R, or R., is strongly dependent on the 

mechanical quality factor U.. However, the U. of the overall device is always much 

lower than that of an individual disc, and is difficult to calculate analytically. Factors 

that affect Q. include the choice of isolation material, the number of layers within the 

PT, the choice of piezoelectric material, the manufacturing process (bonded, co-fired, or 

co-fired and bonded), and the adhesive used in the bonding process [13]. Therefore in 

practice, the best way to estimate the expected a. of a PT is probably through 

knowledge of other devices of similar composition made with a similar manufacturing 

process. 

A value of Q. could be determined in a similar way to a simple resonator using the 

impedance analyser. However, the apparent mechanical quality factor of a piezoelectric 

material is dependent upon many factors, including electric field strength, ambient 

temperature, and vibration velocity [14-17]. Therefore the value found by the 
impedance analyser would only apply at low power levels anyway. Even if a value Qm 

could be measured under conditions similar to those in which the PT would actually 

operate in a converter, the value would still be a very simplistic indicator of the 

expected losses. It will be shown in Chapter 4 that the efficiency of a PT changes 

considerably with frequency, and this behaviour cannot be explained by any single 

value of U.. Therefore whilst the R,, R., or Q. of a PT does give a first indication of 

the expected efficiency, and is probably of some use in determining how well the 

manufacturing process is working, it is no substitute for a full characterisation of the PT 

at high power levels. The behaviour of a PT at high power levels is shown in Chapter 4. 

In Section 2.3E, the mechanical impedance z., was expanded only about the first radial 

resonance. However, a more accurate representation of Z., is obtained by expanding 

about additional resonances. Figure 2.9 shows a plot of Z., for tm, aI =4x 10-3 , 
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Y, =I. Ix 10", F=0.35, ; 5=7700, a= 9.5 x 10-' . 
The impedance of a single LC branch, the 

combined impedance of two LC branches in parallel, and the combined impedance of 

three LC branches in parallel is also shown. The first LC branch is from a Taylor 

expansion of zm, about the first resonance, the second LC branch is from an expansion 

about the second radial resonance, etc. When only one LC branch is considered, only 

the behaviour of the mechanical impedance in the vicinity of the first resonance is 

modelled. When two are considered, the first two are modelled. But, not only do the 

additional branches allow the behaviour of the higher resonances to be modelled, they 

also improve the accuracy of the impedance plot in the vicinity of the lower resonances. 

Therefore the LC branches that model the behaviour of the higher resonances have a 

small effect on the impedance that is seen over the frequency range of the first 

resonance. 

Figure 2.9: Comparison of the impedance of Z,,,, to multiple LC branches in parallel. 

The case described above is for an ideal scenario where no other types of vibration 

mode (such as thickness modes and bending modes) occur. In practice, this rarely 

occurs. Indeed, looking at the impedance plot of Figure 2.10, there is a resonance at 

around 60kHz which is probably due to a bending mode. Another spurious resonance 

can be seen at 149kHz, and is in quite close proximity to the first radial mode at 

130kHz. Other resonances continue to occur as the frequency is increased. In [1], Lin 

modelled a more complete frequency response of a PT by including extra branches for 

the other vibration modes, not just the radial modes. Therefore the equivalent circuit of 

a practical PT can be thought of as having multiple LC branches, some of which model 

radial modes, whilst others correspond to thickness and bending modes. Although the 
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effect of these branches will be very small over the frequency range of the resonance of 

interest, they are likely to affect the equivalent circuit component values that are 

measured with the impedance analyser. In particular, the branches representing the 

higher resonances will appear increasingly capacitive when viewed from the first 

resonance of the mode of interest [6]. In [6], Ikeda discusses the fact that the branches 

representing the higher resonances of a piezoelectric resonator are therefore likely to 

increase the measured value of the clamped capacitance, and hence refers to the 

measured value as a "damped" capacitance. A similar effect will occur with a PT 

because when one set of terminals is short circuited and the impedance analyser is used 

to measure the equivalent circuit component values from the other set of terminals, the 

PT is simply a resonator, and the additional LC branches appear in parallel with the 

clamped capacitance. 

Figure 2.10: Input impedance of TI-15W device 3 with output short-circuited. 

2.5 Investigating the effect of the constant strain approximation 

A key assumption when deriving the equivalent circuit model in Section 2.3 was that 

radial displacement, radial strain, and azimuthal strain do not vary with thickness. In 

other words, it was assumed that 4` = o. In reality this is not strictly true, particularly if 
clz 

the input section is relatively small compared to the rest of the device. 

In this section the possible effect of 
L' 

ýo is investigated by considering the case 
az 

where the input and output section of a Transoner PT are connected electrically in 

parallel. By connecting the input and output sections in parallel, such that the poling 
directions of the layers in the input and output sections are in agreement, it is expected 

that radial displacement will be considerably more uniform in the thickness direction. 
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Hence, we now look to see whether the accuracy of the model derived in Section 2.3 is 

improved when the PT is connected in this manner. 

Note that the input and output sections must be connected together such that the poling 
directions all have the same orientation with respect to the applied voltage. Otherwise 

the input section will try to expand when the output section is trying to contract, thereby 

preventing the device from being driven into radial resonance. 

Consider (2.65), (2.66), and (2.67). Let 
IT ju, +Iow 

and 
VT Jýn = V. 

(2.85) 

(2.86) 

1T is the total current entering the Transoner when the two sections are connected in 

parallel. VT is the voltage across each layer in the input and output sections of the 

Transoner. When the two sections are connected in parallel, (2.65), (2.66), and (2.67) 

can then be written as 

p IT = VT1WCT 
- v, AT (2.87) 

F, = v. Z,,, 
l 

+VTAT (2.88) 

where 
p(ý CT - CM + Cow (2. 

(89) AT = Ain + A_, 
. (2.90 ) 

(2.87) and (2.88) are then represented with an equivalent circuit. The boundary 

condition F, =o is applied, z,,,, is linearised about the first radial resonance and 

approximated by a series LC circuit as described in Section 2.3, and a mechanical loss 

resistance is introduced as previously described. The resulting lumped equivalent circuit 
is shown Figure 2.1 1, where L., Cm , and R,,, are given by (2.80), (2.81), and (2.82), 

respectively. 

/7 
'>1 

Irý Cr 

L, C' 
ýf 

Figure 2.11: Lumped equivalent circuit for a Transoner PT where the input and output sections are 
connected electrically in parallel. 

71 



Referring the elements in the mechanical branch across the force factor AT results in the 

circuit of Figure 2.12, where 

RT= 
Rz 

L, T= 
L. 

C, T=C, nAT2. AT AT 

YT 

40 

Ir 

TcT 

(2.91) 

Rir 

Lir 

T Ci r 

Figure 2.12: Simplified lumped equivalent circuit for a Transoner PT where the input and output 
sections are connected electrically in parallel. 

The wires from the T1-15W PTs had been removed prior to measuring the mass of each 

device for the results in Table 2.3 and Table 2.4. After the wires had been re-soldered to 

device 6, the equivalent circuit component values were re-measured with the impedance 

analyser, and the results are shown in Table 2.5. The input and output sections of device 

6 were then connected in parallel, and the values of the components in the equivalent 

circuit of Figure 2.12 were determined. The values were measured 3 times, and the 

results are shown in columns 2,3, and 4 of Table 2.6. 

C, Cour LI CI RI 
N 

(nF) (nF) (mH) (pF) U 

Experimental, 
2.06 1.26 9.46 161 12.5 1.00 

device 6 

Table 2.5: Equivalent circuit component values for isolated TI-15W radial mode Transoner PT 
device 6. 

Experimentally Experimentally Experimentally 
Simulated 

measured measured measured 
values 

results, set I results, set 2 results, set 3 

LJT(mH) 2.371 2.370 2.370 2.431 

Crr (pF) 641.3 641.5 641.6 570.6 

R, r 42) 3.137 3.154 3.148 1.474 

Cr(nF) 2.992 2.993 2.994 2.876 

I ArI 1.746 

Table 2.6: Comparison between the simulated and experimentally measured equivalent circuit 
component values for T1-15W isolated radial mode Transoner PT, device 6, with the input and 

output sections connected in parallel. 
72 



The model derived in Section 2.3 can then be used in conjunction with (2.89), (2.90), 

and (2.91) to calculate the expected equivalent circuit component values of device 6 

when the input and output sections are connected in parallel. This is equivalent to taking 

the simulated values shown in Table 2.4 for R., Lm , C., A,, A0,, C, � , and c..,, and 

applying them to (2.89), (2.90), and (2.91). The resulting values are shown in column 5 

of Table 2.6., 

Comparing the simulated and experimental values in Table 2.6, it can be seen that the 

clamped capacitance of this arrangement, C, , is substantially more accurately predicted 

compared to the clamped input and output capacitances in Table 2.4; the simulated 

value for C;, was 17% smaller than that experimentally recorded, the simulated value 

for C., was 11 % smaller, but the simulated value for CT is only 3.9% smaller than that 

experimentally recorded. This suggests that the '=0 approximation may be 

significantly contributing to the error in the calculated values for C; � and C0,,, . 

Further support for this theory comes from considering just the experimentally 

measured equivalent circuit component values (which eliminates the effect of any 

uncertainties in the accuracy of the material parameters used in the model). Given the 
form of the standard lumped equivalent circuit of a PT, it would be expected that the 

clamped (or rather `damped', see discussion in Section 2.4) capacitance measured when 
the input and output are connected in parallel and the resulting resonator is characterised 

against the standard resonator equivalent circuit (see Chapter 1) would be equal to the 

sum of the C, � and Co,,, capacitances that are measured from the input with the output 

short circuited and from the output with the input short circuited. However, from Table 

2.6, the experimentally measured CT was 2.99nF, whereas from Table 2.4, the sum of 

the experimentally measured c,. and cow, for device 6 is 3.38nF. We believe this 

discrepancy is due to the effect of having a more uniform radial displacement profile in 

the thickness direction when the device is connected with both sections in parallel. 

It is important to note that ate. 
=o is not completely achieved when the input and output az 

sections of the T1-15W PT are connected together because the input section and output 

section layers do not the same thickness, but are subjected to the same voltage during 
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the measurements. Furthermore, connecting the two sections together is also likely to 

reduce the effect of bending modes. Therefore the behaviour shown in this section 

cannot (at present) be said to be solely due to ate' 
# 0. 

Oz 

Nevertheless, we predict that as the physical size of a particular section of the PT (i. e. 

the input section or the output section) is decreased relative to the size of the rest of the 

PT, the model's prediction for the clamped capacitance of that section is likely to 

become more and more of an underestimate, because the a' 
=o assumption will aZ 

become increasing inaccurate for the conditions under which the capacitance is 

measured, and (possibly) because the influence of bending modes will increase. 

2.6 Correcting for the difference between the model and the experimental results 

The design of a PT is usually an iterative process to some extent. Initially, prototypes of 

several different physical designs are often produced for a single converter 

specification. The performance of each is then evaluated in the context of the required 

electrical specifications. Changes to the design(s) are then made, and prototypes of the 

refined design(s) produced and evaluated. The changes between the first and second 

prototypes can be made in a more precise manner if the `correct' values of the material 

properties in the model are known. Two approaches for determining these are proposed. 

A. Approach 1 

The first approach is to experimentally determine the value of each and every material 
in 

, kp'" , kn°"` property on which the model depends. s 11 
"', sý°"', Qý'", Qý °, s 11 

T 
633 

633°"` can all be determined from individual discs of the same geometry as those used in 

the PT using the methods detailed in [11,18]. Since it is known that the coupling factor, 

compliance, and Poisson's ratio of a piezoelectric disc can vary depending upon the 

geometry, it is important to use discs of the same geometry as those used in the PT 

itself. 
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The average density of the PT can be found by measuring the mass and the volume. 
When the output (or input) of a PT is short circuited, the resonant frequencies of the 

radial vibration modes are given by (2.77). Comparing this to the expression for the 

resonant frequencies of a simple piezoelectric disc, it is apparent that the methods in 

[11,18] can be used to determine F, and for a radial mode Transoner PT. Therefore 

v is determined from the ratio of resonant frequencies of the first two radial modes 

with the output (or input) shorted. Once a: (and p) are known, Y, can be found from 

(2.77) and (2.45). Since the method for determining a relies on the first two radial 

resonances being observable on an impedance-frequency response plot, the dimensions 

of the PT must be such that no interference occurs in the vicinity of these resonances. 
Unfortunately this method could not be demonstrated with the Ti devices because the 

second radial resonance (which would be expected around 338kHz) suffers interference 

from another vibration mode, as shown in Figure 2.10. For devices that are co-fired and 
bonded, this interference will be less of a problem; since the co-fired input and output 

sections will be designed such that their radius to combined total thickness ratio is such 

that the first radial resonance remains undisturbed, it is highly likely that each section 

on its own will have a radius to thickness ratio that results in the second radial 

resonance also being undisturbed. Hence, Poisson's ratio and effective Young's 

modulus for each section could be determined, and overall values for the complete 
device then estimated with a high degree of accuracy. 

I. in t out 
p, 

kp, 

T in 
633 

T in r out 
633 

, and 633 can also be determined directly from the PT itself. Whilst 

and s ; °"` can be measured in much the same way as for a standalone disc, the 

formula in the standards on piezoelectricity cannot be used to determine kr' and kP°" 

directly from the PT. Therefore appropriate replacements are now derived. The method 
described below follows Mason's [4], but uses the model derived in Section 2.3, rather 
than that of a single disc. 

From Figure 2.6, (2.68), and (2.72), when the output is short-circuited, the admittance 

measured from the input terminals is 

1+ Ain 2 

Z+n - Jýln 
Zml 

, 
jwma'2nrnErý 3i (I-kp" 

2 

-ý 

2 
jcv2nrr2nb, 2d31ln 

tin 
SýIn2ý1-aýlnýjrotafYrl 

Jýýl/^"-1+ 

11 
0'ý 

which can be written as 

(2.92) 

75 



1 jrvmaZn,,, s ; 
ýr 

Zln Etn Etn Jo( )fla 
sll 

(ý_CC , 

ttotalYrý 
,, 

-1+Q)tln 

where 

_zz 
\I 

i"( i' (J 
J(Qa)ßa _1 (2.94) 

r-ýinkp`n tin+ý1_kpin ISI ll-aC total 
Ytl O 1-I-Ql 

The frequency of the first radial resonance is w�, = 
R-"' 

when the output is short 
a 

(2.93) 

circuited, where R is the first positive value of pa that satisfies (2.75). When r is then 

approximated by the first two terms of the Taylor series of (2.94) taken about the first 

radial resonance 

n; "kp'" 
2 t; " - 

(w 
- tv. sý 

) 
(1-kp"2} E, R(1-aC '")t, 

om, Y, (R2 +Q2 -1ý (2.95) 
Wrac 

When the output is short circuited, the antiresonant frequency associated with the first 

radial resonance, w,, occurs when the right hand side of (2.93) reaches zero, which 

occurs when r=o. Hence, from (2.95) 

l 

(I-kpin2)S 
Etn(1-QCin)ttorolYr(R2 

-FQZ -1) 
W in 

kp in 2 
tin -aa- cqrsc 

)J=O 

Wrsc 

which after re-arrangement gives 
L ! n2 (wýc 

- 0)rsc / ninkp tin 

Wrsc f 1_kpin2 
)S in (i 

_ aC 
in )trom1i (R2+a2 

-i/" 

(2.96) 

(2.97) 

The resonant and antiresonant frequencies can be measured from the device using an 
impedance analyser. If Y, and have previously been determined, then all the terms in 

(2.97) are known except kP'", and hence kP'" can be solved numerically. As n, "t,,, /r,,,., 
is 

increased, it can be seen the separation between the resonant and antiresonant 
frequencies increases. The corresponding expression for finding 

from the output terminals with the input short circuited is simply 
rr our2 
lWasc - Wrsc 

) 
noutkp tout 

Wrac (1 

-kpout2)goutr'-aCoutltrofai , 

(R2 
+Q2 -1) 

" 

k p' 
by measuring 

(2.98) 

B. Approach 2 

The overall aim is to adjust the model such that it fits the behaviour of an existing 
device, and therefore allows more accurate prediction of the equivalent circuit when 
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changes to the design are made. In itself, this does not require all the true material 

properties to be known. In approach 1, where the majority of the material parameters are 
determined from individual discs, there is no guarantee that the model will then fit 

because other important factors, such as strain not being constant with thickness, and 
T, * 0, are not being accounted for. In the second part of approach 1, where the coupling 

factors and dielectric constants are determined from PT itself, these other factors are 
being accounted for. However, what is then being measured is not the true kp , but rather 

k -P as seen through a system that does not wholly fulfil the criteria under which such a 

factor should be measured. Given that what is measured is only an effective factor at 
best, it would seem logical to take this a step further and completely break the 

connection with the true material properties in order to obtain better agreement between 

the model and the device. 

Approach 2 is therefore to lump together all the material properties in each of the 

elements in the equivalent circuit into effective factors. Since the connection between 

the equivalent circuit components and the true material parameters is then disregarded, 

it is not required that the effective factors are self-consistent in terms of the material 

parameters that they have replaced. The equivalent circuit formulas become 

C n'" Din -1 

in 

ýrrr C 
n.. 

(D 
aw= t2 

out 
A, = 2iRlntn(D3 

Aaw = 21ll7ilour(]> 
4 

1'm ° M72 troml4>5 

Cm 
1= 

(1)6 
ttotal'T 

R. = t, a, o, aaO, 

where a) are the factors that have replaced the material parameters. The D 

(2.99) 

(2.100) 

(2.101) 

(2.102) 

(2.103) 

(2.104) 

(2.105) 

factors can 
be determined using the experimentally measured equivalent circuit component values. 
Table 2.7 shows the mean average of the experimentally determined equivalent circuit 

component values for the isolated T1-15W devices and the 4) factors they result in. 
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Mean average experimental equivalent circuit 
component values for isolated TI-15W 

factor 

Cb, = 2.06nF m1= 1.100x 10'8 
C-, = 1,29nF 02 = I. 040x l0'8 

A. = 0.897 ape = 14.98 

Ao, =0.913 m4=15,25 

L. = 7.67mH I5 = 6.163x 108 
C. = 197pF m6=2.706x10'12 

R. = 10.552 07=8.560x 104 

Table 2.7: Experimental equivalent circuit component values and the c factors they result in. 

2.7 Vibration velocity profile 

When designing a resonant piezoelectric device, it is extremely important to be able to 

predict what the maximum vibration velocity within the device will be for a particular 
set of operating conditions. By substituting (2.50) and (2.52) into (2.49), the magnitude 
of the radial vibration velocity can be expressed in terms of the velocity at the outer 
radius as 

"I = 
Iv . 11.00 

(2.106) 
, 57 

Using (2.46) and (2.77), (2.106) becomes 

wrR 
Ivl J' co, " p) (2.107) I v° I 

J, Cw R 

wrc where co,,, is the short circuit resonant frequency of the PT. This function is plotted in 

Figure 2.13 for a: = 0.35. Usually the operating frequency of the PT will be between 1 

and 1.1 times the short circuit resonant frequency when delivering maximum power. 
From Figure 2.13 it can therefore be seen that the peak vibration velocity will be 

somewhere between 1.05 and 1.1 times the vibration velocity at the outer radius, and 
occurs at a radius of between 0.8a and 0.9a, depending on the operating frequency. 
Since the vibration velocity at the outer radius is simply the current through the 

motional branch in Figure 2.7, a major advantage of the equivalent circuit is the ability 
to directly relate the operating conditions (i. e. input voltage, load resistance, and 
frequency) to the maximum vibration velocity within the device. 
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Instead of solving the constants in the equation of motion in terms of vibration 

velocities, A could have been solved directly in terms of EA. "' and E. _..... using T, I 
,=0, 

(2.38), and (2.48), in a similar way to that shown in [19]. Whilst this may appear 

quicker, it would result in an equivalent circuit without a direct relationship between the 

motional branch current and the maximum vibration velocity within the device, and 

would therefore be less useful from a design perspective. 

r/a 

Figure 2.13: Radial velocity profile for a simple radial mode Transoner PT. 

2.8 Summary 

A Mason equivalent circuit for the radial vibration of a composite disc with two sets of 

electrodes has been derived using the assumptions that the disc is thin (T. = 0), and that 

radial displacement, radial strain, and azimuthal strain are constant with thickness. Once 

appropriate boundary conditions were applied, a lumped element representation was 
found to agree with that published in [3], and differ from those published in [1,2]. The 

equivalent circuit component values of isolated and non-isolated "l'1-15W radial mode 
PTs were calculated using standard material data, and good agreement was found, 

particularly in the non-isolated case. Reasons for the discrepancies have been suggested, 

and two strategies described for adjusting the model to more accurately predict the 

effects of any changes that are made between design iterations. It was shown that the 

difference between the vibration velocity at the outer radius of the device and the 

maximum vibration velocity occurring within the device is small under normal 

operating conditions, thereby simplifying the PT design process. The Mason equivalent 
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circuit is now taken forward into the next chapter, where a more complete model for the 

radial mode Transoner PT is proposed. 
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Chapter 3- Equivalent circuit modelling of radial mode 
Transoner PTs (II) 

3.1 Introduction 

Commercially produced PTs are usually completely co-fired, or co-fired and bonded, 

rather than completely bonded. The structure of a co-fired device differs from that of a 

completely bonded device in that the internal electrodes do not extend right up to the 

outer radius of the device, and the isolation between the input and output sections can 

often be achieved with a ceramic layer, rather than a layer of alumina. Furthermore, the 

radius of the electrodes in the input and output section do not have to be the same. 
Indeed, devices have been produced in industry with significantly different electrode 

radius in the input and output sections. This chapter develops an equivalent circuit 

model that incorporates the effect these differences have on the electrical behaviour of 
the devices. 

The structure of a co-fired device is shown in Figures 3.1,3.2, and 3.3. This device is 

shown with 3 sets of electrodes: input, output, and tertiary. The tertiary set can be used 

as an extra output, in much the same way as a conventional magnetic transformer 
having multiple windings. Alternatively, it can be used to provide feedback for control 

purposes [1], in which case it would probably consist of a single very thin layer. 

Initially the tertiary electrodes are assumed to be the same radius as the output section 

electrodes. Consideration of the case where the tertiary electrodes are the same radius as 
the input section is given later. For the purposes of the derivation, it is assumed that the 

radius of the input section electrodes is less than or equal to that of the output section 
electrodes. The choice of which region to call `input' and ̀ output' is of course arbitrary, 
and the end result is simply swapped around for devices where the output section 

electrode radius is smaller than the input section electrode radius. 
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Figure 3.1: Construction and electrode layout of the radial mode Transoner PT. 
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Figure 3.2: PT positioned in the Cartesian and cylindrical coordinate systems. 
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Figure 3.3: Voltage and current definitions in relation to the coordinate systems. Note that is 

shown as being equal to 31,,,,, r" to reflect the fact that the device is shown with three output layers. 
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The dimensions of the device are defined as follows: 

a is the radius of smaller set of electrodes 
b is the radius of the larger set of electrodes 

c is the outer radius of the device. 

t,,,,, is the total thickness of the device 
tro=wel 

3 
tinactive2 

a 
tinachve3 ý 

tfna 
,,,, refer to the thickness of each non-piezoelectrically active 

(i. e. unpoled) ceramic layer. 

tin , tout , and t refer to the thickness of the ceramic in a single input layer, single output 
layer, and single tertiary layer, respectively. 

tein, tE°', and tE'er refer to the thickness of a single electrode in the input section, output 

section, and tertiary section, respectively. 

n,,,, no,,, , and n1e, refer to the number of piezoelectrically active layers in the input 

section, output section, and tertiary section respectively. 
nEin, nEout, and nEter refer to the number of electrodes in the input section, output 

section, and tertiary section. 
YN ,0N, and pN refer to the Young's modulus, Poisson's ratio, and mass density of the 

non-piezoelectrically active ceramic material. 

Initially, the output section electrode radius is assumed to be equal to or larger than the 
input section electrode radius, and the tertiary section electrode radius is assumed to be 

equal to the output section electrode radius. Therefore a corresponds to the input 

section electrode radius, and b corresponds to the output section and tertiary section 

electrode radius. 

From a modelling perspective, the device is split into 3 distinct regions, such that the 

composition of the PT (and the electric fields within it) remain constant in the r (and 0) 
directions within each region. 
Region 1: 0<r<a 

Region 2: a<r<b 
Region 3: b<r<c 
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Mason equivalent circuits are derived for each section, coupled together, simplified, and 

expanded in a Taylor series about the first radial resonance to obtain a lumped 

equivalent circuit. The process is therefore similar to that used for Rosen PTs [2-4], and 

radial mode transducers coupled to non-piezoelectric rings [5,6]. Region 1 is modelled 

as a composite piezoelectric disc containing input section, output section, and tertiary 

section electrodes. Region 2 is modelled as composite piezoelectric ring containing only 

output section and tertiary section electrodes, and region 3 is modelled as a composite 

non-piezoelectric ring. Models for the 3 regions are derived using the same assumptions 

as the model in Chapter 2. The subscripts 1,2, and 3 are used to indicate which region 

a particular quantity relates to. Hence, 1., 2 refers to the output section current that flows 

through the portion of the output section electrodes that are located in region 2. 

The thickness fractions of each material will vary from region to region. For the device 

illustrated in Figure 3.1 and Figure 3.3, the thickness fractions are as follows 
nintin fCi 

ttotal 

out 
_ 

out 
_ 

trout tout 

id C2 
ttoto! 

! ter 
_! 

fee 
_ 

n,,, t,,, 

Jci _ JC2 - 
ttotal 

f 
in t6 in 

+ YlE 
out tj out + fl 

ter tE ter nE_ 

JEI ` 
t 
,.,. i 

o4f o4f 1 
fer 

F fer 
/` 

ýR IO 
. 
117C FF 

JES = 
rroral 

NI -_ 

tlnactWel +t 
inactive2 

+t 
lnacJlve3 

+t 
iwctlve4 

� 
trotal 

(f 
1I ý1 1"1 1s .i 

In 
4 

In 

�N2 
t rorc! 

fN3 =1 

where the subscript "N " is used as the identifier for the non-piezoelectrically active (i. e. 

unpoled) ceramic. 
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3.2 Mason equivalent circuit for the radial motion of a composite piezoelectric 
thin disc with three sets of electrodes 

The Mason equivalent circuit for the radial motion of a composite piezoelectric thin disc 

with three sets of electrodes is derived using the method described in Chapter 2. The 

radial force and radial vibration velocity at the outer radius of the disc are termed F., 

and v., respectively, and defined as shown in Figure 3.4. 

F,, 

Val 

a 

Xý TM 

411$ý Fa, 

a 

ºX2 

I 

Figure 3.4: Composite piezoelectric thin disc with three sets of electrodes positioned in the 
Cartesian and cylindrical coordinate systems. 

Since there are now 3 sets of electrodes, there are 3 `electrical' equations and 1 

`mechanical' equation 
I,. 

1 =V, jwC, 
a1 -A, a1vat (3.1) 

laafl 

= V.., jwC0u, 
l - Aaaflval (3.2) 

I, erl = V, 
er. 

l a»C, erl - 
A, 

erlval 
(3.3\) 

Fal 
=va1Z., +V,, A,, +Voa, Am,, +V, 

erA, crl (3.4) 

where 

_ 
27RTd31I nln 

A1n1 
- 

SEIn 147E1n 
11 C 

_ 
2, d31'n°, 

� `4°uR 
E out E out 

SI1 I- UC 

2ml 
31 

ter 
rater 

`4ter1 - 
Eter Eter sII I-QC 

17 
2IZm 

cT Ti" 
Crnl 

p I 
1_ km 

2ý 

tin 

z *X3 

V` 
ý 

-_ý 

-" 
"-----------r----------------- 

- ------------ 
. ý_ire, 

. ý. 
ý ý. 

. , ý- 

(3.5) 

(3.6) 

(3.7) 

(3.8) 
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2T out 
717 noutE33 ( 

out21 Coutt = 1-k 
p /f tawr 

C, 
1 -2 

nter FT 
ter 

1- 
A27 3 ter21 kp J 

tier 

Zm, = 
troral Yil ('1 

ýVßlaýa lQ 
'ý 0, -1ý 

where 
fc1 in 1+ 

fcl out 1+ fcl to 1 
rl (1 

Ein I/ En2 Eout Eout2\1 Eter Eter2\I 
EI1 

\1 
- Qc s11 

(i_. 

cI S11 - Qýc 
) 

{( 
YN 

{{ 
YE 

+JNI 
1-O,, 2 

+lEi 
1_aE2 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

Ein Eaw Ern 
in Qc 

ow 
QC ter <Tc 

PI = fcl 
/ 2+ 

fcl 
Z+ 

fcl 

SEinrl_a 
ýýC owCl-ýow 

ý 
Etn(, ý_aCrn2 

11 

+ fNI 
aNYN ýEYE 

+fEl (I 
-O'N ti I -7E 

P (3.14) Yr, 

=- . 
(3.15) Url 

fl, 

in in out out ter ter PI = . 
fcl Pc + fcl Pc + fcl Pc + fNIPN 

+ IEI PE 

The equation of radial motion and radial vibration velocity are 
ý, =(A1J1(W1r)+BiY(ß1r)»'°' 

v= aä' 
=JIAIJ, (ß1r)+B1Yýýr)»it 

where 

A -_ 
yal 

l-, /ax JagiVýrr, aýe 

B, =0. 

(3.16) 

(3.17) 

(3.18) 

(3,19) 

(3.20) 

(3.21) 

Equations (3.1) to (3.4) can be represented with the Mason equivalent circuit shown in 

Figure 3.5. 
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Figure 3.5: Mason equivalent circuit for the radial vibration of a composite piezoelectric thin disc 
with three sets of electrodes. 
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3.3 Mason equivalent circuit for the radial motion of a composite piezoelectric 

thin ring with two sets of electrodes 

The structure of the ring and the force and vibration velocities are shown in Figure 3.6 

and Figure 3.7. and v� are the radial vibration velocities at the inner and outer 

radius of the ring, and F, and F,,, are the radial forces at the inner and outer radius of 

the ring. Note that the direction of the F,,, arrow is shown pointing in the opposite 

direction to the radial coordinate axis. Although this is not the usual practice (see [2,5- 

7]), the arrow is shown this way round to emphasise that the force F,, is defined as 

positive in the opposite direction to the radial coordinate, and therefore in the opposite 
direction to the radial stress T,. (T, is, by definition, positive in the r direction). 

, . 

Xlrý, 
A r 

Figure 3.6: Dimensions, forces, and vibration velocities of the composite piezoelectric ring. 

F',,, 
L'h, -ff 

Figure 3.7: Aerial view of the composite piezoelectric ring. 

A. Equation ofmotion 

The equation of equilibrium for the radial motion of a thin ring is (since i_. z0) 
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aTr 
+ 

Tr -Te = 
a2ýr 

ör rP 3t2 
The average density of the composite ring is 

out out ter ter + 
.f 
/' Pz =. fcz Pc +. fc2 Pc N2PN+fE2PE" 

The constitutive equations for the output section layers are 

T out =1 
out 

QE 
nut s out 

-d 
ourEoat 1+ crEýt IC ZS rC FC dC 31 rr C) 

Eout Eout 
Sil C1-OC 

7 our =1s out +aEourS, oar 
_d 

owrE oar I+QEour 
BC 

( 

BC C rC 31 K(C/ 
E ovr E our 

Sll I-ýc 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

Dour our our our oat T °ur Eout (3.26) 
K= 

d3, Trc + d31 ý6C + 633 K 

where EKO11 and DK°Y1 are defined as shown in Figure 3.3 and described in Chapter 2. 

The constitutive equations for the tertiary section layers are 
7 rer 

=1S 
ter 

+E 
ter s rer 

-d 
rer E rer 1+ UE 

ter 
rC 

( 

rC C 6C' 31 KC 

)) 

() 

SErer ýEterZ 

3,27 

11 C 

ter E. ter ý+ Eý ter 
7, ter 

=1S iC 
ter +ýC EeS 

ý 
ter 

_d 31 C rC 
Erer Eter2 

( 

Sll 1- QC (3.28) 

Dter ter ter Mr "r T ter Efer (3.29) 
K= 

d31 TrC +d31 T6C +E3E,, 
(3.29) 

where EK`E" = E: 
'e1 in the layers poled T P, whereas EKfer __ , 

fer in the layers poled J. P. 

Likewise, DK"' = D='e' in the layers poled f P, whereas D7 = -D, "' in the layers poled 

. P. For the non-piezoelectrically active ceramic 
TrN YN 

2r \SrN + 47N SW 
O' 

ý 

N 

_ 
YN / 11 To� 

1-2 
(Sar + aN SrN) 

N 

For the electrode layers 

_l 1- (SrE + QE`slý TrE YE 
CE' 

_E \S9E + aE'SE TM_Y 
Q2 

( 
E 

The overall stresses in the composite ring are 
Toul out ter ter 

r= 
k2 Trc + fc2 Trc + fN2TrN + fE2TrE 

Tout out ter ter TO =J c2 Ter +f2 Ter + fN2T9i + fs2Tes 

Since the strains are assumed constant with thickness, and T, = 0, 

(3.30) 

(3.31) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 
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out ter 
`SrC = `SrC = SrN = SrE 

out ter r Sý Sw _`S9y =Sag 

r 

(3.36) 

(3.37) 

Substituting (3.24), (3.25), (3.27), (3.28), (3.30) to (3.33), (3.36), and (3.37), into (3.34) 

and (3.35), 
aýr ýr 

out 
d3loutEKOUt 1+QC°ul 

tei 
d3lterExhr 1+aCter 

Tr ` Yr2 +ýp2 -fC2 
2f C2 (1 2 ar r out out ter rer 
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Sll 1-QC 
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S11 -Qý 
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ý Öý d outE out 1+O'Eout d lerE ter 1+QEier 
T-_; V 

a. 
L, 

P- f om 31 xC 
-" 

ter 31 KC 

(3.38) 

r 
a2 

Or 
a2 JC2 

SE 
outI(1 

- 

JC2 

S 
out2l ", 

(1-a ter2 1 
(3.39) 

QC 

J 11 
C 

where effective Young's moduli have been defined 

T-2 
= JC2our 

11 
+f. ter 

r1+f1 
YN 

+f1 
Y6 

Eout(1-ýEoulZl 
CI 

SEM 1QEterZl 
JN2 

1-Qýr2 
62 

S 1-QE2 
(3.40) 

11 C 
JII 

II 
`C JI 

P2 = . 
fcz 

./ CS 2 
TINZ z -"JEZ z (3.41) Eterrl_ýEler 

ý 
1-a 

SII CN 
QE 

out 
E oat E ter 
C ter QC orN YN °E YE 

Eout Eout 1- vý si l 
2) 

Substituting (3.38) and (3.39) into (3.22), the wave equation is thus 
Y2 a2r 1 Öýr 

ýJr 
__ 

"2r 

P2 ar 2r 
or r2 8t 2 

Assuming harrmonic, 
{excitation, 

the solution for the equation of motion is 
ýr 

= 
(A2J1 

(Y2r//ý)+ 
B2Y1 

V"2r)JC, 
« 

where the radial wave number is 

Q2 
- 

CD 

ür2 

and the radial speed of sound in the ring is 

Ur2 
Yi2 

P'2 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

The constants A2 and B2 are found in terms of the vibration velocity at the inner and 

outer radius of the ring. From (3.43), radial velocity is 

v= 
aL 

= jwAzJ1V'xr)+B2Y (2r)»'k 
. 

At the inner radius (r =//a), the radial velocity of a particle is vat , hence 

vat = jw(A2J, ( 
2a)+ B2Y (, 2a))Jar . 

At the outer radius (r = b), the radial velocity of a particle is -v62 , hence 

P2 

(3.46) 

(3.47) 
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-Vb2 = Jw(A2J1(fl2b)+ B2Y, (f32b)»e1°" 
. (3.48) 

Note that the negative sign in (3.48) is due to vb2 being defined in the opposite direction 

to the radial coordinate (see Figure 3.6). Solving the simultaneous equations (3.47) and 

(3.48), the constants are 
!,, A1 vn2Yi 

`ý/,, 
ýY2b)+ vb2Y 2a) e-Jar 2 jtv Y 2b , 2a -J, 

VA Y, 
(fl2a)) 

B1 va2'11 i2b)+ vb2Ji (N2a) 
e-iw 2 --- 

jw (Yi 
2bý, 

(fl, 
-J, 2b Y, 2a 

(3.49) 

(3.50) 

Substituting (3.49) and (3.50) into (3.43), the equation of motion can be expressed as 

-1 
(J1 ( 

2rXva2Yi (ß2b)+ vn2Y (Q2a))- YY W2rXva2J, (/32b)+ va2J, 
(182a)) 

(3.51) 
jw Y, 2b , 2a - J, 2b 2a 

B. Electrical equations 
For harmonic excitation, the current through a single output layer in the ring is 

Io 12 
layer 

= dQ =J wQ =jwfD,, "' 2; r r dr 

Substituting (3.26), (3.24), (3.25), (3.36), and (3.37) into (3.52) 

Iouf2`%er 
-. %w211J I 
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I, 

out Eout XX d31 1+QC Ös`r br 
_2d3, 

outE�oW 
J+STOUSEKOUt 

rdY. 
Bout( EoutZl 

ar r 
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(3.52) 

(3.53) 

From Figure 3.3, E,, °"` and E,, ' are related to the voltages by 

Eow, _ K fs 
oul 

E ter 
o 

Vter 

K 
tter 

(3.54) 

(3.55) 

Substituting (3.51) into (3.53), evaluating, making use of the planar coupling factor, and 

using (3.54), results in 

jw, le33out(b2 -a2Y1 -kpout2) ,L out 

Iout2' ,_ /II V. - 
EOYI 

31 

EYYý 

(ava2 
+bvdz) 

(3.56) 

tout 

Since there are flout layers connected electrically in parallel, '.,, 2 = 1oulboY, 2` ', and 

jw; re33outnotttlb2 -a2ýl-kpout2/ out 
1out2 

- 

JVow 

EInd) 
, ýEout 

`a"02+ÖVAZ1 tout S11 I- QC 

Repeating the process for the tertiary section layers, 

(3.57) 
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JCt)1CS33ternter(b2 -U2ý1-k, Pter2) ter 2ý31 rater r 1ter2 
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Yter _ 
Eter Et er laVQ2 + bVb2 ý" 

tter 
'sl I1- ýC 

C. Mechanical equations 

The radial force acting (inwards) on the inner radius of the ring is 

Fa2 - -Tr 
1 

r=a 
ra 

(3.58) 

(3.59) 

where the surface area on which the force acts is 

So = 2natro, 
al . 

(3.60) 

Substituting (3.60), (3.38), (3.36), (3.37), (3.51), (3.54), and (3.55) into (3.59), and 

making use of the Bessel function identity 

XII(X)j o(X)-JI(X)Y(W)= 
2 

(3.61) 

where Yo is a Bessel function of the second kind and zero order, results in 

Foz = vbz -4jt, o. tY. z 
Y2 bý1i (fl, -J, 

(fl, Y, 2a 

ý Vn2 

2. iia 
romr(1P2 
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2=n d at 2m» d er 

Eout Eout our Eter Eter ter 
S11 I- Uý SI IL- QC 

Likewise, the radial force acting (inwards) on the outer radius is 

Fb2 --Trl r bSb (3.63) 

where the surface area on which the force acts is 

Sb = 27tbttatai . (3.64) 

Substituting (3.64), (3.38), (3.36), (3.37), (3.51), (3.54), and (3.55) into (3.63), and 

making use of the identity (3.61), 

4, jtra, aIYr2 Fb2 = vat 

o (Y, (ß2b 
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(ß2a)- J, (, 82b )Y, 
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+'b2 
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S'ou Efer f 1`aEý out °u 
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I 

(3.65) 
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The key equations for the composite ring with multiple sets of electrodes are (3.57), 

(3.58), (3.62), and (3.65). If the simpler case of a single layer piezoelectric ring is 

considered (i. e. let n,,,, =I, n, = 0, and row, = r,,,,, ), then (3.57), (3.62), and (3.65) 

become mathematically equivalent to those in [5]. 

D. Equivalent circuit representation 
Equations (3.62) and (3.65) are now rewritten as 

ter 
2mrnoutds, out 2 3n, erdai Fat = Ava2 + Bvb2 + Eout E°uf 

Vouf + 
Efer Eter 

vter 

S11 1- QC S11 1- QC 

F= BV a2 CV b2 
2zin°utdsiout v+ 2nin,, d"ter Y F12 

a2 b2 
Eout Eout out Eter Eter ter 

s� 1- cc s� 1- cc 

where 

Y, sY, 
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z'PsiVzaý, 
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82 b)//ýz'b j (3.70) 
L C- 

Y 2b 2a -J, 
(, 82b FY, 

2a 

With reference to (3.57), (3.58), (3.66), and (3.67), the following force factors and 

clamped capacitances are defined 

`4our2 = 

t 27Ai 
1 
ouflout 

Eout Eout 
Sil 1-QC 
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1 (erz 
ý (er Ld31 

PT ter E(er E(er 633 S111 6C 

Then, let 
vü2 - Qvü1 

vb21- bvb2 

Fa2, - 

F2 

Q 

(3.76) 

(3.77) 

(3.78) 

(3.79) 

F12 '= Fbz 
. (3.80) 

Therefore (3.57), (3.58), (3.66), and (3.67) can be written as 
1ourz = .i 

aýCaul2'ý)ut -AouR Vat +V62 (3.81) 

( ') (3.82) Itr, 
r2 - .l 

ýler2Vier 
- `4rer2 Vat i-V62 

F, 2'- q Va2'+ 
bVb2'+Aýuf2vnuf 

+Ater2Vier 

Fn2'= 
bVý2'+b 

V62'+ Aout2T 
out 

+fiter2vter' 

(3.83) 

(3.84) 

The equations (3.81) to (3.84) can be represented with the circuit of Figure 3.8, where 
AB Zm 

-a2 
ab 

Zm3 _B 
ab 

CB Zm4 = bz - ab , 

(3.85) 

(3.86) 

(3.87) 

Using additional ideal transformers to implement (3.77) to (3.80), the Mason equivalent 

circuit for the composite ring with two sets of electrodes is shown in Figure 3.9. 

F,, 

0 

") 

0 

I 

-0 
Figure 3.8: Equivalent circuit representation of (3.81) to (3.84). 
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Figure 3.9: Mason equivalent circuit for the radial vibration of a thin composite ring with two sets 
of electrodes. 

Whilst the circuit of Figure 3.9 is suitable for modelling region 2 of the disc type PT 

shown in Figure 3.3, it can also be used to obtain an equivalent circuit for a ring shaped 

radial mode Transoner-type PT. The boundary conditions for a ring shaped PT are 

Fh, =0 and F2 = 0, and applying these to Figure 3.9 results in the equivalent circuit 

shown in Figure 3.10. Interestingly, the mechanical branch current is the sum of v,, ' and 

vh' . Unlike the simple disc type PT discussed in Chapter 2, this means there is unlikely 

to be a convenient relationship between the mechanical branch current and the 

maximum vibration velocity within the ring. When the inner radius a tends to zero, the 

impedance zr,, tends to infinity, v,,, ' tends to zero, the motional current tends to vh, ' , 

and the mechanical impedance becomes z,,,, + z,, . 
Comparing Z,,,, + Z,,, 4 to a suitably 

adapted z,,,, from Chapter 2 (since the motional current was v� rather than vh, ' , and the 

outer radius was a rather than h ), the two models are found to be consistent. Although 

the ring type radial mode PT will not be developed further in this thesis, the circuit of 

Figure 3.10 provides a starting point for its study. 

6. 

0 

40 

zm, ýý 
10 

ýý 
Zm, I 

I 

Cl. 

ý,,, 
_ 

Figure 3.10: Equivalent circuit for the radial vibration of a ring shaped Transoner-type PT. 
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3.4 Mason equivalent circuit for the radial motion of a non-piezoelectric 

composite thin ring 

The structure of the ring and the force and vibration velocities are shown in Figure 3.11 

and Figure 3.12. Vh3 and v,, are the radial vibration velocities at the inner and outer 

radius of the ring, and Fh3 and F,., are the radial forces at the inner and outer radius of 

the ring. In the device layout shown in Figure 3.1 and Figure 3.3, the ring consists only 

of non-piezoelectrically active (i. e. unpoled) ceramic. However, the equations are 

formulated as if the ring were a composite in order to preserve generality (some co-fired 

and bonded devices have an alumina isolation layer, resulting in a composite outer 

ring). Although the connections between the internal and external electrodes run 

through a section of this ring, their effect is assumed negligible. Since the Mason 

equivalent circuit for a non-piezoelectric thin ring has previously been developed in [5, 

6], only the key equations will be shown. 

Figure 3.11: Dimensions, forces, and vibration velocities of the non-piezoelectric ring. 

- --ºr 

Figure 3.12: Aerial view of the non-piezoelectric ring. 
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The radial forces acting inward at the inner and outer radius of the ring are 
Fb3 - vb3(Zm5 + Zm6 )+ 

vc3Zm6 

Fc3 
- vb3Zm6 + vc3 

(Zm6 
+ Zm7 ) 

where 

Zm5 = 

2j ;r 
tfofal 

lPs-Yr3! , V'3b/ýV 3C/+(Y. 3-P3i(ý'3b)�I V'3C/fY. 3YlY3cYOý3b)/ý'3b 

I- 
Yr3'fl Waý)Yo (Q3b)Q3b + 

2Yi3 

n 

(P3 
-'r3ýIV'3cY, i('3b)+(ir3 -P3i(ß3C)J, 

(ß3b)+ýrr3yt(ß36)J0(i3c)Q3cI 

= -4jt, oralYr3 Zm6 

6(Y, (flc)J, 
, 3b -J, 3c Y, 36 

F 

-Yr3'I! V'3blYU( 3C)/83C+ 
ctr3 

R Zm7 L- 

Yi (fl3 
, 3b) - J> 3CFY1 3b 

YN Yr3 
- 

fN3 
2 1-QN 

"= . 6., Y., n-x X-3 ` �N3 
1-O'N 

p3 = fN3pN 

w p3== 
Uri 

_ 

Yr3 
Uri 

n3 , 

1 

(3.88) 

(3.89) 

(3.90) 

(3.91) 

(3.92) 

(3.93) 

(3.94) 

(3.95) 

(3.96) 

(3.97) 

The equation of motion and radial vibration velocity of the non-piezoelectric ring are 
yr -`A3'11W3r/+B3YV63r/ýfox 

V 

,r 'JW(A3J1(63r)+B3YV63rJýý1 

where 

_1 
Vb3Yi W3c)+ Vs3YiV'3b! 

e-Jam A3 
JCU Ij 

3C 1 
ýTF3 

-JI 3C 1 3b 

1 Vb3J1 
V''3C>+ Vc3J! 

(, 63b) 
-la+ 83 

- im Y, 3c , 3b -JI 3C YI 3b 
e 

(3.98) 

(3.99) 

(3.100) 

(3.10 1) 

The Mason equivalent circuit for a thin composite ring in radial vibration is shown in 

Figure 3.13. 

Yi (, 63c )J, (, 83b)- J, 3c Y 3b 

ýv 
2 j7l trora! 

- Y, 
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Figure 3.13: Mason equivalent circuit for a thin composite ring in radial vibration. 

3.5 The complete equivalent circuit model for the radial mode Transoner PT 

Radial force and vibration velocity are continuous at the region boundaries. From 

Figure 3.1, Figure 3.4, Figure 3.6, and Figure 3.11, it is therefore apparent that 

F, i = Faz ý Fnz = Fh3 
5 "ail = -viz 9 Unz = -vh3 " (3.102) 

Thus, using the equivalent circuit models from sections 3.2 to 3.4, a complete Mason 

equivalent circuit for the radial motion of the device shown in Figure 3.1 can be 

assembled, as shown in Figure 3.14. 

Figure 3.14: Mason equivalent circuit for the radial mode Transoner PT. 

Since the outer radius of the device is free to vibrate, F=o (see Figure 3.2). Therefore 

F, =o (see Figure 3.11). Applying this boundary condition results in the circuit of 

Figure 3.15, where 

ZmR - Zm4 + 
lZ Zm5 

+ 
Zm6Zm7 

l 
T Zm6 + Zm7 

(3.103) 
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Figure 3.15: Mason equivalent circuit for the radial mode Transoner PT once the boundary 

condition Fß. 3 =0 is implemented. 

The impedances z,,,, , z,,,, , and z,,, K are then referred across the a: I transformer, and the 

a: I and A: 1, and the a: i and A,,,,, :1 transformers combined to give the circuit of 

Figure 3.16. Note that the resulting turns ratios, aA,,,,, : 1, and a. 4,,.,, :1 are the same as the 

turns ratios of the output and tertiary sections in region 1, i. e. A: 1 and A,,.,, :1 (see 

(3.71), (3.73), (3.6), and (3.7)). Since the voltages across C,,,,,, and C�u,, are equal, and 

the ideal transformer turns ratios into which they feed are equal, the two points marked 

with the * symbol in Figure 1.6 are at the same potential, and may therefore be joined. 

A similar argument holds for the two points marked with the # symbol. Thus, the circuit 

of Figure 3.16 simplifies to that shown in Figure 3.17, where 

ZI =Z., + Zm, a2, Z2 = Zmria2, Z, = Zm3a,. (3.104) 
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Figure 3.16: Simplified radial mode Transoner PT equivalent circuit, stage 1. 
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Figure 3.17: Simplified radial mode Transoner PT equivalent circuit, stage 2. 

The circuit of Figure 3.17 can be used to simulate the electrical behaviour of a radial 

mode Transoner PT when it is operating in the vicinity of any radial resonance (i. e. first 

radial resonance, second radial resonance, etc), providing there is no interference from 

other vibration modes in the region of interest. However, this circuit cannot be 

simulated in SPICE because of the mathematical form of the impedances, and therefore 

cannot be simulated together with the rest of the components in a converter (e. g. the 

half-bridge, rectifier, etc). Simplifications are therefore made to allow the behaviour of 

the PT to be modelled with a lumped equivalent circuit. 

The `T' network in Figure 3.17 can be converted to a `n' network, as shown in Figure 

3.18, where 

Z _ZIZ2+ZIZ3+Z'Z3 Zz (3.105) 
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Z-Z, 
ZZ +Z, Z3 +Z2Z3 

Z, 

ZIZ, +ZýZ3 +ZzZ3 Z. = Z3 

CT I ,l 
+Cýýur'_ ý 

4 -0 

(3.106) 

(3.107) 

0 

11,1111, I�wl + ý 
ur_ 

I 
T 

Figure 3.18: it network representation of the equivalent circuit of a radial mode Transoner PT. 

In order to allow further simplification, the effective Young's modulus, Poisson's ratio, 

and average density are assumed to be approximately equal in the three regions. In 

practice, the third region is usually made as small as possible, and devices where the 

input (or output) section electrode radius is made smaller than the output (or input) 

section will usually have only 1 or 2 layers in the input (or output) section. Therefore 

the loss of accuracy that will occur by making this assumption is likely to be small. 

Hence, let 

Yý ý'z Y2 xY3 =Y, 

P ýPz ýP3 =P 

Pi - P2 ýP3 =P" 

Thus, 

UýI ý 

//UýZ 

ýý 3 -Vý 

181 
ý /ýýý2 ti 

q3 
- 

/ý 
/ý 

and 

U -VP 

w ß== 
" 

(3.108) 

(3.109) 

(3.1 10) 

(3.111) 

(3.112) 

(3.113) 

(3.114) 

Substituting (3.108) to (3.112) into (3.105), (3.106), and (3.107), and making extensive 

use of the identity shown in (3.61), z� , za , and z,. become 
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C-4l�, 
ýßc), 

//ý,,, 
ß,, b--2 Ir trora1a11_ ý,, 

, 

Üýb)Y, ýGib )jý�oý)+ ý 

Z_, Vý' 
)lýr 

a m5 P-Y, �, (flb)2Y(ßc)2 +Y, (ßb)2�, (&)2 

-24b(P -Y, 
ý, Ob)Y, Vb)Y, (, 6c)J, (/&) 

+ 2aY, (Y, (, 6b)�, (ßa)- J, (, 6b)Yi (ßa)) 

+; rbc, ßYý(Yi(, 6b)�, (, 8C) -Y, 
(, 6C)�, (, 8b)X�o(, 8c)Y(#b) -�, 

(pb)Yo(60) 

+ macflY, (Y, (fib)�o (6c) 
- �, (, 8b)Yo (#c)X�, (, 6a)Y, (, 6c) - �, (ßOY Oa)) 

+m(P -Y, JI�, (6a)Y, (6c) 
-�, 

(#c)Y, (fla)XY(, 6b)�, (#c) 
-�, 

(Rb)Y(. 8C)) 

(4.1�, (, 8C)2Y(ßb)Y. 2t, 
orala2 

�, (/3b)Yi(flc)-1Yßc�o(ßc) 
+P -1l 

ý 
bw 

ý�, 
(ý3cýi(/fb) 

Jl �, (i*) Y. 
Z, b = 

Y(flc)�, (ßb) 
ýQ�, ýý-b�, ýbý lP-Y, JI�, ýb)Y Y, ýbý, ý 

�, ýýýb)llJ 

ý+Y, 

ßc(�, (pb)Yoýý-Yit8bpo(&)) 

ý4Ja�, (, 8c)2YWb)Y. 2t, 
o, m 

(�, (flb)Y, (flc)_lYl3c�o(! ý)+ P -'lJ 71 

ybýa7, 

lJý 

(, 6c)) 

cYý b AA Jý Y 
ýP 

- Y, 11J, (ßb)Y, (f'c)- Y, (ßbý, 
(�, (fti )Y, (8b) 

- �, (, 
'b)Y, lW 

)) 
(+Y., 

6c(�, (Qb)Yo(06c)-Y, (/3b)Jo(o6c))l 

(3.115) 

(3.116) 

(3.117) 

Note that notation of the form �, (ßc)Z should be taken to mean (�, (f3c))2 
. Unlike the 

impedances in the T network representation, za , Zb , and Z, in the r representation all 

become zero at the same frequencies, which are the short circuit resonant frequencies of 
the device (i. e. the frequencies at which the input impedance tends to zero when the 

output and tertiary terminals are short circuited). From the numerators of Z,,, Zb , and 

Zc, this occurs when 

--+Q-1=0 (3.118) 

where 6 is the effective Poisson's ratio of the device 

QP == (1 191 

As expected, (3.118) demonstrates that the short circuit resonant frequencies are 
determined by the outer radius of the device, c. The impedances in the n representation 

are now represented using the first two terms of their Taylor series taken about the first 

short circuit resonant frequency. Let R be the first positive value of *c that satisfies 

(3.118). The first short circuit radial resonant frequency is thus 

ýrsc = 
RUr 

C 
(3.120) 

Using only the first two terms of the Taylor series of Z., Zb , and Z, taken about the 

first short circuit radial resonant frequency, 
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ýý -4jOwacZt, o, arY. 
Ji(RXR2 +QZ -1) 

R'ü 2 (Yj(RXQ-1) +RYo(R)ýiýRaýýbýl(Rb)-aJiýRýý 
c\`// c 

-4 
i/ýýi)nzr2f 7 1_(RIIR2 4_ rrZ 

- lý 

(3.12 I) 

7 ... . Jý....,... .. . axal. r.. I\.. ý\.. ýv ./ 
"h ' 

z_ z Rb Ra Rb (3.122) Ru b(Y, (RXF-1)+RYo(R))J, (ý 
aJ, 

ýý-bJ, ýýý 

ccc 

4iAm7,, 2t 

. 
YJ_(RYR'+rr''-l) 

Zz 'total - r- I \-'IV' .1 

R2UrZb(Y, (RXQ 
-1)+RYo(R))J, 

(Rb) 
J1(Ra) 

(3.123) 
CC 

where Am = co - wr,.,.. Next, the network transformation from page 240 of [7] is applied to 

the circuit of Figure 3.18, resulting in the circuit of Figure 3.19, where 

4jArot,,,, 
a, a2c2Y, J, (RXR2 +Q2 -1) 7 -7 -L7 - "R 

R2 ü, 2 b(RYo(R)+Y, (RXQ-1)ýIj (Rb)aJ, (Ra1 

cc) 

aJ 
N_, +Z,. 

_ 

(Ra) 

c 
a Zý 

bJl( 
Rb ) 

c 

ZV -Z, 
(Zý, +Zýý- 4j0ývt, 

o, ura'cýYJ, 
(RXR2 +Q2 -1) 

Zf Rbll ý, RbZýY, (RXQ-1) +RYo(R)1ý J, 
l-ll \ 

linI 
1 A, ný 

v., i 

(3.125) 

(3.126) 

II'. 
1n+ 

'ii. 
,,, 

1,,,, +I 

Figure 3.19: Radial mode Transoner PT equivalent circuit after the application of the network 
theorem from 171. 

Since zR + Zh =0 and ZRZ,, # o, the parallel combination of ZR and Z,, is an open circuit, 

i. e. 

ZR Zh 
ZR +Z,, 

=00 . 

-b�Rbll 
(3.124) 

(3.127) 
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A similar self-cancelling was observed with the equivalent circuit impedances of a 

radial mode ring-dot filter in [8]. Combining the I: A,,,, and 1: N,, turns ratios, the 

equivalent circuit becomes that shown in Figure 3.20. 

1 
I, ýl ý 

b 
Z vh2 
tý 

ip 
A_rl 

I 

III IE 
v, 
N� 

., l 

+C,. 
u, 

4 

l +( 
" 

-. �, +ý,,, _ 
Figure 3.20: Equivalent circuit after noting that ZR // Z,, = ao. 

At this point, the equivalent current through the remaining mechanical impedance is 

vh, (h / a) . However, from a design perspective, it is useful to know what the maximum 

vibration velocity within the device is going to be. It will be shown later that when the 

radius of the larger set of electrodes is slightly smaller than the outer radius of the 

device, the maximum vibration velocity of the device is approximately the vibration 

velocity at r=b. Therefore it is convenient to make the tank current in the equivalent 

circuit Vh2 instead of vh, (b / a). Back-to-back ideal transformers with turns ratios : (h / a) 

and (b/a): 1 are therefore introduced to the right of zQ. Z. is then referred across the 

1: (h I a) ratio, the ratios 1: A,,, N, and 1: (b/a) combined, and the ratio (h/a): I combined 

into A,, ,, :1 and A,,.,, : 1. The resulting circuit is shown in Figure 3.21. 

ýý_1 
In A,, N, (b/a 

hZ 
Zc, - 

h 
Vh2 Aourl 
I C! 

1111 1 
K. b Aý�ý 

aI 

C,,, +(',, (',,, i, 

/,.,, + 1,. 

Figure 3.21: Radial mode Transoner PT equivalent circuit with the tank current scaled to ,,. 
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Finally, the remaining mechanical impedance is modelled with a series LC circuit. The 

first two terms in the Taylor series of the impedance of an LC circuit, taken about its 

resonant frequency w,, =1 I(L. C. ), are 

ZLmcm =o+2JLm&w. (3.128) 

Equating (3.128) with ZQ(b2 /a2), solving for Lm, and making use of (3.113) 

ýZtroraýPýR2 +Q2 -1) 2J, (R) 
Lm = 

R2 
n(Y, (RXQ-1)+RYo(R) J, 

(Rb)= 

Mass R2 +F2 -1 2J, (R) 
l 

R2 
n(P(RXF-1)+RYo(R) J, 

(Rll2 

/J 

(3.129) 

where mass is the total mass of the PT. C. is then given by 

1 
; r(Y1(RXQ-1)+RY, (R)J Ji( 

Rb 
(3.130) 

`( 
r 
-C))' 

_p 
l ll C. 

1 
ýrsc 

ZLm 1 
total ýy fit +QZ-1 2J, R 

and a mechanical loss resistance is introduced as 

R_ (J)ncLm 
- 

=t,,,, Yr(R2 +Ö'2 -1) 2J, (R) 
mm 

Q QmUrR 
r(Y, (RXU-i)+RYo(R)iJ, (Rb11 

where U. is the effective mechanical quality factor of the composite device. 

(3.13 1) 

A. Summary of the proposed lumped equivalent circuit model 
The newly proposed lumped equivalent circuit model for the radial mode Transoner PT 

is shown in Figure 3.22 and summarised in (3.132) to (3.140). Note that (3.132) to 
(3.140) correspond to the case where the input section electrode radius is less than or 

equal to the output section electrode radius, and where the tertiary section electrode 

radius is equal to that of the output section electrode radius. From this point forward, the 

vibration velocity vb2 will also be referred to simply as vb . 

2 

106 



C E 1' 

Figure 3.22: Lumped equivalent circuit for the radial mode Transoner PT with three sets of 
electrodes. 
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2ýuan, 
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(3.134) 

(3.135) 

ouf b 27rbno,,, d31 
Aýu! = Al,. 

fl E"" Enuf 
Sii 

(3.136) 
a 1-QC 

=A 
b 2ýrbn d3' ! ̀r Afrr 

lrrl 
a SEfer 1-EA"r 

(3.137) 
11 ( 

ý2rfnf�1P(R2 +v2 
-1) 2J, (R) 

z R 
IT(Y, 

(RXa: 
-1)+RYo(R)JJ(Rb(3.138) c 

I 
7r(Y, (RXF-1)+RYo(R)ýJ, (Rd) 

Cm o_ 

ýrY, R2 +Q2 -1 2J (R) 

, 
(R2 +Q2 -1) 2J, (R) 

R_. =- 

(3.139) 

.. Qm UrR 

n(Y, (RX5 -1)+RY�(R)(J, 
RbJJ (3.140) 

where r�'°' , r`ü; °` , and rare the total thicknesses of piezoelectrically active ceramic in 

the input, output and tertiary sections. Hence, r '"' = n,,, r;,,, r'`= n�u, r ,, and i; '_nr 
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B. Discussion 

Substituting b=a and c=a into the proposed model, the equivalent circuit formulas 

become equal to those in Chapter 2 and in [9]. Therefore the newly proposed model is 

fully consistent with the model for the simpler devices. A plot of the 

2J, (R)I n(Y, (RX6-1)+RYo(R) 
/ 

1, (Rb ý)2 term that appears in (3.138), (3.139), and 
c 

(3.140) is shown in Figure 3.23. Since b will usually be just less than c, it can be seen 

from this figure that the effect of this term on L,,,, C,,,, and R,, will usually be very 

small. However, if b is made much less than c, L. will become extremely large whilst 

C. will become commensurately small. 

106 r 

Figure 3.23: Plot of the function 2J, (R)/ 

Q=0.35, R is 2.0795 ). 

, 
(Rh))21 

for cr=0.35. (For n(Y, (RXQ-1)+RY�(R)ý. / 
c 

From (3.132) to (3.137), the clamped capacitances are seen to remain in proportion to 

the square of the electrode radius, and the force factors that correspond to the sections 

with electrode radius h remain in proportion to the electrode radius. However, the tierce 

factor of the section with the smaller electrode radius becomes proportional to 

(Ra),, 
J, 

(Rh). �This function is plotted for the case where h; he = 0.95 (i. e. where h is 

slightly less than c) in Figure 3.24, and for the most part, its value is less than 1. 

Therefore if a is decreased whilst h and c remain constant, the force factor of this 

section will decrease with increasing rapidity. It will be shown in Chapter 6 that this 

function has important consequences for the design of PTs for inductor-less converters. 
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Figure 3.24: Plot of J, 
(Ra)iJ, 

(R) 
for a' = 0.35, b/c=0.95. 

lc c 

In practice, allowing the input and output sections to have different electrode radii gives 

the designer more control over the values of the force factors and the clamped 

capacitances. This is particularly useful in cases where a large step-up or step-down 

ratio is required, and in certain cases where the PT is being designed for use with the 

inductor-less half-bridge topology (sees Chapters 5 and 6). 

The motional current (i. e. the equivalent circuit tank current in Figure 3.32) in the newly 

proposed model is the vibration velocity at the outer radius of the larger of the two 

electrode radii, instead of the vibration velocity at the outer radius of the device (as it 

was in the model described in Chapter 2). The relationship between vh, and v,, is 

obtained by substituting F, =0 into (3.89) 

y3_-Z. 
_ 

2Yr3 
Vh3 ýZm6 + Zm7) 

zh)) (3.141) (+Yr3Q3c(Yý(Q3h)J0W3c)-J 

(/3h)Yo(ß c))l 

After substituting (3.114) and U, = co)_. /R (from (3.120)) into (3.141), and observing 

the approximations in (3.108) to (3.114), a plot of v,. 3 /vM13 against h/c for several values 

of (0/(o,,, can be generated, as shown in Figure 3.25. Since h/c will usually be greater 

than 0.85, it can be seen from this figure that the difference between vh, and v,, will 

usually be negligible. Therefore a measurement of the vibration velocity at the outer 
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radius of the PT (taken with a laser vibrometer) should correspond very closely with the 

tank current in Figure 3.22. 

b/c 

Figure 3.25: Magnitude of v, ,/ v13 against b/c for several ww / ww,,, . 

For the simpler case where the tertiary section layers are not present, the lumped 

equivalent circuit reduces to that shown in Figure 3.26, and the expressions in (3.132) to 

(3.140) apply. If the input section radius is made greater than or equal to the radius of 

the output section, then a becomes the radius of the output section electrodes, h 

becomes the radius of the input section electrodes, and the equivalent circuit formula are 

obtained by swapping all the "in" and "out" identifiers (both subscript and superscript) 
in (3.132) to (3.140). 

Figure 3.26: The lumped equivalent circuit for a radial mode Transoner PT with two sets of 
electrodes. 

For the case where the radius of the tertiary section is made equal to the smaller of the 

other two electrode radii, the equivalent circuit remains as shown in Figure 3.22, but 

A,,, and c,,,, become 
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rter 

(3.142) 

(3.143) 

Reviewing the derivation process, it is clear that additional sets of electrodes can be 

incorporated very easily provided the radius of the additional sets is equal to the radius 

of either the input section or output section electrodes. However, if an additional set of 

electrodes is added with a different radius, then the derivation would have to be 

repeated in order to properly account for the effect on the force factors and the 

mechanical impedances. 

3.6 Comparison between the full and simplified equivalent circuits 
In order to reduce the equivalent circuit representation of Figure 3.18 to the form shown 
in Figure 3.22, each of the mechanical impedances was represented by the first two 

terms of its Taylor series, taken about the first radial resonance, and then equated to a 

similar expansion of the impedance of a series LC combination. The effect of this 

simplification on the predicted input impedance, gain, and vibration velocity 

characteristics are now examined for a device which has an input section radius less 

than or equal to the output section radius (i. e. a corresponds to the input section radius, 

and b corresponds to the output section radius), and which has no tertiary section. In 

the following plots, Yr, =7r2 = Yr3 =7,, =ix l0" , and &, = Q2 = F, =Q=0.35. The properties 

of APC841 are used for all other material parameters (see Chapter 2). The outer radius 

of the PT is taken as 9.5mm, which results in a short circuit resonant frequency of 

129.24kHz. The input section has 1 layer of 2mm thickness and the output section has 

two layers, each of lmm thickness. The output is terminated with a purely resistive load 

of i 1(wscC04f ), where w�. is the short circuit resonant frequency. The simulated 

characteristics of a device with 1) a=b=c=9.5 mm, 2) a=b=9 mm, c=9.5 mm, 3) 

a=4 mm, b=9 mm, c=9.5 mm, and 4) a= 2 mm, b=3 mm, c=9.5 mm are shown in 

Figures 3.27,3.28,3.29, and 3.30 respectively. The devices are assumed to be lossless. 

Graphs a) and b) show the magnitude of the PT input impedance against frequency, and 
the magnitude of the ratio of the output voltage to input voltage against frequency, 
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respectively, when calculated using the full n network representation (i. e. (3.105) to 
(3.107)), the Taylor series approximations of the it network (i. e. (3.121) to (3.123)), and 
the lumped equivalent circuit. Note that the Taylor series approximation of the it 
network is not mathematically identical to the lumped equivalent circuit because only 
the first two terms of the Taylor series of the impedance of the series LC branch 

correspond; the LC branch impedance also has higher order Taylor series terms which 

are not present in the zQb2 l a2 impedance that results from the 2-term Taylor series 

approximation of the n network. The plots of graphs a) and b) were calculated using 

standard AC network analysis on the appropriate equivalent circuits. Graph c) shows the 

magnitude of Vc3 / Vb3 against frequency, which was calculated using (3.141). Graph d) 

shows the magnitude of Vb2 / va, against frequency. For the plot that is based on the full it 

network, this was calculated using the magnitude of 
Vb2 

_(a) 
ZaZb (J 

- RL "'(Corot 
+ Court )) 

Va, -bZaZbL R to(Coutt +Cout2)+ja ZaZb +. la ZaRLA 2 (3.144) autl 

-ZýZ6RLto(Caan +Cout2)+JZCZb +JRLAaan2(Zb +Zc 

(obtained from a version of Figure 3.18 that has been adapted for the case where there is 

no tertiary section). For the Taylor approximation of the it network and the lumped 

equivalent circuit plot, this was calculated using the magnitude of 

J, 
(-C Rb 

Vb2 a) 
Val bMa J1(L) 

Ra (3.145) 

(obtained from an adapted version of Figure 3.21). Note that (3.144) is specific to the 

case where the output section electrode radius is greater than or equal to the input 

section electrode radius. Graphs e), f), and g) show the vibration velocities that occur 
for a IV input voltage. These were calculated from the appropriate equivalent circuits 

using AC network analysis. Graph h) shows the magnitude of the vibration velocity as a 
function of the radial coordinate, normalised to the vibration velocity at r=c. This was 

calculated in a piecewise fashion. The vibration velocities at the region boundaries are 
known in terms of v,, via (3.141), (3.144), and (3.102). The magnitude of the vibration 

velocity in region 3 can then be plotted using (3.99), (3.100), and (3.101), region 2 

using (3.46), (3.49), and (3.50), and region 1 using (3.19), (3.20), and (3.21). The 

vibration velocity is plotted at the short circuit resonant frequency, the frequency of 

maximum gain, the capacitive frequency at which the gain drops by -3dB from the 

maximum, and the inductive frequencies at which the gain drops by -3dB and -l OdB 

from the maximum. Note that the shape of the magnitude of the radial displacement 
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profile (i. e. 1ý, j against r) is identical to the shape of the vibration velocity profile 

because the magnitude of the radial velocity is simply a scaled version of the magnitude 

of the displacement (see (3.18) and (3.19), (3.43) and (3.46), (3.98) and (3.99)). 

In Figure 3.27, where a=b=c=9.5mm, the gain, input impedance, and vibration velocity 

simulations from the lumped equivalent circuit and Taylor approximation of the it 

network are very close to those from the full it network. Figure 3.28 corresponds to the 

case of a typical co-fired or co-fired and bonded device where the electrode radii are 

equal to one another, and the outer radius is made slightly larger than the electrode 

radius. Here, the lumped equivalent circuit and Taylor approximation of the it network 

are shown to be in close agreement with the full it network representation, and the 

difference between vb, and v,, is extremely small. As the difference between input 

section and output section electrode radius is increased, the accuracy of the lumped 

equivalent circuit and the Taylor approximation of the it network begins to decrease. 

The case of a considerable difference in electrode radii is shown in Figure 3.29, and as 

expected, there is a large difference between vb2 and va, . From (3.145) and Figure 

3.29d, it can be seen that the relationship between vb2 and v., becomes independent of 

frequency in the lumped equivalent circuit and Taylor representations. Whilst this is 

shown to be inaccurate, it is interesting to note from Figure 3.29e and Figure 3.29f that 

both representations still provide a good estimate of the absolute values of va, and Vb2 . 
The dimensions used in the Figure 3.29 simulation are loosely based on a specification 
from industry. 

Unlike the device dimensions used in the simulations for Figures 3.27 to 3.29, the 

dimensions used in the simulation for Figure 3.30 are not of practical interest because 

they would result in very low power density (see Section 3.7). However, it is shown to 
illustrate some interesting device behaviours and the limitations of the proposed lumped 

equivalent circuit model. In the simulation of Figure 3.30, the vast majority of the 
device consists of a non-piezoelectric ring. Whilst the gain and input impedance 

characteristics are reasonably well modelled by the lumped and Taylor equivalent 

circuits in the vicinity of resonance, the gain is shown to drop to zero at a particular 
frequency, and this behaviour is not modelled at all by the approximations. The 

frequency at which the gain drops to zero (149.55kHz) coincides with the point at which 

vb2 approaches zero, and conceptually this agrees with the schematic of Figure 3.22; if 
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the current v62 is zero, there can be no output voltage (note that the load is purely 

resistive so there cannot be a resonance occurring between the clamped output 

capacitance and the load), and hence no gain. The device continues to vibrate at this 

frequency, however, the vibration velocity profile (shown in Figure 3.30h) is such that 

v62 =0, and this is caused by the impedances of the non-piezoelectric ring becoming 

such that zms + 
Zm6Zm7 

= co (see Figure 3.14 and Figure 3.15). Zm6 + Zm7 
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From these simulations, it is concluded that: 

" In most cases of practical interest, the lumped equivalent circuit closely 

replicates the input impedance, gain, and vibration velocity characteristics 

provided by the full n network representation. Although the accuracy of the 

lumped equivalent circuit decreases as a is made considerably smaller than b, 

in most practical cases the difference is negligible. 

" Providing that the difference between b and c is kept small, the difference 

between v63 , v, 3 , and the maximum vibration velocity is negligible. Therefore 

the tank current in the lumped equivalent circuit can be used as a measure of the 

maximum vibration velocity within the device. 

3.7 Analysis of the equivalent circuit model in a power converter context 

Since the maximum vibration velocity must be controlled during the design of a PT, it is 

convenient to formulate equations for the PT output power in terms of the vibration 

velocity that corresponds to the tank current in the equivalent circuit. The AC-output 

topology shown in Figure 3.31 can be simplified to the form shown in Figure 3.32 using 

a parallel to series impedance transformation, where 

RS RL (3.146) RLZCO 2Cout2 
+1 

Cr = 
RL zw2gout +1. (3.147) 

RL W Co,,, 

Note that fundamental mode approximation (FMA) techniques provide a high level of 

accuracy with PT-based converters because their loaded Q factor is high enough to 

ensure a sinusoidal tank current. The output section equation is then 
22 

22 yb. RMS A., Rc 
Po, 

ý., rr = Aý. vb. xMS Rf = Rc2W2C0ut2 +1 
(3.148) 

where Poi� rr is the PT output power. The input section equation is 

Pn, rr = JA, I vcn, anrsvb, xas cos({) (3.149) 

where vc,,,, 1e,,, is the RMS value of the fundamental component of the voltage across the 

PT input capacitance, 0 is the phase angle of the tank impedance (which is comprised 

of R., L., C., Ao.,, CS , and R, ), and P,,, P7 is the input power to the PT. Note that the 

modulus sign is used in (3.149) because the force factors of a radial mode Transoner PT 
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are actually negative because d� is usually treated as being a negative quantity (see the 

force factor formula (3.135), (3.136), and (3.137), and also in Chapter 2, and c! � in any 

piezoelectric material datasheet). 

Figure 3.31: PT equivalent circuit as part of an AC-output converter. 

Tc- I 

Rm Lm Cm 
ý 

Vh 

I 

Figure 3.32: Simplified equivalent circuit for the AC-output topology. 

A. The effect of the output section variables on output power 

The variables that affect the power density of the output section are now examined. 

Whilst (3.133) and (3.136) could be substituted into (3.148), v, would no longer 

correspond to the maximum vibration velocity in the device if the radius of the output 

section electrodes was made considerably smaller than the outer radius. Therefore we 

reverse the "in" and "out" sections in (3.132) to (3.140) and consider the case where the 

output section electrode radius is less than or equal to the input section electrode radius. 

Thus, h corresponds to the radius of the input section and a corresponds to the radius 

of the output section. The radius of the input section is then considered to be fixed and 

very close to c, meaning that 1, h can be treated as the maximum vibration velocity in 

the device, regardless of the size of the output section electrodes. For this scenario, 

and c,,, become 

zT nur 
ýoýý ýour E33 

nur' 
°°r jroral CI -kp 

our 

(3.150) 
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out 'Il 
(Ila) 

2=431 nout c 
Aovt - 

SEM'(i_ QEout 
(Rbl 

11 c Jl 
c1 

(3.151) 

Substituting (3.150) and (3.151) into (3.148), making use of the formula for planar 

coupling factor (3.75), and letting the load resistance be a multiple M of the matched 
load condition (i. e. let R, = M/(cuCou, )) 

u! 
J, 

V. 
2 roraln k_o 2 JU 2 

ý. ý t_... , 

2 

D, RA1J - UY( -P ýý"ý ý ý" ý Pour, 
PT = 

Eottr Rout ý 
out2)(M; ±I)(Rb)2 

usý, ]-ac ]-k 
(3.152) 

For the case where a=b=c and m=1, (3.152) becomes very similar to the result 
described in equation 12 of [9]; the difference in the denominator terms is believed to be 

due to an error carried forward from equation 8 of [9]. 

The frequency of operation will be close to the short circuit resonant frequency, which 
in turn is inversely proportional to the outer radius of the device. Substituting 

w=wf 
R" ' into (3.152) 

C 

2 told °Qr 
2 

2M 
Jr 

(Ra 

c)a vb, RMS 
to 

r 
7CC kP 

Pou1, 
PT = 

wfRýs ýa� 1-ýcau, r1-kPou, 2J (M2 +1 
JfrRbls J lcJ 

(3.153) 

where wf is the ratio of the operating frequency to the short circuit resonant frequency, 

and will usually be around 1.05 to 1.1 when the PT is delivering full power. Neglecting 

the thickness of the electrodes in the output section, the volume of the output section is 

i2ttoo., Ql (note that the region of non-piezoelectric ceramic that lies between the outer 

radius of the output section electrodes and the outer radius of the device is deemed to be 

included in this). The power density of the output section is therefore 

22J, 
(Ra 

)2 / Pew, o t_: tenon =P 
ut, Pr 

= 
Vb. RAC kP our 

2M c 3.154) N_ utpu2total Eout flout a., 
22( 

arc tout wfcRU II(I I- kp 
IM 

+1 
J'(Rbl 

Like [9], it can be concluded from (3.154) that the power density of the output section 
(and therefore of the whole device, see later) is strongly dependent on the planar 

coupling factor of the output section k, °"` , and the vibration velocity vb (which, when b 

is close to c, has been shown to be the maximum vibration velocity within the device). 
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Equation (3.154) indicates that power density is proportional to the square of the 

vibration velocity vb . Hence, it is advantageous to use the largest value possible. 

However, as the maximum vibration velocity within a resonator increases, the 

temperature rises and the mechanical quality factor decreases (i. e. the losses increase) 

(see the discussion in Chapter 1 and [10-17]). Therefore the largest value of the 

maximum vibration velocity that occurs within the device that can be used is dictated by 

the need to ensure that the device remains thermally stable. The tendency for the 

temperature of a piezoelectric material to increase as vibration velocity increases is 

highly dependent on the composition of the material itself. Therefore considerable 

research has gone in to the development of materials that remain thermally stable at 
high vibration velocity. However, because the tendency for a PT to generate heat is 

governed by the nature of the piezoelectric material used within it, and the construction 

of the device (i. e. the bonding agents, the isolation layers, the number of internal 

electrode layers used, the ability of the PT to radiate heat (i. e. its surface area to volume 

ratio, the uniformity of the temperature distribution, whether in forced or natural 

convection), etc), the maximum vibration velocity that can be used in a particular PT is, 

at least to some extent, likely to be a function of both the piezoelectric material and the 

construction of the device itself. Hence, if a PT is badly constructed (e. g. with very 
thick layers of bonding agent), the maximum vibration velocity that can be used will be 

low, regardless of how good the piezoelectric material is. The maximum vibration 

velocity is a key PT design parameter [ 18] and is often treated as a figure of merit for 

piezoelectric materials [13]. 

As expected, (3.153) indicates that using a load resistance and output capacitance such 

that the matched load condition (M = i) is observed in the vicinity of resonance will 

maximise the output power for a given vibration velocity. It will be shown in Chapter 4 

that the maximum output power that can be obtained for a given vibration velocity is 

also highly dependent on the output topology (i. e. whether a simple resistive load as 

analysed here, or a rectifier of some description). Unless some form of additional 

matching network is used, the highest output power is always achieved with a simple 

resistive load. 

Equation (3.154) suggests that the maximum power density is not dependent upon the 

number of layers. In general, increasing the number of layers within a piezoelectric 
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device- decreases Q. [19] and therefore increases heat generation. This is related back 

into (3.154) via the vibration velocity, because the lower U. means that a lower 

vibration velocity will result in the same amount of heat generation. However, 

increasing the number of electrodes within the device tends to increase thermal 

conduction, thereby allowing the generated heat to be dissipated more effectively. The 

overall relationship is therefore quite complicated and is affected by the thickness and 

composition of the electrode material. The number of layers required in the input 

section is dictated by the DC link voltage, the converter topology (with-inductor, 

inductor-less, or class-E), the tank impedance phase angle 0, the electrode and outer 

radii (a, b, and c), the maximum PT input power required, and the maximum vibration 

velocity. The number of layers required in the output section is dictated by the load 

resistance, the maximum output power required, the maximum vibration velocity, the 

electrode and outer radii (a, b, and c), the extent to which the output capacitance and 
load resistance are matched (or the output capacitance, rectifier and load resistance in 

the case of DC-output topologies), the output topology (AC-output or DC-output), and 

the choice of rectifier topology in the case of DC-output (see Chapter 4). 

Since power density decreases as the outer radius is increased (see (3.154)), it would 
initially appear advantageous to make all radial mode Transoner PTs as thick as 

possible, so as to achieve the required output power whilst keeping the outer radius as 

small as possible. However, it should be remembered that the equivalent circuit model 

was derived under the assumption that the device is "thin" and that T. - 0. As the ratio 

of the outer radius to total device thickness is decreased, this assumption becomes 

increasingly inaccurate, therefore there is no guarantee that making a PT very thick will 

always result in higher power density. The final limit will come from the need to keep 

the ratio of the radius to total thickness large enough to prevent interference between the 
first thickness and first radial vibration modes. 

The appearance of c in the denominator of (3.154) succinctly demonstrates why a 

single PT will only ever be suitable for use in relatively low power, point-of-use 

applications. However, it also suggests that using many smaller PTs to achieve a 

particular converter specification may allow for very much higher power densities to be 

achieved. Of particular note is a 0.2W PT shown in [20] with a claimed power density 

of 250W/cm3. Although there are likely to be considerable mounting and control issues 
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to overcome, not least the need to ensure equal power sharing between the devices, this 
is a good justification for research into multi-PT converter strategies. 

The appearance of R in the denominator of (3.154) indicates the importance of 

operating at the first radial resonance. Operation at the second radial resonance would 

correspond to R being the second positive value of Qc that satisfies (3.118), and would 

therefore decrease power density (for a: = 0.35, the first and second positive values of R 

that satisfy (3.118) are 2.0795 and 5.3989 respectively). Operating at the second 

resonance also presents other difficulties, such as the need for a larger outer radius to 

total device thickness ratio in order to prevent interference from the thickness vibration 

mode, which in turn will result in a larger c and hence lower power density. 

Finally, the effect of the electrode radii is considered. The function 
. j, 

(Rca) 
/1 

I(Rh) 
is 

C 

plotted in Figure 3.33 for the case where v=0.35 and h=0.95c. Whilst a very small 

increase in power density can be achieved by making a=0.88c compared to 

a= b=0.95c , the overall trend is for power density to decrease as a/c is decreased. 

Thus, it is concluded that to maximise power density, the output section electrode radius 

should be kept close to the outer radius of the device. 
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Figure 3.33: Plot of J, C 
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for a' = 0.35 (i. e. R=2.0795) and h=0.95c. The peak 

cc 
value is 1.0128 at a/c=0.883. 
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B. The effect of the input section variables on output power 
Here, it is most convenient to consider the case where the input section electrodes are 
less than or equal to the radius of the output section electrodes, and the output section 

electrodes are close to the outer radius of the device. Substituting (3.135) into (3.149) 

and assuming high efficiency operation (P.,,,,, z Pm, pT ) 

Ra 

_ 
2=431' 

in 
Ji 

P. 
"PT Ein Rb 

VOW' RAEVbRMSCOS) 
(3.155) 

Si, 
(_ 

T' 
En 

J( 
C 

However, this shows only a dependence on the electrode radii and the outer radius of 
the device, not on the total thickness of the input section. Therefore the equivalent 
circuit model provides no direct relationship between the volume of the input section 
(defined as =2r, °`°', neglecting the thickness of the electrodes) and the maximum output 

power of the PT. Crucially though, the equivalent circuit models were derived on the 

assumption of constant radial strain in the thickness direction; therefore the equivalent 
circuit formulas are only valid when this assumption is valid. In reality, if the input 

section is made too small in comparison to the rest of the device, then it will not be able 
to induce a radial vibration in the output section, and no output will be obtained. For the 

same reason, if the feedback layer (which is proportionally very small) in a piezoelectric 
device is connected to an impedance analyser, the response is often simply a flat line. 
Therefore it is incumbent on the PT designer to ensure that the input section is large 

enough in comparison to the rest of the device for a radial strain to be properly and 
efficiently induced in the output section. Identifying the point at which further 

reductions in input section size have a detrimental impact on the overall power density 

of a device is not straightforward because the degradation will initially be a gradual 
process, and will be seen as a reduction in the maximum output power that can be 

obtained for a particular temperature rise - something that is not easy to predict from 

analytical or finite element simulations. One strategy that can help obtain a more 
uniform strain profile in the thickness direction is to split the input (or output) section 
into two parts and sandwich the output (or input) section between them. This also helps 
to suppress bending modes (which can cause interference with the desired radial mode). 

For the case where a=b=c, the total input section thickness must therefore be at least a 
certain minimum size compared to the total thickness of the rest of the device. However, 

once this condition is met, (3.153) and (3.155) suggest that it is highly unlikely that any 
further increase in maximum output power will be achieved by making further increases 
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in the input section thickness. Considering devices that were optimized for the with- 
inductor topology, where no stipulation is placed on the total input section thickness by 

the need to keep C. small enough to achieve inductor-less ZVS, it is likely that this 

point is reached when the total thickness of the input section is somewhat smaller than 
the total thickness of the rest of the device. For example, the ratio of the total input 

section thickness to the thickness of the rest of the device is just 0.66 in the T1-15W 
devices. 

When the input section electrode radius is made smaller than the outer radius, the 

required input section thickness relative to the rest of the device is likely to change. That 

is, for a given set of output section dimensions and a given outer radius, it is likely that 
the minimum thickness of input section that is required to efficiently induce a radial 
vibration in the output section will increase as the radius of the input section electrodes 
is decreased. Thus, for a given outer radius, reducing the input section electrode radius 

will increase the total volume of input section (x2t t) required to properly establish a 

radial vibration in the output section, and will therefore decrease the overall power 
density of the device. 

C Summary of the design choices that will maximise overall PT power density 
Guidelines for maximising the power density of a radial mode Transoner PT are 
summarised below. It should be noted that no consideration is given to the need to meet 
topology-specific requirements (such as a low enough C,,, for ZVS in the case of the 
inductor-less topology) or the need to meet a particular converter specification (such as 
a specific output power, input voltage, load resistance, etc); this list is purely for 

obtaining maximum power density when driving the PT with a sinusoidal AC-input. 

The input and output section electrode radii should be equal to one another and 
as close to the outer radius as possible. 

" The outer radius should be kept relatively small (i. e. the ratio c/t,,,,, should be 

large enough to avoid interference from the thickness mode, but not so large that 

power density is unnecessarily compromised, see (3.154)). 

" The input section should be made just large enough to efficiently induce a radial 

vibration in the output section. 
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" The AC-output topology should be used, and the load resistance and output 

capacitance should be such that the matched load condition (nf = t) is observed 

in the vicinity of resonance (see Chapter 4). 

"A piezoelectric material that has high k,,, high Q., and is capable of operating at 

high vibration velocities in a thermally stable manner, should be used. 

" Piezoelectrically inactive layers should be kept to a minimum. 

3.8 Practical design considerations that affect power density 

The converter topology, converter specification, and externally imposed dimension 

restrictions can often require design choices to be made that compromise PT power 

density. A discussion of why the with-inductor topology is largely able to avoid such 

compromises is presented here. The inductor-less topology is discussed in Chapters 5 

and 6. 

A. Half-bridge with-inductor topology 
The half-bridge with-inductor topology is shown with the full PT lumped equivalent 

circuit in Figure 3.34. Generally, when designing a PT for the with-inductor topology, 

the size of the input capacitance does not need to be controlled. As the total input 

section thickness is decreased (which does not affect A,,, ), the input capacitance 

increases. This usually results in a smaller external inductor being required, which is 

advantageous. Furthermore, achieving ZVS with this topology is not usually difficult, 

particularly if MOSFETs with a low output capacitance are used. Therefore the main 

concern with the input section of a with-inductor device is achieving the required . 1,, 

and ensuring that a radial vibration is efficiently induced in the output section. 

ii 
---------------------------------------------------- 

Figure 3.34: The half-bridge with-inductor PT-based topology. 
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Consider (3.149) and Figure 3.34. Assume high efficiency operation 
(Po,,, 

PT z P�. Pr ), an d 

assume that the maximum vibration velocity that can be used has been determined. The 

value of will depend upon the L., C, � 
filter, the resonant tank (including the load), 

the DC link voltage, and the operating frequency. However, regardless of its value, it 

can be seen that once the maximum input power and maximum permissible vb, RJ1, s are 

specified, there are still two variables in (3.149) that are left unspecified, 0 and A,,. 

Therefore the required value of A. can be adjusted by changing the value of 0 at which 

maximum power is to be delivered. This is extremely useful because it means that, 

regardless of the required converter specification, A, � can be sized such that the input 

section electrode radius is approximately equal to the outer radius of the PT. 
Furthermore, since there is no stipulation on the size of C, � , the total thickness of the 

input section can then be chosen such that it is just large enough to efficiently induce a 

radial vibration in the output section, thereby maximising the power density of the 
device. Some researchers have stated that designing a conventional converter to deliver 
its rated power at a power factor well below unity should be avoided because it 

increases the currents, voltages, and losses within the converter (see Chapter 3 of [21 ]). 
However, such arguments are less valid for PT-based converters because of the two 
force factors and the desire to use the largest vibration velocity possible in order to 

reduce the output section (and by extension, the input section) volume. Furthermore, it 
is shown in Chapter 4 that maximum PT efficiency is actually achieved above 
resonance, and remains high as the phase angle of the tank is increased and the input 

voltage is increased so as to maintain constant output power. Therefore the conclusion 
for with-inductor PT design is that, regardless of the converter specification, the radius 
of the input section electrodes should be made approximately equal to the outer radius, 
and the total input section thickness should be made just large enough to properly 
induce a radial vibration in the output section. Virtually all converter specifications 
should still be achievable with these stipulations because the phase angle can be used to 
provide the required extra degree of freedom in (3.149), and the input capacitance does 

not need to be controlled. In short, the designer is free to design the input section to 

maximise power density. 

Since an optimal input section design can be achieved regardless of the outer radius, the 
designer is free to choose the outer radius to suit the output section. The only caveat 
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being the need for the ratio of the outer radius to the total device thickness to be large 

enough to prevent interference from the first thickness mode. Therefore the outer radius 

can be made just larger than the output section electrode radius. The output section 

electrode radius and the total thickness of the output section can then be set to obtain the 

required output power (see (3.153)), and to ensure the required A.,,, and Co., can be 

achieved with an integer number of output section layers. Because any converter 

specification can be achieved with an equal input and output section electrode radius, 

and the input section thickness need only be large enough to efficiently induce a 

vibration in the output section, it is concluded that the requirements of the with-inductor 
topology do not compromise PT power density. 

B. Externally imposed restrictions on device dimensions 

To maximise the overall power density of the converter, it is important that no single 

component is considerably taller than the others because that component will end up 
defining the overall form factor of the converter. Therefore a converter manufacturer 

will often specify a maximum total thickness for the PT. Ideally (from a PT power 
density perspective), the rest of the converter and its layout should be designed around 
the PT, rather than the other way around. Nevertheless, it is common for a maximum 
thickness to be specified, and the impact this has on PT power density depends on the 

converter topology. 

In the case of a with-inductor design, specifying a restrictive maximum total thickness 

means that a larger radius must be used to obtain the required power level (see (3.153), 

remembering that enough space must be left for the input section to be large enough to 

efficiently induce a radial vibration in the output section). The use of a larger radius 
decreases power density as indicated by the presence of c in the denominator of 
(3.154). However, there is no further penalty involved because an optimally designed 
input section where the electrode radius is approximately equal to the outer radius can 
always be achieved with this topology, regardless of the required converter 
specification. The effect of dimension restrictions on the inductor-less topology can be 

more severe, and will be discussed further in Chapter 6. 
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3.9 The centre-tapped rectifier problem 

A conventional resonant converter will often incorporate a (magnetic) transformer with 

two (approximately) identical output windings. This allows a centre-tapped rectifier 

configuration to be used [22]. Compared to a full-bridge or half-wave configuration, the 

centre-tapped rectifier has a higher efficiency, particularly in converters with a low 

output voltage [22]. 

The connection of a capacitively smoothed centre-tapped rectifier to the lumped 

equivalent circuit from Section 3.5 can be modelled as shown in Figure 3.35. If the 

rectifier is working, the currents through the diodes will have a DC component (i. e. a 

non-zero average value). The current through the resonant tank of a PT is sinusoidal 

because of its high Q factor, and cannot have a DC component because of the blocking 

action of the series tank capacitance (C,,, in Figure 3.22). Furthermore, the capacitances 

C and C,,., present an open circuit to DC. Consider the node marked `A'. Since 

i, + i, + i, =0, it is therefore apparent that no mechanism exists to allow for a DC 

component to be present on the currents through the rectifier diodes. Hence in practice, 

the tank current flows only through the capacitances C, and C,,., , the rectifier diodes do 

not conduct, and no output voltage is obtained. If inductors were placed in parallel with 

C-, and C,,,, then a path for the DC component is created and the rectifier would work. 

However, this will increase the cost and size of the converter, and these additional 
inductors are not required if a magnetic transformer is used instead (due to the 

magnetising inductance). If a centre-tapped approach is being considered for a PT-based 

converter, then the current doubler configuration should also be considered because it 

requires a similar component count. 

Figure 3.35: Equivalent circuit model of a PT connected to a capacitively smoothed centre-tapped 
rectifier configuration. The PT would be designed such that and C 
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Because the force factor ratios in the PT equivalent circuit have no parasitic parallel 

inductance, there is the possibility of using some rectifier topologies that are not 

suitable for use with a conventional transfonner, such as that proposed in Figure 3.36. 

The advantage of this rectifier is that only 1 diode is required, the average current 

through which is equal to the load current. The down-side is that, unlike the centre- 

tapped rectifier, only an inductively smoothed version is possible. This rectifier could 

only be implemented with a conventional transformer by placing an additional DC- 

blocking capacitor between the transformer and the rectifier to prevent the magnetising 

inductance short-circuiting the DC component of the current that has to flow through 

the diode. 

Piezoelectric transformer 
----------------------------------------------------------------- ýRLC 

vn ýý III ýý 

Figure 3.36: Rectifier topology that relies on there being no inductance in parallel with the rectifier 
input. 

3.10 Comparison between radial and longitudinal Transoner PTs 

In the case of a simple radial mode Transoner of the type discussed in Chapter 2 

operating in the AC-output topology with a matched load, (3.154) becomes 

out' 

_ 
va. RMS' 

2 kp 
PJrnsiry_output 

section -E out £ out uW 2 (3.156) 
wf aRý sip 1-c C1-ki 

where a is the radius of the device and v� is the vibration velocity at the outer radius. 

An equivalent circuit model for a simple longitudinal mode Transoner is derived in 

Appendix A. Using similar arguments, the equivalent expression to (3.156) is 

PdensiN_oufpulre<non 
2y 

I, RA4S 

1! U 
lnu! 

fSl 7rUi 

k31 "I 

Cl-k31nur) (3.157) 

v, is the longitudinal vibration velocity at either end of the device, which is also the 

maximum vibration velocity that occurs anywhere within the device. i is the effective 
longitudinal speed of sound, and / is the length of the device. Note that just as the 
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power density of a radial mode Transoner is predicted to decrease with increasing 

radius, the power density of a longitudinal Transoner is predicted to decrease with 
increasing length. 

The factor kP0"`2 /(1- kP`2) is much larger than k�°"`2 /(1- k�°"'2) for most piezoelectric 

ceramics that are suitable for use in PTs (typically around 4 times larger). However, it 

can also be seen that there are other differences between (3.156) and (3.157). 

Furthermore, there are many other factors to consider when trying to compare the power 

densities, including geometric considerations, the size of input section required to 

efficiently establish a vibration in the output section, and whether the same value of 

maximum vibration velocity is likely to be applicable to both types of device. The 

geometric considerations will likely require 3D analysis to ascertain what the optimum 

ratios between the length, width, total output section thickness, and total device 

thickness are in the case of the longitudinal mode Transoner, and the radius, total output 

section thickness, and total device thickness in the case of the radial mode Transoner. 

Thus, although the models presented here provide a starting point, a detailed 

comparison of power density it not made here. The purpose of this section is to show 

the form that the dependence on the appropriate coupling factor takes in each case, and 

to show that, whilst radial mode Transoner PTs do tend to achieve higher power 

densities than longitudinal mode Transoner PTs, there are several other factors at play 

besides the obvious numerical difference in the applicable coupling factors. 

3.11 Summary 

A new equivalent circuit model for the disc-shaped radial mode Transoner PT has been 

presented. Unlike previous models, this incorporates many of the features that are 
currently found in commercially produced radial mode Transoner PTs, such as unequal 
electrode radius in the input and output sections, an outer radius that extends past the 

electrode radii, and multiple sets of electrodes that are of the same radius. A lumped 

element representation has been given, and has been shown to provide a good 

approximation to the `full' model, though it was also shown that the accuracy does start 
to decrease if one set of electrodes is made considerably larger in radius than the other, 

or if the radius of the non-piezoelectric ring section is made much larger than the 

electrode radii. Since the maximum vibration velocity was shown to occur near the 
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outer radius of the device, only the final lumped equivalent circuit representation need 
be considered during the design phase if one of the sets of electrodes extends close to 

the outer radius. 

Unfortunately, the cost of producing a one-off co-fired PT meant that the new model 

could not be verified experimentally. It is hoped, however, that the new model will 

allow those within the PT industry to better predict the effects of their design choices, 

and as a consequence, maximise the power density of their designs. 
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Chapter 4- Effect of the output topology on PT power 
density 

4.1 Introduction 

To date, relatively few publications have considered the effect of the output topology 
(i. e. whether AC-output or a rectifier of some description) on PT power density. 

A comparison of the current doubler and voltage doubler (referred to here as the half- 

wave capacitively smoothed) rectifiers was made in [1,2]. However, it is the present 

author's opinion that the model for the current doubler rectifier used in [1,2] is not 

correct. It is stated on page 1449 of [1] that the current doubler can result in the 

effective capacitance at the PT output becoming less than the PT's clamped output 

capacitance, thereby indicating that the current doubler can appear inductive-resistive to 

the PT. When the present author adapted the model from [3] for use with the current 
doubler, it was found that the current doubler never appears inductive to the PT. Fig. 10 

in [1] shows the relative output power of one rectifier compared to the other for a given 
level of power dissipation in the PT. Numerically, the results from Fig. 10 differ from 

those presented in this chapter, and it is believed that the difference is caused by an 

error in the current doubler model used in [1]. 

The use of full-bridge capacitively smoothed and current doubler rectifiers with PTs 

was also discussed in [4], however, the purely resistive rectifier models that were 

employed were not detailed enough to show the effect on maximum PT output power. A 

similar comment applies to the current doubler model used in [5]. The full-bridge 

capacitively smoothed and half-wave capacitively smoothed topologies are discussed in 

the context of PTs in [6], but the effect on PT power density is not considered. 

This chapter considers the effect of 5 different output topologies on the output power of 
a given PT and, more generally, on PT power density. The analysis is made from the 

perspective of vibration velocity, and uses rectifier models that fully account for the 

shape of the voltage waveform across the PT output capacitance and its relationship to 

the equivalent circuit tank current. 
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The correlation between the maximum vibration velocity within a piezoelectric material 

and the temperature rise that occurs is well established [7-14]. As vibration velocity 
increases, the mechanical quality factor of the material decreases, causing greater power 
dissipation in the material and an increase in temperature [7-10,12,15,16] (see also 
discussion in Chapter 1). Since the tank current in the (full) radial mode Transoner 

equivalent circuit (see Figures 2.7,3.22, and 3.26) is approximately equal to the 

maximum vibration velocity within the PT (assuming the set of electrodes with the 

largest radius extends close to the outer radius of the device), it is to be expected that the 

tank current, and the vibration velocity that it represents, is closely related to the 

temperature rise of the PT. 

PTs are nearly always thermally limited. In other words, the maximum output power of 

a given PT in a given topology operating at a given frequency with a given load is 

nearly always limited by the need to prevent excessive temperature rise. Since the 

temperature rise will be closely related to the vibration velocity, specifying a maximum 

allowable temperature rise effectively specifies an approximate maximum level of 

vibration velocity. Thus, in order to achieve high PT power density, it is crucially 
important that a PT is loaded in a way that maximises the output power obtained for a 

given vibration velocity, because this is expected to maximise the output power that can 
be obtained for the specified maximum allowable temperature rise. This is essentially 

what the matched load resistance RZ =1/(a cam, ) does in the AC-output topology - it 

maximises the output power obtained for a given tank current (and therefore for a given 

vibration velocity). 

The purpose of this chapter is to 
1. Reinforce the concept of the tank current (and therefore vibration velocity) being 

directly related to the (minimum) temperature rise seen with a given PT. 
2. Demonstrate that, for a given PT, DC-output topologies result in a lower 

maximum PT output power for a given level of tank current compared to the 
AC-output topology. 

3. Consider the implications of 1) and 2) from a design perspective using the radial 

mode Transoner equivalent circuit models developed in Chapters 2 and 3. 

4. Determine the effect of the rectifier topology on the number of layers required in 

the output section of a radial mode Transoner PT for a given converter 

specification. 
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To the author's knowledge, this is the first time that the concepts of vibration velocity, 

rectifier operation, and equivalent circuit modelling have been brought together to 

elucidate the challenges posed by PT design for DC-output converters. 

4.2 Output topology analysis 
The 5 output topologies to be considered are shown in Figure 4.1. Since the loaded Q 

factor of a PT is high enough to ensure that the tank current in the lumped equivalent 

circuit is sinusoidal, fundamental mode approximation (FMA) can be applied. The 5 

topologies are initially modelled with the circuits shown in Figure 4.2, where a 

sinusoidal current source is used to represent the tank current. Then, using FMA, all 5 

topologies can be modelled with the circuit of Figure 4.3. 

(b) Capacitively smoothed full-bridge 

II 
T 

(c) Capacitively smoothed half-wave 

R ,. 
ýý 

(d) Inductively smoothed full-bridge 

Figure 4.1: Radial mode Transoner equivalent circuit, shown with five different output topologies. 
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(a) Model for AC-output 

(b) Model for capacitively smoothed full-bridge 

.1 

(c) Model for capacitively smoothed half-wave 

/I 

I 

L,. 

(d) Model for inductively smoothed full-bridge (e) Model for current doubler 

Figure 4.2: Models for the five PT output topologies. 

I 

V 

Figure 4.3: Model for all five topologies once FMA has been applied. 

A. AC-output topology 
The AC-output topology shown in Figure 4.1a is basically the arrangement that occurs 

when driving a cold cathode fluorescent lamp (CCFL), or a conventional fluorescent 

lamp, with a PT. It therefore represents the only PT-based topology that has seen 

widespread commercial success to date. Since the tank current is sinusoidal, a series to 

parallel impedance transformation can be applied. The elements in Figure 4.3 are given 
in terms of those in Figure 4.1 a by 

R- RLF(4.1) 

RLwC�u, ' +1 

= 
RL'w2 C_1 +1 (4.2) RL z CV Z Caul 

From Figure 4.3, PT output power is given by 
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Pour, 
pr = A., 2Vb. 

RMS 
2 Rs 

" (4.3) 

For a given PT, A out and caw, are fixed, and w is approximately fixed (we make the 

assumption here that co is not a function of RL and hence treat it as a constant). 

Therefore the load that maximises the output power of a given PT for a given vb is the 

load that maximises R.. Differentiating (4.1) with respect to RL , 
aRs 1-RL2W2C. 2 
aRL 

RL20) 2COU12 +1 

From the stationary points of (4.4), Rs is maximised when 

I 

(4.4) 

R`(4.5) 

Substituting (4.5) into (4.1) 

R'= 1 
(4.6) 2wC(U 

Hence, the maximum output power from a given PT for a given tank current when using 
the AC-output topology is proportional to 11(2wCo,, j. Note that, for a given PT, w may 
be thought of as being approximately fixed, because power transfer through the PT can 

only be achieved sensibly (i. e. with a reasonable input voltage and good efficiency) 

when operating close to resonance. Hence, dramatically decreasing the frequency at 

which a given PT is operated in order to increase R, is not a way to increase maximum 

output power, and results in poor efficiency (see Figure 4.6 in Section 4.3). 

B. DC-output full-bridge capacitively smoothed topology 
When considering the DC-output topologies, it is vital that the rectifier models are 
based on an analysis that fully accounts for the shape of the voltage waveform across 
the parallel capacitance Co,,, . If a simple resistance-only model is used, the effect of the 

rectifier on PT output power will be missed. The rectifier models utilized in this chapter 
are based on those presented in [3,17] and shown in full in Appendix B. For the 

capacitively smoothed full-bridge rectifier, the elements in Figure 4.3 are given by 
8RL(1+2Vv) 

(4.7) R, _ 
(r+2RLC=, m1+2V,, 
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_ Cs 
moo,,, (; 

r+2coRLCm,, 
(1+2Vy. )ý 

(20oRC=(1+2Vdf)+, 
Ty cos II 

2a'RSout RC (1+2V ) ) 
(4.8) 

r+262RLCoU, 1+2V, - 

+(4coRLCau, ý(1+2V, 
y)-2irsix 2coRLCo�, 1+2V, 

where vdf is the ratio of the on-state voltage drop across a single rectifier diode (which 

is assumed to be constant) to the voltage across the load resistance. Note that V is 

regarded as a constant (see discussion in Appendix B), and hence not a function of RL . 
For a given PT, v, and vb , the total PT output power (i. e. the sum of the power 

dissipated in the load resistance and the power dissipated in the rectifier diodes) will be 

maximised when R, is maximised. Differentiating (4.7) with respect to RL and 

considering the stationary points, Rp is maximised when 

) RL 
2wC. 

� 1+ 2Vý' (4.9 
Substituting (4.9) into (4.7), 

R°""= 1 
s (4.10) 

2rwCo�, 

Comparing (4.10) to (4.6), the maximum size of R, for this topology is 2 /, T = 0.637 

times that of the AC-output case. Therefore the maximum PT output power that can be 

obtained for a given level of tank current from a given PT with a full-bridge 

capacitively smoothed rectifier is only 0.637 times that which can be achieved from the 

same PT using the AC-output topology. 

For a given PT and a given maximum allowable temperature rise, the maximum level of 

vibration velocity that can be used is approximately fixed. Therefore the maximum 
thermally limited output power that can be achieved from a given PT with a full-bridge 

capacitively smoothed rectifier is expected to be only 0.637 times that which could be 

achieved from the same PT with the AC-output topology. The use of this rectifier 
therefore results in a considerable drop in the maximum (thermally limited) power 
density of a given PT. 

In [3], Forsyth showed that the inductively smoothed rectifier increases the apparent 
size of the parallel capacitance in an LCC series-parallel converter. Similar behaviour 

also occurs with the capacitively smoothed topologies. Substituting (4.9) into (4.8), 

C3 = 2Cý, . (4.11) 
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Applying a series to parallel transformation to (4.10) and (4.11) results in an effective 
parallel capacitance of 

27r2Cout 
Cout_epe". 

= 
)r2 +4 

1.4230 (4.12) 

and an effective parallel resistance of 

n2+4 
_ 

1.104 R 
, nýr_equrvoent = 4; mC wC 

(4.13) 
Out Out 

Thus, it can be seen that the rectifier significantly increases the apparent capacitance at 
the PT output. 

C. DC-output half-wave capacitively smoothed topology 
An equivalent circuit model for this topology was derived by adapting the method from 
[17] (see Appendix B). The elements in Figure 4.3 are given by 

sRL (1 + 2vß ) 
R, (4.14) 

C, /LCout 
(2; 

r + Q)RL Co,,, 
(I 

+ 2Y,, y))2 
2ýr-COR C \I+2Y 

) 
(ývRLCo�r(1+2Yý, )+2nýcos tý21r+aLCa, 

1+2Yy 

) 

+(2toRCo�r, r,, (1+2Ydf )-4n'1Z 2wRLCo�r I+2Y; 

(4.15) 

The load which maximises R, , and therefore maximises PT output power for a given 
PT, V,,, and vb is 

2gr 
It, = -- i"1 11 ` 

ý+ 
72 

vy tw. 1 0) 

Substituting (4.16) into (4.14), 

R, 
= ffCV 

1 

(4.17) 
, ut 

Like the full-bridge capacitively smoothed topology, the maximum PT output power 
that can be obtained for a given tank current from a given PT with a half-wave 

capacitively smoothed rectifier is only 2/; r=0.637 times that which can be achieved 
from the same PT using the AC-output topology. 

D. DC-output full-bridge inductively smoothed topology 
Unlike the capacitively smoothed topologies, this rectifier has two modes of operation 
[3], named "continuous" and "discontinuous" (with reference to the voltage across the 
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parallel capacitance), or "non-overlapping" and "overlapping" (with reference to 

whether both pairs of diagonally opposite diodes conduct at the same time). Initially, let 

us suppose that maximum Rs is obtained in the continuous mode. From [3] and 

Appendix B, Its and C, for this mode are given by 

ý2 ý2Cout2RL2 1+2Vt, +1 

C-- our-- V- - our C'- a/ /' '/ 

$ 
)r2Cw2Cou: 2RL2 1+2V,, f +1r2 -8 

k-r. L7f 

Note that a key assumption of this model is that the filter inductor, Lr , is large enough 

to ensure that its current ripple can be neglected. From (4.18), the load which maximises 
PT output power for a given PT, Vf , and vb is 

1 RL __ wca� ,1 
7-2 Vý, 

Substituting (4.20) into (4.18) 

.. me: 4 
tcs = 

c,,... 712(CJ2c_.. 
ZR, Z(1+2v, 

r 1 +I) 

(4.18) 

``r'ý !d1 ON 

7d 
2 

O)c 
out 

(4.20) 

(4.21) 

It is then necessary to check that the load in (4.20) does in fact result in the continuous 
mode of operation, and to check that a higher output power cannot be achieved in the 
discontinuous mode. 

From [3] and Appendix B, the rectifier will be in the continuous mode provided that 

2<; rwCo�(RL(1+2vß ). (4.22) 

Substituting (4.20) into (4.22), it can be seen that this condition is satisfied. Thus, (4.20) 

is the load that maximises PT output power in the continuous mode. Before considering 

the discontinuous mode, we define a load factor, M, as the ratio between the actual load 

resistance and the load resistance that maximises PT output power in the continuous 

mode. Hence, the load resistance can be expressed as 

_M R` 
wCý, 1+ 2vß (4.23) 

Substituting (4.23) into (4.22), it can be seen that the boundary between the continuous 
and discontinuous modes of rectifier operation is M=2 /n = 0.637. Thus, the rectifier 
will be in the continuous mode when M>2/ 'r . From [3] and Appendix B, R, and C, 

for the discontinuous mode are given by 

Rp 2sin a+/3)sin(a)-cos2(a)-cos2(a+ß)+2) (4.24) 
/roat 
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CS = 

COUtýT 
(4.25) 

(, r - 2sin(a + ß)cos(a)- cos(a)sin(a)- cos(a + ß)sin(a +, 6)-, 8) 

where a and ß must be numerically determined using the simultaneous equations 

cos(a +, 6)+ (ß 
- 7r)sin(a + ß)+ cos(a) =0 (4.26) 

nr&Co�, (1+2Vdf)Rc 
+ 

2(ß-, r)cos(a+ß)+(32 +, r2 -2-2ßir)sin(a+ß)-2sin(a) = 0. (4.27) 
2sin(a + ß) 

Substituting (4.23) into (4.27) gives 
(2gM 

+/32 -2- 2ß)r +rr2)sin(a +, 6)+ 2(ß-rr)cos(a +, 6)- 2 sin(a)= 0 (4.28) 

and results in a and 6 becoming dependent only upon M. (4.24) can be written as 

R_G 
wC. (4.29) 

where 

G 
(2 

sin(a + ß)sin(a)- cost (a)- cost (a+ ß)+ 2) (4.30) 

Now, since a and ß depend only upon M, G can be plotted against m using (4.26), 

(4.28), and (4.30), as shown in Figure 4.4. 

0.4 

Figure 4.4: G against M for the discontinuous mode. Note that from (4.3) and (4.29), P'1' output 
power for a given PT and a given vh is proportional to G. 

The range of m in Figure 4.4 is 0 to 2/ir, such that it covers the entire region of 
discontinuous mode operation. Since the peak value of G in Figure 4.4 is 0.367 (and 

occurs at M= 2/ir, the boundary between continuous and discontinuous operation), it 

can be seen by comparing (4.29) to (4.21) that maximum PT output power does indeed 

occur in the continuous mode (since 4/. r2 =0.405, which is greater than 0.367), and 
does so at the load specified in (4.20). 
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Comparing (4.21) to (4.10) and (4.6), it can be seen that the full-bridge inductively 

smoothed rectifier results in a maximum R, that is 8/, T2 = 0.811 times the maximum R, 

for the AC-output case. Hence, the maximum PT output power that can be achieved for 

a given PT, vdf , and tank current, lies approximately mid-way between the AC-output 

and the DC-output capacitively smoothed topologies. Although this topology allows 

greater output power to be obtained than the capacitively smoothed topologies, the cost, 

losses, and space required for the inductor Lf must not be forgotten. 

E. DC-output current doubler topology 
Compared to the other three DC-output topologies, the current doubler has the 

advantage of a single rectifier diode conducting the full load current at any one time (in 

the continuous mode), thereby reducing the total rectifier diode losses. It is therefore 

most suitable for use in low output voltage applications. An equivalent circuit model for 

this topology was derived by adapting the method from [3], and can be found in 

Appendix B. Like the full-bridge inductively smoothed rectifier, the current doubler has 

two modes of operation; continuous and discontinuous. In the continuous mode, the 

elements in Figure 4.3 are given by 

R, _ 
32RL(1+V., ) 

(4.31) 
n216w2C. �2RL21+Vj +1 

= 
C,,,,, r2(16w2Co�, 2RL2(1+vd 

ý' 
)2 +1) (4.32) 

ir2 16(D2Cou, 2RL2 1+vdf +1 -8 
From (4.31), the load which maximises PT output power for a given PT, Vc, , and vb is 

R` 
4ý%C., 1+v ' (4.33) 

Substituting (4.33) into (4.31) 

R°' =4 
)r Z 

. Ut 
(4.34) 

The equations for operation in the discontinuous mode are given in Appendix B. Like 

the full-bridge inductively smoothed topology, it can be shown that maximum PT 

output power is obtained in the continuous mode. Note that the boundary between the 

continuous and discontinuous modes of rectifier operation is M=2 /or = 0.637 when M 
is defined as the ratio between the actual load resistance and the load resistance that 

maximises PT output power in the continuous mode, i. e. 
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M R` __ 4wC., 1+ Yjf (4.35) 

Hence, the current doubler rectifier will be in the continuous mode of operation when 
M>2/ it . Note that (4.34) is identical to (4.21), just as (4.17) is identical to (4.10). The 

maximum PT output power that can be achieved with the current doubler for a given 
PT, vy , and tank current is therefore 8/n2=0.811 times that which can be achieved with 

the AC-output topology. 

Table 4.1 summarises the results from this section. Also included is the efficiency of 

each rectifier, as it is modelled by the analyses on which the RC rectifier models are 
based. 

Maximum PT output 

Maximum series power that can be obtained Rectifier efficiency 

Topology Optimum load condition equivalent resistance, for a given PT, V' and 'V 
(as modelled by the 

RC equivalent R, m" vb , relative to the AC- 
circuit analyses) 

output topology 

AC-output RL =l 
wC_, 

R, - = 2wC. 
� 

1 N/A 

DC-output full- 
bridge capacitively RL = 

'r 
2wCCý I+ 2V., 

R, m"` = 
nwC.. ' 

2 
n 1+ 2V, 

smoothed 
DC-output half- 

wave capacitively 
2n 

RL = wCý 1+2Vy 
m.,, = R' 

swC., 
2 l 

TI -+2V7 

smoothed 
DC-output full- 
bridge inductively 1 RL =1+2V 

_, 
R+ ,ý=4 

=wC 
ow 

8 
1+ 2V 

smoothed 
DC-output current 
doubler 

1 
RL = 4wC 1+V 

4 
R' 

>tZwC 

8 

rt' 1+Vy y ,w 
Table 4.1: Optimum load condition and relative maximum PT output power of the five different 

output topologies. 

4.3 Experimental verification 
The preceding section clearly shows that, for a given PT and a given tank current, the 
AC-output topology will achieve higher PT output power than the DC-output 
inductively smoothed topologies, which in turn will achieve higher PT output power 
than the capacitively smoothed topologies. The temperature rise of a given PT will be 

closely related to the maximum vibration velocity within the PT. Thus, a given PT 
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operating with a given level of tank current would be expected to have a higher 

maximum output power when operated in the AC-output topology than in a DC-output 

topology, but undergo approximately the same rise in temperature in both cases. To 

verify this, the output power and temperature rise of a T1-15W non-isolated radial mode 
Transoner PT was measured under various loading conditions. 

Power tests on a PT are usually performed using a purely sinusoidal input signal [ 18, 

19]. Using a sinusoid is preferable to the trapezoid generated by a half-bridge inductor- 

less stage (see Chapters 1 and 5) because 

" The trapezoid contains harmonics which, depending on frequency, could affect 
the efficiency of the PT by exciting other vibration modes. 

" The inductor-less topology can only be used sensibly at inductive frequencies. 

At capacitive frequencies, ZVS is not possible, and large amounts of electro- 

magnetic interference (EMI) are generated by the current spike caused by the PT 

input capacitance trying to instantly charge up to the DC-link voltage when the 

high-side MOSFET turns on, and trying to instantly discharge to OV when the 
low-side MOSFET turns on. 

" The PT must be capable of inductor-less ZVS in the first place. 
Furthermore, using a sinusoid is preferable to the quasi-sinusoid generated by the half- 
bridge with-inductor topology because 

" The shape of the PT input voltage waveform tends to change with frequency and 
load condition, meaning the harmonic content is not constant. 

Using a purely sinusoidal input voltage waveform ensures that the harmonic content at 
the PT input remains approximately constant, and that any changes in PT efficiency 
(and therefore in output power capability) are due solely to the output topology. The 

usual practice is to use a sinusoidal signal generator and a power amplifier [18,19]. 
Since a commercial power amplifier capable of delivering the required voltage level and 
frequency was not available, a simple class B amplifier was designed (see Appendix C). 
This amplifier was capable of delivering a 43V RMS sinusoid at 150kHz into an 110 

ohm load with no harmonics having an amplitude greater than -42.2dB of the 
fundamental. A toroidal magnetic transformer with a step-up ratio of 55: 230 was then 

used to boost the maximum output to 180V RMS. In practice, it was found that a larger 

voltage could be obtained when the toroidal transformer was connected to the PT, 
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probably because of a resonance occurring between the inductances of the toroidal 
transformer and the input capacitance of the PT. 

Constant output power tests were performed on the PT. For each load condition, the 

steady-state temperature rise (PT temperature - ambient temperature) was recorded over 
a range of frequencies, so as to capture the most efficient point. Since the characteristics 
of a PT change with heat, the input voltage had to be adjusted so as to maintain a 
constant output power. To facilitate this, the test rig illustrated in Figure 4.5 was 
constructed. A PC running MATLAB was used to communicate with the oscilloscope 
and signal generator via RS232. PT temperature was measured using a thermocouple 

placed on a small piece of mica, pressed lightly into contact with the centre of the PT 
(i. e. at the nodal point). Another thermocouple was used to measure the ambient 
temperature. Both thermocouples were connected to a USB temperature interface, and 
the results read directly into MATLAB. The load was constructed from ceramic, low- 
inductance resistors (BPC series by BI Technologies). 

Signal 
Generator 
(HP 33120A) 

RS232 

Power 
Amplifier 
(custom) 

55: 230 
Toroidal 
Transformer 
(RS 223-8443) 

PT 
(T1-15W 
non-isolated) 

Oscilloscope 
(Agilent 54622D) 

RS232 

PC running 
MATLAB 

Resistive 
Load 
(BPC series) 

USB 

Temperature 
Interface 
(Pico 
TC-08 USB) 

Figure 4.5: Block diagram of test-rig for temperature and power measurements. AC-output 
scenario is shown (i. e. no rectifier between PT and load). 

A MATLAB script was used to automate the test procedure. For a particular load, the 
signal generator was set to the desired frequency. The amplitude of the sinusoidal signal 
generator output was then adjusted until the voltage across the load reached the required 
level for the required output power. The PT temperature, ambient temperature, and the 

voltage across the load resistance were then monitored. As the voltage across the load 

changed, the signal generator output voltage was adjusted, thereby maintaining constant 
output voltage, and therefore constant output power. Once the PT temperature had 

reached steady-state, the voltage across the load, the PT input voltage, and the PT and 
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ambient temperatures were recorded. The signal generator was then set to the next 
frequency, and the process repeated. When moving in 1kHz increments, it was found to 

take approximately 20 to 25 minutes for steady-state to be reached each time the 

frequency was incremented. The tests were performed using the device referred to in 

Table 2.3 in Chapter 2 as "device 5". 

A. AC-output tests 
The optimum load resistance was calculated using (4.5) to be around 96052 at the 
frequency of maximum efficiency, which was determined in preliminary tests to be 

around 128kHz. Therefore the lowest temperature rise for a given output power should 

occur with this load. For the AC-output topology, the output power of the PT is 

P 
.,, pr 

A 2v 2R 
= 

ybRAE 
2 A°"` 2 RL 

(4.36) 
.,, Pr ., b, RSS A 

R, = 
RL2CO ZCour2 

+1 

Since the electrodes and ceramic all have the same radius in the T 1-15 W, vb = v.. The 

experimentally measured values of C.., and A0 , for device 5 in Table 2.3 of Chapter 2 

were 1.30nF and 0.922 respectively. Using (4.36) and the experimentally measured 

values of Cou, and A.,,, , 12W into 96052 at 128kHz should result in vb, R�s = 0.172 m/s (or 

A). 

Loads of 46052 and 200411 were also chosen because, from (4.36), they should require 

the same tank current of Vb 1e, ß = 0.194 m/s (or A) to deliver 12W (assuming the 

frequency of operation remains =128kHz). Note that this is slightly higher than the 

0.172 m/s required for 12W with the 96052 load. Therefore the 46012 and 200412 loads 

should have similar temperature versus frequency profiles to one another (albeit over 

slightly different frequency ranges because the gain versus frequency characteristics at 
these two loads are different), and result in a temperature rise slightly greater than the 
96052 load. The reason that there are two different loads that require the same tank 

current to deliver the same power at the same frequency is that a plot of (4.1) against RL 

is convex. 

There is some uncertainty in the value of A.,,, that was used in these calculations 
because it was inferred from the mass of the device, rather than being directly measured. 
However, because of the nature of the experiments and the form of (4.36) and (4.40), it 
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is not necessary to know exactly what the vibration velocity is in each case. In other 

words, regardless of the actual value of A..,, the 46052 and 200452 loads would still be 

expected to require the same tank current to deliver 12W at 128kHz, and this value of 
tank current would still be slightly larger than that required to deliver 12W at 128kHz 

with the 96052 load. 

Profiles of temperature rise against frequency for the 96052,46052, and 200452 loads in 

the AC-output topology are shown in Figure 4.6. The input voltage required (at steady- 

state) for a 12W output against frequency is shown in Figure 4.7. As expected, the 46052 

and 200452 loads have a similar profile, with a minimum temperature rise of 17.0°C and 
18°C respectively. The 96052 load results in a minimum temperature rise of 14.8°C. The 

similarity between the temperature profiles of the 46052 and 200452 loads confirms the 

applicability of (4.36) and the cv and C,,,,, values that were used with it. It is therefore 

reasonable to assume that 96052 is approximately the most efficient load for this PT in 

this topology. One possible reason for the difference between the 46052 and 200452 

results is the dielectric loss in the output section; dissipating 12W in the 46052 load 

requires 74.3V RMS across the PT output capacitance, whereas the 200452 requires 
155.1V RMS. Since dielectric loss is proportional to the square of the voltage, one 

would expect 4.36 times greater output section dielectric loss with the 200452 load. Note 

that the input voltages required by the two loads are broadly similar (see Figure 4.7), so 
any difference in input section dielectric losses is likely to be much smaller than the 
difference in the output section dielectric losses. 

Spikes in the temperature rise profile of Figure 4.6 occur at 123kHz and 134kHz. Such 

spikes are not uncommon with PTs, and examples can be found in the efficiency versus 
frequency plots shown in [20,21]. (Note that the shape of an efficiency versus 
frequency plot at constant output power will be the inverse of a temperature rise versus 
frequency plot at constant output power). Comparing Figure 4.6 and Figure 4.7, it can 
be seen that maximum efficiency clearly occurs above resonance, and similar behaviour 
has previously been noted in other works, e. g. [20]. Note that the resonant frequency is 

the frequency at which the lowest input voltage is required to obtain the 12W output. 
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Figure 4.6: Steady-state PT temperature rise (i. e. PT temperature - ambient temperature) against 
frequency for the AC-output topology at 12W constant output power. 
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Figure 4.7: Required PT input voltage (at steady-state) against frequency for the AC-output 
topology at 12W constant output power. 

The possible effects of dielectric loss are now considered. The equivalent series 

resistance of a capacitor is given by 

tan(g) R/, R= (4.37) 
WC 

where tan(g) is the applicable loss tangent (also known as the dissipation factor, I)F 

and c is the capacitance. For reference, the tan(g) of APC841 material (measured at 

room temperature and low excitation level) is stated as 0.0039 in 1221, though it must be 
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remembered that dielectric losses are dependent on both temperature [22] and electric 
field strength [10,23]. Detailed texts such as [10,23] draw a distinction between the 
loss tangent that applies to s' and to el, and indeed between all the "intensive" and 
"extensive" loss tangents. The loss tangents associated with E' and ss are referred to as 

tan(e) and tan(s) respectively in [10,23]. However, many manufacturer's datasheets do 

not elaborate on how their figures for dielectric loss tangent were measured, and 
therefore do not distinguish between tan(s) and tan(S'). In this discussion we refer to the 

applicable loss tangent simply as "tan(s)". However, since the clamped capacitances of 

the radial mode Transoner PT are given in terms of c, strictly speaking the quantity of 
interest for this device would be tan(S'), rather than tan(s), when using the terminology 

of [10,23]. Using a series to parallel transformation, the equivalent parallel resistance of 

a capacitor at a frequency w is [24] 

_1 
tan S) RJR 

tan(5ýoC + 
COC 

(4.38) 

which, providing tan(s) is small, is well approximated by [24] 

REAR 1 
s\ ,, (4.39) tan(w 

In the experiments, as the frequency was adjusted, the voltage across the output 
capacitance was kept constant. Since the RRPR of the output capacitance will decrease as 
frequency is increased (see (4.39)), it would be expected that the dielectric loss in the 

output section would increase with frequency. Therefore dielectric loss in the output 
section does not appear to explain why peak efficiency occurs above resonance. 

The RErR of the input section would also be expected to decrease as frequency is 

increased. However, one would expect the overall change in dielectric loss in the input 

section to be dominated by the changing input voltage, because the loss is proportional 
to the square of the RMS of the input voltage. Since the required input voltage has to be 
increased as frequency is moved away from resonance (see Figure 4.7), the input 

section dielectric loss would be expected to be minimum at (or slightly below, given the 
frequency dependence of the R, pR) resonance. Given that mechanical losses are 

expected to remain constant in the constant output power tests (see below), one would 
expect PT temperature rise to be minimum at (or slightly below) resonance, and to 
increase with increasing rapidity as frequency is moved away from resonance and the 
input voltage is increased. Therefore we conclude that dielectric loss in the input section 
does not appear to explain why peak efficiency occurs above resonance. 
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Mechanical losses are modelled by the series resistance R�, in the PT equivalent circuit. 

Since the tank current should remain constant as frequency is adjusted in the constant 

output power tests, the mechanical losses due to a constant-valued loss resistance would 

be expected to be constant. It is therefore concluded that the change in temperature rise 

(and therefore efficiency) with frequency shown in Figure 4.6 cannot be accurately 

modelled with the equivalent circuit shown in Figure 4.8 if the dielectric loss factor and 

mechanical loss resistance are taken to be constant. In Chapters 2 and 3, a value of R,,, 

was estimated based on an average U.. However, the results in Figure 4.6 and Figure 

4.7 suggest that no single value of R. will accurately model the loss characteristics, 

which is partly why relatively little time was spent considering it analytically in 

Chapters 2 and 3. It has been shown by many authors that the Q,,, of a piezoelectric 

resonator changes with temperature and vibration velocity (see discussion in Chapter 1). 

However, Figure 4.6 and Figure 4.7 suggest that U. and/or tan(8) must be dependent on 

other factors as well if the circuit of Figure 4.8 is to accurately model the losses. In [20], 

an equivalent circuit with additional loss resistances was introduced to try and account 

for the frequency of maximum efficiency occurring above the resonant frequency. 

Figure 4.8: Radial mode Transoner PT lumped equivalent circuit with dielectric loss resistances. 
RERR and RL,, R ,,,, are the equivalent parallel resistances modelling the dielectric losses in the 

input and output section respectively. 

B. DC-output tests 

The DC-output full-bridge capacitively smoothed rectifier is now considered. Given the 

theory in Section 4.2, a PT output power of 12( 2)=7.64 W when operating in a DC- 
IT 

output capacitively smoothed topology would be expected to produce a similar tank 

current (and therefore vibration velocity) and temperature rise to an output power of 

12W from the AC-output topology, assuming the optimum (i. e. most efficient) loads are 

used in each case. The optimum load for the full-bridge capacitively smoothed topology 
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was calculated using (4.9) to be around 151052 at the frequency at which maximum 

efficiency occurs (which was again found in preliminary experiments to be around 
128kHz). For this topology 

22 
Pmr. rr = Aowz Vb 

. RzR, 
Ao,,, vb, ý 8Ri I+ 2V,, ) 

(4.40) (N _ 
N+2R, Co,,, w 1+2V 

where P.,,, is the sum of the power dissipated in the load and the power dissipated in 

the rectifier. As expected, (4.40) indicates that 151052 at 7.64W at 128kHz requires 

Vb, Rl& = 0.172 m/s (or A) (again, using Caw, = 1.30 nF and A. = 0.922 from Chapter 2). 

Note that vj. is assumed to be approximately zero because the voltage across the load 

resistance was much larger than the on-state voltage drop of a single rectifier diode. 

From (4.40), loads of 55052 and 416452 should require vb,,,, = 0.194 m/s (or A) to deliver 

7.64W at zl28kHz. Thus, 151052 at 7.64W in this topology should cause a similar 
temperature rise to 96052 at 12W in the AC-output topology because they require the 

same tank current. Likewise, 55052 and 416452 at 7.64W in this topology should 

correspond to 46052 and 200452 at 12W in the AC-output topology. Note that this 

correspondence should occur regardless of any error in the value of Aow, . 

Figure 4.9 shows the profile of temperature rise with frequency for the 151052,55052, 

and 416452 loads in the full-bridge capacitively smoothed topology at 7.64W output. 
Note that because the voltage required across the loads to deliver this power is much 
higher than the on-state voltage drop of the rectifier diodes, the output power of the PT 

was assumed to be equal to the power dissipated in the load resistance. Also shown for 

comparison is the profile of the 151052 load at 12W output. Figure 4.10 shows the input 

voltage required (at steady-state) at each frequency. 

The minimum temperature rise with the 151052,55052, and 416452 loads at 7.64W was 
13.1°C, 16.0°C, and 17.5°C respectively. It is therefore reasonable to assume that 
151052 is approximately the most efficient load for this PT in this topology. The 
difference in temperatures that occurred with the 416452 and 550(2 loads is likely to be 
due to the difference in dielectric losses in the output section as a result of the difference 

in voltages required across the output capacitance. 
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Figure 4.9: Steady-state PT temperature rise (i. e. PT temperature - ambient temperature) against 
frequency for the DC-output full-bridge capacitively smoothed topology at constant PT output 

power. 
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Comparing the 96052 at 12W in the AC-output case to the 151052 at 7.64W in the D('- 

output capacitively smoothed topology, there is a difference in minimum temperature 

rise of 1.7°C (about 13% difference). The correlation between the 55052 DC, 416452 

DC, 46052 AC, and 200452 AC temperature rises is also good, particularly when 

comparing the 55052 DC to the 46052 AC, and the 416452 DC to the 200452 AC (i. e. 
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comparing the loads with the lower Co,,, voltage to one another, and comparing the 

loads with the higher Cou, voltage to one another). 

From these results it is concluded that the tank current (and hence the vibration 
velocity) alone is a reasonably good indicator of the minimum temperature rise that will 
occur in a given PT (objective 1 in the introduction). It is also confirmed that, for a 

given PT and a given level of tank current, the full-bridge capacitively smoothed 

rectifier results in a maximum PT output power that is, approximately, only 2/ it times 
that which can be achieved with the AC-output topology (objective 2 in the 
introduction). From these two conclusions, and the other results in Section 4.2, it 

directly follows that the maximum thermally limited output power of a given PT is 

considerably lower when a DC-output topology is used compared to an AC-output 

topology. 

Finally, the spike that occurs at 134kHz in Figure 4.9 is noticeably larger than that in 
Figure 4.6. In both the AC-output and DC-output topologies, the voltage waveform 
across the PT input was sinusoidal. In the AC-output topology, the voltage waveform 

across the PT output is also sinusoidal. However, due to the way in which the full- 

bridge capacitively smoothed rectifier operates when connected to LCC type resonant 
converter topologies, the voltage waveform across the PT output is not sinusoidal in the 
DC-output full-bridge capacitively smoothed case (see [17,25] for further information). 
Since, from the PT's perspective, the difference in PT output voltage waveform is the 
only apparent difference between operation in the AC-output topology and operation in 

the DC-output full-bridge capacitively smoothed topology, it may be that the larger 

temperature spike in the DC-output case was, in part, due to the additional harmonic 

content present in the voltage waveform across the PT output. This is, however, pure 
conjecture, and further investigation is required with other devices to see if frequencies 

at which there are temperature spikes with the AC-output topology always result in 
larger spikes with the DC-output topology, or whether there is another cause. 

4.4 Implications for PT design 

It has been shown that a given PT will always achieve a lower maximum output power 
when it is used with the DC-output topologies shown in Figure 4.1, compared to the 
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AC-output topology, because less output power is obtained for a given level of vibration 

velocity, and the vibration velocity is closely related to the minimum PT temperature 

rise. The scenario of a given electrical specification rather than a given PT is now 

considered. 

The optimum load conditions in (4.5), (4.9), (4.16), (4.20), and (4.33), apply to both a 
"given PT" scenario, and a "given specification" scenario (where RL and v. are 

considered to be fixed). To demonstrate this, consider a radial mode Transoner PT in 

the AC-output topology. Let the output section electrode radius be approximately equal 
to the outer radius of the PT, and the input section electrode radius be less than or equal 

to the output section electrode radius. vb is then approximately the peak vibration 

velocity occurring anywhere within the device, and b is the radius of the electrodes in 

the output section. From Chapter 3, the appropriate formula for A°", and C 1, are 

2nbn d °"' 
out 31 (4.41) °ur Eour Eout SI, la 

; Zb2 
2 T3 out 

C1 

tout 

33 (I-kPoutZ). (4.42) 

out 

Substituting (4.41) and (4.42) into (4.36) and making use of the standard formula for 

planar coupling factor results in 
22 26T Our our2 'R total 2 

2Vb ,rb 633 kp Haut ltour Pour, 
PT - 

SE 1-a"Eour R 2ý22b4 a(k 
p` 

out 
_ly 

rkp 
l our +1)26rour2 +tout I1 CL out 

` 33 ou+ 

(4.43) 

If the thickness of the electrodes is assumed negligible, then the power density of the 

output section is 

sTorrk 
orr2nout2RL tm nut 

ta' Pout. PT 2vb, L 33 
2nb2 

p Pdemtryoutpur 
section -2/=2 (4.44) 

tour 
C2SE 1-QEour R 2CU21r2b4 4(k ow _I 

(k out+1)2grmtt 
+rm1ar2 !1CLn alit p/P/ 33 pmt J 

Taking the partial differential of (4.44) with respect to nn,,, , equating it to zero, and 

solving for no,,,, (4.44) is maximised when 

t rora! 
auf ýa4f 

l. b =RL0ve 3a4r(1-kva4,21 

Substituting (4.45) into (4.42) results in 

Cow, ýý 
4RL ' 

(4.45) 

(4.46) 
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which is the same (4.5). Thus, the relationship therefore holds "for a given PT", and 
"for a given RL ". Likewise, (4.9), (4.16), (4.20), and (4.33) apply to both scenarios. 

Substituting (4.45) and w=wj 
ALL"' (see Chapter 3) into (4.44), 

2 out2 vn. sºrs kP Pdenrlry_ourput_section 
-BE 

out 0,2) 
(4.47) 

csllwfRUr 1-ac 1-kp 

Repeating this process for the capacitively smoothed DC-output topologies results in 

Pdenslry_oulpur 
secllon = 

v6, RM3'kp 2 

CSjýCUfRU, I -pCout1 _kpotz1(ý 
/ 

Likewise, for the inductively smoothed topologies 

(4.48) 

vP 
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2 

b, Rdß' 
2k8 

Pdmshry 
Dinar section = out 2l 

'T2 
(4.49) 

cs ýwjRU, 1-ac tl-kpour 
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If the assumption is made that the maximum vibration velocity that can be used (due to 
thermal considerations) is independent of the PT design and determined only by the 

piezoelectric material, then it is clear from (4.47) to (4.49) that, for a given outer radius, 
a capacitively smoothed DC-output design will achieve 2/ it times the maximum PT 

power density of an AC-output design, and an inductively smoothed DC-output design 

will achieve 8/ jr' times the maximum PT power density of an AC-output design. 

As discussed in Chapter 3, the maximum vibration velocity that can be used is also 
dependent on various design factors. Thus, whilst it is fairly clear that a given PT with a 
capacitively smoothed and inductively smoothed rectifier will achieve 2/ff and 8/4-2 
times the output power that could be achieved with the AC-output topology, the same 
can only be said from a more general design perspective (where RL is fixed) if the 

maximum vibration velocity that can be used is assumed to be independent of the PT 
design. 

When designing a PT, the maximum vibration velocity that can be used is often 
assumed approximately constant for the first design iteration [26]. Therefore to a similar 
level of approximation, the 2/, T and 8/ it 2 factors should hold. 

v6. RMS kn ý2 
I-..... s 
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4.5 Thermal behaviour of a PT at high power levels 

The thermal behaviour of the T1-15W Transoner PT is now shown at high output power 

levels. The PT was operated in the AC-output topology with a load resistance of 96052 

at a frequency of 130kHz. The difference between the steady-state PT temperature and 

the ambient temperature is shown as a function of PT output power in Figure 4.11. At 

low power levels the temperature rise is proportional to output power. Once the output 

power reaches 14W the characteristic begins to change, and as the output power exceeds 

18W the increase in temperature with PT output power begins to look exponential. 
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Figure 4.11: PT temperature rise (i. e. PT temperature - ambient temperature) against PT output 
power, recorded using the AC-output topology at 130kHz with a 96052 load. The ambient 

temperature remained between 22.5 and 24°C throughout the experiment. 

When the output power was increased from 24W to 26W, the PT temperature initially 

rose relatively slowly. Once the PT temperature exceeded about 95°C (72°C above 

ambient) there was a definite change in behaviour and the temperature rose extremely 

rapidly. The experiment was discontinued once the PT temperature exceeded 150°C as 

the device was clearly in a state of thermal runaway. Since operation at 26W resulted in 

thermal runaway, no temperature could be obtained fir this point. The rate of change of 

temperature with output power (i. e. the gradient of Figure 4.11 ) is therefore essentially 

infinite at 26W. 

The transient temperature behaviour as the PT approaches thermal runaway is shown in 

Figure 4.12. Note that Figure 4.12 shows the absolute PT temperature, not the 

difference between the PT temperature and the ambient temperature. In this experiment, 

the TI-15W PT was operated in the AC-output configuration with a 200452 load at 

158 



122kHz whilst maintaining 12W constant output power. It can be seen that the initial 

trajectory of the temperature rise appears to be approximately first order, and the rate of 

change of temperature with time is decreasing with time. I lowever, somewhere between 

75°C and 85°C this begins to change. By the time 88°C is reached the rate of change of 

temperature with time is clearly increasing with time, indicating a thermal runaway 

condition. The rate of temperature increase becomes extremely rapid once 95°C is 

reached. It has been shown in [15] (and many others) that the Q. of a piezoelectric 

material decreases as temperature increases. Furthermore, the dielectric loss tangent 

tan(8) of the APC841 material used in the T1-15W increases with temperature [22]. 

Therefore both mechanical and dielectric losses increase with temperature, causing a 

further increase in temperature, and it is this mechanism that that is likely to cause the 

thermal runaway condition. 
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Figure 4.12: Transient temperature profile of the T1-15W PT with a 200452 load in the AC-output 
topology operating at 122kHz with 12W constant output power. The ambient temperature was 

approximately 24.5°C. 

The results from this section reinforce the concept that the maximum output power of a 
PT is thermally limited, and therefore reinforce the importance of the results described 

in Sections 4.2,4.3, and 4.4. 

4.6 Effect of the rectifier topology on output section layer number 

When choosing a rectifier for a PT-based converter, an important consideration is the 

number of layers that will be required to achieve the optimum load condition (see 
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column 2 of Table 4.1) and required output power. Consider the full-bridge capacitively 

smoothed topology. The power dissipated in the load resistance, Poi, , is given in terms 

of the total PT output power as 

P_ 
Pout. 

PT 
_ 

Aoutz Vb R1 
zRs 

(4.50) P., - 1+2vß - 1+2V 

where the rectifier efficiency as described by the analyses on which the RC rectifier 

models are based has been used (see Table 4.1). When the optimum load condition is 

used, R, = R, '. Substituting (4.10) into (4.50) 
22 

Pout -- 
AOYt Vb PJ S (4.51) (1+2V 

ß wCo�t 

Solving (4.9) for C., and substituting into (4.51), and then solving for Aa� 

1" POY1 
(4.52) AOYI 

22 J ve. xns Rc 

Repeating this process for the half-wave capacitively smoothed, full-bridge inductively 

smoothed, and current doubler topologies gives 

Aoý 4 
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(4.53) l 
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w»s Rc 
(4.54) 

_ 
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(4.55) 
vb, R, 

RL 

respectively. From Chapter 3, A,,,, is proportional to bn,,,, (assuming that the output 

section radius is larger than or equal to the input section radius). Therefore it can be 

seen that for a given output power level, vibration velocity, load resistance, output 

section electrode radius, and outer radius, the half-wave capacitively smoothed topology 

requires 2 times as many output section layers as the full-bridge capacitively smoothed 

topology, the full-bridge inductively smoothed requires 4/ 2=0.707 times as many 
layers as the full-bridge capacitively smoothed topology, and the current doubler 

requires %F2/4-0.354 times as many layers as the full-bridge capacitively smoothed 
topology. Since (4.52) to (4.55) show that the number of layers required increases with 
decreasing load resistance, and since a high number of layers tends to reduce Q. (and 

therefore increase heat generation) and make the device more difficult to fabricate, the 
inductively smoothed topologies (and the current doubler in particular) are the most 

suitable when designing for low impedance loads. 
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4.7 Summary 

The choice of output topology has been shown to have an important effect on the 

maximum output power that can be obtained from a given PT. The DC-output 

topologies considered in this chapter all result in lower PT power density than the AC- 

output topology, and this will make it harder for PTs to compete with their magnetic 

counterparts in DC-output applications where power density is the main consideration. 
Since it was shown that the inductively smoothed topologies achieve higher PT power 
density than the capacitively smoothed, there is a trade off between the use of an 
inductively smoothed topology to increase PT power density, and the increase in cost 

and size that the inductor brings. 

It may be productive for other researchers to consider trying to develop new rectifier 
topologies that do not suffer the decrease in power density. One strategy that appeared 
to work (i. e. that allowed a higher maximum output power to be obtained for a given 
level of equivalent circuit tank current with a given PT) in simulation was to 
deliberately undersize the filter inductance(s) in the inductively smoothed topologies, 

such that the inductor current(s) had a substantial ripple, or even became discontinuous. 

However, this approach has not yet been investigated practically. 

Compared to ferrites, "high-power" piezoelectric materials are somewhat less 
developed. The theory from Chapters 2,3, and 4 certainly suggests that the 
development of piezoelectric materials that are capable of operating at high vibration 

velocities in a thermally stable manner will allow PTs to achieve much higher power 
densities. Materials capable of operating at lm/s have been demonstrated in [27], but 

these have yet to be employed in commercial devices. If such materials are realised, and 
power density increases, then the fact that the existing range of rectifiers result in lower 

PT power density than the AC-output topology may become much less of an issue 
because the power density of the PT would still be substantially higher than that of a 

conventional transformer in some applications. High temperature stability is an area 

where ferrites currently have a distinct advantage; conventional converters that operate 

with a ferrite temperature of 90°C are readily available, whereas 20 or 30°C above 

ambient is usually treated as the maximum for PTs made with today's piezoelectric 
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ceramics. This inability to operate in a thermally stable manner at high temperatures is 

important, because the time rate of heat transfer (units: watts) away from the PT due to 

convection is proportional to the temperature difference between the PT and the 

surrounding air (see Newton's law of cooling, page 19 of [28], or page 4 of [29]). 

Hence, heat generated by the PT losses is removed much less effectively when the 

maximum temperature difference between the PT and its surroundings is heavily 

constrained. 
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Chapter 5- Analysis of inductor-less zero-voltage- 
switching piezoelectric transformer based converters 

5.1 Introduction 

This chapter analyses the requirements for achieving zero-voltage-switching (ZVS) with 
the half-bridge inductor-less PT-based converter topology. 

When a PT is used with a half-bridge inverter, an additional inductor is usually placed 
in series with the PT input, as shown in Chapter 1. This is primarily done to ensure that 
the MOSFETs in the half-bridge operate with ZVS, but also reduces the harmonic 

content of the PT input voltage compared to the mid-point of the half-bridge. However, 

since inductors are relatively expensive and bulky, there has been considerable effort by 

several research teams to remove this component [1-6]. 

The lumped equivalent circuit model for a PT is topologically similar to a conventional 
LCC series-parallel converter, but with an additional capacitance across the PT input. 

When used in the inductor-less topology, such as the AC-output variant shown in Figure 
5.1, the output capacitance of the MOSFETs is augmented by the input capacitance of 
the PT, C,,, . Since the former is of the order of tens to hundreds of pF, whereas the latter 

is often several nF, the amount of charge that must be delivered by the tank current iL, 
during the dead-time in order for the next MOSFET in the switching sequence to turn 

on under ZVS conditions is much greater than that required by a conventional discrete 

resonant converter. A much larger dead-time must also be used in order to provide 
sufficient time for this charge to be delivered. Therefore inductor-less converters will 
typically be operated further above resonance than their conventional counterparts 
because the maximum dead-time (the time between one MOSFET being turned off and 
the other MOSFET being turned on) that can be used is dictated by the time between the 
low-side MOSFET (i. e. S2 in Figure 5.1) turning off and the tank current crossing zero, 

which in turn is partly dictated by the phase angle at which the tank is operated. Since 

the total capacitance across the half-bridge is considerable, the voltage across the 
MOSFETs is heavily snubbed during turn-off. Therefore ZVS turn-off is easily 
obtained, and the primary concern throughout the rest of this chapter is the need for 
ZVS turn-on. 
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Figure 5.1: Inductor-less PT-based AC-output converter. 

If the PT input capacitance is too large, the tank current will not be able to supply 

sufficient charge during the dead-time and ZVS will not be achieved. Since the total 

capacitance across the half-bridge is much larger compared to a discrete converter, the 

power dissipation that occurs in the MOSFET switches if ZVS is not achieved is also 

much greater. Whilst reducing the PT input capacitance will allow inductor-less ZVS to 

be achieved more readily, it will also decrease power density because the size of the 

input section must be increased, and this increase does not alter the theoretical, 

thermally-limited, maximum output power of the PT (this will be shown in Chapter 6). 

Therefore the PT input capacitance should be sized such that ZVS can be obtained over 

the required load and frequency range, but without compromising power density any 

further than is necessary. 

This chapter describes the development of an analytical model for the ZVS condition in 

inductor-less PT-based converters. This is shown to offer accuracy comparable to a 

SPICE simulation and forms the basis for a numerical determination of the design 

criteria that ensure ZVS. Design charts are then presented for achieving inductor-less 

ZVS with any type of PT in 5 different topologies, thereby greatly reducing the need for 

iterative design and simulation. Note that the model and the design charts are applicable 

to any type of PT that can be modelled with the standard PT equivalent circuit (shown 

in the dotted box in Figure 5.1). 

5.2 Inductor-less PT-based converter operation 

The voltage and current waveforms for an AC-output inductor-less converter that is 

operating with a matched load (R, = t/(wC,,,,, ) are shown in Figure 5.2. The input 

capacitance has been sized such that ZVS can only just be achieved when the optimum 
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frequency and dead-time for ZVS are used. The quantities 0 and ro refer to the phase 

angle between the fundamental components of v,.;,, and -;,, (i. e. 0 is the phase angle of 

the impedance of the resonant tank at the switching frequency of the converter), and the 

angular switching frequency, respectively. 
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Figure 5.2: SPICE simulation of the steady-state voltage and current waveforms for a converter 
that can only just achieve ZVS. 

It can be seen from Figure 5.2 that the dead-time required to achieve ZVS takes up a 

large proportion of the total switching period. As the tank current changes considerably 

during this time, the constant current assumption that is used to analyse discrete 

converters [7], and which has subsequently been applied to PTs [ 1,3,6], is not accurate 
for this type of converter. 

Whilst the relationship between the tank current and the fundamental component of the 

input capacitance voltage is immediately known through knowledge of the tank 

impedance, the time between the zero-crossing of the tank current and the MOSFET 

switching signals is not. Therefore it is difficult to ascertain the correct time limits over 

which to integrate the tank current in order to find the change in input capacitance 

voltage during the dead-time when using a frequency domain approach. In [4], the 

period over which to integrate was taken as twice the phase shift between the 

fundamental components of and -i,, , 
but as Figure 5.2 suggests, this is likely to 

give an overly optimistic result. 

To address the aforementioned issues, a novel, largely time domain analysis of the half- 
bridge inductor-less PT-based converter is presented. Whilst time-domain approaches 
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have been applied to discrete converter analysis in [8-11), these are necessarily topology 

specific (either DC-output capacitively smoothed or DC-output inductively smoothed) 
because fundamental mode approximation (FMA) cannot be applied due to the low Q 

factor and non-sinusoidal tank current that is often associated with conventional discrete 

converters. The approach taken here is to capitalise on the fact that the Q factor of a PTs 

equivalent circuit resonant tank is much higher, and use a hybrid approach whereby 
FMA is employed to reduce the resonant tank, rectifier (if present), and load 

combination to a second order RLC circuit, but to then use a time-domain analysis that 

preserves the temporal relationship between the input capacitance voltage and the tank 

current. Thus, although the analysis initially considers the AC-output topology, it can 

also be used with any type of DC-output topology. This is demonstrated in the latter 

sections where the ZVS requirements of four common DC-output variants are 

presented. 

5.3 Analysis 

The following analysis assumes that the behaviour of the PT is dominated by the 

vibration mode that corresponds to the switching frequency, and that the influence of 
the dielectric losses is negligible. 

ZVS will occur if the voltage across the input capacitance is equal to the DC link 

voltage (or clamped by the high-side body diode to just above the DC link voltage) 

when the high-side MOSFET (i. e. S, in Figure 5.1) is switched on, and equal to 0V (or 

clamped by the low-side body diode to just below OV) when the low-side MOSFET is 

switched on. Since the dead-times and on-times of the MOSFETs are equal, ZVS in one 
MOSFET implies ZVS in the other. Therefore to evaluate when ZVS can be achieved, 

an expression to calculate the voltage across the input capacitance at the end of the 
dead-time prior to the high-side MOSFET turning on is developed as a function of the 
PT equivalent circuit components, switching frequency, and dead-time. 

Since the loaded Q factor of the resonant tank in a PT-based converter is greater than 
2.5, the tank current is considered to be sinusoidal [7]. Since FMA can then be applied 
to both AC-output and DC-output variants of the inductor-less topology, the ZVS 
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behaviour of both variants can be modelled with the circuit shown in Figure 5.3. The 

total effective capacitance at the PT input is 

C, ff = C;,, + 2C,,,., (5.1) 

where Cos, is the effective value of the output capacitance of a single MOSFET. For the 

AC-output topology shown in Figure 5.1, the circuit elements in Figure 5.3 are given by 

Rx=R, + 
R` 

222 
(5.2) 

N RL (02COur +1 

C=C, 
N2 RL2w2Co, 

2 
+l (5.3) C, RL2w2C�u, +N2 RL2w2C(, 

u, 
2 +1 

At any point in the switching cycle, the circuit of Figure 5.3 will be in one of 6 possible 

modes, equivalent circuits for which are shown in Figure 5.4. Schematically modes I 

and 4 are identical, though mode 1 is used to denote the case where iL, is positive and 

mode 4 the case where 1L, is negative. 

Figure 5.3: Simplified circuit for modelling the ZVS behaviour of both AC-output and DC-output 
inductor-less PT-based converters. 
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Figure 5.4: Equivalent circuits for inductor-less PT-teased converter operation. 
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The mode sequence and steady-state voltage and current waveforms for a converter 

where ZVS is achieved and the MOSFET body diodes conduct is shown in Figure 5.5. 

ld and T refer to the dead-time and switching period respectively. When ZVS is only 

just achieved, as shown in Figure 5.2, modes 2 and 5 are omitted and the sequence is I- 

3-4-6. When ZVS is not achieved, and the phase angle of the tank impedance is 

inductive, the mode sequence is also usually 1-3-4-6, as shown in Figure 5.6. 
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Figure 5.5: SPICE simulation of the steady-state voltage and current waveforms for a converter 
where ZVS is easily achieved. The abbreviations MI to M6 refer to modes I to 6 described in 

Figure 5.4. 

Figure 5.6: SPICE simulation of the steady-state voltage and current waveforms for a converter 
where ZVS is not achieved. 

Several other mode sequences are possible, including 4-5-3-1-2-6,1-2-4-5-3-4-5-1-2-6, 
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angle of the tank is capacitive, and 1-2-4-5-3-4-5-1-2-6,1-2-4-3-4-5-1-6,1-4-3-4-1-6,1- 
4-5-3-4-1-2-6,4-1-3-1-4-6, and 4-5-1-3-1-2-4-6 when the frequency is such that the 

'Cl. 

--- IL7 

y9s1 

....... ygs2 

169 



phase angle of the tank is inductive. The sequence 1-4-5-3-4-1-2-6 can occur when the 
tank impedance phase angle is inductive or capacitive. 

ZVS can only be achieved when the switching frequency is such that the phase angle of 
the impedance of the resonant tank is inductive because ii, must be positive just prior to 

the high-side MOSFET turning on. If the phase angle is capacitive, then the relationship 
between it, and the fundamental component of v,; � 

is such that ii, is negative just prior 

to the high-side MOSFET turning on, resulting in Cam. being discharged (or the low-side 

body diode conducting). Hence, the possibility of ZVS is only present when the 

switching frequency results in the Rx , L1, Cx resonant tank exhibiting predominately 
inductive behaviour. 

Since an inductor-less converter will operate in the mode sequence shown in Figure 5.6 

when the converter, frequency, load, and dead-time are such that the converter is just 
below, or on the point of achieving ZVS, an analysis of this mode sequence is made. As 

the tank current is sinusoidal and the dead-times and on-times of the MOSFETs are 

equal, only modes 1 and 3 need be considered in order to obtain a solution for the tank 

current and input capacitance voltage during mode I when the converter is in steady- 
state. 

Expressions for the tank current during modes 1 and 3 are derived in terms of the initial 

conditions of modes 1 and 3 respectively. Since the initial conditions for one mode are 
related to the final conditions of the other mode, the unknown initial conditions in the 
two modes can be solved to obtain an expression for the tank current during mode 1. 
Obtaining an expression for the voltage across the input capacitance during mode 1 is 

then relatively simple and allows the voltage at the end of the dead-time to be found. 

A. Analysis of mode 1 
With reference to Figure 5.6, mode 1 begins at t=o and ends at r= rd , where id is the 
dead-time between one MOSFET turning off and the other turning on. Applying 
Kirchhoff's voltage law to Figure 5.4a, the governing equation for the equivalent circuit 
of mode 1 is 
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Cý Jolcýýtlýt+vc, n 
(O) +iLI\tY`x+L, 

didt(t)+Cx fiLI(t»+vc(O)=O 
(5.4) 

where v, (o) and v,, (0) are the voltages across the PT input capacitance and C, 

capacitance at t=0. Note that vc,,, (o) =0 because the low-side MOSFET has been on 

during the previous mode. Differentiating (5.4) with respect to t results in the following 

second order homogeneous differential equation 
z 1 

lLI(t)+R, 
diL, t 

+L, 
d iL1(t)+ Ii (t)=0. (5.5) 

Cef. dt dt s C, L' 

The solution to (5.5) is of the form 
=u (t)= Btea" + B2eA` 

where 
CýCxRx + ^e, 

a'2Cs2 
n: 2 

-4Cý. Cx2L, -'ºt.. eý'2CxL1 a, = 
2Cff CxL, 

-C _C R --Ir __2r 
2R2 

-d! ' C 21 
-df' _2! 

' 1 

(5.6) 

(5.7) 

_ -T -x-'x Y"q(j "x .. x -Iff-x -.. ý .. x.., 

'_ 
(5.8) 

2C, ff CXL, 

The constants B, and B2 are then found in terms of the voltages and currents at the 

beginning of the mode. Substituting t=0 into (5.6), 

iLI(0)=B, +B2. (5.9) 

Substituting (5.6) into (5.4), and setting t=0, 

vc,, (0)+Rx(B, +B2)+L, (B, a, +B2ß, )+vcx(0)= 0. (5.10) 

Since v(0) =o, solving the simultaneous equations (5.9) and (5.10) for B, and B2 

yields 
1i, 

B, = 
1L1(0)Rx+tc, 0)ßi +vc. (0) (5.11) 

L, (ß 
-a, 

iLI (0 Rx + iL, (0 a, L, + vcx 
- B2 

L. 
(0) 

(5.12) 

The tank current and Cx voltage at the end of mode 1 are then found in terms of the 

initial conditions of mode 1. Substituting r=r, 
(5.12), 
'L, (t, ) 

= K, iL, (O)+ Kzvck (O) 

where 
(Rx 

} a1 L1 )Q, *d 
- 

(Rx + /114 ýadd 

1e\ 
/ý 

L, a, -A 

K. = 
eß'`d -ealtd 

-z L, a, Q, 

into (5.6), and making use of (5.11) and 

(5.13) 

(5.14) 

(5.15) 
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The voltage across c during mode 1 is given by 

vas(t)= J0 LI(tPt+vcx(0) (5.16) 

therefore substituting (5.11), and (5.12) into (5.16), evaluating, and setting t= rd , 
vCx(r 

)=K3IL1\O/+K4vCX(0) 
(5.1 

/) 

where 
Rn1 jr ir 

2 LBlld 
-I %} /j 1 Ft 27 Laltd 

171Q 
2_ 

iv 
2 11 Di a_ 

K3 
_ 

ý. x... l . .. Jwl - .. xYl ýYl a. J Ta. J J -ul T"xSYJ -ull ýý. 10) 

ý : ýtutPtlut -Pt 

K4 _ 
a, eA`d -1)-ß, (e"" 

CxL, a, ß, a, -ß, 
) (5.19) 

B. Analysis of mode 3 
With reference to Figure 5.6, mode 3 begins at t= td and ends at t=T/2, where T is the 

switching period. From Figure 5.4c, the governing equation for mode 3 is 

V+ iL, ýt 
x+L, 

diL, t) 
+Ijj, (t)rlt + v,,, (ta)= O (5.20) dt Cx td 

where v,, (td) is the voltage across Cx at the beginning of mode 3. Differentiating (5.20) 

with respect to t, the differential equation for mode 3 is 
diL1(t) d2iL1 (t) 1 R,, 

dt +L, 
dt2 +C iLlW =0 (5.21) 

x 

From the solution to (5.21), the current during mode 3 is of the form 
jL1(t)= B3ea,, +B4elý` (5.22) 

where 

a2 = 
-CxRx + Cx2Rx2 -4CxL, (5.23) 

2CXL1 

-82 = 
-CRx - Cx2Rx2 -4CxL, (5.24) 

2CXL, 

The constants B3 and B4 can be found in terms of the initial voltages and currents at the 

start of mode 3, 

B3 = 
iLl 

(td )Rx 
+ 1LI 

(td )qq`ýß2L, 
+ yCS 

(td )+ V 
(5.25) 

ýjj 

Llea2ld 
V'2 -a2) 

B4 = 
1Ll 

(d 
)Rx + 1L1 

(td )a2L1 
+ Vc 

(td )+ ydc 
(5.26) 

L, efi2td 
(a2 

-. 
82) 
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The current though L, and the voltage across C, r at the end of mode 3 can be found in 

terms of the initial conditions of mode 3 as 

ZLl 

(2) 

= K51Ll 
\td l+ 

K6vCr (td 
)+ 

K6Vdc 

vCs(2) -K7'Ll\tdl+K8VCz\td) +K9Vdc 

where 

(Rs + Lla2 1.. ý212 ̀ d1 
_(Rx +Q2L1 F"212 K5 = 

`dý 

Li az -, 82) 

K6 = 

K7 

eýý(ZJrd" -e42 

(Z 
`d" 

L, az-/jaý 

(r lrl 

162(l -e 
az 2 

._ aýdJ 2 l-e 
Q2 2+C rdJ 

xL1a2Q2(a2-, 
82) 

K8 = 

/ý 

CxL, as'6s a2 -flz 

Q2 1-ea2ý2 `d) 
]_a2[i_e 

fl=l z-`dý 

Ky= 
( ll CsL1a2Q2\a2 

-A) 

(5.27) 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

(5.32) 

(5.33) 

C. Solution for the initial conditions of mode I 

Since the dead-times and on-times of the MOSFETs are equal, the initial conditions of 

mode 1 are related to the final conditions of mode 3 by 

iu(0)=-i", I 2I (5.34) 

vCk (o)=-v( . 
)-V. 

. (5.35) 

Note that the -Vdc term in (5.35) is due to the c, capacitance blocking the DC 

component of v,,,, (hence the average value of v,, is -Vd* / 2). Substituting (5.27) into 

(5.34) and (5.28) into (5.35) provides a second set of equations that relate the initial 

conditions of( mode 1 to the final conditions of mode 1C 
iL1(a) ` -K5iLI (td )- 

K6V Cz(t d 
)- K6Va (5.36) 

VCx(Q)=-K, 'LI(td)-K8va (td)-K9V*-VdC. (5.37) 
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Then, by eliminating iL, (td) and v (td) from the simultaneous equations (5.13), (5.17), 

(5.36), and (5.37), the initial conditions of the first mode are given by 

Y 
K5K2K9 +K5K2 +K6K4K9 +K6K4 

(ý) 
dc 

=- 
K6 - K6K, K2 - K6KsK4 

C1+K5K, +K6K3 +K7K2 +K7K2K6K3 
+KgK4 +KgK4K5K, -K5K2KaK3 -K6K4K7K1 

K6K7K, +K8K3K6 -K9 -K9KSK1 

_ 

V`ýý-K9K6K3 
-K5K1 -K6K3 vý (ý) 

1 +K5K, +K6K3 +K7K2 +K, KZK6K3 (+KgK4 

+K$K4K5K1 -K5KZK8K3 -K6K4K, K, 

) 

(5.38) 

(5.39) 

Since a complete solution for the current during mode 1 has been obtained, the voltage 

across the input capacitance during mode 1 is given by 

vc, (r)= 1CJ riL, (r)dr+vcm(0) (5.40) 
ell' o 

where vc;,, (o) is zero. Substituting (5.6) into (5.40), followed by (5.11) and (5.12) 

vc, n(r)= 
ei, (0)Rx +1L, (0)i1L, +vc- (0)J (ea'` 

-1)+(iL, 
(0)Rx +ic, (O 

, L, ±vß(0) 
ýeý'' 

-1). (5.41) 
L, Cffa, , -cr, L, CjA a, -A, 

) 

Hence, the voltage across the input capacitance at the end of the dead-time is given by 

vc,,, Od'Ll //lo1x +iL, (o)Q1L, +v, (0) (ea, 
rd 

_1)+ 
ic, (o)x +iL, (O)a1L, +Vcx(O))(eA,,, (5.42) 

L, Ceffa, , -a, 

)J( 

LICe 6, a1 -, B1 

This is normalized with respect to the DC link voltage so that a value of 1 is obtained 

when ZVS is just achieved, 

1 Cln lid 1- 
VC41. d 

dc 
(5.43) 

In effect, the above is an analysis of the converter if the MOSFET body diodes were not 

present. Therefore the result from (5.42) is only quantitative if the converter parameters, 
load, frequency, and dead-time in question are known to result in a mode sequence that 
does not include modes 2 and 5. This can be checked using (5.41). If (5.41) indicates 

that va,,, remains -vbd < v, < vdr + ved throughout o<r< rd where vd is the MOSFET 

body diode on-state voltage drop, then vc,,, (rd) from (5.42) will be numerically accurate. 

In cases where (5.41) indicates that v,,,, < -ved at some point during 0<t<t, , and the 

phase angle of the tank is inductive, the mode sequence of the converter would actually 
be 1-4-5-3-4-1-2-6,1-2-4-5-3-4-5-1-2-6, or 4-5-1-3-1-2-4-6. The first two sequences 

cannot result in ZVS because mode 1 or 2 does not immediately precede mode 3. 
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Furthermore, extensive SPICE simulation failed to find a scenario where, during the 
dead-time prior to the high-side MOSFET turning on, vc,,, could fall to -V,,, and then 

subsequently rise all the way to V, . Thus, we believe 4-5-1-3-1-2-4-6 cannot result in 

ZVS either. From a practical perspective, 4-5-1-3-1-2-4-6 would never be used, not only 
because it cannot result in ZVS, but also because it typically requires a dead-time very 

close to half the switching period, thereby making it difficult to implement. 

In cases where (5.41) indicates that v0,, > V, k + Vbd at some point during o<r< to , and the 

phase angle of the tank is inductive, the mode sequence of the converter would actually 
be 1-2-3-4-5-6,1-2-4-3-4-5-1-6, or 1-2-4-5-3-4-5-1-2-6. The sequences 1-2-4-5-3-4-5- 

1-2-6 and 1-2-4-3-4-5-1-6 occur when the dead-time is too long in an otherwise ZVS 

capable converter, whilst 1-2-3-4-5-6 occurs when ZVS is achieved and the body diodes 

conduct and an appropriate dead-time is used. Thus, if (5.41) indicates that 

vci, > Vd, + Vbd at some point during o<t< td and the phase angle of the tank is inductive, 

then the interpretation is that ZVS can be achieved with the converter, frequency, and 
load in question, though not necessarily with the dead-time in question. 

If (5.42) indicates that v,,. (td )> vim, + VAd , then ZVS can be achieved with the converter, 

frequency, and load in question, though not necessarily with the dead-time used in the 

calculation because the result is not numerically accurate due to modes 2 and 5 being 

entered. For example, certain combinations of converter, frequency, load, and dead-time 

result in the mode sequence 1-2-4-3-4-5-1-6 (which does not result in ZVS unless mode 
4 is only entered extremely briefly prior to mode 3 commencing), but result in (5.42) 

indicating v ;,, (td )> v1 +Vd; in this situation, ZVS can be achieved with the converter, 

frequency, and load in question, but a shorter dead-time than that used in the calculation 
is required. 

In practice, (5.42) will usually be evaluated with the dead-time (within the range 
0< td <T/ 2) which maximises the result for a particular converter, frequency, and load. 

The result is then interpreted as follows: 

If vC, n 
(td) > vdc + ved , then VC,, 

(td) 

provides a qualitative measure of the margin by 

which ZVS is achieved if an appropriate dead-time is used. 
If VI s vCt� (td )< vd< + v,,, then VC,. (td) provides a quantitative measure of the 

margin by which ZVS is achieved. 
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" If v , (td) < vdc , and v,, � remains above -Vbd throughout 0<1 < rd , then v,, � 
(rd ) 

provides a quantitative measure of the margin by which ZVS is not achieved. 
(Since the dead-time is the one that maximises (5.42), the case of v.., � 

(rd )< Vd, 

whilst also having v,,,, exceed v, at some point during o<r< rd cannot occur). 

" If v,,,, (rd) < vd, , and v,, R < -VM at some point during 0<t< rd , then v ,, � 
(rd ) 

provides a qualitative measure of the margin by which ZVS is not achieved. 

The dead-time which maximises (5.42) is not necessarily the dead-time that would be 

used with the actual converter. However, evaluating (5.42) with the dead-time that 

maximises (5.42) for a particular converter, frequency, and load provides a definitive 

answer as to whether ZVS can be achieved with that converter, frequency, and load if 

an appropriate dead-time were used. This definitive answer is obtained using only 
(5.42) (i. e. there is no need to check whether v,,,, < -V d or va,,, > vd, + vb,, at some point 
during o<t< td using (5.41)); if (5.42) indicates that v,,,, (td) Z v, r then ZVS can be 

achieved, if (5.42) indicates that vC, n 
(td) < vv then ZVS cannot be achieved. However, it 

must be remembered that the numerical result will not always be a quantitative measure 

of the margin by which ZVS is or is not achieved. 

In summary, although the result from (5.42) is only numerically accurate for converters 
operating in certain mode sequences, the model can still be used to correctly assess 
whether ZVS can be achieved with a particular combination of converter, frequency, 

and load. 

When design criteria for achieving ZVS are established in the latter sections, the model 
is used to find the relationships between the equivalent circuit component values that 
result in vc,,, (rd) = vim, when using the frequency and dead-time that maximise (5.42). In 

these circumstances the mode sequence is always 1-3-4-6 and hence the results are 
always numerically accurate. 
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5.4 Model verification 
To verify the accuracy of the new model, comparisons are made to SPICE simulations 

and experimental results from an AC-output converter running at constant frequency 

and constant dead-time. The SPICE model was based around voltage controlled 

switches (without diodes), rather than MOSFETs, because this allows the values for 

vC,,, (rd) to be compared in cases where ZVS would be achieved and the body diodes 

would otherwise conduct. 

The converter was based around a Transoner T1-15W radial mode PT supplied by 

Micromechatronics Inc., USA. The equivalent circuit component values of the PT were 

measured with an Agilent 4294A impedance analyser as C,,, =1.89 nF, C", = 1.28 nF, 

L, = 10.70 mH, C, =166 pF, R, = 8.54 91, and N=0.934. The MOSFETs used in the 

experimental converter were IRF510s, the combined parasitic output capacitance of 

which was estimated to be around 260pF for a DC link of 50V. The MOSFET timing 

signals were generated using a PIC® microcontroller. 

vc, � 
(td) is shown in Figure 5.7 as a function of load resistance when switching at 

120.5kHz with dead-time intervals of td =1.44µs and a DC link voltage of 50V. The 

model and SPICE predictions are extremely close to one another, whilst the predictions 
from the model are within 3.3% of the experimental results around Vc,, i 

(td) =1, and 

within 10.2% at vc; � 
(td )=0.28. The discrepancy between the simulated and experimental 

results is most likely due to changes in the equivalent circuit component values and the 
influence of other vibration modes. The equivalent circuit component values were 

measured at small signal levels with sinusoidal excitation. However, the excitation level 

in the converter is much larger, and this causes an increase in the PT losses. 

Furthermore, harmonics present in the voltage waveform across C,,, will excite other 

modes of vibration within the PT, the effects of which are not included in the standard 
PT equivalent circuit. Since the harmonics become more pronounced as the margin by 

which ZVS is not obtained increases, it is to be expected that the accuracy of the model 

and SPICE predictions becomes worse when low values of vc, � 
(rd) are obtained. 
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Figure 5.7 Change in vc;,, (rj) with load resistance for the T1-15W PT operating at 120.5kHz with 
1.44µs dead-time intervals. 

5.5 The ZVS profile of a PT 

When analysing the ZVS capabilities of an inductor-less PT-based converter, it is useful 

to know the frequency and load range over which ZVS can be achieved, assuming that 

an appropriate dead-time is always used. By using numerical optimisation methods to 

find the value of dead-time within the range 0< td <T/2 that maximises (r,, ) in 

(5.43) for each combination of load resistance and frequency, a profile of the inductor- 

less ZVS capabilities of a PT can be built up. 

Figure 5.8 shows the ZVS profile of the T1-15W PT when used in the AC-output 

topology with 2C = 260 pF. It can be seen that ZVS can only be achieved with very 

large or small load resistances. Operation with large and small load resistances is 

broadly similar from a ZVS perspective because the shape of the R, (2 (R, ', o'c ' +1)) 

term in (5.2) is concave when plotted against R, (the peak value occurring when 

RL = t/(ci, C,,,,, ) ). Hence the largest tank currents for a given input voltage and tank 

impedance phase angle are obtained with large and small load resistances. 
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Figure 5.8: ZVS profile of T1-15V1'. The ZVS capable regions are shaded in red. 

The efficiency and power density of a PT are maximised when the matched load 

RL = 1/(li, C,,,,, ) is used. Since the matched load for this PT is around 1 W, operating the 

T1-15W within the ZVS capable load regions will substantially reduce the maximum 

PT power density that can be achieved compared to operation at the matched load in a 

with-inductor topology. 

Figure 5.9 shows the ZVS profile of another radial mode Transoner PT, termed Tl- 

PP0361, in the AC-output topology with 2C,,,, = 260 pF. The equivalent circuit 

component values of this device were measured as C',,, = 4.93 nF, C,,,,, = 2.70 nF, 

L, = 4.48 mH, C, = 891 pF, R, = 4.34 il, and N=2.21. In contrast with the T 1-15 W device, 

ZVS can be achieved over a wide range of load and frequency ranges, including the 

matched load. The matched load for this PT is around 70052, and as the load resistance 

is increased or decreased from this value, the range of frequencies over which ZVS can 
be achieved tends to increase. 
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Figure 5.9: ZVS profile of T1-PP0361. ZVS capable regions are shaded in red. 

In both Figure 5.8 and Figure 5.9 there is a `bump' in the profile on the inductive side of 

resonance. This is most easily seen in Figure 5.9 by looking at the frequency just above 

the point at which ZVS is lost at each load resistance. The `bump' is due to the dead- 

time which maximises (5.43) jumping to T/2 and then back again. To show this, a plot 

of maximum vC; �(rd) against frequency, and the corresponding dead-time which 

maximises (5.43) against frequency, is shown in Figure 5.10 for the Tl-PP0361 with 

2C,,,.,. = 260 pF and RL = 4000 Q. The `bump' region can clearly be seen in Figure 5.10 at 

around 89kHz, and corresponds to the region where the dead-time which maximises 
(5.43) is T/2. Plots of ; C,,, 

(td) against t,, for the T 1-PP0361 with 2C,,,, = 260 pF and 

RL = 4000 52 are shown at three different frequencies in Figure 5.11. The frequency 

88.54kHz lies on the boundary of the region where inductor-less ZVS can be achieved 

with this load (see Figure 5.9 and Figure 5.10). The frequency 89.22kHz lies within the 

`bump' region, and 89.90kHz lies beyond the `bump' region. At 89.22kHz, it can be 

seen that the dead-time which maximises (5.43) becomes T/2. The mode sequence that 

actually occurs with RL = 4000 S at 89.22kHz with r,, =T/2 is 4-5-1-3-1-2-4-6, whereas 

the mode sequence that occurs when using the dead-time that maximises (5.43) at 
88.54kHz and 89.90kHz is 1-3-4-6. Thus, the numerical results within the 'bump' 

region are not, strictly speaking, numerically accurate. Like the frequency and load 

combinations that result in ZVS being easily achieved (and the MOSFET body diodes 

therefore conducting), the results within the bump region serve as a qualitative indicator 

of the margin by which ZVS can or cannot be achieved. It is worth noting that SPICE 
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simulations (which included the MOSFET body diodes) have shown that the 4-5-1-3-1- 

2-4-6 sequence can produce slightly higher v,. (r,, ) values than the 1-3-4-6 sequence in 

the regions within the bump. Nevertheless, one would not attempt to use the 4-5-1-3-1- 

2-4-6 sequence in practice (see Section 5.3). 
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Figure 5.10: a) The maximum v'CJtd), as calculated by (5.43), for the T1-PP0361 with R, = 4000 12. 
b) The associated dead-time that maximises (5.43), for the TI-PP0361 with R, = 4000 12. 
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Figure 5.11: Plots of v, " �(i, 
), as calculated by (5.43), against I,, , 

for the TI-PP0361 PT with 
R, = 4000 12. t,, is shown over the range 0 to T/ 2 in each case. 

(a) Frequency = 88.54kHz. (b) Frequency = 89.22kHz. (c) Frequency = 89.90kHz. 

Substituting R, = M/(w( ', ,) 
into the model in Section 5.3, the maximum that can 

be achieved when a free choice of frequency and dead-time is permitted (i. e. when 
frequency and dead-time are chosen so as to maximise v,,,, (t, ) in (5.43)) can be plotted 

as a function of M, as shown in Figure 5.12. In both cases the lowest maximum 

occurs at M=i, indicating that the matched load condition is the most difficult to obtain 
ZVS with. 
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Figure 5.12: Maximum that can be achieved when the frequency and dead-time that 

maximise vý-; 
ý(r, a) are used. 

The geometry of T1-15W and T1-PP0361 is shown in Figure 5.13. Comparing the two 
devices, the input section of T1-PP0361 is twice as large as the output section, whereas 
the input section of Tl-15W is 0.66 times the size of the output section. It will be shown 
in Chapter 6 that this is the principal reason for the difference in the ZVS profiles. 
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Figure 5.13: Geometric layout of T1-15W and T1-PP0361 radial mode Transoner PTs. a is the PT 
radius, is the total thickness of active ceramic in the input section (the diagrams assume that 
the electrode thickness is negligible), and is the total thickness of active ceramic in the output 

section. 
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5.6 Design criteria for inductor-less ZVS with the AC-output topology 

Whilst the model developed in section 5.3 allows the ZVS capabilities of a given PT to 

be assessed, it does not immediately provide criteria for designing PTs that are capable 

of inductor-less ZVS. This section details the development of a normalisation scheme 

that, in conjunction with numerical optimisation routines, allows the key relationships 
between the equivalent circuit components and inductor-less ZVS capability to be 

identified. 

The maximum output power of a given PT is nearly always limited by the need to 

prevent excessive PT temperature rise. Therefore the load which maximises PT 

efficiency is also the load which (for a given thermal limit) allows the greatest PT 

output power to be obtained (see Chapter 4). For a given tank current, PT output power 

and PT efficiency are theoretically maximised in the AC-output topology when the 

matched load condition is used (see Chapter 4). Therefore the load resistance is now 

represented as a multiple of the matched load, i. e. 

RL =M (5.44) 
COC. 1 

where M is the loading factor. We formally define M as the ratio of the actual load 

resistance to the load resistance which maximises total PT output power for a given tank 

current. Next, instead of explicitly including the mechanical loss resistance R,, the 

effect of the mechanical losses is modelled by proportionally increasing the referred 

series equivalent resistance of RL and C0� by a `loss factor', v, that is given by the 

inverse of the efficiency of the PT. Thus, from (5.2) and (5.3), Rr and C, become 

yiM R. 
OJCa. N2 MZ +1 

(5.45) 

C= C2Co, N2 M2 +1 (5.46) x C, M2 +Cou, N2 M2 +1 
Since the efficiency of a PT will change considerably as the loading is changed, care 

must be taken to ensure that yr is suitably chosen for the load condition in question (see 

Section 5.7). The phase angle of the tank impedance is given by 

I wl., -'1 ý_ tan` 
wcx 

(5.47) Rx 

\J 
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Substituting (5.45) and (5.46) into (5.47), the angular frequency can be solved in terms 

of the phase angle to give 

C. �N2 +C, yrMtan(q$)+C1M2 +C0., NZMZ (5.48) 
L, C, C,,, N2 M2 +1 

Cam. and C, are then normalized to the output capacitance referred across the ideal 

transformer turns ratio. Hence, 

Ceg =YC , N2 (5.49) 

C, = XC.,, N2 (5.50) 

where x and Y are the normalisation factors. Substituting (5.49) and (5.50) into (5.45), 

(5.46), and (5.48), the equivalent resistance R, equivalent capacitance Cx and angular 

frequency for the AC-output topology can be expressed as 

R= MyrZ 

Co�rN2 M2 +1 l+tan(¢)Xy, M+M2(1+X) 

CX _ 
CO1rN2X M2 +1 

XM2 +M2 +1 

I1+Xy, Mta()+MZ X+1) 
w= 

L, Co,,, N2X M2 +1 

Finally, the dead-time is normalised to the switching period 

td = tdjT 

(5.51) 

(5.52) 

(5.53) 

(5.54) 

where the dead-time factor r4. is the fraction of the switching period that is occupied by 

each dead-time interval, and 
17-1 

(5.55) co 

The advantage of the normalisation scheme proposed in (5.49) to (5.55) is that, when 
substituted into the relevant equations from Section 5.3, vCt�(td) becomes dependent 

only on 0, x, Y, M, v, and rdf . Thus, not only has the dependency on C, q, R, , 
RL, td, and T been removed (as would be directly expected from (5.49) to (5.55)), but 

so too has the dependency on L,, Cou, , and N. Thus, vc,,, (rd) becomes a function of 6 

normalised variables instead of 9 un-normalised variables. 

For a given x, M, and w, ZVS becomes easier to achieve as Y is decreased because 

this is equivalent to reducing CC, whilst keeping R, , L, , C1, N, Ca� , and RL constant. 
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We define Ym_ to be the largest value of Y at which ZVS can just be achieved for a 

given X, M, and v/, assuming a free choice of 0 and r,, is permitted. Thus, Y is the 

value of Y that, for a given X, M, and yr , results in v,,,, (tJ = i' when the +s and r,,, 

that maximise (5.42) are used. 

The relationship between the ZVS condition and Y, x, m, 0, and r,,, is now shown 

when the mechanical losses are ignored (i. e. yr =I). Numerical optimisation routines 

from MATLAB and Maple were used to calculate Yma. over a range of x and Al when 

vW =1. Plots of Yma, against x and M are shown in Figure 5.14, whilst plots of the r,, r 

and 0 that correspond to each Ymax , X, and m combination (i. e. the values r,,, and 0 

that allow ZVS to be achieved at a particular Ymax , X, and M) are shown in Figure 5.15. 

Figure 5.14 shows that for a given X, the lowest value of Y,,,,, occurs at the matched 

load, M=1. The value of Ymax at a given M changes very little with X, and Y:,, 

increases rapidly as M is increased or decreased from unity. Figure 5.15 shows that 

when Y, X, and M are such that ZVS can only just be achieved (i. e. when Y), the 

phase angle and dead-time factor that allow ZVS to be achieved are always between 57° 

and 57.55°, and 0.228 and 0.25 respectively. Hence they are both insensitive to the 

relative sizes of Yma, , X, and m. 

,III 
ýýäý 

Figure 5.14: Change in Y.. with x and A4 when v=i for the AC-output topology. 
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Figure 5.15: The 0 and r,,, values that allow ZVS to be achieved with the AC-output topology when 

'=i and Y-Y,,,, . 

Since the lowest value of Y,,,,,, in Figure 5.14 is 0.6339, any PT with negligible losses, 
ý 

operating in the AC-output topology, will be able to achieve ZVS with any load 

resistance providing it is designed such that C,.,, <0.6339N 2 c,,,,, and a free choice of 

frequency and dead-time is permitted. This figure is around 28% lower than that 

previously found in [4], and this is due to the reasons described in Section 5.2. 

5.7 Consideration of mechanical losses 

The `loss factor' i is calculated from the inverse of the expected PT efficiency at a 

particular load condition. Thus, if a particular PT is expected to achieve 95° efficiency 

when operating at M=0.8, then yr =1.111 should be used when calculating 1 for this 

Al . 
Note that in general, the efficiency of a given PT will decrease as Al is increased or 

decreased away from unity. 

Figure 5.16 shows a plot of Y,,,. x against X for the load condition M=I at 5 different PT 

efficiency levels. It is shown that as the efficiency decreases, Y, decreases. Like 

Figure 5.14, there is little change in with x. Indeed, the variation with X tier a 

given M and w is so small that, for all practical purposes, Y, can he assumed to he 

independent of x, It is therefore concluded that when a free choice of 0 and f" is 

permitted, the ability to obtain inductor-less ZVS is determined only by Y, At , and w 

The phase angle and dead-time factor that allow ZVS to be achieved when I),, are 

shown as a function of x in Figure 5.17. There is little dependency on efficiency or X. 
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The efficiency of the T1-15W and TI-PP0361 devices is around 95% or better when 

operating with a matched load (M =1). Figure 5.16 indicates that < 0.603N -'( IS 

required for ZVS at this efficiency and load level. Comparing the equivalent circuit 

component values of the two devices to this relationship, it can be seen that the result 

from Figure 5.16 is consistent with Figures 1.8,1.9, and 1.12. 
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Figure 5.16: Variation in Y_x with x and y when Al =i for the AC-output topology. 
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5.8 Design chart for the AC-output topology 

It has been shown that the only variables to affect Y.., are M and V". Therefore it is 

instructive to plot Ymax against M for several values of V/, as shown in Figure 5.18. 

Although these plots were generated using x=0.1, they apply to any x because the 

change in Ymax with x for a given M and W has been shown to be negligible. Thus, 

Figure 5.18 may be regarded as a design chart for determining Ymar for any type of PT 

(Rosen, radial mode Transoner, thickness mode, etc) when used in the AC-output 

topology shown in Figure 5.1. The phase angle and dead-time factor required to achieve 

ZVS with a device where Y= Ymax are 57.3° ±0.25° and 0.239 ±0.011 for all load 

conditions and efficiencies. 

1.5 

>11 
o. s 

0.8 

0.7 
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M 

Figure 5.18: Design chart for the AC-output topology. 

5.9 Design criteria for inductor-less ZVS with DC-output topologies 

The ZVS model and normalisation scheme can be used in conjunction with equivalent 

circuit models of several rectifier topologies to investigate the design requirements for 

ensuring ZVS in DC-output converters. Schematics of the 4 topologies to be considered 

are shown in Figure 5.19. 
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(a) Capacitively smoothed full-bridge 

(b) Capacitively smoothed half-wave 
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(c) Inductively smoothed full-bridge 

(d) Current doubler 

Figure 5.19: Four DC-output PT-based converters with no inductor at the PT input. 

Since the tank current is sinusoidal, the PT output capacitance and rectifier stage in each 

of these converters can be modelled with a series resistor and capacitor as shown in 

Figure 5.20 and described in [12-15]. The specific rectifier models used in this Chapter 

may be found in Appendix B. 

Figure 5.20: Inductor-less converter with an RC model of the rectifier. 

189 



5.10 Design criteria for inductor-less ZVS with the DC-output fun-bridge 

capacitively smoothed topology 

For the capacitively smoothed full-bridge rectifier, the equivalent series resistance and 

capacitance can be expressed as (see Appendix B) 

Rte" 
8RL(1+2V,, ) 

(5.56) 
n+2RLCOU, w 1+2V,, f 

., 
(gc+2wRLCo,,, (1+2Vdf))2 

C. 
- 

(2wRLCm(1 
+ 2Vdf )+ 

ir)Z cos '- 
2wRLCoy, (1 

+ 2Vdf) 
(5.57) Ct+2wRLCou, 1+2Vr 

) 

+ 
(4wRLCoý, ý(1 

+ 2Vq )- 2ýt3I2 2wRLCout 1+ 2Vý 

where 

Y= vd (5.58) 
ou, 

V is the on-state voltage drop of a single rectifier diode (which is assumed to be 

constant), and v., is the DC output voltage across RL . From a design perspective, V is 

fixed by the converter specification, and will therefore be treated as a constant. 

From Figure 5.20 and (5.56), the load resistance that maximises PT output power and 
PT efficiency for a given tank current and v4, is (see also Chapter 4) 

) R` 
2C_a 1+ 2VV ' (5.59 

Note that if v,, y is constant, then the efficiency of the rectifier is also approximately 

fixed. Thus, for a given tank current and V., power dissipation in the load resistance is 

maximised when the total PT output power is maximised. Therefore power dissipation 

in the load is also maximised by using (5.59). 

The normalisation scheme from Section 5.6 is then applied. The load resistance is 

represented as a multiple of the load resistance which maximises PT output power and 
PT efficiencyfora given tank current and v, i. e. 

R Mý 
(5.60) `_ 2Co., wl+2V ' 

and R. , C., and co for the full-bridge capacitively smoothed PT-based converter 

become 
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RX = 

Cx 
- 

4yvM L, X 

(M+1 ýN 

F2X,? 
v '12-M°'S)-X(M+1)Zcos"' 

M+1) 
out 

Z \\\ 

rM2 +M(2ir + 4yr tan(o))+ n)+ ., r(M + 1) 

; r(M+1y C. �NZX 
2X(M312 -M°'5)+, v(M+1Y(1+X)-X(M+1y cos-1 

M-1 
M+1 

2X(M3'2 -M°, 5)-X(M+1)2 cos-1 
M-1 
M+1 

+ X(irM2 + M(2; r+ 4yr tan(o))+ n)+ )r(M + 1)2 
w= 

(M+1 L, C. N2ffX 

(5.61) 

(5.62) 

(5.63) 

where w is given by the inverse of the PT efficiency, not by the inverse of the 

combined efficiency of the PT and rectifier. Substituting (5.61), (5.62), (5.63), (5.49), 

(5.50), (5.54), and (5.55) into the model in Section 5.3, the relationship between the 
ZVS condition and Y., X, M, 0, tdf , and yr can be studied. A plot of Y,,,,, against x 

and M is shown in Figure 5.21 for the w =1 case, whilst plots of the tdf and 0 that 

correspond to each Y., X, and M combination are shown in Figure 5.22. Both Figure 

5.21 and Figure 5.22 are very similar in shape to Figure 5.14 and Figure 5.15; the phase 

angle and dead-time factor that allow ZVS to be achieved when Y=Y. are once again 

always between 57.05° and 57.55°, and 0.228 and 0.25 respectively, the lowest value of 
Y. occurs at M =1, and very little change in Yo,,,, occurs for a given M and w as x is 

varied. However, for the load conditions of interest, Y. is considerably larger than it is 

for the AC-output topology. 

Figure 5.23 shows Y. against x at m =1 for 5 different PT efficiency levels. 

Comparing Figure 5.23 to Figure 5.16, it can be seen that at M=1, Y,,. is around 1.57 

times larger in the DC-output capacitively smoothed case. This is caused by the rectifier 
increasing the apparent size of Co,,, to the rest of the equivalent circuit (see Chapter 4), 

and similar behaviour was also noted with inductively smoothed rectifiers in [15]. 

In Chapter 4 it was shown that, for the DC-output full-bridge capacitively smoothed 

rectifier, at the load which maximises total PT output power for a given tank current 
(i. e. at M=), the equivalent parallel resistance of R,,,, and C, ec, 

(R, 
«, and C,, are 

termed R, and C9 in Chapter 4) is 1.104 times larger than 1/(wC ,), and the equivalent 
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parallel capacitance of R,,,,,, and CYe,., is 1.423 times larger than C,,,,. It is therefore no 

surprise that (at M =1) inductor-less ZVS can be achieved at a higher value of Y with 

the DC-output full-bridge capacitively smoothed topology than it can with the AC- 

output topology. The significance of Y. - 
being larger in the DC-output capacitively 

smoothed case will be shown, in the context of the design of radial mode Transoner 

PTs, in Chapter 6. 

X 
M 

Figure 5.21: Change in Y with X and M when y/ = for the DC-output full-bridge capacitively 

smoothed topology. 
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Figure 5.22: The 0 and ,,,, values that allow ZVS to be achieved with the DC-output full-bridge 

capacitively smoothed topology when w=i and ) s' 
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Figure 5.23: Change in Y,,, with x and w at m=i for the DC-output full-bridge capacitively 

smoothed topology. 

5.11 Design criteria for inductor-less ZVS with the DC-output full-bridge 

inductively smoothed topology 

To study the inductor-less ZVS requirements of the full-bridge inductively smoothed 

variant, the rectifier model shown in Appendix B is used. This is a modified version of 

the model presented in [15]. Representing the load as a multiple of the load resistance 

which maximises PT output power and PT efficiency for a given tank current and 11,, 

(see Chapter 4), 

M R` = 
«C, 1+ 2Vfý (5.64) 

The nonnalisation scheme is then applied. When the rectifier is operating in the 

"continuous" mode, the equations for R,, c, and (0 in terms of the nonnalised 

quantities are 

Rs = 
KyrM L, X 

Ir C,,,,, N2 M'+1 n'(X+1 M'+1 -8X(1-yrMtan(O)) 

C 
C,,,,, N2X7r' M2 +1 

s Jz2(X+IXMZ +I)- 8x 

ýr'(X+1 M'+1 -8X(1-yiMtan(ý)) 
C,,,,, N'XLI (M+ 

When the rectifier is operating in the "discontinuous" mode, the equations are 

(5.65) 

(5.66) 

(5.67) 
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R= _ 

Cx 
- 

yi(2sin(a+ß)sin(a)-cos2(a+ß)-cos2(a)+2)J LX 

)r-Xcos a+ß sin a+ß +2XyrtanO sin a+ß sin a-Xß+Xir 
JnCo,,, N2 + 2Xyr tan(o)- Xyr tan(O)cosZ (a +, 6) - Xyr tan(O)cos2 (a) 

- 2X sin(a + ß)cos(a)- X cos(a)sin(a) 

Co�rNZXir 

if -X cos a sin a+ sin (a + ,B cos a +, 6)+ 2 sin a+Q cos a+Q-i 

(5.68) 

(5.69) 

-Xcos a+ß sin a+ß +2Xy, tan sin a+ßsin a -Xß+Xir+2Xyrtan 

- Xyr tan(O)cos2 (a + ß)- Xyi tan(()cos2 (a)- 2X sin(a + ß)cos(a)- X cos(a)sin(a) (5.70) 
w= 

Cou, N2L, Xfr 

where a and ß are found from the solution to the following simultaneous equations 

(obtained by substituting (5.64) into (B. 18) in Appendix B, and straight from (B. 17) in 

Appendix B) 

cos(a + ß)+ (ß 
- ir)sin(a + ß)+ cos(a) =0 (5.71) 

(2grM+)62 
-2-2ß, r+, r2)sin(a+ß)+2(ß-, r)cos(a+ß)-2sin(a)=0. (5.72) 

The rectifier will be in the continuous mode of operation when M> 2/ir (see Chapter 4 

and [15]). Otherwise it will be in the discontinuous mode. 

Plots of Y.. against X and M for the yr =1 case, and the associated 0 and tdf that 

correspond to each combination of Y., x, and m, are shown in Figure 5.24 and 

Figure 5.25 respectively. Again, there is little change in Y. with x. The phase angle 

and dead-time factor that allow ZVS to be achieved when Y=Y.. are always between 

57.05° and 57.55°, and 0.228 and 0.25 respectively, and the lowest value of Y occurs 

at M =1. Y,,. is shown against X for the M =1 case at 5 PT efficiency levels in Figure 

5.26. Comparing Figures 5.16,5.23, and 5.26, it can be seen that the ZVS requirements 

of this topology lie approximately mid-way between those of the AC-output topology 

and those of the DC-output full-bridge capacitive smoothed topology. 
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Figure 5.24: Change in Ymaý with X and M when y. =i for the DC-output full-bridge inductively 

smoothed topology. 

0.25 

0.245 

0.24 

0.235 

0.23 

0.225 
10' 

(a) (b) 

Figure 5.25: The 0 and r,,, values that allow ZVS to be achieved with the DC-output full-bridge 

inductively smoothed topology when w=I and >' 

-W=1 

0.8 --"W = 1.053 

W=1.111 
W= 1.176 

...... W=1.25 

0.75 
------------------------- ---------------------- 

}ý 0.7 

o. ý--ý_ _, _ `" 
in - ... 10 

100 10° 10°^10' 
10 

M 

0.65 

0.6 

10-10 10ý 10° 10° 
x 

1010 
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5.12 Design criteria for inductor-less ZVS with the half-wave capacitively 

smoothed and current doubler topologies 

RC models for the half-wave and current doubler rectifiers are shown in Appendix B. 

When the load is represented as a multiple of the load resistance which maximises PT 

output power and PT efficiency for a given tank current and v (see Chapter 4), RL is 

given by 

_ 
2; rM R` 

tvC., 1+ 2V7W (5.73) 

R` M 
(5.74) 4roCr 1+V, ' 

for half-wave capacitively smoothed, and current doubler configurations, respectively. 
The normalisation scheme can then be applied. For the half-wave topology, the 

equations for R.,, Cx, and cv in terms of the normalised quantities become exactly the 

same as those for the full-bridge capacitively smoothed case, whilst those for the current 
doubler become exactly the same as those for the full-bridge inductively smoothed case 
(the simultaneous equations for calculating a and Q are also the same; substituting 

(5.74) into (B. 27) in Appendix B gives the same result as that shown in (5.72), whilst 
(B. 26) is already the same as (5.71)). When m is defined as shown in (5.74), the 

current doubler rectifier will also be in the continuous mode of operation when m> 2/7r 

(see Chapter 4 and [15]). Otherwise it will be in the discontinuous mode. 

Since (5.61), (5.62), and (5.63) also apply to the half-wave capacitively smoothed 

variant (when m is defined as shown in (5.73)), so do Figures 5.21,5.22, and 5.23. 

Since (5.65) to (5.72) also apply to the current doubler variant (when m is defined as 
shown in (5.74)), so do Figures 5.24,5.25, and 5.26. 

5.13 Design charts for the DC-output topologies 

Plots of Y.. against M are shown at various PT efficiency levels for the 4 DC-output 

topologies at x=0.1 in Figure 5.27 and Figure 5.28. Since there is negligible change in 

Y,,,, x with x for a given M and V, these plots may be regarded as a set of design charts 

for determining Y. for any type of PT when used in these topologies. The 0 and ra, 
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that allow ZVS to be achieved when Y=Y.., are 57.3° +0.25° and 0.239 +0.01 1 For all 

topologies at all load conditions and efficiencies. 
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Figure 5.27: Design chart for the full-bridge capacitively smoothed and the half-wave capacitively 
smoothed topologies. 
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Figure 5.28: Design chart for the full-bridge inductively smoothed and current doubler topologies. 

5.14 Summary 

A new model for calculating the frequency and load range over which a given P'I' can 

achieve inductor-less ZVS when used in both AC-output and DC-output topologies has 

been presented. Unlike previously reported models, this has been shown to provide a 

level of accuracy comparable to SPICE simulation, and is therefore as accurate as the 
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standard lumped equivalent circuit PT model will allow. Good agreement was found 

between the model and experimental results from a PT-based converter. 

Through the use of a normalisation scheme and numerical optimisation techniques, it 

has been demonstrated that, when a free choice of frequency and dead-time are 

permitted, the ability to achieve inductor-less ZVS depends only on 

" M, the load condition. 

" y/, the inverse of the PT efficiency at that load condition. 

" Y, the ratio between the total capacitance at the PT input and NZCou, . 
The maximum value of Y at which ZVS can be achieved for a given M and w has 

been shown to depend on the output topology (i. e. whether AC-output, DC-output 

capacitively smoothed, or DC-output inductively smoothed). 

For a given output topology, Y. (the maximum value of Y at which ZVS can just be 

achieved when a free choice of 0 and rdf is permitted) decreases as M approaches 

unity and decreases as PT efficiency decreases. The tank impedance phase angle and 
dead-time factor that allow ZVS to be achieved when Y=Y. are 57.3° ±0.25° and 

0.239 ±0.011 for all 5 topologies at all load conditions and efficiencies. 

Design charts for determining Y. for various m and ' have been presented for all 5 

topologies. Thus, if the M and W at which a PT is going to operate are known, the 

ability to achieve inductor-less ZVS can be ensured by designing the PT such that 

Y< 'max. 

This chapter has established the electrical criteria for achieving inductor-less ZVS in 

terms of the PT equivalent circuit components. Relating the electrical criteria to the 

physical criteria (i. e. device dimensions, electrode layout, etc) requires the use of 

models that are specific to a particular type of PT. The case of the radial mode 
Transoner PT is considered in the next chapter. 

Insofar as the electrical characteristics of a PT are represented by the standard lumped 

equivalent circuit model, and the behaviour of the rectifiers are represented by the RC 

models described in Appendix B, the ZVS criteria established in this chapter apply to 

any type of PT (Rosen, radial mode Transoner, thickness mode, etc). 
198 



5.15 References 

[1] R. -L. Lin, F. C. Lee, E. M. Baker, and D. Y. Chen, "Inductor-less piezoelectric 
transformer electronic ballast for linear fluorescent lamp, " presented at IEEE 
Applied Power Electronics Conference and Exposition, 2001. 

[2] R. -L. Lin, "Piezoelectric Transformer Characterization and Application of 
Electronic Ballast, " PhD thesis, Virginia Polytechnic Institute and State 
University, USA, 2001. 

[3] S. Bronstein and S. Ben-Yaakov, "Design considerations for achieving ZVS in a 
half bridge inverter that drives a piezoelectric transformer with no series 
inductor, " presented at IEEE Applied Power Electronics Conference and 
Exposition, 2002. 

[4] K. S. Meyer, M. A. E. Andersen, and F. Jensen, "Parameterized analysis of Zero 
Voltage Switching in resonant converters for optimal electrode layout of 
Piezoelectric Transformers, " presented at IEEE Power Electronics Specialists 
Conference, 2008. 

[5] E. M. Baker, W. Huang, D. Y. Chen, and F. C. Lee, "Radial mode piezoelectric 
transformer design for fluorescent lamp ballast applications, " IEEE Transactions 
on Power Electronics, vol. 20, pp. 1213-1220,2005. 

[6] S. Bronstein, "Piezoelectric Transformers in Power Electronics, " PhD thesis, 
Ben-Gurion University of the Negev, Israel, 2005. 

[7] M. K. Kazimierczuk and D. Czarkowski, Resonant Power Converters: John 
Wiley & Sons Inc, 1995. 

[8] U. Kirchenberger and D. Schroder, "Comparison of multiresonant half-bridge 
DC-DC converters for high voltage and high output power, " presented at 
Industry Applications Society Annual Meeting, 1992. 

[9] N. Frohleke, J. Kunze, A. Fiedler, and H. Grotstollen, "Contribution to the AC- 
analysis of resonant converters; analysis of the series-parallel resonant converter 
including effects of parasitics and lossless snubbers for optimized design, " 
presented at Applied Power Electronics Conference and Exposition, 1992. 

[10] J. A. Sabate, R. W. Farrington, M. M. Jovanovic, and F. C. Lee, "Effect of 
switch capacitance on zero-voltage switching of resonant converters, " presented 
at IEEE Power Electronics Specialists Conference, 1992. 

[11] J. A. Sabate, R. W. Farrington, M. M. Jovanovic, and F. C. Lee, "Effect of FET 
output capacitance on ZVS of resonant converters, " IEEE Transactions on 
Aerospace and Electronic Systems, vol. 32, pp. 255-266,1996. 

[12] M. P. Foster, H. I. Sewell, C. M. Bingham, D. A. Stone, and D. Howe, 
"Methodologies for the design of LCC voltage-output resonant converters, " IEE 
Proceedings - Electric Power Applications, vol. 153, pp. 559-567,2006. 

[13] J. G. Hayes and M. G. Egan, "Rectifier-compensated fundamental mode 
approximation analysis of the series parallel LCLC family of resonant 
converters with capacitive output filter and voltage-source load, " presented at 
IEEE Power Electronics Specialists Conference, 1999. 

[14] A. J. Forsyth and S. V. Mollov, "Simple equivalent circuit for the series-loaded 
resonant converter with voltage boosting capacitor, " IEE Proceedings - Electric 
Power Applications, vol. 145, pp. 301-306,1998. 

[15] A. J. Forsyth, G. A. Ward, and S. V. Mollov, "Extended fundamental frequency 
analysis of the LCC resonant converter, " IEEE Transactions on Power 
Electronics, vol. 18, pp. 1286-1292,2003. 

199 



Chapter 6- Analysis of inductor-less ZVS with radial 

mode Transoner PTs 

6.1 Introduction 

In the previous chapter, relationships were derived between the ZVS condition and the 

components in the standard PT equivalent circuit. As such, these relationships are 

applicable to any type of PT that can be modelled with this equivalent circuit. However, 

they do not show what the physical design requirements are for achieving inductor-less 

ZVS, or how these requirements affect power density. 

In this chapter, the equivalent circuit models for the radial mode Transoner PT that were 
derived in Chapters 2 and 3 are used in conjunction with the results from Chapter 5 to 
determine the physical design requirements that apply specifically to this type of PT. 

The impact of these requirements on power density is assessed, guidelines for 

maximising power density are given, and comparisons between the inductor-less and 

with-inductor half-bridge topologies are made. Finally, the need for the PT designer to 

meet a particular set of converter specifications is considered. 

6.2 Analysis of radial mode Transoner PTs with input and output section 

electrode radius equal to the outer radius 

To make the analysis that follows as clear as possible, the simplest case of a radial mode 
Transoner PT where the input electrodes, output electrodes, and outer radius are all 
equal to one another is considered in its entirety first. 

A. Relationship between the ZVS condition and device geometry 
When the input section electrode radius, output section electrode radius, and outer 

radius are equal to one another, the equivalent circuit components are described by 

(2.68) to (2.84) in Chapter 2. Depending on the choice of MOSFETs, the contribution to 

Cell from the parasitic MOSFET output capacitances may be neglected in many cases. 

With this approximation, substituting the equivalent circuit formula from Chapter 2 into 
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(5.49) yields the following relationship for Y in terms of the physical dimensions and 
material parameters 
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Hence, for ZVS to be possible, the following condition must be observed 
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If there is negligible difference between the dielectric constant, coupling factor, 

mechanical compliance, Poisson's ratio, and piezoelectric coefficient in the input and 

output sections, then (6.1) reduces to 
t total 

Y 
twat (6.3) tin 

Therefore to a first approximation, it is the ratio of the total thickness of the output 

section layers to the total thickness of the input section layers that determines whether 
ZVS can be achieved for a given M, V, and output topology. From Figures 5.14,5.16, 

5.21,5.23,5.24, and 5.26, the size of input section required to obtained ZVS for a given 
topology with a given sized output section therefore increases as M approaches unity, 
and increases as PT efficiency decreases. In reality, the material parameters that apply 
to the input and output sections are often not the same. Nevertheless, it is clear from 

(6.1) that adjusting the ratio of öw; w to t; 'o`°' is the primary means of adjusting Y, and 

therefore of adjusting the ZVS capability. 

Comparing Figures 5.18,5.27, and 5.28, it can be seen from (6.2) that for a given m 

and v, the size of input section that is required for a given sized output section depends 

on the output topology (i. e. whether AC-output, DC-output capacitively smoothed, or 
DC-output inductively smoothed). The AC-output topology requires the largest input 

section, the DC-output capacitively smoothed topologies require the smallest, and the 

requirements of the inductively smoothed lie approximately mid-way between the two. 

For the case where the input and output section electrode radii are equal, but smaller 
than the outer radius of the device, the results in (6.1) to (6.3) still apply because the 

J 
rRal 

ýJ 
ýRbl 

cC 
term that appears in the force factor equations in Chapter 3 becomes 
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unity. Therefore making the outer radius larger than the electrode radius has no effect 
upon ZVS capability when the two electrode radii are equal. 

B. Relationship between Y and power density (A C-output topology) 
Neglecting isolation layers, electrode layers, and any other inactive layers, assuming 
that 2C0,,, «C,,,, and assuming there is negligible difference between the material 

parameters that apply to the input and output sections, (6.3) can be used to express the 

volume of a PT in terms of Y 
1 

I. Volume=mi2(touý' +t, ý`°'ýZt`ý; °'I I+ ( 
YJJJ 

(6.4) 

Working on the assumption that the input section is large enough to efficiently induce a 

radial vibration in the output section (i. e. Y is not excessively large), and with reference 
to Figures 2.7 and 5.1, the output power of a PT in the AC-output topology can be 

written in terms of the vibration velocity as 
22 

`flour 
RLVa, 
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PT - 

RL202Cou, 2 
+1 

(6.5) 

The maximum vibration velocity that can be used is assumed to be approximately 
constant for all radial mode designs operating at the first radial resonance, and 
dependent only on the piezoelectric material itself. Although there are many factors that 
influence heat generation in a PT design, and therefore the maximum vibration velocity 
that can be used, the maximum vibration velocity is often assumed constant for the first 

design iteration [1]. Substituting (5.44) and the appropriate formula from the model in 

Chapter 2 into (6.5), and making use of the formula for planar coupling factor, 
m6,2 our 
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Since a PT will always be operated close to the chosen resonant frequency, w may be 

regarded as inversely proportional to the outer radius. Substituting w=wf 
R), (see 
a 

Chapter 3) into (6.6), 
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where Wvf is the ratio of the operating frequency to the short circuit resonant frequency, 

and will usually be around 1.05 to 1.1 when the PT is delivering full power. Dividing 
(6.7) by (6.4), the power density of a PT can be expressed in terms of Y as 

max Z 
va, RA25 MY 

(6.8) Pý'`J"aa(Y+1(MZ+1 

For a given load condition m, it is therefore desirable from a power density perspective 

to use the largest value of Y possible. However, from the previous chapter, it is known 

that ZVS can only be achieved if Y is less than or equal to Y., and that for a given 

topology Y. is a function only of M and V. Thus, (6.8) elucidates why the previous 

chapter concentrated on calculating the largest value of Y at which ZVS can be 

achieved assuming a free choice of frequency and dead-time; for a given M and yf, the 

power density of a PT capable of inductor-less ZVS is maximised by designing such 

that Y=Y. . 

C. Relationship between load condition and power density (AC-output topology) 

It was shown in the previous chapter that Y,,,,,, is dependent upon m. However, as (6.7) 

demonstrates, so too is the maximum output power of a PT. For a given set of output 

section dimensions, (6.7) indicates that the maximum output power of a PT is 

proportional to M /(M2 + 1), and is therefore theoretically maximum at M =1. Since the 

output power of a PT with a given set of output section dimensions is maximum at 
M=1, but the size of the input section required for a PT with that output section to 

achieve ZVS is largest when M =1 (see Figure 5.14 and (6.2)), it is not immediately 

clear what value of m will maximize the overall power density of a PT that is designed 
for inductor-less ZVS. From (6.8), the power density of a PT where Y has been set so 
as to maximise power density whilst also just allowing ZVS to be achieved can be 

expressed as 
max 2 

Pa 
va, RX ii 

(6.9) dens« 
a(Y,,, + 1) M2 +1 

Hence for a given radius and a given piezoelectric material, PT power density is 

proportional to MJ' 1((m2 + 1kY+ i)). This function is plotted in Figure 6.1 using data 

for the AC-output v =1, X=0.1 case. Since there is negligible change in Y,,, a� with x, 

this plot applies to all values of X. Figure 6.1 indicates that the theoretical power 
density of a PT in the inductor-less AC-output topology will be maximized by designing 
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the PT such that the load into which maximum power is to be delivered coincides with 
the matched load condition (NI =l), even though this value of h/ requires the largest 

input section thickness to achieve ZVS. 

1 Ö' io° 
M 

10' 

Figure 6.1: Change in relative power density with .u 
for the AC-output topology when is 

calculated using ay _I. 

From a design perspective, the choice of M will also depend on many other victors, 

such as the tendency for Q. to decrease as the number of layers is increased, geometric 

considerations, etc. However, given the shape of Figure 6.1, it is likely that power 

density will become increasingly compromised if a PT is designed such that maximum 

power is to be delivered at M values considerably above or below 1. 

Taking into account the losses when calculating Y,, for use in (6.8) is not 

straightforward because in reality the way in which efficiency would change as the P'I' 

design were altered in order to change M (we are assuming here that R, is fixed by the 

converter specification) depends on many factors. However, since there is a tendency 

for efficiency to decrease as M is moved away from unity, the decrease in power 
density that is shown in Figure 6.1 is likely to become even more pronounced at A/ 

values considerably above or below 1. 

D. Relationship between load condition and power density (D('-output lopologie. S) 

Approximate relationships between PT power density, A4, and Y,,,, for a radial node 

Transoner device with a given radius and vibration velocity can be derived for the I)C- 

output topologies using similar approximations. For the capacitively smoothed 

topologies, power density is found to be proportional to tifY, _r 104 +O (Y, 
_, 

(Y,,, 
nt + 1)), where 
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M is defined as shown in (5.60) for the full-bridge capacitively smoothed topology, or 

as shown in (5.73) for the half-wave capacitively smoothed topology. For the 

inductively smoothed topologies, power density is proportional to 

MYm. l((M2 +*max +1)) when in the continuous mode, and 

irYmax(2sin(a+ß)sin(a)-cost(a)-cos2(a+Q)+2)/(8(1+Yma, )) when in the discontinuous 

mode, where m is defined as shown in (5.64) for the full-bridge inductively smoothed 

topology, or as shown in (5.74) for the current doubler topology. a and ß are again 

found from the solution to (5.71) and (5.72). It should be noted that these formulas 

cannot be directly used to compare the power density of one inductor-less topology 

against another because the maximum output power of a given sized output section 

depends on the choice of output topology (see Chapter 4). Overall topology 

comparisons will be made in Section 6.5. Using the appropriate data sets for the change 

in Y.. with M at X=0.1, yj = i, the anticipated change in overall PT power density 

with M is plotted for all 5 topologies in Figure 6.2. This figure applies to all values of 

x because the change in Ymax with x is negligible. It is concluded that, regardless of the 

topology, m should be kept close to unity for the load resistance into which maximum 

power is to be delivered. The change in shape that occurs for the inductively smoothed 

topologies in Figure 6.2 is caused by the rectifiers changing from the continuous to 

discontinuous modes of operation at m= 2/ir (see Chapters 4 and 5, and 121). 

rL 

10' 

- ac-output 
----full-bridge and half-wave capacitively smoothed 

full-bridge inductively smoothed and current doubler 

10° 
M 

1o' 

Figure 6.2: Change in relative power density with ti when t',,, , 
is calculated using vI. 

205 



E. Comparison between with-inductor and inductor-less designs 

From Figure 2.7, PT input power can be expressed in terms of the vibration velocity as 
P,.,,, = Ain jvCin, 

RMSVa. RMS COS() (6.10) 

where vcn,. is the RMS value of the fundamental component of the voltage across the 

input capacitance and 0 is the tank impedance phase angle. As discussed in Chapter 3, 

assuming P.,,,.,. - PinPr and substituting the formula for A, n 
from Chapter 2 results only 

in a dependence on the radius and the number of layers in the input section, and not on 
the volume of the input section itself. However, because of the assumptions made in 

Chapters 2 and 3, the input section must be large enough compared to the rest of the 
device for a radial vibration to be efficiently induced in the output section. Considering 

devices that were optimised for the with-inductor topology, such as the Transoner T1- 

15W, this can be achieved with an input section that is much smaller than the rest of the 
device. In the case of the T1-15W, the total input section thickness is approximately 
0.66 times the total thickness of the rest of the device. 

A PT with a given set of output section dimensions, operating in the AC-output 

topology with a matched load and achieving 95% efficiency, would require a total input 

section thickness that was at least 1.57 times the total output section thickness if it were 

used in the inductor-less topology (see Figure 5.14 and (6.3)). In contrast, the same PT 

would require a much smaller input section if it were used in a with-inductor topology, 

e. g. 0.66 times the output section. Since both devices would have the same maximum 
theoretical output power (see (6.6)), it is therefore apparent that an inductor-less design 

will always achieve PT lower power density than a with-inductor design because it 

requires a proportionally larger input section which contributes nothing further to the 
theoretical maximum output power. 

From (6.2), (6.3) and Figures 5.21 and 5.24, the DC-output capacitively smoothed 
topologies require an input section thickness approximately 1.05 times the output 

section at M =1, yr =1 0.95 , and the inductively smoothed topologies require an input 

section volume approximately 1.35 times the output section at M =1,0, =1 0.95. Thus, 

all five variants have input section thickness requirements for ZVS at M =1 that are 
larger than that required to ensure a radial vibration is efficiently induced in the output 
section. Consequently, all five will achieve lower PT power density if they are designed 
for inductor-less operation compared to with-inductor operation. However, it is also 
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clear that the decrease in PT power density that will occur when moving from a with- 
inductor to an inductor-less design will be much less severe for the DC-output 

capacitively smoothed topologies than the AC-output topology. For a given set of 

output section dimensions, the DC-output topologies require a proportionally smaller 
input section to achieve ZVS than the AC-output topology. However, it is known from 

Chapter 4 that the maximum output power that can be achieved for a given vibration 
velocity and a given set of output section dimensions is highly dependent upon the 

output topology (i. e. whether AC-output, DC-output capacitively smoothed, or DC- 

output inductively smoothed). Therefore the previous statement does not imply that the 
inductor-less DC-output topologies achieve higher PT power density than the AC- 

output topology. Conclusions about PT power density in the various topologies are 

given in Section 6.5. 

A further consideration is that, because the input section thickness required for an 
inductor-less design is greater than that for a with-inductor design, the design may have 

to be changed to a larger radius in order to prevent interference from the first thickness 

mode, and this may further reduce power density (see (6.8)). Although the power 
density of the PT itself will be lower when using an inductor-less design, a saving is 

then made by the removal of the inductor. Therefore in some cases, an inductor-less 

design may result in a converter with higher overall power density. Whilst the 

mechanical losses in an inductor-less design are likely to be greater than a with-inductor 
design, simply because the PT will be larger, the latter would obviously incur additional 
losses from the inductor. Hence there are many trade-offs between the with-inductor 

and inductor-less topologies. 

6.3 Impact of unequal electrode radii on the ZVS condition and power density 

The equivalent circuit model formulas in Chapter 3 depend on whether the input section 

electrode radius is smaller than the output section electrode radius, or vice versa. 
Therefore it is easiest to consider each case in turn. 
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A. Input section electrode radius less than or equal to output section electrode radius 
For this case, the equivalent circuit components in Figure 5.1 are described by (3.132) 

to (3.140) in Chapter 3, where a is the radius of the input section electrodes and b is 

the radius of the output section electrodes. Substituting these into (5.49) and neglecting 

CAS results in 
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A plot of the function . 
J, ()2/�, 

(Ra)2 is shown in Figure 6.3. From Figures 5.14, 
cc 

5.16,5.18, and Figure 6.3, and (6.12), it can be seen that the size of (and hence the 

volume of the input section, tß, ') required to achieve ZVS: '° 

" increases as m approaches unity (assumes v, a, b, c, held constant) 

" increases as PT efficiency decreases (assumes M, a, b, c, tow, ' held constant) 

" decreases as a is increased (assumes y/, M, b, c, töý°' held constant) 

" decreases as b is decreased (assumes V/, M, a, c, töw, ' held constant) 

(Note that a, b, and c are bounded: a: 5 b: 5 c) 

Hence, for a given c, t`ýý' (and hence a given output section volume), M, and w, the 

value of t;: " (and hence the input section volume) required to obtain ZVS is minimised 
by making a=b. Once a=b, their size relative to c makes no difference to the ZV S 
behaviour, but does affect output power, and therefore power density. 

C 
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Substituting the appropriate formula from Chapter 3 into (6.5) and letting (u = of 

the maximum output power of a PT in the AC-output configuration is 
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Note that the vibration velocity is now instead of Neglecting isolation 

layers and any other inactive layers, assuming that 2C',,,, <<(',,,, and assuming there is 

negligible difference between the material parameters that apply to the input and output 

sections, the volume of a ZVS capable PT is given by 

Volume=7lc`(t;;, `, °1 +i:: °')=Tc2t<,,, ý°r 
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where (6.11) has been used to define the required for ZVS to just be achieved. 

Hence, from (6.13) and (6.14), the power density of such a PT is 
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It was shown in Figure 6.3 that �, 
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that this minimum is independent of the value of a=h 
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u=h, and 

and c. Since Y, ý, 
is always 
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positive, the i/1+J, 
\ 
Rb IZYJ, I Ra +Z term in (6.15) is therefore maximised when 

a=b and becomes independent of a=b and c since Y. depends only on m and y/ . 

For a given maximum vibration velocity that can occur anywhere in the device, the 

maximum value of vb, Rhss in (6.15) that can be used will depend on the ratio of b to c. 

As b is increased towards c, vb. Ras increases towards the maximum vibration velocity 

that occurs within the device. Thus, for a given material, the value of v that can be 

used in (6.15) is maximised when b=c. Since making bzc has no effect on the 

Rb )2 
/ ý, 

(R. )2 i term when a=b, it is therefore concluded that power density is 

maximised by making a=b, bzc, and keeping c relatively small. Although the 

difference between v7 and the maximum vibration velocity is small once b/c is 

greater than about 0.75, it is still advantageous to make bz c because the mechanical 
losses will be lower (the non-piezoelectric ring in region 3 still contributes to R. ). 

B. Output section electrode radius less than or equal to input section electrode radius 
For this case, the equivalent circuit components in Figure 5.1 are described by (3.131) 

to (3.139), but with the "in" and "out" identifiers swapped around. a is the radius of the 

output section electrodes and b is the radius of the input section electrodes. Substituting 

these into (5.49) and neglecting Cog, results in 
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A plot of the function �, 
ýR 

IZ / �, 
R 12 

is shown in Figure 6.4. From Figures 5.14, 
Cc 

5.16,5.18, and Figure 6.4, and (6.17), it can be seen that the size of (and hence the 

volume of input section, )Tc't,,, ") required to achieve ZVS: 

" increases as m approaches unity (assumes y/, a, b, c, r; ' held constant) 

" increases as PT efficiency decreases (assumes m, a, b, c, held constant) 

" decreases as a is decreased (assumes y/, M, b, c, held constant) 

" decreases as b is increased (assumes yr ,M, a, c, held constant) 

(Again, a, b, and c are bounded: a<_ b< c ). 

'°'°' (and hence a given output section volume), M, and q/ , the Hence, for a given c, rour 

value oft (and hence the input section volume) required to obtain ZVS is minimised 

by maximising b and minimising a. 

1.4.. 

b/c ViC 

(a) (b) 

0.95 

z 
Figure6.4: Plotsofthefunction J, 

ýRU) 
/J, 

(Rb . a)for a<h<_c, b)for a<b when h/c=0.95. 
c) c 

Substituting the appropriate formula from Chapter 3 into (6.5) and letting ro = ro 

the maximum output power of a PT in the AC-output configuration is 

/(Ra 
max 

2 out 2 total `ý 
Pmax 

- 

2vA, 
2L/. S 

ýp tout cMc 

ow, pT -ý" 

tuJRv, sý', a, t M'`+I 
ýI(RbZ II\cJJ 

R ü, 

cý 

(6.18) 

Using the previously described approximations, the volume of a P'l' capable of inductor- 

less ZVS is 

0.5 0.55 0.8 0.65 0.7 0.75 0.8 0.85 0.9 
WC 

Ra 
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ti- \2 1) 

Volume = 1rý (t' + t! °'*)= m-2t`°"ý1i+ 
J1 I 

ca 1 

(1J2 

where (6.16) has been used to define the unto! 

(6.19) 

required for ZVS to just be achieved. 

Hence, from (6.18) and (6.19), PT power density is given by 
22 

výxus kpý` M1 paen. rry ac 
,i , -x, . 7` z 

.. ii 7 ýý °I 1-kP'-) ýM ti) 1 
jl 

(Rbj - 
\1 

� \J I 

(RJ2 7 Y°"" 

c P 

(6.20) 

C 
Again, it was shown in Figure 6.2 that J, 

(Rbc 12 
/i , 

(L lZ is minimised by making a=b, 

and that this minimum is independent of the value of a= b and c. Since Ymax is always 

positive, the 1/ , I, 
(Rb )2 

JI (Ra )21 
+- term in (6.20) is therefore maximised when lcCY,,,, X 

a=b and becomes independent of a=b and c since Y. depends only on M and yi . 

This time, for a given material, the value of v ,a that can be used in (6.20) is 

dependent upon the ratio of the radius of the input section electrodes to the outer radius, 
and is maximised when b -- c. Therefore it is again concluded that the power density of 
such devices is maximised by making a=b, bzc, and keeping c relatively small. 

6.4 Guidelines for maximising the power density of PTs capable of inductor-less 

ZVS 

In Sections 6.2 and 6.3, it has been shown that the power density of a radial mode 
Transoner PT that is designed to achieve inductor-less ZVS will be maximised if 

" The load condition m=1 is observed for the load into which maximum PT 

output power is to be delivered. 

" The phase angle of the tank impedance is between 57.05° and 57.55° when 

operating with the load into which maximum PT output power is to be delivered. 

" The ratio between Cef and N2Cow, is equal to Y,,,, x 
for the M and ' that 

correspond to the load into which maximum PT output power is to be delivered. 

C 
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" The input and output section electrode radii are equal to one another, and 
approximately equal to the outer radius of the device. 

" The outer radius of the device is kept relatively small (but large enough that 

c/ rro(Q, is large enough to prevent interference from the first thickness mode) 

"A piezoelectric material with a high planar coupling factor, which can operate at 
high vibration velocities in a thermally stable manner, is used. 

Many of these guidelines are similar to those for the with-inductor topology (see 
Chapter 3). However, because there is a tank impedance phase angle that optimises 

power density (by minimising the size of the input section required to achieve inductor- 

less ZVS), it is harder to achieve a converter design that simultaneously meets these 

guidelines and also meets a particular converter specification. 

For many converter specifications, it should be possible to find a design that adheres to 

the guidelines above. In step-down applications, Ate� is relatively large, which in turn 

requires several layers to be used in the output section, whilst A,,, is relatively small and 

may only require one layer (A. 
� 

is determined by Po,,,. rr = Aou, 2Vb. 
RM 

2R, 
, where R, is the 

equivalent series resistance of the output topology, whilst A, 
� 

is determined by (3.149). 

Note that 0x 57.3° should be used in (3.149)). If the design is to be realised with 

a=b, 4 c, then A,,, effectively determines all three radii if the size of A,,, is such that only 

a single layer is required. The need to have an integer number of layers may then result 
in A°u, being slightly larger or smaller than the value required for M to equal 1 at the 

nominal load resistance, vibration velocity, and output power. However, because there 

are several output section layers, the deviation from M =1 will be relatively small. 

In cases where the desire to keep a=b-c may result in an A0 , that corresponds to an 
M of less than unity for the load into which maximum output power is to be delivered 
(due to the need for there to be an integer number of layers), the penalty in terms of 
power density will still be reasonably small (see Figure 6.2) provided the deviation from 
M=I is not too large. Thus, M can be thought of as a way of balancing the input and 
output section requirements so that a particular specification can be achieved with 
a=bmc. The alternative is to allow the input and output section electrode radii to be 
different; however, this will also have an impact on power density, as shown in Section 
6.3. 
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If a very large step-down ratio is required, it may not be possible to simultaneously 

achieve an output section design that is capable of delivering the required output power 

whilst also having an outer radius that allows a small enough A,,, to be achieved using a 

single layer input section with an electrode radius approximately equal to that outer 

radius. In other words, if A,,, is allowed to dictate the input section electrode radius and 

the outer radius, the output section design may have to be so thick in order to achieve 

the required output power that interference will occur between the thickness and radial 

vibration modes. In these circumstances, there are two options: 
1) Allow the input section electrode radius to be smaller than the output section 

electrode radius and outer radius (but keeping the output section electrode radius 

approximately equal to the outer radius). 
2) Allow for a larger A,,, to be used by operating at a0 larger than = 57.3° . Note 

that this will require a smaller Y to be used in order to achieve ZVS. 

Both of these options will compromise power density. Note that the second option can 
be used in with-inductor PT designs without any impact on power density because the 

size of C, � does not need to be controlled (so there is no need to try and operate at 

0= 57.30). However, for inductor-less designs, when 0 is greater or less than -- 57.3° , the 

value of Y required for inductor-less ZVS decreases, which in turn requires a larger 

input section to be used. The first option allows 0= 57.3° to be used at the nominal 

power, but also decreases power density because a larger input section is required when 

the input section electrode radius and output section electrode radius are not equal (see 

Section 6.3). However, both options allow the outer radius to be chosen such that the 

output section design is of reasonable proportions, and enable a design to be found that 

satisfies the electrical specifications. Note that using an M of less than 1 will not help 

in this situation because it would result in an even larger output section volume being 

required to meet the required output power. 

Sometimes a converter manufacturer will specify a maximum component height which 

restricts the maximum total thickness of the PT. Depending on the other specifications 
(power level, etc), this can result in the PT requiring a larger outer radius than would 

otherwise be used. That is, a higher c t,,,,, ratio must be used. Not only does the use of a 
larger radius decrease power density (see (4.47), (4.48), and (4.49)) but it can also make 
it impossible to achieve the Ay that is commensurate to $a 57.3° with an input section 
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electrode radius that is close to the outer radius in step-down applications. In other 

words, once a sufficient portion of the total thickness is allowed for the input section 
thickness, the required output power level can only be achieved with an output section 
that has a large electrode radius, and when the outer radius is then made just larger than 

this, a single input section layer with an electrode radius close to the outer radius results 
in A,,, being too large for 0= 57.30 to coincide with the required power level, vibration 

velocity, and fundamental component of the half-bridge voltage waveform (see 
(3.149)). Again, there are two options, but both compromise power density: 

1) Allow the input section electrode radius to be smaller than the output section 

electrode radius. 
2) Allow for a larger A,,, to be used by operating at a0 larger than m 57.3° . 

It is therefore concluded that it can be more difficult to achieve a PT design that 

simultaneously achieves high power density and meets the required electrical 

specifications with an inductor-less design compared to a with-inductor design. 

Although there are many practical considerations that will affect the final choice of 
device dimensions and the associated equivalent circuit component values, the 

following is suggested as a starting point for achieving a high power density inductor- 

less PT design 

" C,,,, is chosen such that m is close to 1 for the load into which maximum power 

is to be delivered. 

" A0 , is chosen such that the maximum allowable vibration velocity corresponds 

to the required maximum output power at the required load. 

" A, � is chosen such that when 0= 57.3° , the maximum vibration velocity 

corresponds to the chosen input voltage and maximum input power required. 

" The upper limit for c,, is then calculated from the design charts and the 

previously determined Cow, , A..,, A, � , M, and an estimate of the expected PT 

efficiency. 
Ate� , A,,, Cow , and Cell are then translated into a physical PT design using the equivalent 

circuit models in Chapters 2 and 3. However, because of the aforementioned issues, it 

may be necessary to adjust these values of A,,,,,, A, � , C0,,, , and Cs, so that a physical 

design can be found that meets all the electrical specifications simultaneously. 
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6.5 Relative overall PT power density comparisons 

Having studied the effect of the output topology on power density (Chapter 4), and the 

effect of the input topology (with-inductor or inductor-less) on power density (Chapters 
3,5, and 6), a comparison can now be made between the various half-bridge based 

topologies. Only devices where the input section electrode radius, output section 

electrode radius, and outer radius are all equal (i. e. the optimum case) will be 

considered. Furthermore, in each case it is assumed that the optimum load condition is 

always used (M =i). The results apply only to a given radius, and rely on making the 

assumption that the maximum vibration velocity that can be used is approximately 

constant across all designs. 

We start by considering a radial mode Transoner device with a given set of output 
section dimensions. The volume of the output section is designated as 1. The input 

section volume is then calculated. For the with-inductor topologies, it is assumed that 

the input section volume must be approximately 0.66 times the volume of the output 

section in order for a radial vibration to be properly established in the output section. 
For the inductor-less topologies, the input section volume is defined by the need to 

obtain ZVS, assuming the PT is 95% efficient. The relative maximum PT output power 

of each topology is then calculated using the results from Chapter 4. Finally, a relative 
PT power density is obtained by dividing the relative maximum PT output power by the 

combined volume of the input and output sections. The results are shown in Table 6.1. 

With- 
inductor, 

AC-output 

Output 
section 
volume 
Input 

section 
volume 

Relative PT 
output 
power 

1 

0.66 

1 

With- 
inductor, 

DC-output 
capacitively 
smoothed 

1 

0,66 

With- 
inductor, 

DC-output 
inductively 
smoothed 

I 

0.66 

Inductor- 
less, AC- 
output 

1 

1,57 

Inductor- 
less, DC- 

output 
capacitively 
smoothed 

I 

1.05 

Inductor- 
less, DC- 

output 
inductively 
smoothed 

I 

1.35 

2/z 1 8/)r2 I1I 2/; r 1 8/; r2 
Relative PT 

power 0.602 0.386 0.488 0.389 0.311 0.345 
density 
Table 6.1: Predicted relative PT power density when using the various half-bridge topologies. 
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From Table 6.1 it can be seen that, although the DC-output capacitively smoothed 
topologies require a much smaller input section for a given sized output section in order 
to achieve ZVS compared to the AC-output topology, the overall power density of this 

topology is still lower because less output power is obtained from a given sized output 
section with the capacitively smoothed topologies than with the AC-output topology. 

A key conclusion of this work is that, for DC-output applications, the power density of a 
radial mode Transoner PT is maximised if it is used in the with-inductor topology with 
an inductively smoothed rectifier. For a given output topology, the with-inductor half- 

bridge achieves higher PT power density than the inductor-less topology, but requires 

an inductor. For a given input topology (i. e. with-inductor or inductor-less), an 
inductively smoothed rectifier achieves higher PT power density than the capacitively 

smoothed, but again requires an extra inductor. Hence, there is a trade-off with both the 

series inductor at the PT input and the inductor of the rectifier, between PT power 
density on the one hand, and the cost and size of the additional inductor(s) on the other. 

If piezoelectric materials that can operate at high vibration velocity in a thermally stable 
manner are developed, then the decrease in power density that is incurred by the 
inductor-less DC-output capacitively smoothed topology may become far less of an 

obstacle to the introduction of PT-based DC-output converters because the power 
density will still be higher than their magnetic counterparts. However, until this 
happens, it is the author's opinion that PT-based DC-output converters will find it hard 

to compete directly with magnetic technology (and especially planar magnetics) in 

applications where power density is of utmost importance. There may, however, be 

other applications in which the specific merits of a completely inductor-less converter 
can be put to good use, such as converters for electromagnetically harsh environments. 
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6.6 Summary 

Through an approximate analysis of the input section required for ZVS at a particular 
load condition, and the output power of a device of given radius at that load condition, it 

has been shown that the theoretical power density of an inductor-less radial mode 
Transorier PT is maximised by designing the PT such that the load condition M =1 
corresponds to the load resistance into which maximum PT output power is to be 

delivered, even though this load condition requires the largest input section to achieve 
ZVS. 

Inductor-less radial mode Transoner PTs have been shown to require a larger input 

section thickness than their with-inductor counterparts for a given set of output section 
dimensions. For the AC-output topology, this increase is substantial and results in 

considerably lower PT power density than the with-inductor topology. However, since 

the difference was found to be much smaller for the capacitively smoothed DC-output 

topologies, it is concluded that the inductor-less configuration is of greater benefit in 

converters where these topologies are used. 

Guidelines for maximising the power density of radial mode Transoner PTs in inductor- 

less converters have been given, and the compromises that will sometimes be necessary 
in order to simultaneously meet all the requirements of certain converter specifications 
have been discussed. 
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Chapter 7- Inductor-less PT-based DC-output 

capacitively smoothed converters with output voltage 

. regulation 

7.1 Introduction 

The previous chapter has provided guidelines and design constraints for maximising the 

power density of inductor-less PT-based converters. This focused on the situation where 
a PT is designed to drive a specific load condition using the frequency and dead-time 

that most readily allow ZVS to be obtained. However, DC-DC converters are typically 

required to provide output voltage regulation from no-load up to the maximum specified 
load, and resonant converters often achieve this by frequency modulation. It is therefore 
important to assess the impact that output voltage regulation via frequency modulation 
has on the ZVS condition. This is addressed in the present chapter, where a focus is 

placed on the DC-output capacitively smoothed topology shown in Figure 7.1. Note that 

throughout this chapter, the vibration velocity that constitutes the tank current in the full 

lumped equivalent circuit is referred to as vo (as per Chapter 2), however, the contents 

are equally applicable to devices where the tank current is vb (as per Chapter 3). 

Firstly, a method is presented for determining the optimum equivalent component 

values for a radial mode Transoner for a given converter specification such that the 

guidelines in the previous chapter are observed for the load into which maximum power 
is to be delivered. This is verified with an example design using SPICE simulation. 
Whilst ZVS will just be achieved at the maximum load, and PT power density will be 

maximised, it is not clear what will happen as the load resistance is increased and the 

switching frequency is dictated by the need to maintain constant output voltage. 
Therefore, a method for analysing the ZVS capability of voltage regulating converters is 
developed and applied to the example design. Conclusions are then drawn about the 
suitability of this topology for applications requiring voltage regulation, and how such 
converters should be designed. 
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Piezoelectric transformer 

ivo1, c1 
-m -m dt« 

j--j rrrý 

-----------------------------------------------I 

Figure 7.1: The inductor-less PT-based DC-output capacitively smoothed topology with a full- 
bridge rectifier. The full lumped equivalent circuit model of the PT is shown. 

7.2 PT design method 
The following method generates a theoretically optimum set of equivalent circuit 

component values based on the ZVS analysis in the previous chapter, and therefore 

represents a useful starting point for a practical PT design. The design is centred on the 

load into which maximum power is to be delivered. 

The fixed electrical design specifications are: 

" The load resistance into which maximum output power is to be delivered, RL 

" The associated maximum power to be delivered to that load resistance, P,,,, 

" Required output voltage, V 

" DC link voltage, Vd,. 

" On-state voltage drop of a single rectifier diode, V,, 

The variables that must be decided by the PT designer are 

" The maximum motional current (i. e. the maximum vibration velocity), 

" Al , the desired loading factor when delivering maximum power 

" V, the inverse of the expected PT efficiency at that loading factor 

" C' nr 

When a PT is designed such that ZVS is only just achieved when the optimum 
frequency and dead-time for ZVS are used, the phase angle and dead-time fraction that 

result in ZVS are always approximately 57.3° and 0.239 respectively. Therefore the 

shape of the voltage waveform across the input capacitance at this operating point will 
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be approximately constant, and the fundamental component of that voltage wavetbrm 

will be an approximately constant proportion of the DC link voltage. Using Fourier 

series formula, the amplitude of the fundamental component of v,. was found to be 

o. 593Vd when Y, M, and yt are such that ZVS can only just be achieved when the 

optimum frequency and dead-time are used, and the converter is operating at that 

optimum frequency and dead-time. 

The following quantities can be calculated directly from the design specification and 

remain fixed during the design process: 

" The RMS of the fundamental component of i' , , ý(_ R, ýs = 
0.593V ,. V-2 

" The efficiency of the full-bridge capacitively smoothed rectifier is 

approximately 17,,,,, =1. Therefore the total PT output power required is 
1+2V, ß 

Pu,. PT = =P_ 
(1+2Vf 

11-, 

" The total PT input power required is therefore P, �, Pr = v1P ,. rr 

" The ratio of the rectifier diode on-state voltage drop to the converter output 

voltage, V= VI 
V 

ur 

The circuit of Figure 7.1 is modelled with the circuits shown in Figure 7.2 (see 

Appendix B), Figure 7.3, and Figure 7.4 (see Chapter 5), depending on the type of 

calculation being performed and which model it is most convenient to use. 

Figure 7.2: Full PT lumped equivalent circuit with RC rectifier model. 
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I 

Figure 7.3: Simplified PT lumped equivalent circuit with RC rectifier model. 

Figure 7.4: Simplified equivalent circuit of the form used for the ZVS analysis in Chapter 5. 

The main design equations are derived as follows (and draw upon those developed in 

Chapter 5). Rearranging (5.60), the output capacitance can be expressed as 

C°°` = 
MIT 

(7.1) 2R, w 1+ 2Vj 

From Appendix B, R,,,,., in Figure 7.2 is given by 

R_ 
8RL(1+2V 

R-,., (7.2) 
+2RLCam,,, w1+2Vdf 

From Figure 7.2, PT output power is given by P rr =v Knýs2 A' R.. hence 

A, 
ü 

I=P,. Pr (7.3 ) 
V,. RMS R, 

", 

Note that the modulus sign is used in (7.3) because A,, and . 4,,,,, are actually negative 

quantities (see the force factor formula in Chapters 2 and 3, and the discussion in 

Chapter 3). Substituting (7.2) and (7.1) into (7.3) 

n(1 +M Puf, 
PT 

A_, 
Va. RMS 8Rý 1+ 2V,, 

7.4 

From Figure 7.2, P, 
� PT = 

IA; 
�IV(Iyn. RMSV,. RMS cos(), Owhere 0 is the phase angle of the tank 

impedance. Thus, 

jA,,, I = 
Pn, 

PT 
(7.5) vCin, RMSVa, RMS COS(O), 

71) 1 



From (5.50) we have X=C, /(C0,,, N2 ). Substituting this into (5.63), the angular 

frequency that corresponds to a particular tank phase angle can be expressed as 
JC, 

LI 
sc(M2+1)+M(2, T+4yrtan(o))+2(M9/2 _Mo. s)-(M+1)2 cos-1I M+1)]+Cm�N2n(M+1)2 

W 
(M+1 L, C, nCM�N2 

where N= AIR 
, 

L, =Lz, C, = C. Aowt2 
. Am� A;,, 

(7.6) 

Closed-form equations for the required Co,,, and v can be found by cross-substituting 

and solving the simultaneous equations (7.1) and (7.6), however, the result is too long to 

show here. For simulation purposes, the value of mechanical loss resistance that models 

the expected efficiency is found as follows: 

With reference to Figure 7.2, Figure 7.3, (5.60), and (7.2), the equivalent series 

resistance in Figure 7.4 can be expressed as 

R., -R, + 
4M 

(7.7) 
rroC. �N2(M+1)Z 

where R, =z. When expressed in terms of the lossfactor V (see Chapter 5), (7.7) 

becomes 

R= 4yiM 
x 7rwCo,,, N2(M+1)z 

Therefore, by equating (7.7) and (7.8), a value for R, is obtained 

R' _ 
4M(yr -1) 

zWC0,,, N2(M+1)Z ' 

and hence a figure for R. is obtained from R. = RIA,,, ' 
. 

(7.8) 

(7.9) 

The design process is summarised as follows: 

1) Calculate A..,, A,, and N using (7.4), (7.5), and N=A, / A., respectively. 

2) Calculate C°u, and w using (7.1) and (7.6), and 0= 57.30. 

3) Find the upper limit for CQff using the design charts in Chapter 5 and (5.49). 

4) For simulation purposes, calculate the expected mechanical loss resistance R, � 
using (7.9). 

The values of Ain) A..,, and N are not dependent on the values of L. and C,,. The value 

of Cou, (and therefore the upper limit for C. and C,,, ), however, is dependent on L. and 

C. (she (7.1) and (7.6)). From Chapters 2 and 3, the values of L. and C. are seen to 

223 



depend on the radius and total thickness of the PT. Hence, the value of Cam,, is dependent 

on the radius and total thickness. It was found, however, that the calculated value of Caw, 

(using (7.1) and (7.6)) changed relatively little if the L. C. product was kept constant. 
From the formula for L. and Cm in Chapters 2 and 3, it can therefore be seen that the 

optimum value for Cour is strongly dependent on PT radius (because changing the radius 

will strongly change the L,, Cm product), but only weakly dependent on the total 

thickness (because changing the total thickness does not affect the L. C. product; the 

small change that does occur in Cou, is due to the C, term that appears in the numerator 

of (7.6)). The dependency of Co., on radius, rather than total thickness, is consistent 

with (7.1), because all the terms except ai are fixed, and we know that the resonant 
frequency, and therefore the operating frequency, is mainly dictated by the outer radius. 
The method detailed above can therefore be regarded as a way of generating a 
theoretically ideal set of equivalent circuit component values for a given PT radius. 
Note that they are referred to as being "theoretically ideal" because they result in 

1) The maximum allowable vibration velocity corresponding to the maximum required 

power level with the load resistance into which maximum power is to be delivered, 

thereby minimising the size of the output section required (for a given radius). 
2) Inductor-less ZVS being achieved with the largest C. possible, thereby minimising 

the size of the input section required (for a given radius). 

7.3 Theoretically optimum design example 
The design method is now used to generate a set of theoretically optimum equivalent 
circuit component values for a converter with the following specifications: 
RL =1052 

Vaý, =10 V 

P"� =10 W 

Vd =1V 
Vd =100V 

The design variables are chosen as: 

va,, e, z = 0.2 A (or m/s) 
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yr=1/0.95 

M=1 

L. =10mH 

Cm = 16o pF 

The resulting equivalent circuit component values are: 

Co,,, =155.8 nF 

IA;,, I=2.788 

IA_, I=11.11 

R. =15.79 S2 

= 9.326 nF (this is the upper limit beyond which inductor-less ZVS cannot be 

achieved) 

The operating frequency is f= 133.72 kHz 

The dead-time factor is t, =0.239 

Waveforms from an idealised SPICE simulation of this PT are shown in Figure 7.5. The 

motional branch current and output voltage meet the specification exactly, and ZVS is 

just achieved. In this figure, v� appears to lag the fundamental component of even 

though v� is defined in the direction shown in Figure 7.1, because A,,, and have 

been implemented in the simulation as being negative in accordance with t� being 

negative (see Chapter 3). The phase angle of the impedance of the tank is, of course, 

inductive. 
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Figure 7.5: Simulated voltage and current waveforms for the design example (I Oft load). 
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7.4 Practical design considerations 

The equivalent circuit component values from the design example could be translated 
into an approximate physical PT design using the models presented in Chapters 2 and 3. 

However, there are a great many practical considerations that affect the choice of the 

design variables V,, M, maximum v, , radius and total thickness. 

In the design example, M was chosen to be 1, which would theoretically maximise the 

power density of the PT according to the relationships developed through Chapters 2,3, 

and 4. However, the choice of M is also affected by the type of radial mode Transoner 

PT (i. e. whether purely bonded or co-fired), and the number of layers that the design is 

likely to require. If a purely bonded device is used, where the radius of the electrodes in 

the input and output section have to be equal to each other and to the radius of the 

ceramic, then decreasing M from 1 allows the required value of A.,,, to be adjusted 

such that the required values of A,, and A0 , can be achieved simultaneously given the 

constraints that the electrode radius is the same in both sections and the number of 
layers in each section must be an integer. For both purely bonded and co-fired devices, 

M can also be used to trade-off the number of layers required in the output section for 

theoretical power density. Decreasing M from l reduces the number of layers required 
in the output section. Since the mechanical quality factor of a piezoelectric device 

decreases as the number of layers is increased [1], it may become beneficial to reduce 

M because the reduced number of layers reduces losses, allowing greater power to be 

transferred. Reducing the number of layers also makes the device easier to manufacture. 
Usually, only m values of 1 or lower should be used because M>1 results in more 
layers being required for no additional benefit. Another consideration is that although 
Q. tends to decrease as the number of layers is increased, the thermal conductivity of 

the device is likely to improve. 

The expected efficiency of the device depends upon its dimensions, the number of 
layers in the input and output section, the ambient temperature in which it is to be 

operated, the type of piezoelectric material used, the influence of spurious vibration 

modes, and the way in which the device is mounted [2]. It is therefore difficult to 

accurately estimate without practical experience from other devices that are likely to 
have a similar composition to the one being designed. 
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The maximum vibration velocity is another property that is difficult to estimate with 

precision prior to the design commencing. Since power density is proportional to the 

square of the vibration velocity (see Chapter 3) it is essential that the design can operate 

at high vibration velocity. 

The choice of outer radius and total thickness (and therefore L. and Cm) requires 

consideration of the values of A,,, A01, Coi, , C,, to be achieved, the need to prevent 

interference from spurious modes such as bending and thickness, and the tendency for 

theoretical power density to decrease with radius (see Chapter 3). Usually the effect and 
location of other vibration modes can only be assessed with finite element analysis 
(FEA), however, one way of suppressing bending modes is to split the input section into 

two and place one on either side of the output section. It is crucial that the first radial 

resonance remains undisturbed. 

Therefore, whilst the design method cannot, by itself, tell the designer what values of 

yr , M, maximum v, , radius and total thickness to use, it does tell them what values the 

equivalent circuit components should take as w, M, maximum va , and radius, are 

chosen and refined. It is therefore envisaged that the proposed design method would be 

used alongside the consideration of FEA, manufacturing tolerances and capabilities, 

material specifications, and experience from devices of similar specification. 
Specifically, its role is to ensure that the required electrical specifications are met in a 
manner which maximises power density. 

7.5 Effect of output voltage regulation on ZVS 

A theoretically optimum set of equivalent circuit component values has been generated 

such that maximum output power is delivered at M =1 and 0= 57.3 °, and ZVS is just 

achieved at the load into which maximum power is to be delivered. In order to study the 

effect of using frequency modulation to achieve output voltage regulation in response to 
load changes, the following routine was developed to find the frequency required for a 
given load and converter to achieve a desired output voltage. 
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An initial value of w is chosen. Ideally, the initial value of w should be such that it will 

result in the impedance of the resonant tank being predominately inductive. Initial 

values for R, ec, and C, p,, are then calculated by substituting Vd =0 into (B. 1) and (B. 2) 

(see Appendix B. Note that (B. 1) and (B. 2) become independent of i., when Vd = 0). 

Rx and Cx in Figure 7.4 are then calculated using 

Rx=R, +N' (7.10) 

Cx _ 

Ct Crut Nzz 
(7.1 1) 

C, + C,,, N 

The maximum value of v,, ry 
(td) and the dead-time at which it occurs is then calculated 

using (5.42). Note that only dead-times that result in the mode sequence 1-3-4-6 are to 
be permitted in cases where ZVS cannot be achieved (v c, ry 

(td )< vdc ), because this ensures 

that the description for vary (r) during the dead-time intervals (see (7.15) and (7.16)) that 

is subsequently used to calculate the fundamental component of vary is correct. This was 

achieved by rejecting any dead-time values that did not result in iL, (o) >o. 

If v, (td) z v, then ZVS can be achieved at this frequency, and (5.42) is then solved to 

find the (lowest) value of dead-time that results in v,, � 
(t )= vdC ; again, this ensures that 

the value of dead-time that is subsequently used is known to result in the mode 
sequence 1-3-4-6, thereby ensuring that (7.15) and (7.16) are applicable. The RMS of 
the fundamental component of v u, is then found using Fourier series formula. Thus 

a2 +blz vCORRAG = (7.12) 
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(7.14) 

Using (5.41) from Chapter 5, the voltage across the input capacitance voltage during 

mode 1 is described by 
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vclp_. vn(t)=Crw(O)R 
+lci(0), 8i L, +va(0)eair 
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Due to the symmetry of the vcn waveform, the voltage across the input capacitance 

voltage during mode 4 is 

vCin_M4(tl - 
vdc 

- 
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ea'(' 2/ -1 
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(7.16) 

During mode 3 and mode 6 we have vC,,, M3 
(t) = v, and v0,, M6 

(r) =o respectively. When 

calculating vI;,, ,., the dead-time that maximises vc; R 
(rd) (whilst also resulting in 

(o) > o) is used if ZVS cannot be achieved, whereas the (lowest) dead-time that results 

in vc,, (id) = v1 is used in cases where it can. This ensures that the dead-time will 

correspond to a mode sequence of 1-3-4-6. A value for i,,,. is then found using (see 

Figure 7.3) 

Ieao. 
RAS - 

I vcin, RALS 

N R+R)2 + ý_ 
1- 12 (7.17) (RI 

N2 

(ý 

WC, QýýrN2 

) 

R,,, and C, ec, are then recalculated using (B. 1) and (B. 2), but with the correct Vd for the 

diodes in question and the newly calculated i,, (which is simply 1, a. R -, r2-- ). The ZVS 

capability and fundamental component are then recalculated using the new values for 

Rrect and C, a, , and a new value for 1,.. is calculated. This process is repeated until no 

further change in i,. occurs. Finally, the output voltage is found using (B. 3). If v. � 
is 

greater than the desired output voltage, the frequency is increased and the whole process 

repeated. Conversely, if V. � is less than the desired value, the frequency is decreased 

(bringing the converter closer to resonance). Care must therefore be taken to ensure that 

the initial value of w results in the tank impedance being inductive (note that ZVS 

would not be possible at capacitive frequencies anyway). The whole process is 

summarised in Figure 7.6. 
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Figure 7.6: Method for calculating the frequency required for a particular output voltage. 

Using this approach, the behaviour of the PT design from Section 7.3 is shown in Figure 

7.7 as the output voltage is kept constant and the load resistance is increased. From 

Figure 7.7a it can be seen that very little change in the ZVS capability of the converter 

occurs as the load resistance is increased and the frequency is adjusted to maintain 

constant output voltage. A 1% decrease in Cef would be more than sufficient to ensure 

that the maximum v', � 
(rd) remains above 1.0. The phase angle of the tank varies 

between 57.3° and 89.03°, as expected, because maximum power was designed to be 

delivered at 57.3° so as to maximise the size of C. and therefore minimise the size of 

the PT input section in accordance with the findings from Chapters 5 and 6. 

Figure 7.7d shows that the dead-time fraction at which the converter must be operated 
increases considerably as the load resistance is increased and the phase angle of the tank 
is increased to maintain constant output voltage. Indeed, as the load resistance becomes 

negligible, over 90% of the switching period is spent with both MOSFETs turned off. 
The voltage and current waveforms for this situation are shown in Figure 7.8. The 

amplitude of the fundamental component of %,, is shown in Figure 7.7e. This decreases 

significantly as the load resistance is increased and the converter moves to a higher 

phase angle and dead-time fraction, and this is why the fundamental component had to 
be recalculated with each iteration during the analysis. 
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(a) 

(c) 

(e) 

(b) 

(d) 

(1) 
Figure 7.7: Converter behaviour when voltage regulating to maintain ION' output voltage. a) 
maximum v,.;,, (tj at the frequency required for output voltage regulation against load resistance, 
b) frequency required (to maintain tOV output voltage) against load resistance, c) tank impedance 
phase angle against load resistance, d) dead-time factor at which the converter should be operated 
against load resistance, e) the amplitude of the fundamental component of the input capacitance 
voltage normalised to the dc link voltage, f) tank current against load resistance. 
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Figure 7.8: SPICE simulation of the voltage and current waveforms for the design example when 
RL = 100 kf2. 

The results in Figure 7.7 have been extensively verified against SPICE simulations. As 

expected (given the results in Chapter 5 and the highly sinusoidal nature of the 

equivalent circuit tank current in PT-based converters), excellent agreement was found. 

It will be appreciated, however, that to conduct such voltage regulation tests in SPICE 

alone would be inordinately time consuming, not only because of the time taken to run 

each and every SPICE simulation, but also because of the continual guess work to find 

the required frequency and dead-time to use at each value of load resistance. 

The need to be able to vary the dead-time fraction at which the converter is running as 

the load resistance varies in order to maintain ZVS has important consequences for 

converter implementation. With a conventional discrete resonant converter, it is usually 

sufficient to use a fixed small dead-time over the entire load range. However, unless the 
input capacitance was made considerably smaller than necessary (resulting in a 

considerably larger input section and lower power density), this cannot he done with the 
PT-based topology analysed here. Hence, some form of control system for adjusting the 
dead-time would be required. 

With regards to practical implementation, a key consideration is therefore how the 

control system would determine the value of dead-time to use. A fixed lookup table 

could be used to select the dead-time based on the switching frequency. However, since 
the equivalent circuit component values can change slightly as the PT heats up, as the 
PT ages, and from device to device variation, further investigation would he needed to 
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see if satisfactory ZVS performance could be obtained by this method. An alternative 
would be to detect when the half-bridge voltage has reached the DC link level and 
decide the dead-time on-the-fly. However, since the choice of dead-time can have a 
significant impact on the fundamental component of the PT input voltage, a method for 

preventing interference between the output voltage control loop and the automatic dead- 

time control may be necessary. 

7.6 Summary 

A method for generating theoretically optimum equivalent circuit component values for 

a radial mode Transoner PT-based DC-output full-bridge capacitively smoothed 
converter has been presented. The values are described as being optimum because they 

satisfy the criteria for maximising PT power density that were established in Chapters 5 

and 6. 

A method for analysing the ZVS capabilities of an inductor-less DC-output capacitively 

smoothed converter when frequency modulation is employed to provide output voltage 
regulation in response to load changes was then presented. Using this method, it was 
shown that if a PT is designed such that ZVS is just achieved at the load into which 
maximum output power is to be delivered, then the converter will also be able to 

maintain ZVS as the load resistance is increased and the output voltage is regulated 
though frequency modulation. This is good news in the sense that the total capacitance 

at the PT input (and therefore the size of the PT input section) does not need to be sized 
more conservatively in order to maintain ZVS during output voltage regulation 
compared to operation at the load into which maximum output power is to be delivered. 

However, it was also shown that in order to maintain ZVS during output voltage 
regulation, the dead-time fraction rd. must be adjusted considerably, which means that a 

practical converter would require some form of dead-time control. Furthermore, since 
the choice of dead-time can substantially alter the fundamental component of the PT 
input voltage (and therefore the output voltage of the converter), it is concluded that the 
implementation of such control may not be straightforward. 
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Chapter 8- Conclusions and further work 

8.1 Conclusions 

The derivation of a Mason equivalent circuit for a simple radial mode Transoner was 

presented in Chapter 2. From this, it is concluded that the lumped equivalent circuit 

model of Yamamoto et al is correct, given the approximations made at the beginning of 

the chapter. Since good agreement was found between the model predictions and 

experiment, the model is an essential tool for quantitatively designing radial mode 

Transoner PTs to meet a particular electrical converter specification. 

The new model presented in Chapter 3 more accurately reflects the way in which many 
devices are currently made in industry. It is concluded from this model that, as the 

radius of one set of electrodes is made smaller than the other, the clamped capacitance 

of the smaller set reduces in proportion to the square of the electrode radius (as one 

would intuitively expect), but that the associated force factor reduces in proportion to 

the electrode radius multiplied by a function that consists of the ratio of two Bessel 

functions. The nature of this function results in the force factor reducing more rapidly as 

the electrode radius is reduced than might otherwise have been expected. As a result, it 

is concluded that PT power density is maximised by making the input and output 

section electrode radii equal to one another, and approximately equal to the outer radius 

of the PT. However, it is also concluded in Chapter 6 that some converter specifications 

can only be achieved with the inductor-less topology by reducing the radius of one set 

of electrodes, or by delivering maximum output power at a non-optimal tank impedance 

phase angle. The former approach is the one currently used in industry. 

Due to the form taken by the equivalent circuit when additional sets of electrodes are 

added to a radial mode PT, it was shown that the centre tapped rectifier configuration 

cannot be used with PTs unless additional inductors are included. Therefore, if the 

converter specification requires a particularly low output voltage, the current doubler 

rectifier should be considered. 

A key conclusion from the work in Chapter 4 is that the maximum output power of a 

given PT is dependent on the output topology used. An AC-output topology will 
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achieve the highest thermally limited maximum output power, a DC-output capacitively 

smoothed topology will achieve the lowest, and an inductively smoothed topology will 
lie approximately half way in between. Hence, it is concluded that there is a clear trade 

off between using an inductively smoothed rectifier to increase PT power density, and 
the increase in cost and size incurred from the additional inductor(s). It was also shown 
in Chapter 4 that the number of layers required in the output section of a radial mode 
Transoner for a given output power level and load resistance is strongly dependent on 
the choice of rectifier topology. Therefore we conclude that in low output voltage 

applications, the current doubler configuration is advantageous because it reduces the 

rectifier diode losses (like a centre-tapped configuration), but also requires fewer layers 

to be used in the output section of the PT compared to the other topologies. 

A new model of the ZVS condition in the inductor-less PT-based converter topology 

was presented in Chapter 5. Through the use of a normalisation scheme and numerical 

optimisation techniques, the requirements for achieving ZVS in 5 different topology 

variations were identified. The impact of these requirements on radial mode Transoner 

PT design was then assessed in Chapter 6. From these chapters, it is concluded that the 
input section of a radial mode Transoner PT has to be made larger when designing for 

the inductor-less topology compared to the with-inductor topology. It is also concluded 

that there is an optimal tank impedance phase angle and dead-time to switching period 

ratio that maximises the size of the input capacitance at which ZVS can be achieved and 

therefore minimises the size of the input section required. Furthermore, it was found 

that the input section requirements for achieving ZVS were dependent on the output 

topology, and that overall PT power density will be maximised by designing the PT 

such that the maximum required output power is to be delivered at the load condition 

which maximises PT output power for a given equivalent circuit tank current (i. e. 
M =1), even though this load condition requires the largest input section to achieve 
ZVS. 

Chapter 7 considered the use of the inductor-less PT-based DC-output full-bridge 

capacitively smoothed topology in applications that require output voltage regulation. It 

was shown that if a PT is designed such that ZVS is just achieved at the load resistance 
into which maximum output power is to be delivered, then ZVS can be maintained as 
the load resistance is increased and the frequency is adjusted to maintain constant output 
voltage. The resulting conclusion is that frequency modulation can be used to provide 

236 



output voltage regulation without compromising the ability of the converter to achieve 
ZVS, and that the input section design can be based around the ZVS and vibration 

velocity requirements at the load into which maximum power is to be delivered. 

However, since the dead-time needed to achieve ZVS was found to vary considerably 

with load, it is also concluded that some form of dead-time control would need to be 

implemented if this topology were used in a practical converter. 

8.2 Further work 

The newly proposed equivalent circuit model for the radial mode Transoner in Chapter 

3 requires experimental verification. Because this will require many different 

specifications of co-fired PT to be manufactured and analysed, the cost of doing so is 

likely to be considerable. The proposed model is more likely to be proved or disproved, 

by industry, over an extended period of time during the development of PTs for various 

specialist applications. However, a comparative study between the proposed model and 
finite element analysis (FEA) would be a useful first step. 

The results from Chapter 4 provide a clear impetus for the development of new rectifier 
topologies that allow a higher maximum output power to be achieved for a given level 

of equivalent circuit tank current with a given PT. In time, it may be proved 

mathematically that this is simply not possible. However, the advantage to be gained 

should it be proved otherwise means such an investigation is worthy of consideration. 

The requirements for inductor-less ZVS have now been quantified. However, there are 

many practical questions regarding the implementation of inductor-less PT-based 

converters in DC-output applications that require output voltage regulation. Can a 
suitable method for adaptively controlling the dead-time be developed? Is it viable to 

use some form of fixed look-up table instead, or would the temperature dependence of 
the PT's characteristics and the production tolerances prevent this from being accurate 

enough? 

This thesis has developed some of the models and analysis that are required for the 
design of radial mode Transoner PTs and inductor-less PT-based converters to meet a 

required set of electrical specifications in a way that maximises power density. 
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However, in many ways, the greatest challenges are now materials based. Improvements 
in piezoelectric materials and manufacturing techniques would, at least partially, 

address almost all the challenges identified in this thesis. The development of materials 

that have a high piezoelectric coupling factor, low losses, and which can operate at high 

vibration velocities in a thermally stable manner will result in commensurate increases 

in PT power density, and therefore mitigate the decreases caused by the use of an 
inductor-less converter topology, and the use of a DC-output topology. Developing 

these materials to a point where they are commercially viable should therefore be a 

priority, not least because they would also yield improvements in other related 

technologies, such as piezoelectric motors. 
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Appendix A- Longitudinal mode Transoner equivalent 

circuit 

An equivalent circuit model for the longitudinal mode Transoner can be derived in a 

similar way to that shown in Chapter 2 for the radial mode Transoner. The device layout 

considered here is one where the input and output section layers are poled in the 

thickness direction. The electrodes run parallel to the direction of wave propagation (i. e. 

along the x, direction) in both sections, as shown in Figure A. I. The electrical 

connections are made to the longitudinal mode Transoner as shown in Figure A. 2. 
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Figure Al: . Diagrams showing the construction of a purely bonded longitudinal mode '1'ransoner 
PT. 
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Figure A. 2: Diagram of the electrical connections made to the purely bonded longitudinal mode 
Transoner. 

Like Chapter 2, the equations here will be formulated for a simple purely bonded 

structure. The PT is assumed to have an input section consisting of n,, identical layers 

connected electrically in parallel, and an output section consisting of n ,,, 
identical layers 

connected in parallel. 

The model is based on the assumption that longitudinal displacement is constant in the 

thickness direction. Furthermore, all stresses except the longitudinal stress T, are 

assumed negligible. The longitudinal force and longitudinal vibration velocity at either 

end of the bar are defined as shown in Figure A. 3. Note that the forces F, and F, are 

both defined as being positive in the negative x, direction. The vibration velocity v, is 

defined as being positive in the positive x, direction, whilst ,,, is defined as being 

positive in the negative x, direction. Mathematically these definitions follow the 

conventions used in [1], but the directions of the associated arrows are shown in Figure 

A. 3 such that they follow the electrical convention that the direction of an arrow 
indicates the direction in which the associated quantity is assumed to be positive in 

relation to the other quantities. The stress T, is, by definition, positive in the positive r, 
direction. 

x3 A 
Fiý 

"I 
---------------------------------------------------1--- - 

I, 

xý =0 r, =1 

Figure A. 3: Diagram showing the longitudinal force and longitudinal vibration velocity definitions. 
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Here, 8 is the longitudinal wave number, U, is the effective longitudinal speed of sound 

within the composite, P is the average density of the device, and Y, is the effective 

Young's modulus of the device. For a purely bonded PT, p and Y, would take the lone 

Y, = A�-. '" 1. 
+Am° `1 +A�Y, +AmY 

S11 Sil 
IC Ein .. iC Eoui .. fl. l .. iE"E 

P= Ajc; Pc ;+A,, ""Pc, ». + ApP, + AJEP6 " 

(A. 16) 

(A. 17) 

where the A, symbols are the thickness fractions of the various materials. Y, and Y, are 

the Young's modulus of the isolation and electrode material respectively. 

Equations (A. 1), (A. 2), (A. 9), and (A. 10) can be represented with the Mason equivalent 

circuit shown in Figure A. 4. 

F 

0 .0 

Figure A. 4: Mason equivalent circuit for the longitudinal mode Transoner PT. 

Since the device is free to vibrate, the longitudinal forces on either end of the bar will he 

zero. Hence, 

F, =o (A. 18) 

Fz=o" (A. 19) 

Applying these boundary conditions to Figure A. 4 results in the circuit of Figure A. 5. 

Note that since the two z,, - z� branches appear in parallel with one another, the 

vibration velocities at either end of the bar are equal, i. e. v, = v, . 
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V 

Figure A. 5: The Mason equivalent circuit for the longitudinal mode Transoner PT after the 
boundary conditions for the force on either end of the bar have been applied. 

Figure A. 5 is then simplified to that shown in Figure A. 6, where 
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Figure A. 6: Equivalent circuit for the longitudinal mode Transoner PT. 

(A. 20) 

From (A. 20) and Figure A. 6 it can be seen that the resonant frequencies of the PT 

(when the output is short circuited) occur when 

zo 
_ 

2jtan( ') 
-ý (A. 21) 

and hence at the solutions to 

tan (R')-oo (A. 22) 

which are 
Q- 

_'-, 
3-", "" 

etc. The first longitudinal (short circuit) resonant frequency is 
2222' 

therefore 
zu, 

1 (A. 23) 

Approximating zI,,,, h with the first two terms of its Taylor series taken about the first 

short circuit resonant frequency, 
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4v, 
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Equating (A. 24) with the first two terms of the Taylor series of the impedance of a 

series LC circuit taken about its resonant frequency results in 

Lm _Z_ 
wt«"r 

_1 Mass (A. 25) 
ÖU, 88 

c= 
81 81 (A. 26) 5Zo, rz YWroa, n2 

where mass is the total mass of the PT. Using the mechanical quality factor of the 

composite, U., to introduce a mechanical loss resistance 

'rzo ; rWtPU (A. 27) m Qm 8Qm 8Qm 

Note that a longitudinal mode Transoner with the electrode layout analysed here should 

only be driven at the first longitudinal mode resonance (see the discussion on pages 226 

to 228 of [2]). Indeed, the even longitudinal modes cannot be excited at all (note that 

(A. 22) does not occur at w= 
2i"' 

I 

The equivalent circuit of the longitudinal mode PT is therefore as shown in Figure A. 7. 

1. in 1 

TL 

Rm Lm C 
I'll 0 

1 
,, rt 

0 

Figure A. 7: Lumped equivalent circuit model for the longitudinal mode Transoner PT. 

As a check, the model proposed above is compared to the result shown on pages 237 to 

242 of [1] for a length expander bar with electric field perpendicular to length and 

which is free on one face. That is, we compare Figure A. 7 to Figure 28 on page 242 of 
[1]. If both ends of the bar in [1] are free, rather than just one, then the electrical port 

with the voltage "F" in Figure 28 of [1] is short circuited. Comparing the model formula 

for this scenario to the case of a longitudinal mode PT with a single input layer and no 

output layers (i. e. so it becomes a length expander bar with electric field perpendicular 

to length), it can be seen that they are in complete agreement once the factor of 2 by 

which the force factor in Figure 28 of[l] is scaled by is taken into account. That is, the 

2N, L, , C, in Figure 28 of [11 are fully equivalent to A,,,, L,,,, c',,, in Figure A. 7 when 

there are no output section layers present and only a single input section layer. 
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We then consider the case of a longitudinal mode PT being used in the AC-output 

topology, and the relationship between the output power and the output section 

variables. Using a similar method to that described in Chapter 3: 
22 

2( 4v,,,. A.,, Rc 
Poar. PT = Aow iv,, l2 R, ° Rc2l)2Co�r2 +1A. 

2$ 

where R, is the series equivalent resistance of the parallel combination of the load 

resistance RL and the output capacitance c.,. The maximum vibration velocity within 

the device occurs at either end of the bar. Hence, v, is the largest longitudinal vibration 

velocity that occurs within the device. Substituting (A. 5) and (A. 6) into (A. 28), 

s used, and making use of (A. 8) assuming a matched load Rc =1 
Ji 

P-.,. -= 

4 
Wt"' k out 31 (A. 29) ý" Eoatt 

CGö ll 
1 (i_. 

�°"`2) 

The operating frequency w will be close to the short circuit resonant frequency ow,,,.. Let 
7LYJý 

W=WfWne =Wf 
1 

(A. 30) 

where ai f is the ratio of the operating frequency to the short circuit resonant frequency, 

and is likely to be around 1.05 to 1.1. Substituting (A. 30) into (A. 29) 

. s,, s2 Wt'°`°ý k2,,,, 2 2y, 
Pol.,. rr = gwrt (I_k310hh12) 

The power density of the output section is therefore 
P., PF 

2y,. 
R, us k, i Pdrw4i_, 

/ rýrnar =s_ 
2 lWt�"äa1 lßlýsßa"ýruJ (t-kn°"` 
J 

This result is then discussed in Chapter 3. 

(A. 3 t) 

(A. 32) 
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Appendix B- Rectifier models 

The rectifier models used in Chapters 4,5, and 7 are detailed below. Note that all 4 

models rely on the current 1;. being sinusoidal, and are based on those in [ 1,2]. 

A. Full-bridge capacitively smoothed rectifier 

Following the method in [2], a sinusoidal current source feeding a capacitance in 

parallel with a full-bridge capacitively smoothed rectifier can be modelled with a series 

resistance and capacitance, as shown in Figure B. 1. 

Figure B. 1: Full-bridge capacitively smoothed rectifier topology and its equivalent circuit model. 

The equivalent circuit elements are given by 

R_ 
8(RL 1, 

ýc + Virýlý, - 2C0., cVd 
) 

(n+2RLC�u, )2 i w 

c, 

2R, Iý, - 2C�u, ct)V,, (B. 3) (ýr+2R, C.., w) 

_j sec 

Z 
nCou, 

(, 
7 +2 wR L 

Cou, 
/ 

(ir + 2wR, C )cos 
>R, C_, -7r)+4(tC,,,,, V, 1I 

i 
sec 

(z + 2wR, C,,,,, ) 

+ 

((4RcwCa,,, 
- 2; r)!, « + 

(, 7 + 2RL C,,,,, w) 

+ 1rI gý 
2(1i + 2R, Co,,, w) 

(B. 1) 

(B. 2) 

where 1u, is the peak value (i. e. the amplitude) of the sinusoidal current l,, . I', is the 

on-state voltage drop of a single rectifier diode, and is assumed to independent of the 

current flowing through it. The difference between (B. 2) and the formula that appears in 

[2] is due to a typo in [2]. A quantity v1, is then defined as 

vl, = 
vý (B. 4) fýrut 

and allows (B. 1), (B. 2), and (B. 3) to be rewritten as 
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BR,. (1 +2V, f 
ý 

ýc +2 Rc C�u, (t) 1+2 [/d1 

C 7cC,,,,, 
(n 

+ 2toR, C�u, (1 
+ 2V n# 

ýr-2uýR Cu ý1+2V ý 
(2wRLC�u(1+2Vf)+ýy 

cos' 
if +2caRL C,,,, 1+2Vf 

+(4coRLCou, V)T(1+2[!, 
r)-2lr31 2&uR, C�u, 1+26', u 

I/ - 
2RL1,,,, 

"°` -z +2RcCo,,, uo 1+2fý, f 

(Ii. S) 

(B. O 

(B. 7) 

The advantage of (B. 5) and (B. 6) is that they are not dependent on i, From a design 

perspective, V, � will be known immediately since the required output voltage is known 

and the available diodes (and hence Vj are known. 

When looking at the load that maximises the output power for a given tank current in 

Chapter 4, v,, is assumed constant. The justification for this is that º',,, has a direct 

impact on the efficiency of the rectifier, and the cost of the rectifier diodes will increase 

as the desired v, is decreased. Hence, if there is some minimum level of rectifier 

efficiency that must be achieved, and it is desirable not to exceed that level in order to 

minimise cost, then in effect the diodes must be chosen so as to meet that efficiency 

level, given the output voltage level, and this implies v�_ is kept constant. In other 

words we assume that the specification of the diodes (i. e. their 1,, ) is always chosen so 

as to maintain a constant rectifier efficiency level, which results in 1',,, being constant. 

B. Half-wave capacitively smoothed rectifier 
Adapting the method in [2], a sinusoidal current source feeding a capacitance in parallel 

with a half-wave capacitively smoothed rectifier can be modelled with series resistance 

and capacitance as shown in Figure B. 2. 

Figure B. 2: Half-wave capacitively smoothed rectifier topology and its equivalent circuit model. 

The equivalent circuit elements are given by 
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RS 
8RL(1+2Vj) 

= 
2n + RL wCour 1+ 2Vf 

ýý` 
ýcC,,,, r 

(Ir 
+ wRLCmr 

(1 
+ 2Vf 

Ls / 
I L.. D r' 

Ai 
7V 1iI .,. 1` - -1 1[{/l \Ll. 

Oüf 
C1 TLI, KýT L/ LI 'VJ I 

21l + (9R 
L 

C[)G 

I1 

+20 \+(2wR, 

Cou1ý(11+2Vý1 )-47i3R 2wR, C�G, 1+2Vdfý 

2RL ', 
eý V"' - 2ýr+RLCý,,, 

1 u) l+2Vý 

(B. 8) 

(B. 9) 

(B. 10) 

C. Full-bridge inductively smoothed rectifier 

The model shown here for a sinusoidal current source feeding a capacitance in parallel 

with a full-bridge inductively smoothed rectifier (see Figure B. 3) is based on that in [I], 

but adapted so as to include the effect of the on-state diode voltage drops. This rectifier 

has 2 modes of operation: "continuous" and "discontinuous" {l]. 

ý 

ý 

C,. 
Lý 

Rý 
ýJ ý 

i 

moloo. 

Figure B. 3: Full-bridge inductively smoothed rectifier topology and its equivalent circuit model. 

When operating in the continuous mode 

D- 
8RL (1 + 2Vdf ) 

IT 2w zC<urzRL 2(l + 2Vf z +1 

cs = 
C-, r 2 (w2 Cout 2 RL 2 (1+2v, 

ry +1) 

)rzwZC `ý 2 RLz 1+2Vf +ýrZ -8 

CI�l 

2RL`uxc 

V, 1ul 

' ;r 1+RL `'C,,,,, 'ro' 1+4Výf +4Vi, 

When operating in the discontinuous mode 

n_ 
(2sin(a+, O)sin(a)-cos2(a)-cos2(a+, Q)+2) 

.. 
5 

lr(tjcou! 

_ 

Cow 
IT 

()r 
- 2sin(a +ß)cos a)- cos(a)sin(a)- cos(a +ß)sm a +ß)-ß) 

1sec(2sin(a)-2(ß-, T)cos(a+ß)- 
(/j' 

+)r2 -2-2ß, T)sin(a+ß)) V, 
ur 

= 

21uUCnur 1+ 2V7 

( 21r - (9RLCa,,, 
(1 + 2V41 ))1 

1 1) 

(B. 12) 

(B. 13) 

(B. 14) 

(B. 15) 

(B. 16) 
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where a and ß must be numerically determined using the simultaneous equations 

cos(a + ß)+ (5- 'r)sin(a + ß)+ cos(a) =0 (B. 17) 

7rwCoy, 
(1+2Vdj)RL+2(ß-fr)cos(a+ß)+02+7r2-2-2ßir)sin(a+ß)-2sin(a)=0. (B. 18) 

2sin(a +ß) 

The rectifier will be in the continuous mode when 
2< 7rwC,,,,, RL (1 + 2V, r) . (B. 19) 

Hence, the boundary between the continuous and discontinuous modes of rectifier 

operation occurs at rrwC�u, RL(1+2Vf)=2. Note that a key assumption of this model is 

that the ripple on the current through the filter inductor is negligible [I]. 

D. Current doubler rectifier 
The model shown here for a sinusoidal current source feeding a capacitance in parallel 

with a current doubler rectifier (see Figure B. 4) is based on that in [I ], but adapted for 

the current doubler topology. This rectifier also has 2 modes of operation: continuous 

and discontinuous. 

Figure B. 4: Current doubler rectifier topology and its equivalent circuit model. 

When operating in the continuous mode 

32RL (1 + V, 
R,. _ 

ire 16w2C�u 2RL2I+V, 
y +1 

C�., Ir2(16w2Cou, 2R12(1+Vd)2+1) 

(rz 1602Cý,,, 2RL2 1 +V, J + _8 

4R, LC 
ýýur 

ýr 1+16RL2C 2 wz 1+2V, f +1 2 

When operating in the discontinuous mode 
(2 

sin(a + ß)sin(a)- cos' (a)- cos' (a+ ß)+ 2) 
%l v 

". 1 

Cý,,,, IT 
- 2sin(a + Q)cos(a)- cos(a )sin(a )- cos(a + /i)sin(a + 13)-, -6) 

(B. 20) 

(R. 21) 

(B. 22) 

(13.23) 

(13.24) 
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-I .. 
2sin(a)-2(#-; c)cos(a+ß)-Y"2+Yr2-2-2, Qn)sin(a+Q)) 

out 4=Coul i+ Vdf (B. 25) 

where a and ß must be numerically determined using the simultaneous equations 

cos(a + p)+ (p - sr)sin(a +, 8)+ cos(a) =0 (B. 26) 

; rwCo,,, 
(1+V ). l + 

2(, 8-, r)cos(a+ß)+(B2 +, r2 -2-2Q, r)sin(a+, Q)-2sin(a)_0. (B. 27) 
8sina+fl 

Note that (B. 23), (B. 24), and (B. 26) are identical to (B. 14), (B. 15), and (B. 17), 

respectively, but that (B. 25) and (B. 27) are different to (B. 16) and (B. 18) respectively. 
The rectifier will be in the continuous mode when 
0.5 <lrwCOU, RL(1+vd. ). (B. 28) 
Hence, the boundary between the continuous and discontinuous modes of rectifier 

operation occurs at IroC,,,, RL (1 + v)= 0-5. Again, this model is assumes that the ripple on 

the currents through the filter inductors is negligible [I]. 
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Appendix C -Amplifier schematic 

A schematic diagram of the amplifier that was used to conduct the PT power tests 

described in Chapter 4 is shown in Figure C. 1. 
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Figure C. 1: Amplifier schematic. 
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